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,�DL.Z$-!#4UD S $�BC)-DL" 2%$
.�.-DL. 	<@&.�+�" 0�/
.�DL47.-DLM F +�M .G�
BC)-13K<DL. tE47K3K<DL"�	�o @:K3F 1�	�"347.�qGDL.Z$
� 47oU,�o74UBC)�qGD 1�	�"</�BC)-DL. q]47~�K}D 1 47. DL47.-DL"}!#47MzDL.-134U/
. 2GDL47.-DL. 9;o @:K3Fh+�M @:+-13F +
� DL4UBC)-DL.Z$

��� ]^ZK� h,Y�Y^J^`)[JyiZ\[�{�v6LaZ\[SvQJ J^Z|nJ]^Z � ]^k4Z\[)su]^hi[�Z\]^[)Z$x��>[)Z<xmyi]^Zi~

 � v yUxmh�iZR� h,Y�Y^J^`)[JyiZ\[�k4]we0b J^Z\]^[)Z$x0X vl{Pxmsuz+{)Z\]^[^J^]^z+{)bDZ$]weqgDhlxmbihik4k3Z\[ t #N]wx+n�Z\]^[�e ]ZYJ]}suz+{JZ$x �pZ$euemZ$[�vQLJsuz+{)[J]^eue[c`Jx � h,Y�Y^J^`)[JyiZ\[

K ¿ Ω
vl`Pd #LZ\]^suZ\[ ~

�� [&emZ<xqnJZ$x=! [J[�vl{Jk4Z5LJxmZ\]wemZ$x � Z<xuemZ\] J}`J[)ylZ\[ ~

`][
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m @:)�"<1<BC)-DL47.�o74UBC)�2�DL47K

Ω− dΩ Ω

K

KΩ

P (K)dK

%H~�~�47oU,�+�.�q ��$^`��e!#4UD q]"</�'GDL.��(F +e,�DLF 47Mg4UDL"<DL.-,�D . JH/<	�	�o7+�.�qGDL. o74UDLqGDL.e47.e,�DL. %}+-13o��:+�=ADL"3.e,�DL"
m @:)�"<1<BC)-DL47.�o74UBC)�2�DL47K<130GDL"3K<DL47o7+-.�qGDL. ��)�4UDL"L	(@:+-1<BC)(@:o Mg47K?9 ~�DLF�DL4UBC)�.-DLK �N$ I#/
"��
MO@:oUDL"�� DL4U1<D � |�"<,�DhMO@:.eDL"�� @:"3K<DL.���,-@
1<1},�4UD 1<D 1<DLo7K<DL.-DL.eJH/<	�	�o7+�.-qGDN. 2�DL47.-DL.
� D 1<DL.�K3o74UBC)-DL. � DL47K3"C@:q F +&	�)�651<472
@:o74U1<BC)?F +�q%�:.�q]o74UBC)-DL.�tE" $�'GDL.?o74UDN=ADL"3.&� |�"<,�DL.Z$
2k. DL47.-,�47MzDL.-1<4U/
.(@:oUDL. I�6�13K<DLMzDL.R4U13KO,�4UD 1)	3D ,�/�BC) .�4UBC)�K�,�DL"D�(@:o7o $ ! @ q]"</�'GD
JH/<	�	�o7+�.�qGDL.

K ∼ Ω
.�+�" Mg47K qGDL"347.�qGDL" m @:)�"<1<BC)-DL47.�o74UBC)�2�DL47K}0�/
"32G/
MgMzDL.���4U1<K

D 1 	�"C@:25K34U1<BC) @:+-13qGD 1<BC)�oU/]1<1CDL.�� ,-@
1C1�`sJH/<	�	�o7+�.�qGDL. ,�DL"Vt#" $�'GDL.-/
"<,�.�+�.�q
Ω,�47"<DL25K ~�DL.(@
BC)�~(@:"3K}47. ,�DL"HI
	-4p.-2GDLK3K<D @:+�=�KC@:+-BC)-DL.Z$

2 M %H.�)(@:.�q&! �-.-,�DLK MO@:.�+�.�K<DL" !&$ � MzDL)�"�2 .�=A/
"3MO@:K34U/
.-DL.�F +�1<DLo7K<DL.-DL. )y"<DL47q].�4U1<1<DL.�47.VI
	�47.��
2�DNK<K<DL.Z$

���� � �	� �B8 	 �>2�6�� 	 	 8 � � �

! @
1H~�DLK3"C@
BC)�K<DLK<D  /�,�DLo7o3�A`�$ � � ~�D 13K<DL)�K @:+-1#DL47.-DL"EJ DLK3K<D Mg47KH+�.-DL.-,�o74UBC) 0547DLoUDL.-� 1<DL)�"H054UDLoUDL. �
oU/
2
@:oUDL. I
	�47.-1�$ ��+ 	3D ,�DLM t#o74UD ,

i
,�DL"}J DLK3K<D qGDN)G$
"<DL.8�gJH/<	�	�o7+�.�qG132�/
.-13KC@:.�K<DL.Z�

• DL47.VoU/
2]@:oUD 1}9Q/
K<DL.�K34 @:o V
• ,�4UD oU/
2
@:oUD#@:.�K34p= DL"3"</
MO@:q].-DLK<4U1<BC)-DHm m J

Mg47K*,�DLM I
	�47.O+�.-,O,�DL.�~�D!� DLq]o74UBC)-DL.�S�$�BC)-DL"3.

• ,-@
1grH|�	�= MO@:K3"34*,�DLoUDLMzDL.�K
t
� � DLo7BC)(DL1O,�DL. t#47K3K<DL"�	�o @:K3F M?47KO1<DL47.-DLM "<D BC)�K<DL. IE@
BC)�~(@:"3.

2G/<	�	�DLo7K�$

��@:o7oU1H.�+�. DL47. J DLK3K<DL.(@:~-1<BC)�.�47K3K DL47.-DJ��+�.-,e.(@
BC) /
~�47qGDL. �}~�DL"3oUDLq]+�.�qGDL. .�+�"EDL47.-DE�}JH/<	�	�o7+�.�q
,�DL"#t#" $�'GDL.-/
"<,�.�+�.�q

K ∼ Ω
~�D 1<47K3F'��M +-1<1 MO@:.8�&� �:o7oUD +�.�K<DL"<1<BC)-DL4U,�DL.

• Vi ≡ Ω = KΩ
/�,�DL"

• Ji ≡ Ω = KΩ
/�,�DL"

• ti ≡ Ω = KΩ

` �
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KΩ
� 47"<, @:oU1();.-DL"3q]4UDO!P��KI�<Q��sqGDL.-/
MgMzDL. +�.-,e,�4UD&,-@:F +�qGDL)1$
"<DL.-,�DL.��-"<DL47)-DL47K<13q]"C@
,�Dg@:+-1347.�K<D��

q]"34UDL"3K�$�!E@
1 )-DL4U1<13K;��,-@
1C1*F +-1C@:MgMzDL.�Mg47K ,�DL" JH/<	�	�o7+�.�qG132�/
.-13KC@:.�K<DL. @:+-BC)�,-@
1 DL.�K<1 	�"<D BC)-DL.-,�D
J DLK3K<DL.�q]o74UD , @:+-1347.�K<DLq]"34UDL"3K?~�F9� $�,�DLF 47Mg4UDL"3K&� 47"<,T$Q!H4UD�J DLK3K<D�4U13K +�M DL47.-DVt#o74UD ,n25|�"3F�DL"�$ 2kM
��@:o7oUD DL47.-D 1 rH|�	�= MO@:K3"34*,�DLoUDLMzDL.�K<1@� DL"<,�DL. `?J DLK3K<DL.�q]o74UD ,�D "H1<4pM&+�o7KC@:. ,�DLF 47Mg4UDL"3K�$
! @E,�4UD

ti
�>1;.�+�" 	3D!� DL47oU1;.G�
BC)-1<K<D I#@
BC)�~(@:"3.O0GDL"3~�47.-,�DL.��G~�D DL47. �-+-1<13K*,�4UD !EDLF 47Mg4UDL"3+�.�q&,�D 1*t#o74UD��

,�D 1
i
.�+�"},�4UD tEo74UD ,�DL"

i− 1
+�.-,

i+ 1
��~�DLF 4UDL)�+�.�qG1�� DL4U1<D ,�4UD t#o74UD ,�DL"

i− 1
+�.-,

i+ 2
��� DL.�.

,�4UD JH/<	�	�o7+�.�q
ti
1<DLo7~-1<K}@:+-1347.�K<DLq]"34UDL"3K@� 47"<,G�N$

!#4UD F +z,�DL.O@:.-,�DL"<DL.�t#o74UD ,�DL"3.O,�DL"yJ DLK3K<D qGDL)1$
"<DL.-,�DL.�JH/<	�	�o7+�.�qG132�/
.-13KC@:.�K<DL. � DL"<,�DL.z0�/
.g,�DL"
!EDLF 47Mg4UDL"3+�.�q�,�D 1

i
� K<DL. t#o74UD ,�D 1 .�4UBC)�K ~�D DL47. �-+-1<1<K;�(@:oU1</g.�4UBC)�K "<DL.-/
"3Mg4UDL"3K�$

! @
1EI5BC)-DLMO@�,�DL"E!#DLF 47Mg4UDL"3+�.�q�4U13KE@:oU1 I�2�47F F�D?@:+�= I5DL47K<D&`2� � "HDL.-/
"3Mg4UDL"3+�.�q�0G/
.
Vi
/�,�DL"

Ji
�

+�.-,eI5DL47K<Dh` 1 � "}DL.-/
"3Mg4UDL"3+�.�qO0�/
.
ti

�*F + �-.-,�DL.Z$
�Q|�"Q,�4UDC2k.�K<DLq]"C@:K34U/
.g,�DL"YrH/�BC)-DL.-DL"3q]4UDN= "<DL47)-DL47K<13q]"C@],�D DLM�	 �(DL)�o7K;134UBC)&,�4UD ! @:"<13K<DLo7o7+�.�q ,�DL"Qq]"</�'<�
2
@:.-/
.-471CBC)-DL.M��+-13KC@:.-,�1<1<+�MgMzDO@:oU1 9Y=A@
,�47.�K<DLq]"C@:oK� 1�$x%H.�)(@:.�q % =�|-" + )-D /
"34UDz+�.-, !ED��-.�47K34U/
.
,�D 1#9Y= @
,�47.�K<DLq]"C@:op= /
"3MO@
o74U13M +-1��N$x!H4UD 2k.�K<DLq]"C@:K34U/
. |�~�DL"E,�4UDhF + ,�DLF 47Mg4UDL"<DL.-,�D .��-"<DL47)-DL47K<13q]"C@
,�D
2
@:.�. ,-@:.�.�47.e@:o7oUDL.8�&� �:o7oUDL.e@:+�=;DL47.-D t @:+�']47.�K<DLq]"C@:K<47/]. F +�"<|-BC2�qGDN= |�)�"3K � DL"<,�DL.Z$

!EDL"}rE@:Mg47o7K</
. >:	�DL"C@:K</
"E@:+-1 �A`�$ � � Mg47K#` + 6�	�DL.�0�/
.V=ADL"3Mg4U/
.�4U1<BC)-DL.�);"3F�DL+�q]+�.�qG1�� +�.-,5� DL"��
.�4UBC)�K3+�.�qG1</<	�DL"C@:KC/
"<DL. =�|�"},�DL.�oU/
2
@:o74U134UDL"3K<DL. I
	�47.�+�.-,�,-@
1 Mz/
~�47oUDhSZ/�BC)

H = H[c†iσ, ciσ; a
†
iσ, aiσ]

�A��$ �4� �
qGDL)�K 47M 9Y=A@
,�47.�K<DLq]"C@:o�|�~�DL" 47. DL47.-D r#@:Mg47o7K</
.���+�.�25K34U/
.

H = H[ψi σψi σ;φi σφi σ] .
�A��$ � `'�

��@:o7oU1 .�4UBC)�KHD�,�	�o747F 47K}.(@
BC) I
	�47. +�.�K<DL"<1<BC)�4UD ,�DL.�� 47"<, �-4U13K 47MgMzDL"}|�~�DL"H,�DL. I
	�47.�47.-,�D�,
σ =↑, ↓F + 13+�MgMg4UDL"<DL.Z$

!#4UDJ�(DL"3Mg4p= DLoU,�/<	�DL"C@:K</]"<DL.R,-DN"g47K347.-DL"C@:.�K<DL.RS�@
,�+�.�qG13K3"��:qGDL" {c†iσ, ciσ}
� DL"<,�DL. ,�+�"<BC) tE"C@
1<1��

MO@:.�.�=ADNoU,�DL" {ψi σ, ψi σ}
�G,�4UD ,�DL"yoU/
2
@:o74U1<47DL"3KCDN.  /
MzDL.�K<D {a†iσ, aiσ}

,�+�"<BC) {φi σ, φi σ}
DL"<1<DLK3F K�$

!#4UD );47qGDL.-1<BC)(@�= K<DL. 0G/
.&tE"C@
1<13MO@:.�.�F�@:)�oUDL. +�.-, ,�4UDy~�DL.1$
K347q]K<D t @:+�']4U,�DL.�K347K��:K�= |�"�tE"C@
1<13MO@:.�.��
= DLoU,�DL"}1347.-,V47M %}.�)(@:.�q � @:+�= qGDLo74U13K<DLK�$

2 . ,�4UD 1CDL"V%H"3~�DL47K�� 47"<, ,�DL"V9;=A@
,�47.�K<DLq]"C@:op=A/
"3MO@:oU4U13M +-1V= |�"�47MO@:q]47.G�:"<D?��DL47K<DL. ' _
\�� \]\�� � `4�)(
0�DN" � DL.-,�DLK;��@:o7oUD �(DLoU,�DL" DL"3)(@:o7K<DL. ,�D 1 � DLqGDL.n.-/�BC)nDL47.-DL.?2k.-,�D�,

τ
=�|�"h,�4UDO%}~�)G�:.�q]47q]2�DL47Kh0�/
.

,�DL" "<DL47.�47MO@:q]47.G�:"<DL. � ��DL47K��

τ = i t .
�A��$ � �'�

!#4UD#��+-13KC@:.(,�1<13+�MgMzD Z @:oU1}9Y=A@
,�47.5K<DLq]"C@:o�4U13K .(@
BC) %H.�)(@:.�qO%

Z =

∫

D[ψi σ, ψi σ]D[φi σ, φi σ] e
−A[ψi σ ψi σ φi σ φi σ ]

�A��$ � �
�

`]`
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Mg47K},�DL" m 47"325+�.�q C	�

A[ψi σ ψi σ φi σ φi σ] = −
∫ β

0
dτ
∑

i,σ

{

ψ
τ
i σ (−∂τ + µ)ψ τ

i σ + φ
τ
i σ (−∂τ + µS)φ

τ
i σ

+H[ψ
τ
i σ ψ

τ
i σ;φ

τ
i σ φ

τ
i σ]
}

.

�A��$ � a'�

!EDL" rE@:Mg47o7K</
.�>:	�DL"C@:K</
"L�A`�$ � � @:oU1 �-+�.�2�K34U/
. ,�DL"#tE"C@
1<13MO@:.�.�0]@:"34 @:~�oUDL. 4U13K}@:+-13qGD 1<BC)�"34UDL~�DL.

H[ψ
τ
i σψ

τ
i σ;φ

τ
i σφ

τ
i σ] =

∑

iσ

Vi ψ
τ
i σψ

τ
i σ+

Ji (ψ
τ
i σ σ

z ψ τ
i σ)(φ

τ
i σ σ

z φ τi σ)+

ti (ψ
τ
i σψ

τ
i+1σ + h.c.) .

�A��$ �0/ �

��+z~�D�@
BC)�K<DL.�4U13K ,-@:~�DL48��,-@
1<1 ,-@
1 � BC)-DLMg4U1<BC)-DH9Q/
K<DL.�K34 @:o �
µS
"<DL47.O47MO@:q]47.G�:"*4U13K:� 134UDL)-D %H.�)(@:.�q

%&$ �'�L$'2 .O,�DL.g=A/
o7qGDL.-,�DL.D�}.�K<DL"32]@=	�47K<DLo7. � DL"<,�DL.�,�4UD "CDN.(/
"3Mg4UDN"<K<DL.�JH/<	�	�o7+�.�qG132�/
.-13KC@:.�K<DL.�)-DL"��
qGDLoUDL47K<DLK�$

• !H4UDh!EDLF 4pMg4UDL"3+�.-q�DL47.-DL"�Qc� �YT�GmK$�();.-DL"3q]4UDh2
@:.�. ,�47"<DL25K Mg47K3KCDNoU1Et @:+�']47.�K<DLq]"C@:K34U/
. ,�+�"<BC)��
qGDN=�|�)�"3K � DL"<,�DL.Z$

• !E@:" @:+�=x= /
o7q]K*,�4UD !EDLF 47Mg4UDL"3+�.�q&DL47.-D 1*r}|�	�=�MO@:K3"34*,�DLoUDLMzDL.�K<1�$�r}4UDL" M |-1<1<DL.�` J DNK<K<DL.�q]o747D��
,�DL" 1347M +�o7KC@:. ~�DLK3"C@
BC)�K<DLKL� DL"<,�DL.Z$Q!H+�"<BC) DL47.-D�JH/�/
"<,�47.(@:K<DL.�K3"C@
.-1 =A/
"3MO@:K34U/
.H� 47"<, ,-@
1
9;"</
~�oUDLM � 4UD ,�DL" @:+�=x,�4UD !EDLF 47Mg4UDL"3+�.�qhDL47.-D 1;J DLK3K<DL.�q]o74UD ,�D 1yF +�"3|-BC25qGDN=�|�)�"3K�$G!H4UDC� DL47K<DL"<D
"}D BC)�.�+�.�qz4U1<K ,-@:Mg47KH@:.(@:oU/
qzF +�M DN"C13K<DL. �(@:o7o $

• �Q|�"V,�4UD�2k.�K<DLq]"C@:K34U/
. DL47.-D 1
Ji
M |-1C1<DL. ,�4UD��-"<DL47)-DL47K<13q]"C@
,�D =�|�"�,�4UD ,�+�"CBC)

ci
+�.-,

ai~�D 1<BC)�"34UDL~�DL.-DL.-DL. + DL47oUBC)-DL. DL"<13K�Mg47K3K<DLoU1�r}47op=A1 =ADLoU,�DL"3. DL.�K32G/<	�	�DLo7KJ� DL"<,�DL.��*~�DL0�/
"�,-@
1
DL.�K<1�	�"<D BC)-DL.-,�DEJ DNK<K<DL.�q]o747D ,V@:+-1<47.�K<DLq]"34UDL"3KC� 47"<,T$�!#4UDHDL47qGDL.�K3o74UBC)-D I5BC)
� 4UDL"347q]2GDL47K ~�D 13K<DL)�K
,-@:.�.�47.�,�DL"@� D 13K347MgM +�.�q�,�4UD 1<DL"}rH47op= 1 =ADLoU,�DL"�$

W�� �>[)y,J^]^suz+{C! d �Jx5;=1�.0/ 9�+

`4�
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���� � �/6=-�� � �	��� 8�6=? 1 - 6
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tj−2

t̃j−1

tj

j − 2 j − 1 j j + 1

j + 2

i − 2

ti ti+1ti−1ti−2

i i + 1 i + 2i − 1i − 2

%H~�~�47oU,�+�.�q ��$
���?I5BC)-DLMO@:K34U1<BC)-D ! @:"<13K<DLo7o7+�.�q#,�DL" "HDL.-/
"3Mg4UDL"3+�.�q#,�DL"QJ DNK<K<D:� � �N��! @
1
i
� K<D t#o74UD ,

,�DL"gJ DLK3K<D���"</
Kg,�+�"<BC)�qGD 13K3"34UBC)-DL. �&~�D 1347K3F K?oU/
2]@:o ,�4UD�q]" $�']K<D�JH/<	�	�o7+�.�qG1<2G/
.��
13KC@:.�K<D

Ji = Ω
/�,�DL"

Vi = Ω
��.�4UBC)�KHDL47.�qGDLF�DL4UBC)�.-D K ����,�4UDh,-@:Mg47KHF +�M );.-DL"3q]4UD

!P��KI�<Q���� 47"<,T$�I#@
BC)�,�DL"32k.�K<DLq]"C@:K34U/
. ,�DL" DL.�K<1 	�"<D BC)-DL.-,�DL. �-"<DL47)-DL47K<13q]"C@
,�D ~�D��
1347K3F K�,�4UDeJ DLK3K<DeDL47. t#o74UD ,/� DL.�47qGDL"�+�.-,/� 47"<,R.-DL+ ,�+�"<BC)�.�+�MgMzD "34UDL"3K�$ !H4UD
J DLK3K<DL.�q]o74UD ,�DL"#q�@:.�Fho747.�2�1 +�.-,�q�@:.�F "<D BC)�K<1}47M %}+-1<1CBC)�.�47K3K ��+�.�K<DL"<DL"<D 1(� 47oU,G�
1347.-,�0�/
.�,�4UD 1CDNM "}DL.-/
"3Mg4UDL"3+�.�qG1<BC)-"347K3K .�4UBC)�K ~�D DL47. �-+-1<1<K�� /
"<,�DL.Z$�!#4UD t#o74UD��
,�DL"

j
+�.-,

j − 1
��q]"3|�.�8 �x@
BC2�DL.�M +-13K<DL" �A� DL"<,�DL.n,�+�"<BC)nDL47. .-DL+-D 1hr}|�	�= MO@ �

K3"34*,�DLoUDLMzDL.�K�Mg47K<DL47.(@:.-,�DL"VqGDL2�/<	�	�DLo7K�+-.-, K3"C@:qGDL. "<DL.-/
"3Mg4UDL"3K<Dnt#" $�'GDL. = |�"
Vj = Ṽi+1

+�.-,
Vj−1 = Ṽi−1

$

!#4UDA"HDL.-/
"3Mg4UDL"3+�.�q�DL47.-D 1 oU/
2
@:oUDL. 9Q/
KCDN.5K34 @:oU1}4U13K}@:M DL47.�=A@
BC)-13KCDN. @:+-13F +�= |�)�"<DL.Z$
I5DL4�@:oU1</

KΩ = |Vi| ≡ Ω
,�4UD 0�/
M � DLK3"C@:q#)-DL"�q]" $]1<13K<D*JH/<	�	�o7+�.�q-$
!E@ .�+�" IK�
BC)-13K�� IE@
BC)�~(@:"�� JH/<	�	�o7+-.�qE0�/
"3o74UDLq]K;��M |-1<1CDL.
47. ,�DL":��+-1<KC@:.-,�1<13+�MgMzDD�A��$ � �
� .�+�"},�4UD %}.�K<DL47oUD Mg47K@2k.-,�D�,

i
+�.-,

i± 1
~�DLK3"C@
BC)�KCDNK:� DL"<,�DL.Z�

Zi−1,i,i+1 =
∫

D[ψ
τ
i−1σ ψ

τ
i−1σ]D[φ

τ
i−1σ φ

τ
i−1σ]D[ψ

τ
i σ ψ

τ
i σ]D[φ

τ
i σ φ

τ
i σ]

D[ψ
τ
i+1σ ψ

τ
i+1σ]D[φ

τ
i+1σ φ

τ
i+1σ]

× e−A[ψ
τ
i−1σ ψ

τ
i−1σ φi−1σ φ

τ
i−1σ ]

× e−A[ψ
τ
i σ ψ

τ
i σ φ

τ
i σ φ

τ
i σ ]

× e−A[ψ
τ
i+1σ ψ

τ
i+1σ φ

τ
i+1σ φ

τ
i+1σ ] .

�A��$ � _ �

`2�
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!#4UDEm 47"32�+�.-qg47M )F,�	�/
.-DL.�K<DL. 0�/
. �A��$ � _ � DL.�K3)G�:o7KH,�4UD �4� + DL"3MzD

ψ
τ
i−1σ (−∂τ + µ)ψ τ

i−1σ + φ
τ
i−1σ (−∂τ + µS)φ

τ
i−1σ

�A��$ � \'�
+ψ

τ
i σ (−∂τ + µ)ψ τ

i σ + φ
τ
i σ (−∂τ + µS)φ

τ
i σ

�A��$ �01 �
+ψ

τ
i+1σ (−∂τ + µ)ψ τ

i+1σ + φ
τ
i+1σ (−∂τ + µS)φ

τ
i+1σ

�A��$^`]['�
−Vi−1 ψ τ

i−1σψ
τ
i−1σ

�A��$^` � �
−Ω ψ

τ
i σ ψ τ

i σ

�A��$^`]`'�
−Vi+1 ψ τ

i+1σψ
τ
i+1σ

�A��$^`4�'�
−Ji−1 (ψ τ

i−1σ σ
z ψ τ

i−1σ)(φ
τ
i−1σ σ

z φ τi+1σ)
�A��$^`2�
�

−Ji (ψ
τ
i σ σz ψ τ

i σ ) (φ
τ
i σ σz φ τi σ )

�A��$^`]a'�
−Ji+1 (ψ τ

i+1σ σ
z ψ τ

i+1σ)(φ
τ
i+1σ σ

z φ τi−1σ)
�A��$^` / �

−ti−1 (ψ τ
i−1σψ

τ
i σ + ψ

τ
i σψ

τ
i−1σ)

�A��$^`G_ �
−ti (ψ

τ
i σψ

τ
i+1σ + ψ

τ
i σψ

τ
i+1σ) .

�A��$^`]\'�
�Q|�" ,�4UD F + ,�DLF 47Mg4UDL"<DL.-,�D JH/<	�	�o7+�.�q � +�"<,�D 1<BC)-/
.

Ω
@:oU1 )y.-DL"3q]4UD!P��KI�<Q�� DL47.�qGD 1<DLK3F K�$

!#4UD�` + DL"3MzD��A��$^`]`'�h+�.-, �A��$^`]a'�h2
@:.�. MO@:. F +-1 @:MgMzDN.�=A@
1<1<DL. +�.-,
Ω
@:+-132�o @:MgMzDL"3.Z$ IE@
BC)

I
	�47.-DL47.-13K<DLo7o7+�.�q�@:+�= qGDNo.$]1<K q]47~�KH,�4UDL1

Ωψ
τ
i ↑ψ

τ
i ↑

(

1− Ji
Ω
φ
τ
i σ σ

z φ τi σ

)

Ωψ
τ
i ↓ψ

τ
i ↓

(

1 +
Ji
Ω
φ
τ
i σ σ

z φ τi σ

)

.

�A��$^` 1 �

msDLqGDL.
ΩÀ Ji

471<K}@:+-BC)
1À Ji

Ω

$-!#4UD + DL"3MzD 47. JEo @:MgMzDL"3.e47.?�A��$^` 1 � 1347.-,�,�D 13)(@:o7~ 47.�q]+�K<DL"
IK�:)-DL"3+�.�qzq]oUDL4UBC) DL47.-1�$
!EDL" �-"<DL47)-DL47K<13q]"C@
,O0�/
.O,�DL.OoU/
2
@:oUDL.  /
MzDL.�K<DL.

φi σ, φi σ
DL.�K32�/<	�	�DLo7K*47.O,�4UD 1<DL" IK�:)-DL"3+�.�qh0�/
.

,�DL. �(DLoU,�DL"3.O,�DL"y~�D!� DLq]o74UBC)-DL.�S $�BC)-DL";�G+�.-,?MO@:.zM +-1C1Y=�|�" ,�4UD�� DL47K<DL"<D@"}D BC)�.�+�.�q .5+�"y,�4UD 0�/
.
,�DL. �(DLoU,�DL"3.

ψi σ
+�.-,

ψi σ
@:~�)G�:.�qGDL.-,�DL. + DL"3MzD 47.

(3.18)− (3.28)
Mg47K3.-DL)�MzDL.Z$

� /
M 9Y= @
,�47.�K<DLq]"C@:o��A��$ � _ �&� DL"<,�DL. ,�4UD �?�(DLoU,�DL"
ψ
τ
i ↑

�
ψ τ
i ↑

�
ψ
τ
i ↓

+�.-,
ψ τ
i ↓

@:+-1347.�K<DLq]"34UDL"3K�$ )y47.-D
D�,�	�o747F 47K<D&I
	�47.(@:+�=A1<BC)�o7|-1<1<DLo7+�.�qO4U13K 47. ,�4UD 1<DLM %H~-1<BC)�.�47K3K .�4UBC)�K MzDL)�" .1$
K347q-$
! @
1}F +e~�DL"<D BC)�.-DL.-,�D&2 .�KCDNq]" @:o�4U13K ��+(@
,�"C@:K34U1<BC) 47.

ψi
$ ��+�"H~�D 1<1<DL"<DL.��H~�DL"<134UBC)�K:� 47"<, .�+�"#,�DL"

47.�K<DL"<D 1<134UDL"<DL.-,�D + DL47oZ.�4UD ,�DL"3qGD 1CBC)�"34UDL~�DL.Z�

`]a
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Zi =
∫

D[ψ
τ
i σ ψ

τ
i σ] e

∫
dτ

∑

iσ

{
ψ

τ
i σ (−∂τ+µ)ψ

τ
i σ

× e−Ωψ
τ
i σ ψ

τ
i σ

× e−ti−1 (ψ
τ
i−1σψ

τ
i σ+ψ

τ
i σψ

τ
i−1σ)−ti (ψ

τ
i+1σψ

τ
i σ+ψ

τ
i σψ

τ
i+1σ)

}

=

∫

D[ψ
τ
i σ ψ

τ
i σ] e

∫
dτ

∑

iσ

{
ψ

τ
i σ (−∂τ+µ− Ω)ψ τ

i σ

× e−ti−1 (ψ
τ
i−1σψ

τ
i σ+ψ

τ
i σψ

τ
i−1σ)−ti (ψ

τ
i+1σψ

τ
i σ+ψ

τ
i σψ

τ
i+1σ)

}

.

�A��$
�]['�

!#4UD 1<D 1F2 .5K<DLq]"C@:o�2
@:.�.gD ,-@:25KQMg47K3K<DLoU1 t @:+�']47.�K<DLq]"C@:K34U/
.g=�|�" t#"C@
1<13MO@:.�0]@:"34 @:~�oUDL.?qGDLo.$]1<K � DL"<,�DL.Z$
!#4UDE~�DL.1$
K347q]K<D#�(/
"3MzDLoZo @:+�KCDNK

∫

D[ηη] exp[−η Aη + ην + νη ] = det(A) exp
[
ν A−1 ν

]

= exp
[
ν A−1 ν + ln (det(A))

]
.

�A��$
� � �

!EDL"3� DL"3q]oUDL4UBC)�0�/
. �A��$
� � � Mg47K �A��$
�]['� q]47~�K},�4UD 2k,�DL.�K34 �-F 4UDL"3+�.�q C C

η = ψi σ
�A��$
�]`'�

η = ψi σ
�A��$
�4�'�

ν = −tiψ τ
i+1σ − ti−1ψ

τ
i−1σ

�A��$
�2�
�
ν = −tiψ τ

i+1σ − ti−1ψ τ
i−1σ

�A��$
�]a'�
A = (∂τ − µ+Ω)

4U,
2 .

�A��$
� / �
2 . ,�4UD 1<DLM ��@:o7oQ4U13K#,�4UD  @:K3"34*,

A
,�4 @:qG/
.(@:o $x! @

A
DL47.-DL. !#4 �xDL"<DL.�K34 @:oU/<	�DL"C@:KC/
" DL.�K3)G�:o7K;� � 47"<,

DL47.-D �-/
+�"34UDL"3K3"C@:.-13= /
"3MO@:K34U/]. ~�F q]o $
τ
,�+�"<BC)�qGDN=�|�)�"<K;��+�M

∂τ
,�+-"<BC)�1CDL47.-DA);47qGDL.
� DL"3K<D DL"<1<DLK3F�DL.

F +�2'$
.�.-DL.Z$
!#4UD  @:K3"34*,

A
DL"3)G�:o7K}1</g,�4UD �(/
"3M

A(ωn) = (−iωn − µ+Ω) .
�A��$
�G_ �

! @:~�DL4�1347.-,
ωn = (2n+1)π

β

,�4UDE=ADL"3Mg4U/
.�4U1<BC)-DL.  @:K<13+�~(@:"C@�=�"<D
��+-DL.�F�DL.M� 1�$�%H.�)(@:.�qO%&$ �
�N$
!#4UDE47.�0�DL"<1<D  @:K3"34*,�4U13K 1C/
Mg47K DL47.�= @
BC)

A−1 =
1

−iωn − µ+Ω

�A��$
�]\'�

WuWm]}n
2

]}sYeNnJ]^Z � ]^[J{)Z\]wemsuk=vUeuxm]	�=]^k
R2

~ � v jSvUeuxm] $\Z$[SnJ`Pxmz<{=Z\]^[)Z\[2� [&emZ$xmsYeuxm]^z+{�Z\]^[�nJZ$`Jem]^y yiZ\biZ\[)[�$\Z\]^z+{)[JZ$e0su]^[�nHt
#N]wx+n/]}n

2

]^k�d h,J^ylZ\[�nPZ\[ #"Z\ylyiZ>J}vlsusuZ\[ ~

` /
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+�.-,V.(@
BC)?�A��$
� � � DL"3q]47~�KH134UBC)�= |�" ,-@
1@2 .�K<DLq]"C@:o Zi CA�

Zi = e ν A
−1(ωn) ν+ln(det(A(ωn)))

= e(
−tiψ

ωn
i σ −ti−1ψ

ωn
i−1σ) 1

−iωn−µ+Ω(−tiψ
ωn
i σ −ti−1ψ

ωn
i−1σ)+ln(det(A(ωn)))

= eln(det(A(ωn)))
�A��$
� 1 �

× e
t2i

−iωn−µ+Ω(ψ
ωn
i+1σψ

ωn
i+1σ) �A��$ ��['�

× e
t2i−1

−iωn−µ+Ω(ψ
ωn
i−1σψ

ωn
i−1σ) �A��$ � � �

× e
ti−1ti

−iωn−µ+Ω(ψ
ωn
i+1σψ

ωn
i−1σ+ψ

ωn
i−1σψ

ωn
i+1σ) .

�A��$ ��`'�
!#4UDEI�+�MgMzDH|�~�DL"

n
� +�"<,�D#,�DL"*~�D 1<1<DL"<DL. �H~�DL"<134UBC)�K � DLqGDL.�+�.�K<DL"<,�"3|-BC25K�$5! @h134UBC)�,�4UD 1<DEI�+�M&�

MzD�@:o7oUDL"<,�47.�qG1z@:+-BC) |�~�DL"
det(A)

DL"<13K3"<D BC25K;� � +�"<,�D�134UD�@:oU1
ln(det(A))

4p. ,�DL.M)F,�	�/
.-DL.�K<DL.
qGD 1<BC)�"34UDL~�DL.Z$
!#4UD t#" $�'GD

det(A(ωn)))
)G�:.�q]K}.-47BC)5K MzDL)�"}0�/
. ,�DL.e,�6�.(@:Mg4U1CBC)-DL. �*@:"34 @:~�oUDN.

ψi
/�,�DL"

φi
@:~

+�.-, 4U13KE47. ,�47D 1CDLM I�47.�.-D?DL47.-DgJH/
.-13KC@:.�K<D �T,�4UD&.(@
BC) ,�DL"A� DLMzDL"325+�.�q @:+�= I5DL47K<D � \�47q].-/
"34UDL"3K
� DL"<,�DL. 2
@:.�."CA�]$
2 .5K<DL"<D 1<1C@:.�K}1347.-,V,�4UD � + DL"3MzDD�A��$ ��[ �9��$ ��`'���(,�4UD ,�4UD "<DL.-/
"3Mg4UDL"3K<DL. JH/<	�	�o7+�.�qGDL.e,-@:"<1<K<DLo7oUDL.Z$
2 .��A��$ ��['� �-.-,�DLK MO@:.�,�4UD#.-DL+-D@Qc� �YT�GmK$�@);.-DL"3q]4UD#= |�" t#o74UD ,

i+1
+�.-,�47.��A��$ � � � 	3DL.-DH=�|�"}t#o74UD ,

i−1
$
��DL47oUD �A��$ ��`'�Y4U13K DL47.z.-DL+-D 1 rH|�	�= MO@:K3"34*,�DLoUDLMzDL.�K*F9� 4U1<BC)-DL.�,�DL.�J DLK3K<DL.�q]o74UD ,�DL"3.

i−1
+�.(,

i+ 1
��,�4UD .(@
BC) ,�DL"}!EDLF 47Mg4UDL"3+�.�qO0�/
.etEo747D ,

i
.�+�. 	3@&~�DL.(@
BC)5~(@:"3KH1347.-,T$

!#4UD 1&134UDL)�K MO@:. .-/�BC) ,�DL+�K3o74UBC)-DL";� � DL.�. MO@:. ,�4UD�r#@:Mg47o7K</
.�= +�.�2�K34U/
. .(@
BC) ,�DL"&2 .�K<DLq]"C@:K34U/
.
.-/�BC)�MO@:oU1HD�,�	�o747F 47K .�4UD ,�DL"<1<BC)-"<DL4p~-K�$
 @:.�~�D�@
BC)�K<Dh,-@
1  47.�+-13F�DL4UBC)-DL. 0�/
"},�DL"}rE@:Mg47o7K</
.�=�+�.�25K34U/
. ~�DL4�,�DL"}!ED��-.�47K34U/
. ,�D 1}9Y= @
,�47.��
K<DLq]"C@:oU1 �A��$ � a'�N$

−Hi+1, i−1 = −Vi−1 ψ ωn
i−1σψ

ωn
i−1σ

−Vi+1 ψ ωn
i+1σψ

ωn
i+1σ

−Ji−1 (ψ ωn
i−1σ σ

z ψ ωn
i−1σ)(φ

ωn
i−1σ σ

z φωni+1σ)

−Ji+1 (ψ ωn
i+1σ σ

z ψ ωn
i+1σ)(φ

ωn
i+1σ σ

z φωni−1σ)

+
t2i−1

−iωn − µ+Ω

(

ψ
ωn
i−1σψ

ωn
i−1σ

)

+
t2i

−iωn − µ+Ω

(

ψ
ωn
i+1σψ

ωn
i+1σ

)

+
ti−1ti

−iωn − µ+Ω

(

ψ
ωn
i+1σψ

ωn
i−1σ + ψ

ωn
i−1σψ

ωn
i+1σ

)

.

�A��$ ���'�

W � � ]^Z\suk=vQJ�#N]wx+n
Zi

]}k OPxmZ��&`)Z\[�$$x+vl`Jk vl[)ylZ\yiZULaZ\[ t vQLaZ$xrd hUxmk=vQJ MU[�nJZ<xuepsu]^z+{7[J]^z<{&ems\t�L)]^spvl`Jd"nP]}Z
��xmsuZ$eI$$`)[)y
∫
dτf(τ)→

∑

n f(ωn)
~W�S � ]^ZpZ ��Y�J^] $$]^emZR&LZ<xmZ\z+{)[c`)[Jy3nJZ$x � Z$emZ$xmk4]^[)vl[&emZ ]^sYe [c`PxN]^k !5LJsuz<{J[)]weue �c~ �P~%$|[  lem]^yJ~
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!#4UD DL"<13K<DL. � + DL"3MzD}1347.-, �A��$^` � ��� �A��$^`4�'��� �A��$^`2�
�Y+�.-, �A��$^` / �y@:+-1 ,�DLM )F,�	�/
.-DL.�K<DL.�0�/
. �A��$ � _ ���
,�4UD oUDLK3F K<DL.8� + DL"3MzD 1347.-,�,-@
1 );"3qGDL~�.�4U1H,�DL"@2k.�K<DLq]"C@:K34U/
.e,�DL" �(DLoU,�DL"

ψi
�A��$ ��[ �9��$ ��`'�N$

��+-1C@:MgMzDL.�qGDN= @
1<13K}1<K<DL)�K}@:oU1</g47.�,-DN"}rE@:Mg47o7K</
.�= +�.�2�K34U/
.

−Hi+1, i−1 = −
(

Vi−1 −
t2i−1

−iωn − µ+Ω

)

ψ
ωn
i−1σψ

ωn
i−1σ

−
(

Vi+1 −
t2i

−iωn − µ+Ω

)

ψ
ωn
i+1σψ

ωn
i+1σ

−Ji−1 (ψ ωn
i−1σ σ

z ψ ωn
i−1σ)(φ

ωn
i−1σ σ

z φωni+1σ)

−Ji+1 (ψ ωn
i+1σ σ

z ψ ωn
i+1σ)(φ

ωn
i+1σ σ

z φωni−1σ)

+
ti−1ti

−iωn − µ+Ω

(

ψ
ωn
i+1σψ

ωn
i−1σ + ψ

ωn
i−1σψ

ωn
i+1σ

)

.

�A��$ �4�
�

!#4UD "<DL.-/
"3Mg4UDL"3K<DL.�8�.(DL+-DL.�JH/<	�	�o7+�.�qGDL. ��~�DLF�DL4UBC)�.-DLK*Mg47K*DL47.-DL" + 4poU,�DE�;2
@:.�.zMO@:.�1</
Mg47K*,�47"<DL2�K
@:~�oUD 1<DL.Z�

Ṽi+1 =Vi+1 −
t2i

Ω− iωn − µ

Ṽi−1 =Vi−1 −
t2i−1

Ω− iωn − µ
t̃ =− ti−1ti

Ω− iωn − µ
.

�A��$ ��a'�

�Q|�"�,�DL. ��@:o7oEDL4p.(DL1�)(@:o7~ qGDN=�|-opo7K<DL. SZ/�BC)�� � @:.-,�D 1 �
µ = 0

�z+�.-, Mg47K�,�DL"�%H.�.(@:)�MzD � ,(@
1<1
ΩÀ ωn

)(@:K MO@:.

Ṽj = Vi+1 − t2i
Ω

�A��$ � / �

Ṽj−1 = Vi−1 − t2i−1
Ω

�A��$ ��_ �
t̃j−1 = − ti−1ti

Ω

�A��$ ��\'�

rH47DL" � +-"<,�D @:+�= ,�DL"zo747.�2�DL. I5DL47K<D DL47.-D5I#DL+�.�+�MgMzDL"34UDL"3+�.�q � S�@:+ �-.-,�D�,
i → j

�?,�DL"OJ DLK3K<D
qGDLM � 'O%H~�~�47oU,�+�.�q��A��$
�'� ,�+�"<BC)�qGDN=�|-)�"3K�$

`]\
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���� � �/6=-�� � �	��� 8�6=? 1 - 6
ti

t
�k���
j

tj

j − 1 j

j + 1

j + 2

i − 2

ti+1titi−1

i + 1 i + 2

i + 2

ii − 1

%H~�~�47oU,�+�.�q ��$ �-� I5BC)-DLMO@:K34U1<BC)-D ! @:"<13K<DLo7o7+�.�qz,�DL"3"HDL.-/
"3Mg4UDL"3+�.�qO,�DL" J DLK3K<D �A`'�N��!#4UD 13MO@:oT1C/
o7o
Ω = ti

qGDLo7K<DL.Z$(`Ot#o74UD ,�DL" � DL"<,�DL.e1347M +�o7KC@:. ,�DLF 47Mg4UDL"3K�$

I5DL4Z.�+�.

Ω = |ti| .
! @ ,-@
1�rH|�	�= MO@:K3"34*,�DLoUDLMzDL.�K ` J DLK3K<DL.�q]o74UD ,�DL"VMg47K<DL47.(@:.-,-DN"�2�/<	�	�DLo7K;�C� DL"<,�DL. ~�DL4 ,�DL"V!#D��
F 47Mg4UDL"3+�.�q 0�/
.

ti
q]oUDL4UBC) ` I��:K3F�D 0�/
. t#"C@
1<1<MO@:.�= DLoU,�DL"3. {ψ τ

i σ, ψ
τ
i σ}
+-.-, {ψ τ

i+1σ, ψ
τ
i+1σ}@:+-1347.�K<DLq]"34UDL"3K�$

)y1�4U13K�,�D 13)(@:o7~ F9� DLBC25M � ']47q .-DL+-D t#"C@
1C13MO@:.�0
@:"34 @:~�oUDL. DL47.�F +�= |�)�"<DL.Z$32 M r}47.�~�o74UBC2 @:+�= ,�4UD
t @:+�']47.�K<DLq]"C@:K34U/
.�� DL"<,�DL.e,�4UD .-DL+-DL.5�*@:"34 @:~�oUDL.�Mg47K

η
~�DLF�DL4UBC)�.-DLK�$ )y1 1CDL4

ψ
τ
i σ + ψ

τ
i+1σ = η τ1σ

ψ τ
i σ + ψ τ

i+1σ = η τ1σ

�A��$ � 1 �

+�.-,

ψ
τ
i σ − ψ

τ
i+1σ = η τ2σ

ψ τ
i σ − ψ τ

i+1σ = η τ2σ .

�A��$^a]['�

` 1
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!#4UDE47.�0�DL"<1<D + " @:.-1 = /
"3MO@:K34U/
. 4U1<K

ψ
τ
i σ =

1

2

(
η τ1σ + η τ2σ

)

ψ
τ
i+1σ =

1

2

(
η τ1σ − η τ2σ

)

�A��$^a � �

+�.-,

ψ τ
i σ =

1

2

(
η τ1σ + η τ2σ

)

ψ τ
i+1σ =

1

2

(
η τ1σ − η τ2σ

)
.

�A��$^a]`'�

2 . ,�4UDL1CDL.�.-DL+-DL.5�*@:"34 @:~�oUDN. o @:+�K<DLK},-@
1
ti
� rH|�	�=�MO@:K3"34*,�DLoUDLMzDL.�K

−Ω
(
ψ
τ
i σψ

τ
i+1σ + ψ

τ
i+1σψ

τ
i σ

)
=− Ω

(1

2

(
η τ1σ + η τ2σ

)1

2

(
η τ1σ − η τ2σ

)
+

1

2

(
η τ1σ − η τ2σ

)1

2

(
η τ1σ + η τ2σ

))

=− Ω

2

(
η τ1ση

τ
1σ − η τ2ση τ2σ

)

=
Ω

2

(
η τ1σ
η τ2σ

)(
−1 0
0 1

)(
η τ1σ
η τ2σ

)

.

�A��$^a4�'�
!#4UDE47. {ψ σ, ψσ}

��+(@
,�"C@:K34U1<BC)-DL. + DL"3MzD 1<47.-,

ψ
τ
i σψ

τ
i σ =

1

2

(
η τ1σ + η τ2σ

)1

2

(
η τ1σ + η τ2σ

)

=
1

4
(η τ1ση

τ
1σ + η τ2ση

τ
2σ + η τ1ση

τ
2σ + η τ2ση

τ
1σ)

=
1

4

(
η τ1σ
η τ2σ

)(
1 1
1 1

)(
η τ1σ
η τ2σ

)

�A��$^a2�
�

+�.-,

ψ
τ
i+1σψ

τ
i+1σ =

1

2

(
η τ1σ + η τ2σ

)1

2

(
η τ1σ + η τ2σ

)

=
1

4
(η τ1ση

τ
1σ + η τ2ση

τ
2σ − η τ1ση τ2σ − η τ2ση τ1σ)

=
1

4

(
η τ1σ
η τ2σ

)(
1 1
−1 −1

)(
η τ1σ
η τ2σ

)

.

�A��$^a]a'�

!#4UDz~�F q]o $ {ψ τ
i σ, ψ

τ
i+1σ}

"<DLoUDL0]@:.�K<DL. + DL"3MzD�47. ,�DL" m 47"325+�.�q 2%$
.�.-DL.?� 4UDz=A/
o7q]K qGD 1<BC)�"34UDL~�DL.
� DL"<,�DL.

�][
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(
ψ
τ
i σ

ψ
τ
i+1σ

)

−A
︷ ︸︸ ︷
(
−∂τ + µ− Vi − Jiσ −Ω

−Ω −∂τ + µ− Vi+1 − Ji−1σ

)(
ψ τ
i σ

ψ τ
i+1σ

)

− ti−1
(

ψ
τ
i−1σψ

τ
i σ + ψ

τ
i σψ

τ
i−1σ

)

− ti+2
(

ψ
τ
i+2σψ

τ
i+1σ + ψ

τ
i+1σψ

τ
i+2σ

)

�A��$^a / �

Mg47K
Jiσ = Ji(φ

τ
i−1σ σ

z φ τi+1σ)
$

)y1 � 47"<,V.-/�BC)V= /
o7qGDL.-,�Dh%}~�25|�"3F +�.�qODL47.�qGDN= |�)�"3K

xi =− ∂τ + µ− Vi − Jiσ
xi+1 =− ∂τ + µ− Vi+1 − Ji−1σ .

�A��$^aG_ �

!EDL" DL"<1<K<DhI�+�MgMO@:.-,�47.?�A��$^a / �C� 47"<,VMg47K �A��$^a4�'��� �A��$^a2�
� +�.-, �A��$^a]a'� +�MgqGDN= /
"3M K

−ητAητ =

(
η τ1σ
η τ2σ

)(xi+xi+1
4 − Ω

2
xi+xi+1

4
xi−xi+1

4
xi−xi+1

4 + Ω
2

)(
η τ1σ
η τ2σ

)

.
�A��$^a]\'�

!#4UD  @:K<"34*,g4U13K*1365MgMzDLK3"34U1<BC)O+�.-,�,�4UD}!#4 @:qG/
.(@:o7K<DL"3MzD#+�.�K<DL"<1<BC)-DL4U,�DL.�134UBC)O.�+�" 47M �y/
"3F�DL4UBC)-DL.
,�D 1 oUDLK3F K<DL. I�+�MgMO@:.-,�DL.Z$
! @

Ω
,�4UD ,�/
Mg47.�4UDL"<DL.-,�D?I�2
@:o @?4U13K;��q]47opK = |�" ,�4UD  @:K3"34*,�@:+-1#�A��$^a]\'� .G�:)-DL"3+-.�qG1�� DL4U1<D

−A ≈
(

−Ω2
xi+xi+1

4
xi−xi+1

4
Ω
2

)

.
�A��$^a 1 �

!#4UDE47.�0�DL"<1<D  @:K3"34*,�4U13K C �

A−1 =
4

Ω2 − x2i−x
2
i+1

4

(
Ω
2

xi+xi+1
4

xi−xi+1
4 −Ω2

)

≈ 4

Ω2

(
Ω
2

xi+xi+1
4

xi−xi+1
4 −Ω2

)

≈
(
2
Ω 0

0 − 2
Ω

)

�A��$ / ['�

+�.-,�1</
Mg47K},�4 @:qG/
.(@:o8�(,-@g@:o7oUD + DL"3MzD ∝ 1
Ω2
47.Vq]+�K<DL":I(�:)-DL"3+�.�qOF +5IH+�o7oTqGD 1CDLK3F K � +�"<,�DL.Z$

!#4UD rH|�	�= MO@:K3"34*,�DLoUDLMzDL.�K<DhF +�,�DL.�~�DL.(@
BC)�~(@:"3K<DL. J DLK3K<DL.�q]o74UD ,�DL"<.
i− 1

+�.-,
i+ 2

1347.-,
W � � v

xi
`)[)n

xi+1
nJZ\[ � ]  HZ<xmZ\[&em]}vQJ^h,YaZ$x+v emhlx

∂τ
Z\[&em{)vQJwemZ\[pk�� iemZ�#N]^Z�nJZ<x ]^[)s OPxmZ��&`)Z\[�$>L)] J}nrylZU#"Z$z<{JsuZ>Jwe�#LZ$x+nJZ$[ t`)k nJ]^Z|]^[cgDZ$xmsuZ jSv euxm] �)$$`CLaZ$xmZ\z+{J[)Z\[�~ � v4su]^z+{�]^[�nJZ$x `J[&emZ\[�vU[)yiZ#0vU[�nPemZ$[ � Ml{JZ$xm`)[Jy�nP]^Z ��Z$xmk4Z k4]we

xsuh?#N]^Z\suh {)Z<x+vl`)sub �PxI$\Z\[KLaZ>J MlsusYe�k=vU[pZ\s LaZ\]^k�_aZ\]weIL)] J}n�~ � ]^Z ]^[&emZ$xmZ$susu]}Z<xmZ\[�nPZ\["� h,Y^Y�J^`)[JyisubDhl[)sYe+vl[&emZ$[ #"Z$x+nPZ\[gDhl[SnJZ$[ O)hl`Jxm]^Z$xueux+vU[)sYd hUxmk=vUem]^hi[JZ\[�hl[)Z\{J]^[S[J]^z<{&e LaZ\Z\]^[���`JsusYe�~

� �
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− ti−1
(

ψ
τ
i−1σψ

τ
i σ + ψ

τ
i σψ

τ
i−1σ

)

− ti+2
(

ψ
τ
i+2σψ

τ
i+1σ + ψ

τ
i+1σψ

τ
i+2σ

)

= η τ1σν
τ
1 + η τ2σν

τ
2 + ντ1η

τ
1σ + ντ2η

τ
2σ

�A��$ /"� �

Mg47K

ντ1 = −
1

2

(

ti−1ψ
τ
i−1σ + ti+1ψ

τ
i+2σ

)

ντ1 = −1

2

(
ti−1ψ

τ
i−1σ + ti+1ψ

τ
i+2σ

)

ντ2 = −
1

2

(

ti−1ψ
τ
i−1σ − ti+1ψ

τ
i+2σ

)

ντ2 = −1

2

(
ti−1ψ

τ
i−1σ − ti+1ψ τ

i+2σ

)
.

�A��$ / `'�

! @:Mg47K}DL"3q]47~�K},�4UD t @:+�']47.�K<DLq]"C@:K34U/]. 0�/
. �A��$^a / � ,�DL. %}+-1<,�"3+(BC2

(
ντ1
ντ2

)

A−1
(
ντ1
ντ2

)

=
2

Ω
ντ1ν

τ
1 −

2

Ω
ντ2ν

τ
2 =

2

Ω

( 1

4
t2i−1ψ

τ
i−1σψ

τ
i−1σ +

1

4
t2i+1ψ

τ
i+2σψ

τ
i+2σ +

1

4
ti−1ti+1[ψ

τ
i−1σψ

τ
i+2σ + ψ

τ
i+2σψ

τ
i−1σ]

)

− 2

Ω

( 1

4
t2i−1ψ

τ
i−1σψ

τ
i−1σ +

1

4
t2i+1ψ

τ
i+2σψ

τ
i+2σ −

1

4
ti−1ti+1[ψ

τ
i−1σψ

τ
i+2σ + ψ

τ
i+2σψ

τ
i−1σ]

)

=
ti−1ti+1

Ω
[ψ

τ
i−1σψ

τ
i+2σ + ψ

τ
i+2σψ

τ
i−1σ] . �A��$ / �'�

!#4UD � DL47K3"��:qGD F + ,�DL.EQc� �YT�GmK$�();.-DL"3q]4UDL. =�|�"},�4UDh9;o��:K3F�D
i− 1

+�.-,
i+ 2

)-DL~�DL. 134UBC)�qGDLqGDL.-1<DL4*�
K347qOqGDL.(@:+ @:+�=3$-!EDL" + DL"3M 47.e,�DL.eD BC2547qGDL.eJEo @:MgMzDL"3.e4U1<K},-@
1}.-DL+-Dhr}|1	�=�MO@:K3"34*,�DLoUDLMzDL.�KH0�/
.
J DLK3K<DL.�q]o74UD ,

i− 1
.(@
BC)

i+ 2
+�.-,�)(@:K ,�4UD 1CDNo7~�D I�K3"3+�2�K3+�"3� 4UDE~�DL4Z,�DL" "}DL.-/
"3Mg4UDL"3+�.�qz0�/
.

Vi47M oUDLK3F K<DL. %H~-1<BC)�.�47K3K � 1�$��A��$ ��\'���N$

t̃j = −
ti−1ti+1

Ω
.

�A��$ / �
�

�]`
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���� � �/6=-�� � �	��� 8�6=? 1 - 6
Ji

)y1 ~�oUDL47~�K .�+�.�.�+�" .-/�BC) ,�DL"@��@:o7oT|�~�"347q1�-~�DL4Z,-DNM ,�47D oU/
2]@:oTq]"�$�']K<D JH/<	�	�o7+�.�q�,�+�"<BC)

Ji = Ω
qGDLqGDL~�DL. 4U13K�$�!EDL" + DL"3M �A��$^`2�
� 47M )F,�	�/
.-DL.�K<DL. 0�/
. Zi−1,i,i+1

−Ji (ψ τ
i σ σ

z ψ τ
i σ)(φ

τ
i σ σ

z φ τi σ)
�A��$ / a'�

4U13K;.�4UBC)�K ��+(@
,�"C@:K34U1<BC)z47.z,�DL.�t#"C@
1C13MO@:.�= DLoU,�DL"3.z+�.-,g2
@:.�.z,�D 13)(@:o7~z.�4UBC)�K;Mg47K r}47op=AD 0�/
. �A��$
� � �
47.�K<DLq]"34UDL"3K(� DN"C,�DL.Z$�!H+�"<BC) );47.�= |�)�"<DL. 0�/
. 6H+-DLo7oUDL.�� ~�F9� $�rH47op= 1 =ADLoU,�DL"3.e2
@:.�.eMO@:. ,�4UD � @:"34 @ �
~�oUDL.V=�|�" oU/
2]@:o74U134UDL"3K<DL. I
	�47.�+�.-,�SZ/�BC)-1�	�47. 	 D ,�/�BC) DL.�K32�/<	�	�DLo7.Z$-!#4UD 1 qGD 1<BC)�4UDL)�K}Mg47K rH47op= D ,�DL"
�������	��
������
	��������������������+ "C@:.-1 =A/
"3MO@:K34U/
.��Q,�4UDO.�4UBC)�K<1?@:.-,�DL"<D 1?@:oU1 DL47.-D�t @:+�']47.�K<DLq]"C@:K34U/
. 471<K�$
! @:F +5� 47"<,et#oUDL4UBC)�+�.�q��A��$
� � � 0�/
.V"<D BC)�K<1 .(@
BC)�o747.�2�1 qGDLoUD 1<DL.Z$

exp
[
ν A−1 ν

]
=

∫

D[η η] exp[−η Aη + ην + νη + ln detA−1 ] .
�A��$ /4/ �

2 .  @:K3"34*,�.-/
KC@:K34U/
. )(@:K},�DL" + DL"3M �A��$^`2�
� ,�4UD tED 13KC@:o7K

(ψ
τ
i σ σ

z ψ τ
i σ)(−Ω)(φ

τ
i σ σ

z φ τi σ) =

(

ψi ↑ψi ↑ − ψi ↓ψi ↓
φi ↑φi ↑ − φi ↓φi ↓

)(
0 −Ω/2

−Ω/2 0

)(

ψi ↑ψi ↑ − ψi ↓ψi ↓
φi ↑φi ↑ − φi ↓φi ↓

)

.

2 . ,�DL" I#/
KC@:K34U/
.�0�/
. �A��$ /4/ � q]47o7K ,(@:Mg4pKH,�4UD 2k,�DL.�K34 �-F 4UDL"3+�.�q

ν1 = ψi ↑ψi ↑ − ψi ↓ψi ↓
�A��$ / _ �

ν2 = φi ↑φi ↑ − φi ↓φi ↓
�A��$ / \'�

ν = ν =

(
ν1
ν2

) �A��$ /41 �

A−1 = −Ω

2

(
0 1
1 0

)

.
�A��$ _
['�

! @:Mg47K?2
@:.�. MO@:. 47. ,�DL" ��+-13KC@:.-,�1<1<+�MgMzD Zi−1,i,i+1 ,�DL. + DL"3M �A��$^`2�
�hMg47K3K<DLoU1g,�DL"?.-DL+-DL.
rH4pop=A1 =ADLoU,�DL" +�Mz1<BC)�"<DL47~�DL.Z$;!H4UD�rH47op= 1 =ADLoU,�DL"

η
+�.-,

η
M |-1<1<DL. @:M I5BC)�o7+-1<1&.-/�BC) qGD DL47q].-DLK?~�D��

13K347MgM K � DL"<,�DL.Z$

!#4UD + DL"3MzD
ν1η1

+�.-,
η1ν1

47M )F,�	�/
.-DL.�K<DL.eDL"3qGDL~�DL. F +-1C@:MgMzDL.�qGDN= @
1<13K C �

ψi ↑(−η1 − η1)ψi ↑ + ψi ↓(η1 + η1)ψi ↓+

φi ↑(−η1 − η1)φi ↑ + φi ↓(η1 + η1)φi ↓ .

�A��$ _ � �

W  � Z$x � hlxI$$Z\]^z<{JZ\[�#"Z$z<{JsuZ>J%J}]^Z\yUe vl[SnJZ$x=! [&em]^gDZ<xue+vl`)suz+{c`)[Jy nJZ<x V x+vUsusuk=vl[cglvUxm]}vQL�J^Z\[ ~

�4�
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!#4UDE"<DLoUDL0]@:.�K<DL. + DL"3MzD 47. Zi−1,i,i+1 1347.-,V,-@:Mg47K

∫

D[η η]D[ν ν]D[ψ
τ
i σ ψ

τ
i σ]D[φ

τ
i σ φ

τ
i σ] e

∫
dτ

∑

iσ

{
ψ

τ
i σ(−∂τ+µ)ψ

τ
i σ+φ

τ
i σ(−∂τ+µS)φ

τ
i σ

× e−η Aη+ην+νη+ln detA−1

× e−Vi ψ
τ
i σψ

τ
i σ

× e−ti−1 (ψ
τ
i−1σψ

τ
i σ+ψ

τ
i σψ

τ
i−1σ)

× e−ti (ψ
τ
i σψ

τ
i+1σ+ψ

τ
i σψ

τ
i+1σ)

}

=
∫

D[η η]D[ψ
τ
i σ ψ

τ
i σ]D[φ

τ
i σ φ

τ
i σ] e

∫
dτ

∑

iσ

{
2
Ω

(
η1η2+η2η1

)

× eψi ↑(−η1−η1)ψi ↑+ψi ↓(η1+η1)ψi ↓

× eφi ↑(−η1−η1)φi ↑+φi ↓(η1+η1)φi ↓

× eψ
τ
i σ(−∂τ+µ)ψ

τ
i σ+φ

τ
i σ(−∂τ+µS)φ

τ
i σ

× e−Vi ψ
τ
i σψ

τ
i σ

× e−ti−1 (ψ
τ
i−1σψ

τ
i σ+ψ

τ
i σψ

τ
i−1σ)

× e−ti (ψ
τ
i σψ

τ
i+1σ+ψ

τ
i σψ

τ
i+1σ)

× eln detA−1
}

��@
13KVMO@:. .�+�. @:o7oUD 47.
ψi
��+(@
,�"C@:K34U1<BC)-DL. tE" $�'GDL. 47. DL47.-DL"  @:K3"34*, F +-1C@:MgMzDL.��}13K<DL)�KV47M

)F,�	�/
.-DL.�K<DL. 0�/
. Zi−1,i,i+1 ,�DL"}%H+-1<,�"3+-BC2

(

ψ
τ
i ↑

ψ
τ
i ↓

)(

−∂τ + µ− Vi − η1 − η1 0

0 −∂τ + µ− Vi + η1 + η1

)(

ψ τ
i ↑

ψ τ
i ↓

)

.
�A��$ _
`'�

m 4UDgMO@:.s1<4UDL)�K;�x+�.�K<DL"<1<BC)-DL4U,�DL. 1<4UBC)s,�4UD 13MO@:o ,�4UD?~�DL4U,�DL. I
	�47.�2G/
M�	�/
.-DL.�K<D .n47MB�y/
"3F�DL4UBC)-DL.
0�/
.

η
$

%H.(@:oU/
qz~�DL1<K347MgM K MO@:. ,�DL. %H.�K<DL47oZMg47K ,�DL. �(DLoU,�DL"3.
φ τi σ

(

φ
τ
i ↑

φ
τ
i ↓

)(
−∂τ + µS − η2 − η2 0

0 −∂τ + µS + η2 + η2

)(

φ τi ↑
φ τi ↓

)

.
�A��$ _ �'�

2 . ,�4UD 1<DL" �(/
"3M 2'$
.�.-DL. ,�4UD��(DLoU,�DL"
ψi σ, ψi σ

+�.-,
φi σ, φi σ

� 4UD�47M 0�/
"C@:.�qGDLq�@:.�qGDL.-DL. %H~��
1<BC)�.�47K3KH@:+-1347.�K<DLq]"34UDL"3K:� DL"<,�DL.���� /
~�DL4 � 4UD ,�DL" 0�/
M ��DL47K�� 47.-1@�-"<D
��+-DL.�F ~�47oU,�qGD!� D BC)-1<DLo7K@� 47"<,T$
! @

η
@:oU1 � @:"34 @:~�oUDL.�.(@:MzD 1<BC)-/
. 0GDL"3qGDL~�DL.&471<K;�;� 47"<, = |�"�,�4UD t @:+�']47.�K<DLq]"C@:K34U/
.g,�4UD 13MO@:o�=A/
o7qGDL.-,�D

I#/
KC@:K34U/
.�~�DL.�+�K3F K

�2�
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∫

D[χj χj ] exp[−χj Aj χj + χjζj + ζjχj ] = det(Aj) exp
[

ζj A
−1
j ζj

]

.
�A��$ _ �
�

!#4UDA�(DLoU,�DL"
ψi σ
+�.-,

ψi σ
qGDL)1$
"<DL. F +

j = 1
�-,�4UDA�(DLoU,�DL"

φi σ
+�.-,

φi σ
qGDL)1$
"<DL. F +

j = 2
$

χ1 =

(

ψ
τ
i ↑

ψ
τ
i ↓

)

χ1 =

(

ψ τ
i ↑

ψ τ
i ↓

)

A1 =

(
−iωn − µ+ Vi + η1 + η1 0

0 −iωn − µ+ Vi − η1 − η1

)

ζ1 =

(

tiψ
τ
i+1 ↑ + ti−1ψ

τ
i−1 ↑

tiψ
τ
i+1 ↓ + ti−1ψ

τ
i−1 ↓

)

ζ1 =

(

tiψ
τ
i+1 ↑ + ti−1ψ

τ
i−1 ↑

tiψ
τ
i+1 ↓ + ti−1ψ

τ
i−1 ↓

)

�A��$ _
a'�

! @
1();"3qGDL~�.�4U1 ,�DL"(2k.�K<DLq]"C@:K34U/
. 4U13KE@:.(@:oU/
q�F + ,�DL"K"}DL.-/
"3Mg4UDL"3+�.�q�0�/
.
Vi

 @:. DL"3)G�:o7KE"<DL.-/
"��
Mg4UDL"3K<DeJH/<	�	�o7+�.�qGDL. qGDLM � ' �A��$ ��a'��� � DL.�.RMO@:. ,�/
"3K

Ω = Vi
,�+�"<BC)

Vi + (η1 + η1)
~�F9� $

Vi − (η1 + η1)
DL"<1<DLK3F K�$

σ =↑ σ =↓

Ṽi+1 =Vi+1 −
t2i

Vi + (η1 + η1)− iωn − µ
Ṽi+1 =Vi+1 −

t2i
Vi − (η1 + η1)− iωn − µ

�A��$ _ / �

Ṽi−1 =Vi−1 −
t2i−1

Vi + (η1 + η1)− iωn − µ
Ṽi−1 =Vi−1 −

t2i−1
Vi − (η1 + η1)− iωn − µ

�A��$ _]_ �

t̃ =− ti−1ti
Vi + (η1 + η1)− iωn − µ

t̃ =− ti−1ti
Vi − (η1 + η1)− iωn − µ

.

�A��$ _
\'�
!#4UD@2k.�K<DLq]"C@:K34U/
.�,�DL"C�-DLoU,�DL"

φi σ
+�.-,

φi σ
o74UDN=ADL"3K*2GDL47.-DL. � DL47K3"C@:q F +�,�DL.�JH/<	�	�o7+�.�qGDL.���.5+�" 47M

)F,�	�/
.-DL.�K<DL.e,�4UD !EDLK<DL"3Mg47.(@:.�K<D 0�/
.

A2 =

(
−iωn − µS + η2 + η2 0

0 −iωn − µS − η2 − η2 .

) �A��$ _ 1 �

�������
	��   � ������� ���	� ���
 � ��  �� ���� ��

!#4UD .-/�BC)z/��TDL.-D3��"C@:qGD 4U13K;�=� 4UD ,�4UD r}47op=A1 =ADNoU,�DL";0G/
M !P��KI�<Q��
Ji = Ω

@:~�)G�:.�qGDL.Z$G!#4UD rH47op= 1 =ADLoU,�DL"
1<DLo7~-13K F + 47.�K<DLq]"34UDL"<DL. 4U1<K .�4UBC)�Kg@:.(@:o765K34U1<BC) M $
q]o74UBC)��;@:o7oUDL"<,�47.�qG1g@:+-BC) q�@:" .�4UBC)�K?.-/
K � DL.-,�47q1�
,-@ .�+�"z47.�K<DL"<D 1<134UDL"3K;� � 4UD�,�4UDV"<DL.-/
"3Mg4UDL"3K<DL. JH/<	�	�o7+�.�qGDL. �A��$ _ / � � �A��$ _
\'�g0�/
. ,�DLM !P��KI�<Q��

Ω@:~�)G�:.�qGDL.Z$�!E@g,�4UD "<DL.-/
"3Mg4UDL"3K<DL. JH/<	�	�o7+�.�qGDL.H�A��$ _ / � � �A��$ _
\'� ,�4UD 1<DLo7~�D&I�K3"3+�25K3+�"})(@:~�DL."C �A� 4UD
47M �(@:o7o �A��$ ��\'���-4U13K F + DN" � @:"3K<DL.��(,-@
1<1
W � X vlsN[)]^z+{&e=��LaZ$xux+vlsuz+{JZ\[�n�]^sYe�t�nJv ]^[ LaZ\]}nJZ$[ O�MQJ J^Z\[�ylZ\[�vU`SZ\]^[ �pZ$euemZ\[Jy,J^]^Z�nSnPZ>$\]^k4]^Z$xue #0]^x+nH~

�]a
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η1 = η1 ∝ Ω
�A��$^\]['�

q]47o7K�$YmsDLqGDL.��A��$ /41 ���YM +-1<1g,-@:"3|�~�DL"z)�47.(@:+-1z@:+-BC) .-/�BC)
η = η

qGDLo7K<DL.Z$;!#4UD 1?q]47o7KzD 1?.�+�. F +
|�~�DL"�	�"3|�=ADL.Z$
IE@
BC)s,�DL"#2k.�K<DLq]"C@:K34U/
. ,�DL"#�(DLoU,�DL"

ψi σ
+�.-,

ψi σ
1C/E� 4UD

φi σ
+�.-,

φi σ
0GDL"3~�oUDL47~�DL.n47.n,�DL"L��+��

13KC@:.-,�1<1<+�MgMzDE= /
o7qGDL.-,�D 0G/
.
η
@:~�)G�:.�q]47qGD#��@:2�K</
"<DL.

Zη =
∫

D[η1 η1]D[η2 η2] e
∑

iωn

{
2
Ω

(
η1η2+η2η1

) �A��$^\ � �

× e
∑

n ψ
ωn
i+1 ↑

(
t2i

Vi+(η1+η1)−iωn−µ

)
ψ ωn
i+1 ↑

�A��$^\]`'�

× e
∑

n ψ
ωn
i+1 ↓

(
t2i

Vi−(η1+η1)−iωn−µ

)
ψ ωn
i+1 ↓

�A��$^\4�'�

× e
∑

n ψ
ωn
i−1 ↑

(
t2i−1

Vi+(η1+η1)−iωn−µ

)
ψ ωn
i−1 ↑

�A��$^\2�
�

× e
∑

n ψ
ωn
i−1 ↓

(
t2i−1

Vi−(η1+η1)−iωn−µ

)
ψ ωn
i−1 ↓

�A��$^\]a'�

× e−
∑

n

ti−1ti
Vi+(η1+η1)−iωn−µ

(
ψ

ωn
i+1 ↑ψ

ωn
i−1 ↑+ψ

ωn
i+1 ↑ψ

ωn
i−1 ↑

) �A��$^\ / �

× e−
∑

n

ti−1ti
Vi−(η1+η1)−iωn−µ

(
ψ

ωn
i+1 ↓ψ

ωn
i−1 ↓+ψ

ωn
i+1 ↓ψ

ωn
i−1 ↓

) �A��$^\G_ �

× e
∑

n ln
[
det(A1) det(A2)

]} �A��$^\]\'�
Mg47K

ln
[
det(A1) det(A2)

]
=

� ��$>\ 1 �
ln
[
(−iωn − µ+ Vi + η1 + η1)(−iωn − µ+ Vi − η1 − η1)(−iωn − µS + η2 + η2)(−iωn − µS + η2 + η2)

]
.

 4pK Z 47.z/
~�47qGDL" �(/
"3M 4U1<K @:+-BC)O,�4UD =�"<DL4UD );.-DL"3q]4UD
F
DN47.-D@��+�.�25K34U/
.O,�DL" rH4pop=A1 =ADLoU,�DL"

F = F [η]
$

�HM ,�4UD
Ω

� %}~�)G�:.-q]4pq]2�DL47KH,�DL"}rH47op= 13= DLoU,�DL" ~�D 1<K347MgMzDL. F +�2'$
.�.-DL.��-M +-1<1 MO@:. DL47.-D qGD DL47q].-DLK<D �
	�)�6�13472
@:o74U1<BC) 1<4p.-.�0G/
o7oUD ��+-1 @:K3F ~�D ,�47.�q]+�.�q 13K<DLo7oUDL.Z$  @:.s= /
"<,�DL"3K;��,-@
1<1 ,�4UD 6H+-DLo7oUDL.�= DLoU,�DL"?,�4UD
=�"<DL4UD );.-DL"3q]4UD Mg47.�47Mg4UDL"<DL.Z�

δ lnF [ηi]

δηi
= 0

+�.-, δ lnF [ηi]

δηi
= 0

�A��$ 1 ['�

!#4UD�� @:"34 @:K34U/
.R.(@
BC)
η2
+�.-,

η2
4U13KO@:M DL47.�= @
BC)-13K<DL. @:+-13F +�=�|�)-"<DL.��y,-@ .�+�"�,�DL"ODL"<13K<D + DL"3M

�A��$^\ � �;+�.-,�,�DL" oUDLK3F K<D + DL"3M �A��$^\]\'�;47. Zη 0G/
.�,�4UD 1<DL.�rH47op= 1<q]" $�'GDL.�@:~�)G�:.�qGDL.Z$���+�.G�
BC)-13K M +-1<1
,-@
1 9y"</�,�+�2�KH,�DL"}!#DLK<DL"3Mg47.(@:.�K<DL.e.-/�BC)�qGD DL47q].-DLK}+�MgqGD 1CBC)�"34UDL~�DN.�� DL"<,�DL.Z$
�Q|�" .�+�"}DL47.-DL.V=ADL"3Mg4U/
.�4U1<BC)-DL.��-"<DL47)-DL47K<13q]"C@
, /
)�.-D 6H+-DLo7oUDL.�=ADLoU,�DL"}q]47o7K

Zµ =

∫

D[ψ]D[ψ]e−
∫
dτψ(∂τ−µ)ψ = eln det(∂τ−µ) = e

∑

n ln det(−iωn−µ) .
�A��$ 1"� �

� /
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!#4UD I�+�MgMzD |�~�DL";,�4UD*=ADL"3Mg4U/
.�4U1<BC)-DL.  @:KC13+�~(@:"C@�=�"<D
��+-DL.�F�DL.gM +-1<1YqGD DL4pq].(DNK;"CDNq]+-oU@:"<471<4UDL"3K � DL"��
,�DL.Z$12kM JH/
.�K347.�+�+�Mz13o747MzD 1#DL"3q]47~�K}134UBC) '^_
[)(

Zµ = 2 cosh(βµ/2) .
�A��$ 1 `'�

mn@
1}134UBC)V0�/
.�,�DLM 25o @
1<134U1<BC)-DLM );"<qGDN~-.�4U1

Z !
= 1 + e−βµ = eln(1+e

−βµ)

= eln
(
e−

βµ
2 (e

βµ
2 +e−

βµ
2 )
)

= eln
(
e−

βµ
2 2 cosh(βµ/2)

)

= e−
βµ
2
+ln 2 cosh(βµ/2)

�A��$ 1 �'�

+�M DL47.-DL. );.-DL"3q]4UD 13)�4p= K}+�.�K<DL"<1<BC)-DL4U,�DLK�$�I5/
Mg47K}o��
1<13K 134UBC)?�A��$^\ 1 � 1<BC)�"<DL47~�DL. @:oU1

ln
[
16 cosh(β (µ− Vi − η1 − η1)/2) cosh(β (µ− Vi + η1 + η1)/2)

cosh(β (µS − η2 − η2)/2) cosh(β (µS + η2 + η2)/2)
]
.

�A��$ 1 �
�

� DLF |�q]o74UBC)
η2
+�.-,

η2
)(@:K �A��$^\ � � ,�4UD �(/
"3M

Zη =
∫

D[η1 η1]D[η2 η2] exp
{ 2

Ω

(
η1η2 + η2η1

)
+ f(η1, η1)

+ ln [g(η1, η1) cosh(β (µS − η2 − η2)/2) cosh(β (µS + η2 + η2)/2)]
}
.

�A��$ 1 a'�

! @:~�DL4 � +�"<,�DL. ,�4UDg0�/
.
η1 + η1

@:~�)G�:.�q]47qGDL. + DL"3MzDg47M )F,�	�/
.-DL.�K<DL. 0�/
. �A��$^\]`'�E~�4U1D�A��$^\G_ �
Mg47K 	(@:+-1<BC)(@:o�Mg47K

f(η1, η1)
@:~�qGDL25|�"3F K*+�.-,

g(η1, η1)
13K<DL)�Ky= |�" ,�4UD}0G/
.

η1+η1
@:~�)G�:.�qGDL.-,�DL.

��@:2�K</
"<DL.�47.?�A��$^\ 1 �N$ �(+-" ~�D 1C1<DL"<DL. �}~�DL"<134UBC)�K � 47"<,V.-/�BC)

cosh±(η2 + η2) = cosh±(β (µS ± (η2 + η2))/2)

sinh±(η2 + η2) = sinh±(β (µS ± (η2 + η2))/2)

tanh±(η2 + η2) =
cosh±(η2 + η2)

sinh±(η2 + η2)

�A��$ 14/ �

,�D��-.�4UDL"3K�$
! @:Mg47K q]47~�K},�4UDA� @:"34 @:K34U/
. .(@
BC)

η2

�G_
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δZη
δη2

=
∫

D[η1 η1]D[η2 η2] exp
{
. . .
}

×
[ 2

Ω
η1+

g(η1, η1)
(
cosh−(η2 + η2) sinh+(η2 + η2)β/2 + sinh−(η2 + η2) cosh+(η2 + η2) (−β/2)

)

g(η1, η1) cosh−(η2 + η2) cosh+(η2 + η2)

]

=
∫

D[η1 η1]D[η2 η2] exp
{
. . .
}

×
[ 2

Ω
η1 + β/2

(
tanh+(η2 + η2)− tanh−(η2 + η2)

)]

= 0 . �A��$ 1 _ �
!#4UDK�*@:"34 @:K34U/
.�.(@
BC)

η2
=A/
o7q]K}@:.(@:oU/
q

δZη
δη2

=
∫

D[η1 η1]D[η2 η2] exp
{
. . .
}

×
[ 2

Ω
η1 + β/2

(
tanh+(η2 + η2)− tanh−(η2 + η2)

)]

= 0 .

�A��$ 1 \'�

!#4UDA� D ,�47.�q]+�.�qGDL. 1347.-,VDL" = |�o7o7K =�|�"

η1 =
Ω

2

(
tanh−(η2 + η2)− tanh+(η2 + η2)

)
β/2

�A��$ 141 �

η1 =
Ω

2

(
tanh−(η2 + η2)− tanh+(η2 + η2)

)
β/2 .

�A��$ � []['�

m 4UD DL"�� @:"3K<DLK}q]47o7KH@:oU1</
η1 = η1

$

η1 + η1 = Ω
(
tanh−(η2 + η2)− tanh+(η2 + η2)

)
β/2 .

�A��$ � [ � �
! @?,�4UD �-+�.�2�K34U/
.

tanh
@:+�=

(−1, 1) ~�D 1CBC)�"��:.�2�K 4U1<K;��q]47o7K � DL47K<DL"3)�47.

η1 = η1(Ω) ∝ Ω .
�A��$ � []`'�

�]\
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);47.-D qGDL.(@:+-DL"<D#�H.�K<DL"<13+-BC)�+�.-q C�� q]47~�K

η1 + η1 = Ω
�A��$ � [4�'�

+�.-,�,-@:Mg47K = |�"#�A��$ _ / � � �A��$ _
\'� ,-@
1 );"3qGDL~�.�4U1

σ =↑ σ =↓

Ṽi+1 =Vi+1 −
t2i
Ω

Ṽi+1 =Vi+1 −
t2i
−Ω

�A��$ � [2�
�

Ṽi−1 =Vi−1 −
t2i−1
Ω

Ṽi−1 =Vi−1 −
t2i−1
−Ω

�A��$ � []a'�

! @:~�DL4 � +�"<,�DL.?� 4UD ,�DL"&@:o7oUD�t#" $�'GDL. 47M I#DL.�.-DL"hqGDLqGDL.
Ω
0�DL"3.(@
BC)�o��
1<1347q]K�$�!#4UDg.-DL+-DL. r}|�	�=7�

MO@:K3"34*,�DNoUDLMzDL.�KCD )(@:~�DL. � 4UD ,�DL"},�4UD �(/
"3M � 4UD 47. �A��$ ��\'� +�.-,�� ��$ / �
�L$

!#4UD @:.(@:o76�K34U1<BC)-DL. � DLF 4UDL)�+�.�qGDL. F9� 4U1<BC)-DL. @:o7K<DL. +�.-, .-DL+-DL. JH/<	�	�o7+�.�qGDL. �A��$ ��a'��1347.-, ,-@
1
);.-,�"<D 13+�o7KC@:K ,�4UD 1<D 1 J @=	�47K<DLoU1�$�! @
1*.G�
BC)-13K<D#J @=	�47K<DLox~�D 1<BC)G��= K347q]K 1<47BC)�Mg47K ,�DL.�,-@:F +�qGDL)1$
"347qGDL.
� DN"<K<DL4po7+�.-qG1 =�+�.�25K34U/
.-DL.Z$

W ��� v�nJ]^Z xmZ\[Jhlxmk4]^Z$xuemZ\[C� hQY^Y^J^`J[)yiZ$[�[c`Jxrgihi[
η1

`)[)n
η1

v6L){�MU[)ylZ\[ tH]^sYe|nP]}Z Z �ZY^J^] $\]wemZ
� [JZ$xmyi]^Z�v6L){^Ml[)yl]}ylbDZ\]wegDhl[
η2

`J[�n
η2

{)]^Z$xq[J]^z<{&eNgDhl[ T5[&emZ<xmZ\susuZi~

� 1
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 A������0�8�5F�G�
�� � 
��U� 
��� &'����
��

2 M 0�/
"C@:.�qGDLq�@:.�qGDL.-DL. J @=	�47K<DLo � +�"C,�Dg)-DL"3qGDLoUDL47K<DLK;� � 4UDO,�4UDg"<DL.-/
"3Mg4UDL"3K<DL. JH/<	�	�o7+�.�qGDL. {K̃}0�/
. ,�DL. +�"<1 	�"3|�.�q]o74UBC)-DL.?JH/<	�	-op+-.�qGDL. {K} @:~�)G�:.�qGDL.Z$<� DL4�qGDLqGDL~�DL.-DL.gJH/<	�	�o7+�.�qG132�/
.-13KC@:.�K<DL.
� |�"<,�D .�+�. ,-@
1@" t:�8� DL" = @:)�"<DL.V47K<DL"34UDL"3K}+�.-,�,�4UD %H~�~�47oU,�+�.�q

RG : {K} → {K̃} � �-$ � �
@:+�= �Q4*,�	�+�.�25K<DE+-.�K<DL"<13+-BC)�K � DN"C,�DL.Z$
2 M 0G/
"3o74UDLqGDL.-,�DL.J��@:o7o�1347.-,�,�4UD}JH/<	1	�o7+�.�qGDL.�F +�=8�:o7o747q-$�!EDL" 	�)56513472]@:o74U1<BC)O"<DLoUDL0]@:.�K<DH9y+�.�2�K 1<47.-,
,�D 13)(@:o7~h.�4UBC)�K�,�4UDyJH/<	�	�o7+�.�qGDL.&1CDNo7~-1<K;� 1C/
.-,�DL"3.h,�DL"<DL.hmn@:)-"<1<BC)-DL47.�o74UBC)�2GDL47K<1<0GDL"3K<DL47o7+�.-qGDL.Z$ )y.�K��
1�	�"<D BC)-DL.-,z47.�K<DL"<D 1<1<4UDL"3KyMO@:.�134UBC)g=�|-"yDL47.-DL.D�Q4*,�	�+�.�25Ky47M "#@:+�M ,�DL"y.-/
"3Mg4UDL"3K<DL.D�yDL"3K<DL47o7+�.�qG1��
=�+�.-2�K34U/
.-DL.Z$
! @OMO@:. ,�4UD � .-,�DL"3+�.�qV,�DL"EJH/<	�	�o7+�.�qGDL. Mg47KE,�DL"K)y.-DL"3q]4UD 132
@:o @�2GDL.�.�K;��2
@:.�. MO@:.s@:+-BC) ,�4UD
� .-,�DL"3+�.�q ��,�DL. � �m�aT T���,�DL"},-@:F +�qGDL)1$
"<DL.-,�DL.�� DL"3K<DL47o7+�.�qGDL. ~�DL"<D BC)�.-DL.Z$
2 .�,�4UD 1<DLM J @=	�47K<DLo � DL"<,�DL.�,�4UDH!#4 �TDL"<DL.�K34 @:o7q]oUDL4UBC)�+�.�q�DL.�@:~�qGDLoUDL47K<DLK;��,�4UDH,�DL.J�Qo7+-1<1*,�DL" mn@:)�"��
1<BC)-DL47.�o74UBC)�2�DL47K<130GDL"3KCDN47o7+�.-qGDL.e~�D 1<BC)�"<DL47~�DL.Z$
!#4UD:);0�/
o7+�K34U/
.�,�DL" JH/<	�	�o7+�.�qGDL. �A��$ ��\'��� �A��$ / �
�y+�.-,��A��$ _ / � � �A��$ _
\'� � 47"<,�47.�,�4UD 1<D t#oUDL4UBC)�+�.�qGDL.
DL47.�qGDL)-DL.Z$T!#4UD?S�$]13+�.�qGDL.s,�4UD 1CDN" !H4 �TDL"<DL.�K34 @:o7q]oUDL4UBC)�+-.�qGDL.n1<K<DLo7o7DL.s,�4UD?1<BC)-/
.s@:.�qGD 1�	�"</�BC)-DL.-DL.
2�"<4pK<471CBC)-DL.�� DL"3K<DL47o7+�.�qG1 = +�.�2�K34U/
.-DL.�,-@:";�
Mg47K ,�DL.-DL. 	�)�6�13472
@:o74U1CBC)-D3);47qGDL.-1<BC)(@�= K<DL.�,�DL"*I
	�47.�2�DLK��
K<D 4p. ,�DL"@�HMgqGDN~-+�.�qO,�D 1 2�"347K34U1<BC)(DN. 9y+�.�2�K<D 1 ~�DL"<D BC)�.-DLK:� DL"<,�DL.�2%$
.�.-DL.Z$
%Ho71 %H.
� DL.-,�+�.�qz= /
o7q]K},�4UD � D 13K347MgM +�.�q�,�DL"HI
	�47.�� I�	�47.�� JH/
"3"<DLoc@:K34U/
.e47M .G�
BC)-13K<DL. J @=	�47K<DLo $

�O��� � -��>2=�0�	- 6

)y1E4U13KE47. ,�DL" SZ4pKCDN" @:K3+�" |�~�o74UBC) +�.-, F +�M "}D BC)�.(DN.n@:+�'GDL"</
"<,�DL.�K3o74UB )�	�"C@:25K34U1<BC)��x,�47MzDL.-134U/
.-1��
oU/]1<DOtE" $�'GDL.sF + 0�DL"�� DL.-,�DL.Z$�!#4UDOI�K3"3+�25K3+�"h,�DL" "<DL.-/
"3Mg4UDL"3K<DL.

t
�>1 C oUDLq]K D 1 @:+�'GDL"<,�DLM .(@:)-D �

oU/
q�@:"347K3)�Mg4U1<BC)-D?t#" $�'GDL.�F +�~�DL.�+�K3F�DL.Z$
!#4UDE47M =A/
opqGDL.-,-DN. 0�DL"�� DL.-,�DLK<D#IH/
KC@:K34U/
. 4U13K

Γ = ln(ΩI

Ω )
� �-$^`'�

α = ln(ΩJ )
� �-$
�'�

δ = ln(Ωt )
� �-$ �
�

ρ = V
Ω .

� �-$^a'�

WBT5k #LZ\]wemZ$xmZ\[ � Z$xIJ}vl`Pd�#"Z<x+nJZ\[SnJ]^Z
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R(δ, l,Γ)
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LP [R] := r(δ, y) =

∫

dl e−ylR(δ, l) .
� �-$ 1 a'�

�HM ,�4UD �}~�DL"<134UBC)�K F +5� @:)�"<DL.��1� 47"<,�,�4UD
Γ
� %}~�)G�:.-q]4pq]2�DL47K}qGDLoUDLqGDL.�K3o74UBC) +�.5K<DL"<,�"3|-BC2�K�$
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∂r

∂Γ
=
∂r

∂δ
+ [P0 +Q1 +Q−1 + r(0, y)]r(·, y)⊗δ r(·, y)− (P0 +Q1 +Q−1) r(δ, y) .

� �-$ 14/ �

9QDL"}!ED��-.�47K34U/
.-DLM q]47o7K
R0 = r(0, y = 0)

+�.-,�,�4UD ��@:o7K3+�.�qz4U13K � 4UD ,�DL"},�+�"<BC)

r(·, y)⊗δ r(·, y) =
∫

dδ′ r(δ′, y)r(δ − δ′, y) � �-$ 1 _ �
qGDLqGDL~�DL.Z$ ��+�"hS�$]13+�.�q � 47"<,�� 4UD ,�DL"hDL47. )F,�	�/
.-DL.�K34 @:o @:.-1C@:K<F�� 1�$ � �-$ ��_ ���#0�DL"�� DL.-,�DLK;��,�4UD 13MO@:o
	 D ,�/�BC)�Mg47K

y− @:~�)G�:.�q]47qGDL. JH/�D %zF 4UDL.�K<DL.Z$  @:.����:)�o7K},�DL. %H.-1C@:K3F � �

r(δ, y; Γ) = Y (y; Γ)e−δu(y;Γ) .
� �-$ 1 \'�

%H+-1 JH/
.(134U13K<DL.�F q]"3|�.-,�DL.eM +-1<1 134UBC)V=�|�"
y = 0

,-@
1 ~�DL"<DL47K<1 ~�DL2]@:.�.�K<D )y"3qGDL~�.�4U1HDL"3qGDL~�DN.��

Y (0; Γ)
!
= R0 = c(Γ).

� �-$ 141 �
msDLqGDL. ,�DL"@�(/
"3M

R = c e−δ c
��M +-1<1}@:+-BC)

u(0; Γ)
!
= c(Γ)

@:oU1</

Y (0; Γ) = u(0; Γ)

� �-$ � []['�

qGDLo7K<DL.Z$ )y47.-1<DLK3F�DL. 0G/
.H� �-$ 1 \'�}47.H� �-$ 14/ � = |�)�"3K @:+�=*`OqGDL2G/<	�	�DLo7K<D?!#4 �xDL"<DL.�K34 @:o7q]oUDL4UBC)5+�.�qGD . = |�"
Y (0; Γ)

+�.-,
u(0; Γ)

�

du

dΓ
= −[P0 +Q1 +Q−1 + Y ]Y

� �-$ � [ � �

dY

dΓ
= −[P0 +Q1 +Q−1 + u]Y .

� �-$ � []`'�

!#4UD F9� DL47K<D}t#oUDL4UBC)�+�.�q � 47"<,?.-/�BC)�MO@:oU1;.(@
BC)
Γ
,�4 �TDL"<DL.�F 4UDL"3Ky+�.-, du

dΓ

@:+(1;,�DL";DL"<13K<DL.�t#oUDL4UBC)�+�.�q
DL47.�qGD 1<DLK3F K��

d2Y

dΓ2
=

1

Y

(
dY

dΓ

)2

+ [P0 +Q1 +Q−1 + Y ]Y 2 −
[
dP0
dΓ

+
dQ1
dΓ

+
dQ−1
dΓ

]

Y .
� �-$ � [4�'�
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P0(Γ)
+�.-,

Q1(Γ) + Q−1(Γ)
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.-DL.
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P0 +Q1 +Q−1 = p+ q = const.
� �-$ � [2�
�

q]47o7K�$
! @:Mg47K 0GDL"<DL47.�= @
BC)�K}134UBC)?� �-$ � [4�'� F +

d2Y

dΓ2
=

1

Y

(
dY

dΓ

)2

+ [p+ q + Y ]Y 2 .
� �-$ � []a'�
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Y (y; Γ) =
4 e

Γ+C2
C1

(

C1 e
Γ+C2
C1 − 2C1(p+ q)

)2
− 4

.
� �-$ � [ / �
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C1
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BC)
Γ
,�4 �TDL"<DL.�F 4UDL"3K@� +�"<,�DE�N$

%Ho71 I#DL~�DL.�~�D ,�47.�q]+�.�qO=�|�"},�4UD 1<DA�-+�.�25K34U/
.-DL.
C1,2 = C1,2(y)

q]47opK

4 e
Γ+C2(0)
C1(0)
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C1(0) e
Γ+C2(0)
C1(0) − 2C1(0) (p+ q)

)2
− 4

= Y (y = 0,Γ) = R0 =
1

c1 e(p+q) Γ − 1/(p+ q)
.
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! @
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.

c(Γ)
� �-$^a]a'�N$

!#4UDht#oUDL4UBC)�+�.-q�� �-$ � [G_ � 4U13K DL" = |�o7o7K =�|�"

C1(0) =
1

p+ q

+�.-,
C2(0) =

1

p+ q
ln(4 c1 (p+ q)2) ,

� �-$ � []\'�
� 4UD MO@:. ,�+�"<BC)�);47.-1CDLK3F�DL. ~�D!� DL4U13K�$x!#4UD&0G/
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�.G�:Mgo74UBC)M� 4UD
exp(−l/ξ) �

+�.-,n2
@:.�. 1</e@:+�= ,�4UD�JH/
"3"<DLo @:K34U/
.-13o��:.-qGD�"3|-BC2�1<BC)�o74UD 'GDL.Z$Q!#4UD 1<DL"
+ "34UBC2 � 47"<,V.�+�.�~�DL.�+�K3F K�$

/ �



� �/GY� � R�GmKYGVTD!$#"� � 	0� RcK$� G �m��� F�� �

m 4UD DL47.�q�@:.�qG1yDL"����:)�.�K;�]K3"347K3K;~�DL4�+�.�qGD /
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DL47.Z$  @:.hM +-1<1�,-@�0�/
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ξ
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R(l) ∝ e(−l/ξ) . � �-$ � [ 1 �
! @

e−l/ξ ln → 0 ∀n � �-$ �4� ['�
=�|�"
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+
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!#4UD � /
" =A@:25K</
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Γ
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K := 1/r(δ, y)
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1<DL47.Z$-!E@g,�DL"}%}+-1C,�"3+-BC2 � �-$ �4�0/ � 0�/
.
Γ
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y0 = y0(Γ)
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ξ = ξ(Γ) = −1/y0(Γ) .
� �-$ �4� _ �

2 M @:o7opqGDLMzDL47.-DL. ��@:o7o3� DN"C,�DL.R134UBC) MzDL)�"<DL"<D5IH+�o7oU13K<DLo7oUDL. �-.-,�DL.Ro @
1<1<DL.Z$;9;)56513472]@:o74U1<BC) 47.�K<DL"��
D 1<1C@:.�K&4U13KD	3D ,�/�BC) .�+�"?,�47D�2�oUDL47.-13K<D�0�/
. ,�4UD 1CDL.Z$QJEoUDL47.-D�msDL"3K<D�0�/
.

y0
DL.�K<1�	�"<D BC)-DL. q]"</�'GDL.

msDL"3KCDN. = |�"
ξ
$FI}+�"g,�4UD 1<D�1347.-, = |�"&q]"</�'GD�msDL"3K<D�0G/
.

l
"<DLoUDL0]@:.�K&= |�"

R
$Y%}o7oUDJ� DL47K3"��:qGD�0�/
.

+ DL"3MzDL.
e−1/ξi

�iC =A@:o7oUDL.�054UDLoZ"C@
1<BC)-DL"#@:~e@:oU1
e−l/ξ

+�.-,�K3"C@:qGDL.e,�D 13)(@:o7~�=�|�" q]"</�'GD
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.-1<o��:.�qGD�F + ~�D 13K347MgMzDL.H� 47"<, 47M 2�/
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.-1 =A/
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tED 13+-BC)�K 4U13K DL47. D�,�	�o747F 47K<DL"}%H+-1<,�"3+-BC2�= |�" �?�

∫

dy r(δ, y,Γ)ey l ∝ R(δ, l,Γ) . � �-$ � `]['�
)y1 � DL"<,�DL.O47M = /
o7qGDL.-,�DL.O.�+-"y.-DLq�@:K3470GD mnDL"3K<D

y ≈ y0
~�DLK3"C@
BC)�K<DLK�$�m 4UD3� DL47K<DL"*/
~�DL.�,�D��-.�4UDL"3K;�

q]47o7K
K(y0) = 0
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"3"<DL47)-D

K(y) = K(y0 + y − y0) = K(y0) + (y − y0)K1(y0) + . . .
� �-$ � ` � �

�<W � ]^Z j/Z$[)yiZ nJZ$x �# lsu`)[)ylZ\[=gihi[)G &P~%$)$ �,H suZ\]
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C01 = 1/p
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1
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~
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Γ y0(Γ) = 0
yl] Jwe�~
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Mg47K
K1(y0) =

dK
dy |y=y0

$
!EDL"#.�+�o7o7K<D + DL"3M 47. ,�DL"K"}DL47)-DL.-DL.�K � 4UBC2�o7+�.�qV4U13K#.(@
BC) !ED �(.�47K34U/
.�IH+�o7o8�x@:o7oUD )1$
)-DL"<DL. + DL"3MzD
1347.-,V0GDL"3.(@
BC)�o��
1<1<47q]~(@:" 25oUDL47.V=�|�"

y ≈ y0
$

 4pK
r = 1/K

4U13K

r(δ, y,Γ) =
r̄(δ, y0,Γ)

(y − y0)
=

1

(y − y0)K1(y0)
.

� �-$ � `]`'�
!EDL"yI�K3"34UBC)g|�~�DL";,�DLM

r
1</
o7o�,-@:"C@:.zDL"347.�.-DL"3.��],-@
1<1Y,�4UD 1<D��-+�.�25K34U/
.?.�4UBC)�KYMzDL)�"Y0�/
.

y
@:~�)G�:.�q]K�$

IH+�.V2]@:.�.VMO@:.
R
47.�,�DL" qGD!� |�.-1CBC)�K<DL.��(/
"3M 1CBC)�"<DL47~�DL.Z�

R ∝
∫

dy r(δ, y,Γ)ey l =

∫

dy
r̄(δ, y0,Γ)

(y − y0)
ey l

� �-$ � `4�'�

=

∫

dy
1

(y − y0)K1(y0)
ey0 l

� �-$ � `2�
�

=
1

K1(y0)

∫

dy
1

(y − y0)
ey l

� �-$ � `]a'�

=
1

K1(y0)

∫

dy
1

(y + 1/ξ)
ey l

� �-$ � ` / �

=
1

K1(y0)
e−l/ξ .

� �-$ � `G_ �
!#4UDzoUDLK3F K<DD�HM?= /
"<M +�.�qe4U13K ,�4UDD" |-BC25K3"C@:.-1 = /
"3MO@:K34U/
. 0G/
.

y
.(@
BC)

l
��� 4UDO,-DN" � DL"3q]oUDL4UBC) Mg47K

� �-$ �4� `'� F�DN47q]K�$G�Q|�"
R
q]47o7K},�DLMg.(@
BC)

R =
ey0 l

K1(y0)
.

� �-$ � `]\'�
2 M .G�
BC)-1<K<DL. J @=	�47K<DLoF� 47"<, .�+�" ,�DL"K��@:o7o

δ = 0
0�/
. � D ,�DL+�K3+�.�q�1<DL47.Z$ 2k. ,�4UD 1CDLM I
	�DLF 4 @:op= @:o7o

4U13K

K = 1/Y
+�.-,�,-@:Mg47K

K1 =
d

dy

( 1

Y

)
|y=y0

� �-$ � ` 1 �
Mg47K

y0(Γ)
@:oU1 S�$]13+�.�qO0G/
.?� �-$ �4� \'�N$

!#4UD#�yDL"3K<DL47o7+�.�q�� �-$ � `]\'� � 47"<, F +-1C@:MgMzDL. Mg47K
P0

�
R0 = c(Γ)

+�.-,
Q±1

,�4UDL� DL"<D BC)�.�+-.�q�,�DL"
I
	�47.�� I
	�47.�� JH/
"3"CDLo @:K34 /
.-DL. DL"3M $
q]o74UBC)-DL.Z$

� ������� � ���� �� ���� ��� ���	���� � � �� �� �

IH+�.�� 47"<,V.-/�BC) DL47.�F9� DL47K<DL"}msDLqz~�D 1<BC)�"34UDL~�DL.��-+�M );47.-134UBC)�K<DL. |�~�DL"
ξ
F +�qGD!� 47.�.-DL.Z$

2 M S�@:+�=ADE,�DL"3"HDL.-/
"3Mg4UDL"3+�.�qg~�47oU,�DL.�134UBC)V1</ qGDL.(@:.�.�K<D '*o7+-13K<DL" )-DL"C@:+-1E��%H.-1C@:MgMgo7+�.�qGDL.V0�/
.
I
	�47.-1;�(,�DL"<DL.eJH/
"3"<DLo @:K34U/
. 47M � DL47K<DL"<DL.��yDL"3o @:+�=y,�DL":"}t � DLqGDL. ,�DL"H%}~-1CDL.�2�+�.�q�,�DL":);.-DL"3q]4UD
.�4UBC)�K}MzDL)�"E@:+�=�qGDL~�"</�BC)-DL.�� DL"<,�DL.Z$�!#4UDL�x@:)�o�,�DL"E'*o7+-13K<DL":	�"</OS �:.�qGDL.-DL47.�)-D 47K

�

~�DLF�DL4UBC)�.-DLK
Mg47K

n(Γ) �

� 47"<,�,�+�"<BC) ,�4UD DL47.�= @
BC)-D � DLF 4UDL)�+�.�q � �
� � _a`Jx j/hlem]^glvUem]^hi[S`)[)n � Z$xIJ^Z\]wem`J[)y #N]wx+nSvU`Jd�" &!(+* gDZ<xB#N]}Z$suZ\[
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dn(Γ)

dΓ
= −[P0 +R0 +Q1 +Q−1]n(Γ)

� �-$ � �]['�
@:+-13qGD ,�"3|-BC25K�$�! @
1  47.�+-1<F�DL4UBC)-DL.�47.�� �-$ � �]['�*471<K ,�+�"<BC)V,�4UD:� DL"�� DL.-,�+�.�qg,�DL" oU/
q�@:"347K3)�Mg4U1<BC)-DL.
);.-DL"3q]4UDL0]@:"34 @:~�oUDL.zqGDLqGDL~�DL.Z$
! @L� �-$ � �]['��.�+�"YDL47.-D qGD!�C$
)�.�o74UBC)-D !#4 �xDL"<DL.5K34 @:opq]oUDL4UB )�+�.�q 4U13K;��2
@:.�.
134UD#= |�"}@:o7oUD qGDLqGDL~�DL.-DL.��-+�.�25K34U/
.-DL.

P0 +R0 +Q1 +Q−1
D�,�@:25K � � qGDLo.$]13K � DL"<,�DL.Z$

!#4UD %H.�=A@:.-qG13~�D ,�47.�q]+�.�qO4U13K
n(Γ = 0) = 1

$(I5/
Mg47K}4U13K ,�4UD S�$]13+�.�q

n(Γ) = e−
∫ Γ
0 [P0+R0+Q1+Q−1] dΓ′ .

� �-$ � � � �
!#+�"<BC)h,�4UDy%}.(@:o76�1<DY0G/
.D� �-$ � � � ��4U13K�D 1TM $
q]o74UBC)��E2 .�=A/
"3MO@:K34U/
.-DL.h|�~�DL"�,�4UD I
	�47.�� JH/
"3"<DLo @
K34U/
.(13o��:.�qGD
ξ
F +VqGD!� 47.�.-DL.Z$�r}4UDL" 47.�K<DL"<D 1<134UDL"3K � 4UD ,�DL"H,�4UD );.-DL"3q]4UD�@:~�)G�:.-q]47q]2�DL47K

ξ(Ω)
$

2 . 0�4UDLoUDL.��F�:o7oUDL.�� �?q]47o7K
ξ ∝ Ω−ν

��+�.-, ,�DL" .�+�MzDL"34U1<BC)-D?mnDN"<K ,�D 1#25"347K34U1<BC)-DL.�)F,�	�/
.-DL.�K<DL.
ν4U13K DL47.-D .�4UBC)�K�� K3"347054 @:oUD#2k.�= /
"3MO@:K34U/
.Z$

tEDL)�KyMO@:. � 4UD ,�DL"y0�/
.z,�DLM I
	�DLF 4 @:op=A@:o7o�@:+-1;�],(@
1<1
P0
1</E� 4UD

Q1+Q−1
.�4UBC)�Ky0G/
.

Γ
@:~�)G�:.�qGDL.��

@:oU1</
P0 = p

�
Q1 +Q−1 = q

� �#+�.-,V~�DL.�+�K3F K � �-$^a]a'� =�|�"
R0

��1</gDL"3)G�:o7K}MO@:.

dn(Γ)

dΓ
= −

[
(p+ q) +

1

c e(p+q)Γ − 1/(p+ q)

]
n(Γ) .

� �-$ � �]`'�
!#4UD 1 o��
1<13K 1<4UBC)�,�47"<DL25K 47.�K<DLq]"34UDL"<DL.eF +

n(Γ) =
(p+ q)c− 1

(p+ q)c exp((p+ q)Γ)− 1
.

� �-$ � �4�'�

msDL.�.�MO@:.5� 4UD ,�DL"}47.�,�DL2]@
,�4U1<BC)-DL.�);47.�)-DL47K<DL. "<D BC)�.-DLK;�(DL"3)G�:o7K MO@:. � �E.(@
BC) ' ��[)(

l−1 ≈ n(Ω) ≈ exp
(

− (p+ q) ln
(ΩI
Ω

))

=

(
Ω

ΩI

)(p+q)

.
� �-$ � �2�
�

! @:~�DL4Z4U13K
l ∝ 1/n(Γ)

,�4UD BC)(@:"C@:25K<DL"34U13K34U1<BC)-DhS �:.�qGDh,�D 1H'*o7+-1<K<DL"<1 ~�DL4ZqGDLqGDL~�DL.-DL"();.-DL"3q]4UD]$
�H~�DN"},�4UD '*o7+-13K<DL"3o��:.�qGD 2]@:.�.VMO@:.e@:+�=;,�4UD JH/
"3"<DLo @:K34U/
.-13o��:.�q�Dh1CBC)�o74UD 'GDL. ' ��[)(

ξ ∝ l ≈
(
1

Ω

)(p+q)

= Ω−(p+q) = Ω−(p+1) .
� �-$ � �]a'�

�  � �)vUbceNhcnPZ$x vl[)vQJ ]cem]}suz+{ LaZ�nPZ\`PemZ$eN]^[�nP]^Z\suZ\k _H`Jsmvlk4k4Z\[J{)vl[)y��ZLJ]^sqvl`Jd�k=v �P]}k=v6JHZ\]^[JZKT5[&emZ\yUx+vUem]^hi[�~
� � XP]^Z\{JZR!q[){)vl[)y � ~%$i~
� � O��Jx nP]}Z ]^k J^Z$eI$<emZ\[�!5LJsuz<{J[)]weuer{)Z$xmylZ>J^Z\]wemZ$emZ\[ � Z$xuemZ$] J}`J[)ylZ\[@yi] Jwe|[)vUeI�PxIJ}]^z+{

q = 1
t�$\`JxKLaZ\susuZ$xmZ$[ # LaZ<xmsu]}z+{&e

#N]wx+n/{)]^Z$x v6LaZ$x nJ]^ZrX vU{^J nJZ$x � hl[)sYe+vU[cemZrZ$xmsYeqZ\]^[Jk=vQJ�h  HZ\[/yiZ>J}vlsusuZ$[
� 
 � vrk=vl[3su]^z+{=[c`Px d �Px"nJZ$[ � ��Yahl[)Z\[&emZ\[3gihi[

Ω
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2 M oUDLK3F K<DL. I5BC)�"347K3K@� +�"<,�DA� 4UD ,�DL"
q = 1

DL47.�qGD 1<DLK3F K�$

!#4UD JH/
"3"<DLo @:K34U/
.-13o��:.-qGD ,�470GDL"3q]4UDL"3K}Mg47K
Ω→ 0

� 4UD
ξ−ν
Mg47K},�DLM )F,�	�/
.-DL.�K<DL.

ν = p+ 1 .
� �-$ � � / �

msDLqGDL.
p < 1

0�DL"3oUDLK3F K � �-$ � �]a'� ,-@
1���IJR�R�GVT��SR�GmK$� R�Gm��M.' � _J(

d ν > 2 ,
� �-$ � �G_ �

� /
~�DL4Z)�4UDL"
d = 1

4U13K�$�%}o7oUDL"<,�47.�qG1 4U13K 1<DL47K o��:.�qGDL"<DLM ~�DL2]@:.�.�K;�-,-@
1<1 ,-@
1 r#@:"3"34U1 JE"347K<DL"347+�M = |�"
I�6�13K<DLMzD Mg47Ky13KC@:"<2GDL" �H.-/
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n(Γ)
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$��Q47K��
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∫ Γ
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);47. � DL4U1�	�4UDLoT= |�" DL47.-DL. 1</
oUBC)-DL. �Q47K}134UDL)�K MO@:.�47.�%H~�~�47oU,�+�.�q �-$ � `�$
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∏
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< ξn|e−iε:H(a
†,a): +O(ε2)|ξn−1 >

= lim
M→∞

∫ M−1∏
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∏
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∂
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∑
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dτ f(τ)ei ωn τ .

� % $
�]\'�

�Q|�"
f(ωn) = 0

DL"3)G�:o7K}MO@:. ,-@:Mg47K},�4UDE=ADL"3Mg4U/
.�4U1<BC)-DL. �  @:K<13+�~(@:"C@�= "<D
��+-DL.�F�DL. @:oU1

ωn =
(2n+ 1)π

β
.

� % $
� 1 �

� �>]}[JZ vl[)vQJ^hiylZ � Z$xIJ^Z\]wem`)[)y yi] LJeNd �Jx nPZ\[ Lahlsuhi[)]^suz+{)Z$[CO)vQJ J
ωn =

2nπ
β

~

\G_



� /�
 F�G'��
�� � ��� � �$�	���,� ���'��N=�����X��H'�3
��

%H+�=�q]"3+�.-,�,�D 1 9;@:+�o74 	�"347.�F 4 	-1}q]47o7K

[ai, a
†
j ]+ = aia

†
j + a†jai = δij

� �E$ � �
+�.-,�1</
Mg47K

a2i = 0 = ai
†2 � �E$^`'�

=�|�"H@:o7oUD �-DL"3Mg4U/<	�DL"C@:K</]"<DL.Z$
rH47DL" � 47"<,VMO@:.�Mg47K ,�DLM 9;"</
~�oUDLM 2G/
.�= "</
.�K34UDL"3K;�-,-@
1<1 MO@:.V= |�" ,�4UD );47qGDL.
� DL"3K<D @:.�K<4p2�/
MgM +��
K34UDL"<DL.-,�D >:	�DL"C@:K</
"<DL.s@:.�K3472�/
MgM +�K34UDL"<DL.-,-D �x@:)�oUDL. DL47.�= |�)�"<DL.���F +�M � DL4U1�	�4UDLo�= |�"#,-@
1}=ADL"3Mg4U/=�
.�4U1<BC)-D 9Y= @
,�47.�K<DLq]"C@:o�47. %}.�)(@:.�qO%&$
!#4UD  @:K3)-DLMO@:K3472�o74UDN= DL"3K},�4UD )�4UDL" = |�" .-/
K � DL.-,�47qGDh%Ho7qGDL~�"C@��-,�4UD t#"C@
1<1<MO@:.�.�� %}o7qGDL~�"C@ C $
I�4UD5� 47"<, |�~�DL"�DL47.-D  DL.�qGD�0�/
. );"3F�DL+�qGDL"3. /�,�DL"�tEDL.-DL"C@:K</
"<DL. {ξi} ,�D��-.�4UDL"3K;�*,�4UD�,�4UD�qGD��� |�.-1<BC)�K<D#);47qGDL.-1<BC)(@�= K

ξiξj + ξjξi = 0
� �E$
�'�

+�.-,�,-@:Mg47K

ξ2i = 0
� �E$ �
�

~�D 1347K3F�DL.Z$
!#4UDA� @
134U1 ,�DL"#t#"C@
1C13MO@:.�.�� %}o7qGDL~�"C@g~�D 13K<DL)�KH@:+-1},�DL"H@:~�FE�:)�o7~(@:"<DL.  DL.�qGD

{1, ξi1 , ξi1ξi12, ξi1ξi2ξi3 ...} .
� �E$^a'�

!#4UD}!#47MzDL.-134U/
.�,�DL" %Ho7qGDL~�"C@ Mg47K .VtEDL.-DL"C@:K</
"<DL.�4U13K
2n
$�AGD ,�D t#"C@
1<13MO@:.�.�F�@:)�o�4U13K*DL47.-DHDL.-,�o74*�

BC)-D*ST47.-D�@:"32G/
M ~�47.(@
K34U/
.g,�4UD 1<DL" � @
1<471�$ ��+D	 D ,�DLM tEDL.-DL"C@:K</
"Y,�D��-.�4UDL"3K�MO@:.&DL47.-DL. 2�/
.�	 +-q]47DL"3KCDN.
);"3F�DL+�qGDL"

(ξi)
∗ =ξ∗i

(ξ∗i )
∗ =ξi

(z ξi)
∗ =z ξ∗i .

� �E$ / �

W �rvUz+{ � Z$xmk=vl[J[NV �)[&emZ<x V x+vlsusuk=vU[)[�t&ylZ>LahlxmZ\[�vUk $ /R!=YJxm] J#$ �+( � ]}[DXcemZ<euem]}[�t0, hQJ}Z$[ tcylZ\sYemhlxILaZ$[�vUk 3 ��XcZ>YJe$ � � � Z>LaZ\[Pd vQJ J^sq]}[)XcemZ<euem]^[ ~

\]\



� � �D!$#>�"� � MGmKD
3RlI)T T�MOIJ��� �&IJR�G	I �^�Y� �

! @:~�DL4�4U13K
z
DL47.-D 2G/
M�	�oUD�,�D��x@:)�o5+�.-,

z
,�4UD*,-@:F + 2�/
M�	�oUD�, 2�/
.�	 +�q]4UDL"3K<D��x@:)�o $=��|�"Q,-@
1�=A/
o7qGDL.-,�D

2
@:.�. ,�4UD IH/
KC@:K34U/
. 0�DL"<DL47.�=A@
BC)�K � DL"<,�DL.��E� D 1�� DLqGDL.?@:+�=-,�DL.L2 .-,�D�, 4�0�DL"3F 4UBC)�K<DLK � 47"<,T$�!#4UD � @
134U1
1<DL4

{1, ξ, ξ∗, ξ∗ξ} . � �E$ _ �
! @@6H+(@
,�"C@:K<Dy+�.-,h,-@:Mg47K�@:o7oUDy)1$
)-DL"<DL. 9Q/
K<DL.�F�DL. 0�DL"<1<BC)
� 47.-,�DL.���1<4p.(, @:.�@:op65K34U1<BC)-D �-+�.�2�K<47/
.(DN.
Mg47K#t#"C@
1<13MO@:.�.50
@:"34 @:~�oUDL. o747.-D�@:"

f(ξ) = z0 + z1 ξ .
� �E$^\'�

);47.-D + @�65oU/
"<DL.�K � 4UBC25o7+�.�qeDL47.-DL"#�-+�.�25K34U/
.sMg4pK&t#"C@
1C13MO@:.�.�0
@:"<4U@:~-o7DL.n4U13Kh@:oU1C/�~�D 1</
.-,�DL"<1hDL47.��
=A@
BC)Z$1);47.-D @:o7o7qGDLMzDL47.-D#�-+�.�25K34U/
.�47.

ξ
+�.-,

ξ∗
4U13K

H(ξ, ξ∗) = z0 + z1ξzξ
∗ + z12ξ

∗ξ .
� �E$ 1 �

%H+-BC) DL47.-D�2 .�K<DLq]"C@:K34U/
. ,�4UD 1<DL" ��+�.�25K34U/
.-DL. 4U13K�M $
q]o74UBC)Z$ 2k. %H.(@:oU/
q]4UD F + ,�DLMX~�DL2
@:.�.�K<DL.
2 .5K<DLq]"C@:oZ|�~�DL" "<D DLo7oUD �x@:)�oUDL.�= /
"<,�DL"3K MO@:. + "C@:.-1<o @:K34U/
.-1347.�0
@:"34 @:.�F '^a]`)(

∫

dξf(ξ) =

∫

dξf(ξ + a)
� �#$ � ['�

=�|�"}DL47.-D ~�DLo74UDL~�47qGD&t#"C@
1<13MO@:.�.�F�@:)�o
a
$�2 M I
	�DLF 4 @:o = @:o7o

f(ξ) = ξ
= /
o7q]K},-@:"C@:+-1

∫

dξa = 0 ,
� �#$ �4� �

� @
1 =A/
o7qGDL.-,�D !ED��-.�47K34U/
. Mz/
K347054UDL"3K

∫

dξ 1 =0

∫

dξ ξ =1
� �#$ � `'�

∫

dξ∗ 1 =0

∫

dξ∗ ξ∗ =1 .
� �E$ � �'�

%HopoUDL"<,�47.�qG1y,-@:" =(MO@:.?.�4UBC)�K;,�DL"F� DL"<13+-BC)�+�.�q DL"3o74UDLqGDL.��
47.
dξ
DL47.-D � 4p. �-.�47K<D 1347MO@:oUD �}tE"C@
1<13MO@:.�.��

F�@:)�oZF + 1<DL)-DL.Z$

! @
1 ~�DL.1$
K347q]K<D � ��+�470]@:oUDL.�K ,�D 1#t @:+�']47.�K<DLq]"C@:oU1 = |�"Ht#"C@
1<1<MO@:.�.�0
@:"34 @:~�oUDL. 4U13K
∫
∏

dη∗i dηi e
−η∗iHijηj+ξ

∗
1ηi+ξ

∗
i ηi = det[H]eξ

∗
iH

−1
ij ξj ,

� �E$ � �
�

� /
~�DL4
H−1

,�4UD F +
H
47.�0�DL"<1<D  @:K3"34*,�4U13K�$

!EDL"gr#@:+�	�K3+�.�KCDN"C1<BC)�4UD , F +�"�t @:+�']4U,�DL.�K347K��:KzMg47K?.-/
"3MO@:oUDL.0�x@:)�oUDL. ~�D 13K<DL)�Kz,-@:"347.��;,-@
1<1?,�4UD
!EDLK<DL"3Mg47.(@:.�K<D�47M � �:)�oUDL"g13K<DL)�K�$Q!EDL"L� D!� DL4U1��-.-,�DLKg134UBC) 47. 054UDLo7DL.H� |-BC)-DL"3. |�~�DL"L�#4UDLo7K<DL47o*�
BC)-DL.�	�)�6�13472 �-DLK � @ ' _
\��-\]\)( $

\ 1



� � �'�'�;�=F 
h.�� �����
	������� ��������

�����
f(t)

���������! #"
[0,∞) $ �&%�������')(*�,+� -�-.�()�0/1�32 $ �!�-�4�05)( $ �0�7618-9�:<;�=?>A@B;C:D>�EGFG�!H-IJ�1KL�&MONP'*�!��5)"D/1')Q��!()�J/1�R F�NTS?U $  -'AK*V

LP [f(t)](s) = LP [f ](s) = f(s) =
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∫ a
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(
f1(t)− f2(t)
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s s > 0
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• α \ ��V��1')(��L -'�5)H^���L�[%z5AK*V���� c �!')Qs��]^����in��'A5AK*V�v7��� $ ��� $ ��Q � � (A��')����� | � \ ����({"D��I $ C ∼
|t|−α Y

• β \ ��V��1')(T�L -'T5)H^/1�g(*�!����� | � \ ����()�05)�0��') -� \ limH→0+M ∝ (−t)β Y

• γ ]^�L5AK*V-'A����]-( $ �0� j ��in��' \ ���-� $ ��'l�� �5)����H-()��]-��I���( �!( χH=0 ∼ |t|−γ ]^��� H = 0
Y

• δ $ �&%��-�0��')(l5)�0K*V e-]^��' M ∼ |h|1/δ Qm��( h = H/T
Y

• ν �05A( $ ��'p.g')��()�05AK*V�� ��� H^/1�����g(T��� Rf��Y�Z��¬� S
ξ ∼ |t|−ν Y

• η ]^�L5AK*V-'A����]-( $ ��� j ��ih��' \ ���-� $ ��' %l/1')'*�&IJ�!()�0/1��5)"f -�-.�()�0/1��� � �!.�(q�!Q .�')��()�05AK*V����
~� -�-.�(
G(r) ∼ 1

rd−2+η

Y

• z 5)(A��I�I�(����������*)z z5*�!QmQs���-Vz�!� \ �Lv7�05AK*V���� $ ��' %l/1')'A��IJ�!()�0/1��5)I �!� \ �� -� $�$ ����������(*�!]-V��!� \ �[M\ ������'
���n���d_ Z¬Z �Ca �z�!V�� $ ��Q .�')��()�05AK*V���� ~� -�-.g(pV���'p+�e-' $ �0��(10�H-�05AK*V�� %l/1')'A��IJ�!()�0/1��5)������(
τ \ ��I�(T��(£v�� τ ∼ ξz Y

#l����'�5A/1I�I0���s�g -� $ �0�T�!�z�!I_0�()�05AK*V \ ��v�/1�-��������� � ' \ ��]-�-�05A5A�pe-]^��' $ �15 ��N b � | �L �5*�!QmQs��� \ �&"��15A5A(v���' $ ��� R �! �54_ � Å 2 ��Z 2 � Å 2 Z¬Z�� 2 Z��!�1a S Y
j �0��r�/1(*�!()�0/1� 5A���

�?f» k^¥{� �X¥?§X¥{®,+z¥?§X¦��* +j��D�X¥{¦�¦ �
H
¤C�B�g¥.-��X¥?§X®C¥ -��B�&®C¥?�.j[¥?¦½¤,¤!�*§)«

d
���D�#¤���¥ � ��»7¥{®!����¯B®,¤C¥?�#º�o��D�X¥{»7�n C®1¤

t = T−TC

TC�D�X¥{¢L��j[°�§p¤C��¥T§X¥)¤C +t{��¥?§��X¥�ª�¥{»7¼¬¥£§O�*�X C§)¶-f®�¤���¥?��¥?§LsP§X�¬¥{� ��k3� §O¤��B®C�D�O�*���p¤�¥?§7ª�¥?»7¼¬¥?§O�*�X �§7�B¦�¦��&¥{»7¥?��®'u&¯&®��®!¥?§X�B��¥{�B�!¢YzB®C�&���&±�¥?���G�&¥{��¼�§X¯L¡£¢C¥{®h«!����¥?¢!¥,�B C¡£¢�¤���¥&.! 0/�®C¯B�X¥,�* +jzº�¥{� �X¥�´y��¶
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∆h = [lnh]av
R j Y�� S

∆J = [ln J ]av
R j Y�� S

δ =
[lnh]av − [lnJ ]av

var[lnh] + var[lnJ ]

R j Y � S

φ = (1 +
√
5)

1

2

R j Y�� S

Γ = ln(ΩI/Ω)
R j Y�� S

ζ = ln(Ω/J)
R j Y�� S

β = ln(Ω/h) .
R j Y ' S

j ��'�.�')��()�05AK*V���~� -�-.�(�2 $ ��' $ �0� \ �L/1' $ ����(A��ih/1� $ ��'� -� \ �L/1' $ ����(A��� ~�Vz�15*���T -�g(A��'A5AK*V���� $ ��(�2-I��0� \ (]^���

∆h = ∆J .
R j Y Ä S

#l����'p.h/1QmQw( $ �0� j  z�!I���( �!( $ �L5 | / $ ��I�I05p�� �Q (A'*� \ ��� Yj �0� Z©�!')�J�!]-I0���g()'*�!��5{"�/1')Q��!()�0/1�

sxi = σzi σ
z
i+1

R j Y�Z Å S
szi =

∏

j≤i

σxj
R j Y�Z¬Z S

"fe-V�')(©]^���
H = 0

vp��� $ ��'��L ��������Q | / $ ��I�I $ ��'�+z/1')Q R j Y�Z S&2#�!I�I0��' $ ��� \ 5��05A(��g -� $ �0� �l/1I�I0�Tin/1�
J
 -� $ h ih��')(*�! �5AK*Vg( Y j ��',.�')��()�05AK*V��T~� -�-.�(��05)(,�g -����')'A���0K*Vg(�2nv����-� $ �0�LZ���'A���[I� -� \ �&��"De-' J  -� $

h
� $ ���g()�05AK*V 5A��� $ Yj �0��.�')��()�05AK*V���� Z���')(A����I� -� \ ����5)��� $

P (ζ,Γ) ≈ 1

Γ
e−ζ/Γ

R(β,Γ) ≈ 1

Γ
e−β/Γ .

R j Y�Z�� S

j �0�L5A� j  z�!I���( �!(w�05)(�������� $ ��' � � \ �&�z5AK*Vz�C"f(A��� $ �L5��)0#5)(A��Qs5�2 $ �0� $ �0���!�z�!I_0�()�05AK*V���u���Vz�!� $ I� -� \5)(*�!').�ih��'A�����#"��1K*Vg( Y c��0��Q��!� 5)�0��Vg(�2�v���' $ ��� $ �0� Z���')(A����I� -� \ ��� R j Y�Z�� S��[QmQs��'p]-'A����(A��'��)��Qs��V-'
Γ
�!�gv��1K*V�5A( Y

rl -�q�L $ ��� � ' \ ��]-�-�05*5A��� ih/1� _ � Å a � j �0��I0/1� \ ��() $ ���z�!I0� | � \ ����()�05A�0��') -� \ R
T = 0

S�5).¬�!I��0��')(7v7�0�

��� ��¥��¬¥{��¤C¥?®�¸�¢1�*��¥{®���¥{¦��!�D�G±�vB®!®C¥{®�®C¯L¡£¢���®�¥{��®!¥���¡O¢"k �*¡£¢�¾� !®1Ãf�&¥{¯*§O¤C®C¥?�X¥� !®1¤T�D�O�*§X±�¾� !®1Ãf�&¥{¯*§O¤C®C¥?�X¥,¸�¢!�B��¥ !®L�X¥?§��X¥?��¦���k ¥?§O¤�¥{®h¶

Ä �



��� 9�8!�n9 �q>A8��)9���8};C:D>�������=?>
�q>

m(δ,H) ≈ µ̄ (ln(D/H))φ−2M

[

δ ln

(
D

H

)]

.
R j Y�Z�� S

H
�05)( $ �157� � (A��')��� | � \ ����({"D��I $ 2 µ̄  -� $ D 5)��� $ �-�0K*Vg() -�-��in��'A5A��I�I0� %l/1��5)(*�!�g(A���o -� $ M �05)(7�������

 -�-��ih��'A5*�!I0�w�g.1�!I0���#"D -�-.�()�0/1�

M(x) =
x2α

sinh2(x)
+

e−x

sinh(x)

(

φxα+ x2
dα

dx

) R j Y�Z�� S
Qm��(

α ∝ |x|−φQφ−1(coth(x))
2#v�/1]^���

Qφ−1
����� F3� \ ��� $ 'A��~�/1I_0g��/1Q �05)(4_ � Å aOY

�lQ .g')��()�05*K*V���� ~� -�-.g(pih��'A�����#"X�1K*Vg(T5)�0K*V R j Y�Z�� S��L 

m(δ = 0, H) ∼ 1

| lnH|2−φ .
R j Y�Z�� S

b � $ ��' \ �L/1' $ ����(A����~�Vz�15A� R
δ > 0

S 5).1�!I��0��')( $ �0�o5)H^/1�g(*�!��� | � \ ����()�05)�0��') -� \ v7�0�
(−δ)β Qm��(

β = 2− φ Y�b � $ ��'p -� \ �L/1' $ ����(A����~�Vz�15A��I��0� \ (l�&�����4~�/1(A���-� \ �L5A��()��M?�g��� \  -IJ�1')��( �!(lih/1' Yj �0��Qm��()()I0��'A�[2l]^��'�\ �1K*V����-Q�� \ ����()�05A�0��') -� \ in��'A5*K*Vgv7��� $ ��(�"De-' H = 0 \ ��Q �"�
ms ∝ (−δ)βs Qm��(

βs = 1
_ '#Z 2 '¬�CaOY

j �0� �m9X=)=D:D>A@�>p�gH-���#M?�gH-���#M %l/1'A'A��IJ�!(A�0/1��5{"D -�-.�()�0/1� R ]^�������0K*V-����(�Qm��(
Cav

2g�!I05 �l]-.ge-')�L -� \ "De-'�;��1>��@B;�--> � ��@)@�>A:<;�=D9���8}S7����� \ (l�!Q 6l~ c ����� ~�/1(A���-�Lih��')Vz�!I�(A���

Cav(r) ∼
1

r2−φ
.

R j Y�Z�� S
�l]�5A����(A5 $ �L57.�')��()�05AK*V���� u���'A���0K*V�57" �!I�I�(p5)�0��� � H^/1�����g()�0��I�I��!]32-Qm��(T��������' %l/1')'A��IJ�!()�0/1��5)I �!� \ �

ξ(δ) ≈ lV
δν

Qm��(
ν = 2

2 R j Y�Z � S
v�/1]^��� $ �0� �lQmH-I���() $ � $ ��' %l/1')'A��IJ�!()�0/1��5)I � \ � $  -'AK*V

lV =
1i¬�!'

[h] +
i¬�!'

[J ]

R j Y�Z ' S
\ � \ ��]^��� �05)( Yj �0��Qm��()()I0��'A� %l/1')'A��IJ�!()�0/1��5{"f ��-.g()�0/1� v7��' $ in/1�o5A��I�(A������� �gH��[��Hz�¬�!'A��� $ /1Qm���-�0��')(�2 $ ��'A��� %l/1'A'A�&M
IJ�!()�0/1� ��� $ ��'4��'
���n����/1' $ �g -� \ Z I��0� \ ( Y j �L5)v�� \ ��� ]^��()'*�1K*Vg(A��(�Q��!����/gK*V ������� =_���^9 ���� > %l/1'{M
'A��IJ�!()�0/1��5{"D -�-.g()�0/1�32 $ �0���!Q 6�~dc

− lnC(r) ∼ √r . R j Y�Z Ä S
b � $ ��'© -� \ �L/1' $ ����(A���q~,Vz�15A�TV-��� \ � \ �����05A( − lnC(r) ∝ r 2nv�/1]^��� $ ��'©~,'A/1H^/1')()�0/1�z�!I���(��!(A5{"X�!.g(A/1'
$  -'AK*V $ �0��(10�H-�05AK*V�� %l/1')'A��IJ�!()�0/1��5)I �!� \ � ξ̄ \ � \ ��]^��� �05)(

ξ̄(δ) ∼ 1

δ
=

1

δ1
.

R j Y�� Å S

Ä �
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c��0��Q��!� 5)�0��Vg(�2-Vz�!]^���
ξ
 -� $ ξ̄  -�g(A��'A5AK*V-�0� $ I��0K*V�� ��� H^/1�����g(A������lQ .�')��()�05AK*V���� ~� -��.g(�5).1�!I��0��')( $ �0�oK*Vz�!'*�!.�(A��')�05)()�05AK*V�� F �!� \ ����5).¬�!IJ� v7�0�

lz ∼ τ
Qm��(s��������Q

$ 0��z�!Qm�05AK*V���� ��� H^/1�����g(A���

z ∼ 1

2δ
,

R j Y��#Z S

$ ��'l�!Q 6�~dc $ ��ih��' \ �0��')( Yj ��'p5)��� \  -I �!'A��NG����I $ ��'7I0/1� \ ��() $ ���z�!I0�L� | � \ ����()�05)�0��') -� \ 5A/1Qm��(T5).¬�!I�����')(p��� $ ��'p -� \ �L/1' $ ����(A���~�Vz�15A��v7�0�
m(H) ∼ |H| 1z Yj �0��u����L�0��Vg -� \ R j Y��#Z SP�05)( $ �15 � ' \ ��]-�-�05��! �5�_ � Ä 2 � Å a "fe-' $ �0��5AK*Vgv��1K*V \ �L/1' $ ����(A�� -� $ 5AK*Vgv��1K*V -� \ �L/1' $ ����(A����+  -� $ ��' \ ��]-(T5)�0K*V��!I05l�gH^���L�J�!I["��!I�IPih/1�

z ∼ 1

2|∆|
R j Y��¬� S

Qm��(

|∆| = δ +O(δ2) .
R j Y��¬� S

j �0��u����L�0��Vg -� \ R j Y��¬� S��05)(p������� � 'Av�����(A��') -� \ "De-' $ �0� \ �L5*�!Qw(A� ��+ �! �54_ � Å aOY

798�� � QLKNJLV~A�>RE�>RVW<)M JLK M J����
	 <S<YVFO�QUA�>�	NJLE��M J�� A!>�	�JLVWJ
b ��_ � Ä 2 � Å a v7��' $ �!' \  -Qs���g()�0��')(�2 $ �15A5 b �#"�/1')Q��!()�0/1������e-]^��' $ �0���gH-���#M?�gH-���#M %l/1')'*��IJ�!()�0/¬�o�! �5 $ ��'�l�z�!I_0�5A��"�/1I \ ��� $ ��'T+� -�-.�()�0/1� \ ��v�/1�-����� v���' $ ��� . �1�-�����

G(β, x,Γ)d β d x = dP [A] .
R j Y��!� S

P [A]
�05A( $ �0��cd�!V-'A5AK*V������-I��0K*V-.h����(p"De-' $ �15 � 'A��� \ �-�05 � 2#v���I0K*V��L5pV-�0��'pIJ�! -(A��(��

� 6� �->A@F�z61@���
Γ

-->&-->+$->A8 >A8 :��"-�;C@)9X=�� �m9 � �� >A8 � 8 >A@�-n9D> ���¬;C:<;P-->a����@�=�>A9�8�8 � ���8-9���^=d�->��L9 �m9D>A@ �
=?>A@ ���^9�8��n6 >A9�8 >
� ���^9�8 �A:X6/��=?>A@

β
#D�-> �
��>A8o@�> ��^=?> � � 8!�->�$->A9���� ��:�9D>&-z=

)} -Q $ ��'A��.g(A��� Z,��' \ I0���0K*V�v7 �' $ � $ �0�Tr�/1(*�!()�0/1�q�! �5l_ � Å a e-]^��')��/1QmQs���P2gv�/ β "De-'©������()'*�!��5Ain��'{M
5*�!I0�L5p+z��I $ 5)(A��Vg( Y

b Q �����#"��1K*V�5)(A����+}�!I�I�� R �� Å S \ ��I�(

G(β, x,Γ) = nΓR(β; Γ) ,
R j Y��¬� S

v�/1]^���
nΓ $ �0� ) �!V-I $ ��' W I� �5)(A��'  -� $ R(β; Γ) $ �0��.�')��()�05AK*V��'Z���')(A����I� -� \ $ ��'�+z�&I $ ��'�]^��� $ ��'

� ����' \ �0� Γ �05A( Y j �0� j �0K*Vg(A� $ ��'T5)H^/1�g(*�!����� | � \ ����()�05)�0��') -� \ M0
�05)( $ �!�-�

M0 ∝ lim
Γ→∞

∫

d β

∫

d xG(β, x,Γ) .
R j Y��¬� S

Ä �
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0 x

�l]-]-��I $  -� \ j Y�Z �s�g��() z�!()�0/1�32 $ �0� $ �15 � 'A��� \ �-�05 P [A] $ �&%��-�0��')( Y � �����gH-���s�!Q 2l')( �� Å �05)(,�!.g()��i���s��������Q W I� �5)(A��'�2 $ ��'�]^��� � �&� $ ��(��! #" $ ��' � ����' \ �0�L5A.1�!IJ� Γ Y �g.����L�L�7�z�1K*V _ � Å a������(A� �#Z¬Y

b ��(A��'A�L5A5*�!�g(A��'l�!I05
M0

�05)( $ �0� �m9X=)=D:D>A@�>�� ��@)@�>A:<;�=D9���8���?618 � =D9���8

C(x) = < σzjσ
z
j+x > ,

R j Y�� � S
$ �0��Q��!� Qm��()(A��I05 $ ��'T+� -�-.g()�0/1�

k(x,Γ)dΓ = P [B]
R j Y��/' S

v7�0��"D/1I \ (l�! �5 $ ')e�K*.h��� .¬�!�-�

C(x) ∝
∫ ∞

0
k(x,Γ)dΓ .

R j Y�� Ä S

0 x

�l]-]-��I $  -� \ j Y�� � j ���L��Qm�0��') -� \ ��������'lu���� $  -� \ R ]-�Lv Y #le-H#"DQ��!()')� � ��I0��Qs���g(l"fe-' $ �0��"D��')Qm�0/1�-�[M5AK*V�� %���()(A�4��Q | / $ ��I�I R��#Y�Z S�]^����Q cl]^��' \ �!� \ ih/1� Γ
�z�1K*V

Γ + dΓ
2-v��15p�L -'

u���I $  -� \ �������L5����� ���� �gH-����K�I� �5)(A��'A5 R \ �L5AK*V-I0/¬5A5A�����sF ���-�0��Sl"fe-V-')( Y j �0��cd�!V-'{M
5AK*V������-I��0K*V-.h����(�"De-' $ �0�L5*�L5 � 'A��� \ �-�05 $ �&%��-�0��')( $ �0��+� -�-.�()�0/1� k(x,Γ) Y j �0�m�!.hM()��in���`�gH-����5���� $ ��� W I� �5A(A��')� R \ �L5)()')�0K*V���I�(A�'2li1�!I0��Sl]^��� $ ��' � ����' \ �0� Γ

5A��� $
$  -'AK*V 5AK*Vgv��!')����~�"D����I0��i��05) z�!I��05)�0��')( Y �g.����L�����z�1K*Vd_ � Å a ������(A� �¬�#Y

P [B]
�05)( $ �0��c`�!V-'A5AK*V������-I��0K*V-.h����(p"fe-' $ �15 � 'A��� \ �-�05lu��

� 9�8 ���^9�8 ; ���©@�= � � � 618!� ; ���©@�= �|�,>A@��->A8 ; �^=D9 ��9�8 >A9�8 618!� �->
� ��>A:{$->A8 �G:X6/��=?>A@'$->A9 �
� $->)@&-�;C8%- ����8

Γ
8};���

Γ + dΓ � ��* � $($!9�:��z618%- � *l���

Ä �
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j �0�T]^��� $ ���o+- -�-.�()�0/1����� k(x,Γ)  -� $ G(β, x,Γ) 5)��� $ �z�!()e-')I��0K*Vq�-�0K*Vg(� -�z�!]-V��!� \ � \ ih/1�������z�!�#M
$ ��' Y c ���-� Q��!� Qm��(7t

ˆ
x $ �0�4FP�!H-IJ�1KL�&MONP'*�1��5{"�/1')Qm�0��')(A��]^���Le \ I��0K*V � .n���-�-�����0K*V-����(�2}5A/ \ ��I�(

k̂(y) =
1

nΓ
P̂ (0, y)[ĝ(y)]2 .

R j Y�� Å S

#l����')]^���P�05)(

ĝ(y) =

∫ ∞

0
d βĜ(β, y)

R j Y��#Z S
 -� $ P̂ (0, y)

�05)( $ �0� cd�!V-'A5AK*V������-I��0K*V-.h����(�2 $ �15A5o������� Hz�15A5A��� $ � u���� $  -� \ � � �05A()�0��')(�2 $ �0� $ �0�]^��� $ ��� W I[ z5)(A��'pI����-.�57 �� $ 'A�LK*Vg(A5pQm��(A�����z�!� $ ��'l.h/1H-H^��I�( Y

798�� 7 >�V �+VW<�� >�	NJ >�E��UCLV ��V A(AIV

j  -'AK*Vq�gH-����/1H^��'*�!(A/1'A���
Sli =

∑

m,n a
†
inσ

l
nmaim

R
l = x, z

S�.¬�!�-� $ �15 ��N b � | �L ���������',"���')Qm�0/!M
�-�05AK*V���� %��&(A(A����')v�����(A��')(lv���' $ �&� Y j �15p"D��')Qm�0/1�-�05*K*V�� | / $ ��I�IP��Q \ 'A/��¬.¬�!��/1�-�05AK*V���� � ��5A��Qw]-I0��05)(

H = −
∑

JiS
z
i S

z
i+1 −

∑

hiS
x
i − µni .

R j Y��¬� S
j �0�lFP� $  -� \ 5�\� -.�() z�!()�0/1���L�qv���' $ ��� $  -'AK*V $ �15�K*V���Qm�05AK*V���~�/1(A���g()�J�!I µ ]^�L5)()��QmQw(�2���������� � H-I��[M�L��(A�4FP� $  -� \ 5 $ 0��z�!Qm��.o�05)(7�-�0K*Vg(p��Q | / $ ��I�IP���g()Vz�!I�(A��� Yu����

T = 0
 -� $ µ = 0

v����05)( $ �15w�)0#5)(A��Q $ �15A5A��I�]^�m~�Vz�15*��� $ �J� \ '*�!QmQ �! #"�vp��� $ �15 ��N b � |
 -� $ ]^�L5)��()�L(T����������6l z�!�g(A���-H-Vz�¬5A���ge-]^��' \ �!� \ R 6�~dc�S�]^���

δ = 0
Y

�lI[I0��' $ ��� \ 5 \ ��]-(T�L5p5)� \ �-�[%�.¬�!�g(A�4kl�g(A��'A5AK*V-�0� $ �4�L -'7�-�0K*Vg({"���')Qm�0/1�-�05AK*V���� %���()(A� Y
j �0� j  z�!I���( �!(Tin/1� R j Y�Z S�v7��' $ $  -'*K*V FP� $  -� \ 5�\� -.�() z�!()�0/1�z��������'A5)(
�1')( Y
j �L5)v�����(A��'A��� \ ��]-(��L5������ �-�0K*Vg() -�-��in��'A5*��I[I0�L5'Z���')Vz�!I�(A��� Y c �!V-'A��� $ "fe-' $ �15 ��N b � | $ �0�$�T�&M
5) -I�(*�!(A�w -�z�!]-V��!� \ � \ in/1� $ ���� -'A5)H-')e-� \ I[�0K*V���� Z���')(A����I� -� \ ��� v��!'A���32^5)��� $�$ �0���g.1�!I0���#"D -�-.�()�0/!M����� $ ��'�"D��')Qm�0/1�-�05*K*V���� %���()(A��+� -�-.g()�0/1����� $ ��' �l�#"��!� \ 5)ih��')(A����I� -� \ ��� PAnfangJ (J) dJ

 -� $
PAnfangh (h) dh

Y

Ä '



� � ���� � ��
Q(ρ,Γ)

j �0��NP'*�!��5)"D/1')Q��!()�0/1� ih/1�
(V,ΩI)

�! #"
(ρ,Γ)

�05)( $  -'AK*V

ρ =
V
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=
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