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Introduction

Symmetries give essential insight into the structure of physical systems. A system
which is covariant under symmetry transformations exhibits conserved quantities.
It is possible to compute conservation laws explicitly by means of Noether’s theorem
if a Lagrangian action can be defined. Many successful physical theories such as the
standard model for elementary particles are based on the concept of symmetries.
Mathematically, many symmetry structures can be described by means of groups,
Lie groups and Lie algebras.

The notion of a quantum group as a more general symmetry structure arose
in the investigation of low-dimensional integrable quantum systems [Fad84]. In
[Dri85, Jim85] quantum enveloping algebras were used in order to construct solutions
of the quantum Yang-Baxter equation. Following the terminology of Drinfeld, we
identify the concept of a quantum group with the concept of a Hopf algebra.

In the meantime quantum groups play an important role in algebra with many
applications to other branches of mathematics and to physics. For example, new
isotopy invariants of knots and 3-manifolds can be constructed via quantum groups:
since the R-matrix of a quantum group satisfies the quantum Yang-Baxter equation,
one can associate a representation of the braid group to it. By computing the trace of
this representation a knot invariant is obtained. In particular, the Jones polynomial
[Jon85] can be constructed in this way (see also the textbook [Kas]).

Quantum groups can also be used in order to find a canonical basis for any finite-
dimensional representation of complex simple Lie algebras [Lus90, Lus90b]. An
important application of quantum groups to physics arises in conformal field theory
(CFT): the modular tensor category encoding the data of a chiral CFT is equiva-
lent to the tensor category of representations of a (weak) quantum group [ENO02].
Via the Knizhnik-Zamolodchikov equation, which is satisfied by the m-point func-
tions of Wess-Zumino-Witten theories on CP! [KnZa84, Ma95|, one finds again a
representation of the braid group and hence a connection to links.

Quantum groups play a significant role in physical theories on noncommutative
spaces, so-called quantum spaces: they arise as the symmetry structures on non-
commutative spaces. By means of the deformation quantization [BFFLS78, Kon03]
symmetry structures on commutative spaces can be deformed in the category of
associative algebras to obtain quantum symmetry structures on noncommutative
spaces.

The interest in quantum spaces results mainly from physical questions: Heisenberg
[Hei30] formulated the idea of a noncommutative spacetime hoping to regularize
the divergent electron self-energy. Snyder gave a first mathematical description
of quantum spaces in terms of a noncommutative coordinate algebra [Sny47], and



Connes and Rieffel were able to define gauge theories on a quantum space [CoRi87].

A further motivation to discuss quantum spaces is the idea that spacetime should
change its properties at small distances. It is expected that a theory for quantum
gravity will not be local and that the uncertainty of energy and momentum will
imply a modification of spacetime geometry at distances comparable to the Planck
scale [DWi].

We work with the notion of quantum spaces in the following sense: the philosophy
is that any space is determined by the algebra of functions on it with the usual
product (for a review of this philosophy see [Ca01]). In this spirit we consider the
noncommutative associative algebra of functions on a quantum space instead of the
quantum space itself and the Hopf algebra of functions on a quantum group instead
of the quantum group.

In the following, we give an explicit introduction to a mathematical description
of quantum spaces and their symmetry structures and consider the ¢-deformation
of the affine plane as an example. All statements made in this section are proved in
the textbook [Kas].

The commutative case: the affine plane

Let k be a field, k{x,y} the free associative algebra in two variables and I the two-
sided ideal in k{z,y} generated by the element zy — yx. The affine plane is defined
to be the polynomial algebra k[z,y] = k{z,y}/I.

A symmetry group of a vector space V' is a group G acting on V. Via the group
action the vector space V' can be endowed with the structure of a module over the
group algebra. The algebra of functions on the vector space V' is a comodule over
the dual space group algebra.

We define the k-algebra M(2) to be the polynomial algebra k[a, b, ¢, d]. For any al-
gebra A there is a natural bijection from the algebra of morphisms Homg,(M(2), A)
to the algebra My(A) of 2 X 2-matrices with entries in A. The algebra M(2) can
be endowed with the structure of a bialgebra: we write the coproduct A : M(2) —
M(2)®@M (2) and the counit € : M(2) — k in the matrix form

a b a/ b/ a// b//
A(Cd) = (C’ d/>®(cu d//)
a b - 10
“Ne d B 01
Let I; be the ideal in the polynomial algebra M (2)[t] generated by (ad — be)t — 1,
then we define the infinite-dimensional commutative algebras GL(2) := M (2)[t]/1;
and SL(2) := M(2)/I;—;. The algebra SL(2) inherits the bialgebra structure of

M (2), for GL(2) to be a bialgebra we must set €(¢) = 1. The algebras GL(2) and
SL(2) are Hopf algebras with antipode S

S(Z Z) — (ad—bc)_1<_dc _ab)

St) = tt=ad—bc.
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For a bialgebra H and an algebra A, we call A an H-comodule algebra if the
vector space A is an H-comodule and the multiplication morphism A®A — A and
the unit morphism k& — A are morphisms of H-comodules. The notion of an H-
comodule algebra is equivalent to the notion of an algebra in the tensor category of
H-comodules [Par77, FRS02b].

The polynomial algebra k[x,y] can be equipped with the structure of an M(2)-
comodule by

r — a®x + bRy (1)
y — ®r+dQy,

and via the same action k[z,y| becomes an SL(2)-comodule. In particular, the affine
plane k[z,y] is an M (2)- and an SL(2)-comodule algebra.

The subspace k[z,y|, of homogeneous polynomials of total degree n is a sub-
comodule of the affine plane k[z,y]. The M(2)- (respectively SL(2)-) comodule
Ek[x,y] is isomorphic to the direct sum of the comodules k|x, y],,.

For reasons of simplicity assume now that £ = C. Denote by U(s[(2)) the universal
enveloping algebra of the Lie algebra s[(2) of traceless 2 x 2-matrices with entries in
C. We choose generators X, Y, H that obey the conditions

X,Y]=H [H,X]=2X [HY]=-2Y.

The universal enveloping algebra U(sl(2)) is a Hopf algebra, and there is a duality
between the Hopf algebras SL(2) and U(sl(2)): there exists a nondegenerate, bilinear
pairing <, > on U(sl(2)) x SL(2), such that the conditions

<uv,x > = Z<u,x’><v,x">
(z)
<u,ry > = Z<u',x><u”,y>
(u)
<lLz> = €x)
<u,1> = €(u)
< S(u),z> = <u,Sx)>

hold for by any w,v € U(sl(2)), =,y € SL(2). We use the Sweedler notation
E(x) 2'®z" for the coproduct and denote € for the counit and S for the antipode of
the respective Hopf algebra.

For a bialgebra H we can define the dual notion of an H-comodule algebra: an
algebra A is an H-module algebra if the vector space A is an H-module and the
multiplication morphism and the unit morphism of A are morphisms of H-modules.
The notion of an H-module algebra is equivalent to the notion of an algebra in the
tensor category of H-modules [Par77, FRS02b].

The duality between the Hopf algebras SL(2) and U(sl(2)) implies a correspon-
dence between SL(2)-comodules and U(sl(2))-modules. In particular, the vector



space k[z,y] can be endowed with the structure of a U(s(2))-module via

U(sl(2))®k[x,y] — k[z,vy]
oP
“oy
oP
Yor
oP oP
TH ya—y

XQP —
YRP —

HP +——

for any polynomial P € k[x,y]. In particular, the affine plane k[x,y] is a U(sl(2))-
module algebra.

The submodule k[z, y], of homogeneous polynomials of degree n is isomorphic to
the simple U(s((2))-module V' (n) which is generated by a highest weight vector of
weight n.

The deformed case: the quantum plane

Now we discuss a quantum version of the structures introduced above. The main
idea is to consider a space for which the variables x,y do not commute, and then to
define (deformed) symmetry structures.

We choose a parameter ¢ € k* and consider the two-sided ideal I, in the free
associative algebra k{z,y} generated by the element yx — gry. In analogy to the
affine plane we define the quantum plane with deformation parameter ¢ to be the
quotient algebra

kla,ylg = Kz, y}/ 1o

It has a grading such that the generators x,y are of degree 1. In the special case
q = 1, the quantum plane is the classical affine plane.

Next we define a deformed version of the symmetry structures. We consider
the two-sided ideal J, in the free associative algebra k{a,b,c,d} generated by the
relations

ba = qab ca = qac ad —da = (¢! — q)be
db = qbd dc = qcd chb=bc.

We introduce the deformation of the algebra M(2) as the algebra M,(2) :=
k{a,b,c,d}/J, that is isomorphic to M(2) for ¢ = 1 and not commutative for g # 1.
In addition, the algebra M,(2) can be endowed with the structure of a bialgebra; as
a coalgebra it is isomorphic to M (2).

We introduce the quantum determinant

det, = ad — q ‘be = da — qbe
which is a central element in the algebra M, (2) and has coproduct and counit

A(det,) = det,®@det, e(det,) =1.
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We define the algebras GL,(2) = M,(2)[t]/(tdet,—1) and GL,(2) = M,(2)/(det,—
1) and endow them with the structure of a Hopf algebra by setting

a b B 4 d —b
S(50) - (L),
In analogy to the commutative case, the quantum plane k,[z,y| is an M,(2)- and an
SLy(2)-comodule algebra via (1).
The subspace k,[z,y], of homogeneous polynomials in k,[z,y] with degree n is a

subcomodule of the quantum plane and k,[z,y] is isomorphic to the direct sum of
the comodules ky[z, y],.

Again, there is a duality between Hopf algebras for SL(2), and the quantum
enveloping algebra U, (s[(2)) of the Lie algebra s[(2). The generators E, F, K, K~!
of the quantum universal enveloping algebra satisfy the relations

K—K!

KK '=K'K=1 [E,F| = ——
q—q
KEK™' = ¢*FE KFK'=q%F.

It is helpful to introduce formal partial derivatives for ¢ # 1 by

o m,n m __ ,—m %) m,n n __ N
Q(:U Y ) _ q q xm—lyn q(x Y ) N q q xmyn—l

O q—q! dy  g—q!
and algebra automorphisms o, and o, of the quantum plane k,[z, y]
O-m('r) =qr, ax(y) =Y, O'y(JI) =, o'y(y) =qy.

Again, SL(2),-comodules correspond to U,(sl(2))-modules, and k,lz,y] is a
U,(s((2))-module by

U,(s(2))®kglz,y] — kylz,y]
EFQP +—— 0q_P
dy
FRP +— %y
ox
K®P +— (0,0,")(P)
K'loP — (UyO';l)(P)

The quantum plane is a U,(s((2))-module algebra.
The submodule k[, y], of homogeneous polynomials of degree n is isomorphic to
the simple s[(2)-module V; ,, which is generated by a highest weight vector of weight

n

q .



This thesis consists of three parts: in the first part the quantum symmetries of two
given quantum spaces were determined, in the second part we computed dualities
of Wess-Zumino-Witten theories and (super-)minimal models and in the third part
we reconstructed a weak quantum group from the data of a conformal field theory.
In the following we give a short introduction to these three subjects.

Examples for quantum spaces

In this thesis, we will work with two examples of quantum spaces. By k{z!,... 2"}
we denote the free associative algebra in n variables. In the following, we choose
k = C. The models we consider are relatively simple deformations of the affine
space:

f-deformation

Let 6" be an antisymmetric matrix with entries in R. The 6-space [ChH099, Scho99]
is defined to be the universal enveloping algebra of the finite-dimensional complex
Lie algebra with basis {#',...,2"} and Lie brackets

[ZH, 2] = 10" p,ve{l,...n}.

It plays an important role in string theory as it arises in the low-energy limit of the
correlation functions of D-branes in an antisymmetrical constant B-field [SeWi99).
The 6-space was also obtained by introducing the nonlocality by general relativistic
arguments, where the involved constructions transform covariantly under Lorentz
transformations by imposing additional quantum conditions on the deformation pa-
rameter 6" [DFR94].

Seiberg-Witten map [SeWi99] and deformation quantization [BFFLS78, Kon03|
have enabled the formulation of gauge field theories [JSSW00, MSSWO00], the stan-
dard model for elementary particles [CJISWWO02] and gravity theory [ABDMSWO03]
on the #-space. The main drawback in this latest approach is the absence of quantum
symmetries other than translation invariance.

k-deformation

Let g be a finite-dimensional complex Lie algebra with basis {z!,... 2"} and Lie
brackets [z#, 2] = Y, C4"z* with structure constants C}” = iad"d5 — iad%04 and
a € R. In this case, there is a single variable ™ which does not commute with any
other variable. i.e.

(2", 27] = iax’ [z',27] =0 ,j=1,2,....,n—1.

The k-space! is defined to be the universal enveloping algebra of g [LNRT91].

In the original definition of this noncommutative space, the deformation parameter is x := %,

therefore the name k-space.
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Dualities

The notion of an algebra in a tensor category introduced above arises in the con-
text of conformal field theories as well: full rational conformal field theories can be
classified using a Frobenius algebra A in a modular tensor category C [FRS02al.
Two-dimensional conformal field theories have been an essential tool when studying
universal properties of critical phenomena. They capture surprisingly many aspects
of statistical models with critical points, even away from criticality. A fascinating
aspect of some of these models are Kramers-Wannier like dualities, relating for ex-
ample the high-temperature and low-temperature regimes. A remarkable property
of order-disorder dualities of Kramers-Wannier type is that they enable the discus-
sion of a strong coupling regime (low temperature) by perturbation theory. The
critical point of these statistical models is typically self-dual. While this has been
known for more than sixty years [KrWa4l], the obvious question whether such du-
alities can be deduced from properties at the critical point has only been addressed
recently.

In [FFRS04] it has been shown that high /low temperature dualities can be read off
from the universality class of a statistical model, that is its description by conformal
field theory: order/disorder dualities are related to specific topological defects in the
CFT. In the TFT approach to rational conformal field theory, types of topological
defect lines correspond to isomorphism classes of A-bimodules [FFRS04, FFRS07].
Given two bimodules B; and Bs, their tensor product By ® 4 Bs is again a bimodule;
this tensor product encodes the fusion of topological defects. In the same way the
modular tensor category C of chiral data gives rise to a fusion ring K,(C) of chiral
data, the tensor category C44 of A-bimodules gives rise to a fusion ring K(Caa) of
topological defects. Both fusion rings are semisimple. The fusion ring of defects is,
however, not necessarily commutative since the category of bimodules is typically
not braided.

The essential insight of [FFRS04, FFRS07] is that the fusion ring K(Caa) of
topological defects determines both symmetries and Kramers-Wannier dualities of
the full conformal field theory described by the pair (C, A). The fact that Kramers-
Wannier dualities relate bulk fields to disorder fields located at the end points of
topological defect lines [KaCe71] might have suggested a relation between Kramers-
Wannier dualities and topological defects. However, the topological defect lines
relevant for the dualities are of a different type than the ones created by the dual
disorder fields.

Duality bimodules [FFRS04] are defined to be simple A-bimodules B, such that
all simple subobjects of the tensor product BY ® 4 B are invertible bimodules. For
any duality bimodule B the isomorphism classes of simple bimodules B,, such that
dime Hom(B)y, BY ®4 B) > 0, form a subgroup H of the fusion ring K¢(Ca4). In
this case dim¢ Hom(B,, BY ® 4 B) = 1.

In the following, we restrict ourselves to the case where the simple symmetric
special Frobenius algebra in C is the tensor unit 1; this situation is usually referred to
as the Cardy case. A complete set of correlation functions for the full conformal field
theory in the Cardy case has been constructed in [FFFS00]. In the Cardy case, the
bulk partition function is given by charge conjugation. Many more simplifications
occur: the category of A-bimodules is equivalent to the original category, C44 ~ C;



as a consequence, isomorphism classes of invertible bimodules are simple currents
[ScYa90b].

As a special case of the results of [FFRS04, FFRS07], we see that the full conformal
field theory in the Cardy case has Kramers-Wannier dualities if and only if the
underlying modular tensor category has duality classes.

Reconstruction of a weak Hopf algebra

The Tannaka-Krein reconstruction theorem [DeMi82, Del90] states that a quantum
group can be reconstructed from a k-linear abelian rigid tensor category which is
essentially small and admits a k-linear exact faithful tensor functor into the cate-
gory of finite-dimensional k-vector spaces. But the notion of a quantum group is too
restrictive to be applied in many interesting models of string theory and statistical
mechanics. Weak quantum groups (or weak Hopf algebras) arise as a generalization
of the concept of quantum groups [BoSz96|. In particular, they play an important
role in the description of symmetries in conformal field theories [PeZu01, CoSc01].
Usually, the chiral data of rational conformal two-dimensional quantum field the-
ories [FRS02b, FRS04a, FRS04b, FRS05, FRS06] are encoded in modular tensor
categories [Tur|. Thus, a generalization of the Tannaka-Krein reconstruction the-
orem for weak Hopf algebras relates the characterization of a CFT by a modular
tensor category to the characterization by weak Hopf algebras.

Apart from describing a chiral symmetry, a weak quantum group has an addi-
tional property, it associates a distinguished space to this symmetry: The repre-
sentation category H-mod of a weak Hopf algebra H is a tensor category. The
finite-dimensional counital subalgebra H; of a weak Hopf algebra is an H-module
and in particular, an H-module algebra. In the special case of a Hopf algebra, the
counital subalgebra consists of multiples of the unit element and its spectrum is the
one-point space. In the general case of a weak Hopf algebra, we assume that the
counital subalgebra H; is commutative of dimension n. Then it is isomorphic to the
direct sum of n copies of the ground field. Thus, the spectrum of H; is the n-point
space. The fiber over every point is the ground field. In physics, this is exactly the
space of D-branes for the rational conformal field theory.
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Outline

In Chapter 1 we present a diagrammatical representation for algebras and coalgebras
that simplifies many subsequent proofs. We introduce the notion of a separable
algebra which plays an important role in the Generalized Reconstruction Theorem
that we will prove in Chapter 5. We define quantum groups and weak quantum
groups; we list some fundamental properties and present the important proofs. In
particular, we prove that the counital subalgebras of a weak quantum group are
separable.

In Chapter 2 we review the fundamental categorical notions that arise when con-
sidering the category of modules over a (weak) quantum group: we present the
definitions of tensor categories and modular tensor categories. We show that one
must consider a truncated tensor product in order to endow the category of modules
over a weak quantum group with the structure of a tensor category. We present the
definition of a module category and show that the category of modules over a couni-
tal subalgebra of a weak quantum group is a module category over the category
of modules over the weak quantum group. The concept of a module category is a
basic ingredient for our proof of the generalized Reconstruction Theorem. Further-
more, we introduce the notion of a duality class in order to study Kramers-Wannier
dualities in Chapter 4.

In Chapter 3 we construct the quantum symmetries of two given quantum spaces,
namely the 6- and the x-space. For this we introduce the notion of deformed partial
derivatives and deformed rotations as endomorphisms of the quantum space that
form a Hopf algebra and obey some additional consistency conditions. We derive
the deformed Poincaré algebras by demanding that the noncommutative spacetime
algebra is a module over it and that the deformations are again Hopf algebras. For
the f-space we find a unique two-parameter family of solutions, for the k-space
we restrict ourselves to the simplest deformation. In both cases the action on the
quantum space remains undeformed. Furthermore, we compute invariants of the
deformed Poincaré algebra such as a space invariant, the Laplace operator and the
Pauli-Lubanski vector and introduce a set of so-called Dirac derivatives that trans-
form vector-like. Next we present the x-product formalism and describe the symme-
try generators of the k-space in terms of x-derivatives for three different x-products,
namely for the symmetric x-product and for the normal ordered x-products. Finally
we define vector fields for the k-space by generalizing the transformation behaviour
of derivatives under the k-deformed rotations.

In Chapter 4 we determine the Kramers-Wannier dualities for an explicit class
of modular tensor categories, namely for Wess-Zumino-Witten models and (super-)
minimal models. First we present model independent results: we analyze properties
of duality classes; in Theorem 4.1.1 we give a necessary condition for the existence
of duality classes that is used in the analysis of the A-series of Wess-Zumino-Witten
models and the minimal models. For the B-, C-, D-series and the exceptional al-
gebras Fg and FEr, there are no simple objects meeting the conditions of Theorem
4.1.1. A different strategy involving lower bounds of quantum dimensions is devel-
oped; it is based on the results of [GRW96] on second-lowest quantum dimensions
in Wess-Zumino-Witten fusion rules. For WZW-models we find the following result:
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duality classes appear only for the algebras E; and A; and the B- and D-series at
low level. Unitary Virasoro minimal models and superconformal minimal models
admit duality classes only at low level, while duality classes for a super-Virasoro
unitary minimal model only exist for odd levels.

The generalized Tannaka-Krein Reconstruction Theorem for weak quantum
groups is merely sketched in the existing literature [Szl01, Ostr03]. In Chapter 5
we prove the Tannaka-Krein Reconstruction Theorem for weak quantum groups.
We start by generalizing a theorem of Ostrik [Ostr03] stating that for a tensor
category C and a separable algebra R the set of R-fiber functors C — R-bimod is in
bijection to the structures of a module category on R-mod over C. After choosing
a generator of the module category we derive an R-fiber functor encoding the data
of the module category. We endow the natural endotransformations of this functor
with the structure of a weak Hopf algebra. As an example we compute the weak
Hopf algebra associated with the theory of a compactified, massless, free boson
with boundary conditions.
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Chapter 1

Algebraic preliminaries

1.1 Diagrammatical representation of algebras
and coalgebras

In the following, we will present basic properties of algebras and coalgebras by means
of diagrams. The pictures are read from bottom to top, morphisms are depicted by
means of boxes, composition of morphisms amounts to concatenation of lines and
the tensor product to juxtaposition.

Definition 1.1.1.
A unital K-algebra (A, p,m) is a vector space A over K with two K-linear maps

pA®A— A (multiplication)
ILL =

n:K — A (unit)

’r] =

with the properties

(a) po(n®idy) = po (ida® p) (associativity)
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(b) po(n®ida) =po(ida®n) =idy. (unitality)

Hereby we have identified
Ak A)@x A= ARk (A®k A) KekA=2 A2 AkK
Notice that the element 1 :=n(1) € A is a right and left unit.

In order to define the notion of a coalgebra, all directions of maps are exchanged:

Definition 1.1.2.

A (counital) coalgebra (C, A, €) consists of a vector space C' over K and two K-linear
maps

A:C — C®C (coproduct)

e:C — K (counit)

with the properties

(a) (A®ide)o A= (ide ® A)o A (coassociativity)
(b) (e®idg)o A= (idec ®e€)o A =idc. (counitality)

Q _ _
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Definition 1.1.3.
An element z in a coalgebra (C, A, €) is called primitive if

Alr)=1®z+z®1.
We denote the subspace of all primitive elements by Prim(C').

Definition 1.1.4.

Let
TAA - ARA AR A

URQUV = UVRU

be the flip exchanging two components in the tensor product. The opposite algebra
is the triple (A, u°PP := pota 4,m), the opposite coalgebra is (C), AP := 1o 0 A, €).
For a commutative algebra one has pu°P? = u, graphically

Q- A

and for a cocommutative coalgebra A°PP = A must be satisfied.

Definition 1.1.5.

A morphism of (unital) algebras is a linear map

p: A— A,

such that pom =m' o (¢ ® ) and pon=m'.

_

A morphism of coalgebras is a linear map

p:C —C,
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such that A'o ¢ = (p ® p) o A and € o p = €.

_

We will use the notation for the coproduct introduced by Sweedler

Alz) = 2 @)
(@)

1.2 Separable algebras

Separable algebras are a basic ingredient for the generalized reconstruction theorem
in Chapter 5. We give the definition and list some important properties of bimodules
over a separable algebra.

Definition 1.2.1.
A K-algebra R is called separable if there is a right inverse for the multiplication as
a morphism of bimodules, i.e. there exists a morphism of R-bimodules

QOR_>R®KR

(p:

obeying for any a,b,c € R

pop =1idg and p(abc) = ap(b)c.

Remark 1.2.2.

A separability structure is equivalent to the existence of an idempotent e in the
algebra R°PP ® R, the so-called separability idempotent, with the properties u(e) = 1
and (r@1l)e=e(1®r) for anyr € R: set e := ¢(1) or p(r) := (r @ l)e. It is easy
to see that if the algebra R is abelian the separability idempotent is unique.
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Proposition 1.2.3.
A K-algebra is separable if and only if

RgRl@"'@Rry

where R; are finite-dimensional simple K-algebras with Z(R;)/K a separable field
extension.

For a proof see for example [Pier].

Example 1.2.4.
Consider the full matriz algebra Mat,(S), where S is a commutative ring and €;; the
matriz units. An arbitrary element in Mat,(S)?®@Mat,(S) is of the form

n
g Aijki€ij @ €l
i7j7k7l:1

with coefficients \iju € K for 1 < 4,5,k,1 < n and for it to be a separability idem-
potent the following conditions must be satisfied for any element a := Zz,qzl ApqCpq

n
E Nijki€ije = 1

i:jzkzlzl
n n
Y Ak ® = > Aijklp€i @€y -
1,3,k,l,p,q=1 1,3,k,l,p,q=1

The second condition implies that \;ji; depends only on two indices A\jjiw = \ji, and
the first condition gives y . , Ay = 1. Hence, the separability idempotents of the full
matriz algebra Mat,(S) are of the form

FE = Z )\jkeij X € € Matn(S)Opp X Matn(S)

i.j,k=1
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1.3 Weak Hopf algebras

In this section we will introduce the notion of a weak bialgebra that was defined
originally in [BoSz96]. We list some important properties following [BoNS99, Niks02,
Scha02].

Definition 1.3.1.
We endow A® A with the structure of a unital coassociative algebra by means of the
multiplication

u(al X ag ® b1 & bg) = a1b1 & a262 .

A weak bialgebra is a quintupel (A,m,n, A €), where (A, u,n) is a unital associative
algebra and (A, A, €) is a counital coassociative coalgebra, such that

(a) A is a (not necessarily unital) morphism of algebras *

A(hg) = A(h)A(g) (1.1)

(b) the unit satisfies the relation

(A®id)ocA(l) = (A1) -1A1)=1xA(1)) -(A1)®1), (1.2)

UNTVINTY

(c) the counit satisfies the relation

e(fgh) = e(fgw)e(gh) = e(fg@)e(gwyh)  for any f,g,h € A (1.3)

4Ny

!This is equivalent to u being a (not necessarily unital) morphism of coalgebras.
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Definition 1.3.2.
A weak bialgebra (A, p, A, e,n) is called bialgebra if the counit is a morphism of
(unital) algebras. Then, identities (1.2) and (1.3) reduce to

A(l)=1®1 and €(fg) =e(f)e(g).
In a bialgebra without zero divisor (1.3) implies €(1) = 1.

Proposition 1.3.3.
The counit of a weak bialgebra is a morphism of algebras if and only if the coproduct
18 unital:

A(1)A(a) = A(a) = A(a)A(1) (1.4)
and by choosing a=1
A1) = A(1)A(1), (1.5)
such that A(1) is an idempotent in the algebra A ® A.

Proof. Assume that € is a morphism of algebras and use unitality to obtain:

RN

Hence, the coproduct A is unital.

The statement that the unit is a morphism of algebras can be obtained by
reflection of the above diagram using (1.3) and counitality.

We prove the statement for weak bialgebras diagrammatically by means of

XY
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From any (weak) bialgebra (A, u,n, A, €) one can construct three more (weak) bial-
gebras:

Aopp - <A7 Mopp’ m, A7 6) Aopp,copp = (A7 Mopp, m, Acopp7 6)
ACOPP — (A, Ly 1y AOPP7 E)

Definition 1.3.4.
Grouplike elements of a weak bialgebra satisfy

Alz) = (x®@2)A(1) and e(z)=1
and form a monoid.

Definition 1.3.5.
The endomorphism e(a) == (e®id)(A(1)(a ® 1)) = e(Lyya)ly,

604

of a weak bialgebra A is called target counital map, the endomorphism

es(a) == (id @ €)((1 @ ) A1) = 1ye(aly)

K

source counital map. For a bialgebra one has ¢, = €, = noe.

We introduce the target and source counital maps of the opposite bialgebra A°PP

&'(a):=(d®e)(A(1)(1®a)) and  €&'(a):=(1d®€)(A(1)(1 ®a)).

et/: N 63/: m
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Theorem 1.3.6.
Denote by Ay = €,(A) and Ay = €,(A) the images of the counital maps.

(i) The subalgebra A; is generated by the right tensorands of A(1), the subalgebra
Ag by the left tensorands of A(1)

A = {a€A|A@ = Lyasly) = {6@dAQ) | ¢e A
As = {a€ A A(a) = 13®alp}t = {([d®¢)A(1) [ ¢ € A™}.

(1)) As and Ay are left- and respectively right coideals of A and unital subalgebras
of A. They commute as subalgebras of A.

For a proof of the Theorem see section 2.2 in [BoNS99].

We call A, and A; source and target counital subalgebras. In the following, we
denote

for elements in A, with * € {s,¢}.
The counital maps have many interesting properties that we list in the following:

Lemma 1.3.7.

(i) The counital maps are idempotent

€ 0€ = € €50 €5 = €g. (1.6)

P

(it) For all a,b € A one has

T
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and aei(b) = e(anyb)a(y) es(a)b = aqye(ba)).

@ :

(#i) po (e®id) o A =id

@ i

(iv) For all a € A one has
a=¢(a) < Ala)

(1)@ ® Ly = aly) ®@ Ly,
a=¢(a) < Ala) 1

=1
=1y ®alp =14 ®1Lga.

SO A S’
R TR

(v) po (6®id) o (u®id) o ([d@T®id) o (A(1) ® id) = id

ég :

—
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(vi) € opo (idRe) =€ op (1.10)

(vii) 1o (e,®€) = € 0 po (eR®id) (1.11)

For a proof of (i), (ii), (vi), (vii) see section 2 in [BoNS99| and for (iii), (iv), (v)
in [Scha02].

Theorem 1.3.8.

The counital maps are antzzsomorphwms 0f algebras €, : A, AN A and e; : Ay —

A with the inverses e, 1 —¢.' and e;l=¢'.

Proof. We consider ¢, o ¢, and €, o ¢; in order to prove that ¢; is a bijection:

(1.3) (1.6
{

Hence, ¢ o €, = id4, and by

PRy

€, o€ =idy, holds. The last equality in the diagram results from the idempo-
tency of €. Next we show that ¢, is an antiisomorphism of algebras
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The second equality results from Theorem 1.3.6 (ii), since an element in A, is
multiplied by one in A;.

The statement for €, follows similarly. O

In the proof of the Theorem we have shown the more general relation

er(ash) = €(b)es(ay) (1.12)

for any as € As; and any b € A. Clearly, the source counital map €; obeys a similar
relation

es(bay) = es(ag)es(b)

for any a; € A; and any b € A.

Theorem 1.3.9.
The counital algebras A; and A, are separable. One choice for the separability idem-
potents s

e = (6, ®1A)A(Ll) and e; = (Id®es)A(L).

v-oh R
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Proof. Relation (1.1) implies p(e;) = 1. We will prove (a®1)e; = e;(1®a) for any
a € A, diagrammatically. We denote ¢, ' = ¢, as a morphism in a box.

Definition 1.3.10.
Let (H,u,n, A €) be a weak bialgebra over a field K. We consider the K-vector
space End(H) of linear maps in H and define the convolution as the product of
endomorphisms f,g € End(H)
A f® K
frg:H-—H®H3H®H - H.
Obviously this endomorphism is k-bilinear. The unit for the convolution is given by
H-Sk-5H.
The Sweedler notation for the convolution is (f * g)(z) = >_,) f(z@))9(z()) -

Definition 1.3.11.

A weak quantum group or weak Hopf algebra is a weak bialgebra H with a map S :
H — H called antipode obeying

id*x S = ¢ S *id = €4
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and SxidxS=209.

Theorem 1.3.12.
If a weak bialgebra admits an antipode, then the antipode is unique and bijective. It
18 an algebra antihomomorphism and a coalgebra antihomomorphism.

For a proof of the Theorem see section 2.3 in [BoNS99].

Theorem 1.3.13.

One has Soe; = €085 and e;0 S = Soe¢. If dimHy < oo and dim H; < oo the
restriction of S to Hg, respectively to Hy, is an algebra antiisomorphism from H, to
H,, respectively from H; to H,.

Proof. Similar to the Proof of Theorem 1.3.8.

Lemma 1.3.14.
If (H,pu,n,Ae, S) is a weak Hopf algebra, then the dual vector space H* can also be
endowed with the structure of a weak Hopf algebra via

A* . (HH)>®XH @H" — H*
e . k— H”

p: H— (HQH)"=H"® H"
nt : H"—k

S* . H'"— H".

Proof. The axioms for a weak Hopf algebra can be checked straightforwardly.
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1.4 Hopf algebras

Definition 1.4.1.
A quantum group or Hopf algebra is a bialgebra with antipode S : H — H. The
antipode satisfies

o (id®S) o A = po (S®id)oc A=noe (1.13)

1.e. S is a left and right inverse for the identity idy.
A morphism of Hopf algebras is a morphism of bialgebras that commutes with the
antipode.

If the antipode exists, it is unique
S = Sx(ne)=Sx*(idy*S)=(Sxidy) xS =nexS' =5".

Theorem 1.4.2.
Let (H,pu,n, A €) be a Hopf algebra.

(i) The antipode S is a morphism of bialgebras from H to H°PP PP that is

S(ay) = S(y)S(x) S(1) =1
(S®S)oA=A"Po S eoS=c¢.

A
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(ii) The following statements are equivalent:
((Z) 52 = ldH
(b) >, S(x@)rn) = €(x)l forall x € H
(c) >, x2S(xaq)) = €(x)l forall x € H
(1ii) H being commutative or cocommutative implies S* = idg.
For a proof see for example section II1.3 in [Kas].

Corollary 1.4.3.
In a Hopf algebra every grouplike element x € H has S(x) as an inverse.



Chapter 2

Categorical preliminaries

In this chapter we give the basic definitions needed for the representation theory of
quantum groups. For more details compare with the reviews [BaKi, CaEt04].
In this thesis we consider only small categories. Let K be a field.

2.1 Categories and functors

Definition 2.1.1.

A category C is K-linear or enriched over Vectx if all sets of morphisms More(U,V)
are K-vector spaces and the composition of morphisms is K-bilinear. We denote the
morphism spaces by Home (U, V).

Definition 2.1.2.
A K-linear category is called additive if there exist finite direct sums in C and there
exists a zero object 0 € Ob(C), such that Home(X,0) = 0 = Home(0, X) for all
objects X € Ob(C).

Definition 2.1.3.
Consider an additive category C.

(i) The morphism f € Home (U, V) is a monomorphism (epimorphism) if for any
g € Home(W,U) fg = 0 implies g = 0 (for g € Home(V, W) gf = 0 implies
g=0).

(i) The kernel of a morphism f : U — V is an object ker(f) and a morphism
k: ker(f) — U, such that fx =0 and if for g € Home(W,U) we have fg =0
then g = kh for a unique h € Home(W, ker(f)). The cokernel is the dual
notion to the kernel.

(111) An exact sequence consists of a set of morphisms f; € Home(A;, A;jy1) and a
set of objects A; € Ob(C) labelled by an index set I, such that the image of
fi—1 1s equal to the kernel of f; for any i € I.

Definition 2.1.4.
An additive category is called abelian if

(i) every morphism ¢ € Home (U, V') has a kernel and a cokernel,
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(ii) every monomorphism is the kernel of its cokernel and every epimorphism is
the cokernel of its kernel, and

(7ii) every morphism can be written as the composition of an epimorphism with a
monomorphism.

Definition 2.1.5.

An object M of an abelian category M is a generator if for any morphisms f,g €
Hom (M, Ms) and any morphism m € Hom(M, M) satisfying f om = gom
one has f = g.

Definition 2.1.6.
Let C and D be abelian categories. An exact functor maps exact sequences to exact
sequences.

Definition 2.1.7.

An object U of an abelian category is simple if every nontrivial monomorphism
V — U and every nontrivial epimorphism U — W is an isomorphism.

A semisimple object is the finite direct sum of simple objects. A semisimple category
18 a category in which every object is semisimple.

Definition 2.1.8.

For an abelian category C let F(C) be the free abelian group generated by the iso-
morphism classes of the objects of C and [U] the element in F(C) corresponding to
the object U. The Grothendieck group Gr(C) is the quotient of F(C) modulo the
subgroup genmerated by elements of the form [W] — [U] — [V]| for all short exact se-
quences U — W — V. If the category is semisimple, the Grothendieck group Gr(C)
1s generated as an abelian group by the simple objects of the category.

Definition 2.1.9.
A category is called artinian if it is semisimple and has finitely many isomorphism
classes of simple objects.

Example 2.1.10.

Consider a separable K-algebra R, the category of R-modules R-mod that are finite
K-vector spaces and the category of R-bimodules R-bimod that are finite K-vector
spaces. From Proposition 1.2.3 it follows that the categories R-mod and R-bimod
are abelian and artinian.
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2.2 Tensor categories

In the following, we will extend certain set theoretic concepts to category theory.
Therefore, sets are replaced by categories, functions by functors and equations be-
tween functions by natural transformations between functors. This process is called
categorification.

We firstly define the notion of a tensor category which is the categorification of
the notion of a ring.

Definition 2.2.1.
A tensor category is a category C including

(i) a bifunctor ® : C x C — C (tensor product),
(11) a natural isomorphism a : ®(® x id) — ®(id X ®) (associativity rule),
(ii1) an object 1 € Ob(C) (tensor unit) and natural isomorphisms
A:®@(1xid) —»id and p:®(3dx 1) —id (unit constraints),
such that the following axioms are satisfied:

(a) Pentagon Aziom
The diagram

(U V)W) X

agyw ®@idx N Augv,wx
U(VeW)eX UeV) oW X)
layyvewx L avvwex
U (VoW X) Hu@avw.x U (V oW X))

commutes for oll U, V, W, X € Obj(C).

(b) Triangle Aziom
The triangle diagram

Velew M ve@ew)
Vew

commutes for all pairs V,W € Obj(C).
For a strict tensor category a,l and r must be the identity.

Remark 2.2.2.

It can be shown that any tensor category is (tensor-) equivalent to a strict tensor cat-
egory (see for ezample [Kas], Theorem XI1.5.3). This implies Mac Lane’s coherence
theorem which states that any diagram built from associativity and unit constraints
commutes.
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In a K-linear tensor category one demands K-bilinearity for the tensor product.

Proposition 2.2.3.
For any unital associative K-algebra A the category of A-bimodules can be equipped
with the structure of a tensor category by means of the tensor product of A-bimodules

B, ®4 By := coker ¢p, B, ,

where
¥By,By - B1®A®B2 — B1®kB2

b1®a®b2 — b1a®b2—b1®a62
for any bimodules By, By. The tensor unit is A itself.

Proof. A straightforward calculation yields that the Pentagon and the Triangle
Axiom are satisfied.

Corollary 2.2.4.
The category of bimodules R-bimod over a separable K-algebra R has the structure
of a tensor category.

Remark 2.2.5.
In general the category of left modules of a separable algebra is not a tensor category.

Definition 2.2.6.
An object V' in a tensor category is absolutely simple if the morphism

K — End(V)
A Aidy

18 an isomorphism of K-vector spaces.

Definition 2.2.7. .
Let (C,®c, 1c,a,l,7) and (D, ®p, Ip,a,l,7) be tensor categories.

(i) A tensor functor (F, o, p2) from C to D consists of

a functor F . C—D
an isomorphism o : Ip = F(1e)
and Yy @ @po(FxXF)—Fo®,

a natural isomorphism of functors from C x C to D, i.e. isomorphisms
o (U, V) : F(U)@pF(V) — F(URV),
such that the diagrams

ARU),F(V),F(W)

(F(U)RF(V))QF (W) Gl FU)Q(F(V)RF(W))
b 2(U, V) ® idpw) }idp@)@pa(V, W)
F(UQV)QF (W) F(U)RF (VW) (2.1)
L2 (URV, W) L ea(U, VW)

F((URV)QW) Flegw) FUa(VeW))
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and
v F(U) " )
b o ®idpw) T F(ly) (2.2)
F()® FU) 200 p1eU)
FU)® 1 W RU)
1 idp@)®po T F(ry) (2.3)
F(U)® F(1) 2O e 1)

are commutative.
(ii) A tensor functor is strict if ¢o and po are identities on D.

(111) A natural transformation of tensor functors

n: (Fa 9007(102) - (FI7(1067§0I2)

18 a natural transformation, such that the diagrams

F (1)
SOOf
1 I m
©o ¢
F' (1)
and
F(U)® F(V) 200 FU V)
I nu®ny 1 nuev
F(U)® F(V) Ay F(U ®V)

are commutative for all objects U,V . A natural tensor isomorphism is a nat-
ural tensor transformation that is a natural isomorphism. An equivalence of
tensor categories is a tensor functor F': C — D, such that there are a tensor
functor G : D — C and natural tensor isomorphisms idp = FG and GF = id.

Definition 2.2.8.

A fiber functor for a tensor category C is a tensor functor into the category of finite-
dimensional K-vector spaces C — vectk.

For a tensor category C and a separable algebra R an R-fiber functor is defined to
be a tensor functor C — R-bimod.

Definition 2.2.9.
Let C be a strict tensor category.
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(i) A commutativity constraint in C is a natural isomorphism

c:® — QPP
of functors from C x C to C. That means an isomorphism
cvw VW WV
for every pair of objects (V,W) in C, such that the diagram

C
vew X wev

f®yg \ \ 9 f
VIQW' ey W RV
commutes for all morphisms f € Home(V, V'), g € Home (W, W).

(ii) Let C be a strict tensor category. A braiding is a commutativity constraint
satisfying the relations

cvgvw = (cuw ®@idy) o (idy ® cyw)
Cuvew = (idy ® CU,W) o (CUJ/ ® idy)

for all objects U, V,W of C.

(iii) A braided tensor category is a tensor category with a braiding.

In any strict tensor category morphisms can be visualized by graphs. We will
use diagrams of Joyal-Street type [JoSt91]. The conventions used here are the same
as the ones introduced for algebras. The pictures are read from bottom to top,
morphisms are depicted by means of boxes, braidings by crossing of lines, compo-
sition of morphisms amounts to concatenation of lines and the tensor product to
juxtaposition.

V

f

U
U/Vl U/ V/
L 1 ]
4 - Dea =[O0
uv u v
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Definition 2.2.10.
Let C be a strict tensor category.

(1) Assume that for each object U € Obj(C) there exists an object UY in C and
two morphisms:

bUZﬂ—>U®UV dUU\/@U—)]l
U uv dy
by uv U

This structure is called a (right) duality if for all objects U one has:

(ldU ® dU) @) (bU X ldU> = ldU and (dU X ide) e} (ide X bU) = ide .

The morphism dy 1s called evaluation and the morphism by coevaluation.
(11) A left duality is defined in an analogous way.

By definition a duality gives a map for objects U — UV, and by defining

f — fv == (dv®1dUV> e} (1dvv®f®lde) ©) <1dvv®bU)

y
U\/
T L
U VY

for morphisms we obtain a contravariant functor from the category into itself.

Definition 2.2.11.
In a rigid tensor cateqory C every object has a left and a right dual.

Proposition 2.2.12.
In an abelian rigid tensor category C the bifunctor ® is exact, that means that for
any object C' € C the functors C®— and —QC' are exact.

Proof. See for example [BaKi], Proposition 2.1.8



CHAPTER 2. CATEGORICAL PRELIMINARIES 35

Remark 2.2.13.
Hence, when considering an abelian rigid tensor category C the Grothendieck group

Gr(C) becomes a ring, also called the fusion ring
X]=[Y]= > N2,
[Z] simple

where N%,, = dim Hom¢(X®Y, Z) € Ny are the fusion coefficients. The fusion ring
1s commutative if the category C has a braiding.

Definition 2.2.14.

(i) A twist in a braided tensor category is a natural family of isomorphisms ©y :
V =V satisfying

Ovew = cwy o cyw © (Oy ® Ow)

for all V€ Obj(C). Naturality means that the relation Oy o f = f o Oy holds
for any morphism f:U — V.

Graphically we depict the twist by:
Vv

A

Vv

Then, the defining relation reads:
1%

q e
C\V C\W

(ii) A ribbon category is a (strict) tensor category with braiding, twist and (right)
duality, such that twist and duality satisfy

—_—

(@U & ide) o bU = (ldU & @Uv) o bU .

o

®_
c
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Remark 2.2.15.
A ribbon category is automatically equipped with a left duality by setting

BU = (@Uv®ldU) ocyyv o by

vy v

UY U
|
@UV( j
by

We set UV =: VU, then one checks Vf = fV. Hence, the bidual UV is canonically
isomorphic to U, i.e. the bidual functor ?VV is naturally isomorphic to the identity:

du
U UV vV

I

U U
Note that in a tensor category the monoid End(1) is commutative.

Definition 2.2.16.
We define the trace of an endomorphism f:V — V in a ribbon category as

tl"(f) :=dyo (ldU®f) obyv =dyv o (f@lde) o by

tr(f): = € End(1).

The quantum dimension for any object U of a ribbon category is defined to be tr(idy).
It depends only on the isomorphism class of an object. For simple objects, we intro-

duce the abbreviation

The trace has the following properties that can be derived straightforwardly from

the definition:

o tr(fg) =tr(gf)
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o tr(f ®g) = tr(f)tr(g)
e For k € End(1): tr(k)==k

Lemma 2.2.17.
In a ribbon category one has the following identities for the fusion coefficients

NX%/ = NZ}v/)V( - NYZ)\(/V :
Proof. Clearly the maps

Xxvz : Home(X®Y,Z) — Home (X, ZQY")
f — (f@ldyv) [¢) (ldx®by)

and

wxyz : Home(X®Y,Z) — Home(Y,X'®Z)
fo— (idxv®f) o (bxidy)

are isomorphisms. Then w;{lz yv 0 Xx,v,z and X;(lZ yv Owxy,z are the required
isomorphisms. [l

Modular tensor categories encode the data of a chiral conformal field theory. In
the following, we introduce the basic notions that will be needed in order to derive
Kramers-Wannier dualities in Chapter 4.

Definition 2.2.18.

Let C be an abelian, artinian ribbon category with simple tensor unit 1 and I the
index set parameterizing the isomorphism classes of simple objects. In particular,
giwen i € I, we find a unique 1", such that U = U;. We choose the representatives,
such that Uy =1 and 0 € I.

We call C a modular tensor category if the |I| x |I|- matriz with entries in K defined

by

sy = tr(cy, v, o cv,v;) € End(1) = K

for simple objects U;, U; is invertible over K. *

For the models considered in Chapter 4 there exists a positive real factor, such
that the matrix s rescaled by this factor is unitary. We call this unitary matrix S.
The fusion coefficients can be expressed in terms of the modular matrix S by the
Verlinde formula

SilS'lgkl
N =>" # : (2.4)

lel

Another property of the modular matrix S in the models of our interest are the
inequalities Sy, > Sgg > 0 for any simple object U,. Entries for dual objects are

!This definition is slightly more restrictive than the original one in [Tur].
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related by complex conjugation, Sx; = Sy,. We finally note the following easy
consequence of the Verlinde formula (2.4) and the unitarity of S

Spe S S
LETE =N N R 2.5
SOH SOH ; re SOH ( )

The quantum dimension is related to the modular S-matrix via

_ Soi

D, = 2%
SOO

It is a ring homomorphism from the fusion ring Gr(C) to the ring of algebraic integers
over the rational numbers. Dual objects have identical dimension D; = D;.
In a modular tensor category one can define invertible objects and fixed points:

Definition 2.2.19.

(i) A simple current in a modular tensor category C is an isomorphism class [J]
of simple objects J satisfying

JoJ' =1.

(11) A fized point [Uy] of a simple current [J] is an isomorphism class of simple
objects of C satisfying
JoUr=Us.

(iii) A duality class is an isomorphism class [Ug| of simple objects, such that the
tensor product UQX ® Uy 1s isomorphic to a direct sum of invertible objects
containing at least two non-isomorphic invertible objects.

The tensor product gives rise to a finite abelian group on the set of simple currents,
the so-called Picard group Pic(C). It turns out that every isomorphism class [U;] of
simple objects of C gives rise to a character on the group Pic(C)

©[U3]) = g—

which we call the monodromy character of the object Uy with respect to the simple
current Uj.
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2.3 Representation theory for weak Hopf algebras

In this thesis we consider only modules and bimodules that are finite-dimensional

vector spaces.
The tensor product UV of two modules U, V' of a bialgebra A can be defined by
means of the coproduct

alu®w) = Aa)(u®@v) = Z a)yu®a)v
(a)

for a € A,u € U,v € V. For weak bialgebras the coproduct is not a morphism of
algebras, therefore

llu®wv):=A(l)(u®wv) = Z Layu®l v

which is not equal to u®v. Thus, the unitality of the action is not satisfied. In
order to obtain a unital module we restrict the tensor product of modules over weak
bialgebras to the subspace

Im py @ py (A1) CURV .

Lemma 2.3.1.
The target counital algebra A; is a left module over the weak bialgebra A by

a-z=¢€laz) forae Az e A
and the source counital algebra Ay is a right module over A by
z-a = €4(za) forae A,z € A;.
Proof. For any a,b € A and z € A, one has
er(aer(bz)) = e(1(1)aliy))e(11)bz) 1oy = €(1(1)albz)1,) = e (abz) .

)
i

Pictorially,

i3
-
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For a weak Hopf algebra H the target counital algebra H; is a left module over H
by
h-z=S(hz) for h € H,z € H;

and the source counital algebra H; is a right module over H by
z+-h=5(zh) for h € H,z € Hy.

In general the counital subalgebra A; of a weak bialgebra is not simple as a left
module. In [Niks02] it has been shown that the tensor unit in A-mod is simple if
and only if Z(A) N A; = K, where Z(A) denotes the center of A.

Lemma 2.3.2.
Fvery left module V' over a weak bialgebra A can be equipped with the structure of a
bimodule over A; by:

AtXV — V
(a,v) +— a-v
VxA — V

(v,a) — eg(a)-v

Proof. It is clear that V is a left A;-module. The right module structure comes
from the fact that €, is an algebra antihomomorphism and for the bimodule
structure we use that elements of the counital subalgebras commute.

For a weak Hopf algebra H one endows every left module V' over H with the structure
of a bimodule over H; by:

HxV — V
(h,v) — h-v

VxH — V
(v,h) — S(h)-v

Definition 2.3.3.
The truncated tensor product for two modules U,V over a weak bialgebra A in A-mod
15 defined by

UV :={z cUxkV|r=A(1) -z}

with the action via the comultiplication.

Theorem 2.3.4. [NiVa00]
The category A-mod of finite-dimensional modules over a weak bialgebra A is a
tensor category with tensor unit Ay.

Proof. Consider the truncated tensor product; the tensor product of morphisms is
the restriction of the tensor product in the tensor category of vector spaces.
Coassociativity of the coproduct implies that the associator satisfies the Pen-
tagon Axiom.
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By Lemma 2.3.1 the unit constraints for the tensor unit are

ly : AAQV =V, lv(l(1)z®l(2)”) =Z-V
rv: VA =V, rv(Lyv®Llp2) = €(z) - v
with the inverses Iy,' (v) = €,(11))®1v and I (v) = L1 v®Ly). O

For a weak Hopf algebra H the unit constraints are chosen to be

ly : AQV =V, v (11)2®@Lgv) =z v
ry VA —-V, rv(1)v®Le2) = S(z) v

with the inverses I;,' (v) = S(L;))®Lgv and I, (v) = 14v®1 ).

Remark 2.3.5.
In the special case of a bialgebra A, the ground field K becomes an A-module by
means of the counit

forae A and x € K.

Corollary 2.3.6.
Lemma 2.3.2 and Theorem 2.3.4 imply the existence of an H-fiber functor of
H-mod.

Theorem 2.3.7. [NiVa00]
The category of finite-dimensional modules H-mod over a weak Hopf algebra H is
a ribbon tensor category.

2.4 Module categories

In this section we introduce the concept of a module category over a tensor category
which is the categorification of the notion of a module over a ring.

Definition 2.4.1.
A (right) module cateqory over a tensor category (C,a, ) is an abelian category M
with an exact bifunctor

Q@: MxC—->M

and functorial isomorphisms

Yo e® (-0 ) = (e® -)® -
n e ® 1 — o

with — in C and e in M, such that the diagrams
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M(Xe((Y®Z))
WM, X,Y®Z) / \ id®a(X,Y, Z)
(MRX)(YRZ) M(X®Y)® Z)
Y(IMRX,Y,7Z) | (M, XY, Z)
(MeX)QY)®Z w(M’&Y)®id (M®(XQY))®Z
and
Me(1eX) QMM’—]IJX) (MR1)®@X
deAx N\ ' Mu®id
MeX

commute for all X,Y,Z € Obj(C), M € Obj(M).

Example 2.4.2.
For any separable algebra R the category of R-modules is a module category over the
tensor category bimod-R, where the bifunctor

mod-R x bimod-R — mod-R

is the tensor product over R. There is a canonical choice for the associativity iso-
morphism and the unit isomorphism.

Proposition 2.4.3.
The category Hy-mod of modules over the counital subalgebra of a weak Hopf algebra
H is a module category over the tensor category H-mod.

Proof. By Lemma 2.3.2 any H-module can be endowed with the structure of an
Hi-bimodule, thus there exists a functor S : H-mod — H-bimod. Since the
counital subalgebra H, is separable, the category of H;-modules is a module
category over the tensor category H;-bimod. The composition ®p, o (S X id)
yields the structure of a module category on H-mod over H;-bimod.

Remark 2.4.4.
The Grothendieck group Gr(M) of a module category M over a tensor category C
is a module over the Grothendieck ring Gr(C).

Consider a strict semisimple module category M over a strict semisimple tensor
category C with simple objects labelled by M,, respectively U;, and let {/\]E’a i) 5} be
a basis in Home(M,®U;, Mg) that we denote pictorially by:
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o )

The space Hom(M,®U;®Uy, Mg) has two distinguished bases that cor-
respond to its decompositions @gHom(MRUy, M,)@Hom(M,QU;, Mz) and
&, Hom(M,®U,,, M,)@Hom(U;®@Uy, Uy,). The 6j-symbols (or fusing matrices) F
are the components of the isomorphism

&y, Hom(M,®U,,, M,) ® Hom(U;QUy,U,,) — (2.6)
@gHOHl(M/g@Uk, Ma)®Hom(M7®Uj, Mﬁ) .

o o
S w
T ﬁ = Z,H Zv W Frggljjmw m Y
o J k o J k

They have the following properties:

F’I‘(eojeof))z?u = 5li60¢€57“15v153w = F‘g(;y»,‘l’?i?v (27)
Z FT(;Jizw f“ij?ﬂymw = 556' 633'57”7”' (28)
Z Fr(gslczzw fiiagz ! T v Oiit O (29)

S,€E,T

By definition the fusing matrices satisfy the Pentagon Axiom:
il)B k)8 _ jk)m k ij
Z Frgv,lq syt tlzjuev - Z Fql’; wny rr?z?; :z)reﬁv Fx(gig,);'yu (210)
w,n,Y,T

Definition 2.4.5. 3
Let (M1, ®,1,m) and (Mas,®,1,7) be module categories over a tensor category C.

(i) A module functor is defined as a functor F : My — My with functorial mor-
phisms

mx: F(M®X)— F(M)®X,
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such that the diagrams

FM®(X®Y))

F (¢M,X,Y) v N\ TM,XQY
F(M®X)®Y) FIM)®(X®Y)
{ TMeX,Y { @ZF(M),X,Y
FIMRX)®Y mexid (F(M)®X)®Y
and
F(M®1) F@@ F(M)
YMa N\ AR 18Ys)
FM)®1

commute for all X,Y € Ob(C), M € Ob(My). If all morphisms vy x are
isomorphisms, the module functor is called strict.

(ii) A natural transformation of module functors
n:(Fy) = (F.9)

1s a natural transformation, such that the diagram

F(M® X) s F(M)®X
I nuex 1 nu ®idx
FI(M® X) .y FI(M)® X

is commutative for all X € Ob(C), M € Ob(M). A natural tensor isomor-
phism is a natural module transformation that is a natural isomorphism. An
equivalence of module categories is a module functor F' : C — D, such that
there are a module functor G : D — C and natural module isomorphisms

Any module functor for a rigid tensor category is strict (see [Ostr03], Remark 4).

Definition 2.4.6.

The direct sum of two semisimple module categories My, Ms over a tensor category
C is defined to be the category My x My with objects (My, My) and morphisms (f, g).
Additive and modular structure are defined componentwise

(My, My) & (M3, My) = (M & Ms, My & My)
(f1,91) ® (f2,92) = (f1® f2,91 9 g2)
C®(My, M) = (CM;,CRM,)
10(f,9) = (1®f,7®g)



CHAPTER 2. CATEGORICAL PRELIMINARIES 45

for all My, M3 € Obj(M;), My, M, € Obj(My), f € Homp, (M, M3), g €
HOH1M2<M2, M4)

A module category is called indecomposable if it is not the direct sum of nontrivial
module categories.

Definition 2.4.7.
Let C be a tensor category.

(i) An algebra in C is an object A with a multiplication morphism m €
Hom¢(A®A, A) and a unit morphism n € Home(1, A), such that

m o (m®id) = m o (idem) mo (n®id) =id = m o (id®n) .

(ii) Dually, a coalgebra in C is an object C with a comultiplication morphism A €
Hom¢(C,C®C) and a counit morphism € € Home(C, 1), such that

(A®id) o A = (id®A) o A (e®id) o A = id = (id®e) o A.

(i1i) A Frobenius algebra in C is an object in C which is both an algebra and a
coalgebra and satisfies

(ide@m) o (A®id) = A om = (m®id) o (Id®A) .
It is called special if
eon = cidy mo A = cyidy .

Assume that C is rigid with coevaluation morphism by for any object U of C.
A Frobenius algebra A is called symmetric if

((E o m)®ldAv) o (ldA®bA) = (idA\/@(E o m)) o (bAv®1dA) .

(v) An algebra A in a category C is called haploid if dim Home (1, A) = 1.

Conjecture 2.4.8. [ENO02]
For an artinian rigid tensor category there exist only finitely many non equivalent
indecomposable module categories.

In [FRS04b] it has been shown that in a modular tensor category there are only
finitely many inequivalent haploid special Frobenius algebras. Haploid special Frobe-
nius algebras give rise to most of the known module categories, namely the ones of
D-type in the A-D-E-classification.



Chapter 3

Construction of quantum
symmetries

By k{z!,...2"} we denote the free associative algebra in n variables. In the fol-
lowing, we choose £ = C. We consider two examples of quantum spaces that are
relatively simple deformations of the affine space:

e Let 60 be an antisymmetric matrix with entries in R. The 6#-space
[ChH099, Scho99] is defined to be the universal enveloping algebra of the finite-
dimensional complex Lie algebra with basis {Z!,...,2"} and Lie brackets

[z, 7] = 10" p,ve{l,...n}. (3.1)
We denote it by ke[Z',...2"].

e For k € R* the r-space [LNRT91] is defined to be the universal enveloping
algebra of the finite-dimensional complex Lie algebra with basis {z!,..., 2"}
and Lie brackets!

(2", 2] = iad’
[25,47] = 0 (3.2)

fora:=%andi,j=1,2,...,n— 1. We denote it by k,[z',...2"].

We consider an involution 1 on the algebra C{#!,...2"} and demand additionally
that it is an antihermitian algebra antihomomorphism. Set (2#)! = 2# for all
variables Z* and extend to any polynomial. Then the ideal < [&#,2"] — 10" >
(respectively < [z#,%"] — iad#d¥ — 1adkdy >) is invariant under { and therefore }
can be defined on the quotient ky[#!,...2"] (respectively k.[Z!,...2"]).

In this chapter we construct quantum symmetries, invariants, differential forms
and vector fields for these two quantum spaces. We demand that these structures
are a deformation of the corresponding structures of the commutative space: setting
the deformation parameter 6 (respectively a) to 0 must yield the structures in the
commutative setting.

'The corresponding structure constants are C§" = iad# ¥ — iad’dy with a € R*.
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We derive quantum versions of the universal enveloping algebras of the Lie
algebra of derivatives and of rotations for the 6- and the k-space. As in the
commutative case, we demand that they are Hopf algebras. We compute invariants
of the quantum symmetries for the - and the #-space: we find a deformed space
invariant, a deformed Laplace operator and a deformed Pauli-Lubanski vector. We
associate an algebra of functions on a commutative space to the k-space by means
of deformation quantization. Finally, we define vector fields.

We introduce the following notation: Greek indices take values 1,...,n, Roman
indices run from 1,...,n — 1. Indices can arbitrarily be lowered or raised via the
metric g = 0. We use Einstein’s summation convention. We denote the commu-
tative space by k[z',...z"] with variables z*, the f-space algebra by ky[z!, ... 2"
and the k-space algebra by k,[Z!,...2"] with variables 2*. By limgy o (respectively
lim, o) we denote the evaluation of a formal power series at deformation parameter
equal to 0.

3.1 The classical Poincaré algebra

We recall the definition of a derivation and of a universal enveloping algebra.

Definition 3.1.1.
A derwation of an associative k-algebra A is a k-linear map D : A — A satisfying
D((Ila,g) = (D(Il)ag + al(Dag).

Lemma 3.1.2.
Derivations are determined on generators.

Proof. Arbitrary elements in the k-algebra A can be written as the finite sum of
finite products of the generators. By k-linearity it suffices to consider finite
products of the generators. The Lemma is proved by induction on the number
of factors in the product.

Definition 3.1.3.

Let g be a Lie algebra with Lie bracket |, ], T the ideal of the tensor algebra T (g)
generated by relations of the form z®y — yQx — [z,y] = 0 for any z,y € g. The
associative unital algebra

U(g) :==T(9)/T

with a Lie algebra morphism i : g — U(g) is called universal enveloping algebra of
the Lie algebra g.

The universal enveloping algebra of g can be endowed with the structure of a Hopf
algebra by setting and for the unit

Al = 1®1
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and for ¢,g1...9m € @

Algr - gm) = G1---gm®L+1Qg1 ... gm

m—1
+ Z Z 9o(1) - - - 9o () DG (141) - - - Go(m)
=1

S(g1---gm) = (—1)mg;---gl
e(g) = 0

with o in the coproduct formula running over all (p, m — p)-shuffles of the symmetric
group S,.

Theorem 3.1.4. [Bour/
Let k be a field of characteristic 0, g a Lie algebra over k. Then the Lie algebra of
primitive elements of U(g) is equal to the Lie algebra g

Prim(U(g)) = g.

Proof. Define U"(g) := span,{z"|z € g}. Then one has U(g) = @, ,U"(g), and
the coproduct of U(g) preserves the grading because of

Al@m) =Y (Z) 2" @ g
k=0
for all x € g. For an element u = > \,z™ € U"(g) one has
" /n
Au) = Az zF @ ",
o)

therefore u is primitive if and only if all components of bidegree (k,n — k)
vanish for all 1 < k <n —1,

;)\I<Z)mk Q" F=0.

In particular, applying multiplication to the previous expression yields

(Z) z;)\xx" = 0.

Since k is a field of characteristic 0, the element u must be 0. O
In the commutative case, partial derivatives 0, := % are defined to be derivations

of the algebra k[z',...z"] with action on the variables z*
Oz’ =4,

Partial derivatives form the abelian Lie algebra of translations on k[z!,...z"] with
Lie brackets [0,,0,] = 0 for all 4, v € {1,...n}. The universal enveloping algebra of
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the Lie algebra of partial derivatives is a Hopf algebra. The vector space k[z!,...z"]
is a module over the universal enveloping algebra of the Lie algebra of derivatives.

For the Lie algebra so(n) of rotations we choose generators M*” that are anti-
symmetric M* = —M"" with Lie brackets

[M,U,l/7 MO’T] —  SHO VT 4 SYT MM — SET MIYT — §VO MHT

In physical terminology so(n) is the complexification of the Lorentz algebra. The
semidirect sum of the Lie algebra of partial derivatives and the Lie algebra of rota-
tions is again a Lie algebra, the so-called Poincaré algebra p. Its Lie brackets are
given by

(M",0,] = 6", — 6D, .

The universal enveloping algebras of the algebra of rotations and of the Poincaré
algebra are Hopf algebras. The affine space k[z!,...z"] is a module over the univer-
sal enveloping algebra of the algebra of rotations and a module over the universal
enveloping algebra of the Poincaré algebra via the action of rotations and partial
derivatives on k[z!,...z"]

M*x® = oM x” — 6"zt Oz =4,

3.2 The deformed partial derivatives

Also in the quantum case, partial derivatives should be algebra endomorphisms
Oy + kolzh,...2"] — ko[Z',...2"] (respectively 0, : ki[&',...2"] — ki[&',...2"]).
Additionally, we demand that the following conditions hold:

1. the action on variables z* is a deformation of the action of ordinary partial
derivatives in the following sense:
limg_,o 0, (2") = oy, for the f-space and

lim,_.o éu(i”) = d,, for the s-space,

2. partial derivatives éu form an abelian Lie algebra isomorphic to the classi-
cal one, that is [0,,0,]=0. This fixes the algebra structure on the deformed
universal enveloping algebra of kg[2!,...2"] (respectively k.[Z!,...2"]).

3. the coalgebra structure of the deformed universal enveloping algebra of
kolZ',...2"] (respectively k[#',...2"]) is deformed, such that the Hopf al-
gebra axioms hold,

4. the quantum space kg[2!,...2"] (respectively k,[Z,...2"]) is a module over
the deformed universal enveloping algebra of the Lie algebra of partial deriva-
tives 0,,.

As we shall see in the following, the partial derivatives for the k-space are not deriva-
tions, since their coproduct is deformed. Hence, partial derivatives are not uniquely
determined by conditions 1-4. Additionally, the deformed universal enveloping al-
gebra of the Lie algebra of partial derivatives @ is not necessarily isomorphic as a
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Hopf algebra to the universal enveloping algebra of the Lie algebra of classical partial
derivatives, although the corresponding Lie algebras are isomorphic by definition.

We define a grading in the algebra ky[z!,...2"] (respectively k.[Z!,...2"]) by
setting any variable Z* to be of degree 1. In the Lie algebra of derivatives we set
derivatives to be of degree -1. Because of conditions (3.1) and (3.2) the deformation
parameter 0" is of degree 2 and the deformation parameter a is of degree 1. Since
the action of partial derivatives on variables 5# (") is of degree 0 both for the §-space
and for the k-space, it cannot depend on the deformation parameter 6 (respectively
a). Hence, we have an undeformed action of partial derivatives on variables

0u(2") =6,
both for the #-space and for the k-space.
In physical terminology partial derivatives are considered as the generators of
infinitesimal translations, in particular the impulsion operator is defined to be i0,.

Motivated by the commutative case we extend the involution { to the Lie algebra
of partial derivatives by demanding that 18 is invariant. Thus, 8 = —8

Partial derivatives for the 0-space

Theorem 3.2.1.
There exists a unique deformed universal enveloping algebra of the Lie algebra of
partial derivatives on the 0-space satisfying condition 1-4. The unique Hopf algebra
structure is

AD, = 8,1+ 110,

~

€0, = 0 (3.3)
S0 = —0,.
Proof. For the coproduct of partial derivatives we make the following most general

ansatz
AD, = 0,81+ 189, + ¢160"9,0,0,@1 + ¢20"70,0,®0, + c30"°0,0,®0,
87 ,0,0, + cs8°78,20,0, + et 120,0,0,
with coefficients ¢; € C which is compatible with the grading and yields the
classical coproduct when setting § = 0. Higher order terms in 6 are not

admitted in this ansatz because ¢ is an antisymmetric matrix and the partial
derivatives 0, commute.

We apply the ansatz from above to relation (3.1)
é“(ﬁcpa?” — 378" —1077) = 0037 + 0,27 — 67,37 — 6537 =

this does not imply any restriction on the coefficients ¢;. Application on mono-
mials of degree 3 yields

0,(3%(2°27)) = 098°%7 + 602°27 + 672%8° + 2¢40"*6% + 5075
+c5emaﬁ
0,((2°3%)27) = 093°%7 + 00287 + 07327 + c30"°6"7 + 30"

12020175 .
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The condition 9, (2%(2%27)) = 8,((#*2°)27) implies 2c; = ¢35 = 2¢4 = ¢5. We
proceed analogously for monomials of degree 4 and find ¢; = ¢4 = 0. It is easy
to see that monomials of higher degree give no additional conditions.

We insert the previous ansatz into the coassociativity condition (A®id)o A =
(id®A) o A. In the lengthy expression terms up to third order in 6 appear.
Comparing coefficients for example of terms of the form dOR0020 yields that
the coeflicient c¢3 must be zero.

In order to endow the 6-deformed universal enveloping algebra of partial
derivatives with the structure of a Hopf algebra we must define a counit and
an antipode. The counit € must be a morphism of algebras that obeys

(e ®id)(Ad,) = (id ® €)(Ad,) = I, .

A |

We assume that €(1) = 1 as in the commutative case and compute 0, =
€(0,) + 0., hence the unique solution for the counit is

€(d,)=0.
The antipode S must be an antihomomorphism of algebras that obeys
po(S®id)oA=po(id® S)oA=c¢con.

We assume that S(1) = 1 as in the commutative case and compute 0 =
S(0,) + 0,,, therefore, the unique solution for the antipode is

A~

S(9,) = —d,. O

Proposition 3.2.2.
The Hopf algebra of deformed partial derivatives is isomorphic to the Hopf algebra
of partial derivatives on the commutative space k[z', ... z"].

Proof. The map @ — 0, is clearly a Hopf algebra isomorphism. O

Partial derivatives for the x-space

There exists a wide range of solutions for the x-deformed partial derivatives (compare
with our publication [DMT04]). For a distinguished solution we demand additionally
that

5. the coproduct of d,, remains undeformed
6. any additional terms in the coproduct of d; are of the form (ad,)™.

In the following, we derive the simplest solution for a deformed universal enveloping
algebra of the Lie algebra of partial derivatives on the x-space. It is a completion of
the universal enveloping algebra of the Lie algebra of partial derivatives for which
terms of the form exp(ciad,) for ¢ € R exist.
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Theorem 3.2.3.

The simplest solution for a deformed universal enveloping algebra of the Lie algebra
of partial derivatives on the k-space satisfying conditions 1-6 has the following Hopf
algebra structure depending on the parameter b € C

Ad, = 9, ®1+1®0,

AY; = 9; ®exp(iabd,) + exp(ia(b + 1)d,) ® §; (3.4)
e Au) =0
S(0n) = —0n
S(8;) = —0;exp(—ia(2b+1)8,).

Proof. Proceeding as for the #-space, we compute the action of partial derivatives
on monomials in k,[Z!,...2"]. One sees that it is not sufficient to use only
finite sums of partial derivatives in an ansatz for the coproduct. Hence, we
consider the algebra of formal power series in the partial derivatives. In order
to find the simplest solution we make the following ansatz which is compatible
with the grading

AD, = én®1+1®<§

AD, = Zb 8,0 (1ad,)™ + ¢ (iad,) ™ R0

with coefficients b,,,c,, € C. It yields the classical coproduct when setting
a = 0 if and only if by = ¢y = 1.

We apply the ansatz from above to relation (3.2)

~

0;(z"2° — °2" — iaz®) = (¢; — by — 1)iad; =0,

this implies ¢; —b; = 1. As for the f-space we consider the action on monomials.
Application on monomials of degree 3 yields

@) = (2" +iacy)?
(Z"2™M)37) = 6 ("2 + 2lacii™ + 2(1a)3cy) .

The condition 8, (&*(#°%7)) = 8,((2*27)27) implies 2¢, = ¢. We proceed

analogously for monomials of degree 4 and find 6c; = ¢3. By induction one

can show

By considering monomials with 2" on the furthest right one finds b,, = %b{”.
With the notation b := by there exists a one-parameter family of deformed
universal enveloping algebras of partial derivatives with coproduct

Ad, = 0,©1+1®30,
AY; = 3j ® exp(iabén) + exp(ia(b + 1)371) & 5]' .
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Coassociativity can be checked straightforwardly using

Aexp(iabd,) = Z (lii?mA(én)m
- ST () @)
= exp(iabd,) ® exp(iabd,) . (3.5)

It is easy to see that the counit and the antipode are

A~

€d,) =0 S(0,)=-0,  S8(8;) = —0; exp(—ia(2b+1),).
]

Proposition 3.2.4.
The Hopf algebra of deformed partial derivatives for the k-space is not isomorphic
to the Hopf algebra of partial derivatives on the commutative space k[z*,...x"].

Proof. Assume that there exists a Hopf algebra isomorphism ¢ from the Hopf al-
gebra of partial derivatives on the commutative space k[x!,...z"] to the Hopf
algebra of deformed partial derivatives. In particular, it is an algebra mor-
phism ¢(0,,0,) = i(0,)i(0,) and (1) = 1 and obeys

AG(0;)) = i(A0;) = i(9;)R1 + 1®i(D;).

From the coproduct formula (3.4) it is obvious that no element in the k-
deformed universal enveloping algebra can have such a coproduct. 0

3.3 The deformed Poincaré algebra

We want to find a quantum version of the universal enveloping algebra of the
Poincaré algebra p for a given quantum space. Therefore, deformed rotations M
are regarded as endomorphisms of the quantum space kg[z',...2"] (respectively
ke[zt,...2"]). We demand that:

1. the action on variables Z* is a deformation of the action of ordinary rotations
in the following sense:
limg_,o M (i) = 603" — §*P@+ for the f-space and
lim,_.o M’“’(ip) = 0rPzY — §vPz* for the k-space,

2. the deformed universal enveloping algebra forms a Lie algebra with the com-
mutator as a Lie bracket. It shall be a deformation of the classical Poincaré

algebra p
éiﬂ(l)[MW/, MO'T] _ 5MO'MVT + 5V7Mu0' _ 6/1,TMVO’ _ 51/0'M;m'
%
Lim[M*™,d,] = 00, — 6%,
0—0

and respectively for k — 0,
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3. the coalgebra structure is deformed, such that the Hopf algebra axioms hold,

4. the quantum space kg[2',...2"] (respectively k,[Z!,...2"]) is a module over
the deformed universal enveloping algebra of the Lie algebra of rotations.

In the semidirect sum of ky[z!,...2"] (respectively k[#!,...2"]) and the Poincaré
algebra we set the rotations to be of degree 0. Since the action of rotations on
variables M P7(z") is of degree 0, both for the #-space and for the k-space, it can-
not depend on the deformation parameter 6 (respectively k). Hence, we have an
undeformed action of rotations on variables

MW’(@P) — SRRV _ §VP G

both for the #-space and for the k-space.
As for the partial derivatives we extend the involution 1 to the Lie algebra of
rotations by demanding (M**)T = M*.

The 6-Poincaré algebra

We restrict ourselves to the simplest solutions for the deformed universal enveloping
algebra of the Poincaré algebra:

Ha. additional terms are linear in 8** and do not contain rotations.

Theorem 3.3.1.
For the 0-space there exists a unique two-parameter family of deformed universal en-
veloping algebras of the Poincaré algebra satisfying conditions 1-5a with Lie brackets

of the form
01,8, = 36, - 59,
NI# N7 = G 4 5N — N 5N (36)
(1= 20,) (80,0, — 00,0, — 0,0, + 00,0,
—idg (0HP6Y7 — G7PGH7 — GH757P 4 077 61P) DD

with parameters A, Ay € R.

Proof. The most general ansatz for the Lie brackets compatible with the grading
is of the form

(MM MP°] = §HPMYT 4 67 M — 617 NP — 67 NH°
+e1(6#°8,0, — 0"°8,0, + 0°0,0, — 6"°9,0,)
Feg(BHP5VT — GUPEHT 4 GO — 917 §VP)D, D),
+e3 (04967 0,0, — 0167000y + 076000, — V2617 D,0,
+0P2517 900, — 07677 00D,y 4 076700, — 0761 3,0,)
[MH,8,) = 6", — 840, + d10"9,0,0, + da(6"79, — 6"79,)9,0,
+d3(0"°0, — 67°9,)0,0,



CHAPTER 3. CONSTRUCTION OF QUANTUM SYMMETRIES 99

with coefficients e;, d; € C. For the Jacobi identity for partial derivatives and
rotations

0 = [[M"™,M*),8)] + [[M*, ], M) + [[By, M*™], M)

to be satisfied, the coefficients d;, ds, d3 must vanish. Thus, the Lie brackets
with the partial derivatives are undeformed

N0, )] = 508, — 608,
A lengthy, but straightforward calculation for the Jacobi identity for rotations
0 = [[M*, M%), M%) + [[MP7, M%), M*] + [[M°F, 1], M*]
yields the unique set of solutions labelled by the parameters Ai, Ao
R0 R 0 N T T v
i (1= 2x) (00,0, — 00,0, — /78,9, + 06,0,
—idg (0HPOV7 — G7PGHT — GH757P 4 077 61P) DD .
O

The solution (A\; = %, Ao = 0) gives the classical relations for the Lie algebra of rota-
tions, but with deformed coproduct for the #-deformed universal enveloping algebra
- as we shall see later. This result was also obtained by alternative considerations
[CKNTO04].

For the #-space the action of rotations on the variables z* cannot be deformed
because M* has grading 0.

Theorem 3.3.2.
For the 0-space the two-parameter family of deformed universal enveloping algebras
of the Poincaré algebra given in the previous theorem is a Hopf algebra with coproduct
A@M - 8M®1 + 1®8/,L
AM™ = M* @1+ 1@ M —i(1—X)ds® (0““8} — «9”"‘8})
iy (020, — 0°00,) © B+ 2006, 0 0,

unique counit and antipode

~

e(M*™) =0
S(MHY) = —MM —i(1 — 2X,) (64D, — 6"90,,) D0 + 2iXa0" DeD, .
Proof. For the coproduct of rotations we make the following ansatz
AN = N0 @14+ 18 5% 1 by (6079, — 6°00,)0, 1
by (040D, — 6PD),) ® D), + b3d, (67D, — 670,
+by12(6#°8,0, — 6°9,8,,) + bs6"9,0,21
+b60",®0, + b0" 12,0,
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with coefficients b; € C. In the limit & — 0 we obtain the classical coprod-
uct. Higher order terms in # are not admitted in this ansatz because 6 is an
antisymmetric matrix and the partial derivatives 0, commute.

Applying the ansatz from above to (3.1) yields
N[5, 3% — 10°F]) = (by — by — 1)(0"051 — 6051 4 gvo5H8 — gragvBy £ 0.

Thus by — b3 = i. Application on monomials of degree 3 implies that all other
coefficients except b5 are 0. It is easy to see that monomials of higher degree
give no additional conditions.

By definition the coproduct is an algebra morphism, in particular, in the case
of a universal enveloping algebra of a Lie algebra g the condition

A(fi(x),i(y)]) = [Ai(z), Aiy)]

must hold for any x,y € g. For the #-deformed universal enveloping algebra
of the Poincaré algebra we apply the coproduct on (3.6) and obtain by =
iA\;, b3 = i(A\ — 1), b5 = 2i\y. Thus, the coproducts of the #-deformed
universal enveloping algebra of the Poincaré algebra are restricted to be

Ad, = 9,01+ 119,
AM™ = MM @1+ 1@ M™ —i(1— )0, ® (eﬂaéy - emé#)

+Hidy (eﬂaéy - evaéﬂ) ® Do + 200008, ® B, .

We demanded that the #-deformed universal enveloping algebra of the Poincaré
algebra is a Hopf algebra as in the commutative case. Similarly to the case of
the partial derivatives, it is easy to compute the unique solution for the counit
and the antipode

e(M™) = 0
S(M™) = —NMM —i(1 = 2X1) (0", — 0"*8,)dn + 2iXs0"" 0. .
0

We remark that S* = id for the #-deformed universal enveloping algebras of the
Poincaré algebra.

Similarly to Proposition 3.2.4, one can show that the Hopf algebra of deformed
rotations is not isomorphic to the Hopf algebra of rotations on the commutative
space k[x!,...x"].

In order to endow the algebra ky[Z!,...2"] with the structure of a module over
the Lie algebra of rotations we must find an algebra homomorphism ¢ from the Lie
algebra of rotations into Endy(ke[2?,...2"]). The most general ansatz linear in
and compatible with the grading is of the form

SN™) = 30, — 20, +1f1(0"D, — 6"°,) D +1£20" Dud

with coefficients f1, fo € R and it is easy to compute that ¢ is an algebra homomor-
phism if and only if f; = A\; and fo = As.
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The k-Poincaré algebra

In the following, we denote the generators of the Lie algebra of rotations by M7 and
N := M™ for r,s,0 € {1,...n — 1}. The k-deformed universal enveloping algebra
of the Poincaré algebra is a completion of the universal enveloping algebra of the
Poincaré algebra for which terms of the form exp(ciad,) for ¢ € R exist. We consider
only the simplest k-deformed universal enveloping algebra of the Poincaré algebra
for which

5b. the Lie brackets of rotations are undeformed

[Mrs’ Mtu] _ 5rtMsu + 6squt - 5ruMst o 5StMT1L
IR e s (5.7
NN = o

6. only the mixed Lie brackets [N, 8;] are deformed

[M™,0,] = 0
[M"™,0;] = 6;-65 — 5;&
[Nla én] - aAl

and additional terms including ) appear only up to first order in a
7. only the coproduct of N” is deformed
AM™ = M™®1+1@ M™
and additional terms include d, and M linearly.

Proposition 3.3.3.
There exist two unique one-parameter families of Lie algebras satisfying conditions
2 and 5b and 6. The mized Lie brackets are

~

— exp(ia(2e — f)0,)
ia(2e — f)

PPN 1 A A A A
[Nl, 83] = 5; -+ 5§ia€8k8k + iaf@lc?j

withe =0 ore = —%f and parameter f € R.

Proof. We make the following ansatz which is compatible with the grading and
obeys condition 2

[NZ, 5]] = —5;-571 Z dm(iaén)m + 5;iae(§k(§k + iaféléj
m=0

with parameters dy,, e, f € R and dp = 1. It is easy to see that the Jacobi
identity for N', 9;, 9,,, for N', 9;, 9; and for M"*, N, 9; is satisfied for any choice
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of dp,,e, f. o o
We compute the brackets [N',9;0;] and [N, 9;0;]
IN',9;0;] = =200, dyn(iady)™ + 2iale + f)0kO0, (3.8)
m=0
INY0,0;) = —(850;+ 610,)0n > _ dm(iad,)™ + (640; + 6.0;)iaedy Ok
m=0
+21af5 5’ d; .
By induction one shows
(NS (@)™ = mdy (D)™ (3.9)
and hence
[N, exp(iad,)] = iad, exp(iad,) (3.10)

We insert the ansatz into the Jacobi identity for N ¢ N 7 d,
[[Niv]vj]vél] - [[NivélLNj] + [[Njaél]vNi] =0
and compute using the formulae (3.8), (3.9), (3.9) and (3.10)

!

0 = [MJ , é,} . [—5;’5" 3" duliadn)™ + Sfiacdidy + iafd;, NJ’]
m=0

—(5ljén Z dm(iaén)m + (5ljiaeék3k + iaféléj, NZ]

= 6j0; — 6]0; — (8!0; — 059,) Y dy(ia)™ (m + 1)

ok

0

~

+(5§<§j — 5§5i)iae( 20, d,, (iaén)m + 2ia(e + f)ékék)

Mgimgs

Haf(—(80; — 610;)0, Y dm(ia0,)™ + (850; — 610;)iaedy0y) -

=0

3

We consider separately terms including 5;81 and 610,

= 1- Z d (ia)™(m 4 1)0™ + (f — 2e) Z Ao (iady )™
— m=0
+(ia)e(2e + f)0k0) -
Thus, e—Oore———fandforanym>0
f—2e (f - 2¢)"
dpy = A1 = ——dy.
m+1 Yo mer )



CHAPTER 3. CONSTRUCTION OF QUANTUM SYMMETRIES 59
Inserting the solution for d,, into the ansatz yields
“1A 1 — exp(ia(f — 2€)d,) A A . anA
N, 9;] =6 otiaedy0 0,0; .
[N, 0;] = 6; a(f — 2¢) + 0;1ae0x Ok + ia f0,0;
withe=0or e = —%f
O

Theorem 3.3.4.

There are exactly two k-deformed universal enveloping algebra of the Poincaré alge-

bra obeying conditions 1-7. The first one is a Hopf algebra with coproduct

AM’I‘S _ Mrs®1+1®Mrs
AN' = N'®1+exp(iad,) ® N —iad; @ MY
Ad, = 0,21+1®0,
Ad; = 0;®1+ exp(iad,) ® 3j )
counit

e(M™)=0 eN)Y=0 €d,)=0,

and antipode

~

S(N™) = — NI

S(NY) = —Nlexp(—iad,) — iaM¥d, exp(—iad,) — ia(n — 1), exp(—iad,)
S, = —d,

S(0;) = —0;exp(~iady),

the second one is a Hopf algebra with coproduct

AM™ = M™®1+1® M'™
AN! = Nl®exp(—iaén)+1®Nl+iaMlj®éj

Ad, = 0,1+1®90,
Aaj = éj & exp(—iaén) +1® éj

counit

and antipode

S(MTS) — _M?"S
S(NY = —Nlexp(iad,) + iaM™d, exp(iad,)
S(@n) = —0n
S(0;) = —0;exp(iad,).

(3.11)

~
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The mized Lie brackets of the first solution are

— exp(2iad,)
21a

N 1 a5 2 . Az
[Nl, 8]] = (5; — 6j§6k8k + 1a818j y

for the second solution the mixed Lie brackets are given by

1 — exp(—2iad,)
2ia

[N ;] = 6 + 5§§5kék —iadd; .

Proof. For the coproduct of N! we make the most general ansatz

AN' = N'g Z o (iad,)™ + Z B (iad,)™ @ N
m=0 m=0

Hianyd; @ MY Z em(iady,)™ + iaC MY Z m(100,)™ ® 0;
m=0 m=0

with coefficients oy, B, Vs €m, ¢, Mm € R and 19 = ¢g = By = ap = 1. In the
limit @ — 0 we obtain the classical coproduct. Applying this ansatz to (3.2)
yields

Nl([i'n,i'z] - l(li’l) = ia(ﬂl —aq — 1)512£n ; 0
NY [ 47]) = ia(C —v — 1)(6"47 — 694" = 0.

Thus 6, = a; +1 and { = v+ 1. Application on monomials of degree 3 yields

NY((z"z™)zY) = 243" +iacy)3' + (8" +iaB)2's!
—6H(&"2" 4 2ap12™ + 2(ia)*Bs)
N'(z"(@"2Y) = 2Y(@" +iacn)’ 4 (2" +iaf) (213 — 6(a"™ +iaBy)i™) .

The condition N'(&"(2"2%)) = N'((2"2")&") implies 23, = (2. We proceed
analogously for monomials of degree 4 and find 633 = (3. By induction one
can show

1
m/!
Similarly one finds «,,, = %a{” by considering monomials of type 22" ... %"

The condition N*(#"(#74")) = N'((#"27)&") implies ap = b and 1, = (b + 1).
Monomials of higher degree yield

1 m
Similarly one finds €,, = —b™ by considering monomials of type #/27&" ... 2".

Thus, the coproduct of N'! reads

AN' = N!'® exp(iabd,) + exp(ia(b + 1)d,) @ N' + iayd; © MY exp(iabd,)
Fia(y + 1) MY exp(ia(b + 1)d,) ® 0; .
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Coassociativity can be checked straightforwardly.
For the coproduct to respect the Lie algebra structure of the deformed Poincaré
algebra we must have
AT, 117°)) = [AXI AN
A([M™,0,]) = [AM"™,AD,)].
We compute
[AN', Ad)] = [(N'® exp(iabd,) + exp(ia(b+ 1)d,) @ N'),d; @ exp(iabd,)]
+[N' @ exp(iabd, ), exp(ia(b + 1)8,) ® ;)]
+exp(ia(b + 1)0,) ® N, exp(ia(b + 1)0,) ® ;)]
—1—[1&70 ® exp(iabd,) MY, d; @ exp(iabd, )]
+[iavd; ® exp(iabd,) MY exp(ia(b + 1)d,) @ 8;)]
lia(y + 1) exp(ia(b + )a VMY © 0;,0; @ exp(iabdy,)]
lia(y + 1) exp(ia(b 4 1)8,) MY ® 8;, exp(ia(b + 1)d,) ® 8.

+

+
Using the formulae (3.8), (3.9), (3.9) and (3.10) the previous expression reads

LAl , 1 —exp(ia(f — 2)d,)
[AN',AQ;] = (5i (7~ 20)

+(04iaedy,dy + iafd,0;)® exp(2iabd,)

+ia(b + 1)d exp(ia(b + 1)8,) ® 8; exp(iabd,)
+iabd; exp(ia(b + 1)d,) ® &) exp(iabd;)

1 —exp(ia(f — 26)((5”))

) ® exp(2iabd, )

ia(f — 2e)

+ exp(2ia(b + 1)d,)®(8iaedydy + iafd0;)

+iand; exp(ia(b 4+ 1)d,) ® exp(iabd,)(6"0; — 67'9;)

Hia(y 4 1) exp(ia(b + 1)8,) (6%8; — 67°8;) ® ; exp(iabd,) .

+ exp(2ia(b 4+ 1)9,)® <5§

Comparing with

@1 — exp(ia(f — 2€)8,)® exp(ia(f — 2¢)d,)

ia(f — 2e)
+0liae(9p0,® exp(2iabd, ) + exp(2ia(b+ 1)
+20), exp(ia(b + 1)d,) @y exp(iabd,) + iaf
+iafO, exp(ia(b + 1)0,)®d; exp(iabd,)
+iaf0; exp(ia(b + 1)0,)®d, exp(iabd,))
Fiaf exp(2ia(b+ 1)d,)®0,0;

0,0

1)0,)@
8,0,® exp(2iabd, )

implies 2e =2y + 1 and f = b — 7 and

181 — exp(ia(f — 2€)8,) = (1 —exp(ia(f — %e)én))@) exp(2iabd,) )
+exp(2ia(b+ 1)0,)®(1 — exp(ia(f — 2€)0,)) .
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This last condition holds only if b = 0 and f —2e = 2 or if b = —1 and
f —2e = —2. Recall that e = 0 or 2e = —f. Hence, there are four possible
solutions:

1. b=0 f=1 e=—3
2. b=—1 f=-1 e=1
3.6=0 f= e=0
4. b= -1 =-2 e=0

The conditions 2¢ = 2y + 1 and f = b — 7 hold only for solution 1 (where
v = —1) and solution 2 (where v = 0). Thus, there are two k-deformed
universal enveloping algebra of the Poincaré algebra obeying conditions 1-7:
one with coproducts

AN' = N'®1+exp(iad,) ® N' —iad; @ MY
Aéj = éj ®1+ exp(iaén) ® éj
and Lie algebra structure

1 — exp(2iad,)
2ia

PPN 1a » » L oaa
[Nl’ 8J] = 5; — 5§§6k8k + 1a818j

and one with coproducts
AN' = N'®exp(—iad,) +1® N +iaMV ® §;
A('}j = (% ® exp(—iad,) + 1 ® éj

and Lie algebra structure

— exp(—2iad,)

PN 1 1a ~ ~ A A
[N, ;] = o + 5§§akak —iadd; .

2ia
Since the coproduct of M™ is undeformed, its antipode and its counit are as
in the commutative case

E(Mrs) -0 S(Mrs) _ _Mrs

The counit of N for solution 1 can quickly computed to be e(N') = 0. The
antipode must obey (1.13)

S(NY) + exp(—iad,) N* + iad, exp(—iad,)M* = 0.
We write the derivatives on the right side of the rotations
S(NY = —N'exp(—iad,) — iad, exp(—iad,) — iaM™ ), exp(—iad,)
+ia(6%dy, — 6*%d)) exp(—iad,)
— —Nlexp(—iad,) — iaM"* ), exp(—iad,) — ia(n — 1)0; exp(—iad,) .
Similarly we find the counit and the antipode for solution 2 to be

e(NY) =0 S(NY) = —N'exp(iad,) + iaM* ), exp(iad,) .
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Similarly to Proposition 3.2.4, one can show that the Hopf algebra of deformed
rotations is not isomorphic to the Hopf algebra of rotations on the commutative
space k[x!,...x"].

In the following sections we work with the first solution of Theorem 3.3.4.

3.4 Invariants of the deformed Poincaré algebra

In order to prepare future works on field theories on the - and the x-space we first
consider central elements and space invariants of the deformed Poincaré algebra. We
compute a deformed space invariant, a deformed Laplace operator and a deformed
Pauli-Lubanski vector. Additionally, we introduce new partial derivatives, the Dirac
derivatives, by demanding that they transform linearly under rotations.

Space Invariants

By space invariant we refer to the lowest order polynomial I in the variables 7
invariant under rotations which is equal to x*z* when setting the deformation
parameter to zero. Since the coproduct of M is deformed for the - and for the
k-space, we expect that the space invariant depends on the deformation parameter.

For the f-space the action of M™ on I = #P* is
M“"(fﬁp:i:p) = 0"(2Xan + 4N\ — 2),

where n denotes the dimension of spacetime. Hence, a space invariant of degree
2 appears only if one considers the 6-deformed universal enveloping algebra of the
Poincaré algebra with A\; = (1 —n);). The next possible invariant will be of degree
4, therefore of the form 6??z°z?. This is indeed an invariant for any choice of the
parameters Ai, Ay

M™(073°57) = GM73Y57 — 077 FHE7 + 9PHEPEY — 07l = 0.

For the x-space a familiar result [MaRu94] is that the lowest order polynomial in
the variables Z* invariant under rotations is not z#z*, but

A

I, = #"&" —ia(n — 1)3"

This is the lowest order invariant in the variables z*.

Laplace operator

The Laplace operator [] is defined to be the lowest order invariant under rotations
built out of partial derivatives. Since for the f-space the Lie brackets of partial
derivatives are undeformed, the Laplace operator 0=20 0” is the one of the com-
mutative case.
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For the k-space the Laplace operator is known [LNRT91]| to be of the form

~

B = 60, exp(—iad,) + %(1 — cos(ady)), (3.12)

all operators G(a2J)(] are invariants as well.

Dirac derivatives

Going beyond the conditions on partial derivatives from the last section, we will
demand that the Lie brackets of the Poincaré algebra should remain undeformed.
Therefore, we define other partial derivatives which we will call Dirac derivatives?
by demanding that they transform linearly under rotations

[M*°,D,) = 62Dy — 6°D,,. (3.13)

In the #-space these conditions hold for the partial derivatives éu-

For the k-space we drop the linearity condition (condition 5 in subsection 3.2) on
partial derivatives and admit terms depending on a20,,0y,. Again we consider only
the simplest solution for the Dirac derivative.

Theorem 3.4.1.
The simplest Dirac derivative transforming under rotations as demanded in (3.13)
s of the form

~ 1 ~ 10 ~ » ~
D, = " sin(ad,) + g@;ﬁk exp(—iad,)
D; = 8;exp(—iad,). (3.14)

The Dirac derivatives form an abelian Lie algebra. The k-deformed universal en-
veloping algebra of Dirac derivatives is a Hopf algebra with unique coproduct

n

. . . — iaﬁn+\/1—a2ﬁuﬁu .
AD, = Dy (—iaD,+/1-a2D,D,) + ®D

1-— CLQﬁkbk

R iaDn +4/1— a2f)ﬂf?ﬂ )
® D (3.15)

+10,Dl ~ =~
1-— a2Dka

unique counit

eD,) = 0
ED]'

2In future work we will study the Dirac equation for the x-space in the sense of [NST93].
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and unique antipode

R R o iaDn—i—\/l—a?D“Du
S(Dn) = —Dn + iCLDlDl

1-— a2Dka
. R iaﬁn +14/1— aQﬁuDu
S(D;) = —D, — . (3.16)
’ ! 1-— 0,2Dka

Proof. We insert the simplest ansatz for the Dirac derivative

Dn = 511 + Z(bmékék + Cm)(aén)m

A

Di = 0, dm(ad,)"

with coefficients b,,,cn,d,, € C and by = 0,dy = 1 in the transformation
law under rotations (3.13). It is easy to see that the condition [M™,D,| =

5;155 — 5Zb’“ holds for any choice of the coefficients. For [N ¢ Dn] we compute
using (3.8) and (3.9)

A ~

[N Dy = 8+ bulN', 830k (adn)™ + Y (bmOOk + ) [N, (aD,)™]

_ 5

+

(1 — exp(2iad,)

1a

+ iaéjéj) él Z bm(aén)m

+ Y (bn0kBy + e )amd;(ady)™

1 — exp(2iady) 5 ) )i(ad
eXP( 1aan) 8Z Z bm(aan)m + Z Cmamﬁi(aan)mﬂ
m m=1

1a

+Y  (bgr (m + 1) + iby,)ady 9 0i (ad,)™

Therefore, b1 = b, and by induction we obtain b,, = %(—i)m and

I
m+1

D; = 0, exp(—iad,). Next we calculate

1 — exp(2iad,)

RS l . A llax A A . A
[N, D;] = §; o exp(—iad,) — 5j§8k8k exp(—iad,)
1 ~ a4 5 A ~

= 4} sin(ad,) - 5%(9@ exp(—iad,),

hence D, = %sin(aén) + %‘lékék exp(—iad,). Note that the term D, g(a?0))
also obeys transformation law (3.13).

The coproduct of the Dirac derivative can be computed as for the partial
derivatives 0, in Section 3.2 by applying D, on monomials and demanding
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coassociativity. We omit this tedious, but straightforward calculation (for
details see our work [DMT04] and [Moe04]). Alternatively one can derive the
coproduct of the Dirac derivative by applying A to (3.14).

A

It is easy to see that the unique counit of the Dirac derivative is e(D,) = 0;
the unique result for the antipode follows from the Hopf algebra axioms. [J

Additionally, we find SZ(DM) = Du. The k-deformed universal enveloping algebra
of the Poincaré algebra with the Dirac derivatives is undeformed in the algebra
sector (cf. (3.7) and (3.13)) and deformed in the coalgebra sector (cf. (3.11) and
(3.15)).

The square of the Dirac derivative can easily be calculated to be D#ZA)H = ﬂ(l —

“ZQ[j) We could rescale the Dirac derivative ZA)L = \/—IZ_DT”—G, such that lA)LlA)L =0
by choosing factors f(a?(]) and g(a*0)) in relations (3.12) and (3.14) appropriately.
However, we do not follow this reasoning in the following.

Using relations (3.15) and (3.16), the identities

2
exp(—iad,) = —iaD,+1/1—a2D,D, =1—iaD, — %D
. iaD, + y/1— QQDMIA)”
exp(iad,) = (3.17)

1-— (I2Djbj

and the fact that the coproduct is an algebra morphism (in particular A(ﬁuﬁu) =
A(D,)A(D,)) we compute the coproduct, the counit and the antipode of the Laplace
operator to be

A

A = 0O®exp(—iad,) + exp(iad,)® + 2D; exp(iad, )®D;
2 . A . A
—1—5(1 — exp(iad,))®(1 — exp(—iad,))

e@ =0
-

Pauli-Lubanski vector

The Pauli-Lubanski vector W? is defined to be built out of partial derivatives and
rotations and to transform as a classical vector under the action of rotations MH*",
such that its square is invariant under these operations. In the commutative case,
the Pauli-Lubanski vector is of the form e**?9, M*°.

Since for the -space the Lie brackets [M*”, M*”] of rotations are deformed, the 6-
Pauli-Lubanski vector must include additional terms depending on the deformation
parameter #. We make the simplest ansatz linear in # and compatible with the
grading in which additional terms do not contain rotations

W = @m0 d NI 4 00,05,
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and quickly compute f = i)y. Thus, we obtain a one-parameter family of
f-deformed Pauli-Lubanski vectors W?*.

Since for the k-space the Lie algebra of rotations is isomorphic to the classical Lie
algebra so(n), the Pauli-Lubanski vector is undeformed.

3.5 x-products for the k-space

The framework of deformation quantization [BFFLS78, Kon03] allows to associate
an algebra of functions on a commutative space to the algebra of functions on a
noncommutative space. We give here the basic definitions. For more details see for
example the reviews [DMZ07, Ster98].

Definition 3.5.1.
A formal deformation of an associative k-algebra A is given by a family of k-bilinear
maps {p; : AQA — Ali € N} satisfying

e Lo(a,b) =ab for any a,b € A

e forall a,b,c € A and each | >1

Z pi(pi(a,b), c) = Z pia, pj(b, c)) -

i+j=l, ,j>0 i+j=l, 1,j=>0
For a Poisson algebra A with bracket {-,-} one demands additionally

{av b} =M (av b) - ,ul(ba a’)

for all a,b € A. Thus, we have a new associative product, the so-called *-product,
for the associative k-algebra A

a*xb=ab+ Zti,ui(a,b),
i>1

where t is a formal variable.

We want to describe the k-space via a formal deformation: first we define a Poisson
structure on k[z',...z"] by setting

{f(@).9(2)} = C{"20,.f (2)Dug(x),

where CY = iad#0¥ — iad0y with a € R are the structure constants of the Lie
algebra we consider. Second we fix an order relation for monomials in k,[Z!,...2"],
for example the symmetric order % de s, To(1) - - - Lo(m). Third we deform the Pois-
son algebra k[z!,...z"], such that there exists an algebra homomorphism from the
algebra k,[2', ... 2"] to the deformation of k[z?, ... x"] which maps #* to z* and mul-
tiplication in k[#',...2"] to the »-multiplication in the deformation of k[z',... 2"

THE" =t .
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In order to be well-defined the *-product for the s-space must obey the two condi-
tions

[zt s 2l i=at w2 —ai %2t = 0

[2" * 2l = 2" x 2! — 2l x 2" = iaa?.
Obviously the x-product depends on the deformation parameter a and on the order-

A

ing for monomials in k,[#!,...2"].

Different x-products

A x-product allows a presentation of the generators 15“ and M*" of the k-Poincaré
algebra in terms of differential operators of ordinary, commuting partial derivatives
and variables z#. The description by means of x-products is particularly suitable,
since it allows an expansion order by order in the deformation parameter.

The x-product replaces the point-wise product of commutative space. For a given
algebra, there are generically several non isomorphic x-products.

Many interesting x-products simply reproduce different ordering prescriptions im-
posed on the noncommutative space. For example for the k-space the order of the
non commuting variables 2" and #’ in a monomial has to be specified. After multi-
plying two polynomials in k,[Z!,...2"], the product has to be reordered according
to the chosen prescription. The x-products of interest here perform this reordering
for commuting variables x*.

In the case of k-deformed space with only one noncommuting variable 2", three
ordering prescriptions can be chosen in a generic way: all factors of 2" to the furthest
left, all factors of 2" to the furthest right or complete symmetrisation of all variables.
We are especially interested in the symmetric x-product xg because of its hermiticity

(fxs9)' = g" %5 fT,
where f1 denotes the hermitian conjugate of f € k.[#!,...2"].
The associative symmetric x-product for the s-space is given by [KLMO0O]
Oyn + On 1 — exp(—iadyn)
Oyn 1 — exp(—ia(Oyn + 0,n))
Oyn + Oyn 1 — exp(—iad,n)
Om 1 —exp(—ia(Oyn + 0yn))

exp(—iad,n)

Z—T

f(@)xs g(z) = limexp («rjayj

+270,

—298,; — :cjézj> fy)g(z).

The normal ordered x-products can be derived via a Weyl quantisation procedure
[MSSWO00]

f(x)xpg(xr) = lim exp (mjaiyj(exp(—iaﬁzn) — 1)) f(y)g(z)

f(z)*pg(x) = %11}1:16 exp (azj%(exp(iaayn) - 1)) fy)g(z). (3.18)

The x-product x;, reproduces an ordering for which all 2™ stand on the left hand
side in any monomial; xg reproduces the opposite ordering prescription.
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Partial derivatives and rotations in the x-formalism

The algebra k,[z!, ... 2"] with a x-product as multiplication can be endowed with the
structure of a module over the x-Poincaré algebra p,; we denote for any generator

G of p,

P — End(k,{[xl,...x"])
G — G”.

The module structure can be derived in a perturbation expansion on symmetrized
monomials multiplied with the x-product. Alternatively one can use the expressions
z# % f(x). For details of this lengthy calculation see our work [DMT04]. We present
the results for the symmetric x-product:

o = 8,
xs _ A exp(iad,) — 1
0;° =0, (—iaan ) (3.19)
M*s™ = 2°0, — 2”0,
Nl = lg — 2, + xlﬁuﬁueXp(laan) -1 0,0, exp(iad,) — 1 — ia0, .

20,

ia0?

Similarly one can compute x-analoga of the Dirac derivatives and the Laplace oper-
ator

1 . 1
D = . sin(ad,) — makak(cos(aan) —1)

exp(—iad,) — 1

Dy =9 —ia0,
. 2(1 — cos(ady,))
O = 0,0, oy (,() :

Similar descriptions can be derived for the normal ordered *-products; they will
differ from (3.19). For the left ordered *-product (x1) we obtain

9;* = 0jexp(iad,)

orr = 0,
Dyt = 0
1 . ia .
Dt = - sin(a0,) + Eakak exp(iad,)
1 .
Nl = xla sin(ad,) — "0, exp(iad,) + gxlakak exp(iady,)
M*LTS  — xsar o xras
2
O = ——(cos(ad,) — 1) + Ox0k exp(iad,) .

a?
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The result for the right ordered x-product (xg) is

0;R - 8j
or = 0,
D" = 0jexp(—iad,)
] :
Dir = o sin(ad,) + g@;ﬁk exp(—iad,,)
. :
N*rl = xl%(exp(Ziaan) —1) — 2"0, — iax*0,0; + gxlakak
M*R™ = 2°0, — "0,
2 .
" = —g(cos(aan) — 1) + 0Oy exp(—iad,) .

3.6 Vector fields for the k-space

The aim of future work is to define field theories. Vector fields are a necessary
ingredient for the definition of field theories and in particular gauge theories. For
simplicity we consider global vector fields that have the same transformation prop-
erties as partial derivatives under rotations. The central assumption is that the
transformation behaviour of vector fields is such that the vector fields appear lin-
early on the right hand side of the Lie brackets with the generators of rotations.

Linearly transforming vector fields

We define vector fields IA/}L associated to the Dirac derivative by demanding that they
transform vector-like under rotations. As in (3.13) we denote the action of rotations
on vector fields by [,] and write

(M7, V] = 68V, — 85V, (3.20)

The square V#VM of the vector field IA/# corresponding to the Dirac derivative is an
invariant under rotations.

~

Vector fields related to the derivatives 8u

It is more difficult to find vector fields with transformation properties analogous
to the partial derivatives 8;. Although we have argued that the partial derivatives
5# are in a sense irrelevant for the geometric construction of x-deformed space,
they play an important role for making contact with the commutative regime. Since
Ox = 0, for all three x-products, the partial derivatives é“ provide information on the
connection between the algebra k,[#',...2"] and its description by the %-product.

Therefore, we now investigate vector fields flu analogous to éu: we demand that
the transformation law of flu under rotations coincides with (3.8) when /1” is substi-
tuted with @. We make the choice that partial derivatives are always to the left of
the vector field /Al# in nonlinear expressions such as the vector field analog of (3.8).
We do not evaluate partial derivatives on flu and assume that vector fields appear
only linearly in the transformation law.
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Theorem 3.6.1.

The vector fields /Alu transform under rotations as®

M, A, = 0
[M™,A;] = 6TA, —63A,
INLA)] = A (3.21)
N . 1_ 2 A . . A . R A
N A = 4 eXp(Alaa”)An—EéféjAjnLE(@lAﬁr@iAl)
2iad, 2 2
a adp 5 7« A a
_(ﬁ E t (T)(anajAﬂ_aJaJAn)

n

Proof. It is straightforward to compute that the above action is well-defined and
coincides with (3.8) when A, is substituted with 0,,.

To form an invariant out of the vector field /Alu, we have to define a vector field

A, with transformation laws in which the partial derivatives are to the right of the

vector field A,,. Demanding that A,A, is an invariant of the Lie algebra of rotations

[Mpa’ AMAM] =0,

we straightforwardly find the transformation laws for fulu to be

(M7, A) = 1A, — 834,

[M™ A, = 0

N A] = 0+ Ad— e b~ oA,
8 Avtan (U910, L5, + 400 (-~ oot (490)

(N A, = A,exp(ziizg’;) —1_4 2Z3n tan (“2@)3@ (3.22)
+2Aj(8% — 2gn cot (azﬁ))éléj .

Comparing (3.21) and (3.22), we see that fvlu transforms under rotations with the
partial derivatives on the right hand side, but it is not equal to the hermitian con-
jugate AJ of the vector field A,. The transformation for AJ is simply (3.21), with

all /1“ standing to the furthest right in any expression replaced by AJ standing to
the furthest left. The vector field A transforms as in (3.22), with all A, shifted to
the right and replaced by /UIJ.

3This solution is not unique. If the symmetrisation in the third term of [V L /L] is not performed,
the last term of [N!, A;] vanishes.
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The Dirac derivatives can be expressed in terms of the partial derivatives @ as
shown in Theorem 3.4.1. We make a similar statement for the vector fields V,, and

A .

e

Theorem 3.6.2.
There exists an invertible derivative-valued map €,,, such that V, = é,,A,.

Proof. To zeroth order we assume that f/# ’ 0@ = are the same vector field,

H10(a%)
hence éW| O@) = 1. Since the vector fields V,,, A,, correspond to the derivatives
Dméua the map é,, must satisfy ﬁu = émﬁ,,. Therefore, we consider the

following ansatz for €,,

1 A 10 ~ ~ N N 1 A
bn = —sin(ady) + gakak exp(—iady) Pady) + 5-Qs(adn)0;
R 1 . A 10 » A A ! 1 A
Eni = - sin(ad,) + 561' exp(—iad,)(1 — P(ad,)) — é—Qi(aan)

1 4 A A 1 - R
bin = é_ai exp(—iad,)R(ad,) + é—@S(aé?n)

1 A A 1 R

éij = 5”5_ exp(—ia@n)(l — R(a@n)) — 5233—5(01(9”) y

where P, Q);, R, S are functions of ad,. Inserting this ansatz into the transfor-
mation law of V, (3.20) yields the solution

“ 1 . A . A ia i a@n &ﬁk
- = 5 —iad,) (= — — tan (=2) ) =
nn oy sin(ad,) + exp(—iad )( 273 an ( 5 )) 3
~ 1 : A aén A
€nj = — exp(—iad,)tan (7) ;
. oA 1— exp(—iaén) )
ém = | exp(—iad,) — = )T
: ( p( ) iad, On
R 1 —ex —iaén
elj = .p<A )5lj
iao,
in a straightforward way. Using the abbreviation
F(9,) sin(ad,) (1~ exp(~iad,))
— — milia n — X —1a n —
! ia20? P
N )

— %82 tan(%) exp(—iad,) (1 - exp(—iaén)) :
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the inverse of the matrix €,, can easily be computed to be

_, exp(—iad,) — 1

—ia0,

(é_l)nn - F(éu)

- A N— 1 . A ad,  \ =
(e = F(O,)™! <_3_ exp(—laan)tan(T)) 0,

n

exp(—iad,) — 1

(éil)ln = F( u)il ( - exp(—iaén)> él

5%% exp(—iaén) tan(%) (exp(_iaé") B %)

5—1 . — .
o F(B,) (2252 Y

—iadn

—ia0,

A A

—ia0,

exp(—iad,) — 1

5



Chapter 4

Kramers-Wannier dualities in CFT

In this chapter we will answer the question whether Kramers-Wannier dualities can
be deduced from properties of the conformal field theory at the critical point. The
— affirmative — answer uses! an algebraic approach to full (rational) conformal field
theories [FRS02a, FRS02b] that describes correlation functions of these theories in
terms of two pieces of data:

e the chiral data of the conformal field theory, which are encoded in a modular
tensor category C

e a (symmetric special) Frobenius algebra A in the tensor category C.

In the topological field theory (TFT) approach to rational conformal field theory,
types of topological defect lines correspond to isomorphism classes of A-bimodules
[FFRS04, FFRS07]. Given two A-bimodules B; and By, their tensor product By ® 4
Bs is again a bimodule because of the Frobenius properties of A. The bimodule
By ®4 Bs encodes the fusion of topological defects. In the same way that the
modular tensor category C of chiral data gives rise to a fusion ring Ky(C) of chiral
data, the tensor category C44 of A-bimodules gives rise to a fusion ring K(Caa) of
topological defects. Both fusion rings are semisimple. The fusion ring of defects is,
however, not necessarily commutative, since the category of bimodules is typically
not braided.?

The following insight of [FFRS04, FFRS07] is essential for our considerations: the
fusion ring K((Ca4) of topological defects determines Kramers-Wannier dualities of
the full conformal field theory described by the pair (C, A).

We explain the pertinent results of [FFRS04, FFRS07] in more detail: symme-
tries of the full conformal field theory (C, A) correspond to isomorphism classes of
invertible objects in C44. These are objects B satisfying

B®AngA and BV®AB§A7 (4].)

where BY is the bimodule dual to B. The isomorphism classes of the invertible
bimodules form a group, the Picard group Pic(Ca4). This group is not necessarily

1See also [Ruel05] for a different approach.
2For a more detailed discussion of the fusion ring Ko(C44) see e.g. [FRS07].
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commutative: for the three state Potts model, for example, it turns out to be the
symmetric group Ss on three letters, see [FFRS04].
To describe dualities, we need the following

Definition 4.0.3. [FFRS0//

Given a modular tensor category C and a simple symmetric special Frobenius algebra
A in C, a simple A-bimodule B is called a duality bimodule if and only if all simple
subobjects of the tensor product BY ® 4 B are invertible bimodules.

It is easy to see that for any duality bimodule B the isomorphism classes of simple
bimodules By, such that dimc Hom(B)y, BY ® 4 B) > 0 form a subgroup H of the
Picard group Pic(Ca4) and that in this case dimc Hom(B), BY ®4 B) = 1. We call
H the stabilizer of the duality bimodule B.

In the following, we restrict ourselves to the case where the simple symmetric
special Frobenius algebra in C is the tensor unit 1; this situation is usually referred
to as the Cardy case. In the Cardy case, many simplifications occur: the category
of A-bimodules is equivalent to the original category, C44 ~ C; as a consequence,
isomorphism classes of invertible bimodules are simple currents [ScYa90b].

As a special case of the results of [FFRS04, FFRS07], we see that the full
conformal field theory in the Cardy case has Kramers-Wannier dualities if and only
if the underlying modular tensor category has duality classes.

In the following, we study two classes of unitary rational conformal field theories:
(super-)Virasoro minimal models and Wess-Zumino-Witten (WZW) theories. There
is a WZW theory for every reductive finite-dimensional complex Lie algebra; here,
we limit ourselves to simple Lie algebras. Thus, both classes of conformal field
theories come in families that are parameterized by a positive integer, called the
level.

Simple currents in Virasoro minimal models (and thus their symmetries) are well
known; for WZW theories, simple currents have been classified in [Fu91]: with the
exception of the WZW theory based on FEg at level 2, they are in bijection with
the center of the corresponding simple, connected, simply-connected compact Lie
group. It might be surprising at first sight that only the center — rather than at
least the full Lie group — shows up as the symmetry group. One should keep in
mind, however, that the symmetries we discuss are required to preserve all chiral
symmetries, i.e. the complete current algebra. Relaxing this requirement — which
amounts to working with the representation category of a subalgebra of the current
algebra and a nontrivial symmetric special Frobenius algebra in this category — leads
to larger symmetry groups. We will present a classification of Kramers-Wannier
dualities in these models.
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4.1 Model-independent considerations

We start by introducing some notation: we choose a set (Uy)xes of representatives
for the isomorphism classes of simple objects of the modular tensor category C. In
particular, given p € I, we find a unique p", such that U l\f = U,v. The tensor unit
1 of a modular tensor category is simple; we choose the representatives, such that
Uy=1and 0 € I.

The classes [U,] form the distinguished basis of the fusion ring Ky(C). The fusion
coefficients

A, = dime Hom(Uy ®@ U, U,)

are the structure constants of the multiplication on Ky(C).
For simple objects, we introduce the abbreviation for the quantum dimension

D/\ = dlm(U)\) .

Since the quantum dimensions of the modular tensor categories we consider are
the Frobenius-Perron eigenvalues of their fusion matrices, they are real and obey
D, > 1. Equality is achieved precisely for simple currents.

It follows immediately from the properties of the quantum dimension that the
quantum dimension of a duality class [Uf] of C is the square root of an integer

Ds = +/|H|, with |H| the order of the stabilizer H < Pic(C).

In WZW theories the chiral algebra is generated by an untwisted affine Lie algebra
XU of rank r; moreover, one has to fix a positive integral value k of the level. We
denote the corresponding modular tensor category by C[(X,)x], the fundamental
weights by A’ and the dual Coxeter labels by af. The sum of the latter equals
the dual Coxeter number, g¥ = >7_ a’. A labelling of the nodes of the Dynkin
diagram provides a labelling of simple roots and fundamental weights; we use the
conventions of [Kac].

At level k, there are finitely many integrable highest weights A

Ae Pk = {(Ao,Al,...)\T) = XA |\ € Zso, Za;/)\i:k} .

1=0 1=0

Isomorphism classes of simple objects of the modular tensor category C[(X, )] are
in bijection to elements of Pf; in particular, the irreducible highest weight represen-
tation with highest weight kA, is the tensor unit U.

For fixed level k, the zeroth component of a highest weight is redundant. We
therefore work with the finite-dimensional simple Lie algebra X,, called the hor-
izontal subalgebra, and the horizontal part A = >_7_| \;A’ of the weight A\. The
quantum dimension of the simple object U, can be expressed by a deformed version
of Weyl’s dimension formula in terms of a product over a set of positive roots of the
horizontal subalgebra X,

(k) _ LA+ 5, @) ]
Ve (42

a>0
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Here p = .7, A" is the Weyl vector of X, and for given level k € N, the bracket
||, of a rational number z is the real number

2], == sin (k TgV) .

The identity |z|x = |k + ¢ — 2] is immediate.
We recall that the monodromy character of the object U, on the group Pic(C) is
defined to be

([U]) = 2. (4.3)

A criterion for the existence of dualities
We start with the following useful criterion:

Theorem 4.1.1.
Let H < Pic(C) be a subgroup of simple currents. Suppose that there is a simple
object U, with the following two properties:

1. The restriction of the monodromy character x,, of U, to H is nontrivial.

2. The tensor product of U,, with its dual object contains, apart from the tensor
unit, just one more simple object:

U,U0,"=21aU, .

If r a duality class with stabilizer H can only exist if the simple object U, appearing
in the tensor product U, @ U MV 1 a non-trivial simple current.

Proof. Suppose Uy is a duality class; then formula (2.5) gives for any s € I:

Ser
SOIQ

2 . S(;ﬁn Sqﬁvn o SJ,%
B SOH SOH B SO/{ ’

JCH
where H is the stabilizer of U,.

The definition of the monodromy character (4.3) together with standard prop-
erties of characters of finite abelian groups implies

2

JeH

Sipn
SO/{

This expression is nonvanishing if and only if the restriction of the monodromy
character of U, to H is trivial. In this case, it equals the order |H| of the group
H. Thus, S4. = 0 whenever U, is a duality class and U, a simple object whose
monodromy character restricted to H is nontrivial.

The second property of the simple object U, together with (2.5) immediately
gives
Smb

So¢

2
Sy
— 142
So¢
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By the first assumption, U, has nontrivial monodromy character; therefore
S, = 0. As a consequence,

S
Sos

1+ 0. (4.5)
Next, we notice that due to its appearance in the tensor product U, ® U, ;\t/ ,

the object U, has necessarily trivial monodromy character. Therefore, relation
(4.4) yields

2 2

S S )
| —|H| for U, and |=2| = |H| for the tensor unit Up.
Sow Soo
Taking the quotient of the last two relations gives
'S¢V 2 - |2 2 = D2
S0 Soo Y

Equation (4.5) now implies that the left hand side of this equation equals
one; hence v has to be a simple current. l

Since [U,] is a simple current, the simple object [U,] is itself a duality class for the
cyclic stabilizer generated by [U,]|. The simple current [U,] has order two.

The criterion of Theorem 4.1.1 will be applied to the Virasoro minimal models
and to WZW models based on untwisted affine Lie algebras in the A-series.

Monotonicity of quantum dimensions

Let [J] be a simple current and ¢ € I. Due to the relation
J _ A @
PV NJ¢

the simple current J appears in the decomposition of the tensor product U, ® U, (Z , if
and only if [Uy| is a fixed point of [J]. Duality classes are thus, in particular, fixed
points under a subgroup H of the Picard group. A fixed point under a subgroup H
of the Picard group is a duality class with stabilizer H if and only if its quantum
dimension equals /[H].

To obtain constraints on the existence of duality classes, we study the growth of
the quantum dimension of fixed points of subgroups of the Picard group as a func-
tion of the level. The following Lemma (cf. also [Fu92]) stating the monotonicity of
quantum dimensions plays a key role in order to find duality classes for WZW the-
ories based on untwisted affine Lie algebras in the B-, C-, D- series and exceptional
Lie algebras.

Lemma 4.1.2.
Let XV be an untwisted affine Lie algebra. Let (k) be a family of integral highest
weights of X at level k of the form

=1 =1
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i.e. where only the zeroth component of A\(k) depends on the level. Assume that not
all \; vanish. Denote by Dy(k) the quantum dimension of (k) at level k € Zx.
Then the expression of equation (4.2) for Dy(k) defines an analytic function on Rx
which is strictly monotonically increasing.

Proof. Differentiating equation (4.2) with respect to k yields
0

&DAU{) :DA(k) Z(fk((ﬁv d)) _fk’((j‘—'—ﬁ? d{))), (46)
where the function o .
fr(x) = T g cot(k n gV)

is strictly monotonically decreasing as a function of x for all fixed levels k.
Thus, all summands are nonnegative; moreover, (A, @) > 0 for at least one
positive root &. Hence, the expression (4.6) is positive. U

4.2 Dualities for WZW theories

In the sequel we will use the slightly redundant notation Dg\k’r) for the quantum
dimension of the weight A of the algebra (X,); at level k. Simple objects will be
referred to by the horizontal part of their weight; for reasons of simplicity, we will
drop overlines over horizontal weights.

The modular tensor categories based on the Lie algebras Fg for level greater or
equal to three, Fy and G5 do not have non-trivial simple currents [Fu9l]. As a
consequence, no duality classes exist. At level two, Eg has Ising fusion rules and
thus has a duality class with cyclic stabilizer of order two.

We establish the following results:

Theorem 4.2.1.
The only Wess-Zumino-Witten theories (C[(X,)i], 1) with duality classes are
(E7)2, (Eg)g, (Al)g, (Br)l and (Dgr)g with r Z 2.

Since the finite-dimensional complex simple Lie algebras B, and (5 are isomor-
phic, we do not list (Cy); separately. It should be noted that dualities only appear
at low level. We are, unfortunately, not aware of any a priori argument for this
finding. For all cases except (Ds, )2, the stabilizer is cyclic of order two. For most
of the cases, the existence of the dualities does not come as a surprise: the modular
tensor categories for (A;), and (B,); have the same fusion rules as the Ising model.
For (E;), the fusion rules are isomorphic to those of the tricritical Ising model and
hence the category contains a tensor subcategory with Ising fusion rules.
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The affine Lie algebra Eél)

We depict the Dynkin diagram of Eél) with the Coxeter labels:

The Picard groups of the tensor categories based on Eél) are cyclic of order two,

generated by the irreducible highest weight representation with highest weight kAS.
We are thus led to classify fixed points of quantum dimension /2. The action
of a simple current on highest weights corresponds to a symmetry of the Dynkin
diagram; the nodes invariant under the symmetry corresponding to the nontrivial
simple current all have even Coxeter labels. Since fixed points correspond to highest
weights invariant under this symmetry, they — and hence duality classes — only occur
at even level.

According to [GRW96], the second smallest quantum dimension for given level
k > 5 occurs for horizontal weight AS, D/\(k) >D A(Gk). The monotonicity lemma 4.1.2
yields

Dy >D,Y = 10 3.
[1]5
Thus, there are no duality classes for level & > 5.
The simple objects of second lowest quantum dimension at level £ = 2 and at
level k = 4 have been listed in Table 3 of [GRW96]. At level k = 2, one finds A7

which is a fixed point of quantum dimension

@ [2]206]2(8]2
Par = Lt~ V2

and thus a duality class. Indeed, the fusion rules of E§1) at level 2 are isomorphic to
the fusion rules of the tricritical Ising model which is known to exhibit a Kramers-
Wannier duality.

At level 4, according to the same table, the second smallest quantum dimension
is assumed for 2A”. The quantum dimension is larger than V2 (this can be shown
e.g. by using the computer program KAC [Schell]). We conclude that WZW theories
based on the untwisted affine Lie algebra E’él) exhibit a duality class only at level
two.

The affine Lie algebra Eél)

The Dynkin diagram of Eél) with the Coxeter labels is:
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The Picard groups of the tensor categories based on Eél) are cyclic of order three.

Duality objects are therefore precisely the fixed points of quantum dimension v/3.
It follows from the values of the Coxeter labels that they can only occur at levels
divisible by three.

According to [GRW96], for k& > 3, the second smallest quantum dimension occurs
for the weight A, D)\(k) >D A(lk ), By monotonicity in k, we derive a lower bound for
the quantum dimensions of simple objects, provided the level k is not smaller than
three,

o -

and deduce that there are no Kramers-Wannier dualities for WZW theories based
on the untwisted affine Lie algebra Eél)

The series Cﬁl)
We depict the Dynkin diagram of C™" and the Coxeter labels:

1 2 2 2 2 1

The Picard groups of WZW theories based on the untwisted affine Lie algebra c
are cyclic of order two. A duality class must be a fixed point of quantum dimension
V2. Tt follows from the values of the Coxeter labels that the level k& must be even
for odd rank r; for even rank there is no restriction on the level.

The isomorphism of complex simple Lie algebras C{l) = Agl) allows us to assume

that r > 2. Forr > 2and k =1 or k+7 > 6 the second minimal quantum dimension
is given [GRW96] by

(k) _ L5 ]klr + 1%
L5kl 55t )k

Lemma 4.1.2 states D/(\]ﬁ’r) > D/(\11,r) with equality of ¥ = 1 and we compute

D) > pf

an  [1hlsh
Da” = ey, 2 V2

with equality for 7 = 2. Indeed, the tensor category for (C{"); = (BS") has Ising
fusion rules and therefore displays a Kramers-Wannier duality.
For k +r < 6 second minimal quantum dimensions are

pes _ Bl o

1
2 LiJ 2(2]2
DY — B 14 V3> V2
D8P = LR 14 vE> Ve
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As a consequence, the only duality class occurs for WZW theories based on the
untwisted affine Lie algebra C’él) at level 1.

The series Bﬁl)
We depict the Dynkin diagram of BY and the Coxeter labels:

i
2 2 2 1§1

1

Again the Picard group is cyclic of order two so that we are led to classify fixed
points of quantum dimension /2.

Because of the isomorphisms CP) = Agl) and 02(1) = Bél) of finite-dimensional
complex Lie algebras, we restrict ourselves to r > 3. Forr >3 and k >4 or k =2
the second minimal quantum dimension is given [GRW96] by

D(kﬂ") —

_ lr+glel2r— 1)k
A [1)elr = 3)n

and with the monotonicity lemma 4.1.2 we obtain

plkn) o pr) _ 12]21r + 52 _
A A (a7 =3 )2

This excludes duality classes for all levels k£ > 4 and k£ = 2.

At level £ = 1, we find Ising fusion rules and thus the unique duality class A”.
At level k = 3, the second lowest quantum dimension is assumed for the weight 3A"
[GRW96]. For its quantum dimension, we find

2.

r _ [2)s pp [20 =105
D3y’ = LTJSE U_%JS

which is strictly larger than v/2 for all ranks » > 2: we consider the case of even
and odd rank separately; for even rank we find

N3

DB _ [1]s[2]s 11 (20 —1][20 —1]3 [r+1]5

l3)sl3)s i3 (20 —3)s[20— 3]s [rls

with the notation [z]j := cos ( rrev ) this is equal to

ar _ [1]3[2]s
Do = 105 155

Since the arguments of the sine- and cosine-functions are all smaller than /2, all

1—(4[—213 LT—I—ng
(1] —[4l—2]3 [r]s

-

2

. . E s
quotients are bigger than one. Because of 325 < & for any value of 7, one has
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|1]3 > v/3|1];. Therefore, the quantum dimension Dg’{:) is strictly larger than /2
for even rank.
We proceed in an analogous way for odd rank to find

r—1
2

I3 [2]3 1[4l —2]3 73
3l 50s ll_! [1]5 — T4l =215 |7 — 3]s 2 V3.

—_

3,r L
DE(%AT) = L

We conclude that WZW theories based on the untwisted affine Lie algebra BY do
not exhibit dualities for levels k& > 2.

The series D,
We depict the Dynkin diagram of D and the Coxeter labels:

1 1
2 2 2 2 2

1 1

The structure of the Picard group depends on whether the rank is odd or even. For

even rank, it is isomorphic to the Kleinian four group Zs x Z, with generators kA" 1

and kA". Accordingly, we have to consider this group as well as its three cyclic

subgroups of order two as possible stabilizers. For odd rank, the Picard group is

cyclic of order four with kA™~! or kA" as possible generators. The possible stabilizers

are then the full Picard group and the cyclic group of order two generated by kA!.
For r > 4 and k > 3 the second minimal quantum dimension is given by

(k,r) . LTJkL27’ — 2Jk
o= — 1

and a lower bound is by Lemma 4.1.2

2]2[r]s
pln) 5 pan _ _2alrla__ o
At At [1]a]r — 1]

We deduce that for £ > 3 no duality classes for any stabilizer exist: for cyclic
stabilizers of order two this is immediate. Duality objects whose stabilizer is the full
Picard group must be fixed points under all four simple currents. They can only
occur at even levels; but for level equal to four and higher, by the monotonicity
properties of the quantum dimensions, no simple object of quantum dimension two
exists.

The remaining case is level £ = 2. It is convenient to treat D, separately: in this
case, simple objects have quantum dimension equal to one or two. There is a single
duality class with highest weight A% which is a fixed point under the whole Picard
group.

For rank greater or equal to five and level k = 2, there are four simple currents,
four simple objects of quantum dimension strictly bigger than two and all simple
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objects with weights A', A"! + A” and A® with ¢ = 2,...r — 2 have quantum
dimension 2. Among these weights, however, only A’/? for even rank is a fixed point
under the whole Picard group and provides a duality class with the Picard group
Ziy X Zs as the stabilizer.

Thus, WZW theories based on the untwisted affine Lie algebra D exhibit dual-
ities only for even rank at level k = 2.

The series A,
We depict the Dynkin diagram of A and the Coxeter labels:

1

1 1 1 1 1

The Picard group is isomorphic to Z,; for rank r. In order to find dualities for the
A-series the monotonicity argument is not sufficient: for k& > 2 the second minimal
quantum dimension is given [GRW96] by

+ Hk
D(k>r) — |.74
Al [1]%

and with the monotonicity lemma 4.1.2 we obtain

DX‘;»T) > D/(\217T) — —

which does not excludes duality classes for levels k& > 2.

Thus, we must follow a different strategy. We can use Theorem 4.1.1 with U, equal
to the defining (r+1)-dimensional irreducible representation with highest weight A
Monodromy classes of WZW theories are in correspondence with conjugacy classes
of representations. For A, the defining representation is a generator of the group of
conjugacy classes of representations and hence has nontrivial monodromy character.
For the tensor product with the dual simple object we find

AR =A @A =05 (A +A).

The second simple object in the direct sum is an invertible object only for r = 1
and k = 2. Thus, the only duality class appears for (A;), which is known to have
Ising fusion rules.
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4.3 Dualities for (super-)minimal models

Concerning Virasoro minimal models and their superconformal counterparts, we find
the following situation.

Theorem 4.3.1.

(i) Duality classes only exist for the unitary Virasoro minimal models at level
k=1 and k = 2, i.e. for the Ising model and the tricritical Ising model.

(i) Duality classes for an N =1 super-Virasoro unitary minimal model only exist
for odd levels. If they exist, they are unique.

(iii) N = 2 superconformal minimal models have duality classes only for level k = 2.

Our findings agree, for the nonsupersymmetric theories, with the ones of [Ruel05];
our methods, however, are different. Again we find a close relation to Ising fusion
rules: all models with a Kramers-Wannier duality have a realization by a coset
construction involving (Aj)s.

Virasoro minimal models

Nonsupersymmetric Virasoro minimal models can be obtained by the coset con-
struction [GKO86] from the diagonal embedding

(AD)ks1 = (A1)r @ (A1) -

To describe isomorphism classes of simple objects, consider triples ®! * where [ €
{0,...k}, s€{0,1} and ¢t € {0,...k + 1}, subject to the condition

l+s—t=0mod 2.
On such triples, simple objects are equivalence classes of the relation

ls k-l 1-s
P, Nq)k-i—l—t .

The decomposition of the tensor product of simple objects into a direct sum of
simple objects is given by

lmax tmax

1 s1 la s2 ~v l3 s3
T, @2 - @ @ 2

I3=l1—l2] tz=[t1—t2]

with lmax = min(l1 + lQ, 2k — ll — lz) and tmax = min(t1 + tg, 2k +2— tl — tg), and
where the indices are required to fulfill

ll+l2—i—l3:0mod2 and t1+t2+t3:0mod2.

The selection rule [ + s —t = 0 mod 2 fixes the value of s3 in terms of /5 and t5.
The simple currents apart from the isomorphism class of the tensor unit are

.0 ~ ! for k odd

0 1 k0
Qr. ~ Py for k even,
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hence Pic(C) is cyclic of order two. The monodromy characters are products of
monodromy characters for WZW theories based on A;.

The only simple objects that can be used to apply Theorem 4.1.1 are ®} !, ®9*
and @) ! for odd level k and @, ,° for even level k. The tensor product with the
dual object is

Pilepd! = ) dl° for level k& > 2

q)(l)l®®(fl oY @80@q>30

Plpd)! =2 )@ )" for odd level
o '®0,,,° =2 e d}° for even level.

P9 9 is a simple current only for k = 1; this case is indeed the Ising model with
its well-known Kramers-Wannier duality. The primary field ®3 © is a simple current
only for £ = 2. In this case, we recover the known Kramers-Wannier duality of the
tricritical Ising model.

N =1 super-Virasoro minimal models

The N = 1 superconformal minimal models have the following coset description
[GKOB86] based on the diagonal embedding

(A1)ksa = (A1) © (A1)2 -

To describe isomorphism classes of simple objects, consider triples ®!* with [ €
{0,...k}, s€{0,1,2} and t € {0,...k + 2}, subject to the requirement

[+ s —t=0mod 2.

For odd level k, representatives for simple objects are labelled by equivalence classes
of triples under the equivalence relation

ls k-l 2-—s
P, Nq)k+2—t .

For even level, the same holds with the exception that there are two simple ob-
k

jects corresponding to the triple CIDEJr 11. This phenomenon is called “fixed point
2

resolution” in the physics literature (see e.g. [ScYa90a] or [ScYa90b| for a review).
The tensor products with no fixed points involved are given by

Imax Smax tmax

l1 s lg s2 ~v I3 s
o @ = (P % D ol
ls=|li—l2] s3=[s1—s2| t3=[t1—t2]
where the indices are required to obey
li +la+13 = 0mod?2
S1+83+s3 = 0mod?2
t1+1ty+t3 = 0mod 2
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with lpax = min(ly + lo, 2k — I1 — 1), Smax = min(s; + s2,4 — s1 — o) and tyax =
min(t1 + tQ, 2k +4 — tl - tg).
The simple currents are

00 ko2
Dy~ Pryo
02 k0
R
PP L0~ Pk 2 for k even

0 2 k0
Dp,° ~ By for k even,

hence Pic(C) = Z, for odd level k and Pic(C) = Zy x Z, for even level k.

We start with the discussion of dualities with cyclic stabilizer of order two. The
duality classes have to be fixed points of quantum dimension /2 under the action
of a nontrivial simple current of order two. The quantum dimension of ®.™ is a
product of the A; quantum dimensions.

We consider first fixed points of the simple current ®J 2: in this case s = 1, so
that this A; summand already contributes a multiplicative factor v/2 to the quantum
dimension; the other labels [, ¢ have to correspond to A;-simple currents: [ € {0, k}
and t € {0, k+2}. This is excluded by the selection rule [+ s+t = 0 mod 2 for even
level k. For odd level k we find a single duality class ®,,' with a cyclic stabilizer
of order two generated by @9 2.

For even k we have to consider fixed points under the action of the simple current
oY +20 as well. In this case, the relevant A; constituent has level greater or equal to
three, so that already this part makes a multiplicative contribution to the quantum
dimensions strictly bigger than v/2. Thus, the cyclic group of order two generated
by ®7,,° for k even never occurs as a stabilizer.

We finally consider fixed points of the simple current ®F © for even level k. By
the same arguments, quantum dimension /2 for a fixed point can only be achieved
for k = 2 and for ®! * with s,¢ describing simple currents. Such fixed points are,
however, excluded by the selection rule [ +m + s = 0 mod 2.

For even level k, the full Picard group could appear as a stabilizer as well. We
should therefore find all fixed points of quantum dimension two under the action
of all four simple currents. Only the two simple objects arising in the “fixed point
resolution” of q)l(cﬁm /21 qualify. Indeed, a computation with KAC [Schell] shows that
quantum dimension 2 is achieved for level £ = 2. Since the monotonicity lemma for
WZW theories implies, by the coset construction, the same monotonicity properties
in k, this is the only relevant case. A computation of the fusion rules, e.g. again
with KAC, however shows that the two simple objects arising in the fixed resolution
are not fixed points of all four simple currents. Hence, for even k, there is no duality
object whose stabilizer is the full Picard group.

N = 2 super-Virasoro minimal models

A coset realization for N = 2 superconformal minimal models is based on the
embedding

u(1)o(k+2) = (A)r & u(l)4,

where (u;)y stands for the modular tensor category with Ko((u(1)y) =Z / NZ (for
details, see e.g. Section 2.5.1 of [FRS02b]). To describe simple objects, consider
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triples ®'* with [ € {0,...k}, s € Z/4AZ and t € Z/2(k + 2)Z, subject to the
condition
l+s—t=0mod?2 .

Isomorphism classes of simple objects can be labelled by equivalence classes of the
equivalence relation

ls k—l st2
®; N(I)tj:(k+2) :

The tensor products read

lmax

1 s1 lo s9 ~ I3 (51 +52)
(I)tl ® (I)tz - @ q)(t1+t2)
I3=|l1 12|

with lax = min(ly + Iz, 2k — I3 — l3), where the index [ must obey the selection rule
l1—|—l2+13:0m0d2 .

We can apply Theorem 4.1.1 to the isomorphism class of simple objects ®';* for
which the relevant tensor product reads for k£ > 2:

D@ = PP

Unless k£ = 2, the second simple object is not a simple current. For k = 2 we find 16
simple currents ®? * ~ ®2,_5*? with s — ¢ even. All other 8 objects ®} ® with s — ¢
even are duality classes with fusion with the dual

Pedl, = 0@ a2,

Thus, they all have a cyclic stabilizer generated by ®2 °, the worldsheet supercurrent.

The N = 2 superconformal theory with £ = 1 has Virasoro central charge ¢ = 1
and is equivalent to a free boson compactified on a circle of appropriate radius. As
a consequence, all isomorphism classes of simple objects are simple currents in this
case and there are no duality objects.



Chapter 5

(Generalized Reconstruction

The main aim of this chapter is to provide a link between the language of tensor cat-
egories and weak Hopf algebras. We present a generalization to weak Hopf algebras
of the Tannaka-Krein Reconstruction Theorem. The classical situation of Tannaka-
Krein Reconstruction [DeMi82, Del90]: Let K be a field, C a K-linear abelian artinian
rigid tensor category which is essentially small and (w,ws,wy) : C — vectk an exact
and faithful fiber functor!. Then the K-algebra H = Endw of natural endotrans-
formations of w is a Hopf algebra. In addition, the category of finite-dimensional
H-left modules H-mod is equivalent to C as a tensor category and composition of the
equivalence with the forgetful functor H-mod — vecty is equal to w. The coalgebra
structure of H is given by

Ah =w;'ohow, e(h) = wy* o hy (5.1)
and the antipode is
S(hy) = (hyv)Y . (5.2)

There exists a second formulation of the Tannaka-Krein Reconstruction Theorem:
given a field K, a K-linear abelian artinian tensor category C and an exact and
faithful fiber functor w, there exists a K-algebra H, such that the category of finite-
dimensional H-left comodules H-comod is equivalent to C as a tensor category and
composition of the equivalence with the forgetful functor is equal to w. The bialgebra
H is the dual vector space of H.

In most cases of conformal field theory, the modular tensor category encoding the
data of the CFT does not admit a fiber functor into the category of vector spaces,
but a tensor functor into the category of bimodules over a separable C-algebra R,
that is an R-fiber functor. Hence, a generalization to R-fiber functors and weak
bialgebras is needed.

The second formulation of the Tannaka-Krein Reconstruction Theorem has been
generalized to weak Hopf algebras in [Hay99] and [Pfe07]. In the following we
generalize the first formulation of the Tannaka-Krein Reconstruction Theorem to
weak Hopf algebras. The advantage of our approach is that the weak Hopf algebra
structure is obtained in a very simple way: we compose the maps (5.1), (5.2) with

LCompare the notation with Definition 2.2.7.
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appropriate structural maps of the separable algebra R.

In the following all algebras we consider shall be C-algebras. We only consider
modules and bimodules that are finite-dimensional C-vector spaces. All categories
we study shall be small, enriched over vectc, abelian, semisimple and artinian. By
M we denote a right module category over a tensor category C; for the associativ-
ity and unit isomorphisms of M we write 1) and 7, for the associativity and unit
isomorphisms of C we write a, A and pu. We introduce the following notation: we
write { M, }acr, respectively {U,};cr, for representatives of the isomorphism classes
of simple objects in M, respectively C. We choose the representatives, such that
Uy = 1 and 0 € I. Since M is semisimple, any generator of M is isomorphic to
M = Baer NaM,, for some choice of n, € Zg.

5.1 Module categories and fiber functors

For a category M let R be the algebra of endomorphisms of a generator M. In
[Ostr03] it has been shown that there exists a bijection between the set of the
structures of a module category over a tensor category C on M and the set of R-
fiber functors from C. In this section we will prove that this bijection of sets even
lifts to an equivalence of suitably defined categories.

We recall that for a separable algebra R the categories mod-R and R-bimod are
abelian, semisimple and artinian (compare Section 1.2).

Lemma 5.1.1.
For a right module category (M, ®,1,m) over a tensor category C choose a generator
M = Boer na My with ng, € Zwy.

(i) The endomorphism algebra R := Enda (M) is separable.

(ii) For all objects M of M the vector space Hom (M, M) is endowed with the
structure of a right R-module via composition

Homp (M, M) x R — Hom (M, M) (5.3)
(a,7) —— aor.

(11i) Consider the subcategory A of the category mod-R of right R-modules
that has objects HomM(M, M) for objects M of M and morphisms fo? :
HomM(M,M) — HomM(M,M’) for morphisms f : M — M' of M. The
category A is endowed with the structure of a right module category over the
tensor category C:

®Rc : AxC — A
(Homp (M, M), X) +— Hompy (M, M)®¢ X := Homp (M, M®X)
(a, f) —  (a®cf) = (a®f)o?

with functorial isomorphisms

Yuxyo? : Homy(M,M&(X ®Y)) — Homuy(M,(M@X)®Y)
Naro? : Homp (M, M®1) —  Homp (M, M)
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for all X,Y € Obj(C) and M € Obj(M).

(iv) Then A ~ mod-R as abelian categories and by identifying mod-R with A there
exists a strict equivalence of module categories over C

x @ M — mod-R
M — Homp((M, M) i
(f: M M) —s (fo?:Homp (M, M) — Homp (M, M)).

with the functorial isomorphisms

Yarx - Homp (M, M®X) — Homp (M, M)®¢ X . (5.4)

Proof. (i) By Schur’s Lemma one has

Endy (M) = @aer Endy(M,)@Mat(ng X ng, C)
= @aer Cidy, ®Mat(ng X 14, C),

hence R is isomorphic to the direct sum of |['|-many full matrix algebras of
Na X Ng matrices over C. Therefore R is separable.

(ii) Because of the associativity of the composition of morphisms of M the
vector space Hom (M, M) with the action (5.3) satisfies the axioms of a right
R-module.

(iii) The category A inherits the structure of a module category over C from
the category M: the properties of the functorial isomorphisms follow straight-
forwardly from the corresponding properties of the structural morphisms of
the module category M.

(iv) We prove the equivalence A ~ mod-R as abelian categories:
Since R is separable, the category of right R-modules mod-R is semisimple
with |T'|-many isomorphism classes of simple objects. The isomorphism classes
of simple objects of A have representatives Hom (M, M,). The category
mod-R has the same number of isomorphism classes of simple objects as its
subcategory A. Thus, they are equivalent as abelian categories.

Next we prove the equivalence M ~ mod-R as abelian categories. The inverse
of the functor yx is given by

x ! : mod-R — M
Hom v (M, M) ) — M
(fo? : Hompm (M, M) — Homp (M, M")) — (f: M — M').

It is straightforward to compute y o x ! = id;) 4.5 and x tox Xiduy.

The functor y is a module functor over C: By definition Hom (M, M®X )=
Hom (M, M)®¢ X, hence the functorial morphisms 7y, x from (5.4) can be
omitted. The axioms of a module functor (compare definition 2.4.5) reduce to
XWuxy) = Yuxyo? and x(nar) = naro? that hold by definition.

The functor x is an equivalence of module categories over C: Assume
that mod-R is endowed with the structure of a module category over C

as in (iii). The inverse functor x!is a module functor: by definition
X~ H(Hompm (M, M)®X) = M@X = x*(Hompm (M, M))2X. O
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For two (tensor, respectively module) categories A, B denote by Fun(A, B) the
category of exact (tensor, respectively module) functors with morphisms the nat-
ural (tensor, respectively module) transformations. The category of endofunc-
tors Fun(A, A) is a tensor category with the composition as tensor product:
F®G := G o F for all functors F,G : A — A.

From module theory one knows that the structure of a module M over a ring
S corresponds to a ring homomorphism S — Endg(M). Recall that the categori-
fication of a ring is a tensor category C and that the categorification of a module
over a ring is a module category M over C. The categorification of Endg(M) is the
tensor category Fun(M, M) of module endofunctors. The categorification of the
ring homomorphism S — Endg(M) is a tensor functor C — Fun(M, M). Using
the next lemma and the next definition we will prove a more general statement in
Theorem 5.1.4.

Lemma 5.1.2.

i) Let M be a category, (C,a,\, p) a tensor category and (®,pq, ¢o) : C —
Fun(M, M) a tensor functor. Consider the bifunctor

Ke : MxC — M
(M, X) — M Rg X = ®(X)(M)
(f:MeM,g: X=Y) — fReg=2>o(g)(f):
O(X) (M) = (Y)(M').

for any X, Y € Ob(C),M € Ob(M). Then K¢ defines the structure of a

module category over C on M with functorial isomorphisms (¢5")ee(—) and

(65 ")(—) given by
(62 Dxy(M) : ®(XQY)(M) — (B(Y)o P(X))(M)
(M) : (1) (M) — M.

it) For a given the structure of a module category (X,,n) over C on a category
M and an object X of C consider the functor

by : C —  Fun(M, M)
X — — XX M—MXX
FiXoY — —-Rf:-RX—-RY.

It 1s exact because of the exactness of X. In addition it is a tensor functor
with associativity and unit isomorphisms (Y™1)_ ¢4 and (n1)_

W h-xy : (—MX)o(—KY) — —KX(XQY)
(n1)- N VAR — —X1.

Proof. i) We assume that C is a strict tensor category. For (M, (¢5")x.y,dy ") to
be a module category over C the Pentagon Axiom

(62 ) xy®idz) o (3" )xev,z(M) = ([dx®(¢; ' )v,z) © (63 ) xyez(M)
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and the Triangle Axiom

(idm®epy ') o (63 )1, x (M) = idy®idx

must be satisfied. They hold because of relation (2.1) and (2.3) for tensor
functors.

ii) Similarly, the axioms (2.1), (2.2) and (2.3) can be verified straightforwardly
using the Pentagon Axiom and the Triangle Axiom of the module category A.

Definition 5.1.3.

Let M be a category. We define the category S(M,C) of structures of a right module
category over C on M:

The objects are triples (K, 1, n), where ¥ : M xC — M is an ezxact bifunctor and
and n are the associativity and unit isomorphisms. The morphisms v : (K, ¢, n) —
(X' ', n') are natural transformations v : ¥ — X' such that the diagrams

MR (X®Y) Xy (MR X)RY
1 vm xey 1 vy x ®idy
MK (XQY) Xy (MX X)R'Y
and
MX1 1, M
v 1 vy
MX 1 [y M

are commutative for all X, Y € Ob(C), M € Ob(M).

Theorem 5.1.4.

For any category M and any tensor category C there exists a strict equivalence of
categories

J : SM,C) —  Fun(C, Fun(M, M))
(4,9, n) — (X = —RX), () ee (171)-)
v (®,9,m) = &, ¢,0) — vl (X = —KX), (¥ ). (n71)-)

= (X = =R X), (), (171)-),
where o is in C with inverse functor G

Fun(C, Fun(M, M)) — S(M,C)

(@, ¢2, o) — (Ma, (02 )ee(=), (¢61)(—))

a: (D, ¢a,¢0) — (2,05, ¢p) — ale)(—): (&p,(, )--( ) (69)(=))
= (Mo, (63 )ee(—), (60 (=) -

Proof. We apply the bifunctor GJ(X) to an object M of M and to an object X of
C:

MRg, X = ®g(X)(M)=MKX.
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For objects M of M and objects X, Y of C the isomorphisms v, are mapped
to

(GIW))mxy = (@ )-xy) Dxy(M) =duxy
(GIm)u = (7 H)=) (M) =1 -

Thus, we have shown G'J = ids(u,c) for objects (X, 1, 7) of S(M, C). Similarly
one can prove this identity for morphisms.

The functor JG(®) for a tensor functor ® : C — Fun(M, M) and objects M
of M and X of C reads

JG@)(X)(M) = MKs X =d(X)(M).
Furthermore, we compute for an object M of M and objects X,Y of C:

JG(p2)xy(M) = (((63)xy (=) Daxy = (¢2)x.y (M)
JG(do) (M) = (((¢o")(=)) "ar = ¢o(M).

Similarly one can prove JG = idrun(c, Fun(m,mMm)) for morphisms. O

By Proposition 1.2.3 a separable C-algebra R is isomorphic to the direct sum
of full matrix algebras. Denote by r the number of summands. The categories of
right R-modules mod-R and of R-bimodules R-bimod are semisimple and artinian.
In addition, mod-R is a module category over the tensor category R-bimod with a
canonical choice for the associativity isomorphism *™°¢ and the unit isomorphism
ntmed (see Example 2.4.2). For 4,5 € {1,...r} denote by ;B; representatives of
the isomorphism classes of R-bimodules: only the -th ideal acts nontrivially on
;B; from the left and only the j-th ideal acts nontrivially on ;B; from the right.
The tensor unit R in R-bimod can be decomposed as ®]_; ;B;. By L; we denote
representatives of the isomorphism classes of simple R-right modules: only the j-th
ideal acts nontrivially on L;.

For a separable C-algebra R the category Fun(mod-R, mod-R) is semisimple and
artinian. The representatives of the isomorphism classes of simple objects are func-
tors ;F; that map the simple object L; to L; and all others to 0. The tensor unit in
Fun(mod-R, mod-R) is the identity functor &]_, ;F;.

Lemma 5.1.5.
For a separable C-algebra R the functor
£ : R-bimod —  Fun(mod-R, mod-R)
B — (—®B:M+— M®B)

(8: By~ By) v (—®B:—® By —®By),
which is a tensor functor with functorial isomorphisms
(rmet) "L 5 ¢ (—®B)®(—®B) — —®(B1®gBo)
(nPmod) =t D idpod-g — —®=rR,

is an equivalence of tensor categories.
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Proof. We will prove the Lemma by showing that the functor £ is fully faithful and
essentially surjective.

The functor £ is fully faithful: for R-bimodules B;, By consider the map
Ep b, * Homp pi0q (B, B2) — Hom]-'un(mod—R,mOd—R)(_®B17 —®B3) .

Since R-bimod is semisimple, there exist bij ,bgj € Z~g, such that B; =
®;,;bY ;B; and By = @, ;b5 ;B;. Thus,

dime (Homp, 3,64 (Br, B)) = Z byby

i’j

Because of L;® ;B; = L; the functor —® ; B; is isomorphic to the simple object
F; in Fun(mod-R, mod-R). Therefore, —®B; = b} ;F; and —®Bs = b3 ; F}.
We conclude that

dime(Homz, imod-rmod-r) (—®B1, —©B2)) = Z byby
1,]

Hence, £p, s, is a bijection and consequently £ is fully faithful.

The functor &£ is essentially surjective: consider a functor F' : mod-R —
mod-R. Since Fun(mod-R, mod-R) is semisimple, there exists f¥ € Z,

Theorem 5.1.6.

Let C be a tensor category. For a category M consider the endomorphism algebra
R = EndM(M) of a generator M of M. Then there exists an equivalence of
categories

S(M,C) ~ Fun(C, R-bimod) .

Proof. The equivalence M ~ mod-R from Lemma 5.1.1 (iv) implies
Fun(M,M) =~ Fun(mod-R,mod-R) and by Lemma 5.1.5 one has
Fun(M, M) ~ R-bimod. Inserting this equivalence into the equivalence
S(M,C) ~ Fun(C, Fun(M, M)) of Theorem 5.1.4 yields that the category
of module structures over C on M is equivalent to the category of R-fiber
functors on C. O
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5.2 Reconstruction of a weak Hopf algebra

For a separable algebra R choose a separability idempotent s = ) 51)®s(2) € ROR.
Denote by TEB.By - B1®cBy; — B1®pB; the natural projection of two R-bimodules
By, B;. For any separability idempotent s the family of morphisms of R-bimodules

PBl,Bz(S) : Bi®r Bs — Bi1®c¢ Bo,
b1®R b2 — Zb18(1)®c 8(2)[)2
is well defined because of the properties of the separability idempotent. One has

TBy,By © pBl,Bg(S) = 1dBl®RB2‘

We introduce some more notation: Let v : R-bimod — vectc be the forgetful
functor. Given an exact R-fiber functor ® : C — R-bimod define ® to be the
composite functor ® = v o ® which is exact and faithful. Only in the Tannaka case,
that is if R = C, ® is a tensor functor.

In the following we will reconstruct a weak Hopf algebra from the data of a
conformal field theory. We start with a modular tensor category C and a Frobenius
algebra A in C. The category M := C4 of A-left modules is a module category
over C with functorial isomorphisms denoted by ,7n. We choose a generator M =
DBaer NaM, of C4 and consider the endomorphism algebra R of the generator M.
We write N, 5; = dim¢ Homp (M, M®Uj) for the fusion coefficients of the module
category M.

Using Theorem 5.1.6 we construct an R-fiber functor explicitly: Theorem 5.1.4
yields a tensor functor

C —  Fun(M, M)
X — X M — MeX
(f: X—Y) — (—0f: —®X — —QY)

with functorial isomorphisms (¥~!)_ .., (n7!)_. Via the equivalence M ~ mod-R
of Lemma 5.1.1 we obtain a tensor functor

d :C —  Fun(mod-R, mod-R)
X —> —®cX : Homm (M, M) )
(f: X—Y) — (—®cf: Homm (M, M®X) — Homum (M, M®Y))

with functorial isomorphisms (¢~')_, .07, (77")_0? and e in C. Next we consider
how —®¢X maps the generator Hom (M, M) of mod-R

—®¢X : Homp (M, M) — Hom (M, M@X).

It is straightforward to see that the C-vector space Hom M(M , MeX ) can be en-
dowed with the structure of an R-bimodule via

Homp (M, M®X) x R — Homy (M, M®X)

(f,r) V— for
R x Homy (M, M®X) — Homy(M,M®X)
(r,g) — (reidx)og.
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The tensor product of Hom (M, M®X) with a right R-module of the form
Hom (M, M) is then given by

Hom (M, M) @ Homp (M, M®X) — Homy (M, MRX)
(hyg) +— (h®idx)og.

Thus, we obtain an R-fiber functor

o: C — R-bimod (5.5)
X — Hom, (M, M®X)
f: XY — (dg®f)o? : Homy (M, M®X) — Hom (M, MQY)

with functorial isomorphisms

(W i xyo? s Homy(M, M&X) ©®r Hompy(M,MY)
— Hom (M, M®(X®Y))
URaIE Hom (M, M) — Homu (M, M®1e).

We recall that the algebra R is isomorphic to the direct sum of |['|-many full
matrix algebras of n, X n, matrices over C. Thus, the category mod-R has |I'|-
many simple objects and the category R-bimod has |I'|*-many simple objects ,Bg.
As an R-bimodule R is isomorphic to @acr oBo. The vector space Hom M(M , M)
has dimension n,, the vector space ,Bg has dimension n,ng.

Lemma 5.2.1.
For a generator M of a module category M over a tensor category C and R the
endomorphism algebra of M consider the R-fiber functor ® given by (5.5).

(i) The unital associative algebra H := End(®) = Endc(®) of natural endotrans-
formations of ® is the direct sum of |I|-many full matriz algebras over C.

(ii) For any object U in the tensor category C the vector space ®(U) carries a
natural structure of a left H-module via

paw) : End(®) x ®(U) — ®(U) (5.6)
(hU,G) — hU(e).

(i4) Any left H-module is isomorphic to ®(U) for some object U of C, simple H-
modules are isomorphic to ®(U;).

Proof. (i) Since ® is exact, it respects direct sums. Thus, any natural transforma-
tion A € H is determined by the linear maps

hy, : ®(U;) — ®(U;)

for all simple objects U; of C. Thus, the algebra H is semisimple and decom-
poses to |I|-many summands. Because of

d(U;) = HomM(M, M@Ui) = @, sHomp(ngMg, noM,QU;)
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the summands are full matrix algebras over C with dimension

(Za,b’ef‘ Nfz "anﬂ)2~

(ii) (®(U), pa)) is a left H-module, since the relations

(goh)y(e) =gy o hy(e) and  idy(e) =

hold for any g,h € H and any e € ®(U).

(iii) The category of H-modules has I-many isomorphism classes of simple
objects and so does the subcategory of H-mod with objects ®(U). Since these
maps can be chosen at will, this subcategory of H-mod is equivalent to H-mod
as an abelian category.

Note that

dime H =Y (> NF;nang)*. (5.7)

i€l a,pel’

Lemma 5.2.2.
Let pg(uy be the H-module action defined in (5.6). The construction from the previ-
ous Lemma yields the following distinguished functor

w: C — H-mod (5.8)
U @) e)
fo— %)

which is an equivalence of abelian categories.

Proof. The functor w is well-defined: for any objects X,Y in C, any morphism
f X =Y and h € H one has ®(f)(hx) = hy(®(f)), since the natural
transformation h is functorial. Therefore, ®(f) is an H-module morphism.

By Lemma 5.2.1 (iii) simple H-modules are isomorphic to ®(U;). Thus, the
functor w maps simple objects in M to simple objects in mod-R. Since the
categories M and mod-R are semisimple, the functor w is an equivalence of
abelian categories. 0

Theorem 5.2.3.
If the generator M of M is chosen to be &,M,, the algebra H = Endc® from
Lemma 5.2.1 (i) can be endowed with the structure of a coalgebra with coproduct

and counit
A End(c(I) — End(cq)(@(cEnd(c(I)

h — po¢2_1oho¢)207r
e : Endc® — C
h — trc(h(:ﬂc» .

Proof. In case of a generator without multiplicities, M = ®per M, we choose a

basis ‘
{ens}
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with r € {1,... ,ij} for the vector spaces Hom (Mg, M,®U;). Moreover,
the set {idyy, } is a basis for the algebra R. Let

{ (aB) (@) €ap T €arg and 0 elsewhere}

be a basis in Hom¢(Hom (Mg, M,QU;), Hompa (Mg, Moy ®U;)).
We write the R-bimodule structure of ®(U;) for simple objects in the chosen

basis

HOIIlM(Mfy, Mﬁ@Uz) X HOIIIM(MQ, Ma) — HOIHM<M0” M5®U1>
' — Oar€he
— I’IOIII/\/(<.]\4,Y7 Ma®Ul)

)
HOHIM(MO“ Ma) X HOH]M(M,y, Mﬁ@Ul)
) — (504/3651,3.

(idMa,eiht
The isomorphism ¢, : ®(U;)@r®(U;) — ©(U;®U;) reads
Hom p (M., M,®U;) x Homp (Mg, M.QU,) — HomM(Mﬁ,Ma®(U-®Ul))
el T®Reeﬂ — ZF(a]l AV

rer’,siv
’L S,V

where we denote by F' the fusing matrices (6j-symbols) of the module category
M defined in (2.6) in the basis {e];}.

We compute the coproduct

A:Endc® — Endc®PQEndc®
h — pog,ohogyon

step by step: first consider the map

¢2 om a]l)ﬁ
ej T®k e(ﬁs — 5 Z res,vit 6 ]7 l7 U]

4t

i tt
and second apply an element hz(aﬁ)(a,ﬁ,) € H
Oéjl (Oé]l t’
6 Z res,vit 6 j,l,U '_>5 Z r€s,vit ez’,ﬁ’]7l’v]‘

1,t,v 1,t,v

Application of ¢, ! yields
Vel ' ¢yt DB Ve s
b Y F elylilo) P b Y B (F OSSN ehusnely.
2,t,v i,tv,r! s €

From Example 1.2.4 the unique separability idempotent is known to be

S = Z 1dMa® ldMa

acl
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Thus, acting with the morphism pg p, : Bi®g Bo — B1®B; on the previous
expression implies

it i s ajl)B —1\ (/58 r/
A<h(até)(a'ﬁ/))(ejaﬁ ®k elCﬁ> = 5€C Z Fresjmt (F 1)1("’6’35’)1;115’6] ®k 6 /5' :

i,tv,r! s €

Hence, the coproduct of h% Ofg)(a,ﬁ,) € H is given by

i tt’ _ (ogl)B 1\ (! l) rr’ ls
A oy = D Frdoy (F0 bl e Ol ) -

res,vit r'ns’ vit!
y !/ /
]7l767,r]7v7r7/r 7878

Furthermore, we compute
hilb oy (dar,) = 8i001461¢ 00300 aidar,, |
hence the counit ¢(h) = tr(h(1¢)) is of the form

(hZ i /5/)) = 00010100300/ -
We prove that the algebra H has the counitality property: we compute

. it (aD)B 0B 41 s
(€®1d>(Ah(oﬁg’)(a’,@’ Z Flas it )ga s’ vzt’h (/)

lv,s,s’
and using (2.7) we obtain
s i tt! _ g tt!
(€®1d)(Ah(aﬁ /ﬂ')> = h(a,@)(a’,@/) .

Similarly one proves (id®e) o A = id. Coassociativity can be checked straight-
forwardly using the Pentagon identity (2.10) for the fusing matrices F' and
relation (2.9). Then the coalgebra structure in the basis {h?ofﬂt)(a, s} reads

i st _ (ajl)B (/308" 1J rp
Ah’(ozﬁ o'B) T Z Frefr’,fuis (F )pnp vit h ) )®h'(e,8)(nﬁ’)
jil7T’T,7p7p/7v7€7n
(hzasé f@/)) = 0400101500800/ (5.9)

O

In order to endow H with the structure of a coalgebra we have used the 6j-symbols
of the module category M. Since the 6j-symbols are the components of the associa-
tivity isomorphisms of a module category, the coalgebra structure of H results from
the associativity constraint of the module category.

Theorem 5.2.4.
The algebra and coalgebra H = Endc® from the previous Theorem can be endowed

with the structure of a weak bialgebra for which the counital subalgebras are isomor-
phic to R = ®oEndy(M,).
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Proof. The product in H is defined via composition of morphisms. Thus, the
algebra structure of H in the basis {héa’"ﬁ’")'(a, g} reads

7 uu h ’l)’U

(@f) (@) Miyeyey = 010y Ope duv Pine)(arpr)

lr = Y MaBies)

i?u7a?ﬂ

the coalgebra structure is given in (5.9). Using the property (2.8) of the
fusing matrices F' one can check straightforwardly that the coproduct A is an
algebra morphism. Properties (1.2) and (1.3) hold because of property (2.9),
respectively (2.7) of the fusing matrices F.

Using (2.8) we find
— j Lr'r
A(]‘H) - Z h%ae )®h’(55 (eB)
gl e0,8
which is not equal to the unit in H®H unless I' = 1 (Tannaka case).

We compute the target counital map to be

1.0

i Vv o i v’ _ j T i v’ lr'r
(M Sey) = €QuhiZme)le = Y € aohtdme) @i

7l ea,B
_ i Vv lr
= > el 8o @ s
L3
= 0i00100100,¢Orrer Z hl(vv"f}ﬂ)(v’ﬁ) : (5.10)

1,3
Similarly, one finds
i v’ L r
€300 ery) = 00010010 Gr¢Oyc Z his. Bw Bw
Lr'.,B
Therefore, the counital subalgebras are of the form
Hi= () Mabes) and  Ho=(Y hidhas)
i,t,0 i,t,a
with multiplication in H; given by
i ss j tt i Ss
D hlayen * 2 hlayms) = O 2 Hlafian)
1,8,0 75t,0 1,8,0
and multiplication in H
i ss j it i8S
2 hayem - D Mlsas) = 95 D hiayias -
1,8,0 Jrtyy i,8,0

Since the counital algebras are commutative, one has H; = H,. By mapping

it 5 hé Ofﬁ (ap) 10 idny, one obtains an algebra isomorphism from the counital
algebra H; to R. U
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Note that because of
Ala) = D, Mo5ao®hibes)

2lrr!ea,8
H is a bialgebra if and only if I' = {1}, that is in the Tannaka case. Denote by

M, a representative of the unique isomorphism class of simple objects in M and by
F7 . the 6j-symbols of M. We choose a basis {¢/ "} with r € {1,..., N} for the

rr! vis

vector spaces Hom (M7, M1®U;) and a basis
{h'7s €' " s €' * and 0 elsewhere}
in Hom¢(Hom (M7, M1®U;), Hompa (M, M1®U;)). The bialgebra structure reads
PR = G

Ahz st Z Fjl

rr! vis

—1\jl jrp 1 r'p
(F )pp’,vit h "PQh
j’l?r’r,’p7p,?v

e(h' ) = ;06101

In Theorem 2.3.4 it has been shown that the category of H-left modules is a tensor
category with tensor unit H;. The action of H on a tensor product of H modules
is defined by means of the coproduct. We show that the equivalence from Lemma
5.2.2 is a tensor equivalence.

Proposition 5.2.5.
The category of left H-modules is equivalent to C as a tensor category.

Proof. In order to endow the functor w : C — H-mod from (5.8) with the structure
of a tensor functor we use the isomorphisms

W D xyo? © 2X)@uE(Y) — (XRY)
(n~1) 707 . H; — O(1)
of the R fiber functor given in (5.5). O

By Corollary 2.3.6 there exists a tensor functor H : H-mod — H;-bimod.

Proposition 5.2.6.
The functor ® is equal to H o w.
Proof. As vector spaces ®(U) = Hom (M, M@U) = H(w(U)).

We prove that ® = H o w as abelian functors by comparing the R-bimodule
structure of ®(U;) with the R-bimodule structure of H(w(U;)): for ®(U;) one

has in the chosen basis

Hom (M., Mg®U;) x Hompa(Mq, M,) — Homp (M, MaRU;)
(e),idn,) > darele

Hom (Mo, My) x Hompg (M, Mg®U;) — Homp (M., M, RU;)
(idps, egf;) — Gap€hl .
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By Lemma 2.3.2 any H-module V' becomes an H;-bimodule using ;. We de-
compose H(w(U;)) = ®p,Hompa (M, Mz®U;) and write the bimodule struc-
ture for each summand

J uu j uu ity it
6’8’77 Z h(ae) (ce) — h(ea)(ea) (6 *y) — 5a~yeﬁfy
Jyu,€ 7 u,€
7 uu 7 uu it
(Z h(O‘E)(Oée e,ny — Z h (ae)(xe) eﬁ‘y - 50‘/@657 :
j,u,e ] u,€
Thus, ® = H o w on all objects of C. Therefore, the functors ® and H o w are
equal as tensor functors. [

Proposition 5.2.7.
If the tensor category C is ribbon, the weak bialgebra H = Endc® from Theorem
5.2.4 can be endowed with the structure of a weak Hopf algebra.

Proof. The coevaluation and the evaluation morphisms of ®(U) in R-bimod in the

basis {e}4} read

bow, idMa — D, ag@)R eZ P

dow, © €hg"®r 5! > andpgida, -

The separable algebra R can be endowed with the structure of a coalgebra
AR ldMa = ldMa®1dMa and ER(idMa) =1.
Consider the map
S:H — H
hU — (hUv)v ,
where
(hov)Y = (idew)®€r © dow)) © (Ida@w)®r haowv)®r idew))
O(bq)(U)@R ldQ(U)) oTmo (].R(X)ld(p )

In the basis {h{ 5 5} of H one has S(héo%l(a,ﬁ,)) = hé;,g;?ﬁa). To be an
antipode of H, the map S must obey

d*xS = ¢
Sxid = ¢
Sxid«xS = §.

We compute

ajl o' i3 r
1d*S<hOé,3) /5/)) = Z F( J)B (F )( J)ﬁ h] P

rer’ vis pnp’ it Y (ae)(a/n)

lr'p
S(h (e8) nﬁ’))

j’l7r7r/7p7p/7v767n
_ Z F(aﬂ)@ (F—l)(a'ﬂ)@/ hj Tp hlV p'r’

rer! vis pnp’ wit "7 (ae)(a/n)

Be)

Jbsrsr’sp,p’ v,em

o (V) INCIAN) AN
- 5015 Z Frer,vis (F )pnp vit h(,@’n)(a n) "
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We insert 1 = (F~ )5’;{ 1lo)1 in the previous expression and use (2.9) to obtain

i oIV 1V p
id * S(h ; /g/)) = 0a80i00s1 Z (F~ );np/ 12)t h(ﬁ’n) (a'n)
Lp.p'svm
5 IV pp
- 510504550"5'6515'51 Z h(ﬂ’n)(a n)

Lpm

This is equal to et(h(aﬁ)( 1) from (5.10). Hence, id xS = €. It is straight-
forward to check that the other two conditions on an antipode hold. U

In order to endow the weak bialgebra H with the structure of a weak Hopf algebra
we have used the ribbon structure of C. Note that the weak Hopf algebra we
reconstructed is isomorphic to the one introduced in [PeZu01].

We have the following situation for an abelian artinian ribbon category C, a
commutative, separable C-algebra R:

exact fiber functor mod-R is a left module
® : C — R-bimod category over C

\ /

weak Hopf algebra H with
counital subalgebra R

5.3 Example: the free boson

We consider the tensor category C as a module category over itself. Then the 6j-
symbols Fifztjpnq of the module category M reduce to the associativity isomorphisms
of the tensor category.

As a particular example we consider tensor categories for which the fusion ring is
the group algebra of a finite group G. The fusion is U;QU; = U;; for all 4, 7 € G and
the 6j-symbols reduce to the associator a in the tensor category. By equation (5.7)
the weak bialgebra is of dimension |G|>.

We choose a Dbasis {e{ } for the one-dimensional morphism spaces
HOmc(Ujl, UJ®U1) Let

{hy e — e}
be a basis in Hom¢(Home(U;;, U;@U;), Home (Uy, U;®@U;)). Then the weak Hopf
algebra structure is

kb, = 0ij0aghis

1H:Zh

7 _ l i1
AhYy, = E :“Jl i~ 1)%1 il=1) ik ®h(is)an)

lel

e(hy) = doa
. 1

S( Zl) = Z’ ki -



CHAPTER 5. GENERALIZED RECONSTRUCTION 105

The counital subalgebras are Hy; = (3, hi;). Note that this weak Hopf algebra is
the dual vector space of the weak Hopf algebra constructed in [Hay99].

As an example we consider the theory of a compactified, massless, free boson
with boundary conditions. The modular tensor category associated to a free boson
field has 2N isomorphism classes of simple objects, the fusion rules furnish the
group Zsy (see for example [FRS02b]). Denote by o(n) the unique integer for which
n—2No(n) € {0,1,...,2N —1}. The fusion matrices of the modular tensor category
associated to a free boson are

(03 MR (1) (i lio (g )+ R (e (i) to (HR)] |

[7+k][i+]
We consider this modular tensor category as a module category over itself; the
associated weak bialgebra is then

wx W, = 0i0aghis
ly = Zhi

i o jli— l)[j+z] 1\ (k U i=D[k+i] 1.1

AhYy, = ZF (6]} +] )[7, h; k®h(zj k)
lel

— Z(_ 1)(i+j)[la(i+j)+i(a(j+l)+a(i))]+(i+k)[la(i+k)+i(a(k+l)+a(i))] h§k®h’&_.l
lel

€( 21) = 0a

S( ;fl) - hl_z'zki‘
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Efrossini T'souchnika
Quantum Groups and Field Theory
Hamburg 2008

Zusammenfassung

In dieser Arbeit untersuchen wir drei verschiedene Aspekte von Quantengruppen
und ihren Darstellungskategorien in Feldtheorien.

Fiir klassische Feldtheorien auf zwei verschiedenen Typen von nichtkommutativen
Raumen, ndmlich dem #-Raum und dem k-Raum, konstruieren wir die Quanten-
symmetrien. Diese sind Quantengruppen und ergeben sich als Deformationen der
Poincaréalgebra des klassischen Raums. Fiir den #-Raum gibt es eine eindeutige
Zwei-Parameter-Familie von Losungen, fiir den x-Raum schranken wir uns auf die
einfachste Losung ein. Weiterhin berechnen wir fiir diese beiden nichtkommutativen
Raume Invarianten und konstruieren globale Vektorfelder.

Fiir Wess-Zumino-Witten-Modelle und (super-)minimale Modelle im Cardy-Fall
bestimmen wir mit Hilfe des TFT Zugangs zur vollen konformen Feldtheorie die
Kramers-Wannier-Dualitaten. Der Grothendieckring der modularen Tensorkategorie
legt die Dualitatsklassen fest. Fiir die A-Serie von Wess-Zumino-Witten-Modellen
und die Virasoro minimalen Modelle benutzen wir Eigenschaften der S-Matrix,
fiir die B-, C-, D-Serien und die exzeptionellen Algebren Eg und E; schitzen wir
die Quantendimension von Fixpunkten ab. Es zeigt sich, dass Dualitaten nur bei
niedrigem Level auftreten. Die modularen Tensorkategorien fir (A;); und (B,);
haben die selben Fusionsregeln wie das Isingmodell. Fiir (E;), sind die Fusions-
regeln isomorph zu denen des trikritischen Isingmodells.

Das Tannaka-Krein Rekonstruktionstheorem wird fiir schwache Quantengrup-
pen verallgemeinert. Ausgehend von einem Satz von Ostrik (2003) zeigen wir die
Aquivalenz zwischen der Kategorie der Strukturen einer Modulkategorie und der
Kategorie der Faserfunktoren in die Kategorie der Bimoduln iiber einer separablen
Algebra. Wir beweisen, dass die natiirlichen Endotransformationen eines solchen
Faserfunktors die Struktur einer schwachen Quantengruppe besitzen. Fiir graduierte
Vektorraume bestimmen wir die schwache Quantengruppe. Diese ist dual zu der
schwachen Quantengruppe, die von Hayashi (1999) bestimmt wurde.
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