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Chapter 1

Introduction

1.1 Basic notions

The syntax of programming languages is usually expressed using context free
grammars.

The known membership problem for a context free language (given by a
context free grammar) includes a recognition side (syntactic analysis). The
parser yields not only a yes or no answer, but also a parse tree, which describes
the whole history of the (possible) acceptance.

The theory of recognition and parsing for context free grammars dates back
to the sixties. Existing literature can be grouped into at least two areas: theo-
retical complexity of recognition and parsing and parsing of programming lan-
guages.

The main concern of the first area is the space and time complexity of
recognition and parsing. The underlying machine model is an abstract device
such as a pushdown automaton or a Turing machine ([AhUT72, ASU86, Har78,
HoU79, Sal73, WaG84]). The class of context free grammars under consideration
may be considerably large (deterministic, unambiguous, or even general context
free grammars) or particularly small (bracket or input-driven grammars).

The parsers are used as parts of compilers. Therefore, they must be efficient.
Most parsing algorithms are of linear time and space complexity. This however
requires a severe restriction on the class of possible input context free grammars.
This has led to a wide variety of grammar subclasses, such as LL(k), LR(k),
LC(k), precedence grammars, etc. ([AhU72]). Generally, a parser is built for
one specific context free (class of) grammar(s), rather than for all possible ones.
Thus, a context free grammar may also be seen as a specification of a parser and
parsers can be often automatically derived from given context free grammars
by means of a parser generator.

There exists a generally advocated and well understood theory for sequential
parsing of programming languages. In sequential parsing, efficiency generally
implies linear time complexity. Parallel algorithms - even they may not decrease
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the efficiency of the given algorithms - are useful for a clear understanding of the
underlying problem. Anyway, in order to have better results, our bidirectional
approach is a good and necessary step.

1.2 The structure of the thesis

This thesis deals with parallel algorithms for parsing and attribute evaluation.
We describe some subclasses of context free grammars for which a parallel ap-
proach useful for solving the membership problem is defined. More precisely,
we have combined the classical type of parser attached to a grammar G with
a “mirror” one. We have called what we get a bidirectional parser because it
analyses the input word from both sides using two processors.

The first section of Chapter 2 presents basic notions about context free
grammars (definitions, notations, properties, important subclasses) taken from
[HoU79] and [Sal73].. The next section does the same for attribute grammars
([Alb91a, And97]). The transitive (and reflexive) closure of a graph has also
been presented in this chapter.The last section is an introduction to models of
parallel (SISD, MISD, SIMD, MIMD) computers and to the analysis of parallel
algorithms ([AkI97]).

Chapter 3, called Linear-time bidirectional parsing for a subclass of lin-
ear languages, describes new subclasses of linear grammars, denoted by
LLin(m,n), m,n € N ([AnK98, AnK99a]). These are similar to the classi-
cal LL(k), k € N ([AhU72, LeS68]) grammars. Intuitively, looking ahead to the
next m terminal symbols and looking back to the previous n terminal symbols
suffices to uniquely determine the production which has to be applied. The
membership problem for LLin(m,n) grammars can be solved using a linear
time complexity algorithm.

Chapter 4 (Left and right bidirectional parsing for context free grammars)
presents left and right bidirectional parser for general (and some subclasses
of) context free languages (JAnK99b]). Deterministic subclasses of context free
grammars (such as RR(k), RL(k), SIP grammars) are used for obtaining ten
combinations of new subclasses. The membership problem for all these types
of grammars can be solved with a parallel algorithm in linear time using two
processors.

In Chapter 5 (Up-to-up bidirectional parsing for context free grammars),
we introduce the up-to-up bidirectional parser ([AGK99]). It combines
the deterministic subclasses (LR(k), RL(k)) with the up-to-up bidirectional
strategy. The membership problem can now be solved in linear time complexity
with a parallel two processors algorithm.

Chapter 6, called Bidirectional attribute evaluation, describes a parallel two
processors algorithm for evaluating the attribute instances of an attributed
derivation tree. We have called this strategy the bidirectional attribute
evaluation ([AKM99]).

Final conclusions (Chapter 7) and the Bibliography end this thesis.
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Chapter 2

Preliminaries

This chapter presents basic notions (definitions, notations, properties, impor-
tant subclasses) about context free grammars, attribute grammars, closure of a
graph, models of parallel computers and analysis of parallel algorithms.

Let us fix some notations to express lower and upper bounds of the number of
steps required for solving a problem in the worst case. Let f and g be functions
from the positive integers to the positive reals:

(i) the function g(n) is said to be of order at least f(n), denoted Q(f(n)),
if there are positive constants ¢ and ng such that g(n) > c¢- f(n) for all
n 2> no;

(ii) the function g(n) is said to be of order at most f(n), denoted O(f(n)),
if there are positive constants ¢ and ng such that g(n) < c¢- f(n) for all
n > ng.

2.1 Context free grammars

2.1.1 Definitions and notations

The term grammar was firstly used by the linguist and philosopher Noam
Chomsky for defining the generating systems ([Cho56, Cho59]). Context free
grammars are one of the basic notions in compiling theory.

Definition 2.1.1 An alphabet is a nonempty, finite set (of symbols). A
word over an alphabet V' is an application p : {1,2,..,n} = V, n = |p|
(n € N) being the length of the word p.

Notation 2.1.1 We denote by V™ = {p | p : {1,2,...,n} — V} the set of
all words over V' of length n. The empty word (of length 0) is denoted by A.
Furthermore, we denote V= |J V" and Vt = |J V™.

n>0 n>1
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Definition 2.1.2 G = (V, E, s,d) is an oriented graph if V is a nonempty
set of vertices, E is a nonempty set of edges and s : E =V, d: E — YV are
the source and the destination functions. If s(e) = v and d(e) = v', then the
edge e will be denoted e : v — v' or v 5 ', or simply (v,v') if the name is not
important (i.e. there exists - at least - one edge from v to v').

For any v € V, let E(v) = {e | s(e) = v} and S(v) = {v' | 3 e € E such that
v 5.

Definition 2.1.3 For an oriented graph G = (V, E, s,d), if V and E are finite,
then G is a finite oriented graph. If for any v € V, E(v) is a finite set, then
G is called a locally (oriented) finite graph (or, simply, simply oriented
graph).

For any locally oriented finite graph G = (V, E, s, d) the set of all arcs having

source v, E = |J E(v), can be denoted in the following way:
veVY

EWw) ={<v,1>,<v,2>,..,<v,ky >}

Consequently, the set of all sons of v, i.e. S(v) = {v1,va,...,k, }, can be viewed
as an ordered set. From now on we shall work only with finite ordered oriented
graphs. The local ordering on the sons of a given vertex induces a total left-to-
right order on leaves.

A path of length n in G from v to v is a word p € E*, p = e1es...€5,, 1 > 1,
where:

€ [ [
V=00 3 U] 3 Uy Up_1 = Uy =0

Note. We shall suppose that for any node v there exists a path of length
0 (from v to v) denoted by A. We suppose the reader familiar with other basic
notions concerning connectivity, preorder traversal, depth first search, breadth
search corresponding to trees and graphs ([CLRI1]).

Example 2.1.1 Let us consider the following ordered oriented graph (tree)
T=({1,2.,11}1L{<1,1> <1,2>,<1,3> <3,1> <3,2>,<4,1>,
<4,2>,<4,3>,<5,1>,<5,2>}, s, d), where

s(<L,1>)=1 s(<1,2>)=1 s(<L,3>)=1 s(<3,1>)=3
5(<3,2>)=3 s(<4,1>)=4 s(<4,2>)=4 s(<4,3>)=4
s(<5,1>)=5 s(<52>)=5 d(<1,1>)=2 d1,2>)=3
d(<1,3>)=4 d(<3,1>)=5 d(<3,2>)=6 d(<4,1>)=7
d(<4,2>)=8 d(<4,3>)=9 d(<51>)=10 d(<5,2>)=11

T may have the following graphical representation
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Figure 2.1.
The preorder (depth first) traversal is given by: 1,2,8,5,10,11,6,4,7,8,9.

Fundamental (needed) notions of formal languages are now presented.

Definition 2.1.4 A grammar is a 4-tuple G = (Vn,Vr, Z, P), where Vi is
the alphabet of nonterminal symbols (variables), Vr is the alphabet of terminal
symbols, V.= Vi U Vr is the alphabet of symbols (Vy NVp =0), Z is the start
symbol, P CV* - Vxn - V* x V* is the set of productions (or generation rules).
The production (a, ) will be denoted by a — (.

Definition 2.1.5 (Chomsky hierarchy)
A grammar G = (Vy,Vr, Z, P) is called:

e phrase structure (type 0) if no restrictions on the productions of G are
imposed;

e context sensitive (type 1) if the productions are of the form uzv —
urv, where u,v € V*, 2 € Vy, 7 € Vt or Z — X\ and Z does not occur
in the right hand side of any production from P.

e context free (type 2) if P C Vy x V*;
e linear if P C Viy x (VF(VNVE U{A}));

e right linear (type 3) if P C Vn x Vi (Vn U {A\}). Analogously, G is
called left linear if P C Vi x (Vn U {A\})Vf. Both are (called) regular

gramimars.

For context free grammars (and (right) linear, of course), a pair (4,3) € P is
called an A—production (denoted by A — §). The productions A — 81, A —
B2,..., A — Bi will be denoted sometimes by A — £1|B2]|...|Bk. A null
production is of the form A — ).

Definition 2.1.6 Let G = (Vy,Vr,Z, P) be an arbitrary grammar. We call
derivation in G the binary relation (denoted by :G>§ V* x V*) in this way:
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(o, B) €:G> (i.e. « :G> B)iff 3 — B € P such that « = and'as and
B = B1B'B>. The transitive (and reflexive) closure of the relation :G> 1s denoted

by :2> (:;} respectively).

Definition 2.1.7 The set of all sentential forms of the grammar G =
(Vn,Vr,Z,P) is SF(G) = {a € V* | 3Z :;> a}. The language generated

by G is L(G)={we V|3 Z :;> w} (in fact, L(G) = SF(G)NV});

A language L is said to be of type j € {0,1,2,3} if there exists a grammar
G of type j for which L = L(G) (L is generated by G).

For context free (and linear) grammars (Definition 2.1.6) the word ¢’ is in
fact a nonterminal symbol. From now on, we shall consider only context free
(or linear) grammars.

Definition 2.1.8 A derivation is called left most (denoted l:>) if in every
m

sentential form of the derivation, the first occurrence of a nonterminal symbol
is replaced. Similarly, a derivation is called right most (denoted =) if in
rrm

every sentential form of the derivation, the last occurrence of a nmonterminal
symbol is replaced.

Definition 2.1.9 A context-free grammar G is called ambiguous if there ex-
ists a word w € Vi for which there exist at least two distinct (left most) deriva-

. * . . . . . .
tions S :G> w. G is an unambiguous grammar if it is not ambiguous.

Definition 2.1.10 Let G = (Vn,Vr, Z, P) be a context free grammar.

e X €V is an accessible symbol in G if there exists a derivation S :;>
aXp, a, BeV*;

e A € Vy is a productive symbol if there exists a derivation A :;> u,
with u € V (otherwise, A is called useless);

e (G is a reduced grammar if all symbols from V are accessible and all
nonterminal symbols are productive.

Definition 2.1.11 Let G = (Vn,Vr, Z, P) be a context free grammar. A € Vy
is a left-recursive symbol (right-recursive, respectively) if there exists a

derivation A :2> Aa, ae VT (A :2> BA, BeVT) G is called left (right)

recursive grammar if there exists a left (right) recursive symbol A € V.

Definition 2.1.12 If @ = ay as...ay is a word over V, a; € V, then a =
Qy ...az oy is called the reverse (mirror) of a. Let G = (Vn,Vr, S, P) be a
contezt-free grammar. Then we denote by G = (Vwn, Vr, S, ﬁ), where P = {A —
B| A — B € P}, the reverse (mirror) grammar of G.
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Notations:

e nonterminal symbols: S (start symbol), 4, B, ...
e terminal symbols: a, b, c, ...

e symbols (terminal or nonterminal): X, Y, ...

e terminal words: u, v, z, y, w, ...

e words (terminal or nonterminal): «, 3, 7y ...

e productions: 7 = no(A — «) means that the production A — « is the
r—th one from the list of productions;

e derivations: :;> means that the production named r was applied in G,
:;> refers to a sequence of productions 7 (syntactic analysis); :g> means

that no production has been applied, i.e. a :g> a;

e let @ = a1 as ..., be a word over V. Then

. (m)a:{alag...am ifm<k
«a otherwise

_ o= {ak,nﬂ Qp—nt2 -0 ifn<k
« otherwise

e N denotes the set of natural numbers, Nt denotes the set of strict positive
natural numbers.

Example 2.1.2 Let us consider the linear grammar G = ({Z},{a,b},Z,{Z —
ablaZb}). The language generated by G is L(G) = {a™b"™ | n > 1}. This can
be immediately prove by showing (for instance, by induction on k) that

{a|a€{Zab}",3Z ’“:G> a} = {a* Z ", a" b}

2.1.2 Some properties of context free and linear languages

Definition 2.1.13 A derivation tree T' = (V, E, s,d) in a context free gram-
mar G = (Vn,Vr, Z, P) is a node labeled finite ordered oriented tree. The labels
of the nodes are given by a function f:V — Vy UVy U {A}.

For any v € V, with S(v) = {vi,ve,...,ut}, if f(v) = X, f(v1) = Y3,
fwe) =Ya, ..., f(vg) =Yy, then G contains the production X — Y1Y3...Yy.

If f(v) = X (v being the root) and the word w = vivs...v, is formed by the
(ordered) labels of the leaves, we say that T describes the word w generated
from X. If X = Z and w € V7, then the corresponding derivation tree T
describes a word of L(QG).
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Theorem 2.1.1 (Locality property for context free languages, [HoU79], [Sal73])
Let G = (Vn,Vp,Z,P) be a context free grammar and let Y;...Y, :;> a

be an arbitrary derivation. Then there exists ay € V*, ..., a, € V* so that
a=aqaj..a, and Y; :;> a;, Vi=1,n.

Theorem 2.1.2 (Pumping Lemma for Linear Languages, [Sal73])

For every linear language L C Vi, there exists a natural number N, depend-
ing only on L, such that if z € L with |z| > N then there exist u,v,w,z,y € Vj
for which the following conditions are fulfilled:

(a) z=uvwzy;

(b) va] > 0

(c) uvey| < N;
(d)Vi>0: uviwzly € L.

In the following, we give the definitions of some most important subclasses
of context free languages, for which the membership problem can be determin-
istically solved in linear time on the length of the input word.

The class of TD(k) grammars has been introduced in 1968 by P. M. Lewis
and R. E. Stearns ([LeS68]). Later, this was recalled LL(k). The name T D (k)
comes from Top-Down analysis of the input word using k lookahead symbols
and the name LL(k) comes from Left to right scanning of the input constructing
a Leftmost derivation, using k lookahead symbols.

Definition 2.1.14 We say that G = (Vn, Vr, S, P) is a LL(k) grammar (where
k > 0) if for any two distinct derivations of the form:

S==uda= ufia= uv
Im Im Im

S==uda= ufra = uuv,
Im Im Im
B gy =®) 4
then Bl :,32.

In 1965, D. E. Knuth introduced the class of LR(k) grammars ([Knu65]).
The name LR(k) comes from: Left to right scanning of the input constructing
a Rightmost derivation, using k lookahead symbols.

Definition 2.1.15 We say that G = (Vn,Vr, S, P) is a LR(k) grammar (where
k > 0) if for any two distinct derivations of the form:

S = aAdu=— afu
rm rrm
S=d Au = dp v =afv
rm rm
(F)y () 4

thena=a', A=A and 8 =p0".
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The precedence grammars were invented in 1963 by R. W. Floyd ([Flo63]).
Next, N. Wirth described in 1965 an algorithm for “finding” the precedence
functions ([Wir65]). Later, in 1966, N. Wirth and H. Weber have provided
(using precedence grammars) a formal definition for the language Euler - a
generalization of ALGOL ([WiW66]). In 1968, N. Wirth gave a grammar for
PL360 ([Wir68]).

Definition 2.1.16 Let G = (Vy,Vr, S, P) be a context free grammar without
null productions. We consider the following binary relations <-, = CV xV
and -> CV x Vp:

e X <Y if there exists a production A - a X B € P and B = Y ~;

o X =Y if there exists a production A - a XY 3 € P;

e X->q if there exists a production A - aBY 3 € P, B =t v X and
Y == aé.

Definition 2.1.17 A context free grammar G without null productions in which
the binary relations <-, =, -> are disjoint, is called a precedence grammar.
G is called invertible grammar if the statement holds:

VA—-BeP VA eP=—=A=A

G is called a simple precedence grammar (SP grammar) if it is a precedence
and invertible grammar.

The above defined subclasses of grammars may be combined using a mir-
roring process such that bidirectional parsers may be derived for recognizing an
input word (Chapters 4 and 5).

2.2 Attribute grammars

We present a unified theoretical approach for attribute grammars. The cir-
cularity problem for these grammars is treated in detail ([Knu68], [Alb91a],
[And97],[ASUS86]).

Attribute grammars have proved to be a useful formalism for specifying the
context sensitive syntax and the semantics of programming languages, as well
as for implementing editors, compilers and compiler-writing systems.

Attribute grammars are extensions of context free grammars in the sense
that the information associated with programming languages constructs may be
attached to grammar symbols representing these constructs, named attributes.
Each attribute has a (possibly infinite) set of possible values. Attribute values
are defined by attribute evaluation rules associated with the productions of the
context free grammar. These rules specify how to compute the values of certain
attribute occurrences as a function of other attribute occurrences.
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The attributes associated with a grammar symbol are divided into two dis-
joint classes, the synthesized attributes and the inherited attributes. The at-
tribute evaluation rules associated with a grammar production define the syn-
thesized attributes attached to the grammar symbol on the left hand side and
the inherited attributes attached to the grammar symbols on the right hand
side of the production.

In a context free grammar, a tree structure to each sentence may be assigned.
One could think of the nodes (grammar symbols) in a parse tree as records with
fields for holding information, whose names correspond to attributes. The values
of the synthesized attributes in a parse tree node and the inherited attributes
in its immediate descendants are defined by the attribute evaluation rules as-
sociated with the production applied for that node. The value of a synthesized
attribute of a parent is computed from the values of the attributes of its children
and (possibly) other attributes of the parent itself. The values of an inherited
attribute of a child are computed from the values of the attributes of its parent
and its siblings and (possibly) attributes of the child itself.

Generally speaking, a synthesized attribute attached to a tree node con-
tains information concerning the subtree originating at that node. Inherited
attributes are convenient for expressing the dependence of a programming lan-
guage construct of the context in which it occurs.

Several (different) definitions of attribute grammars are now used. In Section
2.2.1, we give only one of them which we think that it is the most appropriate
for describing in a formal way the link with programming languages.

2.2.1 Definitions, notations, examples

Definition 2.2.1 An attribute grammar ([Alb91a]) is a five-tuple
AG = (G,SD,AD,R,C),
defined as follows:

(1) G = (Vn,Vr,Z,P) is a (the underlying) context free grammar (G is as-
sumed to be reduced).

(1.1) VN and Vp denote the alphabets of nonterminal and, respectively,
terminal symbols, and form the vocabulary V = VyUVr, VNNVr = B;

(1.2) P is the finite set of productions; a production p € P will be denoted
asp: Xpo = Xp1 ... Xpn,, wheren, >0, Xyo € Vy and Xy, €V for
1<k < np;

(1.8) Z € Vn is the start symbol, which does not occur on the right hand
side of any production.

(2) SD =(TYPE — SET,FUNC — SET) is a semantic domain.

(2.1) TYPE — SET is a finite set of sets;
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(2.2) FUNC — SET is a finite set of total functions of type

type; X ... X type,, — typeo, where n > 0 and type; € TYPE — SET
(0<i<n).

(8) AD = (A,I,S,TY PE) is a description of attributes.

(3.1) For each symbol X € V there exists a set A(X) of attributes which
can be partitioned into two disjoint subsets I(X) and S(X) of inher-
ited and synthesized attributes, respectively;

(3.2) The set of all attributes will be denoted by A, i.e. A= |J A(X).
Xev

(8.3) Attributes associated with different symbols are considered as differ-
ent, i.e. A(X)NAY) =0 if X #Y. If necessary, an attribute a of
symbol X will be denoted by X.a;

(8.4) For ac A, TYPE(a) € TYPE — SET is the set of possible values
of a.

(4) R(p) is a finite set of attribute evaluation rules (semantic rules) associated
with the production p € P.

(4.1) Production p : Xpo — Xp1... Xppn, is said to have the attribute
occurrence (a,p, k) if a € A(Xpr);

(4.2) The set of all attribute occurrences of production p will be denoted by
AO(p);

(4.83) The set AO(p) can be partitioned into two disjoint subsets of defined
occurrences and used occurrences denoted by DO(p) and UO(p),
respectively:

DO(p)={(s,p,0)| s € S(Xpo)} U{(i,p, k) |1 € I(Xpr) N1 <k <mp}

UO(p):{(iapa 0)| s € I(XPO)} U {(s,p,k) | (NS S(ka) Al S k S np}

The attribute evaluation rules of R(p) specify how to compute the
values of the attribute occurrences in DO(p) as a function depending
on the values of certain other attribute occurrences in AO(p). The
evaluation rule defining the attribute occurrence (a,p, k) has the form

(aapa k) = f((alapa kl)a () (amapa km))

(a,p,k) € DO(p), f : TY PE(ay) X ... x TY PE(an) — TY PE(a),

f € FUNC — SET and (a;,p,k;) € AO(p) for 1 < k < m. We say
that (a,p, k) depends on (a;,p, k;), for 1 <i < m.

(5) C(p) is a finite set of semantic conditions associated with the production
p. These conditions are predicates of the form

7T((a1,p, kl)a ey (a'mapa km))

m: TYPE(a;) X ... x TYPE(a,,) — {true, false}, m € FUNC — SET,
and (a;, p, k;) € AO(p) for 1 <i < m.
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Semantic conditions allow the specification of a subset of the language de-
fined by the underlying context free grammar. A sentence that is generated by
G is a sentence of the language specified by AG if the semantic conditions yield
true. Traditionally, the definitions of attribute grammars require that both the
start symbol and the terminal symbols to have no inherited attributes. We do
not assume this restriction.

We have been so far concerned with the syntax of attribute grammars. Let
us describe their semantics.

An unambiguous context free grammar assigns a single derivation tree to
each of its sentences. The nodes of a derivation tree are labeled with symbols
from V. For each interior node there exists a production X;,0 — X1 ... Xpp,, such
that the node is labeled with X, and its n, sons are labeled with X1, ..., Xy,
respectively. We say that p is the production (applied) at that node.

Definition 2.2.2 A derivation tree is complete if it has only terminal symbols
(or the empty string) as labels of its leaves and the start symbol as the label of
1ts root.

Unless otherwise stated our derivation trees will be assumed to be complete.

Definition 2.2.3 Given a derivation tree in an attribute grammar AG =
(G,SD,AD,R, (), instances of attributes are attached to the nodes in the fol-
lowing way: if node N is labeled with grammar symbol X, then for each attribute
“a” € A(X) an instance of “a” is attached to node N. We say that the deriva-
tion tree has the attribute instance N.a. Let Ny be a node, p a production at
No and Ni, ..., Ny, the sons of Ng in the given order (Definition 2.1.13). An
attribute evaluation instruction

Ni.a := f(Ng,.a1, -y N, -Gm)
1s associated with attribute instance Ny.a if the attribute evaluation rule

(aapak) = f((alvpa kl)v ey (am,pa km))

1s associated with production p. We say that the attribute instance Ni.a depends
on the attribute instance Ni;.a; for 1 < ¢ < m. If all the values are known and
satisfy all attribute evaluation rules them we say that the attributed derivation
tree is consistent.

Definition 2.2.4 A decorated (or attributed) derivation tree is a deriva-
tion tree in which all attribute instances have a value (which is not necessarily
consistent). A consistently decorated (attributed) derivation tree is a
derivation tree in which all attribute instances are defined according to their as-
sociated attribute evaluation instructions, i.e. the “execution” of any evaluation
instruction does not change the values of the attribute associated with a tree
node (as described in Definition 2.2.3).
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In this way, in an attribute grammar a (consistently) decorated derivation
tree may be assigned to each of its sentences.

Definition 2.2.5 For each derivation tree T a dependency graph D(T) can
be defined by taking the attribute instances of T as its vertices. The directed arc
(N;.a, N;.b) is contained in the graph if and only if the attribute instance N;.b
depends on the attribute instance N;.a. A path in a dependency graph will be
called a dependency path. For n >0, dp[Nj.a1, Na.aa, ..., Ny.ay] stands for
a path with arcs (Ny.a1, Na.az), (Na.az, N3.a3), ..., (Nn—1.a4n—1, Np.ap). A path
dp[Ny.a1, Na.ag, ..., Ny.ap, Ni.a1] will be called a circular dependency path.
An attribute grammar is circular if it has a derivation tree whose dependency
graph contains a circular dependency graph. An attribute grammar is called
non-circular (well defined) if it is not circular. The class of all well defined
grammars is denoted by WAG.

The task of an attribute evaluator is to compute the values of all attribute
instances attached to a derivation tree, by executing the attribute evaluation
instructions associated with these attribute instances. Generally, the order of
the evaluation is not important. The only restriction may be that an attribute
evaluation instruction cannot be executed before its arguments are available.
An attribute instance is available if its value is defined, otherwise it is unavail-
able. At the beginning, all attribute instances attached to a derivation tree are
unavailable, with the exception of the inherited attribute instances attached to
the root (containing information concerning the environment) and the synthe-
sized attribute instances attached to the leaves (determined by the parser). At
each step an attribute instance whose value can be computed is chosen. The
evaluation process continues until all attribute instances in the tree are defined
or until none of the remaining attribute instances can be evaluated.

For a traditional attribute evaluator (as described above) it is impossible to
evaluate attribute instances involved in a circular dependency path.

Example 2.2.1 Let AGy = (G1,SD1,AD1, R1,C4) be the following attribute
grammar:

(1) G1 = ({Z,A},{a,b}, P1, Z1) the underlying context free grammar and Py
given below;

(2) SDy = ({integer}, FUNC — SET;), where FUNC — SET; is described
below (it contains the identity function, constant function, add function,
etc.);

(3) ADl = (Al,Il,Sl,TYPEl), where
(3.1) A1 = {i,s};
(3.2) L(Z) =1 (A) = {i};

(3.3) 51(Z) = 51(A) = {s};
(3.4) TY PE,(i) = TY PE;(s) = {integer};
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(4) the set Ry of attribute evaluation rules is described below;

(5) the set Cy is also presented below together with Py and R;.

Because a production (e.g. second production of G1) might contain an occur-
rence of the same nonterminal symbol X in the attribute evaluation rule, X will
have an index (starting from 1 to the last occurrence). In the following, the sets
P, Ry and C; are presented.

Production 1:
Z — A
Attribute evaluation rules:
Zi:=1;,Z.s:=As Ai:=Z.i
Production 2:
A—aA
Attribute evaluation rules:
Asi:= A0 +1; Aj.s := As.s + 1;
Production 3:
A—b
Attribute evaluation rule:

if A7 > 10 then A.s:=0else A.5:=1

Let us consider the word w = aab. Figure 2.2 pictures the corresponding
derivation tree T and the dependency graph D(T).

Z

/N
AN
+

b

D(T):

Figure 2.2.

In the following example ([ASU86]) we construct an attribute grammar for
“keeping track” the moves of the robot (and providing the final position). Sup-
pose that a robot can be instructed to move one step east, north, west, or south
from its current position.

Example 2.2.2 Let AGy = (G2, SD2, AD2, R, C>) be the following attribute
grammar:

(1) Gy = ({seq,instr},{begin, east, north, west, south}, Py, seq), where the
productions Py will be given below;
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(2) SDs = ({integer}, FUNC — SET:), where the set of total functions
FUNC — SET, are presented below (the constant functions, sum etc.);

(8) ADy = ({z,y,dz,dy},0,S2, TY PE>), where:
Sa(seq) = {z,y};
Sa(instr) = {dz, dy};

TYPE>(z) = TYPE>(y) = TYPE>(dz) = TY PE>(dy) = integer
(we may write TY PEy(dz) = TY PE,(dy) = {-1,0,1});

(4) Rs is described below together with the productions Pa;

(5) C2 =0.

In the following, the sets P> and Rs are presented.

Production 1:
seq — begin

Attribute evaluation rules:
seq.x :=0;
seq.y : =0

Production 3:
instr — east

Attribute evaluation rules:
nstr.dr = 1;
instr.dy :=0

Production 5:
instr — west

Attribute evaluation rules:
nstr.dr = —1;
instr.dy :=0

Production 2:
seqi — seqs instr

Attribute evaluation rules:

seq1.z := seqa.x + instr.dz;
seqy.y := seqs.y + instr.dy

Production 4:
instr — north

Attribute evaluation rules:

instr.de = 0;
instr.dy := 1

Production 6:
instr — south

Attribute evaluation rules:

instr.de = 0;
instr.dy := —1

The abbreviations for the attributes, as the pair (z,y), mean that z and y
are the number of steps to the east and north, respectively, from the starting
position (if x is negative, then the robot is to the west of the starting position;
similarly, if y is negative, then the robot is to the south of the starting position).

In the following example ([And97]), we present a more natural attribute
grammar using both synthesized and inherited attributes which describe the
same language.

Example 2.2.3 Let AG3 = (Gs,SD3,AD3, R3,C3) be the following attribute
grammar:

(1) Gs = ({Z, seq},{east,north,west, south}, Ps, Z), where the productions
Ps will be given below;
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(2) SDs = ({integer}, FUNC — SETj3), where the set of total functions
FUNC — SET; are presented below (the constant functions, sum etc.);

(8) ADs = ({z,y,newz,newy}, I, S, TY PE3), where:

S3(Z) = {newz, newy};

S3(seq) = {newz,newy};

I3(58q) = {ma y}f

TYPE3(z) = TYPE3(y) = TYPE3(newz) = TYPE;(newy) =

integer;

(4) Rs is described below together with the productions Ps;

(5) Cs =0.

In the following, the sets P3 and Rg are presented.

Production 1:
7 — seq

Attribute evaluation rules:

Z.newzx := seq.newc;
Z.newy := seq.newy;
seq.xz :=0;
seq.y : =0

Production 3:
seqy — north seqs

Attribute evaluation rules:

$€q1.NewT := seqz.Newr;
seqi.newy 1= seqz.newy;
5€Q2.T := Seqi.T;

seqa.y 1= seq1.y + 1

Production 5:
seqy — south seqs

Attribute evaluation rules:

S€Q1.NewT 1= seqa.newr;
seq1.newy 1= seqz.newy;
Seqs.x 1= seqy.T;

seqs.y := seq1.y — 1

Production 2:
seq1 — east seqo
Attribute evaluation rules:
s€eqL.Newr 1= seqs.newr;
seqi.newy 1= seqs.newy;
seqs.x := seq;.z + 1;
seqs.y = seqi.y

Production 4:
seq; — west seqs
Attribute evaluation rules:
Seq1.newr := seqs.newr;
seqi-newy 1= seqs.newy;
seqs.x := seqy.x — 1;
seqe.y := seqi.y

Production 6:
seq — A

Attribute evaluation rules:
seq.newr := seq.r;
seq.newy := seq.y

In [Knu68] an important subclass of attribute grammars (the so called purely
synthesized AG’s (SAG)) has been defined. In the same paper, it was proved
that SAG’s have the same recognizing power as Turing machines. We can con-
clude that the power of attribute grammars is the same as that of the Turing

machines.
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2.2.2 The circularity problem

For any derivation tree T, we can define (Definition 2.2.5) a dependency graph
D(T) whose arcs specify the dependency relations. These relations express the
fact that certain attribute instances must be computed before others. Clearly,
the attribute evaluation rules are well defined if and only if no dependency graph
contains an oriented cycle.

Definition 2.2.6 An attribute grammar is said to be noncircular (well de-
fined) if for any derivation tree T the dependency graph D(T) contains no
oriented cycle.

For any dependency graph D(T') of a noncircular attribute grammar AG a
“topological sorting algorithm” can be applied to produce a linear list

(Nl.al, N2.a2, ...,Nn.an)

of its vertices. The sequence of vertices in the list is such that for any arc
(N;.a4, Nj.aj) in D(T) we have ¢ < j. This implies that a vertex Nj.a; can
never precede a vertex N;.a; in the list if Nj.a; depends on Nj.a;. le., if
the attribute instances are evaluated in the order of the occurrences of their
associated vertices in the list, then the required arguments of their evaluation
instructions have already been evaluated.

Up to now, we have considered the dependencies between attribute instances
in complete derivation trees. From now on we shall be also interested in depen-
dencies between attribute instances in subtrees of complete derivation trees. A
subtree of a complete derivation tree has (as usual) only terminal symbols as
labels of its leaves, but is allowed to have any symbol of V' (not only the start
symbol Z) as the label of its root. We can define a dependency graph D(T) for
a subtree T in a similar way to the definition of a complete derivation tree.

Definition 2.2.7 Let p: X,0 — Xp1...Xpn, be an arbitrary production in G.
We associate a dependency graph DG, as follows:

o the vertices of DG are the attribute occurrences of the production p (i.e.
the attribute occurrences of Xp0, Xp1, ey Xpn, )

e for every pair of the attribute occurrences (a,p,j) and (b,p, k) of the pro-
duction p there exists a (directed) arc from (a,p,j) to (b,p,k) in DG if
and only if (b,p, k) depends on (a,p,J).

If T has a terminal symbol as the label of its root, D(T') may have vertices,
but no arcs. If the root of T is labeled with a nonterminal symbol, then T has
the form:

Xpo

N
Ty ... T,
Figure 2.3
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for some production p : X0 — Xp1...Xpp, applied to the root of T, where T} is
a derivation tree with X,,; labeling its root, for 1 < j < n,. D(T) is obtained
from DG, D(Ti), ..., D(Ty,) by identifying the vertices for the attribute
occurrences of X,; in DG\, with the corresponding vertices for the attribute
instances attached to the root of T; in D(T}) (1 < j < np).

We now concentrate on the problem of finding oriented cycles in dependency
graphs, i.e. to establish the (non)circularity of an attribute grammar (Defini-
tion 2.2.6). Consider a complete derivation tree T which includes an oriented
cycle. Let Ty be the smallest subtree of T' containing this cycle and let Ty be
constructed from production p and subtrees T1, ..., T, (Figure 2.3). The fact
that T is the smallest subtree which includes the cycle implies that the cycle
runs through DG,. With respect to the subtrees T; (1 < j < n,) we are not
interested in the details of their dependency paths, but just in the fact that
a dependency path runs from an inherited attribute instance of the root to a

synthesized instance of the root.

Notation 2.2.1 Let T be a complete derivation tree. A subtree of T with root
N will be denoted by T/N.

Definition 2.2.8 Let T' be a complete derivation tree. With each subtree T /N
we can associate a directed graph IS(T/N), representing its i—to—s behavior
at N as follows:

o the vertices of IS(T/N) are the attributes of X, where X is the label of
N;

e for each pair of inherited and synthesized attributes X.i, X.s, respectively,
an arc from X.i to X.s is included in IS(T/N) if and only if there is an
oriented path between the corresponding vertices N.i and N.s in D(T/N).

We do not restrict our computations to a single derivation tree and a single
node of this tree (we consider any node of any possible derivation tree). For
every X € V we need to compute the dependency graphs (with vertices from
A(X)). These show how the synthesized attributes of X depend on the inherited
attributes of X (denoted by i—to—s attribute dependency for subtrees whose
root is labeled X'). This set of graphs will be called IS — SET(X) and is defined
as follows.

Definition 2.2.9 For each X € V, IS—SET(X)={IS(T/N)|T is a deriva-
tion tree and N is a node of T labeled X}.

Note that for each X € V, IS — SET(X) is finite since A(X) is finite. The
elements of .S — SET(X) will be called the is—graphs of X.

In a similar way we can define graphs “showing” how the inherited attributes
associated with a grammar symbol X may depend on the synthesized attributes.

Notation 2.2.2 Consider a derivation tree T whose subtree with root N has
been deleted, excluding N itself. Such an (incomplete) derivation tree will be
denoted by T —T/N.



ATTRIBUTE GRAMMARS 21

Definition 2.2.10 Let T be a complete derivation tree. With each tree T —
T/N we can associate a directed graph SI(T —T/N), representing the s—to—i
behavior at N as follows:

e the vertices of SI(T —T/N) are the attributes of X, where X is the label
of N;

e for each pair of synthesized and inherited attributes X.s, X.i, respectively,
an arc from X.s to X.i is included in SI(T — T/N) if and only if there
exists an oriented path between N.s and N.i in D(T — T/N).

The set of graphs, expressing the different s—to—i attribute dependency
patterns at X, of trees whose subtree with root labeled X has been deleted, will
be called ST — SET(X) and is defined as follows.

Definition 2.2.11 For each X € V, SI — SET(X) ={SI(T —T/N) | T is a
derivation tree and N is a node of T labeled X}.

The elements of ST — SET(X) will be called the si—graphs of X.

For each production p we have already defined a dependency graph DG,,. The
following notation is needed to express the combination between the dependency
information of a production and its context.

Notation 2.2.3 Let p be a production p : Xo — Xp1...Xpn, and let Dy, for
0 <i < nyp, be a directed graph with vertices A(Xp;). Then DGy[Do, D1, ..., Dy, ]
is the directed graph obtained from DG, by adding an arc from the attribute
occurrence (a,p,i) to (b,p,i) whenever there exists an arc from the attribute
Xp,.a to the attribute Xp,.b in D; (0 < i< np).

For the case where Dy is an si—graph from SI —SET(Xp) and D; (1 <i <
np) an is—graph from IS — SET(X;) (1 <n <ny,), DGp[Do, D1, ..., Dy, ] de-
scribes the (indirect) dependencies between attribute instances of an application
of production p within a derivation tree.

To compute the set 1.S — SET (X)), we isolate the subtrees with root N from
the surrounding trees, and to compute the set ST — SET(X) we consider the
incomplete derivation trees from which a subtree with root N has been deleted.
Hence, we need to consider the case of a “hole” in the context of a production.

Notation 2.2.4 Given a production p : Xpo — Xp1...Xpn, and the directed
graphs D; (0 < i < ny,) with vertices A(X,;), then

DGp - k[D(),Dl, ---7Dk—17Dk+17 ...,an] - DGP[D(),Dl, ...,an], 0 S k S nyp

To directly express the indirect dependencies directly we denote DG, —k]...]*,
that is the transitive closure of DG, —k][...] (for simplicity, the explicit arguments
of DG, — k have been indicated by dots). From DG, — k]...]*, a new directed
graph DG, — k*[...] can be constructed as follows.
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Definition 2.2.12 The vertices of DG, — k*[...] are the attributes of A(Xpr)-
For each pair of attributes Xpi.a, Xpr.p, an arc from Xpp.a to Xprp ts included
in DGy — k*[...] if and only if there exists an arc from (a,p,k) to (b,p,k) in
DG, — k[...]*.

DG, — 0*[...] can be used to characterize the is—graphs as follows.

Lemma 2.2.1 For each X € Vp, IS — SET(X) represents the set consisting
of the single graph with vertices A(X) and no arcs. For each X € Vy,

IS — SET(X) = {DGp, —0*[Dy,.., D, ] | p € P, Xpo = X,
D; € IS — SET(X,;) (1 <i<nyp)}

In fact, IS — SET(X) are the smallest sets of graphs satisfying the above equa-
tions.

Proof Following [And97]. |

From Lemma 2.2.1 (the recursive characterization of IS—SET (X)) the following
algorithm ([Knu68],[Alb91a],[And97]) can be derived.

Algorithm 3.1. Computation of the sets IS — SET(X)

Input: An arbitrary attribute grammar AG;
Output: The sets IS — SET(X) forall X € V.
Method:
begin
for (all X € Vy) do IS — SET(X) := 0;
for (all X € Vr) do
IS —SET(X) := the set consisting of the single graph with vertices A(X)
and no arcs;
repeat {for all X € Vy : add further graphs to the set IS — SET(X)}
choose a production p: Xp9 — Xp1...Xpy, for which
none of the sets IS — SET(Xp;) (1 <¢ < n) is empty;
for (1 <i <n,) do choose a graph D; in IS — SET(X,;);
if (graph DG, — 0*[D1, ..., Dy, ] is not in IS — SET(X,0) then
add this graph to IS — SET(Xpo)
until no further graphs can be added to any set IS — SET(X)
end.

Note that for all X € V|, IS — SET(X) is non-empty. This follows immediately
from the fact that the underlying context free grammar of AG is reduced.

We can also formulate a related, recursive, characterization for the sets ST —
SET(X), based on the graphs DG, — k*[...] (k # 0).

Lemma 2.2.2 ST — SET(Z) represents the set consisting of the single graph
with vertices A(Z) and no arcs. For each X € V such that X # Z,

SI-SET(X) = {DGy—k*[Dg, D1, ..., Di—1, Dis1,--, D] | pE P, 1 <k <y,
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X, = X, Dy € SI-SET(Xp0), Di € IS—SET(Xp:) (1<i <, i #k)}

In fact, the SI — SET(X) are the smallest sets of graphs satisfying the above
equations.

Proof In [And97]. |
This characterization leads to the following algorithm ([Alb91a, And97]).

Algorithm 3.2. Computation of the sets ST — SET(X)

Input: An arbitrary attribute grammar AG and the sets IS — SET(X) for all
Xev;
Output: The sets ST — SET(X) for all X € V.
Method:
begin
SI — SET(Z) := the set consisting of the single graph with vertices A(Z)
and no arcs;
for (all X € V, X # Z) do SI — SET(X) := 0;
repeat {for all X € V : add further graphs to the set SI — SET(X)}
choose a production p: X0 — Xp1...Xpn,
choose a graph Dg in ST — SET(X,0)
choose an integer k (1 <k < n,)
for (1 <i < n,) do choose a graph D; in IS — SET (Xp;);
if (graph DG, — k*[Do, D1, ...Dg_1, Diy1, ., Dy ] ¢ ST — SET(Xp1))
then add this graph to ST — SET (X )
until no further graphs can be added to any set ST — SET (X,)
end.

Having the sets IS — SET(X) for all X € V, the circularity test is straightfor-
ward.

Algorithm 3.3. Circularity test

Input: An arbitrary attribute grammar AG and the sets IS — SET(X) for all
Xev;
Output: The graphs DG, — 0]...] containing an oriented cycle.
Method:
begin
for (every production p: X0 = Xp1...Xpp,) do
for (each combination [Dy, ..., D,, ], where D; € IS — SET (X))
(1 <i<nyp)do
if (graph DG, — 0[D1, D», ..., Dy, ] contains an oriented cycle)
then output this graph
end.

Theorem 2.2.1 The attribute grammar AG is noncircular if and only if DG, —
0[D1,...,Dy,] contains no oriented cycle, for any p : Xpo — Xp1..Xpn, €
P, D; € IS — SET(X,;) (1 <i < nyp).
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Proof In [And97]. |

Algorithms 3.1 and 3.3 form together Knuth’s algorithm for testing the cir-
cularity of attribute grammars ([Knu71]). M. Jazayeri, W. F. Ogden and W.
C. Rounds ([JORT75a], [JOR75b], [Jaz81]) showed that the time complexity of
the circularity test is inherently exponential. However, the only exponential
factor in the complexity of the algorithm is the number of graphs in the set
IS — SET(X) constructed for each nonterminal symbol. K. L. Rdihd and M.
Saarinen [RaS77] found that for “practical” grammars this number is very small
(at most 4) and discussed techniques to improve the implementation of the al-
gorithm to compute the sets IS — SET(X). Their experiments showed that for
practical grammars the computation of the dependencies is feasible. Implemen-
tation aspects of the circularity test are also considered by B. Lorho and C.
Pair [LoP85], K. S. Chebotar [Che81], P. Deransart, M. Jourdan and B. Lorho
[DJL84].

Much more, there exists an hierarchy of important subclasses of attribute
grammars.

WAG D ANCAG D PAG D OAG D LAG D SAG,

where the suffix “AG” comes from attribute grammars, and the others from
“W” - well defined, “ANC” - absolutely non-circular, “PAG” - partitioned, “O”
- ordered, “L” - left and “S” - synthesized.

To evaluate the attribute values in the subclasses WAG [Knu68], ANCAG
[KeW76] (sometimes called SNCAG = strongly non-circular attribute gram-
mars, [Jou84], [JPJ90]), PAG [WaG84], OAG [Kas80] the structure tree must
be kept in memory. This is not the case for the subclasses LAG, SAG [LRST74]
and consequently there exists polynomial algorithms for evaluating all the at-
tribute values for them. Unfortunately, the former subclasses are too small for
describing the dependency between the attributes of the practical programming
languages.

2.2.3 Transitive and reflexive closure

In this section, we shall present some algorithms for computing the transitive
closure of a binary relation (or, for a directed graph).

Definition 2.2.13 A (binary) relation R on the set X is a collection of
ordered pairs of elements of X, i.e. R C X x X. If (z;, ;) € R, where
zi, z; € X then we say that z; and z; are in the relation R (this can also be
denoted by z; Rx;).

A convenient way of representing a binary relation R on a set X is to use a
directed graph, the vertices of which stand for the elements of X and the arcs
stand for the ordered pairs of elements of X defining the relation R.

Definition 2.2.14 Consider a set X and a relation R on X. Then:
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1. R is reflexive if every element x; € X is in relation R to itself; that is,
for every x;, x; Rx;;

2. R is symmetric if z; Rx; implies v; Rx;;
3. R is transitive if z; Rx; and x; Rz, imply x; Rxy;

4. R is an equivalence relation if it is reflerive, symmetric, and transitive.
If R is an equivalence relation defined on a set S, then S can be uniquely
partitioned into subsets Sy, Sz, ... such that two elements x and y of S
belong to S; if and only if x Ry. The subsets S1, Ss, ... are called the
equivalence classes induced by the relation R on the set S.

Definition 2.2.15 The directed graph representing a reflexive relation is called
the reflexive directed graph. Symmetric and transitive directed graph
may be defined in a similar way.

Remark 2.2.1
1. In a reflexive directed graph, there exists a (self-)loop at each vertez.

2. In a symmetric directed graph, there exist two oppositely oriented arcs
between any two adjacent vertices. Therefore an undirected graph can be
considered as representing a symmetric relation if we identify any two
oppositely oriented arcs with an arc.

3. The arc (v1, va) also occurs in a transitive graph G if there exists a directed
path in G from vy to vs.

Definition 2.2.16 The transitive closure of a binary relation R is a relation
R* defined as follows: z RT y if and only if there exists a sequence

To = Ty T1y T2y woey Tp =Y
such that k > 0 and zo Rz1, x1 Rz, ..., Tp_1 Rxp.

Clearly, if z Ry, then z Rt y. Hence R C RT. Further, it can be easily shown
that R* is transitive. In fact, it is the smallest transitive relation containing R.
So if R is transitive, then RT = R.

Definition 2.2.17 Suppose that G is the directed graph representing a relation
R. The directed graph G+ representing the transitive closure R of R is called
the transitive closure of G.

It follows from the definition of R* that the arc (z,y), z # y, is in GT if
and only if there exists in G a directed path from the vertex z to the vertex y.
Similarly the self-loop (z,z) at vertex z is in G if and only if there exists in
G a directed circuit containing z.
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Definition 2.2.18 The adjacency matrix of an n—vertex directed graph G
is an n X n (0,1) matriz in which the (i,7) entry is equal to 1 if and only if
there exists a directed arc from vertex i to vertex j when i # j.

The reachability matrix of an n—uvertex directed graph G is an nxn (0,1)
matriz in which the (i,7) entry is equal to 1 if and only if there exists a directed
path from vertex i to vertex j when i # j, or a directed circuit containing vertex
it when t = j.

In other words, the (7, j) entry of the reachability matrix is equal to 1 if and
only if vertex j is reachable from vertex i through a sequence of directed arcs.
It is easy to see that the adjacency matrix of G is the same as the reachability
matrix of G.

The problem of constructing the transitive closure of a directed graph arises
in several applications concerning compilers and attribute grammars. In this
section, we point out only;

e an elegant and computationally efficient algorithm due to S. Warshall
([War62]) for computing the transitive closure;

e a variation of Warshall’s algorithm given by H. S. Warren ([War75]).

Let G be an n—vertex directed graph with its vertices denoted by the integers
1, 2, ..., n. Let G° = G. Warshall’s algorithm constructs a sequence of graphs so
that G* C G, 0 <i <n—1, and G” is the transitive closure of G. The graph
G?, i > 1, is obtained from G*~! by “processing” vertex ¢ in G*~!. Processing
the vertex i in G~ ! involves the addition of new edges to G*~! as described
below.

Let the arcs (i,k), (i,0), (i,m), ... of G*"! be (outer) incident with the
vertex 7. Then for each arc (j,7) inner incident with the vertex i, add to G*~!
the arcs (j,k), (4,0), (j,m), ... if these arcs are not already present in G*~1.
The resulting graph (after the vertex i is processed) is denoted as G*. It is clear
that G* C G**1, Vi > 0. To show that G™ is the transitive closure of G we need
to prove the following result.

Theorem 2.2.2 1. Suppose that, for any two vertices s and t, there exists
in G a directed path P from vertex s to vertex t such that all its vertices
other than s and t are from the set {1, 2, ..., i}. Then G contains the
arc (s,t).

2. Suppose that, for any vertex s, there exists in G a directed circuit C' con-
taining vertex s such that all its vertices other than vertex s are from the
set {1,2, ..., i}. Then G contains the self-loop (s, s).

Proof Following [ThS92]. |

As an immediate consequence of this theorem we get the following.

Corollary 2.2.1 G" is the transitive closure of G.
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We give now a formal description of Warshall’s algorithm. In this description
the graph G is represented by its adjacency matrix M and the symbol V stands
for Boolean addition (aVb=1 <= a=10r b=1).

Algorithm (TC1). Transitive Closure (S. Warshall)

Input: M, the adjacency matrix of a graph G
Output: M, the reachability matrix of G;
Method:
begin

for i :=1 ton do

for j:=1ton do
if M(j,i) =1 then
for k:=1tondo
M(j,k) :== M(j, k) vV M (i, k)

Mt =M

end.

Note that the matrix M (when the algorithm begins to execute the statement
for j := 1 to n do with i = p) is the adjacency matrix of G*~1. Further, on
processing a diagonal entry does not result in adding new nonzero entries.

Let us note that:

1. Warshall’s algorithm transforms the adjacency matrix M of a graph G into
the adjacency matrix of the transitive closure of G by suitable overwriting
on M. For this reason we say that the algorithm works “in place”.

2. The algorithm processes all the arcs incident into a vertex before it be-
gins to process the next vertex. In other words it processes the matrix
M “column-wise”. Warshall’s algorithm may be thus seen as column-
oriented.

3. While processing a vertex, no new arc (i.e., an arc that does not exists
when the processing of that vertex begins) inner incident to the vertex is
added to the graph. This means during the processing of a vertex we can
choose the arcs inner incident to that vertex in an arbitrary order.

4. Suppose that the arc (j,7) inner incident into the vertex i during the
processing of the vertex ¢ and it is added in a further step, during the
processing some vertex k, k > 4. Clearly this arc is not processed during
the processing of the vertex ¢. Neither will it be processed later since no
vertex is processed more than once. In fact, such an arc will not result in
adding any new arcs.

5. Warshall’s algorithm is said to work in one pass since each vertex is pro-
cessed exactly once.
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Suppose that we wish to modify Warshall’s algorithm so that it becomes
row-oriented. In a row-oriented algorithm, during processing a vertex, all the
arcs outer incident to that vertex are to be processed. The processing of the
arc (7,j) introduces the arcs (i,k) for every arc (j,%k) outer incident to the
vertex j. Therefore new arcs outer incident to a vertex may be added during the
processing of a vertex “row-wise”. Some of these newly added arcs may not be
processed before the processing of the vertex under consideration is completed.
If the processing of these arcs is necessary for the computation of the transitive
closure, then such a processing can be done only in a second pass. Thus, a row-
oriented algorithm may require more than one pass to compute the transitive
closure.

H. S. Warren ([War75]) proved that only two passes in the row-oriented
algorithm are really needed. During the processing of vertex i, in the first pass
only arcs connected to vertices less than ¢ are processed, and in the second pass
only arcs connected to vertices greater than i are processed. In other words, the
algorithm transforms the adjacency matrix of G by processing in the first pass
only entries below the main diagonal of M and in the second pass only entries
above the main diagonal. Thus during each pass at most n(n — 1)/2 arcs are
processed.

Algorithm (TC2). Transitive Closure (Warren)

Input: M, the adjacency matrix of a graph G,
Output: M, the reachability matrix of G;
Method:
begin { Part 1 }
for 1 :=2ton do
for j:=1toi—1do
if M(i,j) =1 then
for £k :=1ton do
M((i k) := M (i, k) V M(j, k)
{ Part 2 }
fori:=1ton—-1do
for j:=i+1tondo
if M(i,j) =1 then
for £k :=1ton do
M((i k) := M(i,k) vV M(j, k)
Mt=M
end.

The proof of the correctness of Warren’s algorithm is based on the following
lemma.

Lemma 2.2.3 Suppose that, for any two vertices s and t, there exists in G a
directed path P from s to t. Then the graph that results after processing vertex
s in the first pass (the statements included in Part 1) of Warren’s algorithm
contains an arc (s,r), where r is a successor of s on P and either r > s or
r=t.
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Proof Following [ThS92]. |

Theorem 2.2.3 Warren’s algorithm computes the transitive closure of a graph

G.

Proof Following [ThS92]. |

Both Warshall’s and Warren’s algorithms have the (worst-case) complexity
O(n?), where n is the cardinality of X. Other row-oriented algorithms may be
found in [War75].

2.3 Parallel computers

A parallel computer is a computer with many processing units (processors).
A parallel algorithm is a solution method for a given problem destinate to be
solved (performed) on a parallel computer.

2.3.1 Models of (parallel) computation

Any computer, whether sequential or parallel, operates by executing instructions
on data. A stream of instructions (the algorithm) tells the computer what to do
at each step. A stream of data (the input of the algorithm) is affected by these
instructions. Depending on whether there is one or several of these streams, we
can distinguish among four classes of computers (type of computations):

—

. Single Instruction stream, Single Data stream (SISD)
. Multiple Instruction stream, Single Data stream (MISD)

. Single Instruction stream, Multiple Data stream (SIMD)

- W N

. Multiple Instruction stream, Multiple Data stream (MIMD)

2.3.1.1 SISD computers

A computer in this class consists of a single processing unit receiving a single
stream of instructions that operates on a single stream of data. At each step
during the computation the control unit emits one instruction that operates
on a datum obtained from the memory unit. Such an instruction may tell the
processor, for example, to perform some arithmetic or logic operation on the
datum and then put it back into the memory.

The overwhelming majority of computers today adhere to this model in-
vented by John von Neumann and his collaborators in the late 1940’s. An
algorithm for a computer in this class is said to be sequential (or serial).

Example 2.3.1 In order to compute the sum of n numbers, the unique proces-
sor needs to gain access to the memory n consecutive units of time at each time
receiving one number. There are also n — 1 additions involved that are executed
in sequence. Therefore, this computation requires O(n) operations.
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2.3.1.2 MISD computers

In this case, N processors (each with its own control unit) share a common
memory unit where data reside. There exist IV streams of instructions and one
stream of data. At each step, one datum received from memory is operated
upon by all the processors simultaneously, each according to the instruction it
receives from its control. Thus, parallelism is achieved by letting the processors
do different things at the same time on the same datum. This class of computers
lends itself naturally to those computations requiring an input to be subjected
to several operations, each receiving the input in its original form.

Example 2.3.2 It is required to determine whether a given positive integer z
has no divisors except 1 and itself. The obvious solution to this problem is to
try all possible divisors of z. If none of these succeeds in dividing z, then z is
said to be prime; otherwise z is said to be composite.

We can implement this solution as a parallel algorithm on an MISD com-
puter. The idea is to split the job of testing potential divisors among processors.
Assume that there are as many processors on the parallel computer as there are
potential divisors of z. All processors take z as input, then each tries to divide it
by its associated potential divisor and issues an appropriate output based on the
result. Thus it is possible to determine in one step whether z is prime. More
realistically, if there are fewer processors than potential divisors, then each pro-
cessor can be given the job of testing a different subset of these divisors. In either
case, a substantial speedup is obtained over a purely sequential implementation.

Although more efficient solutions to the problem of primality testing exist,
we have chosen the simplest one.

Example 2.3.2 shows that the class of MISD computers could be extremely
useful in many applications. It is also apparent that the kind of computations
that can be carried out efficiently on these computers are of a rather specialized
nature. For most applications, MISD computers would be rather awkward to
use. We shall see that SIMD and MIMD are more suitable for a wide range of
problems.

2.3.1.3 SIMD computers

A parallel computer in this class consists of N identical processors, as shown in
Figure 2.4.
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Figure 2.4. SIMD Computer

Each of the N processors possesses its own local memory where it can store
both programs and data. All processors operate under the control of a single in-
struction stream issued by a central control unit. Equivalently, the N processors
may be assumed to hold identical copies of a single program, each processor’s
copy being stored in its local memory. There are N data streams, one per each
processor.

The processors operate synchronously. At each step, all processors execute
the same instruction, each on a different datum. The instruction could be a
simple one (such as adding or comparing two numbers) or a complex one (such
as merging two lists of numbers). Similarly, the datum may be simple (one
number) or complex (several numbers). Sometimes, it may be necessary to
have only a subset of the processors executing an instruction. This information
can be encoded in the instruction itself, thereby telling a processor whether
it should be active (and execute the instruction) or inactive (and wait for the
next instruction). There is a mechanism, such as a global clock, that ensures
lock-step operation. Thus processors that are inactive during an instruction or
those that complete the execution of the instruction before others may stay idle
until the next instruction is issued. The time interval between two instructions
may be fixed or may depend on the instruction being executed.

In most interesting problems that we wish to solve on an SIMD computer, it
is desirable for the processors to be able to communicate among themselves dur-
ing the computation in order to exchange data or intermediate results. This can
be achieved in two ways, giving rise to two subclasses: SIMD computers where
communication is through a shared memory and those where communication is
done via an interconnection network.

Shared-Memory (SM) SIMD computers

This class is also known in the literature as the Parallel Random-Access Machine
(PRAM) model. When two processors wish to communicate, they do so through
the shared memory. Say processor i wishes to pass a number to processor j.
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This is done in two steps. First, processor i writes the number in the shared
memory at a given location known to processor j. Then, processor j reads the
number from that location.

During the execution of a parallel algorithm, the N processors gain access to
the shared memory for reading input data, for reading or writing intermediate
results, and for writing final results. The basic model allows all processors to
gain access to the shared memory simultaneously if and only if the memory
locations they are trying to read from or write into are different. However,
the class of shared-memory SIMD computers can be further divided into four
subclasses, according to whether two or more processors can gain access to the
same memory location simultaneously:

(i) Exclusive-Read, Exclusive-Write (EREW) SM SIMD Comput-
ers. Access to memory locations is exclusive. In other words, no two
processors are allowed simultaneously to read from or write into the same
memory location.

(i) Concurrent-Read, Exclusive-Write (CREW) SM SIMD Com-
puters. Multiple processors are allowed to read from the same memory
location but the right to write is still exclusive.

(iii) Exclusive-Read, Concurrent-Write (ERCW) SM SIMD Com-
puters. Multiple processors are allowed to write into the same memory
location but read accesses remain exclusive.

(iv) Concurrent-Read, Concurrent-Write (CRCW) SM SIMD Com-
puters. Both multiple-read and multiple-write privileges are granted.

Allowing multiple-read accesses to the same address in memory generates
no problems (except perhaps some technological ones to be discussed later).
Conceptually, each of the several processors reading from that location makes a
copy of the location’s contents and stores it in its own local memory.

With multiple-write accesses, however, difficulties arise. If several processors
are attempting simultaneously to store (potentially different) data at a given
address, which one of them should succeed ? In other words, there should be
a deterministic way of specifying the contents of that address after the write
operation. Several policies have been proposed to resolve such write conflicts,
thus further subdividing classes (iii) and (iv). Some of these policies are:

(a) the smallest-numbered processor is allowed to write, and access is denied
to all other processors;

(b) all processors are allowed to write provided that the quantities they are
attempting to store are equal, otherwise access is denied to all processors;

c) the sum of all quantities that the processors are attemptin to write is
g
stored.
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Interconnection-Network SIMD computers

There exists a lot of interconnection possibilities between processors for a SIMD
computer. One of the simplest interconnection is that where every pair of pro-
cessors are connected by a two-way line, i.e. a structure of a complete graph.
Unfortunately, this model is not at all convenient in practice, because:

(i) Price. What is the price paid to fully interconnect N processors ? There
are N — 1 lines leaving each processor for a total of N(N-1), Clearly, such

a network is too expensive, especially for large values of V.

(ii) Feasibility. Even if we could afford such a high price, the model is un-
realistic in practice, again for large values of N. Indeed, there is a limit
on the number of lines that can be connected to one processor, and that
limit is dictated by the actual physical size of the processor itself.

Other possibilities for interconnecting processors are: linear array, two-
dimensional array, tree connection, perfect shuffle connection, cube connection.

Example 2.3.3 Assume that the sum of n numbers z1, s, ..., T, needs to
be computed. There exist n — 1 additions involved in this computation, and a
sequential algorithm running on a conventional (i.e. SISD) computer will require
n steps to complete it. Using a tree-connected SIMD computer with logn levels
and % leaves, the job can be accomplished in logn steps (Figure 2.5.) forn = 8.

OuUTPUT
A
Py
P P
P4 P5 Pa P7
oo oo
INPUT z; x2 T3 T4 T5 Tg T7 Tg

Figure 2.5. Adding eight numbers on a processor tree

The original input is received at the leaves, two numbers per leaf. Each leaf
adds its inputs and sends the result to its parent. The process is now repeated
at each subsequent level: FEach processor receives two inputs from its children,
computes their sum, and sends it to its parents. The final result is eventually
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produced by the root. Since at each level all the processors operate in parallel,
the sum is computed in logn steps.

The speed improvement is even more dramatic when m sets, each of n num-
bers, are available and the sum of each set is to be computed. A conventional
(sequential) machine requires m - n steps in this case. A trivial application of
the parallel algorithm produces the m sums in m(logn) steps. Through a process
known as pipelining, however, we can do it significantly better. Notice that once
a set has been processed by the leaves, these are free to receive the next one. The
same observation applies to all processors at the higher levels. Hence each of the
m — 1 sets that follow the initial one can be inputed to the leaves one step after
their predecessor. Once the first sum exits from the root, a new sum is produced
in the next step. The entire process therefore takes logn + (m — 1) steps.

2.3.1.4 MIMD computers

This class of computers is the most general and the most powerful. A MIMD
computer has N processors, N streams of instructions, and N streams of data.
The processors here are of the type used in MISD computer in the sense that each
possesses its own control unit in addition to its local memory and arithmetical
and logical units. This makes these processors more powerful than the ones
used for SIMD computers.

Each processor operates under the control of an instruction stream issued by
its control unit. Thus the processors are (potentially all) executing different pro-
grams on different data while solving different subproblems of a single problem.
This means that the processors typically operate asynchronously. As with SIMD
computers, communication between processors is performed through a shared
memory or an interconnection network. MIMD computers sharing a common
memory are often referred to as multiprocessors (or tightly coupled machines)
while those with an interconnection network are known as multicomputers (or
loosely coupled machines).

Since all the processors on a multiprocessor computer share a common mem-
ory, the discussion in section 2.3.1.3 regarding the various ways of concurrent
memory access applies here as well. Indeed, two or more processors executing
an (asynchronous) algorithm may, by accident or by design, wish to gain access
to the same memory location. We can therefore talk of EREW, CREW, ERCW,
and CRCW SM MIMD computers and algorithms, and various methods should
be established for solving memory access conflicts in models that disallow them.

Computers in the MIMD class are used to solve those problems that lack
the regular structure required by the SIMD model. This generality does not
come for free, that is asynchronous algorithms are difficult to design, evaluate,
and implement. In order to appreciate the complexity involved in program-
ming MIMD computers, it is important to distinguish between the notion of
a process and that of a processor. An asynchronous algorithm is a collection
of processes some or all of which are executed simultaneously on a number of
(available) processors. At the beginning (at the beginning of the execution),
all the processors are free. The parallel algorithm starts its execution on an
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arbitrarily chosen processor(s). Shortly thereafter it creates a number of com-
putational tasks (processes) to be performed. A process thus corresponds to a
section of the algorithm: There may be several processes associated with the
same algorithm section, each with a different parameter.

Once a process is created, it must be executed on a processor. If a free
processor is available, the process is assigned to the processor that performs
the computations specified by the process. Otherwise (if no free processor is
available), the process is queued and waits for a processor to be free.

When a processor completes execution of a process, it becomes free. If a
process is waiting to be executed, then it can be assigned to the processor just
freed. Otherwise (if no process is waiting), the processor is queued and waits
for a process to be created.

The order in which processes are executed by processors can obey any policy
that assigns, e.g., priorities to processes. For example, processes can be executed
in a first-in-first-out or in a last-in-first-out order. Also, the availability of
a processor is sometimes not sufficient for the processor to be assigned to a
waiting process. An additional condition may have to be satisfied before the
process starts. Similarly, if a processor has already been assigned a process and
an unsatisfied condition is encountered during execution, then the processor is
freed. When the condition for resumption of that process is later satisfied, a
processor (not necessarily the original one) is assigned to it. These are only
a few of the scheduling problems that may characterize the programming of
multiprocessors. Finding efficient solutions to these problems is important if
MIMD computers are to be considered useful. Note that none of these scheduling
problems arise on the less flexible but easier to program SIMD computers.

2.3.2 Analyzing algorithms

Related to the analysis of parallel algorithms, the most important measure is the
running time, i.e. the time elapsed between the time when the first processor
starts computing and the moment the last processor ends its computation. The
running time of a parallel algorithm is usually obtained by counting two kinds
of steps: computational steps and routing steps. A computational step is an
arithmetic or logic operation performed on a datum within a processor. In a
routing step, on the other hand, a datum travels from one processor to another
via the shared memory or through the communication network. For a problem of
size n, the parallel worst-case running time of an algorithm, a function of n, will
be denoted by #(n). Strictly speaking, the running time is also a function of the
number of processors. Computational steps and routing steps do not necessarily
require the same number of time units. A routing step usually depends on the
distance between the processors and typically takes a little longer to execute
than a computational step.

Example 2.3.4 The sorting problem is defined as follows: A set of n (real)
numbers is given has to be sorted in the nondecreasing order. Note that there
exist n! possible permutations of the input and logn! (i.e. O(nlogn)) bits are
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needed to distinguish among them. Therefore, in the worst case, any sequential
algorithm for sorting requires on O(nlogn) steps to recognize a particular output
(as described below).

Example 2.3.5 Say that we want to compute the product of two n xn matrices.
Since the resulting matriz has also n? entries, at least n? steps are needed by
any matriz multiplication algorithm simply to produce the output. Up to now,
no algorithm is known for multiplying two n x n matrices in n? steps. The
standard textbook algorithm requires O(n3) operations.

For parallel algorithms, two additional factors (apart of the lower and upper
bounds) have to be taken into consideration:

(i) the model of parallel computation used;
(ii) the number of processors involved.

To evaluate a parallel algorithm for a given problem, it is quite natural to
do it in terms of the best available sequential algorithm for that problem. A
good indication of the quality of a parallel algorithm is the speedup it produces.
This is defined as

Speedup =
worst—case running time of the fastest known sequential algorithm for the problem
worst—case running time of the parallel algorithm

Clearly, the larger the speedup, the better the parallel algorithm.

Example 2.3.6 The problem of adding n numbers discussed in Example 2.3.3
is solved in O(logn) time on a tree-connected parallel computer using n — 1
processors. Here the speedup is O(n/logn) since the best possible sequential
algorithm requires O(n) additions. This speedup is far from the ideal n — 1 and
it is due to the fact that the n numbers were input at the leaves and the sum
outputs at the root. Any algorithm for such a model necessarily requires Q(logn)
time, that is, the time required for a single datum to propagate from input to
output through all levels of the tree.

The second important criterion in evaluating a parallel algorithm is the num-
ber of processors it requires to solve a problem. The larger the number of
processors an algorithm uses to solve a problem, the more expensive the solu-
tion becomes to be obtained. For a problem of size n, the number of processors
required by an algorithm, a function of n, will be denoted by p(n) (sometimes
the number of processors may be a constant independent of n).

The cost of a parallel algorithm is defined as

Cost = parallel running time X number of processors used.

In other words, the cost equals the number of steps executed simultaneously by
all processors in solving a problem in the worst case. This definition assumes
that all processors execute the same number of steps. If it is not the case,



PARALLEL COMPUTERS 37

then the cost is an upper bound on the total number of steps executed. For a
problem of size n, the cost of a parallel algorithm will be denoted by c(n) (i.e.
c(n) =t(n) x p(n)).

Assume that a lower bound on the number of sequential operations required
in the worst case to solve a problem is known. If the cost of a parallel algorithm
for that problem matches this lower bound to within a constant multiplicative
factor, then the algorithm is said to be cost optimal. This is because any
parallel algorithm can be simulated on a sequential computer. If the total
number of steps executed during the simulation is equal to the lower bound,
then this means that, when it comes to cost, this parallel algorithm cannot be
improved upon as it executes the minimum number of possible steps. It may
be however possible, of course, to reduce the running time of a cost-optimal
parallel algorithm by using more processors. Similarly, we may be able to use
fewer processors, while retaining cost optimality, if we are willing to settle for a
higher running time.

A parallel algorithm is not cost optimal if a sequential algorithm exists whose
running time is smaller than the parallel algorithm’s cost.

Example 2.3.7 In Example 2.5.3, the size of the tree depends on n, the number
of terms to be added, and p(n) = n — 1. The cost of adding n numbers on an
(n — 1)-processor tree is (n — 1) x O(logn). This cost is not optimal since we
know how to add n numbers optimally using O(n) sequential additions.

Let Q(T'(n)) be a lower bound on the number of sequential steps required
to solve a problem of size n. Then Q(T'(n)/N) is a lower bound on the running
time of any parallel algorithm that uses NV processors to solve that problem.

Remark 2.3.1 Since Q(nlogn) steps is a lower bound on any sequential sort-
ing algorithm, the equivalent lower bound on any parallel algorithm wusing n
processors is Q(logn).

When no optimal sequential algorithm is known for solving a problem, the
efficiency of a parallel algorithm for that problem is used to evaluate its cost.
This is defined as follows:

Efficiency =
worst—case running time of fastest known sequential algorithm for the problem
cost of parallel algorithm

Usually, the efficiency has to be less than or equal to 1; otherwise a faster
sequential algorithm can be obtained !

Example 2.3.8 Let the worst-case running time of the fastest sequential algo-
rithm for multiplying two n x n matrices be O(n??°) (as known). The efficiency
of a parallel algorithm that uses n* processors to solve the problem in O(n) time

is O(n?°)/0(n?).
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Chapter 3

Linear-time bidirectional
parsing for a subclass of
linear grammars

This chapter is the first original one from this paper. It was prepared using the
papers [AnK98] and [AnK99b].

New classes of linear grammars, LLin(m,n), m,n € N - similar to the LL(k),
k € N (J[AhUT72], [LeS68]) grammars - were introduced ([AnK98, AnK99b]).
Intuitively, “looking ahead” to the next m terminal symbols and “looking back”
to the previous n terminal symbols suffices to uniquely determine the production
which has to be applied. The membership problem for LLin(m,n) grammars
can be solved using a linear time complexity algorithm.

In the first section we give some general properties of the mentioned gram-
mars, such as unambiguity, recursiveness and closure properties. A comparison
with LL(k) grammars and an “internal” hierarchy is also provided. Let us note
that there exist m,n € N such that £LLin(m,n) are strictly between determin-
istic context free languages and context free languages.

In the second section, a characterization theorem for LLin(m,n) grammars
is presented. We also describe a bidirectional parser for LLin(m,n) grammars.

The third section treats LLin(1,1) grammars. One of the main point is that
the auxiliary function first_last can be computed in polynomial time. In this
way, we can easily decide whether or not a linear grammar is LLin(1,1).

3.1 Definitions and general properties
In this chapter we introduce a new subclass of linear languages for which the
membership problem can be solved in linear time (sequential) complexity. For

the general class of linear languages, it is known that an arbitrary word w with
length n can be parsed in time proportional to n? ([Har78]). We know that
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every sentential form of a linear grammar contains at most one nonterminal
symbol. Using this property, our subclass of linear grammars can be view as a
generalization of LL(k) grammars. The difference is that for the new subclass
the parsing is simultaneously done from both sides of the word.

Definition 3.1.1 Let G = (Vn, V7, S, P) be a linear grammar. We say that G
is LLin(m,n), m, n € N, if for any two derivations of the form

S=uAv=—ufiv = uzv
G G G

S:G>uAv zg>u52v :G>uyv
with u, v, z, y € Vf, for which () =y and (Mg = My then By = Bo.

Intuitively: Given an arbitrary sentential form, if we “look back” to the
previous n terminal symbols and if we “look ahead” to the next m terminal
symbols, we can uniquely decide which production has to be applied (Figure
3.1) (the overlapping of symbols is allowed).

Definition 3.1.2 We say that the language L C Vi is LLin(m,n) if there
exists a LLin(m,n) grammar G for which L = L(G).

S

T X -—

m symbols n symbols

Figure 3.1
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In the next example we give some representative linear languages which can
be expressed using LLin(m,n) grammars.

Example 3.1.1

e G = ({S} {a,b,c},S,{S = aSa|bSb|c}) is LLin(1,1) and, of course,
L(G1) ={wcw | w € {a,b}*};

e Gy =({S},{a,b,c},S,{S—aSalaSb|bSa|bSb|c}) is LLin(1,1) and
L(Gz) = {wi cwz | w € {a,b}", |wi| = |wa|};

e G5 =({S},{a,b,c},S,{S —aaSaalabSablabSba|baSablbaSba]|

bbSbb|c}) is LLin(2,2) and L(G3) = {wicws | w € {a,b}*, |w1| =
|lwa| = even, Ny, (a) = Nuy,(a) and Ny, (b) = Ny, (b)}, where Ny, (a)
denotes the number of symbols ‘a’ from w;

e Gy = ({S,A},{a,b},5,{S — aS|Ab, A — Ab|)}) is LLin(1,1) and
L(Gy) ={a™b™ | n>0, m>1};

e G5 =({S,A},{a,b,c},5,{S—aSal|A, A—=bAb|c}) is LLin(1,1) and
L(Gs) = {a™b™cb™a™ | n, m > 1};

e Gs = ({S,A4,B},{a,b},5,{S — Ac|B, A — aAbblabb, B —
aBb|ab}) is LLin(2,1) and L(Gs) = {a" b*"c, a™b" | n > 1};

A linear grammar may be ambiguous. For example, let us consider the linear
grammar G given by the productions:

1. S—=aS
2. 85— S5a
3. S —a

For the word w = a a a, there exist two left most (or right most) derivations:

S=—aS=—=aSa= aaa
G G G

S—Sa=—=aSa=—aaa
G G G

Hence G is an ambiguous linear grammar.

We shall show that the subclass LLin(m,n) contains only unambiguous
grammars.

Theorem 3.1.1 Every LLin(m,n) grammar is unambiguous.

Proof Let G = (Vn,Vr,S,P) be an LLin(m,n) grammar and suppose that
it is ambiguous. Then there exists a word w € L(G) such that we can construct
two distinct derivations (in G):

S=aqy=—=a; —=ay— ..—=ap=w
Im Im G Im
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S:ﬁg:>ﬁ1:>ﬁ2:>...:>ﬁk::w
lm lm G lm

We shall show by induction on i that a; = ;, ¥V ¢ > 0. The basis of induction
(: = 0) is immediate.

Let us suppose that a; = 55, V0 < j <i. We have to prove that ;11 = Bi11.
Because G is a linear grammar (all the derivations are left most and also right
most), we can rewrite the previous derivation as:

S:*>ai:uAv:>u'ylv:*>uxv:w
G G G

S =8 =udAv— uyv—uyv=w
GBZ = U U= uy

From vzv = w and uyv = w, it follows that z = y. Therefore, (™ gz =(m) y
and z(") = y(”). Thus y; = 72; S0 aj41 = uy1v = uy2v = [B;y1. Hence,
a; = Bi, V0 < i < min(k, k). But a, = Bir = w, so k = k'. Therefore the
assumption that G is ambiguous is false. |

We shall denote the set of LL(k) linear grammars by LLin (k). We may easily
observe that the class of LLin(1,1) grammars is larger than the class of LLin(1)
grammars. For instance, Go (Example 3.1.1) is LLin(1,1), but not LLin(1).

Lemma 3.1.1 FEvery LLin(k) grammar is a LLin(k, k') grammar, ¥ k' > 0.
Proof Directly from the definitions. |

Lemma 3.1.2 If G is a LLin(m,n) grammar, then G is a LLin(m',n’) gram-
mar, where m' > m, n' > n.

Proof Directly from the definitions. |

Theorem 3.1.2 For all m,n > 0, the class LLin(m,n) is properly included in
the class LLin(m',n'), YV m' > m, Vn' > n.

Proof The fact that LLin(m,n) is included in LLin(m',n') is obvious, where
m' > m, n’ > n (Lemma 3.1.2). It remains to show that the inclusion is proper.
Let us consider the following linear grammar:

G: S—)amb"|am’b"’ (m' >m, n’ >n)

It is obvious that G is LLin(m',n'), but not LLin(m,n) (of course, we have
(m' —m)? + (n' —n)? #£0). |

Theorem 3.1.3 There exist linear languages which are not LLin(m,n), for
any m, n € N.

Proof Let us consider the linear language L = L; U La, where
Ly ={a*cb’ | k> 1} and Ly = {a* db?* | k> 1}.

For instance, L can be generated by the linear grammar Gj:
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e S—A|B
e A—aAb|c
e B—aBbbld

Let us suppose, on the contrary, that there exist m,n € N and G €
LLin(m,n) such as L(G) = L. Let us denote i = max(m,n) and the words
w; = a‘ch’, wy = a'db? which belong to L;, respectively L,. Because
L = L(G), then there exist the derivations:

S = a’cl’
G

S = a'db*
G

It is obvious that (™, =) 4, and w§”> = wén). This means that the last
production applied in the above derivations is the same. Let a* A b’ be the last
sentential form for which:

S = a* Ab’ :>ak,81bj = d"a"F b =,y
G G G
S:;> ak Ab :G> ab By b :;> ab o F dbP I Y = w,

and (M qi=k cpi=i =(m) gi=k qp2i=i qi=k ebi=i ™ — gi=k 2= Because

G is LLin(m,n) it follows that $; = [. During the derivation a* A b/ =

a* a*~* cb*=7 b/ only productions corresponding to w; will be applied (which

are distinct from productions corresponding to ws, w1 # wsz). So, we obtain
a contradiction because A — 81 = A — (5. Therefore G is not a LLin(m,n)
grammar. |

Corollary 3.1.1 The following facts hold:

e G is LLin(m,n) iff G is LLin(n,m) (the class of LLin(m,n) grammars
is closed under mirror image, V. m >0, n > 0);

e G is LLin(m,0) iff G is LLin(m);
e G is LLin(0,n) iff G is LLin(n).

Proof Directly from the definitions and the fact that G is also linear if G is a
linear grammar. |

It is known that a left-recursive grammar cannot be LL(k) ([Knu65],
[Knu71]), for any k& > 0. However, there exist some procedures to transform
left-recursion into right-recursion. On the contrary, there exist LLin(m,n)
left-recursive (even right-recursive, see G4, Example 3.1.1) grammars. If a
LLin(m,n) grammar is both left and right recursive, this cannot come from
the existence of the same left (right) recursive symbol.
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Theorem 3.1.4 If the reduced linear grammar G contains a (simultane-
ously) left and right recursive nonterminal symbol A, then G cannot be
LLin(m,n), VYV m,n € N.

Proof Let A be a left and right recursive (in the same time) symbol in G.
Because G is linear, this means that there exist the derivations:

A= AV, A=S WA, W, v e VL
G G T
Without loss of generality, we may suppose that the first distinct productions
applied in the above derivations are:
A — Bo; and respectively A — uy C

Now, because G is also a reduced linear grammar, it follows that there exists a
derivation:
S :;> uAv

Now suppose that there exist m,n € N such as G is LLin(m,n). Continuing
the above derivation, we may write:

S= udv=uzv1v=udv'v=>uv Av v = ... = u (u')"A@)"v
G G G G G G
+

S = udv = uu yv = uv' Av = uu/ Av' v == .. =S u(w) AWy
G G G G G G
But (m) ((u’)mA(v')”) —(m) ((u/)erl A(,U/)n+1) and ((u' mA(,U/)n)(n) —
n

= ((u)m+? A(v’)"+1)(n). Using the fact that G is LLin(m,n), it follows that
A — B coincides with A — u; C' (a contradiction !).
Therefore G cannot be LLin(m,n), ¥ m,n € N. |

The elements of LLin(m,n) can generate some classical non-deterministic
languages ([Knu65]), such as L = {a"b*" ¢, a™b™ | n > 1}. For instance, Gg
(Example 3.1.1) can generate this language.

Theorem 3.1.5 (closure properties) LLin(m,n) are not closed under:
(i) union

(ii) intersection

(151) catenation

(1v) homomorphism

Proof

(i) Let Gy = ({$},{a,b,¢},5,{S = aSb|c}) and G2 = ({5},{a,b,d}, 5, {5 =
aSbb|d}) be two LLin(1,0) grammars. We have L(G;) = {a* cb* | k >
1} and L(G2) = {a*db?* | k > 1}. The language L(G1) U L(Gs) is not a
linear language (proof of Theorem 3.1.3);
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(i)

(iii)

3.2

Consider G1 = ({S, A}, {a,b,c},S,{S — Sc|A, A — aAb|ab}) and
G2 = ({S,A},{a,b,c},S,{S—aS|A, A—bAc|bc}) be two LLin(0,2)
and LLin(2,0) grammars, respectively. So L(Gy) = {a"b"c™ | m,n >
1} and L(G2) = {a™b"c" | m,n > 1}. Then the intersection of these
languages L(G1) N L(G2) = {a"b"c™ | n > 1} is not a context free (or
linear) language ([Har78], [HoU79], [JuA97]);

Let G = ({S},{a,b},5,{S — aSb|ab}) be a LLin(2,0) grammar. Cer-
tainly L(G) = {a™b™ | n > 1}. We shall prove that the language
L = L(G) - L(G) = {a"b"a™b™ | m,n > 1} is not linear. Sup-
pose, by contrary, that L is a linear language. From the pumping
lemma for linear languages (Theorem 2.1.2), we can choose the word
z=a bV a¥bN € L,N € N. Then uv € {a}* and zy € {b}*. This
implies that there exist i1, 2, i3, 24 € N, i3 4+ 43 > 1 such that:

uw=a", v=a®, w=aV TN NNl 4 —pis g — pi4,

Choosing, for instance, ¢ = 0, we obtain that vwy € L, i.e.
aN=2 pN gN pN—is ¢ L. Since iy + i3 > 1, we get neither N — iy # N,
nor N — i3 # N. Therefore a’¥—% b o™ bV ~# cannot belong to L.

Let G = ({S, A4, B},{a,b,c,d,e, f},5,{S — A|B, A - aAb|c, B —
eB ff|d}) be a LLin(1,0) grammar. The language generated by is
L(G) = {a*cbk, d*e f?* | k > 1}. Consider the literal homomorphism
defined by h(a) = a, h(b) = b, h(c) = ¢, h(d) = a, h(e) = d, h(f) = b.
This implies that h(L(G)) is the language used in the proof of Theorem
3.1.3. Therefore LLin(m,n) is not closed under homomorphism.

A bidirectional parser for LLin(m,n) gram-
mars

In this section, a characterization theorem for LLin(m,n) grammars and a
bidirectional parser for them will be presented.

Definition 3.2.1 Let G = (Vy,Vr, S, P) be a linear grammar, o € V*, # a
new terminal symbol and m,n € NT. We define first,, last,(ca) as the union
of the following sets of pairs of words corresponding to o, m, n so that:

(u,v) if 3 oz:;>u:m), u,z,v € VI, [u| = m, |v] =n;
(zv#,v) ifEIoz:;>mv, z,v eV, |zv| =k <m, k>n, |v|=n;

(u, #u ) ifEIoz:;>uz, u,z €VHE, luz| =k <n, k>m, |ul =m;
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o (z#,#7) z‘fﬂa:;m, zeVy, |zl =k, k<m, k<n.

Theorem 3.2.1 (characterization of LLin(m,n) grammars)
Let G = (Vn,Vr, S, P) be a reduced linear grammar. Then G is LLin(m,n)
grammar iff the following condition holds:

(1) firstm lasty,(B1)N firsty, last,(B2) =0, VA = B1, A = Ba € P, 1 # Pa.

Proof

(=) Let us suppose that G does not satisfy condition (1). This means that
there exist two distinct productions A — B, A — (B2 such that the following
relation holds:

firsty last,(B1) N firsty, last,(B2) # 0.

According to the Definition 3.2.1, there exist four cases (# is a new terminal
symbol):

1) (u',v') € firstylast,(B81) N firsty-last,(B2). Then there exist the
derivations (|u'| = m, |[V'| =n):

*
B1 :G>u'mv', z €V,

Ba :;>u'y'u', y € Vi.

Because G is a reduced grammar, it follows that A is an accessible non-
terminal, so we obtain the derivations:

S=uAv=ufv=uv'zv'v
G G G

S= udv=ufov= uu'yv'v
G G G
According to Definition 3.1.1, it follows that 8y = 8>. Contradiction !

2) (zv' #,v") € firsty,lasty,(B1)N firsty, lasty(B2). Then according to Def-
inition 3.2.1, there exist the derivations (|zv'| =k <m, |v'| =n < k):

B1 :;>xv', z €V,

— Tv.
B =
So, we obtain again the derivations:

S=uAv=ufiv=uzv'v
G G G

S == uAv=—= ufrv = uzv'v
G Ie, Ie,

According to Definition 3.1.1, it follows that 8y = B>. Contradiction !
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The remaining two cases can be treated in an similar way.

(«<=) Let us suppose that G is not a LLin(m,n) grammar. Then there exist
two distinct derivations:

S= uAv=ufr1v = uzv
G G G

S= uAv= ufov = uyv
G G G

such as (™ = y(® and (™g =" y. Then there exist u', v' € V;: such as
|u'| = m, |v'| = nand ¢ = u' 2,0, y = u' 23v". This implies that the pair
(u',v") € firstylast,(B1) N firsty,-last,(B2). But A — 31 and A — B9 are
distinct productions (i.e. §; # [2) in G, so we obtain a contradiction (G satisfies
the condition (1)). |

Corollary 3.2.1 Given a linear grammar G = (Vn,Vr, S, P) and two integers
m and n, one can decide if the grammar is LLin(m,n).

Proof Directly from Theorem 3.2.1 and because the sets first,,_last, can be
computed (with an algorithm). |

In the following, we shall define a device similar with a deterministic push-
down “transducer”. This will be called a bidirectional parser (syntactic ana-
lyzer, Figure 3.2) and it will be attached to a LLin(m,n) grammar G. It scans
an “input string”, one or/and two strings at a time, from left to right or right
to left. It can push or pop strings in the double ended queue (deque) from both
sides. In the output tape, it provides the result of the syntactic analysis. It
returns the values “ACC” or “ERR” depending on whether the input string is
accepted or not.

Input tape

Y

Double ended
queue

Control

Y

Output tape

Figure 3.2. LLin(m,n) style bidirectional parser
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Definition 3.2.2 Let G = (Vn,Vr, S, P) be a LLin(m,n) grammar. We de-
note by C C #Vi# x V* x {1,2,...,|P|}* the set of possible configura-
tions, where # is a special character (a new terminal symbol). The bidirec-
tional parser (denoted by BP,, ,(G)) consists of the pair (Co,F), where the
set Co = {(#w#,5,)) | we Vi} CC is called the set of initial configura-
tions, and FC C x C is the transition binary relation (sometimes denoted

by b——— ) between configurations is given by:
BP,,,»(G)

1°. Expand transition:

(#u#, A, \) F (F#u#, 8,7r) if r = no(A — B) for which the pair
(Mg, #u™) € first,, last, ()

20, Reduce transitions:

a) (#viud#, v A, ) b (Fu#, A, ), Vo € Vi
b) (#UUQ#,sz,W) I_ (#U#,A, 71—)7 v U2 € VJJ’F
c) (#viuva#,vi Ava, ) b (#u#, A, ), Yoi, Yoz € Vi

3Y. Acceptance transition:
(##,\,m) H ACC
4%, Rejection transition:
(#u#,a,n) = ERR if no transitions of type 1°, 20, 3° can be applied.

*

+
We denote by F () the transitive (reflexive) closure of the above binary
relation F . Sometimes, for a given grammar G, we will denote these closures

—+ *
by | (| respectively).
BP; »(G) BPn, .(G)

It is obvious that the bidirectional parser BP,, ,(G) is deterministic, i.e. for
any arbitrary configuration at most one configuration may be “reached”. But
the condition (™) (u#), (#u)(n)) € firsty_-last,(B) ensures the uniqueness of
the production A — § because G is a LLin(m,n) grammar.

Lemma 3.2.1 Let G be a LLin(m,n) grammar. Then, the following implica-
tions are true:

*

(i) if (#viuve#, S, ) b—— (#u#,X,7') then S %> vy X v

BPp, »(G)

*

BPp, »(G)
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Proof
(i) By induction on the length of 7'.
Basis: |7/| =0. Thus v1 =v2 = A, A =S, and then S :;> S.
Inductive Step: Let n' = 7] r, where r = no(B — () is the associated

number of the last applied production. Denoting v; = vy v12 and ve = va1 U2
we obtain:

(#Ul u v, S, )\) = (#011 V12 U V21 V22 F#, S, )\) F (#Ulz uva1 ¥, B, Wi)

From the inductive hypothesis, it follows that S % v11 Bvgs. Then from

19 (Definition 3.2.2), we obtain the configuration (#vi2 uve1#, 3,7 ), where

(M vy uvay #, # V1o uvérf)) € firsty-last,(B). The next transitions

(#'UlZU'UZl#vB?Wi T) 'i (#U,#,X, 7rl)

BPp, »(G)

could be only reduce transitions. So 8 = v12 X va1 (2° a),b),c), Definition 3.2.2).
We may then have the derivation:

r
™ r
S = v By = v B vz = vi1 V12 X V21 V22 = v1 X v

(if) Take u = A, X = A\, vy v =w, #’ =7 in (i) . |

Lemma 3.2.2 Let G be a LLin(m,n) grammar. Then, the following implica-
tions hold:

*

(1) S % vy X vy implies (#vy uva#t, S,\) b—— (#u#, X, 7');

BPp, o (G)

G BPy, 1 (G)
Proof

(i) By induction on the length of 7'.
Basis: |7'| = 0. Thus v; = vz = A, A =S, and following transitions hold:

(#udh, S,0)  F (#ud, S0,

BPp ()
Inductive Step: Let ' = 71 r, where r = no(B — () be associated number
1

of the last applied production which generates the sentential form v; X vs. The
above derivation may be written as:

!
7T1 r
S =7 v B, = v V12 X V21 V22 = v1 X v2
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Applying the inductive hypothesis for 7}, we obtain

*

(Fv11 V12 W21 V22 F#, S, N) —— (F#vi2 uvn#, B, 7).

BPp, »(G)

Now, we may continue with expand transition, obtaining the configuration
(#v12 w21 #,v12 X va1, 7 7). Then we apply the reduce transitions a),b),c) and
obtain the configuration (#u#,X,m1 1) = (#u#, X, 7).

(ii) Take u =\, X = A\, vy v3 = w, #' =7 in (i). |

Theorem 3.2.2 (correctness and complezity of BPp, »(G))
Let G be a LLin(m,n) grammar. Then

*

(#w#, S, \) b—— (##,\,7) —— ACC iﬁsz(?w.
)

BP,. .(G) BP,, (G

On the other hand, (#w#,S,\) b—— ERR iff w ¢ L(G). The number of
BPp, »(G)

transitions of BPp, ,(G) is k- |w|, where w is the input word and k is a positive
integer constant.

Proof Both implications directly follow from Lemmas 3.2.1 (ii) and 3.2.2
(ii), respectively. The time complexity results from the fact that BP,, ,(G) is
defined over a finite structure (grammar G) and BP,, ,(G) is deterministic (i.e.
for any given configuration, at most one transition could be applied). |

The next section will be dedicated to another practical bidirectional parser,
for LLin(1,1) grammars (the sets first;_last; can be computed in polynomial
time related to the dimension of the input grammar).

3.3 Bidirectional parsing for LLin(1,1) gram-
mars

The LLin(0,0) grammars have the property that there exists no nonterminal
symbol which may be in the left hand side of a production. Obviously, for a
reduced LLin(0,0) grammar, its language is finite.

We also do not consider LLin(1,0) or LLin(0,1) grammars because they co-
incide with LLin(1) grammars or reverse (mirror) LLin(1) grammars (Corollary
3.1.1).

Definition 3.3.1 Let G = (Vn, V7, S, P) be a linear grammar, o € V*. Then
first_last(a) = {(a,b) | Ja :;> avb, veV}, a, b € VpiU

U{(@a) | 3a=> 0, a € VeI U{##) |0 = A}

Theorem 3.2.1 becomes:
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Theorem 3.3.1 G is LLin(1,1) grammar iff first_last(B1) N first_last(Bs) =
w,VA—>,31€P,VA—>52€P,Bl 75,32

The bidirectional parser BP; 1(G) (denoted simply by BP(G)) can also be
reformulated (we present only the transition relation, # being a new nonterminal
symbol):

1° Expand transition:

(#u#, A, ) b (F#u#, 8,7 r) if r = no(A — ) and the pair
(Wugt, #u)) € first_last(B)

20, Reduce transitions:

a) (#v1uf, v A,7) b (Fu#, A7), v e Vi
b) (#u’UZ#vAU%Tr) l_ (#u#7A7 7r)7 U2 S ‘/:‘]’+
) (#viuve#, v Ava, ) F (#u#, A, ), vi, va € Vi

3Y. Acceptance transition:
(##,\,7) F ACC
49, Rejection transition:
(#u#,a,n) = ERR if no transitions of type 1°, 2°, 3% can be applied.
BP(G) may be used in practical compiler applications. For instance the

computation of the sets first_last(a) (« being right hand side of a production)
can be done in polynomial time on the dimension of input linear grammar G.

Example 3.3.1 Let us review the grammar G4 from Example 3.1.1.
1. S—aS
2. 85— Ab
3. A— Ab
4. A=)
We can easily “compute” the sets:
e first.last(aS) ={(a,b)};
o first_last(Ab) = {(b,b)};

o firstlast(\) = {(#,#)};
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According to Theorem 3.3.1, it follows that G4 is a LLin(1,1) grammar. Let
us now consider the word w = aabbb. In BP(G4) we have:

(#aabbb#,S,\) - (#aabbb#,a S,[1]) F (#abbb#,S,[1]) -

E (#abbb#,aS,[1,1]) b (#bbb#, S, [1,1]) - (F#bbb#, Ab,[1,1,2]) F
E(#bb#, A, [1,1,2]) B (#bb#, Ab, [1,1,2,3]) b (#b#, 4,[1,1,2,3]) =
(#b#7Ab7 []'7 17 27 37 3]) l_ (##7A7 []‘7 17 27 37 3]) |_ (##7 A? [17 ]'7 27 37 37 4]) l_ ACC

So, w is “accepted” by BP(G4). According to Theorem 3.2.2, it follows that
w e L(G4)

Two additional functions and two additional binary relations are needed for
determining the sets first_last(a), where « is a right hand side of a production
of G.

These are first, last : Vy — P(Vr)U{A} and begin, end C V x Vy given
by:

e a € first(A) iff there exists a derivation A :;> aw;
e a € last(A) iff there exists a derivation A :;> aa;

e )\ e first(A) (or last(A)) iff there exists a derivation A :;> A

X begin A iff there exist a production A — 8 X v and a production :;>
A, where 8 € Vy U {A};

X end A iff there exist a production A — u X 8 and a production 3 :;> A,
where 8 € Vy U{A}.

The following lemma suggests a procedure for obtaining the relations begin
and end.

Lemma 3.3.1

1) If Y begin™ X then there exists m, m > n such that X :Z> Y a;
2) If X :Z> Y a then there exists m, m < n such that Y begin™ X;
3) abegin* A iff there exists a derivation A :;> ao;

4) If Y end™ X then there exists m, m > n such that X :Z> aY;

5) If X :Z> aY then there exists m, m <n such that Y end™ X;
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6) aend* A iff there exists a derivation A :;> aa.

Proof By induction on m and n. u

According to Lemma 3.3.1, it is obvious that:
e a € first(A) iff abegin* 4;

e a € last(A) iff aend* A.

The computation of first_last may be given as the value returned of the
following self-explanatory recursive function.

Input: The linear grammar G = (V, Vr, S, P)
Output: firstlast(a), a € V*.

function first_last(a);
begin
if (a=\) then firstlast(a) :={(#,#)};
if (a =a, a€Vr) then firstlast(a):={(a,a)};
if (e =apBb, a,be Vr) then firstlast(a):= {(a,b)};
if (a=Aub, AcVy, u€eVf, be Vr) then begin
first_last(a) := {(a,b) | a € first(A) — {\}};
if (\ € first(A)) then add to first_last(a) the pair ((Dub, b);
end ;
if (a=aud, acVp, ueV}, AcVy)then begin
first_last(a) := {(a,b) | a € last(A) — {A\}};
if (A € 1ast(A)) then add to first_last(c) the pair (a,au())
end ;
if («¢ =A, A€ Vy) then begin
set_chain(A) :={B | A :;> B, BeVn};

set_fst_snd := ()
for (any A — § € P, B € set_chain(A)) do
if (8 ¢ V) then set_fst_snd := set_fst_sndU first_last(B);
firstlast(a) := set_fst_snd
end
end .

i

The previous algorithm (for computing the function first_last) has polyno-
mial time complexity (on the dimension of G) because it describes (in a recursive
manner) the transitive closure of the derivation relation for linear grammars.

The following example proves that first_last(a) is properly included in
first(a) x last(a).

Example 3.3.2 Let G = ({5, A},{a,b,c},S,{S - A, A — aAb|bAa|c})
be a linear grammar. we have first_last(A) = {(a,b), (b,a),(c,c)}. On the
other hand, first(A) = {a,b,c} and last(A) = {a,b,c}. It results that G is a
LLin(1,0) (or LLin(0,1)) grammar.
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3.4 Conclusions

Following the stated results related to LLin(m,n) grammars, the following “in-
clusion” diagram holds:

linear grammars

LLin(m,n) grammars

LL(k) grammars

unambiguous grammars

context-free grammars

Figure 3.3

Without loss of generality, we allow - from now on - three modifications of
the bidirectional parser for testing the power of the device given in Definition
3.2.2:

(i) reading (and/or replacing) of two consecutive symbols (at the ends of the
deque);

(ii) interchanging the contents of the mentioned two ends of the deque;
(iii) removing the third component, i.e. the syntactic analysis.

Accordingly, we can now present an example of a bidirectional parser which
can analyze the context sensitive language L = {a"b"c" | n > 1}. In fact,
we shall simulate the monotone grammar given by the following productions:

1. A—-aABc 2. A—abc 3.¢cB—Bc4. bB —bb

As the initial configuration, we take (#w#, A), where w € {a,b,c}* is the
input word. Assuming that the notations w and 7 stand for words (of any
length) over {a, b, c}, and {a,b,c, A, B} respectively, the transitions will be the
following;:

1. (#faawc#,Ay) F (#Faawc#,a ABcy)

#aw c#,ayc) - (#wH, )
#aw#,avy B) - (#w#,v B)

(
(
(
(Fabw#, Ay) b (#abw#,abcy)

2.
3.
4.
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© »® N o o

10.
11.
12.
13.

(#bwc#,byB) F (#wc#,vB)

(#bw c#,cycB) F (#bwc#,cy Be)
(#bwc#,cByc) b (#bwce#, Beyo)
(#bw#,B7y) b (#bw#,b7)

(#bwecd, byc) F (#w#,7)
(#bbwcc#,ccyBB) F (#bbwcce#, BeyBe)
(#bc#,cB) & (#bc#,Be)

(##,\) F ACC

(-,-) F ERR - in the other cases.

The above bidirectional parser is deterministic because at each step at most
one transition may be applied. We may say that the parser is of type (3,3)
because at the transition 11, we need to read three symbols from the left, and
right, respectively.

We conclude that the subclasses of £LLin(m,n) languages are more “power-
ful” than some deterministic context-free languages, “keeping” the linear time
complexity of the associated algorithms for solving the membership problem.
Known closure properties are generally not preserved.

Open-problems: Are the LLin(m,n) languages closed under complemen-
tation, intersection with regular languages and inverse homomorphism ?
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Chapter 4

Left and right bidirectional
parsing for context free
grammars

In this chapter we describe some subclasses of context-free grammars for which
a parallel approach useful for solving the membership problem will be defined
([AnK99a]). More precisely, we will combine the classical type of parser attached
to a grammar G with a “mirror” process for G. They simultaneously analyze
the input word from both sides, using - ideally - two processors.

In the first section, we present the (general) left and right bidirectional
parsers which use a nondeterministic device for any context free language.

In the second section, a general SIMD model for describing bidirectional
parsing is introduced. It - mainly - contains two algorithms which use a back-
tracking method to describe the nondeterministic behavior of the (general) left
and right bidirectional model.

The third section treats some deterministic subclasses of context free gram-
mars, such as RR(k), RL(k) and SIP grammars. The idea is “to put in a
reverse view” the classical deterministic subclasses of context free grammars.

The fourth section points out the application of the (general) left and right
bidirectional parser to the deterministic subclasses described in the previous
section. Ten new classes of grammars obtained by combining the previous ones
are defined, using descendant and ascendant strategies. The membership prob-
lem for all these types of grammars can be solved with a parallel algorithm in
linear time.

4.1 Left and right bidirectional parsers

We define two parsers which have the main goal to accept context free languages.
The idea is similar - but more general - to that of [AnK98]. The input word

57
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is still analyzed from both sides, but the given algorithm “works” (having two
“heads” which operate independently) not only for the class of linear grammars,
but for context free grammars.

Before giving the description of a new kind of parsers for context free gram-
mars, a list of specific definitions and notations are in order.

Firstly a device similar to a nondeterministic pushdown “transducer” is
needed. This will be called the general bidirectional parser attached to
the context free grammar G. It scans two “input strings” from left to right
or right to left. It can push or pop strings in two stacks. The output tapes pro-
vide the syntactical analysis. It returns the value “ACC” or “REJ” depending
on whether the input string is accepted or rejected.

In Section 4.4, we shall “see” how a deterministic bidirectional parser can
be designed (for some particular subclasses of context free languages).

Let G be an arbitrary context free grammar and G its reverse. Depending
on how we visit the derivation tree associated to a frontier word, w € V7, we
may distinguish two strategies:

(a) a descendant left to right strategy for G and (combined with) a right to
left ascendant strategy for Gj

(b) an ascendant left to right strategy for G and a right to left descendant
strategy for G.

These two strategies can be depicted as:

(a) (b)
Figure 4.1. Strategies for left and right bidirectional parsing

We shall present in the following - in a formal manner - only the situation

(a).

Definition 4.1.1 Let G = (Vn, V7, S, P) be a context free grammar. Let

CC{s1,521x{1, 2, ..., |P|}*}XV* #xH# V3 #XV*#x{1, 2, ..., |P|}*"VJ{ACC, REJ} be
the set of all possible configurations, where # is a new special character (a ter-
minal symbol). The general left bidirectional parser (denoted by GBP,(G))
is the pair (Co,F), where Co = {(s1, A, S#, #w#,#,\) | w € VI} C C is called
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the set of initial configurations. The first component is a state, the second
and the last components of a configuration store the partial syntactic analysis.
The third and the fifth components represent the working stacks (each of which
having at the bottom the marker #). The fourth component represents the cur-
rent content of the input word (enclosed by the two markers). The transition

relation (FC C x C, sometimes denoted by ———) between configurations is
GBP,(G)
given by:

10 Expand-Shzft (817 1, A Oé#, #u b#a 13#7 7r2) + (317 ™, (50{#, #U,#, bﬁ#a 7T2),
where r = no(A — 9);

20 Expand-Reduce: (sy,m, Aadt, #u#,eB#,ma)F (81,1171, Sadt, #u#, BA#,
ram2), where r1 = no(A = 0) and ry = no(B — €);

3% Reduce-Shift: (s1,m1,a aft, #aub#, B#, )b (s1, 71, aft, #uFt, b B#, m);

4° Reduce-Reduce: (s1,m1,a aft, #audt,c B#,m2) b (51,71, aft, #udt, B B#,

rmy), where r = no(B — €);

50 Expand-Stay: (SlvwlaAa#v#u#aﬁ#a7r2) - (Slawlrv(sa#a#u#vﬁ#a’lh)’
where r = no(A — 9);

60 Reduce'Stay: (slvwlaaa#a#au#vﬁ#a’lh) = (slawlva#a#u#vﬁ#a’lh);
70 Stay—Shth (slaﬂlaa#a#Ub#aﬂ#a772) - (slaﬂlaa#a#u#abﬂ#aﬂ2);

80 Stay-Reduce: (s1, 71, a#t, #u#, e B#,m) b (s1, 71, at, #u#, B f#,172),
where r = no(B — €);

90 POSSible-accept-‘ (31771-1771#7##772#7772) F (32771-1771#7##772#7772);

10° Parallel-reduce: (s2,m1, X1, ##, Xy #, m2) b (s2, m1, v 95, #4F, V29, M2);
110 Accept: (32771-17#7##7#771-2) = ACC:

120 Reje‘:t: (slvwlva#a#u#aﬁ#a’lh) F REJ and (3277r17a#7##7/3#77r2) -
REJ if no transitions of type 1°, 2°, ..., 11° can be applied.

The deterministic two-stack machine ([HoU79]), which is a deterministic
Turing machine with a read-only input tape and two storage tapes is known
to have the same power as the usual Turing machines. If a head moves left on
either tape, a blank is printed on that tape. In [HoU79], there exists Lemma
7.3:

An arbitrary single-tape Turing machine can be simulated by a deterministic
two-stack machine.

Another model equivalent to Turing machine is the two-counter machine,
which is off-line Turing machine whose storage is semi-infinite (e.g. on the right),
and whose alphabets contain only two symbols, Z and B (blank). Furthermore,
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the symbol Z, which denoted the bottom of the stack, occurs initial on the cell
scanned by the tape head and may never appear on any other cell. An integer i
can be stored by moving the tape head i cells to the right of Z. A stored number
can be incremented or decremented by moving the tape head right or left. A
two-counter machine can test whether a number is zero by checking whether Z
is scanned by the head, but it cannot directly test whether two numbers are
equal. In [HoU79] there exists Theorem 7.9:

A two-counter machine can simulate an arbitrary Turing machine.

Our model is in fact a two-stack machine. The differences consist in the
existence of two heads (instead of only one) which may read the input tape,
and of two output tapes which can be accessed only in write style, and has only
two states. According to the results presented above, our model can simulate a
Turing machine.

This model can be depicted as:

Input tape

Stackl Stack2
| |

A
Y

Control

Output tapel Output tape2

Figure 4.2. General Left and Right Bidirectional Parser Style

Lemma 4.1.1 Let G be a context free grammar. If

*

(1) (51, A, S#, #us ug us#, #,\) —— (s1, 71, o, #ua#, B#,m3)

GBP,(G)
then S == ui a and =2 ys.
G,lm G,lm

Proof We proceed by induction on the number of applied transitions (de-
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t,* 10
noted by t) during the computation (1). | and } will mean that ¢
GBP;(G) GBP(G)
transitions, respectively that transition number 1° have been applied.
Basis: t = 1. Starting from the initial configuration, we can successively apply

the transitions 1°, 5° and 7°. Supposing that we apply 1°. Then we obtain:

10

(317 )‘7 S#a #Ul U2 Ug#, #a )‘) |_ (317 T, Oé#, #ul U2 u{’,#a a’#a A)a

GBP,(G)

where r = S — a € P and u3 = u}a. Therefore S = a and a =, 4. The

JAm G,lm
remaining cases (5°, 7°) can be treated in a similar way.
Inductive Step: Suppose that relation (1) is true for at most ¢ transitions and
prove it for ¢t + 1 (applied) transitions. We know that:

t+1,%

(2) (317 Aa S#a #ul U2 1.1,3#, #7 )\) |_ (817 1, CM#, #Uz#, /8#7 77-2)

GBP,(G)

We have to prove that S G%l> ui o and 3 G%% uz. The last transition in (2)
sbm ,Im

may be of one of the types 1°, 20, ..., 8°.

I: Suppose that the last transition in (2) is expand-shift. We may rewrite (2)

as:
t,*

(317 )‘7 S#a #Ul U2 Ug#, #a )‘) I_ (31771-17/1042#7 #u2 b#,ﬂl#,ﬂz)

GBP,(G)
10

I_ (81777-1705#7 #Uz#,ﬂ#,ﬂ'z), where 7 = ’I’LO(A — al)a m'r = 1,

GBP;(G)
a1 as = a, b3’ = . According to the inductive hypothesis, we obtain:

7rl
S = u; Aay and bS8’ =8 = us.
G,lm G,lm
But A — «; is the r—th production from P, and so:
S == ui Aas = ujaq as = ug Q.
Jm G,lm

IT: Suppose that the last transition in (2) is expand-reduce. We can rewrite the

initial transition as:
t,%

(317 A, SH#, #ur us us#, #, )‘) I_ (31771-17‘4&2#a #UQ#,E,BI#,Wz)

GBPi(G)
20

F—— (51, m1, o, #us#, B#, m2) where r1 = no(A — ay), myr1 = m,

GBP,(G)

araz = a, ra = no(B = ¢), BB' = B, ramh = m. According again to the

inductive hypothesis, we get:

r r
s T
S = us Aas and € 8 == us.
G,lm G,lm
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But A — a; and B — ¢ are the ri-th, respectively ro-th, productions from P,
and then

7 7
T r r T
S = u Aoy = uyaias =u;aand f = BB =% ¢ = us
G,lm G,lm G,lm G,lm

ITI: Suppose that the last transition in (2) is reduce-shift. The initial transition

may be rewritten as:
t,%

(317 )‘7 S#a #Ul U2 Ug#, #7 )\) I_ (81,7'('1,61,0(2#, #au2 b#,ﬂl#,ﬂz)

GBP,(G)
30

F—— (m1, aft, #us#, B#,m2) where b3’ = B. Following the inductive hy-
GBP(G)

pothesis, we obtain:
1 ! 1 _T2 !
S = ujaaand ' = uy
G,lm G,lm

where u} @ = u; and buj = uz. Therefore
™ ™
S =% ujaa=u;aand f =b3 = bup = us.
G,lm G,lm

IV: Suppose that the last transition in (2) is reduce-reduce. The initial transi-

tions become:
t,*

(Sla Av S#, #ul U2 U3#, #7 )‘) l_ (517’”170’05#7 #a U’Z#a §IBI#7’”’2)

GBP(G)
40

F—— (s1, ™1, a#, #us#, B#, ) where r = no(B — §), Bf' = f3, rmy = .

GBP,(G)
According to the inductive hypothesis, we get:
S = uiaaand 63 L2 s,
G,lm G,lm
where u} a = u;.
Therefore

!
T
S = waa=uraand 8 =B = §8 == us
G,lm G,lm JIm

The other cases (expand-stay, reduce-stay, stay-shift, stay-reduce) may be sim-
ilarly treated. L

Lemma 4.1.2 Let G be a context free grammar. If S G%l> uy a and B c%} us,
L1 ,Im

where Wa € Vy ora = A, then

*

(317 )‘7 S#a #Ul U2 1.1,3#, #7 )‘) l_ (31771-17 CM#, #UQ#,,B#,FQ)

GBP,(G)

Proof By induction on ¢ = |71| + |m2|.

Basis:
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et =20. In fact || = 0 and |m3] = 0. Then the hypothesis may be
written as § —= S, us N ug and 8 = us. Therefore « = S and u; = .
G,lm G,lm

Applying successively a number of |ug| stay - shift transitions to the initial
configuration, we obtain:

0
7%

(317 Aa S#a #Ul u2 u3#7 #7 )\) l_ (317 )‘705#7 #Uz,ﬁ#, #7 )\)

GBP,(G)

e { = 1. We suppose |r1| = 1 and |m3| = 0. Then the hypothesis may be
rewritten as S CJ::; uy o and ug C?(;fn ug. Therefore ug = 5. Applying an
expand - stay transition, to the initial configuration, we get:

50
(s1, A, S#, #ur uz ug#t, #, \) b—— (51,7, u1 o, #u1 us uz #,#, )
GBP;(G)
Two cases may distinguished:

— |u1] > |ug|. Then the configuration may be continued with a number
of |uz| transitions of the form reduce - shift (finally) obtaining the
configuration:

(81,7, aft, #us us#,us#, \), where ujuy = us.

Now, we may apply |us| transitions of the form stay - shift to get the
final configuration:

(81,7“, CM#, #Ug#,ﬁ#, A)a

— |u1| < |ug|- We may continue with |us| transitions of the form reduce
- shift to obtain the configuration:

(517 T, U’{l Oé#, #u;_ U’2#7 U’3#7 A)

Now, we apply |u}| transitions of the form reduce - stay and we obtain
the final configuration:

(517 r, Oé#, #UZ#HB#? )‘)
e t = 1. We suppose |m1| = 0 and |m2| = 1. Then the hypothesis may be
written as S == S and B = us3. Therefore a =S, u; =\, f € Viy and
G,lm G,lm

ug € V7. It follows that we have to apply a number of |us| transitions of
the type stay - shift to obtain:

(517 Av S#v #u2#7u3#7 A)

Now, we may apply a transition of the type stay - reduce, to get the final
configuration:

(517 )‘7 Oé#, #u2#75#77‘)'
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Inductive Step: We have to prove that P(t) — P(¢t+1), where P is the (obvi-
ous) logical predicate equivalent to our implication. We thus have to distinguish
two cases (I: 1y = 7] r1 and 73 = 75) and (II: m; = 7} and my = ry 7h).
I: Let A — 6 be the last applied production (numbered by r;) in the derivation
S c:éll} u1 . We have

Jm

r
™ 1
S=ud=u Ad = v fd =ua
1 140 100y )
G,lm G,Ilm

where § = u/ o, o/ o/ = a, u}| u} = uy. Because

inductive hypothesis:

Do/ € Vi, we can apply the

*

(317)‘75#7#“1 U2 Ug#,#,A) I_ (slaﬂiaal#a#uf U2#,,8#,7Té) =

GBP;(G)
50

= (slaﬂiaAai#a#u{[I Uz#,ﬁ#,ﬂé) I_ (31777-;’[ rlaéall#a#uil 1.1,2#,,8#,71’%)2

GBP(G)
= (s1,m1,uy of o1 #, #uy s, BH, T3).

Now, by applying |u}| transitions of type 6°, we obtain the configuration
(af @) = a and 7 = ma):

(5177r17 Oé#, #u2#75#77r2)‘

IT: Let B — ¢ be the last applied production (numbered by r5) in the derivation
I} G%% ug. Therefore, we have
JIm

r

/ ;T2 / 1 T2
=u3; Bf' = useff = u
IB 3 B G,lm 3 B G,lm 3

)
. . . g
So, because uz = uhul, we can consider the derivation £ 3 = u?. Now
9 3 Y3 Gl 3 9
JAm

applying the inductive hypothesis, we get:

*

(317 )‘7 S#a #Ul U2 Ug#, #7 )\) I_ (317 7717 Oé#, #Uz U'I3#7 5/81#7 Wé)
GBP(G)
80
b—— (s1, 7], a#, #us us#, B 8'#,r2 ). Continuing with |uj}| transitions of
GBP(G)
type 7°, we obtain the configuration (7} = 7, ry 7 = 72 and us B’ = §3):

(81,1, a#t, #uad, B#, T2).
|
Theorem 4.1.1 Let G be a context free grammar. Then
o) (1,0, 5% 0t #0) b o1, v A T ) S 2o 7 2

*

11°
b) (51,/\,5#,#11)#,#,)\) I_ (Sz,ﬂl,#,##,#,ﬂz) |_ ACC Z.ﬁ.
GBP;(G) GBP(G)
S 2E .
G,lm
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Proof
a) Simply take u; = us = A\, u3 = w, « = 8 = v in Lemmas 4.1.1 and 4.1.2,
b) The unique transition for which we can obtain an ACC' answer is 11°.

(=) Because from state sz it is impossible to return to state si, it fol-

lows that there exists a v € V* for which (s1,\, S#, #w#,#,\) ——
GBP,(GQ)
T1 T2

(82,71, Y#, ##,v#, m=2). According to a), it follows that S ﬁ w.

(«<=) Since S ;1:>;r2 w, it follows that there exists v € V* for which
JIm

S =5y = w.
G,Im  G,lm

According to a), we get

*

(517 )‘7 S#a #w#a #7 A) l_ (517 1, 7#7 ##7 7#7 7T2)-

GBP(G)

Now, applying transition 9°, followed by |y| transitions of type 10°, and
finally by 11°, we obtain the conclusion.

For (b) from Figure 4.1, we have just to “reverse” the general left bidirec-
tional parser (by switching the first two components with the last two compo-
nents of the given configurations).

Definition 4.1.2 Let G = (Vn,Vr, S, P) be a context free grammar. Let

C C {s1,82} x {1,2,..,|P|}* x #V* x #Vi# x #V* x {1,2,..,|P|}* U
{ACC,REJ} be the set of all possible configurations, where # is a new spe-
cial character (a terminal symbol). The general right bidirectional parser
(GBP,(Q@)) is given by a pair (Co,F), where Co = {(A, #, #w#,#S,\) | w €
V#3} CC is called the set of initial configurations, and FC C x C is the tran-

sition relation (sometimes denoted by |———) between configurations given
GBP,.(G)

by:

10 Shzft—Ea:pand (517 1, #Ba #bu#a #Oé Aa 7r2) F (517 1, #Bbv #u#a #Oé 57 7T2T)’
where r = no(A — 9);

20 Reduce—E’xpand: (317 1, #/857 #U#, #CMA, 77-2) = (317 T171, #B Ba #U#, #CM 67
mary), where 11 = no(B — €) and ry = no(A — 9§);

30 Shift—Reduce.‘ (sla 1, #/87 #bu a’#a #CM a, 77-2) F (317 1, #B ba #U#, #aa 77-2);

4° Reduce-Reduce: (317 1, #/857 #’U, a#a #a a, 71'2) F (317 rT1, #/8 Ba #U#, #aa

m2), where r = no(B — ¢€);

50 Shlft_Stay (317 71, #/87 #bu#a #aa 77-2) - (317 1, #/8 ba #U#, #aa 77-2);
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60 Reduce'Stay: (517 1, #1367 #u#a #Oé, 7r2) + (Sla rmy, #B Ba #U,#, #Oé, 7T2);

70 Stay'Expand: (517 1, #137 #U,#, #Oé Aa 7r2) + (317 1, #Ba #u#a #Oé 57 7T27‘),
where r = no(A — 9§);

80 Stay-Reduce: (s1,m1, #8, #ua#t, #aa,ms) b (s1, 71, #8, #udt, #a, T2);
9% Possible-accept: (51,71, #71, #F#, #Y2, o) & (s2, T1, #71, ##, #72,T2);
10° Parallel-reduce: (sz,m1, #71 X, ##, #72 X, m2) b (s2, 11, #71, ##, #72, m2);

11° Accept: (s, 1, #, ##, #,m) F ACC;

12° Reject: ({31,52},7r1,#a #Huft, #06,m) = REJ if no transitions of type
10,20 ... 11° can be applied.

We shall show the relation between the right general bidirectional parser
associated to a grammar G and the right most derivations in G.

Lemma 4.1.3 Let G be a context free grammar. If

*

(3) (317 Aa #a #ul U2 1.1,3#, #Sa )\) l_ (817 1, #/87 #Uz#, #Oé, 71'2)

GBP,(G)

then B :> up and S :> aus.

G,rm G,rm

Proof Analogous to the proof of Lemma 4.1.1 (using induction on the number
of transitions). |

Lemma 4.1.4 Let G be a context free grammar. If 3 :> uy and S :> aus,

G,rm G,rm

where oY) € Vi or a = ), then

*

(51, A\ #, #uy ug us#, #S,\) F——— (51,71, #B, #uo#, #a, m3).

GBP,(G)

Proof Analogous to the proof of Lemma 4.1.2, (by induction on || + |m2|).
|

Theorem 4.1.2 Let G be a context free grammar. Then

0) (51, M #, #wit, #5, ) h (1m0, 4y, At ) i S 2oy

. G,rm G, rm

b) (s1, A, #, #wH, #5S,\) I—ACC iff S :> w.

GBP,(G) G,rm

Proof By taking u; = w, us =uz = A, a = = 7 in Lemmas 4.1.3 and 4.1.4.
|
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Example 4.1.1 Let us consider the context free grammar given by the produc-
tions 1.A - aABb2. A - cd3B — BCe4.B — f5.C — g, and the
word w = acd fgeb. We shall see how GBP,(G) and GBP,.(G) can work on
the input the word w (above the sign “F” the associated transition number may
be indicated).
For GBP;(G) we obtain:

10 0

51X Aft Hacd [ gebit, #,0) F (51, (1], a ABbsk, #acd f gedt, bk, \) -
0 40

s1,[1], ABb#,#cd f g#,eb#,\) F (31,[1 2],cd Bb#,#cd f#,geb#,)\) F
1,2, d B b, #d f#,C e b, [5 1)30 (51,1, 2], B, ##, f C e b, [5)
2], Bbik, 44, BC ebi,[4,5]) & (s1,[L, 2], Bbs, #4, B b, [3,4,5]) -
1

S1,
90
S1,
00

s2,[1, 2], Bb#, #+, Bb#, [3 4 5]) £ (s2,[1,2], b#, ##,b#,[3,4,5]) ﬁ
327[172]7#7##7#7[37475]) I_ ACC

Denoting by ., the left most derivation obtained by concatenating the lists
[1,2] and [3,4,5], we can conclude that w € L(G) and S ﬂ:;m} w.

For GBP,(G) we successively obtain:

0 30

si, \#, #acdfgeb#, #A,X) + (sl,A,#a,#cdfgeb#,#aABb,[1]) F

(
(s1,]
(s1, [
(s1,[1
(s2,
(

40

(

(s1, A\, #tac,#d f ge#, #a AB, [1])1 (31,)\ #acd, #fgett, #aABCe,[1,3]) F
(s1, (2], #aA, # fg#,#aABC, [1,3])1 (81,[2] #aAf,$g#,#aABg,[1,3,5]) F
(
1

0

s1,[2,4], #aAB, ##, #aAB, [1,3,5])9F (s2,[2,4], #aAB, ##,#aAB, [1,3,5])

0° 10°

'2 (527 [27 4]7 #GA, ##7 #U'Aa [17 37 5]) + (527 [27 4]7 #aa ##a #aa []-7 37 5]) +
11°
(327 [27 4]7 #a ##7 #7 [17 3, 5]) F ACC

Denoting by 7y, the right most derivation obtained by concatenating the lists
[1,3,5] and [2,4], we can conclude that w € L(G) and S %”> w

It is obvious that the parsers GBP;(G) and GBP,(G) are nondeterministic.
For example, if G would contain the production C — B C'e, then GBPF,(G)
“has to backtrack” into the configuration (s1,[1,2], B 8#, #+#, B C e b#, [4, 5]).

The same can be “said” about GBP,(G). If G contains, for example, the
production C' — f, then we need a backtracking step at the configuration
(317 [2]7 #aAfa #g#a #a'ABga [17 3a 5])

We shall see in sections 4.3, 4.4 how we can avoid these backtracking steps by
defining special subclasses of context free languages (for which we can present
deterministic algorithms). Furthermore, these subclasses (RL(k), RR(k), SIP
and the “Cartesian product combinations”) are large enough for describing the
behavior for practical compilers.

Example 4.1.2 In order to test the power of the bidirectional parser models
(Definitions 4.1.1 and 4.1.2), we shall allow the simultaneously reading of two
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terminal symbols from the input tape (for the left part). Using this additional
property, we shall design a deterministic bidirectional parser which can analyze
the context sensitive language L = {a™ b" c™ | n > 1}. In fact, we shall simulate
the monotone grammar given by the following productions ([JuA97]):

1. A—-aABc 2. A—abc 38.¢cB—-Bc 4.bB —bb

As the initial configuration we take (A#, #w#,#), where w € {a,b,c}* is
the input word. Assuming that the notations u and «, [ stand for words (of
any length) over {a,b,c}, and {a,b,c, A, B} respectively, the transitions will be
of the following forms:

Ao, #aau#t, B#) - (a ABcadt, #aaudft, B3#)

Ao, #abudt, B#) - (abeagt, #abudt, fF#)

aad, #aucH, fi#) b (o, #ud#, c f#)

badt, #but, B##) b= (o, #u#, )

cadt, #udt, e B#t) - (o, #u, B##)

Bad, #bu#t, B##) - (bad, #u#, B#)

#, ##, #) F ACC

a#t, #ud, B#) F REJ if no transitions of type 1°, ..., 7° can be applied.

1% (
2° (
3% (
49 (
5 (
6° (
7 (
8% (

The above bidirectional parser is deterministic because for each configuration
at most one transition may be applied.

Theorem 4.1.3 The following statement holds:

(A#, #w#, #) It ACC iff3n € Ny and w = a™b" c" such that A == w.

Proof .
(<=) We have to show that (A#, #a" b" c"#,#)F ACC.
If n =1 then

0 0

(A, #a™ b" "# #) - (abC# #abc, #) (bC# #b#, c#)

(c#, ##,C#) (#, #4, #) " ACC
If n > 1 we have

10 30
(A#, #a" b" c"#,#) b (a ABc#t, #a™ b c"#,#)
10 30) 20
(AB ot #an1 b0 e 1t o) | ﬁ (Ao parrehe ) F
(abc(Be)™ 4, #ab™ e, " 1#) (be(Be)™ 4, #b"#, ”#)
(

c(Bo)" 4, #b" T , C"#) ((Be)" =t #b" 14, c"” 1#)
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(40,50,60)*

(be (B )24, 40"\, =14) | (#, #4, #) - ACC

(=) We know that (A#,#w#,#) b ACC and we have to show that there
exists n € Ny, w = a”b"c" and A == w.

Beginning with the initial configuration, we can apply only transitions of
type 19 or 2°.

If we apply 2°, then w = a bu, and we reach the configuration (a b c#, #a bu#, #).
Now only 3%, i.e. % = wu;c, may be applied. We get the configuration
(bc#, #bu'#,c#). Applying the transition 4°, we obtain (c#, #u'#,c#). The
only possibility to obtain ACC is to apply 5° and get (#, #u'#, #); it is obvious
that ' = X\ and therefore w = abc (n = 1).

If we apply 1Y, then w = aau, and we obtain (a A B c#, #aau#,#). Again,
only a type 3° transition is applicable, i.e. u = u; c. We get the configuration
(A B c#,#auy#,c#). Only transitions 1° and 2° may now be applied. If we
apply 2%, then we cannot apply 1° and 2° anymore. So, the general configuration
will be (after (n — 2) applications of transitions of type 1° and 3°, n > 2):

(abc(Be)" t#, #au'#,c" 7 #), up =a" 2u "2

Because the only transition which can be applied is 3°, it follows that u' = u; ¢
and the next configuration is:

(be(Be)" '3, dtu'#, " #).
It follows - applying 4Y - that u} = bv; and the next configuration is:
(C (B c)n—l#, #vl #a Cn#)

The only possibility is - at this moment - to apply 5°. We get:

((B C)n_l#a #Ul#a cn—l#)‘

Now, we can apply only 6°. We get the configuration:

(b c (B C)n72#, #Ul#a cnil#)'

Continuing in the same manner as above, we finally obtain:

(#7 #Ui#v #)7 Where V1 = bnil Ui.

Now, the only possibility to get ACC' is to have v] = A.
Then

— ! — !
w=aau=aauic=aaa 2u " 2c:a"ulc":

=a"bvic” =a"b" v " =a"b"c" (n > 2)
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4.2 A parallel approach for (general) bidirec-
tional parsing
In this section we present a parallel approach which is very convenient for de-

scribing the general left and right bidirectional parsing strategies (Figure 4.3).
Common memory

Input tape
A A
il i2
Processor P1 Processor P2
Output tapel Stackl || Stack2 Output tape2
| \)
Arithmetic Arithmetic
and logic and logic
unitl unit2
A A

1

Control

Unit

Figure 4.3. General SIMD Model for Left and Right Bidirectional Parsing

Following [Ak197], our model is a SIMD (simple instruction stream, multiple
data stream) computer. This means, in fact, that these two processors P1 and
P2 operate under the control of a single instruction stream issued by a central
control unit. They share a common memory.

We shall present a parallel algorithm which describes the general left bidi-
rectional parsing strategy. Our algorithm (denoted (PAR_LEFT)) uses the
following variables:

e w € V7 is the input word; w can be also stored into the local memories of
the two processors; in that case, the only global variables (belonging to
the common memory) are il and i2;

e n is the length of w;

e i1, i2 are two counters indicating the (current) positions of the pointers
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to w;

e is_no_over is a boolean variable which takes the value true if processor
P2 performs a reduce action;

e accept is a boolean variable which takes the value true iff w € L(G);
e Stackl, Stack2 are the two working stacks for P1 and P2;

e Output_tapel, Output_tape?2 are the output tapes of P1 and P2 and will
be used for storing the syntactic analysis of the input word;

e exit is a boolean variable which is true iff P1 or P2 detect the non-
acceptance situation for the input word.

We shall use also some predefined procedures, such as:

e pop(Stack,top) - the value of top will be set to the value of the first
symbol from Stack; after that, the top of Stack will be removed;

e push(Stack,a) - push into the top of Stack the values a = ajas...ay
(v € V*, k =|a|); ag will be the new top of Stack;

e push(Output_tape,r) - push into the top of Qutput_tape the value of r.

Supposing that the context free grammar G = (Vy, V7, S, P) is already
given, the method of (PAR_LEFT)is listed below:

begin
read(n); read(w); il:=1; i2:=n; push(Stackl, S);
accept:=false; exit:=false;
repeat in parallel
if (i1<=i2) then actioni1(P1);
action2(P2);
until (i1>=i2) or (exit=true);
if (i1>=i2) and (exit=false) then begin
is_no_over:=false;
while (is_no_over=false) and (exit=false) do
if (Stackl=Stack2) then begin
is_no_over:=true;
accept:=true
end
else
action2(P2)
end;
if (accept=true) then begin
write(’w is accepted and has the left hand syntactic analysis ’) ;
write(Output_tapel, Output_tape2);
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end
else write(’w is not accepted.’);
end;

It remains to list the procedures actionl(P1) and action2(P2).

procedure actionl(P1);
begin
pop(Stackl,top);
case top of
(top€ Vr) and (top=w[ill):
/* reduce action */
if (41<i2) then il:=il1+1;
top€ Vi: begin
/* expand action */
find a production top — a € P, where r = no(top — a);
if (there exists an r of this form) then begin
push(Stackl,a);
push(Output_tapel,r);
end
end
otherwise: begin
backtrack step is needed;
if (all the backtracking steps ended) and
(still no reduce or expand action could be performed)
then exit:=true
end
end;

procedure action2(P2);
begin
case
if (3 r=no(B — B), B is in Stack?2 starting from top) then begin
/* reduce action */
pop(Stack2, 3);
push(Stack2, B);
push(OQutput_tape2,r);
end;
if (i2>i1) then begin
/* shift action */

push(Stack2,w[i2]);
i2:=i2-1;
end;

otherwise: begin
backtrack step is needed;
if (all the backtracking steps ended) and
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(still no reduce or expand action could be performed)
then exit:=true
end
end;

Theorem 4.2.1 (termination of the Algorithm (PAR_LEFT))
The Algorithm (PAR_LEFT) performs a finite number of steps until it ter-
minates its execution.

Proof Because the input grammar G has a finite number of productions, the
number of possible expand actions for P1 and reduce actions for P2 is finite. For
the other actions (i.e. reduce for P1 and shift for P2) only one character from w
is read. Because w is a finite word it follows that the statement repeat-until
from (PAR_LEFT) performs a finite number of iterations (both processors P1
and P2 terminate their execution after a finite number of steps). Therefore, the
Algorithm (PAR_LEFT) performs a finite number of steps until terminating its
execution. |

Theorem 4.2.2 (correctness of the Algorithm (PAR_LEFT))

For a given G = (Vn,Vr,S,P) and w € Vi as its input, the Algorithm
(PAR_LEFT) gives the answer 'w is accepted’ if w € L(G) and 'w is not ac-
cepted.’ otherwise.

Proof We present an informal proof, Algorithm (PAR_LEFT) being in fact
a pseudo-code description of GBP,(G) (according to Definition 4.1.1). More
precisely, for showing the correctness of the parallel Algorithm (PAR_LEFT),
it suffices to note that (PAR_LEFT) is “equivalent” to the sequential algorithm
associated to the transitions of the general left bidirectional parser. The only
case which is not obviously true corresponds to the case i1 = 2 (only one
letter from the input word remains to be read). Then P1 could perform only
expand actions, while P2 could perform both operations, i.e. reduce and shift.
This restriction was imposed in order to eliminate the (possible) errors and the
deadlock. Deadlock in the algorithm is understood in the following sense: both
processors wait one each other to “read” the letter. Some errors come from the
fact that both processors actually “read” the letter (i.e. P1 performs i1:=i1+1,
and P2 performs i2:=i2-1) and thus the content of the two stacks could not
be equal, even for words which belong to the language of the input grammar.

Consider now the following cases:
(i) P1 works, P2 works
(ii) P1 stays, P2 works
(iii) P1 works, P2 stays

It is obvious that situation (i) for which action1(P1) and action2(P2) are
called and executed in parallel, is described in an “equivalent” way in general
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left bidirectional parser by the transitions: expand - shift, expand - reduce,
reduce - shift, reduce - reduce. The situation (ii) corresponds to stay - shift and
stay - reduce and the situation (iii) corresponds to expand - stay and reduce
- stay. Finally, one of the processors will perform the transitions of accepting
and rejecting the input word. The nondeterministic behavior of the general left
bidirectional parser is realized in the parallel algorithm by introducing those
backtracking points in action1(P1) and action2(P2). If no backtracking step
can be performed, then the variable exit is set to true, so the input word is not
accepted by the parser (and of course, this is not contained into the language
of the input grammar).

So, (PAR_LEFT) is correct. |

We may note that it is possible to store into the local memories of P1 and
P2 the input word (and deleting it from the common memory). This does not
change the original implementation issues because w is accessed in a read style.
In this case the only variables which stored into the common memory are il
and i2.

Another possible modification is to replace the variables i1, i2 from the
common memory, and make a direct link from P1 to P2 (and vice-versa, of
course). In that case, we can just send to the other processor the value of i1,
respectively i2.

We may describe another parallel algorithm which implements the general
right bidirectional parsing strategy. Because it is similar to the general
left bidirectional parsing strategy, we shall describe only the different parts.

The parallel algorithm (PAR_RIGHT) corresponding to the “right” model
is (G = (Vn, Vr, S, P) is the input context free grammar):

begin
read(n); read(w); il:=1; i2:=n; push(Stack2,S);
accept:=false; exit:=false;
repeat in parallel
actionl1(P1);
if (i2>=il1) then action2(P2);
until (i1>=i2) or (exit=true);
if (i1>=i2) and (exit=false) then begin
is_no_over:=false;
while (is_no_over=false) and (exit=false) do
if (Stackl=Stack2) then begin
is_no_over:=true;
accept:=true
end
else
actionl(P1)
end;
if (accept=true) then begin
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write(’w is accepted and has the left hand syntactic analysis ’) ;
write(Output_tape2, Output_tapel);
end
else write(’w is not accepted.’);
end;

The procedures actionl(P1) and action2(P2) are:

procedure actionl(P1);
begin
case
if (3r=no(B — ), B isin Stackl beginning with the top) then begin
/* reduce action */
pop(Stackl,f);
push(Stackl,B);
push(Output_tapel, r);
end
if (i1<i2) then begin
/* shift action */

il:=il1+1;
push(Stackl,w[il]);
end

otherwise: begin
backtracking step is needed;
if (all the backtracking steps ended) and
(still no reduce or expand action could be performed)
then exit:=true
end
end;

procedure action2(P2);
begin
pop (Stack2,top) ;
case top of
(tope V) and (top=wl[i2]):
/* reduce action */
if (i2>i1) then i2:=i2-1;
top€ Vn: begin
/* expand action */
find a production top — a € P, where r = no(top — a);
if (there exists an r of this form) then begin
push(Stack2,a);
push(Output_tape2,r);
end
end;
otherwise: begin
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backtracking step is needed;
if (all the backtracking steps ended) and
(still no reduce or expand action could be performed)
then exit:=true
end
end;

Similar results - as for PAR_LEFT - related to the termination and correct-
ness of the above Algorithm (PAR_RIGHT) can be stated and proved.

4.3 Deterministic subclasses of context free
grammars

In this section we present some important subclasses of context free grammars
for which there exist deterministic algorithms for solving the membership prob-
lem, in O(n) time complexity (n being the length of the input word).

We start by giving an important result which establishes the relation between
a context free grammar G and its reversed version G.

Theorem 4.3.1 Let G = (Vn, Vr, S, P) be a context free grammar and let G =
(Vn,Vr, S, P) be its reverse. Then, for any A € Vy, and any derivation m €

{1,2,...,|P|}*, we have:
A CJ::; wy iff A 5:7;; yw
for any w € Vi, v € V- V*U{A}.
Proof We shall proceed by induction on |r|. The basis (Jm| = 1) is obviously
true.

We shall show only the direct implication of the equivalence.
Inductive Step: Let A c% w+~ be the left most derivation 7, (|7| > 1),
Jm

where w € Vi, v € Vy - V* U {A}. |7| > 1 means that there exists a production
numbered by r in G such that 7 = m;7. Now, we may rewrite the derivation as:

A = w; Bys = wry, where r = no(B — wy) y1, wi wy = w, 192 = 7.
G,lm G,lm

But |71| < |7|, so we can apply the inductive hypothesis to get:

A= Hwy

G,lm
Now, because w1 € V7, we may continue with a right by derivation applying in

G the production r = B — 47 Ws:

A= HBu = faFi

G,rm G,rm

2 W1 = YwW.

The other implication may be similarly obtained. |
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4.3.1 RR(k) grammars

The name RR(k) is a shorthand for Right to left scanning of the input con-
structing a Rightmost derivation in reverse, using k symbols of lookahead (see
also Definition 2.1.14).

Definition 4.3.1 Let G be a context free grammar and k be a natural number.
We say that G is RR(k) if G is a LL(k) grammar. A language L is RR(k) if
there exists a RR(k) grammar which generates L.

As aremark, if G = (Vn, Vr, S, P) is a RR(0) grammar (respectively reduced
grammar), then for any A € Vy, there exists (respectively exactly) at most
one production of the form A — « € P. Certainly, if G is a reduced RR(0)
grammar, then its language is finite. That is why these grammars have no
practical interest.

In [LeS68] it is pointed out that RR(k) grammars “may be obtained from
LL(k) by reversing the roles of left and right”, but no formal definition was
given.

In order to define a parser for RR(k) grammars, we shall give - for the
beginning - some definitions and results which are “dually” obtained from similar
ones for LL(k) grammars.

Theorem 4.3.2 Any RR(k) grammar is unambiguous.
Proof Using Definition 4.3.1 and a corresponding result from ([LeS68]). W

Theorem 4.3.3 If G is a right recursive grammar, then there exists no natural
number k such as G be a RR(k) grammar.

Proof From Definitions 2.1.14 and 4.3.1. |
Theorem 4.3.4 The RR(k) languages form a strict infinite hierarchy:
RR(0) C RR(1) C RR(2) C ... C RR(k) C RR(k+1) C ...

Proof From Definitions 2.1.14, 4.3.1 and the strict inclusion “LL(k) C LL(k+
1) ([[LeS68]]). |

Lemma 4.3.1 There exist context free languages which are not RR(k) for any
natural number k.

Proof For example, L = {a"cb™, a®*db™ | n > 1} cannot be RR(k), for
any natural number k. The proof can be done using a similar procedure as in
Theorem 3.1.3. |

In the following, we shall define a subclass of RR(k) grammars (called
SRR(k)) for which there exists an efficient algorithm for solving the problem
'G is a SRR(k) grammar’. Furthermore, the subclass SRR(1) coincides with
RR(1). We need also few auxiliary sets of words useful for defining the class of
SRR(k) grammars.
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Definition 4.3.2 Let G = (Vy,Vr,S, P) be a context free grammar, « € VT,
A€eVy and k € N4. Then

LAST(a)={u e Vs | ju| =k, a :;> vu, v € VirtU{u e Vq | |ul < k,a :;> u}
PREVIOUSi(A) ={uecV}|S :G> aAB and u € LASTy()}.

We have to notice that for a given nonterminal symbol A, the set
PREVIOUS}(A) represents the set of all terminal words of length less than
k which may occur in sentential forms, before of the occurrence of A. We can
extend the sets LAST), to sets of words:

if L CV* then LAST,(L) = | ] LAST(a).
acLl

Furthermore, if « € V' and LC V*t, we put o L = {az |z € L}.

Definition 4.3.3 A context free grammar G = (Vn, Vr, S, P) is SRR(k) if for
any A € Vy and any two (different) productions A — (1, A — B2 the following
statement holds:

LAST,(PREVIOUS(A) - B1) N LAST,(PREVIOUS,(A) - 2) = 0

The associated deterministic parser for this subclass of grammars can now
be given. We have to mention that it has only one state, so we shall not consider
the set of states as a basic component.

Definition 4.3.4 Let G = (Vn, V7, S, P) be a SRR(k) grammar, where k € N.
LetC C #Vix#V*x{1,2,...,|P|}* U{ACC, REJ} be the set of all possible con-
figurations, where # is a new character (a terminal symbol). The PSRR;(Q)
parser is given by the pair (Co,F), where Co = {(#w,#S5,)\) |w € V;} CC is
called the set of initial configurations, and -C C x C is the transition re-

lation (sometimes denoted by |——— ) between configurations and it is given
PSRR4(G)

by:
1° Ezpand: (#u,#vy A, 70) - (#u, #y6,7r) if r = no(A — B) and
#u®) € LAST(#PREVIOUS(A) - B);
20 Reduce: (#ua,#vya,m) & (#u, #v, )
30 Accept: (#,#,7) F ACC;

4% Rejection: (#u,#~,n) + REJ if no transitions of type 1°, 2° and 3° can
be applied.

Theorem 4.3.5 Let G be a SRR(k) grammar. Then the parser PSRR}(G)
s deterministic, i.e. for any given configuration at most one transition can be
applied.
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Proof The expand transitions are deterministic according to Definition 4.3.3,
i.e. for an arbitrary configuration there exists at only one transition which can
be applied. The rest of the transitions are deterministic, too. |

Theorem 4.3.6 For any k € N7 the class of SRR(k) grammars is strictly
included in the class of SRR(k + 1) grammars.

Proof The fact that every SRR(k) grammar is also a SRR(k + 1) grammar
is obvious. On the other hand, the grammar G = ({S}, {a}, S, {S — a*|a**1})
isa SRR(k+ 1) grammar, but not a SRR(k) grammar (according to Definition
4.3.3). |

Similar results as for RR(k) grammars could be designed for SRR(k) gram-
mars. For instance, any SRR(k) grammar (k € N) is unambiguous, and a right
recursive grammar is not a SRR(k) grammar, for any k € N*. A similar result
is:

Let G = (Vn,Vr,S,P) be a reduced context free grammar and k € NT.
Then G is a right recursive grammar iff there exists w € Vi for which the
parser PSRRy,(G) has an infinite number of configurations.

4.3.1.1 RR(1) grammars

RR(1) grammars proved to be useful in practice because - for them - the auxil-
iary sets LAST;, PREVIOUS; (simply denoted, from now on, by LAST and
PREVIOUS) may be computed in polynomial time. According to Definition
4.3.2, we can rewrite LAST and PREVIOUS as follows (a € V' and 4 € Vy):

LAST (o) ={a|a € Vr, a == ua}U{\| a = \};

PREVIOUS(A) ={a|acVrU{\}, S== aAB, a € LAST(a)}.

The next result establishes the “equivalence” between SRR(1) and RR(1) gram-
mars.

Theorem 4.3.7 A context free grammar G = (Vy,Vr, S, P) is RR(1) iff for
any A € Vy and any two distinct productions A — (1| B2 the following state-
ment 1s true:

LAST(PREVIOUS(A)-B1) N LAST(PREVIOUS(A) - 85) = 0.

Proof According to Definition 4.3.1 and [LeS68] which proved a similar result
for LL(1) grammars. |

For computing actually the sets LAST and PREVIOUS, we need first to
define some binary relations over V' x V.

Definition 4.3.5 Let G be a context free grammar. Then:
1. X begin A iff IA—-aXpBeEP and a == \;
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2. Xend Aiff IA—-aXBeEP and B == \;
3. X followed by Y if 3IA > a XY y€ P and f == X
4. X terminal Y iff X, Y e Vr and X =Y
5. X nonterminal Y iff X, Y € Vy and X =Y
. last=terminal oend* o nonterminal;

6
7. previous=terminal oend* o followed_byo (begin*) !o nonterminal.

Theorem 4.3.8 Let G = (Vn,Vr, S, P) be a reduced contezt free grammar and
a € Vr, X € V. Then the following statements hold true:

(i) a € LAST(X) iff alast X; A € LAST(X) iff X == ),
(i) a € PREVIOUS(X) iff apreviousX; A\ € PREVIOUS(X) iff

X begin* S.
Proof According to Definitions 4.3.2 and 4.3.5. u
Example 4.3.1 Let us consider the grammar given by the following produc-
twnsi.S—>E 2.S—+B 3. E—)\ 4. B—a

5. B—>bCSe 6.C—>)X 7.C—=CS,;

In order to check if this grammar is LL(1), we compute the null nonterminal
symbols, (X € Vi is a null symbol if 3 X == \). For our grammar the set of
null symbols is {S, E,C}. We then compute the auziliary binary relations:
end= {(E, S),(B,S),(a, B), (e, B), (;,C)};
end* = idyUend U{(a, S), (e, 5)};
last= {(a'a B)a (6, B)a (; ) C)a (aa S)a (6, S)}a
So, the sets LAST for the nonterminal symbols are:

X | S E B c
LAST | {a,e,A} {A} {a,e} {0}
We continue with the rest of our (last introduced) relations:
begin ! = {(S, E), (5. B, (B,a), (B,b), (C,0), (C. ), (C.i)
(begin~!)* ononterminal=1idy, U {(S, E), (S, B), (C,S),(C, E), (C, B)};
followed_by= {(b,C), (b, 5), (b,€), (C,5),(C,e), (S, ), (C,;),(S,5)};
previous= {(b,C), (b, 5), (b, E), (b, B), (;,5), (;, E), (;, B)}.
Hence, the sets PREVIOUS corresponding to the nonterminal symbols are:
X | S E B c
PREVIOUS [ {b;;,A\} {b,5,A} {b;} {b,A}
According to Theorem 4.3.7, we check if our grammar is RR(1):
LAST(PREVIOUS(S)- E) = {b,;,,\};
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LAST(PREVIOUS(S) - B) = {a, e}:;
LAST(PREVIOUS(B) - a) = {a};
LAST(PREVIOUS(B) -bC Se) = {e};
LAST(PREVIOUS(C) - ) {b,A};
LAST(PREVIOUS(C)-CS;)={;};

Therefore, G is a RR(1) grammar.

It is the time to define the parser attached to a RR(1) grammar.

Definition 4.3.6 Let G = (Vn,Vr,S,P) be a RR(1) grammar and LAST,
PREVIOUS the corresponding sets of words defined above. We denote by

C C#Vix#V*x{1,2,...,|P|}* U{ACC, REJ} the set of all possible configura-
tions, where # is a new character (a terminal symbol). The PRR;(G) parser
consists of the pair (Co,t), where Co = {(F#Fw,#S,)) | w € Vi} C C is called
the set of initial configurations, and FC C X C is the transition relation

(sometimes denoted by ———) between configurations given by:
PRR1(G)

1° Ezpand: (#u,#v A, 70) - (F#u, #vB,7r) if r = no(A — B) and
#uM) € LAST(#PREVIOUS(A) - B);

20 Reduce: (#hu a4y a,m) - (4, %7, 7):
30 Accept: (#,#,7) - ACC;

4% Rejection: (#u,#~,n) = REJ if no transitions of type 1°, 2° and 3° can
be applied.

Input tape

Stack

A

Control

r | Output tape

Figure 4.4. The PRR;(G) parser
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The parser PRR;(G) is similar to a LL(1) parser, but the difference is that
it scans the input word beginning from the end to its start. It can push or pop
strings in the stack. The output tape will contain the right hand syntactical
analysis. It returns “ACC” or “REJ” depending on whether the input word is
accepted or not. Again our parser has only one state.

In the following we shall present a parsing algorithm for RR(1) grammars.

The Algorithm (Parsing-RR(1))

Input: Any RR(1) grammar G = (Vn, Vr, S, P), the sets LAST, PREVIOUS
corresponding to the nonterminal symbols and a word w € V7;

Output: The right hand syntactical analysis if w € L(G); otherwise the mes-
sage: 'w is not accepted’.

Method: Assume that we have at our disposal the following procedures:

e pop(stack,top) - as a result, the value of top will coincide with the value
of the first symbol from stack;

e push(stack,X) - pushes in the top of stack the value of X;

e push(Dutput_tape,r) - pushes in the top of Output_tape the value of r.

Then the main program is:

begin
read (w) ; push(stack, “#S57); i:= |w|+1;
accept:=false; is_over:=false;
put into the input tape the string “#w”;
repeat
pop (stack,top) ;
remove the top of the stack;
if (top€ Vy) then begin
/* expand action */
find r= no(top— «) such that wlile LAST(PREVIOUS(top)a);
if (does not exist such a production) then
is_over:=true; /* reject action */
else begin
push(stack,a);
push(Output_tape,r) ;
end
end
else if (top=w[i] and i>1) then
/* reduce action */
ir=i-1;
else begin
is_over:=true;
if (top=#) and (i=1) then
/* accept action */
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accept:=true
end;
until (is_over=true);
if (accept=true) then
write(’wis accepted and has right hand syntactic analysis ’ ,Output_tape)
else write(’w is not accepted.’)
end.

Theorem 4.3.9 (correctness and complezity of Algorithm (Parsing-RR(1)))
Algorithm (Parsing-RR(1)) is correct and has the time complezity O(|w|),
where w is the input word.

Proof The correctness follows directly from Definition 4.3.1 and [LeS68]. The
number of iterations of the loop “repeat... until” is O(m - |w|), where m is
a constant depending on G. During an iteration, Algorithm (Parsing-RR(1))
makes an expand or a reduce action. The number of consecutively expand
actions is finite because the input grammar is finite. Any reduce action implies
the reading of one letter from w. Therefore the time complexity of Algorithm
(Parsing-RL(0)) is O(|w]). u

Example 4.3.2 We reconsider the grammar of Example 4.3.1. Let w =baj; e
be the input word for Algorithm (Parsing-RR(1)). We obtain:
1° 1° 20

#ba; e, #5,A) F (F#ba; e, #B,[2]) & (#ba; e,#bC Se,[2,5]) F
0 10

10

#ba;, #bC'S, [2,5])lF (#ba;,#bCE,[2,5,1]) F (#ba;,#bC,[2,5,1,3]) F

(
(
(#ba;, #bC S [2,5,1,3,7))  (#ba, #bC S,[2,5,1,3,7]) F
(#ba,#bC B, [2,5,1,3,7, 2])}0 (#ba,#bC a, [2,5,1,3,7,2:’4])?0
( 1

(

2
#b7 #b C? [27 57 17 37 77 27 4]) |_ (#b7 #b7 [27 57 17 37 77 27 47 6]) |_

30
#b7 #b7 [27 57 ]‘7 37 77 27 47 6]) |_ ACC'
Therefore, w € L(G) and the right hand syntactic analysis for it is
T =[2,5,1,3,7,2,4,6]. The notation for the terminal symbols of this grammar
“comes” from:
b - begin, e - end, a - statement and ; - end of statement.

4.3.2 RL(k) grammars

The name RL(k) is a shorthand for Right to left scanning of the input construct-
ing a Leftmost derivation in reverse, using k symbols of lookahead (Definition
2.1.15).

Definition 4.3.7 Let G' be a context free grammar and k be a natural number.
We say that G is an RL(k) grammar if G is an LR(k) grammar. A language
L is RL(k) if there exists an RL(k) grammar generating L.
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An example of an RL(0) grammar can be found in [Knu65], but the only
“definition” for RL(0) grammars was that these are obtained from LR(0) by
an “asymmetric property”. Later ([Knu71]) the author has referred again to
RL(k) and RR(k) grammars in an informal way too.

In order to define a parser for RL(k) grammars we also need first some
definitions and results which are “dual” to similar ones for LR(k) grammars.

Theorem 4.3.10 Any RL(k) grammar is unambiguous.

Proof  Using Definition 4.3.7 and a similar result for LR(k) grammars
([Knu65]). |

Theorem 4.3.11 ([Knu65]) There exist RL(0) languages which cannot be
R(k), V k € N.

Proof Let G be the grammar:
S—Ac|B A—aAbblabb B —aBb|ab

Obviously G is a RL(0) grammar because G is a LR(0) grammar. Note that
L(G) = {a™b*c, a™b"™ | n > 1} is not a deterministic context free language. In
([Knu65]), it was proved that a language is deterministic context free language
iff it can be generated by a LR(k) grammar So, we cannot find an equivalent
LR(k) grammar to G. |

4.3.2.1 RL(0) grammars

Definition 4.3.8 Let G = (Vn, V1, S, P) be a context free grammar and . ¢ V
a new symbol (called point). An RL(0) item for G is a construction A —
B1 P2, where A — (182 € P. The set of all items of G is denoted by I(G).

Example 4.3.3 For the production S — x1 x5 ... T, there exist n + 1 items:
S = 2123..Tpuy, S T1T2 ... Ty 1:Lp, oo S = a1 Lo ... Ty

Definition 4.3.9 An RL(0) item of the form A — .(3 is called complete (the
point is at the beginning of the production).

Definition 4.3.10 A v1able suffix for G is a word v € V* for which there
ezists a derivation S :> uAa :> uBa, and v is a suffix for Ba (i.e. there

exists v € V* such that ﬁa =7 7)
Example 4.3.4 Let us consider the left hand derivation:
A= aAB = acdB

According to Definition 4.3.10, the viable suffizes for acd B are A\, B, dB, cd B
and acdB.
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Definition 4.3.11 An item A — (1.02 is valid for the viable suffiz 7y if there
exists a derivation:

S=uda=— upbfa and v = B2«
Im Im

The set of all valid items for the viable suffiz v is denoted by I(v).

Example 4.3.5 Let us consider the grammar A - aAB|cd B —be|f

For the suffix “\”, there are several valid items, such as:
A—aAB., A—cd., B—be., B— f.

For the suffix “d”, there is only one valid item: A — c.d.
For the suffix “be”, there is only one valid item, too: B — Jbe.

Theorem 4.3.12 (characterization of RL(0) grammars)

A reduced grammar G = (Vn, Vr, S, P) (and in which S does not occur in the
right hand side of the productions) is RL(0) if and only if for all viable suffizes
7, the set of all valid items for v (denoted by I(v)) satisfies the conditions:

(i) I(y) contains no two (or more than two) distinct complete items;

(i) if A — «a € I(y) then I(y) contains no item of the form B — (1 a«fs,
a € Vrp.

Proof Similar to the corresponding proof for LR(0) grammars ([Knu65]). H

Theorem 4.3.13 Let G be a reduced context free grammar. The set of all viable
suffizes of the grammar G (generally an infinite set) is a regular language.

Proof Similar to the corresponding proof for LR(0) grammars [Knu65]. We
think that some hints of that proof may be useful for what follows. Starting
from the reduced context free grammar G = (V, Vr, S, P), a nondeterministic
finite automaton with A—transitions can be derived which accepts the set of all
viable suffixes. Let M = (I,V, 6, qo,I) be such an automaton where:

o I ={q}U{A = p1-f2|A— B1f: € P}
e ¢ is defined as follows:
(i) 6(A — B Bofa,\) = {B = 8. | B~ B € P};

(11) 5(/1—),81 X.,Bz,X) :{A—),Bl.X,Bz},
(iil) §(A = aa.f,)) =6(A = aX.8,Y)=0,Y €Vy, X £Y, a € Vp.

qo is the initial state, that is the item S’ — S.. Here S’ is a new symbol and
S’ — S is a new production. Sometimes, if S does not occur on the right hand
side of the grammar productions, we may choose S’ = S (in that case, the
“initial state” will be a set of items of the form S — a., where S - a € P). B
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Example 4.3.6 Let us consider the context free grammar G given by the pro-
ductions:
S—aAd|bAB, A—cAlc, B—b

We shall construct the equivalent automaton M (with A—transitions). Then we
check if G is a RL(0) grammar using Theorem 4.3.12. The two conditions from
Theorem 4.3.12 may be “translated” into the automaton graph as:

(i) the automaton graph does not contain two vertices A — «a, B — .8
(A — a # B — ), such as the paths from qo to these vertices be labeled
with the same word;

(ii) the automaton graph does not contain two vertices A — «a, B — 1 a.[s,
a € Vr such as the paths from qqg to these vertices be labeled with the same

word.
S—>aAd.<)\ S’—S. A > S—bAB. )\> B—b.
yd S YB yb
S—alA.d | | S™—.S S—bA.B B—.b
2 1A YA
S—a.Ad A—cA. > A-c. S—b.AB
ya AV\‘//\ yc vb
S—.aAd A—cA A—.c S—.bAB
cy
A—.cA

Figure 4.5. The automaton with A-transitions of viable suffixes

Let us note that the graph for the automaton M satisfies the previous con-
ditions (i) and (ii). Hence G is a RL(0) grammar.

However, the conditions considered in Example 4.3.6 are hard to check on
this automaton with A—transitions. For each M, we may attach an equivalent
(i.e. L(M) = L(M')) deterministic automaton M' = (T,V,d',ty,T), where
T C 2! (one state from M’ corresponds to a subset of items from M), ¢, contains
all items accessible from gy = S’ — S. using A—transitions, and 6’ : T xV — T
is partially defined.

We know that M accepts the set of all viable suffixes and A — (1.02 €
0(go,7y) if and only if A — (31402 is valid for . This implies (in M) that a state
t € T contains exactly all valid items for a certain viable suffix. Therefore, the
two conditions above (for deciding if G is a RL(0) grammar) can be rewritten
as:
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(i) any state t € T' contains at most a complete item;

(ii) for any state ¢ € T which contains a complete item, ¢ must contain no
item in which a terminal symbol is followed by ..

These two conditions may be easily checked for M'. In the following, we
shall indicate the way of constructing M’ (called the RL(0) automaton of a
grammar () starting from G. The function closure has as input a set of items
t and returns as output all the states (sets of items) accessible from ¢ through
A—paths.

The Algorithm (Closure)

Input: G = (Vy,Vr, S, P) any context free grammar and ¢t C I any set of
items;
Output: closure(t) = {t" € I |§(t, ) =t"};
Method:
function closure(t):T;
(x T is a notation for a subset of I x);
begin
t’:=t; flag:=true;
while (flag=true) do begin
flag:=false;
for (all A - aB.B €t’) do
for (all B — vy € P) do
if (B — 7. ¢t’) then begin
t):=t’U{B — 7. };

flag:=true
end
end;
return(t’);
end;

Lemma 4.3.2 Let M = (I,V, 6, qo, I) be the automaton containing \—transitions
associated to grammar G and let t C I be a set of items. Then, using Algorithm
(Closure) we obtain as output closure(t) = {t" € I | §(t,\) =t"}.

Now, we are ready to give an algorithm for constructing the RL(0) automa-
ton for grammar G.

The Algorithm (RL(0)-Automaton)

Input: G = (Vn,Vr,S,P), any context free grammar (augmented with the
production S’ — S);

Output: M' = (T,V,§,to,T) a deterministic automaton equivalent to M;
Method:
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begin
to:=closure(S’ — S.); T:= {t{o}; marcat[tp] :=false;
while (3t € T and not(marcat[t])) do begin
for (all X € V) do begin
t':=0;
for (all A - aX.f€t) dot':=t' U{A = aaXfF};
if (¢’ #0) then begin
t':=closure(t’);
if (¢’ ¢ T) then begin
T:=TU{t'};
marcat[t'] :=false;
end;
o' (t, X):=t';
end
end;
marcat [t] :=true;
end
end;

Lemma 4.3.3 The Algorithm (RL(0)-Automaton) is correct, i.e. M' is a de-
terministic automaton equivalent to M (i.e. L(M') = L(M)).

Example 4.3.7 Consider the same grammar as in Example /.3.6. Using Algo-
rithm (RL(0)-Automaton) we shall construct the deterministic automaton M’
(the numbering of states in M' will be done in a breadth first search manner):

S’=.S s Ad
¢ a —.a
S . Soadd 7|t
A—c.A
$'5S. S—aA.d /A’ .
t
S—aAd. | 4 |A—cA. 5 \ A cA
S—bAb. > A—c. o
C
B—b. t2 \ Ao
to te .
b C
Y /
A—bA.B
B—.b A—scA. S—b.AB
ta Ase. A _|AscA | b |STDAB
t - th
3 tr

Figure 4.6. The deterministic automaton M’
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Now, after checking the associated conditions for M', we get that G is a
RL(0) grammar.
Example 4.3.8 Let us consider the grammar
G=({S,A4},{a},S,{S— A, A— Aal|a}).

The deterministic automaton M' corresponding to G is given by:

S—.A
1
A
S—A.
A—Aa. A—A.a

Y

A—a. \ A—.a A |A—.Aa
to a A—Aa. t3
A—a.
a
t2

Figure 4.7. The deterministic automaton M’

We can see that the state ty does not satisfies the conditions imposed for
RL(0) grammars because it contains the complete item A — .a and the item
A — Aa. in which the terminal a is followed by .

We can adapt the LR(0) language characterization theorem to characterize
RL(0) languages.

Theorem 4.3.14 (RL(0) language characterization theorem)
Let L C ¥*, where X is an arbitrary alphabet. The following four statements
are equivalent:

a) L is an RL(0) language;

b) L C ¥* is a deterministic context free language and for all x € LT,
w, y € X, ifwéeL, we €L, andy € L, then yz € L;

c) there exists a deterministic pushdown automaton A=(Q,%,T, 6, g0, Zo, F),
where F' = {qr} and there exists Zy € T such that

L=T(A,Z;) =T(AT) ={w e = | (qo,w, Zo) - (g5, \, Z5)};

d) there exist strict deterministic languages Ly and Ly such that L= LoL7.
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Proof From Theorem 13.3.1, [Har78]. |
The parser attached to a RL(0) grammar may now be introduced.

Definition 4.3.12 Let G = (Vn,Vr, S, P) be a RL(0) grammar and M' =
(T, V,8',to, T) be the corresponding deterministic automaton. We denote by
C CH#VEX(T -Vr)*tox{1,2,...,|P|}* U{ACC, REJ} the set of all possible con-
figurations, where # is a new character (a terminal symbol). The RL(0) parser
(denoted by PRLo(QG)) is given by (Co,F), where the set Co = {(#w,to,\) | w €
VY CC is called the set of initial configurations, and FC C x C is the tran-

sition relation (sometimes denoted by l——— ) between configurations and it
PRLo(G)
1s given by:

19 Shift: (#ua,to,w) F (#u,t' ato,n) if §'(t,a) = t';

2° Reduce: (#u,t'oto,n) F (#u,t" Ato,rn) if A — B et |0t =6,
r=mno(A = B), t"' =4'(t, A);

30 Accept: (#,0,m) F ACC if ' — A€ ty;

4% Reject: (#u,o,m) F REJ if no transitions of type 1°, 2° and 3° can be
applied.

The parser PRLo(G) is similar to the LR(0) parser. The main difference
is that it scans the input word from the end to its start. It can push or pop
strings in the stack using §’. The output tape will contain the left hand syntactic
analysis. It returns “ACC” or “REJ” depending on whether the input word is
accepted or not.

4 | a an, Input tape
< A
Stack
MI
by ™ Control g
fo Y
r Output tape

Figure 4.8. The RL(0) parser
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The parsing algorithm for RL(0) grammars.
The Algorithm (Parsing-RL(0))

Input: Any RL(0) grammar G = (Vy, Vr, S, P), the corresponding automaton
M' =(T,V,¢,ty,T), and a word w € V;

Output: The left hand syntactic analysis if w € L(G); otherwise the message:
'w is not accepted’.

Method: We shall use the following predefined procedures:

e pop(stack,top) - the computed value of top equals the value of the first
symbol of stack (without removing the top of the stack);

e push(stack,X) - push into the top of the stack the value of X;

e push(Dutput_tape,r) - push into the top of Output_tape the value of r.

The main program is:

begin
read (w) ;push(stack,ty) ;i:=|w |+1;
accept:=false;is_over:=false;
the input tape contains the string “#w”;
repeat
pop(stack,t);
if (6'(t,w[i])# () then begin
/* shift action */
push(stack,w[i]);
push(stack,d'(t,wlil));
i:=i-1;
end
else
if (A — .X; Xz...X,, €t) then begin
if (A=S') then begin
/* accept action */
push (Output_tape,no(S' — X; Xa... X»));
is_over:=true;
accept:=true
end;
else begin
/* reduce action */
remove the first 2 x m symbols from the stack;
pop(stack,t’);
t":=6'(¢’,A);
push(stack, A) ;
push(stack,t");
push (Output_tape,no(4A — X; Xz ... X))
end
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end
else is_over:=true /* reject action */
until (is_over=true);
if (accept=true) then
write(’wis accepted and has left hand syntactic analysis >, Output_tape)
else write(’w is not accepted.’)
end.

Theorem 4.3.15 (correctness and complezity of Algorithm (Parsing-RL(0)))
Algorithm (Parsing-RL(0)) is correct and has the time complezity O(|w|),
where w is the input word.

Proof The correctness follows directly from Definition 4.3.7 and [Knu65]. The
number of iterations of the loop “repeat... until” is O(m - |w|), where m
is a constant depending of G. During an iteration, Algorithm (Parsing-RL(0))
performs a shift or a reduce action. The number of consecutively reduce actions
is finite because the input grammar is finite. A shift action implies the reading
of one letter from w. So the time complexity of Algorithm (Parsing-RL(0)) is
O(fw)). =

Example 4.3.9 Reconsider the grammar in Examples 4.3.6 and 4.3.7. Let

w =bcceb be the input word for Algorithm (Parsing-RL(0)). We have:

10 20 10 2°
(#bCva tUa A) = (#bCC, 7] tha )‘) = (#bccv t3 Bt07 [5]) = (#bcv tg cts Bth [5]) +
0

20

1
(#b G, t7 At3 Bth [4a 5]) F (#ba t9 Ct’? At3 Bth [4a 5]) F (#ba t7 At?» Bth [3a47 5])
0 0 0

1 2 3
|_ (#7 th bt7 At3 B th [37 47 5]) |_ (#7 tl Sth [27 37 47 5]) |_ ACC
Therefore, w € L(G) and the left hand syntactic analysis for it is m = [2, 3,4, 5].

4.3.2.2 SRL(1) grammars

There exist practical cases where, for a given context free grammar G which is
not an RL(0) grammar, the conflicts reduce - reduce, reduce - shift (of the cor-
responding RL(0) automaton) can be solved. Simple RL(1) grammars (denoted
by SLR(1)) are needed.

Definition 4.3.13 The context free grammar G = (Vy,Vr, S, P) is SRL(1) if
for any state t € T' of the RL(0) automaton M' = (T,V,d,t0,T) defined as the
output of Algorithm (RL(0)-Automaton), the following statements hold true:
(i) if A— .a €t and B— . €t then
PREVIOUS(A) N PREVIOUS(B) = b;

(i) if A— «a€t and B — fa.y €t then a ¢ PREVIOUS(A).

Next, we shall define a relation ACTION : T — VpU{#} (sometimes called
an SRL(1)-table), which will be used to remove the conflicts reduce - reduce,
reduce - shift. This relation is constructed using the RL(0) (corresponding)
automaton and the sets PREVIOUS:
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The Algorithm SRL(1)-table:

Input: Any context free grammar G = (Vy, Vr, S, P), the RL(0) corresponding
automaton M' = (T,V,4,t9,T), the sets PREVIOUS(A),V A € Vy.
Output: The relation ACTION (t,a), YVt €T, ¥V a € Vr U {#}.
Method:
begin
for (allt € T') do begin
for (all A - .a €t and A # S') do begin
for (a € PREVIOUS(A)) do
ACTION (t,a):=reduce,, where r = no(A — «a);
if (A € PREVIOUS(A)) then
ACTION (t, #):=reduce,, where r = no(A — «)
end;
for (all B — fa.y €t, a € Vr) do
ACTION (t,a):=shifty, where t;, = §(t,a);
if (S’ — .S €t) then
ACTION (t,#):=ACC,, where r = no(S’" — S)
end
end.

If the relation ACTION is well defined, i.e. |[ACTION (t,a)] <1, Vt €
T, ¥ a € Vp, then the two conditions of Definition 4.3.13 hold and then G is a
SRL(1) grammar (and vice-versa).

In the following, we present the SRL(1) parsing algorithm. Because it is
similar to (Parsing-RL(0)) Algorithm, we list only the main program:

The Algorithm (Parsing-SRL(1))

begin
read(w) ;push(stack,tp) ;i:=|w |[+1;
accept:=false;is_over:=false;
the input tape contains the string “#w”;
repeat
pop(stack,t);
if (ACTION (t,w[i]l)= ACC,) then begin
/* accept action */
push(Output_tape,r) ;
is_over:=true;
accept:=true
end
else
if (ACTION (t,w[il)= shift; then begin
/* shift action */
push(stack,t_k);
ir=i-1;
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end
else
if (ACTION (t,w[il)= reduce, then begin
/* reduce action */
let A — a be the r-th production;
remove the first |a| symbols from the stack;
pop(stack,t’);
push(stack,d(t', 4));
push(Output_tape,r)
end
else is_over:=true /* reject action */
until (is_over=true);
if (accept=true) then
write(’wis accepted and has left hand syntactic analysis >, Output_tape)
else write(’w is not accepted.’)
end.

Theorem 4.3.16 (correctness and complexity of Algorithm (Parsing-SRL(1)))
Algorithm (Parsing-SRL(1)) is correct and has the time complezity O(|w|),
where w is the input word.

Proof Using Definition 4.3.13, the construction of ACTION and following
the same procedure as in the proof of Theorem 4.3.15. |

Example 4.3.10 Let us consider the context free grammar G which generates
all the arithmetic expressions (over +, x):

E'-E E-T+E|T T—FxT|F F-(E)|id

It can be checked that G is not an RL(0) grammar, but it is an SRL(1) grammar
([AnG95]).

4.3.2.3 RL(1) grammars

Definition 4.3.14 Let G = (Vn,Vr,S,P) be a context free grammar. An
RL(1) item for G is a pair (a,A — a.f), where A — a.f is an RL(0) item,
and a € PREVIOUS(A) (if A\ € PREVIOUS(A), then a = #).

Definition 4.3.15 A viable suffix for G is a word v € V* for which there
ezists a derivation S l:*> uAa l:> u By B2 «, v being a suffix for B1 B2 a. The

item (a, A = B1.P2) is called valid for the viable suffir B2 o if a = u(V) (if
u =\ then a = #). The set of all valid items for vy is denoted by I(7y).

Theorem 4.3.17 (characterization of RL(1) grammars)

A reduced context free grammar G = (Vn,Vr, S, P) is a RL(1) grammar if
and only if for any viable suffiz vy, there exist no two distinct LR(1) items valid
for v of the form:

(a, A — «a), (byB — B1+f27) where ,851) ¢ Vv and a € LAST (b31)
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Proof According to Definition 4.3.7, the proof is similar to the corresponding
result for LR(1) grammars ([Knu65]). |

For describing the so called RL(1) automaton, the function called closure (I)
needs to be described. This computes all the valid items for the same suffix v
(starting from a given set of valid items).

function closure(I):T; /* T is a notation for a subset of valid items */
begin
I’:=I; flag:=true;
while (flag=true) do begin
flag:=false;
for (all (a,A - aB.B)€eI') do
for (all B— vy € P) do
for (allbe LAST(aa)) do
if ((b,B — v.) ¢ I') do begin
I':=I'U{(B = v-,b)};

flag:=true
end
end;
return(I’);
end.

Now we are ready to present an algorithm for constructing the RL(1) au-
tomaton for a given grammar G.

The Algorithm (RL(1)-Automaton)

Input: G = (Vn,Vr,S',PUS" — S), a context free grammar;
Output: M = (T,V,6,to,T), the RL(1) deterministic automaton associated to
G;
Method:
begin
to:=closure((#,5" — S.)); T:= {to}; marcat[ty]:=false;
while (3t € T and not(marcat[t])) do begin
for (all X € V) do begin
t':=0;
for (all (a,A = aX.f) €t) dot':=t'U{(a,A = a.XP)};
if (¢’ #0) then begin
t':=closure(t’);
if (' ¢ T) then begin
T:=TU{t'};
marcat[t'] :=false;
end;
o'(t, X):=t';
end
end;
marcat [t] :=true;
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end
end;

Lemma 4.3.4 The automaton M (the output of Algorithm (RL(1)-Automaton))
s deterministic and accepts the set of viable suffixes of the input grammar G.
Furthermore, for any v viable suffiz, §(t,,7) represents the set of all valid RL(1)
items for 7.

Proof According to Definition 4.3.7, the proof is similar to the corresponding
result for LR(1) grammars ([Knu65]). |

Example 4.3.11 The context free grammar given by the productions
S—-R=L|R,L—-Rx*|a,R—>L
is not a SRL(1) grammar, but it is a RL(1) grammar ([AnG95]).

The way of constructing the RL(1)-table is the only possible difference be-
tween RL(1) and SRL(1).

The Algorithm RL(1)-table:

Input: Any context free grammar G = (Vn,Vr, S, P), the RL(1) equivalent
automaton M = (T,V,6,to,T);
Output: The relation ACTION (t,a), Yt €T, ¥ a € Vr U {#}.
Method:
begin
for (t € T) do begin
if ((b,A — aa.f) € t) then
ACTION (t,a):=shifty, where ty = 6(t,a);
if ((a, A — .a) € t) then
ACTION (t,a):=reduce,, where r = no(A — «a);
if ((#,4 — o) €tand A#S') then
ACTION (t,#):=reduce,, where r = no(A — «a);
if ((#,5' — «S) €1t) then
ACTION (t,#):=ACC,, where r = no(S" — S);
for (all @ € V7 U {#}) do
if (ACTION ((t,a) = 0) then ACTION (t,a) = REJ
end
end.

In the next subsection we shall see how is it possible that the number of states
of the corresponding automaton of the input grammar will be the same as the
number of states of the RL(0)-automaton. This subclass is called LARL(1)
grammars (Look Ahead RL(1)).
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4.3.2.4 LARL(1) grammars

For an RL(1) automaton it may happen that some states have the same “values”
on the first component of RL(1) items. These states are somehow “equivalent”.

Definition 4.3.16 Let ¢t be a state in an RL(1) automaton corresponding to a
context free grammar G. The kernel of this state (denoted by Ker(t)) is the set
of RL(0) items which “corresponds” to the first component of t, i.e.

Ker(t) ={A—= a1.a2| 3 (a,A = ar.az) € t}.

Example 4.3.12 Ker({(a,A = ai.az2), (byA = aj.az), (¢, B — B1.62)})
equals {A — ajsas, B — B1.02}.

Definition 4.3.17 Two states t1, t2 of an RL(1) automaton corresponding to
a context free grammar G are called equivalent if they have the same kernel,
i.e. Ker(ty) = Ker(ts).

Because every state of an RL(1) automaton is a set of RL(1) items, we may
define the “union” of two states.

Definition 4.3.18 Let t; = {(M1, K1)} and to = {Ms, K2)} be two equivalent
states of an RL(1) automaton, i.e. Ki; = K. Then we denote t; Uty =
{(M; UM,, K1)}

Example 4.3.13 Let t; = {({a,b},4A = a1.a2)} and t3 = {(a,A — a1.a2)}
be two states. Obviously t; Uty =t1 (becausets Ct1). Ifts = {(b,A — a1.a2)}
then t2 U t3 = t1.

Definition 4.3.19 Let G = (Vn,Vr, S, P) be an RL(1) grammar and let

M = (T,V,6,ty,T) be the corresponding RL(1) automaton. We say that G is an
LARL(1) grammar if for any pair of equivalent states (t1,t2), where t1,t2 € T,
the state t; Uty does mot contain conflicts (i.e. reduce - reduce, reduce - shift
in the sense of Definition 4.3.13).

The algorithms related to LARL(1) grammars are similar to the correspond-
ing algorithms concerning RL(1) grammars. The main difference concerns the
algorithm for constructing the LARL(1) automaton for the input grammar G.

First, we compute the RL(1) automaton M = (T,V,§,to,T) for the RL(1)
grammar G = (Vn,Vr, S, P). Let us denote T = {¢o,t1,...,tn}. Then we de-
termine the equivalent states (in the sense of Definition 4.3.17). According to
Definition 4.3.18, for the equivalent states, the union operation is made. Thus,
we obtain a new set of states, denoted by 7" = {so, 51, ..., Sm }, where m < n.
Now, if T contains states with conflicts (in the sense of Definition 4.3.13), then
we say that G is not a LARL(1) grammar (Definition 4.3.18). Otherwise, we
compute the automaton M' = (T',V,d', s9,T") in this way:

Let s be an arbitrary state which belongs to T'. Then:

e if s € T then ¢§'(s,X) =4(s,X), VX €V;
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e otherwise (s € T' —T), s =t; Uta U...Ut; (k > 2) then V X € V, the
states 0(t1, X), 6(t2, X), ..., 6(tx, X) have the same kernel because ¢1, t2,
..., tp have the same kernel. Let s’ € T’ be the state which has the same
kernel as §(¢1, X). Now, we define §'(s, X) = s'.

The LARL(1) table can now be computed with Algorithm RL(1)-table, but
of course, replacing 6 with ¢'.

4.3.3 SIP grammars

In this section, we present formal definition for STP grammars, which can be
viewed as “mirroring” the precedence grammars (see Definitions 2.1.16 and
2.1.17).

Definition 4.3.20 We say that a context free grammar G is an inverse prece-
dence grammar if G is a precedence grammar. If G is invertible, then G is
called a simple inverse precedence grammar (denoted by SIP grammar).

Definition 4.3.21 For any G = (Vn, V7, S, P) context free grammar without
null productions the following relations (called inverse precedence relations)
<<-CVrxVand=,->> CV xV are:

o a<<-X iff there exists a production A - a BCf € P, B == ~a and
C =X &3
o X=Y iff there exists a production A - a XY 8 € P;

o X->>Y iff there exists a production A - aBY € P and B =t vX;

Let # be a new terminal symbol. We extend the previous binary relations
to that symbol such as:

#<<-Xiff IS =5 Xaand X->>#iff 35 =5 a X.
According to Definitions 2.1.16, 4.3.20 and 4.3.21, the following statements
immediately hold:

e X<-YinGiff Y->>X in G;
e X=Y in G iff Y=X in G (egal coincides to =);
e X->Y inGiff Y<<-X in G.

Therefore, a context free grammar G without null productions, in which the
binary relations << -, =, - >> are disjoint, may be called an inverse precedence
grammar.

Theorem 4.3.18 Let G = (Vn,Vr, S, P) be a reduced context free grammar
without null productions and let

#SH l:> U g . up AX1 Xo .. X, = U1 Up .. U ViV ..V X1 X .. X,

be an arbitrary derivation for which uy = #, us, ..., ux € Vr, X, = #. Then
the following statements hold true:
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1. up<<-Yy;
2. Y=Y, Yk =T,m —1;
3. Y- >>X1;
4. Xp->>Xpq1 or Xp=Xp 0, Vek=1,n—1.
Proof By induction on the number of derivation steps. u

Definition 4.3.22 Let G = (Vn,Vr, S, P) be an inverse precedence grammar
and let <<-, =, and ->> be the corresponding inverse precedence relations.
We denote by C C #Vi x V*# x {1,2,...,|P|}* U{ACC,REJ} the set of all
possible configurations, where # is a new character (a terminal symbol). The
simple inverse precedence parser (denoted by SIPP(G)) is defined by the
pair (Co,F), where the set Co = {(#w,#,)) | w € Vi} C C is called the set of
initial configurations, and FC C x C is the transition relation (sometimes

denoted by ——— ) between configurations, it is given by:
SIPP(QG)

19 Shift: (#ua,v#,m) F (#u,av#,m) if a->>0y or aé(l)'y;

20 Reduce: (#u,By#,m) F (#u, Ay#,rm) if B = Bi...Bm, vV << 6y,
ﬁké5k+17 Vk= ]-7m - ]-7 /Bm'>>(l)7’ r= nO(A ’B)’

30 Accept: (#,S#,m) F ACC;

4% Reject: (#u,v#,7) = REJ if no transitions of type 1°, 2° and 3° can be
applied.

The parser SIPP(G) resembles the parser PRLo(G). It only has auxiliary
parsing informations (the relations <<-, =, - >>).

Example 4.3.14 Let G be a context free grammar given by:
S—=aSSb|c
We have
o <<-={(#0), (#10), (a,0), (a,), (b;¢), (b,a), (¢;a), (¢,0)};
e =={(a,5), (5,9), (5,0)};
o ->>=A{(b,#), (c;#), (b,0), (b,5), (c,b), (c,9)}-

Therefore (<<-, =, ->> are disjoint) G is an inverse precedence grammar.
Because it is invertible too, G is a simple inverse precedence grammar.
Now, let w =aaccbcb be a input word for the parser SIPP(G). We derive
the transition sequence:
1° 20

(#faaccbcb,#,\) F (#aaccbc,b#,)\)}— (#faacch,cb#,)) +



100 CHAPTER 4. LEFT AND RIGHT BIDIRECTIONAL PARSING ...

#aacch, Sb#,[2]) }—0 (#aacc,bSb#,[2]) }—0 (#aac,cbSb#,[2]) ?—0
#aac,SbSb#,[2,2]) }— (#aa,chSb#,[Z,Z])?— (#aa,SSbSb#,[2,2,2]) }—
0 0 20

#a,a5 SbSb#,[2,2,2)) - (#a,8 Sb#,[1,2,2,2]) - (#,a 58 b, [1,2,2,2])

3
#,5#,[1,1,2,2,2])  ACC.
Therefore w € L(G), and w has the left hand syntactic analysis m; = [1,1,2,2,2].

(
(
(
(

The parsing algorithm for simple inverse precedence grammar below uses
the predefined procedures pop, push already known.

The Algorithm (Parsing-SIP)

Input: Any SIP grammar G = (Vy, V7, S, P), the binary relations <<-, =,
->> and a word w € V;

Output: The left hand syntactic analysis if w € L(G); otherwise the message:
'w is not accepted’.

Method:

begin
read (w) ;push(stack,#);i:=|w |+1;
accept:=false;is_over:=false;
put into the input tape the string “#w”;
repeat
pop(stack,Y);
if (i>1) and ((w[il->>Y]) or (w[il=Y; )) then begin
/* shift action */
push(stack,w[il);
i:=i-1;
end
else
if (i=1) then begin
if (stack="#") then
/* accept action */
accept:=true
else /* reject action */
is_over:=true;
end
else
if (w[il<<-Y7) then begin
let Y1 Y5 ...Y,, X; be the string in stack for which:
Yk;Yk-i-la Vi= m, YméXl;
find a production of the form r=no(4 - Y1 Y>...Y,,);
if (there does not exist such a production) then
/* reject action */
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else is_over:=true
end
else begin
/* reduce action */
/* r is unique because G is invertible */
remove the string Y7 Y5 ... Y,, from the stack;
push(stack,A);
push(Output_tape,r)
end
end
else is_over:=true /* reject action */
until (is_over=true);
if (accept=true) then
write(’wis accepted and has left hand syntactic analysis >, Output_tape)
else write(’w is not accepted.’)
end.

Theorem 4.3.19 (correctness and complezity of Algorithm (Parsing-SIP))
Algorithm (Parsing-SIP) is correct and has the time complezity of O(|w|),
where w is the input word.

Proof Follows the same lines as the proof of Theorem 4.3.15. |

4.4 Deterministic bidirectional parsing for con-
text free languages

In this section we shall present several ways in which some subclasses of context
free grammars may be combined such as to obtain deterministic (and linear)
parallel algorithms for solving the corresponding membership problem.

The deterministic bidirectional parsers may use the same device as the gen-
eral model, the only difference being the way for choosing the uniqueness of the
production r from the set of productions of the input grammar.

Definition 4.4.1 Let G be a context free grammar and k € N. We say that:

1. G is a LL(k) — RL(0) grammar if G is an LL(k) and an RL(0) grammar;
2. G is a LL(k) — SRL(1) grammar if G is an LL(k) and an SRL(1) gram-

mar;
3. G is a LL(k)— RL(1) grammar if G is an LL(k) and an RL(1) grammar;

4. G is a LL(k) — LARL(1) grammar if G is an LL(k) and an LARL(1)
grammar;

5. G is a LL(k) — SIP grammar if G is an LL(k) and an SIP grammar;
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=

. G is a LR(0)— RR(k) grammar if G is an LR(0) and an RR(k) grammar;
7. G is a SLR(1) — RR(k) grammar if G is an SLR(1) and an RR(k) gram-

mar;

o)

. G is a LR(1)— RR(k) grammar if G is an LR(1) and an RR(k) grammar;

NS

. G is a LALR(1) — RR(k) grammar if G is an LALR(1) and an RR(k)
grammar;

10. G is a SP — RR(k) grammar if G is an SP and an RR(k) grammar.

We can easily extend the above definition to the languages. For instance,
we say that L is a LL(k) — RL(0) language if there exists kK € N and G a
LL(k) — RL(0) grammar such that L = L(G).

Corollary 4.4.1 The following statements hold true:

1. G is an LL(k) — RL(0) grammar iff G is an LR(0) — RR(k) grammar;

(
2. G is an LL(k) — SRL(1) grammar iff G is an SLR(1) — RR(k) grammar;
3. G is an LL(k) — RL(1) grammar iff G is an LR(1) — RR(k) grammar;
(

) _
) _
) —
4. G is an LL(k) — LARL(1) grammar iff G is an LALR(1) — RR(k) gram-

mar;
5. G is an LL(k) — SIP grammar iff G is an SP — RR(k) grammar;

Proof Directly from Definitions 4.3.1, 4.3.7, 4.3.20 and 4.4.1. |

It is obvious that all the languages associated to the grammars in Definition
4.4.1 are deterministic context free languages. Using a “mirroring” strategy,
we can easily extend some known results ([AhU72], [Har78], [HoU79], [Sal73])
concerning e.g. inclusions and hierarchies for classical subclasses of deterministic
context free languages. Therefore, the following relations hold (V k£ € N):

e RL(k) = RL(1), RR(k) C RL(k), SIP C RL(1), RR(k) C RR(k + 1);

e LL(k) — RL(0) C LL(k) — SRL(1) C LL(k) — RL(1);

e LL(k) — RL(0) C LL(k) — LARL(1) C LL(k) — RL(1);

e LR(0) — RR(k) C SLR(1) — RR(k) C LR(1) — RR(k);

e LR(0) — RR(k) C LALR(1) — RR(k) C LR(1) — RR(k).

Note that the first five classes of grammars (Definition 4.4.1) “use” a left
hand bidirectional strategy and the last five “use” a right hand bidirectional
strategy.

This deterministic parallel approach is similar to the general parallel ap-
proach, the only difference being the absence of the backtracking steps. Thus
the “kernel” of the parallel iteration corresponding to the left hand bidirectional
strategy is (we use the same considerations as for Algorithm (PAR_LEFT)):

repeat in parallel
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if (i1<=i2) then actionl1(P1);
action2(P2);
until (i1>=i2) or (exit=true);

where actionl, respectively action2, are procedures related to the correspond-
ing sequential algorithms for syntactic analysis (i.e. associated to the classical
subclasses of grammars and to the subclasses described in Section 4.3, such as
Algorithms Parsing-RR(1), Parsing-RL(0), Parsing-SLR(1), Parsing-SIP). This
time, instead of exponential sequential running time, we have a linear running
time for the procedures actionl and action2, because backtracking steps are
not necessary. The linear time complexity follows directly from Theorems 4.3.9,
4.3.15, 4.3.16, 4.3.19 and from known classical results.

The correctness of the deterministic parallel algorithms is ensured by the
correctness of the general parallel algorithm and the correctness of each of the
sequential syntactic analyzers for the specific subclasses of context free gram-
mars.

Theorem 4.4.1 (the complexity of the deterministic parallel algorithms)

Let us denote by T1(n), Ta(n) the running time of the sequential syntactic
analyzers from Section 4.3, where n is the length of the input word. Then the
parallel running time t(n) satisfies the relations:

. w + K < t(n) < max{Ti(n),T>(n)} (we have supposed that
the time routing is zero and K is a constant, not depending on n);

e t(n) € O(n).

Proof The inequality ¢(n) < max{Ti(n),T>(n)} can be obtained by supposing
that one processor stays. For instance, if P1 stays, then t(n) = T>(n) (time
routing is zero).

The other inequality can be obtained by supposing that both processors work
until 71 = 2. This means a running time of w Then one processor
stays and the other (possibly) performs some constant number of iterations.

The fact that ¢(n) is linear follows from the linear complexity of the deter-

ministic parsers associated to the considered subclasses of grammars. |

Example 4.4.1 Let G = ({9',5,B,C},{a,b,e,;},S,P) be a context free
grammar, where the set of productions P 1is:

1. 8>S 2.5—-X 8.S—B 4. B—a

5. B—>bSCe 6.C—> )\ 7.C—;5C

We shall prove that G is a LL(1) — LARL(1) grammar. Compute first the
following sets:

X S’ S B c
FIRST | {a,b,A} {a,b,A} {a,b} {;,A}
FOLLOW | {0} {e;;,A} {e;} {e}
Now, we compute the sets of “lookahead” symbols and thus we can check
whether G is a LL(1) grammar or not:
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e FIRST(FOLLOW (S)) = {e,;,A}, FIRST(B FOLLOW (S)) = {a, b};
e FIRST(a FOLLOW (B)) = {a}, FIRST(bSC e FOLLOW (B)) = {b};

e FIRST(FOLLOW(C)) = {e}, FIRST(; S C FOLLOW (C)) = {; }.

Because any two of these sets are disjoint, it follows that G is a LL(1) gram-
mar. For testing the LARL(1) property, we need some auziliary informations,
such as the sets LAST and those given by the RL(1) automaton attached to G.

X S’ S B c
LAST {a'aea)‘} {a'aea)‘} {aae} {aaea 5 a)\}

Now, we are ready to construct the RL(1) automaton for G.

({#5 5 = S) Swi ({#},5" —.9) ({#} ({a,b,e,; },
{#},5 =) 121 B — .bSCe)||C — .;SC)
({#},S — B.) 51 t11
({#},B = a.) B ({#};S —.B) Oh +;
({#}, B = b5Ce,) | 2 ({#}, B — b.SCe)
fo S {#5LB—0) | |({abe;},C—;.8C
e t3 tﬁ
! ({#), B — bS.Ce) /5
({7}, B = bSCee) (faben),C 80| |({b:),5 > B)
(ta.5,53,0 ) (ihs—) [P
({a,6,;3,C = SC) G | (15,51, 5 = B.)
({a,e,5},C =) ({b,;},B = a.) o | ({6,;;},B = a)
({a, b»;}» CSC) (4,1, B=bSCe) | | ts
4 t5
tllﬂ t7 t8
; by A, ({b,;}, B — bSC.e)
({6,;},B = b.5Ce) | g |({b,;},B—b5.Ce) |C | ({abe},C —.)
({a,b,e,5},C —=;.SCY* ({a,b,e,3},C = 8.C) | ({a,b,e},C —;SC.)
t13 ({b,;},S — ) e ({aaea;}ac — )
Vb ({b,;},S — B)) ™ ({a,e,;},C —;SC.)
({ba ) }7 B — a') t9
({6,5}, B = b.5Ce) ({b,;}, B — bSCe.)
t14 t12

Figure 4.9. RL(1) automaton for G
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In Figure 4.9, the arcs (t12,17), (t12,ts) and (t13,t11) are depicted differently
only because of the picture size.

It can be checked looking at the RL(1) automaton that G is a RL(1) grammar
(Theorem 4.3.17). Furthermore, the following pairs of states are equivalent
(Definition 4.8.17):

(t27t7)7 (t37t8)7 (t47t9)7 (t57t12)7 (t67t13)7 (t107t14)

Therefore, the LARL(1) automaton will have only 9 states, i.e. the set of states
will be {to,t1,t2,ts,t4,ts5,t6,t10,t11}. Because the LARL(1) automaton has no
conflicts in its states, we conclude that G is a LARL(1) grammar. Denoting
reduce, by R, and shifty by Sy, the associated LARL(1) table will be:

ACTION | # a b e ; 6 | S B C
to R, S3 Sy to | t1 12
t1 R, t1
to R; R; R3 | to
t3 Ry Ry Ry t3
tq Rs Rs Rg R tq ts
ts Sg Ry S4 Rs ts te to
te S10 S| te
t10 Rs Rs Rs | t1o
11 R; R; Ry Ry |tu

The empty places in the above table represents a REJ configuration, i.e. the
rejection of the input word.

Let us consider the input word w = ba; baee. We shall present the tran-
sitions for the deterministic left hand bidirectional parser of the corresponding
LL(1) — LARL(1) grammar. In the following, we shall suppose that the pro-
cessors operate in a synchronous way, i.e. the processor P1 waits for the ter-
mination of the operations from P2, and vice-versa. In that case, we present a
possible parallel running of that two processors.

Step | Action! | Output_tapel | Stackl | il
0. Initial | A S 1
1. | Ezpand | [1] S |1
2. | Ezpand | [1,3] B|1
3. Ezpand | [1,3,5] bSCe | 1
4. Reduce | [1,3,5] SCe | 2
5. Ezpand | [1,3,5,3] BCe | 2
6. Ezpand | [L,3,5,3,4] aCe | 2
7. Reduce | [1,3,5,3,4] Ce| 3
8. Ezpand | [1,3,5,3,4,7] ;SCe | 3
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Step | Action2 | i2 Stack2 | Output_tape2
0. Initial 7 to A
1. Shlft 6 tq ety A
2. Reduce | 6 ts C'tyety [6]
3. Shlft 5 t4 e t5 C t4 e tg [6]
4. Reduce | 5 ts Ctyets Ctyety [6, 6]
5. Shlft 4 t3 a t5 C t4 e t5 C t4 e t() [6, 6]
6. Reduce 4 t2 B t5 C t4 e t5 C t4 e t() [4, 6, 6]
7. Reduce | 4 ts Sts Ctyets Ctyety [3,4,6,0]
8. Shlft 3 tlg btﬁ St5 Ct4 6t5 Ct4 etg [3,4:,6,6]
9. Reduce | 3 ts Bts C'tyety [5,3,4,6,0]
10. | Reduce | 3 ta StsCtaety [3,5,3,4,6,6]
11. Shlft 2 t11 3 to St5 Ct4 6t0 [3,5,3,4,6,6]

The processor P1 is waiting until the last three steps of the processor P2 are
executed. The test “if (Stackl=Stack2) then” from the general left bidirec-
tional algorithm (PAR_LEFT) has to be view as “if (Stackl=h(Stack2)) then”,
where hy : VUT — V given by:

X ifXeV
hi(X) =
1(X) {)\ otherwise

We can extend hy to words of arbitrary length using the function h : (VUT)* —
V*, given by:

h(N) = A, h(X1..Xn) = hi(X1) - o he(Xn).

We remind the reader that T is the set of states of the RL(1) automaton. Now,
it is obvious that

h(Stack2) = h(t11; t2 Sts Ctaety) =; SC e = Stackl

Therefore, the word w is accepted by the parallel algorithm and has the left
hand syntactic analysis [1,3,5,3,4,7,3,5,3,4,6,6].

4.5 Conclusions

We think that the concept of bidirectional parsing for context free grammars
described here may contribute to a new view for describing compilers on com-
puters with two processors.

The main complexity result is Theorem 4.4.1 (see also Example 4.1.2).

Open problems:

e find new subclasses of deterministic parallel algorithms for bidirectional
parsing;

e estimate more precisely the running time of the deterministic parallel al-
gorithm presented in Section 4.4;

e find further closure properties of the subclasses for described languages.



Chapter 5

Up-to-up bidirectional
parsing for context free
gramimars

In this chapter we describe some subclasses of context free grammar for which
there exists a parallel approach useful for solving the membership problem
([AGK99]). We combine the classical style of LR parsers attached to a grammar
G with a “mirror” process for G by analyzing the input word from both sides
and using two processors.

In the first section we present the general up-to-up bidirectional parser (it
can analyze any context free language) which has a nondeterministic nature.

A general SIMD model for describing the up-to-up bidirectional parsing is
presented in the next section.

Our general up-to-up bidirectional parser can be also used as a determin-
istic model for the known LR(k) and RL(k) parsers (the third section). The
membership problem may be solved in linear time complexity with a parallel
algorithm.

5.1 The general up-to-up bidirectional parser

In this section we define a new parser for the class of context free languages.
The input word is analyzed from both sides (as in [AnK99a]), but the parse
strategy is view in an “up-to-up” manner (LR and RL styles are combined
for this parallel strategy). The associated derivation tree corresponding to the
input word w is down to up traversed by both processors, that is from the leaves
to its root in our view. Only one processor will be “strongly” active after the
parallel algorithm “meets” the “middle” of the input word:

107
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/
e
- s

Figure 5.1. Strategy for up-to-up bidirectional parsing

The “derivation forests” ST; and ST> will be parsed in parallel and finally,
the subtree ST3 - in a sequential way.

Our bidirectional parser will be based on the following definitions and nota-
tions.

Notation 5.1.1 Let G = (Vn,Vr, S, P) be a context free grammar and V' be
the set Vo x N x N. Let h: VUV’ — V* be the function given by:

1. WX)=X,VX€eV;
2. W(Xpe) =X, ¥V Xpo €V

This function can be easily extended to an homomorphism h : (VUV')* — V*
such as:

1. (X)) = X
2. h(X1X3..Xpn) = h(X1) - h(X2) oo - B(Xp), ¥ X1, X, ooy X €V UV,
Vn>2.

The notation of A . signifies that A is the label of the derivation subtree of
root v in the forests STy or ST> (Figure 5.1), and also that the frontier has the
corresponding right most derivation [ry, 7441, ..., 7] (further details in Lemma
5.1.4 and Example 5.1.1).

Definition 5.1.1 Let G = (Vn,Vr,S,P) be a context free grammar. Let
CC {51,521 %11, 2, o [PIF XV UV XAV (V UV 41,2,y [P X
{1,2,...,|P|}* U{ACC,REJ} be the set of all possible configurations, where
# is a new character (a terminal symbol). The general up-to-up bidi-
rectional parser (denoted by G,BP(G)) is given by the pair (Co,t), where
Co = {(s1, N, #, #w#,#,\, ) | w € Vi} C C is called the set of initial con-
figurations. The first component is the state, the following, excepting the last
one component of a configuration are used for storing the partial syntactic anal-
ysis. The last component is used for storing the final syntactic analysis. The
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third and the fifth components are the work - stacks (each of which has at the
bottom the marker #). The fourth component represents the current content of
the input word (with the two markers). The transition relation (FC C x C,
sometimes denoted by |——— ) between configurations is given by:

10

20

30

40

50

60

70

80

90

10°

G.BP(G)

Shift-Shift:
(s1,m1, #a, #aubdt, B#, T2, A) b (51,71, #aa, #ud, bB#, 72, A);
Reduce-Shift:

(81,71, #a B, #ubt, y#,m2, A) b (81,7171, #a Ap e, #udt, by#, m2, A),
r1 =no(A — h(B)), € = |m|+1, b = min{|m|+1, min{d" | Cp+ o € B}}.
If h(B) contains no nonterminal symbols, then b' = |mi| + 1;

Shift-Reduce:

(317 1, #aa #a' U#, 7/8#7 T2, )\) F (317 1, #Oé a, #U#, Bb,e /8#7 raT2, )\)7
ro =no(B — h(7)), e = |m2| + 1, b = min{|ms| + 1, min{d’ | Dy o € v}}.
If h(7y) contains no nonterminal symbols, then b = |ma| + 1;

Reduce-Reduce:

(317 1, #a/Ba #’U,#, 57#7 T2, )\) = (317 T171, #aAbl,h ) #’U,#, Bbz,&z’}/#a Tam2, )‘)’
where r1 = no(A — h(B)), ro = no(B — h(€)), e; = |m1|+1, e3 = |m2|+1,
b = min{|m | + 1, min{t} | Cy; ¢, € B}} and

by = min{|mz| + 1, min{b}, | Dy, oy € }};

Shift-Stay:

(s1,m1, #a, FFaugt, B#,m2, A) b (s1, ™1, #aa, Fug, B#, 72, A);
Reduce-Stay:

(81,71, #a B, #udf, v#, 72, \) b (1,711, #a Ay o, #udt, v#, 72, ),

r1 = no(A — h(B)), ' = |mi|+1, b = min{|m |+ 1, min{b" | Cp v € B}};
Stay-Shift:

(s1,m1, #a, #u b, B#, w2, A) b (s1,m1, o, Fud, b BF#, m2, A);
Stay-Reduce:

(s1,m1, #a, Fudt, v B#, w2, A) b (1,71, #o, #u, By e B#,12m2, A),

ro =no(B — h(y)), e = |m2| + 1, b = min{|me| + 1,min{d’ | Dy € v}};
Possible-accept:

(s1,m1, #a, #3, B, w2, A) F (s2, ™1, #a, ##, B#, 72, A);
Shift-Terminal:

(s2,m1, #a, ##,a f#, 72, 73) b (52, ™1, #ova, #3, f#, 2, 73) ;
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11° Shift-Nonterminal:

(527 1, #Oé, ##7 Ab,e B#a ’]TéWél, 7T3) |_ (527 1, #Oé Aa ##75#7 7TI2I7 Wéﬂ-3)a where

7 = [PhyThi1s -, Te) and |Th| =€ — b+ 1;

129 Reduce:

(527 ’niﬂ-ilv #aﬁa ##7 7#7 2, 7r3) + (527 Wilv #Oé Aa ##7 7#7 T2, 7’17T37Ti)’

where r1 = no(A = h(B)), B = u1 Bpe .- um Cy o0 B, U1, -..; Um € VI,
ml = e’ —b+1;

13° Accept: (s2, N\, #S, ##,#,\,m) F ACC;

14°% Reject: (s1,m1, #a, #uft, B#,m2,\) = REJ and also

(s2,m1, #a, #4#, B#, 72, 73) b REJ if no transitions of type 1°, 2°, ...,
13° can be applied.

The deterministic two-stack machine, which is a deterministic Turing ma-
chine with a read-only input and two storage tapes is known to have the same
power as classical Turing machines ([HoU79]). If the heads moves left on ei-
ther tape, a blank is printed on that tape. In [HoU79] the following lemma
was proved: An arbitrary single-tape Turing machine can be simulated by a
deterministic two-stack machine.

Another computational model equivalent to Turing machines is the two-
counter machine, which is an off-line Turing machine whose storage is semi-
infinite, and whose alphabet contains only two symbols, Z (the bottom of stack)
and B (blank). An integer i can be “stored” by moving the tape head i cells to
the right of Z. A stored number can be incremented or decremented by moving
the tape head right or left. It can test whether a number is zero by checking
whether Z is scanned by the head, but it cannot directly test whether two
numbers are equal. A two-counter machine can simulate an arbitrary Turing
machine ([HoU79]).

Our model is in fact a two-stack machine. The differences (between our
model and the classical one) consist in the existence of two heads and two
output tapes. The heads can simultaneously read the input tape and the two
output tapes may be accessed only in write style. Only two states are used.
Therefore, our model (Figure 5.2) can simulate a Turing machine.
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Input tape

Stackl | | Stack2

A
Y

Control

Output tapel Output tape2

Figure 5.2. General Up-to-Up Bidirectional Parser Style

Lemma 5.1.1 Let G be a context free grammar. If

*

(1) (317 )‘7 #7 #ul U2 u3#7 #7 Aa )‘) l_ (81,71'1, #aa #UQ#,ﬁ#,ﬂ'Q, )\)

G.BP(G)

then h(a) == u; and h(B) == us. (where h is presented in Notation 5.1.1)

G,rm G,rm

Proof We proceed by induction on the number of transitions (denoted by t).

t,* 10
Some notations: f——— and |———, mean that ¢ transitions, respectively
G.BP(G) Gu.BP(G)

the transition 1° have been applied.
Basis: t = 1. Starting from the initial configuration, we can apply either of the
transitions 1°, 5% and 7°. For 1°, we obtain:

10

(317)‘7#7#“1 U2 u3#a#a)‘7)\) |_ (slaAa #a,#u'lu2u'3#,,8#,)\,)\),

G.BP(G)

0 0
where u; = au} and uz = ujb. Of course, a => a and b = b. The other

,rm G,rm
cases (5° and 7°) can be treated in a similar way.
Inductive Step: Suppose that the relation (1) is true for at most ¢ transitions
and prove it for ¢ + 1 transitions. We know that:

t+1,%

(2) (517 )‘7 #7 #Ufl Uz U’3#7 #7 A? )‘) l_ (Sla 1, #Oé, #u2#7 B#a 2, A)

G.BP(G)
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We have to prove that h(«a) G7r21> u; and h(B) =2 u. The last transition in
,Tm

,rm

(2) may be of one of the types 1°, 2°, ..., 8°.

I: Suppose that the last transition in (2) is of the form shift-shift. We may
rewrite (2) into:

t,*
(317 )‘7 #7 #Ufl U2 U’3#7 #7 )‘7 A) l_ (517 1, #ala #a Uz b#aﬁl#a T2, A)
G.BP(G)
10
F—— (51, m1, #a, #us#, B#, m, \), where a = o’ a, 8 = b’. According
G.BP(G)

to the inductive hypothesis, we obtain:
h(a') =% b, up = uja and h(B') == u}, uz = bub.
G,rm G,rm

Therefore, h(a) = h(a' a) G£> uj a and h(B) = h(bpB') GW:2> bus.

IT: Suppose that the last transition in (2) is of the form reduce-shift. Rewrite
(2) into:

t,*
(317)‘7#7#“1 Uz U’3#7#7)‘7A) l_ (517’”17#0‘/6,7#“2 b#ﬁ#ﬂf%)\)
G,BP(G)
20
l_ (slaﬂla#aa#u2#7ﬂ#aﬂ2a)‘)7 where rn = ’I’LO(A - h(/BI))a
G.BP(G)

o Ay o = a, e = |n1| + 1, b = min{|n]| + 1, min{b" | Cypr v € f'}}, b =B,
rim; = m1. According to the inductive hypothesis, we get:

h(a' B") C%nul, and h(v') C;T::?nug, ug = buj.

We have:
h(a) = h(e Ay o) =% k(o' B') == uy, so h(e) == u and
G,rm G,rm ,rm

h(B) = h(b7) = bh(Y) 5% bus = us, h(B) & us.

G,rm

ITI: Suppose that the last transition in (2) is of the form shift-reduce. Rewrite
(2) into:

t,*
(317 Aa #a #ul Uz Ug#, #7 Aa )‘) l_ (317 1, #ala #a' 1.1,2#, ’Y/B,#’ Féa )‘)
G.BP(G)
30
l_ (Sla’”la #Oé, #u2#75#77r27 A)? where o a = Q, T2 = nO(B — h’(,)/))a
G,BP(G)

B =By.f', e=|m|+1,b=min{|ms| + 1,min{t' | Dy € 7}}, r2my = 72,
Applying the inductive hypothesis, we get:

h(a') G7T21> u}, where u; = u} a, and h(y ') % uz.
sTm ,rm
It follows that:

h(a) = h(e' a) = h(a')a = uja = uy, so h(a) == u; and

a
G,rm G,rm

h(B) = h(By. ') =2 h(yB') 5> us, s0 h(B) = us

G,rm
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IV: Suppose that the last transition in (2) is of the form reduce-reduce. Rewrite
(2) as:
t,*

(517 )‘7 #7 #U'l U2 U3#, #7 )‘7 A) l_ (517’”17 #al Bla #U'Z#agl 7,#7’”57 )‘)

G.BP(G)
40

|_ (slaﬂla#aa#u2#7ﬁ#aﬂ2a)‘)7 where rn = ’I’LO(A — h(IBI))a

G.BP(G)
Oél Ab1,61 =aQ, 7‘17‘(1 =T, 6, = |7r£|+1, b]_ = m1n{|7ri| —+—1,m1n{b’1 | Cb’lyell S ,Bl}},
r2 = nO(B - h(EI))v Bb2y62 7I =0, T27ré = T2, €2 = |7ré| +1,
b2 = min{|m3|+1, min{bs | Dy . € €'}}. According to the inductive hypothesis,
we get:
h(a/ B') = uy, and h(e'7') =2 us.

G,rm G,rm
Now we have: ,
h(a) = h(a' Apy eq) G£> h(a' ") ZL uy, s0 h(a) = wu; and

G,rm G,rm
h(B) = P(Bpses V') =2 h(e'Y') == ug, s0 h(B) == us.
G,rm G,rm G,rm
Transitions 5%, 6°, 7°, 8° can be treated in a similar way. ]

Lemma 5.1.2 Let G be a context free grammar. If h(a) == u; and h(B) ==

,rm G,rm
usz then

*

(517 Av #7 #ul U2 U’3#7 #7 Av )‘) |_ (5177r17 #Oé, #’U'Z#vﬁ#a’rr?? )‘)

G.BP(G)

Proof By induction on ¢ = |71| + |m2|.
Basis: ¢t = 0.
This means || = 0 and |m2| = 0. Then the hypothesis may be rewritten as

u == u; and uz —> ugz, where a = u; and 8 = us. Applying min{]|uq |, |uz|}
G,rm G,rm

shift-shift transitions, and then |ui| — |us| shift-stay or |ug| — |u1| stay-shift
transitions, (depending on whether |uj| > |uz| or not), consecutively, in this
order, we get the required relation.

Inductive Step: We have to prove that P(t) — P(t + 1), where P is a logical
predicate equivalent to our implication. We have thus to distinguish two cases
(I: my = rym} and mp = 75) and (II: 7, = 7] and mp = rom)).

Case I: Let r; = no(A — 1) be the last applied production in h(a) = u;.

G,rm
Therefore, we have:

h(a) = h(az) Au) G£> h(as) ag uj NN

,rm G,rm

’
. . m
Now, because u; = uf u}, we have to treat the derivation h(azaq) G:1> uf.
,Tm

Applying the inductive hypothesis, we get:
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*

(317 A FE, UL uz usHE, F, A, )‘) I_ (31771-17 #az a1, #U'Il us 7, B, ma, )\)

G.BP(G)
60
l_ (Sla leia #042 Ab’,e’a #U'{I_ U’Z#vﬁ#a 2, A)v
G,BP(G)

where e’ = |r1| + 1, b’ = min{|n]| + 1, min{d" | Cy ¢» € a1}}. Continuing with
|uj| transitions of type 5% (m; = rim) and h(az Ay ¢ uj) = h(a)), we finally
obtain the configuration (s1, 71, #a, #ua#, B#, T2, A).

The case II can be solved analogously. |

Lemma 5.1.3 Let G be a context free grammar. Let (3) be

*

(327 7T17l'1 ) #a1a27 ## /81/82#7 71—277-27 ) |_ (327 ﬂ-ila #alfya ##a /82#7 Félv 77-3)7

G.BP(G)

where h(az) :> uy and h(f1) :> uz. Then h(y) == u; us.

G,rm G,rm G,rm

Proof We proceed by induction on the number of (possible applied) transitions
(denoted by t).

Basis: ¢t = 1. Starting from the initial configuration the only applicable transi-
tions are 10°, 11° and 12°.

(i) For 10°, we obtain:
(3277r17r17#a ##7045#7’”2’”27 ) I_ (5277r17r17#aa’ ## 18#7’”2’”27 )

G.BP(G)

Obviously, we have oy = a, a2 = A, f1 =y =a, b2 = 0, 1] = A, 7h = A,

thus h(az) = A = X\ = u; and h(B1) = v = a =% 4 = uz. Then
G,rm G,rm

h(7) = 0= uy us.

G,rm

(i) For 11°, we get:
(s2, mymy, Fa, #4F, Ape B#, T35, ) m (s2, mymy, #a A, #4, B, T35, 3),
where |75 = e — b+ 1. Obviously, we fla,ve( cil —a,as =\, 1= Abe, By =,
v=A, 7 = X Thus h(az) = X :07>n A=wu; and h(B) = A :> uz. Then

,T G,rm

h(y)=A =2 Uz = U U3.

G,rm

(iii) In a similar way, for 12° we obtain:
(Sz,ﬁiﬂi’,#al a27##77#77r27k) é_(G) (827’”5_/7#051 Aa ##77#7’”277’1’"—1)7
«BP
where 11 = no(A — h(az)), as = v1 Bpe ... U C o2 Ay, U1, ooy Uy € Vi and

Im|=¢ —b+1.50,y= A, B1 =\, ™ = A\, h(az) = vy B...vy, C h(a) C% uy

and h(B1) =\ :> A = usz. Then h(y) = Ag:ﬂ> U = U1 U3.

,’l’m
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Inductive Step: Suppose that relation (1) is true for at most ¢ transitions and
prove it for ¢ + 1 transitions. We know that  (4):

t+1,%
(82,71'171'1,#a1a2,## /81/82#771-27727 )I_(32771-1,7#alva##aﬁ2#aﬂgaﬂ3)a
G.BP(G)
h(asz) :> w1 and h(B1) :> uz. We have to prove that h(y) :> u1 uz. The

last transmon in (4) may be of one of the types 10°, 11° and 120
I: Suppose that the last transition in (4) is of the form shift- terminal This

means that ,8%1) € Vr (i.e. B1 = Bia). Obviously, h(8) :> uy (where

G,rm
ug = uj a). Rewriting the transitions from (4), we obtain:
t,%
(327 7.‘-177-1 ) #al a2, ## /81 /82#7 77-271-2 ) ) I_
G.BP(G)
10°
(327 7T:I|_Ia #041’7'a ##a (1,82#, ﬂéla Fé) I—()(Sz, 7rjll_la #al’y, ##7 /82#7 71-%’7 71—3)7 where
G.BP(G

v = v a. Because h(as) :> uy and h(B1) :> uj, and applying the induction

,’I"m

hypothesis, we have h(7') G:> ug uj. Now, h( ) = h(y'a) G:> U1 Uf @ = U Us.

IT: Suppose that the last transition in (4) is of the form shift-nonterminal.

Rewriting the transitions from (4), we get:
t,*

(327 Wiﬁila #al asz, ##7 /Bi Ab,e 62#7 7r527ré,17rI2l7 A) |_

G.BP(G)
11°

(327 77-1/’ #041’7', ##a Ab,8/82#7 Félﬂ-é’a ﬂ-é) I_ (327 77-1/’ #041'7, ##a /82#7 71—57 71-3)’

G.BP(G)
where vy ="' A, f1 = B Ape, T3 = 7r217r3, |mh | =e—b+ 1, (wh = whymh,). We

know that h(as) :> uy and h(B1) G:> uz. Because h(51) % us, it follows
,rm ,rm

that h(S;) GTF:% ub and h(A) W:21> u¥, where uj uj = uz. Applying the inductive
,rm

G,rm

hypothesis, we have h(y') :> uy uy. Now, we get
,rm
h(y) = h(y' A) =2 h(y')ul =% usubuf =usus
G,rm G,rm

ITI: Suppose that the last transition in (4) is of the form reduce. Rewriting the

transitions from (4), we get:
t,*

(82, T Ty, Fon Ay g, #F#, Br Badt, Tomy, A) —

G BP(G)
12°

(327 ,”12,”1/, #ala,21QI227 ##7 182#7 Wéla ,”:I)’) l_ (527 Wilv #a177 ##7 62#7 Wéla 7T3),

G.BP(Q)
— — ! ! _ ! ! ! ! _ !
v=A, r =no(A — h(ah ajy)), T3 = Mg g, OhQhy = U1 By e ... Uy, Chr o
* | — ! 1 ! ! _ ! !
V1o U €V, T =€ — b+ 1, 1) = T} 75, o = oy aths.
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We know that h(az) :> u1, h(B1) :> uz and we have to prove that

G,rm G,rm
h(y) Gé:?n u1 ug. But as = ab; abs, so h(az) = h(ah;) - h(abs) Gﬂ:;;n u;. Using
the locality property for context free languages (Theorem 2.1.1), it follows that

(a21) :2> U111, (Cllzs) ﬂ:11> U12 and U11 U12 = U1.
G,rm
From the inductive hypothesis we obtain that h(cab,) :> u12 u3. Then:

h(y)=A =% h(ah) = h(ah,)h(ab,) Cﬁnh(agl)ulgw ﬁnunumm =uq us, i.e.

G,rm

h(y) =% u uz. |

G,rm

Lemma 5.1.4 Let G = (Vn,Vr, S, P) be a context free grammar. If
A = h(vy Xo e Vntg1e0-Xp, 1 kVn), A€ VN, n' <n and k = e,_1 then

,rm
120 %
(327 [rka Th—1y-y rl]a #lebl761U2---Un—1an_1,k(Una ##7 /82#7 ﬂéla A) |_
G.BP(G)

(327 [rk’a ) rl]a #lebl761U2--Un’—1an:_1,k’U»Iana ##7/82#7 ﬂéla Fé : [rka .oy rk’-}—l])a
where vy = v, v, and k' = ep_1.

Proof We proceed by induction on ¢ = |m3]| > 0.

Basis: t = 1. The initial derivation corresponds to a production in G, i.e. there
exists the production r = no(A — h(v,, Xy , e ,Vn'41...-Xp, ;1Vn)). According
to the transition 12°, we obtain:

12°

(82, [Pk Th—15 -y T1], #V1 X by 01 V2 Vn—1 Xb, 1 kUn, ##, Bo#, 75, N) ——

G.BP(G)
(327 [T‘k' s TR —1y -0y rl]a #lebl761(U2--(Un’—1anr,1,k’(U;LAa ##7 /82#7 Féla ’I"'[T‘k, .oy ’I"kl+1]).

Inductive Step: t > 1. We denote 7§ = rnf, where r = no(4 — h(B)).
Therefore, our derivation could be rewritten into:

A :r> h(ﬁ) % h(v;{IXb’n’e’nvn’+l-..an717kvn)

G,rm G,rm

Because ¢t > 1, it follows that |m§| > 1. Due to the fact that we deal
only with right most derivations, it results that f(!) € Vy and g =
Uy Xy et Vi 41..Xb, 1y e Vyn B. Then we have

"
3
B > h( n”Xb "415€p 11+lvn”+l an 1,kvn)

G,rm

where v,n = v/, vl.,. According to the inductive hypothesis, we get:
120 %

)

(82, [Pk Th—15 -y T1], #V1 X by 01 V2 Vn—1 Xb, 1 kUn, ##, Bo#, 7, A) f——

G.BP(G)
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(327 [rk”vrk”fla ey Tl]v #lebl,61U2""UTL”71an7771,k”vf:]/” Ba ##7/32#7 Wélv Wé, :
[Pky ooy Tk +1]), Where k" = e,n_;. This may be continued with a transition
of type 129, we finally get the configuration:

(327[rk’ark’—la"'77'1]7#le1)1,81”2 Unr— 1Xb ’ l,k’v Aa##a/g2#a7rga 7“71'§"
[’I“k,...,T‘kH+1] -[T‘krr,...,T‘kI+1]) where Up! = ’U ’U” k' = en'—1. |

Lemma 5.1.5 Let G be a context free grammar. If the following derivations
hold

h(7) :> ug uz, h(az) :> u1, h(B1) :> us, (and h(y) :> h(az B1))

G,rm G,rm G,rm G,rm

then  (5)

*

(527 7T17T1 ’ #al Qa, ## Bl 182#7 7T27T2 ’ ) l_ (527 7rjll_lv #041 ) ##752#7 Wélv 7r3)

G.BP(G)

Proof By induction on t = |34].
Basis: t = 0. Thus f; = )\, u3 = X and 7, = \. We have h(y) == uy,

,rm
h(as) =% wui, (and h(y) == h(as)). Therefore, starting from the initial
G,rm G,rm

configuration from (5), the G, BP(G) could make only transitions of type 12°
and then v € Viy. We can consider the right most derivation: v = A, ==

G,rm

Y1 A1 =2 192 Agee. == Y1 V2 oo Vn Ap = aa. Then 73 = [r1, 72, ..., 7] - 71 and
G,rm G,rm
according to Lemma 5.1.4 we obtain (5).

Inductive Step: Suppose that the relation (5) is true for ¢, and prove for it
t + 1. We distinguish two cases:

I: B, = B8, a. Due to h(B) G”:» us, it follows that h(B]) :> ul, where

us a = us. Because h(7) G7r:3> u; uj a, denoting the word 7' so that v = +'a, it
,rm
follows that h(y') G7r:3> uy uy (and h(y) :> h(az 1)). Applying the inductive
sTm G,rm

hypothesis it results that

*
(327 7.‘-177-1 ) #a1a27 ## /81/82#7 71'271'2 9 ) I_ (327 71—5_’7 #Oél’Y', ##7 a'/82#7 71-%’7 71'3)
(@)
G.BP(G
Now, we may apply transition 10° and finally obtain the configuration

(327 7rjllla #ay s ##, 52#7 Wélv 7r3)'

IT: 81 = 8] Ap .. We have h(B] Apc) :> us. Let w4’ be the right most deriva-

G,rm

tion (|7§'| = e — b+ 1) for which h(Ap.) :2> uy. Let us denote by m} the
7"

right most derivation for which h(f]) :> uf. Obviously, us = uf uf (because

h(7) C%;n h(az B1)).
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Let us denote 7' such that vy = 7' A.. Because h(Ape) :> uy and

G,rm
h(y) =2 uyuhuf, it follows that h(y') —> wu; uj and 73 = 5’7},
G,rm G,rm

According to the inductive hypothesis:

*

(82, Y, #aran, #4, B1B2FE, momy, A) I—
G.BP(G)

l_ (327 71—5_’7 #0417', ##7 Ab,6ﬁ2#a 77-5”7757 77-3)

G.BP(G)
Now, we may apply the transition 11° and finally obtain the configuration

(327 7T:I|_Ia #al e ##7 /82#7 71-;,7 71'3).
|
We present below the main result which ensures the correctness of G, BP(G).

Theorem 5.1.1 Let G = (Vn, V7, S, P) be a context free grammar. Then

*

13°
(6) (sla)‘a#a#w#a#a)\a)‘) l_ (327A7 #Sa##a#a)‘77r) l_ ACC

G.BP(G) G.BP(G)

S

WS g,

Proof

(=) Following transition 9°, the transition (6) could be rewritten as:

90

(50, A 2, Bhwth, A N) ——— (51,71, B 4, B, 12, A) ——

G.BP(G) GuBP(G)

*

130
(3277717#057##7/8#771-27)\) l_ (327)‘7#57 ##7#7A77T) l_ ACC

G.BP(G) Gu.BP(G)

According to Lemma 5.1.1 (u2 = A and u; ug = w) we obtain h(a) :> up and

G,rm

h(B) :> us. Now, according to Lemma 5.1.3, and taking oy = 82 = A\, vy = S,

G,rm

73 = m, we obtain S == uj uz = w.

,rm

(<=) We know that S == w. So there exist u;, uz € Vi, a, 8 € V'*, my, 7

,rm

(right most derivations) for which u; us = w, h(a) G£> u1 and h(B) :> us.

,rm

According to Lemma 5.1.2, and taking us = A, it results that

(51, A 2, w0, 0) b (51,1, #h0t, 4, B, 2, N).

G.BP(G)

From Lemma 5.1.5 and taking a; = 81 = A, nf = «§ = }, it follows that
* 13°

(527717#057##7/8#7”27)‘) l_ (527A7#Sa ##7#7)‘77T) l_ Acc. N1

G.BP(G) G.BP(G)
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Example 5.1.1 Let G = ({4, B,C},{a,b,c,d, e}, A, P) be a context free gram-
mar, where the set of productions P is given by:

1. A—-aBACb 2. A—-dA 3. A4A—e 4. B—>bBc
5. B —d 6. C —cC 7.C—=d

Let w=adabdcdedbccdb be the input word for the parser G,BP(G). A
possible sequence of transitions performed by G,BP(G) could be:
10
(s1,\, #,#adabdcdedbccdb#, #,)\,)\) b——
G.BP(G)
10
(s1, A\, #a,#dabdcdedbccd#, b, A\, \) f——
G.BP(G)
40
(s1,\,#ad,#abdcdedbcct,db#, N\ \) ——
G.BP(G)
10
(s1,[5], #a B11, #abdcdedbecst, Cri b#,[7],\) F——
G.BP(Q)
30
(s1,[5], #a Br1a,#bdcdedbedt, cCry b#, [T],\) F——
G.BP(Q)
10
(s1,[5], #a B ab,#tdcdedbeit, C 2 b#, [6,7],\) F——
G.BP(Q)
40
(s1,[5], #a B11abd, #cdedbjf, cC1 2 b#,[6,7],\) F——
G.BP(Q)
10
(317 [57 5]7 #a Bl,l a bB2,2a #Cdedb#a 01,3 b#a [67 67 7]7 A) |_
G.BP(G)
20
(81, [5, 5], #a B171 a bB272 C, #de d#, b 0173 b#, [6, 6, 7], )\) I—
G.BP(G)
30
(317 [47 57 5]7 #a Bl,l a B2,37 #de#a db 01,3 b#a [67 67 7]7 )‘) l_
G.BP(G)
50
(317 [47 57 5]7 #a Bl,l a B2,3 €, #d#a C4,4 b 01,3 b#a [77 67 67 7]7 )‘) l_
G.BP(G)
90
(317 [47 57 5]7 #a Bl,l a B2,3 dea ##a C4,4 b 01,3 b#a [77 67 67 7]7 A) l_
G.BP(G)
12°

(527 [47 57 5]7 #a Bl,l a B2,3 d@, ##7 04,4 b C11,3 b#7 [77 67 67 7]7 )‘) l_()
G.,BP(G

12°

(527 [47 57 5]7 #a Bl,l a B2,3 dAa ##7 C14,4 b 01,3 b#7 [77 67 67 7]7 [3]) l_()
G.BP(G

11°

(527 [47 57 5]7 #a Bl,l a B2,3 Aa ##7 04,4 b C11,3 b#a [77 67 67 7]7 [27 3]) l_

G.BP(G)
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10°
(527 [47 57 5]7 #a Bl,l a B2,3 A 07 ##7 b 01,3 b#a [67 67 7]7 [77 27 3]) l_
G.,BP(G)
12°
(527 [47 57 5]7 #a Bl,l a B2,3 A C ba ##7 C11,3 b#a [67 67 7]7 [77 27 3]) l_
G,BP(G)
11°
(527 [5]7 #a Bl,l Aa ##7 C11,3 b#a [67 67 7]7 [17 77 27 37 47 5]) l_
G.,BP(G)
10°
(527 [5]7 #a Bl,l A Ca ##7 b#7 )‘7 [67 67 77 ]-7 77 27 37 47 5]) l_
G,BP(G)
12°
(527 [5]7 #a Bl,l A C ba ##7 #7 A? [67 67 77 ]-7 77 27 37 47 5]) l_
G,BP(G)

13°
(527 Av #A7 ##7 #7 A? [17 67 67 77 ]-7 77 27 37 47 57 5]) l_ ACC

G.BP(G)

Therefore, w is accepted by G,,BP(G), and the right most derivation is

Trm = [1,6,6,7,1,7,2,3,4,5,5].

5.2 Parallel approach for general up-to-up bidi-
rectional parsing

In this section, we present a parallel approach convenient for describing the
general up-to-up bidirectional parsing strategy.

Our model is a SIMD (simple instruction stream, multiple data stream) com-
puter. We consider two processors P1 and P2 which operate simultaneously and
synchronously. Furthermore, our model shares a common memory. The no-
tions “running time” t(n), “computational steps”’, “routing steps”, “speedup”,
“cost”, “efficiency” for parallel algorithms are presented in Section 2.3.2.

We shall present a parallel algorithm which describes the general up-to-
up bidirectional parsing strategy. In fact, our parallel algorithm (denoted by
(PAR-UUBP)) may be clearly derived from Definition 5.1.1 (general up-to-up
bidirectional parser).
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Figure 5.3. General SIMD Model for Up-to-Up Bidirectional Parsing

Our algorithm uses the following variables:

we V7 contains the input word (stored in the common memory);
n= [uf;

i1, i2 are two counters used for indicating the positions of the pointers
to w (stored in the common memory);

accept is a boolean variable which takes the value true iff we L(G) (stored
in the common memory);

Stackl, Stack2 are two working stacks for P1 and P2;

Output_tapel, Output_tape2 are the output tapes of P1 and P2 for stor-
ing the partial syntactic analysis of w;

Output_tape is the output tape for storing the global syntactic analysis
of w (stored in the common memory);

exit is a boolean variable which is true iff P1 or P2 detect the non-
acceptance of w (stored in the common memory).
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We have also use some predefined procedures, such as:

e pop(Stack,a) - the resulting value of « will be the string of length |«
starting from the first symbol of Stack; after that, the string a is removed
from Stack;

e push_first(Stack,A) - adds the symbol A to the content of Stack; A will
be the new top of Stack;

e push_last(Stack,a) - adds the string a to the content of Stack, starting
from the last symbol of Stack; Stack will have the same top.

The method of parallel algorithm (PAR-UUBP) can now be pointed out.
Let the context free grammar G = (V, Vr, S, P) be given. Then:

begin
read(n); read(w); i1 := 1; i2 := n;
accept := false; exit := false;
repeat in parallel
actionl1(P1);
action2(P2)
until (i1 > i2) or (exit = true);
if (exit = true) then accept := false
else
repeat
action3(P1,P2)

until (exit = true);
if (accept = true) then begin
write(’w is accepted and has right hand syntactical analysis’);
write(Qutput_tape)
end
else write(’w is not accepted’);
end.

It remains to describe the procedures actionl(P1), action2(P2) and
action3(P1,P2).

procedure actionl(P1);

begin
case
if (3r1 =no( A— h(a)), abelongs to Stackl starting from the top)
then begin

/* reduce action */

let a := uj Che...Uy Dy o &/, where ug, ..., um € Vi

e := |Output_tapel| + 1;

if (o does not contain any symbol from V’'—V) then b" :=¢"
else b := min{e”,b};
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pop(Stackl,a);
push_first(Stackl, Ay e );
push_first (Output_tapel, ril);

end;

if (i1 <= i2) then begin
/* shift action */
push_first(Stackl,w[il]);
il := il + 1;

end

otherwise: begin
backtracking step is needed;
if (all the backtracking steps were terminated) and

(no reduce or shift action could be performed)

then exit := true;

end

end;

The description of procedure action2(P2) is similar to actionl(P1).

procedure action2(P2);

begin
case
if (312 =no( A— h(B)), S belongs to Stackl starting from the top)
then begin

/* reduce action */
let B :=u1 Che...tyy Dy o B', where uq, ..., up, € Vi
e" := |Dutput_tape2| + 1;
if (B does not contain any symbol from V' —V) then b" :=¢"
else b := min{e”,b};
pop(Stack2,f);
push_first(Stack2, By ) ;
push_first (Output_tape2, r2);

end;

if (i1 < i2) then begin
/* shift action */
push_first (Stack2,w[i2]);
i2 = 1i2 - 1;

end

otherwise: begin
backtracking step is needed;
if (all the backtracking steps are over) and

(no reduce or shift action could be performed)

then exit := true;

end

end;
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Finally, we describe the procedure action3(P1,P2) in a sequential way.
The goal is to simulate the transitions 10°, 11°, 12° and 13° for G,,BP(G) from
Definition 5.1.1. The input tape is now empty, i.e. w has been already read (of
course, if exit has the value false). Next we read symbols from Stack2 (send
by processor P2) modifying the content of the Qutput_tapel and Output_tape2
putting the results in Output_tape.

procedure action3(P1,P2);
begin
case
if (3rl = no( A= h(a)), a is in Stackl starting from the top)
then begin
/* reduce action */
let a =u; Cpe...0' Dy 0, whereu € Vi, 0" € V*, o € (VUV')¥
let 7 from Output_tapel such that |r]|=¢€' —b+1;
pop (Output_tapel,n);
pop(Stackl,a);
push(Stack2,A);
push_first (Qutput_tape,rl);
push_last (Qutput_tape,n});
end;
if (top of Stack2 is a terminal symbol) then begin
/* shift-terminal action */
pop(Stack2,a), where ac Vr;
push_first(Stackl,a);
end;
if (top of Stack2 is from V’) then begin
/* shift-nonterminal action */
pop(Stack2,A.);
push_first(Stackl,A);
let 7 from Output_tape2 such that |74| =e—b+1;
pop (Dutput_tape2,7}) ;
push_first (Output_tape,n}) ;
end;
if (Output_tapel = (}) and (Qutput_tape2 = {) and
(Stackl = S) and (Stack2 = ()) then begin
accept := true; exit := true
end;
otherwise: begin
backtracking step is needed;
if (all the backtracking steps were terminated) and
(no reduce or shift action could be performed)
then exit := true
end;
end;
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Theorem 5.2.1 (termination of Algorithm (PAR-UUBP))
The Algorithm (PAR-UUBP) performs a finite number of steps until termi-
nates its execution.

Proof Because the input grammar G has a finite number of productions, the
number of reduce actions for processors P1 and P2 is finite. For the shift actions
we read exactly one character from the input word w. Thus, because w is a finite
word, it follows that the statement repeat in parallel ... until from the
main program of Algorithm (PAR-UUBP) has a finite number of iterations (the
execution of procedures actionl(P1) and action2(P2) has a finite number of

iterations).
The size of work-stacks is finite because w and G are finite. The other
statement repeat ... until of the main program refers to action3(P1,P2).

The number of shift actions is finite due to the finiteness of Stack2, and the
number of reduce actions is finite due to the finite number of productions of G.

Therefore, Algorithm (PAR-UUBP) performs a finite number of steps until
terminates its execution. |

Theorem 5.2.2 (correctness of Algorithm (PAR-UUBP))
For any given context free grammar G = (Vn, Vr, S, P) and any w € V£, Al-
gorithm (PAR-UUBP) gives the answer ”"w is accepted and has right hand

syntactical analysis 7”7 if S == w and ‘@ is not accepted.” otherwise.
,rm

Proof To show the correctness of Algorithm (PAR-UUBP), it suffices to re-
mark that (PAR-UUBP) is “equivalent” to the sequential algorithm associated
to the transitions of the general up-to-up bidirectional parser (Definition 5.1.1).
In fact, the procedures action1(P1) and action2(P2) correspond to the tran-
sitions 1° — 8° and action3(P1,P2) to the transitions 10° — 13°. Obviously, the
transition 9° is realized by the main program of (PAR-UUBP).

The only situations for the parallel model in which the processors P1 and P2
work or wait (simultaneously) are:

(i) P1 works, P2 works
(ii) P1 waits, P2 works
(iii) P1 works, P2 waits

It is obvious that situation (i) (where action1 (P1) and action2(P2) will be
called and executed in parallel) is described in an equivalent way in the general
up-to-up bidirectional parser by transitions 1° — 4% and 9°,10° (according to
Definition 5.1.1).

Situation (ii) corresponds to transitions 7°, 8% and situation (iii) corresponds
to transitions 5%, 69,129, 13°,

The nondeterministic behavior of the general up-to-up bidirectional parser
is performed in the parallel algorithm by introducing these backtracking points
for action1(P1), action2(P2) and action3(P1,P2). If no backtracking step



126 CHAPTER 5. UP-TO-UP BIDIRECTIONAL PARSING FOR ...

could be performed, then the variable exit is true. Then the input word is not
accepted by the parser G, BP(G) (and of course, it is not in the language of the
input grammar).

The parallel algorithm (PAR-UUBP) is then correct. u

5.3 Deterministic up-to-up bidirectional parsing
for context free languages

Deterministic (and linear) parallel algorithms (viewed as particular cases of the
general up-to-up bidirectional parsing algorithm) for solving the membership
problem, can be derived for some “combinations” of subclasses of context free
languages. The deterministic up-to-up bidirectional parser has the same “de-
vice” as the general model. The only difference concerns the uniqueness of
choosing the production r from a set of given productions of the input grammar
(no backtracking steps are needed).

We have already presented the notions of LR(k) ([Knu65]) and RL(k)
([AnK99a]) grammars, k € N (Definitions 2.1.15 and 4.3.7).

In a similar way, we can define the “mirror” of some classical subclasses of
LR(k) grammars.

Definition 5.3.1 Let G be a context free grammar.

e G is a SRL(1) (respectively LARL(1)) grammar if G is a SLR(1) (re-
spectively LALR(1)) grammar;

e L is a SRL(1) (respectively LARL(1)) language if there exists a SRL(1)
grammar (respectively a LARL(1)) grammar which generates L.

Now, we shall “combine” the LR(k) and RL(k) styles in order to obtain the
deterministic up-to-up bidirectional parsing for context free languages.

Definition 5.3.2 Let G be a context free grammar and ki, k2 € N. We say
that G is a LR(k1) — RL(k2) grammar iff G is both an LR(k1) and an RL(ks)
grammar. A language L is called LR(k1)— RL(ks) if there exists G, an LR (k) —
RL(ksy) grammar for which L = L(G).

The class of LR(k) languages (k > 1) is the same as to the class of LR(1)
languages ([Knu65]). Then the above definition has a practical interest for ki,
k2 € {0,1} and for some subclasses of LR(1) grammars (such as, SLR(1) and
LALR(1)). According to Definitions 5.3.1 and 5.3.2, we can easily derive all
the 16 combinations between LR(0), SLR(1), LALR(1), LR(1) and RL(0),
SRL(1), LARL(1), RL(1). For instance, G is a LR(0) — LARL(1) grammar iff
G isa LR(0) and LARL(1) grammar (Example 5.1.1).

We can also easily derive the relation between G and G for all the 16
combinations. For example, G is a LR(0) — LARL(1) grammar iff G is a
LALR(1) — RL(0) grammar. The proof is obvious (Definitions 4.3.7, 5.3.1 and
5.3.2).
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According to the classical hierarchies for the subclasses of LR(1) languages,
we can define some new hierarchies:

LR(0) C SLR(1) C LR(1) and LR(0) C LALR(1) C LR(1)
Note that:
RL(0) C SRL(1) C RL(1) and RL(0) Cc LARL(1) C RL(1)

These inclusions can be extended according to Definition 5.3.2 so that the fol-
lowing (16) inclusions hold:

LR(0) — RL(0) ¢ SLR(1) — RL(0) C LR(1) — RL(0)

LR(0) — RL(0) C LR(0) — SRL(0) C LR(0) — RL(1)
LR(0) — RL(0) ¢ SLR(1) — RL(0) C SLR(1) — SRL(1)

We have introduced and studied some new subclasses of languages larger that
in Chapter 4 ([AnK99a]). For instance, the subclass LL(k) — RL(1) defined in
Chapter 5 (and [AnK99a]) is included in the subclass LR(1) — RL(1) (Definition
5.3.2).

The deterministic up-to-up bidirectional parsing is similar to the general
parallel approach and, the only difference is the absence of the backtracking
steps. The procedures actionl1(P1) and action2(P2) are related to the clas-
sical sequential syntactical analysis algorithms for LR(1) (or for the subclasses
LR(0), SLR(1) and LALR(1)) and RL(1) (or for the subclasses RL(0), SRL(1),
LARL(1)). We also get a linear running time for the procedures actioni (P1)
and action2(P2) instead of an exponential sequential running time. Obvi-
ously, the procedure action3(P1,P2) has no backtracking steps for the sub-
classes of grammars given in Definition 5.3.2. Consequently, the procedure
action3(P1,P2) is deterministic and has a linear running time.

The correctness of the deterministic parallel algorithms is ensured by the
correctness of the general parallel algorithm and the correctness of each of the
sequential syntactic analyzers for the mentioned subclasses of context free gram-
mars (LR(0), SLR(1), LALR(1), LR(1), RL(0), SRL(1), LARL(1), RL(1)).

Theorem 5.3.1 (the complexity of the deterministic parallel algorithms)

Let us denote respectively Ti(n), Ta(n) and T3(n) the running times of the
sequential procedures actionl(P1), action2(P2) and action3(P1,P2), where
n is the length of the input word. Suppose that the routing time is zero. Then
the parallel running time t(n) satisfies the relations:

o 2n{Bim Lo} 4 73(n) < t(n) < max{T1(n),Ta(n)} + T3(n);
e t(n) € O(n).
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Proof

(i) The inequality t(n) < max{7Tj(n),T2(n)} can be obtained by supposing
that one processor waits. For instance, if P2 waits, then t(n) = T1(n) + T5(n)
(time routing is zero).

The other inequality can be obtained by supposing that both processors
work until 1 = 2. This means a running time equal to w Then
processor P2 will send to processor P1 (when P1 has to perform a shift action)

a terminal or nonterminal symbol. Therefore w + T3(n) < t(n).

(ii) Obviously, Ti(n) € O(n) and Tz>(n) € O(n) following some classical
results related to subclasses of context free grammars (LR(0), RL(0), SLR(1),
SRL(1), ...). The local memories of P1 and P2 satisfy

e |Stackl| € O(n), |Stack2| € O(n), and
e |Dutput_tapel| € O(n), |Dutput_tape2| € O(n).

At every step of the parallel algorithm the size of the stacks (Stackl, Stack2,
Output_tapel and Output_tape2) decrease. Furthermore, the procedure
action3(P1,P2) is deterministic. Therefore, it follows that T3(n) € O(n).
According to (i), it follows that t(n) € O(n). |

Considering the context free grammar from Example 5.1.1, which is LR(0) —
LARL(1), we see that the presented transitions correspond to a possible deter-
ministic parallel running using our algorithm. Hence, a new example is not
needed.

5.4 Conclusions

Our up-to-up bidirectional parser model is in fact a two-stack machine ([HoU79])
and therefore it can simulate a Turing machine. An interesting example of a
bidirectional parser which can analyst a context sensitive language was pre-
sented in Example 4.1.2 and in [AnK99a]. The same may hold for the up-to-up
bidirectional parser.

Compared to Chapter 4, where LL(k), LR(k) and precedence grammars
styles have been combined, in Chapter 5 the bidirectional parsing uses only
LR(k) style (and its “mirror” RL(k) style). The classes of languages described
in this chapter are larger than the classes of languages defined in Chapter 4 (see
also [AnK99al).

Open problems:

e get a more precise estimation of the running time of the deterministic
parallel algorithm presented in Section 5.3;

e find further closure properties (or local hierarchies) for subclasses of the
described languages.



Chapter 6

Bidirectional attribute
evaluation

In this chapter we describe a parallel algorithm (using two processors) for eval-
uating the attribute instances of an attributed derivation tree. It was prepared
using the papers [AKM99] and [And97].

Section 6.1 emphasizes two ways for representing the (ordered) oriented trees.
The specific bidirectional traversal is also pointed out.

Section 6.2 contains a new approach for evaluating the attribute instances
of an attributed derivation tree. We have called this strategy the bidirectional
attribute evaluation.

6.1 Data representations of trees and their bidi-
rectional traversal

In this section, we shall present two methods for representing the ordered ori-
ented trees. For the second one, a bidirectional traversal is presented.

First method of representation of ordered oriented trees.

Given the ordered oriented tree T' = (V, E,s,d), let m be the maximal
number of local sons (taking into account all vertices). For representing the
sons v1, Vs, ..., v, of a father v, we shall use exactly m locations (even if n < m).
Consider now the array ¢ : {1,2,...,p} = VU{null}, where p is a natural number
(which will be defined later). The array ¢ (denoted by t[1) is defined in the
following way:

t [] = root V1...02 V11...U1m, V21...U22 ... U1 Umm ---Umm...m

————
m times
constructed by structural induction:
e if the root of T has the sons vy, ..., v, then t [11= root, t [2]1 = vy, ..., t [n] = v,
t [n+1]1= null, ..., t [m]= null, where null is a special symbol;
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e let v, € V(T') have exactly the sons vyg1, Vwk2, -y Vwkn and let t [s1= vy,
where w € {1,2,...,m}*, k € {1,2,...,m}. Then t[s+(m-k) (m+1)+1]1= vyp1,
t [s+(m-k) (m+1)+2] = vy2, ..., t[s+(m-k) (m+1)+n] = vyrn, and the “null” el-
ements are t [s+(m-k) (m+1)+n+1]1=null, ..., t [s+(m-k) (m+1)+m] = null.

This representation of an ordered oriented trees is especially useful for
breadth first search visits. We do not present in detail this method of traversing
ordered oriented trees, because this representation has a disadvantage related
to its size. That is, the number of elements of the array t[] is exponential in
m. Infact, p=1+m+m2+...+m™ = % (m # 1), although the number
of vertices of T' could be “very” smaller when compared to this number.

The second method to represent ordered oriented trees.

Let T = (V, E, s,d) be an ordered oriented tree. For representing the sons
v1, VU3, ..., U, Of a father v, we use exactly n locations. Now, the number of
locations of the corresponding vector will be the same as the cardinality of V.
Let m be the maximum number of sons (as before). Consider now the array
t:{1,2,....,s} = (V,{1,2,...,m}), where s = |V|. The informations contained in
t have the following meaning: t[i]l= (v,d) iff v € V and d is the number of its
sons (i being the position in the depth first visit of T').

Example 6.1.1 For the tree presented in Example 2.1.1 (Chapter 2), we have:

t[1=(1,3)(2,0)(3,2)(5,2)(10,0) (11,0) (6,0) (4,3) (7,0) (8,0) (9,0)

According to the (possible) huge number of “free cells” from the array t,
the first method for implementing ordered oriented trees, is not convenient for
deriving parallel algorithms. The second representation method (although it
provides no direct access) allows us to use a bidirectional parsing according to
the placement of leaves.

This representation of ordered oriented trees is useful for depth first search
visits. The input of the following bidirectional traversal algorithm is the ar-
ray t[] (i.e. the corresponding preorder representation of T'). In other words,
we shall describe an algorithm which use the second method for representing
ordered oriented trees. In fact, we present a parallel combination of the two
sequential strategies of up and down traversal. Furthermore, the down traver-
sal coincides with the depth first search strategy. We consider two processors
P1, P2 and two global variables i1, i2. Suppose also that we have a proce-
dure “halt(P)”, which stops the running of the processor P. We shall call this
algorithm (BT) (i.e. bidirectional traversal).

We can say that our model is a SIMD (simple instruction stream, multiple
data stream) computer ([Akl97]). This means that these two processors P1 and
P2 operate synchronously. Furthermore, our model is of a multiprocessor type
because the processors P1, P2 share a common memory.
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Common memory
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Figure 6.1. General SIMD Model for Bidirectional Traversal
Algorithm (BT) is described using two procedures and a main program:

procedure visit_down(P1);
begin
if il <= i2 then begin
(vi,d) := t[il1]l;
{visit the vertex vi}
write("we have visited ", v1);
write(" and it has ", d, " sons");
il := i1 + 1;
visit_down(P1)
end
else halt(P1);
end;

The up traversal of the tree is quite similar.

procedure visit_up(P2);
begin
if i2 > il then begin
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(v2,d) := t[i2l;
{visit the vertex v2}
write("we have visited ", v2);
write(" and it has ", d, " sons");
i2 = 1i2 - 1;
visit_up(P2)

end

else halt(P2);

end;

The main program is

begin
read(t[]); {read the tree}
i1 :=1; i2 := n; {n being the number of vertices of T}

repeat in parallel
visit_down(P1);
visit_up(P2)
until (i1>i2);
end.

Example 6.1.2 Let us reconsider the tree from Examples 2.1.1 and 6.1.1. We
shall simulate below the “parallel running” of Algorithm (BT).

Initial: i1 = 1 and i2 = 2.

Step 1: P1 — we have visited 1 and it has
P2 — we have visited 9 and it has

Step 2: P1 — we have visited 2 and it has sons

3 sons
0
0
P2 — we have visited 8 and it has 0 sons
2
0
2
3

sons

Step 3: P1 — we have visited 3 and it has
P2 — we have visited 7 and it has

Step 4: P1 — we have visited 5 and it has
P2 — we have visited 4 and it has sons

Step 5: P1 — we have visited 10 and it has O sons
P2 — we have visited 6 and it has O sons

Step 6: P1 — we have visited 11 and it has O sons
P2 — halts

Compared to the classical preorder visit (which needs 11 steps), our bidirectional
traversal needs only 6 steps.

sons
sons
sons

We saw in Example 6.1.2 that the processor P1 visits the tree in depth first
search manner (the order of visiting the vertices is {1, 2,3, 5,10,11,6,4,7,8,9})
and P2 in the opposite manner to P1 (i.e. the order of visiting the vertices is
{9,8,7,4,6,11,10,5,3,2,1}). In fact, P2 visits all the sons from right to left and
finally their root.
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Theorem 6.1.1 (correctness and completeness) Let T = (V, E, s,d) be an or-
dered oriented tree represented by an array which contains its preorder repre-
sentation as the input of Algorithm (BT). Then:

a) After the execution of Algorithm (BT), all the vertices of T have been
visited.

b) Let us denote by Ti(n), Ta(n) the running times of the procedures

visit_down and visit_up, where n = |V|. Then the parallel running
time t(n) satisfies the relation (we have suppose that the routing time is
zero):

min{71(n),T2(n)}
2

<t(n) < max{Ti(n), Tr(n)}

Proof

a) If 1 < 12 then each call of procedures visit_down and visit_up implies
the visit of two new vertices (which has not yet been visited). We know
that the array t contains in fact the preorder representation of T. The
procedures visit_down and visit_upread the array t cell by cell (because
of the statements i1 := i1 + 1 and i2 := i2 - 1). The cells t[i1]
and t[i2] contain informations about the current vertices vl and v2,
respectively. So, v1, v2 have been visited at this parallel step.

b) The inequality ¢(n) < max{Ti(n),T>(n)} can be obtaining by supposing
that one processor waits. For instance, if P1 waits, then t(n) = Tx(n)
(time routing is zero). The other inequality can be obtained by supposing

that both processors work until i1 = ¢2. This implies a running time of
min{T1 (n),T>(n)}
5 .

Remark 6.1.1 Skipping the details, for constructing the initial tree using the
depth first representation, two auziliary stacks must be available for the two
Processors.

6.2 Bidirectional attribute evaluation

In [Alb91b], the flexible and the rigid tree-walking strategies for traversing the
attributed decorated tree have been presented. A flexible strategy is completely
determined by the attribute dependencies of the grammar concerned. Typical
example of attribute grammar classes with a flexible tree traversal strategy are
the absolute non-circular (ANC) and the ordered attribute grammars.

A rigid strategy is independent of the attributed dependencies. A typical
example of a rigid strategy is to perform a number of passes over the derivation
tree, where a pass is defined to be a depth-first (left-to-right or right-to-left)
traversal of the derivation tree. An example of a strategy somewhere in between
the flexible and the rigid strategies is the performance of attribute evaluation



134 CHAPTER 6. BIDIRECTIONAL ATTRIBUTE EVALUATION

during a sequence of sweeps over the derivation tree. A sweep, as defined in
[EnF82], is a depth-first traversal of the derivation tree, without the restriction
of a left-to-right or a right-to-left order of succession, i.e. the visiting order of
the nodes is not restricted with the exception that every tree node is visited
exactly once.

Our approach refers to a rigid strategy which works for general non-circular
attributed grammars. We have called it bidirectional attribute grammars strat-
egy. Next, we present the attribute evaluation algorithm which “works” for a
well-defined attribute grammar (WAG). We call it bidirectional attribute eval-
uation algorithm, and it will be denoted by (BAE). Each vertex v of the input
attributed derivation tree has three components. The first component is the
label, i.e. the terminal or non-terminal symbol X, the other components being
respectively the set of instances of inherited and synthesized attributes of X.

The Algorithm (BAE):

Input: A well-defined attribute grammar AG and an attributed derivation tree
T = (V, E) where only the inherited attribute instances of the start symbol and
the synthesized attribute instances of the terminal symbols are defined.
Output: An attributed derivation tree where all attribute instances are defined.
Method: Like in Algorithm (BT), we shall present two procedures for each
of the processors and a main program. Because each element of the array t[]
stores two informations namely the current vertex and the number of sons of
the current vertex (i.e. the pair (v,d)), we denote these by t[].one=v and
t[].two=d. Each of them contain two calls of procedure evaluate(X.a). This
procedure is in fact the corresponding attribute evaluation instruction of the
current production (according to Definition 2.2.3).

procedure visit_down(P1);
begin
if i1 <=|V| then begin
(vi,d) := t[ill;
(Xp0,I(Xp0),S(Xp0)) :=v;
for k := 1 to d do
/* t[i1+1], ..., t[i1l+d] are sons of v1 */
(Xpk,I(Xpk),S(Xpk)) := t[il+k].one;
for k :=1 to d do
for (all acI(Xpk)) do
if (Xpk.a is undefined) and
(all argument instances of the evaluation instruction
for Xpk.a are defined)
then evaluate(Xpk.a);
for (all a€S(Xp0)) do
if (Xp0.a is undefined) and
(all argument instances of the evaluation instruction
for XpO.a are defined)
then evaluate(Xp0.a);
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il =il + 1;
visit_down(P1)
end
else halt(P1);
end;

The up traversal of the tree is quite similar.

procedure visit_up(P2);
begin
if i2 >= 1 then begin
(v2,d) := t[i2];
(Xp0,I(Xp0),S(Xp0)):=v;
for k :=1 to d do
/* t[i2+1], ..., t[i2+d] are sons of v2 %/
(Xpk,I(Xpk),S(Xpk)) := t[i2+k].one;
for k :=1 to d do
for (all a€I(Xpk)) do
if (Xpk.a is undefined) and
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(all argument instances of the evaluation instruction

for Xpk.a are defined)
then evaluate(Xpk.a);
for (all a€S(Xp0)) do
if (Xp0.a is undefined) and
(all argument instances of the evaluation instruction
for XpO.a are defined)
then evaluate(XpO.a);
i2 = 1i2 - 1;
visit_up(P2)
end
else halt(P2);
end;

The main program is

begin
read(t[]); {read the attributed derivation tree}
il :=1; i2 := n;
{n being the number of vertices of the input tree}
repeat in parallel
visit_down(P1);
visit_up(P2)
until (all attribute instances are evaluated);
write(t[]);
{the attributed derivation tree is consistently decorated}
end.
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Remark 6.2.1 FEvery attribute instance is evaluated during the earliest possible
pass and the different instances of the same attribute may be evaluated during
different passes. In the classical model of evaluation, the attributed instances of
the attributed derivation tree depend in fact on the number of levels (depth) of
the input derivation tree. For instance, the synthesized attributed instances of
the root of T will be defined after at least m visits of the attributed derivation
tree, where m is the depth of it.

Using our bidirectional attribute evaluation algorithm, the synthesized at-
tribute instances of the root of T will be defined in one visit of the attributed
derivation tree, for the synthesized attributed instances of the terminal symbols.

Compared to [AIb91b], our bidirectional attribute evaluation algorithm has
“half” time running than the classical attribute evaluation algorithm.

Example 6.2.1 Let us consider the attribute grammar of Example 2.2.1. It
is easy to see that for w = aab, according to Algorithm (BAE), we need only
one down visit and one up visit for evaluating all the attribute instances of
the corresponding attributed derivation tree. On the other hand, using classical
methods (down wvisits), for evaluating the attribute instances, we need to visit
the attributed derivation tree three times (i.e. three down visits).

We can immediately generalize to the input word w = a™b. In that case,
Algorithm (BAE) needs the same one down visit and one up visit, instead of
m+1 down visits in the classical method.

Theorem 6.2.1 (correctness and finiteness of Algorithm (BAE))

If the input attributed grammar AG is non-circular, then Algorithm (BAE)
will compute the attribute instances of the input attributed derivation tree in a
finite number of steps. That is, the output of the Algorithm (BAE) will be a
consistently decorated attributed derivation tree.

Proof Let AG be a non-circular (well defined) attribute grammar. This means
that for any derivation tree T, the dependency graph D(T') has no cycles. In
D(T), the pair (N;.a, N;.b) is a directed arc iff attribute instance N;.b depends
on attribute instance N;.a. Because D(T) is acyclic, its arcs specify a partial
ordering of the attribute instances. The existence of an arc (N;.a, N;.b) indicates
that the value of attribute instance N;.a must be defined before the attribute
instance N;.b can be computed.

The procedures visit_down(P1) and visit_up(P2) use the procedure
evaluate (X.a), which is in fact an attribute evaluation instruction. As a con-
sequence of the use of the loop repeat ... until (in the main program) it
follows that all the attributed instances of T' will be computed. Because D(T')
has no cycles, it follows that the number of iterations of the above loop is finite.
|

6.3 Conclusions

The complexity of Algorithm (BAE) applied to an attributed derivation tree is
related to the complexity of Algorithm (BT) applied to an ordinary tree. It is
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obvious that the number of visits for evaluating all the attribute instances of
the attributed derivation tree performed by Algorithm (BAE) is less than that
in the classical algorithm ([Alb91b]). As we saw in Example 6.2.1, there exist
situations for which our bidirectional evaluating strategy is independent of the
size of the input attributed derivation tree.

But, sometimes (due to the dependency graph) the processors have to wait
one each other and only one processor works. In that case, the parallel attribute
evaluation coincides with the classical one.

If the underlying context free grammar of the corresponding attribute gram-
mar is in Chomsky normal form, then any derivation tree will be binary tree. In
that case, the first method of representing ordered oriented trees is a convenient
data structure for Algorithm (BAE), too. Furthermore, any node of the tree
could be directly accessed (i.e. not sequentially, as it was used in the second
method of representing ordered oriented trees).

Open problem: In which cases (for what kinds of attribute grammars)
our bidirectional attribute evaluation is strictly (or two times) better than the
classical one ?
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Chapter 7

Final conclusions

7.1 Original contributions of this thesis

The main original results are contained in Chapters 3, 4, 5, 6. Our concern
was to derive parallel algorithms for parsing and attribute evaluation, at least
for some subclasses of context free grammars.

Chapter 3, entitled Linear-time bidirectional parsing for a subclass of lin-
ear grammars, introduces LLin(m,n) grammars (Definition 3.1.1). They are
similar to the LL(k) grammars. Intuitively, instead of only looking ahead to
the next k£ terminal symbols, we have to look ahead to the next m terminal
symbols and to look back to the previous n terminal symbols. Thus, the unique
production which must be applied can be uniquely determined. Consequently,
the membership problem for LLin(m,n) grammars can be solved in linear time.
The bidirectional parser attached to a LLin(m,n) grammar is presented in Def-
inition 3.2.2. Theorems 3.2.1, 3.2.2 prove the correctness and termination of
the bidirectional parser. Theorem 3.1.5 is due to Prof. Dr. Manfred KUDLEK.
LLin(m,n) grammars are treated in detail.

Kernel bibliography: [AnK98, AnK99b, AnG95, JuA97].

Chapters 4 and 5 refer to bidirectional parsing for context free languages.
The classical type of parsing is extended by using a mirror process. To ana-
lyze an input word, we use two processors acting from both sides of that word.
More precisely, the parsing (derivation) tree is in one case (Chapter 4) tra-
versed up to down and left to right combined with down to up and right to left
(LL(k1) — RL(k2) grammars, Definition 4.4.1). In the other case (Chapter 5),
the associated parsing tree is traversed down to up from both sides of the input
word using two processors (LR(k1) — RL(k2) grammars, Definition 5.3.2). In
fact, only one processor will be strongly active after the middle of the input
word is found.

Kernel bibliography: [AGK99, AnK99a, AnG95, JuA97].

In Chapter 7, a strategy called bidirectional attributed evaluation is em-
phasizes. To be more precise, this new approach stands for the evaluation of the
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attribute instances of an attributed derivation tree. The corresponding (bidi-
rectional) parallel algorithm is also provided.
Kernel bibliography: [AKM99, And97].

7.2 Future work

We intend to:

1.
2.

solve the open problems listed at the end of Chapters 3,4,5,6;

prove that the power of the bidirectional parsers equals to the power of
the Turing machines;

find more properties about bidirectional deterministic languages;

create and implement a practical compiler generator based on the bidi-
rectional parsing for a two-processor computer (at least for the front-end
capability: lexical, syntactical, semantical analysis);

even a direct approach for N processors cannot be easily derived, this
can be done in a first stage for three and four processors (processes).
For instance, we may think that the context free grammars G and G as
being in operator and double Greibach normal form ([Ros67]). Then the
point where the initial two processors will meet can be known from the
beginning, and one (or two) new processors may be (scalable) introduced.
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