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AHstヴaIt

This ┘oヴk gi┗es aﾐ o┗eヴ┗ie┘ o┗eヴ e┝isiﾐg aﾐd ﾐo┗el ﾐuﾏeヴiIal ﾏethods foヴ the soluioﾐ of the

ﾏiIヴoﾏagﾐeiI eケuaioﾐs. A laヴge paヴt is dediIated to the Ioﾏputaioﾐ of the deﾏagﾐeiza-

ioﾐ field. This suHpヴoHleﾏ aIIouﾐts foヴ the dipole–dipole iﾐteヴaIioﾐ iﾐ ﾏagﾐeiI ﾏateヴials.

It is paヴiIulaヴl┞ iﾐteヴesiﾐg due to its ﾐoﾐloIal IhaヴaIteヴ, ┘hiIh ヴesults iﾐ a high Ioﾏputaioﾐal

Ioﾏple┝it┞. A Ilass of FFT-aIIeleヴated Fouヴieヴ-spaIe algoヴithﾏs aﾐd a fiﾐite-eleﾏeﾐt ﾏethod

┘ith shell-tヴaﾐsfoヴﾏaioﾐ aヴe desIヴiHed aﾐd Ioﾏpaヴed to eaIh otheヴ. Moヴeo┗eヴ, the ﾐuﾏeヴiIal

iﾐtegヴaioﾐ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ is iﾐ┗esigated. The foIus is put oﾐ a liﾐeaヴ

aﾐd iﾏpliIit fiﾐite-eleﾏeﾐt sIheﾏe. This sIheﾏe is e┝teﾐded suIh that it iﾐtegヴates ﾐot oﾐl┞

the e┝Ihaﾐge field Hut also the deﾏagﾐeizaioﾐ-field IoﾐtヴiHuioﾐ iﾏpliIitl┞. The opeﾐ-souヴIe

thヴee-diﾏeﾐsioﾐal fiﾐite-eleﾏeﾐt Iode ﾏagﾐuﾏ.fe is pヴeseﾐted that iﾏpleﾏeﾐts the pヴoposed

ﾏethods. Fiﾐall┞, the doﾏaiﾐ-┘all stヴuItuヴe of tail-to-tail doﾏaiﾐ ┘alls iﾐ ﾐaﾐoヴods is iﾐ┗esi-

gated ┘ith ﾏagﾐuﾏ.fe.
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Zusaﾏﾏeﾐfassuﾐg

Diese AヴHeit giHt eiﾐeﾐ ÜHeヴHliIk üHeヴ e┝isieヴeﾐde uﾐd ﾐeue ﾐuﾏeヴisIhe Methodeﾐ zuヴ Lö-

suﾐg deヴ ﾏikヴoﾏagﾐeisIheﾐ GleiIhuﾐgeﾐ. Eiﾐ gヴoßeヴ Teil deヴ AヴHeit ist deヴ BeヴeIhﾐuﾐg des

Deﾏagﾐeisieヴuﾐgsfeldes ge┘idﾏet. Dieses TeilpヴoHleﾏ HesIhヴeiHt die Dipol–Dipol WeIhsel-

┘iヴkuﾐg iﾐ ﾏagﾐeisIheﾐ Mateヴialieﾐ. DuヴIh deﾐ ﾐiIhtlokaleﾐ Chaヴakteヴ hat das Deﾏagﾐe-

isieヴuﾐgspヴoHleﾏ eiﾐe hohe algoヴithﾏisIhe Koﾏple┝ität. Eiﾐ Klasse ┗oﾐ FFT-HesIhleuﾐigteﾐ

Fouヴieヴヴauﾏ-Methodeﾐ uﾐd die Fiﾐite-Eleﾏeﾐte-Methodeﾏit Außeﾐヴauﾏtヴaﾐsfoヴﾏaioﾐ┘eヴ-

deﾐ HesIhヴieHeﾐ uﾐd ﾏiteiﾐaﾐdeヴ ┗eヴgliIheﾐ. Weiteヴhiﾐ ┘iヴd die ﾐuﾏeヴisIhe Iﾐtegヴaioﾐ deヴ

Laﾐdau-Lifshitz-GilHeヴt GleiIhuﾐg uﾐteヴsuIht. Deヴ SIh┘eヴpuﾐkt liegt hieヴHei auf eiﾐeﾏ liﾐea-

ヴeﾐ, iﾏpliziteﾐ Veヴfahヴeﾐ. Dieses Veヴfahヴeﾐ┘iヴd deヴaヴt eヴ┘eiteヴt, dass ﾐiIht ﾐuヴ das AustausIh-

feld, soﾐdeヴﾐ auIh deヴ Deﾏagﾐeisieヴuﾐgsfeld-Beitヴag iﾏplizit iﾐtegヴieヴt ┘eヴdeﾐ. Die ケuelloffe-

ﾐe Fiﾐite-Eleﾏeﾐte Sot┘aヴe ﾏagﾐuﾏ.fe, die die eiﾐgefühヴteﾐ Methodeﾐ iﾏpleﾏeﾐieヴt, ┘iヴd

┗oヴgestellt. AHsIhließeﾐd ┘iヴd die Doﾏäﾐeﾐ┘aﾐdstヴuktuヴ ┗oﾐ tail-to-tail Doﾏäﾐeﾐ┘äﾐdeﾐ iﾐ

NaﾐostäHIheﾐ ﾏit ﾏagﾐuﾏ.fe uﾐteヴsuIht.
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CHAPTER ヱ

IﾐtヴoduIioﾐ

Magﾐeisﾏ pla┞s aﾐ esseﾐial ヴole iﾐ ouヴ da┞-to-da┞ life ﾐot oﾐl┞ thヴough the eaヴth's ﾏagﾐeiI

field that pヴoteIts us fヴoﾏ solaヴ ┘iﾐds. A laヴge ﾐuﾏHeヴ of teIhﾐiIal appliIaioﾐs e┝ploit the

pヴopeヴies of ﾏagﾐeiI ﾏateヴials aﾐd fields. Faﾏous appliIaioﾐs iﾐIlude eleItヴiIal geﾐeヴatoヴs

aﾐdﾏotoヴs as ┘ell asﾏagﾐeiI haヴd-disk dヴi┗es. Iﾐ oヴdeヴ to uﾐdeヴstaﾐd geoﾏagﾐeiI pヴoIesses

oヴ to de┗elop ﾐo┗el ﾏagﾐeiI appliIaioﾐs, a solid theoヴeiIal uﾐdeヴstaﾐdiﾐg of ﾏagﾐeisﾏ is

ヴeケuiヴed. SiﾐIe ﾏagﾐeiI aH-iﾐiio IalIulaioﾐs aヴe usuall┞ too iﾐ┗ol┗ed foヴ the desIヴipioﾐ of

ﾏaIヴosIopiI s┞steﾏs, ┗aヴiousﾏodels ha┗e Heeﾐ estaHlished iﾐ oヴdeヴ to appヴo┝iﾏatel┞ desIヴiHe

ﾏagﾐeisﾏ oﾐ diffeヴeﾐt leﾐgth sIales. Foヴ the ﾏiIヴoﾐ sIale, the ﾏiIヴoﾏagﾐeiI theoヴ┞ has

pヴo┗ed to He a ヴeliaHle ﾏodel.

The ﾏiIヴoﾏagﾐeiI theoヴ┞ ┘as applied suIIessfull┞ to a gヴeat ┗aヴiet┞ of pヴoHleﾏs suIh as the

de┗elopﾏeﾐt of ﾏagﾐeiI stoヴage ﾏedia. It is used to desIヴiHe aﾐd iﾏpヴo┗e IlassiIal haヴd-disk

dヴi┗es H┞ opiﾏizaioﾐ of the┘ヴite head as┘ell as theﾏagﾐeiIﾏediuﾏ itself, see [ヱ–ン]. Moヴe-

o┗eヴ, the de┗elopﾏeﾐt of ﾐo┗el ﾏagﾐeiI stoヴage teIhﾐiケues like MRAM, see [ヴ, ヵ], aﾐd the

ﾏagﾐeiI ヴaIetヴaIk ﾏeﾏoヴ┞, see [ヶ], Heﾐefit fヴoﾏ the ﾏiIヴoﾏagﾐeiI ﾏodel. Beside its use iﾐ

the de┗elopﾏeﾐt of stoヴage ﾏedia, the ﾏiIヴoﾏagﾐeiI theoヴ┞ is also used foヴ the iﾐ┗esigaioﾐ

of haヴd ﾏagﾐeiI ﾏateヴials, see [Α]. Moヴe appliIaioﾐs iﾐIlude the desIヴipioﾐ of geoph┞siIal

pヴoIesses, see [Β], oヴ e┗eﾐ the destヴuIioﾐ of IaﾐIeヴ Iells, see [Γ].

The ﾏiIヴoﾏagﾐeiI ﾏodel desIヴiHes ﾏagﾐeiI pヴoIesses iﾐ teヴﾏs of a Ioﾐiﾐuuﾏ theoヴ┞ go┗-

eヴﾐed H┞ paヴial diffeヴeﾐial eケuaioﾐs. Due to the laIk of aﾐ aﾐal┞iIal soluioﾐ, ﾏaﾐ┞ paヴiIulaヴ

pヴoHleﾏs Iaﾐ oﾐl┞ He sol┗ed appヴo┝iﾏatel┞ H┞ disIヴete ﾏethods. Although ﾐot eﾐiヴel┞ ﾐe┘,

this field of ヴeseaヴIh is sill ┗eヴ┞ aIi┗e. Oﾐe ヴeasoﾐ is the ヴapid iﾐIヴease of Ioﾏpuiﾐg po┘eヴ aﾐd

ﾏeﾏoヴ┞ iﾐ ヴeIeﾐt ┞eaヴs. Oﾐ the oﾐe haﾐd this de┗elopﾏeﾐt allo┘s the use of e┝isiﾐg ﾏethods

foヴ a ﾐe┘ Ilass of ﾏoヴe Ioﾏple┝ pヴoHleﾏs. Oﾐ the otheヴ haﾐd ﾐe┘ Ilasses of pヴoHleﾏs ﾏight

also ヴeケuiヴe ﾐe┘ algoヴithﾏs iﾐ oヴdeヴ to He sol┗ed aIIuヴatel┞. Foヴ e┝aﾏple a fasteヴ pヴoIessoヴ

allo┘s the d┞ﾐaﾏiIal siﾏulaioﾐ of a loﾐgeヴ iﾏe spaﾐ, Hut the ヴesult is oﾐl┞ ﾏeaﾐiﾐgfull if the
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CHAPTER ヱ: IﾐtヴoduIioﾐ

iﾏe-iﾐtegヴaioﾐ sIheﾏe is staHle o┗eヴ loﾐg iﾏes.

Aﾐotheヴ aspeIt is the ヴise of ﾐe┘ haヴd┘aヴe aヴIhiteItuヴes. Due to the fiﾐite speed of eleItヴiIal

sigﾐals, the IloIk ヴate of ﾏodeヴﾐ pヴoIessoヴs hits the ph┞siIal liﾏits. HeﾐIe, iﾐ ヴeIeﾐt ┞eaヴs ﾐot

the IloIk ヴate Hut the ﾐuﾏHeヴ of paヴallel pヴoIessiﾐg uﾐits is suHjeIt to iﾐIヴease. A highl┞ paヴallel

s┞steﾏ aヴIhiteItuヴe, ho┘e┗eヴ, Ialls foヴ algoヴithﾏs that peヴfoヴﾏ ┘ell iﾐ paヴallel.

Iﾐ this ┘oヴk aﾐ o┗eヴ┗ie┘ o┗eヴ e┝isiﾐg disIヴete ﾏethods is gi┗eﾐ aﾐd ﾐo┗el ﾏethods aヴe iﾐtヴo-

duIed. Iﾐ Chapteヴ ヲ the theoヴ┞ ofﾏiIヴoﾏagﾐeisﾏ is iﾐtヴoduIed aﾐdﾏoi┗ated H┞ fiヴst pヴiﾐIiple

ph┞siIs. Chapteヴ ン aﾐd ヴ disIuss disIヴete ﾏethods foヴ the Ioﾏputaioﾐ of the deﾏagﾐeizaioﾐ

field aﾐd the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ ヴespeIi┗el┞. These Ihapteヴs foヴﾏ the Ioヴe of the

┘oヴk. The follo┘iﾐg Chapteヴ ヵ desIヴiHes the fiﾐite-eleﾏeﾐt ﾏiIヴoﾏagﾐeiI Iode ﾏagﾐuﾏ.fe

that ┘as de┗eloped as paヴt of this ┘oヴk. Iﾐ Chapteヴ ヶ this Iode is used to peヴfoヴﾏ aItual Ioﾏ-

putaioﾐs oﾐ a ヴealisiI pヴoHleﾏ Iase. Chapteヴ Α IoﾐIludes the ┘oヴk aﾐd gi┗es aﾐ outlook to

the oﾐgoiﾐg ┘oヴk oﾐ this suHjeIt.

The ﾏatheﾏaiIal ﾐotaioﾐ thヴoughout this ┘oヴk is ┘ヴiteﾐ aloﾐg the liﾐes of ph┞siIal puHli-

Iaioﾐs. If ﾐot stated diffeヴeﾐtl┞, all fuﾐIioﾐs aヴe assuﾏed to He suffiIieﾐtl┞ sﾏooth foヴ the

applied opeヴaioﾐs aﾐd all ヴegioﾐs fulfill the ヴeケuiヴeﾏeﾐts foヴ the appliIaioﾐ of the iﾐtegヴal

theoヴeﾏs. Iﾐtegヴals aﾐd diffeヴeﾐial eケuaioﾐs, if ﾐot defiﾐed oﾐ a Ieヴtaiﾐ ヴegioﾐ, aヴe assuﾏed

to He defiﾐed oﾐ R
3.
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FeヴヴoﾏagﾐeiIﾏateヴials fヴoﾏ the ┗ie┘poiﾐt of theoヴeiIal ph┞siIs aヴeﾏost aIIuヴatel┞ desIヴiHed

H┞ the theoヴ┞ of ケuaﾐtuﾏ ﾏeIhaﾐiIs. Iﾐ this theoヴ┞ the feヴヴoﾏagﾐet is desIヴiHed H┞ a N-Hod┞

pヴoHleﾏ ┘hose Ioﾏple┝it┞ gヴo┘s e┝poﾐeﾐiall┞ ┘ith the ﾐuﾏHeヴ of iﾐ┗ol┗ed Hodies N [ヱヱ].

Thus aﾐal┞iIal IalIulaioﾐs iﾐ this fヴaﾏe┘oヴk aヴe ヴestヴiIted to ┗eヴ┞ sﾏall s┞steﾏs.

Diffeヴeﾐtﾏodels ha┗e Heeﾐ pヴoposed iﾐ oヴdeヴ to appヴo┝iﾏatel┞ desIヴiHe feヴヴoﾏagﾐeiIﾏateヴi-

als oﾐ aﾏaIヴosIopiI sIale. Depeﾐdiﾐg oﾐ the siﾏplifiIaioﾐs iﾐtヴoduIed H┞ a paヴiIulaヴﾏodel it

is aHle to desIヴiHe the s┞steﾏ aIIuヴatel┞ oﾐl┞ uﾐdeヴ Ieヴtaiﾐ assuﾏpioﾐs aﾐd oﾐ a Ieヴtaiﾐ leﾐgth

sIale. TaHle ヲ.ヱ gi┗es aﾐ o┗eヴ┗ie┘ of estaHlishedﾏodels foヴ the desIヴipioﾐ of feヴヴoﾏagﾐets oﾐ

diffeヴeﾐt leﾐgth sIales.

Foヴ the desIヴipioﾐ of feヴヴoﾏagﾐeisﾏ oﾐ the ﾏiIヴoﾐ sIale the theoヴ┞ of ﾏiIヴoﾏagﾐeisﾏ has

pヴo┗ed to He a ヴeliaHle tool. Iﾐ Ioﾐtヴast to doﾏaiﾐ theoヴ┞ it is aHle to ヴesol┗e the iﾐﾐeヴ stヴuItuヴe

of doﾏaiﾐ ┘alls. Oﾐ the otheヴ haﾐd the ﾏiIヴoﾏagﾐeiI eケuaioﾐs Iaﾐ He sol┗ed ﾐuﾏeヴiIall┞

foヴ ヴelai┗el┞ laヴge s┞steﾏ Ioﾏpaヴed to atoﾏisiI appヴoaIhes.

This Ihapteヴ is oヴgaﾐized as follo┘s. Iﾐ SeI. ヲ.ヱ the assuﾏpioﾐs aﾐd siﾏplifiIaioﾐs of the ﾏi-

IヴoﾏagﾐeiI ﾏodel aヴe disIussed. SeIioﾐ ヲ.ヲ pヴo┗ides aﾐ o┗eヴ┗ie┘ o┗eヴ the diffeヴeﾐt eﾐeヴg┞

IoﾐtヴiHuioﾐs of a feヴヴoﾏagﾐeiI Hod┞. Iﾐ SeI. ヲ.ン the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ is iﾐtヴo-

duIed, ┘hiIh desIヴiHes the ﾏagﾐeizaioﾐ d┞ﾐaﾏiIs iﾐ ﾏiIヴoﾏagﾐeisﾏ. SeIioﾐ ヲ.ヴ aﾐd ヲ.ヵ

Model DesIヴipioﾐ Leﾐgth SIale

AtoﾏiI le┗el theoヴ┞ Quaﾐtuﾏ ﾏeIhaﾐiIal aH iﾐiio IalIulaioﾐs < 1 ﾐﾏ

MiIヴoﾏagﾐeiI theoヴ┞ Coﾐiﾐuous desIヴipioﾐ of the ﾏagﾐeizaioﾐ 1 − 1000 ﾐﾏ

Doﾏaiﾐ theoヴ┞ DesIヴipioﾐ of doﾏaiﾐ stヴuItuヴe 1 − 1000 μﾏ

Phase theoヴ┞ DesIヴipioﾐ of eﾐseﾏHles of doﾏaiﾐs > 0.1ﾏﾏ

TaHle ヲ.ヱ: EstaHlishedﾏodels foヴ the desIヴipioﾐ of feヴヴoﾏagﾐeisﾏoﾐ diffeヴeﾐt leﾐgth sIales.

The taHle is Hased oﾐ Fig. ヱ.ヵ iﾐ [ヱヰ].
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disIuss e┝teﾐsioﾐs, liﾏits aﾐd soluioﾐs of the ﾏiIヴoﾏagﾐeiI eケuaioﾐs.

ヲ.ヱ Assuﾏpioﾐs iﾐ MiIヴoﾏagﾐeisﾏ

MagﾐeiIﾏateヴ HasiIall┞ Ioﾐsists ofﾏagﾐeiIdipoles Ialled eleﾏeﾐtaヴ┞ﾏagﾐets. These dipoles

Iaﾐ He ideﾐified ┘ith spiﾐs aﾐd oヴHital aﾐgulaヴ ﾏoﾏeﾐtuﾏ of Ihaヴges oﾐ the atoﾏiI le┗el.

MaIヴosIopiI ﾏagﾐeiI pヴopeヴies aヴe Ioﾐseケueﾐtl┞ deヴi┗ed fヴoﾏ the iﾐteヴaIioﾐ aﾐd supeヴpo-

siioﾐ of these dipoles.

Iﾐ the speIial Iase of feヴヴoﾏagﾐeiIﾏateヴials, eleItヴoﾐs┘ith o┗eヴlappiﾐg┘a┗e fuﾐIioﾐs fa┗oヴ a

paヴallel spiﾐ aligﾐﾏeﾐt due to the so-Ialled e┝Ihaﾐge iﾐteヴaIioﾐ, see SeI. ヲ.ヲ.ヱ. The aligﾐﾏeﾐt

of eleﾏeﾐtaヴ┞ ﾏagﾐets mi at plaIes ri Iaﾐ thus He assuﾏed to He loIall┞ alﾏost paヴallel

mi ≈ mj foヴ |ri − rj | < λ ふヲ.ヱ.ヱぶ

┘heヴe λ is a ﾏeasuヴe foヴ the ヴaﾐge of the e┝Ihaﾐge iﾐteヴaIioﾐ, Ialled the e┝Ihaﾐge leﾐgth.

Fuヴtheヴ a hoﾏogeﾐeous deﾐsit┞ of eleﾏeﾐtaヴ┞ ﾏagﾐets is assuﾏed. Takiﾐg iﾐto aIIouﾐt these

assuﾏpioﾐs the disIヴete distヴiHuioﾐ of ﾏagﾐeiI ﾏoﾏeﾐts mi Iaﾐ He ┘ell appヴo┝iﾏated H┞ a

Ioﾐiﾐuous ┗eItoヴ deﾐsit┞ M(r) suIh that

∫

Ω

M(r) dr ≈
∑

i

✶Ω(ri)mi ふヲ.ヱ.ヲぶ

holds appヴo┝iﾏatel┞ foヴ ┗oluﾏesΩ of the size λ3 aﾐd Higgeヴ. It is iﾏpoヴtaﾐt to uﾐdeヴstaﾐd that

the e┝isteﾐIe aﾐd the ヴaﾐge of the e┝Ihaﾐge iﾐteヴaIioﾐ is IヴuIial foヴ a good appヴo┝iﾏaioﾐ iﾐ

Eケﾐ. ヲ.ヱ.ヲ. The ┗eItoヴ field M is Ialled ﾏagﾐeizaioﾐ. Due to the hoﾏogeﾐeous deﾐsit┞ of

eleﾏeﾐtaヴ┞ ﾏagﾐets it has a Ioﾐstaﾐt ﾐoヴﾏ

M(r) = Ms · m(r) ┘ith |m(r)| = 1. ふヲ.ヱ.ンぶ

┘heヴe Ms is Ialled the satuヴaioﾐ ﾏagﾐeizaioﾐ. Iﾐ the follo┘iﾐg the uﾐit ┗eItoヴ field m ┘hiIh

should ﾐot He Ioﾐfused ┘ith the ﾏoﾏeﾐts mi ┘ill oteﾐ He used iﾐstead of M.

The Ioﾐiﾐuous ﾏagﾐeizaioﾐ field is a Ioﾏﾏoﾐ paヴaﾏeteヴ iﾐ IlassiIal eleItヴod┞ﾐaﾏiIs [ヱヲ].

MiIヴoﾏagﾐeisﾏ e┝teﾐds the IlassiIal field theoヴ┞ H┞ ﾐoﾐ IlassiIal effeIts suIh as the e┝Ihaﾐge

iﾐteヴaIioﾐ. These effeIts aヴe e┝pヴessed iﾐ the fヴaﾏe┘oヴk of a Ioﾐiﾐuuﾏ theoヴ┞, see SeI. ヲ.ヲ.

Moヴeo┗eヴ, ﾏiIヴoﾏagﾐeisﾏ desIヴiHes the d┞ﾐaﾏiIs of the ﾏagﾐeizaioﾐ field H┞ the Laﾐdau-

Lifshitz-GilHeヴt eケuaioﾐ, see SeI. ヲ.ン. Due to this IoﾏHiﾐaioﾐ of IlassiIal field theoヴ┞ aﾐd

ケuaﾐtuﾏ ﾏeIhaﾐiIs, ﾏiIヴoﾏagﾐeisﾏ is oteﾐ ヴefeヴヴed to as seﾏi-IlassiIal Ioﾐiﾐuuﾏ theoヴ┞.
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ヲ.ヲ EﾐeヴgeiIs of a Feヴヴoﾏagﾐet

The total eﾐeヴg┞ of a feヴヴoﾏagﾐet┘ith ヴespeIt to theﾏagﾐeizaioﾐ is iﾐflueﾐIed H┞ aﾏulitude

of ph┞siIal effeIts. While soﾏe of these effeIts ha┗e a IlassiIal desIヴipioﾐ, like the deﾏagﾐe-

izaioﾐ eﾐeヴg┞ aﾐd the Zeeﾏaﾐ eﾐeヴg┞, otheヴs ha┗e a ケuaﾐtuﾏ ﾏeIhaﾐiIal oヴigiﾐ aﾐd ha┗e to

He adapted to the Ioﾐiﾐuuﾏ theoヴ┞ of ﾏiIヴoﾏagﾐeisﾏ, e.g. the e┝Ihaﾐge eﾐeヴg┞ aﾐd the

aﾐisotヴop┞ eﾐeヴg┞. B┞ fiﾐdiﾐg loIal ﾏiﾐiﾏa of the eﾐeヴg┞ fuﾐIioﾐal, staHle ﾏagﾐeizaioﾐ Ioﾐ-

figuヴaioﾐs Iaﾐ He oHtaiﾐed. Ho┘e┗eヴ, the total eﾐeヴg┞ does also pla┞ aﾐ iﾏpoヴtaﾐt ヴole foヴ the

d┞ﾐaﾏiIs of a feヴヴoﾏagﾐet as ┘ill He seeﾐ iﾐ SeI. ヲ.ン.

ヲ.ヲ.ヱ E┝Ihaﾐge Eﾐeヴg┞

The IhaヴaIteヴisiI featuヴe of feヴヴoﾏagﾐeiI ﾏateヴials is the e┝isteﾐIe of spoﾐtaﾐeous ﾏagﾐei-

zaioﾐ. Fヴoﾏ IlassiIal eleItヴod┞ﾐaﾏiIs it is kﾐo┘ﾐ that ﾐeighHoヴiﾐg spiﾐs eﾐeヴgeiIall┞ fa┗oヴ aﾐ

aﾐipaヴallel aligﾐﾏeﾐt [ヱヲ]. Coﾐseケueﾐtl┞ ﾏaIヴosIopiI ﾏagﾐeiI Hodies aヴe e┝peIted to a┗oid

a uﾐifoヴﾏﾏagﾐeizaioﾐ, ┘hiIh iﾐ faIt is the Iase foヴ paヴaﾏagﾐeiI aﾐd diaﾏagﾐeiI ﾏateヴials.

Ho┘e┗eヴ, the eleﾏeﾐtaヴ┞ ﾏagﾐets iﾐ feヴヴoﾏagﾐeiI ﾏateヴials aヴe suHjeIt to the so-Ialled e┝-

Ihaﾐge iﾐteヴaIioﾐ. This ケuaﾐtuﾏﾏeIhaﾐiIal effeIt leads to aﾐ eﾐeヴgeiIall┞ fa┗oヴed paヴallel

aligﾐﾏeﾐt of ﾐeighHoヴiﾐg spiﾐs aﾐd thus to ﾏaIヴosIopiI uﾐifoヴﾏﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐs.

The e┝Ihaﾐge eﾐeヴg┞ is deヴi┗ed fヴoﾏ the CouloﾏH eﾐeヴg┞ of t┘o iﾐdisiﾐguishaHle paヴiIles

┘ith o┗eヴlappiﾐg ┘a┗e fuﾐIioﾐs. A t┘o-paヴiIle s┞steﾏ of feヴﾏioﾐs featuヴes aﾐ aﾐis┞ﾏﾏetヴiI

o┗eヴall ┘a┗e fuﾐIioﾐ. Foヴ a siﾐglet spiﾐ Ioﾐfiguヴaioﾐ this leads to a s┞ﾏﾏetヴiI oヴHital ┘a┗e-

fuﾐIioﾐ, ┘heヴeas a tヴiplet spiﾐ Ioﾐfiguヴaioﾐ leads to aﾐ aﾐis┞ﾏﾏetヴiI oヴHital ┘a┗e fuﾐIioﾐ.

The e┝peItaioﾐ ┗alue of the t┘o-paヴiIle distaﾐIe is laヴgeヴ foヴ aﾐis┞ﾏﾏetヴiI oヴHital ┘a┗e fuﾐI-

ioﾐs. HeﾐIe the tヴiplet spiﾐ Ioﾐfiguヴaioﾐ leads to a lo┘eヴed CouloﾏH eﾐeヴg┞ aﾐd is thus eﾐ-

eヴgeiIall┞ fa┗oヴed. Iﾐ the IlassiIal piItuヴe the tヴiplet Ioﾐfiguヴaioﾐ Ioヴヴespoﾐds to a paヴallel

aligﾐﾏeﾐt of spiﾐs. A detailed disIussioﾐ of the e┝Ihaﾐge iﾐteヴaIioﾐ Iaﾐ He fouﾐd iﾐ aﾐ┞ te┝t-

Hook oﾐ ケuaﾐtuﾏﾏeIhaﾐiIs, e.g. [ヱン].

Heヴe ┘e ┘ill use the IlassiIal HeiseﾐHeヴg Haﾏiltoﾐiaﾐ foヴ t┘o ﾐeighHoヴiﾐg spiﾐs as staヴiﾐg

poiﾐt to deヴi┗e a ﾏiIヴoﾏagﾐeiI e┝pヴessioﾐ foヴ the e┝Ihaﾐge eﾐeヴg┞

Ei ,j = −J Si · Sj ふヲ.ヲ.ヱぶ

┘heヴe J is the so-Ialled e┝Ihaﾐge iﾐtegヴal aﾐd Si aﾐd Sj aヴe t┘o ﾐeighHoヴiﾐg IlassiIal spiﾐs.

With theﾏagﾐitude of the spiﾐs S = |Si | = |Sj | uﾐd the uﾐit ┗eItoヴs ni = Si/S aﾐd nj = Sj/S
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this Iaﾐ He ┘ヴiteﾐ as

Ei ,j = −J S2 ni · nj ふヲ.ヲ.ヲぶ

= −J S2 [1 − 1

2
(ni − nj)

2] ふヲ.ヲ.ンぶ

The e┝Ihaﾐge eﾐeヴg┞ of a ﾏagﾐeiI Hod┞ is IalIulated H┞ suﾏﾏiﾐg up

E =
∑

i ,j

−Jij S2 [1 − 1

2
(ni − nj)

2] ふヲ.ヲ.ヴぶ

┘heヴe Jij is the e┝Ihaﾐge iﾐtegヴal foヴ spiﾐs i aﾐd j . That ﾏeaﾐs Jij 6= 0 oﾐl┞ foヴ e┝Ihaﾐge Iou-

pled, usuall┞ ﾐeighHoヴiﾐg, spiﾐs. Iﾐ the theoヴ┞ of ﾏiIヴoﾏagﾐeisﾏ this e┝pヴessioﾐ has to He

adapted to the Ioﾐiﾐuous ﾏagﾐeizaioﾐ field m. The sIalaヴ pヴoduIt iﾐ Eケﾐ. ヲ.ヲ.ヲ is aﾐalo-

gousl┞ gi┗eﾐ H┞

m(r) · m(r + ∆r) = 1 − 1

2
[m(r) − m(r + ∆r)]2 ふヲ.ヲ.ヵぶ

┘heヴe ∆r is Ihoseﾐ as distaﾐIe ┗eItoヴ Het┘eeﾐ t┘o e┝Ihaﾐge Ioupled ﾏagﾐeiI ﾏoﾏeﾐts.

E┝paﾐdiﾐg m(r + ∆r) iﾐ∆r up to fiヴst oヴdeヴ aﾐd iﾐseヴiﾐg iﾐto Eケﾐ. ヲ.ヲ.ヵ ┞ields

m(r) · m(r + ∆r) ≈ 1 − 1

2

∑

i

(∆r · ∇mi)
2. ふヲ.ヲ.ヶぶ

The eﾐeヴg┞ foヴ a ﾏagﾐeiI Hod┞ is oHtaiﾐed H┞ suﾏﾏiﾐg up IoﾐtヴiHuioﾐs fヴoﾏ diffeヴeﾐt dis-

taﾐIe ┗eItoヴs∆ri depeﾐdiﾐg oﾐ the Iヴ┞stal stヴuItuヴe aﾐd iﾐtegヴaioﾐ o┗eヴ the ﾏagﾐeiI Hod┞

E =

∫

Ω

∑

i

Ai m(r) · m(r + ∆ri) dr ふヲ.ヲ.Αぶ

┘heヴe Ai aヴe Ialled e┝Ihaﾐge Ioﾐstaﾐts aﾐd iﾐIlude the e┝Ihaﾐge iﾐtegヴal aﾐd the ﾏagﾐitude

of the spiﾐs iﾐ┗ol┗ed. Iﾐseヴiﾐg Eケﾐ. ヲ.ヲ.ヶ ┞ields the geﾐeヴal e┝pヴessioﾐ

E = C +

∫

Ω

∑

i ,j,k

Ajk
∂mi

∂xj

∂mi

∂xk

dr ふヲ.ヲ.Βぶ

foヴ the e┝Ihaﾐge eﾐeヴg┞. The Ioﾐstaﾐt C ヴesults fヴoﾏ the iﾐtegヴaioﾐ of the Ioﾐstaﾐt teヴﾏ of

Eケﾐ. ヲ.ヲ.ヶ aﾐd Iaﾐ He oﾏited ┘ithout Ihaﾐgiﾐg the ph┞siIs of the s┞steﾏ. Heヴe Ajk is a ﾏatヴi┝

of e┝Ihaﾐge Ioﾐstaﾐts. B┞ ヴotaioﾐ of the Iooヴdiﾐate s┞steﾏ this ﾏatヴi┝ Iaﾐ He diagoﾐalized

[ヱヴ] ┘hiIh ┞ields

E =

∫

Ω

∑

i ,j

Aj

(
∂mi

∂xj

)2

dr . ふヲ.ヲ.Γぶ

Iﾐ the Iase of IuHiI aﾐd isotヴopiI ﾏateヴials the e┝Ihaﾐge Ioﾐstaﾐt does ﾐot depeﾐd oﾐ the

spaial diﾏeﾐsioﾐ uﾐd thus Eケﾐ. ヲ.ヲ.Γ fuヴtheヴ ヴeduIes to

E = A

∫

Ω

∑

i

(∇mi)
2 dr = A

∫

Ω

(∇m)2 dr . ふヲ.ヲ.ヱヰぶ
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This e┝pヴessioﾐ tuヴﾐs out to aIIuヴatel┞ desIヴiHe ﾏost ﾏateヴials aﾐd is usuall┞ used iﾐ ﾏiIヴo-

ﾏagﾐeiIs. The e┝Ihaﾐge Ioﾐstaﾐt A is deteヴﾏiﾐed e┝peヴiﾏeﾐtall┞.

Note that this ヴesult ┘as deヴi┗ed fヴoﾏ the IlassiIal HeiseﾐHeヴg ﾏodel that assuﾏes loIalized

spiﾐs. Iﾐ ﾏetalliI feヴヴoﾏagﾐets the spiﾐs aヴe ﾐot loIalized aﾐd the HeiseﾐHeヴg ﾏodel does ﾐot

appl┞. Ho┘e┗eヴ, Eケﾐ. ヲ.ヲ.ヱヰ sill desIヴiHes the e┝Ihaﾐge iﾐteヴaIioﾐ pheﾐoﾏeﾐologiIall┞ up to

fiヴst oヴdeヴ [ヱヰ].

ヲ.ヲ.ヲ Deﾏagﾐeizaioﾐ Eﾐeヴg┞

The deﾏagﾐeizaioﾐ eﾐeヴg┞, also Ialled ﾏagﾐetostaiI eﾐeヴg┞ oヴ stヴa┞-field eﾐeヴg┞, is the eﾐ-

eヴg┞ of the ﾏagﾐeizaioﾐ iﾐ the ﾏagﾐeiI field Iヴeated H┞ the ﾏagﾐeizaioﾐ itself. This ﾏeaﾐs

that this eﾐeヴg┞ IoﾐtヴiHuioﾐ aIIouﾐts foヴ the dipole–dipole iﾐteヴaIioﾐ of the eleﾏeﾐtaヴ┞ﾏag-

ﾐets.

The deﾏagﾐeizaioﾐ eﾐeヴg┞ Iaﾐ He deヴi┗ed fヴoﾏ IlassiIal eleItヴoﾏagﾐeiIs. Ma┝┘ell's eケua-

ioﾐs foヴ eleItヴostaiIs, assuﾏiﾐg a ┗aﾐishiﾐg Iuヴヴeﾐt J , aヴe gi┗eﾐ H┞

∇ · B = 0 ふヲ.ヲ.ヱヱぶ

∇ × H = 0 ふヲ.ヲ.ヱヲぶ

┘heヴe the ﾏagﾐeiI flu┝ B is IoﾐﾐeIted to the ﾏagﾐeiI field H ┗ia the ﾏagﾐeizaioﾐ M

B = µ0(H + M). ふヲ.ヲ.ヱンぶ

Eケuaioﾐ ヲ.ヲ.ヱヲ is eケui┗aleﾐt to the ﾏagﾐeiI field H Heiﾐg the gヴadieﾐt of a sIalaヴ poteﾐial u.

HeﾐIe the deﾏagﾐeizaioﾐ-field is the soluioﾐ to the s┞steﾏ

∆u = ∇ · M ふヲ.ヲ.ヱヴぶ

H = −∇u. ふヲ.ヲ.ヱヵぶ

The Houﾐdaヴ┞ Ioﾐdiioﾐ to this s┞steﾏ is gi┗eﾐ iﾐ aﾐ as┞ﾏptoiIal fashioﾐ H┞

u(r) = O(1/|r |) foヴ |r | → ∞. ふヲ.ヲ.ヱヶぶ

This Ioﾐdiioﾐ states that the poteﾐial dヴops to zeヴo at iﾐfiﾐit┞. It is oteﾐ ヴefeヴヴed to as opeﾐ

Houﾐdaヴ┞ Ioﾐdiioﾐ. Eケuaioﾐ ヲ.ヲ.ヱヴ is Poissoﾐ's eケuaioﾐ aﾐd Iaﾐ He sol┗ed ┘ith the ┘ell

kﾐo┘ﾐGヴeeﾐ's fuﾐIioﾐof the LaplaIiaﾐ, ┘hiIh ﾐatuヴall┞ saisfies the Houﾐdaヴ┞ Ioﾐdiioﾐヲ.ヲ.ヱヶ,

see [ヱヲ]

u(r) = − 1

4π

∫
∇

′ · M(r ′)

|r − r ′| dr ′ ふヲ.ヲ.ヱΑぶ

Α
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|M|

Ωd Ω Ωd

Figuヴe ヲ.ヱ: SketIh of the liﾏiiﾐg pヴoIeduヴe used foヴ the deヴi┗aioﾐ of the Houﾐdaヴ┞ teヴﾏ iﾐ

the iﾐtegヴal soluioﾐ of the sIalaヴ poteﾐial. The disIoﾐiﾐuit┞ of theﾏagﾐeizaioﾐ

aIヴoss the saﾏple Houﾐdaヴ┞ ∂Ω is sﾏoothed out iﾐ a ヴegioﾐ Ωd suヴヴouﾐdiﾐg the

saﾏple.

┘heヴe the iﾐtegヴaioﾐ is Iaヴヴied out o┗eヴ the┘hole spaIe. Iﾐ the Iase of aﾐ ideal ﾏagﾐeiI Hod┞

the ﾏagﾐeizaioﾐ is oﾐl┞ defiﾐed oﾐ a fiﾐite ヴegioﾐ Ω

|M(r)| =





Ms if r ∈ Ω

0 else
ふヲ.ヲ.ヱΒぶ

┘hiIh leads to a disIoﾐiﾐuit┞ ofM oﾐ the Houﾐdaヴ┞ ∂Ω. Iﾐ this Iase the soluioﾐ of Eケﾐ. ヲ.ヲ.ヱΑ

Iaﾐ He oHtaiﾐed H┞ a liﾏiiﾐg pヴoIess. Coﾐsideヴ a fiﾐite ヴegioﾐ Ωd that suヴヴouﾐds the ﾏagﾐeiI

Hod┞Ω. Fuヴtheヴ ┘e assuﾏe a sﾏooth deIa┞ of the ﾏagﾐeizaioﾐ ┘ithiﾐΩd, see Fig. ヲ.ヱ. With

the ﾏagﾐeizaioﾐ aﾐd its di┗eヴgeﾐIe ┗aﾐishiﾐg iﾐ the outside ヴegioﾐ R
3\Ω ∪ Ωd Eケﾐ. ヲ.ヲ.ヱΑ

Iaﾐ He ┘ヴiteﾐ as

u(r) = − 1

4π

[∫

Ω

∇
′ · M(r ′)

|r − r ′| dr ′ +

∫

Ωd

∇
′ · M(r ′)

|r − r ′| dr ′
]

. ふヲ.ヲ.ヱΓぶ

Appl┞iﾐg Gヴeeﾐ's theoヴeﾏ to the iﾐtegヴal o┗eヴ Ωd ┞ields
∫

Ωd

∇
′ · M(r ′)

|r − r ′| dr ′ =

∫

∂Ωd

M(r ′) · n

|r − r ′| ds ′ −
∫

Ωd

M(r ′) · ∇
′ 1

|r − r ′| dr ′ ふヲ.ヲ.ヲヰぶ

┘heヴe ds ′ is the aヴea ﾏeasuヴe to r ′ aﾐd n is the uﾐit out┘aヴd ﾐoヴﾏal. Iﾐ the liﾏit of a ヴapidl┞

deIa┞iﾐg ﾏagﾐeizaioﾐ M the ヴegioﾐ Ωd Iaﾐ HeIoﾏe iﾐfiﾐitel┞ sﾏall ┘ithout Ihaﾐgiﾐg the

ヴesult of Eケﾐ. ヲ.ヲ.ヲヰ. Iﾐ this Iase the ヴight-haﾐd side of Eケﾐ. ヲ.ヲ.ヲヰ ヴeduIes to the Houﾐdaヴ┞

iﾐtegヴal siﾐIe the ┗oluﾏe iﾐtegヴal has a fiﾐite iﾐtegヴaﾐd aﾐd is Iaヴヴied out o┗eヴ aﾐ iﾐfiﾐitel┞

sﾏall ┗oluﾏe. The Houﾐdaヴ┞ ∂Ωd Ioﾐsists of aﾐ iﾐﾐeヴ aﾐd aﾐ outeヴ Houﾐdaヴ┞. The iﾐtegヴal o┗eヴ

the outeヴ Houﾐdaヴ┞ ┗aﾐishes, HeIause of a ┗aﾐishiﾐg ﾏagﾐeizaioﾐ M. The iﾐﾐeヴ Houﾐdaヴ┞

IoiﾐIides ┘ith the Houﾐdaヴ┞ of the ﾏagﾐeiI Hod┞ ∂Ω e┝Iept foヴ the oヴieﾐtaioﾐ. Thus the

Houﾐdaヴ┞ iﾐtegヴal Iaﾐ He ヴeplaIed H┞ aﾐ iﾐtegヴal o┗eヴ ∂Ω ┘ith opposite sigﾐ. Iﾐseヴiﾐg iﾐto

Eケﾐ. ヲ.ヲ.ヱΓ ヴesults iﾐ

u(r) = − 1

4π

[∫

Ω

∇
′ · M(r ′)

|r − r ′| dr ′ −
∫

∂Ω

M(r ′) · n

|r − r ′| ds ′
]

. ふヲ.ヲ.ヲヱぶ

The e┝pヴessioﾐs ρ = −∇M aﾐd σ = M · n aヴe oteﾐ ヴefeヴヴed to as ﾏagﾐeiI ┗oluﾏe Ihaヴges

aﾐd ﾏagﾐeiI suヴfaIes Ihaヴges ヴespeIi┗l┞. Aﾐ alteヴﾐai┗e e┝pヴessioﾐ to Eケﾐ. ヲ.ヲ.ヲヱ Iaﾐ He

Β



ヲ.ヲ EﾐeヴgeiIs of a Feヴヴoﾏagﾐet

oHtaiﾐed H┞ appl┞iﾐg Gヴeeﾐ's theoヴeﾏ

u(r) =
1

4π

∫

Ω

M(r ′) · ∇
′ 1

|r − r ′| dr ′. ふヲ.ヲ.ヲヲぶ

The deﾏagﾐeizaioﾐ field Hdeﾏag is IalIulated as ﾐegai┗e gヴadieﾐt of the poteﾐial u ┘ith ヴe-

speIt to r

Hdeﾏag(r) = −∇u(r) =

∫

Ω

Ñ(r − r ′)M(r ′) dr ′ ふヲ.ヲ.ヲンぶ

┘ith the so-Ialled deﾏagﾐeizaioﾐ teﾐsoヴ Ñ gi┗eﾐ H┞

Ñ(r − r ′) = − 1

4π
∇∇

′ 1

|r − r ′| . ふヲ.ヲ.ヲヴぶ

AIIoヴdiﾐg to IlassiIal eleItヴod┞ﾐaﾏiIs the eﾐeヴg┞ is gi┗eﾐ H┞

E = −µ0

2

∫

Ω

M · Hdeﾏag dr ふヲ.ヲ.ヲヵぶ

= −µ0

2

∫∫

Ω

M(r)Ñ(r − r ′)M(r ′) dr dr ′ ふヲ.ヲ.ヲヶぶ

┘heヴe the faItoヴ 1/2 aIIouﾐts foヴ the faIt that the field is geﾐeヴated H┞ theﾏagﾐeizaioﾐ itself.

Due to the iﾐtegヴaioﾐ o┗eヴ r aﾐd r ′ e┗eヴ┞ dipole–dipole iﾐteヴaIioﾐ Het┘eeﾐ M(r) aﾐd M(r ′)

IoﾐtヴiHutes t┘iIe to the ヴesult, ┘hiIh is IoヴヴeIted H┞ this pヴefaItoヴ.

ヲ.ヲ.ン Aﾐisotヴop┞ Eﾐeヴg┞

Depeﾐdiﾐg oﾐ the Iヴ┞stal stヴuItuヴe of a feヴヴoﾏagﾐeiIﾏateヴial, it eﾐeヴgeiIall┞ fa┗oヴs the aligﾐ-

ﾏeﾐt of the ﾏagﾐeizaioﾐ paヴallel to Ieヴtaiﾐ a┝es. This eﾐeヴg┞ IoﾐtヴiHuioﾐ ヴesults fヴoﾏ spiﾐ-

oヴHit iﾐteヴaIioﾐs [ヱヰ] aﾐd is ヴefeヴヴed to as aﾐisotヴop┞ eﾐeヴg┞. The eﾐeヴgeiIall┞ fa┗oヴed a┝es aヴe

Ialled eas┞ a┝es. These a┝es aヴe uﾐdiヴeIted ┘hiIh ﾏeaﾐs that a loIal ﾏiﾐiﾏuﾏ of the eﾐeヴg┞

at mﾏiﾐ iﾏplies a loIal ﾏiﾐiﾏuﾏ at −mﾏiﾐ ┘ith

E (mﾏiﾐ) = E (−mﾏiﾐ) ふヲ.ヲ.ヲΑぶ

Depeﾐdiﾐg oﾐ the laiIe stヴuItuヴe, a ﾏateヴial ﾏa┞ ha┗e oﾐe oヴ ﾏoヴe of these eas┞ a┝es. Iﾐ the

siﾏplest Iase a ﾏateヴial has a siﾐgle eas┞ a┝is. This uﾐia┝ial aﾐisotヴop┞ eﾐeヴg┞ is gi┗eﾐ H┞

E = −
∫

Ω

[Kuヱ(m · eu)
2 + Kuヲ(m · eu)

4] dr ふヲ.ヲ.ヲΒぶ

┘heヴe eu is a uﾐit ┗eItoヴ poiﾐiﾐg iﾐ the diヴeIioﾐ of the eas┞ a┝is aﾐd Kuヱ aﾐd Kuヲ aヴe Ialled

aﾐisotヴop┞ Ioﾐstaﾐts. This pheﾐoﾏeﾐologiIal e┝pヴessioﾐ is the ヴesult of a Ta┞loヴ e┝paﾐsioﾐ

up to fouヴth oヴdeヴ. Oﾐl┞ e┗eﾐ po┘eヴs aヴe Ioﾐsideヴed iﾐ oヴdeヴ to fullfill the s┞ﾏﾏetヴ┞ Ioﾐ-

diioﾐ ヲ.ヲ.ヲΑ. Uﾐia┝ial aﾐisotヴop┞ oIIuヴs iﾐ ﾏateヴials ┘ith a he┝agoﾐal oヴ tetヴagoﾐal Iヴ┞stal

stヴuItuヴe, e.g. IoHalt.

Γ
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Mateヴials ┘ith a IuHe-s┞ﾏﾏetヴiI laiIe stヴuItuヴe ﾐatuヴall┞ featuヴe thヴee eas┞ a┝es ei ┘hiIh aヴe

paiヴ┘ise oヴthogoﾐal

ei · ej = δij . ふヲ.ヲ.ヲΓぶ

The eﾐeヴg┞ of suIh a IuHiI aﾐisotヴop┞ is the ヴesult of aﾐ e┝paﾐsioﾐ iﾐ the ﾏagﾐeizaioﾐ Ioﾏ-

poﾐeﾐts aloﾐg the eas┞ a┝es

E =

∫

Ω

[KIヱ(m
2
1m2

2 + m2
2m2

3 + m2
3m2

1) + KIヲm
2
1m2

2m2
3] dr ふヲ.ヲ.ンヰぶ

┘heヴe mi = ei ·m is the ﾏagﾐeizaioﾐ Ioﾏpoﾐeﾐt iﾐ diヴeIioﾐ of the aﾐisotヴop┞ a┝is ei . Agaiﾐ

teヴﾏs ┘hiIh ┗iolate the s┞ﾏﾏetヴ┞ Ioﾐdiioﾐ ヲ.ヲ.ヲΑ aヴe ﾐegleIted. Moヴeo┗eヴ, oﾐl┞ IoﾐtヴiHu-

ioﾐs ┘hiIh aヴe Ioﾐstaﾐt uﾐdeヴ peヴﾏutaioﾐ of ﾏagﾐeizaioﾐ Ioﾏpoﾐeﾐts mi aヴe Ioﾐsideヴed

iﾐ oヴdeヴ to Ioﾏpl┞ ┘ith the IuHiI s┞ﾏﾏetヴ┞. CuHiI aﾐisotヴop┞ oIIuヴs iﾐ ﾏateヴials suIh as iヴoﾐ

┘hiIh has a Hod┞-Ieﾐteヴed IuHiI stヴuItuヴe oヴ ﾐiIkel ┘hiIh has a faIe-Ieﾐteヴed IuHiI stヴuItuヴe.

Although the e┝pヴessioﾐs foヴ the aﾐisotヴop┞ eﾐeヴg┞ iﾐ Eケﾐ. ヲ.ヲ.ヲΒ aﾐd ヲ.ヲ.ンヰ ha┗e a puヴe phe-

ﾐoﾏeﾐologiIal oヴigiﾐ, the┞ aヴe aHle to desIヴiHe aﾐisotヴop┞ effeIts ┘ith a high aIIuヴaI┞. Iﾐ pヴaI-

iIal appliIaioﾐs the eﾐeヴg┞ e┝pヴessioﾐs aヴe oteﾐ ヴeduIed to the lo┘est oヴdeヴ teヴﾏ.

ヲ.ヲ.ヴ Zeeﾏaﾐ Eﾐeヴg┞

The Zeeﾏaﾐ eﾐeヴg┞ of a feヴヴoﾏagﾐeiI Hod┞ is the eﾐeヴg┞ of the ﾏagﾐeizaioﾐ iﾐ aﾐ e┝teヴﾐal

field Hzeeﾏaﾐ gi┗eﾐ H┞

E = −µ0

∫

Ω

M · Hzeeﾏaﾐ dr . ふヲ.ヲ.ンヱぶ

ヲ.ン Laﾐdau-Lifshitz-GilHeヴt Eケuaioﾐ

The Ieﾐtヴal eケuaioﾐ iﾐ ﾏiIヴoﾏagﾐeisﾏ foヴ the desIヴipioﾐ of ﾏagﾐeizaioﾐ d┞ﾐaﾏiIs is the

Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ, ┘hiIh ┘as oヴigiﾐall┞ pヴoposed iﾐ [ヱヵ]. Iﾐ this ┘oヴk fヴoﾏ ヱΓンヵ

H┞ Laﾐdau aﾐd Lifshitz the ﾏoioﾐ of the ﾏagﾐeizaioﾐ is desIヴiHed H┞ a pヴeIessioﾐal teヴﾏ aﾐd

a daﾏpiﾐg teヴﾏ. While the pヴeIessioﾐal teヴﾏ is ph┞siIall┞ deヴi┗ed iﾐ this ┘oヴk, the daﾏpiﾐg

teヴﾏ is puヴel┞ pheﾐoﾏeﾐologiIal. Iﾐ ヱΓヵヵ GilHeヴt deヴi┗ed aﾐ eケui┗aleﾐt e┝pヴessioﾐ foヴ the

Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ fヴoﾏ a Lagヴaﾐgiaﾐ foヴﾏulaioﾐ, ┘heヴe the daﾏpiﾐg is tヴeated

ﾏoヴe stヴiItl┞, see [ヱヶ] aﾐd [ヱΑ].

Iﾐ the follo┘iﾐg a IlassiIal Lagヴaﾐgiaﾐ ﾏethod as ┘ell as a ケuaﾐtuﾏ ﾏeIhaﾐiIal appヴoaIh aヴe

pヴeseﾐted Hヴiefl┞ to deヴi┗e the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ. Both appヴoaIhes gi┗e iﾐsight

to diffeヴeﾐt aspeIts of the ﾏiIヴoﾏagﾐeiI ﾏodel aﾐd aヴe thus of iﾐteヴest foヴ the appliIaioﾐ of

this theoヴ┞.

ヱヰ



ヲ.ン Laﾐdau-Lifshitz-GilHeヴt Eケuaioﾐ

ヲ.ン.ヱ Lagヴaﾐge AppヴoaIh

With aﾐ appヴopヴiate Lagヴaﾐge fuﾐIioﾐal the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ Iaﾐ He oHtaiﾐed

H┞ the Lagヴaﾐgiaﾐ foヴﾏalisﾏ. SiﾐIe the ﾏagﾐeizaioﾐ M is assuﾏed to He ﾐoヴﾏalized, see

Eケﾐ. ヲ.ヱ.ン, its ﾏoioﾐ ﾏa┞ loIall┞ He ┘ell desIヴiHed H┞ the ヴotaioﾐ of a ヴigid Hod┞. The aﾐgulaヴ

┗eloIit┞ of a ヴigid Hod┞ iﾐ teヴﾏs of the Euleヴ aﾐgles ヴeads

Ω =




.
φ sin(θ) sin(ψ) +

.
θ cos(ψ)

.
φ sin(θ) cos(ψ) +

.
θ sin(ψ)

.
φ cos(θ) +

.
ψ


 ふヲ.ン.ヱぶ

┘heヴe the shoヴthaﾐd ﾐotaioﾐ
.
f = ∂t f is used. Note that the aﾐgulaヴ ┗eloIit┞Ω as ┘ell as the

aﾐgles θ, φ aﾐd ψ ha┗e to depeﾐd oﾐ the loIaioﾐ r iﾐ oヴdeヴ to desIヴiHe the ﾏagﾐeizaioﾐ field

m(r). Without loss of geﾐeヴalit┞ the ヴotaioﾐ a┝es Iaﾐ He Ihoseﾐ suIh that the r3-a┝is poiﾐts

iﾐto the diヴeIioﾐ of the ﾏagﾐeizaioﾐ iﾐ e┗eヴ┞ poiﾐt aﾐd thus

m =




0

0

1


 . ふヲ.ン.ヲぶ

Iﾐ the ヴigid-Hod┞ piItuヴe the ﾏagﾐeizaioﾐ is desIヴiHed H┞ a ヴotaioﾐall┞ s┞ﾏﾏetヴiI siIk. SiﾐIe

the aﾐgle ψ desIヴiHes the ヴotaioﾐ of the siIk aヴouﾐd its s┞ﾏﾏetヴ┞ a┝is it ﾏa┞ He set to ψ = 0

┘ithout loss of geﾐeヴalit┞ [ヱΒ]. Thus Eケﾐ. ヲ.ン.ヱ ヴeduIes to

Ω =




.
θ

.
φ sin(θ)

.
φ cos(θ) +

.
ψ


 . ふヲ.ン.ンぶ

The Lagヴaﾐgiaﾐ of a d┞ﾐaﾏiIal s┞steﾏ iﾐ geﾐeヴal is gi┗eﾐ H┞

L = T (q,
.

q) − V (q) ふヲ.ン.ヴぶ

┘heヴe T is the kiﾐeiI eﾐeヴg┞ aﾐd V is the poteﾐial eﾐeヴg┞ of the s┞steﾏ aﾐd q aﾐd
.

q aヴe the

geﾐeヴalized Iooヴdiﾐates aﾐd theiヴ iﾏedeヴi┗ai┗es ヴespeIi┗el┞. IﾐﾏiIヴoﾏagﾐeiIs the poteﾐial

eﾐeヴg┞ is gi┗eﾐ H┞ the eﾐeヴg┞ IoﾐtヴiHuioﾐs disIussed iﾐ SeI. ヲ.ヲ. The kiﾐeiI eﾐeヴg┞ ho┘e┗eヴ

has ﾐo IlassiIal e┝plaﾐaioﾐ siﾐIe theﾏagﾐeizaioﾐ does ﾐot ha┗e iﾐeヴia iﾐ the IlassiIal seﾐse.

Iﾐ [ヱヶ] GilHeヴt pヴoposed the Lagヴaﾐgiaﾐ

L = −Ms

γ

.
φ cos(θ) − U(θ,φ). ふヲ.ン.ヵぶ

As sho┘ﾐ H┞ Wegヴo┘e et al. iﾐ [ヱΓ] this e┝pヴessioﾐ is eケui┗aleﾐt to

L =
1

2
I[
.
φ cos(θ) +

.
ψ]2 − U(θ,φ) ふヲ.ン.ヶぶ

=
1

2
IΩ2

3 − U(θ,φ) ふヲ.ン.Αぶ
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┘hiIh desIヴiHes a IlassiIal ヴotaioﾐ eﾐeヴg┞ ┘ith I Heiﾐg the ﾏoﾏeﾐt of iﾐeヴia. Ho┘e┗eヴ, iﾐ this

eﾐeヴg┞ oﾐl┞ the ヴotaioﾐ aヴouﾐd the s┞ﾏﾏetヴ┞ a┝is of the ﾏagﾐeizaioﾐ is Ioﾐsideヴed. Fヴoﾏ a

IlassiIal poiﾐt of ┗ie┘ it is ﾐot Ileaヴ ┘h┞ Ω1 aﾐd Ω2 ﾏa┞ He ﾐegleIted. Iﾐ [ヱΓ] this IhoiIe of L
is disIussed iﾐ detail.

Iﾐ the follo┘iﾐg ┘e ┘ill siIk ┘ith the Lagヴaﾐgiaﾐ ヲ.ン.ヵ as pヴoposed H┞ GilHeヴt. AIIoヴdiﾐg to

the Lagヴaﾐgiaﾐ foヴﾏulaioﾐ, the eケuaioﾐ of ﾏoioﾐ iﾐ teヴﾏs of the geﾐeヴalized Iooヴdiﾐates

q = (θ,φ) is gi┗eﾐ H┞
d
dt

δL
δ
.

qi

− δL
δqi

+
δD

δ
.

qi

= 0 ふヲ.ン.Βぶ

┘heヴe δ/δf deﾐotes a fuﾐIioﾐal deヴi┗ai┗e aﾐd D is aﾐ addiioﾐal dissipai┗e Ra┞leigh fuﾐIioﾐ

that aIIouﾐts foヴ eﾐeヴg┞ losses of the s┞steﾏ. Iﾐseヴiﾐg Eケﾐ. ヲ.ン.ヵ iﾐto Eケﾐ. ヲ.ン.Β ┞ields

.
φ sin(θ) =

γ

Ms

[
δU

δθ
+
δD

δ
.
θ

]
ふヲ.ン.Γぶ

.
θ = − γ

Ms sin(θ)

[
δU

δφ
+
δD

δ
.
φ

]
. ふヲ.ン.ヱヰぶ

These eケuaioﾐs ofﾏoioﾐ desIヴiHe the d┞ﾐaﾏiIs of theﾏagﾐeizaioﾐ H┞ the Euleヴ aﾐglesφ(r)

aﾐd θ(r). Iﾐ oヴdeヴ to oHtaiﾐ a desIヴipioﾐ iﾐ Iaヴtesiaﾐ Iooヴdiﾐates, the iﾏe deヴi┗ai┗e of the

ﾏagﾐeizaioﾐ iﾐ Iaヴtesiaﾐ Iooヴdiﾐates is Ioﾐsideヴed

∂tm = Ω × m =




.
φ sin(θ)

−
.
θ

0


 . ふヲ.ン.ヱヱぶ

Fuヴtheヴﾏoヴe, siﾐIe the ﾏagﾐeizaioﾐ is a uﾐit ┗eItoヴ field |m| = 1, ┗aヴiaioﾐs of the Euleヴ

aﾐgles φ aﾐd θ aヴe gi┗eﾐ H┞

δm1 = sin(θ)δφ ふヲ.ン.ヱヲぶ

δm2 = δθ. ふヲ.ン.ヱンぶ

HeﾐIe Eケﾐ. ヲ.ン.Γ aﾐd ヲ.ン.ヱヰ Iaﾐ He ┘ヴiteﾐ as

∂tm1 =
γ

Ms

[
δU

δm2
+

δD

δ
.

m2

]
ふヲ.ン.ヱヴぶ

∂tm2 = − γ

Ms

[
δU

δm1
+

δD

δ
.

m1

]
ふヲ.ン.ヱヵぶ

oヴ eケui┗aleﾐtl┞

∂tm = − γ

Ms
m ×

(
δU

δm
+
δD

δ
.

m

)
. ふヲ.ン.ヱヶぶ

Choosiﾐg the ヴeasoﾐaHle dissipai┗e fuﾐIioﾐD = α∗(∂tm)2 ┘ithα∗ ≥ 0 ヴesults iﾐ the Laﾐdau-

Lifshitz-GilHeヴt eケuaioﾐ

∂tm = −γ(m × Heff) + α(m × ∂tm) ふヲ.ン.ヱΑぶ

ヱヲ
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┘heヴe Heff is the so-Ialled effeIi┗e field gi┗eﾐ H┞

Heff = − 1

µ0Ms

δU

δm
. ふヲ.ン.ヱΒぶ

aﾐd α ≥ 0 is a daﾏpiﾐg Ioﾐstaﾐt.

ヲ.ン.ヲ QuaﾐtuﾏMeIhaﾐiIal AppヴoaIh

Iﾐ SeI. ヲ.ン.ヱ it is sho┘ﾐ that the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ Iaﾐ He oHtaiﾐed H┞ appliIaioﾐ

of the IlassiIal Lagヴaﾐge foヴﾏalisﾏ. Ho┘e┗eヴ, this ﾏethod is Hased oﾐ a paヴiIulaヴ IhoiIe of the

Lagヴaﾐgiaﾐ, ┘hiIh is ﾐot Ioﾏpletel┞ jusifiaHle H┞ IlassiIal theoヴ┞.

Iﾐ this seIioﾐ aケuaﾐtuﾏﾏeIhaﾐiIal appヴoaIh is disIussed to deヴi┗e the Laﾐdau-Lifshitz-GilHeヴt

eケuaioﾐ. As desIヴiHed iﾐ SeI. ヲ.ヱ the Ioﾐiﾐuous ﾏagﾐeizaioﾐ field appヴo┝iﾏates a disIヴete

distヴiHuioﾐ of spiﾐs. Iﾐ ケuaﾐtuﾏ ﾏeIhaﾐiIs the Ioﾏpoﾐeﾐts of the spiﾐ aヴe desIヴiHed H┞ the

spiﾐ opeヴatoヴs Ŝi . Iﾐ the HeiseﾐHeヴg piItuヴe the iﾏe de┗elopﾏeﾐt of the spiﾐ opeヴatoヴs aヴe

gi┗eﾐ H┞
dŜj

dt
=

1

i~

[
Ŝj , Ĥ

]
. ふヲ.ン.ヱΓぶ

The IoﾐtヴiHuioﾐs to the Haﾏiltoﾐiaﾐ iﾐ the Ioﾐte┝t of ﾏiIヴoﾏagﾐeiIs ┘ill depeﾐd oﾐ the spiﾐ.

Thus it is ヴeasoﾐaHle to e┝paﾐd the Haﾏiltoﾐiaﾐ iﾐ the spiﾐ opeヴatoヴs

[
Ŝj , Ĥ

]
=
∑

k

∂Ĥ

∂Ŝk

[
Ŝk , Ŝj

]
+ O(~2)

= i~
∑

k,l

∂Ĥ

∂Ŝk

ǫjkl Ŝl + O(~2). ふヲ.ン.ヲヰぶ

Iﾐseヴiﾐg iﾐto Eケﾐ. ヲ.ン.ヱΓ aﾐd usiﾐg the ┗eItoヴ ﾐotaioﾐ Ŝ = (Ŝ1, Ŝ2, Ŝ3) ┞ields

dŜ

dt
= −Ŝ × ∂Ĥ

∂Ŝ
+ O(~). ふヲ.ン.ヲヱぶ

Iﾐ the IlassiIal liﾏit the spiﾐ opeヴatoヴsﾏa┞ He ヴeplaIed H┞ the Ioﾐiﾐuousﾏagﾐeizaioﾐ ┗eItoヴ

M = Msm. Fuヴtheヴ the seIoﾐd teヴﾏ Iaﾐ He ﾐegleIted siﾐIe ~ → 0. Ideﾐif┞iﾐg ∂Ĥ/∂Ŝ ┘ith

the effeIi┗e field Heff iﾐ Eケﾐ. ヲ.ン.ヱΒ leads to

∂tm = −γ′(m × Heff). ふヲ.ン.ヲヲぶ

This eケuaioﾐ desIヴiHes the pヴeIessioﾐ of the ﾏagﾐeizaioﾐ aヴouﾐd the effeIi┗e field ┘ithout

aﾐ┞ loss of eﾐeヴg┞. AIIoヴdiﾐg to the oヴigiﾐal ┘oヴk of Laﾐdau aﾐd Lifshitz [ヱヵ] a pheﾐoﾏeﾐo-

logiIal daﾏpiﾐg teヴﾏ is added iﾐ oヴdeヴ to aIIouﾐt foヴ these losses. This daﾏpiﾐg teヴﾏ is Ioﾐ-

stヴuIted suIh that it is peヴpeﾐdiIulaヴ to the pヴeIessioﾐal teヴﾏ. Fuヴtheヴ it should Ioﾐseヴ┗e the

ﾏagﾐeizaioﾐ ﾐoヴﾏ leadiﾐg to

∂tm = −γ′(m × Heff) − α′m × (m × Heff). ふヲ.ン.ヲンぶ
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ふaぶ

Heff

m

ふHぶ

Heff

m

ふIぶ

Heff

m

Figuヴe ヲ.ヲ: Tiﾏe e┗oluioﾐ of a siﾐgle ﾏagﾐeiI ﾏoﾏeﾐt as desIヴiHed H┞ the Laﾐdau-Lifshitz-

GilHeヴt eケuaioﾐ. The ﾏoioﾐ Iaﾐ He di┗ided iﾐto a pヴeIessioﾐal aﾐd a daﾏpiﾐg

paヴt. ふaぶ PヴeIessioﾐal ﾏoioﾐ aヴouﾐd the effeIi┗e field. ふHぶ Daﾏped ﾏoioﾐ. The

ﾏagﾐeizaioﾐ ヴela┝es to┘aヴds the effeIi┗e field. ふIぶ Resuliﾐg ﾏoioﾐ iﾐIludiﾐg

pヴeIessioﾐ aﾐd daﾏpiﾐg.

This is the e┝pliIit foヴﾏ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ. It Iaﾐ He sho┘ﾐ that this foヴﾏ

is eケui┗aleﾐt to the iﾏpliIit foヴﾏ iﾐ Eケﾐ. ヲ.ン.ヱΑ. This is doﾐe H┞ iﾐseヴiﾐg Eケﾐ. ヲ.ン.ヱΑ foヴ ∂tm

oﾐ the ヴight-haﾐd side of Eケﾐ. ヲ.ン.ヱΑ aﾐd usiﾐg the ┗eItoヴ ideﾐit┞ a × (b × c) = (a · c)b −
(a ·b)c . The IoeffiIieﾐts of the diffeヴeﾐt ┗eヴsioﾐs of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ saisf┞

the ヴelaioﾐs

γ′ = γ/(1 + α2) ふヲ.ン.ヲヴぶ

α′ = αγ/(1 + α2). ふヲ.ン.ヲヵぶ

A full ケuaﾐtuﾏ ﾏeIhaﾐiIal desIヴipioﾐ of a spiﾐ suHjeIt to e┝Ihaﾐge iﾐteヴaIioﾐ, aﾐisotヴop┞

aﾐd Zeeﾏaﾐ field is gi┗eﾐ iﾐ [ヲヰ] ┘heヴe the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ is also oHtaiﾐed iﾐ

a liﾏit Iase.

ヲ.ン.ン EffeIi┗e Field

The Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ desIヴiHes the ﾏoioﾐ of the ﾏagﾐeizaioﾐ iﾐ aﾐ effeIi┗e

field defiﾐed H┞ Eケﾐ. ヲ.ン.ヱΒ. This ﾏoioﾐ Iaﾐ He desIヴiHed as the suﾏ of a pヴeIessioﾐal teヴﾏ

aﾐd a daﾏpiﾐg teヴﾏ. Figuヴe ヲ.ヲ illustヴates these t┘o teヴﾏs foヴ the e┝pliIit foヴﾏulaioﾐ of the

Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ ヲ.ン.ヲン.

Iﾐ the Iase of the Zeeﾏaﾐ eﾐeヴg┞ aﾐd the deﾏagﾐeizaioﾐ eﾐeヴg┞, the effeIi┗e field is aﾐ aItual

field iﾐ the IlassiIal seﾐse. The Zeeﾏaﾐ field is diヴeItl┞ gi┗eﾐ H┞ Hzeeﾏaﾐ, the deﾏagﾐeizaioﾐ

field is Ioﾏputed ┗ia Eケﾐ. ヲ.ヲ.ヲン.

Ho┘e┗eヴ, the e┝Ihaﾐge field as ┘ell as the aﾐisotヴop┞ field ha┗e to He IalIulated ┗ia the ┗aヴi-

ヱヴ
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∂Ω
d

|m|

Ω

Ωp

Figuヴe ヲ.ン: A so-Ialled Gaussiaﾐ pillHo┝ Ωp oﾐ the outeヴ Houﾐdaヴ┞ of the saﾏple Ω. The dis-

Ioﾐiﾐuit┞ of the ﾏagﾐeizaioﾐ m aIヴoss the saﾏple Houﾐdaヴ┞ ∂Ω is sﾏoothed

out ┘ithiﾐ the pillHo┝, as sketIhed oﾐ the ヴight-haﾐd side. Pヴopeヴies of the dis-

Ioﾐiﾐuous s┞steﾏ aヴe oHtaiﾐed H┞ Ioﾐsideヴiﾐg the liﾏit d → 0.

aioﾐal deヴi┗ai┗e iﾐ Eケﾐ. ヲ.ン.ヱΒ. The e┝Ihaﾐge eﾐeヴg┞ deﾐsit┞ is gi┗eﾐ H┞ the iﾐtegヴaﾐd of

Eケﾐ. ヲ.ヲ.ヱヰ. Appl┞iﾐg the Ihaiﾐ ヴule of ┗aヴiaioﾐal IalIulus ┞ields

He┝(r) = − A

µ0Ms

δ

δm
(∇m)2 ふヲ.ン.ヲヶぶ

=
2A

µ0Ms
∆m ふヲ.ン.ヲΑぶ

Aﾐalogousl┞ the effeIi┗e fields foヴ uﾐia┝ial aﾐd IuHiI aﾐisotヴop┞ aヴe oHtaiﾐed H┞ Ioﾏpuiﾐg

the ┗aヴiaioﾐal deヴi┗ai┗e of Eケﾐ. ヲ.ヲ.ヲΒ aﾐd ヲ.ヲ.ンヰ ヴespeIi┗el┞

Hu(r) =
2Kuヱ

µ0Ms
eu(eu · m) +

4Kuヲ

µ0Ms
eu(eu · m)3 ふヲ.ン.ヲΒぶ

HI(r) = − 2KIヱ

µ0Ms




m1m2
2 + m1m2

3

m2m2
3 + m2m2

1

m3m2
1 + m3m2

2


− 2KIヲ

µ0Ms




m1m2
2m2

3

m2
1m2m2

3

m2
1m2

2m3


 . ふヲ.ン.ヲΓぶ

ヲ.ン.ヴ Bouﾐdaヴ┞ Coﾐdiioﾐs

Due to the fiヴst deヴi┗ate iﾐ iﾏe the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ is aﾐ iﾐiial ┗alue pヴoHleﾏ.

Iﾐ oヴdeヴ to fiﾐd a soluioﾐ m(r , t) foヴ t > t0 the iﾐiial ﾏagﾐeizaioﾐm(r , t0) has to He kﾐo┘ﾐ.

Depeﾐdiﾐg oﾐ the effeIi┗e field, addiioﾐal Houﾐdaヴ┞ Ioﾐdiioﾐs aヴe ヴeケuiヴed iﾐ oヴdeヴ to fiﾐd a

uﾐiケue soluioﾐ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ. Iﾐ faIt, e┗eﾐ ┘ith gi┗eﾐ Houﾐdaヴ┞ Ioﾐ-

diioﾐs the uﾐiケueﾐess of soluioﾐs to the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ Iould oﾐl┞ He sho┘ﾐ

foヴ speIial Iases, see [ヲヱ–ヲン]. Fヴoﾏ the effeIi┗e field IoﾐtヴiHuioﾐ disIussed iﾐ SeI. ヲ.ン.ン, the

e┝Ihaﾐge field is the oﾐl┞ oﾐe that adds the ﾐeed of Houﾐdaヴ┞ Ioﾐdiioﾐs due to its seIoﾐd

oヴdeヴ iﾐ spaIe.

If this so-Ialled e┝Ihaﾐge Houﾐdaヴ┞ Ioﾐdiioﾐ is applied oﾐ the Houﾐdaヴ┞ of aﾐ ideal ﾏagﾐeiI

Hod┞, i.e. a Houﾐdaヴ┞ ┘heヴe the ﾏagﾐeizaioﾐ ヴapidl┞ dヴops to zeヴo, it is uﾐiケuel┞ defiﾐed.

Coﾐsideヴ the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ ┘ithout daﾏpiﾐg aﾐd ┘ith the e┝Ihaﾐge field as

effeIi┗e field.

∂tm = −γm × ∆m. ふヲ.ン.ンヰぶ
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SiﾐIe at the Houﾐdaヴ┞ of aﾐ ideal ﾏagﾐeiI Hod┞ the LaplaIiaﾐ of the ﾏagﾐeizaioﾐ ∆m is

ﾐot defiﾐed, a liﾏiiﾐg pヴoIeduヴe is used to oHtaiﾐ the Houﾐdaヴ┞ Ioﾐdiioﾐ. Like iﾐ SeI. ヲ.ヲ.ヲ

the ﾏagﾐeizaioﾐ is Ioﾐsideヴed to deIa┞ Ioﾐiﾐuousl┞ iﾐ a fiﾐite iﾐteヴ┗al d . Eケuaioﾐ ヲ.ン.ンヰ

is iﾐtegヴated o┗eヴ a so-Ialled Gaussiaﾐ pillHo┝ as sketIhed iﾐ Fig. ヲ.ン. AppliIaioﾐ of Gヴeeﾐ's

theoヴeﾏ ┞ields
∫

Ωp

∂tmi dr =

∫

Ωp

ǫijkmj∆mk dr ふヲ.ン.ンヱぶ

=

∫

∂Ωp

ǫijkmj
∂mk

∂n
dr −

∫

Ωp

ǫijk∇mj · ∇mk dr . ふヲ.ン.ンヲぶ

The seIoﾐd iﾐtegヴal oﾐ the ヴight-haﾐd side of Eケﾐ. ヲ.ン.ンヲ ┗aﾐishes due to the ske┘-s┞ﾏﾏetヴiI

Le┗i-Ci┗ita teﾐsoヴ ǫ. The Houﾐdaヴ┞ of the pillHo┝ ∂Ωp IoiﾐIides ┘ith the Houﾐdaヴ┞ of the ﾏag-

ﾐeiI Hod┞Ω oﾐ oﾐe side e┝Iept foヴ the oヴieﾐtaioﾐ. The otheヴ side of the pillHo┝ is outside the

ﾏagﾐeiI Hod┞ ┘heヴe |m| = 0. HeﾐIe Eケﾐ. ヲ.ン.ンヲ ヴeads
∫

Ωp

∂tm dr = −
∫

∂Ω

m × ∂m

∂n
dr ふヲ.ン.ンンぶ

Iﾐ the liﾏit d → 0 the ┗oluﾏe iﾐtegヴal oﾐ the let-haﾐd-side of Eケﾐ. ヲ.ン.ンヱ ┗aﾐishes. SiﾐIe the

faIes of the pill Ho┝ Iaﾐ He Ihoseﾐ aヴHitヴaヴil┞ the Houﾐdaヴ┞ Ioﾐdiioﾐ

m × ∂m

∂n
= 0 ふヲ.ン.ンヴぶ

ﾏust hold iﾐ e┗eヴ┞ Houﾐdaヴ┞ poiﾐt. Fuヴtheヴ siﾐIe |m| = 1 the ﾐoヴﾏal deヴi┗ai┗e of the ﾏagﾐe-

izaioﾐ is peヴpeﾐdiIulaヴ to the ﾏagﾐeizaioﾐ iﾐ e┗eヴ┞ poiﾐt ∂m/∂n ⊥ m aﾐd thus

∂m

∂n
= 0. ふヲ.ン.ンヵぶ

This is the so-Ialled e┝Ihaﾐge Houﾐdaヴ┞ Ioﾐdiioﾐ, ┘hiIh is the ヴight IhoiIe if the Houﾐdaヴ┞ of

the Ioﾏputaioﾐal doﾏaiﾐ Ω IoiﾐIides ┘ith the Houﾐdaヴ┞ of aﾐ ideal ﾏagﾐet as sho┘ﾐ aHo┗e.

Eケuaioﾐ ヲ.ン.ンヵ ┘as oヴigiﾐall┞ deヴi┗ed H┞ Rado aﾐd Weeヴtﾏaﾐ iﾐ [ヲヴ]. Befoヴe, it ┘as sho┘ﾐ H┞

Bヴo┘ﾐ that the saﾏe Houﾐdaヴ┞ Ioﾐdiioﾐ has to hold iﾐ eﾐeヴgeiI eケuiliHヴiuﾏ [ヲヵ]. Depeﾐd-

iﾐg oﾐ fuヴtheヴ IoﾐtヴiHuioﾐs to the effeIi┗e field, suIh as suヴfaIe aﾐisotヴop┞, this Houﾐdaヴ┞

Ioﾐdiioﾐ Ihaﾐges aIIoヴdiﾐgl┞, see [ヱヰ].

ヲ.ン.ヵ Pヴopeヴies of the Laﾐdau-Lifshitz-GilHeヴt Eケuaioﾐ

Pヴeseヴ┗aioﾐ of Modulus

As ﾏeﾐioﾐed iﾐ SeI. ヲ.ヱ the ﾏagﾐeizaioﾐ m is assuﾏed to He ﾐoヴﾏalized e┗eヴ┞┘heヴe. This

featuヴe is pヴeseヴ┗ed H┞ the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ. Coﾐsideヴ the iﾏe deヴi┗ai┗e of

the sケuaヴed ﾏagﾐeizaioﾐ

∂t |m|2 = ∂t(m · m) = 2∂tm · m. ふヲ.ン.ンヶぶ

Iﾐseヴiﾐg Eケﾐ. ヲ.ン.ヱΑ iﾏﾏediatel┞ ┞ields ∂t |m|2 = 0 aﾐd thus also ∂t |m| = 0.
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ヲ.ヴ Liﾏits aﾐd E┝teﾐsioﾐs of the MiIヴoﾏagﾐeiI Model

L┞apuﾐo┗ StヴuItuヴe

If the eﾐeヴg┞ fuﾐIioﾐal of a ﾏagﾐeiI s┞steﾏ does ﾐot e┝pliIitl┞ depeﾐd oﾐ the iﾏe, i.e. if the

e┝teヴﾐal field is Ioﾐstaﾐt iﾐ iﾏe, the iﾏe deヴi┗ai┗e of the eﾐeヴg┞ deﾐsit┞ ﾏa┞ He ┘ヴiteﾐ as

∂tU =
δU

δm
· ∂tm ふヲ.ン.ンΑぶ

= −µ0MsHeff · ∂tm. ふヲ.ン.ンΒぶ

ReplaIiﾐg ∂tm ┘ith Eケﾐ. ヲ.ン.ヲン aﾐd spaial iﾐtegヴaioﾐ ┞ields

∂tE = µ0Ms

∫

Ω

Heff[γ′m × Heff + α′ · m × (m × Heff)] dr ふヲ.ン.ンΓぶ

= −µ0Msα
′
∫

Ω

|m × H|2 dr ふヲ.ン.ヴヰぶ

≤ 0. ふヲ.ン.ヴヱぶ

This ﾏeaﾐs that the eﾐeヴg┞ of a ﾏagﾐeiI s┞steﾏ is al┘a┞s a ﾐoﾐ iﾐIヴeasiﾐg fuﾐIioﾐ iﾐ iﾏe.

The Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ is said to ha┗e L┞apuﾐo┗ stヴuItuヴe [ヲヶ, ヲΑ].

Haﾏiltoﾐiaﾐ StヴuItuヴe

Iﾐ the speIial Iase of ﾐo daﾏpiﾐg α = 0 the ヴight-haﾐd side of Eケﾐ. ヲ.ン.ヴヰ ┗aﾐishes

∂tE = 0. ふヲ.ン.ヴヲぶ

Iﾐ this Iase the eﾐeヴg┞ of the s┞steﾏ ist pヴeseヴ┗ed aﾐd the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ has

Haﾏiltoﾐiaﾐ stヴuItuヴe.

ヲ.ヴ Liﾏits aﾐd E┝teﾐsioﾐs of the MiIヴoﾏagﾐeiI Model

As disIussed iﾐ SeI. ヲ.ヱ the ﾏiIヴoﾏagﾐeiI ﾏodel iﾐtヴoduIes a set of siﾏplifiIaioﾐs to the

ケuaﾐtuﾏ ﾏeIhaﾐiIal desIヴipioﾐ of ﾏagﾐeisﾏ. While jusified foヴ a Hヴoad ヴaﾐge of appliIa-

ioﾐs, these siﾏplifiIaioﾐs ﾏa┞ He iﾐappヴopヴiate iﾐ soﾏe Iases. The suIIessfull appliIaioﾐ of

ﾏiIヴoﾏagﾐeisﾏ to ph┞siIal pヴoHleﾏs ヴeケuiヴes a solid uﾐdeヴstaﾐdiﾐg of the oヴigiﾐ of thisﾏodel.

It is IヴuIial to Ioﾐsideヴ its uﾐdeヴl┞iﾐg assuﾏpioﾐs aﾐd siﾏplifiIaioﾐs iﾐ oヴdeヴ to pヴediIt the ┗a-

lidit┞ of siﾏulaioﾐ ヴesults foヴ speIifiI ph┞siIal pヴoHleﾏs. Without Ilaiﾏiﾐg to He Ioﾏplete,

this seIioﾐ disIusses a ﾐuﾏHeヴ of liﾏits aﾐd e┝teﾐsioﾐ to the HasiI ﾏiIヴoﾏagﾐeiI ﾏodel as

iﾐtヴoduIed iﾐ the pヴeIediﾐg seIioﾐs.
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CHAPTER ヲ: MiIヴoﾏagﾐeisﾏ

BloIh Poiﾐts

The Ieﾐtヴal assuﾏpioﾐ iﾐ ﾏiIヴoﾏagﾐeiIs is the hoﾏogeﾐeous satuヴaioﾐ ﾏagﾐeizaioﾐ Ms.

This assuﾏpioﾐ is jusified H┞ the faIt that feヴヴoﾏagﾐeiI ﾏateヴials aヴe suHjeIt to e┝Ihaﾐge

Ioupliﾐg ┘hiIh leads to loIall┞ alﾏost peヴfeItl┞ aligﾐed ﾏagﾐeiI ﾏoﾏeﾐts.

Ho┘e┗eヴ, Ieヴtaiﾐ ﾏagﾐeiI pヴoIesses iﾐ┗ol┗e the Iヴeaioﾐ of ﾏagﾐeiI siﾐgulaヴiies Ialled BloIh

poiﾐts. At these BloIh poiﾐts the ﾏagﾐeizaioﾐ Ihaﾐges ヴapidl┞ iﾐ spaIe, ┘hiIh is iﾐIoﾐsisteﾐt

┘ith the HasiI assuﾏpioﾐ of a hoﾏogeﾐeous Ms iﾐ ﾏiIヴoﾏagﾐeiIs. Despite this faIt it ┘as

sho┘ﾐ iﾐ [ヲΒ] that ﾏiIヴoﾏagﾐeiI siﾏulaioﾐs iﾐ┗ol┗iﾐg the Iヴeaioﾐ of BloIh poiﾐts aヴe aHle

to desIヴiHe the Ioヴヴespoﾐdiﾐg pヴoIesses iﾐ aIIoヴdaﾐIe ┘ith e┝peヴiﾏeﾐts, although the eﾐeヴg┞

deﾐsit┞ at the BloIh poiﾐt is uﾐdeヴesiﾏated.

Teﾏpeヴatuヴe

Aﾐotheヴ e┝aﾏple foヴ the ┗iolaioﾐ of the ﾏiIヴoﾏagﾐeiI assuﾏpioﾐ of a loIall┞ hoﾏogeﾐeous

ﾏagﾐeizaioﾐ is gi┗eﾐ H┞ theヴﾏal effeIts. Theヴﾏal effeIts aヴe ﾏost ﾐatuヴall┞ ヴefleIted H┞ loIal

peヴtuヴHaioﾐ of ﾏagﾐeiI ﾏoﾏeﾐts. PeヴtuヴHaioﾐ of a siﾐgle ﾏagﾐeiI ﾏoﾏeﾐt, ho┘e┗eヴ, oH-

┗iousl┞ Hヴeaks the hoﾏogeﾐeit┞ of the ﾏagﾐeizaioﾐ. Iﾐ the fヴaﾏe┘oヴk of IlassiIal ﾏiIヴoﾏag-

ﾐeiIs a possiHle appヴoaIh foヴ Ioﾐsideヴaioﾐ of fiﾐite teﾏpeヴatuヴe is the ヴeduIioﾐ of the satu-

ヴaioﾐﾏagﾐeizaioﾐ aIIoヴdiﾐg to aﾏeaﾐ-field appヴo┝iﾏaioﾐ, see [ヲΓ]. Aﾐotheヴ appヴoaIh is to

add a fluItuaiﾐg field to the effeIi┗e field, ┘hiIh Ioﾐ┗eヴts the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ

iﾐto a stoIhasiI diffeヴeﾐial eケuaioﾐ, see [ンヰ]. Both of these teIhﾐiケues do ﾐot aIIouﾐt foヴ

loIal Ihaﾐges iﾐ the satuヴaioﾐ ﾏagﾐeizaioﾐ aﾐd as a ヴesult Hoth ﾏethods fail to desIヴiHe the

ﾏagﾐeizaioﾐ d┞ﾐaﾏiIs IoヴヴeItl┞ ┘heﾐ appヴoaIhiﾐg the Cuヴie teﾏpeヴatuヴe. This defiIieﾐI┞

is o┗eヴIoﾏe H┞ the Laﾐdau-Lifshitz-BloIh eケuaioﾐ, ┘hiIh e┝teﾐds the Laﾐdau-Lifshitz-GilHeヴt

eケuaioﾐ ﾐot oﾐl┞ H┞ a fluItuaiﾐg field, Hut also H┞ a teヴﾏ that allo┘s the Ihaﾐge of the ﾏag-

ﾐeizaioﾐ ﾏodulus [ンヱ].

Spiﾐ Polaヴized Cuヴヴeﾐt

Otheヴ suIIessfull e┝teﾐsioﾐs to the ﾏiIヴoﾏagﾐeiI ﾏodel iﾐIlude the desIヴipioﾐ of spiﾐ polaヴ-

ized Iuヴヴeﾐts aﾐd its iﾐteヴaIioﾐs ┘ith the ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐ [ンヲ]. A faﾏous appliIa-

ioﾐ foヴ this iﾐteヴaIioﾐ is the ﾏagﾐeiI ヴaIetヴaIk ﾏeﾏoヴ┞ pヴoposed H┞ Paヴkiﾐ et al. iﾐ [ヶ].

IﾐteヴfaIes

The ﾏiIヴoﾏagﾐeiI ﾏodel ┘as desigﾐed to desIヴiHe the eﾐeヴgeiIs aﾐd d┞ﾐaﾏiIs iﾐ a hoﾏo-

geﾐeous ﾏateヴial. Thus the desIヴipioﾐ of iﾐteヴfaIes Het┘eeﾐ diffeヴeﾐt ﾏateヴials gi┗es ヴise to
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ヲ.ヵ Sol┗iﾐg the MiIヴoﾏagﾐeiI Eケuaioﾐs

aﾐotheヴ liﾏit of the ﾏodel. The ﾏagﾐeiI Ioupliﾐg at these iﾐteヴfaIes is oteﾐ ﾐot eﾐiヴel┞ Ileaヴ

aﾐd Iaﾐ He suHjeIt to ケuaﾐtuﾏ ﾏeIhaﾐiIal effeIts that aヴe ﾐot Io┗eヴed H┞ the ﾏiIヴoﾏagﾐeiI

ﾏodel. These effeIts iﾐIlude theRudeヴﾏaﾐ-Kitel-Kasu┞a-Yosida iﾐteヴaIioﾐ ふRKKYぶ [ンン] aﾐd the

Dz┞aloshiﾐskii-Moヴi┞a IﾐteヴaIioﾐ ふDMIぶ [ンヴ]. Woヴk has Heeﾐ doﾐe oﾐ the iﾐtegヴaioﾐ of these

effeIts iﾐtoﾏiIヴoﾏagﾐeiI theoヴ┞ aﾐd Ioﾏputaioﾐs, see [ンヵ–ンΑ]. A Ioﾏﾏoﾐ siﾏplifiIaioﾐ foヴ

the desIヴipioﾐ of thiﾐ ﾏulila┞eヴ ﾏateヴials ho┘e┗eヴ is the assuﾏpioﾐ of a Hulk ﾏateヴial ┘ith

effiIieﾐt ﾏateヴial Ioﾐstaﾐts. These effiIieﾐt ﾏateヴial Ioﾐstaﾐts aヴe deteヴﾏiﾐed H┞ e┝peヴiﾏeﾐts.

ヲ.ヵ Sol┗iﾐg the MiIヴoﾏagﾐeiI Eケuaioﾐs

The Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ ┘ith effeIi┗e field IoﾐtヴiHuioﾐs as iﾐtヴoduIed iﾐ the pヴe-

Iediﾐg seIioﾐs is a ﾐoﾐ-liﾐeaヴ paヴial diffeヴeﾐial eケuaioﾐ iﾐ spaIe aﾐd iﾏe. Apaヴt fヴoﾏ soﾏe

siﾏplified edge Iases the aヴisiﾐg s┞steﾏ of eケuaioﾐs Iaﾐﾐot He sol┗ed aﾐal┞iIall┞. This ┘oヴk is

dediIated to the ﾐuﾏeヴiIal soluioﾐ of the ﾏiIヴoﾏagﾐeiI eケuaioﾐs. Iﾐ the follo┘iﾐg Ihapteヴs

the disIヴete soluioﾐ of the diffeヴeﾐt suHpヴoHleﾏs is disIussed iﾐ detail. Aﾐ o┗eヴ┗ie┘ o┗eヴ e┝ist-

iﾐgﾏethods is gi┗eﾐ aﾐd ﾐo┗el ﾏethods aヴe iﾐtヴoduIed. Fiﾐall┞ the opeﾐ-souヴIe fiﾐite-eleﾏeﾐt

ﾏiIヴoﾏagﾐeiI siﾏulaioﾐ Iode ﾏagﾐuﾏ.fe is pヴeseﾐted.
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CHAPTER ン

Deﾏagﾐeizaioﾐ Field

The effeIi┗e field IoﾐtヴiHuioﾐs iﾐtヴoduIed iﾐ SeI. ヲ.ン.ン Iaﾐ He Ilassified H┞ theiヴ spaial ヴaﾐge

┘ith ヴespeIt to the ﾏagﾐeizaioﾐ. The Zeeﾏaﾐ field aﾐd the aﾐisotヴop┞ field aヴe loIal Ioﾐtヴi-

Huioﾐs. While the Zeeﾏaﾐ field does ﾐot depeﾐd oﾐ the ﾏagﾐeizaioﾐ at all, the aﾐisotヴop┞

field at a Ieヴtaiﾐ poiﾐt r oﾐl┞ depeﾐds oﾐ the ﾏagﾐeizaioﾐ m(r) at that poiﾐt. The e┝Ihaﾐge

field depeﾐds oﾐ the LaplaIiaﾐ of the ﾏagﾐeizaioﾐ. Iﾐ oヴdeヴ to Ioﾏpute the e┝Ihaﾐge field

at posiioﾐ r the ﾏagﾐeizaioﾐ has to He Ioﾐsideヴed at least iﾐ a sﾏall aヴea aヴouﾐd r so its

LaplaIiaﾐ Iaﾐ He Ioﾏputed. The deﾏagﾐeizaioﾐ field is the oﾐl┞ loﾐg-ヴaﾐge IoﾐtヴiHuioﾐ ┘ith

ヴespeIt to the ﾏagﾐeizaioﾐ. At e┗eヴ┞ poiﾐt r the deﾏagﾐeizaioﾐ field Hdeﾏag(r) depeﾐds

oﾐ the ﾏagﾐeizaioﾐ at e┗eヴ┞ poiﾐt iﾐ the ﾏagﾐeiI ヴegioﾐ.

This loﾐg-ヴaﾐge pヴopeヴt┞ leads to a high Ioﾏputaioﾐal Ioﾏple┝it┞ of the disIヴete deﾏagﾐeiza-

ioﾐ-field IalIulaioﾐ, ┘hiIh ﾏakes it aﾐ iﾐteヴesiﾐg topiI foヴ peヴfoヴﾏaﾐIe opiﾏizaioﾐ. While

the loIal aﾐd shoヴt-ヴaﾐge fields aヴe Ioﾏputed┘ith atﾏostO(N), a ﾐai┗e deﾏagﾐeizaioﾐ-field

algoヴithﾏ sIales ┘ith O(N2) ┘heヴe N is the total ﾐuﾏHeヴ of siﾏulaioﾐ Iells. Se┗eヴal ﾏethods

ha┗e Heeﾐ pヴoposed to ヴeduIe this Ioﾏple┝it┞. These ﾏethods Iaﾐ He di┗ided iﾐto the gヴoup

of iﾐtegヴal ﾏethods aﾐd the gヴoup of ┗aヴiaioﾐal ﾏethods. While the iﾐtegヴal ﾏethods ヴel┞ oﾐ

the iﾐtegヴal e┝pヴessioﾐs iﾐ Eケﾐ. ヲ.ヲ.ヲヲ aﾐd ヲ.ヲ.ヲン, the ┗aヴiaioﾐal ﾏethods sol┗e the Poissoﾐ

eケuaioﾐ ヲ.ヲ.ヱヴ diヴeItl┞.

Iﾐtegヴal ﾏethods iﾐIlude Fouヴieヴ-tヴaﾐsfoヴﾏ ﾏethods oﾐ ヴegulaヴ gヴids [ンΒ–ヴヰ] as ┘ell as oﾐ iヴ-

ヴegulaヴ gヴids [ヴヱ], fast-ﾏulipole ﾏethods [ヴヲ, ヴン], ﾐoﾐuﾐifoヴﾏ gヴid ﾏethods [ヴヴ], aﾐd the ヴe-

Ieﾐtl┞ de┗eloped teﾐsoヴ-gヴid ﾏethods [ヴヵ–ヴΒ]. Vaヴiaioﾐal ﾏethods iﾐIlude ┗aヴiaioﾐs of the

fiﾐite-eleﾏeﾐt ﾏethod aﾐd Houﾐdaヴ┞-eleﾏeﾐt ﾏethod [ヴΓ, ヵヰ]. Iﾐ the follo┘iﾐg the Fouヴieヴ-

spaIe ﾏethods as ┘ell as the fiﾐite-eleﾏeﾐt ﾏethods aヴe disIussed iﾐ detail. Note that the

deﾏagﾐeizaioﾐ field Hdeﾏag is aHHヴe┗iated as H thヴoughout this Ihapteヴ.
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ン.ヱ Fouヴieヴ-SpaIe Methods

ン.ヱ Fouヴieヴ-SpaIe Methods

Coﾐsideヴ aﾐ aヴHitヴaヴ┞ paヴiioﾐiﾐg of the ﾏagﾐeiI Hod┞ Ω iﾐto siﾏulaioﾐ Iells Ωi

Ω =
⋃

i

Ωi ┘ith Ωi ∩ Ωj = ∅ if i 6= j . ふン.ヱ.ヱぶ

Iﾐ the pヴeseﾐted disIヴeizaioﾐ sIheﾏe the ﾏagﾐeizaioﾐ is assuﾏed to He Ioﾐstaﾐt iﾐ e┗eヴ┞

siﾏulaioﾐ Iell Ωi

m(r) = mi ∀ r ∈ Ωi . ふン.ヱ.ヲぶ

Thus the ﾏagﾐeizaioﾐ is ヴepヴeseﾐted H┞ 3N ヴeal ┗alues, ┘heヴe N is the ﾐuﾏHeヴ of siﾏulaioﾐ

Iells. AIIoヴdiﾐg to Eケﾐ. ヲ.ヲ.ヲン the deﾏagﾐeizaioﾐ field is the ヴesult of a thヴee-diﾏeﾐsioﾐal

Ioﾐ┗oluioﾐ. With the disIヴeizaioﾐ ン.ヱ.ヱ aﾐd ン.ヱ.ヲ it is gi┗eﾐ H┞

H(r) =

∫

Ω

Ñ(r − r ′)M(r ′) dr ′ ふン.ヱ.ンぶ

= Ms
∑

j

[∫

Ωj

Ñ(r − r ′) dr ′

]
mj . ふン.ヱ.ヴぶ

The deﾏagﾐeizaioﾐ field is usuall┞ Ioﾏputed usiﾐg the saﾏe disIヴeizaioﾐ as the ﾏagﾐeiza-

ioﾐ. Iﾐ oヴdeヴ to ヴetヴie┗e a siﾐgle ヴepヴeseﾐtai┗e ┗alue of the deﾏagﾐeizaioﾐ field peヴ siﾏula-

ioﾐ Iell, the a┗eヴage ┗alue of the field Hi o┗eヴ eaIh Iell Ωi is Ioﾏputed

Hi = Ms
∑

j

[
1

Vi

∫

Ωi

∫

Ωj

Ñ(r − r ′) dr dr ′

]
mj ふン.ヱ.ヵぶ

=
∑

j

Aijmj ふン.ヱ.ヶぶ

┘heヴeVi is the ┗oluﾏe of the siﾏulaioﾐ Iell i . The deﾏagﾐeizaioﾐ-field opeヴatoヴA is a deﾐse

3N ×3N ﾏatヴi┝ that oﾐl┞ depeﾐds oﾐ the spaial disIヴeizaioﾐ of the pヴoHleﾏ. This e┝pヴessioﾐ

Iaﾐ ヴeadil┞ He used foヴ the disIヴete Ioﾏputaioﾐ of the deﾏagﾐeizaioﾐ field. Ho┘e┗eヴ, this

ﾏethod sIales ┘ith O(N2) foヴ Hoth stoヴage ヴeケuiヴeﾏeﾐts aﾐd Ioﾏputaioﾐal Ioﾏple┝it┞ aﾐd

is thus ﾐot suited foヴ laヴge-sIale pヴoHleﾏs.

B┞ Ihoosiﾐg a peヴiodiI spaial disIヴeizaioﾐ the Ioﾐ┗oluioﾐ stヴuItuヴe of the pヴoHleﾏ Iaﾐ He

e┝ploited oﾐ the disIヴete le┗el. Usiﾐg a peヴiodiI disIヴeizaioﾐ, e┗eヴ┞ siﾏulaioﾐ Iell Ωi has the

saﾏe shape as a ヴefeヴeﾐIe Iell Ωヴef

✶Ωi
(r) = ✶Ωヴef(r − ri ). ふン.ヱ.Αぶ

┘heヴe i is a ﾏuliiﾐde┝ adヴessiﾐg the siﾏulaioﾐ Iell Ωi aﾐd the spaial offset of Ωi to the ヴef-

eヴeﾐIe Iell Ωヴef is gi┗eﾐ H┞ ri , see Fig. ン.ヱ. Fuヴtheヴﾏoヴe the offset fヴoﾏ aﾐ aヴHitヴaヴ┞ siﾏulaioﾐ

IellΩi to aﾐotheヴ siﾏulaioﾐ IellΩj is theﾏuliple of a Iell offset∆r iﾐ e┗eヴ┞ spaial diﾏeﾐsioﾐ

ri − rj =
∑

k

(ik − jk)∆rk . ふン.ヱ.Βぶ
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ふaぶ

Ωヴef

∆r1

∆r2

Ωi

ri

ふHぶ

Ωヴef

∆r1

∆r2

Ωiri

Figuヴe ン.ヱ: E┝aﾏples foヴ peヴiodiI ﾏeshes iﾐ t┘o diﾏeﾐsioﾐs as ヴeケuiヴed H┞ Fouヴieヴ-spaIe

ﾏethods. ふaぶ A Iuヴ┗ed ヴefeヴeﾐIe Iell ┘ith peヴiodiIit┞ aloﾐg ﾐoﾐ-oヴthogoﾐal a┝es.

ふHぶ The Ioﾏﾏoﾐ ヴeItaﾐgulaヴ/IuHiI ﾏesh is a speIial Iase of a geﾐeヴal peヴiodiIal

ﾏesh.

With Eケﾐ. ン.ヱ.Α aﾐd ン.ヱ.Β the iﾐtegヴals iﾐ Eケﾐ. ン.ヱ.ヶ Iaﾐ He Ioﾐ┗eヴted iﾐto iﾐtegヴals o┗eヴ the

ヴefeヴeﾐIe Iell Ωヴef

Hi = Ms
∑

j

[
1

Vi

∫∫

Ωヴef

Ñ

(
∑

k

(ik − jk)∆rk + r − r ′

)
dr dr ′

]
mj . ふン.ヱ.Γぶ

This e┝pヴessioﾐ has the foヴﾏ of a thヴee-diﾏeﾐsioﾐal disIヴete Ioﾐ┗oluioﾐ

Hi = Ms
∑

j

Ñi−jmj ふン.ヱ.ヱヰぶ

Ñi−j =
1

Vi

∫∫

Ωヴef

Ñ

(
∑

k

(ik − jk)∆rk + r − r ′

)
dr dr ′ ふン.ヱ.ヱヱぶ

siﾐIe it oﾐl┞ depeﾐds oﾐ the diffeヴeﾐIe of the ﾏuliiﾐdiIes i aﾐd j . Heヴe Ñi−j deﾐotes the

disIヴete deﾏagﾐeizaioﾐ teﾐsoヴ. Note that Ñi−j has eﾐtヴies foヴ e┗eヴ┞ possiHle Iell distaﾐIe

┘hiIh aﾏouﾐts to
∏

k(2Nk − 1) ≈ 2dN , ┘heヴe Nk deﾐotes the ﾐuﾏHeヴ of Iells iﾐ spaial

diﾏeﾐsioﾐ k aﾐd d deﾐotes the ﾐuﾏHeヴ of diﾏeﾐsioﾐs. This ヴeduIes the stoヴage ヴeケuiヴeﾏeﾐts

fヴoﾏ O(N2) foヴ the deﾏagﾐeizaioﾐ opeヴatoヴ A to O(N) of the deﾏagﾐeizaioﾐ teﾐsoヴ Ñi−j .

Ho┘e┗eヴ, the ﾐai┗e iﾏpleﾏeﾐtaioﾐ of the Ioﾐ┗oluioﾐ iﾐ Eケﾐ. ン.ヱ.ヱヰ sill has a Ioﾏputaioﾐal

Ioﾏple┝it┞ of O(N2).

ン.ヱ.ヱ Coﾐ┗oluioﾐ Theoヴeﾏ

This Ioﾏple┝it┞ Iaﾐ He ヴeduIed H┞ appliIaioﾐ of the Ioﾐ┗oluioﾐ theoヴeﾏ. The disIヴete Ioﾐ-

┗oluioﾐ theoヴeﾏ states that the Ioﾐ┗oluioﾐ Iaﾐ He e┝pヴessed as a Iell-┘ise ﾏulipliIaioﾐ iﾐ

Fouヴieヴ spaIe

F(f ∗ g) = F(f )F(g) ふン.ヱ.ヱヲぶ
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┘heヴe F deﾐotes the disIヴete Fouヴieヴ tヴaﾐsfoヴﾏ aﾐd f ∗ g is the disIヴete Ioﾐ┗oluioﾐ gi┗eﾐ H┞

(f ∗ g)i =
∑

j

fj gi−j . ふン.ヱ.ヱンぶ

The foヴﾏulae iﾐ Eケﾐ. ン.ヱ.ヱヲ aﾐd ン.ヱ.ヱン aヴe defiﾐed foヴ oﾐe-diﾏeﾐsioﾐal seケueﾐIes f aﾐd g .

Ho┘e┗eヴ, the Ioﾐ┗oluioﾐ iﾐ Eケﾐ. ン.ヱ.ヱヰ is ﾏulidiﾏeﾐsioﾐal iﾐ t┘o ┘a┞s. Fiヴst the Ioﾐ┗oluioﾐ

is defiﾐed Het┘eeﾐ a teﾐsoヴ Ñ aﾐd a ┗eItoヴ m. Due to the liﾐeaヴit┞ of the Ioﾐ┗oluioﾐ, the

teﾐsoヴ–┗eItoヴ ﾏulipliIaioﾐ Iaﾐ He e┝Ihaﾐged ┘ith the Ioﾐ┗oluioﾐ opeヴaioﾐ ┘hiIh ┞ields

Hk,i = Ms
∑

l

∑

j

Nkl ,i−j ml ,j . ふン.ヱ.ヱヴぶ

Fuヴtheヴﾏoヴe the Ioﾐ┗oluioﾐ is defiﾐed oﾐ a thヴee-diﾏeﾐsioﾐal gヴid that is addヴessed H┞ the

ﾏuliiﾐdiIes i aﾐd j . Wヴiiﾐg these iﾐdiIes as tヴiples of sIalaヴs i = (i1, i2, i3) ┞ields

Hk,i1,i2,i3 = Ms
∑

l ,j1,j2,j3

Nkl ,i1−j1,i2−j2,i3−j3 ml ,j1,j2,j3 . ふン.ヱ.ヱヵぶ

B┞ pヴoIessiﾐg eaIh iﾐde┝ jx sepaヴatel┞ this e┝pヴessioﾐ Iaﾐ He ┘ヴiteﾐ as ﾐested suﾏs of oﾐe-

diﾏeﾐsioﾐal Ioﾐ┗oluioﾐs. Staヴiﾐg ┘ith the iﾐde┝ j3 ┞ields aﾐ outeヴ suﾏ o┗eヴ oﾐe-diﾏeﾐsioﾐal

Ioﾐ┗oluioﾐs

Hk,i1,i2,i3 = Ms
∑

l ,j1,j2

∑

j3

Nkl ,i1−j1,i2−j2,i3−j3 ml ,j1,j2,j3 ふン.ヱ.ヱヶぶ

= Ms
∑

l ,j1,j2

Nkl ,i1−j1,i2,−j2 ∗ ml ,j1,j2 ふン.ヱ.ヱΑぶ

┘heヴe the Ioﾐ┗oluioﾐopeヴatoヴ ∗ aIts oﾐ the fヴee iﾐdiIes i3−j3 aﾐd j3 ヴespeIi┗el┞. Coﾐsideヴ the

Ioヴヴespoﾐdiﾐg Fouヴieヴ-tヴaﾐsfoヴﾏ opeヴatoヴ Fx that applies the Fouヴieヴ tヴaﾐsfoヴﾏ of aﾐ oHjeIt

ai1,i2,i3 iﾐ ix -diヴeIioﾐ foヴ all possiHle tuples of the ヴeﾏaiﾐiﾐg iﾐdiIes. With this opeヴatoヴ the

Ioﾐ┗oluioﾐ iﾐ Eケﾐ. ン.ヱ.ヱΑ Iaﾐ He ┘ヴiteﾐ as

Hk,i1,i2,i3 = Ms
∑

l

F−1
3



∑

j1,j2

F3(Nkl)i1−j1,i2−j2 F3(ml)j1,j2




i3

ふン.ヱ.ヱΒぶ

= Ms
∑

l

F−1
3



∑

j1

F3(Nkl)i1−j1 ∗ F3(ml)j1




i3

ふン.ヱ.ヱΓぶ

...

= Ms
∑

l

F
−1 [F(Nkl) F(ml)]i1,i2,i3

ふン.ヱ.ヲヰぶ

┘heヴe F = F1F2F3 is the thヴee-diﾏeﾐsioﾐal Fouヴieヴ tヴaﾐsfoヴﾏ. The e┝Ihaﾐge of Fouヴieヴ

tヴaﾐsfoヴﾏ aﾐd suﾏﾏaioﾐ as used iﾐ Eケﾐ. ン.ヱ.ヱΒ is possiHle due to the liﾐeaヴit┞ of the Fouヴieヴ

tヴaﾐsfoヴﾏ. This algoヴithﾏ is oteﾐ ヴefeヴヴed to as ヴo┘-Ioluﾏﾐ algoヴithﾏ [ヵヱ].
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As ﾏeﾐioﾐed aHo┗e the Ioﾐ┗oluioﾐ ヴeduIes to a Iell-┘ise ﾏulipliIaioﾐ iﾐ Fouヴieヴ spaIe lead-

iﾐg to a Ioﾏputaioﾐal Ioﾏple┝it┞ of O(N). This Ioﾏple┝it┞ ho┘e┗eヴ does ﾐot aIIouﾐt foヴ

the addiioﾐal Ioﾏputaioﾐal Iosts due to the Fouヴieヴ tヴaﾐsfoヴﾏ. The fast Fouヴieヴ tヴaﾐsfoヴﾏ

algoヴithﾏ ふFFTぶ H┞ Coole┞ aﾐd Tuke┞ [ヵヲ] has a Ioﾏple┝it┞ of O(N log N) ┘hiIh supeヴseeds

the Ioﾏple┝it┞ of the ﾏulipliIaioﾐ aﾐd thus gi┗es a ﾏeasuヴe foヴ the o┗eヴall Ioﾏple┝it┞ of the

Ioﾐ┗oluioﾐ Ioﾏputaioﾐ.

ン.ヱ.ヲ DisIヴete Deﾏagﾐeizaioﾐ Teﾐsoヴ

The pヴeseﾐted Ioﾐ┗oluioﾐﾏethod foヴ the Ioﾏputaioﾐ of the deﾏagﾐeizaioﾐ field is appliIa-

Hle foヴ aヴHitヴaヴ┞ disIヴeizaioﾐs as loﾐg as the┞ aヴe peヴiodiI iﾐ the seﾐse desIヴiHed iﾐ Eケﾐ. ン.ヱ.Α

aﾐd ン.ヱ.Β. Ho┘e┗eヴ, the Ioﾏputaioﾐ of the disIヴete deﾏagﾐeizaioﾐ teﾐsoヴ Ñi−j foヴ Ioﾏpli-

Iated ヴefeヴeﾐIe Iells as sho┘ﾐ iﾐ Fig. ン.ヱa ﾏight He uﾐfeasiHle.

Foヴ IuHoid Iells as sho┘ﾐ iﾐ Fig. ン.ヱH the disIヴete teﾐsoヴ Ñi−j gi┗eﾐ H┞ Eケﾐ. ン.ヱ.ヱヱ ┘as Ioﾏ-

puted aﾐal┞iIall┞ H┞ Ne┘ell et al. [ヵン]. AIIoヴdiﾐg to Ne┘ell the diagoﾐal eleﾏeﾐt N1,1 of the

teﾐsoヴ is gi┗eﾐ H┞

N1,1(r ,∆r) =
1

4π∆r1∆r2∆r3

∑

i ,j∈{0,1}

(−1)
∑

x
ix +jx

f [r1 + (i1 − j1)∆r1, r2 + (i2 − j2)∆r2, r3 + (i3 − j3)∆r3] ふン.ヱ.ヲヱぶ

┘heヴe the fuﾐIioﾐ f is defiﾐed H┞

f (r1, r2, r3) =
|r2|
2

(r2
3 − r2

1 ) sinh−1


 |r2|√

r2
1 + r2

3




+
|r3|
2

(r2
2 − r2

1 ) sinh−1


 |r3|√

r2
1 + r2

2




− |r1r2r3| tan−1


 |r2r3|

r1

√
r2
1 + r2

2 + r2
3




+
1

6
(2r2

1 − r2
2 − r2

3 )
√

r2
1 + r2

2 + r2
3 . ふン.ヱ.ヲヲぶ

The eleﾏeﾐts N2,2 aﾐd N3,3 aヴe oHtaiﾐed H┞ IiヴIulaヴ peヴﾏutaioﾐ of the Iooヴdiﾐates

N2,2(r ,∆r) = N1,1[(r2, r3, r1), (∆r2,∆r3,∆r1)] ふン.ヱ.ヲンぶ

N3,3(r ,∆r) = N1,1[(r3, r1, r2), (∆r3,∆r1,∆r2)]. ふン.ヱ.ヲヴぶ

The off-diagoﾐal eleﾏeﾐt N1,2 is gi┗eﾐ H┞

N1,2(r ,∆r) =
1

4π∆r1∆r2∆r3

∑

i ,j∈{0,1}

(−1)
∑

x
ix +jx

g [r1 + (i1 − j1)∆r1, r2 + (i2 − j2)∆r2, r3 + (i3 − j3)∆r3] ふン.ヱ.ヲヵぶ
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┘heヴe the fuﾐIioﾐ g is defiﾐed H┞

g(r1, r2, r3) = (r1r2r3) sinh−1


 r3√

r2
1 + r2

2




+
r2

6
(3r2

3 − r2
2 ) sinh−1


 r1√

r2
2 + r2

3




+
r1

6
(3r2

3 − r2
1 ) sinh−1


 r2√

r2
1 + r2

3




− r3
3

6
tan−1


 r1r2

r3

√
r2
1 + r2

2 + r2
3


− r3r2

2

2
tan−1


 r1r3

r2

√
r2
1 + r2

2 + r2
3




− r3r2
1

2
tan−1


 r2r3

r1

√
r2
1 + r2

2 + r2
3


−

r1r2

√
r2
1 + r2

2 + r2
3

3
. ふン.ヱ.ヲヶぶ

Agaiﾐ otheヴ off-diagoﾐal eleﾏeﾐts aヴe oHtaiﾐed H┞ peヴﾏutaioﾐ of Iooヴdiﾐates

N1,3(r ,∆r) = N1,2[(r1, r3, r2), (∆r1,∆r3,∆r2)] ふン.ヱ.ヲΑぶ

N2,3(r ,∆r) = N1,2[(r2, r3, r1), (∆r2,∆r3,∆r1)]. ふン.ヱ.ヲΒぶ

Like the Ioﾐiﾐuous teﾐsoヴ Ñ(r − r ′) the disIヴete teﾐsoヴ Ñi−j is s┞ﾏﾏetヴiI

Nij = Nji . ふン.ヱ.ヲΓぶ

Thus the aHo┗e defiﾐiioﾐs of N1,2, N1,3 aﾐd N2,3 Iaﾐ He used to oHtaiﾐ the ヴeﾏaiﾐiﾐg off-

diagoﾐal eleﾏeﾐts.

Iﾐstead of this aﾐal┞iIal e┝pヴessioﾐ, Eケﾐ. ン.ヱ.ヱヱ Iaﾐ also He iﾐtegヴated ﾐuﾏeヴiIall┞ iﾐ oヴdeヴ to

ヴetヴie┗e the eﾐtヴies of the disIヴete deﾏagﾐeizaioﾐ teﾐsoヴ. As sho┘ﾐ H┞ LeHeIki et al. iﾐ [ヵヴ]

aﾐd Kヴügeヴ et al. iﾐ [ヵヵ] ﾐuﾏeヴiIal iﾐtegヴaioﾐ leads to ﾏoヴe aIIuヴate ヴesults iﾐ soﾏe Iases,

espeIiall┞ foヴ laヴge Iell distaﾐIes r .

ン.ヱ.ン SIalaヴ Poteﾐial

Iﾐ the pヴeIediﾐg seIioﾐs the deﾏagﾐeizaioﾐfield is diヴeItl┞ Ioﾏputed as the ヴesult of a Ioﾐ┗o-

luioﾐ. Aﾐ alteヴﾐai┗e appヴoaIh is the Ioﾏputaioﾐ of the field as gヴadieﾐt of the sIalaヴ poteﾐial

u. With Eケﾐ. ヲ.ヲ.ヲヲ the deﾏagﾐeizaioﾐ field is gi┗eﾐ H┞

H(r) = −∇u ふン.ヱ.ンヰぶ

= −Ms∇

∫

Ω

S(r − r ′) · m(r ′) dr ′ ふン.ヱ.ンヱぶ

S(r − r ′) =
1

4π
∇

′ 1

|r − r ′| ふン.ヱ.ンヲぶ
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Assuﾏiﾐg agaiﾐ a disIヴeized ﾏagﾐeizaioﾐ as iﾐ Eケﾐ. ン.ヱ.ヲ that is Ioﾐstaﾐt peヴ Iell Ωi ┞ields

u(r) = Ms
∑

j

[∫

Ωj

S(r − r ′) dr ′

]
· mj ふン.ヱ.ンンぶ

foヴ the sIalaヴ poteﾐial at aﾐ aヴHitヴaヴ┞ poiﾐt r . Foヴ a peヴiodiI spaial disIヴeizaioﾐ that fulfills

Eケﾐ. ン.ヱ.Α aﾐd ン.ヱ.Β this e┝pヴessioﾐ Iaﾐ He tuヴﾐed iﾐto a disIヴete Ioﾐ┗oluioﾐ

ui = Ms
∑

j

Si−j · mj ふン.ヱ.ンヴぶ

Si−j =

∫

Ωj

S(ri − r ′) dr ′ ふン.ヱ.ンヵぶ

=

∫

Ωヴef

S

(
∑

k

(ik − jk)∆rk − r ′

)
dr ′ ふン.ヱ.ンヶぶ

┘heヴe Si−j does oﾐl┞ depeﾐd oﾐ the diffeヴeﾐIe of the ﾏuliiﾐdiIes i aﾐd j . Foヴ IuHoid siﾏula-

ioﾐ Iells this iﾐtegヴal Iaﾐ He IalIulated aﾐal┞iIall┞. Fiヴst the ┗oluﾏe iﾐtegヴal is Ioﾐ┗eヴted iﾐto

a suヴfaIe iﾐtegヴal ┘ith the di┗eヴgeﾐIe theoヴeﾏ

Si−j =
1

4π

∫

Ωj

∇
1

|ri − r ′| dr ′ ふン.ヱ.ンΑぶ

=
1

4π

∫

∂Ωj

n′

|ri − r ′| ds ′. ふン.ヱ.ンΒぶ

Coﾐsideヴ the r3-Ioﾏpoﾐeﾐt of the ┗eItoヴ field S. Foヴ IuHoid ヴegioﾐsΩi , ┘hiIh aヴe aligﾐed ┘ith

the thヴee pヴiﾐIipal a┝es, oﾐl┞ the plaﾐes peヴpeﾐdiIulaヴ to the r3-diヴeIioﾐ IoﾐtヴiHute to the

suヴfaIe iﾐtegヴal

S3(r ,∆r) =
∑

±

± 1

4π

∫
∆r1/2

−∆r1/2

∫
∆r2/2

−∆r2/2

dr ′
1dr ′

2√
(r1 − r ′

1)2 + (r2 − r ′
2)2 + (r3 ∓ ∆r3/2)2

ふン.ヱ.ンΓぶ

┘heヴe r deﾐotes the distaﾐIe to the Ieﾐteヴ of the IuHoid aﾐd ∆r deﾐotes the diﾏeﾐsioﾐs of

the IuHoid. The iﾐdefiﾐite suヴfaIe iﾐtegヴal Iaﾐ He e┗aluated as

F (r1, r2, r3) =
1

4π

∫∫
dr1dr2√

r2
1 + r2

2 + r2
3

=
1

4π

{
− r3 arctan


 r1r2

r3

√
r2
1 + r2

2 + r2
3




+ r2 ln

(
r1 +

√
r2
1 + r2

2 + r2
3

)

+ r1 ln

(
r2 +

√
r2
1 + r2

2 + r2
3

)}
. ふン.ヱ.ヴヰぶ

AsseﾏHliﾐg the defiﾐite iﾐtegヴals iﾐ Eケﾐ. ン.ヱ.ンΓ ┞ields

S3(r ,∆r) =
∑

i ,j,k∈{−1,1}

−ijkF (r1 + i ∆r1
2 , r2 + j ∆r2

2 , r3 + k ∆r3
2 ). ふン.ヱ.ヴヱぶ
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ふaぶ ふHぶ

Figuヴe ン.ヲ: E┗aluaioﾐ of the sIalaヴ poteﾐial geﾐeヴated H┞ a souヴIe Iell. The souヴIe Iell is

Ioloヴed gヴa┞. ふaぶ E┗aluaioﾐ at Iell Ieﾐteヴs. ふHぶ E┗aluaioﾐ at Iell ┗eヴiIes.

The ヴeﾏaiﾐiﾐg Ioﾏpoﾐeﾐts of the ┗eItoヴ field S aヴe oHtaiﾐed H┞ I┞IliI peヴﾏutaioﾐ

S1(r ,∆r) =
∑

i ,j,k

−ijkF (r2 + i ∆r2
2 , r3 + j ∆r3

2 , r1 + k ∆r1
2 ) ふン.ヱ.ヴヲぶ

S2(r ,∆r) =
∑

i ,j,k

−ijkF (r3 + i ∆r3
2 , r1 + j ∆r1

2 , r2 + k ∆r2
2 ). ふン.ヱ.ヴンぶ

B┞ appliIaioﾐ of the Ioﾐ┗oluioﾐ theoヴeﾏ the poteﾐial u is thus Ioﾏputed H┞

ui =
∑

k

F
−1[F(Sk)F(mk)]i . ふン.ヱ.ヴヴぶ

Iﾐ Ioﾐtヴast to the diヴeIt IalIulaioﾐ of the deﾏagﾐeizaioﾐ field, the poteﾐial is ﾐot a┗eヴaged

o┗eヴ a Iell, Hut Ioﾏputed at disiﾐIt poiﾐts. These saﾏpliﾐg poiﾐts ha┗e the saﾏe peヴiodiIit┞

as the spaial disIヴeizaioﾐ. Ho┘e┗eヴ, theiヴ ヴelai┗e posiioﾐ iﾐ a Iell Iaﾐ He Ihoseﾐ H┞ addiﾐg

aﾐ offset to the Ioﾏputaioﾐ of S.

Iﾐ oヴdeヴ to oHtaiﾐ the aItual deﾏagﾐeizaioﾐ field, the gヴadieﾐt of the poteﾐial has to He Ioﾏ-

puted. Oﾐ a IuHoid gヴid the appヴo┝iﾏaioﾐof the gヴadieﾐt is ﾐatuヴall┞ gi┗eﾐH┞fiﾐite diffeヴeﾐIes.

A possiHle IhoiIe foヴ the saﾏple poiﾐts of the poteﾐial aヴe the Iell Ieﾐteヴs, see Fig. ン.ヲa. Ho┘-

e┗eヴ, iﾐ oヴdeヴ to Ioﾏpute the gヴadieﾐt peヴ Iell iﾐ a s┞ﾏﾏetヴiI fashioﾐ, the poteﾐial diffeヴeﾐIe

fヴoﾏ the ﾐeighHoヴiﾐg Iells has to He e┗aluated. Foヴ the r1-Ioﾏpoﾐeﾐt this ヴeads

H1,i ≈ ui1+1,i2,i3 − ui1−1,i2,i3

2∆r1
. ふン.ヱ.ヴヵぶ

Foヴ Houﾐdaヴ┞ eleﾏeﾐts the ┗alue foヴ at least oﾐe of the ﾐeighHoヴiﾐg Iellsﾏight ﾐot He a┗ailaHle.

Iﾐ paヴiIulaヴ it is ﾐot possiHle to ヴetヴie┗e the fiﾐite-diffeヴeﾐIe appヴo┝iﾏaioﾐ if the ヴegioﾐ is

disIヴeized H┞ a siﾐgle Iell iﾐ oﾐe diﾏeﾐsioﾐ.

This pヴoHleﾏ Iaﾐ He a┗oided H┞ Ihoosiﾐg the saﾏple poiﾐts at the ┗eヴiIes of the IuHoid ﾏesh,

see Fig. ン.ヲH. With this IhoiIe the a┗eヴaged deﾏagﾐeizaioﾐ field Iaﾐ He Ioﾏputed up to fiヴst
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oヴdeヴ H┞ the a┗eヴaged fiﾐite-diffeヴeﾐIes of the Iell ┗eヴiIes

H1,i ≈
∑

∆2,∆3∈{−1/2,1/2}

ui1+1/2,i2+∆2,i3+∆3
− ui1−1/2,i2+∆2,i3+∆3

∆r1
. ふン.ヱ.ヴヶぶ

The ﾏethod desIヴiHed H┞ Eケﾐ. ン.ヱ.ヴヴ aﾐd ン.ヱ.ヴヶ ┘as iﾐtヴoduIed iﾐ [ヴヰ] aﾐd is ヴefeヴヴed to as

sIalaヴ-poteﾐial ﾏethod foヴ the deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐ.

ン.ヱ.ヴ PeヴfoヴﾏaﾐIe Coﾐsideヴaioﾐs

Both the diヴeIt Ioﾏputaioﾐ of the deﾏagﾐeizaioﾐ field, iﾐ the follo┘iﾐg ヴefeヴヴed to as de-

ﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod, aﾐd the sIalaヴ-poteﾐial ﾏethod ha┗e aﾐ as┞ﾏptoiI Ioﾏputa-

ioﾐal Ioﾏple┝it┞ of O(N log N). Ho┘e┗eヴ, a Ilose look at the opeヴaioﾐ Iouﾐts sho┘s that the

sIalaヴ-poteﾐial ﾏethod has Ieヴtaiﾐ ad┗aﾐtages o┗eヴ the deﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod.

Foヴ the lateヴ the Fouヴieヴ tヴaﾐsfoヴﾏhas to He applied to the Ioﾏpoﾐeﾐts of the deﾏagﾐeizaioﾐ-

teﾐsoヴ aﾐd the ﾏagﾐeizaioﾐ. Theﾐ a teﾐsoヴ-field–┗eItoヴ-field ﾏulipliIaioﾐ aﾐd aﾐ iﾐ┗eヴse

Fouヴieヴ tヴaﾐsfoヴﾏ oﾐ the Ioﾏpoﾐeﾐts of the ヴesuliﾐg field is Iaヴヴied out. Due to the s┞ﾏﾏetヴ┞

of the deﾏagﾐeizaioﾐ teﾐsoヴ, its Fouヴieヴ tヴaﾐsfoヴﾏ is IalIulated H┞ si┝ FFT Ioﾏputaioﾐs. SiﾐIe

this teﾐsoヴ does oﾐl┞ depeﾐd oﾐ the IhoiIe of the spaial disIヴeizaioﾐ it has to He Ioﾏputed

oﾐl┞ oﾐIe foヴ the soluioﾐ of a iﾏe depeﾐdeﾐt pヴoHleﾏ. The follo┘iﾐg Ioﾏputaioﾐs ha┗e to

He Iaヴヴied out iﾐ e┗eヴ┞ iﾏestep:

• thヴee ンD FFTs to tヴaﾐsfoヴﾏ the ﾏagﾐeizaioﾐ field

• oﾐe teﾐsoヴ-field–┗eItoヴ-field ﾏulipliIaioﾐ iﾐ Fouヴieヴ spaIe

• thヴee iﾐ┗eヴse ンD FFTs to tヴaﾐsfoヴﾏ the ヴesuliﾐg deﾏagﾐeizaioﾐ field

The setup of the sIalaヴ poteﾐialﾏethod ヴeケuiヴes the Fouヴieヴ tヴaﾐsfoヴﾏof the fieldS. Foヴ e┗eヴ┞

iﾏestep the follo┘iﾐg opeヴaioﾐs aヴe ヴeケuiヴed:

• thヴee ンD FFTs to tヴaﾐsfoヴﾏ the ﾏagﾐeizaioﾐ field

• oﾐe ┗eItoヴ-field–┗eItoヴ-field ﾏulipliIaioﾐ iﾐ Fouヴieヴ spaIe

• oﾐe iﾐ┗eヴse ンD FFT to tヴaﾐsfoヴﾏ the ヴesuliﾐg poteﾐial

• oﾐe fiﾐite-diffeヴeﾐIe Ioﾏputaioﾐ of the deﾏagﾐeizaioﾐ-field

Note that the sIalaヴ-poteﾐial ﾏethod ヴeケuiヴes oﾐl┞ fouヴ FFTs iﾐ total peヴ iﾏestep ┘heヴeas the

deﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod ヴeケuiヴes si┝. SiﾐIe the FFT is the opeヴaioﾐ ┘ith the highest

Ioﾏple┝it┞ it is e┝peIted that the o┗eヴall Ioﾏputaioﾐ iﾏe foヴ a siﾐgle iﾏestep Iaﾐ He ヴeduIed

to appヴo┝iﾏatel┞ ヲ/ン H┞ the sIalaヴ-poteﾐialﾏethod. Fuヴtheヴﾏoヴe the teﾐsoヴ-field–┗eItoヴ-field

ﾏulipliIaioﾐ is ヴeduIed to a ┗eItoヴ-field–┗eItoヴ-field ﾏulipliIaioﾐ. Also ﾐote that the ﾏeﾏ-

oヴ┞ ヴeケuiヴed to stoヴe the deﾏagﾐeizaioﾐ-teﾐsoヴ field Ñ is t┘o iﾏes the ﾏeﾏoヴ┞ ヴeケuiヴed to

stoヴe the ┗eItoヴ-field S.
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The do┘ﾐside of the sIalaヴ-poteﾐial ﾏethod is the addiioﾐal gヴadieﾐt Ioﾏputaioﾐ. This adds

aﾐotheヴO(N)opeヴaioﾐ to thepヴoIeduヴe, ┘hiIh is ﾐot sigﾐifiIaﾐt due to the leadiﾐgO(N log N)

Ioﾏple┝it┞ of the FFT. Ho┘e┗eヴ, it iﾐtヴoduIes aﾐotheヴ appヴo┝iﾏaioﾐ eヴヴoヴ.

ン.ヲ Fiﾐite-Eleﾏeﾐt Methods

Aﾐ alteヴﾐai┗e foヴﾏulaioﾐ of the Poissoﾐ pヴoHleﾏ ヲ.ヲ.ヱヴ is gi┗eﾐ H┞

∇ · (∇u − Msm) = 0. ふン.ヲ.ヱぶ

Opposed to the oヴigiﾐal Poissoﾐ pヴoHleﾏ this e┝pヴessioﾐ is defiﾐed iﾐ the ┘hole spaIe e┗eﾐ if

the ﾏagﾐeizaioﾐ M is disIoﾐiﾐuous ┘hiIh is the Iase at the Houﾐdaヴ┞ of aﾐ ideal ﾏagﾐet. Iﾐ

this Iase the disIoﾐiﾐuit┞ is Ioﾏpeﾐsated H┞ the field H = −∇u.

Coﾐsideヴ the follo┘iﾐg foヴﾏulaioﾐ aヴisiﾐg fヴoﾏﾏulipliIaioﾐ of Eケﾐ. ン.ヲ.ヱ ┘ith a so-Ialled test

fuﾐIioﾐ v aﾐd iﾐtegヴaioﾐ o┗eヴ a ヴegioﾐ Ω

∫

Ω

∇ · (∇u − Msm)v dr = 0. ふン.ヲ.ヲぶ

Iﾐtegヴaioﾐ H┞ paヴts ┞ields
∫

Ω

∇u · ∇v dr = Ms

∫

Ω

m · ∇v dr +

∫

∂Ω
n · (∇u − Msm)v ds. ふン.ヲ.ンぶ

RestヴiIioﾐ of the test fuﾐIioﾐs v to the SoHole┗ spaIe H1
0 defiﾐed H┞

H1
0 = {v ∈ H1(Ω) : v = 0 oﾐ ∂Ω}. ふン.ヲ.ヴぶ

leads to a ┗aﾐishiﾐg Houﾐdaヴ┞ teヴﾏ iﾐ Eケﾐ. ン.ヲ.ン. Deﾏaﾐdiﾐg Eケﾐ. ン.ヲ.ン foヴ all v ∈ H1
0 thus

┞ields ∫

Ω

∇u · ∇v dr = Ms

∫

Ω

m · ∇v dr ∀ v ∈ H1
0 . ふン.ヲ.ヵぶ

This e┝pヴessioﾐ Iaﾐ He ┘ヴiteﾐ as

a(u, v) = L(v) ∀ v ∈ H1
0 ふン.ヲ.ヶぶ

┘ith the Hiliﾐeaヴ foヴﾏ a(u, v) aﾐd the liﾐeaヴ foヴﾏ L(v) defiﾐed H┞

a(u, v) =

∫

Ω

∇u · ∇v dr ふン.ヲ.Αぶ

L(v) = Ms

∫

Ω

m · ∇v dr . ふン.ヲ.Βぶ

AIIoヴdiﾐg to the La┝-Milgヴaﾏ theoヴeﾏ this pヴoHleﾏ has a uﾐiケue soluioﾐ u ┘heﾐ ヴestヴiIiﾐg

the soluioﾐ to H1
0 , siﾐIe the Hiliﾐeaヴ foヴﾏ a(u, v) is IoeヴIi┗e [ヵヶ]. If the oヴigiﾐal pヴoHleﾏ ン.ヲ.ヱ

┘ith DiヴiIhlet Houﾐdaヴ┞ Ioﾐdiioﾐ u = 0 oﾐ ∂Ω has a IlassiIal soluioﾐ, this soluioﾐ IoiﾐIides
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ふaぶ ふHぶ

Figuヴe ン.ン: DisIヴete fuﾐIioﾐ spaIe of fiヴst oヴdeヴ Lagヴaﾐge fuﾐIioﾐs iﾐ t┘o diﾏeﾐsioﾐs. ふaぶ A

siﾐgle Hasis fuﾐIioﾐ, oteﾐ ヴefeヴヴed to as hat fuﾐIioﾐ. ふHぶ E┝aﾏple fuﾐIioﾐ fヴoﾏ

the spaﾐ of the hat-fuﾐIioﾐ Hasis.

┘ith the soluioﾐ of Eケﾐ. ン.ヲ.ヵ as Iaﾐ He sho┘ﾐ H┞ iﾐtegヴaioﾐ H┞ paヴts. Ho┘e┗eヴ, iﾐ geﾐeヴal

the ヴeケuiヴeﾏeﾐts oﾐ the soluioﾐ of Eケﾐ. ン.ヲ.ヵ aヴe ┘eakeヴ thaﾐ oﾐ the soluioﾐ of the oヴigiﾐal

pヴoHleﾏ ン.ヲ.ヱ. The oヴigiﾐal soluioﾐ has to He t┘iIe diffeヴeﾐiaHle ┘heヴeas the soluioﾐ of

Eケﾐ. ン.ヲ.ヵ has to He oﾐl┞ oﾐIe┘eakl┞ diffeヴeﾐiaHle. Thus Eケﾐ. ン.ヲ.ヵ is Ialled a┘eak foヴﾏulaioﾐ

of the pヴoHleﾏ aﾐd the soluioﾐ u is Ialled a ┘eak soluioﾐ.

Iﾐ oヴdeヴ to sol┗e Eケﾐ. ン.ヲ.ヱ ┘ith iﾐhoﾏogeﾐeous Houﾐdaヴ┞ Ioﾐdiioﾐs, ┘e ha┗e to seek foヴ

the soluioﾐ iﾐ the fuﾐIioﾐ spaIe H1. Iﾐ paヴiIulaヴ it Iaﾐ He sho┘ﾐ that theヴe e┝ists a uﾐiケue

u ∈ H1 to the pヴoHleﾏ

a(u, v) = L(v) ∀ v ∈ H1
0 ふン.ヲ.Γぶ

u − u0 ∈ H1
0 ふン.ヲ.ヱヰぶ

┘heヴe u0 ∈ H1 is aﾐ aヴHitヴaヴ┞ fuﾐIioﾐ that saisfies the DiヴiIhlet Houﾐdaヴ┞ Ioﾐdiioﾐ.

The fiﾐite-eleﾏeﾐt ﾏethod is also IapaHle of sol┗iﾐg the Poissoﾐ eケuaioﾐ foヴ gi┗eﾐ Neuﾏaﾐ

Houﾐdaヴ┞ Ioﾐdiioﾐs. The Poissoﾐ eケuaioﾐ ┘ith Neuﾏaﾐ Houﾐdaヴ┞ Ioﾐdiioﾐs deteヴﾏiﾐes the

soluioﾐ oﾐl┞ up to a Ioﾐstaﾐt. HeﾐIe the soluioﾐ is usuall┞ ヴestヴiIted to a fuﾐIioﾐ spaIe

V = {v ∈ H1(Ω);
∫
Ω

v dr = 0}. SiﾐIe the fuﾐIioﾐ spaIe foヴ the test aﾐd tヴial fuﾐIioﾐs is a

suHspaIe of H1, the Houﾐdaヴ┞ iﾐtegヴal iﾐ Eケﾐ. ン.ヲ.ン does ﾐot ┗aﾐish. The Neuﾏaﾐ Houﾐdaヴ┞

Ioﾐdiioﾐs aヴe thus ﾐatuヴall┞ iﾐIluded iﾐ the ┘eak foヴﾏulaioﾐ. It Iaﾐ He sho┘ﾐ that the ヴe-

suliﾐg Hiliﾐeaヴ foヴﾏ is IoeヴIi┗e oﾐ V aﾐd thus a uﾐiケue soluioﾐ Iaﾐ He fouﾐd aIIoヴdiﾐg to the

theoヴeﾏ of La┝ Milgヴaﾏ [ヵヶ].
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ン.ヲ.ヱ DisIヴeizaioﾐ

The┘eak foヴﾏulaioﾐ ン.ヲ.ヵ Iaﾐ He disIヴeized H┞ IhoiIe of a suitaHle fiﾐite diﾏeﾐsioﾐal fuﾐIioﾐ

spaIe Vh ⊂ H1. This fuﾐIioﾐ spaIe is usuall┞ IoﾐstヴuIted usiﾐg a pol┞hedヴal ﾏesh. The Iells

of this ﾏesh aloﾐg ┘ith the IoﾐstヴuIioﾐ ヴules of the fuﾐIioﾐ spaIe aヴe Ialled fiﾐite eleﾏeﾐts.

Follo┘iﾐg Ciaヴlet [ヵΑ] a fiﾐite eleﾏeﾐt is defiﾐed H┞ the tヴiple T , V, L, ┘heヴe

T is the doﾏaiﾐ of a Iell;

V is a fiﾐite diﾏeﾐsioﾐal fuﾐIioﾐ spaIe oﾐ the doﾏaiﾐ T ;

L is the set of degヴees of fヴeedoﾏ L = {l1, l2, ... , ln}, ┘hiIh is a Hasis foヴ the dual spaIe V ′.

Addiioﾐall┞ a ﾏappiﾐg fヴoﾏ the loIal degヴees of fヴeedoﾏ peヴ Iell to the gloHal degヴees of

fヴeedoﾏ is defiﾐed. This ﾏappiﾐg Iouples the Iells aﾐd eﾐsuヴes that the gloHal disIヴete fuﾐI-

ioﾐ spaIe saisfies the Ioﾐiﾐuit┞ ヴeケuiヴeﾏeﾐts of Vh. Foヴ aItual Ioﾏputaioﾐs the degヴees of

fヴeedoﾏ li aヴe usuall┞ used to IoﾐstヴuIt a Hasis of V H┞

li(φj) = δij ふン.ヲ.ヱヱぶ

┘heヴe φj deﾐote the Hasis fuﾐIioﾐs.

The siﾏplest IhoiIe of a fiﾐite eleﾏeﾐt is the so-Ialled Lagヴaﾐge eleﾏeﾐt of fiヴst oヴdeヴ. The

doﾏaiﾐT is usuall┞ gi┗eﾐ as a tヴiaﾐgle iﾐ t┘o diﾏeﾐsioﾐs aﾐd a tetヴahedヴoﾐ iﾐ thヴee diﾏeﾐsioﾐs

aﾐd the fuﾐIioﾐ spaIe V(T ) is that of fiヴst oヴdeヴ pol┞ﾐoﾏials P1. The degヴees of fヴeedoﾏ

ヴepヴeseﾐted H┞ the fuﾐIioﾐals li aヴe gi┗eﾐ as poiﾐt e┗aluaioﾐs oﾐ the ┗eヴiIes of the ﾏesh

li(v) = v(ri) ふン.ヲ.ヱヲぶ

┘heヴe ri deﾐotes the ith ┗eヴte┝ of the Iell. This ヴesults iﾐ a stヴaighfoヴ┘aヴd loIal-to-gloHal

ﾏappiﾐg siﾐIe ﾐeighHoヴiﾐg Iells shaヴe Ieヴtaiﾐ ┗eヴiIes. The Ioヴヴespoﾐdiﾐg Hasis fuﾐIioﾐs φi

aヴe aIIoヴdiﾐg to Eケﾐ. ン.ヲ.ヱヱ gi┗eﾐ H┞ φi(rj) = δij ┘ith rj Heiﾐg the jth ┗eヴte┝ of the ﾏesh. Fig-

uヴe ン.ン sho┘s the Hasis fuﾐIioﾐs of the Lagヴaﾐge eleﾏeﾐt of fiヴst oヴdeヴ foヴ a t┘o-diﾏeﾐsioﾐal

tヴiaﾐgulaioﾐ. As ヴefeヴeﾐIe to theiヴ shape iﾐ t┘o diﾏeﾐsioﾐs, ┘hiIh is sho┘ﾐ iﾐ Fig. ン.ンa, the

fiヴst-oヴdeヴ Lagヴaﾐge Hasis fuﾐIioﾐs aヴe oteﾐ ヴefeヴヴed to as hat fuﾐIioﾐs.

The fiヴst-oヴdeヴ Lagヴaﾐge eleﾏeﾐts aヴe geﾐeヴalized to higheヴ-oヴdeヴ eleﾏeﾐts H┞ pieIe┘ise pol┞-

ﾐoﾏial, gloHall┞ Ioﾐiﾐuous fuﾐIioﾐs. Iﾐ this Iase the ﾏesh ﾐodes aヴe Ioﾏpleﾏeﾐted H┞ au┝-

iliaヴ┞ ﾐodes iﾐ oヴdeヴ to IoﾐstヴuIt a suitaHle dual Hasis. The suppoヴt of the Hasis fuﾐIioﾐs of

aﾐ┞ oヴdeヴ is gi┗eﾐ H┞ the Ioヴヴespoﾐdiﾐg Iell doﾏaiﾐs. The ﾐuﾏHeヴ of ﾐodes peヴ Iell, ho┘e┗eヴ,

is iﾐIヴeased foヴ higheヴ oヴdeヴ. This leads to a loss a spaヴsit┞ of the s┞steﾏ ﾏatヴiIes, ┘hiIh is the

ﾏaiﾐ dヴa┘HaIk of higheヴ-oヴdeヴ ﾏethods.

The geﾐeヴal defiﾐiioﾐ of a fiﾐite eleﾏeﾐt H┞ Ciaヴlet allo┘s foヴ a gヴeat ┗aヴiet┞ of fiﾐite eleﾏeﾐts

that diffeヴ ﾏaiﾐl┞ iﾐ pol┞ﾐoﾏial oヴdeヴ aﾐd Ioﾐiﾐuit┞ pヴopeヴies, see [ヵΑ]. Ho┘e┗eヴ, this ┘oヴk

ﾏaiﾐl┞ foIuses oﾐ the staﾐdaヴd Lagヴaﾐge eleﾏeﾐts.
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Usiﾐg the fiﾐite diﾏeﾐsioﾐal fuﾐIioﾐ spaIe Vh, eaIh fuﾐIioﾐ uh is desIヴiHed H┞ a tuple of

IoeffiIieﾐts ui

uh =
∑

i

uiφi ふン.ヲ.ヱンぶ

┘heヴe φi aヴe the gloHal Hasis fuﾐIioﾐs. The disIヴete ┘eak foヴﾏ ン.ヲ.ヵ ヴeads
∫

Ω

∇uh · ∇vh dr = Ms

∫

Ω

m · ∇vh dr ∀ vh ∈ Vh ふン.ヲ.ヱヴぶ

┘ith uh ∈ Vh. Due to the liﾐeaヴit┞ iﾐ vh it is suffiIieﾐt to test Eケﾐ. ン.ヲ.ヱヴ┘ith the Hasis fuﾐIioﾐs

φi . Iﾐseヴiﾐg Eケﾐ. ン.ヲ.ヱン aﾐd e┝Ihaﾐgiﾐg suﾏﾏaioﾐ ┘ith iﾐtegヴaioﾐ ┞ields

∑

i

ui

∫

Ω

∇φi · ∇φj dr = Ms

∫

Ω

m · ∇φj dr . ふン.ヲ.ヱヵぶ

This s┞steﾏ Iaﾐ He ┘ヴiteﾐ as a ﾏatヴi┝–┗eItoヴ ﾏulipliIaioﾐ

∑

i

Aijui = bj ふン.ヲ.ヱヶぶ

┘ith the ﾏatヴi┝ A aﾐd the ┗eItoヴ b gi┗eﾐ H┞

Aij =

∫

Ω

∇φi · ∇φj dr ふン.ヲ.ヱΑぶ

bj = Ms

∫

Ω

m · ∇φj dr . ふン.ヲ.ヱΒぶ

The ﾏatヴi┝ A is s┞ﾏﾏetヴiI posii┗e defiﾐite aﾐd thus the s┞steﾏ ン.ヲ.ヱヶ has a uﾐiケue soluioﾐ.

Fuヴtheヴﾏoヴe the disIヴete soluioﾐ uh saisfies Ieヴtaiﾐ opiﾏalit┞ Ioﾐdiioﾐs aﾐd eヴヴoヴ Houﾐds

depeﾐdiﾐg oﾐ the spaial disIヴeizaioﾐ Iaﾐ He Ioﾏputed. Foヴ a detailed aﾐal┞iIal tヴeatﾏeﾐt

of this ﾏethod the ヴeadeヴ is ヴefeヴヴed to staﾐdaヴd fiﾐite-eleﾏeﾐt liteヴatuヴe [ヵヶ, ヵΒ].

The ﾏatヴi┝ eﾐtヴies Aij aヴe zeヴo foヴ ﾐoﾐ-o┗eヴlappiﾐg Hasis fuﾐIioﾐs φi aﾐd φj . Depeﾐdiﾐg oﾐ

the used fiﾐite eleﾏeﾐt aﾐd the ﾏesh, a laヴge ﾐuﾏHeヴ of ﾏatヴi┝ eﾐtヴies is zeヴo. Iﾐ Iase of the

fiヴst-oヴdeヴ Lagヴaﾐge fuﾐIioﾐs Aij is ﾐoﾐzeヴo foヴ ﾐeighHoヴiﾐg ┗eヴiIes i aﾐd j . Thus the ﾏatヴi┝

A is spaヴse aﾐd has aﾐ as┞ﾏptoiI stoヴage ヴeケuiヴeﾏeﾐt of O(N). The spaヴsit┞ of the s┞steﾏ

ﾏatヴi┝ is aﾐ iﾏpoヴtaﾐt featuヴe of the fiﾐite-eleﾏeﾐt ﾏethod.

Ho┘e┗eヴ, sol┗iﾐg the pヴoHleﾏ ン.ヲ.ヱヶ usuall┞ ヴeケuiヴes the iﾐ┗eヴse of A to He Ioﾏputed, ┘hiIh

ヴesults iﾐ a deﾐse ﾏatヴi┝. This pヴoIeduヴe Iaﾐ He a┗oided H┞ appliIaioﾐ of iteヴai┗eﾏethods foヴ

the soluioﾐ of liﾐeaヴ s┞steﾏs [ヵΓ]. These ﾏethods usuall┞ ヴeケuiヴe a ﾏatヴi┝–┗eItoヴ ﾏulipliIa-

ioﾐ peヴ iteヴaioﾐ, ┘hiIh Iaﾐ He Ioﾏputed ┘ith O(N) foヴ the gi┗eﾐ spaヴse ﾏatヴiIes.

ン.ヲ.ヲ Opeﾐ-Bouﾐdaヴ┞ PヴoHleﾏ

Iﾐ oヴdeヴ to sol┗e d┞ﾐaﾏiI ﾏiIヴoﾏagﾐeiI pヴoHleﾏs, the deﾏagﾐeizaioﾐ field has to He Ioﾏ-

puted oﾐl┞ ┘ithiﾐ the ﾏagﾐeiI saﾏple. The fiﾐite-eleﾏeﾐt ﾏethod is ┘ell suited foヴ the so-

luioﾐ of the Poissoﾐ eケuaioﾐ aヴisiﾐg fヴoﾏ the deﾏagﾐeizaioﾐ-field pヴoHleﾏ. Ho┘e┗eヴ, the
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Houﾐdaヴ┞ Ioﾐdiioﾐs ha┗e to He kﾐo┘ﾐ foヴ this ﾏethod. Foヴ the deﾏagﾐeizaioﾐ-field pヴoHleﾏ

the Houﾐdaヴ┞ Ioﾐdiioﾐs aヴe gi┗eﾐ at iﾐfiﾐit┞ H┞ Eケﾐ. ヲ.ヲ.ヱヶ. Se┗eヴal ﾏethods ha┗e Heeﾐ pヴo-

posed to Ioﾏpute the deﾏagﾐeizaioﾐ field oﾐ a fiﾐite ﾏesh ┘ith the fiﾐite-eleﾏeﾐt ﾏethod.

Iﾐ the follo┘iﾐg the siﾏple tヴuﾐIaioﾐ ﾏethod aﾐd the populaヴ Houﾐdaヴ┞-eleﾏeﾐt Ioupliﾐg

ﾏethod aヴe Hヴiefl┞ disIussed. Iﾐ SeI. ン.ヲ.ン the so-Ialled shell-tヴaﾐsfoヴﾏaioﾐ ﾏethod is dis-

Iussed iﾐ detail.

TヴuﾐIaioﾐ

A siﾏple appヴoaIh foヴ the soluioﾐ of the opeﾐ-Houﾐdaヴ┞ pヴoHleﾏ is the tヴuﾐIaioﾐ ﾏethod.

Theﾏesh of theﾏagﾐeiI saﾏple is e┝teﾐded H┞ a laヴge Hut fiﾐite e┝teヴioヴ ヴegioﾐ. The DiヴiIhlet

Ioﾐdiioﾐ is applied to the suヴfaIe of the e┝teヴioヴ ヴegioﾐ.

This ﾏethod adds a laヴge o┗eヴhead due to the addiioﾐal eleﾏeﾐts, Hut the e┝teヴioヴ spaIe is

sill ﾐot desIヴiHed aIIuヴatel┞, siﾐIe the Houﾐdaヴ┞ Ioﾐdiioﾐ is applied at fiﾐite distaﾐIe to the

saﾏple.

H┞Hヴid FEM-BEMMethod

A populaヴ ﾏethod foヴ the soluioﾐ of the deﾏagﾐeizaioﾐ-field pヴoHleﾏ iﾐ the fヴaﾏe┘oヴk of

the fiﾐite-eleﾏeﾐt ﾏethod is a h┞Hヴid ﾏethod pヴoposed H┞ Fヴedkiﾐ aﾐd Koehleヴ iﾐ┗ol┗iﾐg the

Houﾐdaヴ┞-eleﾏeﾐt ﾏethod. Iﾐ the follo┘iﾐg the ﾏaiﾐ idea of this ﾏethod is sketIhed. Foヴ a

detailed desIヴipioﾐ the ヴeadeヴ is ヴefeヴヴed to the oヴigiﾐal puHliIaioﾐ [ヴΓ].

Beside the opeﾐ Houﾐdaヴ┞ Ioﾐdiioﾐ ヲ.ヲ.ヱヶ the follo┘iﾐg juﾏp Ioﾐdiioﾐs at the saﾏple Houﾐd-

aヴ┞ of aﾐ ideal ﾏagﾐet Iaﾐ He deヴi┗ed foヴ the deﾏagﾐeizaioﾐ pヴoHleﾏ

uiﾐ − uout = 0 ふン.ヲ.ヱΓぶ

(∇uiﾐ − ∇uout) · n = m · n ふン.ヲ.ヲヰぶ

┘heヴe uiﾐ deﾐotes the ┗alue of the poteﾐial iﾐ the saﾏple ┘heヴeas uout deﾐotes the Ioヴヴe-

spoﾐdiﾐg ┗alue outside. Coﾐsideヴ the follo┘iﾐg spliiﾐg of the poteﾐial u

u = u1 + u2. ふン.ヲ.ヲヱぶ

Let u1 He the soluioﾐ to the follo┘iﾐg s┞steﾏ

∆u1 = −∇ · m ふン.ヲ.ヲヲぶ

∂u1

∂n
= n · m oﾐ ∂Ω ふン.ヲ.ヲンぶ
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iﾐ the saﾏple aﾐd zeヴo outside. This soluioﾐ saisfies the Ioﾐiﾐuit┞ Ioﾐdiioﾐ ン.ヲ.ヲヰ, Hut ┗io-

lates Ioﾐdiioﾐ ン.ヲ.ヱΓ. Thus u2 has to fi┝ Eケﾐ. ン.ヲ.ヱΓ ┘hile pヴeseヴ┗iﾐg Eケﾐ. ン.ヲ.ヲヰ

uiﾐ
2 − uout

2 = uiﾐ
1 ふン.ヲ.ヲヴぶ

∂uiﾐ
2

∂n
− ∂uout

2

∂n
= 0 ふン.ヲ.ヲヵぶ

Fヴoﾏ poteﾐial theoヴ┞ it is kﾐo┘ﾐ that these ヴeケuiヴeﾏeﾐts aヴe ﾏet H┞ a douHle la┞eヴ poteﾐial

gi┗eﾐ H┞

u2 =

∫

∂Ω
u1

∂

∂n

1

|r − r ′| dr . ふン.ヲ.ヲヶぶ

This e┝pヴessioﾐ Iaﾐ He e┗aluated iﾐ oヴdeヴ to Ioﾏpute u2 iﾐ the ┘hole saﾏple. Ho┘e┗eヴ, the

Ioﾏputaioﾐal Ioﾏple┝it┞ of this step aﾏouﾐts to O(N2). HeﾐIe this e┝pヴessioﾐ is usuall┞ oﾐl┞

used to Ioﾏpute the ┗alues of u2 oﾐ the Houﾐdaヴ┞ ∂Ω┘ith the Houﾐdaヴ┞-eleﾏeﾐtﾏethod. The

┗alues of u2 ┘ithiﾐ the saﾏple aヴe Ioﾏputed ┘ith the fiﾐite-eleﾏeﾐt ﾏethod, ┘heヴe DiヴiIhlet

Houﾐdaヴ┞ Ioﾐdiioﾐs aヴe takeﾐ fヴoﾏ the Houﾐdaヴ┞-eleﾏeﾐt IalIulaioﾐ.

Aﾐ alteヴﾐai┗e Ioupliﾐg appヴoaIh ┘as pヴeseﾐted H┞ GaヴIía-Ceヴ┗eヴa aﾐd Roﾏa iﾐ [ヶヰ]. Foヴ this

appヴoaIh a hoﾏogeﾐeous aﾐd aﾐ iﾐhoﾏogeﾐous DiヴiIhlet pヴoHleﾏ ha┗e to He sol┗ed ┘ith the

fiﾐite-eleﾏeﾐt ﾏethod aﾐd the Houﾐdaヴ┞-eleﾏeﾐt ﾏethod is used to ヴetヴie┗e a siﾐgle-la┞eヴ

poteﾐial.

Foヴ Hoth Ioupliﾐg appヴoaIhes the Houﾐdaヴ┞-eleﾏeﾐt ﾏethod pヴo┗ides a liﾐeaヴ s┞steﾏ of size

M ×M , ┘heヴeM is the ﾐuﾏHeヴ of Houﾐdaヴ┞ ﾐodes. Iﾐ Ioﾐtヴast to theﾏatヴiIes aヴisiﾐg fヴoﾏ the

fiﾐite-eleﾏeﾐt disIヴeizaioﾐ, the Houﾐdaヴ┞-eleﾏeﾐt ﾏatヴiIes aヴe deﾐse. A Ioﾏﾏoﾐ appヴoaIh

to haﾐdle s┞steﾏs ┘ith a laヴge ﾐuﾏHeヴ of Houﾐdaヴ┞ ﾐodes is the use of hieヴaIhiIal ﾏatヴiIes foヴ

the Ioﾏpヴessioﾐ of the deﾐse s┞steﾏs [ヶヱ].

ン.ヲ.ン Shell-Tヴaﾐsfoヴﾏaioﾐ Method

Iﾐ the pヴeIediﾐg seIioﾐ t┘o ﾏethods foヴ the soluioﾐ of the opeﾐ-Houﾐdaヴ┞ pヴoHleﾏ ┘ith

the fiﾐite-eleﾏeﾐt ﾏethod ┘eヴe Hヴiefl┞ disIussed. The tヴuﾐIaioﾐ ﾏethod ヴeplaIes the iﾐ-

fiﾐitel┞ laヴge e┝teヴioヴ ヴegioﾐ ┘ith a fiﾐite ヴegioﾐ ┘heヴeas the Houﾐdaヴ┞-eleﾏeﾐt Ioupliﾐg deli┗-

eヴs Houﾐdaヴ┞ Ioﾐdiioﾐs at the saﾏple Houﾐdaヴ┞ foヴ fiﾐite-eleﾏeﾐt Ioﾏputaioﾐs. Iﾐ this ┘oヴk

a so-Ialled shell-tヴaﾐsfoヴﾏaioﾐ ﾏethod ┘as applied foヴ the deﾏagﾐeizaioﾐ-field Ioﾏputa-

ioﾐ [ヵヰ, ヶヲ, ヶン]. This ﾏethod outpeヴfoヴﾏs the tヴuﾐIaioﾐ ﾏethod H┞ Ioﾐsideヴiﾐg the ┘hole

e┝teヴioヴ spaIe, Hut it leads to a siﾐgle spaヴse aﾐd liﾐeaヴ pヴoHleﾏ iﾐ Ioﾐtヴast to the Houﾐdaヴ┞-

eleﾏeﾐt Ioupliﾐg.

Coﾐsideヴ a ヴegioﾐΩspheヴe that is spheヴiIal aﾐd iﾐIludes theﾏagﾐeiI ヴegioﾐΩsaﾏple. This ヴegioﾐ

is suヴヴouﾐded H┞ a spheヴiIal shell Ωshell, see Fig. ン.ヴ. The fiﾐite spheヴiIal shell Ωshell is ﾏapped
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ふaぶ

Ωsaﾏple

Ωaiヴ

Ωe┝t

Ωspheヴe =

Ωsaﾏple ∪ Ωaiヴ

Ωshell

ふHぶ

r

T (r)

(0, 0, 0)

R1R2

Figuヴe ン.ヴ: SpheヴiIal shell tヴaﾐsfoヴﾏaioﾐ ﾏethod iﾐ t┘o diﾏeﾐsioﾐs. ふaぶ Defiﾐiioﾐs of iﾐ-

┗ol┗ed ヴegioﾐs. ふHぶ SketIh of tヴaﾐsfoヴﾏaioﾐ.

oﾐto the iﾐfiﾐite e┝teヴioヴ ヴegioﾐ Ωe┝t ∈ R
3\Ωspheヴe ┗ia a HijeIi┗e tヴaﾐsfoヴﾏaioﾐ T (r)

T : Ωshell → Ωe┝t. ふン.ヲ.ヲΑぶ

Iﾐtegヴaioﾐ o┗eヴ Ωe┝t = T (Ωshell) Iaﾐ He ヴeplaIed H┞ iﾐtegヴaioﾐ o┗eヴ Ωshell ┗ia suHsituioﾐ
∫

Ωe┝t

f [T −1(r ′)] dr ′ =

∫

Ωshell

f (r) |det[DT (r)]| dr . ふン.ヲ.ヲΒぶ

The fuﾐIioﾐ ft(r
′) = f [T −1(r ′)] is a `stヴetIhed' ┗eヴsioﾐ of f (r) ┘hiIh is defiﾐed oﾐ Ωe┝t. This

ﾏethod Iaﾐ He used to tuヴﾐ the ┘eak foヴﾏulaioﾐ ン.ヲ.ヵ oﾐ the fiﾐite ヴegioﾐ Ω to aﾐ effeIi┗e

┘eak foヴﾏulaioﾐ oﾐ the ┘hole spaIe R3 H┞ `stヴetIhiﾐg' the test aﾐd tヴial fuﾐIioﾐs. Ho┘e┗eヴ,

the iﾐtegヴaﾐd of the let-haﾐd side of Eケﾐ. ン.ヲ.ヵ does ﾐot depeﾐd oﾐ the test aﾐd tヴial fuﾐIioﾐs,

Hut oﾐ theiヴ gヴadieﾐts. B┞ usiﾐg Eケﾐ. ン.ヲ.ヲΒ the gヴadieﾐts iﾐ the iﾐtegヴaﾐd sill appl┞ to the

uﾐtヴaﾐsfoヴﾏed ┗aヴiaHles r ヴatheヴ thaﾐ to the tヴaﾐsfoヴﾏed ┗aヴiaHles r ′ = T (r). The gヴadieﾐt

∇ ┘ith ヴespeIt to r is IoﾐﾐeIted to the gヴadieﾐt ∇
′ ┘ith ヴespeIt to r ′ H┞

∇g =




∂g
∂r1

∂g
∂r2

∂g
∂r3


 =




∂r ′

1
∂r1

∂r ′

2
∂r1

∂r ′

3
∂r1

∂r ′

1
∂r2

∂r ′

2
∂r2

∂r ′

3
∂r2

∂r ′

1
∂r3

∂r ′

2
∂r3

∂r ′

3
∂r3







∂g
∂r ′

1

∂g
∂r ′

2

∂g
∂r ′

3


 = J ∇

′g ふン.ヲ.ヲΓぶ

aﾐd heﾐIe

[∇′g ](r ′) = [J−1
∇g ](r ′) ふン.ヲ.ンヰぶ

┘ith J = DT (r) Heiﾐg the JaIoHiaﾐ of the tヴaﾐsfoヴﾏaioﾐ. Thus the shell-tヴaﾐsfoヴﾏed ┘eak

foヴﾏulaioﾐ ヴeads
∫

Ωspheヴe

∇u · ∇v dr +

∫

Ωshell

(∇u)T g ∇v dr = Ms

∫

Ωsaﾏple

m · ∇v dr ∀ v ∈ V ふン.ヲ.ンヱぶ

┘ith the ﾏetヴiI teﾐsoヴ g gi┗eﾐ H┞

g = (J−1)T |det J| J−1. ふン.ヲ.ンヲぶ
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ふaぶ

Ωshell

r

u
(r

)

ふHぶ

Ωe┝t

T (r)

u
(r

)

Figuヴe ン.ヵ: Distoヴsioﾐ of test aﾐd tヴial fuﾐIioﾐs due to the tヴaﾐsfoヴﾏaioﾐ. ふaぶ Liﾐeaヴ deIa┞

of the poteﾐial u iﾐ the uﾐtヴaﾐsfoヴﾏed shell. ふHぶ The saﾏe fuﾐIioﾐ ﾏapped oﾐto

the e┝teヴioヴ ヴegioﾐ H┞ a suitaHle tヴaﾐsfoヴﾏaioﾐ.

SiﾐIe the iﾐtegヴal o┗eヴ the shell Ωshell ヴepヴeseﾐts the iﾐtegヴaioﾐ o┗eヴ the e┝teヴioヴ ヴegioﾐ Ωe┝t

the opeﾐ-Houﾐdaヴ┞ Ioﾐdiioﾐs Iaﾐ He applied as ヴegulaヴ DiヴiIhlet Houﾐdaヴ┞ Ioﾐdiioﾐs u(r) = 0

at the outeヴ Houﾐdaヴ┞ of the shell ∂Ω.

The ﾏetヴiI teﾐsoヴ g is s┞ﾏﾏetヴiI posii┗e defiﾐite, heﾐIe the s┞ﾏﾏetヴiI Hiliﾐeaヴ foヴﾏ oﾐ the

let-haﾐd side of Eケﾐ. ン.ヲ.ンヱ is also posii┗e defiﾐite. Thus H┞ the ヴight IhoiIe of the suHspaIe

V ⊂ H1
0 , pヴoHleﾏ Eケﾐ. ン.ヲ.ンヱ has a uﾐiケue soluioﾐ.

ChoiIe of Tヴaﾐsfoヴﾏaioﾐ

A ヴeasoﾐaHle IhoiIe foヴ the tヴaﾐsfoヴﾏaioﾐ oﾐ a spheヴiIal shell is the ヴadial ﾏappiﾐg

T (r) = t(|r |) r

|r | ふン.ヲ.ンンぶ

The sIalaヴ fuﾐIioﾐ t(r) ∈ C∞(Ωshell) is stヴiItl┞ iﾐIヴeasiﾐg aﾐd fulfills

t(R1) = R1 ふン.ヲ.ンヴぶ

t(r) → ∞ foヴ r → R2. ふン.ヲ.ンヵぶ

Thus the tヴaﾐsfoヴﾏaioﾐ T (r) is HijeIi┗e aﾐd fulfills Eケﾐ. ン.ヲ.ヲΑ as ヴeケuiヴed. OH┗iousl┞ theヴe

aヴe ﾏaﾐ┞ possiHle IhoiIes foヴ t(r) that ﾏeet these ヴeケuiヴeﾏeﾐts. A suitaHle tヴaﾐsfoヴﾏaioﾐ

distoヴts the Hasis fuﾐIioﾐs used foヴ disIヴeizaioﾐ iﾐ a ┘a┞ that the deIa┞ of the poteﾐial u

ﾏa┞ He appヴo┝iﾏated aIIuヴatel┞, see Fig. ン.ヵ. Fヴoﾏ Eケﾐ. ヲ.ヲ.ヲヲ it is kﾐo┘ﾐ that the poteﾐial u

deIa┞s ┘ith u ∝ 1/|r |2 iﾐ the faヴ-field appヴo┝iﾏaioﾐ.

Coﾐsideヴ the ヴadial paヴt of aﾐ affiﾐe Hasis fuﾐIioﾐ

φ(r) = a + br ふン.ヲ.ンヶぶ

iﾐ the uﾐtヴaﾐsfoヴﾏed spaIe. Iﾐ oヴdeヴ to oHtaiﾐ a fuﾐIioﾐ deIa┞iﾐg ┘ith 1/r ′2 iﾐ the tヴaﾐs-

foヴﾏed spaIe, the sIalaヴ fuﾐIioﾐ t(r) has to fulfill

r = a′ + b′ 1

[t(r)]2
ふン.ヲ.ンΑぶ
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aﾐd thus

t(r) =

√
b′

r − a′
ふン.ヲ.ンΒぶ

Fuヴtheヴﾏoヴe the fuﾐIioﾐ t has to fulfill Eケﾐ. ン.ヲ.ンヴ aﾐd ン.ヲ.ンヵ, ┘hiIh leads to

t(R1) =

√
b′

R1 − a′
= R1 ふン.ヲ.ンΓぶ

1/t(R2) =

√
R2 − a′

b′
= 0. ふン.ヲ.ヴヰぶ

This iﾏﾏediatel┞ ヴesults iﾐ

t(r) = R1

√
R2 − R1

R2 − r
ふン.ヲ.ヴヱぶ

as suitaHle ﾏappiﾐg foヴ liﾐeaヴ Hasis fuﾐIioﾐs. The ﾏetヴiI teﾐsoヴ g of the tヴaﾐsfoヴﾏaioﾐ T (r)

is Ioﾏputed H┞ iﾐseヴiﾐg Eケﾐ. ン.ヲ.ヴヱ iﾐto Eケﾐ. ン.ヲ.ンン aﾐd ン.ヲ.ンヲ ┘hiIh ┞ields

gii(r) =
R1

√
R2 − R1(4R2

2 r2
i − 8R2r2

i |r | + 3|r |2r2
i + |r |4)

2|r |4(R2 − |r |)3/2
ふン.ヲ.ヴヲぶ

gij(r) =
R1

√
R2 − R1ri rj(4R2

2 − 8R2|r | + 3|r |2)

2|r |4(R2 − |r |)3/2
foヴ i 6= j ふン.ヲ.ヴンぶ

With this e┝pヴessioﾐ the deﾏagﾐeizaioﾐ-field Iaﾐ He Ioﾏputed H┞ disIヴeizaioﾐ of the ┘eak

foヴﾏulaioﾐ ン.ヲ.ンヱ. The disIヴeizaioﾐ is applied as desIヴiHed iﾐ SeI. ン.ヲ.ヱ. Iﾐ Ioﾐtヴast to the

HasiI Poissoﾐ pヴoHleﾏ, the Ioﾏputaioﾐ of the s┞steﾏ-ﾏatヴi┝ eﾐtヴies iﾐ┗ol┗es iﾐtegヴaioﾐ o┗eヴ

the ﾏetヴiI teﾐsoヴ g . Iﾐ oヴdeヴ to Ioﾏpute these iﾐtegヴals, the ﾏetヴiI teﾐsoヴ g is iﾐteヴpolated

oﾐto a high-oヴdeヴ pol┞ﾐoﾏial spaIe. This pヴoIess is eケui┗aleﾐt to the ﾐuﾏeヴiIal iﾐtegヴaioﾐ

┘ith Gaussiaﾐ ケuadヴatuヴe.

Iﾐ oヴdeヴ to oHtaiﾐ a sﾏooth tヴaﾐsiioﾐ fヴoﾏ the uﾐtヴaﾐsfoヴﾏed to the tヴaﾐsfoヴﾏed ヴegioﾐ, the

JaIoHiaﾐ J is ヴeケuiヴed to eケual the ideﾐit┞ﾏatヴi┝✶ oﾐ the iﾐﾐeヴ Houﾐdaヴ┞ of the shell ∂Ωspheヴe.

This is e┝aItl┞ the Iase foヴ R1/R2 = 2/3. HeﾐIe the shell is al┘a┞s IoﾐstヴuIted aIIoヴdiﾐg to

this ヴaio aﾐd the aIIuヴaI┞ of the tヴaﾐsfoヴﾏaioﾐﾏethod is eﾐiヴel┞ Ioﾐtヴolled H┞ the ヴesoluioﾐ

of the ﾏesh ┘ithiﾐ the shell.

Higheヴ Oヴdeヴ FuﾐIioﾐs

The ケualit┞ of the disIヴete soluioﾐ Iaﾐ He sigﾐifiIaﾐtl┞ iﾏpヴo┗ed H┞ the use of higheヴ-oヴdeヴ

pol┞ﾐoﾏials as test aﾐd tヴials fuﾐIioﾐs. Foヴ test aﾐd tヴial fuﾐIioﾐ of oヴdeヴ higheヴ thaﾐ oﾐe the

tヴaﾐsfoヴﾏaioﾐ

t(r) = R1
R2 − R1

R2 − r
. ふン.ヲ.ヴヴぶ
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ふaぶ

Ωsaﾏple
Ωaiヴ

Ωshell

ふHぶ

(0, 0, 0)

2l12l2

2l3

Figuヴe ン.ヶ: CuHoid shell tヴaﾐsfoヴﾏaioﾐ ﾏethod. ふaぶ The iﾐ┗ol┗ed ヴegioﾐs iﾐ t┘o diﾏeﾐsioﾐs.

ふHぶ CuHoid shell patIhes iﾐ thヴee diﾏeﾐsioﾐs. The Iooヴdiﾐate oヴigiﾐ (0, 0, 0) is lo-

Iated at the Ieﾐteヴ of the IuHoid. The leﾐgth ┗eItoヴ l is defiﾐed H┞ the edges of

Ωaiヴ.

iﾐstead of Eケﾐ. ン.ヲ.ヴヱ is used. With this tヴaﾐsfoヴﾏaioﾐ, seIoﾐd aﾐd thiヴd oヴdeヴ pol┞ﾐoﾏial

fuﾐIioﾐs tヴaﾐsfoヴﾏ like

a + br + cr2 → a′ + b′ 1

r ′
+ c ′ 1

r ′2
ふン.ヲ.ヴヵぶ

a + br + cr2 + dr3 → a′ + b′ 1

r ′
+ c ′ 1

r ′2
+ d ′ 1

r ′3
. ふン.ヲ.ヴヶぶ

The addiioﾐal teヴﾏs 1/r ′ aﾐd 1/r ′3 faIilitate a ﾏuIh Heteヴ appヴo┝iﾏaioﾐ of the deIa┞iﾐg

sIalaヴ poteﾐial u. The ヴesuliﾐg ﾏetヴiI teﾐsoヴ g foヴ the spheヴiIal shell tヴaﾐsfoヴﾏaioﾐ is gi┗eﾐ

H┞

gii(r) =
R1(R2 − R1)(R2

2 r2
i − 2R2r2

i |r | + |r |4)

|r |4(R2 − |r |)2
ふン.ヲ.ヴΑぶ

gij(r) =
R1R2(R2 − R1)ri rj(R2 − 2|r |)

|r |4(R2 − |r |)2
foヴ i 6= j ふン.ヲ.ヴΒぶ

CuHoid Shell Tヴaﾐsfoヴﾏaioﾐ

The spheヴiIal shell tヴaﾐsfoヴﾏaioﾐ is a ﾐatuヴal IhoiIe foヴ spheヴiIal saﾏples. Foヴ ﾐoﾐ-spheヴiIal

saﾏples thisﾏethodﾏight sill He a good IhoiIe if the uﾐtヴaﾐsfoヴﾏed ﾐoﾐ-ﾏagﾐeiI ヴegioﾐΩaiヴ

as defiﾐed iﾐ Fig. ン.ヴa is sﾏall Ioﾏpaヴed to the saﾏple ヴegioﾐ. Ho┘e┗eヴ, foヴ Ieヴtaiﾐ geoﾏetヴies,

suIh as ﾏagﾐeiI thiﾐ filﾏs, the ヴegioﾐ Ωaiヴ is ﾏuIh laヴgeヴ thaﾐ the ﾏagﾐeiI saﾏple Ωsaﾏple.

This leads to a laヴge o┗eヴhead iﾐ the disIヴete pヴoHleﾏ, HeIause Ωaiヴ has to He ﾏeshed as ┘ell

as Ωsaﾏple.

Iﾐ [ヵヰ] the use of a IuHoid shell is pヴoposed. Figuヴe ン.ヶa sho┘s the ヴegioﾐs foヴ this IuHoid shell

tヴaﾐsfoヴﾏaioﾐ. Wheﾐ usiﾐg a spheヴiIal shell, the iﾐﾐeヴ ヴadius of the shell is the oﾐl┞ paヴaﾏeteヴ

a┗ailaHle to ﾏiﾐiﾏize the ヴegioﾐ Ωaiヴ. Iﾐ Ioﾐtヴast, the IuHoid shell offeヴs the thヴee side-leﾐgths

as paヴaﾏeteヴs, see Fig. ン.ヶH. Fuヴtheヴﾏoヴe the ヴelai┗e ヴotaioﾐ of the saﾏple to the shell ﾏa┞

ンΒ
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ふaぶ

d

d

(0, 0, 0)

a1 > 0

p(r)
r

ふHぶ

a1 < 0

r

T (r)

p(r)

ふIぶ

d

d

(0, 0, 0)

r

R1

R2

Figuヴe ン.Α: SketIh of the IuHoid tヴaﾐsfoヴﾏaioﾐ ﾏethod iﾐ t┘o diﾏeﾐsioﾐs. The tヴaﾐsfoヴﾏa-

ioﾐ of the uppeヴ shell patIh is ┗isualized. ふaぶ Tヴaﾐsfoヴﾏaioﾐ foヴ posii┗e a1. Iﾐ this

Iase the oヴigiﾐ of the tヴaﾐsfoヴﾏaioﾐ is fi┝ed at a siﾐgle poiﾐt. ふHぶ Tヴaﾐsfoヴﾏaioﾐ

foヴ ﾐegai┗e a1. Iﾐ this Iase the oヴigiﾐ of the tヴaﾐsfoヴﾏaioﾐ is ﾏo┗iﾐg oﾐ the ﾏid-

dle plaﾐe of theﾏagﾐeiI ヴegioﾐ. This IoﾐstヴuIioﾐ eﾐsuヴes Ioﾐiﾐuit┞ aIヴoss patIh

Hoヴdeヴs siﾐIe the tヴaﾐsfoヴﾏaioﾐ of the ﾐaヴヴo┘ patIh aﾐd the┘ide patIh shaヴe the

saﾏe oヴigiﾐ oﾐ the Hoヴdeヴ. ふIぶ Iﾐ Ioﾐtヴast to the spheヴiIal shell tヴaﾐsfoヴﾏaioﾐ the

paヴaﾏeteヴs R1 aﾐd R2 ┗aヴ┞ ┘ith r .

He adjusted to ﾏiﾐiﾏize Ωaiヴ. HeﾐIe the IuHoid shell-tヴaﾐsfoヴﾏaioﾐ ﾏethod offeヴs a gヴeateヴ

fle┝iHilit┞ ヴegaヴdiﾐg saﾏple shapes.

The sIalaヴ ﾏappiﾐgs fヴoﾏ Eケﾐ. ン.ヲ.ヴヱ aﾐd ン.ヲ.ヴヴ Iaﾐ He ヴeused foヴ the IuHoid shell taﾐsfoヴﾏa-

ioﾐ. Ho┘e┗eヴ, the oヴigiﾐ of the tヴaﾐsfoヴﾏaioﾐ as ┘ell as the paヴaﾏeteヴs R1 aﾐd R2 ha┗e to He

adapted depeﾐdiﾐg oﾐ the posiioﾐ r ┘ithiﾐ the shell. The shell is di┗ided iﾐto si┝ IuHoid shell

patIhes of eケual thiIkﾐess as sho┘ﾐ iﾐ Fig. ン.ヶH. The tヴaﾐsfoヴﾏaioﾐ T (r) is IoﾐstヴuIted peヴ

shell patIh ┘ith the saﾏe ヴeケuiヴeﾏeﾐts as the spheヴiIal ┗eヴsioﾐ. Poiﾐts oﾐ the iﾐﾐeヴ Houﾐd-

aヴ┞ of the shell ha┗e to He ﾏapped oﾐto itself ┘hile poiﾐts oﾐ the outeヴ Houﾐdaヴ┞ of the shell

aヴe ﾏapped to iﾐfiﾐit┞. Aﾐ addiioﾐal ヴeケuiヴeﾏeﾐt is the Ioﾐiﾐuit┞ of the tヴaﾐsfoヴﾏaioﾐ T (r)

aIヴoss patIh Hoヴdeヴs.

The IoﾐstヴuIioﾐ of oヴigiﾐ aﾐd diヴeIioﾐ of the tヴaﾐsfoヴﾏaioﾐ depeﾐdiﾐg oﾐ the posiioﾐ r

┘ithiﾐ the shell is depiIted iﾐ Fig. ン.Α. Iﾐ geﾐeヴal the tヴaﾐsfoヴﾏaioﾐ oヴigiﾐ O is a fuﾐIioﾐ of r

iﾐ oヴdeヴ to oHtaiﾐ Ioﾐiﾐuit┞ aIヴoss shell-patIh Hoヴdeヴs. Iﾐ Ioﾐtヴast to the ﾏappiﾐg desIヴiHed

iﾐ [ヵヰ], the tヴaﾐsfoヴﾏaioﾐ iﾐ this ┘oヴk is desigﾐed suIh that the oヴigiﾐ O(r) al┘a┞s ヴesides

┘ithiﾐ the ﾏagﾐeiI saﾏple. Coﾐsideヴ the follo┘iﾐg au┝iliaヴ┞ Ioﾐstaﾐts foヴ the tヴaﾐsfoヴﾏaioﾐ
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ふaぶ ふHぶ ふIぶ

Figuヴe ン.Β: Tヴaﾐsfoヴﾏaioﾐ oヴigiﾐs iﾐ thヴee diﾏeﾐsioﾐs. The Hlue aヴea ﾏaヴks the set of possi-

Hle oヴigiﾐs foヴ a speIifiI shell patIh. ふaぶ SpeIial Iase of sケuaヴe shaped patIh ┘heヴe

a1 = a2 > 0. The tヴaﾐsfoヴﾏaioﾐ oヴigiﾐ is fi┝ed foヴ the ┘hole patIh. ふHぶ ReItaﾐgu-

laヴ patIh shape ┘ith a1 > 0. The tヴaﾐsfoヴﾏaioﾐ oヴigiﾐ ﾏo┗es oﾐ a liﾐe. ふIぶ ReIt-

aﾐgulaヴ path shape ┘ith a1 < 0 aﾐd a2 < 0. The tヴaﾐsfoヴﾏaioﾐ oヴigiﾐ ﾏo┗es oﾐ

the ﾏiddle plaﾐe of the ﾏagﾐeiI ヴegioﾐ.

of the shell patIh iﾐ the posii┗e r3-half-spaIe

a1 = l3 − l1 ふン.ヲ.ヴΓぶ

a2 = l3 − l2. ふン.ヲ.ヵヰぶ

The thiヴd Ioﾏpoﾐeﾐt of the tヴaﾐsfoヴﾏaioﾐ oヴigiﾐ O3 is gi┗eﾐ H┞

O3 = max(a1, a2, 0). ふン.ヲ.ヵヱぶ

This Ioﾏpoﾐeﾐt does oH┗iousl┞ ﾐot depeﾐd of the posiioﾐ r . The IhoiIe of O3 iﾐ t┘o diﾏeﾐ-

sioﾐs is depiIted iﾐ Fig. ン.Α. Figuヴe ン.Αa sketIhes the tヴaﾐsfoヴﾏaioﾐ foヴ a posii┗e a1, ┘heヴeas

Fig. ン.ΑH aﾐd ン.ΑI ヴefeヴ to a ﾐegai┗e a1. The possiHle posiioﾐs foヴ the oヴigiﾐs O(r) aヴe ﾏaヴked

as Hlue poiﾐts aﾐd liﾐes. A thヴee-diﾏeﾐsioﾐal ┗isualizaioﾐ of O(r) is sho┘ﾐ iﾐ Fig. ン.Β. The

ヴeﾏaiﾐiﾐg Ioﾏpoﾐeﾐts of O(r) aヴe oHtaiﾐed H┞ appliIaioﾐ of the iﾐteヴIept theoヴeﾏ

O(r) =

(
r1

O3 − a1

r3 − a1
, r2

O3 − a2

r3 − a2
, O3

)T

. ふン.ヲ.ヵヲぶ

With the distaﾐIe ┗eItoヴ p(r) = r − O(r), the paヴaﾏeteヴs R1 aﾐd R2 as depiIted iﾐ Fig. ン.ΑH

aヴe gi┗eﾐ H┞

R1(r) = |p(r)| l3 − O3

r3 − O3
ふン.ヲ.ヵンぶ

R2(r) = |p(r)| (l3 + d) − O3

r3 − O3
. ふン.ヲ.ヵヴぶ

Siﾏilaヴ to the spheヴiIal ﾏethod, the aItual tヴaﾐsfoヴﾏaioﾐ of the shell patIh iﾐ the posii┗e

r3-half-spaIe T3+ is defiﾐed iﾐ teヴﾏs of a sIalaヴ ﾏappiﾐg t(r)

T3+(r) = O(r) + t(r)
p(r)

|p(r)| . ふン.ヲ.ヵヵぶ
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The sIalaヴ ﾏappiﾐg is Ihoseﾐ siﾏilaヴ to Eケﾐ. ン.ヲ.ヴヱ aﾐd ン.ヲ.ヴヴ

t(r) = R1(r)

[
R2(r) − R1(r)

R2(r) − |p(r)|

]n

ふン.ヲ.ヵヶぶ

┘heヴe n is set to 1/2 foヴ liﾐeaヴ Hasis fuﾐIioﾐs aﾐd to 1 otheヴ┘ise. Iﾐ the follo┘iﾐg seIioﾐs the

aﾐal┞iIal e┝pヴessioﾐs foヴ the ﾏetヴiI teﾐsoヴ foヴ liﾐeaヴ as ┘ell as higheヴ oヴdeヴ Hasis fuﾐIioﾐs aヴe

pヴeseﾐted.

Siﾏilaヴ to the spheヴiIal shell-tヴaﾐsfoヴﾏaioﾐﾏethod, the thiIkﾐess of the shell d is Ihoseﾐ suIh

that the JaIoHiaﾐ J is the ideﾐit┞ oﾐ the iﾐﾐeヴ Houﾐdaヴ┞ of the shell. This is e┝aItl┞ the Iase

foヴ d = min(l1, l2, l3).

MetヴiI Teﾐsoヴ foヴ Liﾐeaヴ Basis FuﾐIioﾐs

AIIoヴdiﾐg to Eケﾐ. ン.ヲ.ンヲ theﾏetヴiI teﾐsoヴ g is deteヴﾏiﾐed H┞ the JaIoHiaﾐ deteヴﾏiﾐaﾐt | det J|
aﾐd the iﾐ┗eヴse JaIoHiaﾐ ﾏatヴi┝ J−1 of the tヴaﾐsfoヴﾏaioﾐ T (r). Foヴ iﾏpヴo┗ed ヴeadaHilit┞

Ioﾐsideヴ the follo┘iﾐg au┝iliaヴ┞ Ioﾐstaﾐts

A =

√

(r3 − O3)2 +

(
r1 − r1(−O1 + O3)

−O1 + r3

)2

+

(
r2 − r2(−O2 + O3)

−O2 + r3

)2

ふン.ヲ.ヵΑぶ

B =

√
A(d + l3 − r3)

r3 − O3
ふン.ヲ.ヵΒぶ

C =

√
dA

r3 − O3
ふン.ヲ.ヵΓぶ

D = −(−2B + 3C)(−l3 + r3)(−l3 + O3) ふン.ヲ.ヶヰぶ

E = −2Bl3 + Cl3 + 2Br3 − CO3. ふン.ヲ.ヶヱぶ

Seiﾐg n = 1/2 iﾐ Eケﾐ. ン.ヲ.ヵヶ aﾐd iﾐseヴiﾐg iﾐto Eケﾐ. ン.ヲ.ヵヵ ┞ields the follo┘iﾐg e┝pヴessioﾐs

foヴ | det J3+| aﾐd J−1
3+ foヴ T3+

| det J3+|(r) =

C(l3 − O3)(−Bl1 + (−B + C)(−l3 + O3))(−Bl2 + (−B + C)(−l3 + O3))

2B3(d + l3 − r3)(l1 − l3 + r3)(l2 − l3 + r3)
ふン.ヲ.ヶヲぶ
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J3+,11(r) =
B(−l1 + l3 − r3)

−Bl1 + (−B + C)(−l3 + O3)

J3+,12(r) =0

J3+,13(r) =0

J3+,21(r) =0

J3+,22(r) =
B(−l2 + l3 − r3)

−Bl2 + (−B + C)(−l3 + O3)

J3+,23(r) =0

J3+,31(r) = − dr1(−l1 + l3 − r3)B3(D + l1E + 2d(−Bl1 + (−B + C)(−l3 + O3)))

(d + l3 − r3)(l1 − l3 + r3)2(l3 − O3)C3(−Bl1 + (−B + C)(−l3 + O3))

J3+,32(r) = − dr2(−l2 + l3 − r3)B3(D + l2E + 2d(−Bl2 + (−B + C)(−l3 + O3)))

(d + l3 − r3)(l2 − l3 + r3)2(l3 − O3)C3(−Bl2 + (−B + C)(−l3 + O3))

J3+,33(r) =
2dB3

(l3 − O3)C3
. ふン.ヲ.ヶンぶ

These e┝pヴessioﾐs appl┞ foヴ the shell patIh l┞iﾐg iﾐ the posii┗e r3-half-spaIe. Due to s┞ﾏﾏetヴ┞

the tヴaﾐsfoヴﾏaioﾐ foヴ the patIh iﾐ the ﾐegai┗e r3-half-spaIe is oHtaiﾐed H┞ poiﾐt ﾏiヴヴoヴiﾐg the

posiioﾐ r iﾐ the oヴigiﾐ

g3 =





g3+(r) if r3 > 0

g3+(−r) if r3 < 0
ふン.ヲ.ヶヴぶ

┘heヴe g3+ is defiﾐed H┞

g3+ = (J−1
3+ )T | det J3+|J−1

3+ . ふン.ヲ.ヶヵぶ

The tヴaﾐsfoヴﾏaioﾐs foヴ the ヴeﾏaiﾐiﾐg shell patIhes aヴe oHtaiﾐed H┞ I┞IliI peヴﾏutaioﾐ of the

Iooヴdiﾐates

g1[r ] = g3[(r2, r3, r1)T ]
∣∣∣
l=(l2,l3,l1)T ,O=(O2,O3,O1)T

ふン.ヲ.ヶヶぶ

g2[r ] = g3[(r3, r1, r2)T ]
∣∣∣
l=(l3,l1,l2)T ,O=(O3,O1,O2)T

. ふン.ヲ.ヶΑぶ

Note that ﾐot oﾐl┞ the Iooヴdiﾐates of the posiioﾐ r aヴe peヴﾏuted, Hut also the Iooヴdiﾐates of

the side-leﾐgth ┗eItoヴ l aﾐd the oヴigiﾐ O.

MetヴiI Teﾐsoヴ foヴ Higheヴ Oヴdeヴ Basis FuﾐIioﾐs

Seiﾐg n = 1 iﾐ Eケﾐ. ン.ヲ.ヵヶ aﾐd iﾐseヴiﾐg iﾐto Eケﾐ. ン.ヲ.ヵヵ ┞ields the follo┘iﾐg foヴ the tヴaﾐsfoヴ-

ﾏaioﾐ T3+(r) foヴ higheヴ oヴdeヴ Hasis fuﾐIioﾐs

| det J3+|(r) =

d(l3 − O3)(dl1 + (l3 − r3)(l1 − l3 + O3))(dl2 + (l3 − r3)(l2 − l3 + O3))

(d + l3 − r3)4(l1 − l3 + r3)(l2 − l3 + r3)
ふン.ヲ.ヶΒぶ
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Figuヴe ン.Γ: SIalaヴ poteﾐial IalIulaioﾐ of a hoﾏogeﾐeousl┞ﾏagﾐeized IuHoid┘ith the spheヴ-

iIal shell tヴaﾐsfoヴﾏaioﾐ ﾏethod. ふaぶ SketIh of the setup iﾐ t┘o diﾏeﾐsioﾐs. The

IuHoid saﾏple ┘ith edge leﾐgths (2, 2, 6) is suヴヴouﾐded H┞ a spheヴe ┘ith ヴadius

R1 = 4. ふHぶ Results of the poteﾐial Ioﾏputaioﾐ oﾐ the r3 a┝is u[(0, 0, r3)T ]. The

ヴesults of a tヴuﾐIaioﾐ appヴoaIh aﾐd the spheヴiIal tヴaﾐsfoヴﾏaioﾐ aヴe Ioﾏpaヴed to

the aﾐal┞iIal poteﾐial. The diffeヴeﾐt ヴegioﾐs aヴe ﾏaヴked ┘ith HaIkgヴouﾐd Ioloヴs.

J−1
3+,11(r) =

(d + l3 − r3)(l1 − l3 + r3)

dl1 + (l3 − r3)(l1 − l3 + O3)

J−1
3+,12(r) = 0

J−1
3+,13(r) = 0

J−1
3+,21(r) = 0

J−1
3+,22(r) =

(d + l3 − r3)(l2 − l3 + r3)

dl2 + (l3 − r3)(l2 − l3 + O3)

J−1
3+,23(r) = 0

J−1
3+,31(r) = r1(d + l3 − r3)

(
d + l3 − r3

d(l1 − l3 + r3)(l3 − O3)
− 1

dl1 + (l3 − r3)(l1 − l3 + O3)

)

J−1
3+,32(r) = r2(d + l3 − r3)

(
d + l3 − r3

d(l2 − l3 + r3)(l3 − O3)
− 1

dl2 + (l3 − r3)(l2 − l3 + O3)

)

J−1
3+,33(r) =

(d + l3 − r3)2

d(l3 − O3)
ふン.ヲ.ヶΓぶ

Siﾏilaヴ to the tヴaﾐsfoヴﾏaioﾐ foヴ liﾐeaヴ Hasis fuﾐIioﾐs, theﾏetヴiI teﾐsoヴ g foヴ a paヴiIulaヴ shell

patIh is oHtaiﾐed H┞ Eケﾐs. ン.ヲ.ヶヴ–ン.ヲ.ヶΑ.
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Figuヴe ン.ヱヰ: Relai┗e eヴヴoヴ δu of the poteﾐial Ioﾏputaioﾐ foヴ a hoﾏogeﾐeousl┞ ﾏagﾐeized

IuHoid, see also Fig. ン.Γ. The ヴesult of the tヴuﾐIaioﾐ appヴoaIh is Ioﾏpaヴed to

the ヴesult of the tヴaﾐsfoヴﾏaioﾐ ﾏethod. The diffeヴeﾐt ヴegioﾐs aヴe ﾏaヴked ┘ith

HaIkgヴouﾐd Ioloヴs.

ン.ヲ.ヴ Validaioﾐ aﾐd NuﾏeヴiIal E┝peヴiﾏeﾐts

As a fiヴst ┗alidaioﾐ of the tヴaﾐsfoヴﾏaioﾐ ﾏethods pヴeseﾐted iﾐ the pヴeIediﾐg seIioﾐ, the

sIalaヴ poteﾐial u is Ioﾏputed foヴ a hoﾏogeﾐeousl┞ ﾏagﾐeized IuHoid. This pヴoHleﾏ is ┘ell

suited as a fuﾐIioﾐal test, siﾐIe the aﾐal┞iIal soluioﾐ foヴ u is kﾐo┘ﾐ, see SeI. ン.ヱ.ン. Fuヴ-

theヴﾏoヴe Hoth the appヴo┝iﾏaioﾐ of the IuHoid saﾏple geoﾏetヴ┞ ┘ith tetヴahedヴa as ┘ell as

the appヴo┝iﾏaioﾐ of the Ioﾐstaﾐt ﾏagﾐeizaioﾐ ┘ith pieIe┘ise pol┞ﾐoﾏial fuﾐIioﾐs is e┝aIt.

Figuヴe ン.Γa sho┘s the Ioﾐfiguヴaioﾐ iﾐ t┘o diﾏeﾐsioﾐs. The side leﾐgths of the IuHoid aヴe Iho-

seﾐ as L = (2, 2, 6)T aﾐd the ヴadii of the spheヴiIal shell aヴe Ihoseﾐ as R1 = 4 aﾐd R2 = 6. The

hoﾏogeﾐeous ﾏagﾐeizaioﾐ ┘ithiﾐ the saﾏple is set to M = (0, 0, 1). The Ioﾏputaioﾐ of

the poteﾐial u is doﾐe ┘ith the spheヴiIal shell-tヴaﾐsfoヴﾏaioﾐ ﾏethod desIヴiHed iﾐ SeI. ン.ヲ.ン

┘ith liﾐeaヴ Hasis fuﾐIioﾐs. Foヴ Ioﾏpaヴisoﾐ a siﾏple tヴuﾐIaioﾐ appヴoaIh oﾐ the saﾏe ﾏesh is

iﾏpleﾏeﾐted, ┘heヴe the ﾏetヴiI teﾐsoヴ iﾐ Eケﾐ. ン.ヲ.ンヱ is ヴeplaIed H┞ the ideﾐit┞.

The Ioﾏputed poteﾐial oﾐ the r3-a┝is u[(0, 0, r3)T ] is ploted iﾐ Fig. ン.ΓH aloﾐg ┘ith the aﾐ-

al┞iIal soluioﾐ. Foヴ Hoth ﾏethods DiヴiIhlet Ioﾐdiioﾐs u = 0 aヴe applied oﾐ the outeヴ shell

Houﾐdaヴ┞, ┘hiIh is ヴefleIted iﾐ the poteﾐial ┗alues at z = {−6, 6}. Iﾐ Ioﾐtヴast to the tヴuﾐ-

Iaioﾐ ﾏethod, the tヴaﾐsfoヴﾏaioﾐ ﾏethod featuヴes a steepeヴ asIeﾐd of the poteﾐial iﾐ the

shell ヴegioﾐΩshell, suIh that the de┗iaioﾐ of the Ioﾏputed poteﾐial iﾐ the uﾐtヴaﾐsfoヴﾏed aヴea

Ωaiヴ ∪Ωsaﾏple is sﾏalleヴ thaﾐ the de┗iaioﾐ of the tヴuﾐIaioﾐ ﾏethod. Figuヴe ン.ヱヰ sho┘s the eヴ-

ヴoヴ to the aﾐal┞iIal Ioﾏputaioﾐ iﾐ the the diffeヴeﾐt ヴegioﾐs. While the eヴヴoヴ of the tヴuﾐIaioﾐ

ﾏethod liﾐeaヴl┞ ┗aヴies ┘ith the distaﾐIe to the Ieﾐteヴ of the saﾏple, the eヴヴoヴ of the tヴaﾐsfoヴ-
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Figuヴe ン.ヱヱ: Eケuipoteﾐial liﾐes of the Ioﾏputed sIalaヴ poteﾐial u of a hoﾏogeﾐeousl┞ ﾏag-

ﾐeized IuHe at the ﾏiddle plaﾐe. ふaぶ Result Ioﾏputed ┘ith a tヴuﾐIaioﾐ ap-

pヴoaIh. The shape of the Ioﾐtouヴ liﾐes is Ilose to that of a ﾏagﾐeiI dipole.

ふHぶ Result Ioﾏputed ┘ith the IuHoid shell-tヴaﾐsfoヴﾏaioﾐ ﾏethod. The Ioﾐtouヴ

liﾐes sho┘ a Ileaヴ distoヴsioﾐ due to the tヴaﾐsfoヴﾏaioﾐ. Fuヴtheヴﾏoヴe the deﾐsit┞

of Ioﾐtouヴ liﾐes is higheヴ Ioﾏpaヴed to the tヴuﾐIaioﾐ ﾏethod.

ﾏaioﾐﾏethod alﾏost dヴops to zeヴo oﾐ the Houﾐdaヴ┞ Het┘eeﾐ the ヴegioﾐsΩshell aﾐdΩaiヴ. This

is the e┝peIted ヴesult, siﾐIe the tヴaﾐsfoヴﾏaioﾐﾏethod siﾏulates the Ioﾏplete e┝teヴioヴ spaIe.

This faIt is also ヴefleIted H┞ the eケuipoteﾐial liﾐes of the poteﾐial u. Figuヴe ン.ヱヱ sho┘s the

eケuipoteﾐial liﾐes foヴ the IuHoid shell tヴaﾐsfoヴﾏaioﾐ applied oﾐ a uﾐifoヴﾏl┞ ﾏagﾐeized uﾐit

IuHe ┘ith M = (0, 0, 1)T . Coﾏpaヴed to the tヴuﾐIaioﾐ ﾏethod, the poteﾐial liﾐes of the

tヴaﾐsfoヴﾏaioﾐﾏethod sho┘ a higheヴ deﾐsit┞ iﾐ the shell ヴegioﾐΩshell. The spaial distoヴsioﾐ of

the shell ヴegioﾐ, that is effeIi┗el┞ applied H┞ the tヴaﾐsfoヴﾏaioﾐﾏethod H┞ﾏappiﾐg the IuHoid

shell ヴegioﾐ oﾐ the Ioﾏplete e┝teヴioヴ spaIe, leads to distoヴted poteﾐial liﾐes iﾐ Fig. ン.ヱヱH.

As e┝plaiﾐed iﾐ SeI. ン.ヲ.ン, the IuHoid shell tヴaﾐsfoヴﾏaioﾐ supeヴseeds the spheヴiIal shell tヴaﾐs-

foヴﾏaioﾐ iﾐ teヴﾏs of fle┝iHilit┞. HeﾐIe the ヴest of this ┘oヴk is dediIated to the IuHoid shell

tヴaﾐsfoヴﾏaioﾐ oﾐl┞. Ho┘e┗eヴ, the pヴeseﾐted fiﾐdiﾐgs of the IuHoid ﾏethod usuall┞ also appl┞

to the spheヴiIal ﾏethod. Figuヴe ン.ヱヲa sho┘s the eﾐeヴg┞ of a uﾐifoヴﾏl┞ ﾏagﾐeized uﾐit IuHe,

IalIulated ┘ith diffeヴeﾐt pol┞ﾐoﾏial degヴee of test aﾐd tヴial fuﾐIioﾐs aloﾐg ┘ith the aﾐal┞i-

Ial soluioﾐ. The deﾏagﾐeizaioﾐ eﾐeヴg┞ is Ioﾏputed aIIoヴdiﾐg to Eケﾐ. ヲ.ヲ.ヲヵ, the aﾐal┞iIal

soluioﾐ foヴ a uﾐifoヴﾏl┞ ﾏagﾐeized uﾐit IuHe is gi┗eﾐ H┞ Euﾐi = 1/6µ0M2
s . The ﾏethods aヴe

Ioﾏpaヴed ┘ith ヴespeIt to the ﾐuﾏHeヴ of ﾐoﾐzeヴo ﾏatヴi┝ eﾐtヴies of the liﾐeaヴ s┞steﾏs ヴesuliﾐg

fヴoﾏ the disIヴeizaioﾐ of Eケﾐ. ン.ヲ.ンヱ. This is Ioﾐsideヴed a good ﾏeasuヴe foヴ Ioﾏpaヴsioﾐ siﾐIe

Hoth the stoヴage ヴeケuiヴeﾏeﾐts aﾐd the Ioﾏputaioﾐal Ioﾏple┝it┞ of ﾏatヴi┝–┗eItoヴ ﾏulipliIa-
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Figuヴe ン.ヱヲ: NuﾏeヴiIal e┝peヴiﾏeﾐts ┘ith the IuHoid shell-tヴaﾐsfoヴﾏaioﾐ ﾏethod. ふaぶ Eﾐeヴg┞

IalIulaioﾐs foヴ a hoﾏogeﾐeousl┞ ﾏagﾐeized IuHe ┘ith diffeヴeﾐt pol┞ﾐoﾏial de-

gヴee. Matヴi┝ eﾐtヴies deﾐotes the ﾐuﾏHeヴ of ﾐoﾐzeヴo eﾐtヴies of the spaヴse s┞steﾏ

ﾏatヴi┝. The aﾐal┞iIal soluioﾐ is deﾐoted H┞ Euﾐi. ふHぶ NuﾏHeヴ of iteヴaioﾐs of

the Ioﾐjugate-gヴadieﾐt sol┗eヴ foヴ diffeヴeﾐt pol┞ﾐoﾏial degヴee. ふIぶ Relai┗e eヴヴoヴ

of the eﾐeヴg┞ δE foヴ a uﾐifoヴﾏl┞ ﾏagﾐeized IuHe. The ﾏesh size h aIIouﾐts foヴ

the au┝iliaヴ┞ ﾐodes iﾐtヴoduIed H┞ higheヴ-oヴdeヴ ﾏethods. ふdぶ E┝peヴiﾏeﾐtal Ioﾐ-

┗eヴgeﾐIe ヴates foヴ diffeヴeﾐt pol┞ﾐoﾏial degヴee, Ioﾏputed fヴoﾏ the ヴesults of plot

ふIぶ. Modified fヴoﾏ [ヶヴ].

ヴヶ
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ioﾐs sIale liﾐeaヴl┞ ┘ith the ﾐuﾏHeヴ of ﾏatヴi┝ eﾐtヴies. SiﾐIe the liﾐeaヴ s┞steﾏs aヴe sol┗ed ┘ith

iteヴai┗e sol┗eヴs, the ﾏatヴi┝–┗eItoヴ ﾏulipliIaioﾐ gi┗es a good ﾏeasuヴe foヴ the Ioﾏple┝it┞ of

the soluioﾐ of the s┞steﾏ. The plot sho┘s that the tヴaﾐsfoヴﾏaioﾐﾏethod gaiﾐs aIIuヴaI┞ ┘ith

higheヴ pol┞ﾐoﾏial oヴdeヴ. PaヴiIulaヴl┞ the ﾏethod of fiヴst oヴdeヴ peヴfoヴﾏs pooヴl┞ Ioﾏpaヴed to

the higheヴ-oヴdeヴ ﾏethods. The ヴeasoﾐ is the addiioﾐal 1/r ′ teヴﾏ that is pヴeseﾐt oﾐl┞ iﾐ the

higheヴ-oヴdeヴ ﾏethods as sho┘ﾐ iﾐ SeI. ン.ヲ.ン. This teヴﾏ eﾐaHles a ﾏuIh Heteヴ appヴo┝iﾏaioﾐ

of the deIa┞iﾐg poteﾐial u.

This ケualitai┗e diffeヴeﾐIe Het┘eeﾐ the fiヴst-oヴdeヴ ﾏethod aﾐd the higheヴ-oヴdeヴ ﾏethods is

also fouﾐd iﾐ the Ioﾐ┗eヴgeﾐIe Heha┗iouヴ, sho┘ﾐ iﾐ Fig. ン.ヱヲI aﾐd TaH. ン.ヱヲd. The seIoﾐd aﾐd

thiヴd-oヴdeヴ ﾏethod ha┗e a Ioﾐ┗eヴgeﾐIe ヴate of appヴo┝iﾏatel┞ ヲ ┘hile the fiヴst-oヴdeヴ ﾏethod

Ioﾐ┗eヴges oﾐl┞ ┘ith a ヴate of appヴo┝iﾏatel┞ ヱ.ヶ. Fuヴtheヴﾏoヴe the plot sho┘s, that the eヴヴoヴ of

the fiヴst-oヴdeヴ ﾏethod is aﾐ oヴdeヴ of ﾏagﾐitude higheヴ thaﾐ foヴ the higheヴ-oヴdeヴ ﾏethods foヴ

the saﾏe ﾏesh size h. Note that the au┝iliaヴ┞ ﾏesh-ﾐodes foヴ the higheヴ-oヴdeヴ ﾏethods aヴe

takeﾐ iﾐto aIIouﾐt foヴ the Ioﾏputaioﾐ of h.

The liﾐeaヴ s┞steﾏaヴisiﾐg fヴoﾏ the┘eak foヴﾏulaioﾐン.ヲ.ンヱ is s┞ﾏﾏetヴiI posii┗e defiﾐite. HeﾐIe

it is sol┗ed ┘ith the Ioﾐjugate gヴadieﾐt ﾏethod [ヵΓ] as iteヴai┗e sol┗eヴ. Aﾐ algeHヴaiI ﾏuligヴid

pヴeIoﾐdiioﾐeヴ is used, ┘hiIh leads to a sﾏall ﾐuﾏHeヴ of iteヴaioﾐs. Figuヴe ン.ヱヲH sho┘s the

ﾐuﾏHeヴ of iteヴaioﾐs foヴ the ﾏethods of diffeヴeﾐt pol┞ﾐoﾏial degヴee. Liﾐeaヴ fits ┞ield a N0.4

depeﾐdeﾐIe of the iteヴaioﾐs oﾐ the ﾐuﾏHeヴ of ﾏatヴi┝ eﾐtヴies N . A siﾐgle iteヴaioﾐ HasiIall┞

Ioﾐsists of a ﾏatヴi┝–┗eItoヴ ﾏulipliIaioﾐ that has a Ioﾏputaioﾐal Ioﾏple┝it┞ of O(N). This

leads to aﾐ o┗eヴall as┞ﾏptoiI Ioﾏple┝it┞ of O(N1.4).

Cヴouzei┝-Ra┗iaヴt Eleﾏeﾐts

Iﾐ [ヶヵ] aﾐd [ヶヶ] it is stated that the Ioﾏputaioﾐ of the deﾏagﾐeizaioﾐ poteﾐial u ┘ith Ioﾐ-

foヴﾏiﾐg pieIe┘ise pol┞ﾐoﾏial fuﾐIioﾐs leads to uﾐstaHle Heha┗iouヴ iﾐ the Ioﾐte┝t of eﾐeヴg┞

ﾏiﾐiﾏizaioﾐ. The authoヴs pヴopose the use of Cヴouzei┝-Ra┗iaヴt eleﾏeﾐts foヴ the disIヴeizaioﾐ

of u to staHilize the soluioﾐ. Figuヴe ン.ヱン sho┘s the ヴesults foヴ the deﾏagﾐeizaioﾐ-poteﾐial

IalIulaioﾐ ┘ith Cヴouzei┝-Ra┗iaヴt eleﾏeﾐts Ioﾏpaヴed to the Ioﾏputaioﾐ ┘ith staﾐdaヴd La-

gヴaﾐge eleﾏeﾐts. OH┗iousl┞ the appliIaioﾐof the tヴaﾐsfoヴﾏaioﾐﾏethod┘ith Cヴouzei┝-Ra┗iaヴt

eleﾏeﾐts leads to eヴヴoヴs oﾐ the Houﾐdaヴ┞ of the saﾏple. Usiﾐg a siﾏple tヴuﾐIaioﾐ appヴoaIh

┞ields sﾏootheヴ ヴesults, ho┘e┗eヴ this ﾏethod suffeヴs fヴoﾏ the Had appヴo┝iﾏaioﾐ of the e┝te-

ヴioヴ spaIe. Foヴ the d┞ﾐaﾏiIal Ioﾏputaioﾐs Iaヴヴied out iﾐ this ┘oヴk, the Ioﾐfoヴﾏiﾐg ﾏethod

did ﾐot ┞ield aﾐ┞ iﾐstaHiliies, see SeI. ヴ.ン.ヴ. Thus the Ioﾐfoヴﾏiﾐg ﾏethod is used thヴoughout

this ┘oヴk.
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ふaぶ ふHぶ ふIぶ

Figuヴe ン.ヱン: Deﾏagﾐeizaioﾐ poteﾐial u of a hoﾏogeﾐeousl┞ ﾏagﾐeized uﾐit IuHe at oﾐe

side, Ioﾏputed ┘ith diffeヴeﾐt eleﾏeﾐts aﾐd ﾏethods. Red Ioloヴ ﾏaヴks posi-

i┗e ┗alues aﾐd Hlue Ioloヴ ﾏaヴks ﾐegai┗e ┗alues. ふaぶ Tヴaﾐsfoヴﾏaioﾐ ﾏethod

usiﾐg Ioﾐfoヴﾏiﾐg Lagヴaﾐge eleﾏeﾐts of seIoﾐd oヴdeヴ. ふHぶ TヴuﾐIaioﾐ ﾏethod

usiﾐg Cヴouzei┝-Ra┗iaヴt eleﾏeﾐts of fiヴst oヴdeヴ. ふIぶ Tヴaﾐsfoヴﾏaioﾐ ﾏethod usiﾐg

Cヴouzei┝-Ra┗iaヴt eleﾏeﾐts of fiヴst oヴdeヴ.

ン.ン Coﾏpaヴisoﾐ

This seIioﾐ is dediIated to the Ioﾏpaヴisoﾐ of the deﾏagﾐeizaioﾐ-field ﾏethods iﾐtヴoduIed

iﾐ the pヴeIediﾐg seIioﾐs. The pヴeseﾐted ﾐuﾏeヴiIal e┝peヴiﾏeﾐts aﾐd the Ioﾏpaヴsioﾐ of the ヴe-

sults foヴ the pヴeseﾐtedﾏethods aヴe takeﾐ fヴoﾏ [ヶΑ]. Heヴe, oﾐl┞ the IoﾐtヴiHuioﾐs of the authoヴ

aヴe desIヴiHed. Foヴ fuヴtheヴ details aﾐd the addiioﾐal Ioﾏpaヴisoﾐ to the teﾐsoヴ-gヴidﾏethods de-

┗eloped H┞ Lukas E┝l, the ヴeadeヴ is ヴefeヴヴed to this puHliIaioﾐ.

The ヴelai┗e eヴヴoヴs iﾐ eﾐeヴg┞ aﾐd field aヴe Ioﾏputed foヴ diffeヴeﾐt geoﾏetヴies aﾐd ﾏagﾐei-

zaioﾐ Ioﾐfiguヴaioﾐs. EaIh Ioﾏputaioﾐ is Iaヴヴied out ┘ith the pヴe┗iousl┞ desIヴiHed ﾏeth-

ods, ﾐaﾏel┞ ┘ith the deﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod ふDMぶ iﾐtヴoduIed iﾐ SeI. ン.ヱ, the sIalaヴ-

poteﾐialﾏethod ふSPぶ iﾐtヴoduIed iﾐ SeI. ン.ヱ.ン aﾐd the fiﾐite-eleﾏeﾐtﾏethod ふFEぶ iﾐtヴoduIed iﾐ

SeI. ン.ヲ. If the aﾐal┞iIal soluioﾐ to a pヴoHleﾏ is ﾐot kﾐo┘ﾐ, a ヴefeヴeﾐIe soluioﾐ is Ioﾏputed

┘ith the deﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod. The ヴefeヴeﾐIe soluioﾐ is Ioﾏputed oﾐ a ヴefiﾐed

ﾏesh ┘ith ケuadヴuple ヴesoluioﾐ iﾐ e┗eヴ┞ spaial diﾏeﾐsioﾐ.

Theﾏethods aヴe Ioﾏpaヴed┘ith ヴegaヴd to the total eﾐeヴg┞ aﾐd the field. The ヴelai┗e field eヴヴoヴ

is Ioﾏputed as

δH =

√
1

N

∑

i

∣∣H i
aﾐal┞iIal − H i

ﾐuﾏeヴiIal

∣∣2 ふン.ン.ヱぶ

┘heヴe N deﾐotes the total ﾐuﾏHeヴ of Iells aﾐd H i is the field ┗alue of Iell i . Addiioﾐall┞ the

aﾐgulaヴ de┗iaioﾐ of the Ioﾏputed field to the aﾐal┞iIal field is gi┗eﾐ as a┗eヴage δHaﾐg aﾐd as

ﾏa┝iﾏuﾏ δHaﾐgﾏa┝. The field ┗alues foヴ the fiﾐite-eleﾏeﾐt soluioﾐ aヴe Ioﾏputed ┗ia pヴojeI-

ヴΒ
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ふaぶ ふHぶ ふIぶ

Figuヴe ン.ヱヴ: Magﾐeizaioﾐ Ioﾐfiguヴaioﾐs iﾐ a IuHe used foヴ ﾐuﾏeヴiIal e┝peヴiﾏeﾐts. ふaぶ Ho-

ﾏogeﾐeous ﾏagﾐeizaioﾐ ふHぶ Flo┘eヴ state ふIぶ Voヴte┝ state. Fヴoﾏ [ヶΑ].

Method N δE δH δHaﾐg [◦] δHaﾐgﾏa┝ [◦]

DM 40 × 40 × 40 2.9 · 10−9 0 0 0

SP 40 × 40 × 40 1.1 · 10−3 1.1 · 10−3 2.3 · 10−5 5.0

FE 7.2 · 104 8.6 · 10−4 2.2 · 10−3 3.2 · 10−5 5.2

TaHle ン.ヱ: Results of deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐs foヴ a uﾐifoヴﾏl┞ ﾏagﾐeized uﾐit

IuHe. Modified fヴoﾏ [ヶΑ].

ioﾐ of the gヴadieﾐt

∫

Ω

Hdeﾏag · v dr = −
∫

Ω

∇u · v dr ∀ v ∈ V . ふン.ン.ヲぶ

The soluioﾐ of this pヴojeIioﾐ is tヴaﾐsfeヴヴed to the ヴegulaヴ IuHoid gヴid used H┞ the Fouヴieヴ-spaIe

ﾏethods ┗ia a siﾏple o┗eヴsaﾏpliﾐg ﾏethod.

Uﾐit CuHe Geoﾏetヴ┞

The deﾏagﾐeizaioﾐ field foヴ thヴee diffeヴeﾐtﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐs iﾐ a uﾐit IuHe is Ioﾏ-

paヴed. The diffeヴeﾐt Ioﾐfiguヴaioﾐs aヴe depiIted iﾐ Fig. ン.ヱヴ. The fiヴst test is the uﾐifoヴﾏl┞

ﾏagﾐeized uﾐit IuHe that ┘as alヴead┞ used iﾐ SeI. ン.ヲ.ヴ foヴ the ┗alidaioﾐ of the fiﾐite-eleﾏeﾐt

algoヴithﾏ. The Ioﾐfiguヴaioﾐ is depiIted iﾐ Fig. ン.ヱヴa. The Ioﾏputaioﾐal ヴesults aヴe pヴeseﾐted

iﾐ TaH. ン.ヱ aﾐd Fig. ン.ヱヵa. The deﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod pla┞s a speIial ヴole foヴ this test

pヴoHleﾏ, siﾐIe its disIヴeizaioﾐ sIheﾏe assuﾏes uﾐifoヴﾏl┞ ﾏagﾐeized IuHoid Iells. Thus the

eﾐeヴg┞ aﾐd the field Ioﾏputed ┘ith the deﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod aヴe e┝aIt e┗eﾐ ┘heﾐ

disIヴeiziﾐg ┘ith a siﾐgle Iell. Both the fiﾐite-eleﾏeﾐt ﾏethod aﾐd the sIalaヴ-poteﾐial ﾏethod

appヴoaIh the eﾐeヴg┞ fヴoﾏ Helo┘, ho┘e┗eヴ, the lateヴ Ioﾐ┗eヴges fasteヴ. De┗iaioﾐs iﾐ the field

Ioﾏputaioﾐ aヴe of the saﾏe oヴdeヴ of ﾏagﾐitude.
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Figuヴe ン.ヱヵ: Eﾐeヴg┞ IalIulaioﾐs foヴ diffeヴeﾐt geoﾏetヴies aﾐd ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐs.

The eﾐeヴg┞ foヴ eaIh Ioﾐfiguヴaioﾐ is Ioﾏputed ┘ith the deﾏagﾐeizaioﾐ-teﾐsoヴ

ﾏethod ふDMぶ, the sIalaヴ-poteﾐial ﾏethod ふSPぶ aﾐd the fiﾐite-eleﾏeﾐt ﾏethod

┘ith shell tヴaﾐsfoヴﾏaioﾐ ふFEぶ. Foヴ the Fouヴieヴ-spaIe ﾏethods N deﾐotes the

ﾐuﾏHeヴ of siﾏulaioﾐ Iells, foヴ the fiﾐite-eleﾏeﾐt ﾏethod N deﾐotes the ﾐuﾏ-

Heヴ of degヴees of fヴeedoﾏ. ふaぶ Uﾐifoヴﾏl┞ ﾏagﾐeized uﾐit IuHe. The aﾐal┞iIal

soluioﾐ is deﾐoted H┞ Euﾐi. ふHぶ Flo┘eヴ state iﾐ uﾐit IuHe ふIぶ Voヴte┝ state iﾐ uﾐit

IuHe ふdぶUﾐifoヴﾏl┞ ﾏagﾐeized spheヴe. The aﾐal┞iIal soluioﾐ is deﾐoted H┞ Euﾐi.

Modified fヴoﾏ [ヶΑ].

ヵヰ
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Method N δE δH δHaﾐg [◦] δHaﾐgﾏa┝ [◦]

DM 40 × 40 × 40 1.30 · 10−4 1.6 · 10−5 1.1 · 10−9 4.0 · 10−2

SP 40 × 40 × 40 1.20 · 10−3 1.8 · 10−3 5.0 · 10−5 7.2 · 10+0

FE 7.2 · 104 1.47 · 10−3 2.5 · 10−3 6.1 · 10−5 6.8 · 10+0

TaHle ン.ヲ: Results of deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐs foヴ a flo┘eヴ state iﾐ a uﾐit IuHe.

Modified fヴoﾏ [ヶΑ].

Method N δE δH δHaﾐg [◦] δHaﾐgﾏa┝ [◦]

DM 40 × 40 × 40 4.08 · 10−3 9.2 · 10−4 2.9 · 10−4 1.1 · 10+1

SP 40 × 40 × 40 8.08 · 10−3 2.3 · 10−3 2.1 · 10−5 3.4 · 10+0

FE 7.2 · 104 9.44 · 10−3 2.1 · 10−2 6.1 · 10−2 1.8 · 10+2

TaHle ン.ン: Results of deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐs foヴ a ┗oヴte┝ state iﾐ a uﾐit IuHe.

Modified fヴoﾏ [ヶΑ].

The seIoﾐd test pヴoHleﾏ is a so-Ialled flo┘eヴ state, ┘hiIh is depiIted iﾐ Fig. ン.ヱヴH. This ﾏagﾐe-

izaioﾐ Ioﾐfiguヴaioﾐ is a loIal ﾏiﾐiﾏuﾏ of the eﾐeヴg┞ laﾐdsIape of sﾏall IuHiI paヴiIles. The

ﾐoヴﾏalized ┗eヴsioﾐ of the paヴaﾏetヴizaioﾐ

m(r) =




1
a
r1r3

1
c
r2r3 + 1

b3 r3
2 r3

3

1


 ふン.ン.ンぶ

is used foヴ the ﾐuﾏeヴiIal e┝peヴiﾏeﾐts ┘ith the Ieﾐteヴ of the IuHe loIated at (0, 0, 0). The

paヴaﾏeteヴs aヴe Ihoseﾐ as a = c = 1 aﾐd b = 2. Results foヴ the flo┘eヴ state aヴe suﾏﾏaヴized

iﾐ TaH. ン.ヲ aﾐd Fig. ン.ヱヵH. The ヴesults of the sIalaヴ-poteﾐial ﾏethod aﾐd the fiﾐite-eleﾏeﾐt

ﾏethod aヴe siﾏilaヴ to those of the uﾐifoヴﾏl┞ ﾏagﾐeized IuHe. The deﾏagﾐeizaioﾐ-teﾐsoヴ

ﾏethod sho┘s the fastest Ioﾐ┗eヴgeﾐIe.

The thiヴd ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐ defiﾐed oﾐ a uﾐit IuHe is the so-Ialled ﾏagﾐeiI ┗oヴte┝,

depiIted iﾐ Fig. ン.ヱヴI. Like the flo┘eヴ state, the ┗oヴte┝ state is a loIal eﾐeヴgeiIal ﾏiﾐiﾏuﾏ

foヴ IuHiI paヴiIles of a Ieヴtaiﾐ size. The follo┘iﾐg paヴaﾏetヴizaioﾐ is used foヴ the ﾐuﾏeヴiIal

e┝peヴiﾏeﾐts

m(r) =




− r2
r12

√
1 − exp

(
−4

r2
12

R2
c

)

r1
r12

√
1 − exp

(
−4

r2
12

R2
c

)

exp

(
−2

r2
12

R2
c

)




ふン.ン.ヴぶ

┘ith r12 =
√

r2
1 + r2

2 ┘heヴe the ヴadius of the ┗oヴte┝ Ioヴe Rc is set to ヰ.ヱヴ foヴ the ﾐuﾏeiIal

e┝peヴiﾏeﾐts. The ヴesults aヴe sho┘ﾐ iﾐ TaH. ン.ン aﾐd Fig. ン.ヱヵI. Agaiﾐ, the deﾏagﾐeizaioﾐ-
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Figuヴe ン.ヱヶ: Magﾐeizaioﾐ Ioﾐfiguヴaioﾐs iﾐ a thiﾐ filﾏ used foヴ ﾐuﾏeヴiIal e┝peヴiﾏeﾐts.

ふaぶ Hoﾏogeﾐeous ﾏagﾐeizaioﾐ ふHぶ Voヴte┝ state. Fヴoﾏ [ヶΑ].

Method N δE δH δHaﾐg [◦] δHaﾐgﾏa┝ [◦]

DM 80 × 80 × 8 2.94 · 10−6 0 0 0

SP 80 × 80 × 8 1.02 · 10−3 1.7 · 10−3 2.6 · 10−5 4.5

FE 4.9 · 104 1.05 · 10−2 5.5 · 10−3 1.9 · 10−5 5.0

TaHle ン.ヴ: Results of deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐs foヴ a hoﾏogeﾐeous ﾏagﾐeizaioﾐ

iﾐ a thiﾐ sケuaヴe. Modified fヴoﾏ [ヶΑ].

teﾐsoヴ ﾏethod peヴfoヴﾏs Hest, follo┘ed H┞ the sIalaヴ-poteﾐial ﾏethod aﾐd the fiﾐite-eleﾏeﾐt

ﾏethod.

Thiﾐ Sケuaヴe Geoﾏetヴ┞

SiﾐIe a Hヴoad ﾐuﾏHeヴ of appliIaioﾐs of ﾏiIヴoﾏagﾐeisﾏ iﾐ┗ol┗e feヴヴoﾏagﾐeiI thiﾐ filﾏs, a

thiﾐ sケuaヴe of size (1, 1, 0.1) is iﾐ┗esigated. A hoﾏogeﾐeous ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐ as

┘ell as a ┗oヴte┝ Ioﾐfiguヴaioﾐ aヴe Ioﾏputed, see Fig. ン.ヱヶ. The ヴesults aヴe suﾏﾏaヴized iﾐ

TaH. ン.ヴ aﾐd ン.ヵ.

The ﾏost ﾐotaHle diffeヴeﾐIe to the Ioﾏputaioﾐs foヴ the IuHiI geoﾏetヴ┞ is the eヴヴoヴ of the

fiﾐite-eleﾏeﾐt ﾏethod that is aﾐ oヴdeヴ of ﾏagﾐitude higheヴ thaﾐ the eヴヴoヴ of the Fouヴieヴ-spaIe

ﾏethods. The flat geoﾏetヴ┞ has a high suヴfaIe-to-┗oluﾏe ヴaio ┘hiIh leads to a laヴge ﾐuﾏHeヴ

of shell eleﾏeﾐts. Thus the Ioﾏputaioﾐ is doﾏiﾐated H┞ the siﾏulaioﾐ of the e┝teヴioヴ spaIe,

┘hiIh leads to laヴgeヴ eヴヴoヴs ┘ithiﾐ the saﾏple ┘heﾐ keepiﾐg the total ﾐuﾏHeヴ of eleﾏeﾐts

Ioﾐstaﾐt.

Method N δE δH δHaﾐg [◦] δHaﾐgﾏa┝ [◦]

DM 80 × 80 × 8 6.37 · 10−4 2.3 · 10−4 2.8 · 10−6 6.8 · 10−1

SP 80 × 80 × 8 8.47 · 10−3 2.5 · 10−3 4.6 · 10−5 3.6 · 10+0

FE 4.9 · 104 4.59 · 10−2 6.1 · 10−3 6.6 · 10−4 2.1 · 10+1

TaHle ン.ヵ: Results of deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐs foヴ a ┗oヴte┝ state iﾐ a thiﾐ sケuaヴe.

Modified fヴoﾏ [ヶΑ].
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ン.ン Coﾏpaヴisoﾐ

ふaぶ ふHぶ

Figuヴe ン.ヱΑ: DisIヴeizaioﾐ of a IiヴIle ふaぶ ┘ith a ヴegulaヴ IuHoid gヴid ふHぶ ┘ith aﾐ iヴヴegulaヴ ﾏesh

of tヴiaﾐgles.

SpheヴiIal Geoﾏetヴ┞

The geoﾏetヴies featuヴed iﾐ the pヴeIediﾐg seIioﾐs aヴe peヴfeItl┞ appヴo┝iﾏated H┞ Hoth the ヴeg-

ulaヴ IuHoidﾏeshes used H┞ the Fouヴieヴ-spaIeﾏethods aﾐd the tetヴahedヴal ﾏeshes used H┞ the

fiﾐite-eleﾏeﾐt ﾏethod. Iヴヴegulaヴ tetヴahedヴal ﾏeshes ho┘e┗eヴ aヴe aHle to appヴo┝iﾏate Iuヴ┗ed

geoﾏetヴies Heteヴ thaﾐ ヴegulaヴ IuHoidﾏeshes, see Fig. ン.ヱΑ. The fiﾐite-eleﾏeﾐtﾏethod is thus

e┝peIted to supeヴseed the Fouヴieヴ-spaIe ﾏethods foヴ Iuヴ┗ed geoﾏetヴies. As a test pヴoHleﾏ,

deﾏagﾐeizaioﾐ eﾐeヴg┞ aﾐd field of a hoﾏogeﾐeousl┞ ﾏagﾐeized spheヴe ┘ith ヴadius R = 0.5

aﾐdM = (0, 0, 1)T aヴe Ioﾏputed. The spheヴe ┘as appヴo┝iﾏated oﾐ the ヴegulaヴ gヴid H┞ tesiﾐg

the Iell Ieﾐteヴs ri agaiﾐst the spheヴe Ioﾐdiioﾐ

Mi =





(0, 0, 1)T if |ri | < R

0 else
ふン.ン.ヵぶ

┘heヴe Mi is the ﾏagﾐeizaioﾐ iﾐ Iell i . The iヴヴegulaヴ ﾏesh used foヴ the fiﾐite-eleﾏeﾐt Ial-

Iulaioﾐ ┘as Iヴeated suIh that the disIヴete ┗oluﾏe IoiﾐIides ┘ith the aﾐal┞iIal ┗oluﾏe V =

4/3πR3.

Iﾐ Fig. ン.ヱヵd the ヴesults of the eﾐeヴg┞ IalIulaioﾐs aヴe pヴeseﾐted. As e┝peIted the fiﾐite-eleﾏeﾐt

ﾏethod Ioﾐ┗eヴges fasteヴ thaﾐ the Fouヴieヴ-spaIe ﾏethods. A Ioﾏpaヴisoﾐ of the field Ioﾏputa-

ioﾐ is gi┗eﾐ iﾐ Fig. ン.ヱΒ. Oﾐ the ヴegulaヴ gヴid, the field Ioﾏputaioﾐ sho┘s stヴoﾐg aヴifaIts that

oH┗iousl┞ ヴesult fヴoﾏ the Had appヴo┝iﾏaioﾐ of the suヴfaIe. The fiﾐite-eleﾏeﾐt ヴesult oﾐ the

otheヴ haﾐd featuヴes a peヴfeItl┞ hoﾏogeﾐeous deﾏagﾐeizaioﾐ-field as pヴediIted H┞ theoヴ┞.
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ふaぶ ふHぶ

Figuヴe ン.ヱΒ: Deﾏagﾐeizaioﾐ field of a uﾐifoヴﾏl┞ ﾏagﾐeized spheヴe. The Ioﾏpoﾐeﾐt

H3 is sho┘ﾐ oﾐ the ﾏiddle plaﾐe of the spheヴe. ふaぶ Coﾏputed ┘ith the

deﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod oﾐ a 50 × 50 × 50 gヴid. ふHぶ Coﾏputed ┘ith the

fiﾐite-eleﾏeﾐtﾏethodoﾐ aﾏesh of 9429 tetヴahedヴa iﾐIludiﾐg the shell eleﾏeﾐts.

Fヴoﾏ [ヶΑ].

ふaぶ

10−2 10−1
10−6

10−5

10−4

10−3

10−2

h

δE

DM
PT
FE

ふHぶ

Method Rate

DM 2.179 ± 0.065

SP 1.785 ± 0.004

FE 2.425 ± 0.343

Figuヴe ン.ヱΓ: Coﾐ┗eヴgeﾐIe Ioﾏpaヴisoﾐ of the diffeヴeﾐt deﾏagﾐeizaioﾐ-fieldﾏethods. ふaぶ The

ヴelai┗e eヴヴoヴ iﾐ the eﾐeヴg┞ δE of a flo┘eヴ state iﾐ a uﾐit IuHe is ploted agaiﾐst

the Iell size h. The au┝iliaヴ┞ ﾐodes fヴoﾏ the thiヴd oヴdeヴ fiﾐite-eleﾏeﾐt ﾏethod

aヴe takeﾐ iﾐto aIIouﾐt foヴ the deteヴﾏiﾐaioﾐ of h. ふHぶ E┝peヴiﾏeﾐtal Ioﾐ┗eヴgeﾐIe

ヴates Ioﾏputed fヴoﾏ the ヴesults of plot ふaぶ. Modified fヴoﾏ [ヶΑ].
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ン.ン.ヱ Coﾐ┗eヴgeﾐIe

Figuヴe ン.ヱΓ sho┘s the Ioﾐ┗eヴgeﾐIe ヴates foヴ the flo┘eヴ state iﾐ the uﾐit IuHe as desIヴiHed iﾐ

SeI. ン.ン. Both the Fouヴieヴ-spaIeﾏethods aﾐd the fiﾐite-eleﾏeﾐtﾏethod featuヴe a Ioﾐ┗eヴgeﾐIe

ヴate of appヴo┝iﾏatel┞ ヲ.

ン.ン.ヲ CoﾐIlusioﾐ

Thヴee diffeヴeﾐt ﾏethods foヴ the deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐ ┘eヴe disIussed iﾐ detail

aﾐd Ioﾏpaヴed to eaIh otheヴ. The deﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod aﾐd the sIalaヴ-poteﾐial

ﾏethod Ioﾏpute the deﾏagﾐeizaioﾐ-field H┞ a fast-Ioﾐ┗oluioﾐ teIhﾐiケue. The sIalaヴ-poteﾐ-

ial ﾏethod is fasteヴ thaﾐ the deﾏagﾐeizaioﾐ-teﾐsoヴ ﾏethod H┞ a faItoヴ of ヱ.ヵ aﾐd ヴeケuiヴes

aHout ンヰ% less ﾏeﾏoヴ┞, see [ヴヰ], Hut it is also less aIIuヴate due to the addiioﾐal ﾐuﾏeヴiIal

Ioﾏputaioﾐ of the gヴadieﾐt.

Iﾐ Ioﾐtヴast to the Fouヴieヴ-spaIe ﾏethods, the fiﾐite-eleﾏeﾐt ﾏethod is aHle to haﾐdle iヴヴegulaヴ

gヴids. This ﾏakes it a good IhoiIe foヴ Ioﾏputaioﾐs oﾐ Iuヴ┗ed geoﾏetヴies, ┘hiIh is Ioﾐfiヴﾏed

H┞ ﾐuﾏeヴiIal e┝peヴiﾏeﾐts oﾐ a spheヴe.

Ho┘e┗eヴ, due to the ┗eヴ┞ effiIieﾐt fast Fouヴieヴ-tヴaﾐsfoヴﾏalgoヴithﾏ, thedeﾏagﾐeizaioﾐ-teﾐsoヴ

ﾏethod aﾐd the sIalaヴ-poteﾐial ﾏethod aヴe sill the Heteヴ IhoiIe foヴ IuHoid doﾏaiﾐs.
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CHAPTER ヴ

Tiﾏe Iﾐtegヴaioﾐ of the

Laﾐdau-Lifshitz-GilHeヴt Eケuaioﾐ

The Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ as iﾐtヴoduIed iﾐ SeI. ヲ.ン is a ﾐoﾐliﾐeaヴ diffeヴeﾐial eケua-

ioﾐ that desIヴiHes the ﾏoioﾐ of the ﾏagﾐeizaioﾐ field m(r) iﾐ aﾐ effeIi┗e field Heff(r). Foヴ

a Ioﾐstaﾐt effeIi┗e field, the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ is aﾐ oヴdiﾐaヴ┞ diffeヴeﾐial eケua-

ioﾐ iﾐ e┗eヴ┞ poiﾐt. Ho┘e┗eヴ, the e┝Ihaﾐge field aﾐd the deﾏagﾐeizaioﾐ field add a spaial

Ioupliﾐg of the ﾏagﾐeizaioﾐ, see SeI. ヲ.ン.ン, aﾐd tuヴﾐ the oヴdiﾐaヴ┞ diffeヴeﾐial eケuaioﾐ iﾐto a

paヴial diffeヴeﾐial eケuaioﾐ iﾐ spaIe aﾐd iﾏe.

This Ihapteヴ is dediIated to the ﾐuﾏeヴiIal soluioﾐ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ. The

Ihalleﾐge is to fiﾐd aﾐ iﾐtegヴaioﾐ sIheﾏe that is Hoth staHle aﾐd effiIieﾐt. Fuヴtheヴﾏoヴe it is

Ioﾐsideヴed HeﾐefiIial if the iﾐtegヴaioﾐ sIheﾏe Ioﾐseヴ┗es iﾏpoヴtaﾐt pヴopeヴies of the Laﾐdau-

Lifshitz-GilHeヴt eケuaioﾐ, see SeI. ヲ.ン.ヵ.

Iﾐ the follo┘iﾐg a Hヴief o┗eヴ┗ie┘ of a┗ailaHle iﾐtegヴaioﾐ ﾏethods is gi┗eﾐ aﾐd theiヴ suitaHilit┞

foヴ ﾏiIヴoﾏagﾐeisﾏ is disIussed. We disiﾐguish Het┘eeﾐ IolloIaioﾐ ﾏethods, see SeI. ヴ.ヱ,

aﾐd ┘eak ﾏethods, see SeI. ヴ.ヲ aﾐd ヴ.ン. Foヴ a ﾏoヴe detailed ヴe┗ie┘ oﾐ iﾐtegヴaioﾐ sIheﾏes

foヴ the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ, the ヴeadeヴ is ヴefeヴヴed to the ┘oヴk H┞ Ciﾏヴak [ヲΑ].

A ┘eak iﾏpliIit sIheﾏe Hased oﾐ the ┘oヴk of Alouges [ヶΒ] is desIヴiHed iﾐ gヴeateヴ detail iﾐ

SeI. ヴ.ン. This sIheﾏe is IoﾏHiﾐed ┘ith the shell-tヴaﾐsfoヴﾏaioﾐ ﾏethod foヴ the deﾏagﾐei-

zaioﾐ-field Ioﾏputaioﾐ. Aloﾐg ┘ith the desIヴipioﾐ of this ﾏethod, ﾐuﾏeヴiIal tests foヴ its

┗alidaioﾐ aヴe pヴeseﾐted.

ヵヶ



ヴ.ヱ ColloIaioﾐ Methods

ヴ.ヱ ColloIaioﾐ Methods

This seIioﾐ gi┗es aﾐ o┗eヴ┗ie┘ of diffeヴeﾐt IolloIaioﾐ ﾏethods foヴ the ﾐuﾏeヴiIal iﾐtegヴaioﾐ.

These ﾏethods sol┗e the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ poiﾐt┘ise. Foヴ the fiﾐite-diffeヴeﾐIe

disIヴeizaioﾐ sIheﾏe used iﾐ SeI. ン.ヱ these ﾏethods Iaﾐ He applied peヴ siﾏulaioﾐ Iell. Foヴ

fiﾐite-eleﾏeﾐtﾏethods┘ith Lagヴaﾐge fuﾐIioﾐs, the IolloIaioﾐﾏethods aヴe applied peヴﾏesh

ﾐode.

ヴ.ヱ.ヱ E┝pliIit Iﾐtegヴaioﾐ

The ﾏost HasiI e┝pliIit iﾐtegヴaioﾐ sIheﾏe is the so-Ialled Euleヴ ﾏethod. Coﾐsideヴ the iﾏe

deヴi┗ate of the ﾏagﾐeizaioﾐ at iﾏe t

∂tm = f (t, m(t)) ふヴ.ヱ.ヱぶ

aﾐd the iﾐiial ┗alue m0 = m(t0). A siﾐgle step of the Euleヴ ﾏethod is gi┗eﾐ H┞

mk+1 − mk

τ
= f (tk , mk) ふヴ.ヱ.ヲぶ

┘heヴe mk = m(tk) aﾐd τ = tk+1 − tk is the step size. Thus fヴoﾏ a gi┗eﾐ ﾏagﾐeizaioﾐ mk

the suHseケueﾐt ﾏagﾐeizaioﾐ mk+1 is Ioﾏputed H┞

mk+1 = mk + τ f (tk , mk). ふヴ.ヱ.ンぶ

Theﾏagﾐeizaioﾐ at aﾐ aヴHitヴaヴ┞ iﾏe m(t) is oHtaiﾐed H┞ peヴfoヴﾏiﾐg a ﾐuﾏHeヴ of iﾐtegヴaioﾐ

steps staヴiﾐg fヴoﾏ the kﾐo┘ﾐ iﾐiial ┗alue m0. The Euleヴ ﾏethod is a fiヴst oヴdeヴ ﾏethod. It is

usuall┞ ┗eヴ┞ eas┞ to iﾏpleﾏeﾐt siﾐIe it is al┘a┞s liﾐeaヴ iﾐ the soluioﾐ mk+1 ヴegaヴdless of the

foヴﾏ of the ヴight-haﾐd side f (t, m).

E┝pliIit ﾏethods aヴe usuall┞ applied to the e┝pliIit foヴﾏ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ

as gi┗eﾐ H┞ Eケﾐ. ヲ.ン.ヲン

∂tm = −γ′(m × Heff) − α′m × (m × Heff). ふヴ.ヱ.ヴぶ

┘hiIh leads to a ヴight-haﾐd side f (t, m) of the foヴﾏ

f (t, m) = m × A(t, m). ふヴ.ヱ.ヵぶ

Iﾐ SeI. ヲ.ン.ヵ it ┘as sho┘ﾐ that the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ pヴeseヴ┗es the ﾏodulus

of the ﾏagﾐeizaioﾐ ∂t |m| = 0. This pヴopeヴt┞ is ┗iolated H┞ the Euleヴ ﾏethod. Iﾐseヴiﾐg
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Eケﾐ. ヴ.ヱ.ヵ iﾐto Eケﾐ. ヴ.ヱ.ヲ aﾐd sIalaヴ ﾏulipliIaioﾐ ┘ith τ(mk+1 + mk) ┞ields

|mk+1|2 − |mk |2 = τ [mk × A(tk , mk)] · (mk+1 + mk) ふヴ.ヱ.ヶぶ

= τ [mk × A(tk , mk)] · (mk+1 − mk) ふヴ.ヱ.Αぶ

= |τmk × A(tk , mk)|2 ふヴ.ヱ.Βぶ

≥ 0. ふヴ.ヱ.Γぶ

The ﾏodulus is oﾐl┞ pヴeseヴ┗ed if mk × A(tk , mk) = f (t, mk) = 0. This is the Iase foヴ loIal

eﾐeヴg┞ ﾏiﾐiﾏa oﾐl┞ iﾐ ┘hiIh Iase mk = mk+1. OH┗iousl┞ Eケﾐ. ヴ.ヱ.Γ iﾏplies a ﾏoﾐotoﾐiIall┞

iﾐIヴeasiﾐgﾏodulus ofm, ┘hiIh leads to uﾐヴealisiI soluioﾐs foヴ loﾐg iﾐtegヴaioﾐ iﾏes. A Ioﾏ-

ﾏoﾐ ┗aヴiaioﾐ of the Euleヴ ﾏethod is the appliIaioﾐ of aﾐ addiioﾐal ﾐoヴﾏalizaioﾐ

mk+1 =
mk + τ f (tk , mk)

|mk + τ f (tk , mk)| . ふヴ.ヱ.ヱヰぶ

Ho┘e┗eヴ, due to its lo┘ oヴdeヴ this ﾏethod ヴeケuiヴes ┗eヴ┞ sﾏall iﾏe steps iﾐ oヴdeヴ to deli┗eヴ

aIIuヴate ヴesults. A ﾏoヴe geﾐeヴal sIheﾏe is gi┗eﾐ H┞ the e┝pliIit Ruﾐge-Kuta ﾏethod [ヶΓ]. A

siﾐgle iﾐtegヴaioﾐ step of the Ruﾐge-Kuta ﾏethod iﾐ┗ol┗es the e┗aluaioﾐ of s iﾐteヴﾏediate

ヴesults ki . The soluioﾐ of a Ioﾏplete iﾐtegヴaioﾐ step mk+1 is gi┗eﾐ as a liﾐeaヴ supeヴposiioﾐ

of the iﾐteヴﾏediate ヴesults ki H┞

mk+1 = mk + τ
s∑

i

biki ふヴ.ヱ.ヱヱぶ

ki = f


tk + τci , mk + τ

i−1∑

j

aijkj


 ふヴ.ヱ.ヱヲぶ

┘heヴe the IoeffiIieﾐts aij , bi aﾐd ci aヴe gi┗eﾐ H┞ a so-Ialled ButIheヴ taHleau [ヶΓ] that speIifies a

paヴiIulaヴ Ruﾐge-Kuta ﾏethod. The ヴesuliﾐg ﾏethod is of oヴdeヴ s . Higheヴ oヴdeヴ ﾏethods usu-

all┞ allo┘ foヴ a laヴgeヴ iﾏe step ┘ithout loss of aIIuヴaI┞. Iﾐ pヴaIiIal appliIaioﾐs the addiioﾐal

effoヴt ヴeケuiヴed foヴ the Ioﾏputaioﾐ of the iﾐteヴﾏediate ヴesults is oteﾐﾏoヴe thaﾐ Ioﾏpeﾐsated

H┞ the laヴgeヴ iﾏe step. Due to its e┝pliIit ﾐatuヴe the IalIulaioﾐ of aﾐ iﾐteヴﾏediate ヴesult ki

does oﾐl┞ depeﾐd oﾐ the ヴesults of pヴe┗ious ヴesults kj<i . Thus the Ruﾐge-Kutaﾏethod like the

Euleヴ ﾏethod oﾐl┞ iﾐ┗ol┗es pヴoHleﾏs liﾐeaヴ iﾐ the iﾐteヴﾏediate soluioﾐs ki . Iﾐ faIt the Euleヴ

ﾏethod is a speIial Iase of the Ruﾐge-Kuta ﾏethod.

Ruﾐge-Kuta ﾏethods Iaﾐ He used ┘ith a fi┝ed iﾏe step like the Euleヴ ﾏethod. Ho┘e┗eヴ, a

Ioﾏﾏoﾐ pヴaIiIe is the adapi┗e step-size Ioﾐtヴol. The eヴヴoヴ of aﾐ iﾐtegヴaioﾐ step of oヴdeヴ

n is esiﾏated H┞ a Ioﾏputaioﾐ of oヴdeヴ n + 1. The step size is theﾐ adapted suIh that the

eヴヴoヴ ヴeﾏaiﾐs iﾐ Ieヴtaiﾐ eヴヴoヴ Houﾐds. E┝aﾏples foヴ adapi┗e Ruﾐge-Kuta ﾏethods aヴe the

Ruﾐge-Kuta-FehlHeヴg ﾏethod [Αヰ] aﾐd the Cash-Kaヴp ﾏethod [Αヱ].

E┝pliIit ﾏethods tuヴﾐ out to deli┗eヴ good ヴesults foヴ ﾏaﾐ┞ appliIaioﾐs iﾐ the fヴaﾏe┘oヴk of

fiﾐite-diffeヴeﾐIedisIヴeizaioﾐ [Αヲ]. Ho┘e┗eヴ, theiﾏe step τ has to He sIaled┘ith the ケuadヴaiI
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ﾏesh size h2 iﾐ oヴdeヴ to keep the iﾏe iﾐtegヴaioﾐ sIheﾏe staHle [Αン]. Foヴ iヴヴegulaヴ ﾏeshes as

used iﾐ the fiﾐite-eleﾏeﾐt fヴaﾏe┘oヴk, h is deヴi┗ed fヴoﾏ the sﾏallest Iell. This oteﾐ leads to

iﾏpヴaIiIall┞ sﾏall iﾏe steps. Aﾐotheヴ diffiIult┞ is the siffﾐess of the pヴoHleﾏ uﾐdeヴ Ioﾐsid-

eヴaioﾐ, see [Αン]. It is a ┘ell kﾐo┘ﾐ faIt that iﾏpliIit ﾏethods aヴe uﾐIoﾐdiioﾐall┞ staHle aﾐd

outpeヴfoヴﾏ e┝pliIit algoヴithﾏs ヴegaヴdiﾐg the soluioﾐ of siff pヴoHleﾏs [Αヴ].

ヴ.ヱ.ヲ IﾏpliIit Iﾐtegヴaioﾐ

The iﾏpliIit Iouﾐteヴpaヴt of the Euleヴ ﾏethod is the so-Ialled HaIk┘aヴd Euleヴ defiﾐed H┞

mk+1 − mk

τ
= f (tk + τ , mk+1). ふヴ.ヱ.ヱンぶ

Depeﾐdiﾐg oﾐ the foヴﾏ of the ヴight-haﾐd side f (t, m), the Ioﾏputaioﾐ of a siﾐgle iﾐtegヴaioﾐ

step Iaﾐ He ┗eヴ┞ Iostl┞. Iﾐ the Iase of ﾏiIヴoﾏagﾐeiIs the ヴight-haﾐd side is at least ケuadヴaiI iﾐ

m, see Eケﾐ. ヴ.ヱ.ヴ. The ヴesuliﾐg eケuaioﾐs aヴe usuall┞ sol┗ed ┘ith aﾐ iteヴai┗e Ne┘toﾐﾏethod.

Like the e┝pliIit Euleヴ ﾏethod, the HaIk┘aヴd Euleヴ suffeヴs fヴoﾏ the ┗iolaioﾐ of the pヴeseヴ┗aioﾐ

of ﾏodulus. B┞ a siﾏilaヴ pヴoIeduヴe as sho┘ﾐ iﾐ Eケﾐ. ヴ.ヱ.Γ oﾐe oHtaiﾐs

|mk+1|2 − |mk |2 ≤ 0. ふヴ.ヱ.ヱヴぶ

Iﾐ Ioﾐtヴast to the e┝pliIit ﾏethod, heヴe the ﾏodulus is al┘a┞s deIヴeased. The saﾏe ﾐoヴﾏal-

izaioﾐ pヴoIeduヴe as iﾐ Eケﾐ. ヴ.ヱ.ヱヰ Iaﾐ He used iﾐ oヴdeヴ to pヴeseヴ┗e the ﾏodulus of the ﾏag-

ﾐeizaioﾐ. Aﾐ alteヴﾐai┗e appヴoaIh is the ヴeduIioﾐ fヴoﾏ 3N ┗alues foヴ the ヴepヴeseﾐtaioﾐ of

the ﾏagﾐeizaioﾐ to 2N as pヴoposed iﾐ [Αヵ]. This appヴoaIh ヴeduIes the size of the ﾐoﾐliﾐeaヴ

pヴoHleﾏ. The thiヴd Ioﾏpoﾐeﾐt of the ﾏagﾐeizaioﾐ is ヴeIoﾐstヴuIted ateヴ eaIh step H┞ the

ﾐoヴﾏalizaioﾐ Ioﾐdiioﾐ |m| = 1.

ヴ.ヱ.ン Midpoiﾐt SIheﾏe

A IolloIaioﾐ sIheﾏe that tuヴﾐs out to He ┗eヴ┞ suitaHle foヴ ﾏiIヴoﾏagﾐeiIs is the so-Ialled

ﾏidpoiﾐt ヴule gi┗eﾐ H┞
mk+1 − mk

τ
= f (tk + τ/2, mk+1/2) ふヴ.ヱ.ヱヵぶ

┘heヴe the ﾏagﾐeizaioﾐ at the ﾏidpoiﾐt is defiﾐed as mk+1/2 = (mk+1 + mk)/2. Coﾐsideヴ

agaiﾐ the geﾐeヴal foヴﾏ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ

f (t, m) = m × A(t, m) ふヴ.ヱ.ヱヶぶ

as iﾐtヴoduIed iﾐ Eケﾐ. ヴ.ヱ.ヵ. Iﾐseヴiﾐg iﾐto Eケﾐ. ヴ.ヱ.ヱヵ aﾐd ﾏulipliIaioﾐ ┘ith mk+1/2 ┞ields

|mk+1|2 − |mk |2 = 2τmk+1/2 ·
[
mk+1/2 × A

(
tk + τ/2, mk+1/2

)]
= 0. ふヴ.ヱ.ヱΑぶ
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The ﾏidpoiﾐt ﾏethod ﾐatuヴall┞ pヴeseヴ┗es the ﾏodulus of the ﾏagﾐeizaioﾐ. Moヴeo┗eヴ, this

ﾏethod also pヴeseヴ┗es the Liapuﾐo┗ stヴuItuヴe of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ foヴ a fiﾐite

daﾏpiﾐgα > 0 aﾐd the Haﾏiltoﾐiaﾐ stヴuItuヴe foヴ ┗aﾐishiﾐg daﾏpiﾐgα = 0, see SeI. ヲ.ン.ヵ. The

pヴoof of these pヴopeヴies aloﾐg ┘ith detailed ﾐuﾏeヴiIal iﾐ┗esigaioﾐs of the ﾏidpoiﾐt ﾏethod

is gi┗eﾐ iﾐ [ヲヶ].

As ﾏeﾐioﾐed iﾐ [ヲΑ] theヴe aヴe ﾐo aﾐal┞iIal Ioﾐ┗eヴgeﾐIe ヴesults foヴ aﾐ┞ of the aHo┗e desIヴiHed

IolloIaioﾐ ﾏethods. Ho┘e┗eヴ, IolloIaioﾐ ﾏethods aヴe suIIessfull┞ applied aﾐd deli┗eヴ ヴeli-

aHle ヴesults foヴ ﾏaﾐ┞ ヴeal ┘oヴld pヴoHleﾏs.

ヴ.ヲ Weak Method H┞ Baヴtels aﾐd Pヴohl

If the fiﾐite-eleﾏeﾐt ﾏethod is used foヴ spaial disIヴeizaioﾐ, theﾐ a ﾐatuヴal IhoiIe foヴ the

iﾏe-iﾐtegヴaioﾐ is a ﾏethod that does also ヴel┞ oﾐ the fiﾐite-eleﾏeﾐt ﾏethod. Aﾐ iﾏpliIit

ﾏethod that sol┗es the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ iﾐ a ┘eak seﾐse ┘as iﾐtヴoduIed H┞

Baヴtels aﾐd Pヴohl iﾐ [Αヶ]. Theﾏethod is Hased oﾐ the iﾏpliIit foヴﾏof the Laﾐdau-Lifshitz-GilHeヴt

eケuaioﾐ gi┗eﾐ H┞ Eケﾐ. ヲ.ン.ヱΑ. A iﾏe step is peヴfoヴﾏed H┞ seekiﾐg foヴ the ﾐe┝t ﾏagﾐeizaioﾐ

Ioﾐfiguヴaioﾐ mk+1
h gi┗eﾐ H┞

(
δmk+1

h , φh

)

h
+ α

(
mk

h × δmk+1
h , φh

)

h

= γ
(
m

k+1/2
h × Heff

[
t + τ/2, m

k+1/2
h

]
, φh

)

h
∀ φh ∈ Vh ふヴ.ヲ.ヱぶ

┘heヴe mk
h aﾐd mk+1

h aヴe eleﾏeﾐts of the disIヴete fiﾐite-eleﾏeﾐt fuﾐIioﾐ spaIe Vh. Fuヴtheヴ-

ﾏoヴe m
k+1/2
h aﾐd δmk+1

h aヴe defiﾐed as

m
k+1/2
h =

mk+1
h + mk

h

2
ふヴ.ヲ.ヲぶ

δmk+1
h =

mk+1
h − mk

h

τ
ふヴ.ヲ.ンぶ

aﾐd (·, ·)h deﾐotes the ヴeduIed L2 sIalaヴ pヴoduIt

(a, b)h =

∫

Ω

Ih(〈a, b〉) dr ふヴ.ヲ.ヴぶ

┘heヴe Ih is the ﾐodal iﾐteヴpolaioﾐ opeヴatoヴ oﾐ Vh. The seIoﾐd teヴﾏ of the let-haﾐd side of

Eケﾐ. ヴ.ヲ.ヱ is ﾏoi┗ated H┞ the eケualit┞
(
mk

h × δmk+1
h , φh

)

h
=
(
m

k+1/2
h × δmk+1

h , φh

)

h
. ふヴ.ヲ.ヵぶ

The uﾐdeヴl┞iﾐg IoﾐstヴuIioﾐ pヴiﾐIiple is a ﾏidpoiﾐt sIheﾏe siﾏilaヴ to Eケﾐ. ヴ.ヱ.ヱヵ. Thus the

ﾏodulus of the ﾏagﾐeizaioﾐ is pヴeseヴ┗ed at least oﾐ the ﾐodes of the fiﾐite-eleﾏeﾐt ﾏesh.

Coﾐ┗eヴgeﾐIe aﾐal┞sis aﾐd ﾐuﾏeヴiIal e┝peヴiﾏeﾐts foヴ the Iase of the e┝Ihaﾐge field Heiﾐg the

oﾐl┞ effeIi┗e-field IoﾐtヴiHuioﾐ aヴe gi┗eﾐ iﾐ [Αヶ]. Like foヴ the ﾏidpoiﾐt-IolloIaioﾐ ﾏethod, a

ﾐoﾐliﾐeaヴ s┞steﾏ of eケuaioﾐs has to He sol┗ed foヴ e┗eヴ┞ iﾏe step.

ヶヰ
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ヴ.ン Weak Method H┞ Alouges

Aﾐotheヴ ┘eak foヴﾏulaioﾐ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ ┘as pヴoposed H┞ Alouges

iﾐ [ヶΒ]. The pヴoposed sIheﾏe is a t┘o-step ﾏethod. Iﾐ a fiヴst step the iﾏe deヴi┗ai┗e of the

ﾏagﾐeizaioﾐ ∂tm is Ioﾏputed. A┘eak foヴﾏulaioﾐ of this pヴoHleﾏ is oHtaiﾐed H┞ﾏulipl┞iﾐg

the iﾏpliIit foヴﾏ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ ヲ.ン.ヱΑ ┘ith test fuﾐIioﾐs φ

∫

Ω

(v − αm × v) · φ dr +

∫

Ω

γ(m × Heff) · φ dr = 0 ∀ φ ∈ V . ふヴ.ン.ヱぶ

┘heヴe the soluioﾐ v of this s┞steﾏ sol┗es foヴ ∂tm iﾐ a ┘eak seﾐse. The iﾐdi┗idual teヴﾏs of the

Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ aヴe poiﾐt┘ise peヴpeﾐdiIulaヴ to the ﾏagﾐeizaioﾐ m. Foヴ the

teヴﾏs m × v aﾐd m × Heff this follo┘s fヴoﾏ the pヴopeヴies of the Iヴoss pヴoduIt. As a suﾏ of

the lateヴ teヴﾏs this does also hold foヴ the soluioﾐ v . Thus it is suffiIieﾐt to test Eケﾐ. ヴ.ン.ヱ ┘ith

fuﾐIioﾐs fヴoﾏ the taﾐgeﾐt spaIe Tm defiﾐed H┞

Tm = {x ∈ H1(Ω); x · m = 0}. ふヴ.ン.ヲぶ

Iﾐstead of tesiﾐg ┘ith φ diヴeItl┞ it is heﾐIe possiHle to test ┘ith m × w ∈ Tm ┘heヴe w aヴe

the ﾐe┘ test fuﾐIioﾐs. While the Iヴoss-pヴoduIt teヴﾏs m × v aﾐd m × Heff al┘a┞s fulfill the

taﾐgeﾐt-spaIe Ioﾐstヴaiﾐt H┞ defiﾐiioﾐ, the soluioﾐ v does ﾐot. HeﾐIe the ヴestヴiIioﾐ of test

fuﾐIioﾐs to the taﾐgeﾐt spaIe Tm ヴeケuiヴes the e┝pliIit ヴestヴiIioﾐ of the soluioﾐ v to Tm. Aﾐ

eケui┗aleﾐt foヴﾏulaioﾐ of Eケﾐ. ヴ.ン.ヱ is thus gi┗eﾐ H┞ seekiﾐg a soluioﾐ v ∈ Tm that fulfills

∫

Ω

v · (m × w)︸ ︷︷ ︸
I

dr − α

∫

Ω

(m × v) · (m × w)︸ ︷︷ ︸
II

dr

+ γ

∫

Ω

(m × Heff(m)) · (m × w)︸ ︷︷ ︸
III

dr = 0 ∀ w ∈ V . ふヴ.ン.ンぶ

This foヴﾏulaioﾐ Iaﾐ He sigﾐifiIaﾐtl┞ siﾏplified H┞ appliIaioﾐ of ┗eItoヴ ideﾐiies aﾐd the pヴop-

eヴies of the ﾏagﾐeizaioﾐ |m| = 1 aﾐd m · v = 0. The iﾐdi┗idual teヴﾏs ヴead

I) v · (m × w) = − w · (m × v) ふヴ.ン.ヴぶ

II) (m × v) · (m × w) = v · w ふヴ.ン.ヵぶ

III) (m × Heff) · (m × w) = Heff · w − (m · w)(Heff · m). ふヴ.ン.ヶぶ

The s┞steﾏ is fuヴtheヴ siﾏplified H┞ ヴestヴiIiﾐg the test fuﾐioﾐs w to the taﾐgeﾐt spaIe Tm.

This does ﾐot affeIt the ┗alidit┞ of Eケﾐ. ヴ.ン.ン siﾐIe the Iヴoss pヴoduIt m × w IaﾐIels the ﾐoﾐ-

taﾐgeﾐial paヴt of w iﾐ aﾐ┞ Iase. With the ヴestヴiIioﾐ of w ∈ Tm the seIoﾐd teヴﾏ oﾐ the

ヴight-haﾐd side of Eケﾐ. ヴ.ン.ヶ ┗aﾐishes. The pヴoHleﾏ of fiﾐdiﾐg v = ∂tm is ヴeduIed to seekiﾐg

v ∈ Tm gi┗eﾐ H┞
∫

Ω

(αv + m × v) · w dr − γ

∫

Ω

Heff(m) · w dr = 0 ∀ w ∈ Tm. ふヴ.ン.Αぶ

ヶヱ
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The ﾏost ﾐotaHle diffeヴeﾐIe Het┘eeﾐ Eケﾐ. ヴ.ン.Α aﾐd Eケﾐ. ヴ.ン.ヱ is the teヴﾏ iﾐIludiﾐg the effeI-

i┗e field. Iﾐ Eケﾐ. ヴ.ン.Α this teヴﾏ depeﾐds oﾐ the ﾏagﾐeizaioﾐ oﾐl┞ thヴough the effeIi┗e field

iﾐ Ioﾐtヴast to Eケﾐ. ヴ.ン.ヱ.

The soluioﾐ v Iaﾐ He used to IoﾐstヴuIt aﾐ e┝pliIit iﾐtegヴaioﾐ sIheﾏe. Ateヴ disIヴeizaioﾐ a

siﾐgle iﾏe step is Iaヴヴied out H┞

mk+1
i =

mk
i + τvi

|mk
i + τvi |

ふヴ.ン.Βぶ

┘heヴe τ is the iﾏe step aﾐd mi aﾐd vi deﾐote the Ioヴヴespoﾐdiﾐg field ┗alues at Ioﾏputaioﾐ

ﾐode i [ΑΑ]. Note that due to the ﾐoヴﾏalizaioﾐ, this sIheﾏe pヴeseヴ┗es the ﾏodulus of the

ﾏagﾐeizaioﾐ ﾐode-┘ise. OH┗iousl┞ it is ﾐot possiHle to pヴeseヴ┗e the ﾐoヴﾏ e┗eヴ┞┘heヴe due to

the IhoiIe of disIヴete fuﾐIioﾐ spaIe. Ho┘e┗eヴ, this e┝pliIit sIheﾏe Iaﾐ He siﾏpl┞ Ioﾐ┗eヴted

iﾐto aﾐ iﾏpliIit theta-sIheﾏe H┞ ヴeplaIiﾐg m H┞ m + θτv iﾐ Eケﾐ. ヴ.ン.Α. The ┘eak foヴﾏulaioﾐ

theﾐ ヴeads

∫

Ω

(αv + m × v) · w dr − γ

∫

Ω

Heff(m + θτv) · w dr = 0 ∀ w ∈ Tm ふヴ.ン.Γぶ

┘ith θ ∈ [0, 1]. The ad┗aﾐtage of the pヴeseﾐted sIheﾏe o┗eヴ the┘eak foヴﾏulaioﾐ iﾐ Eケﾐ. ヴ.ン.ヱ

is ヴe┗ealed ┘heﾐ takiﾐg the e┝Ihaﾐge field, gi┗eﾐ H┞ Eケﾐ. ヲ.ン.ヲΑ, as effeIi┗e field. Iﾐseヴiﾐg

Eケﾐ. ヲ.ン.ヲΑ iﾐ Eケﾐ. ヴ.ン.Γ aﾐd peヴfoヴﾏiﾐg iﾐtegヴaioﾐ H┞ paヴts ┞ields

∫

Ω

(αv + m × v) · w dr +
2γA

µ0Ms

∫

Ω

∇(m + θτv)∇w dr = 0 ∀ w ∈ Tm ふヴ.ン.ヱヰぶ

┘heヴe the e┝Ihaﾐge Houﾐdaヴ┞ Ioﾐdiioﾐ fヴoﾏ Eケﾐ. ヲ.ン.ンヵ ┘as takeﾐ iﾐto aIIouﾐt, ┘hiIh leads

to a ┗aﾐishiﾐg Houﾐdaヴ┞ iﾐtegヴal. SiﾐIe the e┝Ihaﾐge field is liﾐeaヴ iﾐ the ﾏagﾐeizaioﾐ, the

ヴesuliﾐg iﾐtegヴaioﾐ sIheﾏe is liﾐeaヴ iﾐ the soluioﾐ v aﾐd iﾏpliIit. Addiﾐg ﾐoﾐliﾐeaヴ IoﾐtヴiHu-

ioﾐs to the effeIi┗e field, e.g. higheヴ-oヴdeヴ aﾐisotヴop┞ teヴﾏs, oH┗iousl┞ Hヴeaks the liﾐeaヴit┞ of

the sIheﾏe. But e┗eﾐ the iﾐIlusioﾐ of the liﾐeaヴ deﾏagﾐeizaioﾐ field leads to pヴoHleﾏs, He-

Iause the Ioﾏputaioﾐ of the deﾐse liﾐeaヴ opeヴatoヴ is oteﾐ a┗oided H┞ ┗aヴiaioﾐal Ioﾏputaioﾐ

of the IoﾐﾐeIted Poissoﾐ pヴoHleﾏ, see SeI. ン.ヲ.

Thus it ┘as pヴoposed iﾐ [ΑΒ, ΑΓ] to tヴeat oﾐl┞ the e┝Ihaﾐge IoﾐtヴiHuioﾐ iﾏpliIitl┞. This ﾏethod

is jusified H┞ the faIt that the e┝Ihaﾐge IoﾐtヴiHuioﾐ has the highest oヴdeヴ due to its seIoﾐd

spaial deヴi┗ai┗e aﾐd is theﾏaiﾐ Iause foヴ the siffﾐess of the pヴoHleﾏ. This ヴesults iﾐ the ┘eak

foヴﾏulaioﾐ

∫

Ω

(αv + m × v) · w dr +
2γA

µ0Ms

∫

Ω

∇(m + θτv)∇w dr

− γ

∫

Ω

He┝pl(m) · w dr = 0 ∀ w ∈ Tm ふヴ.ン.ヱヱぶ

┘heヴe He┝pl iﾐIludes all IoﾐtヴiHuioﾐs to the effeIi┗e field e┝Iept the e┝Ihaﾐge field.

ヶヲ
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ヴ.ン.ヱ DisIヴeizaioﾐ

The disIヴeizaioﾐ of Eケﾐ. ヴ.ン.ヱヰ is doﾐe Ioﾏpoﾐeﾐt-┘ise ┘ith Lagヴaﾐge fuﾐIioﾐs of fiヴst oヴdeヴ,

ヴesuliﾐg iﾐ the disIヴete ┗eItoヴ-fuﾐIioﾐ spaIeVh. A Ihalleﾐge speIifiI to theﾏethod pヴoposed

H┞ Alouges is the ヴestヴiIioﾐ of test fuﾐIioﾐs aﾐd soluioﾐ to the taﾐgeﾐial spaIe Tm. Iﾐ geﾐeヴal

it is ﾐot possiHle to IoﾐstヴuIt a suHspaIeVh ⊂ Tm. Thus the taﾐgeﾐt-spaIe ヴestヴiIioﾐ has to He

ヴela┝ed. This Iaﾐ eitheヴ He doﾐe H┞ ヴeケuiヴiﾐg this ヴestヴiIioﾐ oﾐ the Ioﾏputaioﾐ ﾐodes oヴ iﾐ aﾐ

iﾐtegヴal seﾐse. The aItual iﾏpleﾏeﾐtaioﾐ of the ヴestヴiIioﾐs is doﾐe ┘ith a Lagヴaﾐge-ﾏuliplieヴ

aﾐsatz as suggested iﾐ [ΑΒ]. Coﾐsideヴ the follo┘iﾐg shoヴt-haﾐd ﾐotaioﾐ of the oヴigiﾐal pヴoHleﾏ

defiﾐed oﾐ the taﾐgeﾐt spaIe

a(v , w) = L(w) ∀ w ∈ Tm ┘ith v ∈ Tm ふヴ.ン.ヱヲぶ

┘heヴe a(v , w) is a Hiliﾐeaヴ foヴﾏ aﾐd L(w) is a liﾐeaヴ foヴﾏ gi┗eﾐ H┞

a(v , w) =

∫

Ω

(αv + m × v) · w dr +
2γAθτ

µ0Ms

∫

Ω

∇v∇w dr ふヴ.ン.ヱンぶ

L(w) = − 2γA

µ0Ms

∫

Ω

∇m∇w dr + γ

∫

Ω

He┝pl(m) · w dr . ふヴ.ン.ヱヴぶ

Appl┞iﾐg the Lagヴaﾐge-ﾏulipieヴ aﾐsatz ┞ields the s┞steﾏ

a(v , w) +

∫

Ω

λm · w dr = L(w) ∀ w ∈ Vh ふヴ.ン.ヱヵぶ
∫

Ω

v · m σ dr = 0 ∀ σ ∈ Vh ふヴ.ン.ヱヶぶ

Heヴe the soluioﾐ is e┝pliIitl┞ ヴestヴiIted to the taﾐgeﾐt spaIe iﾐ aﾐ iﾐtegヴal seﾐse H┞ Eケﾐ. ヴ.ン.ヱヶ.

The Lagヴaﾐge ﾏuliplieヴ field iﾐ Eケﾐ. ヴ.ン.ヱヵ is IヴuIial to ヴelie┗e the taﾐgeﾐt-spaIe Ioﾐstヴaiﾐt oﾐ

the test fuﾐIioﾐs. This foヴﾏulaioﾐ leads to the follo┘iﾐg HloIk s┞steﾏ of eケuaioﾐs

A BT

B 0




v

λ


 =


b

0


 ふヴ.ン.ヱΑぶ

┘hiIh is a saddle-poiﾐt pヴoHleﾏ. The 3N × 3N ﾏatヴi┝ A ヴesults fヴoﾏ disIヴeizaioﾐ of the

Hiliﾐeaヴ foヴﾏ a(v , w) aﾐd the ┗eItoヴ b ヴesults fヴoﾏ disIヴeizaioﾐ of the liﾐeaヴ foヴﾏ L(w). The

3N ×N ﾏatヴi┝ B aﾐd its tヴaﾐspose aヴise fヴoﾏ disIヴeizaioﾐ of the Ioﾐstヴaiﾐt iﾐ Eケﾐ. ヴ.ン.ヱヶ aﾐd

the Lagヴaﾐge-ﾏuliplieヴ teヴﾏ iﾐ Eケﾐ. ヴ.ン.ヱヵ.

Aﾐ alteヴﾐai┗e Lagヴaﾐge-ﾏuliplieヴ appヴoaIh applies the taﾐgeﾐt-spaIe ヴestヴiIioﾐ e┝aItl┞ oﾐ

the Ioﾏputaioﾐ ﾐodes. Iﾐ this Iase the iﾐtegヴals iﾐ Eケﾐ. ヴ.ン.ヱヵ aﾐd Eケﾐ. ヴ.ン.ヱヶ aヴe ヴeplaIed H┞

ﾐode-┘ise Ioﾏputaioﾐs

a(vi , wj) + λi mj · wj = L(wj) ∀ j ∈ {1, 2, ... , N} ふヴ.ン.ヱΒぶ

vk · mk σl = 0 ∀ l ∈ {1, 2, ... , N} ふヴ.ン.ヱΓぶ

ヶン
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┘heヴe fx deﾐotes the ┗alue of a fuﾐIioﾐ f at ﾐode x , e.g. mj deﾐotes the ┗alue of theﾏagﾐei-

zaioﾐ m at ﾐode j . The ヴesuliﾐg HloIk s┞steﾏ has the saﾏe stヴuItuヴe as Eケﾐ. ヴ.ン.ヱΑ. Ho┘e┗eヴ,

the off-diagoﾐal HloIks ha┗e oﾐl┞ IoﾐtヴiHuioﾐs of degヴees of fヴeedoﾏ Heloﾐgiﾐg to the saﾏe

Ioﾏputaioﾐ ﾐode. HeﾐIe BT B is diagoﾐal.

Uﾐiケue Soluioﾐ

Coﾐsideヴ the spliiﾐg of the Hiliﾐeaヴ foヴﾏ a = b + c iﾐto a s┞ﾏﾏetヴiI foヴﾏ b(v , w) aﾐd a

ske┘-s┞ﾏﾏetヴiI foヴﾏ c(v , w)

b(v , w) = α

∫

Ω

v · w dr +
2γAθτ

µ0Ms

∫

Ω

∇v∇w dr ふヴ.ン.ヲヰぶ

c(v , w) =

∫

Ω

m × v · w dr . ふヴ.ン.ヲヱぶ

The s┞ﾏﾏetヴiI foヴﾏ b Ioﾐsists of a ﾏass aﾐd a siffﾐess IoﾐtヴiHuioﾐ, Hoth sIaled ┘ith posii┗e

Ioﾐstaﾐts. Thus b is posii┗e defiﾐite aﾐd so is the ﾏatヴi┝ A. Fuヴtheヴﾏoヴe, the ﾏatヴi┝ B has

full ヴaﾐk. Iﾐ the Iase of a ﾐode-┘ise Ioﾐstヴaiﾐt this is diヴeItl┞ gi┗eﾐ due to the ﾐoﾐzeヴo ﾏag-

ﾐeizaioﾐ |m| > 0. Foヴ a ┘eak Ioﾐstヴaiﾐt the ﾏagﾐeizaioﾐ addiioﾐall┞ has to He suffiIieﾐtl┞

sﾏooth.

The HloIk ﾏatヴi┝ is siﾐgulaヴ if aﾐd oﾐl┞ if theヴe e┝ists a ﾐoﾐzeヴo ┗eItoヴ (x , y)T that sol┗es

A BT

B 0




x

y


 =


0

0


 ふヴ.ン.ヲヲぶ

oヴ eケui┗aleﾐtl┞

Ax + BT y = 0 ふヴ.ン.ヲンぶ

Bx = 0. ふヴ.ン.ヲヴぶ

Eケuaioﾐ ヴ.ン.ヲヴ iﾏﾏediatel┞ ┞ields x ∈ ker B. If theヴe e┝ists a ﾐoﾐzeヴo x that fulfills Eケﾐ. ヴ.ン.ヲン

theﾐ it also has to fulfill

xT Ax + xT BT y = 0. ふヴ.ン.ヲヵぶ

The seIoﾐd teヴﾏ ┗aﾐishes siﾐIe xT BT = 0 H┞ the IhoiIe of x ∈ ker B. SiﾐIe A is posii┗e

defiﾐite, as sho┘ﾐ aHo┗e, it follo┘s x = 0. Iﾐseヴiﾐg iﾐto Eケﾐ. ヴ.ン.ヲン ┞ields BT y = 0 ┘hiIh

ヴesults iﾐ y = 0 due to the full ヴaﾐk of B. HeﾐIe the HloIk ﾏatヴi┝ is iﾐ┗eヴiHle aﾐd Eケﾐ. ヴ.ン.ヱΑ

has a uﾐiケue soluioﾐ.

ヴ.ン.ヲ IﾏpliIit Iﾐtegヴaioﾐ of the Deﾏagﾐeizaioﾐ Field

The ﾐuﾏeヴiIal staHilit┞ of the ﾏethod pヴeseﾐted iﾐ the pヴeIediﾐg seIioﾐ Iaﾐ He fuヴtheヴ iﾏ-

pヴo┗ed H┞ tヴeaiﾐg the deﾏagﾐeizaioﾐ field iﾏpliIitl┞. AppliIaioﾐ of the shell-taﾐsfoヴﾏaioﾐ

ヶヴ
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ﾏethod aIIoヴdiﾐg to Eケﾐ. ン.ヲ.ンヱ foヴ the iﾏpliIit deﾏagﾐeizaioﾐ-poteﾐial Ioﾏputaioﾐ ┞ields
∫

ΩIuHoid

∇u · ∇w1 dr +

∫

Ωshell

(∇u)T g ∇w1 dr =

Ms

∫

Ωsaﾏple

(m + θτv) · ∇w1 dr ∀ w1 ∈ V ふヴ.ン.ヲヶぶ

┘heヴe the ヴight-haﾐd side is ﾐo┘ Ioupled to the soluioﾐ v iﾐ Ioﾐtヴast to the e┝pliIit Ioﾏputa-

ioﾐ. ViIe ┗eヴsa the soluioﾐ v of Eケﾐ. ヴ.ン.ヱヱ is Ioupled to the poteﾐial u H┞ the effeIi┗e-field

teヴﾏ. This HidiヴeIioﾐal Ioupliﾐg togetheヴ ┘ith the Lagヴaﾐge ﾏuliplieヴ aﾐsatz disIussed iﾐ the

pヴe┗ious Ihapteヴ leads to the HloIk s┞steﾏ



A BT 0

B 0 D

0 E C







v

λ

u


 =




b

0

c


 . ふヴ.ン.ヲΑぶ

Heヴe the ﾏatヴiIes A, B aﾐd the ┗eItoヴ b aヴe the saﾏe as iﾐtヴoduIed iﾐ Eケﾐ. ヴ.ン.ヱΑ. The ﾏatヴi┝

C is theﾏodified siffﾐess ﾏatヴi┝ aヴisiﾐg fヴoﾏ disIヴeizaioﾐ of the let-haﾐd side of Eケﾐ. ヴ.ン.ヲヶ.

The off-diagoﾐal ﾏatヴiIes D aﾐd E aヴise fヴoﾏ the Ioupliﾐg iﾐtegヴals

− γ

∫

Ω

∇u · w dr ふヴ.ン.ヲΒぶ

aﾐd

θτMs

∫

Ωsaﾏple

v · ∇w1 dr ふヴ.ン.ヲΓぶ

ヴespeIi┗el┞. Fiﾐall┞ the ┗eItoヴ c is gi┗eﾐ H┞ the e┝pliIit ヴight-haﾐd side of the deﾏagﾐeizaioﾐ-

field pヴoHleﾏ

Ms

∫

Ωsaﾏple

m · ∇w1 dr . ふヴ.ン.ンヰぶ

ヴ.ン.ン NuﾏeヴiIal Tヴeatﾏeﾐt

SiﾐIe the liﾐeaヴ s┞steﾏ gi┗eﾐ H┞ Eケﾐ. ヴ.ン.ヲΑ is spaヴse, aﾐ iteヴai┗e sol┗eヴ is fa┗oヴed o┗eヴ a di-

ヴeIt sol┗eヴ. Ho┘e┗eヴ, the s┞steﾏ is iﾐdefiﾐite aﾐd as┞ﾏﾏetヴiI ┘hiIh foヴHids the use of the

fast Ioﾐjugate-gヴadieﾐt ﾏethod. Methods IapaHle of sol┗iﾐg suIh s┞steﾏs aヴe the geﾐeヴalized

ﾏiﾐiﾏal ヴesidual ﾏethod ふGMRESぶ de┗eloped H┞ Saad, see [ヵΓ], aﾐd the HiIoﾐjugate gヴadieﾐt

staHilized ﾏethod ふBICGSTABぶ de┗eloped H┞ ┗aﾐ deヴ Voヴst et al., see [Βヰ]. It sho┘s, ho┘e┗eヴ,

that igﾐoヴiﾐg the HloIk stヴuItuヴe aﾐd appl┞iﾐg aﾐ iteヴai┗e ﾏethod to the s┞steﾏ as a ┘hole

leads to Had Ioﾐ┗eヴgeﾐIe Heha┗iouヴ.

Thus a SIhuヴ-Ioﾏpleﾏeﾐt aﾐsatz ┘ith HloIk pヴeIoﾐdiioﾐiﾐg foヴ the suHs┞steﾏs is applied.

Cz = c ふヴ.ン.ンヱぶ

S


v

λ


 =


b

0


−


D

0


 z ふヴ.ン.ンヲぶ

ヶヵ
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┘heヴe S is the SIhuヴ Ioﾏpleﾏeﾐt of the HloIk C defiﾐed H┞

S =


A BT

B 0


−


D

0


C−1

(
E 0

)
=


A − DC−1E BT

B 0


 . ふヴ.ン.ンンぶ

Eケuaioﾐ ヴ.ン.ンヱ is e┝aItl┞ the deﾏagﾐeizaioﾐ pヴoHleﾏ as iﾐtヴoduIed iﾐ SeI. ン.ヲ.ン. Thus it

is effiIieﾐtl┞ sol┗ed H┞ a pヴeIoﾐdiioﾐed Ioﾐjugate-gヴadieﾐt ﾏethod. Eケuaioﾐ ヴ.ン.ンヲ is the

saddle-poiﾐt pヴoHleﾏ iﾐtヴoduIed iﾐ Eケﾐ. ヴ.ン.ヱΑ Ioﾏpleﾏeﾐted H┞ Iouliﾐg teヴﾏs of the deﾏag-

ﾐeizaioﾐ poteﾐial. Thus this pヴoHleﾏ is also iﾐdefiﾐite aﾐd as┞ﾏﾏetヴiI. A BICGSTAB ﾏethod

foヴ the soluioﾐ of this saddle-poiﾐt pヴoHleﾏ is used. Foヴ the pヴeIoﾐdiioﾐiﾐg Ioﾐsideヴ the fol-

lo┘iﾐg deIoﾏposiioﾐ of the oヴigiﾐal HloIk pヴoHleﾏ ヴ.ン.ヱΑ

A BT

B 0


 =


 ✶ 0

BA−1
✶




A BT

0 −BA−1BT


 . ふヴ.ン.ンヴぶ

Due to the ideﾐit┞ HloIks oﾐ the diagoﾐal, the iteヴai┗e sol┗eヴ is e┝peIted to Ioﾐ┗eヴge fasteヴ foヴ

the fiヴst ﾏatヴi┝ oﾐ the ヴight-haﾐd side thaﾐ foヴ the oヴigiﾐal ﾏatヴi┝ oﾐ the let-haﾐd side. SiﾐIe

the SIhuヴ Ioﾏpleﾏeﾐt S iﾐ Eケﾐ. ヴ.ン.ンヲ diffeヴs fヴoﾏ the oヴigiﾐal saddle-poiﾐt pヴoHleﾏ oﾐl┞ iﾐ

a Ioupliﾐg teヴﾏ, the seIoﾐd ﾏatヴi┝ of the ヴight-haﾐd side of Eケﾐ. ヴ.ン.ンヴ is Ioﾐsideヴed to He a

suitaHle pヴeIoﾐdiioﾐeヴ. Iﾐstead of the oヴigiﾐal pヴoHleﾏ Ax = b the pヴeIoﾐdiioﾐed pヴoHleﾏ

AP−1y = b ふヴ.ン.ンヵぶ

x = P−1y ふヴ.ン.ンヶぶ

is sol┗ed, ┘heヴe P is gi┗eﾐ H┞ aﾐ appヴo┝iﾏate iﾐ┗eヴse

P−1 ≈

A BT

0 −BA−1BT




−1

. ふヴ.ン.ンΑぶ

The Ioupliﾐg teヴﾏ iﾐ the 1, 1-HloIk of Eケﾐ. ヴ.ン.ンン Ioﾐtaiﾐs the iﾐ┗eヴse of the deﾏagﾐeizaioﾐ

ﾏatヴi┝ C . This iﾐ┗eヴse is ﾐot Ioﾏputed e┝pliIitl┞, Hut sol┗ed iteヴai┗el┞ foヴ e┗eヴ┞ iteヴaioﾐ of

the outeヴ iteヴai┗e sol┗eヴ. This IoﾏHiﾐaioﾐ of SIhuヴ Ioﾏpleﾏeﾐt aﾐd HloIk pヴeIoﾐdiioﾐiﾐg

pヴo┗ed Hoth ヴeliaHle aﾐd effiIieﾐt foヴ a ┗aヴiet┞ of pヴoHleﾏs.

ヴ.ン.ヴ Validaioﾐ aﾐd NuﾏeヴiIal E┝peヴiﾏeﾐts

The pヴeseﾐted algoヴithﾏ is ┗alidated ┘ith diffeヴeﾐt ﾐuﾏeヴiIal tests. The fiヴst test is takeﾐ fヴoﾏ

the oヴigiﾐal puHliIaioﾐ of Alouges [ヶΒ]. Iﾐ oヴdeヴ to ﾏake the ヴesults IoﾏpaヴaHle to those puH-

lished iﾐ [ヶΒ], the follo┘iﾐg diﾏeﾐsioﾐless s┞steﾏ is sol┗ed ┘ith the ﾏethod desIヴiHed iﾐ the

pヴeIediﾐg seIioﾐs
∫

Ω

(αv − m × v) · w dr = −(1 + α2)

∫

Ω

∇(m + θτv)∇w dr . ふヴ.ン.ンΒぶ

ヶヶ
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Figuヴe ヴ.ヱ: Total eﾐeヴg┞ of aﾐ e┝Ihaﾐge Ioupled s┞steﾏ┘ith diffeヴeﾐt daﾏpiﾐg. ふaぶ Foヴ a HaIk-

┘aヴd Euleヴ-like sIheﾏe ふθ = 1ぶ. ふHぶ Foヴ a Cヴaﾐk-NiIholsoﾐ-like sIheﾏe ふθ = 0.5ぶ.

Note the ﾏissiﾐg ﾏateヴial paヴaﾏeteヴs aﾐd the Ihaﾐged sigﾐ oﾐ the let-haﾐd side ┘hiIh leads

to a ヴe┗eヴsed diヴeIioﾐ of pヴeIessioﾐ. The iﾐiial ┗alue foヴ the ﾏagﾐeizaioﾐ is gi┗eﾐ H┞ the

paヴaﾏeteヴizaioﾐ

m(r) =




− r2
r12

sin
(πr12

2

)

r1
r12

sin
(πr12

2

)

cos
(πr12

2

)


 ふヴ.ン.ンΓぶ

┘ith r12 =
√

r2
1 + r2

2 . The iﾏe e┗oluioﾐ of the total eﾐeヴg┞ of this ﾐoﾐph┞siIal Hut ﾏathe-

ﾏaiIall┞ eケui┗aleﾐt s┞steﾏ is Ioﾏputed ┘ith a HaIk┘aヴd Euleヴ-like sIheﾏe ふθ = 1ぶ aﾐd ┘ith

a Cヴaﾐk-NiIholsoﾐ-like sIheﾏe ふθ = 0.5ぶ. Figuヴe ヴ.ヱ sho┘s the ヴesults of the Ioﾏputaioﾐ

that aヴe iﾐ good agヴeeﾏeﾐt to the ヴesults pヴeseﾐted iﾐ [ヶΒ]. As e┝peIted the eﾐeヴg┞ deIヴeases

fasteヴ ┘ith a higheヴ daﾏpiﾐg α. Foヴ a lo┘ daﾏpiﾐg the Cヴaﾐk-NiIholsoﾐ sIheﾏe sho┘s a lo┘eヴ

diffusioﾐ thaﾐ the HaIk┘aヴd Euleヴ ┘hiIh is also e┝peIted as sho┘ﾐ iﾐ [ヶΒ].

Iﾐ a ﾐe┝t test the Ioﾏputaioﾐ of the iﾏe deヴi┗ai┗e of the ﾏagﾐeizaioﾐ v = ∂tm foヴ aﾐ

e┝Ihaﾐge Ioupled s┞steﾏ is Ioﾏpaヴed to the aﾐal┞iIal soluioﾐ. The geoﾏetヴ┞ used foヴ this

test is a IuHoid of size 2 × 2 × 0.2 μﾏ ┘ith ﾏateヴial paヴaﾏeteヴs Ihoseﾐ siﾏilaヴ to peヴﾏallo┞,

i.e.

A = 1.3 · 10−11 J/ﾏ ふヴ.ン.ヴヰぶ

Ms = 8.0 · 105 A/ﾏ ふヴ.ン.ヴヱぶ

K1 = K2 = 0. ふヴ.ン.ヴヲぶ

Fuヴtheヴ the daﾏpiﾐg Ioﾐstaﾐt ┘as Ihoseﾐ as α = 0.02 aﾐd the g┞ヴoﾏagﾐeiI ヴaio as γ =

2.211 · 105 ﾏ/As. The ┗eItoヴ v is Ioﾏputed oﾐIe foヴ a ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐ defiﾐed H┞

ヶΑ
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Figuヴe ヴ.ヲ: Validaioﾐ pヴoHleﾏ foヴ the Ioﾏputaioﾐ of the iﾏe deヴi┗ai┗e of the ﾏagﾐeiza-

ioﾐ v(m). ふaぶ r1-Ioﾏpoﾐeﾐt of the ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐ m. ふHぶ Aﾐal┞iIal

soluioﾐ of the iﾏe deヴi┗ai┗e v . ふIぶNuﾏeヴiIal soluioﾐ of v , Ioﾏputed┘ith ﾐode-

┘ise taﾐgeﾐt-spaIe Ioﾐstヴaiﾐt aﾐd a siﾐgle-la┞eヴ spaial disIヴeizaioﾐ. ふdぶ Nuﾏeヴi-

Ial soluioﾐ of v , Ioﾏputed ┘ith ﾐode-┘ise taﾐgeﾐt-spaIe Ioﾐstヴaiﾐt aﾐd a spaial

disIヴeizaioﾐ ┘ith ヵ la┞eヴs.

the ﾐoヴﾏalized ┗eヴsioﾐ of

m(r) =




sin(2.5 · 106πr1)

1

0


 ふヴ.ン.ヴンぶ

┘heヴe the Ieﾐteヴ of the IuHoid geoﾏetヴ┞ IoiﾐIides ┘ith the Iooヴdiﾐate oヴigiﾐ (0, 0, 0).

Iﾐ oヴdeヴ to Ioﾏpaヴe the soluioﾐ to the aﾐal┞iIal ヴesult ∂tm(t, m) the paヴaﾏeteヴ θ┘as Ihoseﾐ

as zeヴo ┘hiIh Ioヴヴespoﾐds to aﾐ e┝pliIit sIheﾏe aﾐd thus sol┗es foヴ iﾏe deヴi┗ai┗e at iﾏe t

iﾐstead of iﾏe t + τ . The ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐ m aﾐd the aﾐal┞iIal soluioﾐ of v as

┘ell as the soluioﾐ Ioﾏputed ┘ith ﾐode-┘ise Ioﾐstヴaiﾐts aIIoヴdiﾐg to Eケﾐ. ヴ.ン.ヱΒ aﾐd ヴ.ン.ヱΓ

aヴe depiIted iﾐ Fig. ヴ.ヲ. A Ioﾏpaヴisoﾐ of the soluioﾐ Ioﾏputed ┘ith ┘eak Ioﾐstヴaiﾐts aﾐd

ﾐode-┘ise Ioﾐstヴaiﾐts is pヴeseﾐted iﾐ Fig. ヴ.ン. It sho┘s ﾐot oﾐl┞ a ┗eヴ┞ good agヴeeﾏeﾐt He-

t┘eeﾐ aﾐal┞iIal aﾐd ﾐuﾏeヴiIal soluioﾐ, Hut also a good agヴeeﾏeﾐt of the soluioﾐs Ioﾏputed

┘ith ┘eak Ioﾐstヴaiﾐts aﾐd ┘ith ﾐode-┘ise Ioﾐstヴaiﾐts. De┗iaioﾐs of the ﾐuﾏeヴiIal soluioﾐs

oIIuヴ espeIiall┞ at the Houﾐdaヴies. Figuヴe ヴ.ヴ sho┘s the de┗iaioﾐs of aﾐal┞iIal aﾐd ﾐuﾏeヴ-

iIal soluioﾐs at the saﾏple Houﾐdaヴies. OH┗iousl┞ the eヴヴoヴs Iaﾐ He sigﾐifiIaﾐtl┞ ヴeduIed H┞

ヶΒ
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Figuヴe ヴ.ン: The r1-Ioﾏpoﾐeﾐt of the iﾏe deヴi┗ai┗e of the ﾏagﾐeizaioﾐ oﾐ the r1 a┝is

v1(r1, 0, 0). The aﾐal┞iIal soluioﾐ is Ioﾏpaヴed to the ﾐuﾏeヴiIal soluioﾐ ┘ith

┘eak taﾐgeﾐt-spaIe ヴestヴiIioﾐ aﾐd ﾐode-┘ise taﾐgeﾐt-spaIe ヴestヴiIioﾐ.

ふaぶ
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Figuヴe ヴ.ヴ: The r1-Ioﾏpoﾐeﾐt of the iﾏe deヴi┗ai┗e of the ﾏagﾐeizaioﾐ oﾐ the r1-a┝is

v1(r1, 0, 0) at the Houﾐdaヴ┞ of the ﾏagﾐeized ヴegioﾐ. The Ioﾏputaioﾐ ┘as peヴ-

foヴﾏed ┘ith a diffeヴeﾐt ﾐuﾏHeヴ of siﾏulaioﾐ Iells iﾐ the r3-diヴeIioﾐ. ふaぶ Weak

taﾐgeﾐt-spaIe Ioﾐstヴaiﾐt. ふaぶ Node-┘ise taﾐgeﾐt-spaIe Ioﾐstヴaiﾐt.
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CHAPTER ヴ: Tiﾏe Iﾐtegヴaioﾐ of the Laﾐdau-Lifshitz-GilHeヴt Eケuaioﾐ
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Figuヴe ヴ.ヵ: Iﾐ-plaﾐeﾏagﾐeizaioﾐ of aﾏagﾐeiI s-state oﾐ theﾏiddle plaﾐe of a thiﾐ filﾏ. The

out-of-plaﾐe ﾏagﾐeizaioﾐ foヴ this Ioﾐfiguヴaioﾐ is appヴo┝iﾏatel┞ zeヴo. Modified

fヴoﾏ [ヶヴ].

fiﾐeヴ disIヴeizaioﾐ. The eヴヴoヴs at the Houﾐdaヴies Iaﾐ He e┝plaiﾐed H┞ the ┗iolaioﾐ of the e┝-

Ihaﾐge Houﾐdaヴ┞ Ioﾐdiioﾐ Eケﾐ. ヲ.ン.ンヵ. Although the Ihoseﾐ ﾏagﾐeizaioﾐ paヴaﾏeteヴizaioﾐ

Eケﾐ. ヴ.ン.ヴン aﾐal┞iIall┞ fulfills the Houﾐdaヴ┞ Ioﾐdiioﾐ, the disIヴeized ﾏagﾐeizaioﾐ iﾐ geﾐeヴal

does ﾐot.

μMag Staﾐdaヴd PヴoHleﾏ #ヴ

The ┗alidaioﾐ of the iﾏe steppiﾐg as ┘ell as the Ioupliﾐg to the deﾏagﾐeizaioﾐ field is doﾐe

┗ia the μMAG staﾐdaヴd pヴoHleﾏ #ヴ, see [Βヱ]. It desIヴiHes the s┘itIhiﾐg pヴoIess of a ﾏagﾐeiI

thiﾐ-filﾏ eleﾏeﾐt uﾐdeヴ the iﾐflueﾐIe of aﾐ e┝teヴﾐal Zeeﾏaﾐ field. This pヴoHleﾏ ┘as desigﾐed

as ┗alidaioﾐ pヴoHleﾏ aﾐd as suIh it is seﾐsii┗e to all ┗ital paヴts of d┞ﾐaﾏiIal ﾏiIヴoﾏagﾐeiIs.

Aﾐotheヴ ヴeasoﾐ foヴ the IhoiIe of the staﾐdaヴd pヴoHleﾏ #ヴ as ┗alidaioﾐ pヴoHleﾏ is the a┗ail-

aHilit┞ of a laヴge ﾐuﾏHeヴ of ヴefeヴeﾐIe soluioﾐs.

A ﾏagﾐeiI IuHoid ┘ith size 500 × 125 × 3 ﾐﾏ aﾐd the ﾏateヴial paヴaﾏeteヴs of peヴﾏallo┞, see

Eケﾐs. ヴ.ン.ヴヰ–ヴ.ン.ヴヲ, is Ioﾐsideヴed. The pヴoHleﾏ itself Ioﾐsist of t┘o paヴts. Iﾐ a fiヴst step the

ﾏagﾐeiI ヴegioﾐ is ヴela┝ed iﾐ a speIifiI loIal eﾐeヴg┞ ﾏiﾐiﾏuﾏ Ialled s-state. This is aIhie┗ed H┞

peヴfoヴﾏiﾐg a iﾏe iﾐtegヴaioﾐ ┘ith the follo┘iﾐg staヴt ┗alue foヴ the ﾏagﾐeizaioﾐ

m(r) =




cos
(∣∣πr1 · 10−3

∣∣)

sin
(∣∣πr1 · 10−3

∣∣)

0


 . ふヴ.ン.ヴヴぶ

The ヴesuliﾐg s-state is piItuヴed iﾐ Fig. ヴ.ヵ. Iﾐ a seIoﾐd step aﾐ e┝teヴﾐal Zeeﾏaﾐ field Hzeeﾏaﾐ

┘ith a ﾏagﾐitude of 25ﾏT is applied ┘ith aﾐ aﾐgle of 170◦ to the saﾏple

Hzeeﾏaﾐ = 25




cos(170◦)

sin(170◦)

0


 ﾏT. ふヴ.ン.ヴヵぶ
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Figuヴe ヴ.ヶ: The iﾏe e┗oluioﾐ of the a┗eヴaged ﾏagﾐeizaioﾐ Ioﾏpoﾐeﾐts 〈mi〉 foヴ the staﾐ-

daヴd pヴoHleﾏ #ヴ. The ヴesults of the fiﾐite-eleﾏeﾐt ふFEMぶ ﾏethod aヴe Ioﾏpaヴed

to ヴesults fヴoﾏ the ┘ell tested fiﾐite-diffeヴeﾐIe siﾏulaioﾐ Iode MiIヴoMagﾐuﾏ

ふFDMぶ. Modified fヴoﾏ [ヶヴ].

Foヴ this paヴt of the pヴoHleﾏ the pヴe┗iousl┞ IalIulated s-state is takeﾐ as iﾐiial ﾏagﾐeizaioﾐ.

SiﾐIe the e┝teヴﾐal field is diヴeIted opposite to the pヴedoﾏiﾐaﾐt ﾏagﾐeizaioﾐ diヴeIioﾐ, a

s┘itIhiﾐg pヴoIess is iﾐiiated. Figuヴe ヴ.ヶ sho┘s the siﾏulaioﾐ ヴesults foヴ this s┘itIhiﾐg pヴo-

Iess iﾐ Ioﾏpaヴisoﾐ to a ヴefeヴeﾐIe ヴesult IalIulated ┘ith the fiﾐite-diffeヴeﾐIe Iode MiIヴoMag-

ﾐuﾏ [Βヲ]. OH┗iousl┞ the ヴefeヴeﾐIe soluioﾐ is ┘ell ヴepヴoduIed H┞ theﾏethods pヴeseﾐted iﾐ the

pヴeIediﾐg seIioﾐs.

Αヱ



CHAPTER ヵ

Iﾏpleﾏeﾐtaioﾐ

The iﾏpleﾏeﾐtaioﾐ of a siﾏulaioﾐ pヴogヴaﾏ foヴ the soluioﾐ of d┞ﾐaﾏiIalﾏiIヴoﾏagﾐeiI pヴoH-

leﾏs is a Ihalleﾐgiﾐg task. Oﾐ the oﾐe haﾐd, a Ioﾏplete d┞ﾐaﾏiIal Iode has to sol┗e se┗eヴal

suHpヴoHleﾏs, ┘hiIh ﾐatuヴall┞ ヴesults iﾐ a high ﾐuﾏHeヴ of poteﾐial eヴヴoヴ souヴIes. Oﾐ the otheヴ

haﾐd aﾐ effiIieﾐt ﾏiIヴoﾏagﾐeiI Iode should He Hoth fast aﾐd IapaHle of haﾐdliﾐg laヴge pヴoH-

leﾏs. To aIhie┗e this goal the Iode should He highl┞ opiﾏized foヴ the pヴoHleﾏ at haﾐd aﾐd

high peヴfoヴﾏaﾐIe pヴogヴaﾏﾏiﾐg teIhﾐiケues suIh as paヴallel Ioﾏpuiﾐg should He used.

This Ihapteヴ is dediIated to the iﾏpleﾏeﾐtaioﾐ of ﾏiIヴoﾏagﾐeiI Iodes. SeIioﾐ ヵ.ヱ gi┗es aﾐ

o┗eヴ┗ie┘ o┗eヴ e┝isiﾐg Iodes. Iﾐ SeI. ヵ.ヲ the ﾏiIヴoﾏagﾐeiI fiﾐite-eleﾏeﾐt Iode ﾏagﾐuﾏ.fe is

pヴeseﾐted.

ヵ.ヱ E┝isiﾐg Codes

The a┗ailaHle Iodes IaﾐHe ヴoughl┞ di┗ided iﾐto fiﾐite-diffeヴeﾐIe Iodes aﾐdfiﾐite-eleﾏeﾐt Iodes.

A ┗eヴ┞ populaヴ aﾐd estaHlished opeﾐ-souヴIe fiﾐite-diffeヴeﾐIe Iode is OOMMF [Βン]. Like alﾏost

all fiﾐite-diffeヴeﾐIe Iodes it uses a Fouヴieヴ spaIe ﾏethod as iﾐtヴoduIed iﾐ SeI. ン.ヱ foヴ the Ioﾏ-

putaioﾐ of the deﾏagﾐeizaioﾐ field. The e┝Ihaﾐge field is Ioﾏputed ┘ith fiﾐite diffeヴeﾐIes

as desIヴiHed iﾐ [Αヲ] aﾐd the iﾏe iﾐtegヴaioﾐ is doﾐe ┘ith e┝pliIit Ruﾐge-Kuta ﾏethods, see

SeI. ヴ.ヱ.ヱ. Iﾐ ヴeIeﾐt ┞eaヴs the use of gヴaphiIs pヴoIessiﾐg uﾐits foヴ highl┞ paヴallel Ioﾏputa-

ioﾐs has gaiﾐedﾏuIh ateﾐioﾐ iﾐ the sIieﾐifiI Ioﾏpuiﾐg Ioﾏﾏuﾐit┞. The opeﾐ-souヴIe Iodes

MiIヴoMagﾐuﾏ [Βヲ] aﾐd MuMa┝ [Βヴ] iﾏpleﾏeﾐt siﾏilaヴ ﾏethods to OOMMF aﾐd aヴe aHle to

peヴfoヴﾏ the siﾏulaioﾐs eﾐiヴel┞ oﾐ gヴaphiIs pヴoIessiﾐg uﾐits. A Ilosed-souヴIe Iode of this

Iategoヴ┞ is GPMagﾐet [ンヶ]. These Iodes pヴo┗ide a sigﾐifiIaﾐt speedup Ioﾏpaヴed to OOMMF,

┘hiIh peヴfoヴﾏs all Ioﾏputaioﾐs oﾐ the Ieﾐtヴal pヴoIessiﾐg uﾐit. Fuヴtheヴ fiﾐite-diffeヴeﾐIe Iodes

iﾐIludeM3S [Βヵ], NMagfiﾐite diffeヴeﾐIe [Βヶ] aﾐd Yaﾏﾏs [ΒΑ]┘hiIh is desIヴiHed iﾐ detail iﾐ [ΒΒ].

A┗ailaHle opeﾐ-souヴIe fiﾐite-eleﾏeﾐt Iodes iﾐIludeﾏagpaヴ [ΒΓ] aﾐd NMag [Γヰ]. Closed-souヴIe

Αヲ



ヵ.ヲ ﾏagﾐuﾏ.fe

1 # Set up the bilinear form for the demagnetization problem
2 a = Dxﾙv, iﾚ * Dxﾙu, iﾚ * dxﾙ0ﾚ # Omega_sample
3 a+= Dxﾙv, iﾚ * Dxﾙu, iﾚ * dxﾙÜﾚ # Omega_air
4 a+= Dxﾙv, iﾚ * gÜ[i,j] * Dxﾙu, jﾚ * dxﾙäﾚ # Omega_shell, r_â halfplane
5 a+= Dxﾙv, iﾚ * gä[i,j] * Dxﾙu, jﾚ * dxﾙëﾚ # Omega_shell, r_ê halfplane
6 a+= Dxﾙv, iﾚ * gë[i,j] * Dxﾙu, jﾚ * dxﾙïﾚ # Omega_shell, r_î halfplane
7
8 # Create Dirichlet boundary conditions
9 bc = DirichletBCﾙVS, Constantﾙ0.0ﾚ, DomainBoundaryﾙﾚﾚ

10
11 # Assemble system matrix and apply boundary conditions
12 A = assembleﾙaﾚ
13 bc.applyﾙAﾚ

Lisiﾐg ヵ.ヱ: Weak foヴﾏ of the deﾏagﾐeizaioﾐ-field pヴoHleﾏ as desIヴiHed iﾐ SeI. ン.ヲ.ン. Iﾐ oヴ-

deヴ to haﾐdle the IuHoid shell pヴopeヴl┞, the ┗oluﾏe iﾐtegヴal is split up iﾐto iﾐtegヴals

o┗eヴ diffeヴeﾐt suHdoﾏaiﾐs ふdxﾙ0ﾚ – dxﾙïﾚぶ. The iﾐdiIes i aﾐd j aヴe used to defiﾐe
┗eItoヴ–┗eItoヴ aﾐd ﾏatヴi┝–┗eItoヴ pヴoduIts.

fiﾐite-eleﾏeﾐt Iodes aヴe FEMME [Γヱ] aﾐd TetヴaMag [Γヲ]. The lateヴ also ﾏakes use of gヴaphiIs

pヴoIessiﾐg uﾐits. To the kﾐo┘ledge of the authoヴ, these Iodes use the fiﾐite-eleﾏeﾐt Houﾐdaヴ┞-

eleﾏeﾐt Ioupliﾐg desIヴiHed iﾐ SeI. ン.ヲ.ヲ foヴ the deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐ aﾐd iﾏpliIit

IolloIaioﾐ ﾏethods foヴ the iﾐtegヴaioﾐ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ as desIヴiHed iﾐ

SeI. ヴ.ヱ.ヲ.

A ﾏiIヴoﾏagﾐeiI Iode that iﾏpleﾏeﾐts the ┘eak foヴﾏulaioﾐ iﾐtヴoduIed iﾐ SeI. ヴ.ン is FELL-

GOOD [ΑΓ]. Foヴ the deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐ this Iodeuses a ﾐoﾐuﾐifoヴﾏ fast-Fouヴieヴ-

tヴaﾐsfoヴﾏ ﾏethod.

ヵ.ヲ ﾏagﾐuﾏ.fe

Aﾐ iﾐtegヴal paヴt of the ┘oヴk pヴeseﾐted iﾐ this thesis ┘as the de┗elopﾏeﾐt of ﾏagﾐuﾏ.fe, a

fiﾐite-eleﾏeﾐt ﾏiIヴoﾏagﾐeiI siﾏulaioﾐ tool, see [ヶヴ]. ﾏagﾐuﾏ.fe iﾏpleﾏeﾐts the tヴaﾐsfoヴ-

ﾏaioﾐ ﾏethod foヴ the deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐ iﾐtヴoduIed iﾐ SeI. ン.ヲ.ン aﾐd the

┘eak ﾏethod foヴ the iﾐtegヴaioﾐ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ iﾐtヴoduIed iﾐ SeI. ヴ.ン.

The Iode is Hased oﾐ the ヴeIeﾐtl┞ puHlished fiﾐite-eleﾏeﾐt paIkage FEﾐiCS [Γン] aﾐd uses Gﾏsh

[Γヴ] foヴ ﾏesh Iヴeaioﾐ.

FEﾐiCS is┘ヴiteﾐ iﾐ C++ aﾐd featuヴes a P┞thoﾐ sIヴipiﾐg iﾐteヴfaIe. The Ioヴe Ioﾏpoﾐeﾐt of FEﾐiCS

is the so-Ialled foヴﾏ Ioﾏpileヴ FFC [Γヵ]. This foヴﾏ Ioﾏpileヴ pヴoduIes effiIieﾐt C++ Iode foヴ

the asseﾏHl┞ of s┞steﾏ ﾏatヴiIes. It takes the desIヴipioﾐ of a ┘eak foヴﾏ iﾐ the uﾐified foヴﾏ

laﾐguage UFL [Γヶ] aﾐd pヴoduIes asseﾏHl┞ Iode that Ioﾐfoヴﾏs to the uﾐified foヴﾏ-asseﾏHl┞

Αン



CHAPTER ヵ: Iﾏpleﾏeﾐtaioﾐ

1 # Set up mixed function space
2 VV = VectorFunctionSpaceﾙmesh, "CG", Üﾚ # Solution
3 VS = FunctionSpaceﾙmesh, "CG", Üﾚ # Lagrange Multipliers
4 V = VV * VS
5
6 # Set up test and trial functions
7 ﾙv, lambﾚ = TrialFunctionsﾙVﾚ
8 ﾙw, sigmaﾚ = TestFunctionsﾙVﾚ
9

10 # Prefactor for exchange field
11 f_ex = ﾙ- ä.0 * Aex * gammaﾚ / ﾙmu0 * msﾚ
12
13 # Set up bilinear form
14 a = alpha * dotﾙv, wﾚ * dx \
15 + dotﾙcrossﾙm, vﾚ, wﾚ * dx \
16 + sigma * innerﾙm, vﾚ * dx \
17 + lamb * innerﾙm, wﾚ * dx \
18 - 0.ö * dt * f_ex * Dxﾙv[i],jﾚ * Dxﾙw[i],jﾚ * dx
19
20 # Set up linear form
21 L = f_ex * Dxﾙm[i],jﾚ * Dxﾙw[i],jﾚ * dx

Lisiﾐg ヵ.ヲ: Weak foヴﾏ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ aIIoヴdiﾐg to the ﾏethod de-

sIヴiHed iﾐ SeI. ヴ.ン. A ﾏi┝ed fuﾐIioﾐ spaIe is used to iﾏpleﾏeﾐt the Lagヴaﾐge-

ﾏuliplieヴ aﾐsatz. The Ioﾐstヴaiﾐts aヴe fulfilled iﾐ a ┘eak seﾐse.

Iode UFC [ΓΑ]. Saﾏple Iodes foヴ the ┘eak foヴﾏs of the deﾏagﾐeizaioﾐ-field pヴoHleﾏ aﾐd the

Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ aヴe gi┗eﾐ iﾐ Lisiﾐg ヵ.ヱ aﾐd ヵ.ヲ ヴespeIi┗el┞. FEﾐiCS pヴo┗ides a

just-iﾐ-iﾏe Ioﾏpileヴ that eﾐaHles the Ioﾏpilaioﾐ of foヴﾏ-asseﾏHl┞ Iode at ヴuﾐiﾏe. Fuヴtheヴ

Hiﾐdiﾐgs foヴ a Iouple of estaHlished opeﾐ-souヴIe liﾐeaヴ-algeHヴa liHヴaヴies aヴe pヴo┗ided. Thus the

eﾐiヴe pヴoHleﾏ defiﾐiioﾐ aﾐd soluioﾐ ┘ith FEﾐiCS Iaﾐ He doﾐe iﾐ P┞thoﾐ ┘ithout suffeヴiﾐg

fヴoﾏ the usuall┞ pooヴ peヴfoヴﾏaﾐIe of iﾐteヴpヴeted laﾐguages.

Beside the P┞thoﾐ iﾐteヴfaIe, FEﾐiCS also pヴo┗ides aﾐ alﾏost eケui┗aleﾐt C++ iﾐteヴfaIe. Iﾐ faIt

the P┞thoﾐ iﾐteヴfaIe is just a thiﾐ ┘ヴappiﾐg la┞eヴ geﾐeヴated ┘ith the Siﾏplified Wヴappeヴ aﾐd

IﾐteヴfaIe Geﾐeヴatoヴ ふSWIGぶ [ΓΒ]. Noﾐetheless the P┞thoﾐ iﾐteヴfaIe isﾏuIh siﾏpleヴ to use┘hile

addiﾐg oﾐl┞ a sﾏall o┗eヴhead. HeﾐIe ﾏagﾐuﾏ.fe uses the P┞thoﾐ iﾐteヴfaIe ┘heヴe possiHle.

Ho┘e┗eヴ, the algoヴithﾏs used H┞ ﾏagﾐuﾏ.fe ヴeケuiヴe soﾏe fuﾐIioﾐalit┞ that is ﾐot pヴo┗ided H┞

FEﾐiCS. E┝teﾐdiﾐg FEﾐiCS at the le┗el of the P┞thoﾐ iﾐteヴfaIe ┘ill usuall┞ lead to peヴfoヴﾏaﾐIe

issues ┘heﾐ dealiﾐg ┘ith laヴge pヴoHleﾏ sizes. The peヴfoヴﾏaﾐIe ヴele┗aﾐt e┝teﾐsioﾐs to FEﾐiCS

aヴe theヴefoヴe ┘ヴiteﾐ iﾐ C++. Like FEﾐiCS, ﾏagﾐuﾏ.fe uses SWIG to e┝ploit the fuﾐIioﾐalit┞

of the C++ Iode to the P┞thoﾐ iﾐteヴfaIe. The depeﾐdeﾐIies of the diffeヴeﾐt ﾏodules iﾐ Hoth

P┞thoﾐ aﾐd C++ aヴe ┗isualized iﾐ Fig. ヵ.ヱ. Iﾐ the follo┘iﾐg the ﾏost iﾏpoヴtaﾐt e┝teﾐsioﾐs to

FEﾐiCS aヴe pヴeseﾐted iﾐ detail.
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ヵ.ヲ ﾏagﾐuﾏ.fe

ﾏagﾐuﾏ.fe

P┞thoﾐ

C++

SWIG

FEﾐiCS

P┞thoﾐ

C++

SWIG

Figuヴe ヵ.ヱ: DepeﾐdeﾐIies Het┘eeﾐ ﾏagﾐuﾏ.fe aﾐd FEﾐiCS. Both ﾏagﾐuﾏ.fe aﾐd FEﾐiCS ha┗e

a C++ ﾏodule ┘hose fuﾐIioﾐalit┞ is e┝posed to the P┞thoﾐ Iode ┗ia SWIG. Fuヴ-

theヴﾏoヴe the C++ Ioﾏpoﾐeﾐt of ﾏagﾐuﾏ.fe depeﾐds oﾐ the C++ Ioﾏpoﾐeﾐt of

FEﾐiCS aﾐd the P┞thoﾐ ﾏodule of ﾏagﾐuﾏ.fe depeﾐds oﾐ the P┞thoﾐ ﾏodule of

FEﾐiCS.

ヵ.ヲ.ヱ Mesh Geﾐeヴaioﾐ

The appliIaioﾐ of the IuHoid shell-tヴaﾐsfoヴﾏaioﾐ ﾏethod as desIヴiHed iﾐ SeI. ン.ヲ.ン ヴeケuiヴes

a ﾏesh that pヴopeヴl┞ ヴepヴeseﾐts the diffeヴeﾐt ヴegioﾐs Ωsaﾏple, Ωaiヴ aﾐd Ωshell. Fuヴtheヴﾏoヴe the

IuHoid shell is di┗ided iﾐto si┝ shell patIhes. The plaﾐaヴ iﾐteヴfaIes Het┘eeﾐ the IuHoid shell

patIhes aﾐd the ヴegioﾐ Ωaiヴ Iaﾐ He peヴfeItl┞ appヴo┝iﾏated H┞ tetヴahedヴa. Thus the ﾏesh is

ヴeケuiヴed to aIIuヴatel┞ sepaヴate these ヴegioﾐs. The ﾏeshiﾐg ヴouiﾐe of ﾏagﾐuﾏ.fe is ┘ヴiteﾐ iﾐ

C++ aﾐd uses liHGﾏsh [Γヴ]. The ヴesuliﾐg ﾏeshiﾐg data is used to Iヴeate a ﾏesh oHjeIt that is

IoﾏpaiHle ┘ith FEﾐiCS.

Usuall┞ the useヴ pヴo┗ides a ﾏesh of the saﾏple. The ﾏeshiﾐg ヴouiﾐe of ﾏagﾐuﾏ.fe is aHle to

ヴead a ┗aヴiet┞ of ﾏesh foヴﾏats aﾐd to Iヴeate the ヴeケuiヴed shell ヴegioﾐs of the ﾏesh. Figuヴe ヵ.ヲ

sho┘s aﾐ e┝aﾏple ﾏesh foヴ a spheヴiIal saﾏple. Note that the IuHoid shell patIhes aヴe ﾏeshed

iﾐ a ヴegulaヴ fashioﾐ. The ﾐuﾏHeヴ of la┞eヴs iﾐ the shell patIhes is IoﾐfiguヴaHle. This paヴaﾏeteヴ

is ┗ital iﾐ oヴdeヴ to Ioﾐtヴol the ケualit┞ of the deﾏagﾐeizaioﾐ-field appヴo┝iﾏaioﾐ.

ヵ.ヲ.ヲ Node-Wise Opeヴaioﾐs

FEﾐiCS suppoヴts a gヴeat ┗aヴiet┞ of fiﾐite eleﾏeﾐts. Beside the staﾐdaヴd Lagヴaﾐge eleﾏeﾐts iﾐ

H1 a ﾐuﾏHeヴ of eleﾏeﾐts iﾐ H(di┗) as ┘ell as iﾐ H(ヴot) is suppoヴted. As a IoﾐseケueﾐIe the

iﾐteヴfaIe of FEﾐiCS e┝hiHits a ┗eヴ┞ aHstヴaIt ﾐoioﾐ of degヴees of fヴeedoﾏ. Wheﾐ dealiﾐg ┘ith

staﾐdaヴd Lagヴaﾐge eleﾏeﾐts, this ﾏeaﾐs that theヴe is ﾐo siﾏple ┘a┞ to get a ﾏappiﾐg Het┘eeﾐ

ﾐodes aﾐd degヴees of fヴeedoﾏ although suIh ﾏappiﾐg e┝ists iﾐ theoヴ┞. Moヴeo┗eヴ FEﾐiCS does

ﾐot pヴo┗ide a ﾏethod to ideﾐif┞ the degヴees of fヴeedoﾏ Heloﾐgiﾐg to the saﾏe ﾐode ┘heﾐ

usiﾐg Ioﾏpoﾐeﾐt-┘ise Lagヴaﾐge ┗eItoヴ fuﾐIioﾐs. This is paヴiIulaヴl┞ pヴoHleﾏaiI foヴ the iﾏ-
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CHAPTER ヵ: Iﾏpleﾏeﾐtaioﾐ

ふaぶ ふHぶ

Figuヴe ヵ.ヲ: The ﾏesh of a spheヴiIal saﾏple suヴヴouﾐded H┞ a IuHoid shell as ヴeケuiヴed H┞ the

IuHoid shell-tヴaﾐsfoヴﾏaioﾐ ﾏethod foヴ the Ioﾏputaioﾐ of the deﾏagﾐeizaioﾐ

field. The diffeヴeﾐt ヴegioﾐs aヴeﾏaヴked H┞ Ioloヴs: Ωsaﾏple ふHlueぶ,Ωaiヴ ふoヴaﾐgeぶ,Ωshell

ふgヴeeﾐぶ. ふaぶ E┝plosioﾐ ┗ie┘ of the diffeヴeﾐt ヴegioﾐs. ふHぶ Cut thヴough the Ioﾏposite

ﾏesh. Modified fヴoﾏ [ヶヴ].

1 # Set up function space and function
2 V = VectorFunctionSpaceﾙmesh, "CG", Üﾚ
3 m = interpolateﾙsome_expression, Vﾚ
4
5 # Compute node-wise normalized m
6 m_norm = DofAssembler.assembleﾙNormalizedVectorﾙV, mﾚﾚ

Lisiﾐg ヵ.ン: E┝aﾏple usage of the DofAssembler Ilass to peヴfoヴﾏ ﾐode-┘ise ﾐoヴﾏalizaioﾐ of

the fuﾐIioﾐ m.

pleﾏeﾐtaioﾐ of the iﾐtegヴaioﾐ sIheﾏe iﾐtヴoduIioﾐ iﾐ SeI. ヴ.ン siﾐIe this sIheﾏe ヴeケuiヴes the

ﾐode-┘ise ヴeﾐoヴﾏalizaioﾐ of the ﾏagﾐeizaioﾐ ateヴ eaIh iﾏe step.

Iﾐ the st┞le of the Assembler Ilass iﾐ FEﾐiCS ┘hiIh haﾐdles the asseﾏHl┞ of ﾏatヴiIes aﾐd ┗eI-

toヴs, ﾏagﾐuﾏ.fe iﾐtヴoduIes the DofAssembler Ilass. This Ilass offeヴs aﾐ assemble ﾏethod

that is aHle to Iヴeate ﾏatヴiIes aﾐd ┗eItoヴs fヴoﾏ iﾐstaﾐIes of the DofForm Ilass. B┞ suHIlassiﾐg
DofForm, ﾐode-┘ise opeヴaioﾐs ﾏa┞ He iﾏpleﾏeﾐted. The faIt that the loIal ﾐuﾏHeヴiﾐg of de-

gヴees of fヴeedoﾏ peヴ Iell is Ioﾐstaﾐt is used to e┝pヴess the ﾐode-┘ise opeヴaioﾐs peヴ Iell. The

DofAssembler Ilass uses the saﾏe le┗el of aHstヴaIioﾐ as the oヴigiﾐal Assembler Ilass. Thus it
full┞ suppoヴts diffeヴeﾐt liﾐeaヴ algeHヴa HaIkeﾐds aﾐd paヴallelizaioﾐ featuヴes.
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ヵ.ヲ ﾏagﾐuﾏ.fe

ヵ.ヲ.ン CoﾐIlusioﾐ

The ﾏiIヴoﾏagﾐeiI Iode ﾏagﾐuﾏ.fe iﾏpleﾏeﾐts diffeヴeﾐt fiﾐite-eleﾏeﾐt ﾏethods foヴ the so-

luioﾐ of d┞ﾐaﾏiIal ﾏiIヴoﾏagﾐeiI pヴoHleﾏs. Due to the use of the high-le┗el fiﾐite-eleﾏeﾐt

paIkage FEﾐiCS, the Iode is Hoth ┗eヴ┞ ヴeadaHle aﾐd e┝teﾐdaHle. PeヴfoヴﾏaﾐIe ヴele┗aﾐt e┝teﾐ-

sioﾐs to the FEﾐiCS liHヴaヴ┞ ┘eヴe iﾏpleﾏeﾐted iﾐ C++ aﾐd ﾏake use of the e┝isiﾐg aHstヴaIioﾐ

la┞eヴs┘heヴe possiHle. ﾏagﾐuﾏ.fe is opeﾐ-souヴIe, ┘ell doIuﾏeﾐted aﾐd a┗ailaHle foヴ do┘ﾐload

at [ΓΓ].

ΑΑ



CHAPTER ヶ

A Ph┞siIal E┝aﾏple

As a ph┞siIal e┝aﾏple, the doﾏaiﾐ-┘all stヴuItuヴe of a tail-to-tail ┘all iﾐ a ﾏagﾐeiI ﾐaﾐoヴod

is iﾐ┗esigated. The ﾏateヴial paヴaﾏeteヴs of the ﾐaﾐoヴods aヴe Ihoseﾐ to He siﾏilaヴ to those of

peヴﾏallo┞, see Eケﾐs. ヴ.ン.ヴヰ–ヴ.ン.ヴヲ, aﾐd the diaﾏeteヴ of the ヴod is ┗aヴied Het┘eeﾐ ヱヰ ﾐﾏ aﾐd

ヵヰ ﾐﾏ. The iﾐiial ﾏagﾐeizaioﾐ is Ihoseﾐ as aﾐ iﾐfiﾐitel┞ thiﾐ tail-to-tail ┘all. The ヴesuliﾐg

disIヴete ヴepヴeseﾐtaioﾐ ヴeads

mi = sgﾐ(r3,i)




0

0

1


 ふヶ.ヰ.ヱぶ

┘heヴe the I┞liﾐdヴiIal a┝is of the ヴod is Ihoseﾐ paヴallel to the r3-a┝is aﾐd the Ieﾐteヴ of the ヴod

IoiﾐIides ┘ith the Iooヴdiﾐate oヴigiﾐ (0, 0, 0). Figuヴe ヶ.ヱ sho┘s the tetヴahedヴal ﾏesh that ┘as

Iヴeated┘ithGﾏsh [Γヴ]. Foヴ the sake of IoﾏpaヴaHilit┞ the saﾏeﾏesh is used foヴ all diffeヴeﾐt ヴod

diaﾏeteヴs aﾐd sIaled aIIoヴdiﾐgl┞. The leﾐgth of the ヴod is Ihoseﾐ to He ヱヰ iﾏes the diaﾏeteヴ,

┘hiIh is ﾏuIh laヴgeヴ thaﾐ the e┝peIted ┘idth of the doﾏaiﾐ ┘all. The high leﾐgth guaヴaﾐtees

a lo┘ iﾐflueﾐIe of suヴfaIe effeIts at the ヴod faIes oﾐ the doﾏaiﾐ ┘all, ┘hiIh is loIated iﾐ the

Ieﾐteヴ of the ヴod.

The iﾐiial state is ヴela┝ed iﾐto aﾐ eﾐeヴgeiIal ﾏiﾐiﾏuﾏ H┞ Ioﾏputaioﾐ of the iﾏe e┗oluioﾐ

┘ith a high daﾏpiﾐg α = 1. As disIussed iﾐ [ヱヰヰ] the doﾏaiﾐ-┘all iﾐ a feヴヴoﾏagﾐeiI ヴod is

e┝peIted to He of tヴaﾐs┗eヴse t┞pe foヴ sﾏall diaﾏeteヴs, see Fig. ヶ.ヲa aﾐd ヶ.ンa, aﾐd of ┗oヴte┝ t┞pe

Figuヴe ヶ.ヱ: Tetヴahedヴal ﾏesh used foヴ the disIヴeizaioﾐ of the ﾐaﾐoヴods. The ﾏesh Ioﾐsists

of ΑヲΑヵ ﾐodes aﾐd ンΓンヴヴ Iells.
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10 ﾐﾏ

ふHぶ

40 ﾐﾏ

Figuヴe ヶ.ヲ: Cutout of the siﾏulated ヴod, sho┘iﾐg the doﾏaiﾐ ┘all foヴ diffeヴeﾐt ヴod diaﾏeteヴs.

The r3-Ioﾏpoﾐeﾐt of theﾏagﾐeizaioﾐ is Ioloヴ Ioded. ふaぶDiaﾏeteヴ of d = 10 ﾐﾏ.

The eﾐeヴgeiIall┞ fa┗oヴed doﾏaiﾐ ┘all is of tヴaﾐs┗eヴse t┞pe. ふHぶ Diaﾏeteヴ of d =

40 ﾐﾏ. The eﾐeヴgeiIall┞ fa┗oヴed doﾏaiﾐ ┘all is of ┗oヴte┝ t┞pe.

foヴ laヴge diaﾏeteヴs, see Fig. ヶ.ヲH aﾐd Fig. ヶ.ンH. The IヴiiIal diaﾏeteヴ depeﾐds oﾐ the e┝Ihaﾐge

leﾐgth of the ﾏateヴial. Foヴ peヴﾏallo┞ this IヴiiIal diaﾏeteヴ is e┝peIted to He at aヴouﾐd ヲヰ ﾐﾏ.

The Ihaﾐge of doﾏaiﾐ-┘all stヴuItuヴe is e┝plaiﾐed H┞ the Ioﾏpeiﾐg e┝Ihaﾐge aﾐd deﾏagﾐe-

izaioﾐ eﾐeヴg┞. As sho┘ﾐ iﾐ Eケﾐ. ヲ.ヲ.ヲヱ the deﾏagﾐeizaioﾐ eﾐeヴg┞ is geﾐeヴated H┞ ┗oluﾏe

Ihaヴges aﾐd suヴfaIe Ihaヴges. The suヴfaIe Ihaヴges aヴe gi┗eﾐ H┞ the ﾐoヴﾏal-Ioﾏpoﾐeﾐt of the

ﾏagﾐeizaioﾐ at the Houﾐdaヴ┞. ReﾏeﾏHeヴ also that the e┝Ihaﾐge eﾐeヴg┞ is HasiIall┞ gi┗eﾐ H┞

the sケuaヴed gヴadieﾐt of the ﾏagﾐeizaioﾐ, see Eケﾐ. ヲ.ヲ.ヱヰ.

Iﾐ a tヴaﾐs┗eヴse ┘all the ﾏagﾐeizaioﾐ is hoﾏogeﾐeous iﾐ the ヴotaioﾐ plaﾐe, ┘hiIh leads to

a lo┘ e┝Ihaﾐge eﾐeヴg┞ of this ┘all t┞pe. The deﾏagﾐeizaioﾐ eﾐeヴg┞ of the tヴaﾐs┗eヴse ┘all,

ho┘e┗eヴ, is laヴge due to the geﾐeヴated suヴfaIe Ihaヴges. Iﾐ Ioﾐtヴast, the ┗oヴte┝ ┘all does ﾐot

Iヴeate aﾐ┞ suヴfaIe Ihaヴges, Hut the iﾐﾐeヴ Iuヴliﾐg stヴuItuヴe leads to a high e┝Ihaﾐge eﾐeヴg┞.

A ヴod ┘ith a laヴge diaﾏeteヴ featuヴes a laヴge suヴfaIe, ┘hiIh leads to a high iﾐflueﾐIe of the

deﾏagﾐeizaioﾐ eﾐeヴg┞. Thus the ┗oヴte┝ ┘all is the fa┗oヴed ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐ iﾐ

laヴge ヴods. A deIヴease of the diaﾏeteヴ Ihaﾐges the ヴaioof e┝Ihaﾐge eﾐeヴg┞ to deﾏagﾐeizaioﾐ

eﾐeヴg┞, ┘hiIh uliﾏatel┞ ヴesults iﾐ aﾐ e┝Ihaﾐge doﾏiﾐated s┞steﾏ that fa┗oヴs the tヴaﾐs┗eヴse

┘all o┗eヴ the ┗oヴte┝ ┘all.

While the eﾐeヴg┞ deﾐsit┞ of the deﾏagﾐeizaioﾐ field does ﾐot depeﾐd oﾐ the spaial sIaliﾐg

of a ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐ, the e┝Ihaﾐge-eﾐeヴg┞ deﾐsit┞ iﾐIヴeases ┘ith deIヴesiﾐg size
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CHAPTER ヶ: A Ph┞siIal E┝aﾏple

ふaぶ ふHぶ

Figuヴe ヶ.ン: Detailed ┗ie┘ at the stヴuItuヴe of the doﾏaiﾐ ┘all ┘ithiﾐ the ヴod. A Iutout of the

ヴod is sho┘ﾐ, ┘ith the Iut Heiﾐg Ihoseﾐ at the Ieﾐteヴ of the doﾏaiﾐ ┘all. The

r1-Ioﾏpoﾐeﾐt of the ﾏagﾐeizaioﾐ is Ioloヴ Ioded. ふaぶ Tヴaﾐs┗eヴse ┘all. ふHぶ Voヴte┝

┘all.

due to its depeﾐdeﾐIe oﾐ the gヴadieﾐt of the ﾏagﾐeizaioﾐ. This effeIt Iould He suIIessfull┞

ヴepヴoduIed ┘ith the fiﾐite-eleﾏeﾐt Iodeﾏagﾐuﾏ.fe. The IヴiiIal diaﾏeteヴ foヴ the doﾏaiﾐ-┘all

t┞pe ┘as fouﾐd to He Het┘eeﾐ 24 ﾐﾏ aﾐd 25 ﾐﾏ, ┘hiIh is iﾐ good agヴeeﾏeﾐt to theoヴeiIal

ヴesults, see [ヱヰヰ].
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CHAPTER Α

CoﾐIlusioﾐ aﾐd Outlook

Diffeヴeﾐt disIヴete algoヴithﾏs foヴ the soluioﾐ of the d┞ﾐaﾏiIal ﾏiIヴoﾏagﾐeiI eケuaioﾐs aヴe

pヴeseﾐted. The foIus of this ┘oヴk is the appliIaioﾐ of the fiﾐite-eleﾏeﾐt ﾏethod. The ﾏiIヴo-

ﾏagﾐeiI Iodeﾏagﾐuﾏ.fe is ┘ヴiteﾐ that iﾏpleﾏeﾐts the pヴeseﾐted fiﾐite-eleﾏeﾐt algoヴithﾏs.

The Ioﾏputaioﾐ of the deﾏagﾐeizaioﾐ-field ┘ith Fouヴieヴ-spaIe teIhﾐiケues as ┘ell as ┘ith

fiﾐite-eleﾏeﾐt teIhﾐiケues is desIヴiHed iﾐ detail. Withiﾐ the Ilass of Fouヴieヴ-spaIe ﾏethods

aﾐ alteヴﾐai┗e to the ┘ell-kﾐo┘ﾐ Ioﾐ┗oluioﾐ ┘ith the deﾏagﾐeizaioﾐ teﾐsoヴ is pヴeseﾐted.

Foヴ the soluioﾐ ┘ith the fiﾐite-eleﾏeﾐt ﾏethod a tヴaﾐsfoヴﾏaioﾐ teIhﾐiケue is desIヴiHed that

sol┗es the opeﾐ-Houﾐdaヴ┞ pヴoHleﾏ H┞ a ﾏappiﾐg of the e┝teヴioヴ spaIe to a fiﾐite shell. The

ﾏethods aヴe ┗alidated aﾐd Ioﾏpaヴed to eaIh otheヴ. Fouヴieヴ-spaIe ﾏethods ヴeケuiヴe a ヴegulaヴ

gヴid, ┘heヴeas fiﾐite-eleﾏeﾐt ﾏethods aヴe aHle to haﾐdle iヴヴegulaヴ ﾏeshes. Thus it Ioﾏes as

ﾐo suヴpヴise that the fiﾐite-eleﾏeﾐt ﾏethod outpeヴfoヴﾏs the Fouヴieヴ-spaIe ﾏethods oﾐ Iuヴ┗ed

geoﾏetヴies. Oﾐ IuHoid stヴuItuヴes ho┘e┗eヴ, the Fouヴieヴ-spaIe ﾏethods aヴe Hoth fast aﾐd aIIu-

ヴate.

Aﾐ o┗eヴ┗ie┘ o┗eヴ ﾏethods foヴ the iﾐtegヴaioﾐ of the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ is gi┗eﾐ.

Aﾐ iﾏpliIit, ┘eak foヴﾏulaioﾐ oヴigiﾐall┞ pヴoposed H┞ Alouges is disIussed iﾐ detail aﾐd e┝teﾐded

H┞ aﾐ iﾏpliIit deﾏagﾐeizaioﾐ-field Ioﾏputaioﾐ.

Fiﾐall┞ the iﾏpleﾏeﾐtaioﾐ of the fiﾐite-eleﾏeﾐt ﾏethods ┘ith the ヴeIeﾐtl┞ puHlished liHヴaヴ┞

FEﾐiCS is desIヴiHed aﾐd thedoﾏaiﾐ-┘all stヴuItuヴe of tail-to-tail ┘alls iﾐ ﾐaﾐoヴods is iﾐ┗esigated.

Α.ヱ E┝teﾐdiﾐg ﾏagﾐuﾏ.fe

The fiﾐite-eleﾏeﾐt Iodeﾏagﾐuﾏ.fe pヴo┗ides the fuﾐIioﾐalit┞ foヴ full thヴee-diﾏeﾐsioﾐalﾏiIヴo-

ﾏagﾐeiI siﾏulaioﾐs iﾐIludiﾐg deﾏagﾐeizaioﾐ-field aﾐd e┝Ihaﾐge field. Iﾐ oヴdeヴ to opiﾏize

ﾏagﾐuﾏ.fe┘ith ヴespeIt to peヴfoヴﾏaﾐIe aﾐd ┗eヴsailit┞ a ﾐuﾏHeヴ of iﾏpヴo┗eﾏeﾐts aヴe plaﾐﾐed

foヴ the ﾐeaヴ futuヴe.
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Iﾐ oヴdeヴ to distヴiHute the Ioﾏputaioﾐ of laヴge s┞steﾏs, ﾏagﾐuﾏ.fe is plaﾐﾐed to ﾏake use of

the ﾏessage passiﾐg iﾐteヴfaIe ふMPIぶ. Most of the fuﾐIioﾐalit┞ of Hoth FEﾐiCS aﾐd ﾏagﾐuﾏ.fe

is alヴead┞ MPI IapaHle uﾐd thus oﾐl┞ a sﾏall set of fuﾐIioﾐs ha┗e to He ﾏodified iﾐ oヴdeヴ to

aIhie┗e this goal.

Iﾐ oヴdeヴ to suppoヴt the Hest ﾏethod foヴ eaIh paヴiIulaヴ pヴoHleﾏ, a ﾐuﾏHeヴ of alteヴﾐai┗e al-

goヴithﾏs should He iﾐtegヴated iﾐto the Iode. Foヴ e┝aﾏple the iﾏpleﾏeﾐtaioﾐ of the fiﾐite-

eleﾏeﾐt–Houﾐdaヴ┞-eleﾏeﾐt Ioupliﾐg as iﾐtヴoduIed iﾐ SeI. ン.ヲ.ヲ is plaﾐﾐed to He iﾐtegヴated

iﾐto ﾏagﾐuﾏ.fe iﾐ the ﾐeaヴ futuヴe.

Theヴe aヴe ﾏaﾐ┞ fuヴtheヴ iﾏpヴo┗eﾏeﾐts of ﾏagﾐuﾏ.fe oﾐe Iould thiﾐk of. The Iode is opeﾐ

souヴIe aﾐd a┗ailaHle at GithuH, see [ΓΓ]. GithuH is a so-Ialled soIial Iodiﾐg plafoヴﾏ aﾐd sup-

poヴts IollaHoヴaioﾐ thヴough the ┗eヴsioﾐ ﾏaﾐageﾏeﾐt s┞steﾏ Git. Iﾐ the ヴeIeﾐt puHliIaioﾐ [ヶヴ]

the Iode is desIヴiHed aﾐd the ヴeadeヴs aヴe eﾐIouヴaged to IoﾐtヴiHute to ﾏagﾐuﾏ.fe.

Α.ヲ Opiﾏal Coﾐtヴol

Based oﾐ ﾏagﾐuﾏ.fe aﾐ opiﾏal-Ioﾐtヴol Iode is Iuヴヴeﾐtl┞ de┗eloped H┞ the Masteヴ-studeﾐt

Joﾐas Holläﾐdeヴ. The aiﾏ of this pヴojeIt is the ヴetヴie┗al of aﾐ opiﾏal e┝teヴﾐal field heヴe Ialled

u(r , t) foヴ the ﾏiﾐiﾏizaioﾐ of the fuﾐIioﾐal

min J(u, m) ≡ 1

2
‖m − m‖2

L2(ΩT ) +
κ

2
‖m(T ) − m‖2

L2(Ω) +
λ

2
‖u‖2

L2(ΩT ) ふΑ.ヲ.ヱぶ

┘ith the ﾏagﾐeizaioﾐ m Heiﾐg suHjeIt to the Laﾐdau-Lifshitz-GilHeヴt eケuaioﾐ iﾐIludiﾐg the

e┝Ihaﾐgefield aﾐd aﾐ e┝teヴﾐal field gi┗eﾐ H┞ the Ioﾐtヴolu. HeヴeΩT = (0, T )×Ω,m is a desiヴed

ﾏagﾐeizaioﾐ Ioﾐfiguヴaioﾐ aﾐd κ aﾐdλ aヴe sIalaヴ paヴaﾏeteヴs. The fuﾐIioﾐal is desigﾐed suIh

that de┗iaioﾐs fヴoﾏ the ﾏagﾐeizaioﾐ m to the desiヴed ﾏagﾐeizaioﾐ m aヴe peﾐalized. The

fiヴst teヴﾏ of Eケﾐ. Α.ヲ.ヱ peﾐalizes these de┗iaioﾐs at e┗eヴ┞ iﾏe. The seIoﾐd teヴﾏ peﾐalizes the

de┗iaioﾐ at the eﾐd of the siﾏulaioﾐ T . The last teヴﾏ aIIouﾐts foヴ the Iosts of the Ioﾐtヴol u.

B┞ IhoiIe of κ aﾐd λ the ヴelai┗e iﾐflueﾐIe of these teヴﾏs oﾐ the fuﾐIioﾐal Iaﾐ He tuﾐed.

Joﾐas Holläﾐdeヴ uses aﾐ adjoiﾐt ﾏethod iﾐ oヴdeヴ to IoﾐstヴuIt a gヴadieﾐt desIeﾐt ﾏethod foヴ

ﾏiﾐiﾏizaioﾐ of the fuﾐIioﾐal J .
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