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Introduction

Many dynamical processes can be described by partial differential equations, and convection
dominated phenomena as occuring in fluid dynamics are often modeled by hyperbolic
conservation laws. As an example, the Euler equations of gas dynamics, the shallow water
equations or the Savage-Hutter equations are used to characterize different forms of inviscid
fluid flow. Since the structure of hyperbolic conservation laws is different from that of elliptic
or parabolic equations, there is a need for specially designed numerical methods that take
into account characteristics of the solutions, like discontinuities or the transport direction.
Classically, partial differential equations are handled using Finite Element Methods (FEM),
Finite Difference Methods (FDM) or Finite Volume Methods (FVM) on structured or
unstructured meshes [BS02], [CLI1], [GR96], [EGHO00], [Kro97], [LeV92], [LeV02]. In these
methods, a mesh is a covering of the computational domain consisting of pairwise disjoint
polygons — the cells — which have to satisfy several geometrical and conformity constraints
in order to ensure a good approximation of the solution. A main drawback of these methods
when applied to problems with complicated or even time-dependent computational domains
is the time consuming construction of such a mesh.

Therefore, meshless or particle schemes like the Smoothed Particle Hydrodynamics |[GM77],
[Mon94], [MK94], [Mon05], the Finite Pointset Method [Kuh99] or the Finite Volume
Particle Method [HSS00], [Tel00], [Tel05], [T'SO8] have been designed to overcome these
difficulties. These methods have in common that they use particles for the discretization of
the equations instead of a mesh. These particles carry the information of interest and are
usually allowed to move, i.e. they transport the information throughout the computational
domain. Especially for time-dependent domains [T'S08], fluid-structure interaction problems
[TAH™07|] or crack-propagation [MTMO05|, these methods seem to be promising. In this
thesis, we will study the Finite Volume Particle Method (FVPM), a meshless method, that
was constructed to combine the advantages of Finite Volume Methods and meshless particle
schemes.

In FVPM, the particles are sufficiently smooth, compactly supported functions that cover
the computational domain. Moreover, they have to build a partition of unity such that their
supports have to overlap. The exchange of information between the particles is managed
via this overlap: if the supports of two particles overlap, the particles are interpreted as
neighbours and may interact. Moreover, the interaction is modelled using a numerical flux
function. Because of the meshless character, the FVPM is very flexible and thus can be
applied for example to problems on moving domains where conventional mesh generation
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would be too complicated or not efficient. The general structure of a FVM provides an
interpretation of the FVPM as a generalization of these classical mesh-based schemes and
prevents the need of artificial viscosity due to the use of numerical flux functions. As will
be shown, the coefficients of the FVPM can be seen as generalized surface areas and normal
vectors. These geometrical coefficients have to satisfy certain conditions in order to get some
of the classical results of FVM like stability, monotonicity, discrete entropy estimates or a
Lax-Wendroff type consistency result.

The thesis is organized as follows: In Chapter 1, we start with some basics on conservation
laws and their numerical treatment by FVM. In addition, we will give a brief review on the
convergence analysis for FVM. In preparation for the numerical examples concerning the
Savage-Hutter equations and because of their close relation to meshless methods, the idea of
kinetic schemes will be mentioned at the end of the first chapter.

In Chapter 2, we will derive the FVPM and mention the main properties of the scheme in
general and of the geometrical coefficients in particular. We will describe an adjustment
of the scheme such that constant states will be preserved in the case of moving particles.
Furthermore, we will give L>- and L'-stability results as well as a weak BV-stability result
and show a discrete entropy inequality. In Chapter 3, we provide a modification of the FVPM
in one spatial dimension using B-splines. This new scheme has the advantage that geometrical
coefficients can be computed exactly in a very short time. Especially for problems on moving
domains, the coupling of the FVPM with B-splines represents an efficient alternative to the
original FVPM. Chapter 4 deals with a kinetic FVM for the Savage-Hutter equations. In
Section 4.3, the applicability of the FVPM to the kinetic framework will be shown. Numerical
results will be presented in Chapter 5. Beyond the classical Riemann problem for the Euler
equations, a linearized piston problem on a moving domain and the Savage-Hutter equations
are considered. The thesis closes with a short conclusion, reviewing the main results and
sketching some ideas how to further improve the method.



Chapter 1

Preliminaries

The following chapter gives an overview on hyperbolic conservation laws. In Section we
give a short introduction to the notion of adequate solutions of hyperbolic conservation laws,
including the concept of weak solutions. The main results concerning existence and unique-
ness of solutions will be mentioned together with a short overview on the relevant literature.
Especially for scalar conservation laws, we will define entropy and entropy process solutions
and give a short insight into the existing theory.

In Section Finite Volume Methods (FVM) for hyperbolic conservation laws will be de-
rived. As the existence of an entropy solution is often shown with the help of a convergent
numerical scheme, the important result concerning existence, uniqueness and the convergence
of a FVM will be presented in this section. Since we will adopt some of the results that ensure
convergence of the FVM to the Finite Volume Particle Method (FVPM) in Chapter , the
main steps of the proof of the convergence result are formulated at the end of Section [1.2

In Section our focus will be on kinetic schemes for hyperbolic conservation laws. This
paragraph serves as an introduction to Chapter [4] where the FVPM will be coupled with a
kinetic scheme that was developed to solve a system of balance equations for granular flow,

namely the Savage-Hutter equations.

1.1 Hyperbolic conservation laws

In this section, we describe the main properties of hyperbolic conservation laws and their
solutions. We begin with the definition of conservation laws. More details can be found in
[Kro97], IMNRRI6], [EGHOO0], [GRI6], [Bre05], [LeV92] or [LeV02].

Definition 1.1.1 (Conservation laws). A system of partial differential equations of the form

du+V-F(u)=0 Ve eRY ¢t >0
u(z,0) = up(x) Vo cRY

(1.1)

where u : RY xRy — R™, F = (f1,...,fy) : R™ = R™4 4y € L®(R?) and V - F :=
2?21 Oz, f; (u) is called a system of conservation laws in d space dimensions.

3
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Many equations of practical interest are of hyperbolic type, e.g. the Euler equations of gas
dynamics or the equations of magneto-hydrodynamics. Those systems are defined as follows.

Definition 1.1.2 (Hyperbolic systems of conservation laws). A system of conservation laws
is called (strictly) hyperbolic if for any uw € R™ and anyn = (nq,...,ng)T € RY, n # 0,
the matriz

d
A(u,n) = n;Df;(u) (1.2)
j=1

has only real (and distinct) eigenvalues A1, ..., N\, and m linearly independent right eigen-
vectors T1,...,Tm-

Hyperbolic systems can be characterized by the eigenvalues and corresponding eigenvectors of
the Jacobian flux matrices A(u,n) as information travels with a speed given by the eigenval-
ues. As an example of a hyperbolic system we consider the Euler equations of gas dynamics
for compressible flow.

Example 1.1.3 (Euler equations of gas dynamics). The Euler equations of gas dynamics are
a system of hyperbolic conservation laws that describe the motion of compressible fluids. In
two dimensions, the Fuler equations read

O+ V- F(u) =0, (1.3)

where the vector of conserved quantities w and the flux F are given by

p pu pv
2
U u®+p uv
u = P ) f]_: P ) f2: p2 ’ FZ(flaf?)?
pU puv pve+0p
pE u(pE + p) v(pE +p)

and p, u, v, E and p denote the density, the welocity in x- and y-direction, the specific
total energy and the pressure of the fluid, respectively. To obtain a closed system, the Fuler
equations are endowed with an equation of state and, of course, suitable initial and
boundary conditions. For an ideal polytropic gas the equation of state reads

u2—|—v2

5 )

where v is the ratio of specific heat capacities at constant pressure ¢, and at constant volume

p=0N-1)p(E-

cy. The eigenvalues of the matriz A(u,n) for the Euler equations are given by
AM=un—c, do=un, \g=un-+c

and ¢ denotes the speed of sound defined by
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In contrast to solutions of elliptic or parabolic problems, solutions of hyperbolic equations may
become discontinuous in finite time, even for arbitrarily smooth initial data. For that reason,
the notion of a weak solution is introduced, which allows the solution to be discontinuous.

Definition 1.1.4 (Weak solution). A function w € L>®(R? xR, R™) is called a weak solution
of the hyperbolic system if

/ (upt + F(u) Vo)dt de + / uo(x) p(x,0)dz =0 (1.4)
RiIxRy Rd

holds for all test functions ¢ € C}(R? x Ry, R).

Of course, smooth weak solutions u € (C! N L>®)(R? x Ry, R™) are classical solutions.

The existence and uniqueness of weak solutions of general two- or multi-dimensional systems
of hyperbolic conservation laws is still an open problem.

In the one-dimensional case, the existence of a weak solution of strictly hyperbolic systems
of conservation laws with each characteristic field being either genuinely nonlinear or linearly
degenerate was shown by Glimm in 1965 [Gli65] under the assumption that ug € (LS. N
BV)(R,R™). Here, the space BV (R? R™) denotes the space of all functions in L}, with
bounded total variation:

BV (RY,R™) = BV(RY, R)™ = {u € Li, . (RL,R) | TV (u) < oo}™

with
TV(w) = sup [ | u(a) divp(e) de | € CRRLRY, [l < 1)
]Rd

In 1995, Bressan was able to show uniqueness of that weak solution for one-dimensional
systems in the class of BV solutions using the semigroup technique, compare [Bre05].

In the nonlinear scalar case, one can show that there exists at least one weak solution. Un-
fortunately, this weak solution is not unique in general. For that reason, so-called entropy
solutions are considered to ensure the weak solution to be the physically correct one. This
can be done with the help of the concept of vanishing viscosity, which was introduced by Lax
in 1954 [Lax54]. The idea of this approach is to introduce a small diffusive term ¢ Aw in
the conservation law. The resulting parabolic equation is known to admit a unique smooth
solution. Then, the physically correct solution to the conservation law should coincide with
the limit of the parabolic solution for e — 0. Although the concept of entropies exists also
for systems of conservation laws [GR96], we will concentrate on scalar conservation laws in
the following. We begin with the notion of entropy solutions.

Definition 1.1.5 (Entropy weak solution). A function u € L®(R? x Ry ,R) is called an
entropy weak solution of the hyperbolic conservation law form =1 if

/ (n(u)@t + ®(u) th) dtdx + / n(up(x)) ¢(x,0)dx > 0, (1.5)
RixR, Rd
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holds for all test functions p € CL(R? x R4, R), all convex functions n € CY(R,R) and for
all ® € CY(R,R?) such that V- ® =1/ V - F. The functions n and ® are called entropy and
entropy flux, respectively.

By a suitable choice of the entropy function 7 in Definition [1.1.5] it can be shown that every
entropy solution is a weak solution.

The existence of a unique entropy solution in the multi-dimensional nonlinear scalar case was
first shown by Vol'pert in [Vol67] assuming ug € BV (R% R) and F € C'(R,R?). This was
generalized by Kruzkov [Kru70] to the case F = F(x,t,u(x,t)) and uy € L®(R% R) under
the stronger assumption F € C3(R? x Ry x R,R%). In fact, this result extends to scalar
balance equations with a source term. Moreover, it was shown that the class of entropies
and corresponding entropy fluxes can be restricted to |u — x| and sgn(u — k) [F(x,t,u) —
F(x,t, KZ)] Vk € R, respectively. Therefore, we give the following equivalent definition of an
entropy solution.

Definition 1.1.6 (Entropy weak solution due to Kruzkov). A function u € L®(R? x R, R)
1s called an entropy weak solution of the hyperbolic conservation law form =1 if

/ lu(z,t) — k| or + (F(u(e, t) Tk) — F(u(z,t)Lk)) Vo dtde
RIXR+ (1.6)
+/Rd luo(x) — k| p(x,0)dx >0

holds for all test functions ¢ € C}(R? x Ry,Ry) and for all k € R. Here, for a,b € R
aTb = max(a,b) and alb = min(a,b).

Remark 1.1.7. Although there are many results concerning the existence and uniqueness
of solutions and the convergence of suitable numerical schemes for more general fluxes
F(x,t,u(x,t)), we will give definitions like the one above only for fluxes F(u(x,t)) as we
are interested in solutions to .

Remark 1.1.8. Note that for u € R, € R? and t € Ry, there holds

sgn(u(x,t) — k) [F(u(z,t)) — F(k)] = F(u(z,t)Tk) — F(u(z,t)Lk) Vk€R.

In [EGH95], Eymard, Gallouét and Herbin showed existence and uniqueness of the entropy
solution for F(x,t,u(x,t)) = v(x,t) f(u(zx,t)) with v € (L N CH(R?Y x Ry, RY) and f €
C1(R,R) under the additional condition div,v(x,t) = 0. This result was generalized by
Chainais-Hillairet in [Cha99] for fluxes F = F(zx,t,u(x,t)) with F € C'(R? x R, R,RY)
with div, F(x,t,u) = Zle OF;(x,t,u)/0x; = 0. For the proof, the authors in [EGH95]
introduced the notion of entropy process solutions, which generalizes the concept of entropy
solutions. The idea of entropy process solutions is closely related to the concept of measure
valued solutions introduced by DiPerna [DiP85].
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Definition 1.1.9 (Entropy process solution). A function u € L®(R? x Ry x (0,1),R) is
called an entropy process solution of the hyperbolic conservation law form =1 1if

/ lu(z,t, a) — k| + (Fu(z,t,a)Tk) — Fu(z,t,a)Lk)) Vedadtde
RIxR4 x(0,1)
(1.7)
+/ lup(x) — K| p(x,0)dx > 0,
R4

holds for all test functions p € C§(R? x Ry, R) and for all k € R.

After the existence of such an entropy process solution could be shown, the authors in
[EGH95] were able to proof that the solution does not depend on the additional parameter
«a and thus is an entropy solution. Since the proof of existence and uniqueness of such a
solution relies on the convergence proof of suitable numerical schemes, we will give the main
idea of the proof in the next section, where we will discuss the concept of Finite Volume
Methods.

1.2 Finite Volume Methods

In this section, we will introduce Finite Volume Methods as it is done in [Kr697]. We consider

the conservation law

du+V-F(u)=0 Ve € RY ¢ >0

u(z,0) = up(x) Vo € RY, (18)

where u : R4 x Ry — R™, F : R™ — R™*4 and ug € L>®(R?). For simplicity, we assume
d = 2 for the moment.

Definition 1.2.1 (Unstructured grid). Let Q C R?, I C N an index set and k € N. Moreover,
let a k-polygon be a closed polygon with k vertices. The set

Tn:={T; | T; CQ, T; is a k-polygon fori € I}
s called an unstructured grid of Q) if
1. Q = Uie[T;

2. for i # j, we have T, NT; =0 or T; NTj is a common vertex of T; and T or T; NTj is
a common edge of T; and Tj.

The elements T; € Ty, are called cells, the common edge between the cells T; and T; will be
denoted by o;5. If the cells T; and Tj have a common edge, T} is called a neighbouring cell of
T;. The index set of all neighbouring cells of T; will be denoted by N (i), i.e.

N(i):={j € I | T is a neighbouring cell of T;}.
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Figure 1.1: Typical grids using triangles (left) and rectangles (right) as cells.

The parameter h is defined as

h := sup diam(7;)
icl

and corresponds to the resolution of the grid.

Usually, a suitable grid has to satisfy some regularity conditions. For details see [Kr697],
[Cha99] or [EGHOQ]. Typical grids for k = 3 and k = 4, respectively, are shown in Figure

The idea of FVM consists in approximating the solution w(-,¢) of (1.8)) on each cell T; € Ty,
by the mean value of u(-,t) over that cell:

u(x,t) ~ u;(t) ==

1
T / u(x,t)de for x € T;,
il J,

where |T;| denotes the volume of cell T;. If we now integrate Equation (1.8]) over cell T;, we
get

0 = d/ u(x,t)de + F(u(s,t))n;ds
dt Jr, oT;

|5 dui(t) + F(u(s,t))n;jds
at ,Z, .
JeN (i)"Y

dui t
1 S oy g0, )
FEN(3)

where o;; denotes the edge between the i-th and j-th k-polygon, |o;;| describes its length
and n;; denotes the outer normal vector to o;;. The function g is a numerical flux function
approximating the flux on the boundary o;;. Thus, we have the following system of ordinary
differential equations for the time-dependent functions w;(t):

dui (t) .

1
= Y loisl glua(t), wi(t), mig) (1.9)
dt Ti| A=
JEN(3)
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together with the initial condition

1
u;(0) = T /Iiu(x,O) de. (1.10)

Equations (1.9)—(1.10)) can be discretized in time using a simple forward Euler discretization
with " := n At and time steps At leading to the fully discretized explicit FVM

At
U?H =u — m Z |loij| g(wi, wi, mij),
JEN() (1.11)

il

0

u; = u(x,0)dx.
] Jr, Y

The numerical solution wy(x,t) is then given by a suitable reconstruction formula. Here, we

assumed a piecewise constant solution, so we simply set
up(x,t) = ul for (z,t) € T; x [t",t"1), (1.12)
but of course other reconstruction techniques are possible, e.g. [Son97].

In order to ensure that the numerical solution w;, satisfies properties that hold for the exact
solution, several conditions on the numerical flux function g, the time step At and the data
are to be set. The most important conditions are the following.

e Conservativity: Equations describe the evolution of conserved quantities, i.e.
mass is neither produced nor destroyed. To ensure the conservation numerically, the
numerical flux function has to guarantee that the amount of material moving from cell
T; to cell T} is exactly the same as the amount arriving in cell T} coming from cell T,
thus it should hold

g(ui, uj,nij) = —g(uj, ui, —nij).
e Consistency: To ensure the preservation of constant states, the numerical flux should

satisfy

as can be seen immediately from the approximation

/” F(U(S,t)) ng; ds =~ |Uij| g(ui(t),uj(t), ’I’LZ])

e CFL condition: Usually, the scheme is only stable in some suitable sense, if
the time step size At is sufficiently small and the upper bound depends on the mesh
parameter h. Such a condition is called CFL condition, named after Courant, Friedrichs
and Lewy.
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As stated in the last section, existence and uniqueness of the entropy solution and a con-
vergence result for a suitable Finite Volume Method are in general closely related. We will
now give the main ideas for the proof of existence and uniqueness of the entropy solution
as well as the convergence of a Finite Volume Method towards this entropy solution in the
multi-dimensional scalar case as it was done in [EGH95] and [Cha99]. We begin with the
main result in [Cha99].

Theorem 1.2.2. Consider the scalar case u: R x Ry — R and assume that ug € L™®(R%, R),
F c C'(RY x Ry x R,RY), 9, F being locally Lipschitz continuous and Zle gﬁ (x,t,u) =0.
Assume further that for all compact sets K C R, there exists a constant C'x < oo such that

|0.F (z,t,u)| < Cx for almost every (z,t,u) € RY x Ry x K. Then the scalar equation

Ou+V - F(x,t,u) =0 Ve eRY t>0
u(z,0) = up(x) Vo cR?

admits a unique entropy solution. Consider moreover the numerical scheme with a
consistent, conservative, Lipschitz continuous and monotone numerical flux function and a
suitable CFL condition on a sufficiently regular grid, see [Cha99]. Then the approximate

solution constructed by — converges towards the entropy solution in Lfoc(Rd X
Ry, R) for 1 <p< co.

An important tool in the proof is the notion of the nonlinear weak-* convergence introduced

in [EGH95).

Definition 1.2.3 (Nonlinear weak-* convergence). Let 2 be an open set in R? and (un)nen
be a sequence in L°(2). The sequence (un)nen 1S said to converge in a nonlinear weak-*
sense, if there exists a function uw € L>=(2 x (0,1)) such that

1
/Q h(un(@)) $() dz — /Q /0 h(u(z, ) 6(@) da dz (1.13)

for all ¢ € LY(R), and h € C(R,R). We will use the abbreviation u, ~= u.

Note that the nonlinear weak-* convergence is equivalent to the weak-* convergence of h(uy,)
towards a function Uy with

1
Up(z) = /0 h(u(z, ) da.

The following result for bounded sequences in L>®(R¢ x R, ,R) of Eymard, Gallouét and
Herbin in [EGH95] gives rise to the notion of the entropy process solution.

Proposition 1.2.4. Let (uy)nen be a bounded sequence in L°(REx R, ,R). Then there exists
a subsequence (un, )ren and a function u € L®(R? x Ry x (0,1),R) such that u,, ~= wu.
If additionally, uw does not depend on the parameter o, then (un, )ken converges strongly in
L (RYxRy,R) forall 1 < p < oco.

loc
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The main steps in the proof of Theorem [1.2.2] are the following: First, it is shown that the
numerical solution is stable in L*° and in some weak BV sense, meaning that estimates
on the discrete time and space derivatives of the approximate solution are of order h=1/2.
Subsequently, one can derive a discrete entropy inequality for the coefficients u} and an
entropy inequality for the reconstructed solution. Then, the nonlinear weak-* convergence,
which follows from the L°°-stability, allows to pass to the limit in the entropy inequality
for the approximate solution. The occuring error terms in the entropy inequality for the
reconstruction can be controlled with the help of the weak BV-stability result. Thus, the
nonlinear weak-* limit of the subsequence (uy, )ren is an entropy process solution. After-
wards, the authors in [EGH95] and [Cha99] proved the uniqueness and the independence of
a of the entropy process solution, i.e. the entropy process solution coincides with the unique
entropy solution. Applying the above proposition, strong convergence in LfOC(Rd x Ry)
follows immediately.

At the end of Chapter [2| we will adopt some of the results used in the above mentioned
convergence theory in [EGH95] and [Cha99]. In fact, we will show stability in L* and in a
weak BV-sense for the FVPM as well as in L' at least for special cases. Moreover, we will
proof a discrete entropy inequality that can be seen as a generalization of the well-known
discrete entropy inequality for FVM.

In the next section, we give an introduction to kinetic schemes. Shortly speaking, kinetic
schemes are FVM or FDM whose numerical flux function is the moment of a numerical
flux function for a microscopic version of the equation under consideration. The idea and
the principle of the construction of kinetic schemes are important for Chapter [ where we
combine the FVPM with a kinetic scheme for the Savage-Hutter equations.

1.3 Kinetic schemes

When considering a dilute gas, the mean free path can no longer be neglected. Instead of
the equations for continuum mechanics, one has to regard the kinetic theory of gases. In this
section, we will give a very brief review on the fundamental principles of the kinetic theory
of dilute gases and the resulting numerical schemes. Since we want to apply the FVPM to
an existing kinetic scheme for the Savage-Hutter equations (see Chapter 4), these basics will
be important for our further proceeding. For details on the kinetic theory of dilute gases
and kinetic numerical schemes see for example |[Cer90], [Cer94], [Per02], [LPT94], [KNS96]
or [Jun00].

We begin with a system that contains N atoms or particles of a monatomic gas. The atoms
are assumed to be hard balls that collide elastically. For the description of the whole system,
we consider the phase space that consists of the positions &; € Q C R3 and the velocities
€, €R3 i=1,...,N, of all N particles. Thus, the phase space O has dimension 6 N and
N usually will be of order 102 [Cer90]. Since we have to assume that the dynamics of the
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atoms are coupled, we will end up with a very large system of differential equations for the
appropriate description of the dynamics of the original system. Therefore, the introduction
of a probability density f : O x Ry — R, for the description of the whole system seems to
be reasonable. The corresponding equation one ends up with is the Liouville equation

8 & (1.14)
where X ; denotes the force acting on particle 1. If we consider an ideal gas, we can neglect the
intermolecular forces between the atoms unless their distance is smaller than a characteristic
distance, the so-called molecular diameter . Thus, outside this region, Equation holds
with X; =0, ¢ = 1,..., N, and the collision terms are treated as suitable boundary terms.
If we consider the density fi(x,&,t) for just one particle in a set of N particles, we will end
up with the Boltzmann equation

Off
ot

where ( is the so-called collision operator and € denotes the Knudsen number which measures

e _ QUT, fT)
= 2 (1.15)

the mean free path of the particles between their collision with other particles. The collision
operator takes the form

Qt)=a [ [ (Fd+d £ fo—90) €€l dE.dn.
+

where
f/ = f(l‘,é/,t), Je= f(:li,E*,t), fi = f(a:,éi,t),
¢’ denotes the velocity of the particle after the collision, the star is used to distinguish the

two colliding particles and « is a constant. If we consider the collision operator, we will
automatically ask for functions f for which Q(f, f) = 0 holds. It can be shown that

QUf,f) = 0 (1.16)
& flx.&t) = expla(e,t) + bz, 1) €+ c(,1) [€]%) (1.17)

with a,c : R x Ry — R and b : R3 x R, — R3. Density functions of the form (1.17)) are
called Maxwell distributions or Maxwellians and because of ([L.16]) equilibrium distributions.
Usually, the Maxwell distribution is given in the form

fuax(x, &,t) = A exp(—a (€ — 'v)2)

where A, a and v are constant in €. This form is much more descriptive, because the constant
v is in fact the macroscopic velocity in the Euler equations. In the limit ¢ — 0, it can be
shown that the collision operator satisfies Q(f, f) = 0 in the lowest order. Thus, f can be
assumed to be a Maxwellian.

To link the microscopic approach to the macroscopic one, we define the macroscopic values
as the moments of the kinetic distribution function f:

_ _ [ 1€
préJ% Mréjﬁapﬂj@zf%- (1.18)
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Let us now assume that the kinetic density f is the Maxwellian

M(p,v,T;x,€,t) = P S exp <—|£_02>
(2nT)3 2T
where the temperature T is related to the energy by T' = 2/3(E — |v|?/2). Multiplying the
Boltzmann equation with the collision invariants 1, & and |£|?/2 and integrating over &, we
will end up with the Euler equations . Thus, we have found a new formulation for the
Euler equations:

o eVer=Q f=M (1.19)

with Q(f, f)/e — Q for ¢ — 0. In the following, we will call ((1.19) the kinetic formulation of
the Euler equations. Note that the advantage of the kinetic formulation lies in the linearity
of the scalar operator (0/0t+& Vg ). The nonlinearity of Equation is completely shifted
to the right hand side and the additional constraint f = M to ensure that the resulting
f is always a Maxwellian. Note also that spatial homogeneous solutions of the Boltzmann
equation imply stationary solutions of the corresponding macroscopic equations, because the
divergence terms vanish.

Let us now consider Equation (1.1). Following [Jun00], we will call the following system a
kinetic formulation of system (|1.1)):

for a constraint function g : R™ x RY — R™ that satisfies
/Rdu(u,ﬁ)dﬁzu, /Rdfj,u(u,ﬁ)dﬁzfj(u), j=1,....d. (1.21)

In this formulation, p with its constraints ([1.21]) describes a class of so-called equilibrium
densities. For the two-dimensional Euler equations, we have

p 1 1
u=|pv|, wu&=| & [MpuvTE, Q= & |[Q
pE 1€ 1€

Note that in the kinetic formulation ((1.20)), (L.21]), the unknown f and the collision operator
are no longer scalar functions. Of course, for a given system of conservation laws, we can
bring ((1.20]), (1.21]) in a scalar form. For example, for a 2 x 2 system in one spatial dimension,
we have

of P Y P
U reor=q /RQdf—/Rdef—O,
= /R e, up = /]R EfdE, u= (ur,u).

To get a numerical method for the original equations, we can now formulate a numerical
scheme for the kinetic formulation, multiply it with 1,£ and |£]?/2 and integrate over £&. A
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numerical scheme that originates in a numerical method of the kinetic formulation will be
referred to as a kinetic scheme in the following.

We will now sketch the construction of a semi-discrete kinetic scheme. Note that if we neglect
the collision operator in , we have a simple linear advection equation for f:

9 | evar—o. (1.22)
ot

A fundamental idea in the construction of kinetic schemes is to enforce the constraint
flx,t,€6) = p(u(x,t),€) only at the discrete points t" = n At, where At denotes the
time step size and n = 1,...,Np for some Ny € N. Given u"(x), we start with
f(x, t", &) = p(u™(x),€) and compute an update of f according to the advection Equa-

tion (1.22)) for t" <t < "+l

f(mvtas) = N(Un(m - (t - tn)£)>£)

But, by neglecting the collision operator, we will leave the class of equilibrium densities in
general. Therefore, we set

@)= [ p (@ A1g).€)dg
and get automatically an equilibrium density f(x,t"*!,€) ;= p(u™t1(x), £).

In practice, the solution of the advection equation can be realized by a suitable discretization,
e.g. by a FDM, a FVM or a FEM. Then, the discrete evolution for the linear advection
equation is integrated over € to get a scheme for the original nonlinear equation. In the case
of a FVM, the discretization of the advection part is managed by a numerical flux function.
Thus, after integration, the kinetic Ansatz yields a FVM for the nonlinear macroscopic
equations where the numerical flux function is nothing but the integral of the microscopic
flux function.

In Chapter 4, we will describe a kinetic numerical scheme for the Savage-Hutter (SH) equations
in one space dimension. The SH equations are a system of two equations for the height and
the velocity of a granular mass and contain a source term. Concerning the SH equations, a
main difficulty relies in the preservation of nontrivial constant states that exists due to the
source term. In [KSO08], a kinetic scheme was developed that is able to describe the complete
dynamics of a granular mass and that preserves granular masses at rest. In Chapter 4, we
will combine this scheme with the FVPM.



Chapter 2

The Finite Volume Particle Method

Classical methods like the FEM or the FVM discussed in the last section are not always ap-
plicable to complex problems like extrusion and molding processes, fluid structure interaction
problems or propagation of cracks, where the computational domain and thus the mesh de-
forms significantly. The need for expensive mesh generation or remeshing procedures makes
conventional schemes time-consuming and thus ineffective.

To overcome these difficulties, so-called meshless methods or particle methods grew up.
Instead of using a mesh, these methods employ positive and compactly supported functions,
whose supports cover the computational domain. These functions are called particles and
carry all the information that is usually provided by a mesh.

Well-known representatives in the class of meshless methods are the Smoothed Particle Hydro-
dynamics (SPH), the Finite Pointset Method (FPM) and the Finite Volume Particle Method
(FVPM). Before we go into detail about the FVPM, we will give a short survey on SPH and
FPM. A general overview on meshless methods as well as further examples can be found in
[DOY5], [BKOT96], [KNSI6), [Str97], [FMO04], [GS05], [LLO7] and [GSOT].

SPH was originally developed for applications to astrophysical problems and was first men-
tioned in 1977 by Lucy [Luc77] and independently by Gingold and Monaghan [GM77]. The
scheme is a Lagrangian particle method in which a material, e.g. a fluid, is supposed to
consist of small particles which move with the fluid velocity. These particles build a set of
interpolation points in reconstruction formulas. Several improvements and extensions of the
method followed and turned the method into a powerful and inspiring instrument for the
CFD community, e.g. [Mon94] and [Mon05].

In FPM, approximations of spatial derivatives of a smooth and scalar valued function f are
based on the least squares method. For this purpose, Taylor series expansions of f are made
in the positions of the particles and interpreted as linear systems for the derivatives. For
details see for example [Kuh99], [TAHT07] or [GSO7]. An extension of the FPM for the
incompressible Navier-Stokes equations can be found in [TAHT07].

In this chapter, we begin with the derivation of the FVPM, as it has been done for example
in [JSO1] or [Tel05]. Section [2.2 deals with general and mostly well-known properties of the
scheme. At the beginning of that section, we are concerned with the approximation quality of
the particle cell averages. Next, we describe some properties of the geometrical coefficients,

15
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which are of prime importance for the FVPM, as they ensure for example conservativity. As
a new result, we show how to implement the velocity of the particles into the numerical flux
function such that the scheme preserves constant states. At the end of Section 2.2} we describe
two well-established correction procedures and show how conservativity of the scheme, which
will be destroyed by one of the correction methods, can be regained using a special particle
movement.

In Section we show some of our central results, namely L*°-stability and the positivity of
the scheme. For non-moving particles, we give a result which we denote as weak BV-estimates
and show L'-stability under suitable assumptions. At the end, we are able to prove a discrete
in-cell entropy inequality. All results in Section are essential tools in the convergence
analysis for FVM. To our knowledge, they have not been shown yet in this form and thus can
be seen as first steps of a convergence proof of the FVPM.

2.1 Derivation of the FVPM
We consider the problem

ou+V - -F(u)=0 Ve eQit)cRY t>0

(2.1)
u(x,0) = up(x) Va e Q0)

together with some appropriate boundary conditions. Here, u(x,t) € R™ denotes the vector
of unkowns of the conservation law . The computational domain Q(¢) is bounded and
varies in time, i.e. the temporal variation of £2(¢) can be described with the help of a function
denoting the velocity of the boundary T'(t) of Q(t):

t
L(t) = {x(t) : x(t) = =z +/0 v(z(s),s)ds, zo € I'p}

with a given continuous velocity field v.

Instead of introducing a grid structure on the spatial domain §2(¢), we consider N functions
Y : R xRy = Ry, i=1,...N, associated with positions x;(t) € R%. The functions 1; will
be called particles, the positions @; the corresponding particle positions. The particles have
to satisfy 0 < v;(x,t) < 1 and build a partition of unity, that is

N

S wim ) =1, VeeQ(), t>0.
=1

For the construction of such a partition of unity, we start with a Lipschitz continuous and

compactly supported function W : R* - R, e.g.

2
(—lzl*+ %), lzl<?%
W(z,h) =1 (=] —h)?  |z| €[5 h) (2.2)
0, otherwise.

The value & is the so-called smoothing length and || - || denotes the Euclidean norm in R
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According to Shepard’s renormalization method [She68], the family {¢;,i = 1,..., N}, where

@Z)i($, t) =

Wiz, t) .= W(x — x;(t), h)

and

constitutes a partition of unity.
Now, we want to test Equation (2.1) against the test functions ;. With

/ (Ou+V-F(u))de =0, i=1,.,N
Q(t)

and integration by parts, we obtain

4 wyp;de = 8t(uz/)¢)d:1:+/ ((uth;) -v)nds
dt Jaw Qt) a0(t)

= /Q(t) (&t’u) Y, dax + /Q(t) u(@ﬂ/}i) dx + /ag(t) ((uyy) -v)nds

= —/Q(t) (VF(U))% da:+/ﬂ(t)u(8twi) dalr:+/a ((w)y) - v)mds

Q(t)

B /Q(t) (F(w) Ve + udiiy) da,._/

a0t

)¢i(F(u) —u-v)nds.

Note that, here and in the following, the product - denotes the outer product that maps from

R™ x R? to R™*<,
Some easy calculations (for the proof see [JSO01]) verify the following

Proposition 2.1.1.

N/ VWi(z,t) . VWi(z,t)
6t¢i($7t) = x‘qﬁi(m?t)# - mi@b‘(xat)i’ s
;( ’ o) ’ o(,t) )
. & VWi(z,t) VW, (x, t)
Vil 1) = ; (%(w,t) o(x,t) vil®,1) o(x,t) >

In the next step, we define local averages u;(t) of the function u(x,t) as

1
Vi(t)

~

wilt) == /Q ) da

where

Vi(t) := Y;i(x,t) de.
Q)

(2.3)

(2.4)

(2.5)

(2.6)
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With
o(xz,t)

Tz, t) = VW;(z,t), (2.7)

we can now write

atwi(m,t) = —Z <£B@ i 33 t a'ch‘l-j(m,t)>, (2.8)

Mz

Vii(x,t) = Tji(x,t) — Tyj(x, 1)), (2.9)

j=1
Remark 2.1.2. Because of

¢i($,t)
o(x,t)

the functions I';; are located in the intersections of the supports of ¥; and ;.

supp(ly;) = Supp( VWj(x, t)),

Remark 2.1.3. The particles v; satisfy the transport equation

N
Op; + 2 Vp; = Z(ij —a;) Tyj,
j=1
where the left hand side describes the movement and the right hand side the deformations of
the particles caused by the relative movement: whenever the relative particle positions change,
the particles itself have to change, too, in order to satisfy the partition of unity property.

With the above definitions and calculations, we get the following system of ODEs

d . .
a(mul) = Z/ F ]i_F ) u(a:iI‘jZ-—asz‘ij )dx—/(m(t)wz(F(u)—uv)nds

N

= ;/Q(t) [(F( —u- mz)rﬂ—(F(u)—u-i:j)Fij] dx — B;, (2.10)

where

B, = ¥;i(F(u) —u-v)nds. (2.11)
890(1)

Under the assumption that the smoothing length h is not too large in comparison to the
distance of the particles, i.e. the particles do not overlap too much, and using the assumption
that the unknown w can be approximated by some w;; on supp(+;) N supp(¢;), we conclude

d — -
&(%Uz ~ - Z uw — U5+ wij) /Q(t) (Fij — Fji) da — Bi,

where @;; is some constant value being close to both @; and ;. We will show in Theorem
2.2.10l how to choose an appropriate approximation, such that constant states are preserved
even in the case when particles move.
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Next, we define geometrical coefficients
Y5 (t) = / Lij(z,t) de, (2.12)
Q(t)

Bij(t) = () — v, (1), (2.13)

and n;; = B;;/[|8;;/|. We introduce a numerical flux function g,; := g(u;, &;, uj, &;, n;;) that
is consistent not with F' but with the modified flux (F(u) — u - &), meaning that

g(u,&;,u, j,n;j) = (F(u) —u- aT:ij)nij. (2.14)

Thus, we can formulate a semi-discrete form of the FVPM

d N
Vul - Z H/Bngzg Z (215)

with initial condition )
u;(0) = / ug(x)Y;(x) de. 2.16

Note that, because we are interested in the unknowns u;, we need an additional equation for
the volumes V;. The most simple choice seems to be Definition ({2.6)) for the volumes

Vi(t) = /Q@) i, 1) da. (2.17)

Alternatively, we can differentiate Equation (2.6[). Using (2.8), we end up with
N

(’Yij Tj—Yji ;) +/ Yivnds. (2.18)
i o0(1)

All in all, the semi-discrete form of the FVPM reads

| N

) = =218, 9y~ B (2.190)
| N

Vi = ;(’yij:bj—'yﬂdzi)+/amt)wivnds (2.19b)

wi(0) = vto) /Q e Vi@, 0)de (2.19¢)

Vi(0) = /Q w0 (2.19d)
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together with a prescribed velocity field for the motion of the particles. As a reconstruction,
the following formula is reasonable for the semi-discrete scheme:

N

wp (@, ) =Y wi(t) i, ). (2.20)

i=1

Originally, in [HSS00], the terms related with the particle movement in (2.10) have been
discretized seperately instead of treating them as part of a numerical flux function. The
semi-discrete version for this approach then reads

d N
&(V%Ui) = —Z[Hr@infij—(’Yz‘jijui—’miiuj)] - B; (2.21a)
j=1
) N
Vo= s — cond 2.21b
R 2210)
1
w(® = 4o /Q ol il 0) e (2.21¢)
Vi(0) = /ﬂ 0 da, (2.21d)

again with given particle movement and the reconstruction formula (2.20). Here, f,; =
f(ui, uj,n;j) denotes a numerical flux function that is consistent with the original flux F

from ([2.1).

Remark 2.1.4. The approach — has the drawback of suffering from instabilities

in some situations and for special particle movement, compare [Kec02] or [Tel05)]. Although

we will use mainly scheme - and in what follows, we mention -

because it preserves constant states even for moving particles by construction (see
Theorem . In order to construct a stable scheme that preserves constant states, this

property will be adopted for scheme - in Theorem [2.2.1(] by a special way of

embedding the particle movement in the numerical flux function.

In the following chapters, we will use a simple Euler discretization of (2.19a)—(2.19d)) to get a
fully discretized scheme, although higher order methods are possible. The Euler discretized
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scheme with appropriate initial conditions reads

vyt =y — Al Z 18|97 + B (2.22a)
FEN(3)
N
ynHl o — V-"—i—AtZ(’Yn‘ & — % &) + CF (2.22b)
i ) 1) 7] Jv 4 )
j=1
1
u) = W/ﬂuo(az)wi(w,O)dw (2.22¢)
V0 = /wi(m,O)da}, (2.22d)
Q

where B} and C]' are suitable discretizations of the term B; in (2.11)) and C; := [, ¥y vnds,
respectively, g;; = g(u?,a'c?,u}‘,sb?,n%), Yo = v;;(t") and @' 1= &;(t"). In what follows,
we will often use the abbreviations

gij(uvv) = Q(U@i,’l’,ij,m]’)

and

gij ‘= g(ui, &; 7uj7mj7nij)‘

As a reconstruction formula for the fully discretized scheme one may choose for example

Nr N

wp(z,t) = > Y ul (. t) Ln gurny (2). (2.23)

n=0 i=1

We will see in the next section that this choice of reconstruction is conservative (see Theorem

and Remark [2.2.7)).

2.2 The geometrical coefficients and properties of the scheme

In this section, we describe the geometrical coefficients and some important properties of the
FVPM that are closely related to those coefficients. We start with well-known approximation
results for the generalized cell averages and the reconstruction formula (see Lemma [2.2.1
Theorem ,followed by some crucial properties of the coefficients (see Proposition .
These properties imply for example the conservativity of the scheme (see Theorem .
Subsequently, we show that the FVPM preserves constant states. This has already been
shown for non-moving particles, but was still an open question for the moving case. In
Theorem [2.2.10] we propose an average particle velocity in order to implement the particle
movement in the numerical flux function. With this average particle velocity, the FVPM
preserves constant states even when the particles are moving. Some important properties of
this particle velocity are figured out in Proposition [2.2.13

During this section, we always assume that the computational domain €2 is an open subset
of R% and that the family of functions 1; form a partition of unity on © as long as we do not
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make other assumptions.

We begin this part by showing that the order of the approximation with the help of cell aver-
ages is best in the barycenters. For the FVM and the corresponding cell averages, this result
can be found in [Son95] and [AS09]. In [Kec02], the result was adopted for the generalized

cell averages ([2.5)).

Lemma 2.2.1 (Approximation property). Let u € C%(Q x Ry) and the barycenters of the
cells Q; = supp(1);) be defined as

Bi(t) = v;l(t) /Qmwi(a:,t) dz.

Then the approrimation w; of w is of second order, i.e.

wi(t) = u(b;, t) + O(h?),
where h is the smoothing length.

Proof. The proof can be found in [Son95] and [AS09] and is given here for completeness. For
simplicity, we will drop the second argument ¢ in the following. We use the Taylor series

expansion
w(x) = u(b;) + u (b;)(z — b;) + O(h?)
and get
1
u; —u(b;) = v /Q (u — u(bl)) ; do
— % u'(b;) (z — b;) ¥ de + O(h?)
1 JQ
= u(b) <‘1//Q x 1 dm—bi> + O(h?)

= O(h?).
O

With the help of Lemma [2.2.1] we can directly deduce the following approximation property
for the reconstruction formula (2.20) as stated in [Kec02].

Theorem 2.2.2 (Approximation property). For the reconstruction we have for all
(x,t) € Qx[0,T]
up(z,t) = u(x,t) + O(h). (2.24)

Moreover, it was shown in [Tel05] that for u(-,t) € H*(Q,R) and € being an open subset of
R?, the reconstruction (2.20)) satisfies the estimate

Jun () —u( Dllr2r) < CRIIVul )| L2 )
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where C is a constant independent of h. The proof uses the condition of a maximal overlap
of the partition of unity according to (2.41)) and |[1);(+, )| (or) < Coo for all particles.

We state now that the partition of unity satisfies the following properties. For the proof see
[Kec02].

Proposition 2.2.3. For a multiindez o and W; € C1¥, with |a| = Z;l:l aj, the functions
Y; satisfy

< Ca
- Rlof

y/ x)i(x,t)dx| < Ch¥ if g(x) = O(hY),

| DY, 1)

where Coy and C' are h-independent constants.

Besides these results, it is easy to show some crucial characteristics of the geometrical coeffi-
cients and the generalized volumes.

Proposition 2.2.4 (Properties of the geometrical coefficients). The geometrical coefficients

defined in satisfy

By = —Bj Vij=1...,N, (2.25a)
By = 0, if supp(¢;) Nsupp(;) =0, (2.25¢)
By = 2/9% Vij dx_/@g¢i¢jnd37 (2.25d)
Y B = — | winds Vi=1,...,N, (2.25¢)
; oN
1841 = O(h?™1), (2.25f)
Vi = O(h). (2.25g)

In the one-dimensional case, we have for every T € R

Bij = 1. (2.26)

VM=
WE

I\
&I

Zj

Proof. The proofs of the above properties can be found in [JSOI], [Tel05] or [Kec02] and
are given here for completeness. ([2.25a)), (2.25b]) and (2.25¢|) follow directly from Definition
(2.13). For (2.25dl), we use the construction of the partition of unity and get

W;
vw—v
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and

VW; = oV +¢;Vo
and therefore

Bij = /Q(Fij—rﬁ) dx—A(%VWj—ijVWi) dx

g

Q Q o0

Now this and the partition of unity property can be used to show (12.25€]):
38y = 23 [wivuae=3 [ vnas
- — JQ = JOoQ
J j j
2 / i VY d:c—/ i Y thmds = —/ Yinds.
Q F; o0 P o0

———
=0

The properties (2.25f) and (2.25g) can be deduced directly from Proposition (2.2.3)). For
(2.26)), we define the function & (x,t) :==>_, ., ¥i(z,t) and obtain

Bij = 2 5xam5xdff:2/(ax&x)2dm
Q Q

= lim 62— lim &2=1.
T—00 T—r—00

O

Remark 2.2.5. Note that in the one-dimensional case and for Q = [a,b] C R, property

reads
;ﬁij - —/m Yinds = vi(a) — b(b).

Theorem 2.2.6 (Conservativity). Under the condition that the numerical flux function is
conservative, i.e.

gij(uvv) = _gji(vvu)’ (2.27)

the FVPM - is conservative in the sense that
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Proof. The proof can be found in [HSS00], [JSO1] or [Tel05] and is given here for completeness.
Because of the conservation property of the numerical flux function (2.27) and the skew-
symmetry condition of the geometrical coefficients (2.25a)), we can write

4/ X N N
dt(Z}W“z) = - Z HBingij_Z;Bi

1,5=1

:_g/(aQ@ZJi(F(u)—u-v)nds

_ _/89 (F(u) —u-v>nds.

Remark 2.2.7. Note that this result ensures a conservation property of the reconstruction

, because we have

B([o) = () (5

= _/m <F(u) —u-v)nds. (2.29)

Next, we will formulate in which way the different discretizations of the FVPM preserve
constant states under the assumption of a non-moving computational domain.

O]

Theorem 2.2.8 (Preservation of constant states). Consider the semi-discrete scheme

- and a non-moving spatial domain Q. Let us further assume a conservative
and consistent numerical flux function

fui uj,nij) = —f(uj, ui, —nyj)
and an arbitrary particle motion ;, 1 =0,...,N. If fort € Ry
u;(t) = ui(t) VjeN(),
scheme — preserves constant states in the sense that

Proof. For non-moving particles, this has already been done and can be found for example in
[Tel05]. For the case of moving particles, we refer to [Kad]. O

Remark 2.2.9. Note that the fully discretized scheme, obtained by an explicit forward Fuler

method in time in the semi-discrete version - , guarantees the preservation of
constant states in the sense that the coefficients satisfy

wtl=u” YneNVi=0,...,N,

(2 (2

if u) = u = const for alli=0,...,N.
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We will now show that for a special approximation of the velocities &; and x; of neighbouring
particles 1; and 1); in the numerical flux function, scheme ([2.19a)—(2.19d)) preserves constant
states, too. In Proposition [2.2.13] we will show why (2.30)) should be considered as a good

approximation of the particle velocities &; and ;.

Theorem 2.2.10 (Preservation of constant states). Assume again an arbitrary particle mo-
tion and a conservative numerical flur function g;; that satisfies the consistency condition
with the following approximation of the movement of the particles

=) . (Vi) (£5) = (Vo) (&), or ke —
(@), : o, . fork=1,....d,

where the index k denotes the k—th component. Provided that the spatial domain Q is non-

(2.30)

moving and for t € Ry, we have

u;(t) = wi(t) VjeN(),
the semi-discrete scheme - preserves constant states in the sense that
—uz(t) = 0.

Proof. The proof in case of fixed particles and the fully discretized scheme may be found in

[Tel05]. Let us now assume that the particles are moving according to the prescribed velocity
field &;, ¢ =0,..., N. Then, we have

N N
d K3
a(vzuz) = - Z H/Bingij —B;=— Z (F(u;) — u; - wij):Bij - B;
=1 j=1
N
= Z (uz wzg ﬁz] u; Z Lij /61]
j=1
N d .
'77, (7 z) (ml)
= Ui ZZ ’ (,3) ’ - (8ij)
=1 k=1 i)k
N .
= Z Yi; Tj — Vi 5”2) =u; V.
The proposition follows directly. O

Remark 2.2. 11 Again the property of preserving constant states holds for the fully dis-
cretized FVPM (2.22d f 2.22d), too.

Remark 2.2.12. Note that Theorems|2.2.8 and [2.2.1() ensure the preservation of constant
states in the reconstruction , since u;(t) = u = const implies

%uh(a: t) = % Zui(t) Yi(x,t) = a% > (e, t) =0.
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The following Proposition states some important properties of the approximation .
Proposition 2.2.13. The approrimate particle velocity satisfies the following.
i) For neighbouring particles v; and v;, fulfills the symmetry condition
Zij = Tj;. (2.31)
In particular, (2.30) ensures :Tvij =% ifd;, =, =T.
ii) In the one-dimensional case, can be written as
Bij = Nij+ (1 — \) . (2.32)

If the function o = Zf\ilﬂ/}(w,t) varies not too much spatially, meaning that 0,0
satisfies the estimate

/ Yithj (o) 0o da
Q

<1, (2.33)
Awm%m

Z;5 18 a convex combination of &; and ;.

Proof. The symmetry (2.31) can be computed directly for each component. In the one-
Yij Vji

dimensional case, we can write &;; = A&, + p&; with A\ = By and p = ~ B which satisfy
ij ij
Yij Vji
At p=—-——-——=1
Bij B

and therefore (2.32)) holds. Under condition (2.33)), we obtain

/wia—laij dz
A= o

B [t

/ (10215 + Yipjo " 9y0) da
2 [0,

1 / wiwja_laxa dx
3
/w@%m

)

1
2

and therefore 0 < A < 1. ]
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Remark 2.2.14. Note that the symmetry is important for the conservativity of the
numerical flur g;; in case of moving particles, because

gi;(u,u) = g(u, &, u, &j,ni;) = (F(u) —u-&ij) ng = —(F(u) —u-&j)ng = —gj;(u,u).

Remark 2.2.15. In higher dimensions, builds a convexr combination in each coordi-
nate, as long as s valid in each coordinate. A convex combination in general cannot
be guaranteed.

We will now give some examples where Vo = 0 and thus, (2.33)) is satisfied.
Example 2.2.16.

o (one-dimensional hat functions) Consider a one-dimensional setting where each particle
has only two neighbours: % < h < Az;, where Ax; := x;41 — z;. For the partition of
unity, we use the piecewise linear polynomials

z—zith (i — hy )
0, else.
Then, some easy computations lead to
Loog=itl
Vij=—3 J=i—1
0, else
and
1, j=i+1
Bij=4q-1 j=i-1
0, else.
In that case, we end up with
- Ty + jfj
Z'ij = 5

o (one-dimensional quadratic kernel) Consider again a one-dimensional setting. The par-
tition of unity is now computed using piecewise quadratic polynomials

(LU—LIZi-i—h)?, xe[:ci—hjxi_%)

2
Wiz, t) = _(ﬂf—xi)?—l— %, x € |z, — %’%4_ %)
(z —x; — h)?, xe[:ci+%7xi+h)

0, else.
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The particles are assumed to be distributed equidistantly with six neighbours each and
a smoothing length of h = 2 Ax. In this case, the function o satisfies 0 = h?> = const
[Tel05)], such that the integral in vanishes. Thus, we end up as before with

- T; + j?j

l'ij = .

2

e (two-dimensional quadratic kernel) Condition is naturally satisfied if the func-
tions W already form a partition of unity, because then o = >, W; =1 and Vo = 0.
This is, for example, the case for the two-dimensional hat functions based on

.

—Lth = 2 €[0,h),y € [x — h,0)
—rtuth g € [0,h),y € [0,2)
vyth g€ [0,h),y € [x,h)

W(z,y) = = x € [=h,0),y €0,z +h)
—yth g€ [~h,0),y € [2,0)
uth z € [~h,0),y € [~h, )
0, else

and equidistantly distributed particles with a smoothing length of h = Ax = Ay.

e (B-splines) B-splines naturally build a partition of unity by construction and can there-
fore be used in the FVPM as can be seen in Chapter [3,

In [Tel05] and [Tel00], it was shown for a scalar conservation law in one space dimension
that the FVPM (12.22a))—(2.22d)) is monotone under suitable assumptions. In particular, the
numerical flux function g7%(u,v) is assumed to be in C' and monotone nondecreasing in u
and nonincreasing in v. Furthermore, the time step At has to satisfy the CFL-like condition
At < min; V" ’

L max; Zj |5@g|

where L is the Lipschitz constant of g;;. In Section we will show monotonicity of the

FVPM ([2.22a)—(2.22d)) in several space dimensions under a slightly different CFL condition
and weaker conditions on the smoothness of gi;, see Lemma [2.3.6, We will need the

(2.34)

monotonicity to show a discrete entropy inequality, compare Lemma [2.3.8]

In [JSO01], the authors showed a Lax-Wendroff result for the semi-discrete formulation of the
FVPM in the case of a scalar conservation law in one spatial dimension: Under suitable
conditions on the partition of unity and under the condition that the coefficients u;(t) are
bounded and converge in some sense towards w, then u is a weak solution of the Cauchy
problem. In addition, it can be shown that the reconstruction ), u;1; converges towards u
in L, (RT, L}, (R,R)). The proof makes use of property .
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We end this section with an overview on procedures that ensure the important properties of
the coefficients formulated in Proposition 2.2.4 by correcting them numerically.

Correction procedures

We have seen that the properties of the geometrical coefficients 3;; are important for the
resulting method: they ensure, for example, conservativity and the preservation of constant
states. Therefore, it is of great interest to ensure these properties numerically. Since in the
computation of the coefficients 3;; we have to integrate numerically in each time step, and
motivated by the fact that numerical quadrature is cost expensive, it is best to compute the
coefficients by a coarse integration technique and then to correct them, so that the desired
properties are fulfilled. Obviously, it is easy to guarantee conditions f in contrast
to condition .

The following fast and efficient correction procedure, where the error with respect to condition
is shifted from one particle to the “next” neighbour, was given by Keck in [Kec(2]
and [HKO03|. If the boundary integrals in can be computed exactly, it is easy to verify

that (2.25a)—(2.25¢) and ([2.25€) are satisfied.

e Compute approximations to the coeflicients Bij =:

2(0)

ij

satisfying (2.25a)—(2.25¢) by

using a coarse and fast integration technique.

e Define the errors
~(0 0 ~(0
/Bz(’i) Z Z ()— winds_ZBz('j)
j j 0% j

and save them on the main diagonal of the matrix (3);; = B”

e Fori=1,...,N —1: choose an index j such that Q; N Q; # ) and j > ¢ and set

a0 = BrYigit
gy = By -Bi"
gy = BVl =0
gy = B B

For all other elements set ,Bkl = B (i=1)

Then, 8;; = ngv_l) satisfies ([2.25a))—(2.25c|) and (2.25¢) by construction. For the exact
computation of the integrals in (2.25€]) in the one-dimensional case, see Remark ([2.2.5).

The next idea of correcting the coefficients can be found in [Tel05] and [T'S08|. This procedure
is very simple to handle, but has the fundamental drawback that it destroys the conservativity
of the scheme. As before, in each time step, we compute the coeflicients ,B?j by a fast and
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coarse numerical integration technique. Then, for all interior particles ¢, we add the error
term —AtG(u}') B, where 3, = 2 ieNG) ﬁg, so the scheme writes

Vit = vl — At Y 1Byllel — AtG(u}) By (2.35)
FEN(3)
with G(u) := F(u)—wu-&;. In general, this scheme is not conservative any more, although the
error is only of order O(h4=1%9) if ¢ is the order of the numerical integration. Nevertheless, we
will construct a possible movement of the particles such that conservativity can be guaranteed
at least in some special cases and under appropriate conditions for this correction method.
To maintain the conservativity of the scheme, we are interested in getting

> Gu)B; =0
& Y (F(uf) —u}-a})B;; =0
&> (ul Bi)al ZF ul!) By (2.36)

where u! = (ufly, ... ,uZm)T €R™, al! = (a}y,... ,agd)T € R? and 3, € R? are the cell aver-
ages, the velocity of the particles in the particle positions x; at time t" and the accumulated
error term of the geometrical coefficients, respectively, and the product - is the outer product
that maps from R™ x R? into R™*4 i.e.

an an an

n n
Jiiy Wit Py Wil Diig Wi,
n n TL mn n
n A " i1 Us,2 iig Ui,2 iig Ui,2
ui'ﬁii_(ml '7"'751101 ) :
an . m an o, m an o, n
iin Wim  Piio Wim -+ Piig Yim
Conclusively, (2.36) reads
n\ " _ n A%\ .n __ n A" n A" n
E F(ui)B;; = § (ul ‘ﬁii)az‘ = (U1 '/3117'”7UN’ﬁNN> A (2.37)
i i
=M
T . .
where A" := (a?’l, N P T RERRRRL d) € RN, Usually, the number of particles N will
—_———— ’

ay
be much greater than m, so we have to deal with a highly underdetermined linear system,
which can only be solved if

ZF !B €span{M;,j =1,....d N},

where M ; denotes the jth column of M. So, if we have

rank(M) = rank (M\ ZF u; ﬁu) )
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Equation can be solved using the pseudoinverse, for example. The solution of the
above system in combination with the correction procedure in leads to a conservative
scheme in which the geometric coefficients have all the desired properties.

Unfortunately, solving a pseudoinverse in every time step can be very time consuming.

As an alternative, we show in Chapter [3| how to compute the geometrical coefficients exactly
in an efficient way using B-splines. In our numerical computations, we mainly use the
correction procedure due to Keck or B-splines.

2.3 Stability and entropy results

In this section, we will adopt some of the results for FVM stated in [Cha99] and [EGH95] for
the FVPM, namely a L*-stability result (see Lemma [2 , a monotonicity and a discrete
entropy inequality (see Lemmas [2.3.6| and [2.3.8]) and, under suitable assumptions on the
partition of unity, a weak discrete BV-stability result and L!-stability (see Lemmas and
for the scalar multi-dimensional case. Crucial for the proof of the L°°-stability is the
fact that u?“ is a convex combination of u} for all j € N (i). This has the direct consequence

that the FVPM preserves positive states (see Lemma [2.3.2]).

The results mentioned above are essential elements in a Finite Volume convergence analysis
for scalar equations. Therefore, they are first steps in a convergence analysis for the FVPM.
Note that a L*-stability result and monotonicity have already been shown in [Tel00], but only
for the one-dimensional scalar case. In this section, all results apply to scalar conservation
laws in arbitrary space dimensions. Moreover, the upper bound in Lemma is clearly
optimal.

Let us consider the scalar conservation law in several spatial dimensions

Owu(x,t) + V- F(u(zx,t)) =0, (x,t) € R x Ry (2.38)
u(x,0) = up(x), x=cR? ’
and the following scheme:
Vn+1 n+1 Vn n_ Z ||Bzg||gz]( i ])
JEN ()
VI =V AL > (v ) — A &)
JENE) (2.39)

uf = Vl /Q uol) iz, 0) dae

= /Ql/]((E,O) dx

with the associated reconstruction formula

=D > ul i@, 8) L gy (8), (2.40)

neNieT
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where we denote the index set of all particles by 7. As before, we define

Qi(t) := supp(¥i(-, 1))
and its discrete variant

QF == supp(¢i(-, t")).
For simplicity, we will write for the numerical flux function gj;(u,v) or simply gj; instead
of g(u,d:i,v,dzj,n%). In the case of non-moving particles, we will omit the index n in the

numerical flux function, too. Furthermore, we make the following assumptions on the partition
of unity, the numerical flux function, the time step size as well as the data.

1. There exists a maximal and a minimal number of overlapping particles
Fpu,MeR:V(x,t) eRIXxRy 1<pu<|{ieT:xzeQt)} <M. (2.41)

The geometrical coefficients and the volumes are of order d — 1 and d, respectively.
Moreover, the diameters of the patches are bounded. In particular, we assume

hdfl
ol < S —, vrzah, (2.9
5(") < 2h. (2.43)

Further on, (2.25a)—(2.25¢) have to be satisfied.

2. The numerical flux function g;(u, v) satisfies:

+ gi7(u, v) is Lipschitz continuous in both argumentsu and v
with Lipschitz constant L,

. g{‘j(u, v) has to be monotone nondecreasing in v and monotone

. o (2.44)
nonincreasing in v,
-g%(u,v)::-—gﬁ(v,uL
- In addition, g;%(u, v) has to satisfy the consistency condition ([2.14)).
3. The time step size At has to satisfy the CFL condition
(1-a’h
At< —>22 2.45
- 2LCy ( )
with some £ € (0,1).
4. The assumptions on the initial data ug and on the flux function F are:
ug € L®(R%, R) with |[uo| oo (e gy < B for some B € R,
(2.46)

dF
F e CY(R,R?) and T is locally Lipschitz continuous.
s

Note that under conditions 7, it is easy to show that every particle has only a finite
number of neighbours. Conversely, it can be shown that a finite number of neighbours per
particle implies that every point in the computational domain is covered by at most finitely
many particles. The proof of this can be found in the Appendix.
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L>-stability

In the one-dimensional case and for scalar conservation laws, an L°°-stability analysis was
made in [Tel00] and [Tel05] with a result of the form

un( )| Lo R) < ||u0||L°°(]RR) Vi<T

with C,T € R. In this paragraph, we will give an improved L°°-stability result for the scalar

multi-dimensional case.

Lemma 2.3.1 (L*-stability). Under the assumptions (2.41))—(2.46|) and (2.25d)—(2.25€), the
scheme with the reconstruction 1s stable in the sense that

[un (s )| poomary < l[wol|pooar) Vit > 0. (2.47)

Proof. The first part of the proof is very close to the proof in [Cha99]. The second part relies
on the partition of unity property of the family of functions ;,i € T.

n+1

First, we will show that ;""" is a convex combination of u}' and uf, j € N (i), i

n+1l __ )
u = E Aj uy,

JEN(§)u{d}

where 0 < \; < 1,5 € V(i) U {i} and > ; A; = 1. For this purpose, we write the scheme as

n ‘/zn n At n
u; o= Vn+1ui - Vn_|_1 Z H,B Hgm( j)
! L JEN()
n V:in+1 — ‘/:Ln n At u”
= U; — Vn+1 Ui — Vn+1 Z H,B ng]( 7 ])
‘ o jEN()
n At u” n n sn n sn
= U Ty Z 18311 93 (wi', uf) + uj Z(’Yijwj—’ma’i)
¢ [JEN () JEN (i)
N -
= _W Z ||ﬁ ngg( [ ] Z :6 j
‘ LJEN () JeN()
n At u” nzn n
= U _W Z ||/6 ||glj( i ]) Z H,@ ”( ( )_ui wzg) nij
@ | JEN (D) FEN(3)
n At ni,m ,n
= Uy — Vn+1 Z ||Bzg|| (gz]( 70 ]) gz’j(uz’ y Ug ))
i jeN()

n At gz( ) Tl) g?(“’?’“’?) n n
— o 3 el (B (o~ )

L JEN(), ‘ J
u?;éu?
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Obviously, with
gij(ui's uj) — gz(  uj')
b deNG), P

uy) — gi;(ui', ui')

g5 (uy', . : N o
\ = Ak 18} H(” ) R LY (ORI

we have > . \; = 1.

Because of the monotonicity properties and the Lipschitz continuity of g%, we have

gz(u?’ ’U,?) - gZ (U?a uzn)

n__ ,n
u, uj

0<

<L,

and this implies, thanks to the CFL condition and the assumptions made on V; and 3, that

At 955 (uit ul) — gfs(uft, u) (1-8a%h 1 Ri=1 (1 -¢)
— < L .
prtl Z H'B H ( n n - 2LCyn ahd On (67 2

Thus, we have
0< A <1,

1

meaning that u}" is a convex combination of ufl,j € N(i). This leads us to

sup |ul Tt < sup|u |.
i€T €T

Now, using the partition of unity property of the family (;);c7, we obtain for t € [t7,#"+1)

[lup (-, )| oo —esssup|Zu Yi(x,t))| < sup [us |
TeR? o

< sup uf M < - < sup fuf| < Juol| Lo -
€T €T

The last inequality follows from the fact that for A, B € R, we have

A< % wo(@) y(,0) dz < B (2.48)

if A <wug(x) < B for all x € R?. O

Note that we can set £ = 0 in the proof above, but not for the weak BV-stability.

Positivity and L!-estimates

The first lemma in this paragraph concerns the preservation of positive states, as this is often
desired in the numerical treatment of problems which are known to have a positive solution.
This lemma follows directly from the results of the last paragraph.
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Lemma 2.3.2 (Positivity). Under the assumptions of Lemma the FVPM (2.39)-
preserves positivity, i.e. u; > 0 for all i € Z implies u?ﬂ >0 for alli € Z. If, in particular,
ug(x) > 0 for all € RY, the same is true for the coefficients ut for alli € Z, n € N.

n+1
i

ull,j € N(i) and the assertion follows immediately from (2.48]). O

Proof. In the proof of Lemma [2.3.1, we have shown that u is a convex combination of

Now we can show that the FVPM is L!-diminishing under the condition that ug(x) has the
same sign for all & € RY,

Lemma 2.3.3 (L'-estimates). Consider the scheme f and assume ug € L' (R4, R)
and ug(x) > 0 for all x € R or ug(x) < 0 for all x € RL.  Suppose further that the
assumptions of Lemma [2.3.9 hold. Then we have the following L*-estimate:

Jun (s ™) |1 e ) < luoll L1 me r)
for allm € N.

Proof. Because of Lemma the coefficients u" will have the same sign for all 7 € Z and
all n € N. Thus, due to the conservativity we have

[Jun (5 ") 1 (R Ry = Huh('7tn_1)HL1(Rd,R) = = ||up (-, 0)|| 1 (re gy -

It remains to show [|up (-, 0)|[z1rer) < |[uol[L1(rar)- We have

Ol o = 0., 0 ’
lun (Ol = [ | abute)|de < Sl [ vifa)do

€L €L
= % ‘/Rd UO(y‘L%(y) e /Rd Yi(z) de = % /Rd uo(y) Yi(y) dy’

<3 [ o)l i) dy = ol -

1€Z
O

In the next part, we will show so-called weak BV-estimates for non-moving particles. The
proof follows [Cha99] and [EGHO0] closely, where the authors formulated the weak BV-
stability for the Finite Volume setting on unstructured grids.

Weak BV-estimates

Before we show the weak BV-stability, we state a helpful lemma that can be found in
[EGGHOS].

Lemma 2.3.4. Let g : R — R be a monotone, Lipschitz continuous function with Lipschitz
constant G > 0. Then g satisfies

b
\/a (9(z) — g(a)) dz| Z%(Q(b)—g(a))2 Va,b € R .
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Proof. See [EGGH9S]. O

Furthermore, we define

T
Np = n < ——1

T max{n € N:n < A7 }

Tp = {ieT:Q CB(,R)}
Ep = {(i,j) € T?:i€Trorj € Tr,j € N(i),u] > uj}
oy = ;NQ;

6 := {0y :045 C B(0,R)\B(0,R—2h)}.

where T > 0 denotes a fixed time and R > 0. With the assumptions (2.41])—(2.43]) made
above, one can ensure that there exist constants C7, Co, C3, such that

|ER| < Cih79
ITr| < Cyh™,
6] < C3pt,

Details on these conclusions can be found in the Appendix in Proposition

Now we will show an estimate that is often called weak BV-stability, see for example [Cha99),
[EGH95] and [EGGHO8], because it provides estimates of order h~'/2 on the discrete deriva-
tives of the numerical solution in space and time.

Lemma 2.3.5 (Weak BV-stability). Assume non-moving particles. Under the conditions
12.41)-(2-46), (2-25d)-(2-25¢) and for R > 0, T" > 0, there exists a constant Cp, € R
depending only on F,ug, L,Cn,a,&, R and T such that

Nr
Soar > 18yl max  (g5(d,0) — gii(d, D))
n=0

u?<e<d<u?
(i)EBp 1= (2.49)
Fomax (g5(d) - gile,e)) ] < <2
i 222 95 0) — giilese)) | <
and N
> Y vl -l < %
i lul ™ — | < Vh<R. (2.50)
TLZO iETR \/E

Proof. We write the scheme as

Vi (uf ™ =) + At Y 18411 (gi(uft uf) — gig(uf, ulf)) =0,
JEN(9)

multiply it by ] and sum over n and ¢ € Tr. Defining

Nt
Bi= Y Y Vil -

n=0 iETR
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and

Nr
By ZZZ ZAt Z HHBUH (gw(u U) 935 (ug's ?))

n=0 i€Tg JEN (i)
yields By + By = 0. Now we rewrite the term By and get

Nt
Bo=3" > At w8yl (g, uf) — giglul,u)

n=0 (i,j)€ER

18,0l (g5 ) — gaCacl o)) |

_Z Z Z At} [|Bjl] (gji(u} ui,ug') — gji(uy, J))

n=0i€Tr j € N(i)
J¢Tr

By defining

Nt
By:=>Y_ Y At [U?Hﬂij!l (gis (u', uf) = gij (i, ')

n=0 (i,j)eE}
o 1Bl (g5 ) = gt ) ]

we can easily estimate

Nr
ST At 1Bl (g (uf,ul) —gz‘j(“?7“?))’

|Bs — Ba| =
n=0 i€Tr j € N(i),
J¢Tr
<ZNZ >l IBsll fonters ) — gl )
= zeTRggé\gz), <B <hd 1o—1 <2LB
Nr h -
<2) Aty > BL
n=0 i€Tr j € N(3),
J¢Tr
2T B*>L ~
S _ hdil |6‘ S 027
(6] ~~
SCshl_d
where 2
- 2T B“ L
02 = 03

By introducing the function

7 a ]
sz / H/BZ]H < gj( )+ égv] (S,S)> ds

= /0 H,@ng S &9@’(37 s)ds
:Mﬂhwm—omwm}
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and using
zi5(0) — zij(a) = || B4l [b (9j(b,0) — gij(a,b)) — a(gij(a,a) — gij(a,b))

b
—/ (9ij(s,8) — gij(a,b)) ds

we can write B3 as

B3 = By + Bs,
where
By = Z Z At [zi5(u?) — 2zi5(ud)]
n=0 (i,j)€E}
and

B Y Atr\ﬁ,m/ (95552 ) — gy (u ) ds.

n=0 (i,j)€E}

Because of the consistency of the numerical flux g;; and the assumptions made on the geo-
metrical coefficients 3;;, we have

Y ozil) = Y 1184l <-’Ifgz'j($a$) —/ 9ij(s,8) d8> =0,
JEN (D) JEN(4) 0
and therefore

Nt
==> > At [Zz'j(u?)— zij(uy) ]

n=0 (i,j)€EE}

=—2ji(uf)
— _Z Z At [zw )+ 25i(u ”)}
n=0 (i,j)€EER
:—ZAI'I[Z Z Z’Lj +Z Z Z]z :|
i€Tr jEN (i) 1€TR j € N(i)
T j %TR
= Z ALY >z
1€TR 5 € N (i)
j¢Tr
_ Z Aty Y / 18,115 < gig(s, 5) ds
i€TR j € N (i)

j¢Tr
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This implies

d—1 B2 5
6] <TL—C3=:Ch.
~—~— (0%

SCB hl—d

h
|By| < T L B

For the estimate of Bs, we use the monotonicity of the numerical flux and Lemma to

get:
Bs>— Y At ) |:||ﬁij” o dmax (gi5(d, ) — gi(d, d))

At the end, we get an estimate of By using the technique of summation by parts:

BIZZ ZVu n+1 )

n=0 1€Tg
1 &
d
ot (330 S a3 S )
n=0 i€Tg n=0 i€Tg
Nr
1
LA DI IICAEIOEED 9D DEALTLERt)
n=0ieTR n=04ieTR
1 0\2 1 Nr+1,\2
=5 2 W) g >
1€TRr i€TR
B2 pa >0
1 &
> —ahdZ Z Z (ul ™t —u)? — Cs,
n=0icTg
where 2 01
~ aB 2
C5 = 5

Applying the Cauchy-Schwarz inequality to the scheme ([2.39)) yields

n+1 ny\2 At2 ’
(Ui —Ui) :W Z HBWH (gij< i s ]) gZJ( Ui z))
N EN()
h=2d (1 —¢)a?h hi! 2
A8 (g ) = g, ) >0 1
2 Z ij JANTE Ry g \tis
« 2LCyN « JeN ) IeN (i)

——
<Cn

1_
= (ga? Rt D Ay (gl ) — g u)?,
JEN(3)
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and therefore

. :
e 3D Dl DPVIT N ([ R e

2 QaL n=0 i€Tr jEN (i)

Np
T (14_L£) Z Z Z At |8l (gi5(u, u ") — gij(uf, Z))Q—CN%)

n=0 ic€Tr jEN (i)

S .3 Z[ S a8l (o o) — g )

n=0 (4,9) EE"

(g () = g, ) ) = S ST ABI (g ) — gia(u )

i€Tr j € N(3)

J¢Tr
_(;'5
> (-t B A8y (g1 ) — g )
n=0 (i,5)eE}
+(gZJ< L2 j) gl]( ]7 ]))2>_é5
> - Z Z Atl!ﬁwll( max (gij(d, ¢) - g(d, d))’

u?ﬁcgdgu?

2
o 00 - e 7) =G

Defining

Nt
M=Y X iyl (|, ma d.0) - 00,0

ul <c<d<up
n=0 (i,j)€E} !

(d .. 2
+u;‘§1?§a§<§u? (g”( ©) glJ(C’ c)) >7

we now have By + By = 0, |Bs — By| < Cy, By = By + Bs, |Bs| < Cy, By > ZL% and

By > — (14_1/5) Ay — C’5 and thus

Ay <4LBs=4L(Bs— By) =4L(Bs — By — By — By)

~ 1—
<4L <|Bg—Bz|+|B4|+C5+ ( 4L§) A1>

. . - 1—
<4L <02+C4+C5+(4L£)A1>.

It follows
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A4, < 4§L (6‘2+C’4+05) =: Cs.

Next, we apply the Cauchy-Schwarz inequality two times to each term of the left hand side

of (2.49) and get

Nt
Sar Y 18yl max (a0 - a0.0)
_ j SCSASU;

(i,j)€ER
Np 2\ 1/2 1/2
2
< ZAt< > 1184l o dnax (gz-j(d, c) _Qij(dad)> ) ( > 1)
n=0 (i,§)EEY A (i.9)EER
—_—
S(Cl h—d)1/2
1/2 1/2 , Nr 2\ 1/2
< d/Q(ZA#) (X 5 sl o (o0 = 0 )
n=0 (i,j)€EY ST
1/2 1/2 , Nr 2\ 1/2
2
= d/2(ZAt> (Z > At]Bll L (gij(d, ¢) — gij(d, d)) >
n=0 (i,j)eEp, -
—1)/2
< 011/2 p—d/2 1/2 L éé/Z
(6
S é? h_1/27
where

TC, C, 2
@7:< ) |
(8]

To get the estimate (2.50)), we state that

Vil ™t =l < At Y 1Byl gag (it ulf) = gij(uf', uf)|

JEN(3)
and thus
Nr
Z Z VHU?H u;'| <Z Z Z At |8l g (uif, uf) — gij(ui', ui)|
n=0 icTg n=0 i€TR jeN (i)

—Z D A [lIByl1gis (i) = gig (i, uf ) + 1853l lggi(uff, ult) — ggi(uff, uf)|]

n=0 (i,j)€ER

—Z SN A8l ggi(ul,ul) — gii(ult, ul)]

n= O’LGTRJG/\/)
J¢Tr

2 <C‘7h—1/2 + TLBC3>
B «Q

< Cgh 2,
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where

~ ~ TLBC
Gy =2 ((17 L TLBGs 31/2> .
o
The assertion follows by setting Cy, := Cs. O

Discrete entropy inequality

Next, we will show a discrete entropy inequality for scheme (2.39) using Kruzkov’s entropy
from Definition In order to do this, we need that the scheme is monotone in the classical
sense, meaning that the function

% At

G(up,uj, j € N()) = g uf — —= > |18}l gf(uil, uf) (2.51)
Vi Vi JEN(9)

is monotonically nondecreasing in each argument. In [Tel05] and [Tel00], the FVPM was
shown to be monotone for scalar conservation laws in one spatial dimension for a differentiable
numerical flux function and under the assumption of a slightly different CFL condition (see
(2.34)). With the techniques used in the proof of the L®-stability, it is easy to show the
monotonicity without these restrictions.

Lemma 2.3.6 (Monotonicity). Under the assumptions (2.41)-(2.46), the FVPM (2.39) is
monotone.

Proof. Since the numerical flux function g;;(u,v) is monotonically nonincreasing in v, the
function G is monotonically nondecreasing in 7 for all j € N (i) and j # i. To show the
monotonicity of G in the first argument, let us assume uj' < uj’. With the same arguments
as in the proof of Lemma [2.3.1 we conclude that

Vn+1
vn

)

(G035 € M) - Gl €M)

120y gy P ) Gy <0

ﬂ—u

U JENG) !
under the CFL condition
Ar< h (2.52)
— LCy . ’
Thus, a time step size At satisfying (2.52)) is enough to ensure monotonicity of the scheme.
Note that condition (2.45|) is more restrictive and hence monotonicity follows. O

Remark 2.3.7. Note that we need the more restricitve CFL condition only for the weak
BV-stability result. For the monotonicity as well as L*>-stability, it is sufficient to assume

:

Now, we can formulate a discrete entropy inequality. It is the discrete analogue to Definition
1. 1.6l



44 2. The Finite Volume Particle Method

Lemma 2.3.8 (Discrete entropy inequality). Under the assumptions ~([2.44), for all
ce R, i €T and n € N we have the following discrete entropy inequality for the scheme

2.59).
oyt
At

lu

- ‘u? — c"/zn n n(.n n n/,n n
+ E ||ﬁzg|| gij(ui Te, Uy TC)_gij(ui Le, Uy Le)| <0. (2.53)
JEN(3)

Proof. If we write the scheme as
uptt = G (uf,uf, g e N (D))

with G from ([2.51)), we have a monotonically nondecreasing function (under the CFL condi-
tion) which satisfies G(c,...,c) = ¢ Ve € R and

Gii(ui Te,uiTe, j € N(i)) > w1 Te,

G (uf Le,uff Le,j € N(i) < ult' Le.
Subtracting the second inequality from the first one, we get (2.53)). O

Remark 2.3.9. Note that in the case of non-moving particles, s equivalent to the
well-known discrete entropy inequality for Kruzkov’s entropy-entropy-fluz pair for a standard
FVM
n+1 n
T —cl—|ul —c 1
i ‘At |ug | + 7 Z ||| {gij(u?—l—c, uiTe) — gij(ui' Le,uf Le)| <0,

1 . .

JEN (i)

|u

where IT';; denotes the area of the surface between two neighbouring cells i and j, see [Kru70],

[Cha99] and [EGHO0].

In this section, we have shown L*-stability, positivity, a generalized monotonicity result and
a discrete entropy inequality for the FVPM applied to scalar conservation laws in arbitrary
space dimensions. Thus, according to Proposition [1.2.4] we have shown the convergence
of a subsequence in the nonlinear weak-* sense. Moreover, we proved a weak BV-stability
and L'-stability under suitable assumptions. All these results are important tools in a
convergence analysis for the FVPM.

It remains to show an entropy inequality for the reconstructed solution that naturally
includes some error terms. These error terms can be controlled with the help of the weak
BV-stability, see [Cha99] and [EGHO00]. Passing to the limit in this entropy inequality
together with the notion of nonlinear weak-* convergence yields that the nonlinear weak-*
limit of wy is an entropy process solution (see Definition . It is well known that the
entropy process solution of problem coincides with the unique entropy solution. In
particular, it does not depend on the additional parameter «, thus strong convergence in
LP (RY x Ry, R) follows, compare e.g. [Cha99] and [EGHO00].

loc



Chapter 3

The FVPM with B-splines

Up to now, we have computed the coeflicients numerically and corrected them afterwards or
added a correction term directly to the right hand side of the scheme to force the scheme to
be conservative without losing other important properties like the preservation of constant
states. In the last section, we have seen that this can lead to the disadvantage that we cannot
choose an arbitrary particle motion any more. Of course, the best way to ensure the desired
properties of the scheme is still an exact evaluation of the respective integrals.

Using Shepard’s method of constructing a partition of unity, as described in Section ,
leads to piecewise rational functions whose exact integration can be done efficiently in some
cases, but is too expensive in general. A possibility to compute the geometrical coefficients
exactly is shown in [QN11], where the authors take piecewise constant and overlapping shape
functions. In this way, the computational effort is reduced considerably, but the drawback is
clearly the restriction to piecewise constant particles.

In this section, we will use B-splines, which are given as piecewise polynomials and already
form a partition of unity, to compute the geometrical coefficients exactly.

B-Splines are a standard approximation tool and are therefore used in many numerical meth-
ods such as FEM or meshless methods, see for example [H6103|, [ZP13] or [WA10]. But, to
the author’s knowledge, there exists no meshless method where moving B-splines are used
as particles without any renormalization technique. In our scheme, B-splines are used as
test and Ansatz functions. Since B-splines already build a partition of unity, the integrands
in are piecewise polynomials and thus, the geometrical coefficients can be computed
exactly. Because the B-splines are allowed to move, we have to take into account additional
terms. But, as we will see later, these terms can be computed exactly, too.

3.1 Introduction

We begin with the definition of B-splines and their main properties. For details as well as for
further applications of B-splines, we refer to [DeB01] or [SWO05].

Definition 3.1.1 (B-splines in one spatial dimension over R). Consider a knot sequence
{zi}iez with x; < x4y which builds a partition of R, i.e. Uczlri,ziy1) = R, and the

45



46 3. The FVPM with B-splines

functions
T — T :
0, else

with @ € Z and m € N. The functions B]" defined by

0(2) — L, ifx e[z, xip)
Bi(x) = {O, olse (3.2)
and
B"(z) = wi(z) B} (z) + (1 — wity (2)) BI (@) (3.3)

with i € Z and m € N are called B-splines of degree m associated with the knot sequence
{ziticz.

Thus, B? are the characteristic functions over the intervals [z;, z;41) and Bi1 are the piecewise
linear hat functions.

Originally, Curry and Schoenberg introduced B-splines using divided differences [CS66] and
a different normalization ending up with

M™(x) = (m+1) [, ..., Tigmp1](- — )], v €R, (3.4)

where
[l’i, cee ,xi+n]f

denotes the n-th divided difference of a function f : R — R which is defined as the
leading coefficient of the interpolation polynomial of degree n that interpolates the data
(i, f(2i)), -, (@ign, f(Titn)). Further on, (-)} : R — Ry is defined as

1, >0
2]

0, else

for n = 0 and
zl} = (max(0,z))" forn > 1.
One can show that
M) = —" L gy, (3.5)
Titm+1 — Li
See [DeB01] for details.

Remark 3.1.2. Note that Definition does not exclude that knots may occure more than
once in the knot sequence.

Proposition 3.1.3 (Properties of B-splines). Assume x; < ®;ym+1 for all i € Z. Then, the
function B defined in consists of at most m + 1 nontrivial polynomial pieces of degree
at most m, has local support and is positive on (xi, Titm+1). Especially, the B-spline BJ"
satisfies
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Supp(B’Zn) — (:Ui; -Ti—‘,—m-i—l), Zf xr; < Titm
[ﬂfh xi-‘rm-ﬁ-l)) ’l/f Ty = Titl] = " = Titm,

Bm(x,) =

% .
1, Zf.CL‘Z' = Ti+1 = " = Li+m-

{0, Zf T < Tigm

Moreover, the functions B" always build a partition of unity if the knot sequence forms a
partition of R:
Y B'z)=1 VzeR (3.6)
1€EZ
The first statements can be verified directly by Definition The proof of can be
found for example in [DeB01] or [SWO05].

Definition 3.1.4 (B-splines on intervals). Consider an interval [a,b] C R and a knot vec-

tor X = (zg,...,xy) witha = 9 < 1 < -+ < xp_1 < z, = b and the extended vector
X = (e = - =20 < 21 < X9 § o0 < Xpeg < Ty = 0 = Tpym). Let the func-
tions By, ..., By .1 be as defined in but with B}, ,,_1(b) := 1. Then the functions
By, ..., B 1 are called B-splines of degree m on the interval [a,b].

Remark 3.1.5. Note that the change in the last B-spline B}, _,(b) = 1 is strictly required,
when the B-splines shall build a partition of unity on the closed interval [a,b]. Without
this change, Definition |3.1.1] u directly yields B]*(b) = 0 for all i = 0,1,...,n+m — 1 and
consequently 72" BI"(b) = 0.

Figure shows the B-splines B for m =1, m = 2 and m = 5 on the interval [a, b] = [0, 7]
for the knotvectors X; = (0,0,1,2.5,3,5,6.2,7,7), Xo = (0,0,0,1,2.5,3,5,6.2,7,7,7) and
X5 =(0,0,0,0,0,0,1,2.5,3,5,6.2,7,7,7,7,7,7).

The following lemma will allow to simplify the formulation of the FVPM with B-splines
considerably. The proof can be found in [DeB01] and is given here for completeness.

Lemma 3.1.6. For m > 0, we have

Z; 1— T
BI'(z)dg = L2 3.7
[ B e = T (37)
Proof. We consider the Taylor expansion for f € C™*! and assume z,;,..., T m11 € [a,b]

for some a,b € R:

flx) = ZD’" x—a) +/x(x—8)mIst

m!

= ZDT x—a) —i—/b(x—s)ffDme(S)ds.

r<m
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1 1
0.8¢ 1 0.8H
0.6 ! 0.6
0.4r 1 0.4t
0.2y 1 0.2y
OO 1 2 3 4 5 6 7 OO 1 2 3 4 5 6 7
(a) B-splines of degree m =1 (b) B-splines of degree m = 2
1
0.8
0.6
0.4
02
0

(c) B-splines of degree m =5

Figure 3.1: B-splines on the interval [0, 7].

If we now apply the divided difference [z;, ..., Z;tm+1] to both sides, we get
b +1
D™ s
[Ty ooy Tipmyt] f = / [Tiy .oy Tipmr1) (- — S)Tm'f()d&
a .

Choosing f(x) = 2™ leads to

1:/abM;n(s)ds:/RMr(s)ds

with M™ defined in (3.4)). Using (3.5]), we get

/ B™(z)dg = Tim+l — T
R TTL+1
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3.2 The FVPM with B-splines in one spatial dimension

As we have seen in the last paragraph, B-splines are piecewise polynomial and already build
a partition of unity. Thus, we are able to evaluate the integrals in and exactly
without much effort instead of using expensive numerical integration techniques. In return,
we have to take into account additional terms appearing in the scheme for B-splines of
degree m > 1. Further on, we will see that one loses the freedom of choosing arbitrary many
neighbours for each particle.

In the following, we will derive the FVPM for the problem in one spatial dimension
using B-splines as particles. We begin with the case of B-splines of degree m = 1, because
in this case the scheme can be written in a very simple way by using a slightly different
discretization than will be used in the general case.

First Ansatz: B-splines of degree m =1

Consider an interval [a,b] C R, points a = x_1 = 29 < 271 < -+ < oy = zy41 = b and
B-splines of degree m = 1 that form a partition of unity over the interval [a,b] as defined in
The points zg, ..., xn will be denoted as particle positions which are allowed to move,
thus having x; = z;(t) for i =0,..., N.

The corresponding B-splines B} are denoted as particles. Of course, the auxiliary points
x_1 and x4 should move with the same velocities as the points zg and z, respectively,
such that we have z_1(t) = zo(t) and zn(t) = zny41(t) VE > 0 and a partition of unity
according to Definition [3.1.4] is always guaranteed. Further on, we restrict the movement of
the points such that we have z;(t) < z;41(¢t) V¢t > 0, meaning that particles are not allowed to
overtake each other. Obviously, the B-spline B! defined in only depends on the points
xi(t), ..., Titmy1(t). After renumbering and introducing quantities

hi(t) = ziy1(t) — xi(1),
the B-splines of degree m = 1 can be written at each time t > 0 as

with the function
1+hl for —h1 <z <0
1
W(w,hl,hg): _hlg fOI‘OS:EShQ
0 else.

These B-splines will now be taken as particles, meaning that we set
bi(x,t) = B} (x,1),

compare Figure Note that in general, the position z;(t) of particle ¢; at time ¢ is no
longer the center of the support of that particle.
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W

Ti—1 LT Tit1
hi*l hz’

Figure 3.2: Sketch of a particle ;.

Using

Oni(,t) = —ai(t) Varhi(z, t) + him1(t) On, W (2 — 24(t), hi—1(£), ha(t))
—i—hi(t) ahQW(l‘ — ."L‘Z'(t), hz;l(t), hl(t)),

we can write for a non-moving domain 2 = [a,b] C R with the outer normal vector n

d .
— uwz dex = / [(—mz wai"i‘hi_l 8h1W(x—mi,hi_1,hi)

+h; O, W(x — xi, hi1, hl)) u+ F(u) wai] dz — / F(u)vy;nds
o0
= / (F(u) — T U) Va0 dx + hi—l / 8h1W(SU —xi, hi_1, hl) udz
Q Q
—i—ili / ah2W({L' —xi,hi_1, hz) wdx — F(u) Yinds.
Q

o0
As in Chapter [2] we define local averages as

1
Vi(t) /Qu(:”’t) vi(z,t) dz,

u;(t) =
where

Vz(t) = /Q?,/JZ(J},t) dx = %({L‘Z’_;,_l(t) — xi_l(t)) = %(hz(t) + h,;_l(t)).

Assuming now that w can be approximated by @;;—1 and @; ;11 on (z;—1,2;) and (x;, Tit1),
respectively, and using

8h1W<$ -z, hi—1, hi)|(ﬂ3hxi+1)
ah2W(ZL‘ — Ty, hi*l, hl)\(ml_hmz) =0

as well as

Z; Ti41 1
/ O W(x —xi, hi—1,h;)de = / On,W(x — x4, hi—1, h;)dx = 3
Ti—1 T4
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and

Z; Ti41
/ Vot = — / Vatide = 1,
Ti1 T

i

we can write

d i - ) -
T (Viui) =~ (F(Wi-1) — @1 %) — (F(Wi41) — Wiig1 T5)
1. 1. ~
+§ hi—1 ;i1 + B h; w; i1 — B;
_ _ j?‘—l-i‘_l _ _ T + T, 1 -
= (F(“iyi—l) — Wii-1 221> - (F(uz‘,z‘+1) — Wiit1 121+> - B;
where
B; = F(u)¢;nds
o0

Introducing a numerical flux function g;; := g(w;, &3, uj, @;) consistent with (F(u) — i) in
the sense that

gl i) = (P(w) —u =),
we can approximately write
d -
dt (V;uz) = _(gi,i—i-l + gi,i—l) - B;. (3.8)

For the volumes it follows immediately from the shape of the B-splines of degree m = 1 or by
Lemma [3.1.6] that ; .
Vilt) = [ ditot)do = el
Q

and therefore . .
Tit1l — Ti—1

V; = 3.9
. (39)
Together with the initial values
i+1(0) — z;—1(0
O O (3.10)
Q
u;(0) = /u(:c,O)wi(x,O)dx (3.11)
Q
and the reconstruction formula
N
wp(z,t) =Y uit) i, t),
i=0

we have a semi-discrete version of the FVPM with B-splines of degree m = 1 in one spatial
dimension. It follows immediately that this scheme is conservative and preserves constant
states. In fact, the only difference to scheme f for the case of two neighbours
per particle and piecewise linear shape functions described in Chapter [2| lies in the initial
values and the reconstruction formula.
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FVPM with B-splines of higher degree

We will now derive the FVPM with B-splines of higher degree in one spatial dimension.
Unfortunately, in the general case, the scheme will contain additional terms resulting from
the more complicated dependence of the B-splines on the particle positions. As an advantage,
these terms and all other occuring integrals can be computed exactly.

By construction, for every ¢t > 0, the B-spline Bj" defined in can be written as a function
W™ depending only on « — z; and the distances between the knots z;; and x;, z;12 and
ZTitlyery Titmt1 and Tiqpm, i.€. we set

it (@, ) = W@ — 2i(t), hi(t), - ., higm (1)) (3.12)

for W™ : R x RZH — R and h;(t) == 2;41(t) — 2;(t). As before, the particles will be moved
according to the movement of the knots z;(t). Note that, in constrast to our first Ansatz,
xi(t) cannot be assigned to the unique maximum of the particle ¥" any longer, except for
degree m = 1 and after renumbering, see Figure [3. For this reason, we will get two different
numerical schemes in the case m = 1: scheme - based on our first Ansatz and
scheme f based on the general Ansatz to be introduced now.

X Tig1l Ti42 X Li+1 Li42 Li4-3
h; hiy1 h; hiyi hiyo

Figure 3.3: Sketch of particles 1} (left) and %? (right).

To simplify notation, we set
Wim($7 t, hi(t)> SO) hl+m(t)) = Wm(x - l‘@'(t), h‘i(t)v s 7hi+m(t))‘

Moreover, we will often neglect the arguments and write W, instead of

Wz, t, hi(t), ..., hizm(t)).
Proposition 3.2.1. The time derivative of particle i can be written as

N

O (w, t) =y (&5 97" Vb — a0 Vi)
=1 (3.13)

N m
A (hik On W) = Bk (On,, V) W),

7=1 k=0
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Proof. First, we state

O™ (1) = —&; Vo i" + Z Pt Ong Wi (3.14)
k=0

Using > ;9" =1, we get

N

O (w,t) = D w o — o dtZw]
1

J

I
Mz

(37] 1/11 xq/’;n — & w}" le”)

<.
I
—

k‘:O

+
M) =

.
Il
-

Remark 3.2.2. Using , we see that the particles satisfy the transport equation
at¢m + 2 Vb Z hz+k ahH_k

As before, the spatial derivative can be represented in the symmetric form

N

Vot = > (Y Vo™ — " Vo). (3.15)

Jj=1

In analogy to Section we define geometrical coefficients

Yij = /Fijd%
Q

Bij = Yij — Vjis
6% - /(2(0h1+ka) ¥y da

and the boundary term

B, = F(u)y"nds
o

to get

d i
&(Vzuz) = & dz = Z/ Tj (U x% — & 7/}] Vb )’U‘dx

+ Z Z/ itk ahz+ka) wm - h]+k (8hj+k ij) ¢1m) udz

7=1 k=0

- Z/ F(u) (07" Votb* — " Voobi") da — By
j=1"9
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As before, we take a numerical flux function g;; := g(ui, &;,uj,a;,n;;) that is conservative
and consistent with (F(u) — w - #;;) with the approximated particle velocity (2.30) and end
up with the following ODE

d N N m . _
&(‘/zuz) = - Z |Bij1 9ij + Z Z itk O — hjvk 55‘ Uz) - B;. (3.16)

j=1 j=1 k=0

Note that the approximated particle velocity forms a convex combination of the particle
velocities @; and %; as condition is always satisfied.

To complete the modified FVPM, we need an additional equation for the volumes V;. From
Lemma we can conclude directly

. d _ Tigmt1 — T
V= "dy = —————. 3.17
dt / v m—+1 ( )

Thus, we can now formulate a semi-discrete version of the FVPM with B-splines consisting

of (3.16)), (3.17)), the initial conditions

1
wl) = 7 / o) U7(, 0) da (3.18)

_ Tiym11(0) — 2i(0)

1
m—+ 1 (3.19)

Vi(0) = /wz (2,0)d

and the reconstruction formula
N
=3 ui(t) ¥ (2, 1) (3.20)
i=1

Remark 3.2.3. For the evolution of the volumes V;, we can write equivalently

/8twmdx— [(%jjcj—'yjiacz —i—Z itk O — j+k5@]) . (3.21)
k=0

Again, we can show that the FVPM with B-splines is conservative and preserves constant
states if a conservative numerical flux function that is consistent with the averaged particle

velocity (12.30)) is used.

Theorem 3.2.4 (Conservativity). Consider a non-moving domain Q C R and assume that
the numerical flux function g;; is conservative and consistent with the modified flux function

(F(u) — u- &;;) with the averaged particle velocity . Then, the method f is
conservative in the sense that

N

d
g Z_Zl(VZUZ) =/, F(u)nds. (3.22)

The proof is similar to that in Chapter
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Theorem 3.2.5 (Preservation of constant states). Under the assumptions of Theoremm
scheme f preserves constant states in the sense that

u;(t) = wi(t) Vj € N (i)

implies
d
Proof. We use (3.21]) to see that
d N N m -
a(vzuz) = _Z(F(Uz) u; - ng B’L] +ZZ i+k 5]@ - ]—i—k 613) i — B
j=1 j=1k=0
N m
= > | Oy = yzide) + D (hirndf; = hyendly) | wi
j=1 k=0

O]

Remark 3.2.6. Again, the conservativity and the property of preservation of constant states
can be naturally transferred to a fully discretized version of the FVPM using for example an
explicit forward Euler method in time which we will use in our numerical computations in

Chapter[3.

We end this section with the derivation of some helpful properties of the coefficients and the
boundary term, which can be deduced directly from the properties of B-splines.

Proposition 3.2.7. Consider the domain Q = [a,b] C R and N particles " (x,t) over the
extended knot vector (1,22, ..., EN+1s -y EN+m+1) With 1 =+ = Typg1 and Ty = -+ =
TN+m+1 (see Definition . Under the assumption xpymi1 < Tmgo < -+ < Ty41, the
coefficients and the boundary term of the FVPM with B-splines satisfy

Bij = 2%, (3.23)
By = x;ri% (3.24)
—F(u(a,t)), fori=1
Bi(t) = { F(u(bt)), fori=N (3.25)
0, else.

Proof. For the coefficients ~;;, we have

b b
Yij = /Q uroaae = [ urawae= [yl - [Cop o a



56 3. The FVPM with B-splines

By Definition and Proposition the particles satisfy
1, fori=1 1, fori=N
vila) = {O, else, vilh) = {O, else.
Thus
Yii = —Vji
and
Bij = Yij — Vii = 2%ij-

This yields

= YT — Vi T+ ay
T = = .

Bij 2
Alternatively, (3.24) follows by Proposition [2.2.13| (ii) in Chapter

For the boundary term, we get directly

—F(u(a,t)), fori=1
Bi(t)= | F(u)¢"nds = [F(u)y"], = { F(u(b,t)), fori=N

o0
0, else.

In the next section, we will present two special cases of the FVPM with B-splines, namely
the cases for B-splines of degree m = 1 and m = 2 in one spatial dimension.

3.3 Special cases

We begin with B-splines of degree m = 1 for the scheme (3.16)—(3.19)).

For m = 1, we get for the coefficients

1 forj=i+1 3 forj=i+1
Bij = -1 forj=i—1 Yij = (-3 forj=i—1

L0 else, 0 else,

(1 for j=i+1

§ OI"]:Z 1 . .

z forj=i+1

8% = S—1 forj=i—1 ol 3
7 6 J 7 0 else.

0 else,
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Using a forward Euler method in time for Equation (3.16|), we obtain

n+1, n+1
V",

= Vi'ul — At g7 (uf udy ) + gt (ufuf )]
i 0 i 1 i 1
+At(h" 5z+1 i Wi — hi1 05 i+l ui' + hity Oit1,i uy — hito 0;i41 uy
1 =N
+hn51 1,3 ?l_hz 1511 lu +hz+151 11 z hndzz lu) Ath

= Vi'ui — At [gini—i-l(un uy) + 911 (uf, Uzn—ﬂ]

1.
+At(§h" Wiyl + 6hz+1 u; + 3hl+1 Wit1 (3.26)
1. 1. 1. ~
_6h? U;i—1 — §h?_1 u; — gh? ul) — At B:L,

Where B! is a suitable discretization of the boundary term B; in and V" = Vi(n At),
v — a;(nAt), b = hi(n At) and 955 (u,v) = gij(u, i}, v, 7, n; ) Wlth ' = &;(n At) and

y gy P by Ty
= n;j(n At). The initial values and the volume updates are given by

z;+2(0)
u? = 33i+2(0)2_33i(0)/-(0) ug() wz‘l(%O) dz, (3.27)
Vo — W7 (3.28)
o oy “77122—95" 7 (3.29)
where
W’ x € [J:i(t), .Tl(t) + hl(t))
YHa ) =01 2= 92(2 (;)hi“), 2 € [wi(t) + hit), @i(t) + hi(t) + hiy1 (1))
0, else.

Obviously, scheme (3.26)—(3.29)) is more complicated than scheme (3.8)—(3.11]). In Section

we implemented both schemes for the problem of a moving piston in a one-dimensional
domain. Both schemes behave well and provide similar convergence rates. Therefore, scheme
f is the preferred one in the case m = 1.

Next, we consider the scheme f with B-splines of degree m = 2. In this case, we
have four neighbours for every particle located sufficiently far away from the boundaries:

NG@) ={i—2,i—1,i+1,i+2}, i=34,... ,N—2. (3.30)



58 3. The FVPM with B-splines

An Euler discretization of (3.16)—(3.19)) yields

‘/in—’—lu?—i_l = u — At Z ’6 ‘gzj )
JEN(4)
+ 3 Z(’mk( ) T <5fj) u;‘)—AtBi (3.31)
JEN (i) k=0
‘/Z'TH-I — ‘/;n+ xi+33_ Z; (332)
1
W = o [ ) w0 (3.33)
vo - 2l s 30

with

Vi@, t) = W2z —it), hit), hir1(8), hiva(t))

2
Tr — I
hz'((hi+hz+1)’ 7 € oo mit h)

(z — ) (hi + hiy1 — (z — x;))

hit1 (hi + hit1) T € [x; + hy,
" (($ — xz) — h,’) (hi 4+ hiy1 + higo — (:U — xz)) x; + h; + hz’+1)
- hiy1 (hit1 + hiyo) ’

(hi + hiv1 + higo — (:U — a:z))Q T € [xz + hi + hit1,
itz (Pt + hiya) ’ i+ hi + hiv1 + hiy2)
0, else,

where we omitted the argument ¢ in the last term to simplify notation. Note that the upper
index in the function ¢? denotes the degree of the B-spline. Note further that we used
Zi, hi, hiy1 and h;1o as the only arguments of zpf in the above representation. Since we have

to compute the partial derivatives Oy, W, Oy, , W; and 0, ,W;, this notation is much more

i+1
advisable.

The geometrical coefficients 3;; can be computed exactly and are given by

By = 1 hit1 (2h; + hiy1) B hii hiv1+ 3hiio
bt (hi + hit1) (hiv1 + hiy2)  (hig1 + hig2) (Rig2 + higs)  (hivn + hiy2)

:_Bi-f-l,ia Z:377N_2
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and
hiis
= —Biy2i, 1=2,...,N—2.

3 (hit1 + hiy2) (hiy2 + hiy3) e
For particles near the boundary, the coefficients 3;; have to be computed separately. For
the computation of the additional coefficients 5;?1-, the functions Oy, W;, Op,,., Wi and 0, ,W;

are needed. These are given by 1}1} To compute the coefficients 5;%, we have to

Biit2 =

determine the integrals
& = /Q (On o WI™) W da, j e N(i), k=0,1,2.
If we write

" Tit1
0i_g; = / (On,+.Wi) ¢i—odz,

Ty

Tit1 Tit2
o 1, = / (On,+.Wi) iy de +/ (On+£Ws) i1 de,

T Tit+1

Xi42 Ti+3
o1 = / (Oni+:Wi) ip1da +/ (Ons+:Wi) iq1de,

i+1 Ti+2

" Ti+3
Oiyoi = / (On;+£Wi) it da,

Tit2
for k = 0,1,2, every integrand is a polynomial of degree 4 at most and can be computed
exactly with Gaussian integration using 3 integration points. Alternatively, the above
formulas can be computed symbolically. In our numerical problem tested in Section [5.2] we
decided to compute the integrals symbolically using the MATLAB Symbolic Math Toolbox
and evaluate the results in every time step, because this method is much faster in MATLAB.

Remark 3.3.1. A first idea to construct a scheme like the modified FVPM with B-splines
in the last sections in a two-dimensional setting Q C R?, is to build B-splines by a tensor
product structure

where Y (x,t) and wjm(y, t) are one-dimensional B-splines constructed as in Section and

[DeB01).

In the next chapter, we show how the FVPM can be applied to balance equations like the
Savage-Hutter equations. For this purpose, we couple the FVPM with an existing kinetic
scheme for the Savage-Hutter equations.
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On.

O

i+1

o

142

Wi

Wi

Wi

/ 2

(# —24)” (2hi + hit1)
_ € (@i, z; + hy
AEQS.L_.Eivvw“ 7 € (@2t i)

(x — &Lw
hit1 (hi + hit1)

2 AH — Hsv — w\: — \:.I — \S._.w
hit1 (hiv1 + hiv2) ’

5 + Hmﬁ,&.@.n_v\:f&.@.n_ngn_vgglv

o hit i1 + hiyy — (x = x:)
hito (hit1 + hiy2) 7

0, else,

(  (z— &Lw
hi (hi + hit1)*’
A&. — H@.vw A\: + MNS.LLV _ A.&. — Rvsv i A& —T; — \S.vw A\S.an + M\S.le _ A.&. —xT; — st
2 2 2 2 )
(his1 (hi + hit1)) hit1 (hit1 (hiy1 + hiy2)) hit1

2 (hi + hig1 + hizo — (x —23))  (hi + hig1 + hiys — (x — 2;))°

i

hiva (hiv1 + hiv2) a hivo (hiy1 + \ss.._.me

( AA8 — &sv — Ds.vm
hitt (hip1 + his2)?’

5 (Ri + hist + hiva = (x = 25))  (hi+ higs + hipa — (@ = 22))* (higr + 2 higo)
hiv1 (hit1 + hiya) (hiz1 (higt + hita))’

)

0,

(3.35)

x € (zi+ hi + hiy1, i + hi + hiy1 + hiva)

T € A&f&& + \ssv

x € AH@ + h;,x; + h; + \N@.._.HVAw.wmv

x € (z; + hi + hiy1,
i + hi + hit1 + xi + hi + hit2)

T € A&s + hiyx; + h; + DTLV
x € AH@ + hi + hit1, Aw.wﬂv
i + hi + hit1 + hit2)

else



Chapter 4

The FVPM for granular flows

Dense snow avalanches and landslides regularly entail enormous damage. Therefore it would
be extremely helpful if one could predict the dynamic behaviour of such granular masses, par-
ticularly to predict the place where the mass comes to rest. Furthermore, industrial problems
dealing with the dynamic behaviour of granular material like the modeling of grain in silos
are of great interest.

This chapter deals with the dynamics of granular flow problems that can be described by
the Savage-Hutter (SH) equations. In Section we will give a short introduction to the
SH equations and describe the main difficulties that arise when dealing with the dynamics of
granular masses.

Section is concerned with a (semi-)kinetic representation of the SH equations and a re-
sulting Finite Volume Method. This so-called kinetic scheme is able to describe the whole
dynamic of a granular mass from starting to stopping. Moreover, it can be shown that it
preserves the steady states of granular masses of rest. For the construction of the kinetic
formulation, we use an Ansatz of Perthame and Simeoni presented in [PS01]. The contents
and results of Sections and can be found in [KS08|] and are given here only for the
sake of completeness. In Section we apply the FVPM to the SH equations by adopting
the kinetic fluxes. This provides an example where the FVPM can be used successfully to
solve hyperbolic conservation laws with a source term.

4.1 The Savage-Hutter equations

In [SHR9|, Savage and Hutter deduced a model based on the incompressible Euler equations to
describe the dynamics of granular masses moving on a bottom or ground topography, which
is constant in time and spatially only slowly varying. Under the additional assumption that
the internal friction angle equals the dynamic one, the SH equations in one spatial dimension

read

Oih + 0. (hu) = 0,
Or(hu) + 0y (hu? + b?) = gh,

61
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where

b=ck cos(

and
g=g(u) =sin( —sgn (u) cos¢ tand for u # 0,

in the unknowns h, hu : R x (0,00) — R. Here, h and u denote the height of the granular
material and its average velocity, respectively. Moreover ( is referred to as the inclination
angle of the bottom topography against the horizontal, § denotes the dynamic friction angle,
€ the ratio of characteristic height to characteristic length of the mass under consideration
and k is an earth pressure coefficient. The system is hyperbolic as long as the height stays
nonnegative . In [SH91], this model is extended to smoothly varying bottom topographies,
which results in an additional z-dependence in the flux function. The effect of friction is
modelled in both equations using a simple Coulomb model. Other friction models that are
not subject of this paper are discussed in [MVB™03].
The source term gh on the right hand side of the second equation of causes non-constant
steady states, which actually do make physical sense. But in contrast to other models for
fluid dynamical processes like the shallow water equations, there are infinitely many steady
states, which are described by

Oh =0, u=0. (4.2)

If we insert (4.2]) into the SH equations (4.1)), we get the following relation between the spatial
derivative of h and the source term
bd.h = g.

Since we are interested in granular masses at rest, we have to consider static friction, which
is bounded by the dynamic friction due to the Coulomb model. Therefore, the source term
and hence the steady states are not uniquely defined for u = 0. But we can give a simple
criterion on 9, h to decide whether the mass is in equilibrium or not. Height profiles h which
satisfy that condition will be named admissible profiles in the following. An exact definition
of admissible profiles is given in Section

4.2 A kinetic FVM for the SH equations

In this section, we present a (semi-)kinetic representation of the SH equations with constant
inclination angle such that b = const and a numerical scheme based on that formulation.
A (semi-)kinetic representation of the general SH equations for smoothly varying chutes
can be found easily and is given in [KS0§|. The construction of the kinetic representation
relies on an Ansatz of Perthame and Simeoni presented in [PSO1]. The numerical scheme
will be shown to be conservative and consistent and has the desired property of preserving
nontrivial steady states. Moreover, we can apply a stability result from [PSOI] which ensures
nonnegativity of the height under some weak conditions.

Other numerical approaches to the SH equations can be found in [TNGHO02], where the
authors present a combination of a shock-capturing non-oscillatory central difference
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scheme (NOC) and a front-tracking method. This scheme produces very satisfactory results,
particularly for an avalanche moving down an incline and coming to rest at a flat runout zone.

Consider a constant inclination angle ¢ = const and thus b = const. Similar to the kinetic
formulation of the Euler equations or the shallow water equations in [Cer94], [Str95], [PS01]
and [Per02], we are looking for a density of particles M (x,&,t) = M (h,§ — u) satisfying

h 1

hu = / & | M(h,&—u)déE. (4.3)
hu? + §bh? A e

In the following, we proceed as Perthame and Simeoni in [PS01] for the shallow water equa-
tions and define M by making the Ansatz

M(h,€ —u) = Vh x( (4.4)

E—u
75

with a nonnegative function x : R — R satisfying

/Rx(w) dw =1, (4.5)

/ w? x(w)dw = Q
R 2

It is easy to see that every function M of the form (4.4]) satisfies (4.3)): because of the properties
(4.5), we obtain for the moments of M

/RM(h,f—u)d§ - /R\/Ex(i;ﬁﬂ de

= /R\/Ex(w)\/ﬁdw
h
[eme—was = [evir(*)ae

— [ (Vo u) VE x@)Vhds
R

= h3/2A{wx(w)dw+hu/IRx(w)dw
= hu,
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femue—wa — [evi(*=)a

Vh
= /(\/Ew~|—u)2 Vh x(w)Vhdw
R

= h? / w? x(w) dw + 2 h3/2u/ w x(w) dw + hu? / X(w) dw
R R R

1
= hu® + -bh?.
2
These relations lead to the following theorem, the same theorem as Perthame and Simeoni

formulate in [PS01] for the shallow water equations. For the proof see [KS0§].

Theorem 4.2.1. The pair (h,hu) is a strong solution of the Equation if and only if
M(h,§ — u) of the form solves the (semi-)kinetic equation

M (h,§ —u) +§ 0 M(h,§ — u) + g(u) OcM(h, § —u) = Q(t, x,§) (4.6)
with Q(t, z, &) satisfying

/ngzo and /degzo. (4.7)
R R

Remark 4.2.2. Note that there are still macroscopic values in the kinetic Equation @
Therefore, we call the Vilasov type Equation @ (semi- )kinetic.

Remark 4.2.3. The only nonlinearity of Equation (@ is caused by the collision operator
Q. Therefore, @ is a lot easier to handle than the original system.

Now we have to choose the function y. In contrast to the shallow water equations, where
friction is neglected and the only physical steady states are those of a "lake at rest”, the SH
equations admit infinitely many steady states of granular masses at rest. It is clear that the
height profile of such a granular mass is not uniquely defined. Moreover, the gradient of the
profile has to be somehow bounded to avoid the moving of the material. If one inserts the
criterion d;h = 0 and u = 0 for a mass at rest into the SH equations, one finds the following
relation between the height ~A and the function g

b O.h =g. (4.8)

Note that g is not yet defined for u = 0, as described in Section Nevertheless, for u =0
the values of g do not exceed certain bounds, because g is defined as the sum of a gravitational

force term
g1 :=sin(
and a second term, which expresses the Coulomb friction:
U
go = —ﬁ cos( tand for u # 0.
U

In a simple Coulomb friction model, static friction does not exceed dynamic friction and
therefore
—cos( tand < go < cos( tand for u =0.

These considerations lead us directly to the definition of an admissible profile.
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Definition 4.2.4 (Admissible profile). A mass profile h is said to be admissible if its spatial
derivative O h satisfies

min [sin ¢ + R, max (b0zh, sin( — R)] = b, h, (4.9)
where £ R denotes the force term resulting from friction:
R = cos( tané.

Moreover, we demand the collision operator () to vanish in equilibrium. This condition does
make sense in analogy to classical gas dynamics. Up to now, the only constraint on @ is the
vanishing of the first two moments.

Therefore, for steady states of the form d;h = 0 and u = 0, Equation becomes

€ 0 M(h. &) +g 9 M(h,€) = 0. (4.10)

As described in [PS01], one can convert this equation into an ordinary differential equation for
x using (4.8) and the substitution w = &/v/h. In particular, for admissible profiles d,h # 0,
we get

o [5() - S o () -0
& a“’éh wy(w) — w?x (w) + 20’ (w)} =0
s [wx(w) + (2b—w2)x’(w)} = 0. (4.11)

Under the conditions (4.5)), Equation (4.11]) admits the unique solution

1
x(w)=C /(2b— w2)+, where C = e (4.12)

Finally, the microscopic equilibrium density for a constant inclination angle is specified by

M(h, €& —u) zx/ﬁx<§¢—ﬁu> _ :\2;’2 (1_(52_M1‘))+. (4.13)

To preserve the steady states numerically, the discretization of the kinetic equation and, in

particular, that of the source term is extremely important. In [PS01] the authors construct
a scheme with reflections following the concept of upwinding the sources at interfaces as
described in [KPS03] and [PS03]. Here, we do not follow this concept since internal friction
is a volumic force rather than an interface force and the interpretation as a surface effect is
not evident. But away from physical meaning, there are ideas to treat friction as a bottom
topography [MVBT02].

We will now present a Finite Volume scheme in one spatial dimension for the SH equations
(4.1) based on the (semi-)kinetic representation, i.e. a numerical method that preserves the
steady states of a granular mass at rest. Furthermore, it can be shown easily that the scheme
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preserves the nonnegativity of the materials’ height at least in regions of large deformations.
The numerical scheme is constructed by integrating a discretization of the kinetic Equation
(4.6). The details of this approach can be found in [KS08]. Here, we will only present the
main ideas and the resulting Finite Volume scheme for the SH equations.

For the construction of the scheme we proceed as follows: First, we discretize the kinetic
Equation directly in the density M. Integration of the method leads to a consistent
macroscopic FVM, which is conservative and in some sense stable in the first component.
Since this method is not able to preserve steady states, we introduce a modified microscopic
numerical flux and a particular discretization of the source term. At the end, we choose a
combination of the two approaches and use the the second one for the starting and stopping
process and the first one otherwise.

We consider an equidistant mesh of R x (0, 00) with points (x;,t,) = (i Ax,n At), i € Z,n € N
and cells C; = [2;_1/2, Tit1/2] With ;419 = (2 +2;41)/2. Based on that mesh, we define cell

averages
hn 1 / Wz, 1) d
o= z,t)de,
1Ci| Je,
1
g = (hu)} ::/ h(z,t) u(z,t)de,
ICi| Je,

and u}’ := (hu)}/h?.
With these quantities, we define the discrete density of particles M;*(§) by

M(€) i= M(RD, € — uf).

K3 K3

In order to discretize Equation (4.6)), we firstly neglect the collision operator @) and get

FIHE) = M) + A& (MY o(8) — M 5(8)) + At gF (M) (€) = 0, (4.14)

where A := At/Az and the microscopic fluxes M

141/ are defined by the Upwind formula

. { MP(E), €20, (415)

2T ML), ifE<o.

Since we neglect the collision operator, the density ff“ (£) is no longer an equilibrium density,
i.e. it no longer satisfies the conditions (4.3)). Therefore, the resulting density is denoted by
fi"H(f ) instead of Mi”H, but can be projected back to the class of equilibrium densities via

n+1
Urtt .= (Z;”l) = /R ( 2 > ) de. (4.16)

As described in Section[1.3] this procedure is common practice in constructing kinetic schemes
[Str95], [PSO1], [Per02]. The microscopic density M (¢) is obtained from the data at time
level t,, as follows:

the moments
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1. receive fZ-"H(ﬁ) from Equation 1'
2. compute the macroscopic quantity U = (h:-LH, q?H)T via Equation 1}

3. the density M1 (¢) = M(RIH! ¢ —u1) is an equilibrium density again, i.e. it satisfies

(E3).

To discretize the source term, we simply choose g = g(u}) for u]" # 0 and a discretized form
of (4.9) for admissible profiles. If the profile is not in equilibrium, we know that static friction
is bounded by dynamic friction. These facts motivate the following definition of g¢;':

n. ) 9 if u!=0
%= g(ul), otherwise,

)

where

g;" = min [sin(—i— R, max (ﬂ ((hi 1 — hi_1)/2Az), sin¢ — R)]

A macroscopic scheme can be obtained by building the first two moments of the microscopic
scheme.

Instead of Equation (4.14]), we will use the microscopic scheme

FEHE + Atgl) = M€ + X (M 5(6) = MLy 5(6)) = 0 (4.17)

in further considerations (see Remark (4.2.5))).
Computing the first two moments of Equation (4.17)), leads us to

Uit =uy - (F?+1/2 - F?—I/Q) +AtS? (4.18)

" 0

and the macroscopic numerical fluxes

1 1
Flyp=FU; U}, = /§>0§ ( ¢ > Mi”({)d§+/$<0§ ( ¢ ) 18 d€.

)2>T we get
) ge

with

) (Y

For the components of F?Jrl/2 = ((F” T

i+1/2

(Frap)' = [ eMp@der [ eMpa©de

::I{l,i ::IQ%-Jrl
and
(Flyp)? = €MPEde+ 2 M (8) dé,
£>0 £<0
=] o

—.Jn
3,6 =17
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n
where I7',

functions I, ..

Il (h, U)

IQ(h, u)

Is(h,u)

I4(h, u)

Lk ), I, = (k) uy), I3,

) R Eat)

177

., I, are given by

hu,
ZV2b h3/? cos®(arcsin(a))
B +2 hu (% — Larcsin(a) — 1 sin(2 arcsin(a))),
0,
0,

—3% V20 h3/? cos? (arcsin(a))

+2 hu (g + £ arcsin(a) + 1 sin(2 arcsin(a))),

hu,

( hu® + bh?,

%bh2<1_l

7 — Larcsin(a) + 55 sin(a))

= —% V20 h3/?u cos® (arcsin(a))
+2 hu? (% — Jarcsin(a) — 1 sin(2 arcsin(a))),
0,
0,
1ph? (é arcsin(a) + 7% — 35 sin(4 arcsin(a)))

— V/2b h3/?u cos® (arcsin(a))

1

+2 hu? (% + $ arcsin(a) + % sin(2arcsin(a)) ),

hu? + 1bh?,

with a := a(h,u) := —u/v/2bh.

I3(hi,u}) and If;

I4(h},u}) and the

P4

ifa<-—1

4.1
if —l<ax<1 (4.19)

ifa>1,

ifa< -1

4.2
if —l<ax<1 (4.20)

ifa>1,

ifa< -1

(4.21)
if —1<axl

ifa>1,

ifa< -1

(4.22)
if —1<ax1

ifa>1,

Remark 4.2.5. The only difference between the resulting macroscopic schemes relying on

(f4.14[) and (f4.1’/1) is the term At gl h'. Using , one ends up with At g}’ h?“ instead.

In [KSO§| it is figured out why this scheme can not preserve admissible profiles in general.
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Therefore, we propose the following modifications in the microscopic numerical flux function
and the discretized source term.
As new microscopic fluxes, we choose

M<h+hl+1§_u?>’ if&>0
~z'T-Li-1/2 = (4.23)
M(W,g—u;¢+1>, if € < 0.

This means that the actual upwinding takes place only in the velocity u and no longer in the

height h. With (4.23)), the new macroscopic fluxes F?H/Z = ((Fﬁlp) 7(Fﬁ1/2> )T read
- h 4+ h h+ h
(Fliay2)' =/ §M<21“75 ) d£+/ 5M(2’“,§ @H> dg
£20 £<0
=: T”H = én,i,iJrl
and
. hi +h hi +h
(Fi11/2)2 = &M (22H7§ > d§ + &M (21+1’§ - “z+1> dé
£§20 £<0
:~?T>Lzz+1 :Nz’fzz+1
with
- hi + h% - hi + h?
Iﬁi,j = I (Z2],u?> , [gm =1 (Zzﬂ,u?) ’

.3

- h + A" - h? + A"
Iy, = I <’29u?> 7 I =1 <123u>
and Iy, ..., Iy given by (4.19)-(4.22).

Additionally, we change the source term for slowly moving or non-moving masses, i.e. masses
that satisfy 0 < |¢?| < |At g(u}) h?*™| or u! = 0: for admissible profiles, we replace At in
the source term by ((h?,; 4+ 2k} + hl" ;)/4) resulting in the modified source term

0
Sii= | L, (P + 207 + by
9 1

)

For fast moving masses, we still take S} and for slowly moving masses, we use a combination
of §% and S} with the coefficients

- {—q?/mgmm WL g £ 0
=1

else
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and
(L+qp/Atg(gp) hi ™), if g #0
(1—p)=
1, else.
Here, we assumed that the height A} is always positive such that we have sgn(q}') = sgn(u}')
and ¢ = 0 iff u! = 0. In Theorem we give a justification of that assumption.
All together, we end up with the macroscopic scheme

UP =\ (Flae = Filgo) + 0t (087 4+ (- ) 8)), if [ <1

- - (4.24)

n+1 __
u'm =

Remark 4.2.6. Note that the coefficient p does not always result in a convexr combination of
the different discretizations of the source terms S} and S?. Assume for example ¢', h]' > 0
for some i € Z and n € N. Moreover, let (,0 € (0,7/2) with ( > . Then, we get

9(q') =sin¢ — cos( tand > 0

and thus p < 0 in case of h?ﬂ > 0. But, under the assumption that the heights h}' and h?“
are positive and q;' < 0 or g' > 0 and ¢ <9, we always get j1 > 0.

It is easy to see that scheme is able to preserve admissible states and can handle
the starting and stopping of inadmissible profiles. For details see [KS08]. But, in the case
of strongly inadmissible profiles, scheme causes small oscillations. To get rid of this
drawback, we decided to couple the two schemes and by using the first one for
rapid flows and the second one for the simulation of starting and stopping processes as well

as for masses in equilibrium.

The resulting coupled scheme thus reads

U?_/\(F?Jrl/Q_F?flﬂ) + At (,uS?—i—(l—u)S’?), if |p] <1

Urt! = (4.25)

U = Al = Fly ) + ALST, lse .
Written in the components A} and ¢, the method (4.25)) can be written as
Scheme 4.2.7.

hitt =hi — A(( ~1‘111/2)1 - (Fﬁlﬂ)l)

P = M) = (B )?) if luf <1

+ (L= ) At g}t (A + 2k + hit 1) /4) J

R = ht = A(( Hage)t = (Fy)t)

else

6 = g7 = AN(FlLyj0)® — (FLy2)?) + Atg(a) b
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where

T T
Fﬁrl/Q = (( i11/2)1’(Fi11/2)2) = (Iﬁi+I£i+1’I§i+IZi+1) )

= = = T = = = = T
Fly = ((Fha)S (Fla)?) T = (g + i Bl + 1 1)

and g;' and p are given above.

In [PSO1], the authors formulate a theorem for their kinetic method solving the shallow
water equations with a source which ensures nonnegativity of the height h. Because part of
the method was constructed following the Ansatz made in [PS01], we can easily apply that
theorem to the scheme in the case of rapidly moving granular masses.

Theorem 4.2.8. Under the CFL condition

Az 1
mazx(\um+\/2bh?)gﬁzx and |q") > |Atg(qh) 'Y VieZ,
1€

the height h in scheme remains nonnegative, i.e. we have h* > 0 for all i € Z and
n €N, if ) >0 for alli € Z.

Proof. The proof of Theorem is similar to that in [PSO1] and uses that
ff“(f + Atg(u)) >0 for all £ € R and ¢ € Z as it is a convex combination of nonnegative
quantities. The proposition follows directly from

Pl = /R FE + At glul)) de.
OJ

In the case |¢7'| < |Atg(q?) ™|, the considered mass is only moving very slowly or not at
all, so we can expect that the height is kept nonnegative, too.

It is easy to see that the method is conservative in the first component and consistent in the
sense that

~ hu
FU,U)=FU,U) = (hu2 N 1bh2) .
2

Several numerical tests of the method can be found in [KS08].

In the next section, we will show how this scheme can be managed within the particle frame-
work of the FVPM. In Chapter |5, we will repeat some of the numerical examples in [KS08]
computed with the FVPM with kinetic fluxes.

4.3 The FVPM with kinetic fluxes

As in Section we begin with the (semi-)kinetic representation of the SH equations:

OM + € 0, M + G(u) 9 M = Q (4.26)
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where

G(u) ==

{g(u), it uw#0 (4.27)

min ((sin ¢ + R), max (bdyh, (sin¢ — R))), if u=0

/ <1> Qde = 0. (4.28)
r \&

Now we define the generalized cell averages according to the FVPM:

and

M) = g [ e
() = 0(®) = s [ M u(e i o,
gt
=

and

Mi(t,€) = Vl(t) /Q M(h(z, ), € — ulx, 1)) di(x, 1) da.

Remember from Chapter [2] that we have

Obi(w,t) = — Y (@) i, t) — i) Tij(a, 1)),
8mwi(x7t) = Z (Fji(xvt)_rij(xvt))'

By defining
Y = Glu)9eM(h,€ ),

1
Y, = /wa

Vi Q
/QQ¢id-T

(1)
1
Qi = A0

and integrating by parts, we thus get

d

d
&Msz(wéMwwzéﬁMw+Mwmm

- —g/Q(?xM@bidx%—/QM&ﬂ/)idx—/QG(u)angdij/Qdex

= 5 Z /M (Fji—l“ij) dx — Z /M (a‘tiFji—:fchij) dx
jeN () 74 jen(i) 79

“ViYi+ViQi.
In analogy to Section 4.2] we approximate M in the first integral on the right hand side by
the upwind formula
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M(hi,§ —ui)nij, if £ni; =0
Mij_{ (hin & = wi) iy, 1 Ly (4.29)

M(hj,f — uj)nij, if {nij <0

and get

d
SWM) =€ 3 1Byl My - 3 /M BTy — iy Ty) do— ViYi+ ViQi. (4.30)

JEN(7) JEN(3)

To get a macroscopic scheme, we build the moments of Equation (4.30). With
U, := (h;, (hu);)" = (hi,¢;)" and because of

/R@)i(v;m a = ()/th u) t; do d€
_ (i/Q/R<2>M(h,§—u)d§¢¢dm

d d
- dtg( )%— (VU)

we obtain

%(ViU,-) = - > \6”!/(>§M,]d§ > //()Md§ (@i Lji — &5 Ty5) da

JEN (i) JEN(3)
1 1
v /R @ Yidé + V; /R @ Qs dt. (4.31)

To simplify the comparability to Scheme let us assume fixed particles for the moment.

In analogy to Section the macroscopic numerical fluxes F;; are defined as the moments
of the microscopic numerical fluxes M;;:

Fij = FU,Ujnyg) = ((Fy), (Fy)?)" ::/]R (9 § M;; dg

1 1
- </£"”>U <§) M€ ) de /émj<0 <£> éM(hj7§ B uj) d§> i
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For the first component, we compute

£>O§M(hz’,§—uz‘)d§+ £<O§M(hj,£—u]~)d§, if nij =1
(Fij)! -

—< EM(hj, & —uj)dE + gM(hiaf_ui)d£>7 if njj = —1
£>0

£<0
I+ I, if nig; =1
_(Il,j + IQ,Z'), if Ni; = -1

where I1; = Ii(hi,u;) and Is; = Ia(hi,u;) with I} and Iy given by (4.19) and (4.20)),
respectively.

In the same manner, we obtain for the second component

EM(hi,& —u)dé+ | EM(hyj, & —uy)dE, if ngj =1
£>0 £<0

(Fy)* =
([ @ s—uyaer [ @Mlug—uag), it —-1
€0 £<0

I3+ 1uj, if nj; =1

—(Ig’j + 1471'), if ng; = —1.

Again, we have I3; = I3(hj, u;) and Iy ; = I4(hj, u;) with I3 and I4 given in (4.21)) and (4.22),

respectively.
With
1 h 1 0
— ) -
L= ) L{e)oree=(3)
and
[ () u=o.
R \&
we get
d
&m::—g;wwm 7 [ et /()&M%%M+V//<>Q%wm
0
= _7Z|61|Fz+ G ()%dx
JEN J J / h

For the second component of the last term on the right hand side, we write
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1 V. / u) h; dz, if u; #0

V/ G(u) h;dx ~

Gl V/ min ((sin ¢ + R), max (bdzh, (sin¢{ — R))) h;dx, if w; =0
iJo

and approximate

7 [ 9t ks = (g6 )i~ ()

in the case u; # 0. For u; = 0, we write

1/baxhhwidx _ 0 /8x(h2)¢idx
Vi Ja Q

2V;
b
= - h2 O h*pind
2V, v 2V, oo Vi
b / 2 b 2
= h i —Lis) h“y; nds
2V; S L I 2V; Joo
- (h + h; ) D,
]EN
with a suitable approximation of the boundary term
D; ~ b h2; nds
1~ 9 ‘/z 0 7 .
All in all, we get the following discretization of the source term:
( g(u;) hy, if u; 20

1 1.~ ) min [ (sin¢ + R) h;,
Vi/QG(u)hlede (

max< Z Bij (
\ JGN()

2
) ,(SinC—R)hi>), 1ful =0

(4.32)

Similar to (4.29)), we define the modified numerical fluxes where the upwinding takes place
only in the variable "

h; + h;
M( ;]aﬁ—uz) ngj, if §ni; >0

h; + h;
M( —g ],f—uj) Mg, if fnij<0
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and

My

F(U;,Uj,ni;)

(Lot (5
+/£mj<0 <2> gM(h +hy

For the components (Fj;)' and (

]

aé_u]

Fij)Q, we compute

/ §M<h+h,§ )f
=

h; +h
s ear (MM ) ae.
) £<0
(Fij)t =
h; + h;
(fon(E5en)
£>0 B 5
+/ §M<’+ J,s—uz) d§>,
\ £<0 2
Lij+ 1, if ny =1
—(1:1,]',2' + i2,j,z‘) , ifng; = -1
and
( h; h
£2M( hs ,€—uz>d§
=0 h h
+/ §2M(Z+J,5—uj>d5,
) £<0 2
(Fyj)? =

<m+h

< 5 Uj> d¢
b))
+/§<05 < ) de

I3ij+ 1uij s if nij =1
—~(Is g+ Taja)

if nij =-1

>ni]’.

if ng; = 1

if nij =-1

if nij =1

if ni; = —1
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where

. hi + h; . hi + h;
hij = Il( : 5 ],uz‘>7 I2,z',j212< : > ]>uj>,
~ hi + h; ) hi + h;
I3ij = I3< : 5 ],Ui>, I4,m‘=I4( : 5 ]7Uj>

and Iy,...,I4 given by (4.19)—(4.22).

Now, we proceed as in Section and use a combination of the discretizations of the source
term given in (4.32)) for slowly moving masses. In analogy to Scheme we define the fully
discretized FVPM with fixed particles and kinetic fluxes for the SH equations:

Scheme 4.3.1.

e
Vi JEN(9) .
if luf <1
2 = =2 S g (R (1 - ) At
Vi JEN (i) J
e
Vi ]EN('L
else
=g = 20T g (R + Atg(q)
Vi JEN(3)
with
g = min | (sin¢ + R) h}', max Z B < > , (sin¢ — R) hj ’
]EN(z
q ,
e
p={ Atg(gr)ht!
0, else
and

—n - -
Fy = ((FpLEDHT, Fiy=((F)LEDHT
It can be seen easily that Scheme preserves the desired steady states of admissible

granular profiles at rest.

Theorem 4.3.2 (Preservation of granular masses at rest). Scheme preserves admissible
profiles of granular masses at rest which are characterized by

=0 Viez, (4.33)
min ((sinC + R) hi', max < Z o (h” + h") ,(sin¢ — R) h?))
]GN (%)
V > B <hn+hn) Vi€ Z. (4.34)

JEN(3)
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Proof. Inserting 1’ and 1' in the equation for q?“ of Scheme yields
At B 4 B 2
TL+1 71 J =

' GEN() CieN(

as can be seen easily by evaluating the terms f:?z and I7 1i ;- Thus, we have u; " =0 for all

1 € Z. Moreover, we get
Rt =hl VieZ

by inserting ;' = 0 into 11 and I O

0,7 2,4,5°

In Chapter [5, we apply Scheme to some of the examples given in [KS08]. As we will see,
Scheme can manage the starting and stopping of inadmissible profiles and preserves the
desired steady states of granular masses at rest.

Although we use only fixed particles in our numerical examples for the SH equations, we will
now give an idea how a particle movement can be incorporated in the FVPM for the SH
equations. We start by noting that non-constant steady states will not be preserved by the
particle averaging with a general particle movement. Assume some steady state u(z,t) = u(x)
of a general conservation law. Then, moving particles will cause

d o V@ ‘ 1 .
Gul) = —ga [ w@ e+ o [ u@ o

t) =y wit) iz, 1),

€7

For the reconstruction

we thus get

%uh(m t) = Z

1EZL

Vi(t) | 1
<_V-2(t) Au(x) ¢z<$,t)d$+ Vz(t)/g; ( )8th(x t) ) 1/%(90 t)

1

+ uz(t) at”l/}i(w, t)] 75 0

(4.35)
in general. Even if we had a scheme that ensures

we still get for the time derivative of the reconstruction

—uh x, t Zuz (‘)th X t) Z Uq (ifj Fij — i‘i Fji) 7& 0

1EL 1,JEZL

usually.
Therefore, particles should be non-moving if the granular mass is in equilibrium. Although a
Lagrangian movement of the particles is not recommended in cases of discontinuous velocities
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[Tel05], it could be an adequate choice for the SH equations.

To incorporate the particle velocity in the numerical scheme, we start with Equation (4.31))
again:

%( = - |&;|/<)€de£ > //()Mdf i Lji — ;1) de

JEN(4) JEN (i)

—W4<3E®+%4<JQM£

For the second term on the right hand side, we write

Z //()Md§ i Dji — i Ty) da Z //()Md§ L Ty) ded

JEN(4)

%

Q

and define

Kz‘j == K(Ui,Uj,nij): ((Kij)l,(Kij)Q)T :/R<§> def

1 1

Note that because of (K;;)? = (F;;)!, we just have to compute the first component of K;:

K = /R M;;(€) deg

M@f—@%+/ M(hy € — uj) dé if gy = 1
£>0 £<0

= ::Jl,i ::JQJ'

—( M (hi, & — u;) d€ + M(hj,g—uj)d§>, if ngj = —1
£<0 £>0

Jii + Joj, it n;; =1
—(Joi 4+ J1j5), ifng =—1.

For the integrals, we get Ji; = Ji(h;,u;) and Jo; = Ja(hy, u;) with Jy and J given by



80 4. The FVPM for granular flows

h, ifa<-1
Ji(h,u) = <h B - % (acos(arcsin(a)) + arcsin(a))], if —1<a<-1 (4.36)
0, ifa>1,
(0, if g < —1
Jo(h,u) = % [a cos(arcsin(a)) + arcsin(a) + g], if —l<a<-1 (4.37)
h, ifa>1

with a := a(h,u) := —u/v/2bh.
In the same manner, we proceed with the modified flux ]\;[ij and get

Ky = f?afulenw):=((Rbﬁa(ﬁl02>T¢:=Aé<é> M;; d¢

1 1
- </gnij>0 <€> M(hi, & — u;)d€ + /5nij<o (5) M(h;, & — uj)d§> nij.

Again, the second component of K ij is already known as f(lz] = FZE and we only have to

compute K le

KL = /R Mi;(€) de

hi + h; hi + h; .
/ AJ( + %g—w>dg+/ A4< i %5—W>dg if nij =1
€0 2 £<0 2
= :Zjl,i,j :!j21i,j
hi + h; hi + h; .
—</ M( i 3,5—%) d§+/ M<+ J,g—u]) d£>, if g = —1
£<0 2 £0 2
Jiig+ Joij if n;; =1

— (jg,jﬂ' + jl,j,i) R if Nij = —1.

The integrals can be computed as

- hi + h; - hi + h;
Jl,i,j:J1< * J,Ui>, JQ,i,j:J2< il J,Uz’>,

2 2

with J; and J defined in (4.36)) and (4.37)), respectively.

Thus, we end up with the macroscopic numerical flux functions

Gij(Ui, Uj) = G(Ui,ii, Uj,a':j,nij) = F,‘j — Kz'j : i’”
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and

Gi;(U;,U;) = G(U;,i:,Uj,ij,nj) = Fij — Kij - &5
where ;5 is the averaged particle velocity given in ([2.30)).

It is easy to see that both flux functions are consistent in the sense that

~ hu -
GU(U7 U) = Gij(U7 U) = [(hu2 + 1bh2> —-U - .Tz‘j] g
2

Altogether, the fully discretized FVPM for the SH equations and moving particles reads

Scheme 4.3.3.

1
Vn—H hn+1 Vn hn At Z | ( )
N(
e if |l <1
Vit = a3 (gl (Gn) (- Atgy
JEN (i)
‘/in—i-l h?—H — V:Ln h;l — At Z | Z’ (Gn 1
JEN (@)
else
Vin+1 q?“ n — At Z ’/3 + Atg(qz ) V;n—l—l hn+1
JEN(3) Y,
with
hi + h"
gi = min [ (sin¢ + R) V;"h;', max Z Bij ( > ,(sin¢ — R) V;"h} ,
JEN(
Vgl )
- ey Wul #£0
= At g(gp) Vi it
0, else

and

Gl = (GH)L(GHHT, Gy = (G (G

As noted above, the velocity of the particles should be zero for admissible profiles. Under
that assumption, it is easy to see that Scheme [£.3.3] preserves the steady states of granular
masses at rest because in that case Scheme [.3.3] coincides with Scheme [£.3.1]






Chapter 5

Numerical results

In this chapter, we will test the FVPM on several examples. We begin with a simple Riemann
Problem for the one-dimensional Euler equations in Section For this problem, we use
fixed particles and give a numerical convergence analysis for different kernels and smoothing
lengths, corresponding to a different number of neighbours per particle. The results differ
only slightly from the results presented in [Tel05] for a similar problem.

In Section we apply the FVPM to a problem with time-varying computational domain,
namely the linearized piston problem in one spatial dimension. For this problem, we use
moving particles. On the boundary, the particles move exactly with the boundary and
in the interior of the computational domain, the velocities of the particles are linearly
interpolated. In our numerical computations, we use both the FVPM described in Chapter
and the FVPM with B-splines developed in Chapter For the original FVPM with a
simple piecewise linear kernel and different boundary conditions, this problem has already
been studied in [LamO01].

The SH equations, as introduced in Chapter [4] are considered in Section Our numerical
results obtained with the FVPM agree very well with the results obtained with the kinetic
scheme described in [KS08] and Section In Section we apply the FVPM to a
two-dimensional solid body rotation problem.

Since we are operating on bounded computational domains, we need boundary conditions,
i.e. a suitable discretization of the boundary term (2.11])

B, = Vi (F(u) —u-v)nds. (5.1)
oN

As described in [Tel05], we simply use (2.25€]) for inflow or outflow boundary conditions to
get

Bi~ (F(uf) —uf-v]) | ¢inds=(uf -v] — F(u)) Y By (5.2)

o0 . )

JEN (i)
where u; and v] denote approximations of w and v on the boundary 2; N 052, respectively.
If we assume, that particle ¢ with Q; N 9Q # () moves exactly with the same velocity as the

83
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domain, we get
Bi~(uf-@i— Fu) Y. By
FEN(3)

In the case of inflow boundary conditions, we will set u; on the prescibed inflow value for w.
For outflow boundary conditions, we will use the reconstruction and set w}(x,t) = wup(x;,t).
The treatment of solid wall boundary conditions is also described in [Tel05] and figured out
for the two-dimensional Euler equations. As the normal velocity of the flux through the
boundary vanishes, we will end up with

0
Fu)n = pm
pn2
0
and thus
0
v F(u)ds~ | —p; Zje./\/'(i) ,Bij
a0(t) 0

Alternatively, one may handle inflow or outflow boundary conditions directly, at least for
non-moving domains 2. For inflow boundary conditions, this can be done by prescribing
the values for u? if Q; N Q™ # O, where Q™ denotes the part of the boundary 92 where
inflow conditions are considered. In this case, we set ul' = & [, u(x,t") ¥;(x,t") dz for all
n =0,..., Np. Outflow boundary conditions can be implerﬁented by simply extrapolating
the values from inner particles. Then, the update is made only for inner particles. In
this approach, the boundary particles are also called ghost particles.

In some of the following examples, we compute the experimental order of convergence (EOC)

according to

EoC, . los(u’ — i) — log(ju? — ujjy)
! log(N3) — log(Ny)

where | - |1 denotes the discrete L'-norm, u} denotes the numerical solution computed with

(5.3)

N; particles and u' denotes the exact solution, both evaluated at the particle positions
i,...,xN;, ¢ = 1,2. The EOC for the discrete L?-norm is constructed analogously.

5.1 The 1D Euler equations

We begin this chapter with some results for a standard Riemann problem for the one-
dimensional Euler equations

u+V - -F(u)=0 for (z,t) €[0,1] x Ry

with
p pu
u= pu |, F= pu?+p
pE u(pE +p)
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As already mentioned in Section the system is completed with the equation of state

2

p=0-1p(E-7)

where v = 1.4. The initial data are given by

1.6, z<05

0.4, x>0.5.

4, <05
ple,0)y=4 " "7 w(z,0) =0, p(z,0) =
1, z>0.5,

The exact solution consists of a rarefaction wave, a contact discontinuity and a shock wave.
As a first example, we compute approximate solutions with fixed equidistant parti-
cles. As boundary conditions, we use inflow boundary conditions on the left boundary
u(0,t) = u(0,0) = (p(z,0),u(x,0),p(x,0))T Vt < T* where T* denotes a sufficiently small
time such that the evolving waves do not meet the boundary. On the right boundary, we use
outflow boundary conditions. The boundary conditions are implemented using formula (5.2)).

In the first example, we choose the smoothing length to be h = 5/6 Az meaning that every
inner particle has exactly two neighbours. Note that this implies that the geometrical coeffi-
cients always satisfy f;; € {—1,1}, see Chapter . In Figure we can see the convergence
for N = 100, 300 and 500 particles. The exact and the approximate solutions are evaluated
at time t = 0.3.

Figure 5.1: Euler equations: density (upper left), velocity (upper right), pressure (lower
left) and energy (lower right) computed with equidistant particles and a smoothing length
h =5/6 Az at time t = 0.3.
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As a second example, we use irregular distributed particles. For that purpose, we take equidis-
tant particles and disturb the particle positions z; by adding a small random number. The
smoothing length is h = 2 Az. For equidistant particles, this would result in six neighbours
for each inner particle. We compute the geometrical coefficients using a precise numerical
integration method. Again, the particles do not move, so we have to compute the coeffi-
cients only once at the beginning of the computation. For the computation, we use again
N =100, 300 and 500 particles and evaluate the exact and the approximate solutions at time
t = 0.3. In Figure [5.2] we can clearly see that the solution is smeared out in nonsmooth
regions compared to the example above.

Figure 5.2: Euler equations: density (upper left), velocity (upper right), pressure (lower left)
and energy (lower right) computed with irregular particles at time ¢ = 0.3.

At the end of this section, we compute the numerical convergence rates in the discrete L!-
and L?-norm for the density p, the velocity u, the pressure p and the energy e at time t = 0.3.
We use equidistant particles and a smoothing length A = 2 Az, meaning that each particle
being sufficiently in the interior of the computational domain has exactly six neighbours. In
this case, the geometrical coefficients 3;; can be computed exactly as

+L, j=i+l
+1, j=i%2

Bij=9,7 . .
ZI:@, ]:Zis
0, else,

see [Tel05] for details. The results for N = 25, 50, 100, 200, 400 and 800 particles can be
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seen in Table where we used Formula for the computation of EOC;1 and EOC ..
The observed convergence rate for the density in L! resembles that in [Tel05] for a similar
problem. The worse convergence rates for the density and the energy may be caused by the
additional discontinuities occuring in these solutions compared with velocity and pressure.
In [Kr697] and for the same problem in two space dimensions, the author gets similar L!
convergence rates of EOC;1 = 0.62 and EOC;1 ~ 0.59 on different grids for the density. As
a numerical scheme, a first order FVM with a numerical flux function of Steger and Warming
has been used. For more details see [Kro97].

N lp — pnla EOCL lp — pal2 EOCT:
25 | 1.836237e¢ — 01 2.291921e — 01
50 | 1.304578e — 01 | 0.4932 | 1.752139e — 01 | 0.3874
100 | 8.966017e — 02 | 0.5410 | 1.359276e — 01 | 0.3663
200 | 5.910732e — 02 | 0.6011 | 1.029453e — 01 | 0.4010
400 | 3.811848e — 02 | 0.6328 | 7.784011e — 02 | 0.4033
800 | 2.435570e — 02 | 0.6462 | 5.984039¢ — 02 | 0.3794
N lu — upl1 EOCq, lu — upl2 EOC:
25 | 5.317025e — 02 6.919373e — 02
50 | 3.565628e — 02 | 0.5765 | 5.608921e — 02 | 0.3029
100 | 2.222067e — 02 | 0.6823 | 4.232139¢ — 02 | 0.4063
200 | 1.345759¢ — 02 | 0.7235 | 3.130398e — 02 | 0.4350
400 | 7.899747e — 03 | 0.7685 | 2.263215e — 02 | 0.4680
800 | 4.543966e — 03 | 0.7979 | 1.627234e — 02 | 0.4760
N lp — prla EOCL [p — pnl2 EOC:
25 | 8.427131e — 02 1.079944e — 01
50 | 5.601806e — 02 | 0.5891 | 8.278192e — 02 | 0.3836
100 | 3.545578e — 02 | 0.6599 | 6.079546e — 02 | 0.4454
200 | 2.196382¢ — 02 | 0.6909 | 4.371940e — 02 | 0.4757
400 | 1.326389¢ — 02 | 0.7276 | 3.066004e — 02 | 0.5119
800 | 7.850071e — 03 | 0.7567 | 2.114738e — 02 | 0.5359
N le —enl1 EOC: le — enl2 EOC:
25 | 5.669022e¢ — 02 7.747364e — 02
50 | 3.805264e — 02 | 0.5751 | 5.936258e — 02 | 0.3842
100 | 2.522890e — 02 | 0.5929 | 4.753148e — 02 | 0.3207
200 | 1.676008e — 02 | 0.5900 | 3.903484e — 02 | 0.2841
400 | 1.100486e — 02 | 0.6069 | 3.210244e — 02 | 0.2821
800 | 7.134643e — 03 | 0.6252 | 2.605069¢ — 02 | 0.3014

Table 5.1: Error and convergence rates for the Euler equations with equidistant particles and
h =2 Ax at time ¢t = 0.3.
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5.2 A linearized piston problem with moving boundary

In this section, we consider a linear one-dimensional system of conservation laws that can be
used to model the behaviour of a gas in a tube that is compressed by a piston moving back
and forth. The linear system is derived from the isentropic Euler equations of gas dynamics.
As a detailed description of this example can be found in [LamOl1], we only sketch the
main steps in the governing of the equations. Also in [Lam01], the FVPM was successfully
applied to this problem, but only for a piecewise linear kernel and with different boundary
conditions. We use this example to show that the FVPM with B-splines, as described in
Chapter works well. For this purpose, we use B-splines of different order and give a
numerical convergence analysis. Moreover, the computation times of the different methods
are compared. The algorithms were implemented in MATLAB and all computations were
done on a 2.3 GHz Intel Core i5 machine.

Let us consider a one-dimensional tube of length L given by the interval I := [0, L] and filled

with a compressible gas. Assume that the right boundary is fixed and the left one is moving
back and forth with a given velocity. Moreover, we consider the compressible and isentropic

P pv
T == U, i
O <pv> +0 <p02 +p> 0 (5.4)

where p denotes the pressure and v the velocity of the gas. The system is endowed with the

Euler equations

additional state equation p = ¢ p”. In the following, we consider small perturbations around

(5) = (o)

If we now linearize system ([5.4)) around this equilibrium state, we end up with two equations

the equilibrium state

for the linearized pressure p and the linearized velocity © of the gas:

ot + Adyu =0,

a:(
~ 0 Y Po
AZ(po_l/“/ 0 )

c

In order to get dimensionless variables, we introduce ¢ = ¢/T, Z = /L, p = p/(ypo) and

where

ST
~_

and

v =T0/L where T and L denote a characteristic time and the length of the tube, respectively.
Then, the dimensionless system reads

du+ Adu = 0 (5.5)
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A:(g 3).

System ([5.5)) is completed with the initial and boundary values

with u = (p,v)T and

p(z,0) = 1

v(z,0) =

v(l,t) = 0
v(a(t),t) = wvg(t).

Again, the boundary conditions are implemented using Formula ([5.2)).

The eigenvalues and eigenvectors of system ([5.5)) are given by

1 1
)\1:—1, )\2:1, w1 = <1>, woy = (_1>

and the exact solution can be easily computed using the method of characteristics. For a
piston moving back and forth with piecewise constant velocity

) Va, 0<t<ty
’U pry
¢ B, t <t<2t,

Ua < A2, the exact solution for ¢ < t; is given by

140, Tt <z <ot
p(z,t) =

1, t<x <1,

Vg, Vgt <z < Aot
v(z,t) = “ ab = =2

0, t<azxz<l.

For t; <t < 2t;, the exact solution reads

1—0g, a(l=t)<z<ot+(la—1)t
p(x,t) = C140e, dot+ (g—1)t <z < Aot
1, )\2t<x§1,

—Uq, ’lN)a(l—t)SxS)\Qt—l—(f)a—l)tl
v(r,t) = 0, Aat+ (Ta— 1)t <z < Aot
0, Mot <z <l1.

In this problem, particles which intersect the boundary are moved exactly with the velocity of
the boundary. The velocity of inner particles is computed as an interpolation of the velocities
of the two boundaries.
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For our computations, we set v, = 0.25. The piston is assumed to compress the gas until
t = 0.5, such that it will be back in its initial position at ¢ = 1.

In the following, we compare the FVPM using piecewise linear shape functions and piecewise
quadratic shape functions with the FVPM with B-splines of degree m = 1 and m = 2
regarding the accuracy, the rate of convergence and the computation time. In all examples, we
consider particles which are equidistant initially and then moved according to the movement
of the piston.

We first use piecewise linear functions W;(x,t) and a smoothing length h = 2/3 Axz®, such that
we have only two neighbours for each inner particle and thus §;; € {—1,1} for all 4,5 € N (3).
Here, Az denotes the distance between the initial particle positions. The smoothing length of
the particles and the movement of the piston are sufficiently small such that the configuration
of neighbours does not change during computation. Thus, the coefficients 3;; stay constant.
In contrast to this, the volumes V; will change in time and have to be computed in every
time step. However, as stated before, it is very easy to realize an exact integration in the
case of piecewise linear functions W;(z,t). The errors in discrete L'- and L%-norms and the
corresponding convergence rates for the FVPM with piecewise linear shape functions W;(x, t)
can be seen in Table 5.2

Next, we compare these results with the errors and convergence rates for the FVPM with
B-splines of degree m = 1. For that purpose, we implemented both methods 7,
where we used a forward Euler discretization in time, and f. In Tables and
[b.4] it can be seen that both methods provide adequate convergence rates compared with the
results presented in Table [5.2] The computation times for the three methods are presented
in the upper part of Table Since the problem can be solved by each of these three
methods without much effort, the computation times do not differ significantly. In the case
of the FVPM with piecewise linear shape functions and a more complex overlapping of the
particles, the computation time would surely increase. But even in that situation, there exists
an efficient way to compute the geometrical coefficients [Lam01].

After that, we have a look at the FVPM with piecewise quadratic shape functions W;(x,t) and
smoothing lengths of h = 1.1 Az®, h = 1.25 Az® and h = 1.5 Az resulting in four neighbours
for each inner particle initially. In this example, we have to compute the coefficients 3;; and
Vi in every time step. For that purpose, we use Gaussian numerical integration and Keck’s
correction method. For the volumes

zi+h zi+h W
Vi = / dide = / Wi e,
z;—h zi—h O

7

we get best results if we divide the domain [x; —h, 2;+h] into three parts, W; being polynomial
of degree 2 on each part:

zi—h/2 . zi+h/2 : z;+h :
V;:/ I/Vldazjt/ mdx+/ mdx.

For each subinterval, we use 3 integration points. For the computation of the coefficients 3;;,
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ns | | | 1 1 | | | 1
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Figure 5.3: The piston problem: pressure and velocity of the gas. Red: exact solution,
blue: numerical solution computed with the FVPM with B-splines of degree m = 2 and 100
(dotted), 300 (dashed) and 1600 particles.

we split the integral into two integrals:

(witz;)/2 min(z;,x;)—h
gy =2 [ viduydo 2 [ i Oty o
max(z;,25)—h (xit+xj5)/2

and use 3 integration points on each domain. The errors and the convergence of the method
can be seen in Table[5.5] These results are compared with that from the FVPM with B-splines
of degree m = 2, whose errors and rates of convergence are shown in Table Both methods
show similar convergence rates in the discrete L'- and L?-norm.

The computation times in seconds of both methods can be found in the lower part of Table
(.7 Obviously, the modified FVPM with B-splines is much faster than the original FVPM.
This is primarily due to the computation of the coefficients by numerical integration. Note
that the computation times and the discrepancies between them may vary significantly in
other languages than MATLAB. Therefore, the comparison of absolute computation times
makes only limited sense.
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N Ip — pnl1 EOC: lp — pnl2 EOCT:
25 | 5.586147e — 02 8.613473e — 02

50 | 3.970762¢ — 02 | 0.4924 | 6.976309e¢ — 02 | 0.3041
100 | 2.818071e — 02 | 0.4947 | 5.638197e — 02 | 0.3072
200 | 2.030610e — 02 | 0.4728 | 4.846928e¢ — 02 | 0.2182
400 | 1.429303e — 02 | 0.5066 | 4.006131e — 02 | 0.2749
800 | 1.013196e — 02 | 0.4964 | 3.387245e¢ — 02 | 0.2421
1600 | 7.144707e — 03 | 0.5040 | 2.835968e — 02 | 0.2563

N v —opl1 EOCH: |v —vpla EOCy:
25 | 5.520669¢ — 02 8.606280¢ — 02

50 | 3.945640¢ — 02 | 0.4869 | 6.997673¢ — 02 | 0.2985
100 | 2.786748¢ — 02 | 0.5017 | 5.638907¢ — 02 | 0.3115
200 | 2.008645¢ — 02 | 0.4724 | 4.849070¢ — 02 | 0.2177
400 | 1.415388¢ — 02 | 0.5050 | 4.006193¢ — 02 | 0.2755
800 | 1.005208¢ — 02 | 0.4937 | 3.387435¢ — 02 | 0.2420
1600 | 7.100593¢ — 03 | 0.5015 | 2.835974¢ — 02 | 0.2563

Table 5.2: Error and convergence rates for the FVPM with piecewise linear shape functions
at time ¢ = 0.75 and with h = 2/3 Ax".

N Ip — pnl1 EOC lp — pnl2 EOC,
25 | 5.385102¢e — 02 7.805576e — 02

50 | 3.934070e — 02 | 0.4530 | 6.692482¢ — 02 | 0.2220
100 | 2.805524e — 02 | 0.4878 | 5.643740e — 02 | 0.2459
200 | 1.998551e — 02 | 0.4893 | 4.760950e — 02 | 0.2454
400 | 1.416659¢ — 02 | 0.4965 | 4.006953e¢ — 02 | 0.2487
800 | 1.003384e — 02 | 0.4976 | 3.370726e — 02 | 0.2494
1600 | 7.100074e — 03 | 0.4990 | 2.834803e — 02 | 0.2498

N ‘U—’Uh’l EOCLl |U—Uh‘2 EOCL2
25 | 5.324860e — 02 7.791734e — 02

50 | 3.929769e¢ — 02 | 0.4383 | 6.692305¢ — 02 | 0.2194
100 | 2.805477¢ — 02 | 0.4862 | 5.643740e — 02 | 0.2459
200 | 1.998551e — 02 | 0.4893 | 4.760950e — 02 | 0.2454
400 | 1.416659¢ — 02 | 0.4965 | 4.006953e¢ — 02 | 0.2487
800 | 1.003384e — 02 | 0.4976 | 3.370726e — 02 | 0.2494
1600 | 7.100074e — 03 | 0.4990 | 2.834803e — 02 | 0.2498

Table 5.3: Error and convergence rates for the FVPM with B-splines of degree m = 1 (scheme

7) at time ¢t = 0.75.
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N Ip — pnl1 EOC: lp — pnl2 EOCT:
25 | 5.378349e — 02 7.888601e — 02
50 | 3.885186e — 02 | 0.4692 | 6.584225e¢ — 02 | 0.2608
100 | 2.798613e — 02 | 0.4733 | 5.646677e — 02 | 0.2216
200 | 1.991220e — 02 | 0.4911 | 4.743282¢ — 02 | 0.2515
400 | 1.415722e — 02 | 0.4921 | 4.007760e — 02 | 0.2431
800 | 1.002499e¢ — 02 | 0.4979 | 3.368940e — 02 | 0.2505
1600 | 7.098213e — 03 | 0.4981 | 2.836257e — 02 | 0.2483
N v —opl1 EOCH: |v —vpla EOCy:
25 | 5.207022¢ — 02 7.873064¢ — 02
50 | 3.879630c — 02 | 0.4493 | 6.584033¢ — 02 | 0.2580
100 | 2.798556e — 02 | 0.4712 | 5.646677¢ — 02 | 0.2216
200 | 1.991220e — 02 | 0.4910 | 4.743282¢ — 02 | 0.2515
400 | 1.415722¢ — 02 | 0.4921 | 4.007760e — 02 | 0.2431
800 | 1.002499¢ — 02 | 0.4979 | 3.368940¢ — 02 | 0.2505
1600 | 7.098213¢ — 03 | 0.4981 | 2.836257¢ — 02 | 0.2483

Table 5.4: Error and convergence rates for the FVPM with B-splines of degree m = 1 (scheme

(B:26)-(3:29)) at time t = 0.75.

N lp — pnla EOCL lp — pnl2 EOCT:
25 5.717630e — 02 8.783970e — 02
o0 | 4.055706e — 02 | 0.4955 | 7.134051e — 02 | 0.3002
100 | 2.876460e — 02 | 0.4957 | 5.763901e — 02 | 0.3077

— 0
h=11Az 200 | 2.118084e — 02 | 0.4415 | 4.995715e — 02 | 0.2064
400 | 1.538061e — 02 | 0.4616 | 4.120906e — 02 | 0.2777
800 | 1.144423e — 02 | 0.4265 | 3.529777e — 02 | 0.2234
1600 | 8.575832e — 03 | 0.4163 | 2.977336e — 02 | 0.2456
N |U—Uh‘1 EOOLl ”U —Uh|2 EOCLz
25 | 5.637238e — 02 8.771490e — 02
50 | 4.043996e — 02 | 0.4792 | 7.144753e — 02 | 0.2959
L 0 100 | 2.867055e¢ — 02 | 0.4962 | 5.763104e — 02 | 0.3100
=1.1Ax

200 | 2.076068¢ — 02 | 0.4657 | 4.990703e¢ — 02 | 0.2076
400 | 1.465274e — 02 | 0.5027 | 4.118900e — 02 | 0.2770
800 | 1.049790e — 02 | 0.4811 | 3.525405e¢ — 02 | 0.2245
1600 | 7.492939¢ — 03 | 0.4865 | 2.974303¢ — 02 | 0.2452
to be continued on next page
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N lp — pnla EOCL lp — pnl2 EOCT:
25 | 6.067745e — 02 9.037867e — 02
50 | 4.339368e — 02 | 0.4837 | 7.350599¢ — 02 | 0.2981
100 | 3.114745e — 02 | 0.4784 | 5.984847e¢ — 02 | 0.2965
h =1.25Az" | 200 | 2.267578¢ — 02 | 0.4580 | 5.176039¢ — 02 | 0.2095
400 | 1.614304e — 02 | 0.4902 | 4.287385e — 02 | 0.2718
800 | 1.166733e — 02 | 0.4684 | 3.674861le — 02 | 0.2224
1600 | 8.436395e — 03 | 0.4678 | 3.111323e — 02 | 0.2402
N |U—Uh‘1 EOCLl ’1) —Uh|2 EOCLQ
25 | 5.991149¢ — 02 9.026237¢ — 02
50 | 4.325466¢ — 02 | 0.4700 | 7.373853¢ — 02 | 0.2917
100 | 3.078546e — 02 | 0.4906 | 5.986074c — 02 | 0.3008
h =1.25Az" | 200 | 2.228819¢ — 02 | 0.4660 | 5.179544e — 02 | 0.2088
400 | 1.575288e — 02 | 0.5007 | 4.287258e¢ — 02 | 0.2728
800 | 1.129054e — 02 | 0.4805 | 3.675292¢ — 02 | 0.2222
1600 | 8.064306e — 03 | 0.4855 | 3.110896e — 02 | 0.2405
N lp — prli EOCH lp — pal2 EOC:
25 | 6.957848¢ — 02 9.633679¢ — 02
50 | 4.955719¢ — 02 | 0.4895 | 7.821947¢ — 02 | 0.3006
b — 1.5AL0 100 | 3.543613e — 02 | 0.4839 | 6.395492¢ — 02 | 0.2905
200 | 2.596215¢ — 02 | 0.4488 | 5.503163e — 02 | 0.2168
400 | 1.893909e — 02 | 0.4550 | 4.566847e — 02 | 0.2691
800 | 1.412734e — 02 | 0.4229 | 3.895068e — 02 | 0.2296
1600 | 1.065109e — 02 | 0.4075 | 3.287157e — 02 | 0.2448
N |v —vp1 EOCq, |v — vp)2 EOC:
25 | 6.797417e — 02 9.578145e — 02
50 | 4.920334e — 02 | 0.4662 | 7.819990e — 02 | 0.2926
b — 1.5AL0 100 | 3.517455e — 02 | 0.4842 | 6.391164e — 02 | 0.2911
200 | 2.541279e — 02 | 0.4690 | 5.494849e — 02 | 0.2180
400 | 1.801065e — 02 | 0.4967 | 4.563017e — 02 | 0.2681
800 | 1.291017e — 02 | 0.4803 | 3.888240e — 02 | 0.2309
1600 | 9.247077e — 03 | 0.4814 | 3.281835e¢ — 02 | 0.2446

Table 5.5: Error and convergence rates for the FVPM with piecewise quadratic shape func-
tions at time ¢ = 0.75 and with smoothing lengths h = 1.1 Az?, h = 1.25 Az® and h = 1.5 AzV.
The coefficients are computed using Gaussian numerical integration.
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N Ip — pnl1 EOC: lp — pnl2 EOCT:
25 | 7.802649¢e — 02 9.764169e — 02

50 | 5.297692e — 02 | 0.5586 | 7.676638e¢ — 02 | 0.3470
100 | 3.598215e — 02 | 0.5581 | 6.214926e — 02 | 0.3047
200 | 2.477685e — 02 | 0.5383 | 5.147634e — 02 | 0.2718
400 | 1.715379e — 02 | 0.5305 | 4.297345e¢ — 02 | 0.2605
800 | 1.193744e — 02 | 0.5230 | 3.601821e — 02 | 0.2547
1600 | 8.334053e — 03 | 0.5184 | 3.024013e — 02 | 0.2523

N v —opl1 EOCH: |v —vpla EOCy:
25 | 5.542434e — 02 8.194314e — 02

50 | 4.204249¢ — 02 | 0.3987 | 6.999622¢ — 02 | 0.2273
100 | 3.165262¢ — 02 | 0.4095 | 5.959725¢ — 02 | 0.2320
200 | 2.312872¢ — 02 | 0.4526 | 5.050249¢ — 02 | 0.2389
400 | 1.652668¢ — 02 | 0.4849 | 4.258699¢ — 02 | 0.2450
800 | 1.169947¢ — 02 | 0.4984 | 3.587279 — 02 | 0.2475
1600 | 8.243379¢ — 03 | 0.5051 | 3.017864e — 02 | 0.2494

Table 5.6: Error and convergence rates for the FVPM with B-splines of degree m = 2 at time

t =0.75.
N B-splines, m =1 B-splines, m =1 piecew. lin. shape
,m m-m function
25 0.0861 0.0851 0.0862
50 0.1864 0.1795 0.1911
100 0.7048 0.6936 0.7147
200 2.7572 2.8064 2.8248
400 10.9403 11.0227 12.3276
N B-Splines, m = 2 piecew. quadr. shape function, factor
h=11Ax
25 0.2333 2.9697 ~ 12.7
50 0.4062 11.8122 ~ 29.1
100 1.5611 49.6814 ~ 31.8
200 6.2568 223.4927 ~ 35.7
400 26.2550 2066.5929 ~ T8.7

Table 5.7: Computation times in seconds for solving the piston problem up to time ¢ = 0.75.
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5.3 The SH equations

In this section, we consider the SH equations in one spatial dimension with Riemann initial
data in a first example and parabolic initial data in a second one. For all examples, we use a
piecewise quadratic kernel and the time step size is At = Az/3.

We start with a classical Riemann problem for the SH equations on the computational domain
2 = [0, 1] without a source, i.e. ( =9 = 0, and the initial data

{

0,

hl?
-

if z <

h(z,0
(z,0) if x > g

u(zx,0)

where h; = 1, h, = 0.5 and zp = 0.5. The exact solution for this problem is given by

hy, if xﬁ)\llt—i—xo
1 T — T 2 . 1 1
— \/ — <
h(z, 1) = o [<u1+2 bhl) < ; >>] , i Ntd+zo <z <A, t+x0
R, if A t+zo<z<st+a
Ay, if x> st+x,
ug, if nglltero
2| (x—xq 1
- bhy— = if At <At
I 1 RV R P
U, if A t+xzg<az<st+a
Uy, if x>st+xg

and Al, AL and Al are defined as

)‘ll = Al(hlaul)a )‘7171 = )\l(hm,um), )‘i = )‘l(hrvur)a

where A!(h,u) =u—+vbh denotes the first eigenvalue of the SH equations and
s = (hmUm — hyuy)/(hy — hy) denotes the shock speed. The value hy, is given by

(hr = hm)

s () +2 (Vo= Vi) = —
2 \hy  hy

For ¢ = 0.3, the results computed with Scheme [£.3.] and a smoothing length h = 2 Az are
compared with the exact solution in Figure[5.4. We used both equidistantly distributed as well
as randomly disturbed particle positions. For the latter, we first constructed equidistant par-
ticles and disturbed the particle positions z; by adding a random number r € (—0.25 h,0.25 h)
afterwards. No significant difference can be seen between the results in Figure [5.4] But we
have to remark that the solution for the randomly disturbed particle positions sometimes
becomes false, in case of r € (—0.5h,0.5h) for example. For the equidistantly distributed
particles, the smoothing length A = 2 Ax results in 6 neighbours for each inner particle. For

the randomly disturbed particles, the minimal and maximal number of neighbours for inner
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particles is 4 and 8, respectively.

The EOCs for the classical Riemann problem for the SH equations can be found in Table [5.8]
We used equidistant particles with smoothing lengths h = 1.25 Az and h = 2 Az resulting in
4 and 6 neighbours for inner particles, respectively. Moreover, the EOCs for the randomly
disturbed particles and h = 2 Az are shown. Although the error for disturbed particles is
slightly larger than for equidistant particles, the convergence rates seem to be a little better.

a] [a =] 0.4 0.8 0.8 1 a] [a =] 0.4 0.8 0.8 1

(a) Equidistant particle positions.

oz

o015+

0.08 -

Q.04 1

(b) Randomly disturbed particle positions.

Figure 5.4: The SH equations: height (left) and velocity (right) of the granular mass. Red:
exact solution, magenta, green and blue: computational solution with N = 200, 400 and 1600
particles, a smoothing length h = 2 Az and equidistant particles (a) as well as randomly
disturbed particle positions (b) .
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N \h — hp|1 EOC/. \h — Ay EOC>
25 | 2.688724e — 02 4.331827e — 02
50 | 1.775274e — 02 | 0.5989 | 3.179321e — 02 | 0.4463
100 | 1.154324e — 02 | 0.6210 | 2.421813e — 02 | 0.3926
h =1.25Ax | 200 | 7.241052e — 03 | 0.6728 | 1.798139%e — 02 | 0.4296
400 | 4.342156e — 03 | 0.7378 | 1.260675e — 02 | 0.5123
800 | 2.577831e — 03 | 0.7523 | 9.064102¢ — 03 | 0.4760
1600 | 1.524313e — 03 | 0.7580 | 6.553677¢ — 03 | 0.4679
N |u—uh]1 EOCLl ]u—uh\g EOCL2
25 | 2.009522¢ — 02 3.231550e — 02
50 | 1.292351e — 02 | 0.6369 | 2.370580e — 02 | 0.4470
100 | 8.364980e — 03 | 0.6276 | 1.822500e — 02 | 0.3793
h=125Ax | 200 | 5.224095e¢ — 03 | 0.6792 | 1.358851e — 02 | 0.4235
400 | 3.148072e — 03 | 0.7307 | 9.750044e — 03 | 0.4789
800 | 1.855980e — 03 | 0.7623 | 6.897379% — 03 | 0.4994
1600 | 1.094709¢ — 03 | 0.7616 | 4.972079e¢ — 03 | 0.4722
N \h — hali EOC. \h — halo EOC}:
25 | 3.536548¢e — 02 5.056982¢ — 02
50 | 2.406173e — 02 | 0.5556 | 3.814586e — 02 | 0.4068
b — AL 100 | 1.587797e — 02 | 0.5997 | 2.936683e — 02 | 0.3773
200 | 1.017705e — 02 | 0.6417 | 2.208192e — 02 | 0.4113
400 | 6.299573e — 03 | 0.6920 | 1.618504e — 02 | 0.4482
800 | 3.755617e — 03 | 0.7462 | 1.148840e — 02 | 0.4945
1600 | 2.184898¢ — 03 | 0.7815 | 8.008097e¢ — 03 | 0.5206
N |u—uh]1 EOCLl ]u—uh\g EOCLQ
25 | 2.731579e — 02 3.822565¢e — 02
50 | 1.771638e — 02 | 0.6247 | 2.850676e — 02 | 0.4232
b — 9Ax 100 | 1.159073e — 02 | 0.6121 | 2.217433e — 02 | 0.3624
200 | 7.390988e — 03 | 0.6491 | 1.679123e¢ — 02 | 0.4012
400 | 4.586912e — 03 | 0.6882 | 1.259393e — 02 | 0.4150
800 | 2.720151e — 03 | 0.7538 | 8.904937e¢ — 03 | 0.5001
1600 | 1.581580e — 03 | 0.7823 | 6.263809e — 03 | 0.5076
N \h — hp|1 EOCH: |h — )2 EOC»
25 | 3.917843¢ — 02 5.321011e — 02
h—2Az, 50 | 2.490328¢ — 02 | 0.6537 | 3.946125¢ — 02 | 0.4313
vandomly | 100 1.651274¢ — 02 | 0.5928 | 3.081731e — 02 | 0.3567
disturhod | 200 | 1.058071e — 02 | 0.6421 [ 2.249888¢ —02 | 0.4539
400 | 6.536702¢ — 03 | 0.6948 | 1.663628¢ — 02 | 0.4355
800 | 3.888203¢ — 03 | 0.7495 | 1.179245¢ — 02 | 0.4965
1600 | 2.246328¢ — 03 | 0.7915 | 8.047857¢ — 03 | 0.5512

to be continued on next page
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N lu — upl1 EOC;, lu — upl2 EOC:
25 | 3.035758e — 02 4.201710e — 02
b= 9AL 50 | 1.833132e¢ — 02 | 0.7277 | 2.929060e¢ — 02 | 0.5205
randoml{r 100 | 1.206759¢ — 02 | 0.6032 | 2.333436e — 02 | 0.3280
. 200 | 7.759506e — 03 | 0.6371 | 1.744616e — 02 | 0.4195
disturbed

400 | 4.766688¢ — 03 | 0.7030 | 1.301106e — 02 | 0.4232
800 | 2.815193e — 03 | 0.7598 | 9.139008e — 03 | 0.5096
1600 | 1.623429¢ — 03 | 0.7942 | 6.287387¢ — 03 | 0.5396

Table 5.8: Error and convergence rates for Scheme at time ¢ = 0.75 and with smoothing
lengths h = 1.25 Az and h = 2 Ax. The coefficients are computed using Gaussian numerical
integration.

In the second example, which can be seen as a one-dimensional breaking grain silo over an

i

i5
domain is Q = [0, 1] and the initial data are given by

incline, we assume an inclination angle ¢ = {% and a friction angle § = Z. The computational

hy, ifxe [0,171]
h(z,0) = him, if x € (21, x2]

hy, if z € (22,1]
u(z,0) = 0,

where hy = h, = 0.1, hy,, = 0.2, 1 = 0.25 and 22 = 0.5. Because of the inclination, we expect
the mass to move unsymmetrically. We first use equidistant particles with a smoothing
length h = 2 Az resulting in six neighbours for each inner particle and afterwards randomly
disturbed particle positions with the same smoothing length. The construction of the ran-
domly disturbed particle positions is as in the previous example: we start with equidistant
particle positions and change them by adding a random number r € (—0.25 h,0.25 h).

The time evolution of the initial profile and the velocity for N = 200 randomly disturbed
particles is shown in Figure It can be seen clearly that the mass moves more to the
right than to the left and stops after a while. To make the unsymmetric movement of the
granular mass more evident, the top view of the time evolution of the velocity is shown in Fig-
ure[5.5[(b). The results agree very well with the results for a similar problem treated in [KS08§].

Our last example concerning the SH equations is the spreading of a parabolic initial profile,
where we set ( =0 and § = 7/15. The initial profile is given by

K
h(z,0) = max <10, K—l(x— x0)2> ,

where K = 1, | = 4 and z¢9 = 2.5. The time evolution of the computational solution for
N = 200 and randomly disturbed particle positions with a smoothing length h = 1.25 Az is
shown in Figure We can see that the mass starts to move symmetrically and finally stops
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(b) Velocity for randomly disturbed particle positions.

Figure 5.5: The SH equations: Time evolution of height (a) and velocity (b) for a Riemannian

initial profile over an incline with ( = 7/15, § = /5 and N = 200 randomly disturbed particle
positions up to ¢t = 0.5.

due to friction. Again, the results for equidistant and randomly disturbed particle positions
differ only slightly and agree very well with the results in [KSO08].
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Figure 5.6: The SH equations: Time evolution of the height for a parabolic initial profile with
¢(=0,0=n/15 and N = 200 randomly disturbed particle positions up to ¢t = 6.

5.4 Solid body rotation

In this section, we consider the so-called solid-body rotation. The corresponding equation
and the initial condition in two space dimensions reads

ou+2y0u—220u=0 for (z,y,t) €[-1,1> x Ry,
(5.6)
u(x,y,0) = ugp(z,y).

Note that Equation (5.6) is of the form
atu + 8x(U1(.Z', y) U) + 83/(02(:6’ y) U) = 07

with a divergence-free velocity field v = (v!,v?) = (2y, —2 ). The streamlines of the flow are
level sets of the function f(x,%) = 22 + y? and hence circles. Therefore, the exact solution of
problem describes the clockwise rotation of the initial condition. With the method of
characteristics, it can be easily computed as

u(z,y,t) = up(x cos(2t) — y sin(2t), z sin(2t) + y cos(2t)).

Thus, a complete rotation of the initial condition will be achieved fort = kmand k =1,2,....

For the numerical computation, we use an equidistant particle configuration suggested in
[Tel05]. Suppose that we have N? particles ¥; with I = (i,5), 4,5 = 1,...,N, thus N
particles in each direction. We use non-moving particles with a piecewise quadratic kernel in
two dimensions that is constructed from a piecewise quadratic kernel in one dimension by

Wf(xa Y, h) = WZ(ZL‘7 h) VVJ(yv h)
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and thus V(z,y,h) = ¢i(z,h)Y;(y,h). Here, Wr and ¥ denote the kernel and the par-
ticle functions in two dimensions and W; and 1); the one-dimensional kernel and particles,
respectively. This construction naturally leads to a square-shaped support of the particles
U;. We distribute the particles equidistantly in the domain Q = [~1,1]? with a smoothing
length h = Ax = Ay, where Az and Ay denote the distance between two particles in x- and
y-direction. According to (2.2), we set W;(z,h) = W(z — z;, h) with

<$+h)2, $E[—
—x2+%2, x € [—

Wem=9 w2 vetn)

and get

2(1+I xZ)Q, JIE[JZi—h,JZi—%)
a2

1-2 (55)) zelr—Lo+h)

2 (l—x_hxi)Q, JJE[JZZ-F%,:Q—F}Z)

0, else.

"/J(ZE — T4 h) = wl(xa h) =

This configuration leads to V; = h? and eight neighbours for all inner particles ¥;. The
geometrical coefficients 3;; can be computed exactly to

(£ah,+aEn)T, J=(i+1,j+1)
(£2h,0)7, J=(i%+1,5)

B = (0, £2h)T, J=(i,j£1) (5)
(0,0)7, else,

see [Tel05] for details.

The characteristics for this problem are circles and thus dictate an inflow-outflow pattern
on the boundary. In the numerical computation for this example, we use ghost particles as
described at the beginning of this chapter. On the inflow part of the boundary, we set u = ug.

As rotating objects, we choose first a cone and a rectangular solid as an example of a discon-
tinuous initial condition:

1, 0.1 <x<0.6, -0.25 <y <0.25
uo(z,y) = {1 - gas, <035 (5.8)
0, else

with r := /(2 + 0.45)2 + y2

As a second example, we choose the smooth initial condition

uo(z,y) = ¥ (0.35.0) (2,9, h) = ¥(z — 0.35,h) ¥(y, h) (5.9)
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with a smoothing length of h=0.5.

Moreover, we use the Enquist-Osher flux function that is defined in the following way [Kr697]:
g(u,v,nj) = c:;(u) + ¢;;(v),
where
u
) = e;(0)+ / max(cl(s), 0) ds, (5.10)
. 0
cii(u) = / min(c;;(s),0) ds (5.11)
0

and
cij(u) = f(u) ng; .
For the solid body rotation problem, we have f(u) =2 (yu, —z u).

In Figure the isolines of the numerical and the exact solution for N x N = 100 x 100
particles at time ¢ = m/2 are shown. The initial conditions and and the
corresponding numerical results at time ¢t = 7/8, t = /4 and t = 7/2 can be found in Figure
and respectively. In both cases, it can be seen clearly that the solution is smeared
out as time proceeds.

The numerical convergence rates for the numerical solutions in ¢ = 7/2 with the discontinuous
initial condition and the smooth initial condition can be found in Table and
respectively. The results seem to be a little bit better than those in [Tel05] for a much
simpler linear advection problem. Note that for smooth initial data, convergence rates of

almost one are achieved.

N x N \u—uh|1 EOCLl \u—uh|2 EOCL2
60 x 60 | 2.913056e — 01 2.959874e — 001
80 x 80 | 2.559090e — 01 | 0.4503 | 2.666400e —01 | 0.3630
100 x 100 | 2.256024e — 01 | 0.5649 | 2.498392¢ — 01 | 0.2917
120 x 120 | 2.067484e — 01 | 0.4787 | 2.351285e¢ — 01 | 0.3328
140 x 140 | 1.886838¢ — 01 | 0.5931 | 2.248879¢ — 01 | 0.2889

Table 5.9: Convergence rates for the solid body rotation problem with discontinuous initial

data and t = /2.
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-0.5

(a) discontinuous initial condition

(b) smooth initial condition

Figure 5.7: Solid body rotation: isolines of numerical and exact solution with discontinuous
and smooth initial condition at time ¢ = 5. Computed with 100 x 100 particles.

N x N |u—uh|1 EOCLl \u—uh|2 EOCLz
60 x 60 | 9.893387¢ — 02 1.089388¢ — 001
80 x 80 | 7.894127e — 02 | 0.7847 | 8.632665¢ — 02 | 0.8087
100 x 100 | 6.542729¢ — 02 | 0.8415 | 7.107600e — 02 | 0.8711
120 x 120 | 5.567490e — 02 | 0.8853 | 6.012179¢ — 02 | 0.9180
140 x 140 | 4.831997¢ — 02 | 0.9191 | 5.190007e — 02 | 0.9540

Table 5.10: Convergence rates for the solid body rotation problem with smooth initial data

and t = /2.
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Figure 5.8: Solid body rotation: discontinuous initial condition and numerical solution for
t=g%,t=7and t = 7. Computed with 100 x 100 particles.
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Figure 5.9: Solid body rotation: smooth initial condition and numerical solution for ¢t = %,

t =7 and t = 5. Computed with 100 x 100 particles.



Conclusions

This work deals with the Finite Volume Particle Method (FVPM), a meshless method con-
structed for the numerical treatment of conservation laws. As this method can be interpreted
as a generalization of the FVM, a first step in a convergence analysis of the FVPM was
made by the proof of some important results that are crucial for the analysis of FVM. For
scalar equations in several space dimensions, we could show an improved L®-stability result.
As a consequence, we get the convergence of a subsequence in a nonlinear weak-* sense.
Under some assumptions, an L'- and a weak BV-stability result were proven. Moreover, we
were able to prove monotonicity and thus a discrete entropy inequality for general scalar
conservation laws in arbitrary space dimensions.

In another part of this thesis, we modified the FVPM in one spatial dimension by using
B-splines as shape functions. In this approach, the support of the shape functions may
vary in time so that additional terms appear in the scheme. On the other hand, these new
terms and the geometrical coefficients can be computed exactly. Thus, the resulting scheme
is much more efficient for problems where the particles have to move, e.g. because of a
time-dependent computational domain.

After that, we coupled the FVPM with a kinetic Ansatz in order to get a meshfree method
for the SH equations. A crucial requirement on numerical methods for the SH equations
is the preservation of granular masses at rest, i.e. non-homogenous steady states that
make physical sense. For that purpose, we discretized the kinetic representation of the SH
equations with the help of the generalized cell averages ending up with a FVPM with kinetic
fluxes and a special treatment of the source term. As we have already designed a kinetic
FVM for the SH equations earlier, we were able to compare the results of both methods.

In the last part, we tested the FVPM on several numerical examples. First, we implemented
the FVPM for the compressible Euler equations in one spatial dimension and for fixed par-
ticles. For a classical Riemann problem, we chose particles with different smoothing lengths
and compared the EOCs in space with results in [Tel05] for similar test cases. In a second
example, we applied the FVPM to a moving boundary problem, i.e. a one-dimensional piston
problem. In this case, the particles have to move because of the movement of the boundary.
We compared the EOCs and the computation time of the original FVPM with numerically
computed geometrical coefficients with that of the modified FVPM with B-splines. Both
piecewise linear and piecewise quadratic shape functions with different smoothing lengths
were used for the FVPM. For the new scheme, we used first and second order B-splines.
It was shown that the EOCs are similar, while the FVPM with B-splines is much faster
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and thus considerably more effective. Next, we tested the kinetic FVPM developed for the
SH equations on several examples. We started with a classical Riemann problem without
source term. The observed EOCs are similar to that observed for the Riemann problem for
the Euler equations. The second test case is a Riemann problem over an incline and with
simultaneous consideration of friction forces. In this case, we chose the inclination angle to
be smaller than the friction angle. It is seen that the granular mass clearly moves more in
downward direction and stops after a while. In our last example for the SH equations, we
start with a granular mass shaped like a parabolic cap. We take friction into account but
no inclination. The mass moves symmetrically and finally stops. All the results for the SH
equations agree very well with those from the kinetic scheme in [KS08]. At the end, we
implemented the FVPM for a linear solid body rotation problem. We tested the method with
smooth and discontinuous initial data. For smooth initial data, we achieved convergence
rates of almost one.

The next step concerning the convergence analysis of the FVPM for scalar equations is clearly
the construction of an entropy inequality for the reconstructed solution. With the notion of
the entropy process solution and the nonlinear weak-* convergence, it is then possible to go
to the limit in this entropy inequality and get estimates for the error terms with the help
of the weak BV-stability. Thus, it should be possible to show convergence of the numerical
solution obtained with the FVPM towards the entropy process solution. As it is well known
that the entropy process solution is independent of the additional parameter o and coincides
with the unique entropy solution, one gets strong convergence towards the entropy solution
in L} according to Proposition m

Concerning the SH equations, an extension to two or three dimensions would be interesting as
well as the implementation of moving particles. As figured out in Chapter [ in such a particle
movement the particles should stop when the granular mass tends towards an equilibrium.
It would be interesting to see if the kinetic FVPM is able to preserve the granular masses at
rest, although this requirement should not be too difficult to achieve.



Appendix

On partitions of unity

The first proposition provides a bound on the sum of all Lebesgue measures of particle patches
contained in a set X with Lebesgue measure V. With the help of this proposition, we will
show that under the assumptions (2.41)), (2.42) and (2.43), each particle has a finite number
of neighbours.

Proposition 5.4.1. Let X C R? be a measurable set with Lebesque measure m(X) =: V.
Moreover, let X := { X }ie1, where the sets X; are measurable sets with equal Lebesgue measure
m(X;) =: v and satisfy

Uxicx

el

such that no point x € X is contained in more than M elements of X, i.e.
Vee X: [{iel:xeX;} <M. (5.12)

Then
[I|-v<M-V.

Proof. We can assume that X = J;c; X;. For j =1,...,M, let Y; C X be the set of points
in X that are contained in precisely j elements of X. Since these sets are clearly disjoint, we
have

If the sets X; are disjoint, we have M =1 and
|I|-v="V.
In the general case, we count points in Y5 twice, points in Y3 three times etc. Hence, we have
V=I-v—1-m(Y2)—2-m(Ys)— - — (M —1) -m(Yu).

This yields
M
-0 = V4> (G-1)-m(Yj)
j=1
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< VHM -1 m(y))

VB

<
Il
i

- Vi (M-1)-V

With this, we can show that every particle has only a finite number of neighbours.

Proposition 5.4.2. Let Q C RY, {4} be a partition of unity on Q and Q; := supp(1;)
for i € T. Under the assumptions , and , each particle has only a finite

number of neighbours.

Proof. We denote by m(€2;) the Lebesgue measure of §2;. Because of (2.42)), we have
m(Qi):/ ldx > [ ¢ydx=V; > ah’
of R4

Moreover, let y; € §;. Because of (2.43)), the ball B(y;,4h) centered in y,; with radius 4 h
contains €; and Q; for all j € N (¢). Using Proposition we have

M-m(B(y;,4h) > Y m(Q) > (Cn;i+1)-ah
FEN (5)U{a}

where Cy; := |[N(i)|. We denote by My the Lebesgue measure of the unit ball in R¢ and
obtain

= const.

M -m(B(y;,4h)) 4% M- My
Cn;i < =
’ a-hd a
O

For completeness, we will show that a finite number of neighbours for each particle implies
that every point in the considered domain is covered by a finite number of particles. Thus,
the assumptions that each point of a domain is covered by a finite number of particles and
that each particle has a finite number of neighbours are equivalent.

Proposition 5.4.3. We consider a partition of unity {1;}ie7 defined on a domain Q C R?
and assume that each particle has only a finite number of neighbours:

JCN eR:IN(E)| <Cn VieT.
Then each point © € R is covered by at most M = Cn + 1 particles, i.e.
VeeR¥: |{icT:xzecQ} <COy+1.
Proof. Assume a particle ¢; with C; := [N (i)|. We consider the set

A::Qﬂ?( N Qj>,

JEN (i)
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which might be nonempty. In this case, we have
VeeA:{keT :xeQ} >Cni+1.
On the other hand, we have
VeeA: {keT :xeQ}t <Cn;+.
Indeed, the assumption that there exists another particle ¢; with [ ¢ N (i) and
AN #0

automatically implies that

Qiﬂﬁl#@,

thus the particles 9; and v; are neighbours, in constrast to the assumption. If the set A is
empty, the set {k € T : x € Q) is even smaller for every = € R?.
The Proposition follows by setting Cn := max;c7 Cn ;. O

With the above propositions, it is easy to show the bounds stated in Chapter

Proposition 5.4.4. Under the assumptions , and , the sets

T = {iET:QZ’CB(O,R)}
Ep = {(4,j)eT?i€Tr Vv jeTr,jeNG),ul>ul}
G = {O'ij 10 C B(O,R)\B(O,R — Qh)}

are bounded. More precisely, we have |E%| < Cy h™4,|Tgr| < Coh™¢ and |&| < C3 h1 =1,
Proof. By Proposition we know that

[Tl < C2h™
with

m(B(0,R)) - M

Cy :=

Because of Proposition [5.4.2] each particle has only a finite number of neighbours Cx. This
directly yields
|ER| < Cn|Tr| = C1h™*

with
m(B(0,R)) - M -Cn

a .
To estimate &, note that we just have to count the particles in the annulus B(0, R)\B(0, R —
4 h), multiplied by the maximal number of neighbours per particle C. Thus, we have

Cq =

6] < |[{ieT:Q; c B(O,R)\B(,R—4h)}-Cx
Mg (R~ (R—4h)%)
o - hd

< M -Cn
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< 03 hl*d

with

Ma X ()RR
(6%

Cs:



Nomenclature

FDM Finite Difference Method

FEM Finite Element Method

FVM Finite Volume Method

FVPM Finite Volume Particle Method

SPH Smoothed Particle Hydrodynamics

CFL condition Condition on the time step size, named after Courant,

Friedrichs and Lewy

EOC Experimental order of convergence

d Spatial dimension
Computational domain
o0 Boundary of the computational domain

Velocity of the boundary of the computational domain

T Spatial coordinate

t Time variable

n Outer unit normal

P Density

U, v z- and y-component of the velocity, resp.
P Pressure

E Energy

iy Nonlinear weak-* convergence

m(-) Lebesgue measure

My Lebesgue measure of the unit ball in R?
o(+) Diameter

alb, aTh min(a, b), max(a,b)
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Nomenclature

LP
I,
Lfoc
BV
-1l ze

| |»

n
At

Vi, ¥
Q;, Q7
w, M

T, T

Ti, T

b;

Vi, Vi
’71’]’77%7/62']'7 Z
B,,B;,C;, D;
h

gz’jag%

B

h;

Lebesgue space of p-integrable functions
Lebesgue space of essentially bounded functions

Locally p-integrable functions

1

ioe With bounded total variation

Space of functions in L
LP-norm
Discrete LP-norm

Lipschitz constant

Index set of particles

Indices of particles

Number of particles on bounded domains

Index set of all neighours of particle v;

Number of neighbours of particle 1; : Cn; := [(N(2))]
Upper bound on the number of neighbours per particle:

(V@) <CnVieT

Time step

Time step size

Particle

Support of particle ¥;: §; := supp(v);)

Minimal and maximal number of overlapping particles:
1<pu<|{ieT: 2 QM) <M V(x,t)cRIxRy
Position of particle 1;

Velocity of particle 1;

Average particle velocity

Barycenter of particle v;

Generalized volume of particle v;

Geometrical coefficients

Boundary terms

Smoothing length

Numerical flux function

B-spline of degree m

Distance between particles in the context of B-splines:

hi = Ziy1 — 2
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Summary

This thesis is concerned with the Finite Volume Particle Method (FVPM), a meshless numer-
ical method for solving hyperbolic conservation laws. After a general overview on hyperbolic
conservation laws and the idea of the standard Finite Volume Method (FVM), the FVPM
is deduced following the derivation of the FVM. We show L°°-stability, a weak BV-stability
result, positivity, monotonicity and a discrete entropy inequality of the FVPM for scalar equa-
tions in several space dimensions. Subsequently, the FVPM is combined with B-splines in a
one-dimensional setting and coupled with an existing kinetic scheme to handle the dynami-
cal behaviour of granular masses. Numerical results are shown for the one-dimensional Euler
equations, a one-dimensional linear piston problem with moving boundary, the Savage-Hutter
equations and a two-dimensional solid body rotation problem.

Zusammenfassung

Diese Arbeit befasst sich mit der Analyse und Weiterentwicklung der Finite Volumen Par-
tikel Methode (FVPM), einer gitterfreien Methode zur numerischen Berechnung von Lisungen
hyperbolischer Erhaltungsgleichungen. Nach einem kurzen Uberblick iiber hyperbolische Er-
haltungsgleichungen und der Einfiihrung in das Gebiet der Finite Volumen Methoden (FVM)
leiten wir die FVPM her. Als zentrale Ergebnisse zeigen wir L°°-Stabilitét, eine schwache BV-
Stabilitét, die Positivitat des Verfahrens, Monotonie sowie eine diskrete Entropie-Ungleichung
fiir skalare Erhaltungsgleichungen in mehreren Raumdimensionen. Anschlieffend formulieren
wir die FVPM mit B-Splines als Ansatz- und Testfunktionen in einer Raumdimension und
ermoglichen damit eine effiziente Berechnung der geometrischen Koeffizienten. Dariiber hin-
aus nutzen wir eine bereits erfolgreich umgesetzte kinetische Methode zur Losung der Savage-
Hutter Gleichungen und erhalten daraus eine Formulierung der FVPM zur Beschreibung von
Stromungen granularer Medien. SchliefSlich werden numerische Resultate fiir die eindimen-
sionalen Eulergleichungen, ein eindimensionales Kolben-Problem mit bewegtem Rand, die
Savage-Hutter Gleichungen sowie ein zweidimensionales Rotationsproblem angegeben.
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