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1. Introduction

Emissions caused by vehicles have been an important issue over the last five
decades. Moreover, it still is of huge relevance, as the reaction to exceptionally
high levels of air pollution in Paris on March 17 2014 shows: Cars with even-
numbered license plates and commercial vehicles over 3.5 tons were banned from
entering the city during that day. The plan of banning the odd-numbered plates
on the next day became unnecessary, since the level of pollution was reduced].

In order to reduce the exhaust gas pollution, governments in many countries of
the world prescribe technical requirements for the production of cars, especially
the exhaust system of the car, so that their emissions do not exceed certain limits.
One of the first restrictions was introduced by the government of California (USA)
in the early 1960s. In 1970 the European Community passed first laws regarding
exhaust gas pollution. Today, we are facing the Furo 6 standard, which will
become compulsory in September 2014 in Europeﬁ.

For the reduction of the concentration of harmful gases in the exhaust gas (e.g.,
CO, NO,, and C,H,), there is a classical technical solution, namely the installation
of catalytic converters in the exhaust pipe system. The functionality of catalytic
converters strongly depends on the temperature in the converters. There is a lower
limit (about 300 degrees Celsius) for proper functionality and an upper limit to
avoid damages. In particular, right after the engine start there is a critical time
interval where the temperature in the converters is not high enough. That is why
the cold start phase has a disproportionally high impact on pollutant emission
caused by vehicles.

A method of heating the catalysts after starting the engine is the combustion of
unburnt gas in the catalytic converters. Modern exhaust systems can control the
ratio of oxygen and fuel in the combustion chamber of the engine. By choosing
a ratio with more fuel and less oxygen some unburnt fuel flows to the catalytic
converters where it can be used for an exothermic reaction.

Computational fluid dynamics (CFD) can help us to understand, predict or even
control the flow of exhaust gas through a pipe during the cold start, e.g., with the
aim of reducing pollutant emission. Most models concerning fluid dynamics are
based on partial differential equations (PDEs). Although popular models like the

"http://en.wikipedia.org/wiki/Road_space_rationing
?http://europa.eu/legislation_summaries/environment/air_pollution/128186_en.htm
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2 1 Introduction

Navier-Stokes equations or Euler equations of gas dynamics have been known for
centuries, there is still no sufficient theoretical base, that makes CFD obsolete. In
many real world applications computer based simulations are the only possibility to
obtain information in reasonable time, without having to perform real experiments.

CFD has a wide range and there is a multitude of models that describe similar
phenomena. Complex models that need hours/days/months of computational time
on super-computers with thousands of teraflops per second are not always suitable.
For applications like parameter-identification or optimal control they produce large
costs, since such tasks require multiple model evaluations. Therefore, one would,
especially in the case of such tasks, benefit from mathematical models that can
deliver accurate information in a short time.

The aim of this thesis is to derive and verify a mathematical model that de-
scribes the transient gas dynamics in an exhaust pipe in a correct and numerically
efficient way. Subsequently, this model will be needed to answer the question, how
to optimally control the inflow of unburnt gas in order to heat up the catalytic
converters during the cold start phase.

The mathematical and especially engineering literature on modelling and sim-
ulation of exhaust pipes is broad. There are many different issues the research is
focused on, from studies of vibrations (see e.g., [JW9S8, [Lin94]) and sound waves
in the exhaust pipe system (see e.g., [HDRD11, [ILT11]) to studies of the dynamics
of the temperature in catalytic converters, etc. As already indicated, we focus on
the latter issue.

Rjasanow [Rja95] studied the influence of the geometric structure of the exhaust
pipe on the heating process of a catalyst. Diverse chemical reactions in the cat-
alytic converter are studied in the textbook of Cumberbatch and Fitt |[CF01] with
the aim of a better understanding of the heating process after the engine start.
Similar models are presented in the book of Friedman and Littman |[FL94], where
additionally an optimal control problem with respect to the temperature in the
catalyst is considered.

There are several multi-dimensional approaches (see e.g., [BHT™, [(CCDDO03]),
which are known to be numerically very expensive. These studies are necessary
if one is interested in detailed fluid dynamic phenomena in a specific part of the
exhaust pipe (with the trade-off of more complex modelling and an enormous
increase in computation times).

We focused on one-dimensional models of the gas flow through an exhaust pipe.
They are known to be much simpler and still very accurate in predicting certain
flow quantities, like temperature and density (see [CH99, LTW09, MSZH11]).

The model of interest for this thesis is the promising model that was studied by
Lacoste and Natalini (see [LN04]). There, a fully compressible, one-dimensional
approach on the basis of the reactive Euler equation of gas was followed, in order



to model the chemical processes which arise inside an exhaust pipe. The model is
described in detail in Section 2.3l However, there is still room for improvement,
since this approach has weaknesses when it comes to numerical simulation, in the
sense that the computing efficiency suffers.

1. It is known that the flow in an exhaust pipe is always in the small Mach num-
ber regime. This can cause severe numerical problems in a fully compressible
approach (see [SMT99, GV99]), which lead to large computing costs.

2. The description of the pipe’s geometry in [LNO04] is realized by a cross section
function in the governing equations (see also [Liu82, MSZH11|] for such an
approach). The strongly varying cross sections lead to very small step sizes
for the spatial discretization at the cross overs (and due to the CFL condition
also in time@).

This thesis is devoted to overcoming these issues and therefore we derive a new,
numerically more efficient model on the basis of the Lacoste-Natalini model. We
perform two steps to rule out the above mentioned disadvantages.

1. A way out of the delicate small Mach number situation is to use the small
Mach number in order to derive an asymptotic model. The advantage is,
that such an asymptotic model does not track the propagation of sound
waves. Therefore, larger step sizes in time can be realized in the numerical
simulation (see also [KSGF09] on this issue). An incompressible approach is
not recommended due to the strongly varying temperatures.

2. In order to avoid strongly varying geometry functions, we consider the ex-
haust pipe as a network of single pipes with constant cross sections. In this
way we completely avoid using geometry functions and shift the problem to
finding physically meaningful coupling conditions at the vertices. This gives
us the opportunity to include minor loss terms, which describe pressure
losses due to turbulences at the junctions@ Coupling conditions for simi-
lar problems were discussed, for example, by Gasser and Kraft in |[GKO0S]
and by Banda, Herty and Klar [BHKO06]. A similar network approach for
a part of the exhaust pipe was presented by D’Errico, Ferrari and Onorati
in [DFOO00], but although pressure losses were mentioned in that work, they
have not been taken into account in the numerical realization.

The details on both steps, the network approach and the small Mach number
limit, as well as the derivation and presentation of the model of Lacoste and

3Details on the CFL condition for our numerical algorithms are given in Subsections B.3.1]
and B.3.2

4Remark E on Page 25l is devoted to this issue.
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Natalini, will be given in Chapter 2l which finishes with the proposal of a new
asymptotic model.

Clearly, mathematical models have to be verified to convince the reader of their
meaningfulness. The new asymptotic model consists of highly non-linear, coupled
PDEs on a network, and does not fit into a class of (partly) well understood
systems, i.e., it is neither parabolic, elliptic nor hyperbolic. Hence, an analytic
approach is a difficult task and was beyond the scope of this thesis. Therefore, we
will apply computer based simulations to obtain numerical solutions.

In Chapter [3] we derive and present the numerical algorithm we use, and verify
its correctness by studying the numerical convergence of the transient problem
towards the analytical stationary solution. Subsequently, we check the accuracy
of the model by comparing it to the pre-asymptotic, hyperbolic one, i.e., a well
established model. We do not only compare and interpret the results, but also
discuss the numerical efficiency. We will deduce a good agreement of the numerical
simulations and a drastic advantage for the new model with respect to computing
times. In contrast to the established hyperbolic model, which is slower by orders
of magnitude, simulations of the asymptotic model run on regular laptop PCs in
real time.

Having a numerically efficient and accurate model, we can tackle the mentioned
optimization task. We recall that unburnt fuel is used for the heating of the
catalytic converter during a cold start. Clearly, there is a competition between
reaching the optimal converter temperature fast and using very little unburnt fuel
in the exhaust gas. Optimization on such a model is still a highly challenging topic.
We only mention representatively some works where similarly complex issues were
studied: Herty and Sachers [HS07] studied how to optimally transport gas through
pipeline networks by controlling the power of compressor stations. Gugat et al.
[GHKLO05] considered an optimization task related to traffic flow, whereas the
optimal cooling of glass was studied by Frank, Klar and Pinnau in [FKP10].

In Chapter M, we show how to compute an optimal inflow distribution of un-
burnt gas (into the exhaust tube) with respect to a cost function, subject to our
asymptotic model. The cost functional consists of a tracking-type term for the tem-
perature of the catalytic converter and a penalization term for the consumption of
fuel. Since we want to follow the steepest descent direction of the cost functional,
we require a gradient which we compute by adjoint calculus. We therefore differ-
entiate the Lagrangian functional, which contains all information about the cost
functional and the asymptotic model, with respect to the the control, state and
adjoint variables. The technical derivation of the first order optimality conditions
is a major part of that chapter. However, it is done only on a formal basis, since
we do not know anything about the space of solutions. While this mechanism is
well known in the context of elliptic, parabolic and also hyperbolic systems, to our



knowledge it has never been applied to a type of equations like our asymptotic
model. We complete Chapter (] with a discussion about the discretization and the
presentation of some numerical examples.

Lastly, we want to mention the Appendix [Al which is devoted to the nomencla-
ture and should be considered whenever one loses track of the notation.

Part of the results in this thesis have been published in:

[GR13] I. Gasser, M. Rybicki: Modelling and simulation of gas dynamics
in an exhaust pipe, Applied Mathematical Modelling, vol. 37 (5),
2747-2764, 2013.
http://dx.doi.org/10.1016/j.apm.2012.06.010

[GRW14a] 1. Gasser, M. Rybicki, W. Wollner: Modelling, simulation and op-
timization of gas dynamics in an exhaust pipe, In Hyperbolic Prob-
lems: Theory, Numerics, Applications (Proceedings of the 14th

International Conference on Hyperbolic Problems held in Padova,
June 25-29, 2012), vol. 8, 907-914, 2014.

[GRW14b] 1. Gasser, M. Rybicki, W. Wollner: Optimal control of the temper-
ature in a catalytic converter, Computers and Mathematics with
Applications, vol. 67 (8), 1521-1544, 2014.
http://dx.doi.org/10.1016/j.camwa.2014.02.006

The content of the first publication [GR13] is embedded in Chapters 2 and [3]
whereas the fourth Chapter consists of the issues discussed in the last publica-
tion [GRW14b]. The contribution to the Proceedings of the Conference HYP2012
[GRW14a] contains a compact overview over all main issues of this thesis, namely
modelling, simulation and optimization of gas dynamics in an exhaust pipe.
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2. Modelling

The aim of this chapter is to derive a mathematical model that describes the dy-
namics of exhaust gas in a car’s exhaust pipe. In Section 2.1l we explain roughly
what an exhaust pipe in a car consists of and how catalytic converters work. Then,
we present and partly motivate the model of Lacoste and Natalini in Section 2.3]
which describes the gas dynamics in an exhaust pipe. Starting from their model,
we derive a new, numerically more efficient, model in the remaining sections of
this chapter. The key steps to our goal are a network approach (Section 24]) and
a low Mach number limit (Section 2.5]).

The major content of this chapter, namely the derivation of a new asymptotic
model on a network of pipes (Sections 2.4 and [2Z1]), has been published in [GR13].

2.1. The application’s backgroun

The cause of a car’s movement is the transformation of chemical energy into me-
chanical energy, mostly kinetic energy. Whereas chemical energy is the potential
of releasing (or absorbing) energy through chemical reactions, kinetic energy is
the energy of motion. In this case, the chemical energy is stored in a high-energy
fluid, the fuel. There are many chemical components in this fluid. Furthermore,
they differ from fuel to fuel (e.g., diesel and benzine). However, we just consider
a reference reaction of a hydrocarbon molecule with oxygen, i.e., an oxidation of
C.H,, which represents the explosion of fuel in a combustion chamber:

C,H, + (x n %) 0y — 2COy + %Hgo + ApH, (R1)

where ArH denotes the reaction enthalpy, which represents the heat release due
to the combustion. Reaction (RI]) is of course a rough simplification of all the
(partly still unknown) complex inside reactions in the combustion process. Since
the considered oxidation is of exothermic nature, we have ArH > 0. The rise
of temperature and pressure of the gas mixture in the combustion chamber is

1 Using the published content in this thesis is in agreement with the copy rights of the pub-
lisher: http://www.elsevier.com/journal-authors/author-rights-and-responsibilities.
2The content of this section is taken from the book Handbuch Verbrennungsmotor [vBS05].
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transformed into kinetic energy of the piston. We explain this in more detail in
the following paragraph.

We consider a four stroke cycle engine. Such an engine has four stages/strokes,
where one stroke represents a complete and vertically directed movement of the
piston in the combustion chamber (see also Figure [2.]):

1. Intake stroke: In this stage the exhaust valve is closed and the inlet valve
is open. The piston moves down and creates a depression, which causes an
intake of the fuel-air mixture.

2. Compression stroke: Both valves are closed. The piston moves up and
compresses the mixture.

3. Combustion stroke: The piston reaches its top position and the mixture
its highest compression. At this point the spark plug emits a spark which
ignites the fuel-air mixture. The explosion/oxidation (RI) takes places. The
heat release leads to a large increase of temperature and pressure, which
pushes the piston down.

4. Exhaust stroke: After the piston reaches the bottom position the exhaust
valve opens. The piston moves up again and pushes the burnt gas mixture
out of the combustions chamber into the exhaust pipe.

fuel inlet valve exhaust valve
— i A\ spark plug /z exhaust pipe
: \ /)
v N\ | # N
Y
air fuel-air mixture exhaust gas
A
% +— combustion chamber
Q ¢ piston
crankshaft

Figure 2.1.: Combustion engine
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Modern cars are equipped with more than one combustion chamber. Usually there
are at least four cylinders with shifted strokes, in order to provide a smooth impulse
on the crankshaft.

Catalytic converters

The products of the combustion of the fuel-air mixture are ejected into the exhaust
pipe. Some unwanted chemical products are toxic, such as carbon monoxide (CO),
carbon hydrides (C,H,) or nitrogen oxides (NO,). Therefore, one is interested in
transforming those harmful gases into less harmful gases, before emitting them into
the environment. For this purpose catalytic converters are essential components
in cars’ exhaust systems. A catalyst is a substance which reduces the activation
energy of certain chemical reactions, by providing alternative reaction channels,
without being consumed by the reactants. Thus, with the help of catalysts chem-
ical reactions can occur under conditions which are not sufficient for the reactions
without the catalyst. The reactions we consider are:

e Oxidation of C,H, and CO:

CoHy + (w4 ) 02 = 2CO; + SH;0

CO + HQO — COQ + H2

e Reductions of NO,:

2NOZ +22CO — N2 —+ 2ZCOQ

(230 + %) NO, + zC,H, — (x + %) Ny + 22CO4 + %HQO

A catalytic converter which supports the oxidation of carbon monoxide (CO) and
carbon hydrides (C,H,) as well as the reduction of nitrogen oxides (NO,), is called
three-way catalyst (TWC). Such a TWC in a car’s exhaust pipe, that reduces the
activation energy of the above mentioned reactions, typically consists of several
components. A honeycomb-like structured ceramic block serves as a carrier. Its
channels are coated with noble metals. This coating is called wash coat, and con-
sists mainly of platinum (Pt), palladium (Pd) and rhodium (Rh). The oxidations
and reductions mentioned above, take place on the surface of this noble metal coat-
ing. To this end, the honeycomb structure is chosen to provide a large surface area.
With this construction technique (honeycomb structure with many small channels)
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catalytic converters can reach surface areas up to a hundred square metres. Due
to this structure a local friction force acts on the bypassing fluids.

A crucial quantity for the sufficient transformation of harmful into less harm-
ful gases is the temperature of the catalytic converter. Although the activation
temperature for the oxidations and reductions is reduced by the catalyst, it is still
far above the mean outside temperature. The temperature which ensures that the
reactions take place in a desired order of magnitude is called light off temperature
T)o ~ 550 — 600K. As long as this temperature is not reached, neither the re-
duction of NO,, nor the oxidations of CO and C,H, occur on a significant scale.
This is especially a problem for a cold start of the car. During this phase the
concentration of unwanted molecules in the emitted exhaust gas is highest. That
is why the cold start phase has a disproportionally high impact on the exhaust gas
emission caused by vehicles (see [GHHL10]).

Therefore, one is interested in heating up the catalytic converter as fast as
possible. An electric heating for the catalyst is not a reasonable option, due to
the low available voltage of 12 V. A better and in practice often applied method
is to use some unburnt fuel from the explosion in the combustion chamber for an
exothermic reaction in the converter.

How does unburnt fuel reach the catalytic converter?

In order to have enough unburnt fuel for the exothermic reaction in the catalyst,
one needs to choose the A-ratio to be less than one. The A-ratio is the ratio between
the air mass which is in the combustion chamber during the combustion stroke,
and the stoichiometric air mass, i.e., A = my;,/mSt.. The stoichiometric air mass
is needed for a complete combustion, so that neither unburnt fuel nor unburnt air
leaves the combustion chamber in the exhaust stroke. The stoichiometric amount
of air for 1 kg of petrol (diesel) is 14.7 kg (14.5 kg) of air. The A-ratio can be
controlled by an electronic control unit. Thus, by choosing A < 1, i.e., letting
not enough air into the combustion chamber for a complete combustion of fuel,
unburnt fuel can enter the exhaust pipe in the exhaust stroke. This reactant can
be used for an exothermic reaction in the catalytic converter and therefore reduce
the time until the light off temperature T~lo is reached.

Where does the oxygen for the exothermic reaction (RI) come from?

Since A < 1 the gas mixture in the exhaust pipe does not contain any unburnt
air. However, oxidations, such as the exothermic reaction (RI), need oxygen. The
supply of Oy is ensured by the injection of secondary air. By this procedure air is
injected into the exhaust pipe by an electrical pump and circumvents the absence
of oxygen for the exothermic oxidation. Figure shows the impact of secondary
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air on the temperature in the catalytic converter after a cold start.
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Figure 2.2.: Time evolution of a catalyst’s temperature with (black graph, OJ) and
without (grey graph, o) secondary air (from [vBS05], page 711).

Mufflers

Like in the case of gas emission, the legislative authorities prescribes compulsory
critical levels for the noises produced by cars. Muffler devices are designed to
reduce this noise. Some mufflers are filled with materials that absorb the noise,
whereas others contain perforated pipes and chambers which are arranged so that
the sound waves are reflected back towards the engine.

There are several studies on how to reduce this noise, dealing with the vibrations
produced by the exhaust pipe (see e.g., [JW9S8, ILin94]) or sound waves (see e.g.,
[HDRD11, [LT11])). However, in our application we will not be interested in noise
emission issues and therefore keep this paragraph on mufflers short.

The whole exhaust pipe

We finalize this section with an overview of the geometrical structure of the whole
exhaust pipe. Due to the heat of the engine one is interested in building the cat-
alytic converter as close to the engine as possible. This ensures high temperature
of the catalyst. However, due to the lack of space near the engine one can only
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build small catalytic converters next to it. Since such a small converter is not
sufficient to match the critical levels for gas emission, a second catalyst is installed
in many exhaust pipes (see Figure 2.3])

Our considered exhaust pipe will consist of two catalytic converters and two
mufflers.

Catalyst 1 Catalyst 2 Muffler 1 Muffler 2
= L L[]

Figure 2.3.: Considered exhaust pipe: consists of two catalytic converters and two
mufflers

2.2. The pipe’s geometry

The domain in which we want to describe the transient gas dynamics with math-
ematical models, is a car’s exhaust pipe. We assume the pipe to be rotationally
symmetric. The data of the considered pipe’s geometry is taken from [LN04, [Pet07]
and can be found in Table 2. J]and is illustrated in Figure2.4l The pipe has a length
of L = 3.6m and consists of np = 9 pipes with each a constant radius, including
two catalytic converters and two mufflers. Since the mufflers will be physically
treated as empty pipes, we only discriminate between pipes that do and pipes that
do not have a catalytic converter. For this purpose we introduce the indicator
mapping X : {1,...,np} — {0,1}, where

i 1, if pipe ¢ has a catalyst,
X' = ) (2.1)
0, otherwise.

As already mentioned in the introduction, the presented models will all be one-
dimensional. This is known to be much simpler in terms of numerical simulation,
but still very accurate in predicting flow quantities (see e.g., [CH99,/GS02, BHKO06,
BGH11, IGF13]. We render this more precisely by the following assumption.

Assumption 1. Let §*(%, T2, 3,t) be an arbitrary physical quantity (such as den-
sity, temperature, pressure) and (T, To, T3,t) the velocity field at time t and at
a given point (Z,T2,T3) in the erhaust pipe. We assume now that all physical
quantities are homogeneous in the cross section and the velocity field has only
non-vanishing entries along the pipe, i.e.,
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[m] Muffler 1

Catalyst 1 Catalyst 2 Muffer 2
0.1 % Fb
0
= N l_l—lj

0 0.5 1 1.5 2 2.5 3

-0.1

3.5 i[m]

Figure 2.4.: Cross section of the considered exhaust pipe with two catalysts and
two mufflers (see Table 1] for data)

(A1) For fived & and t all physical quantities §*(Z, %2, %3,1) are constant for all
(Z9,T3) in the exhaust pipe. Instead of §*(,Zo,T3,t), from now on we will
write §(z,1).

(A2) The &y and T3 component of the velocity field @ vanish for all T and t:
a(z,7) = (a(#,1),0,0)" .

Assumption |(Al)| can be motivated by considering the variable’s mean values
over the cross section area.

2.3. Model proposed by Lacoste and Natalini

In this section, we present the model by Lacoste and Natalini, which was developed
in 2004 in collaboration with the Italian car supplier Magneti Marelli (see [LNO4]).
For the correct formulation of this model we need a smooth cross section function
A: [0, i] — R. Therefore, small intervals of length @ = 0.03m were introduced, in
order to connect two different radii r* and 7! via a third order polynomial ff;%,
obeying the following conditions:

il (1 @ o
Ta 2 <$l+2 - 5) = TZ,
1

where

g (il Q)
T (x 2+§ =r',

féj*%)/ (fi+% i %) —0,

= ZD’ (2.2)
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pipe number i | length [m] L? | radius [m] 7 | catalyst {’
1 0.415 0.021 0
2 0.12 0.04 1
3 0.93 0.021 0
4 0.1 0.06 1
5 0.45 0.021 0
6 0.47 0.06 0
7 0.17 0.021 0
8 0.43 0.095 0
9 0.515 0.021 0
sum L=236 - 2
Table 2.1.: Geometrical data of the considered exhaust pipe. The indicator map-

ping Y’ denotes, whether pipe ¢ does or does not have a catalytic con-

verter. For the illustration of the pipe see Figure 2.4]

ferl_,r,
r—x

is the connection point between the i-th and (7 + 1)-th pipe. This leads to the
3 N _
+3—— ) + 7
a

e e
(ot

following polynomial

L3
for # € I 2, with
i+1 4l Qo1 Q
I072 = |32 — — 3" 4 — |, 2.3
e - e (2.3
See Figure for the illustration of such a polynomial. Finally the cross section
and the diameter are defined by
A7) := nr(3)?, d(z) := 27 (%), (2.4)
where
FE(E), faell e 2.5
it 7 e (5;1'*%+§,5;i+% —g). '

7(z) : i
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Figure 2.5.: Cubic polynomial ng (z) for smooth change of the pipe’s radius

System of equations

We will start from the well known Euler equation in a pipe with a variable cross
section, i.e.,

(Ap); + (Api)z = 0,
(Api); + (Api® + Ap)s = — Az,
(ApE); + (ApuE + Aup)z = 0.

See e.g., the textbook of Whitham [Whi74, Section 8.1, Page 265] for details. The
model of Lacoste and Natalini consists of the reactivd] Euler equations with right
hand sides. We now present those in detail.

e Conservation of mass
Let p(Z,t) and @(%,t) be the density and the flow velocity of the gas mixture
at point # and time #, respectively. Since there are neither sinks nor sources
in the exhaust pipeH, the total mass should stay conserved over space and
time, i.e.,

(Ap)i + (Apt)z = 0. (2.6)

e Reaction equation
It is assumed, that there are only two chemical states in the gas mixture,
i.e., burnt and unburnt gas. Although there is a multitude of other chemical

3The additional specification “reactive” implies, that the fluid consists of more than one
component and that there are additional equations for those components of the fluid.
4Secondary air is neglected.
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K(T)[s™]

100} == - == o= m - mmm e e K,

0 0.5 1 1.5 2 2.5 3T[1000K]

Figure 2.6.: Arrhenius’ law with Ky = 100s™! and T = 600K

components involved in the reaction, this strongly simplified approach works
very well in the model, since one is only interested in the overall heat release
of all chemical reactions together (see [CCDDO03, ICS08] or even [FW66]).

So, let Z(Z,t) be the ratio of unburnt gas in the gas mixture at point Z and
time ¢. Thus, the product pZ stands for the density of the unburnt gas in the
mixture. The conserved form of the reaction equation would be (analogously
to the conservation of mass equation)

(Ap2); + (Apza); = 0.

However, the ratio of unburnt gas is not conserved, but reduced by only one
exothermic reaction in the catalytic converters. Furthermore, it is assumed
that this reaction with a temperature dependent reaction rate K (T') is irre-
versible, where T = T'(%,1) stands for the temperature of the gas mixture.

The reaction rate is modelled by Arrhenius’ lawld:
. . T+
K(T) := Koexp =] (2.7)

where T+ = 600K and K, = 100s™! represent the activation temperature
and the limit reaction rate at infinitely high temperature, often called pre-
exponential factor, respectively. See Figure for the illustration of Arrhe-
nius’ law. Note that this reaction happens only in the catalytic converters.

5The more common formulation of the Arrhenius’ law is the one with activation energy E+
and the ideal gas constant R: K (T) = Kgexp (fE'*/(RT)). Hence, with RT+ = E* the above

used formulation is equivalent.
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Therefore, one needs an indicator functiond ¥ 5110, L] — {0,1} with

o if 7 is in a catalyst,
Xr(7) = . (2.8)
0, otherwise.

The chemical reaction happens on the surface of the catalytic converter.
Hence, the sink of unburnt fuel pz is modelled by the term XfA,ozK (T).
Finally, one ends up with the following reaction equation:

(Ap2); + (Apzit); = —XfApEK(T). (2.9)

e Momentum balance
Let p(Z,7) be the pressure of the gas mixture at point & and time ¢. If the
momentum was a conserved quantity, the following equation would hold:

(Api); + (Apa®); + Apz = 0.
It is worth remarking, that the conservation of momentum cannot be written

in conservation form, due to the fact that the pipe’s cross section is not
constant. For more details see the Appendix [B.1l

The physical effects that take place are the wall friction (with the wall friction
coefficient £ = 0.0241) and friction due to the honeycomb structure of the
catalytic converter (with friction coefficient C, = 800s™'). For the wall
friction a quadratic friction law is chosen, whereas it is postulated that the
surface friction has linear behaviour.

T~ ~ ~ _Ulu
(Apa); + (Api®)s + Aps = —Smdpid

: — x;C.Api. (2.10)

e Energy balance
Let p(Z,t) E(Z,t) be the total energy density at point & and time ¢. It consists
of the internal energy density ¢,p(Z,t)T(Z,t) and the kinetic energy density

pE 1) B e,

b S

E=2¢T+

where ¢, = 717.7% is the specific heat at constant volume of the gas mix-
ture. Then, according to the Euler equation of gas dynamics in a variable
pipe, the conservation of energy would be

(ApE); + (ApuE + Aup)z = 0.

%Note that the indicator mapping x : {1,...,np} — {0,1} (see [ZI)) is a discrete mapping,
whereas the indicator function x ¢ : [0, L] — {0,1} (see (28))) is a real function.
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As the momentum, the energy is not a conserved quantity. First, there is a
loss of energy due the heat exchange with the wall (heat exchange coefficient
h= 100%), where the wall temperature TWall is computed by the mean value
of the constant outer temperature fout = 290.28KE] and the gas temperature,
ie.,

T (1) = % (T(a:«, i+ Tt) . (2.11)

Second, there is an energy gain due to the exothermic reaction in the catalysts

. . ~ 2 . .
(specific heat release coefficient gy = 5 - 106?—2). Finally, one receives the
balance law for the energy:

(APE); + (ApiE + Atp); = —hwd(T — Twan) + X0 ApEK (T).| (2.12)

Ideal gas law

Since there are five unknowns (density, velocity, pressure, temperature and
ratio of unburnt gas) and only four equations so far, one needs another
condition. As the equation of state the ideal gas law is chosen, i.e.,

p=RpT, (2.13)

where R = 287.08% is the ideal gas constant.

So the final model presented in [LNO4] and the master thesis of Petrucci [Pet07],
consisting of conservation of mass (2.6), a momentum (ZI0) and energy balance

[212), a reaction equation for the chemical reaction in the catalytic converters
(29) and the ideal gas law (2I3]), forming the so-called reactive Euler equations
of gas dynamics through a variable pipe with right hand sides, is the following:

(Ap); + (Apii); = 0,
~ - - ~_ulu Lo e
(Apu); + (Api*); + Aps = — %ﬂdp% — XsCApL,
(APE); + (ApiF + Aup)s = — hrd(T — Twan) + VsdoApzR ()| (214)
(Ap2); + (Apzi)s = — ¥y ApER(T),
p=RpT

"The value corresponds to the initial condition of a cold start. By this choice we the heat

exchange vanishes at ¢ = 0.
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in Q:

= (0, L) x (0,00) with initial conditions

) (2.15)

on Iy, := (0, L) x {{ = 0} and inflow boundary conditions

W™ ™

(S 9
SN—
(S 9
)

E,f) = ﬁbc,r( )7

Ev{) = ﬁbc,r( )7 e ST F
A } if a(L,t) <0

),
), } if %(0,%) >0, 2(

Dbei

= Ppe(
= Zpea(

[N S R~
N—
Ty )
~—

Sy RS

Y

(2.16)

on Ty := {0, L} x [0, 00).

Remark 1. This is not exactly the model that was proposed by Lacoste and
Natalini. The formulation varies slightly (e.g., in notation). All differences are

listed in the Appendiz[B.2.

This model was studied numerically by Lacoste and Natalini. Prior to this, the
values for the parameters C. and h were calibrated by a least squares adjustment
with data that was provided by Magenti Marelli (see [LN04]).

The model has two drawbacks when it comes to numerical simulations, which
both lead to relatively high computation times. These are:

(D1)

(D2)

Large changes of the cross section on small intervals lead to large derivatives
in A and therefore to a fine spatial grid. Additionally, for reasons of numerical
stability, the step sizes in time and space have to be coupled (e.g., by the
CFL conditionﬁ). Hence, large derivatives in A also demand a finer time
grid.

Our main purpose is to describe the temperature development in the exhaust
pipe. However, this model unnecessarily tracks the sound waves in the gas
dynamics. Therefore, in the numerical realization of explicit schemes, one is
forced to use small step sizes in time, in order to fulfil the CFL condition,
which is geared to the largest speed, i.e., the speed of the sound waves. (see
details explained in Subsection B4.7])

8Details on the CFL condition for our numerical algorithms are given in Sections B.3.1] and

3.3.2
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2.4. Network approach

In order to avoid the problem mentioned in [[DI)| one can consider the whole
exhaust pipe as a network of single pipes, each having a constant cross section (see
Figure2.7). Each pipei € {1,...,np = 9} represents an individual computational
domain, which has its own set of equations to describe the physics in the pipe,
discriminating between pipes that have a catalytic converter (x* = 1), and pipes
that do not (" = 0).

These distinct “sub-models” (individual domains and sets of equations) have to
interact /communicate with their neighbours. Therefore, it is necessary to prescribe
coupling conditions, which connect those 9 “sub-models” in a physically meaningful
way to one overall model for the whole exhaust pipe

Figure 2.7.: Single pipes with constant cross sections

By this approach we do not need a space dependent and smooth cross section
1

2

function A = A(#) anymore. Furthermore, the length of the intervals [(Z;L can be

set to @ =0 (see (2.3)).
Before we present the sub-model and discuss the coupling conditions, we first
introduce the network notation.

2.4.1. Network notation

We now introduce a notation for the network. At first sight this notation seems to
be quite complicated, but it is necessary to state meaningful coupling conditions
in a simple way. We will derive conditions like in [GKO§] in all their generality in
subsection 2.4.3l Afterwards, we will use the simple structure of the considered
network, where we always have only two pipes at each junction.

So, let Ny, = {1,...,ny} be the set of all junctions (vertices) and Np = {1, ..., np}
the set of all pipes (edges), where ny,np € IN denote the number of junctions and
pipes, respectively. The quantities in the ¢-th pipe are given by

Al di L cross section, diameter, length,
Pl 2l pt, T density, ratio of unburnt gas, velocity, pressure, temperature,

gi(t) :=¢°(0,)  left value of the physical quantity ¢,
gi(t) :== §*(L*,t) right value of the physical quantity 7’.
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For each vertex j € Ny let P? C Np be the set of all pipes, which are con-
nected with the vertex j. We now define two maps, that are used to express the
geometrical relation among pipes:

P:Np x Ny — {l,r,0}

[, if vertex j lies to the left of pipe 1, 917
- ) ) ) 0 (2.17)
(1,7) — ¢ r, if vertex j lies to the right of pipe 1,
0, if vertex j is not connected to pipe 1,

and

sgn: Np x Ny — {—1,0,1}
_17 1fP<Z7J):T7
(1,7) — 0, if P(i,5) =0,
1, if P(i,j) =1

(2.18)

These maps are required for a proper definition of the coupling conditions.

Remark 2. For the geometry of the exhaust pipe we consider (see Figure and
Table[21) this means thatnp = 9 and ny = 8. The matriz (sgn(i, j))a ;) € R
has the following simple form:

-1 0 0 0 0 0 0 O
1 -1 0 0 0O 0O 0 O
0o 1 -1 0 O O 0 O
o 0 1 -1 0 0 0 O
o o0 o 1 -1 0 0 O
o 0 o0 o 1 -1 0 O
6o 0 o0 o o0 1 -1 0
o o o o 0 0 1 -1
o o0 o0 o0 0 0 0 1

2.4.2. A model for a single pipe

The considered spatial domain [0, fﬁ] is the i-th pipe. The governing equations
for the gas dynamics in a single pipe remain basically the same as for the whole
pipe, i.e., we describe the physics with the model of Lacoste and Natalini (2.14]).
However, instead of using the indicator function Xy, we now use the indicator
mapping ¥. Furthermore, the cross section function of the i-th pipe A’ is constant.
We can therefore simply divide by this term, and have the following reformulation
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of the Lacoste-Natalini model for a single pipe with constant cross section:

i+ (p'')z =0,

~j ~7] ~7 5 ~zﬂl|ﬂl| ~i A~ ~d

(p'a");+ (7' (@) + p') iy —X'Cep't,

~i i Si~d F | i 4h Fi i i~ iz p (i 2.19
(3 B+ (B + ) = — (T~ o) + Raor 7R (7, 1Y)

(P2 + (PF0): = =X 7 K(T7),
ﬁi — RﬁlTl

for all pipes i = 1,...,np and (Z,1) € Q' := (0, L) x (0, fena). As a consequence of
the formulation of the model on single pipes with constant cross sections, we have
to restate the initial and boundary condition. Basically, both stay the same, but
we have to adjust them to the new notation. So let g,;. be the initial condition of
an arbitrary physical quantity ¢ in the old formulation of the model (2.14]). Then,
the initial condition for the i-th pipe is the followingﬁ

~j (~ ~j (o~ e N
§'(2,0) = Gie(T) = Gie(T"2 + 7)
for all pipes i = 1,...,np and Z € (0, f/). Hence, the initial conditions for the
model (2.19) are
P(2,0) = pi(7), @(7,0) =g (),
P(E,0) = pie(T), 2'(2,0) = Z.(Z)
for all pipes i = 1,...,np and Z € (0, L}).
The boundary conditions also remain the same, i.e., we prescribe pressure bound-
ary conditions as well as inflow boundary conditions for density and ratio of un-

burnt gas at the left hand side end of the pipe ¢ = 1 and the right hand side end
of the pipe i =np =9, i.e.,

(2.20)

pH0,1) = Poea(?),
pH0,1) = pbcl(f) e i T (2.21)
?mazzM@}ﬁ“@ﬁ>0
and
ﬁnP (I’ ) f) = Db, r(f)a
ﬁ (i’ 7t~) = pbcr<£)7 np/inp (222)
s (D7) ZW@}ﬁ“<LJK0

foralli=1,...,np and t € [0, 00).

9Recall that =2 is the connection point between the (i — 1)-th and i-th pipe (see ([Z2)).
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Remark 3. Now, one can easily detect the necessity of coupling conditions, because
each pipe requires boundary data at its left hand side and right hand side end.
However, boundary conditions are only partly given to the two outer pipes.

2.4.3. Coupling conditions

In this subsection, we first want to state the coupling condition for a general net-
work, before we exploit the considered network’s structure.

Let us consider a single vertex j € Ny and all the pipes ¢ which are connected to
this vertex, i.e., i € P7. In order to connect the models for the single pipes, we
have to define some coupling conditions. Since we have four unknownj@ (p, 2,0, p)
we need four coupling conditions.

(CC1) The conservation of mass flux at every vertex j € Ny is the first coupling
condition one would come up with. Indeed this is physically meaningful and
used in similar cases. Equivalently we can state that the sum over all i € pi
of the flux sgn (i, j) b, ;) Up ;A" has to vanish.

> sen(i, ) T nA =0 Vj € Ny. (2.23)

iePi

(CC2) Since there is no combustion at the junctions, the conservation of unburnt
gas flux at every vertex j € Ny seems to be a reasonable coupling condition,
i.e., the sum over all i € P of the unburnt gas flux sgn (i, j)pp(”)zp(”)up( 7])AZ
has to vanish.

> sen(i, 1) e Fr. e A =0 Vj € Ny. (2.24)

iepPJ

(CC3) Since we will have large changes in the cross section, one can easily guess
that the momentum is not a quantity which is conserved at a vertex. It is
obvious that the kinetic energy cannot be preserved. Hence, we assume that
there is no temperature loss at the junctions, so that the conservation of
internal energy flux at each vertex j € Ny holds, i.e., the sum over all
i € P7 of the internal energy flux sgn(i, j)pP(”)TP(”)uP(” A has to vanish.

> sen(i, )P Thag Bpep Al = 0 Vj e Ny. (2.25)

iePi

10The fifth unknown 7' can be deduced from the density and pressure with the help of the

ideal gas law (213)).
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(CC4) Finally we have to state a coupling condition for the pressure. Let us
first assume that there is good “mixing” at each vertex, such that for every
pressure ﬁ}(ij) for i € P’ the equation

13{/ - ﬁiﬁ(i,j)

holds, where 7, is the pressure at vertex j (see [GKOS]).

However, these are not the “correct” coupling conditions for this model.
Since we will have large differences in the cross section (sudden expansions
and contractions), one has to include physical pressure losses, the so-called
minor loss terms, at the junctions in the mathematical coupling conditions.
So let us assume that the pressure loss is given by a quantity f7, which

depends on the geometrical structure of pipe ¢ connected to the vertex j and
the flow direction'y. Then our coupling conditions would be of the form

P = By — sen(i, j) foh Vie P, (2.26)
where

fii >0, il >0,
<o, ifag,, <0

These four conditions are not sufficient in the case of a general network (see
[GKOg]), but are just right for our special network (the exhaust pipe). The reason
for this is, that we always have one ingoing and one outgoing pipe. In the case of
at least two outgoing pipes, we would have to declare what the inflow conditions
for p and z for each pipe are. In general one can make the assumption of a “good
mixture” (like we have done for the pressure above) and declare for each outgoing
pipe the same boundary conditions for density and ratio of unburnt gas.

Exploiting the network structure

Since we have only pipe-to-pipe connections in the considered exhaust pipe, we
can strongly simplify the coupling conditions.

Conservation of mass flux

pLal At = prtlaitt AT Vi=1,...,np— 1. (2.27)
Conservation of unburnt gas flux
LA AT = pittE gt AT Vi=1,...,np— 1. (2.28)

HTn the following subsection we only give information on the computation of the minor loss
term for the case of pipe-to-pipe connections.
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Conservation of internal energy flux

pTI A = g T it A Vi=1,....,np—1. (2.29)
Coupling condition for the pressure
pL=ptt Vi=1,...,np— 1. (2.30)

Using the first coupling condition, one can simplify the second and third one to
the conservation of ratio of unburnt gas and temperature, i.e.,

yi _ zitl Pi_ it
Z =z, T =1/

We will use this formulation in the summary of the models (Section 2.6]).

Remark 4. In the case of pipe-to-pipe connections (see [BHKQ0G]) there are for-
mulas that model the minor loss term fext for pipe expansions and contractions.
Whether a pipe-to-pipe connection is a (sudden) expansion or contraction (see Fig-
ure [2.8) depends on the flow direction of the fluid. For the following remark, we
will state the formulas assuming a positive flow direction for all times, i.e., 1 > 0.

However, a formulation for unknown flow directions is also possible.

1. Due to the difficulty of the physics at a junction there is no theory, bul
empirical models combined with measurements for the minor loss term f7 ..

However, a good approximation for this term is given in the textbooks [Cra82]
and [Mul04):

(1 T &, ) or(0 )577;—(&{2")27 if de < dj-}-l (expansion),
j 1
femt o 1 J?+1 i+1 (“l 12 o - - (231)
2 1- ¢c(0)m . if dj > dji1 (contraction).

The parameter Jj denotes the diameter of the j-th pipe. The first, geometry
dependent term is called K-factor in the literature. Note that we will always
have to use the velocity in the pipe with the smaller diameter for the compu-
tation of the kinetic energy. The angle-dependent functions ¢r and ¢c are
factoring the pressure loss coefficient due to the angle 6 (0 = 7 stands for a
sudden expansion or contraction).

0<f<T,

~ J26sin(§), f0<0 <7, B L6sin(5), if
¢E(9)_{1, ; if 7 <0<, gbc(e)_{wsin(g), if T <0< 7.

2. Since the geometry of the exhaust pipe we consider includes only sudden
expansions and contractions (i.e., @ = w), the angle dependent term in the

K-factor in (231)) is equal to 1.
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sudden expansion sudden contraction gradual exp./con.
vertex j vertex j
B 5 -
N e R B A e <9 i
pipe j | o [pipe j+ 1 X
pipe 7 +1 pipe j

Figure 2.8.: Coupling conditions for the pressure at a sudden/gradual expansion
or contraction. The dashed arrow represents the flow direction.

3. Note that these terms describing the pressure losses are mostly derived by ex-
periments. Therefore, it is not too surprising that one can find contradictions
in the literature concerning minor losses. The approximations we use from
[Cra82] and [Mul04] claim that the pressure loss grows monotonically with
increasing angle 0. In contrast, it is said in [Whi79] that for some angles
0 e (%7?, éw) the pressure loss in a gradual expansion is even higher than in
the case of a sudden expansion.

4. In Subsection|[3.4.0 we will show an example, where we compare the numerical
results of the gas flow with and without inclusion of the minor loss term.

2.5. Asymptotic model

Notation 1. In this section, we cease to denote the variables affiliation to a certain
pipe by a superscript, i.e., instead of ij* we just write §j. The only exception will be
the paragraphs in which we discuss the coupling conditions.

This section is devoted to the problem [[D2)}4, and to derive a model that does
not track sound waves, since they are not of interest for this application.

A widely accepted and well studied approach for this intent is considering the
flow to be incompressible (see the paper of Klainerman and Majda [KM82] or the
textbook of Lions [Lio98]). However, the incompressible derivation of the Euler or
Navier-Stokes equations is only valid if there is no or just small heat exchange and
density and temperature remain unchanged. Hence, an incompressible approach

2Unnecessarily tracking sound waves.
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is not applicable for our problem, where temperatures of up to 1200 K can be
reached in the catalytic converter.

Another well studied technique is the small Mach number limit (see the article
by Codina and Principe [CP09] for an overview). The Mach number M of a fluid
flow is the ratio of the flow velocity and the fluid’s speed of sound. This approach
uses the fact that this parameter M is small and performs a limit process, where
M tends to zero. With a multiple scale analysis one can still keep physical features
of the original system and study acoustic phenomena for instance (see [Mei99)]).
We are not interested in acoustic problems in this application. On the contrary,
we explicitly want to exclude those and restrict ourselves to a single scale analysis,
so that we can have larger step sizes in time (see Subsection B.4.1]). This leads us
to a new asymptotic model that does not track the propagation of sound waves,
but preserves the physical behaviour of gas density, ratio of unburnt gas, velocity,
temperature and pressure, i.e., all quantities we are interested in.

2.5.1. Scaling

The first step is to scale the system ([ZI9). So far all physical quantities were
unscaled. This was denoted by the tilde symbol (~) on top of the variable. In order
to obtain a dimension-free, scaled model, we have to introduce reference values for
each physical quantity (see Table [2.2]) and replace each unscaled physical quantity
(4(Z,1)), by the product of its scaled counterpart (y(z,t)) and its reference value

(gref)u i'e'u

y(jv t) = gref : y(x, t)

This also has consequences for the derivatives. We consider the scaled indepen-
dent variables as functions of the unscaled independent variables, i.e.,

7 i
v = a(F) = ;f, t=t(f) = —

fref .
Hence, the derivative of an unscaled quantity has the following form

~ /~ T gref ~ o~ T gref
Jz(,1) = ——ya(z, 1), Ji(@,t) = =—w(, t).
Lref tref
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quantity unit reference quantity reference value

t S bret = Trop/ Thret 0.36

i m Fret = L 3.6

p kg/m?3 Pret 1.2

i m/s Uyef 10

p kg/(ms?) Pre 107

T K Tret = Pret/ (Rpret) 290.28

z - Zref 0.1

Table 2.2.: Reference values for the physical quantities

By proper manipulation we obtain a new dimensionless, scaled system (2.32]),

pe+ (pu)e =

1
(pu)e + (pu®), + gpm =

u2
(pT +e(y - 1)/)5) +
t

(p2)e + (puz)s =
p =

where the parameter ¢ is defined by ¢ :=

0,

—Cip—— — xCepu,
3

2

u
(puT +e(y—1)p—+

(v - 1)U29)

(2.32)

xT

—h(T — Twan) + XqopzK(T),

pT,

)
PrefUp o

re

sionless parameters are defined as follows:

Cy = fxfef, C.:=
d
4hZ e
h:= %, 4o =
dprefurefcv

CN(c~1re
~x f7 Y= 1=
Uref
~re ~re Jo R
Proffel® - K(T) =
PrefCy

= 0.012. The remaining dimen-

(2.33)

K (T.T).

In the dimensionless version of our model the scaled parameters C,C,h and g
represent the frictions in the pipe and in the catalytic converter, the rate of heat
exchange as well as the rate of heat release by the combustion of unburnt gas,

respectively.
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Scaling the initial, boundary and coupling conditions

Of course, one has to scale the initial, boundary and coupling conditions as well.
This task is trivial for most of the conditions. However, in the case of the coupling
condition for the pressure (2.30), one has to be more careful, since the kinetic
energy appears in the pressure loss term f7 , (see (2.31])). Hence, the scaled version
will have also the small parameter ¢:

ph=pt +efl, Vi=1,...,np— 1. (2.34)

For a positive flow direction, i.e., u* > 0 Vi = 1,...,np, the scaled version of the
minor loss term is

L
sl

2.5.2. Low Mach number asymptotics

0)p? (”T) if d; < d;;1 (expansion),
) 7o (2.35)

+1(“L e A ;
oc(0)p] 5—, if dj > d;41 (contraction).

The Mach number M is defined by the quotient of the speed of fluid u and the

speed of sound c.
and =4/ P (2.36)
p

with v = 1.4 the adiabatic exponent. Thus, the parameter € can by rewritten:

2
~  ~2 ~ ~2
re ure ~ re ure
= P ~f t = fyu?ef p~ d = /7 t fyMrQef
Dref Y Pref

M =

N £

Therefore, we will call our asymptotic limit a small Mach number limit.
The first step in deriving the asymptotic model is to expand the physical quan-
tities asymptotically, by writing

y(z,t) = yo(x,t) + eyi(x, t) + O(e?). (2.37)

We perform this asymptotic expansion for every physical quantity, i.e., p,u,p, T
and z. Due to the inverse of the small parameter ¢ in the momentum balance, we
start the limit process with the momentum balance. Plugging in the asymptotic
expansions of the physical variables and multiplying the equation by ¢ leads to

U0|UQ|
2

e [(pouo)t + (potd)e + (1)) + (P0)e = —¢ |Crpo + xCepoug | + O(£7).
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After taking limit ¢ — 0 and considering the rest of the dimensionless parameters
fixed, we deduce that the spatial derivative of the zeroth order pressure term
vanishes, i.e.,

(Po)z = 0.

Hence, the pressure in zeroth order, often called thermodynamic pressure, is space-
independent in this low Mach number limit. The following assumption will simplify
the setting even more.

Assumption 2.

(A83) The thermodynamic pressure py is time-independent, i.e.,
(Po): = 0.

The above assumption is physically meaningful if the boundary conditions for
the pressure do not vary strongly over time. Due to constant outside pressure
this is immediately clear for the right hand side boundary condition. In our later
numerical examples (such as in the numerical examples of [LN04]), we also have a
constant boundary condition for the pressure at the pipe’s entrance. As a conse-
quence of this assumption the pressure in leading order is a constant, i.e.,

po = const. (2.38)

In the next step of deriving the asymptotic model, we substitute all physical
quantities by their asymptotic expansion and immediately take the limit (¢ — 0),
without multiplying the equation by €. We deduce:

1. The asymptotic conservation of mass:
(po)e + (pouo)s = 0.

2. The momentum balance: With py = const we have

U0|U0‘
2

(pouo): + (poug + p1)z = —Cpo — XCepotp.

3. The asymptotic ideal gas law:
Po = poTo. (2.39)

Since py is a constant, the gas temperature in leading order is the inverse of
the density in leading order times the constant py.
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4. The asymptotic energy balance:

(poTo): + (pouoTo + (v — Luopo), = —h(To — Tiwan) + Xqopozo K (Tp).

Since pyly = po is a constant, the time derivatives in the energy equation
vanish and the spatial derivatives simplify to

Ypo(to)e = —h(To — Twan) + Xqopozo K (Tp).
5. The asymptotic reaction equation:
(Poz0)t + (Potoz0)e = —xpozoK (1o).

All physical quantities but the pressure appear only in the zeroth order of its
asymptotic expansion. The pressure splits into two components: a thermodynamic
pressure po and a mechanical pressure p;. The first one is, as already mentioned
above, a constant given by outer atmospheric constraints. On the other hand, p;
is determined from the inner pipe’s mechanics.

From now on, we will omit the subscripts of the terms of the asymptotic expan-
sion for all quantities except the pressure, since only p has a contribution of its
zeroth and first order expansion terms in the asymptotic model.

Hence, in the low Mach number limits we have to solve a system of equations
for p, z,u,T and p,, which is the following asymptotic model:

pt + (pu)x = 0’
ulu
(pu)e + (pu® + p1)s = —Cfp% — xCepu,
1
Uy = — [=h(T — Twan) + xqopzK(T)], (2.40)
YPo
(pz)e + (puz), = —xpzK(T),
po = pT.

The asymptotic initial, boundary and coupling conditions

Since we are now dealing with boundary and coupling conditions, the affiliation
of a variable to a pipe is crucial. Therefore, we resurrect the superscript notation
for the pipe number for this discussion.

In order to deliver the appropriate initial, boundary and coupling conditions
for the asymptotic model, we also expand those asymptotically and take the limit
e — 0.

These computations are trivial for the initial and boundary conditions of density,
velocity and ratio of unburnt gas. However, this is not the case for the pressure.
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We immediately observe, that the zeroth order initial and boundary conditions for
the pressure have to be constant and even identical. This constant, representing
the zero order term of the initial and boundary functions for the pressure, will be
the outside pressure (pg = 1 < pg = lbar). For the first order pressure term we
have

pi(x,0) = (Pi)1(x) Vi=1,...,np

and

p% (07 t) = (pbc,l>1<t)7 p?P (anvt) = (pbc,r)l(t)v

where (p!.); and (pe,.)1 are the first order term in the asymptotic expansion (see
([237)) of the functions pt, and py.. (see ([220) - ([2.22)) for unscaled version of these
functions).

Having finished the consideration of the initial and boundary conditions, we
now have to deal with the coupling conditions, which change qualitatively in the
performed low Mach number limit.

We restrict ourselves to the network structure of the considered exhaust pipe,
with only pipe-to-pipe connections.

Let us start with the coupling condition for the pressure (2.34)). For leading
order we deduce, that all pressure constants in all pipes have to be identical, i.e.,

7

Ph = Do Vi=1....np. (2.41)

The pressure loss term f?, appears only in the first order expansion. The condition
states

P =P+ fl Vi=1,....,np—1. (2.42)

We continue with the conservation of internal energy (2.29). The product of den-
sity and temperature equals (according to the ideal gas law) the pressure constant
ph. As we have just learned from (2.41]) the pressure in leading order is the same
in every pipe. Hence, the products of density and temperature cancel out of the
coupling condition. We are simply left with

ul AY =yl T AT Vi=1,...,np—1. (2.43)

This has an impact on the conservation of mass. Since the products of velocity and
cross section area at the intersections are identical, the coupling condition (2.27])
reduces to the conservation of density, i.e.,

pl.=pitt Vi=1,...,np— 1. (2.44)

13See Subsection 3.2 how to compute the first order boundary conditions for numerical
simulations.
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We finalize the coupling conditions for the asymptotic model with the conserva-
tion of unburnt gas ([228). With the help of ([243) and (244) we deduce the
conservation of ratio of unburnt gas at the junctions, i.e.,

Zt= 1 Vi=1,...,np— 1. (2.45)

2.5.3. Reformulation of the asymptotic model

We will reformulate the current version of the asymptotic model to match the
boundary conditiond] in an easier way. There are at least two possibilities of
rewriting the system (2.40)). First, one can differentiate the asymptotic momentum
equation with respect to the spatial variable . By this way we would end up with
a second order differential equation for p;. This method was applied in [GS02],
where a related problem - a model for fire in tunnels - was studied.

Another way to rewrite the system in order to meet the boundary conditions,
is the spatial integration of asymptotic momentum and energy balance. This
reformulation was first used by Gasser and Steinriick in |GS06b] (later also in
[GB12] and [GF13]) for an extension of the tunnel fire model on networks. In
this subsection, we will use the second reformulation technique, since it has major
advantages:

1. Integrating is numerically and analytically less critical than differentiating.

2. We will reduce the number of unknowns, since the pressure variable will only
appear at its evaluation at the pipe’s boundaries. Hence, mathematically
we reduce the number of required boundary conditions to two. However,
the boundary data for the pressure is still needed, since it will appear as a
parameter in the reformulated momentum balance.

3. The velocity u(x,t) will be decomposed into the sum of an unknown space-
independent variable v(t) and a functional, that depends on density and ratio
of unburnt gas. Hence, if we first solve numerically the equations for p and
z, we will be only left with an integro-differential equation instead of a PDE
for the velocity.

We start the reformulation with the definition of the energy gain and loss term
qlp, =], which consists of the right hand side of the asymptotic energy balance:

alp, (. 1) = %( (T (2, ) — Twan(z, ) + xaop(z, 8)=(z, ) K (T(z, 1))).
(2.46)

1Two boundary conditions for the pressure, no boundary condition for the velocity.
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Next we integrate the asymptotic energy balance (third equation of (2.40])) with
respect to the space variable. Hence, we obtain a time dependent variable v - the
space independent velocity component:

T

u(z, 1) = (t) + /Q[/L 2§ 1)d€ =: v(t) + Qlp, 2](x, ). (2.47)

0

As the above equation already defines, we denote the spatial potential of the energy
gain and loss term with Q[p, z]. The values of ¢[p, z] and Q|[p, z] are unknown since
they depend on density and ratio of unburnt gas. However, we write just ¢ and @
to keep the notation simple.

Now we have finished the preparation for the main step, i.e., adopting the mo-
mentum balance to the boundary conditions. We therefore integrate the second
equation of (2.40) over the spatial domain.

L L L L

2
/putd:c + /puumd:c +piy—D1 = —/Cfp%dx — /XCcpudx,

0 0 0 0

where p;; and p;, are, according to the fundamental theorem of calculus, the
spatial evaluation of the first order pressure at the left and right end of the pipe.

Substituting the velocity u by v + @), we are able to extract v and its time
derivatives from the integrals. Isolating the time derivative of v leads us to the
following integro-differential equation.

L L
1
U= 7 P —Pir — /thdx = /p(v + Q)qdz
pdx 0 0
bf (2.48)
L L
— Cf/p(v+Q§|v+Q|dx—ch/p(v+Q) dx

0 0

Plugging u = v + @ and u, = ¢ into the equations for p and z of system (2.40)
completes our reformulated asymptotic model.

pr+ (v +Q)pr = —qp,

a b (04 Q)za = —x=K(T). (2.49)

The resulting system consists of two partial differential equations, one integro-
differential equation and an algebraic closing relation p, = pT" for the unknowns
p, 2, T and v.
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Initial condition for v

As far as the initial data is concerned we can transform the initial condition for u
into a condition for v by

For compatibility reason we have to demand for all x € [0, L]

uzc(x) = Ve + Q[pica ch](x)
vt —— [ —B(Te(€) — Tovan(£,0)) + x0ie(€) 22l K (T )

YPo Jo
(2.51)

with T;. = po/pic. Otherwise we would violate the asymptotic energy balance
uz(z,0) = q(z,0).

2.6. Summary

After a quick introduction into the application’s background, we motivated and
presented the model of Lacoste and Natalini from [LN04], and shortly discussed
the drawbacks of this formulation. We overcame those drawbacks by two steps.

First, we treated the exhaust pipe as a network (see Section 2.4]), and therefore
got rid of the cross section function A. Clearly, we won flexibility in the discretiza-
tion, since refinements around the cross overs are not required anymore. On the
other hand, we had to state coupling conditions, which, in turn, gave the opportu-
nity to include pressure loss terms easily. We call the thereby derived intermediate
model full Fuler model, and use the abbreviation FE. It consists of the state equa-
tions (2.32]), accompanied by the scaled version of the initial (2.20]) and boundary
conditions (2.21)) - (2.22) as well as the coupling conditions (2.27)) - (2.30).

Second, we performed a low Mach number limit to rule out sound waves, which
will enable us to have fast numerical simulations. We call our final formulation
asymptotic model, and abbreviate it by AM. It consists of the equations (2.48]) -
(249). The corresponding initial, boundary and coupling conditions were derived
in Sections and on the basis of the above stated conditions for the full
Euler model.

The complete model descriptions of FE and AM are summarized on the following
pages. For both models we consider the same geometry - the exhaust pipe (see

Table 211 or Figure 2.4]).
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FE - Full Euler model on a network

P+ (pu')s =0,

(p'u') + (pl(uZ)2 + gp’) =—Cyp' ‘2 I X' Cep'u,
L (ut)? i ut)3 i
(W tely -1 ) " (pw ety -0l 4 (- 1>up)
t

= —h(T" = Tyyan) + X'qop'2' K(T"),
(62 + (i), = K (T),
pZ — pZTZ

xT

for all pipes i = 1,...,np and (x,t) € (0, L) x (0, 00), initial conditions

for all pipes i =1,...,np and x € (0, L'), boundary conditions

p(0,t) = prea(t),

1
1Y (07t) = pr,l(t>7 : 1
S(0.4) = zi(t), if w (0,t) >0

and

P(anat) - pbc,r(t)a

pn
pnP (LnP? t) = pr,T(t)7 : np np
(L) = (8, if w"P(L"",t) <0

for all ¢ € [0, 00) and coupling conditions

P (A = i () (AT, 2 () = 5 (1),

T

Ti(t) =T, (), pe(t) = P (1) + e feult)
for all pipes i =1,...,np —1 and ¢ € [0,00), where
. 1, .  KoZret T+
Twan (@, t) == =(T" (2, 1) + Tout), K(T") = ——exp | —=
n0) = (T + o) K(T) = 2 ( —

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)
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AM - Asymptotic model on a network

+ (0 +Q")pl = =1,
Z+ (0 + Q)2 = —x' 2 K(T),

Lt Lt
v =T Py — Pl — /p’Qidfc— /p (v' +Q)q'dx
[ pidx 0 0
0
[0+ Q)+ Q
i [P+ Q)+ Q' i i i
_Cf/ 5 dx—XCc/p(v+Q)dx ,
0 0
po=p'T"
(2.57)
for all pipes i = 1,...,np and (x,t) € (0, L) x (0, 00), initial conditions
p(,0) = pi(x), 2'(2,0) = 2. (2), v'(0)=wvj, (2.58)
for all pipes i =1,...,np and z € (0, L"), boundary conditions
p1(0,8) = (Peei)r(1),
1
P (0,t) = pucu(t), (2.59)
0.8 = a(), [ T HOD>0
and
pYP (L, t) = (Poer)i(t),
pnp (LnP7t) — prT(t)’ np(1np (260)
(L) = (8, if u"P(L"P,t) <0
for all ¢ € [0, 00) and coupling conditions
7 — Z+1 , ZZ t — ZZJrl t ,
a0 =p 0, a=a0 -

up (AT = wH (OA™, P (1) = P () + fia(D)

for all pipesi=1,...,np —1 and ¢ € [0,00), where

¢ 1) = —— (= BT (@ 1) — Tigan(. 1)) + X0, )2 (@, K (T, t)).

YPo

T

Wiz, ) = (1) + Qi (a, D), Qat) = [ d(0ic

0
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3. Numerical simulations

The key aspect of this chapter is to show by numerical examples, that the asymp-
totic model is a justified approximation of the full Euler model. On the way
towards this goal, we start with a short discussion about the difficulty of providing
an existence theory for both considered transient models, FE and AM. However,
we will present solutions to a simplified stationary asymptotic model. After ex-
plaining the numerical treatment, we use the knowledge of the explicit stationary
solution to verify the correct convergence of the algorithm for the transient asymp-
totic model. Lastly, we will compare costs and results of the numerical schemes of
both models.

The comparison of numerical costs and numerical solutions of both, the hyperbolic
(FE) and asymtotic model (AM) (Section B.4]), has been published in [GRlS].

3.1. Remarks on the existence of solutions of
models FE and AM

Although providing an existence theory for the asymptotic and/or full Euler model
was not within the scope of this thesis, we want to discuss shortly the difficulties
of this delicate task for both models.

There is a lot of literature on existence and uniqueness of related one-dimensional
hyperbolic problems. The variety diminishes when the equations are not governing
only one pipe, but a network of pipes. Assuming there exists a solution for a
considered problem, it is not trivial to expand this solution to the network case.
We mention as a reference example only the paper of Banda, Herty and Klar
[BHKO6], since it comes close to the full hyperbolic system we consider. There,
the isothermal] Euler equations were studied. A linear equation of state gave
a linear dependence between pressure and density to model transport of gases
through pipes. Under certain assumptions they could show for a simplified setting
of only pipe to pipe intersection with identical diameters, that there exists a unique

1 Using the published content in this thesis is in agreement with the copy rights of the pub-
lisher: http://www.elsevier.com/journal-authors/author-rights-and-responsibilities.
2constant temperature
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transient solution to the Riemann problem. However, the governing equations of
the problem in [BHKO06] and our hyperbolic problem differ strongly. Since we are
dealing with a multi-component and non-isothermal flow, we have two additional
equations. Since in our setting not all eigenvalues are distinct, our problem is
not strictly hyperbolic, but only hyperbolic (see Subsection B.3.] for details). This
complicates the attempt to (uniquely) solve a Riemann problem. Additionally,
we consider complex physical (and partly local) phenomena, which are described
by the right hand sides of the equations. And lastly, although minor loss terms
are mentioned in [BHKO06], they are neglected in the analysis. Hence, we are
dealing with a more complex problem and cannot easily extend the results given
in [BHKO06].

In the case of the asymptotic model, the task might be even more challeng-
ing. Since we left the hyperbolic regime by performing the small Mach number
limit, we have to abstain from the possibly helping literature on this topic. The
literature on existence theory of limits of the (multi-component) Euler equations
concentrates on the incompressible case. However, there is an article by Gasser
and Steinriick |[GS06b] in which existence theory for a related transient problem,
a model that describes fire in tunnels, was studied. In contrast to our asymptotic
model, this model, which was derived in |[GS02] in a similar small Mach number
limit, describes a single-component fluid flow with a given heat source q. Due to
this fact, and under the assumption of a given solution for the space-independent
velocity component v, one is able to compute the characteristic curves which have
the speed u = v + ) and show the existence of a unique solution for the transport
equation. This step is the basis for the global existence and uniqueness result
for the whole problem with a fixed point argument. However, the aggregated
energy gain (), depends on the density p and ratio of unburnt gas z, and is there-
fore unknown. This makes solving by the method of characteristics impossible
in our case. Furthermore, the considered spatial domain in [GS06b] is a single
tunnel /pipe. The existence of a solution for the tunnel fire model on a network is
currently investigated in the PhD thesis of Roggensack [Rog14].

3.2. The stationary problem

In this section we consider a simplified stationary problem originating from the
asymptotic model (257) - (2.61)). The aim is to use the unique analytical results
with the purpose of verifying the convergence of the algorithm applied to the
transient model. Details on this can be found in Subsection B.3.3l First, before
starting the analysis, we want to state the simplified transient model, since we
will use it in that section for the verification of the algorithm. Starting from the
asymptotic model, we simplify it by applying the following steps:
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e We have only one gas component (no equation for z).
e There are no catalytic converters, i.e., ' =0Vi=1,...,np.

Thus, the governing transient equations are:

pi+ (W' + QN = —¢'p’,

Li
i 1 i i i i N P+ QN 4 QF
= |80t = [ @i+ + @+ oL ) ()
[ pidx 0
0

for all pipes i = 1,...,np and (z,t) € (0,L") x (0,00). Despite omitting the
conditions for the ratio of unburnt gas z, we keep the initial, inflow boundary and
coupling conditions from the original formulation. We denote by Ap! := pi’l — pivr,
the pressure difference in the i-th pipe. As a consequence of x! = 0, the energy
balance term ¢* (compare (2.46)) reduces to

~ h’ Po
“(x,t) = — 4 —Tou |- 3.2
o= g (e~ ) o

3.2.1. A simplified stationary problem for a single pipe

We first concentrate on the single pipe scenario, i.e., np = 1. The pipe’s scaled
lengthﬁ is denoted by L. By setting all time derivatives to zero, we obtain the
stationary problem for a single pipe:

(v+Q)pz = —aqp,
L L

Sor = [ o+ Quas+ ¢y [

0 0

plo+ Qv +Q| (3.3)
2

with boundary condition p(xy) = pp., where xg is either the left end (zo = 0) or
right end (xo = L) of the pipe.

For the purpose of a simpler formulation, it makes sense to rewrite the system
B.3) in the way it was done in [GS02] for the related tunnel fire model. Using the
identity

(v(t) + Q(z, 1)) = q(x,1)

3In a model for a single pipe, one usually takes the pipe’s unscaled length L as a spatial
reference value, such that the scaled length of the pipe is L = 1. However, we want to apply
the results of this subsection to the network case. Therefore, a careful analysis with a variable
length L is required (see Section 2.5.0] for details on scaling).
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we obtain, that the product of v + ) and p must be a constant:
(v+Q)p)e =0 = (v+Q)p=:m = const.

By this condition and the definition of ¢ (see (3.2])), we obtain the reformulation
of our model:

h
r = —p- Ty )
p 27p —p(po = Tour)
mlm| L (3.4)
Ap, = m/qd:c—l—C'f —d;z:
p
with boundary conditions
p<0> = pr,l7 1f m > 07 p(L> = pr,T7 lf m < O (35>

Proposition 1. The ODE of (3.7) with x € [0,00) has two stationary points:
P =0, i = o/ Tout-
The stability depends on the sign of m:

m > 0= p° unstable and p asymptotically stable,
m < 0= p? asymptotically stable and p unstable.

Proof. A simple phase portrait proves the statement. O

We will discriminate between two cases, namely neglecting and considering heat
exchange with the wall. In the first setting, i.e., h = 0, we prove unique existence.
However, this is not possible in the case h > 0, where at least two solutions exist.

The case h = 0

In the case where we have no heat exchange with the wall, i.e., h = 0, the term ¢
vanishes. Hence, the stationary problem simplifies to

pz =0,
L
m|m| —d;z: (3.6)

0

4The case m = 0 is not of interest, since this is only possible if Ap; = 0. However, in our
(physically motivated) setting, this will not be the case.
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with the inflow boundary condition ([3.5). As a consequence of the first equation,
we obtain p(z) = pye for all x € [0, 1], where py. is either the left or the right
boundary condition. With this information, we deduce from the second equation

2AD1 ppe
DP1Pb ,l’ it Apy > 0,
~ 2Apipie 3 CrL
mlm| = & m=
CfL N 2‘Apl|pbc,r if Ap <0
CiL e
So the unique solution of the system (B.6) (in the physical variables p and v) is
2A
| 2P it Ap >0,
Poe,ls if Apl > O, Cprbc,l
o) = | v = (3.7)
Pbe,rs if Apl < 07 2|Ap1| if A <0
=, i
Cprbc,r’ b

for all z € [0, L.

The case h > 0

In the case of positive heat exchange with the wall, the situation is more delicate.
Even in the simple setting (single pipe, only one gas component, no catalytic
converter) there are at least two solutions to the problem (B.4]) as the following
results show.

Proposition 2. The k € IN non-vacuum smooth solutions to the stationary prob-
lem (3.4) with boundary conditions (B.5) are given by

pla) = = ,

h
c Tou Y Tou
(o/ Py t) exp ( 277”33) + Tout

if and only if there exist k solutions to the problem

Ap; = F(m)

1 T, hL C Cy LTy,
F(m):= (p_b _ pot) m? (exp (—%—m) — 1) (1 - fy—hf|m‘) + %m‘nﬂ

Furthermore, the sign of a solution m* to Ap; = F(m®*) determines, whether we
have to use the left or right boundary condition.
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Proof. We know from Proposition [Il that pp. = 0 and py. = po/T,u: are stationary
solutions of the ODE of ([B4]). So let us exclude those cases for the further compu-
tation. Moreover, we know also from Proposition [, that with py. € (0, po/T,ut) or
Pve € (po/Tour, ), a solution of p will not leave these intervals for all x € (0, 00).

Since this ODE has a Lipschitz-continuous right hand side, we know that there
exists a unique solution with parameter m. With separation of variables (see

Appendix for detailed computation) we find the solution
Po

h .
c Tou A Tou
(po/po t) exXp ( 27m:c) + Tout

p(r) =

The algebraic equation of (B3.4]) delivers a condition for m:

L L
m\m 1
Apy :m/quv—i-CfL —dx
2 P
0 0
h r hL [
1 Tou m\m 1
=m- ——/—dx+ i +C’fL —dz.
2vJ) p 27vpo 2 P

y
0 0

(3.8)

Since the constant m appears in the solution of p, we have to compute the following

integral:

L L
1 1 h Tou
/—d;z: = / —(po/ pve — Tout) €Xp <— x) + 2
P Po 2ym Po
0 0
LTout < 1 Tout) [ va < h ):| o=t
= + | — - — exp| ———z
Po Pve Do h 2ym )],
LTout 2/7 < 1 Tout) < ( hL ) )
=— — — | —— mlexp| ——— ] —1].
Po h - \pve Do 2ym
Plugging this into (B.8) leads to
1 T, hL
= (=5 ) o (oo (555) )
Pbe Po 29m

CrLT,, C 1 Tou hL
+ e m)| — ihdi <— - —t) m?|m]| (exp (——) - 1)
2po h\ poe Do 2vm

1 T hL LT,
) () i
Poc Do 29m h 2po

m.

O
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Thus, the existence and uniqueness of the solution of the system (3.4 depends
on the existence and uniqueness of the solution of Ap; = F(m). We state two
results that under certain assumptions show that there are at least two solution
to Ap; = F(m), one with a positive and one with a negative flow direction.

Proposition 3. If Ap; > 0, then there exists an m* > 0 with F(m™*) = Ap;.

Proposition 4. If pg > ppT,u, there exists, regardless of the sign of Apy, an
m~ < 0 with F(m~) = Ap;.

In terms of our application, the parameter constellation py > pp.1oy: is realistic.
Usually the scaled thermodynamic pressure p, and outside temperature 7,,; are
equal to 1. Furthermore the boundary condition for the density ps. is less than 1,
since it describes the high temperature fluid entering the exhaust pipe.

Proof of Proposition[3. Let us define G (m):

Gt (m) := —Apy + (—abm? + am) m(exp(—cm™') — 1) +dm?

N / \\ J/

=:g{ (m) =:g3 (m)
for m > 0 with
1 T C hL C¢LT,,
a:=—— t, b::—7 f, ci=—), d = Lot
Poc Do h 27 2po

First, we instantly see that

. + _
J%{?oG (m) =—Ap; <0.

In the following we will prove that the limit lim G*(m) = 400, and hence there
m—o0

exists at least one root of G, since m — G*(m) is continuous for m > 0. All
parameters py., Tout, Po, Cy and h have positive sign. So it is obvious, that b, ¢ and
d are positive as well. Only the sign of a depends on the relation between py., T,
and pg.

(i) If po = ppeTous, the parameter a = 0 and we would have g (m) = 0. With
dm? — 0o as m — oo the statement is proven.

(ii) For the case py > ppeTout, we have a > 0. Let us first check the sign of g .
D<m<oo& —00< —em ' <0&0<exp(—em™) < 1.

Thus, g5 (m) < 0.
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The only root of g is m = b~!. The parameter a is positive, and therefore
we know that

N >0, ifme (0,671,
g (m) {< 0, ifme (b7t 0).

Hence, we get

lim g5 (m)gy (m) >0 = lim G*(m) = oco.

m—o0 m—0o0

(iii) For the case py < ppeTout, We have a < 0. Let us first check g5 .

o —1\k 2, —1
g;(m):m<z%_1> :_c+”; F.o e
k=0 )

Since g5’ (m) = exp(—em ™) (em™' — 1) < 0 for all m > ¢ and g (m) < 0
for all m > 0, we can deduce that |g; (m)| < ¢ for all m > ¢. So now the
following estimation is true for all m > max{b~!, c}.

l9f (m)ga (m)] < Jac(—bm? +m)| < [abe|m®.
Plugging in the definitions of a, b and ¢, we obtain

1 Tow\Cr h C
|abc|:‘(—— t)fyf_:_f

1 Tout
Pve Do h 2y 2

B < C f Tout
Phe Po

2po

=d,

since

Tout 1 Tout < Tout

Do Pbc Do Do

< Po < 2pbcTout~

O

Proof of Proposition[f. The proof is similar to the previous one. We will also use
the same definitions of a, b, ¢, d. With

G~ (m) == —Ap; + (abm? + am) m(exp(—cm ™) — 1) —dm?

(. 7\

v~ N~

=:g7 (m) =:g5 (m)
we will show:

1. lim G~ (m) = +o0,
m 0
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2. lim G (m)=—oc.

m——0o0

Then, an m~ € (—o0,0) with G™(m™) = 0 must exist, since G~ is continuous for
m < 0.

1. We have exp(—em™!) > 1 for all m < 0. Therefore g, (m) < 0. Furthermore,
g1 (m) = am(bm+1) < 0 for all m > —b~'. Thus, the product g; g5 > 0 for
all m € (—b1,0). Finally with

I —em™) =
m1%exp( cmTT) = 00

we obtain the statement.

2. As already discussed g, < 0 for all m < 0. The only root of g; is m = —b~1.
Therefore we know that

~(m) >0, ifme (—oo,—b71),
n <0, ifme(=bt,0).

Hence, we get

lim gy (m)g; (m) <0 = lim G*(m) = —oo.

m——0o0 m—r00

3.2.2. A simplified stationary problem for a network of pipes

We want to extend our results to the case of a network of pipes. Like in our
application we will only consider a pipe-to-pipe structure. The number of pipes
is arbitrary, i.e., np € IN. We consider only the case h = 0, since we can ensure
existence of a unique solution here. Furthermore, for the sake of simplicity we
neglect minor loss terms, i.e., fe;; = 0.

So the governing equations of the problem stationary problem on a network of
np pipes with no heat exchange and no pressure loss at the vertices are

Py =0,
Li
i i mi|mi| 1 (3.9)
0
fort=1,...,np and with the boundary condition
p'(0) = ppes,  if m' >0, PP (L") = pper,  if m™P <0, (3.10)

P1(0) = (Peei)1, pi" (L") = (Poes)r- (3.11)
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For our setting, i.e., no equation for z and no pressure losses at the junctions, the
coupling conditions (2:61]) reduce to

o= o, Ay = AT, P, =i (8.12)

As we know from (B.7)), the stationary solution for any pipe i € {1,...,np} is:

2Apt 4
_2h AR > 0,
i i ; i C}széonst
P'(x) = Peonst VX €[0, L], v = : (3.13)
CHARL g A <0
i T ) 1 )
CfL Pconst

With the help of the coupling condition for the density, we immediately conclude,
that p' s = Peonst Tor all @ = 1,... np. From the coupling condition for the
velocity u we can deduce, that the flow direction has to be uniform in all pipes.
Thus, only one of the two boundary conditions for the density is used, i.e.,

. . Phe,ls if u > 07
Peonst = Pbec = pbc,r, if u<0.

Whether we have to choose the left or right boundary condition, cannot be an-
swered yet.

In order to determine v® for all i = 1,...,np we need to know all pressure
values at the vertices. However, the only pressure values we know are given by
the boundary condition. Therefore, we have to determine pressure values at the
junctions. We will do this with the help of the coupling conditions.

Multiplying the terms of the second coupling condition with their absolute values
leads to the following identity:

Al | A'up| = A P AT T e (AT | = (AT .

Since the heat exchange rate h = 0 vanishes, we have no heat source term q.
Therefore, we deduce that u’ = v* for all i = 1,...,np. With the formulation of
the coupling condition we are able to plug in the analytic solution of v* without
knowing the sign of the pressure difference Api.

(Z)Q ZAp’i :<Ai+1)2 'QAP?FI .
CLL? pre C}HL”lpbc

We will split the term Ap! in the difference of the left and right pressure value in
the i-th pipe.

(A2 oy AT

C}Ll (pl,l - pl,r) - C«}JrlLiJrl (pl,l - pl,r ) :
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By piv we denote the vertex pressure in first order at the vertex ¢, which is
connecting the pipes ¢ and i+1. Then, with the coupling condition for the pressure,

we deduce pi, = pi, = pi;'. We manipulate the above equality and obtain

(AH)? i1 < (A%)? (A1) ) ; ﬂ i+l (. (3.14)

i1 PLy T iTi vitlrg LV i1 P1v =
CiL Cili D O L+

Hence, in order to determine the unknown pressure values at the vertices, we have
to solve an ny X ny linear system with a symmetric tridiagonal matrix, where
ny = np — 1 stands for the number of vertices.

fl o2 p%v _el(pbc,l)l
2 " O
c N = : , (3.15)
(&
0
e fr pLYy — ™ (D)

where (pp;)1 and (ppe;)1 denote the left and right boundary condition for the
mechanical pressure (first order of the asymptotic expansion) and
(A°)?

el = f@ = et — el+1.

CiL"

The matrix in ([B.15) is regular, since it is irreducible and weakly diagonally dom-
mcmtﬁ. Furthermore, the vertex pressure mapping i — piLV is monotone, where
the direction of decrease is determined by the boundary conditions. This assures
us, that the flow direction is uniform in all pipes. We specify this in the following

Proposition 5. Let p(l)y = (Pbes)1 and pf‘{,ﬂ = (Pber)1- Then

0 ny +1 % i+1 s

pLV > pLV = pl,v > pl,v, VZ = 07 oy,
0 _ ny+l % i+l .

Piv =Py = Piv =PLvs Vi=0,...,ny,
0 ny +1 % i+1 .

p17V < p17V = pl’v < pl’v, \V/'L — O, ce. ,n‘/.

Proof. We prove the statement for the case p?,v > p’f‘{/H indirectly. The proof for
the other two cases is analogue. ' ‘

Let us assume, that for an index j € {1, . ..,nv} the relation pj, < pﬁ,l
holds. Then p]l_v1 < p1y must hold, since pjl_v1 > p1. would lead to the following
contradiction.

5See Appendix for definitions and proof.
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As we know from (B.I4]), the vertex pressure p{,v is a weighted mean of its

. . —1 +1 .
neighbouring vertex pressure values ijV and pﬁ/, ie.,

: j—1 j+1 Jj j—1  j+1
= mln{pLVapLV} <SPy < maX{vaava}

-1 i1, g+l
PLv = g o

with ¢! > 0 for all i = 1,...,np. Since p{}l cannot be the smaller neighbouring
vertex pressure of pj |, the vertex pressure to the right, pﬁ}, must act (in addition

to being an upper boundary) as a lower boundary for the vertex pressure p{/. As
a consequence, pj, = pﬁ} must hold. Using the equality in the above stated

identity, leads to a contradiction with the assumption p{}l > pjllvv:

i d—1 i+1,.J
i oy Ty el =il
pl,V el +6j+1 pl,V pl,V'

Therefore, pjl_v1 > p{,v cannot be true and we must have pjl_v1 < p{,v.
For the same reasons pﬁ} < pﬁf must hold. Following this procedure for the
other vertices, we finally arrive at

0 j—1 J j+1 j+2 ny+1
P1yv <...< Pryv < Pryv < Pryv < Pryv <...< pl,‘{/

. _ 1
in contradiction to p{ , > piy. O

This result ensures the unique existence of the simplified stationary problem
and therefore gives rise to the following

Theorem 1. Consider the simplified stationary problem [B.9)) - (B12), i.e., without
considering catalytic converters (x = 0), heat exchange (h = 0) and minor loss
terms (fexe = 0). If the underlying network has ezxactly two edges (pipes) per
vertex (junction), then there exists a unique solution of [B.9) - (B12) which can
be computed explicitly.

3.3. Numerical treatment

We present the discretization for the considered models FE and AM. The choice
of the discretization is motivated by its purpose, namely a fair comparison of the
numerical results and costs of both models. Therefore, we basically apply first-
order upwind schemes. In this section we explain the discretization of each model
in detail.

The discretization of the spatial domain will be the same for both models. We
uniformly distribute J € IN spatial grid points among all pipes. We denote the



3.3 Numerical treatment 51

constant spatial step size by Az := x; — x;_,. However, the step sizes in time are
not constant, since they depend on CFL conditions (see Algorithms [l and 2] as well
as Subsection B41]). We therefore denote the time step size by a superscript, i.e.,
At”*é, indicating that this is the step size between time grid point " and ¢"*1.

3.3.1. Numerical treatment of the hyperbolic model FE

As already mentioned we use an upwind scheme for the numerical simulations.
In most literature (like in the textbooks of LeVeque |LeV92] and Toro [Tor09])
upwind methods are derived for linear systems, but can be adopted in various
ways to the nonlinear case. We use a simple first order upwind scheme with flux
vector splitting as it was proposed by Courant, Isaacson and Rees in [CIR52] (see
also [SW81, ISMT93]). Additionally, we divide the hyperbolic balance law

U(z,t) + F(U(z,t)), = G(U(x,1))

into two sub-problems, a homogeneous conservation law and an ordinary differen-
tial equation for the source term:

Problem A:  U(z,t) + F(U(z,t)), =0,
Problem B:  U(z,t) = G(U(x,1)).

The idea of such an approach, which is often called fractional-step method, is to
combine two numerical solvers in an alternating manner. The advantage is, that
we can use standard methods for both problems. Deriving an unsplit method
based on the same ideas while incorporating the source term directly can be more
difficult (see [LeV02] for details).

We start with the numerical scheme for the homogeneous conservation law

Ui(z,t) + F(U(z,t)), =0 (3.16)

with U € R? Assuming smoothness of the functions F:V C R - R? and
U(x,t), we can rewrite the equation (B.16) using the chain rule. We arrive at
the quasi-linear formulation, where A(U) denotes the Jacobian matrix of F(U):

Uy(x,t) + A(U(z, 1)Uy (2, 1) = 0. (3.17)

Let A(U) = (M (U),...,Aa(U)) denote the eigenvalues of the matrix A(U). We
assume the conservation law to be hyperbolic, i.e., the matrix A(U) has only real
eigenvalues and is diagonalizable in the form
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where R(U) and L(U) denote the matrices containing the right and left eigenvec-
tors, respectively. Since systems of conservation laws may have waves that travel
in opposite directions, the following definitions are required:

AT (U) = max{X;(U), 0}, Ay (U) == min{;(U), 0},
AT(U) = diag(A{ (U), ..., A (U)),  AT(U) = diag(A; (U), ..., A, (U)),
AT(U) == R(U)AT(U)L(V), A(U) == R(U)A"(U)L(U).

Thus, the numerical algorithm for the conservation law is

Un — gn Un. —n

nt+l _ 17 n+1 + n\ _J Jj—1 - ny _J+1 J
For the numerical treatment of the ordinary differential equation we use the explicit
Euler method. Hence, our numerical algorithm for the hyperbolic balance law is

ur—-Uur
J Jj—1 -
.|
A7 + A7 (U})

J

vr,-=Ur

Jj+1 J

Az ) T (3.18)

J J

U = U — At™s (A*(UJ’?)

UMt = Ur 4+ At GUY),

J

where U} is the numerical approximation of U(z;,,). The method is still first or-
der accurate. We can simply check this by substituting U} in the second equation.
Assuming smoothness of G we can perform a Taylor expansion and find

Ut = Ur — AV 4 A (G(Uf) +ATEBUV + O (A ) )

with

ur-ur,
V= A*(U}‘)Jijl + AU

J

Ui — U}
Ax
and B the Jacobian matrix of G.
The time step size At"3 is determined by the CFL condition for the upwind

scheme (B.I8))

Atz < ey with Mo = max {07} (3.19)

AT max J=1see
max ke{l 2,3 4}

and cy denoting the Courant numbeift

SFor stability purposes the Courant number cy is chosen in the interval (0, 1].
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Conservation form of the FE model

For better readability, we cease to use the superscript notation for the variables’
affiliation to a pipe. In the literature the computation of eigenvalues and eigen-
vectors of related systems (e.g., Euler equations) relies on the unscaled version of
those systems. Therefore, we also consider the unscaled version of the full Euler
model (see (2.19)). This is denoted by the ~ symbol on top of the variables.

B+ (pit)s = 0,
(Fi)s + (5 + p)s = — 2l g
d 2
. 4h

(p2); + (pzt)z =

p=RpT.

The equations in conservation form are

with

Ui+ F(U), = G(U)

Us
3— U3
NV 2172
(v = 1Us + 5 T,
U2U3+1—’)/U_§)
U,y 2 U?
UsUy
Uy
0
£, | Us
Sy, | =2
d ? 20U,

—XUsK(T(U))

(PE); + (PUE + )z = —7@ — Twan) + XGopzK (T),

- XCV(CUQ

—g(TN(U) — TWall) + XQUsK(T(U))

(3.20)
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The Jacobian of F'(U) has the form

0 1 0 0
3—’7U22 U2

_eo 1 3— )22 1) 0

2 U12 , ( 7>U1 , (fy )

A(U) = U2U3 U2 U3 3(’}/ — 1) U2 U2
- — )22 42 2 422
et g, > vz ',
_UUs Us L
U? U, U,
0 1 0 0
3~ _
-@ B-i (=1 0
= 1 5 B
T7B Gl —(y—D)@+H a0
—q3 z 0 @
with
S~ ~2
~ ~ p U
H=F4+==—
S =TT

where ¢ denotes the speed of soundl. Then the eigenvalues of A(U) are
A =1u-—¢, Ao = A3 = 1, Ay =1U+C.

Since the eigenvalues are not distinct, the system (3.20) is hyperbolic, but not
strictly hyperbolic. We require the matrices R = (11, ro,73,74) and L = (Iy, lo, I3, 14)T
for our discritization, where r; = r;(U) and [; = [;(U) denote the right and left
eigenvectors of A(U), i.e.,

1 1 0 1
r = ;U—C 9 = zjé rs = 0 T4 = ;U—FC
H-cu | 2| 0| H + ¢

z 0 1 z

"The definition of the speed of sound is ¢ := /vp/p (compare ([2.36)).
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and

@ i 1 1 0)
2" 2H—u2) 2H — a2 26 2H — @2 ’

N)

(3.21)

~2~

( 2 2 0)
2H—u2 o — w2 2H — a2’ ’

2uz 2z 1)
o — @ 2H - 2H— @ ’

U 1 U 1
l4=<7~——~, = = o = ~,0)-
22H —w?) 2¢ 2¢ 2H—u? 2H —@?
Unknowns at the boundaries and vertices

Neither the boundary conditions at the left nor at the right hand side represent a
known state U, or U, (compare ([2.54]) and (2.53])), since some entries (depending
on the flow direction) are unknown. We compute these unknowns by solving
linearized Riemann problems. This is presented in detail in the Appendix [C.3l
A similar challenge occurs at the vertices, where we have even less information
than at the boundaries. Therefore, we also solve linearized Riemann problems at
the junctions, and use the coupling conditions to determine the unknowns. The
technical computations are shifted to the Appendix [C.4l

Algorithm 1 (Numerical simulation of FE). Suppose the numerical solution is
known at time step t™. In order to compute the numerical solution at the next
time step t"*t the following steps are required:

1. compute a time step size At"*2 by the CFL condition BI9) and set
trH = ¢ A

2. compute the numerical solution at t"*' for each pipe (i = 1,...,np) by the
fractional-step method ([BI8), consisting of the explicit upwind scheme with
flux vector splitting and the explicit Fuler method;

3. solve linearized Riemann problems at the left boundary of pipe i = 1 and the
right boundary of pipe i = np. Furthermore, solve linearized Riemann prob-
lems at all inner vertices by applying the coupling conditions (see Appendiz

and [C) for details).

3.3.2. Numerical treatment of the asymptotic model AM

For the numerical simulation of the asymptotic model we have to solve the dimen-
sionless system (2.57)) for each single pipe ¢ = 1,...,np, and fulfil the coupling
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conditions (2.61]), the initial conditions (2.58]) and the boundary conditions at the
entrance (Z.59) and exit of the exhaust pipe (2.60).

First, we take care of the numerical treatment of the transport PDEs of the
asymptotic model. Therefore, let us consider a partial differential equation of the
form

ye(x,t) + a(z, t)ya(z, 1) = b(x, t, y) (3.22)
n (0,1) x (0,00) with initial and inflow boundary conditions
y(2,0) = yic(2)

y(0,t) = ypea(t), if a(0,¢t) > 0,
y(1,t) = yoerr(t), if a(1,t) <0

for all z € (0,1) and all ¢ € [0,00). The discretization of the equation (3.22) is
given by the following explicit upwind scheme (see e.g., [GRS07]), i.e

n n el e Vi T Y o Yir1 — Y5 n
yj+1 = yj +At *2 (—(a])—i_% — (a]) ]—FTI‘] _'_bj) s (323)

where y? is the numerical approximation of y(z;,t") and

(a})” = min{0, a} }, (a})" = max{0, a}

A necessary condition for stability of the scheme is the CFL condition for the
upwind scheme (3.23)

Az

max
max ey

with ay .. = max {|a”|} (3.24)
G=1,emd
and cy denoting the Courant number.
The first two PDEs for the density p’ and the ratio of unburnt gas z* can be dis-
cretized by (8.23]). For the integro-differential equation for the space-independent
velocity component v*, we need a different scheme. In order to stay consistent with

the time discretization in the upwind scheme, we use the explicit Euler scheme
VM = AR e [y (t7) — p1, (") + F(E7)], (3.25)
Jo plz,t7)dx
where f(t") gathers all remaining terms of the right hand side, i.e.,

L

fz—/th+p(v+Q)q+Cfp

0

(v+ Q2)|v + Q| + yCop(v + Q) d. (3.26)
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The spatial integrals in (3.25) and ([3.26) (and also for the numerical computation
of Q%) are approximated by the box rule

L L J
/ y(x)dr ~ 5 Z Y. (3.27)

The time derivative of ) (first term in the integral in equation ([B.26])) is discretized
by forward differences, i.e.,

Qn—l—l _ Qn
Q= T Al
A"tz

Unknowns at the vertices

Since now the discretization of the differential equations for the asymptotic model
is done, we need to deal with the problem, that the pressure values at the inner
vertices are not known. In the hyperbolic case we determined the unknowns by
solving linearized Riemann problems. However, since we are not in a hyperbolic
setting any more, this technique cannot be applied. We want to avoid dealing with
an ny-dimensional fixed point problem for each time step, when calculating the
unknown pressure values at the vertices including the minor loss terms. Therefore,
we will use an explicit approach for the computation of the vertex pressure (see
also [GKO08]).

We are dealing again with the coupling conditions, and therefore we have to
use the superscript notation to denote the variables’ affiliation to a pipe. In order
to avoid double super-indices (pipe affiliation and discretization), we write y(¢) in
this subsection and mean the numerical solution at time step t.

Using the explicit Euler method for the ODE for the time step ¢t + At for a pipe
i€ {l,...,np}, we end up with

Filo.p,2®) Pl —pi, (1)

Vit 4 At) = vl (t) + At R0 R0 :

(3.28)

where R'(t) approximates the spatial integral of p° over z € [0, L']. The functional
f* depends on known values of the quantities v%, p' and 2 at the time step ¢ (see

.26)).

Plugging (8.28) into the asymptotic formulation of conservation of internal en-
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ergy (2.43) at time step t + At and using u’ = v’ + Q" we deduce

(vi(t) Al ) = P

B 0 +Qi(t+At)> Al

i1 H—l z+1
= ( ) + Atf%;((tt)) + A (R)Hl(p 1) L QM (t + At)) AT

Note, that in order to evaluate Q' = Q[p’, 2] at time step ¢ + At, one needs to
have the numerical solution of p' and 2 at time step t + At. This is possible,
since the computation of p’ and z* at time step t + At does not require the vertex
pressure values at time step t.

Before we use the coupling condition for the pressure, let us rearrange this
equation so that we can read it as a linear equation for the pressure values

< Tt )+At£:1<(t>) +QZ+1(t+At)) A;
—< ()+At‘}g((t)) + Q. (t+At)) 2;

— s (a0 = 9 0) ~ s 10 — 51 0)

By p’iy we denote the first order pressure in the ¢-th vertex and it should coincide
with the right first order pressure value in the i-th pipe. Together with the coupling
condition for the pressure pi, = pi, = pi' + fi,, (compare [234)) we finally
obtain

(v"“(t) + At [ ) + QITHt + At) — At ?“ ) A

Ri*1(t) RiFY(t) ) At
_ ( i) ]J; i?) (t+ At) — At Rj:zt)) ﬁ; (3.29)
- )+ (~ ot — o ) Pho0)+ 0
with ply = (Peei)r, PV = (Pues)1 and f2, = 0. In order to extract solutions
pyy for all vertices i = 1,...,ny we have to solve the corresponding linear system
Pn(t)pav(t) = gl(t) (3.30)

with the tridiagonal, symmetric ny X ny matrix Py (t) and the right hand side
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vector g € R™

bi(t) a*(t) g'(t)
P(t) = @ (t) , g(t) =
a™v (t)
a™(t) b (t) g (t)
with
ai(t) . (AZ)2 bz(t) _ —ai(t) ai—i—l (t)

TR

The components of the vector g consist of the left hand sides of (3.:29). The
matrix Py(t) is regular for the same reasons as the matrix in (8.I5]) (irreducible
and weakly diagonally dominan@). As long as we have non-vacuum solutions this
is true for all times ¢ € (0, 00).

Remark 5. A similar scheme for a general network for a related problem (fire
in tunnels) is deriwed in (GKO08]. There, it is also shown, that the corresponding
linear system is uniquely solvable, if there is at least one pipe/tunnel connected to
the outside, i.e., there must be at least one boundary condition.

In [GR13] the same scheme with minor loss terms is derived. However, one
would have to model the pressure losses differently in the case of a general network.

This could not be done by (Z31]).

Determination of the first order pressure boundary data

We prescribe initial boundary conditions in physically measurable quantities. In
the case of the space-independent velocity component v we gave details about the
extraction of an initial condition in (2.50). Now, we have to do this also in the case
of the boundary condition for the mechanical pressure p;. In the Subsection [3.4.2]
in which we present numerical examples, we will prescribe boundary conditions
for the pressure p. We extract the information for the first order term by

Pbe,- — Po

P1,be,s =
£

By this the error between the analytically correct first order term (py.); and our
approximation pj 4. tends to zero as e — 0:

Pbc, — D Pbe,. — P
[P1be, — (Poe,)1] = ’ ¢ _2 ° + O(e)| = O(e).

3 £

8For details see Appendix
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Algorithm 2 (Numerical simulation of AM). Suppose the numerical solution is
known at the step t". In order to compute the numerical solution at the next time
step t"*! the following steps are required:

1. compute the time step size At"*3 by the CFL condition B24) and set
£ = 0 AP

2. use the explicit upwind scheme ([B.23) to compute the numerical solution of
the density p' and the ratio of unburnt gas 2 at the time step t"*1 for all

pipes (i =1,...,np);

3. compute all first order pressure values at the vertices by solving the linear

system; B30) [

4. use the explicit Euler scheme ([8.23)) to compute the numerical solution of the
velocity component v* for all pipes (i =1,...,np).

3.3.3. Numerical verification of the algorithm for AM

While the presented numerical scheme for model FE is well understood, there are
no schemes that were developed particularly for our asymptotic model. There-
fore, we want to verify the proposed numerical Algorithm We do not have
existence and/or uniqueness theory for the transient asymptotic model. However,
in Subsection we were able to explicitly compute the unique solution to a
simplified stationary problem on a network with pipe-to-pipe connection. Hence,
we want to validate our numerical transient algorithm for the asymptotic model,
by numerically computing a stationary solution and comparing it to the analytical
stationary solution given by (B.13) and (3.13]).

First, let us explain what we mean by numerically computing a stationary so-
lution.

Definition 1. Consider a transient problem P. Let y" € R7™! be the numerical
solution of P at time step t™ computed by an algorithm for P. Choose a value for
TOLgtationary > 0. We call a solution y" numerically stationary with respect to the
constant TOLgtationary, if

max
§=0peeesd

9Matlab’s backslash operator is used for our numerical realization.
See http://www.mathworks.de/de/help/matlab/ref/mldivide.html

n_

yr =yt

At

} < TOLstationary~
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l0.0Gm 0.12m 0.0GmJ

| 0.4m | J 0.4m |

k— 0.2m —

Figure 3.1.: Simple network

Let y be the analytic solution of the simplified stationary problem on a network
(39), and y* € R7*! the numerically stationary solution of the same simplified,
but transient problem@. Then, we use the co-norm to measure the maximal error
EJ, i.e.,

By = [ly" = gllee = max {Jy} —y(j- Ax)[},

where § € R7*! is the analytical solution evaluated at every grid point z; for all
j=0,...,J. We compute the experimental order of convergence (EOC) by

E
EOC, = log, ( E"”) .
J

The transient model for the numerical verification

We consider a network (see Figure B]) consisting of np = 3 pipes having the
following lengths and radii,

L' = 0.4m, L? = 0.2m, L? = 0.4m,
7! = 0.03m, 7 = 0.06m, 7 = 0.03m

with a total length of L = 1m. The governing equations are
P+, =0,

i i i gy L
Jy pide 0

on (0, L) x (0,00) for all i € {1,2,3}. Also, we have coupling conditions

i i+l 1,0 Att+l, i+l i __ i+l
Pr="0 A T_A Uy pl,r_pl,l

10We will state the exact model in the following paragraph.



62 3 Numerical simulations

for all ¢ € {1, 2, 3}, unscaled initial conditions
7'(%,0) = 1.2kg/m?*, @'(%,0) = Om/s
for all i € {1,2,3} and Z € (0, L*) and unscaled boundary conditions
£'(0,1) = 0.4kg/m? if @'(0,7) > Om/s, 7'(0,%) = 1.001bar,
(L%, 1) = 1.2kg/m?® if @*(L?,7) < Om/s, p°(L3, 1) = 1bar

for all £ € [0, 00).

The analytical stationary solution

In order to compute the analytical stationary solution, we just have to solve the
linear system (B.I5). We can invert the matrix and obtain

(fl o2 )1: 1 ( 12 _62)
@) Trp=ep\ e )

Hence, the vertex pressures in first order are

1 o _61f2(pbc,l)1 + ezeg(pbc,r)l 2 - 6162(pbc,l)1 - 63f1(pbc,7")1
Py = T e ) A 1 C e O

Plugging this into (B.I3]) gives us the explicit formulation of the analytic stationary
solution.

Comparison of the stationary results

Figure shows the graphs of the unscaled analytical stationary (red) and nu-
merically stationary (blue) solutions. The geometry of the pipe is displayed in the
first two graphs by the grey lines. The labelling of the horizontal axis of the bar
graph denotes the vertices, where 0 and 3 stand for the outer vertices, i.e., the
positions of the boundary conditions for the pressure.

We see, that there is no visible difference between the analytic stationary solution
and the numerically stationary solution at a resolution of J = 512 spatial grid
points. The absolute error measured was Es15 = 9.6233e — 03. Now, having three
physical variables, i.e., density p, velocity u and first order pressure p;, the absolute
error is defined by

E; :=max {E}, EY, ET'},

where E7' is the maximal error measured at the two junctions i € {1,2}, and not
at every spatial supporting point.
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Figure 3.2.: Comparison of analytic stationary (red, dashed) and numerically sta-
tionary (blue) solution for J = 512 (number of spatial supporting

points)
J Ly EOC; J Ey EOC;
8 5.2808e-01 1024 4.8201e-03 0.9975

16 2.9349e-01 0.8474 | 2048 2.4152e-03 0.9969
32 1.4415e-01 1.0257 | 4096 1.2082e-03 0.9993
64 7.4005e-02 0.9619 | 8192 6.0404e-04 1.0001
128 3.8244e-02 0.9524 | 16384 3.0205e-04 0.9998
256 1.9268e-02 0.9890 | 32768 1.5105e-04 0.9998
512 9.6233e-03 1.0016 | 65536 7.5527e-05 0.9999

Table 3.1.: Absolute error E; and the experimental order of convergence EOC;
for different numbers of spatial supporting points J.

Table 3.1l shows the absolute error for different discretizations, such as the ex-
perimental order of convergence. We conclude, that the proposed Algorithm [2] for
the transient asymptotic model converges to the analytic stationary solution with

order EOC = 1.

3.4. Numerical comparison between the hyperbolic
and asymptotic model
Both numerical algorithms basically consist of upwind schemes. However, the

mathematics and physics behind the computation of the vertex pressure are com-
pletely different. In order to determine the pressure at the nodes we have to solve
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ny = np — 1 linearized Riemann problems in the case of the full Euler model. In
the asymptotic model we solve an ny x ny linear system (see ([B.30))). So, in terms
of numerics we are dealing with ny local problems in the fully hyperbolic case,
whereas in the asymptotic case we have one global problem, with instantaneous
influences from all over the network. This is due to the fact that we have a finite
speed of propagation in the full Euler model and infinite speed of propagation in
the asymptotic model. The infinite speed of propagation in the asymptotic model
is a consequence of the small Mach number limit. Determining the vertex pressures
in the asymptotic case by solving the linear problem or by solving a fixed point
problem in ny dimensions does not affect the global property. Note, that in the
hyperbolic case it is not necessary to compute all the vertex pressures in advance.
In order to compute the numerical solution, it would be sufficient to know the
vertex pressure at the neighbouring junctions.

3.4.1. Numerical costs

Comparing the two CFL conditions for the upwind schemes for the full Euler
equations ([B.I9) and for the asymptotic model (3.24]), one can already guess at
first sight, that the time step sizes in the full Euler case will be much smaller.

At

FE: Amax— < oy with Apax = max ||,
Az
At

AM: Unax—— < €y With Upay := max |ul.
Az

The parameter ¢y denotes the Courant number. Assuming we have positive ve-
locities, the maximum eigenvalue for the full Euler equations is A\jpax = Umax + €,
where ¢ denotes the speed of sound. Using the same spatial grid and the same
Courant number, this would lead to the following relation between the time step
size for the asymptotic model (Atay) and the time step size for the full Euler
equations (Atpg).

)\mam 1
Atay = Atpp = (1 + M) Atpg,

max

where M = uy,y/c denotes the Mach number. One can see that the smaller the
Mach number is, the more time efficient the algorithm for the asymptotic model
is, due to larger step sizes in time.

For further estimates of the numerical costs we can count the floating point
operations (flops). In order to keep it simple we want to look at just one spatial
step of the homogeneous system. For details see Appendix [C.5l Keeping in mind,
that this is a very rough estimate, we can nevertheless say, that the numerical
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costs of a spatial step of Algorithm [ (for the full Euler model) are higher than
the costs of Algorithm [ (for the asymptotic model). A lower bound for the ratio
of numerical work that has to be invested to perform simulations can be given by

workpp S flopspp  Atan 615 ] 1
workay — flopsyy, Atpp 18 '

M

3.4.2. Numerical examples

All numerical simulations were performed with a 64-bit version of MATLAB 8.1.0.604
(R2013a) on a personal computer (Intel(R) Core(TM) i7 CPU M620 @ 2.67GHz).

Before we start with the numerical simulation of the whole exhaust pipe, with
its complex geometry, we first want to observe the qualitative behaviour of the
two different models on one single pipe.

A single pipe

In this simplified setting, in which we consider only a single pipe, the cross section
area is assumed to be constant and there is no catalytic converter (xy = 0). The
pipe we are considering has the length L = 1m and the diameter is d = 0.06m.
The first example deals with a high pressure difference (p; — p, = 0.01bar) in
the pipe. The detailed input data for this simulation can be found in Table 3.2

The result of the numerical simulation does not change significantly after £* = 0.5s,

‘ (Numerical) Parameters ‘ Example 1 ‘ Example 2 ‘
spatial supporting point  J 100
simulation time t.g 2s
initial density  pj. 1.2 kg/m?
initial velocity @, 0 m/s
initial pressure  p;. 1bar
left boundary density  pJpc; 0.4 kg/m?
right boundary density P, 1.2 kg/m3
left boundary pressure Py 1.01bar ‘ 1.001bar
right boundary pressure P, 1bar

Table 3.2.: Input data for Example 1 and Example 2. Results are illustrated in
Figures 3.3l and 3.4

therefore we can assume to have reached the stationary state. Figure shows the
numerical results after this time. The blue curves denote the numerical solution of
the asymptotic model (AM), whereas the dashed green curves are those of the full
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A1) in [kg/m?) a(-, ) in [m/s] T(-,#) in [K]
950
0.44 135
130 900
0.42 / 195 \ \
0.4 120 850
0.38 115 800
110
0.36 750
0 0.5 1 0 0.5 1 0 0.5 1
Z[m] Z[m] Z[m]

Figure 3.3.: Example 1: Numerical results after * = 0.5s for the solution of the
asymptotic (blue lines) and full Euler model (green, dashed lines).

P+ tena) in [kg/m?] (-, fena) in [m/s] T(-,fenq) in [K]
0.48 56 950
0.46 54 900

.52 -

0.44 % 850 [ o
0.42 // 48 200 \~\\\\
0.4 A6 ~
0.38 44 750
0.36 42

0 0.5 1 0 0.5 1 0 0.5 1

7 [m] Z[m] Z[m]

Figure 3.4.: Example 2: Numerical results after f,,q = 2s for the solution of the
asymptotic (blue lines) and full Euler model (green, dashed lines).

Euler model (FE). One can observe that the numerical solutions of both models
have the same qualitative behaviour, but are varying in their absolute values.

In the second example we reduce the pressure difference (Pye; — Ppc,» = 0.001bar)
and see in Figure [3.4] that the difference between the absolute values of the nu-
merical solutions is reduced.

This behaviour is very reasonable, because we lower the Mach number by re-
ducing the pressure difference. Since a low Mach number was the key component
of the limit we used for the derivation of the asymptotic model, it is not surprising
that the agreement in Example 2 outmatches Example 1.

For further investigations on this behaviour, we consider Figure It shows
the dependence between the chosen left hand side pressure value py.; and the
largest, scaled error measured at the state at time to,q = 2s. We compute this
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Figure 3.5.: The dependence of the error Eav/rr (marked with “+7”) and the effi-
ciency of AM over FE in terms of number of supporting points in time
(left plot, marked with “0”) and computing time (right plot, marked
with “0”) on the boundary condition pp..

error Ean/re by

Gam(j - AT, tend) — Gre(j - AT, tena)
gref

it

where gy and gpg are the numerical solution of the state variable g of the asymp-
totic and full Euler model, respectively. On the one hand we see that the error
decays, as the value of the boundary condition for the pressure on the left hand
side is reduced (black line, marked with “+7”). On the other hand, we can observe
an increase of

Eavyre = max ¢ max
ge{p,u,z, Ty (3=0,-J

e the ratio between required supporting points in time of the full Euler (Ngg)
and the asymptotic (Nay) model (left plot of Figure B0 red lines, marked
with “0”),

e the ratio between computing times of the full Euler (comp_timegy) and the
asymptotic (comp_time,,;) model (right plot of Figure B.5 magenta lines,
marked with “0”).

A more detailed comparison of the computational effort invested for the numer-
ical results of Example 1 and 2 can be found in Table B3l In order to avoid up-
and downturns in the computing times, both examples have been simulated 10
times. The displayed computing time in the table is the mean of all simulations.
The largest ratio between standard deviation and mean value was less than 1.6%.
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Example 1 Example 2
AM AM

time steps N 24844 | 142853 9510 | 127398
last time step size AtV =72 in [s] | 7.90e-05 | 1.39e-05 | 1.93e-04 | 1.56e-05
AP vs N in [m/s| | 126.66 | 71779 | 51.84 | 643.15
computing time in [s] 5.72 | 851.03 2.48 | 761.98

Nen/Nan 5.75 13.40

AL | AFNER /2 5.67 12.41

max / e 5.67 12.41

comp_timep / comp_time,,, 148.88 306.78

Table 3.3.: Output data for Example 1 and Example 2. The computing time,
averaged over 10 repetitions, refers to a personal computer (Intel(R)
Core(TM) i7 CPU M620 @ 2.67GHz)

We see that the numerical simulations of the asymptotic model are approximately
150 and 300 times faster in the Examples 1 and 2.

Thus, when using the asymptotic model instead of the full Euler model, we
have to deal with a difference in the absolute value and a different behaviour in
the transient part of the model (infinite vs finite speed of propagatio), but
significantly reduce computing cost.

The whole exhaust pipe

Now, having understood the dynamics on one single pipe, we want to consider the
whole exhaust pipe, i.e., a simple network of pipes. The geometrical data used for
the simulation of the exhaust pipe is the same data which was used in [LN04]| and
[Pet07] (see Table 2.1 and Figure [24]). Since we are interested in the time after
the engine start, our initial conditiondd will be (as they also were in the case of
the single pipe):

pi (%) = 1.2 kg /m®, it (7) = 0 m/s,
Pie(%) = 10° kg/(ms?), Z(7) =0
forevery 1 =1,...,np. We will present again two examples to observe the influence

of the pressure difference (and therefore Mach number) on the qualitative and

HSee Appendix for more information.
12The stated initial conditions for the single and whole pipe fulfil the compatibility condition
(2351) and are therefore applicable for the asymptotic model.
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quantitative differences of the two models. Therefore our boundary conditions

are:

- 1.01 bar, Example 3,
pbcl(t) =

’ 1.001 bar, Example 4,
Prer(t) = 1 bar,
hes(t) = 04 kg/m®, | .. -1,;
2228 ~ 0.1 o/ }lf @ (£) >0,
~ e o 3 _
/;WE?; — 12ke/m’ } if iy (f) < 0.
be,r = )

Simulations of both models in this section include minor loss terms for angles
0 = m, i.e., sudden expansions and contractions. The data (parameter values,
initial and boundary conditions) were taken from [LNO04] and [Pet07] in order to
match the simulation with the realistic scenario of a cold start. The numerical so-
lutions, with J = 360 spatial supporting points, do not change significantly after

tena = 3s and can be considered to be stationary.

Numerical results of Examples 3 and 4 are illustrated in Figures and 3.7 All
plots show the geometry of the considered exhaust pipe in order to link it to local
phenomena, which can be observed in the physical quantities. Furthermore, we
show the spatial evaluation of all physical quantities at time fe,q in their unscaled
version in order to recognize the prescribed boundary conditions more easily.

Example 3 Example 4
AM AM

time steps IV 28764 | 659915 4819 | 590619
last time step size AtY =2 in [s] | 9.83e-05 | 4.52e-06 | 5.41e-04 | 5.04e-06
WREY vs ARRS in [m/s] 30.51 663.65 5.54 594.93
computing time in [s] 35.62 | 14431.57 7.22 | 12898.46

New/Naw 22.94 122.56

AT Y2 AfRER 2 21.75 107.32

Amax /gmax 21.75 107.32

comp_timepy / comp-time,,, 405.14 1787.27

Table 3.4.: Output data for Example 3 and Example 4. The computing time,
average over 10 repetitions, refers to a personal computer (Intel(R)

Core(TM) i7 CPU M620 @ 2.67GHz)

The left bottom plots show the ratio of unburnt gas (). We can see that the
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Figure 3.6.: Example 3: Numerical results after {,q = 3s for the solution of the
asymptotic (blue lines) and full Euler model (green, dashed lines).

unburnt fuel is conserved during the transport outside the catalytic converters,
whereas it reacts exothermically inside those.

In the right bottom plots we observe an increase of temperature (T') in the
catalytic converter. In Example 4 this increase is barely noticeable in the second
converter, since the unburnt gas is almost completely consumed in the first catalyst.
This high consumption can be explained by the lower pressure difference, and
therefore lower velocity. The fluid spends more time in the catalytic converter and
can react for a longer period. In pipes without catalytic converters the temperature
decreases because of the heat exchange with the colder wall.

Due to the ideal gas law, and a pressure that changes only on a small scale in
the full Euler model, the profile of the density (p), which is shown in the top left
plots, can be explained in a similar, but reciprocal way as it was done for the
temperature.

The velocity u, which is illustrated in the top right plot for both examples, de-
creases in each pipe as the density increases and vice versa. This corresponds with
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Figure 3.7.: Example 4: Numerical results after f,,q = 3s for the solution of the
asymptotic (blue lines) and full Euler model (green, dashed lines).

the equations, since the product of density and velocity is constant at a steady
state. Due to the conservation of mass at the junctions, the velocity has to drop
in the pipes with larger diameter.

Although both models describe the same qualitative behaviour we just discussed,
there are differences in the absolute values of both solutions. We confirm the ob-
servation made in the single pipe settings, and see that those “errors” decrease, in
a lower Mach number setting, which we establish by decreasing the difference on
the boundary conditions for the pressure. Moreover, we are again able to simulate
the asymptotic model much faster. In Example 4 the ratio of computing times of
the asymptotic and the full Euler model reaches a value of approximately 2300.
A detailed comparison of the numerical output data is listed in Table B4l These
observations are confirmed by the consideration of Figure B.8] where we compare
the scaled absolute errors as well as the computing efficiencies for different pressure
differences.
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Figure 3.8.: The dependence of the error Eay pg (marked with “+7) and the effi-
ciency of AM over FE in terms of number of supporting points in time
(left plot, marked with “0”) and computing time (right plot, marked
with “0”) on the boundary condition pp.,.

Minor loss terms

In this example we want to show the impact of the minor losses at the junctions.
Figure shows the results for two different simulations. One simulation (blue
lines) includes the minor loss term into the coupling condition for the pressure,
whereas the other one (red, dashed lines) neglects those (see Subsection for
details). Both simulations were made with the asymptotic model (the full Euler
model would give us very similar results) with the same setting as in Example
3. We can observe, that even though the pressure loss terms due to sudden or
gradual expansions and contractions are called “minor losses” in the literature,
their impact is not “minor” at all in our setting.

3.5. Summary

We started this chapter with a short discussion of the problems of providing an
existence theory of both transient models, without giving answers to either of them.
We studied a simplified stationary problem of the asymptotic model in Section
We found unique existence of a solution on a network for the case with no heat
exchange, whereas we could prove that for the case with heat exchange there exist
at least two solutions, one with negative and one with positive flow direction.

In Section B3] we presented an easy numerical treatment for the asymptotic
and full Euler model. Both algorithms were based on explicit upwind schemes
for the purpose of a fair comparison. We verified the proposed algorithm for the
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Figure 3.9.: Example 5: Numerical results after {,,q = 3s for the solution of the
asymptotic model with (blue) and without (red, dashed) the inclusion

of the minor loss term f,,; in the coupling condition for the pressure
(see Subsection 2.4.3 for details).

asymptotic model, by showing numerical convergence of the transient numerical
solution towards the analytic stationary solution.

We could verify in Subsection that the new asymptotic model still keeps
the main physical features of the application and can compete with the full Eu-
ler model, which is well established in the literature. The asymptotic model was
computationally much (orders of magnitude) faster than the standard (fully com-
pressible) model, which we could also verify analytically by comparing the CFL
condition and flops of both numerical algorithms (see Subsection B.4.1]).

Furthermore, we showed that the impact of the minor loss terms on the numerical
solution is significant in the application’s setting. Therefore, it should not be
neglected, as it is done in various literature.

Lastly, we want to comment on the difference in absolute values of the asymp-
totic and full Euler model, which we could observe in the examples. Although
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the difference is not negligible (at least in Example 1 (Figure B.3]) and Example
3 (Figure B.0])), we should keep in mind, that neither of the considered models
was tested with experimental data. Both models agree in the physical qual-
ity of the steady state solutions. Since one-dimensional hyperbolic “FE-like”
models were successfully fitted to experimental data in the literature (see e.g.,
[DFO00, LN04, LTW09, MSZH11]), we assume that this is also possible for the
asymptotic model. Then, one would have a model which describes the physics in a
qualitatively and quantitatively correct way, and is computationally much faster.
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4. Optimal control

In this chapter we want to consider the optimization task mentioned in the in-
troduction, namely how to optimally control the inflow of ratio of unburnt gas in
order to heat up the catalytic converter after a cold start. Therefore, we first ex-
tend our asymptotic model AM by an equation for the temperature of the catalytic
converter (Section [.1]). In Section we then formulate the optimization task.
Clearly, it strongly depends on the structure of the cost functional. Subsequently,
we formally derive a set of first order optimality conditions (Sections F.3] - 5]
by differentiating the Lagrangian functional with respect to the control, state and
adjoint variables. Then, we are able to compute a descent direction by a projected
gradient algorithm. Lastly, we discuss discretization issues in Section and show
some numerical examples in Section [4L.7

The whole content of this chapter has been published in [GRWMb]. The Sections
1.3 E4 and [D.3] as well as the Subsections 6.2l [£.6.3 and [£.6.4] are mostly taken
word by word from the article [GRW14h].

4.1. Modelling the temperature of the catalytic
converter

Since the temperature of the catalytic converter is not considered in the equa-
tions of the asymptotic model (Z57), we will have to augment it. We model the
temperature evolution of the catalytic converter t — T7(t) as a result of the heat
exchange between catalyst (temperature T%) and gas (averaged temperature T}, )
in the ¢-th pipe.

. 1 [
Tiult) == /0 Ti(x, )d. (4.1)

1 Using the published content in this thesis is in agreement with the copy rights of the pub-
lisher: http://www.elsevier.com/journal-authors/author-rights-and-responsibilities.
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We choose the following ordinary differential equation with the (scale) heat
exchange coefficient h. to model this relation:

(T2(t)e = —he(T2(t) — Taas(t)) (4.2)

for all times t € (0, tenq) and for all pipes i € I.., where I.. is the index set that
contains all pipes with a catalytic converter, i.e.,

Le:={ie{l,...,np} | X' =1}. (4.3)

Since this heat exchange works both ways, we have to adjust the energy gain
and loss term ¢, which is defined in Equation (2.46). Now taking also the heat
difference of the gas temperature and the temperature of the catalytic converter
into account, the energy balance ¢* for the i-th pipe becomes

¢[p', 2, T}] = % [—h(T" = Tygan) + X (—he(T(t) = T2 (1)) + qop'2 K (T7))] -

This also has an impact on @, since it is the potential of ¢°. For a shorter notation
we introduce

Li
(R(2))(t) = / 5y, )dy,
*[p', 2" 0] = pyy — p1, — / p'Qydr — / PV +Q')g'dx (4.4)
0 0
L i Y i L
0 0

Thus, the asymptotic model with the additional ODE for T consists of the fol-
lowing system

pi+ (' + Q) = —4¢'p',
4 (0 + Q)2 = =X K(T),
v; = @'/ RY(0),
(T9)e = —he(TY — T,,)

(4.5)

for all pipes ¢ = 1,...,np, j € I, and (z,t) € (0,L") x (0,%enq), with closing
relation

p(a, £) T (2, t) = po (4.6)

2Information about the unscaled heat exchange can be found in the Appendix [D.1l




4.2 The optimization problem 7

for all pipes i = 1,...,np and (x,t) € [0, L] X [0, tenq, initial conditions
P(0,0) = pla),  2(0,0) = Z(2),  v(0) =, TIO) =TI, (47)
for all pipes i =1,...,np, j € I, and = € [0, L}], boundary conditions
p'(0,) = puea(t), 21(0,t) = zZpeu(t) (4.8)
for all times ¢ € [0, tena| and coupling conditions
pHLT ) = p(0,1), 27N L) = 240, 1) (4.9)
for all pipes i =2,...,np.
Remark 6.

1. The boundary conditions (L8)) already imply a positive flow direction, which
will be stated in Assumption[3. Otherwise we would have to prescribe inflow

boundary conditions like in (2.59) and (2.60).

2. As we know from Chapter [4 and [3, there are of course additional physi-
cal boundary conditions we need to prescribe, i.e., the pressure value at the
exhaust pipe’s left end right end:

p1(0,8) = p1,(t) = (poe)1(t),  PY7(L"7 ) = pi5(t) = (Do )1 (t).

Howewver, for the mathematical model (LH]) these are just parameters (which
appear in ®, see ([&4])). Therefore, and for similarity to the yet underived
adjoint system, we do not mention those boundary conditions in the model
description.

4.2. The optimization problem

As we know, the desired reactions in the catalyst, which reduce the exhaust gas
pollution, take place best if a certain temperature is achieved. More precisely, the
catalyst does not function if the temperature is below a certain threshold (“light
off temperature” T}, ~ 550 — 600K). However, it may be damaged if a certain
critical temperature is exceeded.

As we can deduce from the numerical examples in Subsection 3.4.2] the exother-
mic reaction has a significant impact on the gas temperature in the catalytic
converters. Therefore, the unburnt fuel is used to heat up the converters after a
cold start.
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Hence, it is natural to consider an optimization problem to reach a desired
temperature 7, by controlling the inflow of unburnt gas z;.;. We will neglect the
natural constraints induced by avoiding damage (e.g., possible reduction of the
reaction rate of the exothermic reaction).

In order to formulate this optimization task, we first need a cost functional. On
the one hand we want to reach the light off temperature T}, in the catalyst as soon
as possible. On the other hand we do not want to use too much fuel. We express
this objective by the following cost functional.

. 1 tend . tend
T (T o) =5 3 [ @@ = TP vo [ e (@20)
0 0

1€lcc

with the cost of control ¢ € R, . Additionally, we have upper and lower bounds
for the inflow of unburnt gas 2.

0< zbc,l@) < er)rclix Vit € [O, tend]-

The choice of an Li-type term for the unburnt gas is physically well motivated
by the linear costs associated with the amount of fuel used.

As mentioned above, exceeding of the optimal temperature is not wanted either.
Therefore, a penalization in both directions is meaningful. Besides this, there is
no physical or chemical motivation for our choice of the tracking type term for
the temperature. Measuring the costs by an Lo-type term is rather arbitrary and
could be replaced by other functionals on the temperature.

We assumdi that for any non-negative function zp.; € L1(0,%ena) there is a
unique temperature T = T(2p.;) € La(0, tena) given by the model (5] - (3.
This gives rise to the reduced problem of finding an inflow distribution z.; solving

min j(zbc,l> = j <{TZ(Zbc’l)}i€I¢C 7zbc,l> y (411)

2be, 1€ Zad

with the space of admissible controls

Zad = {ZbC,l c Ll (O7tend) | O S Zbcvl(t) S ZII)IClvaiX :

4.2.1. The strategy to solve the optimal problem

When it comes to numerical optimization with PDE constraints, there is always
one question concerning the approach one has to answer:

“First discretize, then optimize” or “First optimize, then discretize™?

3This will also be stated in Assumption Bl on Page
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There is a lot of literature dealing with this issue (e.g., |[Gun02] and [HPUU0Y]).
In the following calculations, we follow the first-optimize-then-discretize approach,
meaning that we will derive the necessary optimality conditions for the continuous
problem and then discretize the optimality conditions to obtain a discrete problem.
We will discuss this aspect in Section

For the numerical realization of the optimal control task, we apply a projected
gradient method in this reduced setting, see Section for details. Before we can
do so, we need to calculate the derivatives of the reduced cost functional which is
done in the following two sections.

4.3. The optimality system and its derivation

As already discussed in Section B.I] developing an existence theory for the (ex-
panded) asymptotic model was beyond the scope of this thesis. In order to proceed
formally, we have to assume the existence of a unique solution and differentiability
of this solution with respect to the control variable (inflow of unburnt gas).

For the following computation we also need to assume, that the velocity u* =
v'+@Q" is non-negative. Then [v'+Q’| = v'+Q" in the term ® (compare ([£4)). This
assumption is in correspondence with the application, and under certain conditions
also with the theory as the results on the quality of stationary solutions indicate
(see Section [3.2] for details).

We sum this up in the following
Assumption 3.

(A4) For any zpey € Zyq there exists a unique solution of the problem (A5]) - (4.9).
Moreover, we assume the variables p, z,v,T. and their Lagrangian multipliers
0y 200, Em to be smooth enough for the required formal operations, such as
partial integration.

(A5) The reduced cost functional is differentiable with respect to zpeq € L1(0, tena)-

(A6) The velocity u'(x,t) = v'(t) + Q' (x,t) is non-negative for all (x,t) € [0, L] x
[0, tena) in all pipesi=1,...,np.

Since we want to determine the gradient of our cost functional 7 by an adjoint-
based method, we need to calculate the adjoint. To do so, we formulate a La-
grangian functional. Let W := (w!,..., w™") be the vector of all state variables,
ie., w = (p', 2", v, T") and A := (A, ..., \"?) the vector of all adjoint variables,

e, A i= (8,80, 80§ Mps M2y Vs Vi Vs Vs Gy ;). Then the Lagrangian functional
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1S

end ; tend
E(W, Zbcla Z / — opt)th + (7/ Zch(t)dt (4.12)
0

i€l

- Z/ : / &olpr+ (V' + Q)py + q'p')dadt (#13)

_ZP/eﬂd/ g U _'_Qi)Z;_'_XiziK(Ti))dxdt (4.14>

Sl )

=1

- Z/d (T + he(T7 = Tg,))dt (4.16)

- / (0 (0,8) = prer(8))dt / T (0,6) = zpealt))t (4.17)
—Z/ (z,0) — pl.(x da:—Z/ — 2L (x))dxr (4.18)

- Z vy (0'(0) = vle) = ) v (T0) = T,,) (4.19)

1€1cc

—Z/Q"d C (P (L0 ) — (0, ) dt (4.20)

By /0 T E T ) - £ (0,1)) dt. (4.21)
=2

Before starting with the computation, let us have a quick look at the lines of this
large term. Line (£I2) represents the cost functional. Lines (£13) - (AI6]) are
the four state equations multiplied with Lagrangian multipliers £i, integrated over
space and time and summed up over all pipes of the network. The last four lines
are the boundary conditions multiplied with their Lagrangian multipliers n and
integrated over time (4.I7), the initial conditions multiplied with their Lagrangian
multipliers v integrated over space (I8 - (£I9) and the coupling conditions
multiplied with their Lagrangian multipliers ¢! and integrated over time (Z20) -
E.21).

We derive the optimality system by computing the first variation with respect
to Lagrangian multipliers, state variables, and the control quantity. Then, the
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stationarity requirement yields the following set of first order optimality conditions

oL

VR 0 = constraints or state equations,
J

oL . .

B =0 = adjoint or co-state equations,

J

oL

8Z—H(zg‘c7l — Zey) = 0V 25, € [0, 2.7"] = reduced optimality condition.
C,

(4.22)

4.3.1. Derivation of the reduced optimality condition

Let us start with the derivation of the optimality condition. This computation is
the easiest, since z,.; only appears in the terms (4.12) and ([@I7). Let 024.; be an
arbitrarily chosen L;-function, such that 0 < zp.; + €dzpe; < Zpels for sufficiently
small € > 0. Then the first variation of the Lagrangian £ with respect to the
control z.; in direction 0z is

OL(W, 2zper, )

tend
5 C = 5 C z dt
. (62pe.1) /0 Ze (0 +12)

Given that (£.22)) holds for all feasible test-functions we assert that the inequality
in the reduced optimality condition holds pointwisely almost everywhere in [0, tenq]
due to the fundamental lemma of calculus of variation (see, e.g., the textbook of
Troltzsch [Tré10, Lemma 2.26]). This yields

(U + nz)(zgc,l - ZbCJ) Z 0 Vo0 S Zl;kc,l S ZII)Icl?lX7

which in turn is equivalent to

O7 if Zbe,l = 0,
o+ e = O’ if 0 < Zbe,l < ’ZII)Icl,aiX’

3 R max
<0, if 2t = 2peq

4.3.2. Derivation of the constraints or state equations

In order to obtain the state equations, we have to compute the first variation
of the Lagrangian functional £ with respect to the Lagrangian multipliers. The
computation works just like in the above case. We then obtain the state system
consisting of our differential equations (4.3]) as well as our initial (4.7, boundary

(£8)) and coupling conditions (4.9).
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4.3.3. Derivation of the adjoint or co-state equations

Since this part is very long and technical, it will get its own section, namely the
following Section [4.4]

4.4. Derivation of the adjoint or co-state equations

In this section, we cease to write superscripts, but compute the first variations for
a single pipe of length L = 1 with a catalytic converter (y = 1). The computation
of the adjoint equations for a pipe without a catalyst is just a special case (no
equation for 7, and y = 0).

Note, that in the case of a single pipe no coupling conditions are required. We
will deal with this problem in Subsection 4.4.3l The following part is the most
complicated one when it comes to computation of the first variation. This is the
case, because all state variables except v appear in the functional Q = Qlp, z, T¢].

We compute the first variation with respect to the space-independent velocity
component v and the density p in this section. The first variation of £ with
respect to the density involves most of the terms in the Lagrangian and includes
all techniques that are required for the computation of the variations with respect
to the other two variables z and T,. However, we refer to the Appendix [D.3 for
the remaining calculations.

We start with dL/0v, since this is the easier one of the two cases.

4.4.1. First variation of £ with respect to v

The space independent velocity component v appears in the Lagrangian £ in the
density PDE ({.13), the ratio of unburnt gas PDE (4.14) and its own ODE (4.15)
as well as its initial condition (£I9). One has to keep in mind, that the functional
® ([4.4) also depends on v. So before computing the first variation of £ with respect
to v, let us have a closer look at the functional ®.

O(p, z,v + edv, T.|—P|p, z,v, T.]

edv

1
= —eév/ (pq +Cyp ((v +Q)+ 7) + XCCP) dx
0

1 6251)2 1
= —eév/ (pq + Crp(v + Q) + xCep) dx — 5 / Cepdz.
0 0
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We have already isolated the term of order €%, since it is of higher order and will

vanish in the limit € — 0.

OL(W, 2bey, N)
— 5, (6v)

1 tend 1
= lim — [ — / / €0v(Eppay + E225)dadt — vyedv|,_,
0 0

e—0 €

_ /0 "6, (ebvy + €6uS(0)) + ofe)

with
1

S(x) == 5= / (pg + Cyp(v + Q) + Cep) dy.

R(0)

(4.23)

Using integration by parts, we shift the time derivative of dv to the co-state &,.

This also leads to an evaluation at the boundaries.

tend tend
- [ esuar= [ cduar - [m}
0 0

The limit € — 0 gives

8£<W, Zbc’l, A)
ov

tend 1
)= [ o] € [ 6ot edo - 50| a

o

t=tend

— 1,00(0).

t=0

Now, we assume (referring to the optimality system (4.22])) the derivative of the
Lagrangian with respect to v, in the direction dv, to vanish. Since the variation
0v is arbitrary, we choose a variation that vanishes at the boundaries, i.e., at t = 0
and t = tenq. Then we deduce, by the fundamental theorem of variational calculus,

that

1
—(&)e = —£,5(0) — /0 Eppr + E2d.

(4.24)

By choosing a variation that vanishes only at one of the end points t = 0,

t = tena, We obtain, with the knowledge that (4.24]) holds,

& =0

for t = tenq.

(4.25)
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4.4.2. First variation of £ with respect to p

We have to compute the first variation of £ with respect to p, i.e., L/dp. Since the
density appears in many terms in the Lagrangian, this computation is very long and
technical. Therefore, we divide this task into several subtasks, i.e., computation
of the first variation of

a) the integral (£13]) with test function &,

b) the integral (4.14]) with test function &,,

)

)
c¢) the integral (4.I5]) with test function &,,
d) the integral (LI4]) with test function &7, .

The remaining integrals depend linearly on p, hence the first variation is trivial
to calculate. In the end, we will put all results of the subtasks back together and
finalize with 0L/dp.

Before we start the computation of the derivative, let us focus on the dependence
of ¢ and ) upon the density p. We assume p > ¢ > 0, which is in correspondence
with the physics.

1
qlp+eop, 2, T, = — [ —h ( Po TWall) — Xhe < bo Tc)

VDo p+edp pteip

T xaolp + €0)2 K (p + eapﬂ

with a density-dependent reaction rate function]

; kojref jﬂr ;
K, (p) =——exp | —= 'l
p(p ) Tirer p < Trefpop )

We observe that the density variable and its variation do not appear in a linear
way, but as the denominator of a friction and the argument of an exponential
function. In order to subtract the evaluation of q at p 4 €dp, we have to get rid of
these terms. We do this by Taylor expansion:

1 1 1
= — —€edp— + o(e),
pvep p TP (©

K, (p+ €p) = K,(p) + e8pK(p) + ofe).

“Due to the asymptotic ideal gas law ([Z.39) we have a reciprocal dependence of gas density
and gas temperature. Therefore, this formulation of the reaction rate function is equivalent to

the original ([2.7).
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In order to shorten the expressions, we define the following abbreviations for the
computation of 9L /9p:

q:=qlp,z,T.), q:=qlp+eop,2T], Q:=0Qlp,2T.], Qc:=Qp+ebp,zT.].

By replacing non-linear density-dependent terms by their Taylor expansions, we
obtain

+ X002 (pK,(p) + K,(p))| + ofe).

1 h+ xh
ge —q = €0p— {L + Xhe)

YPo

By definition of (), this yields

Qe—Q = / €6 pq,dy + o(e),
0
where

Gpi=—\|—>

(O oy + B ) (420)

a) The ¢ -integral (4.13)
/ / & ((p+ €80)e + (v + Q)(p+ €3p) + a.(p + €0p)) dadlt
end
+/ / &(pr+ (v + Q)pr + gp)dadt

end
/ / o <€5Pt + (v + Q)edp, + qedp (4.27)

0 0

[en]
=]

+ PGpEOP + po / 65pquy> dzdt + o(e)
0
= Ig T
Our aim is to isolate the variation dp, such that we can apply the fundamental
lemma of variational calculus again. Therefore we need to integrate by parts twice
(once with respect to the spatial and once with respect to the time component).
Furthermore, we need to use the following identity

[0 ([ atwir)ar= [ o) ([ sty a
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which is a consequence of Fubini’s theorem?. With this we manipulate (4.27),
integrate by parts and using (v + @), = ¢ obtain

tend 1 1
= [ [ (<5p>t+<v+@><5p>x—qp {pfﬁ / sppxdy])dxdt
0 0 T

tend =1 1 t=tend (428)
— {/ edp(v + Q)&,)dt} — {/ eépépda:} + o(e).
0 =0 0 t=0
b) The ¢.-integral (4.14)
Analog calculations give
tend 1
- / / §Z (zt + (U =+ Qe)zm + XZKp(p + Edp))dl‘dt
Otend 01
+ / / &2+ (v+ Q)zw + x2K,(p)) dadt
v (4.29)

tend 1 x

= —/ / & (zx/ €dpq,dy + Xe5sz;(p)) dxdt + o(e)
Otend 01 ’ 1

= _/ / €dp (qp/ & zpdy + X@zKL(p)) dxdt + o(e).
0 0 T

¢) The &, -integral (£I3)

This is the most technical subtask, since p appears in this term so often. Let us
develop this step by step. First, we have a look at the density integral in the
denominator. By Taylor expansion we obtain:

1 1 /1
= — | ebpdr—— + o(e)
Jo ptedpde [y pde Jo (U piz) 2

1 1!
= R0) W/o edpdx + oe).

The term @ evaluated at p + edp, will have the following form:
Qlp+ €dp, z,v, T, = @lp, z,v, T, + €P,[0p; p, z,v, T.] + o(€).
To shorten the integrals, we introduce the following abbreviations:

O = Plp, z,0,T,, O, :=D[p+ €edp, z,v, T

5Details and proof can be found in the Appendix [D.2
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Please note the different meaning of ®. and the derivative ®,. We will compute
®, in detail later. Let us first have a look at the whole integral containing &,.

/tendg< ! @)d e L o)d
. N t+/ oo — /
0 : fol p + edpdx 0 ' fol pdx

tend 1 ]_ !
- [ e (mgete mp | orte ®) trotd = ke
(4.30)

The term e®, consists of all the terms in which e appears linearly, when evaluating
® at p+edp. We will now compute those terms. Therefore, we split ® into several
parts.

=01 [p,2,T¢] =:P2[p,2,v,Tc]

1 1
Plp, 2,0, Te) = p1y— p1y —/ thdaf—/ p(v+ Q)qdx
0 0

1 2 1
— Cf/o PMdI—XCc/O p(v+ Q)dz.

2
::<I>3[;7rz7v7TC] ::@4[;;,U,Tc}
We compute the difference —®;[p + €dp, z, v, T.] + @i[p, z,v, T.] = =Py + Py

1

1
it == [ () Qs+ [ pQuls
0 0 (4.31)

- / e8pQy + [0pg,lu R()dz + ofe).

For the remaining terms, we obtain in a similar fashion

1 1
— Oy + Dy = —/ €dp ((v +Q)q+p(v+Q)g, + qp/ pqdy) dz + o(e),
0 xX

1 2 1
—(I)B;e + (I)g = —Cf/o E(Sp <% + Qp/ p(’U + Q)dy> dx + O<6)7

1 1
_(I)4;e + (I)4 = _XCC/ 6(50 <<U + Q) + qp/ pdy) dr + 0(6).
0 T

Then, the directional derivative ®, is given as

1
Q,0p;p, 2,0, T ) =— [ dp (p(v + Q)q, + q,R(0)S(x) — %) dx

1

R(x)[0p q)idz

S >—
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with
2

olp, 2,0, Te] i= — (th +p(v+Q)g+ Cpp W +2Q> + xCep(v + Q)) . (4.32)

Before finalizing the £,-integral, we have to integrate by parts in order to get rid
of the time derivative of the perturbation dp in the term (Z£3I]). This yields

t=tend

1 1
/ /év g [€dp q,lidxdt + {Ev (O)/ edp qu(a:)da:L:O

7 e

e R@) R . R(O)R@
= [ [ [“”)t RO) TRO) S R0P
(

= /Otend /01 €0p Gp [( / Eppu + §zzxdx> Z(g;

Ry(0)R(z)
R(0)2 ]dajdt

} dxdt

[e=]

_fv

(z) [*
m/o §oPr + §o20dx

1

m dzx.

e Rt(O)R(w))

(R(x)S(O) + Ri(z) — R(0)

Thus, our &,-integral (£30) equals
tena [l 1
o= [ [ oo (o0 + @) = RO + R@SO) + o)

- Rt(O)R(:C)) LG / 1 Eppr + Szzxdx] dadt

r0) )T RO) b
/ / €dp Ev (%—?) dxdt
-y [ o0 it >d:c];:i+o<e>.

(4.33)



4.4 Derivation of the adjoint or co-state equations 89

d) The {7 -integral (4.10)

Although the considered pipe’s length is L = 1 in this section, we now write L.
The reason for this is, that the pipe’s length appears as a factor in the definition
of T¢,. (see (E])). We want to emphasize the appearance of the factor L here,
since in the network case the pipes lengths are never 1, but vary between 0 and 1.
Applying the ideal gas law (.0]), we obtain

—A%%nk %+h( %[fpf%ﬁm”dt
Lol tfrle

end
ﬁ/) ‘/q 5p1“ = &r, drdt + ofe).

e) The summary of the first variation of £ with respect to p

Everything is prepared and we can conclude the calculations. Using the terms

(E2R),[#29),([#E33), [#E34), and the derivatives for the equations (LI7) and (IS,

we obtain:

OLW, zpet, A 1 tenda 1
%(50) 2113%2[/0 ; e5p (&) + (v +Q)(&,)s — g, F) dudt

| [ (e ()

—XZK/( )fz_ pO c

&)mw
=1

—[A“%@@+Qﬁﬂ4

=0
t=tend

1 1 1
_ {SUW/O €dp qu(:E)d:E+/O eépfpdx]to

tend 1
—/ edp(0,t)n,dt —/ edp(x,0)v,dz + o(e) |,
0 0

where F'is defined as

1 R 1
Floy 2,0, oy 69,60, 6] = Epp + / fppﬁgzzxdy—% /0 Epo+ Eurad

Rt(O)R(x))
R(0) '
(4.35)

"3 (p<v Q)+ R0)S(z) — R(x)S(0) — Rulx) +

1
R(0)
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Using that dp is arbitrary, we end up with

~(6) = 04 Q&) = ~F — b (7 — %)~ I ~ e,
(4.36)
the terminal condition
£ =0 for t=tenq (4.37)
and the boundary condition
Ev+Q)=0 for o =1. (4.38)

Remark 7. Note that we will have a problem evaluating the boundary condition
for x =1, if the velocity u = v+ Q) at x = 1 vanishes at some time. We therefore
have to assume positive velocities at x = 1 for all times t € (0,tenq). The only
exception will be at t = 0, where we will have u(x,0) = 0 in the case of an engine
start. The boundary condition for §, at time t = 0 is then given by continuation.

4.4.3. Coupling conditions for the adjoint equations

Now, let us discuss the derivation of coupling conditions for the adjoint equations.
The above derivation was valid for a single pipe, not connected to any other pipe,
i.e., we neglected the coupling conditions in the Lagrangian (£.20]). Let us consider
the first variation of the Lagrangian for the whole network (AI2) - (£.21)) with
respect to the density in an inner pipe ¢. Similarly, as outlined in Subsection [4.4.2]
we would deduce ([A30]) and (43T). Since i € {2,...,np — 1} we have to neglect
the boundary condition for the density ({LI7). Finally, we would be left only with
the following integrals:

0L W(m == / "0 (L) (040 + QLA )L 1) + ) e
p 0

+ /0 S (0,8) (1) + Q0. )EN0, 1) + Ci(1)) .
Using the fact that dp’ is arbitrary, we obtain
(0'(t) + Q'(L', )& (L 1) = —¢;F(t) (4.39)

and

(v'(t) + Q'(0,))€5(0, 1) = = ¢, (t)- (4.40)
So increasing the indices of all terms in (£.40), we can write together with (£.39):

('(t) + Q'(L, )&, (LT 1) = =C 7 (1) = (v (1) + Q"(0,1))&,(0, ).
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4.5. Summary of the adjoint calculus - The
optimality system

We want to summarize the results of all computations in this section. Our op-

timality system now consists of (a) constraints or state equations, (b) adjoint or

co-state equations and (c) the optimality condition.

(a) Constraints or state equations

The constraints consist of the governing system of equations (4.5]), the closing
relation (ideal gas law) (6] and the initial, boundary and coupling conditions

ED), @) E9).

(b) Adjoint or co-state equationd]

The adjoint problem consists of the system

| - 2 he
()~ 0+ QUG = - G~ (AR + )

g L (% ¢
(e )
—(€h = W+ Q) =~ F =& (WK(T) =), (4.41)

() = — £15%(0) - / Eipi 4 €2 da,

Li
== [ P b, + (T~ T
0

for all pipes i = 1,...,np,j € I and (z,t) € (0, L") x (0,tenq), with terminal
conditions

€Z(x7tend) - 07 gi(xatend) = 07 &ij(tend) - 07 g’g“c(tend) =0

for all pipes i =1,...,np,j € I.. and x € [0, L], boundary conditiond

& (L, )" (t) + Q" (L', 1))

07
ErL ") + Q" (L") =0

%See [D.3 for the derivation of equations for & and &, .
"The boundary condition for £ is derived in [D.3.21
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for all times t € [0, teng] as well as coupling conditionsy

('(t) + Q'(L, )&, (L1 1) = (v () + Q1(0,))€,7(0, 1),
(' () + Q"(L', 1)&2(L" 1) = (v (t) + Q"(0,))€:7(0, 1)

for all pipes i = 1,...,np and times t € [0, tenq]. The variables qz,qi,qrfpc,gbi, St

and F* are defined in (£26)), (D.8), (D)), #32), (#23) and (£37), respectively.

Furthermore, as n, appears in the optimality condition, we are interested in this
quantity. It is given by the relatio

£(0,1)(v'(t) + Q'(0,4)) = (1) (4.42)

for all ¢ € [0, tendl-

(c) reduced optimality condition

(0 +0:)(Zhes = 2bet) 20 V0 <z, < 2507 (4.43)

for all ¢ € [0, tena]-

4.6. Discretization

As already mentioned in Subsection L.2.T] the question in which order one prefers
to discretize and optimize is a delicate task. We shortly discuss this issue on the
basis of |[Gun02, Section 2.9].

1. First discretize, then optimize.
First, we could consider any discretization of the state equation (£3) - (£9),
the control 2., and the cost functional (4.10) to obtain a finite dimensional
optimization problem. For this problem one can derive optimality conditions,
using adjoint calculus, similar to the continuous case above, but doing all
calculations for the discrete equation.

2. First optimize, then discretize.
The second approach is to formally derive the optimality system (as this has
been done in Sections .3 and [£4)) consisting of state (4.35]) - (4.9]) and adjoint
equations ({41 - (£42]) as well as the representation of the gradient (£.43)).
Then, one considers any discretion of the state equations, adjoint equations
and gradient.

8See [D.3.3] for the derivation of the coupling condition for £¢.
9See [D.3.2] and equation (D.I5) for the derivation.
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One way to deal with the discrepancy of the two approaches is the construc-
tion of adjoint consistent schemes, i.e., discretization methods that ensure that
both approaches yield the same adjoints. Such a reformulation is analyzed, for in-
stance in [Hag00] for Runge-Kutta schemes applied to optimal control with ODEs.
In the context of PDEs, such reformulations may become more involved, since
spatial irregularities may influence the choice of the temporal discretization, see,
e.g., |[GRW11]. However, for a strongly simplified example consistency of both
approaches is shown in the Appendix [D.4l

Both approaches are well established in the literature, and therefore it is not
surprising that there are advantages and disadvantages on both sides, whereas an
advantage of one approach automatically induces a disadvantage of the other.

e Advantage of the first-discretize-then-optimize approach.

1. When following this approach, we have, by construction, consistency of
the gradient with the discrete cost functional, whereas in the case of
the other approach, we do not have any consistency in general - neither
with the discrete nor the continuous cost functional.

2. In a discrete optimization problem, it is possible to shift the technical
computations to an automatic differentiation software. But although
using such software can simplify the technical calculations (like Sec-
tions 3] .4 and [D.3)), it requires more storage and CPU-time than
corresponding handwritten codes.

e Advantage of the first-optimize-then-discretize approach.

1. The derivation of the continuous optimality system is independent of the
discretization. Therefore, once the gradient and the adjoint equations
have been derived, one can change the discretization easily. This would
demand a new derivation of the discrete optimality conditions in the
first-discretize-then-optimize approach.

2. Furthermore, the derivation of a discrete optimality system with an
underlying sophisticated discretization for the state equation could be
even more technical than the computation for the continuous approach.

3. Lastly, although we are not making any use of it, the first-optimize-
then-discretize approach gives the freedom of using different numerical
meshes for the state and adjoint system.

Hence, the main weakness of the second approach is the inconsistency of the
gradient, since the induced approximated gradients are in general not the exact
gradients of any functional. However, they are approximations to the gradients
of both the continuous and discrete cost functional. So, if the approximations



94 4 Optimal control

are sufficiently accurate, the approximated gradient should converge to the exact
gradient of the functional as the grid size tends to zero.

Thus, we decided to follow the first-optimize-then-discretize approach to nu-
merically calculate a solution to the necessary optimality conditions, consisting of
state equations, adjoint equations and the optimality condition.

From the discussion above, we already know, that we only have an approxima-
tion to the discrete derivatives. If this approximation is not good enough, the
calculated approximate negative gradient direction need not be a “descent direc-
tion” and thus fail to give descent for the discretized functional. However, if this
happens any further iteration on the given discretization is misleading anyway,
since discretization errors become dominant so that a refinement of the discretiza-
tion is warranted. Hence failure of convergence without nearly satisfied optimality
conditions serves us as a cheap estimate for the accuracy of the applied discretiza-
tion; for more details see Table and the discussion in Subsection [£.6.3]

4.6.1. Discretization of the state and adjoint system

For the discretization of the state equation (4.3]) an explicit upwind scheme for the
spatial differential operator and explicit Euler for the time derivative is used (see
Subsection for details). Since the adjoint system (£.41)) is posed backwards
in space and time, we first substitute the time and space variables by ¢ := tenq — ¢
and & = L' — x. Then the same numerical scheme (Algorithm [2)) that we use for
solving the state system is applied (see Appendix [D.4.2] for details).

By the operation “” between two elements of RM, we denote the weighted
scalar product, which is an approximation for the Ly scalar product, i.e., for two
mappings ¢, : [0,1] — R and their discretizations ¢y, 1, € RM we have

1 < 1
n - Pp = Mmzl(wh)m(i/}h)m ~ (), = /o pibdy,

noting that we have uniform step sizes.

In order to avoid too many subscripts, we do not discriminate between the
continuous and discrete state, adjoint and control variables, as we always work
with the discrete quantities in this section. Discretization of functionals, such as
j L1 — R, will be denoted by the subscript h, i.e., j & jj.

4.6.2. Algorithm: Projected gradient method

As already mentioned in Subsection L.22.T] we use a projected gradient method (see
e.g., [Tr610, Section 2.12.2]). Before we present it in detail, we will first define two
stopping criteria.
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(S1) STOP if the optimality condition |[P(j')|| ~ =||P(j;)|l2 < TOLpy with a
tolerance TOL,, > 0 and P(j;,) the discretized projected gradient, i.e.,

(P(jp))n = (P(a(1,.. ., )T +02))n
o+ (nZ)rm if 0 < (Zbc,l> < ZII)Icwzxv
= ¢ min(0,0 4+ (N:)n), if (Zbes)n =0,

max

max(0,0 + (1:)n), if (Zbei)n = = Zpe -

(S2) STOP if the value of the cost functional does not change anymore, i.e., [jn(z,,)—
jh(zfcﬁl)\ < T'O Lgig, with a tolerance TO Lqig > 0.

The first criterion is related to almost satisfied optimality conditions. The second
criterion, however, can occur whenever the step size zéf)l — zéc;rl) tends to zero.
This is the case, in particular, when the computed continuous gradient and the
discrete gradient are too far apart. Thus if the algorithm stops due to the second
criteria a refinement of the discretization is reasonable to assert convergence of the

gradient used to determine the search direction.

Algorithm 3.
Pick an initial control Zég?l € RY, where N is the number of grid points in time.

Fork =0,1,2,... repeat the following steps until one of the above stopping criteria
is fulfilled:

1. solve the constraints with control zéf)l to obtain the correspondz’ng state vari-
ables p® = plzer), 2 = 2(50), v = v(z)), and T = To(z.));

2. solve the adjoint system wzth state variables p*) z(k),v(k),Tc(k) to obtain the

adjoint variables €5, €, ¢, g(’z ™

3. use ng ) to compute the reduced gmdzen. Jn zbcl) =0+ 77 ) e RY;

4. compute step length o via projected line search (Armijo rul applied to
In(2bet) );

5. set zélzfl) = min (z{;a}x, max <O, zéf)l - ajg(zéf)l))) poinlwise.

10Tf the state and co-state variables fulfil the state and co-state equations respectively, then
the gradient of the reduced cost functional and the optimality condition coincide.

HDetails about the parameters choice for the line serach algorithm can be found in the
Appendix
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c=20.01 =10

N D@y, .jl/z(Zbc,l) : 5Zbc,l E, D@y, jill(zbc,l) '5Zbc,l E.

50 -85.3 -2052.5 1967.1 1579.7 -387.4 1967.1
100 -91.8 -1964.9 1873.1 1573.2 -299.9 1873.1
200 -93.9 -1876.2 1782.3 1571.1 -211.2 1782.3
400 -94.9 -1835.9 1741.1 1570.1 -170.9 1741.1
800 -95.4 -1810.9 1715.5 1569.6 -145.9 1715.5
1600 -95.7 -1798.5 1702.7 1569.3 -133.5 1702.7

Table 4.1.: Difference quotient (D@),) and discretized analytic gradient
(75 (Zbet) - 02pey) for e =1 and zp.; = 0.1.

It is easy to see that the algorithm is always terminating on any given fixed
mesh, since 7, is bounded from below, and by construction 7, is non increasing.
Thus after finitely many iterations stopping criterion must be satisfied. Once
the mesh is refined, we can restart the algorithm on the new mesh. To avoid
stopping of the algorithm due to the slope of the cost functional being to small, it
is advisable to pick 7O Lgig = 0(1) as N — oo, where N is the number of temporal
grid points.

4.6.3. Numerical test: Continuous vs. discrete gradient

In a first step, we test whether our implementation is correct. In particular, we test
the implementation of the derivatives of j,, as we use them as stopping criteria
in our algorithm. To do so, we compare directional derivatives with difference
approximations (DQy,), i.e., we check

. c 5 c -7 C .
Ee = |DQn — jn(2bet) - 02bey| = In(bes + € Zbe 1) = Jnled) — Jn(zbet) - 02pey| — 0

for various values of €. Before this, we first need to check the influence of the
chosen discretization on E..

In Table 4], we calculated DQp, j;, (2pc.) - 02bc; and E, for the values (zpe)n = 1
for all n = 1,..., N (unscaled (8Z;), = 0.1) for various values of spatial grid
points J. Due to the CFL condition, this also leads to a refinement of the time
mesh, i.e., N = O(J), where N is the number of time grid points. As we can
see, in Table 1], the difference quotient for € = 1 is relatively stable with respect
to the mesh size. However, the calculated derivatives are still sensitive to mesh
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refinement. This implies that even at J = 1600, we will have to expect effects
of unresolved derivatives in our optimization algorithms. On the other hand, by
comparing the subtables for ¢ = 0.01 and ¢ = 10, it is clear, that any numerical
test for the correct implementation of the derivative will require a much more
refined mesh in space and time.

Remark 8. The reason why the error E. in Table [{.1] is constant for different
values of o, is that for all e > 0 we have

€Ee = jn(2bes + €02be1) — Jn(2ber) — €35 (2bei) * 02bed]

N N
= j;?(zbc,l + €02pey) — jgc<zbc,l) + 0% ;(52bc,l)n — % ;(0’ + (12)n) (0 2be)n
. N
= J;{ (Zbcz + 52bcl) —]h Zbcl Z 52bcl
n:l

and thus, E. is independent of o. Above, we denoted

() = (%Z(@g‘)n— » ) D / " 1)t

1€l €1

To avoid large influence of the discretization onto E. we note that the discretiza-
tion error gets smaller if the end time t.,q is chosen smaller. Now, we have to look
at the behavior of E. where t.,q is chosen between 1s and 2s.

In Figure 4.1}, we see the behavior of the error between directional derivatives
and difference quotients for various choices of simulation times t.,q. As it is to be
expected, the error E. = O(e) for all values of te,q as € decreases. As standard nu-
merical analysis reveals, at some point round-off errors become dominant, leading
to a behavior E, = O(e™!) as it can be seen in the graphic. We can see clearly
that the point where round-off errors become dominate travels to larger € as tenq
grows. However, at small final times, we can see that the error is small. Since the
only change in the program is switching the value for the final time we conclude
that our implementation yields correct values for the derivatives.

4.6.4. Numerical test: Convergence failure, refinement

As a next test, we come back to our statement at the beginning of Section (4.6l
Namely, we investigate the effect of the inconsistent discretization on the behavior
of the gradient projection algorithm. To this end, we consider the behavior of
Algorithm B with the same initial value ZISS?Z = 0 and o = 0.01 for two different
spatial (and thus also temporal) refinements. As we can see from Table[4.2] already
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Figure 4.1.: Error E. between gradient and difference quotient

in the first iteration differences in the value of the cost functional are visible, this
has to be expected from what we have seen in the previous test case, as the
discretization error on the interval (0, t.,q) is again significant. More importantly
for the stopping criterion, the norm of the projected gradient differs significantly
between the two meshes.

As predicted the algorithm becomes stagnant once the error in the calculated
gradient approximation becomes too large, since we do not calculate the discrete
derivatives. Already after the third iteration the value of the cost functional is
almost unchanged during the application of Algorithm [3 for J = 50. However, the
projected gradient is still large, i.e., +||P(j;,)||2 > 5-107. On the other hand when
J = 1600 we can continue until +||P(j;)||2 & 5-10~* with significantly lower value
of j before the cost functional is again stagnant. This confirms our expectation on
the convergence of the algorithm and the possible cure for a lack of convergence
by means of refinement.



4.7 Numerical examples 99

J =50 J = 1600
iteration g wIPG)I g wIPGI
0 198.2154 0.0613 169.9120 0.0093
1 109.9411 0.0241 98.0908 0.0035
2 39.3864 0.0063 28.5489 0.0005
3 39.2464 0.0060 26.8061 0.0012
4 39.2349 0.0057 26.1496 0.0003
3 39.2349 0.0057 25.8218 0.0014
6 - - 24.2810 0.0009
7 - - 23.8705 0.0006
8 - - 23.8574 0.0004
9 - - 23.8574 0.0004

Table 4.2.: Results of the optimization algorithm for different numbers of spatial

4.7.

grid points J (rounded to four digits)

Numerical examples

For all simulations, that will be presented in this section, we consider the same
geometry of the exhaust pipe, which is illustrated in Figure 2.4l Furthermore, we
still keep the same parameters as in the numerical simulations in Subsection [3.4.2]
However, since we have to consider an additional equation for the temperature of
the catalytic converter (recall Section [.]) as well as a cost functional, we have
four new model parameters in comparison to the previous chapter which are listed

in Table 3]
description unit value
~ k
he heat exchange coefficient between gas and cat. converter & 3 100
- ms
opt  optimal temperature for the catalytic converter K 800
tena  time horizon for optimal control S 60
2{;&}" upper bound for the control variable Z. - 0.5
o cost of the control variable - -

Table 4.3.: Parameters that additionally appear in the context of the optimal con-

trol task
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The initial conditions correspond to an engine start. For all pipes i =1,...,9
and for all 7 € (0, LY)

4 k 4 4 ~
Po(i) = 12-%. Z(7) =0, @,(%) =02, Ti,=290.28K. (4.44)
m S ’
Recall, that these are the physical and not mathematical initial conditions for this
problem. For our mathematical model (43)), we need an initial condition for ‘.
From the above conditions we can derive it by integration (see Equation (Z.50)).
The boundary condition for the density for all £ € [0, enq] is given by

- k
pbc,l(t) = 04 g

m?
The pressure boundary conditions py.; and py., are only physical boundary condi-
tions. For the mathematical model (LX) they are only parameters. However, for
the sake of completeness we also state them here:

Dre(t) = 1.01bar and Prer(t) = 1bar Vit € [0, tena)-

The boundary condition for the ratio of unburnt gas will be declared in the next
subsection, since it is used as the control variable.

We want to show results of two optimization problems we have simulated:

1. Setting: High cost of control, high starting control.
Expectation: A decrease of ratio of unburnt gas 2., is more important
than achieving an optimal temperature in the catalysts.

2. Setting: Low cost of control, low starting control.
Expectation: The control variable 2,.; should be increased in order to reach
optimal temperature in the catalysts.

4.7.1. Example 1: High cost of control, high starting control

The cost of control o and the value for the first guess of the control variable z.;
(the boundary condition for the ratio of unburnt gas) for this simulation are

o =20, Zpea(t) = 0.15 Vit € [0, tena]-

The results of the simulation are illustrated in Table [£.4] and Figure 42l The
first figure shows the mapping ¢ +— Z.;(¢). The two other mappings show the
temperature development over time in the two catalytic converters (pipe 2 and 4).
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The table shows the evaluation of the cost functional for the iterations done by
the algorithm. We split the cost functional as follows

. .z T
Jh =00, + Z]h ’

l€lce
t d M tend
. e1n
= 5 il [ a0
0

=1

T} tend - 7 2 1 fend i 2
IS = Wi Z((Tc)m - Topt) ~ 5 o (Tc(t) - Topt) dt.

=1

Since the unscaled values are quite large and therefore demand a lot of space,
we display only the scaled quantities in the tables. The key quantities like rela-
tion between initial and final cost and the optimality conditions, will retain their
informative value, despite scaling.

iteration | g | gi [ | g [ GlIPGI]
| 0 [ 5042.791 | 250 | 17.842 | 24.948 | 0.01698 |

Table 4.4.: Example 1: Evaluation of the scaled cost functional (rounded to three
decimal places) and optimality condition (rounded to five decimal
places) for different control variables Z,.;, computed by the optimiza-
tion algorithm. (Compare Figure for corresponding control)

We observe that after one iteration the optimization algorithm stops, since the
optimality condition is fulfilled. Due to the high cost of the control, the optimal
solution is Zy.;(f) = 0 for all # € [0, fenq]. This means for our application, that one
should use at least the stoichiometric amount of air in the combustion chamber
of the engine, i.e., enough air for a complete combustion of the fuel, such that no
unburnt gas enters the pipe. In other words, fuel is so expensive, it should not be
used for heating up the catalytic converters.

In Figure[4.3] we can see the steady state solutions of the state variables for the
initial control (black dotted lines) and the optimal control (green dashed lines).
The grey lines show the geometry of the exhaust pipe and the filled rectangles
illustrate the catalysts.

The first two plots of Figure [£.3] show the velocity and ratio of unburnt gas in
the exhaust pipe at the end time f.,q, respectively. In the first iteration (black
dotted line), we have a concentration of 0.15 at the boundary condition for the
unscaled ratio of unburnt gas, which decreases in both catalytic converters during
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Zpe(+) T2() in [K] TA(-) in [K]
0.15 [ 900 8w
800 =" 700
0.1 001 F 600
ggg : 5001
0.05 ; :
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t [s] t s t [s]

Figure 4.2.: Example 1: Boundary condition for ratio of unburnt gas z and temper-
atures in the catalytic converters 7" in [K] for some iterations (Com-
pare Table 4] for corresponding evaluation of the cost functional)

the exothermic reaction. The temperature (third plot) increases in the catalytic
converters, in the case in which we have a positive concentration of unburnt gas,

and decreases over the whole exhaust pipe due to the heat exchange with the
(colder) wall.

4.7.2. Example 2: Low cost of control, low starting control

The cost of control o and the value for the first guess of the control variable Z.;
(the boundary condition for the ratio of unburnt gas) for this simulation are

o =0.01, Zhea(t) =0Vt € [0, tona)-

The results of the simulation are illustrated in the Table and Figure 4.4l In
this scenario (fuel is cheap), the optimization algorithm suggests to use more of
fuel. After 9 iterations this yields our “optimal” control, although the stopping
criterion which led to the abortion of the algorithm, was the second criterion
(no change of the cost functional due to 20 line search attempts, TOLqgig = 107°).
Nevertheless, the obtained control leads to a fast heating to a temperature close to
the optimal T, opt = SUOK in both catalytic converters, i.e., from the application’s
point of view: a satisfying result.

With simple programming techniques, a further refinement is not applicable on
the used PCI4. The number of spatial (J =1,600) and temporal (N = 1,677, 244)
unknowns is close to the limit of the storage capacity. Another refinement would
exceed those limitations.

12We used Matlab 8.1.0.604 on an Intel(R) Core(TM) i5 CPU @2.67 GHz with 8 GB of RAM.
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Figure 4.3.: Example 1: Results of numerical simulation of the state variables
velocity @ in [], ratio of unburnt gas Z and gas temperature 7" in [K]

at time f.,q = 60s (compare colors given in Table F.4)

4.8. Summary

In this chapter, we were able to answer the question, how to ensure reaching an
optimal temperature in a catalytic converter of an exhaust pipe after the engine
start by controlling the ratio of unburnt gas in the gas mixture.

After the introduction of an additional ODE to model the temperature evolution
in the catalytic converter (Section A.]]) and the formulation of the optimal control
problem (Section [L.2]), we followed the first-optimize-then-discretize approach and
derived the necessary first order optimality conditions. Undeniably, this is a major
effort and spreads out on several pages (also in the appendix). However, once
having done this we were able to produce convincing numerical results in the
context of the application (see Subsection A.7.2).

From the mathematical point of view we faced some issues, such as stagnation
of the projected gradient algorithm due to insufficient resolution of the differential
equations, which can thus be healed by refinement of the discretization (see Sub-
section .6.4)). On the other hand, from the application’s point of view, the results
are physically very meaningful and give an answer how to improve the heating
process of the catalytic converts after the engine start.

Of course, a delicate task would be to determine the parameter o which rep-
resents the cost of control. We comment on this issue in the following Chapter
Summary and Outlook.



104

4 Optimal control

T2

.T%

iteration Ji Ji Jn’ i | alIPUR
| 0 [ 169.912 | 0| 36.765 | 133.148 | 0.00933 |
| 1 || 98.091 |482.276 | 51.327 | 41.941 | 0.00347
| 2 | 28.549]317.238[15.390 | 9.986 | 0.00058
| 3 ]| 26.806| 282.716 | 10.502 | 13.477| 0.00130
| 4 || 26.150|333.782|14.747| 8.065| 0.00035 |
| 5 | 25.822]266.863 | 8.843 | 14.310| 0.00139 |
| H | | | | |
| 7 || 23.870]295.016 | 10.702 | 10.219 | 0.00061 |
| 8 | 23857 302555 11.346| 9486 |  0.00042
|

Table 4.5.: Example 2: Evaluation of the scaled cost functional (rounded to three
decimal places) and optimality condition (rounded to five decimal
places) for different control variables z,.;, computed by the optimiza-
tion algorithm. (Compare figure [£.4] for corresponding control)

D)= 1-6-2 % 4% 5-4-6-8-7 =9
Zoe,d(+) T2(-) in [K] TA(-) in [K]
1100 1100
1000 1000
900 900
800 8001 7 ~S—\
700 700 "
600 600
500 500
400 400§ o
o Hs00f 300 F
0 20 40 60 0 20 40 60 0 20 40 60
t[s] t[s] t [s]

Figure 4.4.: Example 2: Boundary condition for ratio of unburnt gas z and temper-
atures in the catalytic converters 7" in [K] for some iterations (Com-
pare Table for corresponding evaluation of the cost functional)
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5. Summary and outlook

In this thesis we proposed a new asymptotic model (AM) to describe the transient
gas dynamics in a car’s exhaust pipe. We verified it by numerical experiments and
used it to solve an optimal control task related to exhaust gas flow.

Each major chapter, dealing with modelling, numerical simulations and opti-
mization, ended with a summary. However, we give here a short overview of the
content of each chapter anyway:

In Chapter [2 we began with the presentation of a promising hyperbolic model,
which was derived by Lacoste and Natalini in [LN04] and is based on the reactive
Euler equations of gas dynamics. We discussed its drawbacks, which resulted in
large computing times. Those were a space dependent cross section function and
the fact that the model includes information about the propagation of sound waves,
which are, depending on the type of application, not necessarily relevant. The key
steps of the derivation of our new asymptotic models were a network approach
and a low Mach number limit. Due to the first step describing the pipe’s geometry
with a space dependent function became unnecessary, whereas the limit process
ruled out sound waves.

In Chapter [3 we were able to construct the unique solution of a simplified sta-
tionary problem, which originated from our newly derived asymptotic model. We
used this result to numerically verify the correctness of the proposed algorithm for
AM. We also compared the results of our asymptotic model with the established
hyperbolic model FE on a network. In particular we saw that the numerical results
of both models are close to each other if the Mach number is small. Furthermore,
we could confirm numerically and analytically that neglecting sound waves gave
the asymptotic model a huge advantage with respect to computing times.

Lastly, we considered an optimization task in Chapter 4. The aim was to opti-
mally control the inflow boundary condition for the ratio of unburnt gas, such that
the catalytic converter heats up as fast as possible. In order to apply a projected
gradient method for the numerical realization, we derived the gradient via adjoint
calculus. Although there were issues concerning the discretization, we were able
to obtain reasonable results from this approach.

In the end, this thesis can be seen as a prototype example of how to derive
a numerically efficient model for fluid flow in a low Mach number regime on a
network of pipes and use it to solve optimization tasks. Hence, this “modelling,
simulation and optimization” framework could be applied to several related real
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world problems, e.g., the propagation of fire in tunnels, flow in an energy tower,
ete.

Clearly, there are a lot of open problems for future research:

Inclusion of secondary air and mufflers (Modelling). The intake of sec-
ondary aitf] is not described in our model. This could be modeled by a source
term in the mass equation. Moreover, the mufflers were not considered in the de-
scription of the exhaust gas flow, either. We could include their physical influence,
at least in the case of damping material in the mufflers, by an additional local
friction term. However, the inclusion of such terms would demand to determine
the corresponding parameters. Therefore, experimental data would be needed.

Extension of the results on the existence and uniqueness of stationary
solution (Theory). The existence of stationary solutions is only shown for a
simple setting. On a network we proved unique existence without considering heat
exchange, minor loss terms and catalytic converters.

Stability in the case of non-uniqueness of stationary solutions (Theory).
The inclusion of the heat exchange in the study of the stationary problem led to
non-unique solutions (see Subsection B.22.1]). One could try to investigate the tran-
sient stability of the two different stationary solution. Maybe, this study could
give a meaning to the less intuitive solution where we have a negative flow direc-
tion despite a positive pressure difference. Stability of stationary solutions in the
related tunnel fire setting was studied in [GS06al.

Parameter identification with the help of data from real experiments
(Optimal control). If, for instance, one would expand the model by inclusion of
a source term that models the inflow of secondary air and/or a friction term that
describes the flow dynamics in the muffiers, one would have to identify parameters,
such as a friction coefficient. Having real experimental data, one could identify
such model parameters by solving an inverse problem with similar techniques as
those presented in Chapter [l

The determination of the parameter o, which represents the cost of con-
trol in the cost functional (LI0) (Modelling). One would have to investigate
the cost of fuel consumption and relate it the cost caused non-optimal temperature
conditions in the catalytic converters. Whereas the first task should be feasible,
the determination of the related penalization factor for the tracking-type func-
tional is everything, but trivial. The influence of the temperature on the emission
of harmful gases, such as the connected environmental damage caused by it, would
have to be expressed by a scalar “financial” value in the cost functional.

1Recall Section 211
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Reference values
quantity unit reference quantity | reference value
t bref = Tyet/Ter 0.36
z Fret =L 3.6
p kg/m? Pref 1.2
U m/s Uyef 10
p | ke/(ms?) Pre 107
T Tret = Pret/ (Riret) 200.28
z Zref 0.1

< &<

.

Y

variable in the i-th pipe

unscaled variable (see Section [Z5.1] for details on scaling)

scaled variable (see Section [Z5.]] for details on scaling)

yi, Y- left and right spatial evaluation of the variable

Yie initial condition for the variable y

Yoe,l Yoe,r
Yo, Y1

yp  discretization of the continuous variable y

Dimensionless parameters and index set I...:

i ire
Ci = oot C. :
dz
i 4h"%]ref
h=—=———, @:
dzprefurefcv
ﬁcjref

he =

~  ~ )
PrefUrefCy

ch ref
aref
o PrefRrefqdo R

I

I

PrefCy

Lee={ie{l,....np} | X' =1}.

left and right boundary condition for the variable y

zeroth or first order term of variable’s y asymptotic expansion (2.37))

R
Y= 1= <~
Cy
jflref F
K(T) := — K(T;T),
Uref
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Variables and Functions
description unit ref.
T spatial coordinate m -
t time coordinate S -
A(z) pipe’s cross section area at point & m? (22t)
7(Z) pipe’s radius at point & m (25))
d(z) pipe’s diameter at point & m 24)
X7(Z) indicator function, denotes whether Z is in- - 2:8)
side or outside catalytic converter
X indicator mapping, denotes whether pipe ¢ - (2m0)
has a converter
p(7,1) density of the exhaust gas kg/m3 -
a(z, 1) velocity of the exhaust gas m/s -
p(z,1) pressure of the exhaust gas kg/(ms?) -
T(z,1) temperature of the exhaust gas K -
#(7,1) ratio of unburnt gas in the exhaust gas - -
T.(t) temperature of the catalytic converter K -
Twan (%, 1) pipe’s wall temperature K &1
Tas(t) spatial average of the gas temperature K (z9m0)
K(T(z,1)) temperature depending reaction rate, mod- st &7)
elled by Arrhenius’ law
P, sgn maps that describe geometrical relations of - &17)
pipes in a network - 2I8)
i1t pressure loss term at junction j kg/(ms?) | (231)
p1(z,t) mechanical pressure component - -
q(z,t),Q(z,t) | (aggregated) energy gain and loss term - 240
v(t) space-independent velocity component - &4
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Parameters
description unit value
o friction coefficient in the catalytic converters 1/s 800
Cy specific heat at constant volume of the exhaust gas | m?/(Ks?) 717.7
h heat exchange coefficient between gas and pipe’s | m?/(Ks?) 100
wall
he heat exchange coefficient between gas and cat- | m?/(Kms?) 100
alytic converter
Ky | pre-exponential factor in Arrhenius’ law 1/s 100
L length of the whole exhaust pipe m 3.6
M Mach number of the fluid - -
np number of pipes with constant cross section - 9
ny number of junctions between pipes - 8
Do thermodynamic pressure component kg/(ms? ) 109
qo specific heat release coefficient of the exothermic m?/s? 5-10°
reaction in the catalysts
R ideal gas constant m?/(Ks?) | 287.08
T+ | activation temperature of the exothermic reaction K 600
in catalyst
~Opt optimal temperature of a catalytic converter K 800
T~0ut outside temperature K 290.28
Zyel | upper bound for the control variable Z. - 0.15
y adiabatic exponent of the exhaust gas - 1.4
& wall friction coefficient - 0.0241
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B. Modelling

B.1. The influence of the term A,p

Let us assume the momentum equation has the following shape

(Apt); + (Apa*)z + (Ap)z = 0.

The integral of the third term (Aﬁ)f~over an arbitrary interval [T1,Z5] C [0, L]
would represent the surface pressure Fj.

P = / (A(f)ﬁ(f,t))@:z.

xT

Assuming the pressure is constant in space and time, we would deduce with the
Fundamental Theorem of Calculus

Py = P (A(32) = A(#1))

Hence, if the pipe’s cross section area is not constant, the surface force would not
vanish, even though the pressure is constant. This would imply a non-physical
mass flow.

Therefore, we need a correction term, that makes the surface pressure forces
vanish, if the pressure is constant. This corrective force is the one that acts on the
fluid in case of contraction or expansions of the considered pipe and is modeled by

x2

Fs,correction = — / Ai (i’)ﬁ(i’, ~)d[i’

Then our corrected surface pressure force is

Fs,corrected = Fs + Fs,correction = /A(f)ﬁi(fa f)d:i'

If the pressure is constant now, the surface pressure force vanishes, and we describe
the right physical behaviour with our equation.
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B.2. Different formulations of the model of Lacoste
and Natalini

This section is just relevant, if you want to study the scientific report by Lacoste
and Natalini from 2004. The notation of the system (214 does not correspond to
the one on [LNO4]. We explain the differences:

The model in [LN04] on Page 31 is (besides the ~ on top of the variables) the
following:

N N Ay
pr + (pu)z = 5P

o ~o | - Ay _at L
(ptt); + (pu* +p)z = —jpuz — Cyivp = — Cpi,

. o A, 1 -
(pé); + (u(pe +p))z = —ju(Pe +p) — th(T — Twan),
A, 1. -

02); + (pu2); = ——puz — =pzK
(p2); + (puz) 717 VG

with the ideal gas law p = éﬁf.

First let us note, that the cross section function A is shifted to the right hand
sides of the equations in this formulation. In order to have a better comparison
with our formulation (ZI4]), we rewrite the model, such that the cross section
function can be found only on the left hand side:

(Ap); + (Apit)z =0, (B.1)
(Aje-+ (Api)s + A = ~Crivpe- — G (B.2)
(Ape); + (Ad(pé + p))z = —0h(T — Twan), (B.3)
(Ap2); + (Apuz); = —pzZK. (B.4)
To the end of an easier comparision, we restate our formulation of the model
here:
(Ap);+ (Api); = 0, (B.5)
(Apu); + (Api®)z + Aps = — %Jﬁ%a' — XyC.Api, (B.6)
(APE); + (ApUE + Aup); = — hwd(T — Twan) + X0 ApZK(T), (B.7)
(Ap2); + (Apzit); = — X, ApzK(T). (B.8)

We study the differences equation-wise:
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e Conservation of mass: The equations (B.1l) and (B.5) are identical.

e Momentum balance: The left hand sides of the equations (B.2)) and (B.6)
are also identical. The first term on the right hand side is the wall friction.
The friction coefficients are just differently named.

The function & — (%) denotes the pipe’s perimeter at point &, which equals
the product of diameter # — d(%) and m, i.e.,

W = 7d.

In the original formulation of the model, the flow velocity @ is assumed to
be positive. This physical meaningful assumption implies

a? = alal.

The second term is the local friction in the catalytic converter. First, the
friction coefficients are differently named. Whereas we denote it by C., it is
denoted by C in (B.2). Second, the locality is not denoted by any indicator
function, as it is done in our formulation with ;. However, the friction coef-
ficient in the model of Lacoste and Natalini is space dependent and contains
an indicator function in its definition, i.e.,

~ {C’ =(C,, ifzin catalyst,

0, otherwise.

e Energy balance: The total energy density are differently defined in the
equations (B.2l) and (B.6). Whereas the energy density in our formulation
ﬁE consists of the internal and kinetic energy, the energy density in the
original formulation pé contains additionally the chemical energy, i.e.,

~9 ~9
~:éj+%+(joz, E:éj+%.

Thus, é — F = oZ. Plugging this into (B:3)) and using the reaction equation,

leads to the second term on the right hand side of (B.7)), which describes

the energy gain due to the exothermic reaction in the catalytic converter.

Hence, by the assumption of smoothness of the unknowns, both formulations

are equivalent.
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e Reaction equation: The left hand sides of the equations (B.4) and (B.g)

are identical. On the right hand side, we note two differences. First, there
is no indicator function in the original formulation, since K is defined as
follows:

-~ {K(T), if Z in catalyst,

0, otherwise.

Second, the source term in the reaction equation differs by the factor A.
Since the exothermic reaction takes place on the catalyst surface, this source
should depend on the cross section of the catalyst. Therefore, the combustion
term in the original formulation —pZK was replaced by —x f[lﬁéf( (f) This
has an impact on the reaction rate coefficient f(o. Let [N((?N and f(o be the
reaction rate coefficient of the original formulation of Lacoste and Natalini

in [LNO4] and the one from (2.I4), respectively. Then

RN = 2o

cc

where A, = (A24 A%)/2, i.e., the average cross section area of the considered
catalytic converters.

Boundary conditions: Since the pipe flow direction is assumed to be
known in the original formulation, there is no need to prescribe inflow bound-
ary conditions. Furthermore, instead of a boundary condition for the pres-
sure at the pipes exit, a boundary conditions for the velocity was given at
Z = 0 in [LNO4]. These are not the right boundary conditions for this ap-
plication, since it is not possible (or at least very difficult) to measure the
gas velocity at the junction of combustion chamber and exhaust pipe. On
the other hand, it is easy to measure the pressure at the exhaust pipe’s exit,
since it is equal to the outside pressure.



C. Numerical simulations

C.1. Separation method in proof of Proposition

We use the separation method to find the solution.

dp h
dz — 2ypom

2vpom /p 1 /x
dr = d
h Dbe T(p(] -7 Tout) 0 g

2'7p0m [ P Ld’r + /P Tout d?":| _ /:E d§
h Pbe PoT Pbe p02 -T- pOTout) 0
2ym

— [In(r) —In(pg — - Tout)]zbc =z

G,
— |In| — =X
h pO_T'Tout Pbe

2ym P Pbe _
—— I n{———)]-In| ———— =X
h Po—p- Tout Po — Puc Tout

Now, the aim is to isolate p.

p(po —pP- Tout)

P _ Pbe exp ( {L‘)
Po—p- Tout Po — Poc - Tout Q’Ym

Phe h
=\Po—p- Tou exXp ( IL’)
P ( ’ P t)p(] — Pbe - Tout 2’}/771

D —pbc exp (—h SC)
OpO — Pbe* Tout 2’}/771

p =
Pbe h
1+ 7T, exp ( x)
"o — e+ Tout 2ym

Do
h
c T Tou - TO“
(po/ po ¢) €exp ( —Qme) + Lout

p:

121
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C.2. Regularity of the tridiagonal matrix A
We recall the matrix A from (B.15):

fl 62

o Ci

env fnv

First, we explain what we mean by weak diagonal dominance and irreducibility.
Both definitions are taken from [SK11].

Definition 2. A matriz A € R™*" s called weakly diagonally dominant, if

n

|lai| > Z [ Vi=1,...,n,
k=1,k+i
where the strict inequality has to hold for at least one index i € {1,...,n}.

Definition 3. A matrix A € R"™ " is called irreducible, if for every pair of indices
i and j, with i,j € {1,...,n}, either a;; # 0 or a finite sequence of indices
ki, ko, ..., ks exists, such that

Qiky * Ohyky * Qhoky * -+ - " Qkgj 7 0 (C.1)
holds.
It is obvious that our considered matrix A is weakly diagonally dominant.

Proposition 6. Any tridiagonal matriz with non-vanishing elements on the sec-

ondary diagonals is irreducible.
Proof. We pick an arbitrary element a,;, with a;; = 0.

1. Ifi< g, theni+1,i+2,...,5 —2,7 — 1 is a sequence of indices satisfying
1.
2. Ifi>j,theni—1,9—2....,5 —2,7 — 1 is a sequence of indices satisfying

(C.I).

3. If i =7, then i — 1 or 2 4+ 1 is such a sequence, consisting of a single index.
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O

The following lemma (also taken from [SK11]) states that those two conditions
are sufficient to guarantee regularity of A.

Lemma 1. A irreducible and weakly diagonally dominant matriz A € C" " is

reqular and has non-vanishing elements on the diagonal.

See [SK11, Page 498] for the proof.

C.3. The Riemann problem at the boundaries

Let us assume a non-negative flow direction for this observation, i.e., @(0,t) > 0
for all times ¢ € [0,00). Otherwise, one just have to switch the consideration for
the left and right boundary.

Suppose we prescribe the unscaled physical boundary conditions (254]) and

([2.53)) for the problem (B.20), i.e.,
) = Pe,

R

2
S—

(0, : P (L E) = Poer(B),
ﬁ(oat) = ﬁbc,l(t)v 2(07 t) = Zbc,l( )

Since we need the left eigenvalues (from (3.21])) for solving the linearized Riemann
problems, we restate them here:

z—<ﬂ+ 2 i 1 1 0)
'\ 2 oA -w)  2H-w 20 20— ’

2H 2u 2
l2 = 2— ~ o) ~ 50~ ! 0 )
2H —u? 2H —u? 2H — u?
u’z 2uz 2z
l3 N ’ ~ Y AT ’ 1 ’
2H —u? 2H — u? 2H — u?

. i? i 1 i 1 .
T\ 20H-—@) 20 20 2H-@ 2H-a '

C.3.1. Left boundary

Figure illustrates the Riemann problem at the left boundary. In order to find
the unknown component #; of the state U; we have to solve

Ui+ aoro(Us) + agrs(Uy) + agry(Uy) = Uy
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with unknowns a;. This condition is equivalent to
(0, a9, a3, a4)" = L(UL)(Uy — U). (C.2)
The first equation of (C.2)) gives us the unknown component of U:
LW(U) Uy = U) =0. (C.3)
Multiplying (C3) with 2H, — @ = 2¢%/(y — 1) simplifies the equation to a

quadratic one for u,, i.e.,
a7 + aqly + ay =0 (C.4)

with

_ 2¢quy

=

o 2(p—Dy)
+ak 4+ ="
Tty -1

Gy = —20, — —

Qo .

The roots of the quadratic equation (C.4]) are

Taking the positive root would imply, leaving the subsonic (low Mach number)

regime and dealing with velocities larger than @ + ¢/y—1. This would be of course

non-physical, if the neighbouring velocity % is in a low Mach number regime.
Therefore, we have to take the negative root, i.e.,

Since we already assumed a positive velocity @, > 0, the only physical meaningful
relation between the pressure values is p; > p,. Then we know that as is positive,
and therefore

This relation guarantees us, that the determined velocity u; is positive, and also
in a low Mach number regime. By plugging the definitions of &; and @y into the
solution for u;, we deduce

_ Cy &\ 20— py)
U = us + — — — .
v—1 -1 p(y —1)

Hence, if the pressure values p, and p; would coincide, we would also have co-
inciding velocities. This would not be the case, if we had chosen the positive
root.
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7 t
/\2(U+),/\3(U+) /\Q(U—)v)‘?)(U—)
(UL M(U-) (U
U A4 ( U+ ) U. 4 ( )
U, U_
i=0 7 i=1Lr
Figure C.1.: Linearized Riemann Figure C.2.: Linearized Riemann
problem at the left problem at the right
boundary boundary

C.3.2. Right boundary

Figure illustrates the Riemann problem at the right boundary. In order to
find the unknown components p,, 4, and Z, of U, we have to solve

U.+ar(U.)=U, & (a1,0,0,0)" = LWU_)(U, —U.) (C.5)

with the unknown a;. See Figure for the illustration. The last three equations
of (C.H) give us the unknown components of U,. Hence, we have to solve a non-
linear 3 x 3 system.

1. We start by multiplying —Z_ to the second equation and adding the result
to the third equation.

0= (=2 L(U_) + (U )(Uy = U_) = (=2_,0,0,1) (U, — U_),
Simplifying this equation leads us to
(P (BB —pE)=0 & (5 -2)=0
Under the physically meaningful assumption on non-vacuum states, i.e.,
pr # 0, we end up with
Zr=Z_. (C.6)

2. We continue by multiplying the fourth equation by 2, adding it to the second
equation and multiplying the result with the speed of sound c_.

0=c_(2L(U.) + LU )T, — U.)
& 0=(6 —i_,1,0,0)(U, —U.).
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After some manipulations we come up with
(P
Up = U_ + C_ (N— - 1) : (C.7)
pr
In the next step, we want to determine another relation between u, and p,
and plug it into (C.7) afterwards.
3. We multiply the seconds equation by 2H — @2 = 2¢%/(y — 1) and divide it
by two. We obtain:
1, - 2 u?
0=—-(2H_ — i), (U)U, —U_) = — - — 4_,—1,0) (U, -U.).
S = )0 - U) = (-5 - i -1.0) O - 0)
[solating this equation with respect to the unknown density p, leads to the
following relation to the unknown velocity ,.:
D —p_
5P +_(17 § )p~ . (C.8)
2 — = (u- —a,)?
4. We plug (C.8) into (C.7) and obtain the following quadratic equation
i} + Pl + B2 = 0
with
. 2(pr + (v = 1)p_
B = —2a + (Pr+ (v =1p).
cp-(y—1)
~ _ 2¢_(pr —p-) —2u_(pr+ (v —1)p_
By =2+ (br —p-) = 20 (pr + (v = 1)p-)
cp-(v—1)
The two solutions of this quadratic problem are
. N pr + (v — 1)p_ 5.+ (v—=Dp_\> 2. — p
ia i PP \/ <p~ (=1 ) 2 =)
cp-(v—1) cp-(y—1) p-(v—1)
It is obvious, that only one root, namely the positive one, is physically mean-
ingful. In the case of coinciding pressure values p, and p_ the velocity must
stay conserved. Therefore, we have the unique solution for the velocity u,.:
D —1)p_ D ~1D)p_\> 2 —p
g Pt =Dp \/ (200 )20 i) | e
cp-(v—=1) cp-(y—=1) p-(v—1)
5. Plugging the solution for @, (C9)) into the forumla for p, (C8) gives us the

solution for p,, which depends upon the known pressure values p,,p_ and
the known density p_.
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C.4. Riemann problem at the vertices

The linearized Riemann problem at a junction 4 (connecting pipe i and i + 1)
is illustrated in Figure [C.3] The variables’ affiliations to pipes is obvious in this
consideration. Therefore, we cease to write superscripts to the end of a easier
readability.

In order to determine the unknown states U, and U; at the junction ¢, we need
to solve

U_-+ar(U-) =U,, (C.10)
U+ — G,QTQ(U+) — a3r3(U+) — (1,4T4(U+) == Ul, (Cl].)

subject to the coupling conditions (2.56]). If these coupling conditions were linear
for the state variable U, the solution would be very simple. However, they are not
linear, and we have to solve a non-linear problem to determine the unknowns U,
and U;. The idea is the following:

1. As we learned from the Riemann problem at the right boundary (Section
[C.3), we can determine U,., if we know p,, i.e., U, = U.(p,).

2. With the help of the coupling conditions, we can express the state U; with
the components of U,.. Therefore, U; depends only upon p,, i.e., U; = U;(p;).

3. We solve (C.II)) numerically with Newton’s method (see e.g., [BK14]) and
obtain a solution for p,.

The first task was already fulfilled in Subsection We have the functions
Uy = Uy (D), pr = pr(@,) and Z. = Z_ given by (C.9), (C.8)) and (C.6)), repectively.
Therefore, we start with the second task. By using the coupling conditions (2.56])
we can deduce

]57" - fea:t ~
~7pr
_ Pr
Pl A,
0111 — Prlr
- | @t s , A
1= ~ \U l = 1 ~ ~ ~ r )
plT + 1 Ar Dr ~ (ur)2 DPr — femt
T A 57 e 1
ﬁlgl Al br — fea:t ~ V=
ﬁr - femt ~ ~
~7pr T
Pr

LClearly, y_ and y, belong to pipe i, whereas y, and y; belong to pipe i+ 1 (see Figure [C3)).
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where the pressure loss term, which depends on density and velocity, is evaluated
either at the states p_,u_ or p,, ﬁﬂ We now proceed with the third step in the
same way, we did in the case of the Riemann problem at the left boundary (see
Subsection [C.3.1]), i.e., we first rearrange equation such that we use the left
eigenvectors, consider only the first (homogeneous) equation and multiply it by
2H + — 3. We obtain an equation for the unknown p,:

0= (2[:[+ — ﬂi)h(UJr)(UJr - Ul(ﬁr))

Citg | UL ¢ 5
:< ot —|——+,—U+_7—j17170) (UJF_Ul(pT))

b+
—1

= fl(ﬁr) + f2<ﬁr> + f3(ﬁ7’) + f4(ﬁ7’) + v

with

)= = (S804 2 ) ) P,
ho() = (m + 2 ) A 55051,
faln) = - <A—> P 5 el

fulpr) = -t

We will list the derivatives, since they are required for Netwon’s method.

=N 6-1—71-‘1- ﬁ) ~ [~ ﬁr_.fext ~ [~ fea}t
1 (Br) = <7 1 + B (pr(pr) B + pr(pr) (ﬁr)2> 5

) = (i + =2 4r (#6860 + 53151 ).

-1 Al
=y é _feart ~ (o~ (ﬂr(ﬁr))2 ]57" ~ [~ (ﬂr(ﬁr))2
3< r) (Al> ((ﬁr_fe:vt> T< r) 2 +pr_fe:vt 7’<pr) 2
ﬁ?" ~ ~ ~ ~] [~
# L )5 ).
o1

2 Although the coupling condition have to be fulfilled between the left and right states, for
simplicity we evaluate the pressure loss term at the neighbouring cells. The values should not
differ significantly. See Remark @ on Page 28] for details on f’em.
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Ao (Uy), A3(Uy)

U | U/ MU

U_ Uy
pipe @ vertex ¢ pipei+1 T

Figure C.3.: Linearized Riemann problem at a vertex ¢

with

(e
-+ (

u,(pr) = Ep_(y—1) \/( 1)]7 ) 2(pr — D)
cp (7 1) p-(y=1)

@ — 5 (i = 0 (3)* ~ (v = D@+ (0 = Vi) (@ — @)ty ()
(2 — L (i — i (r))?)”

C.5. Flops in one spatial step of the homogeneous
problem

Consider one spatial step for the hyperbolic model

J

ur-ur ur,-U?
ntl _ AL [ AT (U2 Jj—1 A= (U Jjt+1 7
Ui =i At ( U =%y +AU—x,

For the computations of one spatial derivative we need 8 flops. The multiplication
of a 4 x 4 matrix with a 4-dimensional vector takes 32 flops. Then we have to add
those products in the brackets, which costs 4 flops. Finally, we have to multiply
with At (4 flops) and add this to the old values (4 flops). This gives us in total:

2:-84+2-32+4+4+4=092.



130 C Numerical simulations

In addition, we have to consider the computations of A*/~. There is a lot of effort
required for the construction of these matrices. We recall the construction from

Subsection [3.3.1t
A (U) := max{\;(U), 0}, A, (U) :== min{\;(U), 0},
AT(U) := diag( A\ (U), ..., \H(U)), A (U) :=diag(A{ (U),..., A (U)),
A

AY(U) := R(U)AT(U)L(U), “(U):=RWU)A(U)L(U)
with

™\

)\1:’11— y )\2:)\3:’117 )\4:714—5

Thus, we need first to compute the velocity @ and the speed of sound ¢. We
know from (236) that ¢ depends upon density p, pressure p and the adiabatic

exponent ~y.
U _ Us U\’
= = = ~)|==-05(=]) ).
= ¢ v(y )<U1 05<U1)>

Even without counting the evaluation of the square root function we have to invest
1 flop for the computation of %, and 8 flops for ¢. Hence we need 11 flops to compute
the eigenvalues.

We neglect the numerical of the evaluation of the min and max functions, re-
marking that we need more evaluations than in the case of AM.

We have four matrix multiplication. Each multiplication of two 4 x 4 matrices
costs 128 flops. Hence we have to add 11 + 4 - 128 = 523 to the number of flops
that we require for one spatial step:

flopspp = 92 + 523 = 615.

The number of flops necessary for the two PDEs we need to numerically solve
in the (AM) model is much smaller. Consider the one dimensional upwind scheme

LY =Y +a,y§‘+1 - y?) .

Azx Ax

We have only 2 flops for the computation of a spatial derivative. The computation
of at/~ is a simple comparisonﬁ between two real numbers. We require two flops
for the multiplication with the velocity a* and a~, respectively, and one flop to
add the spatial derivatives. Furthermore we need one flop for the multiplication
with the At and one flop for adding this product to the old state. Since we have
to solve two PDEs by such an upwind scheme, this gives us in total:

y;”rl = y;? — At - (a

flopssy=2-(2-2424+1+1+41)=18.

3We neglect this effort, since we did this as well in the FE case.
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C.6. Comparison of the propagation speed of FE
and AM

Figures [C4] - show the numerical results of Example 2 of Subsection
evaluated at times t* € {0s,0.00125s,0.0025s, 0.00375s,0.005s}. In Figure [C.4] we
see the initial condition, whereas t* = 0.00125s passed in Figure While we
have a finite speed of propagation with the hyperbolic model (green, dashed lines),
we observe in the case of AM an instant increase of the velocity @ over the whole
spatial domain. Hence, the speed at which information travel is infinite in the
asymptotic model. This is a qualitative difference between the two models.

0.1
1.3 o 310
1.2 0 290
L1 -0.05 280
11 0 270
0 0204060.8 0 0.2040.60.8 0 02040.60.8
Z[m] z[m] Z[m]

Figure C.4.: Num. results after * = 0s (AM blue, FE green dashed lines)

P in kg/m’) A, ) in o) T, 7) in K]
192 0.25 900
. 0.2 800
0.15 700
0.8 600
0.6 0.05 400
0.4 0 300
0 0.20.4060.8 0 02040608 0 0.20.4060.8
Z[m] T[m] 7[m]

Figure C.5.: Num. results after #* = 0.00125s (AM blue, FE green dashed lines)
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p(-, 1) in [kg/m?] a(-,t*) in [m/s] T(-,#) in [K]
1.2 0251— - —— =~ 900
1 0.2 ; 800
0.15 L 700
0.8 600
0.1 . 500
0.6 0.05 400
0.4 0 L300

0 020.40.60.8

0 02040608

Z[m]

Z[m]

0 0.20.40.60.8
Z[m]

Figure C.6.: Num. results after * = 0.0025s (AM blue, FE green dashed lines)

p(-t) in [kg/m?]

1.2

1
0.8
0.6
0.4

a(-,t*) in [m/s]

0.5 900
0.45 800
0.4 I 700
| 600

0.35 l 500
0.3 , 400
0251 - — ——. - 300

T(-,t*) in [K]

0 020.40.60.8

Z[m]

0 02040.60.8

Z[m]

0 0.20.40.60.8

Z[m]

Figure C.7.: Num. results after * = 0.00375s (AM blue, FE green dashed lines)

p(-, %) in [kg/m?] a(-,t*) in [m/s] T(-,#) in [K]
1.2 o5 ~ 900
. 0.45( | 800
' 700
0.8 04 I 600
0.35 | =00
0.6 0.3 | 400
0.4 0.25) -~ 300
0 0.20.40.60.8 0 020.40.60.8 0 0.20.40.60.8

Z[m]

Figure C.8.: Num. results after * = 0.005s (AM blue, FE green dashed lines)
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D. Optimal control

D.1. Information on the unscaled heat release

coefficient

The value of the unscaled heat exchange coefficient izc = 100 Klr‘ngsg was found heuris-

tically in order to match the temperature evolution in Figure In order to
deduce a relation between the scaled and unscaled coefficients, we consider the
energy balance in the formulation of Lacoste and Natalini (see Equation (Z.12)):

(APE); + (ApiE + Aup); = —hmd(T — Twan) + XG0 ApEK (T).
Clearly, the heat exchange with the catalytic converter has to be multiplied with
the cross section area. Hence,

—XhA(T = T,)
models the energy balance of a simple heat exchange between the exhaust gas and
the catalytic converter. Next, we proceed as it was done in the Section 2.4] and

2.5.1] i.e., we derive a model for a single pipe by assuming constant cross sections
and scale the outcome. This leads us to the following relation between h. and h,.:

hc _ th?ref~ .
PrefUrefCy
In contrast to the dimensionless parameters h’ and C (see Equation (2.33)), the
scaled heat exchange coefficient h. does not depend on a pipe-depending parameter
(e.g., length or diameter). Therefore it is neglected by superscript notation, when
denoting the parameters and variables affiliation to a pipe.

Lastly, we want to present the unscaled version of the ordinary differential equa-
tion (2]), since the dimensionless factor for the heat exchange with the catalytic
converter and the gas mixture does not only consist of h.. We have

(Fi(6)r = — =L (Ti(E) — T (D)

ﬁ ref 61)

for all # € (0,%enq) and all pipes i € I,.
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D.2. Identity which follows from Fubini’s Theorem

Lemma 2. For any Lebesque-measurable functions f,g : [0,1] — R the following
identity holds:

/01 f(z) (/Oxg(y)dy) dr = /Olg(x) (/: f(y)dy) dr.

Proof. With the function

h:[0,1] x [0,1] — {0, 1},

1, ify<ux,
h(z,y) = '
0, ify>=x

we can rewrite the left hand side of the statement.

/01 f(z) </0:”g(y)dy) do = /01 /01 F(2)g(y)h(x, y)dyda.

By Fubini’s Theorem (e.g., [For84, §7, Theorem 7]), we are allowed to change the

order of integration and obtain

/0 1 /0 1f(:c)g(y)h(:c,y)dydx: /0 1 /0 1 F(@)g(y)h(z, y)dzdy.

[solating the x-independent terms from the inner integral leads to

[ st [ stomtzadaas = [ ([ i) as

D.3. First variation of £ with respect to 7. and =

For the sake of completeness in the derivation of the adjoint system, we compute
the missing first variation of the Lagrangian £ (£12) - (@21]) with respect to T,
and z. We derive the adjoint equations like in Section [4.4] i.e., for a pipe of length
L =1 with a catalytic converter (xy = 1).
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D.3.1. First variation of £ with respect to 7.

Before we start with the difference quotient, we first want to determine the differ-
ences of the ¢, Q) and Q;, evaluated at T, + 0T, and T:

qlp, z, Te + €0T,|(x,t) — qlp, z, T.)(x,t) = e0T.(t)qr,,
Qlp, 2, Te + 0T ) (x,t) — Qlp, z, Tc|(z,t) = eéTc(t)/ qr.dy,
0

Qulp. . To + ST, t) — Qulps 22 Tl (1) = 6T (1), / ar.dy

with

qre *= ——- (D.1)

We compute the first variation of the Lagrangian with respect to T, step by step.
In order to shorten the expressions, we define the following abbreviations for this
section:

q:=4qlp,z T, q:=4qlp,z T. +eT.], Q:=Q[p,2T.], Qc:=Qlp,z T.+ edT,].
a) The cost functional (£I12)

It is straightforward to see
TT+ €T, 2] — T[T 250d] = /0 T STUTL— Tyt ol (D2)
b) The &, -integral (4.13)
/end/ &(p + (v + Qe)ps + gep)dadt

end
/ / o(pe + (v + Q)pa + qp)dedt
0 (D.3)

end xT
/ / &p <p$€5T / qr.dy + 65Tc,0ch> dxdt
0 0
end
/ ol / qr. ( / Eppedy + Spp) dxdt.
0 0 T
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c) The &,-integral (4.14)

_/tend/ gz 2+ U+Q )Z$+XZK(T))de'dt

0 0

+/tend/ Zt + (v + Q)zy + XzK(T))dl‘dt
o0 (D.4)

end z
= _/ / @zxeéTc/ qr.dydzdt
0 0 0
tend 1 1
= —/ 65Tc/ qTC/ &, zpdydxdt.
0 0 T

d) The ¢ -integral (4.15)
With

O = Dlp, z,v,T,, O, = P[p, z,v, T, + 0T
we deduce

tend 1 tend 1
—/0 & <vt — W(De) dt —i—/o & (Ut - W(I)) dt

1

=— /Otend év% (/01 pled T /Om gr.dydx + O/ edTep(v + Q)ar,

1

+65Tcpq/ qTCdyderCf/ eéTcp(erQ)/ qr,dydx
0 0 0

1 T
+ XCC/ eéTcp/ chdyd:c> dt + o(e)
0 0

tend 1 1 1
= _A fvm (/0 [6(5Tc]thCR<SL’)dSL’ +/0 €5Tcp(?} + Q)chdﬂf

1 1 1 1
+/ eéchTC/ pqdydx + Cf/ eéchTc/ p(v+ Q)dydz
0 T 0 T

1

1
+ XCC/ edTeqr, /pdydx) dt + o(e)
0

xT
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We have to deal with the time derivative in this equation. Since we want to isolate
the variation 67, we have to integrate by parts.

e |
_ /0 /0 0Tz, [sv REg))]tdx— [ /0 eachTcsvgg)) |

With (£24) we can get rid of the time derivative of £, [I .
0] _ () 20y i) RO

65T leqr.dx

RO}, = RO T RO) T ROP
(6500 + [ &t genntr) )+, 70 6 BT

<
+§zzmdx+§vw( (@)5(0) + Rifr) - I | pdy).

Finally, we obtain for the &, - integral (D.5):

tend 1
Ie, = /0 €T, /0 [ g / Eppu + Exzpd + &, REO)( (2)S(0) + Ru(x)

_R(0)S(z) — gzg@) oo +Q))] dardt
- {eaTC&)ﬁ/@ chR(x)dx} t::nd + o(e). (D.6)

e) The &1 -integral (4.16)

tend
_ / &2, (T + €0T.), — helTyas — (T, + €6T0)) ) dt
0

+ / " e (T)s — he(Tpes — Tt
0 (D.7)

tend
__ / €. ((eT.), + heedT,) dt
0

t=tend

~ / " STL((€n)r — her,)dt — {e(mfn}
0

t=0

!The variable S is defined in ([#23).
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f) The summary of the computation for the first variation of £ with

respect to T,

Since everything is prepared, we can start with the derivative. Combining the

terms (D.2)),(D.3),(D.4),([D.6), and (D.1), we obtain:

GL(VV, Zbe,ls A) o 1 tend
8—’1—'0(5,1—‘0) - lg% E [A €5TC (ch)t — hchC

1
+ (T, — Topt) — / qTCFd:E) dt
0

1 1 t:tend
- 65Tc§v—/ qCRazda:}
T || )
t=tend
+o<e>},

— leéchTC} —vr,edT,
where F' is defined (4.3H). By using that §7, is arbitrary, we end up with

t=0 t=0

1
(en)i=— / gr. Pz — hép, + (To — T))
0

and the terminal condition

STC =0 fOl" t = tend-

D.3.2. First variation of £ with respect to z

Again, we first determine the differences of the ¢, Q) and Q; evaluated at z 4 €dz
and z, respectively.

qlp, z + €0z, T.] — qlp, z, Te] = €62q.,

Qlp. 2 + 62T — Qlpr 2. Ty] = / 52(y, ).y, t)dy,

Qt[pa Z+ 6527 TC] - Qt[p7 2 TC] = /0 [652(?/7 t)qz(ya t)]tdy
with
0. = X2 —pK(T). (D)

We now compute the variation of the Lagrangian step by step. As in the section
before, we use the equivalent shortening expression:

q:=qlp, 2, T, q:=qlp,z+eo2,T;], Q:=Qlp,zT.], Qc:=Qp,z+edz, T
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a) The ¢ -integral (4.13)

tend
_/ / &, (pr+ (0 + Qo)ps + qop) dudt

0 0

end
+/ fp(me v+ Q)py + qp)dadt
o0 (D.9)

end
_/ / fp( x/ 652qzdy+e5zpqz) dxdt
0 0
tend
—/ / €0z (C]z/ fppxdy+€ppqz) dxdt.
0 0

b) The ¢.-integral (4.14)

_ /tend / E((z 4 €d2) + (v+ Qo) (z + €0z2), + x(2 + €62) K (T)) dadt

0 0

+/'end/ fz(zt+ U+Q Z£+sz(T))dl’dt

o Jo

_ / end fz <e§zt + (v + Q)edzy + 2, /x €02q.dy + XeézK(T)) dxdt + o(e)
0 0 0

:/end/ €0z <(£ e+ (v + Q) (&) +§zq—qz/ Ezpdy — YEK (T )) dudt

0 0

tend r=1 1 t=tend
— l/ €dz(v +Q)§Zdt] - l/ eézfzd:p} + o(e). (D.10)
0 0

=0 t=0
c) The &, -integral (£15)
With

O = Dlp, z,v,T,, O, :=Dp,z+edz,v,T,,
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we deduce

tend 1 tend 1
—A gv <’Ut — W‘bg) dt +/0' SU (Ut — %(b) dt

=— /Otend fv% </01p/:[652qz]tdydaf + /01 edzp(v + Q)q-

T 1 T
+pq/ eézqzdyderCf/ p(v+Q)/ €dzq,dydx
0 0 0
1 T
+XCC/ p/ eézqzdyd:c) dt + o(e)
0 0
tend 1 1 1
- @f—(/k&wﬁmM+/ewm+@mm
0 R(0) \Jo 0
1 1 1 1
+/ eézqz/ pqdyd:c+Cf/ eéqu/ p(v+ Q)dydz
0 T 0 T

1 1
+XCC/ eézqz/ pdyda:) dt +o(e) =: I, . (D.11)
0 T

Like in the case of T, we have to deal with the time derivative in this equation.
Since we want to isolate the variation §z we have to integrate by parts.

— e Ri(z) €0z €
_ tend 1 ) M} B |: 1 . M } t=tend
/0 /0 02q, [ﬁv R0) tdazdt /o 02q.&, R(0) dx . )

We replace the time derivative of &, like in the computation of the ,-integral in
the previous subsection (see Subsection [D.3.2] d)). We obtain finally for the &, -

integral (D.11])

o= [ [ et (<pto-+Q) - ROSE@ + RSO + R

—t%) + qz% /0 1 EoPw + Szzwdx] dxdt
-1 1 Oxa.6s t::d + (o) (D.12)
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We can combine the terms (D.9)),([D.10), and (D.12)) to get:
ILW, 2pe, A) end
DLW 2et ) —E%E/ﬂ /6& (€ + (v + Q)(E)a

& (XK(T) —q) - qZF) dudt

tond r=1
_ {/ edz(v + Q)fzdt}
0 =0

1 1 R(x) t=tend
— €0z de+/ €024, v—daz}
[/o R SR R

_ /tend €dz(0,t)ne(t)dt — /1 €dz(x,0)vy(x)dx + o(e)} :
0 0
Using that 0z is arbitrary, we end up with
_<£z)t - (U + Q) (fz)x = _q,zF - gz (XK<T) - Q> <D13)

with terminal condition

£, =0 for t=teq (D.14)

and boundary condition

E(v+Q)=0 for x=1.

Furthermore, the spatial boundary condition for £, at x = 0 plays an important
role. By these conditions we compute the adjoint 7., which also appears in the
optimality condition, i.e., it is used for the computation of the gradient.

fz(v + Q) =1 for = =0. (D15)

D.3.3. Coupling conditions for the adjoint equation for &,

We follow the derivation from Subsection [4.4.3] Let us consider the first variation
of the Lagrangian for the whole network (4I2])-(4.21]) with respect to the ratio of
unburnt gas in an inner pipe i. As outlined in [D.3.2) we would deduce (D.13]) and
(D.14). Since i € {2,...,np — 1}, we have to neglect the boundary condition for
the ratio of unburnt gas (4.I7). Finally, we would be left only with the following
integrals:

PR et D 52y = — [ 52400 (00 + QU DEE ) + P D)

+Am&%uﬂww+@®ﬁm@O+QMﬁéa



142 D Optimal control

Using the fact that §z° is arbitrary, we obtain
(0'(t) + Q'(L', )E(L 1) = = (t) (D.16)

and

(0'(t) + Q'(0,))&:(0,8) = —C1(1). (D.17)
Increasing the indices of all terms in [D.17] we can combine this with [D.16] to get:

(v'(t) + Q' (LN )& (L 1) = =G () = ("7 () + Q" (0,8)827(0, 1)

D.4. First-discretize-then-optimize vs
first-optimize-then-discretize

In this section, we want to demonstrate, by considering a simplified example,
that both approaches can lead to the same discretization of the adjoint problem.
Moreover, we show how to discretize the adjoint equations derived in Section [4.4]
which are posed backwards in space and time, properly.

For this investigation, we consider a problem in which we control the boundary
condition py.; of a physical quantity p, in order to match the latter with a desired
state po at a fixed spatial position (z = 1). The optimal control problem is to
minimize a tracking-type cost functional, subject to the constraints, consisting of
a transport equation as well as initial and boundary conditions:

min T =5 [ (61.0) = po(0)e,

Poc,1€Rad
subject to
pr +up, = —kp, in (0,1) X (0,tena),
p(x,0) = pic(), on [0, 1],
p(0,t) = prea(t), on (0, tend),

where v > 0 and k£ > 0 are given constants.

D.4.1. First-discretize-then-optimize

1. Discretize:
We discretize the PDE with the explicit upwind scheme (3.23)):

n n Pj = Pj—1 n
pj+1 =P} + At <—u# - kpj>
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with a uniform spatial grid size Az = J~!, and a uniform time step size
At = N, In order to respect the CFL condition, the number of space and
time grid points (J 4+ 1 and N + 1) have fulfil the relation

~—

> Uu.

<=

Rewriting the state discretization in matrix-form yields for all time indices
ne{0,...,N—1}

anrl :Apn+bn

with
Po 0 Poe (™)
pr= ,0? , A= ¢ .d . - 1{0}(t"?pic(x1) ’
4 c d Loy (") pic()
At At
= U d:=1—u— — Atk
¢ = U, ux 7

where py.;(t") and p;.(x;) are the evaluations of the boundary and initial
condition at time step t" = n - At / spatial grid point x; = j-Az, respectively.
The indicator function 1y (¢) vanishes if ¢t # 0. Finally, we consider

Bp=b,
with
I o0 Bo
5. —-A . ’ pi= p_l , b:= b_l )
—'A I p}V b

where I € RUTDX(+1) is the identity matrix.

2. Optimize:
The first variation of the discrete Lagrangian is

aﬁdis (P, Phe,ls 67 m, V)
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Since the last identity holds for any admissible perturbation §p € R¢+D\N+1),
we obtain
BT¢ =o.
By this we have
gn — AT €n+1

and therefore

g dgn—i—l + an—i—l

G -Gl
= G b A —u T kg

D.4.2. First-optimize-then-discretize

1. Optimize:
Before starting with the computation, we state the Lagrangian functional of
the considered optimal control problem:

T

T
Lo prsnEnv) = 5 / (P(10) = po(®)Pdt ~ [ [ €01+ up, + hp)dnat
0

1

T 1
/77 — Pea(t /V — pic(z))dz.
0 0

We derive the adjoint equations, similar to the computation of Sections [4.4]

and [D.3]

tend

OL(p, poct; &, M, V) (6p) = / Ip(L,t)(p(L,t) — popt(t))dt

|
0=
dp

tend 1

+0/0/5p(£t+U§m—k£)dxdt

; tend
—/ {5p§} + 0p(x,0)vdx
0

0

tend =1

{5pu§] + 9p(0, t)ndt.

z=0
0
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By the fundamental lemma of variational calculus, we obtain:

—& —ué, = —k€, in (0,1) X (0,tend),
§(2,tena) = 0, on [0, 1],
g(lat) = p(l, t) - popt(t)7 on [Oatend)'

2. Discretize:

We discretize the state equation with the same explicit upwind scheme which
was used in the first approach. Since the adjoint equation is posed backwards
in space and time (boundary condition at = 1, although the flow direction
u is positive; terminal condition at ¢ = t.,q), we have to transform the
variables, such that the problem is posed forward in space and time. Then
we can apply our standard explicit upwind scheme, which we used for the
discretization of the state equation.

So let us introduce the new variables for space and time:
f::tend—t, z:=1—uzx.

With £(#, ) = £(x, ) we obtain

& +uly = —kE, in (0,1) x (0, tena),
£(2,0) =0, on [0,1],
£(0,1) = p(1, tend — 1) — popt(tena — 1), on (0, tend)-

In contrast to the original formulation, the system for the variable é is posed
forward in the new space and time variables & and t. Therefore, we can now
apply our standard explicit upwind scheme:

e = g i A (—f;— . kér) |

Retransformation leads to a discretization for the variable &:

g+t - gl
&=+ At | —ut——1 A I — k)

D.5. Parameters used for Armijo line search

We shortly discuss the principle of the Armijo line search method on the basis
of [GK99] and [NWO06] and give details about the parameter values used for the
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optimization in the Algorithm [3] on Page [O5]

Having found a search direction d € RY, along which one assumes to find an
improvement of the current state x € RY with respect to the evaluation of the
functional f : RV — R, one still need to determine “how far” one has to follow
that direction, i.e., one needs to find a step size s. There are several algorithms
to fulfil this task, such as the (strong) Wolfe-Powell-rule and the Armijo-rule. For
the sake of simplicity, we applied the latter in our optimization algorithm. The
task is, given x € (0,1), 8 € (0, 1), to find a step size s € max{3' | [ =0,1,2,...},
such that

f(z+sd) < f(x) + sV f(z)d". (D.18)
We choose
B =0.25, k=10,

i.e., we reduce the step length by 75%, each time the Armijo condition (D.IS)
is violated. The value for x is chosen heuristically and reduces the demand of a
“larger” decrease of the objective functional f.
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E. Android App

For the purpose of demonstrating that the asymptotic model (257]) can be sim-
ulated in real time on small device, we - Ruslan Krenzletl and Martin Rybicki
- programmed an Android Ap “Single Pipe Flow”. As the name of the appli-
cation already indicates, the computational domain consists of a single pipe with
constant cross section. However, the pipe can also contain a catalytic converter
(see top right figure).

Geometry Settings

Single Pipe Flow
Quantity VEUEL Value Unit Default

Start a new simulation length of pipe L o iml 1
. diameter of pipe d [m] 0.06
Information

left end of catalyst cex1 [m] 0.45

right end of catalyst ccx2 [m] 0.55

density temperature

@r

Show Pipe

Figure E.1.: Screenshots of the running Android App on a Samsung Galaxy S2
19100.

fRuslan Krenzler is a PhD student at the University of Hamburg. Website:

http://www.math.uni-hamburg.de/home/krenzler/
'For details and download see http://www.math.uni-hamburg.de/home/rybicki/apps


http://www.math.uni-hamburg.de/home/krenzler/
http://www.math.uni-hamburg.de/home/rybicki/apps

Short summary in English

See p. [TO5K.

Zusammenfassung auf Deutsch

In dieser Arbeit wird die Stromung von Abgasen in einem Auspuffrohr untersucht.
Dabei ist inbesondere das Aufheizverhalten des Katalysators nach dem Kaltstart
von Interesse.

Um dieses zu untersuchen wird zunéchst ein numerisch effizientes Modell benotigt.
Die Grundlage fiir unsere Herleitung eines solches Modells bildet ein hyperboli-
sches System von partiellen Differentialgleichungen (u.a. bestehend aus den reak-
tiven Eulergleichungen), welches von Lacoste und Natalini in Zusammenarbeit mit
dem italienischen Autozulieferer Magenti Marelli hergeleitet wurde (vgl. [LNO4]).
In Hinblick auf schnelle numerische Umsetzung bietet dieses Modell noch Ver-
besserungspotential. Zum einen kann man durch einen Netzwerk-Ansatz auf orts-
abhéngige Querschnittsfunktionen zur Abbildung der Auspuffgeometrie verzichten.
Zum anderen lésst sich durch einen kleinen Machzahl Grenzwert die Komplexitét
des Modells so vereinfachen, dass es keine Informationen iiber die Ausbreitung
der Schallwellen mehr enthélt, ohne jedoch gleichzeitig Aussagekraft iiber die ver-
bleibenden physikalischen Prozesse zu verlieren. Bei dem somit erhalten asym-
ptotischen Modell sind wir in der Lage klassische numerische Verfahren (explizite
Upwind Verfahren) mit deutlich groBeren Orts- und Zeitschrittweiten fiir numeri-
schen Simulationen zu verwenden.

Im zweiten Teil der Arbeit verifizieren wir sowohl ein numerisches Verfahren fiir
das neue asymptotische Modell als auch das Modell selbst, indem wir es mit den
numerischen Ergebnissen des pra-asymptotischen Modells vergleichen.

Die Arbeit wird abgeschlossen durch die Beantwortung der Frage, inwieweit man
Katalysatoren bei einem Kaltstart optimal autheizen kann. Fiir das Optimalsteue-
rungsproblem werden zunéchst formal, mittels eines Lagrange-Kalkiils, die Opti-
malitdtsbedingungen hergeleitet. Anschliefend werden mit Hilfe des projezierten
Gradientenverfahrens zwei prototypische Beispiele demonstiert, welche zeigen, mit
welchem Luft-Kraftstoffgemisch im Motor man ein optimales Aufheizverhalten des
Katalysators erhélt.
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