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1 Introduction

The little n-cubes PROP and the corresponding operad were introduced around 1970 in
order to study n-fold loop spaces. In [9] Michael Boardman and Rainer Vogt define a tensor
product and a bar construction for Lawvere theories and and use this to prove iteratively
that a space on which the little n-cubes operad PROP acts can be delooped n times and
that hence the little n-cubes PROP recognizes n-fold loop spaces. Peter May compares
the monad associated to the little n-cubes operad with the monad Q™" and shows that
applied to connected spaces these monads yield weakly equivalent results. He uses the bar
construction for monads to also derive a recognition principle for n-fold loop spaces.

Since then, operads have received a lot of attention in topology, algebra and physics as
a means to encode algebraic structures abstractly. In particular, one can study algebraic
variants of the little n-cubes operad, so called E,-operads, in the world of differential
graded k-modules over a commutative unital ring k. Algebras over such an E,-operad,
called E,-algebras, hence can be thought of as algebraic analogues of n-fold loop spaces.
An E,,-algebra is a differential graded k-module endowed with a product which is associative
up to a coherent set of all possible higher homotopies for associativity, but commutative
only up to higher homotopies of a certain level, depending on n.

Important examples arise for n = 1 and n = oo: An FEj-algebra is exactly an A, -algebra,
an algebraic analogue of a space with Aso-structure as introduced by Stasheff in his study
of H-spaces [64]. A result by Kadeishvili (see [39]) shows that A.-algebras classify quasi-
isomorphism types of differential graded k-algebras over a field k. In [60] Steffen Sagave
proves that if one is willing to work with derived A,,-algebras, which combine projective
resolutions with Aso-structures, similar results can be obtained over any commutative ring.
Derived Ax-algebras have been studied in an operadic context in [42] and [2]. On the other
hand, F.-algebras are the right notion of commutative algebras up to coherent homotopy.
An important example is given by the singular cochains on a space, with multiplication
giving rise to the cup product on singular cohomology. Michael Mandell showed in [48] that
the F-algebra structure on the cochains of a nilpotent space of finite type determines this
space up to weak equivalence. In the world of spectra F..-algebras, called E., ring spectra,
also play an important role.

In the differential graded setting, every operad which fulfills certain cofibrancy conditions
automatically comes with a notion of homology and cohomology specifically suited to alge-
bras over this operad. In particular, we can say what E,-homology and E,-cohomology of
an F,-algebra A with coefficients in a so-called representation of A are. Again, one finds
that the cases n = 1 and n = oo yield familiar notions: For n = 1, one can show that F1-
homology coincides with Hochschild homology of A.-algebras as defined in [25]. If n = oo,
we retrieve the notion of I'-homology (see [58]). Note that any commutative algebra is in
particular an F,-algebra for any n. For commutative algebras and trivial coefficients, F,,-
homology is known to coincide with Teimuraz Pirashvili’s higher order Hochschild homology



as defined in [52].

The operadic definition of E,-homology and cohomology is given in terms of derived functors
and is a priori difficult to compute. A result making actual computations feasible was given
by Benoit Fresse in [22] and [23]: He shows that FE,-homology of any E,-algebra with
trivial coefficients can be computed via an iterated bar construction. The bar construction
of a differential graded k-algebra was originally defined by Samuel Eilenberg and Saunders
Mac Lane in [I7] in their study of K (m,n)-spaces. If the bar construction is applied to a
differential graded commutative algebra, it again yields a differential graded commutative
algebra, hence the construction can be iterated. In [23] Fresse shows that the structure of
an F,-algebra is sufficient to define an n-fold bar construction. Moreover, up to suspension
the homology of the n-fold bar construction of an FE,-algebra computes F,-homology with
trivial coefficients. Unpublished work of Benoit Fresse shows that, at least for a commutative
algebra A and coefficients in a symmetric A-bimodule M, one can twist the bar construction
to compute E,-homology and E,-cohomology with coefficients. We give the details of a
proof of this result sketched by Fresse and use this to show that E,,-homology as well as E,,-
cohomology of commutative algebras coincides with higher order Hochschild homology and
cohomology not only for trivial coefficients, but for coefficients in any symmetric bimodule.
In [41], Muriel Livernet and Birgit Richter use that E,-homology can be computed via
the iterated bar construction to give an interpretation of E,-homology of commutative
algebras with trivial coefficients as functor homology. To be more precise, they show that
E,,-homology in these cases can be calculated as Tor groups of certain functors with respect
to a category Epi,, of trees encoding the structure of the n-fold bar complex. There is an
extension of this result to arbitrary F,-algebras by Fresse, see [2I]. Other interpretations as
functor homology have for example been given for Gamma homology in [53], for Hochschild
and cyclic homology in [54] and for Leibniz homology of Lie algebras in [35]. Depending
on the category, functor homology allows a more combinatorial description of the objects
in question. General constructions for Ext and Tor, like for example the construction of
the Yoneda pairing, can be carried through. In this thesis, we enlarge the category Epi,, to
incorporate the twist needed to compute F,-homology with coefficients. We show that the
functor homology interpretation also holds for F,-homology as well as for E,-cohomology
of commutative algebras with coefficients in a symmetric bimodule.

Only a few concrete calculations of F,-homology and -cohomology have been possible un-
til now. Examples include FE,-homology of certain free commutative and certain trivial
commutative algebras with trivial coefficients in [23] (based on calculations in [I2]) and
a comparison of higher order Hochschild homology with the cohomology of iterated loop
spaces (see [52], [22]). For commutative algebras and over the rationals Pirashvili proved
that E,-homology admits a decomposition, called the Hodge decomposition, which gen-
eralizes the well known A-decomposition of Hochschild homology (see [52]). In [57] Birgit
Richter and the author construct a spectral sequence converging to E,,-homology with trivial
coefficients. In characteristic zero for all n and for n = 2 in characteristic two the E?-term



of this spectral sequence can be identified with derived indecomposables with respect to the
n-Gerstenhaber structure on the homology of the E,-algebra. In characteristic zero this
spectral sequence allows an identification of the summands of the Hodge decomposition
of E,-homology with these derived indecomposables and an interpretation of these sum-
mands as the homology of higher powers of the cotangent complex. The spectral sequence
is also used to calculate the FE,-homology of free graded commutative algebras and the
Es-homology of certain Hochschild cochain complexes. In [10] E,-homology of certain free
graded commutative algebras and of truncated polynomial algebras over the finite field I,
with coefficients in the algebra itself is calculated.

To make more calculations possible one would like to understand the structure of FE,-
homology and -cohomology better. A generalized version of the Deligne conjecture says that
for a suitable choice D7, (A; A) of a chain complex calculating E,-cohomology of an F,,-
algebra A with coefficients in itself, Dy, (A; A) will be an Ey, 1-algebra. The original Deligne
conjecture concentrated on the case n = 1, with the Es-structure on the Hochschild cochains
giving rise to the well known Gerstenhaber algebra structure on Hochschild cohomology.
Proofs have been given, among others, by James McClure and Jeffrey Smith in [51] for n = 1.
The generalized version has for instance been discussed by Po Hu, Igor Kriz and Alexander
Voronov in [37] and by Jacob Lurie in [45] 6.1.4]. Grégory Ginot uses a geometric approach
in [26] to construct corresponding operations on higher order Hochschild cohomology. There
is also a homological variant of the Deligne conjecture which has been proven by Morten
Brun, Zbigniew Fiedorowicz and Rainer Vogt in [I1] and by Maria Basterra and Michael
Mandell [5] for higher topological Hochschild homology in the context of spectra.

In this thesis we use the interpretation of E,-cohomology as functor cohomology to inves-
tigate whether the Yoneda pairing gives rise to cohomology operations on E,-cohomology
which would be part of the induced structure of an F,,1-action, like for example a squaring
operation in positive characteristic as discussed by Stefan Schwede in [62] for n = 1. Unfor-
tunately, the representing object has trivial E,-cohomology, hence no operations arise this
way. Also part of an F,1-structure are so-called higher cup products Uy, ..., Uy, with the
zeroth cup product giving rise to the multiplication every E,i-algebra is endowed with,
while U;41 is a homotopy for the commutativity of U;. In characteristic two we give an
explicit construction of U; on the cochain complex arising via the n-fold bar construction.

Outline Chapter 2 is an introductory chapter in which we recall the basic concepts we will
use throughout this thesis and fix notation. We discuss operads and algebras over operads
as well as related model structures. We proceed to define representations, the universal
enveloping algebra, derivations and Kahler differentials in the operadic context and then
give the definition of operadic homology and cohomology. Finally, we recollect some basic
material about functor homology.

In chapter 3, we give a proof of an unpublished result by Benoit Fresse which we will need



in the later chapters. We start with a closer look at F,-operads and FE,-algebras. Then we
recall how one can extend the iterated bar complex to E,-algebras to compute E,,-homology
with trivial coefficients. After that we proof that one can extend this result to F,,-homology
and F,-cohomology of commutative algebras with coefficients in a symmetric bimodule. To
do this, we define a twist on a certain extension of the iterated bar construction associated
to commutative algebras. We mimic methods from [23] to show that this twist lifts to the
iterated bar complex for F..-algebras and restricts to E,-structures. Then we show that
this twisted complex as well as a standard complex computing E,-homology both define
cofibrant replacements of the module of Kahler differentials and deduce the results.
Chapter 4 is concerned with functor homology. We recall the definition of the category Epi,,
encoding the iterated bar construction, the definition of E,,-homology for functors and the
Tor-interpretation of E,-homology with trivial coefficients from [4I]. We then construct
a category Epi! that encodes the twisted variant of the iterated bar construction which
computes E,-homology with coefficients in a bimodule. We extend the definition of FE,-
homology and -cohomology to functors defined on this category. Like in [41] we use the
axiomatic description of Tor and Ext to prove that E,-homology and -cohomology coincide
with functor homology and cohomology. We calculate E,-homology and -cohomology of a
polynomial algebra as an example.

In chapter 5 we recall the definition of the Yoneda pairing. We investigate whether the
results of chapter 4 allow us to construct cohomology operations via the Yoneda product:
We prove that the E,,-cohomology of the representing object vanishes, hence no cohomology
operations arise this way.

In chapter 6, we compare E,-homology and -cohomology of commutative algebras with co-
efficients in symmetric bimodules with higher order Hochschild homology and cohomology.
After recalling some facts about simplicial structures as well as the relevant definitions,
we compare a simplicial variant of the iterated bar construction with the iterated bar con-
struction for differential graded algebras. We deduce that E,-homology and -cohomology
coincides with higher order Hochschild homology and cohomology by using that the rele-
vant complexes coincide for n = 1 and by exploiting the fact that simplicial commutative
augmented algebras form a pointed simplicial model category.

The n-fold bar complex is equipped with a comultiplication giving rise to the cup product
on E,-cohomology. The last chapter is dedicated to an explicit combinatorial construction
of a homotopy for this cup product in characteristic two as part of a possible E,,;1-structure
on the chain complex calculating FE,,-cohomology.
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2 Preliminaries

The goal of this chapter is to recollect the basic concepts that we will need. We start
by introducing operads and algebras over them. After that we discuss how these can be
endowed with model structures, and how one can then define homology and cohomology of
the algebras in question. Finally we recall some facts about homology and cohomology of
small categories.

Conventions: We fix a commutative unital ground ring k. We will mainly work in the
category dg-mod of Z-graded differential graded k-modules. For a graded k-module C' we
denote the degree of ¢ € C by |c|. We observe the Koszul sign rule, meaning that for maps
f:A— Band g: C — D between graded k-modules and a € A,c € C

(f@g)a®e) = (-1l f(a) @ g(c).

For an object X we will denote the identity on X by 1,1x or X. We set r = {1,...,r} and
[r] ={0,...,r} for r > 0.

2.1 Operads and algebras over operads

Operads were defined by Boardman-Vogt [9] and May [50] in their study of iterated loop
spaces. We recall the definition of an operad as a monad in symmetric sequences as well
as an explicit definition. We also recall what an algebra over a given operad is and give
some examples. Then we introduce free operads and cofree cooperads and define left and
right modules over an operad. Unless stated otherwise the material in this section can be
found in [20, ch. 2, ch. 3]. Another important reference is [44]. Information on the history
of operads as well as a comprehensive overview of related results and applications can be
found in [49].

Let (C,®, 1) be a cocomplete symmetric monoidal category with symmetry isomorphisms
Ted: ¢®d — d®c, such that ® distributes over colimits, e.g. the category Top of topological
spaces or the category dg-mod.

Operads

Definition 2.1. A ¥,.-module M in C is a family (M(r)),>0 of objects M(r) in C endowed
with a right X,.-action. The object M(r) is said to be the object in arity r. A morphism
f: M — N of X.-modules is a family (fy)r>0 of Xr-equivariant morphisms fr: M(r) —
N(r). We denote the category of X.-modules in € by CX,-mod.

Proposition 2.2. The category of Xx-modules is a symmetric monoidal category with tensor
product

MeN)(r) = || (M(a) @ NO) ©x,x5,
a+b=r



and unit the Xy.-module which is zero except in arity 0, where it is k. Here for ¢ an object
in C
CR X, = |_| c
Xy
with the obvious X,-action and
(M(a) @ N(b)) @5,xx, Xr
1s the coequalizer
(M(a) @ N (b)) @ (Xa x p) @ X~ (M(a) @ N(b)) ® .,

where one map is defined via the inclusion X4 X 3y — 3, and the product in ¥, and the other
map is given by the X, -structure of M and N. The symmetry isomorphism MON — NQM
is on the component (M(a) ® N(b)) ®x,xx, Xr given by

(Mm@ n) @, x5, 0 Thi@) N (M@ Nn) s, xs, Wab0,

where wqp € Xgtp s the permutation that switches the blocks {1, ...,a} and {a+1, ...,a+b},

i.e.
r+b z<a,
Wap(T) =
r—a T >a.

Proposition 2.3. The category of Y.-modules in C is equipped with another structure
making it a monoidal category: This product, called plethysm, is given by

MoN = | | M(j) @x, N7,
Jj=>0

where X; acts on N®J by permuting the tensor factors. Hence in each arity r

MoN)(r) = | M) @x, (|| (Vi) ®..8 N(ij)) @5, x.xn,, ).
320 i1t i=r

The unit object I for this structure is defined by

1 =1
I(””) — 67 r Y
0, r#l.

We also often will drop o from the notation and write MN for Mo N.
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Definition 2.4. An operad in C is a monoid in the category of X.-modules in C with respect
to the monoidal structure defined in[2.3, i.e. a ¥i-module P together with morphisms

v:PP—=>P and n: I —->7P

such that the diagrams

P99 9P and PP

b oA

PP—7P PP

commute, where we keep the associativity isomorphism relating (PP)P and P(PP) as well
as the unit isomorphism implicit. A morphism of operads is a morphism of monoids in
Y«-modules. We denote the category of operads in C by Oe.

Note that there is also a nonsymmetric version of the notion of operads obtained by consid-
ering sequences in € instead of X ,-modules, defining suitable notions of tensor product and
plethysm for such sequences and dropping all equivariance requirements. Nonsymmetric
operads are for example discussed in [44, 5.9]. We will only consider symmetric operads
and hence do not give details about nonsymmetric operads.

Spelling out the above definition yields May’s original definition:

Proposition 2.5. An operad P is a X.-module together with ¥;, X ... x ¥; -equivariant
morphisms
Yir,oint P(1) @3, (P(i1) @ ... @ P(ir)) = Plin + ... +iy)

for allr > 1 and all i1, ...,1. > 0 as well as a morphism

le — fp(l)
satisfying certain relations regarding associativity, unitality and equivariance. We write
V(D a1, s ar) for y(p® @1 ® ... ® qr) with p € P(r), q; € P(5).

Example 2.6. Standard examples of operads in Top include the operad encoding associative
topological monoids: In arity r the operad AsT°P is given by the discrete set

ASIOP(T) =X,

The composition morphism vy is determined by 7;, ... ;. (idy,id;,, ...,id;,) = ids, 4. 44, together
with the equivariance requirements. Another prominent example is given by the commutative
operad. Its topological version is given by

Gom?p(r) = pt.

11



Similarly we can consider algebraic versions of these examples in the category dg-mod by
setting

s (r) = KIS
concentrated in degree zero with composition determined as in the topological case, and
Comy(r) =k

where all composition maps are identities. We will later also need the nonunital variants of
Asy and Comy given by

A 0 ¢ 0
0, r=0, 0, r=0.

Relaxing the notions of associativity and commutativity gives rise to the notion of Aso-
and Ex-operads, see e.g. [49, 1.6,1.7,1.8]. The prototypical example of an A -operad is
given by the operad formed by Stasheff’s associahedra. Examples of E-operads include the
colimit over the little n-cubes operads as well as the Barratt-Eccles operad. We will discuss
these operads in subsection [3.1]

Remark 2.7. There is a standard method to construct operads in dg-mod from topological
operads (cf. [49, 1.17]): Given an operad P in Top, we obtain an operad Cy(P) by setting

Cu(P)(r) = Cu(P(r))

with C, denoting the singular chains functor. The composition in C.(P) is defined by
applying the Eilenberg-Zilber map

Ci(P(r) @ Cu(P(11)) @ ... @ C(P(ir)) = Cu(P(r) x P(i1) X ... x P(3y))
and composing this with Cy(Viy,...i,)-

Example 2.8. A particular important class of examples arises whenever the category C
admits internal hom objects home(—, —). Then we can define an operad End., the endo-
morphism operad associated to c, for every element ¢ of € by setting

End,(r) = home(c®", ¢)
with right ¥,-action given by permuting the factors of c®” and composition defined by

Vityewiv ([3 J15 0 fr) = (1@ . ® fr)

for f € home(c®", ¢) and f; € home(c®%,¢) for 1 <j <r.

12



Remark 2.9. Equivalently one can define an operad structure on a ¥,.-module P via spec-
ifying partial composition products

0;: Pla) @ P(b) = Pla+b—1)
fora,b>0 and 1 <i<a. If P is equipped with an operad structure v, these are given by
O; = ’Yl,...,l,b,l,...,lz {.P(CL) ® I(l)®i71 ® fp(b) ® I(1)®a7i — iP(a + b — 1)

Conversely any set of morphisms o; as above satisfying suitable associativity, unitality and
equivariance conditions defines an operad. To construct the full composition morphisms

Vit gy - fP(’I”) X ?(21) ®...R fP(ZT) — T(ll 4+ ...+ ir)
from the partial composition products, set
Vit yroir = Oirtetip_1+1--- (00141 ® P(iz) ® ... ® P(ir)) (01 ® Pliz) ® ... P(ir)).

For later use we record the following fact, which is proved in [20, 3.1.6]. Recall that a colimit
in a category C is called filtered if it is the colimit over a filtered diagram G: I — C, i.e.
a diagram with [ a small category such that for all 4, j € I there is [ € I with morphisms
i—land j — 1.

Proposition 2.10. The category of operads is complete and cocomplete. Limits and filtered
colimits are created by the forgetful functor V' from operads to ¥.-modules, i.e.

V(lim s F) =lim jVF and V(colim;G) = colim;VG
for a diagram F: J — O¢ and a filtered diagram G: I — Oe.
Algebras over operads Operads abstractly encode algebraic structures. Concrete in-
stances of the encoded structure are called the algebras over a given operad.

Definition 2.11. Let P be an operad in €. A P-algebra A is an object A in C together with
morphisms
Ya:PA—>A and na: A— PA,

where we consider A as a X.-module concentrated in arity 0, such that the diagrams
A
PPA">PA  and A-T2-PA

CE \f

A4 4

commute.

13



Remark 2.12. Just as for operads from the above description one can derive a hands-on
definition: For A an object of C the structure of a P-algebra is equivalent to giving maps

Yar: P(r) @, A®T 5 A
for r > 0 satisfying certain associativity and unitality conditions.

Example 2.13. Spelling out what consititutes an ASEOp—algebm yields that these are exactly
associative unital monoids in topological spaces. Similarly, Gom?p—algebms are commuta-
tive associative topological monoids with unit. In the differential graded setting we find that
Asy-algebras are differential graded algebras with unit and that Com -algebras are graded
commutative differential graded algebras with unit, while As- and Com-algebras are differ-
ential graded algebras and commutative differential graded algebras without unit.

As in for an operad P in Top applying the singular chains functor to a P-algebra X
yields a Cy(P)-algebra C(X).

The importance of the endomorphism operad introduced in example lies in the following
proposition.

Proposition 2.14. Let C be a category that admits internal hom objects and let P be an
operad in C. Then there is a bijection between P-algebra structures on an object ¢ in C and
operad morphisms

P — End..

Indexing by finite sets In the above definitions we consider arity graded >,-modules,
where the object in arity 7 can be thought of as corresponding to operations with r inputs.
Let the category Bij be the category with finite sets as objects and morphisms the bijections
between them. For a finite set e let |e| denote its cardinality. It is also possible to carry
out the constructions above for functors M: Bij — €, see [23] 0.2, 0.3, 0.5, 0.8], [20} 5.1.6].
More precisely, the tensor product of two such functors M and N is given by

MaN)(e) = || ME)eN(E)

e=e’Lle"’

for a finite set e. The plethysm is then defined by

(MN) = | | M{1L,....7}) @5, N
r>0

We have the following relation between X ,-modules and functors from Bij to €, which allows
us to freely switch between these categories.

14



Proposition 2.15. There is an equivalence between the category of X.-modules and the
category Fun(Bij, C) defined as follows: For a given ¥.-module M set

M(e) = M(le]) ®s,, Bii(e, {1,....|e]})

for any finite set e, with
(m®o)w=m®e ow

for w € Bij(e,€'). Conversely, every functor N: Bij — € defines a X.-module by restricting
N to the sets {1,...,r} and their endomorphisms ¥,.. Moreover this equivalence respects the
respective tensor products and plethysms.

Cooperads There is a notion dual to the notion of operad: Cooperads abstractly encode
classes of coalgebras with a certain structure.

Definition 2.16. A cooperad D in € is a comonoid in (CX.-mod,o), i.e. D is equipped
with morphisms

A:D—=-DoD and e€:D—=1T

such that A is coassociative and € is a counit for A. A morphism of cooperads is a morphism
of comonoids in CX,-mod.

Again it is possible to derive a more hands-on definition from this one. One can define coal-
gebras over a cooperad D and for example retrieve the category of coassociative coalgebras
and the category of cocommutative coassociative coalgebras this way. Since we will not be
concerned with coalgebras over a cooperad we refer the reader to [1§].

Free operads and cofree cooperads

Definition 2.17. Let M be a Xi-module in C. We call an operad P together with a mor-
phism t: M — P the free operad generated by M if for every operad O and every morphism
f: M = 0O of Zy-modules there is exactly one morphism f: P — O of operads such that the
diagram

M

p_1 20

commutes.

Proposition 2.18. For every M € CX,-mod there exists an operad P and a morphism
t: M — P such that (P,1) is the free operad generated by M. Up to a unique isomorphism
the pair (P, 1) is unique. We denote P by F(M).
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We will not give a formal construction here, but intuitively elements of F(M) are given by
formal composites
(((m1 04y mg) Oiq ) O My

of elements in M. In particular, F(M) admits a weight grading

FO) = || Ty (W)
1>0

with F;)(M) the ¥.-submodule of F(M) generated by expressions as above with r = [. For
a formal construction we refer the reader to [18, 3.4].

Similarly one can define the cofree cooperad cogenerated by a >,-module M as a cooperad
satisfying an appropriate dual universal property. We denote the cofree cooperad cogen-
erated by M by F¢(M). Again we refer to [I8] for an explicit construction and only note
that F(M) and F¢(M) are isomorphic as Y,-modules, in particular F¢(M) admits a weight
grading as well.

For ¥,-modules M and N let (M;N) be the ¥,-module given by

Ny = | || M eNeM.
i>1 atb=i—1
Observe that for a third ¥X,-module £
(LLYMVGN) = LLM); LM N)).
Morphisms f: £L — £, g: M — N of ¥,-modules give rise to a morphism
fo g: LM — L'(M;N)

of ¥,-modules defined by

j
I o' glegms, Mei = > IOM® ..MM ... 0 M).
=1

Definition 2.19. o Let P be an operad in graded modules. A morphism f: P — P of
Y.-modules is called a derivation of P if the diagram

FP+m(P )

PP PP

commutes. Here w: P(P;P) — PP is the projection. Denote the derivations on P by
Der(P).
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o Let D be a cooperad in graded modules. A coderivation of D is a morphism g: D — D
of Xx-modules such that the diagram

D g D
2 P
pp IOV gy

commutes. We denote the coderivations on D by Coder(D).

Example 2.20. If P is an operad in dg-mod, the differential of P is by definition a deriva-
tion of the operad in graded modules underlying P. Similarly, the differential of a cooperad
in dg-mod is a coderivation.

Proposition 2.21. For a free operad F(M) in dg-mod
Der(?(M)) = Homdg-modE*—mod (M, ?(M))’

i.e. a deriwation of F(M) is determined by its restriction to the generators M. This isomor-
phism is natural in M.
Similarly, for a cofree cooperad F¢(M) there is a natural isomorphism

Coder(F¢(M)) = Homgg-mods:, -mod (F¢ (M), M).

We denote the derivation of F(M) induced by a map a: M — F(M) by J,, and adopt a

similar convention for coderivation of cofree cooperads.

Definition 2.22. An operad P such that P = F(M) as a graded module is called a quasifree
operad. The differential of P is then a sum dp = dgoq + 0 with dgoyg induced by the
differential of M. We write P = (F(M), §) in this situation and call 6 a twisting morphism
or twist. A quasifree cooperad is defined similarly.

Modules over operads

Definition 2.23. Let (P,~,n) be an operad. A left P-module in C is a X.-module L in C
equipped with a morphism
v: PL — L

such that the diagrams

PPL 5% PL and L= IL—Ee oL

ML | \ |

PL L L
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commute. Similarly, a right P-module is a Xyx-module R with a morphism
Yr: RP - R
such that the diagrams

RPP "R and R~ RIS Ro
iR’Y lWR \ l’m
RP-_R R

commute.

Observe that although the definitions of left and right P-modules look symmetric, they
describe quite different structures since the plethysm is not symmetric: While a left P-
module L admits maps

P(i) ®@x, LY — L,

a right P-module structure on R yields maps
R(7) ®y, P 5 R.

The following lemma allows us to endow the tensor product of two right P-modules again
with the structure of a right P-module.

Lemma 2.24. Let M, N be right P-modules. Then there is an isomorphism
(M®N)P=(MP)® (NP)
of Xs-modules.
Definition 2.25. For right P-modules M and N the tensor product M @ N is again a right
P-module, with right P-module structure given by
(M ®N)P —> (MP)® (NP) —> M & N.

Just as for modules over a ring derivations of free modules are determined by the image of
their generators. The following material can be found in [I§].

Definition 2.26. 1. Let L be a left P-module over an operad P in dg-mod. Denote the
differential on P by dp. A map f: L — L is called a derivation of L if the diagram

7 (Po’
?LM?L

| f |

L——1L

commutes, with w: P(L; L) — PL the projection. We denote the derivations of L by
Der(L).
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2. Let R be a left P-module over an operad P in dg-mod. Denote the differential on P
by dp. A map f: R — R is called a derivation of R if the diagram

fP+m(Ro' dyp)

R? R?

|7 f Jon

R R

commutes, with w: R(P;P) — RP the projection. Denote the derivations of R by
Der(R).

Given a Y,-module M, the left P-module PM satisfies the universal property of a free
left P-module. Similarly, MP is the free right P-module associated to M. An important
example arises for an object M in C, i.e. if M is concentrated in arity zero: A left P-module
concentrated in arity zero is exactly a P-algebra, and PM is the free P-algebra generated

by M with structure map

ppar 22 par.

For amap 6: M — L to aleft P-module L we denote by 0y: PM — L the induced morphism
of left P-modules. We adopt a similar notation for right modules.

Proposition 2.27. 1. For a free left P-module PM in dg-mod there is a natural iso-
morphism
Der(fPM) = HOmdg_modg*_mod(M, fPM)

2. Similarly, for a free right P-module MP in dg-mod there is a natural isomorphism
Der(MiP) = Homdg_modg*_mod(M, M:P)

In the following we will often abuse notation and, for a map «: M — PM, denote by 0,
the induced derivation on the left P-module PM. It will be clear from the context whether
0 denotes the morphism of left P-modules induced by 3: M — PM or the associated
derivation. A similar notation will be used for right P-modules.

Definition 2.28. A quasifree left P-module L is a left P-module such that L = PM as a
graded left P-module. In this case the differential of L is of the form dppr + 6 with dpps
induced by the differentials of P and M. We write L = (PM,0) and call § a twisting
morphism or twist.

A quasifree right P-module R = (M, ) is defined and denoted similarly. Note that in this
case dyrp is a derivation of right P-modules, while § is a morphism of right P-modules.

Remark 2.29. Since a P-algebra is precisely a left P-module concentrated in arity zero,
the terminology and results above can in particular be applied to algebras over an operad.
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2.2 Cofibrantly generated model categories

There is a standard way of transporting cofibrantly generated model structures along ad-
junctions, which is frequently used to define model structures in the context of operads. In
the following we recall the relevant definitions which can be found in [20, ch. 11]. As a
general reference for the language of model categories we refer the reader to [36].

Definition 2.30. An ordinal k is a set such that every element of k is also a subset of k
and that is strictly wellordered with respect to the order defined by

I<I'sIcClT.
Definition 2.31. Let I be a given set of morphisms in a cocomplete category C.
o A morphism A — B is called an I-cell attachment if it is obtained by a pushout
L], Co—A
o
L, Da — B
with i € I for all o

e A map f: A — B is called a relative I-cell complex if f is a (possibly transfinite)

composite of I-cell attachments over an ordinal K, i.e. if f is the map A — colimy . B)
associated to

A= BO - B —..— B)\—l — B)\ — . COlimA<HBA = B.

Definition 2.32. We say that the small object argument holds for a set of morphisms I of
C if the following conditions are satisfied: There exists an ordinal w such that, for all kK > w
and for all f: A — B in C with 0 = B = colimy.,B) a relative I-cell complex and A the
domain of a map in I, the morphism f admits a factorization

A—1.p
A
B
for some \ < Kk, where i: By — B is the canonical map into the colimit B.

Definition 2.33. A model category C is called cofibrantly generated if there are two sets
I and J, called the set I of generating cofibrations and the set J of generating acyclic
cofibrations such that
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e the small object argument holds for I and for J,

e a map is a fibration if and only if it has the right lifting property with respect to the
maps i J,

e a map is an acyclic fibration if and only if it has the right lifting property with respect
to the maps in I.

Theorem 2.34. [20), 11.1.13] Let C be a cofibrantly generated model category with gen-
erating cofibrations I and generating acyclic cofibrations J, D a complete and cocomplete

category and let
F:C D: G

be an adjunction. Assume that the following conditions hold:
o The small object argument holds for the sets F'I and FJ.
o For every relative FJ-cell f the map G(f) is a weak equivalence.

Then D is a cofibrantly generated model category with generating cofibrations FI and acyclic
generating cofibrations F'J. The weak equivalences and fibrations are created by G, i.e. a
map f in D is a weak equivalence (fibration) if and only if G(f) is a weak equivalence

(fibration,).

If we endow D with this model structure, the functors F' and G form a Quillen adjunction.

2.3 Model structures on operads and algebras over operads

In the following we recall the model structure on the category of operads and on the category
of algebras over operads in differential graded modules as defined by Hinich in [32] and [31],
see also [20}, ch. 11, 12, 14].

We will focus our attention on the case € = dg-mod. Recall that dg-mod is a model
category with weak equivalences the quasiisomorphisms and fibrations given by degreewise
surjections. This model structure is cofibrantly generated: Let D! be the chain complex
with one generator z; in degree [, one generator x;_1 in degree [ — 1 and differential mapping
x; to z;_1. Let S! be the chain complex with one generator in degree . Then the generating
cofibrations in dg-mod can be chosen to be the inclusions S'~! — D!, while the generating
acyclic cofibrations are the maps 0 — D',

There is an adjunction between the category of ¥,-modules in a given model category € and
the category €N of collections of objects in € indexed by N, given by forgetting the action
of the symmetric groups in one direction and by associating to ¢ in € the free 3,-object
Us,, ¢ in the other direction. Applying Theorem [2.34] to this adjunction yields the following
model structure on CX.-mod.
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Proposition 2.35. Let C be a cofibrantly generated model category. Then the category of
d«-objects in C inherits a model structure with weak equivalences and fibrations given by
degreewise weak equivalences and degreewise fibrations.

We call Y,-modules which are cofibrant X.-cofibrant. A Y,-module M in € is called C-
cofibrant if it is a cofibrant object in € in each arity. We use a similar terminology for mor-
phisms of 3,-modules. We apply theorem to the free-forgetful adjunction between the
category CX,-mod and the category of right P-modules. The condition that P is C-cofibrant
ensures that the free functor maps (acyclic) C-cofibrations to (acyclic) C-cofibrations, which
facilitates checking the requirements of Theorem [2.34

Theorem 2.36. Let P be C-cofibrant. The category Mo of right P-modules is a cofibrantly
generated model category with

e weak equivalences the maps which are levelwise quasiisomorphisms in C,
e fibrations the maps which are levelwise fibrations in C.

The generating (acyclic) cofibrations are given by the maps
1QFo0P:CRQF,0P—=D®F. 0P

where i: C'— D is a generating (acyclic) cofibration in C and

le, 1=
B 1) = { e te 12
0, I #r.

Unfortunately we need to proceed with more care if we want to define a model structure
on the category of operads in € or the category of algebras over a given operad. Not only
do we need to assume that the model structure on C respects the symmetric monoidal
structure, but the category of algebras over operads indeed only forms a so called semi-
model category: In general, the right lifting properties for (acyclic) fibrations as well as the
factorization axioms only hold if the domain of the map in question is cofibrant, see [20), ch.
12].

Definition 2.37. Let C be a complete and cocomplete category with inital object ). We say
that C is a semi-model category if there are three distinguished classes of morphisms, called
weak equivalences, fibrations and cofibrations, satisfying the following properties. As for
model categories, we call an object ¢ of C cofibrant if the morphism () — ¢ is a cofibration.
We also call a fibration (cofibration) acyclic if it is a weak equivalence.

e The initial object () is cofibrant.
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o If f and g can be composed and if two out of the three morphisms f, g and fg are
weak equivalences, then so is the third.

o The distinguished classes of morphisms are closed under retracts.

e FEuvery cofibration has the left lifting property with respect to acyclic fibrations. Every
acyclic cofibration has the left lifting property with respect to fibrations.

e Fuvery fibration has the right lifting property with respect to acyclic cofibrations with
cofibrant domain. Every acyclic fibration has the right lifting property with respect to
cofibrations with cofibrant domain.

o Every morphism f with a cofibrant domain can be factored as f = pi with p an acyclic
fibration and i a cofibration. The morphism f can also be factored as f = qj with q a
fibration and j an acyclic cofibration.

Since we will later define operadic (co)homology as derived funtors, for our purposes it is
important to note that since the initital object is cofibrant, we can cofibrantly replace any
object ¢ of € in a semi-model category, and that there always is a weak equivalence from
one cofibrant replacements of ¢ to another.

Again the semi-model structure on the category of algebras over a given operad P is con-
structed using the free-forgetful adjunction between the category of P-algebras in € and C
itself, see [20, Theorem 12.1.4]. As before, the adjunction we use to construct the semi-model
structure becomes a Quillen adjunction of semi-model categories, see [20], 12.1.8].

Proposition 2.38. Let P be a X.-cofibrant operad in the cofibrantly generated symmetric
monoidal model category C. Then the category of P-algebras forms a semi-model category.
A morphism of P-algebras is a fibration (respectively a weak equivalence) if it is a fibration
(respectively a weak equivalence) in C.

Examples include P = As, which is clearly ¥,-cofibrant. In this case, the semi-model struc-
ture given by proposition [2.38| is indeed a model structure, it coincides with the model
structure on differential graded algebras exhibited by Jardine in [38]. On the other hand,
if we consider P = Com over k = Z, one easily sees that there can be no semi-model struc-
ture on Com-algebras such that the free-forgetful adjunction between Com-algebras and
Z-modules is a Quillen adjunction: Consider the acyclic complex D? of free abelian groups
with one generator x in degree 1 and one generator y in degree 2, with differential sending y
to x. Then Com(H.(D?)) = 0, while H,(Com(D?)) does not vanish. But a Quillen adjunc-
tion between semi-model categories would preserve acyclic cofibrations between cofibrant
objects. One way to deal with this problem is to replace Com by a X.-cofibrant weakly
equivalent operad, see for example [47] §2].
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2.4 Homology and cohomology for algebras over operads

From now on we work with the category € = dg-mod as a ground category. Since for a
>.-cofibrant operad P we know what cofibrant replacements in the category of P-algebras
are, we can define their homology and cohomology as appropriate derived functors

HY(A; M) = H.(Derp(Qa, M)) and Hp(A; M) = H (M @y, 0, %(Qa)).

Hence every X,-cofibrant operad comes with a suitable notion of homology and cohomol-
ogy of algebras over this operad. Note the similarity of these definitions with the classi-
cal definitions of André-Quillen homology and cohomology. In particular, if A is concen-
trated in degree zero H$(A; M) = Derp(A; M), while for algebras augmented over k the
P-homology with coefficients in k computes the P-indecomposables of A in degree zero.
The P-cohomology group Hj(A; M) is connected to abelian extension of A by M (see [44]
12.4.3]). The P-cohomology of A is also related to deformation theory (see [44, 12.2]) and
obstruction theory ([34], [13]).

In this section we will give a brief overview of the objects involved in the above constructions
and state the definition of homology and cohomology of an algebra over an operad. The
material in this section stems from [20} ch. 4, ch. 10, ch. 13]. We fix a X,-cofibrant operad
P.

Definition 2.39. Let (A,v4) be a P-algebra, M € dg-mod. Then M is called a represen-
tation of A over P if there is a map

vy P(A; M) — M

such that the diagrams

P(PA); P(A; M) = (PP)(A; M) 28 padry and M T P(A; M)

Y

Jptsam | N

P(A; M) m M M

commute. A chain map f: M — N between representations of A is called a morphism of
representations if

fym = yn(da; f).
We denote the category of representations of A by Rp(A).

Example 2.40. For P = Asy a representation of the associative algebra A is the same as
an A-bimodule. For P = Comy, we can identify representations with left modules over a
commutative algebra or equivalently with symmetric bimodules. Representations of algebras
over As and Com correspond to their nonunital versions. The operadic and the traditional
notion of representations of Lie algebras agree as well.
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Like for P = Lie there is an associative algebra such that representations of A correspond
to left modules over that algebra.

Definition 2.41. Let L be a left and R be a right P-module. The ¥,-module R op L is the
coequalizer of

YrL
Ro®PolL Ro L,
Ry

i.e. the quotient of Ro L by the relation generated by
(U ey e, YL (D5 by ooy L) ity s L) — yR(7 1, o Lpy 1, 1) (U, ey L)
Note that for right P-modules R, R’ and a left P-module L
(R®R')op L= (Rop L)® (R op L).

Definition 2.42. Let P[] be the right P-module with P[l|(i) = P(l + i), with the action of
Y induced by {1,...,i} = {l+1,..,i+1} C {1,...,i +1}. The right P-module structure is
given by

Y(P; 1y s 0i) = 4205 1, oy 1,01, s i)

Definition 2.43. The universal enveloping algebra Up(A) associated to the P-algebra A is
the associative algebra
Up(A) = P[1] op A.

The multiplication is induced by

@r,szo(ﬂ)(r +1)®@P(s+1)) k(S O[S,] A®T+s

A®r+s

D, 550 P(r + 5+ 1) @i, omfz,) A

1@k S, @k[Ss]

Do Pt + 1) @pzy A%t

Proposition 2.44. The category Rp(A) of A-representations over P is isomorphic to the
category of left Up(A)-modules.

Lemma 2.45. Set Up = P[1]. This is an associative algebra in right P-modules with
multiplication

P[1] @ P[1] — P[1]
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restricted to

(PPN = @ (Pl(a) @ PRIO)) Sk, jers,) FEi]
a+b=l

given by equivariantly extending

or: @ Pla+1)@P(+1) = Pla+b+1).
a+b=l

Then for any P-algebra A we have that Up(A) = Up op A with the induced algebra structure.
Denoting the right P-module structure map of P[1] by vypp), we will often write

p(ph <y Pi—1,2, Pi, "'7pl—1)

for the element vy (p-(1....7); p1, ..., p1—1) € P[1].

There also is an operadic generalization of the module of Kéahler differentials, i.e. a repre-
sentation that is a representing object for derivations.

Definition 2.46. For a P-algebra A and a representation M a map f: A — M is called a
P-derivation if the diagram

2 f |

A M

commutes. We denote the k-module of derivations A — M by Derp(A, M).

Definition 2.47. Let A be a P-algebra. The module of Kdihler differentials Q4(A) is the
differential graded module generated as a k-module by expressions

p(ay,...,daj,...,an), p€Pn),ay,..,ap €A
with equivariance relations
(p.o)(ay,...,da;, ...,an) — plo.(al, ..., da;, ..., an)),
for all o € 3y, where
o.(b1, .. by) = 11 ()P} (by-11), oo b1y,
1<i<j<nio(i)>0(j)
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and further relations

p(ala vy 51, IYA(CL Qjy ey CLjer,l), Ajtmy ey dai? (X3} am+n*1)
— (=1)lllarlt-HaiiD(pos g)(a, ..., amin_1) forj # 1,

(a1, ey @1, dYA(G; Qi vy Qigem—1), Qigms -+ Gmgn—1)
m—1

- (—)lallart-tlaial(p o; g)(ay, ..., dags, -..r Anm—1)
1=0

with ¢ € P(m). The differential on Q4(A) is induced by the differentials of P and A. The
k-module Q4(A) is a representation of A with left Up(A)-action given by

q(x7an+17 -~-7an+m) 'p(a17 "'7dai7 "'7an) = (q o1 p)(alv "'7dai7 "-7an+m)
forp € P(n),q € P[1](m),a; € A.

Proposition 2.48. Up to isomorphism the module of Kdhler differentials Qp(A) is deter-
mined by being a representation of A such that there is a natural isomorphism

Derg (A, —) & Homy, (1) (25(A), ).
In the following proposition we assume that P(7) is a k-module to avoid additional signs.

Proposition 2.49. Let P(i) be concentrated in degree zero for each i > 0. There is a right
P-module Q%) such that for all P-algebras A

Q3(A) = QF op A.
More precisely Q%, 1s as a k-module generated by expressions
P(Tiys ey dwiyy s T,

with p € P(n), {i1,...,in} = n and indeterminates x1, ..., x,. The equivariance relations are
generated by
(p.o)(1, .oy dxyy ooy ) — plo(x1, ..., dziy ooy T))

for all 0 € ¥y,. The right X-action is defined by
(p(xlv S dwiv ) .%'n))O' = p(xa(l)v ) dxo‘(i): ) xo‘(n))
and the right P-module structure is determined by

(p o)) q)(l‘l, ...,dl‘i+m_1, ---,$n+m—1)> l < ’i,
p(1, .y diy ooy ) 01 ¢ =< (poy @) (w1, ey dTiy ooy Trym—1), l>1,
Z}";Ol(p 01 @) (X1, ey it gy ooy Trm—1), 1 =1.
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forp € P(n),q € P(m). The left Up-module structure is given by

q 'p(l‘lu ...,d.’[‘i, 71"71) = (p o1 Q)(fEla "'7d'ri7 "-75L‘n+i)
for g € P(i+ 1) = P[1](7).

Lemma 2.50. Let A = (P(Y),04) be a quasifree P-algebra with differential induced by
a:Y = P(Y). Then
Qp(4) = (Up(4) ®Y,0,,)

as a Up(A)-algebra with differential
J) () () : i ; ;
O(u®y) = ZZ ety gD 7y ey ) @y,

where a(y) =3, pU (y1 e 7y’£1:7))'

Proof. The isomorphism is induced by

Up(P(Y) @Y = Qp(P(Y)), P2, Y2, s yn) @y > (= 1)Ul t Dy g ),

A calculation shows that this is a morphism of Up(A)-modules and that the map respects
the differentials, see [33, 2.1.1]. O

After defining representations, derivations, the enveloping algebra and the module of Kéahler
differentials we are finally in the position to talk about operadic homology and cohomology.

Definition 2.51. Let A be a P-algebra, M a representation of A over P. Then the P-
homology of A with coefficients in M is given by

for a cofibrant replacement Q4 of A as a P-algebra.
Similarly, the P-cohomology of A with coefficients in M is given by

Hy(A; M) = H.(Derp(Qa, M))
where Q4 is again a cofibrant replacement of A as a P-algebra.

Remark 2.52. That these definitions are indeed independent of the choice of a specific
cofibrant replacement is proved in [20, 13.1.2]. Furthermore, one easily sees that P-homology
and P-cohomology are functorial in A and M and that a weak equivalence A — B of P-
algebras induces isomorphisms

HY(A; M) — HY(B; M) and Hj(B; M) — Hj(A; M).

In [33, Theorem 2.5] it is shown that a quasiisomorphism P — Q of ¥.-cofibrant operads
induces a natural isomorphism between P- and Q-homology.
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Example 2.53. For the classical case P = As; we retrieve Hochschild (co)homology up
to suspension. If char(k) = 0 the operad Comy is Y.-cofibrant and the (co)homology of
commutative algebras defined this way is, again up to suspension, Harrison (co)homology.

2.5 Homological algebra for small categories

Let C be a small category and consider the category Fun(C, k-mod) of covariant functors
from C to k-mod. We recall the construction of Ext and Tor in this context, which can be
for example found in [66, ch. 2] or [52]. The category of functors € — k-mod is an abelian
category: All limits and colimits exist and are formed objectwise, a natural transformation
n: F — G is a monomorphism (respectively an epimorphism) if 7. is injective (respectively
surjective) for each object ¢ € C.

The category Fun(C, k-mod) has enough injectives and projectives since k-mod has enough
injective and projective objects and the abelian structure is defined objectwise. More pre-
cisely, by the Yoneda lemma, natural trandsformations n: k[C(c,—)] — F correspond to
a choice of n(id.) € F(c) for any ¢ € € and any F € Fun(C, k-mod). Similarly a natu-
ral transformation F' — Homy (k[C(—, ¢)], k) corresponds to choosing a value for F'(c)(id.).
Hence k[C(c,—)] is projective, and every functor from € to k-mod receives a surjection
from a sum of these representables. Seeing that Fun(C, k-mod) has enough injectives is
more involved, cf. [66, 2.3.13]. For this reason we will restrict ourselves to the case that
C(e,d) is a finite set for all ¢,d in €. Under these assumptions, the observation about
Nat(F, Homy (k[C(—, c)], k)) we made above yields that the functor Homy(k[C(—,¢)], k) is
injective (cf [52]) and that hence Fun(€, k-mod) has enough injectives. The same holds for
the category of contravariant functors from € to k-mod if we consider the contravariant
representables k[C(—, ¢)].

In particular we can talk about projective and injective resolutions of such functors: Given
a covariant functor F': € — k-mod a projective resolution of F' is an exact sequence

. > PL—>P_ 1 —>...—-P—>FP—F—=0

such that all the P; are projective. Analogously, an injective resolution of F' is an exact
sequence of functors

O—-F—>Iy—->05L—..—1i— L — ..

with all I; injective. Projective and injective resolutions of contravariant functors are defined
similarly.

Hence we can define derived functors in this setting. We will stick to the cases we need to
define the derived functors we will use later.

Definition 2.54. Let F: Fun(C, k-mod) — k-mod be a covariant right exact functor and
F € Fun(C, k-mod). Then

EF(P) = ( — ?(Pz) — ?(Pi—l) — . = St(Pl) — EF(P()) — 0)
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with F(P;) in degree i is a chain complex in the abelian category Fun(C, k-mod). The left
derived functors of F are defined as

(LF)s(F) = Hs(F(P)).

Similarly, for a left exact functor G: Fun(C, k-mod) — k-mod we define the right derived
functors of G to be
(RS)s(F) = H*(S(I))

for an injective resolution I of F. For a left exact contravariant functor H from the category
Fun(C, k-mod) to k-mod we define its right derived functor applied to F € Fun(C, k-mod)

(RH)s(F) = H*(H(P)),

where P again is a projective resolution of F.

Remark 2.55. As usual one can show that, up to isomorphism, derived functors are inde-
pendent of the choice of projective or injective resolution.

We now define Tor and Ext for functors from € to k-mod by deriving the tensor prod-
uct functor and the functor of natural transformations. That these functors satisfy the
appropriate exactness requirements follows for example from [61], ch. 16].

Definition 2.56. For F' € Fun(C, k-mod) and G € Fun(C, k-mod) we define G @¢ F as
the k-module given by

GoeF= P Glo)@F(c)/ ~
c€Ob(C)

with the relation ~ defined by (z, F(f)(y)) ~ (G(f)(x),y) for f € More(c,d),y € F(c),z €
G(d). We set
Torl (G, F) = (L(G ® —))+(F).

Similarly, for F, H € Fun(C, k-mod) we set
Exto(F, H) = (RNat(F, —)).«(H).
Remark 2.57. As in the classical setting, one can compute Tor and Ext as
Tor (G, F) 2 (L(— @ F)).(G)

and
Exte(F, H) = (RNat(—, H)).(F)

as well.
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3 E,-homology and cohomology

In [23] Benoit Fresse proves that the n-fold bar construction for commutative algebras can
be extended to F,-algebras, and that one can calculate F,-homology with trivial coeffi-
cients up to a shift as the homology of this iterated bar construction. Muriel Livernet and
Birgit Richter use this in [4I] to prove that one can interpret E,-homology as functor ho-
mology. There is also an extension of Fresse’s result to E,,-homology and cohomology of a
commutative algebra A with coefficients in a symmetric A-bimodule M, which we will use
in section |4] to extend the results of Livernet and Richter. The goal of this chapter is to
give the details of the proof of Fresse’s unpublished result, based on a sketch of the proof
provided by Benoit Fresse to the author. The ideas of this section mostly stem from [20]
and [23], but the arguments for this extension to the non-trivial coefficient case have not
been written down yet.

We first define E,-operads and FE,-algebras, then recall the constructions of [23]. Finally
we give a proof of the unpublished result by Fresse for coefficients in M.

3.1 FE,-algebras

The interest in E,-structures originated from the study of n-fold loop spaces. Around 1970
Boardman-Vogt [9] and May [50] showed that under some conditions n-fold loop spaces
correspond to algebras over a certain operad. We will define this operad and then describe
the algebraic analogue of n-fold loop spaces, F,-algebras.

FE,-operads

Definition 3.1. ([9, Example (2.49)],[50, Definition 4.1]) Let 1 <n < oo and let I = [0, 1]
denote the unit interval. As a set the little n-cubes operad C, is given in arity r by linear
embeddings with parallel azxes of r n-dimensional cubes I™ into an n-cube such that the
images of the interiors of the r embedded cubes are disjoint. This set is endowed with the
topology inherited from being a subspace of Top((I"™)"", I"™). The operad structure is defined
as follows: Let f = f1+ ...+ fr: (I — I" and g = g1 + ... + gs: (I™)° — I" be
embeddings as above. Then for 1 < i < r we define the partial composition o; by

foig=fi+..+fia+fiolgr+ ... +9gs)+ fix1 + ...+ fr.

The symmetric group X, acts on Cp(r) by permuting the embedded n-cubes.
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The following picture illustrates the composition for n = 2.

9 9 @
1 1

Define an operad morphism G, — C,41 as the morphism induced by interpreting I" as a
fixed face of I"*1. More precisely, map a little n-cube fi+ ...+ f.: (I")"" — I™ to the little
n + l-cube

fixidr 4 ... + fr xidy: (IVTHYT — L
We set Gy = € = colim;C;.
The reason for the interest in C,, lies in the following example and theorem.

Example 3.2. Let X be a topological space. Then Q"X 1is a C,-algebra: For
Yy ooy Yr: (IM,0I") — X
and a little n-cube f1 + ... + fr: (I")" — 1" let

vi(y), == fi(y) for some i,

VX (f1 4 o+ frivs ) (@) = .
*, otherwise.

Theorem 3.3 ([50, Theorem 1.3], see also [9, Theorem 6.31, Theorem 6.24]). For 1 <n <
o0, a connected space has the weak homotopy type of an n-fold loop space if and only if it
18 a Cp-algebra.

By remark we pass from the topological to the algebraic world via the singular chains
functor C.,.

Definition 3.4. We call an operad P in dg-mod an Ey,-operad if there is a zig-zag of
quasiisomorphisms connecting P and the operad C.(Cy,), i.e. if there are operads P1, ..., Py
and quasiisomorphisms

PP P CL(Cy).

Example 3.5. Since C1 is homotopy equivalent to Asff’p, an operad P is an FEy-operad if
it is connected to Asy by quasiisomorphisms. In the other extreme case, n = 0o, one can
show (see e.g. [50, 4.8]) that each C(r) is contractible. Hence in the terminology above an
operad P is an Es-operad if it is connected to Comy by quasiisomorphisms. Note however
that Eo-operads are often assumed to be Yy -cofibrant or even %.-free in each arity r.
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The Barratt-Eccles operad The Barratt-Eccles operad was originally introduced as a
simplicial operad EY by Barratt and Eccles in [3], §3]. In arity r

EX(r) = E%,

is the nerve of the translation category associated to 3., i.e. the nerve of the category with
objects the elements in ¥, and with exactly one morphism from one object to another. The
operation of ¥, on EY,. is the diagonal one. Composition in the simplicial Barratt-Eccles
operad is defined as follows: For ¢ € ¥, and 7 € ¥ the ith composite g o; 7 € X451 is
given by

1,81, (dq,im1)y © T O idgigs, . rys—1})5

where o(; 151,..1) permutes the r blocks {1}, ..., {i—1}, {7, ...,i+s—1}, {i+s}, ..., {r+s—1}
like o permutes {1, ...,7}, and

l I <1,
(dg,. iy @ T @ s rps1) (D=7l —i+1)+i—-1, i<I<i+s—1,
l [ >i+s.

The partial composition
o;: (EX(r) x EX(s)); — (EX(r+s—1))
of EY is then given by
(W0, ey ) 05 (T0y weey T1) = (W0 04 TO,y +eey Wy 04 T7)

for wg, ...,w; € Xy and 79, ..., 7] € 2s.
Recall that for a simplicial k-module K: A°? — k-mod with face maps d;: K; — K;_1 and
degeneracies s;: K; — Kj11 the normalized Moore complex N K of K is the chain complex

with
-1

(NK)[ = Kl/zsi(Klfl)

1=0

and differential l

Z(*l)idii (NK); = (NK);_;.
i—0

This gives rise to the following differential graded version.

Definition 3.6. The Barratt-Eccles operad € is in arity v given by

E(r) = N (K[ES,]).

33



Hence &(r); is k-free with a basis given by [+ 1-tuples (0, ..., ;) € B such that o; # o441,
and the differential is given by

l
d(O'(), ceey O'l) = Z(—l)z(go, ooy O4—13 0541y o0y Jl)-
=0
The action of o € ¥, on E(r) is the diagonal one, i.e.
(00, ..., 01).0 = (000, ...,000).

The composition induced by the composition in EX. is then

0;: E(r); @ E(S)m — E(r 4+ 8 — 1)14m,

(007-"70l) %4 (7_07"'77—711) = E i(gl"o Of Tygs s Oz ©i Tyz+m)7
(IO,...,I[+m),
(Y0 sYi+m)

where the sum is taken over all paths (x,y) from (0,0) to (I,m), i.e. sequences x =
(x0y -y Tigm) and y = (Yo, -, Yi4m) n [[+m] ={0,...,l+m} with x5 < zj11,Y; < yjp1 and
xj — Tjr1 +y; — yj+1 = —1. The concrete signs are described in [8, 1.1.3].

In particular, £(r) is obviously a ¥.,-free simplicial set. Since EY, is the nerve of a category
with a terminal object, the maps EY, — % induce isomorphisms on homotopy groups.
Hence it is clear that the map

N.(k[EX;]) — Com

sending N;(k[EX,]) to 0 for I > 0 and given on Ny(k[EX,]) = k[X,] by 0 — 1is a X,-
equivariant quasiisomorphism. We see that & is a X.-cofibrant F..-operad.
In [63] Smith defines a filtration

Ex®M c gx®@ c . c Ex®™ c gyt ¢ | c EY

of the simplicial Barratt-Eccles operad by suboperads EX(. The simplicial operad EX(™
consists in arity r of simplices (wo, ...,w;) € (E%,); such that for all 1 <4, < r the sequence

((wo)ijs - (wWi)ij)

has at most n — 1 variations, where for w € %, we define w;; to be id(g) € ¥ if w(i) > w(j)
and (12) € Xy otherwise.
This filtration gives rise to the following filtration of € by E,-operads, see [7, 1.13].
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Proposition 3.7. Let &, be the suboperad of & which in arity r and degree [ is as a k-module
generated by sequences (wo, ...,w;) € L1 such that

((@o)ijs -+ (wi)is)
has at most n — 1 variations for all i,j € r. This defines a filtration
As=E CEC...CE,CEpp1 C...CE

of € by suboperads such that &, is an E,-operad.

E,-algebras We give some examples of E,-algebras. The obvious class of examples arises
from the original motivation for studying FE,-algebras in the topological world.

Example 3.8. Let X be an arbitrary topological space. Then by example[3.9 the space Q"X
is a Cp-algebra, and consequently C\(Q2"X) is an algebra over Cy(Cy).

Example 3.9. Let A be an algebra over an Eo-operad E admitting a filtration
kFhCc.CE,CE,.1C..CFE

by E,-operads, e.g. E = Cy(C) or E = &. Then A is an Ey-algebra for any 1 < n < oo by
restricting the given E-algebra structure.

Example 3.10. Often E-operads E are not only connected to Com via a zig-zag of quasi-
isomorphisms, but indeed admit a morphism

E — Com.
Ezxamples include C.(C) and E. Then every commutative algebra is an E-algebra as well.

Example 3.11. Another important example arises for n = 1: Algebras over an E1-operad
are Aso-algebras. A cofibrant (nonsymmetric) Ey-operad Ao is given by the operad formed
by the cellular chains on the topological operad of Stasheff’s associahedra ([49, 1.8]).

Example 3.12. The famous Deligne conjecture (see [49, 1.19] for an overview) states that
the standard cochain complex C} 1 (A; A) computing Hochschild cohomology of an associa-
tive algebra (or more generally an Ax-algebra ) A is an algebra over a suitable Es-operad.
In particular, the Gerstenhaber algebra structure on Hochschild cohomology stems from an
action of the operad H.(E2) governing Gerstenhaber algebras. A proof has been given,
amongst others, by McClure and Smith in [51]. The Ez-operad acting on Cy(A; A) ex-
hibited by them is in fact up to signs a quotient of the suboperad Eo of the Barratt-Eccles
operad (see [§]).

Example 3.13. There is also a generalized version of the Deligne conjecture, stating that
for a suitable cochain complex D*(A; A) computing Ey,-cohomology Hy, (A; A) for an Eyp-
algebra A, the complex D*(A; A) is an E,i1-algebra. A construction of such a complex
D*(A; A) is discussed in [37] and [45, 6.1.4].
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3.2 [E,-homology with trivial coefficients via the iterated bar construction

We will discuss the iterated bar complex constructed in [23] and its relation to E,-homology
with trivial coefficients in this subsection. To simplify matters, we restrict our attention to
the Barratt-Eccles operad and set F = € and E,, = &, for the rest of this chapter, although
the results in [23] are proved for a more general class of E,-operads. Furthermore, we will
work with nonunital F,-algebras and hence only consider operads P with P(0) = 0. The
trivial action of an E,-algebra A on k is given by setting

En(r) ®s, (A; M)®" — M

to be zero for all » > 2 and to be the identity on E, (1) ® (A; M) = M. We will still denote
this reduced version of E,, by E,. We will also frequently switch between considering .-
modules and functors defined on the category Bij of finite sets and bijections as explained
in proposition [2.15]

Observe that working with the reduced variant of E, does not affect F,-homology and
-cohomology. Indeed, there is a Quillen equivalence between the category of nonunital E,,-
algebras and augmented E,,  -algebras, where E, (0) = k: Every augmented E,  -algebra
can be interpreted as a FE,-algebra, while on the other hand to an E,-algebra A we can
associate the augmented E,  -algebra A, = A @ k. This is an E, ,-algebra if we set
plai,...ai—1, 1k, ait1,...,a;) = (po; n)(ai,...,ai—1,ait1,...,a;) for p € E,, with 1; denoting
the unit of A4 and n denoting the generator of E,,, (0). Also each representation of A is a
representation of A, as well. Using that (Q4)+ is a cofibrant replacement of A, if Q4 is
a cofibrant replacement of the E,-algebra A, and that

DeI‘En (QA7 M) = DeI‘En+ ((QA)JH M)a
we see that for example Hy, (A; M) = HE7L+(A+; M).

The iterated bar complex associated to E-algebras The (unreduced) bar construc-
tion was defined bei Eilenberg-MacLane in [16], I1.7]. We recall the definition of the nonuni-
tal reduced bar construction, which we will be working with. For a € A we denote the
corresponding element in XA by sa.

Definition 3.14. Let A be a nonunital differential graded k-algebra. The reduced bar con-
struction BA is the differential graded k-module

(T°(24) = P(4)*,0,).

i>1
The twist 05 is given by
-1
0s(sa1 ® ... ® say) = Z(—l)”‘al""“‘ﬂailsal ® ... ® 84411 D ... ® say.
i=1
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If A is graded commutative, BA is a differential graded commutative algebra as well, with
product given by the shuffle product

sh(sa1 ® ... ® sap, Sap41 @ ... @ SGprq) = Z (=1)sa5-1(1) @ ... ® 8C5-1(p1q),
o€sh(p,q)

where sh(p,q) C Xp4q denotes the set of permutations o such that o(1) < ... < o(p) and
o(p+1) < ..<a(p+q). The sign e is determined by picking up a factor (—1)(el+D(a;1+1)
whenever i < j and o(i) > o(j). In particular we can then iterate the construction and
define an n-fold bar complex B™(A).

Remark 3.15. The bar construction BA is the augmentation ideal of the normalized Moore
complex associated to a simplicial differential graded algebra whose l-simplices are given by
(A% face maps defined similar to the summands of the differential s and degeneracies
given by inserting the unit of Ay. The construction originally given in [16, 11.7] corresponds
to the unnormalized Moore complex associated to this simplicial differential graded algebra.
There also is a reduced bar construction with coefficients in a nonunital right A-module M
and a nonunital left A-module N, as well as an unreduced version. The case discussed above
corresponds to the reduced bar construction with coefficients in M = N = k.

Definition 3.16. Let P be an operad in differential graded modules and let R be an As-
algebra in right P-modules. Just as for usual algebras the bar construction associated to R
is the right P-module given by BR = (T°(XR), ds) with

T°(SR) = @(ER)®".

i>1
and twist defined for
51 ® ... @511 € XR(e1) @ ... @ ZR(eg) C (ZR)®!(er U ... Uey)
by
k—1 4
Os(sm1 @ ... ® s17) = Z(—l)Hl”H“"”‘sn ® ... ® sy(idg; 73, Tig1) @ ... ® s7Y.
i=1
Here the tensor product is the tensor product of right P-modules and idy € As(2).

If R is commutative, i.e. if the action of As on R factors through Com, then BR is a
Com-algebra in right P-modules with multiplication again given by the shuffle product.

Applying this to Com itself we define the commutative algebra B, in right Com-modules
by
Bg,,, := B"(Com).
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According to [23} 2.7, 2.8] the iterated bar module B is a quasifree right Com-module
Bg,m = (T Com, 0,).

with T" = (T°%)™(I) a free ¥ -module. Recall that, for a free right P-module K®P and
a morphism f: K — R with target a right P-module, 0y: KP — R denotes the induced
morphism of right P-modules.

By [23, 2.5] it is possible to lift 5 to a twisting differential

Oc: T"E —T"E
and set Bj = (T"E,0,). For an E-algebra A we call
Bp(A) = Bpop A

the n-fold bar complex of A.

The complete graph operad To prove that it is possible to extend the definition of
the n-fold bar complex from E-algebras to E,-algebras, Fresse shows that 0.: T"E — T"E
restricts to

Oc: T"E, - T"E,.

To do this one uses that FE is equipped with a cell structure indexed by complete graphs.
Since we will need the complete graph operad X in subsection to prove a similar result
for E,-homology and -cohomology with coefficients, we revisit the relevant definitions and
results. The complete graph operad and its relation to E,-operads has been discussed by
Berger in [6].

Definition 3.17. Let ¢ be a finite set with r elements. A complete graph k = (o, 1) on e
consists of an ordering o: {1,...,r} — e together with a symmetric matriz jt = (fef)e, fer
of elements p.y € No with all diagonal entries 0. We think of o as a globally coherent
orientation of the edges and of the matriz p as the weights of the edges.

Example 3.18. The complete graph

on the set {e, f,g} corresponds to
o:{1,2,3} = {e, f,9}, o(1)=g,02)=f,03)=e¢

and prep = 0, fleg = 4, ppg = 3.
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Definition 3.19. The set of complete graphs on e is partially ordered if we set

(o,1) < (o', )

whenever for all e, f € e either py < u’ef or (Oef, flef) = (créf,u;f). The poset of complete
graphs on e is denoted by K(e).

Proposition 3.20. [6] The collection X = (K(e))e of complete graphs forms an operad in
posets: A bijection w: e — €' acts by relabeling the vertices. The partial composition

oc: K(e) x K(f) = K(el f\ {e})

is given by substituting the vertex e in a complete graph (o,p) € K(e) by the complete
graph (1,v) € K(f), i.e. by inserting (1,v) at the position of e, orienting the edges between

gee\{e} and g’ € f like the edge between g and e and giving them the weight fige.

Definition 3.21. [23, 3.4,3.8] Let (P(e))e be a collection of functors X(e) — dg-mod. Such
a collection is called a K-operad if for all finite sets e and all bijections w: e — €' there is
a natural transformation P(e) — P(e’) with components

U)n — ﬂ)li.w

for k € K(e), as well as partial composition products given by natural transformations

oc: Ple) @ P(f) = Ple\{e} U f)

for e € e with components
oc: P ® {Pn’ — Tnoen’a

satisfying suitable associativity, unitality and equivariance conditions. A morphism P — P’
consists of natural transformations with components P,, — P! commuting with composition
and the actions of bijections.

Similarly, a right X-module R over a K-operad consists of collections (R(e))e together with
natural transformations R, — R for all bijections w: e — €' with components

R, — Ry,

as well as natural transformations

oc: P(e) ® R(f) — R(e\ {e} U f)

with components
oc: Ry @ Prr — Rnoen’

for e € e satisfying again suitable associativity, unitality and equivariance conditions.
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Remark 3.22. [23, 3.4,3.8] There is an adjunction
colim: Ogg-mod 51O const

between the category Ogqg-mod of operads in differential graded k-modules and the category
%O of K-operads defined as follows: For a given K-operad P let

(colim®P)(e) = colim,.ex(e) P,
while for an ordinary operad Q we set
const(Q), = Q(e)

for & € K(e). We say that an operad Q has a K-structure if Q = colimP. A similar
adjunction exists between the category of right X-modules over a KX-operad P and the cat-
egory of right modules over colim®P, and we call right modules of the form colimR right
colimP-modules with K-structure.

Example 3.23. [23, 3.5] Besides considering constant K-operads the main example we are
interested in is the Barratt-Eccles operad E. For k = (o,u) € X(r) the k-module E,; is
generated by [-tuples

(o.)(), ...,wl) S Efrl

such that for all i,j € r the sequence
((@o)ijs -+ (wi)ij)

has either less than pi; variations or has exactly pi; variations and (wp)i; = oi;. It is
obvious that the differential of E respects the K-structure, that k < K’ induces an inclusion
E. — E. and that the action of T € ¥, restricts to B — FEy . Furthermore

colimycy(ry B = E(r).
To check that the composition in the Barratt-Eccles operad restricts to morphisms
oq: B @ By — Enoan’

for1 <a <r, observe that for (wp,...,w;) € Ex and (79, ..., Tm) € Ew and a path (z,y) from
(0,0) to (I,m) the sequence

(Wzg ©a Tyos -+ Wy Ca Tyl+m)

has the same number of variations restricted to vertices i,j of k as (wo, ...,w;). A similar
o / -
statement holds for vertices i, of k'. Also Wapm ©a Typim = Wi Oa Tm and

(W) Oa Tim)ij = (wi)ij, 1,7 vertices of k,
com (Tm)ij, 14,7 vertices of K.
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For i a vertex of k and j a vertex of k' the corresponding weight and orientation in the
graph (ko4 k') = (6, 1) is

fij = pia  and  Tiq = Tig-
Also the variations of i and j in (Wzy O Tyg, -+ Way iy Oa Tyi,) ar€ in bijection with the
variations of i and a in (wo, ..., w;), while (W; 0q Tm)ij = (Wi)ia. Hence E is equipped with a
K-structure.

Definition 3.24. Let X,,(r) be the poset of complete graphs k = (o, 1) such that p;; < n—1
for all pairs i,j € r. This defines a filtration

Xy C...CcX, CXpy1 C ... C K = colim, X,

of X by suboperads.

Remark 3.25. Considering KX-structures allows more control over the operads in question.
A closer look at the K-structure of E yields that colimgecx, Ex = Epn: If © = (wo, ...,w;) €
I s in By, then ((wo)ij, -, (w1)ij) has at most n — 1 variations for all i,j € r. Hence
x € By for k = (w, 1) with pey =n —1 for alli,j € r. This will allow us to show that the
differentials we are interested in restrict to E,.

The n-fold bar complex for FE,-algebras and FE,-homology Recall that T" =
(T°%)™(I) and hence has an expansion

Te)= P 1" N e)®...0 ST (e)

e=eill...Ueg

with
T'(e) = (I®)(e)= P k-0

o: s—e

for |e] = s. Elements in 7" (e) correspond to n-level trees with leaves decorated by e:

Definition 3.26. A planar fully grown n-level tree is a sequence of order-preserving sur-

jections
fn f2
t=[rp) ——...——=[r].
We call the elements in [r;] the vertices in level i. The elements of [ry] are also called the
leaves of t. A decoration of t by a finite set e is a bijection e — [ry].

For n =1 it is obvious that 7™ (e) has generators corresponding to decorated 1-level trees.
Forn > 1, let s11 ®...®@ sz € ST (e1) ® ... ST ! (¢;). Then the corresponding n-level
tree is the n-level tree with [ vertices in level 1 such that the ith vertex is the root of the
n — 1-level tree defined by x;.
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To show that O, restricts to X~"T"FE,, Fresse shows that T™ can be interpreted as a X-
diagram and that hence X7"T"FE is a right E-module with K-structure. Since we will
use the same decomposition in we recall the relevant definition. For a complete graph
k= (o,u) € K(e) and f C e let

g = (0" ppp)

be the complete subgraph of x with vertices f, with o’: {1,...,[f|} — f defined as the
composite

(Lo lf} —=071(f) —2 f.

Proposition 3.27. [23, 4.2] There is a X-diagram associated to T™ defined as follows: For
n=1and k= (o,u) € K(e) set T" =k-o C T(e). For general n and k = (o, ) € K(e)
an element

ST ® ... ® sz € LT e @ ... @ BT (g) c TH(ST™ ) (e)
is i T, if the following conditions hold:
1. For 1 <14 <1l we have that x; is an element of T:‘;l.
2. If e, f € e with pey < n — 1 then there exists i such that e, f € e;.
3. Ife, f € e with peg =n —1 and witheeg,jéﬁ with i < j then o5 = id.

Remark 3.28. The idea behind this definition is the following [19]: Interpreting t € T™(e)
as a tree, the smallest complete graph k with t € T} has vertices ordered like the inputs of
t and weights pey such that n — 1 — p.r equals the level on which the paths from e and f to
the root first join.

For a K-operad P let (T"colimP), for k a complete graph be generated as a k-module by
elements t(p1,...,p;) € T"colim®P such that t € T, p; € Py, with

K (K1, k) < K.

This endows T™P with the structure of a right P-module with X-structure. Having decom-
posed T™E in this way, Fresse proves in [23] 5.3] that

0((T"E),) C (T"E).
From this one deduces that the twist 0.: T™E — T™FE restricts to I, i.e. satisfies

O(T"E,) C T"E,,.
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Hence we can set
BEn = (T"Ey, 0)

and define the n-fold bar construction
B"(A) = BE op, A

for any E,-algebra A [23, 5.4, 5.5].

As a quasifree right E,,-module in nonnegatively graded chain complexes B, is a cofibrant
right F,-module. The augmentation of the desuspended n-fold bar complex is defined as
the composite

e: XTBE = VT - RTEN(I) = 1

with the first map induced by the operad morphism E,, — Com — [ and the second
map an iteration of the projection T°(XI) — XI. In [23, 8.21] Fresse shows that € is a
quasiisomorphism, hence 7" B, is a cofibrant replacement of /. This yields the desired
result:

Theorem 3.29. [23, 8.22] Let A be an E,-algebra which is degreewise k-projective. Then

H"(A:k) = Hi(S7" B, (4)).

3.3 E,-homology and FE,-cohomology of commutative algebras via the
iterated bar construction

After sketching the construction of the iterated bar complex for F,-algebras and the proof
that one can calculate E,-homology with trivial coefficients via the iterated bar complex, we
are now in the position to generalize this result to coefficients in a symmetric A-bimodule for
anonunital commutative algebra A. This is done by twisting the differential on Ueo, @ Bg,,,,
lifting this twist to Ugom ® B, and comparing Uee, ® Bf, endowed with this twist to a
complex which can be used to compute HE» (A; M). This comparison will be a comparison
of left Ugyy,-modules in right F,-modules, hence we start with discussing this category and
its model structure. After that we define the needed twist on Ug,y,, ® Bg,,, and show that
it lifts to Ugom ® B . Then we define the complex we will compare to Ueom ® Bp, = and
finally deduce the result. The result and the outline of this proof is due to Benoit Fresse.

The model category of left U-modules in right P-modules Let (U, uy, 1y) be an
associative unital algebra in right P-modules with P-action ~;7: UP — U. In particular, the
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diagram

U o U)yP Ly
UP® UP w
i’YU‘X)’YU

UeU 1 o U

commutes.

Definition 3.30. The category yMod(Msg) of left U-modules in right P-modules consists
of

e objects right P-modules (M,~ypr) with a left U-action ppr: U @ M — M which is a
morphism of right P-modules, i.e. the diagrams

U MPY P and UoUe M"Y uem

ig lU@#M iﬂ]\/]

UP® MP M Uo M —"

commute,

e morphisms which are morphism of right P-modules and respect the U-action.

Example 3.31. Let P be an operad. Then the right P-module Up modeling universal
enveloping algebras is an algebra in right P-modules and the Kdhler differentials Q%; form a
left Up-module in right P-modules.

Proposition 3.32. Let M be a X.-module. The free object in yMod(Myp) generated by M
18

U®MP

with U-action pygye given by

wy @MP

UeU®MP U® MP

and right P-module structure yygnrrp defined by

(U e MP)P—=>UP e MPP M o Mo
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Proof. A calculation shows that U @ MP is an object in yMod(Myp). For amap f: M — N
of ¥,-modules to (N, vy, un) € yMod(Myp) define

fU@MP— N
by R
flu® (m;p1,....pr)) = u-yN(f(Mm);p1, s Pr)s

where we abbreviate py(u ® n) by u - n. This is obviously the only choice possible if we
want to define a morphism in yMod(Myp). For v € U

fw- (e (m;py,...pr) = flou® (mipy,...,p,))
= (vu) - (f(m);p1, ..., pr)
= v (u-y(f(m);p1,..,pr))
= v f(u® (m;py,...,pr)).
For suitable p1,...,pr, q1,...,qs € P, u € U(a) we have

A~

fwenms(u @ (m;p1, . pr); g1, -5 Gs))

(=D F (0 (W5 1, oes Ga) @ (M99 (D13 Gat1s s Gatby )s oo YP(Pri Qactbrtootby 1115 -+ Gs)))

= (=D (u;q1; - qa) - IN(F(M); 7 (P15 Gat 15 -+ Gatby )5 -5 VP (Prs Qatby by 1415 -+, s)))
= (D wwqr, - qa) - AN (N (M) D1, s D)5 Qat 1y o5 @)

= N(u-yN(f(m);p1, . Pr)iqas oes gs)

(
= Ww(f(w® (m;p1, . pr))iqus oes ds)
with (—1)€ the sign acquired by applying the isomorphism (U @ MP)P = UP® M (PP). O

Remark 3.33. One could also guess that the free object in yMod(Msp) generated by a
Yx-module M 1is given by

(U ® M)P

with U-action

(ny®@M)P
_—

U UeMP—s (U U M)P (U@ M)P

and right P-module structure

(U @ M)pp L2

(U ® M)P.

But this is not an object in yMod(Msp) because the U-action is not a right P-module mor-
phism. As an example consider M = I, P = Com, U = Ug,,,. We denote the generator of
Com(j) =k by p; and the corresponding element in Ueom (j) = Com[1](j) by ug-]. Then for

z = (5 © (' 1) © pa; pa, i, 1) € (Ueom © UeomCom @ Com)Com.
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we have
'Verm®€om(Merm@)Gomeom)(:U) = (/‘g; pa, 1) @ i,

while

[0 @Com (VUeom @ VWeomaeom) (1153 112) ® (155 1) 1) ® (p15 1)) = (paas po, i1, 1) @ foa.-

In subsection we discussed the standard method to transport cofibrantly generated
model categories along adjunctions and recalled the definition of the model structure on
right P-modules. We will define a model structure on yMod(Mzy) by applying theorem [2.34]
to the adjunction

F=U®-—: M?:UMOd(M(p): Vv

with V' the corresponding forgetful functor. As we explained in subsection [2.2]the generating
cofibrations in dg-mod are of the form S"~! — D™ and the generating acyclic cofibrations
are of the form 0 — D™. We start by determining the FI- and F'J-cell complexes, where
FI (respectively F'J) is the set of maps

U (i®FP):U®(C®F?P) - U (D FP)

with i: C' — D a generating cofibration (respectively a generating acyclic cofibration) in
dg-mod and F;. is as in theorem [2.36

Note that the underlying differential graded module of the direct sum of left U-modules in
right P-modules is the direct sum of their underlying differential graded modules.

Proposition 3.34. A FI-cell attachment in yMod(Msg) is an inclusion K — (K & G, )
with G = UQMP for a free Xx-module M with trivial differential and 0: G — K. A FJ-cell
attachment in yMod(Myp) is an inclusion K — K & G' with G' =U @ (P, D" @ F,P).

Proof. The second claim is obvious. To see that the first claim holds, consider a FI-cell

attachment

@a U® (Sna—l ® Fra:])) &) K

l@a U®(ia®Fra ?)
.U ® (D™ @ F,P).

This diagram is isomorphic to

Nox— > fa
U®(@r20®ae[7,s * 1®Fr?)4>K

\LU@(@Z’D‘@FT(P)
U® (D,50 Duer, D" @ FP).
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Let e, be the generator of degree n of D™ and s, the generator of degree n of S™. Then
with M(r) = @,z S" and d(en,) = fa(Sn,—1) the Fl-cell attachment is exactly of the
form above. Conversely one easily shows that each inclusion like above can be constructed
as an F'I-cell attachment. O

Corollary 3.35. A relative FI-cell complex in yMod(Msyp) is an inclusion
K— (K®(U®MP),0)

with M a Y.-free X.-module with trivial differential, such that K @ (U @ M®P) is filtered
by G, A < K for a given ordinal k, with O(G)) C Gx_1 and Gy = K. A relative FJ-cell
complex in yMod(My) is the same as a FJ-cell attachment.

Now we are in the position to prove that the adjunction between yMod(Myp) and the
category of right P-modules gives rise to a model structure on yMod(Msy).

Theorem 3.36. Let P be cofibrant in dg-mod. Let yMod(Myp) be the category of left U-
modules in right P-modules. Then yMod(Msp) is a cofibrantly generated model category with

weak equivalences and fibrations created by V : yMod(Mgp) — Msyp. The generating (acyclic)
cofibrations F'I and F'J are of the form

U (CeFP)-U® (D F?P)
with C — D a generating (acyclic) cofibration in dg-mod.

Proof. The category yMod(Myp) is complete and cocomplete with limits and colimits created
by yMod(Mp) — Myp. Let f be a relative F'J-cell complex. Since V creates colimits, we
have that f = F(g) for a relative J-cell complex g, which is an acyclic cofibration by [20}
11.1.8]. But the functor F' sends acyclic cofibrations to weak equivalences by [4, Lemma
5.6]. The small object argument holds trivially for F'J since the domains of F'.J are all 0.
The domains of FI are of the form U ® (D' ® F,P), hence a morphism to K € yMod(My)
is equivalent to picking an element x € K(r) of degree [. If K = colimy.,L) is a relative
FI-cell-complex, it is clear that = € L) for some A < k. But since Ly € yMod(Myp) we see
that U ® (D! ® F,P) as a whole gets mapped to Ly. Hence by theorem the category
uMod(My) is a model category with the properties stated above. ]

By [20, 11.1.8] corollary implies:

Corollary 3.37. Let (U MP,0) be a quasifree object in yMod(Msyp) such that M is ¥,-free
and such that there is an ordinal k and a filtration (G\)a<x of U MP with 9(Gy) C Gr—_1.
Then (U® MP,0) is cofibrant. In particular such quasifree objects in yMod(Myp) which are
bounded below as chain complexes are cofibrant.
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Finally we examine how an operad morphism Q — P allows us to compare left modules in
right Q-modules and in right P-modules. First we record the following fact, which can be
directly calculated.

Proposition 3.38. Given a morphism Q — P of operads, let (V,uy,nv) be an algebra
in right Q-modules and (N, un,yn) € vMod(Mg). Then V oq P is an algebra in right
P-modules with multiplication

VoaP@Von®P—m (VaV)og P2y o

and unit defined via the inclusion V- — V oq P. Furthermore, N oq P is a left V og P-module
in right P-modules with structure maps

VoaP@NogP—(V&N)og P Noyp

and
(N 0g P)P 2 N og (PP) X222 N og .

For categories of right modules a morphism of operads gives rise to a Quillen adjunction,
see [20, Theorem 16.B]. In our setting we find a similar result:

Proposition 3.39. Let V' be an algebra in right Q-modules. A morphism Q — P of operads
gives rise to an adjunction

— o9 P: yMod(Myg) Voo?Mod(Myp): res,

where for M € yo,pMod(Mgp) the structure maps of res(M) are defined by restricting the
right P-module structure to Q and via the inclusion V-.— V oq P.

Proof. For a morphism f: N — res(M) of left V-modules in right Q-modules define the
corresponding map from N og P to M as

NogP 2o Mog® - M.

This is a welldefined map since f is a morphism of right Q-modules and due to the associa-
tivity of the right P-action on M, and defines a morphism in y,,pMod(Mgp). Conversely,
for g: N og P = M a given morphism in y.,pMod(Myp), define a morphism in yMod(Mq)
as

N——>NogP—2- M.

This correspondence defines a natural bijection between MorvOQ:PMOd(M,y)(N og P, M) and
Mor |, Mod(Mo) (N,res(M)). ]

48



Proposition 3.40. Let P,Q be cofibrant as differential graded modules in each arity. Let
Q — P be a morphism of operads. Then the adjunction described in proposition |3.39 is a
Quillen adjunction.

Proof. Since both in yMod(Mg) and y,pMod(Myp) fibrations and quasifibrations are cre-
ated by the forgetful functor to arity-graded differential graded modules, it is clear that the
adjunction is a Quillen adjunction. O

Twisting the n-fold bar complex: We now define the twist 9p on M ® X7"Bg_ (A)

which will incorporate the action of the nonunital commutative algebra A on the symmetric
A-bimodule M. As we will see later the general case follows from the case of universal
coefficients M = Uppm(A) = A
Recall from lemma that for an operad P there is an associative algebra Usp in right
P-modules such that

U{p Op A= Ug: (A)

for any P-algebra A. For P = Com we have
Ueom = Comy,

see e.g. [20, 10.2.1]. Set e, = el {+}. Denote the generator ye, € Ueom(e) = Com(ell +)
by /LQU. Then
He - 1F = pgLy,

with right Com-module structure given by

“g e lf = “éui)\{e}

for e € e.
Since
U@om(A) b2y Zian(A) = (U(‘fom b2 27n‘B(T?Lom) OCom A

we only need to define
Op: Ueom ® E_ntom — Ueom ® E_ntom.

Recall that as a k-module Bg = (T"Com,0d,) is generated by planar fully grown n-level
trees in T™ with leaves labeled by elements in Com. In the following, for a map f: M — N

from a 3,-module M to N € yMod(My) we will denote by
9;:U® MP — N

the associated morphism in yMod(Msp). The same notation has already been used (and
we will continue to use it) for induced morphisms and derivations defined on free right
P-modules. Which version applies will be clear from the context.

49



Definition 3.41. The morphism Oy in y,,, Mod(Meon,) is defined on the generators X~ "1™
of ¥7"Bg,,, by

0: X7"T" = Ueom @ X7 " Bagy,.-
The map 0 sends s™"(t,0) € L™"T™(e) witht = [ry] LN [r1] labeled by o [ry] —
e to

Z (_1)871’171/“[/{U0'71($)} R s_n(t\$,0;_71($))
0<i<ryp-1,
|fat()>1,

z=min f, 1 (1)

LD DR G VAT R VAT
0<i<rn 1
It (DI>1,
y=max f (1)

Here for s € [ry] such that s is not the only element in the 1-fiber of t containing s we let
(t\ s,a(’j_l(s)) be the tree obtained by deleting the leaf s. To be more precise,

fa

t\s= [rn—1]

with

’ _ fn(@), T <s,
Il = {fn<x+ D, a5

and ‘7;—1(5): [rn — 1] = e\ {o71(s)} defined similarly by

o(x), x < s,
0';,1(8)(1') = {

o(x+1), z>s.

The sign (—1)%mi is determined by counting the edges in the tree t from bottom to top and
from left to right. Then s, ; is the number assigned to the edge connected to the ith leave.
We will discuss the reason for introducing this sign in definition [{.4

Remark 3.42. On

M@X ™ "B"(A) =M OUe o (A) (Ueom ® Z_ntom) oeom (A))
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the map Oy induces

m® s "t(ag,...,ar,) Z (=1)*™*tma, @ s "(t \ x)(ag, ..., gy ..., Ay,
0<i<rp—1,
[t W)1>1,

z=min f;; 1(I)

+ Z (=1)*va,m @ s "(t\ y)(ao, ..., Ay, ..., ar,,)
0<i<rp—1
Ifat1>1,
y=max f, ' ()

fOT a tree t = [rn] L i> [7’1] labeled by aQ, .-y Gy, € A.

Let ny: k — Ugom(0) denote the unit map of Ug,,,. We want to lift
89+77U®’Y = 0y + Ugom ® 87

to Ueom ® B%. To achieve this we mimic the construction that is used in [23], 2.4] to lift
0,: BN - B to BY.

Com Com
Recall from proposition [2.15] that there is an adjunction between ¥,-modules and functors

Bij — dg-mod given by extending a »,-modules M to a functor M: Bij — dg-mod by
M(e) = M(r) ©s, Bij(e,r)

for a finite set e with r elements.
In particular, the Barratt-Eccles operad has an extension to finite sets and bijections given
by
&(e); = k < Bij(e, g)l"'l > .
In our constructions we often need to choose a distinguished element in Bij(e, r) for all e,

corresponding to an ordering of e. We fix a choice of a family (7¢)cerin such that for e C Ny
the element 7, corresponds to the canonical order.

Proposition 3.43. [23, 1.4] The quasiisomorphism between the commutative operad Com
and the Barratt-FEccles operad E takes the following form: Not only is there a quasifibration

P E— Com

of operads given by
(e)r > ( ) b=,
E(e); > (00, ..., 01) —
! 0 : 0, 1#0,

but also a section
t: Com — E,Com(e) 51— 7,
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which is a morphism of arity-graded differential graded modules, and a k-linear homotopy
v: E — FE between 1) and idg given by

E(e)i 3 (00, -..,01) = (00, .., 01, Te)

such that in addition v = 0. Note that this is not a homotopy retract of operads since t is
not a morphism of operads.

For a map f: C — D of degree p between chain complexes (C,d¢) and (D,dp) let
3(f): C — D be

6(f)=dpf — (1)’ fdc.
The following proposition extends [23, 2.5].

Proposition 3.44. Let U be an algebra in right R-modules and let R, S be operads equipped
with differentials dg and dg. Suppose there are maps

v C R (i) S
such that v is a morphism of operads, v is a chain map and
Yo =1id, dpv—vdr=1id —1wyp and Yv =0.
Let K = G ® X, be a free Xx-module and
B:G—-U®KS
a twisting morphism which additionally satisfies
(B) =dygksB+Bdeg =0 and 03B =0

with dysks and dg denoting the differentials on U @ KS and G. If K,U and S are
nonnegatively graded there always exists a twisting morphism a: K — U ® KR such that

U9 KR-*>U®KR

URKvY URKvY

0
U KS——U®KS.

Proof. Extend the homotopy v: R — R to R® by setting

l
o — Z(_l)z‘—l(w)@iq Qv® id%l*i
i=1

52



and extend ¢ to i: S® — R® by
i = 8

Since K is Y-free and hence KR = @5, G(i) ® R® and similarly KS = @), G(i) © S’

we can then define
7UQKR—-U®KR and :U®KS—U®KR
as U = idy @ @5 G(1) @ ¥V and I = idy @ @5, G(1) ®i"). Note that with this definition
(U K)i=id, 6(0) =idyexr — (U ® K1) and (U ® K)o = 0.

We define a: G — U ® KR by setting ag = i3,

and

Observe that 8: K — U ® K S lowers the degree in K by at least 1, hence ., lowers the
degree in K by m + 1. Since K is bounded below, « is well defined. Then for m > 1

(U®K)am=UKY) > a,05=0,
a+b=m—1

while (U ® Kv)ag = 3, hence
(U Ky¢)a=p

and the diagram above commutes.
To show that 0, is indeed a twisting differential we proceed by induction to show that

dam) = Z Oy O,

a+b=m—1

which then yields the claim for a. For m = 0 observe that
d(ap) = 6(B) = 0.

For m > 0 we calculate

5(am) = Z dU®KR7;aau ap + Z ﬂaaaabdg
a+b=m—1 a+b=m—1
= Y (~Pduekr+iduskr — (U ® K¢)da,0n+ Y 00a,0pda.
a+b=m—1 a+b=m—1
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But v is a morphism of operads, hence
(U ® K¢)0a,00 = Ouery)a, (U @ K)o,
Since
B, 1=0,
U KiY)a; =
( ¥ {0, j>0,

we find that (U ® Kv¢)0,,cp = 0 for all a,b > 0. It is well known that ¢ is a derivation
with respect to the operation defined by f x g = 0rg, hence using the induction hypothesis
we see that

> (dvekrOa,0n — Oa,anda) = Y 5(Oa,)
a+b=m—1 a+b=m—1
= ) (5(0an)ab — Ou,d(cw))
a+b=m—1
= Z ( Z e, Oa, )b — Dy ( Z Do, s))
a+b=m—1 r+s=a—1 r+s=b—1
=0
which concludes the proof. O

Proposition 3.45. There is a map A: XTI = Uy, @ XTI E such that

Ueom ® ST E ——2 Ueom @ £ "T"E
Ueom®@X™"T™ (w)i lUGO'm@EnTTL(U})
09+Ue om0
Ucom @ X7 "T"Com GotTeomB0) Ueom @ X "T"Com

commutes and such that 0§ =0.

Proof. We know that T" is ¥,-free. We need to show that the maps
v
v C F : Com

discussed in proposition and the map 0 + ny ® 7 fulfill the requirement of proposition
Since the differential of Ug,,, @ X™"T"Com is zero, it is trivially true that

duje,, @s-n1neom (0 + 1m0 @) + (0 +nu @ y)ds—npn = 0.
Hence we only need to show that

(0o + Ueom @ 04)(0 +nu @) = 0.
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Since we already know that + defines a differential, this amounts to proving that
690 + 86’(U€0m ® 7) + (erm ® a’Y)a = 0.

We omit the proof since it will be carried out in detail in lemma with Ueom ® Oy
corresponding to 9™ + 2?2—11 9@ and 9y corresponding to Sumin + Omax- O

Lemma 3.46. The twist Oy satifies

0p((S7"T"Com) ) C @D Ueom({e}) @ (S7"T"Com) (e (e}

ece
for k = (o, 1) € K(e).

Proof. We proceed by induction. For n = 1 we see that x € T} if and only if 2 corresponds
to the 1-level tree t.(eq, ..., e.) with r leaves decorated by e1,...,e,, where o= 1(i) = ¢;. If
r > 1 the map 6 sends s~ "t,(eq,...,e,) to

—,u({]q} ® s "tr_1(eg,...,er) + (—l)r,u?er} ® 8 "tr_1(e1, .y €r-1).
Denote by an) the morphism dyp defined on T*Com. For n > 1 observe that

aén)(sfn(sxl ® ...Q sz,)) = Z +7i5 (521 ® ... ® s@énfl)(xj) ® ... ® sxy)
J

for s71 ® ... ® sz, € (ST 1% where 7; is the isomorphism
(ST @ @ DU, @ T N @ ... @ BT = Ugg @ X7 (XT 1O,
Let z; € T}:_l. By the induction hypothesis
Op(xi) € EB Ueom({e}) ® Enfl(TWleOm)n\L\{e}’
e€f,
which yields the claim. O

The K-structure on € can be extended to finite sets and bijections. Concretely, for a finite
set e with r elements and k = (o, 1) € K(e) an element (wo, ...,w;) € Bij(r,e) is in & if for
all e, f € e the sequence

((WO)ef’ ) (Wl)ef)

has either less than p.; variations or has exactly ji.s variations and (w;)ef = ocy. Observe
that in

Y
uCE?Gom,
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the map v respects the K-structures on E and Com and that for k = (7e, )
t(Com,) C E, and v(Ey) C E.
We already noted that 7™ is ¥.-free: There are graded modules G(e) with
T"(e) = G(e) ® Ze.

The functor G is defined inductively by

e) =
- 0, le]#1,

and by
Q" = @(Eanl)(@i'

i>1
Intuitively, G associates to a finite set e the set of trees with |e| leaves with a tree t € G(r)
having degree equal to the number of its edges. The inclusion G™(e) — T"™(e) is given by

mapping a tree ¢ to the tree with leaves labeled by e according to the chosen order 7.
We now deduce from proposition that 9y restricts to Upym @ X "T"E,,. Note that the

lemmata and proposition are completely analougous to [18 5.2], [18, 5.3]
and [I8, 5.4].

For a complete graph s denote by G} the arity-graded k-submodule of G™ generated by
elements g € G™ with g € T)?.

Lemma 3.47. The map Ao satisfies

METC) S D Ueon(d) © S (T E)y,,

e=e'lle”
for k= (T¢, ) € K(e) with e C Ny.
Proof. We know that A\g = (0 + ny ® ) and that

O(S"T) € €D Ueom({e}) ® (T Com)

ece

Klevfe}

while according to [23, 4.6]
(nu @ 7)(Z7"GY) C Ugom () @ Z7"(T"Com),,.

But by [23, 4.5] (T™Com),, is spanned by elements t(c1, ..., ¢;) with ¢t € T, ¢; € Com,, such
that k; is also of the form (Tg(i),,u(i)) for some e(?) C Ny. Hence we find that

(T")((T™Com)y) C (T"E) .
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Observe that e\ (e} = (Te\ (e}, #). Hence

(U@om ® E_nTnL)(@ U(?om({e}) ® Z_n(Tneom)fﬂg\{e})
ece
C @ U@om({e}) ® E_n(TnE)R‘e\{e}
ece N
as well. This proves the claim. ]

Lemma 3.48. The twist 0y satisfies

N (Ueom @ L (T"E) ) C €D Ueom @ & (T"E) jer

e'Ce
for all k € K(e) with e C Ny.
Proof. We show by induction that

O (Ueom @ S (T"E)) C (D) Ueom © X" (T"E) e

¢'Ce
for all m. Let t(e1,...,e;) € (T"E)s. Then t € T7, and e; € E,; with
K (K1, s k) < K.

Note that (T"E)(e) = @, T"(i) @, (E¥(e)), hence we can assume that ' = (id, u')
and t € G7,. Writing down the definition of dy, and using [3.47] yields that Jy, maps
Ueom @ X (T"E),; to Ugom @ @{i1<m<ij}zglq E*”(T”E)H/‘é(,%7__7,%_). Since

K e (Kiyy ooy Ki;) < Kle

the claim holds for n = 0. For m > 0 recall that
Oy =D 70x,0n,

a+b=m—1
The induction hypothesis yields that
a)\aa)\b(U(:‘om ® X" (TnE @ Ueom ® (T E)fi\e
eCe

Since

v(u® s "tler,...,e Ziu@s "t(ep(er), ..., tp(ei—1),v(€;), €ixt, ..., €1)

for £ € T™ and y, € E the same reasoning as in lemma [3.47] together with our assumptions
on the interaction between v, ¢, v and the K-structure yields the claim. ]
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Proposition 3.49. We have
8A(erm (%9 EinTnEn) C Uepy @ 2" "T"E,,.

Proof. We need to show that 0\ (X7"T") C Ugppm @ X~ "T™E,,. Observe that for every r > 0
and £ € T"(r) there is a complete graph x = (o, u) with { € T;* such that pey < n —1 for
all vertices e, f. Hence

NXET"T™(r)) = [“))\(colimﬁexn(ﬁ)TK) = colimex, (r @ Ueomn @ 27" T"E)H‘g/).

ecr
But
colimﬁexn(t)(@ Ueom @ 7" (T"E) je)
e'Cr
= erm (09 @ COlimRGfKn(z)E_n (TnE)H‘g’
e'Cr
C Ueom ® @ YT"TME,) )
e'cr
since k(K1, ..., k1) € K,, implies K1, ..., 5 € K. O

The bar construction with coefficients and Kéahler differentials We now intro-
duce the operadic bar construction with coefficients and use it to construct an object in
Ueor Mod(Mg, ) which can be used to calculate HE»(A;Ay). We then show that this
object admits a quasifibration to Q}En, which will allow us to compare it with (Ueop ®
XTI Ey, O)).

Definition 3.50. ([18, 3.1.9]) Let P be an operad with composition yp. Let P be the
augmentation ideal of P. The reduced bar construction B(P) is the quasifree cooperad

B(P) = (F°(37P), 0p)
with B B
Op: F(EP) — F(EP)
the coderivation of cooperads corresponding to the map
F(5P) P
of degree —1 given by

_ _ o _ — 2. - —
F(EP) — T, (5P) —> B2P(1;P) L 2P = 59,

Here 9’(2)( fP) denotes the summand EU_D(I; Ej)) of weight 2 in the decomposition 9’0(23_3) =
Di>o ff@)(x P) of the cofree cooperad.
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Set B(i)(iP) = 5"&)(217’). Note that this weight grading is not respected by the differential
of B(?P).

Definition 3.51. ([I8, 4.4/) The differential graded P-bimodule
B(?,P,P)

s given by

B(P,P,P) = (PB(P)P,dr, + OR)
The twisting differentials are defined as follows: The left and right P-module derivation
or: PB(P)P — PB(P)P

1s induced by the map

By (P) — By_1y(P)(1; £P) — B(;_1)(P)(I; P)— B(P)?.

Here the first map sends an element x € B(P) of the form x = (b;p1, ..., p,) with p; € XP
and b € B(P) to

r
Z :l:((b7p1> s Pi—1, 17pj+17 "'7p7’); 17 [RXX) 1apj7 17 ey 1)
j=1

The left and right P-module derivation
Or: PB(P)P — PB(P)P

is induced by the map
B(P) —— PB(P)

which maps (p;by,...,bs) € B(P) with p € P and b; € B(P) to (s 'p;by,...,bs). For the
exact signs see [18, 4.4.5].

Definition 3.52. ([18, 4.4]) Let P be an operad, L a left P-module and R a right P-module.
The differential graded X .-module
B(R,?,L)

s given by
B(R,P,L) = Rop B(P,P,P) oy L.

Denote by eg the augmentation

eg: B(R,P,L) — Rogp L.
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The object B(R,?P, L) inherits a grading by weight components B(;)(R,®, L) from B(?P).
The summand B (R, P, L) corresponds to expressions in RF¢(XP)L with i occurences of
elements in P.

Lemma 3.53. Let €e,p, denote the map E, — Com. Given b € B(I, E,,I) considered as
an element of B(Ey, By, Ey,), assume that Or(b) has an expansion

Z D0, ...,00)) € B(En, Bn, 1)

with e € E,,, bgi), ...,bZ) € B(I,E,,I). Consider the element
SO el )
in Ug, (B(I,En,I)). We define
893 : Ueom ® B(I, Ey, En) — Ueom ® B(I, Enp, En)
to be the morphism in y,,, Mod(Mg,) induced by
QB(b) - Z eeom(e(i))(eeomEBbgi), ceey EeomGBb‘g‘i_)la Z, Geomebg'i—s)-lu ceey EeomEBb/E;?) ® b‘gz)
2%
Then
(Ueom ® B, En, En),08) g, A= Usom(A) ®upy (04) s, (Qa)

with Q4 = B(E,, By, A)).
Proof. This follows from lemma, and from Ugyy, o, A = Ueom(A). O

Since (Ugom ® B(1, En, Ey), 0p,,) is quasifree in 7, Mod(Mg, ) we know from corollary
that:

Proposition 3.54. The object (Ueom @ B(I, Ey, Ey),0gy) is cofibrant in ., Mod(Mg).

Recall that there is a left Up-module Qé in right P-modules introduced in lemma such
that
Ok op A = Qh(A)

for A a P-algebra. Applied to P = Com we have that

Q@om( ) - k < M@(d:p& ,...,l‘)|€ S € > .
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The morphism induced by a bijection ¢: e — f maps pe(dze, 2, ..., ) to piy(dry(e), T, .., ).
The right Com-module structure is given by B

M(gui)\{g}(dmea'“7d$7'“aw)v g ?é e,

Me(d$e,$,...,$)o nf =
) o {Zféf'“(euf)\{e}(dxfax»---793), g=e

for e, g € e. The Upyy,-module structure is given by

ugU . Mi(dxf,x, e T) = ,ugui(da;f,a;, ey T).
Proposition 3.55. We define a morphism

ev: (Ueom @ B(I, En, En),99) = Qbom

of left Upom-modules in right E,-modules as follows: Restricted to B(I, Ey,,I) the map ev
18
B(I,Ep, 1) — Boy(I, En, I) = I — Qf

Com

where the last map sends 1 € I({e}) to jugey(dwe). This yields a well defined morphism in
UcomMOd(MEn)'

Proof. By definition ev maps B (I,E,,I) to zero for i« > 1. The internal differential in-
duced by the differential of E,, respects the weight splitting. The differential on B(I, E,,, I) C
B(I, E,, E,) is the sum of the differential O of B(E,) and the twist d;. They both map
By(I, En, Ey) to Bi_1)(I, Ey, Ey). In addition the complex (Ueom ® B(I, Ep, Ep), Opy,) is
twisted by 0p. Since B(I, E,, E,) is a quasifree right E,-module it suffices to show that

ev(0p+90r+6p)=0

on By(I, By, I) C B(I, Ey, Ey). Let a € E,(e) = (IE.I)(e) = Bay(I, En, I)(e). Note that
Op vanishes on B(1)(I, Ey, E,). On the other hand d;, maps a to the element a represented
by e in II1E, = Bg)(I, En, Ey) with

ev(d) = ev(ll(l) o1 d) = ,u{l}(dxl) o1 a = ,u{l}(dxl) o1 eeom(a).
This is
Zeeom(a)(d:ne, Ty, ).

ece

Let a be the element in E,,II represented by a. Then the map evfg maps a to the element

- Z €com(a) - piiey(dze) = — Z €com(a)(dze, z, ..., x)

ece ece

(see [18, 4.4.3] for the sign). O
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Lemma 3.56. ([20, 10.3]) There is an isomorphism
Up @1 — Qb
of left Up-modules given by mapping 1 € I({e}) to ey (dze).
Proposition 3.57. The morphism
(Ueom ® B(I, En, Ey),095) = Qo
15 a weak equivalence.

Proof. Filter (Ueom ® B(I, Ey, Ey), 0py) by

F? = B Ueom(i) ® B(I, Ey, Ey)

1>p

and Q1

Com

by
G? = P Im(Ueom (i) @ 1)
i2>p

where Im(Uegyp, (i) ® I) is the image of Ugyp, (i) ® I under the isomorphism Ugyp, @ I —
Qe om defined in lemma m The morphism ev respects this filtration. We consider the
associated spectral sequences. Observe that the only part of the differential of (Ueyy, ®
B(I,E,, Ey),0p,) that maps FP to FPT! is the part induced by 6. Hence the E'-term of
the spectral sequence associated to the filtration F' is given by

B}, = Ueom(p) ® Hy(B(I, Ey, Ey)).

But the map E'(ev) coincides with the tensor product of the identity and the augmentation
B(1,E,, E,) — I composed with the isomorphism defined in lemma . According to
[18 4.1.3] this is a quasiisomorphism. O

The iterated bar module and Kéahler differentials We defined a twisting morphism
dp on By, in definition and showed in proposition that the sum of dp and the
differential 0, of Bg,_ = can be lifted to a differential

Com
On: Ueomn @ "T"E,, — U @ X "T"E,,.
We will construct a quasifibration

(Ueom ® X "T"E,, 0)) — Qp,

which will then allow us to compare (Ugpm, @ X~ "T"Ey,, 0)) and (Ueom @ B(I, Ey, Ey), 0oy )
and deduce that (M ®4, Ay ®X7"B"(A), 9p) computes E,-homology of A with coefficients
in M.
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Definition 3.58. We define a morphism
®: (Ueom @ X "T"Ey, 03) = Qoom
in ye,,, Mod(MEg) as follows: Restricted to the generators X~"T™ let ® be the map

X ——s 1 ——=Q
with the first map given by mapping the trunk tree [0] — ... — [0] labeled by e to 1 € I({e})
and the second map sending 1 € I({e}) to pyey(dze).

Lemma 3.59. The map ® is well defined.

Proof. Observe that ® is zero on ¥~ "T"(e) unless e is a singleton. Also note that ® factors
as

U®E—nT"eeom(erm ® X" Com, O + Ueom ® 87) L Ol

Com

(U(‘fom ® E_nTnEna 8)\)

with @' the morphism in ¢, , Mod(Me,) induced by ®|5;-npn. The map 0 maps X7"1™(e)

to
D Ueom({e}) @ ST (e {e}),

ece

while v maps X~"T"(e) to

ST e @ ST\ fe, YU {h}) on Com({e, f})
e.feeetf

with o, denoting the formal partial composite with respect to h. Also observe that -~y is zero
restricted to T"(e) for |e| = 1. Hence we only have to check that

PO +ng®y)=0
restricted to X7"T™(e) for e = {e1,e2} containing 2 elements. Consider the decorated tree
t(e1,e2) € T"({e1,e2}) with t = [1] — [0] — ... — [0] decorated by e; and es. Denote the
trunk tree [0] — ... — [0] decorated by e in T"({e}) by r(e). Then
A5 e, €2)) = (=1)"s 1 (B) on ti(ery € T ({h}) o Com({er, e2}) © (T"Com)({er, e2})

with op again denoting the formal composite. On the other hand,

(s o1, €2)) = (~1)" 4,y @ 57 (e2)) + (~1)" Ly @ 57" r(er))
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Hence
q)(nU ® '7)(3_nt(61? 62)) = (_1)n,u{h} (dwh) Oh H{ey,ea}
= (—1)71/1{@17@2}(0{%1 ) .T) + (_1)nu{61,eg}(dx62a .Z'),

while

6(t) = (—1)"1B(u, @ 5~ r(en)) + (1) (Y @ 5 r(er))
= (=1l - et (dmey) + (1) Ul - ey (dae,)
= (_l)n—lﬂ{eyez}(d:nez, x) + (_1)n+1u{61762}(dx61,x).

For all other trees t € T"({e1,e2}) the differential 9y + Ueom ® 0y has no summand with
nontrivial image in 7" (e) for |e| = 1. O

Proposition 3.60. The morphism
D: (Ueom @ X "T"Ey, 03) — Qbom
s a weak equivalence.

Proof. Recall from the proof of proposition that A = ZmZO Am With
)\0 = Z((g + NUeom & )\)

and

Am = Z V0q, Qtp.

a+b=m—1

Hence 9y = Ueom @ O + 0" with O, the differential of B}, and such that 9’ lowers the arity
of Ueop,- Filter (Ueom, ® X7"T"E,,, 0y) by the subcomplexes

FP = @ Ueom (i) @ S "T"E,
i2p
and filter Qéom by
GP = P Im(Ueom (i) ® I).

>p

Here Im(Ugym (i) ® I) again is the image of Ugypy, (i) ® I under the isomorphism given in
lemma [3.56] The morphism ® respects these filtrations. The spectral sequence associated
to the filtration F' has Fi-term

E};q = erm(p) ® HQ(E_RB%n)
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Let € denote the quasiisomorphism
X "By —1

exhibited in [23, 8.1]. The map ® factors as the map Ue,, ® € followed by the isomorphism
from lemma hence induces an isomorphism at the E'-stage of the spectral sequences.
O

E,-homology and F,-cohomology with coefficients
Theorem 3.61. For a k-projective nonunital commutative algebra A
HE(4; Ugom(A)) = Ho(Ay @ SB"(4),8).
Proof. By definition HE»(A; Ugym(A)) is the homology of
Ueom(A) @ug, (@) b, (Q4)

for a cofibrant replacement Q4 of A as an E,-algebra. Pick Q4 = B(E,,E,, A) as a
cofibrant replacement. There exists a lift f such that

(U(‘Zom X B(I, Ena En)a 893)

/ Niev

(Ueom ® ST E,, 8)) e o

Com

commutes since (Uepm @ X~ "T" E,,, 0)) is cofibrant according to proposition m The map
f is a quasiisomorphism of left Ug,,-modules in right Ej,-modules. But note that while
these are cofibrant objects in r7,, Mod(Mg,) they are not cofibrant as right E,-modules,
hence we can not deduce from [20, 15.1.A] that f op, B is a quasiisomorphism for any
FE,-algebra B.

However, consider f op, Com and note that — og, Com is the left adjoint in the Quillen
adjunction discussed in Hence —of, Com preserves cofibrant objects and weak equiv-
alences between between them, and therefore f o, Com is a weak equivalence. Now

(erm & B(Iv Ena En)a 803) OF, Gom = (U(i’om ® B(I, Ena Gom), 693)

and
(Ueom ® E""T"Ey,, 05) o, Com = (Ueom @ X "T"Com, Ueom @ 0y + 0p)

are quasi-free right Com-modules because Ug,y, is a free right Com-module generated by u{
in arity zero and 4§ in arity one. Therefore, according to Theorem [20, 15.1.A.(a)], for a
commutative algebra A the map f og, Com oe,, A is a quasiisomorphism as well. But for
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commutative A we have f og Com ogyy A = fop, A and Ueyp, op, A = Ueom(4) = A4
Since
(Ueom @ X" "T"Ey,0)) op, A= (AL @ X "T"A,0p +ida, ® 05),

while we know from lemma [3.53] that
(Ueom ® B(I, En, En), 09,) 08, A = Ueom(A) @y, (@) U, (Qa),
this yields an isomorphism
HEm(A;Ugom(A)) =2 Ho(Ay @ Z7"T™(A), 09 +ida, ® 95).
O

Theorem 3.62. Let A be a k-projective nonunital commutative algebra and M a symmetric
A-bimodule. Then
HE(A; M) = H, (M @ X""B"(A), dp).

Proof. For Q4 a cofibrant replacement of A as an E,-algebra HEF"(A; M) is the homology
of the complex

M ®A+ A+ ®U€om(QA) QlEn (QA)
Again, we set Q4 = B(E,, E,, A) and see that this equals

M ®Ay (A-i- ®B(I7EH7A)7895)‘

Since both Ay ® B(I, E,,, A) as well as (A4 @ X" "B"(A), 0p) are A, -free in each degree and
all our objects are concentrated in nonnegative degrees, the result follows directly from the
quasiisomorphism exhibited in the proof of theorem [3.61| via the Kiinneth spectral sequence,
see e.g. [59, 10.90]. O

Theorem 3.63. Let A be a k-projective nonunital commutative algebra and M a symmetric
A-bimodule. Then

Hy,, (A; M) = H.(Homa, (A4 ® £ "B"(4),05), M).

Proof. By definition Hy, (A; M) = H.(Derp(Qa, M)) for a cofibrant replacement Q4 of A
as an F,-algebra. Choose Q4 = B(E,, E,, A). Since B(E,, E,, A) is quasifree,

Derg, (Qa, M) = (Homy(B(I, Ey, A), M), 0)
with O(f) the composite

Eno B(I,En,A
B(I, Ep, A) -2~ E,B(I, E,, A) &, En,4)

En(B(I, En, A); B(I, Ey, A))

En(e.f)

En(A; M) —2 s M
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for f: B(I,E,,A) — M, where the first map is defined by using that B(I,E,, A) C
B(E,, E,,A), the map e: B(I,E,,A) C B(E,,E,,A) — A is the standard augmenta-
tion and ~yps is the structure map of the E,-representation M of A. There is a commuting
diagram of differential graded modules

En(e.f)

E,.(B(I,E,,A);B(I,E,, A))

lg

Ug,(B(I,E,,A)) ® B(I,E,, A)

E,(

1%

A; M) M M
U € l
2O U (A) © M —> Ugom (A) ® M Y M

with pps defined by M being an E,-representation of A. The vertical isomorphisms are
given by identifying
p(xla s Li—1,Y, Lit1, -0y '1"1) € :P(X7 Y)
with
p('xla sy Lj—1, Ly Lit1, ...,.I[) TS UfP(X) QY
forpe P, xy,...,2; € X and y € Y. Note that

(Homy(B(I, E,, A), M), d) = (Homy,,, (4)(Ueom(A) ® B(I, En, A), M), )
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with O(f) the left vertical map in the commutative diagram
Ueom(A) ® B(I,Ep, A)

UGom(A)®8R

Ueom(A) @ EnB(I, E,, A)

Ucom (A)@Eno B(I,Ey,A)

U(?om(A) @ En(B(Ia Ena A)7 B(I, Ena A))

o

Ueom(A) @ Ug, (B(I,Eyn, A)) @ B(I, Eyp, A) ——= Ueom(A) @ Ug, (B(I, Eyn, A)) @ B(I, Ep, A)
Ueom (A)®UE,, (€)®B(I,En,A)

Ueom(A)QUE, (€)®f Ueom(A) @ Ug, (A) @ B(I, Ep, A)

Ueom(A) @ Ug, (A) @ M Ueom(A) @ Ugom(A) @ B(I, Ep, A)
b,y EBEnA)

Ueom(A) ® Ugom(A) @ M Ueom(A) ® B(I, En, A)

Ueom (A)®pm Ueom (A)®f

Ueom(4) ® M Ueom(A) ® M
12303 MM
M M

Calculating the composite

Ueom(A) @ B(I,Ep, A) = Ueom(A) @ B(I, Ey, A)

of the maps in the diagram above shows that this coincides with the map dp,. Since
both (AL ®B(I, Ey, A),0g,,) and (A4 ® B"(A), 0g) are quasifree A -modules, the universal
coefficients spectral sequence (see e.g. [40} 2.3]) yields that the quasiisomorphism exhibited
in the proof of theorem [3.61] induces a quasiisomorphism from
Homy, ((Ay ® B(I,Ey,, A),0p), M)
to
Hom, ((A+ ® B"(A), ), M).
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4 FE,-homology and cohomology as functor homology and co-
homology

4.1 The category Epi,, and F,-homology with trivial coefficients as functor
homology

In [41] Livernet and Richter use that E,-homology with trivial coefficients can be calculated
via the iterated bar complex to give an interpretation of E,-homology as functor homology.
They encode the information necessary to define an iterated bar complex in a category
Epi,, of trees. This enables them to define E,-homology for arbitrary functors from this
category to k-modules, and they proceed to prove that E,-homology of these functors can
be calculated as certain Tor-groups. We recall the relevant definitions and results in order
to fix notation and to give the reader the necessary background to understand in what sense
the results in the rest of this chapter are analogous to the results of Livernet-Richter.

In the following we assume that 1 < n < oo, that A is a commutative nonunital k-algebra
over the commutative unital ring k& and that M is a symmetric A-module. We start by
fixing some terminology regarding trees and defining the category Epi;'.

Definition 4.1. A planar fully grown n-level tree t is a sequence

fn f2

t=[rp] ——...——[r]

of order preserving surjections. The element i € [r;] is called the ith vertex of the jth level,
the elements in [ry] are also called leaves. The degree of a tree t is given by the number of

its edges, i.e. by
n
dt)=> rj+1.
=1

For a given vertex i € [r;] the subtree t;; is the (n — j)-level subtree of t with root i, i.e.

= [fi e SR O = I [ fh O] = 1) 2 P L (0] - 1)

with g; the map making the diagram

I @ = ] —= [T £ @) = 1]

commute.
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Definition 4.2. The category Epi,, is given by the following data:
o The objects are planar fully grown trees with n levels.
. fr 3 fn f3 . .
e A morphism from [r,] —— ...—=—[r1] to [sp] ——...——[s1] consists of surjec-

tions h;: [ri] = [si],1 < i < n such that the diagram

In fraa f3

[T e, [rni_ﬂ Jiy B [T
hn hn_1 h1
o]~ [snoa] 25 L [sy)

commutes and such that h; is order-preserving on the fibers (fI)~1(1) of fI for all

[ € [ry]. Fori=1 the map hy has to be order-preserving on [ri].

The composite of two morphisms (gn,...,g1): t9 — t" and (hy,...,h1): t" — t° is given by
(hngna-nyhlgly

Remark 4.3. The connection between planar fully grown n-level trees and the n-fold bar
construction that we already sketched in subsection is easy to see: A typical element in
the bar complex B(A) defined in s a tensor power of elements in XA, hence can be
thought of as a 1-level tree whose leaves are labeled by elements in A:

ap a1 a2

With the same reasoning a typical element in B?(A) is a 1-level tree labeled with elements
in XB(A). But these are 1-level trees with leaves labeled by elements in A, hence a typical
element in B*(A) is a labeled 2-level tree as in the following example:

ap a1 as a3 a4

Iterating this description we see that a typical element in B™(A) is a tensor power of el-
ements in XB"1(A), hence can be described as a 1-level tree whose leaves are labeled by
elements in XB""Y(A), i.e. by n — 1-level trees with leaves labeled by elements in A.

Observe that since A is concentrated in degree zero, the degree of a labeled tree viewed as
an element in B"(A) is given by the number of edges of the tree. Lemma 3.5 in [{1] says
that the maps in Epi,, decreasing the number of edges by one are exactly the summands of

the differential of B™(A).
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Hence the category Epi,, encodes precisely what is needed to make sense of an n-fold bar
construction: the trees correspond to elements in B"(A) while a closer inspection reveals
that the morphisms are generated by the summands of the differential of B"(A). Since the
n-fold bar construction computes E,,-homology with trivial coeflicients up to suspension we
can hence define E,-homology for functors from Epi,, to k-modules.

Definition 4.4. Let F: Epi, — k-mod be a covariant functor. Let CPn(F) be the Np-
graded k-module with

O(ETZ,..-,H)(F) - @ F(t).
fn f2

t=[rp] —— ... —[r1]

For1<j<nlet (5]-: CEn — CEn be the following map lowering the jth degree by one:
e For j =mn define 5]- restricted to F(t) as

Z (—1)Sn’iF(di,id[7_nil], ...,id[rl])
0<i<rn,
n(@)=fn(i+1)
with d;: [rp] — [rn — 1] the order-preserving surjection which maps i and i + 1 to i.

o For1<j<mn letd; be the map which restricted to F(t) equals

2 > (03t 1) (1) F (hi ),
fj (?)SZZ;_]Z;I) UGSh(fj?h (i),fjjrll (7:+1))
with h = h; o the unique morphism of trees exhibited in [{1, Lemma 3.5] with hj =
di: [r;] = [r; — 1] and hj1 restricted to f]jrll({i,i +1}) acting like o.

The signs are determined by the number of suspensions the degree —1 map d; has to be
switched with before we actually apply it as well as by the graded signature of the permutation
o in the cases j < n.

To be more precise, for any j we number the edges in the tree t from bottom to top and
from left to right. Then for j < n we aquire a sign (—1)%" where s;j; is the number of the
rightmost top edge of the n — j-level subtree t;;. For j = n we set s, ; to be the label of the
edge whose leaf is the ith leaf for 0 < i < n.

For j < n the map F(h;s) is not only decorated by (—1)%¢ but also by a sign associated
too € sh(fj_j1 (1), fj_jl(i +1)): Let ty,...,t, be the n — j — 1-level subtrees of t above the
Jj-level vertex i, i.e. the n— j — 1-level subtrees forming t;;, similarly let tq41, ..., a4y denote
the n — j — 1-level subtrees above i + 1. Then o determines a shuffle of {ti,...,tq} and
{tat+1,--starv}. The sign e(o;t;i, tji1) picks up a factor (—1)(d(tx)+1)(d(ty)+1) whenever
x <y ando(x) > o(y).
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Lemma 4.5. For any functor F: Epi, — k-mod the N-graded module CEn(F) together
with Oy, ..., O forms a multicomplex which we again denote by CFr(F), i.e. the identities
5-2 =0 and 815] = —5j ;
hold for all 1 < 1,7 <n.
Definition 4.6. We call the homology
HE»(F) = H,(TotCE» (F))
of the total complex associated to CEn (F) the E,-homology of F': Epi,, — k-mod.

After establishing this generalization of E,-homology and showing that there is a Loday
functor

L(A; k): Epi,, — k-mod
associated to every k-projective nonunital commutative algebra A such that
HE(L(As k) = HE" (A k),
Livernet and Richter prove that E,-homology of functors is indeed functor homology.

Theorem 4.7. Let b: EpifP — k-mod be the functor given by

b(t) = {k, t=1[0] - ... = [0],

0 else.

Then for F': Epi, — k-mod .
HE(F) = Tory ' (b, F).

Remark 4.8. The proof relies on the aziomatic description of Tor™n which we will recall

in[{.27 Livernet-Richter show that short exact sequences of functors give rise to long exact
sequences of homology groups, that HE» wvanishes on projectives and construct b so that
HE" = TorgP (b, ).

4.2 The category Epi! and E,-homology and cohomology of functors

We would like to establish a functor homology interpretation not only for E,-homology of a
commutative algebra A with trivial coefficients but for arbitrary coefficients in a symmetric
A-bimodule M as well as for E,-cohomology. We know from [3.62] that to compute E,,-
homology with coefficients we need to twist the chain complex M ® B"(A) by a twisting
cochain

d: M@ B"(A) - M @ B"(A).

To model E,-homology with coefficients as functor homology we hence have to enlarge the
category Epi,, to incorporate the summands of this twisting cochain.
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Definition 4.9. The objects of the category Epi are given by planar fully grown trees with

n levels. A morphism from t" = [ry] LN [r1] to t® = [sy] LI [s1] is

represented by a sequence of maps (hy, ..., h1), where
o fori=2,...,n—1, the map h;: [r;] — [s;] is a surjection which is order-preserving

on the fibers f;1(1) for all 1 € [ri—1]. For i = 1 we require hy: [r1] — [s1] to be
order-preserving.

e The map hy, is a map
bt [rn] = [sn]+ = [sp] U{+}

such that [sy] lies in the image of h, and such that the restriction of hy, to hy,*([sn])
is order-preserving on the fibers of f,. Furthermore the intersection of h,,*([s,]) with
a fiber f1(1) is a (potentially empty) interval for all I € [r,_1], i.e. is of the form
{a,a+1,...;a+ 1} withl > —1.

o The diagram

In I

hnll[sn]) — [rnll] [12] [11]
hn hn_1 ho h1
50 — 5 1] —> oo — [s5] L [s1]

commutes.

Finally we identify certain morphisms by imposing the following equivalence relation on the
set of morphisms from t" to t°: We identify morphisms h and h' if

o h,H(+) =R, (+) and
e hi and W} coincide if restricted to fI,1...f5([ra] \ hy'(+)).

The composition of two morphism (gp, ..., g1): t2 = t" and (hp,...,h1): t" — t° is defined by
composing componentwise and sending + to +, i.e.

(hTH seey hl) o (gnu ceey gl) = ((hg)n7 hn—lgn—h ceey hlgl)

+, gn(z) =+,
hngn(z), otherwise.

with (hg)n(z) = {

Lemma 4.10. Composition in Epi} is well defined and associative.
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Proof. Tt is easy to check that the relation defined above is indeed an equivalence relation

and that the composition is associative. To show that composition is well defined, consider

morphisms g: t9 — t" and h: t" — t* as above and another morphism ¢’ equivalent to g.

Then g, (+) = ¢/, '(+) and hence (hg); and (hg'); agree on A fr([an) \ (hg) ' (+)) C
A fA(lan] \ 95 (+)) because g; and g} do. Since g, and g, coincide on f ... fi([gn] \

g, L (+)) we see that (hg),'(4+) = (hg'); ' (+) as well, hence hg and hg' are equivalent.

If h is equivalent to A/, then

(hg)7 () = g7 (H) U g (h (1) = g (1) U g (W () = (W g)7  (+).

If x € [q;] with z € fﬂ...fg([qn] \ (hg); 1(+)) we find that g;(z) € TS (rn] \ ht(4)),
hence h;gi(x) = hlgi(z). O

Remark 4.11. 1. It is clear that Epi,, is a subcategory of Epi} and that both categories
share the same objects. Intuitively the category Epil is built from Epi, by adding
morphisms of the form

[rf L [rnlﬂf"% T [TJ
d; id id
= 1] L2 g 22 2 )

and adding all newly arising compositions with such morphisms. Here &; is the map

x, r <1,
51(3?) =4 +, r=1

r—1, x>1

with i the minimal or maximal element of a fiber f,1(1) containing at least two ele-
ments, and
. fn(x), z <1,
falx+1), x>i.

The requirement that the elements of a fiber of f, that get not mapped to + form an
interval reflects the fact that we have only added morphisms of the aforementioned
kind.

2. Our motivation for defining Epi) is to model the complex calculating E,-homology
of A with coefficients in M. Hence imposing the equivalence relation is necessary
because it should not matter what precisely happens to a subtree of a tree t if all its
leaves get mapped to +, i.e. in which order and on what side a family of elements of
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A acts on an element of M. Otherwise we would encounter pathologies, for example
the composition of

0—0;1,21
2] — 2] with 2] —[1]
l io»—>0;1,2»—>1 0’—)0;1>—>+;2»—>1l J{
2] —[1] [1] —[1]
0—0;1,2—1
and the composition of
0,1—0;2—1
[2] —[2] with [2] — 1]
\L lo,l»—>0;2»—>1 0»—)0;1&—>+;2»—>1i l
2] —[1] [1] —[1]

0—0;1,2—~1

would not coincide, which is not in accordance with what we try to model: In M &
B2(A) the first composite corresponds to the map sending m ® [[ag]|[a1]|[az2]] to m ®
[[ao]|[a1]|az]] and then to aym & [[ao]|[az]], while the second composite corresponds to
mapping m & [[ao]|[a1]][az]] to m @ [[aolai]|[az]] and then to may & [[ag]|[az]]. Hence
the two compositions should coincide.

After defining a category which also models the summands of the twisting cochain § we can
proceed to define E,-homology of a functor.

Definition 4.12. Let F: Epi} — k-mod be a functor. As in set
Crn,...,rl (F) = @ F(t)

t=[rn]—...—[r1]

Define maps 0; lowering the jth degree by one by
8j = 5j fori<n, 0,= 511 ~+ Omin + Omax,

with )
S . —1 - . .
Sinin = Z (= 1) mmindn O F (6 1 p)s 1, - 1d)
0<i<rp-1,
If2t(0]>1
and

5max = Z (_1)Sn7maxf;l(l)F((smaxfgl(l),id, PN ld)

0<i<rn—1
Ifzt(D]>1

Here 6; is as in remark[{.11]

75



Example 4.13. Let t be the 2-level tree
0 1 234 5

Then Omin 1s the sum of the morphism induced by mapping the leaf labeled 0 to +, equipped
with the sign (—1)t, and the morphism induced by mapping 4 to +, decorated by (—1)7. The
Mmap Smae is induced by sending 2 to + with sign (—1)* and by mapping 5 to + which yields
the sign(—1)°.

Now we face the task of proving that (CF», 9y, ooy On) is in fact a multicomplex. Since we
already know from [41, Lemma 3.8] that (CF»,0,...,0,) is a multicomplex it suffices to
prove the following lemma.

Lemma 4.14. The differentials defined above satisfy the identities

5min8j + 8j6mjn = 0 forj<n,
Omax0j + Ojdmax = 0 forj<mn,
5min5max + 6maX5min = 07

5r2nin + 5n5min + 5n6min =
5§1ax + gnémax + 5n6max =

0,
0.

We will frequently encounter notational difficulties during this proof, since for example in
the first identity above the two maps dmin are not equal. In particular the trees defining the
occuring signs do not coincide. We will try to circumvent defining a new galaxy of notation
by sticking to the following rule: We examine each summand in the identity above one by
one and then compare them, and while investigating the composition fog we will always use
the undecorated notation introduced above to denote anything having to do with g, while
signs, trees, etc. ocurring in the evaluation of f will be decorated with a”"”. Note that the
trees on which for example 0; in 6min0; and Omin in Oj6min are defined coincide, while this
does not need to be the case for the other two maps, although according to our convention
we will denote their signs by the same symbol. We will solve this notational problem by
always comparing the signs equipped with a ” *” with signs in the original source tree.

We also will frequently refer to morphisms in Epi} instead of the parts of the differentials
they induce, including the signs they carry.

Proof. Let t = [ry] L [r1] be a given tree. Let us start with proving the first

identity. Fix I € [rp—1] with |f,1(1)] > 1 and set i := min f,, !({). Consider a € [r]

76



with fj(a) = fj(a+1) and fix a shuffle Tffl € sh(fj_+11(a), fjjrl1 (a+1)), defining a morphism

(29 .., T;_;_jl, dg,id, ...,id) as explained in [41, Lemma 3.5]. We distinguish a couple of cases:

o If the 7th leaf is to the right of the leaves of the subtree ¢; 441, first applying

CL,' a7j . .
(t7, e Ty dg,id, ...,id)

and then deleting the ith leaf results in a sign
(71)57},,1'_1(—1)5j,a6(7—;£1; tj,aatj,aJrl)

with (—=1)%i=1 = (=1)%5=2 since two edges left and below of i got merged. If we
first delete the ith leaf and then apply the corresponding shuffle and merge maps we
get a sign i ‘
(~ D)% e(7 5 Eyan Fjagn) (~ 1)

But since deleting a leaf right of ¢; ;11 does nothing to the signs associated with the
shuffle and merge operation this is (=1)%e(7}7};tj.a,tja+1)(=1)*"" and the two
operations anticommute. The following picture illustrates this forn =2, =1,a =0
and ¢ = 3 together with the signs the operations produce:

0 123 4 e 0 12 4
(-1)

(=1 (=t (=1 (=p'!
021 3 4 021 4
(-1)°
——

e The same holds if the ith leaf is left to t;,, with the difference that here the sign
associated to deleting the leaf stays the same and the signs (—1)%:« and (—1)% differ
due to one edge getting deleted left of the rightmost leaf of ¢, ,.



e Now let us consider the case where the ith leaf is actually a leaf of the subtrees that
get shuffled. We have to distinguish the cases j = n—1 and j < n— 1. Start with the
latter and assume that 7 is a leaf of ¢; ,. If we first want to apply the merge and shuffle
operation and then delete what was the ith leaf in the original tree we have to delete
the 7, (i)th leaf, which is a suitable minimum again since j < n — 1. The difference
in sign between deleting this leaf and deleting the ith leaf is determined by how many
subtrees tp41, ..., tpyq Of tj o1 get moved past the subtree ¢, of ¢, containing ¢, hence
changing the labeling. For each of these subtrees s 759 (0) gains d(t4) + 1 compared to

Sp,i- On the other hand there clearly exists a Tl such that

(77/,]77—7’1,‘]1" *y J+1’da,1d ld)((sz,ld,,ld)

= (8 j,a(.),id, ey dd) (T ]J’rjl,da,id, ey id).
The sign associated to (Tn’J,. . ]fq,da,id, ...,id) differs from the one associated to
(Tn’J ,. ,TJ +17 dg,id, ...,id) in two aspects: First, we apply the former after the ith leaf

has been deleted, and this leaf sits left to the rightmost leaf of ¢;,. Hence 5;, =
sja — 1. On the other hand all subtrees of t~j,a and tj, are equal except for the
subtree t, containing the ith leaf: . has one edge less. Hence d(t.) = d(t.) — 1 and so
e(r ;Lfl,fja,fj,aﬂ) picks up a sign (—1)( ) =140t +) for d € {p+1,...,p + ¢} with

Tja+1( ¢) > 777, (d), whereas (777}, tja,tja+1) gains a sign (—1)W )+t ip the

j+17
same case. Hence the two shuffle signs compare to each other just like (—1)8”’7%’a<i) to
(—1)®mi, and since 3j, = sjq — 1 the desired anticommutativity is proven. We give
an example forn=3,j=1,a=0and i = 1.

01 23 4 0 31 24

(-1 (-1)*2
T

(-1)* (-1)°

(-1)>(-1)>?
P
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o If 7 is a leaf of t;,41, the same argument holds, just that in this case 5;, and sj,
coincide while the difference between s ;.o (@) and s, ; increases by one since an edge

yin

got merged left to 7% (4).

e Now let j = n — 1 and let the ith leaf be a leaf of t,,_1 4. Since t,_1, = f,, }(a) this
is the leftmost leaf of t,,_1 ,. Consider deleting the sth leaf first and then applying a
merge and shuffle operation (&, dg, id, ...,id). The shuffle & is a shuffle of f,1(a) \ {i}
and f, '(a+1). There is exactly one corresponding shuffle o € sh(f,, *(a), f, *(a+1))
fixing 4, and if we apply (o, dg,1id, ...,id) first and then delete the ith leaf the result
coincides with the operation considered first, up to sign. Since the position of ¢ did not
change and no edge to the left of 7 got merged or deleted, the signs associated to the
deletion operations coincide. The same is valid for the shuffle signs, since the ith leaf
is fixed by o and hence does not contribute any inversions. On the other hand s,,_1 4
and 5,_1 , differ by one due to the deleted leaf. Hence the operations anticommute.
An example for n =2,j =1 and i = 0 is shown in the following picture:

0 1 2 3 1 2 3
(-1
w w

(=13 (=)'t (=12 (=)t

o 2 1 3 21 3
_1)1

—

e If i is a leaf of t,_1 441, we can identify exactly one shuffle o € sh(f,*(a), f, }(a+1))
which sends ¢ to the minimum of ¢,,_1 4, and the same reasoning as above holds, with
the following modifications: 5, ,;) and sp; now differ by (—1)Utn—1.0)+1 " whereas
€(Titn1.a,tn-1.a+1) and €(F;tn_1.a,tn_14+1) differ by (—1)%tn-1a) while 5, 1, and
Sn—1,q coincide.

Similar arguments hold when we consider deleting a rightmost leaf, hence the first two
identities hold.

79



Considering the last three identities note that all the operations merge or delete one edge.
So whenever the operations in question are operating on different fibers of f,, it is obvious
that the operations commute up to sign, and that applying the operation acting further
to the left after the operation acting further to the right yields exactly the sign opposite
to that of applying the right one after the left one, picking up the merging or deletion of
edges. Hence we only need to prove the identities for operations acting on the same 1-level
subtree and may assume without loss of generality that we are considering a tree of the
form t = [r] 0] [0] for r > 1.

The third identity is easy to see: deleting the leftmost leaf and then the rightmost leaf
yields the sign (—1)%n~1(—1)%0~1 whereas performing these operations in the opposite
order yields (—1)%m0=1(—1)snr,

To prove the fourth identity fix a € {0,...,7 — 1}. Assume first that a # 0. Then

(80,id, ..., 1d) (dg, id, ..., id) = (dg_1,1d, ..., id) (8o, d, ..., id).

The first composition induces maps decorated with the sign (—1)%=0~1(—1)%wa  while the
other yields (—1)%me=1(—1)*0"1 " Since sp4-1 = Spq — 1 the induced maps anticom-
mute. Hence all terms except those originating from 612mn and those which are of the form

(d0,1d, ...,1d)(do, id, ...,id) cancel out. But it is clear that
(d0,1d, ..., 1id)(dp, id, ..., id) = (do, id, ...,id) (g, id, ..., id),

the first yielding the sign (—1)*0~1(—=1)%n0 the latter giving (—1)%0~1(—1)%0~1 We
give an example for n =1 and a = 0:

01 2 . 01 2
N4 0 N4
(D‘l l(l)0
1 2 (_1)0 2
\/ —
Similar arguments prove the last identity. O

After establishing that C®»(F) is in fact a multicomplex we can define E,-homology:
Definition 4.15. Let F': Epi}’ — k-mod be a functor. The E,-homology of F is

HE»(F) = H.(TotCE»(F)).

80



Remark 4.16. Given a functor F: Epi,, = k-mod, we can extend FitoF: Epi — k-mod
by setting F(h) = 0 for every morphism h: t" — t* in Epi! such that h([r,]) N {+ 0.
With these definitions H""(F) coincides with the E,-homology of F as defined in|4.6. In
this sense the definition of E,-homology we just gave extends the definition given in [{1,
Definition 3.7].

We are specifically interested in calculating F,,-homology of commutative algebras, which
is the F,-homology of the following functors.

Definition 4.17. The Loday functor
L(A, M): Epi — k-mod

is the following functor: For a given tree t = [ry] LN [r1] set

L(A, M)(t) = M @ A®™ 1,
If (hy,...,hq): t" — t° is a morphism let
L(A, M) (hyy ooy h1): M @ A®™ L 5 M @ A®Sn T

be given by

m®ay® ... ap, — | m- H a; | ® H a; | ®...% H a;
ithn (i)=+ ithn (i)=0 ithn (i)=sn

Observe that L(A, M) could also be considered as a functor from finite pointed sets and
surjections to k-modules: The values and induced morphisms really only depend on the

leaves of the trees we consider. We will encounter this point of view later in our discussion
of higher order Hochschild homology in[6.3

Remark 4.18. [t is easily seen that Tot(CFn(L(A, M))) = S™(M ® B"(A), 0y) as defined
in[3.4%: That
Y "B"(A) = Tot(CE»(L(A, k)))

has already been noted in [{1, 3.1]. Hence X™"(M ® B"(A)) = Tot(M ® C*(L(A,k))).
But M@CPr(L(A, k) and CPr(L(A, M)) coincide as graded modules and their differentials
only differ by Smin + dmax, the part of the differentials actually incorporating the action of
A on the coefficient module. The twist Sumin + Omax on CFn(L(A, M)) corresponds to Oy on
Y7"(M @ B™(A)). In particular,

HP(L(A, M) = HP" (A; M)

if A is k-projective.
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We now consider F,-cohomology.

Definition 4.19. Let G: Epi}* — k-mod be a functor. The E,-cohomology of G is defined
as

Hg, (G) = H.(Tot(CE, (G))),

where Cg, (G) is the multicomplex with

Chp ™ (G) = P G(1)
fn f2

t=[rp] —— ... ——=[r1]

and differentials 0;: Cg’;"“’m (G) — C’gﬁl""rﬁl""’m(G) raising the jth degree by one defined
as follows:

e For j =n define 0y, restricted to G(t) as

Z (—l)sn’iG(di,id[rn_ﬂ, -"aid[rl})
0<i<ry,
fn(@)=fn(i+1)

i E (—1)Sn7minfgl(l)ilG(éminfgl(lyid’.“7id)

0<I<rn_1,
|fat (DI>1

N Z (_1)sn,maxf;1(l)G(émaxf#(l),id,...,id).

0<l<ry1
12t 1>1

e For 1< j <n the map 0; restricted to F(t) is given by

> > (3t i) (<) Glhi),
0<i<ry, A ON AN
fi (i)=lfj8+1) 7T )
with h = h;, again denoting the unique morphism of trees exhibited in [{1], Lemma
3.5] with hj = d;: [r;] — [rj—1] and hj41 restricted to f]]_ll({i,i + 1}) acting like o.

Remark 4.20. With the same reasoning as in the homological case one sees that Cp, (G)
s in fact a multicomplex.

As was the case for E,-homology this definition generalizes E,,-cohomology of commutative
algebras with coefficients in a bimodule:
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Definition 4.21. Let
LE(A, M): Epit® — k-mod

be defined on a tree t = [ry] LN [r1] as

LC(A, M)(t) = Homk(A®T7L+1, M)
If (hy, ..., h1) is a morphism from t" to t° define
[’C(A7 M)(hn, ceny h1): Homk(A@)S""'l, M) N Hornk(AfX)?“n-i-l7 M)

by

LA, M) (b, ooy ) (P a0®.@ar,) = | [ ai |-£(| [ @l|o-o ] )

i:hn (1) =+ i:hn (1)=0 i:hn (i)=sn

Then Tot(CF, (L°(A, M))) coincides with the complex computing E,,-cohomology of A with
coefficients in M introduced in i particular

H, (L°(A, M)) = Hp, (A, M)
if A is k-projective.

Remark 4.22. Forn =1 the category Epi;r can be identified with the image of the semisim-
plicial part of the simplicial circle C : A°® — Fin, in the category Fin, of finite pointed
sets up to a shift: In the terminology of [54] the tree [r] corresponds to the finite pointed
set [r + 1] with 0 as basepoint, the morphisms &y and 6, correspond to dy and d,1, while
the merging operation d; on the tree [r] is the counterpart to the map d;y1 in the simpli-
cial circle. Hence FEq-homology agrees with Hochschild homology for functors from Fin, to
k-mod as defined by Pirashvili and Richter up to a shift. As we will see later there is a
Loday functor £ (A, M): Fin, — k-mod which is an unreduced version of L(A, M). This
yields in particular that
Hfl(L(A? M)) = HHy,1(Ar, M)

if A is k-projective, where HH,41(Ay, M) denotes classical Hochschild homology of the
commutative unital algebra Ay with coefficients in the symmetric A-bimodule M. Similar
considerations hold for Eq-cohomology.

Every functor F': Epil — k-mod gives rise to a functor F*: Epit®” — k-mod, its dual, by
setting F*(t) = Homy (F'(t), k). The following universal coefficient spectral sequence relates
FE,-homology with E,-cohomology.
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Proposition 4.23 ([40, Theorem 2.3]). If F(t) is k-free for every t € Epi,\, there is a first
quadrant spectral sequence

E},=Ext{(HI"(F), k) = Hy(F*).

In particular whenever k is injective as a k-module, E,-homology of F' and E, -cohomology
of its dual are dual to each other.

Examples of commutative self-injective rings include fields, group algebras of finite commu-
tative groups over a self-injective ring, quotients R/I of a principal ideal domain R with
I # 0 and commutative Frobenius rings [, ch.5, §18]. The product of self-injective rings is
again self-injective.

4.3 FE,-cohomology as functor cohomology

In [41, Theorem 4.1] Livernet and Richter show that E,-homology with trivial coefficients
can be interpreted as functor homology. We want to extend this result to E,-homology
with arbitrary coefficients.

To prove that E,-homology coincides with functor homology we first show that certain
projective functors are acyclic. For t € Epi set

P, = k(Epi (t,—)): Epi) — k-mod and P! = k(Epi'(—,t)): Epi/*® — k-mod.
In the proof of the following lemma, we will consider trees obtained by restricting a given

tree to certain leaves.

Definition 4.24. Let t = [ry)] 2 [r1] be a tree. For fired I C [ry,] set rl =

|fn--fix1(I)| — 1. Define a tree t' as the upper row in

I —— ful) —— ... — fo...[u(I)

Here the vertical morphisms are determined by requiring that they are bijective and order-
preserving, while the maps fL are given by requiring that all squares commute. Intuitively
t! is the subtree of t given by restricting t to edges connecting leaves labeled by I with the
T001.
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Lemma 4.25. Lett and I be as above. Then we can define a morphism h': t — t! in Epi
as the vertical maps in

fn fn— f
[rn] =2 [rp_1] —— ... —Z> [r1]
| |
£t h1 14
[Pl —>[rl_ )] 7= ... =[],

where the h! are defined as follows: The map hL maps all x € [r,]\ I to + and is an order-
preserving bijection restricted to I. For i < n we require that hf restricted to fit1...fn(I) is
the order-preserving bijection to [r!] and that h! be order-preserving on the whole set [r;].

Proof. Since I = [r,] \ (h1)7!(+) this determines h! up to equivalence. The maps h!
assemble to a morphism in Epil since they are chosen to be order-preserving and the
squares

FirrofalT) =2 foos fulD)

commute by definition of f{. Furthermore (h1)=1(+) N f,;1(i) = I N f,1(4) is an interval if
DI £ . O

Now we are in the position to compute the E,-homology of the representable projectives.

Lemma 4.26. Fiz a tree t = [ry,] 2 [r1] . Then

0, * > 0,
Dicpp I+ =0

Proof. Set C := CF»(P;). We filter C' by the submulticomplexes

HE(P) :{

FPCs, 51 = D K[{(hns o ) € Pe(t*)[[h ([sa])] < p+ 13,
fn f3
ts=[sp] ——= ... — > [51]
so that FPC' is generated by morphisms that map at least r,, — p leaves to +. This defines
an ascending filtration of C' by subcomplexes and therefore yields a first quadrant spectral
sequence

E;,q = Hp1q(Tot(FPC/FP71C)) = Hpiq(TotC).
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The quotient FPC/FP~1C can be identified with the free k-module generated by morphisms
(hny ..y h1) € Pi(t%) with |k 1 ([s,])| = p + 1. The differentials 0y, and dpax vanish on the
quotient. The remaining summands of d,, and the differentials 0,_1,...,01 do not change
the number of leaves that get mapped to +. We conclude that FPC/FP~'C is isomorphic
to D as a multicomplex, where

Dsp.o1 = D k[{(hn, ... h1) € Po(t*)[ |1 ([sn])] = p + 1}]
fa f3

t5=[Sp| —— ... —[s1]

with differentials 01, ..., 9p_1, én, where 8, = 9y, — Omin — Omax. The multicomplex D can be
decomposed further: The remaining differentials do not only respect the number of deleted
leaves but the set of deleted leaves itself. Hence D is the direct sum of submulticomplexes
D! with

D;, . o= b k[{(hn, s h1) € Bi(t*) [ ([sn]) = 1}]
In fa ’

t5=[rp] —— ... ——[r1]

such that I is a subset of [r,] of cardinality p + 1.

Notice that the differentials of D and D’ look like the differentials used in |4.4|to define E,,-
homology of functors from Epi,, to k-mod. We will show that D’ in fact can be identified
with the multicomplex associated to such a functor. More precisely, D! is the multicom-
plex computing E,-homology of the representable functor Pt": Denote by hl:t — t! the
morphism defined in lemma We define

: CEr (Epi, (!, -)) — D’

by mapping j € Epi,(t/,t*) to ¥(j) = j o h!. Since j does not delete any leaves this yields
an element of D!. We define an inverse ® to ¥ by mapping h € D! to the composite of the
columns in

rh A f
;] i) o [r]]

[rn] —— [rn—1] [r1]
hn hn—1
[50] == [50-1] Z s [s1]



Here the upper vertical maps are order-preserving bijections while the vertical maps in
the middle are inclusions. We see that ®(h); only depends on hsly,. . . (1), i.e. @ is well
defined on equivalence classes. It is obvious that each ®(h); is surjective and that the usual
requirements on commutativity are satisfied. Consider a fiber (f{)~1(l): The map ®(h);
first sends it order-preservingly and surjectively to fii1...fo(I) N f;1(j) C [ri], where j
denotes the image of [ under the map [r! ;] — fi...fn(I). Since h; preserves the order on
fibers of f; we see that ®(h); is order-preserving on the fibers of f{. Finally we note that
obviously ® o ¥ is the identity. To show that W is a left inverse for ® one writes down
Wod(h) for a given h and uses that ¥ o ®(h); only needs to coincide with h; on fii1...f(I).
The maps ® and ¥ commute with composition, hence also with applying the differentials.
Since the signs in the differentials applied to a morphism h are determined by the target
tree t° of h there is no trouble with signs either. Hence we have constructed an isomorphism

DI = CEn (Epln(tlv _))

of multicomplexes. We know from [41] that H,(TotCFn(Epi,(t!,-))) = 0 for *+ > 0 and
that
k, t1=[0] — [0] = ... = [0],

Ho(TotCPr(Epi,, (t', —))) = {
0, else.

Since t! = [0] — [0] — ... — [0] implies p + 1 = |I| = 1 we see that the E'-term of our
spectral sequence is

®Z’€[7‘n} ka pP=q= 07

Ey . = Hpyq(Tot(FPC/FP~'C)) =
0, else.
The spectral sequence collapses at E! and the claim follows. O

Having proved that HZ»(P;) is acyclic we can use the axiomatic decription of Tor (see e.g.
[29] ch. 2], [46l II1.10]).

Proposition 4.27. Let E;: Fun(Epi}, k-mod) — k-mod,i > 0 be a sequence of functors
with the following properties:

1. For every short exact sequence

0—>r—top ¢

F3 0
of functors from Epi! to k-mod there are natural k-linear maps

J: Ei_:,_l(Fg) — El(Fl)
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for all i > 0 such that the sequence

18 exact.
2. The k-modules E;(P) are zero for all i > 1 whenever P: Epil — k-mod is projective.

3. There exists G : Epi;{OP — k-mod such that there is a natural isomorphism

E() = G ®Epi¢ .

Then E is naturally isomorphic to Torlfpi”t (G,—).
Theorem 4.28. Denote by b: Epi*® — k-mod the functor given by the cokernel of

(80,1d, ..., id)s — (do, id, ...,id), + (61, id, ..., id), : PH=0I===0] _ pl0}=..=[0]
Then for any F: Epil — k-mod

HE»(F) = Tor™ (b, F),
and this isomorphism is natural in F.
Proof. We apply the axiomatic description of Tor. A short exact sequence of functors
0=-F—-G—H—=0
yields a short exact sequence of chain complexes
0— CEr(F) = CP" (@) —» CP"(H) - 0

and therefore gives rise to the desired long exact sequence. We already showed that HZ"(P;)
is zero in positive degrees. Every projective functor from Epi) to k-mod receives a surjection
from a sum of functors of the form of P; and hence is a direct summand of this sum. Hence
HEn(P) vanishes in positive degrees for all projective functors P. Finally the zeroth E,-
homology of a functor F' is given by the cokernel of

(—=1)""1F (8, id, ...,id) 4+ (—=1)"F(dy, id, ...,id) + (=1)" T F(6y,id, ..., id).
Using the natural isomorphism P? Qppir 1= F(t) of k-modules this is the cokernel of

((=1)""(80,1d, ..., id)s + (=1)"(do, d, ..., i)« + (=1)" 1 (61,1d, ..., 1)) @ppyr idp:
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P[l}%[o]a...%[o] ®Epi+ F — P[O}*)...—)[O] ®Epi+ F

But tensor products are right exact, and hence this cokernel coincides with the tensor
product of F' with the cokernel of

(—1)" (8o, id, ..., id)s + (—1)"(do,id, ..., id)s + (=1)"T1(61,id, ..., id).,

hence with b @+ F'. O

.+ op
In

Theorem 4.29. Suppose that k is injective as a k-module and let G: Ep — k-mod be

a functor. Then there is an isomorphism

H} (G) = Ext, . (b,G).

Epi,}
This isomorphism is natural in G.

Proof. There is an axiomatic description of EXtEpij (b, —) which is analogous to the descrip-
tion of Tor in proposition see [29, ch. 2], [46, I11.10]. That Hj maps short exact
sequences to long exact sequences follows as in the homological case. Since the projective
functor P; is finitely generated and k-free, the functor P;" is injective. The universal co-
efficient spectral sequence [4.23] yields that these modules are acyclic. But then all other
injective modules are acyclic, too, since they are direct summands of products of these.
Finally let G: Epi ®® — k-mod be an arbitrary functor. Then the zeroth F,,-cohomology
of G is by definition the kernel of

(—=1)"1G(dp,id, ...,id) + (=1)"G(dp,id, ...,id) + (—=1)" T G(dy,id, ...,id).
The Yoneda lemma identifies this with the kernel of
(—1)""Y((60,1d, ...,id))* 4+ (=1)*((do,id, ..., id),)* + (=1)" (01, 1d, ..., id),)*:

Naty,+ (P70 G) = Naty i (P02, @),

Since the functor Natg ;+(—, G) is left exact it takes finite colimits to limits, and in particu-
lar maps cokernels to kernels. Hence the above kernel is the result of applying NatEpiz (—, Q)
to the cokernel of

(=1)""Y(0g,1id, ..., id)s 4+ (—=1)"(do, id, ..., id), + (—=1)"(61,1d, ..., id).,

i.e. to b. O
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4.4 Spectral sequences and examples

We need methods to calculate F,,-homology and -cohomology. First we record the following
universal coefficient spectral sequence from [20, Proposition 13.2.2]

Proposition 4.30. Let A be a commutative nonunital k-algebra and M a symmetric A-
bimodule. There are spectral sequences

A
E2 = Tor) (HE"(A; Ay), M) = H, [ (A M)

and
EPT = Bxth) (Hp™(A; Ay), M) = HY(A; M),

There also is the following generalization of the spectral sequence in [41, Proposition 3.13]
which allows to compute F,-homology iteratively for even n.

Proposition 4.31. For even n let 1 < j < n. Let A be k-projective. If Hfj(A; Ay) s
AL -flat then there is a spectral sequence of Ay -modules with

By, = b (S99 (HP (A3 Ap)PA+T)), = HEr (A4, AL).

T an n — j-level tree with s + 1 leaves,
d(T)=g+n—j
The differential d* is induced by 01 + ... + On—j.
Proof. We can write Tot(C®n(A; A;)) as the total complex associated to the bicomplex
Dap(A; Ay) = b B Crrnim(A4y)

a=rn+..+rn_jt+1 b=r,_;+..+71

with horizontal differential 0,41 + ... + 0, and vertical differential 01 + ... + 0,—;. Thus
we get a spectral sequence with

El,= D  HuCowrnyom (DAL, 0 jia+ .+ 0n) = HI (A AL,
q=rn—j+...+71
Now observe that a n-level tree t = [ry] P [r1] is built from the (n — j)-level
tree T = [rp_j] Ty [rn—2] —...——[r1] and the j-level trees to,...,t, . over the

leaves of T'. We will write t = ((to,...,t,_,),T) to indicate this. Observe that applying
On—j+1 + ... + 0y, does not change the associated (n — j)-tree, i.e. we can decompose D into
the subcomplexes
Dy = D £(A;A)(®)
t=((to,-str,, _;),T),
d(to)+...+d(tr,_;)—j=a
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as

D= & DI

d(T)—n+j=b

To understand the grading, recall that elements in Tot(C®n (£ (A; AL ))) corresponding to a
tree t have degree d(t) — n. Hence

Eziq = @ Hy(D",0n—ji1 + ... + On).
deg(T)=q

To identify this last term consider
Tot(CL7 (A; Ay)) ®a, (Tot(CL (A; Ap))) B4+ — (S5 DT 0, i1 + ...+ Oy)
given by identifying the summand
L(A; Ay)(to) ®a, L(A;AL) (1) ®ay .. ®@a, L(ATAL) ()
of ((Tot(C" (4; A)))®Tn7j+l)d(t0)+,..+d(trn7j)—rn,j(j—&—l) with

L(A;AL)(1) C szr(to>+...+d(trn_j)—j'

To see that this is coherent with signs, we make the following comparison for 0 < i < r,_;
and 1 <1< j: In L(A;Ay)(t) C CEr(L(A; AL)) the signs associated to the summands of
On—j+1 applied to the j-level subtree t; differ from the signs of the corresponding differential
0 on L(A; AL)(t) C CF(L(A;AL)) by (—1)n—3+Xiz0(d(t=)+n=3)  On the other hand, we
pick up a factor (—I)E;;lo(d(t”)*j) if we want to apply 0; to the (i + 1)th tensor factor of
L(A;AL)(to) @a, L(A;AL)(T) ®ay .. ®a, L(A; Ay)(t,_,). Since n is even, the difference
in signs does not depend on ¢. Under the conditions stated in the theorem this yields the
result. O

We use this result to compute Fs-homology and cohomology of a polynomial algebra.
Hochschild homology of polynomial algebras is well known, see [43], 3.2].

Proposition 4.32. The Ej-homology of k[x] with coefficients in itself is concentrated in

degree zero, where it is L
Hy'* (k[z], k[x]) = k[x].

The following result agrees with the calculations in characteristic 0 and 2 in [57] and with
the results for k =, in [10].

Proposition 4.33. The Ey-homology of k[x] with coefficients in k[x] is given by

klx], [ even,

H{ (Kol Kz = {o | odd.
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Proof. We find that for the spectral sequence [4.31] applied to n =2 and j =1

Epq= ., (2%K[2]),-

T a 1-level tree with s + 1 leaves,
deg(T)=q

But if deg(T") = ¢ then T has ¢ + 1 leaves. Hence we see that

1 _ k[.’E], p:qzoa
P4 0,p#q

and the spectral sequence collapses. ]

Since H?(k[z], k[x]) is k[z]-free, the universal coefficient spectral sequences allows more
general calculations.

Corollary 4.34. Let M be a symmetric k[z]-module. Then

M, | even,

H{ (Kol M) = {0 ! odd

and similarly

— M, | even,
Hi, (al; M) = {o ! odd

Remark 4.35. Let us exhibit explicit generating cycles in CE2(k[z], k[z]): Consider the
fork tree F; = [l i, [l] and

L@ 2™ € L(Rle], k[])(F).
This is a cycle. An element in L(k[z], k[x])(F}) can only be hit by the differential of an
)

element in L(klz], k[z])( [l 4+ 1] fi, [1] ) with

ﬁu):{m j<i,

j—=1, j>1

A calculation shows that no such element gets mapped to 1 ® ¥+, Since we know that
HQEZQ (k[z], k[z]) is k[x]-free, we see that the above cycle is a k[x]-generator. It follows that
if we endow HEP?(k[x], k[z]) with the shuffle product (see lemma arising from the bar
construction, it is the augmentation ideal of the shifted k[x]-algebra k|x] @ X 2T(y) with

ly| = 2.
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5 Functor cohomology and cohomology operations

We recall the definition of the Yoneda pairing on Ext. The Yoneda pairing is usually defined
in the context of modules over a ring (see e.g. [40, I11.5, IT1.6]), but is well known to be easily
generalized to suitable abelian categories with enough projectives and injectives. Since we
are interested in E,,-cohomology we assume that k is k-injective in this section.

Definition 5.1. Let F,G and H be functors from Epit®® to k-mod. Let Pr denote a
projective resolution of F' and Ig an injective resolution of H. There is a pairing

E Ext;:piz (G,H)® EXtEpiI (F,G) — EXt*Epi¢ (F,H),
defined as the composite
Ethpi;; (G,H)® Ethpi:: (F,G)

Hp(Natg+ (G, 1)) @ Hp(Natgp+ (Pr, G))

|

Hner(NatEpi;t (G, Ig)® NatEpi: (Pp,Q))

|

Hyym(Natpyis (P, In)) = Extg;’:g(F, H).
Here the second map is induced by composing natural transformations. This pairing is
associative, i.e. the diagram

M®EXt;pi+ (BE,F)
Ext, . (G.H) ® Ext . (F,G) @ Exty . (E.F) "% Exty . (F.H)®Exty . (E.F)

iEx‘n;pi (G H@u l P

Ext? Ext E H)

Epi}

(G, H) ® Bxtyy . (E,G) i

commutes. The pairing is called the Yoneda pairing.

Example 5.2. Similarly one can define a Yoneda pairing for the Ext-groups associated to
modules over a unital ring R. In particular, if R is a projective k-algebra, we can define
the cup product on Hochschild cohomology via the Yoneda product. Recall that since R is
k-projective we can calculate its Hochschild cohomology as

HH*(R; R) = ExtRg oo (R; R)
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with R°P the opposite of R. The usual cup product on Hochschild cohomology and the
Yoneda product coincide ([62]).

In particular there is a natural action of EXtEpi+ (b,b) = Hf, (b) on E,-cohomology. To

identify Hy, (b) we first examine b and its dual b*. For the remainder of this section we will
denote b: Epi — k-mod by b, since we will have to consider trees of varying levels.

Proposition 5.3. The representing functor b,, can be identified with the functor mapping a

treet = [ry,] L [r1] to the free k-module k([r,]) generated by the set [r,]. Denote

the generators of k([ry]) by 0, ...,7,. Then with respect to this identification the functor by,
induces the following morphisms:

b (T oo Tjt1, diy id, o 1d) 2 k([rn]) — E([rn]), m,_MnT(m)

for permutations Tjq1,..., Ty,

m, m <1
bn(dhld?’ld) k<[7’n]> ij<[’rn+1]>7 m— W—FT—H, m:i, )
m¥, m> i,
__ <i
m+1, m>1

Proof. The k-module b, (t) is generated by elements that can be represented by a map from
t to [0] — .... = [0]. Such morphisms are completely determined by which interval in [r,]
is mapped to 0 € [0]. In the same manner a morphism from ¢ to [1] — [0] — ... — [0] can
be identified with two disjoint intervals in [r,], and such a pair of subsets (A, B) is sent to
A — AU B+ B by the map

(80,id, ...,id), — (do,id, ..., id), + (61, id, ..., id),

of which b, is the cokernel. In particular, if M = {m; < ... < my} C [ry] represents a
morphism to the tree with a single leaf and if [ > 1, there is a morphism to the palm tree
1] [0] [0] with two leaves represented by ({m;i}, {mao,...,m;}). Hence

M and the formal sum {m;} + {ma,...,m;} coincide in b, (t). Iterating this we see that M
is equivalent to {m1} + ... + {m;}. On the other hand every singleton {m} for 0 <m <r,
represents the following map from t to the tree with one leaf:

[rn] ——lrn1] —— . ——[r]
mizw+,mwol J:»—)Oi x»—)Oi

[0] (0] [0]
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Hence all sets {m} do indeed represent a morphism. Since all of the imposed relations
in the cokernel consist of splitting up a set into two subsets, b,(t) can be identified with
k([rn]), with m representing the morphism above for m € [r,]. Using this the induced
maps are easily calculated to be the ones above. For example, precomposing the morphism
represented by m with (0;,1d, ...,id) and evaluating this on = € [r,] yields

m(z), x <1
mo (d;,id, ...,id)(z) = m(+), x =1,
m(x—1), z>1.
4+, x <tandm > 1,
+, x<iand m<iand x #m,
0, x<iandm<iandzx=m,
+, x =1,
+, z>tandm>idiand x —1#m,
0,

x>tandm>17and x — 1 =m,

4+, x>17and m < i.

{m(m), m < 1,

m+ 1(x), m>i.

Since we are going to work homologically we determine b as well.

Corollary 5.4. The dual b} of b, assigns k{[r,]) to the tree t = [ry,] LI [r1]

Denoting the generators of k([rn]) by ao, ..., o, , it induces the maps

by (Tny ooy Tjp1, diy 1d, -y id) 0 k([ ]) — k([ra]), Qo = Q=1

for permutations Tjy1, ..., Ty,

moy S .7
b (diyid, ooy id)s: k([ +1]) = K{fral),  am > {O‘ m=t

QAm—1, M > Zlv

Qs m < 1,
b (65,1d, ooy id)e: B{[rn +1]) = E{[rn]),  cm > {0, m=1i,

Qp—1, M > 1.

We start with calculating the Fq-cohomology of b; and then deduce the general result from
this calculation.
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Proposition 5.5. Forn =1 we have
HY, (b1) = HP (6]) = 0

forr >0 and
HY (b)) = HJ' (b}) = k.

Proof. Since the complex calculating HF1(b%) is k-free, the result for cohomology follows
from the homological result via the universal coefficient spectral sequence Let us
determine the differentials of the homological chain complex CE(b%): The rth differential
is

d") =6y —do + ... + (=), + (=1)"25,41: r{ag, .., app1) — T{ag, ..., ).

For m € [r 4 1] this yields

d(r)(am)
m—1 r
= do(oum) — Z (_1)iamfl - Z(_l)iam + (=1)"6r41(am)
i=0 i=m
—Yizo(=1)’ag + (—1)ag, m =0,
= Qam1— 2 D am — Y, (1 + (=), 0<m<r+1,
ar — > r_o(—1) o, m=r+1,
—0reveno + (—1)"ax, m = 0,
= Am—1 — Om—1,even®m—1 — Op—meven(—1) " @m + (—1)"ap, 0<m <r+1,
ay — O even iy, m=r+1.

Hence for r even we get

0, m =0,
d(”)(a )= om—1, 0<m<r+1,m even,
" Qo 0<m<r+1,m odd,
0, m=r+1,
whereas for r odd we get
—Qo, mzov
Um—1 — Oy, 0<m<r+1,m even,
d(r)(am): m—1 m r Vv
0, 0<m<r+1,m odd,
o, m=r-+1.
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Accordingly the kernel of d?) is generated by ag, a1 and elements of the form Qi1 —
agj,j = 1,...,1, which is exactly the image of d@+D " On the other hand, the image of
d?+2) is generated by those oy, with m € [2[ + 2] odd, while Z?l;gl Ai; is an element of
the kernel of d@*1 if and only if Mgy, = 0 for all m. Hence the complex in question is
acyclic, with Im(d®)) = 0 and hence Hy(CEv) = b3([0]) = k as claimed. O

To prove the result for n > 1 we first show that H.(C,,, _, . (b;),0n) vanishes whenever
rn—1 > 1. For this we need the following lemma.

Lemma 5.6. Let F': Epi — k-mod be a functor and rq,...,mn—1 > 0. Then
A SRt AR (CEn rl)(F), an)

(*77‘1'1,717---7

15 isomorphic to the total complex associated to the r,_1-fold multicomplex

Da07--~,arn,1(F) = @ F(t)
fn f2

t=[rp] —— ... ——[r1],
|1 (0)|=ao+1,| f * ()| =as
with ith differential d* the part of 0, induced by morphisms operating on the fiber f,1(i).
Furthermore we can split D into submulticomplezxes corresponding to the underlying (n—1)-
level tree, i.e.

Dah---,arn_l (F) = @ (Dz:l,-~~7arn,1 , do, e dr"*l)
Jn— f
T= [Tn—l] *1> . $— [rl]

with

fn f2

t=[rp] ——= ... —=[r1],
|fn 1 (0)|=a0+1,| fr " (4)|=ai

Proof. The differential 9, is the sum of the maps d; acting on one of the fibers f, (7).
Two such differentials d; and d; commute except for their signs: Since d; deletes an edge
left of f, 1(j) for i < j, we find that d;d; = —d;d;. Hence it is clear that up to a shift

we can interpret anr e Tl)(F ) as a total complex as above. Let us check that we chose
fﬂ/

the right shift of degrees: If t = [r,] —— ... LN [r1] such that |f,1(0)] = ao + 1 and
|f1()| = a; for i > 0 then 7, = ag + ... + a,,_,. The summand F(¢) has total degree
i+ ..+ry—(r1— ... —Tph_1) =7y in E_Tl_“'_rn*C’ﬁ’:‘rnihm’rl)(F) and hence this degree
and the total degree in D of elements in F(t) coincide. Since all the differentials d’ leave
the lower levels of a tree ¢ as they were it is clear that the splitting above holds, allowing
us to consider one (n — 1)-tree shape at a time. O
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Theorem 5.7. For alln >0

k, s=0

HE" b* _ ) )

<" () {0, s> 0.
Proof. Fix rp_1 > 1,r_9,...,71 > 0. We will prove that H*(C'(E*"T o Tl)(F),(‘)n) vanishes.
Let T be a (n — 1)-level tree T = [rn,l]fn;l> L [r1] . Consider the corresponding

summand D? of the multicomplex D(b%). According to lemma [5.6| it suffices to show that
the homology of the total complex associated to DT is trivial for all trees T as above.

Let us start by calculating the homology of DT in the zeroth direction, i.e. for each given
at,...,ar, , > 1 we consider the complex

(D*T,al,...,arn_17d0) = ( @ F(t)7d0)'
fn f2

t=[rp] —— ... —[r],

| fa H(0)|=++ 1, f (1) =a

Since we fixed T there is exactly one tree t = [r),] 2 [r1] with |£,1(0)| =p+1
and |f,1(i)] = a; for each p. Let p + q = r,. The differential d° maps a; € bi(t) =

k{ag, ..., aptq) tO

(—=1)" b2 (8o, id, ..., id) ())
P

|
—

+ (=1)"0% (d;, id, ..., id) ()

I
o

(=) (G, id, o id) ().

Applied to elements with j < p this coincides up to a sign (—1)"~! with the image of
a; € bi([p]) under the differential d#* of CE(b}) calculated in proposition Ifj>p
all the induced morphisms are the identity. One easily checks that those add up to 0 if p is

even and that o is sent to (—1)" 'a;_1 if p is odd. Hence (DI, . N d) is isomorphic
to
dTHgo |, dTH@id | dTHgo |, dHH@id |
o 0i(B]) @ kT —="b7([2]) © k* — bi([1]) ® kT — bi([0]) @ A
and HP(DZ:al,...,ar _l,do) is concentrated in degree p = 0 where it is k. We showed in
proposition that HOEl(b’{) = b;([0]), hence a cycle in Ho(DI, . 71,d0) is given by

ag € b ("1 where t%*%m-1 is the tree extending T with top fibers of arity
1,a1,...,a,, ;.
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We now determine how d' acts on these cycles. The differential d' is induced by morphisms
acting on leaves in the second to left top fiber. All of these leave the leftmost leaf invariant
and hence each of the induced maps sends ag to ap. Hence for fixed ag,...,a,, , > 1 the
chain complex (HO(DI,*,@Q,,,,GT”A,do),dl) is one-dimensional on the generator oy in each
degree r with differential

d' ()
r—1
= (=1)"(=1)"'b; (61,1, ..., id) (a0) + (=1)™(=1)™ Y _(=1)" b5 (ds id, ..., id)(ap)
=1

+(=D)" (=) 1% (6,,1d, ..., 1d) (ap)

= (1) (=i
=0

Hence the homology of (Hy (D*T>k Q2err, | d%), d") vanishes completely and the homology of

the total complex of DT is zero. This holds for all trees T = [r,_1] LI N [r1] with

rn—1 > 1. Hence (CE”

(%, Tr—1,---,71)

If r,_1 = O this forces r,_o,...,r/1 = 0 . But one easily sees that (05707”'70)(17;‘;),8”) is

isomorphic to CE1(b%), hence has homology concentrated in degree zero where it is k.
Since Ep-homology is the homology of the total complex associated to a multicomplex with

(b}), On) has trivial homology as well, whenever r,,_; > 1.

(C’E*”Tn_1 rl)(b;), Op) the complex in nth direction, a standard spectral sequence argument
yie&ds the result. O

Corollary 5.8. E,-cohomology of b, is trivial in positive degrees and equals k in degree
zero. In particular no nontrivial cohomology operations arise on E,-cohomology via the

Yoneda pairing defined in[5.1}

Remark 5.9. One possible explanation for the vanishing of Hy, (bn) = ExtEpi+(bn,bn) 18
that b, : Epi; — k-mod might be injective, but we were not able to verify this.
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6 Higher order Hochschild homology

Higher order Hochschild homology is a generalization of Hochschild homology based on
the observation that Hochschild homology can be computed as the homotopy groups of a
simplicial k-module obtained by evaluating the Loday functor on a sphere. In [41, 3.1] it is
shown that E,-homology of a commutative algebra coincides with higher order Hochschild
homology of that algebra up to a shift in degree. In this section we establish that this
comparison also holds for arbitrary coefficients and for cohomology.

6.1 Definition of higher order Hochschild homology

Higher order Hochschild homology has been introduced by Teimuraz Pirashvili in [52] 5].
Pirashvili defines higher order Hochschild homology HH!™ and proves that over the ra-
tionals HH[™ has a decomposition, called the Hodge decomposition, which generalizes the
well known A-decomposition for ordinary Hochschild homology (see e.g. [43] 4.5]). In [26]
Grégory Ginot defines higher order Hochschild cohomology H H|, and uses a geometric
approach to study additional structures on H H|,,| like Adams operations and a Lie bracket.
Higher order Hochschild homology is also related to factorization homology, see [27].

Let A be a nonunital algebra and M a symmetric A-bimodule. It is well known (see e.g.
[54] 1.5]) that Hochschild homology of Ay = A& k with coefficients in M can be computed
as

HH(A; M) = 7.(£4 (A, M)(S"))

where we need to consider an unreduced version L4 (A, M) of L(A, M) in order to get a
functor from the category Ay of finite pointed sets and order preserving pointed maps to
k-modules. Indeed, if A is commutative, £ (A, M) is a functor from finite pointed sets
Fin, to k-mod. This observation led to defining higher order Hochschild homology as the
homotopy groups of £ (A, M) evaluated on a higher dimensional sphere.

For the rest of this chapter we fix a commutative nonunital algebra A and a symmetric
A-bimodule M. We first recall some basic facts about simplicial and cosimplicial k-modules
and then give the definitions of higher order Hochschild homology and cohomology. Back-
ground on the following simplicial constructions can be found in [28] I1I.2].

Definition 6.1. For a cosimplicial k-module C: A — k-mod with coface maps 6; and
codegeneracies o; the associated normalized Moore cochain complex N(C) is given by

-1
N(C)' = [ ker(o;) C C*
=0
and differential
+1 ‘
> (=1)';: N(C)' — N(C)F.
=0
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Lemma 6.2 ([28, p.153, p.393]). For any simplicial k-module K there is a natural isomor-
phism
r(K) = HL(N(K)

between the homotopy groups of K and the homology of the normalized Moore chain complex
N(K) associated to K. Similarly, the cohomotopy groups of a cosimplicial k-module C' can
be computed as

7 (C) = H*(N(C))
and this isomorphism is natural.

We need versions of £(A, M) and £(A, M) which are defined on Fin,, hence we need to
work with A rather than with A as in definition [4.17

Definition 6.3. Consider r, = {1,...,r} U{+} as a finite pointed set with basepoint + for
r > 0. The functors

L1 (A, M): Fin, — k-mod and L (A, M): Fin}® — k-mod
are defined on the skeleton ro, r > 0 by setting
Lo(AM)(ry) =Me AT

and
EC(Av M)(er) = Homk(A§T7 M)

A basepoint-preserving map f:r, — s, induces maps given by

L AM(Nmeae..@a)=|m- [[ a|e| [] «|e.® ai
i f(4)=+ f(1)=1 :f(i)=s

and

LLAMN = a®..eaw | ] el o I[ - J] @)
i f(4)=+ i:f(1)=1 :f(i)=s

where g € Homy(AS*, M) and [Jya; =1 € A4

Definition 6.4 ([52, 5.1]). Denote by L4 (A, M)(S™): A°® — k-mod the simplicial k-
module obtained by composing a simplicial n-sphere S™ with L (A, M). The Hochschild
homology of order n of Ay with coefficients in M is

HH"(A; M) = m.(£4 (A, M)(S™)).
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Similarly, let L5 (A, M)(S™): A — k-mod be the cosimplicial k-module obtained by com-
posing a simplicial n-sphere with the contravariant functor LS(A,M). The Hochschild
cohomology of order n is given by

HH{ (A3 M) = m (L5, (A, M)(S™)),

Remark 6.5. The higher order Hochschild homology and cohomology groups are indepen-
dent of the choice of a concrete model for S™, see [52], [20].

In the rest of this section we will prove a generalization of the following result.

Proposition 6.6 ([41], 3.1]). For a k-projective nonunital k-algebra A and trivial coefficients
E, -homology coincides with higher order Hochschild homology up to a degree shift, i.e.

HE"(Ask) = HH, (A k)

for = > 0.

6.2 Simplicial commutative algebras

Denote by sS the category of simplicial sets and by sS. the category of pointed simplicial
sets. The category sS is a simplicial model category by [55, I1.3]. Hence sS, is what one
might call a pointed simplicial model category, see e.g. [36, Proposition 4.2.9]. In particular
there is an operation

A:8Se X 8Se —8Sy, (K,L)— KAL

and an internal hom object
Homgg, (K, L); = Homgg, (K x A, L),
as well as an adjunction
Homyg, (K A L, M) = Homgg, (K, Homgg, (L, M)).

Here A; is the simplicial i-simplex with A;(a) = A(]a], [¢]) and for pointed simplicial sets
K and L we set
KxL=KXxL/xxL.

A corresponding structure is present for the category sAlg, of simplicial commutative aug-
mented k-algebras by [55, 11.4]: We define an action of sS, on sAlg,. by

®: sAlg, x sS, — sAlg,, (X, K)— ® Xn,
Kp\*
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using that the tensor product is the coproduct in the category of commutative augmented
k-algebras. We will also write ®; for ® to indicate the ground ring we are working with.
The simplicial mapping space Homgag, is given by

HomSAlgk (X, Y)z = HomsAlgk (X ® A, Y),

where (X ® Ai)m = Quen,(m) Xm- The simplicial set Homsag, (X,Y) is pointed with
basepoints given by the composite ne of the augmentation € of X ® A; and the unit 1 of
Y. According to [30, 4.2.19] these definitions make sAlg;. a sS,-model category, which in
particular implies the following adjunction:

Proposition 6.7. There is an adjunction
Homgalg, (X®K,Y) = Homyg, (K, Homgayg, (X,Y)).

We will also need the following result stating that sS, indeed acts on sAlg;, which also
follows from [36], 4.2.19].

Proposition 6.8. For any simplicial commutative augmented k-algebra X
(X K)®rL = X®p(K A L)

as stmplicial commutative augmented k-algebras.

6.3 Higher order Hochschild homology and cohomology coincides with
E,-homology and cohomology

We want to compare higher order Hochschild homology and cohomology with F,,-homology
and cohomology. Our approach, especially the proof of proposition is based on ideas
contained in recent work by Bobkova-Lindenstrauss-Poirier-Richter-Zakharevich. In [10]
Corollary 8.4] they establish a comparison of higher order Hochschild homology and an
iterated bar construction in a simplicial setting.

For X,Y € sAlg, we denote by X ® Y the bisimplicial augmented commutative algebra
with

(X ® Y)a,b =X, ®Yp.

For a bisimplical object Z let d(Z) be its diagonal. Recall that the shuffle map
V:NX)®@NY) > NdX®Y))
is defined by

V(.CC & y) = Z sgn(a)sg(erq,l)...sa(p)x & So(p—1)---55(0)Y
oesh({0,...,p0—1}{p,....p+q—1})
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for x € Np(X) and y € Ny(Y'). The shuffle map makes N a lax symmetric monoidal functor
from the category of simplicial k-modules to nonnegatively graded chain complexes. Hence
N maps a simplicial augmented commutative k-algebra to a differential graded commutative
augmented k-algebra. More precisely for X € sAlg, with product p: d(X ® X) — X we
can make N(X) into a differential graded commutative augmented k-algebra if we define
the product as

N(X) ® N(X) Y= N(d(X ® X)) 2L nx)
see [17, I1.7], see also [56].
We will be using several variants of the bar construction in this subsection. Recall that the
bar construction B(M, A, N) can be defined in any monoidal category for a monoid A, a
right module M over A and a left module N over A. The cases we will be interested in are
the following:

1. We will use the bar construction B(k, X, k) of a simplicial commutative augmented
k-algebra X with coefficients in k. This is the bisimplicial commutative augmented
k-algebra with '

Bij(k, X, k) = X"
with multiplication ' ' ' 4
X7 o XP = (X;©X;)% — X7
induced by the multiplication of X.

2. We will also need the bar construction B(k,C\, k) associated to a differential graded
commutative augmented algebra C,. This is the simplicial differential graded com-
mutative augmented algebra with

Bi(k,Cy, k); = (CZ);

with multiplication again induced by the multiplication of C,. By Tot(N (B(k, Cy, k)))
we denote the total complex of its normalization with respect to the simplicial struc-
ture, this is then again a differential graded commutative augmented k-algebra via
the shuffle map.

3. We denote by B(D,) the reduced bar construction as defined in definition associ-
ated to a nonunital differential graded commutative algebra D,. The shuffle product

makes B(D,) a (nonunital) differential graded commutative k-algebra. Note that
B(D,) is the augmentation ideal of Tot(N(B(k, (D)4, k))).

Hence (see also [41], 3.1]) for a commutative nonunital k-algebra A the n-fold bar construc-
tion B"(A) can be expressed via the simplicial bar construction as the augmentation ideal
of

Tot(N(B(k, N(B(k, ..., N(B(k, Ay, k)), ... k), k))),
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which implies that
HE (A k) = H (S " Tot(N(B(k,N(B(k, ..., N(B(k, Ay, k), ..., k), k))))
if A is k-projective. On the other hand,
HH" (AL k) = Ho (N (L4 (A, K)(S™))).

We will compare both N(B(k, N(B(k,..., N(B(k,Ay,k)),...,k)),k)) and N(L4(A,k)(S™))
with the normalized Moore complex

N(d(B(k,B(k,...B(k, Ay, k)....k),k)))

of the diagonal of the n-fold simplicial k-algebra B(k, B(k,...B(k,A1,k),k),k)). The key
to this comparison is the following lemma.

Lemma 6.9. Let X be an augmented simplicial commutative k-algebra. Then there is a
quasiisomorphism

Tot(N(B(k,N(X),k))) = N(d(B(k, X, k)))
of commutative differential graded augmented k-algebras.

Before we prove the lemma, let us recall the following correspondence between compositions
and shuffles. A (p, ¢)-composition consists of two disjoint subsets P and @ of {0, ...,p+q—1}
with |P| = p and |Q| = ¢. There is a bijection between the set of shuffles of {0,...,p — 1}
with {p,...,p+ ¢ — 1} and the set comp(p, q) of (p, ¢)-compositions given by identifying o €
sh({0,...,p—1},{p,...,p+q—1}) with the composition (P, Q) with P = {c(0),...,0(p—1)}
and @ = {o(p),...,c(p+¢—1)}. The signum of o can be calculated from (P, Q) by noting
that it picks up a factor —1 for every pair x,y € {0,....,p+ ¢ — 1} with z < y, but = € Q
and y € P. We set sgn(P, Q) = sgn(o).

Generalizing this we call pairwise disjoint subsets AN ..., A®) of {0,....j1 + ...+ js— 1} a
(j1, ..., js)-composition if |[A®¥| = j; for all 1 < i < s. The signum of (A1), ..., A()) picks up
a factor —1 for every pair z,y € {0, ..., j1+...+js— 1} such that z < y but z € A@ y c A®)
with b < a. The set of (j1,..., js)-compositions can be identified with the set of shuffles of
{0, ;51 — 1}, {d1+ -+ Js—1, 1+ .. + 75 — 1}

Using this we can write the shuffle map V: N(X)®@ N(Y) - N(d(X ®Y)) as

Viz®y) = Z sgn(o)sgx @ spy
(P,Q)€comp(p,q)

with sy = sj,...s4, for a set I = {i; < ... < i} of nonnegative integers.
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Proof. Let Y be a bisimplicial commutative augmented algebra with horizontal and vertical
degeneracies s, and s/ and horizontal and vertical face maps d; and d//. Then the associated
normalized total complex Tot(Y") is the total complex associated to the bicomplex B, . given
by

Byg=Ypq/Z

with Z = Zf;ol Ims, + Z;};& Ims/ and differentials

p q

d"=> (-1)Pd} and d'=) (-1)%dj.

i=0 =0

Consider the bisimplicial shuffle map V"': Tot(Y') — N(d(Y)) given by mapping y € Y,,
to
Vi) = Y sen(P,Q)spsh(y).

(P,Q)€comp(p,q)

Then V" is a quasiisomorphism, see e.g. [I5, Satz 2.9]. On the other hand, the complex
Tot(N(B(k, N(X),k))) is the total complex associated to the double complex

p—1
Cpoe = N(X)/ S Tims?
=0

with s2 the degeneracies of the bar construction B(k, N(X), k) and differentials induced by
the differential of N(X) and by the face maps of B(k, N(X), k). Now let Y = B(k, X, k).
For every [ > 0 there is a quasiisomorphism

VO N(X)® - N(d(X®)

given by iterated application of VX: N(X)® N(X) — N(d(X ® X)). Since V¥ is strictly
associative (see [I4, Exercise 12.2]) the concrete choices made for V() do not matter and
we see that

! ) A
VO (zy, .. 2) = Z (Sa@u.0a® (@1)s s S50 yac-n (20)
(AM . AD)Yecomp(j1,-..,71)

for (x1,...,21) € X, ®...@ Xj,. Applying V®) to the pth column in the double complex Cy «
yields a map from Ci « to By 4. Since this map induces a quasiisomorphism on each column
it induces a quasiisomorphism Tot(C\ ) — Tot (B «), see [59, Exercise 10.12]. Hence

Tot(N(B(k, N(X), ) o> Tot(Y) V= N(d(B(k, X, k)))

is a quasiisomorphism.
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To see that this quasiisomorphism respects products, observe that the shuffle map with
respect to the simplicial structure of the bar construction

VP N(B(k,N(X), k) ® N(B(k, N(X), k)) = N(d(B(k, N(X), k)*?))
is a morphism of bicomplexes. We will denote the induced map Tot(N(B(k, N(X), k))) ®

Tot(N(B(k,N(X),k))) — Tot(N(d(B(k, N(X),k)®2))) by VE as well. The product sh on
Tot(N(B(k, N(X),k))) is given by

Tot(N (B(k, N(X), k))) @ Tot(N (B(k, N(X), k) ~— Tot(N (d(B(k, N (X), k) *2)))

IR

Tot(N(B(k, V¥ k)))

Tot(N(B(k, N(X)®2 k))) Tot(N(B(k, N(d(X®?)),k)))

Tot(N (k,N(u),k))

Tot(N(B(k, N(X), k)))

with u denoting the multiplication of X. The product on N(d(B(k,X,k))) is defined via
the shuffle map V41 with respect to the diagonal simplicial structure of d(B(k, X, k)) and
the bisimplicial commutative algebra structure

(Xg)®P @ (X)®P =2 (X, © X,)P — (Xg)®P

on B(k, X, k) induced by p. We will denote the multiplication on d(B(k, X, k)) also by u.
We need to show that the diagram

T@(;tT(ot(( EIE(JZ,(Ng ’ k)),)/)f))v)(ﬂ)Tot(Y) ® Tot(Y) % N(d(Y)) ® N(d(Y))

sh N(d(d(Y) ®d(Y)))
iN(u)
Tot(N(B(k, N(X), k))) — Y~ Tot(Y) v N@d(Y))

commutes. Let dg(Y ®Y') be the diagonal bisimplicial set obtained by taking the diagonal
with respect to the tensor product, i.e.

d@(Y & Y)pq = qu ® Y;’(I‘
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Since pu: dg(Y ® Y) — Y is a morphism of bisimplicial sets the diagram

Tot(N(B(k, N(d(X®2)), k))) Yo Tot(de (Y @ Y)) s N(d(de(Y ® Y)))
lTouN(B(k,N(u),k))) lwm lmm
Tot(N(B(k, N(X), k))) — Y~ Tot(Y) v N@(Y))

commutes due to naturality of the occuring shuffle maps. Hence it suffices to show that the
diagram

g’,tr(of(ﬁ(g’(ﬁ (Jff(()’ ’3))13); OV ITot(Y) © Tot (V) 2% N(d(Y)) @ N(d(Y))
vB lvdiag
Tot(N(d(B(k, N(X), %) N((d(Y) ® d(¥)))

o)

Tot(N(B(k, N(X)®2, k)))

Tot(N(B(k, VX k)))

Tot(N (B(k, N(d(XE2)), k)~ Tot(de (Y © Y)) —> N(d(ds(Y @ Y)))

commutes. We first show that

Vbi®vbi
(Xr)®a ® (XS)®b - (Xa-&-r)@a—w ® (Xb+8)®b+s
lvB,Tot
(Xr ® Xs)®a+b Vdiag
S
b v b
(X20)®? (Xonra =2

commutes for all a,b,r,s > 0, where for (1, ..., Tq13) € (X;)®? ® (X,)®® the map VF T is
defined by

VB’TOt(:Ul, ooy gy L1y ey Tadh) = Z sgn(o)o.(x1®1s, ..., 2,®15, 1, @Tq41, ..y L @Tq4p)
o€sh(a,b)

with 1, the unit element of X,., 1 the unit of X and the usual left action by the symmet-
ric group given by o.(y1, -, Ya+b) = (Yo—1(1)s -+ Yo—1(atb))- A quick calculation shows that
VXVEBTot defines a map

Tot(Y) ® Tot(Y) — Tot(dg(Y ®Y)).

108



We denote the degeneracies originating from the bar construction B(k, X, k) by s® and the
degeneracies of X by sX. The maps in the diagram are

vdi&g(vbi ® Vbi)(ajl, oy Tay Tat1s s Tatb)

di X B X . B
= ydiag Z +545R (X1, 00y Ta) @ SBSS (Tat1y vy Tatd)
(A,R)€comp(a,r)
(B,S)€ecomp(b,s)
X B _X_B X B _X_B
= Z 1575754 SR(T1, .., Ta) @ Si7STSBSS (Tat1s -y Tatd)
(U,V)ecomp(a+r,b+s)

(A,R)Ecomp(a,r)
(B,S)€comp(b,s)

and

bixy X B, Tot
VIV O(.7}1,...,l’a,$a+1,...,l‘a+b)

bi X B X B
= VvV g +55sg(T1, ., Ta) @ SRSA(Tat1y s Tatd)
(A,B)€ecomp(a,b)
(R,S)ecomp(r,s)

X B/, X_B X B
= Z +s7 57 (55 5p(T15 -, Ta) @ SRSA(Tat1, -+, Tatbd))-
(I,J)ecomp(a+b,r+s)
(A,B)€ecomp(a,b)
(R,S)ecomp(r,s)

Here the summands of the first map are decorated by
sgn(U, V)sgn(A, R)sgn(B, S),
while those of the second map carry the sign
sgn(l, J)sgn(A, B)sgn(R, S).

The degeneracies originating from the bar construction and from X commute, hence the
two maps above are given by

X X _B_B X X_B_B
Z ts7 54 Sy SR(T1, ory Ta) @ S SBSTSS (Tat1y ooy Tatbd)
(U,V)ecomp(a+r,b+s)
(A,R)Ecomp(a,r)
(B,S)€ecomp(b,s)

and
X X _B_B X X _B_B
E +s7 55 575p(21, -, Ta) ® ST SRSTSA(Tat1, -, Tath)-
(I,J)€comp(a+b,r+s)

(A,B)ecomp(a,b)
(R,S)€comp(r,s)
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We claim that both of these terms equal
X B X B
Z £ AuBLSSBURLS (1, -3 Ta) @ SALUBURSALRUS (Tat1s - Tatd)-

(A,R,B,S)€comp(a,r,b,s)

Since the arguments are analogous we will only consider the first map in question. Note
that
comp(a + r,b+ s) x comp(a,r) x comp(b, s) = comp(a,r,b, s).

The bijection is given concretely by assigning to compositions
(U=u < ..<Ugpr, V=01 < ... < Upysg),

(A=a1 < ..<aqg,R=r1 < ..<rp),
(B=b <..<bp,S=s51<..<sg)

the composition

(A=1uq, <...<uUg, R=u <..<u,B=uvy <..<vp,S5=1, <..<us,).

Observe that sgn(U, V)sgn(A, R)sgn(B, S) = sgn(4, R, B, S). We need to show that

X X X
SVSA = SAuBuS

and that similar identities hold for the other degeneracies in question. Let
ay(aj) = Hilvi < a; +i—1}],

i.e. ay(a;) equals the number of degeneracies the degeneracy s,; has to be switched with
in order to write s‘)/(si‘( as a product s .S with ¢ < ... < tgyprs. Observe that

a; + ay(a;) ¢ V. Hence

a-+b+s*
{t1 < .. <togprst = {vi,.yvp,a1 +ay(ar),...,aq + ay(aq)}
= BuUuSU {a1 + av(al), veny Qg+ Oév(aa)}

Since a; + oy (a;) # rj + ay(r;) for all 4, j the same argument also yields that
U={a1 +ay(ar),...,aq + ay(ag),r1 + ay(r1), ..., + a(ry)}.

Since the map a+r — U,z — x + ay(z) is clearly order-preserving, it coincides with
a+r — U,y uy. Therefore a; + ay(a;) = uq,; and hence

X X X
SVSA = SAuBuS
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Repeated application of this argument yields the desired commutativity of the diagram
above.
Finally we consider the diagram

v ewvk)
(Xﬁ ®..® Xn) ® (XT1+1 ... XTerk) - (XT1+...+T1)®l ® (XT1+1+...+Tz+k)®k

VB VB,Tot

@0€sh(l,k) U'<X7‘1 ® X0, s Xrl ® Xo,
XO X XT‘ ) XO & X»p

Rl+k
(XT1+.~+7“1 ® XT1+1+...+rl+k)

I4+17 " l+k>

N(B(k,V¥,k)) vX

®2 ®2 Y®2 ®2 v ({+F)
@Uésh(l,k) U'(Xrl 7"')X X, 7X )

RU+k ®2
LRSS Tl+k (X )

r1+~~~+7'l+k

Fix an (I, k)-shuffle o corresponding to (L, K) € comp(l, k). We can restrict our attention
to showing that the diagram

vhewvk)
(Xm ®..® X?“z) ® (XTZ.H ® '”'XT’H-k) - (XT’1+---+TL)®l ® (X7"1+1+---+Tz+k)®k

<B B
Sp®SsT SE®SE

O’.()(T1 ® X0y -nns Xrl ® Xo,

X X ®l+k
XO & XT‘l+17 ceny XO ® XT’H-k) ( Tt ® rl+1+"'+rl+k)
N(B(k,VX,k)) vX
®2 ®2' ¥ ©2 ®2 vtk ®l+k ®2
U'(Xrl v Xrl ’XTZH’ o XTlJrk/ (Xr1+...+m+k)

commutes. The maps 57 denote the degeneracies of the bar construction B(k, N(X),k).
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Computing the two maps yields that

V¥ (7 @s7) (VO @ V) (@1, oy wig)

X B/ X X
= V¥ > s (530 m (1) s oees S5y (21))

(Ra,...,Ry)€comp(r1,...,71)
(Rig1yes Ry ) €comp(ryy 1,4 k)

B/, X X
®3L (SRZ+2L|...L|R1+]€ <$l+1)7 e sRl+1|_|...|_lRl+k_1 ($l+k)))
B/, X_X X X
= Z sk (sv SRol..UR; (1), s SV SRiU..UR;_, (1))
(Ra,...,Ry)€comp(r1,...,77)

(Rit15- Ry k) Ecomp(rig 1, T4 k)
(U,V)ecomp(r1 4.4, i1+ AT k)

B/ .X.X X X
QST (ST SRy oLt URyy 1, (B141)s -0 SU SRy U LR 1 (Z14k))
and
VRN (B, VY E)(5F @ 57) (@1, wi4r)
B By X X
= Z (5K @ SL) (SR URyx (T1)s oo SRIL R g1 (Tik)) -
(R, Rigk)
€comp(T1,...,"1+k)
As before a longish calculation shows that these maps are equal. Since we also saw that
vbivaB,TOt — Vdiag(vbi ® vbi)

the two maps from Tot(N(B(k, N(X),k))) ® Tot(N(B(k,N(X),k))) to N(d(de(Y ®Y)))
exhibited in the main diagram above coincide. This yields the claim. ]

For a simplicial commutative augmented A -algebra X let B4+ (A, X, A,) denote the bar
construction of X with coefficients in A4 with respect to A4 as a ground ring, i.e.

BA+(A+,X,A+)i = A+ ®A+ X®i ®A+ A+.
Denote by N(X) the augmentation ideal of N (X).

Lemma 6.10. Let 8(gn) denote the twist on Ay ® B™(A) defined in definition . The
shuffle product sh on B"(A) induces a differential graded A -algebra structure on (A4 ®
B™(A),dy) via

(Ay @ B"(A)) ®a4, (Ar ® BM(A)) = A, ® B"(A) ® B"(A) —2> A, @ B"(A).

We again denote this product by sh.
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Proof. We only need to check that the shuffle product respects 86(,n). We define a map
i: B"(A)® B"(A) — B”“(A)

by identifying an n-level tree t(ai,...,a;) and an n-level tree s(aji1,...,a;1m) labeled by
elements a; € A with the (n + 1)-level tree (¢, s)(a1, ..., aj4m,) With two vertices in level one
and whose subtrees above these vertices are ¢t and s. Similarly we define a map j: B"(A) —
B™1(A) as the composite

B"(A) —= ©.B"(A)—— B"+1(4) .
Then id4, ® j maps sh((a' @ t(ai,...,a;)) ®a, (" ® s(ai41, ..., @14m))) to
(1) DH10y (ida, ®i)(a'a" @ t(ar, .., a)) @ $(a141, ey Apm))

with 01 as defined in We already know from that 9; and 8§n+1) anticommute.
Furthermore we have .
o™ (ida, @ j) = —(ida, @ j)O"

and
(ida, @0)(05" ®a, ida, opn(a) +ida, @pn(a) ©a, ) = 0 (ida, ®1).
This yields that @gn) is a derivation with respect to sh. O
Lemma 6.11. We have
(A ® B™(A),0") = Tot(N (B4 (A, (AL @ B"1(A),85" V), A4)))
as differential graded Ay -algebras for n > 2.
Proof. By definition
A, ® B"(A) = Tot(N(Ay @ B¥(k, B""1(A)4, k)))
with N;(A; ® (B*(k, B""1(A)4,k)) = Ay @ B"1(A)®/. On the other hand,
N} (BA*(Ay, Ay ® B (A),A4)) = (Ay @ B (A)247 2 A, @ B (4),

and under this isomorphism 8én_1) induces Gb(,n). This identification also respects the cor-

responding signs. O

Since d(B(k, X, k)) = X®S! for a simplicial commutative augmented algebra X, we get
the following result.
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Proposition 6.12. There is a quasiisomorphism
(A @ B"(A),9p) = N(L4(A; Ap)(SH)@a, 5™ )
of differential graded Ay -algebras.

Proof. For n =1, that (AL ® B(A),0y) = N(L4(A; A;)(SY)) can be checked directly. For
n > 1 we know from proposition [6.8] that

V(L4 (A A)(8)FA, 5" = N((L4(A: AL)(8)F A, 5" )T, 5").
We know from lemma that there is a quasiisomorphism of algebras from
Tot(N (B4 (Ap, N((L1(4; AL) (8B4, 5"7%), A1)

to
N((Ly(A;A)(SHBa, S" 2B a, 5).

A quasiisomorphism C' — D of augmented differential graded degreewise A -projective A, -
algebras yields a quasiisomorphism Tot(N (BA+(Ay,C, AL))) — Tot(N(BA+(A4, D, AL)))
of augmented differential graded A, -algebras (see [30, 1.8, A.8]) which are again A,-
projective. Hence by induction we get a quasiisomorphism from

Tot(N(BA* (A, (A; ® B (A)4, ), A4)))

to

N(L4(4: A,)(SM)Fa, 5.
By lemma [6.11
Tot(N (B4 (Ay, (Ay & B (A)y, ), A1) = (A, © B(A), )
as differential graded algebras. O
Proposition 6.13. For a nonunital k-projective commutative k-algebra A
HEm(A;Ay) = HHiﬂn(AJr; Ay)
in nonnegative degrees.

Proof. By we know that HEn(A; AL) & H (S"N(LE(4; A1) (SYH®a4, S"71)). Note
that
A —
LE(A;AL) = L5 (AT @ A Ay)

as functors from the category of finite sets to the category of A;-modules. Here Ay ® Ay
denotes the augmentation ideal of Ay ® Ay. The A;-module structure is in both cases
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given by the action on the coefficient copy of A, and the A -module structure of A, ® A4
is given by multiplication on the right factor. We know that

L (AT R AL AL)(SY) = (A4 ® Ay)Ba, S

and hence
LR (A A (SHBA, S = (AL @ AL)Ba, S,

which again by the comparison above is L% (A; A4 )(S™). Since
Ho(Nuyn (L5 (4; A1)(S™)) = ma (L5 (4; A4)(S™),

which is by definition HH Kﬂn(AJr; Ay ), the result follows. O

Theorem 6.14. For a nonunital k-projective commutative k-algebra A and a symmetric
A-bimodule M
HE(A; M) = HH]'), (A4 M)

in nonnegative degrees.

Proof. Proposition [6.12] and the arguments used in the proof of yield a quasiisomor-
phism B
(A4 @ BU(4),05) — N(L4(4; A4)(S™)

of differential graded A, -algebras. Note that (M ® B"(A), ) = M ®a, (AL ® B"(A), 0s).
There is a quasiisomorphism given by the Alexander-Whitney map

N(£4(A; M)(S™) = N(M @, Lo(A; A4)(S™) = M @a, N(La(A; A)(S)).

Since (A4 ® B™(A), 0p) as well as N(Ly(A; A1)(S™)) are Aj-free as A;-modules the claim
follows from the Kiinneth spectral sequence [59, 10.90]. O

Theorem 6.15. For a nonunital k-projective commutative k-algebra A and a symmetric
A-bimodule M

Hp, (A; M) = HHp " (Ay; M)

in nonnegative degrees.

Proof. Observe that
Cg,(A; M) = Homa, ((Ay ® X7 "B"(A),0p), M).
Consider the quasiisomorphism of A -modules

(A4 ® B"(A),8p) — N(LE (A4, AL)(S™))
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exhibited in and Since this is a quasiisomorphism between chain complexes of
A, -free Aj-modules the universal coefficient spectral sequence (see e.g. [40), Theorem 2.3])
yields that we get a quasiisomorphism

Homa, (Nugn (L5 (A; AL)(S™), M) — CF, (A; M).
One calculates that
Homa, (Nugn (L5 (A; AL)(S™)), M) =2 N*t"(Homa, (L% (A; Ay)(S™), M)).

But
Homy, (LF (A; A4)(S™), M) = Homu, (L% (4; Ay), M)(S™),

with Homy, (L% (A; Ay), M) = £ (A; M) being precisely the contravariant Loday functor
associated to A and M as defined in [6.3] O

Remark 6.16. The complex N, (L4 (A; Ay)(S™)) is trivial in degrees 0 < * < n and is k

in degree zero. In particular Hochschild homology HHS[n] (Ag; Ay) of order n is trivial in
degrees s with 0 < s < n and is k for s =0, see [52, 5.1], and hence higher order Hochschild
homology can be reconstructed from E,-homology.
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7 An explicit homotopy for the commutativity of the cup
product

Let A be a nonunital commutative k-algebra. It is classical that Hochschild cohomology
HH*(A1; Ay) is a Gerstenhaber algebra (see [24]), i.e. is a graded commutative k-algebra
equipped with a Lie bracket of degree 1 satisfying a Poisson relation. Gerstenhaber algebras
are governed by H,(F3), the operad formed by taking the homology of an Es-operad. The
Deligne conjecture, proven amongst others by McClure and Smith in [51], states that the
Gerstenhaber structure on HH*(A4; Ay) indeed stems from an action of an Es-operad on
the Hochschild cochain complex C7; (A4, A4). There is a generalized version of the Deligne
conjecture, for example discussed in [37] and [45), 6.1.4], which states that for a suitable
choice of a complex D, (A4; Ay) calculating Ej,-cohomology of A with coefficients in A
this complex is an E,i-algebra.

In this section we show that CER(A; Ay ) exhibits at least a small part of the structure of
an By, i-algebra. We start by recalling the definition of the cup product on C}, (4; A4 ) in
terms of trees. The cup product is induced by the comultiplication of the tensor coalgebra.

Definition 7.1. For a graded nonunital noncounital A, -bialgebra C write [co|...|c;] for
co®a, @A, € € (20)%4+! ¢ BA(C). We define

Ag: B (C) — B (C) @4, @B+ (0)

by
-1

Ao(leol-leil) = 3 Teol-les] @4, eje]-leil
=0

It is classical that the map A is a chain map. We show that for C = A; ® B""1(A) the
map 4 also respects the twist on B"™(A).

Lemma 7.2. The map Ag yields a morphism
Ao: (At ® BY(A),05) — (Ay ® B"(A),05) @4, (Ay © B"(A), %)
of chain complexes.

Proof. We will not distinguish morphisms of trees and the maps they induce on CF»(A; A )
in our notation used in this proof. For n = 1, that A respects the differential is a standard
computation, see [24, §7]. For n > 1, we proved in lemma that

(A+ X Bn(A),aén)) = BA+(A+ R BH—I(A)’aén—l))7

with BA+ the bar construction as defined in with respect to A4 as a ground ring. Since
Ay is induced by the comultiplication of the tensor coalgebra, it is a chain map. ]
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Corollary 7.3. The map Ay induces an associative product U = Uy of degree n on the
cochain complex Cy, (A, Ay) given by

(Cg, (A5 A1)+ = Hom, (CFr(4; Ay), Ay) 442
E . ®a, 2
HomA+®A+A+ ((C* n(A’ A-‘r)) + ’A-i- ®A+ A+)

Homy, ((CE~(A; A2 AL

Ap

Homu  ((CFn(A;Ay), Ay) = Cp, (A3 Ay).

n

For differential graded k-modules C' and D let
T:-CD—-D®C

be the twist T(c®d) = (—1)ll¥d @ ¢ making the category of differential graded k-modules
a symmetric monoidal category. It is well-known that the product Ug is commutative up to
homotopy. Part of the structure of an F,i-algebra is a sequence Uy, ..., U, of higher cup
products such that

U; o (id + T) = 5(Ui+1)

for 0 < i < n — 1. Hence the generalized Deligne conjecture implies that for a suitable
choice of a complex Dy, (A4; A4) calculating E,-cohomology, these higher cup products
exist. We will now construct an explicit possible choice for U; for the complex Cpg, (A; Ay).
We assume that we are working in characteristic two to avoid dealing with signs.

Definition 7.4. Let the characteristic of k be two and let C be a graded nonunital noncouni-
tal Ay -bialgebra with comultiplication A. We will use an abbreviated Sweedler notation and
denote A(c) by ) ®A, . Let C4 denote the unital augmented counital coaugmented
Ay -bialgebra obtained by setting C = C @ Ay. FExtend A to a map

Ap:C—0L®4, C
by setting Ay (c) =1®a, ¢+ Alc) and write Ay (c) = @4, ". We define a map
Ay: BA(C) — B (C) @4, B (C)
of degree 1 by setting

Aq([col.-|er]) = Z [col...| €} Chy il @ay [6]]- el ],
0<i<iti<l
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where we set [col...|1]...|¢;] = 0, i.e. project from the unnormalized to the normalized bar
construction.

Lemma 7.5. In characteristic two, the map A1 is a homotopy for the cocommutativity of

the map Ao, i.e.
0(A1) = (T +id)Ap.

Proof. Decompose Ay by setting

pi,j([co‘”"cl]) [CO| ‘ Ci- z+g| ’Cl] ®A+ [ AN |Cz+J]
for 0 < i < i+4+j <I. We first determine how the simplicial differential 0 of the bar
construction and A;j interact. Recall that the simplicial part of the differential of the bar
construction is given by
-1

A[col.ler)) =Y leol...|ercrial...]eil.

r=0
Denote the summand [cgl...|¢ ¢rt1]...|c1] by dr([col...|c]). Let 0 < r <l —1and 0 <i <
i+j<Il—1. Then

(dr XA ld)pz 1,'( CO|"‘|CZ )7 r < ia
pigr([eol--Ict)) = + oigllel-dal), <,
(dr—j ®a, id)pij([col.--lcr]), 7> i+ 7.

Nowlet 0 <i<r<i+j <!l Then

pij—1dr([col.--|ci])
pivj—l[60""|Crcr+1|u-’01]
= [eol-lei-alci(ererin)ciyjleirjial el @ap ] |(erenia)”| ey 1.

From our definition of A} we calculate that

! /1 1
(CTCT+1) ®A+ (CTCT-I-I) + Crcr—f—l ®A+ CrCry1
2
= e @a, 2 e @a, o+ ®a, cop1 + Ve @, .

Hence

pij—1dr([co|---|ci])
col...lei1lci.cipjleirjl-la] ®a, [ef]-le/ 1l |l yal - ] ]

1 2
co\...rci_l\c;...c;,lcrc££1c4+2...c;+jrciﬂﬂr...\cz]®A+[Z. s leZ 1€ ol ]

[

[

[co|--lei-aleicrreriapg.ciyjlcivial-la] @ay [ef]-le i lerlel ol I ]
[col

[

col...lei-1l¢icr_yerClpg. iy jlcivirlJa] @ay [¢]. |l ylerialel .. |ciy ]

+ o+ + o+

col-feim1|cfed 1tV erind)podipgleivjilla) @ay [ der_gleP e ol lefy]-
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The first summand equals (id ®A, dy—i)pi j. Summing over all r with ¢ < r < i+ j and
using that

d®a, ' = 1®A+c+c(1) ®Aa, 2

we see that the other summands cancel each other except for r = ¢ and r =i + j, leaving

i+j
> pig-rdr([col - |a))
r=i
i+j i+

= > (d@a, di)pij+ Y _leol. i1l la] @a, [ ]|df ]
r=g r=1
i+j

+ > [collcfchjqcipslla] @ay []ld )

r=t

But the last two summands equal

min(l—1,i+7) min(l—1,i+7)
> ([dioa, id)piga+ Y, (di1®a, id)pija
r=i r=i
min(l—1,i47)
+ > leolleileiinldal @ay [eil-ei)
r=1
min(l—1,i+7)
+ Z [col...|ci_1]ci+j]...|cl] ®A+ [ci|...\ci+j_1].
r=f

Ifwesumoverall 0 <r <l—1landall0<i<i+j <Il—1 we hence see that

-1

6,01»7]- + p@j(a ®A+ id +1id ®A+ 8) = Z[CO‘|CZ] ®A+ [Cz‘+1|~--‘ci+j]-
r=0

Finally, consider the differential § of C. For r < i it is clear that

pig (%4 @4, §®a, id®4+!7T) = (1d%447 @4, 6 @4, 1dZ4177)p; 5.
Similarly for r > ¢+ j

piyj(id®A+r ®a, 0®@a, id®A+l_r) = (id®A+r_j ®A, 6 Ra, id®A+l_T)Pz‘,j.
Finally, let ¢ < r < i+ j. Since J is a coderivation,

(0(cr)) ®ay (8(cr))” = 6(c) ®a, ¢ + ¢ @a, 6(c).
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Hence we see that
Pi.j (id®A+T ®Ay 0 ®AL id®A+l_T)([60’ ‘cl])
= (0(cr)) ®@ay (0(cr))" = 6(cy) @, & + ¢ ®@a, 3(c)).
O

Recall from lemma that with the shuffle product (A ® B""1(A), ) is a k-algebra. It
is well known, see for example [65], 0.6], that the shuffle product and the coproduct derived
from the tensor coalgebra structure turn B" !(A) into a differential graded k-bialgebra,
hence (A4 ® B""1(A),dp) is an A -bialgebra. Setting C = (A4 ® B""1(A), dp) in definition

[7.4] yields
Av: (A @ BU(A),05) > (A4 @ B"(A),09) @4, (A4 @ B"(A),09)

for n > 2. An example of the summand p;; of A; defined in the proof of lemma is
shown in the following picture, for n =2,/ =3 and i = j = 1.

0 1234 5 6 7 012 4 5 7 014 2 5 7

WWU WU

014 5 2 7 3 6
®v+
3 5

We can construct U in a fashion similar to the construction of Uy from Ag in corollary

_l’_

+

ééf@

WKV
WW
TN

Corollary 7.6. For n > 2 the map A1 induces a map
Ur: O, (A A1) ®a, Cf, (A1 Ay) = CF, (A5 AL)

of degree n — 1 such that
5(U1) == UO o (T + Zd)
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Summary

This thesis studies E,-homology and FE,-cohomology. These are invariants associated to
algebraic analogues of n-fold loop spaces for 1 < n < oco: Iterated loop spaces can be
described via topological operads, from which one can construct corresponding operads in
differential graded modules. Algebras over such an algebraic operad are called E,-algebras.
More concretely, an E,-algebra is a differential graded module equipped with a product
which is associative up to a coherent system of higher homotopies for associativity, but
commutative only up to homotopies of a certain level, depending on n. In particular, every
commutative k-algebra over a commutative unital ring k is an E,-algebra.

Using the operadic description, one can construct suitable homological invariants for F,,-
algebras, called E,-homology and -cohomology. For n = 1 and n = oo this gives rise
to familiar invariants: FEj-homology and -cohomology coincide with Hochschild homology
and cohomology, while for n = oo one retrieves I'-homology and -cohomology. Note that
in characteristic zero I'-homology and -cohomology equal André-Quillen-homology and -
cohomology.

Although Hochschild homology and André-Quillen-homology are classical invariants and
have been extensively studied, very little is known in the intermediate cases 1 < n < oc.
In this thesis we extend results known for special cases of E,-homology and -cohomology
to a broader context. We use these extensions to examine FE,-cohomology for additional
structures.

In [23] Benoit Fresse proved that E,,-homology with trivial coefficients can be computed via
a generalized iterated bar construction. By unpublished work of Fresse, if one assumes that
the E,-algebra in question is strictly commutative, this is also possible for cohomology and
for coefficients in a symmetric bimodule. We give the details of a proof of this result based
on a sketch of a proof by Benoit Fresse.

Hochschild homology and cohomology can be interpreted as functor homology and coho-
mology. In [41] Muriel Livernet and Birgit Richter prove that this is always possible for
E,-homology of commutative algebras with trivial coefficients. We extend the category
defined by Livernet and Richter in their work to a category which also incorporates the
action of a commutative algebra A on a symmetric A-bimodule M. We then show that
E,-homology as well as E,-cohomology of A with coefficients in M can be calculated as
functor homology and cohomology, i.e. as derived functors Tor and Ext.

Hence FE,-cohomology of such objects is representable in a derived sense. In this case the
Yoneda pairing yields a natural action of the FE,-cohomology of the representing object
on E,-cohomology. We prove that E,-cohomology of the representing object is trivial,
therefore no operations arise this way.

Livernet and Richter showed in [41] that E,-homology of commutative algebras with trivial
coefficients coincides with higher order Hochschild cohomology. We extend this result to
cohomology and to coefficients in a symmetric bimodule.
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It is well known that for a suitable choice of a chain complex calculating E,-cohomology
of an algebra with coefficients in the algebra itself, this chain complex is an FE,q-algebra.
For n = 1 this is the classical Deligne conjecture. For n > 1, the constructions of the F,41-
action given so far have not been very explicit. We show that in characteristic two the chain
complex defined via the n-fold bar construction admits at least a part of an F,,1-structure,
namely a homotopy for the cup product, and give an explicit formula for this homotopy.
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Zusammenfassung

Diese Dissertation beschaftigt sich mit FE,-Homologie und FE,-Kohomologie. Dies sind
Invarianten, die einem algebraischen Analogon n-facher Schleifenrdume zugeordnet sind,
wobei 1 < n < oo ist. Es gibt topologische Operaden, die n-fache Schleifenrdume mod-
ellieren. Diese Operaden lassen sich in den algebraischen Kontext differentiell graduierter
Moduln iibertragen, und Algebren {iber einer solchen Operade heiflen F,-Algebren. Eine
E,-Algebra ist ein differentiell graduierter Module mit einem Produkt, welches assozia-
tiv bis auf ein koh&rentes System aller hoherer Homotopien fiir Assoziativitit ist, aber
kommutativ nur bis auf Homotopien eines bestimmten Levels, abhéngig von n. Insbeson-
dere ist jede kommutative k-Algebra iiber einem kommutativen unitdren Grundring k eine
E,-Algebra. Die auf E,-Algebren zugeschnittenen homologischen Invarianten sind F,-
Homologie und -Kohomologie. Bekannte Spezialfille treten fiir n = 1 und fiir n = oo auf,
in diesen Féllen stimmen FE,-Homologie und -Kohomologie mit Hochschildhomologie und
-kohomologie beziehungsweise mit ['-Homologie und -Kohomologie iiberein. In Charakter-
istik null ist I'~-Homologie gleich André-Quillen-Homologie.

Obwohl Hochschildhomologie und André-Quillen-Homologie klassische, viel studierte Invari-
anten sind, ist fiir 1 < n < oo nur wenig iiber E,-Homologie und -Kohomologie bekannt.
Inhalt dieser Dissertation ist, fiir Spezialfille bekannte Resultate zu erweitern und diese zu
nutzen, um F,-Kohomologie auf zusatzliche Struktur zu untersuchen.

Benoit Fresse hat in [23] gezeigt, dass E,-Homologie mit trivialen Koeffizienten sich tiber
eine verallgemeinerte n-fache Bar-Konstruktion berechnen lasst. Ein unverdffentlichtes
Resultat von Fresse besagt, dass dies auch fur F,-Homologie sowie fur F,-Kohomologie
gewOhnlicher kommutativer Algebren mit Koeffizienten in einem symmetrischen Bimodul
moglich ist. Wir geben einen Beweis dieses Resultats basierend auf einer Beweisskizze von
Benoit Fresse.

Hochschildhomologie und -kohomologie lassen sich als Funktorhomologie und -kohomologie
berechnen. In [4I] beweisen Muriel Livernet und Birgit Richter, dass dies auch fir E,-
Homologie kommutativer Algebren mit trivialen Koeffizienten gilt. Wir erweitern die hierzu
von Livernet und Richter definierte Kategorie zu einer Kategorie, die die Wirkung einer
kommutativen Algebra A auf einem symmetrischen Bimodul M mit einbezieht und zeigen,
dass sich sowohl F,-Homologie als auch FE,-Kohomologie von A und M als abgeleitete
Funktoren Tor und Ext beziiglich dieser Kategorie interpretieren lassen.

Als Funktorkohomologie ist F,,-Kohomologie darstellbar in einem abgeleiteten Sinne. Daher
gibt es eine natiirliche Wirkung der FE,-Kohomologie des darstellenden Objektes auf F,,-
Kohomologie, definiert iiber die Yoneda-Paarung. Wir zeigen, dass E,-Kohomologie des
darstellenden Objektes trivial ist und folglich keine Kohomologieoperationen auf diese Weise
entstehen.

Fiir die E,-Homologie kommutativer Algebren mit trivialen Koeffizienten haben Muriel
Livernet und Birgit Richter in [41] gezeigt, dass E,-Homologie mit héherer Hochschildho-

129



mologie iibereinstimmt. Wir zeigen, dass auch dieses Resultat fiir F,-Kohomologie und fiir
Koeffizienten in einem symmetrischen Bimodul gilt.

Es ist bekannt, dass filer Koeffizienten in der Algebra selbst und fiir eine geeignete Wahl
eines F,-Kohomologie berechnenden Kettenkomplexes dieser Kettenkomplex eine Fpy1-
Algebra ist. Fir n = 1 ist dies der Inhalt der klassischen Deligne-Vermutung, fiir n > 1
sind die bisher gegebenen Konstruktionen dieser Struktur nicht sehr explizit. Wir zeigen,
dass zumindest ein Teil einer solchen FE,,1-Struktur, namlich eine Homotopie fiir das cup-
Produkt, in Charakteristik zwei auch auf dem iiber den iterierten Barkomplex definierten
Kettenkomplex vorhanden ist und geben eine explizite Formel fiir diese Homotopie an.

130



Lebenslauf

Stephanie Ziegenhagen
Geboren am 17. Oktober 1984 in Hamburg

2011 - 2014
2010 - 2011
2010
2010
2007 - 2010
2004 - 2010
2004
1995 - 2004

Wissenschaftliche Mitarbeiterin im DFG-Projekt “Zusatzstrukturen auf
E,,-Kohomologie” an der Universitat Hamburg

Promotionsstipendiatin nach dem Hamburgischen Gesetz zur Férderung
des wissenschaftlichen und kiinstlerischen Nachwuchses an der Univer-
sitdt Hamburg

Wissenschaftliche Mitarbeiterin an der Universitdt Hamburg

Diplom, Note: Sehr gut. Diplomarbeit “Quasisymmetrische Funktionen
und K-Theorie” betreut von Prof. Dr. Richter.

Studentische Hilfskraft und Tutorin an der Universitdat Hamburg
Studium der Mathematik mit Nebenfach Informatik an der Universitat
Hamburg

Abitur, Note: 1,4

Sachsenwaldgymnasium, Reinbek

131



	Contents
	Introduction
	Preliminaries
	Operads and algebras over operads
	Cofibrantly generated model categories
	Model structures on operads and algebras over operads
	Homology and cohomology for algebras over operads
	Homological algebra for small categories

	En-homology and cohomology
	En-algebras
	En-homology with trivial coefficients via the iterated bar construction
	En-homology and En-cohomology of commutative algebras via the iterated bar construction

	En-homology and cohomology as functor homology and cohomology
	The category Epin and En-homology with trivial coefficients as functor homology
	The category Epin+ and En-homology and cohomology of functors
	En-cohomology as functor cohomology
	Spectral sequences and examples

	Functor cohomology and cohomology operations
	Higher order Hochschild homology
	Definition of higher order Hochschild homology
	Simplicial commutative algebras
	Higher order Hochschild homology and cohomology coincides with En-homology and cohomology

	An explicit homotopy for the commutativity of the cup product
	Bibliography

