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Dual trees must share their ends

Reinhard Diestel Julian Pott

Abstract

We extend to infinite graphs the matroidal characterization of finite graph
duality, that two graphs are dual iff they have complementary spanning
trees in some common edge set. The naive infinite analogue of this fails.

The key in an infinite setting is that dual trees must share between
them not only the edges of their host graphs but also their ends: the
statement that a set of edges is acyclic and connects all the vertices in
one of the graphs iff the remaining edges do the same in its dual will
hold only once each of the two graphs’ common ends has been assigned to
one graph but not the other, and ‘cycle’ and ‘connected’ are interpreted
topologically in the space containing the respective edges and precisely
the ends thus assigned.

This property characterizes graph duality: if, conversely, the spanning
trees of two infinite graphs are complementary in this end-sharing way,
the graphs form a dual pair.

1 Introduction

It is well known (and not hard to see) that two finite graphs are dual if and
only if they can be drawn with a common abstract set of edges so that the edge
sets of the spanning trees of one are the complements of the edge sets of the
spanning trees of the other:

Theorem 1. Let G = (V, E) and G* = (V*, E) be connected finite graphs with
the same abstract edge set. Then the following statements are equivalent:

(i) G and G* are duals of each other.

(ii) Given any set F' C E, the graph (V, F) is a tree if and only if (V*, FG) is
a tree.

For infinite dual graphs G and G* (see [1]), Theorem 1 (ii) will usually fail:
when (V, F) is a spanning tree of G, the subgraph (V*, FG) of G* will be acyclic
but may be disconnected. For example, consider as G the infinite Z x Z grid,
and let F' be the edge set of any spanning tree containing a two-way infinite
path, a double ray R. Then the edges of R will form a cut in G*, so (V*7FC)
will be disconnected.

Although the graphs (V* F B) in this example will always be disconnected,
they become arc-connected (but remain acirclic) when we consider them as



closed subspaces of the topological space obtained from G* by adding its end.
Such subspaces are called topological spanning trees; they provide the ‘correct’
analogues in infinite graphs of spanning trees in finite graphs for numerous
problems, and have been studied extensively [6, 7]. For G = Z x Z, then, the
complements of the edge sets of ordinary spanning trees of G' form topological
spanning trees in G*, and vice versa (as Z x Z is self-dual).

It was shown recently in the context of infinite matroids [2] that this curious
phenomenon is not specific to this example but occurs for all dual pairs of
graphs: neither ordinary nor topological spanning trees permit, by themselves,
an extension of Theorem 1 to infinite graphs, but as soon as one notion is used
for G and the other for G*, the theorem does extend. The purpose of this
paper is to explain this seemingly odd phenomenon by a more general duality
for graphs with ends, in which it appears as merely a pair of extreme cases.

It was shown in [3] that 2-connected dual graphs do not only have the ‘same’
edges but also the ‘same’ ends: there is a bijection between their ends that
commutes with the bijection between their edges so as to preserve convergence
of edges to ends. Now if G and G* are dual 2-connected graphs with edge sets
and end sets €2, our result is that if we specify any subset ¥ of {2 and consider
topological spanning trees of G in the space obtained from G by adding only
the ends in ¥, then Theorem 1 (i) will hold if the subgraphs (V*, FC) of G* are
furnished with precisely the ends in Q \ . (Our earlier example is the special
case of this result with either ¥ = §) or ¥ = Q.) And conversely, if the spanning
trees of two graphs G and G* with common edge and end sets complement each
other in this way for some—equivalently, for every—subset ¥ of their ends then
G and G* form a dual pair.

Here, then, is the formal statement of our theorem. A graph G is finitely
separable if any two vertices can be separated by finitely many edges; as noted
by Thomassen [9, 10], this slight weakening of local finiteness is necessary for
any kind of graph duality to be possible. The W-trees in G, for subsets ¥ of
its ends, will be defined in Section 2. Informally, they are the subgraphs that
induce no cycle or topological circle in the space which G forms with the ends
in ¥ (but no other ends) and connect any two vertices by an arc in this space.

Theorem 2. Let G = (V,E,Q) and G* = (V*,E,Q) be finitely separable 2-
connected graphs with the same edge set E and the same end set ), in the sense
of [3]. Then the following assertions are equivalent:

(i) G and G* are duals of each other.

(ii) For all W C Q and F C E the following holds: F is the edge set of a W-tree
in G if and only if FC is the edge set of a WC-tree in G*.

(iii) There exists a set ¥ C Q such that for every F C E the following holds:
F is the edge set of a V-tree in G if and only if FC s the edge set of a
UC-tree in G*.



Setting ¥ = 0 in (ii) and (iii) as needed, we reobtain the following result
from [2]:

Corollary 3. Two 2-connected and finitely separable graphs G = (V, E,Q) and
G* = (V*,E,Q) are dual if and only if the following assertions are equivalent
for every F C E:

(i) F is the edge set of a spanning tree of G;
(i) FC is the edge set of a topological spanning tree of G*. O

We shall prove Theorem 2, extended by another pair of equivalent conditions
in terms of circuits and bonds, in Sections 3-4.

2 Definitions and basic facts

All the graphs we consider in this paper will be finitely separable, that is, any
two vertices can be separated by finitely many edges.

We think of a graph as a triple (V, E, Q) of disjoint sets, of vertices, edges,
and ends, together with a map E — V U[V]? assigning to every edge either one
or two vertices, its endvertices, and another map mapping the ends bijectively
to the equivalence classes of rays in the graph, its 1-way infinite paths, where
two rays are equivalent if they cannot be separated by finitely many vertices. In
particular, our ‘graphs’ may have multiple edges and loops. For the complement
of Fin F, and of ¥ in 2, we write FC and \I/C, respectively.

Let G = (V,E,Q) be a graph, and let X be the topological 1-complex
formed by its vertices and edges. In X, every edge is a topological copy of [0, 1]
inheriting also its metric. We denote the topological interior of an edge e by é,
and for a set F' C F of edges we write Fo= USGF é.

Let us define a new topology on X U 2, to be called VTor. We do this by
specifying a neighbourhood basis for every point. For points x € X we declare
as open the open e-balls around x in X with 0 < € < §, where § is the distance
from z to a closest vertex v # z. For points w € 2, note that for every finite
set S C V there is a unique component C' = C(S,w) of G — S that contains a
ray from w. Let € = C’(S,w) C X UQ be the set of all the vertices and inner
points of edges contained in or incident with C, and of all the ends represented
by a ray in C. We declare all these sets C as open, thus obtaining for w the
neighbourhood basis

{C(S,w) CXUQ:SCV, |S] < oo}

We write |G| for the topological space on X U2 endowed with this topology.!
In topological contexts we shall also write G for the subspace |G| \ Q. (This
has the same points as X, but a different topology unless G is locally finite.)

If w and S are as above, we say that S separates w in G from all the ends
that have no ray in C'(S,w) and from all vertices in G — C(S,w) — S.

1This differs a little from the definition of |G| in [5] when G is not locally finite.



A vertex v dominates an end w if G contains infinitely many paths from v
to some ray in w that pairwise meet only in v. When this is the case we call
v and w equivalent; let us write ~ for the equivalence relation on V U €2 which
this generates. Note that since G is finitely separable, no two vertices will be
equivalent under ~ : every non-singleton equivalence class consists of one vertex
and all the ends it dominates. A vertex and an end it dominates have no disjoint
neighbourhoods in |G|. But two ends always have disjoint neighbourhoods, even
if they are dominated by the same vertex.

For sets ¥ C ) of ends, we shall often consider the subspace

G|y == |G|~ WE

and its quotient space B
Gy = |Gly/~,

whose topology we denote by ¥-Top. For ¥ = ) we obtain an identification
space L

G = GQ

that readers may have met before; its topology is commonly denoted as ITOP.
We usually write [z]y for the equivalence class of z in |G|y, and [z] for its class
inG.

As different vertices are never equivalent, the vertices of G determine distinct
~-classes, which we call the vertices of G\p All other points of G\p are singleton
classes {x}, with z either an inner point of an edge or an undominated end in V.
We will not always distinguish {z} from z in these cases, i.e., call these z also
inner point of edges or ends of Gy.

Note that if ¥ contains a dominated end then |G|y will fail to be Hausdorff,
and if Wt # () then CN;"I, will fail to be compact. But we shall see that CNT"I, is
always Hausdorff (Corollary 7), and if G is 2-connected then G is compact [4].

Rather than thinking of Gy as a quotient space as formally defined above,
we may think of it informally as formed from the topological space G in three
steps:

e add the undominated ends from ¥ as new points, and make their rays
converge to them;

e make the rays from any dominated end in ¥ converge to their unique
dominating vertex;

e let the rays of ends in ot go to infinity without converging to any point.

The diagram in Figure 1 shows the relationship between the spaces just
defined. The subspace inclusion ¢: |G|y — |G| and the quotient projections

m: |G| — G and 7Ty : |Gy — Gy are canonical, and oy : Gy — G is defined so
as to make the diagram commute: it sends an equivalence class [x]y € Gy to
the class [z] € G containing it.



|Gy —— 1G]

Figure 1: Spaces with ends, and their quotient spaces

Since G is finitely separable and hence no end is dominated by more than
one vertex, oy is injective: oy ([z]y) = [z] € G is obtained from [z]g simply
by adding those ends of W€ that are dominated by a vertex in [z]y. As |G|y
carries the subspace topology induced from |G|, it is also easy to check that oy
is continuous. Its inverse 0\1_,1 can fail to be continuous; see Example 2 below.

The subtle differences between |G|y and Gy will often be crucial in this
paper. But when they are not, we may suppress them for simplicity of notation.
For example, given a subgraph H of G we shall speak of the closure of H in Gu
and mean the obvious thing: the closure in Gy of its subspace mg(H'), where
H' is H viewed as a subspace of |G|y C |G].

By a circle in a topological space X we mean a topological embedding
S — X, or its image. Since circles are compact and G is Hausdorff, oy maps
circles in Gy to circles in G. Conversely, circles in G that use only ends in ¥
define circles in Gq,, this will be shown in Lemma 11. The set of all the edges
contained in a given circle in Gy will be called a U-circuit of G; for ¥ = Q
we just speak of circuits of G. We shall not consider ‘circuits’ of circles in |G]|
or |G|q;

As with circles, we use the term path in topological contexts both for con-
tinuous maps from [0, 1], not necessarily injective, and for their images. For
example, if A and B are the images of paths ¢, ¢’: [0,1] — G with endpoints
r = ¢(0) and y = ¢(1) = ¢'(0) and z = ¢'(1), we write zAyBz for the ‘z—y
path’ in G that is the image of the concatenation of the paths ¢ and ¢’. Note
that, since G\p is Hausdorff, every path in Gq/ between two points = and y
contains an x—y arc [8, p.208].

A subspace of Gq; that is the closure in Gq; of the union of all the edges it
contains is a standard subspace of Gq; Circles in Gy are examples of standard
subspaces; this was shown in [7] for G, and follows for arbitrary ¥ from Lemma 6
below. A standard subspace of Gy that contains no circle is a W-forest of G.
A U-forest is spanning if it contains all the vertices of Gy. Note that, being
closed, it then also contains all the ends of é\p A spanning arc-connected
W-forest of G is a W-tree of G.

Thus, the (-trees of G are precisely its (ordinary) spanning trees, while its
Q-trees are its topological spanning trees, the arc-connected standard subspaces
of G that contain all the vertices of G but no topological circle.

Example 1. Let G be obtained from a double ray D by adding a vertex v
adjacent to all of D. This graph G has two ends, w and ¢ say, both dominated
by v. The closure in G of the edges of D is a circle containing the ‘vertex’



[v] = {v,w, ¥} of G, even though v does not lic on D. However for ¥ = {1}
the closure in éq, of the same set of edges is not a circle but homeomorphic to
a half-open interval. It thus is a W-tree, and even a spanning one, since v and
are both elements of its ‘vertex’ {v, 1} and it also contains all the other vertices
of G. The closure of the edges of D in é@, on the other hand, is a (-tree but
not a spanning one, since v lies in none of its points. Figure 2 shows a W-tree
for each choice of ¥ in this example.

G

{v.¥,w}

w e
Figure 2: U-trees for ¥V = {¢}, ¥ =0 and ¥ = {w, ¢}

If G and G* are graphs with the same edge set, and such that the bonds of
G* are precisely the circuits of G, then G* is called a dual of G. If the finite
bonds of G* are precisely the finite circuits of G, then G* is a finitary dual
of G. Clearly, duals are always finitary duals. For finitely separable graphs, as
considered here, the converse is also true [1, Lemmas 4.7-4.9]. If G* is a dual
of G, then G is a dual of G* [1, Theorem 3.4]. Finally, G has a dual if and only
if it is planar [1].

3 Lemmas

Our main aim in this section is to prove some fundamental lemmas about the
spaces |G|, |G|v, G and Gy defined in Section 2: about their topological prop-
erties, and about their relationship to each other. Throughout the section, let
G = (V, E, Q) be a fixed finitely separable graph, and ¥ C  a fixed set of ends.

Before we get to these topological fundamentals, let us show that W-trees
always exist, and prove an easy lemma about how they relate to finite circuits
and bonds. As to the existence of W-trees, we can even show that there are
always rather special ones: W-trees that are connected not only topologically
through their ends, but also as graphs:

Lemma 4. If G is connected, it has a spanning tree T whose closure in Gy is
a VU-tree.

Proof. It was shown in [1, Thm. 6.3] that G has a spanning tree T whose
closure T in G contains no circle. Let Ty denote the closure of T in é\p Then
T = 0¢(Ty). Since circles in Gy define circles in G (by composition with o),
Ty contains no circle either.



For a proof that Ty is arc-connected it suffices to show that every undom-
inated end ¢ € ¥ contains a ray R C T: then the arc my(T) C Ty connects
the end {1} € T'y to a vertex, while all the vertices of Ty are connected by 7.
Pick a ray R’ € ¢ in G, say R’ = vgv .... By the star-comb lemma [5, Lemma
8.2.2], the connected graph (J,, ¢y vnTvny1 contains a subdivided infinite star
with leaves in R’ or an infinite comb with teeth in R’. As % is not dominated,
we must have a comb. The back R C T of this comb is a ray equivalent to R’
that hence lies in .

Being acirclic, arc-connected and spanning, Ty is a U-tree. O

Lemma 5. Assume that G is connected, and let F' C E be a finite set of edges.

(i) F is a circuit if and only if it is not contained in the edge set of any U-tree
and is minimal with this property.

(ii) F is a bond if and only if it meets the edge set of every V-tree and is
minimal with this property.

Proof. (1) Assume first that F is a circuit. Then F is not contained in any
U-tree; let us show that every proper subset of F'is. We do this by showing the
following more general fact:

Every finite set F' of edges not containing a circuit extends to a

spanning tree of G whose closure in Gy is a V-tree. (1)
To prove (1), consider a spanning tree T of G whose closure in C:'q, is a W-tree
(Lemma 4). Choose it with as many edges in F” as possible. Suppose it fails to
contain an edge f € F’. Adding f to T creates a cycle C' in T + f, which by
assumption also contains an edge e ¢ F’. As C is finite, it is easy to check that
T + f — e is another spanning tree whose closure is a W-tree. This contradicts
our choice of T

Conversely, if F is not contained in any U-tree, then by (1) it contains a
circuit. If, in addition, it is minimal with the first property, it will in fact be
that circuit, since we could delete any other edge without making it extendable
to a U-tree.

(ii) If F is a cut, F = E(V;,V5) say, then the closures of G[V;] and G[V3]
in CNT'q, are disjoint open subsets of é\p < F , so this subspace cannot contain a
W-tree. Thus, F' meets the edge set of every W-tree.

If F is even a bond, then both V; and V5 induce connected subgraphs. By
Lemma 4, these have spanning trees T; (¢ = 1,2) whose closures in éq, are
arc-connected and contain no circle.? For every edge f € F, the closure Ty
of T:=(ThUTy) + f in Gy then is a W-tree of G: it still contains no circle,
because no arc in Ty ~ f can cross the finite cut F' from which it contains no
edge (as above). So F' is minimal with the property of meeting the edge set of
every U-tree.

2We are applying Lemma 4 in the subgraphs G[V;]. But since F'is finite, the spaces G[Vi]q,i

are canonically embedded in 6\1,



Conversely, let us assume that F’ meets the edge set of every W-tree, and show
that F' contains a bond. Let T" be a spanning tree of G whose closure in Gy is
a U-tree (Lemma 4), chosen with as few edges in F' as possible. By assumption,
T has an edge f in F. If the bond B of G between the two components of T'— f
contains an edge e ¢ F', then T'— f + e is another spanning tree whose closure
is a W-tree (as before) that contradicts our choice of T. So B contains no such
edge e but is contained in F'.

If F' is minimial with the property of containing an edge from every U-tree,
it must be equal to the bond it contains. For by the forward implication of (ii)
already proved, any other edge could be deleted from F without spoiling its
property of meeting the edge set of every W-tree. O

We begin our study of the spaces introduced in Section 2 by showing that
finite separability extends from G to Gy:

Lemma 6. For every two points p,q € (N?q, that are not inner points of edges
there exists a finite set F of edges such that p and q lie in disjoint open sets
of G\y ~ I whose union is Gq, N2

Proof. Let us write p = [z]y and ¢ = [y]y, where 2 and y are either vertices
or undominated ends of G. We shall find a finite cut F' of GG, with bipartition
(X,Y) of V say, such that z € X and y € Y, where X and Y denote closures
of X and Y in |G|y. Since F is finite, X and Y then partition of |G|y ~ F into
disjoint open sets that are closed under equivalence, so their projections under
Ty partition G\p < F into disjoint open sets containing p and ¢, respectively.

If = and y are vertices, then F' exists by our assumption that G is finitely
separable. Suppose now that y is an end. Let us find a finite set S # x of
vertices that separates x from y in G. If x is another end, then S exists since
x #y. If x is a vertex, pick a ray R € y. If there is no S as desired, we can
inductively find infinitely many independent x—R paths in G, contradicting the
fact that y is undominated.

Having found S, consider the component C' := C(S,y) of G — S. For each
s € S we can find a finite set Sy C C of vertices separating s from y in the
subgraph of G spanned by C and s, since otherwise s would dominate y (as
before). Let S := J .4 Ss; this is a finite set of vertices in C' that separates
all the vertices of S from y in G. Since G is finitely separable, there is a finite
set F of edges separating S from S’ in G. Choose F minimal. Then, assuming
without loss of generality that G is connected, every component of G — F' meets
exactly one of the sets S and S’. Let X be the set of vertices in components
meeting S, and let Y be the set of vertices in components meeting S’. Then
(X,Y) is a partition of G crossed by exactly the edges in F, and it is easy to
check that F' has the desired properties. O

It was proved in [7], under a weaker assumption than finite separability (just
strong enough that G can be defined without identifying distinct vertices) that
G is Hausdorff. For finitely separable graphs, as considered here, the proof is
much simpler and extends readily to Gu:



Corollary 7. Gy is Hausdorff.

Proof. Finding disjoint open neigbourhoods for distinct points p, g € Gy is easy
if one of them is an inner point of an edge. Assume that this is not the case, let
F, X and Y be defined as in Lemma 6 and its proof, and let S be the (finite)
set of vertices incident with an edge in F. Then p C X and ¢ C Y. Any end
1 € p has a basic open neighbourhood C’(S, P) N vl in |G|y that is a subset
of X \S. Write O, for the union of all these neighbourhoods, together with a
small open star neighbourhood of the vertex in p if it exists. Define O, similarly
for ¢ CY. Then 7y (0,) and my(0O,) are disjoint open neighbourhoods of p
and ¢ in éq; O

Our next aim is to select from the basic open neighbourhoods C (S,w) ~ e
in |G|y of ends w € ¥ some ‘standard’ neighbourhoods that behave well under
the projection my and still form neighbourhood bases of these points w. Ideally,
we would like to find for every end w € ¥ a basis of open neighbourhoods that
are closed under ~ . That will not be possible, since ends w’ # w equivalent to w
can be separated topologically from w. But we shall be able to find a basis of
open neighbourhoods of w that will be closed under ~ for all points other than
w itself. Then the union of all these neighbourhoods, one for every end w’ ~ w,
plus an open star neighbourhood of their common dominating vertex, will be
closed under ~, and will thus be the pre-image of an open neighbourhood of
my(w) = [w]y in |Gly.

Given a bond F' = E(V;,V,) of G and an end w € ¥ that lies in the |G-
closure of V; but not of V3, let

Cy(F,w) C|Glw

denote the union of the |G|y-closure of G[V4] with F. For every vertex v € V,
we also call F' a v—w bond. Note that C’q,(F, w) depends only on F and w: since
F is a bond, G — F has only two components, so V; and V5 can be recovered
from F and w. Note also that every ray in w has a tail in Cy (F,w), so if it
starts at v it must have an edge in F'.

If v € V5 is an endvertex of all but finitely many of the edges in F, we
say that F' is v-cofinite. Then the set S of endvertices of F' in V5 is finite and
separates w from V5 N S.

Lemma 8. Let w € ¥ be an end, and v € V' a vertex.

() If w is undominated, then the sets { Cy(F,w) | F is a finite bond of G'}
form a basis of open neighbourhoods of w in |G|y .

(ii) If w is dominated by v, then the sets
{Cy(F,w) | F is a v-cofinite v-w bond}

form a basis of open neighbourhoods of w in |G|y.



Proof. (i) As F is finite, so is the set S of its endvertices in V5. Since F'is a
bond, G[V4] is connected. Hence Cy (F,w) equals C(S,w) ~ WL, which is a basic
open neighbourhood of w in |G|y. Conversely, we need to find for any finite
set S C V, without loss of generality connected,® a finite bond F such that
Cy(F,w) € C(S,w). As no vertex dominates w, there is a finite connected set
S’ of vertices of C(S,w) that separates S from w in G. (Otherwise we could
inductively construct an infinite set of disjoint paths in C(S,w) each starting at
a vertex adjacent to S and ending on some fixed ray R € w; then infinitely many
of the starting vertices of these paths would share a neighbour in S, which would
dominate w.) As G is finitely separable, there is a finite set of edges separating
S from S’ in G. As both S and S’ are connected, choosing this set minimal
ensures that it is a bond. This bond F satisfies Cy (F,w) C C(S,w).

(ii) Although F' is infinite now, the set S of its endvertices in V5 is finite.
Hence Cy(F,w) is a basic open neighbourhood of w in |G|y, as in the proof
of (i). Conversely, let a finite set S C V be given; we shall find a v-cofinite v—w
bond F such that Cy(F,w) C C(S,w). The sets C(T,w) such that v € T and
both T'— v and T are connected in G still form a neighbourhood basis for w
in |G|, so we may assume that S has these properties. As in the proof of (i),
there is a finite connected set S’ of vertices in C(S,w) that separates S — v
from w in G — v, because w is not dominated in G — v. As G — v is finitely
separable, there is a finite bond F' = E(V;,V,2) of G — v that separates S — v
from S’, with S — v C V5 say. Then F' := E(V;,V5 U {v}) is a v-cofinite v—w
bond in G with Cy(F’,w) C C(S,w), as before. O

Let us call the open neighbourhoods Cy (F,w) from Lemma 8 the standard
neighbourhoods in |G|y of the ends w € W. For points of |G|y other than ends,
let their standard neighbourhoods be their basic open neighbourhoods defined
in Section 2.

Trivially, standard neighbourhoods of vertices and inner points of edges are
closed under ~. Our next lemma says that standard neighbourhoods of ends are
nearly closed under ~, in that only the end itself may be equivalent to points
outside: to a vertex dominating it, and to other ends dominated by that vertex.

Lemma 9. If C = Cy(F,w) is a standard neighbourhood of w € W in |G|y,
then [z]g C C for every z € C' N\ [w]y.

Proof. Let S be the finite set of vertices not in C' that are incident with an edge
in F. Suppose, for a contradiction, that there are points  ~ y in |G|y such
that z € €'\ [w] but y ¢ C ~\ [w]. Since the unique vertex in the ~y-class of
x and y lies either in C' . [w] or not, we may assume that either z or y is that
vertex.

Suppose x is the vertex; then y is an end. Let R be a ray of y that avoids S.
Then the finite set S C V \ {z} separates x from R, a contradiction.

3The sets C(S,w) with S connected in G also form a neighbourhood basis of w in |G|, since
every finite set S of vertices extends to a finite connected set.
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Suppose y is the vertex. If y ¢ S we argue as before. Suppose that y € S.
Note that y does not dominate w, since y ~ x ¢ w. But now the vertex v € S
that dominates w, if it exists, and the finitely many neighbours of S \ {v} in C
together separate y from every ray in x that avoids this finite set, a contradiction.

O

Let us extend the notion of standard neighbourhoods from |G|y to Gy. Call
a neighbourhood of a point [z]g of Gy a standard neighbourhood if its inverse
image under 7y is a union J,¢,, Uy of standard neighbourhoods Uy in |Gl

of the points y € [z]y. Neighbourhoods in subspaces of Gy that are induced
by such standard neighbourhoods of CNT'\I, will likewise be called standard. All
standard neighbourhoods in é\y and its subspaces are open, by definition of the
identification and the subspace topology.

Lemma 10. For every point [z ]\If € Gq, its standard neighbourhoods form a
basis of open neighbourhoods in Gy .

Proof. Given any open neighbourhood N of [z]y in Gy, its inverse image W
under 7y is open in |G|y and contains every y € [z]y. By Lemma 8, we can find
for each of these y a standard neighbourhood U, C W of y in |G|g. By Lemma 9,
their union U = {J, Uy is closed in |G|y under ~, so U = 7y (mg(U)). Since U
is open in |G|y, this means that 7y (U) C N is an open neighbourhood of [z]y
in G\p O]

Our next topic is to compare circles in G\p with circles in G. We have
already seen that circles in Gy define circles in G by composition with og. The
converse will generally fail: the inverse of oy (where it is defined) need not be
continuous, so a circle in G need not induce a circle in Gy even if its points all
lie in the image of og. This is illustrated by the following example.

Example 2. Consider the graph of Figure 2 with ¥ = {¢}. The closure of the
double ray D in G is a circle there, since in G the ends w and 1) are identified.
This circle lies in the image of oy, but 0\;1 restricted to it fails to be continuous
at the point {v,w, 4}, which o' maps to the point {v,} of Gu.

V4w AN v p YeWw

T Uy = Wy

Figure 3: A circle in G through p = {v,w, ¥} which defines for
¥ = {4} a circle in Gy through {v,}.

However, the map qu in this example s continuous on the circle in G shown
in Figure 3, which ‘does not use’ the end w € Ul when it passes through the
point {v,w,4}. The fact that circles in G do induce circles in Gy in such cases
will be crucial to our proof of Theorem 2:

11



Lemma 11.

(i) Letp: St — Gy bea circle, with image C' say, and let D be the set of all in-
ner points of edges on C. Then every end in the |G|-closure* of D lies in W.

(i) Let ¢: St — G be a circle, with image C say, and let D be the set of all
inner points of edges on C. If every end in the |G|-closure of D lies in V¥,
then the composition 0&1 op: St — Gy is well defined and a circle in Gy.

Proof. (i) Consider an end w in the |G|-closure of D. Since |G| (unlike G) is
first-countable, there is a sequence (z;);en of points in D that converges to w
in |G|. Suppose w € WC. We show that the z; have no accumulation point
on C, indeed in all of é\p; this will contradict the fact that C, being a circle, is
compact and contains all the ;.

Consider a point p € é\y, and any representative z € p C |Gly. As w €
Ol we have limz; = w # z. Therefore z has a neighbourhood W, in |G|
not containing any of the z; (other than possibly x; = z, which can happen
only if p = {z;} is a singleton class). By Lemma 8, the |G|g-neighbourhood
W.N|G|y of z contains a standard |G|y-neighbourhood U, of z. By Lemma 10,
™y ( Uzep Uz) is a standard neighbourhood of p in é\p that contains no x; other
than possibly p itself, so p is not an accumulation point of the x;.

(ii) Assume that every end in the |G|-closure of D lies in ¥. To show that
0‘1_,1 o is well defined, let us prove that im ¢ C im oy. The only points of G not
in the image of oy are singleton ~ - classes of |G| consisting of an undominated
end w ¢ ¥. By assumption and Lemma 8, such an end w has a standard
neighbourhood in |G| = |G|q disjoint from D, which 7 maps to a standard
neighbourhood of {w} in G disjoint from D. So {w} is not in the G-closure
of D. But that closure is the entire circle C, see [7], giving {w} ¢ im . This
completes the proof of im ¢ C imoy. As oy is injective, it follows that U‘Ijl o
is well defined.

To show that 0;1 is continuous on C, let a point p € C be given. Since
p lies in imp C imoy, it is represented by a point z in G U ¥; then p =
[z] and oy'(p) = [z]y. By Lemma 10, it suffices to find for every standard
neighbourhood u of [z]y in im(oy'[C) a neighbourhood w of [z] in C such that
oyt (w) C u.

By definition, u is the intersection with im(og,'[C) of a set U C Gy whose
inverse image under mg is a union

') = U,
NSEIR

of standard neighbourhoods U, in |G|y of the points y € [z]y. Our aim is to
find a similar set W to define w: a set W C G such that for w := W N C we
have o' (w) C u, and such that

W_l(W) = U Wy (2)
]

y€Elz

4We shall freely consider D as a subset of either Gy or |G|, and similarly in (ii).
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where each W, is a standard neighbourhood of y in |G|.

Let us define these W, one for every y € [z]. If y € G, then y € [z]g.
Hence U, is defined, and it is a standard neighbourhood of y also in |G|; we
let W, :=U,. If y € ¥, then again y € [z]y, and U, (exists and) has the
form Cy(F,y). We let W, := Cq(F,y) be its closure in |G|; this is a standard
neighbourhood of y in |G|. Finally, if y € W, then y ¢ [z]y and U, is undefined.
We then let W, be a standard neighbourhood of y in |G| that is disjoint from D;
this exists by assumption and Lemma 8. Let us call these last W, new.

By Lemma 9, all these W,, are closed under equivalence in |G| \ [y]. Hence
Uyepu Wy is closed under equivalence in |G|. Its m-image W therefore satis-

fies (2) and is a standard neighbourhood of [z] in G. Hence, w := W N C is a
neighbourhood of [z] in C.

It remains to show that oy~ maps every point ¢ € w to u. This is clear
for ¢ = p = [z], so assume that ¢ # [z]. By construction of W and Lemma 9,
the set ¢ lies entirely inside one of the W,. Let us show that no such W, can
be new. Since ¢ is a point in w C C, in which D is dense [7], there is no
neighbourhood of ¢ in G that is disjoint from D. But then ¢ has an element z
all whose |G|-neighbourhoods meet D. (If not, we could pick for every element
of ¢ a standard |G|-neighbourhood disjoint from D; then the union of all these
would project under 7 to a standard neighbourhood of ¢ in G that avoids D.)
As W, is a |G|-neighbourhood of z € ¢ C Wy, it thus cannot be new.

We thus have ¢ C W,, where W, is the |G|-closure of U, for some y € [z]w
(or equal to Uy). In particular, W, \ U, C Ul As g lies in C, in which D is
dense, we cannot have ¢ = {w} with w € WC (as earlier). So either ¢ = {¢}
with ¢ € ¥, or ¢ contains a vertex. In either case, ¢ N U, # 0, which implies
that U;l(q) € U. As q € C, this implies O‘;l(q) € u, as desired. O

1

Lemma 12. Arc-components of standard subspaces of Gy are closed.

Proof. Let X be an arc-component of a standard subspace of éq; If X is not
closed, there is a point ¢ in Gy ~ X such that every (standard) neighbourhood
of ¢ meets X. As in the proof of Lemma 11, this implies that ¢ has a repre-
sentative y € |G|y such that every standard neighbourhood U, of y in |G|y
meets 771 (X), say in a point x = z(U,). Clearly, y is an end. Since z # y,
we even have [z]g C Uy by Lemma 9. Let Uy 2 U; 2 ... be a neighbourhood
basis for y consisting of such standard neighbourhoods Uy, and let z; := x(U;)
and z; := [x;]w for all i. Then these z; converge to y in |G|y, while (2;);en is a
sequence of points in X that converges in é\p to ¢ = [ylw.

For every i € N~ {0} let A be a z;—z arc in X. Define subarcs A; of the
Al recursively, choosing as A; the initial segment of A} from its starting point
z; to its first point a; in Uj<iAj’ where Ay := {zp}. (The point a; exists by
the continuity of A}, since |J i< A; is closed, being a compact subspace of the

Hausdorff space é\p) Note that no two A; have an edge in common.

5This refers to either the subspace or to the entire space éq,; the two are equivalent, since
standard subspaces of G are themselves closed in Gy.
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Define an auxiliary graph H with vertex set {A4; | ¢ € N} and edges A;4;
whenever j is the smallest index less than ¢ such that A; N A; # 0. Suppose
first that H has a vertex A; of infinite degree. Since the arc A; is compact,
it has a point p every neighbourhood of which meets infinitely many A;. By
Lemma 6, there is a finite set F' of edges such that in C:'q,  F the points p and ¢
have disjoint open neighbourhoods O, and O, partitioning Gy ~ F. Then for
infinitely many ¢ we have both 4; N O, # 0 and z; € O,. For all these ¢ the
arc A;, being connected, must have an edge in the finite set F', a contradiction.

So H islocally finite. By Konig’s infinity lemma, H contains a ray A;, A;, ...
such that i; < 4 whenever j < k. We claim that A := A; a;,A4;,ai, ...q is an
arc in é\p; this will contradict our assumption that A;, lies in the arc-component
X of Gy while q does not. We only have to show that A is continuous in g. Since
every neighbourhood of ¢ in é\p contains the mg-image of one of our standard
neighbourhoods U, of y, it suffices to show that for every such U, we have
A; C mg(Uy) for all but finitely many s.

Since U, is a standard neighbourhood of y, there exists a set F' of edges
such that U, = Cy(F,y) and F is either finite or v-cofinite with v ~ y. Let
F’ be obtained from F by adding to it any other edges incident with such a
vertex v ~ y. Since none of the A; contains such a vertex v, and distinct A; are
edge-disjoint, all but finitely many A; lie in (éq; q) I and have their starting
vertex z; = [z;]w in my(Uy), by the choice of U,. To complete our proof, we
shall show that 7y (Un ~ q) F’ and its complement in (Gy — ¢) ~ " are two
open subsets of (Gq, q)~ had partitioning it: then none of those cofinitely many
A; can meet both, so they will all lie entirely in 7y (U,).

Since U, is a standard neighbourhood of y € ¢, the set U, \ ¢ is open in
|G|y ~ ¢ and closed under equivalence, so 7y (Un \ q) is open in G\p — q and
7w (Un ~ ) ~ F” is open in (Gy — q) ~ F". Its complement in (Gy — ¢) ~ F” is
open, because it is the myg-image of the (~-closed) union of the finite set S of
vertices that are incident with edges in F' but are not in U,,, the edges incident
with them that are not in F”, and the |G|w-closures of the components of G — S
not contained in U,. The two open sets partition all of (é\p —q)~ F’, because
U, is itself the |G|yg-closure of a component of G — S together with the edges
between S and that component (which all lie in F). O

4 Proof of Theorem 2

We can now apply the lemmas from Section 3 to prove Theorem 2. One of
these lemmas, Lemma 11, also implies a characterization of duality in terms of
circuits and bonds. Let us include this in the statement of the theorem:

Theorem 13. Let G = (V,E,Q) and G* = (V¥ E,Q) be finitely separable
2-connected graphs with the same edge set E and the same end set ), in the
sense of [3]. Then the following assertions are equivalent:

(i) G and G* are duals of each other.
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(ii) For all W C Q and F C E the following holds: F' is the edge set of a WU-tree
in G if and only if FU is the edge set of a WC-tree in G*.

(iii) There exists a set ¥ C Q such that for every F C E the following holds:
F is the edge set of a VU-tree in G if and only if FC s the edge set of a
UCotree in G*.

(iv) For all ¥ C Q and D C E the following holds: D is a VU-circuit of G if and
only if D is a bond of G* and every end in the closure® of | J D lies in W.

(v) There exists a set W C Q such that for every D C E the following holds:
D is a V-circuit of G if and only if D is a bond of G* and every end in
the closure® of |J D lies in W.

Remark. The fact that (i)—(iii) are symmetrical in G and G*, while (iv) and (v)
are not, is immaterial and only serves to avoid clutter: as noted before, it was
proved in [1, Theorem 3.4] that if G* is a dual of G then G is a dual of G*.

We shall prove the implications (i)— (iv)—(v)—(i) first, and then the impli-
cations (i)—(ii)—(iii)—(i). The two proofs can be read independently.

(i)—(iv) Assume (i), and let ¥ C Q and D C F be given for a proof of (iv).
If D is a W-circuit of G, for the circle p: S — Gy say, it is also a circuit of G
with circle og o p: 81 — G. By (i), then, D is a bond of G*. By Lemma 11 (i),
every end in the closure of | J D lies in W.

If, conversely, D is a bond of G*, then D is a circuit of G by (i), say with circle
¢: S* — G. If every end in the closure of | J D lies in ¥ then, by Lemma 11 (ii),
the composition oy, Lo is well defined and a circle in éq; The edges it contains
are precisely those in D, so D is a W-circuit.

(iv)—(v) Using the empty set for ¥ in (iv) immediately yields (v).

(v)=(@{) As G and G* are finitely separable and 2-connected, [1, Lemma
4.7 (1)] implies that G* is dual to G as soon as the finite circuits of G are
precisely the finite bonds of G*. This is immediate from (v).

Let us now prove the implications (i)—(ii)—(iii)—(i). When we consider
edges in E topologically, we take them to include their endvertices in Gy or

in G'¢, depending on the context. Thus, in (i) and (iii), |J ' will be a subspace

of Gy while |J FC will be a subspace of CNJ*‘I/C
(i)—(ii) We first show that (i) implies the analogue of (ii) with ordinary topo-
logical connectedness, rather than the arc-connectedness required of a W-tree:

(%) For all F C F and ¥ C Q: F is the edge set of a connected spanning ¥-
forest of G if and only if FU s the edge set of a connected spanning WC_forest
of G*.

For our proof of () from (i), let 7/ C F and ¥ C Q be given, and assume
that F' is the edge set of a connected spanning W-forest 7' of G. Let X be
the closure in G of V(Gye) U UFC. We shall prove that X is a connected

6This refers to the closure in |G| or, equivalently by [3], the closure in |G*|.
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subspace of C:'*\pc that contains no circle. Then X cannot have isolated vertices,
so it will be a standard subspace, and it is spanning by definition. Roughly, the
idea is that X should be connected because T is acirclic, and acirclic because T
is connected.

Let us show first that X contains no circle. Suppose there is a circle
©: ST — X, with circuit D C FC say. By Lemma 11 (i) applied to G* and WE,
every end in the |G*|-closure of | J D lies in W€, But the ends in the |G*|-closure
of | D are precisely those in its |G|-closure, by (i). Hence we obtain:

The |G|-closure of |J D contains no end from ¥. (3)

Since D is also the circuit of the circle oge o p: ST — G*, assumption (i)
implies that D is a bond in G; let {V;, V2} be the corresponding partition of V.
Let us show the following:

Every point p € Gy has a standard neighbourhood N such that (4)
wgl(N) contains vertices from at most one of the sets V, and V5.

Suppose p € CNT'\I, has no such neighbourhood. Then p has a representative x
all whose standard neighbourhoods in |G|y meet Vi, and a representative y all
whose standard neighbourhoods in |G|y meet V5.

If z = y, the point x = y =: ¥ is an end in W. Then every standard neigh-
bourhood of ¢ in |G|y contains a graph-theoretical path from V; to V5, and
hence an edge from D, because the subgraphs of G underlying standard neigh-
bourhoods in |G|y are connected and meet both V; and V5. This contradicts (3).

So x # y. In particular, p is nontrivial, so it contains a vertex v, say in V;.
Then v # y, so y =: ¢ € U. Pick a ray R € 9. Replacing R with a tail of R if
necessary, we may assume by (3) that R has no edge in D. If all the vertices of
R lie in V7, then every standard neighbourhood of y = 1 meets both V; and V5,
which contradicts (3) as in the case of z = y. So R C G[Vz]. Let us show that
every standard neighbourhood Cy(F’, 1) of 1 contains the inner points of an
edge from D, once more contrary to (3).

By Lemma 8 (ii), F’ is v-cofinite. Since v ~ 1), there are infinitely many v—R
paths Py, P, ... in G that meet pairwise only in v. Since D separates v from R,
each P; contains an edge e; € D. Only finitely many of the P; contain one of
the finitely many edges from F’ that are not incident with v. All the other P
have all their points other than v in Cy (F’,), including the inner points of e;.
This completes the proof of (4).

For every point p € (N}’q, pick a standard neighbourhood N,, as in (4). Let Oq
be the union of those N, such that 7' (N,) meets Vi, and Oy the union of the
others. Then O1, Oy are two open subsets of Gy covering it, and it is easy to
check that O1 N Oy C D. So no connected subspace of éq; D contains vertices
from Vi as well as from V5. But our connected spanning W-forest T is such a
subspace, since its edges lie in F' C E ~ D. This contradiction completes the
proof that X contains no circle.

For the proof of (%) it remains to show that X is connected. If not, there are

open sets 01,02 in G that each meet X and together cover it, but intersect
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only outside X. It is easy to check that, since X contains all the vertices
of CNT“\LG, both O; and Os contain such a vertex but they have none in common.
For ¢ = 1,2, let V;* be the set of vertices of G* representing a vertex of éfpc
in O;. Let C be a bond contained in the cut E(V;*,V5). Note that the edges
e of this bond all lie in F: as e is connected but contained in neither O;, it
cannot lie in O U Oy = X. As F is the edge set of a W-forest, C' C F cannot
be a U-circuit of G. By (i), however, C is a circuit of G, because it is a bond
of G*. By Lemma 11 (ii), therefore, there is an end w € W€ in the |G|-closure
of C; then w also lies in the |G*|-closure of C.

Let us show that every standard neighbourhood W of [w]g¢ in é*\l,c contains
an edge from C, including its endvertices in é*‘w By definition, W is the image
under myc of a subset of |G*| ¢ that contains a standard neighbourhood U of w
in |G*|ge. Since w lies in the |G*|-closure of C, this U either contains an edge
e € C together with its endvertices in G*, or it contains one endvertex (in G*)
and the interior of an edge e € C whose other endvertex dominates w in G*. In
both cases, e and its endvertices in é&,c lie in W.

So every standard neighbourhood of [w]ye in é*\pc contains an edge from C,

including its endvertices in é”&,c In particular, it meets X in both O; and O,
where this edge has its endvertices. So every neighbourhood of [w]ge in X
meets both O; and Os. This contradicts the fact that the O; induce disjoint
open subsets of X of which only one contains the point [w]ge. This completes
the proof of (x).

Tt remains to derive the original statement of (ii) from (x). Suppose (ii) fails,
say because there is a U-tree T" of G, with edge set F' say, such that FCisnot the
edge set of a Ul-tree of G*. By (%) we know that FUis the edge set of a connected
spanning Ul forest X in G*, which we now want to show is even arc-connected.
Suppose it is not. Since the arc-components of X are closed (Lemma 12), no arc-
component of X contains all its vertices. Vertices in different arc-components
are joined by a finite path in G*, which contains an edge e whose endvertices
lie in different arc-components of X. Then X U e still contains no circle, so
FCy {e} too is the edge set of a connected spanning WC_forest of G*. Thus,
by (%), F'~{e} is the edge set of a connected spanning W-forest of G. This can
only be T \ €, so T \ é has precisely two path components D; and Dy but is
still connected. Then D; and Dy cannot both be open, or equivalently, cannot
both be closed. This contradicts Lemma 12.

(ii)—(iii) Using the empty set for ¥ in (ii) immediately yields (iii).

(iii)—(i) As G and G* are finitely separable and 2-connected, it suffices by
[1, Lemma 4.7 (i)] to show that G* is a finitary dual of G, i.e., that the finite
circuits of G are precisely the finite bonds of G*. By Lemma 5 (ii), a finite set
F of edges is a bond of G* if and only if it meets the edge set of every Ul_tree
of G* and is minimal with this property. By (iii), this is the case if and only if
F is not contained in the edge set of any U-tree of G, and is minimal with this
property. By Lemma 5 (i), this is the case if and only if F is a circuit of G. O
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Orthogonality and minimality
in the homology of locally finite graphs*

Reinhard Diestel Julian Pott

Abstract

Given a finite set F, a subset D C F (viewed as a function E — Z2)
is orthogonal to a given subspace F of the Zs-vector space of functions
FE — Z2 as soon as D is orthogonal to every C-minimal element of F.
This fails in general when F is infinite.

However, we prove the above statement for the four subspaces F of
the edge space of any 3-connected locally finite graph that are relevant
to its homology: the cut space, the finite-cut space, the topological cycle
space, and the finite-cycle space. This solves a problem of [4].

1 Introduction

Let G be a 2-connected locally finite graph, and let £ = £(G) be its edge space
over Zy. We think of the elements of £ as sets of edges, possibly infinite. Two
sets of edges are orthogonal if their intersection has (finite and) even cardinality.
A set D € £ is orthogonal to a subspace F C £ if it is orthogonal to every F € F.
See [4], [3] for any definitions not given below.

The topological cycle space C(G) of G is the subspace of £(G) generated (via
thin sums, possibly infinite) by the circuits of G, the edge sets of the topological
circles in the Freudenthal compactification |G| of G. This space C(G) contains
precisely the elements of £ that are orthogonal to Bg,(G), the finite-cut space
of G. Similarly, the finite-cycle space Cun(G) is the subspace of £(G) generated
(via finite sums) by the finite circuits of G. This space Cgy, (G) contains precisely
the elements of £ that are orthogonal to B(G), the cut space of G. Moreover, for
any of the four spaces F just mentioned, we have F++ = F. Thus the following
equalities hold:

C:Bfiv Cﬁn :BLa CL :BﬁIU Cf%n =B.

Our aim in this note is to show that, whenever F is one of these four spaces,
a set D of edges is orthogonal to F as soon as it is orthogonal to the minimal
nonzero elements of F. This is easy when F is Cgqy, or Bgy:

*Electronic J. Comb. 21 (2014), #P3.36
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Proposition 1. Let F be a subspace of E(G) all whose elements are finite
sets of edges. Then F is generated (via finite sums) by its C-minimal nonzero
elements.

Proof. For a contradiction suppose that some F' € F is not a finite sum of
finitely many minimal nonzero elements of . Choose F' with |F'| minimal. As
F' is not minimal itself, by assumption, it properly contains a minimal nonzero
element F’ of F. As F is finite, F + F' = F' . F’ € F has fewer elements than
F, so there is a finite family (M,);<,, of minimal nonzero elements of F with
Y icn M; = F+F'. This contradicts our assumption, as F'+>, . M; =F. O

Corollary 2. If F = Cqy or F = Ban, a set D of edges is orthogonal to F as
soon as D 1is orthogonal to all the minimal nonzero elements of F. O

When F = C or F = B, the statement of Corollary 2 is generally false for
graphs that are not 3-connected. Indeed, for 7 = B let G be the graph obtained
from the N x Z grid by doubling every edge between two vertices of degree 3
and subdividing all the new edges. The set D of the edges that lie in a K3 of G
is orthogonal to every bond F' of G: their intersection D N F' is finite and even.
But D is not orthogonal to every element of F = B, since it meets some cuts
that are not bonds infinitely.

For F = C, let B be an infinite bond of the infinite ladder H, and let G be the
graph obtained from H by subdividing every edge in B. Then the set D of edges
that are incident with subdivision vertices has a finite and even intersection with
every topological circuit C, finite or infinite, but it is not orthogonal to every
element of C, since it meets some of them infinitely.

However, if G is 3-connected, an edge set is orthogonal to every element of
C or B as soon as it is orthogonal to every minimal nonzero element of C or B:

Theorem 3. Let G = (V, E) be a locally finite 3-connected graph, and F, D C E.

(i) F € C* as soon as F is orthogonal to all the minimal nonzero elements
of C, the topological circuits of G.

(ii) D € Bt as soon as D is orthogonal to all the minimal nonzero elements
of B, the bonds of G.

Although Theorem 3 fails if we replace the assumption of 3-connectedness
with 2-connectedness, it turns out that we need a little less than 3-connectedness.
Recall that an end w of G has (combinatorial) vertex-degree k if k is the maxi-
mum number of vertex-disjoint rays in w. Halin [6] showed that every end in a
k-connected locally finite graph has vertex-degree at least k. Let us call an end
w of G k-padded if for every ray R € w there is a neighbourhood U of w such that
for every vertex u € U there is a k-fan from u to R in G, a subdivided k-star
with centre v and leaves on R.! If every end of G is k-padded, we say that G

LFor example, if G is the union of complete graphs K1, K3, ... with |K;| = i, each meeting
the next in exactly one vertex (and these are all distinct), then the unique end of G is k-padded
for every k € N.
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is k-padded at infinity. Note that k-connected graphs are k-padded at infinity.
Our proof of Theorem 3(i) will use only that every end has vertex-degree at
least 3 and that G is 2-connected. Similarly, and in a sense dually, the proof
of Theorem 3(ii) uses only that every end has vertex-degree at least 2 and G is
3-connected at infinity.

Theorem 4. Let G = (V, E) be a locally finite 2-connected graph.

(i) If every end of G has vertex-degree at least 3, then F' € C* as soon as
F' is orthogonal to all the minimal nonzero elements of C, the topological
circuits of G.

(ii) If G is 3-padded at infinity, then D € B+ as soon as D is orthogonal to
all the minimal nonzero elements of B, the bonds of G.

In general, our notation follows [3]. In particular, given an end w in a graph
G, and a finite set S C V(G) of vertices, we write C(S,w) for the unique
component of G — S that contains a ray R € w. The vertez-degree of w is the
maximum number of vertex-disjoint rays in w. The mathematical background
required for this paper is covered in [4, 5]. For earlier results on the cycle and
cut space see Bruhn and Stein [1, 2].

2 Finding disjoint paths

Menger’s theorem that the smallest cardinality of an A—B separator in a finite
graph is equal to the largest cardinality of a set of disjoint A—B paths trivially
extends to infinite graphs. Thus in a locally finite k-connected graph, there are
k internally disjoint paths between any two vertices. In Lemmas 5 and 6 we
show that, for two such vertices that are close to an end w, these connecting
paths need not use vertices too far away from w.

In a graph G with vertex sets X,Y C V(G) and vertices z,y € V(G), a
k-fan from X (or x) to Y is a subdivided k-star whose center lies in X (or is
x) and whose leaves lie in Y. A k-linkage from x to y is a union of k internally
disjoint z—y paths. We may refer to a sequence (v;);en simply by (v;), and use

U(vs) := U,;enivi} for brevity.

Lemma 5. Let G be a locally finite graph with an end w, and let (v;);en and
(w;)ien be two sequences of vertices converging to w. Let k be a positive integer.

(1) If for infinitely many n € N there is a k-fan from v, to |J(w;), then there
are infinitely many disjoint such k-fans.

(ii) If for infinitely many n € N there is a k-linkage from v, to w,, then there
are infinitely many disjoint such k-linkages.

Proof. For a contradiction, suppose k € N is minimal such that there is a locally
finite graph G = (V, E) with sequences (v;);en and (w;);en in which either (i) or
(ii) fails. Then k > 1, since for every finite set S C V(G) the unique component
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C(S,w) of G — S that contains rays from w is connected and contains all but
finitely many vertices from (J(v;) and |J(w;).

For a proof of (i) it suffices to show that for every finite set S C V(G)
there is an integer n € N and a k-fan from v, to |J(w;) avoiding S. Suppose
there is a finite set S C V(G) that meets all k-fans from (J(v;) to J(w;). By
the minimality of k, there are infinitely many disjoint (k — 1)-fans from |J(v;)
to U(w;) in C:=C(S,w). Thus, there is a subsequence (v});en of (v;)ien in C
and pairwise disjoint (k — 1)-fans F; C C from v} to |J(w;) for all i € N. For
every i € N there is by Menger’s theorem a (k — 1)-separator S; separating v;
from | J(w;) in C, as by assumption there is no k-fan from v} to |J(w;) in C. Let
C; be the component of G — (S U S;) containing v;.

Since F; is a subdivided |S;|-star, S; C V(F;). Hence for all ¢ # j, our
assumption of F; N F; = () implies that F; N.S; = 0, and hence that F; NC; = 0.
But then also C; N C; = 0, since any vertex in C; N C; coud be joined to v; by
a path P in C; and to v; by a path @ in Cj, giving rise to a vj-{J(w;) path in
P U QU F; avoiding Sj, a contradiction.

As SUS; separates v] from | J(w;) in G and there is, by assumption, a k-fan
from v} to |J(w;) in G, there are at least k distinct neighbours of C; in S U S;.
Since |S;| = k—1, one of these lies in S. This holds for alli € N. As C;NC; =0
for distinct 7 and j, this contradicts our assumption that G is locally finite and
S is finite. This completes the proof of (i).

For (ii) it suffices to show that for every finite set S C V(G) there is an
integer n € N such that there is a k-linkage form v,, to w,, avoiding S. Suppose
there is a finite set S C V(G) that meets all k-linkages from v; to w; for all
¢ € N. By the minimality of k there is an infinite family (L;);c; of disjoint
(k — 1)-linkages L; in C:=C(S,w) from v; to w;. As earlier, there are pairwise
disjoint (k — 1)-sets S; C V(L;) separating v; from w; in C, for all i € I. Let
C;, D; be the components of C' — S; containing v; and w;, respectively. For no
i € I can both C; and D; have w in their closure, as they are separated by the
finite set S U S;. Thus for every i € I one of C; or D; contains at most finitely
many vertices from (J;c; Li. By symmetry, and replacing I with an infinite
subset of itself if necessary, we may assume the following:

The components C; with i € I each contain only finitely many
vertices from ;¢ Li.

(1)

If infinitely many of the components C; are pairwise disjoint, then S has
infinitely many neighbours as earlier, a contradiction. By Ramsey’s theorem,
we may thus assume that

CiNnC; #0 foralli,jel. (2)

Note that if C; meets L; for some j # ¢, then C; 2 Lj, since L; is disjoint
from L; O S;. By (1), this happens for only finitely many j > i. We can
therefore choose an infinite subset of I such that C; N L; = for all i < j in I.
In particular, (C; U S;) N'S; =0 for ¢ < j. By (2), this implies that

c;uUsS; C Cj for alli < j. (3)
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By assumption, there exists for each ¢ € I some v;—w; linkage of k indepen-
dent paths in G, one of which avoids S; and therefore meets S. Let P; denote
its final segment from its last vertex in S to w;. As w; € C' ~ (C; U S;) and P,
avoids both S; and S (after its starting vertex in S), we also have

P.NC; =0. (4)

On the other hand, L; contains v; € C; C C;41 and avoids S;4+1, so w; €
L; C Cij41. Hence P; meets S; for every j > 4+ 1 such that P; € SUC}. Since
the L; O S; are disjoint for different j, this happens for only finitely many j > 1.
Deleting those j from I, and repeating that argument for increasing ¢ in turn,
we may thus assume that P, C SUC;44 for all i € I. By (3) and (4) we deduce
that P; \ .S are now disjoint for different values of ¢ € I. Hence S contains a
vertex of infinite degree, a contradiction. O

Recall that G is k-padded at an end w if for every ray R € w there is a
neighbourhood U such that for all vertices u € U there is a k-fan from u to R
in G. Our next lemma shows that, if we are willing to make U smaller, we can
find the fans locally around w:

Lemma 6. Let G be a locally finite graph with a k-padded end w. For every
ray R € w and every finite set S C V(Q) there is a neighbourhood U C C(S,w)
of w such that from every vertex u € U there is a k-fan in C(S,w) to R.

Proof. Suppose that, for some R € w and finite S C V(G), every neighbourhood
U C C(S,w) of w contains a vertex u such that C'(S,w) contains no k-fan from u
to R. Then there is a sequence u1, usg, ... of such vertices converging to w. As w
is k-padded there are k-fans from infinitely many u; to R in G. By Lemma 5(i)
we may assume that these fans are disjoint. By the choice of uy, us, ..., all these
disjoint fans meet the finite set S, a contradiction. O

3 The proof of Theorems 3 and 4

As pointed out in the introduction, Theorem 4 implies Theorem 3. It thus
suffices to prove Theorem 4, of which we prove (i) first. Consider a set F' # )
of edges that meets every circuit of G evenly. We have to show that F € C*,
i.e., that F' is a finite cut. (Recall that C* is known to equal Bin, the finite-cut
space.) As F meets every finite cycle evenly it is a cut, with bipartition (A, B)
say. Suppose F is infinite. Let R be a set of three disjoint rays that belong to an
end w in the closure of F. Every R—R’ path P for two distinct R, R’ € R lies on
the unique topological circle C(R, R, P) that is contained in RU R’ U P U {w}.
As every circuit meets F' finitely, we deduce that no ray in R meets F' again
and again. Replacing the rays in R with tails of themselves as necessary, we
may thus assume that F' contains no edge from any of the rays in R. Suppose F'
separates R, with the vertices of R € R in A and the vertices of R', R” € R in B
say. Then there are infinitely many disjoint R—(R’ U R") paths each meeting F'
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at least once. Infinitely many of these disjoint paths avoid one of the rays in B,
say R”. The union of these paths together with R and R’ contains a ray W € w
that meets F infinitely often. For every R”-W path P, the circle C(W, R", P)
meets F' in infinitely many edges, a contradiction. Thus we may assume that F'
does not separate R, and that G[A] contains | R.

As w lies in the closure of F', there is a sequence (v;);cy of vertices in B
converging to w. As G is 2-connected there is a 2-fan from each v; to |JR in G.
By Lemma 5 there are infinitely many disjoint 2-fans from J(v;) to JR. We
may assume that every such fan has at most two vertices in [ JR. Then infinitely
many of these fans avoid some fixed ray in R, say R. The two other rays plus
the infinitely many 2-fans meeting only these together contain a ray W € w that
meets F infinitely often and is disjoint from R. Then for every R-W path P
we get a contradiction, as C(R, W, P) is a circle meeting F in infinitely many
edges.

To prove (ii), let D C E be a set of edges that meets every bond evenly. We
have to show that D € B, i.e., that D has an (only finite and) even number of
edges also in every cut that is not a bond.

As D meets every finite bond evenly, and hence every finite cut, it lies in
By;,, = C. We claim that

D is a disjoint union of finite circuits. (%)

To prove (%), let us show first that every edge e € D lies in some finite
circuit C' C D. If not, the endvertices u,v of e lie in different components of
(V, D~{e}), and we can partition V into two sets A, B so that e is the only A-B
edge in D. The cut of G of all its A-B edges is a disjoint union of bonds [3],
one of which meets D in precisely e. This contradicts our assumption that D
meets every bond of G evenly.

For our proof of (x), we start by enumerating D, say as D =: {ej, ea,... } =:
Dq. Let Cy C Dy be a finite circuit containing eg, let Dy := D\ Cy, and notice
that Dy, like Dy, meets every bond of G evenly (because Cy does). As before,
D; contains a finite circuit C; containing the edge e; with ¢ = min{j | ¢; € D1 }.
Continuing in this way we find the desired decomposition D = C; UCs U. .. of
D into finite circuits. This completes the proof of (x).

As every finite circuit lies in B+, it suffices by (x) to show that D is finite.
Suppose D is infinite, and let w be an end of G in its closure. Let us say that
two rays R and R’ hug D if every neighbourhood U of w contains a finite circuit
C C D that is neither separated from R by R’ nor from R’ by R in U. We shall
construct two rays R and R’ that hug D, inductively, as follows.

Let Sp = 0, and let Ry, R} be disjoint rays in w. (These exist as G is 2-
connected [6].) For step j > 1, assume that let S;, R;, and R} have been defined
for all 4 < j so that R; and R} each meet \S; in precisely some initial segement
(and otherwise lie in C(S;,w)) and S; contains the ith vertex in some fixed
enumeration of V. If the jth vertex in this enumeration lies in C(S;_1,w), add
to Sj_1 this vertex and, if it lies on R; 1 or R}_;, the initial segement of that
ray up to it. Keep calling the enlarged set S;_;. For the following choice of S
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we apply Lemma 6 to S;_; and each of R;_; and R;-_l. Let S 2 S;_1 be a finite
set such that from every vertex v in C(S, w) there are 3-fans in C'(S;_1,w) both
to ;1 and to R_;. By (x) and the choice of w, there is a finite circuit C; C D
in C(S,w). Then Cj can not be separated from R; 1 or R} ; in C(Sj_1,w)
by fewer than three vertices, and thus there are three disjoint paths from C; to
Rj_l U R;—fl in C(Sj_l, w).

There are now two possible cases. The first is that in C(S;_1,w) the circuit
C; is neither separated from R;_; by R;-_l nor from R;‘—1 by R;_;. This case
is the preferable case. In the second case one ray separates C; from the other.
In this case we will reroute the two rays to obtain new rays as in the first case.
We shall then ‘freeze’ a finite set containing initial parts of these rays, as well
as paths from each ray to C;. This finite fixed set will not be changed in any
later step of the construction of R and R’. In detail, this process is as follows.

If C(S;-1,w) contains both a C;—R;_; path P avoiding R;_; and a C;—R}_,
path P’ avoiding R;_1, let @ and Q' be the initial segments of R;_1 and R}_,
up to P and P’, respectively. Then let R; = R;_; and R} = R}_; and

S;=8,1UV(PYUV(P)UV(Q)UV(Q").

This choice of S; ensures that the rays R, R’ constructed form the R; and R;
in the limit will not separate each other from Cj, because they will satisfy
RﬁSj :RjﬂSj and R/ﬂSj :R;QS]

If the ray R;_1 separates C; from R;»_l, let P; be a set of three disjoint
ijR;_l paths avoiding S;—_;. All these paths meet R;_;. Let P, € P; be
the path which R;_; meets first, and P3 € P; the one it meets last. Then
R;_1UC; U P UP; contains a ray R; with initial segment R;_; N S;_; that
meets C; but is disjoint from the remaining path P» € P and from R;-_l. Let
R; = R, and let S; contain S;_; and all vertices of |JP;, and the initial
segments of R;_1 and R;_; up to their last vertex in (JPP. Note that R; meets
Cj, and that P, is a C;—R’; path avoiding R;.

If the ray R}q separates C; from R;_1, reverse their roles in the previous
part of the construction.

The edges that lie eventually in R; or R} as i — oo form two rays R and R’
that clearly hug D.

Let us show that there are two disjoint combs, with spines R and R’ re-
spectively, and infinitely many disjoint finite circuits in D such that each of the
combs has a tooth in each of these circuits. We build these combs inductively,
starting with the rays R and R’ and adding teeth one by one.

Let To = R and T} = R’ and Sy = 0. Given j > 1, assume that T}, T/ and
S; have been defined for all i < j. By Lemma 6 there is a finite set S 2 5;_;
such that every vertex of C(S,w) sends a 3-fan to RU R’ in C(S;_1,w). As R
and R’ hug D there is a finite cycle C' in C(S,w) with edges in D, and which
neither of the rays R or R’ separates from the other. By the choice of S, no one
vertex of C(S;_1,w) separates C from RUR’ in C(S;_1,w). Hence by Menger’s
theorem there are disjoint (RUR')-C paths P and @ in C'(S;_1,w). If P starts
on R and @ starts on R’ (say), let P’ := Q. Assume now that P and Q start
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on the same ray R or R’, say on R. Let Q' be a path from R’ to CUPUQ in
C(S;j-1,w) that avoids R. As Q" meets at most one of the paths P and @, we
may assume it does not meet P. Then Q' U (@ \ R) contains an R'~C' path P’
disjoint from P and R. In either case, let T; = T; 1 U P, let Tj = T;_; U P,
and let S; consist of S;_1, the vertices in CUPUP’, and the vertices on R and
R’ up to their last vertex in C U P U P'.

The unions T’ = ;o Ti and T" = | J, T} are disjoint combs that have teeth
in infinitely many common disjoint finite cycles whose edges lie in D. Let A be
the vertex set of the component of G — T containing 7", and let B := V ~\ A.
Since T is connected, E(A, B) is a bond, and its intersection with D is infinite
as every finite cycle that contains a tooth from both these combs meets E(A, B)
at least twice. This contradiction implies that D is finite, as desired. O
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Extending cycles locally to Hamilton cycles

Matthias Hamann Florian Lehner* Julian Pott

Abstract

A Hamilton circle in an infinite graph is a homeomorphic copy of
the unit circle S* that contains all vertices and all ends precisely once.
We prove that every connected, locally connected, locally finite, claw-
free graph has such a Hamilton circle, extending a result of Oberly and
Sumner to infinite graphs. Furthermore, we show that such graphs are
Hamilton-connected if and only if they are 3-connected, extending a result
of Asratian. Hamilton-connected means that between any two vertices
there is a Hamilton arc, a homeomorphic copy of the unit interval [0, 1]
that contains all vertices and all ends precisely once.

1 Introduction

The proofs of many classical sufficient conditions for the existence of a Hamilton
cycle can be outlined as follows. Start with an arbitrary cycle, extend the cycle
by some additional vertices and iterate this extension procedure until the cycle
covers all vertices. It is often the case that the extension happens locally, that
is, most of the original cycle—in fact everything outside a bounded distance
from some newly added vertex—remains unchanged.

While such a strategy will obviously give a Hamilton cycle for finite graphs,
the situation is more complicated with infinite graphs, particularly because it is
not entirely clear what an infinite analogue of a Hamilton cycle should be.

Considering spanning rays or spanning double rays as infinite analogues of
Hamiltonian cycles has yielded some results (e.g., see Thomassen [23]) but it
has the obvious drawback that a graph with more than two ends can never be
Hamiltonian. However, there is a different approach suggested by Diestel and
Kiihn [11, 12]. They define a circle in an infinite graph G to be a homeomorphic
image of the unit circle in the end compactification of G. This approach has
not only been successful in generalizing Hamiltonicity results to locally finite
graphs, it has also yielded generalizations of many theorems about the cycle
space (see [9] for an overview).

Unfortunately, the extension strategies mentioned above do not immediately
give a Hamiltonian circle in this sense. There will be a limit object if the
extension procedure only alters the cycle locally, but it is not guaranteed that
this limit object will be a circle. In particular, ensuring injectivity at the ends
of GG can be challenging. So far, there are some results on Hamilton circles in
infinite graphs, see [3, 5, 7, 15, 18]

*The author acknowledges the support of the Austrian Science Fund (FWF), project
W1230-N13.
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In this paper we present a strategy that ensures that the limit will be a
Hamilton circle. We call it a k-local skip-and-glue strategy and it roughly states
that every finite 2-regular subgraph can be extended to a larger 2-regular graph
with an extension of bounded size, or to a 2-regular graph with fewer compo-
nents. In Section 3 we define this k-local skip-and-glue strategy and prove that
a locally finite graph with such a strategy contains a Hamilton circle.

We then proceed to prove that locally finite claw-free graphs always admit
such a strategy. So we shall show that the following two theorems can be
extended to locally finite graphs and affirmatively answers questions of Stein [22,
Question 5.1.3] and Bruhn, see Stein [22, Question 5.1.4].

Theorem 1.1. [21, Theorem 1] Every finite connected locally connected claw
free graph on at least three vertices is Hamiltonian.

Theorem 1.2. [1, Theorem 3.4] Fvery finite connected locally connected claw-
free graph is Hamilton-connected if and only if it is 3-connected.

We also give some corollaries of the two theorems whose infinite but locally
finite counterparts are corollaries to the infinite versions of those theorems.
Similar questions on Hamilton circles in infinite graphs are currently investigated
by Heuer [17].

2 The topological space |G|

Let G = (V, E) be a locally finite graph. A ray is a one-way infinite path. Two
rays are equivalent if they lie eventually int he same component of G — S for
every finite vertex set S C V. This is an equivalence relation whose equivalence
classes are the ends of G. For S C V and an end w, let C(S,w) be the component
of G—S that contains some ray, and hence a tail of every ray, in w and let Q(S, w)
be the set of ends with at least one ray in C'(S,w).

The space |G| is a topological space on G with its ends such that it coincides
on G with its 1-complex and such that the sets

C(S,w) UQ(S,w) U E'(S,w)

for all finite S C V' and ends w form a basis for the open neighbourhoods around
each end w, where E’(S,w) is any union of half edges (z,y|, one for every edge
zy with z € S and y € C(S,w), with z an inner point of zy. It can be proved
(see [10]) that |G| is the Freudenthal compactification [14] of the 1-complex G.

A standard subspace of |G| is a subspace of the form U U F, where (U, F) is a
subgraph of G. We will need the following two lemmas on standard subspaces:

Lemma 2.1. A standard subspace of |G| is topologically connected if and only
if one of the following statements holds.

(i) It contains an edge from every finite cut of G which meets both sides [8,
Lemma 8.5.5].

(ii) It is arc-connected [13, Theorem 2.6].
A circle in |G| is a homeomorphic image of S! and an arc in |G| is a homeo-

morphic image of [0, 1]. A circle that contains every vertex and every end of G is
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a Hamilton circle and an arc whose endpoints are vertices and that contain ev-
ery vertex and every end of G is a Hamilton arc. We call G Hamilton-connected
if there is a Hamilton arc between each two vertices of G.

The degree of an end w in a standard subspace X C |G| is the supremum
of the cardinalities of sets of vertex disjoint arcs ending in w. This notion of
degree for the whole space |G| coincides with the notion of vertex-degree of G.

Combining [11, Theorem 7.1] and [2, Theorem 5|, we obtain the following
theorem (see [9, Theorem 2.5]):

Theorem 2.2. Let G be a locally finite graph and F C E(G). Then the follow-
ing statements are equivalent:

(i) Every vertex and every end has even degree in F.
(ii) Ewery finite cuts meets F in an even number of edges.

The following charachterization of subspaces that are circles comes in ex-
tremly handy.

Lemma 2.3. [4, Proposition 3] A standard subspace X of |G| is a circle if and
only if it is topologically connected and every vertex and end of G in X has
degree 2.

3 Skip-and-glue extensions

Let H be a subgraph of a graph G. A vertex v € G has depth d(v,G—H) in H,
that is the distance from v to anything outside of H.

Let F be a 2-regular finite sugraph of G. Let P be a path whose end vertices
v and w are adjacent in F' but that is otherwise disjoint from F. Then the 2-
regular subgraph (FUP) —vw is the glue extension of F by P over the edge vw.
A path R C F is skippable if its two end vertices x and y are adjacent in G but
not in F'. The edge xy is a bypass of R. A 2-regular graph F” obtained from F'
by successively replacing skippable paths by their bypasses is called a reduction.

A glue extension of a reduction F’ of F' by P that covers F is a skip-and-glue
extension of F by P. Its depth is the maximum depth of any vertex of FF N P
in its component of F. It is a proper skip-and-glue extension via u if there is a
vertex u in P~ F. A skip-and-glue extension of F' via u is k-local if its length,
the length of P, is at most k and u is adjacent to F.

For a finite 2-regular subgraph F' C GG with at least two components, a glue
fusion of F is a 2-regular subgraph F’ such that F’ coincides with FF —e — f on
V(D) e, f are edges from distinct components of F' and such that the edges in
F' \ F form two disjoint paths connecting the two end vertices of e with those
of f. In particular, the glue fusion F’ has less components than F': precisely two
components of F' are fused to one of F’. We call D a skip-and-glue fusion of F
if it is a glue fusion of a reduction F’ of F that covers F. This skip-and-glue
fusion is k-local if the length of each of the two non-trivial paths in D~ F” is at
most k. A k-local skip-and-glue fusion is centred around a vertex u € V(F) if
each vertex of the two non-trivial paths in F’ \ F has distance at most k to u
and if u lies in one of the two fused components.

A k-local skip-and-glue strategy (with respect to S) is a function which assigns
to every pair (F,u) of a finite 2-regular subgraph F C G (covering S) all whose
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components contain at least k vertices and a vertex u € N(F') a k-local skip-
and-glue extension of F' via u and which assigns to every pair (F,u) of a finite
2-regular disconnected subgraph F C G (covering S) all whose components
contain at least k vertices and vertex w € V(F) that has a neighbour in a
different component of F' a k-local skip-and-glue fusion of F' centred around u.
Note that the image of a pair (F,u) of a k-local skip-and-glue strategy is not
necessarily a graph all whose components contain at least k vertices.

Lemma 3.1. Let G be a locally finite connected graph containing a cycle. If
there is a k-local skip-and-glue strategy for G, then G is 2-connected.

Proof. Let C be a cycle in G and suppose that some vertex v separates G. Let P
be a path with one end vertex in C and one end vertex in a component of G —v
not containing C. Let C’ be a cycle containing C' and a maximal number of
vertices from P. As there is a k-local skip-and-glue strategy for G, all vertices
of P are contained in C’. This contradicts that v is a separating vertex as it
does not separate C’ but P meets two components of G — v. O

Lemma 3.2. Let G be a locally finite 2-connected graph. Then every neigh-
bourhood of every end contains a cycle of length at least n for all n € N.

Proof. For an end w of G and a neighbourhood U of w and some n € N, let
Ry, Ry be two vertex disjoint rays in w that lie in U, which exist as G is 2-
connected [16]. Let Pp, Ps,... be an infinite sequence of vertex disjoint finite
R1—R, paths. Such a sequence exists, as in every neighbourhood of w there is one
such path, and for any collection of finitely many paths there is a neighbourhood
of w avoiding those. Let P; and P; be two of these path whose end vertices on
R, have distance at least n. The unique cycle in Ry U P; U Ry U P; has length
at least n. O

We will see later that a locally finite graph which satisfies the conditions of
Theorem 1.1 always admits a 4-local skip-and-glue strategy, hence the following
lemma can be used to extend the theorem to locally finite graphs.

Theorem 3.3. Let k € N and let G = (V, E) be a locally finite connected graph.

(I) If G has a k-local skip-and-glue strategy and contains a cycle of length at
least k, then G is hamiltonian.

(I1) If G contains a v—w path P whose end vertices have depth at least k+1 in
P and G + vw has a k-local skip-and-glue strategy with respect to V (P),
then G contains a v—w arc that is hamiltonian.

Proof. To prove (I) we will define a sequence of finite cycles (C;);en such that
(i) V(Cy41) contains V(C;),

(ii) Every edge with depth at least 2k in C; is contained in C;41 if and only if
it is contained in Cj;.

(iii) every vertex is contained in some Cj,

(iv) for every end w of G and every finite set V' C V there is a finite cut F
separating w from V' and an index iy such that |E(Cy,) N F| = 2 and
E(C;,)NF = E(C;)N F for every i > iy.
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Let C be the limit of the sequence C;, that is, C' is the set of all those edges
that are contained in the C; eventually. Let us first show that C is a Hamilton
circle as soon as (i) to (iv) are satisfied.

Together, (i) and (iii) imply UV (C;) = V(G). By (iii) and as G is locally
finite there is for every vertex v an index j such that C; contains all vertices
with distance k + 1 or less from v. By (ii) every vertex has degree 2 in C' and
V(C) =V(G). Let F be a finite cut with bipartition (A, B). Then there is some
j € N such that all vertices of F' lie in C;j. As Cj4; is connected and meets
both A and B, it must contain an even number of edges from F. These edges
are contained in C' by (ii). As C meets every finite cut in an even number of
edges, every vertex and every end of C' has even degree by Theorem 2.2 and C is
topologically connected by Lemma 2.1 (i). Additionally, Lemma 2.1 (ii) implies
that the standard subspace C' is arc-connected and hence its degree is at least 2.
We already saw that every vertex has degree 2. Since every vertex lies in C,
so does every end. By (iv) we find for every end w a sequence of cuts (F;)ien
such that the components of G — F; that contain w converge to w and such that
each of these cuts contains precisely two edges of C. Thus, the degree of w is
at most 2 and hence precisely 2. This implies that the standard subspace C is
a circle by Lemma 2.3. It is a Hamilton circle, as it contains every vertex and
every end.

We define the C; recursively. Besides this sequence, we shall define a second
sequence (A;);en of labellings A;: V — N. For i,q € N let

X} :={veV|A@)=q}
Then the sequences will satisfy the following properties for every 1 < g:
A1) X{ is finite.
A2) Cy[X[] is a subpath of C;.

(A1)
(A2)
(A3) Any non-empty cut E(X},V \ X}) intersects with C; precisely twice.
(A4) Every vertex in X! not in C; has distance more than 2k from V ~ X
(A5)

A5) Every vertex of C; of depth 2k or more in C; lies in X{.

Let Cy be any finite cycle of length at least k, which exists by assumption. For
j € N assume that all C; and A; with ¢ < j have been defined and that they
satisfy (i), (ii), and (A2) to (A5). Let B(i) C G for i € N be the restriction of G
to the vertices with distance at most i from C;. Let D = {D1,...,D,} be the
set of infinite components of G \ B(2k). Let D¢ be the set of finite components
of G\ B(2k). Due to Lemma 3.1, we know that G is 2-connected. So according
to Lemma 3.2, we find a cycle within every component D, € D of length at
least k that has distance at least 2k to the boundary of Dy, adding successively
all vertices with distance at most k to this initial cycle via k-local skip-and-
glue extensions we have a cycle C* in D, with at least k vertices of depth at
least k in C*. Let C = {C',...,C"}. Let x1,..., %, be an enumeration of some
vertices of |J D with

(B((n+5)k)ﬂUD) ulJe cGler,... am)
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such that for every ¢ < m each component of Glxy,...,2;] has a vertex in
some C*. By our k-local skip-and-glue strategy, there is a sequence

culJc=r,....,Fn=F

of finite 2-regular graphs such that F; 1 = F; if z;41 € V(F;), and such that F; ;4
is obtained from F; by a k-local skip-and-glue extension via ;41 if ;11 ¢ V(F).
Note that all these extensions have length at most k and thus C; C F'. Clearly,
F has at most n + 1 components as Fy has precisely n + 1. Furthermore, the
choice of the vertices x; gives us that the vertices of F' in D; induce a connected
graph in G for each i < n.

We proceed with a finite sequence F = F°,..., FP = F’ of k-local skip-and-
glue fusions: If some vertex u of F* N|JD C G — B(2k) has a neighbour in
a different component of F?, let F'*! be a k-local skip-and-glue fusion of F*
centred around u. Since the number of components of F' is at most n + 1 and
reduces by at least 1 with each skip-and-glue fusion we have p < n + 1. Then
we have the following properties:

(1) Every D; € D contains vertices from exactly one component of F’ and all
vertices within B((n + 5)k) N D; lie in this component.

(2) C; =F' NnB(m)
(3) F' has at most n + 1 components.

Next, we construct a finite sequence of k-local skip-and-glue extensions via
vertices in B((n + 5)k) U |UDy such that its first element is F’ and its last
element E contains every vertex of B((n + 5)k)U|JDy. As every extension has
length at most k, we have the following properties:

(4) All vertices with depth at least k in C; lie in a common component of E.
(5) Only one component of E meets D; ~\ B(3k) for every i < n.

(6) V(E) is connected in G.

(7)

FE has at most n + 1 components.

Let £ = Ey,...,E; = Cj;41 be a sequence of 2-regular subgraphs of G' such
that Fy is connected and E;;; is a k-local skip-and-glue fusion centred around
a vertex in the unique component U; of F; that contains all vertices with depth
at least k in C;. Note that this is well-defined as V(U;) is contained in the
fused cycle U, ;. The properties (i), (ii), and (iii) are direct consequences of
the construction of Cj41 as V(B((n+ 5)k)) C V(Cj41).

To proof (iv) let us define a finite sequence A°, ..., A* = A1 of labellings
A": V — N (with the same ¢ as above). For i,q € N let

YV i={veV|A{) =q}

We shall construct these labellings such that they satisfy the following conditions
fort e N, ¢ >0, and 1 <p < /. Note that £ < n.

(A6) Yy is finite.

(A7) E;[Y]] is either a component of E; or a subpath of Uj.
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(A8) The intersection of any non-empty cut E(Y;,V \ Y/) with E; contains
either none or precisely two edges.

(A9) Every vertex in Y, not in E; has distance more than (n + 2 — p)k from
VYL
q

(A10) Every vertex of C; of depth 2k or more in Cj lies in Y.

Let Ky, ..., K, be the components of Ey such that Ky contains all vertices
with depth at least k in Cj, cp. (4). Let us define a labelling A°: V — N. For
a vertex € V(K;), let A°(x) = i. For every component D; € D, there is a
unique label £ € N with A%(x) = ¢ for all x € V(D; ~ B(3k)), cp. (5). Let A°
map every y € V(D; \ E) to £. Clearly, A° satisfies (A7) to (A10).

Assume AP has been defined for 0 < p < £. The cycle U, is the union of
a reduction R, of Up, a reduction R of some other component U of E, and two
disjoint paths P,Q minus two edges e, € E(R,) and e € E(R). If both end
vertices of e, have the AP-label 0 let A be the unique label of the vertices of U.
Otherwise, let A be the largest AP-label at an end vertex of e,. Let W be the
set consisting of the vertices on P, (@, and R as well as all the vertices labelled
with the label of U. Let AP*! equal AP outside of W and let AP*! map every
vertex of W to A.

Clearly, properties (A6) and (A7) are kept throughout the construction.
Moreover, (A8) is a direct consequence of (A7). Since all fusions are k-local
we have (A9). Every vertex of depth at least k in C; lies in all U; and thus the
fusions are centred around vertices with depth at most & in C; as those vertices
have neighbours outside of U;. Since every vertex with depth 2k in Cj; lies on
the reduction of U; for all k-local fusions of E;, we have (A10). Thus we have
(A1) to (A5) as Ey = Cj4q is connected, A® = Aj41, and ¢ < n.

It remains to prove (iv). Let us consider any finite set S C V and any end w
of G. By (i) and (iii), we find an index j such that every vertex of S has depth
more than 2k in C;. So by (A5), it lies in X]™'. The end w lies in some infinite
component K of G — B((n + 5)k). By (A4), all vertices of K have the same
Ajii-label g. As B = E(X7T1, V ~ X7*1) is non-empty, it intersects with Cj
precisely twice due to (A3). By (A4), the vertices incident with B have depth
2k or more in Cj41. So (ii) implies that B meets C; in precisely these two edges
for every i > j + 1. This shows (iv) and completes the proof of (I).

To prove (II) we pick a sequence P + vw = Fp,..., F, of cycles such that
F;+1 is a k-local skip-and-glue extension of F; and F;, covers every vertex of
distance at most 2k 4+ 1 from vw. Clearly, vw is an edge of F;,. Following the
proof of (I) there is a sequence F,, = Cy,Cy,... of finite cycles satisfying (i)
to (iv). Thus for their limit C' its closure C is a Hamilton circle and C' contains
vw by (ii). This completes the proof of (IT) as C' — vw is a Hamilton arc of G
with end vertices v and w. O

4 Locally connected graphs
For a subgraph F of a graph G, let us call a vertex x € V(F) skippable if x has
degree 2 in F' and its two neighbours y, z are adjacent in G but not in F. We

call yz an x-bypass. Note that, if F' is 2-regular, x is skippable if and only if
yxz is a skippable path in F'.
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Lemma 4.1. Every connected locally connected claw-free graph G has a 5-local
skip-and-glue strategy.

Furthermore, for x,y € V(Q) the graph G + xy has a 5-local skip-and-glue
strategy with respect to V(P) for some x—y path P that contains all vertices of
distance at most 3 from x ory.

Proof. Let G = (V, E) be a locally finite connected locally connected claw-free
graph on at least three vertices. Let F' be a finite subgraph of G with maximum
degree 2 all whose components contain at least four vertices. Let C' be any
component of F. Note that C is either a cycle or a path. If C is a path we
require its end vertices to have depth at least 3 in C and add the edge between
those end vertices to G. Note that in the later construction, none of these
new edges appears as they are to deep in their respective component. For the
readability of the proof we omit their presence from now on and consider G
to be the graph with these edges added and F' to be 2-regular. With a slight
stretch of terminology, we consider G to be claw-free, although it is G without
these additional edges that is claw-free.

On each component C' we choose one order < of the two available canonical
cyclic orders. For every vertex v € V(C) denote by v~ its predecessor with
respect to <c and by v its successor.

Let u ¢ V(F) be a vertex of G that has a neighbour v on F. To show
that there is a k-local skip-and-glue strategy we have to provide a k-local skip-
and-glue extension of F' via u. As G is locally connected N (v) is connected; it
contains u, v~, and v*. Thus there is a shortest u—{v~,v"} path P = pop; ... px
with all its vertices in N(v). We may assume that py = u and p, = v by
choosing the other canonical order for the component containing u if necessary.
Clearly, P does not contain v~. By minimality P is induced and thus if k > 4,
we have the claw G[v,po,p2,ps] in G. Hence k < 3 and the length of P is at
most 3.

If all inner vertices of P which lie on F' are skippable and no two consecutive
vertices of P are adjacent on F', then we can replace every skippable path p; pipj'
by the edge p; p;. Furthermore, we replace the edge vv™ by the path vuPuv™
to obtain a 4-local skip-and-glue extension of F' via u. This covers the case that
u is adjacent to v~ or v™T.

Thus we may assume that P has an inner vertex and since G is claw-free it
holds that v~ vt € E(G). Since the component of F' containing v has at least
four vertices, v is skippable. If some inner vertex p; of P lies on F and is not
skippable, then the path p; pip;.F is not skippable. Thus, we have p;” p;" ¢ L.

It remains to construct a k-local skip-and-glue extension if either some vertex
of P is not skippable or some edge of P lies on F'. Let p; be the first vertex on P
that is either not skippable or incident with an edge of PNF. As G[v, p;,p; , pﬂ
is not a claw, there is an edge vp; or vp;|r in the first case. As P lies in the
neighbourhood of v, there is an edge vp; or vpj' in the second case, too. As v
is skippable, we reduce F by replacing v"vv™' by the edge v~vt and pj_pjpj'
by the edge pj_p;' for all j < i where p; is skippable. If v and p; are adjacent,
then we replace the edge p;p; by the path p; vuPp;. Otherwise, v and p;r are
adjacent and we replace the edge pipz'-|r by the path piPuvp;". Note that ¢ < 2.
Thus, we obtain a 4-local skip-and-glue extension of F' via u in both cases.

Next, let us assume that F' has more than one component each containing
at least four vertices. Let v € V(F) be a vertex in a component K of F with
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a neighbour in some other component of F'. Following the above argument for
each vertex u € N(v) NV(F \ K) we have a 4-local skip-and-glue extension K’
of K by P via u over some edge e € F(K) such that the inner vertices of P lie
in N(v) U {v} and u is the only vertex in P from F \ K.1!

Similarly, there is a path Q from {u~,u"} to one of the two neighbours of u
on K’, which are its neighbours on P.

For the following construction let us choose such P and @ with some mini-
mality conditions:

(i) Let P be shortest possible.
(if) With respect to (i) let @ be shortest possible.

Clearly, |P| = 2 if and only if there is an edge e in K with both its end
vertices adjacent to u. Note that no inner vertex of @ lies on P, as this is in
contradiction to the minimality of P.

Suppose that there is an inner vertex g of Q in K’ that is either not skippable
or incident with an edge of @ that lies in K’. As seen above ¢ € V(K) \ V(P).
Let a, b be the two neighbours of ¢ on K’'. As G[u, q,a,b] is not a claw, there is
an edge ua or ub if g is not skippable. As @ lies in the neighbourhood of u, there
is an edge ua or wb if ¢ is incident with an edge of Q on K’, too. By symmetry
we may assume that a is adjacent to u. If ga € E(K) we have a contradiction to
the minimality of @) as we could have chosen P = qua and shortened @ to end
in ¢. Thus we may assume that ga € F(K’) \ E(K). By the construction of K’
the edge ga is a z-bypass for some z € V(P). This contradicts the minimality
of P as quPz is shorter since both u and z are inner vertices of P.

Thus every inner vertex of @ in K’ is skippable and no edge of @ is an edge
of K'.

If all inner vertices of @Q are skippable in F and in K’ and no edge of @ lies
in '\ K or K', let F’ be the reduction of F' where the inner vertices of () and
P in F are replaced by their bypasses and let L be the set consisting of the
edge e and the edges from u to the end vertices of Q. Then (FFUPUQ) — L
is a skip-and-glue fusion of F. It is 5-local as @ has length at most 3 and every
component of P — L has length at most 2. Clearly, it is centred around v.

Thus we may assume that there is an inner vertex on @ in F ~ K that is
not skippable or incident with an edge of @ N (F ~ K). First note that every
vertex of () is adjacent to a neighbour of u in F' if u is not skippable in F'. This
implies, by the minimal choice of Q and as () contains an inner vertex, that u
is skippable in F'

Let g be the last inner vertex of @@ in F'\ K that is not skippable or incident
with an edge of @ N (F ~ K). Thus its subpath ¢Qp with p € V(P) does
not contain any such vertices. Let a,b be the two neighbours of ¢ on F. As
Glu, q,a,b] is not a claw, there is an edge ua or wb if ¢ is not skippable. As @
lies in the neighbourhood of u, there is an edge ua or ub if ¢ is incident with an
edge of @ on F, too. By symmetry we may assume that a is adjacent to wu.

Let F’ be the reduction of F' where the inner vertices of Q and P in F are
replaced by their bypasses and let L = {e,up,aq}. Then (F'UPUq¢Qp)— L+au
is a skip-and-glue fusion of F'. It is 4-local as ¢@p has length at most 2 and the

ndeed, we get a path P completely contained in N(v) U {v}, and such a path of minimal
length contains only one vertex from F' \ K. We forget that its end vertices are contained in
N (v) U {v} for later convenience.
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component of P—up containing p has length at most 2 and the other component
of P — up has length at most 3. Clearly, it is centred around v. O

The following is a corollary extracted from the previous proof.

Corollary 4.2. Every connected locally connected locally finite claw-free graph
on at least k vertices contains a cycle of length at least k. U

Now we can combine our previous results to prove our first main theorem.

Theorem 4.3. FEvery connected locally connected locally finite claw-free graph
on at least three vertices has a Hamilton circle.

Proof. Let G be a connected locally connected locally finite claw-free graph on
at least three vertices. By Corollary 4.2 the graph G contains a cycle of length
min{|G|,5}. Due to Lemma 4.1, there is a 5-local skip-and-glue strategy for G.
Thus, the assertion is a direct consequence of Theorem 3.3. O

Let us now turn our attention to Hamilton arcs. We deduce from the proof
of Theorem 1.2 in [1] the following proposition that is valid for all locally finite
graph.

Proposition 4.4. Let G be a connected locally connected locally finite claw-free
graph. For each two x,y € V(G) that do not disconnect G there is an x-y path
of length at least 3 that contains N(x) U N(y). O

In the proof that the result of Proposition 4.4 implies that the graph has a
Hamilton arc, Asratian showed in [1] the following:

Proposition 4.5. Let G be a connected locally connected locally finite claw-free
graph. For each two x,y € V(G) that do not disconnect G there is an x-y path
of length at least 3 that contains all vertices of distance at most 2 to either x
ory. O

Using our terminology, Proposition 4.5 implies the existence of some z—y
path P such that the depth in P of its end vertices is at least 3. This enables
us to prove our second main theorem.

Theorem 4.6. In every connected locally connected locally finite claw-free graph
on at least 3 wvertices, any two wvertices that do not disconnect the graph are
connected by a Hamilton arc.

Proof. Let G be a connected locally connected locally finite claw-free graph and
let 2,y € V(G) be distinct vertices that do not disconnect G. As mentioned
before, Proposition 4.5 implies that we find an x—y path P such that z and y
have depth 3 in P. Since G+zy has a 5-local skip-and-glue strategy with respect
to V(P) by Lemma 4.1 there is a sequence P + zy = Cy,...,C, of cycles in
G + zy such that C;; is a 5-local skip-and-glue extensions of C; and such that
C,, contains all vertices of distance at most 6 from = or y. Thus the assertion
follows from Theorem 3.3. O

As a corollary of the previous theorem, we obtain the following theorem:

Theorem 4.7. A connected locally connected locally finite claw-free graph on
at least four vertices is Hamilton-connected if and only if it is 3-connected. [
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5 Further sufficient conditions for the existence
of a Hamilton circle

In this section, we deduce some corollaries from the main theorems of Section 4.
To shorten this section, we say that a graph G satisfies (%) if the following
statements are true:

(i) G has a Hamilton circle.

(ii) For each two vertices w,v € V(@) that do not separate G, there is a
Hamilton u—v arc in |G|.

(ili) G is Hamilton-connected and |V (G)| > 4 if and only if it is 3-connected.

It is well-known that line graphs are claw-free. Thus, we directly obtain the
following corollary (whose finite version for Hamilton cycles is due to Oberly
and Sumner [21, Corollary 1]):

Corollary 5.1. Let G be a locally finite connected locally connected line graph
on at least three vertices. Then G satisfies (x). O

The proof that the assumptions of the following corollary imply that L(G) is
locally connected is the same as for finite graphs. Thus, we obtain the following
corollary (whose finite version for Hamilton cycles is due to Oberly and Sumner
[21, Corollaries 2 and 3]):

Corollary 5.2. Let G be a locally finite connected graph on at least three vertices
such that either every edge lies on a triangle or G is locally connected. Then
L(G) satisfies (x). O

For the following two corollaries the proofs that their assumptions imply
that L(L(G)), L(G?), respectively, is locally connected is the same as for finite
graphs, see [21, Corollaries 4 and 5]. The finite version for Hamilton cycles of
Corollary 5.3 is due to Chartrand and Wall [6]) and that of Corollary 5.4 is due
to Nebesky [20].

Corollary 5.3. Let G be a locally finite connected graph with minimum degree
at least 3. Then L(L(G)) satisfies (*). O

Note that for a graph G, its square G? has V(G) as its set of vertices and
two distinct vertices are adjacent in G2 if their distance in G is at most 2.

Corollary 5.4. Let G be a locally finite connected graph on at least three ver-
tices. Then L(G?) satisfies (%). O

The last corollary of the results of Section 4 carries over the result by
Matthews and Sumner [19, Corollary 1] for Hamilton cycles in finite graphs
to locally finite graphs. Again, their proof carries over almost verbally.

Corollary 5.5. Let G be a locally finite connected graph on at least three ver-
tices. If G? is claw-free, then it satisfies (x). O
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Transitivity conditions in infinite graphs*

Matthias Hamann Julian Pott

Abstract

We study transitivity properties of connected graphs with more than
one end. We completely classify the distance-transitive such graphs and,
for all £ > 3, the k-CS-transitive such graphs.

1 Introduction

A k-distance-transitive graph is a graph G such that for every two pairs (z1,z2)
and (y1,y2) of vertices with distances d(z1,22) = d(y1,y2) < k there is an
automorphism « of G with z¢ = y; for ¢ = 1,2, where z$ is the image of z;
under «. A graph is called distance-transitive if it is k-distance-transitive for all
k € N. Macpherson [11] and Ivanov [8] independently classified the connected
locally finite distance-transitive graphs. They are exactly the graphs Xy ;, the
infinite graphs of connectivity 1 such that each block is a K*, a complete graph
on k vertices, and every vertex lies in [ distinct blocks. Here, k and [ are integers,
but we shall use the notation of X, » also when x or A are infinite cardinals.

Answering a question of Thomassen and Woess [16], Méller [13] showed that
the 2-distance-transitive locally finite connected graphs with more than one end
are still only the graphs Xy ;.

For graphs that are not locally finite, little is known. Our first main result is
the following common generalization of the theorems of Macpherson and Méller
to arbitrary connected graphs with more than one end:

Theorem 1.1. Let G be a connected infinite graph with more than one end.
The following properties are equivalent:

(i) G is distance-transitive;
(i) G is 2-distance-transitive;
(i1i) G = X, » for some cardinals k and A with kK, A > 2.

A graph is called n-transitive or also n-arc-transitive if it has no cycle of
length at most n and for every two paths xg ... %, and yg ...y, with0 < m <n
it admits an automorphism o with 2§ = y; for all 4.

Thomassen and Woess [16] characterized the locally finite connected graphs
with more than one end that are 2-transitive. These are precisely the r-regular
trees for some r € N. As a consequence of Theorem 1.1 we get the following
characterization of all such graphs, not necessarily locally finite, which we prove
at the end of Section 3.

*Combinatorica 32 (6) (2012) 649-688
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Corollary 1.2. If G is a connected 2-transitive graph with more than one end,
then G is a A-regular tree for some cardinal \ > 2.

In the second part of this paper we investigate graphs with the property
that the existence of an isomorphism ¢ between two finite induced subgraphs
implies that there is an automorphism 1) of the entire graph mapping one of
the subgraphs to the other. This area divides into two parts: In one part ¢ has
to induce ¥ on these subgraphs, while in the other part they may differ. More
precisely, a graph G is k-CS-transitive if for every two connected isomorphic
induced subgraphs of order k£ some isomorphism between them extends to an
automorphism of G. On the other hand, G is called k-CS-homogeneous if every
isomorphism between two induced connected subgraphs of order k£ of G extends
to an automorphism of G. A graph is CS-transitive if it is k-CS-transitive for
all k£ € N, and CS-homogeneous if it is k-CS-homogeneous for all k¥ € N. Fur-
thermore, a graph is end-transitive if its automorphism group acts transitively
on the set of its ends.

Gray [6] classified the connected locally finite 3-CS-transitive graphs with
more than one end and showed that these graphs are end-transitive. He asked
whether all locally finite k-CS-transitive graphs for k& > 3 are end-transitive.
We give a positive answer to his question, and also show that the ends of k-
CS-transitive graphs of arbitrary cardinality have at most two orbits under the
action of the automorphism group of the graph.

Since 1-CS-transitive graphs are the transitive graphs and 2-CS-transitive
graphs are the edge-transitive graphs, there is not much hope to classify them.
Thus we investigate k > 3. We shall give a complete classification of these k-CS-
transitive graphs with more than one end. This is formulated in Theorem 1.3.

In order to state our characterization we have to introduce some classes of
graphs. For a graph H let X, »(H) be the graph which arises from the graph
Xy,» by replacing each vertex with a copy of H and adding all edges between
two copies replacing adjacent vertices of X, .

For k > 3, let Y,, denote a connected graph that has two different kinds
of blocks, single edges and blocks that are complete graphs of order k, and in
which every vertex lies in exactly one block of each kind.

Let Hy, Hs be graphs, and let x, A > 2 be cardinals. We construct the graph
Z,A(H1, H2) as follows. Let T be an infinite tree, viewed as a bipartite graph
with bipartition A, B, and assume that the vertices in A have degree x and the
vertices in B have degree A\. We replace every vertex from A by an isomorphic
copy of Hy and every vertex from B by an isomorphic copy of Hs. We add all
edges between vertices that belong to graphs that replaced adjacent vertices.
The resulting graph is a Z,, »(H1, Ha).

We also need some finite homogeneous' graphs. These are graphs such that
any isomorphism between two finite induced subgraphs (not necessarily con-
nected) extends to an automorphism of the whole graph. These graphs were
determined by Gardiner [5]. Interestingly, Ronse [15] showed that the class of
finite homogeneous graphs coincides with its ‘transitive’ counterpart, the class
of graphs such that for any two isomorphic induced subgraphs (not necessar-
ily connected) there exists an isomorphism between them that extends to an
automorphism of the whole graph.

Lultrahomogeneous in [5]
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The classes of finite homogeneous graphs featuring in our characterization
will be the classes, denoted as &k m n, that occur in Enomoto’s article [4] on
combinatorially homogeneus graps. Each of these classes consists of all finite
homogeneous graphs with the property that every vertex has at most m neigh-
bours, every subgraph of order at least n is connected, and no two non-adjacent
vertices have k — 2 or more common neighbours. Furthermore, we exclude the
complete graphs and the complements of complete graphs from &y, ,, for tech-
nical reasons.

Now we are able to state our second main result, the classification of all
connected k-CS-transitive graphs with more than one end if k is at least 3.

Theorem 1.3. Let k > 3. A connected graph with more than one end is k-CS-
transitive if and only if it is isomorphic to one of the following graphs?:

(1) X.ox(KY) with arbitrary  and \;

(2) Xo\(K™) with arbitrary X and n < & +1;

(3) Xy2(K™) with arbitrary k and m < 22,

(4) Xoo(E) with E € Expn, m <k —2,n< "= 42 and 2|E| -2 < k;
(5) Y, with arbitrary  (if k is odd);

(6) Zao( K™, K™) with 2m +n < k+1 (if k is even);

(7) Zo\(KY, K™) with n < k — 1, arbitrary k,\ with k = 2 or A = 2 (if k is
even,);

(8) Zy2(K',E) with E € Ex ., m<k—2,n<E+1 (if k is even).

Gray [6] characterized the connected locally finite 3-CS-homogeneous graphs
with more than one end. As a corollary of Theorem 1.3 we obtain in Section 7
the following classification of connected k-CS-homogeneous graphs for &k > 3
with more than one end.

Corollary 1.4. Let k > 3. A connected graph with more than one end is k-CS-
homogeneous if and only if it is isomorphic to X, A\(H) for one of the following
values of k, A and graphs H :

(1) arbitrary k and \ and H = K1;

(2) k=2, arbitrary A\, n < g and H = K™;

(8) arbitrary kK, A =2, m < % and H = K™,

(4) k=A=2, Hegk,m,nformgk—ln<k%lm+l, and 2|E| < k.

Gray and Macpherson [7] classified the countable CS-homogeneous graphs®.
Such graphs, connected and with more than one end, are those described in our
Theorem 1.1 for countable cardinals x, A. As a further corollary of Theorem 1.3
we can extend their classification to arbitrary connected graphs with more than
one end.

2By the definition of these graphs, x and A are at least 2 and & is at least 3 in case (5).
3They call these graphs connected-homogeneous graphs.
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Corollary 1.5. For connected graphs with at least two ends the notions of being
distance-transitive, CS-transitive, or CS-homogeneous coincide. (These graphs
are described in Theorem 1.1.) O

Let us say a word about the techniques we use for our proofs. The proofs of
the corresponding theorems for locally finite graphs are all based on Dunwoody’s
structure trees corresponding to finite edge cuts that are invariant under the
action of the automorphism group of the graph. This structure tree theory
is described in the book of Dicks and Dunwoody [1]; see Méller [12, 14] and
Thomassen and Woess [16] for introductions. Since those edge cuts must be
finite, these structure trees can in general only be applied to locally finite graphs.

Recently, Dunwoody and Kron [3] developed a similar structure tree theory
based on vertex cuts, providing a similarly powerful tool for the investigation
of graphs that are not necessarily locally finite. We use this new theory in our
proofs.

2 The structure tree

Throughout this paper we use the terms and notation from [2] if not stated
otherwise. In particular, a ray is a one-way infinite path and a double ray is a
two-way infinite path. Two rays in a graph G are equivalent if there is no finite
vertex set S in G such that the two rays lie eventually in distinct components
of G—S. (For an induced subgraph H and a subset S of the vertex set of G, we
use H — S to denote the induced subgraph G[V(H) \ S] and H + S to denote
G[V(H) U S].) The equivalence of rays is an equivalence relation whose classes
are the ends of G.

Let G be a connected graph and A, B C V(G) two vertex sets. The pair
(A, B) is called a separation of G if

(i) AUB = V(G) and
(i) E(G[A]) U E(G[B)) = E(G).

The order of a separation (A, B) is the cardinality of its separator AN B and
the wings of (A, B) are the induced subgraphs G[A \ B] and G[B \ A]. With
(A,~) we refer to the separation (A, (V(G)\ A) UN((V(G)\ A)). A cutis
a separation (A, B) of finite order with non-empty wings such that the wing
G[A\ BJ is connected and such that no proper subset of A N B separates the
wings of (A, B)*. A cut system S is a non-empty set of cuts of G satisfying the
following properties.

(1) If (A, B) € S then there is an (X,Y) € S with X C B.

(2) Let (A, B) € § and C be a component of G[B \ A]. If there is a separation
(X,Y) € S with X\ Y C C, then the separation (V(C) U N(C), ~) is also
in S.

(3) If (A,B) € § with wings X,Y and (A, B’) € S with wings X', Y’ then
either there is a component C in X N X’ and a component D in Y NY”, or
there is a component C' in Y N X’ and a component D in X NY” such that
both (V(C)UN(C),~) and (V(D)U N(D),~) are S-separations.

4Dunwoody and Kron [3] call the corresponding vertex set A\ B a cut and the set B\ A
the x-complement of this cut.
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The cuts in S are also called S-separations and an S-separator is a vertex set
that is the separator of an S-separation.

Two vertices, vertex sets or subgraphs X,Y of G are separated by a sepa-
ration (A, B)—mnot necessarily in S—if either X C Aand Y C B,or Y C A
and X C B. They are separated properly if both, X and Y, meet components
C and D of their corresponding wings such that every vertex in AN B is ad-
jacent to a vertex in C' and a vertex in D. A vertex set .S separates X and Y
(properly) if there is a separation (A, B) with separator S that separates X and
Y (properly). A vertex set or subgraph is separated properly by a separation
(or its separator) if it contains two vertices that are separated properly by this
separation.

Two separations (4, B), (A’, B") are S-nested if there is one wing of each
of them, W, W’ say, such that both separators AN B and A’ N B’ are dis-
joint from W U W’ and such that there is no component C' of W N W’ with
(CUN(C),~) € 8.2 If it is clear which cut system we are referring to we may
drop its identifier and speak of nested only. The cut system S is nested if each
two S-separations are (S-)nested. If S is nested, then no S-separation (A, B)
separates any other S-separator S properly, since S meets at most one wing of
(A, B).

A cut in the cut system S is minimal if no other cut in S has smaller order.
A minimal cut system is a cut system all of whose cuts are minimal and thus
have the same order. If S is a minimal cut system, then the order ord(S) of S
is the order of any of its cuts.

Remark 2.1. Let G be a transitive connected graph and let S be a nested cut
system of G. Then any component of G — S for an S-separator S, is the wing
of an S-separation [3, Corollary 3.10]. In particular, for any two (nested) S-
separations (4, B) and (A’, B’) there is a wing of each of them, W, W' say, such
that W C W' or W/ CW.

An (S-)block is a maximal induced subgraph X such that

(i) for every (A, B) € S there is V(X) C A or V(X) C B but not both, that
is X is not separated by any S-separation;

(ii) there is some (A, B) € S with V(X) C A and ANB C V(X).

Let B be the set of S-blocks and let W be the set of S-separators. If S is
nested and minimal let 7(S) be the graph with vertex set W U B and edges
WB (W €W and B € B) if and only if W C B. Then T = T(S) is called the
structure tree of G and S.

It is the same structure tree that is used by Dunwoody and Krén [3] but we
use a different notation for the underlying cut system. They substantiate the
term ‘structure tree’ in one of their theorems.

Theorem 2.2 ([3, Theorem 6.5]). Let G be a connected graph, and let S be
a nested minimal cut system of G. Then the structure tree of G and S is a
tree. ]

We remark that this implies for every S-separation (X,Y’) that (if S is
minimal and nested) there is an edge WB in T such that W is the S-separator

5This means that there is no ‘S-important’ part of G that lies in W N W’; Dunwoody and
Kron [3] call the vertex set of W NW' an isolated corner.
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X NY and V(B) C X. On the other hand, it follows from (2) of the definition
of a cut system that for any S-block B and any S-separator S C B, there is an
S-separation (X,Y) with separator S such that V(B) C X.

In our proofs we use a certain kind of minimal cut system that was introduced
by Dunwoody and Kron [3, Example 2.5].

Example 2.3. Let G be a connected infinite graph with at least two ends.
Let S be the set of all cuts (A, B) such that both G[A] and G[B] contain a ray.
Then § is a cut system.

We need a fundamental property of cut systems that is shown in [3, Theo-
rem 8.6] by Dunwoody and Kron. Since we do not use the whole theorem, we
only state the part that is applied in this paper.

Theorem 2.4. Let G be a connected graph with at least two ends and let C be
the cut system of G from Example 2.3. There is a nested cut system S C C
consisting only of minimal C-separations that is invariant under Aut(G) such
that if two ends are separated by a minimal cut in C, then they are separated by
a cutin S. O

For a connected graph G, a cut system is called basic if it is maximal with
the following properties: it is nested, minimal and Aut(G)-invariant, all of its
separators lie in the same Aut(G)-orbit, both wings of each cut contain a ray
and the order of any cut is minimal with regard to separating two ends of G.
We may state a useful corollary of Theorem 2.4 which we shall use in the later
proofs without further mentioning.

Corollary 2.5. Every connected graph with at least two ends has a basic cut
system. ]

Let us investigate some properties of basic cut systems.

Lemma 2.6. For a basic cut system S of a connected graph G with at least two
ends and any S-separator S, every component of G — S that contains a ray is a
wing of an S-separation.

Proof. For this proof we invoke [3, Lemma 3.9] which says that no separator of
a nested cut system separates any other separator of that cut system properly.
Let C be a component of G — S containing a ray. We show that the separation
(V(C)U S,~) lies in S. If there is an S-separation (X,Y’) whose separator S’
meets C, then S’ C V(C)US as S is nested and no two vertices of an S-separator
are separated properly by any S-separator. Thus either X or Y is contained in
V(C)US and (V(C)U S, ~) and (X,Y) are nested.

If there is an S-separation (X,Y) whose separator S’ does not meet C,
then one wing of (X,Y) is disjoint from C' and from S and thus (X,Y) and
(V(C)U S, ~) are nested. Thus (V(C)U S, ~) is nested with all S-separations.
Clearly, there is a ray in G — C as S is a separator of a basic cut system. Thus
SU((V(C)U S, ~) is nested, minimal and Aut(G)-invariant, all of its separators
lie in the same Aut(G)-orbit, both wings of each cut contain a ray and the order
of any cut is minimal with regard to separating two ends of G. As S is basic
and thus maximal with these properties, it contains the cut (V(C)U S,~). O

Together with Lemma 3.9 in [3] this implies the following lemma.
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Lemma 2.7. Let G be a connected graph with at least two ends and let S be a
basic cut system of G. For any S-separator S the components of G — S that do
not contain a ray are disjoint from any S-separator. O

For a basic cut system this lemma yields the following remark.

Remark 2.8. Let S, S’ be two distinct S-separators of a basic cut system S of a
connected graph G. Then S’ meets precisely one component of G — S and this
component contains a ray.

Lemma 2.9. Let S be a basic cut system of a connected graph G with more than
one end. Then, every finite vertex set separating two S-separators separates two
ends.

In particular, less than ord(S) vertices do not separate any two S-separators.

Proof. Let S be a finite vertex set separating two distinct S-separators Sp
and S3. As S is nested and according to Remark 2.8, there is a component
Cy of G — S containing an end w; but no vertex of Sy as well as a component
Cy of G — S5 containing an end ws and no vertex of S;. Let C = C; N Cy. If
C contains a vertex v, then for every s € S; \ Sy there is a v-s path with its
inner vertices in C7 as S7 is minimal end separating. By the choice of C7, this
path contains no vertex from Ss. This implies that Cy contains s contrary to
the choice of Cy. Thus C' is empty and w; # ws.

Suppose that S does not separate w; and we. Then w; and ws live in the
same component of G — S and thus there is a double ray R with one tail in w;
and another one in wy avoiding S. Every such double ray meets S; and So as
shown above. Hence R contains an S-S path contradicting that S separates
these two S-separators. The last assertion holds, as S is basic, particularly as
no vertex set of cardinality less than ord(S) separates any two ends. O

The following lemma is proved in [3, Lemma 4.1]. We state it here as it
nicely shortens some proofs.

Lemma 2.10. For any k, every pair of vertices in a connected graph is separated
properly by only finitely many distinct separators of order k. ]

2.1 Basic cut systems of special graphs

In Theorem 1.1 and 1.3 several classes of graphs arise. Let us give descriptions
of basic cut systems and their structure trees for each of them.

The building blocks of X, x(H) and Z,, x(H1, Hz) are the isomorphic copies
of H, H,, and H» that are used for the construction of these graphs. For a Y*
the copies of K" and the bridges are its building blocks.

Let G be isomorphic to X, (H) for k, A\ > 2 and a finite graph H. In this
case there is a unique basic cut system of G. Its separators are the building
blocks of the X, »(H), and its separations are of the form (V(C)U S, ~), where
S is any of the separators and C any component of G — S. Any block consists
of the union of a maximal set of pairwise completely adjacent building blocks.
The structure tree is a (semi-regular) tree of degrees x and A where the blocks
have degree x and the separators have degree \.

Let G be isomorphic to Y, for k > 3, then G is vertex transitive and every
vertex is a separator of G that separates ends. The unique basic cut system
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has every single vertex as a separator and separations as in the example above.
The blocks are precisely the building blocks. The structure tree is the xk-regular
tree with every edge subdivided three times. The vertices of degree k are the
blocks corresponding to the K" and the vertices with distance two to them are
the blocks corresponding to the K2. The separators are precisely the vertices of
the tree that are adjacent to a vertex of degree x. The automorphism group has
two orbits on the blocks. One orbit contains the building blocks of cardinality 2
and the other orbit those of cardinality x. This shows that even though the au-
tomorphism group acts transitively on the separators it may not act transitively
on the blocks.

Let G be isomorphic to Z, x(Hi, Hz) for k,A > 2 and non-empty finite
graphs Hy, Ho. In this case there may be two distinct basic cut systems, this
happens only if |H;| = |Hz| and either Hy; % Hs or k # A. Then one may choose
i,7 € {1,2} with ¢ # j arbitrarily and there is a basic cut system S of G with the
building blocks corresponding to H; as the S-separators and the building blocks
corresponding to H; plus all its neighbours in G as the S-blocks. If H; = Hj
and k = A, then G = X, »(H;) and the basic cut system is as discussed above.
If |H;| < |Hj| for i,j € {1, 2}, then the building blocks corresponding to H; are
precisely the S-separators and any building block corresponding to H; plus all
its neighbours is an S-block. In both cases all cuts are of the form (V(C)US, ~)
where C'is a component of the graph minus a separator S. The structure tree is a
semi-regular tree with degrees k and A\, where if H; corresponds to the separators
they have degree k and the blocks have degree A and if Hs corresponds to the
separators the degrees swap.

3 Distance-transitive graphs

In this section we classify the connected distance-transitive graphs with more
than one end (Theorem 1.1). Let us give a short outline of the proof, in par-
ticular of the implication that every connected 2-distance-transitive graph with
more than one end is an X,; \ for some cardinals x and A. Considering a basic
cut system of such graphs, we show that its blocks are complete graphs and that
any two of its separators are disjoint. We finish the proof by showing that all
separators of the given cut system have cardinality 1 and have to lie in the same
number of blocks and that each block consists of the same number of separators.

Proof of Theorem 1.1. Since the graphs X, x are indeed distance-transitive and
distance-transitive graphs are 2-distance-transitve by definition, it suffices to
prove that every connected 2-distance-transitive graph with at least two ends is
an X, » for cardinals k, A > 2.

Let G be a connected 2-distance-transitive graph with more than one end.
Let S be a basic cut system of G and let 7 be the structure tree of G and S.
In particular, for every separation (4, B) € S and every automorphism « of G,
the cuts (A, B), (A%, B®) are nested and (A%, B%) lies also in §. Furthermore,
both wings of any cut in S contain a ray. As every 2-distance-transitive graph
is vertex transitive by definition and thus every vertex lies in an S-separator,
which implies that every vertex lies in an S-block.

Let us show first that all S-blocks are complete graphs. Suppose not and
let X be such an S-block that is not complete. Let z,y be two non-adjacent
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vertices in X and let P be a shortest z-y path in G. To get to a contradiction
let us find a block containing three consecutive vertices of P. If P is contained
in X, let Y = X and a,b € V(X N P) with d(a,b) = 2. If P is not contained
in X, then there is an S-separator, separating X and a vertex on P properly.
Let S be such an S-separator with maximal distance from X in 7. Then there
is a component C of G — S that avoids X and contains a vertex v from P for
which (V(C)US, ~) lies in S, according to Lemma 2.6. Let ¥ be the neighbour
of S in T contained in C + S, that is Y is the S-block in C'+ S containing S.
The two neighbours of v on P lie in C or S and all vertices of PN C lie in Y
by the choice of S. Thus, three consecutive vertices on P, the vertex v and its
two neighours a and b, lie in Y, and as P is an induced path a and b are not
adjacent and d(a,b) = 2.

As S is a cut system, for every S-separation (A, B) every vertex s in AN B
has a neighbour ¢ in A\ B and d in B\ A such that these neighbours are
separated properly by (A, B). As cd ¢ E(G), we have d(c,d) = 2. Since G is
2-distance-transitive, there is an automorphism « of G with ¢® = a and d* = b.
This contradicts the fact that Y is an S-block as it is separated properly by
(A%, BY) as ¢ and d® which are both contained in Y have to lie in distinct
wings of (A%, B*). Thus all S-blocks are complete.

Let us continue by showing that two distinct S-separators S, S’ are disjoint.
Let (A, B) be an S-separation and « € Aut(G) such that S = AN B and
S = §’. These choices are valid since S is basic. As (A, B) and (A%, B®) are
nested and G is transitive, we know by Remark 2.1 that there are wings, one of
each of these two separations, W, W’ say, that are disjoint. Suppose SNS’ is not
empty and let s € SN S, " € S\ S and w € W, w' € W both adjacent to s.
As all blocks are complete, s and s’ are adjacent. Furthermore, w and s’ are
not adjacent, since they are separated by S. Thus, there is an automorphism 3
of G mapping (w,w’) to (w,s"), since ww’, ws’ ¢ E(G). This is a contradiction
according to Lemma 2.10 which says that there are only finitely many separators
of cardinality ord(S) separating w and w’ properly: The existence of 3 implies
that there is the same finite number of S-separators separating w from w’ and
w from s’ properly. This does not hold since all S-separators separating w
and s’ properly lie in the component of G — S’ that contains w and thus these
separators also separate w and w’ properly. On the other hand S* separates w
and w’ properly while it does not separate w and s’ properly. Thus, any two
distinct S-separators are disjoint.

In the next step let us show that all S-separators have cardinality 1. Suppose
not, then there are at least two vertices in some S-separator S and, as all S-
blocks are complete, there is an edge e in G[S]. On the other hand, there is an
edge ¢’ that has precisely one of its end vertices in S. Since G is 2-distance-
transitive it is also 1-distance-transitive and thus there is an automorphism «
of G that maps e to €¢/. This is a contradiction, since S and S¢ are neither
disjoint nor the same. Thus all S-separators have cardinality 1.

As G is 1-distance-transitive any two S-blocks have the same order and 0-
distance-transitivity implies that for every vertex the set of S-blocks it lies in
has the same cardinality A\. The order x of an S-block is at least 2, since there
are edges in G and every S-separator lies in at least two different S-blocks. Thus
G is isomorphic to X, » for two cardinals x, A > 2. O
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Next, we briefly deduce Corollary 1.2 from Theorem 1.1.

Proof of Corollary 1.2. A 2-transitive graph is also 2-distance-transitive and, if
it has at least two ends, then it is an X, ) for cardinals kK, A > 2. If k > 3,
then there is a path of length 2 in every block whose (adjacent) endvertices can
be mapped onto vertices with distance 2 in distinct blocks. Since no adjacent
vertices can be mapped onto vertices with distance 2 by any isomorphism, we
know that x = 2. The graphs X,y with A > 2 are precisely the A-regular
trees. O

4 The local structure for some finite subgraphs

In some k-CS-transitive graphs the previously introduced finite homogeneous
graphs play a role as building blocks. Enomoto [4] gave a combinatorially char-
acterization of these homogeneous graphs. We apply a corollary of his result [4,
Theorem 1] in our proofs.

For a subgraph X of a graph G let I'(X) = (\,cy(x) N(z), which is the
set of all vertices in G that are adjacent to all the vertices in X. A graph
G is combinatorially homogeneous if |[['(X)| = |T'(X”)| for any two isomorphic
induced subgraphs X and X’. Furthermore, a graph G is [-S-transitive if for
every two isomorphic induced subgraphs of order [ there is an automorphism
of G mapping one onto the other.

Theorem 4.1. [4, Theorem 1] Let G be a finite graph. The following properties
of G are equivalent.

(1) G is homogeneous;
(2) G is combinatorially homogeneous;
(8) G is isomorphic to one of the following graphs:

(a) a disjoint union of isomorphic complete graphs;

(b) a complete t-partite graph K} with r vertices in each partition class and
with 2 < t,r;

(c) Cs;
(d) L(Ks3) (the line graph of K33). 0

Whenever we need finite homogeneous graphs as building blocks for k-CS-
transitive graphs we use Corollary 4.2 to handle them.

Corollary 4.2. Let k>3, m<k—2, andn < % be positive integers. Let G
be a finite graph with maximum degree at most m that is neither complete nor
the complement of a complete graph. If G is l-S-transitive for all | < k — 1,
if any induced subgraph of G on at least n vertices is connected, and if any
two mon-adjacent vertices do mot have k — 2 common neighbours, then G is
(combinatorially) homogeneous and isomorphic to one of the following graphs:

(1) t disjoint K" with2<t,1<r—1<m, andtr <n —1;
(2) Kt with2<t,2<r<n-—1, and (t — 1)r <min{m, k — 3};
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(8) Cs with2 <m and 4 <n;
(4) L(K33) with4 <m and 6 < n.

Proof. Let us prove first that G is combinatorially homogeneous. If X and X’
are isomorphic induced subgraphs of G both of order at most & — 1, then I-
S-transitivity for | = |X| implies that there is an automorphism ¢ of G with
X? = X', Thus, we have I'(X)? = I'(X’) and |T'(X)| = [T(X")]. If X and X’
are isomorphic induced subgraphs of order at least k, then both I'(X) and I'(X”)
are empty because the maximum degree of G is at most k—2. This implies that
G is combinatorially homogeneous and that we can apply Theorem 4.1 which
provides that, ignoring the boundaries, there are no other cases as (1) to (4).
The specific boundaries for each case can be checked easily. For example, in
case (2) the ‘k — 3’ in the inequality (¢ — 1)r < min{m, k — 3} ensures that K/
does not contain two non-adjacent vertices with k& — 2 common neighbours if
m=k—2=(—1r. O

Let & m,n be the class of all those graphs that satisfy the assumptions of
Corollary 4.2 for the values k,m and n.

5 k-CS-transitivity for special graphs

This section is dedicated to showing that any graph on the list in Theorem 1.3
is indeed k-CS-transitive for the specific values of k.

Let G be a graph and k > 3. A graph H is good for G if for any two induced
isomorphic copies H' and H” of H in G there is an automorphism of G' mapping
H' onto H”. Clearly, a graph is k-CS-transitive if and only if all of its connected
induced subgraphs of order k are good for it.

Lemma 5.1. Let k > 3 and let G belong to one of the classes (1) to (8) of
Theorem 1.3. The complete graph on k vertices is good for G.

Proof. 1f G' contains a complete graph on k vertices, then it is isomorphic to
XA (KY), Xoa(K™), Xp2(K™), Y, Zyp2(KY, K™), or Zy \(K', K™) with the
corresponding values for m and n.

e In X, \(K') and Y, any complete graph on k vertices lies completely in
some K*.

o In X5 5 (K™), as 2n < k + 2, any complete graph on k vertices consists of
precisely two building blocks or precisely two building blocks without one
vertex depending on the parity of k.

e In X, o(K™) any complete graph on k vertices has no two vertices in
the same building block, and all its vertices in building blocks that are
pairwise completely adjacent.

o In Z, (K, K") and Z (K, K"), as n < k — 1, any complete graph on
k vertices consists of precisely two adjacent building blocks.

In all these cases K* is good for G by the construction of G. ]
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Lemma 5.2. Let k > 3 and let G belong to one of the classes (1) to (8) of
Theorem 1.3. FEvery connected graph on k vertices with diameter 2 is good

for G.

Proof. Let X be a connected induced subgraph of G on k vertices with diame-
ter 2. If G 22 Y, then X is isomorphic to some K*~! with one edge attached.
For any two such graphs in G, there is an automorphism of G mapping one to
the other. Thus we may assume that G 2 Y.

If X is contained in a single building block, then—Dby cardinality and as it is
neither complete nor the complement of a complete graph—G = Z5 o(K', E).
Again by cardinality X lies in a building block corresponding to E = K! with
2<tand2<r< g and (t — 1)r <k —3. As (t — 1)r < k — 3 holds, there are
at least 3 vertices of X in any of its necessarily ¢ partition classes. This implies
that for any (complete multipartite) induced subgraph Y of G isomorphic to X
there is one building block containing Y, since—because of its diameter—it is
contained in at most three building blocks and no building block corresponding
to K is contained in any complete multipartite induced subgraph of G that
consists of ¢ classes, each of which has cardinality at least 3. By the construction
of G there is an automorphism « of G mapping the building block containing
X to the building block containing Y and, as E is homogeneous, with X¢ =Y.

Therefore we may assume that X meets at least two building blocks. If X
meets precisely two building blocks, then by cardinality G = X5 5(E) for some
graph E € & mp withm <k -2, n < k_T‘El +2and 2|FE| —2 < k, or k is even
and G = Z5 »(K', E) for some graph E € & ., withm < k—2 and n < g—i— 1.

In the first case, since 2|E| — 2 < k, either X covers both building blocks
it meets (if k£ is even) or it misses precisely one vertex in one of these building
blocks (if k is odd). As E' is homogeneous X is good for G.

In the second case there is one vertex v with k — 1 neighbours that is the
building block corresponding to K'. As n < g + 1 we know that X — v is
connected. On the other hand Y contains a vertex with degree k — 1 and thus
is not contained in a single building block. Let v' € V(Y) be a vertex in a
building block of G corresponding to K'. As X and Y are isomorphic and any
two vertices of degree k — 1 in YV lie in the same Aut(Y)-orbit it holds that
Y — v’ is connected, and thus Y — ¢’ lies in a single building block of G. As
above there is an automorphism « of G mapping the building blocks containing
X to the building blocks containing Y with (X —v)* = (Y —v').

Thus we may assume that X meets at least three building blocks. Let B C G
be a building block that is adjacent to all vertices of X \ B, which exists by
the small diameter of X. If a separator in X does not contain every vertex
of X N B, then it must contain at least all the vertices in X \ B as every vertex
of X in B is adjacent to every vertex of X not in B. Furthermore, the existence
of a separator that separates X N B properly implies that B is not complete. If
the number |X N B| is smaller than | X \ BJ, then X N B is the unique smallest
separator and for every isomorphic induced copy Y of X in G precisely the
vertices of X N B are mapped to the smallest separator S in Y. We may assume
that Y meets three building blocks, as it, and thus X is good for G otherwise.
Since S is a smallest separator, we have S = Y N D for the unique building
block D of G that is adjacent to all vertices of Y\ D. Each of the smallest
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separators of these graphs either contains an edge, contains two non adjacent
vertices, or is a single vertex. In all these cases B and D correspond to the
same kind of building block by the construction of G. Since the building blocks
are homogeneous and B is mapped to D by some automorphism of G, every
isomorphism from X to Y extends to an automorphism of G. Thus we may
assume that X N B is not the unique smallest separator of X and also it is not
complete.

Let us finish the remainder of the proof on a case by case analysis. The
previous arguments cover (1), (2), (5), and (7) of Theorem 1.3. In (3) as m <
kSﬁ and k > 3 it holds that m < % and thus if there is a building block B, that
separates X, then it is unique and X N B is the smallest separator in X. If there
is no such separating building block, then all building blocks that meet X are
pairwise adjacent and X is a complete multipartite graph with at least three
partition classes. As vertices of X lie in the same building block if and only if
they are not adjacent, X is good for G.

In (4) there is a unique building block B = E adjacent to all vertices in X \ B
and B separates X. If XN B is not the smallest separator in X, then & < |[XNB]|

and as 2|E|—2 < k it holds that |B| < & +1 and thus XN B = B. The building

block B = E' is connected, since n < k_T‘E‘ + 2. All connected graphs in & m p
are 2-connected and thus any separator of X not containing X N B contains
X \ B and at least two vertices from B and hence has at least % + 1 vertices.
Again X N B is the unique smallest separator in X, which completes this case.

For the case (6) that G = Zp (K™, K"), if n # 1, then m < % and thus
X N B is the smallest separator in X, as it is either complete or lies in a building
block corresponding to K™ of order less than % If n = 1, then B is either
complete and the smallest separator or B is not complete and the two building
blocks adjacent to B together with B cover X. Thus |B|+2 > k > 2m and this
implies that m = 2 and k = 4. Since B is not complete it holds that B =~ K2
and X = Cy4. Then it is easy to see that X can be mapped to every other copy
of Cy in G & Zg,g(ﬁ, K1) by some automorphism of G.

In 8) G & Zy5(K', E) and we may assume that X meets two building
blocks corresponding to K' and one other building block B = E, as otherwise
the separating building block is complete, consists of only one vertex and is the
unique smallest separator of X. Thus every induced subgraph Y of G isomorphic
to X is good for G or meets precisely three building blocks, and—by the same
arguments as above—two of these building blocks that Y meets correspond to
the K'. Any pair of non-adjacent vertices in X with ¥ — 2 common neighbours
in X, can be mapped to any other such pair by an automorphism of X. By the
construction of G there is an automorphism « of G mapping the two building
blocks corresponding to K' in X onto those in Y. As E is homogeneous and
X NB and Y N B* are isomorphic, there is an automorphism of G mapping X
onto Y.

Thus X is good for G in all cases. O

Lemma 5.3. Let k > 3 and let G belong to one of the classes (1) to (8) of
Theorem 1.3. FEvery connected graph on k vertices with diameter at least 3 is
good for G.

Proof. Let X and Y be isomorphic connected induced subgraphs of G on k
vertices with diameter at least 3 and let o be an isomorphism from X to Y. If
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X is a path, then there is an automorphism of G mapping X to Y according to
the construction of G. Thus we may assume that X is not a path.

If G 2 Y", then there is a maximal clique K C X with at least 3 vertices.
By the construction of Y* there is an automorphism o’ of G that maps the
building block containing K to the building block of G containing K and that
is an extension of a.

If G is not isomorphic to a Yy, let P be a longest induced path in X whose
diameter in X is at least 3. We show that every vertex v on P that lies in
a building block corresponding to a finite graph B is mapped onto a vertex
v® € V(Y) that also lies in a building block corresponding to B. This is easy in
all the cases that have only one kind of building block. In particular, we have
to proof this property in the cases (6), (7), and (8) of Theorem 1.3.

The path P meets at least four building blocks of G, since there is no building
block B in any of the possible graphs with an induced path of length 3, except
for the C5, in which case k > 5 and X meets a building block adjacent to B and
the diameter of X N B in X is 2. As X is connected and not a path, there is a
vertex v in X — P that is adjacent to P. The cardinality of N(v) NV (P) is 1,2,
or 3, as P is induced and thus meets every building block in at most one vertex.
In particular, these neighbours of v have distance at most 2 on P. Let us show
that these cases determine in which kinds of building blocks the neighbours of v
on P lie.

If v has only one neighbour p on P, then p is not a leaf of P by the max-
imiality of P. Furthermore, the vertices v and p do not lie in the same build-
ing block, as v would be adjacent to the same vertices on P as p otherwise.
If G = Z,\(K', K"), then p lies in a building block corresponding to K if
and only if k > 2, and in one corresponding to K™ if and only if A > 2. If
G # Z,A(K', K™), then G belongs to one of the cases (6) or (8) and the vertex
v lies in a building block that contains a leaf of P and thus two non-adjacent
vertices. Hence p lies in a complete building block.

If v has two neighbours p1,p2 on P, and dp(p1,p2) = 2 then the vertex on P
adjacent to p; and ps lies in the same building block as v. This building block
corresponds to the complement of a complete graph or a graph from &y ., as
it contains two non-adjacent vertices. If dp(p1,p2) = 1 then one of p; or ps is
a leaf of P and v lies together with this leaf in a common building block that
corresponds to K™ or a graph from &y p.-

If v has three neighbours pi, p2, p3 on P, then they induce a path of length
2 in P and v lies in the same building block as the middle vertex of that path of
length 2 which is a building block corresponding to K™ or a graph from &y, p-

In all these cases, it is determined in which kind of building blocks of G the
neighbours of v lie. Thus there is (at least) one vertex w on P such that w
and w® lie in building blocks that are in the same Aut(G)-orbit of G. As in
(6), (7), and (8) every second vertex on P lies in building blocks of the same
Aut(G)-orbit, it holds that for every w’ on P the vertices w’ and w'® lie in the
same kind of building block of G.

Using this path P, let us recursively construct an automorphism of G that
maps X to Y. The arguments above show as all building blocks are homogeneous
that there exists an automorphism «g of G with ap|p = a|p and that every such
automorphism satisfies that p and p®° lie in building blocks that correspond to
the same graph for every vertex p € V(P).
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To define the automorphism «a; of G for [ > 1 let «; be defined for i < .
First, let W be the set of vertices in G with distance at most [ — 1 to the
building blocks that contain P. The graphs X and Y induce graphs X,..., X,
and Y7, ..., Y, with X¥ =Y; for all 1 < j <n in the components of G — W and
G —Wi-1 respectively. Let a; be an automorphism of G with w* := w®-* for
w € W, that maps the component of G — W containing X; to the component
of G — W=t containing Y; for all j < n so that the vertices of X adjacent
to W are mapped precisely to those vertices of Y adjacent to W<-1. Since the
diameter of X is less than k, the automorphism «; of G maps X onto Y. [

Combining these lemmas we obtain the following corollary.

Corollary 5.4. Let k > 3 and let G belong to one of the classes (1) to (8) of
Theorem 1.3. Every connected graph on k wvertices is good for G.
In particular, G is k-CS-transitive. O

6 The global structure of k-CS-transitive graphs

This section contains the substantial part of the proof of Theorem 1.3. We
show that for k > 3 every connected k-CS-transitive graph with at least two
ends is isomorphic to one of the graphs described in Theorem 1.3. At first, we
provide some general properties for basic cut systems of such graphs. Later on
we distinguish two fundamentally different cases: in Subsection 6.1 we look at
those graphs that are covered by the separators of a basic cut system and in
Subsection 6.2 at those that are not.

Lemma 6.1. Let k > 3. If G is a connected k-CS-transitive graph with at least
two ends, then for G and any of its basic cut systems their structure tree has no
leaves.

Proof. Let S be a basic cut system of G and let 7 be the structure tree of G
and S. Suppose that 7 has a leaf X. By the construction of a structure tree,
X is an S-block. Let (A, B) € S be a cut with V(X) C Aand ANB C V(X).
By the construction of 7, we know that X is adjacent to all S-separators that
are contained in X. This implies that A N B is the only S-separator in X and
V(X) = A. In particular, no vertex of A\ B = V(X — B) lies in an S-separator
as S is nested. Since there is a ray in G[A], the block X is infinite. There is no
vertex in X that has distance k + 1 to B, as otherwise an induced path in G[A4]
starting at v € AN B could be mapped into X — B by an automorphism of G.
The image of ANB under this automorphism is not an S-separator as it contains
a vertex from X — B. This contradicts the Aut(G)-invariance of the basic cut
system S. Thus there are vertices of infinite degree in X. Let z € V(X) be a
vertex with infinite degree and minimal distance to B with this property. Let
N be an infinite set of neighbours of z with d(v, B) > d(z, B) for all v € N. By
the infinite version of Ramsey’s Theorem (see for example [2, Theorem 9.1.2])
there is either a K™ or an infinite independent set in G[N]. Suppose there
is an independent set of cardinality K — 1 in N. As d(v,B) > d(z, B) for all
v € N, there is a neighbour u of x with d(u, B) < d(z, B) if d(z, B) > 1 or with
uw € B\ Aif z € AN B such that u is not adjacent to any vertex in N. Any
k — 2 independent vertices in N together with  and u induce a subgraph that
could be mapped onto a subgraph induced by x and k — 1 independent vertices
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in N. The former subgraph is either properly separated by an S-separator while
the latter is not, or it is closer to any S-separator than the latter one. Thus
there is no independent set of cardinality £ — 1 in N and there is a KXo in
G[N]. Again, this yields to a contradiction. Indeed, let H be a complete graph
on k vertices in G[N], and let v € V(H). Then there is no automorphism of G
that maps H —v + x to H as H — v + = contains only vertices of distance at
least d(x, B) +1 to the unique S-separator in X, which is a contradiction to the
k-CS-transitivity of G. O

Lemma 6.2. Let k > 3, let G be a connected k-CS-transitive graph with at least
two ends, and let S be a basic cut system of G. Then any ray in the structure
tree of G and S contains infinitely many pairwise disjoint S-separators.

In particular, G does not have finite diameter.

Proof. Let T be the structure tree of G and S and let R be aray in 7. The only
neighbours of S-blocks in 7 are S-separators. Thus, infinitely many different
(finite) S-separators lie on R.

Suppose that there is a vertex x in G that lies in infinitely many of the
separators on R. Let Sy be the first separator on R that contains x, and let
X be an S-block adjacent to Sy in T that does not lie on the tail SyR of R
with initial vertex Sy which exists as 7 has no leaf and thus Sy has at least
two neighbours in 7. Let (A, B) = (V(C) U Sy, ~) be the S-separation with
separator Sy for the component C of G — Sy that meets X. Then all separators
on R that contain x lie in B. As (A, B) is a cut, there exists a neighbour
ye A\ B of z.

Any S-separator separates two S-separators in G properly if and only if it
separates them properly in the structure tree. Hence, if a vertex of G lies in
two separators, then it also lies in any separator that appears in the structure
tree on the unique path between those two. Every S-separator S C B on R
contains x, as it lies between Sy and one of the infinitely many other separators
containing x on R. There is a neighbour yg of x such that S separates y and yg
properly. By Lemma 2.10 we know that the number of S-separators separating
v and w properly is finite for all vertices v, w € V(G). This implies that there is
an infinite set F of S-separators on R such that for any two distinct separators
S, S" € F the vertices yg,ys are distinct. Thus, U := {ys € V(G) | S € F} is
infinite. By the infinite version of Ramsey’s Theorem there is either a K™ or
an infinite independent set in G[U]. In the first case, let K C G[U] be such an
infinite complete graph. The (finite) S-separators do not separate K properly
and hence there are infinitely many S-separators separating y from K properly.
As K is infinite and all separators in F have the same cardinality, there exists
a vertex v € V(G) that lies outside of infinitely many separators in F. Each of
the infinitely many separators S in F for which yg lies in V(K) and that does
not contain v separate y and v properly, as every such separator separates y and
ys properly and vys € E(G). This is a contradiction as y and v are separated
properly by infinitely many separators of cardinality ord(S).

Thus there is an infinite independent set U’ C U completely adjacent to x.
Remember that y is not adjacent to any vertex in U’. We choose a subset
V1 of U’ of cardinality k — 1. There is a maximal number n of separators of
cardinality ord(S) that separate any two vertices of V; properly as for each of the
finitely many pairs of vertices in V; there is only a finite number of separators
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of cardinality ord(S) that separates it properly. Let V5 be another subset of U’
of cardinality k — 2 that contains a vertex that is separated by more than n
separators of cardinality ord(S) from y properly: pick a separator S in F such
that on the Sp-S path on R there are more than n other S-separators and
let ys € Vo. By k-CS-transitivity there is an automorphism of G that maps
G[Vao U {xz,y}] onto G[V4 U{z}] as both these induced subgraphs are stars with
k—1 leaves. This automorphism has to fix z and map V2U{y} onto V;. As y and
ys are separated properly by more than n separators of cardinality ord(S), their
respective images in V7 are separated properly by just as many such separators.
This contradicts the choice of n.

Thus no vertex of G lies in infinitely many S-separators on R and we conclude
that there are infinitely many pairwise disjoint S-separators on R. Two S-
separators S1, 59 that have n disjoint S-separators on their S1-S3 path in T
have distance at least n in G. As by Lemma 6.1 every structure tree of a basic
cut system of GG contains a ray, this implies the second assertion. O

The next lemma provides a fundamental tool in the proof of Theorem 1.3.

Lemma 6.3. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, let S be a basic cut system of G, and let S be an S-separator.
For every ray R in the structure tree T of G and S that starts at S, there are
ord(S) disjoint induced rays Ry, ..., Roqes) in G starting at S such that for
every i < ord(S) the ray R; intersects with all S-separators on R.

Proof. On R there are infinitely many disjoint S-separators S1, So, . .. all disjoint
from Sy := S as shown in Lemma 6.2. As by Lemma 2.9 no two of them are
separated by less than ord(S) many vertices, Menger’s Theorem implies that
there are ord(S) many pairwise disjoint induced Sp-S; paths for all 0 < ¢. Let
P; be the subgraph of G consisting of these paths. Since P;_1 covers S;_1 on R,
we may choose P; such that P;_; C P;. The union UieN P; is a subgraph of
ord(S) many pairwise disjoint induced rays each starting at Sy. Clearly, each
of those rays intersects with every S-separator on R. O

For a connected k-CS-transitive graph G with £ > 3 and at least two ends
and a basic cut system S of G, there are two profoundly different cases. In the
first case the graph is covered with S-separators while in the second case there
are vertices in GG that do not belong to any S-separator.

For an S-block X we define the open (S-)block

X=X-|J{ANB|(A,B)eS}.

Further down the line it turns out that the two cases above correspond to
whether there exist non-empty open blocks or not. In Lemma 6.9 we get rid
of any vertices that lie neither in an S-separator nor in an open S-block. In
the proof of Theorem 1.1 we got this property for free as the graphs considered
there are vertex transitive; here it turns out to require some effort.

Lemma 6.4. Let k > 3, let G be a connected k-CS-transitive graph with at least
two ends, and let S be a basic cut system of G. If the S-separators do not cover
G, then k is even.
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Proof. Let k be odd. We show that every vertex lies in some S-separator. By
Lemma 6.3 there is an induced ray R meeting infinitely many vertices that lie
in S-separators. As k is odd, there is an induced path P C R of length k£ — 1
whose middle vertex v belongs to some S-separator. We may map the path
anywhere into the ray and thus know that there are k succeeding vertices on
the ray that belong to S-separators. Thus every induced path of length k£ — 1
in G has all its vertices in S-separators. As the diameter of G is not finite
according to Lemma 6.2, every vertex lies on an induced path of length k — 1.
Therefore every vertex lies in some S-separator. O

Lemma 6.5. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G. If G has a vertex not in
any S-separator, then every edge on every induced path of length k —1 in G has
precisely one of its incident vertices in an S-separator.

In particular, if there is a vertex not in any S-separator, then every induced
path P C G of length at least k — 1 alternates between vertices in S-separators
and vertices outside every S-separator.

Proof. As there is a vertex outside every S-separator, k is even by Lemma 6.4.
Since the structure tree 7 of G and S has no leaves by Lemma 6.1, every S-
separator S lies on a double ray in 7. By Lemma 6.3 there are two induced rays
Ry, Ry starting at s € S with all their other vertices in two distinct components
of G—S. Let R = Ry UR5, that means R is an induced double ray in G. As G
is k-CS-transitive, there are automorphisms of G mapping a path P C R of
length £ — 1 with its middle edge incident with s to any other path of length
k —1 on R. Thus every edge on R is incident with a vertex in an S-separator.

If some edge on R has both its incident vertices in S-separators, this implies
by the same argument that every edge on R has both its incident vertices in
S-separators. As there is a vertex v € V(G) not contained in any S-separator
and as the diameter of G is not bounded, there is an induced path P of length
k — 1 starting at v. Thus, as by k-CS-transitivity there is an automorphism
of G mapping P to R, there is no edge on R with both its incident vertices in
S-separators. Hence every edge on R has precisely one of its incident vertices in
an S-separator. By k-CS-transitivity, every edge on an induced path of length
k —1 in G has precisely one of its incident vertices in an S-separator. Thus any
induced path of length at least k — 1 is such an alternating path. O

As a corollary of the proof of the previous lemma, we obtain the following
result.

Corollary 6.6. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G. Then, any two vertices
on an induced path P of length k — 1 that have a vertex from an S-separator
between them on P are separated by some S-separator in G.

In particular, if two vertices on P have distance at least 3 on P, then they
are separated by an S-separator in G.

Proof. We recall the definitions from the proof of Lemma 6.5: We have a double
ray R in G such that for every vertex s € V(R) that lies in an S-separator, there
is one S-separator S with s € S such that the two components of R — s lie in
distinct components of G — S. Remark that we obtain such a double ray also
in the situation that G is covered by S-separators.
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The two components of R — s do not meet any common S-block for any
vertex s on R that lies in an S-separator. Thus for any path P of length £k — 1
and any vertex s’ in the interior of P, that belongs to some S-separator, the two
components of P — s' are separated properly by an S-separator. This implies
the first assertion, the second one follows immediately since any two vertices on
an induced path of length k£ — 1 with distance at least 3 have—by Lemma 6.5 or
as every vertex lies in an S-separator—a vertex from some S-separator between
them on P. O

Corollary 6.7. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G such that some vertex of G
is not contained in any S-separator. If two vertices belong to different sets of
S-separators then they are not adjacent.

Proof. Suppose that there is an S-separator S, and vertices s € S and s’ ¢ S
but in a different S-separator such that s and s’ are adjacent. Then there is
an induced path of length k£ — 1 that contains this edge and lies otherwise in a
component of G — S that does not contain s’. But no such path exists according
to Lemma 6.5. O

Lemma 6.8. Let k > 3, let G be a connected k-CS-transitive graph with at least
two ends, let S be a basic cut system of G, and let S be an S-separator. Every
component C' of G — S contains an end and the separation (V(C)U S, ~) lies
inS.

In particular, S separates any two vertices in distinct components of G — S
properly.

Proof. The claim is true if the S-separators cover G, because then, for every
component C of G— 5, there is an S-separator S’ that meets C. Let (A’,B’) € S
with separator S’. According to Remark 2.8 the separator S’ lies in C' U S and
hence one wing of (A’, B’) lies in C. Thus, C contains an end and according to
Lemma 2.6 is the wing of an S-separation. Since S is a cut system and C'is a
component of G — S, we know that (V(C)U S, ~) is an S-separation.

Hence, we may assume that there is a vertex outside every S-separator. By
Lemma 6.4 this implies that &k is even. Let (A4, B) be an S-separation with
ANB =S5. As § is a cut system, there is an S-separation (A’, B') such that
A" CBand S C A NB. Since S is minimal, it holds that S = A’ N B’.

First, let us assume that G — S consists of precisely two components. Both
components contain an end as every S-separator separates two ends. Thus, we
have (A, B) = (B’, A’) and the assertion holds.

Therefore, we may assume that G — S contains at least three components.
Then there exists a component C of G — S that lies neither in A nor in A’. Let
c € V(C) be a vertex that is adjacent to s € S, and let d € A’ \ B’ be adjacent
to s. By Lemma 6.3 there is an induced path P in G of length k — 1 that starts
at a vertex x € A\ B and ends in ¢ while meeting S only in s. This implies
that P has only one vertex in C' which is ¢. By the choice of P and d, the graph
Psd is also an induced path of length k£ — 1. As G is k-CS-transitive, there is an
automorphism « € Aut(G) mapping P to Psd. By Lemma 6.5 both these paths
alternate between vertices in S-separators and other vertices. Thus, precisely
one endvertex of P and one of Psd is contained in an S-separator as k is even and
we have ¢® = d. The component C* of G — S* contains d = ¢*. Both S and S¢
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separate x from d. Suppose S # S, then either S separates S* from x properly
or S separates S from z properly according to Remark 2.8. If S separates S¢
from x let S; = 5, So = §%, and 8 = a. Otherwise, if S separates S from z
let S; = 5% S, =5, and B =a"!. Let Sy be the S-separator that contains x
and—among all those—is closest to S; in the structure tree 7 of G and S.

The separator Sg contains x as % = x, and thus lies in A. By the choice
of Sy and as S separates Sy and Sy, it holds that

d7(So, S1) = dr(Sy, S2) > dr(Sh, S1),

since the path between S; and Sg in 7 has to contain S;. Thus, Sg is closer
to S1 in T than Sy contradicting the choice of Sy. This implies that S = S and
(V(C)US,~) = (A, B ". As every component of G — § is a wing of an end
separating cut the component contains an end and thus any two components of
G — S are separated properly by S. ]

Lemma 6.9. Let k > 3, let G be a k-CS-transitive graph with at least two ends,
and let S be a basic cut system of G. Then every vertex of G lies in an S-block.

Proof. Let v be a vertex of G. If v belongs to some S-separator, it lies in an
S-block. So we may assume that v lies outside every S-separator. Let S and S’
be two distinct S-separators such that S’ separates S and v. By Lemma 6.8 and
as S is nested, S’ separates S and v properly. There are only finitely many S-
separators separating an S-separator and v properly according to Lemma 2.10
and thus there are only finitely many S-separators separating S and v, as v
lies outside every S-separator. As S is basic and by Remark 2.8 there is one
S-separator Sy that separates S and v such that no other S-separator separates
So and v. We show that v and Sy lie in a common S-block. Let Cy be the
component of G — Sy that contains v. Then (V(Cy) U Sy, ~) lies in S according
to Lemma 6.8. There is an S-block X adjacent to Sy in the structure tree of G
and § whose vertices lie in V' (Cy) U Sp. This block contains Sy and, as there is
no S-separator separating v from Sy C X, there is no S-separator separating v
from X. Thus v lies in X. O

Corollary 6.10. Let k > 3, let G be a k-CS-transitive graph with at least two
ends, and let S be a basic cut system of G. There is a non-empty open S-block
if and only if there is a vertex outside every S-separator. ]

This corollary shows that the distinction between ‘S-separators cover G’
and ‘there is a vertex outside every S-separator’ is in fact a distinction between
whether all open S-blocks are empty or not. For this reason we characterize the
cases by stating if there is a non-empty open S-block or not from now on. In
addition we use the fact that for all cut systems we investigate every vertex lies
in a block without refering to Lemma 6.9.

In the construction of X, x(H) and Z,, x(H1, Hs) the appropriate copies of H
and Hy, Ho, respectively, are completely adjacent. The next lemma provides the
corresponding property for k-CS-transitive graphs.

Lemma 6.11. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G. Let X be an S-block, let S
be an S-separator with S C X, and let s€ S. If X =0, let x € V(X — S) and
ifX A0, letx € V(X) Then s and z are adjacent.
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Proof. Let T be the structure tree of G and §. Suppose s and z are not adjacent
in G. Let P be a shortest s-x path whose inner vertices lie in the component
of G — S that contains z. As P is a shortest path it is induced. Let C be a
component of G — S not containing z. As there is an induced ray R starting
at s with all its other vertices in C, there is an induced path P’ of length at
least k — 1 starting at = and containing P.

Suppose that the distance of s and z on P is 2. The common neighbour y
of s and x on P does not lie in any S-separator, because of Corollary 6.6 and as
s and z do lie in a common S-block. As every vertex lies in an S-block according
to Lemma 6.9, this implies that y lies in an open S-block Y. By Lemma 6.4 k
is even and hence at least 4. As y € V(Y) its neighbours s and z have to lie
in Y. Suppose Y # X, then let S’ C V(Y) be an S-separator separating X
and Y and thus containing s and x. As every component of G — S’ contains a
ray and does not have finite diameter (according to Lemma 6.1, 6.3, and 6.8)
there is an induced ray starting at y and avoiding S’. Furthermore we require
R to have precisely one other vertex in Y not adjacent to s, which is possible as
Lemma 6.5 implies that the neighbour 2’ of y on R lies in an S-separator and
Corollary 6.7 implies that there is no edge between s and x’ while all the other
vertices on R are separated properly from S’ by an S-separator that contains z’.
Let P; be the subpath of P’ that contains x and has length & — 1. Let v be the
other endvertex of P; and let P, = ’yPjv. Then there is an automorphism «
of G that maps P, onto P,. By Lemma 6.5 the automorphism « has to map =
to 2’ and fix the remainder of P;. By the same lemma, y does not lie in the same
S-block as v. So there is an S-separator separating y and v properly. Every such
separator lies together with X in the same component of 7—Y . As S is minimal
and nested, every S-separator that separates x and v properly also separates
any other vertex in S” and v. Thus, according to Remark 2.8, every S-separator
that separates x and v properly separates v and S’ properly. Since S’ separates
v and 7’ properly, Remark 2.8 also implies that every S-separator that separates
v and S’ properly also separates v and z’ properly. By k-CS-transitivity and
according to Lemma 2.10, the same finite number of S-separators separates v
from z as from z’ properly. This yields a contradiction as S’ separates =’ and v
properly but not z and v. This contradiction shows that X =Y and that X
is not empty. Thus, we have € X and with Lemma 6.5 this implies that s
and x have odd distance as they lie on the alternating path P’ in particular
dp(s,x) # 2.

Therefore, the distance between = and s on P is at least 3. If the length of P
is at most k — 1, then we may choose P’ as above of length precisely k — 1. By
Corollary 6.6 the vertices z and s are properly separated by some S-separator.

Thus, we may assume that P has length at least k. As P contains a subpath
of length k — 1 containing z, there has to be an S-separator separating a vertex
on P from z properly. Let S’ be an S-separator furthest away in 7 from X
such that there is a vertex on P separated properly by S’ from X. Let C be
a component of G — S’ that meets P and avoids X. Then (V(C)U S, ~) € S
and there is an S-block Y C G[C + 5’| adjacent to S’ in 7. By the choice
of S’ all vertices of PN C lie in Y and S’ separates X and Y. In particular
P has a vertex y in Y — S’ such that dp(y, s) is smallest possible. Let y; be
the neighbour of y on yPx. As no induced subpath of length 3 on P lies in one
S-block by Corollary 6.6, the neighbour of y; on y; Px must not lie in Y and
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thus not in V(C) U S’. Hence we have y; € S’

As above there is an induced ray starting at y and having no other vertex
adjacent to S’ than y. Let yo be the neighbour of y on that ray. Again, we
may elongate—if necessary—y; Ps in C' to obtain an induced path P; of length
k — 1 that ends in y; and either contains y; Ps or lies on it. Let v be the
other endvertex of P; and let P, = ysyP; be the same path as P, with 1
substituted by y2. As both subgraphs are induced paths of length k& — 1, there
is an automorphism « of G mapping P; onto P,. This automorphism has to
map the endvertices of P; to the endvertices of P». By a similar argument
as above, we obtain that the number of S-separators that separate v and ys
properly and the number of S-separators that separate v and y; properly differ
which is a contradiction as P{* = P,. This contradiction shows that z and s are
adjacent. O

Corollary 6.12. Let k > 3, let G be a connected k-CS-transitive graph with
at least two ends, and let S be a basic cut system of G. Then any two distinct
S-separators are disjoint.

Proof. Suppose that there are two distinct S-separators 5,5’ that are not dis-
joint. Every S-separator on the S-S’ path in 7 contains S NS’. Thus we may
assume that d7(S,5’) = 2 and hence S and S’ lie in a common S-block X. Let
s € SNS" and let x1 be a neighbour of s in a component of G — S avoiding S’.
Let 2o € X if X is not empty, and if X = (), then let 25 be a vertex in S \ S
By Lemma 6.11 the vertices x5 and s are adjacent in both cases. Let P be an
induced path of length k — 2 in G that starts at s and has its other vertices in a
component of G — S’ avoiding S which exists according to Lemma 6.1 and 6.3.
Since G is k-CS-transitive there is an automorphism of G mapping x; P to z2 P,
as both are induced paths in G of length £ — 1. Similar to the proof of the
previous lemma and as the S-blocks cover G according to Lemma 6.9, the end-
vertices of 1P and those of xo P are separated by a different finite number of
S-separators. By contradiction, this shows that S-separators are either equal
or disjoint. ]

Let & > 3, let G be a connected k-CS-transitive graph with at least two
ends, and let S be a basic cut system of G. A k-spoon is an induced subgraph
of G that consists of a triangle and a path of length k& — 2, its handle, starting
at one of its triangle vertices with all in all precisely k vertices. A k-spoon H
pokes in an S-block X, an S-separator S, or two S-separators S, .S’ if two of its
degree 2 vertices® of the triangle are contained in X , S, or one in S and one
in S, respectively. A k-fork is another induced subgraph of G on k vertices
that consists of its prongs, a pair of two non-adjacent vertices, and of its handle,
a path such that both prongs are adjacent only to the same endvertex of the
handle. A k-fork H pokes in an S-block X, an S-separator S, two S-blocks
X,Y, or two S-separators S, S’ if its prongs are contained in )2', in S, meet X
and }O/, or meet S and S’, respectively.

SRemark that for k > 3 there are precisely two such vertices, but for k = 3 a k-spoon is
just the triangle.
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6.1 Empty open blocks

In this subsection we investigate k-CS-transitive graphs that have a basic cut
system all of whose open blocks are empty. Remember that by Lemma 6.4, this
is the only case if k is odd.

Lemma 6.13. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G. If every open S-block is
empty, then all S-blocks lie in the same Aut(G)-orbit, or k is odd and there is
a cardinal kK > 3 such that G 2Y,,.

Proof. Suppose that there are two S-blocks X and Y that lie in distinct Aut(G)-
orbits. As every S-block contains an S-separator and S is basic, there is an
automorphism ¢ of G with X NY?¥ = § for an S-separator S. Hence we may
assume that X NY = S. If S contains two distinct vertices, then by Lemma 6.3
there is either a k-spoon with its triangle—the subgraph isomorphic to a K3—
in X and one k-spoon with its triangle in Y or there is a k-fork with both edges
incident with its prongs in X and one such k-fork for Y, such that in each case
the handle does not contain any vertex from S. As G is k-CS-transitive, there
is, in both cases, an automorphism « of G mapping one edge in X that does
not lie in any S-separator to one such edge in Y. Thus X*NY is not contained
in an S-separator and X% =Y.

Hence two distinet S-blocks intersect in at most one vertex and ord(S) = 1.
By Lemma 6.11 and as every open S-block is empty, any two S-separators in a
common block are completely adjacent and thus every S-block is complete. For
any two S-blocks each of which has more than two vertices, there is a k-spoon
with its triangle in each of these S-blocks, respectively. Thus these blocks are
Aut(G)-isomorphic as G is k-CS-transitive.

Let P be an induced double ray in G whose edges alternate between two
orbits of S-blocks. Such a double ray exists, as one may start at any vertex
of G and add appropriate edges greedily, since every vertex lies in blocks of all
orbits of blocks. Clearly, every induced path of length k — 1 shares this property
with the ray and thus every vertex lies in at most one block of each orbit. As
otherwise, if there is a vertex that lies in more than one block of the same orbit,
then one may construct an induced path of length £ — 1 without this property.
With the same argument for any two kinds of orbits, there is an induced path
of length k£ — 1 with edges only in these orbits. Since G is k-CS-transitive, this
implies that there are precisely two distinct orbits of S-blocks: in one orbit each
S-block is isomorphic to a K2 and in the other one each S-block is isomorphic
to a K" for some cardinal x > 2. If k = 2 then G is a double ray and this
contradicts that there are two distinct Aut(G)-orbits of S-blocks. Thus x > 3
and G 2Y,.

Let us suppose that k is even. Then there is a path of length k& — 1 with
both outermost edges in S-blocks isomorphic to a K? and there is a path of
length & — 1 with both outermost edges in S-blocks isomorphic to a K* with
k > 3. As no automorphism of G maps one of these paths to the other, this is
a contradiction and hence k is odd. O

Lemma 6.14. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G such that every open S-
block is empty. If any two S-blocks lie in the same Aut(G)-orbit, then G =
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Xo2,2(H) for some finite graph H that is neither complete nor the complement of
a complete graph, or there are cardinals k, A > 2 and integers 2 < m < ’“?)LZ and

2<n <41 such that G = X5 \(K™) or G = X, o(K™) or G = X, \(K").

Proof. Let H = G[S] for some S-separator S. According to Lemma 6.11 and
Corollary 6.12 it holds that G = X, \(H) for some cardinals x > 2 and A >
2. We may assume that G % X, o(H) where H is neither complete nor the
complement of a complete graph. If there are edges in H and A > 3 then there
are two kinds of k-spoons: one with its triangle meeting three S-separators and
one meeting precisely two S-separators. If there are two non-adjacent vertices
in H and x > 3 then there are two kinds of k-forks: one pokes in a single
separator and one pokes in two different separators. As G is k-CS-transitive,
all k-spoons as well as all k-forks lie in one Aut(G)-orbit, respectively. Thus it
holds that either G = X, o(K™) with m > 2, or G = X5 »(K™) with n > 2, or
G = X, \(K'). It remains to show that m < % and n < g + 1.

Let G = X, o(K™) and suppose that m > % Let S1, 55 be S-separators
in different S-blocks both (completely) adjacent to an S-separator Sp. As 3m >
k+ 2 there are sets A; C S; for i = 0, 1,2 such that A; U AgU A, has cardinality
k + 2, is connected in G—that is Ay # (—and such that each of A; and Aj
contains at least two vertices. Let a,b € A; and ¢ € As. By the construction
of G it holds that

Gl(Ar\ {a,b}) U Ag U Az] = G[(Ar \ {a}) U Ao U (A2 \ {c})].

As there is no automorphism of G mapping the first to the second graph, this
is a contradiction and thus m < %

Let G = X5 \(K™) and suppose n > % + 1. Let Sy, S1 be two (completely)
adjacent S-separators. Let 4; C S; with |[Ag| = [£]+1 and |A;| = |£] -1, and
let B; C S; with |By| = [4] and |By| = [£] which exist as n > & + 1 implies
that n > [5] + 1 for any integer n. It holds that |Ag U 41| = |By U By| = k,
but there is no automorphism of G that maps the complete graph on k vertices
G[Ap U A;q] to the complete graph on k vertices G[By U B;]. By contradiction
we obtain that n < % + 1. O

Lemma 6.15. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G such that every open S-block
is empty and all S-blocks lie in one orbit of Aut(G). If G = X5 9(E) for some
finite graph E that is neither complete nor the complement of a complete graph,
then 2|E| —2 < k and E € Emn form <k —2 and n < EEL 42,

Proof. By Corollary 4.2 if it holds that (a) the maximum degree of E is at most
k—2, (b) E is [-S-transitive for all | < k—1, (c) any induced subgraph of order
at least k%m + 1 in E is connected, and (d) no two non-adjacent vertices of E
have k—2 common neighbours, then E € & p, ,, form <k—2andn < k%m+2.
Considering the distinct boundaries in (b) and for n, we note that a graph on
at least k%m + 1 vertices has at least n vertices.

(a) Let S (G[S] = FE) be an S-separator. Suppose there is a vertex v of degree
at least k — 1 in G[S]. Let A C S consist of v and k — 1 of its neighbours.
Let w be some vertex from an S-separator that is adjacent to S. Then
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G[A] — v + w is isomorphic to G[A], but there is no automorphism of G
mapping one onto the other. Thus no vertex in S has degree at least k — 1.

Let A, B C S induce isomorphic graphs with at most & — 1 vertices for
some S-separator S (G[S] = E). Then there is a common neighbour v of
these vertices in an adjacent S-separator Sy. Let P be an induced path of
length k —1 —|A| that starts at v and each of its other vertices is separated
properly from A C S by Sy. By construction of X5 o(F), the path P meets
each S-separator in at most one vertex. As G is k-CS-transitive, there is an
automorphism « of G that maps G[P + A] to G[P + B]. If |A| # 1, then
« must map S onto S as it is the only S-separator meeting more than one
vertex of G[P + A] and of G[P + BJ; clearly this implies A* = B and A
and B lie in the same Aut(G[S])-orbit. If |[A| = 1, let S” be an S-separator
such that some induced path of length k — 1 starting at A ends in S’. Let
©,¢" be the isomorphisms from F to S,S’, respectively. Let A’ C S’ be
(A‘P71)¢,. Then we may assume that the path P ends in A’. Thus a maps
Ato Bor A’ to B and as A and A" are Aut(G)-isomorphic so are A and B.
Again A and B lie in the same Aut(G[S])-orbit.

Suppose there is an induced subgraph X C FE of order at least k_T‘E‘ +1
that is not connected. Let Sy, S1,.52 be three distinct S-separators such
that Sy is adjacent to the other two. Let A; C S; for i > 1 be of cardinality
at least k_TlEl + 1 such that G[A;] = G[A2] are not connected. Let H be
a connected induced subgraph on k + 2 vertices in G[Sy U A1 U As] such
that there is an isomorphism ¢ from H[A;] onto H[As] and H[A4] is not
connected. Such a graph exists as [SoyUA; UAs| > |E|+2(k_T|E|+1) =k+2.
Let a,b € A; be vertices that lie in distinct components of H[A;]. Then
there is no automorphism of G that maps one of its two isomorphic induced
and connected subgraphs H — {a,b} and H — {a¥,b} onto the other. Thus
k—|E|

every induced subgraph of E of order at least —— + 1 is connected.

Suppose that there are two non-adjacent vertices z,y in an S-separator
S' (G]S'] & E) with at least k — 2 common neighbours in S and let N C S’
be k — 2 of these neighbours. Let S,5” be distinct S-separators adjacent
to S’ and let s € S and s” € §”. Then G[N U {z,y}| and G[N U {s,s"}]
are isomorphic induced connected subgraphs of G of order k but there is no
automorphism of G mapping one onto the other.

It remains to show that 2|E| — 2 < k. As the values of k,m,n imply this

inequality whenever E is not a K!, we need to show that if G = X, 5(K}),
then 2|K!| — 2 = 2tr — 2 < k. Let X be an S-block with z,2’,y € V(X)
and zz’ € FE(G), such that x and 2’ belong to the same S-separator and y
belongs to the other S-separator in X. In this setting G[x,z’,y] is a K3, and
thus the subgraphs X — {z,2'} and X — {z,y} are isomorphic. Suppose that
2tr = | X| > k + 2, then there is an induced subgraph X’ of X of size precisely
k+2 containing x, 2" and y such that X’ —{x, 2’} and X’ —{x, y} are isomorphic
but there is no automorphism of G mapping one onto the other. This shows
that the inequality 2|E| — 2 < k holds in all cases. O]

By Lemma 6.13, 6.14, and 6.15 we may finish the first case.

64



Theorem 6.16. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G such that every open block
is empty. Then there are cardinals k,\ > 2 and integers m,n such that G is
isomorphic to one of the following graphs:

(1) XR,)\(KI),'

(2) Xo\(K™) withn < £ +1;

(3) Xpo(K™) with m < 22,

(4) X22(B) with E € Exnns m < k—2,n < 2 42 and 2 B| -2 < k;

(5) Yu (if k is odd). -

6.2 Non-empty open blocks

Let us discuss the connected k-CS-transitive graphs with at least two ends
for £ > 3 such that every basic cut system has non-empty open blocks. As
mentioned before this case restricts k to be even by Lemma 6.4. According to
Lemma 6.9 every vertex not in any separator of a basic cut system lies in an
open block.

Let us show that the k-CS-transitive graphs with non-empty open blocks
resemble some Z,; »(H1, Hy) by proving that the automorphism group acts tran-
sitively on its open blocks.

Lemma 6.17. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G such that some open S-block
is not empty. Then every open S-block is non-empty and the automorphism
group of G acts transitively on the S-blocks.

Proof. Let X be an S-block. By Lemma 6.1, X contains two distinct S-
separators and any two such separators are disjoint according to Corollary 6.12.
By Lemma 6.11 it holds that X contains an edge sz where s lies in an S-
separator S C X and z lies in X — S. As there is an induced path P of length
k — 2 starting at s with all its other vertices in a component of G — S that
avoids X, the neighbour of x on the induced path zP of length k£ — 1 lies in
an S-separator, and thus z is not contained in any S-separator according to
Lemma 6.5. .

Let Y be a further S-block. By the previous argument a vertex y € Y
exists. Let P’ be an induced path of length k — 1 starting at y—such a path
exists as showed above. Since G is k-CS-transitive, there is an automorphism «a
mapping P’ to zP. As k is even by Lemma 6.4 it holds that y* = x according
to Lemma 6.5. Thus Y* N X # () and even Y® = X, as the intersection of any
two distinct S-blocks lies in an S-separator. O

Lemma 6.18. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G. If some open S-block
is not empty, then there are graphs Hi, Hy and cardinals k, A such that G is
isomorphic to Z,, x(Hy, Ha).
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Proof. The structure tree 7 of G and S is an infinite tree where vertices of
even distance have the same degree, as S is basic and as the automorphisms
of G act transitively on the S-blocks by Lemma 6.17. Let s be the degree of
any S-separator in 7 and let A be the degree of any S-block in 7. Let H; be
isomorphic to G[S] for some S-separator S, and let Ha be isomorphic to some
open S-block. Then again as S is basic and by Lemma 6.17 all separators induce
an isomorphic copy of H; in G and all open blocks are isomorphic to Hy. Since,
according to Lemma 6.11, every vertex of an open block X is adjacent to all
vertices in S-separators that lie in X, it holds that G = Z,, x(H, Ha). O

As every connected k-CS-transitive graph for & > 3 with more than one end
and some non-empty open block is isomorphic to Z, (Hi, H2) for some graphs
H; and Hs, it remains to specify the building blocks and possible values for s
and A of these graphs. In Section 2.1 we describe what a basic cut system for
these graphs looks like if H; and Hs are finite.

Lemma 6.19. Let k > 3, let G = Z,, \(H1, H2) be a k-CS-transitive graph with
at least two ends, and let S be a basic cut system of G such that some open
S-block is not empty. Then the following holds:

(i) At least one of k or X\ is 2;

(i1) if H; contains two non-adjacent vertices, then H; (j # i) is complete and
K=A=2;

(i1t) if H; contains an edge, then H; (i # j) contains no edge.

Proof. Either Hy % Hs or k # X since the copies of H; and Hs are not Aut(G)-
isomorphic. Suppose both xk and A are at least 3, then there are two distinct
orbits of k-forks. One whose members poke in two distinct open S-blocks, and
one whose members poke in two distinct S-separators. As a k-CS-transitive
graph has only one orbit of k-forks this proves (i) by contradiction.

Part (ii) follows using an analogous argument: Suppose k or A is greater
than 2. Then there is a k-fork that pokes in just one copy of an H; and one that
pokes in two distinct copies of Hy (if K > 2) or in two distinct copies of Hy (if
A > 2). Suppose on the other hand that there are two non-adjacent vertices in
Hj, then there are two incompatible k-forks, too. One pokes in an open S-block
and the other one in an S-separator.

For (iii), suppose that H; as well as H; contain edges. Then there are k-
spoons that poke in open S-blocks and others that poke in S-separators. O

From the previous lemma we immediately get the following corollary.

Corollary 6.20. Let k > 3, let G = Z, z(H1, H2) be a k-CS-transitive graph
with at least two ends, and let S be a basic cut system of G such that some open
S-block is not empty. If both Hy and Hy have at least two vertices, then one
is a complete graph, the other one is the complement of a complete graph, and
kK=A=2. ]

To finish the proof in the situation that both, H; and Hs, have at least two
vertices, we will restrict the order of these graphs.
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Lemma 6.21. Let k > 3, let G = Zy 9o(Hy, Ha) be a k-CS-transitive graph with
at least two ends, and let S be a basic cut system of G such that some open
S-block is not empty. If Hy =2 K™ and Hy = K", then 2m+n < k+ 1.

Proof. Suppose that 2m +n > k+ 1. Let X be a building block corresponding
to the complete graph H> and let Y, Y’ be the two building blocks corresponding
to Hy adjacent to X. If m > 2, then as k is even there are subsets Y7,Y5 in Y
and Y{, Yy in Y/ with

V1| = min{m — 1, % — 1},

¥/ = min{m — 1,% — 1},

Ys| = min{m — 2, % — 2}, and
2

V5| = min{m, £}.

If n > 2 let X’ be a subset of V(X) of cardinality k — (|Y1| 4+ |Y{]) > 2 which
exists as
kE—(Yi|+|Y{]) <k —2(m—1) <n.

The graphs G[Y; U X' UY/] and G[Y> U X’ UY3] are isomorphic, so by k-CS-
transitivity, there is an automorphism of G mapping the first onto the second
subgraph. This is a contradiction, as Y3 is larger than Y7 as well as Y] and every
automorphism of G' has to map a building block onto a building block corre-
sponding to the same H; by the construction of Zs o(Hi, H2) and our choices
for H; and Hs.

If n =1, then 2m > k and hence 2m > k+2 as k is even. By enlarging each
of Y{ and Y3 by one vertex we obtain a similar contradiction in this case as for
n> 2.

If m = 1, then we have n > k. Let X be a subset of the vertex set of a
building block corresponding to the complete graph H, of cardinality k, Let
x € X, and let y be a vertex adjacent to x but not in the same building block.
By the construction of G we know that y is adjacent to every vertex of X. Thus,
the subgraphs G[X] and G[X] — 2 4+ y are both complete graphs on k vertices,
so there is an automorphism of G' that maps the first onto the second by k-CS-
transitivity. But again as every automorphism of G maps a building block onto
a building block corresponding to the same H;, we obtain a contradiction. [

Lemma 6.22. Let k > 3, let G = Z,, \(H1, H2) be a k-CS-transitive graph with
at least two ends, and let S be a basic cut system of G such that some open
S-block is not empty. If one of Kk and X\ is not 2, then both Hy and Hy are
complete, one of order 1 and the other of order at most k — 1.

Proof. Tt follows directly from Lemma 6.19 (ii) that both H; and Hs are com-
plete. By Lemma 6.19 (iii) we may assume that |H;| = 1. Suppose that Hy
has more than k — 1 vertices. Every open S-block X isa building block that
corresponds to Hy and thus contains an isomorphic copy of a K*. There is a
second isomorphic copy of a K* in G with k — 1 vertices in X and one vertex
in some S-separator S C X. Since there is no automorphism of G mapping one
onto the other, Hy has at most k — 1 vertices. O

The last part in this case of the proof (that there is some non-empty open
block) is to determine the graphs Hj if the graph H; has only one vertex and
the open blocks are neither complete nor complements of complete graphs.
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Lemma 6.23. Let k > 3, let G = Zy o(Hy, Ha) be a k-CS-transitive graph with
at least two ends, and let S be a basic cut system of G such that some open S-
block is not empty. If Hy is neither complete nor the complement of a complete
graph, then Hy =2 K' and H, € Emm form <k—2andn < g + 1.

Proof. As Hs is not complete, it contains two non-adjacent vertices. This implies
by Lemma 6.19 (ii) that H; is complete. Since Hs also contains an edge, H;
does not and thus is isomorphic to K'. By Corollary 4.2 it suffices to show that
(a) the maximum degree of Ho is at most k — 2, (b) Hs is [-S-transitive for all
I <k -1, (c) any induced subgraph of order at least % + 1 in Hy is connected,
and (d) no two non-adjacent vertices of Hy have k — 2 common neighbours.

The proofs of (a), (b) and (d) are analogous to those of Lemma 6.15 (a), (b)
and (d).

(¢) Following the argument of Lemma 6.15 (c¢), an induced subgraph of order
at least ®=1 4+ 1 in H, is connected. The ‘—1’ in that term corresponds to
the ‘—|E|” in Lemma 6.15. Since k is even, every induced subgraph of order
at least g + 1 is connected if and only if every induced subgraph of order at

least % + 1 is connected. ]

These lemmas let us finish the case of non-empty open blocks.

Theorem 6.24. Let k > 3, let G be a connected k-CS-transitive graph with at
least two ends, and let S be a basic cut system of G such that some open S-block
is not empty. Then k is even and G is isomorphic to one of the following graphs:

(6) Zao( K™, K™) with 2m +n <k +1;
(7) Zu (K, K™) withn <k —1 and cardinals k, X with k =2 or A = 2;
(8) Zop(K', E) with E € Epyp, m<k—2andn < & +1. O

With Corollary 5.4 and Corollary 6.10 the Theorems 6.16 and 6.24 imply
our second main result, Theorem 1.3.

7 k-CS-homogeneous graphs

In this section we shall prove Corollary 1.4. The first part of the proof will be to
exclude those k-CS-transitive graphs that do not occur in the list of Corollary 1.4
and then to prove that the remaining graphs are k-CS-homogeneous.

Proof of Corollary 1.4. As every k-CS-homogeneous graph is k-CS-transitive,
the connected k-CS-homogeneous graphs with & > 3 and at least two ends
belong to classes (1) to (8) of Theorem 1.3. Let us first show that for the
appropriate k all graphs that occur in the list Theorem 1.3 but not in that of
Corollary 1.4 are not k-CS-homogenous.

For odd k > 3, the graphs Y} for k > 3 are not k-CS-homogeneous, since we
cannot map an induced path in Y, of length k£—1 onto itself by an automorphism
of Y, without being the identity on that path, as its outermost edges lie in
buildings blocks of distinct kinds. As the automorphism group of any non-
trivial path consists of two elements, these graphs are not k-CS-homogenous.
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For even k > 3, any graph G = Z,, \(Hy, Hy) for any distinct graphs Hy,
Hy or distinct cardinals k, A is not k-CS-homogeneous as we cannot map an
induced path of odd length & — 1 in G onto itself by an automorphism of the
whole graph without being the identity on that path as its endvertices lie in
distinct kinds of building blocks of G. If on the other hand H; = Hs and k = A,
then as it has to be k-CS-transitive Theorem 1.3 implies that H; = K' and
Zwx(H1, Hy) & X5 ,.(K') and hence G belongs to the graphs in class (1) of
Theorem 1.3.

Let us consider a graph G = X, 5(K™) with arbitrary & > 3. If % <n<
g + 1, then there is an induced subgraph isomorphic to K* in two (completely)
adjacent building blocks of G. We cannot extend any automorphism of such a
subgraph that does not respect the building blocks to an automorphism of the
whole graph. This implies n < g in this case.

Let G 2 X, o(K™). If % <m< %, then take an arbitrary subgraph
X on k vertices of three building blocks one of which is completely adjacent
to the other two that are not adjacent to each other. Then there is at most
one vertex of the three building blocks missing in X. Thus we might build an
automorphism of X that maps two vertices of the two non-adjacent building
blocks onto each other and fixes all the other vertices of X. As m > 2, this
automorphism of X cannot be extended to an automorphism of G.

Let us now assume that G = X, 5(E) for an E € & p with m < k — 2,
2|E| -2 < kand n < k_T‘E‘ + 2. Suppose that E contains an induced subgraph
on at least k_T‘E‘ vertices that is not connected. Let F, Fo, E5 be three building
blocks of G such that F5 is (completely) adjacent to the other two but F; and F3
are not adjacent. Then there are two induced subgraphs X C Fy and Y C Fs
each of order at least k}lEl, both not connected such that G[X]| = G[Y]. By
the cardinality of these vertex sets, there is a non-empty vertex set Z in Fs such
that |X|+|Y|+|Z| = k. There is an automorphism of H := G[X UY U Z] that
exchanges a component of G[X] with one of G[Y] and fixes every other vertex
in H. As every automorphism of G maps vertices in the same building block
again to a common building block, the just described automorphism of H does
not extend to an automorphism of G. By contradiction we get that E € & 4 n/

for & and m as above and n' < k_T‘El + 1.
It remains to show that 2|E| < k in this situation. If E is isomorphic to ¢

disjoint K", then the inequalities imply tr < k_2|E| and hence 3|F| = 3tr < k. If
E = (5, then 4 < 552 + 1 implies 11 < k and if E = L(K3 3), then 6 < 252 +1
implies 19 < k. Suppose 2|E| > k, then none of these three previous cases may
occur and we conclude F = Kf_ with 2 <t¢. Let H be a subgraph of G induced
by two adjacent building blocks B, Bs. Then H has less than k 4 2 vertices.
Let X be an induced subgraph of H on k vertices. Then either X = H or there
is one vertex x in H with X = H —xz. There is a set Y7 of r independent vertices
in X N By and a set Y5 of r independent vertices in X N By. As each of these 2r
vertices is adjacent to all other vertices of X, there is an automorphism of X
that maps Y; onto Y> and vice versa and that fixes every other vertex in X.
Such an automorphism of X cannot extend to an automorphism of G as vertices
in the same building block have to be mapped into a common building block
by every automorphism of G and this is not satisfied by the above described
automorphism of X.
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It remains to show that the graphs described in Corollary 1.4 are k-CS-
homogeneous. In principle, the proof is similar to those in Section 5. Therefore,
we just point out the important bits that have to be changed and give a sketch
of the remaining part of the proof. Let G be a graph that occurs in the list
of Corollary 1.4. For the corresponding assertion of Lemma 5.1, it suffices to
see that the only graphs in the list of Corollary 1.4 that have a complete graph
on k vertices as subgraph, are the graphs X, y(K') and X, 2(K™) and in each
of these cases the construction of the graphs admits the extension of every
isomorphism between two complete subgraphs on k vertices.

For the proof of Lemma 5.2, remark that any induced subgraph of an induced
connected subgraph X on k vertices with diameter 2 has to meet at least three
building blocks by cardinality reasons. It easily follows in each case that either
there exists a unique smallest separator in X which is precisely X N B where
B is a building block adjacent to all other building blocks of G that meet X,
or G2 X, o(K™) and X is a subgraph of a complete multipartite graph with
partition classes each of the same cardinality. Where the required extension of
any isomorphism between two induced connected subgraphs follows from the
homogeneity of complete multipartite graphs in the last case, the extension
exists for the first case because the building blocks are homogeneous and by the
construction of the graphs X, \(H).

For the situation that the induced isomorphic subgraphs on k vertices are
connected and have diameter at least 3, it suffices to see that any isomorphism
between any paths of length at least 3 whose diameter in G is at least 3 in these
graphs can be extended to an automorphism of the whole graph. The further
construction of the automorphisms ayj in the proof of Lemma 5.3 can also be
chosen so that they extend the given isomorphism between the two induced
connected subgraphs of order k. This completes the sketch of this direction of
the proof and hence the whole proof. O

8 Ends of k-CS-transitive graphs

Gray [6] asked whether every locally finite k-CS-transitive graph is end-transitive
for k > 3. With Theorem 1.3 we may answer his question.

Theorem 8.1. Let k > 3 and let G be a connected locally finite graph. If G is
k-CS-transitive, then it is end-transitive. ]

This theorem does not extend to graphs with vertices of infinite degree. For
example the graphs X, » with x > Rp, A > 2 contain fundamentally different
ends. Let us make this precise: a ray is local if it meets a set of finite diameter
infinitely often. An end is local if all its rays are local, and an end is global if
none of its rays is local. Theorem 1.3 shows that in k-CS-transitive graphs with
k > 3 and more than one end every end is either local or global and that the
automorphism group acts transitively on those of each kind.

Theorem 8.2. Letk > 3 and G be a connected k-CS-transitive graph with more

than one end. Then every end of G is either local or global. The automorphism

group of G acts transitively on the local ends, as well as on the global ends.
Furthermore, G is end-transitive if and only if it has no local end. ]
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Kron and Moller [9, 10] introduced metric ends. They call rays metric if
they are not local, that is, if any infinite subset of its vertices does not have
finite diameter in G. Two metric rays R; and Ry are metrically equivalent if
there is no vertex set S of finite diameter such that Ry and Ry lie eventually
in different components of G — S. This is an equivalence relation on metric
rays, whose classes are the metric ends of the graph. In locally finite graphs the
notions of being an end and being a metric end coincide. Thus for connected
locally finite k-CS-transitive graphs with k£ > 3 and with more than one end its
automorphism group acts transitively on its metric ends. In spite of the local
ends this extends by inspection of the examples in Theorem 1.3 to graphs that
are not necessarily locally finite.

Theorem 8.3. If k > 3, then the automorphism group of any connected k-CS-
transitive graph with more than one end acts transitively on the metric ends of
the graph. ]
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Edge-disjoint double rays in infinite graphs:
a Halin type result”

Nathan Bowler Johannes Carmesin Julian Pott

Abstract

We show that any graph that contains k£ edge-disjoint double rays for
any k£ € N contains also infinitely many edge-disjoint double rays. This
was conjectured by Andreae in 1981.

1 Introduction

We say a graph G has arbitrarily many vertez-disjoint H if for every k € N there
is a family of k vertex-disjoint subgraphs of GG each of which is isomorphic to H.
Halin’s Theorem says that every graph that has arbitrarily many vertex-disjoint
rays, also has infinitely many vertex-disjoint rays [5]. In 1970 he extended this
result to vertex-disjoint double rays [6]. Jung proved a strengthening of Halin’s
Theorem where the initial vertices of the rays are constrained to a certain vertex
set [7].

We look at the same questions with ‘edge-disjoint’ replacing ‘vertex-disjoint’.
Consider first the statement corresponding to Halin’s Theorem. It suffices to
prove this statement in locally finite graphs, as each graph with arbitrarily many
edge-disjoint rays contains a locally finite union of tails of these rays. But the
statement for locally finite graphs follows from Halin’s original Theorem applied
to the line-graph.

This reduction to locally finite graphs does not work for Jung’s Theorem or
for Halin’s statement about double rays. Andreae proved an analog of Jung’s
Theorem for edge-disjoint rays in 1981, and conjectured that a Halin-type The-
orem would be true for edge-disjoint double rays [1]. Our aim in the current
paper is to prove this conjecture.

More precisely, we say a graph G has arbitrarily many edge-disjoint H if for
every k € N there is a family of k£ edge-disjoint subgraphs of G each of which is
isomorphic to H, and our main result is the following.

Theorem 1. Any graph that has arbitrarily many edge-disjoint double rays has
infinitely many edge-disjoint double rays.

*J. Combin. Theory (Series B) Available online 31 October 2014
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Even for locally finite graphs this theorem does not follow from Halin’s anal-
ogous result for vertex-disjoint double rays applied to the line graph. For ex-
ample a double ray in the line graph may correspond, in the original graph, to
a configuration as in Figure 1.

Figure 1: A graph that does not include a double ray but whose line graph does.

A related notion is that of ubiquity. A graph H is ubiquitous with respect to
a graph relation < if nH < G for all n € N implies NgH < G, where nH denotes
the disjoint union of n copies of H. For example, Halin’s Theorem says that rays
are ubiquitous with respect to the subgraph relation. It is known that not every
graph is ubiquitous with respect to the minor relation [2], nor is every locally
finite graph ubiquitous with respect to the subgraph relation [8, 9], or even the
topological minor relation [2, 3]. However, Andreae has conjectured that every
locally finite graph is ubiquitous with respect to the minor relation [2]. For more
details see [3]. In Section 6 (the outlook) we introduce a notion closely related
to ubiquity.

The proof is organised as follows. In Section 3 we explain how to deal
with the cases that the graph has infinitely many ends, or an end with infinite
vertex-degree. In Section 4 we consider the ‘two ended’ case: That in which
there are two ends w and w’ both of finite vertex-degree, and arbitrarily many
edge-disjoint double rays from w to w’.

The only remaining case is the ‘one ended’ case: That in which there is a
single end w of finite vertex-degree and arbitrarily many edge-disjoint double
rays from w to w. One central idea in the proof of this case is to consider 2-
rays instead of double rays. Here a 2-ray is a pair of vertex-disjoint rays. For
example, from each double ray one obtains a 2-ray by removing a finite path.
The remainder of the proof is subdivided into two parts: In Subsection 5.3 we
show that if there are arbitrarily many edge-disjoint 2-rays into w, then there are
infinitely many such 2-rays. In Subsection 5.2 we show that if there are infinitely
many edge-disjoint 2-rays into w, then there are infinitely many edge-disjoint
double rays from w to w.

We finish by discussing the outlook and mentioning some open problems.
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2 Preliminaries

All our basic notation for graphs is taken from [4]. In particular, two rays in a
graph are equivalent if no finite set separates them. The equivalence classes of
this relation are called the ends of G. We say that a ray in an end w converges
to w. A double ray converges to all the ends of which it includes a ray.

2.1 The structure of a thin end

It follows from Halin’s Theorem that if there are arbitrarily many vertex-disjoint
rays in an end of G, then there are infinitely many such rays. This fact motivated
the central definition of the vertez-degree of an end w: the maximal cardinality
of a set of vertex-disjoint rays in w.

An end is thin if its vertex-degree is finite, and otherwise it is thick. A pair
(A, B) of edge-disjoint subgraphs of G is a separation of G if AU B = G. The
number of vertices of AN B is called the order of the separation.

Definition 2. Let G be a locally finite graph and w a thin end of G. A countable
infinite sequence ((A4;, B;))ien of separations of G captures w if for all i € N

e A;NB;11 = 0,
e A; 11 N B; is connected,

Uien 4i = G,

e the order of (A;, B;) is the vertex-degree of w, and

e cach B; contains a ray from w.

Lemma 3. Let G be a locally finite graph with a thin end w. Then there is a
sequence that captures w.

Proof. Without loss of generality G is connected, and so is countable. Let
v1, V2, ... be an enumeration of the vertices of G. Let k be the vertex-degree
of w. Let R = {Ry,..., Ry} be a set of vertex-disjoint rays in w and let S be the
set of their start vertices. We pick a sequence ((A;, B;))ien of separations and
a sequence (T;) of connected subgraphs recursively as follows. We pick (4;, B;)
such that S is included in A;, such that there is a ray from w included in B;, and
such that B; does not meet (J;_, 7j or {v; | j < i}: subject to this we minimise
the size of the set X; of vertices in A; N B;. Because of this minimization B; is
connected and X is finite. We take T; to be a finite connected subgraph of B;
including X;. Note that any ray that meets all of the B; must be in w.

By Menger’s Theorem [4] we get for each ¢ € N a set P; of vertex-disjoint
paths from X; to X, of size | X;|. From these, for each ¢ we get a set of | X;|
vertex-disjoint rays in w. Thus the size of X; is at most k. On the other hand
it is at least k as each ray R; meets each set X;.

(0]



Assume for contradiction that there is a vertex v € A; N B;y1. Let R be a
ray from v to w inside B;41. Then R must meet X;, contradicting the definition
of B;11. Thus A; N B;41 is empty.

Observe that |JP; UT; is a connected subgraph of A; ;1 N B; containing all
vertices of X; and X;11. For any vertex v € A;;1 N B; there is a v—X; 1 path
P in B;. P meets B;y; only in X;.1. So P is included in A;41 N B;. Thus
A;+1 N B; is connected. The remaining conditions are clear. O]

Remark 4. FEvery infinite subsequence of a sequence capturing w also captures
w. O

The following is obvious:

Remark 5. Let G be a graph and v,w € V(G) If G contains arbitrarily many
edge-disjoint v—w paths, then it contains infinitely many edge-disjoint v—w paths.
O

We will need the following special case of the theorem of Andreae mentioned
in the Introduction.

Theorem 6 (Andreae [1]). Let G be a graph and v € V(G). If there are
arbitrarily many edge-disjoint rays all starting at v, then there are infinitely
many edge-disjoint rays all starting at v.

3 Known cases

Many special cases of Theorem 1 are already known or easy to prove. For
example Halin showed the following.

Theorem 7 (Halin). Let G be a graph and w an end of G. If w contains
arbitrarily many vertez-disjoint rays, then G has a half-grid as a minor.

Corollary 8. Any graph with an end of infinite vertex-degree has infinitely
many edge-disjoint double rays. O

Another simple case is the case where the graph has infinitely many ends.

Lemma 9. A tree with infinitely many ends contains infinitely many edge-
disjoint double rays.

Proof. 1t suffices to show that every tree T with infinitely many ends contains a
double ray such that removing its edges leaves a component containing infinitely
many ends, since then one can pick those double rays recursively.

There is a vertex v € V(T') such that T — v has at least 3 components
C4,Cy, C3 that each have at least one end, as T' contains more than 2 ends. Let
e; be the edge vw; with w; € C; for i € {1,2,3}. The graph T \ {e1, e3,e3} has
precisely 4 components (C7, Cy, C3 and the one containing v), one of which, D
say, has infinitely many ends. By symmetry we may assume that D is neither
C1 nor C5. There is a double ray R all whose edges are contained in C; U Csy U
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{e1, e2}. Removing the edges of R leaves the component D, which has infinitely
many ends. O

Corollary 10. Any connected graph with infinitely many ends has infinitely
many edge-disjoint double rays. O

4 The ‘two ended’ case

Using the results of Section 3 it is enough to show that any graph with only
finitely many ends, each of which is thin, has infinitely many edge-disjoint double
rays as soon as it has arbitrarily many edge-disjoint double rays. Any double
ray in such a graph has to join a pair of ends (not necessarily distinct), and there
are only finitely many such pairs. So if there are arbitrarily many edge-disjoint
double rays, then there is a pair of ends such that there are arbitrarily many
edge-disjoint double rays joining those two ends. In this section we deal with
the case where these two ends are different, and in Section 5 we deal with the
case that they are the same. We start with two preparatory lemmas.

Lemma 11. Let G be a graph with a thin end w, and let R C w be an infinite
set. Then there is an infinite subset of R such that any two of its members
intersect in infinitely many vertices.

Proof. We define an auxilliary graph H with V(H) = R and an edge between
two rays if and only if they intersect in infinitely many vertices. By Ramsey’s
Theorem either H contains an infinite clique or an infinite independent set of
vertices. Let us show that there cannot be an infinite independent set in H. Let
k be the vertex-degree of w: we shall show that H does not have an independent
set of size k + 1. Suppose for a contradiction that X C R is a set of k + 1 rays
that is independent in H. Since any two rays in X meet in only finitely many
vertices, each ray in X contains a tail that is disjoint to all the other rays in X.
The set of these k + 1 vertex-disjoint tails witnesses that w has vertex-degree at
least k 4 1, a contradiction. Thus there is an infinite clique K C H, which is
the desired infinite subset. O

Lemma 12. Let G be a graph consisting of the union of a set R of infinitely
many edge-disjoint rays of which any pair intersect in infinitely many vertices.
Let X C V(G) be an infinite set of vertices, then there are infinitely many
edge-disjoint rays in G all starting in different vertices of X.

Proof. If there are infinitely many rays in R each of which contains a different
vertex from X, then suitable tails of these rays give the desired rays. Otherwise
there is a ray R € R meeting X infinitely often. In this case, we choose the
desired rays recursively such that each contains a tail from some ray in R — R.
Having chosen finitely many such rays, we can always pick another: we start at
some point in X on R which is beyond all the (finitely many) edges on R used
so far. We follow R until we reach a vertex of some ray R’ in R — R whose tail
has not been used yet, then we follow R’. O
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Lemma 13. Let G be a graph with only finitely many ends, all of which are
thin. Let wy,ws be distinct ends of G. If G contains arbitrarily many edge-
disjoint double rays each of which converges to both wi and ws, then G contains
infinitely many edge-disjoint double rays each of which converges to both wy and
wso.

Proof. For each pair of ends, there is a finite set separating them. The finite
union of these finite sets is a finite set S C V(@) separating any two ends of G.
For i = 1,2 let C; be the component of G — S containing w;.

There are arbitrarily many edge-disjoint double rays from w; to ws that
have a common last vertex v; in S before staying in C; and also a common last
vertex vy in S before staying in Cs. Note that vy may be equal to vy. There are
arbitrarily many edge-disjoint rays in Cy 4 v; all starting in v;. By Theorem 6
there is a countable infinite set Ry = {R} | i € N} of edge-disjoint rays each
included in C7 + v; and starting in v;. By replacing Rq with an infinite subset
of itself, if necessary, we may assume by Lemma 11 that any two members of R4
intersect in infinitely many vertices. Similarly, there is a countable infinite set
Ry = {R} | i € N} of edge-disjoint rays each included in Cy + vy and starting
in vy such that any two members of R5 intersect in infinitely many vertices.

Let us subdivide all edges in [JR; and call the set of subdivision vertices
X. Similarly, we subdivide all edges in | JR2 and call the set of subdivision
vertices X5. Below we shall find double rays in the subdivided graph, which
immediately give rise to the desired double rays in G.

Suppose for a contradiction that there is a finite set F' of edges separating X
from X5. Then v; has to be on the same side of that separation as X; as there
are infinitely many v;—X; edges. So F' separates v; from v, which contradicts
the fact that there are arbitrarily many edge-disjoint double rays containing
both v; and ve. By Remark 5 there is a set P of infinitely many edge-disjoint
X1-X5 paths. As all vertices in X; and X5 have degree 2, and by taking an
infinite subset if necessary, we may assume that each end-vertex of a path in P
lies on no other path in P.

By Lemma 12 there is an infinite set Y; of start-vertices of paths in P
together with an infinite set R} of edge-disjoint rays with distinct start-vertices
whose set of start-vertices is precisely Y;. Moreover, we can ensure that each
ray in R is included in |JR4. Let Y5 be the set of end-vertices in X5 of those
paths in P that start in Y;. Applying Lemma 12 again, we obtain an infinite
set Zy C Y5 together with an infinite set RY of edge-disjoint rays included in
(UR2 with distinct start-vertices whose set of start-vertices is precisely Zs.

For each path P in P ending in Zs, there is a double ray in the union of
P and the two rays from R} and R) that P meets in its end-vertices. By
construction, all these infinitely many double rays are edge-disjoint. Each of
those double rays converges to both w; and ws, since each w; is the only end
in Ci~ O

Remark 14. Instead of subdividing edges we also could have worked in the line
graph of G. Indeed, there are infinitely many vertex-disjoint paths in the line
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graph from | JR1 to |JRs.

5 The ‘one ended’ case

We are now going to look at graphs G that contain a thin end w such that there
are arbitrarily many edge-disjoint double rays converging only to the end w. The
aim of this section is to prove the following lemma, and to deduce Theorem 1.

Lemma 15. Let G be a countable graph and let w be a thin end of G. Assume
there are arbitrarily many edge-disjoint double rays all of whose rays converge
to w. Then G has infinitely many edge-disjoint double rays.

We promise that the assumption of countability will not cause problems
later.

5.1 Reduction to the locally finite case

A key notion for this section is that of a 2-ray. A 2-ray is a pair of vertex-disjoint
rays. For example, from each double ray one obtains a 2-ray by removing a finite
path.

In order to deduce that G has infinitely many edge-disjoint double rays,
we will only need that G has arbitrarily many edge-disjoint 2-rays. In this
subsection, we illustrate one advantage of 2-rays, namely that we may reduce
to the case where G is locally finite.

Lemma 16. Let G be a countable graph with a thin end w. Assume there is a
countable infinite set R of rays all of which converge to w.

Then there is a locally finite subgraph H of G with a single end which is thin
such that the graph H includes a tail of any R € R.

Proof. Let (R; | i € N) be an enumeration of R. Let (v; | ¢ € N) be an enumer-
ation of the vertices of G. Let U; be the unique component of G ~\ {vy,...,v;}
including a tail of each ray in w.

For i € N, we pick a tail R} of R; in U;. Let Hy = |J;oy R;. Making use
of Hy, we shall construct the desired subgraph H. Before that, we shall collect
some properties of Hj.

As every vertex of G lies in only finitely many of the U;, the graph H; is
locally finite. Each ray in H; converges to w in G since Hj \ U; is finite for
every i € N. Let W be the set of ends of Hy. Since w is thin, ¥ has to be finite:
U = {wi,...,ws}. For each i <n, we pick a ray S; C Hy converging to w;.

Now we are in a position to construct H. For any ¢ > 1, the rays S; and S;
are joined by an infinite set P; of vertex-disjoint paths in G. We obtain H from
H; by adding all paths in the sets P;. Since H; is locally finite, H is locally
finite.

It remains to show that every ray R in H is equivalent to S;. If R contains
infinitely many edges from the P;, then there is a single P; which R meets
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infinitely, and thus R is equivalent to S;. Thus we may assume that a tail of R
is a ray in Hy. So it converges to some w; € ¥. Since S; and S; are equivalent,
R and S; are equivalent, which completes the proof. O

Corollary 17. Let G be a countable graph with a thin end w and arbitrarily
many edge-disjoint 2-rays of which all the constituent rays converge to w. Then
there is a locally finite subgraph H of G with a single end, which is thin, such
that H has arbitrarily many edge-disjoint 2-rays.

Proof. By Lemma 16 there is a locally finite graph H C G with a single end
such that a tail of each of the constituent rays of the arbitrarily many 2-rays is
included in H. O

5.2 Double rays versus 2-rays

A connected subgraph of a graph G including a vertex set S C V(G) is a
connector of S in G.

Lemma 18. Let G be a connected graph and S a finite set of vertices of G. Let
H be a set of edge-disjoint subgraphs H of G such that each connected component
of H meets S. Then there is a finite connector T of S, such that at most 2|S|—2
graphs from H contain edges of T.

Proof. By replacing H with the set of connected components of graphs in H, if
necessary, we may assume that each member of H is connected. We construct
graphs T; recursively for 0 < ¢ < |S| such that each T; is finite and has at most
|S| — @ components, at most 2i graphs from H contain edges of T;, and each
component of T; meets S. Let Ty = (S, () be the graph with vertex set S and
no edges. Assume that T; has been defined.

If T; is connected let T; 1 = T;. For a component C of T;, let C’ be the
graph obtained from C by adding all graphs from #H that meet C.

As G is connected, there is a path P (possibly trivial) in G joining two of
these subgraphs C7 and C} say. And by taking the length of P minimal, we
may assume that P does not contain any edge from any H € H. Then we can
extend P to a C1—C5 path @ by adding edges from at most two subgraphs from
‘H — one included in C] and the other in C. We obtain T;41 from T; by adding
Q.

T =T)|s|—1 has at most one component and thus is connected. And at most
2|S| — 2 many graphs from A contain edges of T. Thus T is as desired. O

Let d,d be 2-rays. d is a tail of d' if each ray of d is a tail of a ray of d’.
A set D' is a tailor of a set D of 2-rays if each element of D’ is a tail of some
element of D but no 2-ray in D includes more than one 2-ray in D’.

Lemma 19. Let G be a locally finite graph with a single end w, which is thin.
Assume that G contains an infinite set D = {dy,ds, ...} of edge-disjoint 2-rays.

80



Then G contains an infinite tailor D' of D and a sequence ((Ai, B;))ien
capturing w (see Definition 2) such that there is a family of vertex-disjoint con-
nectors T; of A; N B; contained in A;+1 N B;, each of which is edge-disjoint from
each member of D’.

Proof. Let k be the vertex-degree of w. By Lemma 3 there is a sequence
((AL, B)))ien capturing w. By replacing each 2-ray in D with a tail of itself
if necessary, we may assume that for all (r,s) € D and i € N either both r and
s meet A} or none meets A}. By Lemma 18 there is a finite connector T of
A} N B] in the connected graph B] which meets in an edge at most 2k — 2 of the
2-rays of D that have a vertex in AJ.

Thus, there are at most 2k — 2 2-rays in D that meet all but finitely many
of the T in an edge. By throwing away these finitely many 2-rays in D we
may assume that each 2-ray in D is edge-disjoint from infinitely many of the
T!. So we can recursively build a sequence Ny, No, ... of infinite sets of natural
numbers such that N; O N;yq, the first ¢ elements of N; are all contained in
Nit1, and d; only meets finitely many of the 77 with j € N; in an edge. Then
N = (V;ey Ni is infinite and has the property that each d; only meets finitely
many of the 7] with j € N in an edge. Thus there is an infinite tailor D’ of D
such that no 2-ray from D" meets any T} for j € N in an edge.

We recursively define a sequence ni,ns,... of natural numbers by taking
n; € N sufficiently large that B;, does not meet T;Lj for any j < i . Taking
(As, By) = (A, B,,,) and T; = T, gives the desired sequences. O

Lemma 20. If a locally finite graph G with a single end w which is thin con-
tains infinitely many edge-disjoint 2-rays, then G contains infinitely many edge-
disjoint double rays.

Proof. Applying Lemma 19 we get an infinite set D of edge-disjoint 2-rays, a
sequence ((A;, B;))ien capturing w, and connectors T; of A; N B; for each i € N
such that the T; are vertex-disjoint from each other and edge-disjoint from all
members of D.

We shall construct the desired set of infinitely many edge-disjoint double
rays as a nested union of sets D;. We construct the D; recursively. Assume
that a set D; of i edge-disjoint double rays has been defined such that each of
its members is included in the union of a single 2-ray from D and one connector
T;. Let diy1 € D be a 2-ray distinct from the finitely many 2-rays used so far.
Let C;4+1 be one of the infinitely many connectors that is different from all the
finitely many connectors used so far and that meets both rays of d; 1. Clearly,
d;+1 U Ci4q includes a double ray R;yq1. Let D;y; = D; U{R;y1}. The union
Uien Di is an infinite set of edge-disjoint double rays as desired. O

5.3 Shapes and allowed shapes

Let G be a graph and (A, B) a separation of G. A shape for (A, B) is a word
VIT1V2Tg . . . Tp—1Uy With v; € AN B and z; € {I,r} such that no vertex appears
twice. We call the v; the vertices of the shape. Every ray R induces a shape
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o = og(A, B) on every separation (A, B) of finite order in the following way:
Let <g be the natural order on V(R) induced by the ray, where v <p w if
w lies in the unique infinite component of R — v. The vertices of o are those
vertices of R that lie in AN B and they appear in ¢ in the order given by <g.
For v;, v;11 the path v; Rv;;1 has edges only in A or only in B but not in both.
In the first case we put [ between v; and v;11 and in the second case we put r
between v; and v;41.

Let (A1, By), (A2, Bs) be separations with A; N By = () and thus also A; C
As and By C By. Let o; be a nonempty shape for (A;, B;). The word 7 =
V1T1V2 ... Tn_1Vy 1S an allowed shape linking o1 to oo with wvertices vy ... v, if
the following holds.

e v is a vertex of 7 if and only if it is a vertex of o or o9,

e if v appears before w in o0;, then v appears before w in 7,

e o1 is the initial vertex of oy and v,, is the terminal vertex of oo,
o x; € {l,m,r},

e the subword vlw appears in 7 if and only if it appears in o1,

e the subword vrw appears in 7 if and only if it appears in o9,
o v; #v; for i # 7.

Each ray R defines a word 7 = 7r[(41, B1), (A2, B2)] = v121v2 ... Tp_1Up
with vertices v; and z; € {l,m,r} as follows. The vertices of 7 are those vertices
of R that lie in A3 N B; or A3 N By and they appear in 7 in the order given by
<pg. For v;,v;41 the path v; Rv;; 1 has edges either only in Ay, only in A N By,
or only in By. In the first case we set z; = [ and 7 contains the subword v;lv;11.
In the second case we set z; = m and 7 contains the subword v;mv;4+;. In the
third case we set x; = r and 7 contains the subword v;rv;41.

For a ray R to induce an allowed shape 7r[(A41, B1), (A2, B2)] we need at
least that R starts in A;. However, each ray in w has a tail such that whenever
it meets an A; it also starts in that A;. Let us call such rays lefty. A 2-ray is
lefty if both its rays are.

Remark 21. Let (A1, B1), and (As, Ba) be two separations of finite order
with A1 C As, and By C By. For every lefty ray R meeting Ay, the word
Tr[(A1, B1), (A2, Ba)] is an allowed shape linking or(A1, B1) and or(As, Ba).

O

From now on let us fix a locally finite graph G with a thin end w of vertex-
degree k. And let ((A;, B;))ien be a sequence capturing w such that each mem-
ber has order k.

A 2-shape for a separation (A, B) is a pair of shapes for (A4, B). Every 2-
ray induces a 2-shape coordinatewise in the obvious way. Similarly, an allowed
2-shape is a pair of allowed shapes.
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Clearly, there is a global constant ¢; € N depending only on k such that
there are at most ¢; distinct 2-shapes for each separation (A;, B;). Similarly,
there is a global constant ¢o € N depending only on k such that for all 7,j € N
there are at most ¢ distinct allowed 2-shapes linking a 2-shape for (A4;, B;) with
a 2-shape for (4;, B;).

For most of the remainder of this subsection we assume that for every i € N
there is a set D; consisting of at least c¢1 - ¢3 - ¢ edge-disjoint 2-rays in G. Our
aim will be to show that in these circumstances there must be infinitely many
edge-disjoint 2-rays.

By taking a tailor if necessary, we may assume that every 2-ray in each D;
is lefty.

Lemma 22. There is an infinite set J C N and, for each i € N, a tailor D, of
D; of cardinality cs - i such that for alli € N and j € J all 2-rays in D, induce
the same 2-shape oli, j| on (A;, Bj).

Proof. We recursively build infinite sets J; C N and tailors D} of D; such that
for all K < i and j € J; all 2-rays in Dj, induce the same 2-shape on (A;, B;).
For all + > 1, we shall ensure that J; is an infinite subset of J;_; and that the
i — 1 smallest members of .J; and .J;_; are the same. We shall take J to be the
intersection of all the J;.

Let Jo = N and let D{ be the empty set. Now, for some ¢ > 1, assume that
sets Ji and D) have been defined for all £ < i¢. By replacing 2-rays in D, by
their tails, if necessary, we may assume that each 2-ray in D; avoids Ay, where
¢ is the (i — 1)st smallest value of J;_1. As D; contains ¢ - ¢o - ¢ many 2-rays,
for each j € J;_; there is a set S; C D; of size at least cy - ¢ such that each
2-ray in S; induces the same 2-shape on (A4;, B;). As there are only finitely
many possible choices for S;, there is an infinite subset J; of J;_; on which S;
is constant. For D) we pick this value of S;. Since each d € D) induces the
empty 2-shape on each (A, By) with k < £ we may assume that the first i — 1
elements of J;_1 are also included in J;.

It is immediate that the set J = (1),cy Ji and the D] have the desired prop-
erty. O

Lemma 23. There are two strictly increasing sequences (n;)ien and (j;)ien
with n; € N and j; € J for all i € N such that o[n;, j;| = o[nit1,ji] and ong, j;]
is not empty.

Proof. Let H be the graph on N with an edge vw € E(H) if and only if there
are infinitely many elements j € J such that ofv, j] = o[w, j].

As there are at most ¢; distinct 2-shapes for any separator (A;, B;), there
is no independent set of size ¢; + 1 in H and thus no infinite one. Thus, by
Ramsey’s theorem, there is an infinite clique in H. We may assume without
loss of generality that H itself is a clique by moving to a subsequence of the D)
if necessary. With this assumption we simply pick n; = 1.

Now we pick the j; recursively. Assume that j; has been chosen. As ¢ and
i+ 1 are adjacent in H, there are infinitely many indicies ¢ € N such that
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oli,£] = oli + 1,¢]. In particular, there is such an ¢ > j; such that o[i + 1,] is
not empty. We pick j;11 to be one of those /.

Clearly, (j;)ien is an increasing sequence and oli, j;] = o[i + 1, j;] as well as
oli, j;] is non-empty for all ¢ € N, which completes the proof. O

By moving to a subsequence of (D) and ((A;, B;)), if necessary, we may
assume by Lemma 22 and Lemma 23 that for all 4,5 € N all d € D/ induce the
same 2-shape o[i, j] on (A, B;), and that o[i,i] = o[i + 1,4, and that o[i, ] is
non-empty.

Lemma 24. For alli € N there is D} C D} such that |D}| =1, and all d € D}
induce the same allowed 2-shape 7[i] that links oli,i] and oli,i+ 1].

Proof. Note that it is in this proof that we need all the 2-rays in D} to be lefty
as they need to induce an allowed 2-shape that links o[, ] and o[¢, i+ 1] as soon
as they contain a vertex from A;. As |Dj| > i-cy and as there are at most co
many distinct allowed 2-shapes that link o[i,¢] and o[i,i + 1] there is D} C D]
with |D}| = i such that all d € D/ induce the same allowed 2-shape. O

We enumerate the elements of D’ as follows: d{, dg, e d; Let (SZ, tZ) be a
representation of d{ Let Sf = sZ NAj11NBj, and let S; = szi Sf Similarly,
let T/ =t/ N Aj41 N B;, and let T = U, 7.

Clearly, S; and 7; are vertex-disjoint and any two graphs in (J;c{S;, 7i} are
edge-disjoint. We shall find a ray R; in each of the S; and a ray R} in each of
the 7;. The infinitely many pairs (R;, R}) will then be edge-disjoint 2-rays, as
desired.

Lemma 25. Fach vertex v of S; has degree at most 2. If v has degree 1 it is
contained in A; N B;.

Proof. Clearly, each vertex v of S; that does not lie in any separator A; N B;
has degree 2, as it is contained in precisely one Sg , and all the leaves of Sf lie
in A;NBj and Aj11 N Bjtq as dg is lefty. Indeed, in Sf it is an inner vertex of
a path and thus has degree 2 in there. If v lies in A; N B; it has degree at most
2, as it is only a vertex of Sg for one value of j, namely j = i.

Hence, we may assume that v € A;NB; for some j > . Thus, olj, j] contains
v and [ : o[j, 7] : r contains precisely one of the four following subwords:

vl lvr, rvl, ror

(Here we use the notation p : ¢ to denote the concatenation of the word p with
the word ¢.) In the first case 7[j — 1] contains mvm as a subword and 7[j] has
no m adjacent to v. Then Sf ~! contains precisely 2 edges adjacent to v and Sg
has no such edge. The fourth case is the first one with [ and r and j and j — 1
interchanged.

In the second and third cases, each of 7[j — 1] and 7[j] has precisely one m
adjacent to v. So both Sg ! and Sf contain precisely 1 edge adjacent to v.

As v appears only as a vertex of S¢ for £ = j or £ = j — 1, the degree of v in
Si is 2. O
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Lemma 26. There are an odd number of vertices in S; of degree 1.

Proof. By Lemma 25 we have that each vertex of degree 1 lies in A; N B;. Let v
be a vertex in A; N B;. Then, oli, ] contains v and [ : ¢[¢,] : r contains precisely
one of the four following subwords:

lvl, lvr, rvl, ror

In the first and fourth case v has even degree. It has degree 1 otherwise. As
l: oli,d] : r starts with [ and ends with r, the word lvr appear precisely once
more than the word rvl. Indeed, between two occurrences of lvr there must
be one of rvl and vice versa. Thus, there are an odd number of vertices with
degree 1 in §;. O

Lemma 27. S; includes a ray.

Proof. By Lemma 25 every vertex of S; has degree at most 2 and thus every
component of §; has at most two vertices of degree 1. By Lemma 26 S; has a
component C that contains an odd number of vertices with degree 1. Thus C
has precisely one vertex of degree 1 and all its other vertices have degree 2, thus
C is a ray. O

Corollary 28. G contains infinitely many edge-disjoint 2-rays.

Proof. By symmetry, Lemma 27 is also true with 7; in place of S;. Thus S; U7T;
includes a 2-ray X;. The X; are edge-disjoint by construction. O

Recall that Lemma 15 states that a countable graph with a thin end w and
arbitrarily many edge-disjoint double rays all whose subrays converge to w, also
has infinitely many edge-disjoint double rays. We are now in a position to prove
this lemma.

Proof of Lemma 15. By Lemma 20 it suffices to show that G contains a sub-
graph H with a single end which is thin such that H has infinitely many edge-
disjoint 2-rays. By Corollary 17, G has a subgraph H with a single end which
is thin such that H has arbitrarily many edge-disjoint 2-rays. But then by the
argument above H contains infinitely many edge-disjoint 2-rays, as required. [

With these tools at hand, the remaining proof of Theorem 1 is easy. Let us
collect the results proved so far to show that each graph with arbitrarily many
edge-disjoint double rays also has infinitely many edge-disjoint double rays.

Proof of Theorem 1. Let G be a graph that has a set D; of ¢ edge-disjoint double
rays for each ¢ € N. Clearly, G has infinitely many edge-disjoint double rays if
its subgraph (J,; .y D; does, and thus we may assume without loss of generality
that G = U,y Di- In particular, G is countable.

By Corollary 10 we may assume that each connected component of G in-
cludes only finitely many ends. As each component includes a double ray we
may assume that G has only finitely many components. Thus, there is one
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component containing arbitrarily many edge-disjoint double rays, and thus we
may assume that G is connected.

By Corollary 8 we may assume that all ends of G are thin. Thus, as men-
tioned at the start of Section 4, there is a pair of ends (w,w’) of G (not neces-
sarily distinct) such that G contains arbitrarily many edge-disjoint double rays
each of which converges precisely to w and w’. This completes the proof as,
by Lemma 13 G has infinitely many edge-disjoint double rays if w and w’ are
distinct and by Lemma 15 G has infinitely many edge-disjoint double rays if
w=uw. O

6 Outlook and open problems

We will say that a graph H is edge-ubiquitous if every graph having arbitrarily
many edge-disjoint H also has infinitely many edge-disjoint H.

Thus Theorem 1 can be stated as follows: the double ray is edge-ubiquitous.
Andreae’s Theorem implies that the ray is edge-ubiquitous. And clearly, every
finite graph is edge-ubiquitous.

We could ask which other graphs are edge-ubiquitous. It follows from our
result that the 2-ray is edge-ubiquitous. Let G be a graph in which there are
arbitrarily many edge-disjoint 2-rays. Let v * G be the graph obtained from G
by adding a vertex v adjacent to all vertices of G. Then v % G has arbitrarily
many edge-disjoint double rays, and thus infinitely many edge-disjoint double
rays. Each of these double rays uses v at most once and thus includes a 2-ray
of G.

The vertex-disjoint union of k rays is called a k-ray. The k-ray is edge-
ubiquitous. This can be proved with an argument similar to that for Theorem 1:
Let G be a graph with arbitrarily many edge-disjoint k-rays. The same argument
as in Corollaries 10 and 8 shows that we may assume that G has only finitely
many ends, each of which is thin. By removing a finite set of vertices if necessary
we may assume that each component of G has at most one end, which is thin.
Now we can find numbers k¢ indexed by the components C of G and summing
to k such that each component C' has arbitrarily many edge-disjoint kc-rays.
Hence, we may assume that G has only a single end, which is thin. By Lemma 16
we may assume that G is locally finite.

In this case, we use an argument as in Subsection 5.3. It is necessary to use
k-shapes instead of 2-shapes but other than that we can use the same combina-
torial principle. If Cy and Cy are finite sets, a (C1, C3)-shaping is a pair (c1, ¢2)
where ¢; is a partial colouring of N with colours from C; which is defined at all
but finitely many numbers and ¢ is a colouring of N with colours from Cs
(in our argument above, C; would be the set of all k-shapes and Cy would be
the set of all allowed k-shapes for all pairs of k-shapes).

Lemma 29. Let Dy, Ds, ... be a sequence of sets of (C1, Ca)-shapings where D;
has size i. Then there are strictly increasing sequences i1,i,... and ji,j2, .- -
and subsets S, C D, with |S,| > n such that

i’!‘L
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o for any n € N all the values of ¢1(jy) for the shapings (c1,c2) € Sp—1US,
are equal (in particular, they are all defined).

e for anyn € N, all the values of ca(jn, jnt+1) for the shapings (c1,c2) € Sy
are equal.

Lemma 29 can be proved by the same method with which we constructed
the sets D} from the sets D;. The advantage of Lemma 29 is that it can not
only be applied to 2-rays but also to more complicated graphs like k-rays.

A talon is a tree with a single vertex of degree 3 where all the other vertices
have degree 2. An argument as in Subsection 5.2 can be used to deduce that
talons are edge-ubiquitous from the fact that 3-rays are. However, we do not
know whether the graph in Figure 2 is edge-ubiquitous.

Figure 2: A graph obtained from 2 disjoint double rays, joined by a single edge.
Is this graph edge-ubiquitous?

We finish with the following open problem.

Problem 30. Is the directed analogue of Theorem 1 true? More precisely: Is
it true that if a directed graph has arbitrarily many edge-disjoint directed double
rays, then it has infinitely many edge-disjoint directed double rays?

It should be noted that if true the directed analogue would be a common
generalization of Theorem 1 and the fact that double rays are ubiquitous with
respect to the subgraph relation.
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Abstract

We show that all sufficiently large (2k + 3)-connected graphs of
bounded tree-width are k-linked. Thomassen has conjectured that all
sufficiently large (2k 4 2)-connected graphs are k-linked.

1 Introduction

Given an integer k > 1, a graph G is k-linked if for any choice of 2k distinct
vertices S1,...,Sg and t1,...,t; of G there are disjoint paths P,..., Py in
G such that the end vertices of P; are s; and t; for i = 1,...,k. Menger’s
theorem implies that every k-linked graph is k-connected.

One can conversely ask how much connectivity (as a function of k) is
required to conclude that a graph is k-linked. Larman and Mani [12| and
Jung [8] gave the first proofs that a sufficiently highly connected graph is also
k-linked. The bound was steadily improved until Bollobds and Thomason
[3] gave the first linear bound on the necessary connectivity, showing that
every 22k-connected graph is k-linked. The current best bound shows that
10k-connected graphs are also k-linked [18].

What is the best possible function f(k) one could hope for which implies
an f(k)-connected graph must also be k-linked? Thomassen [20] conjectured
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that (2k+2)-connected graphs are k-linked. However, this was quickly proven
to not be the case by Jgrgensen with the following example [21]. Consider
the graph obtained from K3;_1 obtained by deleting the edges of a matching
of size k. This graph is (3k — 3)-connected but is not k-linked. Thus, the best
possible function f(k) one could hope for to imply k-linked would be 3k — 2.
However, all known examples of graphs which are roughly 3k-connected but
not k-linked are similarly of bounded size, and it is possible that Thomassen’s
conjectured bound is correct if one assumes that the graph has sufficiently
many vertices.

In this paper, we show Thomassen’s conjectured bound is almost correct
with the additional assumption that the graph is large and has bounded
tree-width. This is the main result of this article.

Theorem 1.1. For all integers k and w there exists an integer N such that
a graph G is k-linked if

k(G) > 2k + 3, tw(G) <w, and |G|> N.
where k is the connectivity of the graph and tw is the tree-width.

The tree-width of the graph is a parameter commonly arising in the theory
of graph minors; we will delay giving the definition until Section 2 where we
give a more in depth discussion of how tree-width arises naturally in tackling
the problem. The value 2k + 2 would be best possible; see Section 8 for
examples of arbitrarily large graphs which are (2k + 1)-connected but not
k-linked.

Our work builds on the theory of graph minors in large, highly connected
graphs begun by Bohme, Kawarabayashi, Maharry and Mohar [1]. Recall that
a graph G contains K; as a minor if K; can be obtained from a subgraph
of G by repeatedly contracting edges. Bohme et al. showed that there exists
an absolute constant ¢ such that every sufficiently large ct-connected graph
contains K; as a minor. This statement is not true without the assumption
that the graph be sufficiently large, as there are examples of small graphs
which are (t/log t)-connected but still have no K; minor [11, 19]. In the case
where we restrict our attention to small values of ¢, one is able to get an
explicit characterisation of the large t-connected graphs which do not contain
K; as a minor.

Theorem 1.2 (Kawarabayashi et al. [10]). There exists a constant N such
that every 6-connected graph G on N wvertices either contains Kg as a minor
or there exists a vertex v € V(G) such that G — v is planar.
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Jorgensen [7] conjectures that Theorem 1.2 holds for all graphs without
the additional restriction to graphs on a large number of vertices. In 2010,
Norine and Thomas [17] announced that Theorem 1.2 could be generalised
to arbitrary values of ¢ to either find a K; minor in a sufficiently large t-
connected graph or alternatively, find a small set of vertices whose deletion
leaves the graph planar. They have indicated that their methodology could
be used to show a similar bound of 2k + 3 on the connectivity which ensures
a large graph is k-linked.

2  Outline

In this section, we motivate our choice to restrict our attention to graphs of
bounded tree-width and give an outline of the proof of Theorem 1.1.

We first introduce the basic definitions of tree-width. A tree-decompos-
ition of a graph G is a pair (T, X)) where T' is a tree and X = {X; C V(G) :
t € V(T)} is a collection of subsets of V(G) indexed by the vertices of T.
Moreover, X’ satisfies the following properties.

L. UteV(T) Xy =V(G),

2. for all e € E(G), there exists t € V(1) such that both ends of e are
contained in Xy, and

3. for all v € V(G), the subset {t € V(T') : v € X;} induces a connected
subtree of 7.

The sets in X are sometimes called the bags of the decomposition. The
width of the decomposition is maxycy (7 [X¢| — 1, and the tree-width of G is
the minimum width of a tree-decomposition.

Robertson and Seymour showed that if a 2k-connected graph contains
Ksj, as a minor, then it is k-linked [15]. Thus, when one considers (2k + 3)-
connected graphs which are not k-linked, one can further restrict attention
to graphs which exclude a fixed clique minor. This allows one to apply
the excluded minor structure theorem of Robertson and Seymour [16]. The
structure theorem can be further strengthened if one assumes the graph has
large tree-width [5]. This motivates one to analyse separately the case when
the tree-width is large or bounded. The proofs of the main results in [1] and
[10] similarly split the analysis into cases based on either large or bounded
tree-width.

We continue with an outline of how the proof of Theorem 1.1 proceeds.
Assume Theorem 1.1 is false, and let G be a (2k + 3)-connected graph which
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is not k-linked. Fix a set {si,..., sk, t1,...,t;} such that there do not exist
disjoint paths Pj,..., Pr where the ends of P; are s; and t; for all 7. Fix a
tree-decomposition (7, X') of G of minimal width w.

We first exclude the possibility that T" has a high degree vertex. Assume
t is a vertex of T of large degree. By Property 3 in the definition of a
tree-decomposition, if we delete the set X; of vertices from G, the resulting
graph must have at least degy(¢) distinct connected components. By the
connectivity of G, each component contains 2k + 3 internally disjoint paths
from a vertex v to 2k+3 distinct vertices in X;. If the degree of ¢ is sufficiently
large, we conclude that the graph G contains a subdivision of K, sx43 for
some large value a. We now prove that that if a graph contains such a large
complete bipartite subdivision and is 2k-connected, then it must be k-linked
(Lemma 7.1).

We conclude that the tree T" does not have a high degree vertex, and
consequently contains a long path. It follows that the graph G has a long
path decomposition, that is, a tree-decomposition where the tree is a path.
As the bags of the decomposition are linearly ordered by their position on
the path, we simply give the path decomposition as a linearly ordered set
of bags (By,...,B;) for some large value ¢. At this point in the argument,
the path-decomposition (By, ..., B;) may not have bounded width, but it
will have the property that |B; N B;| is bounded, and this will suffice for
the argument to proceed. Section 3 examines this path decomposition in
detail and presents a series of refinements allowing us to assume the path
decomposition satisfies a set of desirable properties. For example, we are able
to assume that |B; N B;y1| is the same for all ¢, 1 <1 < ¢t. Moreover, there
exist a set P of | By N By| disjoint paths starting in B; and ending in B;. We
call these paths the foundational linkage and they play an important role in
the proof. A further property of the path decomposition which we prove in
Section 3 is that for each ¢, 1 < i < ¢, if there is a bridge connecting two
foundational paths in P in B;, then for all j, 1 < j < t, there exists a bridge
connecting the same foundational paths in Bj;. This allows us to define an
auxiliary graph H with vertex set P and two vertices of P adjacent in H if
there exists a bridge connecting them in some B; 1 <1 < t.

Return to the linkage problem at hand; we have 2k terminals sy, ..., sk
and t1,...,t; which we would like to link appropriately, and By, ..., B; is
our path decomposition with the foundational linkage running through it.
Let the set B; N B; 11 be labeled S;. As our path decomposition developed in
the previous paragraph is very long, we can assume there exists some long
subsection B;, B;11, ..., Bjtq such that no vertex of s1,...,8k,t1,...,t is
contained in |JT* B; — (S;_1 U Si44) for some large value a. By Menger’s

) (3
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theorem, there exist 2k paths linking sq, ..., sk, t1,. .., tx to the set S;_1US; 4.
We attempt to link the terminals by continuing these paths into the subgraph
induced by the vertex set B; U --- U Bjy4. More specifically, we extend the
paths along the foundational paths and attempt to link up the terminals
with the bridges joining the various foundational paths in each of the B;. By
construction, the connections between foundational paths are the same in B;
for all j, 1 < j < t; thus we translate the problem into a token game played
on the auxiliary graph H. There each terminal has a corresponding token,
and the desired linkage in G will exist if it is possible to slide the tokens
around H in such a way to match up the tokens of the corresponding pairs of
terminals. The token game is rigorously defined in Section 4, and we present
a characterisation of what properties on H will allow us to find the desired
linkage in G.

The final step in the proof of Theorem 1.1 is to derive a contradiction
when H doesn’t have sufficient complexity to allow us to win the token game.
In order to do so, we use the high degree in G and a theorem of Robertson and
Seymour on crossing paths. We give a series of technical results in preparation
in Section 5 and Section 6 and present the proof of Theorem 1.1 in Section 7.

3 Stable Decompositions

In this section we present a result which, roughly speaking, ensures that
a highly connected, sufficiently large graph of bounded tree-width either
contains a subdivision of a large complete bipartite graph or has a long path
decomposition whose bags all have similar structure.

Such a theorem was first established by Béhme, Maharry, and Mohar
in [2] and extended by Kawarabayashi, Norine, Thomas, and Wollan in [9],
both using techniques from [13]. We shall prove a further extension based on
the result by Kawarabayashi et al. from [9] so our terminology and methods
will be close to theirs.

For all basic definitions and notation we refer to Diestel’s textbook [4].
We begin this section with a general Lemma about nested separations. Let G
be a graph. A separation of G is an ordered pair (A, B) of sets A, B C V(G)
such that G[A]UG[B] = G. If (A, B) is a separation of G, then AN B is called
its separator and |A N B] its order. Two separations (4, B) and (A’, B") of G
are called nested if either A C A’ and B D B’ or A D A’ and B C B’. In the
former case we write (A4, B) < (4’, B’) and in the latter (4, B) > (4', B).
This defines a partial order < on all separations of G. A set S of separations
is called nested if the separations of S are pairwise nested, that is, < is a
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linear order on §. To avoid confusion about the order of the separations in
S we do not use the usual terms like smaller, larger, maximal, and minimal
when talking about this linear order but instead use left, right, rightmost,
and leftmost, respectively (we still use successor and predecessor though). To
distinguish < from < we say ‘left’ for the former and ‘strictly left’ for the
latter (same for > and right).

If (A, B) and (A4’, B’) are both separations of G, then so are (ANA’, BUB’)
and (AU A, BN B’) and a simple calculation shows that the orders of
(ANA’", BUB’) and (AUA’, BN B’) sum up to the same number as the orders
of (4, B) and (A’, B'). Clearly each of (AN A, BUB') and (AUA’, BN B’)
is nested with both, (A, B) and (A4’, B').

For two sets X, Y C V(G) we say that a separation (A, B) of G is an X -Y
separation if X C Aand Y C B. If (A, B) and (A’, B') are XY separations
in G, then so are (ANA’, BUB') and (AUA’, BN B’). Furthermore, if (A, B)
and (A’, B’) are X-Y separations of G of minimum order, say m, then so
are (ANA',BUB’) and (AU A’, BN B’) as none of the latter two can have
order less than m but their orders sum up to 2m.

Lemma 3.1. Let G be a graph and X,Y,Z C V(Q). If for every z € Z there
is an X-Y separation of G of minimal order with z in its separator, then
there is a nested set S of XY separations of minimal order such that their
separators cover Z.

Proof. Let S be a maximal nested set of X-Y separations of minimal order
in G (as S is finite the existence of a leftmost and a rightmost element in
any subset of S is trivial). Suppose for a contradiction that some z € Z is
not contained in any separator of the separations of S.

Set Sp:={(A,B) € S| z € B} and Sg:={(A4,B) € § | z € A}. Clearly
S, USg = 8§ and S; N Sg = 0. Moreover, if S, and Sg are both non-
empty, then the rightmost element (Ar, Br) of St is the predecessor of the
leftmost element (Ag, Br) of Sg in S. Loosely speaking, Sy, and Sg contain
the separations of & “on the left” and “on the right” of z, respectively, and
(Ar,Br) and (Ag, Br) are the separations of Sy, and Sg whose separators
are ‘“closest” to z.

By assumption there is an X—Y separation (A, B) of minimal order in G
with z € AN B. Set

(A,, B/) :(A UAp, BN BL) and (A”, B”) ::(A/ N Ag, B'uU BR)

(but (A", B"):=(A,B) if S = 0 and (A", B"):=(A",B’) if Sp = 0). As
(AL, Br), (A, B), and (Ag, Bg) are all X—Y separations of minimal order in

94



G so must be (A’, B') and (A”, B"”). Moreover, we have z € A” N B” and
thus (A”,B") ¢ S.

By construction we have (Ar, Br) < (A’, B’) and (A", B"”) < (Ag, Bg).
To verify that (Ar, Br) < (A", B"”) we need to show A, C A’ N Ag and
By, O B’ U Bp. All required inclusions follow from (Ar, Br) < (A’, B) and
(AL, Br) < (Ar, Br). So by transitivity (A”, B”) is right of all elements of
Sy, and left of all elements of Sg, in particular, it is nested with all elements
of §, contradicting the maximality of the latter. O

We assume that every path comes with a fixed linear order of its vertices.
If a path arises as an X—Y path, then we assume it is ordered from X to Y
and if a path () arises as a subpath of some path P, then we assume that Q)
is ordered in the same direction as P unless explicitly stated otherwise.

Given a vertex v on a path P we write Pv for the initial subpath of P
with last vertex v and v P for the final subpath of P with first vertex v. If v
and w are both vertices of P, then by vPw or wPv we mean the subpath of P
that ends in v and w and is ordered from v to w or from w to v, respectively.
By P! we denote the path P with inverse order.

Let P be a set of disjoint paths in some graph G. We do not distinguish
between P and the graph | JP formed by uniting these paths; both will be
denoted by P. By a path of P we always mean an element of P, not an
arbitrary path in |J7P.

Let G be a graph. For a subgraph S C GG an S-bridge in G is a connected
subgraph B C G such that B is edge-disjoint from S and either B is a single
edge with both ends in S or there is a component C' of G — S such that B
consists of all edges that have at least one end in C'. We call a bridge trivial
in the former case and non-trivial in the latter. The vertices in V/(B) NV (S)
and V(B) \ V(S) are called the attachments and the inner vertices of B,
respectively. Clearly an S-bridge has an inner vertex if and only if it is non-
trivial. We say that an S-bridge B attaches to a subgraph S’ C S if B has
an attachment in S’. Note that S-bridges are pairwise edge-disjoint and each
common vertex of two S-bridges must be an attachment of both.

A branch vertezx of S is a vertex of degree # 2 in S and a segment of S is a
maximal path in S such that its ends are branch vertices of S but none of its
inner vertices are. An S-bridge B in G is called unstable if some segment of S
contains all attachments of B, and stable otherwise. If an unstable S-bridge
B has at least two attachments on a segment P of S, then we call P a host
of B and say that B is hosted by P. For a subgraph H C G we say that
two segments of S are S-bridge adjacent or just bridge adjacent in H if H
contains an S-bridge that attaches to both.
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If a graph is the union of its segments and no two of its segments have the
same end vertices, then it is called unambiguous and ambiguous otherwise.
It is easy to see that a graph S is unambiguous if and only if all its cycles
contain a least three branch vertices. In our application S will always be a
union of disjoint paths so its segments are precisely these paths and S is
trivially unambiguous.

Let S C G be unambiguous. We say that S’ C G is a rerouting of S
if there is a bijection ¢ from the segments of S to the segments of S’ such
that every segment P of S has the same end vertices as ¢(P) (and thus ¢ is
unique by the unambiguity). If S” contains no edge of a stable S-bridge, then
we call S” a proper rerouting of S. Clearly any rerouting of the unambiguous
graph S has the same branch vertices as S and hence is again unambiguous.

The following Lemma states two observations about proper reroutings.
The proofs are both easy and hence we omit them.

Lemma 3.2. Let S’ be a proper rerouting of an unambiguous graph S C G
and let ¢ be as in the definition. Both of the following statements hold.

(i) Every hosted S-bridge has a unique host. For each segment P of S the
segment p(P) of S’ is contained in the union of P and all S-bridges
hosted by P.

(ii) For every stable S-bridge B there is a stable S'-bridge B' with B C B'.
Moreover, if B attaches to a segment P of S, then B’ attaches to ¢(P).

Note that Lemma 3.2 (ii) implies that no unstable S’-bridge contains an
edge of a stable S-bridge. Together with (i) this means that being a proper
rerouting of an unambiguous graph is a transitive relation.

The next Lemma is attributed to Tutte; we refer to |9, Lemma 2.2] for a
proof?.

Lemma 3.3. Let G be a graph and S C G unambiguous. There exists a
proper rerouting S” of S in G such that if B' is an S’-bridge hosted by some
segment P’ of S', then B’ is non-trivial and there are vertices v,w € V(P')
such that the component of G — {v,w} that contains B — {v,w} is disjoint
from S" — vP'w.

! To check that Lemma 2.2 in [9] implies our Lemma 3.3 note that if S’ is obtained
from S by “a sequence of proper reroutings” as defined in [9], then by transitivity S’ is a
proper rerouting of S according to our definition. And although not explicitly included in
the statement, the given proof shows that no trivial S’-bridge can be unstable.
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This implies that the segments of S” are induced paths in G as trivial
S’-bridges cannot be unstable and no two segments of S’ have the same end
vertices.

Let G be a graph. A set of disjoint paths in G is called a linkage. If
X,Y CV(G) with k:=|X| = |Y], then a set of k disjoint X-Y paths in G
is called an X-Y linkage or a linkage from X to Y. Let W = (Wy,..., W)
be an ordered tuple of subsets of V(G). Then [ is the length of W, the sets
W; with 0 < ¢ <[ are its bags, and the sets W;_; N W; with 1 < ¢ <[ are its
adhesion sets. We refer to the bags W; with 1 <1 <[—1 as inner bags. When
we say that a bag W of W contains some graph H, we mean H C G[W].
Given an inner bag W; of W, the sets W;_1 N W; and W; N W;,1 are called
the left and right adhesion set of W;, respectively. Whenever we introduce
a tuple W as above without explicitly naming its elements, we shall denote
them by Wy, ..., W; where [ is the length of W. For indices 0 < j < k <[
we use the shortcut W, = Uf:j W.

The tuple W with the following five properties is called a slim decompo-
sition of G.

L1) UW = V(G) and every edge of G is contained in some bag of W.

L2) f0<i<j<k<I then W;NnW;, CW;.

L4

(L1)
(L2)
(L3) All adhesion sets of WV have the same size.
(L4) No bag of W contains another.

(L5)

L5) G contains a (Wy N W1 )—(W;_1 N W) linkage.

The unique size of the adhesion sets of a slim decomposition is called its
adhesion. A linkage P as in (L5) together with an enumeration Py, ..., P, of
its paths is called a foundational linkage for W and its members are called
foundational paths. Each path P, contains a unique vertex of every adhesion
set of W and we call this vertex the a-verter of that adhesion set. For an
inner bag W of W the a-vertex in the left and right adhesion set of W are
called the left and right a-vertex of W, respectively. Note that P is allowed
to contain trivial paths so ()W may be non-empty.

The enumeration of a foundational linkage P for W is a formal tool to
compare arbitrary linkages between adhesion sets of W to P by their ‘induced
permutation’ as detailed below. When considering another foundational link-
age @ = {Q1,...,Qq} for W we shall thus always assume that it induces the
same enumeration as P on Wy N Wi, in other words, @, and P, start on the
same vertex.
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Suppose that W is a slim decomposition of some graph G with founda-
tional linkage P. Then any P-bridge B in G is contained in a bag of W, and
this bag is unique unless B is trivial and contained in one or more adhesion
sets.

We say that a linkage Q in a graph H is p-attached if each path of Q is
induced in H and if some non-trivial Q-bridge B attaches to a non-trivial
path P of Q, then either B attaches to another non-trivial path of Q or there
are at least p— 2 trivial paths @ of Q such that H contains a Q-bridge (which
may be different from B) attaching to P and Q.

We call a pair (W, P) of a slim decomposition W of G and a foundational
linkage P for W a regular decomposition of attachedness p of G if there is an
integer p such that the axioms (L6), (L7), and (L8) hold.

(L6) P[W] is p-attached in G[W] for all inner bags W of W.
(L7) A path P € P is trivial if P[W] is trivial for some inner bag W of W.

(L8) For every P,Q € P, if some inner bag of W contains a P-bridge attach-
ing to P and @, then every inner bag of W contains such a P-bridge.

The integer p is not unique: A regular decomposition of attachedness p has
attachedness p’ for all integers p’ < p. Note that P satisfies (L7) if and only
if every vertex of G either lies in at most two bags of W or in all bags. This
means that either all foundational linkages for W satisfy (L7) or none.

The next Theorem follows? from the Lemmas 3.1, 3.2, and 3.5 in [9].

Theorem 3.4 (Kawarabayashi et al. [9]). For all integers a,l,p,w > 0 there
exists an integer N with the following property. If G is a p-connected graph
of tree-width less than w with at least N wertices, then either G contains a
subdivision of K, p, or G has a regular decomposition of length at least [,
adhesion at most w, and attachedness p.

Note that [9] features a stronger version of Theorem 3.4, namely Theo-
rem 3.8, which includes an additional axiom (L9). We omit that axiom since
our arguments do not rely on it.

Let (W, P) be a slim decomposition of adhesion ¢ and length [ for a
graph G. Suppose that Q is a linkage from the left adhesion set of W; to
the right adhesion set of W; for two indices ¢ and j with 1 <1 < j < [.
The enumeration Pp,...,F,; of P induces an enumeration Q1,...,Q, of Q

2 The statement of Lemma 3.1 in [9] only asserts the existence of a minor isomorphic
to Kg,p rather than a subdivision of K, , like we do. But its proof refers to an argument
in the proof of [13, Theorem 3.1] which actually gives a subdivision.
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where @), is the path of Q starting in the left a-vertex of W;. The map
m:{1,...,q} — {1,...,q} such that @, ends in the right 7(«)-vertex of
W; for @ = 1,...,q is a permutation because Q is a linkage. We call it
the induced permutation of Q. Clearly the induced permutation of Q is the
composition of the induced permutations of Q[W;], QWi 1], ..., Q[W;]. For
any permutation 7 of {1,...,q} and any graph I on {1,..., ¢} we write 7"
to denote the graph ({m(a) | @ € V(I')},{m(a)7(B) | af € E(T')}). For a
subset X C {1,...,q} weset Qx :={Q., | v € X}.

Keep in mind that the enumerations P induces on linkages Q as above
always depend on the adhesion set where the considered linkage starts. For
example let @ be as above and for some index i with ¢ < i/ < j set
Q1= Q[Wy ;1. Then Qu[Wyy jj] need not be the same as Q. More pre-
cisely, we have Qo [Wy ;] = Q.. (@) where 7 denotes the induced permutation
of QWi ir—1)]-

For some subgraph H of G the bridge graph of Q in H, denoted B(H, Q),
is the graph with vertex set {1,...,¢} in which o is an edge if and only if
Qo and Qg are Q-bridge adjacent in H. Any Q-bridge B in H that attaches
to Qq and Qg is said to realise the edge 3. We shall sometimes think of
induced permutations as maps between bridge graphs.

For a slim decomposition W of length [ of G with foundational link-
age P we define the auziliary graph T(W,P):= B(G[W, ;_yj], P). Clearly
B(G[W],PIW]) € T(W,P) for each inner bag W of W and if (W, P) is
regular, then by (L8) we have equality.

Set A:={a | P, is non-tivial} and 0:={«a | P, is trivial}. Given a sub-
graph I' C T'(W, P) and some foundational linkage Q for W, we write GIQ
for the graph obtained by deleting Q \ Qy(ry from the union of Q and those
Q-bridges in inner bags of W that realise an edge of I' or attach to Qy ()
but to no path of Qy\y(r). For a subset V' C {1,..., ¢} we write G‘% instead
of G?(Wyp)[v]. Note that Qg = Py. Hence Gf and G/\Q are the same graph
and we denote it by G.

A regular decomposition (W, P) of a graph G is called stable if it satisfies
the following two axioms where X\ :={«a | P, is non-trivial}.

(L10) If Q is a linkage from the left to the right adhesion set of some inner bag
of W, then its induced permutation is an automorphism of I'(W, P).

(L11) If Q is a linkage from the left to the right adhesion set of some inner
bag W of W, then every edge of B(G[W], Q) with one end in A is also
an edge of T(W, P).
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Given these definitions we can further expound our strategy to prove
the main theorem: We will reduce the given linkage problem to a linkage
problem with start and end vertices in Wy U W; for some stable regular
decomposition (W, P) of length [. The stability ensures that we maximised
the number of edges of I'(W, P), i.e. no rerouting of P will give rise to new
bridge adjacencies. We will focus on a subset A\g C A and show that the
minimum degree of G forces a high edge density in Gfo, leading to a high
number of edges in 'MW, P)[Ao]. Using combinatoric arguments, which we
elaborate in Section 4, we show that we can find linkages using segments of
P and P-bridges in Gfo to realise any matching of start and end vertices in
Wy U W, showing that G is in fact k-linked.

We strengthen Theorem 3.4 by the assertion that the regular decompo-
sition can be chosen to be stable. We like to point out that, even with the
left out axiom (L9) included in the definition of a regular decomposition,
Theorem 3.5 would hold. By almost the same proof as in [9] one could also
obtain a stronger version of (L8) stating that for every subset R of P if some
inner bag of W contains a P-bridge attaching to every path of R but to no
path of P\ R, then every inner bag does.

Theorem 3.5. For all integers a,l,p,w > 0 there exists an integer N with
the following property. If G is a p-connected graph of tree-width less than w
with at least N vertices, then either G contains a subdivision of K,,, or G
has a stable regular decomposition of length at least |, adhesion at most w,
and attachedness p.

Before we start with the formal proof let us introduce its central concepts:
disturbances and contractions. Let (W, P) be a regular decomposition of a
graph G. A linkage Q is called a twisting (W, P)-disturbance if it violates
(L10) and it is called a bridging (W, P)-disturbance if it violates (L11). By a
(W, P)-disturbance we mean either of these two and a disturbance may be
twisting and bridging at the same time. If the referred regular decomposition
is clear from the context, then we shall not include it in the notation and
just speak of a disturbance. Note that a disturbance is always a linkage from
the left to the right adhesion set of an inner bag of W.

Given a disturbance Q in some inner bag W of W which is neither the first
nor the last inner bag of W, it is not hard to see that replacing P[W] with Q
yields a foundational linkage P’ for W such that I'(W, P’) properly contains
I'(W,P) and we shall make this precise in the proof. As the auxiliary graph
can have at most (g’) edges, we can repeat this step until no disturbances
(with respect to the current decomposition) are left and we should end up
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with a stable regular decomposition, given that we can somehow preserve the
regularity.

This is done by “contracting” the decomposition in a certain way. The
technique is the same as in [2]| or [9]. Given a regular decomposition (W, P)
of length [ of some graph G and a subsequence i1,...,4, of 1,...,l, the
contraction of (W, P) along ii,..., i, is the pair W', P’) defined as follows.
We let W':=(Wg, W1, ..., Wy) with Wg:=Wjo ;, _1,

Wi=Wy,

i1 for j=1,....,n-1,

Wy =Wy, g, and P’ = 73[I/V[/1 nfl]] (with the induced enumeration).

Lemma 3.6. Let (W', P’) be the contraction of a reqular decomposition
(W, P) of some graph G of adhesion q and attachedness p along the sequence

i1,...,in. Then the following two statements hold.

(1)) W', P’ is a regular decomposition of length n of G of adhesion q and
attachedness p, and T(W',P") =T (W, P).

(i1) The decomposition (W', P') is stable if and only if none of the inner
bags Wiy, Wi 41, .-, Wi, —1 of W contains a (W, P)-disturbance.

Proof. The first statement is Lemma 3.3 of [9]. The second statement follows
from the fact that an inner bag W; of W' contains a (W', P’)-disturbance if
and only if one of the bags W; of W with i; <14 < i1 contains a (W, P)-
disturbance (unless W’ has no inner bag, that is, n = 1). The “if” direction
is obvious and for the “only if” direction recall that the induced permutation
of P'[W/] is the composition of the induced permutations of the P[W;] with
i; <1 < ij41 and every P’-bridge in W]’ is also a P-bridge and hence must
be contained in some bag W; with i; <14 < ;1. Ol

Let Q be a linkage in a graph H and denote the trivial paths of @ by ©.
Let Q' be the union of © with a proper rerouting of Q \ © obtained from
applying Lemma 3.3 to Q\ © in H — 0. We call Q' a bridge stabilisation of Q
in H. The next Lemma tailors Lemma 3.2 and Lemma 3.3 to our application.

Lemma 3.7. Let Q be a linkage in a graph H. Denote by © the trivial paths
of @ and let Q' be a bridge stabilisation of Q in H. Let P and @Q be paths of
Q and let P! and Q' be the unique paths of Q' with the same end vertices as
P and Q, respectively. Then the following statements hold.

(i) P is contained in the union of P with all Q-bridges in H that attach
to P but to no other path of Q\ ©.
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(ii) If P and Q are Q-bridge adjacent in H and one of them is non-trivial,
then P and Q' are Q'-bridge adjacent in H.

(iii) Let Z be the set of end vertices of the paths of Q. If p is an integer such
that for every vertex x of H — Z there is an x—Z fan of size p, then Q'
s p-attached.

Proof.
(i) This is trivial if P € © and follows easily from Lemma 3.2 (i) otherwise.

(ii) The statement follows directly from Lemma 3.2 (ii) if P and @ are both
non-trivial so we may assume that P = P’ € © and @ is non-trivial. By
assumption there is a P-@Q path R in H. Clearly R U @ contains the
end vertices of @’. On the other hand, by (i) it is clear that QN Q' C Q.
We claim that RN Q' C @Q’. Since R is internally disjoint from Q all its
inner vertices are inner vertices of some (Q\ ©)-bridge B. If B is stable
or unstable but not hosted by any path of Q (that is, it has at most
one attachment), then Lemma 3.2 implies that no path of Q' contains
an inner vertex of B and that our claim follows. If B is hosted by a
path of Q, then this path must clearly be @) and thus by Lemma 3.2
(i) RN Q' C @' as claimed. Hence RU @ contains a P-@Q’ path that is
internally disjoint from Q' as desired.

(iii) Clearly all paths of Q" are induced in H, either because they are trivial
or by Lemma 3.3. Let B be a non-trivial hosted Q'-bridge and let Q’
be the non-trivial path of Q' to which it attaches. Then by Lemma 3.3
there are vertices v and w on @’ and a separation (X,Y) of H such that
V(B)C X, XNY C{v,w}UV(O), and apart from the inner vertices
of vQ'w all vertices of @' are in Y, in particular, Z C Y. But B has an
inner vertex x which must be in X \ Y. So by assumption there is an
x—{v,w} UV (O) fan of size p in G[X] and thus also an z—© fan of size
p — 2. It is easy to see that this can gives rise to the desired Q’-bridge
adjacencies in H.

O

Proof of Theorem 3.5. We will trade off some length of a regular decompo-
sition to gain edges in its auxiliary graph. To quantify this we define the
function f : Ny — Ng by f(m) :=(zlw!)™l where z :=2(%) and call a regular
decomposition (W, P) of a graph G wvalid if it has adhesion at most w, at-

tachedness p, and length at least f(m) where m is the number of edges in
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the complement of I'WV, P) that are incident with at least one non-trivial
path of P.

Set A= f ((g’)) and let N be the integer returned by Theorem 3.4 when
invoked with parameters a, A, p, and w. We claim that the assertion of
Theorem 3.5 is true for this choice of N. Let G be a p-connected graph of
tree-width less than w with at least N vertices and suppose that G does not
contain a subdivision of K, ;. Then by the choices of N and A the graph G
has a valid decomposition (the foundational linkage has at most w paths so
there can be at most (12”) non-edges in the auxiliary graph). Among all valid
decompositions of G pick (W, P) such that the number of edges of I'(W, P)
is maximal and denote the length of (W, P) by n.

We may assume that for any integer k with 0 < & < n — [ one of the
I — 1 consecutive inner bags Wg,1, ..., Wii—1 of W contains a disturbance.
If not, then by Lemma 3.6, the contraction of (W, P) along the sequence
k+1,k+2,...,k 41 is a stable regular decomposition of G of length [,
adhesion at most w, and attachedness p as desired.

Claim 3.5.1. Let 1 < k <k <n—1withk —k > lw! — 1. Then the
graph H :=G[Wy 1] contains a linkage Q from the left adhesion set of Wy
to the right adhesion set of Wy such that B(H, Q) is a proper supergraph of
TNV, P), the induced permutation m of Q is the identity, and Q is p-attached
m H.

Proof. There are indices ko :=k, k1, ..., ky :=k"+ 1, such that we have k; —
kj—1 >1lforje{l,...,w'}. Foreach j € {0,...,w!—1} one of the at least [—1
consecutive inner bags Wy, 11, Wi, 12, .., Wk, , 1 contains a disturbance Q;
by our assumption. Let W;; be the bag of W that contains Q; and let Q; be
the bridge stabilisation of Q; in G[Wj,].

If Q; is a twisting (W, P)-disturbance, then so is Q; as they have the
same induced permutation. If Q; is a bridging (W, P)-disturbance, then so
is Q;- by Lemma 3.7 (ii). The set Z of end vertices of Q; is the union of both
adhesion sets of W, and clearly for every vertex = € W;, \ Z there is an x-Z
fan of size p in G[W;,] as G is p-connected. So by Lemma 3.7 (iii) the linkage
Q' is p-attached in G[Wj,].

For every j € {0,...,w!—1} denote the induced permutation of Q;- by ;.
Since the symmetric group S, has order at most ¢! < w! we can pick® indices
jo and j1 with 0 < jg < 71 < w! — 1 such that Mj OTjy—1---0Tj, = id.

3 Let (G,-) be a group of order n and g¢1,...,gn € G. Then of the n 4 1 products
hy = Hle g; for 0 < k < n, two must be equal by the pigeon hole principle, say hy = h;
with k& < [. This means Hi:kﬂ gi = e, where e is the neutral element of G.
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Let Q be the linkage from the left adhesion set of Wy, to the right adhesion
set of Wy in H obtained from P[Wj x] by replacing P[W;,] with Q for all
Jj € {jo,-..,j1}. Of all the restrictions of Q to the bags Wy,..., Wy only
Q[W;,] = Q; with jo < j < j1 need not induce the identity permutation.
However, the composition of their induced permutations is the identity by
construction and therefore the induced permutation of Q is the identity.

To see that B(H, Q) is a supergraph of I'(W, P) note that k < i;, so Q
and P coincide on Wy, and hence by (L8) we have

W, P) = B(G[W], P[Wi]) € B(H, Q).

It remains to show that B(H, Q) contains an edge that is not in I'(W, P).
Set W:=W,, , W= Wi, +1, and m:=m;,. If Q' is a bridging disturbance,
then Bj:= B(G[W], Q[W]) contains an edge that is not in T'(W, P). Since
Q and P coincide on all bags prior to W (down to Wj) we must have
By C B(H, Q).

If Q) is a twisting disturbance, then ji > jo, in particular, W’ comes
before Wijo 1 (there is at least one bag between Wi]‘o and W; namely
Wi, 1)- This means Q[W’] = P[W’] and hence we have

jo+17

By := B(GW'], Q[W']) = B(GIW'], P[W']) = T(W, P).

On the other hand, the induced permutation of the restriction of Q to all bags
prior to W' is w and thus 7~ 1B; C B(H, Q). But 7 is not an automorphism
of '(W, P) and therefore 7= 1By = 7~ !T'(W, P) contains an edge that is not
in I'(W, P) as desired. This concludes the proof of Claim 3.5.1 O

To exploit Claim 3.5.1 we now contract subsegments of [w! consecutive
inner bags of W into single bags. We assumed earlier that (W, P) is not
stable so the number m of non-edges of T'(W, P) is at least 1 (if T(W, P) is
complete there can be no disturbances). Set n':=zf(m —1). As (W, P) is
valid, its length n is at least f(m) = zlw!f(m — 1) = n'lw!. Let (W', P’) be
the contraction of (W, P) along the sequence i1, ...,%, defined by i;:=(j —
1)lw!+1 for 5 =1,...,n/. Then by Lemma 3.6 the pair (W', P’) is a regular
decomposition of G of length n’, adhesion at most w, it is p-attached, and
rwW,P)=TW,P).

By construction every inner bag W/ of W' consists of lw! consecutive
inner bags of WW and hence by Claim 3.5.1 it contains a bridging disturbance
Q! such Q! is p-attached in G[W/], its induced permutation is the identity,
and B(G[W/], Q.) is a proper supergraph of I'(W', P’).

Clearly T'(W',P’) has at most z — 1 proper supergraphs on the same
vertex set. On the other hand, W’ has at least n’ — 1 = 2f(m — 1) — 1
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inner bags. By the pigeonhole principle there must be f(m — 1) indices
0 <i1 <...<ipom-1) <n' such that B(G[W]], Q) is the same graph I
forj=1,...,f(m—1).

Let (W",P") be the contraction of (W', P’) along i1, ..., if(,—1). Obtain
the foundational linkage Q" for W from P” by replacing P'[W;,] with Q;,
for 1 < j < f(m —1). By construction W’ is a slim decomposition of G of
length f(m — 1) and of adhesion at most w. Q" is a foundational linkage for
W that satisfies (L7) because P” does. By construction Q" is p-attached
and B(G[W"],Q"[W"]) =T for all inner bags W" of W”. Hence W', P")
is regular decomposition of G. But it is valid and its auxiliary graph I' has
more edges than I'(W, P), contradicting our initial choice of (W, P). O

4 Token Movements

Consider the following token game. We place distinguishable tokens on the
vertices of a graph H, at most one per vertex. A move consists of sliding a
token along the edges of H to a new vertex without passing through vertices
which are occupied by other tokens. Which placements of tokens can be
obtained from each other by a sequence of moves?

A rather well-known instance of this problem is the 15-puzzle where tokens
1,...,15 are placed on the 4-by-4 grid. It has been observed as early as 1879
by Johnson [6] that in this case there are two placements of the tokens which
cannot be obtained from each other by any number of moves.

Clearly the problem gets easier the more “unoccupied” vertices there are.
The hardest case with |H|—1 tokens was tackled comprehensively by Wilson
[22] in 1974 but before we turn to his solution we present a formal account
of the token game and show how it helps with the linkage problem.

Throughout this section let H be a graph and let X always denote a
sequence X = X, ..., X, of vertex sets of H and M a non-empty sequence
M = My, ..., M, of non-trivial paths in H. In our model the sets X; are
“occupied vertices”, the paths M; are paths along which the tokens are moved,
and ¢ is the “move count”.

Formally, a pair (X, M) is called a movement on H if fori=1,...,n

(M1) the set X;—1 A X; contains precisely the two end vertices of M;, and
(M2) M; is disjoint from X; 1 N X;.

Then n is the length of (X, M), the sets in X are its intermediate configura-
tions, in particular, Xy and X, are its first and last configuration, respectively.
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The paths in M are the moves of (X, M). A movement with first configu-
ration X and last configuration Y is called an XY movement. Note that
our formal notion of token movements allows a move M; to have both ends
in X;_1 or both in Xj. In our intuitive account of the token game this corre-
sponds to “destroying” or “creating” a pair of tokens on the end vertices of
M;.

Let us state some obvious facts about movements. If M is a non-empty
sequence of non-trivial paths in H and one intermediate configuration X; is
given, then there is a unique sequence X’ such that (X, M) satisfies (M1). A
pair (X, M) is a movement if and only if ((X;_1, X;), (M;)) is a movement
for i = 1,...,n. This easily implies the following Lemma so we spare the
proof.

Lemma 4.1. Let (X, M) = ((Xo,...,Xn),(M,...,My,)) and (Y,N) =
((Yo,...,Yn),(N1,...,Ny)) be movements on H and let Z C V(H).

(i) If X,, = Yo, then the pair
(Xo,..., Xn=Y0,...,Y),(M,... My, N1,...,Np,))

is a movement. We denote it by (X, M) & (Y,N) and call it the con-
catenation of (X, M) and (Y, N).

(ii) If every move of M is disjoint from Z, then the pair
(XoUZ,...,X,UZ),(M,...M,))
is a movement and we denote it by (X U Z, M).

Let (X, M) be a movement. For i = 1,...,n let R; be the graph with
vertex set (X;—1 x {i —1}) U (X; x {i}) and the following edges:

1. (x,i —1)(z,1i) for each x € X;_1 N Xj;, and

2. (z,7)(y, k) where x, y are the end vertices of M; and j, k the unique
indices such that (x,j), (y, k) € V(R;).

Define a multigraph R with vertex set (J!"_,(X; x {i}) where the multiplicity
of an edge is the number of graphs R; containing it. Observe that two graphs
R; and R; with 7 < j are edge-disjoint unless j =i + 1 and M; and M; both
end in the same two vertices z, y of X, in which case they share one edge,
namely (z,7)(y,j). Our reason to prefer the above definition of R over just
taking the simple graph (J;"; R; is to avoid a special case in the following
argument.

106



Every graph R; is 1-regular. Hence in R every vertex (x,7) with 0 < i <n
has degree 2 as (z,1%) is a vertex of R; if an only if j =i or j =i+ 1. Every
vertex (z,4) with ¢ = 0 or ¢ = n has degree 1 as it only lies in Ry or in R,,.
This implies that a component of R is either a cycle (possibly of length 2)
avoiding (Xo x {0}) U(X,, x {n}) or a non-trivial path with both end vertices
in (Xo x {0})U (X, x{n}). We denote the subgraph of R consisting of these
paths by R(X, M). Intuitively, each path of R(X, M) traces the position of
one token over the course of the token movement or of one pair of tokens
which is destroyed or created during the movement.

For vertex sets X and Y we call any 1-regular graph on (X x {0}) U (Y x
{o0}) an (X, Y)-pairing. An (X,Y)-pairing is said to be balanced if its edges
form a perfect matching from X x {0} to Y x {oo}, that is, each edge has
one end vertex in X x {0} and the other in Y x {o0}.

The components of R(X, M) induce a 1-regular graph on (X x {0}) U
(Xp, x {n}) where two vertices form an edge if and only if they are in the
same component of R(X, M). To make this formally independent of the
index n, we replace each vertex (z,n) by (z,00). The obtained graph L is an
(X0, Xy, )-pairing and we call it the induced pairing of the movement (X, M).
A movement (X, M) with induced pairing L is called an L-movement. If a
movement induces a balanced pairing, then we call the movement balanced
as well.

Given two sets X and Y and a bijection ¢ : X — Y we denote by L(¢p)
the balanced X-Y pairing where (z,0)(y, 00) is an edge of L(yp) if and only
if y = p(x). Clearly an X-Y pairing L is balanced if and only if there is a
bijection ¢ : X — Y with L = L(yp).

Given sets X, Y, and Z let Lx be an X-Y pairing and Lz a Y—Z pairing.
Denote by Lx @ Lz the graph on (X x {0}) U (Z x {oo}) where two vertices
are connected by an edge if and only if they lie in the same component of
LxUL(idy)ULz. The components of Lx U L(idy)U Lz are either paths with
both ends in (X x {0}) U (Z x {o0}) or cycles avoiding that set. So Lx & Ly
is an X—Z pairing end we call it the concatenation of Lx and Lz. The next
Lemma is an obvious consequence of this construction (and Lemma 4.1 (i)).

Lemma 4.2. The induced pairing of the concatenation of two movements is
the concatenation of their induced pairings.

Let (X, M) be a movement on H. A vertex x of H is called (X, M)-
singular if no move of M contains « as an inner vertex and I, :={i | z € X;}
is an integer interval, that is, a possibly empty sequence of consecutive integers.
Furthermore, x is called strongly (X, M)-singular if it is (X, M)-singular and
I is empty or contains one of 0 and n where n denotes the length of (X', M).
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We say that a set W C V(H) is (X, M)-singular or strongly (X, M)-singular
if all its vertices are. If the referred movement is clear from the context, then
we shall drop it from the notation and just write singular or strongly singular.

Note that any vertex v of H that is contained in at most one move of
M is strongly (X, M)-singular. Furthermore, v is singular but not strongly
singular if it is contained in precisely two moves but neither in the first nor
in the last configuration.

The following Lemma shows how to obtain linkages in a graph G from
movements on the auxiliary graph of a regular decomposition of G. It enables
us to apply the results about token movements from this section to our
linkage problem.

Lemma 4.3. Let (W, P) be a stable regular decomposition of some graph G
and set \:={a | Py is non-trivial} and 6 :={« | P, is trivial}. Let (X, M) be
a movement of length n on a subgraph T' C T'(W, P) and denote its induced
pairing by L. If 0 is (X, M)-singular and W, and Wy, are inner bags of W
with b — a = 2n — 1, then there is a linkage Q C G?[W[aﬂ] and a bijection
¢ : E(L) — Q such that for each e € E(L) the path ¢(e) ends in the left
a-vertex of Wy, if and only if (a,0) € e and p(e) ends in the right a-vertex
of Wy, if and only if (o, 00) € e.

Proof. Let us start with the general observation that for every connected
subgraph I'y C T'(W, P) and every inner bag W of W the graph G?O (W]
is connected: If a8 is an edge of I'g, then some inner bag of W contains a
P-bridge realising af and so does W by (L8). In particular, G%DO [W], contains
a Po—Pg path. So Py (py)[W] must be contained in one component of GZ?O (W]
as I'g is connected. But any vertex of G%DO [W] is in Py (p,) or in a P-bridge
attaching to it. Therefore G1730 [W] is connected.

The proof is by induction on n. Denote the end vertices of M; by «
and 3, that is, Xg A X; = {«,8}. By definition the induced pairing L,
of ((Xo,X1), (M7)) contains the edges (v,0)(v,00) with v € Xy N X; and
w.l.o.g. precisely one of («,0)(53,0), (a,0)(8,00), and («,00)(5,00). The
above observation implies that Gﬂl [Wa] is connected. Hence Py [Wi, q41]] U
G3\341 [(Wa] U Pg[W[q q41)] is connected and thus contains a path @ such that
Q1:={Q} U Px,nx, [Wiaas1)] satisfies the following. There is a bijection
o1 : E(L;) — Qi such that for each e € E(L;) the path ¢i(e) ends in
the left v-vertex of W, if and only if (7,0) € e and ¢j(e) ends in the right
~-vertex of W, if and only if (v,00) € e. Moreover, the paths of Q; are
internally disjoint from Wy N Woya.

In the base case n = 1 the linkage Q:= Q; is as desired. Suppose that
n > 2. Then ((X1,...,X,), (Ma,...,M,)) is a movement and we denote its
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induced permutation by Lo. Lemma 4.2 implies L = L1 @ Lo. By induction
there is a linkage Qs C GF [Wia+2,4] and a bijection ¢y : E(Lg) — Q2 such
that for any e € E(Lgy) the path ya(e) ends in the left a-vertex of Wo,o
(which is the right a-vertex of W,1) if and only if (,0) € e and in the right
a-vertex of W, if and only if (o, 00) € e.

Clearly for every v € X the vy-vertex of W, 11 NW, 2 has degree at most 1
in Q7 and in Q. If a path of Q; contains the y-vertex of Wy N W9 and
v ¢ X1, then v € 6 so by assumption I, = {i | v € X;} is an integer interval
which contains 0 but not 1. This means that no path of Qs contains the
unique vertex of P,. If the union Q1 U Qy of the two graphs Q; and Q3
contains no cycle, then it is a linkage Q as desired. Otherwise it only contains
such a linkage. O

In the rest of this section we shall construct suitable movements as input
for Lemma 4.3. Our first tool to this end is the following powerful theorem*
of Wilson.

Theorem 4.4 (Wilson 1974). Let k be a postive integer and let H be a graph
onn > k+ 1 vertices. If H is 2-connected and contains a triangle, then for
every bijection ¢ : X =Y of sets X, Y C V(H) with |X| =k = |Y| there is
a L(p)-movement of length m < n!/(n —k)! on H.

The given bound on m is not included in the original statement but not
too hard to check: Suppose that (X', M) is a shortest L(p)-movement and m
is its length. Since L is balanced we may assume that no tokes are “created”
or “destroyed” during the movement, that is, all intermediate configurations
have the same size and for every ¢ with 1 < i < m there is an injection
@i + X — V(H) such that the induced pairing of ((Xo, ..., X;), (Mi,..., M;))
is L(yp;). If there were i < j with ¢; = ¢;, then

((XOa s 7Xi = XjanJrla s 7Xm)7 (M17° . )Mian+17 . 7Mm))

was an L(p)-movement of length m — j 4+ < m contradicting our choice of
(X, M). But there are at most n!/(n — k)! injections from X to V(H) so we
must have m <nl!/(n — k).

For our application we need to generate L-movements where L is not
necessarily balanced. Furthermore, Lemma 4.3 requires the vertices of 6 to be
singular with respect to the generated movement. Lemma 4.8 and Lemma 4.9

4Wilson stated his theorem for graphs which are neither bipartite, nor a cycle, nor a
certain graph 6. If H properly contains a triangle, then it satisfies all these conditions
and if H itself is a triangle, then our theorem is obviously true.
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give a direct construction of movements if some subgraph of H is a large
star. Lemma 4.10 provides an interface to Theorem 4.4 that incorporates
the above requirements. The proofs of these three Lemmas require a few
tools: Lemma 4.5 simply states that for sets X and Y of equal size there is a
short balanced X-Y movement. Lemma 4.6 exploits this to show that instead
of generating movements for every choice of X, Y C V(H) and any (X,Y)-
pairing L it suffices to consider just one choice of X and Y. Lemma 4.7 allows
us to move strongly singular vertices from X to Y and vice versa without
spoiling the existence of the desired X—Y movement.

We call a set A of vertices in a graph H marginal if H — A is connected
and every vertex of A has a neighbour in H — A.

Lemma 4.5. For any two distinct vertex sets X and 'Y of some size k in a
connected graph H and any marginal set A C V(H) there is a balanced X -Y
movement of length at most k on H such that A is strongly singular.

Proof. We may assume that H is a tree and that all vertices of A are leaves
of this tree. This already implies that vertices of A cannot be inner vertices
of moves. Moreover, we may assume that X N Y N A = (.

We apply induction on |H|. The base case |H| =1 is trivial. For |H| > 1
let e be an edge of H. If the two components H; and Hs of H — e each
contain the same number of vertices from X as from Y, then for ¢ = 1,2 we
set X;:= XNV (H;) and Y; :=Y NV (H;). By induction there is a balanced X;—
Y; movement (X;, M;) of length at most | X;| on H; such that each vertex of A
is strongly (AX;, M;)-singular where i = 1,2. By Lemma 4.1 (X, M) :=(X; U
Xo, M1)®(AoUY7, M) is an XY movement of length at most | X |+|X2| =
|X| = k as desired. Clearly (X, M) is balanced and A is strongly (X, M)-
singular as H; and Hs are disjoint.

So we may assume that for every edge e of H one component of H — e
contains more vertices from Y than from X and direct e towards its end
vertex lying in this component. As every directed tree has a sink, there is
a vertex y of H such that every incident edge e is incoming, that is, the
component of H — e not containing y contains more vertices of X than of Y.
As | X| = |Y], this can only be if y is a leaf in H and y € Y\ X.

Let M be any X—y path and denote its first vertex by x. At most one
of x € Y and x € A can be true by assumption. Clearly (({z},{y}), (M)) is
an {z}—{y} movement and since H — y is connected, by induction there is
a balanced (X \ {z})—(Y \ {y}) movement (X', M’) of length at most k£ — 1
on H — y such that A is strongly singular w.r.t. both movements. As before,
Lemma 4.1 implies that

(X, M):= ((X, (X \{z}) U{y}), (M) & (X" U {y}, M)
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is an X—Y movement of length at most k. Clearly (X', M) is balanced and
by construction A is strongly (X', M)-singular. O

Lemma 4.6. Let k be a positive integer and H a connected graph with a
marginal set A. Suppose that X, X' Y'Y CV(H) are sets with | X|+|Y| =
2k, | X' = |X|, and |Y'| = |Y| such that (XUX')N(Y'UY) does not intersect
A. If for each (X', Y")-pairing L' there is an L'-movement (X', M') of length
at most n' on H such that A is strongly (X', M')-singular, then for each
(X,Y)-pairing L there is an L-movement (X, M) of length at most n’ + 2k
such that A is (X, M)-singular and all vertices of A that are not strongly
(X, M)-singular are in (X' UY")\ (X UY).

Proof. Let (Xx, Mx) be a balanced X—X' movement of length at most |X]|
and let (Xy, My ) be a balanced Y'-Y movement of length at most |Y| such
that A is strongly singular w.r.t. both movements. These exist by Lemma 4.5.
For any X'-Y” movement (X', M’) such that A is strongly (X', M’)-singular,

<X3M> ::(XXvMX) S (X,aM,) 2] (XY,MY)

is a movement of length at most |X|+ n' + |Y| = n’ + 2k by Lemma 4.1.

In a slight abuse of the notation we shall write a € Mx, a € M’, and
a € My for a vertex a € A if there is a move of Mx, M’, and My,
respectively, that contains a. Consequently, we write a ¢ My, etc. if there
is no such move. The set A is strongly singular w.r.t. each of (Xx, Mx),
(X', M), and (Xy, My). Therefore all moves of M are internally disjoint
from A and each a € A is contained in at most one move from each of M x,
M’ and My . Moreover, for each a € A

1. a € Mx if and only if precisely one of a € X and a € X' is true,
2. a € M’ if and only if precisely one of a € X’ and a € Y’ is true, and
3. a € My if and only if precisely one of a € Y’ and a € Y is true.

Clearly A\ (X UX ' UY'UY) is strongly (X, M)-singular as none of its
vertices is contained in a path of M.

Let a € X N A. Then by assumption a ¢ YUY’ and thus a ¢ My. If
a € X', then a € M’ and a ¢ Mx. Otherwise a ¢ X’ and therefore a € Mx
and a ¢ M’. In either case a is in at most one move of M and hence X N A
is strongly (X, M)-singular. A symmetric argument shows that ¥ N A is
strongly (X, M)-singular.

Leta € (X'UY')NAwitha¢ XUY. Thena € X' AY’' soa € M and
precisely one of a € Mx and a € My is true.
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We conclude that every vertex of a € A is (X, M)-singular and it is even
strongly (X, M)-singular if and only if a ¢ (X’ UY')\ (X UY).

The induced pairings Lx of (Xx, Mx) and Ly of (Xy, My) are both
balanced and it is not hard to see that for a suitable choice of L’ the induced
pairing Lx ® L' ® Ly of (X, M) equals L. O

Lemma 4.7. Let H be a connected graph and let X, Y C V(H). Suppose that
L is an (X,Y)-pairing and (X, M) an L-movement of lengthn. If z € X UY
is strongly (X, M)-singular, then the following statements hold.

(1) (X Az, M) is an (L A x)-movement of length n where X A x:=(Xo A
{z},..., Xn & {x}) and L A x denotes the graph obtained from L by
replacing (x,0) with (x,00) or vice versa (at most one of these can be
a vertex of L).

(ii) A vertex y € V(H) is (strongly) (X, M)-singular if and only if it is
(strongly) (X A x, M)-singular.

Proof. Clearly (X Az, M) is an (L A z)-movement of length n. As its in-
termediate configurations differ from those of X only in x, the last assertion
is trivial for y # z. For y = x note that {i | ¢ X;} is an integer interval
containing precisely one of 0 and n because {i | z € X;} is. O

In the final three Lemmas of this section we put our tools to use and
construct movements under certain assumptions about the graph. Note that
it is not hard to improve on the upper bounds given for the lengths of the
generated movements with more complex proofs. However, in our main proof
we have an arbitrarily long stable regular decomposition at our disposal, so
the input movements for Lemma 4.3 can be arbitrarily long as well.

Lemma 4.8. Let k be a positive integer and H a connected graph with a
marginal set A. If one of

a) |Al > 2k —1 and
b) [INg(v) N Ng(w) N Al > 2k — 3 for some edge vw of H— A
holds, then for any XY pairing L such that X, Y C V(H) with | X |+|Y| = 2k

and X NY N A = there is an L-movement (X, M) of length at most 3k on
H such that A is (X, M)-singular.

The basic argument of the proof is that that if we place tokens on the
leaves of a star but not on its centre, then we can clearly “destroy” any given
pair of tokens by moving one on top of the other through the centre of the
star.
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Proof. Suppose that a) holds. Let Ny C A with |[Na| = 2k — 1. There are
sets X', Y’ C V(H) such that

L XY = |X] and V'] = Y],
2. XN, C X',

3. YNN4 CY’' and

4. NyCX'UY' and X' NY' NA=0.

By Lemma 4.6 it suffices to show that for each X’-Y” pairing L’ there is
an L’-movement (X', M’) of length at most k on H such that A is strongly
(X', M')-singular. Assume w.l.o.g. that the unique vertex of (X’ UY"')\ Ny
is in X’. Repeated application of Lemma 4.7 implies that the desired L'-
movement (X', M') exists if and only if for every (X' UY”)-0 pairing L”
there is an L”-movement (X", M") of length at most k on H such that A is
strongly (X", M")-singular.

Let L” be any (X' UY")-0 pairing. Then E(L") = {(,0)(y;,0) | 4
1,...,k} where (X’UY")NNg = {z1,...,2%,92,...,yk} and (X' UY’)
Ny = {n}. Fori = 0,...,k set X;:={xj,y; | j > t}. Fori = 1,...,
let M; be an x;—y; path in H that is internally disjoint from A. Then
(X", M"):=((Xo,...,Xg),(Mi,..., My)) is an L"”-movement of length k and
obviously A is strongly (X", M")-singular.

Suppose that b) holds and let Ng C Ny (v)NNg(w)NA with [Ny| = 2k—3
and set Np:={v,w}. There are sets X', Y’ C V(H) such that

> — |l

L X = |X| and |Y'| = |V,
2. XNN4C X' and X'NAC X UNy,
3. YNNACY and Y NACY UNy,
4. NyCX'UY and X'NY' NA=0,
5. Ng C X' or X’ C NyU Npg, and

6. Ng CY or Y C NyUNg.

By Lemma 4.6 (see case a) for the details) it suffices to find an L'-
movement (X’ M’) of length at most k on H such that A is strongly (X', M')-
singular where L' is any X'-Y” pairing. Since [(X'UY”)\ N4| = 3 we may
asssume w.l.o.g. that Ng C X’ and Y’ C N4 U {v}. So either there is
z€ X'\ (NAUNpg) or v € Y'. By repeated application of Lemma 4.7 we may
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assume that N4 C X’. This means that L’ has the vertices N := N4 x {0},
v:=(v,0), w:=(w,0), and z:=(z,0) in the first case or z:=(v,00) in the
second case. So L' must satisfy one of the following.

1. No edge of L’ has both ends in {9, w, Z}.
2. vw € E(L).
3. vz € E(L).
4. wz € E(L).

This leaves us with eight cases in total. Since construction is almost the same
for all cases we provide the details for only one of them: We assume that v € Y’
and wz € E(L'). Then L’ has edges (w,0)(v,00) and {(x;,0)(y;,0) | i =
1,...,k —1} where x1:=v and X' NNy ={z9,...,Tk_1,%1,- -, Y1} For
i=0,...,k—1set X;:={w}UlU,;-;{z;,y;} and let Xy :={v}. Set My :=vys
and M; :=xz;vy; for i =2,...,k — 1 and let M} be a w—z path in H that is
internally disjoint from A. Then (X', M') :=((Xo, ..., Xk), (M1,..., My)) is
an L'-movement and A is strongly (X’, M’)-singular. O

Lemma 4.9. Let k be a positive integer and H a connected graph with a
marginal set A. Let X, Y C V(H) with | X|+ Y| =2k and X NY N A= 0.
Suppose that there is a vertex v of H — (X UY U A) such that

2|Nu(v) \ Al + |[Nu(v) N Al > 2k + 1.

Then for any (X,Y)-pairing L there is an L-movement of length at most
k(k +2) on H such that A is singular.

Although the basic idea is still the same as in Lemma 4.8 it gets a little
more complicated here as our star might not have enough leaves to hold all
tokens at the same time. Hence we prefer an inductive argument over an
explicit construction.

Proof. Set Na:=Ng(v) N A and Np:=Ng(v) \ A. If |[N4g| > 2k — 1, then
we are done by Lemma 4.8 as 3k < k(k + 2). So we may assume that
|INa| < 2k —2. Under this additional assumption we prove a slightly stronger
statement than that of Lemma 4.9 by induction on k: We not only require
that A is singular but also that all vertices of A that are not strongly singular
are in Ny \ (X UY).

The base case k = 1 is trivial. Suppose that & > 2. There are sets
X' Y' C V(H) such that
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L X = |X| and |Y'| = |Y],
XNN4gC X and X'NAC X UNy,
YNNyCY' and Y NACY UNy,
NoaCX' UY and X' NY'NA=10,
N C X' or X' € NoUNGp,
NgCY' orY' Cc NyUNpg, and

vég X andv ¢ Y.

By Lemma 4.6 it suffices to find an L’-movement (X’; M’) of length at
most k2 such that A is strongly (&X', M’)-singular where L’ is any X'-Y’
pairing.

If there are z,y € X' N Ng(v) such that (z,0)(y,0) € E(L'), then
set X" = X'\ {z,y}, Y=Y, H' :=H — (A\ (X" UY")), and L" := [/ —
{(z,0),(y,0)}. We have Ny~ (v)\ A= Np and Ngr(v)NA=Ny\{z,y} as
N4 C X'"UY’. This means

I

9| N () \ A| + | Ngpr(v) 0 A] > 2|Ng| + |Na| — 2 > 2k — 1.

Hence by induction there is an L”-movement (X", M") of length at most
(k+1)(k — 1) on H” such that A is singular and all vertices of A that
are not strongly singular are in N4 \ (X” UY”). Since Nga N V(H") C
X" UY"” the set A is strongly (X", M"”)-singular. Then by construction
(X' M) =((X", X"), (zvy)) & (X", M") is an L'-movement of length at most
k% and A is strongly (X, M’)-singular.

The case z,y € Y N Ng(v) with (z,00)(y,o0) € E(L’) is symmetric. If
there are x € X' N Ny (v) and y € Y N Ny (v) such that (x,0)(y,o0) € E(L')
and at least one of x and y is in N4, then the desired movement exists by
Lemma 4.7 and one of the previous cases.

By assumption

2|Ng(v)| > 2|Np| + |[Na| > 2k + 1

and thus |Ng(v)| > k+1. If Ng C X', then Ny(v) € X'U(Y'NA) and there
is a pair as above by the pigeon hole principle. Hence we may assume that
X’ C Np and by symmetry also that Y/ C Npg. This implies that Na = ()
and that L’ is balanced.

So we have | X'| = k = |Y'|, X', Y’ C Np and |[Ng| > k + 1. It is easy
to see that there is an L’'-movement (X’, M) of length at most 2k < k? on
H[{v} U Np] such that A is strongly (X’, M’)-singular. O
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Lemma 4.10. Let n € N and let f : Ng — Ny be the map that is recursively
defined by setting f(0):=0 and f(k):=2k +2n!+4+ f(k—1) for k > 0.
Let k be a positive integer and let H be a connected graph on at most n
vertices with a marginal set A. Let X, Y C V(H) with |X|+ |Y| = 2k and
X NY NA =0 such that neither X norY contains all vertices of H — A.
Suppose that there is a block D of H — A such that D contains a triangle
and 2|D| + |N(D)| > 2k + 3. Then for any (X,Y)-pairing L there is an
L-movement of length at most f(k) on H such that A is singular.

Proof. Set Ny:=N(D)N A and Ng:=N(D)\ A. If [N4| > 2k — 1, then we
are done by Lemma 4.8 as 3k < f(k). So we may assume that |[N4| < 2k — 2.
Under this additional assumption we prove a slightly stronger statement
than that of Lemma 4.10 by induction on k: We not only require that A is
singular but also that all vertices of A that are not strongly singular are in
Ng\ (X UY). As always the base case k = 1 is trivial. Suppose that k > 2.

Claim 4.10.1. Suppose that |V(D) \ X| > 1 and that there is an edge
(x,0)(y,0) € E(L) withz € V(D) andy € V(D)UN(D). Let A” C A\ (XUY)
with |A’| < 1. Then there is an L-movement of length at most | D|!+1+ f(k—1)

on H — A" such that A is singular and every vertex of A that is not strongly
singular is in Na \ (X UY).

Proof. Let y' be a neighbour of y in D. Here is a sketch of the idea: Move
the token from z to 3’ by a movement on D which we can generate with
Wilsons’s Theorem 4.4 and then add the move yy’. This “destroys” one pair
of tokens and allows us to invoke induction.

We assume z # 3 (in the case * = y' we can skip the construction
of (X,, M) in this paragraph). Set X":=(X \ {z}) U{y'} if ¥/ ¢ X and
X' := X otherwise. The vertices x and 3 are both in the 2-connected graph
D which contains a triangle. By definition | X NV (D)| = | X’NV(D)| and by
assumption both sets are smaller than |D|. Let ¢ : X — X’ any bijection with
olx\v(py = id|x\v(p) and p(z) = y'. By Theorem 4.4 there is a balanced
L(¢ly(p))-movement of length at most |D|! on D so by Lemma 4.1 (ii) there
is a balanced L(p)-movement (X, M) of length at most |D|! on H such
that all its moves are contained in D.

Set X":=X"\ {y,v'} and let L' be the X'-X" pairing with edge set
[(2,0)(z,00) | 2 € X"} U{(5,0)(/,0)}. Clearly (X', X"), (yy/)) is an L'-
movement. Let L” be the XY pairing obtained from L by deleting the edge
(x,0)(y,0) and substituting every vertex (z,0) with (¢(z),0). By definition
we have L = L(¢) @ L' ® L.
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The set A”:=A"U (AN {y}) has at most 2 elements and thus 2|D| +
IN(D)\ A”| > 2k + 1. So by induction there is an L”-movement (X", M")
of length at most f(k —1) on H — A” such that A is (X", M")-singular and
every vertex of A that is not strongly (X", M”)-singular is in N4 \ (X UY).
Hence the movement

(X, M) :=(Xp, My) & (X', X7), (1)) © (X", M”)

on H — A’ has induced pairing L by Lemma 4.2 and length at most |D|!+1+
f(k—1). Every move of M that contains a vertex of A\ {y} is in M”. Hence
A\ A{y} is (X, M)-singular and every vertex of A\ {y} that is not strongly
(X, M)-singular is in N4\ (X UY). If y ¢ A, then we are done. But if y € A,
then our construction of (X", M") ensures that no move of M” contains y.
Therefore y is strongly (X', M)-singular. O

Claim 4.10.2. Suppose that |V (D)\X| > 2 and that L has an edge (x,0)(y, 0)
with x,y € N(D). Then there is an L-movement of length at most 2|D|! +
24 f(k—1) on H such that A is singular and every vertex of A that is not
strongly singular is in Ny \ (X UY).

Proof. The proof is very similar to that of Claim 4.10.1. Let 3’ be a neighbour
of y in D. We assume 3/ € X (in the case ¢y’ ¢ X we can skip the construction
of (X,, M,,) in this paragraph). Let z € V(D)\ X and let X' :=(X\{y'})U{z}.
Let ¢ : X — X' be any bijection with ¢|x\v(p) = idx\v(p) and ¢(y') = z.
Applying Theorem 4.4 and Lemma 4.1 as in the proof of Claim 4.10.1 we
obtain a balanced L(p)-movement (X, M,,) of length at most |D|! such that
its moves are contained in D (in fact, we could “free” the vertex ¢y’ with only
| D| moves by shifting each token on a 3~z path in D by one position towards
z, but we stick with the proof of Claim 4.10.1 here for simplicity).

Set X" :=(X"\{y})U{y'} and let ¢’ : X’ — X" be the bijection that maps
y to y’ and every other element to itself. Clearly ((X', X"), (yy')) is an L(¢')-
movement. Let L” be the X”-Y pairing obtained from L by substituting every
vertex (z,0) with (¢’ o ¢(2),0). It is not hard to see that this construction
implies L = L(p) @& L(¢') & L”. Since (0,2)(0,y") is an edge of L” with
z € V(D)UN(D) and y' € V(D) we can apply Claim 4.10.1 to obtain an
L"-movement (X", M") of length at most |[D|'+1+ f(k—1) on H— ({y} N A)
(note that y € AN X implies y ¢ Y by assumption) such that A\ {y} is
(X", M")-singular and every vertex of A\ {y} that is not strongly (X", M")-
singular is in N \ (X UY"). Hence the movement

(X, M) :=(Xp, My) & (X', X"), (/) & (X", M)
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on H has induced pairing L by Lemma 4.2 and length at most 2|D|! + 2 +
f(k—1). The argument that A is (X, M)-singular and the only vertices of
A that are not strongly (X, M)-singular are in N4 \ (X UY') is the same as
in the proof of Claim 4.10.1. 0

Pick any vertex v € V(D). There are sets X', Y" C V(H) such that
11X = X and [Y'] = Y],

2. XNN4 C X and X'NAC X UNy,

3. YNNA4CY and Y NACY U Ny,

4. NyCX'UY' and X'NY'NA=0,

5. Ng C X' or X' C NyUNgp,

6. Ng CY or Y C NyUNGp,

7.v¢ X and v ¢ Y,

8. V(D)UNp C X'U{v}or X’ C V(D)UN(D), and

9. V(D)UNp CY'U{v} or Y Cc V(D)UN(D).

By Lemma 4.6 it suffices to find an L’-movement (X', M’) of length at most
f(k) — 2k on H such that A is strongly (X', M')-singular where L’ is any
X'-Y" pairing.

Since n > |D| we have f(k)—2k > 2|D|!4+2+ f(k—1) and by assumption
v € V(D) \ X'. If L’ has an edge (0,2)(0,y) with z € V(D) and y €
V(D) U N(D), then by Claim 4.10.1 there is an L'-movement (X', M’) of
length at most f(k) — 2k on H such that A is strongly (X’, M’)-singular
(recall that Ny \ (X’ UY”) is empty by choice of X’ and Y”'). So we may
assume that L’ contains no such edge and by Lemma 4.7 we may also assume
that it has no edge (z,0)(y,00) with z € V(D) and y € Ny4.

Counting the edges of L’ that are incident with a vertex of (V(D) U
N(D)) x {0} we obtain the lower bound

L] > X' nV(D)|+|X' NNg|/2+ [(XUY)N Nal/2.

If V(D)UNp C X' U{v}, then | X'NV(D)| = |D| -1 and | X' N Np| = |Np|.
Since [(X"UY')N Na| = |N4| this means

2k = 2||L'[| > 2(]D| — 1) + |Np| + [Na| > 2|D| + [N(D)| - 2 > 2k + 1,
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a contradiction. So we must have X’ C V(D) U N(D) and |V(D) \ X'| > 2.
Applying Claim 4.10.2 in the same way as Claim 4.10.1 above we deduce that
no edge of L’ has both ends in X x {0} or one end in X x {0} and the other
in Ng x {oo}. By symmetry we can obtain statements like Claim 4.10.1 and
Claim 4.10.2 for Y instead of X thus by the same argument as above we may
also assume that Y’ C V(D) U N (D) and that no edge of L' has both ends
in Y x {oo} or one end in Ny x {0} and the other in Y x {oc}. Hence L’ is
balanced and Ny = ). Let ¢’ : X’ — Y be the bijection with L' = L(¢').

In the rest of the proof we apply the same techniques that we have already
used in the proof of Claim 4.10.1 and again in that of Claim 4.10.2 so from
now on we only sketch how to construct the desired movements. Furthermore,
all constructed movements use only vertices of V(D) U Np for their moves
so A is trivially strongly singular w.r.t. them.

If Ng\ X' # (), then we have X’ C Np by assumption, so |[Ng| >k + 1
and thus also Y’ C Np. This is basically the same situation as at the end
of the proof for Lemma 4.9 so we find an L'-movement of length at most
2k < f(k). We may therefore assume that Ng C X' nY".

Claim 4.10.3. Suppose that L' has an edge (x,0)(y,00) with x € V(D)
and y € Np. Then there is an L'-movement (X', M') of length at most
|ID|'+ 2+ f(k — 1) such that the moves of M’ are disjoint from A.

Proof. Let y' be a neighbour of y in V(D). Since D is 2-connected, 3’ has
two distinct neighbours y; and y, in D. Using Theorem 4.4 we generate a
balanced movement of length at most |D|! on H such that all its moves are in
D and its induced pairing has the edge (z,0)(y;, 00) and its final configuration
does not contain 3’ or y,.. Adding the two moves yy'y, and y;3'y then results
in a movement (X, M) of length at most |D|! 4+ 2 whose induced pairing
L, contains the edge (z,0)(y,0).

It is not hard to see that there is a pairing L” such that L, ® L” = L
and this pairing must have the edge (y,0)(y,c0). By induction there is an
L"-movement (X", M") of length at most f(k—1) such that none if its moves
contains y. So (X', M") :=(X,, M) ® (X", M") is an L’ movement of length
at most |D|!+ 2+ f(k — 1) as desired. O

Claim 4.10.4. Suppose that L' has an edge (x,0)(y,o0) with z,y € Np.
Then there is an L'-movement (X', M') of length at most 2|D|'+4+ f(k—1)
such that the moves of M’ are disjoint from A.

Proof. Let 2’ be a neighbour of z in V(D). Since D is 2-connected, z’ has
two distinct neighbours z; and z, in D. With the same construction as
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in Claim 4.10.3 we can generate a movement (X, M) of length at most
|D|!+ 2 such that its induced pairing L, contains the edge (x,0)(x,,c0) and
(2”,0)(x,00) for some vertex 2’ € V(D) N X’. There is a pairing L” such
that L = L, @& L” and L” contains the edge (z;,0)(y, c0).

By Claim 4.10.3 there is an L”-movement (X", M") of length at most
|ID|'+ 24 f(k—1). So (X', M) :=(Xy, My) ® (X", M") is an L' movement
of length at most 2|D|! + 4+ f(k — 1) as desired. O

Since f(k)—2k > 2|D|!'+4+ f(k—1) we may assume that NgNY’ = () and
thus Np = ) by Claim 4.10.3 and Claim 4.10.4. This means X', Y’ C V(D)
and therefore by Theorem 4.4 there is an L'-movement (X', M') of length at
most |D|! < n! < f(k) — 2k. This concludes the induction and thus also the
proof of Lemma 4.10. O

5 Relinkages

This section collects several Lemma that compare different foundational link-
ages for the same stable regular decomposition of a graph. To avoid tedious
repetitions we use the following convention throughout the section.

Convention. Let (W, P) be a stable regular decomposition of length [ > 3
and attachedness p of a p-connected graph G. Set A :={a | P, is non-trivial}
and 0 :={a | P, is trivial}. Let D be a block of I'(W, P)[\] and let k be the
set of all cut-vertices of I'(W, P)[\] that are in D.

Lemma 5.1. Let Q be a foundational linkage. If af is an edge of T(W, Q)
with a € X or B € A, then af is an edge of T(W,P).

Proof. Some inner bag W, of W contains a Q-bridge B realising a3, that is,
B attaches to Q, and Qg. Fori =1,...,k —1 the induced permutation 7; of
Q[W;] is an automorphism of T'(W, P) by (L10) and hence so is the induced
permutation 7 = Hi:ll m; of QWi —1)]-

Clearly the restriction of any induced permutation to 6 is always the
identity, so w(a)) € A or w(B) € A. Therefore w(a)w () must be an edge of
L(W,P) by (L11) as B attaches to Q[W] () and Q[W](g). Since 7 is an

automorphism this means that af is an edge of T(W, P). O

The previous Lemma allows us to make statements about any founda-
tional linkage Q just by looking at I'(W,P), in particular, for every a € A
the neighbourhood N(a) of a in I'(W,P) contains all neighbours of « in
I'(W, Q). The following Lemma applies this argument.
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Lemma 5.2. Let Q be a foundational linkage such that Q[W] is p-attached in
G[W] for each inner bag W of W. If Ao is a subset of X such that [N (a)N6| <
p — 3 for each o € Ay, then every non-trivial Q-bridge in an inner bag of W
that attaches to a path of Qy, must attach to at least one other path of Q.

Proof. Suppose for a contradiction that some inner bag W of W contains a
O-bridge B that attaches to some path Q,[W] with oo € Ag but to no other
path of Q)[WW]. Recall that either all foundational linkages for W satisfy (L7)
or none does and P witnesses the former. Hence by (L7) a path of Q[W]
is non-trivial if and only if it is in Q)[IW]. So by p-attachedness Q,[W] is
bridge adjacent to at least p — 2 paths of Qg in G[W]. Therefore in I'(WV, Q)
the vertex « is adjacent to at least p — 2 vertices of § and by Lemma 5.1 so
it must be in I'(W, P), giving the desired contradiction. O

Lemma 5.3. Let Q be a foundational linkage. Every Q-bridge B that attaches
to a path of Qx\v(p) has no edge or inner vertex in G, in particular, it can
attach to at most one path of Qv (py.

Proof. By assumption B attaches to some path @, with a € A\ V(D). This
rules out the possibility that B attaches to only one path of Q) that happens
to be in Qy(py. So if B has an edge or inner vertex in G%, then it must realise
an edge of D. Hence B attaches to paths Qg and Q. with 8, € V(D). This
means that af and a7y are both edges of I'(W, Q) and thus of I'(W, P) by
Lemma 5.1. But D is a block of I'(W, P)[A] so no vertex of A \ V(D) can
have two neighbours in D. O

Given two foundational linkages Q and Q' and a set A\g C )\, we say that
Q' is a (Q, \g)-relinkage or a relinkage of Q on Ao if Q), = Qq for a ¢ Ao
and Q’/\O C G)%.
Lemma 5.4. If Q is a (P,V(D))-relinkage and Q" a (Q,V(D))-relinkage,
then G% - G%, in particular, G% - GB.
Proof. Clearly G% and G%/ are induced subgraphs of G so it suffices to
show V(G%/) C V(G'). Suppose for a contradiction that there is a vertex
w e V(G%) \ V(GE). We have G%l ng = /V(D) C G so w must be an
inner vertex of a Q’-bridge B’. But w is in G — G% and thus in a Q-bridge
attaching to a path of Qy\y(p), in particular, there is a w-Qy\y(p) path R
that avoids G% D QQ/(D). This means R C B’ and thus B’ attaches to a path
of Q’A\V(D) = Qx\v(p), & contradiction to Lemma 5.3. Clearly P itself is a

(P,V(D))-relinkage so G% C G7%, follows from a special case of the statement
we just proved. O
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Lemma 5.5. Let Q be a (P, V(D))-relinkage. If in (W, P) we have |[N(a)N
0| <p—3 for alla € N\ V(D), then there is a (Q,V(D))-relinkage Q' such
that for every inner bag W of W the linkage Q'[W] is p-attached in G[W] and
has the same induced permutation as Q[W]. Moreover, (W, Q') contains all
edges of I'(W, Q) that have at least one end in .

Proof. Suppose that some non-trivial Q-bridge B in an inner bag W of W
attaches to a path Qo = P, with o € A\ V(D) but to no other path of Q,.
Then B is also a P-bridge and P[W] is p-attached in G[W] by (L6) so P,[W]
must be bridge adjacent to at least p — 2 paths of Py in G[W] and thus «
has at least p — 2 neighbours in 6, a contradiction. Hence every non-trivial
Q-bridge that attaches to a path of Qy\y(p) must attach to at least one other
path of Q.

For every inner bag W; of W let Q/ be the bridge stabilisation of Q[W;]
in G[W;]. Then Q) has the same induced permutation as Q[W;]. Note that
the set Z of all end vertices of the paths of Q[W;] is the union of the left and
right adhesion set of W;. So by the p-connectivity of G for every vertex x
of GIWj;] — Z there is an 2—Z fan of size p in G[W;]. This means that Q) is
p-attached in G[Wj;] by Lemma 3.7 (iii).

Hence Q' := Ui;} Q! is a foundational linkage with Q'[W;] = Q/ for i =
1,...,1— 1. Therefore Q'[W] is p-attached in G[W] and Q'[W] has the same
induced permutations as Q[W] for every inner bag W of W. There is no
Q-bridge that attaches to precisely one path of Qy\y(p) but to no other path
of Q) so we have Q’A\V(D) = Qx\v(p) by Lemma 3.7 (i). The same result

implies Q’V(D) - G% so Q' is indeed a relinkage of Q on V(D).
Finally, Lemma 3.7 (ii) states that I'(W, Q) contains all those edges of
I'(W, Q) that have at least one end in . O

The “compressed” linkages presented next will allow us to fulfil the size re-
quirement that Lemma 4.10 imposes on our block D as detailed in Lemma 5.7.
Given a subset A\g C A and a foundational linkage Q, we say that Q is com-
pressed to Ag or Ag-compressed if there is no vertex v of G)% such that G%O —v
contains |Ag| disjoint paths from the first to the last adhesion set of W and
v has a neighbour in G — G%O.

Lemma 5.6. Suppose that in T'(W,P) we have |[N(a) N 0| < p —3 for all
a € AN\ V(D) and let Q be a (P,V(D))-relinkage. Then there is a V(D)-
compressed (Q,V (D))-relinkage Q' such that for every inner bag W of W the
linkage Q'[W] is p-attached in G[W].

Proof. Clearly Q itself is a (Q, V(D))-relinkage. Pick @' from all (Q,V(D))-

relinkages such that G%l is minimal. By Lemma 5.4 and Lemma 5.5 we may
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assume that we picked Q' such that for every inner bag of W of W the linkage
Q'[W] is p-attached in G[W].

It remains to show that Q' is V(D)-compressed. Suppose not, that is,
there is a vertex v of G%/ such that v has a neighbour in G — G%/ and
G% — v contains an XY linkage Q" where X and Y denote the intersection
of V(G%) with the first and last adhesion set of W, respectively.

By Lemma 5.4 we have G2 C G2 C G2 and thus Q" is a (Q,V(D))-
relinkage as well. This implies G%/ = G%l by the minimality of G%. The
vertex v does not lie on a path of Q" by construction so it must be in a Q"-
bridge B”. But v has a neighbour w in G — G% and there is a wa’)\\V(D)
path R that avoids G%. This means R C B” and thus B” attaches to a path
of Q’)(\V(D), contradicting Lemma 5.3. ]

Lemma 5.7. Let Q be a V(D)-compressed foundational linkage. Let V' be
the set of all inner vertices of paths of Q, that have degree at least 3 in G%.
Then the following statements are true.

(i) Either 2|D|+ [N(D)N 6| >p or V(GL) = V(Qv(p)) and k #

0.
(it) Either 2|D| + |[N(D)| > p or there is a € k such that |Qg| < [V N
V(Qa)| + 1 for all B € V(D) \ k.

Note that V(Gg) = V(Qy(p)) implies that every Q-bridge in an inner
bag of W that realises an edge of D must be trivial.

Proof.

(i) Denote by X and Y the intersection of G2 with the first and last
adhesion set of W, respectively. Let Z be the union of X, Y, and the
set of all vertices of G% that have a neighbour in G — G%. Clearly
Z C V(Q,)UXUY. Moreover, G2 —z does not contain an XY linkage
for any z € Z: For z € X UY this is trivial and for the remaining vertices
of Z it holds by the assumption that Q is V(D)-compressed. Therefore
for every z € Z there is an XY separation (A,, B;) of G% of order at
most | D[ with z € A, N B,. On the other hand, Qy (p) is a set of |D|
disjoint X—Y paths in G% so every XY separation has order at least
|D|. Hence by Lemma 3.1 there is a nested set S of X—Y separations
of G, each of order |D|, such that Z C Z, where Zy denotes the set
of all vertices that lie in a separator of a separation of S.

We may assume that (X, V(G3)) € S and (V(GE),Y) € S so for any
vertex v of G% — (X UY) there are (Ar,Br) € S and (Ag,Br) € S
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such that (Ar, Br) is rightmost with v € Br \ Ar and (Ag, Bg) is
leftmost with v € Ag \ Bgr. Set Sp:=Ar N By, and Sg:=Ar N Bpg.

Let z be any vertex of Zy “between” S;, and Sg, more precisely, z €
(BL\AL)N(AR\ BRr). There is a separation (Ays, Byr) € S such that its
separator Sp; := Apr N By contains z. Then z witnesses that Ay SZ A
and Byr ¢ Br and thus (Aar, Bar) is neither left of (Az, Br) nor right
of (Agr, Br). But S is nested and therefore (Aps, Bys) is strictly right
of (A, Br) and strictly left of (Ar, Br). This means v € Sy otherwise
(Apr, Bar) would be a better choice for (Ar, Br) or for (Ar, Br). So
any separator of a separation of S that contains a vertex of (B, \ Ar)N
(Ar \ Br) must also contain v.

Ifv ¢ Zy, then (BL\ AL)N(Ar\ Br)NZy = 0. This means that S;, USg
separates v from Z in G%. So Sp, USRUV(Qn(p)ne) separates v from
G— G% in G. By the connectivity of G we therefore have

2|D|+|N(D)N 6| > |SLUSRrUV(Qnpyne)| > p-

So we may assume that V(G%) = Z Since every separator of a sepa-
ration of S consists of one vertex from each path of Qy(p) this means
V(Qvp) € V(GR) = Zy € V(Qyp))- If & = 0, then X UY U
V(Qn(Dp)ne) separates GE — (X UY) from G — G$ in G so this is just
a special case of the above argument.

We may assume x # ) by (i) and k # V(D) since the statement is
trivially true in the case k = V(D). Pick a € k such that [V NV (Q.)|
is maximal and let 8 € V(D) \ k. For any inner vertex v of Qg define
(Ar,Br) and (Ag, Br) as in the proof of (i) and set V,:=V N (B \
AL) N (Ag \ Br).

By (i) we have V,, C Z; and every separator of a separation of S
that contains a vertex of V,, must also contain v. This means that
Vy NV, = 0 for distinct inner vertices v and v’ of Q)3 since no separator
of a separation of § contains two vertices on the same path of Qv (p).

Furthermore, S;, U S UV, separates v from V(Q,)UXUY DO Z in G%
so by the same argument as in (i) we have 2|D|+|N(D)N 6|+ |V,| > p.
Then |[N(D) N Al > |V,| would imply 2|D| + |N(D)| > p so we may
assume that |[N(D) N A| < |V, for all inner vertices v of Qg. Clearly
N(D) N A is a disjoint union of the sets (N(y) N A) \ V(D) with v € &
and these sets are all non-empty. Hence || < |[N(D) N Al and thus
|k| +1 < |V,| for all inner vertices v of Q.
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Write V' for the inner vertices of Qg. Statement (ii) easily follows from

VI(el+1) <YVl < V< I8l [V AV(Qa)]: O
veV

6 Rural Societies

In this section we present the answer of Robertson and Seymour to the
question whether or not a graph can be drawn in the plane with specified
vertices on the boundary of the outer face in a prescribed order. We will
apply their result to subgraphs of a graph with a stable decomposition.

A society is a pair (G, ) where G is a graph and 2 is a cyclic permutation
of a subset of V(G) which we denote by Q. A society (G, ) is called rural if
there is a drawing of G in a closed disc D such that V(G) N 9D = Q and Q
coincides with a cyclic permutation of  arising from traversing 9D in one
of its orientations. We say that a society (G, Q) is k-connected for an integer
k if there is no separation (A, B) of G with |[AN B| < k and Q C B # V(Q).
For any subset X C Q denote by Q|X the map on X defined by z — QF(z)
where k is the smallest positive integer such that Q*(z) € X (chosen for each
x individually). Since € is a cyclic permutation so is | X.

Given two internally disjoint paths P and @ in G we write P(Q) for the
cyclic permutation of V(P U Q) that maps each vertex of P to its successor
on P if there is one and to the first vertex of () — P otherwise and that maps
each vertex of () — P to its successor on () — P if there is one and to the first
vertex of P otherwise.

Let R and S be disjoint Q-paths in a society (G,€), with end vertices
r1, r2 and s1, Sg, respectively. We say that {R, S} is a cross in (G,Q), if
Q{r1,r2, 81,82} = (r18171282) or Q{ry,re, 51,82} = (s2r28171)-

The following is an easy consequence of Theorems 2.3 and 2.4 in [14].

Theorem 6.1 (Robertson & Seymour 1990). Any 4-connected society is
rural or contains a cross.

In our application we always want to find a cross. To prevent the society
from being rural we force it to violate the implication given in following
Lemma which is a simple consequence of Euler’s formula.

Lemma 6.2. Let (G,Q) be a rural society. If the vertices in V(G) \ Q have
degree at least 6 on average, then Y., . da(v) < 4] — 6.

Proof. Since (G, ) is rural there is a drawing of G in a closed disc D with
V(G)NAD = Q. Let H be the graph obtained by adding one extra vertex w
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outside D and joining it by an edge to every vertex on dD. Writing b:= |Q|
and i:=|V(G) \ Q|, Euler’s formula implies

|Gl +b=|H| <3[H|-6=3(i+b)—3
and thus ||G|| < 3i 4+ 2b — 3. Our assertion then follows from

D dav)+6i< > da(v) =2|G|| < 6i+4b—6 O
veQ veV(Q)

In our main proof we will deal with societies where the permutation (2 is
induced by paths (see Lemma 6.4 and Lemma 6.5). But every inner vertex
on such a path that has degree 2 in GG adds slack to the bound provided by
Lemma 6.2 as it counts 2 on the left side but 4 on the right. This is remedied
in the following Lemma which allows us to apply Lemma 6.2 to a “reduced”
society where these vertices are suppressed.

Lemma 6.3. Let (G,Q) be a society and let P be a path in G such that all
inner vertices of P have degree 2 in G. Denote by G' the graph obtained from
G by suppressing all inner vertices of P and set Q' :=Q|V(G'). Then (G',)
is rural if and only if (G, <) is.

Proof. The graph G is a subdivision of G’ so every drawing of G gives a
drawing of G’ and vice versa. Hence a drawing witnessing that (G, Q) is rural
can easily be modified to witness that (G’, ') is rural and vice versa. 0

Two vertices a and b of some graph H are called twins if Ng(a) \ {b} =
N () \ {a}. Clearly a and b are twins if and only if the transposition (ab)
is an automorphism of H.

Lemma 6.4. Let G be a p-connected graph and let (W, P) be a stable reqular
decomposition of G of length at least 3 and attachedness p. Set 0 :={«a |
P, is trivial} and A:={« | P, is non-trivial}. Suppose that af3 is an edge
of TOW, P)[A] such that IN(a) N 0] < p—3, |N(B)NO <p-—3, and for
Nog:=N(a)NN(B) we have Nog C 8§ and |[Nog| < p—>5. If o and 8 are not
twins, then the society (GZ;B, Panl) is rural.

Proof.

Claim 6.4.1. Every P-bridge with an edge in Ggﬁ must attach to P, and
Pg, wn particular, Ggﬂ — P, and Ggﬁ — Pg are both connected.
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Proof. By Lemma 5.2 every non-trivial P-bridge that attaches to P, or Pg
must attach to another path of Py. Since P, and Pj3 are induced this means
that all P-bridges with an edge in Gzﬁ must realise the edge aff and hence
attach to P, and Pjg. ]

Claim 6.4.2. The set Z of all vertices of GE,B that are end vertices of P, or
Pg or have a neighbour in G — (Gzﬁ UPN,;) is contained in V(Py U Pp).

Proof. Any vertex v of Gsﬁ — (PyUPg) is an inner vertex of some non-trivial
P-bridge B that attaches to P, and Pg. Since GZ[B contains all inner vertices
of B the neighbours of v in G — ng must be attachments of B. But if
B attaches to a path P, with v # «, 3, then v € N, and therefore all
neighbours of v are in Gzﬁ UPN,s- O

Claim 6.4.3. The society (Gfﬁ, Panl) is rural if and only if the society
(G4, PaP3|Z) is.

Proof. Clearly (Gzzg7 PoPy 112) is rural if (Gsﬁ, PoPy 1) is. For the converse
suppose that (G7 7POéPﬁTl|Z) is rural, that is, there is a drawing of GEB in
a closed disc D such that GZ@ N 0D = Z and one orientation of 9D induces

the cyclic permutation PPy YZon Z.

For the rurality of (GEB, Panl) and (Ggﬁ, PaP/g1|Z) it does not matter
whether the first vertices of P, and Pg are adjacent in ng or not and the
same is true for the last vertices of P, and Pg. So we may assume that both
edges exist and we denote the cycle that they form together with the paths
P, and P by C.

The closed disc D’ bounded by C' is contained in D. It is not hard to
see that the interior of D’ is the only region of D — C that has vertices of
both P, and Pj on its boundary. But every edge of Gzﬁ lies on C or in a
P-bridge B with B — (P \ {P,, P3}) C Gzﬁ. By Claim 6.4.1 such a bridge B
must attach to P, and P and in the considered drawing it must therefore
be contained in D’. This means GZB C D’ which implies that (Gsﬂ, PPy b
is rural as desired. Ol

Claim 6.4.4. The society (Gfﬁ, PaPﬁ_llZ) is 4-connected.

Proof. Set H ::Gzﬁ and Q ::PaPﬂ_1|Z. Note that = Z since Z C V(P,U
Pg) by Claim 6.4.2. Set T':=V(Py,,). Clearly ZUT separates H from G—H
so for every vertex v of H — Z there is a v—1T U Z fan of size at least p in G
as G is p-connected. Since |T'| < p — 5 this fan contains a v—Z fan of size at
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least 4 such that all its paths are contained in H. This means that (H,) is
4-connected as desired. O

By the off-road edges of a cross {R, S} in (H,() we mean the edges in
E(RUS)\ E(P,U Pg). We call a component of RN (P, U Pg) that contains
an end vertex of R a tail of R. We define the tails of S similarly.

Claim 6.4.5. If {R, S} is a cross in (H,Q) whose set E of off-road edges is
minimal, then for every z € Z\ V(RUS) each z—(RUS) path in P, U Py
ends in a tail of R or S.

Proof. Suppose not, that is, there is a Z—(R U S) path T' in P, U P3 such
that its last vertex ¢ does not lie in a tail of R or S. W.l.o.g. we may assume
that t is on R. Since t is not in a tail of R the paths Rt and tR must both
contain an edge that is not in P, U Pg so E(T URtUS) \ E(P, U Pg) and
E(TUtRUS)\ E(P,UPg) are both proper subsets of £. But one of {TURt, S}
and {T'UtR, S} is a cross in (H, ), a contradiction. O

Suppose now that o and [ are not twins.

Claim 6.4.6. (H,Q) does not contain a cross.

Proof. 1f (H, ) contains a cross, then we may pick a cross {R, S} in (H, )
such that its set E of off-road edges is minimal. Since Z C V (P, U Pg) we
may assume w.l.o.g. that {R, S} satisfies one of the following.

1. R and S both have their ends on P,.
2. R has both ends on F,. S has one end on P, and one on Pg.
3. R and S both have one end on P, and one on Pjg.

We reduce the first case to the second. As Pg contains a vertex of Z but
no end of R or S it must be disjoint from R U .S by Claim 6.4.5. But R and
S both contain a vertex outside P, (recall that P, is induced by (L6)) so
RUS meets H — P, which is connected by Claim 6.4.1.

Therefore there is a Pg—~(RUS) in H — P,, in particular, there is a Z—
(RUS) path T with its first vertex z in Z NV (P3) and we may assume that
its last vertex t is on S. Denote by v the end of S that separates the ends of
Rin P,.

Then {R,vStUT} is a cross in (H, ) and we may pick a cross {R’, S}
in (H, ) such that its set E of off-road edges is minimal and contained in
the set F' of off-road edges of {R,vSt UT}. If R"U S contains no edge of
T, then E’ is a proper subset of E as it does not contain F(S) \ E(vSt), a
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contradiction to the minimality of E. Hence R’ U S’ contains an edge of T'
and hence must meet Pg. So by Claim 6.4.5 one of its paths, say S’ ends in
Pg as desired.

On the other hand, all off-road edges of {R’, S’} that are incident with
Pg are in T and therefore the remaining three ends of R" and S’ must all be
on P,. Hence {R', S’} is a cross as in the second case.

In the second case we reroute P, along R, more precisely, we obtain a
foundational linkage Q from P by replacing the subpath of P, between the
two end vertices of R with R.

The first vertex of R U.S encountered when following Pg from either of
its ends belongs to a tail of R or S by Claim 6.4.5. Obviously a tail contains
precisely one end of R or S. Since R has no end on Pg and S only one,
(RUS)N Py is a tail of S, in particular, R is disjoint from Pg and hence the
paths of Q are indeed disjoint.

Clearly S must end in an inner vertex z of P,. By the definition of Z
there is a P-bridge B in some inner bag W of W that attaches to z and to
some path P, with v € N(a)\ N(8). But BU S is contained in a Q-bridge
in G[W] and therefore v is an edge of B(G[W], Q[W]) and thus of I'(WV, Q)
but not of I'(W, P). This contradicts Lemma 5.1.

In the third case Claim 6.4.5 ensures that the first and last vertex of
P, and of Pg in RU S is always in a tail and clearly these tails must all be
distinct. Hence by replacing the tails of R and S with suitable initial and final
segments of P, and Pg we obtain paths P/, and Pé such that the foundational
linkage Q:=(P \ {Pa, Ps}) U {P,, P4} has the induced permutation (ap).
Since P, = Q, for all v ¢ {«a, B} it is easy to see the there must be an inner
bag W of W such that Q[W] has induced permutation («/3). But clearly (a/3)
is an automorphism of I'(W, P) if and only if o and 3 are twins in I'(W, P).
Hence Q[W] is a twisting disturbance by the assumption that a and g are
not twins. This contradicts the stability of (W, P) and concludes the proof
of Claim 6.4.6. ]

By Claim 6.4.4 and Theorem 6.1 the society (H,€) is rural or contains a
cross. But Claim 6.4.6 rules out the latter so (H, §2) is rural and by Claim 6.4.3
so is (GEB,PQPEI). O

In the previous Lemma we have shown how certain crosses in the graph
H = Gzﬂ “between” two bridge-adjacent paths P, and Pg of P give rise
to disturbances. The next Lemma has a similar flavour; here the graph H
will be the subgraph of G “between” P, and (), where « is a cut-vertex of

(W, P)[A] and Q a relinkage of P.
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Lemma 6.5. Let G be a p-connected graph with a stable reqular decomposition
(W, P) of attachedness p and set \:={«a | P, is non-trivial} and 6 :={« |
P, is trivial}. Let D be a block of I'(W,P)[A| and let x be the set of cut-
vertices of I'(W,P)[A] that are in D. If [N(a) N 0] < p—4 for all a € A,
then there is a V(D)-compressed (P,V (D))-relinkage Q such that QW] is
p-attached in G[W] for all inner bags W of W and for any o € k and any
separation (A1, A2) of TOW,P)[A] such that \y N Ay = {a} and N(a) N A =
N(a) N V(D) the following statements hold where H := GZ; N GAQN q1 and
q2 are the first and last vertex of Q., and Z1 and Zy denote the vertices of
H —{q1,q2} that have a neighbour in Gy — GZ and Gy — G/%, respectively.

(i) We have Zy C V(P,) and Zy C V(Qa). Furthermore, Z :={q1,q2} U
Z1 U Zy separates H from Gy — H in G — Py (a)ng-

(i) The graph H is connected and contains Q. The path P, ends in qs.

(iii) Every cut-vertex of H is an inner verter of Qn and is contained in
precisely two blocks of H.

(iv) Every block H' of H that is not a single edge contains a vertex of
Z1\'V(Qa.) and a vertex of Zy \ V(Pa) that is not a cut-vertex of H.
Furthermore, Qu[W] contains a vertex of Zs for every inner bag W

of W.

(v) There is (P,V(D))-relinkage P with P = (Q\ {Qa}) U{P.} and
P!, C H such that Zy CV(PL), V(P, N Q) consists of q1, q2, and all
cut-vertices of H, and P'[W] is p-attached in G[W] for all inner bags
W of W.

(vi) Let H' be a block of H that is not a single edge. Then P':= H'N P! and
Q' :=H' N Qq are internally disjoint paths with common first vertex g
and common last vertex ¢4 and the society (H', P'Q'~') is rural.

Figure 1 gives an impression of H. The upper (straight) black ¢1—¢2 path
is Qo and everything above it belongs to G)%. The lower (curvy) black path
is P/ and everything below it belongs to Gfl. The grey paths are subpaths
of P, and, as shown, P, need not be contained in H and need not contain
the vertices of P, N P/, in the same order as P/,. The white vertices are the
cut-vertices of H. The vertices with an arrow up or down symbolise vertices
of Zs and Zj, respectively. The blocks of H that are not single edges are
bounded by cycles in P/, UQ, and Lemma 6.5 (vi) states that the part of H
“inside” such a cycle forms a rural society.
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Figure 1: The graph H = sz N G)%.

Proof. For a (P,V(D))-relinkage Q and 8 € k any G%—path P C Pg such
that some inner vertex of P has a neighbour in G — GB is called an B-outlet
of Q. By the outlet graph of Q@ we mean the union of all components of
P — G% that have a neighbour in G — GE. In other words, the outlet graph
of @ is obtained from the union of all S-outlets for all 5 € x by deleting the
vertices of G%.

Clearly P itself is a (P, V(D))-relinkage. Among all (P, V(D))-relinkages
pick @ such that its outlet graph is maximal. By Lemma 5.6 there is a
V(D)-compressed (Q',V(D))-relinkage Q such that Q[WW] is p-attached in
G[W] for all inner bags W of W. Note that GZ C G%/ by Lemma 5.4, so the
outlet graph of Q is a supergraph of that of Q'. Hence by choice of @', they
must be identical, in particular, the outlet graph of @ is maximal among the
outlet graphs of all (P, V(D))-relinkages.

Claim 6.5.1. For any foundational linkage R of W we have Gz\zl UGZ\Q2 =G,
and G, NGR = Ra.

Proof. By Lemma 5.1 we have '(W, R)[A] C 'V, P)[A], so (A1, A2) is also
a separation of I'(W, R)[)A]. Hence each R-bridge in an inner bag of W has
all its attachments in Ry, g or all in Ry,u¢ and thus Ggi U Gz\i = G)y. The
induced path R, is contained in Ggi ﬂGZ\i by definition. If Gz\i ﬁGg\z2 contains
a vertex that is not on R, then it must be in a non-trivial R-bridge that
attaches to R, but to no other path of R). Such a bridge does not exist by
Lemma 5.2 (applied to Ag:=\). O

Claim 6.5.2. For every vertexr v of H — P,, there is a v—Zs path in H — P,
and for every vertex v of H — Q, there is a v—Z1 path in H — Q.
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Proof. Let v be a vertex of H— P, C GfQ — P,. Then there is 8 € A2\ A1 such
that v is on Pg or v is an inner vertex of some non-trivial P-bridge attaching
to Pg by Lemma 5.2 and the assumption that |[N(a) N8| < p — 4. In either
case Gi — P, contains a path R from v to the first vertex p of Pz. But p is

also the first vertex of Qg and therefore it is contained in G — G/\Ql. Pick w
on R such that Rw is a maximal initial subpath of R that is still contained
in H. Then w # p and the successor of w on R must be in Gy — G/\Ql. This
means w € Zy as desired. If v is in H — @), then the argument is similar but
slightly simpler as Qg = Pg for all 5 € A\ \ Aa. O

(i)

(i)

Any vertex of GZ\DQ that has a neighbour in Gfl — Gz\z must be on P,
by Claim 6.5.1. This shows Z; C V(FP,) and by a similar argument
ZQ - V(Qa)-

A neighbour v of H in G either is in no inner bag of W, it is in G, or
it is in Py. In the first case v can only be adjacent to ¢q; or ¢ as these
are the only vertices of H in the first and last adhesion set of W.

In the second case, note that Q is a (P, A2)-relinkage since V(D) C Ao
and thus Lemma 5.4 yields G/% C GZ which together with Claim 6.5.1
implies

Gr=GY UGk, =G} U(GY,NGS)U(GE, NGY)
=G UHUGY.

Hence v is in G, — G% orin Gy — Gi and thus all neighbours of v in
H are in Zs or Zj, respectively.

In the third case v is the unique vertex of some path Pg with 3 € 6. Let
w be a neighbour of v in H. Either w is on P, or there is a w—Z5 path
in H by Claim 6.5.2 which ends on ), as shown above. So af is an
edge of (W, P) or of I'(W, Q). The former implies 5 € N(«) directly
and the latter does with the help of Lemma 5.1. Hence we have shown
that Z U V(Py(a)ne) separates H from the rest of G concluding the
proof of (i).

We have Q. C G% by definition and @, C GZ\JZ since Q is a (P, A2)-
relinkage. Hence Q, C H and some component C' of H contains Q.
Suppose that v is a vertex of H N P,. Let w be the vertex of P, such
that wP,v is a maximal subpath of P, that is still contained in H. Since
P, C Gfg we must have w € {q1} U Zy C V(Qn) and hence v is in C.
For any vertex v of H — P, there is a v—Z2 path in H by Claim 6.5.2
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which ends on @, by (i). This means that v is in C' and hence H is
connected.

For every inner bag W of W the induced permutation 7 of Q[W] maps
each element of A\; \ A2 to itself as Q is (P, \y)-relinkage. Moreover, 7
is an automorphism of I'(W, P) by (L10) and « is the unique vertex of
A2 that has a neighbour in A; \ A2. This shows () = «. Hence Q,
and P, must have the same end vertex, namely gs.

(i) Let v be a cut-vertex of H. By (ii) it suffices to show that all components
of H — v contain a vertex of @),. First note that every component of
H — v contains a vertex of Z: If a vertex w of H — v is not in Z, then
by (i) and the connectivity of G there is a w-Z fan of size at least
p— |N(a)N@| >2in H and at most one of its paths contains v. But
any vertex z € Z\V(Qq) is on P, by (i) and the paths ¢ P,z and 2P, g2
do both meet ), but at most one can contain v (given that z # v). So
every component of H — v must contain a vertex of Q) as claimed.

Claim 6.5.3. A Qu-path P C P, N H is an a-outlet if and only if some
inner vertex of P is in Zy, in particular, every vertex of Z1 \ V(Qq) lies in a
unique a-outlet. Denoting the union of all a-outlets by U, no two components
of Qo — U lie in the same component of H — U.

Proof. Clearly Qo € GENH C G NGY = Qq by Claim 6.5.1. Suppose
that P C P, N H has some inner vertex z; € Z;. Then P is a G%—path and
z1 has a neighbour in Gy — Gf; C Gy — Gg so P is an a-outlet.

Before we prove the converse implication let us show that H C Gg. If
some vertex v of H C sz is not in G7), then there is 8 € Xy \ V(D) such
that v is on Pg or v is an inner vertex of a non-trivial P-bridge attaching to
Pg. But vis in H — P, so by Claim 6.5.2 and (i) there is a v-Q, path in H
and hence af is an edge of I'(W, Q)[A] and thus of 'V, P)[A] by Lemma 5.1.
But (A1, A2) is chosen such that N(«a) N A C A UV(D), a contradiction.

Suppose that P is an a-outlet. Then some inner vertex z of P has a
neighbour in G — Gg C Gy—H. So z € Z1 U Zy and therefore z € Z7 as
z ¢ V(Qa) 2 Z2 by (i).

To conclude the proof of the claim we may assume for a contradiction that
Q. contains vertices 71, r, and 7 in this order such that H —U contains an r{—
ro path R and r is the end vertex of an a-outlet. Let Q' be the foundational
linkage obtained from @ by replacing the subpath r1Q,re of @, with R.
Clearly @' is a (P, V(D))-relinkage. It suffices to show that the outlet graph
of Q' properly contains that of Q to derive a contradiction to our choice of Q.
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By choice of R and the construction of Q' each S-outlet of Q for any 3 € &
is internally disjoint from Q' and hence is contained in a B-outlet of Q’. But
r is not on @/, so it is an inner vertex of some a-outlet of Q' so the outlet
graph of Q' contains that of Q properly as desired. O

Claim 6.5.4. Let r1 and ro be the end vertices of an a-outlet P of Q. Then
r1Qar2 contains a vertex of Zo \ V(Py).

Proof. We assume that 71 and 9 occur on @, in this order. Set Q) :=r1Q,72.
Clearly PUQ is a cycle. Since P, is induced in GG, some inner vertex v of @)
is not on P,. By Claim 6.5.2 there is a v—Z5 path R in H — P, and its last
vertex zo must be on Q4 (see (i)) but not on P,. Finally, Claim 6.5.3 implies
that v and z2 must be in the same component of ), — P so both are on @)
as desired. O

(iv) Clearly H' contains a cycle. Since @, is induced in G there must be
a vertex v in H' — Q, and the v—Z; path in H — Q. that exists by
Claim 6.5.2 avoids all cut-vertices of H by (iii) and thus lies in H' — Q,.
So H' contains a vertex of Z; — V(Q,) which lies on P, by (i) and thus
also an a-outlet by Claim 6.5.3. So by Claim 6.5.4 we must also have a
vertex of Zy \ V(P,) in H' that is neither the first nor the last vertex
of Qn in H'.

For any inner bag W of W the end vertices of Q,[W] are cut-vertices
of H. By (L8) G[W] contains a P-bridge realising some edge of D that
is incident with a. So some vertex of P, has a neighbour in G — Gfl.
If Qo[W] = P,[W], then G’/\Q1 [W] = G% [W] so this neighbour is also in
Gx— G/\Q1 and hence Qo [W] contains a vertex of Za. If Q. [W] # Py[W],
then some block of H in G[W] is not a single edge so by the previous
paragraph Q.[W] contains a vertex of Zs.

Claim 6.5.5. Every Z1-Zs path in H is a q1—q2 separator in H.

Proof. Suppose not, that is, H contains a ¢1—¢2 path @/, and a Z;—Z5 path
R such that R and @/, are disjoint. Clearly HNQ = Q, so Q" :=(Q\{Q.})U
{@Q.,} is a foundational linkage. The last vertex 7o of R is in Z and hence
has a neighbour in Gy — G/%. So there is an rng/)\Z\)\l path Ro that meets
H only in 79. Similarly, for the first vertex r; of R there is an er’)\l\)\Q
path Ry that meets H only in r1. Then R; U RU Rs witness that T(W, Q')
has an edge with one end in A1 \ A2 and the other in Az \ A1, contradicting
Lemma 5.1. L]

134



Claim 6.5.6. Let H' be a block of H. Then Q:=H' NQ, is a path and its
first vertex ¢} equals q1 or is a cut-vertex of H and its last vertex ¢b equals
g2 oris a cut-vertex of H. Furthermore, there is a ¢} —q¢4 path P C H' that is
internally disjoint from @ such that Zy NV (H') C V(P) and if a P-bridge
B in H' has no inner vertex on Qq, then for every zy € Zy NV (H') the
attachments of B are either all on Pz or all on z1 P.

Proof. Tt follows easily from (iii) that @ is a path and ¢} and ¢} are as claimed.
If H' is the single edge ¢}q), then the statement is trivial with P = @ so
suppose not. Our first step is to show the existence of a ¢}—¢5 path R C H'
that is internally disjoint from Q.

By (iv) some inner vertex z2 of @ is in Z3\ V(P,). Since H' is 2-connected
there is a Q-path R C H' — 29 with first vertex 71 on Qz9 and last vertex
r9 on 29Q). Pick R such that 71Qre is maximal. We claim that 1 = ¢] and
ro = qé.

Suppose for a contradiction that ro # ¢5. By the same argument as before
there is Q-path S C H' — ry with first vertex s; on Qro and last vertex ss on
r2@Q. Note that s; must be an inner vertex of r1Qry by choice of R. Similarly,
Q separates R from S in H' otherwise there was a Q-path from r1 to so again
contradicting our choice of R.

But S has an inner vertex v as @) is induced and Claim 6.5.2 asserts the
existence of a v—Z1 path S in H — @, which must be disjoint from R as Q
separates S from R. So there is a Z1—Z5 path in 20Qs1 U s1.5v U S” which
is disjoint from Q,r1RraQ, by construction, a contradiction to Claim 6.5.5.
This shows ry = ¢4 and by symmetry also 1 = ¢}.

Among all ¢j—¢5 paths in H' that are internally disjoint from @ pick P
such that P contains as few edges outside P, as possible. To show that P
contains all vertices of Z1 N V(H') let z1 € Z; N V(H'). We may assume
21 # ¢}, ¢b. If 21 is an inner vertex of @, then @ contains a Z1—Z, path that
is disjoint from P, a contradiction to Claim 6.5.5. So there is an a-outlet R
which has z; as an inner vertex. Then Rz; U @ and z1 R U @ both contain
a Z1—Z5 path and by Claim 6.5.5 P must intersect both paths. But P is
internally disjoint from @) so it contains a vertex ¢; of Rz; and a vertex to
of z1 R. If some edge of t1 Pty is not on Py, then P’':=q| Pt1 PytaPdl is ¢i—d,
path in H' that is internally disjoint from @ and has fewer edges outside P,
than P, contradicting our choice of P. This means ¢; Rto C P and therefore
z1 is on P.

Finally, suppose that for some z; € Z; there is a P-bridge B in H' with
no inner vertex in (), and attachments 1, to # 21 such that ¢; is on Pz, and
to is on z1 P (this implies 21 # ¢}, ¢,). Let R be the a-outlet containing z;
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and denote its end vertices by r; and 2. By Claim 6.5.4 some inner vertex
2o of r1Qre is in Zs.

If B has an attachment in 21 P — R, then z1 Rro U 20Qro contains a Z1—Z»
path that does not separate ¢} from ¢4 in H' and therefore does not separate
q1 from ¢o in H, contradicting Claim 6.5.5. So B has no attachment in 21 P— R
and a similar argument implies that B has no attachment in Pz; — R. So all
attachments of B must be in PN R C P,. As RU B contains a cycle and P,
is induced some vertex v of B is not on P,. But then Claim 6.5.2 implies the
existence of a v—Z5 path that avoids P, and hence uses only inner vertices
of B, in particular, some inner vertex of B is in Zs C V(Q,), contradicting
our assumption and concluding the proof of this claim. 1

(v) Applying Claim 6.5.6 to every block H' of H and uniting the obtained
paths P gives a ¢1—¢2 path R C H such that Z; C V(R) and V(RN Qq)
consists of g1, g2, and all cut-vertices of H. Moreover, for every z1 € Z a
P-bridge B in H that has no inner vertex in (), has all its attachments
in Rz or all in z1 R.

Set Q" :=(Q\{Qa})U{R}). Let P’ be the foundational linkage obtained
by uniting the bridge stabilisation of Q'[W] in G[W] for all inner bags
W of W. Then P'[W] is p-attached in G[W] for all inner bags W of W
by Lemma 3.7.

To show Pj = Qg for all 3 € A\ {a} it suffices by Lemma 3.7 to
check that every non-trivial Q'-bridge B’ that attaches to Q0 attaches
to at least one other path of Q). If B’ is disjoint from H it is also a
Q-bridge and thus attaches to some path @, = @, with v € A\ {a, 8}
by Claim 6.5.1. If B’ contains a vertex of H, then it attaches to Q), = R
as H is connected (see (ii)) and @' N H = R.
To verify P, C H we need to show B’ C H for every Q'-bridge B’
that attaches to R but to no other path of Q). Clearly for every vertex
v of G§ — P, there is a v-P),\(q} path in G} — P,. Similarly, for
every vertex v of G% — Qo there is a v-Q),\ (o) Path in G)% — Q4. But
s = Pp for all B € A1\ {a} and Q = Qp for all B € A2\ {a} and
Gr—H = (G} —P,)U (G/\Q2 — Qo). This means that B’ cannot contain
a vertex of G — H and thus B’ C H as desired.
We have just shown that every bridge B’ as above is an R-bridge in
H. By construction and the properties (i) and (iv) every component of

Qo — R contains a vertex of Z5 and hence lies in a Q’-bridge attaching
to some path @} with 8 € A2\ {a}. So B’ is an R-bridge in H with no
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inner vertex in @, and therefore there must be z1, 2] € Z1 U {q, ¢2}
such that z; Rz] contains all attachments of B" and no inner vertex of
z1Rz} is in Z;. By Lemma 3.7 this implies that P/, contains no vertex
of Qo — R and Z; C V(P,,). On the other hand, P/, must clearly contain
the end vertices of R and all cut-vertices of H. This concludes the proof

of (v).

We first show that (H’, Q) is rural where Q:= P'Q"~!|Z where Z':= ZN
V(H'"). Since H is connected and HNP' = P, we must have 8 € N(a)n6
for each path Pg with 3 € 6 whose unique vertex has a neighbour in H.
So the set T of all vertices of Py that are adjacent to some vertex of H’
has size at most p — 4 by assumption. Clearly Z’' UT separates H' from
the rest of G so for every vertex v of H' — Z' there is a v—(Z' UT) fan
of size at least p and hence a v—Z fan of size at least 4. Hence (H', Q)
is 4-connected and hence it is rural or contains a cross by Theorem 6.1.

Suppose for a contradiction that (H’, ) contains a cross. By the off-road
edges of a cross { R, S} in (H', Q) we mean edge set E(RUS)\ E(P'UQ’).
We call a component of RN (P U Q') that contains an end of R a tail
of R and define the tails of S similarly.

Claim 6.5.7. If{R, S} is a cross in (H',Q) such that its set of off-road
edges is minimal, then for every z € Z that is not in RU S the two
z—(RUS) paths in P'U Q" both end in a tail of R or S.

The proof is the same as for Claim 6.4.5 so we spare it.

Claim 6.5.8. FEvery non-trivial (P’ U Q')-bridge B in H' has an at-
tachment in P' — Q' and in Q" — P'.

Proof. Let v be an inner vertex of B. Then H — ), contains a v—Z2;
path by Claim 6.5.2 so B must attach to P’. Note that v is in a non-
trivial P’-bridge B’ and B’ C Gi since Z; C V(P)). Furthermore, B’
must attach to a path Pé = Qp with # € Xy \ A;: This is clear if B’
does not attach to P, and follows from Claim 6.5.1 if it does. So B’
contains a path R from v to G% — Q4 that avoids P’. But any such
path contains a vertex of Z (see (i)) and R does not contain ¢} and ¢,
so some initial segment of R is a v—Z5 path in H' — P’ as desired. [

Claim 6.5.9. There is a cross {R', S’} in (H',Q) such that its set of
off-road edges is minimal and neither P’ nor Q' contains all ends of R’
and S'.
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Proof. Pick a cross {R,S} in (H’,Q) such that its set E of off-road
edges is minimal. We may assume that P’ contains all ends of R and
S. By (iv) some inner vertex zz of @ is in Z3. So if RU S contains an
inner vertex of @', then Q' — P’ contains a Zo—(R U S) path T whose
last vertex ¢ is an inner vertex of R say. Clearly one of {Rt UT, S} and
{tRUT, S} is a cross in (H',Q) whose set of off-road edges is contained
in that of {R, S} and hence is minimal as well. So either we find a cross
{R',S'} as desired or Q' — P’ is disjoint from RU S.

But (RUS) — P’ must be non-empty as P’ is induced in G. So by
Claim 6.5.8 there is a Q'—~(RUS) path in H' — P’, in particular, there is
a Zo—(RUS) path T in H' — P’ and we may assume that its last vertex
t is on R. Again one of {RtUT, S} and {tRUT, S} is a cross in (H',Q)
and we denote its set of off-road edges by F. Pick a cross (R, S’) in
(H,Q) such that its set E’ of off-road edges minimal and E' C F.

Since t is not on P’ each of Rt and tR contains an edge that is not in
P'UQ' so F\ E(T) is a proper subset of E. This means that E’ must
contain an edge of T" by minimality of £ and hence it must contain
FNE(T) so RUS’ contains a vertex of Q' — P’ and we have already
seen that we are done in this case, concluding the proof of the claim. [

Claim 6.5.10. Fori = 1,2 there is a ¢,—(R' U S") path T; in H' such
that Ty and Ty end on one path of {R', S’} and the other path has its
ends in Z1 and Zs.

Proof. Tt is easy to see that by construction one path of {R', S’}, say
S’, has one end in Z; \ {¢},¢5} and the other in Zs \ {q},q5}. If for
some ¢ the vertex ¢/ is in R’ U S’, then it must be on R’ and there is a
trivial ¢/-R' path T;. We may thus assume that neither of ¢} and ¢} is
in RRUS".

So P'U Q' contains two ¢;—(R'US") paths 71 and 77 that meet only in
¢;. By Claim 6.5.7 T} and T} must both end in a tail of R’ or S’. But
(R',S’) is a cross and no inner vertex of 73 UT7 is an end of R or S’ so

we may assume that 77 meets a tail of R'. By the same argument we
find a ¢4—(R' U S’) path Ty that end in a tail of R'. O

To conclude the proof that (H’, ) is rural note that Claim 6.5.10 implies
the existence of a Z1—Z5 path in H that does not separate ¢; from ¢o
in H and hence contradicts Claim 6.5.5. So (H’,) is rural and (vi)
follows from this final claim:
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Claim 6.5.11. The society (H',Q)) is rural if and only if the society
(H',P'Q'~1) is.

This holds by a simpler version of the proof of Claim 6.4.3 where
Claim 6.5.8 takes the role of Claim 6.4.1.

7 Constructing a Linkage

In our main theorem we want to construct the desired linkage in a long stable
regular decomposition of the given graph. That decomposition is obtained
by applying Theorem 3.5 which may instead give a subdivision of K, ;. This
outcome is even better for our purpose as stated by the following Lemma.

Lemma 7.1. Every 2k-connected graph containing a T Koy, o is k-linked.

Proof. Let G be a 2k-connected graph and let S, 7 C V(G) be disjoint and
of size k each, say S = {s1,...,sx} and T = {t1,...,tx}. We need to find a
system of k disjoint S—T paths linking s; to ¢t; fori=1,... k.

By assumption G' contains a subdivision of Ky 91, so there are disjoint
sets A, B C V(G) of size 2k each and a system Q of internally disjoint paths
in G such that for every pair (a,b) with a € A and b € B there exists a
unique a—b path in @ which we denote by Qup.

By the connectivity of G, there is a system P of 2k disjoint (SUT)-(AUB)
paths (with trivial members if (SUT) N (AU B) # 0). Pick P such that it
has as few edges outside of Q as possible. Our aim is to find suitable paths of
Q to link up the paths of P as desired. We denote by A; and B the vertices
of A and B, respectively, in which a path of P ends, and let Ag:= A\ A; and
BO =B \ Bl.

The paths of P use the system Q sparingly: Suppose that for some pair
(a,b) with a € Ag and b € B, the path @, intersects a path of P. Follow Q4
from a to the first vertex v it shares with any path of P, say P. Replacing
P by PvU Qgv in P does not give a system with fewer edges outside Q by
our choice of P. In particular, the final segment vP of P must have no edges
outside Q. This means vP = vQ, that is, P is the only path of P meeting
R and after doing so for the first time it just follows Q4 to b. Clearly the
symmetric argument works if a € A and b € By. Hence

1. Qup with a € Ay and b € By is disjoint from all paths of P,
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2. Qg with a € A1 and b € By or with a € Ay and b € By is met by
precisely one path of P, and

3. Qup with a € A1 and b € By is met by at least two paths of P.

In order to describe precisely how we link the paths of P, we fix some
notation. Since |Ag|+|A1| = |A| = 2k = |P| = |A1|+|Bi|, we have |Ap| = | By
and similarly |A;| = |Bp|. Without loss of generality we may assume that
|Bo| > |Ao| = |B1| and therefore |By| > k. So we can pick k distinct vertices
bi,...,br € By and an arbitrary bijection ¢ : By — Ag. For x € SUT denote
by P, the unique path of P starting in z and by 2’ its end vertex in AU B.

For each 7 and x = s; or ¢ = t; set

{lebl 1‘, € Al

R, = .
Qap(;r/):c’ U Qcp(x’)bi s B

By construction R, and R, intersect if and only if z,y € {s;,t;} for some i,
i.e. they are equal or meet exactly in b;. The paths P, and R, intersect if and
only if P, ends in 9/, that is, if x = y. Thus for each ¢ = 1,. .., k the subgraph
Ci:=P;; URy URy UP,, of G is a tree containing s; and ¢;. Furthermore,
these trees are pairx;vise disjoint, finishing the proof. O

We now give the proof of the main theorem, Theorem 1.1. We restate the
theorem before proceeding with the proof.

Theorem 1.1. For all integers k£ and w there exists an integer N such that
a graph G is k-linked if

k(G) > 2k + 3, tw(G) <w, and |G|> N.

Proof. Let k and w be given and let f be the function from the statement
of Lemma 4.10 with n:=w. Set

no:=2k+1)(ng —1)+1

ny :=max{(2k — 1) <w

2k> 2k (k +3) + 1,12k + 4,2 (k) + 1}

We claim that the theorem is true for the integer N returned by Theorem 3.5
for parameters a = 2k, I = ng, p = 2k + 3, and w. Suppose that G is a
(2k + 3)-connected graph of tree-width less than w on at least N vertices. We
want to show that G is k-linked. If G contains a subdivision of Koy ok, then
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this follows from Lemma 7.1. We may thus assume that G does not contain
such a subdivision, in particular it does not contain a subdivision of K.

Let S = (s1,...,8;) and T = (t1,...,tx) be disjoint k-tuples of distinct
vertices of GG. Assume for a contradiction that G does not contain disjoint
paths Py, ..., P such that the end vertices of P; are s; and t; fori =1,...,k
(such paths will be called the desired paths in the rest of the proof).

By Theorem 3.5 there is a stable regular decomposition of G of length
at least ng, of adhesion ¢ < w, and of attachedness at least 2k + 3. Since
this decomposition has at least (2k + 1)(n; — 1) inner bags, there are ny — 1
consecutive inner bags which contain no vertex of (S UT) apart from those
coinciding with trivial paths. In other words, this decomposition has a con-
traction (W, P) of length n; such that SUT C Wy UW,,. By Lemma 3.6
this contraction has the same attachedness and adhesion as the initial de-
composition and the stability is preserved. Set §:={a | P, is trivial} and
A:={a | P, is non-trivial}.

Claim 7.1.1. X\ # (.

Proof. If A = (), or equivalently, P = Py, then all adhesion sets of W equal
V(Pp). So by (L2) no vertex of G — Py is contained in more than one bag
of W. On the other hand, (L4) implies that every bag W of W must contain
a vertex w € W\ V(Py). Since V(Py) separates W from the rest of G and G
is 2k-connected, there is a w—Py fan of size 2k in G[W]. For different bags,
these fans meet only in Py.

Since W has more than (2k—1) (qu) bags, the pigeon hole principle implies
that there are 2k such fans with the same 2k end vertices among the ¢ vertices
of Pg. The union of these fans forms a T'Koy, o5, in G which may not exist by
our earlier assumption. O

Claim 7.1.2. Let I'g be a component of T'(W,P)[A]. The following all hold.
(1) |N(a) N 0| <2k —2 for every vertex a of T'y.

(i) IN(a) N N(B) NG| <2k —4 for every edge a8 of I'y.

(11i) 2|N(a) N M|+ |[N(a) N 0] < 2k for every vertex o of T'y.

() 2|D|+ |N(D)| < 2k+2 for every block D of Ty that contains a triangle.

Note that (iii) implies (i) unless I'¢ is a single vertex and (iii) implies (ii)
unless I'g is a single edge. We need precisely these two cases in the proof of
Claim 7.1.6.
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Proof. The proof is almost identical for all cases so we do it only once and
point out the differences as we go. Denote by I'; the union of I'g with all
its incident edges of I'(W, P). Set L:=WyNW1NV(Gr,) and R:=W,,_1N
Wy, NV (Gr,). In case (iv) let a be any vertex of D. Let p and ¢ be the first
and last vertex of P,. Then (LUR)\ {p, ¢} separates GIPl —{p,q} from SUT
in G — {p,q}. Hence by the connectivity of G there is a set Q of 2k disjoint
(SUT)~(LUR) paths in G — {p, q}, each meeting G} only in its last vertex.
For i = 1,...,k denote by s. the end vertex of the path of Q that starts in
s; and by t! the end vertex of the path of Q that starts in ¢;.

Our task is to find disjoint s/—¢; paths for ¢« = 1,...,k in Gl?l and we
shall now construct sets X, Y C V(I'1) and an X-Y pairing L “encoding”
this by repeating the following step for each ¢ € {1,...,k}. Let 8,y € V(I'1)
such that s lies on P and ¢} lies on P,. If s, € L, then add § to X and
set 5;:=(f,0). Otherwise s; € R\ L and we add 8 to Y and set §; :=(f, 00).
Note that s; € L N R if and only if 5 € 6. In this case our decision to add
B to X is arbitrary and we could also add it to Y instead (and setting s;
accordingly) without any bearing on the proof. Handle v and ¢ similarly.
Then {5;t; | i = 1,...,k} is the edge set of an (X, Y)-pairing which we denote
by L.

We claim that there is an L-movement of length at most (n1—1)/2 > f(k)
on H:=T1 such that the vertices of A:=V(I'1) N6 are singular. Clearly
H — A =T is connected and every vertex of A has a neighbour in I'y so
A is marginal in H. The existence of the desired L-movement follows from
Lemma 4.8 if (i) or (ii) are violated, from Lemma 4.9 if (iii) is violated, and
from Lemma 4.10 if (iv) is violated (note that |H| < w). But then Lemma 4.3

applied to L implies the existence of disjoint s, paths in G1731 fori=1,...,k
contradicting our assumption that G does not contain the desired paths. This
shows that all conditions must hold. O

Claim 7.1.3. We have 2|Tg|+|N(To)| > 2k+3 (and necessarily N(I'g) C 0)
for every component Ty of T(W, P)[A].

Proof. Let T'; be the union of T'y with all incident edges of T'(W,P). Set
L:=WonWiNV(GE), M:=W1NWanNV(GE), and R:=Wp,_1 N Wy, N
V(GR). If G- GR is non-empty, then L U R separates it from M in G.
Otherwise M separates L from R in G = GR. By the connectivity of G
we have 2|Tg| + |[N(T'o)| = |L U R| > 2k 4 3 in the former case and |M| =
ITo| + [N (To)| = 2k + 3 in the latter. O

We now want to apply Lemma 6.4 and Lemma 6.5. At the heart of both
is the assertion that a certain society is rural and we already limited the

142



number of their “ingoing” edges by Lemma 6.2. To obtain a contradiction we
shall find societies exceeding this limit. Tracking these down is the purpose
of the notion of “richness” which we introduce next.

Let I' € 'OV, P)[A]. We say that a € V(I') is rich in I" if the inner
vertices of P, that have a neighbour in both G) — G{f and GlP — P, have
average degree at least 2 + |Np()|(2 + &4) in GE where e, :=1/|N(a) N Al
A subgraph I' C T (W, P)[]] is called rich if every vertex a € V(I') is rich in

I.

Claim 7.1.4. ForT' CT(W,P)[A] and a € V(T') the following is true.

(1) If T contains all edges of T'(W,P)[A] that are incident with «, then o

is rich in T'.

(ii) If a is rich in T, then the inner vertices of Py that have a neighbour in

GF — P, have average degree at least 2 + |Np(a)|(2 + €4) in GF.

(i1i) Suppose that T is induced in T'(W, P)[A] and that there are subgraphs

I'y,...,Tp C T such that a separates any two of them in T'(W, P)[A]
and | J;2, T; contains all edges of T' that are incident with o. If o is rich
in ', then there is j € {1,...,m} such that o is rich in T;.

Proof.

(i)

(i)

(iii)

The assumption implies that G}) contains every edge of G that is
incident with P, so no vertex of P, has a neighbour in G — Gg and
therefore the statement is trivially true.

The inner vertices of P, that have a neighbour in G — G{f and in
G? — P, have the desired average degree by assumption. We show
that each inner vertex of P, that has no neighbour in G — G7FD has at
least the desired degree. Clearly we have dgp (v) = dg, (v) for such a
vertex v. Furthermore, dg(v) > 2k + 3 since G is (2k + 3)-connected.
Every neighbour of v in Py gives rise to a neighbour of a in 6 and by
Claim 7.1.2 (iii) there can be at most |[N(a) N0 < 2k — 2|N(a) N A|
such neighbours. This means

dep (v) = dg, (v) = 2k +3 — [N(a) N 6] > 2|N(a) N A +3
so (ii) clearly holds.

We may assume that « is not isolated in I" and that each of the graphs
I'y,...,I), contains an edge of I'" that is incident with « by simply
forgetting those graphs that do not.
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Fori =0,...,m denote by Z; the inner vertices of P, that have a neigh-
bour in G — Gﬁ_ and in GE — P, where I'g:=1" and set Z := U:’;l Z;.
Clearly P, C GR for all i. Each edge e of G7Fj that is incident with an
inner vertex of P, but does not lie in P, is in a P-bridge that realises
an edge of I' by (L6) and Lemma 5.2 since Claim 7.1.2 (iii) implies
that |[N(a) N 6| < 2k — 2. So at least one of the graphs Gﬁ_ contains e.
On the other hand, we have Gﬁ_ - G7FD for i = 1,...,m. This implies
Zy C Z.

By the same argument as in the proof of (ii) the vertices of Z have
average degree at least 2 + |Np(a)|(2 + &4) in GF. In other words, GR
contains at least |Z||Nr(a)|(2 + o) edges with one end on P, and the
other in G{f - P,.

By assumption we have [Np(a)| = > |Nr, ()| and so the pigeon hole
principle implies that there is 7 € {1,...,m} such that G’R contains a
set E of at least |Z|[Nr, (a)[(2 + €q) edges with one end on P, and the
other in G{fj — P,.

By assumption and Claim 6.5.1 the path P, separates GE from GR_ in
G for i # j. For any vertex z € Z \ Z; there is ¢ # j with z € Z;, so z
has a neighbour in GE —P,CG)y— GE. Then the only reason that z

is not also in Z; is that it has no neighbour in Gl?_ — P,, in particular,
it is not incident with an edge of E. So the vertices of Z; have average
degree at least 2 + ||7Z],|||ij (a)|(2+¢eq) in G?j which obviously implies

the claimed bound.
Ol
Claim 7.1.5. Every component of (W, P)[A] contains a rich block.

Proof. Let Iy be a component of I'(W, P)[\]. Suppose that « is a cut-vertex of
Ip and let Dy, ..., Dy, be the blocks of T'y that contain . Clearly N(a)NA C
V(U™ D;) so Claim 7.1.4 implies that « is rich in |J;~; D; by (i) and hence
there is j € {1,...,m} such that « is rich in D; by (iii).

We define an oriented tree R on the set of blocks and cut-vertices of I'y
as follows. Suppose that D is a block of 'y and « a cut-vertex of I'g with
a € V(D). If ais rich in D, then we let (a, D) be an edge of R. Otherwise
we let (D, a) be an edge of R. Note that the underlying graph of R is the
block-cut-vertex tree of I'g and by the previous paragraph every cut-vertex
is incident with an outgoing edge of R. But every directed tree has a sink,

144



so there must be a block D of I'g such that every a €  is rich in D where &
denotes the set of all cut-vertices of I'g that lie in D.

But the only vertices of Gg that may have a neighbour in G — Gg are
on paths of Py (p) by Lemma 5.3 and of these clearly only the paths of Py
may have neighbours in Gy — G7. So all vertices of V(D) \ k are trivially
rich in D and hence D is a rich block. O

Claim 7.1.6. Ewvery rich block D of T(W,P)[A] contains a triangle.

Proof. Suppose that D does not contain a triangle. By Claim 7.1.3 and
Claim 7.1.2 (i) we may assume D is not an isolated vertex of T'(W, P)[\],
that is, D contains an edge. We shall obtain contradicting upper and lower
bounds for the number

pim Y (dap(©) ~ dpy, ()

veV(Py (D))

For every a € V(D) denote by V,, the subset of V(FP,) that consists of the
ends of P, and all inner vertices of P, that have a neighbour in GB — P,.
Set V:=Uqev(p) Va-

For the upper bound let a8 be an edge of D. Then Nyg:=N(a)NN(B) C
0 as a common neighbour of & and 8 in A would give rise to a triangle
in D. Furthermore, |Nyg| < 2k — 4 by Claim 7.1.2 (ii). By Lemma 6.4 the
society (Gsﬁ,PaPﬁ_ 1) is rural if a and B are not twins. But if they are,
then N(a) U N(B) = Nos U {«, B}. This means that D is a component of
I'(W,P)[A] that consists only of the single edge af5. So by Claim 7.1.3 we
have |[Nog| = |[N(D)| > 2k — 1, a contradiction. Hence (Ggﬁ, PaPﬂ_l) is rural.

The graph G — Pn,, contains szﬁ and has minimum degree at least
2k + 3 — |Pn,;| > 6 by the connectivity of G. By Claim 7.1.2 (i) we have
IN(v) N 0| <2k —2 for every 7 € A so Lemma 5.2 implies that every non-
trivial P-bridge in an inner bag of W attaches to at least two paths of P,
or to none. A vertex v of Gzﬂ — (Py U Pg) is therefore an inner vertex of
some non-trivial P-bridge B that attaches to P, and P and has all its inner
vertices in Ggﬁ. This means that a neighbour of v outside GZ must be an
attachment of B on some path P, and hence v € N,g C 6. So all vertices
of GZB — (P U Pg) have the same degree in szpﬁ as in G — Pn, 4, namely at
least 6.

The vertices of GZB — (Py U Pg) retain their degree if we suppress all
inner vertices of P, and Pg that have degree 2 in Gg. Since the paths of P
are induced by (L6) an inner vertex of P, has degree 2 in Gg if and only
if it has no neighbour in Gg — P,. So we suppressed precisely those inner
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vertices of P, and Py that are not in V,, or V3. By Lemma 6.3 the society
obtained from (Ggﬁ, PoPg ') in this way is still rural so Lemma 6.2 implies

Z dGPﬁ(’U) < 4|V, | + 4|Vs| — 6.
UGVaUVﬂ

Clearly G7, = Uagern) Gzﬁ and P, C Ggﬁ for all B € Np(«) and thus

2= 3" (dop () = dpy ) ()

veV

<Y Y e, () - drw)

OCEV(D) ﬁGND(Oz) vEVy

S der - X INp(@)] - (2Val —2)

aBeE(D) vEVaUVj a€gV (D)
< > @AVl +4Ve = 6)— > [Np(a)] - (2[Val - 2)
aBeE(D) a€V(D)

= > INp(@)|(4IVal =3) = Y [Np(a)|- (2Va] - 2)
acV (D) acV (D)

< Y 2|Np(a)| - |Val.

a€eV (D)

To obtain the lower bound for = note that Claim 7.1.4 (ii) says that for any
a € V(D) the vertices of V,, without the two end vertices of P, have average
degree 2+ |Np(a)|(2+¢e4) in GF, where £, > 1/k by Claim 7.1.2 (iii). Clearly
every inner bag of YW must contain a vertex of V, as it contains a P-bridge
realising some edge a8 € E(D). This means |V, | > n1/2 > 4k + 2 and thus

r= 3 > (dep(v) — dr.(v))

aGV(D)UGVa

> Z (IVal =2) - |Np(a)| - (2+€a)

aeV (D)

> Y INp(@)] - (2|Val — 4+ 4keq)

aeV (D)

> > 2Np(a)| - [Val. O
aeV (D)

Claim 7.1.7. Ewvery rich block D of T (W, P)[\| satisfies 2|D| + |N(D)| >
2k + 3.
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Proof. Suppose for a contradiction that 2| D|4|N(D)| < 2k+2. By Lemma 6.5
there is a V(D)-compressed (P, V(D))-relinkage Q with properties as listed
in the statement of Lemma 6.5. Let us first show that we are done if D is
rich w.r.t. to Q, that is, for every a € V(D) the inner vertices of ), that
have a neighbour in G — G% and in G% — Qo have average degree at least
2+ [Np(a)|(2 +&4) in G%.

Denote the cut-vertices of I'(W, P)[A] that lie in D by x. For a € & let
V. be the set consisting of the ends of (), and of all inner vertices of ), that
have a neighbour in G% — Qo and set V=] ¢, Va. Pick a € x such that
|Va| is maximal. By Lemma 5.7 (with p = 2k + 3) every vertex of G'3 lies on
a path of Qy(p)y and we have |Qp| < [V, for all 5 € V(D) \ &.

The paths of Q are induced in G as Q[W] is (2k + 3)-attached in G[W]
for every inner bag W of W. Hence V,, contains precisely the vertices of Q)
that are not inner vertices of degree 2 in G%. By the same argument as in
the proof of Claim 7.1.4 (ii) the vertices of V,, that are not ends of @, have
average degree at least 2 4 |Np(a)|(2 + ¢4) in GE.

We want to show that the average degree in G% taken over all vertices of
Vy is larger than 2 4+ 2|Np(«a)|. Clearly the end vertices of @, have degree
at least 1 in G% so both lack at most 1 4+ 2|Np(«)| < 3|Np(«)| incident
edges to the desired degree. On the other hand, the degree of every vertex
of V,, that is not an end of (), is on average at least |[Np(a)| - g4 larger
than desired. But €, > 1/k by Claim 7.1.2 (iii) and by Lemma 6.5 (iv) the
path Q,[W] contains a vertex of V,, for every inner bag of W, in particular,
|Va| > n1/2 > 6k + 2 and hence (|V,| — 2)e, > 6.

This shows that there are more than 2|V, | - [Np(a)| edges in G that
have one end on (), and the other on another path of Qv (p). By Lemma 5.1
these edges can only end on paths of Q) so by the pigeon hole principle
there is 8 € Np(a) such that G2 contains more than 2|V,| edges with one
end on @), and the other on Q3.

Hence the society (H,2) obtained from (Ggﬁ,Qanl) by suppressing
all inner vertices of @, and (g that have degree 2 in GSﬁ has more than
2|V, |+2|V5| —2 edges and all its |V, |+| V3| vertices are in 2. So by Lemma 6.2
(H, ) cannot be rural. But it is trivially 4-connected as all its vertices are
in 2 and must therefore contain a cross by Theorem 6.1. The paths of Q are
induced so this cross consists of two edges which both have one end on @,
and the other on @g. Such a cross gives rise to a linkage Q' from the left
to the right adhesion set of some inner bag W of W such that the induced
permutation of Q" maps some element of V(D) \ {a} (not necessarily 3) to
a and maps every v ¢ V(D) to itself. Since « has a neighbour outside D
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this is not an automorphism of 'OV, P)[A] and therefore Q' is a twisting
disturbance contradicting the stability of (W, P).

It remains to show that D is rich w.r.t. Q. Suppose that it is not. By
the same argument as for Claim 7.1.4 (i) there must be a €  such that the
inner vertices of ), that have a neighbour in G — G% and in G% — Qa
have average degree less than 2 + |Np(«)[(2 + &) in G%. Let (A1, A\2) be a
separation of (W, P)[A] with Ay N Ay = {a} and N(a)NAy = N(a)NV (D).
Let H, Z1, Zo, P, q1, and g9 be as in the statement of Lemma 6.5. We shall
obtain contradicting upper and lower bounds for the number

T = Z (dr(v) = dpruga (v)) -

veV (PLUQq)

Denote by Hi,...,H,, the blocks of H that are not a single edge and for
i =1,...,mlet V; be the set of vertices of C; := H;N (P, UQ,) that are a cut-
vertex of H or are incident with some edge of H; that is not in P, U Q, and
set V:={J;Z, Vi. By definition we have dy(v) = dpruq, (v) for all vertices v
of (PLUQ.) — V.

Note that H is adjacent to at most | N («) 6| vertices of Py by Lemma 6.5
(ii) and Lemma 5.1. So Claim 7.1.2 (iii) and the connectivity of G imply that
every vertex of H has degree at least 2k +3 — |[N(a) N 6] > 2|N(a) N A| + 3
in G)\.

To obtain an upper bound for z let i € {1,...,m}. By Lemma 6.5 (vi)
C; is a cycle and the society (H;, Q(C;)) is rural where Q(C;) denotes one of
two cyclic permutations that C; induces on its vertices. Since |N(a) N A| > 2
every vertex of H; — C; has degree at least 6 in H; by the previous paragraph.
This remains true if we suppress all vertices of C; that have degree 2 in
H;. The society obtained in this way is still rural by Lemma 6.3. Since we
suppressed precisely those vertices of C; that are not in V; Lemma 6.2 implies
> vev; A, (v) < 4|Vi| — 6. By definition of V' we have dy (v) = dp;uq,, (v) for
all vertices v of P/, U @, that are not in V. Hence we have

m

=Y (da() = dpug. () = > Y (du,(v) — de,(v)) <> (2[Vi| - 6).

veV =1 veV; i=1
Let us now obtain a lower bound for x. Clearly Gg - Gz\pz and G% - G/%.
To show that dG% (v) = dG% (v) for all v € V(H) (we follow the general
2

convention that a vertex has degree 0 in any graph not containing it) it
remains to check that an edge of G that has precisely one end in H but
is not in G% cannot be in G%. Such an edge e must be in a O-bridge that
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attaches to Q. and some Qg with § € A\ V(D). But N(a)N Ay = V(D) and
hence 5 € A1. So e is an edge of G’/% but not on @, and therefore not in G)%.

This already implies dgp (v) = dep (v) for all v € V(H) since GZ C GP, and
2

GfQ =HU G/% (see the proof of Lemma 6.5 (i) for the latter identity). The

next equality follows directly from the definition of H.

di(v) + ngz (v) = dez (v) +dg,(v) VYveV(H).

Denote by U; the set of inner vertices of P, that have a neighbour in
both Gy — Gg and Gg — P, and by Us the set of inner vertices of (), that
have a neighbour in both G — G% and G% — Qg In other words, Uy and Us
are the sets of those vertices of P, and ), respectively, that are relevant for
the richness of o in D. Set V' :=(V \ {q1,q2}) U(Z1 N Z3)), Vp:=V'NV(P.),
and Vo :=V'NV(Qa). Then Uy = (VNZ1)U(ZiNZy) =V'NZ; C Vp and
Uy = (VﬂZg) U (Zl N Zz) - VQ.

By our earlier observation every vertex of H has degree at least 2| N (a) N
Al 4+ 3 in G and therefore every vertex of Vp \ Z; must have at least this
degree in GZ. Since U; C Vp and « is rich in D this means that

> dgr(v) > [Vp| 2+ [Np(a)] - (2+24)) -
veVp

Similarly, we have Uy C Vg C V(Q4) and every vertex v € Vg \ Z satisfies
dG% (v) =2 =dg, (v). So by the assumption that « is not rich in D w.r.t. Q
we have

> (dog(v) — dg.(v)) < [Val - IND(@)] - (2 + a).
veEVQ

Observe that
2IN(@)NA|+3=2+|N()NA1]- (24¢q) +|N() N Aa| - (2+€4)

and recall that Np(a) = N(a) N A2. Combining all of the above we get
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x> Z (dr(v) — dprug., (v))

veV!

=3 (dop®) — dgg (v) + da, (v) = dpyuq.(v))
veV/’

=Y dgp )+ Y dop@) = Y (dgg(v) — dg,(v) — 2V'| - 2m
veVp veV\Vp veVg

> |Vp| - [Np(a)] - (2 +¢€a) +2[Ve[ + V' \ Ve[ - (2|N () N Al + 3)
— Vol - INp(@)] - (2 +€a) = 2|V’ = 2m
= V' \ Vol [Np(a)| - (2 +¢€a) + [V \ Vp| - IN(a) N M| - (2 +q) — 2m
> 2V \ Vol + 2|V \ Vp| = 2m = > (2|Vi| - 6)
i=1
This shows that D is rich w.r.t. @ as defined above. So Claim 7.1.7 holds. [

By Claim 7.1.1 the graph I'(W, P)[A] has a component. This component
has a rich block D by Claim 7.1.5. By Claim 7.1.6 and Claim 7.1.7 we have
a triangle in D and |D|+ |N(D)| > 2k + 3. This contradicts Claim 7.1.2 (iv)
and thus concludes the proof of Theorem 1.1. O

8 Discussion

In this section we first show that Theorem 1.1 is almost best possible (see
Proposition 8.1 below) and then summarise where our proof uses the require-
ment that the graph G is (2k + 3)-connected.

Proposition 8.1. For all integers k and N with k > 2 there is a graph G
which is not k-linked such that

k(G) > 2k +1, tw(G) <2k +10, and |G| > N.
Proof. We reduce the assertion to the case k = 2, that is, to the claim that
there is a graph H which is not 2-linked but satisfies
k(H) =5, tw(H) <14, and |H|> N.

For any £ > 3 let K be the graph with 2k — 4 vertices and no edges. We
claim that G:= H x K (the disjoint union of H and K where every vertex of
H is joined to every vertex of K by an edge) satisfies the assertion for k.
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Figure 2: The 5-connected graph Hy and its inner face fy.

Clearly |G| = |H| + 2k — 4 > N. Taking a tree-decomposition of H of
minimal width and adding V(K) to every bag gives a tree-decomposition
of G, so tw(G) < tw(H) + 2k — 4 < 2k + 10. To see that G is (2k + 1)-
connected, note that it contains the complete bipartite graph with partition
classes V(H) and V(K), so any separator X of G must contain V(H) or
V(K). In the former case we have | X| > N and we may assume that this is
larger than 2k. In the latter case we know that G — X C H, in particular
X NV (H) is a separator of H and hence must have size at least 5, implying
| X| > |K|+5=2k+1 as required.

Finally, G is not k-linked: By assumption there are vertices si, s9, ti,
to of H such that H does not contain disjoint paths P; and P, where P;
ends in s; and t; for ¢ = 1,2. If G was k-linked, then for any enumeration
83, ..., Sk, t3,...,tx of the 2k — 4 vertices of V(K') there were disjoint paths
Py, ..., P, in G such that P; has end vertices s; and t; for i = 1,...,k. In
particular, P; and P» do not contain a vertex of K and are hence contained
in H, a contradiction.

It remains to give a counterexample for k& = 2. The planar graph Hy in
Figure 2 is 5-connected. Denote the 5-cycle bounding the outer face of Hy by
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C and the 5-cycle bounding fo by Cy. Then (V (Ho—Cy), V(Hp—C1)) forms
a separation of Hy of order 10, in particular, Hy has a tree-decomposition of
width 14 where the tree is Ko. Draw a copy Hi of Hy into fg such that the
cycle Cy of Hy gets identified with the copy of Cy in H;. Since HypN H; has 5
vertices, the resulting graph is still 5-connected and has a tree-decomposition
of width 14. We iteratively paste copies of Hy into the face fy of the previously
pasted copy as above until we end up with a planar graph H such that

k(H) =5, tw(H) <14, and |H|> N.

Still the outer face of H is bounded by a 5-cycle C'1, so we can pick vertices
S1, S2,t1,t9 in this order on C; to witness that H is not 2-linked (any s1—;
path must meet any so—to path by planarity). O

Where would our proof of Theorem 1.1 fail for a (2k + 2)-connected
graph G? There are several instances where we invoke (2k + 3)-connectivity
as a substitute for a minimum degree of at least 2k + 3. The only place
where minimum degree 2k + 2 does not suffice is the proof of Claim 7.1.4.
We need minimum degree 2k + 3 there to get the small “bonus” ¢, in our
notion of richness. Richness only allows us to make a statement about the
inner vertices of a path and the purpose of this bonus is to compensate for
the end vertices. Therefore the arguments involving richness in the proofs
of Claim 7.1.6 and Claim 7.1.7 would break down if we only had minimum
degree 2k + 2.

But even if the suppose that G has minimum degree at least 2k + 3 there
are still two places where our proof of Theorem 1.1 fails: The first is the proof
of Claim 7.1.3 and the second is the application of Lemma 5.7 in the proof
of Claim 7.1.7.

We use Claim 7.1.3 in the proof of Claim 7.1.6, to show that no component
of I'(W, P)[A] can be a single vertex or a single edge. In both cases we do
not use the full strength of Claim 7.1.3. So although we formally rely on
(2k + 3)-connectivity for Claim 7.1.3 we do not really need it here.

However, the application of Lemma 5.7 in the proof of Claim 7.1.7 does
need (2k + 3)-connectivity. Our aim there is to obtain a contradiction to
Claim 7.1.2 (iv) which inherits the bound 2k + 3 from the token game in
Lemma 4.10. This bound is sharp: Let H be the union of a triangle D =
dydads and two edges dia; and daag and set A:={aj,as}. Clearly H—A = D
is connected and A is marginal in H. For k = 3 we have 2|D| + |N(D)| =
8 = 2k + 2. Let L be the pairing with edges (a1,0)(az,0) and (d;,0)(d;, 00)
for i = 1,2. It is not hard to see that there is no L-movement on H as the
two tokens from A can never meet.
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So the best hope of tweaking our proof of Theorem 1.1 to work for (2k+2)-
connected graphs is to provide a different proof for Claim 7.1.7. This would
also be a chance to avoid relinkages, that is, most of Section 5, and the very
technical Lemma 6.5 altogether as they only serve to establish Claim 7.1.7.
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Linkages in Large Graphs

Jan-Oliver Frohlich* Ken-ichi Kawarabayashif*
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Abstract

We prove that every large enough (2k + 3)-connected graph G is
k-linked. In an earlier paper [1] we proved this for graphs of bounded
tree-width. We complete the unbounded tree-width case by finding a
large linear decomposition of some subgraph neatly contained in G to
which we can apply our earlier result.

1 Introduction

This article is the second part of our two part series that shows that all large
enough (2k + 3)-connected graphs are k-linked. We refer to the first part [1]
as Part I and as we often mention particular passages of Part I we use I-X
to refer to X in Part I. For a thorough introduction see Section I-1. We
restate the main result of Part I.

Theorem 1.1 (Theorem I-1.1). For all integers k and w, there exists an
integer N such that a graph G is k-linked if

k(G) > 2k + 3, tw(G) <w, and |G|> N.

In this article we prove the following theorem.
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Theorem 1.2. For all integers k there is an integer w such that all (2k+3)-
connected graphs with tree-width at least w are k-linked.

Together, Theorem I-1.1 and Theorem 1.2 yield our main result.

Theorem 1.3. For all integers k there is an integer N such that all (2k+3)-
connected graphs on at least N vertices are k-linked.

Proof. Let k be given and let w be the tree-width returned by Theorem 1.2.
Let N be the integer returned by Theorem 1.1 for k£ and w. Let G be a
(2k + 3)-connected graph on at least N vertices. If G has tree-width w it is
k-linked by Theorem 1.2. If the tree-width of G is less than w it is k-linked
by Theorem 1.1. O

2 Excluded substructures

In this section we collect structures such that a sufficiently connected graph

containing any of these structures is k-linked. In particular, it suffices to

contain a subdivided copy of Ky ok, a subgraph isomorphic to Ka;_2 ok, or

a K3, as a minor for a (2k+ 3)-conected graph to be k-linked. We also show

this for a slightly more complicated structure that is introduced later.
First we have Lemma I-7.1:

Lemma 2.1. Every 2k-connected graph containing a T Koy, o), is k-linked.
Ol

Lemma 2.2. Every (2k+2)-connected graph containing a subgraph isomor-
phic to Kop_2 9y is k-linked.

Proof. In the considered graph G let A and B be disjoint vertex sets with
|A| = 2k — 2 and | B| = 2k such that every vertex in A is adjacent to every
vertex in B. Let X = {x1,...,2x} and Y = {y1,...,yr} be two disjoint
sets, each containing k distinct vertices of G. We need to find a system of k
disjoint XY paths linking z; to y; fort =1,... k.

Let Z be a maximal subset of A\ (X UY) of size at most 2 (note that
Z may be empty). By the connectedness of G, we find a system P of 2k
disjoint (X UY)-(AU B) paths in G — Z. For each x € X UY denote by
P, the unique path of P starting in x. Let I4 and Ip be the sets of indices
i € {1,...,k} such that both of P,, and P,, end in A and both end in B,
respectively, and denote the remaining indices by J. Let A; and Bj the
sets of vertices of A and B, respectively, in which a path of P ends. Set
Ap:=A\ Ay and By:=B\ B.
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For every i € J there is an edge e; between the last vertices of P, and
Py, so Lj:=(P,, U Py,) + e; is an z;—y; path. Clearly

[Bo| = 2k — |B1| = [Ax] = 2[La] + || = [14]

So we can pick distinct vertices (v;)icr, in By. For every ¢ € 14, the last
vertices of P,, and P, are adjacent to v;, by edges e; and f; say, so L; := P,,U
e; U fi U Py,) is an z;—y; path.

If |Ao| > |Ip| holds as well, then doing the symmetric construction for
1 € Ip yields an x;—y; path for every such i. So for each ¢ = 1,...,k, the
path L; is comprised of two paths of P and at most one additional vertex
unique to ¢ hence the constructed paths are disjoint.

So we may assume that |Ag| < |Ip|. This implies

|Ag| =2k — 2 — |Ay| = |B1| — 2 =2|Ig| + |J] — 2 > 2| Ao| + |J|

and therefore |Ag| = |J| = 0. In particular, |I4] = k — 1, |Ip| = 1, and
Z = (). The latter implies that A C X UY, so we may assume that z1 and
y1 are not in A but all other elements of X UY are. As G'— A is 2-connected®,
it contains two internally disjoint x1—y; paths. One of these paths misses

at least k — 1 vertices, z9,..., 2, say, of B and we denote it by L;. For
2 < i< klet L; be the z;—y; path x;z;y; of length 2. Then {L; | 1 <i < k}
is an X-Y linkage as desired. O

For positive integers r > 3, define a graph H, as follows (see Figure 1).
Let Py,..., P, be r disjoint (‘horizontal’) paths of length r — 1, say P; =
vl vl Let V(H,) =U_, V(P), and let

,
B(H,) = |JEP)U {v;iv;i“ | djodd; 1<i<r 1<j< r}
=1

U{v;-v;-ﬂ | i,j even; 1 <i<r; 1§j§r}.

We call the paths P; the rows of H,; the paths induced by the vertices
{v;-, vg-ﬂ : 1 <i <r} for an odd index j are its columns.

The 6-cycles in H, are its bricks. In the natural plane embedding of H,.,
these bound faces of H. The outer cycle of the unique maximal 2-connected
subgraph of H, is the boundary cycle of H,.. The diagonal of H, is the set
of vertices {v! | 1 <i <r}. Aset X CV(H) is a pseudo diagonal if there is

'In fact, G — A is 4-connected.
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Figure 1: The graph Hg

at most one vertex in each row and each column while for any two vertices

v/ vd € X it holds that i < i’ implies j < j'.

Any subdivision H of the unique maximal 2-connected subgraph of H.,
will be called an r-wall, or a wall of size r and with the branch vertices
of H we refer to its vertices of degree 3, these are the branch vertices of the
defining subdivision, except the ones of degree 2 on the boundary cycle. The
bricks and the boundary cycle of H are its subgraphs that form subdivisions
of the bricks and the boundary cycle of H,., respectively. The diagonal of H
are the vertices in the diagonal of the defining H, and a set X is a pseudo
diagonal of H if it corresponds to a pseudo diagonal in the appropriate H...
An embedding of H in a surface X is a flat embedding, and H is flat in X,
if the boundary cycle C' of H bounds an open disc D(H) in X such that all
its bricks B; bound disjoint, open discs D(B;) in ¥ with D(B;) C D(H) for
all 4.

A plane graph G is called face restricted 2-linked if for every two pairs
S = (s1,82) and T = (t1,t2) of vertices such that no face of G' contains all
four vertices in its boundary there is an S—T linkage. A planar graph is face
restricted 2-linked if all its possible embeddings into the plane are.

Lemma 2.3. Any 3-connected, planar, 3-reqular graph is face restricted
2-linked.

Proof. First note that all embeddings of a 3-connected planar graph G are
equivalent. That is for every embedding the same sets of vertices appear on
the boundary of a face in the same order. Let S = (s1, s2), and T = (t1,%2)
be two pairs of vertices such that no face of some embedding of G contains
all four vertices in its boundary. It suffices to show that there is an S-T
linkage. As all embeddings of a 3-connected planar graph G are equivalent,
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there is no embedding of G with these four vertices on the boundary of the
outer face (in any order). In terms of [9] we have that (G, (s1,t1, s2,%2)) is
not rural. As G is 3-connected, we can apply [9, 2.4] to (G, (s1,11, s2,t2))
and either get a tripod with paths P;, P», P3 say or a cross. The cross is
the desired S—T' linkage and thus me may assume that we indeed have the
tripod.

Any embedding o of G into the plane embedds the tripod and the em-
bedded tripod has precisely three faces Fj; with 1 < ¢ < j < 3, each with
the union of the paths o(P;) and o(P;) as its boundary. As each of the three
paths lies on the boundary of a face of the embedded tripod that contains
a vertex from o({s1,%1,$2,t2}), it is clear that none of these three faces
contains all four vertices. We only describe how to obtain a cross from the
tripod for the case that there is one face, say Fio, containing three of the
four vertices, say o(s1),0(t1),0(s2). The other cases can be solved similarly.

Let L be 3 disjoint {s1,t1,s2}—(P1 U P,) paths in G. As G is 3-regular
L is disjoint from P; N P, as the two vertices in Py N Py both already have
three neighbours in Py U P» U P3—one in each path. We may assume that
two of the paths in L end on P; and one ends on P».2 By the definition of a
tripod, there is a to—P3 path P avoiding P, U P». It is immediate that there
is an S—T linkage independently from how L and P particularly attach to
the tripod. 1

Lemma 2.4. Let H be an r-wall with branch vertices B. Let a,b,c € B
be distinct branch vertices, and let D C B be a pseudo diagonal of H of
cardinality at least 31. Let F C E(H) be an edge set satisfying one of the
following statements.

(i) F=0.

(i) F is the edge set of a maximal B-path and both end-vertices of this
path are in {a,b,c}.

Then there is a vertex d € D such that there is an (a,c)—(b,d) linkage in
H-F.

Proof. Tt is sufficent to prove this lemma after surpressing all vertices of
degree 2 in H and thus we assume that H is 3-regular. As the proof for the
case that F' = () is easier we give here only the proof for if F' satisfies (ii). For
the following conclusion note that there is no edge in H whose endvertices

2For ¢ = 1,2 there is a path from P; to {s1,t1,52} as required by the definition of a
tripod and we can follows this path to its first vertex on L.
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have two common neighbours. H — F' has precisely two vertices of degree
2 and after surpressing these we obtain a graph H' that is 3-connected,
planar, and 3-regular and thus by Lemma 2.3 face restricted 2-linked. Let
x,y be the endvertices of the edge in I and let 2/, 4’ be a choice of the two
neighbours of z and y in H — F respectively such that there are 5 distinct
vertices in X :={a,b,c,2’,3'}. Such a choice is possible as no two vertices
have two common neighbours in H. There is a vertex d € D that does not
share a face boundary in any embedding of H with any of the vertices in X
as every vertex of H lies in the boundary of at most 3 faces, no face contains
more than 2 vertices from D in its boundary and |D| > 31 > 6|X|. By
the face restricted 2-linkedness of H' there is for every choice of 3 vertices
v1,v2,v3 € X —{x,y} a (v1,v3)—(va,d) linkage in H— F. For the right choice
of v1,ve,v3 this can be extended to an (a,c)—(b,d) linkage in H. O

In [10, Section 7] Robertson and Seymour show that one can remove
the vertical edges of four consecutive columns and every other edge of two
horizontal rows to obtain from a wall H of size r one of size r — 2. As their
and our definition of size differ slightly, we only need to remove the vertical
edges of two consecutive columns. We denote the graph that is obtained in
this way by H — [a] if @ is one of the vertices that is not contained any longer
in the subwall Note that we can remove any vertex, branch vertex or not, in
this way from the wall and that whenever D is a pseudo diagonal of H, then
we need to remove at most 6 vertices from D to obtain a pseudo diagonal
of H — [a].> We write H — [a,b,c] to denote the subwall where a,b,c are
removed in this way one after another.

Lemma 2.5. Let k > 1 and let G be a 3-connected graph containing a wall
H with branch vertices B some pseudo diagonal D C B of cardinality at
least 6k + 31. For any set of three vertices {a,b,c} C V(G — H) there is a
verter d € D and an (a,c)—(b,d) linkage that avoids at least k vertices from
D.

Proof. For a graph G as in the statement of the lemma let L be an {a, b, c}—
B linkage that has as few edges outside of H as possbile. Let L link a and
a’, band V', and ¢ and ¢’. By the choice of L if two paths from L intersect
with a subdivided edge of H, then both end vertices of that subdivided
edge, will be end vertices of paths form L. Let F be the set of maximal
B-paths in H such that for each path in F the set of its inner vertices

3With our definition of size and only removing edges in two consecutive columns it
would be sufficient to remove 4 vertices from D. We keep the 6 here to remove a potential
stumbling block if you take out edges of 4 consecutive rows in your mental calculations.
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has non-empty intersection with each path from L. We have |F| < 1. As
|D| > 6k + 18 and the three vertices in B N L disallow at most 18 vertices
from any pseudo diagonal there is a choice of k vertices dy,...,d; € D such
that H' = H — [dy, ..., d}] still contains B N L as branch vertices. As we
need to remove at most 6 vertices from a pseudo diagonal when removing one
vertex d; from H we have a pseudo digaonel D’ C D of H' with cardinality
at least 31. Let B’ be the branch vertices of H' and let F’ be the maximal
B’-paths in H' that contain any edge from F. We have |F’| < 1, as each
B-path in F is either not contained in H’ or a subpath of some B’-path
in H'. A Straight forward application of Lemma 2.4 for the wall H’, the
branch vertices o/, ¥, ¢/, and the edge set of the maximal B’-path F’ yields
the desired linkage of G since all the maximal B’-paths that are not in F’
can be used to extend L if necessary. O

Lemma 2.6. Let G be a (2k + 3)-connected graph that contains a wall H.
If G contains a complete bipartite subgraph with bipartition (A, D) such that
|A| = 2k — 3 and A is disjoint from H, while |D| > 6k + 31 and D is a
pseudo diagonal of H, then G is k-linked.

Proof. For a graph G with H, A, and D as in the statement, let X =
{z1,...,21} and Y = {y1,...,yx} be two disjoint sets, each containing k
distinct vertices of G. We need to find a system of k disjoint X—Y paths
linking x; to y; for i =1,... k.

We will complete this proof separately for the following three cases.

Case 1: |[A\(XUY)|=0
Case 2: |[A\(XUY)|=1
Case 3: |[A\(XUY)| >2
Case 1: As [A\ (X UY)| =0 we have X UY \ A = {a,b, c} for some

vertices a, b, c. If a = x1 and b = y; we apply Lemma 2.5 to the 6-connected
graph G — A, the wall H and the subset D of the diagonal of H of size at
least 6k + 31. The resulting linkage L avoids k vertices from D and thus can
be extended to an XY linkage as for each pair (z;,y;) that remains to be
paired there is a unique vertex in D that L avoids. If a, b, c are not linked
with each other, then any set of 3 disjoint {a, b, c}—D paths in G — A can in
the same way be extended to an XY linkage.

Case 2: As [A\ (X UY)| =1 we have XUY \ A = {a,b,c,d} for some
vertices a, b, ¢,d. Let v be the unique vertex in A\ (XUY)|. Ifa = z1,b =y
and ¢ = x2,d = yy we pick two disjoint paths P,Q in G — A where P is a
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a—b path and @ is a ¢—d path. These paths exist as G — A is 6-connected
and thus 2-linked [5]. If one of P or ) meets D in at least k + 2 vertices,
say P, let d; be the first vertex on P in D and let do be the last vertex
on P in B. Then the linkage {aPdjvda Pb,Q} can easily, as in Case 1, be
extended to our desired X-Y linkage. If neither P nor () meets B in at
least k + 2 vertices, then there are |D| — 2k — 4 > 2k + 46 > k — 2 vertices
disjoint from P U Q in D and we extend {P,Q} to an XY linkage using
the |D| — 2k — 4 > k — 2 vertices to link the remaining pairs (x;,y;) in A.
If only one or none of the possible pairs of a,b, c,d needs to be linked, let
P,Q, R, S be 4 disjoint paths from {a,b,c,d} to D in G — A. Again it is
easy to extend these to an appropriate X—Y linkage.

Case 3: If |A\ (X UY)| contains at least 2 vertices, then there is enough
space to link up everything without the need of special structures. Let
Z C A\ (X UY) have cardinality two. Let P be a linkage of size 2k from
XUY to (A\Z)UD in G — Z. It is easy to join up the paths from P to
obtain the desired X-Y linkage. O]

The next theorem follows* from (5.4) in [10].

Theorem 2.7 (Robertson & Seymour). Fvery 2k-connected graph that has
K3p. as a minor is k-linked.

3 Near Embeddings and Path-Decompositions

As we could identify ‘containing a K3i-minor’ as a sufficient condition for a
(2k+ 3)-connected graph to be k-linked, we can apply the structure theorem
for graphs with forbidden minors [4]. In the following we give a brief overview
of this theorem.

3.1 The excluded minor structure theorem

We use the same introduction to near embeddings as in [4] but leave out
some minor parts that are irrelevant in our context.

A wortex is a pair V = (G, Q), where G is a graph and Q =: Q(V) is
a linearly ordered set (wi,...,w,) of vertices in G. These vertices are the
society vertices of the vortex; their number n is its length. We do not always
distinguish notationally between a vortex and its underlying graph or the
vertex set of that graph; for example, a subgraph of V is just a subgraph

1To see this, set ¢ = 2n, k = 3n, Z = {s1,...,8n,t1,...,tn}, and Z; = {si,t;} for
i=1,...,n (note that our k is their n).
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of G, a subset of V' is a subset of V(G), and so on. Also, we will often use
Q) to refer to the linear order of the vertices wq,...,w, as well as the set of
vertices {wy, ..., wy}.

A path-decomposition D = (X7,..., X,,) of G is a decomposition of our
vortex V if m = n and w; € X; for all i. For any subset Q' = {w,,,...,wp,}
of & with wy, = w1 and with w,, <q wy,,, for all i < [, the path-
decomposition

na—1 n3—1 n
Ux U x....Jx
1=n1 1=ng 1=ny

is the decomposition of (G,€) induced by D. When n > 1, the adhesion
of our decomposition D of V is the maximum value of | X; N X;;1], taken
over all 1 < i < n. We define the adhesion of a vortex V as the minimum
adhesion of any decomposition of that vortex.

We write Z; :=(X; N X;41) \ Q for all 1 <4 < n, when D is a decompo-
sition of a vortex V as above. These Z; are the adhesion sets of D. We call
D linked if

e all these Z; have the same size;
e there are |Z;| disjoint Z;_1—Z; paths in G[X;] — Q, for all 1 < i < n;
e X;NQ ={w;j_1,w;} for all 1 <i < n, where wy:=w;.

Note that X; N X411 = Z; U{w;}, forall 1 <i<mn

Given a subset D of a surface X, we write ﬁ, 0D, and D for the topo-
logical interior, boundary, and closure, of D in 3, respectively. For positive
integers g, a1, @z and «:=(ap, a1, az), a graph G is a-nearly embeddable in
Y if there is a subset A C V(G) with |A] < «ag such that there are integers
o' < ap and n > o for which G — A can be written as the union of n + 1
edge-disjoint graphs Gy, ..., G, with the following properties:

(i) Forall 1 < i < j <nand Q;:=V(G; N Gy), the pairs (G;,Q;) = V;
are vortices, and G; NG C Go when i # j.

(ii) The vortices Vi, ..., V, are disjoint and have adhesion at most ag; we
denote the set of these vortices by V. We will sometimes refer to these
vortices as large vortices.

(iii) The vortices Vyry1,...,V, have length at most 3; we denote the set
of these vortices by v. These are the small vortices of the near-
embedding.
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(iv) There are closed discs in ¥, with disjoint interiors D, ..., D,, and
an embedding o : Gy — ¥ — (I, D; such that o(Go) N AD; = ()
for all ¢ and the linear ordering of §2; is compatible with the natural
cyclic ordering of its image (i.e., coincides with the linear ordering of
o(§2;) induced by [0, 1) when 9D; is viewed as a suitable homeomorphic
copy of [0,1]/{0,1}). For ¢ = 1,...,n we think of the disc D; as
accommodating the (unembedded) vortex V;, and denote D; by D(V;).

We call (0,Go, A,V,v) an a-near embedding of G in X, or just a near-
embedding, with apez set A. For any integer o/ we shorten (o/,a/, o’)-near
embedding to o/-near embedding. Note that an (ag, a1, @2)-near embedding
also is an o/-near embedding for any o/ > max{«ag, a1, as}.

Given a near-embedding (o, Go, A, V,v) of G, let G|, be the graph result-
ing from Gq by joining any two nonadjacent vertices u,v € V(Gy) that lie
in a common small vortex V' € v; the new edge uv of Gj, will be called a
virtual edge. By embedding these virtual edges disjointly in the disc D(V)
accommodating their vortex V', we extend the embedding o: Gg — ¥ to
an embedding o’: Gj — X. We shall not normally distinguish G, from its
image in ¥ under o’. For a subset D C ¥ the graph G{[D] is the subgraph
of G}, that is induced by the vertices of G{, in D.

A cycle C in ¥ is flat if it bounds an open disc D(C) in X. Disjoint
cycles Ci,...,Cy in 3 are concentric if they bound open discs D(C7) 2

. 2 D(Cy). A set P of path intersects C,...,C,, orthogonally, and is
orthogonal to C4,...,C,, if every path P in P intersects each of the cycles
in a (possibly trivial but non-empty) subpath of P. Let G be a graph
embedded in a surface X, and ) a subset of its vertices. Let C1,...,C, be
concentric cycles of G. The cycles C1, ..., Cy, enclose Qif Q@ C D(C),). They
tightly enclose € if, in addition, the following holds:

For all 1 <k <n every family C),_,,,...,C;, of concentric
cycles that lie in the subgraph of G embedded in D(Cp_j11)
and enclose Q) satisfies Cp_g11 = C’T’%Hl.

For a near-embedding (o, Go, A,V,v) of a graph G in a surface ¥ and
concentric cycles C1,...,Cy in Gj, a vortex V € V is (tightly) enclosed by
these cycles if they (tightly) enclose (V). When we speak of the genus
of a surface ¥ we always mean its Euler genus, the number 2 — x(X). An
(v, a1, ai2)-near embedding (o, Go, A, V,v) of a graph G in some surface %
is called (B, r)-rich for integers 3 < § < r if the following statements hold:

(i) G contains r-wall H and H is flat w.r.t the embedding o.
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(ii) If ¥ 2 S2, the representativity of Gj, in X is at least 3, that is, every
genus-reducing curve in ¥ has an intersection with G, of cardinality
at least 5.

(iii) For every vortex V' € V there are 3 concentric cycles C1(V),...,Cg(V)
in G}, tightly enclosing V. For D;(V):=D(C;(V)) withi =1,..., we
have Q(V) C Dg(V) and D(H) N D1(V) = 0. Moreover, for distinct
large vortices V, W € V, the discs D1 (V) and D1(W) are disjoint.

(iv) Let V € V, say Q(V) = (w1,...,wy). Then there is a linked decom-
position of V' with linkage £ of adhesion at most as and a path P in
VU (v) with V(PN Gp) = Q(V) that avoids all the paths of £, and
traverses wq, ..., w, in this order.

(v) For every vortex V € V, its set of society vertices (V) is linked in Gj,
to branch vertices of H by a set P(V) of 8 disjoint paths having no
inner vertices in H.

(vi) For every vortex V' € V, the paths in P(V) intersect the cycles C1(V),
..., Cg(V') orthogonally.

Now we have the terminology to state the structure theorem from [4].

Theorem 3.1. For every non-planar graph R and integers 3 < < r
there exist integers ag = ao(R, ), a1 = a1(R) and w = w(ag, R, B,7) such
that the following holds with o = (v, a1, 1). Every graph G of tree-width
tw(G) > w that does not contain R as a minor has an a-near, (5,r)-rich
embedding in some surface ¥ in which R cannot be embedded.

Whenever we talk about ag(R, ), a1(R), or w(ag, R, 3,7) we refer to
the values provided in this theorem. Let us finish this section with some

terminology useful when talking about near embeddings. For a vertex set
X C V(G) the sum
Ea(X):= (dg(x) —6)
zeX
is the excess of X in G. The ezcess of a subgraph of GG is the excess of its
vertex set. We may omit the index of &g if it is clear from the context or
all options in the current context have the same excess.

Let G = (V,E) be a graph that is embedded in some surface ¥. Any
graph on n vertices that is maximal with the property of being embeddable
in 3 has precisely 3n — 3x(X) edges. Hence it holds that £(V) < —6x(X).
Clearly, the sum of the excesses of two disjoint sets is the excess of their
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union. Thus, if for some X C V and ¢ € N we have £(X) > ¢ — 6x(X)
we also have £(V \ X) < —c. The excess of a face F' with boundary cycle
C' is defined to be the number E(V(C)) + 2|C| — 6. Note that one can
think of this as the maximal potential excess as this is just the excess of
V(C) in the graph obtained from G by embedding disjointly as many edges
as possible in the face F. The excess £(V) of a vortex V € V in a near
embedding (o, Gf), A,V,v) is the excess of the face of G}, that contains the
accommodating disc of that vortex.

3.2 Forcing edges into a surface

The terminology regarding linear decompositions used in this section is thor-
oughly defined in Section I-3. We now use the results from Section 2 to
show that for an a-near (3, r)-rich embedding (o, Go, A, V,v) of a (2k + 3)-
connected graph G that is not k-linked one of the large vortices has arbi-
trarily large negative excess if r is large enough.

This vortex together with its £ tightly enclosing cycles will have a rich
enough structure to find a long regular stable decomposition whose auxiliary
graph is ‘large’® enough to solve our linkage problem.

A subgraph H C G together with a linear decomposition (W, P) of H
is a decomposed subgraph of GG. We also call H a decomposed subgraph
and (W, P) its decomposition. A decomposed subgraph H C G is a stable
regular subgraph if its decomposition (W, P) is stable and regular. Its length,
attachedness, and adhesion are the length, attachedness and adhesion of
(W, P), respectively. The stable regular subgraph H with decomposition
(W, P) has a collar H]] for some path II C I'(W,P) with leaf j; and
collarsize n € N if

1. The path IT = j1jo ... jn in I'(W, P) has length n—1, and j; has degree
1in 'OW,P), and j; has degree 2 in 'V, P) for 1 < i < n. The j; are
the indices of paths of P C G. To reduce the clutter in our notation
we shall always assume that j; =4 for 1 < i < n.

2. Every path from G—H to HIZ’(W py_n meets all paths P; with1 <i <n
or the first or last adhesion set of (W, P).

3. By our assumption in Property 1 the path IT; := 1T1( — 1) is the initial
subpath of length i — 2 of II. For every foundational linkage of W if
the path @); starting in the endvertex of P; is contained in HI?(W,P)—HN
then Qz = B

Sor ‘rich’
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4. HYJ restricted to the inner bags of (W, P) can be embedded into a disc
with the first and last adhesion set on the boundary and such that the
image of P; separates the disc into two disc, one of which contains the
images of the paths with smaller indices and one of which contains the
paths with larger indices.

5. Every vertex in the collar H}[D is adjacent to at most 2k — 3 trivial
paths of P.

6. For every inner bag W of (W, P), the path P;[IW] is incident with
2| P [W]| + 6n edges in GIW] — E(Py).

Let us give some intuition for these properties. The collar of size n
corresponds to the graph enclosed by n concentric cycles around a vortex.
Property 2 captures the separating property of a cycle that encloses a vortex.
Namely, the vortex is separated from the wall by the union of the cycle and
the apex set (and the small vortices but we will get rid of those by some other
argument). Note that every vertex in an inner bag of ¥ that also has some
neighbour that does not lie in any inner bag of W lies either in the first or last
adhesion set of (W, P) or in P;. This defines a demarcation line and on the
‘inside’ we will have enough strutcure to apply the results from Part I while
the ‘outside’ is packed away neatly enough to not cause any complications
for us. Property 3 captures the ‘tightly’ from the S tightly enclosing cycles
around a vortex. Property 4 is an obvious consequence of the fact that
the tightly enclosing cycles are embedded in a disc. Property 5 is used in
combination with the high connectedness and thus high minimum degree
of G to ensure that all vertices in the collar not in the first or last adhesion
set of W nor on P; have degree at least 6 in the collar itself. Property 6
ensures that there are enough edges in H as to ensure a structure in '(WV, P)
that lets us solve any linkage problem.

With these definitions we are able to state and prove the main link
between the bounded tree-width case and the unbounded tree-width case:

Lemma 3.2. For all integers N and k there exists an integer w such that the
following holds. Every (2k + 3)-connected graph G of tree-width tw(G) > w
is either k-linked or contains a stable regular subgraph of length N, at-
tachedness 2k + 3, with collarsize 6k, and adhesion at most co(K3ki6,06k) +
201 (K3iv6) + 12k.

Proof. Let us first introduce the values of some integers Ny, ..., Ng that are
dependent only on the integers N and k. In the following we need numbers
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ag = op(Kski6,6k) and o :=aq(Kskr6) as given by Theorem 3.1. We set
at:=ag + 2aq + 12k as this term is used several times later on, it is the

upper bound for the adhesion we are aiming for.
Let

X(k) :=min{x(X) | K3r+6 can not be embedded into ¥}

and let p:=6k (3‘2) + 2k (22‘32). Note that these values only depend on the
choice of k. Let

Ng be the integer returned by I-3.5 for

a:=2k,
[:=N,
p:=2k+ 3,
wi=a’,

N5 — 1 be the integer returned by [6, Lemma 3.5] for

lZZNG,
=a™,
q:=2k+ 3,

Ny:=Ns (2 o
o ()

N3:= N+ (ah)!
Ny :=N3(72k + 6p + 6) + 6,

Ny:= Nyay + 2+ (6k + 31) (2]:‘3 3> +25p — 6x(k)

We will show that the conclusion of the lemma follows if we set the value of w
to w(ap, Ksk16,6k, N1) as provided by Theorem 3.1. Let G be a (2k + 3)-
connected graph with tree-width at least w. By Theorem 2.7 we may assume
that Kspy¢ is not a minor of G. Set a:=(ag,ai,a1). By the structure
theorem (3.1) there is an a-near (6k, N)-rich embedding (o, Go, A, V,v) of
G into some surface ¥ in which K36 can not be embedded.

Claim 3.2.1. If [v| > 2k(5?) then G is k-linked.

Proof. Each small vortex X € v contains a vertex vx not in its society.
Since G is (2k + 3)-connected Menger’s Theorem yields a fan with centre vx
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of size 2k+3 whose leaves are contained in the flat wall. As |Q(X)| < 3 there
are at least 2k internally disjoint vx—A paths in that fan, and their union is
a fan Sy that has all its non leaves in X and all its at least 2k leaves in A.
For distinct small vortices X, Y we have that V(Sx NSy) C A. If there are
2/{(32) small vortices, then we have at least that many such fans and, by the
pigeon hole principle, there is one 2k-subset of A that is the set of leaves for
2k such fans. These two vertex sets of size 2k are the branch vertices of a
T Koy, o1, and with Lemma 2.1 this implies that G is k-linked. ]

Claim 3.2.2. If the number of vertices in G{, with 2k — 2 neighbours in A

is more than 2k (2,‘3‘32) then G is k-linked.

Proof. Similar to the proof of Claim 3.2.1 that many vertices with 2k — 2
neighbours in A would force one of the 2k — 2 subsets of A to be completely
adjacent to a set of 2k vertices. In this case we obtain a K or—2 as a
subgraph of G and this is sufficient for the k-linkedness of G by Lemma 2.2.

O

Claim 3.2.3. If the number of vertices in some pseudo diagonal of a flat
r-wall in Gg that have 2k — 3 neighbours in A is at least (6k + 31)(2,‘:33),
then G is k-linked.

Proof. If there are more such vertices, then there is a pseudo diagonal with
cardinality 6k + 31 that is completely adjacent to a (2k — 3)-subset of A.
With Lemma 2.6 the claim follows. O

Claim 3.2.4. There is a large vortex V € V tightly enclosed by C1(V),. ..,

Cer (V) such that the face with boundary C1 (V') in G{[E\ D1(V)] has excess
at most —Ns.

Proof. Let H be a flat Nj-wall in G, as given by the (6k, N;)-richness of the
near embedding. By replacing H with a subwall of size at least N3 — 18p
if necessary, we may ensure that H does not contain a vertex that lies in
the society of a small vortex and thus H C Gy. For every vortex V € V
there are 6k concentric cycles C1(V),...,Cep(V) in G, tightly enclosing V'
and bounding open discs D1(V) 2 ... D Dgi(V), such that Dgi (V) contains
Q(V) and D(H) does not meet D;(V'). For distinct large vortices VW € V,
the discs D1(V) and D (W) are disjoint.
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Let G;(V) :=G{[D;(V)] be the restriction of Gy, to the vertices that are
mapped into D;(V') by o and let

X:=V (Gg\ U Gl(V)>

vey

be the set of vertices of G, not in G1(V) for any V € V. Note that
V(H) C X, that is the vertice of our flat wall are contained in X. Let
G":=Gy[E\ Uyey D1 (V)] be the subgraph of G{, that misses the vertices
in the interior of the discs Dy(V) for V€ V. We now have G”" N G1(V)
= C1(V) for any V € V. Let Fy be the face of G” that contains the
accommodating disc of V'€ V. We have that Fy = Di(V).

Let G" be the graph obtained from G” by additionally embedding dis-
jointly as many edges as possible, that is |C (V)| — 3, in the face Fy for each
V e V. As G" is still embeddable into ¥ we have

—6x (k) > —6x(2) > Egm(V(G"))
= En(V(G") + > 2IC1 (V)] - 6)

Vey
> €G// Z SG// Cl -I— Z (2’01 | — 6)
Vey vey
> gGlI —|— Z SG//(FV
Vey

By Claim 3.2.1, Claim 3.2.2 all but at most p vertices in X have degree at
least 6 in G{, while by Claim 3.2.3 from the at least N; — 18p — 2 vertices on
the diagonal of H, which is also a pseudo diagonal of H at least N; — 3p —

— (6k +31) (y° 3) p are neither incident with at least 2k — 3 vertices in A
nor with a virtual edge and thus have degree 7 in G{, and also in Go. With
M :=miny¢y (E(Fy)) we have

_6X(k’) > EG//(X) +a M >N —18p—2— (6]€+31) <2ka0 3> —Tp+aM

which implies

Ny <2+ (6k+31)< >+25p—a1M 6x (k).

Qg
2k — 3
By the choice of N; we have one vortex V' € V such that Fy has excess at
most — Ny in G”. O
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Claim 3.2.5. There is a linked vortex (V', Q') with V! =V UG1(V) U A®
and decomposition W with foundational linkage P of adhesion at most o =
agp + 2aq + 12k.

Furthermore, the vertices of ' are precisely V(C1(V) — v) for some
vertez v € C1(V) and the excess of (V', ) is at most —Na + 6. P neces-
sarily contains precisely 6k non-trivial paths that are disjoint from V. Let
Py, ..., Psk be those paths and let them be ordered naturally. Py = C1(V)—v
in this case.

Proof. Using the ideas from [4, Lemma 15| we can find for any vertex v of
C1(V) a set S, of 6k vertices that contains one vertex from each cycle C;
such that there is a curve v, in ¥ from v to Q(V) meeting Gf, only in S,
and in a vertex w, € Q(V). We may assume that for any two vertices v, w
their curves 7, and 7, either are disjoint or v, Ny, = Y[z, 1] = Yy, 1]
for some values z,y € [0,1].” There is an edge vovs in C1(V) such that
Wy, 1s Q-minimal and w,_ is Q-maximal in {w, | v € C1(V)}. For any
v € C1(V) let A, be the adhesion set of V that contains w, € Q(V). Then
Sy UA,USy, UA,, UA for v e Ci(V) — vy are the adhesion sets of a slim
decomposition W of V' and as C1(V), ..., Cgr (V) are tightly enclosing every
foundational linkage of W contains P :=C1 (V) — vp. The natural order of
the 6k paths disjoint from V is provided by the order they intersect with
the curves 7, for any v € C1(V) —vp. The adhesion of W is at most a™. [

Claim 3.2.6. There is a contraction W' of W of length N3 with trivial
paths 0 such that every vertex v in an inner bag of W' that is incident with
a virtual edge or with more than 2k — 3 wvertices in the set 6 is necessarily
contained in 0 and A C 0.

Proof. We give an algorithm to construct edge disjoint paths Q1,...,QnN;
with the following properties (i) to (iii).

(1) Ui<i<n, @i covers precisely the edges of C1 (V) — vo.
(ii) For all ¢; € Q; and ¢; € Q; with i < j we have ¢; <o g;.

Let v <o w be the end vertices of @); for some 1 < ¢ < N3. Let Wj,
be the bag of W whose left adhesion set contains S, and let W;, be the

SNote that this is neither a subgraph of G nor of Gj. We will transform it into a
subgraph of G later on by restricting it to a section that contains no virtual edges.

"To see this just pick one curve after another and follow any previous curve from the
first point they intersect.
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bag of W whose right adhesion set contains Sy, and let W/ := 44
Xi=G1(V)[Wj].

(iii) > peq, dx;(v) = 4]Qs| + 72k + 6p.

As Ny — 6 = N3(72k 4+ 12p+ 6) the following algorithm provides such paths.
Start at the 2-smallest vertex in C1(V) — vg and add it to Q1. Extend Q1
along C1(V) with '-increasing vertices until the excess of @1 in G” is at
most —72k — 12p — 12. Start the process with the last vertex added to the
previous path for the next path. It is clear that we end up with enough paths
with this construction as every vertex contributes at most —6 to the excess
and thus we ‘lose’ at most 6/N3 excess to work with at the vertices that lie
in two paths. And (iii) holds as ); has at most p vertices with negative
excess in G, and the constant —12 allows for enough slack to ignore the end
vertices of (); in the computation.

Thus Ex,na(W/) > —2|Q;i| — 6|]W] N Q(V)] as we ‘lose’ at most 6 from
the sum for any vertex in Q;, Sy, Sw, W/ NQ(V), and also at most 6p for the
virtual edges or vertices incident with at least 2k — 2 vertices in the apex
set.

The restriction of o to X; NG embeds X; NG into a closed disc in such a
way that the boundary of the disc has precisely the vertices Q; U S, U Sy, U
(Q(V) N W/) mapped to it.

Suppose for a contradiction that S,NS,, # @, then the boundary contains
precisely the images of the vertices in Q; US, US,, and Ex;na(W)) > —2|Q;]
as we don’t have extra vertices from W/ N Q(V) that contribute to a lower
excess. As the excess of a graph embedded into the plane is at most —12
and we could add |Q; U S, US,,| — 3 edges to the drawing of X; provided by
o it holds that

o 7jw] and

—12 > Ex;ng(W)) +2|Qi U Sy U S| — 6
> —2|Q;] +2|Q; U Sy U Sy| —6
—6.

IV

With this contradiction we showed that S, and S,, are disjoint. The slim
decomposition (V/(W7),...,V(Wy,)) has length N3 = fo++1a+!. By [6,
Lemma 3.4, Lemma 3.5] we have a contraction W'™P of it of length Ny
that additionally satisfies I-(L7), that is any path of a foundational linkage
is either trivial or contains an edge in every inner bag of WmPp,

As Ny = N5 (2p+ (555)) there are indices i,j with j — i = N such

that Wj; ;) contains no virtual edges or vertices incident with more than
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2k — 3 trivial paths (Note that the apex set is contained in the trivial path
by construction). Let YW’ be the contraction of W*™P along 1,4,i+1,..., .
W is a slim decomposition of length N5 with adhesion at most ™, satisfying
I-(L7). Every foundational linkage of W’ contains precisely 6k non-trivial
paths that are disjoint from V. Ol

Asin Part I, for a linkage Q with trivial paths 6 in a graph H, the union
of 6 with a proper rerouting of Q \ € obtained from applying Lemma I-3.3
to @\ 6 in H — 0 is a bridge stabilisation of Q in H.

Claim 3.2.7. Every bridge stabilisation Q' of a foundational linkage of W’
is (2k + 3)-attached.

Proof. We follow the proof of Lemma I-3.7 (iii). For any inner bag W of
W' and the set Z consisting of the left and right adhesion set of W and the
vertices of P[] it holds that there is an x—Z fan of size 2k + 3 in G[W]
for any x € W\ Z as G is (2k + 3)-connected and Z separates x from the
flat wall.

We stay in the notation from I-3.7 (iii). Suppose B is a non-trivial
hosted Q’-bridge and let Q' be the non-trivial path to which it attaches. If
Q' is the leaf P; of the collar, then B has at most one attachment on Q’,
as P; is a subgraph of the tightly enclosing cycle C1(V). Consequently, B
is attached to at least 2k + 2 paths of 6 as G is (2k + 3)-connected. We can
follow the remainder of the proof verbatim as Py CY \ X. O

Let us recap this situation in the light of [3, Section 3]. We have a
decomposed subgraph H C V U G1(V) for some large vortex V of G with
slim decomposition (W', Q') say that has length Nj, attachedness 2k + 3,
adhesion at most a*, and 6k non-trivial paths of Q' are disjoint from V.

The slim decomposition W’ with attachedness p = 2k + 3 and adhesion
q < at haslength A+1 = Nj5. According to [6, Lemma 3.5] we have a regular
decomposition (W”,P’) of length Ng which originates from a contraction of
W'. The proof of Theorem I-3.5 invokes p-connectedness two times. The
first time to obtain a regular decomposition with the properties of (W", P)
and the second time to prove that every bridge stabilisation of P is (2k + 3)-
attached. As we already have the regular decomposition (W”,P) we can
disregard the first instance. And with Claim 3.2.7 we can disregard the
second instance, too.

Thus we have a contraction (X, Q) of (W, P) that is a stable regular
decomposition of adhesion at most o™, attachedness 2k + 3, and length V.
It remains to show that it has collarsize 6k. Every foundational linkage of X
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contains precisely 6k non-trivial paths that are disjoint from V. We may
assume that Q contains the path P, C C;(V) for 1 < i < 6k. Then Prop-
erty 1 and Property 2 hold as C1(V),...,Cgr(V) enclose V' and Property 3
holds as they do so tightly. As HZ[W; y—1] is embedded into the disc Dy (V)
by o it is planar and Property 4 holds. Property 5 holds by Claim 3.2.6.
Finally, Property 6 holds as the decomposition constructed in the proof of
Claim 3.2.6 with bags V(W/) already had enough edges and moving to a
contraction only increases the count. O

Foregoing some details, we say that S is ‘properly attached’ to a decom-
posed subgraph H if there is a linkage from S to H such that each path
of the linkage intersects with H only in the first and last bag of its decom-
position. In the following we construct such a properly attaching linkage
without destroying to much of the length of H nor of the size of its collar.

In detail the definition looks as follows. Let H be a stable regular sub-
graph of some graph G with decomposition (W,P) and let A C P be the
non-trivial paths in P. Let C' be a component of I'(W, P)[)\], then N(C)
are the (trivial) neighbours of C' in T'(W,P). A set S that intersects with
V(H) only in the first and last bag of W can be attached properly to C' if
there is a linkage L from S to Fgu N(C) such that all paths of L end in the
first or last adhesion set of W. In this case L attaches S properly to C.

The main idea to construct such a linkage that properly attaches a set S
of size 2k to our decomposed subgraph H with collarsize 6k is the following.
We take 2k disjoint S—H paths and reroute them along the 2k outer most
paths of the collar to the first and last adhesion set of the decomposition
of H. In the construction we will lose some length and collarsize 2k. First
we provide a single purpose lemma to reroute linkages along other linkages.

Lemma 3.3. Let G be a graph, let S, T C V(G) be of cardinality k € N,
and let H be a set of pairwise disjoint connected subgraphs of G such that
each H € H contains a vertex from T. Let P be a set of k disjoint paths
such that each path of P has one end in S and either has its other end in T’
or meets at least k distinct graphs from H. Then there are k disjoint ST
paths in |J(P UH).

Proof. The proof will be one straight forward application of Menger’s Theo-
rem. Suppose there are not k disjoint ST paths in [ J(PU?H). By Menger’s
Theorem there is a set X of at most £ — 1 vertices that separates S and T
in J(PU®H). By cardinality one path P € P contains no vertex from X. If
P ends in T, then this contradicts the fact that X separates S and T. If P
meets k graphs from #, then there is one, H € H say, that is disjoint from
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X. Thus P U H contain an S-T path avoiding X, again contradicting that
X is a separator. 0

Lemma 3.4. Forintegers k, n > 2k, N, and « let G be a (2k+3)-connected
graph and let S C V(G) be a vertex set of cardinality 2k. Let H be a stable
reqular subgraph of G with decomposition (W, P) with collarsize n of length
(2k + 1)N + 8k, attachedness 2k + 3, and adhesion at most a +n. Let S
intersect with V(H) only in the first and last bag of W. Then there is a
stable regular subgraph H' of G with decomposition (W', P’) of length N,
with attachedness 2k + 3, collarsize n — 2k, and adhesion at most o +n — 2k
such that S can be properly attached to the component of T(W', P")[N] that
contains the leaf of the collar where X' denotes the non-trivial paths in P’.
In particular, each path of P’ is a subpath of a path of P.

Proof. Set T:=T(W,P) and let Il = 1,...,n be the path in I' such that H
is the collar. It is clear that every contraction of length m of W, P) is a
decomposition witnessing that H is a stable regular subgraph with collarsize
n of length m and attachedness 2k + 3.

Claim 3.4.1. For all 0 < i < n the graph H; ::Hl?_{1 ’’’’’ 8 with decompo-
sition W', P\ {Pi,...,P;}) where the jth bag of W' is W NV (H;) and W
s the jth bag of W is a stable regular subgraph of G with the same length
as H and at least its attachedness and collarsize n — i.

Let Pj:=P[W'] and P/, := P;;1[W'] and let X be the set consisting of
the four end vertices of P/ and P/, ;. For i = 0 we have Hy = H and thus the
statement holds by assumption. As Property 1 to Property 5 are trivially
true for any H; with decomposition (W', P\{Pi,..., P;}) it remains to show
that Property 6 holds.

Suppose the claim does not hold and let 1 < ¢ < n be the smallest
i such that Property 6 is violated as witnessed by a bag W', say. That
is, for some inner bag W’ of the decomposition (W', P\ {Py,..., F;}), the
path P/ ; is incident with less than 2|P/ ;| 4+ 6(n — i) edges in G[W'] —
E(P;+1). By Property 4 the graph L := Hgﬂ.ﬂ} [W] is planar and the society
(L, P/(P/,;)7!) is rural.

All vertices of L — (P U P/, ;) have degree at least 6 in L by Property 5
and the (2k 4 3)-connectedness of G. By Lemma I-6.2 we thus have

> dp(v) < 4P/ +4|P/y,| - 6.

/
vEP/UP/,

8 Assuming that {1,...,0} is the empty set we have Hy = H.
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By Property 6 for H;_; we also get

4P| =2+ 6(n—(i—1)) < > dp(v).

veP!

As the paths P; and P/ ; are disjoint the union commutes with the

(2
summation of the vertex degrees and thus we can reduce to

> dp(v) < 4P/, | — 6n+ 6i — 10.

/
vePl;

As every vertex in L — (X U P;) has degree at least 6 in the restriction
HE[W'] of the collar to the bag W’ and the vertices in X have at least
degree one in L, we have for d'(v) := drp (v)

|Pq] < Z d'(v) +10
veEP!

i+1
= Y di(v) +10 + > (d(v) —dp(v))
veEP] veEP]
< > dp(v)+10 +2|Ply| +6(n — 1)
vEP!

i+1

which reduces to

4Pl | —6n+6i—10< Y dp(v

vEP]

contradicting the upper bound. This means that Property 6 holds for
H; with collar HH (1,} of size n — ¢ and thus concludes the proof of
Claim 3.4.1.

By the pigeonhole principle there is an interval W, ... , W,y of bags
of (W, P) with 4k < i < 2kN + 4k such that the contraction (W', P’) of
(W, P) along i+ 1,...,i+ N contains a vertex from S in an inner bag only
if it is a trivial path. Let C be the component of I'(W’', P’) that contains
the leaf of the collar. Let X be the intersection of the first adhesion set of
(W', P") with FCU N(c) and let Y be the intersection of the last adhesion set

of (W', P") with FguN(C) Let L C H be the union of the paths Py, ..., Py
and the first and last bag of (W', P’).

Claim 3.4.2. There is a set H of 2k disjoint XY paths in L, and each
path in H contains a path P} with 1 <1i < 2k as a subpaths.

(2

-----

176



Proof. We prove this claim with a straight forward application of Menger’s
Theorem. Any set U C V(L) of at most 2k — 1 vertices misses one path P of
the 2k paths P, ..., Po of (W, P) contained in L. Also such a set U misses
a path P’ of the 2k paths P41, ..., Py of (W, P) which are not contained
in L (but whose end vertices are). Furthermore, U misses bags Wy and W,
of W that are contained in the first and last bag of W', respectively, as only
consecutive bags of W have non-empty intersection with L and both W}
and W}, each contain at least 4k bags of W.

In the union P U P'[V(L)] U G[W;] U G[W;] C L there is an X-Y path
that avoids U. By Menger’s Theorem we have a set H of 2k disjoint X-Y
paths in L. Clearly, each path in H contains a path P/ with 1 < i < 2k as
a subgraph. 1

For every path P € H the set V(P)U X UY separates FE[JN(C’) from
G — H by Property 2. Thus every path from G— H to FgluN(C) meets either

all paths in H or ends in X UY. Let £ be a (SU T)fl—ch‘,uN(c) linkage of
size 2k which exists as G is (2k + 3)-connected. Every path in £ meets
either all 2k paths in H or ends in X UY. By Lemma 3.3 there is an S—
(X UY) linkage £’ all whose paths lie in | J(LU%H). This completes the proof
as H[|JW'] with decomposition (W', P’) is a stable regular subgraph of G
with collarsize n — 2k, of length N, attachedness 2k + 3 and £’ attaches S
properly to C. Ol

For the following proof of Theorem 1.2 we closely follow the proof of
Theorem I-1.1. Before the arguments from that proof work in our setting we
need to adapt some lemmas. The complete Section I-4 ‘Token Movements’
will be required here.

In the following let G be a p-connected graph that contains a stable regu-
lar subgraph H with decomposition (W, P) of length N with attachedness p
and collarsize n. Set §:={« | P, is trivial} and \:={«a | P, is non-trivial}.

Lemma 3.5 (from I-6.4). I-6.4 holds also if G is a stable reqular sub-
graph of a p-connected graph with decomposition (W, P), with attachedness
p, collarsize at least 4, and length at least 3.

Proof. If both o and g are in the collar of G, the result follows by Property 4.
If one of « or § is not in the collar, then we follow the proof from I-6.4. [J

Lemma 3.6 (I-6.5). I-6.5 holds also if G is a stable regular subgraph of a
p-connected graph with decomposition (W, P) with attachedness p and col-
larsize at least 4.
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Proof. As the leaf 1 of the collar is not a cut-vertex in I'(W,P) and every
relinkage contains P; as one of its paths we may follow the proof from I-6.5
verbatim. OJ

We extend the definition of rich from Section I-7 by one special case:
the leaf of a collar is always rich. One reason to have Property 6 in the
definition of the collar as is, was to make the following arguments about
‘richness’ work.

We now restate our main theorem before proceeding with its proof.

Theorem 1.2. For every k € N there is w € N such that every (2k + 3)-
connected graph with tree-width at least w is k-linked.

Proof. Let k be given, let ag := (K316, 6k), let g := a1 (K3gi6), and let f
be the function from the statement of Lemma I-4.10 with n := ag+2a;+10k.
Let

N :=max{2k(k + 3) + 1,12k + 4,2 (k) + 1}

Let w be the integer returned from Lemma 3.2 when asked for G to
be k-linked or containing a stable regular subgraph of length 2kN + 8k,
attachedness 2k + 3, collarsize 6k, and adhesion at most n + 2k.

Let G be a (2k + 3)-connected graph with tree-width at least w. We
want to show that G is k-linked. Let S = (s1,...,s,) and T = (t1,...,t%)
be disjoint k-tuples of distinct vertices of G. Suppose there is no S-T
linkage in G. By Lemma 3.2 we may assume that G contains a stable
regular subgraph of length 2kN + 8k, attachedness 2k + 3, adhesion at most
n+ 2k, and with collarsize 6k. By Lemma 3.4 the graph G contains a stable
regular subgraph H with decomposition (W, P) of length N, attachedness
2k + 3, with collarsize 4k and adhesion at most n such that there are paths
@1, ..., Q9 attaching S UT properly to I'g where I'y is the component of
I'(W,P)[A] that contains the leaf 1 of the collar.

It remains to show that with this given decomposition we can solve any
linkage problem. This was researched extensively in Part I and we will
follow the arguments given there and outline the difference where necessary.
In particular we follow the proof of Theorem I-1.1 in Section I-7. We show
the following claims only for the component I'g of I'(W, P)[A] containing the
leaf 1 of the collar which is sufficient as we linked S and T properly to I'g.

Claim 7.1.1. holds as the leaf of the collar is not trivial and thus I'y is not
empty.
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Claim

Claim
Claim

Claim

Claim

Claim

7.1.2. holds: We can ignore the first paragraph of its proof that
uses the connectedness of G since we properly attached S U T with
Lemma 3.4. The remainder of the proof given there can be applied
verbatim to our situation.

7.1.3. is true as all the 4k paths from the collar are in I'g.
7.1.4. holds for ' C Ty if 1 ¢ V(T') with the same proofs.

7.1.5. reads I'y contains a rich block in our case. We need to tend to
the leaf of the collar individually here but that is easy. Its neighbour
2 € T is rich in (W, P)[{1,2,3}] by Claim 7.1.4. It is not rich in
I'[{1,2}] and thus it is rich in I'[{2, 3}]. From here we follow the proof
of Claim I-7.1.4 verbatim picking a sink of the directed tree R that is
pointed to by (2,T(W,P)[{2,3}]).

7.1.6. holds as (W, P)[{1,2}] is not rich and we can thus follow the
proof from Part I verbatim.

7.1.7. holds as I'(W, P)[{1,2}] is not rich.

[y is a component of T'(WW, P)[A]. It contains a rich block D by Claim

7.1.5

. By Claim 7.1.6 and Claim 7.1.7 we have a triangle in D and |D| +

IN(D)| > 2k + 3. This contradicts Claim 7.1.2 (iv) and thus concludes the
proof of Theorem 1.2. O
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Summary

We look at two common phenomena in infinite graphs: limit structures and
ubiquitous patterns. The ubiquitous patterns are either assumed or developed
by Ramsey-type arguments. Surprisingly, both phenomena have analogues in
finite but arbitrarily large graphs.

Let G be a locally finite graph. In its Freudenthal compactification |G| arcs
and circles arise naturally as limit structures. They describe structures which
in finite graphs are similarly described by paths and cycles. For example, a
Hamilton circle in |G| is a topological circle that contains all the (infinitely
many) vertices of G. For a thorough introduction see [2]. These topological
limit structures are studied in the three articles ‘Dual trees must share their
ends’ (p. 1), ‘Orthogonality and minimality in the homology of locally finite
graphs’ (p. 19), and ‘Extending cycles locally to Hamilton cycles’ (p. 27).

In the article ‘Transitivity conditions in infinite graphs’ (p. 40) we assume
a high degree of symmetry, and show that this leads to ubiquity: the graphs
characterized are shown to be made up of few types of finite subgraphs that
arise everywhere. As these are organized into a tree-structure we are able to give
a concise structural characterization of the graph properties that were originally
defined merely in terms of symmetry.

The article ‘Edge-disjoint double rays in infinite graphs: a Halin type re-
sult’ (p. 73) confirms a conjecture of Andreae [1] that a graph that contains k
edge-disjoint double rays for every k € N also contains infinitely many edge-
disjoint double rays. We obtain this infinite set of edge-disjoint double rays as
a limit structure, while Lemma 29 (p. 86) explicitly describes a Ramsey-type
phenomenon required in the steps of its construction.

The articles ‘Linkages in large graphs of bounded tree-width’ and ‘Linkages
in large graphs’ (p. 89 and p. 155) are concerned with finite but arbitrarily
large graphs. Interestingly, limits and ubiquity have a finite analogue here. In
both articles we examine areas of graphs that converge to trees as the graphs
get larger. Ramsey-type arguments allow us to obtain a tree-structure all whose
parts express the same ubiquitous patterns.

All articles come with their own detailed and more specific introduction.
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Zusammenfassung

Wir betrachten zwei Eigenschaften, die man in unendlichen Graphen beobachten
kann: Limiten und Muster die allgegenwiértig sind. Die allgegenwértigen Muster
werden in unseren Betrachtungen entweder vorrausgesetzt oder durch Ramsey-
artige Argumente entwickelt. Uberraschenderweise finden wir beide Phéinomene
in endlichen aber beliebig grolen Graphen wieder.

In der Freudenthal-Kompaktifizierung |G|, eines lokal-endlichen Graphen G,
treten Bogen und (topologische) Kreise auf natiirlicher Weise als Limiten auf. Sie
beschreiben dort Strukturen, die in endlichen Graphen von Wegen und Kreisen
beschrieben werden. Zum Beispiel ist ein Hamiltonkreis in |G| ein topologischer
Kreis, der alle Ecken von G enthélt. Eine umfangreiche Einleitung dazu gibt es
in [2].

Diese topologischen Limiten werden in den drei Artikeln ,Dual trees must
share their ends“ (S. 1), ,,Orthogonality and minimality in the homology of
locally finite graphs“ (S. 19) und ,,Extending cycles locally to Hamilton cycles“
(S. 27) untersucht.

In dem Artikel , Transitivity conditions in infinite graphs“ (S. 40) setzen
wir ein hohes Mafl an Symmetrie vorraus und zeigen, dass diese Vorrausetzung
ausreicht um allgegenwirtige Muster zu erzwingen. In der Tat sind die charakte-
risierten Graphen nur aus wenigen Arten sehr einfacher Teilgraphen aufgebaut
die iiberall auftreten. Da wir zeigen konnen, dass diese Teilgraphen in einer
Baumstruktur zusammengefiigt sind, kénnen wir eine prézise strukturelle Cha-
rakterisierung der Grapheigenschaften geben, die vorher ausschliefllich durch die
Forderung nach hoher Symmetrie definiert wurden.

Der Artikel ,,Edge-disjoint double rays in infinite graphs: a Halin type re-
sult“ (S. 73) bestitigt die Vermutung von Andreae [1], dass ein Graph der k
kantendisjunkte Doppelstrahlen fiir jedes k¥ € N enthélt, auch unendlich vie-
le kantendisjunkte Doppelstrahlen enthélt. Wir erhalten die unendliche Menge
kantendisjunkter Doppeltstrahlen als einen Limes, wobei Lemma 29 (S. 86) ein
Ramsey-artiges Phanomen beschreibt, dass in den Schritten der Limeskonstruk-
tion notig ist.

Die Artikel ,,Linkages in large graphs of bounded tree-width* und , Linkages
in large graphs“ (S. 89 und S. 155) beschiiftigen sich mit endlichen aber beliebig
groflen Graphen. Interessanterweise konnen wir Limiten und Allgegenwiirtigkeit
hier wiederfinden. In beiden Artikeln untersuchen wir Gebiete von Graphen, die
gegen Béume konvergieren, wenn die Graphen grofler werden. Ramsey-artige
Argumente lassen uns in diesen beinahe Béumen eine Struktur finden, deren
einzelne Teile alle das selbe allgegenwirtige Muster aufweisen.

Jeder Artikel beginnt mit einer eigenen ausfiihrlicheren Einleitung.
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