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Introduction

There is no uniform definition of the term quantum group in the literature, but in most
cases, it is used for the class of Hopf algebras that may be roughly described as one-
parameter deformations of the enveloping algebras of certain Lie algebras — and so do
we in this thesis. They were introduced by Drinfeld [Dri85] and Jimbo [Jim85] in order
to supply a solution to the quantum Yang-Baxter equation. Since quantum groups are
Hopf algebras, the category of their representations is a tensor (also monoidal) category.
If the quantum group is in addition quasitriangular, i.e. if an R-matrix exist, then the
representation category is braided and in the case of finite-dimensional representations
even ribbon. Braided categories have many important applications, especially to low-
dimensional topology. In particular, ribbon categories give rise to invariants of knots
in the Euclidean space R3. Under some additional non-degeneracy conditions one gets
modular tensor categories which give rise to non-semisimple topological field theories
([KLO1]) or in the case of semi-simplicity one can derive the corresponding Reshetikhin-
Turaev invariants of 3-manifolds and links in 3-manifolds (cf. [RT91, Tur00, BK01]).

In this thesis we will consider exclusively the so-called small quantum groups u,(g).
They are quotients of the restricted specialization U,(g), with ¢ a root of unity and g
a finite-dimensional semi-simple complex Lie algebra, and are finite-dimensional Hopf
algebras over the field C (see Definitions 1.3.6 and 1.3.8 for details). However, these
quantum groups are in general not quasitriangular. In the present thesis we con-
struct new (universal) R-matrices for these small quantum groups or certain exten-
sions thereof, following an ansatz for the R-matrix by Lusztig. The extensions are
constructed in the framework of the Lie theoretic input data due to the Lie algebra
g and are parametrized by lattices A containing the root lattice Az and contained in
the weight lattice Ay and admit R-matrices in many cases where the original small
quantum group does not. We find that the existence of solutions for R-matrices then
depends only on the (finite) fundamental group m = Aw /Ag of g and on the order ¢
of the root of unity ¢. Especially for the series of quantum groups corresponding to
the root system A,, a combinatorial theorem about roots of unity was necessary, which
is interesting on its own.

Consequently, the cases of quasitriangular small quantum groups offer a source for
ribbon categories of their representations.

iii



iv Introduction

Before proceeding with a detailed outline of this thesis we give a short overview on
the algebraic background for this thesis.

Quasitriangular Hopf algebras and braided categories

A Hopf algebra H over a field k is an associative, unital k-algebra with multiplication pu,
unit 77 and the additional structure of a coassociative comultiplication A: H - H®Q H,
a counit e: H — k and a k-linear homomorphism S: H — H, called the antipode.
Standard references on the subject are the books of Abe [Abe80] and Sweedler [Swe69].
There are some compatibility conditions for the datum (u,n, A, €, 5), e.g. that A and e
are algebra maps. For H-modules U, V one can then define an H-action on the tensor
product by

H—2 H® H L% End(U) ® End(V) — End(U @ V)

with H-actions py, py on U and V, respectively, and the counit ¢ equips the ground
field k with a trivial H-action. This provides the category H—mod of representations of
H with the structure of a monoidal category. In addition, one can define an H-module
structure on the dual representation V* of an H-module V' by using the antipode. We
give two important examples of Hopf algebras. For a group G the group algebra k[G]
is a Hopf algebra with coalgebra structure and antipode given by

Alg)=g®g, elg)=1, Slg=g"

for all ¢ € G. The universal enveloping algebra U(g) of a Lie algebra g is also a Hopf
algebra with
Az)=1®z+2®1, ex)=0, S)=-z

on the generators z € g.

The structure of a quasitriangular Hopf algebra H is the choice of an R-matrix.
This invertible element in H ® H is an intertwiner for the comultiplication A and the
opposed comultiplication A°PP. We recall the exact definition.

Definition 1.1.1. The structure of an quasitriangular Hopf algebra H is the choice
of an invertible element R € H ® H such that for all h € H

A°PP(h) = RA(R)R™, (1.1.1)
(A ®id)(R) = RizRas, (1.1.2)
(id® A)(R) = Riz R, (1.1.3)

with A°PP(h) = 70 A(h), where 7: HQ H — H® H, a ® b+ b® a and Ry =
R®1, Rz =1® R, Ri3 = (7®id)(Ry3) = (id ® 7)(Ry2) € H®. Such an element
is called (universal) R-matriz of H and we write (H, R) for the quasitriangular Hopf
algebra with R-matrix R.

The quasitriangular structure of an Hopf algebra is in correspondence with the addi-
tional structure of a braiding on the corresponding category of modules, i.e. a coherent
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natural isomorphism c: ® — ®°PP between the tensor product and the opposed ten-
sor product (fulfilling the hexagon axioms in the case of a non-strict tensor category).
Explicitly, this gives for any pair (V, W) of objects of the category an isomorphism

CV7W:V®W—>W®V

which is compatible with morphism in the category. The notion of braided categories
was introduced by Joyal and Street [JS93] and the compatibility axioms of a braided
category relate to the so-called braid group, hence the term braided. In a strict braided
category the following version of the Yang-Baxter equation holds:

(vaw X ldU) e} (ldv X Cva) e} (CU,V (29 ldw> = (ldW X CU,V) e} (CU,W X ldv) o (ldU (29 CV,W)

for objects U, V, W and braiding c. Thus, a representation of the braid group B, on n
strands can be constructed on V" for every object V in a braided monoidal category.
The Yang-Baxter equation was first introduced in physics as a factorization condition
of the scattering S-matrix in the many-body problem and in work on exactly solvable
models in the field of statistical mechanics. It also played an important role in the
work of Faddeev and the Leningrad School for the construction of quantum integrable
systems [Fad84], coining the term quantum Yang-Baxter equation. As a consequence of
the defining relations (1.1.1)-(1.1.3), an R-matrix R in a quasitriangular Hopf algebra
obeys the following equation

R23R13 R12 = R12R13 R237

which is a version of the quantum Yang-Baxter equation.

Braided categories with two additional structures, duality and twist, are called ribbon
categories. In the case of the category H—mod of the finite-dimensional representations
of a quasitriangular Hopf algebra H the category is ribbon, if a ribbon element v €
H exist. Ribbon categories admit a consistent theory of traces of morphisms and
dimensions of objects and, in particular, they yield invariants of colored framed graphs
and links in the Euclidean space R? (see e.g. [Tur00]). As we will see below, the
quasitriangular small quantum groups provide a source for ribbon categories.

Quantum groups

The theory of quantum groups was triggered by the work of Drinfeld [Dri85, Dri87] and
Jimbo [Jim85] around 1983-85. They may be roughly described as a one parameter
deformation U,(g) of the universal enveloping algebra U(g) of a semisimple Lie algebra
g. These deformations yield Hopf algebras that are in general neither commutative nor
cocommutative. In this thesis we deal exclusively with the case that the parameter ¢
is specialized to a root of unity of order ¢ and consider the small quantum group: We
follow Lusztig’s approach ([Lus88, Lus90, Lus93]) and define the restricted specializa-
tion U,(g) over C by introducing first the rational form over Q(g), with indeterminate
q, and then the integral form over Z[q, ¢~!] with divided powers. The small quantum
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group u,(g), a quotient of the restricted specialization U,(g) (g specialized to a root
of unity), is a finite-dimensional Hopf algebra over C. In contrast to the generic case,
here the representation categories are not semi-simple. Also, the category of modules
is in general not braided for even ¢, i.e. u,(g) is not quasitriangular in this cases (see
e.g. [KS11] for g = sly).

In the literature one finds two ways to construct a quasitriangular quantum group,
closely related to u,(g): One can consider slightly smaller quotients, i.e. K¢ =1 for
e half the exponent in Lusztig’s definition and group-like generators K, where one
can obtain indeed an R-matrix if £ is prime to the determinant of the Cartan matrix
[Ros93]. For some applications however, it is desirable that the quotient is taken
precisely with Lusztig’s choice (this is the choice A’ = QA%) in the notion of Definitions
1.2.5 and 1.3.8) and one wishes to focus on the even case. On the other hand, for ¢
an even root of unity, some authors consider R-matrices up to outer automorphism
([Tan92, Res95]), or quadratic extensions of u,(g), e.g. explicitly in the case of u,(sls)
in [RT91, FGSTO06] and more generally in [GWIS] for u,(sl,,). To our knowledge, prior
to this thesis, there was no general result for g other than sl,,.

We generalize both approaches (choosing a suitable quotient and constructing an
extension) in a Lie theoretic setting and determine all those R-matrices that can be
obtained through Lusztig’s ansatz. We consider extensions wu,(g, A, A") of the usual
small quantum group u,(g) for each choice of a lattice A C A C Ay between root and
weight lattice of g, which corresponds to a choice of a complex connected Lie group
associated to the Lie algebra g, and taking the quotient by the lattice A’ C Ag (cf.
Definition 1.3.8). In particular this includes the quadratic extensions mentioned above.
Depending on the data g, ¢, A (and fixed A’) we determine all R-matrices obtained
through Lusztig’s ansatz for different variants u,(g, A, A’) of u,(g) . In particular we
find indeed that for ¢ of even order (or divisible by 4 for multiply-laced g) we get R-
matrices for (mostly extensions of) Lusztig’s original quotient. The main calculations
in the present thesis are formulated in terms of certain sublattices of the weight lattice
Ay . These sublattices depend heavily on the Lie algebras and the roots of unity in
question.

Due to its special structure, a quasitriangular quantum group is also ribbon, i.e.
it exists a so-called ribbon element in the quantum group. Thus the corresponding
category of modules is a ribbon category.

In the following, we shall give a detailed outline of this thesis.

Outline and Summary

In the first chapter we provide the basic notions used in this thesis. We start by recalling
the definition of an R-matrix and quasitriangular Hopf algebras. In the second section
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we then introduce the Lie theoretic framework, in particular certain sublattices of the
weight lattice Ay and root lattice Ay of the Lie algebra g, e.g. the so-called centralizer
Cent” (AR) of AR in Ay in respect to an integer . These sublattices play an important
role in the proof of the main Theorem 4.3.1 in Chapter 4. Another essential notion of
this thesis is introduced, namely the fundamental group m; = Ay /Ag of a Lie algebra.
We then define the finite-dimensional quantum groups u,(g, A, A’), for a primitive (-th
root of unity ¢, a finite-dimensional complex Lie algebra g and sublattices A, A’ of the
weight, resp. root lattice. The different choices of lattices A give extensions of the usual
small quantum group wu,(g) for A = Ag (and fixed A’) and correspond to choosing a
Lie group associated to the Lie algebra g. The two extreme cases are for A = Ay the
so-called adjoint form and for A = Ay the so-called simply-connected form. The lattice
A’ parametrizes different possible quotients of the restricted specialization U, (g, A).

In the second chapter we review the R-matrix ansatz by Lusztig and its modifica-
tion by Miiller [Miil98a, Miil98b]. This ansatz introduces a so-called quasi- R-matrix
O € uy(g, A, A)T @ uy(g, A, )™, where u,(g, A, \')* are the Borel parts generated by
the E’s and F'’s, respectively (cf. Theorem 2.1.2). The element © is an intertwiner
between the comultiplication A and a new comultiplication A, obtained by conjugating
with a certain antilinear involution. This quasi- R-matrix is equal to the R-matrix R
of our ansatz except for an element Ry = > /0 f(p, V) K, ®@ K, € C[A] @ C[A],
thus we have R = Ry©. This element R, is an intertwiner for A and the opposed co-
multiplication A°PP and has to fulfill some requirements which result from the defining
relations (1.1.1)-(1.1.3) of an R-matrix. Miiller gives in his dissertation equations for
the coefficients f(u,v) of Ry and uses the ansatz R = RO for determining R-matrices
for quadratic extensions of u,(sl,,). We develop this ansatz further and get a new set of
equations for the coefficients of Ry, which split in two different types. The first type of
equations depends only on the fundamental group m; of the Lie algebra g and will be
called group-equation. The second type depends on some sublattices of A, especially
on Cent!!(Ag) and is very sensitive to different choices of ¢. This type of equations
will be called diamond-equations. In the following chapters we determine all solutions
of these equations. To this end, we determine the solutions of the group-equations first
and check which of these are solutions to the diamond-equations as well. The solutions
of these equations give all R-matrices of u,(g, A, A’) with arbitrary simple Lie algebra
g, which satisfy the ansatz R = R,©.

The third chapter is based on the preprint [LN14a]. Here we give all solutions of
the group-equations of the R-matrix ansatz of Chapter 2. For this we need a theorem
about roots of unity, which is the main result of this chapter and is of independent
interest.

Theorem 3.2.1. Let U be a non-empty finite set of complex roots of unity and consider
for all k € Z the power sums ay = ZCEU C*. Then all a;, are non-negative integers iff
U is actually a multiplicative group of roots of unity (i.e. all N-th roots of unity for
some N ).

Most of Chapter 3 is devoted to the proof of this theorem. First, we introduce a



viil Introduction

new combinatorial principle and the proof of Theorem 3.2.1 is along these lines. We
then give an alternative proof of this theorem which does not need the aforementioned
combinatorial principle. This proof was pointed out to us by Mihalis Kolountzakis. As
an application of this theorem we then prove a theorem about so-called Fourier pairs of
{0, 1}-matrices (over the group Zy XZy ), i.e. a pair of matrices (€;;)1<i j<n, (€ij)1<ij<n
with 5, &; € {0,1} for all 4, j, such that the coefficients ¢;; are the discrete Fourier
transforms of the &;; (and vice versa).

Theorem 3.4.4. All idempotents e of the group algebra C|Zy x Zy)] with ¢;; € {0,1},
or equivalently all discrete Fourier pairs €, of {0, 1}-matrices are either of the form

N/d
for a unique d | N and 0 <t < d—1 or they are trivial, i.e. ¢ =& = 0.

Since from a solution of the group-equations certain idempotent equations could
be derived, these {0,1}-matrices, or idempotents of the group algebra C[Zy X Zy]
respectively, occur in the course of determining the solutions of the group-equations
for cyclic fundamental group. We work out these solutions in Example 3.5.5 and
Theorem 3.5.6. The solutions in the case of fundamental group Z, x Zs are determined
by a Maple-calculation which is documented in Appendix A.

The last chapter contains the main results of this thesis and is the gist of the preprint
[LN14b]. We first introduce the notion of diamonds of sublattices of Ay (the notion
refers to their inclusion relations) and the corresponding diamond-equations. We then
examine which of the solutions of the group-equations discussed in Chapter 3 are
solutions of the diamond-equations as well. For the case of cyclic fundamental group
m we determine in Lemma 4.2.1 all possible solutions of the diamond-equations for
a given diamond. In Example 4.2.3 we give all possible diamonds, depending on the
Lie theoretic input and on ¢. Again, the case of fundamental group Zs x Zs (for root
systems Ds,,,, m > 2), is done by a direct calculation. The Section 4.3 contains the
main theorem of this thesis. We finally give the solutions for each root system and list
all R-matrices of the form Ry© for chosen Lie algebra g, root of unity ¢ and suitable
sublattices A, A’ of the weight lattice.

Theorem 4.3.1. Let g be a finite-dimensional simple complex Lie algebra with root
lattice Ag, weight lattice Ay and fundamental group m = Aw/Agr. Let q be an C-th

root of unity, £ € N, £ > 2. Then we have the following R-matrix of the form R = Ry0,
with © as above:

1 _
— =) (1. )
R = AN Z q w(p,v) K, @ K, | -0,
(mv)E(A1/N x Az /)
for the quantum group uy(g,A,\') with A = Ay and A; the preimage of a certain
subgroup H; C m in Aw (1 = 1,2), a certain group-pairing w: Hy x Hy — C* and
N = A[Ig as in Def. 1.2.5.

In the following table we list for all root systems the following data, depending on :
Possible choices of Hi, Hy (in terms of fundamental weights A ), the group-pairing w,
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and the number of solutions #. If the number has a superscript x, we obtain R-matrices
for Lusztig’s original choice of N'. For g = D,, 2 | n, with m = Zy X Zs we get the
only cases Hy # Hy and denote by X # XN € {\,_1, \n, A1 + A\n} arbitrary elements
of order 2 in .

o | ¢ |#|mx ||
A ¢ odd Zq ‘ (ZHEN,) ‘ WA, Ap) = &8 if
_"21 . d|(n+1), 1<k<dand

M= Bntl ¢ even ged(n +1,d6, kt — 2Hn) = 1
1 Zy {0} w(0,0) =1
¢ odd
i 1| 2 D) | 0O A) = (—1)" !
Bn>2 2 ZQ <)\n> W()\n, )\n) =41
= (=2 d4
T = Lo o 1 Zy {0} w(0,0) =1, if n even
=0 mod 4 | 2* Zo (An) w(An, A\p) = %1
0 #4 1* Zy {0} w(0,0) =1, if n even
Zy {0} w(0,0) =1
¢ odd
° Zs ) | @O ) = —1
Cn>3 Zy {0} w(0,0) =1
= (=2 d4
™ = Zs o 1 Z M) w0 Ae) = (—1) T
(=0 mod4 | 2* Lo (An) w(An, Ap) = %1
04 1* Zy {0} w(0,0) =1, if n even
1 7 0 | (0,0)=1
3 Lo (\) wA\A) =—1
6 | Zo £ Z5| (N, (N) [w\XN)=1
1 ZQ X ZQ <)\n717 )\n> CU()\Z', )\J) =1
1 Z2 X ZQ <)\n—17 )\n> W()\i, )\]) =-1
W(/\n—la )‘n—l) ==l
{ odd wW(An-1,An) =1
2 || Zo X Zo | (An—1, A
Dn24 2 X 5 < ! > W()\n, )\nfl) =1
n even w(An, A\p) = F1
™ = ZQ X ZQ W(/\n—la )\n—l) =-1
w(/\n_l, )\n) =41
2 || Zo X Zo | (An—1, A
2 X Bo | Do) | ) = 1
W(An, Ap) = —1
¢ even 16* Z2 X ZQ <)\n717 )\n> (U()\i, )\J) € {:l:l}
Zn 0 | w(0,0)=1
D5 ¢ odd 1 Lo (2\,) w(2A\n, 2M,) = —1
n odd 2 Zy (M) wW(An, Ap) = 1
T = Zy (=2 mod 4 | 4 Ly (An) WA, \n) =¢, ¢t =1
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(=0 mod 4 | 4* Zy (An) WA, \n) =¢, ¢t =1
1 VA {0} w(0,0) =1
¢odd, 3t1¢ d ’
* 2 Zg </\6> W(/\G, /\6> = ]_, exp(%)
Es |z 0 | w(0,0)=1
14 3t/ :
T = Zs even, 314 = Zs Do) | W, o) = 1, exp(22)
14 Odd, 3 ‘ 12 3 Zg <>\6> CU()\G,AG) = C, C3 =1
Ceven, 3| ¢ | 3* Zs (Xe) wXe, N) = ¢, =1
Zn 0 | w(0,0)=1
E ¢ odd :
T :7Z © ZQ </\7> W(/\7,/\7> =1
! ? ¢ even 2* Zs (A7) w(A7, A7) = &£
Eg ¢ odd 1 Zl {0} w(O, 0) =1
T =7 ¢ even 1* Zy {0} w(0,0) =1
¢ odd 7 07 | w(0,0)=1
F, (=2 mod 4 Zy {0} w(0,0) =1
™ =2 /=0 mod 4
1* 7z =
L L e =1
¢ odd
1 7z 0 =1
o o C e
=) { even
1* 7 =
o L ee0)=

Remark. We indicate in which sense our results are not complete:

e Technically, one could even allow Ax C A C Ay;,. Here, the lattice Ay, has
basis {\;i:=2\;/(qi, ;) | i € I} with fundamental dominant weights );, thus
(S\i, a;) = 0;;. In this case one could get additional R-matrices for further exten-
sions u,(g, A, A’), corresponding to A with Ay C A C Ay,

Our assumption A’ C Centm(AW) N Ag was to simplify calculations and prove
uniqueness. In general A’ € Cent!(A) would suffice (and could yield more so-
lutions), but one would have to deal with possible 2-cocycles in H?(A/A’,7) in
Lemma 2.2.1.

Then, one could ask in general whether all R-matrices are necessarily given by
Lusztig’s ansatz and hence of our form.

We also do not answer the question whether different R-matrices give equiva-
lent quasitriangular structures for a given quantum group u = u,(g, A, A’) in the
sense of Definition 1.1.3, nor have we investigated which quasitriangular quan-
tum groups (u, R) and (u/, R') might give equivalent braided tensor categories
C(u, R) = C(v/, R') of their representations.

This thesis is based on the following preprints:
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Chapter 1

Preliminaries and Motivation

In this preliminary chapter we will recall some basic algebraic notions. We start by
introducing the notion of an R-matrix and quasitriangular Hopf algebra. The quasi-
triangular Hopf algebra are in correspondence to the structure of a braiding on their
representation categories. In the second section we collect the relevant Lie theoretical
prerequisites. These are the main ingredients for defining the quantum groups in the
last section. In particular, we introduce some sublattices of the weight lattice of the
Lie algebra which play in crucial role in the R-matrix ansatz we choose in this thesis.

1.1. R-matrices and quasitriangular Hopf algebras

We introduce the notion of a quasitriangular Hopf algebra H and the connection to the
structure of a braiding on its representation category H—mod. For precise definitions
of the categorial terms we refer the reader to the Appendix B.

One reason why braided tensor categories are interesting is that in such a category a
version of the Yang-Baxter equation holds. Let U, V, W be objects in a (strict) braided
tensor category. Then the following identity holds:

(CV,W ® ldU> O (ldv ® CU,W) o (CU,V ® ldw) = (IdW ® CU,V) (@) (CU,W ® ldv) O (ldU ® CV,W)'

This leads to the questions what kind of structure in a Hopf algebra H induces the
structure of a braiding on its representation category, and hence gives a solution of the
Yang-Baxter equation. In the following, H = (H, u,n, A, e, S) is a Hopf algebra with
product u, unit 7, coproduct A, counit € and antipode S. We now recall the definition
of an (universal) R-matrix and with that the notion of an quasitriangular Hopf algebra.

Definition 1.1.1. The structure of an quasitriangular Hopf algebra H is the choice of
an invertible element R € H ® H such that for all h € H

AP(h) = RA(R)R ™, (1.1.1)
(A ® id)(R) = Ri3Ras, (1.1.2)
(id® A)(R) = RizRio, (1.1.3)
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with A°PP(h) = 70 A(h), where 7: HQ H — H® H, a @ b+ b® a and Ry =
R®1, Ris=1® R, Ri3 = (1 ®id)(Ra3) = (id ® 7)(R12) € H®>. Such an element is
called an (universal) R-matriz of H and we write (H, R) for the quasitriangular Hopf
algebra with R-matrix R.

In Sweedler notation, we write R = R1) ® R(2) and with that R, = R1) ® Ri9 ® 1,
and so on. In the following we mean by R-matrix always universal R-matrix and omit
the epithet.

The following theorem gives the correspondence between quasitriangular Hopf alge-
bras and their braided representation categories.

Theorem 1.1.2 (cf. [Kas95], Prop. XII1.1.4). Let (H,p,v,A,e) be a bialgebra (with
multiplication u, unit v, comultiplication A and counit €). The monoidal category
H—mod is braided, if and only if H is quasitriangular.

For a quasitriangular Hopf algebra H with R-matrix R, the braiding on H—mod is
given by

v UV VU,

(1.1.4)
u®v = Tyy(R.(u®v)) = Rgy.v @ Ray.u,

for all pairs U,V € H—mod. Conversely, if the category H—mod is endowed with a
braiding ¢, then the element

R::TH,H(CH,H(lH & 1H)> € H & H
is an R-matrix for H.

For quasitriangular Hopf algebras H, H' with R-matrices R and R’ respectively, one
can ask when the corresponding representation categories, denoted by C(H, R) and
C(H', R'), are equivalent as braided monoidal categories. This is in general very hard
to answer. The following definition introduces a notion of equivalent quasitriangular
structures on Hopf algebras.

Definition 1.1.3. (1) If (H, R) and (H', R") are quasitriangular Hopf algebras, then
they are isomorphic as quasitriangular Hopf algebras if there exists a Hopf algebra
isomorphism f: H — H' such that R' = (f ® f)(R).

(2) Two quasitriangular structures R, R’ on a Hopf algebra H are equivalent if (H, R)
(H, R') as quasitriangular Hopf algebras.

>~

It is an easy implication that for two isomorphic quasitriangular Hopf algebras (H, R)
and (H', R') the corresponding representation categories C(H, R) and C(H', R') are
equivalent as braided tensor categories.

Finally, we introduce the notion of a factorizable Hopf algebra. For an R-matrix
R = R()® Ry € H® H we define the invertible element

Q =7(R)R = R(Q)R(]_) ® R(l)R(g).
This element in H ® H is called monodromy element and we write Q) = Q1) ® Q2.



1.2. Lie Theory 3

Definition 1.1.4 (cf. [RSTS88]). The quasitriangular Hopf algebra (H, R) is called
factorizable if the map

Qr: H* = H, [ po(idg ® f)(T(R)R) = Qn)f(Q2))

is an isomorphism of vector spaces.

The following remark explains the word factorizable and translates this property of
the quasitriangular Hopf algebra into a condition on the R-matrix.

Remark 1.1.5. Let H be a factorizable quasitriangular Hopf algebra with R-matriz R
and monodromy element QQ = T(R)R. Then there exist basis (b;)icr and (¢;)ier of H,
such that Q =Y, b; @ ¢;.

Again, we do not answer the question, whether the small quantum groups with the
R-matrices in Theorem 4.3.1 are factorizable. This problem is of special interest since
factorizable quantum groups give rise to modular tensor categories, which play an
important role in the Reshetikhin-Turaev construction of three-dimensional extended
topological field theories.

1.2. Lie Theory

At first, we will collect the Lie theoretic prerequisites. We assume a general knowledge
of Lie theory and always assume the Lie algebra being a finite-dimensional, semisim-
ple complex Lie algebra. As a general reference we refer to the book of Humphreys
[Hum72).

Let g be a finite-dimensional, semisimple complex Lie algebra with a choice of simple
roots «;, indexed by i € I, |I| =:n, set of roots ® and set of positive roots . Denote
the Killing form by (_,_), normalized such that (o, «) = 2 for the short roots a. The
Cartan matriz of g is given by

(ah aj)

Qij = <Oéi,Oéj> - 2(0[ a~)

For a root av we introduce d,, := (o, «)/2 with d, € {1,2,3}. Especially, d; := d,, and
in this notation (o, @;) = d;a;;. The fundamental dominant weights \;, ¢ € I, are given
by the condition 2(a;, Aj)/(a;, o) = ;;, hence the Cartan matrix expresses the change
of basis from roots to weights. By inverting the Cartan matrix the fundamental weights
are expressed in the basis of simple roots. This can be found in [Hum?72|, Section 13.2,
and we will use this in the case-by-case proof of our main result Theorem 4.3.1.

Definition 1.2.1. The root lattice Ar = Ag(g) of the Lie algebra g is the abelian
group with rank rank(Ag) = rank(g) = |I|, generated by the simple roots «, i € I.
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Definition 1.2.2. The weight lattice Ay = Ay (g) of the Lie algebra g is the abelian
group with rank rank(Ay ) = rank(g), generated by the fundamental dominant weights
Ai, 1 € 1.

The Killing form induces an integral pairing of abelian groups, turning Az into an
integral lattice. It is standard fact of Lie theory (cf. [Hum72], Section 13.1) that the
root lattice is contained in the weight lattice. Moreover it is known that the pairing
on Ag can be extended to a integral pairing (-,-): Aw X Agr — Z.

Furthermore, it is an elementary fact about lattices that Ay /Ag is a finite group.
We give a definition for this important abelian group.

Definition 1.2.3. Let Ay the weight lattice and Ag the root lattice of the Lie algebra
g. The finite abelian group Ay /Ag is called the fundamental group of g.

Remark 1.2.4. There is a one-to-one correspondence (up to isomorphism) between the
set of semi-simple complex Lie algebras and the set of connected compact Lie groups with
trivial center. For a Lie algebra g, the fundamental group m(G) of the corresponding
Lie group G, i.e. the first homotopy group of G, coincides with the fundamental group
m of the Lie algebra g as defined in Definition 1.2.35.

We define some important sublattices of Ag and Ay .

Definition 1.2.5. Let Ag, Ay the root, resp. weight lattice of the Lie algebra g with
generators «;, resp. \;, for i € I.

(i) Following Lusztig, we define ¢; := ¢/ ged (¢, 2d;), which is the order of ¢*%  where
q is a primitive /-th root of unity. More generally, we define for any root ¢, :=
¢/ ged(?,2d,). For any positive integer ¢, the ¢-lattice A%), resp. A%), is defined
as

A%) = (ljoy, i € 1) resp. A%,f;) = ;N\, i€1). (1.2.1)

(ii) For any positive integer ¢, the lattice A%], resp. Ag]/, is defined as

V4 V4
Am: —y, 1 €1 . Am: — N\, 1€ 1). 1.2.2
R <gcd<e,di>“”€ > resp- Aw = ceqay e (€ ) e (122)

Definition 1.2.6. For sublattices A1, Ay C Ay with Ay C A; we define the sublattice
Cent%]1 (A2) ={n e A1 | (n,\) € (Z VX € Ay}. In the situation A; = Ay and for a

fixed ¢ we simply write Cent%]w (Ag) = Cent¥(Ay). If £ is fixed, we also write Cent(Ay).

Especially, the set (K, | n € Cent(Ag)) consists of the central group elements of the
quantum group U, (g, Aw ), cf. Section 1.3.

We now calculate the centralizer in two special cases, which become relevant later.

Lemma 1.2.7. For a Lie algebra g we have Cent!(Ag) = A%ﬂ. We call the elements
of Cent(Ag) (¢-)central weights.
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Proof. Let A = .., m;\; € Aw with fundamental weights \; and m; € Z. For a
simple root a; we have (c;, A) = (ai, )5 oy m;A;) = dim;. Thus, A is central weight if

¢ | d;m; for all i, hence (¢/ged(¥,d;)) | m; for all 1. |

The same calculation gives the following lemma.

Lemma 1.2.8. For a Lie algebra g we have Cent(Ay) N Ap = A[é].

1.3. Quantum groups

For a primitive ¢-th root of unity ¢, a finite-dimensional complex simple Lie algebra g,
lattices A, A’ with Ap C A C Ay and QAS? Cc N cC Centm(AW) N Ag, we aim to define
the finite-dimensional complex quantum group u,(g, A, A’), also called small quantum
group. Here, we use the term quantum group for certain quasitriangular Hopf algebras.
Quantum groups were introduced around 1983-1985 by V. Drinfeld and M. Jimbo,
[Dri85] and [Jim85], an may be roughly described as one-parameter deformations of
the enveloping algebras of semisimple Lie algebras. We construct u,(g, A, A’) by using
rational and integral forms of the deformed universal enveloping algebra U,(g) for
an indeterminate g. In the following we give the definitions of the quantum groups,
following the lines of [Lenl4]. The different choices of A are already in [Lus93], Sec.
2.2. We shall give a dictionary to translate Lusztig’s notation to the one used in this
thesis.

We start with a technical definition of quantum numbers.

Definition 1.3.1. For ¢ an indeterminate and n < k € Ny we define

[k]q![n—k]q!"

- u nl!:= n " =
[n], = [nlg!:=[1]1[2]¢ - - - [nlg [k] ' 0, else.

__Infg! 0<k<n,
q—qt .

Note, that [n], and {Z] are polynomials in Q[g,¢™!] and we can specialize the

q
indeterminate ¢ to an arbitrary value in C*. We now give the definition of the rational

form U;Q(q) (g, A) for an indeterminate ¢, which is a Hopf algebra over the field Q(q).
The different choices of a sublattice A between the weight lattice Ay, and the root
lattice Ag of g corresponds to choosing a Lie group associated to the Lie algebra g. We
call the two extreme cases A = Ay, the simply-connected form and A = Ai the adjoint
form. For this, we refer the reader to [CP94], Section 9.1, or [Lus93]. The classical
case A = Ap is also in [Jan07] II, H.2 and H.3.

Definition 1.3.2. Let ¢ be an indeterminate. For each abelian group A with Az C
A C Ay we define the rational form U;@(Q)(Q,A) over the ring of rational functions
k = Q(q) as follows:
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As an algebra, let Ufl@(q) (g, A) be generated by the group ring k[A], spanned by Kj,
A € A, and additional generators E,,, F,,, for each simple root «;, ¢ € I, with relations:

K\E, K;'=
K\F, K ' =

EoFoy — Fo,Eqy = 65—

and Serre relations for any i # j €

1—a;;

r=0 qi

Z (_1>r |:1 — aij:| E;;aijfrEa‘Eg _ 0’
r [3 J 7

Z (_1>r F _rai]} Fal;aijfrFajFOCi = O’

r=0 qi

¢MIE,,, (1.3.1)

¢ MIE, 1.3.2
Ko, — K1

P (1.3.3)

(1.3.4)

(1.3.5)

where :=q~!, the ¢; are defined by ¢;:=q%, ie. ¢@%) = (¢%)% = ¢ and the
quantum binomial coefficients as defined in Definition 1.3.1.

To define the structure of a coalgebra, let the coproduct A, the counit € and the
antipode S be defined on the group-Hopf-algebra k[A] as usual

A(K,) = K\ ® K},

€(K)\) = 17

S(K,) = K\'=K_,,

and on the generator E,,, F,,, for each simple root o, 7 € I as follows

A(Ey,) = Eo, @ Ko, + 1® By, A(Fy,) = Fo, @14+ K,! ® Fy,,

£(Fa,) =0,

i

e(Fy,,) =0,
S(Eai) = _EaiK;il7 S(Faz) =

— K, Fy,.

This definition can also be found in Lusztig’s book [Lus93], Section 3.1. In order to
translate Lusztig’s notation to the one used here, one has to match the terms in the

following way

Lusztig’s notation

notation used here

Index set I
X
Y
i'e X
1eyY
i-7,1,7 € Z[I]
(i,jy =2 ieY,j e X

217

simple roots {«a; | 7 € I}
root lattice Agr
a lattice A C A C Ay
Q;

AV
do = coroot

(ai? C“j)
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Theorem 1.3.3 (cf. [Lenl4], Theorem 3.3). The rational form U2 (g, A) of Defini-
tion 1.3.2 is a Hopf algebra over the field k = Q(q).

Moreover, we have a triangular decomposition: Consider the subalgebras U(;Q(q)’Jr,

generated by the E,,, and U;@(q)’_, generated by the F,,, and U;Q(Q)’O = k[A], spanned
by the K. Then the multiplication in U;Q(q) = U;Q(Q) (g, \) induces an isomorphism of
vector spaces:
Q( )7+ Q( )70 Q )7_ = Q
U9+ @ U2 ®Uq(q _)Uq(Q)'

To obtain from U,}Q(q)(g, A) a well-defined Hopf algebra by specializing ¢ to an root of
unity in C*, we have to define the (restricted) integral form UqZ[q’qfl] (g, A) of U2 (g, A).
This is an A = Z[q, ¢~ !]-subalgebra U4 of Ué@(q) (g, A), such that the extensions of scalar
Ua ®zjq,4-11 Q(q) gives an isomorphism to U9 (g, A).

Definition 1.3.4. The so-called restricted integral form UL [q’qfl}(g, A) is generated as
a Z[q, ¢ ']-algebra by Ki', A € A, and the following elements in U,;@(Q)’i(g, A), called
divided powers:

E" FT
EM=— —o = p.—___"o _ forallacd,r>0
« T gi—da’ o N ’ ’
Hs:l QQ_Q(;l HS:]_ (ja_q;1

and by the following elements in U2 (g, A)°:

K" = _

a;

[Ka.;()} ﬁKa.qé.‘S—Kg.lqz.‘l .
S L e del

- S _ —S
r S G

Theorem 1.3.5 (cf. [Lenl4], Theorem 3.7). The restricted integral form UqZ[q’q_l](g, A)
is a Hopf algebra over the ring Z[q,q~'] and is an integral form for Ué@(q) (g,A).

We now define the restricted specialization U,(g, ), by specializing to a specific
choice ¢ € C*. This is a complex Hopf algebra.

Definition 1.3.6. The infinite-dimensional Hopf algebra U, (g, A) is defined by
Uy(g, &) = U7 (g, A) @240, Cy.

where C, = C with the Z[q, ¢~ ']-module structure defined by the specific value ¢ € C*.
We call U,(g, A) the restricted specialization.

From now on, ¢ will be a primitive /-th root of unity in C*. We make an explicit
choice.

Convention 1.3.7. Let { > 1. In the following, q is an (-th root of unity in C*. We

2mi 2mia

fix ¢ = exp(=}*) and for a € R we set ¢ = exp(=;*).
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We finally introduce the small quantum group wu,(g, A, A’). For ¢ odd and not equal
to 3 in the case g = G5, Lusztig described in [Lus90], Theorem 8.10 a homomorphism
of Hopf algebras, which he called Frobenius homomorphism:

Uy(g) — Ulg).

Here, U(g) is the classical universal enveloping algebra of g and U,(g) the restricted
specialization (for A = Ag) from above. The kernel of this homomorphism turned out
to be a finite-dimensional Hopf algebra uqﬁ(g), the so-called Frobenius-Lusztig kernel.
However, this Hopf algebra does not (always) coincide with the usual description of
the small quantum group wu,(g) in terms of generators and relations, which we will
give below. In [Lenl4], Theorem 5.4, the connection between these two Hopf algebras
is given. We will use this result later to provide solutions of the R-matrix ansatz in
Section 2.1, even in the cases of small order /.

Definition 1.3.8. Let g be a finite-dimensional complex simple Lie algebra with root
system ® and assume ord(¢?) > d,, for all @ € ®. For lattices A, A’ with Ap C A C Ay

and QA%) c A Cent¥(Ay) N Ag, we define the small quantum group ug(g, A, A') as
the algebra U, (g, A) from Definition 1.3.6, generated by K for A € A and E,, F,, with
ly > 1, a € ®T not necessarily simple, together with the relations

E“=0, Fl=0 and K,=1for Ac A’

The coalgebra structure is again given as in Definition 1.3.2. This is a finite dimensional
Hopf algebra of dimension
/NI é

aedt, L,>1

The fact, that this gives a Hopf algebra for A’ = QAS_-? is shown in Lusztig, [Lus90],
Sec. 8.

We fix the assumption on A’.

Assumption 1.3.9. We assume for the sublattice N C Ay in the following that
2AY ¢ A’ C Cent(Aw) N Ag

holds.



Chapter 2

An ansatz for R-matrices

The goal of this thesis is to construct new families of R-matrices for small quantum
groups and certain extensions thereof (see Def. 1.3.8). Since in general there is no
R-matrix for the small quantum group u,(g) = u,(g, Agr, A’) we consider extensions
ug(g, A, A') for a lattice Ag C A C A to remedy this situation. Our starting point is
Lusztig’s ansatz in [Lus93], Sec. 32.1, for a universal R-matrix of U,(g, A). This ansatz
has been translated by Miiller in his Dissertation [Miil98a], resp. in [Miil98b], for the
use in the case of small quantum groups, which we will use in the following. Note,
that this ansatz has been successfully generalized to general diagonal Nichols algebras
in [AY13]. In section 2.2 we will then introduce a function g: m x m — C on the
fundamental group m = Ay /AR of the Lie algebra g and derive equations for g which
are under our assumption equivalent to the R-matrix ansatz. The following Chapters
3 and 4 are devoted to finding the solutions of these equations.

2.1. Lusztig’s ansatz R = R,©O

The (universal) R-matrix (see Def. 1.1.1) was introduced originally by Drinfeld as an
intertwiner of the comultiplication of the quantum group and its opposed comultiplica-
tion. Lusztig introduced in [Lus93] a so-called quasi-R-matrix, which is an intertwiner
between the comultiplication A and a new comultiplication A, obtained by conjugating
with a certain antilinear involution. This quasi- R-matrix © has a simpler characteriza-
tion as the R-matrix R and is equal to it except for an element Ry € C[A] ® C[A], i.e.
R = RO, which is an intertwiner of A and the opposed comultiplication A°P. Here,
the diagonal part is given by a suitable sum over terms of the form K, ® K, u,v € A.

In the following, we will fix the prerequisites of this chapter. For a finite-dimensional,
semisimple complex Lie algebra g, an /-th root of unity ¢ and lattices A, A" as in Section
1.3, we write u = u,(g, A, A’) and u™,u~ for the parts generated by the E,, and F,,,
respectively. By % we denote the small quantum group obtained for ¢! instead of q.
Then u and @ can be identified as sets. Let ~: u — u be the Q-algebra isomorphism
defined by ¢ — ¢, E,, — Ea,, Fo, — F,,, i € I, and K, — K_,, A € A. Then the
map ~® :u®u— u®uis a well-defined Q-algebra isomorphism and we can define
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a Q(g)-algebra morphism A: u — u ® u given by A(x)
in general A # A.

Assume in the following, that

A(z) for all zx € U. We have

¢;>1foralliel, and ¢; > —(o;, a;) for all 4,5 € I with ¢ # j. (2.1.1)

This assumption does not hold for all root systems and small orders ¢. The following
Theorem provides solutions of the R-matrix ansatz R = RyO for these cases as well.

Theorem 2.1.1 ([Lenl4]). For a root system ® of a finite-dimensional simple complex
Lie algebra and an (-th root of unity q, the condition (2.1.1) fails only in the cases
(D, 0) listed in table 2.1. In each case, the small quantum group u,(g) is described by
a different ® fulfilling (2.1.1), hence the present work also provides solutions of the
R-matriz ansatz R = Ry© for these cases by consulting the results for ®.

o (all) Bn Cn F4 Gg GQ
I 1,2 4 4| 4136/ 4

® || (empty) | Ay x ... x Ay | D, | Dy | Ay | Ag
~—_———

n—times

Table 2.1.: Exceptional cases of (®, ()

For sublattices A € A C Ay and ZAg) c A C Centl (Aw) N Ar we will now
give the quasi-R-matrix of the small quantum group u = u,(g, A, A’), cf. Definition
1.3.8. On the Borel parts u™ and u~ exists a natural Ny[oy; | @ € I]-grading with E,,
and F,, homogeneous of degree o; for all i € I. For v € Ny[oy; | i € I] we write uF
for the corresponding homogeneous component. We will quote most of the following
results without proofs. Theorem 2.1.2 is essentially in [Lus93] and in this form for the
finite-dimensional small quantum groups in [Miil98b]. Note that the roles of E, F' will

be switched in this thesis to match the usual convention.

Theorem 2.1.2 (cf. [Miil98b], Theorem 8.2). (a) There is a unique family of elements
O, € uf @u,, v e Nyo; | i €1], such that Og =1®1 and © = >, 0, € u® u
satisfies A(z)© = OA(z) for all x € u.

(b) Let B be a vector space-basis of ut, such that B, = BN w} is a basis of u} for
allv. Let {b* | b € B,} be the basis of u,, dual to B, under the non-degenerate bilinear
form (-, -):ut @u™ — C (defined in [Mil98b, Sec. 1.2]). We have

0,=(-1)"q Y b eb cuf ®u,, (2.1.2)

beB,

where ¢, =1, ¢, trv=>_,vi € Z forv=">, vio;; € Ag, v; € Z.
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Remark 2.1.3 (cf. [Miil98b], Remark 8.3).
R-matrix of u = u,(g, A, \').

i1) Since the element © is unique, the expressions bt @ b*~ in part (b) of the
beB,
theorem are independent of the actual choice of the basis B of u™.

(i) The element © is called the quasi-

(i1i) For example, if g = Ay, i.e. there is only one simple root o = «v1, and generators
E, and F, of the Borel parts of u. Thus we have

n(q_q_l)n —n(n—1)/2 pn n

(iv) The quasi-R-matriz © is invertible with inverse O~ = O, i.e. the expression one
gets by changing all g to ¢ = q~*.

In the following, we will give some properties of the quasi-R-matrix ©. Here, we
again use the notion of Definition 1.1.1, i.e. for an element P € u X u we denote P® 1,
1® P and (’T & 1d)(P23> by P12, P23 and P13, respectively.

Proposition 2.1.4 (cf. [Miil98b], Prop. 8.4). We have ©0 =00 =1® 1 in u X u.
Proposition 2.1.5 (cf. [Miil98b], Prop. 8.5). For all v € Ny|oy; | i € I] we have

(A ® ld)@y = Z él/’,l?}(l ® K—a{, ® 1)®1/”,237
vi+v'=v

(1d ® A)(:)l/ = Z él/’,lS(l ® K—a{, ® 1)(:)y”,12-
v 4=y

We now give the Theorem about the R-matrix ansatz R = Ry© and for the conve-
nience of the reader, we reproduce the proof of [Miil98b]. We will modify this ansatz

in following section and determine all solutions for Ry of the form such that R = Ry©
is an R-matrix in the last two Chapters 3 and 4.

Theorem 2.1.6 (cf. [Miil98b], Thm. 8.11). Let A" C {u € A | K, central in Uy(g,\)}
be a subgroup of A, and Hy, Hy be subgroups of A/N', containing Ag/N. In the follow-
ing, @, p, 2 € Hy and v,vy, vy € Hy.

The element R = Ry© with Ry = > J (1, V) K@K, is an R-matriz for ug(g, A, '),

if and only if for all « € Ag and p,v the following holds:
flu+a,v)y=q¢ " f(uv), flpv+a)=q®f(uv), (2.1.3)
Z f(:ulv Vl)f(:u% V2) = 5#17u2f(,u1a V)a Z f(:ulﬁ Vl)f(UQa V2) = 5V1,V2f(:uv V1)>

v1,v2€H2 pi,pu2€HT
vitve=v H1tp2=p
(2.1.4)
> Fwv) =bu0, Y ) = dup. (2.1.5)
“w v
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Before we proceed with the proof we make some remarks.

Remark 2.1.7. (1) Condition (2.1.5) follows from (2.1.3) and (2.1.4) if there ezists
c € C* such that f(p,0) = f(0,v) = ¢ for all p,v.

(2) There are conditions on the order of q: For all u,v for which there exist ji, U such
that f(u, ) #0, f(i,v) # 0 we have

GAlilmed) — g2lilred) — (2.1.6)

If this condition is satisfied then f is well-defined on the preimages of Hi x Hy
under A — A/N'. In particular, this is the case under our assumption 2AM€ C
A C Cent!(Ay).

Proof of Theorem 2.1.6. Since ZA%) C AN and f(u+ 20a;,v) = ¢ 2600) f(uv) =
f(p,v) by (2.1.3) and (2.1.6), the function f is well-defined on A/A’. We will show the
equivalence of the R-matrix conditions (1.1.1)-(1.1.3) to the equations in (2.1.3)-(2.1.5).

(1) Condition (1.1.1) states A°*P(x)R = RA(z) for all x € u. With Theorem 2.1.2,
this gives APP(z)Ry = RyA(x). Since this equation holds for all group-like elements
K, we have to show, that it holds for all E,,, F,,, ¢ € I. We check the condition for
r = B,

(Ep, @1+ Ko, ® Ey)) Ry = Ro(1® E,, + E,, @ K_y,). (2.1.7)

On u exists an grading w5 = (v} @ v’ ® ug) With respect to this gradation, the
elements (E,, ® 1)Ry and Ry(E,, ® K_,,) belong to u(q, 0) ® w0, and (Kq, ® Eq,)Ro
and Ry(1®E,,) belong to u(o,0)®(a,,0)- This subspaces intersect in {0}, hence equation
(2.1.7) is equivalent to (E,, ® 1) Ry = Ro(E,, @ K_,,) and (K., ® E,,)Ry = Ro(1Q E,,).

Thus,
(Ba, @ DRo =Y f(1,1)q ") (K, @ Kyia,)(Ba, ® K_o,)
v

=" Fl v+ i) (K, © Koo (Ba, © K )

2l

= RO(Eai ® K—ai)a

holds if and only if f(u, v+ o) = f(u, v)g~#) for all u,v. An analogous calculation
shows that (K., ® E.,)Ry = Ro(1® E,,) is equivalent to f(u + ay,v) = f(p, v)g~ )
for all p,v. The equations for F,, give the same conditions for f, with «; replaced by
—Q;.

(2) Condition (1.1.2) states (A ® id)(R) = Ri3Ro3. With R = Ry© and Proposition
2.1.5 we have

(A®id)(R) = Z F ) (K, @ Ky—ay ® K,)O4,13040, 23,

a17a27u7y
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and
Ri3Ra3 = Z Flpa, ) fpa, v2) (K @ Ky @ Kyit0,)q (V2’a1)@a1,13@a2,23
= Z Flpa, ) f(pe + ar,10) (K @ Ky © Kyyy)Oay,1300,,23
= Z Flun,vn) f g, v2) (K @ Kpuy—ay @ Koy,)Oa 130 0,23-

Since the group-like elements are linearly independent, we have equality if and only if
for all v, uy, o
Z f(:ulvl/l) :uQvVZ) 6#1M2f(:u1?1/)'

v1+ro=vr

The other condition of (2.1.4) is equivalent to (1.1.3), i.e. (id® A)(R) = Ry3R2.

(3) It remains the invertibility of R. Assume conditions (1.1.1)-(1.1.3) for R. We
then have the following equivalent conditions (cf. [Kas95], Theorem VIII.2.4, and use
that the antipode of u is invertible):

(i) R is invertible
(ii) (¢ ®id)R =1
(iii) (id®e)R =1

We have (¢ ®id)© = (id®¢)© = 1 because the only non-zero contribution comes from
Oy ® Oy = 1 ® 1. Direct calculation now shows that (¢ ® id)R = (id® )R = 1 is
equivalent to (2.1.5). If in addition there exist a ¢ € C* such that f(u,0) = f(0,v) =
for all p, v, then (2.1.4) implies for uy = 0:

Z f(:“a Vl)c = 5#70f(:u7 y) = 04,0C,

v1+rvo=v

and this is equivalent to >, f(u,1) = 6,0 |

2.2. Two sets of equations

Let g be a finite-dimensional, simple complex Lie algebra, and ¢ a primitive ¢-th root
of unity, both fixed in the following section. Following the ansatz in Theorem 2.1.6, we
will now introduce a function g: m; x 1, — C with m; = Ay /Ag the fundamental group
of g and derive equations for g analogue to equations (2.1.4) and (2.1.5). For this, we
will use the quasi-periodicity of equations (2.1.3) and the assumption A’ C Cent(Ay).
This leads to two sets of equations, which depend either only on the group m; or on
certain sublattices of A and the order ¢ of the root of unity q. We will call these
equations group-equations and diamond-equations, respectively. In Chapters 3 and 4
we will see that under our assumption on A’ the solutions of these equations give all
solutions of Ry as in the Theorem 2.1.6, hence we get all possible R-matrices satisfying
Lusztig’s ansatz R = R(O.
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Lemma 2.2.1. Let A C Aw a sublattice and A’ C A. Assume in addition, A’ C
Cent(Ay).

(i) Let f: AJN x AJN — C, satisfying condition (2.1.3) of Theorem 2.1.6. Then

g(f1, 7)== |Ar/N g™ f(p,v), (2.2.1)

defines a function my x m; — C.

(ii) Let f and g as in (i). Then f satisfies conditions (2.1.4)-(2.1.5), if and only if
the function g satisfies the following equations:

S G ccentiiam @ g, 7)g iz, 2) = Sy iag (i, ),

v1+vo=v

Z 5(u2—uleCentW(AR))Q(VTVI’M)Q(M,51)9(/12, U3) = 6u1n9(f, V1),
p1tp2=p

(2.2.2)

Z 5(uecentlﬂ(AR))Q_(u’ﬁ)g(ﬂy V) = 0,0,

R o (2.2.3)
Z(S@GCenM(AR))q Mo, v) = 00,0
i

Here, the sums range over m, and expressions like 5(uecent[fl(AR)) equals 1 if pu is
a central weight and 0 otherwise.

Before we proceed with the proof we will comment on the relevance of this equations
and introduce two new notion, see also Definitions 3.5.1 and 4.1.2. For a given Lie
algebra g with root lattice Agp and weight lattice Ay the solutions of the g(g,v)-
equations give solutions for R, in the ansatz R = Ry©. Hence, we get possible R-
matrices for the quantum group wu,(g, Aw, A').

We divide the equations in two types: For central weight ¢ = 0 we call the equations
(2.2.2)-(2.2.3) group-equations, cf. also Definition 3.5.1:

g(ﬂ7ﬂ>: Z g(ﬂaﬂl)g(ﬂaﬁQ)a

v1+rvo=v

g o)=Y gl v)g(fia, ),

p1tpe=pn

1229(0777)7
1:Zg(ﬂ70)

with i, fi1, Jio, U, 1, Uy € mp. For m; of order N this gives us 2N? + 2 group-equations.

For central weight 0 # ¢ € Cent!(Ag) \ A’, we call the equations (2.2.2)-(2.2.3)
diamond-equations (for reasons that will become transparent later), cf. also Definition
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4.1.2:
0= ¢“"g(pm)g(n+¢ n),
v1+rvo=r
0= Z q(Qﬂl)g(lal’ Ij)g(ﬁ% v+ 5)7
p1tp2=pn

0= Zq_(lj’ )g(ﬁ+é7 5)7
0="> ¢ ™g(z,v+/),

I

with fi, iy, fig, 7, 71, 75 € my. This gives up to (|Cent(Ag)/A’| —1)(2N? +2) diamond-
equations.

Proof of Lemma 2.2.1. (i) Since A’ C Cent!(Ay) we have ¢*WA) = 1 and terms
q") for u,v € A/A’' do not depend on the residue class representatives modulo
A’. We check that the function g is well-defined. Let p,v € A and X € A’. Thus,

g+ N, v) = [Ar/Ng" X f(p+ N, v)
= [Ap/N|g" g f(p,v) by eq. (2.1.3)
— |An/N g0 f (g, )
= 9w, v),
and analogously for g(u, v + X).

(ii) We consider equations (2.1.4). Let v;,v € A/A" and write v; = ; + o; and
v=r0+awith 7,7 € Ay /Ag and oy, € Ag, i = 1,2. For the sum v = 14 + 15
we get v = 1 + 1y in Ay /AR, i.e. there is a cocycle o(v,15) € Ag with v =
n+vy+o(v,ve)in Ay and o = g +as — o (v, ). We will write o for o (v, vs).

> Fl ) f(pa, )

v1+rvo=vr

— Z q_(’“’V1)+(ﬂ1’91)_(“2’V2)+(ﬁ2”72)f(ﬂl, 51)f(ﬂ2, ,72)

vi+rvo=vr

= > Y g )bt gl )=o) ¥ Em) f () b)) f (i, )

U1+v2=v a1 tag=a+o

= Z q_(.ulvl_’l)+(ﬁ1751)_(M2vﬁ2)+(ﬁ2752)f(ﬂ17 ) f (jia, ) Z q—(m,al)—(uz,az)

v1+ro=v a1 tas=a+o
(%)

Firstly, we consider the second sum over the roots (u, o are fixed).

Z q*(#laal)*(ﬂmﬂw) — Z q*(#lyal)*(/LQ,OH’O’fcn)

aytaz=a+o a1EAR/N

:q—(uwﬂ-o) Z q(m—ul,al)
OlleAR/A'
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The last sum equals |Ag/A/| iff €| (u2 — p1, ) for all oy € Ag/A';ie. ps —py €
Cent(Ag), and 0 otherwise. Hence, with C' = |Ag/A’| * 0y eCentl?l () thE
sum (*) simplifies to

C'. Z q_(“1’171)+(’_'“1’171)_(“2’172)+(ﬁ2’52)q_(m’a"'g)f(ﬁl, ljl)f(la27 92)

v1+o=v

—C. Z q*(#l,171)+(ﬂ1,171)+(ﬁ2,l72)*(M2,l71+l72+a+0)+(u2,l71)f(ﬂl7 ﬂl)f(ﬁ% 52)
V1 +ro=v

= C.q ) Z g2 g f (g, i) g2 ") £ (fig, 1),

v1+rvo=r
Comparing this with the right hand side of the first equation of (2.1.4) gives

C . g m2v) Z q(“Q_“l’Dl)q(ﬁl’Dl)f(ﬁh pl)q(ﬁQ’DQ)f(ﬂg, Us)

v1+uo=v

= 5#1,uzq_(m’y)ﬂﬁz’ﬁ)f(ﬂ% v),

and with the definition of g(@i,7) = |Ag/A|¢"") f(u,v) we get the following
equation

Z 5(#2*u1€Cent[e](AR))q(m_H17l71)g(ﬂl7 1) g(fiz, V2) = Opy g (fin, V).

v1+ip=v
Analogously, we get the equation of the sum over fiy + jio = [i.

We now consider the equations (2.1.5). Again, v = 7 + « as above.

ST ) = S g EIHE0 f (i, )

vEA/N

= Ouecentd(ap) AR/ Z q " ()

= 5(,u€Cent[é] (AR)) Z q_(MD)g(ﬁ? ﬂ)
= 5#:0'

Again, we get the equations for the sum over ;i analogously. 1



Chapter 3

A theorem about roots of unity
and solutions of the group-equations

The goal of this chapter is to give all solutions of the group-equations in Definition
3.5.1. To this end, we will prove a main theorem about roots of unity which charac-
terizes subsets U of complex roots of unity with the property that all power sums over
the roots are non-negative integers, as subgroups in C*. We first introduce a combi-
natorial principle, which is the blueprint of the proof of this theorem. We then give an
alternative proof of this theorem which does not need the aforementioned combinato-
rial principle. As an application of the theorem about roots of unity, we then prove a
theorem about Fourier pairs of {0, 1}-matrices, and this gives eventually the theorem
about the solutions of the group-equations.

3.1. A combinatorial principle

Before we turn to the main Theorem 3.2.1 about roots of unity we prove the following
apparently new combinatorial principle. It shows that the main Theorem does not
depend on specific properties of prime numbers, but is combinatorial in nature. It also
gives the blueprint for the proof of the main Theorem 3.2.1.

Theorem 3.1.1. Let N be finite set, P(N) denote the power set of N and & C P(N).
Let p: P(N) — [0,00) be a measure on P(N), such that u(A) > 0 for all non-empty
A C N. Then the following is equivalent:

(i) ac = (=) o (=1)ICYPIerC=D) > for all C C N.

(ii)) E={D C N | D D> A} for some A C N. Such a set £ is called a principal filter
on N (see e.g. [Bou66, Chapter I, §6], we also allow the case of A =& ).

The remainder of this section is devoted to the proof of this theorem.

A straightforward calculation gives the values of the a¢ if £ is a filter. It shows
immediately the implication (i) = (7), but the precise value will also be crucial to the

17
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proof of the converse. For subsets {p} C N, p € N, we write shortly pu(p) instead of

n({p}).

Lemma 3.1.2. Let € be a filter, i.e. € ={D C N | D D A} for some A C N. Then
for any C C N we have

. {euw“A)fLEN\A(l‘Fe“@U’ CUA=N,

0, else.
Proof.
ac = ()N N (—1)leuPlen D)

ACDCN

:(_1)INI Z (_1)\CUAUD’\eu((C\A)\D’)
D/CN\A

— (—)MME YT (@A AND)

D'CN\A

This shows that the value of a¢ for the filter generated by A in NNV is equal to the value
of ac\4 for the filter generated by @ in N \ A. Thus it suffices to show the claim for
the filter £ = P(IV) generated by A = @:

ac = (—1)V! Z (—1)ICUPlen( D)

DCN
= (=M Z (—1)ICHHIDP2] () =n(Dr)
D1CC,D2CN\C
— (—1)IVIHICl or(©) _1)IPel —p(D1)
(=1) e (=1) e
DyCN\C DicC

G —yWHeler@ (T (1-1) (H (1+ e—“@))

peEN\C peC

B {eu(N) [Ley (L+e#®), C=N,

B 0, else.

Assume the factors in the second last row labeled by elements of N\ C' and C, respec-
tively. Then, equality (#) holds since there is for each subset Dy of N \ C' exactly one
possibility of choosing |Ds| factors —1 in the product, and similar for the second prod-
uct together with the o-additivity of the measure p. The general formula for arbitrary
A follows by again replacing N with N\ A and C by C'\ A. |

We use this result to show that if £ is a small modification of a filter, the main
assumption ac > 0 for all C' C N usually fails to be true.
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Lemma 3.1.3.  Assume |[N| > 1.
(a) Let € # P(N) be a filter in N, then EU{D} gives ac < 0 for some C C N.
(b) Let E="P(N) in N, then £\ {@} gives ac < 0 for some C' C N.

Note that on the other hand for |N| =1 and & the only filter € # P(N) we have that
both E U and P(N) \ {@} are filters (namely P(N) and £ ).

Proof. (a) By assumption £ is a filter generated by some A # & for |[N| > 1. We wish
to find a negative value of some dc¢ for the set system € := £ U {@}: Suppose first
that also A # N and choose some p € N\ A, then an (; = 0 by Lemma 3.1.2 and
thus:

an\(py = (_1)|N\ Z (_1)|N\{P}UD|6#((N\{17})\D)
Detu{o}

= anfpy + (—1)NHINPHen(VA )
= _e,LL(N\{p}) < 0

Suppose now that A = N and choose some ¢ € N, then again by Lemma 3.1.2:

ELN\{q} = (—1)\N| Z (—1)|N\{‘1}UD\eu((N\{q})\D)
DeEu{o}
= ap (g + (—1)NHIN@ N {a)

=1 — e#V\ah) ~ .

(b) By assumption & = P(N) for |[N| > 1, so £ is the filter generated by A = &.
Then again by Lemma 3.1.2 ac = 0 for €' # N. Choose any p # q € N, then we
calculate Gy (p,qy for the filter £ := &\ {@}:

iy = (DM 3T (—1)MVRaUDl (M pa\D)
De&\{@}

= aN\{pq} — (—1)|N\+|N\{p,q}\€y(N\{p,q})

— 0 — etN\pad) . 1

We now proceed by introducing the induction step along |N|:

Definition 3.1.4. Let £ be any system of subsets in N and p € N, then we define a
new set system for N \ {p} by

&={D\{p}lpe D, D&}
For C C N\ {p} we denote by a{cp} the corresponding sum over &,, i.e.
alPt = (—1)IM\H Z (—1)lCUPler(C\D)
Deé,

We will in the following only consider &, for all p, such that there exists a D € £ with
p € D, so &, is not empty.
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We first wish to prove that our main assumption ac > 0 implies ago} > 01in &
Lemma 3.1.5. For any p € N we get for all C € &, (note that p ¢ C):

1(p)
agj} = 6—a0 + T Gcutn
1+ er® 1 + er(p) P

In particular, ac > 0 for all C € &€ implies a{cp} >0 for all C € &,.

Proof. We calculate the right hand side by splitting the sum over all D € £ into two
summands for all p € D resp. p € D and use p ¢ C. The latter set of D then
correspond to D' = D\ {p} in &,:

et (p) 1
1 4 er(p) ac + 1 4 er(®) dculp}
1(p)
(v _1)lcuD| u(C\{D})
(=1) 1 + enlp) Z( b €
peDeE
1
v _1)ICU{pIUD| Lu((CUIPH\D)
+(=1) 1 + ex(p) Z( 1) ¢
peEDEE
+ (=) e'®) 3 (1) Plen\()

(p)
14 ertp e

1
VN~ § _ 1\ICU{p}uD| ,u((CU{p})\D)
+( 1) 1 4+ ex(P) ( 1) €

pE€DeE

u(p)

— (_1)|Nlﬁ Y (—1)lCVPlenED)
€

peDeE

1

N E __1)\lCuD] u(C\D)

+( 1) 1 4 ex(p) ( 1) €
peDeE

v _1)lCUD| u(C\D)
+(=1) 1 4 ex(P) Z (=1) €
p¢DeE&

1
VN - E _1\ICUD|+1 ,u(C\D)+u(p)
+( 1) 1 + en(p) ( 1> €
pg¢De&

_ ( et (p) N 1 ) (—1)M Z (—1)ICUDl (D)

(») (»)
Lertol = L enty peDEE

ek () 1
N ( - ,emp)) ()N ST (—)ieunlenen)

®
14 er®) 1+ en e

= (=) Z (—1)ICUPler(C\D)

peDe&

()N ST (1) O n(@\D) ol I
DIE€E,

w(p)




3.2. A theorem about roots of unity 21

Thus if all ac > 0 by induction hypothesis all &, are filters. We now conclude by
induction that & is a filter if all possible reductions &, are filters. As induction step,
we use the following lemma.

Lemma 3.1.6. Let £ be a set system for N such that all £, are filters generated by
sets A, C N —p. Then either there exists p € N with p € A, for all ¢ # p or for all
p € N we have A, = &.

In the first case we show that £ is the filter generated by {p} U A, or & is the set system
consisting of this filter together with D = &. In the second case we show & = P(N) or
E=P(N)\{o}.

Proof. Assume there exists ¢’ with A, # @ and let p € A, then we claim p € A, for all
q # p. We prove this by contradiction. If p & A, for some ¢ we consider {¢'} UA, € &,
(since &, is a filter) and hence {q¢} U {¢'} U A, € £ (by definition of &,). But then
{¢} UA, € & and Ay C qU A, (since &, is a filter). But this contradicts p ¢ A,
which shows the first part of the Lemma.

We now prove the consequences in the two cases. In the first case we assume it exists
pe A, forall g #p. Let DD {p}UA, then D € &, (since &, is a filter) and D € & (by
definition of &,). Let now conversely be D € £. If p € D then we have D\ {p} € &, (by
definition of &,) and hence also D D A, (since &, is a filter), implying D D {p} U A,.
If p ¢ D then either D = @ or some ¢ € D. In the latter case D \ {¢} € &,, hence
D\ {q} D A, > p which is a contradiction. So either D D {p} UA, or D = & as
asserted.

In the second case we assume A, = & for all p € N, hence any for any set D # & we
may choose some p € D and obtain D \ {p} € &, and hence D € &,. Hence any set
with the possible exception of D = @ is in £ as asserted. 1

We can now conclude the inductive proof of the implication (i)=-(ii) in Theorem
3.1.1: For |N| = 0 the only set system is &€ = {&} and is a filter. Let |[N| > 1 and &
such that all a¢ > 0, then agj} > 0 for all p € N by Lemma 3.1.5. Thus by induction
hypothesis all £, are filters. Then by Lemma 3.1.6 we have that either £ is a filter (in
which case the induction step is finished) or some filter £ # P(N) together with & or
E=P(N)\ {@}. By Lemma 3.1.3 these two cases can only fulfill ac > 0 for |[N| =1
where both are filters. This concludes the proof of Theorem 3.1.1.

3.2. A theorem about roots of unity

The following theorem is the main result of this chapter. It will be used to prove
Theorem 3.4.4 about Fourier pairs of {0, 1}-matrices and hence to find all solutions
of the group-equations. The proof of the theorem is along the lines of the proof of
Theorem 3.1.1.

Theorem 3.2.1. Let U be a non-empty finite set of complex roots of unity and consider
for all k € Z the power sums ay = ZCEU C*. Then all a;, are non-negative integers iff
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U is actually a multiplicative group of roots of unity (i.e. all N-th roots of unity for
some N ).

The remainder of this section is devoted to the proof of this theorem.

Since U is finite, we may assume some integer N such that U C ¥y = {¢ € C | (N =
1}. For k € N we denote by & the primitive k-th root of unity & = exp(2mi/k). We
first prove the “«<” implication of Theorem 3.2.1. In the following, we write shortly
(a,b) for the greatest common divisor ged(a, b) of two integers a and b.

Lemma 3.2.2. Let U be a finite group of roots of unity in C*, i.e. U = X for some
N € N. Then a;, = ZCEU ¢* is a non-negative integer for all k € Z.

Proof. Write U = Yy = {£§ | 0 < i < N} with the primitive N-th root of unity
€y. For k with (k, N) = 1 we have ord(&%) = ord(€y) = N, hence SN ' el = 0. If
(k,N) = N, we have SV Pel = V11 = N. For 1 < (k,N) = d < N, the power
&k is a primitive (N/d)-th root of unity, namely &y/4. Thus we get

N/d—1

N—-1
d=d ) &u=0. i
=0 =0

We will now deal with the converse statement of Theorem 3.2.1. In the following, let
U be a non-empty finite set of complex roots of unity. We start with the observation,
that the set U is a union of orbits of the Galois group Gal(¢y), acting on Xy. Here,
Gal(&y) is the Galois group of the field extension Q(£x)/Q which permutes the N-th
roots of unity.

Lemma 3.2.3. Let U C Xy and ap, = Z&U C* be a non-negative integer for all k € 7Z.
Then U is invariant under the Galois group G = Gal(§y), i.e. it is a union of orbits
of G acting on Y. Fach orbit consist of all primitive roots of unity for some divisor
of N and hence ay, only depends on the greatest common divisor (k,N).

Proof. Let p(z) = [[cpy( — () € Clz], iie. p(¢) = 0 for all ¢ € U. Denote ¢t = |U]
and U = {(1,...,G}. For 0 <k <tlet op(wr,..., o) =3 5o jocyTja - T, be
the elementary symmetric polynomials. Then p(z) = > 4_o(—=1) Fo, 1 (C1, ..., G2k
Let sg(z1,...,2) = 25:1 x¥, then we have in particular, a, = s,((1,...,{). By the

Newton identities, the oy (1, ..., z;) can be expressed as sums of powers of the s; with
rational coefficients, e.g. 09 = %sf — %52. Thus, we have that the coefficients of p(z),
the 0% ((1,..., (), are sums of integers with rational coefficients, hence p(z) € Qlz].
(In fact, we have p(z) € Z[z], since the 0% ((y, ..., () are algebraic integers in Q, hence
in Z.) Thus we get that the Galois group G permutes the roots of p(x), i.e. U consists
of orbits of G. 1

Definition 3.2.4. Let N € N. The set D(N) = {d € N | d | N} is the set of all
divisors of N. We call a set £ C D(N) a filter in D(N) if there exist an e | N such
that &€ = eD(N/e) ={d | N | e | d}. In this case we write & = (e)y or shortly (e) for
the filter in D(N).
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Note, that we again use, under slight abuse of notation, the term filter. This should
be seen as an analogy to the set-theoretic term filter on a set N, used in Section 3.1,
although the set £ of divisors is not a filter on D(N) in this (set-theoretical) sense.
From now on, by filter we mean the newly defined term in respect to divisibility.

By Lemma 3.2.3, the set U is of the form U = J,{& | (NV,i) = d} for a set
E C D(N). We wish to prove that £ is a filter in D(N) and consequently U a subgroup
of C*. For ¢ | N we have

PRI

ceu de€ (

The sum Z(i, N)=d &% is essentially a so-called Ramanujan-sum. A straightforward
calculation gives the values of the a..
Lemma 3.2.5. For N € N and ¢ € D(N), we have
N/d N
g, = Z p(NV/d) M( >
@(N/(N,dc))™ \ (N, dc)

de&

Here, o: N — N is the Fuler ¢-function, given by @(szl p;') = H§:1(pi — Dpy=! for
mutually different prime numbers p;, and pu: N — {—1,0, 1} is the Moebius function,
defined by p(n) = 1 if n is square-free and has an even number of prime factors,
pu(n) = =1 if n is square-free and has an odd number of prime factors and p(n) = 0 if
n has a squared prime factor.

Proof. It is an elementary number theoretical fact that for an primitive N-th root of

unity £ we have
N

Y. &=uN
(i N)=1

with the Moebius function p. For d | N we have

N N/d
Z 5\/: Z fN/d— p(N/d)
(i N )=d (i NTd)=1
with primitive (IV/d)-th root of unity {n/q. For ¢ | N we get
N N/d N/d
Zz:ZSicd:Zéﬁ s p(N/d) M(N)
= o VT o NI T G(N](N, o))" \ (N, de) )
iN)=d (i,N/d)=1 (i,N/d)=1

since the last sum has ¢(N/d) summands which contain ¢(N/(N, dc))-times all prim-
itive N/(N, dc)-th roots of unity and their sum gives u(N/(N,dc)). |
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Next, we calculate the a. explicitly in the case £ is a filter in D(NN), which is essen-
tially already done in Lemma 3.2.2.

Lemma 3.2.6. Let ¢ | N and € = (e) be a filter for some e | N. Then

" {N/e, c € (N/e). = (N/e)D(e),

0, else.

FEspecially, for a € being a filter, we have a. > 0 for all ¢ € D(N).

Proof. We calculate a,. for all ¢ € D(N):

B ©(N/d) N
=2 N o))" ((N, dc>>

de& ¥

= p(N'e/d'e) N'e "= Nle. d =d/e
_d'e;z:we) 9"<N'€/(N’€’d’60>>“((N'e,dfec)> (N' = Nfe, d' =dJe)

- P(N'/d) N’
= 2 ¢<N'/<Nxd'c>>“((ch'@)

d'€D(N/e)

Thus, we can assume £ = D(N) and omit the superscript . Since ¢ and p are
multiplicative functions, we may assume N = p™» N, > 0, for a prime p and d = p¥,
c=p% ford,c| N and 0 < dp,c, < N,. Then

_ P(N/d) N
“= 2 SN ()

deD(N
_ Z p(p"r ) M(pr—min{dp—f—cp,Np})
Np—min{dp+cp,Np}
deD(N) Sp(p P p+Cp,INp )
N —i
_ zp: p(p™r) " (pr—min{i—l-cp,Np})
— S0(prfmin{iJrcp,NZD})

Since the p-term equals 0 if 4 + ¢, < N, — 1, is equal to —1if i +¢, = N, — 1 and +1
otherwise, we get

Np—1
a.= Y (p=1p" " +1
1=0
—N,
ap =1
=(p-1DpVrtt—m7  — +1
(p—1)p pe— +

=p" —14+1=p" =N,
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for ¢, = N,, and

Np—1 Np—i
_ QD(p i ) Np—min{i+cp,Np}
a/c - Z ( prmin{iJrcp,Np})’u (p p pyiVp ) + 1
i=Np—cp—1 PP

Np—1
(p - ].)pri(Np*Cpfl)—l D .
- (p - 1)pNP_(NP_Cp—1+cp)—1 + Z (p — 1)]) P +1

i=Np—cp

cp—1
= —p7 + (p—DpVp ey T 41
=0
=-—p7—(1-p7)+1=0,

for 0 < ¢, < N,. Thus, in the general case £ = (e), we have a, = N’ = N/e for
¢ = N/e and all multiples, hence the lemma is proven. 1

We use this result to show that if £ is a small modification of a filter, the main
assumption a, > 0 for all ¢ € D(N) usually fails to be true.

Lemma 3.2.7.

(a) Let £ = (e) # D(N) be a filter, but not (p) for N = p" a prime power. Then
EU{1} gives a. <0 for some c. If N = p" for some prime number p, n € N, and
E = (p) a filter, then £ U{1} is a filter as well.

(b) Let £ = (1) = D(N) and N be not a prime power. Then €\ {1} gives a. < 0 for
some c. In the case N = p", the set £\ {1} is a also a filter, namely (p).

Proof. (a) Assume at first, that N = Hp|NpNP, N, > 1 for all p, is not a prime power.
If p t e for a prime divisor p | N, we have N/e t N/p, and therefore ay/,, = 0 by
Lemma 3.2.6. We calculate the value ayy, for £ = €U {1}:

. ¢(N/d)

anyp = Z{} STV davy P (N AV /p))
e(N)
©(p)

=anyp + p(p) =0 +p—(—1) <0.

Let e =[],y p® with primes p. If e, > 1 for all p we have N/e < N/([],xp) =
leNprfl. We calculate ay/q for ¢ = min{p | p prime divisor of N}, ie. p>q >



26 A theorem about roots of unity and solutions of the group-equations

2forallg#p|N,and £ =E U {1}:

aNjq = aNjq T+ %H(Q)

I1 N<p - 1)pr71
< Np—1 _ 1ip]
<[I» o
pIN
= Hpr_l (1 - H(p - 1)) < 0.
pIN P#q

Assume now, N = p" and e = p* for 1 < k < n, thus a. = p"~* for all ¢ = p»F*!

for 0 <1 < k. We calculate a,n-1 for E=EU {1}

- »(p")
Apn—1 = Ayn—1 +
' ’ (p)
If N=p"and € = (p), we have £ U {1} = D(NV), hence it is a filter.
(b) If £ = D(N), it is a. = N for ¢ = N and 0 otherwise by Lemma 3.2.6. Since

N is not a prime power, there exist distinct primes p,q | N. We calculate a, for

¢ = N/(pg) and €\ {1}:

—p"t <.

p(p) =p

. p(N)
e = 0e = 0N N/(pq)))u(N/(N, N/(pq)))
p(IV) _pV)
- w(pQ)M(pQ) T T h-D-1 0 '

The main part of the proof of Theorem 3.2.1 is the following claim, which we show
by induction: Let N € N, D(N) the set of all divisors of N and &€ C D(N). If

N/d
S0\

2 SN/ (ed, N))
for all ¢ € D(N), then £ is a filter in D(N) as is Definition 3.2.4.

Definition 3.2.8. Let N € N and £ C D(N). For a prime factor p | N we define a
new set of divisors of N/p, namely

&={d/p|de&, p|d} CD(N/p).

1W(N/(cd, N)) >0 (3.2.1)

For ¢ € D(N/p) we denote by al?’ the corresponding sum over &, i.e.

/()
ol — Z d/p M( N/p )
¢ N/ N/p,cd
(d/p)egp ¥ <(N/p,czzi/p)> ( /p ¢ /p)
We will in the following only consider &, for all p, such that there exists an d € £ with
pld, so &, is not empty.
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We use this as induction step N/p — N. We first wish to prove that a. > 0 for &£
implies a” > 0 for £, and all ¢ € D(N/p).

Lemma 3.2.9. For any p|N with &, we get for all c € D(N/p):

ot = ) %o if pc | N/p,
’ :,lg((p_ 1)ac+apc) z'fch(N/p_

In particular, a. > 0 for all ¢ € D(N) implies a”’ >0 for all c € D(N/p).

Proof. For £ and p € D(N) such that p divides at least one d € &£, i.e. the set &, is

non-empty. We calculate the value of a”’ for all ¢ € D(N/p):
)
= Y (¥

u( N/p )
(d/p)etp ¥ (W) (N/p, cd/p)

=2 f@)“ ((N],Vc@)

deg P .
pc_\d (Wred)
v (7) ( N )
=a. =) z
dEdS 2 ((N],\id)) (N’ Cd)

For n € N and prime number p let v,(n) > 0 the maximal p-part of n, i.e. p»™ | n
and p»™W*t { . Let k = v,(N). If y,(c) < k — 2, i.e. in particular it is k > 2, then
vp(N/(cd,N)) > 2 for d € €, p{d. Thus, we have u(N/(cd, N)) = 0 and a”’ = a, in
the case pc | (N/p). For v,(c) = k — 1 we have

a?'t = dezg @?ﬁyi ((N],\;d))
pid

(N,cd)

k N/p* L
¥ o(p )<p< g ) u(p)u(( N/p >

ke k —
= ol (i) = N4l

N/p*
v (Tp> ( N/p )
- H k k1 .
Wi 4 ((Mﬂ#ﬁ) (N/pk, dc/pk=1)

=:X(c)

E—
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Assume now v,(c) = v,(N) = k. We write N’ = N/p* and ¢/ = ¢/p*, then we get

aczz ¢<Ndp)

Nlpk
1
deg ¥ <(ka> <(N’p’f, c’pkd)>

N’pk,c’pkd)
e () N’ o () N
B dezs @ (ﬁ) 8 ((N’,c’d)) " dezg 0 (%)M ((N,cd))
pld (N',c'd) \p|d (N ,cd) )
)

= (p— 1P X () + o).

We combine the two expressions for a., ¢ = ¢p*. Then, ¢/p = pF~1 | N/p and
X(dpF1) = X(dp¥) = X(¢). Since za(upe-1) + yapey = 0 for 2,y > 0 we get from

Ta(ph—1) + YO(phy = T (ag,;k,l) — pkle(c)) +y ((p —1)p" X (c) + a§gik*1)>
= paég}pkfl)a (J} =p—1,y= 1)

and this proves the lemma. 1

We now conclude by induction that £ is a filter if all possible reductions &,, p | N,
are filters. Under this assumption, it follows that no &, is empty: Let p | N such that
p | d for some d € &, then &, is not empty, hence equals (e,) for some e,. Since &, is
a filter, we have N/p € £,, and hence N =p- N/p € £. As induction step, we use the
following lemma.

Lemma 3.2.10. Let £ C D(N) and for all p | N the set &,, defined as in Definition
3.2.8, a filter, namely (e,) = (ep)nyp for some e, | N/p. Then either there exist a prime
p| N withp|e, for all g # p or it is e, =1 for all p.

In the first case we have & = (pe,) or € = (pe,) U{1}. In the second case we have
E=(1)=D(N) orE=(1)\{1}.

Proof. Assume, there exist ¢’ with ey # 1 and p | ey. Then p | ¢, for all ¢ # p. We
prove this by contradiction, thus assume p 1 e, for some ¢. It is ¢'e, € &, (since &, is a
filter) and hence ¢q’'e, € € (by definition of &,). Then qe, € £, and ey | ge,, hence a
contradiction to p 1 e,. This proves the first part of the lemma.

We now prove the consequences in the two cases. Firstly, we assume it exists p with
p | e, for all ¢ # p. Let x € (pey), then e, | z/p, and since &, is a filter, z/p € &,. Thus
we have z = p-a/p € €, i.e. (pe,) C E. Let now xz € €. If p |  we have z/p € &,
hence e, | x/p and therefore pe, | z. If p { x, then x = 1 or it exists ¢ with ¢ | =.
In this case is x/q € &, and e, | x/q, which is a contradiction to p f x. This proves
(pey) = €\ {1} (which may be equal to &).
In the case e, = 1 for all p, we have (p) C & for all p. Since it is Uycpy)(p) =
D(N) \ {1}, this proves the assertion. |
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We can now conclude the proof of the claim of (3.2.1). Let £ such that

- p(N/d)
w=D #(N/(cd, N))

de&

p(N/(ed, N)) =0

for all ¢ € D(N), then a”’ > 0 for all £ and ¢ € D(N/p) by Lemma 3.2.9. By
induction, all £, are filters, namely (e,) for some e, | N/p. Then, by Lemma 3.2.10, we
have that £ is a filter (e) for some e | N or (e) U {1} for some e # 1 or (1) \ {1}. By
Lemma 3.2.7, the last cases are only possible for N = p" and e = p. In this cases £ is a
filter as well. This proves the claim (3.2.1) and hence concludes the proof of Theorem

3.2.1.

3.3. An alternative proof

We now give a direct proof of Theorem 3.2.1, which was pointed out to us by Mihalis
Kolountzakis.

Proof of Theorem 3.2.1 [Kol1j]. Write U = {exp(2mir/N) | r € E}, where E C Zy
the set of exponents of U. The assumption, that all power sums ZCEU ¢* are non-
negative, means exactly that the Fourier transform (on the group Zy) of the indicator
function on FE is non-negative:

—

1p(k) = Y 1p(j) exp(—27ijk/N) >0, V k€ Zy.

Write f( k), k € Zy, for the non-negative square root of 15(k). Hence, f(k’) € Ry for
all k. From the equation 15(k) = f2( ) we derive the convolution identity

() = f*f(n)=Y fG)f(n=35)=> f(G)FG—n) (33.1)

JELN JELN

where the last identity is due to the fact that f(z) = f(—=), which is true as f is real.

By the Cauchy-Schwarz inequality we then have for every n € E' (by assumption, it
is U # ), and hence E # ()

<N F0) PE1p(0) 21

JEZLn

where the equation (t) is equation (3.3.1) evaluated for n = 0, and the equation (1)
follows since 15(0) < 1. Assume now 0 # r € E. Then

=Y fO)FG =),

JEZN
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and by the equality case of the Cauchy-Schwarz inequality we conclude that there is a
constant ¢, with |¢.| = 1 such that f(j) = ¢, f(j — r) holds for all j, and thus

Flk) =" f(5) exp(—2mijk/N)

JEZN

=¢ Y f(j = r)exp(=2mi(j — r)k/N) exp(—2mirk/N)
JELN
= exp(—erk/N)f(k — 7).
Since f(k) is real for all k, it is f(k) = 0 except when ¢, = exp(2rirk/N), thus f is
periodic with periods all elements r € F, and so is f. Since 1g(n) =, f(j)f(n—
j), the same is true for 1g, i.e.,

l1g(n—7r)=1g(n), Vné€Zy,rek.
In other words: if n,r € E/, then n —r € E, i.e. E is an additive group, hence U is a

multiplicative group of roots of unity.

The other implication is shown in Lemma 3.2.2. 1

3.4. Fourier pairs of {0, 1}-matrices

In the following, we will consider certain idempotents of the group algebra C|Zy X Zy].
Recall that an idempotent of a group algebra C[G] is an element e € C[G] with e? = e.
Let g be a generator of Zy and {¢' ® ¢/ | 0 < 4,7 < N} a basis of C[Zy,Zy]. For an
idempotent of C[Zy X Zy| we write

e =(1/N)) g @g (3.4.1)
1,J
with matrix € = (g;4)1<ij<n. Then the condition (e®))? = () gives

1 il - i 11 1 i .
N2 D cnperpld” @9 )" @¢)) = N Y e ®d,
i

T
7 71 -] 7]

and by comparing coefficients, we get

1 1
m Z EqrgtEqrrgn = Néij. (342)

i il =i § 4§ =5

We will be more specifically interested in idempotents such that ¢;; € {0, 1} for all 7, 5.
Let £ = £y be a primitive N-th root of unity and {e; = 1/N SN ¢+¢" |0 < k < N}
be the set of mutually orthogonal primitive idempotents of the group algebra C[Zy].
Then {e; ® ¢;} is the set of primitive orthogonal idempotents of C[Zy x Zy] and we
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can express e(® as sum of these primitive idempotents: e = Y w1 ki€l ® e with
g € {0,1} for all 0 < k,1 < N. Comparing the coefficients for these two expressions
of e leads to

1 = ¢ik+7l
Eij = N ;Eklf J s (343)

which means that the matrix ¢ is the discrete Fourier transform of the matrix € =
(€i)o<ij<n (over the group Zy X Zy). We fix two new notions in the following defini-
tion.

Definition 3.4.1. Let N € N and ¢ = £y a primitive N-th root of unity.

(1) Two matrices A = (aij)lgi’jSN and B = (bij)lgi,jSN with Qij, bjz' € C for all l,] are
called a Fourier pair (of matrices) over the group Zyn X Zy, if

1 ik+jl 1 ik+jl
Qij = N;bklﬁ Toor by = N;aklf .

(2) A matrix € = (g;5)1<ij<n is called {0, 1}-matriz, if ¢;; € {0,1} for all ¢, .

The considerations above lead to the following problem.

Problem 3.4.2. We wish to determine all idempotents e\ of C[Zx x Zy], such that
e is {0, 1}-matriz, or equivalent, all Fourier pairs of {0, 1}-matrices € and .

Example 3.4.3. We consider some examples of Fourier transformed matrices, where
£ is not necessarily a {0, 1}-matrix.
(i) Let € the matrix with £yp = 1 and & = 0 otherwise. Then ¢;; = 1/N for all ¢, j.

(ii) Let € the matrix with £y = 1 for all [ and & = 0 otherwise. Then g;0 = 1 for all
¢ and g;; = 0 otherwise.

(iii) Let € the matrix with &, = 1 for all k£ and &;; = 0 otherwise. Then ¢;; = 1 for all
i,7 with 435 =0 mod N and ¢;; = 0 otherwise. We give the matrices explicitly
for N = 4:

M)

I
S O O
o O = O
O = O O
—_ O O O
O O O
—_ o O O
O = O O
o O = O

The following theorem completely solves Problem 3.4.2; relying heavily on our main
Theorem 3.2.1 about roots of unity:

Theorem 3.4.4. All idempotents e of the group algebra C[Zy x Zy] with &;; € {0,1},
or equivalently all discrete Fourier pairs €,& of {0,1}-matrices are either of the form

€ij = 00—ty 0=<1,7 <N, (3.4.4)

N/d

for a unique d | N and 0 <t < d—1 or they are trivial, i.e. € =& = 0.
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Before we proceed to the proof of the theorem, we give another Example.

Example 3.4.5. Let N =12, d =4 and t = 2, then ¢ as in (3.4.4) is given by

t d
0 0001 0O0O0T1O0O0O0
N/d 010001 0O0O0T1O0

0001 0O0O0T1O0O0O0

01 0001O0O0O0T1O0

S OO OO R OO oo = O

Proof. By the Fourier transformation (3.4.3), we have ggg = % > k1 Eki- Since € and €
are {0, 1}-matrices, this gives either £ = 0 for all k,lor ), ;& = N. In the first case
we have € = 0 as well. Applying the same argument to the dual Fourier transformation,

_ 1 ikt
€kl — N Z 5ij§ ( k—Hl), (345)
Z?]

we get >, - €;; = N in the second case.

Assume in the following € # 0. We now calculate the row-, resp. column-sums of
the matrices € and £. Let aj the k-th row-sum of € and a; the [-th column-sum of ¢,
and ay, a; the according sums of £. Then

a = Z&u = %Z@jgikﬂl = %ng Zéz‘j Zgjl = Z 0.
l i j !

li,j %

=N (j=0)
Since the row-sum a; is a non-negative integer for all k£, we get by Theorem 3.2.1,
that the set {i | &9 = 1} is a subgroup of Zy, thus it exist d | N with &o = ().
Analogously, we get by calculating the column-sum a; that d’ | N exist, such that
€oj = Ow|j)- As a consequence, we get a, = N/d for k being an N/d-multiple and
a; = N/d for | being an N/d-multiple, and the other row-, resp. column-sums being
0. We now calculate the row- and column-sums of & using the dual transformation
(3.4.5). This gives, again by application of Theorem 3.2.1, that there exist d,d’ | N
such that €;0 = (g, and €o; = d(g|;), and a = N/d for k being N/d-multiple and
a; = N/d for [ being N/d’-multiple. Since N/d = ag = > i€oj = N/d', we get d = d.
Analogously, we get d = d’. Since only the N/d-th rows have entries 1 and £, = O(dliy
we get N/d | d = d', hence N | dd'.
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The case N = dd', i.e. d = N/d corresponds to the non-shifted solution of (3.4.2),
since in this case there are maximal N/d- N/d' = N entries 1.

We consider now a solution with N < dd’ and show, that a suitably shifted version of
this is also a solution of (3.4.2) with smaller dd’. The claim then follows by induction
over dd'. For a solution ¢ of (3.4.2) the shifted matrix, defined by

[t} _ {gi,jt iy N/d | Z.,

ek N/d
iy - .
€;; = 0, otherwise.

for some 0 <t < d—1, is also a solution of (3.4.2). This follows easily by inserting 55]
in (3.4.2), since the shift gives only a new ordering of the summands. Let now € be a
solution with N < dd’. We now want to shift this € in a way, that no 1 entries in the
first column are moved, i.e. the d’-th rows are shifted by multiple of d, and some of the
other rows are shifted, such that €l has at least one l-entry more in the first column:

Consider the N/d-row. By hypothesis, N/d < d', hence ey/q0 = 0, but eyjas = 1
for some ¢, since the row sum ay/q = N/d > 0. Since the column sum a; # 0, we
have N/d' | t, hence d | tdd’'/N. Thus the shifted solution 55'5} has in the 0-column
still €0 = 1 for d' | i and it has now additionally ey/40 = 1. The expression dd’ for

ell has to be strictly smaller than dd’ for e, this reduces the claim by induction to the
unshifted case dd’ = N, which has been solved above. 1

3.5. Solutions of the group-equations

The following system of equations for an abelian group G arises as a necessary condition
on the element Ry € C[A/A']@C[A/A’] in Lusztig’s ansatz for R-matrices for a quantum
group u,(g, A, A'), cf. Theorem 2.1.6 and Lemma 2.2.1. In this application, the abelian
group G is the fundamental group of g, and hence cyclic except for g = Dy, see
Remark 3.5.4.

Definition 3.5.1. For an abelian group G we define a set of 2|G|? + 2 quadratic
equations in |G|?* complex variables g(z,y) indexed by z,y € G:

g(l’,y): Z g(x7y1)g(x7y2>7 (351)

Y1+y2=y

gz y) = D glx1,y)g(x2,9), (35.2)

r1+To=I

1= 4(0,y), (3.5.3)

yeG

1= g(z,0). (3.5.4)

zeG

We call these equations group-equations of G.
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As a side remark, note that these equations are a subset of the equations for a Hopf
pairing ¢ : C¥ ® C% — C, which are given by

5z,x'9($,y) = Z g<xay1)g<xluy2>7

y1t+y2=y

Spyg(z,y) = > gla,y)g(ay),

xr1+Tro=x

5z,0 = Zg(xay)a

yeG

S0 =Y g(x,y),

zeG

where we write by slight abuse of notation x for the element in C® which takes the
value 1 on the group element x € G and 0 otherwise. (In C“ the coproduct structure
is given as follows: For y € C“ we have Yy RYe) = Zyl gy Y1 D y2.) The result of
this section is in some sense, that g as in Definition 3.5.1 is still a pairing on a pair of
subgroups.

Lemma 3.5.2. Let G be an abelian group and Hy, Hy subgroups with equal cardinality
|H,| = |Hs| = d (not necessarily isomorphic!). Let w: Hy x Hy — C* be a pairing
of groups. (By group pairing we denote a bihomomorphism U x V' — C* of groups
U,V.) Here, the group G is written additively and C* multiplicatively, thus we have
w(x,y) =1 for all v € Hy,y € Hy. Then the assignment

1
g: GxG— C7 (:E7y) = Ew(m’y)é(IGHl)é(yEHQ) (355)

is a solution of the equations (3.5.1)-(3.5.4) for G.

Proof. The claim follows by straightforward calculations. For x,y, vy, 12 € G we get

1 2
Z g(x,yl)g(x,yg)z (E) Z w(x7yl)w(xay2)5(a:€H1)5(y1€H2)5(y2€H2)

Y1+y2=y Y1+y2=y

1

2
3) Z W(CL’, Y1 + y2>6(er1)5(y16H2)5(y26H2)
y1t+y2=y

1 2
— (a) ’H2’w(«r;y)5(er1)6(yeH2) = g(x,y)
1
d

S0 ey = 5 S 1= 1

yeG yeG yEH>
And analogously for equations (3.5.2) and (3.5.4). |

Question 3.5.3. Are these all solutions of the equations (3.5.1)-(3.5.4) ¢
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As an application of Theorems 3.2.1 and 3.4.4 we will below positively answer this
question for a cyclic group G.

Remark 3.5.4. For the application in the quantum group framework of Chapter 2, i.e.
for quantum groups uq(g, A, \") with a finite-dimensional, simple complex Lie algebra
g, the only non-cyclic case of interest is Zy X Zo (the fundamental group of the Lie
algebra g = Do, ). Most other simple Lie algebras have G = 7y, Zo, 73, L4.

It is quite remarkable that the only highly nontrivial case solved here is hence the Lie
algebra A,, with G = Z, 1, which depends highly on the prime divisors of n + 1. This
1s due to the unusually large center Z, 1 of the algebraic group SL,.q, which makes
it notoriously hard to deal with (e.g. in Deligne-Lusztig theory). We hope that the
technical tools developed here might be useful in addressing such issues.

Example 3.5.5. Let G = Zy and consider for any divisor d|/N the unique subgroup
H= %ZN = Zg4 of G of order d. By Lemma 3.5.2 we have for any pairing w: H x H —
C* the function g as in (3.5.5) as a solution of the equations (3.5.1)-(3.5.4).

We give the solution explicitly: For H = (h), h € %Z ~, we define a pairingw: HxH —
C* by w(h, h) = € with £ a d-th root of unity, not necessarily primitive.

Thus the general solution ansatz in Lemma 3.5.2 translates for cyclic groups G to

1 =y

Theorem 3.5.6. For G = Zy the solutions given in Lemma 3.5.2 (and worked out
in this case in Example 3.5.5), are in fact all solutions to the system of equations
(3.5.1)-(3.5.4).

Proof. The proof is an application of Theorem 3.4.4, which follows from the main
Theorem 3.2.1. Let g : Zy X Zy — C be a solution of the equations (3.5.1)-(3.5.4).
We write shortly g;; for ¢(i,7), 0 <1i,5 < N —1. Let Zy = (x), then

.. .7
E (gl_]/x gzy”x E gzy
33"

for all 7 by (3.5.1), hence } gijz" is an idempotent in C[Zy]. Let £ = £y be a primitive
N-th root of unlty, then primitive orthogonal idempotents of C[Zy| are all of the form
ek = ¥ Z 5’“%” and a general idempotent is a linear combination e = Z . Qe With
a € {0,1} (follows from e? = e and char(C) = 0). Thus, we have >, g;;z* = >, cirey
for all 7 and with ¢;; € {0, 1}, and therefore

| N
k=1
for {0, 1}-matrix € = (g;;). By inserting this in (3.5.2), Zi,ﬂ,,:i GiriGirj = Gij, We get

1 ”
_2 E E gl’klgl“k” +k E Elkfk]

i il =i k' k"
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By comparing the coefficients on both sides we get
1 1
m Z Z Eik! Eqrgl = Ne?ik, (358)
i il =i k! k" =k

which is equation (3.4.2). Thus, for a generator g of Zy the element e = Z” 9" ®
¢/, defined as in (3.4.1), is an idempotent in C[Zy x Zy] and ¢ is {0, 1}-matrix and we
can apply Theorem 3.4.4. We have

€ij = O(%13)O(dlj—tig):

for some d | N and 0 <t < d— 1. We insert in (3.5.7):

1 N-1
95 = 5 D o Oam-r i)

1 . N/d—1 i / |

= N O > g/t d) (k=tgm+dk, ¥ =0,.... 5 1)
k’'=0
_ 1 oNjay i 1 N L
_E@ ) 5<%u>N—/d >ty
N k'=0 P
_Jélj

Thus, g is the solution given already in Example 3.5.5, which was the explicitly worked
out case of Lemma 3.5.2 for GG cyclic. 1

In the following example, we give all solutions of the group-equations in the case
G = Zy X Zs. 1t is easy to see, that these maps are solutions of (3.5.1)-(3.5.4). An
calculation via Maple shows that these all solutions in this case, see Appendix A.

Example 3.5.7. Let G = Zy X Zy = (a,b) and ¢ = a + b the third element of order
2 in Zy X Zy. For H; = Hy = G there are 2* = 16 possible parings, since a pairing is
given by determining the values of w(z,y) = £1 for z,y € {a,b}. In G, there are 3
different subgroups of order 2, hence there are 9 possible pairs (H;, Hy) of groups H;
of order 2. For each pair, there are two possible choices for w(x,y) = £1, z,y being
the generators of Hy, resp. Hy. Thus, we get 18 pairings for subgroups of order d = 2.
For Hy = Hy = {0} there is only one pairing, mapping (0,0) to 1. Thus, we have 35
pairings in total.

4 | H H, H, W

16 | Zo X Zsy (a,b) (a,b) w(z,y) = £1 for z,y € {a, b}
9 x2 Zs (), x € {a,b,c} | (y), y € {a,b,c} w(z,y) ==+1

1 Z {0} {0} w(0,0) =1



Chapter 4

Solutions of the diamond-equations
and new FR-matrices for small quantum groups

In this chapter we will give the solutions of the R-matrix ansatz of Theorem 2.1.6. For
this we will consider the equations of Definition 4.1.2, the so-called diamond-equations.
Then, we will give some criteria when solutions of the group-equations, as determined
in Section 3.5, are also solutions of the diamond-equations. In Section 4.3, we will give
our main Theorem 4.3.1 and work out the proof by a case by case argument. We close
with an example in the last section.

4.1. Quotient diamonds and equations of diamond type

We introduce the notion of a diamond (of sublattices) and the corresponding diamond-
equations and set this in relation to our situation of sublattices A, A’ of the weight
lattice Ay of a Lie algebra g and corresponding quantum group u,(g, A, A).

Definition 4.1.1. Let G and A be abelian groups and B, C, D subgroups of A, with
D Cc BNC. We call a tuple (G, A, B,C, D, 1, ps) with injective group morphisms
v1: A/B — G* = Hom(G,C*) and ¢y: A/C — G a diamond for G. We visualize the
situation with the following diagram

A
el N\ Ba

B C

NS
D

Definition 4.1.2. Let G be a finite abelian group and (G, A, B,C, D, 1, p2) be a
diamond for G. For a € A\ (BN C) we define the following equations in the |G|?

37
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complex variables g(z,y), indexed by z,y € G:

0= > @ula)y)glz,y)g(z + ¢aa), p), (4.1.1)
y1+y2=y,4:€G
0= > eula)e)g(z,y)g(ws,y +pa(a)), (4.1.2)

r1t+ro=x,2,€G

0="> (p1(a)(®) " glpa(a),y). (4.1.3)

yeG

0=> (pi(a)(@))" gl 2(a)). (4.1.4)

zeG

Here, p;(a) denotes the image of a+ B, resp. a+C, for a € A under ¢y, resp. . This
gives for every a € A\ (BNC) a set of 2|G|? + 2 equations in |G|? variables with values
in C. We call the set of all equations for all possible a € A\ (BNC) diamond-equations
for the diamond of G, which are up to (JA| — 1)(2|G|* + 2) equations in total.

We show how these equations arise in the situation of Lemma 2.2.1.

Lemma 4.1.3. Let G = m, the fundamental group of a root system ®. Assume A is
a sublattice of Ag, contained in Cent)(Ay) and ¢ € N. Let A = Cent)(Ag)/N/, B =
Cent(Ay) /A, C = Cent(Ag) NAr/A and D = (Cent! (Ay) N Ag)/A. Then there
exist injections p1: A/B — 7} and ps: A/C — 1, such that (G, A, B,C, D, 1, p2) is
a diamond for G.

Cent(Ag) /N

Cent(Ay) /A Centl(Ag) N Ag/A

N

Cent(Ay) N Ag/A

Proof. Recall from Lemmas 1.2.7 and 1.2.8 that we have Cent(Ag) = A% for the central
weights and Cent(Aw) N Ag = A%], thus A/C = AL@/(A% N Ap) and A% c Aw

To show the existence of an injective morphism ¢y : A/C — mp, we define Py on
A% and calculate the kernel. By Definition 1.2.5, the generators of Ag]/ are {;)\; for all

i € I, with €} : =€/ ged (¢, d;). Thus
Ba: Al = w0, Ly = L\ + Ag

gives a group morphism. Since A’ C Az N AK}, = ker ¢g, this induces a well-defined
map @o: A/A" — 7. Obviously, the kernel of this map is A% N Ag, hence the desired
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injection p9: A/C — m exists and is given by taking A + (A% N Ar) modulo Apg,
xe Al

Now, we show the existence of ;. The map
f: Cent(Ag) = Hom(Aw,C*), A= (A — C*, n— ¢™")

is a group morphism. We define g: Hom(Ay, C*) — Hom(Aw /Ag, C*) by g(¢):=1 o
p, where p is the natural projection Ay — Ay /Ag. Thus, the upper right triangle of
the following diagram commutes.

Cent(Ag) ——L— Hom(Aw, C¥)

-

Cent(Ag)/Cent(Aw) —5— Hom(m;, C)

There exists A € kergo f, iff ¢ = 1 for all € 7. Since A € Cent(Ag), this
is equivalent to ¢™" = 1 for all n € Ay, hence A € Cent(Ay). Thus, we get ¢,
as desired, which is well defined as map from Cent(Ag)/A’/Cent(Aw)/A’ since A’ C
Cent(Ay) = ker f. |

Under our assumptions the choice of the lattice A’ is unique, as shown in the next
Lemma.

Lemma 4.1.4. Let (G, A,B,C,D,¢1,p2) be a diamond as in Lemma 4.1.3. If the
quotient (Cent(Ay) N AR)/A # 0, then none of the solutions of the group-equations
(3.5.1)-(3.5.4) are solutions to the diamond-equations (4.1.1)-(4.1.4). Hence under our

assumptions 1.8.9, the existence of an R-matriz requires necessarily the choice N =
Centm (Aw) N AR.

Proof. 1f (Cent(Aw)NAg)/A # 0, then there exist a root ( € Cent(Aw ), not contained
in the kernel A’. Thus, there are diamond-equations with ¢1(¢) = 1 and ¢3(¢) = 0,
i.e. the set of equations:

0= glz.m)glz, ),

y1+y2=y

0= Z 9(331,?/)9(@»?/)7

xr1t+To=2x

0= Zg(o7y)a

yeG

0= Zg(a:,()).

Since this are group-equations as in Definition 3.5.1, but with left-hand side equal
to 0, solutions of the group-equations does not solve the diamond-equations in this
situation. 1
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Before examining in which case a solution of the group-equations as in Theorem 3.5.2
is also a solution of the diamond-equations (4.1.1)-(4.1.4), we show that it is sufficient
to check only the diamond-equations (4.1.3) and (4.1.4).

Lemma 4.1.5. Let G be an abelian group of order N, Hy, Hy subgroups with |Hy| =
|Hy| = d and w: Hy x Hy — C* a group-pairing, such that g: G x G — C, (z,y) —
1/d w(x,y)0em)0yeH,) s a solution of the group-equations (3.5.1)-(3.5.4), as in The-
orem 3.5.2. Then the following holds:

If g is a solution of the diamond-equations (4.1.1), (4.1.2), then g solves the diamond-
equations (4.1.3), (4.1.4) as well.

Proof. Let g be a solution of the group-equations as in Theorem 3.5.2. Assume that ¢
solves (4.1.1) and (4.1.2). Let ¢1, ¢ as in Definition 4.1.1 and 0 # { € A a non-trivial
central weight. Then, for z,y € G we get by inserting ¢ in (4.1.1)

0=">  wulQ)wglz,m)g(x +¢2(C), y2)

Y1+y2=y

1
= Z 901(§>(y1)$w(mayl)w(x_'_902<C)7y2)5(r€H1)5(y1GHz)5(m+<p2(C)GH1)6(y2€H2)

Y1+y2=y
1

= Owet)OweHa)d(pa(0)eH) 73 > e )w(@, y)w(x, y2)w(ex(C), 1)
y1+y2=y
y1,y2€H2

1
:5(x€H1)5(yEH2)5(<ﬂ2(C)€H1)ﬁw(gfay) > Q) )wlea(C), v2)

Y1+y2=y
y1,y2€H2
1
= 5(er1)5(yeH2)5(¢2(<)eH1)EW(Ly) D 01Oy — y)w(a(), 1)
y2E€H2
1 _
= 5(ac€H1)5(y€H2)5(<p2(§)€H1)ﬁw(xay)@l(()(y) D 01O (y2) w(2(C), v2).

y2€Ho2

In particular, this holds for z = y = 0, and in this case the expression vanishes iff

a5 3 1) wla(C).) = 0

yeH;

which is (4.1.3). Analogously, it follows that if g solves (4.1.2) it solves (4.1.4). |

4.2. The cyclic case

In the following, GG will always be a fundamental group of a simple complex Lie algebra,
hence either cyclic or equal to Zs x Zs for the case D,,, n even. In this section, we will
derive some results for the cyclic case.
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In Example 3.5.5 we have given the solutions of the group-equations for G = Zy,
i.e. for all d | N the functions

1 zy
9: GxG=C, (z,y) =S80 O )0y (3.5.6)

with £ a d-th root of unity, not necessarily primitive. In the following, we denote by &,
the primitive d-th root of unity exp(2mi/d).

Lemma 4.2.1. Let | > 2, m € N and G = (\) = Zyn. We consider the following
diamonds (G, A, B,C, D, @1, ¢2) with A = (a) = Zy and injections p1 and py given by

G A= G am (EO)) with (€0 G = CX, s ER2,
Po: A— G, ar— L\,

with primitive N-th root of unity {x, B = ker ¢ and C' = ker g9 and D = {0}.

Possible solutions of the group-equations (3.5.1)-(3.5.4) are given for any choice of
integers 1 <k <d and d| N as in Example 3.5.5 by

1 Y

with primitive d-th root of unity & = exp(2mwi/d). These are solutions also to the
diamond-equations (4.1.1)-(4.1.4), iff N | m,l or the following condition hold:

N
ged(N, dl, kl — Em) =1 (4.2.2)

Proof. For N | m, [ there is no non-trivial diamond-equation, hence all solutions of the
group-equations as in Example 3.5.5 are possible. Assume now that not both NV | m and
N | I. We insert the function g from (4.2.1) in the diamond-equations (4.1.1)-(4.1.4)
and get requirements for d,k,l and N. By Lemma 4.1.5 it is sufficient to consider
only equations (4.1.3) and (4.1.4). Since for cyclic G the function g is symmetric we
choose equation (4.1.3) for the calculation. In the following we omit the ~on the maps
P12t A — G*, resp. G. Let 1 < z < N, a the generator of A and y € G, then

N N
_ 1 am zly
> (1)) glea(a),y) = = 3 (E) VT ddny
y=1 y=1

kl

N y
1 ~wya [ o\
=2 & ( d O 1a1) (¥ ).
y=1

1 ¢ —2mt g
== (5d ) O [a1)
y'=1

with the substitution ¢’ = y/(N/d). This sum equals 0 iff N/d t zl or d 1 z(kl/(N/d) —
m). This is equivalent to N 1 zdl or N { z(kl — (N/d)m), hence N 1 ged(zdl, z(kl —
(N/d)m)) = zged(dl, kl — (N/d)m). Since this condition has to be fulfilled for all z
this is equivalent to ged(N, dl, kl — (N/d)m) = 1. |
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We spell out the condition for explicit values m and (.

Example 4.2.2. Let G = Zy = (), 1 > 2, m € N and diamond (G, A, B,C, D, 1, ¢2)
as in Lemma 4.2.1. Depending on m, [ we get the following criteria for solutions of the
diamond-equations. Here, we give o and (y shortly by the generator of its image.

(I) If N | m and N | [ we have diamond (Zy,Zy,Zy,ZnN,Z1, 1,0) and all solutions
of the form (4.2.1) are also solutions to the diamond-equations (4.1.1)-(4.1.4).
(Since B,C = A and D = 1, there are no non-trivial diamond-equations, and
this is not a “real” diamond situation in the sense of Lemma 4.1.3.)

(II) If N | m and N { [ we have diamond (Zy, Zy, Zn, Zgca,NY, Z1, 1,1X). In this case
the function g as in (4.2.1) is a solution to the diamond-equations (4.1.1)-(4.1.4)
if ged(N,dl, kl) = 1.

(IIT) If ged(m, N) = 1 we have diamond (Zy, Zn, Z1, Zgea,n), Z1,En, IA). In this case
the function g as in (4.2.1) is a solution to the diamond-equations (4.1.1)-(4.1.4)
if

N
ged(N, dl, kI — Em) =1 (4.2.2)
In most cases, N is prime or equals 1, hence we consider the two special cases
(1) If d = 1, (4.2.2) simplifies to ged(N, 1, — Nm) = 1, which is equivalent to
ged(N, 1) = 1.
(2) If d = N, (4.2.2) simplifies to gcd(N, NI, kl —m) = 1, which is equivalent to
ged(N,kl —m) = 1.

Finally, we consider the Lie algebras with cyclic fundamental group in question and
determine the values m and [ according to the Lie theoretic data and thereby the
corresponding diamonds.

Example 4.2.3. Let G = Zy be the fundamental group of a simple complex Lie
algebra g, generated by the fundamental dominant weight \,. Let £ € N, £ > 2, ¢ =
exp(2mi /L), lyy = €/ ged(l, dy), mpn) = N (A, \n)/ ged(€,dy,) and (G, A, B,C, D, 1, @)
be a diamond as in Lemma 4.1.3, such that the corresponding diamond-equations
(4.1.1)-(4.1.4) have a solution that is also a solution to the group-equations (3.5.1)-
(3.5.4). Then, the diamond is

(G7 ZN? chd(m[n],N)7 chd(f[n],N)7 Z17 ()017 902)7 (423)
with injections
P10 A= G lgh, = (™)), with (6™ G — €, 2 &,
P9 : A— G, g[n])\n — g[n])\n,
with primitive N-th root of unity {y = exp(27i/N). The group A = Cent(Ag)/A' =
A%/AB? is generated by £}, A, and qUlmAnAn) — (g%)(AmAn)/gcd(&dn). Since the order

of &¢™ in C* is N/ ged(my,, N) and the order of ¢y, in Zy is N/ged(€p,, N), the
injections 1, g2 determine the diamond (4.2.3).
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In the following table, we give the values £,) and my, for all root systems of simple
Lie algebras with cyclic fundamental group.

D,
g Ap>1 Bi>2 Cr>3 =9 Eg E; | Es | Fy Gs
n odd
! Lin 11 Loy Lo Ly L Ly Ly | Zy 7y
N n—+1 2 2 4 3 2 1 1
d, 1 1 2 1 1 1 1 1 3
l all all 290 2|¢ all all | all |all |all [34¢|3]¢
ged(4,d,,) 1 1 1 2 1 1 1 1 1 1 3
Cod) | 75 | 3 n : [ s [Fl2[1]
Oy 0 ] 0 /2 ] e T ele] e T3
M) n n 2n n n 4 3 2 1 6 2

| cases | (1) | (D-(n) | (ID) [ (-1 | (1) @D [ @an @[ @] @ | @ |
In the last row we indicate which cases in Example 4.2.2 apply. This will guide the

proof of Theorem 4.3.1. Note that case (II) only appears for B,, n even and ¢ odd,
and for C),, even n and £ =2 mod 4 or odd /.

4.3. Solutions

The following theorem is the main result of this thesis and gives all solutions of R-
matrices satisfying Lusztig’s ansatz R = R¢© of Theorem 2.1.6 under our assumption
on A, see Lemma 4.1.4.

Theorem 4.3.1. Let g be a finite-dimensional simple complex Lie algebra with root
lattice Ag, weight lattice Ay and fundamental group m = Aw/Agr. Let q be an C-th

root of unity, £ € N, £ > 2. Then we have the following R-matrix of the form R = Ry0,
with © as in Theorem 2.1.2:

1 luw) s ~
S VTVZY > ¢ "w(p,v) K, ® K, | - ©,
(wv)E(NL/N X A2 /A')

for the quantum group u,(g,A,\') with A = Aw and A; the preimage of a certain
subgroup H; C m in Ay (1 = 1,2), a certain group-pairing w: Hy X Hy — C* and
N = A[g as in Def. 1.2.5.

In the following table we list for all root systems the following data, depending on £:
Possible choices of Hy, Hy (in terms of fundamental weights N\ ), the group-pairing w,
and the number of solutions #. If the number has a superscript x, we obtain R-matrices
for Lusztig’s original choice of N'. For g = D,, 2 | n, with m = Zy X Zs we get the
only cases Hy # Hy and denote by X # N € {\n_1, \n, A\n_1 + A\n} arbitrary elements
of order 2 in .
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g H 14 ‘ # H H; = ‘ H; (i=1,2) ‘ w
A ¢ odd Zq ‘ <”T“)\n> ‘ WA, Ay) = &8 if
_”21 . d|(n+1), 1<k<dand
= Bt { even ged(n +1,d0, k0 — *Hn) =1
1 7 {0} w(0,0)=1
¢ odd
© 1 Z ) o Ae) = (—1)" T
Bn>2 2 ZQ <)\n> (U(/\n, )\n) =41
= (=2 d4
T = 2o o 1 Zy {0} w(0,0) =1, if n even
(=0 mod 4 | 2* Zo (An) W(An, An) = £1
0 #4 1* Zy {0} w(0,0) =1, if n even
1 YA {0} w(0,0) =1
¢ odd
? 1 Z M) w0 A) = —1
On>3 1 Zl {0} W(O, ) =1
= (=2 d4
™= Zs o 1 Zs ) oA = (1)1
=0 mod 4 | 2* Zo (An) w(An, A\p) = %1
0 #4 1* Zy {0} w(0,0) =1, if n even
1 YA {0} w(0,0) =1
3 Lo (A) wA ) =-—1
6 ||Zo £ Z5| (N, (N) [w\XN)=1
1 ZQ X ZQ <)\n717 )\n> (U(/\i, )\J> =1
1 ZQ X ZQ <)\n—17 )\n> (,U(/\i, )‘j) = -1
w(/\n—la )‘n—l) ==l
¢ odd w()\’n—la )\n) =
2 || Zy X Z A—1s An
Dn24 2 ? < ' > w()\na )\nfl) =
n even wW(An, An) = F1
T = ZQ X ZQ W(/\n_l, )\n—l) =-—1
W(/\n_l, )\n) =41
2 || Zo X Z A1, A\n
2 X < ! > w(/\na )\n—l) = :Fl
W(An, An) = —
? even 16* ZQ X ZQ <)\n—17 )\n> W(/\i, )\J> € {:l:].}
1 7 {0} w(0,0) =
D, >5 ¢ odd 1 Zo (2\,) w2, 20,) = =1
n odd 2 Z, (M) wW(Ap, Ap) = +1
T = 2y /=2 mod4 | 4* Zy (A\n) WAy, Ap) =¢, ¢* =
(=0 mod4 | 4 Zy (An) WA, \n) = ¢, ¢t =
1 7 {0} w(0,0) =1
¢ odd, 31¢ :
f 2 Zs (Xe) w(Ag, Ag) = 1,exp(%)
E6 1* Zl {0} W(0,0) =1

¢ even, 31/
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T = Zg 2% Zg </\6> W()\G,/\(j) = l,eXp 2%)
12 Odd, 3 | l 3 Zg </\6> w(/\67/\6) =C, 03 =1
Ceven, 3|( | 3* Zs (X¢) whe, Ng) =¢, =1
2 {0} w(0,0)=1
E ¢ odd
T _7Z © Zg <)\7> UJ()\7,)\7) =1
o ¢ even 2* Lo (A7) w(A7, A7) = £1
Eg ¢ odd 1 Zl {0} UJ(O, O) =1
m =2 ¢ even 1* 7y {0} w(0,0) =1
¢ odd 1 7y {0} w(0,0) =1
F4 /=2 mod4 1 Zl {0} W(0,0) =1
S /=0 mod 4
1* ) =1
6%4 1 {0} W(0,0)
¢ odd
a, (43 1 7 {0} w(0,0) =
S=A { even
1* 7 =
/ 7§ 4,6 1 {0} UJ(0,0)

Table 4.1.: Solutions of Ry-matrices

Proof. We treat the root systems case by case and determine the solutions of the form
1
g: GxG— C> (l‘, y) = C_lw@j’ y)d(aceHﬂ(s(yEHg)

with subgroups H;, Hy of G = 7, as in Lemma 3.5.2.

For this, we first determine the lattices A = Cent!(Ag) = A%, B = Centl(Ay), C =
Cent(Ag) N Ag, D = Cent(Ay)N AR = A%], depending on (. For the Lie algebras
with cyclic fundamental group (all but for root system D, with even n), we then
determine the values my, and £, depending on ¢, n and the order of 7, and thereby
the quotient diamonds and which solutions of the group-equations are solutions to the
corresponding diamond-equations. In these cases, the w-part of the solutions to the
group-equations are of the form

w: Hx H—C*, (z,y) — (55) W/

for subgroup H = %Z ~ of w1 of order d. We give the solutions by pairs (d, k), which we
determine by applying Lemma 4.2.1 and Example 4.2.2. An overview of the possible
cases gives Example 4.2.3.

For D, with even n and fundamental group Zs X Zs we also determine all quotient
diamonds (depending on ¢) and check which solutions of the group-equations solve the
diamond-equations in a rather case by case calculation.

A generator of the fundamental group m; = Ay /Ag of the Lie algebra g is given by
its preimage in Ay, i.e. a fundamental weight A, such that A € 7 generates ;. By
slight abuse of notation we will omit the ~ in this situation.
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(1)

For g with root system A,, n > 1, we have m; = Z,,,; for all n. The simple roots
are aq, ...,a, and d; = 1 for 1 <17 < n. The symmetrized Cartan matrix C is given
below. The fundamental dominant weights \; are given as in [Hum?72], Section 13.2,
and A, is the generator of the fundamental group Z, ;. The matrix id{fV gives the

coefficients of the fundamental dominant weights in the basis {aq, ..., a,}.
2 -1 0 0
-1 2 -1 0 0
C=|l0 -1 2 —-10 0
o o o o . . —-12

1. , e
; : (n—74+1), ife <y,
ldﬁv:aij with a;; = ”Jlrl ( ‘7 ) . _—]_
—i(n—i+1), ifi> .

The lattice diamonds, depending on /¢, are:
(i) For even ¢ we have A = (Ay, B= D = (Ag and C = ¢/ ged(n + 1,0)Ag.
(ii) For odd ¢: the same lattices as in (i).

We calculate the quotient diamonds for the kernel A’ = A%] and compare it with

Lusztig’s kernel ZA%). We then determine the solutions of the corresponding
diamond-equations according to Example 4.2.2.

(i) For odd £ it is AY = (AR # 20Ag = 20 ¢4y = ¢ and myy = n. Thus, the

quotient diamond is given by (Zyy1, Zni1, Z1, Zged(en+1), Z1, Ent1, €An), hence

we are in case (III) of Example 4.2.2. We get solutions (d, k) iff ged(n +

1,dl, k¢ — "Hn) = 1.

(ii) For odd ¢ it is A%] =(Ap = QAE?, Uy, = ¢ and mp,) = n. Thus, the quotient
diamonds and solutions are as in (i).

For g with root system B,, n > 2, we have m; = Zs for all n. The long simple

roots are a, ..., a,_1 and the short simple root a,, hence di=2for1<i<n-1
and d,, = 1. The symmetrized Cartan matrix C' is given below. The fundamental
dominant weights \; are given as in [Hum72|, Section 13.2. Here, A\{, ..., \,_; are
roots and A, is the generator of the fundamental group Z,. The matrix idﬁ, gives
the coefficients of the fundamental dominant weights in the basis {aq, ..., ay,}.

4 =2 0 0 0 1 1 3

-2 4 =20 0 1
C = : idf}, =

0 0 0 -2 4 =2 2 3 . n—-1 214

o
(@]
@)
o
I
[\
[\
[\
w
N

I
[
N3 1\3‘
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The lattice diamonds, depending on /¢, are:

(i)

(i)

For odd ¢ we have A = (Ay and C = D = (Ag. Since (A, \y) = n/2, the
group Cent(Ay ) depends on n. It is B = ¢Ay for even n and B = Ay for

odd n.

For even ¢ we have A = C' = ((3\1,...,5 -1, \y) and D = ((5ay,. ..,
%an,l, ay,). Again, B depends on n, and we have B = E(%/\l, . %)\n,l, An)
for even n and B = E(%)\h . %)\n_l, 2\,,) for odd n.

We calculate the quotient diamonds for the kernel A’ = AE? and compare it with

Lusztig’s kernel ZA%). We then determine the solutions of the corresponding
diamond-equations according to Example 4.2.2.

(i)

(ii.a)

(ii.

b)

For odd 7 it is AB? = (AR # 20Ag = QA%), iy = £ and my,) = n. In this case,
the quotient diamond is given by either (Zs, Zs, Zo,Z1, 71,1, \,) for even n,
or by (Zg, Zo, 71, 71,71, —1, \,) for odd n. Thus we are either in case (II), or
in case (III) of Example 4.2.2. In the first case (even n) we get solutions by
(d,k) = (1,1) and (2,1). For odd n we get solutions (d, k) = (1,1) and (2, 2).

For / = 2 mod 4 it is AE? = E(%al, .. .,%an_l,ozn) %+ (A = QA%), Uy = ¢
and mp,; = n. The quotient diamond is given by either (Zy, Zs, Zy, Zy, 74, 1,0)
for even n, or by (Zs,Zs,Z1,Z2,71,—1,0) for odd n. Thus we are in either
in case (I) or in case (III) of Example 4.2.2. In the first case (even n) we
get all possible 3 solutions (d, k) = (1,1), (2,1) and (2,1). For odd n we get
solutions (d, k) = (2,1) and (2,2).

For / = 0 mod 4 it is A%] = ﬁ(%al,...%an,l,an) = QA%), () = ¢ and
mp,) = n. Thus the quotient diamonds and solutions are as in (ii.a).

(3) For g with root system C,,, n > 3, we have m; = Zy for all n. The short simple
roots are oy, ..., a,_1 and the long simple root a,,, hence d; =1 for 1 <i:<n-—1
and d,, = 2. The symmetrized Cartan matrix C is given below. The fundamental
dominant weights \; are given as in [Hum72|, Section 13.2, and A, is the gener-
ator of the fundamental group Z,. The matrix id{fV gives the coefficients of the

fundamental dominant weights in the basis {ay, ..., a,}.
2 -1 0 0 . 0 1 1 1
-1 2 -1 0 . 0 1 2

c=1. . . ... idl, = .
0O 0 O -1 2 =2 1 2 n—1 n-—1
0 0 0 . 0 -2 4 1 nloon

The lattice diamonds, depending on /¢, are:

(i)

For odd ¢ we have A = B = /Ay and C = D = (Ap.

(ii) For £ =2 mod 4 we have A = (A1, ..., A\y_1,3\,) and C = D = (Ay. Since
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(Ans An) = n, B = Cent(Ay ) depends on n. For odd n it equals /Ay, and for
even n it is equal to A.

(iii) For £=0 mod 4 we have A =C =/0(\y,..., A1, %An> and D = (Ay,. Here

again, B = Cent(Ay ) depends on n. For odd n it equals /Ay, and for even n
it is equal to A.

We calculate the quotient diamonds for the kernel A’ = A%] and compare it with

Lusztig’s kernel ZA%). We then determine the solutions of the corresponding
diamond-equations according to Example 4.2.2.

(i)

For odd ¢ it is A} = (A # 20Ag = 20 €4, = £ and my, = 2n. In this
case, the quotient diamond is given by (Zs, Zs, Zo, 71, Z1, 1, A,). Thus we are
in case (IT) of Example 4.2.2, hence the 2 solutions are given by (d, k) = (1,1)
and (2,1).

For £ =2 mod 4 it is Al} = £(ay, ... a1, 1a,) # 0Ag = 20%), 0, = €/2
and my, = n. The quotient diamond is given by either (Zy, Zy, Zo, Z1, 7y, 1, \)
for even n, or by (Zs,Z2, 71,71, 71, —1, \,) for odd n. Thus we are either in
case (II) or in case (III) of Example 4.2.2. In the first case (even n) we get
solutions (d, k) = (1,1) and (2,1). For odd n we get solutions (d, k) = (1,1)
and (2,2).

For / = 0 mod 4 it is AB? = ((3a1,... 301, 0p) = 2A%), () = ¢/2 and
mp, = n. The quotient diamond is given by either (Zsy, Zs, Zy, Zy, 74, 1,0)
for even n, or by (Zy, Zo, 721,749,741, —1,0) for odd n. Thus we are in either
in case (I) or in case (III) of Example 4.2.2. In the first case (even n) we
get all 3 possible solutions (d, k) = (1,1), (2,1) and (2,2). For odd n we get
solutions (d, k) = (2,1) and (2,2).

(4) For g with root system D,,, n > 4 even, we have m; = Zgy X Zy for all n. The simple
roots are aq,...,a, and d; = 1 for 1 < ¢ < n. The symmetrized Cartan matrix
C is given below. The fundamental dominant weights ); are given as in [Hum72],
Section 13.2, and A\, _1, A, are the generators of the fundamental group Zy X Zy and
An—1 + A, is the other element of order 2. The matrix idﬁ, gives the coefficients of
the fundamental dominant weights in the basis {ay, ..., a,}, and since d; = 1 for
all 7, also the values (\;, \;) for 1 <i,j <n.

(@)

2 -1 0 0 0 11 1 3
-1 2 -10 2 2 1
L 12 3 3 3
2 -1 0 0 idi=1. . .
-1 2 -1 -1 123 . n—2 22
0 0 0 0 -1 2 0 113 2 oz
0 0 0 0 -1 0 2 118 2 a2

The lattice diamonds, depending on ¢, are:

Nl N

T
no

|

~
[\

N .J>|
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(i) For odd ¢ we have A = (Ay and B = C = D = (Apg.
(ii) For even ¢ we have A =C =/{Ay and B =D = (Ap.

We calculate the quotient diamonds for the kernel A’ = A%] and compare it with
Lusztig’s kernel QAg). We then determine the solutions of the corresponding
diamond-equations by a case by case calculation.
(i) For odd ¢ it is AE? = (Ap # 2lAp = ZAg). Thus, the quotient diamond is
giVGH by (ZQ X ZQ, ZQ X ZQ, Zl, Zh Zl, ©1, @2) with injections

01 L1, An) = T, Uy > ¢ P17, s O,
02 A1, M) = 1, Loy 7 Ancty Ehn = A

In the following, we will write a:=\,_1, b:=\, and c:=\,_1 + A\, for the
3 elements of order 2 of m;. Since (Aj, \;) = n/4 for j € {n — 1,n}, and
(AisAj) =(n—2)/4 fori#j,i,j5 € {n—1,n} we get

n=0 mod 4
n =2 mod4
1 -1 |-1{n=0 mod14

1
“ 11 -1n=2 mod4
b |1 -1 1 |-1|{n=0 mod14
1 -1 |-1|n=2 mod14
n=0 mod14
1] —-1]—-111
¢ n=2 mod 4

Since it suffices to consider the diamond-equations (4.1.3) and (4.1.4) by
Lemma 4.1.5, we check which function

1
g: GxG— Cu (ZE, y) = E w<x7y)5(z€H1)5(yEH2)

with subgroups H; of G = Zy X Zs of order d and a pairing w as in Example
3.5.7is a solution to these equations. We get the following system of equations
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for g:

1=g(0,0) + g(a,0) + g(b,0) + g(c, 0)

1=g(0,0) + g(0,a) + g(0,b) + g(0, )

0=g9(0,a) £ g(a,a) F g(b,a) — g(c, a)

0= g(0,0) % g(a ) F g(a,D) — gla o
0=9(0,b) F g(a,b) £ g(b,b) — g(c,b)

0= 9(b> 0) + g(b, (L) + g(b, b) - g(b, C)

0=y9(0,¢) —g(a,c) = g(b,c) + g(c,c)

0=g(c,0) — g(c,a) — g(c, b) + g(c, )

where the £, F possibilities depend on whether n = 0 or 2 mod 4. It is easy
to see that the trivial solution on Hy = Hy = Z; is a solution. For H; = Z,
the solution has one of the following two structures. For symmetric solutions
H, = Hy = (\) we get w(\,\) = —1. If H = (\) # (XN) = Hy we get
w(A, N') = 1. This give all possible 9 solutions with H; = Z,. Finally, we
check which functions on G = Zs X Zs are solutions to the diamond-equations.
We get 4 symmetric solutions and 2 non-symmetric solutions, which are given
by their values (w(Z,¥))zyefr,_1,1,} ON generator pairs:

3 ) ) B ) R Gt O Gy

(ii) For even / it is A%] = (AR = ZAS,?. Thus the quotient diamond is given by
(Zo X Loy Ly X Loy Ly, Ly X g, 21, 1, 0) and the injection o is trivial. We get
an analogue block of equations as (4.3.1), but without non-zero “shift” ¢y(x),
r € A. We can add appropriate equations and get the 1 = 4¢(0,0), hence
only pairings of H; = Hy = m; are solutions. It is now easy to check that all
16 possible parings on m; X 7 are solutions to the diamond equations.

(5) For g with root system D,, n > 5 odd, we have m; = Z, for all n. The root
and weight data are as for even n in (4). The weight A, is the generator of the
fundamental group Z.

The lattice diamonds, depending on /¢, are:
(i) For odd ¢ we have A = (Ay and B =C = D = (Ap.
(ii) For £ = 2 mod 4 we have A = (Ay, C = £(\,..., \y_2,20,_1,2\,) and
B =D = (Ap.
(iii) For /=0 mod 4 we have A = C = (Ay and B = D = (Ap.
We calculate the quotient diamonds for the kernel A’ = A%] and compare it with

Lusztig’s kernel QA%). We then determine the solutions of the corresponding
diamond-equations according to Example 4.2.2.
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(i) For odd € it is Al} = ¢Ap # 20AR = 2A%), ¢4, = ¢ and my, = n. Thus,
the quotient diamond is given by (Zy, Z4, Z1,71,Z1,&4, \y), hence we are in
case (IIT) of Example 4.2.2. We get solutions (d, k) = (1,1), (2,1), (4,2) and
(4,4).

(i) For £ =2 mod 4 it is Al = tAz = 2A%) | ¢,1 = £ and my, = n. Thus, the
quotient diamond is given by (Zy4, Zy, Z1, Zo, 71, &4, 2),,), hence we are in case
(III) of Example 4.2.2. We get all 4 solutions (d, k) = (4,1), (4,2), (4,3) and
(4,4) on H = Z,.

(iii) For £ =0 mod 4 it is A} = ¢Ax = 20, ¢, = ¢ and my,) = n. Thus, the
quotient diamond is given by (Zy, Zy, 7, Z4,74,£4,0), hence we are in case
(III) of Example 4.2.2. We get the same 4 solutions as in (ii).

(6) For g with root system FEjg, we have m; = Zs3. The simple roots are aq, ..., ag and
di = 1 for 1 < i < 6. The symmetrized Cartan matrix C is given below. The
fundamental dominant weights \; are given as in [Hum72], Section 13.2, and A is
the generator of the fundamental group Zs. The matrix idII}, gives the coefficients
of the fundamental dominant weights in the basis {a, ..., as}, and since d; = 1
for all 7, also the values (\;, A;) for 1 <i,j <6.

4 5 4 2

2 0 -1 0 0 0 11 2 2 4 2

0 2 0 -1 0 0 1 2 2 3 2 1

5 10 8 4

o 1 0 2 -1 0 0 de=§2?455
0 -1 -1 2 -1 0 w 23 4 6 4 2

4 8 10 5

0O 0 0 -1 2 -1 §2§4§§
0O 0 0 0 -1 2 21 4 2 2 4

The lattice diamonds, depending on ¢, are:
(i) For 31 ¢ we have A =(Ay and B =C = D = (Ap.
(ii) For 3| ¢ we have A = C = (Ay and B = D = (Ap.

We calculate the quotient diamonds for the kernel A’ = A%] and compare it with

Lusztig’s kernel QA%). We then determine the solutions of the corresponding
diamond-equations according to Example 4.2.2.

(i.a) For 31 /¢ and ¢ odd it is AE,? = (AR # 20AR = 2Ag), Uiy = £ and my, = 4.
Thus, the quotient diamond is given by (Zs, Zs, Z1,Z1, 74,3, A¢), hence we

are in case (III) of Example 4.2.2. Since £ = 2 mod 3 we get solutions
(d,k) = (1,1), (3,1) and (3,3),

(i.b) For 3 1 ¢ and ¢ even it is A%} =(lAp = QAS?, Uy, = € and my, = 4. Thus,
the quotient diamond is given by (Zs, Zs, Z1, Z1, 71,3, X¢), and we are again
in case (III) of Example 4.2.2. Since £ = 1 mod 3 we get solutions (d, k) =
(1,1), (3,2) and (3, 3).

(il.a) For 3| ¢ and ¢ odd it is AE,? = (AR # 2lAR = QAS?, Uiy = £ and my, = 4.
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(7)

Thus, the quotient diamond is given by (Z3, Zs, Z1, Z3, Z1,&3,0), hence we are
in case (III) of Example 4.2.2. We get all 3 solutions (d,k) = (3,1), (3,2)
and (3,3) on Zs.

(ii.b) For 3 | ¢ and ¢ even it is A%} = l\p = 2/\%), Uiy = £ and myp,) = 4. Thus,
the quotient diamond is given by (Z3, Zs, Z1,Z3,7Z1,&3,0), and we the same
solutions as in (ii.a).

For g with root system E7, we have m = Zy. The simple roots are aq, ..., a7 and
d;i =1 for 1 <1 < 7. The symmetrized Cartan matrix C is given below. The
fundamental dominant weights \; are given as in [Hum72], Section 13.2, and A7 is
the generator of the fundamental group Z,. The matrix idy}, gives the coefficients
of the fundamental dominant weights in the basis {ay,..., a7}, and since d; = 1
for all 7, also the values (\;, \;) for 1 <i,j <7.

2 0 -1 0 0 0 0 2 23 4 3 21
0 2 0 -1 0 0 0 2 246 % 332
-1 0 2 -1 0 0 O 346 8 6 4 2
C=]0 -1 -1 2 -1 0 0 idi, =14 6 8 12 9 6 3
0 0 0 -1 2 -1 0 3596 9 L5 2
o 0 0 0 -1 2 -1 2 34 6 5 4 2
0o 0 0 0 0 -1 2 13223 32 23

The lattice diamonds, depending on /¢, are:
(i) For odd ¢ we have A = (Ay and B =C = D = (Apg.
(ii) For even ¢ we have A = C = (Ay and B = D = (Ap.

We calculate the quotient diamonds for the kernel A" = AB? and compare it with

Lusztig’s kernel 2AS§). We then determine the solutions of the corresponding
diamond-equations according to Example 4.2.2.

(i) For £ odd it is A} = ¢Ag # 20Ag = 20 ¢4 = ¢ and mp,; = 3. Thus,
the quotient diamond is given by (Zs, Zg, Z1, Z1, 74, &2, A7) and we are in case
(III) of Example 4.2.2. We get solutions (d, k) = (1,1) and (2,2).

(ii) For ¢ even it is Agg] =/(Ar = ZA%), ) = € and my,) = 3. Thus, the quotient
diamond is given by (Za, Zs, Z4, Z2,74,&2,0) and we are again in case (III) of
Example 4.2.2. We get all 2 solutions (d, k) = (2,1) and (2,2) on Zo.

For g with root system FEg, we have m; = Z,. The simple roots are a4, ..., ag and
d; = 1 for 1 < i < 8. The symmetrized Cartan matrix C is given below. The
fundamental dominant weights \; are given as in [Hum72], Section 13.2, and are
roots. The matrix id, gives the coefficients of the fundamental dominant weights
in the basis {aq,...,as}, and since d; = 1 for all 4, also the values (\;, \;) for
1<14,j<8.
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2 0 -1 0 0 0 0 0 4 5 7 10 8 6

0O 2 0 -1 0 0 0 O 5 8 10 15 12 9

-1 0 2 -1 0 0 0 0 7 10 14 20 16 12

-0 -1t -1 2 -10 0 0 i — |10 15 20 30 24 18

0o 0 0 -1 2 —-1 0 0 w 8 12 16 24 20 15

0O 0 0 0 —-1 2 =1 0 6 9 12 18 15 12

o 0 0 0 0 -1 2 -1 4 6 8 12 10 8

O 0 0 0 0 0 -1 2 2 3 4 6 5 4

The lattice diamonds, depending on /¢, are:
(i) For odd ¢ we have A = B=C = D = (Ay = (Apg.
(ii) For even £: same as in (i).

We calculate the quotient diamonds for the kernel A" = Agé] and compare it with

Lusztig’s kernel 2Ag). We then determine the solutions of the corresponding
diamond-equations according to Example 4.2.2.

(i) For £ odd it is Al = (AR # 20Ax = 2A%) £, = ¢ and my, = 2. Thus, the
quotient diamond is given by (Z4,Z1,7Z4,%Z1,71,1,0) and we are in case (I)
of Example 4.2.2. We get the only solution (d, k) = (1,1).

(ii) For ¢ even it is AB@ =(l\p = 2Ag), Uy = € and my,; = 2. We get the same
diamond and solution as in (i).

For g with root system Fj, we have m; = Z;. The simple roots ay, ay are long,
a3, oy are short, hence d; = dy = 2 and d3 = dy = 1. The symmetrized Cartan
matrix C' is given below. The fundamental dominant weights ); are given as in
[Hum?72], Section 13.2, and are roots. The matrix idfy gives the coefficients of the

fundamental dominant weights in the basis {aq,..., a4 }.
4 =2 0 0 4 6 4 2
-2 4 =2 0 n |6 12 8 4
“=lo 2 2 - =14 5 6 3
o 0 -1 2 2 4 31

The lattice diamonds, depending on ¢, are:
(i) For odd ¢, we have A= B =C = D = (Ay = (Ap.
(i) For even £, we have A= B =C = D = {2\, 32, A3, \a).

We calculate the quotient diamonds for the kernel A’ = A%] and compare it with

Lusztig’s kernel QA%). We then determine the solutions of the corresponding
diamond-equations according to Example 4.2.2.

N W = OO = W N
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(i) For ¢ odd it is A = (A # 20Ag = 2A% . £, = £ and my,; = 1. Thus, the
quotient diamond is given by (Z4,Z1,7Z4,7Z1,74,1,0) and we are in case (I)
of Example 4.2.2. We get the only solution (d, k) = (1,1).

(ii) For £ =2 mod 4 it is A%] = l{3ay, sas, a3, a4) # (A = QA%), 1y = £ and
mp, = 1. We get the same diamond and solution as in (i).

(iii) For £ =0 mod 4 it is A%] = €(%a1, %@2, a3, ) = 2A%), Uy = £ and mp,) = 1.
We get the same diamond and solution as in (i).
(10) For g with root system G5, we have m; = Z;. The simple root a4 is short and s is
long, hence d; = 1 and dy = 3. The symmetrized Cartan matrix C is given below.
The fundamental dominant weights A; are given as in [Hum?72], Section 13.2, and
are roots. The matrix idl, gives the coefficients of the fundamental dominant
weights in the basis {aq,...,as}.

. (2 -3 r (23
(5 7) ()

The lattice diamonds, depending on /¢, are:
(i) For 31¢, we have A= B =C =D = {Ay = (Ap.
(ii) For 3| ¢, we have A= B =C =D = (A, 3)9).

We calculate the quotient diamonds for the kernel A’ = A%] and compare it with

Lusztig’s kernel QAS?. We then determine the solutions of the corresponding

diamond-equations according to Example 4.2.2.

(i.a) For 3¢+ /¢ and ¢ odd it is AE,? = (AR # 20AR = 2Ag), lip) = £ and my, = 6.
Thus, the quotient diamond is given by (Zy, Z, 71,7, 71, 1,0) and we are in
case (I) of Example 4.2.2. We get the only solution (d, k) = (1,1).

(i.b) For 31 ¢ and ¢ even it is A%] = (Ar = QA%), U = £ and mp,) = 6. We get
the same diamond and solution as in (i.a).

(il.a) For 3 | ¢ and ¢ odd it is A%] = o, 300) # 20{ay, 309) = 2Ag), Uy = /3
and mp, = 2. We get the same diamond and solution as in (i.a).

(ii.b) For 3 | £ and £ even it is Al = £{ay, Lan) = 2A%), ) = ¢/3 and my,) = 2.
We get the same diamond and solution as in (i.a). |

4.4. Example: u,(sls)

We give an familiar example. For g = sl with root system A; the fundamental group
is m = Zs. Let a be the simple root, generating the root lattice Ag, and \ = %oz
the fundamental dominant weight, generating the weight lattice Ay,. We will give the
R-matrices for the quantum groups u = w,(sly, Ay, A’) for ¢-th root of unity ¢ and
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lattice A’ = A R], which equals in the simply laced case /Agr. The possible subgroups H
of m (in the notation of Theorem 4.3.1) are only Z; and Z, which correspond to their
preimage A = A and Ay, respectively.

(1) Following the course of Chapter 2 we first give the quasi- R-matrix of u. The quasi
R-matrix © depends only on the root lattice and exist in u™ ® u~ with Borel parts
u®, generated by E,, F,. With £, = (/ gcd(¢,2d,) = £/ ged (¢, 2) we have

—1\k
O — (_1)kwq—k(k—1)/2E§ ® F

and

—1\k
6=3 UL g o

with g-factorial [k],! as in Definition 1.3.1.

(2) The Rgp-ansatz of Theorem 2.1.6 and its modification in Lemma 2.2.1 gives the
following group-equations for m; = Zo.

9(0,0) = g(0,0)g(0,0) + g(0,1)g(0,1), g(0,0) = g(0,0)g(0,0) + g(1,0)g(1,0)

9(0,1) = ¢(0,0)g(0,1) + g(0,1)g(0,0), g(1,0) = g(0,0)g(1,0) + g(1,0)g(0,0)

9(1,0) = g(1,0)g(1,0) + g(1,1)g(1,1), ¢(0,1) = g(0,1)g(0,1) + g(1,1)g(1,1)

9(1,1) = g(1,0)g(1,1) + g(1,1)g(1,0), g(1,1) = g(0,1)g(1,1) + g(1,1)g(0, 1)
1 =g(0,0) +¢(0,1), 1 =g(0,0) + g(1,0),

with T = ZQ = {O, 1}

(3) By Lemma 3.5.2, Example 3.5.5 and Theorem 3.5.6, the solutions of these group-
equations are all functions

1 o 1
g:m xm —C, glx,y) = aé“(z/dﬂ 0(212)0(2)y) = Ew(z,y)&ceH%eH,

with d | 2 (= N, the order of m), H = (2/d)Zs the subgroups of order d in Zy and
¢ a d-th root of unity.

(4) The diamond-equations depend on the sublattices 4 = Cent!” (Ag) = A%, B =
Cent! (Aw), C = Centm(AR) NArpand BNC = A%], hence on ¢:

0= ) > . p1(a) (Y1) g(x, y)g(x + @2(a), va), (4.1.1)
0= yljzi% E; e1(a)(z1)g(x1,y)g(z2,y + ¢2(a)), (4.1.2)
0= giﬁ;)(}))‘l 9(p2(a),y), (4.1.3)
0= yZQ (p1(a)(@)) " g(x, pa(a)) (4.1.4)

TEL2
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Solutions of the diamond-equations and new R-matrices

where, 1 (a) denotes the image of a + B and ¢s(a) denotes the image of a + C' for
a € A. The solutions of the diamond-equations are given by Lemma 4.2.1 and by
Example 4.2.2 and Example 4.2.3, one has to check for which d |2 and 1 <k <d

the condition
2

ged(2,dl, kl — c_l) =1, (4.2.2)
is satisfied.

For odd ¢ we have A = (Ay, B=D = (Ag and C = ¢/ gcd(2,0)Ar = (Agr. The
corresponding quotient diamond is

Condition (4.2.2) is satisfied for (d, k) = (1,1) and (d, k) = (2, 2), hence we get the
following solutions

fI:Z17 w:Z1XZ1—>CX,w(O,O):1,
H:ZQ, OJIZQXZQ—)(CX,W(Ll):l.

For even ¢ we have A = Ay, B= D = (Ar and C =/ gcd(2,0)Ar = ({/2)Ar =
Ay and the corresponding quotient diamond is

18 TN “fi>0
1 Z2
AN /
2y

Here, condition (4.2.2) simplifies to ged(dl, k¢ — 2/d) = 1, which is satisfied for
(d, k) =(2,1) and (d, k) = (2,2), hence we get the following solutions

H:ZQ, (,UZZQXZQ%CX,W()\,)\):
The Ry-part is given by

Ry = Y ") K, ® K,
|A/A wveN/N

for H and w: H x H — C* as above. We give below the explicit expression for
the R-matrices.
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(8) For odd ¢ the R-matrices are explicitly given by

/-1
R = < qu(laja K@ ® Kj) . (:)

4,7=0

—1\k
Z (q—q") qk(kfl)/2q72ij K;Efj ® KfyFC’f

g (q—q HF PN , .
_ - qk‘(k‘fl)/2+k(jfz)72l] EsK('; ® Fo’ngy
l [£]q!
k=0 %,5=0
for the pairing w on H = Z;, and
(iﬁ —(iNJA) Kz ® K]) . @

k

qk(k 1)/2 —5 KzEk ® KiF(ic
—1\k g

(q—q7) qk(k_1)/2+k(j—i)—g EQK; ® FfKi

for the pairing w on H = Zs.
(9) For even ¢ the R-matrices are explicitly given by

20—1
1 N .. . . _
_ | = —(INJA) D 7 7 .
R_(%zjq j (il)JKA®KA> 0
1,j=0
1 — gk ij .. . .
_ E : § : (q 4q ) qk(k_l)/Qq_5 (:f:l)” K;\Eg ® KiF(ic

1 _ —1\k o i B ) )
_ = Z Z (q 4q ) qk’(k’—l)/2+k(j—z)—§] (ﬂ:l)” ESK; ® Fo’ng\

For the sign +1 this R-matrix is given in [FGST06, Thm. 4.1.1].






Appendix A

Maple calculation for the case m; = Zy X Zs

For a Lie algebra g with root system D,,, n even, the fundamental group m = Ay /Ag
is the non-cyclic group Zs X Zs. In this case, the assumptions of Theorem 3.5.6 are not
met and we use Maple in this exceptional case to determine all solutions of the group
equations, cf. Definition 3.5.1.

g(x,y)z Z g(x7y1>g('x7y2)7 (3’51>

Y1+y2=y

gz y) = Y glx1,y)g(r2,p), (3.5.2)

x1+To=2

1= 4(0.y), (3.5.3)

yeG

1= g(z,0). (3.5.4)

z€G

To this end, we introduce the following notion. Let a, b, c the three elements of order
2in G:=%Zy X Zy = {0,a,b,c}. For z,y € G we write shortly ¢, for g(z,y). In the
following Maple calculation, we write the |G|> = 16 equations (3.5.1) in the array eq1,
and the 16 equations (3.5.2) in eq2. We then solve the system of equations consisting
of eq1[i,j] and eq2[i,j] for 1 <i,j <4 and equations (3.5.3) and (3.5.4). We then
display the 35 solutions. These are the solutions presented in Example 3.5.7.

>1i:=0:3J :=0: eql := Array(1..4,1..4):
for x in [0, a, b, c] do

i :=1i+1: j:= 0O:

for y in [0, a, b, c] do
j o= j+i:
if y=0 then

k :=0: 1:=a: m :=b: n := c:

elif y=a then

k :=a: 1:=0: m :=c:n :=Db
elif y=b then
k :=Db: 1:=c: m :=0: n := a

59



60 Maple calculation for the case my = Zo X Zs
elif y=c then
k :=c: 1:=b: m := a: n := 0:

end if:

eqlfi,j] := cat(‘g_‘,x,y) = cat(‘g_‘,x,‘0)*cat(‘g_‘,x,k) +
cat(‘g_‘,x,‘a“I*cat(‘g_‘,x,1) +
cat(‘g_‘,x, D D*cat(‘g_‘,x,m) +
cat(‘g_‘,x,‘c)*cat(‘g_°,x,n);

print(eqlli,jl);

end do:
end do:

i :=0: 3 :=0: eq2 :

Array(1..4,1..4):

for x in [0, a, b, c] do

i :=1i+1: j:= 0:

for y in [0, a,
j = j+i:
if x=0 then
k :=0: 1:=
elif x=a then
k :=a: 1:=
elif x=b then
k :=b: 1:=
elif x=c then
k :=c: 1:=
end if:

b, c]
a: m
O:m
c: m
b: m

do

=Db: n :=c
=c:n :=b
=0:n := a
= a: n :=0:

eq2[i,j] := cat(‘g_‘,x,y) = cat(‘g_‘,0,y)*cat(‘g_‘,k,y) +

print(eq2[i,jl);

end do:
end do:

cat(‘g_‘,‘a‘,y)*cat(‘g_‘,1,y) +
cat(‘g_, ‘b ,y)*cat(‘g_‘,m,y) +
cat(‘g_“,‘c‘,y)*cat(‘g_ ,n,y);

900 = 9oo + Goa + ob + Goe
9oa = 290090a + 290b90c
gob = 29009ob + 29goaoc
goec = 29009oc + 290a9ob
a0 = Gao + Yoo + Gy + G
Yaa = 29a0Yaa + 29abJac
Gab = 29a09ab + 29aaYac
Gac = 29a09ac + 29aafab
960 = Gio + G+ Gip + i
Gba = 29b09ba + 29669bc



Gob = 2Gb096b + 29baJbe
Gve = 29009bc + 29bagbb
9o = G+ Goa + Gip + i
Jea = 29c09ca + 2GcbGec
Jeb = 29c09cb T 29cafec
Jee = 29c09cc + 29caep
900 = Goo + Gao + Jbo + 9%
G0 = Gou + aa + G+ Gia
gob = Gop + 9o + Gip + 95
o = Goc + Gac + Goe + e
9a0 = 2900940 + 296090
Yaa = 290aYaa + 29baYca
Gab = 29obJab + 2gub9eb
Yac = 290cGac + 2GbcYec
gb0 = 2900960 + 29a0geo
Gba = 290a9ba + 29aaYca
gvb = 29ob9e + 29avgeb
Goe = 2G0cGbe T 29acYec
9e0 = 29009c0 + 2940960
Yea = 290aYca + 29aagba
Geb = 290bgeb + 2GabGob
Gee = 290cYec + 29acbe

> solutions:=[solve({seq(seq(eqlli,jl,j=1..4),i=1..4),
seq(seq(eq2[i,jl,j=1..4),i=1..4),
1=g00+gOa+ g Ob+ g Oc,
1 =g00+ g a0 + g_b0 + g_c0

Pl

> nops(solutions);

35

> for i from 1 to 35 do
print(solutions[i])
end do;

{900 = 1790@ = Oag()b = Oag()c = Oyga() = O7gaa = Oagab = Oagac = 07
g0 = Oagba - O,be - Oygbc - 07900 - Oygca - Ougcb - Oygcc - 0}

1 1 1 1
== a — 7> :07 czoya:_a aa:_aazoa aCZO,
{900 2;90 0 Job go a0 9 g 5 Gab g
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g0 = O7gba - O,be - O,ch - 07900 - 07gca - Ougcb - Oygcc - 0}

1 1 1 1
== a — 7> :0; c:O,a:_’ aa:__aa:()7 aCIO,
{goo 2,90 0 gob go Ga0 9 g 9 Gab g

g0 = O7gba - O,be - O,ch - 07980 - 07gca - Ougcb - Oygcc - 0}

1 1 1 1
== a:O’ = 3> c:07a2_7 aazoaa:_7 ac:07
{900 2;90 Job 5 90 a0 5 g Gab 5 g

g0 = Oygba = O,be = O,ch = 0,gc0 = Oygca = Ougcb = Oagcc = 0}

1 1 1 1
=3 a:O, =3 CIO,a:—, aa:07a:__7 ac:07
{goo 2;90 GJob 5 9o a0 5 g Gab 5 g

gwo = O?Qba = O;gbb = O,ch = 07gc0 = O,Qm = Ougcb = 07gcc = 0}

1 1 1 1
=z a:O’ :07 c— 55900 — 3 aazoua:(); ac — T
{900 2,90 Job 90 9 a0 5 g Gab g 5

gwo = O?Qba = Oygbb = Oygbc = 07gc0 = Oygca - O;gcb = Oagcc = 0}

1 1 1 1
=3 GIO, :O; c— 57900 = 5> aa:O:azoa ac = T >
{goo 2,90 Gob 90 9 a0 5 g Gab g B

90 = 0,900 = 0,90 =0, gbc = 0,90 = 0,9ca = 0,9 = 0, gee = 0}

1 1
{900 = 5,900 = 57901) = 07900 = O>ga0 = O?Qaa = Oagab = ngac = 07

2
1 1
gro = §7gba = éagbb = O,ch - O;gco = O;gca = Oagcb - O;gcc =0
1 1
goo = 5790& - 57901) - ngOC - 079(10 = Oagaa - Oagab - O7gac - 07

1

1
gwo = §7gba - _éagbb = O7gbc = 07900 = Oagca = ngcb - Oagcc = 0}

1 1
{900 = 5790(1 = Oag()b = 57900 = OagaO = O7gaa = Oagab = ngac = 07

1 1
gwo = §7gba = Oagbb = §7gbc = 07900 - Oagca = Oagcb = Oagcc = O}

1 1
{900 = 5790a = 07901) = 57900 = OagaO = O?Qaa = Oagab = ngac = 07

1 1
gro = Eugba = O,be = _iygbc = O;ch = O;gca = Oagcb = O;gcc = O}

1 1
{QOO = 5790(1 = 07gob = 07900 = 579(10 = Oagaa = Oagab = O7gac = 07

1 1
gwo = éagba - Ougbb = 0)gbc - 57900 - Oagca = 07gcb - O,QCC - O}

1 1
{gOO = 5790(1 = Oag[)b = Oag[)c = §7ga0 = O7gaa = Oagab = ngac = 07
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9o

1 1
gwo = éagba = Oagbb = Oagbc = _éach = Oagca = 0>gcb = Oagcc = O}
1 1
Joo = 5790(1 = 579017 = 07900 = OagaO = O?Qaa = Oagab = Oagac = 07
1 1
9o = Oagba = O,be = O,ch = Oach = §7gca = éagcb = Oagcc =0
1 1
goo = 5790& = §7gﬁb = OagOC = nga(] = O7gaa = Oagab = Oagac = 07
1 1
gwo = Oagba - Oagbb - 07gbc - Oagc() = éagca - _éagcb - Ougcc =0
1 1
Jgoo = 5790(1 = ng()b = 57900 = 07ga0 = ngaa = Oagab = Oagac = 07
1 1
gwo = Oagba = Oagbb = 07gbc = Oach = Eagca = Oagcb = §agcc =0
1 1
Joo = 5790(1 = 07906 = 57900 = OagaO = O?Qaa = Oagab = Oagac = 07
1 1
gwo = Oagba = Oagbb = O,ch = O?QCO = éagca = Oagcb = _Eagcc =0

1 1
=3 a__07 _07 c— 5
{900 2790 gob go 5

90 = 0, Gba

—1 =0 =0 —1
Jgoo = 2790(1_ y oo = Y, Joc = 9

90 = 0, gba = 0, gop, = 0, goe

1
{900 = Z’ Joa = 7,906 =

y Jba = 5 Gbb =

1
T4

1
Joo = 1

1 1
gwo = Z7gba =

~590a =

1
4
1
4
1
479015

4

900_47900,_ 4790b— 1

1 1

= Zagba = Zagbb =

~ > gbb =

= 0,9 =

y a0 = Oygaa = Ougab = Oagac = 07

1 1
O,ch - 07900 = Z38ca = 07gcb = Oagcc = 5}

2

y Ja0 = ngaa = Oagab = Oagac = 07

1 1
= ngc() = §7gca = Oagcb = 07gcc = _5}
1 1 1 1 1 1
4a90c Z?gaO Zagaa = Zagab 4>gac = _17
1 1 1 1 1 1
4agbc Zagco Zagca_zlagcb 479002_1}
1 1 1 1 1 1
47900 Zl?gao Zagaa:_zl7gab:_17ga6217
1 1 1 1 1 1
Zygbc = Z_l;gco - Z_lagca — _Z_l;gcb - _Zlygcc = _Z_l}
1 1 1 1 1 1
y Joc = 4790,0 = Z?gaa = Zugab = Zagac = Zv
1 1 1 1 1 1
_ngbc = _Zygco = Zagca - Z’ng = _17900 = _Z}
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1 1 1 1 1 1 1 1

{900 = Zag()a = Z:gOb = ZaQOC = 47ga0 4agaa _Zuqab Zagac _Za
1 1 1 1 1 1 1 1

gboziagba217gbb:_17gbc 47900 4agca _Zagcb _Zagcc Z}
1 1 1 1 1 1 1 1

{goo— 4,90a— 4,901) 4790(::;1,%0:179% 4,9ab z_L’g“C_Z’
1 1 1 1 1 1 1 1

gro = 4ugba — 4agbb 47gbc 47900 Zl?gca 4vgcb Zagce ZL}

1 1 1 1 1 1 1 1

{900 - 479()& — 47g()b 47906 4,ga0 4agaa 47gab 47gac _17
1 1 1 1 1 1 1 1

gwo = 47gba_ 47gbb 4agbc:17900217gca:_17gcb217gcc _Z}

1 1 1 1 1 1 1 1

{900 4,9()@: 47901) 4,90c= 2179@0 4agaa 4>gab _179(10 1
1 1 1 1 1 1 1 1

gwo = 47gba:_zl7gbb:_17gbc:Zach:ngca:Z)gcb:Zagcc Z}

1 1 1 1 1 1 1 1

{900 4790a: 17901; ZagOC: Zl?gaO 4agaa Zagab 4agac _Za
1 1 1 1 1 1 1 1

gbozzlugba:_zagbb 4agbc:Zygcozzagca:_zagcb: 47gcc—_1}
1 1 1 1 1 1 1 1

{900 = Zyg()a = ZagOb 47906 = L_L’gao 4ugaa 47gtlb 4vgzzc _Z’
1 1 1 1 1 1 1 1

gbO:ZLagba:_ZLagbb 4ugbc_17gco 4790(1 Z’ng 47960 _Z}

1 1 1 1 1 1 1 1
{900 = ZaQOa = ZagOb = Z,goc = ngao = Zagaa = Zagab = ngac = Z’
1 1 1 1 1 1 1 1
gbOZZagba:_Zagbb__Zagbc ZagCO Zagca Zagcb 4’906_4_1}
1 1 1 1 1 1 1 1
{900 4790(1 = 479011 47900 Zl?gao Z_lagaa _Zagab Z?gac _17
1 1 1 1 1 1 1 1
gwo = 4,gba— Z,gbb:Z;gbc:_Zach Zl?gca Z,gcb Z,gcczzl}
1 1 1 1 1 1 1 1
{QOO—ZagOa—ngOb_ngOc_ Z_laga():z’gaa*Zagab Zagac Za
1 1 1 1 1 1 1 1
gbOZZJQba:_Z7gbb 47gbc_ 4796021790(1 Zagcb:ngccz_Z}
1 1 1 1 1 1 1 1
{900 = Zng(z = 1,906 = Z,goc = 17%0 Z,gaa _Zagab _ngac 17
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1

gbozzl

1
goo = 75900 =

4

1

~ 3 9ba =

gb0:4

1
goo = 4790a =

1
4
1
—47gbb Z7ch=—
1
4

1
9o = 4 y Jba

1
goo = 4 y Joa =

1
gb0:4

yGJba = —7

s Gba =

1 1
agbb:4

1 1

1,9017 =

1 1

4

_Z’gbb = Z’gbc = -

=5 0bc = —

-5 90b = 479002

1 1 1 1 1
ZagCO_ngca Zagcb:_ngcc _Z}
1 1 1 1 1
Z?gao = Z’gaa Zagab = _Z>gac _17
1 1 1 1 1
Zagco ngca ngcb _Zagcc 4_1}
1 1 1 1 1
Z?Q@O—Z;gaa Zygab: 4agac _Z’
1 1 1 1 1
11900217.90&:179@:179@ Z}
1 1 1 1 1
479(10 4790,(1 _Z7gab _Zagac Z)
1 1 1 1 1
47900 4agca: 4agcb 479662_1}






Appendix B
Category theory

Every quasitriangular Hopf algebra H (cf. Definition 1.1.1) gives rise to a braided
monoidal category, namely its representation (or module) category H—mod (and vice
versa). So, for the convenience of the reader, in the following we recall the definition
of these categorial terms. A standard reference for this is [MacL98], we follow the
exposition in [Kas95].
Definition B.1. (1) A category C consists

(a) of a class of objects Obj(C), whose entries are called the objects of the category.

(b) a class Hom(C), whose entries are called morphisms of the category.

(c) Maps

id: Obj(C) — Hom(C),
s, t: Hom(C) — Obj(C),
0: Hom(C) X opjc) Hom(C) — Hom(C),

such that
o s(idy) =t(idy) =V for all V € Obj(C),
o idypyo f= foidyy = fforall f € Hom(C),

e for all f,g,h € Hom(C) with t(f) = s(g) and t(g) = s(h), the associativity
identity (hog)o f =ho(go f) holds.

(2) Let C and C’ be categories. A functor F : C — C’ consists of two maps:

F: Obj(C) — Obj(C),
F: Hom(C) — Hom(C'),

such that
e F(idy) = idp(y) for all objects V' € Obj(C),
o s(F(f))=F(s(f)) and t(F(f)) = F(t(f)) for all morphisms f € Hom(C),

67
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Category theory

(3)

e For any pair f, g of composable morphisms, we have

F(go f) = F(g) o F(f).

Two functors F': C — C', G: C" — (C” can be concatenated to a functor
GoF:C—C(C".

Let F,G: C — C' be functors. A natural transformation
n: F—G
is a family of morphisms
nv: F(V) = G(V)

in C’; indexed by V' € Obj(C), such that for any morphism f: V — W in C the
diagram

F(V) L= G(V)

F(f)l lG(f)

F(W) —5= G(W)

in C' commutes.

If ny is, for each V' € Obj(C) an isomorphism, then n: F' — G is called a natural
1somorphism.

A functor
F:C—=7D

is called an equivalence of categories, if there is a functor
G:D—C
and natural isomorphisms

n: idp — FG,
0: GF—)ldc

We introduce the notion of a monoidal category and monoidal functor. Before that,
we give the definition of the Cartesian product of categories.

Definition B.2. The Cartesian product of two categories C, D is defined as the cate-
gory C x D whose objects are pairs (V, W) € Obj(C) x Obj(D) and whose morphisms
are given by the Cartesian product of sets: Homeyxp((V, W), (V'W')) = Home(V, V') x
Homp(W, W’).

Definition B.3. (1) Let C be a category and ®: C x C — C a functor, called a tensor

product. This associates to any pair (V, W) of objects an object V ® W and to
any pair or morphisms (f, g) a morphism f ® g with s(f ® ¢g) = s(f) ® s(g) and
t(f ®g) = t(f) ® t(g). In particular, idygyw = idy ® idy and for composable
morphisms (' ® g') o (f ® g) = ("0 f) ® (¢g' 0 g).
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(2) A monoidal category (or tensor category) consists of a category (C,®) with tensor
product, an object 1 € C, called the tensor unit, and natural isomorphism, called
the associator,

a: ®o(® xid) - ®o (id X ®)

of functors C x Cx — C and natural isomorphisms
r:id®1 —id and [:1®id— id

such that the following axioms hold:

e The pentagon aziom: for all quadruples of objects U, V, W, X € Obj(C) the
following diagram commutes

UeV)® W e X)
(UeaV)eW)e X U (Ve (WeX)
ay,v,w ®idxl deU ® av,w,x

Ue(VeW)eX U (Vo) X)

ay,vew,x

e The triangle aziom: for all pairs of objects V,W € Obj(C) the following
diagram commutes

av,1,w

Vel eWw Ve (lew)
vax Alw
VeWw

A monoidal (tensor) category is called strict, if the natural transformations a, I
and r are the identity.

(3) Let (C,®¢, 1¢,ac,le,re) and (D, ®p, 1p, ap, Ip, rp) be tensor categories. A monoidal
(or tensor) functor from C to D is a triple (F, ¢, p2) consisting of

(a) a functor F': C — D,
(b) an isomorphism ¢q: 1p — F(1¢) in the category D,
(c) a natural isomorphism ps: ®p o(F X F) — F o ®¢

of functors C x C — D. These data have to obey a series of constraints expressed
by commuting diagrams:



70 Category theory

e Compatibility with the associativity constraint:

AF(U),F(V),F(W)

(FU)® F(V))® F(W) FU)® (F(V)® F(W))

p2(U, V) ® idF(W)l ljdﬂU) @ p2(V, W)
FUV)® FW) FU)@ F(VeW)
p2(URV, W)l lsoz(U, VeWw)

F(UV)eW) FU® ((VeoWw))

F(av,v,w)

e Compatibility with the left unit constraint:

Iy

1p® F(U) F(U)

Yo ® idF(U)l F(ZU)T

F(1e) ® F(U) 2229y p1. 0 U)

e Compatibility with the right unit constraint:

TRU)

FU)® 1p F(U)

idF(U) ® gOOl F(T’U)T

FU)® F(1e) 2292 pU @ 10)

(4) A monoidal natural transformation

n: (F7 9007S02> - (F/7S06790/2)

between tensor functors is a natural transformation n: FF — F’ such that the
following diagrams

F(1c)
y FO) o F(v) —2%Y L puav)
1p Me and lﬂU ®nv l’ﬂU@v
P Py e ) —2%Y L ey
F'(1c)

commute for all pairs (U, V') of objects.
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For a tensor product ®: C x C — C we define the functor ®°P? by ® o 7, i.e.
VPW =WV and fRPPg:=9gxf

for all objects V, W and morphisms f,g in C. This defines a tensor product: For a

. . : : opp 1
given associator a for then tensor product ® the natural isomorphism ag;y y, := ay

is an associator for the tensor product ®°PP. Similarly, one obtains left and right unit
constraints for ®°PP.  We now introduce the notion of a braided category, braided
functor and the equivalence of braided categories.

Definition B.4. (1) Let C be a monoidal category. Assume at first, C is strict. A
braiding is is a natural isomorphism

c: ® — @°PP
of functors C x C — C, such that for all objects U, V, W the compatibility relations

cuvew = (Idy ® cuw) o (cyy ® idy)

cugvw = (cow ® idy) o (idy ® cy,w)

with the tensor product hold. If the category is not strict, the following two hezagon
axioms have to hold:
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(2) A braided tensor category is a tensor category together with the structure of a
braiding.






Summary

Quasitriangular Hopf algebras, i.e. Hopf algebras with an (universal) R-matrix, have
braided categories of their modules. In particular, quasitriangular quantum groups
yield ribbon categories, which have many interesting applications, especially in low-
dimensional topology and topological quantum field theories.

In this thesis we construct new universal R-matrices of the small quantum groups
u,(g) and extensions thereof. Here, g is always a finite-dimensional complex, simple
Lie algebra and ¢ is an ¢-th root of unity for an arbitrary integer ¢ > 2. The first
chapter of this thesis provides the necessary algebraic notions and gives the definition
of the quantum groups in interest. Since in general the small quantum group is not
quasitriangular, i.e. there exist no R-matrix, we consider certain extensions of the usual
quantum group u,(g), parametrized by a Lie theoretic input datum, namely a lattice
A, containing the root lattice Az and contained in the weight lattice Ay, of g. This
leads to the notion of u,(g, A, A’) for the extension by A of the small quantum group
uq(g, A'). Here, the lattice A’ C A determines a certain quotient in the construction
of the quantum group.

In the second chapter we review the ansatz R = RO for R-matrices by Lusztig.
This ansatz introduces a fixed element, the so-called quasi-R-matrix ©, which is an
intertwiner between the comultiplication A and a new comultiplication A, obtained by
conjugating with a certain antilinear involution. The free element Ry is an intertwiner
for A and the opposed comultiplication A°P. Eric Miiller gives in his dissertation an
ansatz and equations for the coefficients of R in this ansatz and determines R-matrices
of the form R = RO for quadratic extensions of u,(sl,). In this thesis, we develop this
ansatz further and get a new set of equations for the coefficients of Ry, which we split
in two different types. The first type of equations depends only on the fundamental
group m; = Ay /AR of the Lie algebra g and will be called group-equations. The second
type depends on some sublattices of A and is very sensitive to different choices of /.
This type of equations will be called diamond-equations.

In Chapter 3 we determine the solutions to the group-equations. For the case of cyclic
fundamental group m = Zy, N € N, (which is the case for all simple root systems but
for Doy, m > 2), a theorem about certain idempotents of the group algebra C|Zy X Zy]
is required. In order to prove this, we prove a main theorem about roots of unity first,
which is of independent interest. The proof of this theorem is carried out along the
lines of a new combinatorial principle, which to the best of our knowledge is introduced
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in this thesis. The solutions of the group-equations for the case of fundamental group
T = 7o X 7o are determined by a Maple-calculation which is documented in Appendix

A.

In Chapter 4 we determine all solutions of the diamond-equations from the set of the
solutions of the group-equations. Again, we consider the case of cyclic fundamental
group first and find that the existence of solutions then depends only on the funda-
mental group 7 of g and on the order ¢ of the root of unity q. Depending on the data
g, ¢, A (and fixed A’) we then determine in the main theorem all R-matrices obtained
through Lusztig’s ansatz for different variants u,(g, A, A’) of u,(g).



Zusammenfassung

Quasitrianguldre Hopf Algebren, also Hopf Algebren mit einer (universellen) R-Matrix,
haben verzopfte Modul-Kategorien. Insbesondere bringen quasitriangulare Quanten-
gruppen Ribbon (Band) Kategorien hervor, welche viele interessante Anwendungen
haben, vor allem in der niedrig-dimensionalen Topologie und topologischen Quanten-
feldtheorien.

In dieser Arbeit konstruieren wir neue (universelle) R-Matrizen der kleinen Quanten-
gruppen u,(g) und Erweiterungen derselben. Dabei ist g immer eine endlich-dimensio-
nale komplexe, einfache Lie algebra und ¢ eine /-te Einheitswurzel fiir beliebiges ¢ > 2.
Das erste Kapitel stellt die notwendigen algebraischen Notationen bereit und enthalt
die Definition der hier betrachteten Quantengruppen. Da im allgemeinen die kleinen
Quantengruppen nicht quasitriangular sind, d.h. keine R-Matrix existiert, betrachten
wir Erweiterung der iibliche Quantengruppe u,(g). Diese sind durch ein Gitter A zwis-
chen Wurzelgitter Agr und Gewichtsgitter Ay, der Lie Algebra g parametrisiert. Dies
fithrt zur Notation u,(g, A, A) fiir die Erweiterung der kleinen Quantengruppe u,(g, A')
durch A. Das Gitter A’ C Ay legt hier einen gewissen Quotienten in der Konstruktion
der Quantengruppe fest.

Im zweiten Kapitel verwenden wir Lusztigs Ansatz R = Ry© fiir R-Matrizen. Dieser
Ansatz fiihrt ein festes Element, die sogenannte Quasi- R-Matrix O, ein. Diese setzt
die Komultiplikation A mit einer neuen Komultiplikation A in Verbindung, welche
durch die Konjugation mit einer nicht-linearen Involution erhalten wird. Das freie
Element R, setzt A und die entgegengesetzte Komultiplikation A°PP miteinander in
Verbindung. In seiner Dissertation gibt Eric Miiller einen Ansatz und Gleichungen fiir
die Koeffizienten von Ry an und nutzt diesen zur Bestimmung von R-Matrizen der
Form R = RO fiir quadratische Erweiterungen von w,(sl,). Wir entwickeln diesen
Ansatz in dieser Arbeit weiter und erhalten ein neues System von Gleichungen fiir die
Koeffizienten von Ry, welche wir in zwei verschiedene Typen aufteilen. Der erste Typ
von Gleichungen héngt nur noch von der Fundamentalgruppe m = Ay /Agr der Lie
algebra g ab und wird daher Gruppen-Gleichungen genannt. Der zweite Typ hangt
von gewissen Untergittern von A ab und ist sehr sensible auf verschiedene Wahlen von
¢. Dieser Typ von Gleichungen wird Diamanten-Gleichungen genannt.

Im Kapitel 3 bestimmen wir die Losungen der Gruppen-Gleichungen. Im Fall zyk-
lischer Fundamentalgruppen m = Zy, N € N (was fiir alle einfachen Wurzelsysteme
ausser Dy,,, m > 2, der Fall ist), benotigen wir einen Satz iiber gewisse Idempotente
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der Gruppenalgebra C[Zy x Zy]. Um diesen zu beweisen, beweisen wir zuerst einen
Hauptsatz tiber Einheitswurzeln, welcher von unabhangigem Interesse ist. Der Be-
weis dieses Satzes benutzt ein neues kombinatorisches Prinzip, welches wir ebenfalls
einfiihren. Die Losungen der Gruppen-Gleichungen im Fall der Fundamentalgruppe
m = Zo X Zs werden mittels Maple bestimmt. Die Rechnung ist im Anhang A doku-
mentiert.

Im Kapitel 4 bestimmen wir ausgehend von den Losungen der Gruppen-Gleichungen
alle Losungen der Diamanten-Gleichungen. Wieder betrachten wir dafiir den Fall zyk-
lischer Fundamentalgruppen zuerst und stellen fest, dass die Existenz von Losungen nur
von der Fundamentalgruppe m; von g und der Ordnung ¢ der Einheitswurzel abhangt.
Abhéngig von den Daten g, ¢, A (und festem A’) bestimmen wir dann im Hauptsatz alle
R-Matrizen fiir verschiedene Varianten wu,(g, A, A’) von u,(g), welche Lusztigs Ansatz
gentigen.
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