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1 Introduction

Associative algebras are one of the most basic notions in modern mathematics. They are characterised by the
presence of an operation called multiplication which satisfies an associativity property. Those abstract objects
can be studied using representation theoretical methods on various modules, of which special mention deserve
vector spaces and Hilbert spaces. When considering representations one may ask whether there is a natural
action of an algebra on a tensor product of modules and without endowing them with additional structures it

is impossible to answer that question.

That is why one can define an operation called co-multiplication which is in some sense “dual” to the ordi-
nary algebraic product: while for an algebra A the multiplication is a map m : A® A — A, the co-multiplication
A is a map in the reversed direction A : A - A ® A. The co-multiplication provides a canonical way of acting
on tensor products of representations and on the intertwiners mapping between them. It is important to note
however that those two operations ought to be supplemented with additional axioms because in general they

can be not compatible with each other.

As the algebraic product is by definition associative, i.e. m(m ® 1) = m(1 ® m), the co-product is co-
associative, which means that

(A®1A=(1 A)A. (1)

Co-associativity has an important consequences for the representation theory: it ensures that the action of Hopf

algebra on the modules respects different ways in which one can take tensor products of representations. Tensor

products is indeed a binary operation, so when one consideres a product of more than two representations m;,

it is indeed important whether one means (7 ® m2) @ T3 or 1 ® (72 @ w3). Equation (1) ensures that the result

of taking tensor product does not depend on the position of brackets.

The isomorphism between (m; ® m2) ® 73 and m ® (72 ® 73), called a Racah-Wigner map or an associator
@, is not an arbitrary one - it ought to satisfy a number of consistency conditions, among which one important
is the pentagon equation stemming from the consideration of a quadruple tensor product. One can present this
equation in the form of a commutative diagram as follows:

a®id

((m @ m2) @ m3) ® 4 (M1 ® (M2 ® T3)) ® T4
(M @ ) ® (3 @ 74) T ® ((m2 ® 73) @ Ta)
%; %

1 & (71'2 ® (7T3 ®7T4))

Since the associator can be equivalently expressed in terms of a summation/integration kernels, called in that

case Racah-Wigner or 6j coeflicients, one can translate this equation into an integral equation for functions.

The introduction of compatibility axioms and additional canonical structures (like an antipodal map, which
can be regarded as an “algebraic inverse” and is in fact unique, if it exists) on top of multiplication and co-

multiplication leads naturally to the notion of Hopf algebra (an its special case known by the name of a quantum



group) [1, 2, 3, 4] — which are an interesting, and fruitful in applications, generalisation of standard associative
algebras. Moreover, a substantial amount of attention worthy examples has been identified. Semi-simple Lie
algebras admit a one-parameter deformation (so called g-deformation) which makes them into a non-trivial
Hopf algebras — therefore one can look at Hopf algebras as a “quantisation” of sorts of more familiar algebraic

structures.

Yet g-deformation of classical algebras is not the only way to construct interesting Hopf algebras — a
double construction dating back to Drinfeld allows one to obtain Hopf algebras belonging to a special class
distinguished by a property of quasi-triangularity. One calls a Hopf algebra A quasi-triangular if there exists
an element R € A® A called an universal R-matrix which satisfies specific axioms which lead to Yang-Baxter
equation

RiaR13R23 = Ra3Ri3Rys. (2)

The Yang-Baxter equation manifests itself in various different contexts in theoretical physics, especially in two
dimensional integrable systems [5] as well as in four dimensional superconformal field theories. Therefore just
by evaluating the relevant quantum groups on representation spaces one can find physically relevant solutions

which otherwise could be difficult to compute!

The Drinfeld double construction is not the only one providing solutions to equations of physical interest.
Indeed, starting from a Hopf algebra one can use the so-called Heisenberg double construction [6] to obtain an
algebra (in general not a Hopf algebra in this case) for which there exists a canonical element S similar to the

universal R-matrix, however it verifies not the Yang-Baxter equation but the pentagon one
512513523 = S23512- (3)

This fact leads to an interesting question: since the associators and canonical elements of Heisenberg doubles
verify the same relation, is it possible that for some representation categories of the Hopf algebras associators
can be indeed realised as the same operators as the canonical elements S7? The answer is, suprisingly, yes: it has
been shown that at least in the case of representation category of the so called quantum plane, i.e. the Borel
half of U, (si(2)), the Racah-Wigner map is indeed related by a simple unitary transformation to the canonical
element of Heisenberg double constructed from a quantum plane [7]. Since those two object a priori have no
obvious relation between them, it is intriguing issue whether this observed equality is an accidental one or is

valid for more general classes of Hopf algebras.

The pentagon equation is not however present only in the context of the theory of Hopf algebras — it
appears profusely in modern mathematical physics, in particular two-dimensional conformal field theory. Con-
formal field theories (CFTs) [8, 9, 10] are a special class of quantum field theories in which correlators and
fields are not transforming covariantly under usual Poincaré algebra, but under a conformal algebra of which
the former is a subalgebra. Conformal algebra is composed of translations, boosts, rotations, dialations and the
so called special conformal transformations, all of which can be shown to preserve angles in space (from which
fact the algebra derives its name). Although in a generic dimension the conformal algebra is only slightly larger
than the Poincaré one, in two dimensions something magnificent happens — it acquires an infinite number of

generators. Such an extensive number of symmetries has an important consequences: it provides a possibility to



study theories analitycally in a robust and rigorous way, which is impossible for the higher dimensional quantum

field theories, and yet is not restrictive enough as to make CFTs trivial.

The structure of conformal field theories is governed by the representation theory of Virasoro algebra defined

by the generators L,, satisfying the commutation relations

(Lo, Ln] = (m — 1) Lyngn + —m(m?

12m(m

- 1)6m+n,07 (4)

(which is a central extension of the conformal algebra with the central element ¢, called the central charge): the
space of states decomposes into a direct sum (or a direct integral, if the spectrum is continuous) of irreducible

representations of the Virasoro algebra of weight «

@ —
’Hz/ Va @ Va-

Of special importance are the highest weight states of the modules V,,, which are can be obtained by an action

of the so-called primary fields on the conformal vacuum |0)
lim Vi (2, 2)[0) = o).

It can be indeed shown that the behaviour of the primary states determines uniquely all other fields, so their
study is of the utmost importance in the context of CFT. The knowledge of the correlation function of the

primary fields allows one to find an arbitrary correlator present in the theory.

Moreover, one often studies CFTs on a Riemann surfaces instead of the two-dimensional Minkowski space
in order to be able to use the toolkit of complex analysis. It is possible to independently study chiral parts of
the full theory, where the fields and correlators are holomorphic (or anti-holomorphic) functions on the Rie-
mann surface, and only consistently bring them together at the end to obtain the physical results. Therefore,

the chiral primary fields and their correlators, called conformal blocks, are essential building blocks for any CFT.

Because of the conformal invariance one can use the so-called operator product expansion (OPE). The
product of two fields in the theory can be expanded in terms of other fields, provided that the insertion points

are sufficiently close

Va(2)Va(w) = Zazﬁ(z —w)V,(w) + ...

By using OPE one can reduce the problem of computing the correlation functions of n fields to the three point
correlators. However, one can perform the expansion of multipoint correlation functions in many different ways,
and the value of the physical correlators should not depend on a particular decomposition. In particular, the
four point correlation function (V4 (0,0)V3(1,1)V, (2, Z)Vs(00,00)) can be reduced to three point correlators by
e.g. taking the OPE of fields V,(0,0)V3(1,1) or V,(z, Z)Vs(00,00). On the level of chiral fields this is encoded

in an isomorphism between different four points conformal blocks F, known by the name of the fusion matrix

F
As A, _ Qa3 Qg Ay Ay
o | B0 = [aabua |20 w02 a0 ®)



where the four point conformal blocks are related to the four point CFT correlators
<V041 (07 O)V(¥2 (15 l)v()/s (Zv E)V(M (007 OO)> =

Az A _ (A3 A
:/dasC(cu,ag,as)C(as,ag,al)}'As {AZ Af] (2)Fa, {Ai Aj (2),

<Va1 (07 O)Vaz (17 1)V0t3 (Zv E)V(M (007 OO)> =

Az A _ Az A
=/datc(a47Oét,a1)c(04t,0437042)]:m[ ? 2} [ 82

AL A, (1= 2)Fa, A, Al] (1-2),
and constants C' are structure constants encoding the three point correlators. The fusion matrix essentially
provides one with the associativity of operator product expansion, so it too verifies the pentagon equation as a
self-consistency relation.

R e L o] o] R o L e B
Therefore one sees that constructing the fusion matrix provides an important stepping stone in the proof of the

crossing-syminetry, i.e. the self-consistency of a particular CFT under study.

One can ask a question: are associators in tensor categories of Hopf algebras and fusion matrices in some
way related to each other? Both of them do indeed stem from representation theory: former from Hopf alge-
bras while latter from Virasoro algebras. They both verify the same equations. The inquiry seems justified.
Indeed, for so-called rational CFTs, i.e. CFT which have only discrete, finite number of the primary fields and
correspond to the value of the central charge ¢ < 1, it has been shown [11, 5] that the fusion matrices can be
identified with 6j symbols of the finite-dimensional representation of U, (g). However, the study of CFTs with
¢ > 1 proved to be more elusive — the presence of infinite number of primary fields makes evaluating of general
claims rather difficult. There is an evidence that the connection between 6j symbols and fusion matrices should
hold as well in the non-rational case. The first compelling insight into that was showing that Liouville theory,
which can be regarded as the simplest non-trivial non-rational CFT, has a fusion matrix which can be obtained

from the representation theory of U, (sl(2)) [12, 13].

The Liouville theory [14] is a conformal field theory with classical action of the form

1

S = E/ [(0a9)? + 4mpe®?] d*z, (8)

where Q = b+ %, 1 is a cosmological constant and b € R is the Liouville coupling constant. The central
charge of the theory is equal to ¢ = 1 + 6Q? and, since b is real, it is greater than 25. The theory admits a
particular symmetry with respect to a change of the coupling constant b — %, which is not at all apparent form
the classical action and is purely quantum phenomenon — indeed, the weak and strong coupling limits of the
quantum theory lead to the same classical one, which is a behaviour uncommon for more physically relevant,

four-dimensional quantum field theories, like quantum chromodynamics.

The Hilbert space of states H decomposes into direct sum of the tensor products V, ® V, of highest weight
representations of holomorphic and antiholomorphic part of Virasoro algebra:

@
H= Va @ Va,
9 iR+



where V,, contains primary states v, with spins « € % +4R™. The structure constants C' [15, 16], which encode

the three point correlation functions, can be expressed by

(Q—as—az—an)/
O(a37012,041) = |:7T/ny(b2)b2(17b2) 3 2 1 y

« ToTb(Qal)Tb(Qag)Tb(2a3)
Ty(az + as+ a1 — Q) YTp(a + a1 — az)Yp(as + o — ) Top(as + az —aq)’

where Y is defined in terms of the Barnes double gamma functions defined in the appendix:

1
Ty ()T (Q — )

It has been shown that the fusion matrix of Liouville theory can be identified with a 6j symbol for a category

Tp(z) =

of one-parameter self-dual infinite dimensional representations of U, (sl(2)) [12, 13]. The move to extend this
result would be to consider either higher rank cases, corresponding to Toda field theories and U, (sl(n)) Hopf
algebras, or the Z,-graded case, for which one had to study supersymmetric Liouville theory and representation

theory of U, (osp(1]2)).

Conformal field theories are not the only ones where objects satisfying pentagon equation play an important
role. One can consider the Teichmiiller theory [17, 34, 19], i.e. the theory of complex structures on Riemann
surfaces, or equivalently the theory of SL(2,R)-valued connections. The set of local coordinates on Riemann
surfaces relevant for this theory is assigned to triangulations of surfaces instead of the surfaces themselves —
therefore, one ought to make sure that the constructions using them are independent of the choice of a particu-
lar triangulation. As a consequence the Ptolemy groupoid, which relates different triangulations, has a natural

representation on the Hilbert spaces assigned to particular triangulations.
For us, one of the generators of the Ptolemy groupoid is of special interest: the operator T relating two pos-
sible triangulations of a quadrilateral (i.e. two triangle sharing one edge). One can show that if one consideres

how operator T' could act on a collection of 3 triangles sharing edges one necessarely arrives at a consistency

condition that T ought to verify the pentagon equation!

/ N

S
=27

Figure 1: Pentagon equation relating different triangulations of a surface.



It has been proven that the defining operators of the Teichmiiller theory, among them 7', can be obtained
using the representation theory of Hopf algebras and the representation theory of Heisenberg algebras [20].
Indeed, the canonical element S of the Heisenberg double of the Borel half of U,(sl(2)) is nothing but the
triangulations changing operator 7. Moreover, since the canonical element S and the associators for the repre-
sentation category of a quantum plane were shown to be the same, the defining data of the theory of complex

structures on Riemann surfaces can be found also there.

Finally, the pentagon equation has its natural place in the world of topological field theories and knot invari-
ants [21, 22]. There are many different ways to look at topological field theories — it is possible to regard them
as mappings which assign Hilbert spaces to 2-cobordism, or as a state-sum (or state-integral) models which
assign operators to fundamental tetrahedra into which one decomposes the three-dimensional space. Clearly,
the issue of providing at the end a theory which is independent of a decomposition into tetrahedra imposes
constraints on the operators assigned to one tetrahedron. On the other side, if one looks at the TFTs from a
more mathematical point of view, is has been already shown that the topological invariants associated to the
3-manifolds can be obtained also from the representation theory of Hopf algebra [23, 24, 25, 26], with a seminal
result that employing finite dimensional representations of U, (sl(2)) one reproduced arguably the most famous

knot invariant, i.e. Jones polynomial.

It is clear that there exists a multitude of deep bonds between quantum field theories and representation
theory where the pentagon equation lies in a central place in a way that has been sketched above. However,
what is an explicit realisation of all this? Abstract operators have to have to be able to be written in terms of

some functions after all.

The central player here is a Faddeev’s quantum dilogarithm [27, 28],

o (2) = exp ( /C sinh(wi)_)zi:h(w 7b) ZZ) ' ©)

This special function plays an important role in mathematical physics. Firstly, we can regard it as a quantisation

of the Roger’s dilogarithm, which is a frequent guest in the computations in four-dimensional field theories. The
Roger’s dilogarithm satisfies moreover a Roger’s five-term identity, which for Faddeev’s quantum dilogarithm
becomes a pentagon equation

Py, (X)Pp(P) = @u(P)Pp(X + P)Pp(X), (10)

where X, P are non-commutative variables with [P.X] = ﬁ Moreover, this equation can be reformulated into

a form of an integral identity, known as the integral analogoue of Ramanujan summation formula.

Moreover, Faddeev’s quantum dilogarithm is a non-compact extension of a compact quantum dilogarith,
which has found prolific use in the context of representation theory of finite-dimensional representations of Hopf
algebras, link invariants etc. Indeed, it is then not surprising that ®;, would show up in the related contexts,
but with a stress put on the non-compact or infinite-dimensional nature of the problems. Indeed, many elegant
integral identities for quantum dilogarithm, among them the so-called star-triangle relation, are the reasons

why the representation theoretical or field theoretical constraints put upon objects like 6j symbols or fusion

10



matrices are verified — they can be in fact reduced to the integral identities for Faddeev’s quantum dilogarithm.

The goal of this thesis is to focus on the study of Hopf algebraic structures relevant in the context of two
dimensional non-rational conformal field theory and Teichmiiller theory, with the special stress put on the
supersymmetric (or equivalently Zs-graded) case. In chapter 1, we will introduce the basic notions behind
Hopf algebras and quasi-triangular Hopf algebras, as well as present the quantum deformation of the usual Lie
algebras. We will also define the notion of Drinfeld and Heisenberg doubles, which provide the solutions for
Yang-Baxter and pentagon equations. In chapter 2, we recall the self-dual representations of U, (sl(2)), which
were shown to be relevant for one of the non-rational conformal field theories called Liouville theory, where
the associators were identified with the fusion matrix of the theory. In chapter 3 we introduce the Heisenberg
double related to U,(sl(2)) which was shown to be important in the construction of a quantised Teichmiiller
theory of Riemann surfaces.

Chapter 5 examines the representations of quantum plane algebra, which independently was shown to pro-

vide the construction of the defining objects of Teichmiiller theory.

With chapter 6 the part of the thesis discussing the supersymmetric, or Zs-graded, generalisations of the
results presented in the previous chapters opens. Those results are in fact our original work [29, 30] obtained
during the doctoral project of which this thesis is a fruit, and were not before hand shown to be true. The
basics of graded Hopf algebras and the quantum deformations of the Lie superalgebras are presented, and
the generalisation of Drinfeld and Heisenberg constructions are shown - this time with the relevant equations
replaced by their graded equivalents. In chapter 7, we study the self-dual representations of U, (osp(1|2)) and we
show that the fusion matrix of N = 1 supersymmetric Liouville theory corresponds to the 6j symbols relating
different tensor product decompositions of representations. In the following two chapters we study the graded
Heisenberg double and present the quantum superplane, which are thought to be relevant for quantisation of
the theory of super Riemann surfaces, i.e. super Teichmiiller theory. Lastly, the appendices summarise the
basics of Lie algebras and discuss the hyperbolic special functions and their integral identities which have been

used in the calculations from the body of the text.

11



2 Non-graded Hopf algebras

The algebraic methods have found their place in the toolkit of modern theoretical physics as its essential part,
especially in the context of the quantum theory. Quantum mechanics and quantum field theory use profusely
the representation theory of Lie algebras — it is used to define the crucial quantities appearing in the theories,
as well as a method to tackle the symmetries which are present. Especially in quantum field theory one knows
that the spaces of states form modules of particular algebras, like Virasoro algebra and affine Lie algebras in

the case of conformal field theory.

In this section we intend to present the basic notions concerning Hopf algebras, including the presentation
theorem and several well known examples. The Drinfeld double construction of quasi-triangular Hopf algebras
will also be given, as well as the related Heisenberg double construction — both of which will be illustrated by

relevant examples.

2.1 Quantum groups

In this section we present brief introduction to the nongraded quantum groups. For more detailed treatment

one can consult [1, 2, 3].

We will start by introducing the abstract notions of algebra and coalgebra and then follow up with the
definition of Hopf algebra, which marries those two objects in a self-consistent way. Among Hopf algebras
one finds the special class which distinguishes themselves by the existence of a special objects called universal

R-matrices.

2.1.1 Algebras and bialgebras

Let k be a field.

Definition 1 The unital associative algebra is a triple (A,m,n), where A is a vector space, m: AQ A — A is

a multiplication map and n : k — A is an unital map, such that the following axioms are satisfied:

m(m ® id) = m(id ® m), (11)
m(n®id) =id = m(id ®n). (12)

Definition 2 The counital coassociative coalgebra is a triple (A, A, €), where A is a vector space, A : A — ARA

is a comultiplication map and € : A — k is a counital map, such that the following axioms are satisfied:
(A®id)A = (id® A)A, (13)
(e ®id)A =id = (id ® €)A. (14)
2.1.2 Hopf algebras
Definition 3 A Hopf algebra is a collection (A,m,n, A €, S), where:

o (A, m,n) is an unital associative algebra, (A, A,€) — a counital coassociative coalgebra.

12



e A€ are unital algebra homomorphism (i.e. function f such that m(f ® f)= fm and fn=mn).
e The linear antipodal map S : A — A satisfies m(S ® id)A = m(id @ S)A = ne.

One can show (c.f. [2]) that the condition of A, e being unital algebra homomorphisms is equivalent to

the condition that m,n are counital coalgebra homomorphisms (i.e. functions f such that (f ® f)A = Af and
ef =e).

Proposition 1 Let A be a Hopf algebra, and S its antipode. S is a unital anti-algebra morphism and a counital
anti-coalgebra morphism (i.e. Sm =m(S® S)E and AS =X(S®S)A, where 3 : A A = AR A, X(a®b) =
b® a). PROOF: C.f. for example [2]. O

One can introduce the notion of a dual to a Hopf algebra.

Proposition 2 Let (A,m,n,A e, S) be a finite-dimensional Hopf algebra. Then (A*, A*, e*, m* n*,S*) is also
a Hopf algebra.
PROOF: One can use the standard algebraic bracket {,) : AQ A* — k. Then, multiplication azioms of m

correspond to comultiplication axioms of m*, and comultiplication axioms of A to multiplication ones of A*:
(m(m @ id)(a @b o c),d) = (m(1 @ m)(a @b o c),d),
(m @ id)(a @b c),m*(d) = {(1®m)(a® b c),m* (d)),
(a®@b®c,(m* @id)ym*(d)) = (a®@b® ¢, (1 @ m*)m*(d)).

fora,b,ce A, d € A*, and analogous for A. Unitality of n corresponds to counitality of n* and counitality of €

corresponds to unitality of €*. O

In the case of infinite-dimensional Hopf algebras, since in general A* @ A* and (A ® A)* are not isomorphic,

*

m* is not properly defined as a coproduct. However by more subtle consideration one can properly define the

duality in case of infinite-dimensional Hopf algebras (c.f. [4]).
2.1.3 Classical examples of Hopf algebras

One can consider the classical examples of Hopf algebras derived from a finite group G. Starting from a finite

group (G, one can construct two unital algebras:

e The function algebra F(G) = {f : G — k} with algebra structure:

(f1 +Af2)(g) = f1(g) + Afalg),

m(f1 @ f2)(g) = f1(g9)f2(9),
n(A) = Al,

where f,g € F(G),\ € k. One can endow this with coalgebra structures: a coproduct A : F(G) —
F(G) x F(G):

A(f)(g, h) = f(gh),

13



and a counit € : F(G) — k:

where e € G is the neutral element of G. Finally, the antipode is given by

S(f)(z) = f(z™h).

PROOF: One can easily show the associativity of m:

[m(m @ D](f, 9,h)(x) = [f(z)g(x)]h(z) = f(2)[g(z)h(z)] = [m(1 @m)](f,g,h)(x),
and the coassociativity of A:
(A DA, y,2) = A(f) 2y, 2) = f((xy)2) =
= f(z(y2)) = A(f)(z,y2) = 1 © A)A(f)(z,y, 2),
which follows from the associativity of multiplication in G. The axiom for the unit is satisfied as follows
m(f @n(A)(z) =m(f @ Al)(z) = f(z)A =
— A (@) = m(AL® f)(@) = m(n(A) @ f)(a),

and for the counit:

(1@ e)A(f)(z) = f(ze) = f(x) = flex) = (e @ DA(f) ().

Also one has to consider the consistency conditions for the bialgebra, among others:

A(fg)(z,y) = f(xy)g(zy) = A(f)(z,y)A(g)(w,y) =
= (A(f)A(9))(z,y),
n(e(f))(x) = fle)l(x) = fe)l = e(f)1.

The axioms for S are verified:

S(f9)(z) = flaHg(z™) =g(@™")f(a™") = S(g)(x)S(f)(2),
m(S@DA(f)(z) = fla™ )= fle) = flaa™") =

The group algebra k[G], where k[G] is a vector space freely generated by G with a product induced from

the product of G:
O A mnh) =D Agpnlgh),
g h g:h

where g,h € G, A € k (and the sums are properly defined because of the finiteness of G). One has a
coproduct A : k[G] — k[G] ® k[G]:
A()‘gg) = )‘gg ® g,
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and a counit € : k[G] — k:

The antipode is given by

One can define a duality between F(G) and k[G] by a non-degenerate bracket (,) : F(G) ® k[G] — k such
that (f,g) = f(g) is just an evaluation of the function, where f € F(G),g € G (with extention to k[G] by
linearity).

The bracket (,) indeed induces linear isomorphisms k[G] — F(G)*,g — (,g) and F(G) — k[G]*, [ — (f,).
Then two structures are dual to each other, i.e. F(G)* = k[G] and k[G]* = F(G). Using that one can transport
structures between F(G) and k[G] — one can show that algebra structures on one side correspond to coalgebra

structures on the other side of the bracket.

2.1.4 Quasi-triangular Hopf algebras

Definition 4 Let (A,m,n, A €) be a bialgebra. An invertible element R = Y . a; @ b; € A® A is called a

universal R-matriz if it satisfies

A°P(a) = RA(a)R™, (15)
(id ® A)R = Ri3Ria, (16)
(A ®id)R = Ri3Ras, (17)

where AP = ¥A,a € A,Ri2 = R®1,Ry3 =1® R, Ri3 =) ,a;, ®1®b; and ¥ is a flip map defined as in

proposition 1.
Proposition 3 For the universal R-matriz the quantum Yang-Baxter equation is satisfied

RiaR13R23 = RagRi3Rio. (18)
PROOF: One has

(BA) @id)R = (SA(a;)) @b = » _ RiaA(a;)Ryy @b; =

= Ri2 <Z Afa;) ® bi) Ry} = Ria((A®id)R)Ry, =

= Ri2R13Ra3 Ry,
and on the other hand
(BA)®@id)R = Yi2(A®id)R = X12(Ri3R23),
where Y190 = X ® id. Comparison gives the claim. O

Definition 5 Let A be a Hopf algebra. If there exists the universal R-matric R € A® A then A is called a

quasi-triangular Hopf algebra.

Definition 6 Let A be a quasi-triangular Hopf algebra. If A is noncocommutative, then A is called a quantum

group.
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2.1.5 Lie algebras g and the enveloping algebras U(g)

The basic notions about Lie algebras, like Cartan matrices and root systems, are presented in appendix A.
Let g be a Lie algebra. It has been shown by Serre that one can present any simple Lie algebra by the

generators and relations between them, which depend only on the choice of a Cartan matrix of g.

Theorem 1 (Serre presentation theorem) Let A = [A;;] be a Cartan matriz of the root system R of rank n.

Let g be the Lie algebra defined by 3n generators X;,Y;, H; and by the relations

[H;, H;] = 0, (19)
[X:,Yj] = 6i i Hi, (20)
(H, X;] = Ai; Xj,  [Hi, V)] = =AY, (21)
ad(X;)' ™49 (X;) =0, i#], (22)
ad(Y)' " (Y;) =0, i#j, (23)

where the two last conditions are called the Serre relations. g is a simple Lie algebra, with subalgebra §) generated

by the elements H; as a Cartan subalgebra; its Cartan matriz is A.

Example: si(2). One can choose A;; = 2,4, = 1. Then one has three generators H, X,Y, which satisfy

commutation relations:

[Xi7Yj] =H,
[Hi,Xj] =2X;,
(1, Y;) = —2Y,

These operators form the Chevalley basis and generate the Lie algebra si(2).
Definition 7 Let g be a Lie algebra. The universal enveloping algebra U(g) is an associative algebra for which:
e there exists a linear map ¢ : g — U(g) such that o([z,y]) = v(z)e(y) — t(y)e(z), 2,y € g;

e for every associative algebra A with a homomorphism j : g — A as above, there exists a unique homo-

morphism of algebras ¢ : U(g) — A such that j = ¢ o .

Theorem 2 (Poincaré-Birkhoff-Witt theorem) Let g be a Lie algebra andU(g) be a universal enveloping algebra.
Let {x;}_, be the basis of g. Then U(g) is infinite dimensional and a set {Hf:1 u(x)*}p_, a; € N is the basis
of U(g)-

Example: U(sl(2)) is generated by the elements i(X),(Y"),4(H). As a vector space, it has the basis vectors
of the form i(X)%i(H)(Y)¢, where a,b,c € Z>o. One has relations:

i(Y)i(X) = i(X)i(Y) —i(H),
1(H)i(X) =i(X)i(H) + 2i(X),
1(YV)i(H) = i(H)i(Y) + 2i(Y).
There exists an equivalent version of Serre presentation theorem for the universal enveloping algebras, which

is a direct generalisation of the presentation theorem for Lie algebras.
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Theorem 3 (Presentation theorem) Let A = [A;;] be a Cartan matriz of the root system R of rank n. Let g
be the Lie algebra defined by 3n generators X;,Y;, H; and the generators x;,y;, h; be the images of the former

in U(g). One obtains the associative algebra generated by x;,y;, h; with relations
hih; — hjh; =0,
Tiyj — Yivi = i jh,
hiz; — x;h; = Ay,

hiy; — yjhi = —Aijy;,

1—- Al 17Aijfk7 . .
(A a1
k=0
1-A;j

. 1- Al 1-A;j—k . .
> (—1)’“< " J)yi yiyy =0,  i#].
k=0

One can add that every representation p : g — EndV (where V is a vector space) extends uniquely to a
homomorphism p : U(g) — EndV. Conversely, every representation of U(g) restricted to g is the representation
of g.

2.1.6 g-deformations U,(g) of the enveloping algebras

Definition 8 Let k € N. The g-integer is

W, = ¢ — qflc'
T g—qt
More generally, for d € N/{0} one has
dk _ —dk
Mot = T
q~ —q-

Let [A;;] be a Cartan matrix of g. When A is not symmetric, there exist coprime positive integers {d;}7,

(where d; = %(ai,ai), where «; are roots) such that d;A;; = d;Aj;. One sets ¢; = q%.

Definition 9 The U,(g) is an associative algebra generated by x;,y;, Ki,Kfl with relations

KK '=K 'K, =1, (24)
KK; — K;K; =0, (25)
K2 _ K2
Ty — Yjri = 0 j————57—, (26)
qi — g,
A
Kiz; =q72 z;K;, (27)
Ayj
Kiyy; =q 72 y; K. (28)

Theorem 4 LetUy(g) be a algebra generated by x;, y;, K, K;l with appropriate relations. Then (Uy(g), A, €,.S)
with

A(K;) =K,; ® K;,

Alz;) =x; Q@ K; +Ki_1 x4,

Aly) =y @ K + K @y,

€(Ki) =1, e(x;)=e(y:) =0,

S(K:) =K' S(xi) = —qiwi,  S(yi) = —q; i,
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s a noncocommutative Hopf algebra.
PROOF: For A it is enough to show that Az;, AK;, Ay; satisfy the defining relations of Uy(g) and the azioms

for the generators are verified. For example:
A(K)A(z)) = (K © Ki)(2; @ K+ K ' @) =
=P K 0 KK+ g KUK © 5K =
— ¢ A A,
AK)Ay) = (K Koy © K+ K @) =
= q_%yjKi ® K;K; + q_%KjflKi @y K =
— g Ay A(K)).

[A:), Aly;)] = (i @ K; + K @ ai)(y; © Kj + K @ y;)—
— (Y 9K+ K @y) (1 0 Ki + K @) =
j J j j i
— i © KK+ y; K @ Ko + K ' @ g K+ KK @y =
= [2i,y,] © KiK; + K, 'K @ [, 3] =

0sj
=— (K}oK -K?@K;?) =
q—q
A(KG)? — A(K;) 2
=% q—q* '
The proof of other azioms is straightforward. O

Theorem 5 The (Uy(g), A, €, S) as above is a quantum group, i.e. there exists the universal R-matriz R.

For reference consult e.g. [2].

2.1.7 Examples of quantum groups

One can consider an example of quantum group relevant for future consideration, i.e. U, (sl(2)).

Example: U,(sl(2))
U,(s1(2)) is generated by K, K1 x,y satisfying relations:

KK '=K 'K =1,

:ry—yx:K:__q]fl_Q, (29)
Kz =qrK, Ky=q YK,
and with A, €, S such that
A(K)=K®K,
Alz) =20 K+ K '@,
Aly) =y K+K 'ay, (30)

(K)=1, ca)=-cly) =0,
S(K) =K', S@)=—qz, S(y) = —qy.
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In the future, we will be using a more convenient set of generators K, K, E* such that ET = iz, E~ = iy,
better suited to the study of non-compact versions of U, (sli(2)). In that case the commutation relations have
the form:
KK '=K 'K =1,
K? - K2
[EX BT = ———y, (31)
qa—4q
KE* = ¢*'E*K.
One can consider U(sl(2)) as a classical limit of U, (sl(2)). One can formally define K = e3"# ¢ = ¢/ and

take the limit A — 1, that is ¢ — 1. Then one has the following commutation relations
1 1
(14 5hH + OR*)E'T = (1+h+O(R*)ET(1+ ShH + 0(h?)),

[H,E*] = 2E* + O(h),

(L LhH + O(®)E™ = (L~ h+ O(W)E~(L+ ThH + O(1?))
[H,E~] = —2E~ + O(h),
and

1+ hH+O(?) =14+hH +0(R?)
1+h+0O(h?) —1+h+0(h2)

— —H+0(h),

[E+, E_] =

what indeed is nothing else than the commutation relations for si(2) (or U(sl(2))) in the ¢ — 1 limit. The other
structures have the limits as follows

Alu) =u®1+1®u,

e(u) =0,

S(u) = —u,
where v = H, E*.

Proposition 4 One can show that operator C which has the form
gK? 4+ ¢ 'K2-2

C=E"E"- TR (32)
is the Casimir operator for U, (sl(2)).
PROOF:
[C. K] = urEﬂK]f@i%jF@p@JQ+q*[K*Jqumkj:
= EKEY'(q¢'-1)+E KQ1-¢YET =0,
[C,ET] = [E‘E+,E+]—m(q [K*,ET]+q¢ ' [K 2 ET] -2[1,ET]) =
_ 1 2+ _ pe—2p+ _ 1 N2t (2
(c.E] = [E*E+,E*]—m(q[K2,E*]+q*1 (K2 B —2[L,E])=
1 — 72— pe—2\ 1 I A ) R e e
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Proposition 5 The classical limit h — 0 of the Casimir operator is as follows:

1 1 1
—EEt—-H?_Z-H_--
¢ 4 2 4

PROOF:
1 1
C = EE"- (1 + hH + §(hH)2 +OMm)) (1 +h+ 5h2 +O(h3))+

+u_hH+;wﬂf+mxm»u_h+;m44xﬁ»_2)x

1
“ArhtOm) —1+ht 022
1 1 1
= EE"—-H?>-_-H—- .
; JH -1 +0h)
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2.2 Drinfeld double

There exist various methods of obtaining examples of quasi-triangular Hopf algebras. In particular, Drinfeld
presented a construction which allows to acquire a quasi-triangular Hopf algebra starting from an arbitrary
Hopf algebra.

Starting from a pair of Hopf algebras (which are dual to each other with respect to the usual bracket) one can
construct a larger Hopf algebra, which contains the starting pair as Hopf subalgebras. The specific extension of
multiplication and comultiplication of subalgebras to the entire Hopf algebra ensures the existence of a universal

R-matrix.

Definition 10 Let A and A* be a pair of dual Hopf algebras generated by basis elements E,, E¢, o € I

respectively with multiplication and co-multiplication

E.Es = m] 4B, (33)

A(Bo) = py Eg © B, (34)

S(Ea) = SaEp, (35)
and

E“EF = pSPEY, (36)

A(E*) =mSyE° @ BV, (37)

S(E*) = (S™")5E". (38)

One can define the Drinfeld double D(A) as a vector space D(A) = A® A* with basis elements E, ® EP which
satisfy the double’s defining relations

(Ba ® 1)(Eg ® 1) = m] ,(Ey ®1), (39)
19 EY)(1®E’) =p’(1e E), (40)
(1@ B*)(Eg ©1) = (S~ )gus” ufrmi,mi(E, @ 1)(1® E°), (41)

and coproducts and antipodes inherited from A and A* in usual way. Alternatively, instead of the last equation

one can use

pSmb (B, @ 1)(1® E°) =mb 11 (1® E)(E, ® 1),

as a defining formula.

It is clear that the Drinfeld double defined as above is a Hopf algebra, however, we want to show something

more — that it is a quasi-triangular Hopf algebra.
Theorem 6 Consider the canonical element R = (E, ® 1)(1 ® E*. R satisfies Yang-Baxter relation
Ri2R13R23 = RozRi3Rio. (42)

PROOF: With a slight abuse of notation, allow us to denote element E, ® 1 just as E, and 1 ® E% just as E“.
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Then, using the definition of R one has

RisRi13Ry = (B, @ E*® 1) (B3 @ 1@ E°) (1@ E, @ EY) =
= EoEs ® E°E, ® E°E" = E,  mi 1) 'E°E, @ EF =

(o3

= B, @ mG u)’ B B ® Ef = m§,E, ® E,E* @ )’ E° =
=E3E, @ E,F*®@E'E’ = (10 E,® E") (B3 @12 E°)(E,® E*®1) =

= R23R13R12 .

Let us illustrate this construction with an example. Previously we cosidered the g-deformed universal
enveloping algebras of Lie algebras, in particular U, (sl(2)). It is possible to construct it as a Drinfeld double
of the the Borel half U,(B) of Uy(sl(2)), which we will take as the algebra A. Let us begin from the elements
H, F satisfying the following relations

[H,E|=E,
A(H)=H®1+1®H,
AE)=E® +1®E.

Additionally, let us set ¢ = e~". Then, the algebra A will have basis elements of the form
1

Em,n _ HmEn7

ml(q)n

where the g-factorial in the normalisation is defined as

(@n=>10—-4q)...(1=¢"), n>0.

The multiplication and comultiplication for those elements can be found from those for the elements H and E

and has the form

l . .
m+3\ (m+k\ (-n)7
B =2 )( k >q<ly>! ek

Jj=0 J
A(Enm) = Z Z Z ( k p) (m—=0PWPE; km—1 @ Erypy,
k=0 1=0 p=0

where the quantum Newton symbol is defined as (Z)q = %. Now, let us consider the dual algebra A*.

It is generated by the elements H, F' satisfying

[FLF] = —hF,

AH)=H®1+1®H,

A(F)=Fge T +10F,
and the basis elements have the form

E™™ = H"E™
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The multiplication and comultiplication for the above have the form

Em,nElk Z() ljhl jEIWL+j1’L+k
7=0
n m oo
nm m_|_l)P n—k,m—I1 k+p,l
awm =35 () (7) S e et
k=0 1=0 p=0

It is clear that the bases {E,, ,} and {E™™} are dual to each other in a sense that the map E,, ,,, — (E™™)* is
an isomorphism of Hopf algebras and the multiplication and comultiplication coefficients are given explicitely

by

l . .
r,s _ m—+ J n+ k (_n)l_J _
S o ()| P R

7=0
_ r n+k\ (—n)-rtm
B (rm)( k )q(lr+m)!@(r_m>®(l_r+m)657”+k’
1
: l .
’u:rjs,n,l,k = Z () (M) IR I8y i 0smak =
i=o M
l l—rtmpl—r+
— rtmpl—r+m o I — 5911 '
(T—m> (n) O(r —m)O(l —r+m)ds nik

Then one can show that Drinfeld double is isomorphic to the g-deformation of U(sl(2))
Uy(sl(2)) 2 D(U,(B))/(H — hH).

Now one can consider the universal R-matrix. Using the formula for a canonical element of the Drinfeld double

we obtain
R=exp(H® H)(E® F;q),

where one uses the fact that

a2 = [

2.3 Heisenberg double

The Drinfeld double construction allows one to construct the solution to the Yang-Baxter equation, which in
this case is an universal R-matrix. However, there are more interesting and physically relevant equations for
which algebraic methods of constructing solutions would be extremenly useful. In particular, one of them is the

pentagon equation.

In the same way as the universal R-matrix in the case of Drinfeld double, the Heisenberg double is defined so
that the existence of a canonical element satisfying the pentagon equation is ensured [6]. However, even though
the starting point in both constructions are the same, the Heisenberg double is only an algebra, and not a Hopf

algebra. Nonetheless, those two notions are indeed related, which will be specified more precisely below.
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Let A be a bialgebra spanned by the basis vectors {e, } with the following multiplication and comultiplication:

Cas = M5y, (43)

Alea) = e ® e (44)
Moreover, the bialgebra A* spanned by the basis vectors {e*} with:
evef = ,uﬂywe'y, (45)
Ae®) =m§, e’ ® e, (46)
and is dual to A with respect to a duality bracket (,) : A x A* — C such that
(€a,e?) =67,
and it preserve the algebraic structures

(ea,€”e?) = (Aleq), e’ ®e7),

(eaes; e”) = (ea @ ep, A(e”)).

Definition 11 The Heisenberg double H(A) is an algebra s.t. as a vector space H(A) = A ® A* generated by
the elements {e, @ €8}, a, B € I, with multiplication

(ea ®@1)(epg @1) =m4(e, @ 1), (47)
(1®e*)(1®eP) :,u?‘/ﬁ(l(XJeW), (48)
(ca®@1)(1@e”) =mh p7 (1@ e)(er @ 1). (49)

Theorem 7 Then the canonical element S = e, ®1Q@1®e™ € H(A) ® H(A) satisfies the pentagon equation
512513523 = S23512.
PROOF: Let us denote eg @ 1 as eg and 1 ® €7 as e”. Using the definition of the canonical element

512513523 = (e ®e* @ 1)(eg @1 ® eﬂ)(l Rey®eT) =eqep@e‘ey, ® ePel =
=m{ge, @eey @ e’ =e,® mfwugveaew ®e? =e,Re,e’ e’ =

=(1®e,®e’)(e, ®e” ®1) = S33512.

Let us consider some Heisenberg algebras as examples.

e Consider the Hopf algebra of monomials A with a basis {e, }, n € N s.t.

T

m
€m = >

m'

n+m
En€m = n Cn+m;

A(en) - Zen—k} & €k,
k=0
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where ("1"™) = (ntm)! and the Hopf algebra A* with a basis {e"}, n € N s.t.

nlm!

e =z,

enem — ener,
~ n

Ae™) = E <k> " @ ek
k=0

Then, the Heisenberg double H(.A) is generated by the basis elements {e,, ® €™}, n,m € N s.t.

(en ® 1)(em ® 1) = (” ;m) (entm ® 1),

leemloe™) = (1",

(en ® 1)(1 ® em) _ Z (nril S) (1 ® €7n—n+s)(es ® 1)
s=0

In particular,

The canonical element has the form

S =exp(z ® I).

Now, consider the Borel half Uy(B) of Uy(sl(2)) as the algebra A. It is generated by the elements H, E

satisfying the following relations

[H,E|=E,
A(H)=H®1+1®H,
AE)=E@"" +1®E.

As usual ¢ = e~". The algebra A will have basis elements of the form

1
Emn = '7HmE”.
m!(qQ)n
The multiplication and comultiplication for those elements has the form

l . 1—i

m—l—j) (n—i—k) (—n)t=a

Em,n€lk = . 7~y Em+j,n+k>
;0 < j ko), =3t

n m

Aenm) =333 (’“ :p> (1 — DPPen o1 ® exan.

k=0 1=0 p=0
The dual algebra A* is generated by the elements H, F' satisfying
[H,F] = —hF,
AH)=H®l+1oH,
A(F)=Fge T +10F,

and the basis elements have the form

e = H"F™.
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The multiplication and comultiplication for the above have the form

l
mnlk § () ljhljm+]n+k

7=0
zn:ii ( ) ( ) mp;l— l)penfk,mfz @ kPl
k=0 =0 p=0 q :

By inspection is it clear that the bases {e, ..} and {€"} are dual to each other. From the relation (49)

one finds the rest of the commutation relations
HH =1+ HH,
EH = HE,
HF — FH = —F,
EF —FE=(1-¢q)q".

The canonical element in this case has the form:

S =exp(H® H)(E® F;q)2)

It was previously stated that the Heisenberg double H(A) is an algebra, but not a Hopf algebra — it follows
from the fact that the coproducts inherited from the Hopf algebraic structure of A and A* are not algebra
homomorphisms of the multiplication on H(.A). This is a substantial difference between the Heisenberg double
and the Drinfeld double. However, one can realise the Drinfeld double as a subalgebra of the tensor square of

Heisenberg algebras.

Let H(A) be a Heisenberg double from definition 11. Moreover, let us define another Heisenberg double
H(A) generated by basis vectors {é, ® és}, a, 8 € I with

(o ®1)(Es®1) =m]4(&, @ 1),
(leeM)(lee)=pflee),
(1®e)(Ea®1) =p'ml, (6, ®1)(1® ),

Theorem 8 The canonical element S = é, ®1®1® > for the I~{(A) satisfies “reversed” pentagon equation:
S12823 = S53513512.

The Heisenberg algebra defined above together with the one from the definition 11 will allow one to make a

connection to the Drinfeld double. Let us denote eg ® 1 as eg and 1 ® e” as e” in the subsequent.

Theorem 9 The Drinfeld double D(A) is realised as a subalgebra of H(A) ® H(A) generated by the elements
{E, ® EP} s.t.

E,=uDes®é,, (50)
E* =mJ Poer. (51)
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PROOF: One ought to show that the double’s defining relations (39)-(41) are satisfied. Using the compatibility
condition:

Aom=mem)(id®Tid) (A A),
where T(a ® b) = b ® a, which on coordinates reads

[ed

5
mlﬂ/""yp = /‘Laeﬂggmgnmgg )

one shows:

EoBEg = plf pg (ex @ €,)(eq ® E7) =

= o 1G exes ® Epbr = uglugTmh,my e, ®é, = ngﬂﬁjyeu 26—
=masEy,

E°EP = mgﬂm;@_’a(eﬂ ®E°)(e” ®ET) =

[

_ o B _m o ~p=T
=Mmymrse e @e'e =m,,

P
=13 7,

B TOPT B sy 5V — oY OBl BV —
m'ralu’p, p’u € ®6 *mu/uu"y € ®6 -

and in addition using associativity and coassociativity:
(A®id)A = (id @ A)A,
P ub” = ) us’
m(m ® id) = m(id @ m),
miﬁmgv = mg(;mgw

it can be shown that

pemh e B = pgmf ugd (e; © &;)myy (e* @ &) =

— V9B 80P k95 T 5 5l 0v,,i] B ..p k  gs_r - sl
= pg mi g mymy e es @ €€ = (ug g ) (m myy )my i e"es @ €€ =

_ o, jy B 14 k ,9s_r ~~l _ o, B k ,9s_r IVan P 5 .50\
= (o )(mpkmyl)mrgui €'es ® €€ = pg mymy ;e es @ (] m,€;é ) =

= () (moymby)emes @ 8, = (gl us?) (mif ;mb, ) (e @ &) (es @ &) =

= pgimily (mf,e” @ &) (i ey © &) = ufimil, BV ;.
which is exactly what we set out to prove. (]
Moreover, the universal R-matrix can be expressed in this case by elements 5, 5,8 =, @e*, 58" = e, @™

Ris31 = 574513524555
PROOF: Using the definitions of canonical elements and multiplication and comultiplication on H(A) and H (A)

5718135248 = (e @110 &) (s 210 @1)(12E, 010106 R ®1) =
=eq63 ® €465 @ ePel @ %Y = mapea ® ngéb ® ,uf‘sec ® ug"yéd =
= (45ea © &) ® (m.e® @ &%) = By @ E* = Rz .

which gives the claim. O
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3 Representation theory of U, (sl(2))

3.1 Self-dual continuous series for U, (sl(2))

The goal of this section is to introduce a continuous series of representations of U,(sl(2)) that has first appeared
in a paper by Schmuedgen [31]. A self-dual class among these representations has been discovered by Faddeev
[32] and later was analysed by Ponsot and Teschner [12, 13] in the context of Liouville theory.

Let us remind the defining relations for the g-deformed universal enveloping algebra U, (sl(2)) of the Lie

algebra sl(2) introduced in previous section. It is generated by the elements K, K ', E*, with relations

KE* = ¢*'F*K, (52)
K2 _ K72

EYE )= —— 53

[ ] R (53)

where ¢ = ™’ is the deformation parameter. The deformation will be parametrised by a real number b so
that ¢ takes values on the unit circle. Given such a choice, the Hopf algebra comes equipped with the following

*_structure

K" =K ,
(54)
(E%)* = E*.
The tensor product of any two representations can be built with the help of the following co-product
AK) = K@K
(55)

A(E*) = E* @K+ K '@ E* .

Let us as well remind the form of a quadratic Casimir element C' of U, (sl(2)) which reads

qK? + ¢ 1K= +2
(g—q1)2

Now we will proceed to study a class of self-dual representations of Uy (sl(2)). It is parametrized by a label «

C = ETE" -

taking values in % +iR, where (@ is related to the deformation parameter through @ = b+ %. The carrier spaces
P, of the associated representations consist of entire analytic functions f(z) in one variable z whose Fourier

transform f (w) is meromorphic in the complex plane with possible poles in
So={w=+i(a—Q—nb—mb ');n,mez"}. (56)
On this space, we represent the element K through a shift operator in the imaginary direction,
To(K) = e?0% = T2 (57)
By construction, the operator 7% defined in the previous equation acts on functions f € P, as
Tpf(z) = f(z+a). (58)

The expressions for the remaining two generators E*+ are linear combinations of two shift operators in opposite

directions ‘ " ‘ "
eim’ba T% _ e:Fzﬂ'ba T—%

To(EE) = eF2mbe = F2™[(21)710, + &)y . (59)

qg—q!
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Here and in the following we shall use the symbol & to denote & = @ — o and we introduced the following
notation
sin(7bz)
x), = ——==. 60
s sin(mh?) (60)
The representations 7, are self-dual in a following sense: let us define a second action 7, of Us(sl(2)) with
G = exp(im/b?) on the space P, through the formulae (57) and (59) with b replaced by b~!. Then, those two

actions 7, and 7, commute with each other.

3.2 The Clebsch-Gordan coefficients for ,(sl(2))

The action 7y, ® Te, of the quantum universal enveloping algebra U, (sl(2)) on the tensor product of any two
representations 7., and m,, is defined in terms of the coproduct. Such a tensor product is reducible and its
decomposition into a direct sum of irreducibles is what defines the Clebsh-Gordan coefficients. In this case at
hand, one has the following decomposition,

e
Pay @ Py =~ / dag Pqy.-

9 iR+

We will provide the explicit expression and derivation of the homomorphism

Q3 Qi
T3 T2 T

f(l‘g,.%‘l) — Ff(()(3,$3) = /Rdmdxl |: :| f(xg,an) .

Here, f(x2,21) denotes an element in P,, @ P,, and Fy(as,x3) is its image in Pq,. In order to state a formula

for the Clebsch-Gordan map, we build

oy S(2)
D(za) = Szt )’ (61)

from the special function Sy, see appendix B.1 for a precise definition, and we introduce
. 1. _ _
zo1 = 1x12 — Q + 5(2043 +a +ag),

. 1, _ _
z31 = i%13 + §(a1 —ag),

. 1, _ _
232 = 1232 + 5(02 — as),

where &; € /2 + iR is defined as before and we used z;; = ; — z;. The symbols «;; stand for

a1 =0 + g + a3 — Q,
azr = Q + a1 — ag — as,
agng—al—Fag—ag.

With all these notations, we are finally able to spell out the relevant Clebsh-Gordan coeflicients [13],

a3 02
|: 302 1:| = ND(ZQl;()é21)D(223;QQB)D(213;Q13) ) (62)
Tr3 T2 I
where
T
N = exp l:—2(043043 — Qlagug — 541041) . (63)

Let us note that this product form of the Clebsch-Gordan coefficients is familiar e.g. from the 3-point functions
in conformal field theory which may be written as a product. Although the representations we study here are
not obtained by deforming discrete series representations of si(2), i.e. of those representations that fields of a

conformal field theory transform in, the familiar product structure of the Clebsch-Gordan coefficients survives.

29



3.2.1 The intertwining property

The fundamental intertwining property of the Clebsch-Gordan coefficients takes the following form

oy (X) |

i) RV LRSS o
for X = K, E*. The equation should be interpreted as an identity of operators on the representation space
P, @ Pa,. While the operators K and E* may be expressed through multiplication and shift operators, the
Clebsch-Gordan map itself provides the kernel of an integral transform. With the help of partial integration,

we can re-write the intertwining relation as an identity for the integral kernel,

Q3 Qg O

Moy (X) [ ] = (Tay ® Tay ) AL(X) {“3 a2 0‘1] , (65)

T3 T2 L1 T3 T2 L1

where the superscript ! means that we should replace all shift operators by shifts in the opposite direction, i.e.
(Ti*) = T and exchange the order between multiplication and shifts, i.e (f(x)T:%)" = T, f(x). In this
new form, the intertwining property is simply an identity of functions in the variables z;.

One can check eq. (65) by direct computation. This is particularly easy for the element K for which eq.
(65) reads

ib [ (ya (vo (¢ —ib___ib | (yg Qi (¢

ng |: 3 a2 1:| _ T122TLE12 |: 3 &2 1:| . (66)
T3 T2 T T3 T2 T

Since the Clebsch-Gordan maps depend only in the differences x;; we can replace T, = T12T13 etc. where T;;

denotes a shift operator acting on x;;. Consequently, the intertwining property for K becomes

e ) .

@ ib | ag g 0
2 2
Ty5% Ty
T3 T2 T

ib _dib _ib _ ib
= T2 2T 27T 2
12 -23 12 13 T3 To T1

which is trivially satisfied since all shifts commute. This concludes the proof of the intertwining property (65)

for X = K.

For X = E™ the check is a bit more elaborate. Using the anti-symmetry [—z];, = —[z]s, of the function (60)
and the property 9% = —0, of derivatives, we obtain
ag g o
€2be3[513+043]b|: 3 Q2 1:| _
L3 T2 T1
b | g (g & —ib fag o«
_ [612 _ d2]b 627'rb.”1:2 TT? |: 3 (2 1:| _ [6x1 — & b€27rb.’1:1 TzQ D) |: 3 G2 1:| )
T3 T2 T1 T3 T2 T1

where 0, = (27r)710,. After a bit of rewriting we find
[e”b(o‘lo‘2)/2[—ix21 +Q-— %(@2 + &1)]bT2“1’T2ig
+ e7mbEa e imb (@t a2 gy 4 Q + %(073 — a3 Ts3
—e T ImbQ g1 piTb (G2 +aa) /2oy 4 1(542 - 043)]1)} l:Oég “ al} =0.
2 3 T2 X1

Now, because of the shift properties of the function Sy, see Appendix A.1, we have

b Sb(—ix + aq) _ [—iz + a1]p Sp(—iz + a1) 41
T Sp(—ir+az) [—iz+ ag, Sp(—izr+az) T

With the help of this equation it is easy to check that our Clebsch-Gordan coefficients obey the desired inter-

twining relation with ET. For the intertwining property involving X = E~ one proceeds in a similar way.
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3.2.2 Orthogonality and Completeness

The Clebsh-Gordan coefficients for the self-dual series of U, (sl(2)) satisfy the following orthogonality and com-

pleteness relation
/ dagday [§29201]" [a2] = |Sh(2as)|26(as — B3)d(x3 — ys3), (68)
R

/ d%/H@wamgF@xxrﬁmﬁﬂ:&m—mwwrwn. (69)
9 1iR+ R

In writing the first equation we have assumed that i(Q/2 — ag) > 0 and i(Q/2 — B3) > 0. Without this
assumption, there would be a second term on the left hand side involving the delta function 6(Q — as — B3).
Except for the normalizing factor on the right hand side of eq. (68), these relations follow from the intertwining
properties of Clebsch-Gordan maps. We shall discuss a derivation of eq. (68) in some detail. This will allow us
to skip over some painful details later when we discuss the corresponding issues for the deformed superalgebra.
In order to compute the integral on the left hand side of eq. (68) we shall employ a star-triangle relation for
the functions Sy, along with several of its corollaries. All necessary integral formulae are collected in Appendix
B.1.!

Before we proceed proving the orthogonality relations, let us point out that the equations (68) involve
products of the Clebsch-Gordan kernels. Since these are distributional kernels, one must take some care when
multiplying two of them. Following [13], the strategy is to regularize the Clebsch-Gordan maps through some
€ prescription, then to multiply the regularized kernels before we send the parameter € to zero in the very end
of the computation. For the problem at hand, one appropriate regularization takes the form

{043 Qg (1

€ € 3e € €
:| = ND(ZQl —+ —; Q21 — *)D(Zgz —+ €; Q32 — f)D(Zgl —+ —; Q31 —+ *), (70)
Tr3 T2 T e 2

2 2 2 2

with the same normalisation (63) as above. Our prescription is different from the one used in [13].

Inserting the regularized Clebsch-Gordan maps into the orthogonality relation (68), we obtain

* S ) 7; — —
/ded:m [043 o al] [BS . al] Zn/dxzdml b(Ziz +Q = 5@ + @) X

T3 T2 T3 Y3 T2 T1 Sp(—iza1 + Q — 3 (G2 + @1))

1, _- € 1 €
X Sp(—iza1 — Q + 5(253 + a1+ ag) + 5) Sp(ira +Q — 5(2@3 +ar +ag) + 5) X

. 1, _ _ . 1,_ _ _
X Sp(—i(x1 —y3) + Q + 5(041 — B3 — 2a2) — €)Sp(iz13 — 5((11 — a3 —2a3) — €)%

(B —an) + 5)

. 1, _ € .
X Sp(—iz13 + 5(043 — 1)+ 5) Sp(—i(xy —y3) — 3

. 3e - - 3e .
x D (2’32 + €, 32 — 5) D(2’32 + €, Q30 — 5) =: Il .

In writing this expression we have expressed all the D-functions that contain some dependence on the variable
21 in terms of Sy, see eq. (61). We brought all but three of the S}, functions to the numerator with the help of
the property Sgl(x) = Sp(Q — ). In taking the complex conjugate, we used that the variables z;,ys and our
regulator e are real. The labels a; and 33, on the other hand, satisfy af = &; = Q — a; and 85 = B3 = Q — Bs.
Finally, we introduced N ,Z32 and d&3o. These are obtained from N, 233 and a3y by the substitution z3 — y3

and a3 — f3. The constant prefactor 7 is given by n = NA.

LOur derivation resembles a similar calculation for the undeformed group SL(2,C) performed by Lev Lipatov in [43].
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Before we continue our evaluation of the integrals we note that the fraction of S-functions in the first line
of the previous equation cancels out. Hence, we are left with a product of six S-functions that contain all the
21 dependence of the integrand. It turns out that we can actually evaluate the x; integral with the help of the

following star-triangle equation, see e.g. [20],

3
/ o [ Solian +20)So(ier +6) = T[ Solre 44 (71)

i=1 ij=1
which holds as long as the arguments on the left hand side add up to @, i.e. if

3

> (i+6)=Q,

i=1
It is not difficult to check that the arguments which appear in our formula for I{ above satisfy this condition.
Hence, we can perform the integral over z; to obtain
S (—1( 3—333)4—%(543—83)4-6) Sb(5é3+072—071—§)
Sp(—i(ys — x3) — 5(as — Bs) +2€) Sp(Bs +az — a1 + §)

If =nSy(Bs — &z +€)

) Sp(—i ($2*y3)+1(a2*53)+6):
)) ( Z:L'23+Q+ (0427043)* )

/d Sp(—iza3 — Q + 5(203 + @a + as) + €
2Sb( (w2 —y3) + (203 + az + fB3) — €

Su(—i(ys — x3) + (s — fB3) + )Su@+ar4h_9x
S(—i(ys — x3) — 5 (a3 — B3) + 2€) Sp(B3 + a2 — a1 + 5)

/di Sp(T+ &1 4 €) Sp(T — &1 +¢€)
i Sh(Q@+T+E&E —€) Sh(Q+T—E—¢)

In the first step we evaluated the right hand side of the star-triangle relation (71) and we expressed the remaining

=nSh(Bs — as +¢)

=15 .

two D-functions that appear in I{ through the functions Sy,. After these two steps, the formula for I§ should
contain a total number of 9 + 4 = 13 functions Sy,. It turns out that four of them cancel against each other so
that we are left with the nine factors in the first two lines of the previous formula. In passing to the lower lines

we simply performed the substitutions

T = 711‘2+d2/2*l(z3+y3)/27Q/2+ (B3+O_‘3)/4a

1= —%(93 —x3) + 2(333 +as) — %7

§2=£ y3—$3)+%(33+3d3)— 9

2( 2
In this form we can now also carry out the integral of the variable 7 using a limiting case of the Saalschiitz
formula, see Appendix B.1, to find
Sp(—=¢— —v+e€) Sp(az+as—ar—5) "
Sp(2e =€) Sp(y+az+ay—ar+5)

_ime_g, Ob(26 — &) Sp(2¢ + £ )Sp(2e — €4 ) S (2e + &4)
Sb(4€)

IS = nSp(v+¢€)

X e

where v = 85 — a3 € iR and
. 1 .
5—152*5111(113*503)*576%&

o =&+6 =0F+as—QeiR\{0}.
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Having performed both integrations, it remains to remove our regulator e. The most nontrivial part of this
computation is to show that

lim Sp(€+7)Sp(e—&- —7)Sp(2e + &)

lim S = §(im)sic_) . (72)

A full proof is given in Appendix C. The remaining factors in I§ possess a regular limit. In particular we find

1 _
lim Sp(2e — €4)Sp(2e +&4) = =|S,(Bs + @& -2 73
0 ( "r) ( "r) Sb(Q+£+)Sb(Q7€+) | ( 3 3)| ( )
Finally, for the normalisation factor = N'A” we obtain
n= e_%r(o?sag—@zaz—071a1)e%'(53[33—o72a2—5¢1a1) _ 6_%7(7+2@3_Q),

Putting all these results together we have shown that

*
asz Qg 041} {53 Qs 041} _
€ €

e—=0 T3 T2 T1 Y3 T2 T1

lim [ dxodz; [

Cing_g, € 10207 Sy (ay + @z — )
_ imée

- 505 7 59 Soly T Ga + 3 — ) UMOGES)

= [Su(B3 + a3)|20(i(Bs — az)d(ys — x3)

This is the orthonormality relation we set out to prove. The proof of eq. (69) can be also be worked out,
following the helpful comments in [13]. An alternative proof of the orthonormality and completeness relations

was published recently in [45] and [46]. The latter is particularly elegant.

3.3 The Racah-Wigner coefficients for /,(sl(2))

The Racah-Wigner coefficients describe a change of basis in the 3-fold tensor product of representations. Let
us denote these three representations by m,,,7 = 1,2,3. In decomposing their product into irreducibles m,,
there exists two possible fusion paths, denoted by ¢ and s, which are described by the following combination of

Clebsch-Gordan coefficients

o [ag 042] (2a;73) = /dxt [0@ o Oll:l |:04t o a2] ’ (74)

g O Ty Tt T1 It T3 T2
o5 [as 042] (wa;7i) = /dxs [ou; as ozs] [ozs g a1} , (75)
S lagar |, T4 T3 Ts]|, [Ts T2T1],
which are related by
o, [0 o = [aaisianpx [0t 0, [0 (i), (79)
g O € Qy O Ty Qg 1 €
where the above kernel x is related to 6j symbol by
Qg Qs Ty a1 a3, Qs -2 ’ /
= Sp(2 0(ay —ay)d(xy — x4). 7
oo {22} Iswenl 26t~ agoleh o) )

The regularization we use here is the same as in the previous section. From the two objects ®* and & we

obtain the Racah-Wigner coefficients as

*

N [a4 o x4] ~ im dsxiq)gt [33 az} (xil;xi)q)zs [ag 042] (z4525). (78)

ol oy T e—0 ' o oy o

€
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After inserting the concrete expressions (70) for the regularised Clebsch-Gordan coefficients one may evaluate
the integrals to obtain [13]
o1 a3 ag 25 (a4)Sb(a1)
= SRy ———F= x
Laonlon ), = @0 NS

y / dat Sb(’LL4 + t)Sb(fL4 + t)Sb(U3 + t)Sb(’&:), + t)
& Sb(uas +t)Sp(tas + t)Sp(2as +1)SH(Q + 1)’

(79)
where the four variables a; are associated with the four Clebsch-Gordan maps that appear in egs. (74) and (75)
ar=a1 —opt+ag az = Qg — ag + oy,
a3 =03 — 05 + 0y, a4 = Q2 — 01 + g,

and similarly for the remaining set of variables,

Ug =g +a;—az Uy = Qg + Q1 — g,
U3=QS+Q4—Q3 s 113:&34—04—5[3, (80)
U2z = Qg+ + g — U3 = Qs + Qy + g — g .

The derivation of eq. (79) from eq. (78) is in principle straightforward, though a bit cumbersome. One simply
has to evaluate the integrals. The integrals over the variables z;,¢ = 1,2,3, are performed with the help of
Cauchy’s integral formula. The resulting integral expression involves delta functions in both the difference
ay — o and x4 — 2. Hence the integrals over z); and « are easy to perform at the end of the computation.
So, let us get back to the integrals over x;,7 = 1,2,3. It is convenient so start with x;. In order to perform
the integration, one needs to keep track of all the poles in the integrand along with their residues. Since the
functions ®* and ®* are ultimately built from S}, through equations (61), (70), (74) and (75), this step only
requires knowledge of the poles and residues of Sy,. All this information on Sy, can be found in Appendix A.1.
Once the integration over x; has been performed, one focuses on the variable x3. There are a few poles that
have been around before we integrated over z;. In addition, the integration over x; brought in some new poles
through the usual pole collisions (pinching). These must all be accounted for before we can apply Cauchy’s
formula again to perform the integration over x3. Similar comments apply to the final integral over x5. Many
more details on this computations can be found in section 5 of the paper by Ponsot and Teschner [13]. Let us
stress again that no fancy identities are needed at any stage of the calculation.

After these comments on the derivation of eq. (79), let us list a few more properties of the Racah-Wigner

symbols. To begin with, they can be shown to satisfy the following orthogonality relations

ay Qg & * a1 Oy,
[ dadsizan? ({2005 ) {000 < isieaRse - o)
QiR+ az oy B b Q3 0y Qg )y
As a consequence of their very definition, the Racah-Wigner symbols must also satisfy the pentagon equation
/ ddl{a1a2|ﬁ1} {0415132} {a2a3|51} :{310¢3|52} {041042|ﬂ1}
9 iR+ az oy 61 b L& Q5 Y2 )y (G472 Y1)y Qg Q5 Y1)y (71 Q5 72 )y .

More recently, Teschner and Vartanov found an interesting alternative expression for the Racah-Wigner coeffi-

cients [47]. We will discuss this representation in the following section.
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3.4 Teschner-Vartanov form of Racah-Wigner coefficients

In this section we will start from a recent integral formula for the Racah-Wigner symbol of a self-dual series
representations of U,(sl(2)) with ¢ = ™" which was presented in [47] and was shown to agree with formula
(79) for the Racah-Wigner symbol of U, (sl(2)) that was established by Teschner and Ponsot [12, 13].

This symbol turns out to simplify when the representation labels a = Q/2 + iR, Q = b+ b~!, assume a
value —2ab~! € N. In fact, it can be written as a sum over finitely many pole contributions. We compare the
resulting expressions with the formulae for Racah-Wigner coefficients of finite dimensional representations of

Uy(sl(2)) and find complete agreement, at least up to some normalisation dependent prefactors.

Let us begin our discussion by reviewing the formulae for the universal Racah-Wigner coefficients of U, (sl(2))

which were proposed by Teschner and Vartanov [47]

Gm % U Aan, an, as)A(as, as, ag)Aay, a3, a2) Aoy, ar, 1) (81)

Qi

Q2 Oy

X / du Sy(u — a12,) Sp(u — vg34) Sp(u — a3e) Sp(u — v1pa)
C
Sp(a1234 — u) Sp(asing — u) Sp(asiaa — u) Sp(2Q — u),

where

Sp(a12s — Q) ) 5 .

A =
(a3, a2, 1) (Sb(au — ag) Sp(aas — a1) Sp(azr — az)

(82)

The contour C crosses the real axis in the interval (%, 2Q)) and approaches 2@ + iR near infinity.
Let us begin our analysis of the Racah-Wigner symbols (81) with the prefactor of the integral in the first

line. Insertion of the definition (82) gives

Alar, ag, ag)Alas, as, aa) Aoy, as, az) Ao, o, o) = (83)
_ ( Sp(a12s — Q) Sp(as3s — Q) )é y
Sp(on2 — o) Sp(aos — a1) Sp(ans — az) Sp(ass — a) Sp(ass — ag) Sp(ass — az)
" ( Sp(a23t — Q)Sp(a1a — Q) >é
Sp(aaz — o) Sp(ar — az) Sp(asy — a2) Sp(ara — ay) Sp(ony — o) Sp(ous — 1) )

We observe that the prefactor vanishes each time one of the external weights approaches a degenerate value

a; — f%b — g—; where n,n’ € Z>¢, and one of the intermediate weights may be obtained by fusion of «; with

the degenerate weight, i.e.

sb & tb  t
045%043-7572—1), or at%akfgf?b, (84)
s,t€f{-n,—n+2,...,n}, st e{-n',—n"+2,...,n}.

As we shall show below, the full Racah-Wigner symbol does not vanish for these special values because the
integral in eq. (81) contributes singular terms such that the limit of the Racah-Wigner symbols is finite and
non-zero.

In order to see how this works in detail, let us consider the limit of degenerate weight an — —% (n > 0)
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and ag — a1 — %b. The zero in the prefactor comes from the first two terms in the denominator of eq. (83)
+ 7%
i _ s—n s+n
lim (Sp(arz — ag) Splags —aq)) 2 = (Sb ( 5 b) Sp (— 5 b)> =
nb
%
= (—2sin(mb?)) * ({”;S]' {”2”}) Sy(0)71,

oy — -5
where we used the shift relation (223) for the double sine function. For integer x the factorial [z]! is defined as

Nl

Oés—>0é1—%b

x

[z]! = H[a] = (sinmb?) " H sin(rb%a) . (85)

a=1
In order to obtain a finite non-zero limit for the full Racah-Wigner symbol, the integral must contribute a
divergent factor S;(0) to cancel the corresponding term from the prefactor. Let us therefore have a closer look

at the integral

/ du Sh(u — 12s) S(t — crssa) S(t — aae) St — area) X (86)
C

X Sp(a1234 — ) Sp(ast1z — u) Sp(usraa — 1) Sp(2Q — u) .

The first contribution to a singular result comes from two terms of the integrant Sp(u — as34) Sp(1234 — u).

The points u = ag34 and u = a1234 are situated on the left and right sides of the contour, respectively, see figure

1. Taking the limit ay — —%b and ay — ay — %b requires a certain deformation of the contour. Let us first
consider the case of s > 0. Then a434 can reach the point ay34 — %b without crossing through the contour. On

the other hand the point aj234 meets the contour on the way to a3q4 — %b We can deform the contour as long
as it does not pass through one of the double poles of Sp,(u — 134 + %b) Sp(a134 — %b —u)inu= 34— %b —pb (
0 < p < 25%). From each pole we get a singular term due to the so called “pinching mechanism”, see e.g. [13],
Lemma 3 and [52, 40] for similar calculations. This is illustrated on the right hand side of figure 1. In the end

we obtain the following sum

[ (~2sin(b?) 7 n n-s
> <( : [p],([fi?} Sl ) Sfons = P o
p=0 L2 .

sb nb sb
xSp(ag —ay — 5 —pb) Sp(ay — g — 5 + pb) Sp(a1y — ag + pb) Sp(2Q — ay34 + ) +Pb)>~

Jmu Jmu

| Q1234
:X

x|
(42, O R
® o 2 o o o o o o | [ % e e & o o o o x

b b ‘ .
i —% o3 — % J B I -

20 Reu 102 Reu

Figure 2: The original integration contour passes between the points u = 34 and u = «@1234. As we move the

point 234 to its limiting value, the shown poles contribute to the integral due to the pinching mechanism.
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When s < 0 the poles u = a34 — %b —pbfor 0 <p< —% and —% <p< ”;5 are located on the right and left

side of the contour, respectively, see ﬁgure 2. Taking the limit as — a1 — %b we have to deform contour such

that it passes the poles with 0 < p < —£. By taking ay — —”b we get contributions from the rest of the poles

(=5 <p < 25°), see figure 2. The ﬁnal result will be the same as in the case of s > 0 (87).

The second contribution to the singular result of the integral (86) comes from the functions Sy (u—a1t4) Sp(st2a—
u) with common poles in u = ayey — p'b for 0 < p’ < 22 Since s > —n, all the poles lie on the left side of
the contour independently of the sign of the parameter s. The point o4 lies on the right side of the contour

(s+n)b

and before reaching a;y¢q — one needs to pass with the contour thought all the double poles obtaining the

sum of singular terms,

n+ts

< —2sin(wb?)) * Sp(0 +n)b b

> ( /(' nlz Al A0 Sp(am — a1+ Rl —p'b) Sy(0a — a5 + 5 — p'b) X (88)
p':O [p ]' [? _p ]' 2 2

sb nb sb
X Sp(ay — az + 5 p'b) Sp(as — ay — > +p'b) Sp(ars — g — 0} +p'b) S(2Q — a4 +Plb)>~

Combining the two above sums (87, 88) with the prefactor (83) we get a finite result for the limit:

a oz |an—% | _ i ar oz |as |
—2b oy ay ag —» —1 i ap oy | oy
oy = ap —
1
B Sb(&14+04t—Q)5b(043+04t— ) ’ «
\Saz = ar = ) Sy (e — as — ) Sp(ana — ) Sp(are — @) Syl — 1) Sp(az + 5)

X

115y (201 — (s+n)b - Q)Sp(20131 — L — Q) )é
)

(=52 [
X
(Sb(QOé + oo g)b)sb(azm —ay+ % )Sb(Oé13 —ay — L) (g —az — P

= (—2sin(wb?)) : nb (n—s)b
X{ Zme(Oé?A — a1 + ? —qb)Sb(Oé14 — oy + T —qb) X
q=0 2

sb nb sb
xSp(og — ay — 5~ gb) Sp(ay — a3 — 5 + gb) Sp(a1y — g + qb) Sp(2Q — 134 + 5 +qb) +

s

2sin(7b?)) 2 s+mn)b nb
+ZTL+6_;/]] Sb(O[t4 — (1 + % 7p,b) Sb(0114 — Q3 + ? 7p/b) X

sb nb sb
xSy — a3 + 5 p'b) Sp(ag — ap — 5 +p'b) Sp(ars — g — ) +p'b) S(2Q — 14 +Plb)}~

Let us now consider the case when the other intermediate weight ay also satisfies fusion rules (84) i.e. a; —

as — 2. Then prefactor in the formula above gives zero. On the other hand in each term of the sums there are
double polesfort € {—n+2p,—n+2p+2,...,s+2p} and t € {s —2p',s —2p' +2,...,n — 2p'} coming from
Splag —ap — 2 —pb) Splap —az — 22 +pb) and Sb(at —a3—p'b+ qb) Sp(ag — o + g — p'b), respectively. The
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Figure 3: When s < 0 poles appear to both sides of the integration contour. While moving as and as to their

final values, we need to deform the contour such that it picks up contributions from all these poles.

residue for a given oy — ag — g—b takes the form

1
R a1 a3z | 0 — %b _9 Sb(QOtl - w - Q)Sb(Q()ég - %771)1) - Q) 2 39
Hesfﬁ nb - (n—s)b (n—t)b X ( )
m—mas—F | =5 g Qi Sb(2a1 + T) Sb(2a3 + T)
min{ 3=, 25} n—s]| [nts]) [n=t]) [nE+t] 3 S h— th
. (["z°)H "3 ]'[tT'[TJ') blons —aa +pb—5) .
| [n=s _ o1 [s=t 1 TnEt — ol s 1
p=ma:c{0,t;3}[p]. [ 2 p]‘ [ 2 +p] [ 2 p] (Sb(a13—a4—5b)5b(a13—oz4—%))2
Sp(asa — o — pb+ 1) Sp(a1g — az — pb+ ("LQ_S)I’) y

X 1
(Sp(csa — a1 + 32) Sp(azs — ar — 2))* (Sp(ara — oz — ) Sp(ara — oz + 2))

" (Sp(enzs — 2 — Q)Sp(css — 2 - Q))*
Sp(aiza — 2 —pb— Q)

where we redefined the second summation parameter p’ = p — % in order to obtain two identical sums. Now

)

one can take a limit where all external weights have degenerate values a; — —7;b, 2j; € Z>o. We will denote
this limit as
—j1b  —jsb | —jsb
j.l ].3 .7.5 (90)
—J2b  —jab | —jib
remembering that it is a residue of the Racah-Wigner symbol with one degenerate external weight and both

intermediate weights satisfying fusion rules.

Assuming that 2 — %134 = 4.5, + 2 in eq. (89) takes integer values one can write the S, functions in terms
g 2 b J 2 q

of the [.]-factorials (85)

—jib —jab | —j1b— :2( 271+ 5] [2s + 52! )%X
—mb b | —jsb— §b (271 + 5= 4+ 1] [275 + " + 1!
i >7{njs7t+7n n—s n+s n— n 3
U e (R[] [ ()
X Z ( ) ! s—t]) [n=s | [ntt | X
p:mam{O,tgs} [p] [p+T] [ 2 _p] [2 _p]
1
" [1sa +p+ 5 +1]! ([71s — ja+ 5]! [jas —ja+ 3]1)2 y
1 . B
([Jisa + 5 +1]! [usa + 5 +1]1)2 [j13 —ja—p+ 5!

Nl
N|=

(s =1 = 5] [isa =+ 410 ([ra = da + 5]! [ina — 3 — §]1)
[jsa —jr+p—3]! [j1a — js +p — B2=2]

i
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where the minus sign comes from the difference in the shift relations (223) concerning Sp(—xb) and Sp(—xb+Q).
Denoting j» = %,js = j1 + 5./t = js + & and shifting the summation parameter to z = p + jg34, one obtains

the 6j symbol of the finite dimensional representations of the quantum deformed algebra U, (sl(2)),

—j1b —jsb | —jsb (D)2 + 1g[25 + 1) 7F [ G2 s
—jab  —jab | —jieb 2sin(mb?) sin(—mb~?) gs i g )
q

(91)

where the deformation parameter ¢ is given in terms of b as ¢ = ™ and the quantum numbers [.], of
Uy (s1(2)) are equal those defined in eq. (60), i.e.

[mz§3§=m. (92)

The 6j symbol of finite dimensional representations of U, (sl(2)) is given by the following sum [21, 62, 11]

PRI 2 e g+ 1], (~1yes e (93)
J3 Ja Jt
> Z(_l)z Aq(jsaj2;jl)Aq(js7j37j4)Aq(jt7j3ajQ)Aq(j4ajtaj1) [Z + l]q' )

= (2 — Ji2slq! [2 — J3aslg! [2 — Jratlq! [2 — Jostlq! (1234 — 2]q¢! [J13st — 2]q! [J2ast — 2]q!

Here, the summation extend over those values of z for which all arguments of the quantum number [], are

non-negative. In addition we used the shorthand

Ay(a,b,c) = \/[—a—l—b—i—c}q![a—b+c]q![a—l—b—c]q!/[a—l—b+c—|—1]q!.

It is worth pointing out the similarities between the expression (93) and the original formula (81). In passing
to equation (93), the four factors A got replaced by A, while the eight functions Sj have contributed the same
number of quantum factorials. In addition, the integration over u became a summation over z.

Let as finally note that it is also possible to consider a limit of all weights approaching general degenerate
values o; — —j;b—j/b~1. In that case the limit is proportional to product of two 6j symbols of finite dimensional
representations of the quantum deformed algebra U, (sl(2))

. -1 . p—1 - 1 3p—1
b =0T —jsb = jabT | —jsb — b = (—1)Jor il 30120001 anase —1adla —J2adsa—Tetdle

—jab = jsb™t —jab—jib~" | —jeb — jib~!
R+ o 27+ Ny R+ ) E (e G| (L

2sin(7b?) sin(—7wb—2) js ja g VA T ’
q q’

(94)

. . 32 )
where deformation parameters are ¢ = €™ and ¢/ = ™ .
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4 Heisenberg double of U,(sl(2,R))

In this section we will consider the Heisenberg double of the Borel half of U,(sl(2)) and a class of its self-dual
representations first considered in [20] in the context of Teichmiiller theory of Riemann surfaces. Kashaev has
shown that the Heisenberg double canonical element evaluated on this representations can be identified with a
flip operator which is a quantised transformation relating two different triangulations of a fixed quadrilateral.
Moreover, he showed that the algebra isomorphism of Heisenberg double is an operator changing the marked
corner of a triangle belonging to a triangulation of a Riemann surface.

Since we are considering the non-compact version of Heisenberg double, our previous, general considerations
are not directly applicable. However, one can make the following mathematically precise if one understands
the algebraic formulae always as the realisations on some representations. We will recall a self-dual series of
representations of Heisenberg double and evaluate on it the canonical element satisfying pentagon equation. We
will show that U, (sl(2)) can be realised as a subalgebra of the tensor square of Heisenberg doubles in a manner

slightly different than in section 2.3, repeating [20].

The Heisenberg double H (U, (B)) with a deformation parameter ¢ = ¢i™” will be generated by elements O, P
from the Borel half A of U,(s1(2)) and O, P of the dual Borel half A* which have the following commutation

relations:

and coproducts

Then the Heisenberg double is spanned by the basis {e(s,t) ® é(s',¢')}, where s, ', ¢, € R such that
1 . oy —(ibT )2 - \is pib Tt
e(s,t) = ?F(—zs)Gb(—zt)q (2mi0)* P ,
s
é(s,t) = O P,
and the canonical element can be expressed by those generators in the following way
S = exp(2mi0 @ O)g, (P ® P), (97)

where the function gy, is related to the double sine and defined in the appendix B.1.
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Now we will consider the self-dual representation 7 : H(U,(B)) — L?*(R) of the Heisenberg double. Its

generators can be expressed as an operators on L?(R) in the following way

0= 'z

P = e271'bq7

5 (98)
=q;

P = 2mr—a),

where [p,q] = 2%” are usual operators on L?(R). The self-duality b <> ; should be understood in the same way

as in the case of U,(sl(2)), i.e. the second action of the Heisenberg double with § = ei™"” representented on

L3(R) by (98) with b replaced by b~! commutes with the one above. One can easily evaluate our canonical

element in this representation:

S = 627”'171112913—1(627Tb(EI1+P2*q2)). (99)

By construction, the canonical element satisfies the pentagon equation. It is almost immediate to see that from
the pentagon equation follows the usual pentagon equation for Fadeev’s quantum dilogarithm (and vice-versa).

Additionally, S encodes the coproduct

Ale(s,t)) = Ad(S™ (1 @ e(s,t)), (100)
A(é(s,t)) = Ad(S)(é(s,t) ® 1), (101)

which follows from the relations for the generators O, P, O, P and it is easy to show, using a shift relation for

the quantum dilogarithm

A(O) _ 571(1 ® O)S _ gb(P® p)6727riO®OA(1 ® 0)62wi0®OgE1(P® p) _
=P P)(120+0@1)g, (PoP)=100+0a1,
A(P)=S"'(1® P)S = g,(P @ P)(1® P)g, (P& P) =

=g (eQTrb(Q1+P2—Q2))62ﬂbQ2gg1 (eQTFb((h-i-pz—(n)) _

— eﬂqugb(e—mb e2ﬂb(q1+pz—qz))gb 1(e+z7rb e2mb(a1+p2 qz))ewqu — eﬂqu(l + e2mb(q1+p2 qz))eﬂqu _

_ e27rbq2 + e27rb(q1+p2) =1®P+P® eZ‘/rbO’
and

AO)=580®1)87! = eQﬂiO@éggl(P ® P)(O®1)gn(P® P)e—Qin@)O _

= 2T090(0 9 1)e 2090 — 190+ 0@ 1,

AP)=S(P®1)S™t = eQm‘O@Ole(p ® P)(P ® 1)gy(P ® P)e 27020 =

= e2ﬂi0®éggl(627rb(<h+p2*tI2))eZTrb(Pl*th)gb(627rb(q1+p27q2))672m’0®0" _

_ e27r¢0®ée7rb(prq1)gb—1(6+i7rb2 627rb(¢h+}72*fl2))gb(67i7rb2 627Tb(Q1+p27q2))67rb(p17q1)6727ri0®é _
_ eZﬂiO@Oeﬂb(pl_ql)(l + e2ﬂb(q1+p2_q2)))eﬂb(pl_ql)e_zmo®é _

— eZﬂ'iO@O(eZﬂ'b(pl—ql) + e27rb(p1+p2—q2)))e—27ri0®o _

_ e27ri0®0(p ® 1+ 2™0 o P)e—2wi0®é —1@ P+ Pxe 20,
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. . — 02 2 . . .
Moreover, there exists an algebra automorphism A = e~""/3¢374" ¢ (P+9)" which has a following action on

the operators p and ¢

AgA™ =p—q,

ApA™h = —q,
A7lqA = —p,
A7'pA=q—p.

One can show that the elements &(s, ), é(s,t) defined by the action of A as follows

é(s,t) = Ae(s, t) A7,
é(s,t) = Aé(s,t)A",

satisfy the same Heisenberg double relations.

The algebra automorphism can be used to establish the morphism between a tensor product of two Heisenberg

doubles and U, (sl(2)). In particular, one can define the elements E(s,t), E(s,t) which are representented on
L?(R?) as follows

E(a) = u(a;b, c)e(b) ® Ase(c) Ay,
E(a) = m(a;c,b)é(b) © Ay é(c)As,
where m and p are the multiplication and comultiplication coefficients of the Borel half A of U, (s{(2)) respec-

tively. In particular, the lowest lying elements of this type are as follows

It is clear that those elements do have a particular normalisation factors. It would be useful to define another

set of elements u(i, j), for which those normalisation factors has been removed, and which generate an algebra
that we will denote by G
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Those generators satisfy commutation relations

[u(1,0),4(1,0)] =0,

[u(1,0),4(0,1)] = +ib(0,1),

[u(1,0), u(0,1)] = —ibu(0, 1),

[a(1,0),3(0,1)] = +ibi(0, 1),

[a(1,0), u(0,1)] = —ibu(0, 1),

[u(1,0),4(1,0)] = (g — g~ ) (e H) — e 2m0a(L0)),

Finally, there exists an algebra homomorphism U, (sl(2)) — G2 with
K = emb1.0+8(1,0)/2

B — je-mbles—(1,0)) @(0,1)

q—q!

F—i u(0, 1) ﬂb(cbfvl(l,O))7

2
7" Therefore, one can

which satisfy commutation relations of U,(sl(2)) with deformation parameter ¢ = ¢
manufacture representation of U, (sl(2)) (or, more generally, of arbitrary Drinfeld double) from representations of
the Heisenberg double of the Borel half of ¢, (sl(2)) (or, respectively, of arbitrary Heisenberg double). Moreover,

this map allows one to construct R-matrix of the Drinfeld double from the canonical element S.
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5 Nonsupersymmetric quantum plane

The infinite-dimensional self-dual representations of a quantum plane were considered by Frenkel and Kim [7]
and were shown to be relevant to the construction of Teichmiiller theory. In particular, they showed that they
furnish the solution to the pentagon equation corresponding to the flip operator of the quantum Teichmiiller
theory as 6j symbol ensuring the associativity of triple tensor product of the representations, and to the operator
changing the marked corner of a triangle as a particular automorphism of the representations.

Frenkel and Kim has shown that the results obtained from the consideration of the category of representations
of quantum plane is related to the one obtained by Kashaev in [20]. In fact the operators defining the Teichmiiller
theory found by Kashaev using the Heisenberg double construction are related by a similarity transformation
to the ones from the representation theory of a quantum plane. In this section we will focus on the one of them,

specifically 6j symbol.

5.1 Self-dual continuous series for a quantum plane

The quantum plane is essentialy the Borel half of a g-deformed universal enveloping algebra U,(sl(2)) of the

Lie algebra sl(2). It is generated by the elements X, X ! Y, with relations

XY =YX, (102)

AX)=X® X, (103)

AY)=Y®X+1Y, (104)
imb?

where the deformation parameter ¢ = e"™” . Again we parametrise the deformation through a real number b so

that g takes values on the unit circle. We also equip this algebra with the following *-structure
X=X , YY" =Y.

Now we want to introduce the series of representations relevant for the quantum plane. The carrier spaces H

of the associated representations are L?(IR). Then, the generators X,Y are expressed as

m(X)=e P =T}, (105)
(V) = ™t (106)
where [p,x] = 55 are usual operators on L?(R). 7(X),7(Y) have self-adjoint extensions in L?(R) [7]. This

representation is self-dual in the usual sense which has been discussed in the previous sections.

5.2 The Clebsch-Gordan coefficients for a quantum plane

The tensor product of two representations 7 is defined in terms of the coproduct, is reducible and its decompo-
sition into a direct sum of irreducibles is what defines the Clebsh-Gordan coefficients. In this case one has the

following decomposition,
®
HOH =~ / H,
R

however we will establish that this tensor decomposition can be understood as

HROH ~ MQH,
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with the help of a multiplicity space such that M = L?(R). We are going to spell out and prove an explicit
formula for the maps HOH > M QH and M QH - HOH

o x
f(x1,22) = Fy(o,x) = /dxgdml [ ]f(xl,wg) ,
T T2
x1 T2

R
-1
Fla,z) = fr(zy,20) = dadz {a x] F(a,x) .
R

The kernels of the Clebsh-Gordan map are expressed in terms of GGy, functions

|: (&7 SC3:| _ 6271'1'04(:53721)627ri($3*$1)(12*11)G]:1(i(zg _ 1;2) + Q)7 (107)
1 T2
and .
|: « $3:| _ 6—271-1'01(;83—;81)6—27ri($3—x1)(£82—$1)Gb(i(a}B _ 1;2)) (108)
Tr1 T2

The above expressions can be shown to be equivalent to those found by Frenkel and Kim, however we decided

to rewrite them in terms of special functions used more profusely in other sections of this thesis.

5.3 The intertwining property

The fundamental intertwining property of the Clebsch-Gordan coefficients takes the following form

(1) [0‘ “””3] - {O‘ 5”3] (r @ m)A(u), (109)

Ty T2 Ty T2
for u = X, Y. The equation should be interpreted in the same sense as the intertwining property (64). Rewriting

this as an identity of functions in the variables x; one obtains

(u) [0‘ “””3} = (7 @) At (u) {O‘ x?’} . (110)

Ty T2 Ty T2

One can check eq. (110) by direct computation. This is almost immediate for the element X

o I3 . o I3 a T3
eI = B B S il
1 T2 Ty T2 T T2
o T3 ; a T3
At Y _ 27rbw1sz 2mwbxo\t —
) | 50| (@ g ey 2 0
_ eQTria(a:g—x1)627ri(1:3—a:1)(1:2—a:1) {eQﬂba;leQﬂ'b(xg—wl)Ggl(Q + Z(l‘g _ 33'2) _ b) + e2ﬂbw2Ggl(Q + Z({Eg _ {)32))} —

_ 627r7,'a(z3711)e27ri(13711)(:r27z1) {627Tb:1:3(1 . 627r7ib(i(:r37:1:2)+b—1)) + 627rb12} G];l(Q + Z(IZ?g _ 1,2)) —_

_ e27ria(a;3—x1)e27ri(a:3—a;1)(xz—a:l)e27rbx3Gg1(,L'(xg _ x2) + Q) _ 627\—bw3 |:Oé 1'3:| _

Ty T2
a T3
= Y3 )
Z1 T2

while the computation for Y is slightly more involved and uses the shift property of Gy, function. One can also

perform analogous computation for the inverse kernel.

5.4 Orthogonality and Completeness

The Clebsh-Gordan coefficients for the self-dual series of U, (sl(2)) satisfy the following orthogonality and com-

pleteness relation

/R? dzpday {5 ys] [a xs} o 8 — B3)8(x3 — y3), (111)

1 T2 Xr1 T2
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/]er dada [a x }‘1 [a x} — 5 — y2)8(n — p1) | (112)

Ty T2 Y1 Y2
Let us focus on the proof of the orthogonality relation. Starting from the left hand side of (111) we can
gather the exponentials depending on the x;. Hence those exponentials are the only terms depending on the

first variable, we can perform the integration which results in a Dirac delta function
/dxlef%riwl(ﬂfa)72ﬂ'ia:1(y37a:3) _ 5(6 —a+ Y3 — .’tg).

The resulting expression involves only an integration over xs. In order to perform it, we use the representation
of the Dirac delta function as a regularised integral involving two Gy, functions, which we have stated and proven

in the appendix B.1. Using it one can simplify the remaining terms of our computation

e?ﬂ'i(ﬁfyg*aaig) /d$2627ria:2(y37933) Gb(Z(iBg - xQ)) _
Gu(Q +i(ys — x2))

_ o2i(Bys —ows)+2mi(y3—3)us / A7 omi(—i(as—ys))r Gu(r+ilrs —ys)) _
i Gn(Q + 1)

= 5(y3 - 553),

which leads directly to

/dxgdxl [ﬁ yi”} {O‘ xi”}_l =0(B—a+ys —x3)0(ys — x3) =

Ty T2 T X2

=0(B — a)d(ys — x3),

which is in fact nothing else than our claim. The proof of completeness relation can be performed in a similar

way.

5.5 The Racah-Wigner coefficients for a quantum plane

The Racah-Wigner coefficients describe an isomorphism between different 3-fold tensor product of representa-
tions. In decomposing their product into irreducibles 7 there exists two possible fusion paths, denoted by ¢ and

s, which are described by the following combination of Clebsch-Gordan coefficients

flas, aq,z4) = /dﬁcsdl'gdl‘gdilfl {O‘S “T’S] [044 T4

Ty X2 Ts X3

:| f(ﬁCl,xQ,l’g),

—1
Qs Ts Q4 T4
Ts T3

—1
[z, x2,x3) =/da4dasdw4dms[ } flos, aa, x4),

X1 I

for isomorphisms H, ® Ha @ Hz =2 M;y ® M2 @ Ha and

Qp Ty Q4 T4
flag, ap,x4) :/dxtdxgdxgdml [x N } L" N } f(z1, 2, x3),
2 T3 1Tt
—1
Q¢ T Qg T4
T2 T3 T1 Xg

-1
flxy, e, 23) = /da4datdx4dxt [ } flag, o, 4),

for H1@H2@Hs = My, @ M}, ®H,. Then one can relate the elements corresponding to those two decompositions

using the map
ay

fleanal) = [ dasdande, { :

Qy

Qs

} flas, aq,x4), (113)
b

Qi
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where the kernel of this map is 6j symbol and it is expressed using the Clebsch-Gordan coefficients in the

following way

’oo -1 -1
{a? ’ Qs } = /dxsdxtdxgdxgdxl [at xt} {OM xﬂ {as xs] {(M m} . (114)
Qy | O b T2 I3 T Tt Tl X9 Ts T3
The 6j symbol is expressed in terms of G}, functions by the formula below
{oford = [anemiteizene st etion Gy 20, - ol + 00w~ ). (115)
Qylag )y

The derivation of eq. (115) from equation (114) can be performed directly using various integral identities sum-
marised in the appendix. Integration over z3 can be performed using the integral analogoue of the Ramanujan

summation formula as

o [0 —7— G (i(zs — 23))
dx eQﬂ'ng,[iEt To—x4+Ts) b
/ ° Gy (i(zs — 73) + Q)
_ 627T7;$t($1,+7}5—x4—x2) Gb(i($4 - xt))Gb(i(xt +xs — T4 — $2))
G (ils — 2)) ’

which results in the following form of the left hand site of equation (115)

{ 0[;1 ‘ Qg } _ /dmsdxtdedxle2ﬂi[at(a:t7w2)+a21(w217w1)7a5(zs7a:1)7a4(w47z5)]+2ﬂia:t(wt+;vs7w47w2) %
Oyl O b

2mi[—zo(zr—x2)+(xh—21) (Tt —21) —(Ts —21) (T2 —21) +H (T4 —T5 )75 Gb(Z(JZ‘4 - Z‘t))Gb(Z(J)t + x5 —Tg4 — .232))

Gb(i(xﬁl — ft) + Q)

We see that the only dependence on z; lies in the exponentials, so we can easily perform the integration over

X e

this variable

. ’ ’
/dxleQ”“’”(_0‘4+°‘S_m‘_z4+ms+f”2) =0(—a) +as —xp — 2 + 15 + 70),

what results in the delta function which we use to perform the integration over zs as well. The expression for
6j symbol involves only two integrations, i.e. over x; and xg

{ Oéjl ‘ Qg } _ /dxsdxtGQﬂ'i[at(xs7zgfai+a3)+aﬁlxﬁlfasa:s7(14(3047:65)]+27Tixt (zi+zs—Ta—22) x

Oé4 Qg b
> 62772'[7(aifas+zt+zgfzs)(xs7m217ag+a5)+xf4xtfzs(04;7045+mt+zi715)+(z4715)15] >
. N / /
o Gp(i(zg — 2¢))Go (1225 — x4 — ) — ) + a5))
Gy(i(z) —24) + Q)

The final integration over x; can be performed using the relation which we have already used in the proof of

orthogonality an completeness of Clebsch-Gordan coefficients

—1'4).

dx 27rixt(2z5—$4—aﬁl+as)—2ﬂ'i:ﬂt(w5—mg—aﬁk—i-as-i-ws Gb(l($4 — xt)) =5 /
t€ 7 - (LC4
Gy (i(7] — 7)) + Q)

Above expression provides us immediately with the formula (115).

The Racah-Wigner coefficients are integration kernels between the M, ® M{, @ Hy and M3, @ M4 ®@H, and
we see that the action on the spaces Hy is trivial because of the presence of Dirac delta function. Therefore, we
can define a map between the multiplicity spaces M{, @ M — M, ® My, which is encoded in the integration
kernel T

T {a? Oés} _ /dxsezm’[(agfas7w3)2+ms(a4faﬁl)7m(alfasfms)]Gb(i(st _ aﬁl + Oés))~
Qy O

Frenkel and Kim have showed that this operator is related by a linear transformation to the canonical element

S (99) of Heisenberg double evaluated on the self-dual representations by Kashaev in [20].
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6 Zs-graded Hopf algebras

6.1 Graded quantum groups

In this section we present a brief introduction to the Zs-graded quantum groups. For more detailed treatment
one can consult [55, 57, 56] on the topic of graded Lie algebras, and [58, 59, 22] for quantum supergroups.
6.1.1 Graded algebras and co-algebras

Let k be a field. We want to generalise the notions of algebra and co-algebra by introducing a Z, grading. To do
that, we divide the (co-)algebra A into direct sum of two parts AyP.A; in such a way that the (co-)multiplication

preserves this grading. These notions can be put into more strict definition as follows.

Definition 12 The unital associative Zo-graded algebra (also called superalgebra) is a triple (A, m,n), where
A=Ay ® Ay is a vector space, m : A A — A is multiplication map and n : k — A is unital map, such that

the following axioms are satisfied:
m(m ® id) = m(id ® m) (116)
m(n®id) = id =m(id ® n) (117)
and if a € A;,b € Aj then m(a,b) € Ay, wherei,j € Zs.

If the element a belongs to the subalgebra A; we say that it is homogenous of degree |a| = i. We call the

elements belonging to Ag even, while those belonging to .A; — odd.

Definition 13 The counital coassociative Zs-graded coalgebra (also called supercoalgebra) is a triple (A, A €),
where A is a vector space such that A = Ao ® A1, A: A — AR A is comultiplication map and € : A — k is

counital map, such that the following axioms are satisfied:

(A®id)A = (id® A)A (118)
(e ®id)A = id = (id ® €)A (119)

and if a € A; then A(a) € A;, where i € Zs.

The definition of the tensor product is slightly different than in the case of algebras. Let A and B be two
superalgebras. Then their tensor product A ® B is the superalgebra which as a vector space is the tensor

product of A and B as vector spaces, with the induced Zs-grading and the operation defined by
(a1 @ b1)(az @ ba) = (—1)le2lP1la ay @ byby, (120)
where a; € A, b; € B.
6.1.2 Graded Hopf algebras
Definition 14 A Zs-graded Hopf algebra is a collection (A, m,n, A€, S), where:
o (A, m,n) is an unital associative superalgebra, (A, A,€) — a counital coassociative supercoalgebra.

e A e are unital superalgebra homomorphism (i.e. function f such that m(f ® f)= fm and fn=n).
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e There exists a linear antipodal map S : A — A satisfying m(S ®@ id)A = m(id ® S)A = ne.

Proposition 6 Let A be a Zs-graded Hopf algebra, and S its antipode. S is a unital and counital morphism
such that Sm =m(S ® S)¥ and AS = %(S ® S)A, where ¥ : A A — A® A, L(a®@b) = (-1)l*IPlh @ a.

6.1.3 qg-deformations

Let [A;], i,j = 1,...,n be a Cartan matrix of superalgebra g (where n is a rank of g). The elements of the
Cartan matrix can be expressed by the scalar products of the roots «;, which span the dual space h* to a Cartan
subalgebra b.

Heetd) - if (o, 00) £ 0,

(a, ), if (a,05) =0,

Moreover, if one defines a space

o = {a € g|[h,a] = a(h)a,h € b},

for « being a nonzero root, then we call the root « even if g, Ngo # 0 and odd if g, N g1 # 0.
Lets define

(i, ), if (qg, ) #0,

, if (e, ;) =0,

d; =

O ol

One sets ¢; = q%.

Definition 15 Let g be a Lie superalgebra. The Uy(g) is an associative superalgebra generated by x;,y;, K, K;l

with relations

KK '=K 'K, =1, (121)
KK; — K;K; =0, (122)
Ty, K? - K;*?
iy — (—1)Flsly 2, — Oij———1> (123)
Ayj Ay ‘
Kirj = q72 =K, Kiy; =q 7 y;K; (124)
1— Ay
’ 1— Az LA

> (1 ( L } v el =0, i G () A0, (125)

k=0 qi

= 1- A

— Aij 1— A~k .
FJV( k]} Yi yiye =0, i#j (i) #0, (126)

k=0 qi

(ei)? = ()" =0, (v, ;) =0, (127)
where |K;| =0, |z;] = |yi| =0 if a; is an even root and |x;| = |y;| =1 if a; is an odd root and
S LT if a; is even
(n} [k]g; In—Klq, v )
= . ()
kg (1)l if a; is odd,

(k15D n—k15

where [n]éﬂ = % forn € N.
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Theorem 10 Letl,(g) be a superalgebra generated by x;,y;, K, Ki_l with appropriate relations. Then (Uy(g), A, €, S)
with

AK)=K; ® K;, 128

(128)
Aly) =y @ K + K ' @y, (130)
e(Ki) =1, e(xi)=ce(y:) =0, (131)

(132)

S(K) =K', S(xi)=—qzi,  Sw) =—q "vi 132

s a noncocommutative Zo-graded Hopf algebra.

Theorem 11 The (Uy(g), A€, S) as above is a quasi-triangular Zs-graded Hopf algebra (also called a quantum
supergroup), i.e. there exists the universal R-matriz R € U, (g) ® Uy(g) such that

A°P(a) = RA(a)R™ 1, (133)
(id ® A)R = Ri3Rio, (134)
(A ® id)R = R13Ras3, (135)

where A°? = XA, a € Uy(g) and X is a flip map defined as in proposition 6.

6.1.4 Examples of graded quantum groups
Example: U,(osp(1]2)).

Lets consider one of the simplest quantum supergroups. It is a quasi-triangular Zs-graded super Hopf algebra
Uq(0sp(1]2)) comming from the super Lie algebra osp(1|2), which was first considered by Kulish and Reshetikhin
[60]. Tt is generated by K, K, v(t) v(=) satisfying relations:

Ko®) = qi%v(i)K,

2 -2 136
() oy = KK (136)

with the comultiplication

A(K)=K®K,
(137)
AW = K@ o® +0®) @ K1,

The generators are graded such that

|K| =0,
o) =1.

PROOF: One can check if the comultiplication preserves the algebra structure:

AK)AWPE)) = (KoK) 0P oK'+ Kouv®)=Ke® 91+ K? @ Ko =
= (K2 uPK +1vHK 1) = ¢t AWH)A(K),
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A(v(+))A(v(_))

A(U(_))A(y(+))

(K v ) g K YK v 10w K™Y =
K2 0000 — 0O K @ K@ + Ko™ @O K= + o) @ K2,
(K 20 0 ® K YK ® v 1P g K1Y=
K2 @0 MK @K 0K @ Ko™ 40 @ K2

therefore
AW, AW} = K2@ {0 0o+ (P (e K2 =
1 _
=~ (A(K)? - A(K)?).
q2 — q 2
Showing that the other axioms hold is left for the reader. O
Proposition 7 The Casimir operator has the form
K4 + —1K—4 + 2
c=-1 qq— g~! (g2 —q 2)(qK? + ¢ " K200 4 (g — g o202, (138)
PRrOOF: For v(t) one has:
—(g— ¢ HPM,Cl==(g— ¢ H(PC - Ccv™) =
= (¢~ KW 4 (g — ¢ HE D) + (g — g7 (gF - g Bk + g K2 OuH
(g - e — g HE2+ K200 4 (g - g (KKK - K2y
—1\2 —1\2
_am )" g ey 0? WZ T g ey ), (02
(42 —q72 (> —q72
= 0’
and for v(=):
—(g—q H[Cv"T] =
= (¢K* + ¢ 'K~ 4+ (= q ) (g% —q ) (gK? + ¢ K2 w4
—1 1
q9—4q —q z 11— 1 - _ _ 33 2
( & - D LR + g K )(qK? — g K20 — (g — g )R
- —132
(ql— q (*)Z(KQ Kfz)v(Jr) + (ql— q )1 (K> qufz)U(—)QvH)+
(q2 —q72 (¢ —q72)
(K K0 4 (g g )0 - g D)@K g K 0y
(g —g )2 =
=0.
A proof for the commutator [C, K| is straightforward. O

Proposition 8 Let K = ezhH qg=ce

hb? Taking the classical limit h — 0 one obtains

[H,v®)] = £0F),
o™ v} = —2H,

51



with coproduct

A(H)=1® H+ H®1,
AH) =10v® 4 H @ 1.

The Casimir operator C' in the form as above does not have the classical limit, but there exists other Casimir

operator:

4
é’ — L’:q;l N _H?_H— i + U(_)U(+) + U(_)2U(+)2,
q—dq

which commutes with H, v(F).
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6.2 Graded Drinfeld double

As in the case of non-graded Hopf algebras, there is a method of obtaining quantum supergroups from an
arbitrary Zs-graded Hopf algebras. This method is a generalisation of Drinfeld double construction, presented

in [61]. In this section we will present this construction.

Definition 16 Let A and A* be a pair of dual Zy-graded Hopf algebras generated by basis elements F,, E¢,

a € I respectively with multiplication and co-multiplication

EoEg =m] ;E,, (139)
A(Bo) = 1y Eg © B, (140)
S(Ea) = S5 Es, (141)
and
EaEB — (_1)|QHB|#$§E’Y, (142)
A(E*) =mSzE° @ E7, (143)
S(E*) = (S~")§E". (144)

Alternatively, with respect to the bracket (,) : A x A* — C satisfying
(m(a,b),c) = (a ® b, TA(c)),
(A(a),c®d) = (a,m(c,d)),
(a@becd) = (—1)"d(a,c)(b,d),
where a,b € A, ¢,d € A* and T(a®b) = (—1)I%lb @ a the basis elements {E,} and {E“} ought to satisfy
(Eq, EP) =68,

One can define Drinfeld double D(A) as a vector space D(A) = A ® A* with basis elements E, ® E? which
satisfy the double’s defining relations

(Ba ® 1)(Bs ® 1) = m] (B, ®1), (145)
(1 EY)(1®E’) =pus’(1e E), (146)
(—1)‘7"”‘J“'p””'u?mgp(Eg ®1)(1® Er) = (_1)|pllv|m§wugo(1 ® E*)(E, ®1)., (147)

It is clear that the Drinfeld double defined as above is a Hopf superalgebra, however, we want to show
something more — that it is a quasi-triangular Hopf superalgebra. With a slight abuse of notation, allow us to

denote element F, ® 1 just as E, and 1 ® E“ just as E“.

Theorem 12 Lets consider the canonical element R = E, ® E*. R is an universal R-matriz.

PRrROOF: Using the definition of R one has to show that the following equations are satisfied
TA(a)R = RA(a),
(A ®id)R = Ri3Ra3,
(id ® A)R = Ri3R12,
(TA ®id)R = RazR13,
(id @ TA)R = R12R13,
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which can be easily proven

(A®id)R=(A®id)(E,® E*) = B @ E, ® E* =
=EsQE, @uE* = (-1)PINE; @ E, @ EPEY =
=(F3210E)(1®E,® E") = Ri3Ra3,

(id® AR = (id® A)(E, ® E*) = B,Es @ B’ @ E7 =

= (B, ®1®E")(E;® E? ®1) = Ri3R12,

(TA®id)R = (TA ®id)(Es ® E*) = (T ®id) (2" Es @ B, @ E%)
=E,®FE;® (_1)\5\\W\M§7Ea —FE,®E;® EPEY =

=(1®E; @ E°)(E,®1® E") = RyzRy3,
(id® TA)R = (id ® TA)(Eq ® B*) = (-1)//Mm§ B, @ Bf @ BV =
=(-1)PNMEsE, @ BP @ BY = (B @ E° @ 1)(E, ®1® E7) = RiaRys.
RA(E;) = (Ba ® E*)u)" By ® By = (-1) 1" E, By © B°E, =

=E5® ((_1)Iﬂlla\ufvmiﬁEaEw) =E5® ((_1)\BIWHIa\Iv\uzﬁmgaEan) —
= (~1)Bl+al P B B @ B EY = (~1)#IN 18 (B, @ E,)(Eo ® E*) =
=T(]"(E, ® Eg))R = TA(E:)R,

and analogously for a = E*. This provides us with the claim.

Theorem 13 From the above follows that the canonical element R satisfies Yang-Baxter relation

Ri2R13R23 = RozRi3Raso.
PRrROOF: Alternatively, one can show that YB equation is satisfied directly using the definition of R
RisR13Ry3 = (B, @ E*®1)(Es @12 F)(1® B, ® EV) =
- (_1)|ﬁll'y|+|aHl3lEaEﬁ ® E°E, ® ESEY — (_1)\allﬁ|Ea ® mgﬂungaE7 ® EP =
= (=1)Bl+hllel g o m%auZﬂEyEa ® EP = (_1)|ﬁllvl+lvlla\m%aEU ® E,E*® MZ’BE’) -

=(-)EE, @ B,E* @ B'EP = (10 E, @ B")(Es @ 1@ EP) (B, @ E*®1) =
= R23R13R12'

Let us illustrate this construction with an example. In the previous section we considered U, (osp(1]2)). It

is possible to construct it as a Drinfeld double of the the Borel half U,(B) of U,(0sp(1]2)), which we will take
as the algebra A. Lets begin from the elements H,v(*) satisfying the following relations

[H,v™®)] = o),
A(H)=H®1+1®H,

A(’U(J’_)) = U(+) ® ehH + 1 ® 'U(+)7

54



with |H| = 0, [v()| = 1. Additionally, lets set ¢ = e~". Then, the algebra A will have basis elements of the
form

1

S = W C oL
m!(—q)n

Em,n = (_1)7712/2

The multiplication and comultiplication for those elements can be found from those for the elements H and

v and has the form

l . ;
" m+j\ n+k —n)t=J

EnnEik = (_1) 4§ § ( . ) ( k ) ((l).|Em+j,n+ka
_ =)

i=o N/
A(Enm>:§ﬂ:§mj<—1>l“—m>i SEPY n = PP Bt © B
s = k s D,

Now, let us move to the consideration of the dual algebra A*. It is generated by the elements H,v(~) satisfying
[H, 0] = —ho(),
AH)=H®1+1®H,
AW =01 g e 410,
with |H| = 0, |v(~)| = 1, and the basis elements have the form
Erem an(_)m

The multiplication and comultiplication for above has the form

l

Em,nEl,k _ Z (l) (n)l_jhl_jEm+j’n+k,
J

=0
En m Z Z ( > ( ) —m j— l)p En—k,m—l ® Ek+p,l-
k=0 1=0 p=0 - P

It is clear that the bases {E,, ,,} and {E™™} are dual to each other and the multiplication and comultiplication

coefficients are given explicitly by

l 1—i

re o m+j\ (n+k J
mﬂ’%” Lk = : Z ( ) ( ) ((l _) ) 6T,m+j(ss,n+k =

j=0 ’

J
_ (_1\nk r n+k l rm B .
=(-1) (r—m) 1 ) l—r—i—m @(’f‘ m)O(l —r+m)ds ntk,
l
m,n; —-m l i ]—
:u‘rq LA (71)l(l )Z: <])(n)l ]hl ]5T,m+j65,n+k =
7=0
=0 (Y m)O 4 )
r—m

Then one can show that Drinfeld double is isomorphic to the g-deformation of U(osp(1|2))
Uy(osp(1]2)) = D(Uy(B))/(H — hH).

Now one can consider the universal R-matrix. Using the formula for a canonical element of the Drinfeld double

we obtain

R=exp(H @ H)(—iv'™ @ v7); —¢) 2
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6.3 Graded Heisenberg double

Not only the Drinfeld double construction generalises to the Zs-graded setting — Heisenberg double definition
can be extended for the Zs-graded Hopf algebras as well. Then, instead of a canonical element satisfying the

pentagon equation one gets a canonical element which satisfies graded analogue of it.
Let A be a Zy-graded Hopf algebra spanned by the basis vectors {e, } with the following multiplication and
comultiplication:

Cas = M5y, (148)

Aley) = pes @ e, (149)
Moreover, a Zo-graded Hopf algebra A* spanned by the basis vectors {e®} with:

evef = (—1)lellBl28er, (150)

Ae®) = (—-1)PIMmg e’ @ €. (151)
and is dual to A with respect to a duality bracket (,) : A x A* — C such that
(ea,e) =05,
and it preserve the algebraic structures

(m(aa b)7 C) = (a ® b, A*(C))a
(A(a),c®d) = (a,m"(c,d)),
(a®b,c®d) = (—1)“’”6‘ (a,c)(b,d),

where a,b € A, ¢,d € A*.

Definition 17 The Heisenberg double H(A) is a superalgebra s.t. as a vector space H(A) = A® A* generated
by the elements {e, ® €’}, o, B € I, with multiplication

(ea @ 1)(eg @ 1) =m/g(ey @1), (152)
Qe (1®e’) = (—1llPlef1eer), (153)
(D)l e, @ (1 @) = (=1)PIMm8 127 (1@ e?) (e, @ 1). (154)

Theorem 14 Then canonical element S =e, @1 @ 1@ e* € H(A) @ H(A) satisfies the pentagon equation
512513523 = S23512. (155)

Let us consider an example of the graded Heisenberg algebra. Lets consider the Borel half Uy (B) of
Uq(osp(1]2)) as the algebra A. It is generated by the elements H, v(H) satisfying the following relations

[H,v™®)] = o),
AH)=H®1+1® H,
A(’U(J’_)) = U(+) ® ehH + 1 ® 'U(+)7
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and |H| = 0, [v(*)] = 1. As usual ¢ = e~". The algebra A will have basis elements of the form

2 1

emm = (—1)7" /2 Hmyp®",

The multiplication and comultiplication for those elements have the form

l . 1—i
B nk Z m+j\ (m+k\ (—n)~
em)nel’k - (_1) 7=0 < j ) ( k >q (l - j)! em+j’n+k7

oo

o [+
(_l)l(l ) ( k p) (m - l)phpenfk,mfl ® ek+p,l7

The dual algebra A* is generated by the elements H,v(™) satisfying

[H, 0] = —ho(),
AH)=H®1+1®H,
AW =0 @e T +1000),
with |H| = 0, v(~)| = 1, and the basis elements have the form

e = Fry()™,

The multiplication and comultiplication for above has the form

l

em,nel,k: — E ( - (n)lfjhlfjem+],n+k)’

=0\
n,m - n m (_m+l)p n—k,m—I k+p,l
aem =333 () (7)o
k=0 1=0 p=0 —-q

By inspection is it clear that the bases {e, m} and {e™™} are dual to each other. From the relation (154) one

finds the rest of commutation relations

HH =1+ HH,
oI = Ho ™),
Ho ) — 0O H = —¢p()

)

v 4 () = —j(1 4 q)g7H.
The canonical element in this case has the form:
S =exp(H @ H)(—iv'™ @ v —q) L

The result is rather compelling given the known connection [54] between quantities for finite dimensional rep-
resentations of Uy,(sl(2)) and U_4(osp(1,2)).
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7 Representation theory of graded algebras

7.1 Self-dual continuous series for U, (osp(1|2))

After the extended review of the quantum deformed enveloping algebra U, (sl(2)) and its self-conjugate series of
representations in the section 3 and of quantum superalgebras in the previous section we are now well prepared
to turn to the algebra U,(osp(1]2)). The content of the following sections is based on the original research
presented in [29, 30].

Following [38], the quantum deformed superalgebra U,(osp(1]2)) is generated by the bosonic generators

K, K~ along with two fermionic (odd) ones v(¥). These satisfy the relations

Ko®) = ¢Fly® K, (156)
K2 _ K—2
+) (N —
(o), )} = STt (157)

where ¢ = ™’ We demand also the following star structure

K* = K |, o®* = £, (158)
and with the coproduct
AK) = KoK , A®) = B oK+ K 'gu®), (159)

that can be used to define tensor products of representations. It is easy to verify that the following even element

of U, (osp(1]2)) commutes with all generators,

gK*+ ¢ 'K 42  (gK?+q 'K 2)v o)

422
(q_q71)2 q%—}—q_%

O:

i.e. C is a Casimir element. In addition, the algebra U, (osp(1|2)) also contains an element () which is defined

as
1 K2+ K2
2q¢L/2 4 ¢ 1/2°

Up to some shift, the element (Q may be considered as the square root of the quadratic Casimir element C,

ooy ) o)
q—4q q—4q

This concludes our short description of the algebraic setup so that we can begin to discuss the representations we

0 - %(UHU(H N

are about to analyse. Following the intuition developed from the non-supersymmetric case, we shall introduce
representation on carrier spaces Q, which are parametrized by a single parameter a of the form a € % + iR
where Q = b + % and the relation between b and ¢ is the same as before. The spaces Q. are graded vector
spaces. By definition, they consist of pairs (f°(z), f!(z)) of functions f7 which are entire analytic and whose
Fourier transform fj (w) is allowed to possess poles in the set S, that was defined in eq. (56). The upper index j
indicates the parity of the element, i.e. vectors of the form (f°,0) are considered even while we declare elements
of the form (0, f) to be odd. On these carrier spaces, we represent the elements K and v* through
210 0 [0, + a]-

To (K) =T , Ta (v(i)> = jetTbe , (160)

0 1 [0, £al, 0
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where T denotes the shift operator that was defined in eq. (58) and we introduced
i ( Tha

sin(™22)
[zl = — Wiz

SIH(T)

Consequently, the matrix elements in our expression for 7, (v¥) are given by

cos( bz
R i w0 (161)
=)

cos(

) emzbaT% _e—igbaT_%
[51 + a}* = T 1 ,
q2 — q_§
irba o ib —inba ib
_ e 2 T2 +e 2 T2
[651? + a]+ = 1 1
qz +q° 2

It is not difficult to check that our prescription respects the algebraic relations in the universal enveloping
algebra U, (osp(1]2)) and hence provides a family of representations. In these representations, we can evaluate

the Casimir element C and its square root @,

mal(0) =[5 —aR[E—alos , ma(@ =la—3)-[a- Flsos

where oy denotes the 2-dimensional identity matrix and o3 is the Pauli matrix that is diagonal in our basis.
Note that the value of the Casimir element C is the same in the representations 7, and 7. This is because the

representations are actually equivalent. In fact, one may easily check that the following unitary operator

0 Si(a—iw)
I — Sl(afiw)
« So(a—iw) 0 ’
So(a—iw)

involving the special functions S, defined in Appendix B.1, satisfies

7a(X) Ty = Tama(X) , for X =K, o),

In order to discuss the reality properties of our representation, we need to introduce the following matrix

A2 = e 0 where q1/2 — q*1/2

0 ot eV R e (162)

A square root A of the matrix A2 appears in the definition of the scalar product
0.0) =3 [ deg' @) N (a) (163)
1,J

A short calculation shows that the adjoint with respect to this scalar product implements the * operation we
defined above. Once again one can check that the representations m, admit duality b — b™' in the same sense
as above. More concretely, our formulae can be used to define a representation of U;(0sp(1]2)) with ¢ = eimd ™
on Q, such that the corresponding operators (anti-)commute with the representation operators for the original
action of Uy (0sp(1]2)) on Q. Let us mention that a similar series of representations was recently discussed in

[48], though the precise relation to the ones we consider here is not clear to us.

7.2 The Clebsch-Gordan coefficients for U, (osp(1|2))

As in the case of U,(sl(2)), we are interested in the Clebsch-Gordan decomposition of the representation m,, ®

Toys

®
Ty @ oy / dag 7o, -
QiR+
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We shall show below that there exist two independent intertwiners for any given choice of aj,as and az. We

shall label these by an index v. The corresponding Clebsch-Gordan coeflicients are defined as

(v) js

j Z Q3 Qg =
F(V)J3 (043,.%‘3) =: dl’gdﬂ?l fhj1 (1'2,.’1?1) .
— T3 T2 L1 |, 4
J2,J1 J271

In order to construct these coefficients, we introduce the following products

D(V);e(l'i; Oli) _ (_1)u(7+1)(0+1) ST+u+1(Z21 + %) Su+a+1(223 + 6) ST"FO"’FV(ZI?) + %) 7 (164)
i Sr(z21 +a21) So(z23 — § + a23) Srqop1(z13 + €+ ais)

where z;; and «a;; in the same way as in the U, (sl(2)) case, and v,7,0 = 0,1 mod 2. In addition, we have
introduced a parameter e that will serve as a regulator in products of Clebsch-Gordan coefficients later on, just

as in the case of U,(sl(2)). The Clebsch-Gordan maps are now obtained as

= (U (G g NYED ) @san) . (165)

J2J1 7,0

Qs o aq (v) js
x3 T2 T

The normalizing factor A™'/2 is the square root of the A" we defined in eq. (63). Regularization is understood
whenever it is necessary. If we remove the regulator ¢, we obtain the Clebsch-Gordan coefficients
[043 P al]('/)ja . <{a3a2 041] )(V)js
= lim .
T3 X2 11 1y 0 T3 T2 T1le/ joj
The intertwiner properties and orthogonality relations for these Clebsch-Gordan coefficients are established

following the same steps as in the case of Uy (sl(2)). Our discussion in the subsequent section will therefore

focus on equations containing additional signs and on the final results.

7.2.1 Intertwiner property

The Clebsh-Gordan coefficients satisfy the intertwining properties for X = K, v*)

J3 J3
; o o1 | A3 Q2 (1 ; o j a3 Q2 1
X)t. 5.}2&]1 =4t At X J2 71 .
’ﬂ'as( )]3 7 Yk T3 To T1 i ]3(7Ta2 ®7Ta1) ( ) ik T3 To T1 i

The transpose on the right hand side is defined with respect to the scalar product (163). All these equations

may be checked by direct computations. For X = K the analysis is identical to the one outlined in section 3.1.

So, let us proceed to X = v(*) right away. When written out in components, our basic intertwining relation
reads

oyt [asaza ]P0 o [asaear )P o [agasar] @
(vas’) 0 = Al (v') + A7) 0 ,
01

00
LT3 T2 T1 [ x3 T2 T T3 T2 X1 |49

()0 g az 0| Al (vH))0.0 {043 P a1](O)O+At ()1 [as a Ofl](o)o
V. = v v
s e @1 |, 12 01 | &g 9 21 | 12 R .

11
(s ag o 1O as ag ;] @0 as ag a; ] ©°
+)\0 3 G2 G _ t +)\1 1 3 G2 G t +)\0 0 3 G2 G
(U&S)) 1 = =AY + AL ()00 ;
| L3 T2 X1 | 12 T3 T2 I1 11 T3 T2 T1 00
Corg g o 190 as ag ag 1O as ag ag 1O
+)\1 3 G2 G _ t +)\0 1 3 G2 G t +)\1 0 3 G2 G
(U((xg,)) 0 = A12(U( )) 11 [ ] —A12(U( )) 11 [ ] .
| L3 T2 T1 | 11 Ir3 T2 I 01 XT3 Lo I 12
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For the second set of Clebsch-Gordan coefficients we find,

- S(1 - 1(1)o - 1(1)o
(U(+))0 Qg Q2 @ — Al (v(+))o 1 |3 Q20 = N (U(+))1 0 |Q3 Q201 =
o3 1_m3x2x1_11 12 11_%3%2%1_01 12 11_@%2&:1_12 )
(,U(+))O [a3 g g | h — Al (U(+))0 1 (a3 ap a1 | o + Al (U(+))1 0 [ag g o ] (10
o 1_x3:v2x1_00 12 00_%3%2%1_01 12 00_9533023:1_12 )
r 1(1)0 r 1M1 r 1M1
Q3 Qg O a3 Q2 Qg Q2 0
(U&t))lo = AiQ(vH—))OOO + Aiz(“(ﬂ)lol )
| T3 T2 1‘1_01 | T3 T2 .731_00 | T3 T2 .731_11
(U(+))1 [z as a | o — _At (U(Jr))l 1 [043 Q2 041](1)1 + A (U(+))0 0 [043 o2 061} w1
as 0_m3x2x1_12 12 L . 12 S 00
As in the nonsupersymetric case one may employ the identities
bsl( i+ ay) _ [—iz + a1]1 So(—iz + a1) i
Si(—iz +a2) [—ix + ag)i So(—izx+az) *’
bSo( i+ ay) _ [—iz + a1]o S1(— Z»’U‘f'al)Tz‘lo
0( T + ag) [72!17 + (12] Sl(fll' + ag) xo
i So( i+ ay) _ _iq% ¢ 7 [—iz + a1)o Si(—iz + ay) i
S1(—iz + az) g% + ¢~ [—ix 4+ az)y So(—ix +az) ~°

to check that all the intertwining relation for X = v(*) is satisfied. The same steps are carried out to discuss

X = v(7). Details are left to the reader.

7.2.2 Orthogonality and Completeness

The most difficult part in the analysis of the Clebsch-Gordan coefficients is once again concerning their or-
thonormality relations.
that

The intertwining relations we have established in the previous subsection guarantee

(V)J's (1) i3
azazaq Bzazar Joka \Jik1 _
S [ deaden BT s webennts =

J2,J2

() _ - = _
=325 Z(—l)(”“)("*”l&(?ag)l %6, N2 6(Bs — aig)d(ys — x3),

lea

(166)

up to an overall factor. This normalisation is established with the help of a set of integral identities which follow

from a supersymmetric version of the star-triangle identity, see Appendix B.2. In particular one uses

;/dmdm(—l)

where we introduced

16(—1)P"
|Sp41(2a3)?

(ptvtu)T (DQ;) 6) S&ip) = 8 0(Bs — a3)d(ys — w3),

DW= DW (3, w0, 21503, 00,01) , DW= DWe(ys 25 213 B3, 0, 01) .

Since the analogous computation for U,(sl(2)) was described in great detail in section 3.2 we can leave the

derivation of eq. (166) as an exercise.
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7.3 The Racah-Wigner coefficients for U/, (osp(1/|2))

The definition and computation of the Racah-Wigner coefficients for U, (0osp(1|2)) proceeds very much along the
same lines as for U, (sl(2)), see section 3.3. After giving a precise definition in the Racah-Wigner coeflicients, we
will state an explicit formula. It resembles the one for U, (sl(2)), see eq. (79), except that all special functions
carry an additional label v € {0,1}.

As in the case of U,(sl(2)) be begin by defining the following two maps for the decomposition of triple tensor

products,

(v2)n

vivaN (v1)i
<(I)th {ag 042} > (aizi) = Z/dxt {0@ a al} [at o3 aQ] (167)
Qg4 1 ikl - Ty Tt T1 e nl Tt T3 T2

€ e jk
as ag 1727 ° g as o, ] Tag ag ay 179 ™
<(Ds |:3 2:| > (£C4,£L'1) — Z/dxs|: 4 k3 s:| |:s 2 1:| (168)
“ lagon ], ki - Ty T3 Ts | ¢ jm [ Ts T2 L1 | py

From these two maps we can compute the Racah-Wigner coefficients through the usual prescription

v3l4
({‘“ “3|O‘S} ) 19 (200) 250y — a)d(h — 2a) = (169)
b viV2

Qo Qg O
*
vive\ m v3ra\ M
. a3 2 a3 (g
= hn(l) E /dgx (@fm { ; } ) (s ;) (@Zs [ (a5 24)
T jkim @y 1l ki X401 Kl

where the integration measure is d*z = H?:l dz;. After integration and summation, the right hand side turns
out to be independent of o),z and n. Using the explicit formulae for the regularized Clebsch-Gordan maps
along with our knowledge of poles and residues of the special functions S,, see Appendix B.2, we can perform
the integrations with the help of Cauchy’s integral formula to obtain,

o1 a3 o vara . Sy.(a4)S,, (a1) 2
=94 —1)vavstra ZHAATEMIN D706 (2 170
({ Qg Oy | Qg }b) vive 2 vi=0 mod 2 ( ) Sl’2 (aQ)SVs (CL3)| 1( at)| . ( )

1 ~ ~
y / a3 (~ 1)) Stpvpva (s + ) S1404v, (U + 1) S14v40, (Us + ) S14p4, (U3 + 1)
iR ) Sutvatvs (u23 + t)SV+Vz+V3 (ﬁ23 + t)Su(Qas + t)S,,(Q + t)

All the variables a; and u;, 4; etc. where defined in section 4. Note that they are associated to the four vertices
which in turn correspond to the indices v;. In this form, our result appears as a natural extension of the
expression (79) for the Racah-Wigner coefficients of U, (sl(2)). The sum over v accompanies the integral over t.
The shift v — v 4+ 1 in the index of S, appears for those S, that we decided to write into the numerator. The

parameters v; are placed such that they mimic the arguments of the S, .

7.4 Teschner-Vartanov-like form of Racah-Wigner coefficients

We are now prepared to study the extension of the Teschner-Vartanov form of Racah-Wigner coefficients to the
supersymmetric case. We shall define the supersymmetric Racah-Wigner symbol in the next few paragraphs
and comment a bit on its relation with N=1 Liouville field theory and the Racah-Wigner symbol for self-dual
representations of U, (0sp(1]2)). Then we perform an analysis along the lines of section 3.4, i.e. we compute the
limit of the Racah-Wigner symbol for a discrete set of representation labels. The interpretation of the results

is a bit more subtle than in the example of U, (sl(2)).
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As a supersymmetric extension of the Racah-Wigner symbol (81) we propose the following integral formula

V3lVa
ai as a
I _ A A A
a a a - Ziui:as—i-atmon u4(a57a27a1) Vg(a87a37a4) UQ(at7a37a2)
as? oyt | ayt
2 4 t

1507}

1 (171)
XAy, (g, ap, aq) /C du Z ((—1)XS1+V+V4+aS (v — a125) S1+v4vs+a, (U — Cs34)
=0
S14vtvotar (VU - a23t) S14vtvr+ar (U - a1t4) Sytvrtvatas (a1234 - U)
Sy tv1+vstas (astIS - U) Sytvitvatas (Oést24 - U) Su(2Q - U))

where

SV+%¢1123 (a123 - Q) > ?

V+%(a12*as)(a12 - az) SVJF%(G%*CH)(CQS - ) SVﬂL%(“M*a?)(agl - az)

Al/(a?ﬂ 042,061) - (S

and the contour C, as in the bosonic case, crosses the real axis in the interval (%, 2Q) and approaches 2Q + iR
near infinity. Note that the arguments a® of the Racah-Wigner symbol contain a continuous quantum number
a € Q/2 + iR along with a superscript @ that can take the values a = 0 and a = 1. The discrete label a
keeps track on whether the corresponding representation is taken from the NS or R sector, respectively. We
will comment a bit more on this below. Let us agree that the Racah-Wigner symbol is zero unless the discrete

labels a; satisfy the following conditions
4
as = a1 + as = az + a4 mod 2, a; = a1 + ag = as + azmod 2, Zai:0m0d2. (172)
i=1

The sign factor
(_1)X _ (_1)u(asul+a1V3+a4V4+a1as+a2a4+as+at) (173)

kicks in as soon as some of the discrete labels a; are nonzero.

Our symbol (171) with a; = 0 was defined to extend the Teschner-Vartanov version of the non-supersymmetric
symbol to U, (osp(1]2)). At the moment we cannot prove that the expression (171), a; = 0, agrees with the for-
mula (171) simply because we are missing certain supersymmetric analogues of the integral identities employed
in [47]. On the other hand our results below make it seem highly plausible that both formulae agree. In [29] no
attempt was made to extend the constructions to the R sector of N = 1 Liouville field theory. It is likely that
U,(0sp(1]2)) indeed possesses another self-dual series of representations which can mimic the R sector and that
the fusing matrix involving R sector fields may be obtained from the Racah-Wigner symbol in an extended class
of self-dual representations, but the details have not been worked out. Here we just make a proposal for the
extension of the Racah-Wigner symbol cases with some a; # 0. Our results below strongly support a relation
with the R sector if N=1 Liouville field theory.

After these comments on the Racah-Wigner symbol (171), we would like to repeat the analysis we have
performed in section 3.4. By analogy with the bosonic case we expect that the prefactor vanishes each time
one of the external weights approaches a degenerate value a,, ,» = —%b — %;. Weights «, , with even n + n/

are degenerate in the NS sector while those with n +n’ odd degenerate in the R sector of the theory. Suppose

now that the external weight o; degenerates. Fusion with a generic weight o; gives the following finite set of
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intermediate weights

sb & tht
Qs = = o = o or A A T (174)
s,t€{-n,—n+2,...,n}, st e{-n',—n"+2,....n}.

Let us now take a closer look at the prefactor of our Racah-Wigner symbols. When written in terms of the

double sine function, it takes the from

Ay, (o, a0, a1)Ay, (s, a3, 04) Ay, (i, g, a2) Ay, (0, oy, 01) (175)
- (SU4+as (a12s - Q)SUS+aS (a834 - Q)Sug—i-at (062375 - Q)Sul+at (a14t - Q))

(Su4 (a12 - as) Sl/4+a1 (als - 042) SV4+a2 (OQS - al)

N

S
S

V3 (0[34 — Qg Su3+a4 Qgq — 043) Su3+a3 (0[35 - 044)
(

SIS

) (
vo (23 — @t) Suytay (2 — 3) Svatas (a3t — az)
Syl (0614 - at) Su1+a1 (alt - 014) Sy1+a4 (a4t - 051))
This factor vanishes every time we hit a pole of the denominator. As one can easily see, there are four different

cases in which this can happen, each corresponding to the consecutive products of three double sine functions,

— g Vg, degenerate «;, 1=1,2
n—s n n —s CON4 14 4 g i)
2 2 V3, degenerate «;, ©=3,4
(176)
! ! vy + a;, degenerate oy, ©1=1,2
n+s n+s CON4 14 4 i g i
2 2 v3 + a;, degenerate «;, i=3,4

As one example, let us discuss the first line and suppose that o; = o1 for definiteness. It follows that a; = ao
because a; and ag appear only in combination with s in the arguments of the double sine functions. According

to the properties listed in Appendix A the first double sine function S,, (a2 — a;) runs into a pole provided

that its argument a1 — as = 570 + %b’l satisfies "5 + # € 2N + 1 4+ v4. This gives the first line

above. The analysis for the other cases is similar.

The analysis for the t-channel, i.e. for terms involving «y, is performed in exactly the same way and it leads

to
—t — v degenerate oy, ©t=1,4
n n cON+1+ 1, g i )
2 2 Vo, degenerate «;, ©=2,3
(177)
t Y v1 + a;, degenerate «;, 1=1,4
n+ i n' + CON4 14 1 i g i
2 vy + a;, degenerate «;, ©t=2,3
This implies a relation between the sets of parameters {v;}, {a;} (i = 1,...,4) and the type of fusion rules

satisfied by as, a; in the limit of a degenerate weight. We see that the prefactor has the fusion rules of N =1
Liouville field theory built in. This provides a first non-trivial test for our proposal.

Let us anticipate that the numerator of the normalisation factor furnishes residues that can be related to
S, (0) by shift equations, see Appendix A. All four double sine functions satisfy this condition simultaneously,

provided that the external weights obey

J1234 +j1234 €2N+v3+vy+as, and Jioza +.7'1234 €2N+ v + 12 +ay (178)

64



at the same time. This is guaranteed by the Kronecker § we have put into our definition of the Racah-Wigner
symbol (171).

We plan to test our proposal (171) by evaluating it for degenerate weights, as in the previous section. To

nb

this end, let us consider the limit where g — —7%7. Before talking the limit of the Racah-Wigner symbol it
is useful to pass from the summation over v to a new summation index v/ = v + v3 + a5. The Racah-Wigner
symbol then reads,
123728
al as Qs
ot as® | al
a s = 5Z.ui:as+at modgAy4(OLS,OQ,OQ)AVS(OZS,063,014)AV2(O[,§7O[3,OLQ)
ay?  ayt | aft ‘
2 4 t

vivz

(179)
1
Aul (044, g, Oél) / du Z ((_1)X Sl+l/3+y4+u'(u - alZs) Sl+l/’ (U; - as34)
C

v'=0

Sl+u1+u4+u’ (u - a23t)Sl+V2+V4+u’ (U - a1t4) Sl/4+l/’(a1234 - u) SV1+V’+a1 (astli’» - u)
Svotv/+as (ast24 - u) Svstv/+a, (2Q - u)) .

As in the previous section, we need to determine the singular contributions from the integral. Note that the
product
S14u (U - 01334)Sy4+u' (041234 - U)

n—s

has poles in the positions u = a3 — %b —pbforpe {v, v +2,...,< 252 — '} (V keeps track of the parity

of p). Due to the “pinching mechanism” each pole contributes a sum of singular terms. Once we include the

summation over v’ = 0,1, the sum of singular terms runs through all values of p € {0,1,..., %5°},

= 2 cos(’%’2 N S14p(0) nb
(_1>X ( [p] | [n)s — p] | Sl+ug+u4+l/’ (a34 —o1 + ? —pb) (180)
+° 2 +

n—s)b sb
Sl+V1+V4+V’(a14 — oy + % - pb)sl+uz+u4+u’(a3 — Q0 — 5 - pb)

nb sb
Su1+y’+a1 (alt — 0y +pb)SV2+V’+a2 (at — Q3 — ? + pb)SungV’Jras (2Q — (134 + 5 +pb)7

where we used the shift relations for the supersymmetric double sine function (233) and the notation

1 L2 . 22 2 -n
| | ——— cos(j 3-) [T} = mod2 sin(—j75-) (COS(%)) , forn € 2N

[n)4! = : e o 2y (181)
ITi—1moa2 €08(3%5-) ITj =2 moa2 Sin(—775-) (COS(WT)) , forn € 2N 41 .
With the help of conditions (176) one can verify that the product
Sl+l/2+u4+1/’ (u - a1t4)5u2+y’+a2 (ast24 - U)
has common poles which are located in u = aq¢y — p'b, where p' € {/,/ +2,...,< 22 — '}, They lead to

a second sum of singular terms. Once the two singular contributions from the integral are multiplied by the
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vanishing prefactor, they give a finite result for the limit of the Racah-Wigner symbol,

1232 v3vy
of om0 [ apfar LT d
nb\ @2 ay as == as ay as - ; Vi=as+at mod2
— (6% (6% b (6% 0% (6%
( 2 ) 4 t v Qg — — . 2 4 t v
s — ap — “’—
1
_ +n)b : 2
[255] [, Svaa, 21 = 52— Q)S,p0, (20031 — % — Q) :
~5)b
Syita (201 + (o 25)’)5u3 (034 — 1 + ) Suotas (013 — 0 — L) Sy 40, (Q1a — a3 — )

SV2+at (0[3 + ay — &5 —

(

Sy, (03 — oy —

nb

2
)%

) vitat (a14 + o — Q) (Sul+a4 (cas — al) Svytas (s +
)

V2+<12( — a3 — %b)sul (0414 - at) SV1+111 (alt - 044)

= (2 cos( nb
Z(_l) | [n=s Sl+l/3+l/4+v (a34 —op + ? —pb)
p=0 Pl ! %5 —p] !
n —s)b sb
St 4vatv (014 — 0 + % = Pb)S14untvsv (a3 — . — o pb)
nb sb
Svitvitar (@1t — g +pb) Sy, 11 pay (@ — a3 — — +pb) Sustviya, (2Q — @134 + — +pb

b2
(2 cos( "5~

2 2

+Z

51+u' (at

INIes

)

nb)) 1)2

-

—p’]+!

—ag+ % 7 - p/b)Sl+V3+V4+V’(at4_a1 + (n-;ié)b

)

va+v/ <a3 — O

nb nb
-5t P'b)S144vatr (Q1a — s + 5 p'b)

- p/b)SV1+V’+a1 (a13_a4 + p/b -

The residua are given by the fo

Su3+u’+as (a1t4 - p/b - Q)

llowing formula,

V3V
aft a? | (g — £
Res ; as ° ( ' ° ) = 52 vi=as+at mod 2
ot | () ap | ap ’
Viva
1
9 <Su4+as (201 — % = Q)Systa, (203 — (t%n)b - Q)) ’
n—s n—t)b
Sl/4+a1 (20&1 + (72)17) Su2+a3 (2(3‘3 + %)
min{ 252 n+t} .\ 1
Z (_1)X (SVSJFGS (06134 - ?b - Q)Szll-i-at (04134 - % - Q)) 2
_ t—s Su3+y/+as (01134 - %b _pb - Q)
p=max{
)2
1
n—t n+4t 2
([ [ ]+ ?]4—' I:T +') SV1+V’+a1 (Oé13 o7} +pb - 7)
| [n=s _ | s—t] | [ttn _ | s 1
Pl =l e+ S ] TS = P (S0, s (05 — a = 22) S (015 — g — )2

Sl+1/3+1/4+u’(a34 —a; —pb+ %b) Sl+1/1+u4+y’ (Oél4 — a3 —pb+ W)
1
(Sus (0134 — o1+ %b) Svitas (0134 a1 — %)) (SV3+G4 (0514 — a3 — %b) Siy (0114 —az+ %)) ’

Now we can send all the external weights to degenerate values,

Q; — _J’Lb7

. a;
Ji € ZZO + 5

In complete analogy to the bosonic case, see eq. (90), we shall denote the limit by

v3vg

—j1b
—J2b

—Jjab
—Jab

_jsb
—Jib
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This expression has simple poles when the second intermediate weight approach a degenerate value a; — «

}.

(182)

th
375

(183)



remembering that it denotes a residue of the Racah-Wigner symbol (171) with one degenerate external weight

and both intermediate weights satisfying fusion rules. Assuming that

n_ . s o
2—]27 2_.75 J1, 2—Jt J3

satisfy the conditions (176) to (178), one can use the shift relations (233) for S, (x) to obtain

v3lg

b —jsb | b s (—1)AG)
= v =2(js+7j1) mod 2 p p=
—jab —dab | —jib P TAOT  cos (2F) cos (5)

viv

(184)

. . . . . . P . . .. 1 _
A+(]Saj??]l)A‘F(]Saj?n]4)A+(jt7.737]2)A+<]47]t’]1) Z {(_1)X(_1)22(2 1)[2 + 1]+'
220

([2 — Jr2s)4 ' [2 = Jzas] ! [z — Jrae)+ 1z — Jose) g123a — 2]4! [J1sse — 2]+ ! [Joase — Z]+!)71}

where the sum is over z = p + js34 such that all arguments [.] are non-negative, and

Ai(a,bc)=+/[-a+b+c a—b+c ! fa+b—c ! /[a+b+c+1]L
The powers of (—1) come from the relation (233) applied to the terms Sv(—xb — @), in particular:

. 1. . 1. . 1. . 1. .
A(j:) = 13125(]125 -1+ 13534(3534 -1+ 1.72315(]2315 -1+ Z]l4t(]14t -1)+1.

This concludes our computation of the Racah-Wigner symbol (171) for degenerate labels. The final formula
looks somewhat similar to the corresponding equation in section 3. We are now going to see that it indeed very

closely related.

7.4.1 Comparison with the finite dimensional 6j symbols

Our formula (184) for the limiting value of the proposed Racah-Wigner symbol could turn into a strong test
of eq. (171) provided we were able to show that the expression (184) gives rise to a solution of the pentagon
equation. In our discussion of the Racah-Wigner symbol for ¢, (sl(2)) this followed from the comparison with the
6j symbol for finite dimensional representations. By construction, the latter are known to satisfy the pentagon
equation. By analogy one might now hope that the coefficients (184) coincide with the 6j symbol for finite
dimensional representations of the quantum universal enveloping algebra U, (osp(1]2)). This, however, is not

quite the case. To start the comparison, we quote an expression for the 6j symbols of U, (osp(1]2)) from [63, 64],

by s _ (_1)%(l1234+ls+lt)(l1234+l5+lt+1)+%(Z?Zlli(lifl)Jrls(ls*1)+lt(lt*1))

q
A;(Zsu 127 ll)Ag(l.bl?n l4)A;(lt7 l37 lQ)A;(lﬁh lt; ll)

S (~1)FCE[ 4 1];!([z — Lol [z — Laas ]l [ — Lrad]!)!
220
[z — lasey [l23a — 2] [lizse — 213! [loast — Z};!) B

where

Ay (a,b,c) = \/[—a—l—b—l—c]fl![a—b—l—c]fl![a—l—b—c]fl!/[a—i—b—i—c—&— 11,
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Let us stress that irreducible finite dimensional representations of U, (0sp(1]2)) are labeled by integers I. Hence
all the arguments /; in the above 6j symbols satisfy /; € N. In the previous definition the g-number [.J; is defined

), =4 -\ ©° (185)

For ¢ = ™ the quantum factorial takes the form

n— . b2 n .. b2 b2 -n
/ szllmon(zos(j%) [T mods (z sm(f]%)) (cos(%)) , forn e 2N
]! = (186)

2

n . b2 n—1 .o . b2 T -
szlmodzcos(j%) Hj=2m0d2 (z sm(f]%)) (cos(%)) , forne2N+1.
It is related to the similar symbol [.]! which we defined in eq. (181) through

['I”L]+! _ (_1)1—12n(n+1)(2n+1)(_i)n [n];| ) (187)

In order to compare the limiting values (184) Racah-Wigner symbols (171) with the 6j symbols (185) we rewrite
the latter in terms of the new symbol [n];7

v3Vy

—jib —jab | —jisb 5 (—D)AUIA! (s, g2, 1) AL (s, G35 5a)
. . . = 032, vi=2(js+jt) mod 2 p p
—jab  —jab | —jib JeHI 2cos(Tb2)cos(W)
Viva
A (s 3, 52) A (as e 1) D (=1)% (=1) 277 D22 0nsscetiusbiaiat o) [ 4 1)) (188)
220

([Z — Jr2sly! [z = dsasly![z = Jraclg! [2 = Jasely 1234 — 2] [F13se — 2]! [Joast — Z];!)

where
. 1 . L
A'(ji) = N (12345t + 1)(j1d3 + Jaja + Jsje + 1)
1. . 1. . 1. ) 1. .
+§J12s(]123 —-1)+ 5]834(]334 -1)+ 523t (Jozt — 1) + 514t (Jrae — 1)
—F(j1,J2,Js) — F(j3, ja, js) — F'(d2, 3, Jt) — F(j1, Jas Ji)
and

F(j1,J2,73) = 13123(j123 + 1) + jijeds + Jije + jijs + jaJs -

For integer j; the signs (—1)2?U12sasetirds+iziatisir) and (—1)% which were defined in eq. (173) vanish so that

we can relate the limit of the Racah-Wigner symbol to the U, (osp(1|2)) 6j coefficients,

V3l4
—jib —j3b | —jsb (—1)A"Go) J1 Jo2 s
. . . = 621 v;=2(js+jt) mod 2 b2 s - - . (189)
—jab  —jab | —jib 2cos (%) cos (55z) | js ja Je

282

where

A"(j;) = 3~ J1234st(J1ds + Jeja + Jsit)
_F(j17j27js) - F(j37j47js) - F(jQujSujt) - F(jl7j47jt) .

Let us emphasize that in arriving at the expressions (184) for the limiting values of the Racah-Wigner symbol,

the parameters j; were allowed to take either integer (NS weights) and half-integer (R weights) values. We

68



have now shown that the limit is proportional to the U,(osp(1|2)) 6] coefficients, provided all arguments j; are

integer. In order to find an interpretation of the limit (184) in the case of half-integer j;, we will have to bring

in a different idea. It is related to an intriguing duality between the 6j symbol of U, (0sp(1|2)) and Uy (sl(2)).
As was originally noticed in [39], [54], the U, (sl(2)) quantum numbers (92) with the deformation parameter

q' = i,/q are related to the U,(osp(1]2)) quantum numbers (185) through,
(ol = (-1)'F el (190)
This equation implies a relation between the quantum factorials,
z(z—1)

2]t = (=177 [a]g! (191)

With its help we can rewrite the U, (osp(1]2)) 6j symbol in terms of the U, (sl(2)) quantum factorials,

JuoJz s _ (_1)Z?=1%(ji_1)+j7'3(j3_1)+j7t(jt_l)_%jstj1234_%j13j24
Js Ja Jt

Aq’ (js7anjl)Aq’(jsijajél)Aq’ (jtaj37j2>Aq' (j47jtaj1)

Z(_l)z+2zj1234st [Z + 1]q’! ([z — j12s]q,! [2; — j34s]q/! [z — j14t]q'!
z2>0

—1
[z — Jost]g ! [J123a — 2]g ! [F13st — 2]g/! [J2ust — Z]q’!> .

Due to the condition j; € N in the U, (0osp(1]2)) 6j symbol, the sign (—1)?271234s¢ vanishes and one arrives at the
following relation between the 6j symbols (93) and (185)

JioJ2 s = (ST F D G D4 # G D= ediasa— adae
J3 J4a It .
(—1)etiat2ie (G gy gy
VI2is + Ug[2e + g \ Gs ja Jje

In a similar way we can relate our limit of Racah-Wigner coefficients (188) to the 6j symbol of Uy (sl(2)) even
if some of the arguments j; assume (half-)integer values. When written in terms of [z]y, the Racah-Wigner

coefficients (188) take the following form,

v3Va

i b meds T B Uy o, 1) A (s o 1)
= s vi=2(js+7t) mo b2 p
—jab  —jab | —jib e 2 cos (72) cos (57z)
130 %)
Ag (Jes 335 52) Ag (Jas e J1) Z(—l)x(—I)ZH(ZH)(j1j3+j2j4+j5jt)[Z + 1]g/! (192)
220

—1
([z —j12slg ! [2—d3as)q (2 —J1ae) o [2 —J3e] g 1230 —2] ! (135t —2]gr! [oast —2]g !>
where

A"(ji) = 5 = (rzsast +2)(ads + Jada + Joir)
_F/(j17j27j5) - F/(j33j47js) - F/(j27j3ajt) - Fl(jlajébjt)

F'(j1, j2. J3) = j1jajs + 5(]1 +J2 + J3) -
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Using the relations (176, 177) and (178) one may check that

(_1)2j1j3+2j2j4+2j5jt _ (_1)a3u1+a11/3+a4u4+a1as+a2a4+as+at . (193)

Since the parameter z is related to the summation parameter p (180) as z = p + js4s and the parity of p is
tracked by v/ = v + v3 + as, we may relate the sign under the sum in eq. (192) to the sign factor (—1)% that
was defined in eq. (173),

(_1)2(Z+1)(j1j3+j2j4+jsjt) — (_1)2(V+V3+as+j34s+1)(j1j3+j2j4+jsjt) (194)

_ (_1)V(a3U1+a1V3+a4U4+a1as+a2a4+as+at) — (_:[)X7

where we used (178) to check that v+ v3 + ag + jaas +1 € 2N+ 2(v + v3 + v4 + ag) + v. Thus the limit (192) is

proportional to the 6j symbol of finite dimensional representations of Uy (s1(2)),

. . . V3V4 1’
—j1b —j3b | —jsb (—1)A" @)

= 0. 1,=2j,+2j, mod 2 -
—jab  —jab | —jeb " 2 cos (75°) cos (577)

viva

—1)
VI2is + g 2e + g \ js ja ji

(195)

—J12tJ3a+27s g1 J2  Js

q/

This concludes our discussion of the limiting Racah-Wigner coefficients (184). Our analysis has shown that the
expression we obtained from our proposal (171) is dual to the 6j symbol for finite dimensional representations of
the quantum universal enveloping algebra U, (sl(2)). By construction the latter satisfy the pentagon equation.
Even though we have not demonstrated that the original symbol (171) solved the pentagon identity for arbitrary
values of the weights «, our results provide highly non-trivial evidence in favor of the proposal. Note in particular
that our sign factors were rather crucial in making things work as soon as some of the weights were taken from
the R sector. It is actually possible to carry things a bit further. In fact, the evaluation of the Racah-Wigner
symbols (81) and (171) is possible for all degenerate weights, not just the one parameter series we have studied
above. In that case, the limiting values of the Racah-Wigner symbol are no longer given by a single 6j symbol.
On the other hand the coefficients obtained from the the symbol (93) are guaranteed to satisfy the pentagon
relations, simply because the full symbol does [12, 13, 47]. We have checked in a few examples that the limiting
values of the proposed Racah-Wigner symbol (171) are still related to those of the U, (sl(2)) symbol even when
o~ —%b - for n' # 0. With all these non-trivial test being performed, we trust that our formula (171)

correctly descrlbes the fusing matrix of N = 1 Liouville field theory for both NS and R sector fields.
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8 Heisenberg double of U, (osp(1]2))

In this section we will consider the Heisenberg double of the Borel half of U, (0sp(1|2)) and a class of its self-dual
representations which will analogous to those from [20]. We conjecture that the Heisenberg double canonical
element evaluated on these representations can be identified with a flip operator of the quantised Teichmiiller
theory of super Riemann surfaces. Moreover, the algebra isomorphism of Heisenberg double should correspond
to an operator changing the marked corner of a triangle belonging to a triangulation of a super Riemann surface.
Since again we are considering the non-compact version of Heisenberg double for the transparency we will
restate some important formulae which differ in comparison to the compact case. We will recall a self-dual series
of representations of Heisenberg double and evaluate on it the canonical element satisfying pentagon equation.
We will show that U, (0sp(1]2)) can be realised as a subalgebra of the tensor square of Heisenberg doubles.
The Heisenberg double H (U, (B)) with a deformation parameter ¢ = €™ will be generated by elements O, P
from the Borel half A of U, (0sp(1]2)) and O, P of the dual Borel half A* which have the following commutation

relations:

A 1
[O’O] - %7
[0, P] = —ibP,

P] =ibP
[07 ] ? I (196)
0,P] =0,
[0, P| = +ibP,
{P.P} = q(1+q %)™,

and coproducts
A0)=120+0®1,
(197)

and with grading such that |O] = |O| = 0, |P| = |P| = 1. Then the Heisenberg double is spanned by the basis
{e(s,t) @ é(s',t')}, where s,s',¢,t' € R such that

e(s,t) = %F(—is)c;b*(—wt)(—q)—@b’ltf(2m())iSPib’1t,

é(s,t) = O PP,

by

where ¢2 = e2mibl — —¢%, pu = 7, and the canonical element can be expressed by those generators in the

following way
S = exp(2miO @ O)g, ' (—-1)"/?P & P). (198)

Now we will consider the self-dual representation m : H(U,(B)) — L*(R) @ C'I* of the Heisenberg double.
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Its generators can be expressed as an operators on L?(R) in the following way

O = ply,
P= eQTrbq ,
0
A (199)
O =gy,
P — 2mblo—a) L
1 0
where [p,q] = 5= are usual operators on L*(R). The self-duality b <> % should be understood in the same
way as in the case of Uy, (sl(2)), i.e. the second action of the Heisenberg double with § = ei™"? representented

on L?(R) ® C!' by (199) with b replaced by b~! commutes with the one above. One can easily evaluate our

canonical element in this representation:

S = 62m’p1nggl((_1)—%62776(%-&-172—(12)5 ®£). (200)
1 . . . . "
where £ = . By construction, the canonical element satisfies the pentagon equation. Additionally, S
encodes the coproduct
Ale(s,t)) = Ad(S™H (1 @ e(s,t)), (201)
A(e(s, 1)) = Ad(S)(e(st) © 1), (202)

which follows from the relations for the generators O, P, O, P and it is easy to show, using a shift relation for

the quantum dilogarithm

A(0) = Ad(STH(1®0)=S"1(1®0)S =

= gn. (—-1)"V2P @ P)e 71090 (1  0)e*0%0 g 1((~1)"1 /2P @ P) =

=0, (-1)"V?P2 P) 120+ 0@ 1)g  (-1) V2P P) =100+0a1,

A(P) = Ad(S™MH(1®0) =S (1® P)S§ =

= g.(-1)""*P® P)e ‘2’”O®O(1 ® P)e*m0%0 1 ((—1)"1 /2P @ P) =

= go.(-1)"?P P)1® P)g, ' (-1)"/*Pa P) =

= gb. ((—1) 7122 0HP2702) (¢ @ €))eP™002 (I, @ €) gy, (1) V2P R) (E @ €)) =
= e™azg, (e7 TR m0) (¢ @ €))gp (eI 2T I IR (6 @ )™ (I @ ) =
””‘”( + PP ) (¢ @ €))e™ e (I, © €) =

= 2™ (I, @ €) + 2@t (@ LL) = 1® P+ P ® 2™,

=€
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and
A(0) = Ad(S)(0®1) =S5O0 1)s =
27rzO®O 1< 1/2P ® ]3)(0 ® 1) gy, ((_1)—1/2]3 ® ]3>€—2m'0®é _
1090 (0 0 1)e 2700 — 1 0+ O ® 1,
A(P) = Ad(S)(P & 1) = S(P @ 1)S™! =
27rzO®O —1(( 1)~ 1/2P®P)(P® Dy, ((—1 )71/2P®]5)6—2m'0®0" _
= e2“0®oggj<<—1>*1/2e2”b<q1“’2*q2 (€)™ (¢ @ T)gy, ((—1)7 /2P (g g ) 2miOP0 =
— 2mi0®0 ymb(p1—a1) (€® Hz)g];l <€+iwb3 2 tp=a2) (¢ @ £))g, (e—iﬂbi 2mbatp =) (¢ ) 5))ewb(p1—q1)e—2mo®é _
_ e27ri0®éeﬂb(p1—q1)(€ ®L)(1+ e27rb(q1+p2—qz))(§ ® 5))e7rb(p1—q1)e—27ri0®é _
_ e27‘ri0®é(627rb(p17q1)(£ L) + 627rb(p1+p2*q2))(]1 ® 5))@’27”0@0 _
27rzO®O(P ©1+ ™0 @ Pe —2mi080 _ | o P4 P g e 200,

Moreover, there exists an algebra automorphism A = e~/ 3¢Smiq” ei”(p+Q)2]I2, which has a following action

on the operators p and ¢
Algl2)A™" = (p = )z,
A(pl) A™! = —ql,
A~ (ql) A = —ply,
AT (pl2)A = (¢ = p)l2.
One can show that the elements &(s, t), é(s,t) defined by the action of A as follows
é(s,t) = Ae(s, t) A1,
é(s,t) = Aé(s, t)A™",
satisfy the same Heisenberg double relations.
The algebra automorphism can be used to establish the morphism between a tensor product of two Heisenberg

doubles and U, (osp(1|2)). In particular, one can define the elements E(s, t), E(s, t) which are representented on
L%(R?) ® (C')? defined

E(a) = u(a;b, c)e(b) @ Ase(c) A

E(a) = m(a; ¢, b)é(b) @ Ay 'é(c)Ag,

where m and p are the multiplication and comultiplication coefficients of the Borel half A of U, (osp(1]2))

respectively. In particular, the lowest lying elements of this type are as follows

E(17O) = 27”(1)1 - Q2)H2 ® ]127
0 1 0 1

E0,1) = —(¢+ q—l)—l(e%b(pz—qz)ﬂ2 ® 4 2mb(a1—a2) ® L),
1 0 1 0

B(1,0) = (q1 — p2)l> ® I,

E(O, 1) = (€2ﬂb(q27q1)]12 ® 01 + e27b(p1—a1) 01 ®1,).
1 0 0
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It is visible that those elements do have a particular normalisation factors. It would be useful to define another
set of elements u(i, j), for which those normalisation factors has been removed, and which generate an algebra

that we will denote by G

u(1,0) = (p1 — q2)I> ® Iy,

0 1 0 1
U(O, 1) _ e27rb(172—(Z2)]12 ® + e2‘n’b(q1—q2) @1y,
10 10
0(1,0) = (q1 — p2)I2 ® Iy,
0 1 0 1
a(0,1) = 22—, + 2mb(p1—a1) L.
1 0 1 0
Those generators satisfy commutation relations
[u(l()), ﬁ(la 0)] = 0;
[u(1.0), (0, 1)] = 4ib@(0,1),
[u(lO),u(O, 1)] —Zbu(O,l),
[@(1.0), (0, 1)] = +ibi(0, 1),
[2(1.0),u(0,1)] = —ibu(0,1),
{U(lo),ﬁ(l,O)} _ (q +q 1)( 2mbu(1,0) + 6727rb'a(1,0)).

Finally, there exists an algebra homomorphism U, (0sp(1]2)) — G? expressed by
K = ¢mbe1.0+8(1,0)/2

1) bi(1,0) a(0,1)

q+qt
o) = 0D rbaqio)
q+q!

o

where the generators K, v* are slightly redefined generators of U, (0sp(1]2)) and satisfy commutation relations

Ko = qv(+)K,
KvD) = ¢ WK,
K%+ K2
() (N =
e q+qt’

in way which is exactly analogous to the non-graded case considered in the section 4.
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9 Quantum superplane

In this section we will try to find the analogoue of the representation theoretical construction done by Frenkel
and Kim [7] in the case of a quantum superplane. We conjecture that the 6j symbols for the category of self-dual
representations of the quantum superplane can be identified with the flip operators of the Teichmiiller theory.
Also, our goal is to show that the operators defining the Teichmiiller theory from the previous section concerning
the Heisenberg double are related by a similarity transformation to the ones from the representation theory of

a quantum plane.

9.1 Self-dual continuous series for a quantum superplane

The quantum plane is essentialy the Borel half of a q-deformed universal enveloping algebra U, (0sp(1]2)) of the
Lie algebra osp(1]2). It is generated by the elements X, X 1Y, with relations

XY =YX, (203)
AX)=X®X, (204)
AY) =YX +1RY, (205)
and |X| = 0,|Y| = 1, where the deformation parameter ¢ = €™, Again we parametrise the deformation

through a real number b so that ¢ takes values on the unit circle. We also equip this algebra with the following

*_structure

Now we want to introduce the series of representations relevant for the quantum plane. The carrier spaces H

of the associated representations are L?(R) ® C'I*. Then, the generators X,Y are expressed as

X = e 2™, = T, (206)
0 1
Y = emt” : (207)
1 0
where [p,z] = L are usual operators on L?(R). This representation is self-dual in the usual sense which has

been discussed in the previous sections.

9.2 The Clebsch-Gordan coefficients for a quantum plane

The tensor product of two representations 7 is defined in terms of the coproduct, is reducible and its decompo-
sition into a direct sum of irreducibles is what defines the Clebsh-Gordan coefficients. In this case one has the
following decomposition,

o
H@H:/ H,
R

however we will establish that this tensor decomposition can be understood as

HOH ~ MQH,
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with the help of a multiplicity space such that M = L?(R). We are going to spell out and prove an explicit
formula for the homomorphisms H@H - M @H and M @ H - HROH

/dxzdxl ({a x] ) fjk($1,$2) )
R L1 x2], /).
7k

j

FH (o z) = f (21, 22) = /Rdadxqa x}:) FF(a,2) ,

X1 T2 k

fjk(xl,xg) — F}(a,x)

where p1 = 0,1. The kernels of the Clebsh-Gordan map are expressed in terms of G, functions

N _ 1
« T3 _ aeﬂ'ia(zgfwl)eﬂ'i(mgfa:l)(a:zfa:l)Gfl(Z‘(xg o l‘g) + Q)’
L T2y 11 g

_ _ 2
QT3 _ mio(xg—x1) ,mi(xz—x1) (T2 —21) =1 (2 _
1o ] = qe 37%1), 3—x1)(T2—21 GH+1(2($3 -'172) + Q),

[ x3 _ (_1);L—i—laeﬂia(mg—ml)eﬂi(rg—rl)(zg—zl)G;l(Z-(x?) _ 1‘2) + Q),
L L1 T2 |

[« T3 _ (71)uae7ria(a:37$1)e7ri(m37x1)(:c27:c1)Gl:il(i(xg . 132) + Q)7

LL1 L2 |

| T1 T2 | w) 1
_ 1
2] ) e G2 0
_ 1
[« I3 _ (_1);L+1b€7ria(xg7x1)67ri(1:37131)(:v27z1)G;l(i(zg _ IZ) + Q)’
L T2y 12

[ o 23]

o, 2 :( )Mbeﬂ"ba(aig Il)eﬂ'l(wg z1)(z2— wl)Gy,Jrl( ( T3 _x2) +Q)

AAAA Af\f\

_ 2
a I3 > _ be‘n’ia(mg—ml)eﬂ'i(xg—Il)(mg—wl)G;l(Z‘(:L.B o x2) + Q),

where a,b € C and p

9.3 The intertwining property

The fundamental intertwining property of the Clebsch-Gordan coefficients takes the following form

(1) [0‘ “””3] - {O‘ 5”3] (r @ m)A(u), (209)

Ty T2 Ty T2

for u = X,Y. The equation should be interpreted in the same sense as the intertwining property (64). The
proof of eq. (209) goes analogously to the one for the case of quantum plane — the only difference is that we

use the shift property for the functions G, instead of the one for Gy,.

9.4 The Racah-Wigner coefficients for a quantum plane

The Racah-Wigner coefficients describe a change of basis in the 3-fold tensor product of representations. In

decomposing their product into irreducibles 7 there exists two possible fusion paths, denoted by ¢ and s, which
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are described by the following combination of Clebsch-Gordan coefficients
Qg Ty ‘ Qs T
Ts T3

d
:l fabc(xlaanx?))a
T1 T2 |

fi(a&a47x4) = /d$3d1‘3d$2d1‘1 |:
de

—1\ YW 1 bk
Fiak (zq, 29, 23) = /da4dasd$4d$s ({as xs} ) <{a4 xﬂ ) [ (as, o4, 24),
T1 X9 b Ts T3 a

for isomorphisms Hq @ Ho @ Hz = M{y ® M2, @ Ha and

i d
fi(oz4,at,a:4) = /dxtdxgdxgdxl {OM m} {at xt] f“bc(xl,xg,xg),

1 Tt ad To X3 be

1 ik _q ib
fijk(xl7x27z3) = /dO[4dOétde4dl’t <|:at xt:| ) <|:a4 ‘T4:| > fa(0é4,0[t,I’4>,
T2 I3 ) T Tt "

for H1@Ho@H3 = M@ M{,®H4. Then one can relate the elements corresponding to those two decompositions

using the map
Qg

fladan) = [ dawdades {a,

4

Qs

i
} fa(a57a47$4)5
a

Qi
where the kernel of this map is 6j symbol and it is expressed using the Clebsch-Gordan coefficients in the

following way

aglas )’ o, 2,18 Toy z1° T o0 agral ! "
o / dz dzydzsdzod, | 474 L e 4o : (210)
Oyl O a T Tt as T I3 By T To Ts X3
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10 Conclusions

In this text we presented several ways in which liberally understood quantum group methods allowed us to
obtain solutions to the pentagon equation relevant for the problems of physical interest and consequently for
their deeper study. We reviewed how representation theory of U, (sl(2)) manifested itself in the context of
quantum Liouville field theory and Teichmiiller theory, where special class of self-dual representations played
a crucial role. The fusion matrix of Liouville theory was shown to be up to normalisation nothing else than
the 6j symbols for this family of representations, while important generators of the Ptolemy groupoid of the
quantised Teichmiiller theory were nothing else than objects (canonical element and algebra automorphism) of

Heisenberg double of the Borel half of U, (si(2)).

We generalised those result to the supersymmetric case: instead of U,(sl(2)) we considered the quantum
supergroup U,(osp(1|2)), and analysed the family of self-dual representations of it. Thanks to that we con-
structed fusion matrix of N = 1 supersymmetric Liouville theory. We also considered the representation theory
of Heisenberg double of the Borel half of U, (0sp(1]2)) and constructed the canonical element and algebra auto-

morphism, which we expect are related to a quantisation of Teichmiiller theory of super Riemann surfaces.

One could ask about some additional avenues of study which would expand on the results presented here. For
once it is possible to look at other conformal field theories with non-compact spectra and find their corresponding
quantum groups. Starting from the Liouville theory one can generalise it in two different, immidiate ways: either
go up with rank or go up with supersymmetry. Since Liouville theory is an example of Toda theory for si(n)
gauge groups for n = 2, it is possible to just consider the cases when n > 2. Classical Toda field theory
Lagrangian has the form )

ne

L= %(%)2 Fpy | eend)

k=1
where ey, are the simple roots of sl(n) and (,) is the Killing form on this Lie algebra. It is clear that the case
of n = 2 would give us the Lagrangian for the Liouville theory. One would expect that the Moore-Seiberg
grupoid for this class of theories could be acquired through the means of representation theory of U,(sl(n))
quantum groups. This is especially appealing because, even though the subject is extensively studied, even si(3)
Toda theory is substantially more complicated and lack the explicit form of the fusion, braiding and modular
matrices.
One the other hand, one could as well enhance Liouville theory with higher and higher number of supersym-
metries: since this thesis was partially devoted to consideration of N = 1 supersymmetric Liouville theory, one
could try to extend those results to N = 2 supersymmetric Liouville — which could be interesting given the
known connection of it to black holes. Lastly, one can study Wess-Zumino-Witten models with non-compact

spectra.

Using the Teichmiiller theory Andersen and Kashaev [37] constructed a topological field theory of 3-
dimensional manifolds and consequently link invariants. Extending the framework of Reshetikhin and Turaev,

they associated to a tetrahedron of a triangulated 3-manifold an operator
T = <I>g1(q1 —p1 +p2)62”i”1q"‘, (211)
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which has an interpretation as a flip map between triangulations in the Teichmiiller theory and, as we have seen
previously, is a canonical element of Heisenberg double of the Borel half of U,(sl(2)). Because T satisfies the
pentagon equation, what follows from the properties of Fadeev’s quantum dilogarithm, the partition function
obtained by gluing tetrahedra together stays the same even when one chooses different, but equivalent, trian-
gulation of the 3-manifold, which provides one with a properly defined invariant.

One could use the data from supersymmetric generalisation of the Teichmiiller theory to define a corresponding

invariant for 3-dimensional spin manifolds.
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A Lie algebras

In this section we will summarise the basic notions concerning the Lie algebras and remind the classification of

those objects.

Definition 18 Let g be a finite dimensional vector space over C. g is called a complex finite dimensional Lie

algebra when equipped with a bilinear operation [,]: g x g — g such that
[I7 y] = _[ya I], (212)
[Z‘, [ya Z]] + [yv [Z’x]] + [Zv [a:,y]] =0, (213)

for all x,y,z € g. The second condition is called Jacobi identity.

Definition 19 Let g be a Lie algebra and V' be a vector space. A representation p of g is a homomorphism

p: g — EndV that satisfy
p([z,y]) = [p(z), p(y)];

for all z,y € g.
Definition 20 An adjoint representation is a representation ad such that ad : g — Endg

ad(z)(y) = [z,y], (214)
forallx,y € g.

Definition 21 Let ad be an adjoint representation of a Lie algebra g. A Killing form is a bilinear symmetric
form () :gxg—C
(z,y) = Tr(ad(z)ad(y)). (215)

Definition 22 Let g be a Lie algebra. g is called semisimple if its Killing form is nondegenerate.
Definition 23 A Lie algebra g is simple if there is no subspace h C g such that [g,h] C b.

Theorem 15 Every finite dimensional semisimple Lie algebra g decomposes into a direct sum of pairwise

orthogonal (with respect to the Killing form) simple subalgebras:

1=Dsi (216)

Definition 24 Let g be a finite dimensional simple Lie algebra. A Cartan subalgebra of g is a maximal abelian

Lie subalgebra of g.

One can also define a Cartan subalgebra by the means of generalised eigenspaces of regular elements of g.

Then above definition becomes a statement that needs to be proven.
Theorem 16 Let h be a Cartan subalgebra of g. Then, for every h € b ad(h) is diagonalisable.

Definition 25 Let g be a simple Lie algebra and b be its Cartan subalgebra. A root o : b — is a nonzero linear
form such that:

[h,x] = a(h)z.
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The set of all roots is denoted by R € h*. One can decompose g
g=hea <@ ga> :
a€R
where g, = {z € g|Vh € ) [h,z] = a(h)z} is a root subspace of g.
One defines a map h — h* such that h — «ap, ap(h’) = (h,h’). From this we can define a bilinear form on
b*
{ap, ap) = (h,1).

Properties: Root system R satisfies:

Va,B € R: (o, f) € R,

Vo, €R:a— 2;’;;569%,

(
2(a, B)
(8,8)
Vae R:RaNR = {—a,a}.

Va,B € R:

€z,

The root system R spans h*, but it is not linearly independent. There are many ways in which one can

choose a linearly independent subset of YR which is a basis, but of importance is a basis of simple roots.

Definition 26 A basis of simple roots & is a linearly independent subset of R spanning h* such that for every
B € R the coefficients of expansion of B in & are all positive or negative integers. B € R with all positive or

zero coefficients is called a positive root, with all negative — a megative root.

Definition 27 The Cartan matriz A of a simple Lie algebra g is a matrix such that

[l

(217)
which depends only on the root system R of g.
Properties: The Cartan matrix satisfies:
Aii = 23
A does not have a block diagonal form.
After introducing the notation
Aij = Aji = 0 Z [ ] .j
Aij:Aji:_l i.f.j
Aij:—27 Aji:—l 10=>ej

Aij:—S, Aji:—l 7;.30']'

one can represent the Cartan matrix in terms of the Dynkin diagram. This leads us to the classification of the

semisimple Lie algebras:
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Theorem 17 Let g be a simple Lie algebra. Its Dynkin diagram is one of the following

An

B,

Cy

Dy

G,
Iy

Es

Ly

Ly

n>1

n>2

e— e —  — 0

e—e— .. .—e—=e

e—eo— .. .—e—9
°

oe—e— .. ..—e— o

e=e0

where all diagrams have n vertices o, representing simple roots ;. Conversely, each of these diagrams is the

Dynkin diagram of a unique simple Lie algebra, up to isomorphism.

Moreover, one can present also the Dynkin diagrams of untwisted affine Lie algebras G which are associated

with the infinite dimensional loop algebras L(G;) (for more details c.f. [5]; for the discussion of q-deformation

3])-
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B Special functions

B.1 Non-graded case

The basic building block for all objects that appear in the context of the quantum algebra U, (sl(2)) is Barnes’

double Gamma function. For SRex > 0 it admits an integral representation

0 2
log Ty () /mdt e — e 3 ($-2) 9=
o xTr) = —_ — — _
glb , i (176*tb)(176_3) 2¢t £

where Q = b + %. One can analytically continue I'y, to a meromorphic function defined on the entire complex

plane C. The most important property of I'y, is its behavior with respect to shifts by b,

V2rbhbe 3 _ \V2ab Ets

r b) = r r b~ ') = Ih(z) . 218
b(z+D) T (7) b(@) , Dhlz+b7) (D) b(7) (218)
These shift equation allows us to calculate residues of the poles of I',. When & — 0, for instance, one finds
T
Ty (z) = 0@, o). (219)
2mx

From Barnes’ double Gamma function we can build two other important special functions,

_ Tu(@
Sp() = To(@ —12) (220)
Gyp(z) = e F#QR=2) g (7). (221)

We shall often refer to the function Sy, as double sine function. It is related to Faddeev’s quantum dilogarithm

through,

Oy (x) = AGgl(fio: + %),

where
A= e im(=4e)12 Q)2 (222)

The S}, function is meromorphic with poles and zeros in
Sp(r) =0 z=Q+nb+mb~', nméeZso,
Sp(r) P =0 r=—nb—mb ', n,meZs.

Using the shift property of quantum dilogarith one can evaluate

k
si-19) = T o) 50)= (-2 ) * 542
(223)
S = Q) = (2sin (m1%) " (2sin (-2~ O

for k € N. From its definition and the shift property of Barnes’ double Gamma function it is easy to derive the

following shift and reflection properties of Gy,
Gu(z +b) = (1 — ™Gy (x) | (224)

Gp(2)Gp(Q — ) = e™@(==Q) (225)
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We also need to the asymptotic behavior of the function Gy, along the imaginary axis,
Gp(z) ~ 1, Jmz — 400,
(226)

Gp(x) ~ @) Jmz — —oo.

We define as well function

gv(z) = Q Cb
Gu(% + g log )’
—imt?
2mwbr 2mitr
— [ at _c
ge(e) / ©G@rity

e—‘n’tQ

—1/ 27bry __ 2mitr
g (€ )_/dte Gp(Q +it)’

where (, = exp[F + 42 (b* 4+ b~2)]. The shift and reflection relations that it satisfies are as follows

gb(e_i”ng) _ (1 + x)gb(e+i7rb2x)7

iTQ?
—=¢e 4

271'121)90) —27ribac) Eﬁ e—mx?.

gb(e gb(€

Also, we know that for noncocommutative variables U, V' such that UV = ¢V U it satisfies the pentagon relation
9 (@)gp(V) = go(V)gu(a~ UV) g (U).

B.1.1 Integral identities for U/,(sl(2))

The most complex identity we need in the main text is the following star triangle relation for double sine
function,
/ Hsb 2+ a;)Sy(—x + b;) H Sv(ai + b))
1,7=1
which holds provided that the arguments satisfy the balancing condition

3

i=1
A proof can be found e.g. in [44]. Here, we will only state the necessary results. The star triangle relation can

be reduced to the Saalschiitz summation formula [28]

d p—
i) Ghrtatbtc—d+Q)Gy(r+Q)Gy(r +d)

1 /ioo omirQ Gu(T+ a)Gp(T + b)Gp(T + ¢)

Gb(Q+b*d)Gb(Q+C*d)Gb(Q+afd)
Gr(Q+b+c—d)Gr(Q+a+c—d)Gr(Q+a+b—d)

= Q=D Gy ()G ()G (c)

A useful consequence of the Saalschiitz summation formula can be obtained by taking the limit ¢ — ico

/ZOO dr L2minQ Gu(T +a)Gy(T+b)
oo Go(T +d)Gy(T+Q)

Gp(Q +a—d)
Gr(Q+a+b—d)

_ eiwd(Q*d)Gb (a)Gb(b)Gb(Q + b— d)
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Also, by taking the additional limits a — —ioco, d — —ico with a — d + @ fixed one may derive the well known

Ramanujan summation formula

e di(i?ﬂ'i‘rﬁ Gu(T+0a)  Gp(a)Gy(B)
Loo ‘ Go(t+@Q)  Gula+p)’ (227)

which holds for arbitrary o = a —d + @ and § = b. Ramanujan’s summation formula is a five-term (pentagon)

identity. In may be considered a quantization of the familiar Rogers five-term identity satisfied by dilogarithms.

From (227) follows that we can represent Dirac delta distribution in terms of G}, functions as follows

0 dr Gp(t+e—a)
D _ 2 2mit(a+te)
(= [ T o

151(1) D.(a) = d(ia).

—100

B.2 Graded case

In discussing the representation theory of the quantum superalgebra U, (0osp(1]2)) we need the following addi-

tional special functions

Pi@) = () =Ty (5) T (x ; Q> |

To(z) = Cr(z) =Ty (m ; b) Iy (x +2b_1) .

Furthermore, let us define

Si(x) = Sns(z) = rﬁ%&? Gi(z) = Gus(z) = Coe— F#(Q=9 Syg(a), 29
So(x) = Sr(z) = ey Go(z) = Gr(z) =e (e T2 5y (),

where (o = exp(—imQ?/8). The functions S, are related to the supersymmetric analogue of Faddeev’s quantum

dilogarithm through

B(a) = AN iwt D)

with a constant A as defined in eq. (222). As for Sy, the functions Sy(z) and S;(z) are meromorphic with poles

and zeros in

So(z) =0 x=Q+nb+mb™', n,m¢€Zsog,m+nc2Z+1,
r)=0z=Q+nb+mb', n,méeZsy,m+n €27,
l—0ez=—nb—mb 1, n,me€ Lo, m+n€2Z+1,

l_0er=—-nb—mbl, n,m € Zxo,m+n € 27.
As in the previous subsection, we want to state the shift and reflection properties of the functions G; and Gy,
Gy(a + 55 = (1 - (~1)7e™™ )G, 41 (2), (229)

G, (2)G,(Q —x) = e%(”_l)gge%im(“:_@ . (230)
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Asymptotically, the functions G; and Gg behave as
Gy(z)~1, Jmz — +o0 , (231)
Gy (z) ~ T D2 To@=Q)  gmg 5 —o0 . (232)

For z integer such that z € 2N + (1 — v) the double sine functions can be written as:

S, (—xb) = 51(0) (233)
(2005(”3 )) [x] 4!
-1 3001 -1 —2zo) 4
S, (~ab - Q) = = 1(0) = o — 0 :
2cos (5%) (2 cos (76 )) [z +1]4!  2cos(55) (2cos (T )) [ 4+ 1]4!
where
n—1 b2\ T . b2 b2\ "
— H] 1 mod 2 €08(j 5~ )HjZQmOdQSln(—jT) (cos(T)) , forn € 2N
ni+. = n 5 e ) 2 2 -n
szlmodzcos(j%)szgmonSm(—j%) (cos(%)) , forne 2N +1
B.2.1 Integral identities for U, (osp(1|2))
In the supersymmetric case, the star triangle relations take the following form
DO+ witu)/z [ 42 -
> (D) HSW (@ 4 ai)S1urp (=2 +b:) =2 T] Svin, (@i +by),
v=0,1 i,j=1
with
Z(Vi + ;) =1 mod 2, (234)

%

and the balancing condition
3

i=1
From these equations one can get 16 “supersymmetric” analogues of the Saalschiitz summation formula, some
of which are stated with proofs for instance in [40]. As in the non-supersymmetric case, taking the limit d — ioco
leads to the reduced formulae
Z /zoo dr 17\'7’@ U+Pa (T + G)Go+pg (T + b) _
U+Pc (T + )G1+U(T + Q)

_ Qil—pcc—?,eigc(cg—c) Gp,(a)Gp, (0)G14p,—p. (@ +a—)G1yp,—p, (Q +b— C)
0 Gputpp—p. (@ +a+b—c)

c=0,1

where (p = exp(—im@?/8) is the same constant factor as before. From these identities one can easily obtain a

system of four equations that generalize Ramanujan’s formula (227) to the supersymmetric case,

10 dT o _miTf U+PQ(T+ ) _ -1 GPQ (Q)G1+P/3(/B)
Z / Dre Gorr1(T+Q) %o Gpatps(a+B) (235)

o=0,1

The notations are the same as in section B.1. The last identity is is supersymmetric version of the pentagon

identity for Faddeev’s quantum dilogarithm.
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From the supersymmetric analogoue of (227) follows that we can represent Dirac delta distribution in terms
of GG, functions as follows

v _ e dT eTiT(ate) (G,,(T—I—e—a) _ u-&-vGV-i-l(T""e_a))
=[5 aer@ Ve )

—100

lim DY (a) = 46(a)d, »
e—0

B.3 Integral representation of the product of two Dirac delta functions

Lets consider the distribution

o Sblet+@)Sp(e— € —2)Sp(2e +£-)
D<x7£—) - llj;% Sb(4€) .

We need to show that the following holds
D(w,€) = 3(iz)dic_).

In order to do so we integrate this equation along the imaginary axis against an arbitrary test function f = f(x,y)

to find
100 dl’ 100 dy
/ / 7.]0 Y, T ( 7y) =
= lim di/ @ (y,2) Sp(e+2)Sh(e =y —2)Sp(2e+y)

e—0 ico —i00 Sb(4€)
=0 ) o 2mi . 2mi 4 (e+z)(e—z—y)(2e+y)
= lim i. - fey, e) =
e—0 ;oo 2mi ;o0 2mi I+ l—2z—y)(2+vy)

(/m 2d:z /m 2(173@ )(1iy)(2+y)) £(0,0) =

= /(0,0).

In the last step of our short computation we have evaluated the double integral using Cauchy’s formula.
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C Summary

In this thesis we present the applications of quantum group representation theoretical methods to two dimen-
sional non-rational conformal field theory and Teichmiiller theory. We recall the notion of Hopf algebra and the
notions of the Heisenberg and Drinfeld doubles. We use the representation theoretical methods to obtain the
pentagon equation solutions from the representation theory of U, (sl(2)), a quantum plane and the Heisenberg
double of a quantum plane, what are known from literature results, however they have high pedagogical value
from the point of possible generalisations. We generalise the results to the Zs-graded case, where we obtain the
solutions of the pentagon equation using the representation theory of U, (osp(1|2)) and the Heisenberg double

of quantum superplane.

In diese Dissertation wir prasentieren die Anwendung von die Représentationen der Quantengruppen auf der
Konforme Feldtheorie aus einem zweidimensionalen Raum und der Teichmiiller-Theorie. Wir erinneren uns an
die Definitionen des Drinfeld-Doppels und des Heisenberg-Doppels. Wir benutzen die Reprasentationstheorie
der Quantengruppen zu den Losungen der Pentagon Gleichung aus der U, (sl(2)), der Quantenebene und dem
Heisenberg-Doppel aus der Quantenebene erhalten. Das ist aus der Literatur bekannt, aber das has den
padagogisch Wert wann mann die Generalisierung prasentiert. Wir verallgemeinern diese Ergebnisse und wir
studieren den Zo-graduierter Fall. Wir erhalten die Lésungen der Pentagon Gleichung aus der U, (osp(1|2)), der

Quantensuperebene und dem Heisenberg-Doppel aus der Quantensuperebene.

List of publications derived from this dissertation:

1. L. Hadasz, M. Pawelkiewicz and V. Schomerus, Self-dual Continuous Series of Representations for Uy (sl(2))
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2. M. Pawelkiewicz, V. Schomerus and P. Suchanek, The universal Racah- Wigner symbol for Uy (osp(1—2)),
JHEP 1404 (2014) 079 [arXiv:1307.6866 [hep-th]].
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