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Introduction

In this work we investigate shape optimization problems for the two-dimensional
Poisson equation with homogeneous Dirichlet boundary conditions.
In general the aim of shape optimization problems is as follows: Find the optimal
shape Ω such that a given functional J̄(ū,Ω) is minimized while the state variable ū
solves a given state equation Ē(ū,Ω) = 0, i.e.

(P̄Ω)


min J̄(ū,Ω)

s.t. Ω ∈ Oad,

Ē(ū,Ω) = 0 in Ω,

In shape optimization, two approaches exist to characterize admissible domains,
namely domain variation approaches and boundary variation approaches. The do-
main variation approach is further classified by the perturbation of identity method
[MS76, BLUU09] and the velocity field method [SZ92]. In the boundary variation ap-

Ωγ

Γ

Γ

Γ

Γγ

Figure 0.1.: A domain Ωγ characterized through the boundary parts Γ and Γγ

proach, admissible domain are characterized via a boundary parametrization. Prob-
lems of this kind are considered in [KP98, KP01, GKM00, Sla00, Sla03], where Γγ is
parametrized as a graph of a function γ.
In the present work we extend this approach to problems, where Γγ is parametrized
by smooth curves. In detail: given a physical domain Ωγ (see Figure 0.1), find Γγ
such that a given functional J(u, γ) is minimized while the state variable u solves
the elliptic PDE

−∆u = fγ in Ωγ,

u = 0 on ∂Ωγ := Γ ∪ Γγ,
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see Figure 0.1.
In this setting the set of admissible domains Oad is defined through a set of ad-

missible curves Sad, i.e.

Oad := {Ωγ := Ω(γ) ⊂ R2 : ∂Ωγ = Γ ∪ Γγ, γ ∈ Sad}, (0.0.1)

where the set Sad is specified below.
The model problem can then be written in the form of an optimal control problem

(Pγ)


min J(u, γ)

s.t. γ ∈ Sad,

E(u, γ) = 0 in Ωγ,

where the curve γ is acting as the control variable. The objective functional J and
the state operator E are specified below.
We use a fictitious domain method (also referred to as embedding domain method)
[GPP94] to reformulate the state equation as an equivalent problem defined on a
simply shaped domain Ω̂ (called fictitious domain) in which the original domain Ωγ

is embedded (see Figure 1.1a).
This is done by extending the involved functions to functions defined on Ω̂ and using
a boundary Lagrange multiplier technique to incorporate the boundary conditions
on the boundary part Γγ which now is located inside the fictitious domain Ω̂.
This leads to the equivalent problem formulation

(P̂γ)


min Ĵ((û,G), γ)

s.t. γ ∈ Sad,

Ê((û,G), γ) = 0 in Ω̂,

which has computational advantages since the state equation has to be solved on the
fixed domain, Ω̂, which does not change during the optimization process.

This work is structured as follows. In the first chapter we define the geometry of ad-
missible domains by introducing a set of admissible curves. Then we discuss a family
of elliptic partial differential equations, which are stated on the admissible domains
with homogeneous Dirichlet boundary conditions and serve as our state equation in
the shape optimization problem. In Chapter 2, we introduce the functional analytical
framework in order to use the fictitious domain method in our setting as described
above. Chapter 3 considers a class of shape optimization problems, on which we ap-
ply the fictitious domain method. Chapter 4 introduces the discretization via mixed
finite elements methods, approximation of the integral representations of the deriva-
tives and finite dimensional descent methods. In Chapter 5, we present numerical
experiments.
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1. Characterization of admissible
domains

At the beginning we describe the geometry of admissible domains Ωγ ∈ Oad. Then we
introduce the state equation which is later used in our shape optimization problem.

1.1. Admissible domains Ωγ ∈ Oad

We use admissible domains of the shape depicted in Figure 1.1a: The boundary ∂Ωγ

of an admissible domain Ωγ ∈ Oad is composed of the fixed part

Γ := {0}×]α1, 1[∪ [0, 1]× {1} ∪ {1}×]β1, 1[,

and a variable part

Γγ := {γ(t) = (γ1(t), γ2(t)) ∈ R2 : t ∈ I ⊂ R},

where α1, β1 ∈ [0, 1] and γ : I → R2 is a smooth curve with γ(0) = (0, α1), γ(1) =
(1, β1). We obtain ∂Ωγ = Γ ∪ Γγ and {(0, α1), (1, β1)} = Γ ∩ Γγ.
We assume that all admissible domains Ωγ are embedded in the hold-all domain

Ω̂ := (0, 1)× (0, 1).

We denote by Ωc
γ the complement of Ωγ with respect to Ω̂, i.e. Ωc

γ := Ω̂ \ Ωγ. With
the fixed fictitious boundary part

Γ̂ := {0}×]0, α1[∪ [0, 1]× {0} ∪ {1}×]0, β1[

we have ∂Ωc
γ = Γ̂ ∪ Γγ and {(0, α1), (1, β1)} = Γ̂ ∩ Γγ.

We impose several requirements on the set of admissible curves γ:

Assumption 1.1.1. The curve γ characterizing the variable boundary part Γγ

1. connects the two endpoints (0, α1) and (1, β1),

2. is contained in Ω̂,

3. satisfies γ(t) 6= γ(s) for t 6= s,

4. behaves in such way that Ωγ and Ωc
γ are Lipschitz-domains,
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Ωγ
(1, β1)

(0, α1)

(0, 1) (1, 1)

(0, 0) (1, 0)

Γ

Γ

Γ

Γγ

Γ̂ Γ̂

Γ̂Ω
c

γ

(a) Involved domains Ωγ , Ωc
γ and corre-

sponding boundary parts Γγ , Γ and Γ̂

(1, β1)

(0, α1) (ε, α2)

(1 − ε, β2)

(0, 1) (1, 1)

(0, 0) (1, 0)

Γ<

Γγ̂

Γ>

(b) Composition of the boundary part Γγ
of fixed segments Γ<, Γ> and a variable
part Γγ̂ .

Figure 1.1.: Fictitious domain setting, Ω̂ = (0, 1)× (0, 1)

5. is sufficiently smooth to guarantee H2-regularity of the solution of the state
equation on Ωγ.

The aim of the next section is to discuss some sufficient conditions to construct a
set Sad of admissible curves which fulfill Assumption 1.1.1.

1.2. Admissible curves γ ∈ Sad

Admissible curves γ ∈ Sad shall be parametrized over the interval I := (0, 1). To
ensure Assumptions 1.1.1.2 and 1.1.1.4 we split the interval I for 0 < ε < 0.5 into
open intervals

I< = (0, ε), Î = (ε, 1− ε), I> = (1− ε, 1).

The boundary part Γγ is then composed of fixed boundary segments Γ<, Γ>, and a
variable boundary part Γγ̂ (see Figure 1.1b), i.e.

Γγ = Γ< ∪ Γγ̂ ∪ Γ>.

Let S(Î) := H3(Î)2. We define the equivalence relation

γ ∼ δ in S(Î) :⇐⇒ γ(Î) = δ(Î),

and the related quotient space S(Î) := S(Î)/ ∼. In this way all curves in H3(Î)2

that have the same image (and therefore shape an identical boundary part) are rep-
resented by one equivalence class.
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For α1, β1 from above and α2, β2 ∈ [2ε, 1− 2ε] we define

Ŝad :=
{
γ̂ = (γ̂1, γ̂2)T ∈ S(Î) : ‖γ̂‖H3(Î)2 ≤ cs, (1.2.1)

γ̂(ε) = (ε, α2)T , (1.2.2)

γ̂(1− ε) = (1− ε, β2)T , (1.2.3)

(α2 − α1) ˙̂γ1(ε)− ε ˙̂γ2(ε) = 0, (1.2.4)

(β2 − β1) ˙̂γ1(1− ε) + ε ˙̂γ2(1− ε) = 0, (1.2.5)

¨̂γ(ε) = ¨̂γ(1− ε) = (0, 0)T , (1.2.6)

‖γ̂(t2)− γ̂(t1)‖2 ≥ cr|t2 − t1| for all t1, t2 ∈ Î , t1 6= t2,
(1.2.7)

dist(Γγ̂, ∂Ω̂) ≥ ε
}
. (1.2.8)

Finally we can compose the set of admissible curves

Definition 1.2.1.

Sad :=

γ = (γ1, γ2)T : γ(t) =


(
t, 1
ε

(α2 − α1) t+ α1

)T
t ∈ I<

γ̂(t) t ∈ Î(
t, 1
ε

(β2 − β1) (1− t) + β1

)T
t ∈ I>

, γ̂ ∈ Ŝad

 .

Remark 1.2.2. (i) Let γ ∈ Sad. Then γ fulfills the Assumption 1.1.1.

(ii) We could achieve a less technical definition for the set of admissible curves
without splitting the parameter interval I and directly define

S ′ad :=
{
γ = (γ1, γ2)T ∈ S(I) : ‖γ‖H3(I)2 ≤ cs,

γ(0) = (0, α1)T ,

γ(1) = (1, β1)T ,

(α2 − α1)γ̇1(0)− εγ̇2(0) = 0,

(β2 − β1)γ̇1(1) + εγ̇2(1) = 0,

‖γ(t2)− γ(t1)‖2 ≥ cr|t2 − t1| for all t1, t2 ∈ I, t1 6= t2

}
.

However, in this situation it is difficult to formulate a condition analogously to
condition (1.2.8) to ensure Assumption 1.1.1.2.

1.3. The state equation

For a function f ∈ L2(Ω̂) and γ ∈ Sad we set fγ := f |Ωγ which defines a function in
L2(Ωγ).
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We now consider the Poisson equation with homogeneous Dirichlet boundary values

−∆u = fγ in Ωγ, (1.3.1)

u = 0 on ∂Ωγ, (1.3.2)

and define the spaces

U(Ωγ) := H1
0 (Ωγ),

Z(Ωγ) := H1
0 (Ωγ)

∗ = H−1(Ωγ).

The weak formulation of (1.3.1)-(1.3.2) is given by the following problem: Find
u ∈ U(Ωγ) such that

〈v, E(u, γ)〉Z(Ωγ)∗,Z(Ωγ) :=∫
Ωγ

∇u(x)T∇v(x) dx−
∫

Ωγ

fγ(x)v(x) dx = 0 ∀v ∈ U(Ωγ) (1.3.3)

This formulation defines the state operator

E : {(u, γ) : u ∈ U(Ωγ), γ ∈ Sad} → {z : z ∈ Z(Ωγ), γ ∈ Sad}.

Theorem 1.3.1 (Existence and uniqueness). The Poisson equation E(u, γ) = 0 for
all γ ∈ Sad and fγ ∈ L2(Ωγ) admits a unique weak solution u ∈ U(Ωγ) which satisfies

‖u‖H1(Ωγ) ≤ C‖fγ‖L2(Ωγ).

Here, the positive constant C depends on γ but not on fγ.

For later reference we note:

Remark 1.3.2. For γ ∈ Sad the following two assertions are equivalent:

1. u ∈ U(Ωγ) satisfies E(u, γ) = 0.

2. u ∈ U(Ωγ) minimizes the energy functional

Q(v) :=
1

2
(∇v,∇v)L2(Ωγ)2 − (fγ, v)L2(Ωγ).

Theorem 1.3.3 (Regularity and uniform boundedness). The solution uγ := u(γ) of
the Poisson equation E(u, γ) = 0 satisfies uγ ∈ H2(Ωγ) for all γ ∈ Sad, and the set{

‖uγ‖H2(Ωγ)

}
γ∈Sad

is uniformly bounded.

Proof. Since ‖fγ‖L2(Ωγ) ≤ ‖f‖L2(Ω̂) the claim follows from regularity theory of weak
solutions (see e.g. [Eva98]) together with our definition of Sad. The latter implies

10



that the domain Ωγ is locally convex at (0, α1), (1, β1), (0, 1), and (1, 1), and is of
class C1,1 uniformly in γ, otherwise.
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2. The fictitious domain method

In this chapter we transform the Poisson problem given on Ωγ to an equivalent

problem posed on the fictitious domain Ω̂. From Definition 1.2.1 we have

Ωγ ⊂ Ω̂ for all γ ∈ Sad.

Definition 2.0.4. For γ ∈ Sad and v ∈ L2(Ωγ) we denote by

ṽ :=

{
v in Ωγ,

0 in Ωc
γ,

the extension of v by zero onto Ω̂.

2.1. Interpretation of the boundary condition as an
additional constraint

As already mentioned we have to impose the boundary condition u|Γγ = 0 on the

boundary part Γγ as a constraint, because Γγ no longer is part of the boundary ∂Ω̂.

As an analogue of Remark 1.3.2 we study a constrained minimization problem on Ω̂:

(V̂γ)

 Q̂(û) = min
v̂∈H1

0 (Ω̂)
Q̂(v̂) :=

1

2
(∇v̂,∇v̂)L2(Ω̂)2 − (f̃γ, v̂)L2(Ω̂)

s.t. v̂ = 0 on Γγ.

In the following we introduce the function spaces for a proper treatment of the equal-
ity constraint in a Lagrange multiplier framework. The following results are collected
from [KP98, Sla98, Sla00, KP01] and they are direct consequences of properties of
the trace operator, see e.g. [Eva98], combined with our assumptions on Sad.

Lemma 2.1.1. Let Γ0 be an open subset of ∂Ωγ, ∂Ωc
γ or ∂Ω̂. Then, the space

H1/2(Γ0) :=

{
g ∈ L2(Γ0) :

∫
Γ0

∫
Γ0

|g(x)− g(y)|2

|x− y|2
dS(x) dS(y) <∞

}
is a Hilbert space with inner product

(g, h)H1/2(Γ0) = (g, h)L2(Γ0) +

∫
Γ0

∫
Γ0

(g(x)− g(y))(h(x)− h(y))

|x− y|2
dS(x) dS(y)

12



and the norm

‖g‖H1/2(Γ0) =

√
‖g‖2

L2(Γ0) +

∫
Γ0

∫
Γ0

|g(x)− g(y)|2
|x− y|2

dS(x) dS(y).

Lemma 2.1.2. For every γ ∈ Sad the Lions-Magenes space

Hγ := H
1/2
00 (Γγ)

:=
{
h ∈ H1/2(Γγ) : there exists h̃ ∈ H1/2(∂Ωγ) with h̃|Γγ = h, h̃|Γ = 0

}
is a Hilbert space with the inner product

(g, h)Hγ := (g̃, h̃)H1/2(∂Ωγ),

and the norm
‖g‖Hγ := ‖g̃‖H1/2(∂Ωγ),

where g̃, h̃ ∈ H1/2(∂Ωγ) satisfy g̃|Γγ = g, h̃|Γγ = h, g̃|Γ = h̃|Γ = 0.

Lemma 2.1.3. Let γ ∈ Sad. The trace operator

τγu := u|Γγ

is a linear continuous mapping from H1(Ωγ) onto H1/2(Γγ).

Lemma 2.1.4. Let γ ∈ Sad.

(i) The trace operator
τγû := û|Γγ

is a linear continuous mapping from H1(Ω̂) onto H1/2(Γγ) and from H1
0 (Ω̂)

onto Hγ.

(ii) τγ is surjective.

(iii) The family of trace operators {τγ}γ∈Sad
is uniformly bounded in L(H1

0 (Ω̂), Hγ),

i.e. for all û ∈ H1
0 (Ω̂) there holds

‖τγû‖Hγ ≤ C‖û‖H1(Ω̂),

where C is independent of γ ∈ Sad.

Theorem 2.1.5. For û ∈ H1
0 (Ω̂) there holds:

û = 0 on Γγ ⇐⇒ 〈h, τγû〉H∗γ ,Hγ = 0 for all h ∈ H∗γ .

In a next step we use a pullback mapping to define our problems on spaces which
are independent of γ.
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Lemma 2.1.6. The space

H1/2(I) :=

{
g ∈ L2(I) :

∫
I

∫
I

|g(s)− g(t)|2

|s− t|2
ds dt <∞

}
is a Hilbert space with inner product

(g, h)H1/2(I) = (g, h)L2(I) +

∫
I

∫
I

(g(s)− g(t))(h(s)− h(t))

|s− t|2
ds dt

and the norm

‖g‖H1/2(I) =

√
‖g‖2

L2(I) +

∫
I

∫
I

|g(s)− g(t)|2
|s− t|2

ds dt.

Lemma 2.1.7. The space

HI :=

{
g ∈ H1/2(I) :

∫
I

|g(t)|2

t(1− t)
dt <∞

}
is a Hilbert space with the inner product

(g, h)HI := (g, h)H1/2(I) +

∫
I

g(t)h(t)

t(1− t)
dt,

and the norm

‖g‖HI :=

(
‖g‖2

H1/2(I) +

∫
I

|g(t)|2

t(1− t)
dt

)1/2

.

Lemma 2.1.8. The space HI is dense in L2(I).

Since γ ∈ Sad is bijective, our assumptions on Sad directly imply the following
results:

Lemma 2.1.9. For every γ ∈ Sad the mapping Iγ with Iγh := h◦γ is an isomorphism
from L2(Γγ) onto L2(I), from H1/2(Γγ) onto H1/2(I) and from Hγ onto HI . The
continuity of Iγ and of its inverse are uniform on Sad. Here, uniformness on Sad

means that for all g ∈ Hγ there holds

‖Iγg‖HI ≤ C‖g‖Hγ ,

where C is independent of γ ∈ Sad.

Lemma 2.1.10. Let γ ∈ Sad.

1. The trace operator
Tγ := Iγ ◦ τγ

is a linear continuous mapping from H1(Ω) onto H1/2(I) and from H1
0 (Ω̂) to

HI .
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2. Tγ is surjective.

3. The family of trace operators {Tγ}γ∈Sad
is uniformly bounded in L(H1

0 (Ω̂), HI),

i.e. for all û ∈ H1
0 (Ω̂) there holds

‖Tγû‖HI ≤ C‖û‖H1(Ω̂),

where C is independent of γ ∈ Sad.

Theorem 2.1.11. For û ∈ H1
0 (Ω̂) there holds:

û = 0 on Γγ ⇐⇒ 〈H, Tγû〉H∗I ,HI = 0 for all H ∈ H∗I .

2.2. Existence and uniqueness result

We are now in the position to reformulate problem (V̂γ):

Theorem 2.2.1. Let γ ∈ Sad. The problem finding ûγ := û(γ) ∈ H1
0 (Ω̂) such that

(V̂ )

 Q̂(ûγ) = min
v̂∈H1

0 (Ω̂)
Q̂(v̂) =

1

2
(∇v̂,∇v̂)L2(Ω̂)2 − (f̃γ, v̂)L2(Ω̂)

s.t. 〈H, Tγ v̂〉H∗I ,HI = 0 for all H ∈ H∗I ,

has a unique solution.
Furthermore there exists a unique Gγ := G(γ) ∈ H∗I such that (ûγ,Gγ) is the unique

saddle point of the Lagrangian P̂ : H1
0 (Ω̂)×H∗I → R,

P̂(û,G) := Q̂(û)− 〈G, Tγû〉H∗I ,HI ,

over the set H1
0 (Ω̂)×H∗I . The pair (ûγ,Gγ) = (û(γ),G(γ)) is the unique solution of{

(∇ûγ,∇v̂)L2(Ω̂)2 − 〈Gγ, Tγ v̂〉H∗I ,HI = (f̃γ, v̂)L2(Ω̂), ∀v̂ ∈ H
1
0 (Ω̂),

−〈H, Tγûγ〉H∗I ,HI = 0, ∀H ∈ H∗I .
(2.2.1)

We call this system fictitious domain formulation of the Poisson problem. We
introduce the bounded linear operator Â : H1

0 (Ω̂)→ H1
0 (Ω̂)∗ with

〈Âû, v̂〉H1
0 (Ω̂)∗,H1

0 (Ω̂) := (∇û,∇v̂)L2(Ω̂)2 =

∫
Ω̂

∇û(x)T∇v̂(x) dx,

and the bounded linear functional F̂γ : H1
0 (Ω̂)→ R,

〈F̂γ, v̂〉H1
0 (Ω̂)∗,H1

0 (Ω̂) := (f̃γ, v̂)L2(Ω̂) =

∫
Ωγ

fγ(x)v̂(x) dx.
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This allows us to rewrite (2.2.1) in the form(
Â −T ∗γ
−Tγ 0

)(
ûγ
Gγ

)
=

(
F̂γ
0

)
,

and accordingly

Ê((ûγ,Gγ), γ) :=

(
Âûγ − T ∗γ Gγ − F̂γ

−Tγûγ

)
=

(
0
0

)
in
(
H1

0 (Ω̂)×H∗I
)∗
. (2.2.2)

This defines the fictitious domain state operator

Ê :
(
H1

0 (Ω̂)×H∗I
)
× Sad →

(
H1

0 (Ω̂)×H∗I
)∗
.

2.3. Equivalence of the problems on Ωγ and Ω̂

Theorem 2.3.1. Let γ ∈ Sad and f ∈ L2(Ω̂).

1. Let (ûγ,Gγ) ∈ H1
0 (Ω̂)×H∗I denote the solution of the fictitious domain formula-

tion of the Poisson problem (2.2.1) on Ω̂. Then uγ := ûγ|Ωγ ∈ H2(Ωγ)∩H1
0 (Ωγ)

is the unique solution of the weak formulation of the Poisson problem (1.3.3)
on Ωγ. On Ωc

γ we have ûγ = 0 and the Lagrange multiplier Gγ satisfies

〈Gγ, h〉H∗I ,HI =

(
∂uγ(γ(·))
∂nγ

‖γ̇(·)‖2, h

)
L2(I)

∀h ∈ HI . (2.3.1)

Here, nγ(t) := 1√
γ̇1(t)2+γ̇2(t)2

(
γ̇2(t)
−γ̇1(t)

)
, t ∈ (0, 1), denotes the unit outer normal

vector along the boundary part Γγ.

2. Conversely, let uγ ∈ H2(Ωγ)∩H1
0 (Ωγ) be the solution of (1.3.3). Then (2.3.1)

uniquely defines an element Gγ ∈ H∗I and (ûγ,Gγ) with

ûγ :=

{
uγ in Ωγ,

0 in Ωc
γ,

is the unique solution of (2.2.1).

Proof. (1) Let (ûγ,Gγ) be the solution of (2.2.1). For uγ := ûγ|Ωγ we have Tγuγ =
Tγûγ = 0 and therefore uγ|∂Ωγ = 0. Let ṽ denote the extension by zero of v ∈ H1

0 (Ωγ)

onto Ω̂ which is in H1
0 (Ω̂). From (2.2.1) we get

(∇ûγ,∇ṽ)L2(Ω̂)2 = (f̃γ, ṽ)L2(Ω̂) + 〈Gγ, Tγ ṽ〉H∗I ,HI ∀v ∈ H1
0 (Ωγ).
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Since ṽ|∂Ωγ = 0 and ṽ|Ωcγ = 0 we obtain

(∇ûγ,∇ṽ)L2(Ω̂)2 = (∇uγ,∇v)L2(Ωγ)2 = (fγ, v)L2(Ωγ) ∀v ∈ H1
0 (Ωγ),

so that uγ is the unique solution of (1.3.3).
Consider analogously ucγ := ûγ|Ωcγ , any vc ∈ H1

0 (Ωc
γ) and denote by v̄c its extension by

zero onto Ω̂. Then we get v̄c ∈ H1
0 (Ω̂) and with Tγucγ = Tγûγ = 0 also ucγ ∈ H1

0 (Ωc
γ).

By definition we have f̃γ|Ωcγ = 0. Hence we get from (2.2.1)(
∇ucγ,∇v

)
L2(Ωcγ)2 = 0 ∀v ∈ H1

0 (Ωc
γ),

and thus ucγ = 0 on Ωc
γ.

The first equation of the fictitious domain problem (2.2.1) now reads

(∇uγ,∇v̂)L2(Ωγ)2 − (fγ, v̂)L2(Ωγ) = 〈G, Tγ v̂〉H∗I ,HI ∀v̂ ∈ H1
0 (Ω̂).

Since uγ ∈ H2(Ωγ) we can apply integration by parts and obtain∫
Ωγ

(−∆uγ − fγ) v̂ dx+

∫
∂Ωγ

∂uγ
∂nγ

v̂ dS(x) = 〈G, Tγ v̂〉H∗I ,HI ∀v̂ ∈ H1
0 (Ω̂). (2.3.2)

We now choose v ∈ H1
0 (Ωγ) and test this equation with its extension ṽ ∈ H1

0 (Ω̂)
which fulfills ṽ|∂Ωγ = 0. Then we get

(−∆uγ − fγ, v)L2(Ωγ) = 0 ∀v ∈ H1
0 (Ωγ),

i.e.
−∆uγ − fγ = 0 in H−1(Ωγ).

Since all terms are in L2(Ωγ) this equation is also valid in this space. Now we test

(2.3.2) with an arbitrary v̂ ∈ H1
0 (Ω̂). Then we have Tγ v̂ ∈ HI , v̂|Γ = 0, and (2.3.2)

implies

〈Gγ, Tγ v̂〉H∗I ,HI =

∫
∂Ωγ

∂uγ
∂nγ

v̂ dS(x) =

∫
Γγ

∂uγ
∂nγ

v̂ dS(x)

=

∫
I

∂uγ(γ(t))

∂nγ
v̂(γ(t))‖γ̇(t)‖2 dt =

(
∂uγ(γ(·))
∂nγ

‖γ̇(·)‖2, Tγ v̂
)
L2(I)

,

which is (2.3.1).
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(2) From (2.3.1) it follows that Gγ ∈ H∗I :

〈Gγ, h〉H∗I ,HI ≤

∣∣∣∣∣
(
∂uγ(γ(·))
∂nγ

‖γ̇(·)‖2, h

)
L2(I)

∣∣∣∣∣
≤ ‖γ‖W 1,∞(I)2

∥∥∥∥∂uγ(γ(·))
∂nγ

∥∥∥∥
L2(I)

‖h‖L2(I)

≤ ‖γ‖W 1,∞(I)2

∥∥∥∥∂uγ(γ(·))
∂nγ

∥∥∥∥
L2(I)

‖h‖HI .

This means that Gγ is bounded since γ ∈ Sad is bounded in W 1,∞(I)2 by definition,
‖h‖L2(I) ≤ ‖h‖HI and

∂uγ(γ(·))
∂nγ

∈ L2(I).

Obviously ûγ satisfies Tγûγ = 0, so it remains to show:

(∇ûγ,∇v̂)L2(Ω̂)2 − 〈Gγ, Tγ v̂〉H∗I ,HI − (f̃γ, v̂)L2(Ω̂) = 0 ∀v̂ ∈ H1
0 (Ω̂). (2.3.3)

With the definition of ûγ and again by integration by parts we obtain for the left-hand
side

(∇ûγ,∇v̂)L2(Ω̂)2 − 〈Gγ, Tγ v̂〉H∗I ,HI − (f̃γ, v̂)L2(Ω̂)

= (∇uγ,∇v̂)L2(Ωγ)2 − 〈Gγ, Tγ v̂〉H∗I ,HI − (fγ, v̂)L2(Ωγ)

=

∫
Ωγ

(−∆uγ − fγ) v̂ dx+

∫
∂Ωγ

∂uγ
∂nγ

v̂ dS(x)− 〈Gγ, Tγ v̂〉H∗I ,HI .

The first term vanishes since

−∆uγ − fγ = 0 in L2(Ωγ).

Furthermore we have with v̂|Γ = 0∫
∂Ωγ

∂uγ
∂nγ

v̂ dS(x) =

∫
Γγ

∂uγ
∂nγ

v̂ dS(x) =

(
∂uγ(γ(·))
∂nγ

‖γ̇(·)‖2, v̂(γ(·))
)
L2(I)

,

and we get (2.3.3) from (2.3.1).

Remark 2.3.2.

1. Since the right-hand side of equation (2.3.1) is defined for all h ∈ HI and
by Lemma 2.1.8 the space HI is dense in L2(I) we may uniquely extend the
functional Gγ ∈ H∗I onto L2(I) by the definition

〈Gγ, h〉L2(I)∗,L2(I) :=

(
∂uγ(γ(·))
∂nγ

‖γ̇(·)‖2, h

)
L2(I)

∀h ∈ L2(I).
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2. Identifying L2(I) with its dual space, the Lagrange multiplier satisfies

Gγ =
∂uγ(γ(·))
∂nγ

‖γ̇(·)‖2 in L2(I).

2.4. Continuous dependence result

Lemma 2.4.1. Let γ ∈ Sad.

1. The trace operator

τ1,γu :=
∂u

∂nγ

is a linear continuous mapping from H2(Ωγ) onto L2(Γγ).

2. The family of trace operators {τ1,γ}γ∈Sad
is uniformly bounded in L(H2(Ω̂), L2(Γγ)),

i.e. for all u ∈ H2(Ω̂) there holds

‖τ1,γu‖L2(Γγ) ≤ C‖u‖H2(Ω̂),

where C is independent of γ ∈ Sad.

Theorem 2.4.2. The family of solutions {(ûγ,Gγ)}γ∈Sad
⊂ H1

0 (Ω̂) × H∗I of (2.2.1)
satisfies

‖(ûγ,Gγ)‖H1
0 (Ω̂)×H∗I

≤ C1.

Moreover, the Lagrange multiplier satisfies

‖Gγ‖L2(I) ≤ C2

for all γ ∈ Sad. Both constants C1, C2 are independent of γ ∈ Sad.

Proof. Since
{
‖uγ‖H2(Ω)

}
γ∈Sad

is uniformly bounded by Theorem 1.3.3 the same holds

for
{
‖uγ‖H1(Ω)

}
γ∈Sad

. By Theorem 2.3.1 we know that the corresponding solutions

of the fictitious domain problems ûγ are in H1
0 (Ω̂) and vanish on Ωc

γ. This implies

‖ûγ‖H1(Ω̂) = ‖uγ‖H1(Ωγ) for all γ ∈ Sad.

Therefore
{
‖ûγ‖H1

0 (Ω)

}
γ∈Sad

is uniformly bounded.

To estimate the H∗I norm of Gγ we use (2.3.1) and compute

〈Gγ, h〉H∗I ,HI = (Gγ, h)L2(I) ≤ ‖Gγ‖L2(I)‖h‖L2(I) ≤ ‖Gγ‖L2(I)‖h‖HI ,

which implies
‖Gγ‖H∗I ≤ ‖Gγ‖L2(I).

19



The boundedness of {‖Gγ‖H∗I }γ∈Sad
is now a consequence of the fact that

‖Gγ‖L2(I) =

∥∥∥∥∂uγ(γ(·))
∂nγ

‖γ̇(·)‖2

∥∥∥∥
L2(I)

≤ ‖γ‖W 1,∞(I)2

∥∥∥∥Iγ (∂uγ∂nγ

)∥∥∥∥
L2(I)

≤ ‖γ‖W 1,∞(I)2 ‖Iγ‖L(L2(Γγ),L2(I))

∥∥∥∥∂uγ∂nγ

∥∥∥∥
L2(Γγ)

≤ C ‖uγ‖H2(Ωγ) ,

where we used Lemma 2.1.9, Lemma 2.4.1, and the boundedness of
{
‖uγ‖H2(Ω)

}
γ∈Sad

.

In the next chapter we apply the fictitious domain method to shape optimization
problems. In order to prove the existence of a solution we need a continuous depen-
dence result in the following way: For a given sequence {γk}k∈N that converges to a
curve γ in W 1,∞(I)2 for k →∞, we obtain convergence of the state variables ûγk to

ûγ in H1
0 (Ω̂) and weak*-convergence of Gγk to Gγ in H∗I for k →∞. The difficulty to

prove this result lies in stating appropriate W 1,∞-transformations that map Ωγ onto
Ωγk for all k. On the other hand, to prove the derivative formulas of the reduced
objective functional, we need the following convergence result which is a special case
of the above mentioned conclusion: For a given curve γ ∈ Sad and an admissible
direction γ̄ specified below, we obtain convergence of the state variables ûγ+δγ̄ to ûγ
in H1

0 (Ω̂) and weak*-convergence of Gγ+δγ̄ to Gγ in H∗I for δ → 0, if the sequence
{γ + δγ̄} converges to γ in W 1,∞(I)2 for δ → 0.
In the following, we will prove the latter case by constructing appropriate domain
transformations. In the general case, we are not able to state transformations anal-
ogously to the special case.

We calculate shape variations of the reduced objective function in normal direc-
tion. Unfortunately, normal variations of a domain do not preserve its regularity (cf.
[BS98]), i.e. for γ ∈ Sad we obtain Γγ ∈ C1,1, but for a smooth and scalar function
ḡ : I → R the deformed boundary Γγ+ḡnγ = {γ(t) + ḡ(t)nγ(t) : t ∈ I} is in general
not of class C1,1.
Since we require H2-regularity of the solution of the state equation also on deforma-
tions Ωγ+ḡnγ , we define a set of even more regular curves.

Definition 2.4.3. With Sad from Definition 1.2.1 we set

S+
ad := Sad ∩

{
γ ∈ H4(I)2 : ‖γ‖H4(I)2 ≤ cp

}
.
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Now we claim γ ∈ S+
ad and characterize admissible directions γ̄ = ḡnγ through

S ′γ := {γ̄ ∈ I → R2 : there exists ḡ ∈ W 1,∞(I) with γ̄ = ḡnγ and

there exists δ0 > 0 : γ ± δγ̄ ∈ Sad,∀δ ∈ [0, δ0]}.

We clarify that γ ∈ S+
ad leads to nγ ∈ H3(I)2 and for γ ∈ Sad we obtain in

general only nγ ∈ H2(I)2. The requirement γ± δkγ̄ ∈ Sad implicitly implies that the
function ḡ has to be more smooth than W 1,∞(I). Furthermore, every γ̄ ∈ S ′γ satisfies
γ̄|I< = γ̄|I> = 0.

Definition 2.4.4. For γ ∈ S+
ad let γ̄ = ḡnγ ∈ S ′γ be an admissible direction. Then

we define

I− := {t ∈ I : ḡ(t) < 0},
I+ := {t ∈ I : ḡ(t) > 0}.

For p ∈ [−1, 2] we define the open sets

Γγ+pδγ̄ := {γ(t) + pδγ̄(t) : t ∈ I},
Γ+
γ+pδγ̄ := {γ(t) + pδγ̄(t) : t ∈ I+},

Γ−γ+pδγ̄ := {γ(t) + pδγ̄(t) : t ∈ I−},

and for −1 ≤ p < q ≤ 2 we define

Dδ,±
p,q := I± × (pδ, qδ),

and denote by ∆δ,±
p,q the domain that is bounded by Γ±γ+pδγ̄ and Γ±γ+qδγ̄, i.e.

∆δ,+
p,q := Ω̄γ+qδγ̄ \

(
Ω̄γ+pδγ̄ ∩ Ω̄γ+qδγ̄

)
,

∆δ,−
p,q := Ω̄γ+pδγ̄ \

(
Ω̄γ+pδγ̄ ∩ Ω̄γ+qδγ̄

)
.

Finally we define

Ωδ
p,q := Ωγ+pδγ̄ ∩ Ωγ+qδγ̄,

Ωδ,c
p,q := Ωc

γ+pδγ̄ ∩ Ωc
γ+qδγ̄.

We introduce an appropriate coordinate transformation in the following:

Lemma 2.4.5. For γ ∈ S+
ad let γ̄ = ḡnγ ∈ S ′γ be an admissible direction. For all

−1 ≤ p < q ≤ 2 and δ > 0 small enough, the coordinate transformation

Φδ,−
p,q : Dδ,−

p,q → ∆δ,−
p,q ,

(t, ξ) 7→ (x(t, ξ), y(t, ξ)) := γ(t) + ξḡ(t)nγ(t),
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Figure 2.1.: Ωγ and a shape variation Ωγ+δγ̄

satisfies

det
((

Φδ,−
p,q

)′
(t, ξ)

)
= − (1 + ξḡ(t)κγ(t)) ḡ(t)‖γ̇(t)‖2,

with the signed curvature κγ(t) := det(γ̇,γ̈)

‖γ̇(t)‖32
, and we can estimate∣∣∣det

((
Φδ,−
p,q

)′
(t, ξ)

)∣∣∣ ≤ C1,∣∣∣det
((

Φδ,−
p,q

)′
(t, ξ)

)∣∣∣ ≥ C2|ḡ(t)|.

Similar estimates hold for

Φδ,+
p,q : Dδ,+

p,q → ∆δ,+
p,q ,

(t, ξ) 7→ (x(t, ξ), y(t, ξ)) := γ(t) + ξḡ(t)nγ(t).

Proof. Let γ = (γ1, γ2)T , nγ = (n1, n2)T and Φ := Φδ,−
p,q . We have

Φ′(t, ξ) =

( ∂
∂t

(γ1(t) + ξḡ(t)n1(t)) ∂
∂ξ

(γ1(t) + ξḡ(t)n1(t))
∂
∂t

(γ2(t) + ξḡ(t)n2(t)) ∂
∂ξ

(γ2(t) + ξḡ(t)n2(t))

)
=

(
γ̇1(t) + ξ (ḡ′(t)n1(t) + ḡ(t)n′1(t)) ḡ(t)n1(t)
γ̇2(t) + ξ (ḡ′(t)n2(t) + ḡ(t)n′2(t)) ḡ(t)n2(t)

)
,

and calculate

det Φ′(t, ξ) = (γ̇1(t) + ξ (ḡ′(t)n1(t) + ḡ(t)n′1(t))) ḡ(t)n2(t)

− (γ̇2(t) + ξ (ḡ′(t)n2(t) + ḡ(t)n′2(t))) ḡ(t)n1(t)

= ḡ(t) (γ̇1(t)n2(t)− γ̇2(t)n1(t))

+ ξḡ2(t) (n′1(t)n2(t)− n′2(t)n1(t)) .
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From

det(γ̇, nγ) = γ̇1(t)n2(t)− γ̇2(t)n1(t)

= − γ̇2
1(t) + γ̇2

2(t)√
γ̇2

1(t) + γ̇2
2(t)

= −
√
γ̇2

1(t) + γ̇2
2(t)

= −‖γ̇(t)‖2,

and

det(n′γ, nγ) = (n′1(t)n2(t)− n′2(t)n1(t))

=
γ̈2(t)‖γ̇(t)‖2 − γ̇2(t) d

dt
‖γ̇(t)‖2

‖γ̇(t)‖2
2

· −γ̇1(t)

‖γ̇(t)‖2

+
γ̈1(t)‖γ̇(t)‖2 − γ̇1(t) d

dt
‖γ̇(t)‖2

‖γ̇(t)‖2
2

· γ̇2(t)

‖γ̇(t)‖2

= − γ̇1(t)γ̈2(t)− γ̇2(t)γ̈1(t)

‖γ̇(t)‖2
2

= −det(γ̇, γ̈)

‖γ̇(t)‖2
2

= −κγ(t)‖γ̇(t)‖2

we finally obtain

det Φ′(t, ξ) = ḡ(t) (γ̇1(t)n2(t)− γ̇2(t)n1(t))

+ ξḡ2(t) (n′1(t)n2(t)− n′2(t)n1(t))

= −ḡ(t)‖γ̇(t)‖2 − ξg2(t)κγ(t)‖γ̇(t)‖2

= − (1 + ξḡ(t)κγ(t)) ḡ(t)‖γ̇(t)‖2.

With the help of Definition 1.2.1 and Definition 2.4.3 and the embedding H4(I)2 ↪→
W 2,∞(I)2 we can bound the W 2,∞(I)2-norm of γ from above by cp and the 2-norm
of γ̇ by cr from below. Therefore, we obtain

κγ(t) =
det(γ̇(t), γ̈(t))

‖γ̇(t)‖2
2

≤ |γ̇1(t)||γ̈2(t)|+ |γ̇2(t)||γ̈1(t)|
‖γ̇(t)‖2

2

≤ C
c2
p

c2
r

=: κmax.

Eventually, we estimate

| det Φ′(t, ξ)| ≤ (1 + δ‖ḡ‖∞κmax) ‖ḡ‖∞
√
‖γ̇1‖2

∞ + ‖γ̇2‖2
∞ ≤ C1,

| det Φ′(t, ξ)| ≥ (1− δ‖ḡ‖∞κmax) |ḡ(t)|cr ≥ C2|ḡ(t)|.

Lemma 2.4.6. For γ ∈ S+
ad let γ̄ = ḡnγ ∈ S ′γ be an admissible direction. Then we
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obtain

lim
δ→0

γ + δγ̄ = γ in W 1,∞(I)2. (2.4.1)

Moreover, there exist transformations ψδ : Ωγ → Ωγ+δγ̄, ψcδ : Ωc
γ → Ωc

γ+δγ̄, δ ≤ δ1 ≤
δ0, such that

lim
δ→0

Tδ = idΩ̂ in W 1,∞(Ω̂)2,

Tδ : Ω̂→ Ω̂, Tδ(x, y) =

{
ψδ(x, y), (x, y) ∈ Ωγ

ψcδ(x, y), (x, y) ∈ Ωc
γ

, Tδ(Γγ) = Γγ+δγ̄.

Proof. For the first part we have

‖γ + δγ̄ − γ‖W 1,∞(I)2 = ‖δḡnγ‖W 1,∞(I)2

≤ δ‖ḡ‖W 1,∞(I)

∥∥∥∥∥ 1√
γ̇1(t)2 + γ̇2(t)2

(
γ̇2(t)
−γ̇1(t)

)∥∥∥∥∥
W 1,∞(I)2

≤ Cδ‖ḡ‖W 1,∞(I)‖γ‖W 2,∞(I)2 → 0 for δ → 0.

For the second part we construct a decomposition of the domains Ωγ, Ωc
γ, Ωγ+δγ̄,

and Ωc
γ+δγ̄ into disjoint domains which are transformed separately. The idea is to

let Tδ behave mainly like the identity mapping and let the stretching/compression
happen locally around Γγ and Γγ+δγ̄.
We can choose δ1 in such way that for all p ∈ [−1, 2] and δ ≤ δ1

dist(Γγ+pδγ̄, ∂Ω̂) > 0,

and such that we achieve for all −1 ≤ p < q ≤ 2 one-to-one mappings Φδ,±
p,q , δ ≤ δ1

with

Φδ,±
p,q : I± × (pδ, qδ)→ ∆δ,±

p,q ,

(t, ξ) 7→ (x(t, ξ), y(t, ξ)) := γ(t) + ξḡ(t)nγ(t),

and (
Φδ,±
p,q

)−1
: ∆δ,±

p,q → I± × (pδ, qδ),

(x, y) 7→ (t(x, y), ξ(x, y)) :=
(
γ−1(Pγ(x, y)),

∥∥(x, y)T − Pγ(x, y)
∥∥

2

)
,

where Pγ(x, y) is the orthogonal projection of (x, y) onto Γγ. This leads to the
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following decompositions:

Ωγ = Ωδ
−1,2 ∪∆δ,+

−1,0 ∪∆δ,−
0,2 ,

Ωc
γ = Ωδ,c

−1,2 ∪∆δ,+
0,2 ∪∆δ,−

−1,0,

Ωγ+δγ̄ = Ωδ
−1,2 ∪∆δ,+

−1,1 ∪∆δ,−
1,2 ,

Ωc
γ+δγ̄ = Ωδ,c

−1,2 ∪∆δ,+
1,2 ∪∆δ,−

−1,1.

Now, for (x, y) ∈ Ωδ
−1,2 and (x, y) ∈ Ωδ,c

−1,2 the transformations ψδ and ψcδ are defined

as the identity mapping. Furthermore, the transformation ψδ maps the domain ∆δ,+
−1,0

into the domain ∆δ,+
−1,1 (stretching) and ∆δ,−

0,2 into ∆δ,−
1,2 (compression). The transfor-

mation ψcδ maps ∆δ,+
0,2 into ∆δ,+

1,2 (compression) and ∆δ,−
−1,0 into ∆δ,−

−1,1 (stretching).
We describe the stretching/compression process: With the definition of the mapping
Φδ,±
p,q we have for −1 ≤ p < q ≤ 2

∆δ,±
p,q = {Φδ,±

p,q (t, ξ) : (t, ξ) ∈ I± × (pδ, qδ)}.

For −1 ≤ r < s ≤ 2 a transformation Ψδ,±
p,q,r,s : ∆δ,±

p,q → ∆δ,±
r,s can be described by the

concatenations Ψδ,±
p,q,r,s = Φδ,±

r,s ◦ φδp,q,r,s ◦
(
Φδ,±
p,q

)−1
, where φδp,q,r,s is a smooth mapping

from R× (pδ, qδ) onto R× (rδ, sδ).
Here, the mapping Ψδ,±

p,q,r,s leads to a stretching for q−p < s−r and to a compression
for q − p > s− r. We are now able to state a formula for the transformation Tδ:

Tδ(x, y) =



ψδ(x, y), (x, y) ∈ Ωγ, ψδ(x, y) =


(x, y), (x, y) ∈ Ωδ

−1,2,

Ψδ,+
−1,0,−1,1(x, y), (x, y) ∈ ∆δ,+

−1,0,

Ψδ,−
0,2,1,2(x, y), (x, y) ∈ ∆δ,−

0,2 ,

ψcδ(x, y), (x, y) ∈ Ωc
γ, ψcδ(x, y) =


(x, y), (x, y) ∈ Ωδ,c

−1,2,

Ψδ,+
0,2,1,2(x, y), (x, y) ∈ ∆δ,+

0,2 ,

Ψδ,−
−1,0,−1,1(x, y), (x, y) ∈ ∆δ,−

−1,0.

Due to this construction, we finally obtain

‖Tδ − idΩ̂ ‖W 1,∞(Ω̂)2 = ‖ψδ(x, y)− idΩγ ‖W 1,∞(Ωγ)2 + ‖ψcδ(x, y)− idΩcγ ‖W 1,∞(Ωcγ)2

= ‖Ψδ,+
−1,0,−1,1 − id ‖W 1,∞(∆δ,+

−1,0)2 + ‖Ψδ,−
0,2,1,2 − id ‖W 1,∞(∆δ,−

0,2 )2

+ ‖Ψδ,+
0,2,1,2 − id ‖W 1,∞(∆δ,+

0,2 )2 + ‖Ψδ,−
−1,0,−1,1 − id ‖W 1,∞(∆δ,−

−1,0)2

≤ Cδ‖ḡ‖W 1,∞(I)‖γ‖W 2,∞(I)2 → 0 for δ → 0.
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Lemma 2.4.7. Let the assumptions of the previous lemma hold. Then

lim
δ→0

f̃γ+δγ̄ = f̃γ in L2(Ω̂),

lim
δ→0
Tγ+δγ̄ = Tγ in L(H1

0 (Ω̂), HI).

Proof. For the first statement we have with f ∈ L∞(Ω̂),

f̃γ :=

{
f in Ωγ,

0 in Ωc
γ,

f̃γ+δγ̄ :=

{
f in Ωγ+δγ̄,

0 in Ωc
γ+δγ̄,

and with the coordinate transformation from Lemma 2.4.5 we obtain

‖f̃γ+δγ̄ − f̃γ‖2
L2(Ω̂)

= ‖fχ∆δ,+
0,1
‖2
L2(Ω̂)

+ ‖fχ∆δ,−
0,1
‖2
L2(Ω̂)

= ‖f‖2

L2(∆δ,+
0,1 )

+ ‖f‖2

L2(∆δ,−
0,1 )

≤ ‖f‖2
L∞(Ω̂)

(∫
∆δ,+

0,1

1 dx+

∫
∆δ,−

0,1

1 dx

)

≤ ‖f‖2
L∞(Ω̂)

(∫
I+

∫ δ

0

∣∣∣det
(

(Φδ,+
0,1 )′(t, ξ)

)∣∣∣ dt dξ
+

∫
I−

∫ δ

0

∣∣∣det
(

(Φδ,−
0,1 )′(t, ξ)

)∣∣∣ dt dξ)
≤ Cδ → 0 for δ → 0.

Now we show

‖Tγ+δγ̄ − Tγ‖L(H1
0 (Ω̂),HI) := sup

‖û‖
H1

0(Ω̂)
=1

‖Tγ+δγ̄û− Tγû‖HI → 0 for δ → 0.

We have

‖Tγ+δγ̄û− Tγû‖2
HI

= ‖Tγ+δγ̄û− Tγû‖2
H1/2(I) +

∫
I

|û(γ(t) + δγ̄(t))− û(γ(t))|2

t(1− t)
dt.
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With ε from the Definition of Sad:∫
I

|û(γ(t) + δγ̄(t))− û(γ(t))|2

t(1− t)
dt

=

∫
I

|û(γ(t) + δγ̄(t))− û(γ(t))|2

t
dt+

∫
I

|û(γ(t) + δγ̄(t))− û(γ(t))|2

1− t
dt

=

∫ ε

0

|û(γ(t) + δγ̄(t))− û(γ(t))|2

t
dt+

∫ 1

ε

|û(γ(t) + δγ̄(t))− û(γ(t))|2

t
dt

+

∫ 1−ε

0

|û(γ(t) + δγ̄(t))− û(γ(t))|2

1− t
dt+

∫ 1

1−ε

|û(γ(t) + δγ̄(t))− û(γ(t))|2

1− t
dt.

The second and third integral are bounded from above by 1
ε
‖Tγ+δγ̄û− Tγû‖2

L2(I) and

thus also by 1
ε
‖Tγ+δγ̄û− Tγû‖2

H1/2(I)
. The other two integrals vanish. This implies

‖Tγ+δγ̄û− Tγû‖HI ≤
(

1 +
2

ε

)1/2

‖Tγ+δγ̄û− Tγû‖H1/2(I). (2.4.2)

Now let {v̂n}n∈N ⊂ C2(
¯̂
Ω) ∩H1

0 (Ω̂) with

lim
n→∞

v̂n = û in H1
0 (Ω̂).

Since the family {Tγ}γ∈Sad
is uniformly bounded in L(H1

0 , HI), we have for every
n ∈ N

‖Tγ+δγ̄û− Tγû‖H1/2(I)

≤ ‖Tγ+δγ̄û− Tγ+δγ̄ v̂n‖H1/2(I) + ‖Tγ+δγ̄ v̂n − Tγ v̂n‖H1/2(I) + ‖Tγ v̂n − Tγû‖H1/2(I)

≤ ‖Tγ+δγ̄‖L(H1
0 (Ω̂),HI)‖û− v̂n‖H1(Ω̂)

+ ‖Tγ+δγ̄ v̂n − Tγ v̂n‖H1/2(I) + ‖Tγ‖L(H1
0 (Ω̂),HI)‖v̂n − û‖H1(Ω̂)

≤ C‖v̂n − û‖H1(Ω̂) + ‖Tγ+δγ̄ v̂n − Tγ v̂n‖H1/2(I). (2.4.3)

Let Tδ be the transformation from Lemma 2.4.6. Then we have Tδ(Γγ) = Γγ+δγ̄.
Define ŵδ := v̂n ◦ Tδ, then we have ŵδ(γ(t)) = v̂n(γ(t) + δγ̄(t)) for all t ∈ I. This
implies

(Tγŵδ)(t) = (Tγ+δγ̄ v̂n)(t) for all t ∈ I,

and

‖Tγ+δγ̄ v̂n − Tγ v̂n‖H1/2(I) = ‖Tγ(ŵδ − v̂n)‖H1/2(I) ≤ ‖Tγ‖L(H1
0 (Ω̂),HI)‖ŵδ − v̂n‖H1(Ω̂).

(2.4.4)
We now show that ‖ŵδ−v̂n‖H1(Ω̂) = ‖v̂n◦Tδ−v̂n‖H1(Ω̂) → 0 for ‖Tδ−id ‖W 1,∞(Ω̂)2 → 0.
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In the next steps we drop the index n and obtain

‖v̂ ◦ Tδ − v̂‖2
H1(Ω̂)

= ‖v̂ ◦ Tδ − v̂‖2
L2(Ω̂)

+ ‖∇(v̂ ◦ Tδ − v̂)‖2
L2(Ω̂)2

= ‖v̂ ◦ Tδ − v̂‖2
L2(Ω̂)

+ ‖ (T ′δ)
T

(∇v̂) ◦ Tδ −∇v̂‖2
L2(Ω̂)2

= ‖v̂ ◦ Tδ − v̂‖2
L2(Ω̂)

+ ‖ (T ′δ)
T

(∇v̂) ◦ Tδ −
(
id′

Ω̂

)T
(∇v̂) ◦ idΩ̂ ‖

2
L2(Ω̂)2

≤ ‖v̂ ◦ Tδ − v̂‖2
L2(Ω̂)

+ ‖
(
T ′δ − id′

Ω̂

)T
(∇v̂) ◦ Tδ‖2

L2(Ω̂)2

+ ‖
(
id′

Ω̂

)T
((∇v̂) ◦ Tδ − (∇v̂) ◦ idΩ̂) ‖2

L2(Ω̂)2

≤
∫

Ω̂

|v̂(Tδ(x, y))− v̂(x, y)|2 d(x, y)

+ ‖Tδ − idΩ̂ ‖
2
W 1,∞(Ω̂)2‖(∇v̂) ◦ Tδ‖2

L2(Ω̂)2

+

∫
Ω̂

|v̂x(Tδ(x, y))− v̂x(x, y)|2 d(x, y)

+

∫
Ω̂

|v̂y(Tδ(x, y))− v̂y(x, y)|2 d(x, y)

=: A+B + C +D.

We use the mean value theorem for the terms under the integrals and obtain with
c ∈ (0, 1):

A =

∫
Ω̂

|v̂(Tδ(x, y))− v̂(x, y)|2 d(x, y)

=

∫
Ω̂

|∇v̂ ((idΩ̂ +c(Tδ − idΩ̂))(x, y))T (Tδ − idΩ̂)(x, y)|2 d(x, y)

≤ ‖Tδ − idΩ̂ ‖
2
L∞(Ω̂)2(‖v̂x‖2

L∞(Ω̂)
+ ‖v̂y‖2

L∞(Ω̂)
).

For B we have

‖Tδ − idΩ̂ ‖
2
W 1,∞(Ω̂)2‖(∇v̂) ◦ Tδ‖2

L2(Ω̂)2 ≤ ‖Tδ − idΩ̂ ‖
2
W 1,∞(Ω̂)2(‖v̂x‖2

L∞(Ω̂)
+ ‖v̂y‖2

L∞(Ω̂)
).

For C and D we obtain the estimates

C ≤ ‖Tδ − idΩ̂ ‖
2
L∞(Ω̂)2(‖v̂xx‖2

L∞(Ω̂)
+ ‖v̂xy‖2

L∞(Ω̂)
),

D ≤ ‖Tδ − idΩ̂ ‖
2
L∞(Ω̂)2(‖v̂yx‖2

L∞(Ω̂)
+ ‖v̂yy‖2

L∞(Ω̂)
).

Altogether
‖v̂n ◦ Tδ − v̂n‖H1(Ω̂) ≤ ‖Tδ − idΩ̂ ‖

2
W 1,∞(Ω̂)2‖v̂n‖2

W 2,∞(Ω̂)
.
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Using this estimate in (2.4.4) we get

‖Tγ+δγ̄ v̂n − Tγ v̂n‖H1/2(I) ≤ ‖Tγ‖L(H1
0 (Ω̂),HI)‖Tδ − idΩ̂ ‖W 1,∞(Ω̂)2‖v̂n‖W 2,∞(Ω̂).

In (2.4.3) we obtain

‖Tγ+δγ̄û−Tγû‖H1/2(I) ≤ C‖v̂n−û‖H1(Ω̂)+‖Tγ‖L(H1
0 (Ω̂),HI)‖Tδ−idΩ̂ ‖W 1,∞(Ω̂)2‖v̂n‖W 2,∞(Ω̂).

For ε ≥ 0 there exist n0 ∈ N and δ0 > 0 such that

C‖v̂n − û‖H1(Ω̂) ≤
ε

2
for all n ≥ n0,

and since ‖Tδ − idΩ̂ ‖W 1,∞(Ω̂)2 tends to zero for δ → 0 also

‖Tγ‖L(H1
0 (Ω̂),HI)‖Tδ − idΩ̂ ‖W 1,∞(Ω̂)2‖v̂n‖W 2,∞(Ω̂) ≤

ε

2
for all n ≥ n0, δ ≤ δ0.

Passing to the limit n→∞ and then δ → 0 gives strong convergence of Tγ+δγ̄ to Tγ
in L(H1

0 (Ω̂), H1/2(I)) and because of (2.4.2) also in L(H1
0 (Ω̂), HI).

Theorem 2.4.8. For γ ∈ S+
ad let γ̄ = ḡnγ ∈ S ′γ be an admissible direction. Then the

solutions of the problem (2.2.1) for γ + δγ̄, γ satisfy

lim
δ→0

ûγ+δγ̄ = ûγ in H1
0 (Ω̂),

w∗ − lim
δ→0
Gγ+δγ̄ = Gγ in H∗I .

Proof. Theorem 2.4.2 implies the existence of a subsequence of {ûγ+δkγ̄}, denoted by

{ûγk}, which converges weakly in H1
0 (Ω̂) to an element û ∈ H1

0 (Ω̂). We show that
Tγû = 0. Therefore, we estimate with Tγ = Iγ ◦ τγ

‖Tγû‖L2(I) ≤ ‖Tγ(û− ûγk)‖L2(I) + ‖
(
Tγ − Tγk

)
ûγk‖HI

≤ ‖Iγ‖L(L2(Γγ),L2(I))‖τγ(û− ûγk)‖L2(Γγ) + ‖Tγ − Tγk‖L(H1
0 (Ω̂),HI)‖ûγk‖H1

0 (Ω̂).

Both terms on the right hand side of the above inequality tend to zero for k → ∞.
For the first term we note that ûγk converges weakly in H1(Ω̂) to û and therefore
the traces τγûγk converge strongly to the trace τγû in L2(Γγ). For the second term
we use the fact that the sequence {ûγk} is weakly convergent and therefore bounded.
The convergence follows with Lemma 2.4.7.
Next observe that for every v̂ ∈ H1

0 (Ω̂)

lim
k→∞
〈Gγk , Tγk v̂〉H∗I ,HI = lim

k→∞

{
(∇ûγk ,∇v̂)L2(Ω̂) − (f̃γk , v̂)L2(Ω̂)

}
= (∇û,∇v̂)L2(Ω̂) − (f̃γ, v̂)L2(Ω̂).
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For arbitrary ϕ ∈ HI choose v̂ ∈ H1
0 (Ω̂) such that ϕ = Tγ v̂ and calculate

〈Gγk , ϕ〉H∗I ,HI = 〈Gγk , Tγ v̂ − Tγk v̂〉H∗I ,HI + 〈Gγk , Tγk v̂〉H∗I ,HI . (2.4.5)

The first term on the right tends to zero for k → ∞ since {Gγk} is bounded (cf.
Theorem 2.4.2) and Tγk → Tγ strongly (cf. Lemma 2.4.7). For the second term we
obtain:

lim
k→∞
〈Gγk , ϕ〉H∗I ,HI = (∇û,∇v̂)L2(Ω̂) − (f̃γ, v̂)L2(Ω̂) =: 〈G, ϕ〉H∗I ,HI .

It follows that (û,G) is the unique solution (ûγ,Gγ) of (2.2.1) and that the original

sequence satisfies ûγ+δγ̄ ⇀ uγ in H1
0 (Ω̂) and Gγ+δγ̄

∗−⇀ Gγ in H∗I for δ → 0. To show

strong convergence of {ûγ+δγ̄} to ûγ in H1
0 (Ω̂) we argue as follows: We have

(∇ûγ+δγ̄,∇v̂)L2(Ω̂)2 − (f̃γ+δγ̄, v̂)L2(Ω̂) − 〈Gγ+δγ̄, Tγ+δγ̄ v̂〉H∗I ,HI = 0 and

(∇ûγ,∇v̂)L2(Ω̂)2 − (f̃γ, v̂)L2(Ω̂) − 〈Gγ, Tγ v̂〉H∗I ,HI = 0 for all v̂ ∈ H1
0 (Ω̂).

Inserting v̂ = ûγ+δγ̄ in the first and v̂ = ûγ in the second equation we obtain the
relationships

|ûγ+δγ̄|2H1(Ω̂) = (f̃γ+δγ̄, ûγ+δγ̄)L2(Ω̂) and |ûγ|2H1(Ω̂) = (f̃γ, ûγ)L2(Ω̂).

Subtracting these identities yields∣∣∣|ûγ+δγ̄|2H1(Ω̂) − |ûγ|
2
H1(Ω̂)

∣∣∣ =
∣∣∣(f̃γ+δγ̄, ûγ+δγ̄)L2(Ω̂) − (f̃γ, ûγ)L2(Ω̂)

∣∣∣
=
∣∣∣(f̃γ+δγ̄, ûγ+δγ̄)L2(Ω̂) − (f̃γ, ûγ+δγ̄)L2(Ω̂) + (f̃γ, ûγ+δγ̄)L2(Ω̂) − (f̃γ, ûγ)L2(Ω̂)

∣∣∣
=
∣∣∣(f̃γ+δγ̄ − f̃γ, ûγ+δγ̄)L2(Ω̂) + (f̃γ, ûγ+δγ̄ − ûγ)L2(Ω̂)

∣∣∣
≤ ‖f̃γ+δγ̄ − f̃γ‖L2(Ω̂)‖ûγ+δγ̄‖L2(Ω̂) + ‖f̃γ‖L2(Ω̂)‖ûγ+δγ̄ − ûγ‖L2(Ω̂) → 0 for δ → 0,

and hence limδ→0 |ûγ+δγ̄|H1(Ω̂) = |ûγ|H1(Ω̂). Since | · |H1(Ω̂) and ‖·‖H1(Ω̂) are equivalent

norms on H1
0 (Ω̂) we also have limδ→0 ‖ûγ+δγ̄‖H1(Ω̂) = ‖ûγ‖H1(Ω̂). Together with the

weak convergence of {ûγ+δγ̄} to ûγ this implies strong converges

ûγ+δγ̄ → ûγ in H1
0 (Ω̂).

Furthermore, we assume that the following generalized version of Theorem 2.4.8
holds.

Assumption 2.4.9. Let {γk} ⊂ S+
ad be a sequence which converges to γ in W 1,∞(I)2.
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Then the solutions of the problem (2.2.1) for γk, γ satisfy

lim
k→∞

ûγk = ûγ in H1
0 (Ω̂),

w∗ − lim
k→∞
Gγk = Gγ in H∗I .

31



3. Applying the fictitious domain
method to shape optimization

3.1. Shape optimization problem formulation

We consider the optimal control problem

(Pγ)


min J(u, γ) =

1

2

∫
ΩT

(ũ(x)− ud(x))2 dx

s.t. γ ∈ Sad,

E(u, γ) = 0 in Ωγ,

where ΩT ⊂ Ω̂ is an observation domain and ud ∈ L2(ΩT ) denotes a given desired
state in the tracking-type objective functional J : {(u, γ) : u ∈ U(Ωγ), γ ∈ Sad} → R.
The set of admissible curves Sad is defined in Definition 1.2.1, and the operator E is
defined in (1.3). We use the extension ũ of u, introduced in Definition 2.0.4, since
Ωc
γ ∩ ΩT 6= ∅ is possible in general.

As a consequence of Theorem 2.3.1, with the definition Ĵ((û,G), γ) := J(û|Ωγ , γ) and

the operator Ê defined in (2.2.2) the optimization problem (Pγ) is equivalent to the
shape optimization problem

(P̂γ)


min Ĵ((û,G), γ) =

1

2

∫
ΩT

(û(x)− ud(x))2 dx

s.t. γ ∈ Sad,

Ê((û,G), γ) = 0 in Ω̂.

Since for given γ ∈ Sad the pair (ûγ,Gγ) ∈ U := H1
0 (Ω̂)×H∗I is uniquely defined, the

reduced control problem

(p̂γ)

{
min ̂(γ) := Ĵ((ûγ,Gγ), γ)

s.t. γ ∈ Sad,
(3.1.1)

is equivalent to (P̂γ).

Lemma 3.1.1. The objective functional J and the state operator E are Fréchet-
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differentiable with respect to u. The derivatives Ju(u, γ) and Eu(u, γ) satisfy

Ju(u, γ)v = (u− ud, v)L2(ΩT∩Ωγ) for all v ∈ H1
0 (Ωγ),

Eu(u, γ)v = (∇v,∇·)L2(Ωγ)2 for all v ∈ H1
0 (Ωγ).

Proof. For every v ∈ H1
0 (Ωγ) there holds

duJ(u, γ; v) = lim
δ→0

1

δ

{
J(u+ δv, γ)− J(u, γ)

}
= lim

δ→0

1

2δ

{
(ũ+ δṽ − ud, ũ+ δṽ − ud)L2(ΩT ) − (ũ− ud, ũ− ud)L2(ΩT )

}
= lim

δ→0

1

2δ

{
δ(ũ− ud, ṽ)L2(ΩT ) + δ(ṽ, ũ− ud)L2(ΩT ) + δ2(ṽ, ṽ)L2(ΩT )

}
= (ũ− ud, ṽ)L2(ΩT ) = (u− ud, v)L2(ΩT∩Ωγ).

We show that the linear functional

Ju(u, γ) : v 7→ (u− ud, v)L2(ΩT∩Ωγ), v ∈ H1
0 (Ωγ),

is bounded: For all v ∈ L2(Ωγ) we have

|Ju(u, γ)v| = |(u− ud, v)L2(ΩT∩Ωγ)| ≤ ‖u− ud‖L2(ΩT∩Ωγ)‖v‖L2(Ωγ).

Since u and ud are fixed the claim for J follows.
Furthermore, for every v ∈ H1

0 (Ωγ) there holds

duE(u, γ; v) = lim
δ→0

1

δ

{
E(u+ δv, γ)− E(u, γ)

}
= (∇v,∇·)L2(Ωγ)2 .

Clearly, the functional Eu(u, γ) : v 7→ (∇v,∇·)L2(Ωγ)2 , v ∈ H1
0 (Ωγ), is linear and

bounded.

Lemma 3.1.2. The objective functional Ĵ and fictitious domain state operator Ê
are Fréchet-differentiable with respect to (û,G). The derivatives Ĵ(û,G)((û,G), γ) and

Ê(û,G)((û,G), γ) satisfy

Ĵ(û,G)((û,G), γ)(v̂,H) =

(
(û− ud, v̂)L2(ΩT )

0

)
for all v̂ ∈ H1

0 (Ω̂),H ∈ H∗I ,

Ê(û,G)((û,G), γ)(v̂,H) =

(
Â −T ∗γ
−Tγ 0

)(
v̂
H

)
for all v̂ ∈ H1

0 (Ω̂),H ∈ H∗I .
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3.2. Existence result for the shape optimization
problem

Theorem 3.2.1. Under the Assumption 2.4.9 the domain optimization problem (P̂γ)

admits at least one solution (û∗,G∗) ∈ U , γ∗ ∈ Sad with Ê((û∗,G∗), γ∗) = 0.

Proof. We denote by

Fad := {((û,G), γ) ∈ (H1
0 (Ω̂)×H∗I )× Sad : Ê((û,G), γ) = 0}

the feasible set. Since Ĵ ≥ 0 and Fad is nonempty,

Ĵ∗ := inf
((û,G),γ)∈Fad

Ĵ((û,G), γ) ≥ 0,

so that a minimizing sequence {((ûk,Gk), γk)} ⊂ Fad exists with

lim
k→∞

Ĵ((ûk,Gk), γk) = Ĵ∗.

The sequence {γk} is bounded in H3(I)2 since Sad is bounded in H3(I)2 by definition.
Since H3(I)2 is reflexive, there exists a weakly convergent subsequence {γki} ⊂ {γk}
and some γ∗ ∈ H3(I)2 with γki ⇀ γ∗ in H3(I)2 as i → ∞. We show that γ∗ ∈ Sad,
i.e. γ̂∗ ∈ Ŝad:
The fact that ‖γ̂ki‖H3(Î)2 ≤ cs for all i and the weakly lower semicontinuity of the

norm implies ‖γ̂∗‖H3(Î)2 ≤ cs. From the compact embedding H3(I)2 ↪→↪→ C2(Ī)2 we
obtain strong convergence

lim
i→∞

γki = γ∗ in C2(Ī)2 (3.2.1)

for a further subsequence.
Since γ̂ki(ε) = (ε, α2)T , γ̂ki(1 − ε) = (1 − ε, β2)T , (α2 − α1) ˙̂γki1 (ε) − ε ˙̂γki2 (ε) = 0,
(β2 − β1) ˙̂γki1 (1 − ε) + ε ˙̂γki2 (1− ε) = 0, ¨̂γki(ε) = ¨̂γki(1 − ε) = (0, 0)T , ‖γ̂ki(t2) −
γ̂ki(t1)‖2 ≥ cr|t2 − t1| for all t1, t2 ∈ Î, t1 6= t2 and dist(Γγ̂ki , ∂Ω̂) ≥ ε the same
properties hold for γ∗. Therefore we have γ∗ ∈ Sad. The convergence in (3.2.1) in
particular implies

lim
i→∞

γki = γ∗ in W 1,∞(I)2,

since C2(Ī)2 ↪→↪→ C0,1(Ī)2 ≡ W 1,∞(I)2, and

lim
i→∞

f̃γki = f̃γ∗ in L2(Ω̂).

With Assumption 2.4.9 we then obtain ûki = ûγki → ûγ∗ = û∗ in H1
0 (Ω̂) and Gki =

Gγki
∗−⇀ Gγ∗ = G∗ in H∗I . By the continuity of Ê we have that

0 = Ê((ûki ,Gki), γki)→ Ê((û∗,G∗), γ∗),
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and thus ((û∗,G∗), γ∗) ∈ Fad. Furthermore, by the continuity of Ĵ we obtain

Ĵ((ûki ,Gki), γki)→ Ĵ((û∗,G∗), γ∗),

and therefore
Ĵ∗ = lim

i→∞
Ĵ((ûki ,Gki), γki) = Ĵ((û∗,G∗), γ∗).

Hence, ((û∗,G∗), γ∗) is an optimal solution.

3.3. The adjoint equations

3.3.1. The adjoint equations associated with (P̂γ) and (Pγ)

In this subsection we introduce the adjoint equation associated with the shape opti-
mization problem (P̂γ). We define the spaces

U = U1 × U2 := H1
0 (Ω̂)×H∗I ,

Z = Z1 × Z2 := H−1(Ω̂)×HI ,

and the Lagrange functional L̂ : U × Sad × Z∗ → R,

L̂((û,G), γ, (λ̂Σ,MΣ)) := Ĵ((û,G), γ)− 〈(λ̂Σ,MΣ), Ê((û,G), γ)〉Z∗,Z .

Inserting (û,G) = (ûγ,Gγ) for arbitrary (λ̂Σ,MΣ) ∈ Z∗ gives

L̂((ûγ,Gγ), γ, (λ̂Σ,MΣ)) = Ĵ((ûγ,Gγ), γ)− 〈(λ̂Σ,MΣ), Ê((ûγ,Gγ), γ)〉Z∗,Z
= Ĵ((ûγ,Gγ), γ) = ̂(γ).

Now we obtain the adjoint equation if we choose a special (λ̂Σ,MΣ) = (λ̂Σ
γ ,MΣ

γ )
such that

L̂(û,G)((ûγ,Gγ), γ, (λ̂Σ
γ ,MΣ

γ )) = 0.

The differentiability properties of Ĵ and Ê induce according differentiability proper-
ties of L̂. We have

〈L̂(û,G)((û,G), γ, (λ̂Σ,MΣ)), (v̂,H)〉U∗,U
= 〈Ĵ(û,G)((û,G), γ), (v̂,H)〉U∗,U − 〈(λ̂Σ,MΣ), Ê(û,G)((û,G), γ)(v̂,H)〉Z∗,Z

= 〈Ĵ(û,G)((û,G), γ)− Ê(û,G)((û,G), γ)∗(λ̂Σ,MΣ), (v̂,H)〉U∗,U .

Therefore,

L̂(û,G)((ûγ,Gγ), γ, (λ̂Σ
γ ,MΣ

γ )) = Ĵ(û,G)((ûγ,Gγ), γ)

− Ê(û,G)((ûγ,Gγ), γ)∗(λ̂Σ
γ ,MΣ

γ ) = 0.
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This leads to the adjoint equation associated with the shape optimization problem
(P̂γ): For γ ∈ Sad and ûγ (the solution of the state equation Ê((û,G), γ) = 0) find

(λ̂Σ
γ ,MΣ

γ ) := (λ̂Σ(γ),MΣ(γ)) such that{
(∇λ̂Σ

γ ,∇v̂)L2(Ω̂)2 − 〈MΣ
γ , Tγ v̂〉H∗I ,HI = (ûγ − ud, v̂)L2(ΩT ), ∀v̂ ∈ H1

0 (Ω̂),

−〈H, Tγλ̂Σ
γ 〉H∗I ,HI = 0, ∀H ∈ H∗I ,

(3.3.1)

or equivalently

Ê(û,G)((ûγ,Gγ), γ)∗(λ̂Σ
γ ,MΣ

γ ) = Ĵ(û,G)((ûγ,Gγ), γ),

which is (
Â −T ∗γ
−Tγ 0

)(
λ̂Σ
γ

MΣ
γ

)
=

(
(ûγ − ud, ·)L2(ΩT )

0

)
.

The main difference of this fictitious domain formulation for (λ̂γ,Mγ) compared to

(2.2.1) is that we expect λ̂Σ
γ |Ωcγ 6= 0, since the difference ûγ − ûd in the right-hand

side of the first equation of (3.3.1) may be non-zero in ΩT ∩ Ωc
γ.

Now we derive the adjoint equation associated with the shape optimization problem
(Pγ). Therefore, let us define the Lagrange function L : U(Ωγ)× Sad×Z(Ωγ)

∗ → R,

L(u, γ, λ) := J(u, γ)− 〈λ,E(u, γ)〉Z(Ωγ)∗,Z(Ωγ) .

We insert u = uγ for arbitrary λ ∈ Z(Ωγ)
∗and obtain the adjoint equation from

setting the derivative of L with respect to the state variable u equal to zero, i.e.
choose λ = λγ such that

Lu(uγ, γ, λγ) = 0.

Then we obtain: For γ ∈ Sad and uγ (the solution of the state equation E(u, γ) = 0)
find λγ := λ(γ) ∈ Z(Ωγ)

∗ such that

(∇λγ,∇v)L2(Ωγ)2 = (uγ − ud, v)L2(ΩT∩Ωγ), ∀v ∈ U(Ωγ). (3.3.2)

As a preparation of two following two theorems we state an equation on the comple-
mentary domain Ωc

γ: Find λcγ := λc(γ) ∈ Z(Ωc
γ)
∗ such that

(∇λcγ,∇vc)L2(Ωcγ)2 = (−ud, vc)L2(ΩT∩Ωcγ), ∀vc ∈ U(Ωc
γ). (3.3.3)

Theorem 3.3.1. Let for γ ∈ Sad denote uγ the solution of the Poisson equation
E(u, γ) = 0.

1. The adjoint equation (3.3.2) has a unique solution λγ ∈ H2(Ωγ) ∩H1
0 (Ωγ).

2. The equation (3.3.3) has a unique solution λcγ ∈ H2(Ωc
γ) ∩H1

0 (Ωc
γ).

3. The sets
{
‖λγ‖H2(Ωγ)

}
γ∈Sad

and
{
‖λcγ‖H2(Ωcγ)

}
γ∈Sad

are uniformly bounded.
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Proof. Apply the same techniques as in the proofs of Theorem 1.3.1 and Theorem
1.3.3.

Theorem 3.3.2. Let for γ ∈ Sad denote uγ the solution of the Poisson equation
E(u, γ) = 0 and (ûγ,Gγ) the solution of the fictitious domain formulation of the

Poisson problem Ê((û,G), γ) = 0.

1. Let (λ̂Σ
γ ,MΣ

γ ) ∈
(
H−1(Ω̂)×HI

)∗
denote the solution of the adjoint equation

(3.3.1) on Ω̂. Then λγ := λ̂Σ
γ |Ωγ ∈ H2(Ωγ)∩H1

0 (Ωγ) is the unique solution of the

adjoint equation (3.3.2) on Ωγ. Furthermore, λcγ := λ̂Σ
γ |Ωcγ ∈ H2(Ωc

γ) ∩H1
0 (Ωc

γ)

is the unique solution of (3.3.3) on Ωc
γ and the Lagrange multiplierMΣ

γ satisfies

〈MΣ
γ , h〉H∗I ,HI =

([
∂λ̂Σ

γ (γ(·))
∂nγ

]
‖γ̇(·)‖2, h

)
L2(I)

∀h ∈ HI , (3.3.4)

where
[
∂λ̂Σ

γ

∂nγ

]
=
(
∂λγ
∂nγ
− ∂λcγ

∂nγ

)
is the jump of the normal derivative at Γγ.

2. Conversely, let λγ ∈ H2(Ωγ) ∩H1
0 (Ωγ) be the solution of (3.3.2) and let λcγ ∈

H2(Ωc
γ) ∩H1

0 (Ωc
γ) be the solution of (3.3.3). Then (3.3.4) uniquely defines an

element MΣ
γ ∈ H∗I and (λ̂Σ

γ ,MΣ
γ ) with

λ̂Σ
γ :=

{
λγ in Ωγ,

λcγ in Ωc
γ,

is the unique solution of (3.3.1) in H1
0 (Ω̂)×H∗I .

Proof. The proof is mainly carried out analogously to the proof of Theorem 2.3.1.
However, we recapitulate and extend a short part of the proof to demonstrate where

the jump of the normal derivative
[
∂λ̂Σ

γ

∂nγ

]
pops up.

The first equation of (3.3.1) reads

(∇λγ,∇v̂)L2(Ωγ)2 +
(
∇λcγ,∇v̂

)
L2(Ωcγ)2 − (ûγ − ud, v̂)L2(ΩT∩Ωγ)

− (ûγ − ud, v̂)L2(ΩT∩Ωcγ) = 〈MΣ
γ , Tγ v̂〉H∗I ,HI ∀v̂ ∈ H1

0 (Ω̂).

Since λ and λc ∈ H2(Ωγ) we can apply integration by parts and obtain

−
∫

Ωγ

∆λγ v̂ dx−
∫

Ωcγ

∆λcγ v̂ dx− (ûγ − ud, v̂)L2(ΩT∩Ωγ) − (ûγ − ud, v̂)L2(ΩT∩Ωcγ)

+

∫
∂Ωγ

∂λγ
∂nγ

v̂ dS(x) +

∫
∂Ωcγ

∂λcγ
∂ncγ

v̂ dS(x) = 〈MΣ
γ , Tγ v̂〉H∗I ,HI ∀v̂ ∈ H1

0 (Ω̂). (3.3.5)
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We now choose v ∈ H1
0 (Ωγ) and test the previous equation with its extension ṽ ∈

H1
0 (Ω̂) which fulfills ṽ|∂Ωγ = 0 and ṽ|∂Ωcγ = 0. Then we get

−∆λγ = (uγ − ud, ·)L2(ΩT∩Ωγ) in L2(Ωγ).

We now choose vc ∈ H1
0 (Ωc

γ) and test equation (3.3.5) with its extension v̄c ∈ H1
0 (Ω̂)

which fulfills v̄c|∂Ωγ = 0 and v̄c|∂Ωcγ = 0. Then we get

−∆λcγ = (−ud, ·)L2(ΩT∩Ωcγ) in L2(Ωc
γ).

Now we test equation (3.3.5) with an arbitrary v̂ ∈ H1
0 (Ω̂). Then we have Tγ v̂ ∈ HI ,

v̂|Γ = 0, and with nγ = −ncγ we get

〈MΣ
γ , Tγ v̂〉H∗I ,HI =

∫
∂Ωγ

∂λγ
∂nγ

v̂ dS(x) +

∫
∂Ωcγ

∂λcγ
∂ncγ

v̂ dS(x)

=

∫
Γγ

∂λγ
∂nγ

v̂ dS(x)−
∫

Γγ

∂λcγ
∂nγ

v̂ dS(x)

=

∫
I

(
∂λγ(γ(t))

∂nγ
−
∂λcγ(γ(t))

∂nγ

)
v̂(γ(t))‖γ̇(t)‖2 dt

=

((
∂λγ(γ(·))
∂nγ

−
∂λcγ(γ(·))
∂nγ

)
‖γ̇(·)‖2, Tγ v̂

)
L2(I)

=

([
∂λΣ

γ (γ(·))
∂nγ

]
‖γ̇(·)‖2, Tγ v̂

)
L2(I)

,

which is (3.3.4).

Remark 3.3.3.

1. Analogously to the extension of Gγ in Remark 2.3.2 we extend MΣ
γ ∈ H∗I onto

L2(I) by the definition

〈MΣ
γ , h〉L2(I)∗,L2(I) :=

([
∂λ̂Σ

γ (γ(·))
∂nγ

]
‖γ̇(·)‖2, h

)
L2(I)

∀h ∈ L2(I).

2. Identifying L2(I) with its dual space the (adjoint) Lagrange multiplier satisfies

MΣ
γ =

[
∂λ̂Σ

γ (γ(·))
∂nγ

]
‖γ̇(·)‖2 in L2(I).

Theorem 3.3.4. For γ ∈ S+
ad let γ̄ = ḡnγ ∈ S ′γ be an admissible direction.
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Then the solutions of (3.3.1) for γ + δγ̄, γ satisfy

lim
δ→0

λ̂Σ
γ+δγ̄ = λ̂Σ

γ in H1
0 (Ω̂),

w∗ − lim
δ→0
MΣ

γ+δγ̄ =MΣ
γ in H∗I .

Proof. Apply the same techniques as in the proof of Theorem 2.4.8.

Assumption 3.3.5. Let {γk} ⊂ S+
ad be a sequence which converges to γ in W 1,∞(I)2.

Then the solutions of the problem (3.3.1) for γk, γ satisfy

lim
k→∞

λ̂Σ
γk = λ̂Σ

γ in H1
0 (Ω̂),

w∗ − lim
k→∞
MΣ

γk =MΣ
γ in H∗I .

3.3.2. Fictitious domain formulation of the adjoint equation
associated with (Pγ)

Since the adjoint equation (3.3.2) is the Poisson equation (1.3) in weak form with a
different but sufficiently regular inhomogeneity, we can apply the theory of Section
1.3.
We can also derive a fictitious domain formulation of the adjoint equation (3.3.2) by
introducing the additional (adjoint) Lagrange multiplierM∈ H∗I , like in Chapter 2.
We thus obtain: For γ ∈ Sad and ûγ (the solution of the state equation Ê((û,G), γ) =

0) find (λ̂γ,Mγ) := (λ̂(γ),M(γ)) such that{
(∇λ̂γ,∇v̂)L2(Ω̂)2 − 〈Mγ, Tγ v̂〉H∗I ,HI = (ûγ − ud, v̂)L2(ΩT∩Ωγ), ∀v̂ ∈ H1

0 (Ω̂),

−〈H, Tγλ̂γ〉H∗I ,HI = 0, ∀H ∈ H∗I ,
(3.3.6)

or equivalently (
Â −T ∗γ
−Tγ 0

)(
λ̂γ
Mγ

)
=

(
(ûγ − ud, ·)L2(ΩT∩Ωγ)

0

)
.

Furthermore, we obtain a fictitious domain formulation of (3.3.3): Find (λ̂cγ,Mc
γ) :=

(λ̂c(γ),Mc(γ)) such that{
(∇λ̂cγ,∇v̂)L2(Ω̂)2 − 〈Mc

γ, Tγ v̂〉H∗I ,HI = (−ud, v̂)L2(ΩT∩Ωcγ), ∀v̂ ∈ H1
0 (Ω̂),

−〈H, Tγλ̂cγ〉H∗I ,HI = 0, ∀H ∈ H∗I ,
(3.3.7)

or equivalently (
Â −T ∗γ
−Tγ 0

)(
λ̂cγ
Mc

γ

)
=

(
(ûγ − ud, ·)L2(ΩT∩Ωcγ)

0

)
.
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Lemma 3.3.6. We obtain

λ̂γ =

{
λγ in Ωγ,

0 in Ωc
γ,

〈Mγ, h〉H∗I ,HI =

(
∂λγ(γ(·))
∂nγ

‖γ̇(·)‖2, h

)
L2(I)

∀h ∈ HI ,

λ̂cγ =

{
0 in Ωγ,

λcγ in Ωc
γ,

〈Mc
γ, h〉H∗I ,HI =

(
∂λcγ(γ(·))
∂ncγ

‖γ̇(·)‖2, h

)
L2(I)

∀h ∈ HI .

Moreover, we obtain

λ̂Σ
γ = λ̂γ + λ̂cγ, and MΣ

γ =Mγ +Mc
γ.

Remark 3.3.7.

1. The authors in [KP98, Sla00] studied the case, where the observation domain
ΩT is restricted by

ΩT ⊂⊂ Ωγ ⊂ Ω̂ for all γ ∈ Sad, i.e. dist(Γγ,ΩT ) > 0 for all γ ∈ Sad.
(3.3.8)

In this case, we obtain ΩT ∩ Ωc
γ = ∅ and therefore λ̂cγ = 0, Mc

γ = 0. Fur-
thermore, the fictitious domain formulation (3.3.6) coincides with the adjoint
equation (3.3.1), i.e. λ̂Σ

γ = λ̂γ and MΣ
γ = Mγ. We note that (3.3.8) would

require further restrictions on Sad.

2. If it is possible from the application point of view, we recommend to track the
L2-error of û with respect to a desired state ûd ∈ L2(ΩT ) in the entire fictitious
domain Ω̂, i.e. ΩT = Ω̂.
The choice of the observation domain ΩT has a huge influence on the optimiza-
tion process. If one chooses ΩT with |ΩT | small compared to |Ω̂|, or ΩT ∩Γγ = ∅
for some γ ∈ Sad, it is an easy exercise to construct examples where the se-
quence (ûk(γk)) from an optimization process tends to ud in L2(ΩT ) as k tends
to ∞, but the sequence (γk) converges to an ’optimal shape’, which significantly
deviates from the expected aim.

3.4. First derivative of the reduced objective function

In this section we prove that the reduced objective function ̂,

̂ : S+
ad → R,
γ 7→ Ĵ((û(γ),G(γ)), γ),

from our problem (3.1.1) is Fréchet-differentiable with respect to γ. This result is
obtained even though the state equation operator Ê is not continuously Fréchet-
differentiable. This Fréchet-differentiability is a necessary condition if one derives
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the derivative representation of ̂′(γ) via the adjoint approach, cf. [HPUU08, Section
1.6].

In Theorem 3.4.1 we show that the reduced objective function ̂ is directional
differentiable with respect to γ ∈ S+

ad in all admissible directions γ̄ ∈ S ′γ. In addition
we obtain a suitable integral representation of the directional derivative d̂(γ, γ̄). In
Theorem 3.4.2 we obtain the Gâteaux- and Fréchet-differentiability of the reduced
objective function ̂.

The main key in the proof of the next theorem is to replace occurring (normal)
derivatives of the state û by the Lagrange multiplier G using the relation (2.3.1).
It turns out that occurring (normal) derivatives of the adjoint state λ̂Σ = λ̂ + λ̂c

cannot be replaced by the adjoint Lagrange multiplier MΣ. But since derivatives
with respect to λ̂c cancel out in the computation, we can replace the remaining
derivatives with respect to λ̂ by the Lagrange multiplierM. We obtain the following
result:

Theorem 3.4.1. The reduced objective function ̂ has a directional derivative with
respect to γ ∈ S+

ad in all admissible directions γ̄ ∈ S ′γ which is given by

d̂(γ, γ̄) =

∫
I

Mγ(t)Gγ(t)
γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt.

Proof. The proof is structured as follows: In part 1 we show that the right-sided
directional derivative of ̂ with respect to γ in an admissible direction γ̄ ∈ S ′γ is given
by

d+̂(γ, γ̄) = lim
δ→0+

1

2δ

{
(f̃γ+δγ̄ − f̃γ, λ̂Σ

γ+δγ̄)L2(Ω̂) − 〈Gγ, Tγλ̂
Σ
γ+δγ̄〉H∗I ,HI

+ 〈MΣ
γ+δγ̄, Tγ+δγ̄ûγ〉H∗I ,HI + (f̃γ+δγ̄ − f̃γ, λ̂Σ

γ )L2(Ω̂) + 〈Gγ+δγ̄, Tγ+δγ̄λ̂
Σ
γ 〉H∗I ,HI

− 〈MΣ
γ , Tγûγ+δγ̄〉H∗I ,HI

}
=: lim

δ→0+
(B1(δ) + · · ·+B6(δ)) .

In part 2 we prove the following right-sided limits

lim
δ→0+

B4(δ) = lim
δ→0+

1

2δ
(f̃γ+δγ̄ − f̃γ, λ̂Σ

γ )L2(Ω̂) = 0,

lim
δ→0+

B1(δ) = lim
δ→0+

1

2δ
(f̃γ+δγ̄ − f̃γ, λ̂Σ

γ+δγ̄)L2(Ω̂) = 0.
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In part 3 we obtain

lim
δ→0+

B2(δ) = lim
δ→0+

− 1

2δ
〈Gγ, Tγλ̂Σ

γ+δγ̄〉H∗I ,HI

=
1

2

∫
I+

Gγ(t)∇λγ(γ(t))T γ̄(t) dt+
1

2

∫
I−

Gγ(t)∇λcγ(γ(t))T γ̄(t) dt

lim
δ→0+

B6(δ) = lim
δ→0+

− 1

2δ
〈MΣ

γ , Tγûγ+δγ̄〉H∗I ,HI =
1

2

∫
I+

MΣ
γ (t)∇uγ(γ(t))T γ̄(t) dt.

In part 4 we find

lim
δ→0+

B5(δ) = lim
δ→0+

1

2δ
〈Gγ+δγ̄, Tγ+δγ̄λ̂

Σ
γ 〉H∗I ,HI

=
1

2

∫
I+

Gγ(t)∇λcγ(γ(t))T γ̄(t) dt+
1

2

∫
I−

Gγ(t)∇λγ(γ(t))T γ̄(t) dt,

lim
δ→0+

B3(δ) = lim
δ→0+

1

2δ
〈MΣ

γ+δγ̄, Tγ+δγ̄ûγ〉H∗I ,HI =
1

2

∫
I−

MΣ
γ (t)∇uγ(γ(t))T γ̄(t) dt.

In part 5 we conclude that

d+̂(γ, γ̄) =

∫
I

Mγ(t)Gγ(t)
γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt.

Finally, in part 6 we find that the left- and right-sided directional derivatives of ̂
coincide, i.e.

d−̂(γ, γ̄) = d+̂(γ, γ̄) = d̂(γ, γ̄) =

∫
I

Mγ(t)Gγ(t)
γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt.

Part 1: The right-sided directional derivative of ̂ with respect to γ in an admissible
direction γ̄ ∈ S ′γ is given by

d+̂(γ, γ̄) = lim
δ→0+

1

δ
{̂(γ + δγ̄)− ̂(γ)}

= lim
δ→0+

1

δ

{
1

2
‖ûγ+δγ̄ − ud‖2

L2(ΩT ) −
1

2
‖ûγ − ud‖2

L2(ΩT )

}
.

Using the identity (a − c, a − c) − (b − c, b − c) = (a, a) − 2(a, c) − (b, b) + 2(b, c) =
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(a− b, a− c) + (a− b, b− c) we obtain

d+̂(γ, γ̄) = lim
δ→0+

1

δ

{
1

2
‖ûγ+δγ̄ − ud‖2

L2(ΩT ) −
1

2
‖ûγ − ud‖2

L2(ΩT )

}
= lim

δ→0+

1

2δ

{
(ûγ+δγ̄ − ûγ, ûγ+δγ̄ − ud)L2(ΩT ) + (ûγ+δγ̄ − ûγ, ûγ − ud)L2(ΩT )

}
=: lim

δ→0+
(A1(δ) + A2(δ)).

For A1(δ) we can use the first equation of the adjoint system (3.3.1) for γ and γ + δγ̄
with the test function v̂ := ûγ+δγ̄ − ûγ ∈ H1

0 (Ω̂) and obtain

A1(δ) =
1

2δ
(ûγ+δγ̄ − ûγ, ûγ+δγ̄ − ud)L2(ΩT )

=
1

2δ

{
(∇λ̂Σ

γ+δγ̄,∇ (ûγ+δγ̄ − ûγ))L2(Ω̂)2 − 〈MΣ
γ+δγ̄, Tγ+δγ̄(ûγ+δγ̄ − ûγ)〉H∗I ,HI

}
.

Since Tγ+δγ̄ûγ+δγ̄ = 0 we obtain

A1(δ) =
1

2δ

{
(∇(ûγ+δγ̄ − ûγ),∇λ̂Σ

γ+δγ̄)L2(Ω̂)2 + 〈MΣ
γ+δγ̄, Tγ+δγ̄ûγ〉H∗I ,HI

}
. (3.4.1)

For the first term in (3.4.1) we use the state equation (2.2.1) for γ and γ + δγ̄,
respectively, in both cases with the test function v̂ = λ̂Σ

γ+δγ̄ ∈ Ĥ1
0 (Ω̂). We obtain

A1(δ) =
1

2δ

{
(∇(ûγ+δγ̄ − ûγ),∇λ̂Σ

γ+δγ̄)L2(Ω̂)2 + 〈MΣ
γ+δγ̄, Tγ+δγ̄ûγ〉H∗I ,HI

}
=

1

2δ

{
(f̃γ+δγ̄, λ̂

Σ
γ+δγ̄)L2(Ω̂) + 〈Gγ+δγ̄, Tγ+δγ̄λ̂

Σ
γ+δγ̄〉H∗I ,HI − (f̃γ, λ̂

Σ
γ+δγ̄)L2(Ω̂)

− 〈Gγ, Tγλ̂Σ
γ+δγ̄〉H∗I ,HI + 〈MΣ

γ+δγ̄, Tγ+δγ̄ûγ〉H∗I ,HI
}
.

Finally, with Tγ+δγ̄λ̂
Σ
γ+δγ̄ = 0 we have

A1(δ) =
1

2δ

{
(f̃γ+δγ̄ − f̃γ, λ̂Σ

γ+δγ̄)L2(Ω̂)

− 〈Gγ, Tγλ̂Σ
γ+δγ̄〉H∗I ,HI + 〈MΣ

γ+δγ̄, Tγ+δγ̄ûγ〉H∗I ,HI
}
.
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In a similar way we obtain for A2(δ) the expression

A2(δ) =
1

2δ
(ûγ+δγ̄ − ûγ, ûγ − ud)L2(ΩT )

=
1

2δ

{
(∇λ̂Σ

γ ,∇(ûγ+δγ̄ − ûγ))L2(Ω̂)2 − 〈MΣ
γ , Tγ(ûγ+δγ̄ − ûγ)〉H∗I ,HI

}
=

1

2δ

{
(f̃γ+δγ̄, λ̂

Σ
γ )L2(Ω̂) + 〈Gγ+δγ̄, Tγ+δγ̄λ̂

Σ
γ 〉H∗I ,HI − (f̃γ, λ̂

Σ
γ )L2(Ω̂)

− 〈Gγ, Tγλ̂Σ
γ 〉H∗I ,HI − 〈M

Σ
γ , Tγûγ+δγ̄〉H∗I ,HI

}
.

=
1

2δ

{
(f̃γ+δγ̄ − f̃γ, λ̂Σ

γ )L2(Ω̂) + 〈Gγ+δγ̄, Tγ+δγ̄λ̂
Σ
γ 〉H∗I ,HI

− 〈MΣ
γ , Tγûγ+δγ̄〉H∗I ,HI

}
.

Altogether, using the expressions for A1(δ) and A2(δ), we obtain

d+̂(γ, γ̄) = lim
δ→0+

1

2δ

{
(f̃γ+δγ̄ − f̃γ, λ̂Σ

γ+δγ̄)L2(Ω̂) − 〈Gγ, Tγλ̂
Σ
γ+δγ̄〉H∗I ,HI

+ 〈MΣ
γ+δγ̄, Tγ+δγ̄ûγ〉H∗I ,HI + (f̃γ+δγ̄ − f̃γ, λ̂Σ

γ )L2(Ω̂) + 〈Gγ+δγ̄, Tγ+δγ̄λ̂
Σ
γ 〉H∗I ,HI

− 〈MΣ
γ , Tγûγ+δγ̄〉H∗I ,HI

}
=: lim

δ→0+
(B1(δ) + · · ·+B6(δ)) .

Part 2: In this part we show the following right-sided limit

lim
δ→0+

B4(δ) = lim
δ→0+

1

2δ
(f̃γ+δγ̄ − f̃γ, λ̂Σ

γ )L2(Ω̂) = 0.

We have f ∈ L∞(Ω̂),

f̃γ :=

{
f in Ωγ,

0 in Ωc
γ,

f̃γ+δγ̄ :=

{
f in Ωγ+δγ̄,

0 in Ωc
γ+δγ̄,

and λ̂Σ
γ is the solution of the adjoint equation (3.3.1) with λ̂Σ

γ = λγ in Ωγ and λ̂Σ
γ = λcγ

in Ωc
γ. We thus obtain1

B4(δ) =
1

2δ
(f̃γ+δγ̄ − f̃γ, λ̂Σ

γ )L2(Ω̂)

= − 1

2δ

∫
∆−δ

f(x)λγ(x) dx+
1

2δ

∫
∆+
δ

f(x)λcγ(x) dx =: B4,1(δ) +B4,2(δ).

1In this proof we have a slight change in the notation:

∆±δ := ∆δ,±
0,1 , D±δ := Dδ,±

0,1 , Φ± := Φδ,±0,1
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We will see that both terms, B4,1(δ) and B4,2(δ), tend to zero. We start with B4,1(δ),
apply the coordinate transformation of Lemma 2.4.5 and get

|B4,1(δ)| =

∣∣∣∣∣ 1

2δ

∫
∆−δ

f(x)λγ(x) d(x)

∣∣∣∣∣ ≤ ‖f‖L∞(Ω̂)

2δ

∫
Φ−(D−δ )

|λγ(x)| dx

=
C1

δ

∫
I−

∫ δ

0

|λγ(γ(t) + ξḡ(t)nγ(t))|
∣∣det Φ′−(t, ξ)

∣∣ dξ dt.
Now we use the estimates of Lemma 2.4.5 and the fact that Tγλ̂Σ

γ = Tγλγ = 0, i.e.
λγ(γ(t)) = 0 for a.e t ∈ I. Therefore we obtain

|B4,1(δ)| ≤ C1

δ

∫
I−

∫ δ

0

|λγ(γ(t) + ξḡ(t)nγ(t))|| det Φ′−(t, ξ)| dξ dt

≤ C1

δ
max

(t,ξ)∈D−δ

∣∣det Φ′−(t, ξ)
∣∣ ∫

I−

∫ δ

0

|λγ(γ(t) + ξḡ(t)nγ(t))| dξ dt

≤ C2

δ

∫
I−

∫ δ

0

|λγ(γ(t) + ξḡ(t)nγ(t))− λγ(γ(t))| dξ dt.

Using the identity

λγ(γ(t) + ξḡ(t)nγ(t))−λγ(γ(t)) =

∫ ξ

0

∇λγ(γ(t) + ηḡ(t)nγ(t))
T (ḡ(t)nγ(t)) dη (3.4.2)

which is valid2 for λγ ∈ H1
0 (Ωγ) ∩H2(Ωγ), we obtain

|B4,1(δ)| ≤ C2

δ

∫
I−

∫ δ

0

∣∣∣∣∫ ξ

0

∇λγ(γ(t) + ηḡ(t)nγ(t))
T (ḡ(t)nγ(t)) dη

∣∣∣∣ dξ dt
≤ C2

δ

∫
I−

(∫ δ

0

∫ ξ

0

‖∇λγ(γ(t) + ηḡ(t)nγ(t))‖2 dη dξ

)
‖ḡ(t)nγ(t)‖2 dt

≤ C2

δ

∫
I−

(∫ δ

0

∫ ξ

0

‖∇λγ(γ(t) + ηḡ(t)nγ(t))‖2 dη dξ

)
|ḡ(t)| dt.

2For t ∈ I− the function G(ξ) := λγ(γ(t) + ξḡ(t)nγ(t)) is differentiable on the interval (0, δ) with

G′(ξ) = ∇λγ(γ(t) + ξḡ(t)nγ(t))T (ḡ(t)nγ(t))

since λγ ∈ H1
0 (Ωγ) ∩H2(Ωγ). We obtain due to the fundamental theorem of calculus

G(ξ)−G(0) =

∫ ξ

0

G′(η) dη.
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Using the identity ∫ b

a

∫ ξ

a

F (η) dη dξ =

∫ b

a

F (η)(b− η) dη, (3.4.3)

which is valid3 for all F ∈ L1(a, b), we obtain

|B4,1(δ)| ≤ C2

δ

∫
I−

(∫ δ

0

∫ ξ

0

‖∇λγ(γ(t) + ηḡ(t)nγ(t))‖2 dη dξ

)
|ḡ(t)| dt

≤ C2

δ

∫
I−

(∫ δ

0

‖∇λγ(γ(t) + ηḡ(t)nγ(t))‖2 (δ − η) dη

)
|ḡ(t)| dt.

The Hölder’s inequality and Lemma 2.4.5 lead to

|B4,1(δ)| ≤ C2

δ

(∫
I−

∫ δ

0

‖∇λγ(γ(t) + ηḡ(t)nγ(t))‖2
2 |ḡ(t)| dη dt

)1/2

(∫
I−

∫ δ

0

|δ − η|2|ḡ(t)| dη dt
)1/2

≤ C2

δ

(∫
I−

∫ δ

0

‖∇λγ(γ(t) + ηḡ(t)nγ(t))‖2
2 | det Φ′−(t, η)| dη dt

)1/2

∣∣∣∣∣
∫
I−

[
|δ − η|3|ḡ(t)|

3

]δ
η=0

dt

∣∣∣∣∣
1/2

≤ C2

δ

(∫
Φ−(D−δ )

‖∇λγ(x)‖2
2 dx

)1/2
δ3/2

3

∣∣∣∣∫
I−

|ḡ(t)| dt
∣∣∣∣1/2

≤ C3δ
1/2‖λγ‖H1(∆−δ )‖ḡ‖

1/2

L1(I−)

≤ C3δ
1/2‖λγ‖H1(Ωγ)‖ḡ‖1/2

L1(I)

= C4δ
1/2 −→ 0 for δ → 0+.

For the second term B4,2(δ) we use a similar argumentation as for B4,1(δ). We just
replace ∆−δ by ∆+

δ , λγ by λcγ, Φ− by Φ+, D−δ by D+
δ and I− by I+ and obtain

3For F ∈ L1(a, b) there exists an absolutely continuous function f , i.e. f ′(x) = F (x) a.e., with
f(x)− f(a) =

∫ x
a
F (η) dη. Using this identity and integration by parts we obtain∫ b

a

F (η)(b− η) dη = f(η)(b− η)|bη=a −
∫ b

a

f(η)(−1) dη = f(a)(b− a) +

∫ b

a

f(ξ) dξ

=

∫ b

a

f(ξ)− f(a) dξ =

∫ b

a

∫ ξ

a

F (η) dη dξ.
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|B4,2(δ)| ≤ C5δ
1/2‖λcγ‖H1(∆+

δ )‖ḡ‖
1/2

L1(I+) ≤ C6δ
1/2 −→ 0 for δ → 0+.

Furthermore, the same techniques from above lead to

lim
δ→0+

B1(δ) = lim
δ→0+

1

2δ
(f̃γ+δγ̄ − f̃γ, λ̂Σ

γ+δγ̄)L2(Ω̂) = 0.

Part 3: In the next step we show that

lim
δ→0+

B2(δ) = lim
δ→0+

− 1

2δ
〈Gγ, Tγλ̂Σ

γ+δγ̄〉H∗I ,HI

=
1

2

∫
I+

Gγ(t)∇λγ(γ(t))T γ̄(t) dt+
1

2

∫
I−

Gγ(t)∇λcγ(γ(t))T γ̄(t) dt

=: B2,1 +B2,2.

Let δ > 0. We have λ̂Σ
γ+δγ̄ = λγ+δγ̄ on Ωγ+δγ̄ and λ̂Σ

γ+δγ̄ = λcγ+δγ̄ on Ωc
γ+δγ̄ and obtain

B2(δ) = − 1

2δ
〈Gγ, Tγλ̂Σ

γ+δγ̄〉H∗I ,HI = − 1

2δ

∫
I

Gγ(t)λ̂Σ
γ+δγ̄(γ(t)) dt

= − 1

2δ

∫
I+

Gγ(t)λγ+δγ̄(γ(t)) dt− 1

2δ

∫
I−

Gγ(t)λcγ+δγ̄(γ(t)) dt =: B2,1(δ) +B2,2(δ).

Now we prove
lim
δ→0+

(B2,i −B2,i(δ)) = 0, i = 1, 2. (3.4.4)

In the case i = 1 we obtain with λγ+δγ̄(γ(t) + δγ̄(t)) = 0 a.e. in I+ and the differen-
tiability of G(ξ) := λγ+δγ̄(γ(t) + ξγ̄(t)) for t ∈ I+ in (0, δ) the expression

B2,1(δ) = − 1

2δ

∫
I+

Gγ(t)λγ+δγ̄(γ(t)) dt

=
1

2δ

∫
I+

Gγ(t) (λγ+δγ̄(γ(t) + δγ̄(t))− λγ+δγ̄(γ(t))) dt

=
1

2δ

∫
I+

Gγ(t)
(∫ δ

0

∇λγ+δγ̄(γ(t) + ξγ̄(t))T γ̄(t) dξ

)
dt.

Now, the identity

1

2

∫
I+

Gγ(t)∇λγ+δγ̄(γ(t))T γ̄(t) dt =
1

2δ

∫
I+

Gγ(t)
(∫ δ

0

∇λγ+δγ̄(γ(t))T γ̄(t) dξ

)
dt,
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which follows from the equation 1 = 1
δ

∫ δ
0
dξ, leads to

B2,1 −B2,1(δ) =
1

2

∫
I+

Gγ(t)∇λγ(γ(t))T γ̄(t) dt

− 1

2δ

∫
I+

Gγ(t)
(∫ δ

0

∇λγ+δγ̄(γ(t) + ξγ̄(t))T γ̄(t) dξ

)
dt

= −1

2

∫
I+

Gγ(t) (∇λγ+δγ̄(γ(t))−∇λγ(γ(t)))T γ̄(t) dt

− 1

2δ

∫
I+

Gγ(t)
(∫ δ

0

(
∇λγ+δγ̄(γ(t) + ξγ̄(t))

−∇λγ+δγ̄(γ(t))
)T
γ̄(t) dξ

)
dt

=: B2,1,1(δ) +B2,1,2(δ).

We show that both terms, B2,1,1(δ) and B2,1,2(δ), tend to zero for δ → 0+.
The first one can be estimated as

|B2,1,1(δ)| = 1

2

∣∣∣∣∫
I+

Gγ(t) (∇λγ+δγ̄(γ(t))−∇λγ(γ(t)))T γ̄(t) dt

∣∣∣∣
≤ 1

2
‖ḡ‖L∞(I+)

∫
I+

|Gγ(t)| ‖∇λγ+δγ̄(γ(t))−∇λγ(γ(t))‖2 dt

≤ 1

2
‖ḡ‖L∞(I) ‖Gγ‖L2(I+)(∫

I+

‖∇λγ+δγ̄(γ(t))−∇λγ(γ(t))‖2
2 dt

)1/2

≤ 1

2
‖ḡ‖L∞(I) ‖Gγ‖L2(I) ‖∇λγ+δγ̄ −∇λγ‖L2(Γ+

γ )2

with Γ+
γ := {(γ1(t), γ2(t)) : t ∈ I+}. Because the first two terms are bounded we

just have to show that the last one tends to zero. The family {‖λγ+δγ̄‖H2(Ωγ+δγ̄)} and
thus also {‖∇λγ+δγ̄‖H1(Ωγ+δγ̄)2} is bounded for δ ∈ [0, δ0] with some δ0 sufficiently
small. We consider the set Ω′γ := Ωγ ∩Ωγ+δ0γ̄ which is clearly contained in all Ωγ+δγ̄,
δ ∈ [0, δ0]. Thus the family {∇λγ+δγ̄, δ ∈ [0, δ0]} is bounded in H1(Ω′γ). This implies
that for any sequence {δi} ⊂ [0, δ0] with lim δi = 0 there exists a sub-sequence {δi′}
such that we have weak convergence

∇λγ+δi′ γ̄
⇀ w in H1(Ω′γ)

2.

Due to the compact embedding H1(Ω)k ↪→↪→ L2(Ω)k we obtain strong convergence

∇λγ+δi′ γ̄
→ w in L2(Ω′γ)

2.
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Because we already know that λ̂Σ
γ+δγ̄ → λ̂Σ

γ in H1(Ω̂) (see Theorem 3.3.4) which

implies ∇λ̂Σ
γ+δγ̄ → ∇λ̂Σ

γ in L2(Ω̂)2 for δ → 0+ we obtain w = ∇λ̂Σ
γ |Ω′γ = ∇λγ|Ω′γ .

Thus the weak convergence of {∇λγ+δγ̄} in H1(Ω′γ) is valid for the whole sequence
and not only for a sub-sequence. We consider the traces of the functions of any
sequence on the set Γ+

γ = Γγ ∩∂Ω′γ = {(γ1(t), γ2(t)) : t ∈ I+}. The weak convergence

∇λγ+δγ̄ ⇀ ∇λγ in H1(Ω′γ)
2

for δ → 0+ implies strong convergence

∇λγ+δγ̄|Γ+
γ
→ ∇λγ|Γ+

γ
in L2(Γ+

γ )2,

which implies that B2,1,1(δ) tends to zero for δ → 0+.
For the second term B2,1,2(δ) we use analogously to equation (3.4.2) the identity

∇λγ+δγ̄(γ(t) + ξγ̄(t))−∇λγ+δγ̄(γ(t)) =

∫ ξ

0

γ̄(t)THλγ+δγ̄(γ(t) + ηγ̄(t))γ̄(t) dη,

where Hλγ+δγ̄ = ∇2λγ+δγ̄ is the Hessian matrix of λγ+δγ̄. We obtain

B2,1,2(δ) = − 1

2δ

∫
I+

Gγ(t)
(∫ δ

0

(∇λγ+δγ̄(γ(t) + ξγ̄(t))−∇λγ+δγ̄(γ(t)))T γ̄(t) dξ

)
dt

= − 1

2δ

∫
I+

Gγ(t)
(∫ δ

0

∫ ξ

0

γ̄(t)THλγ+δγ̄(γ(t) + ηγ̄(t))γ̄(t) dηdξ

)
dt.

Using for the inner two integrals the equality (3.4.3) we obtain

B2,1,2(δ) = − 1

2δ

∫
I+

Gγ(t)
(∫ δ

0

γ̄(t)THλγ+δγ̄(γ(t) + ηγ̄(t))γ̄(t) (δ − η) dη

)
dt.
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The inner integral of the previous equation is estimated as follows4:∣∣∣∣∫ δ

0

γ̄(t)THλγ+δγ̄(γ(t) + ηγ̄(t))γ̄(t) (δ − η) dη

∣∣∣∣
≤
∫ δ

0

‖γ̄(t)‖2‖Hλγ+δγ̄(γ(t) + ηγ̄(t))‖F‖γ̄(t)‖2 |δ − η| dη

≤
∫ δ

0

‖Hλγ+δγ̄(γ(t) + ηγ̄(t))‖F |ḡ(t)|1/2 |δ − η| |ḡ(t)|3/2dη

≤
(∫ δ

0

‖Hλγ+δγ̄(γ(t) + ηγ̄(t))‖2
F |ḡ(t)| dη

)1/2(∫ δ

0

|δ − η|2 |ḡ(t)|3 dη
)1/2

≤ C1

(∫ δ

0

‖Hλγ+δγ̄(γ(t) + ηγ̄(t))‖2
F | det Φ′+(t, η)| dη

)1/2

(δ|ḡ(t)|)3/2.

The last estimation is done using the inequality |ḡ(t)| ≤ | det Φ′+(t, η)| from Lemma
2.4.5. We thus obtain

|B2,1,2(δ)| ≤ 1

2δ

∫
I+

|Gγ(t)|
∣∣∣∣∫ δ

0

γ̄(t)THλγ+δγ̄(γ(t) + ηγ̄(t))γ̄(t) (δ − η) dη

∣∣∣∣ dt
≤ C2δ

1/2

∫
I+

|Gγ(t)| |ḡ(t)|3/2(∫ δ

0

‖Hλγ+δγ̄(γ(t) + ηγ̄(t))‖2
F | det Φ′+(t, η)| dη

)1/2

dt,

and furthermore, using Hölder’s inequality, we have

|B2,1,2(δ)| ≤ C2δ
1/2‖ḡ‖3/2

L∞(I+)

(∫
I+

|Gγ(t)|2 dt
)1/2

(∫
I+

∫ δ

0

‖Hλγ+δγ̄(γ(t) + ηγ̄(t))‖2
F | det Φ′+(t, η)| dη dt

)1/2

≤ C2δ
1/2‖ḡ‖3/2

L∞(I+) ‖Gγ‖L2(I+) ‖λγ+δγ̄‖H2(Φ+(I+×(0,δ)))

≤ C2δ
1/2‖ḡ‖3/2

L∞(I) ‖Gγ‖L2(I) ‖λγ+δγ̄‖H2(Ωγ+δγ̄).

4Here, we use the Frobenius norm

‖A‖F =

√√√√ 2∑
i=1

2∑
j=1

|ai,j |2

for (2× 2)-matrices and the inequality

‖Ax‖2 ≤ ‖A‖F ‖x‖2.
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The boundedness of {‖λγ‖H2(Ωγ)}γ∈Sad
(cf. Theorem 3.3.1) and {‖Gγ‖L2(I)}γ∈Sad

(cf.
Theorem 2.4.2) now imply B2,1,2(δ)→ 0 for δ → 0+.
To prove equation (3.4.4) for i = 2, we use a similar argumentation as above. We
just replace I+ by I−, λγ+δγ̄ by λcγ+δγ̄, Γ+

γ by Γ−γ := {(γ1(t), γ2(t)) : t ∈ I−} and Φ+

by Φ−.
If we switch the role of Gγ and λ̂Σ

γ+δγ̄ with MΣ
γ and ûγ+δγ̄, respectively, and use the

fact that ûγ+δγ̄ = ucγ+δγ̄ = 0 on Ωc
γ+δγ̄, we analogously obtain

lim
δ→0+

B6(δ) = lim
δ→0+

− 1

2δ
〈MΣ

γ , Tγûγ+δγ̄〉H∗I ,HI =
1

2

∫
I+

MΣ
γ (t)∇uγ(γ(t))T γ̄(t) dt.

(3.4.5)

Part 4: In this step we prove that

lim
δ→0+

B5(δ) = lim
δ→0+

1

2δ
〈Gγ+δγ̄, Tγ+δγ̄λ̂

Σ
γ 〉H∗I ,HI

=
1

2

∫
I+

Gγ(t)∇λcγ(γ(t))T γ̄(t) dt+
1

2

∫
I−

Gγ(t)∇λγ(γ(t))T γ̄(t) dt

=: B5,1 +B5,2.

Again, let δ > 0. We use λ̂Σ
γ+δγ̄ = λγ+δγ̄ on Ωγ+δγ̄ and λ̂Σ

γ+δγ̄ = λcγ+δγ̄ on Ωc
γ+δγ̄ and

obtain

B5(δ) =
1

2δ
〈Gγ+δγ̄, Tγ+δγ̄λ̂

Σ
γ 〉H∗I ,HI =

1

2δ

∫
I

Gγ+δγ̄(t)λ̂
Σ
γ (γ(t) + δγ̄(t)) dt

=
1

2δ

∫
I+

Gγ+δγ̄(t)λ
c
γ(γ(t) + δγ̄(t)) dt+

1

2δ

∫
I−

Gγ+δγ̄(t)λγ(γ(t) + δγ̄(t)) dt

=: B5,1(δ) +B5,2(δ).

We proceed in an analogous way as in the last part and show that

lim
δ→0+

(B5,i −B5,i(δ)) = 0, i = 1, 2. (3.4.6)

To show (3.4.6) for i = 2, we use λγ(γ(t)) = 0 a.e. in I− and the differentiability of
G(ξ) := λγ(γ(t) + ξγ̄(t)) for t ∈ I− in (0, δ), and obtain

B5,2(δ) =
1

2δ

∫
I−

Gγ+δγ̄(t)λγ(γ(t) + δγ̄(t)) dt

=
1

2δ

∫
I−

Gγ+δγ̄(t) (λγ(γ(t) + δγ̄(t))− λγ(γ(t))) dt

=
1

2δ

∫
I−

Gγ+δγ̄(t)

(∫ δ

0

∇λγ(γ(t) + ξγ̄(t))T γ̄(t) dξ

)
dt.

51



Using the equation 1 = 1
δ

∫ δ
0
dξ, we obtain for the difference

B5,2 −B5,2(δ) =
1

2

∫
I−

Gγ(t)∇λγ(γ(t))T γ̄(t) dt

− 1

2

∫
I−

Gγ+δγ̄(t)∇λγ(γ(t))T γ̄(t) dt

+
1

2δ

∫
I−

Gγ+δγ̄(t)

(∫ δ

0

∇λγ(γ(t))T γ̄(t) dξ

)
dt

− 1

2δ

∫
I−

Gγ+δγ̄(t)

(∫ δ

0

∇λγ(γ(t) + ξγ̄(t))T γ̄(t) dξ

)
dt,

where the difference of the second and the third term equals to zero. We then obtain

B5,2 −B5,2(δ) = −1

2

∫
I−

(
Gγ+δγ̄(t)− Gγ(t)

)
∇λγ(γ(t))T γ̄(t) dt

− 1

2δ

∫
I−

Gγ+δγ̄(t)

(∫ δ

0

(∇λγ(γ(t) + ξγ̄(t))−∇λγ(γ(t)))T γ̄(t) dξ

)
dt

=: B5,2,1(δ) +B5,2,2(δ).

We again show that both terms, B5,2,1(δ) and B5,2,2(δ), tend to zero for δ → 0+.
We may express B5,2,1(δ) as

B5,2,1(δ) = (Gγ+δγ̄, h(·))L2(I) − (Gγ, h(·))L2(I)

= (Gγ+δγ̄ − Gγ, h(·))L2(I),

where

h(t) :=

{
−1

2
∇λγ(γ(t))T γ̄(t), t ∈ I−,

0, t ∈ I+,

is a L2(I)-function.
Since HI is dense in L2(I) by Lemma 2.1.8 there exists a sequence {Hk}k in HI such
that

lim
k→∞
Hk = h in L2(I).

For fixed k we may hence estimate

|B5,2,1(δ)| ≤ |(Gγ+δγ̄ − Gγ, h)L2(I)|
≤ |(Gγ+δγ̄, (h−Hk))L2(I)|+ |(Gγ, (Hk − h))L2(I)|+ |〈Gγ+δγ̄ − Gγ,Hk〉H∗I ,HI |.

The first two terms on the right-hand side tend to zero since Hk → h in L2(I) and
the family {Gγ}γ∈Sad

is uniformly bounded in L2(I). The third term tends to zero
since the Lagrange multipliers are weak-* convergent in H∗I .
For the term B5,2,2(δ) we use a similar argumentation as for B2,1,2(δ). We just replace
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λγ+δγ̄ by λγ, I+ by I−, Gγ by Gγ+δγ̄ and Φ+ by Φ− and obtain

|B5,2,2(δ)| ≤ Cδ1/2‖ḡ‖3/2
L∞(I−) ‖Gγ+δγ̄‖L2(I−) ‖λγ‖H2(Φ−(I−×(0,δ)))

≤ Cδ1/2‖ḡ‖3/2
L∞(I) ‖Gγ+δγ̄‖L2(I) ‖λγ‖H2(Ωγ) −→ 0 for δ → 0+.

In the same manner we prove equation (3.4.6) for i = 1. Eventually, if we switch
the role of Gγ+δγ̄ and λ̂Σ

γ with MΣ
γ+δγ̄ and ûγ, respectively, and use the fact that

ûγ = ucγ = 0 on Ωc
γ, we obtain

lim
δ→0+

B3(δ) = lim
δ→0+

1

2δ
〈MΣ

γ+δγ̄, Tγ+δγ̄ûγ〉H∗I ,HI =
1

2

∫
I−

MΣ
γ (t)∇uγ(γ(t))T γ̄(t) dt.

Part 5: Composing the results of parts 1–4, we obtain

d+̂(γ, γ̄) = lim
δ→0+

1

2δ

{
(f̃γ+δγ̄ − f̃γ, λ̂γ+δγ̄)L2(Ω̂) − 〈Gγ, Tγλ̂γ+δγ̄〉H∗I ,HI

+ 〈Mγ+δγ̄, Tγ+δγ̄ûγ〉H∗I ,HI + (f̃γ+δγ̄ − f̃γ, λ̂γ)L2(Ω̂)

+ 〈Gγ+δγ̄, Tγ+δγ̄λ̂γ〉H∗I ,HI − 〈Mγ, Tγûγ+δγ̄〉H∗I ,HI
}

=
1

2

∫
I+

Gγ(t)∇λγ(γ(t))T γ̄(t) dt+
1

2

∫
I−

Gγ(t)∇λcγ(γ(t))T γ̄(t) dt

+
1

2

∫
I−

MΣ
γ (t)∇uγ(γ(t))T γ̄(t) dt+

1

2

∫
I+

Gγ(t)∇λcγ(γ(t))T γ̄(t) dt

+
1

2

∫
I−

Gγ(t)∇λγ(γ(t))T γ̄(t) dt+
1

2

∫
I+

MΣ
γ (t)∇uγ(γ(t))T γ̄(t) dt

=
1

2

∫
I

Gγ(t)
(
∇λγ(γ(t)) +∇λcγ(γ(t))

)T
γ̄(t) dt

+
1

2

∫
I

MΣ
γ (t)∇uγ(γ(t))T γ̄(t) dt.
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We have

∇λγ(γ(·))T γ̄(·) =

{
d−λγ(γ(·), γ̄(·)) on I+

d+λγ(γ(·), γ̄(·)) on I−.

=

{
−d+λγ(γ(·),−γ̄(·)) on I+

d+λγ(γ(·), γ̄(·)) on I−.

=


− (ḡ(·))︸ ︷︷ ︸

>0

d+λγ(γ(·),−nγ(·)) on I+

(−ḡ(·))︸ ︷︷ ︸
>0

d+λγ(γ(·),−nγ(·)) on I−.

= −ḡ(·)d+λγ(γ(·),−nγ(·)) on I

= ḡ(·)d−λγ(γ(·), nγ(·))

= ḡ(·)d−λγ(γ(·), nγ(·)) ‖γ̇(·)‖2
nγ(·)Tnγ(·)
‖γ̇(·)‖2︸ ︷︷ ︸

=1

= d−λγ(γ(·), nγ(·))‖γ̇(·)‖2
ḡ(·)nγ(·)Tnγ(·)
‖γ̇(·)‖2

=
∂λγ(γ(·))
∂nγ

‖γ̇(·)‖2
γ̄(·)Tnγ(·)
‖γ̇(·)‖2

=Mγ(·)
γ̄(·)Tnγ(·)
‖γ̇(·)‖2

,

∇λcγ(γ(·))T γ̄(·) =

{
d+λcγ(γ(·), γ̄(·)) on I+

d−λcγ(γ(·), γ̄(·)) on I−.

= ḡ(·)d+λcγ(γ(·), nγ(·)) on I

= −d−λcγ(γ(·), ncγ(·))‖γ̇(·)‖2
ḡ(·)nγ(·)Tnγ(·)
‖γ̇(·)‖2

= −Mc
γ(·)

γ̄(·)Tnγ(·)
‖γ̇(·)‖2

,

and analogously

∇uγ(γ(·))T γ̄(·) = Gγ(·)
γ̄(·)Tnγ(·)
‖γ̇(·)‖2

.

Therefore, using the expressions from above and the identity MΣ = M +Mc, we
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obtain

d+̂(γ, γ̄) =
1

2

∫
I

Gγ(t)
(
∇λγ(γ(t)) +∇λcγ(γ(t))

)T
γ̄(t) dt

+
1

2

∫
I

MΣ
γ (t)∇uγ(γ(t))T γ̄(t) dt

=
1

2

∫
I

Gγ(t)
(
Mγ(t)−Mc

γ(t)
) γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt

+
1

2

∫
I

(
Mγ(t) +Mc

γ(t)
)
Gγ(t)

γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt

=

∫
I

Gγ(t)Mγ(t)
γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt.

Part 6: Eventually, we show that the left- and right-sided directional derivatives
of ̂ coincide, i.e. d−̂(γ, γ̄) = d+̂(γ, γ̄). This statement is not obvious, since the
right-sided limits in parts 3 and 4 exist, but they are in general different from the
left-sided limits. For example, in part 3 we found

lim
δ→0+

B2(δ) = lim
δ→0+

− 1

2δ
〈Gγ, Tγλ̂Σ

γ+δγ̄〉H∗I ,HI =
1

2

∫
I+

Gγ(t)∇λγ(γ(t))T γ̄(t) dt,

but we get with the same techniques

lim
δ→0−

B2(δ) = lim
δ→0−

− 1

2δ
〈Gγ, Tγλ̂Σ

γ+δγ̄〉H∗I ,HI =
1

2

∫
I−

Gγ(t)∇λγ(γ(t))T γ̄(t) dt.

However, it turns out that

lim
δ→0−

B2(δ) = lim
δ→0+

B5(δ), lim
δ→0−

B5(δ) = lim
δ→0+

B2(δ)

lim
δ→0−

B6(δ) = lim
δ→0+

B3(δ), lim
δ→0−

B3(δ) = lim
δ→0+

B6(δ)

as well as limδ→0− B1(δ) = limδ→0− B4(δ) = 0. Therefore we obtain as in part 5

d−̂(γ, γ̄) =

∫
I

Gγ(t)Mγ(t)
γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt,

i.e. d−̂(γ, γ̄) = d+̂(γ, γ̄) = d̂(γ, γ̄).

Theorem 3.4.2. Under Assumption 2.4.9 and Assumption 3.3.5 the reduced objec-
tive functional ̂ is Fréchet-differentiable with respect to γ ∈ S+

ad. The derivative ̂′(γ)
satisfies

〈̂′(γ), γ̄〉S∗,S =

∫
I

Mγ(t)Gγ(t)
γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt for all γ̄ ∈ S ′γ. (3.4.7)
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Proof. The mapping

̂′(γ) : S ′γ → R,

γ̄ 7→ d̂(γ, γ̄) =

∫
I

Mγ(t)Gγ(t)
γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt

is clearly linear on S ′γ. We now show that it is also bounded on S ′γ:

|d̂(γ, γ̄)| =
∣∣∣∣∫
I

Gγ(t)Mγ(t)
γ̄(t)Tnγ(t)

‖γ̇(t)‖2

dt

∣∣∣∣
≤
‖γ̄‖L∞(I)2

cr

∫
I

|Gγ(t)Mγ(t)| dt

≤
‖γ̄‖L∞(I)2

cr
‖Gγ‖L2(I)‖Mγ‖L2(I) ≤ C‖γ̄‖L∞(I)2

and C is independent of γ̄. Therefore we have shown that ̂′(γ) is a bounded linear
functional on S ′γ which implies that it is the Gateaux-derivative of γ 7→ ̂(γ) at
γ ∈ S+

ad.
To prove that ̂′(γ) is the Fréchet-derivative of γ 7→ ̂(γ) we have to show that the
mapping

γ 7→ ̂′(γ) (3.4.8)

is a continuous operator from S+
ad to L(S ′γ,R).

The family {Gγ}γ∈Sad
is uniformly bounded in L2(I) (cf. Theorem 2.4.2). Hence for

γn → γ in Sad there exists a weakly convergent subsequence, i.e.

(Gγn , h)L2(I) → (g, h)L2(I) for all h ∈ L2(I)

for n → ∞ with some g ∈ L2(I). On the other hand with Assumption 2.4.9 Gγn
converges weak-* in H∗I to Gγ which means

〈Gγn , h〉H∗I ,HI = (Gγn , h)L2(I) → 〈Gγ, h〉H∗I ,HI = (Gγ, h)L2(I) for all h ∈ HI

for n→∞. Because HI is dense in L2(I) we have g = Gγ. This implies that Gγn con-
verges to Gγ in L2(I) and this shows that the mapping γ 7→ Gγ is continuous. Using
Assumption 3.3.5 the same arguments hold for the mapping γ 7→ Mγ. Furthermore,
since Γγ is of class C1,1 uniformly in γ, we have continuity of the mapping γ 7→ nγ.

Altogether, we obtain continuity of γ 7→ Gγ(·)Mγ(·) γ̄(·)Tnγ(·)
‖γ̇(·)‖2 and thus the continuity

of (3.4.8).

Algorithm 3.4.3 (Compute the first derivative ̂′(γ)).

1. For γ ∈ S+
ad compute the solution (ûγ,Gγ) = (û(γ),G(γ)) of the fictitious do-

main formulation of the state equation (2.2.1).

2. Compute the solution (λ̂γ,Mγ) = (λ̂(γ),M(γ)) of the fictitious domain formu-
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lation of the adjoint equation (3.3.6).

3. Obtain the first derivative ̂′(γ) of the reduced objective functional ̂ via the
integral representation (3.4.7).

3.5. Approximation of the second derivative of the
reduced objective function

In this section we discuss possibilities to derive a formula for the second derivative
of the reduced objective function ̂. According to the theory of optimal control prob-
lems, second derivatives are established if Ĵ and Ê are twice continuously Fréchet-
differentiable. In [HPUU08, Section 1.6.5] this is carried out using the Lagrange
function based approach. As mentioned in the last section, in our setting the state
equation operator Ê is not continuously differentiable with respect to γ. Therefore,
a reliable way to calculate a second derivative ̂′′(γ) cannot be expected from the es-
tablished theory. If we formally differentiate the integral representation (3.4.7) once
again with respect to γ, we find that the second derivative of ̂ is directly coupled
with the derivatives of the Lagrange multipliers G(γ) and M(γ). Unfortunately, we
obtain that for an admissible direction γ̃ ∈ S ′γ the directional derivative d̂′(γ, γ̃)
does not exist in general, since the directional derivatives (dû(γ, γ̃), dG(γ, γ̃)) and
(dλ̂(γ, γ̃), dM(γ, γ̃)) do not exist.
However, we can provide an appropriate approximation of the second derivative of ̂.
More precisely, for an admissible direction γ̃ ∈ S ′γ we approximate operator-vector-
products ̂′′(γ)γ̃ by the symmetric directional derivative

d±̂′(γ, γ̃) := lim
δ→0+

1

2δ
{̂′(γ + δγ̃)− ̂′(γ − δγ̃)} (3.5.1)

of the first derivative ̂′(γ):
In Lemma 3.5.1 we show the existence of the one-sided directional derivatives

(δ+
γ̃ ûγ, δ

+
γ̃ Gγ) := (d+û(γ, γ̃), d+G(γ, γ̃)) and

(δ−γ̃ ûγ, δ
−
γ̃ Gγ) := (d−û(γ, γ̃), d−G(γ, γ̃)).

In Lemma 3.5.2 we conclude in a similar way that

(δ+
γ̃ λ̂γ, δ

+
γ̃Mγ) := (d+λ̂(γ, γ̃), d+M(γ, γ̃)) and

(δ−γ̃ λ̂γ, δ
−
γ̃Mγ) := (d−λ̂(γ, γ̃), d−M(γ, γ̃))

exist. Finally, in Theorem 3.5.3 we prove that ̂′ possesses right- and left-sided di-
rectional derivatives d+̂′(γ, γ̃) and d−̂′(γ, γ̃).
We note that if right- and left-sided derivatives exist, the symmetric derivative also
exists and is the arithmetic mean of the latter two quantities.
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Lemma 3.5.1. For γ ∈ S+
ad let (ûγ,Gγ) = (û(γ),G(γ)) ∈ H1

0 (Ω̂) × H∗I denote the

solution of the Poisson problem Ê((û,G), γ) = 0. Then the mapping γ 7→ (ûγ,Gγ)
has a symmetrical directional derivative with respect to γ in all admissible directions
γ̃ ∈ S ′γ. This directional derivative, denoted by

(δ±γ̃ ûγ, δ
±
γ̃ Gγ) := (d±û(γ, γ̃), d±G(γ, γ̃)),

is the arithmetic mean of the right- and left-sided directional derivatives (δ+
γ̃ ûγ, δ

+
γ̃ Gγ)

and (δ−γ̃ ûγ, δ
−
γ̃ Gγ) and can be computed by solving the following state sensitivity equa-

tion

(∇δ±γ̃ ûγ,∇v̂)L2(Ω̂)2 − 〈δ±γ̃ Gγ, Tγ v̂〉H∗I ,HI

=

∫
I

Gγ(t)∇v̂(γ(t))T γ̃(t) dt+ l±1 (v̂, f, γ, γ̃), ∀v̂ ∈ H1
0 (Ω̂) ∩H2(Ω̂),

− 〈H, Tγδ±γ̃ ûγ〉H∗I ,HI =
1

2

∫
I

H(t)Gγ(t)
γ̃(t)Tnγ(t)

‖γ̇(t)‖2

dt, ∀H ∈ H∗I ∩ L2(I)∗.

(3.5.2)
Here, l±1 (v̂, f, γ, γ̃) := 1

2
(l+(v̂, f, γ, γ̃) + l−(v̂, f, γ, γ̃)) and

l+1 (v̂, f, γ, γ̃) := lim
δ→0+

1

δ
(f̃γ+δγ̃ − f̃γ, v̂)L2(Ω̂) ∀v̂ ∈ H1

0 (Ω̂) ∩H2(Ω̂), (3.5.3)

l−1 (v̂, f, γ, γ̃) := lim
δ→0−

1

δ
(f̃γ+δγ̃ − f̃γ, v̂)L2(Ω̂) ∀v̂ ∈ H1

0 (Ω̂) ∩H2(Ω̂). (3.5.4)

Proof. Let us define the reduced state operator

ê(γ) := Ê((ûγ,Gγ), γ) =

(
Âûγ − T ∗γ Gγ − F̂γ

−Tγûγ

)
, γ ∈ Sad.

For a given δ 6= 0 we investigate the following difference quotient of ê(γ)

Dδê(γ; γ̃) :=
1

δ
{ê(γ + δγ̃)− ê(γ)}

=
1

δ

{(
Âûγ+δγ̃ − T ∗γ+δγ̃Gγ+δγ̃ − F̂γ+δγ̃

−Tγ+δγ̃ûγ+δγ̃

)
−
(
Âûγ − T ∗γ Gγ − F̂γ

−Tγûγ

)}
=

(
0
0

)
.

Our aim is to rearrange the terms in the foregoing equation to obtain a linear system
for Dδû(γ; γ̃) := 1

δ
{ûγ+δγ̃ − ûγ} and DδG(γ; γ̃) := 1

δ
{Gγ+δγ̃ − Gγ}. In a first step we
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obtain

Dδê(γ; γ̃) =
1

δ

(
Â (ûγ+δγ̃ − ûγ)− T ∗γ (Gγ+δγ̃ − Gγ)

−Tγ (ûγ+δγ̃ − ûγ)

)
− 1

δ

((
T ∗γ+δγ̃ − T ∗γ

)
Gγ+δγ̃ +

(
F̂γ+δγ̃ − F̂γ

)
(Tγ+δγ̃ − Tγ) ûγ+δγ̃

)

which can be written as(
Â −T ∗γ
−Tγ 0

)(
Dδû(γ; γ̃)
DδG(γ; γ̃)

)
=

(
R1(δ) +R2(δ)

R3(δ)

)
. (3.5.5)

Here, we used the definitions

R1(δ) :=
1

δ

(
T ∗γ+δγ̃ − T ∗γ

)
Gγ+δγ̃, R2(δ) :=

1

δ

(
F̂γ+δγ̃ − F̂γ

)
,

R3(δ) :=
1

δ
(Tγ+δγ̃ − Tγ) ûγ+δγ̃.

We test the linear system (3.5.5) with test functions (v̂,H). If δ tends to zero from
above we obtain on the right-hand-side of (3.5.5) limits similar to the ones in the
proof of Theorem 3.4.1. In order to be able to apply the same techniques as therein
we assume more regularity on the test functions, i.e. (v̂,H) ∈ H1

0 (Ω̂)∩H2(Ω̂)×H∗I ∩
L2(I)∗. We obtain for the right-sided limits

lim
δ→0+
〈R1(δ), v̂〉H1

0 (Ω̂)∗,H1
0 (Ω̂) = lim

δ→0+

1

δ
〈
(
T ∗γ+δγ̃ − T ∗γ

)
Gγ+δγ̃, v̂〉H1

0 (Ω̂)∗,H1
0 (Ω̂)

= lim
δ→0+

1

δ
〈Gγ+δγ̃, (Tγ+δγ̃ − Tγ) v̂〉H∗I ,HI

= lim
δ→0+

1

δ

∫
I

Gγ+δγ̃(t) (v̂(γ(t) + δγ̃(t))− v̂(γ(t)) dt

=

∫
I

Gγ(t)∇v̂(γ(t))T γ̃(t) dt,

lim
δ→0+
〈H, R3(δ)〉H∗I ,HI = lim

δ→0+

1

δ
〈H, (Tγ+δγ̃ − Tγ) ûγ+δγ̃〉H∗I ,HI

= − lim
δ→0+

1

δ
〈H, Tγûγ+δγ̃〉H∗I ,HI

=

∫
I+

H(t)∇uγ(γ(t))T γ̄(t) dt,
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and with the definition (3.5.3)

lim
δ→0+
〈R2(δ), v̂〉H1

0 (Ω̂)∗,H1
0 (Ω̂) = lim

δ→0+

1

δ
〈
(
F̂γ+δγ̃ − F̂γ

)
, v̂〉H1

0 (Ω̂)∗,H1
0 (Ω̂)

= lim
δ→0+

1

δ
(f̃γ+δγ̃ − f̃γ, v̂)L2(Ω̂)

= l+1 (v̂, f, γ, γ̃).

We note that the limit l+1 (v̂, f, γ, γ̃) exist, but we do not have an explicit formula.
Now, to compute the right-sided directional derivatives

(δ+
γ̃ ûγ, δ

+
γ̃ Gγ) := lim

δ→0+
(Dδû(γ; γ̃), DδG(γ; γ̃)),

we have to solve (3.5.5) for δ → 0+, which is

(∇δ+
γ̃ ûγ,∇v̂)L2(Ω̂)2 − 〈δ+

γ̃ Gγ, Tγ v̂〉H∗I ,HI

=

∫
I

Gγ(t)∇v̂(γ(t))T γ̃(t) dt+ l+1 (v̂, f, γ, γ̃), ∀v̂ ∈ H1
0 (Ω̂) ∩H2(Ω̂),

− 〈H, Tγδ+
γ̃ ûγ〉H∗I ,HI =

∫
I+

H(t)Gγ(t)
γ̃(t)Tnγ(t)

‖γ̇(t)‖2

dt, ∀H ∈ H∗I ∩ L2(I)∗.

Analogously, to compute the left-sided directional derivatives

(δ−γ̃ ûγ, δ
−
γ̃ Gγ) := lim

δ→0−
(Dδû(γ; γ̃), DδG(γ; γ̃)),

we have to solve (3.5.5) for δ → 0−, which is

(∇δ−γ̃ ûγ,∇v̂)L2(Ω̂)2 − 〈δ−γ̃ Gγ, Tγ v̂〉H∗I ,HI

=

∫
I

Gγ(t)∇v̂(γ(t))T γ̃(t) dt+ l−1 (v̂, f, γ, γ̃), ∀v̂ ∈ H1
0 (Ω̂) ∩H2(Ω̂),

− 〈H, Tγδ−γ̃ ûγ〉H∗I ,HI =

∫
I−

H(t)Gγ(t)
γ̃(t)Tnγ(t)

‖γ̇(t)‖2

dt, ∀H ∈ H∗I ∩ L2(I)∗.

We call attention to the subtle differences in the right-hand sides of the resulting
systems for (δ+

γ̃ ûγ, δ
+
γ̃ Gγ) and (δ−γ̃ ûγ, δ

−
γ̃ Gγ).

Finally, for the symmetrical directional derivative

(δ±γ̃ ûγ, δ
±
γ̃ Gγ) := lim

δ→0+

1

2δ
({û(γ + δγ̃)− û(γ − δγ̃)} , {G(γ + δγ̃)− G(γ − δγ̃)})

we obtain

(δ±γ̃ ûγ, δ
±
γ̃ Gγ) =

1

2

(
(δ+
γ̃ ûγ, δ

+
γ̃ Gγ) + (δ−γ̃ ûγ, δ

−
γ̃ Gγ)

)
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which can be computed by (3.5.2).

Lemma 3.5.2. Let the assumptions of the previous lemma hold. Let (δ±γ̃ ûγ, δ
±
γ̃ Gγ) be

the symmetrical directional derivative of γ 7→ (ûγ,Gγ) and (λ̂γ,Mγ) := (λ̂(γ),M(γ))
denote the solution of the fictitious domain formulation of the adjoint equation (3.3.6).
Then the mapping γ 7→ (λ̂γ,Mγ) has a symmetrical directional derivative with re-
spect to γ in all admissible directions γ̃ ∈ S ′γ. This directional derivative, denoted
by

(δ±γ̃ λ̂γ, δ
±
γ̃Mγ) := (d±λ̂(γ, γ̃), d±M(γ, γ̃)),

is the arithmetic mean of the right- and left-sided directional derivatives (δ+
γ̃ λ̂γ, δ

+
γ̃Mγ)

and (δ−γ̃ λ̂γ, δ
−
γ̃Mγ) and can be computed by solving the adjoint sensitivity equation

(∇δ±γ̃ λ̂γ,∇v̂)L2(Ω̂)2 − 〈δ±γ̃Mγ, Tγ v̂〉H∗I ,HI =

∫
I

Mγ(t)∇v̂(γ(t))T γ̃(t) dt

+

∫
ΩT

δ±γ̃ ûγ(x)v̂(x) dx− l±2 (v̂, ud, γ, γ̃,ΩT ), ∀v̂ ∈ H1
0 (Ω̂) ∩H2(Ω̂),

− 〈H, Tγδ±γ̃ λ̂γ〉H∗I ,HI =
1

2

∫
I

H(t)Mγ(t)
γ̃(t)Tnγ(t)

‖γ̇(t)‖2

dt, ∀H ∈ H∗I ∩ L2(I)∗.

(3.5.6)
Here, l±2 (v̂, ud, γ, γ̃,ΩT ) := 1

2

(
l+2 (v̂, ud, γ, γ̃,ΩT ) + l−2 (v̂, ud, γ, γ̃,ΩT )

)
and

l+2 (v̂, ud, γ, γ̃,ΩT ) := lim
δ→0+

1

δ
( ˜ud|ΩT∩Ωγ+δγ̃

− ˜ud|ΩT∩Ωγ , v̂)L2(ΩT ) ∀v̂ ∈ H1
0 (Ω̂) ∩H2(Ω̂),

l−2 (v̂, ud, γ, γ̃,ΩT ) := lim
δ→0−

1

δ
( ˜ud|ΩT∩Ωγ+δγ̃

− ˜ud|ΩT∩Ωγ , v̂)L2(ΩT ) ∀v̂ ∈ H1
0 (Ω̂) ∩H2(Ω̂).

Proof. The proof of this lemma is almost identical to the proof of the previous lemma.
Let us define the reduced adjoint state operator

ŵ(γ) :=

(
Âλ̂γ − T ∗γMγ − (ûγ − ud, ·)L2(ΩT∩Ωγ)

−Tγλ̂γ

)
, γ ∈ Sad.

For Dδλ̂(γ; γ̃) := 1
δ

{
λ̂γ+δγ̃ − λ̂γ

}
and DδM(γ; γ̃) := 1

δ
{Mγ+δγ̃ −Mγ}, δ 6= 0, we

obtain (
Â −T ∗γ
−Tγ 0

)(
Dδλ̂(γ; γ̃)
DδM(γ; γ̃)

)
=

(
R4(δ) +R5(δ)

R6(δ)

)
, (3.5.7)

where

R4(δ) :=
1

δ

(
T ∗γ+δγ̃ − T ∗γ

)
Mγ+δγ̃, R6(δ) :=

1

δ
(Tγ+δγ̃ − Tγ) λ̂γ+δγ̃,

R5(δ) :=
1

δ

(
(ûγ+δγ̃ − ud, ·)L2(ΩT∩Ωγ+δγ̃) − (ûγ − ud, ·)L2(ΩT∩Ωγ)

)
.
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The limits of R4(δ) and R6(δ) for δ → 0+ are obtained as in the proof of the previous
lemma with (û,G) interchanged by (λ̂,M), i.e.

lim
δ→0+
〈R4(δ), v̂〉H1

0 (Ω̂)∗,H1
0 (Ω̂) = lim

δ→0+

1

δ
〈
(
T ∗γ+δγ̃ − T ∗γ

)
Mγ+δγ̃, v̂〉H1

0 (Ω̂)∗,H1
0 (Ω̂)

=

∫
I

Mγ(t)∇v̂(γ(t))T γ̃(t) dt,

lim
δ→0+
〈H, R6(δ)〉H∗I ,HI = lim

δ→0+

1

δ
〈H, (Tγ+δγ̃ − Tγ) λ̂γ+δγ̃〉H∗I ,HI

=

∫
I+

H(t)∇λγ(γ(t))T γ̄(t) dt.

Furthermore we find

lim
δ→0+
〈R5(δ), v̂〉H1

0 (Ω̂)∗,H1
0 (Ω̂)

= lim
δ→0+

1

δ

(
(ûγ+δγ̃ − ud, v̂)L2(ΩT∩Ωγ+δγ̃) − (ûγ − ud, v̂)L2(ΩT∩Ωγ)

)
= lim

δ→0+

1

δ
(ûγ+δγ̃ − ûγ, v̂)L2(ΩT ) − lim

δ→0+

1

δ
( ˜ud|ΩT∩Ωγ+δγ̃

− ˜ud|ΩT∩Ωγ , v̂)L2(ΩT )

= (δ+
γ̃ ûγ, v̂)L2(ΩT ) − l+2 (v̂, ud, γ, γ̃,ΩT ).

The equation (3.5.7) for δ → 0+ leads to

(∇δ+
γ̃ λ̂γ,∇v̂)L2(Ω̂)2 − 〈δ+

γ̃Mγ, Tγ v̂〉H∗I ,HI =

∫
I

Mγ(t)∇v̂(γ(t))T γ̃(t) dt

+

∫
ΩT

δ+
γ̃ ûγ(x)v̂(x) dx− l+2 (v̂, ud, γ, γ̃,ΩT ) ∀v̂ ∈ H1

0 (Ω̂) ∩H2(Ω̂),

− 〈H, Tγδ+
γ̃ λ̂γ〉H∗I ,HI =

∫
I+

H(t)Mγ(t)
γ̃(t)Tnγ(t)

‖γ̇(t)‖2

dt, ∀H ∈ H∗I ∩ L2(I)∗.

For the left-sided directional derivatives we have

(∇δ−γ̃ λ̂γ,∇v̂)L2(Ω̂)2 − 〈δ−γ̃Mγ, Tγ v̂〉H∗I ,HI =

∫
I

Mγ(t)∇v̂(γ(t))T γ̃(t) dt

+

∫
ΩT

δ−γ̃ ûγ(x)v̂(x) dx− l−2 (v̂, ud, γ, γ̃,ΩT ), ∀v̂ ∈ H1
0 (Ω̂) ∩H2(Ω̂),

− 〈H, Tγδ−γ̃ λ̂γ〉H∗I ,HI =

∫
I−

H(t)Mγ(t)
γ̃(t)Tnγ(t)

‖γ̇(t)‖2

dt, ∀H ∈ H∗I ∩ L2(I)∗.
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After all,

(δ±γ̃ λ̂γ, δ
±
γ̃Mγ) =

1

2

(
(δ+
γ̃ λ̂γ, δ

+
γ̃Mγ) + (δ−γ̃ λ̂γ, δ

−
γ̃Mγ)

)
can be computed by (3.5.6).

We are now able to prove the main result of this section.

Theorem 3.5.3. Let the assumptions of the previous lemma hold. Then the first
derivative of the reduced objective function ̂ has a symmetrical directional derivative
with respect to γ in all admissible directions γ̃ ∈ S ′γ, γ̃ 6= 0, which is given by

〈d±̂′(γ, γ̃), γ̄〉S∗,S =

∫
I

(δ±γ̃ Gγ(t)Mγ(t) + Gγ(t)δ±γ̃Mγ(t))
γ̄(t)T~nγ(t)

‖γ̇(t)‖2

dt

+

∫
I

Gγ(t)Mγ(t)
γ̄(t)T

(
~nγ̃(t)− 2~nγ(t)~nγ(t)

T~nγ̃(t)
)
‖ ˙̃γ(t)‖2

‖γ̇(t)‖2
2

dt. (3.5.8)

Proof. For an admissible direction γ̄ we define the operator

N : S+
ad → L∞(I),

γ 7→ Nγ := N (γ) :=
γ̄(·)T~nγ(·)
‖γ̇(·)‖2

.

With the derivative

d

dε
‖γ̇ + ε ˙̃γ‖2

2 =
d

dε

(
(γ̇1 + ε ˙̃γ1)2 + (γ̇2 + ε ˙̃γ2)2

)
= 2

(
(γ̇1 + ε ˙̃γ1) ˙̃γ1 + (γ̇2 + ε ˙̃γ2) ˙̃γ2

)
, ∀γ̃ ∈ S ′γ,

the directional derivative of N with respect to γ in an admissible direction γ̃ ∈ S ′γ is
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given by

dN (γ, γ̃) =
d

dε
N (γ + εγ̃)

∣∣∣∣
ε=0

=
d

dε

γ̄(·)T~nγ+εγ̃(·)
‖γ̇(·) + ε ˙̃γ(·)‖2

∣∣∣∣
ε=0

(3.5.9)

=
d

dε

γ̄T
(
γ̇2 + ε ˙̃γ2

−γ̇1 − ε ˙̃γ1

)
‖γ̇ + ε ˙̃γ‖2

2

∣∣∣∣∣∣∣∣∣
ε=0

=

γ̄T
(

˙̃γ2

− ˙̃γ1

)
‖γ̇ + ε ˙̃γ‖2

2

‖γ̇ + ε ˙̃γ‖4
2

∣∣∣∣∣∣∣∣∣
ε=0

(3.5.10)

− 2

γ̄T
(
γ̇2 + ε ˙̃γ2

−γ̇1 − ε ˙̃γ1

)(
(γ̇1 + ε ˙̃γ1) ˙̃γ1 + (γ̇2 + ε ˙̃γ2) ˙̃γ2

)
‖γ̇ + ε ˙̃γ‖4

2

∣∣∣∣∣∣∣∣∣
ε=0

(3.5.11)

=

γ̄T
(

˙̃γ2

− ˙̃γ1

)
‖γ̇‖2

2 − 2γ̄T
(
γ̇2

−γ̇1

)(
γ̇1

˙̃γ1 + γ̇2
˙̃γ2

)
‖γ̇‖4

2

, (3.5.12)

and therefore

dN (γ, γ̃) =
γ̄T~nγ̃‖ ˙̃γ‖2 − 2γ̄T~nγ~n

T
γ ~nγ̃‖ ˙̃γ‖2

‖γ̇‖2
2

=
γ̄T
(
~nγ̃ − 2~nγ~n

T
γ ~nγ̃
)
‖ ˙̃γ‖2

‖γ̇‖2
2

. (3.5.13)

Now, we calculate the right-sided directional derivative of ̂′ with respect to γ in an
admissible direction γ̃ ∈ S ′γ using the integral representation (3.4.7). We obtain

〈d+̂′(γ, γ̃), γ̄〉S∗,S = lim
δ→0+

1

δ
{〈̂′(γ + δγ̃), γ̄〉S∗,S − 〈̂′(γ), γ̄〉S∗,S}

= lim
δ→0+

1

δ

{∫
I

Gγ+δγ̃(t)Mγ+δγ̃(t)Nγ+δγ̃(t) dt

−
∫
I

Gγ(t)Mγ(t)Nγ(t) dt
}

= lim
δ→0+

1

δ

{∫
I

(Gγ+δγ̃(t)− Gγ(t))Mγ+δγ̃(t)Nγ+δγ̃(t) dt

+

∫
I

Gγ(t) (Mγ+δγ̃(t)−Mγ(t))Nγ+δγ̃(t) dt

+

∫
I

Gγ(t)Mγ(t) (Nγ+δγ̃(t)−Nγ(t)) dt
}
.

The equation (3.5.13) and the right-sided directional differentiability of Gγ and Mγ
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from Lemma 3.5.1 and Lemma 3.5.2 lead to

〈d+̂′(γ, γ̃), γ̄〉S∗,S =

∫
I

(
δ+
γ̃ Gγ(t)Mγ(t) + Gγ(t)δ+

γ̃Mγ(t)
) γ̄(t)T~nγ(t)

‖γ̇(t)‖2

dt

+

∫
I

Gγ(t)Mγ(t)
γ̄(t)T

(
~nγ̃(t)− 2~nγ(t)~nγ(t)

T~nγ̃(t)
)
‖ ˙̃γ(t)‖2

‖γ̇(t)‖2
2

dt.

Clearly, for the left-sided directional derivative of ̂′ with respect to γ in an admissible
direction γ̃ ∈ S ′γ we obtain

〈d−̂′(γ, γ̃), γ̄〉S∗,S =

∫
I

(
δ−γ̃ Gγ(t)Mγ(t) + Gγ(t)δ−γ̃Mγ(t)

) γ̄(t)T~nγ(t)

‖γ̇(t)‖2

dt

+

∫
I

Gγ(t)Mγ(t)
γ̄(t)T

(
~nγ̃(t)− 2~nγ(t)~nγ(t)

T~nγ̃(t)
)
‖ ˙̃γ(t)‖2

‖γ̇(t)‖2
2

dt,

respectively. As a consequence the symmetrical directional derivative of ̂′ with
respect to γ in all admissible directions γ̃ ∈ S ′γ is given by 3.5.8.

We summarize our results in the following algorithm:

Algorithm 3.5.4 (Compute the approximation of the second derivative ̂′′(γ)γ̃).

1. For γ ∈ S+
ad compute the solution (ûγ,Gγ) of the state equation and the solution

(λ̂γ,Mγ) of the adjoint equation (as in the algorithm of the first derivative).

2. Compute the solution (δ±γ̃ û, δ
±
γ̃ G) of the state sensitivity equation (3.5.2).

3. Compute the solution (δ±γ̃ λ̂, δ
±
γ̃M) of the adjoint state sensitivity equation (3.5.6).

4. Obtain the symmetric directional derivative d±̂′(γ, γ̃) as an approximation of
operator-vector-products ̂′′(γ)γ̃ via the integral representation (3.5.8).

3.6. Descent methods in a Hilbert space setting

In this section we present iterative optimization methods to solve the shape optimiza-
tion problem (3.1.1) using the differentiability results from the previous sections. In
detail, we discuss the gradient method, the BFGS quasi-Newton method and an in-
exact Newton-like method.
We assume that the optimal solution γ∗ ∈ Sad of (3.1.1) is an interior point of Sad,
i.e. γ∗ ∈ int(Sad). Moreover, we suppose that we start with a strictly feasible interior
point γ0 ∈ int(Sad) and maintain strict feasibility during the optimization process,
i.e. all iterates γk satisfy γk ∈ int(Sad).
With this assumptions we can consider the unconstrained optimization problem

min
γ∈S(I)

̂(γ) = Ĵ((ûγ,Gγ), γ) (3.6.1)
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instead of (3.1.1), and we avoid the difficulty5 to implement a projection operator
PSad

: S(I)→ Sad. We recall that (ûγ,Gγ) is the solution of (2.2.1).
The first-order optimality conditions for a local minimum γ∗ ∈ S(I) of (3.6.1) reads
as follows: γ∗ ∈ S(I) satisfies

̂′(γ∗) = 0, (3.6.2)

cf. [HPUU08, Section 2.2.1].

Definition 3.6.1. An element s ∈ S ′γ ⊂ S(I) is called descent direction of ̂ at γ, if
̂(γ + δs) is decreasing at δ = 0, i.e.

d

dδ
̂(γ + δs)

∣∣∣∣
δ=0

= 〈̂′(γ), s〉S∗,S < 0.

The steepest descent directions of ̂ at γ are defined by s = δdsd, δ > 0, where dsd
solves

min
‖d‖S=1

〈̂′(γ), d〉S∗,S.

We state the following general descent method:

Algorithm 3.6.2 (General descent method).

0. Choose an initial curve γ0 ∈ S(I)

For k = 0, 1, 2, . . . (until convergence...):

1. If ̂′(γk) = 0, STOP.

2. Choose a descent direction sk ∈ S ′
γk
⊂ S(I) such that 〈̂′(γk), sk〉S∗,S < 0.

3. Choose a step size σk > 0 such that ̂(γk + σks
k) < ̂(γk).

4. Set γk+1 := γk + σks
k.

Since S is a Hilbert space, we can choose S∗ = S and ∇̂
(
γk
)

is the Riesz-
representative of the Fréchet-derivative ̂′(γk), i.e

〈̂′(γk), sk〉S∗,S = (∇̂(γk), sk)S, for all sk ∈ S ′γk . (3.6.3)

If Hk ∈ L(S) is a symmetric and positive definite operator and ∇̂(γk) 6= 0, then

sk = −H−1
k ∇̂(γ

k) (3.6.4)

is a descent direction. Clearly, we directly obtain

〈̂′(γk), sk〉S∗,S = −(∇̂(γk), H−1
k ∇̂(γ

k))S < 0.

5We note that Sad is non-convex, and projection points in non-convex sets may be non-unique.
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Typical choices of Hk ∈ L(S) are given below. First, we will provide a commonly
used step rule, see [HPUU08, 2.2.1.1].

Armijo rule:

Given a descent direction sk of ̂ at γk, and a parameter ρ ∈ (0, 1), choose the
maximum σk ∈ {1, 1/2, 1/4, . . . } such that

̂(γk + σks
k)− ̂(γk) ≤ ρσk〈̂′(γk), sk〉S∗,S.

Gradient method/steepest descent:

Choose Hk = idS in (3.6.4) and obtain

sk = −∇̂(γk). (3.6.5)

This is a steepest descent direction of ̂ at γk since

min
‖sk‖S=1

〈̂′(γk), sk〉S∗,S = min
‖sk‖S=1

(∇̂(γk), sk)S

≥ −‖∇̂(γk)‖S‖sk‖S

=

(
∇̂(γk),− ∇̂(γk)

‖∇̂(γk)‖S

)
S

.

BFGS quasi-Newton method:

Choose H0 = idS and use the BFGS operator update formula

Hk+1 := Hk +
(wk, · )S
(wk, vk)S

wk − (Hkv
k, · )S

(Hkvk, vk)S
Hkv

k, (3.6.6)

at which

vk := γk+1 − γk,
wk := ∇̂(γk+1)−∇̂(γk).

The operators Hk+1 are clearly symmetric. They are also positive definite if the
necessary condition (wk, vk)S > 0 holds.

Inexact Newton-like method:

If we assume that ̂(γ) is twice continuously Fréchet-differentiable with respect to γ,
than G(γ) := ∇̂(γ) would be continuously Fréchet-differentiable with respect to γ.
The classical Newton method for (3.6.1) is obtained if Newton’s method is applied
to G(γ) = ∇̂(γ) = 0. Actually, this procedure corresponds to the scenario, in which
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we would choose Hk = G′(γk): Thus, (3.6.4) turns to

G′(γk)sk = −G(γk),

which yields the classical Newton direction. If we identify G′(γk)sk ∈ S with
̂′′(γk)sk ∈ S∗ than the previous equation leads to

〈̂′′(γk)sk, ·〉S∗,S = −(∇̂(γk), ·)S. (3.6.7)

Since ̂(γ) is not twice continuously Fréchet-differentiable with respect to γ in our set-
ting, we can still try to solve equation (3.6.7) if we replace ̂′′(γk)sk by the symmetric
derivative d±̂′(γk, sk). Thus, we obtain

〈d±̂′(γk, sk), ·〉S∗,S = −(∇̂(γk), ·)S. (3.6.8)

If we transfer the idea of inexact Newton methods, [DES82], we solve

〈d±̂′(γk, sk), ·〉S∗,S = −(∇̂(γk), ·)S + (rk, ·)S, where
‖rk‖S

‖∇̂(γk)‖S
≤ ηk, (3.6.9)

instead of (3.6.8). Here, {ηk}, with ηk = ηk(γ
k) ≥ 0, is a sequence to control the level

of accuracy. Obviously, ηk = 0 gives (3.6.8). Now we can apply iterative solvers that
excepts operator-vector-products to solve (3.6.9) and obtain an inexact Newton-like
(descent) direction.
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4. Discretization of the shape
optimization problem

In this chapter we follow the “first optimize, then discretize“ approach to solve the
unconstrained optimization problem (3.6.1) numerically. Therefore, we discretize
everything related to the state (û,G), the control γ, and to functionals, integrals
and dualities, see Section 4.1. Then, in Section 4.3 we present finite-dimensional
counterparts to the descent methods discussed in Section 3.6.
This approach differs from the “first discretize, then optimize“ approach from a
structural point of view, where all quantities in problem (3.6.1) are discretized a-
priori, and one solves the resulting finite dimensional optimization problem. For
more details we refer to [HPUU08, Chapter 3].
We recall that the underlying objective function Ĵ in problem (3.6.1) tracks the L2-
error of û with respect to a desired state ud in an observation domain ΩT ⊂ Ω̂. For
simplicity we use ΩT := Ω̂ in the following.

4.1. Mixed finite element discretization

Our numerical realization is based on a mixed finite element method. We introduce
two independent meshes, namely for the fictitious domain Ω̂ and for the interior
boundary Γγ, see [KP01, Section 3].

4.1.1. Equidistant mesh on the fictitious domain Ω̂

On the fictitious domain Ω̂ we use a structured, uniform mesh. For N ∈ N, N ≥ 3,
and hN := 1

N−1
, we set

Ω̂ =

(N−1)2⋃
i=1

Q̄i,

where Qi, i = 1, . . . , (N − 1)2, are quadrilateral elements with N2 equidistant mesh
points

(xi, yj) =
(
(i− 1)hN , (j − 1)hN

)
, i, j = 1, . . . , N.

We approximate functions û ∈ H1
0 (Ω̂) by continuous and piecewise bilinear functions

ûN . Therefore, we introduce

V̂ N := {v̂N ∈ C0(
¯̂
Ω) : v̂N |Qi ∈ P1(Qi) for all 1 ≤ i ≤ (N − 1)2},
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where P1 denotes the space of polynomials, in two variables, of degree less than or
equal to one, and

ÛN := {v̂N ∈ V̂ N : v̂N |∂Ω̂ = 0} =: 〈φ1, . . . , φ(N−2)2〉 ⊆ H1
0 (Ω̂).

The resulting ansatz for ûN ∈ UN then takes the form

ûN(x, y) =

(N−2)2∑
k=1

ûNk ΦN
k (x, y).

4.1.2. Equidistant partition of the interval I

In this part, we set for M ∈ N, M ≥ 2, and hM := 1
M−1

,

I =
M−1⋃
i=1

Īi,

where Ii = (ti, ti+1), i = 1, . . . ,M − 1, are subintervals with M grid points

ti = (i− 1)hM , i = 1, . . . ,M.

We approximate function G ∈ H∗I by piecewise constant functions GM , and define

HM
I := span{χMk }M−1

k=1 ,

where χMk |Ii = δki, k, i = 1, . . . ,M − 1 denote the characteristic functions of our
partition. This leads for GM ∈ HM

I to an ansatz

GM(t) =
M−1∑
i=1

gMi χ
M
i (t).

Finally, we approximate curves γ ∈ S(I) by piecewise linear curves γM . Here, we
introduce

SMI = {γM = (γM1 , γM2 )T ∈ C0(I)2 : γMj |Ii ∈ P1(Ii) for all j = 1, 2, 1 ≤ i ≤M − 1}

=: span

{(
1
0

)
BM

1 , . . . ,

(
1
0

)
BM
M ,

(
0
1

)
BM

1 , . . . ,

(
0
1

)
BM
M

}
,

where BM
k are piecewise linear hat functions with BM

k (ti) = δki, k, i = 1, . . . ,M . This
leads to an ansatz for γM ∈ SMI of the form

γM(t) =
M∑
i=1

~γMi B
M
i (t), ~γMi =

(
γM1,i
γM2,i

)
, i = 1, . . . ,M. (4.1.1)
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Moreover, we obtain an approximation of

� the admissible domain Ωγ, denoted by ΩγM ⊂ Ω̂,

� the curved boundary Γγ, denoted by

ΓγM = {γM(t), t ∈ (0, 1)},

� the trace operator Tγ, denoted by

TγM : v̂N 7−→ v̂N(γM(·)),

� and the extension f̃γ, denoted by

f̃γM :=

{
fγM in ΩγM ,

0 in Ωc
γM .

4.1.3. The discrete state equation

In the following we replace the continuous quantities in the state equation (2.2.1)
by their discrete counterparts introduced in Subsections 4.1.1 and 4.1.2. Then we
obtain: For γM ∈ SMI , find (ûNγM ,G

M
γM ) = (ûN(γM),GM(γM)) ∈ ÛN ×HM

I with{
(∇ûNγM ,∇v̂

N)L2(Ω̂)2 − 〈GMγM , TγM v̂
N〉H∗I ,HI = (f̃γM , v̂

N)L2(Ω̂), ∀v̂
N ∈ ÛN ,

−〈HM , TγM ûNγM 〉H∗I ,HI = 0, ∀HM ∈ HM
I .

(4.1.2)

Matrix notation allows us to rewrite (4.1.2) in the from: For γM ∈ SMI , find
(ûNγM , g

M
γM

) = (ûN(γM), gM(γM)) ∈ R(N−2)2 × RM−1 with(
ÂN −(TN,M

γM
)T

−TN,M
γM

0

)(
ûNγM
gM
γM

)
=

(
F̂N,M
γM

0

)
. (4.1.3)

Here, ûNγM = (ûN1 , . . . , û
N
(N−2)2)T and gM

γM
= (gM1 , . . . , g

M
M−1)T are the node vectors of

(ûNγM ,G
M
γM ) ∈ ÛN ×HM

I , the matrix ÂN := (âNij ) with

âNij :=

∫
Ω̂

∇ΦN
i (x, y)T∇ΦN

j (x, y) d(x, y), i, j = 1, . . . , (N − 2)2,

is the finite element stiffness matrix. Moreover, TN,M
γM

= (tN,Mij ) with

tN,Mij := 〈χMi , TγMΦN
j 〉H∗I ,HI , i = 1, . . . ,M − 1, j = 1, . . . , (N − 2)2,
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is called the trace matrix and the vector F̂N,M
γM

= (f̂N,Mi ) is given by

f̂N,Mi :=

∫
Ω̂

f̃γM (x, y)ΦN
i (x, y) d(x, y), i = 1, . . . , (N − 2)2.

Theorem 4.1.1. Let γM ∈ SMI of the form (4.1.1) satisfies the two conditions

ci :=
√

(γM1,i+1 − γM1,i)2 + (γM2,i+1 − γM2,i)2 > 2
√

2hN , i = 1, . . . ,M − 1, (4.1.4)

〈χMi , TγMΦN
j 〉H∗I ,HI 6= 0, 〈χMk , TγMΦN

j 〉H∗I ,HI 6= 0, k 6= i

=⇒ k = i− 1 ∨ k = i+ 1.
(4.1.5)

Then the discrete saddle point problem (4.1.3) is uniquely solvable.

Proof. The finite element stiffness matrix ÂN is symmetric and positive definite.

Therefore, (4.1.3) is uniquely solvable if and only if ker
(
TN,M
γM

)T
= {0}. We have

ker
(
TN,M
γM

)T
= {0} ⇐⇒

(
TN,M
γM

)T
gM = 0 implies gM = 0

⇐⇒
M−1∑
i=1

gMi 〈χMi , TγMΦN
j 〉H∗I ,HI = 0 for j = 1, . . . , (N − 2)2, implies gM = 0.

Since c1 > 2
√

2hN there exists an index k ∈ {1, . . . , (N − 2)2} such that

〈χM1 , TγMΦN
k 〉H∗I ,HI 6= 0 and

〈χMi , TγMΦN
k 〉H∗I ,HI = 0 for i = 2, 3, . . . ,M − 1.

We obtain

M−1∑
i=1

gMi 〈χMi , TγMΦN
k 〉H∗I ,HI = gM1 〈χM1 , TγMΦN

k 〉H∗I ,HI = 0 =⇒ gM1 = 0.

Proceeding by induction assume that gM1 = · · · = gMl = 0 for some l ∈ {1, . . . ,M−1}.
Then there exists an index k ∈ {1, . . . , (N − 2)2} such that

〈χMl , TγMΦN
k 〉H∗I ,HI 6= 0,

〈χMl+1, TγMΦN
k 〉H∗I ,HI 6= 0 and

〈χMi , TγMΦN
k 〉H∗I ,HI = 0 for all i ∈ {1, . . . ,M − 1} \ {l, l + 1}.
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Now we obtain with the induction hypothesis

M−1∑
i=1

gMi 〈χMi , TγMΦN
k 〉H∗I ,HI = gMl 〈χMl , TγMΦN

k 〉H∗I ,HI + gMl+1〈χMl+1, TγMΦN
k 〉H∗I ,HI

= gMl+1〈χMl+1, TγMΦN
k 〉H∗I ,HI = 0 =⇒ gMl+1 = 0.

It follows that gM1 = · · · = gMM−1 = 0 and therefore gM = 0.

In [GG95] the authors prove error estimates for a slightly different setting. The
result is mainly obtained by verifying a uniform inf-sup condition (also known as the
Ladyženskaja-Babuška-Brezzi (LBB) condition) assuming that the mesh on ΓγM is

sufficiently large compared to the size of the grid on Ω̂. Due to our numerical com-
putations we suggest an even higher ratio N : M to avoid oscillations of the discrete
Lagrange multiplier GM . Full details are given in Chapter 5.

4.1.4. The discrete adjoint equation

In this subsection we state the discrete counterpart of the adjoint equation (3.3.6).
First of all, we rewrite the right hand side of the first equation of (3.3.6). Using
ΩT := Ω̂, the notation

û 7→ Rγ(û) := ˜̂u|Ωγ =

{
û in Ωγ,

0 in Ωc
γ,

and the fact that Rγ(ûγ) = ûγ = 0 we obtain

(ûγ − ud, v̂)L2(ΩT∩Ωγ) = (ûγ − ud, v̂)L2(Ωγ) = (ûγ −Rγ(ud), v̂)L2(Ω̂). (4.1.6)

Let

uN̄d := IN̄ud =

(N̄−2)2∑
i=1

uN̄d,iΦ
N̄
i (x, y) (4.1.7)

be an approximation of ud on a fine grid (N̄ ≥ N), where IN̄ : L2(Ω̂)→ Û N̄ denotes
a continuous interpolation operator.

In view of equation (4.1.6), we implement the following approximation RN̄,M
γM

(uN̄d ) of

Rγ(ud): Set all coefficients uN̄d,i in (4.1.7) to zero, if the corresponding mesh points are

contained in Ωc
γM . This modified coefficients are denoted by uN̄d,i|γM and we obtain

RN̄,M
γM

(uN̄d ) =

(N̄−2)2∑
i=1

uN̄d,i|γMΦN̄
i (x, y).
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Now, let

λ̂N(x, y) =

(N−2)2∑
i=1

λ̂Ni ΦN
i (x, y), MM(t) =

M−1∑
i=1

µMi χ
M
i (t),

and ûNγM =
∑(N−2)2

i=1 ûNi ΦN
i be the solution of the discrete state equation (4.1.2).

The discrete form of the adjoint system (3.3.6) then reads: Find (λ̂NγM ,M
M
γM ) =

(λ̂N(γM),MM(γM)) ∈ ÛN ×HM
I

(∇λ̂NγM ,∇v̂
N)L2(Ω̂)2 − 〈MM

γM , TγM v̂
N〉H∗I ,HI

= (ûNγM −R
N̄,M
γM

(uN̄d ), v̂N)L2(Ω̂), ∀v̂N ∈ ÛN ,

− 〈HM , TγM λ̂NγM 〉H∗I ,HI = 0, ∀HM ∈ HM
I .

(4.1.8)

Note that we have different ansatz functions for ûNγM ∈ UN and uN̄d ∈ U N̄ . Let

N̄ − 1 = (N − 1)2l with l > 0. For the ansatz functions on the resulting hierarchical

grids we can determine coefficients rN,N̄ij , i = 1, . . . , (N − 2)2, j = 1, . . . , (N̄ − 2)2,
such that

ΦN
i (x, y) =

(N̄−2)2∑
j=1

rN,N̄ij ΦN̄
j (x, y), i = 1, . . . , (N − 2)2.

or equivalently
ΦN = RN,N̄ΦN̄ (4.1.9)

with ΦN := (ΦN
1 (x, y), . . . , Φ̂N

(N−2)2(x, y))T , ΦN̄ := (ΦN̄
1 (x, y), . . . , Φ̂N̄

(N̄−2)2(x, y))T and

the matrix RN,N̄ :=
(
rN,N̄ij

)
.

If we test the first equation of (4.1.8) with v̂N = ΦN
i , we obtain for the right hand

side

(ûNγM −R
N̄,M
γM

(uN̄d ),ΦN
i )L2(Ω̂) = (

(N−2)2∑
k=1

ûNk ΦN
k −

(N̄−2)2∑
l=1

uN̄d,l|γMΦN̄
l ,Φ

N
i )L2(Ω̂)

=

(N−2)2∑
k=1

ûNk (ΦN
k ,Φ

N
i )L2(Ω̂) −

(N̄−2)2∑
j=1

rN,N̄ij

(N̄−2)2∑
l=1

uN̄d,l|γM (ΦN̄
l ,Φ

N̄
j )L2(Ω̂).

Together with the finite element mass matrices B̂N := (b̂Nij ),

b̂Nij :=

∫
Ω̂

ΦN
i (x, y)ΦN

j (x, y) d(x, y), i, j = 1, . . . , (N − 2)2,
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and B̂N̄ := (b̂N̄ij ),

b̂N̄ij :=

∫
Ω̂

ΦN̄
i (x, y)ΦN̄

j (x, y) d(x, y), i, j = 1, . . . , (N̄ − 2)2,

the equations (4.1.8) lead to the system: Find (λ̂
N

γM , µ
M
γM

) = (λ̂
N

(γM), µM(γM)) ∈
R(N−2)2 × RM−1 with(

ÂN −(TN,M
γM

)T

−TN,M
γM

0

)(
λ̂
N

γM

µM
γM

)
=

(
B̂N ûNγM −RN,N̄(B̂N̄uN̄d |γM )

0

)
, (4.1.10)

where λ̂
N

γM = (λ̂N1 , . . . , λ̂
N
(N−2)2)T , and µM := (µM1 , . . . , µ

M
M−1)T are the node vectors

of (λ̂NγM ,M
M
γM ) ∈ ÛN × HM

I and uN̄d |γM := (uN̄d,1|γM , . . . , uN̄d,(N̄−2)2|γM )T is the node

vector of RN̄,M
γM

(uN̄d ). Clearly, (4.1.10) is uniquely solvable by Theorem 4.1.1.

4.2. Approximation with respect to the reduced
objective functional ̂

4.2.1. An approximation ̂(N,M) of the reduced objective
functional ̂

We set SM := H1(I)2. For given γM ∈ SMI ⊂ SM , let (ûNγM ,G
M
γM ) ∈ ÛN × HM

I be

the solution of the discrete state equation (4.1.2), and uN̄d as in (4.1.7). Then, the
function

̂(N,M) : SMI → R,

γM 7→ 1

2

∫
Ω̂

(ûNγM (x, y)− uN̄d (x, y))2 d(x, y),

denote the discrete approximation of the reduced objective functional ̂.
Using the relation (4.1.9) given in the previous section, we can evaluate ̂(N,M)(γM)
via

̂(N,M)(γM) =
1

2
‖ûNγM − û

N
d ‖2

L2(Ω̂)

=
1

2
‖(ûNγM )TΦN − (ûN̄d )TΦN̄‖2

L2(Ω̂)

=
1

2
‖(ûNγM )TRN,N̄ΦN̄ − (ûN̄d )TΦN̄‖2

L2(Ω̂)
.
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With the definition PN,N̄ :=
(
RN,N̄

)T
we have

̂(N,M)(γM) =
1

2
‖(PN,N̄ ûNγM )TΦN̄ − (ûN̄d )TΦN̄‖2

L2(Ω̂)

=
1

2
‖(PN,N̄ ûNγM − û

N̄
d )TΦN̄‖2

L2(Ω̂)

=
1

2
(PN,N̄ ûNγM − û

N̄
d )T B̂N̄(PN,N̄ ûNγM − û

N̄
d ).

4.2.2. An approximation ~nγM of the outer unit normal vector ~nγ

For a discretized curve γM =
∑M

i=1 ~γ
M
i B

M
i ∈ SMI let ~nγM = (n1,γM , n2,γM )T denote

the approximation of the outer unit normal vector ~nγ along the boundary part Γγ.
In the first place we define unit vectors that are orthogonal to the line connecting
the points ~γMi and ~γMi+1,

~naux
i :=

(
0 1
−1 0

)(
~γMi+1 − ~γMi

)
∥∥~γMi+1 − ~γMi

∥∥
2

, i = 1, . . . ,M − 1.

Now, we define the approximation ~nγM of the normal vector ~nγM at ti, i = 2, . . . ,M−
1, i.e. in boundary points ~γMi of ΓγM :

~nγM (ti) :=

(
nM1,i
nM2,i

)
:=

~naux
i−1 + ~naux

i∥∥~naux
i−1 + ~naux

i

∥∥
2

.

Moreover, we collect the components nM1,i, n
M
2,i, in vectors

ηM1 (γM) :=
(
nM1,2, . . . , n

M
1,M−1

)T ∈ RM−2, (4.2.1)

ηM2 (γM) :=
(
nM2,2, . . . , n

M
2,M−1

)T ∈ RM−2. (4.2.2)

We approximate the set of admissible directions S ′γ by S ′γM := span(ϕ2
γM , . . . , ϕ

M−1
γM

),
where

ϕiγM (t) := ~nγM (ti)B
M
i (t), i = 2, . . . ,M − 1.

An admissible direction γ̄M ∈ S ′γM ⊂ SMI can be written as

γ̄M(t) =
M−1∑
j=2

γ̄Mj ϕ
j
γM

(t). (4.2.3)
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4.2.3. An approximation ̂(N,M)′(γM) of the first derivative ̂′(γ) of
the reduced objective functional ̂

For given γM ∈ SMI ⊂ SM , let (ûNγM ,G
M
γM ) ∈ ÛN ×HM

I be the solution of the discrete

state equation (4.1.2), and (λ̂NγM ,M
M
γM ) ∈ ÛN ×HM

I be the solution of the discrete

adjoint equation (4.1.8). Then, the function ̂(N,M)′(γM) : S ′γM → R, with

〈̂(N,M)′(γM), γ̄M〉(SM )∗,SM =

∫
I

GMγM (t)MM
γM (t)

γ̄M(t)T~nγM (t)

‖γ̇M(t)‖2

dt, ∀γ̄M ∈ S ′γM ,

denotes the discrete approximation of the Fréchet-derivative ̂′(γ).
In the first place we evaluate ̂(N,M)′(γM) at the basis functions of SMI , therefore we
define the vectors

J (N,M)
1 (γM) :=

 〈̂
(N,M)′(γM),

(
1
0

)
BM

2 〉(SM )∗,SM

...
〈̂(N,M)′(γM),

(
1
0

)
BM
M−1〉(SM )∗,SM

 ∈ RM−2,

J (N,M)
2 (γM) :=

 〈̂
(N,M)′(γM),

(
0
1

)
BM

2 〉(SM )∗,SM

...
〈̂(N,M)′(γM),

(
0
1

)
BM
M−1〉(SM )∗,SM

 ∈ RM−2.

Then we obtain the vector

J (N,M)

γM
:= (〈̂(N,M)′(γM), ϕ2

γM 〉(SM )∗,SM , . . . , 〈̂(N,M)′(γM), ϕM−1
γM
〉(SM )∗,SM )T (4.2.4)

as the sum of two Hadamard products1

J (N,M)

γM
= J (N,M)

1 (γM) ◦ ηM1 (γM) + J (N,M)
2 (γM) ◦ ηM2 (γM).

4.2.4. An approximation ∇̂(N,M)(γM) of the gradient ∇̂(γ) of
the reduced objective functional ̂

The equation (3.6.3) in the finite-dimensional setting reads

〈̂(N,M)′(γM), sM〉(SM )∗,SM = (∇̂(N,M)(γM), sM)SM , for all sM ∈ S ′γM . (4.2.5)

1Let vectors A, B ∈ Rn, and vectors ~xi = (x1,i, x2,i)
T ∈ R2, i = 1, . . . , n be given. Then, for

Z ∈ Rn with Zi := (~xi)
T

(
Ai
Bi

)
= x1,iAi + x2,iBi, i = 1, . . . , n, we obtain Z = A ◦ ξ1 + B ◦ ξ2,

where ξ1 := (x1,1, . . . , x1,n)T and ξ2 := (x2,1, . . . , x2,n)T ∈ Rn. Here, · ◦ · denotes the entrywise
product (Hadamard product) for matrices, i.e.: (A ◦B)ij = (A)ij · (B)ij .
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Using the basis {ϕ2
γM , . . . , ϕ

M−1
γM
} of S ′γM , the ansatz ∇̂(N,M)(γM) =

∑M−1
i=2 dMi ϕ

i
γM

leads to the following system of equations:

M−1∑
i=2

dMi (ϕiγM , ϕ
j
γM

)SM = 〈̂(N,M)′(γM), ϕj
γM
〉(SM )∗,SM , j = 2, . . . ,M − 1. (4.2.6)

With the definitions (4.2.4) and

D̃M
γM :=

(
(ϕiγM , ϕ

j
γM

)SM
)M−1

i,j=2

we immediately obtain the following linear system to compute the node vector dMγM :=

dM(γM) = (dM2 , . . . , d
M
M−1)T of ∇̂(N,M)(γM):

D̃M
γMd

M
γM = J (N,M)

γM
. (4.2.7)

For the (i, j)-th entry of the matrix D̃M
γM we obtain(

D̃M
γM

)
ij

= (ϕiγM , ϕ
j
γM

)SM

= (~nγM (ti)B
M
i , ~nγM (tj)B

M
j )SM

=
(
~nγM (ti)

)T ((
(

1
0

)
BM
i ,
(

1
0

)
BM
j )SM (

(
1
0

)
BM
i ,
(

0
1

)
BM
j )SM

(
(

0
1

)
BM
i ,
(

1
0

)
BM
j )SM (

(
0
1

)
BM
i ,
(

0
1

)
BM
j )SM

)
~nγM (tj)

=
(
~nγM (ti)

)T (αMij + βMij 0
0 αMij + βMij

)
~nγM (tj).

Here, AM := (αMij ) with

αMij :=
(
ḂM
i , Ḃ

M
j

)
L2(I)

, i, j = 2, . . . ,M − 1,

is the finite element stiffness matrix, and BM := (βMij ) with

βMij :=
(
BM
i , B

M
j

)
L2(I)

, i, j = 2, . . . ,M − 1,
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is the finite element mass matrix. Therefore, we obtain2

D̃M
γM =

(
AM + BM

)
◦
(
ηM1 (γM)(ηM1 (γM))T + ηM2 (γM)(ηM2 (γM))T

)
.

4.3. Finite-dimensional descent methods

In this section we investigate finite-dimensional approximations of Algorithm 3.6.2.

Algorithm 4.3.1.

0. Choose an initial curve (γM)0 ∈ SMI , and a symmetric, positive definite
operator HM

0 ∈ L(SM)

For k = 0, 1, 2, . . . (until convergence...):

1. If ̂(N,M)′((γM)k) = 0, STOP.

2. Compute a descent direction (sM)k ∈ S ′
(γM )k

⊂ SMI from

HM
k (sM)k = −∇̂(N,M)((γM)k). (4.3.1)

3. Choose a step size σk > 0 such that

̂(N,M)((γM)k + σk(s
M)k) < ̂(N,M)((γM)k).

4. Set (γM)k+1 := (γM)k + σk(s
M)k.

5. Choose a symmetric, positive definite operator HM
k+1 ∈ L(SM).

4.3.1. Finite-dimensional gradient method

In Algorithm 4.3.1 we choose HM
k = idSM for all k. To obtain the steepest descent

direction (sM)k in (4.3.1), we compute the gradient ∇̂(N,M)((γM)k) and set

(sM)k = −∇̂(N,M)((γM)k). (4.3.2)

Thus, using the ansatz (sM)k =
∑M−1

i=2 (sMi )kϕi
(γM )k

and equation (4.2.7), we obtain

the following relation to compute the node vector sM
(γM )k

= ((sM2 )k, . . . , (sMM−1)k) of

2Let matrices A, B, C, D ∈ Rn×n, and vectors ~xi = (x1,i, x2,i)
T ∈ R2, i = 1, . . . , n be given.

Then, for Z ∈ Rn×n with

Zij := (~xi)
T

(
Aij Bij
Cij Dij

)
~xj = x1,iAijx1,j + x1,iBijx2,j + x2,iCijx1,j + x2,iDijx2,j

we obtain Z = A ◦
(
ξ1(ξ1)T

)
+ B ◦

(
ξ1(ξ2)T

)
+ C ◦

(
ξ2(ξ1)T

)
+ D ◦

(
ξ2(ξ2)T

)
, where ξ1 :=

(x1,1, . . . , x1,n)T and ξ2 := (x2,1, . . . , x2,n)T ∈ Rn.
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the finite-dimensional steepest descent direction (sM)k. We have

sM(γM )k = −dM(γM )k ,

or equivalently,
D̃M

(γM )ks
M
(γM )k = −J (N,M)

(γM )k
. (4.3.3)

4.3.2. Finite-dimensional BFGS quasi-Newton method

In Algorithm 4.3.1 we choose HM
0 = idSM and use the discrete version of the BFGS

operator update (3.6.6), i.e.

HM
k+1 := HM

k +
((wM)k, · )SM

((wM)k, (vM)k)SM
(wM)k − (HM

k (vM)k, · )SM
(HM

k (vM)k, (vM)k)SM
HM
k (vM)k, (4.3.4)

at which

(vM)k := (γM)k+1 − (γM)k,

(wM)k := ∇̂(N,M)((γM)k+1)−∇̂(N,M)((γM)k).

At the kth iteration, we use the basis {ϕ2
(γM )k

, . . . , ϕM−1
(γM )k

} of S ′
(γM )k

and the ansatz

(sM)k =
∑M−1

i=2 (sMi )kϕi
(γM )k

. Then, with the relation (4.2.5) the equation (4.3.1) in
Algorithm 4.3.1 leads to the following system of equations:

M−1∑
i=2

(sMi )k(HM
k ϕ

i
(γM )k , ϕ

j
(γM )k

)SM

= −〈̂(N,M)′((γM)k), ϕj
(γM )k

〉(SM )∗,SM , j = 2, . . . ,M − 1. (4.3.5)

With (4.2.4) and the definition

H̃M
(γM )k :=

(
(HM

k ϕ
i
(γM )k , ϕ

j
(γM )k

)SM
)M−1

i,j=2
(4.3.6)

we obtain for (4.3.5) the linear system

H̃M
(γM )ks

M
(γM )k = −J (N,M)

(γM )k
(4.3.7)

to compute the node vector sM
(γM )k

:= ((sM2 )k, . . . , (sMM−1)k)T of the finite-dimensional

quasi-Newton direction (sM)k.

For k = 0 and HM
0 = idSM we obtain H̃M

(γM )0 = D̃M
(γM )0 . In the following we describe

the update-process of the matrix H̃M
(γM )k

.
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First of all the update for the operator HM
k leads to an update for the matrices

H̄1,1
k :=

(
(HM

k

(
1
0

)
BM
i ,
(

1
0

)
BM
j )SM

)M−1

i,j=2
, H̄1,2

k :=
(
(HM

k

(
1
0

)
BM
i ,
(

0
1

)
BM
j )SM

)M−1

i,j=2
,

H̄2,1
k :=

(
(HM

k

(
0
1

)
BM
i ,
(

1
0

)
BM
j )SM

)M−1

i,j=2
, H̄2,2

k :=
(
(HM

k

(
0
1

)
BM
i ,
(

0
1

)
BM
j )SM

)M−1

i,j=2
,

which are independent of (γM)k. Indeed, the (i, j)-th entry of the matrix H̃M
(γM )k+1 is

given by (
H̃M

(γM )k+1

)
ij

= (HM
k+1ϕ

i
(γM )k+1 , ϕ

j
(γM )k+1)SM

=
(
~n(γM )k+1(ti)

)T ((H̄1,1
k+1

)
ij

(
H̄1,2
k+1

)
ij(

H̄2,1
k+1

)
ij

(
H̄2,2
k+1

)
ij

)
~n(γM )k+1(tj),

i.e.

H̃M
(γM )k+1 = H̄1,1

k+1 ◦
(
ηM1 ((γM)k+1)(ηM1 ((γM)k+1))T

)
+ H̄1,2

k+1 ◦
(
ηM1 ((γM)k+1)(ηM2 ((γM)k+1))T

)
+ H̄2,1

k+1 ◦
(
ηM2 ((γM)k+1)(ηM1 ((γM)k+1))T

)
+ H̄2,2

k+1 ◦
(
ηM2 ((γM)k+1)(ηM2 ((γM)k+1))T

)
.

The choice of HM
0 = idSM leads to H̄1,1

0 = H2,2
0 = AM + BM and H̄1,2

k = H̄2,1
k = 0 ∈

R(M−2)×(M−2). With the update formula (4.3.4) we derive update formulas for the
matrices H̄1,1

k , H̄1,2
k , H̄2,1

k and H̄2,2
k . For the (i, j)-th entry of the matrix H̄1,1

k+1 we
obtain(

H̄1,1
k+1

)
ij

= (HM
k+1

(
1
0

)
BM
i ,
(

1
0

)
BM
j )SM

= (HM
k

(
1
0

)
BM
i ,
(

1
0

)
BM
j )SM +

((wM)k,
(

1
0

)
BM
i )SM ((wM)k,

(
1
0

)
BM
j )SM

((wM)k, (vM)k)SM

−
(HM

k (vM)k,
(

1
0

)
BM
i )SM (HM

k (vM)k,
(

1
0

)
BM
j )SM

(HM
k (vM)k, (vM)k)SM

.

With the definitions

(ωM1 )k :=
(
((wM)k,

(
1
0

)
BM

2 )SM , . . . , ((w
M)k,

(
1
0

)
BM
M−1)SM

)T
,

(ωM2 )k :=
(
((wM)k,

(
0
1

)
BM

2 )SM , . . . , ((w
M)k,

(
0
1

)
BM
M−1)SM

)T
,

(νM1 )k :=
(
(HM

k (vM)k,
(

1
0

)
BM

2 )SM , . . . , (H
M
k (vM)k,

(
1
0

)
BM
M−1)SM

)T
,

(νM2 )k :=
(
(HM

k (vM)k,
(

0
1

)
BM

2 )SM , . . . , (H
M
k (vM)k,

(
0
1

)
BM
M−1)SM

)T
,
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this leads to

H̄1,1
k+1 = H̄1,1

k +
(ωM1 )k

(
(ωM1 )k

)T
((wM)k, (vM)k)SM

−
(νM1 )k

(
(νM1 )k

)T
(HM

k (vM)k, (vM)k)SM
,

and analogously

H̄1,2
k+1 = H̄1,2

k +
(ωM1 )k

(
(ωM2 )k

)T
((wM)k, (vM)k)SM

−
(νM1 )k

(
(νM2 )k

)T
(HM

k (vM)k, (vM)k)SM
,

H̄2,1
k+1 = H̄2,1

k +
(ωM2 )k

(
(ωM1 )k

)T
((wM)k, (vM)k)SM

−
(νM2 )k

(
(νM1 )k

)T
(HM

k (vM)k, (vM)k)SM
,

H̄2,2
k+1 = H̄2,2

k +
(ωM2 )k

(
(ωM2 )k

)T
((wM)k, (vM)k)SM

−
(νM2 )k

(
(νM2 )k

)T
(HM

k (vM)k, (vM)k)SM
.

In the following, we provide formulas for the vectors (ωM1 )k, (ωM2 )k, (νM1 )k, and (νM2 )k,
as well as for the values ((wM)k, (vM)k)SM and (HM

k (vM)k, (vM)k)SM . We have

(ωM1 )k =
(
((wM)k,

(
1
0

)
BM

2 )SM , . . . , ((w
M)k,

(
1
0

)
BM
M−1)SM

)T
=
(
(∇̂(N,M)((γM)k+1),

(
1
0

)
BM

2 )SM , . . . , (∇̂(N,M)((γM)k+1),
(

1
0

)
BM
M−1)SM

)T
−
(
(∇̂(N,M)((γM)k),

(
1
0

)
BM

2 )SM , . . . , (∇̂(N,M)((γM)k),
(

1
0

)
BM
M−1)SM

)T
= J (N,M)

1 ((γM)k+1)− J (N,M)
1 ((γM)k),

(ωM2 )k = J (N,M)
2 ((γM)k+1)− J (N,M)

2 ((γM)k).

With (vM)k = (γM)k+1 − (γM)k = σk(s
M)k = σk

∑M−1
i=2 (sMi )kϕi

(γM )k
we obtain

(νM1 )k =
(
(HM

k (vM)k,
(

1
0

)
BM

2 )SM , . . . , (H
M
k (vM)k,

(
1
0

)
BM
M−1)SM

)T
= σk

M−1∑
i=2

(sMi )k
(

(Hkϕ
i
(γM )k ,

(
1
0

)
BM

2 )SM , . . . , (Hkϕ
i
(γM )k ,

(
1
0

)
BM
M−1)SM

)T
= σk

((
(sM)k ◦ ηM1 ((γM)k)

)T
H̄1,1
k +

(
(sM)k ◦ ηM2 ((γM)k)

)T
H̄2,1
k

)T
,

(νM2 )k = σk

((
(sM)k ◦ ηM1 ((γM)k)

)T
H̄1,2
k +

(
(sM)k ◦ ηM2 ((γM)k)

)T
H̄2,2
k

)T
.

For the expression ((wM)k, (vM)k)SM we get

((wM)k, (vM)k)SM = (∇̂(N,M)((γM)k+1)−∇̂(N,M)((γM)k), (γM)k+1 − (γM)k)SM

= σk

M−1∑
i=2

(sMi )k(∇̂(N,M)((γM)k+1)−∇̂(N,M)((γM)k), ϕi(γM )k)SM

= σk
(
(sM)k

)T (
(ωM1 )k ◦ ηM1 ((γM)k) + (ωM2 )k ◦ ηM2 ((γM)k)

)
,
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and finally we obtain

(HM
k (vM)k, (vM)k)SM = σ2

k(H
M
k (sM)k, (sM)k)SM

= σ2
k

M−1∑
i=2

M−1∑
j=2

(sMi )k(HM
k ϕ

i
(γM )k , ϕ

j
(γM )k

)SM (sMj )k = σ2
k

(
(sM)k

)T
H̃M

(γM )k(s
M)k.

4.3.3. Finite-dimensional inexact Newton-like method

In this subsection we outline the procedure to compute the node vector of a descent
direction candidate based on the symmetric directional derivative d±̂′(γ, γ̃), compare
(3.6.8). Therefore we write down discrete versions of the state sensitivity equation
(3.5.2) and the adjoint state sensitivity equation (3.5.6). Then, we formulate a
discrete approximation of d±̂′(γ, γ̃) given in Theorem 3.5.3. This is carried out with
two simplifications: On the one hand we neglect the terms l±1 (v̂, f, γ, γ̃) in (3.5.2)
and l±2 (v̂, ud, γ, γ̃,ΩT ) in (3.5.6) in our approximation, on the other hand we use the
same ansatz functions, namely (v̂N ,HM) ∈ ÛN × HM

I , for the test functions as in
the discrete state equation from Subsection 4.1.3.
The discrete versions of the state sensitivity equation (3.5.2) and the adjoint state
sensitivity equation (3.5.6) read as follows: For γM ∈ SMI , ΩT = Ω̂, let (ûNγM ,G

M
γM ) ∈

ÛN ×HM
I be the solution of (4.1.2) and (λ̂NγM ,M

M
γM ) ∈ ÛN ×HM

I be the solution of

(4.1.2). Then, for given γ̃M ∈ S ′γM find (δ±
γ̃M
ûNγM , δ

±
γ̃M
GMγM ) ∈ ÛN ×HM

I such that

(∇δ±
γ̃M
ûNγM ,∇v̂

N)L2(Ω̂)2 − 〈δ±γ̃MG
M
γM , TγM v̂

N〉H∗I ,HI

=

∫
I

GMγM (t)∇v̂N(γM(t))T γ̃M(t) dt, ∀v̂N ∈ ÛN ,

− 〈HM , TγM δ±γ̃M û
N
γM 〉H∗I ,HI =

1

2

∫
I

HM(t)GMγM (t)
γ̃M(t)TnγM (t)

‖γ̇M(t)‖2

dt, ∀HM ∈ HM
I .

As well, find (δ±
γ̃M
λ̂NγM , δ

±
γ̃M
MM

γM ) ∈ ÛN ×HM
I such that

(∇δ±
γ̃M
λ̂NγM ,∇v̂

N)L2(Ω̂)2 − 〈δ±γ̃MM
M
γM , TγM v̂

N〉H∗I ,HI

=

∫
I

MM
γM (t)∇v̂N(γM(t))T γ̃M(t) dt+

∫
Ω̂

δ±
γ̃M
ûNγM (x)v̂N(x) dx, ∀v̂N ∈ ÛN ,

− 〈HM , TγM δ±γ̃M λ̂
N
γM 〉H∗I ,HI =

1

2

∫
I

HM(t)MM
γM (t)

γ̃M(t)TnγM (t)

‖γ̇M(t)‖2

dt, ∀HM ∈ HM
I .
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Moreover, let the function d±̂(N,M)′(γM , γ̃M) : S ′γM → R, with

〈d±̂(N,M)′(γM , γ̃M), γ̄M〉(SM )∗,SM

=

∫
I

(δ±
γ̃M
GMγM (t)MM

γM (t) + GMγM (t)δ±
γ̃M
MM

γM (t))
γ̄M(t)T~nγM (t)

‖γ̇M(t)‖2

dt

+

∫
I

GMγM (t)MM
γM (t)

γ̄M(t)T
(
~nγ̃M (t)− 2~nγM (t)~nγM (t)T~nγ̃M (t)

)
‖ ˙̃γM(t)‖2

‖γ̇M(t)‖2
2

dt,

∀γ̄M ∈ S ′γM ,

denote the discrete approximation of the symmetric directional derivative d±̂′(γ, γ̃)
(which itself is an approximation of operator-vector-products ̂′′(γ)γ̃).
In view of (3.6.8), the equation (4.3.1) in Algorithm 4.3.1 leads to the following
system of equations:

〈d±̂(N,M)′((γM)k, (sM)k), ϕj
(γM )k

〉(SM )∗,SM

= −〈̂(N,M)′((γM)k), ϕj
(γM )k

〉(SM )∗,SM , j = 2, . . . ,M − 1. (4.3.8)

Now, we define the vectors

dJ (N,M)
1 (γM)(γ̃M) :=

 〈d
±̂(N,M)′(γM , γ̃M),

(
1
0

)
BM

2 〉(SM )∗,SM

...
〈d±̂(N,M)′(γM , γ̃M),

(
1
0

)
BM
M−1〉(SM )∗,SM

 ∈ RM−2,

dJ (N,M)
2 (γM)(γ̃M) :=

 〈d
±̂(N,M)′(γM , γ̃M),

(
0
1

)
BM

2 〉(SM )∗,SM

...
〈d±̂(N,M)′(γM , γ̃M),

(
0
1

)
BM
M−1〉(SM )∗,SM

 ∈ RM−2,

similar to the case of the first derivative, cf Subsection 4.2.3. Then, as in (4.2.4) we
obtain the vector

dJ (N,M)

γM
(γ̃M) :=

 〈d
±̂(N,M)′(γM , γ̃M), ϕ2

γM 〉(SM )∗,SM

...
〈d±̂(N,M)′(γM , γ̃M), ϕM−1

γM
〉(SM )∗,SM

 ∈ RM−2

= dJ (N,M)
1 (γM)(γ̃M) ◦ ηM1 (γM) + dJ (N,M)

2 (γM)(γ̃M) ◦ ηM2 (γM).

Finally, with the definition of the mapping

K̃M
γM : RM−2 → S ′γM → RM−2 (4.3.9)

γ̃M 7→ γ̃M 7→ dJ (N,M)

γM
(γ̃M), (4.3.10)
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the system of equations (4.3.8) can be rewritten as

K̃M
(γM )k(s

M
(γM )k) = −J (N,M)

(γM )k
. (4.3.11)

Iterative methods which can handle operator-vector-products K̃M
(γM )k

(γ̃M) are applied

to solve (4.3.11) numerically. We summarize that at the kth iterate (γM)k we have
to solve the discrete state and adjoint equation once. Then, for each operator-vector-
product K̃M

(γM )k
(γ̃M) we have to solve the discrete state sensitivity and adjoint state

sensitivity equation once.

85



5. Numerical experiments

5.1. Discrete fictitious domain formulation

We study the stability of the linear system (4.1.3) by numerical experiments. Given a
fixed discretization parameter N , we compute the numerical solutions (ûNγM ,G

M
γM ) ∈

V̂ N × HM for different values of M . With increasing values of M we improve the
approximation γM of γ, but we observe escalating oscillations of the Lagrange mul-
tiplier GMγM , see Figure 5.1, cf. [KP01].

Figure 5.1.: The Lagrange multiplier GMγM for a fixed parameter N and different values
of M .

As presented in Figure 5.2, the oscillations of GMγM do not only depend on the ratio

of N and M , but also on the intersection configuration of γM with the underlying
mesh for ûNγM .

In general, for γ ∈ Sad the exact solution (ûγ,Gγ) is not known, although we
can easily construct an exact solution in the case where Γγ is the graph of a given
function, or γ is a closed curve. According to [HPUU08] we compute alternatively a
reference solution (ûN̄d ,GM̄d ) := (ûN̄

γM̄
,GM̄

γM̄
) on a fine grid where no oscillations of Gd

occur (N̄ = 212 + 1 = 4097 and M̄ = 28 + 1 = 257). Then we evaluate the errors
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Figure 5.2.: Numerical solutions (ûNγM ,G
M
γM ) where γM intersects the underlying mesh

in different angels.

(a) N = 65, M = 5 (b) N = 257, M = 17 (c) N = 1025, M = 65

Figure 5.3.: Error functions ûN̄d − ûNγM on different discretization levels.

‖ûN̄d − ûNγM‖ and ‖GM̄d −GMγM‖ for different norms. The error ûN̄d − ûNγM is maximal in
the neighborhood of ΓγM , see Figure 5.3.
In the following we introduce the Experimental Order of Convergence (EOC). For
a function w and its numerical approximation wh we assume an error estimation of
the form ‖wh − w‖ ≤ Chα in an appropriate norm ‖ · ‖ with a convergence rate α.
Now we can estimate the convergence rate α via

α ≈ EOCw(h1, h2) :=
log(‖wh1 − w‖)− log(‖wh2 − w‖)

log(h1)− log(h2)
, (5.1.1)

where wh1 and wh2 denote two numerical solutions for different discretization param-
eters h1 and h2. We use the abbreviations EwL2 for the error in the L2-norm, Ewsup

for the error in the L∞-norm and Ewsem for the error in the H1-seminorm.
In Table 5.1 and Table 5.2 we present the EOCs of the state variables ûNγM and GMγM
for two different examples of γM .
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N M Eu
L2 EOC Eusup EOC Eusem EOC EG

L2
EOC EGsup EOC

257 17 0.002191 - 0.008606 - 0.190050 - 0.4966 - 3.1315 -
513 33 0.001031 1.087 0.003072 1.486 0.128437 0.565 0.2615 0.925 1.9227 0.704

1025 65 0.000443 1.219 0.001326 1.212 0.083734 0.617 0.1330 0.975 1.0420 0.884
2049 129 0.000148 1.584 0.000569 1.222 0.048260 0.795 0.0616 1.111 0.4235 1.299

∅ 1.297 1.307 0.659 1.004 0.962

129 17 0.004571 - 0.013572 - 0.273752 - 0.5096 - 3.2372 -
257 33 0.002218 1.043 0.006560 1.049 0.188423 0.539 0.2702 0.915 2.0029 0.693
513 65 0.001035 1.099 0.003143 1.061 0.128101 0.557 0.1423 0.925 1.0971 0.868

1025 129 0.000444 1.222 0.001399 1.168 0.083671 0.614 0.0769 0.889 0.4424 1.310

∅ 1.122 1.093 0.570 0.910 0.957

65 17 0.009383 - 0.026943 - 0.395202 - 0.5398 - 3.4111 -
129 33 0.004598 1.029 0.013459 1.001 0.272786 0.535 0.2852 0.921 2.1064 0.695
257 65 0.002222 1.049 0.006597 1.029 0.188227 0.535 0.1506 0.921 1.1602 0.860
513 129 0.001036 1.101 0.003125 1.078 0.128065 0.556 0.0832 0.856 0.5039 1.203

∅ 1.060 1.036 0.542 0.899 0.920

Table 5.1.: Errors and EOCs for ûNγM and GMγM (first Example).

N M Eu
L2 EOC Eusup EOC Eusem EOC EG

L2
EOC EGsup EOC

257 17 0.030079 - 0.179247 - 0.979726 - 3.0322 - 18.1031 -
513 33 0.007580 1.989 0.072414 1.308 0.469020 1.063 1.7365 0.804 12.5769 0.525

1025 65 0.001902 1.995 0.024563 1.560 0.214587 1.128 0.8847 0.973 7.0653 0.832
2049 129 0.000410 2.213 0.006368 1.948 0.090080 1.252 0.4087 1.114 2.8637 1.303

∅ 2.066 1.605 1.148 0.964 0.887

129 17 0.030286 - 0.176336 - 0.962182 - 3.0521 - 18.4418 -
257 33 0.007841 1.950 0.070859 1.315 0.455037 1.080 1.7513 0.801 12.9625 0.509
513 65 0.002102 1.899 0.023602 1.586 0.218911 1.056 0.8893 0.978 7.0590 0.877

1025 129 0.000550 1.934 0.005682 2.055 0.110024 0.993 0.4110 1.114 2.9266 1.270

∅ 1.927 1.652 1.043 0.964 0.885

65 17 0.031141 - 0.168331 - 0.954532 - 3.1496 - 19.8796 -
129 33 0.008515 1.871 0.067720 1.314 0.469079 1.025 1.7697 0.832 13.2528 0.585
257 65 0.002707 1.653 0.021456 1.658 0.247158 0.924 0.9127 0.955 7.6771 0.788
513 129 0.000956 1.502 0.004863 2.141 0.148968 0.730 0.4341 1.072 3.2172 1.255

∅ 1.675 1.704 0.893 0.953 0.876

Table 5.2.: Errors and EOCs for ûNγM and GMγM (second Example).

5.2. Discrete shape optimization examples

5.2.1. Comparison of different descent directions

The crucial step in Algorithm 4.3.1 is the choice of the operator HM
k ∈ L(SM) and

the computation of the resulting descent direction (sM)k ∈ S ′
(γM )k

. In the following
example we compare and discuss the descent directions presented in Subsections
4.3.1-4.3.3.
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(a) Desired state ûN̄d . (b) Initial state ûNγ0 (c) Ωγd and Ωγ0

Figure 5.4.: Desired state ûN̄d (left) and initial state ûNγ0 (right) from Example 5.2.1.

Example 5.2.1. Let

γ(t) =

(
t+

1

4
sin(2πt), 0.64− 3

10
t+

1

6
sin(2πt)

)T
and f(x, y) = 40. For N̄ = 212 + 1 = 4097 and M̄ = 28 + 1 = 257 we compute an
approximation γd := γM̄d of γ and a reference solution (ûN̄d ,GM̄d ) := (ûN̄

γM̄d
,GM̄

γM̄d
), which

serve as the desired shape and the desired state in our optimization problem. The
optimization process is performed with N = 210 + 1 = 1025 and M = 26 + 1 = 65.
As an initial guess γ0 we use

γ0(t) =
M∑
i=1

~γMi B
M
i (t), ~γMi = (γ(1)− γ(0))ti + γ(0), i = 1, . . . ,M.

which is just the straight line between the points γ(0) and γ(1). With γ0 we compute
the initial solution (ûNγ0 ,GMγ0 ). The desired state ûN̄d and the initial state ûNγ0 as well
as the desired shape Ωγd and the initial shape Ωγ0 are visualized in Figure 5.4.
In the first test we study the Algorithm 4.3.1 using the steepest descent direction
computed via (4.3.3) (see Figure 5.5). Starting with the initial curve γ0 the algorithm
produces a sequence of curves {γk} that converges to the desired shape γd.
In each iteration step we have to solve the state and the adjoint state equation. Since
N ≈ 24M we obtain non-oscillating Lagrange multipliers GM

γk
,MM

γk
in each iteration.

These functions can be seen in the left column of Figure 5.5 for selected iteration
numbers k (GM

γk
in blue, MM

γk
in red). With GM

γk
and MM

γk
we compute the derivative

̂(N,M)′(γk) and the gradient ∇̂(N,M)(γk). As illustrated in the middle column of
Figure 5.5 we plot a piecewise linear function interpolating the points(

tj,
(
J (N,M)

γk

)
j

)
, j = 2, . . . ,M − 1, (5.2.1)
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(blue curve) and a piecewise linear function interpolating the points(
(tj,
(
dMγk
)
j

)
, j = 2, . . . ,M − 1, (5.2.2)

(red curve) to visualize the derivative ̂(N,M)′(γk) and the gradient ∇̂(N,M)(γk), re-
spectively. We observe that the points in (5.2.1) are sensitively dependent from the
Lagrange multipliers. Instabilities in the Lagrange multipliers are immediately car-
ried over to the coefficients in J (N,M)

γk
. Nevertheless, occurring roughness in (5.2.1)

is smoothed out in (5.2.2).
Eventually, in the right column of Figure 5.5 the desired shape γd (red curve) is shown
together with the k-th iterate γk (blue curve). According to the descent direction, the
arrows indicate the direction of the movement from γk to the next iterate γk+1.
It turns out that the steepest descent direction is very inefficient. We obtain a small
decrease of the values ̂(N,M)(γk) in each step and a slow convergence of γk to γd. Af-
ter 8015 iterations, the optimization process terminates due to the stopping condition

‖γ8014 − γ8015‖∞ ≤
√

10−12(1 + ‖γ8015‖∞).

Next, we discuss the application of the BFGS quasi-Newton descent direction, which
we obtain by the update formula (4.3.4). The BFGS quasi-Newton method approx-
imates the Newton descent direction, but it avoids to evaluate the second derivative
directly. Since the BFGS method performs well in practice, it is commonly used in
the optimization community. In our example, using the BFGS descent direction, we
observe a major improvement with respect to the convergence rate in comparison to
the steepest decent method. We emphasize that the matrix H̃M

(γM )k
in (4.3.6) can

be evaluated exactly without large numerical effort. The algorithm stops after 116
iterations with

‖γ115 − γ116‖∞ ≤
√

10−12(1 + ‖γ116‖∞).

The BFGS method stops at a function value of ̂(N,M)(γ116) ≈ 2.41 · 10−7.
Regarding the iteration number and the decrease of the function value we can do bet-
ter, if we use an inexact Newton-like method, which we will describe in the following.
In this method we obtain the descent direction by solving the system (3.6.9) itera-
tively, and therefore only approximately. In our computation the iteration stops if
the relative residual achieves

‖rk‖S
‖∇̂(γk)‖S

≤ 0.1. (5.2.3)

Naturally, we need a sufficiently good initial guess γ0 to obtain a convergent inexact
Newton-like method. In our example we cannot compute the inexact Newton-like
descent direction for the given starting curve γ0. Hence, we have to perform six
BFGS quasi-Newton steps until the algorithm switches to inexact Newton-like steps.

90



Figure 5.5.: Numerical results for Example 5.2.1 (Gradient method). Left column:
Lagrange multipliers Gγk (blue) and Mγk (red). Middle column: Visu-
alization of the Fréchet-derivative (blue) and the gradient (red). Right
column: shape of the k-th iterate γk (blue) and the desired shape γd
(red).
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Figure 5.6.: Numerical results for Example 5.2.1 (BFGS quasi-Newton method).
Left column: Lagrange multipliers Gγk (blue) and Mγk (red). Middle
column: Visualization of the Fréchet-derivative (blue) and the gradient
(red). Right column: shape of the k-th iterate γk (blue) and the desired
shape γd (red).
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Figure 5.7.: Numerical results for Example 5.2.1 (Inexact Newton-like method).
Left column: Lagrange multipliers Gγk (blue) and Mγk (red). Middle
column: Visualization of the Fréchet-derivative (blue) and the gradient
(red). Right column: shape of the k-th iterate γk (blue) and the desired
shape γd (red).
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At a total number of 22 iterations the optimization process terminates at ̂(N,M)(γ22) ≈
1.28 · 10−7 with

‖γ21 − γ22‖∞ ≤
√

10−12(1 + ‖γ22‖∞).

In Figure 5.8, the convergence history of all three methods can be seen.

Figure 5.8.: Convergence history for the Gradient descent method, the BFGS quasi-
Newton method and the inexact Newton-like method performed in Ex-
ample 5.2.1

5.2.2. Convergence behavior of the control variable γ

In the following example we analyze the convergence behavior of the control variable
γ.

Example 5.2.2. Let
γ(t) = (γ1(t), γ2(t))T ,

where γ1 is the one-dimensional cubic spline for the data

X =

(
0,

1

7
,
2

7
,
3

7
,
4

7
,
5

7
,
6

7
, 1

)
, Y ≈ (0.00, 0.27, 0.46, 0.35, 0.40, 0.75, 0.68, 1.00),

and γ2 is the one-dimensional cubic spline for the data

X =

(
0,

1

7
,
2

7
,
3

7
,
4

7
,
5

7
,
6

7
, 1

)
, Y ≈ (0.69, 0.73, 0.67, 0.39, 0.06, 0.23, 0.49, 0.64),

and f(x, y) = 46.
As in Example 5.2.1, we compute a desired shape γd := γM̄d and a desired state
(ûN̄d ,GM̄d ) := (ûN̄

γM̄d
,GM̄

γM̄d
) for N̄ = 212 + 1 = 4097 and M̄ = 28 + 1 = 257.
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Figure 5.9.: Convergence histories for the inexact Newton-like method performed in
Example 5.2.2 for different discretization levels (Ml, Nl).

The optimization process is performed with the inexact Newton-like method for dif-
ferent discretization parameters Nl, Ml:

Level l: Nl = 26+l + 1,Ml = 22+l + 1, l = 1, 2, 3, 4. (5.2.4)

As an initial guess γ0 in all discretization levels we use again the straight line be-
tween the points γ(0) and γ(1). On all discretization levels only inexact Newton-like
steps are performed. No BFGS quasi-Newton steps were necessary to obtain suitable
descent in the beginning of the optimization process. The convergence histories for
the state and control are given in Figure 5.9. The convergence behavior of the inexact
Newton-like method for level 4 is presented in Table 5.3. The evolution of the shapes
for level 4 are visualized in Figure 5.10 and Figure 5.11.
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k ̂(N,M)(γk) ‖∇̂(N,M)(γk)‖S ‖sk‖∞ cgIt cgRelRes #S

0 2.1416128117E-02 3.0755351744E-02 7.781E-02 6 8.95E-02 27
1 1.7732189968E-02 2.0003957380E-02 2.789E-02 2 7.49E-02 38
2 1.6306948087E-02 9.5475986532E-03 2.979E-02 4 9.18E-02 57
3 1.5444428148E-02 7.8407829933E-03 3.113E-02 3 8.54E-02 72
4 1.4773879911E-02 4.9484075880E-03 2.967E-02 4 8.69E-02 91
5 1.4216280172E-02 4.3811871065E-03 3.300E-02 4 7.95E-02 110
6 1.3619236803E-02 4.0104701774E-03 3.545E-02 4 8.91E-02 129
7 1.2915677921E-02 4.2285894581E-03 3.755E-02 4 8.80E-02 148
8 1.2035071531E-02 4.9210464706E-03 4.281E-02 4 8.03E-02 167
9 1.0837916318E-02 5.9947471664E-03 4.157E-02 4 7.05E-02 186

10 9.3261122301E-03 7.3238034484E-03 4.192E-02 4 7.27E-02 205
11 7.5589990926E-03 7.9718500540E-03 4.262E-02 4 7.79E-02 224
12 5.5808323592E-03 8.9373701530E-03 4.093E-02 3 9.80E-02 239
13 3.7161643106E-03 8.6474820934E-03 3.825E-02 4 7.34E-02 258
14 2.0589778655E-03 7.3866393202E-03 4.089E-02 4 7.18E-02 277
15 8.8084920620E-04 4.9707172447E-03 3.095E-02 4 8.25E-02 296
16 3.1672775257E-04 2.7260369279E-03 2.222E-02 5 7.09E-02 319
17 9.9448247441E-05 1.3578309042E-03 1.663E-02 5 9.33E-02 342
18 2.8609233634E-05 5.6663371914E-04 1.176E-02 8 7.88E-02 377
19 6.1057836691E-06 2.1059779195E-04 7.206E-03 11 9.16E-02 424
20 3.0829407738E-06 3.8114505727E-04 1.114E-03 4 9.21E-02 443
21 1.2316970066E-06 3.9103851689E-05 4.566E-03 20 9.62E-02 526
22 2.5686115786E-07 7.2813779299E-05 2.888E-04 4 9.01E-02 545
23 2.4052865614E-07 6.9376401137E-06 1.547E-03 34 9.54E-02 684
24 1.7890994530E-07 8.1124518436E-06 5.551E-05 7 9.35E-02 755
25 1.7890994530E-07 8.1124518436E-06 5.551E-05 7 9.35E-02 830
26 1.7890994530E-07 8.1124518436E-06

Table 5.3.: The convergence behavior of the inexact Newton-like method from Ex-
ample 5.2.2.
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Figure 5.10.: Numerical results for Example 5.2.2. The snapshots are taken at iter-
ation numbers k = 0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 21, 26.
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Figure 5.11.: Numerical results for Example 5.2.2. The snapshots are taken at iter-
ation numbers k = 0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 21, 26.
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A. Discretization: detailed
calculations

A.1. Knots and elements on Ω̂ and I

For the numerical realization the elements Qi and the mesh points (xi, yi) are num-
bered as you see in Figure A.1. Create an index matrix with all mesh point numbers

i allN :=


1 N + 1 · · · (N − 1)N + 1
2 N + 2 · · · (N − 1)N + 2
...

...
. . .

...
N 2N · · · N2


and an element matrix with the mesh point numbers for each element

ETN :=



1 N + 1 N + 2 2
2 N + 2 N + 3 3
...

...
...

...
N − 1 2N − 1 2N N
N + 1 2N + 1 2N + 2 N + 2

...
...

...
...

2N − 1 3N − 1 3N 2N
...

...
...

...
...

...
...

...
(N − 2)N + 1 (N − 1)N + 1 (N − 1)N + 2 (N − 2)N + 2

...
...

...
...

(N − 1)N − 1 N2 − 1 N2 (N − 1)N
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Figure A.1.: Numbering of Knots and Elements

A.2. Assembly of the finite element stiffness matrix
ÂN

The goal of this section is to assemble the finite element stiffness matrix ÂN := (âNij )
with

âNij :=

∫
Ω̂

∇ΦN
i (x, y)T∇ΦN

j (x, y) d(x, y), i, j = 1, . . . , N2.

In the first place we define a square reference element Q̂ with coordinates

(x̂1, ŷ1) := (−1,−1), (x̂2, ŷ2) := ( 1,−1),

(x̂3, ŷ3) := ( 1, 1), (x̂4, ŷ4) := (−1, 1),

and basis shape functions on Q̂:

φ̂1(x̂, ŷ) :=
1

4
(x̂− 1)(ŷ − 1), ∇φ̂1(x̂, ŷ) =

1

4

(
ŷ − 1
x̂− 1

)
,

φ̂2(x̂, ŷ) := −1

4
(x̂+ 1)(ŷ − 1), ∇φ̂2(x̂, ŷ) = −1

4

(
ŷ − 1
x̂+ 1

)
,

φ̂3(x̂, ŷ) :=
1

4
(x̂+ 1)(ŷ + 1), ∇φ̂3(x̂, ŷ) =

1

4

(
ŷ + 1
x̂+ 1

)
,

φ̂4(x̂, ŷ) := −1

4
(x̂− 1)(ŷ + 1), ∇φ̂4(x̂, ŷ) = −1

4

(
ŷ + 1
x̂− 1

)
.

Let Qj ⊂ Ω̂ be a Quadrilateral element with coordinates: (xj1, y
j
1), (xj2, y

j
2), (xj3, y

j
3),

(xj4, y
j
4), then we define
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Fj : Q̂→ Qj, (x̂, ŷ) 7→
4∑

k=1

(
xjk
yjk

)
φ̂k(x̂, ŷ)

with

(Fj)1(x̂, ŷ) =
1

4

(
xj1(x̂− 1)(ŷ − 1)− xj2(x̂+ 1)(ŷ − 1)

+ xj3(x̂+ 1)(ŷ + 1)− xj4(x̂− 1)(ŷ + 1)
)

1 =
1

4

(
−2xj1(x̂− 1) + 2xj2(x̂+ 1)

)
=
xj2 − x

j
1

2
x̂+

xj2 + xj1
2

and

(Fj)2(x̂, ŷ) =
yj3 − y

j
2

2
ŷ +

yj3 + yj2
2

For the inverse mapping

F−1
j : Q→ Q̂, (x, y) 7→ F−1

j (x, y)

of Fj we obtain

(F−1
j )1(x, y) =

1

xj2 − x
j
1

(
2x− xj1 − x

j
2

)
,

(F−1
j )2(x, y) =

1

yj3 − y
j
2

(
2y − yj2 − y

j
3

)
.

With the help of F−1
j and the basis shape functions on Q̂ we define basis functions

φjk,

φjk(x, y) := φ̂k(F
−1
j (x, y)), k = 1, 2, 3, 4,

on the quadrilateral element Qj. We obtain

φ̂k(x̂, ŷ) = φjk(Fj(x̂, ŷ))⇒ ∇φ̂k(x̂, ŷ) =
(
F ′j(x̂, ŷ)

)T ∇φjk(Fj(x̂, ŷ))

⇒ ∇φjk(Fj(x̂, ŷ)) =
(
F ′j(x̂, ŷ)

)−T ∇φ̂k(x̂, ŷ).

1xj1 = xj4, xj2 = xj3
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Furthermore we calculate

F ′j(x̂, ŷ) =
4∑

k=1

(
xjk
yjk

)
φ̂′k(x̂, ŷ) =

(
xj2−x

j
1

2
0

0
yj3−y

j
2

2

)

and with hN = xj2 − x
j
1 = yj3 − y

j
2 we obtain

F ′j(x̂, ŷ) =
hN

2

(
1 0
0 1

)
, F ′j(x̂, ŷ)−1 =

2

hN

(
1 0
0 1

)
,

and

det(F ′j(x̂, ŷ)) =
(hN)2

4
, F ′j(x̂, ŷ)−1F ′j(x̂, ŷ)−T =

4

(hN)2

(
1 0
0 1

)
(A.2.1)

Now we are able to calculate the local stiffness matrix ÂNloc :=
(
(âNloc)kl

)
with

(âNloc)kl :=

∫
Qj

∇φjk(x, y)T∇φjl (x, y) d(x, y), k, l = 1, 2, 3, 4,

by transforming the integrals to the reference element Q̂ and using the upper results.
As we will see, the outcome is independent of Qj and j:∫
Qj=Fj(Q̂)

∇φjk(x, y)T∇φjl (x, y) d(x, y)

=

∫
Q̂

∇φjk(Fj(x̂, ŷ))T∇φjl (Fj(x̂, ŷ))
∣∣det(F ′j(x̂, ŷ))

∣∣ d(x̂, ŷ)

=

∫
Q̂

((
F ′j(x̂, ŷ)

)−T ∇φ̂k(x̂, ŷ)
)T ((

F ′j(x̂, ŷ)
)−T ∇φ̂l(x̂, ŷ)

) ∣∣det(F ′j(x̂, ŷ))
∣∣ d(x̂, ŷ)

=

∫
Q̂

∇φ̂k(x̂, ŷ)T
4

(hN)2

(
1 0
0 1

)
∇φ̂l(x̂, ŷ)

(hN)2

4
d(x̂, ŷ)

=

∫
Q̂

∇φ̂k(x̂, ŷ)T∇φ̂l(x̂, ŷ) d(x̂, ŷ)
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For k = l = 1 we obtain∫
Q̂

∇φ̂1(x̂, ŷ)T∇φ̂1(x̂, ŷ) d(x̂, ŷ) =
1

16

∫ 1

−1

∫ 1

−1

(
ŷ − 1
x̂− 1

)T (
ŷ − 1
x̂− 1

)
dx̂ dŷ

=
1

16

∫ 1

−1

∫ 1

−1

(ŷ − 1)2 + (x̂− 1)2 dx̂ dŷ

=
1

16
· 2(1− (−1))

∫ 1

−1

(x̂− 1)2 dx̂

=
1

4

[
1

3
(x̂− 1)3

]1

−1

=
2

3
,

for k = 1, l = 2 we have∫
Q̂

∇φ̂1(x̂, ŷ)T∇φ̂2(x̂, ŷ) d(x̂, ŷ) = − 1

16

∫ 1

−1

∫ 1

−1

(
ŷ − 1
x̂− 1

)T (
ŷ − 1
x̂+ 1

)
dx̂ dŷ

= − 1

16

∫ 1

−1

∫ 1

−1

(ŷ − 1)2 + (x̂2 − 1) dx̂ dŷ

= − 1

16

(
2

(
0−

(
−8

3

))
+ 2

(
−2

3
− 2

3

))
= −1

6
,

and for k = 1, l = 3 we find∫
Q̂

∇φ̂1(x̂, ŷ)T∇φ̂3(x̂, ŷ) d(x̂, ŷ) =
1

16

∫ 1

−1

∫ 1

−1

(
ŷ − 1
x̂− 1

)T (
ŷ + 1
x̂+ 1

)
dx̂ dŷ

=
1

16

∫ 1

−1

∫ 1

−1

(ŷ2 − 1) + (x̂2 − 1) dx̂ dŷ

=
1

16

(
2

(
−2

3
− 2

3

)
+ 2

(
−2

3
− 2

3

))
= −1

3
.

This leads to the following algorithm to assemble the stiffness matrix ÂN

Algorithm A.2.1.

1: function assembleStiffnessMatrix(N ,ETN)

2: ÂNloc ← 1
6


4 −1 −2 −1
−1 4 −1 −2
−2 −1 4 −1
−1 −2 −1 4


3: ÂN ← sparse(N2, N2)
4: for i← 1, 4 do
5: for j ← 1, 4 do
6: ÂN ← ÂN + sparse(ETN(:, i), ETN(:, j), ÂNloc(i, j), N

2, N2)
7: end for
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8: end for
9: return ÂN

10: end function

A.3. Assembly of the finite element mass matrix B̂N

To assemble the global mass matrix, we proceed as in the last section. We calculate

the local mass matrix B̂N
loc :=

(
(b̂Nloc)kl

)
with

(b̂Nloc)kl :=

∫
Qj

φjk(x, y)φjl (x, y) d(x, y), k, l = 1, 2, 3, 4,

and transform these integrals to the reference element Q̂. We obtain∫
Qj=Fj(Q̂)

φjk(x, y)φjl (x, y) d(x, y)

=

∫
Q̂

φjk(Fj(x̂, ŷ))φjl (Fj(x̂, ŷ))
∣∣det(F ′j(x̂, ŷ))

∣∣ d(x̂, ŷ)

=
(hN)2

4

∫
Q̂

φ̂k(x̂, ŷ)φ̂l(x̂, ŷ) d(x̂, ŷ)

For k = l = 1 we have

(hN)2

4

∫
Q̂

φ̂1(x̂, ŷ)φ̂1(x̂, ŷ) d(x̂, ŷ) =
(hN)2

4
· 1

16

∫ 1

−1

∫ 1

−1

(x̂− 1)2(ŷ − 1)2 dx̂ dŷ

=
(hN)2

4
· 1

16

∫ 1

−1

(x̂− 1)2

[
1

3
(ŷ − 1)3

]1

ŷ=−1

dx̂

=
(hN)2

4
· 1

16
· 8

3

[
1

3
(x̂− 1)3

]1

x̂=−1

=
(hN)2

4
· 1

16
· 8

3
· 8

3
=

(hN)2

36
· 4,
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for k = 1, l = 2 we obtain

(hN)2

4

∫
Q̂

φ̂1(x̂, ŷ)φ̂2(x̂, ŷ) d(x̂, ŷ) =
(hN)2

4
·
(
− 1

16

)∫ 1

−1

∫ 1

−1

(x̂− 1)2(ŷ2 − 1) dx̂ dŷ

=
(hN)2

4
·
(
− 1

16

)∫ 1

−1

(x̂− 1)2

[
1

3
ŷ3 − ŷ

]1

ŷ=−1

dx̂

=
(hN)2

4
·
(
− 1

16

)
·
(
−4

3

)[
1

3
(x̂− 1)3

]1

x̂=−1

=
(hN)2

4
·
(
− 1

16

)
·
(
−4

3

)
· 8

3
=

(hN)2

36
· 2,

and for k = 1, l = 3 we have

(hN)2

4

∫
Q̂

φ̂1(x̂, ŷ)φ̂3(x̂, ŷ) d(x̂, ŷ) =
(hN)2

4
· 1

16

∫ 1

−1

∫ 1

−1

(x̂2 − 1)(ŷ2 − 1) dx̂ dŷ

=
(hN)2

4
· 1

16

(
−4

3

)∫ 1

−1

(x̂2 − 1) dx̂

=
(hN)2

4
· 1

16

(
−4

3

)(
−4

3

)
=

(hN)2

36
.

This leads to

B̂N
loc =

(hN)2

36


4 2 1 2
2 4 2 1
1 2 4 2
2 1 2 4


and an algorithm analogously to Algorithm A.2.1.

A.4. Assembly of the trace matrix TN,M
γM

In this section we assemble the trace matrix TN,M
γM

=
(
tN,Mij

)
with

tN,Mij := 〈χMi , TγMΦN
j 〉H∗I ,HI

=

∫
I

χMi (t)ΦN
j (γM(t)) dt, i = 1, . . . ,M − 1, j = 1, . . . , N2.

Therefore, we consider a subdivision of the parameter interval I =
⋃
i=1 J̄i with

intervals Ji := (τi, τi+1) where

either ∃j : τi = tj, i.e. γM(τi) = γM(tj) = ~γMj

or γM(τi) is an intersection point of γM with the mesh (xj, yj).
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We determine all intersection points and store all τi in a vector

τN,M =
[
τ1 · · · τn isp

]
.

To assemble the trace matrix correctly we also store index vectors i ispN , i ispM ∈
R1×n isp−1 with the corresponding element numbers for elements Qk and Il respec-
tively. For the example in Figure A.2 we obtain

τN,M = [ 0.0 0.14 0.20 0.29 0.37 0.40 0.54 0.60 0.71 0.80 0.86 1.0 ],
i ispN = [ 4 9 9 14 13 13 12 12 17 17 22 ],
i ispM = [ 1 1 2 2 2 3 3 4 4 5 5 ].

For i = 1, . . . , n isp−1 let k = i ispM(i), l = i ispN(i). For j = 1, 2, 3, 4 we calculate
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Figure A.2.: Intersection Points of γM and the mesh and vertices ~γMj .

int isp(j, i) :=

∫
Ji

χMk (t)φlj(γ
M(t)) dt =

∫ τi+1

τi

φlj(γ
M(t)) dt.

By transforming these integrals to the interval (−1, 1), substituting the basis func-
tions φlj with the basis shape functions φ̂j and using Gauss-Legendre quadrature with
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ng Gauss nodes sn and weights wn, we obtain

int isp(j, i) =

∫ τi+1

τi

φlj(γ
M(t)) dt

=
τi+1 − τi

2

∫ 1

−1

φlj

(
γM
(
τi+1 − τi

2
s+

τi+1 + τi
2

))
ds

=
τi+1 − τi

2

∫ 1

−1

φ̂j

(
F−1
l

(
γM
(
τi+1 − τi

2
s+

τi+1 + τi
2

)))
ds

=
τi+1 − τi

2

ng∑
n=1

wnφ̂j

(
F−1
l

(
γM
(
τi+1 − τi

2
sn +

τi+1 + τi
2

)))
.

We are now in the position to assemble the trace matrix via

Algorithm A.4.1.

1: function assembleTraceMatrix(τN,M , i ispN , i ispM)
2: int isp← calcIntegralsTraceMatrix(τN,M , i ispN , i ispM)
3: TN,M

γM
← sparse(M − 1, N2)

4: for i← 1, 4 do
5: TN,M

γM
← TN,M

γM
+ sparse(i ispM , ETN(i ispN , i), int isp(i, :),M − 1, N2)

6: end for
7: return TN,M

γM

8: end function

A.5. Assembly of the vector F̂N,M

γM

Here, we assemble the vector F̂N,M
γM

= (f̂N,Mi ), i = 1, . . . , N2 with

f̂N,Mi :=

∫
Ω̂

f̃γM (x, y)ΦN
i (x, y) d(x, y), i = 1, . . . , N2,

which is one part of the right hand side of the discrete state equation. Therefore,
we calculate on each element Qi, i = 1, . . . , (N − 1)2, and for j = 1, 2, 3, 4∫

Qi

f̃γM (x, y)φij(x, y) d(x, y).

� Let i omgN,M be an index vector of element numbers i such that Qi are com-
pletely contained in ΩγM (cf. the red colored elements in Figure A.3). Then
we obtain∫

Qi

f̃γM (x, y)φij(x, y) d(x, y) =

∫
Qi

f(x, y)φij(x, y) d(x, y). (A.5.1)
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Figure A.3.: Red elements Qi, which are completely contained in ΩγM and Elements
Qi with yellow intersection areas Qi∩ΩγM and its blue marked centroids.

� Let i caaN,M be an index vector of element numbers i such that Qi are devided
by γM (cf. the elements with yellow intersection areas Qi∩ΩγM in Figure A.3).
Then we obtain∫

Qi

f̃γM (x, y)φij(x, y) d(x, y) =

∫
Qi∩Ω

γM

f(x, y)φij(x, y) d(x, y). (A.5.2)

� All integrals on the remainder elements equal zero.

First of all we approximate the integrals
∫
Qi
f(x, y)φij(x, y) d(x, y) on all elements Qi,

i = 1, . . . , (N − 1)2. This is obtained by Gauss-Legendre quadrature with ng Gauss
nodes (x̂n, ŷn) and weights wn, i.e.∫

Qi=Fi(Q̂)

f(x, y)φij(x, y) d(x, y) =

∫
Q̂

f(Fi(x̂, ŷ))φij(Fi(x̂, ŷ)) |det(F ′i (x̂, ŷ))| d(x̂, ŷ)

=
(hN)2

4

∫
Q̂

f(Fi(x̂, ŷ))φ̂j(x̂, ŷ) d(x̂, ŷ)

≈ (hN)2

4

ng∑
n=1

wnf(Fi(x̂n, ŷn))φ̂j(x̂n, ŷn)

=: int rhs(i, j)

The integrals in the matrix int rhs are independent of γM and have to be evaluated
only once before the optimization process starts. The integrals in (A.5.1) are then
accessed by int rhs(i omgN,M , j).
For an approximation of the integrals in (A.5.2) we calculate the areas Acaa(i) and
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the centroids (xcaa(i), ycaa(i)) of the polygonal intersection areas Qi∩ΩγM and define∫
Qi∩Ω

γM

f(x, y)φij(x, y) d(x, y) ≈ Acaa(i)f(xcaa(i), ycaa(i))φ
i
j(xcaa(i), ycaa(i))

=: int caa(i, j)

Finally we can assemble the vector F̂N,M
γM

via

Algorithm A.5.1.

1: function assembleRHS StateEquation(τN,M , i ispN , i ispM)
2: i caaN,M , Acaa, xcaa, ycaa ← calcCentroidAndArea()
3: int caa← calcIntegralsCentroidArea()
4: i omgN,M ← assembleKnots omg()
5: F̂N,M

γM
← zeros(N2, 1)

6: for i← 1, 4 do
7: F̂N,M

γM
← F̂N,M

γM
+ sparse(ETN(i caaN,M , i), 1, int caa(:, i), N2, 1)

8: +sparse(ETN(i omgN,M , i), 1, int rhs(i omgN,M , i), N2, 1)
9: end for

10: return F̂N,M
γM

11: end function

A.6. Assembly of the finite element stiffness matrix
AM and the finite element mass matrix BM

The goal of this section is to assemble the finite element stiffness matrix AM := (αMij )
with

αMij :=
(
ḂM
i , Ḃ

M
j

)
L2(I)

, i, j = 2, . . . ,M − 1.

Therefore we define a reference element Î := (−1, 1) and basis shape functions on Î:

b̂1(t̂) = −1

2

(
t̂− 1

)
,

˙̂
b1(t̂) = −1

2
,

b̂2(t̂) =
1

2

(
t̂+ 1

)
,

˙̂
b2(t̂) =

1

2
.

For the j-th subinterval Ij = (tj, tj+1) we define

Gj : Î → Ij, t̂ 7→ tj b̂1(t̂) + tj+1b̂2(t̂) =
tj+1 − tj

2
t̂+

tj+1 + tj
2

,

G−1
j : Ij → Î , t 7→ G−1

j (t) =
1

tj+1 − tj
(2t− tj − tj+1) .
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With the help of G−1
j and the basis shape functions on Î we define basis functions

bjk,

bjk(t) := b̂k(G
−1
j (t)), k = 1, 2,

on the subinterval Ij = (tj, tj+1). We obtain

b̂k(t̂) = bjk(Gj(t̂)) =⇒ ˙̂
bk(t̂) = Ġj(t̂)ḃ

j
k(Gj(t̂)).

We calculate the local stiffness matrix AMloc :=
(
(αMloc)kl

)
with

(αMloc)kl :=

∫
Ij=Gj(Î)

ḃjk(t)ḃ
j
l (t) dt

=

∫
Î

ḃjk(Gj(t̂))ḃ
j
l (Gj(t̂))Ġj(t̂) dt̂

=

∫
Î

˙̂
bk(t̂)

˙̂
bl(t̂)

Ġj(t̂)
dt̂

=
2

tj+1 − tj

∫
Î

˙̂
bk(t̂)

˙̂
bl(t̂) dt̂.

For k = l = 1 we obtain

2

tj+1 − tj

∫
Î

˙̂
b1(t̂)

˙̂
b1(t̂) dt̂ =

2

tj+1 − tj
1

4

∫ 1

−1

dt̂ =
2

tj+1 − tj
1

2
,

and for k = 1, l = 2 we have

2

tj+1 − tj

∫
Î

˙̂
b1(t̂)

˙̂
b2(t̂) dt̂ =

2

tj+1 − tj

(
−1

4

)∫ 1

−1

dt̂ =
2

tj+1 − tj

(
−1

2

)
.

This leads to the following algorithm to assemble the stiffness matrix AM

Algorithm A.6.1.

1: function assembleStiffnessMatrixM(M)
2: hM ← 1

M−1

3: ETM ← [(1 : NG− 1)′, (2 : NG)′]

4: AMloc ← 1
hM

(
1 −1
−1 1

)
5: AM ← sparse(M,M)
6: for i← 1, 2 do
7: for j ← 1, 2 do
8: AM ← AM + sparse(ETM(:, i), ETM(:, j),AMloc(i, j),M,M)
9: end for

10: end for
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11: AM ← AM(2 : end− 1, 2 : end− 1)
12: return AM
13: end function

To assemble the global mass matrix BM we calculate the local mass matrix BMloc :=(
(βMloc)kl

)
with

(βMloc)kl :=

∫
Ij=Gj(Î)

bjk(t)b
j
l (t) dt

=

∫
Î

bjk(Gj(t̂))b
j
l (Gj(t̂))Ġj(t̂) dt̂

=
tj+1 − tj

2

∫
Î

b̂k(t̂)b̂l(t̂) dt̂.

For k = l = 1 we obtain

tj+1 − tj
2

∫
Î

b̂1(t̂)b̂1(t̂) dt̂ =
tj+1 − tj

2

1

4

∫ 1

−1

(
t̂− 1

)2
dt̂

=
tj+1 − tj

2

1

4

[
1

3

(
t̂− 1

)3
]1

−1

=
tj+1 − tj

2

2

3
.

For k = 1, l = 2 we have

tj+1 − tj
2

∫
Î

b̂1(t̂)b̂2(t̂) dt̂ =
tj+1 − tj

2

(
−1

4

)∫ 1

−1

(
t̂− 1

) (
t̂+ 1

)
dt̂

=
tj+1 − tj

2

(
−1

4

)[
1

3
t̂3 − t̂

]1

−1

=
tj+1 − tj

2

(
−1

4

)(
−2

3
− 2

3

)
=
tj+1 − tj

2

1

3
.

This leads to

BMloc =
hM

6

(
2 1
1 2

)
and an algorithm analogously to Algorithm A.6.1.
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A.7. Details on evaluating the shape derivative
vectors J (N,M)

1 (γM) and J (N,M)
2 (γM)

The aim of this section is to assemble the vectors J (N,M)
1 (γM) and J (N,M)

2 (γM). For

the ith entry of J (N,M)
1 (γM) we obtain(

J (N,M)
1 (γM)

)
i

= 〈̂(N,M)′(γM),
(

1
0

)
BM
i 〉(SM )∗,SM

=

∫
I

GMγM (t)MM
γM (t)

((
1
0

)
BM
i (t)

)T
~nγM (t)

‖γ̇M(t)‖2

dt

=

∫
I

GMγM (t)MM
γM (t)BM

i (t)
n1,γM (t)

‖γ̇M(t)‖2

dt.

and (
J (N,M)

2 (γM)
)
i

= 〈̂(N,M)′(γM),
(

0
1

)
BM
i 〉(SM )∗,SM

=

∫
I

GMγM (t)MM
γM (t)BM

i (t)
n2,γM (t)

‖γ̇M(t)‖2

dt.

To assemble these integrals we calculate contributions on each subinterval (ti, ti+1)
using the basis functions bi1, bi2. First we note that for t ∈ (ti, ti+1) we have

γ̇M(t) = ~γMi Ḃ
M
i (t) + ~γMi+1Ḃ

M
i+1(t) = ~γMi ḃ

i
1(t) + ~γMi+1ḃ

i
2(t)

= (M − 1)
(
~γMi+1 − ~γMi

)
,

‖γ̇M(t)‖2 = (M − 1)‖~γMi+1 − ~γMi ‖2

= (M − 1)
√

(γM1,i+1 − γM1,i)2 + (γM2,i+1 − γM2,i)2 =: ci(M − 1)

Now we obtain for bij, j = 1, 2, on the subinterval (ti, ti+1)∫ ti+1

ti

GMγM (t)MM
γM (t)bij(t)

n1,γM (t)

‖γ̇M(t)‖2

dt

=
gMi µ

M
i

cMi (M − 1)

∫ ti+1

ti

bij(t)n1,γM (t) dt

=
gMi µ

M
i

cMi (M − 1)

ti+1 − ti
2

∫ 1

−1

bij(Gi(t̂))n1,γM (Gi(t̂)) dt̂

=
gMi µ

M
i

cMi (M − 1)

ti+1 − ti
2

∫ 1

−1

b̂j(t̂)n1,γM (Gi(t̂)) dt̂

≈ gMi µ
M
i

cMi (M − 1)

ti+1 − ti
2

ng∑
n=1

αnb̂j(t̂n)n1,γM (Gi(t̂n)) =: int lmp1(i, j),
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and equivalently∫ ti+1

ti

GMγM (t)MM
γM (t)bij(t)

n2,γM (t)

‖γ̇M(t)‖2

dt

≈ gMi µ
M
i

cMi (M − 1)

ti+1 − ti
2

ng∑
n=1

αnb̂j(t̂n)n2,γM (Gi(t̂n)) =: int lmp2(i, j).

Finally we can assemble the vectors J (N,M)
1 (γM) and J (N,M)

2 (γM) via

Algorithm A.7.1.

1: function assembleShapeDerivative(γM ,GM , MM)
2: int lmp1, int lmp2← calcIntegralsShapeDerivative(γM ,GM , MM)

3: J (N,M)
1 (γM)← zeros(M, 1)

4: J (N,M)
2 (γM)← zeros(M, 1)

5: for i← 1, 2 do
6: J (N,M)

1 (γM)← J (N,M)
1 (γM) + sparse(ETM(:, i), 1, int lmp1(:, i),M, 1)

7: J (N,M)
2 (γM)← J (N,M)

2 (γM) + sparse(ETM(:, i), 1, int lmp2(:, i),M, 1)
8: end for
9: return J (N,M)

1 (γM), J (N,M)
2 (γM)

10: end function

A.8. Solving the discrete state system

In our optimization process we have to repeatedly solve linear systems with the
matrix (

ÂN −(TN,M
γM

)T

−TN,M
γM

0

)
(A.8.1)

for different γM .
We describe the solution of (4.1.3) via the well-known Schur complement reduction,
cf. [BGL05]. Since ÂN is nonsingular, by(

ÂN −(TN,M
γM

)T

−TN,M
γM

0

)
=

(
I 0

−TN,M
γM

(ÂN)−1 I

)(
ÂN 0
0 S

)(
I −(ÂN)−1(TN,M

γM
)T

0 I

)
,

the Schur complement S := −TN,M
γM

(ÂN)−1(TN,M
γM

)T is also nonsingular.

If we multiply the first equation of (4.1.3) from left by −TN,M
γM

(ÂN)−1 we obtain

−TN,M
γM

ûNγM + TN,M
γM

(ÂN)−1(TN,M
γM

)TgM
γM

= −TN,M
γM

(ÂN)−1F̂N,M
γM

.
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Using the second equation of (4.1.3), which is −TN,M
γM

ûNγM = 0, we reach the following
algorithm:

1. Compute gM
γM

from

TN,M
γM

(ÂN)−1(TN,M
γM

)TgM
γM

= −TN,M
γM

(ÂN)−1F̂N,M
γM

. (A.8.2)

2. Obtain uNγM by solving

ÂNuNγM = F̂N,M
γM

+ (TN,M
γM

)TgM
γM
.

We note that building or factorizing the Schur complement S is too expensive, but
we can solve (A.8.2) by an iterative method, where S is only needed in the form of
matrix-vector products

pM = −SgM = TN,M
γM

(ÂN)−1(TN,M
γM

)TgM .

Every action of S on gM requires a matrix-vector product with (TN,M
γM

)T , the solution

of a linear system with the matrix ÂN , and a matrix-vector product with TN,M
γM

.

To solve the linear systems with coefficient matrix ÂN efficiently, we apply a precon-
ditioned conjugate gradient (PCG) method [Saa03, HS52] and the commonly used
incomplete Cholesky factorization with threshold dropping (ICT) [Man80] of ÂN as
a preconditioner. This procedure is realized with the MATLAB built-in functions
pcg and ichol. Depending on the available memory it is worthwhile to save the
incomplete Cholesky factor L̂N for a drop tolerance value as low as possible. This
increases the density of L̂N , but leads to significantly less PCG iterations in our com-
putations. Nevertheless, the crucial point is to construct a preconditioner to solve
(A.8.2) efficiently by an iterative method.
However, if enough memory is available, a sparse direct solver can be applied to solve
linear systems with (A.8.1). We use the MATLAB built-in backslash operator.
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Abstract

In the present thesis we deal with a class of shape optimization problems for the
two-dimensional Poisson equation with homogeneous Dirichlet boundary conditions.
We consider tracking-type objective functionals and characterize admissible domains
through admissible parametrizations of the boundary. These parametrizations serve
as the control variable in the optimization process. A fictitious domain method
is used to embed admissible domains into a larger, geometrically simpler reference
domain, on which the analysis and the computations are then performed. Shape
optimization problems of this kind were considered in [KP98, Sla00].
We generalize the problem setting from [KP98, Sla00] in the following way. On the
one hand, the extension to a wider class of admissible domains is established, this
means that the variable part of the boundary of admissible domains is not given as
the graph of an admissible function, but rather as the image of an admissible curve.
One the other hand, a more general class of objective functionals is considered. In
particular, we are able to discard previously necessary restrictions to the observation
domain, in which we track the L2-error of the state with respect to a desired state.
This substantially enhances the sensitivity of the objective functional with respect
to boundary variations.
To study the shape optimization problem in the generalized setting, we provide an
extended functional-analytic framework. The following results are then transferred
to and proven within this framework: the existence of a solution of the corresponding
shape optimization problem, Fréchet-differentiability of the reduced objective func-
tional and a resulting integral representation for the first derivative. As an approxi-
mation of the second derivative of the reduced objective functional, we furthermore
show the existence of the symmetrical directional derivative of its first derivative, for
which an elegant integral representation is also established.
The differentiability results are then used to solve the shape optimization problems
by iterative descent methods in an appropriate Hilbert space setting. On the one
hand we discuss the steepest descent method and the BFGS quasi-Newton method.
On the other hand, we are able to present an inexact Newton-like method using the
results of the approximation of the second derivative.
Moreover, a mixed finite element discretization and finite-dimensional descent meth-
ods corresponding to the continuous case are provided to solve the shape optimization
problem numerically. Eventually, the functionality and reliability of the developed
methods are presented in numerical experiments.
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Zusammenfasssung

Die vorliegende Arbeit behandelt eine Klasse von Gebietsoptimierungsproblemen für
die zweidimensionale Poisson-Gleichung mit homogenen Dirichlet Randbedingungen.
Dabei werden tracking-type Zielfunktionale betrachtet, und zulässige Gebiete wer-
den durch zulässige Parametrisierungen des Gebietsrandes charakterisiert. Solche
Parametrisierungen dienen als Kontrollvariable im Optimierungsprozess. Ein Ein-
bettungsverfahren für die Zustandsgleichung wird angewendet, um zulässige Gebiete
in ein größeres, geometrisch vereinfachtes Referenzgebiet zu integrieren, in welchem
dann die Analysis und die erwünschten Berechnungen durchgeführt werden. Gebiet-
soptimierungsprobleme dieser Art wurden bereits in [KP98, Sla00] diskutiert.
Die Rahmenbedingungen der Probleme aus [KP98, Sla00] werden in dieser Disser-
tation auf folgende Weise verallgemeinert: Einerseits wird eine Erweiterung durch
eine größere Klasse an zulässigen Gebieten etabliert. Hier ist der variable Teil des
Randes zulässiger Gebiete nicht mehr durch den Graph einer zulässigen Funktion ge-
geben, sondern durch das Bild einer zulässigen Kurve. Andererseits wird eine größere
Klasse von Zielfunktionalen betrachtet, genauer: auf die bisher notwendigen Ein-
schränkungen hinsichtlich des Beobachtungsgebietes, in dem der L2-Fehler des be-
stehenden Zustandes im Vergleich zum gewünschten Zustand gemessen wird, kann
nun verzichtet werden. Dadurch wird die Sensitivität des Zielfunktionales in Bezug
auf Randvariationen erheblich erhöht.
Zur Untersuchung der Gebietsoptimierungsprobleme in dem nun verallgemeinerten
Setting wird zunächst ein erweiterter funktionalanalytischer Rahmen bereitgestellt.
Darin werden dann die folgenden bekannten Resultate übertragen und bewiesen:
die Existenz von Lösungen des korrespondierenden Gebietsoptimierungsproblems,
Fréchet-Differenzierbarkeit des reduzierten Zielfunktionales, sowie eine daraus re-
sultierende Integraldarstellung der ersten Ableitung. Als Approximation der zweiten
Ableitung des reduzierten Zielfunktionales wird darüber hinaus die Existenz der sym-
metrischen Richtungsableitung ihrer ersten Ableitung gezeigt. Auch hierfür wird eine
elegante Integraldarstellung hergeleitet.
Die Differenzierbarkeitsaussagen finden Anwendung bei der Lösung der Gebietsop-
timierungsprobleme durch iterative Abstiegsverfahren in einer geeigneten Hilbert-
Raum Konfiguration. Zunächst werden das Gradientenverfahren und das BFGS Quasi-
Newton-Verfahren diskutiert, mit Hilfe der Ergebnisse zur Approximation der zwei-
ten Ableitung wird darüber hinaus auch ein inexaktes, Newton-ähnliches Verfahren
präsentiert.
Es werden eine gemischte Finite-Elemente-Diskretisierung und zum kontinuierlichen
Fall korrespondierende, endlich-dimensionale Abstiegsverfahren bereitgestellt, um
das Gebietsoptimierungsproblem auch numerisch zu behandeln. Abschließend wird
die Funktionalität und Zuverlässigkeit der entwickelten Verfahren anhand numeri-
scher Beispiele vorgestellt.
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