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Abstract

In this thesis we study various geometric correspondences that are motivated by con-
structions in string theory.

The first part of this thesis considers the Kähler/Kähler correspondence and its cur-
vature properties. We show that the Kähler/Kähler correspondence can be recovered
from the more general twist construction, which is due to A. Swann. We present results
on the behavior of the Ricci curvature under this correspondence using a formula by
A. Futaki.

In the second part we formulate a correspondence between affine and projective spe-
cial Kähler manifolds of the same dimension. We show as an application that under
this correspondence the affine special Kähler manifolds in the image of the rigid r-map
are mapped to one-parameter deformations of projective special Kähler manifolds in
the image of the supergravity r-map. The above one-parameter deformations are inter-
preted as perturbative α′-corrections in heterotic and type-II string compactifications
with N = 2 supersymmetry. Moreover, we prove that the completeness of the deformed
supergravity r-map metric depends only on the already well-understood completeness of
the undeformed metric and the sign of the deformation parameter. We remark on the
striking similarity of this situation to the HK/QK correspondence and its application to
the c-map.

In the last chapter we provide a detailed review of algebraic completely integrable
systems and prove a theorem of D. Freed stating that the base of such an integrable
system is affine special Kähler. We formulate our statement of this result slightly more
precisely than it appeared in its original paper. Finally, we show that the semi-flat metric
appearing in a certain integrable system is in fact equivalent to the natural hyper-Kähler
structure on the cotangent bundle of the associated special Kähler manifold.
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Zusammenfassung

In dieser Dissertation studieren wir verschiedene geometrische Korrespondenzen die ihren
Ursprung in aus der String Theorie stammenden Konstruktionen haben.

Im ersten Teil dieser Arbeit untersuchen wir die Kähler/Kähler Korrespondenz und
ihre Krümmungseigenschaften. Wir zeigen, dass die Kähler/Kähler Korrespondenz als
Spezialfall der allgemeineren Twist Konstruktion von A. Swann auftritt. Außerdem
stellen wir Resultate über Verhalten der Ricci Krümmung unter dieser Korrespondenz
vor.

Im zweiten Teil formulieren wir eine Korrespondenz zwischen affin und projektiv
speziellen Kählermannigfaltigkeiten der selben Dimension. Wir zeigen, dass unter dieser
Korrespondenz die affin speziellen Kählermannigfaltigkeiten im Bild der rigiden r-Ab-
bildung auf eine Einparameterfamilie von projektiv speziellen Kählermannigfaltigkeiten
im Bild der lokalen r-Abbildung abgebildet werden. Die obigen Einparameterdeforma-
tionen werden als perturbative α′-Korrekturen in heterotischen und Typ-II String Kom-
paktifizierungen mit N = 2 Supersymmetrie interpretiert. Außerdem zeigen wir, dass
die Vollständigkeit der deformierten lokalen r-Abbildungsmetrik nur von der bereits gut
untersuchten Vollständigkeit der undeformierten Metrik und dem Vorzeichen des Defor-
mationsparameters abhängt. Wir betonen die starke Ähnlichkeit dieser Situation zum
Fall der HK/QK Korrespondenz und dessen Anwendung auf die c-Abbildung.

Im letzen Teil geben wir einen detaillierten Überblick über algebraisch vollständig
integrable Systeme und beweisen ein Theorem von D. Freed, das besagt, dass die Ba-
sis eines solchen integrablen Systems affin speziell Kähler ist. Wir formulieren unsere
Behauptung ein wenig präziser als im Originalpaper von Freed. Abschließend zeigen
wir, dass die halbflache Metrik die in einem bestimmten integrablen System auftaucht
tatsächlich äquivalent zur natürlichen hyper-Kählerstruktur des Kotangentialbündels der
zugehörigen affin speziellen Kählermannigfaltigkeit ist.
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Chapter 1

Introduction

1.1 Motivation

The notion of special geometry is one that first appeared in the physics literature as the
scalar target geometries of N = 2 supersymmetric theories in four spacetime dimensions
[dWVP84]. On the side of mathematics, the respective geometries occuring in rigid
supersymmetry and supergravity correspond to what is called affine special (ASK) and
projective special Kähler (PSK) [Fre99, ACD02]. Dimensional reduction from the four-
dimensional vector multiplets to three-dimensional hypermultiplets leads to interesting
geometric constructions called the rigid c-map [CFG89, Cor98, Fre99, Hit99, ACD02]
and the supergravity c-map [FS90]. The rigid c-map associates a hyper-Kähler manifold
of dimension 4n to any affine special Kähler manifold of dimension 2n. The local c-
map associates a quaternionic Kähler manifold of dimension 4n to any projective special
Kähler manifold of dimension 2n − 2. The constructed quaternionic Kähler metric is
explicit but rather complicated in contrast to the hyper-Kähler metric of the rigid c-
map. It was shown in [ACDM15] that the supergravity c-map can be understood as a
special case of a much more general construction, the hyper-Kähler/quaternionic Kähler
(HK/QK) correspondence [Hay08], as is summarized in the following diagram:

M 2n
CASK

C∗ bundle
��

� rigid c-map // N 4n
HK �

HK/QK corr.

((

� conification // N̂ 4n+4
HK

Swann bundle
��

M 2n−2
PSK

� supergravity c-map // N 4n
QK .

(1.1.1)

In this diagram, M and N̂ are the respective C∗- and Swann-bundles of the projective
special and quaternionic Kähler manifolds M and N . The manifolds N and N are ob-
tained via the respective c-maps fromM andM . In order to understand the supergravity

1



2 Chapter 1. Introduction

c-map in terms of the rigid c-map, it is necessary to give a conification procedure to con-
struct N̂ from N . This is achieved by the conification method developed in [ACM13].
The resulting relation between the hyper-Kähler manifold N and the quaternionic Kähler
manifold N is obtained from the HK/QK correspondence [Hay08, ACM13, ACDM15].
The HK/QK correspondence can essentially be applied to any hyper-Kähler manifold
with a Hamiltonian Killing vector field and depends on the choice of a Hamiltonian
function which is unique up to a constant. Consequently, one recovers not only the
supergravity c-map but a one-parameter deformation thereof. This deformation was
identified as the one-loop deformed supergravity c-map metric [RLSV06].

The conification procedure of the HK/QK correspondence can also be applied to
(pseudo)-Kähler1 manifolds carrying an isometric Hamiltonian flow, thus giving a Käh-
ler/Kähler (K/K) correspondence [ACM13, ACDM15]. Our interest in this correspon-
dence was twofold:

For one, unlike in the hyper-Kähler and quaternionic Kähler case, Kähler manifolds
are not automatically Einstein. It is thus an interesting question to ask under which
conditions the K/K correspondence preserves and/or generates Einstein metrics.

Secondly, the K/K correspondence seemed to be the correct candidate for the analo-
gous situation in the case of the supergravity r-map, introduced in [dWVP92], which is
the map induced by dimensional reduction of five-dimensional to four dimensional vector
multiplets. The situation is portrayed in the following diagram:

UnCASR

��

�
rigid r-map

//M 2n
ASK

�
? //

�

?
))

N̂ 2n+2
CASK

C∗ bundle
��

Hn−1
PSR

� supergravity r-map //M 2n
PSK .

(1.1.2)

Here, U is a conical affine special real (CASR) domain containing the projective special
real (PSR) manifold H. It seemed likely to expect that the K/K correspondence would
provide the link between the affine special Kähler manifold M in the image of the rigid
r-map and the projective special Kähler manifold M in the image of the supergravity
r-map. However, M does not carry a distinguished holomorphic Hamiltonian vector field
to which the K/K correspondence could be applied.

It was therefore natural to ask whether the K/K correspondence could be modified
in order to provide a link between affine special Kähler and projective special Kähler
geometry such that in the special case of the r-map we would recover Diagram (1.1.2).

1In our conventions, metrics are of indefinite signature if not specified otherwise.



1.2. Main results 3

1.2 Main results

In [MS15], Macia and Swann showed that the HK/QK correspondence can be recovered
as a combination of the twist construction with the concept of a so-called elementary
deformation. In particular, they proved that there is essentially only a one parameter
degree of freedom in constructing a quaternionic Kähler manifold of the same dimension
using this method.

As is the case with the HK/QK correspondence, the twist method can also be applied
to Kähler manifolds. In Theorem 2.1.18 we give necessary and sufficient conditions
for the twist of an elementary deformation to be Kähler. We present an alternative
proof of the K/K correspondence (Theorem 2.3.3) using the twist method, establishing,
in particular, that the K/K correspondence can be recovered from a combination of a
twist and an elementary deformation. We also show that in the Kähler case there are
more degrees of freedom in the construction of Kähler manifolds, see Proposition 2.1.21
and Example 2.1.22.

We study the curvature properties of the K/K correspondence and derive the fol-
lowing result in the case of a conical Kähler manifold M of dimension 2n: If ξ is the
Euler vector field of the conical structure and f is Hamiltonian function with respect to
the Hamiltonian Killing vector field Z = Jξ we show in Theorem 2.3.9 that the K/K
correspondence yields an Einstein metric with Einstein constant λ = σ(2n + 2) only if
M is Ricci flat, where σ is the signature of f .

As the main result of this thesis, we establish the ASK/PSK correspondence that
relates affine special Kähler manifolds to projective special Kähler manifolds of the same
dimension, providing the missing link of Diagram (1.1.2) as a special case. This is done by
giving a new conification procedure that maps affine special Kähler manifolds of dimen-
sion 2n to conical affine special Kähler manifolds of dimension 2n+ 2. The conification
does not, unlike in the case of the K/K and HK/QK correspondence, require the exis-
tence of a Hamiltonian Killing vector field. Instead it relies on the fact that affine special
Kähler manifolds of dimension 2n can locally be realized as a Lagrangian submanifold in
C2n with induced geometric data, whereas projective special Kähler manifolds of complex
dimension n are locally realized as the projectivization of a Lagrangian cone in C2n+2,
c.f. [ACD02]. Thus in order to relate an affine special Kähler manifoldM to a projective
special Kähler manifold of the same complex dimension, we essentially have to map a
Lagrangian submanifold L ⊂ C2n to a Lagrangian cone L̂ ⊂ C2n+2. This is done by
embedding L into the affine hyperplane {z0 = 1} ⊂ C×C2n, where z0 is the coordinate
on the first factor. Then we take L̂ to be the graph over {1}×L with respect to a certain
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holomorphic function f : L ∼= {1}×L → C . The function f is what we call a Lagrangian
potential, c.f. Definition 3.2.3, and is unique up to a complex constant C. As it turns
out the real part of the constant C does not influence the resulting geometry. However,
changing the imaginary part c := Im(C) leads to a one-parameter family of projective
special Kähler manifolds (M c, gc).

We discuss global properties of the construction by introducing a flat principal bundle
with structure group GSK := Sp(R2n)nHeis2n+1(C). The group GSK acts on pairs (L, f)

of Lagrangian submanifolds that are local realizations of the affine special Kähler man-
ifold and Lagrangian potentials f of L. Moreover, it acts simply transitively on the set
of special Kähler pairs F(U) = {(φ, F )} of an open subset U ⊂M of holomorphic Käh-
lerian Lagrangian immersions φ that locally realize U as a Lagrangian submanifold and
corresponding holomorphic prepotentials F, cf. Definition 3.1.7. The relation between
Lagrangian prepotentials and holomorphic prepotentials is shown in Lemma 3.2.9. In
terms of a prepotential F and special coordinates z := (z1, . . . , zn) on U , the conification
construction can be understood as a homogenization of F (z) to a holomorphic function

F̂ (Z0, Z) = (Z0)2F (Z/Z0), (1.2.1)

homogeneous of degree two in the coordinates (Z0, Z) := (Z0, Z1, . . . , Zn) = (Z0, Z0z)

of C∗ × U , cf. Remark 3.4.6.
The group GSK is a central extension of the group AffSp(R2n)(C

2n), which acts simply
transitively on the set of Kählerian Lagrangian immersions of U . The central extension
to GSK is necessary to encompass the correct transformation behavior of holomorphic
prepotentials F . Although the group action GSK is equivariant with respect to the conifi-
cation L 7→ L̂ (and F 7→ F̂ ), it does not leave the induced Kähler metrics on L̂ invariant,
in contrast to the real subgroup G := Sp(R2n) n Heis2n+1(R). In Theorem 3.4.11 we
prove that the conification is globally well defined if the holonomy of the flat connection
of the principal GSK-bundle is contained in the real group G and a certain notion of
non-degeneracy is satisfied.

Our main application of the ASK/PSK correspondence is a one-parameter deforma-
tion of the supergravity r-map metric. It is obtained by applying the conification to the
affine special Kähler manifold M obtained from the conical affine special real manifold
U via the rigid r-map, as displayed in the following diagram:

UnCASR

��

� rigid r-map //M 2n
ASK

� conification //
�

ASK/PSK corr.
))

N̂ 2n+2
CASK

C∗ bundle
��

Hn−1
PSR

� supergravity r-map //M 2n
PSK .

(1.2.2)
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In Theorem 3.7.2 we give a global description of the resulting one-parameter family of
projective special Kähler manifolds (M c, gc), where (M0, g0) = (M, g) recovers the un-
deformed projective special Kähler manifold obtained from the supergravity r-map. We
analyze completeness of the resulting one-parameter family. First of all, the underformed
Riemannian manifold (M, g) is complete if and only if the projective special real manifold
H ⊂ Rn is a connected component of a global level set {x ∈ Rn | h(x) = 1} of a homo-
geneous cubic polynomial h [CHM12, CNS16]. Recall that the level set is required to be
locally strictly convex for H to be projective special real and Riemannian. Assuming the
undeformed metric (M, g) to be complete, we show that (M c, gc) is Riemannian and com-
plete if and only if c < 0. These results should be contrasted with the more involved com-
pleteness theorems for one-loop deformed c-map spaces [CDS16]. In the case of projective
special Kähler manifolds with cubic prepotential the completeness of the supergravity
c-map metric was shown to be preserved precisely under one-loop deformations with
positive deformation parameter. However, for general c-map spaces this result has been
established only under the additional assumption of regular boundary behavior for the
initial projective special Kähler manifold, which is satisfied, for instance, for quadratic
prepotentials. As in the case of the one-loop deformed c-map, the isometry type of the
deformed r-map space (M c, gc) depends only on the sign of c (positive, negative, or
zero). Note that the completeness of M0 implies that M1 is neither isometric to M0

nor to M−1, since the latter two manifolds are then complete whereas M1 is incomplete.
Computing the scalar curvature in examples, see Examples 3.7.4 and 3.7.5, we complete
this analysis by showing that M0 and M−1 are in general not isometric. Incidentally,
most, but not all, of the above results extend from cubic polynomials to general homo-
geneous functions, say of degree k > 1, see Remark 3.7.3. For instance, it is not known
whether the above necessary and sufficient completeness criterion for projective special
real manifolds [CNS16, Theorem 2.5] holds for polynomials of quartic and higher degree.

We note that the above one-parameter deformation can be interpreted as perturbative
α′-corrections in heterotic and type-II string compactifications with N = 2 supersymme-
try.

We study further properties of the principal GSK bundle of affine special Kähler
manifolds. In Theorem 3.5.4 we show that a complex manifold M of complex dimen-
sion n is affine special Kähler if and only if it admits a flat affine bundle A → M

modelled over the complexification of a flat symplectic vector bundle together with a
global holomorphic section Φ satisfying certain properties. We identify this bundle as
the associated bundle to the principal GSK-bundle with respect to the affine representa-
tion ρ : GSK → AffSp(R2n)(C

2n). Over a local trivialization, the global section Φ gives
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a Kählerian Lagrangian immersion φ. This result is a generalization of the statement
that the affine special Kähler structure on M is locally induced by Kählerian Lagrangian
immersions φ [ACD02].

We identify the data used to construct the algebraic completely integrable system
M0 → M of [GMN10] as a special application of our theorem, see Proposition 3.5.1
and Section 4.2. In this case, the global holomorphic section Φ takes values in a vec-
tor bundle, implying that the holonomy of the principal GSK-bundle is contained in
Sp(R2n)×C ⊂ GSK, c.f. Proposition 3.5.2. This provides a surprising potential applica-
tion of the ASK/PSK correspondence to this class of integrable systems.

Finally, in Theorem 4.2.8 we show that the hyper-Kähler structure given on M0 is
equivalent, up to rescaling and reordering of complex structures, to the c-map hyper-
Kähler structure of T ∗M .

1.3 Outline

This thesis is structured as follows. In Chapter 2 we give an introduction to Swann’s
twist method and develop a formula due to Futaki [Fut87], relating the Ricci curvatures
of Kähler quotients. We give necessary and sufficient conditions for the twist of an
elementary deformation to be Kähler, use the twist method to give an alternative proof
of the K/K correspondence, and derive our curvature results for the K/K correspondence
applied to conical Kähler manifolds.

In Chapter 3 we introduce the notion of special Kähler geometry and establish our
conification construction and the ASK/PSK correspondence.

In Section 3.6 we derive our completeness results in terms of elementary deformations
before we give our main application to of the ASK/PSK correspondence the r-map in
Section 3.7.

In Chapter 4 we begin by giving a detailed introduction to algebraic completely
integrable systems from a differential geometric viewpoint following [Fre99, GS90, Cor15].
We reproduce Freed’s result that the base of an algebraic integrable system is affine
special Kähler [Fre99]. Our statement of the theorem is slightly more precise than Freed’s,
cf. Remark 4.1.16. In Section 4.2 we show that the semi-flat hyper-Kähler structure of
a certain integrable system [GMN,N] is equivalent to the natural hyper-Kähler structure
on the cotangent bundle of the associated affine special Kähler manifold [CFG89, Cor98,
Fre99, Hit99].



Chapter 2

Twisting Kähler geometries

The central theme of this chapter is the twisting of Kähler geometries, by which we un-
derstand constructions that produce new Kähler manifolds from a given Kähler manifold
(M, g, J) with some additional data.

In Section 2.1 we introduce Swann’s twist method in the context of circle actions. It
can be used to construct Kähler manifolds from a Kähler manifold endowed with an iso-
metric Hamiltonian S1-action. In particular, we give necessary and sufficient conditions
for the twist of an elementary deformation of a Kähler metric to be Kähler.

In Section 2.2 we recall the notion of a Kähler quotient and reproduce a formula by
Futaki [Fut87] that relates the Ricci curvatures of such quotients.

In Section 2.3 we give an alternative proof of the K/K correspondence using the twist
method. We close this chapter by applying our results from Section 2.2 to conical Kähler
manifolds.

2.1 The Swann-Twist

Swann’s twist construction [Swa10] is a method of equivariantly lifting the action of a
k-torus T on a manifold M to a torus action on a principal (S1)k-bundle P → M that
commutes with the principal action and preserves a principal connection. This allows to
construct the quotient space W = P/T and relate tensor fields on M with tensor fields
on W .

In Sections 2.1.1 and 2.1.2 we give a description of the twist construction and ele-
mentary deformations for circle actions, following [Swa10].

In Section 2.1.3 we will present a method similar to [MS14] to produce Kähler metrics
using the twist method and show that we can recover the Kähler/Kähler correspondence

7



8 Chapter 2. Twisting Kähler geometries

in this way.

2.1.1 Lifting of actions

Let M be an n-dimensional manifold carrying the action of a group G, where G is either
R or S1. We denote by Z ∈ X(M) a vector field that generates the G-action.

Definition 2.1.1. Let F ∈ Ω2(M) be a closed two-form. We say that Z (or the action
generated by Z) is F -Hamiltonian if there is a function a ∈ C∞(M) such that

da = −Z yF, (2.1.1)

i.e., [Z yF ] = 0 ∈ H1(M). The function a is called a moment map of Z with respect to
F .

Let π : P → M be a principal S1-bundle with connection θ such that its curvature
dθ = π∗F is given by a closed two-form F representing an element of H2(M,Z).

Proposition 2.1.2 ([Swa10, Proposition 2.1]). The action induced by Z lifts to an action
preserving the connection form θ and commuting with the principal action if and only if
Z is F -Hamiltonian.

Proof. We make the Ansatz
Z̊ = Z̃ + åXP , (2.1.2)

for the lifted infinitesimal action on P , where Z̃ is the horizontal lift of Z with respect to
θ, å is a function on P , and XP is the fundamental vector field of the principal S1-action
of P . We compute

LZ̊θ = d(Z̊ y θ) + Z̊ y dθ = d̊a+ Z̊ yπ∗F = d̊a+ π∗(Z yF ). (2.1.3)

By evaluating XP yLZ̊θ, we see that LZ̊θ = 0 implies that å is necessarily the pullback of
a function on M , say å = π∗a. But then LZ̊θ = 0 if and only if π∗(da+Z yF ) = 0 if and
only if Z yF = − da if and only if Z is F -Hamiltonian with moment map a. Computing

[Z̊,XP ] = [Z̃,XP ] + [̊aXP , XP ] = − d̊a(XP )XP , (2.1.4)

we see that LZ̊θ = 0 already implies [Z̊,XP ] = 0.

Definition 2.1.3. If Z is F -Hamiltonian with moment map a we call the tuple (Z,F, a)

twist data. We call the vector field Z̊ ∈ X(P ) defined as in (2.1.2) the lift of Z with
respect to the twist data (Z,F, a).
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Remark 2.1.4. Note that moment maps are unique up to a constant. Each moment map
a determines a lift Z̊ = Z̃ + åXP for å := π∗a.

Remark 2.1.5. It is shown in [Swa10, Proposition 2.3] that for a given closed integral
two-form F and a vector field Z coming from an arbitrary S1-action on M there is a
choice of moment map a ∈ C∞(M) and a principal bundle π : P →M with connection θ
and curvature π∗F such that the lift Z̊ = Z̃+åXP in fact generates an S1-action covering
the S1-action generated by Z on M . Here, a is unique up to an integral constant. If we
allow the constant to be rational, then the corresponding lift covers the action of a finite
covering of the S1-action on M .

Lemma 2.1.6. Let Z̊ be a lift with respect to the twist data (Z,F, a). Then LZ̊X̃ = L̃ZX

for any vector field X on M .

Proof. Recall that since the horizontal distribution H = ker θ is invariant under the
principal action, we have [XP , X̃] = 0. Also, if X,Y are vector fields on M , then
[X̃, Ỹ ] = [̃X,Y ] + θ([X̃, Ỹ ])XP and θ([X̃, Ỹ ]) = −π∗F (X̃, Ỹ ). Now we compute

LZ̊X̃ = [Z̊, X̃] = [Z̃, X̃] + [̊aXP , X̃]

= [̃Z,X] + θ([Z̃, X̃])XP − d̊a(X̃)XP + å[XP , X̃]

= L̃ZX + θ([Z̃, X̃])XP + π∗F (Z̃, X̃)XP = L̃ZX.

(2.1.5)

2.1.2 The twist construction

Let M be a manifold with an F -Hamiltonian vector field Z with respect to a closed
integral two-form F . We assume that Z is nowhere vanishing, i.e., the R- or S1-action
generated by Z is locally free. Let π : P →M be a principal S1-bundle with connection
θ and curvature dθ = π∗F and let Z̊ = Z̃ + åXP be a lift of Z to P with respect to a
moment map a ∈ C∞(M). We assume that Z̊ is transverse to the horizontal distribution
H = ker θ or, equivalently, that the function a ∈ C∞(M) has no zeroes on M .

Definition 2.1.7. If the quotient space W := P/〈Z̊〉 is smooth, we call W the twist of
M with respect to the twist-data (F,Z, a) as above.

Let W be a twist of M with respect to the twist-data (F,Z, a) and with projection
maps

P
π

~~

πW

  
M W.

(2.1.6)



10 Chapter 2. Twisting Kähler geometries

By assumption, both maps π and πW are transversal to the horizontal distribution H.
Note first that since XP commutes with Z̊, XP is invariant along fibers of πW and,
hence, descends to a non-zero vector field ZW which is πW -related to XP on W , giving
an S1-action that is covered by the principal action on P .

Due to the transversality, θ(Z̊) = å 6= 0 and θ̊ := å−1θ defines a connection 1-form on
P with horizontal distribution ker θ̊ = ker θ = H. Thus π and πW induce isomorphisms

Tπ(p)M ∼= Hp ∼= TπW (p)W, (2.1.7)

for p ∈ P .
This makes it possible to define pull-backs of tensor fields along π and πW by setting

π∗(X ⊗ α)p := (dπ|Hp)
−1(Xπ(p))⊗ (π∗α)p, p ∈ P, (2.1.8)

for a vector field X and a one-form α. If X is a vector field onM , the pull-back coincides
with the horizontal lift X̃ of X. We write Ŷ := (πW )∗Y for the horizontal lift of a
vector field Y on W . By definition and by the invariance of the horizontal distribution,
pull-backs of tensor fields are invariant with respect to the corresponding principal action.

Definition 2.1.8. Let α be a tensor field on M and αW a tensor field on W . We say
αW is H-related to α, written as αW ∼H α, if π∗α = π∗WαW on H.

Lemma 2.1.9. If α ∼H αW then α is Z-invariant.

Proof. Suppose α ∼H αW for tensor fields α on M and αW on W of type (p, q). Denote
by ϕ̊t the flow of Z̊. Let x ∈ P and Y1, . . . , Yp ∈ Hp. Then, since π∗WαW and θ are
Z̊-invariant,

(π∗α)x(Y1, . . . , Yp) = (π∗WαW )x(Y1, . . . , Yp) = (ϕ̊∗t )x(π∗WαW )(Y1, . . . , Yp)

= (π∗WαW )ϕ̊t(x)(dϕ̊t(Y1), . . . , dϕ̊t(Yp))

= (π∗α)ϕ̊t(x)(dϕ̊t(Y1), . . . , dϕ̊t(Yp))

= (ϕ̊∗t )x(π∗α)(Y1, . . . , Yp),

(2.1.9)

which shows that π∗α is invariant under Z̊. By Lemma 2.1.6 it follows that α is invariant
under Z.

Conversely, if α is Z-invariant, then π∗α is Z̊-invariant and therefore projects down
along πW to give a well-defined tensor field αW that is H-related to α. The following
lemma shows the uniqueness of αW .
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Lemma 2.1.10 ([Swa10, Lemma 3.4]). For each Z-invariant q-form α on M there is a
unique q-form αW on W , H-related to α given by

π∗WαW = π∗α− θ ∧ π∗
(
a−1Z yα

)
. (2.1.10)

Proof. Denote by Ωq
hor(P ) = {α ∈ Ωq(P ) | XP yα = 0} the space of q-forms on P that

are horizontal with respect to π. We claim that

Ωq(P ) = Ωq
hor(P )⊕ θ ∧ Ωq−1

hor (P ). (2.1.11)

Let prv(α) := θ∧(XP yα) and prh(α) := α−prv(α) for α ∈ Ωq(P ). Then it is straightfor-
ward to check that prv and prh are projections onto θ∧Ωq−1

hor (P ) and Ωq
hor(P ), respectively.

Moreover, α = prh(α) + prv(α) and prv ◦ prh = prh ◦ prv = 0, proving Eq. (2.1.11).
Now let αW ∼H α. Then we can write π∗WαW = π∗α+ θ ∧ β for a unique β ∈ Ωq−1

hor .
We compute

0 = Z̊ yπ∗WαW = Z̊ yπ∗α+ Z̊ y(θ ∧ β)

= π∗(Z yα) + åβ − θ ∧ (Z̃ yβ).
(2.1.12)

Evaluating on H yields β = −π∗
(
a−1Z yα

)
. Thus αW is uniquely determined by α and

Eq. (2.1.10) holds.

Corollary 2.1.11 ([Swa10, Corollary 3.6]). Let αW ∼H α. Then

dαW ∼H dα− a−1F ∧ Z yα. (2.1.13)

Proof. This follows from a straightforward computation by differentiating Eq. (2.1.10)
and using LZα = 0.

Remark 2.1.12 (Duality). The curvature of the connection θ̊ = å−1θ is given by

π∗WFW = π∗(a−1F )− θ ∧ π∗(a−2Z yF ), (2.1.14)

where FW is the two-form H-related to a−1F . Moreover,

π∗W (ZW yFW ) = XP yπ∗WFW = XP y(π∗(a−1F )− θ ∧ π∗(a−2Z yF ))

= −π∗(a−2Z yF ) = −π∗ d(a−1),
(2.1.15)

so the action of ZW is FW -Hamiltonian and the function aW that is H-related to a−1

is a moment map. This shows that M is the twist of W with respect to the twist data
(FW , ZW , aW ).
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Lemma 2.1.13 ([Swa10, Lemma 3.7]). Let XW ∼H X and YW ∼H Y be vector fields.
Then

[XW , YW ] ∼H [X,Y ] + a−1F (X,Y )Z. (2.1.16)

Proof. Since XW ∼H X and YW ∼H Y we have X̃ = X̂W and Ỹ = ŶW . We know that
[X̃, Ỹ ] = [̃X,Y ]−π∗F (X̃, Ỹ ))XP and [X̂W , ŶW ] = ̂[XW , YW ]−π∗WFW (X̂W , ŶW )Z̊. Then

̂[XW , YW ] = [X̂W , ŶW ] + π∗WFW (X̂W , ŶW ))Z̊

= [X̃, Ỹ ] + π∗WFW (X̃, Ỹ )Z̊

= [X̃, Ỹ ] +
(
π∗(a−1F )− θ ∧ π∗(a−2Z yF )

)
(X̃, Ỹ )Z̊

= [X̃, Ỹ ] + π∗(a−1F )(X̃, Ỹ )(Z̃ + åXP )

= [X̃, Ỹ ] + π∗F (X̃, Ỹ ))XP + π∗(a−1F (X,Y ))Z̃

= [̃X,Y ] + π∗(a−1F (X,Y ))Z̃,

(2.1.17)

proving the lemma.

If J is an almost complex structure on M that is invariant under the action of Z,
then we can define an almost complex structure JW on W that is H-related to J .

Lemma 2.1.14 ([Swa10, Lemma 3.9]). If J is a complex structure on M , then JW is a
complex structure on W if and only if F ∈ Ω(1,1)(M).

Proof. Applying Lemma 2.1.13 to the Nijenhuis tensor, defined as

NJ(X,Y ) = [JX, JY ]− J [JX, Y ]− J [X, JY ]− [X,Y ] (2.1.18)

we find that

NJW ∼H NJ + Z ⊗ (F (J ·, J ·)− F (·, ·))− JZ ⊗ (F (J ·, ·) + F (·, J ·)). (2.1.19)

Since J is complex, NJW = 0 if and only if F is of type (1, 1).

Remark 2.1.15 (Local twist). A smooth twist does not exist in general. However, we
can define a local version of the twist construction as follows. Let π : P → M be an
S1-principal bundle as above with lift Z̊ with respect to twist data (Z,F, a). Choose
a submanifold W ⊂ P that is transverse to the foliation induced by Z̊ and a tubular
neighborhood U of W . Then we can identify W with the leaf space of the local foliation
on U and we let πW : U → W be the quotient map. By the preceding discussion, a
Z-invariant tensor field α on M then defines a well-defined tensor-field on W .
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2.1.3 Twisting Kähler structures

Let (M, g, J) be a 2n dimensional Kähler manifold with Kähler form ω = g(J ·, ·). Let
F be a closed integral two-form of type (1, 1) and suppose that the vector field Z is
F -Hamiltonian, preserves the Kähler structure, and has non-vanishing norm. Let a ∈
C∞(M) such that da = −Z yF . With respect to the twist data (Z,F, a) we let W
either be a smooth twist, in case it exists, or, as explained in Remark 2.1.15, a transverse
submanifold.

Our goal is to use the twist to construct a Kähler structure on W using the Kähler
structure on M . By Lemma 2.1.14 we know that JW is a complex structure on W .
However, the unique two-form ωW that is H-related to ω is in general not closed, as is
apparent from Eq. (2.1.13).

To remedy this, we will consider the twist of a deformation of the Kähler metric on
the distribution spanned by Z and JZ. Let α = g(JZ, ·) and β = g(Z, ·).

Definition 2.1.16. An elementary deformation gN of g (respectively ωN = gN (J ·, ·) of
ω) with respect to Z is given by

gN = h1g + h2(α2 + β2), (2.1.20)

ωN = h1ω + h2β ∧ α, (2.1.21)

for Z-invariant functions h1, h2 ∈ C∞(M) such that h1 + β(Z)h2 6= 0.

Remark 2.1.17. The condition h1 +β(Z)h2 6= 0 is equivalent to gN being non-degenerate.

Theorem 2.1.18. Let ωW be a twist of ωN with respect to the twist data (Z,F, a). Then
(W,ωW , JW ) is Kähler if and only if

dωN = a−1(h1 + h2β(Z))F ∧ α. (2.1.22)

In particular, the Kähler form ωW and metric gW are given by

π∗WωW = π∗ωN − θ ∧ π∗
(
h1 + h2β(Z)

a
α

)
, (2.1.23)

π∗W gW = π∗gN − 2θ · π∗
(
h1 + h2β(Z)

a
β

)
+ π∗

(
h1 + h2β(Z)

a2
β(Z)

)
θ2. (2.1.24)

Remark 2.1.19. Splitting

g = ǧ +
1

β(Z)
(α2 + β2) and ω = ω̌ +

1

β(Z)
β ∧ α,
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into the distribution spanned by Z and JZ and its orthogonal complement, Eqs. (2.1.23)
and (2.1.24) yield

π∗WωW = h1ω̌ +
h1 + h2β(Z)

β(Z)

(
β − β(Z)

a
θ

)
∧ α, (2.1.25)

π∗W gW = h1ǧ +
h1 + h2β(Z)

β(Z)

(
α2 +

(
β − β(Z)

a
θ

)2
)
, (2.1.26)

where tensor fields on M are understood as being pulled back by π.

Proof of Theorem 2.1.18. Applying Corollary 2.1.11 to dωW , we see that ωW is closed if
and only if ωN is closed with respect to dW = d − a−1F ∧ Z y, which is equivalent to
Eq. (2.1.22). Let XW ∼H X and YW ∼H Y . Then J̃X = ĴWXW by the definition of
JW . Since π∗ωN and π∗WωW agree on H, it follows that ωW is of type (1, 1) with respect
to the complex structure JW .

To verify the formula for gW , we write π∗W gW = π∗gN +γ ·θ+f2θ2 for γ a horizontal
one-form and f a function on P . Then from

0 = π∗W gW (Z̊, ·) = π∗(gN (Z, ·)) +
1

2
γ + θ ·

(
af +

1

2
γ(Z̃)

)
, (2.1.27)

we find comparing the horizontal and vertical parts that γ = −2π∗
(
h1+h2β(Z)

a β
)

and

f = π∗
(
h1+h2β(Z)

a2
β(Z)

)
, yielding Eq. (2.1.24).

In the following we will give two examples of Kähler twists. The first one yields a
metric that is identical to the metric obtained through the Kähler/Kähler correspondence,
as will be shown in Section 2.3. The second example is an adaptation of a twist of a
hyper-Kähler structure to a hyper-Kähler structure in [Swa14].

Proposition 2.1.20 (K/K correspondence). Let f be a moment map of Z with respect
to ω. Then a = f1 := f − 1

2β(Z) is a moment map of Z with respect to F := ω − 1
2 dβ.

Set h1 = σ
2f , h2 = − σ

4f2
, where σ = sign f , and assume that f and f1 have no zeroes on

M . Then the twist of gN = h1g + h2(α2 + β2) yields the Kähler metric gW given by

π∗W gW = π∗gN − 2θ · π∗
(

σ

2f2
β

)
+ π∗

(
σβ(Z)

2f1f2

)
θ2 (2.1.28)

=
1

2|f |

(
ǧ +

f1

fβ(Z)

(
α2 +

(
β − β(Z)

f1
θ

)2
))

, (2.1.29)
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and Kähler form ωW given by

π∗WωW = π∗ωN − θ ∧ π∗
(

σ

2f2
α

)
(2.1.30)

=
1

2|f |

(
ω̌ +

f1

fβ(Z)

(
β − β(Z)

f1
θ

)
∧ α
)
. (2.1.31)

Proof. The function h1 + h2β(Z) = σf1
2f2

has no zeroes by assumption. Thus gN and its
twist gW are non-degenerate. The two-form dβ is of type (1, 1) since Z is holomorphic
and, hence, F is of type (1, 1). We compute

Z yF = − df +
1

2
Z y dβ = − df − 1

2
d(β(Z)) = − df1, (2.1.32)

thus (Z,F, a) are twist data. To see that gW is Kähler, we verify Eq. (2.1.22). First,
note that a−1(h1 + h2β(Z)) = h1

f and then compute

dωN = dh1 ∧ ω + dh2 ∧ β ∧ α︸ ︷︷ ︸
=0

+h2 dβ ∧ α

=
h1

f
ω ∧ α− h1

2f
dβ ∧ α

=
h1

f
(ω − 1

2
dβ) ∧ α

= a−1(h1 + h2β(Z))F ∧ α.

(2.1.33)

Hence, gW defines a Kähler metric on W by Theorem 2.1.18.

Proposition 2.1.21. Let f be a moment map of Z with respect to ω. Choose h1 ≡ 1,
h2 a polynomial in f , F = d(h2β), and a = 1 + h2β(Z), assuming a 6= 0 on M . Then
the twist ωW of ωN is Kähler with Kähler form ωW given by

π∗WωW = π∗ωN − θ ∧ π∗α (2.1.34)

= ω̌ +
a

β(Z)

(
β − β(Z)

a
θ

)
∧ α. (2.1.35)

The Kähler metric gW is given by

π∗W gW = π∗gN − 2θ · π∗β +
β(Z)

1 + h2β(Z)
θ2 (2.1.36)

= ǧ +
a

β(Z)

(
α2 +

(
β − β(Z)

a
θ

)2
)
. (2.1.37)
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Proof. First note that since h2 is a polynomial in f , h2 is Z-invariant and F is of type
(1, 1). Also, we easily verify Z yF = − da. Finally we compute

dωN = dh2 ∧ β ∧ α+ h2 dβ ∧ α = d(h2β) ∧ α = F ∧ α, (2.1.38)

and it follows from Theorem 2.1.18 that the twist is Kähler.

Example 2.1.22. Let (Z,F, a) and h1, h2 as in Proposition 2.1.21. We work in a local
trivialization of the S1-principal bundle P with local connection form θ = ds+h2β, where
s is the coordinate on S1. In this trivialization, the lifted action with respect to the twist
data (Z,F, a) is given by Z̊ = Z̃+(1+h2β(Z))∂s = Z+(1+h2β(Z)−θ(Z))∂s = Z+∂s.
We choose W = {s = 0} as the transverse submanifold, and we find the following local
formulas for the twists gW and ωW of gN and ωN :

ωW = ω + h2β ∧ α− θ ∧ α = ω, (2.1.39)

gW = g + h2

(
α2 − 1

a
β2

)
(2.1.40)

= ǧ +
a

β(Z)

(
α2 +

1

a2
β2

)
. (2.1.41)

Hence, the twist leaves the Kähler form invariant but deforms the complex structure
locally along the distribution spanned by Z and JZ.

2.2 Ricci curvature of Kähler quotients

Let (M, g, J) be a 2n dimensional (pseudo)-Kähler manifold with Kähler form ω = g(J ·, ·)
and suppose there is a non-vanishing time- or spacelike Hamiltonian Killing vector field
Z, inducing an S1-action, with moment map µ ∈ C∞(M), dµ = −ω(Z, ·). Assume that
m ∈ R is a regular value of µ. Then N := µ−1(m) ⊂M is a smooth submanifold that is
invariant under Z. We assume that the induced S1-action on N is free. Let M ′ := N/S1

be the quotient and denote by ι : N ↪→ M and π : N → M ′ the inclusion and the
quotient map, respectively.

The map π is a principal S1-bundle with vertical distribution Z := ker dπ spanned by
the vector field Z. The metric defines a J- and S1-invariant complementary distribution
E := Z⊥, giving the orthogonal decompositions

TN = E ⊕Z, and (2.2.1)

ι∗TM = TN ⊕ JZ. (2.2.2)
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In fact, E is the horizontal distribution given by the connection one-form

g(Z, ·)/g(Z,Z) ∈ Ω1(N, s1 ∼= R). (2.2.3)

For any vector field X on N we denote by vX and hX the vertical and horizontal
components of X, respectively. We define a (pseudo)-Riemannian metric on M ′ via

g′π(p)(dπ(U), dπ(V )) := gp(U, V ), U, V ∈ Ep, p ∈M. (2.2.4)

This turns π : (N, ι∗g) → (M ′, g′) into a (pseudo)-Riemannian submersion. We call
a vector field X on N basic if it is the horizontal lift of a vector field X ′ on M ′, i.e.,
X = X̃ ′.

We denote by ∇, ∇N = ι∗∇, and ∇′ the Levi-Civita connections of M , N , and M ′,
respectively.

Proposition 2.2.1 ([FPI04, Proposition 1.1]). If X,Y are horizontal lifts of vector fields
X ′, Y ′ on M ′, then h(∇NXY ) is the horizontal lift of ∇′X′Y ′.

Proof. Note first that g(X,Y ) = g′(X ′, Y ′) ◦ π from Eq. (2.2.4). Let Z be the horizontal
lift of an arbitrary vector field Z ′ on M ′. We find X(g(Y,Z)) = X(g′(Y ′, Z ′) ◦ π) =

X ′(g′(Y ′, Z ′)) ◦ π and g([X,Y ], Z) = g(h[X,Y ], Z) = g′([X ′, Y ′], Z ′) ◦ π, where we have
used that h[X,Y ] is the horizontal lift of [X ′, Y ′]. Now, using the Koszul-formula,

2g(h∇NXY,Z) = 2g(∇NXY, Z)

= X(g(Y, Z)) + Y (g(X,Z))− Z(g(X,Y ))

+ g([X,Y ], Z) + g([Z,X], Y )− g([Y,Z], X)

= g′(∇′X′Y ′, Z ′) ◦ π.

(2.2.5)

Since Z ′ was arbitrary and π is surjective, the claim follows.

It is well known [HKLR87, Fut87] that g′ is a Kähler metric with Kähler form ω′

given by π∗ω′ = ι∗ω.

Definition 2.2.2. The Kähler manifold M ′, constructed above, is called the Kähler-
quotient of M with respect to the S1-action, the moment map µ and the regular value
k, and we write M ′ = M // S1.

We define the (1, 2)-tensor field A : E × E → Z by

A(X,Y ) = AXY = v(∇NXY ).
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The tensor field A is one of the fundamental tensor fields of the (pseudo)-Riemannian
submersion π as defined in [O’N66], satisfies

A(X,Y ) =
1

2
v[X,Y ], (2.2.6)

and is related to the second fundamental form II : TN × TN → TN⊥ of N ⊂ M as
follows.

Proposition 2.2.3 ([Kob87]). Let X,Y ∈ E. Then

A(X, JY ) = J(II(X,Y ))

II(X, JY ) = J(A(X,Y )).
(2.2.7)

In particular, A(JX, JY ) = A(X,Y ) and II(JX, JY ) = II(X,Y ).

Proof. Let X,Y be horizontal vector fields, then

∇XY = ∇NXY + II(X,Y )

= h(∇NXY ) + v(∇NXY ) + II(X,Y )

= h(∇NXY ) +A(X,Y ) + II(X,Y ).

(2.2.8)

The claim follows by comparing ∇X(JY ) and J∇XY and using the directness of the
sum ι∗TM = T hN ⊕ T vN ⊕ TN⊥.

Proposition 2.2.4. Let π∗F be the curvature of the connection Eq. (2.2.3) of the S1-
bundle π : N →M ′, given by a closed two-form F ∈ Ω1(M ′). Then

A(X,Y ) = −1

2
π∗F (X,Y )Z, (2.2.9)

and F is of type (1, 1).

Proof. Let X,Y be horizontal vector fields on N . The first claim follows from Eq. (2.2.6)
and the standard formula v[X,Y ] = −π∗F (X,Y )Z. The second claim is a direct conse-
quence of Eq. (2.2.9) and Proposition 2.2.3.

Let F = Z ⊕ JZ such that ι∗TM = E ⊕ F . By J-invariance of E and F we have
orthogonal decompositions into ±i-eigenspaces

E ⊗ C = E1,0 ⊕ E0,1, (2.2.10)

F ⊗ C = F 1,0 ⊕ F 0,1, (2.2.11)

ι∗T (1,0)M = E1,0 ⊕ F 1,0. (2.2.12)
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Note that E1,0 is integrable as we can write E1,0 = ι∗T 1,0M ∩ (TN ⊗ C).
Since Z is a (real) holomorphic vector field the section ZC := 1

2(Z − iJZ) of F 1,0

is holomorphic. Its (possibly negative) norm ‖Z‖2 := g(Z,Z) is invariant under Z and
therefore descends to a function ˇ‖Z‖2 on M ′.

We will now derive a formula connecting the Ricci tensors ofM andM ′ following the
treatment of [Fut87].

The connection ∇N = ι∗∇ of ι∗T (1,0)M = E(1,0) ⊕ F (1,0) induces connections on
E(1,0) and F (1,0) which we will denote by ∇h and ∇v, respectively. By the same symbols
we will also denote the induced connections on the line bundles detT (1,0)M , detE(1,0),
and detF (1,0). Let θ, θh and θv be the corresponding connection forms of ∇N , ∇h and
∇v with respect to the frames X1∧ . . .∧Xn−1∧ZC, X1∧ . . .∧Xn−1 and ZC, respectively,
where {Xi}n−1

i=1 is a pseudo-orthonormal basis of basic vector fields of E(1,0) such that
‖Xi‖2 = εi ∈ {±1}. Then, by virtue of the wedge product, θ = θh + θv.

Let X be a basic vector field. Then, using Proposition 2.2.1, we find

θ′(dπ(X)) dπ(X1) ∧ . . . ∧ dπ(Xn−1)

= ∇′dπ(X) dπ(X1) ∧ . . . ∧ dπ(Xn−1)

=

n−1∑
i=1

dπ(X1) ∧ . . . ∧∇′dπ(X) dπ(Xi) ∧ . . . ∧ dπ(Xn−1)

=
n−1∑
i=1

dπ(X1) ∧ . . . ∧ dπ(∇hXXi) ∧ . . . ∧ dπ(Xn−1)

=
n−1∑
i=1

π∗(X1 ∧ . . . ∧∇hXXi ∧ . . . ∧Xn−1)

= π∗

(
∇hX(X1 ∧ . . . ∧Xn−1)

)
= θh(X) dπ(X1) ∧ . . . ∧ dπ(Xn−1),

(2.2.13)

hence, π∗θ′ = θh ◦ prh =: θhh. Set θ
h
v := θh ◦ prv and θvi := θv ◦ pri for i ∈ {h, v}.

Denote by ρ′ and ρ the Ricci form of M ′ and M . Then

π∗ρ′ = i π∗ dθ′ = i d(π∗θ′) = i dθhh

= i d(θ − θhv − θv)

= (ι∗ρ)− i(dθhv + dθv),

(2.2.14)

where we have used θ = θhh + θhv + θv and that the curvature form of the canonical line
bundle over a Kähler manifold is given by i times its Ricci form.

Remark 2.2.5. Note that the curvature form of the canonical line bundle Λ(n,0)M is given
by − dθ as Λ(n,0)M = (detT (1,0)M)∗.
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Lemma 2.2.6. Let Y ∈ E(1,0) and σ = sign(‖Z‖2). Then

(i) dθvh = π∗(∂∂ log(σ‖̌Z‖2)),

(ii) dθvv(Y, Y ) = i(JA(Y, Y ) log(σ‖Z‖2)), and

(iii) dθhv (Y, Y ) = 2
n−1∑
i=1

εi g(A(Y, Y ), A(Xi, Xi)).

Proof. (i) Since ZC is holomorphic ∇vZC and θvh are 1-forms of type (1, 0). Further-
more, we have

θvh(Y )ZC = ∇vY ZC =
g(∇Y ZC, ZC)

‖ZC‖2
ZC

= (Y log(σ‖ZC‖2))ZC = (∂ log(σ‖Z‖2))(Y )ZC.

(2.2.15)

Thus, dθvh = dπ∗(∂ log(σ ˇ‖Z‖2)) = π∗(∂∂ log(σ ˇ‖Z‖2)) = π∗(∂∂ log(σ ˇ‖Z‖2)).

(ii) We first note that

dθ•v(Y, Y ) = −θ•(v[Y, Y ]), for • ∈ {h, v}, (2.2.16)

since θ•v = θ• ◦ v vanishes on E by definition. Let X = 1
2(v[Y, Y ] − iJv[Y, Y ]) =

A(Y, Y )− iJA(Y, Y ). Then, since ZC is holomorphic,

θv(v[Y, Y ])ZC = ∇v
v[Y,Y ]

ZC = ∇v
X−XZC = ∇vXZC

= (X log(σ‖Z‖2))ZC

= −i(JA(Y, Y ) log(σ‖Z‖2))ZC.

(2.2.17)

The last equation holds, since ‖Z‖2 is constant along fibers.

(iii) This follows from Eq. (2.2.16),

θh(v[Y, Y ])X1 ∧ . . . ∧Xn−1

= ∇h
v[Y,Y ]

(X1 ∧ . . . ∧Xn−1)

=

n−1∑
i=1

X1 ∧ . . . ∧∇hv[Y,Y ]
Xi ∧ . . . ∧Xn−1

=
n−1∑
i=1

X1 ∧ . . . ∧ εi g(∇v[Y,Y ]Xi, Xi)Xi ∧ . . . ∧Xn−1

=
n−1∑
i=1

εi g(∇v[Y,Y ]Xi, Xi)X1 ∧ . . . ∧Xn−1,

(2.2.18)
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and

g(∇v[Y,Y ]Xi, Xi) = g(∇Xiv[Y, Y ], Xi)− g([v[Y, Y ], Xi], Xi)

= g(∇Xiv[Y, Y ], Xi)

= Xi(g(v[Y, Y ], Xi))− g(v[Y, Y ],∇XiXi)

= −g(v[Y, Y ],∇XiXi)

= −g(v[Y, Y ], v(∇XiXi))

= −2g(A(Y, Y ), A(Xi, Xi)),

(2.2.19)

where we have used that [v[Y, Y ], Xi] is vertical since Xi is basic.

Proposition 2.2.7 ([Fut87, Proposition 3.12]). Let Ric′ and Ric be the Ricci curvature
of M ′ and M , respectively. Then for Y ∈ E1,0 we have

π∗Ric′(Y, Y ) = Ric(Y, Y )− π∗(∂∂ log(σ‖Z‖2))(Y, Y )

− iJA(Y, Y ) log(σ‖Z‖2)

− 2

n−1∑
i=1

εi g(A(Y, Y ), A(Xi, Xi)),

(2.2.20)

where {Xi} is a basic orthonormal basis of E(1,0).

Proof. The Ricci form is defined as ρ(X,Y ) = Ric(JX, Y ) for X,Y ∈ X(M). Hence,
ρ(Y, Y ) = iRic(Y, Y ). Using Eq. (2.2.14) and Lemma 2.2.6 the claim follows.

Corollary 2.2.8. Let M be Kähler-Einstein. If ‖Z‖2 is constant on level sets of µ and
A ≡ 0 then M ′ is Kähler-Einstein.

Proof. By our assumptions all terms but the first vanish on the right hand side of
Eq. (2.2.20). Let Y ∈ E1,0. Then

π∗Ric′(Y, Y ) = Ric(Y, Y ) = λg(Y, Y ) = λπ∗g′(Y, Y ), (2.2.21)

where λ is the Einstein constant of M . Thus M ′ is Einstein.

Example 2.2.9. Let (S2n+1, gS , Z, η,Φ) be a regular pseudo Sasaki-Einstein mani-
fold with contact form η, Reeb vector field Z, and (1, 1)-tensor field Φ. We set σ =

sign(gS(Z,Z)). Pseudo Sasakian manifolds that are Einstein have Einstein constant 2nσ.
Its Riemannian cone (M̂ = S ×R>0, ĝ = σ dr2 + r2gS , ω̂ = σ

2 d(r2η)) is Kähler-Einstein
and Ricci-flat and the Euler vector field r∂r satisfies Ĵr∂r = Z and ĝ(Z,Z) = σr2. By
regularity of Z, S is a principal S1 bundle π : S → M ′ over a Kähler-Einstein manifold
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(M ′, g′, ω′) where π∗ω′ = 1
2σ dη and gS = π∗g′ + ση2. M ′ corresponds to the Kähler

quotient of M̂ with respect to the holomorphic Killing vector field Z on the level-set
{r = 1} = S × {1} ∼= S.

We have

A(Y, Y ) =
1

2
v[Y, Y ] = −1

2
dη(Y, Y )Z = −σ π∗ω′(Y, Y )Z = −iσ π∗g′(Y, Y )Z. (2.2.22)

Using ∇r∂rZ = Z we find

ĴZ(log(σ‖ZC‖2)) = −r dr(log(σ‖ZC‖2)) = −2. (2.2.23)

Thus
iĴA(Y, Y ) log(σ‖ZC‖2) = −2σ π∗g′(Y, Y ), (2.2.24)

and

2
n−1∑
i=1

εi ĝ(A(Y, Y ), A(Xi, Xi)) = −2π∗g′(Y, Y )ĝ(Z,Z)
n∑
i=1

εi π
∗g′(Xi, Xi)︸ ︷︷ ︸

=εi

= −2nσπ∗g′(Y, Y ).

(2.2.25)

Finally, using Eq. (2.2.20),

π∗Ric′(Y, Y ) = 2σ(n+ 1)π∗g′(Y, Y ). (2.2.26)

So M ′ is Kähler-Einstein with Einstein constant σ(2n + 2). This result is well-known,
see, for instance, [BG08, Theorem 11.1.3] for the Riemannian case.

2.3 The Kähler/Kähler correspondence

Let (M, g, J) be a 2n dimensional (pseudo)-Kähler manifold with Kähler form ω = g(J ·, ·)
and a non-vanishing Hamiltonian Killing vector field Z such that g(Z,Z) is nowhere
zero. Let f be a Hamiltonian function of Z, i.e., df = −Z yω and assume that f and
f1 := f − 1

2g(Z,Z) are nowhere vanishing. Set β := g(Z, ·) and α := g(JZ, ·) = − df .
Assume there is a principal S1-bundle π : P → M with connection θ and curvature

dθ = π∗(ω − 1
2β(Z)), and endow it with the metric

gP := π∗g +
2

f1
θ2, (2.3.1)

and the tensor field
η := θ +

1

2
β, (2.3.2)
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where we have identified tensor fields on M with their pullbacks to tensor fields on P .
Denote by XP the fundamental vector field of P . Let M̂ := P ×R with the coordinate
t on the R>0-factor. On M̂ we introduce the following tensor fields.

ξ̂ := ∂t,

ĝ := e2t(gP + 2f dt2 + 2 df dt),

θ̂ := e2t

(
θ +

1

2
β

)
, and

ω̂ := dθ̂,

(2.3.3)

where we have again identified tensor fields on M and P with their canonical pullback
to M̂ . We will also denote the canonical lift of XP to M̂ by the same symbol.

Definition 2.3.1. A conical Kähler manifold (M̂, ĝ, Ĵ , ξ̂) is a pseudo-Kähler manifold
(M̂, ĝ, Ĵ) and a vector field ξ̂ such that ĝ(ξ̂, ξ̂) has no zeroes on M̂ and ∇ξ̂ = id, where
∇ is the Levi-Civita connection of M̂ .

Theorem 2.3.2 ([ACM13, Theorem 1]). Given (M, g, J) and Z, then the manifold
(M̂, ĝ, Ĵ = ĝ−1ω̂, ξ̂), constructed as above, is a conical Kähler manifold.

On M̂ the vector fields Z̊ := Ĵ ξ̂ = Z̃ + f1XP and XP are holomorphic Killing vector
fields and commute. We have XP y ω̂ = − d(e2t), so P ∼= P × {1} = {e2t = 1} and we
recover M as the Kähler quotient of M̂ with respect to the moment map e2t and the
regular value m = 1.

Moreover, the manifold (M̂, ĝ) is a metric cone over a pseudo-Sasakian manifold
(S, gS). The norm of the Euler vector field ξ̂ defines the radial coordinate r2 = |ĝ(ξ̂, ξ̂)| =
2|f |e2t and S = {r = 1} is diffeomorphic to P . The metric ĝ takes the form ĝ =

σ dr2 + r2gS , where σ = sign(ĝ(ξ̂, ξ̂)).

Theorem 2.3.3 ([ACDM15, Theorem 3]). The tensor field

g̃P := gP −
1

2f
α2 − 2

f

(
θ +

1

2
β

)2

(2.3.4)

on P is invariant under ZP and has a one-dimensional kernel RZ̊. Let W be a subman-
ifold of P which is transversal to the vector field Z̊. Then

g′ :=
1

2|f |
g̃P |W (2.3.5)

is a possibly indefinite Kähler metric on W .
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Remark 2.3.4. (1) The above relation between the Kähler manifold (M, g, J) together
with its Hamiltonian function f and the Kähler manifold W is what is called the
K/K correspondence.

(2) In the original proof in [ACDM15], the authors show that the metric g′ corresponds
under the identification S ∼= P to the transverse Kähler metric of the Sasakian
structure of S. We give an alternative proof using the twist construction.

Proof of Theorem 2.3.3. We note that Ĵ ξ̂ = Z̊ = Z̃ + f1XP is a lift of Z with respect
to the twist data (Z,F, a), where we have set a := f1 and F = ω − 1

2β. So let W ⊂ P

be transverse to Z̊. We choose h1 = 1
2|f | and h2 = −h1

2f . We have already shown in
Proposition 2.1.20 that the twist gW of gN = h1g+h2(α2 +β2) with respect to the above
data is Kähler. We compute (identifying tensors on M with their pullback to P )

π∗W gW = π∗gN − 2θ · π∗
(

σ

2f2
β

)
+ π∗

(
σβ(Z)

2f1f2

)
θ2

=

(
1

2|f
g − 1

4|f |f
(α2 + β2)

)
− 2θ ·

(
σ

2f2
β

)
+

(
σβ(Z)

2f1f2

)
θ2

=
1

2|f |

(
g − 1

2f
(α2 + β2)− 2

f
βθ +

β(Z)

f1f
θ2

)
=

1

2|f |

(
gP −

(
2

f1
− β(Z)

f1f

)
︸ ︷︷ ︸

= 2
f

θ2 − 2

f
θ · β − 1

2f
β2 − 1

2f
α2

)

=
1

2|f |

(
gP −

1

2f
α2 − 2

f

(
θ +

1

2
β

)2
)
.

(2.3.6)

Hence g′ = π∗W gW |W = gW is Kähler.

2.3.1 Curvature properties of the Kähler/Kähler correspondence for
conical Kähler manifolds

Let (M, g, J) be a Kähler manifold with Kähler form ω = g(J ·, ·), non-vanishing Hamil-
tonian Killing vector field Z, β = g(Z, ·), − df = −Z yω, f1 = f − 1

2β(Z), and f, f1 both
non-zero. Set σ := sign(f).

Lemma 2.3.5 ([ACM13, Lemma 1]). f1 is constant if and only if ∇ZZ = JZ.

Proof. Let h = 1
2β(Z). We have

dh = g(∇Z,Z) = −g(∇ZZ, ·) = ω(∇ZJZ, ·). (2.3.7)
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Thus df1 = d(f − h) = −ω(Z + J∇ZZ, ·) which is identically zero if and only if ∇ZZ =

JZ.

Lemma 2.3.6. We have ω − 1
2 dβ = 0 if and only if ∇Z = J .

Proof. We compute

dβ(X,Y ) = X(g(Z, Y ))− Y (g(Z,X))− g(Z, [X,Y ])

= −g(X,∇Y Z) + g(Y,∇XZ)

= −2g(X,∇Y Z) = −2ω(X,∇Y JZ).

(2.3.8)

Thus (
ω − 1

2
dβ

)
(X,Y ) = ω(X,Y +∇Y JZ), (2.3.9)

which is identically zero if and only if ∇Z = J .

Following the treatment of [Dyc15, Section 4.1.1] in the case of the HK/QK correspon-
dence applied to conical hyper-Kähler manifolds, we will apply the K/K correspondence
to a conical Kähler manifold (M, g, J, ξ) with Z = Jξ.

We set g(ξ, ξ) = λr2 where λ = sign(g(ξ, ξ)). Then a moment map of Z is given
by f = λ

2 (r2 + c) and f1 = λ
2 c. We denote the sign of f by σ. By Lemma 2.3.6 we

can choose P = M × S1 and Z̊ = Z + λ c2∂s, denoting by s the coordinate in S1. The
submanifold W := {s = 0} ∼= M is transverse to Z̊. The metric obtained from the K/K
correspondence Eq. (2.3.5) on W is then given by

g′ =
1

2|f |

(
gP −

1

2f
α2 − 2

f

(
θ +

1

2
β

)2
)∣∣∣∣∣

W

=
σ

2f
(g − 1

2f
(α2 + β2))

=
σ

r2 + c
g − σ

(r2 + c)2
(α2 + β2).

(2.3.10)

Example 2.3.7. ConsiderM = Cn\{0} with standard coordinates given by (z1, . . . , zn)

and standard metric g = dzi dzi. Its conical vector field is given by ξ = r∂r = 2 Re(zi∂zi),
we set Z = Jξ, and we find α = −1

2(zi dzi + zi dzi) and β = i
2(zi dzi − zi dzi). Set

f = 1
2(‖z‖2 + c) and σ = sign(f). If c > 0, then f > 0 on M . For c < 0 we restrict M

to Mc = {c+ ‖z‖2 < 0} = {f < 0}. Then Eq. (2.3.10) reads

g′ = σ
dzi dzi

c+ ‖z‖2
− σz

izj dzi dzj

(c+ ‖z‖2)2
. (2.3.11)
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This shows that (Mc, g
′) for c < 0 is isometric to the complex hyperbolic space CHn.

Note that for c > 0 the metric g′ on Cn \ {0} extends to all of Cn. Hence (Cn, g′) is
isometric to {[z0 : . . . : zn] | z0 6= 0} ⊂ CPn.

Proposition 2.3.8. Let (M, g, J, ξ) be conical Kähler and set Z = Jξ. If the conical
Kähler manifold M̂ obtained from Theorem 2.3.2 is Einstein (or, equivalently, Ricci-flat)
then M is necessarily Ricci-flat as well.

Proof. Since M is conical and Z = Jξ, the principal S1-bundle P → M is flat by
Lemma 2.3.6, hence, the tensor A from Section 2.2 is zero. We have ĝ(XP , XP ) = 2

f1
e2t

and the moment map of XP is simply e2t. So XP has constant norm on level sets
if and only if f1 is constant on M . The statement then follows from Lemma 2.3.5
and Corollary 2.2.8.

Theorem 2.3.9. Let (M, ξ) be a 2n-dimensional conical Kähler manifold with Hamil-
tonian function f . Set σ = sign(f). If every manifold W that is obtained from M and
f via the K/K correspondence is Einstein with Einstein constant σ(2n + 2), then M is
necessarily Ricci-flat.

Proof. Note from Eq. (2.3.3) that the signature of ĝ(ξ, ξ) is determined by σ = sign(f).
Let (S ⊂ M̂, gS) be the Sasaki submanifold over which M̂ is the metric cone. We choose
gS such that the norm of the Reeb flow is given by σ. Assume that every W obtained
from M and f is Einstein with Einstein constant λ := σ(2n + 2). Since any such W

is isometric to a submanifold of S transverse to the Reeb foliation this is equivalent to
the transverse metric of the Sasakian structure to be Einstein with Einstein constant λ.
From this we conclude that M̂ is Ricci flat, see, for instance, Example 2.2.9, or [BG08,
Theorem 11.1.3, Lemma 11.1.5] for the Riemannian case. By Proposition 2.3.8 it follows
that M is necessarily Ricci-flat.

Example 2.3.10. Another interesting case arises when applying the K/K correspon-
dence to a conical Kähler manifold (M, g, J, ξ) with Z = 2Jξ. We will assume that M
is a cone over a regular Sasaki manifold that fibers over a Kähler manifold (M̌, ǧ). If M
is only locally a cone or S is not regular, we can instead choose M̌ as a submanifold of
S transverse to the local Reeb flow of S. Let λ = sign(g(ξ, ξ)) and r2 := |g(ξ, ξ)|. It
was shown in [ACDM15, Theorem 4] that when applying the K/K correspondence to M
with f = λr2, one obtains a product manifold

(W, 2g′) = (R>0 × S1 × M̌,−λgCH1 + ǧ), (2.3.12)
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where gCH1 = 1
4ρ2

(dρ2 + dφ̃2), ρ is a coordinate on R>0, and φ̃ = −4s is related to
the coordinate s on the S1-factor. The metric gCH1 is Einstein with Einstein constant
ΛCH1 = −4. Recall that a product metric is Einstein if and only if the factors have the
same Einstein constant. Hence, in this case, the metric g′ is Einstein if and only if ǧ is
Einstein with Einstein constant Λ′ = −λ4.





Chapter 3

The ASK/PSK correspondence

In this chapter we will establish the ASK/PSK correspondence relating affine special
Kähler manifolds to projective special Kähler manifolds.

We begin in Section 3.1 with an introduction to special Kähler geometry, mostly
following [ACD02].

In Sections 3.2 to 3.4 we introduce the necessary technical tools needed to formulate
the conification construction and the ASK/PSK correspondence.

Section 3.5 contains the generalization of the statement that the affine special Kähler
structure of an affine special Kähler manifold is locally induced by Kählerian Lagrangian
immersions [ACD02].

In Section 3.6 we prove a completeness result for a one-parameter deformation of a
positive definite Hessian, which will be specialized in Section 3.7 to the case of the r-map.

Finally, Section 3.7 will contain our results of the application of the ASK/PSK cor-
respondence to the case of the r-map, cf. Diagram Eq. (1.2.2).

3.1 Special Kähler geometry

Definition 3.1.1. An affine special Kähler manifold (M,J, g,∇) is a pseudo-Kähler
manifold (M,J, g) with symplectic form ω := g(J ·, ·) endowed with a flat torsion-free
connection ∇ such that ∇ω = 0 and d∇J = 0.

An affine special Kähler manifold has the property that a ∇-parallel one-form α is
holomorphic as a section of the holomorphic cotangent bundle (T ∗M,J). This follows
from the next proposition.

29
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Proposition 3.1.2 ([ACD02, Proposition 1]). Let ∇ be a flat torsion-free connection
on a complex manifold (M,J). Then d∇J = 0 if and only if d(α ◦ J) = 0 for all local
∇-parallel one-forms α on M .

Proof. Let α be a local ∇-parallel 1-form, and X,Y be local vector fields such that
∇JX = ∇JY = 0. We compute

(d∇J)(X,Y ) = (∇XJ)Y − (∇Y J)X

= ∇XJY − J∇XY −∇Y JX + J∇YX

= −J [X,Y ],

(3.1.1)

and

d(α ◦ J)(X,Y ) = X(α(JY )︸ ︷︷ ︸
const.

)− Y (α(JX)︸ ︷︷ ︸
const.

)− α(J [X,Y ])

= −α ◦ J([X,Y ]).

(3.1.2)

This shows that d∇J = 0 if and only if d(α ◦ J) = 0 for all local ∇-parallel one-forms α
on M .

Definition 3.1.3. LetM be a complex manifold of complex dimension n and consider the
complex vector space T ∗Cn = C2n endowed with the canonical coordinates (z1, . . . , zn,

w1, . . . , wn), standard complex symplectic form Ω =
∑n

i=1 dz
i∧dwi, standard real struc-

ture τ : C2n → C2n and Hermitian form γ =
√
−1
2 Ω(·, τ ·). A holomorphic immersion

φ : M → C2n is called Lagrangian (respectively, Kählerian) if φ∗Ω = 0 (respectively, if
φ∗γ is non-degenerate). φ is called totally complex if dφ(TpM) ∩ τ dφ(TpM) = 0 for all
p ∈M .

Remark 3.1.4. Our conventions differ slightly from [ACD02, CDM17] in that we have set
ω = g(J ·, ·) in contrast to ω = g(·, J ·). One consequence of this is that a Hermitian form
γ (which, in both conventions, is C-linear in its first argument) and a Kähler structure
(g, ω) are related via γ = g − iω. Also, our Hermitian structure on C2n differs from the
Hermitian structure of [ACD02] by a factor of 1

2 .

Proposition 3.1.5 ([ACD02]). Let φ : M → C2n be a holomorphic immersion.

(1) φ is totally complex if and only if its real part Reφ : M → R2n is an immersion.

(2) If φ is Lagrangian, then φ is Kählerian if and only if it is totally complex.



3.1. Special Kähler geometry 31

A Kählerian Lagrangian immersion φ : M → C2n induces on M the structure of
an affine special Kähler manifold. Locally, an affine special Kähler manifold can always
be realized as a Kählerian Lagrangian immersion. This is reflected in the following
proposition.

Proposition 3.1.6 ([ACD02]). Let (M,J, g,∇) be a simply connected affine special Käh-
ler manifold of complex dimension n. Then there exists a Kählerian Lagrangian immer-
sion φ : M → C2n inducing the affine special Kähler structure (J, g,∇) on M . Moreover,
φ is unique up to a transformation of C2n by an element in AffSp(R2n)(C

2n).

More precisely, the action of the group AffSp(R2n)(C
2n) on the set of Kählerian La-

grangian immersions φ : M → C2n is simply transitive, as can be proven along the lines
of the proof of simple transitivity in Proposition 3.2.10.

Definition 3.1.7. Let φ : M → C2n be a Kählerian Lagrangian immersion of an affine
special Kähler manifold M . Denote by λ = wt dz =

∑n
i=1wi dz

i the Liouville form of
C2n. A function F : M → C is called a prepotential of φ if dF = φ∗λ.

Remark 3.1.8. (1) The function K := γ(φ, φ) is a Kähler potential of the Kähler form
ω, i.e., ω = i

2∂∂̄K.

(2) Let M be a local affine special Kähler manifold given as a Kählerian Lagrangian
immersion φ : M → C2n. Then the pullback of the canonical coordinates of
T ∗Cn = C2n gives functions z1, . . . , zn, w1, . . . , wn : M → C such that φ = (z, w) :=

(z1, . . . , zn, w1, . . . , wn). It can always be achieved that z, w : M → Cn are holo-
morphic coordinate systems by replacing φ with x ◦ φ for some x ∈ Sp(R2n) and
restricting M if necessary, c.f. [ACD02, Section 1.2]. In this case, we call (z, w) a
conjugate pair of special holomorphic coordinates.

(3) Let φ = (z, w) : M → C2n be a Kählerian Lagrangian immersion of an affine
special Kähler manifold given by a conjugate pair of special holomorphic coor-
dinates (z, w) and let F : M → C be a prepotential of φ. Then we can iden-
tify M ∼= z(M) ⊂ Cn and φ with dF : M → T ∗M = C2n. In particular,
φ(M) =

{
(z, w) ∈ C2n | wi = ∂F

∂zi

}
is the graph of dF over M . In this case,

M ⊂ Cn is called an affine special Kähler domain and K(p) =
∑n

i=1 Im(ziFi)

where Fi := ∂F
∂zi

.

Definition 3.1.9. A conical affine special Kähler manifold (M̂, Ĵ , ĝ, ∇̂, ξ) is an affine
special Kähler manifold (M̂, Ĵ , ĝ, ∇̂) and a vector field ξ such that ĝ(ξ, ξ) 6= 0 and
∇̂ξ = D̂ξ = Id, where D̂ is the Levi-Civita connection of ĝ.
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Note that contrary to [CHM12, Definition 3] here we are not making any assumptions
on the signature of the metric ĝ.

A conical affine special Kähler manifold M̂ of complex dimension n+1 locally admits
Kählerian Lagrangian immersions Φ : U → C2n+2 that are equivariant with respect to the
local C∗-action defined by Z = ξ − iJξ and scalar multiplication on C2n [ACD02]. As a
consequence, the function K̂ := 1

2 ĝ(Z,Z) = ĝ(ξ, ξ) is a globally defined Kähler potential
of M̂ . Indeed, if p ∈ U , then K̂(p) = ĝp(ξ, ξ) = γ̂(Φ(p),Φ(p)), where γ̂ = i

2 Ω̂(·, ·) for the
standard symplectic form Ω̂ of C2n+2.

If the vector field Z generates a principal C∗-action then the symmetric tensor field

g′ := − ĝ

K̂
+

(∂K̂)(∂̄K̂)

K̂2
(3.1.3)

induces a Kähler metric g on the quotient manifold M := M̂/C∗, compare [CDS16,
Proposition 2]. It follows that π∗g = g′ and π∗ω = − i

2∂∂̄ log |K̂|, where ω = g(J ·, ·) is
the Kähler form ofM and π : M̂ →M is the canonical projection. Set D := span{ξ, Jξ}.
Note that if K̂ > 0, then the signature of g is minus the signature of ĝ|D⊥ , whereas if
K̂ < 0, then the signature of g agrees with the signature of ĝ|D⊥ .

Definition 3.1.10. The quotient (M, g) is called a projective special Kähler manifold.

Remark 3.1.11. Let Φ = (Z,W ) : M → C2n+2 be an equivariant Kählerian Langrangian
immersion such that (Z,W ) is a conjugate pair of special holomorphic coordinates. Iden-
tify M ∼= Z(M) ⊂ Cn+1. Then the prepotential F : M → C can be chosen to be
homogeneous of degree 2 such that Φ = dF .

3.2 Symplectic group actions

3.2.1 Linear representation of the central extension of the affine sym-
plectic group

Let G = Sp(R2n) n Heis2n+1(R) be the extension of the real Heisenberg group by
the group of automorphisms Sp(R2n). The complexification of G is the group GC =

Sp(C2n) n Heis2n+1(C) which contains G as a real subgroup. Given two elements x =

(X, s, v) and x′ = (X ′, s′, v′) ∈ GC, where X,X ′ ∈ Sp(C2n), s, s′ ∈ C = Z(G), and
v, v′ ∈ C2n, their product in GC is given by

x · x′ =
(
XX ′, s+ s′ +

1

2
Ω(v,Xv′), Xv′ + v

)
, (3.2.1)

where Ω is the symplectic form on C2n.
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The group GC is a central extension of the group AffSp(C2n)(C
2n) of affine transfor-

mations of C2n with linear part in Sp(C2n). The two groups are related by the quotient
homomorphism

GC → AffSp(C2n)(C
2n) = GC/Z(GC), (X, s, v) 7→ (X, v). (3.2.2)

This induces an affine representation ρ̄ of GC on C2n with image AffSp(C2n)(C
2n) whose

restriction to the real group G has the image ρ̄(G) = AffSp(R2n)(R
2n). In the complex

symplectic vector space C2n we use standard coordinates (z1, . . . , zn, w1, . . . , wn) in which
the complex symplectic form is Ω =

∑
dzi ∧ dwi.

We will now show that ρ̄ can be extended to a linear symplectic representation

ρ : GC → Sp(C2n+2) (3.2.3)

in the sense that the group ρ(GC) preserves the affine hyperplane {z0 = 1} ⊂ C2n+2 with
respect to standard coordinates (z0, w0, z

1 . . . , zn, w1, . . . wn) on C2n+2 = C2 ⊕ C2n and
the distribution spanned by ∂w0 inducing on the symplectic affine space {z0 = 1}/〈∂w0〉 ∼=
C2n the symplectic affine representation ρ̄.

Remark 3.2.1. Notice that {z0 = 1}/〈∂w0〉 is precisely the symplectic reduction of C2n+2

with respect to the holomorphic Hamiltonian group action generated by the vector field
∂w0 . The group ρ(GC) ⊂ Sp(C2n+2) preserves the Hamiltonian z0 of that action and,
hence, ρ induces a symplectic affine representation on the reduced space. Similarly, we
will consider the initial real symplectic affine space R2n as the symplectic reduction of
the real symplectic vector space R2n+2 in the context of the real group G.

Proposition 3.2.2. (i) The map

x = (X, s, v) 7→ ρ(x) =

 1 0 0

−2s 1 v̂t

v 0 X

 , v̂ := XtΩ0v = Ω0X
−1v, (3.2.4)

where Ω0 =

(
0 id

− id 0

)
is the matrix representing the symplectic form on C2n,

defines a faithful linear symplectic representation ρ : GC → Sp(C2n+2), which in-
duces the affine symplectic representation ρ̄ : GC → AffSp(C2n)(C

2n) in the sense
explained above.

(ii) The image ρ(GC) ⊂ Sp(C2n+2) consists of the transformations in Sp(C2n+2) which
preserve the hyperplane {z0 = 1} ⊂ C2n+2 and the complex rank one distribution
〈∂w0〉. The image ρ(G) ⊂ Sp(R2n+2) ⊂ Sp(C2n+2) is the group that additionally
preserves the real structure of C2n+2.
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Proof. We first observe that, for K ∈ {R,C}, an element of GL(2n + 2,K) preserves
{z0 = 1} and 〈∂w0〉 if and only if it is of the form 1 0 0

−2s c wt

v 0 X

 , (3.2.5)

where s ∈ K, 0 6= c ∈ K, v, w ∈ K2n, and X ∈ GL(2n,K). One then checks that such
a transformation is symplectic if and only if X ∈ Sp(K2n), c = 1, and w = v̂. Clearly
an element in GL(2n,K) preserves the real structure of C2n if and only if K = R. This
proves (ii) and shows that the linear transformation ρ(x) induces the affine transformation
ρ̄(x) ∈ AffSp(C2n)(C

2n) for all x ∈ GC.
To check that ρ is a representation we put µ(x) := −2s, γ(x) := v̂ = XtΩ0v. Then

we compute

µ(xx′) = µ(x) + µ(x′)− ω(v,Xv′) = µ(x) + µ(x′) + v̂tv′, (3.2.6)

which coincides with the matrix element of ρ(x)ρ(x′) in the second row and first column.
Next we compute the column vector

γ(xx′) = (XX ′)tΩ0(v +Xv′) = (X ′)t(γ(x) + Ω0v
′) = (X ′)tγ(x) + γ(x′), (3.2.7)

the entries of which coincide with the last 2n entries of the second row of ρ(x)ρ(x′). From
these properties one sees immediately that ρ is a representation. It is obviously faithful,
since X, s, and v appear in the matrix ρ(x).

We define the subgroup GSK = Sp(R2n) n Heis2n+1(C) ⊂ GC to be the extension of
the complex Heisenberg group by Sp(R2n). It contains the real group G as a subgroup
and is a central extension of the affine group ρ̄(GSK) = AffSp(R2n)(C

2n). We will show
that GSK acts on pairs (φ, F ) of Kählerian Lagrangian immersions and prepotentials.
This gives a transformation formula, see Eq. (3.2.16), of prepotentials of affine special
Kähler manifolds which generalizes de Wit’s formula (9) in [dW96a] from the case of
linear to affine symplectic transformations.

3.2.2 Representation of GC on Lagrangian pairs

Let L ⊂ C2n be a Lagrangian submanifold and denote by η be the canonical Sp(R2n)-
invariant 1-form given by ηq := Ω(q, ·), for q ∈ C2n. In Darboux coordinates (z1, . . . , zn,

w1, . . . , wn) we can write η as η =
∑
zi dwi − wi dzi. Since dη = 2Ω, this form is closed

when restricted to L.
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Definition 3.2.3. We call a function f : L → C a Lagrangian potential of L if df = −η|L
and a pair (L, f) a Lagrangian pair if L ⊂ C2n is a Lagrangian submanifold and f is a
Lagrangian potential of L.

Proposition 3.2.4. The group GC acts on the set of pairs (L, f), where L ⊂ C2n is a
Lagrangian submanifold and f is a holomorphic function on L. The action is defined as
follows. Given x = (X, s, v) ∈ GC and a pair (L, f) as above, we define

x · (L, f) := (xL, x · f), (3.2.8)

where xL := ρ̄(x)L and x · f is function on xL defined as

x · f := f ◦ x−1 + Ω(·, v)− 2s. (3.2.9)

Moreover, if f is a Lagrangian potential of L, then x · f is a Lagrangian potential of xL.

Proof. For the neutral element e ∈ GC, clearly e · (L, f) = (L, f). Let q ∈ L and
x, x′ ∈ GC with x = (X, s, v) and x′ = (X ′, s′, v′). Then

x · (x′ · f)(xx′q) = (x′ · f)(x′q) + Ω(xx′q, v)− 2s

= f(q) + Ω(x′q, v′) + Ω(xx′q, v)− 2s− 2s′

= f(q) + Ω(xx′q, v +Xv′)− 2

(
s+ s′ +

1

2
Ω(v,Xv′)

)
= (xx′) · f(xx′q),

(3.2.10)

where we have used the second-to-last equation that

Ω(x′q, v′) = Ω(Xx′q,Xv′)

= Ω(xx′q − v,Xv′)

= Ω(xx′q,Xv′)− Ω(v,Xv′).

(3.2.11)

This shows that Eq. (3.2.8) defines an action of GC. Now let f be a Lagrangian potential
of L and set q̃ = xq. Then

dq̃(x · f) = dqf ◦ d(x−1) + dq̃(Ω(·, v))

= −ηq ◦X−1 + Ω(·, v)

= −Ω(q,X−1·) + Ω(·, v)

= −Ω(Xq + v, ·) = −ηq̃,

(3.2.12)

hence, x · f is a Lagrangian potential of x · L.
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Definition 3.2.5. We call a Lagrangian submanifold L ⊂ C2n Kählerian if the Hermitian
form γ =

√
−1Ω(·, τ ·) is non-degenerate when restricted to L. Similarly, a Lagrangian

pair (L, f) is called Kählerian if L is Kählerian.

Lemma 3.2.6. A Lagrangian submanifold L ⊂ C2n is Kählerian if and only if L is
totally complex, i.e., TqL ∩ τTqL = {0} for all q ∈ L.

Proof. Since the inclusion ι : L → C2n is a holomorphic Lagrangian immersion, the
statement follows from Prop. 3.1.5.

Corollary 3.2.7. The group GSK ⊂ GC acts on the set of Kählerian Lagrangian pairs.

Proof. The group GSK acts on C2n as the group ρ̄(GSK) = AffSp(R2n)(C
2n) which is

the affine linear group that leaves invariant the complex symplectic form Ω and the real
structure τ and, hence, also the Hermitian form γ =

√
−1Ω(·, τ ·). This shows that if

(L, f) is a Kählerian Lagrangian pair, then x · (L, F ) = (ρ̄(x)L, x ·f) is again a Kählerian
Lagrangian pair for all x ∈ GSK.

3.2.3 Representation of GSK on special Kähler pairs

Definition 3.2.8. Let (M,J, g,∇) be a connected affine special Kähler manifold of
complex dimension n and let U ⊂ M be an open subset of M . We call a pair (φ, F ) a
special Kähler pair of U if φ : U → C2n is a Kählerian Lagrangian immersion inducing
on U the restriction of the special Kähler structure (J, g,∇) and F is a prepotential of
φ. We denote the set of special Kähler pairs of U by F(U).

The following Lemma shows how the notions of prepotentials and Lagrangian poten-
tials are related.

Lemma 3.2.9. LetM be a special Kähler manifold together with a Kählerian Lagrangian
embedding φ : M → φ(M) ⊂ C2n inducing the special Kähler structure of M . Set
L := φ(M) and (z, w) := φ. Then a Lagrangian potential f of L defines a prepotential
F of φ via

F =
1

2
(φ∗f + ztw), (3.2.13)

and vice versa.
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Proof. Let f be a Lagrangian potential of L. We compute

dF =
1

2
(φ∗ df + d(ztw))

=
1

2
(−φ∗η + wt dz + zt dw)

=
1

2
(wt dz − zt dw + wt dz + zt dw)

= wt dz.

(3.2.14)

Since φ is a biholomorphism onto its image, the converse follows easily.

Proposition 3.2.10. Let M be a connected affine special Kähler manifold of complex
dimension n and U ⊂M an open subset such that F(U) 6= ∅. Then the group GSK acts
simply transitively on F(U). The action is defined as follows. Given x = (X, s, v) ∈ GSK

and a special Kähler pair (φ, F ) of U , we define

x · (φ, F ) := (xφ, x · F ), (3.2.15)

where xφ := ρ̄(x) ◦ φ and

x · F := F − 1

2
ztw +

1

2
z′tw′ +

1

2
(xφ)∗Ω (·, v)− s, (3.2.16)

where (z, w) := φ and (z′, w′) := xφ are the components of φ and xφ, respectively.

Proof. We begin by showing that Eq. (3.2.15) defines a GSK-action on F(U). Clearly,
the neutral element of GSK acts trivially. We can locally rewrite Eq. (3.2.16) as

2x · F − z′tw′ = 2F − ztw + (xφ)∗Ω(·, v)− 2s

= (xφ)∗(f ◦ x−1 + Ω(·, v)− 2s)

= (xφ)∗(x · f)

(3.2.17)

where f is the Lagrangian potential locally corresponding to F according to Lemma 3.2.9,
i.e., φ∗f = 2F − ztw. This shows that x · F is a prepotential, namely the prepotential
locally corresponding to the Lagrangian potential x · f via xφ. The remaining group
action axioms now follow easily from Proposition 3.2.4.

It remains to show that the action is simply transitive. Let (φ, F ), (φ′, F ′) be two
special Kähler pairs of U . Since φ and φ′ are both Kählerian Lagrangian immersions
inducing same special Kähler structure, we know from Prop. 3.1.6 that there is an element
(X, v) ∈ AffSp(R2n)(C

2n) such that φ′ = (X, v) ◦ φ. Since prepotentials are unique up to
a constant, there is an s ∈ C such that x · F = F ′ for x = (X, s, v) ∈ GSK. This shows
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x · (φ, F ) = (φ′, F ′) and, hence, the transitivity. To see that the action is free, assume
that x ·(φ, F ) = (φ, F ) for some x = (X, s, v) ∈ GSK. Then X ◦φ+v = φ. Differentiating
and taking the real part gives (X − id2n) ◦ Re dφ = 0. Since φ is Kählerian, Reφ is an
immersion and this implies X = id2n. But then from X ◦ φ+ v = φ it also follows that
v = 0. Finally, x · (φ, F ) = (φ, F − s) implies s = 0 and, hence, x is the identity of
GSK.

Corollary 3.2.11. Under the assumptions of Prop. 3.2.10, the subgroup Sp(R2n) ⊂ GSK

acts by

x · (φ, F ) =

(
φ′ = xφ, F ′ = x · F = F − 1

2
ztw +

1

2
z′tw′

)
(3.2.18)

on the set of special Kähler pairs (φ, F ). In particular, in the case of conical affine special
Kähler manifolds, Sp(R2n) acts on the set of homogeneous prepotentials of degree 2.

Remark 3.2.12. By Corollary 3.2.11, the function F − 1
2z
tw is invariant under the above

action of Sp(R2n) in the sense that

F ′ − 1

2
z′tw′ = F − 1

2
ztw. (3.2.19)

This is precisely the statement of de Wit, see eq. (10) in [dW96a], that F − 1
2z
tw trans-

forms as a symplectic function under linear symplectic transformations.
In terms of the Lagrangian potentials f and f ′ corresponding to F and F ′, eq. (3.2.19)

is equivalent to
f ◦ φ = f ′ ◦ φ′. (3.2.20)

3.3 Conification of Lagrangian submanifolds

The aim is to associate (under some assumptions) a Lagrangian cone L̂ ⊂ C2n+2 with a
Lagrangian submanifold L ⊂ C2n, and vice versa.

Fix a linear symplectic splitting C2n+2 = C2 × C2n of the symplectic vector space
C2n+2 with its standard symplectic form Ω̂ and linear Darboux coordinates z0, w0 in C2

such that the symplectic form on C2 is given by dz0 ∧ dw0. Then the symplectic vector
space C2n with its standard symplectic form Ω is recovered as the symplectic reduction
with respect to the Hamiltonian flow of the function z0 as explained in Rem. 3.2.1. Let
π : {z0 = 1} → {z0 = 1}/〈∂w0〉 = C2n be the quotient map and ι : {z0 = 1} ↪→ C2n+2

the inclusion.
In one direction, let L be a Lagrangian submanifold of C2n. A submanifold L̂1 ⊂

{z0 = 1} ⊂ C2n+2 is called a lift of L if the projection

π|L̂1 : L̂1 → L (3.3.1)
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is a diffeomorphism. Equivalently, a lift is a section over L of the trivial C-bundle
π : {z0 = 1} → C2n. Hence, a lift L̂1 is of the form L̂1 = {(1, f(q), q) | q ∈ L} for a
function f : L → C.

Proposition 3.3.1. Let L̂1 be a lift of a Lagrangian submanifold L ⊂ C2n with respect
to the function f : L → C. Then the cone L̂ := C∗ · L̂1 is Lagrangian if and only if f is
a Lagrangian potential.

Proof. By the above L̂1 = {(1, f(q), q) | q ∈ L}. To show that L̂ := C∗ · L̂1 is Lagrangian
it is sufficient to show that Ω̂(p, X̂p) = 0 for all p ∈ L̂1 and X̂p ∈ TpL̂1. A tangent vector
X̂p ∈ TpL̂1 is of the form X̂p = df(X)∂w0 +X for X ∈ TqL with q = π(p). Then

Ω̂(p, X̂p) = Ω̂(∂z0 + f(q)∂w0 + q, X̂p)

= dz0 ∧ dw0 (∂z0 + f(q)∂w0 , df(X)∂w0) + Ω(q,X)

= df(X) + ηq(X).

(3.3.2)

Hence, L̂ is Lagrangian if and only if df = −η|L.

Definition 3.3.2. Let L̂1 be the lift of the Lagrangian pair (L, f). We call the La-
grangian cone con(L, f) := C∗ · L̂1 the conification of (L, f).

Conversely, let L̂ ⊂ C2n+2 be a Lagrangian cone such that the submanifold L̂1 :=

L̂ ∩ {z0 = 1} is transverse to the Hamiltonian vector field ∂w0 and each integral curve
intersects L̂1 at most once. We will call Lagrangian cones with this property regular.
Then we define L ⊂ C2n as the image of L̂1 under the quotient map π : {z0 = 1} →
{z0 = 1}/〈∂w0〉 = C2n. Since the pullback π∗Ω of the symplectic form Ω on C2n is
given by π∗Ω = ι∗Ω̂, it follows that L is Lagrangian. By the regularity, the function
f := w0◦(π|L̂1)−1 is a well-defined function on L and L̂1 is of the form L̂1 = {(1, f(q), q) |
q ∈ L}. In particular, L̂1 is the lift of L with respect to the function f .

Definition 3.3.3. We call the pair red(L̂) := (L, f) the reduction of the regular La-
grangian cone L̂ ⊂ C2n+2.

Proposition 3.3.4. With respect to a splitting C2n+2 = C2 × C2n and linear Darboux
coordinates z0, w0 of C2, we obtain a one-to-one correspondence

{Regular Lagrangian cones in C2n+2}
OO

1:1
��

{Lagrangian pairs (L, f) in C2n},
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given by conification and reduction.
Moreover, conification and reduction are equivariant with respect to the action of the

group GC, i.e., con(x · (L, f)) = ρ(x) con(L, f) and red(ρ(x)L̂) = x · red(L̂) for x ∈ GC.

Proof. Let L̂ ⊂ C2n+2 be a regular Lagrangian cone. We have already seen that L̂1 =

L̂∩{z0 = 1} is the same as the lift of the pair (L, f) := red(L̂). Since the cone L̂ = C∗ ·L̂1

is Lagrangian, it follows from Prop. 3.3.1 that f is a Lagrangian potential and, hence,
con(red(L̂)) = L̂. Conversely, if (L, f) is a Lagrangian pair and L̂1 ⊂ {z0 = 1} is the
lift of L with respect to f , then con(L, f) = C∗ · L̂1 is a regular Lagrangian cone by
Prop. 3.3.1. Since con(L, f) ∩ {z0 = 1} = L̂1, it follows that red(con(L, f)) = (L, f).
This shows red = con−1.

Now let x = (X, s, v) ∈ GC and L̂1 be the lift of a Lagrangian pair (L, f). Then

ρ(x)L̂1 = ρ(x){(1, f(q), q) ∈ C2n+2 | q ∈ L}

= {(1, f(q) + v̂tq − 2s, xq) ∈ C2n+2 | q ∈ L}

= {(1, f(q) + Ω(xq, v)− 2s, xq) ∈ C2n+2 | q ∈ L}

= {(1, f(x−1q′) + Ω(q′, v)− 2s, q′) ∈ C2n+2 | q′ ∈ xL}

= {(1, x · f(q′), q′) ∈ C2n+2 | q′ ∈ xL}.

(3.3.3)

This shows that ρ(x)L̂1 is the lift of the Lagrangian pair x · (L, f) = (xL, x · f). Since
the action of GC on C2n+2 leaves level-sets of z0 and the distribution spanned by ∂w0

invariant, it follows that

con(x · (L, f)) = C∗ · (ρ(x)L̂1) = ρ(x)(C∗ · L̂1) = ρ(x) con(L, ŵ0). (3.3.4)

The equivariance of red follows immediately from red = con−1.

Proposition 3.3.5. Let (L, f) be a Lagrangian pair such that L is Kählerian. If there
is a point q ∈ L such that q is real and f(q) 6∈ R, then there is an open neighborhood
U ⊂ L of q such that the Lagrangian cone Û := con(U, f) ⊂ L̂ := con(L, f) is Kählerian.

Proof. Let q ∈ L be real such that f(q) 6∈ R and choose an arbitrary v̂ ∈ TpL̂ ∩ τTpL̂ for
p = (1, f(q), q) ∈ L̂. Since TpL̂ = spanC(p)⊕TqL, we have v̂ = λ(1, f(q), q)+(0, df(v), v)

for λ ∈ C and v ∈ TqL. The condition v̂ − τ v̂ = 0 gives three equations

0 = λ− λ, (3.3.5)

0 = λf(q)− λf(q) + df(v)− df(v), (3.3.6)

0 = λq − λq + v − v. (3.3.7)
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From the first, we immediately see that λ ∈ R. From the third we find v−v = λ(q−q) = 0

since q is a real point. But v − v = 0 is only possible if v = 0 as L is Kählerian. The
second equation then implies λ(f(q) − f(q)) = 0 which, as f(q) 6∈ R, is only possible
if λ = 0. Hence, v̂ = 0 and this shows TpL̂ ∩ τTpL̂ = 0. Since L̂ is Lagrangian, this
is equivalent to the Hermitian form γ̂ = Ω̂(·, τ ·) being non-degenerate when restricted
to L̂ at the point p. By continuity, it is then also non-degenerate on a neighborhood
Û1 ⊂ L̂1 = L̂ ∩ {z0 = 1} of p. Non-degeneracy is invariant under multiplication by
z0 ∈ C∗, which acts by homothety on the Hermitian form γ̂. Therefore, γ̂|L̂ is non-
degenerate on Û := C∗ · Û1 which is the conification of the Lagrangian pair (U, f) for
U = π(Û1).

Proposition 3.3.6. If (L, f) is a Lagrangian pair and L is Kählerian, then there is
an open subset U ⊂ L and an element x ∈ GSK such that the cone con(x · (U, f)) is
Kählerian.

Proof. Let (L, f) be a Lagrangian pair such that L is Kählerian. If L does not have
real points, set L′ = L − q for an arbitray q ∈ L. Then 0 ∈ L′ is a real point and we
can choose a Lagrangian potential f ′ such that f ′(0) 6∈ R. This determines an element
x ∈ GSK such that (L′, f ′) = x · (L, f). The statement now follows from Prop. 3.3.5.

3.4 Conification of affine special Kähler manifolds

3.4.1 Conification of special Kähler pairs

Since special Kähler pairs locally correspond to Lagrangian pairs we can use the results
from the previous chapter to give a conification procedure for special Kähler pairs.

Proposition 3.4.1. Let (φ, F ) be a special Kähler pair of an affine special Kähler man-
ifold M and denote by (z, w) := φ the components of φ as before. Set M̂ := C∗ ×M =

{(z0, p) ∈ C∗ ×M} with C∗-action defined by λ · (z0, p) := (λz0, p). Then the map

Φ : M̂ → C2n+2

(z0, p) 7→ z0(1, (2F − ztw)(p), φ(p))
(3.4.1)

is a C∗-equivariant Lagrangian immersion of M̂ .

Proof. Consider open subsets Û of M̂ of the form Û = C∗ × U where U ⊂ M is open
such that φ|U is an embedding. Let (L, f) be the Lagrangian pair corresponding to
(φ, F )|U by Lemma 3.2.9. Then Φ(z0, p) = z0(1, f(φ(p)), φ(p)) for all (z0, p) ∈ Û , i.e.,
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Φ(Û) = con(L, f). This shows that Φ is a Lagrangian immersion. The equivariance is
obvious.

Definition 3.4.2. Let (φ, F ) be a special Kähler pair of an affine special Kähler manifold
M . We call the complex manifold M̂ = C∗ ×M together with the map Φ : M̂ → C2n+2

the conification of the special Kähler pair (φ, F ) and we write Φ = con(φ, F ). We say
that the special Kähler pair (φ, F ) is non-degenerate if the immersion Φ is Kählerian and
γ̂(Φ,Φ) 6= 0.

Proposition 3.4.3. Let (φ, F ) be a special Kähler pair of an affine special Kähler man-
ifold M . Then conification is equivariant with respect to the action of GSK in the sense
that con(x · (φ, F )) = ρ(x) ◦ con(φ, F ) for x ∈ GSK.

Proof. This follows since conification locally corresponds to the conification of Lagrangian
pairs.

Theorem 3.4.4. Let (φ, F ) be a non-degenerate special Kähler pair of an affine spe-
cial Kähler manifold M . Then Φ = con(φ, F ) induces on M̂ the structure of a conical
affine special Kähler manifold. This structure is independent of the representative of the
equivalence class of (φ, F ) in F(M)/G.

Proof. Let Φ be the conification of a non-degenerate special Kähler pair (φ, F ). Then
Φ is by definition a Kählerian Lagrangian immersion of M̂ inducing the special Kähler
metric ĝ = Re Φ∗(γ̂). Since Φ is also equivariant with respect to the C∗-action, it follows
that the real part ξ := Re(Z) of the vector field Z generating the C∗ action satisfies
∇ξ = Dξ = Id. Its length is given by

ĝ(ξ, ξ) = γ̂(Φ,Φ) = |Z0|2(Im f +K) 6= 0, (3.4.2)

where f = 2F − ztw for (z, w) := φ and K = γ(φ, φ). This shows that Φ induces on M̂
a conical affine special Kähler structure.

Let (φ′, F ′) ∈ F(M) with Φ′ = con(φ′, F ′). Then (φ′, F ′) = x · (φ, F ) for a unique
x ∈ GC and by Proposition 3.4.3 Φ′ = ρ(x) ◦ Φ. Now Φ and Φ′ induce the same conical
affine Kähler structure on M̂ if and only if ρ(x) ∈ Sp(R2n+2) which is the case if and
only if x ∈ G.

Proposition 3.4.5. Let (φ, F ) be a special Kähler pair defined on U ⊂ M and set
f = 2F − ztw for (z, w) := φ and K = γ(φ, φ). Then (φ, F ) is non-degenerate if and
only if Im f +K 6= 0 and ω := − i

2∂∂ log | Im f +K| is non-degenerate.

Proof. This follows easily from Eqs. (3.1.3) and (3.4.2).



3.4. Conification of affine special Kähler manifolds 43

Remark 3.4.6. A special Kähler domain M ⊂ Cn with coordinates z1, . . . , zn of Cn and
prepotential F : M → C determines a special Kähler pair (φ, F ) by setting φ = dF :

M → T ∗Cn = C2n. Then the conification

M̂ = {(Z0, Z1, . . . , Zn) ∈ C∗ × Cn | Zi/Z0 ∈M, i = 1, . . . , n},

Φ = con(dF, F ) : M̂ → C2n+2
(3.4.3)

is the graph of dF̂ , where F̂ is a holomorphic homogeneous function of degree 2 given by

F̂ (Z0, . . . , Zn) = (Z0)
2
F

(
Z1

Z0
, . . . ,

Zn

Z0

)
. (3.4.4)

The special Kähler pair (φ, F ) is non-degenerate if and only if the matrix given by
Im
(

∂2F̂
∂ZI∂ZJ

)
for I, J = 0, . . . , n is invertible and

K̂(Z0, . . . , Zn) =
n∑
I=0

Im

(
ZI

∂F

∂ZI

)
=
∣∣Z0
∣∣2 (K(z1, . . . , zn) + Im(f(z1, . . . , zn))

) (3.4.5)

is non-zero, where zi = Zi/Z0, f = 2F −
∑n

i=1 z
i ∂F
∂zi

, and K =
∑n

i=1 Im(zi ∂F
∂zi

). Note

that in this case, K̂ = γ̂(Φ,Φ) is the Kähler potential, Im
(

∂2F̂
∂ZI∂ZJ

)
= ∂2K̂

∂ZI∂ZJ
are the

components of the metric, and

K ′(z1, . . . , zn) := − log |K(z1, . . . , zn) + Im(f(z1, . . . , zn))|

= − log |K̂(1, z1, . . . , zn)|
(3.4.6)

gives a Kähler potential of the projective special Kähler metric g defined on M̂/C∗ ∼= M .

Example 3.4.7. LetM ⊂ Cn with standard coordinates (z1, . . . , zn) be an affine special
Kähler domain with a holomorphic prepotential given by F =

∑n
i,j=1 aijz

izj + 1
2C for

aij = aji, C ∈ C. Note how the parameter C does not affect the affine special Kähler
geometry ofM . We have K = 2

∑n
i,j=1 z

izj Im(aij) and f = 2F −
∑n

i=1 z
i ∂F
∂zi

= C. Con-
sider the conification of the special Kähler pair (dF, F ). We denote by (Z0, . . . , Zn) the
homogeneous coordinates on C∗×M . The holomorphic prepotential F̂ of the conification
is then given by F̂ (Z0, Z) =

∑n
i,j=1 aijZ

iZj + C(Z0)
2. The matrix(

Im
∂2F̂

∂ZI∂ZJ

)
I,J=0,...,n

=

(
ImC 0

0 2(Im aij)i,j=1,...,n

)
(3.4.7)

is non-degenerate if and only if c := ImC 6= 0. Thus (dF, F ) is non-degenerate if and
only if c 6= 0 and K + Im f = K + c 6= 0 on M .
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Assuming (dF, F ) is non-degenerate, then the projective special Kähler metric g on
M is given by

g = −
n∑

i,j=1

∂2

∂zi∂zj
log |K + c| dzi dzj

= − 1

K + c
g +

1

(K + c)2
(∂K)(∂K),

(3.4.8)

where g is the affine special Kähler metric of M .

3.4.2 The ASK/PSK correspondence

In this section we will give a global description of the conification procedure of the pre-
vious section and establish the ASK/PSK correspondence which will assign a projective
special Kähler manifold to any affine special Kähler manifold given a non-degenerate
special Kähler pair. For this, we will prove that every affine special Kähler manifold
admits a flat principal GSK-bundle. Using this bundle, we show that if the holonomy
of the flat connection is contained in the group G ⊂ GSK, then the local conification of
a non-degenerate special Kähler pair (φ, F ) can be extended to the largest domain on
which analytic continuation of (φ, F ) is non-degenerate.

Lemma 3.4.8. Let G be a Lie group and F be a presheaf on a manifold M with values
in the category of principal homogeneous G-spaces. Then the disjoint union of stalks
P := ∪̇p∈MFp carries the structure of a principal G-bundle π : P → M with a flat
connection 1-form θ such that the horizontal sections of P over U are given by F(U).

Proof. Fix a point p ∈ M and a neighborhood U of p such that F(U) 6= ∅. We claim
that evaluation of sections, i.e., the map taking a section s ∈ F(U) to its germ [s]p ∈ Fp,
is a bijection. Let [sV ]p ∈ Fp, where sV ∈ F(V ) for some open neighborhood V of p.
Without loss of generality, we can assume V ⊂ U . If s ∈ F (U) is a section, then there is
a unique x ∈ G such that x · s|V = sV . Hence, x · s and sV define the same germ at p.
This shows the surjectivity. Now let s, s̃ = x · s ∈ F(U) such that [s]p = [s̃]p. Then there
is a neighborhood V ⊂ U of P such that s|V = s̃|V . Since s = x · s̃ for a unique x ∈ G
this implies x = e, where e ∈ G is the neutral element, showing the injectivity. It follows
that the stalks of F are also principal homogeneous G-spaces with G-action defined as
x · [s]p = [x · s]p.

Set P = ∪̇p∈MFp and π : P →M , [s]p 7→ p. We can now consider a section s ∈ F(U)

as a section of P over U by setting s(p) := [s]p. Choose an open covering U = (Uα)α∈I

such that F(Uα) 6= ∅ and for each Uα pick a section sα ∈ F(Uα). Define G-equivariant
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maps Ψα : π−1(Uα)→ Uα×G such that Ψα(sα(p)) = (p, e). These maps are bijective by
the first part of the proof. Let Uαβ = Uα∩Uβ be a non-empty overlap. Then F(Uαβ) 6= ∅
and by the simply transitive action of G on F(Uαβ) there is a unique xαβ ∈ G such that
sα = xαβsβ , showing that the transition maps

Ψαβ(p, g) := (Ψβ ◦Ψα
−1)(p, g)

= Ψβ(g · sα(p)) = Ψβ(gxαβ · sβ(p)) = (p, gxαβ)
(3.4.9)

are smooth and the transition functions gαβ : Uαβ → GSK, gαβ(p) = xαβ are constant.
On a non-empty overlap Uαβγ = Uα ∩Uβ ∩Uγ we have sβ = xβγ · sγ and sα = xαβ · sβ =

xαβxβγ · sγ . Hence, the transition functions satisfy gαγ = gαβgβγ . This shows that
π : P →M is a principal GSK bundle, see, e.g., [KN63, Chapter 1, Proposition 5.2]).

The transformation rule for local connection 1-forms θα ∈ Ω1(Uα,Lie(GSK)) is

θβ = Ad(gαβ
−1)θα + gαβ

−1 dgαβ (3.4.10)

for transition functions gαβ : Uαβ → G. In our case, the transition functions gαβ(p) = xαβ

are constant. Thus we see that setting θα = 0 defines a flat connection 1-form θ on P .
In the above we have seen that a section s ∈ F(U) gives a local trivialization Ψ :

π−1(U)→ U ×G. A section s̃ of π−1(U) is horizontal with respect to θ if and only if it
is constant in this trivialization. Thus it is of the form s̃(p) = [x · s]p for some x ∈ G.
Under the identification Fp ∼= F(U), s̃ thus corresponds to x · s ∈ F(U), completing the
proof.

Now let (M,J, g,∇) be an affine special Kähler manifold of complex dimension n.
Consider the map F assigning to each open subset U ofM the set F(U) of special Kähler
pairs of U . The map F is a sheaf with values in the category of GSK-principal homoge-
neous spaces. The restriction map is given by (φ, F )|V = (φ|V , F |V ). By Lemma 3.4.8
the sheaf F thus defines a flat principal GSK-bundle π : P → M with flat connection
1-form θ where P = ∪̇p∈MFp.

Definition 3.4.9. We call the flat principal GSK-bundle of germs of special Kähler pairs
π : P →M the bundle of special Kähler pairs.

Definition 3.4.10. (1) We call a germ u in the fiber Pp non-degenerate if there is a
non-degenerate special Kähler pair (φ, F ) of an open neighborhood of p such that
[(φ, F )]p = u. Note that every fiber contains at least one non-degenerate germ by
Proposition 3.3.6.
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(2) Let u = [(φ, F )]p be a non-degenerate germ in the fiber Pp and (φ, F ) be a non-
degenerate special Kähler pair. Define dom(u) ⊂ M to be the set of points in M
that are connected to p via a path γ along which the analytic continuation of (φ, F )

is non-degenerate. We call dom(u) the domain of non-degeneracy of u.

Note that analytic continuation of a special Kähler pair (φ, F ) defined on a neigh-
borhood of a point p along a path γ corresponds to parallel transport of the germ
u = [(φ, F )]p ∈ Pp along γ. Therefore, if u is non-degenerate, then a point p′ ∈ M

is in dom(u) if and only if there is a horizontal path from u to the fiber over p′ such that
all points of γ are non-degenerate.

Theorem 3.4.11. Let M be a connected affine special Kähler manifold of complex di-
mension n and π : P → M be the bundle of special Kähler germs of M with its flat
connection 1-form θ. Assume that Hol(θ) ⊂ G. Let u ∈ P be a non-degenerate point.
Then the manifold M̂u := C∗ × dom(u) carries a conical affine special Kähler structure.

Proof. Due to the condition on the holonomy, we can reduce the bundle π : P →M and
the connection 1-form θ to a Hol(θ)-bundle

P (u) := {u′ ∈ P | there is a θ-horizontal path connecting u and u′} ⊂ P.

First note that if u′ ∈ P (u)p′ is a non-degenerate germ in the fiber over p′, then all
germs in the fiber are non-degenerate. Indeed, if u′′ ∈ P (u)p′ , then u′′ = x · u′ for some
x ∈ Hol(θ) ⊂ G. Thus if (φ′, F ′) is the non-degenerate special Kähler pair corresponding
to u′ then con(x · (φ′, F ′)) = ρ(x) con(φ′, F ′) is Kählerian since ρ(x) ∈ Sp(R2n) for all
x ∈ G.

By the definition of dom(u) the fibers of P (u)|dom(u) are all non-degenerate. Hence,
we can find an open covering U = (Uα)α∈I of dom(u) and non-degenerate special Kähler
pairs (φα, Fα) ∈ F(Uα) such that [(φα, Fα)]p ∈ P (u)p for all p ∈ dom(u). This gives
a covering Û = (Ûα) := (C∗ × Uα)α∈I and conic Kählerian Lagrangian immersions
Φα = con(φα, Fα) : Ûα → C2n+2. The induced conical affine special Kähler structure
on Ûα is independent of the choice of special Kähler pairs (φα, Fα) for each α ∈ I by
Theorem 3.4.4 and agrees on overlaps, since the transistion functions take values in
Sp(R2n+2). This shows that the Φα induce a well-defined conical affine special Kähler
structure on M̂u = C∗ × dom(u).

The C∗-action on M̂u is principal. Hence, the quotient Mu = M̂u/C
∗ is projective

special Kähler with metric gu given by Eq. (3.1.3). In particular, a Kähler potential of
gu is given by K ′u(p) := − log |K̂u(1, p)| for p ∈ dom(u).
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Definition 3.4.12. We call the map taking the affine special Kähler manifold (M, g)

and a special Kähler germ u ofM to the projective special Kähler manifold (Mu, gu) the
ASK/PSK correspondence.

3.5 Affine bundles and affine special Kähler structures

Let (V,Ω,∇) be a flat real symplectic vector bundle of rank 2n over a complex manifoldM
of complex dimension n such that ∇Ω = 0. Since V is flat, we can choose trivializations
such that the components of Ω and the transition functions gij : Uij → Sp(R2k) ⊂
GL(C2k) are constant and, hence, holomorphic. This shows that the complexification
VC := V ⊗C is a holomorphic bundle and the complex-linear extension of Ω (also denoted
by Ω) defines a holomorphic symplectic structure on VC. The connection ∇ extends to a
complex connection on VC which we also denote by ∇. Moreover, γ := i

2Ω(·, ·) defines a
Hermitian metric on VC. Note that if Φ : M → VC is a holomorphic section, then we can
interpret the covariant derivative ∇Φ : TM → VC as a morphism of holomorphic vector
bundles.

Proposition 3.5.1. Let (M,J) be a complex manifold of complex dimension n and
(V,Ω,∇) a flat real symplectic vector bundle of rank 2n such that ∇Ω = 0. If there is a
global holomorphic section Φ : M → VC such that

(i) (∇Φ)∗Ω = 0 and

(ii) (∇Φ)∗γ is non-degenerate,

then M carries the structure of an affine special Kähler manifold. Moreover, VC is
associated to the principal GSK-bundle P → M of special Kähler pairs with the linear
representation GSK → Sp(R2n) acting on C2n.

Proof. Write Φ = ρ + iξ for sections ρ, ξ : M → V . Since Φ is holomorphic and ∇ is
complex, we have ∇ρ◦J = −∇ξ. Condition (ii) implies that γ pulls back to a Hermitian
metric on TM and, hence, g − iω := (∇Φ)∗γ defines a (pseudo)-Kähler structure on
(M,J). Computing ω in terms of ρ and ξ, we find

ω = − Im(∇Φ)∗γ = −1

2
Re Ω(∇Φ,∇Φ)

= −1

2
(Ω(∇ρ,∇ρ)− Ω(∇ξ,∇ξ))

= −(∇ρ)∗Ω(·, ·),

(3.5.1)
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where in the last equation we have made use of condition (i) which implies Ω(∇ρ,∇ρ) =

Ω(∇ξ,∇ξ). Since ω is non-degenerate, ∇ρ and ∇ξ are isomorphisms of vector bundles.
Therefore, the connection ∇ pulls back via ∇ρ to a flat connection ∇′ on TM , i.e., a
vector field X is parallel if and only if ∇Xρ is a parallel section of V . This also shows
that ∇′ω = 0, since Ω(s, s′) is constant for parallel sections s, s′ of V .

To prove that M is affine special Kähler, it remains to show that ∇′ is torsion-free
and satisfies d∇

′
J = 0. For arbitrary vector fields X,Y on M , we compute

d∇ρ(d∇
′
id(X,Y )) = d∇ρ(∇′XY −∇′YX − [X,Y ])

= ∇X d∇ρ(Y )−∇Y d∇ρ(X)− d∇ρ([X,Y ])

= d∇(d∇ρ)(X,Y ) = ((d∇)2ρ)(X,Y ) = 0,

(3.5.2)

and

d∇ρ(d∇
′
J(X,Y )) = d∇ρ(∇′X(JY )−∇′Y (JX)− J [X,Y ])

= ∇X d∇ρ(JY )−∇Y d∇ρ(JX)− d∇ρ(J [X,Y ])

= −∇X d∇ξ(Y ) +∇Y d∇ξ(X) + d∇ξ([X,Y ])

= −d∇(d∇ξ)(X,Y ) = −(d∇)2ξ(X,Y ) = 0.

(3.5.3)

Since d∇ρ = ∇ρ is an isomorphism, this shows d∇
′
id = d∇

′
J = 0. It follows that M is

an affine special Kähler manifold.

It remains to show that VC is associated to the bundle of special Kähler pairs GSK

defined by the affine special Kähler structure on M . Let (Uα,Ψα)α∈I be a local trivial-
ization of VC, i.e., Ψα : VC → Uα×C2n corresponding to a choice of a ∇-parallel Darboux
frame of V on each Uα. The (constant) transition functions gαβ : Uα ∩ Uβ → Sp(R2n)

are defined via

Ψβ ◦Ψα
−1(x, v) = (x, gαβ

−1v). (3.5.4)

Note that in our conventions, transition functions act from the right whereas actions on
principal bundles are left actions. Each α defines a map φα : Uα → C2n via

Ψα ◦ Φ|Uα(x) = (x, φα(x)), (3.5.5)

which is a Kählerian Lagrangian immersion by conditions (i) and (ii). Hence, there is
an element xαβ ∈ GSK such that ρ̄(xαβ) ◦ φβ = φα. This element xαβ is unique for an
arbitrary choice of prepotential Fα such that (φα, Fα) is a special Kähler pair for each α.
However, the element ρ̄(xαβ) ∈ Sp(R2n) is independent of this choice.
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Let x ∈ Uα ∩ Uβ . We compute

(x, φβ(x)) = Ψβ ◦ Φ(x)

= Ψβ ◦Ψα
−1 ◦Ψα ◦ Φ(x)

= Ψβ ◦Ψα
−1(x, φα(x))

= Ψβ ◦Ψα
−1(x, ρ̄(xαβ) ◦ φβ(x))

= (x, gαβ
−1 ◦ ρ̄(xαβ) ◦ φβ(x)).

(3.5.6)

It follows by Proposition 3.2.10 that gαβ = ρ̄(xαβ). Hence, the transition functions of VC
are related to the transition functions of the GSK-bundle P →M of special Kähler pairs
via the linear representation GSK → Sp(R2n).

The existence of a global section Φ : M → VC in the sense of Proposition 3.5.1
is closely linked to the holonomy of the flat connection θ of the principal GSK-bundle
P →M .

Proposition 3.5.2. Let M be an affine special Kähler manifold of complex dimension
n and P its bundle of special Kähler pairs with flat connection 1-form θ. Let VC be the
associated bundle of P with respect the linear representation GSK → Sp(R2n). Then
VC has a global holomorphic section in the sense of Proposition 3.5.1 if and only if
Hol(θ) ⊂ Sp(R2n)× C ⊂ GSK.

Proof. A global holomorphic section Φ in the sense of Proposition 3.5.1 gives a covering
U = (Uα)α∈I and Kählerian Lagrangian immersions φα : Uα → C2n for each α such that
on overlaps Uαβ := Uα∩Uβ 6= ∅, φα = Xαβ ◦φβ for Xαβ ∈ Sp(R2n). For each α, choose a
prepotential Fα of φα. Then on Uαβ : (φα, Fα) = xαβ · (φβ, Fβ) for xαβ = (Xαβ, 0, sαβ) ∈
GSK where sαβ ∈ C is determined uniquely from our choice of prepotentials. The family
(xαβ) is a cocycle with values in the subgroup Sp(R2n)× C ⊂ GSK. This shows that P
reduces to a principal Sp(R2n)× C-bundle. It follows that Hol(θ) ⊂ Sp(R2n)× C.

Conversely, if Hol(θ) ⊂ Sp(R2n)×C, then we can coverM with Kählerian Lagrangian
immersions φα, differing only by a linear transformation in Sp(R2n). They determine a
well-defined global holomorphic section Φ : M → VC satisfying conditions (i) and (ii) of
Proposition 3.5.1.

Definition 3.5.3. Let V → M be a vector bundle. An affine bundle modelled on the
vector bundle V →M is a fiber bundle A→M such that the following conditions hold.

(1) Each fiber Ap over p ∈M is an affine vector space over the vector space Vp.
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(2) There is a bundle atlas of A such that the transition functions are given by affine
isomorphisms whose linear parts give transition functions of V .

Let A→M be a flat complex affine bundle modelled on the complex vector bundle VC
from above. Since A is flat, there is a covering U = (Uα)α∈I of M and local horizontal
sections sα of A giving local identifications of A|Uα ∼= VC|Uα . Let Φ : M → A be a
holomorphic section of A. Thus we can locally identify Φ on Uα with a local holomorphic
section Φα of VC over Uα. We set ∇Φ : TM → VC by defining ∇Φ|Uα = ∇Φα. This is
well-defined, for if s′α is a different choice of local horizontal sections of A, then s′α − sα
is a ∇-parallel section of VC over Uα and Φ′α = Φα − (s′α − sα).

The following theorem is a generalization of Proposition 3.1.6.

Theorem 3.5.4. Let A → M be a flat complex affine bundle modelled on the complex
vector bundle VC = V ⊗ C where (V,Ω,∇) is a flat real symplectic vector bundle such
that ∇Ω = 0. If there is a global holomorphic section Φ : M → A such that

(i) (∇Φ)∗Ω = 0 and

(ii) (∇Φ)∗γ is non-degenerate,

then M carries the structure of an affine special Kähler manifold. Moreover, A is asso-
ciated to the principal GSK-bundle of special Kähler pairs with the affine representation
ρ̄ : GSK → AffSp(R2n)(C

2n) acting on C2n.
Conversely, if M is affine special Kähler, then the associated complex affine bundle

A → M corresponding to the affine representation ρ̄ : GSK → AffSp(R2n)(C
2n) acting on

C2n has a global section Φ : M → A satisfying conditions (i) and (ii).

Proof. Note that in general we can only locally write Φα = ρα+iξα on an open subset Uα
for functions ρα, ξα : Uα → V |Uα . However, the bundle morphisms ∇ρ and ∇ξ are still
well-defined. Hence, it follows from the proof of Proposition 3.5.1 thatM is affine special
Kähler. A similar argument also shows that A is associated to GSK via the representation
ρ̄.

For the converse, we simply note that a coverinng of M with Kählerian Lagrangian
immersions φα defines a well-defined global section Φ in a similar way as in the proof of
Proposition 3.5.2.

Remark 3.5.5. With respect to a ∇-parallel frame (λ1, . . . , λ2n) of V |Uα , we can write
the local function ρα = Re Φα : Uα → V |Uα as

ρ =

2n∑
i=1

ρiλi. (3.5.7)
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The functions (ρ1, . . . , ρ2n) then define an affine coordinate system around any point
p ∈ Uα. Indeed,∇ρα =

∑2n
i=1 dρ

iλi is an isomorphism of vector bundles, which shows that
the differentials dρi are linearly independent. Since (d∇)2 = 0 it follows that ∇ dρi = 0.
The symplectic form ω then takes the form ω = −ωij dρi ∧ dρj for ωij := Ω(λi, λj) ∈ R.

3.6 Completeness of Hessian metrics associated with a hy-
perbolic centroaffine hypersurface

In this section we will prove a completeness result for a one-parameter deformation of
a positive definite Hessian metric with Hesse potential of the form − log h where h is a
homogeneous function on a domain in Rn. The latter metric is isometric to a product
of the form dr2 + gH, where gH is proportional to the canonical metric on a centroaffine
hypersurface H ⊂ Rn. This will be specialized in Section 3.7 to the case of a cubic
polynomial h and related to the r-map.

Let U ⊂ Rn be a domain such that R>0 · U ⊂ U and let h : U → R be a smooth
positive homogeneous function of degree k > 1. Then H := {h = 1} ⊂ U is a smooth
hypersurface and U = R>0 · H. We assume that for gU := −∂2h the metric gH := ι∗gU

is positive definite, where ι : H ↪→ U is the inclusion. The manifold
(
H, 1

kgH
)
is a

hyperbolic centroaffine hypersurface in the sense of [CNS16].

Definition 3.6.1. If h is a cubic homogeneous polynomial, then the manifold (H, gH),
defined as above, is called a projective special real manifold.

Let g′ := −∂2 log h = 1
hgU + 1

h2
(dh)2. Denote by ξ := xi∂xi the position vector field

on U and by E ⊂ TU the distribution of tangent spaces tangent to the level sets of h.
Then TU decomposes into

TU = E ⊕ 〈ξ〉 . (3.6.1)

Proposition 3.6.2. The bilinear form ǧ := gU − gU (ξ,·)2
gU (ξ,ξ) is positive semidefinite with

kernel Rξ, and we can write

gU = ǧ − k − 1

kh
(dh)2, (3.6.2)

g′ =
1

h
ǧ +

1

kh2
(dh)2. (3.6.3)

In particular, gU is a Lorentzian metric, g′ is a Riemannian metric on U , and the de-
composition (3.6.1) is orthogonal with respect to gU and g′.
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Proof. By homogeneity of h, we have dh(ξ) = kh, gU (ξ, ·) = −(k − 1) dh and gU (ξ, ξ) =

−k(k − 1)h. This implies ǧ|E×E = gU |E×E > 0 and, hence, ker ǧ = Rξ. Observing that
gU (ξ,·)2
gU (ξ,ξ) = − (k−1)

kh (dh)2 we obtain the formulas for gU and g′. The distributions E and Rξ
are obviously orthogonal with respect to ǧ and (dh)2 and, therefore, also with respect
to gU and g′ which are linear combinations (with functions as coefficients) of these two
tensors.

Definition 3.6.3. For c ∈ R we define the bilinear symmetric form

g′c := −∂2 log(h+ c) =
1

h+ c
gU +

1

(h+ c)2
(dh)2 (3.6.4)

on the set

Uc :=

{x ∈ U | h(x) + c > 0} for c ≤ 0,

{x ∈ U | h(x)− c(k − 1) > 0} for c > 0.
(3.6.5)

Proposition 3.6.4. (1) As in Proposition 3.6.2 we can write

g′c =
1

h+ c
ǧ +

h− c(k − 1)

kh

1

(h+ c)2
(dh)2. (3.6.6)

(2) The metric g′c is Riemannian on Uc.

(3) If cc′ > 0, then (Uc, g′c) is isometric to (Uc′ , g′c′).

Proof. (1) Equation (3.6.6) follows by inserting (3.6.2) into (3.6.4).

(2) The positive definiteness of g′c follows directly from Eq. (3.6.6) since the coefficients
of the two terms are positive.

(3) Scalar multiplication by λ > 0 is a diffeomorphism on U . Let φλ : Uc → U be the
restriction. Using the homogeneity of h it easily follows that φλ(Uc) = Uλkc.

Computing

φ∗λg
′
c = φ∗λ

(
1

h+ c
gU +

1

(h+ c)2
(dh)2

)
=

1

λkh+ c
λkgU +

1

(λkh+ c)2
λ2k(dh)2

=
1

h+ λ−kc
gU +

1

(h+ λ−kc)2
(dh)2

= g′λ−kc

(3.6.7)

we see that for λ = (c′/c)1/k we have φ∗λ(g′c′) = g′c. Hence, φλ gives the required
isometry.
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Theorem 3.6.5. Assume that g′ is a complete metric on U and c < 0. Then g′c is a
complete metric on Uc.

Remark 3.6.6. The metric g′ on U is complete if and only if gH is complete, since (U , g′)
is isometric to (R×H, dr2 + gH).

Proof. Denote by L(γ) and L′c(γ) the Riemannian length of a curve γ in Uc with respect
to g′ and g′c, respectively. Note first that

g′c − g′ =
(

1

h+ c
− 1

h

)
ǧ +

1

k

(
h− c(k − 1)

h︸ ︷︷ ︸
>1

1

(h+ c)2
− 1

h2

)
(dh)2

≥ 1

k

(
1

(h+ c)2
− 1

h2

)
(dh)2 ≥ 0

(3.6.8)

on U ′. Hence, L′c(γ) ≥ L(γ) for any curve γ in Uc.
Now, for some T > 0 let γ : [0, T ) → Uc be a curve that is not contained in any

compact set in Uc. If γ already has infinite length with respect to g′ then it also has
infinite length with respect to g′c by Eq. (3.6.8) and we are done.

Assume that L(γ) < ∞. Since g′ is complete, there exists a compact set K ⊂ U
such that γ ⊂ K. Then {γ(t)} has a limit point p ∈ U that is not in Uc because
otherwise {γ(t)} ⊂ Uc is a compact subset of Uc containing γ which is a contradiction.
By continuity of h, this limit point lies in {h + c = 0}. Hence, we can find a sequence
ti ∈ [0, T ), ti → T , such that h(γ(ti))→ −c.

Using the estimate

g′c =
1

h+ c
ǧ +

h− c(k − 1)

kh
(d log(h+ c))2

≥ 1

k
(d log(h+ c))2

(3.6.9)

we find

L′c(γ) ≥ 1√
k

∫ ti

0

∣∣∣∣ ∂∂t log(h(γ(t)) + c)

∣∣∣∣ dt
≥ 1√

k
|log(h(γ(ti)) + c)− log(h(γ(0)) + c)| ti→T−→ ∞

(3.6.10)

Hence, any curve that is not contained in any compact set in Uc has infinite length with
respect to g′c. This is equivalent to the completeness of g′c.

Remark 3.6.7. In the case of c > 0 the metric g′c is not complete. One can find a curve
with limit point in {h− c(k − 1) = 0} that has finite length.
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The following lemma will be used in the proof of Theorem 3.7.2 in the next section.

Lemma 3.6.8. Let (Mn
1 , g1) be a complete Riemannian manifold. Then the metric

g :=

(
g1 0

0 g1

)
(3.6.11)

defined on the product M = M1 ×Rn is complete.

Proof. This is a special case of [CHM12, Theorem 2].

3.7 Application to the r-map

Let us first recall the definition of the supergravity r-map, following [CHM12].
Let (H, gH) be a projective special real manifold defined by a homogeneous cubic

polynomial h such that H ⊂ {h = 1}. Set U := R>0 · H and define gU := −∂2h.
Define M = Rn + iU ⊂ Cn with coordinates (zi = yi +

√
−1xi)i=1,...,n ∈ Rn + iU .

We endow M with a Kähler metric g defined by the Kähler potential K(z) = − log h(x).
As a matrix, this metric is given by

g =
1

4

(
−∂2 log h(x) 0

0 −∂2 log h(x)

)
. (3.7.1)

Take note that g is positive definite and is the quotient metric of the conical affine special
Kähler manifold C∗ ×M defined by the prepotential

F̂ (Z0, . . . , Zn) = −h(Z1, . . . , Zn)/Z0, (3.7.2)

where Z0 is the coordinate in the C∗-factor and Zi := Z0zi for i = 1, . . . , n.

Definition 3.7.1. The correspondence (H, gH) 7→ (M, g) is called the supergravity r-
map.

Related to the projective special real manifold (H, gH) is the so-called conical affine
special real manifold (U , gU ). The rigid r-map assigns it to the affine special Kähler
manifold (M := M, g) with metric g induced by the holomorphic prepotential F (z) =

−h(z). As a matrix with respect to the real coordinates (yi, xi), this metric is given by

g =

(
−∂2h(x) 0

0 −∂2h(x)

)
. (3.7.3)

Let Uc be defined as in Eq. (3.6.5) and set Mc = Rn + iUc ⊂M . Note that M0 = M .



3.7. Application to the r-map 55

Theorem 3.7.2. Applying the ASK/PSK correspondence to the special Kähler pair

(φc, Fc) := (dF, F − 2
√
−1c), (3.7.4)

defined on Mc with F (z) = −h(z) and c ∈ R gives a projective special Kähler manifold
(M c, gc). For c = 0 we recover the supergravity r-map metric g = g0. For any pair
c, c′ ∈ R such that cc′ > 0, the obtained manifolds (M c, gc) and (M c′ , gc′) are isometric.
Moreover, if c < 0 and (H, gH) is complete, then (M c, gc) is complete.

Proof. We will use Proposition 3.4.5 to show that (dF, F − 2
√
−1c) is a non-degenerate

special Kähler pair on Mc. Set f(z) = 2(F − 2
√
−1c)−

∑n
i=1 z

i ∂F
∂zi

= h(z)− 4
√
−1c and

K(z) =
∑n

i=1 Im
(
zi ∂F
∂zi

)
. Using the identity

Imh(z) =
n∑
i=1

Im

(
zi

∂

∂zi
h(z)

)
− 4h(Im z), (3.7.5)

we compute Im f(z) + K(z) = −4(h(Im z) + c), which is nonzero on Mc. The function
K ′ := − log | Im f + K| = − log(4|h(Im z) + c|) defines a symmetric bilinear tensorfield
gc =

∑n
i,j=1

∂2K′

∂zi∂zj
dzi dzj which, as a matrix, is of the form

gc =
1

4

(
−∂2 log(h(x) + c) 0

0 −∂2 log(h(x) + c)

)
=

1

4

(
g′c(x) 0

0 g′c(x)

)
, (3.7.6)

where ∂2 is the real Hessian operator with respect to the real coordinates x and g′c is
the deformed metric of the previous section. Hence, we see that gc is positive definite by
Proposition 3.6.4. This proves that (dF, F − 2

√
−1c) is a non-degenerate special Kähler

pair on Mc. In particular, gc is the projective special Kähler metric that is obtained via
Eq. (3.1.3) from the conical affine special Kähler metric ĝ on the cone C∗ ×Mc with
structure induced by con

(
dF, F − 2

√
−1c

)
. The supergravity r-map metric is recovered

for c = 0. If gH is complete and c < 0, then gc is complete by Theorem 3.6.5 and
Lemma 3.6.8. It was proven in Proposition 3.6.4.(3) that scalar multiplication on U by
λ > 0 induces a family of isometries φλ : (Uc, g′c)→ (Uλ3c, g′λ3c). The differential defines
a corresponding family of isometries dφλ : (M c = TUc, gc)→ (Mλ3c = TUλ3c, gc).

Remark 3.7.3. The above proof shows that the family of Kähler manifolds (M c, gc) with
gc given by Eq. (3.7.6) is still defined if the projective special real manifold is replaced by
a general hyperbolic centroaffine hypersurface associated with a homogeneous function
h̃. The statements about completeness and isometries relating members of the family
(M c, gc) remain true under the assumption that the centroaffine hypersurface is complete.
However, the metrics gc are in general no longer projective special Kähler. In fact, the
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ASK/PSK correspondence can not be applied, as the Kähler metric g obtained by the
generalized r-map is in general no longer affine special Kähler. However, it turns out that
the metrics g and gc are related by an elementary deformation, c.f., Definition 2.1.16 or
[MS14, Definition 1], with the symmetry replaced by the vector field X = grad h̃(x) and
gα := g(X, ·)2 + g(JX, ·)2 = (dh̃)2 + (dh̃ ◦ J)2. Indeed, the metric gc is of the form

gc = f1g + f2gα

=
1

4

(
1

h̃+ c
g +

1

(h̃+ c)2

(
(dh̃)2 + (dh̃ ◦ J)2

))
,

(3.7.7)

for f1 = 1
4(h̃+c)

and f2 = 1
4(h̃+c)2

. Its Kähler potential is − log(h̃(Im z) + c).

Example 3.7.4. Consider the complete projective special real manifold

H = {(x, y, z) ∈ R3 | x(xy − z2) = 1, x > 0} (3.7.8)

and set U = R>0 · H. Computing the scalar curvature of the metric g′c := −∂2 log(h+ c)

for h = x(xy − z2) and c ∈ R, for example with Mathematica [Wol] using the RGTC
package [Bon03], gives

scalg′c = −3(h2 − 11ch+ 6c2)

4(h− 2c)2
. (3.7.9)

For c = 0 we find that scalg′c = −3
4 is constant. For c 6= 0 we can further substitute

u := h/c and find

scalg′c = −3(u2 − 11u+ 6)

4(u− 2)2
(3.7.10)

which is constant only on the level sets of h. This shows that the deformed metrics are in
general not isometric to the undeformed metric. Since the manifold (Uc, g′c) is contained
in (M c, gc) as a totally geodesic submanifold, this shows that the deformed metrics are
in general not isometric to the undeformed metric.

Example 3.7.5. Consider the complete projective special real manifold

H = {(x, y, z) ∈ R3 | xyz = 1, x > 0, y > 0} (3.7.11)

and set U = R>0 · H. Computing the scalar curvature of the metric g′c := −∂2 log(h+ c)

for h = xyz and c ∈ R, gives

scalg′c =
3c(4h2 − 3ch+ 2c2)

2h(h− 2c)2
. (3.7.12)

For c = 0 we find that scalg′c = 0 is constant. For c 6= 0 we can substitute u := h/c and
find

scalg′c =
3(4u2 − u+ 2)

2u(u− 2)2
(3.7.13)

which is constant only on the level sets of h.



Chapter 4

Special Kähler geometry of
integrable systems

The base of an algebraic completely integrable system carries an affine special Kähler
structure. This fact was first asserted by Donagi and Witten [DW96b] and proved by
Freed [Fre99]. In Section 4.1 we give an introduction to algebraic integrable systems and
give a detailed proof of Freed’s result, following a combination of [GS90, Fre99]. Our
statement of Freed’s theorem is slightly more precise, see Remark 4.1.16

In Section 4.2 we analyze the integrable system of [GMN10] and show its relation to
the natural hyper-Kähler structure on the cotangent bundle.

4.1 Integrable systems and Freed’s theorem

Definition 4.1.1. An algebraic completely integrable system (π : X → M,η, {ρb}) is a
holomorphic submersion π : X →M such that

(1) (X, η) is a complex symplectic manifold with holomorphic symplectic form η ∈
Ω(2,0)(X),

(2) the fibers Xb := π−1(b), b ∈M are compact connected Lagrangian submanifolds of
X, and

(3) there is a continuous family {ρb}b∈M where ρb ∈ Ω2(Xb) is a Hodge form on Xb,
i.e., a closed, positive form of type (1, 1) representing an integral cohomology class.

Definition 4.1.2. Let V ∼= Cn be a complex vector space and Γ ⊂ V be a lattice of rank
2n. We call the quotient M = V/Γ a complex torus. A complex torus M is called an

57
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Abelian variety if M is a projective algebraic variety, i.e., if it admits an embedding into
some projective space. By an affine torus or an affine Abelian variety we understand a
principal homogeneous space of a complex torus or an Abelian variety, respectively.

We recall Kodaira’s embedding theorem, see, e.g., [GH78].

Theorem 4.1.3 (Kodaira). A compact comlex manifold M admits a holomorphic em-
bedding into complex projective space if and only if M admits a Hodge form.

For the most part of this section we follow [Fre99] and have adapted some proofs of
[GS90] to the holomorphic setting.

Lemma 4.1.4 ([GS90, Theorem 44.14]). Let X be a holomorphic symplectic manifold
with holomorphic submersion π : X → M such that the fibers are compact connected
Lagrangian submanifolds. Then the following holds.

(i) There is a holomorphic fiberwise transitive action of T ∗M on X.

(ii) The fibers are affine tori.

(iii) Each (local) holomorphic 1-form α on M defines a (local) automorphism κα of the
fibration such that

κ∗αη = η + dπ∗α (4.1.1)

holds.

Proof. Let b ∈M . Then for every x ∈ Xb = π−1(b) the dual of the map dπx gives a rise
to a short exact sequence

0 T ∗bM T ∗xX T ∗xXb 0,
(dπx)∗

(4.1.2)

from which we deduce that (dπx)∗ gives an identification between T ∗bM and its image
(TxXb)

◦ ⊂ T ∗xX. Here (TxXb)
◦ is the annihilator of TxXb, which is the space of covectors

vanishing on TxXb. Since Xx is a Lagrangian submanifold ηx identifies (TxXb)
◦ with

TxXb:
T ∗bM

∼
(dπx)∗

// (TxXb)
◦ ∼

η−1
x

// TxXb. (4.1.3)

In particular, for every b ∈ B we have

TXb
∼= π∗(T ∗bM). (4.1.4)

So every ξ ∈ T ∗bM gives rise to a holomorphic vector field ξ̂ on Xb which is tangent to
Xb by setting ξ̂x := η−1

x ◦ (dπ)∗x(ξ) for x ∈ Xb.
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Suppose ξ = − dfb for some holomorphic function f . Then for x ∈ Xb

− d(π∗f)x = −π∗x(dfb) = (dπx)∗(ξ) = (ξ̂ y η)x. (4.1.5)

So ξ̂ is just the restriction to Xb of the Hamiltonian vector field Zπ∗f of the function π∗f
on X.

For ξi = −(dfi)b ∈ T ∗bM , i ∈ {1, 2}, we compute on Xb

[ξ̂1, ξ̂2] = [Zπ∗f1 , Zπ∗f2 ] = Z{π∗f1,π∗f2} = Zη(ξ̂1,ξ̂2) = 0. (4.1.6)

This shows that the map ·̂ : T ∗bM → X(Xb), ξ 7→ ξ̂ is a complex Lie algebra homomor-
phism.

Since Xb is compact and connected, and T ∗M is connected, this exponentiates to a
holomorphic action Ψ : T ∗bM ×X → X. If κξ,t := exp(ξ̂t) is the complex holomorphic
flow of ξ̂ for some ξ ∈ T ∗bM , then the action is simply given by Ψ(ξ, x) = κξ,1(x) =: κξ(x).
Denote by Ψx : T ∗bM → Xb, Ψx(ξ) = κξ(x) the orbit map of x ∈ Xb. Then d(Ψx)0 :

T ∗bM → TxXb is the isomorphism of Eq. (4.1.3). This implies that the action is locally
transitive and, since the fibers are compact and connected, also transitive. It follows
that the isotropy subgroups of any two points are conjugate, and must be the same due
to the fact that T ∗bM is an Abelian group. Denote this subgroup by Λb ⊂ T ∗bM . Λb

is necessarily discrete and therefore a lattice, giving the fibers the structure of complex
affine tori. This shows (i) and (ii).

Now let α be a local holomorphic 1-form on M considered as a local section of T ∗M .
Then using the fiberwise action we get a vertical holomorphic vector field α̂ = η−1(π∗α)

locally over M on X.

Using the closedness of η and the definition of α̂, we find

Lα̂η = d(α̂ y η) + α̂ y dη = d(π∗α). (4.1.7)

Let κα,t = exp(tα̂) be the complex holomorphic flow of α̂. Note that the flow is
vertical, i.e., π ◦ κα,t = π. Using

d

dt
κ∗α,t = κ∗α,tLα̂, (4.1.8)

and

κ∗α = id +

∫ 1

0

d

dt
κ∗α,t dt, (4.1.9)
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we find

κ∗αη = η +

∫ 1

0

d

dt
κ∗α,tη dt = η +

∫ 1

0
κ∗α,tLα̂η dt

= η +

∫ 1

0
κ∗α,t d(π∗α) dt = η +

∫ 1

0
d((π ◦ κα,t)∗α) dt

= η +

∫ 1

0
d(π∗α) dt = η + dπ∗α.

(4.1.10)

This shows (iii).

Corollary 4.1.5. The fibers of an algebraic completely integrable system are affine
Abelian varieties.

Proof. This follows from (ii) of the previous lemma and Kodaira’s embedding theorem,
as ρb is a Hodge form on the fiber Xb for all b ∈M .

Let α̂ be a vector field on the fiber Xb that is invariant under the action of T ∗bM ,
i.e., κ∗βα̂ = α̂ for all β ∈ T ∗bM . Then α̂ is determined by its value α̂x ∈ TxXb

∼= T ∗bM at
an arbitrary point x ∈ Xb. It follows that we can identify invariant vertical vector fields
with sections of the bundle V := T ∗M .

Denote by Λ ⊂ V the subbundle of those elements acting trivially on X. Then each
fiber Xb is a principal homogeneous space for the complex Lie group Gb := Vb/Λb, and
by specifying a point x0 in Xb we can identify (Xb, x0) with the complex Lie group
Vb/Λb = T ∗bM/Λb.

Denote by T ∗M/Λ =
⋃
b∈M T ∗bM/Λb the bundle of fiberwise quotients. In the next

steps, we want to show that one can even identify T ∗M/Λ with X at least over open
neighborhoods of M by giving a local Lagrangian section of π.

Lemma 4.1.6. For each b ∈ M and x ∈ Xb there exists a neighborhood U of b and a
holomorphic section s : U → X of π : X →M such that s(b) = x, and s∗η = 0, i.e., s is
a local Lagrangian section.

Proof. Since π is a holomorphic submersion, there exist local holomorphic sections by
the implicit function theorem. Choose a contractible open neighborhood U of a point
b ∈ M such that there is a local holomorphic section s̃ : U → X|U . Then [s̃∗η] = 01, so
s̃∗η = dα for a local holomorphic 1-form α. Setting s = κ−α ◦ s̃ we find

s∗η = s̃∗(κ∗−αη) = s̃∗(η − π∗ dα) = dα− dα = 0, (4.1.11)

and hence s is Lagrangian.
1because U is contractible, H2(U) = 0
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For a local Lagrangian section s we define an equivariant map χ : T ∗M |U → X|U via

χ(α) := α · s(b) = κα ◦ s(b), (4.1.12)

for α ∈ T ∗bM , b ∈ U .

Lemma 4.1.7 ([GS90, Theorem 44.2]). The map χ is a local holomorphic symplectic
bundle morphism, i.e., χ∗η = η0, where η0 is the canonical holomorphic symplectic form
of T ∗M .

Proof. Since the statement is local we will assume M = U .
By the equivariance of χ it is sufficient to show that χ is a holomorphic symplectic

map along the zero section M0 ⊂ T ∗M . Note that by definition χ(M0) = s(M). Let
(b, 0) ∈ M0. We identify T(b,0)T

∗M ∼= TbM ⊕ T ∗bM and Ts(b)X ∼= Ts(b)s(B) ⊕ Ts(b)Xb.
The tangent space TbM and the tangent space to the fiber T ∗bM are Lagrangian. Their
images under dχ are given by dχ(TbM) = Ts(b)s(B) and dχ(T ∗bM) = Ts(b)Xb. Now
Ts(b)Xb is Lagrangian since Xb is a Lagrangian submanifold and Ts(b)s(B) is Lagrangian
because s∗η = 0. So the equation χ∗η = η0 holds for tangent vectors lying in the same
Lagrangian factor. Thus in order to show χ∗η = η0 it suffices to show

χ∗η(ξ,X) = η0(ξ,X) = ξ(X), (4.1.13)

for X ∈ TbM and Y ∈ T ∗bM . By definition of χ we have dχ(ξ) = ξ̂s(b) and dχ(X) =

dsb(X). We compute

(χ∗η)(b,0)(ξ,X) = ηs(b)(dχ(ξ), dχ(X))

= ηs(b)(ξ̂, dsb(X))

= ξ̂ y ηs(b)(dsb(X))

= ((dπ)∗s(b)ξ)(dsb(X))

= ξ(dπ ◦ dsb(X)) = ξ(X),

(4.1.14)

which proves the lemma.

Lemma 4.1.8 ([GS90, Theorem 44.3]). The bundle Λ ⊂ V of elements acting trivial on
X is a complex Lagrangian submanifold of V = T ∗M .

Proof. The statement follows from Lemma 4.1.7 and the fact that Λ = χ−1(s(B)). For if
ξ ∈ T ∗bM such that χ(ξ) = s(b) we can apply the holomorphic inverse function theorem
to construct a local inverse χ−1 : χ(U)→ U on an open neighborhood U of ξ such that
χ−1(s(B)∩χ(U)) ⊂ Λ. Therefore Λ is a complex Lagrangian submanifold of T ∗M which
is locally biholomorphic to the Lagrangian submanifold s(B) ⊂ X via the holomorphic
symplectic map χ.
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Lemma 4.1.9. The continuous family {ρb}b∈M of Hodge forms defines a smooth section
ρ : M →

∧2 TM such that ρ(b) can be identified with an invariant Hodge form on the
fiber Xb.

Proof. We can assume that ρb is invariant under the left multiplication Lg of Gb = Vb/Λb.
Indeed, we can instead take the form

ρ′b :=

∫
g∈Gb

L∗gρb dµ, (4.1.15)

where we interpret ρb as a smooth function on Xb with values in
∧2 TXb and dµ is a

volume form on Xb with volume 1 which is induced by a translational invariant volume
form on Vb. The form ρ′b will still represent the same integral cohomology class as ρb since
left multiplication induces the identity on H2(M,Z). For details, we refer to [Cor15].
The continuous family of Hodge-forms thus gives a continuous section ρ : M →

∧2 V ∗ =∧2 TM , where ρ(b) corresponds to the invariant form ρ′b ∈ Ω2(Xb) via the identification
TXb

∼= π∗(T ∗M). By identifying Λb ∼= H1(Xb,Z), ρ(λ, λ′) ∈ Z for local sections λ, λ′

of Λ. It follows that the section ρ is smooth and defines an invariant Hodge form ρ′b on
each fiber Xb, proving the lemma.

Corollary 4.1.10. Each algebraic integrable system (π : X → M,η, {ρb}) has a canon-
ically associated algebraic integrable system (A → M, η̂0, [ρ̂b]) whose fibers are Abelian
varieties.

Proof. For a local Lagrangian section s the map χ descends to the quotient A = T ∗M/Λ

and gives a local fiberwise identification of (Xb, s(b)) with the complex Lie group Ab =

T ∗bM/Λb. The invariant Hodge form ρ′b defined in Eq. (4.1.15) pulls back to a Hodge form
on Ab that is, by its invariance, independent of the choice of the local Lagrangian section
s. Hence, the continuous family of Hodge forms {ρb}b∈M on X defines a continuous
family of polarizations {ρ̂b} on A.

Locally we can identify Λ with the Z-span of a local system of holomorphic sections
α1, . . . , α2n such that at each b ∈ M the forms comprise a (real) basis of Λb. Since Λ

is Lagrangian, the forms are closed. Therefore the action of Λ on T ∗M is holomorphic
symplectic by Eq. (4.1.1) and, hence, the canonical holomorphic symplectic form η0 of
T ∗M induces a well-defined holomorphic symplectic form η̂0 on the quotient. This proves
the claim.

Lemma 4.1.11. Let ω be a non-degenerate skew-symmetric bilinear form on a vector
space V ∼= R2n that is integer-valued on a lattice Γ ⊂ V of full rank. Then there is a
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basis (λ1, . . . , λn, γ1, . . . , γn) of Γ such that

ω =
n∑
i=1

δiλ
i∗ ∧ γ∗i , δi ∈ N (4.1.16)

and δi | δi+1 for i = 1, . . . , n− 1.

We refer to [GH78, Chapter 2.6] for a proof.

Remark 4.1.12. The components of δ := (δ1, . . . , δn) ∈ Nn are called the elementary
divisors of the non-degenerate form ω. We conclude that the family {ρb} of Hodge forms
determines a set δ = (δ1, . . . , δn) ∈ Nn of elementary divisors associated to the algebraic
completely integrable system.

Definition 4.1.13. Let (e1, . . . , e2n) be a standard basis of R2n, δ ∈ Zn a set of elemen-
tary divisors, and set ωδ =

∑n
i=1 δie

∗
i ∧ e∗i+n. We define

Sp(δ,R) = {A ∈ GL(R2n) | A∗ωδ = ωδ} (4.1.17)

and Sp(δ,Z) = Sp(δ,R) ∩GL(Z2n). Note that Sp(δ,R) ∼= Sp(R2n).

Lemma 4.1.14. Let λ be a local section of Λ. Then d(λ ◦ J) = 0.

Proof. Since Λ is a complex submanifold of T ∗M that is locally biholomorphic to a
local Lagrangian section of X, λ is a (real) holomorphic section of T ∗M . Since a real
holomorphic form λ is closed if and only if its (1, 0)-part λ − iJ∗λ is closed, it follows
that d(λ ◦ J) = 0.

Remark 4.1.15. A non-degenerate bilinear form ω on a vector space V defines an iso-
morphism ω : V → V ∗ via v 7→ ω(v, ·). Likewise, the inverse ω−1 : V ∗ → V defines a
non-degenerate bilinear form on V ∗ via ω−1(ξ, η) := 〈ω−1(ξ), η〉 = η(ω−1(ξ)), also called
the dual of ω.

Remark 4.1.16. The following theorem is due to Freed [Fre99]. We remark that our for-
mulation of part (2) is slightly more precise than the original statement. In particular, we
do not need to assume that the ∇-parallel lattice Λ ⊂ T ∗M is complex and Lagrangian.
Instead, we show that this follows directly from the special Kähler condition. It was also
necessary to add the condition that the dual ω−1 of the special Kähler form is integral
on Λ in order to get a continuous family of Hodge-forms on the quotient A = T ∗M/Λ.

Theorem 4.1.17. (1) Let (X →M,η, {ρb}) be an algebraic completely integrable sys-
tem. Then the base M has a canonically induced special Kähler structure (J, ω,∇).
The holonomy of ∇ is contained in the subgroup Sp(δ,Z).
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(2) Let (M,J, ω,∇) be a special Kähler manifold such that there exists a ∇-parallel
lattice Λ ⊂ TM∗. Assume that ω−1 is integral when restricted to Λ. Then the
quotient A = T ∗M/Λ admits a canonical holomorphic form η and a continuous
family of Hodge-forms {ρb} such that (A → M,η, {ρb}) is an algebraic completely
integrable system.

Proof. (1) Let (λ1, . . . , λ2n) be a local frame of Λ. Then

∇(fλi) := df ⊗ λi (4.1.18)

defines a flat connection ∇. Since Λ is a complex Lagrangian submanifold by
Lemma 4.1.8, the one-forms λi are closed and holomorphic. Hence, any ∇-parallel
one-form is closed and holomorphic. Let T∇ be the torsion of ∇ and let α be a
∇-parallel one-form. Then

0 = dα(X,Y ) = α(T∇(X,Y )), (4.1.19)

shows that ∇ is torsion-free. Since α is holomorphic, we also have that dα ◦ J = 0

by Lemma 4.1.14. This implies d∇J = 0 by Proposition 3.1.2.

Let ρ be the smooth section of Lemma 4.1.9. Since ρ(b) is positive, of type (1, 1),
and integral when restricted to Λ, it follows that ω := ρ−1 ∈ Ω2(M) is a Kähler
form that is parallel with respect to ∇. This shows that M carries an affine special
Kähler structure.

Since the connection ∇ preserves both ρ and Λ and ρ is an integral non-degenerate
skew-symmetric bilinear form on Λ, the holonomy of ∇ must be contained in the
group Sp(δ,Z) defined in Definition 4.1.13 by Lemma 4.1.11.

(2) As Λ is ∇-parallel, any local section λ of Λ is closed since ∇ is torsion-free and
holomorphic by Proposition 3.1.2. This shows that Λ is a complex Lagrangian
submanifold of T ∗M . Thus the canonical holomorphic symplectic form on T ∗M

descends to a holomorphic symplectic form η on the quotient A := T ∗M/Λ.

The dual ρ := ω−1 of ω defines an invariant 2-form ρb on each fiber Ab := T ∗bM/Λb

which is closed, positive definite and of type (1, 1) because ω is a Kähler form. By
assumption, ρb is integral on Λb and hence [ρb] ∈ H1,1(Ab) ∩ H2(Ab,Z). Thus,
{ρb} is a continuous family of Hodge-forms, and (A → M,η, {ρb}) is an algebraic
integrable system.



4.2. The semi-flat metric 65

4.2 The semi-flat metric

Recall the initial data for the construction [GMN10, Nei14]:

• (M,J) a complex manifold of real dimension 2n.

• Γ→M a bundle of lattices of rank 2n. Also, the bundles V = Γ⊗R and VC = Γ⊗C.
The bundle Γ induces a flat connection on V and VC which we will denote by ∇̂.

• A symplectic, skew-symmetric, and integer-valued bilinear form 〈·, ·〉 on Γ. We will
also denote the inverse pairing on Γ∗ by 〈·, ·〉. Also, we define 〈· ∧ ·〉 a bilinear form
on T ∗M ⊗ V ∗C with values in Λ2T ∗M by

〈α⊗ ξ ∧ β ⊗ η〉 := α ∧ β〈ξ, η〉.

for α, β ∈ T ∗uM and ξ, η ∈ V ∗C |u, u ∈M .

• Φ : M → V ∗C a holomorphic section such that

〈d∇̂Φ ∧ d∇̂Φ〉 = 0 (Lagrangian), (4.2.1)

〈d∇̂Φ ∧ d∇̂Φ̄〉 > 0 (Positivity). (4.2.2)

Remark 4.2.1. One can check 〈ϕ ∧ ϕ〉 = 2〈ϕ,ϕ〉 and 〈ϕ ∧ ϕ̄〉 = 2 Re〈ϕ, ϕ̄〉 for ϕ ∈
T ∗M ⊗ Γ∗C, where 〈ϕ,ϕ〉(X,Y ) = 〈ϕ(X), ϕ(Y )〉.

The bundle (V ∗,Ω, ∇̂) is a flat real symplectic vector bundle of rank 2n with a ∇̂-
parallel symplectic form Ω = 〈·, ·〉, Hermitian form γ = i

2Ω(·, ·), and a global holomorphic
section Φ : M → V ∗C such that (∇̂Φ)∗Ω = 0 and (∇̂Φ)∗γ > 0. Hence, it immediately
follows from Proposition 3.5.1 that Φ induces an affine special Kähler structure on M ,
which we denote by (g, J,∇). We let ω = g(J ·, ·) be its Kähler form.

4.2.1 Hyper-Kähler structure on the cotangent bundle

We follow [ACD02] to construct a hyper-Kähler structure on T ∗M .
At each p ∈ T ∗M the flat connection ∇ induces a decomposition

Tp(T
∗M) = H∇p ⊕ T vp (T ∗M) ∼= TuM ⊕ T ∗uM, π(p) = u, (4.2.3)

of the tangent space to T ∗M , where T vp (T ∗M) = ker dπp is the vertical subspace and H∇

is the integrable horizontal distribution defined by the connection ∇.
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We define the following structures on T ∗M with respect to the splitting (4.2.3),

gT ∗M =

(
g 0

0 g−1

)
, J1 =

(
J 0

0 J∗

)
, J2 =

(
0 −ω−1

ω 0

)
, J3 = J1J2, (4.2.4)

where we have identified ω as an isomorphism TM
∼→ T ∗M via ω(v)(w) := ω(v, w). It

is easy to verify that J1, J2, and J3 are almost complex structures.

Theorem 4.2.2 ([ACD02, Theorem 11]). (T ∗M, gT ∗M , J1, J2, J3) is a hyper-Kähler man-
ifold.

Proof. In affine coordinates J2 has constant coefficients and, hence, is a complex struc-
ture. To see J1J2 = −J2J1 one uses J∗ ◦ ω = −ω ◦ J . We compute ωα = gT ∗M (Jα·, ·) =

gT ∗M ◦ J :

ω1 =

(
ω 0

0 ω−1

)
, ω2 =

(
0 −J∗

J 0

)
, ω3 =

(
0 − Idn

Idn 0

)
. (4.2.5)

So let ρ1, . . . , ρ2n be affine coordinates on M and p1, . . . , p2n be the conjugate momenta
corresponding to the ρi such that ω = 1

2ωij dρ
i ∧ dρj . Then the local forms are given by

ω1 =
1

2
ωij dρ

i ∧ dρj +
1

2
ωij dpi ∧ dpj (4.2.6)

ω2 = (J∗ dρi) ∧ dpi (4.2.7)

ω3 = dρi ∧ dpi. (4.2.8)

From the local description we see that they are closed. Indeed, the coefficients of ω are
constant in affine coordinates and J∗ dρi is closed, as d∇J = 0. By Hitchin’s Lemma
[Hit87, Lemma 6.8], the closedness of ωα implies that J1, J2, and J3 are complex struc-
tures. Therefore (T ∗M, gT ∗M , J1, J2, J3) is hyper-Kähler.

Remark 4.2.3. The map assigning the hyper-Kähler manifold (T ∗M, gT ∗M , J1, J2, J3) to
the affine special Kähler manifold (M, g, J,∇) is called the rigid c-map. We call the
natural hyper-Kähler structure on T ∗M the rigid c-map hyper-Kähler structure. The
metric gT ∗M is called the rigid c-map metric.

We are interested in the associated hyper-Kähler structure on the tangent bundle TM .
The symplectic form ω gives a vector bundle isomorphism ϕ : TM → TM∗, (u,X) 7→
(u, ω(X)) with differential dϕ = (IdTM , ω). We define gTM = ϕ∗gT ∗M , ω̃α = ϕ∗ωα, and
J̃α = ϕ∗Jα.

As matrices with respect to the splitting (4.2.3) and

T (TM) := H∇ ⊕ T v(TM) ∼= TM ⊕ TM (4.2.9)
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the differential dϕ corresponds to the matrix

dϕ =

(
IdTM 0

0 ω

)
,

and we can compute the matrix forms of the hyper-Kähler structure as follows. For the
metric, we find

gTM = ϕ∗gT ∗M =

(
IdTM 0

0 −ω

)(
g 0

0 g−1

)(
IdTM 0

0 ω

)
=

(
g 0

0 g

)
, (4.2.10)

which is the canonical metric on the tangent bundle.
The forms ω̃α = ϕ∗ωα = (dϕ)t ◦ ωα ◦ dϕ and complex structures J̃α = (dϕ)−1Jα(dϕ)

are given by

ω̃1 =

(
ω 0

0 −ω

)
, ω̃2 =

(
0 g

−g 0

)
, ω̃3 = −

(
0 ω

ω 0

)
, (4.2.11)

J̃1 =

(
J 0

0 −J

)
, J̃2 =

(
0 − Id

Id 0

)
, J̃3 = −

(
0 J

J 0

)
. (4.2.12)

Let ρ1, . . . , ρ2n be affine coordinates onM and ε1, . . . , ε2n be the adapted fiber coordinates
corresponding to the ρi. Then the local forms are given by

ω̃1 =
1

2
ωij dρ

i ∧ dρj − 1

2
ωij dε

i ∧ dεj , (4.2.13)

ω̃2 = −(g∗ dρi) ∧ dεi = −(J∗ dρi ◦ ω) ∧ dεi = −ωij(J∗ dρi) ∧ dεj , (4.2.14)

ω̃3 = −ωij dρi ∧ dεj (4.2.15)

Corollary 4.2.4. (TM, gTM , J̃1, J̃2, J̃3) is a hyper-Kähler manifold.

Proof. This follows immediately from the proof of Theorem 4.2.2 since the forms ω̃α are
closed.

Ultimately, we will also need to make a different choice of basis for the complex
structures to be able to compare the local formulas later. Set Ĵ3 = J̃1 and Ĵ1 = −J̃3.
Then

ω̂1 =

(
0 ω

ω 0

)
, ω̂2 =

(
0 g

−g 0

)
, ω̂3 =

(
ω 0

0 −ω

)
. (4.2.16)
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4.2.2 Structure of the bundle of lattices

We now describe the integrable system defined by our data.

Definition 4.2.5. We set

M0 := Hom(Γ,R/Z) =
{
θ : Γ→ R/Z | θ(γ + γ′) = θ(γ) + θ(γ′)

}
, (4.2.17)

M := Homtw(Γ,R/Z) =

{
θ : Γ→ R/Z | θ(γ + γ′) = θ(γ) + θ(γ′) +

1

2
〈γ, γ′〉

}
,

(4.2.18)

and we callM the set of twisted characters of Γ.

Remark 4.2.6. (1) We can identify Hom(Γ,R/Z) ∼= Γ∗ ⊗Z R/Z ∼= V ∗/Γ∗, hence,M0

gives an algebraic integrable system over M whose fibers are Abelian varieties.

(2) Mu is affine overM0|u. Indeed, if θ, θ′ ∈Mu then θ− θ′ ∈M0|u. In particular, if
θ0 ∈ Mu, thenMu = θ0 +M0|u. ThusM is an algebraic integrable system over
M which can locally be identified withM0.

Proposition 4.2.7. Mu 6= ∅

Proof. By Lemma 4.1.11 we choose a local frame (λ1, . . . , λn, γ1, . . . , γn) of V such that
〈·, ·〉 =

∑n
i=1 δiλ

i∗ ∧ γ∗i , for elementary divisors δi ∈ N. For γ ∈ Γ set

θ0(γ) :=
1

2

n∑
i=0

diλ
i∗(γ)γ∗i (γ) +Z. (4.2.19)

Then

θ0(γ + γ′) =
1

2

n∑
i=0

diλ
i∗(γ + γ′)γ∗i (γ + γ′) +Z

= θ0(γ) + θ0(γ′) +
1

2

n∑
i=0

di
(
λi∗(γ)γ∗i (γ′) + λi∗(γ′)γ∗i (γ)

)
+Z

= θ0(γ) + θ0(γ′) +
1

2

n∑
i=0

di
(
λi∗(γ)γ∗i (γ′)− λi∗(γ′)γ∗i (γ)

)
+Z

= θ0(γ) + θ0(γ′) +
1

2
〈γ, γ′〉+Z,

(4.2.20)

and, thus, θ0 ∈Mu.

Let (γ1, . . . , γ2n) be a local frame of Γ and (γ∗1 , . . . , γ
∗
2n) its dual. We have already

seen in Remark 3.5.5 that this defines an affine coordinate system (ρ1, . . . , ρ2n) on M .
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The evaluation maps εi : V ∗ → R given by εi(γ∗) := γ∗(γi) are coordinate functions of
the fibers.

Consider the decomposition

TV ∗ = H∇̂ ⊕ T vV ∗ ∼= TM ⊕ V ∗ (4.2.21)

induced by ∇̂. Let Θ ∈ Ω1(V ∗, V ∗) be the connection 1-form of ∇̂. That is, Θ vanishes
on the horizontal part and gives the identification T vγ V ∗ ∼= V ∗|π(γ) on the vertical space.
In the coordinates (ρi, εj), Θ can be written as

Θ = dεj ⊗ dρj . (4.2.22)

Recall that ∇ρ := Re ∇̂Φ : TM → V ∗ is an isomorphism of vector bundles.

Theorem 4.2.8. The forms

ω3 =
R

4
π∗〈∇̂Φ ∧ ∇̂Φ̄〉 − 1

2R
〈Θ ∧Θ〉 (4.2.23)

ω+ = ω1 + iω2 = 〈π∗∇̂Φ ∧Θ〉 (4.2.24)

define a hyper-Kähler structure on V ∗ ∼= TM for all R ∈ R∗ which agrees up to the
multiplicative factor R and a permutation of the complex structure with the hyper-Kähler
structure of Eq. (4.2.16).

Proof. Let Φ = ρ + iξ. Then ρ = ρi ⊗ γ∗i and (ρ1, . . . , ρ2n, ε1, . . . , ε2n) form a local
coordinate system of V ∗. Using 〈∇̂Φ∧∇̂Φ〉 = 2〈∇̂ρ∧∇̂ρ〉, ∇̂ρ = dρj ⊗γ∗j , Θ = dεj ⊗γ∗j ,
and ωij = 〈γ∗i , γ∗j 〉 we find

ω3 =
R

4
π∗〈∇̂Φ ∧ ∇̂Φ〉 − 1

2R
〈Θ ∧Θ〉

=
R

2
π∗〈∇̂ρ ∧ ∇̂ρ〉 − 1

2R
〈Θ ∧Θ〉

=
1

2

(
Rdρi ∧ dρj〈γ∗i , γ∗j 〉 −

1

R
dεi ∧ dεj〈γ∗i , γ∗j 〉

)
=

1

2

(
Rωij dρ

i ∧ dρj − 1

R
ωijdε

i ∧ dεj
)
,

(4.2.25)

and

ω+ = 〈π∗∇̂ρ ∧Θ〉+ i〈π∗∇̂ξ ∧Θ〉

= 〈π∗∇̂ρ ∧Θ〉 − i〈π∗∇̂ρ ◦ J ∧Θ〉

= dρi ∧ dεj〈γ∗i , γ∗j 〉 − i(J∗dρi) ∧ dεj〈γ∗i , γ∗j 〉

= ωij dρ
i ∧ dεj − iωij(J∗dρi) ∧ dεj

= (ω∗ dρi) ∧ dεi − i(ω ◦ J)∗ dρi ∧ dεi.

(4.2.26)
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Thus

ω1 =

(
0 ω

ω 0

)
, ω2 =

(
0 ω ◦ J

−ω ◦ J 0

)
, ω3 =

(
Rω 0

0 − 1
Rω

)
, (4.2.27)

and

ω1 = ωijdρ
i ∧ dεj (4.2.28)

ω2 = −ωijJ∗dρi ∧ dεj (4.2.29)

ω3 =
1

2

(
Rωijdρ

i ∧ dρj − 1

R
ωijdε

i ∧ εj
)
. (4.2.30)

The differential of the fibre bundle isomorphism ϕR := R ∇̂ρ : TM → V ∗, (x,X) 7→
(x,R ∇̂ρ(X)) with respect to the bases

(
∂
∂ρ1

, . . . , ∂
∂ρ2n

)
of TM and (γ∗1 , . . . , γ

∗
2n) of V ∗ is

dϕR =

(
Id 0

0 R Id

)
, (4.2.31)

so using ϕ∗Rωα = (dϕR)tωα(dϕR) we obtain

ϕ∗ω1 = R ω̂1, ϕ∗ω2 = R ω̂2, ϕ∗ω3 = R ω̂3. (4.2.32)

This is up to a factor of R the hyper-Kähler structure on TM induced by the c-map
hyper-Kähler structure on T ∗M with respect to the choice of complex structures as in
Eq. (4.2.16).

Hence, (ω3, ω+) is a hyper-Kähler structure on V ∗.

Corollary 4.2.9. The hyper-Kähler on V ∗ induces a hyper-Kähler structure onM0.

Proof. Since the structure is invariant under translation along the fibers of the bundle
V ∗, it induces a well-defined hyper-Kähler structure onM0

∼= V ∗/Γ∗.



Outlook

In Theorem 2.1.18 we give necessary and sufficient conditions for the twist of an el-
ementary deformation with respect to some twist data to be Kähler. Together with
an example (Proposition 2.1.20) of such a Kähler twist, this proves that, unlike in the
hyper-Kähler/quaternionic Kähler case, the twist construction provides more degrees of
freedom to produce Kähler manifolds. In this context it would be worthwile to research
further examples of twists of elementary deformations.

In Section 2.3.1 we have analyzed the behavior of the Ricci curvature and the Einstein
condition for the special class of conical Kähler manifolds where the Hamiltonian Killing
vector field is related to the Euler vector field. In this respect it would be desirable to
find more general formulas relating the curvatures of the Kähler manifolds in the hope
of using the K/K correspondence to construct new Einstein metrics.

For the global ASK/PSK correspondence it would be worthwile to try to get a better
understanding of the holonomy condition for the flat connection of the principal GSK-
bundle. In Sections 3.5 and 4.2 we have already seen special cases where the holonomy
reduces to Sp(R2n)× C. The factor C can be interpreted as the (constant) difference of
a prepotential and its analytic continuation along closed loops. It is a natural question
to ask, under which conditions this difference is real, independent of the chosen path.

In Section 4.2 we show that the integrable systemM0 carries a hyper-Kähler structure
that is induced from the natural hyper-Kähler structure on the cotangent bundle T ∗M
of the affine special Kähler manifold M . It is, however, still unclear whether this also
induces a hyper-Kähler structure on the bundle M of twisted characters. Recall that
the bundleM is affine overM0, thus the difference of two local sections s, s′ ofM gives
a section of M0. If these sections can be chosen in such a way that s − s′ is in fact
a ∇̂-parallel section of M0, then this would give a well-defined hyper-Kähler structure
onM. We can formulate the following question: Does the bundle of twisted characters
M carry a flat connection? We close this chapter by pointing out the relevance of the
quadratic form Eq. (4.2.19) to this question.
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V. Cortés, P.-S. Dieterich, T. Mohaupt
ASK/PSK-correspondence and the r-map
arXiv:1702.02400 [math.DG], 2017.

This collaboration was part of my doctoral project. Chapter 3 is based on this publica-
tion. Key ideas, such as the determination of the correct group extension, the lift of the
group action as in Section 3.2.1, and the local conification (Section 3.3) were developed in
joint discussions with my co-authors. The physical interpretation of the deformation of
the supergravity r-map metric as an α′-correction is due to T. Mohaupt. The complete-
ness result of Section 3.6, the explicit transformation behavior of Lagrangian potentials
and prepotentials (Sections 3.2.2 and 3.2.3), and the description of the principal GSK-
bundle as well as the global description of the ASK/PSK correspondence (Section 3.4.2)
are results of my own work.
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