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Introduction

The investigations in this thesis are motivated by conformal field theories, that is, quantum
field theories which are invariant under conformal transformations. Besides its applications to
string theory, statistical mechanics, and condensed matter physics, conformal field theories in
two dimensions are also interesting from a mathematical point of view. There is an infinite-
dimensional algebra of infinitesimal conformal transformations, which together with some
finiteness conditions provide rare examples of exactly solvable quantum field theories.

Two-dimensional conformal field theories and three-dimensional topological field theories
are closely connected. This connection is well-understood for so-called rational conformal field
theories and for topological field theories constructed from modular tensor categories. It is
due to the fact that modular tensor categories also arise as representation categories of vertex
operator algebras associated to rational conformal field theories. Modular tensor categories
are, in particular, finitely semisimple (see below). The theory becomes more involved if one
drops the semisimplicity requirement while keeping the finiteness condition. This leads to
logarithmic conformal field theories and to non-semisimple finite ribbon categories.

A modular tensor category is a finitely semisimple linear and abelian category, which is
in addition a ribbon category (a braided tensor category with ribbon twist, see Section ,
which has a simple tensor unit, and whose braiding satisfies a certain non-degeneracy con-
dition (Definition [2.13)). The importance of modular tensor categories is due to the fact
that they contain the necessary data to define a 3-2-1 extended topological field theory
[RT2, [Tu, BDSPYV].

Modular tensor categories can be obtained from finite-dimensional ribbon Hopf algebras
H which are semisimple as algebras and which are factorisable |[RS, [Ta]. Factorisability
means that the monodromy matrix M = RyyR € H ® H determined by the R-matrix of H
is non-degenerate as a copairing.

Three-dimensional topological field theories generate representations of mapping class
groups of surfaces (possibly with marked points in the extended case). It turns out that if
one drops the semisimplicity requirement representations of mapping class groups can still be
obtained [Ly2], KL|, now without an underlying 3-2-1 topological field theory in the sense of
[BDSPV].

The relevant algebraic structure is now a finite abelian ribbon category with simple tensor
unit, whose braiding satisfies a (more complicated) non-degeneracy condition [Ly1), Ly?2].
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We refer to such categories as factorisable finite ribbon tensor categories. Again, finite-
dimensional factorisable ribbon Hopf algebras provide examples, now without the semisim-
plicity requirement.

In the first part of this thesis we apply the general formalism of [Ly1}, [Ly2), IKTJ] to finite-
dimensional ribbon quasi-Hopf algebras A. We express the relevant non-degeneracy condition
on the braiding in terms of the defining data of A (see Section and compute the action
of SL(2,Z) - the mapping class group of the torus — on the centre Z(A) of A (Theorem [5.19).

Our motivation for this is two fold: firstly, it provides us the explicit expressions we need
in the second part for the symplectic fermion calculation; secondly, it is easy to detect when
a finite tensor category originates from a quasi-Hopf algebra, as we explain next.

Let C be a finite tensor category over a field k. If there exists a fiber functor ' : C — vecty,
by reconstruction one can find a Hopf algebra H such that C = Rep H as linear tensor
categories [Ul], see also [Ma2, Sec.9.4]. If we only require F' to be multiplicative, i.e. that
there are isomorphisms F(U®V) = F(U)®F(V) natural in U, V' but not subject to coherence
conditions, then reconstruction results in a quasi-Hopf algebra [Ma2l, Sec.9.4]. While it may
be difficult to determine whether there is a fiber functor C — vecty, there is a very simple
criterion for the existence of multiplicative functors:

Theorem ([EGNO| Prop.6.1.14]). A finite tensor category over an algebraically closed field
is equivalent as a linear tensor category to the representation category of a finite-dimensional
quasi-Hopf algebra iff the Perron-Frobenius dimensions of its simple objects are integers.

The Perron-Frobenius dimensions of a simple object X € C is the positive real number
given by the maximal non-negative eigenvalue of the linear map [X ® —| on the C-linearised

Grothendieck ring C®z Gr(C), see e.g. [EGNO]. For Rep A, the Perron-Frobenius dimension
of an object is simply the dimension of the underlying vector space.

We now describe in more detail the construction of [Ly1}, [Ly2), [KL], see also [FS], Sec. 4]
for a review. In this thesis we will only be interested in the action of the mapping class group
of the torus, i.e. of SL(2,7).

Let C be a factorisable finite ribbon tensor category over a field k. Let £ € C be the
coend for the functor C°P x C — C: (U, V) — U* ® V. As we review in Section [£.2] using
the universal property of the coend, one can endow £ with the structure of a Hopf algebra
in the braided category C (Definition , together with a Hopf pairing w, : L& L — 1.
The category C is called factorisable if w, is non-degenerate. Using once more the universal
property one defines endomorphisms 8, T of £ which induce a projective action of SL(2,7)
on C(1,L) (see Section [p.1.1). One finds that C(1,£) = End(idc), and so one obtains a
projective action of SL(2,7Z) on End(ide).

Let A be a finite-dimensional ribbon quasi-Hopf algebra (see Section for conventions and
details). We show that, as for Hopf algebras [Ly2, [Ke2|, the coend £ in Rep A is given by
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the coadjoint representation on A* (Proposition . We compute the structure morphisms
of the Hopf algebra L, as well as the pairing w,, in terms of the data of A (Theorem .
Note that End(idrepa) = Z(A), the centre of A. Using our explicit expressions, we give the
action of the S- and T-generators of SL(2,Z) on Z(A) in terms of the defining data of A and
an integral, see Proposition and Theorem [5.19, This generalises results for Hopf algebras
in [LM] to quasi-Hopf algebras.

In the second part of this thesis we present our main result. The conjecture in [GR2] gives
rise to an isomorphism of projective representations between two SL(2, Z)-actions associated
to a Cy-cofinite, simple, self-dual and non-negatively graded vertex operator algebra V. The
first action is obtained by modular transformations on the space of so-called pseudo-trace
functions of V [Mi, [AN]. For the second action one uses that RepV is conjecturally a
factorisable finite ribbon tensor category and thus carries a projective SL(2,Z)-action on
End(idrepy) as described above (see e.g. [GR2, Sec. 5] for details).

We investigate a family of examples which are the so-called symplectic fermions, and
which are parametrised by N € 7., the “number of pairs of symplectic fermions”. Denote
the even part of the symplectic fermion vertex operator super-algebra V defined in [Ab] by
Vey. Following [DR1, [Ru] Rep V., is conjecturally ribbon equivalent to the category of
N pairs of symplectic fermions SF, see Section @ and Section or [DR3, Conj.7.4] for
a precise formulation. We prove that SF in turn is ribbon equivalent to the representation

category of a factorisable quasi-Hopf algebra Q = Q(N, /3), see Theorem [7.6|and Corollary

Q is an associative unital algebra over C with generators K and f*,i = 1,...,N, and
defining relations, for ¢,j =1,... N,

{ffF K}y =0, {ff fr}= b (1 —K?), {fifi K:=1,

where {z,y} = xy+yx is the anticommutator. It has some interesting properties. For even N
and § = +1, Q is actually a Hopf algebra. In these cases the Hopf algebra Q is isomorphic to
the Drinfeld double of a generalization of Sweedlers Hopf algebra, see Section [7.3] Moreover,
if 8 =1 this isomorphism is an isomorphism of quasi-triangular Hopf algebras.

Using the results of the first part the SL(2,Z)-action on End(idrepq) is computed (see
also [GR1] for the case N = 1). The SL(2,Z)-action on the space of pseudo-trace functions
follows from [GR2]. The conclusion of this thesis is that the SL(2,Z)-actions do indeed
agree projectively, see Section [10.2] - this provides the first example of such a comparison for
non-semisimple theories in the literature.

Let us briefly outline the proof of Theorem [7.6 The proof is a bit extensive which is why
we split it in two steps. In step 1, we introduce a quasi-bialgebra S = S(N, 3) in Svect which
has half the dimension of Q. We give an element r € S ® S which, as we prove, defines a
braiding on its category RepS of finite-dimensional representations in Svect. Though r is
not a universal R-matrix as the braiding involves the parity involution natural automorphism
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of Svect, see Section . Then we show that RepSS is equivalent to SF(N, §) as a braided
monoidal category.

In step 2, we present a quasi-bialgebra Q(N, f) in vect and show a braided monoidal
equivalence between Rep S and Rep Q. We present a twisting of Q into Q, and therefore
proof that Rep Q is braided monoidally equivalent to Rep S and thus to SF. Finally, using
the equivalence SF — Rep Q we transport the ribbon element from SF to Rep Q.

This thesis is organised as follows.

Part 1: In Section [I| we give our conventions for factorisable ribbon quasi-Hopf algebras.
In Section [2] we recall standard notions in category theory, in particular, a precise definition of
ribbon categories. We also give our conventions for Hopf algebras in braided tensor categories.
A brief review of conformal field theory, and vertex operator algebras and their modules is
presented in Section [3| In Section 4] we review the reconstruction theory for Hopf algebras of
[Mal] in the special case of the identity functor, leading to the universal Hopf algebra, and
an equivalent description of the universal Hopf algebra in terms of coends. The latter is the
formalism used in [Ly1] and in the rest of this thesis. In Section 5| the SL(2,Z)-action of
[Ly1] and the theory of internal characters of [F'S, [Sh1] are recalled. It contains the explicit
computation of the Hopf algebra structure maps of the universal Hopf algebra £ in Rep A.
We state the factorisability condition on Rep A in terms of the defining data of A and show
that it is equivalent to the definition in [BT]. Moreover, we present our main results of
the first part, namely the explicit computation of the Hopf algebra structure maps of the
universal Hopf algebra £ in Rep A, and the explicit expressions for the S- and T-action on
the centre Z(A) of a ribbon quasi-Hopf algebra A.

Part 2: Section[f]starts with a review of the finite ribbon category of N pairs of symplectic
fermions SF introduced in [DR1, [Rul, which is conjecturally equivalent to Rep V., [DR3|
Conj. 7.4]. The ribbon quasi-Hopf algebra Q is introduced in Section ﬁ], and we state our
first main result of the second part, namely a ribbon equivalence between SF and Rep Q.
Using the results from the first part we calculate in Section [8| the Hopf algebra structure on
the coend £ in Rep Q and an integral. Finally, we present in Section [9] our last main result:
the SL(2,Z)-action on symplectic fermion pseudo-trace functions agrees projectively with the
SL(2,Z)-action on the centre of Q.
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Basis of the thesis

This thesis is based primarily on the following papers:

Paper 1.

Paper II.

Paper 1.

Paper II.

V. Farsad, A. M. Gainutdinov and I. Runkel,
SL(2,7Z) action for ribbon quasi-Hopf algebras, 1702.01086 [math.QA].

V. Farsad, A.M. Gainutdinov, I. Runkel,
The symplectic fermion ribbon quasi-Hopf algebra and the SL(2,7)-action on its
centre, 1706.08164 [math.QA].

Contribution to the papers by the author of the thesis

Large parts of the paper were developed in discussions with the coauthors. The Hopf
structure on the coend £ in the representation category of a quasi-Hopf A, as well as
the SL(2,Z)-action on the centre of A was developed by myself and independently
calculated by the coauthors.

Large parts of the paper were developed in collaboration with the coauthors. 1
worked out the details of the proof of the ribbon equivalence between Rep Q and
SF. The transport of the coassociator from SF to Rep Q was calculated by myself.
In discussion with the coauthors I developed the isomorphism of the Drinfeld double
of H(N) and the Hopf algebra Q(N, ) for even N and g = =+1, as well as the
quasi-triangular variant.


http://arXiv.org/abs/#11702.01086
http://arXiv.org/abs/1706.08164




Part 1

SL(2,7)-action for ribbon quasi-Hopf algebras






1. Ribbon quasi-Hopf algebras

In this chapter we introduce our conventions for ribbon quasi-Hopf algebras A. In Section
2.2| we will show that these objects have enough structure to build a finite ribbon category
(with an associator which can be different from the canonical associator in vecty).

1.1. Conventions

We begin with the definition of a quasi-Hopf algebra A [Dr2] and we mainly follow the
conventions in [CP, Sec. 16.1].

We will use Sweedler’s sum notation with primes ’ for the coproduct A(a) € A® A of an

element a € A, and with subscript numbers ;5 = for elements of tensor products of A. For

goee

example,
(1.1) A(a)zZa’@a" : X:ZX1®X2®X3 for X € A®? .
(a) (X)

Definition 1.1. A quasi-Hopf algebra over a field k is a unital associative algebra A over k
together with

an algebra homomorphism € : A — C (the counit),

an algebra homomorphism A : A — A® A (the coproduct),

an algebra anti-homomorphism S : A — A (the antipode),

a multiplicatively invertible element ® € A ® A ® A (the coassociator),

elements o, 3 € A (the evaluation and coevaluation element, respectively).
These data are subject to the conditions:
e counitality and coassociativity:
(1.2) (e®@id)o A = id = ([d®e€)o A,
(1.3) (A®id)(Aa)) - @ = @ (([d® A)(A(a))) forallac A,
e the coassociator ® is counital and a 3-cocycle:

(1.4) (d®e®id) (@) =191,
(1.5) (A®id®id)(®)- ([d2ide A)(®) = (Pe1)- (ideA®id)(®)- (1 ),



10 1. RIBBON QUASI-HOPF ALGEBRAS

e the antipode conditions:

(1.6) ZS(@’)aa”:e(a)a : Za’,@S(a”):e(a)ﬂ foralla € A,
(a) (a)

(1.7) > 8(@1)a®, B5(D3) =1, (@ NBS(2T)) (@) =1,

(@) (@)

for an expansion @ = 374 ¢1 @ P ® ¢3 € A® A® A and similarly for Ot cf. (1.1]).
Remark 1.2.

(1) We note that the antipode S, as well as a and B3 are uniquely determined up to the
conjugation by a unique element U: if the triple S, a3 gives another antipode structure
in A then there exists a unique element U € A such that

(1.8) S(a)=US()U™', a=Ua, B=pU",
see [Dr2l, Prop. 1.1] for details.
(2) Every Hopf algebra is also a quasi-Hopf algebra for which ® =1®1®1 and a = 3 = 1.

Let us denote by 7 the symmetric braiding in vector spaces, i.e. for vector spaces U,V
and u € U, v € V we set

(1.9) wyv(u®v) = vRu.

Definition 1.3. A quasi-Hopf A is quasi-triangular if it is equipped with an invertible element
R e A® A, called the universal R-matriz, such that

e R relates the coproduct with the opposite coproduct A°® := 70 A as
(1.10) RA(a) =A(a)R forallae A,
e the quasi-triangularity conditions hold:
(A®id)(R) = (& 1)g31 Ri3 Py3g Roz @1,
(id ® A)(R) = ®319 Ri3 Pyy R12 ® .
Here we set ®y3, = Z@) Dy @ Py @ Py and Rz = Z(R) R ®1® Ry, etc.

(1.11)

We will often use the monodromy element
(112) M = RhnR € AR A.

Definition 1.4. A finite-dimensional quasi-triangular quasi-Hopf algebra A is called factoris-
able if ) € A ® A is a non-degenerate copairing,

(1.13) Q = ) SWsX)WiX} @ S(WX])WoXT
(X),(W)
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where X € A®?2 W € A®* are defined as

(114) X = > 0@ 0,85(Ps) |
(@)
W= 10al®a) 130" - 1eMx1) (120)  (deid@ A)(®"),

M was given in (1.12)).

Thus, Definition states that A is factorisable if and only if Q =, ;
bases {a; | i € I} and {b; | i € I} of A. This definition give rise to a canonical non-degeneracy
definition on the braiding in categorical terms which we discuss below in Section [5.2.3]

a; ® b; for two

Remark 1.5. Let us specialise the factorisability condition to the case that A is a Hopf
algebra. Then we have the trivial coassociator ® = 1%3 and a = 3 = 1. Equation
reduces to Q@ = 3, S(Mz) ® M;. Applying the isomorphism A® A = Hom(A*, A) of vector
spaces (a®@b — (¢ — p(b)a)) on Q we get a linear map ¢ — So ((¢®id)(M)). This is equal
to the well-know Drinfeld mapping [Drl] composed with the antipode. We conclude that
Q € A® A is a non-degenerate copairing if and only if the Drinfeld mapping is invertible.
The latter condition is the usual definition of a factorisable Hopf algebra [RS].

1.2. Some special elements

1.2.1. The Drinfeld twist. By definition, the antipode of a quasi-Hopf algebra is an
algebra anti-homomorphism. However, in contrast to Hopf algebras it is in general not a
coalgebra anti-homomorphism, i.e. the equality A(S(a)) = (S ® S)(A°P(a)) may not hold.
Instead, the right hand side is conjugated by the Drinfeld twist [Dr2]. The Drinfeld twist is
the invertible element f € A ® A given by

(1.15) F=> (S@8)(A®(P1)) -7 A(D285(Ps))
(®)
with
(1.16) 7 =) (S(X2)aX;) @ (S(X1)aXy) where X =(1®®)-(d@id® A)(@).
(X)

In terms of f, A and AP are related by (see [Dr2])
(1.17) FA(S(@)f ' =(S®S)(A%(a), a€cA.

1.2.2. Drinfeld element. The Drinfeld element is defined as
(1.18) u= > S(PBS(P3)) S(Ry) Ry @ .

(®),(R)

It satisfies
(1.19) S%(a) = wau™" |
for any a € A, see [AC| Sect. 3].
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1.2.3. Ribbon element. A quasi-triangular quasi-Hopf algebra A is called ribbon if it
contains a ribbon element v defined in the same way as for ordinary Hopf algebras [Sol:

Definition 1.6. A non-zero central element v € A is called a ribbon element if it satisfies
(1.20) M- -A(v) = v®w, S(v) =v.

In a ribbon quasi-Hopf algebra A we have the identities [AC [So]
(1.21) v =uS(u) , ev)=1,

where w is the canonical Drinfeld element defined in (|1.18]).
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2. Category theory

In this chapter we recall some standard categorical notions which will be needed in the
rest of the thesis. In particular, we will show how to build a ribbon category from the data
of a ribbon quasi-Hopf algebra. We assume the reader is familiar with basics notions like
functor, natural transformation, etc.. We will sometimes abbreviate the notation for the
Hom-set Hom¢ (U, V') of a category C and objects U,V € C by C(U, V).

2.1. Ribbon categories

2.1.1. Monoidal categories. A monoidal category C is a category with the following
additional data:

e a bifunctor ®: C x C — C called tensor product,
e on object 1 called tensor unit,
e three natural isomorphisms

— the associator ayyw: U@ (VW) = (U®V)® W, where a is natural in each
argument,

— the left unitor A\y: 1 ® U — U and the right unitor py: U ® 1 — U,
These data need to satisfy two coherence conditions:

e the pentagon diagram,

QAU vV,WRZzZ

U (Ve (WeZ) UeV)e(WeZ)
idU®OcV,W’Z L l AURV,W,Z

U (VeW)® Z) Ue(VeW)eZz (UeV)oW)® Z

e the triangle diagram,

au,vew,z ay,v,w®idz

ay1,v

Ue(1eV) U®1)eV

UV

A monoidal category where the natural isomorphisms «, A and p are identities is called
strict. By Mac Lane’s coherence theorem ([McL, Chapter VIIL.2]) every monoidal category
is monoidally equivalent to a strict one.
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2.1.2. Rigid monoidal categories. A monoidal category C is said to have left duals if
for each U € C there is an object U* € C together with morphisms

(2.1) evy: U'@U —1 , coevy:1—=-UU",
called evaluation and coevaluation map, which satisfy the two zig-zag identitiesﬂ

[U My LS gy S prr) e, %U] —idy |
(2.2)

~

[U* & prp MuBeevu ey S (U)o SO, %U*} —idy- .

Similarly, we say C has right duals if for each U € C there is an object *U € C together with
morphisms

(23) &UU®*U—>1 , 06\6/\7U21—>*U®U.

subject to the zig-zag identities.

For a monoidal category C with left duals one obtains a contravariant functor (—)* : C — C.
For a morphism f : U — V, the image f*:V* — U* under (—)* is

idV* Kcoevy idV* ®f®idU*
e,

fr= [V* &y VHUUY) VYUY

(2.4) ) |
VIR (vt S e 2
An analogous remark applies to right duals and *(—) : C — C.
A rigid monoidal category is a monoidal category which has both right and left duals.

One can show that if U has a left (right) dual it is unique up to unique isomorphisms, see
e.g. [EGNOI Prop. 2.10.5]. This justifies the notation U* (*U). Moreover, if U has a right
and a left dual it is clear that

(2.5) () =U=(U)",
but it is not guaranteed that *U = U*, or equivalently, U = U**.

Remark 2.1. If U,V are objects with left duals, then U* ® V* is a left dual of V ® U with
evaluation map given by

1 .
) Ay= v* vU day= vy

ur(v(vu))

id®evy ®id
_—

ny T (v | UH(VV)U)
U*(1U) 220, ey 2, 1] .

1 When giving morphisms involving associator and unit isomorphism, we often write them as sequences
of arrows, where for better readability we omit the tensor product symbol between objects and only write
“~” for a composition of coherence isomorphisms of the monoidal category.
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Similarly, one defines the coevaluation morphism. Recall that if a (left or right) dual exists
it is unique up to unique isomorphism. In a monoidal category C with left duals, the unique
isomorphism from U* ® V* to any left dual (V @ U)* is given by

Wu = [U*v* LUt ()1 BERSVY ey (VD) (VD)
(2.7)

Qv VU,(VU)* « Yv,u®id A(vuy*

(U VH(VU)(VU) LUy (vuy|

which is natural in U, V. We will also need the isomorphism from U** @ V** to (U ® V)**
given by

(2.8) o = (vow) oo

which is natural in U and V', too. It defines a monoidal structure on the (covariant) functor
(—)** : C — C (see the definition in [EGNO] Def. 2.4.1]).

If a natural isomorphism §: id = (—)** exists, which is monoidal, i.e.

(2.9) dvev = vy © (dv ®@dv) ,

C is called pivotal. We refer to [EGNO) Def. 2.4.8] for the definition of monoidal natural
transformations between two general functors.

In a pivotal category one can define the left and right trace of an endomorphism f €

End(U),
L coevy « f®id x Oy®id x% *  CVux

TrU(f):[1 v peUut B veur 22 g Ut S 1],

(2.10)

ided; !
—

Trg(f):[l LN, U @ U U*®UﬂU*®UeV—U>1].

A rigid category where all left and right trace functions coincide is called spherical. For these
categories we define the dimension of an object U as Try(id) = Trit(id).

Finally, we want to note that if a monoidal category has left duals, there is a canonical

isomorphism 1* — 1 given by

-1
evi

(2.11) RSy RS TRALS
When writing 1* =+ 1 below, we refer to this isomorphism.
2.1.3. Braided monoidal categories. A braided monoidal category C is a monoidal

category with a natural isomorphism cyy: U @ V — V ® U called braiding such that the
hexagon identities are satisfied:
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CURQV,W

oy, v,w (U®V>®W W®(U®V) aw,U,v
/ \.
U (VeW) . o (WelU)eV,
idy®cy,w cy,w ®idy
\ au,w,v
UeWeaV) UeW)eV
o UeWVew) X vVew)eU .
U,v,wW V,W,U
/ \
(U ® V) W cy, v Qidy idv ®cy,w Ve (W ® U) )
T o w |
VeU)eWw Ve Uew)

Proposition 2.2 ([Kal XIII.1.2]). For any object U in a braided monoidal category we have
(2.12) Avocur=pu, puociu=>Au, Cu1=Cy -

If C has left duals one gets right duals for free by setting *U = U* and defining

-1
(213) &y = [VUF P50 2% 1) ) cevy = [152%% oot XS 0U ]
Hence, in braided monoidal categories left and right duals are isomorphic. Moreover, one can
define Drinfeld’s canonical isomorphism uy : U — U** between U and its double dual U**,
as well as a variant of it which we call u;:

(2.14) w = [U o' U1 idy ®coevy s U U™ ay,u*, U (U
SO, e 2 p ]
(2.15) iy = [U M FE S ey ST e ey
e, gy 22 g |
We have
(2.16)  uyev =Avv o (uy @ uy) o Cz?,lv ° C\_/lU , lygy =Yy o (ty @ Uy) ocyyocyy ,

see [EGNO) Prop. 8.9.3]. That is, u and @ are monoidal if and only if C is symmetric, i.e.
cyy o cyy = idygy. If that is the case, C is pivotal.

Summarising, a braided monoidal category with left duals is automatically rigid, but not
pivotal in general.

2.1.4. Ribbon categories. A braided monoidal category with left duals is ribbon if it
is equipped with a natural isomorphism 6: id = id (the ribbon twist), which satisfies, for all
UV ecC,

(217) 8U®V = (HU (059 ev) OcCyu ©°Cyy and HU* = (0U>* .
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In a ribbon category, there is an alternative way to get right duals from left duals, by defining
right duality morphisms as

&y = [UUr 22 gy S8 g S 1]
(2.18) et idgr+ @07
coevy = [1 5 U0 5 UU ——5 UU] .

Replacing in (2.14)—(2.15) the maps (2.13) with those above gives a natural isomorphism
d:id = (—)**. Equivalently, one can define

(219) 5UIU—>U** s (SUIUUO(QUIfLUOe&l,

with uy and 4y from (2.14)—(2.15)). To understand the second identity note that the axioms
in (2.17) and the naturality of 6 imply evy ocyy+ o (fy ® idy«) = evy oc{,l’v o (0, ® idy~).
By recalling (2.16) and (2.17]) one sees that ¢ is monoidal, i.e. a pivotal structure on C. In

fact, C is spherical [EGNO] 8.10.12]. Moreover, § provides an equivalent way to define the
right duality morphisms in ([2.18)),

x eV

. i -1
(2.20) &y = [UU* 2 ey 1], coovy = [122 gy 220, gy ]

Remark 2.3. The statements above which we did not prove or for which we did not provide
a reference can be easily checked with the graphical calculus introduced in the next section.

2.1.5. Graphical calculus. Below, we will use string diagram notation for morphisms.
Our diagrams are read from bottom to top. A morphisms f: U — V will be denoted by a
string with a box while the identity is just a string without a box. The tensor product will
be represented by two strings, and the composition f o g of two morphisms f: U — V and
g: W — U by putting f on the top of g:

Vv v
U u Vv
(221) f = I:f] y ldU = y ldU ® ldV = , f og =
a
U v Vv
U w

The diagrams we will use for the braiding, ribbon twist, and the right /left duality maps are

\%4 U
U U~
(2.22) cuy = y , evy = m , coevy = U )
w U~ U
U 1%
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g

U U

(223) &U = s CB\&/U = s QU =

It is easy to see that in general two isotopic diagrams do not correspond to the same
morphism. For example, the picture of the ribbon twist is clearly isotopic to a straight line,
but 6 = id holds only in symmetric categories. It turns out that this problem only arise for
morphisms which include the ribbon twist. Reshetikhin and Turaev [RT1] were able to solve
this problem by, roughly speaking, using ribbons instead of lines. We avoid doing this by
remembering that we must never apply any string manipulations on the twist.

Let us use the graphical calculus in order to simplify identities and definitions we in-
troduced above. For example, the zig-zag conditions in (2.2]) can be graphically expressed

as
U U U U
U U U U
In string diagram notation, the definitions (2.6)—(2.7)) look much simpler:
(2.25) Avu = .U = = :
1% UU)* vV U (VU)
U ve vV U U ve urve
The structure morphisms in (2.14)—(2.15]) read
V*/‘\V ‘L* V*/ﬂ\
(226) uy = V\ y ﬂ,\/ = /\/
"/ b‘/** V*\‘/V** I
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By using string manipulation it is easy to see that

V V
(2.27) iy = \\/
'

2.2. The category Rep A

Let A be a quasi-triangular quasi-Hopf algebra. In this section we introduce our conven-
tions for the structure maps in the category Rep A of finite-dimensional representations of

A.
The k-linear category of finite-dimensional left A-modules will be denoted by

(2.28) Rep A .

Let us explain what we mean by that: Objects (called modules) in Rep A are pairs (M, py)
where M € vecty and ppr: A® M — M (called action) is linear in A ®@ M and pys(ab,m) =
pu(a, par(b,m)) for every a,b € A and m € M. For brevity, we will most of the time refer
to (M, py) as M and denote the action by a dot. In this notation the last identity reads
(ab).m = a.(b.m). Homa(M, N) is the subspace of all k-linear maps f: M — N satisfying
f(a.m) = a.f(m) for every a € A. We call such maps intertwiners.

In this thesis, we will only consider quasi-Hopf algebras A which satisfy the following

Assumption: The unit isomorphisms Ay and py in Rep A coincide with
those in vecty.

The data of a quasi-triangular quasi-Hopf algebra A from Section [1| allows one to turn
Rep A into a k-linear braided category with left duals as follows.

e The associativity isomorphism ayyw : U® (V@ W) — (U® V) ® W for the tensor
product (over k) of A-modules U, V, W is given by

(2.29) apyw(u@vew) =0 (uRvw),

for any elements u € U, v € V, w € W. The 3-cocycle condition on P is equivalent
to the commutativity of the pentagon diagram in Section for a.

e The antipode structure on A gives rise to left duals for Rep A. Namely, the left dual
U* of U in Rep A is the vector space dual to U together with the A-action

(2.30) (a- f)(u):= f(S(a)u) welU, feU", acA.



20 2. CATEGORY THEORY

The elements a and 3 enter the definition of the evaluation and coevaluation morphisms
as

(2.31) evy 1 Q@ u— dlau) , coevy @ 1+ Z(ﬁu,) ®u;

where ¢ € U*, u € U, and {w;} is a basis of U with {u}} its corresponding dual basis.
The zig-zag identities in ([2.2)) are equivalent to and the intertwiner property of evy
and coevy are equivalent .

e The braiding isomorphisms oy in Rep A are defined in terms of the universal R-matrix
as

(2.32) ouy(u®v) =Tv(R(u®v)) .

The isomorphisms oy satisfy the hexagon axioms of a braided monoidal category (see
Section [2.1.3)) iff quasi-triangularity holds. Applying the linear map id ® e ®id to
both equations in and using the counital condition , we obtain the following
result for a quasi-Hopf algebra under our Assumption [Dr2, Sec. 3|:

(2.33) (e®id)(R) =1 = (id® e)(R) .

These equalities correspond to the commutativity of the diagram involving the left and
right unit isomorphisms and the braiding in ([2.12) E|

Recall the monodromy element M from ([1.12)). It describes the double braiding in Rep A:
ovuoopy(u®v) =M. (u®v).

Let us give string diagrams for the structure maps above. The action A @ U — U of A
on a left A-module U will be written as

y [vest

(2.34)

A U

Here, the vecty in a box indicates that the corresponding string diagram is to be taken in

vecty. For the structure morphisms (2.29)), (2.31]) and (2.32)) we get

(2.35) agyw(u®@v®w) = ;

v v w

2 One can also demand the identities (2.33)) as part of the definition of quasi-triangularity in Deﬁnition
In this case it is not necessary to require that R is invertible, see [BN2].
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(2.36) evy(u) = , coevy(u) = ,

oy e

(237) O’U’V(U ® U) = s

R
U |4

for any u € U, v € V and w € W. Note that since the string diagrams are in vecty, the
diagrams for duality maps and symmetric braiding represent the duality maps and braiding
of vecty, not those of Rep A.

We will denote the standard pivotal structure of vecty by
(2.38) ot (=) = (=) () = (=)

where V' € vecty, v € V and (—, —) denotes the pairing between V* and V.

Let us explain how some of the axioms in Definition [1.1] arise from a categorical point
of view. For instance, since oy, needs to be an intertwiner we have to make sure that
Q- (Idg®A)oAa) . uRvw = (A®ids)oAa) - P .u®v@w holds for every u € U, v € V,
w e W and U, V,IW € Rep A. But this is equivalent to . Next consider the zig-zag
condition. As a picture in vecty the left hand side of the first equality in is given by

i d

Vad
(2.39) ﬁ - =0
. =
o1 g 1/_'
U

U

where we made use of the zig-zag identity in vecty. This picture is equal to the identity
map if and only if the second equality in ([1.7)) holds. Similarly, the other quasi-Hopf algebra
axioms in Definition [L.T] can be motivated.

2.2.1. The Drinfeld twist. In this section we want to explain how the formulas for f

in ((1.15)) and equation (1.17)) arise.



22 2. CATEGORY THEORY

Lemma 2.4 (|Dr2]). As morphisms in Rep A, yy.m and Yn s from (2.7) and ( ., respec-
tively, are given by

(2.40) (wale @) (n@m) = e e)(f nem),
(2.41) Imlp@Yp@n®m) = p)(y.nem),

where m € M, n € N, ¢ € M*, v € N*, and f and v are defined in ) and -
respectively.

PROOF. We begin with 5. Let X = (1® ®) - (id ® id ® A)(®~1). Then (2.6) gives

(2.42) AN @YV @n®@m) =evyo(id®evy ®id)(X.o@1Y@nem) .
Note that
(2.43) evy(a®@b. Y @n) =1y(S(a)ab.n) .

Indeed, we have

(2.44) ] = 0| [ | =
N* N N~ N

It follows then from the above equalities that

(2.45) ANMPRYR®nRm) = Z evy (X1 ® Xy o @m) Y (S(Xe)aXs.n)
= ng (X1)aXy.m)P(S(Xa)aXs . n)
= Z Y @ @)(S(Xa)aXs ® S(X1)aX,.n®m)

=(¢®s@)(7-n®m)-
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Equation (2.40) follows by recalling (2.7) and using the identity

/‘\
N
(2.46) | A:Ly

OJ

Note that the product of the elements acting on N ® M on the RHS of ([2.46|) is precisely
the Drinfeld twist from (|1.15)).

An easy check now shows that (1.17]) follows from the intertwiner property of ~.

2.2.2. Drinfeld element. Recall Drinfeld’s canonical natural isomorphism « : ide =

(=)™ from (2.14]). In terms of the data of the quasi-triangular quasi-Hopf algebra A, the
morphism u, for U € Rep A, can be written as

UOU
s

vecty

uy = //ﬁ/—>
R
A;’—’
P
U U* U**
S\
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Abbreviate X = (a®1®1)- (R®1)-®-(1® B ® 1) and recall the standard pivotal
structure of vecty in (2.38)). Then we have

(2.48)
|
/4\ L.
U* U U U |
(SEeCt]k
7
7 7
U U* U** X U U* U** U* U** X U
\/ g
We conclude that
(2.49) wy = 85 o (u. (<)) .

where u € A is the Drinfeld element in ((1.18]).
The corresponding calculation for the variant @ in (2.15)) or (2.27)) gives the same expres-

sion with R replaced by R~!. For later reference, we state it explicitly:

(250) Gy =0 %o (@. (=) , @= Y  S(®B5(23)S(R ")) (R); Oy .

(®),(R71)

2.2.3. Ribbon twist. Let now A be a finite-dimensional ribbon quasi-Hopf algebra. By
convention, the ribbon twist fy on an object U is given by acting with the inverse ribbon
element v~

(2.51) 0y = v '.(-).

Since Rep A is a braided monoidal category with left duals and a twist, it is rigid as
explained in Section [2.1.4] In fact, it is a finite braided tensor category over k.

2.2.4. Pivotal structure. Recall from Section that for a ribbon category C with
ribbon twist #, one can define a pivotal structure dx : X — X** by dx = uxolx =1uxo 0)}1.

Combining (2.49) and (2.51)), we see that in the category Rep A the pivotal structure

takes the form

(2.52) b = %o (v lu. (<))  U—U™.

The right evaluation and coevaluation morphisms are (recall (2.20)),

(253) & w®@ - ¢Sy luw) , coevy: 1 Y wf @ (u'vS(8)w)

where ¢ € U*, w € U, and {w;} is a basis of U with dual basis {w]}.
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Using the ribbon structure, we can give a relation between the two variants v and u of

the Drinfeld element. Namely, from ux o 0x = ux o 9)}1 we get uv !

this with (1.21]) gives
(2.54) a=S(ul).
Applying S to both sides and using (1.19) and (2.50]) gives an explicit formula for u=*. An

alternative expression is given in [BN2, Thm. 2.6].

= wwv and combining

2.3. Hopf algebras in braided categories

The definition of a Hopf algebra over a field has a natural generalisation to braided
monoidal categories, see e.g. [Ma3].

Definition 2.5. Let C be a braided monoidal category. A Hopf algebra H in C is an object H
together with morphisms
(2.55) (product) pup:H®H — H | (coproduct) Ay:H - H®H ,
(unit) ng:1—H (counit) ey:H — 1,
(antipode) Sy :H — H .

These data are subject to the conditions

e associativity and unitality:

(256)  [H(HH) 2% gH % g = [HHH) > (HH)H 22 go g

(H 10 22 g g = idy = [HS HL 22 g M )
e coassociativity and counitality: same as above but with all arrows reversed, py replaced
by Ag and ng by eg.
e Ay, eq are algebra homomorphisms:

(257) Agong = (g @nu) o A7+,

[HH “% g 22 gH) = [HH 22220,

(HH)(HH) = H((HH)H)

e n O H(HH)H) = (HH)(HH) 2224 g
and
(2.58) egopg =Mo(eg®ey) , egony=idy .

e antipode condition:

(2.59) [H 212 g] = [H 28 gH 222 gy 2 )

— [H 2% gH 225 gy g
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As a consequence of the Hopf-algebra axioms, we get that Sy is an algebra and a coalgebra
anti-homomorphism, in particular we have Sy o ug = pg o cgg o (Sy ® Su), see [Ma3|
Lem. 2.3].

When using string diagram notation to depict morphisms involving Hopf algebras, we use
the following notation for its structure morphisms:

H H H
H
(260) HH = s AH: y Ny = s Eg = s SH:
H
H H H

For example, the second condition in (2.57)), i.e. compatibility of Ay with pg, reads

H H H H
A
(2.61) " = :
HH
H H H H

The appearance of the braiding as opposed to the inverse braiding in the above condition is

T

T

a choice, related to the choice made in defining the tensor product of algebras: for (associative,
unital) algebras (A, pa,na) and (B, ug,np) we define the algebra A ® B to have structure
morphisms

id®cp, 4®id
—

(2.62) pags = [(AB)(AB) = (A((BA)B) (A((AB)B)
= (AA)(BB) ™22, AB] |

Naep = [1 511 227, AB]
By definition, a Hopf pairing for a Hopf algebra H in C is a morphism wy : H @ H — 1

which makes the multiplication uy and the coproduct Ay, as well as the unit gy and the
counit ey, each others adjoints. In terms of string diagrams, this means
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[wn]
_ _

(2.63)

H

H H

T

Translating back into formulas, for example the first of the above identities becomes

(2.64) [(HH)H Ny =

_ [(HH)H idRIdRA g

(HH)(HH) ~s H((HH)H)
Meen®id o gy S HH 2L 1} .

If the braided monoidal category C is equipped with left duals, for each Hopf algebra H
in C we obtain the (left) dual Hopf algebra H*. Its structure maps are

(2.65) fr = _H*H* JE (HH)* % H*] ,
* (:“H) * TT*
Aye = H b gy I ey ]

ey = |H "5 10 1]

where we used the isomorphism vy y from (2.7) and the isomorphism (2.11)). The antipode
is given by Sp+ = (Su)*.
Given a Hopf pairing wg on H, we can define the map

id®coev gy ~

(266) Dy o= [H 5 HLSS0 H(HHY) S (HH)H® S555 15 1]

The definitions above are set up such that Dy is a homomorphism of Hopf algebras.

Definition 2.6. Let H be a Hopf algebra in a braided monoidal category with left duals. A
Hopf pairing wy for H is called non-degenerate if the morphism Dy in (2.66) is an isomor-
phism.
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In Sections [.3] [5.3] we will also need integrals and cointegrals for a Hopf algebra H in C.
These are morphisms Ay : Intd — H and Ay : H — IntH with an invertible object IntH
which are subject to the corresponding condition in the following list:

(2.67) (left integral) pgo (idyg ® Ag) = AgoAmm o (eg @ idmen)

(right integral) pr oAy ®idy) = Ag 0 pmen © (s ® €)

(left cointegral) (idg ® AD) o Ay = (g @ idmear) © Apig © ASy

(right cointegral) (A ®idy) o Ay = (idmm @ a) o priy 0 Ay .
If IntH ~ 1 one can use the integrals and cointegrals to test non-degeneracy of a Hopf
pairing wy:

Lemma 2.7 (|[Ke2]). Assume that H € C is a Hopf algebra with a right cointegral A : H —
1 and a Hopf pairing wy. The Hopf pairing wy is non-degenerate iff there exists a morphism
Ay : 1 — H such that the cointegral A}y factors through wp:

A = |H 210 289 g, g
If such a Ay exists, it is automatically a left integral for H. A similar statement can be made
for left cointegrals.

2.4. Coends and ends

We introduce here the concept of dinatural transformations between two functors. Let C
and D be any categories and let F': C°°® x C — D and G: C x C°® — D be two functors. The
next definition is a slight modification of the one in [McLl, Ch.IX.4] — the order of categories
for the second functor is different.

Definition 2.8. A dinatural transformation from the functor F to the functor G is a family
of morphisms ¢ = (¢y: F(U,U) = G(U,U))yee in D, written ¢: F' — G, that makes the
diagram

(2.68) FIV,V)—2 g, V)
F(id,f) W\
F(V,U) G(V,U)
F(f,id) é G(f,id)
F(U,U) ——= G(U,U)

commute for all U,V € C and f € C(U, V).

For the definition of coends and ends, we consider only the case where one of the functors,
F or G, is a “constant” functor: e.g. G: U x V — B for all U,V € C and an object B € D,
and morphisms get mapped to idg. Definition then reduces to the following one.
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Definition 2.9.

(1) A dinatural transformation from the functor F' to an object B € D is a family of
morphisms ¢ = (¢y: F(U,U) = B),ee in D, written ¢: F — B, which makes the

diagram
id,
(2.69) FV,U) —20 pevvy
mml Lw
FUU) —2 B

commutative for all U,V € C and f € C(U,V).
(2) A dinatural transformation from an object B € D to the functor G is a family of
morphisms ¢ = (¢y: B — G(U,U))c in D which makes the diagram

PV

(2.70) B G(V,V)
¢Ul lG(idyf)
) Y o

commutative for all U,V € C and f € C(U,V).

Definition 2.10.

(1) A coend (C,t) of a functor F': C°® x C — D is an object C' € D endowed with a
dinatural transformation ¢: FF' — (', see Definition (1), satisfying the following
universal property: for any dinatural transformation ¢: F' — B there is a unique
morphism g € D(C, B) such that the following diagram commutes for all U € C:

F(UU)
w du
///mg\\\

cto -2t -B

(2.71)

In other words, any dinatural transformation ¢: F — B factors through the coend of
F in a unique way: ¢y = go(y for all U € C.

(2) An end (E,j) of a functor G: D — C x C° is an object E € D endowed with a
dinatural transformation j: £ — G, see Definition (2), satisfying the following
universal property: for any dinatural transformation ¢: B — G there is a unique
morphism g € D(B, E) such that the following diagram commutes for all U € C:

(2.72) G(U,U)
TN
E<————3!g—————B
or equivalently: ¢y = jy o g for all U € C.
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Coends and ends are unique up to unique isomorphism, so that we may refer to ‘the coend’
and ‘the end’. A common notation for the coend is fUGC F(U,U), and erc G(U,U) for the
end. For brevity, we will often just denote the coend by C' instead of (C,t), and the by E
instead of (E, j).

We will also need multiple or iterated coends [ ves i Vel p (U,U,V, V) of a functor
(2.73) F:BPxBxCP?xC—1D.

These are defined by considering first the functor F as the functor F': C° x C — Fun(B°P x
B, D) to the category of functors from B° x B to D, and assuming that the coend of F
exists as an object in this category of functors. We can then consider the coend of this
coend-object [ Vel g (—,—,V, V), which is by definition the iterated coend of F' from above.
Alternatively, we could first take the coend (or “integration”) over objects in B as the ob-
ject fUEB F(U,U,—,—) in the category of functors from C°® x C to D and then take the
corresponding coend (or “integration”) over objects in C. This gives another iterated coend
fvec fUEB F(U,U,V,V). Finally, one can consider the “double coend”, that is, the coend for
the functor

(2.74) (BxC)® x (BxC) "3 B®xBxCPxC-5D,

which we write as [ ( U,U,V,V). The iterated coends and the double coend can be
compared by a “Fubini theorem” (see e.g. [McL, IX.8]).

U,V)eBxC F(

Proposition 2.11. Let B,C be categories and let F': B°® x B x C°® x C — D be a functor.
Consider the three coends

veB pvVeC (U, V)eBxC vVeC pUeB
/ / F(U,U,V, V) / F(U,U,V, V) / / FU,UV.V) .

If any one of them exists, then so do the other two, and all three are canonically isomorphic.

We can similarly define higher iterated and multiple coends, up to a unique isomorphism.
Remark 2.12.

(1) We can define the category DIN(F') of dinatural transformations for F: objects are
pairs (B, ), for dinatural transformations ¢: F — B, and morphisms are defined as
DIN(F)((B,v),(B',¢)) = {f € D(B,B’) : ¢ = fou}. Coends are then the initial
objects in DIN(F). (And ends are the terminal objects, but we only use these in
Section below.)

(2) We will later use the following important property of a coend C': to define a morphism
C — B (e.g. for B=C ® C below) it is enough to fix a morphism from F(U,U) to B
for all U € C such that it is dinatural. This is due to the universal property of C: there
is a one-to-one correspondence between the set Din(F, B) of dinatural transformations
t: F — B and the set D(C, B). Similarly, by Proposition the iterated coend
C = fUEB f\/ec F(U,U,V,V) of a functor F': B® x B x C°® x C — D has the following
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universal property: any transformation of F' dinatural in both arguments (for B and C)
to an object in D factors uniquely through the iterated coend.

2.5. Further relevant notions

In this section we collect more categorical notions which we need later. Let k be a
algebraically closed field with characteristic 0.

Definition 2.13 ([Tul). A modular tensor category is a finitely semisimple k-linear and
abelian category, which is in addition a ribbon category, which has a simple tensor unit, and
a non-degenerate s-matrix.

Let us roughly explain what this means.

A k-linear abelian category C is, in particular, a category for which all Hom-sets are k-
vector spaces, and which has a notion of direct sum. An object in C is simple if it has no
proper subobject. A subobject of an object V' is an object U together with an monomorphism
1: U — V. Cis finitely semisimple if there are up to isomorphisms finitely many simple
objects {U; | ¢ € I} in C, and every object is a finite direct sum of simple objects. For
a finitely semisimple k-linear and abelian ribbon category the s-matriz is defined by s;; =
Try,eu, (cu,u; o cu,u,;) € k. Here, we used that ribbon categories are spherical (see Sec. .
The s-matrix together with the ¢t-matrix ¢; ; = 9, ;6y, provide a projective SL(2, Z)-action on
the Hom-space C(1, P, ; U; @ U;) [Tul, Sec. 11.3.9].

iel
Definition 2.14. Let 7: C — D and G: D — C be functors. If the functors from D x C to
the category of sets,

(2.75) U, V)=C@U),V) , (UV)=DUFV))
are natural isomorphic, we call F the right adjoint of G and G the left adjoint of F.

Definition 2.15. Let C and D be abelian categories, F: C — D an additive functor (i.e., in
particular, F(0) = 0).

o F is called left exact if exactness of 0 — U — V — W implies exactness of 0 —
FU) = FV)— FW), for all U, V,W € C.

o F is called right exact if exactness of U — V — W — 0 implies exactness of
FU) = FV)—FW)—=0,forall UV, W € C.
We say a morphism f: U — W factors through g: V. — W if there is a morphism
h: U — V such that f = goh.

Definition 2.16. Let C be a category.

(1) An object P € C is called projective if every morphism f: P — U factors through
every epimorphism e: V' — U.
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(2) A projective cover is a pair (P, ) which consists of a projective object P and an
epimorphism 7: P — U, such that every epimorphism P’ — U with projective
source object P’, factors through .

Projective objects generalise the notion of projective modules in the categorical setting.

Next, we give a categorical product between abelian categories introduced in [De, Sec. 5.1]
(see also [GRW, Def. 3.3]). Let C,D and B be k-linear abelian categories. Denote by
Fun, cx (C X D, B) the category of functors from C x D to B which are k-linear and right exact
in each argument.

Definition 2.17. Let C and D be k-linear abelian categories. The Deligne product C X D
is an abelian category together with a bifunctor X: C x D — C X D which is right exact
and k-linear in both arguments and satisfies the following condition: For all k-linear abelian
categories B,

(2.76) Fun, e, (CX D, B) — Fun, o (C x D,B) , F— FolX

is an equivalence of categories.

Finally, we explain what we mean when we refer to a finite tensor category.

Definition 2.18 ([EQ]). Let k be a field. A finite tensor category C is a finite abelian
k-linear rigid monoidal category with simple tensor unit 1, such that the tensor product is a
k-linear functor in each argument.

Here finite means that C is equivalent, as a k-linear category, to the category of finite-
dimensional representations of a finite-dimensional k-algebra. In particular, C is essentially
small. As C is rigid, the tensor product is automatically exact in each argument, see e.g. [BK|
Prop. 2.1.8]. We note that in a finite tensor category, the dual of a projective object is again
projective (see e.g. [EGNO] Sec.6.1]), and so each projective object is also injective.
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3. Vertex operator algebras

In this section we give a brief introduction to the theory of vertex operator algebras. The
reader should not expect a comprehensive treatment into this vast theory. Rather, we aim to
provide some context for the original work of this thesis.

3.1. CFTs in a nutshell

This section is a short review of [Scl Part 1].

3.1.1. Conformal group. We start by considering general semi-Riemann manifolds.
Later we will focus on the Euclidean case.

Definition 3.1. Let (M, g) be a semi-Riemann manifold and U C M open. A smooth map
f: U — M with full rank (i.e. an immersion) is called a conformal transformation if there is
a smooth function A\: U — Ry such that for every p € U and every X,Y € T,M

(3.1) Gp(dpf X, dpfY) = ANp)® go(X,Y) .
A is called the conformal factor of f.

Recall that the angle Z(X,Y) of two non-zero tangent vectors X,Y € T,M with non-
vanishing norm is defined as cos Z(X, Y)|| XY |l, = ¢,(X,Y) where || X||, == \/|g,(X, X)].

Thus, conformal transformation are precisely the immersions which preserve angles.

Definition 3.2. Let M be a connected semi-Riemann manifold. A conformal compactification
of M is a compact semi-Riemann manifold K together with an embedding ¢: M — K such
that

e /(M) is dense in K.
e For every conformal transformation f: U C M — M there exists a conformal trans-
formation f: K — K called conformal extension such that the following diagram

U—7t o m
K—' K

commutes:
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Note that a conformal compactification (if it exists) is unique up to isomorphisms.

For the Euclidean space (R?, (-, -)) the formula in (3.1]) reduces to
(DFX,DfY) = A\p)* (X,Y),

where Df denotes the Jacobi matrix of f. We will now give a classification of conformal
transformations for the Euclidean space which depends on the dimension.

Theorem 3.3 ([Sc, Thm. 1.11 & Thm. 1.9]). Let f: U — R¢ be a map and U C R? open.

e d=2: f s a conformal transformation iff it is a locally invertible holomorphic or
antiholomorphic function. In this case the conformal factor is \/|det Df|.
e d>2: If additionally U is connected then f is a conformal transformation iff it

1s equal to any composition of
— a translation
— a rotation
— a dilatation p — ap for any a € Ry
— a special conformal transformation (an inversion p — = followed by a trans-

(p:p)
lation and again an inversion)

Let v: R¥2 — PR be the canonical map to the (d + 1)-dimensional projective space
PR, We define

(3.2) Nt={y(z) |z € R"? —2f + 2} +... + 23, =0} C P™'R.

Theorem 3.4 ([Sc, Thm. 2.9 & Thm. 2.11]). Let R? be the Euclidean space. If d > 2 every
conformal transformation in RY has a conformal extension on N%. In the case d = 2 every
injective conformal transformation on all of C with at most one singular point has a conformal
extension on N2.

Remark 3.5. In contrast to the d > 2 case not every conformal transformation in R?> = C
has a conformal extension. For example, the injective holomorphic function

2=z , Re(z)>0,

can even not be extended to all of C.

Hence, in the case d = 2 a conformal compactification does not exist. A way to bypass this
issue is to consider only such conformal transformations as described in Theorem (which
are often called global, see [Scl, Def. 2.10]). With this restriction the conformal compatification
of R? exists and is the Riemann sphere P'C, see [Sc, Sec. 2.3].

Definition 3.6. The conformal group of R? is the connected component of the identity in
the Lie group of conformal diffeomorphism on N? the compactification of R%.
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Theorem 3.7 ([Scl, Sec. 2.3]). Under the restriction explained above the (global) conformal
group of R? is the group of Mobius transformations. These are all the maps P'C — PC of
the form

(3.3) oy B0 (“ b) € SL(2,C) .

cz+d c d

Remark 3.8. It is straightforward to check that a Mobius transformation is a composition

of translations, rotations, dilations and special conformal transformations (z +— Czil). Recall
the second statement in Theorem . Hence, the conformal group of R, d > 2, consists of

compositions of translations, rotations, dilations and special conformal transformations.

3.1.2. Virasoro algebra. In two-dimensional Euclidean space a complex function f(z)
transforms under an infinitesimal holomorphic conformal transformation z +— z + ew(2),
ek 1, as

(34)  f(x) = f(2) —ew(2)f(2) + O(°) = f(2) =€ ) waz"T'Of(2) + O(F)

where w(z) is a general local holomorphic function. The complex Lie algebra of all vector
fields which can be associated to infinitesimal conformal transformations for which w is a
Laurent polynomial in z is spanned by the vector fields

0
3.5 Ly, =—2""1— €7,
(3.5) S m
with commutation relations,
(3.6) (L, L) = (n —m) Ly yn

This algebra is known as the Witt algebra and we denoted it by W. The finite subalgebra with
basis {L_1, Lo, L1} and its antiholomorphic counterpart can be associated to the conformal
group: Indeed, we have

(3.7) Translation : Ly +L_; , i(L_y—L_)
Scale trans. : Lo+ Lo
Rotation : i(Lg— Lo)
Special conf. trans. : (L;+ Ly) , i(L; — Ly)

Conformal field theories are invariant under conformal transformations, i.e. the quantum
field theory has conformal symmetry. The quantization of classical systems with symmetries
yields representations of the classical symmetry group in the projective space of a Hilbert
space, the so-called projective representations. In order to get representations on the Hilbert
space one has to consider, in general, a central extension of the symmetry group. It turns out
(see e.g. [Scl, Sec. 3]) that in two-dimensional conformal field theories the relevant algebra
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has a non-trivial central extension: The Virasoro algebra Vir is a central extension of the
Witt algebra. That is,

Vir.=WeaeCC,
1
(38) [Lma Ln] = (n - m>Lm+n - E( 5 — m)5m+n700 )
L C] =0

Hence, if one want to build a two-dimensional conformal field theory one would expect that
the Hilbert space carries an action of Vir & Vir.

3.2. Vertex operator algebras

Let V' be a vector space and z a formal variable. We define the following vector spaces
(see [Scl Sec. 10.1]),

(3.9) V[ = {Zanz" |a, €V} (formal distribution),
nez

(3.10) V] =1 Z a,2" | a, € V}  (formal power series),
neZZO

(3.11) V((2)={ Z ap2" | a, €V, k € Z} (formal Laurent series),
nGsz

and we shall also use analogous notation for several variables. A formal distribution
(3.12) a(z) =Y am?" € End(V)][*]]

nez
is called a field if for any v € V' we have a¢,yv = 0 for n large enough.

In this section we consider only vector spaces over C.

Definition 3.9 ([Sc, Def. 10.18]). A wertex algebra (VA) consists of the following data:

e a vector space V (space of states),

e a distinguished vector 1 € V (vacuum vector),

e an endomorphism 7' € End(V) (translation operator),

e a linear map Y: V — End(V)[[2%]] (vertex operator) taking any a € V to a field

(3.13) Yia—Y(a,z)= Za(n)z_"_l , G € End(V) ,
nez

such the following axioms are satisfied:

o Y(1,2) =idy, Y(a, 2)1 € V[[z]] and a(_1)1 = a (vacuum axioms),

o [T,Y(a,z)] = 0.Y(a,z) and T'1 = 0 (translation axioms),

e For any a,b € V there exists a N > 0 such that (z — w)" [Y(a, 2),Y (b,w)] = 0
(locality azxiom).
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Remark 3.10.
e Equivalently, one can define the vertex operator as amap Y: VRV — V((2)),a®b —
Y(a, z)b.
e The vacuum axioms imply that Y (a, 2)1 = a+ >, _(an-1)1)2".
e T is completely fixed by the above axioms: T'(a) = a(_2)1, see [Sc, Rem. 10.21].

The locality axiom is equivalent to the following (Borcherds) identity ([Kacl, Prop. 4.8]):
For all vectors a,b,c € V and all integers p,q,r € Z, we have

oo p oo r .
(3.14) ) (k) (@(r18)0) (k) = Z(—l)k<k) (@@rr—t)bri) = (= 1) bgrr—t) ety -

k=0 k=0

Setting r = 0 and p = 0 in (3.14]), we get

(P
(3.15) (ambia) — b)) = ) (k> (@@)d)p+a-1) -

k=0
[e.e] r .

(3.16) (amb)@) = Z(—l)’“(k> (a—rbigsr) — (=1) bigr—ryam)
k=0

which are called the commutator and associator formula, respectively.

Example 3.11. Commutative vertex algebras, i.e. VAs with [Y(a,z2),Y (b,w)] = 0 for all
a,b € V, are in one-to-one correspondence with commutative, associative, unital algebras with
derivation. To see that, the unit of the algebra has to be associated with the vacuum vector
and the derivation with the translation operator. For details see [Sc, Prop. 10.27 & 10.28].

Theorem 3.12 ([EB|, Thm. 3.1.1]). Let V be a vertezx algebra and a(z) a field acting on V.
Assume that there is a vector b € V such that

(3.17) a(z)1 =Y (b, 2)1

and a(z) is local with respect to Y (¢, z) for any ¢ in V. Then a(z) =Y (b, z).

Theorem 3.13 ([FB|, Thm. 4.4.1]). Let V be a vector space with 0 # 1 € V, T' € End(V)
and I CV a linearly independent subset. Suppose that {Y,}aer are linear operators

(3.18) Yo: V= EndV((2)) , Ya(2)b=) ambz """,
nez
such that for all a € I, as well as for 1 and T the vacuum, translation and locality azioms in

(3.9) hold. Moreover, {Y,}acr shall generate V in the sense that
(3.19) V= span{a% --a’(“_nk)l |a' € I,n; >1,k>0}.

_nl) .

Then there is an unique vertex algebra (V,Y,T,1) with

(3.20) Y(a%fmfl) e aéﬂnwl)l, 2)= () () O Y (2) - O Y (2)
Y(a,2) = Ya(2)
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Here, we used the normally ordered product which is defined for two fields a(z), b(z) as

(3.21) ca(z)b(z): = Z (Z amybmyz ™+ Z b(n)a(m)z_m_1>

neZ \m<0 m>0

and extended recursively, for fields a1(z), ..., a,(2), to
(3.22) car(z)-ran(2): = tar(z)rag(z) - an(2)

Definition 3.14. A vertex operator algebra (VOA) of charge ¢ € C is a vertex algebra V
equipped with a distinguished vector w € V (conformal vector) such that the linear operators
L, in
(3.23) Y(w,2) = Z Lz "2 (note that wg,)y = Ly—1)

nez

satisfy the Virasoro relations in (3.8|) with central charge ¢ -idy. Moreover,

e [ acts semisimply on V with integral eigenvalues of Ly which provides a grading of
V = @, ;- Vi, which is bounded below and dim(V;,) < oo,

e the vertex operator is homogeneous (in terms of the Lg-grading of V), i.e. for homo-
geneous a,b € V we have deg(a,b) = deg(a) + deg(b) —n — 1,

e deg(1) =0 and deg(w) = 2,

o I'=1_.

3.3. V-modules

There are several definitions of modules over a vertex operator algebra. Some are not
graded (which are basically modules for a vertex algebra), and some comprise a N, Q, R or
C-grading. While the N-graded modules have a lower-truncation, the others are given by
the eigenvalues of Ly, and may or may not have finite-dimensional graded pieces. We will
describe three of these notions.

From now we will always assume that a VOA V is of CFT type, that is, V = @,-, Vi and
Vo = C1.

Definition 3.15 (JABD), Def. 2.3]). Let V be a vertex operator algebra. A weak V-module
is a vector space M together with an action

(3.24) YM VoM = M(2) , amYY(a,z2)=) alhz"!
nez

such that

o YM(1,2) = idy (vacuum axiom),
e for all vectors a,b,c € V and all integers p, q,r € Z the (Borcherds) identity holds,

— (1 S r "
(3.25) Z (k‘) (a(r+k)b)é\g+qfk) - Z(_l)k (k:) (afﬁpk)bf\qﬂk) - (=1) b?gﬂfk)aé\g%)) :
k=

k=0 0
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Weak modules admit a representation of the Virasoro algebra via Y™ (w, 2) = > L,z7""2
and satisfy Y™ (Tv, 2) = 8,YM (v, z) [FHL, Sec. 4.1].

Definition 3.16 ([ABD) Def. 2.4]). Let V be a vertex operator algebra. An admissible
V-module is an N-gradable weak module M = @7, M,,, such that for a homogeneous a € V,

(3.26) almy: My = My 1

Definition 3.17 (JABD, Def. 2.5]). An ordinary V-module M = @, _. M) over a VOA V
is a weak V-module such that

e dim M, < oo,
e for all A € C, M,,,, = 0 if the integer n is small enough,
e [ acts semisimply on M and Lom = Am for m € M.

It may seem as if N-gradeability of admissible modules were the strongest condition. It
turns out that due to the finiteness condition on the graded pieces we actually have [DLM1]
Lem.3.4 |:

(3.27) {ordinary modules} C {admissible modules} C {weak modules} .

An additional important finiteness condition is Cy-cofiniteness which was introduced by
Zhu, [Zh]: A VOA V is called Cy-cofinite if V/C5(V) is finite dimensional, where Cy(V) is
the subspace spanned by the vectors a(_g)b for any a,b € V. Under the assumption of Cs-
cofiniteness [ABD] proved that every admissible module is a direct sum of simple admissible
modules if and only if every weak module is a direct sum of simple ordinary modules. The
first condition is known as rationality of V while the latter describes reqularity of V. If there
is an admissible module which is not completely reducible we call V logarithmic. It is shown
in [DLM2]| that Cs-cofiniteness implies that M has only finitely many irreducible modules.
A Cy-cofinite VOA is finitely generated and every weak module is N-gradable such that the
graded pieces are a direct sum of generalised Lg-eigenspaces, see e.g [Mi, Thm. 2.7].

We can build categories out of weak, admissible or ordinary V-modules by taking such
modules as objects and defining Homy,(M, N) = {¢p: M — N linear | 1)(Y (a, 2)b) = Y (a, 2)1(b)}.

Clearly, V itself is a ordinary module by taking YV =Y. We say that V is simple when
V is irreducible as an ordinary V-module. The next theorem was proved by Huang (see [Hul]
and the references therein).

Theorem 3.18. Let V be a rational Cy-cofinite VOA of CFT type, such that 'V is simple and
isomorphic to its contragredient V' = @, Vi as an ordinary V-module. Then the category
of ordinary V-modules has a natural structure of a modular tensor category.

The logarithmic case is less well understood. Define

(3.28) RepV
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as the category of generalised ordinary V-modules (the only difference to ordinary modules is
that here the modules are graded by the generalised eigenspaces of Lg). It is shown in [HLZ]
that RepV is a finite monoidal braided category; the proof of rigidity is still missing.

3.4. Modular invariance of 1-point functions

Let V be a Cs-cofinite VOA of CFT type and H the upper half plane in C. The C-linear
space of one-point functions C1(V) consists of functions

(3.29) EVxH=C

which are linear in V), holomorphic in H and fulfil certain differential equations (see [Zh] or
[DLMZ2] for details). The vector space C}(V) is finite-dimensional and invariant under the
modular action given by (|Zh, Thm. 5.1.1])

b
(330  €hor) = (- E(v ) 76(2 Z)eSL(M,

where v € V}), and V = @72V}, is a second grading introduced in [Zh].

For a homogeneous element a in V we define the zero mode
(3.31) o(a) = aega—1) € End(V)

and extend it by linearity to all of V. Note that by (3.26) o(a) acts grade-preservingly
on admissible V-modules and since it commutes with L it also acts grade-preservingly on
Ly-graded modules.

Let M be an admissible V-module (with finite-dimensional graded pieces). Zhu ([Zh])
showed that the trace functions

(3.32) Try (o(a)qLO_C/M) , g=¢e"and T €H

lie in C1 (V). In other words, every admissible V-module gives a vector in the space of 1-point
functions. Moreover, he proved that when V is rational the trace functions of inequivalent
irreducible modules form a basis in Cy (V).

Miyamoto [Mi| generalized this to the non-semisimple case by introducing so-called pseudo-
trace functions. Arike and Nagatomo presented in [AN] a simpler notion of pseudo-trace func-
tions at the expense of the spanning set property. They considered modules M = @, - M)
over a Cs-cofinite, Z>p-graded VOA V, which are finitely-generated and graded by generalised
Lg-eigenvalues with only countably many non-zero graded pieces. Pseudo-trace functions are
then defined as follows (see also [GR2]): Let M be a V-module which is projective as a
module over the C-algebra E = Endy(M). Moreover, define the central forms of E as

(3.33) C(E) ={pe E—C|p(ry) =p(yx) for all x,y € E} .
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The pseudo-trace function 5, on V x H is defined as

(3.34) & (a, ) = t%, (O(a)qLo—c/M) _ thh (O(a)qLo—c/24) ,
AeC
where t§ : G — C is a Hattori-Stallings trace, and ¢ = —2N is the central charge of V..

We refer to [AN] and [GR2, Sec. 4] for details (see also [GR2, Prop.5.2] on how the above
definition relates to [AN]). We only stress that if M is simple then £ = C and the pseudo-
trace function is just the usual trace function on M. Let G be a projective generator of Rep V.
[AN] proved that for every M the assignment ¢ — £(a,7) is a map C(E) — C1(V). In
[GR2] it is conjectured that for M = G this map is bijective.






43

4. Hopf-algebras and coends

4.1. Reconstruction of a Hopf algebra

Given a Hopf algebra A over a field k, let coRepA denote the category of finite-
dimensional right corepresentations of a A over k. We have the following well-known re-
construction theorem [Ul] (see also |[CPL Thm.5.1.11)):

Theorem 4.1. Let C be a k-linear abelian monoidal category with left duals and let F : C —
vecty be a fiber functor (i.e. a k-linear exact faithful monoidal functor into the category of

finite-dimensional k-vector spaces). Then there ezists a Hopf algebra A over k such that

F factors monoidally as C — coRep A Torget, vecty, where C — coRep A is a k-linear

equivalence of monoidal categories.

This theorem can be formulated in a more general context [Mall Thm.2.2], which we
now review. Let C be a monoidal category with left duals, let V be a braided monoidal
category with left duals, and let F : C — V be a monoidal functor (so V is a replacement for
vecty, while F is a replacement for the fiber functor). In this situation there is a universal
property which characterises a Hopf algebra A internal to )V such that F factors monoidally
as C — coRep A lorget, ). Here, coRep A is the category of A-comodules internal to V.
Existence of A is guaranteed under certain completeness conditions [Mal], and we describe
such a situation in Section [£.3.1] below.

If C is in addition braided, one has the natural choice ¥V = C, F = id, and we obtain a
universal property characterising a Hopf algebra in C which only depends on C. We will refer
to this Hopf algebra as the universal Hopf algebra for C.

4.1.1. The universal Hopf algebra A. Let C be a braided monoidal category with left
duals. We now review the construction in [Mal] in the special case V = C and F = id. As
an object in C, A is defined to represent the functor N: C — Set which on objects is given
by

(4.1) N: Vi Nat(id,id® V) .

Here, id ® V : C — C is the functor that sends an object to its tensor product with V. By
the overall assumption that all our categories are essentially small, the functor N does indeed
land in Set.
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If a representing object exists, by definition it is equipped with a family of natural iso-
morphisms

(4.2) ov: C(A V) —— N(V) = Nat(id,id® V) ,

and the pair (A, py) is uniquely defined up to a unique isomorphism.

In particular, for V' = A we have the natural transformation
(4.3) I:=a(id) .

In terms of the morphisms iy : X — X ® A, which are natural in X, we define the Hopf
algebra structure on A as follows.

(1) The comultiplication Ay : A — A® A is defined by
(4.4) paoa(Da)x = [X 25 XA DEA (X A)A S X(AA)] .
(2) The counit €4 : A — 1 is defined via the right unit isomorphism of C,
(4.5) er(ea)x = [X D X1] .

In order to define the multiplication, we need to consider the functor N? : C — Set acting
on objects as

(4.6) N Vi Nat(—®@ —, (-0 ) V),

where the natural transformations are between two functors C x C — C. N? is a kind of square
version of N. It is shown in [Mall Lem. 2.3] that this functor is representable by A ® .A. The
corresponding natural isomorphisms

(4.7) ey CARAV) = N*(V)
are given by
(48) G (Nxy = [XY 255 (XA)(YA) S X((AY)A)
SO X((YA)A) S X (Y (AA) 22 x(vv) = (Xy)V]
(3) The multiplication ps € C(A® A, A) is defined by the equality
(4.9) Plpxy = [XV 225 (XY)A] .

(4) The unit is given by ng := Ago0l1 : 1 — A, where Ay : 1 ® A — A is the left-unit
isomorphism of C.
(5) The antipode Sy : A — A is defined by the equality
(4.10) @a(S)x = [X D 1x DX (xx7)x ST

. —1 .
1d®cA,X*®ld
_—

(X(X*A)X

(X(AX*)X S5 X(AX*X)) 2295 x(41) 5 XA .
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The following theorem is shown in [Mall, Sec.2] (in the more general case of monoidal
functors F : C — V).

Theorem 4.2 (Part 1). Let A be an object representing N in (4.1)). Then (1)-(5) endow A
with the structure of a Hopf algebra in C.

The above construction also provides us with a functor R : C — coRep ¢.A. Namely, for
each X € C consider the morphism 7y : X — X ® A. It is immediate from the definition of
A that this defines a right comodule structure on X. Naturality of 7 implies that morphisms
in C become comodule morphisms in coRep ¢.A. Furthermore, it is straightforward to check
that R is strictly monoidal (i.e. via the identity morphisms R(X) ® R(Y) = R(X ® Y),
R(1) =1). Altogether we see that the identity functor on C factors monoidally as

(4.11) ide = [€ %5 coReped 225 ¢ .

(And this is indeed an equality, not just an equivalence.)

Theorem [4.2|(Part 2). The Hopf algebra A is universal in the sense that if A’ is another Hopf
algebra in C such that the identity functor factors monoidally as C — coRepec A" — C as in
, then there exists a unique Hopf algebra map A — A’ and thus the corresponding functor
coRepc A — coRepe A" such that the functor C — coRepe A" equals the composition C —
coRepc A — coRepc A'.

4.1.2. Hopf pairing for A. The “inverse monodromy” natural isomorphisms c)_(’ly )
c;’lX : X®Y - X®Y of C can be used to define a pairing on the universal Hopf algebra A.
Namely, define the morphism w4 : A® A — 1 via

—1 —1

CY,X\ VX Cx)y

(4.12) Plwa)xy = [XY XY S (XY)1],

where the family ©?(f)xy was defined in (4.8). The following proposition is a corollary
to Theorem |4.5 and Proposition below, where we give an alternative description of the
universal Hopf algebra A and of the pairing w4 in terms of coends.

Proposition 4.3. Suppose that the universal Hopf algebra A € C exists. Then the pairing
wa: AR A — 1 is a Hopf pairing for A.

We remark that if one were to use the monodromy isomorphism cy, x o cxy instead of the

inverse monodromy in (4.12]) one would not obtain a Hopf pairing in the sense of ([2.63)).

In particular, if the universal Hopf algebra exists it is automatically equipped with a Hopf
algebra map

(4.13) Dyt Ao A,
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as defined in (2.66). We note that in case C is the category of representations of a Hopf
algebra over a field, D4 specialises to the Drinfeld map composed with an isomorphism to
the double dual (see Remark [L.5](2) below).

Later in this paper we will be particularly interested in situations where D 4 is invertible,
or, equivalently, where w4 is non-degenerate (recall Definition [2.6).

In this section, we recall standard facts about coends in braided finite tensor categories
and write explicitly the Hopf-algebra structure on a particular coend f VSC U @ U in terms
of the (braided monoidal) structure morphisms of the category.

4.2. The universal Hopf-algebra via coends
4.2.1. The coend L. Let C be a braided monoidal category with left duals. Recall the
definition of a coend in Section [II We will now focus on the coend of the functor
(4.14) Fo=[crxc 2 0ne—2 5],

i.e. the functor which acts on objects and morphisms as (U, V) — U*®V and (f,g) — [*®g.
We denote this coend as

vecC
(4.15) /L::/ UreU,
and the corresponding family of dinatural transformations as
(4.16) x XX —L ., XeC.
We will abbreviate the morphism ¢x in string diagrams as
L
(4.17) Lx =
X* X
Dinaturality means here that for all XY € C and f € C(X,Y’) we have
(4.18) ty o (idy= ® f) =tx o (f*®idy) .
In string diagram notation, this equality reads
L L
Ly Lx
(4.19) =

Y™ X Y* X
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Remark 4.4. Consider the functor F': C? x C x C°® x C — C which is defined on objects
and morphisms as

(4.20) F: UV,XY)»UQVX"'®Y , (fog,hk)— ffR9gh k.

It follows from the relation to iterated coends in Proposition that the double coend is
given by

(U, V)ecxc
(4.21) / FUUV,V) = L&L

with dinatural family (yy = w ® ty. As explained in Remark (2), by the universal
property of L ® L, any dinatural family ¢y y from U* @ U @ V* @ V' (dinatural in U and V)
to an object B € C uniquely factors through a map ¢ : L& L — B as ¢yy = go (tg @ ty).

4.2.2. Hopf algebra structure and Hopf pairing on L. Let again C be a braided
monoidal category with left duals and assume that the coend L defined in exists.
Following [Ly1] we now use the universal properties of the coends £ and £ ® L (as in
Remark (2) and Remark to define the structure morphisms of a Hopf algebra on £
and endow it with a Hopf pairing. For example, instead of giving the map Ay : L - L® L
explicitly, we give the corresponding dinatural transformation U* @ U — L ® L, etc.

In giving the dinatural transformations defining the product, coproduct, etc. on L, we
will write out all coherence isomorphisms of C explicitly. This involves choices and we will
use the precise form given below to derive explicit expressions for all structure morphisms
in the case of representations of a quasi-triangular quasi-Hopf algebra in Section [5.2] Other
combinations of associator and unit isomorphisms lead to the same structure morphisms, but
the explicit formulas in terms of the data of the quasi-Hopf algebra would look differently.

Recall our Hopf-algebra conventions in Definition and also the isomorphism vy from
(2.7). The structure morphisms on L are defined as follows.

(1) (Multiplication) pe : L ® L — L is determined by the universal property of the double
coend L ® L via, for all U,V € C,

(422)  peo(wew) = [(UU)V'V) S U (O(VHY))

id®CU’V* v

id®ayi |
U (V*V)U) 28 e (v (V)

Qy* v* vu Yv,u®id
_— _—

UV (VU) (VU)"(VU) 2% £

(2) (Unit) ne : 1 — L is defined directly as

—1 ~1gi .
(4.23) ne = [1 ST el 1*1—1>£]

—1

© [1 ooy g% Ay g Aty g .C} ,
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L L L L L L
e LV U
/ \ Lu LU
(VeU)* veU Ar
/ N\
L L = Yv,u , L = )
11 /\ C e
NN 1\ ol
v vv uvruv vv U u U U

(o
=

e

FIGURE 1. Hopf algebra structure on the coend £ € C. Here, 7y is the
canonical isomorphism U* @ V* — (V @ U)* defined by (2.7).

where (*) follows from the zig-zag identity for evy; and coevy and naturality of the
unit-isomorphisms A, p.

(3) (Coproduct) Ay : L — L ® L is determined by the universal property of the coend £
via, for all U € C,

i o id®coev i
(4.24) Agow = [U*U T, gy MEeew Sl o)

. —1
d®ay 1w

UH(U(UD)) 22 (U ) (UPU) Y Lo L
(4) (Counit) ez : L — 1 is determined by, for all U € C,

(4.25) Lo, = [U*U—evﬂﬂ] .
(5) (Antipode) S; : L — L is determined by, for all U € C,

(4.26) Spow = [U*U SN 5 AN L SN } .

These defining relations are given in string diagram notation in Figure [I]

Finally, we define a pairing on £ using the universal property of £ ® £ via the condition
that for all U,V € C,

—1

(427)  weo(w @uw) = [(U*U)(V*V) LUV g (VYY)

id®aU,V*,V
—_—

Us(Uv*v)
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. . -1
id®(cy+ yocy,y+)®id ®O‘U,V*,V

L U UV =

uru(vv))

evy

id®id®evy U*(Ul) id®py U 281 .

In string diagram notation this reads

m

(4.28) c =
Lu| Lv|
v ve v uru ve v

We gather all the structures so far defined on the coend L in the following theorem.

Theorem 4.5 ([Ly1]). Let C be a braided monoidal category with left duals. If the coend L

from (4.15)) exists, the morphisms defined by (4.22)—(4.26) turn it into a Hopf algebra in C.
The pairing (4.27) is a Hopf pairing for L.

4.2.3. Relation between the universal Hopf algebra in C and the coend L. Let
C be a braided monoidal category with left duals. At this point we have introduced two
Hopf algebras in C together with a Hopf pairing, subject to existence of solutions to certain
universal properties: on the one hand, the universal Hopf algebra A from Theorem [4.2] and
on the other hand the coend £ from Theorem 4.5l In this section we show that A and £ are
canonically isomorphic as Hopf algebras with Hopf pairing.

To describe the isomorphism, we need to consider two functors D, N: C — Set. Denote
by Din(F,V) the set of dinatural transformations j: F — V, where F = (—)* ® (—) :
C? x C — C is the functor from (4.14]). The first functor is D := Din(F,—). The second
functor is N' = Nat(id,id ® —) as already defined in (4.1). We have the following simple
lemma.

Lemma 4.6. The family of maps of sets (y: D(V) — N(V'), V € C, given by, for j € D(V),
(429)  (G(i))x = jx = [X D 1x X (xx)x 2 x(XX) 2 Xy
defines a natural isomorphism ¢ : D — N.

Proor. Using the zig-zag property of the evaluation and coevaluation maps, one easily
checks that the map

(4.30) Gl ogx e [XX N X(XV) S (X X))V X gy S

is the inverse to (4.29)). The naturality of ¢ follows from dinaturality of j. O
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Suppose the coend (L, (ty)yec) from exists in C. Recall from Remark [2.12)(2) that
there is a natural isomorphism C(£, V) — Din(F, V), given by f + fou. In other words, the
coend L represents the functor D, while by definition the universal Hopf algebra A represents
the functor N, see Section Therefore, we have following corollary to Lemma [4.6,

Corollary 4.7. If (L,¢) is a coend for the functor F' = (—)* @ (—), then (L, ) with
(4.31) v :C(L,V) = Nat(id,ido V), (ev(f))x = (Cv(fo))x : X = XV
represents N, with (y defined in (4.29)).

Conversely, if (A, p) represents N, then (A,ix = (' (ix)), with (7' from ([&.30) and ©
from (4.3)), is a coend for the functor F.

In particular, the coend L exists in C if and only if the representing object A exists.

Proposition 4.8. Suppose the coend (L,1) exists, and denote by (L, ) the corresponding
representing object for N obtained from Corollary[{.7. The Hopf algebra structure morphisms
and the Hopf pairing defined on L in Theorem [{.9 and Proposition [{.3 via the representing
object property of (L, ) are equal to those defined on L in Theorem via the coend property

of (L,1).

The proof of this proposition is given in Appendix [A]

In what follows we will mostly work with the description of the universal Hopf algebra as
a coend, as this is the framework used in [Ly1], [Ly2] to obtain mapping class group actions
on certain Hom spaces, see Section below.

4.3. Factorisable finite tensor categories

In this section we apply the construction of the universal Hopf algebra in the case of
braided finite tensor categories (see Definition . It is known that for such categories, the
universal Hopf algebra exists (see Section . The Hopf pairing appears as one of several
equivalent ways of characterising factorisability of such a category (see Sections and
4.3.3)).

The finiteness condition implies the following useful representability property (see e.g.

[DSS, Cor. 1.10)).

Lemma 4.9. Let A be a finite k-linear abelian category and let F : A — vecty be a k-linear
left exact functor from A to finite-dimensional k-vector spaces. Then F is representable, i.e.
there is A € A such that A(A, —) is naturally isomorphic to F.

This result follows from the more general observation that a k-linear left exact functor
between two finite k-linear abelian categories admits a left adjoint (see e.g. [DSS|, Cor. 1.9]).

Indeed, in the case of the above lemma, if we denote the left adjoint of F by G, we have
F(X) = Homg(k, F(X)) =2 A(G(k), X).
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4.3.1. Existence of the universal Hopf algebra. Let k be a field and let C be a
k-linear braided finite tensor category. Using exactness of the tensor product, it is straight-
forward to verify that the functor N : C — vecty from is left exact: Indeed, let
f € C(V,W) be injective. Then

(4.32) N(f): Nat(id,id ® V) — Nat(id,id®@ W) |, n+— ((id® f)on)x
must be injective, too.

Lemma now implies [Mall, Ly1]:
Proposition 4.10. The universal Hopf algebra from Theorem[4.3 exists in C.

Since we will mostly use the coend perspective (Proposition , we will denote the
universal Hopf algebra in C by £ in what follows.

We can describe £ more explicitly as a cokernel. Since C is finite, it contains a projective
generator G. The coend can be written as a quotient of G* ® G:

Proposition 4.11 ([KL, Cor.5.1.8]). We have the short exact sequence
(4.33) 0—K-—GoG—"—L-—0
where K is the image of the map @,(ff ®id—id® f;) : P,G* @G — G* ® G and the

direct sum is taken over a basis {f; € Ende(G)}.

Note that K in the above proposition is independent of the choice of the basis in End¢(G).

Remark 4.12. The coend L is equipped with the family of dinatural transformations ¢y :
X*® X — L. The latter can be defined in terms of the surjective map 7 from as
follows: note first that the map = in (4.33)) is by definition ¢g; we fix then a surjective map
fx : G®™ = X (for some m > 1) and define tx by the equality of the (composition of the)
maps

(4.34) [X* @GO KO, ye g X 0 g = (X7 @ GO ET (GOm)r @ GO S )

or graphically

L L
| 15’ | Llgem
I |
Bm o *
(4.35) )|( - (GI )
fx fx
X* Go™ X* Goem

where (gom is defined using (4.34) for X = G and recall that g = 7 is given to us.
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We can describe £ as a quotient of an even smaller projective object. Namely, the sur-
jective map 7 in (4.33) factors through a ‘diagonal’ product of the projective covers in C.
Indeed, let

(4.36) Irr(C)

be a choice of representatives of the isomorphism classes of simple objects in C and let us
denote by Py a choice of projective cover of U € Irr(C).

Proposition 4.13. We have the short exact sequence

(4.37) 0 —W — GB P5®PUL>[,—>O
Uelrr(C)

where the object W (i.e. the kernel of 7) is the subobject of G* @ G spanned by the images,
for U,V € Irr(C),

(4.38) im(f*®idp,) , im(idp; ® f) , for f:Py— Py, U#V,
and
(439) 1m(f* X ide — ide* 0% f) , fOT‘ f : PU — PU .

PrROOF. In the exact sequence , we can choose (G as the minimal projective generator
G = @uenr(c)Pv in C. Denote the (primitive) idempotents in Ende(G) by ey : G — Py — G,
for U € Irr(C). The image of the map ef; ® id —id ® ey € Ende(G* ® G) equals Dy,  ®
Py ® Py ® Py. Therefore, the kernel K of m contains all P} ® Py such that V' 22 U, and the
map 7 factors through a map 7 from the diagonal part of G* ® G to L:

(4.40) T G9G— @ PioPr—L.
Uelrr(C)

We compute the kernel W of & using the rest of the basis elements in End¢(G), those in the

radical, and it gives the span of (4.38]) and (4.39). O

Remark 4.14. If C is semisimple, then by using (4.37) with Py = U we see that the coend
L is the direct sum over (isomorphism classes of) simple objects:

(4.41) L= P UeU.
Uelrr(C)

The corresponding family of dinatural transformations can be easily described using the
corresponding embeddings iy : U* ® U — L, for details see [Ke2, Lem. 2.
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4.3.2. Factorisability of a braided finite tensor category. Let k be a field and let
C be a k-linear braided finite tensor category.

By Proposition [4.10] the universal Hopf algebra £ exists in C, and by Theorem [4.5] it is
equipped with a Hopf pairing w, : £L ® £ — 1. Recall from Definition that w, is called
non-degenerate if the Hopf algebra homomorphism D, : £ — L£* in is an isomorphism.
Note that the kernel of D, is the left annihilator of w,.

Definition 4.15. C is called factorisable if the Hopf pairing w, is non—degenerateﬂ

In particular, in a factorisable finite tensor category the universal Hopf algebra L is self-
dual as a Hopf algebra.

Next we recall three more natural non-degeneracy conditions on the braiding of C and
then quote a theorem from [Sh2| which states that for k algebraically closed, they are all
equivalent to Definition . A fourth equivalent condition will be given later (Proposition
. We will need the k-linear map

(4.42) Q:C1,L) —C(L,1) , arweo(a®id)oA;’.
The three conditions are:

(1) The linear map €2 from (4.42)) is an isomorphism.

(2) Every transparent object in C is isomorphic to a direct sum of tensor units. (7' € C is
transparent if for all X € C, cxr o crx = idrgx.)

(3) The canonical braided monoidal functor C XIC — Z(C) is an equivalence. (Here, X is
the Deligne product, C is the same tensor category as C, but has inverse braiding, and
Z(C) is the Drinfeld centre of C.)

Theorem 4.16 ([Sh2]). A braided finite tensor category over an algebraically closed field is
factorisable if and only if any one of the conditions (1)-(3) is satisfied.

Remark 4.17. In the case that C is semisimple, this equivalence was already known from
[Brl, M. C is then a modular tensor category (minus the ribbon structure), and condition
(1) above encodes the non-degeneracy of the S-matrix whose entries given by the quantum
traces of the monodromy of pairs of simple objects (see [Sh2l, Sec.5.1] for details).

The following result is instrumental in the construction of the projective SL(2,Z)-action
below.

I This definition is due to [Ly1), KL] where the name ‘modular’ is used. The usual definition of “modular

)

tensor category” implies semisimplicity. But in view of fact that the qualifier “modular” is motivated by
the projective action of the modular group, it would equally make good sense to speak of “modular fusion
category” and of “modular finite tensor category”. However, to avoid confusion we stick to the term “fac-
torisable” in this paper, which is motivated from the application to Hopf algebras and quasi-Hopf algebras

(see Section ) .
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Proposition 4.18 (|[Lyl] and [KL Sect.5.2.3]). If C is factorisable, the coend L has a
two-sided (that is, a simultaneous left and right) integral Ay : 1 — L satisfying

(4.43) Wr © (AL X A[;) o )\Il = kid;

for some k € k*. If N, is another such integral, then A, =1 A for some r € k*.

If k has square roots we can normalise A, in (4.43) such that £ = 1. In this normalisation,
A, is unique up to a sign.

4.3.3. Factorisability as an isomorphism between end and coend. Let C be a
finite braided tensor category over a field k. Recall our functor F' = (=)*® (—): C®* xC — C
from and that the coend L represents the functor D = Din(F,—): C — vecty. The
coend L can be thought of as the dual notion to the end of the functor

(4.44) Gi=(—)®(=)": CxCP=C

(note the change of the order in the tensor product). The end of G is an object in C represent-
ing the functor Din(—, G): C — vecty, see Definition (2). We will denote such an object
(if it exists) as [ together with its family of dinatural transformations jx: I' = X ® X*. The
dinaturality condition is now (compare with (4.18))

(4.45) (idy ® f*)ojy = (f ®idx+) o jx forall f: X —=Y.

An end I exists by similar arguments as for coends in Section 4.3.1} The existence also
follows from Lemma [4.20| given below.

Consider a family of maps
(4.46) Txy: X'@X =YY" , X, YecC.

Suppose that for fixed Y the family (tx)xec with tx := Txy is a dinatural transformation
from F to Y ® Y*, and that for fixed X the family () )yec with ¢}, := Txy is a dinatural
transformation from X*® X to G (see Definition . Using the universal properties of ends
and coends, one easily checks that there exists a unique D: £ — I" such that Tx y factors as
Txy =jyoDoux forall X,Y €C.

Consider now a special (“Hopf tangle”) dinatural transformation Txy defined explicitly

as
(447)  Txy = [X*X XX MEee, e (x (v ) I e (X Y)Y
id®(cy,xocx,y)®id * * id®°‘;(,1Y,Y* * *
X (XY)Y™) XH(X (YY)

Ax* X, YY*

(X*X)(YY*) 2299 3 vy = YY*] .
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-~

N

Y Yy*

&/

By the above discussion, this map factors through a unique map D, : £ — I' such that

The corresponding diagram is

(4.48) Txy =

X" X

(4~49) —H—X,Y =Jyo |DLI,F Olx .

We call D1 the Drinfeld map for the category C. The reason for this is two-fold. Firstly,
in case C is the category of finite-dimensional representations of a finite-dimensional quasi-
triangular Hopf algebra, and for an appropriate choice of end and coend, D, is precisely
the Drinfeld map, see Remark below. Secondly, invertibility of the map D, provides
another equivalent formulation of factorisability of C:

Proposition 4.19. C is factorisable iff Do ts invertible.

The proof requires the following lemma, which makes use of the canonical isomorphism
X — (*X)* in a rigid category, which is given by

~ id®COEV*X\

(4.50) dx = [X = X1

X(X(X))
(XN (X)) S (x0)  (X) ]
Lemma 4.20. The pair (L,¢) is a coend of F' = (—)* ® (—) iff the pair (L*, ) with

X X

)

A
>
>
*

(4.51) ix =

-~

>/
I
is an end for the functor G = (=) ® (—)*.
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PROOF. The dinaturality condition (4.45)) on iy is easily verified from the diagram (4.51))
using the dinaturality of ¢ and naturality of dx. The universal property of (L*,7) is proven
using the universal property of (£, ). OJ

PROOF OF PROPOSITION [4.19 By definition, C is factorisable if the map D, defined
in ([2.66]) is invertible (Definitions and [2.6)).

Consider the end (£*,¢) from Lemma(4.20, We will start by showing that Dz 0+ = D,. By
the unique factorisation property explained above, it is enough to show that for all X,Y € C
we have iy o Dy g« 0 tx =iy 0 Dgory. Using (4.49) we see that we need to show

(4.52) lyoDrowx =Txy

with Txy as in (4.47). Substituting (2.66]), (4.28), (4.51)) and (4.50) into the left hand side
of (4.52)) and using the zig-zag identity for the duality maps on £ once gives

Y ve
Yy v
| we | /A\
(4.53) c c 2 :
ix ] [ Ly
oW N
Y ‘YY) 'Y Y Y Y 'Y Y 'Y
P \Z
X" X X* X

where in (*) the zig-zag identity for duality morphisms was used once again. Using the zig-zag
identity once more, we find the right hand side of (4.52)).

For an end (T, ), there is a unique isomorphism ¢ : (£*,7) — (T,j) such that the
diagram

(4.54) X ® X*
o ¢ T

commutes. Then we have Dz = ¢ o D, ¢+ because by definition we have

(455) jy @) [DL:,F Olx = —H—X7Y = ZY o |D£7£* Olx = jY @) ¢ @) |DL‘,,L‘,* Olx .

Therefore, D, is invertible iff D, is and so iff the Hopf pairing w, is non-degenerate. [
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5. SL(2,7)-action for ribbon quasi-Hopf algebras

5.1. SL(2,7Z)-action for factorisable finite tensor categories

For factorisable finite ribbon categories C with universal Hopf algebra £, one can define
a projective SL(2,Z)-action on C(1, L) (Section [5.1.1)), and on the k-vector space End(id¢).
The second action is independent of the choice of £ (Proposition [5.3)). In Section we

discuss different ways to transport internal characters from C(1, £) to End(id¢).

5.1.1. Projective SL(2,Z)-action. Let k be a field and let C be a factorisable finite
tensor category over k. We assume that has a solution with £ = 1 (e.g. if k is
algebraically closed). We furthermore assume that C is ribbon, and we will denote the ribbon
twist on V€ C by 6y: V = V.

In this section we review from [Ly1] the projective SL(2,Z)-action on the Hom-space
C(1, L) and on the vector space End(id¢), the natural endomorphisms of the identity functor.

We start by introducing the monodromy morphism Q: L® L — L ® L as

(5.1)  Qo(w®w) = [(UT)(V*V) "oy U (U(V*V)) 220 e (v v

id®(cy* yocy,v+)®id d®agyx v

s US((UVHV) - US(U(V*V))
UV () (VR B ﬁ@ﬁ} ,

or, in string diagram notation,

_/

U U Vv U U VeV
The Hopf pairing in (4.27) is related to Q as

(5.3) we = [LL S L 5511 S
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Following [Ly1], we introduce two endomorphisms 8,7 : £ — £, which will then be used
to define the action of the S- and T-generator of SL(2,7). We take the integral given to us
by Proposition to be normalised such that

(54) Wye O (AE X Ac) ¢] )\Il - ldl
(as is possible by our assumptions on k). Recall that this fixes Az up to a sign. We set
(55) 8=Mo(er®id)oQo(id®Ag)op,', Tow =iwo(ild®by) forall UeC.

In terms of string diagrams we have

L L
L
®)
T LU
(5.6) S = o , =
w |
L
U U U U
Theorem 5.1 ([Lyl]). The endomorphisms 8, T from (5.5)) satisfy
(5.7) 8T =18, &=5.", :

for some constant A € k*.

It is not hard to verify directly from the definition in (4.26)) that the antipode of £ squares
to the ribbon twist,

(58) SE OSL = 95 .
Thus, the relations in Theorem also imply 8* = 6.

By the S- and T-generators of SL(2,Z) we mean the 2x2 matrices S = (9 ') and

T = (§1), respectively. One can describe SL(2,7) as the group freely generated by S and
T subject to the relations

(5.9) (ST)*=8% , S*=id.
Therefore, as an immediate consequence of Theorem [5.1] we have:

Corollary 5.2. The k-vector space C(1, L) carries a projective action of SL(2,7) where the
action of S and T is given by, for f € C(1,L),

(5.10) Sf:=8of , T.f=Tof.
PROOF. The first relation in (5.9)) is just the first relation in ((5.7) (up to the projectivity

factor). The second relation in (5.9) follows from (5.7 and (5.8)), together with naturality of
the ribbon twist: S*.f =840 f=0;'0f = fob;' = f. 0
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The universal Hopf algebra £ is only unique up to unique isomorphism, and in the above
projective representation of SL(2,7Z) already the underlying vector space depends on L. It
can be helpful to have a variant of the action which is manifestly independent of the choice
of £ (up to the choice of the sign of the integral). This can be achieved by transporting the
action to End(id¢), as we explain next (see [Ly1), [Sh1]).

We start by defining two k-linear isomorphisms
(5.11) p:C(L,1)—-C(1,L£) , ¢ :End(ide) — C(L,1) .
Their values on f € C(£,1) and o € End(id¢) are determined by

(5.12) p(f) = 12525 % 2],

evy

Y(a)ory = [X'X — dBax, X*X =51] forall X eC.

The inverses of p and 1 can be given explicitly. For a € C(1,£) and f € C(L,1) we have

5.13) pla) = [L£ 1L 989 pp Se8d ppoie, o Ay
(5.13) p~'(a) = [
DTN x = [X S 1x 2O (XY X)X D X (XX % XL x1 25 x7],

where the second line applies again for all X € C. In terms of the isomorphisms ¢ and
p, together with the isomorphism (2 from (4.42)) and the ribbon twist 6, we define 8¢, T¢ €
Endy(End(id¢))

Q

S

(5.14) Se = [End(ide) & (£,1) & ¢(1,£) S e(£,1) L5 End(ide) ] |
Te = [ End(ide) 25 End(ide)] .

We collect the results reviewed in this section in the following proposition.

Proposition 5.3. The k-vector space End(id¢) carries a projective action of SL(2,Z) where
the actions of S and T are given by, for a € End(ide),

(5.15) S.a:=8c(a) , T.a:=T¢(a).

Moreover, 8¢ and T¢ in are independent of (L, Az) up to the choice of sign of A..
Proor. We first show the identity

(5.16) [L£L 2225 £(LL) S (Lo 2% 1.5 2] = [ e =213 2] .

To establish this equality we verify that it holds when precomposed with 1y ® ¢y for all

U,V € C. Indeed, substituting the defining relations in (4.24)), (4.27), (5.1) and (4.25]) one
finds that (5.16) is equivalent to the following identity, which we give in terms of string
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diagrams
L
(4\ L /\ ‘

(5.17) =

usu v |4
U U Vv

This identity clearly holds by the zig-zag identity for duality morphisms. Thus also (5.16))
holds.

Precomposing ([5.16]) with id ® A, and comparing to the definition of £ and p in (4.42)
and (5.12), as well as to the definition of § in (5.5)), shows that for all f € C(1, L),

(5.18) p(Qf) = Sof.

It is now straightforward to check that conjugating the action of S and T in (5.10]) with the
k-linear isomorphism p o 1) gives the action in ([5.15]).

Next we show the independence of 8¢ and T from the choice of universal Hopf algebra.
For T¢ there is nothing to do. For S¢, let (£', ) be another choice of coend, and let h : £ — L’
be the unique isomorphism satisfying h o tx = iy for all X € C. Then using the defining
relations in Figure |1| for the Hopf algebra structure and the Hopf pairing but written
for the coend £" and equating maps corresponding to the same dinatural transformations, we
find the relations

(5.19) pe=h"topumo(h®h), Ar=((h"r@h HolAsoh,
(,U£:(,U£/O(h,®h), 65285/011.

From this and Proposition [4.18| we get the relation Ay, = £ h o A, between the normalised

integrals. Denote by €, p/, ¢’ the maps in (4.42)) and (5.12)), but computed for £'. Using the

relations between £ and L' just stated, one easily verifies that, for z € C(1,L£'), f € C(L', 1),
o€ End(idc),

(5200 () =Qh T ox)oh W(a) = p(a) o b |
p(f)=hop(foh), @) =v " (foh).
Substituting this into the definition of 8¢ in (5.14)) one arrives at 8, = S¢. O

5.1.2. Internal characters and corresponding natural endomorphisms. Let k be
an algebraically closed field and let C be a k-linear factorisable and pivotal finite tensor
category.
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For the comparison to the conformal field theory calculation of the SL(2,Z)-action from
[GR2] in the companion paper [FGR2| and for the explicit form of the Verlinde formula
in Section below, we will need to recall the definition and some properties of internal
characters.

The internal character of M € C is the element x,, € C(1, L) given by [E'SS| [Shi]
(5.21) o= [125 A M B L]

where we use the convention in [GR2].

Denote by Gr(C) the Grothendieck ring of C, and recall the definition of Irr(C) from
(4.36). As C is finite, Gr(C) is the free Z-linear span of [U], U € Irr(C). We will abbreviate
Grg(C) = k ®z Gr(C) for the k-linearised Grothendieck ring. The following theorem was
proved in [Shil Cor.4.2] under more general assumptions (in particular for non-braided C).

Theorem 5.4. The assignment M +— s induces a k-linear map x : Gryg(C) — C(1,L). The
map x 1S injective.

We remark that if in addition k is of characteristic zero, then also the composition Gr(C) —
Cr(C) 5 C(1, L) is injective.

Next we use the maps p~! and ¢! from (5.13) to transport s to End(ide),
(5.22) onr = (0 () -
From the proof of Proposition [5.3] and from Theorem [5.4] we conclude:

Corollary 5.5. The ¢ only depend on the class [M] of M in Gr(C) and are independent of
the choice of coend L. The set {¢y |U € Irr(C)} C End(ide) is k-linearly independent.

Proo¥r. Using the notation from the proof of Proposition [5.3] it remains to note that in
addition to (5.20) we have x; = h o xar and (o)~} (z) = p~'(h tox) o h™L. O

After applying S¢ to ¢y, the expression simplifies to a “Hopf link operator” as considered
in [CG], see [GR2l, Rem. 3.10],
X

(5.23) Sc(dm)x =
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In terms of formulas, this reads

QX M* M

(5.24)  Se(pn)x = [X 25 X1 MESNy v ()

(XM*M

-1

(ear*, xocx, v+ )®id QX M* M

(XM*)M X (M*M) 22, xq 2y

Combining Theorem[5.4/and [Sh1l, Thm. 3.11 & Prop. 3.14] gives (see also [CG] and [GR2|
Thm. 3.9]):

Theorem 5.6. The assignment [M] — Sc(¢pr) is an injective k-algebra homomorphism
Gri(C) — End(idc).

This theorem implies the categorical Verlinde formula stated in [GR2, Thm. 3.9] (see [Tul
Thm. 4.5.2] for the semisimple case, i.e. the case of modular tensor categories)

(5.25) 8¢ (8c(¢v) 0 8c(¢v)) ZNUV dw .

If k has characteristic zero, it allows one to compute the structure constants N} of Gr(C).

In case that C is ribbon, a short calculation with string diagrams shows that the antipode
of £ acts on internal characters as Sg o Yy = Xxa+. Combining this with 8§ = 521 from
Theorem and transporting everything to End(id¢) gives:

Lemma 5.7. Let C be in addition ribbon. Then S8c(Sc(édnr)) = P

In this sense, we can think of 82 as implementing “charge conjugation” on the internal
characters (and on their images in End(id¢)).

For C pivotal (but not necessarily ribbon), after a short calculation with string diagrams
one can find the following expression for the ¢,;, which is a bit lengthy as we write out
associators for later use:

(5.26) (Gar)x = [X = 1(X1) xa SEONM £y vr) (X M)} (X (M*M))

id®aX7M*’M

{(XM)(XM)"} (X M) M)

—1
QX M* (X M*)* (X M*)M

(XM*) {(XM*)*((XM*)M)}

Id®ax )y, xnm*, M

» (X { (XY (X)) M)

id®(AP oL x pr+) ®1d

s (XM*){1M} = (XM*)M

Xx M* M X(M*M) id®ev s X1 1>X] ’
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or graphically

X
s P21

(5.27) (Pm)x = @i_

For a more detailed study of the properties of ¢y, see [GR3].

5.2. Coends for quasi-triangular quasi-Hopf algebras

We begin this section by describing explicitly the coend object £ in Rep A for a quasi-
triangular quasi-Hopf algebra A. Then we give explicit expressions for its Hopf-algebra struc-
ture morphisms and Hopf pairing in terms of the defining data of A.

All string diagrams in this section are taken in vecty, and we will drop the label
from the diagrams. Recall that this means that duality maps in string diagrams refer to those
of vecty, not those of Rep A.

5.2.1. The coend L in Rep A. To describe the coend, we will need to discuss the coad-
joint representation of A, as well as an equivalent way of writing it. The adjoint representation

PV A® A — Aof Aon itself is given by

(5.28) Pl = '> .
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A* A*

FIGURE 1. The coend object L = A* for a quasi-Hopf algebra A. The diagrams
here are in vecty, i.e. the braidings are the usual flips of the vector spaces, etc.

By definition, the dual ,0aL " A® A* — A* of the adjoint representation is given by

A*

s

(5.29) P =

A A"
We will show below that, as for Hopf algebras (see [Ly2), Ke2]), the coend £ in Rep A can
be taken to be the dual of the adjoint representation. However, again as for Hopf algebras
[Ke2], we find it convenient to work with the action p4. on A* from Figure [l which we refer
to as the coadjoint representation.

The dual of the adjoint representation and the coadjoint representation are isomorphic.
Indeed, define the map F: A — A as

(5.30) ZS (f aS(£")

where f is defined in (L.15)). It is straightforward to verify from invertibility of f that F is
invertible, and from (1.17)) that

(5.31) E* (A p) — (A7 p50)

is an isomorphism of A-modules.

We are now ready to show that (A*, p4.) can serve as the coend in Rep A.

Proposition 5.8. Let A be a finite-dimensional quasi-Hopf algebra over a field k.
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(1) The coend object (4.15)) in Rep A can be chosen to be the coadjoint representation L =
(A%, p5.), together with the dinatural family + = (1pr: M* @ M — A*) given by (see
Figure

e @m = (a— p(am)) meM, pe M*, ac A.
(2) The unique morphism g : L — B from (2.71)) is, for a dinatural transformation (B, ¢),
g= [ﬁzA*QA*@@l%A*@A‘b—ﬁB ,

where 14 1s the unit morphism of A and ¢4 is evaluated on the reqular representation.

In the case that A is a Hopf algebra, this proposition was proven in [Ly2| Sec.3.3]
and [Ke2, Lem.3]. The proof for the quasi-Hopf case is very similar and we reproduce
it here for completeness.

PROOF OF PROPOSITION [5.8 We show that (£, ) satisfies the universal property of the
coend. As part of the argument, we show that g is as stated in part (2).

e 1y is an A-module intertwiner: We use the identity
(5.32) wla. (p@m)) = (h Z ¢(S(a')ha".m)) , heA.
(a)
Indeed, we have
A* A* A*

N
_/ b

(5.33)

N
W,
B

PRY,

A M M A M M A M M
Then the intertwiner property follows from >°, ¢(S(a’)(—)a".m) = phi-(a @ o(—.m)) =
05 (a @ tar(p @ m)). Pictorially, it can be seen easily by adding a zig-zag at the last string
of the last diagram in ([5.33) and moving the coadjoint action of @ on the other end.
e 1y is dinatural: We need to show that for all A-module maps f : M — N we have
ino (id® f) =ty o (f* ®id) as maps N* ® M — A*. Evaluating on ¢ € N*, m € M and
a € A gives

[tv o ([d @ [)(p @ m)](a) = p(a.f(m)) = ¢(f(a.m)) = (f*(¢))(a.m)
(5.34) = [t o (f* @id)(p @ m)](a) .
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e g from part (2) is an A-module map: For x € A denote by L,, R, : A — A the left and right
multiplication by z: L,(a) = za and R,(a) = ax. Note that R, is an A-module intertwiner
of A seen as a left module over itself. Since ¢ is dinatural, we have

(5.35) da0(id® Ry) = dao ((Ry)* ®id) .

The coadjoint action of a € A is p5.(a @ —) = (Z( ) Ls@)yo R o) 1 A* — A*, see Figure
We compute, for ¢ € A*,

* % def
(536)  gla.p) =Y g(Riw o Lyu(p)) =’ Z da((Riw 0 Ly () © 1a)
B

Z ¢A((L§(a/)(90)) ® Ra”(lA)) = Z ‘bA((L*S(a’) ® La”)((P ® 1A))
(a) (a)

ud a.ga (90 ® 1A) = a.g(p) -

Here, (*) amounts to the observation that 3,y L,y ® Lq» gives the action of a on A*® A,
where A is the left regular module and A* is the corresponding dual module, together with
the fact that ¢4 is an A-module intertwiner.

e g makes (2.71) commute: We need to show that for every A-module M, go iy = du.
Consider the map R,, : A — M, R,,(a) = a.m. This is an A-module intertwiner, for A the
left regular module over itself. We compute, for ¢ € M* and m € M,

(5.37) gou(p@m) = da(ta(p @m) @ 14) = ga(p(—m) @ 14)

= 6a((Rn)"(9) ® 14) £ 601 (0 ® (Ron(14))) = das (p @ m) |

where (*) is dinaturality of ¢.

e g is unique: Let h : L — B be an A-module map satisfying h o tpy = ¢y for all A-
modules M. We need to show that h = ¢g. But this is immediate if one chooses M = A.
Indeed, for all ¢ € A* we have t4(¢ ® 14) = ¢ and so

(5.38) h(p) =hotalp®1a) = dalp®@14) = g(p) ,

by definition of g. 0

We make a similar statement for an end I', recall the discussion in Section [4.3.3l This
statement is proven in [Sal, Lem. 5.4] and can also be verified by arguments analogous to those
in Proposition [5.8|

Proposition 5.9. Let A be a finite-dimensional quasi-Hopf algebra over a field k. The end
object T in Rep A can be chosen to be the adjoint representation I' = (A, ,oadj) together with
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the dinatural family j = (jyr: A — M @ M*) given by
(5.39) Ju:oa = Z(a.mi)@)mf = ,

where m; 1s a basis in M and m; is the dual basis.

5.2.2. Hopf structure and Hopf pairing on L. In this section we present explicit

expressions for the structure maps (4.22)—(4.26)) and (4.27)) which define a Hopf structure and

a Hopf pairing on the universal Hopf algebra £ = A* in Rep A.

To work with elements rather than with functionals, we dualise all structure morphisms.

We will use the notation (—, —) for the contraction of an element in A* with an element in
A, and of an element in A* ® A* with an element in A ® A:
(5.40) (—, ) AARA—k, (p,a) = ¢(a) ,
()  AAQRA®ARA -k, (p®@1,a®b)y =pb)yY(a) .
Note the order of arguments in the second contraction. The convention is such that (—, —) =

vl’fgtﬂ‘, i.e. (2.25)) applied to the category of vector spaces. In terms of this bracket notation,
we define fiy : A - A® A, etc., as follows. For all a,b € A and f,g € A*,

(5.41) (ne(f®g),a) = (f@g, jicla)) e A ARA,
(As(f),a®b) = <f7A£(a®b)> AL ARAS A,
ne(1) = (aripc(a)) e Aok,
ec(f) = f(éc) , €A,
(Sc(f). a)y = (f, Sc(a)) , S A= A,
we(f@g) = (f®g, dr) ., WrEeARA.

Theorem 5.10. Let A be a finite-dimensional quasi-triangular quasi-Hopf algebra over a
fieldk. The Hopf algebra structure and Hopf pairing from Theoreml[].5 applied to the universal
Hopf algebra in Rep A from Proposition are given by the maps in (5.41) with

(5.42) fea) = Y [S@uRE) @ S(@0y)] - f
(@),(9),(F),(R) - -
- Aads) - [(W R © (VsRyTa)|
Ap(a®b) = > S(D1)bD2S(Ds)aDy
(D)
Ne(a) = £(Ba),

Er = O,
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Se(a) = > S(aR)aR,
(R)

Gr = Y S(Wa)Wi@ S(Wy)W, .
(W)

In these expressions, U = &1 U is another copy of 1, f is the Drinfeld twist from (T.15)),
u was given in ([2.50)), the elements D,W € A®* are defined as

(543) D = ([d®idoA)(®)- 1ed ) - 1eB8®1®1),
W= (1ealea) 100" - 1eMx1)- 1) (doide A)(@"),

and M was defined in ((1.12)).

PROOF. Let M,N € RepA and m € M, n € N, p € M* 1 € N*. By (4.22) the
multiplication on £ is determined by the equality X =Y with

(544) X =pro(ty @ in)(p@myY@n) ,
Y = inven 0 (Yaar @ id) <(id ®id® A)(®) - (1® &)

(id® TM,N*N){(l ®(1d®A)(R)) - ((d®id@A) (P .p@me ¢ ® n}) :
By abbreviating U, ¥ = ®~! we get

(545) Y= 3 inewo (o @id) (@1@1 ® Gy RV, @ &, Uy RIV! @ O/03 Ry s

(®),(9),(9),(R)
RPN m) .

Note that for B € A®* we have

tNeMm © (YN ®1d)(B.o @9 @ n®@m)
(5.46) =(arm YW@ ) ((5(B2) © S(BY) - £ - Aa) - (Bs® By) .nwm)) .
(5)



5.2. COENDS FOR QUASI-TRIANGULAR QUASI-HOPF ALGEBRAS 69
Indeed, with (2.40) we get

A* A*

- ()
- q
(5.47) Fl N M (NM) \é _
TR §> >
/

|
|
(5.48) Y(a) = Z (¥ @ P){(S(PW1 RYTS) @ S(@104)) - f - Alads)
(€),(),(¥),(R)

M* N* N M

Thus (5.45)) becomes, for a € A,

= <f®g7 ﬂﬁ(a>> )

where f, g € A* are given by f = ¢((—).m) and g = ¢((—).n). Since, with the same notation,
(@ n)(e@m@Y®@n) = f®g, from (5.44) we get X(a) = (us(f ® g), a). Altogether,

(5.49) (ne(f®g), a)=X(a) =Y(a) =(f®g, iic(a))

which proves the statement for p,.

Next we calculate the coproduct. Again, let M € Rep A, m € M and ¢ € M*. Applying
(4.24]) it is easy to see that A, is determined by

(5.50) Apouy =
D \‘/
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with D from (5.43). Using string manipulation the RHS in ((5.50]) can by written as

AT A*

(5.51)

/

DY,

/

D

Thus becomes, fora @b € A® A,

(5.52) Azou(p@m) = (a®b @(S(D1)bD2S(D3)aDy.m)) .

Again, setting f = ¢((—).m) € A* we get

(5.53) (Ap(f),a®b) = Z F(S(D1)bD2S(D3)aDy) = {f, Ac(a®D)) .

Applying and the equalities for 7, and £, in are obvious.
Next we proof the formula for the antipode. By and we have

(554) Sﬁ o LM<Q0 ® m) = Lpg* O ((5560% ® ld)(’fb ® 1- R21 .m ® (p)

= (o Y (@R m)  aRy. )
(R)

Now it is straightforward to prove the equality for S in (15.42).
Finally, we calculate the Hopf pairing. By (4.27)) w, is determined by

(5.55) weo(ty @in)(pR@m®Yn) = (ev‘](ECtk®evve°t“‘)(W.g0®m®¢®n)

with W from (5.43). Hence, for f = ¢((—).m) and g = ¢ ((—).n) we get

(5.56) we(f ®g) = (f @ g)(S(W)Wa @ S(W3)Wy)
= (f®g, SWa)Wy @ S(W)Wa) = (f®g, ar) -
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Remark 5.11. We note that in the case A is a quasi-triangular Hopf algebra, the universal
Hopf algebra £ in Rep A has the following structural maps on £ = A*, using (5.41) and
applying Theorem [5.10}

~

(5.57) ic(a) = > S(RYaRy®d"Ry,  Arfa®b) = b-a,
(a),(R)

f—t

e(a) = ela),  éc =

Se(a) = Y S(u'aR)Ry,  @p =
(1)

(]

S(My) @ My

—

M)

where u = Z( RS (R2) Ry, see (1.18). The structure maps for the universal Hopf algebra have
also been explicitly computed in [LMJ Sec.4], [Ly2] Sec.3.4] (in different conventions) and
in [Vi, Lem.4.4]. The structure maps for H in [Vi, Lem. 4.4] are precisely those for A above
with the opposite ji, and A

5.2.3. Equivalent factorisability conditions. We give two equivalent ways to phrase
factorisability of a quasi-triangular quasi-Hopf algebra as defined in Definition [1.4

Proposition 5.12. A finite-dimensional quasi-triangular quasi-Hopf algebra A is factorisable
if and only if its representation category Rep A is factorisable in the sense of Definition[4.15.

PROOF. Recall from Definitions that Rep A is called factorisable if w, is non-
degenerate. Non-degeneracy of w, in turn by definition means that the morphism D, :
L — L* from ([2.606)) is invertible. In the quasi-Hopf case, D, is an A-module map A* — A**.
We will describe D in terms of an element Dy € A ® A as, for p e A",

(5.58) De(p) = 0%t o ((id @ ) (De)) -

A short computation shows that in terms of w, as given in Theorem [5.10| we have

(5.59) De= ) S(X3)(@chXy ® S(X]) (@) X7

(X),(@r)
with X as in ((1.14). Substituting the explicit expression for w, from Theorem and
replacing D, with () gives the expression in Definition Il

The second equivalent definition was originally phrased in [BT]. The authors also intro-
duce a notion of factorisability for quasi-triangular quasi-Hopf algebras. In this section we
recall the definition in [BT] and show that it is equivalent to Definition (1.4}

Let A be a finite-dimensional quasi-triangular quasi-Hopf algebra and consider the linear
map OFT : A* — A defined by (see [BT], Prop. 2.2 (i)] but note that their @ is our ®~1)

(5.60) 0BT ¢ (¢ ®id)(MPT) |
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The element MBT € A ® A is defined as
(5.61) MET = N q@u(P )RR p © G5(27 ) RiRa paS (G5 (D71)s)

(R),(R),(®),(p),(q)
where R is a copy of R, and p and
(5.62) p= Z D @ P,85(P3) , q Z S(®1)a®, @ @3 .
(@) (®)

Recall the end I" = (A, j) from Proposition [5.9) and the map D, r defined by (4.49).

Lemma 5.13. QBT = Der.

PROOF. It is enough to show that for all X,Y € Rep A we have jy o QBT o1y = jy o
D rotx. By definition, jy oDzrowx = Txy, so that it remains to show jy o QPTorx = Txy.
We will verify this by computing Txy in (4.47) explicitly. Let

(5.63) Q=1®a®1el) [([deideA)P]- ([de (@' (Mx1) @) 11eB®1)

then we obtain

where MPT = (1@ p) o [S ®id ® id ® S](Q) and a direct calculation shows that it equals
to (5.61]), as the notation suggests. The morphism within the dotted frame in RHS of (5.64))

is then obviously the map QBT and therefore we finally have that T Xy =Jy©° OBTo.y. O

In [BT], a quasi-triangular quasi-Hopf algebra A is called factorisable if the map QBT

defined in (5.60) is an isomorphism. As an immediate consequence of Lemma and
Proposition we get:

Corollary 5.14. For a finite-dimensional quasi-triangular quasi-Hopf algebra A, the map
OBT from (5.60) is an isomorphism if and only if A is factorisable in the sense of Defini-

tion [1.4).

Remark 5.15. Consider the case that A is a quasi-triangular Hopf algebra and use the end
I' = (A, j) from Proposition In this case, the map D, defined by is precisely the
Drinfeld map. Indeed, for ® = 1%3 and o = 3 = 1, the expression for MB7T in (5.61)) reduces
to M = Ro1R and QBT from (5.60) (which is equal to Dy by Lemma [5.13) becomes the
Drinfeld map, cf. Remark (2) We also note that we have defined so far two maps from
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A* to A — the map (6%°°*)~! o D, in Remark [1.5| and the Drinfeld map D, . The difference
is that the first intertwines the coadjoint and its dual actions, while the second intertwines
the coadjoint and adjoint actions. Both can be used to test factorisability of A.

5.2.4. Integrals and cointegrals. Let A be a factorisable quasi-Hopf algebra over an
algebraically closed field k (actually, we only need k to contain square roots).

From Proposition 4.18 we know that £ has a unique-up-to-scalar two-sided integral A :
1 — £. We will impose the normalisation wyo (Az ® Az)oA;! = idy, which makes A, unique
up to sign. Given a two-sided integral, we obtain a two-sided cointegral A? : £ — 1 by

(5.65) > =Q(Ar) ,
where (2 was given in (4.42)) (cf. Lemma . By construction, we have
(5.66) AP oAs=1idy .
There are no closed formulas for the integral or the cointegral. Instead one needs to

compute the spaces of solutions to the linear conditions (2.67). We will spell out these
conditions for A in terms of the structure maps given in Theorem [5.10]

Let A; € A* and A‘}f’ € A be defined as, for a € A, f € A*,

(5.67) Ac(1) = (a = Ag(a)) . AZ(S) = FAD).
Conditions (2.67) turn into the following linear relations on A, and A%, for all a € A,
(5.68) (ido@Ag)ofic(a) = a-Acla) = (Az®id)ofig(a),

Ar(AY@a) = AP -e(Ba) = Ar(a®AP),

where i, and A[; are introduced in ([5.42)). The normalisation condition is quadratic and
reads

(5.69) (Ar®@Ap) (@) =1,

and the relative normalisation of integral and cointegral is fixed by (5.66) to be Az(AL) = 1.

A left (resp. right) integral for a quasi-Hopf algebra A is an element ¢ € A satisfying
a-c=c¢e(a)c (resp. c-a =e(a)c) for all a € A, see e.g. [BC]. Finite-dimensional quasi-Hopf
algebras possess a one-dimensional space of left and of right integrals [HN] (see also [PO]
for existence).

If one knows a non-zero left or right integral for A, then the following proposition provides
a shortcut for computing A®.

Proposition 5.16. Let A be a finite-dimensional quasi-Hopf algebra over some field, and
let ¢ € A be left (resp. right) integral for A. Then (—,c) € L* = A*™ is a left (resp. right)
cointegral for L.
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ProOF. This is an immediate consequence of the explicit form of the structure maps of
L given in Theorem [5.10] The two conditions in the second line of (5.68) become

(5.70) left: Az(c®a) = c-e(Ba) , right: Ag(a®c) =c-e(Ba) .

Now substitute the expression for A, in terms of D as given in (5.42). The left hand side in
each case in ((5.70) then becomes

(5.71) left: Ag(c®a) = e(Dy)e(a)e(Ds)e(Ds)eDy
(D)

(5.72) right: Az(a®c) =) S(Di)es(Dy)e(Ds)e(a)e(Dy)
(D)

where we used € 0 S = ¢, which holds for quasi-Hopf algebras by [Dr2, part 7 of remark
on p. 1425]. Substituting the explicit form of D from (5.43)) and using the counitality condi-

tion on ®~! we get for RHS of
(5.73) Z e(Ba)ce(Pr)e(Ps)e(P4) Py = e(Ba)c{ (e ®id) o A} ((e ® e ®id)(P)) = e(Ba)c

(@)
where the counitality condition was used once more, and similarly for RHS of (5.72)). This
shows that both the identities in (5.70) hold. O

In particular, for factorisable A we know by Proposition that the coend £ has a one-
dimensional space of two-sided integrals (and hence of cointegrals). The above proposition
hence shows that A has two-sided integrals, and a non-zero such two-sided integral ¢ spans
the space of cointegrals of L.

5.2.5. Internal characters. Let A be a factorisable ribbon quasi-Hopf algebra over a
field k. Then Rep A is in particular pivotal, and we can use the results of Section [5.1.2] In
this section we will give explicit expressions for the natural endomorphisms ¢, and S¢ (@)

in terms of elements of the centre of A. Recall from ([5.22)) that ¢, and hence also S¢(¢y),
is an image of the internal characters xj; as defined in ([5.21]).

Denote by ¢: Z(A) — End(idrepa) the k-algebra isomorphism between the centre of
A and the natural endomorphisms of the identity functor on Rep A. Explicitly, for all
VeRepA, veV and z € Z(A),

(5.74) E(2)v)(v) =20 .

We can use £ to represent the S-transformation of ¢y in terms of a central element xy € Z(A)
as £(xv) = Srepa(®v). A short calculation starting from (5.24) gives

(575) Xv = Z tI‘V <’U,_1’U S(\IIQMQCDQ,@)C! ‘1’3@3) \111 M1 (I)l s
(@),(¥),(M)

where U = ®~'. We obtain the following corollary to Theorem [5.6|
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Corollary 5.17. Let the field k be algebraically closed and of characteristic zero. Then
V] — xv is an injective ring-homomorphism Gr(Rep A) — Z(A).

The Verlinde-type formula (5.25)) takes the form
(5.76) XUXv = Z Nyy xw

Welrr(Rep A)
By linear independence of the xyy, this determines the structure constants N, of Gr(Rep A)
uniquely (for k as in the corollary). We stress that it is not necessary to compute the centre
of A to evaluate this formula, but one does need to know all simple A-modules U and be able
to compute their characters try(—).

For completeness we also give the central element ¢y € Z(A) representing ¢y from (5.26)
via {(@y) = ¢y. We set
F= ) 0BS(®10:)APd, Vs @ &30
(®),(¥)
(5.77) F=(depo(id®Seid)(1l®lea) &' (A®id)(F)-¢-(18c1)) .

Note that FF € A® A. Then, we have

(578) ¢V = ZFltrv(’u,_l’UFg).
(F)

Remark 5.18. Let A be a finite-dimensional factorisable ribbon Hopf algebra over k. Recall
[Dr1] that the space qCh of g-characters of A is defined as the space of invariants in A* under
the coadjoint action, e.g. the quantum traces qTry, := Try (ufl v (—)), which are the internal
characters xy (1) € A*, are g-characters. The two families of elements, x and ¢y, simplify to

(5.79) xv =Y Mitry(u o S(M)) 2 5o (qTry(—) @ id) (M)

(M)

and (recall that we found A% = ¢ and here F = (id ® S) o A(c))

(5.80) dv = Y ctry(u v S(c")) (=) S~ o (qTry (—) ®id) o A(+c) ,
()

where for (x) we used the identityf] (S ® S)(R) = R, while for (x+) we used that S(c) = Ac
for A* =1 (due to S?|z(a) = id), so A is a sign, and thus A%®(Ac) = (S ® S) o A(c). (Note
that the integral c is normalised up to a sign only.)

The central elements xy and @y are related to g-characters in the following way. The (algebra)
map So& 1o ¢l o Q from the space of g-characters to Z(A) is the well-known Drinfeld
mapping given by D« a: ¢(+) — (¢®id) M, see [Drl], while the map Sof o y~top™t: qCh —
Z(A) is the Radford mapping given by ¢(-) — (¢ ® id)A(c), see [Ra] for its definition and

I This results in (id®S)(M) = 7o(id®S~1)(M) and then (id®¢)o(id®S)(M) = (¢®id)o(id® S~ 1) (M) =
S71o (¢ ®id)(M)), for ¢ € A*.
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properties. The central elements (5.79)) and (5.80|) are then images of the g-characters qTry,
under the Drinfeld and Radford mappings (composed with S~!), correspondingly.

5.3. SL(2,7Z)-action for ribbon quasi-Hopf algebras

In this section, we assume that A is a factorisable quasi-Hopf algebra and we express
the S- and T-transformations from in Rep A, and compute the resulting action on the
centre Z(A) of A. To start with, we evaluate the map Q from in Rep A. One finds, for
a,be A, f,ge A",

(5.81) (Q(f®g),a®b) = (f®g, Qa®b))
with
(5.82)  Q(a®b) = (S(X3)aXs) ® (S(X1)bXs) ,
X=(deidoA)(®)- 1) - 1eMe1)- (109)- ([deid® A)(@) .

Then the S- and T-transformations from take the form, for a € A, f € A*,

(5.83) (8().a) = (A @A), a®a),
(T(f),a) = (f,v 'a).
Our next aim is to evaluate the action of the S- and T-generators on End(id¢) as given

in ((5.14)) in the case C = Rep A. To do so, we use the isomorphism £ from (5.74]) and will
give the corresponding action on elements of Z(A) instead. The result is:

Theorem 5.19. The S- and T-transformations on Z(A) are given by the following linear
maps Z(A) — Z(A): for z € Z(A),

(5.84) S2(2) = > U BS(T,) (aﬁ)lmgAﬁ(Aﬁ((aﬁ)maz)) ,
V. (&r)
Tz(2) =v 'z,

where U = &1 and Az and &y are defined in (5.42).

PROOF. We compute the ingredients of (5.14). Let ¢ € End(id¢) be the natural trans-
formation which acts by a central element z € Z(A), i.e. £(z) = ¢. Then

()

(5.85) =

X X
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or equivalently as a diagram in vecty

vecty

Y(p)
(5.86) =

XX X+ X
that is, ¥(p) = (—, az) € A**. Let r € Homu(£,1) and s € Homy(1, £), and write r = (—,7)

for some 7 € A. The other maps in (5.14)) are given by

vecty

N
(5.87) p(r) = = = Ar(Ap(-97),
Ar
Az
(5.88) Q(s) = = b= (= (d®s) (@),
o
L
L
(5.89)
i .
i
VR _ _ U, BS(Wy) 7 Wy, (—
Y (r)x ﬁ %15(2)7“3(),
2 o
B v
X
where W = ®~1. Now it is easy to see that (5.14) reduces to ((5.84)). O

Recall that in Section we introduced the special central elements xy and ¢y that
are related to the internal characters xy. As a corollary of Theorem and by definition
£(xv) = Smep a(¢v), we have the following S-transformation of these elements.

Corollary 5.20. xy = Sz(¢y) and ¢y = 8%(dv ).

Next we give the S-transformation on A as 8 : A — A, using (5.83),
(5.90) (8(/).a) = (£,8(a)) ,



78 5. SL(2,Z)-ACTION FOR RIBBON QUASI-HOPF ALGEBRAS

for any f € A* and a € A. We easily get

(5.91) 8(a) = (A£®1d)[ ] ZAﬁ( (Xs) aX4>S(X1)aX2
(X)

or equivalently, using the relation ([5.16) we have

(5.92) Z Ac(Be(S(®5) a ;) © S())(@c) @) ) S(2)) (@)Y

(@),(&c)

For T, we obviously have ‘j'(a) = v~ 'a. Following (5.7) and the definition in (5.90]), $ and T
satisfy

(5.93) (8T = A8, & =5, Aek*,

with the antipode Spasin T heorem We note then the S-transformation with
simplifies on linear forms f € C(1,£), or on the invariants f := f(1) of the coadjoint action
(recall that 8: £ — £ is an intertwiner of the coadjoint action of A on £ = A* and thus 8
acts on the space invariants):

(599 8(Ae) = f3@) =Y Ae(Ac(a® @eh)) (@), a€A,

(@r)

where we used the counitality of ®. The two projective SL(2,Z) actions, on Z(A) in
and on C(1, L) in , are related by conjugation with the isomorphism p o 1) o £ between
the centre Z(A) and the space of coadjoint invariants. (Note that the action agrees
with the one from the categorical formula (5.18))).

Similarly, we have a projective SL(2, Z) representation on the space C(L, 1) of coinvariants
of the coadjoint action that is identified by §%°°* with the subspace ac+- Z(A) C A. Indeed, by
(5-86) the image of the isomorphism 1 o & : Z(A) — C(L,1) is 6% (cx - Z(A)). In general,
o - Z(A) is different from the centre Z(A) and from the space of invariants of the adjoint
action, which is 8- Z(A) (in the Hopf algebra case, the three spaces are identical). The S-
transformation acts on a- Z(A) by restricting § to it. When evaluated on az, the result
simplifies to

(5.95) $(az) = ZA‘ (Aﬁ(az ® (azﬁ)l)) (Gr)2, z€Z(A),

where we again used the counitality of ®. By construction, $ commutes with the Aqp-action
on A given by p(b): a = > ) S(0')ab” []and thus 8 acts on the spaces of invariants of this
action, which is indeed a - Z(A).

2 Note the different position of the antipode S here with respect to the adjoint action.
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Remark 5.21. If A is a factorisable Hopf algebra, recalling Remark we have the S-
transformation ((5.91]) (or equivalently (5.92))) on A as

(5.96) S(a) =Y Ap(S(My)a)My =) A (Mia)S™' (M), a€A,
(M) (M)

where we used (S ® S)(M) = 74.4(M), while §; from (5.84]) becomes
(5.97) Sz(2) =Y Ar(2M)S(My) ., z € Z(A) .
(M)

When § is restricted to Z(A) the two formulas become equal: $z(z) = SQ(S(Z)), but
S? is identity on the centre as S%*(a) = uwau™'. We note that agrees with the S-
transformation obtained in [Kell Sec. 2]} which is a slight rewriting of the “quantum Fourier”
S-transformation originally obtained in [LM].

3Note that Az: A — k is an intertwiner for the A,p-action on A by p(b): a — 2o S(0')ab”. Therefore,
the right integral condition in RHS of (the one in the context of the coends) simplifies to the standard
right-cointegral condition for a Hopf algebra: (Az @ id) o A(a) = Az(a)1. (But the LHS of does not
simplify to the standard left-cointegral condition for a Hopf algebra.) The right (co)integral pp used in [Kell,
Section 2] thus coincides with our Ar (possibly up to a sign), as the normalisation is also the same.
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6. The ribbon category SF

In this section we review the definition of the categories SF(N, 3) introduced in [DR1),
Rul, see also [DR2] for a summary. These are finite ribbon categories (see Sections 2.1 and
Definition for notation and conventions) which depend on two parameters:

(6.1) NeN={1,2,...} and  B3€C suchthat pB*=(-1N.

We will refer to SF(N, ) as the category of N pairs of symplectic fermions, and we will
abbreviate SF := SF(N, f).

6.1. SF as an abelian category

Let A be the 22N-dimensional Gramann algebra over C generated by a;, b; with defining
relations

(62) {ai, CL]'} = {b“ b]} = {ai, b]} =0 s 2,] = 1, R ,N .

By giving ¢ € {ay, b1, ..., an,bn} odd parity and defining A(c) =c® 1+ 1®¢, e(c) =0 and
S(c) = —c we get a Hopf algebra in Svect. Let Rep, , A be the category of finite dimensional
super-vector spaces with a A-action. The category SF = SF(N, ) is defined as

(6.3) SF :=8F,®SF, where SF,:=Rep,, A, SF; = Svect.

Note that SFj is not semi-simple. A choice of representatives for the isomorphism classes of
simple objects in SF is

(6.4) 1:=C"eSF,, T:=C1eSF,,
M1 :=C% € SF, , 7 := ¢ e 87y

where II denotes the parity exchange endofunctor on Svect, and the A-action on 1 and I11
is trivial. The projective covers of the simple objects are

(6.5) P=A, Pr=T,
P =TIA Pur = 1T .

We will now endow SF step by step with the structure of a ribbon category.
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6.2. Tensor product

Given two objects X, Y € SF we define a tensor product functor *: SF x SF — SF as
follows:

X Y XxY

SFy SFy X ORep, , A Y e SFy
Sfo Sfl F(X)®Svecty < Sfl

. XxY =
(66) * SFi SFy X @swa F(Y) € SFy

LS‘-F'l SFl A®Svect X ®Svect Y € S-FO

Here, F': Rep,, A — Svect stands for the forgetful functor. By X ®grep, Y we mean the
tensor product in Svect with A-action via the coproduct. In more detail, denote by

(67) T)S(Yy - X ®svect Y —Y Xsvect X 5 Ts(jly(a: ® y) = (_1)‘x||y|y K,

the symmetric braiding in Svect, where z,y are homogeneous elements. Then the action of
an element g € Aon 2 ®@y € X ®gyect ¥ 1s then given by

(6.8) g(z®@y)=(p* @p")o([der% ®id)o (Alg) ®r® y)
= Z D¢ 2) @ (¢"y) where Alg Zg ®4",

where p*X and pY give the action of A on X and Y.

On morphism, we define the tensor product in all cases beside the last one to be f x g =
fg If f,ge SFLweset fxg=1id)y ® f ® g.

For the remainder of this section we will drop the subscripts from the tensor products
®Svect and ®Reps'v'/\ for brevity.

6.3. Associator

Both, the associator and the braiding depend on [ from (6.1)) and on a copairing C' on A
given by [DR1) Eqn. (5.5)]

(6.9) C:=) bi®a—a;®bh € ASA.
i=1
The associator is a natural family of isomorphisms
oz‘;(fyz' Xx(Y*2Z)—=> (X*xY)*xZ,

which is defined sector by sector by the following eight expressions (see [Ru, Thm.6.2] and
[DR1, Sect. 5.2 & Thm. 2.5)):

XY Z Xx(Yx2) (X*xY)xZ aXYZ Xx(YxZ) > (XxY)xZ
000 XQY®Z XRY®Z idxgyez
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001 XRY®Z XRY®Z idxeyez
010 X®Y®Z XeYeZz exp(C¥)
100 XRY®Z XY ®Z idxgyez

011 X®ARY®Z AXQY®Z [{idm(pXo(S@idx))}
o{A@idX}OT)S('YA] ®idY®Z
101 AXQY®Z ARX®Y®Z exp(CU)

110 A®X®Y®Z AXQY®Z {idwxey ®p”} o {idy @ 3% gy ®ids}
O{A@id){@}/@z}
111 X@ARY®Z AXRY®Z {¢®idyever}o {7%5 ®@idyez}

The underlines mark on which tensor factors A acts (hence they appear only when the triple
tensor product lies in SFy, i.e. when an even number of sectors ‘1’ appear). With C"*) denote
Ci®1® Cy where C = Z(C) C, ® Cy. Hence, the action of C(13) ig given by

N

(6.10) CY¥(z @y z) = (—1)leHD Z bt QY®a;.z—a;.TQYR bz,
i=1

for homogeneous x,y, z. The linear map ¢ : A — A is given by

(6.11) ¢ = (id @ (AR © pa)) o (exp(=C) ®id) ,

where g, is the multiplication in A and A} € A* is a specific cointegral for A [DR1]
Eqn. (5.16)]. Namely, A% is non-vanishing only in the top degree of A, and there it takes
the value

(6.12) A (arhy -+ anby) = 872 .

6.4. Braiding

For X € Svect denote by
(6.13) wx: X 5 X wx(z)= (-1 g,

the parity involution on X. The family X +— wx is a natural monoidal isomorphism of the
identity functor on Svect.
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The braiding on SF is given — again sector by sector — by the following family of natural
isomorphisms cxy (see [Ru, Thm. 6.4] and [DR1 Sect.5.2& Thm. 2.8]):

XY cexy : X*xY =Y *xX

0 0 755 cexp(—C)

0 1 7%%yo {/‘i@idy}

1 0 7% o{idx ®k} o {idx ® wy}

1 1 B-(idy®@7%%) o { R ®idx @ wy }

(6.14)

Here, K := exp(%é’) where C' = pu,(C) = ZL —2a;b; and R, is the right multiplication with
a € N

(6.15) Ry: N— A, R, = " o (idy ® a) .
If a is parity-even, this is indeed a morphism in Svect, and, since it commutes with the
A-action, it is also a morphism in SF.

Recall the definition of a factorisable braided tensor category from Definition [4.15] A key
property of SF is:

Proposition 6.1. The finite braided tensor category SF is factorisable.

Proor. In [DR1], Proposition 5.3] it is shown that the full subcategory of transparent
objects in SF is vect. Thus SF fulfils one of equivalent factorisability conditions in [Sh2]
(see Section for a summary in our notation). O

6.5. Left duality

Our conventions for duality morphisms are given in Section By convention, for

X € Svect we choose the left-dual X* and the associated duality maps evS¥eet, coeviveet to
be the same as for the underlying vector space.

For X € SF;, i = 0,1, we define the left dual object X* € SF; to be the dual in Svect
as super-vector space. For X € SFj, X* is furthermore equipped with the A-action
(6.16) px AR X* = X* | g (x— (=1)9eHDp(g.2))

The evaluation and coevaluation maps in SF are induced from those in Svect as follows
[DR1, Sec. 3.6] (note that for X € SF; we have X* * X = A® X* ® X):

X e : X'xX =1 coevy :1— X *X*

0 eVSvect CoevSvect
(6.17) X X
1 ep ® eviveet Ay ® coeviveet

Here, €, is the counit for A, and Ay = %a1b; - - - axby is the integral for A normalised with
respect to the cointegral in (6.12]) such that AS°(As) = 1.
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6.6. Ribbon twist

The ribbon twist isomorphisms fx are given in [DR1l, Prop.4.17]:
X Ox: X—>X

(6.18) 0 en(=0)
1 B wx
The twist isomorphisms satisfy
(6.19) Ox.y = (Ox @®by)ocyxocxy , Ox-=0%.
For later reference we note that on the four simple objects in , the twist is given by
(6.20) 6, =idy , Om=idm , 6r=p'tidr, Our=—Ftidur .

We summarise Proposition [6.1] and the ribbon structure on SF reviewed in this section
by the following theorem.

Theorem 6.2. SF(N, ) is a factorisable finite ribbon category for all choices of N and (B as

in (61).
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7. The ribbon quasi-Hopf algebra Q

In this section we define the central object of this paper, the family of ribbon quasi-Hopf
algebras Q(N, 3), where the parameters N and /3 are constrained as in (6.1)). The main result
of this section is a ribbon equivalence between Rep Q(N, 5) and SF(N, 3).

Our conventions on quasi-Hopf algebras, universal R-matrices, etc., are given in Section
In this section we will abbreviate Q := Q(N, 3).

7.1. Definition of Q

In defining the ribbon quasi-Hopf algebra Q, we will first list all of its data — starting with
the product and ending with the ribbon element — and only afterwards we will prove that it
satisfies the necessary properties.

We start by giving Q as an associative unital algebra over C via generators and relations.
The generators are

(7.1) K and fF i=1,...,N.
Define the elements
(7.2) ey = %(1 + K2) , e = %(1 — K2)

Using these, the defining relations of Q can be written as, for 7,7 =1,..., N,
(7.3) {f5Ky=0, {ff.fi}=0d,e, {5 Kft=1,

where {z,y} = zy + yx is the anticommutator. With these relations, e, and e; become
central idempotents in Q. The corresponding decomposition of Q into ideals is

(7.4) Q=Qyd Q where Q= eQ .
It is easy to check that restricted to each ideal, the algebra structure of Q becomes
(75) QO = /\QN X CZQ R Q1 = C|2N X G:ZQ .

Here, Agy is the GraBmann algebra of the 2N generators fiey while CZ, stands for the group
algebra of Z, generated by Keg. Similarly, Cloy is the Clifford algebra generated by fie,
while the generator of Z5 is iKe;. In particular, we see that

(7.6) dime Q = 22N F2
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and that a basis of Q is

(7.7) Q=spang {f;' - £i"K" [0 <m <N, 1 <iy <ip<...<ip <Nyg;=+,n€Z} .

Next we define the quasi-bialgebra structure of Q. The coproduct on generators is
(7.8) AK =K@K-(1+(-1)Ne,®e - KaK,
AfF) =fF@1+ws @fF wy = (ep £ie])K .
We will show in Lemma below that A is well-defined and an algebra map. The counit is
(7.9) e(K)=1, e(ff)=0.
We remark that K itself is group-like only for odd N. However, one quickly verifies that
(7.10) K? , KN are group-like for all N .

The co-associator and its inverse are
(7.11) P =101%1+e@e @ {(KN —1)eg+ (B (HiK)N — 1)es } .

For the quasi-Hopf algebra structure on Q we still need to specify the antipode S and the
evaluation and coevaluation elements @ and 3. They are:
(7.12) S(K) = KDY = (g9 + (=1)Nep)K a=1,
S(fF) =fif(eo £ (—1)Vie K, B =eo+ B (iK) Ve .

Remark 7.1. For even N and 82 = 1 we have a = B3 =1 and ® = 1 ® 1 ® 1, so that
(pending the verification that the above data verifies the axioms) in these cases Q is a Hopf
algebra. For odd N on the other hand, the coproduct fails to be coassociative. For example,

(7.13)
(A®id) o A(fy)=f, ®1®14+w_®f, ®1
+K®K~(e0®eo—ieo®61—iel®eg—(—1)Nel®el)®f{,
(d@A) o Af)=f ©101+w_ of ®1
+KeK-(eg®ey—ieg®@e; —ie; Rey—e; ®ep) F, .

Next we introduce a quasi-triangular structure on Q. Define the Cartan factor p,, ,, as

1
(7.14) prm =5 > (DT QK nm e {01}
i,j=0

The universal R-matrix and its inverse are defined as

N
(7.15) R= ( > B pnmen @ em> JJae1r-2fw eff),

n,me{0,1} k=1
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N
R =J[a®1+26 0w ®f)- ( > ,B"mpnmen@)em).

k=1 n,me{0,1}

Finally, the ribbon element of Q and its inverse are

(7.16) v = (ey — BiKe,) H (1 —2fHf)
k=1

N
(7.17) v = (ey — B liKey) H (1 + 2fFf K?)

=1

Proposition 7.2. The data (Q,-,1,A,e, D, S, o, B, R, v) defines a ribbon quasi-Hopf algebra.

The proof of this proposition will be given after some preparation. The following lemma
is straightforward check on the generators of Q.

Lemma 7.3. The map A defined in (7.8) is an algebra map.

Since A is an algebra map, we can use it to define a tensor product functor

(7.18) ®: RepQ x RepQ — RepQ .

The central idempotents ey and e; behave under the coproduct as

(7.19) Aleg) =eg®Rey+e®e; , Ale))=e®e +e Req,

so that the tensor product respects the Z,-grading Rep Q = Rep Qo & Rep Q;.
Denote by

(7.20) Txy: XY —Y®X |, xy(@®y) =y,

the symmetric braiding in vect. By acting with ®, R nd v~! we get families of isomorphisms
in Rep Q

(7.21)  apR%: MR(N@K)—» (MeN)@K, menek—d(mendk),
(7.22) CAR/[?JI\’,Q: M®N—-N®M, m@nw— Tyn(R.(m®n)),
(7.23) oRePQ. M — M, m— v tm .

We will show in Lemma, below that the linear maps (7.21))-([7.23) are indeed morphisms
in Rep Q, that they are natural and that a®PQ gives an associator, c®°PQ a braiding and
ORePQ 3 twist in Rep Q.

Definition 7.4. Let C be a monoidal category and D a category with a tensor product
functor ®p: D x D — D and tensor unit 1p. A functor F: C — D is called multiplicative
if there exists a family of natural isomorphisms Oy : F(U ®¢ V) — F(U) @p F(V) and an
isomorphism ©7: F(1) — 1.
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If D in the above definition is a monoidal category as well (i.e. equipped with associator
and unit isomorphisms), a multiplicative functor is also called a quasi-tensor functor, see e.g.
[EGNO| Def.4.2.5], i.e. we dropped the coherence conditions with the associators from the
definition of the tensor functor.

Let F: C — D be a multiplicative equivalence. We now describe how F can be used to
transport structure from C to D.

e By transporting the associator from C to D along F we mean seeking a natural family
of)%yz, for X,Y, Z € D, such that for all U, V, W € C, the diagram

(7.24) F(U @c (V @cW)) > €5 m) F((U@c V)@ W)
Ou,vaew Ousev.w
FU) @p F(V @ W) FU ®c V) @p F(W)
idROy,w O,y ®id

ARy, F(v),F(W)
) (

F(U) @p (F(V) ®p F(W)

F(U) @p F(V)) @p F(W)

D D

commutes. Since F is an equivalence such an o~ exists. Moreover, because o™ is

natural and F is essentially surjective, o?

is unique. By construction o satisfies the
pentagon condition. The tensor unit structure (i.e. left and right unit morphisms)
can be transported in the same way which makes D a monoidal category.

e Suppose C is in addition braided. Transporting the braiding from C to D means
determining a family c)’%yy such that the following diagram commutes for all U, V' € C:

f(cijv

(7.25) FU®cV)

lGMV

F(U) @p F(V)

F(V®cU)

lGMU

F(V)&p F(U)

Fw)Fw)

For the same reasons as above this diagram determines the c)’%y uniquely and turns
D into a braided category.

e Suppose C is in addition ribbon. By transporting the ribbon twist we mean giving
a natural family 6% such that for all U € C, Hg(U) = F(0%). Again, the family 6%
is unique and turns D into a ribbon category (with braided monoidal structure as
above).

Lemma 7.5. The linear maps oR®ePRQ cRePQ gRepQ in (7 21))(7.23) are natural isomor-
phisms in Rep Q. There exists a multiplicative equivalence F : SF — Rep Q which transports

e the associator (6.3) of SF to a®°PQ and the unit isomorphisms of SF to those of
the underlying vector spaces in Rep Q,
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e the braiding (6.4) of SF to cRePQ,
e the ribbon twist of SF to GRePQ,

The proof of this lemma is lengthy and tedious (and fills half of this paper). It is spread
across the Appendices [B]and [C] In Appendix [B] we transport the structure morphisms of SF
to an intermediate category of representations of a quasi-bialgebra in Svect. In Appendix [C]
we transport the structure morphisms further to a quasi-bialgebra in vect which, finally, we
exhibit to be a twisting of Q.

PROOF OF PROPOSITION [7.2l By Lemma a®ePQ fylfils the pentagon identity (since
o does and F is multiplicative) and ¢®°P® the hexagon identities. Hence, Rep Q is braided
monoidal. We conclude that (Q,-,1,A, e, R) is a quasi-triangular quasi-bialgebra.

We will now show that S, a, 3 define a quasi-Hopf structure on Q, see Section for
definitions. A straightforward calculation shows that S, as defined on generators in , is
compatible with the relations on Q and hence provides an algebra anti-homomorphism on Q.
It remains to show the identities

(7.26) Zs ad' =e(a)a, Y dBS(a")==(a)8,
(a)
for all a € S and

(7.27) Zs ad,3S5(ds) =1, > (@ BS((@ 7))@ )5 =1 .

(1)

For example, to see the first equality in (7.27) one computes
(7.28) ZS )ad,BS(P3) = e + €1 (52(IK)N) S (B2(K)Y)

—ey+ e KN(=DNK)N =g+ e ()N N=1.

To see the first identity in (7.26)) we define the linear map P := po (S®id): Q@ Q — Q
where 1 denotes the multiplication in Q and check that

(7.29) P(A(f)) = S(f7) + S((eo + ieq)K)f;
=f"K(eop = (=1)Nier) + (eg £ (—1)Vie)KF= =0,
P(A(K)) = (eg+ (-1)Ve))K* — (1 + (-1)N)e K> = 1.
For general basis elements f;'---f;"K" from (7.7) and by defining f, = f;' and f =
fi) - fim K" we get
(7.30)  P(A(F}---firK") = P(A(f Z S(fif
(f1)(

=SS0 )f”O
@
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P(A(K”)) = Z S((K"‘l)')P(A(K))(K”_l)” = P(A(K"‘l)) =1,
(Kn=1)
where the last equality follows by induction in n. The second identity in ((7.26]) can be shown
in a similar way.

Having a quasi-Hopf structure we can now conclude from Lemma that v defines a
ribbon element in Q. In particular, S(v) = v follows from the duality property of the twist

Oy~ = (Oy)* (one can verify that if this equality holds for one choice of left duality (—)* on
the category in question it holds for all choices of left duality). [

Another important consequence of Lemma [7.5] is the following theorem.

Theorem 7.6. SF(N,3) is ribbon equivalent to Rep Q(N, 8) for all choices of N and 5 as
)

The precise definition of the equivalence functor F: SF — Rep Q is given in Section

Remark 7.7. For fixed N, the quasi-triangular quasi-Hopf algebras Q(N, ) for the four
possible choices of § differ by abelian 3-cocycles for Z,. The 3rd abelian group cohomology
of Zyis H Sb(Zg, C*) = Z4 and it describes possible braided monoidal structures on Rep Zs,
up to braided monoidal equivalence (see [JS| for details). A generator of H2,(Z5,C*) is given
by the class of (w, o), where w is a 3-cocycle for group-cohomology with (writing Z, = {0, 1}
additively) w(1,1,1) = —1 and 1 else, and o is a 2-cochain with only non-trivial value
o(1,1) = i. Multiplying the coassociator ® by >_,, 7, w(a,b,c) - €, ® €, ® e, and the R-
matrix by >, 7, 0(a,b) - €, ® € is equivalent to changing 3 to i3. Repeating this makes 3
run through its four possibilities.

7.2. Factorisability of Q

A finite-dimensional quasi-triangular quasi-Hopf algebra is called factorisable if its repre-
sentation category is factorisable in the sense of Definition [I.4] A direct definition in terms
of the data of Q can be found in Remark [I.5] It is shown in Corollary that this defi-
nition is equivalent to the one given in [BT) Def.2.1]. We obtain the following corollary to
Theorem [7.6

Corollary 7.8. Q is a factorisable ribbon quasi-Hopf algebra.

Below in Lemma [8.2] we will give an alternative proof by verifying non-degeneracy of the
Hopf pairing of the universal Hopf algebra in Rep Q by direct calculation.

7.3. Q(2n,1) as a Drinfeld double

In Remark we saw that for N = 2n and 3% = 1, Q(N, 3) is a Hopf algebra, not
only a quasi-Hopf algebra. Combining this with Corollary shows that Q(2n,+1) is a
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factorisable ribbon Hopf algebra. It turns out that as a quasi-triangular Hopf algebra, Q(2n, 1)
is isomorphic to a Drinfeld double, as we now explain.

Let H = H(N) be the algebra generated by the elements k and f;, i = 1,..., N, subject
to the relations

(7:31) {fufi}=0,  {fuk}=0, #K=1.

We define the coproduct, counit and antipode on H(N) as (i = 1,...,N)
Alf)=fiok+1afi, Ak)=kek,

(7.32)

e(fi) =0, e(k)=1, S(fi) = —fik S(k) =k .
One can easily verify that we get an injective Hopf-algebra homomorphism H(N) — Q(N, 1)
which is defined on generators by (see Appendix @ for details)

(7.33) k— w_ = (e —ie)K, fir—fw_, i=1...,N.
This embedding also proves that H(N) is indeed a Hopf algebra.

Remark 7.9. Above we defined H(N) for even N, but the definition works just as well for
odd N. In this case, the map defines an embedding H(N) — Q(N + 1,1) (or into
any Q(2n,1) with 2n > N) and therefore H(N) is a Hopf algebra for all N € N. Note that
H(1) is Sweedler’s 4-dimensional Hopf algebra, so that for N > 1 we have a generalisation of
Sweedler’s Hopf algebra which is different from the Taft Hopf algebra. In fact, H(N) is the
Hopf algebra associated to (or bosonisation of) the super-group algebra ACY, see e.g. [AEG]
Sec. 3.4].

Proposition 7.10. For N > 1, the Drinfeld double of H(N) is isomorphic to Q(N, 3) as a
C-algebra. For even N and = %1 the Drinfeld double of H(N) is isomorphic to Q(N, ) as
a Hopf algebra. Moreover, if 5 = 1 this isomorphism is an isomorphism of quasi-triangular
Hopf algebras.

The proof of this proposition is given in Appendix [D]
Remark 7.11.

(1) The double of H(N) has also been constructed in [BN1]. It appears in [GS] in the
classification of factorisable tensor categories which contain Rep H(N) as a Lagrangian
subcategory (and of which SF(N, 3) provide four of the 16 possible cases).

(2) Following Remark [7.7] the quasi-triangular quasi-Hopf algebras Q(2n, ) for the other
three choices of § are simple modifications of the Drinfeld double of H(2n) by the 3rd
abelian cohomology classes of 7.

(3) It is shown in [DR3l Thm.6.11] that SF(N, §) contains a Lagrangian algebra L iff N
is even and § =1 (see [DR3] for definition and references). This implies that precisely
in these cases SF(N, ) is equivalent as a braided category to the Drinfeld centre Z(D)
of some other (non-unique) finite tensor category D [DMNO), Cor.4.1], e.g. one may
choose D = L-mod. Proposition shows that D can also be taken to be Rep H(N).
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7.4. Some special elements of Q

The Drinfeld twist f of a quasi-Hopf algebra expresses the deviation of the antipode from
being an anti-coalgebra map via

(7.34) FA(S(a)) = (S® S)(A®(a))f, acA.

Its expression in terms of quasi-Hopf algebra structure maps is given in ((1.15]) following [Dr2].
When evaluated for Q, one quickly checks that the general expression reduces to

(7.35) f=e®1+e @KVey+ f*(—iK)Ne; @ e .

As reviewed in Section [2.2.2] the canonical Drinfeld element w and the corresponding
element w with inverse braiding defined as

(7.36) u= > S(9:85(23))S(Rz)aR Py,
(®),(R)
a= Y S(PBS(®3))S((R)2)ax(R )@ .
(®),(R~1)

Lemma 7.12. In Q the elements w, w and u=! take the form
N

(7.37) u = (eOK + elﬂ(—iK)N) L -2
=1
N
G =u"= (eoK+ e g7 (—iK)") - [](1 + 267, K?)
i=1

PROOF. We start with the expression for u in ([7.37)). We give the details for sector 0,
the computation in sector 1 is similar.

In sector 0, the first equality in (7.36)) reduces to u - ey = S(Ra)R; - €g. Define the linear
map 7: Q®Q — Q, a®b— S(b)a, so that u-ey = T(R) - eg. The last factor of R in (7.15))
can be written as

(7.38)

N
X=[[ae1-20w_@f)=101+ >  (-2"w_-fw @ff - f

im
=1 1<m<N
1<i1 <. <t <N

We need to compute

(7.39) T(R)eo=T(3(101+10K+K®1-KaK) - X)- €.
To do so we use that for a,b,z,y € Q such that S(y)T'(a ® b) = £T(a ® b)S(y) we have
(7.40) Ta®b - zy)=+T(axb) - T(rxvy) .

Then, together with w_ey = Key,
(7.41) TE1®1-KoK)-X) e =(1-K)T(X)eg=0



7.5. INTEGRALS 97

UK KE 1) X) o= K(1+ 372" K- FIK K K) e

=K1+ D2 R ) e
N

=KJJ(@—2f") e .

i=1
as required.

1

The expression for 4™ is an immediate consequence of the following identity, which is

easily verified:

(7.42) (ﬂu - 21g.+1g.))_1 - ﬂu +2fHFK?)

i=1 =1

Finally, @ can be calculated from the identity @ = S(u™!), see (2.54)). O

In a ribbon quasi-Hopf algebra, we define the balancing element as [AC]
(7.43) g=pBSa)v'u,

with the canonical Drinfeld element w defined in . The balancing element g is group-
like. We recall from Section that the pivotal structure is given by the action with v='u
(as in the Hopf case). The balancing g appears in the expression for the categorical trace tr®
of a morphism f: M — M:

(7.44) trc(f) =evy o (f ®id) o coevy = try(go f)

where we used the expressions for evaluation and coevaluation in (2.31)) and (2.53)). In par-
ticular, the quantum dimension of M is try(g).

Combining ([7.12)), (7.16) and (7.37)), in Q we find the balancing element to be
(7.45) g = (eo— (—1)if%e K .

Remark 7.13. For even N the element g equals wy for 2 = F1, while for N odd g = K*! for
3% = Fi. Given a pivotal structure on a monoidal category with left duals, all other pivotal

structures are obtained by composing the given one with natural monoidal automorphisms
of the identity functor. In Rep Q, these are given by acting with group-like elements in the
centre of Q. It follows from Propositionbelow that these are precisely {1, K?}. Modifying
the pivotal structure by K? has the effect of replacing 32 by —3? in (7.45)).

7.5. Integrals

A two-sided integral of a quasi-Hopf algebra A is an element ¢ € A such that [HN|
Def. 4.1]

(7.46) ca=c¢c(a)c=ac , forallae A.
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In [BT, Sec.6] it is shown that factorisable quasi-Hopf algebras are unimodular. Together
with [HN| Thm. 4.3] this shows that the space of two-sided integrals is one-dimensional. It
is easy to see that every element in Q of the form

(7.47) c=v2NBfH . fifye(1+K) , veC,

satisfies (7.46). Indeed, cK = ¢ = Ke and c¢ff = 0 = ffe. The prefactor v2V5? will be
convenient later, when a normalisation condition will require the constant v to be a sign (see

Proposition [8.4] below).

7.6. The centre of Q

We define

(7.48) fel 1TiK H (1 — 2fHf7)

Lemma 7.14. The elements ef are central orthogonal idempotents. Moreover, the ribbon
twist acts on eF by a scalar:

(7.49) vl-ef =+p7lef .

PROOF. It is easy to see the commutativity property of eli. For example, since

(7.50) K(1 —2ff)ffe; = —Kffe; = f7K(1 — 2f f ey

et commutes with f;".

The orthogonality and idempotent property follow immediately from e;(1—2f;f. )% = e,

see . In order to prove we express e7 in terms of v from as
(7.51) et = jel(1+47'v)

Together with 3~ lve; = Sv~le;, this gives

(7.52) vief =le(v ' £871) =87 ey (£Bv T +1) = £57 et

2

Proposition 7.15. The centre of Q is Z(Q) = 2o @ Z,, where

2k N
(7.53) 2 = span@{eoﬂffj|/<:§N/2,¢j:1,...,N, 5j:i} ® CKeo [[F/F; .
j=1

i=1
Z, = spanc{e;,e; } .

It has dimension 3 + 22N-1,
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PRrRoOOF. From we know that the ideal Q; is a direct sum of two matrix algebras, so
its centre is two-dimensional and is therefore spanned by the central idempotents e from
Lemma . It remains to compute the centre Z, of Qy. For an element of Qy to commute
with K, it must be a sum of monomials in fiieo of even degree, where each monomial can be
multiplied by K, that is,

2k
(7.54) Z, C spanC{K5Hf27eo [k<N/2,ij=1,....N,e;==+,6 € {0,1}} .

j=1
Any monomial from RHS of (7.54) with 6 = 0 obviously commutes with f*, for 1 < i < N,
while a monomial with § = 1 commutes with all f¥ iff it is annihilated by all f*. This gives the
expression for Zj in (7.53)). Since the C-linear span of the even degree monomials (multiplied
by €g) has the dimension 22N~1 the overall dimension of the centre is

(7.55) dime Z(Q) = 3+ 221,

7.7. Simple and projective Q-modules

Recall the decomposition ([7.4]) of Q onto the direct sum of two algebras Qo @ Q; where
the first is the Grafimann algebra times Z,, which is non-semisimple, while the second is

the Clifford algebra times Z,, which is semisimple. Therefore, the algebra Q has up to an
+

S 7

with s = 0,1, and where
X& € Rep Qp while X{ € Rep Q;. They are of highest-weight type: X& are one-dimensional

isomorphism only four simple modules that we will denote as X

of weights 1 with respect to K and with zero action of f, i.e. they are spanned by v such
that

(7.56) Kog =+vf, o5 =0;
XF are of the highest weights =i, i.e. they are generated by vi such that
(7.57) Ko =+ivf |,  fraof=0.

A basis of X{ is given by the set

N

(7.58) {v;t - U(f,j)i’“.vli ) i = (ir,... i), ir € {0,1} } .

In particular, the dimension of Xi is 2N. In terms of the primitive central idempotents e}

from (7.48)), the modules X{ are Qe and the generating vector v can be obtained within
Q as H?I:l f-eF. The modules Xi* are therefore projective.

We note that

(7.59) et = 5(1+K)eg
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. oy . + o + _ 4+ + o + .
are primitive (non-central) idempotents and Key = ey K = +ej. The module Py := Qe is

therefore a projective cover for Xg. It is indecomposable but reducible and has the basis

(7.60) P span{ ( ﬁ(f,j)’: (fk’)i’:) et

k=1

it i € {0,1} } .

22N 22N—1

The dimension of P§ is thus and each of them has copies of XZ in its composition
series. We can finally conclude that the Cartan matm’aﬂ C(Q) is

22N—1 22N—1 0 0
22N71 22N71 0 0
0 0 10
0 0 01

(7.61) Q) =

One can check now the dimension of Q by decomposing it as the left regular representation:
Q =Pd @ Py @ 28X] @ 2NX; and this indeed gives dim Q = 22N+2,

7.8. Basic algebra

The basic algebra of Q is F := Endq(Gq) where Gq is the minimal projective generator
(7.62) Gq=Pl ®P, & XI & X] .

In what follows, we will need a description of this algebra. Recall from ([7.5)) that A := Ay is
the subalgebra in Qg generated by fe,.

Lemma 7.16. E°° = (A @ Cex) x CZ;, where

e ex denotes the idempotent corresponding to X{ ®X[ , i.e. it acts as identity on X ®&X]
and as zero otherwise,

e a €A acts on Py ® Py = Qo by right multiplication,

e the generator k of the group algebra CZy acts on P{ @ Py by right multiplication
with K which 1s £id on Pg; on Xli it equally acts by +id,

e the algebra structure is that of A ® Cex with ka = —ak for all a = fey, kex = exk.

PROOF. We have the decomposition End(Gq) = FEy ® E; where Ey = Endq(Py @ Py)
and F; = Endq(X{ @ X{). The latter algebra is a direct sum of two matrix algebras of
dimension 1 each, and is isomorphic to the algebra Cex x CZ; from the statement. We
then note that P{ @& P, is equal to the left regular representation of Qp, with the action by
left multiplication. The algebra centralising this action is given by Qg” which acts by right
multiplication. Therefore E” = Q. We then recall from that Qo = A x CZ,, with the
same 7 action as in the statement. The fact that K acts by =id on the direct summands PZ
follows from the identification PT := Qe, recall . This finally proves the lemma.  [J

Tts matrix elements are the multiplicities of the simple Q-module V' in the composition series of the
projective cover Py of U, i.e. C(Q)y,y = Homq(Py, Py).
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Remark 7.17. In the above lemma we give E°P instead of E as we describe the endomorphism
algebra via a right action. However, from the defining relations of Q it is easy to give an
algebra isomorphism E°? — FE, e.g. via the antipode S. We also note that Rep Q is equivalent
to Rep E as abelian categories, i.e. Q and E are Morita equivalent, and E is the minimal
algebra with such a property.

We recall then the equivalence stated in Theorem (we need only the equivalence of
abelian C-linear categories) and given by the functor F: SF — Rep Q. Under this functor,
the projective covers are mapped as F(P;) = P¢, F(Pm) = Py, F(T) =X, and F(IT) =
Xq , recall . In particular, the minimal projective generator in SF
(7.63) Gsr=PL®PpnoTolT=MAeT)oCH
goes to F(Ggr) = Gq.

We denote the functor inverse to F, as a C-linear functor, by J : RepQ — SF and J =
E oH, where £ is given in the proof of Proposition and H in the proof of Proposition

~

To describe Endsr(Gsr) explicitly, consider the isomorphism ¢ : A® CH' = 7(Qo) given by
(7.64) W f®vr—>f-(voear—|—vlea), fen veCl,

where vy, € C is the even/odd component of v. Using this isomorphism, we have that the
endomorphism R, of Qp from Lemma [7.16] given by the right multiplication with a € A goes
under the functor J to

(7.65) Vv o J(Ry)ot: A@Ct - A CH |
fRui f-a®Il%e%y .
Indeed, the shift of the degree part is due to
(7.66) VT (Ra(fey)) = v (feg -a) =7 (f-aef) = f-a@TI(-) |
for odd a. Then, as a corollary to Lemma [7.16] we get:

Corollary 7.18. For the minimal projective generator G sz the opposite algebra of Endsz(Gsr)
is (N ® Cer) x CZy where

e er is the idempotent corresponding to T’ ® 11T,

e the generator k acts by id on Py and T and by —id on Py and 11T,

e the element a € A acts as in ,

e the algebra structure is that of A ® Cer with ka = —ak for odd a, ker = erk.
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8. Properties of the coend in RepQ

In this section we investigate the universal Hopf algebra £ of Rep Q, which can be ex-
pressed as a coend of a certain functor. We refer to Sections[4.1]and [4.2]for general background
and references on the universal Hopf algebra of a braided monoidal category with duals, and
to Section for the particular case of categories of representations of quasi-triangular quasi-
Hopf algebras.

We give explicitly the Hopf algebra structure and Hopf pairing on the universal Hopf
algebra L of Rep Q, we verify by direct calculation that the Hopf pairing is non-degenerate,
and we describe the integrals and cointegrals of £. In section [8.4] we also calculate the central
elements corresponding to internal characters of L.

8.1. The universal Hopf algebra £

By Proposition 5.8, universal Hopf algebra — described by a coend £ in Rep Q — can be
chosen to be the object £ = Q* equipped with the coadjoint action

(8.1) Qe Q" —Q, a®pr Y o(Sd)(-)a")
(a)

and the dinatural transformation
(8.2) v M* M — Q" p@m— (a p(am)), MeRepQ

(see Figure [l| for a string diagram representation).

We define the contraction maps
(8.3) (-, —):Q¥eQ—=C, (p,a) = p(a) ,
(- Qe eQeQ—C, (p@Y,a®b) = p(b)y(a) .

As in Section [5.2.2, we will express the Hopf algebra structure maps of £ in terms of their
duals as follows (f,g € Q*, a,b € Q):

(8.4) (he(f®@g),a) = (f@g, icla)) . Q- QeQ,
(Ac(f),a@b) = (f, As(a®b)) , As:Q®Q—Q,
77[;(1) = (CLH??[;(CL)) s ﬁLZQ—>C,

ec(f) = fl(ér) , éreq,
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<S£(f)7 Cl> = <fa Sﬁ<a)> ’ S’E:Q_>Q ’
we(f@g) = (f®g, o) , weEQ®Q.

Proposition 8.1. Via the dualisation in (8.4)), the Hopf algebra structure maps and the Hopf
pairing on the coend L = Q* are given by

(8.5) ic(a) = D (KM RKY™) o a/ @ (K" b a")Ry - e, @ ey, |
(R),(a),
n,meZa
Ar(a®b) = ba,
fe(a) = e(a),
Ep =1,
Se(a) = > S(aRy)aR,
(R)
Gr = Y S(M) @ Mieg + S(K™VMK") @ Me;
(M)

where h>a := Z(h) S(h')ah" defines an action of Q°® on Q, and @ was defined in (7.37).

PRrROOF. Applying Theorem the only non-trivial equalities in (8.5]) are the first two
and last one. Note that for the calculation of 7, we used ¢(8) = 1. By the same theorem we
know that

(8.6) fic(a) = Z [S(Cbz‘l’lRlz‘i’%) ® S(q’l‘iﬁ)] - f
(©),(¥),(¥),(R) - -

INCSHAANENAS]B

where U = &' ¥ is another copy of ®!, and f is the Drinfeld twist from (7.35). We

compute the result sector by sector. For this, it is useful to expand f and ®*! sector by
sector first:

q)il
000 111
i 001 1211
00 11 010 111
(8.7) 01 121 100 1211
10 1@ KN 011 111
11| ()M @ KN 101 111
110 11 KN
11| A+ @1 e KN

The elements f and ®*! are recovered from these tables by summing over the idempotents
e, ® ey (resp. e, ® e, ® e.) multiplied with the corresponding entry of the table.
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We now give the contribution of each sector to fiz(a). In doing so, we indicate which
sectors of f,®, W U R contribute to the expression (the equalities in sectors ij are true up
the multiplication with the corresponding idempotents e;®e;, here we omit them for brevity):

00: f:OO,CI):OOO,\IJ:OOO,\iJ:OOO,R:OO

SOIS(RY @1]-Aa) - [R§@ Ry = > Ryvd @a'Ry
(R) (R),(a)

01: f:01, ®:101, ¥:001, U:110, R:10

Y SRR @1] - Afa) - [RIKN@ Ry = ) (RoKY)pd' @ d"Ry
(R) (R),(a)

10:  f:10, ®:011, ¥:110, ¥:000, R: 00

> ISRy ®1]-1@ KN - Afa) - [Ry ® (KNRy)]
(R)

= Y Rypd @KYa'KNRy = Y Rypd @ (KNpd")Ry
(R),(a) (R),(a)

11: f:ll,(I):ll(],\11:111,@:110,}2:10
(BN [S(RKY) @ 1] -K¥ @1 A(aK) - [ReKN @ KN Ry
(R)
= > SRKNHKNIKNRIKN @ oK Ry
(R),(a)
= > S(KNRKNKNRGKN @ o Ry
(R),(a)

= Y (KYRKY) o d' @ Ry .
(R),(a)

Combining the four sectors above results in the expression for fiz(a) given in (8.5)).

In order to determine A » we have to calculate

(8.8) A(a®b) =" S(D1)bDyS(Ds)aD,
(D)

where D = (Id®id®@A)(P)- 1P 1 10821®1, see (5.42) and (5.43)). Note that we
need D only in sectors 0000 and 1111 which are 1%* and 1 @ KN @ KN ® 1, respectively. It

is then immediate that (8.8) reduces to Az(a ® b) = ba as claimed in (8.5).
The Hopf pairing is given by (see (5.42)) and ((5.43))

(8.9) Gr = Y S(Ws)W, @ S(W1)Wa
(W)
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withW=1®a®1l®a) 100 - 1Mx1) - (12?)- (idid® A)(P!). Recall
from (7.12) and (8.7), that & = 1 and that ® is non-trivial only in the third tensor factor.
Thus W simplifies to

(8.10) W=1M®1)- (ideid® A)(®").

To compute w, we only need the following four sectors of W:

W
0000 [1® M ® 1
(8.11) 0011 1@ M ®1

1100 | (1o M®1)- (11 KN eKY)
M1 1eMe1)- 121 KYeKY)

From this it is straightforward to read off the expression for w, in (8.5)). O

2. Non-degeneracy of the monodromy matrix

We compute the monodromy matrix (or double braiding) M = Ry R € Q ® Q. For this,
we need the identities (for any n,m € Z,)

(8'12) f* ® ffw_ - Prm - €n & €ny = <_1)m+1pn,m frw Rff-e,® ey,
(note that w_ = (eg — ie7)K appears in different tensor factors) and
(8.13) (Pmm)21 * Prm - €n @ €y = (=1)""KT" @ K" - €, ® €, ,

where (pm.)21 stands for the flip of p, ., from (7.14]). Then, using the expression (7.15)) for
the R-matrix the computation is straightforward:

1

(8.14) M =RyR= Y (-8°)"K"e,@K"e,

n,m=0

xH{ (1e®1+2(— )mfjw_®f;)(1®1—2fJW—®ff)}-

Lemma 8.2. The M-matriz is non-degenerate, i.e., it can be written as M =, 91 ® f1,
where {gr}rex and {fr}iex are two bases of Q, for some indezing set X.

PRrROOF. Using the expression ({8.14]), we can rewrite M as

M = 21: 21: 21: (_/@2)”771221’(51‘“!‘“)(_l)zi(mti—i-si)

n,m=0 s1,t1=0 sn,in=0

(8.15)

N

x Kre, [T (F,) @ K"emH

Jj=1
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where ), stands for 21\1:1 and ?]i = f]iw_. This expression suggests to introduce two bases

in Q,

N
f1=Kren [ L) () .
j=1

(8.16) .

g1 = (—5) S e () mekme, T (R ()

j=1

where the indices I run over the set
(8.17) X = {(n,m,sl,tl,...,sN,tN)|n,m,3j,tj €y, j= 1,...,N} )

We then have M =", y g; ® f; and thus the statement of the lemma is proven. [

As a consequence of Lemma , we have that w, is also non-degenerate (the antipode
S and the conjugation with K map a basis to another basis) and this is a direct proof of

Corollary [7.8]

8.3. Integrals and cointegrals for the coend

Since Rep Q is factorisable (Corollary , L = Q* has a one-dimensional space of two-
sided integrals Ay : C — L (see Proposition [4.18] due to [Ly1]). This space of integrals
contains an element (unique up to a sign) normalised such that wy o (A ® Ay) = idc.
From Lemma (due to [Ke2|]) we furthermore know that there is a two-sided cointegral
A¥®: L — 1 such that AP = w, o (A, ®idg).

In this section we give Ay and AP for £ = Q* in the above normalisation. We refer to
Section for our conventions for integrals and cointegrals in braided categories.

By Proposition the integrals on Q from ([7.47)) define cointegrals on £ = Q* by
(8.18) P =(—,c) Q™.

To describe the integrals of £, let B,, = {K™, fi K™ fiK™ fiHfiK™, ... 7 - fifgK™}, so
that B = Ufn:O Bm is a basis in Q. We use the basis dual to B to define the element AL cQ*
as

N

(8.19) A= (—1)Nu6221’N<Hfjfi’>* ,

i=1

where v € C is the same constant as in the definition of the integral for Q in (7.47). In what
follows, we will use several times the following simple lemma (whose proof we omit).

Lemma 8.3. Let {w;}iex, for some indexing set X, be a linearly independent subset of Q
such that each wy is a monomial in the generators = and K. Assume that a central element
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z € Z(Q) can be written as

(8.20) z:Zqul, are€C, ar#0.

Iex

Then each w; commutes with K.

Proposition 8.4. The linear map Ap: C — L given by Ap(1) = Az is a two-sided integral
for L. For v € {£1} this integral satisfies

(821) Wre O (AE X AL> = ld@ y (ZO e} A£ - ld@ .

PrROOF. We know that A® in (8.18) is a cointegral for £. To show that A, is a two-sided
integral, by Lemma it is enough to verify the identity A® = wyo (A, ®idz). In the present
setting, this is equivalent to (—, ¢) = we(Az ® —) or
(8.22) =Y (@)1 Ac((@e)2) =D Ap(My)S(My)

(we) (M)
where for the last equality we used Lemma (each non-zero term in the sum commutes
with K).
RHS of (8.22)) =

1 - -
> (=87 ()N AL (K™ ey ffw_frw- . flw_fyw ) S(K enfi fi .. fyfY)
m,n=0

= (=2)"vB%(S(eof; fi .. . fxfY) + S(eofy fi .. . f5fK))
= 2NuBef .. iy (1 +K)=c.

= 5m,0 1/5227N
'\

It remains to show that the normalisation condition holds. Indeed, we have
A A A ~ . B2 4
(823) (,UL<A£ (29 Ag) = <AL X A/; s w5> AL<C)

= NUB A (eofify .. i) =12 =1.

8.4. Internal characters and ¢,

We first recall that the internal character of V€ Rep Q is the intertwiner from the trivial
representation to the coend L given by (see [FSS, [Sh1])

(8.24) wo= 1255 viev S L),

where we follow conventions Section[5.1.2] Via the isomorphism Homgq(1, £) — End(Idrepq)
given in , the internal characters xy correspond to natural endomorphisms ¢y of
the identity functor. For C = RepQ, under the categorical modular S-transformation
Sc: End(Ide) — End(Ide) in the images ¢y of the internal characters are mapped
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to natural endomorphisms S¢(¢y ) which are the “Hopf link operators” in ([5.23)). We also
recall from Corollary [5.5{and Theorem [5.6| that the assignments [V] — ¢y and [V] — Sc(¢v)
are injective linear maps Gre(C) — End(ide) (the second map is actually an algebra map).

Both, ¢y and S¢(¢y) will be useful in the computation of the S-transformation on the centre
Z(Q) in Section [9] and when comparing SL(2, Z)-actions in Section

Let us identify yy with their images x1(1) € Q*. These are then given by the ¢-characters

(8.25) xv(=)=Try(s- —), x=utvS(8),
where explicitly
(8.26) = (eg—if%e))K .

The ¢y € End(Idrepq) correspond to central elements ¢y € Z(Q), see Section We
now compute the ¢y for all simple modules V.

Lemma 8.5. We have

(8.27) dv =Y ¢ @xv(S(c)
(e)
and, 1 particular,
N
(8.28) Oy = V2V (K £ 1)ey I16+ Oy = v 2" e
i=1
PrOOF. Recall from Section [5.2.5 that
(8.29) ¢y =Y Fitry(u'vF),
(F)
where
(830) F = 8(,3) Z ‘Illc'CI)l X S(\IJQC//(I)Q,B)Q\I/:;(I)g and W= (I)il .
(9),(®),(c)

It is straightforward to see that for Q we have
(8.31) F=> cdas('B),
(e)
which together with (8.29)) proves (8.27)).
Next we compute from ((7.47)) that

(8.32) Ale) =a(1®1+K*®K?) (1® 1+ A(K))
N
< [[ @1+ ffw_ef —fu, @ff + K@),

i=1

where a = v 28152,



110 8. PROPERTIES OF THE COEND IN RepQ
We note that for any x € Q we get
(8.33) Try:(ejz) = 6; ; Tryx(z) , 4,5 € {0,1} .

Recall in Section that Xi have the trivial action of f*. Therefore, in the traces over Xi
only the basis elements K", 0 < n < 3, have non-zero contribution. Then for V' = X(jf and

using (8.25)) together with (8.26)) we get

N
— APV +—
(8.34) Oyt = Z Try(Ke")d' = 2a(K £ 1)eg Hfi f,

(e) i=1
where we used that only the components with ¢ = K™ contribute to the expression, and that
S(K"ey) = K"eq. This gives the first expression in (8.28]).

For the computation of ¢X{c we first recall that Xf are simple projective, as discussed in
Sectionﬁ It then follows form [GR3| Eq. (7.5)] that ¢y = biei for some non-zero by € C.
To determine by it is enough to act on the highest-weight vector v € X7 defined by (7.57).
We then note that in the expression

(8.35) byvg = =i Y Trys (KS(e")) g
(©)

only the term a(1 ® 1+ K2 @ K?)(1 ® 14+ A(K)) (KN ® H?I:l ff;) in A(c) gives a non-zero
contribution: the other terms either have f; in ¢/, and therefore are zero on v, or have

f,” without f,_ in ¢” and therefore zero in the trace. Within the trace Tryz(—), we replace
el S(TTL, 7)) = el [IL, f;f. Therefore, we need to calculate the trace of the operator

K" H}L.\Ll f-f". For any n, this operator in the basis v;t from (7.58)) is given by a diagonal

7 7
matrix with one-dimensional eigenspace of non-zero eigenvalue — spanned by v(jf. We thus

have Try+ (K™ H?I:l f7f,7) = (&i)". Using this, a simple calculation finally gives

(8.36) Oy = v 2VFlet

which agrees with the second expression in (8.28]). [
The Hopf link operators 8¢ (¢y) € End(/drepq) correspond to central elements xy € Z(Q)

given by

(8.37) xv = > trv (S (aMa®s)a Ueds) Wi M, @
(®),(2).(M1)

see ((5.75). We now compute the xy for all simple Q-modules V.
Lemma 8.6. We have

(8.38) Xv =Y _try (3 S(My)) M,
(M)
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and on simple V :

_ _ Q2N + N _
(8.39) Xx: =erten, Xy =+8% KeOHff +2N(ef —ey) .
j=1

PROOF. It is straightforward to see that for Q the expression in (8.37)) reduces to

(840) Xv = Ztrv(%S(M2>)M1 .
(M)
We first compute
(8.41) Xxz = Y trye (KS(M)) My = €1 + e
(M)

where we used that only the Cartan part of M in (8.14) contributes into the trace over X7 .

Next, to compute Xx we study the action of these central elements on all the four
projective covers, actually on generating vectors of the covers. Recall that they are vf for X

and ef for P, recall (7.59). The point is that only very few terms in an expansion of Xxt
will contribute to the action. To start we act on v{, a = =,

(8.42) Xxz V] = —ip? Ztl‘xi K S(My)) My = a2Nof |

(M)
where again only the Cartan part of M (actually just the n = m = 1 term) contributed into
the non-zero action. Next, we have

N
(8.43) Xxz-€f = =132 tryr (KS(My)) My.ef = +af4V [ /f; e

(M) j=1

where we also noticed that only one term in the expansion of M:

(8.44) M = (—1)V4V (Key @ e1) Hf*f Hf 4.
7j=1

contributes, otherwise the trace over Xi is zero. We used here

(8.45) Trg (K ] £7F) (=1%o -
k terms
Combining (8.42)) and (8.43)), we finally get
(8.46) Xxt = :I:624NKeOHf+f +2N(ef —e]) .
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9. SL(2,7)-action on the centre of Q

In this section, we specialise the projective SL(2, Z)-action on the centre Z of a general
factorisable ribbon quasi-Hopf algebra obtained in Section to the symplectic fermion
quasi-Hopf algebra Q. The result is summarised in Theorem [9.3]

By Theorem [5.19 in general the S- and T-transformations are given by the following
invertible linear endomorphisms of Z, for z € Z,

9.1) S2(2) = > W BS(L) (@5)1\1/3/15(&((@5)2@042)),
(0),(or)
(9.2) Tz(2) =v 'z,

where ¥ = &1, the dual structure maps Az, &, are defined by (8.4). We evaluate (9.1)
for the quasi-Hopf algebra Q using the map A, and the explicit form of @, computed in
Proposition (8.1}

(9.3) Sz(2) =Y (@)1 As(2(@p)2) =D Apr(Mi2)S(My) |
(@r) (M)

where we also used the fact that in the sum all non-zero summands commute with K, recall

Lemma and that 8z(z) is central. We also recall that A, is given in (8.19).

Our aim is to give a decomposition of the SL(2,Z)-action (9.2)), (9.3) on Z = Z(Q). In
Proposition [7.15] we described a decomposition of the centre Z = Z; @ Z; and a basis in it.
In what follows, we will need a slightly different decomposition:

(9.4) ZQ)=2p® 2,
with
(95) ZP = Span@{ ¢P(T ) ¢Xf ) ¢X1_} )
2%k
Zp = span@{eOHfi? |k <N/2,i;€{l,....N}, ¢; = :I:} ,
j=1

where Zp is spanned by the internal characters ¢y for V' projective, while Z, is the centre
of Aon from ([7.5)). The central elements ¢X§ are given in (8.28]). For qbpg, recall that the
map V +— ¢y factors through the Grothendieck ring (as reviewed in Section and see also
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Section |5.1.2)) and thus using the Cartan matrix in (7.61]) we can write
N

(9.6) Bp: =271y + 2NN = v 2N BKeg [ [ F1F
i=1

This shows that (9.4)) is indeed a decomposition of the centre Z(Q) as computed in Proposi-
tion [.15l

From [GR3, Prop.7.1& Cor. 8.5] we know that Zp is an invariant subspace of Z(Q) for
the SL(2,7Z)-action. The next lemma gives the action of 8 and T on Zp.

Lemma 9.1. The restriction of the linear maps 8z, Tz from (9.1) and (9.2) to Zp in the
basis (9.5)) is given by the matrices
0 2N 9N 1
(97) SZP =V oN=1 1/2 1/2 , (-TZP =10 ﬁ_l 0
2N 172 1)2 0 0 -7t

ProoOF. To compute the S-transformation on Zp we use the relation stated in Corollary

(.20,
(9.8) Sz(év) =Xxv

where the central elements xy are given by (8.38) and were computed for simple V' in
Lemma . Applying this formula for V' = X} and using (8.39) together with (©-6), we

can write

_ 1
(9:9) 2(0x) = xxt = V(42 g + Lo + )
This gives the second and third column in .

As discussed in Section (see also Section [5.1.2)), the map V +— xy factors through
Grc(Rep Q) and therefore we can write Xpi = 22N*1xxo+ + 22N*1XX5. Using (8.39)) together
with the expression for ¢X1i in ([8.28), recall that e; = e] + e, the relation for V = P§

(9.10) SZ(¢PO+) =Xpf = V2N71(¢x{r - ¢x1—) .

This finally gives the first column in and it finishes our calculation of 8z,,.
For the T-transformation (9.2)) we use the expression (7.17)) for v=!. This immediately
gives the diagonal matrix for T with the entries {1, 7, —3~'} in the basis { P s Bxt > Px- }.
O
Let U; C Qo be the subalgebra U; := spang{ey,f; ey, f; eo, f;'f, ey}, with 1 < ¢ < N.

)

Consider the injective linear map ¥ : U; ® - - - ® Uy — Qq given by

(9.11) Hap ® - ®ax) :==ay---ax -



9. SL(2,Z)-ACTION ON THE CENTRE OF Q 115

Note that this is not an algebra map. Write U, C U; ® --- ® Uy for the subspace spanned
by all homogeneous vectors with an even overall number of fii’s. In other words, U, is the
eigenspace of (K(—)K™1)®N of eigenvalue +1. The direct summand Z, of the centre in (9.5))
is the image of U,

(9.12) 2, =9(U,) .

In particular, 9|y, : Uy — 2, is a bijection and below we use 9~* on elements from Z,. With
the help of ¥ we will now describe the S- and T-transformations on Z, as a tensor product
of linear maps SfZA,‘J'%A: U — U, fori=1,...,N.

Lemma 9.2. 8z and Tz from (9.1)-(9.2) map Z, to itself. The restrictions of 8z,Tz to Z,
are given by
(9.13) Sz|, = Vo (y52. (8L ®--- ®sg)|U+> o0t

(9.14) Tzl,, = 90 (T5, @ @TL,)|,, 007",

where the individual maps 8, , T are given in the basis {ey,f; ey, eq, T €o} of U; by the
matrices

000 —271 100 0

‘ 010 0 , 0100

(9.15) Za 001 0 ’ Za 0010
200 0 200 1

In particular, the restriction of 8% to Z, is the identity, and Tz has Jordan blocks of mazimum
rank N+ 1.

PROOF. We first recall that the S-transformation 8z for Q was given in ((9.3]). Using the
explicit expression of M from (8.15)), Sz on a central element z becomes

1 N
(916)  Sz(z)= D ()RR (e, K () (7))
n,m,t1,s1, ]:1
-onstN,SN=0

X €S (K" H(fj—)ta' (F1)~) .

Our aim is to calculate 8z(2) on Z,. Recall the basis elements of Z, in , they are
all in Zey. Therefore the terms with n = 1 are zero in the sum ((9.16)). Then, we recall Ag
from (8.19) and as a basis element of Z, has even number of fi* the sum Zj (t; + s;) should
be an even number too, otherwise the value of Az on the corresponding element is zero. As
>.;(ti + s;) is even, the factors of K in eoﬂi = eoffK cancel (resulting in signs), and so the
term Ag(---) in (0.16) is zero for m = 1. Combining all these observations, for z € Z, we
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have
(9.17)

N

1
> a5 e (e [ Yeos ([L6)76)).

t1,81, 7=1 7=1
...,tN,SNZO
where the sign (—1)2:(*+5)/2 arises when cancelling the factors of K contained in ?f (it helps

to rewrite the product as in (9.18) below to see this). It is clear that we can write any basis
element of Z, from (9.5)) in the form

2k M
(9.18) 2= (Hf;?)(Hf;jf,;j>eo,
j=1 j=1

for some 1 <k <N/2and M,i;,k; € {1,...,N} such that i; < --- < iy, and ¢; € {£}. The
essential part of the calculation is to analyse the coefficients A, (zeq [1,(f)5(f ) ) in the

sum . For a given z as in (9.18] - the 2N-tuple {t1, s1,...,tN, Sx} here is unique because

2N e 1(f+)t7(fj )% should be proportional to the support of A, recall (8.19). We thus get

that Az(---) is non-zero iff, for the same index choice as in (9.18)),

(9.19) N (GaR Sﬂ—(Hf‘EJ)'(NlMT ff)

j=1
where the [, take the N — M — 2k values in {1,...,N} which are different from all i;, k; in
(9.18). Note that this Set of [,,’s is unique. After reordering the generators fjE the element
within Ag(...) is (—1) e, HJ 1fj+f I We also note that the 2N tuple corresponding

to (9.19) gives

(9.20) Stits)=2N-M—k), S si=N-M-2k+_> (5+1).

We thus get for (9.17)) the following expression, for z as in ((9.18)),

2k N—M -2k

(9.21) 82(z) = 22N-M=K)} Hf*f 605<<Hf5> ( I1 fl;flw)
=1 n=1
N—M -2k

(1) (f[ @) (11 ).

n=1

ITo get the sign, first we write HJ 1 f7 . Hjil f;sj = (=1)* ijl ffj fi, “7, where f°! is commuted past

€2

an odd number of fermions, so we get —1, then f, “* is commuted past an even number of fermions, so we

get +1, etc. — this explains (—1)*. Then to reorder ff;f;gj we do nothing if ¢; = +1 and get —1 otherwise.
ok 1-¢j 152k
Thus we have to multiply by (—1)25=t 2. This together with (—1)* gives the sign (—1)2 2i=1%
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where the [,, are as in (9.19)), and where we used our assumption that i; < - - < iy, and thus
had to reorder ff] 7’s after the application of the antipode S. It is now clear that the image of
Z) under 8z is Z, itself. We also note by a direct calculation that 8%(z) = 2.

Our aim is now to check the expression in (9.13)) together with (9.15). Recall that the
bijection ¥ was defined in (9.11]). Then having z as in (9.18)), its image under ¥~! has the
form (of course here for a particular choice of i;, k;)

(9.22) '(2)=e®.. Qe @ef! @...@eff, ©...®e€.

The action of each tensor component Sizl\, as defined in (9.15)), replaces eq in the i’th factor
by 2f;"f eq and f;"f; ey by —5eq, while does nothing to the factors eof;'. With this, it is now
straightforward to see the equality in (9.13]) using the final expression in (9.21)).
For the T-transformation on Z,, we use the expression ([7.17)) that can be written as
N

(9.23) vley = H(l + 2f7f, ey -

k=1
It is therefore clear that Tz acts on Z,. Recall that the injective linear map (9.11)) restricts
to an isomorphism 19|U+: U, — Z,. Note that

(9.24) I (v teg) = (e + 2f f e0) @ (eo + 2f fy e0) @ ... @ (eo + 26 fyeo) -

It is easy to check that, even though 19} v, U, — Z, is itself not an algebra map, when
restricted to the subalgebra of Qy generated by ff; ) 1 < i < N, it does become an algebra
map. In particular for v=ley we have 971 (v712) = 97 (v ley) - 971(2) for all 2 € Z,.
Thus Tz|z, acts on U, by multiplication with . From this, we immediately get
with .

Finally, from the Tz(ey) we see that Tz has Jordan blocks of maximum rank N+1. Indeed,
recall that Jordan blocks of a given dimension behave under tensoring like irreducible sl(2)-
modules of that same dimension. The matrix T% in has one rank-2 Jordan block and
two rank-1 blocks (use the basis {2f;"f; e, e, f; €, f;"€o}). Thus the maximal rank Jordan
cell in the tensor product arises from from tensoring the N rank-2 blocks. This corresponds
to the tensor product of N fundamental sl(2)-modules, which decomposes into a direct sum
with the largest irreducible summand being of dimension N + 1. [

As a corollary of the two last lemmas we have the following theorem.

Theorem 9.3. The projective SL(2,Z)-action on the centre Z of Q given by the linear maps
S8z and Tz from (9.1)-(9.2)) is
(9.25) 8z=28z,®8z, , Tz=Tz, 07Tz, ,

with the constituent maps as defined in Lemmas and . We have 8% = idz and Tz has
Jordan blocks of ranks up to and including N+ 1.
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10. Equivalence of the two projective SL(2,7)-actions

In this final section, we review the modular-group action on the symplectic fermion pseudo-
trace functions and compare it with the SL(2,7) action computed in the previous section

on the centre of Q. The main result of this paper is that these two actions are projectively
equivalent (Theorem [10.9)).

10.1. Modular properties of symplectic fermion pseudo-trace functions

Here, we review the computation of the symplectic fermion pseudo-trace functions and of
their modular properties carried out in [GR2].

We define two affine Lie super-algebras, H and Htw, in terms of a symplectic C-vector

space b of dimension 2N with symplectic form (—,—). The underlying super-vector spaces
are
(10.1) h=hoC[t*'| ® Ck , bw=bat2C[t*'] ® Ck,

where £ and k are parity-even, and b is parity-odd. For u € h and m € Z (resp. m € Z+ %),
abbreviate u,, := u ® t"". The Lie super-bracket is given by taking k central and setting, for
u,v € hand m,n € Z (resp. m,n € Z—i—%),

(10.2) [t Un] = (1, 0) T G0 K -

By convention for the bracket of a Lie super-algebra, this is an anti-commutator as u,,, v,
are parity odd. We refer to [Rul for more on b and its representations.

To make the connection to Section [6 choose a basis {a;,b;|i = 1,...,N} of h which
satisfies
(103) (aj,bk) == iﬂ'(sj',k .

With this basis as generators, we have A = A(h), that is, the 2°N-dimensional Grafmann
algebra defined in Section [6.1]is the exterior algebra of h. The reason to put the factor of ir
in the above normalisation is that we will also work with a rescaled basis of h, namely

1 2 _ 1 2N-1 ON _ 1
(10.4) a=a,a ==b, .., « =ax, o = by .

The o' are a symplectic basis in the sense that (a',a?) =1, etc. The basis {a’} is a natural
choice when working with the affine Lie algebra b), and it is used e.g. in [Ru] and [GR2,
Sec. 6].
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For later use we recall the action of the Virasoro zero-mode L on highest weight modules
of by from [Ru, Rem. 2.5 & 2.7]:

N
(10.5) E—module Lo = Z(agkagk - agk 1a3’“) +H |
keo

Htw—module Ly = —% + Hiy -

where

(10.6) = > Z o an Tt — o taly)

m€Z>0 kGO

2k 1 2k—1 2k
E : E a_, 0, —a_, am) :

mEZZO+2 ke0

One verifies that H ) acts as grading operator on a highest-weight module of E(tw), assigning
grade zero to the space of ground states.

The braiding on SF was originally computed in [Ru] with respect to the basis in ((10.4])
and, for example, for X,Y € SF| the result was

(10.7) CX)y = Txy ©€xp ( i Z (@ @ — a1t oz2k)> :

see [Rul Eqn. (6.1)]. This formula, and many others, have factors of ir, which can be absorbed
into a suitably rescaled copairing. Indeed, with respect to the basis {a,br}, the above
braiding produces the one presented in ((6.14]).

Given a module M € SF, = Rep, , A, we can use induction to construct an H—module M
as follows. We take u,, for u € h, m > 0, to act as zero on M, k to act by 1, and the zero
modes (a;)o and (b;)o to act as a; and b;, respectively. Then

(10.8) U(h) ® Boomchy M

where U(—) denotes the universal enveloping algebra (in super-vector spaces) of a Lie super-
algebra, and h>¢ is the subalgebra spanned by non-negative modes. Similarly, for V € SF; =
Svect, we consider the induced bh,-module

(10.9) V= U(EtW) OU (i) >0@CH) v,

which is defined as above, except that in Htw there are no zero modes to take care of.

The symplectic fermion vertex operator super-algebra V is defined in [Ab], see also [DR3|,
Sec. 3.1] which uses the present notation (except that V is denoted by V(h) there). The
underlying super-vector space is V = T, for 1 € SF the tensor unit as given in (6.4). Write
Ve, for the parity-even subspace of V — this is a vertex operator algebra.
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It is shown in [ADb] (and stated this way in [GR2, Cor.6.4]) that the functor of first
inducing a bw)-module and then restricting to its even subspace defines a V.,-module:

~

Proposition 10.1. ( )ev 15 a faithful C-linear functor SF — Rep Ve, .

Next we compute the image of the endomorphisms of the minimal projective generator
Gsr of SF given in ([7.63)). This requires a bit of preparation. Define
(10.10) G=NaT.
Note that we do not take the even part. Instead we consider the super-vector space on the

~

RHS simply as a vector space. In terms of the functor (—)e, this means

(10.11) G = (Gsr),, -

We will need this isomorphism explicitly. We first describe the isomorphism

(10.12) v A (e Clny,,

of Vey-modules. Recall by that A = U (H) Oy Gooaciy N We then define for homogeneous

~

ue U(h) and f € A:

1,0), if
(10.13) v U u® f® (1,0), ifu® feven,
(Oa1>7 1fu®f0dd7

with the inverse map given by (note that v has to be homogeneous too)
(10.14) U u® fRu e vy u® S veCl,

The isomorphism ¢ : T (T ® CU),_, is defined analogously.

Lemma 10.2. The image £ under ( )ev of Endsr(Gsr) in Endy,, (G) is generated by

e the action of the zero modes of, i = 1,...,2N,
e idy, the idempotent corresponding to T, i.e. the identity map on T and zero on A,
e the parity involution wg on G.

PrROOF. We first refer to Corollary where Endsz(Gsr) was described. The functor
(:)ev maps a morphism g to idU(E) ® g. We first calculate the image (under the functor) of
action of a € b from (|7.65)):

(10.15) UR R u® f-a@Il(v) = (—D" Ve ue feI(v),

were the latter equality is by the definition of the induced representation ((10.8). Then com-
posing with the isomorphism ¢~! from (10.14]) we get the corresponding endomorphism on A:
(10.16) V118 ® f = Viag +fup+is1 (— 1) W lag - u @ f = vsipao - wo(u® f) -

We finally note that the image of the x generator is given by wg. Therefore the image of
Endgsr(Ggr) is generated by wg, by ag o wg for a € b (or, equivalently, by ag), and by the
idempotent for 7. |
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We note that the algebra from Lemma was also introduced in [AN] in order to
describe pseudo-trace functions for V... Let us briefly review this construction. For a k-
algebra A, recall the space of central forms on A from (3.33) which is defined as

(10.17) C(A) = {¢: A= k|p(ab) = ¢(ba) for all a,b € A} .

By definition, an element ¢ € C'(A) induces a symmetric pairing (a, b) — ¢ (ab) on A.

Recall the algebra & C Endy,, (G) from Lemma and note that G is an E-module. To
each ¢ € C'(€) one can assign a pseudo-trace function (3.34)).

The pseudo-trace functions are generalisations of the characters of VOA modules. Indeed,
for each simple V,,-module M there is a unique p € C(€) such that]
(10.18) M (v, 7) = Trpg ( o(v) e2miT(Lo—c/24) ) ,

i.e. the pseudo-trace function for ¢, equals the usual trace over M. In particular, there is a
unique ¢y, corresponding to the vacuum character. The general background for the above
calculation was given in Section [3.4]

Pseudo-trace functions provide a linear map &g : C(E€) — C1(Vey). This map is injective
[AN| Thm.6.3.2]. We need in addition:

Conjecture 10.3 (JAN, Conj.6.3.5], [GR2 Conj.5.8]). &g : C(E) = C1(Vey) is an isomor-
phism.

Under the above conjecture, the following statement is verified for V., in [GR2l, Sec. 6]
and Lemma below by explicit calculation.

Proposition 10.4. Assuming Conjecture we have
e the action of the modular S- and T'-transformation defines linear isomorphisms
(1019) SVev? Tvevi C(g) — 0(5) ;

e the element § := Sy (py.,) € C(E) defines a non-degenerate pairing on £ via
(f,9) — 0(f o g); the assignment & : Z(E) — C(E), z — &(z - (=)) therefore is
a linear isomorphism.

In [GR2| Sec.5| this statement is conjectured to hold in general for the class of vertex
operator algebras considered there. As a consequence of Proposition [10.4], we obtain unique
linear isomorphisms

(10.20) Sy=06"108y. 00, Ty=06"'oTy od.

! Existence of ¢ is proven in [GR2, Prop. 5.5] (which also provides the simple expression ¢ g = Tr o (—)
where M = Homy,, (G, M) is the corresponding £-module). Uniqueness follows from injectivity of &g as
proven in [AN] for the choice of G given in (10.10).
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Next we give the explicit results for 5(90/\/1) and Sz, Ty. Setting px := P(R)en? for X € SF,
the calculation in [GR2] Sec. 6] can be expressed as

(10.21) 6 ' (p1) = 2m)Nap - adN(wg + 1), 0 (or) = 2V idy (wg + 1)
0 om) = @m)Nad- - aN(wg — 1), 6 Yenr) = 2V idy (wg — 1) .

The centre of € is computed in [AN] to be
(10.22) Z(E&)=2p&) @ 2)(),
where Z,(€) is spanned by even monomials in the zero modes af, and Zp(€) has the basis

(10.23) Zp(€) = Spanc{ %571(901 +m), Sfl(SOT)’ 871(90HT> } .
The form of the centre also follows from Proposition via the equivalence in Theorem
The linear map Sy from ((10.20) is computed explicitly in [GR2]. For T, we give the

explicit expression in the next lemma.

Lemma 10.5. For z € Z,(€) we have

2k 2k—1

(10.24) Ty(z) = p2miN/12 | 2mi S agagt !

)

while on Zp(E) in the basis (10.23) we get the matriz representation

10 0
(10.25) Ty| ey = €™V |0 eV 0
0 0 _6—7riN/4

PRrROOF. We start by computing 7y, ,. By definition, for all ¢ € C(E),
(10.26) (v, 7 +1) = £ (v,7) .

Recall the direct sum decomposition (10.10)) of G. There are no Ve,-intertwiners between A
and T, nor between the different parity subspaces of T', and so (as we have already seen in
the explicit description above)

(10.27) E=&@E ®E . & =Endy,(A), & =Cidg, ., & =Cidg,

L
From the definition of the pseudo-trace functions in (3.34) and from the explicit form in
[GR2, Eqn. (6.16) & App. A] it is a straightforward exercise to show that

(10.28) (o, m4+1) = té(ezni(Lo—c/M) o(v) eQwiT(Lofc/Zzl)) _ tg(o(v) ezﬂiT(LO%/M)) |
where we used that the zero mode o(v) commutes with Ly and set
6271'1(L0—c/24)f : f c 50

(10.29) @' (f) = { e2mi(-N/8—c/24) f L fe&
_627ri(—N/8—c/24)f : f c 51_



124 10. EQUIVALENCE OF THE TWO PROJECTIVE SL(2,Z)-ACTIONS

and, for f € &,

(10.30) P2 f = exp {2“(% Y (el — o adh) + o ) }f :

N
12
k=1

The above computation makes use of the explicit form of Lg as given in ((10.5)), and of the fact
that H has eigenvalues in Z-(, and so vanish in exp(27i(---)). On the other hand, Hy, has
eigenvalues in Z>o on the even part of an fh,-module, and in Z>q + % on the odd part. [

Similar to the construction in (9.11]) we let W; C & be the subalgebra with basis
(10.31) W; = spang {idg,, a5 ', af’, ag'ad '},
and consider the linear map w : Wi ® --- ® Wy — &y given by
(10.32) (fi@ @ fn) = fio S

Let W, C W) ® --- ® Wy be the subspace spanned by products with an even total number
of a&’s. The map w restricts to an isomorphism @ : W, — Z,(€). Let o, 7 : Wi — Wy, be
the linear maps whose matrix representations in the basis (10.31)) are

0 0 0 (—2m)! 1 000
(10.33) S U R 00
0 0 —i 0 0 010
—2r 0 0 0 27i 0 0 1

Theorem 10.6. Assume Conjecture holds. The linear maps Sz, Ty : Z(E) — Z(€)
preserve the direct sum decomposition ((10.22]):

(10.34) Sy =28z, ®S8z, , Ty=Tz ®Tz, .

The linear endomorphisms Sz,, Tz, of Zp(E) are given by the matrices, with respect to the

basis (10:23),

0 2N _oN 1 0 0
(1035) SZP — 9—-N-1  9-1 9-1 7 TZP — e27riN/12 o 67771N/4 0
—27N=1 91 9-1 0 0 TN/

The linear endomorphisms Sz,, Tz, of Z,(E) are given by
(10.36) Sz, = wo<(01®---®0N)‘W+>ow_1 ,

Ty, = V1250 ((7-1 ® - ®TN)|W+) ow ! .

PROOF. The expression for Sy is computed in [GR2, Cor.6.10]. The expression for Ty
is immediate from Lemma [10.5] O
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We conclude this section by a conjectural refinement of the C-linear inclusion in Proposi-
tion to a ribbon equivalence which we need in the next section. For details on how to
define the necessary coherence isomorphisms we refer to [DR3l, Conj. 7.4], and for the specific
value of § to [Rul, Thm. 6.4].

Conjecture 10.7 ([DR3), Conj.7.4]). For the choice
(10.37) B = imNA

(—)ev is an equivalence of C-linear ribbon categories.

10.2. Comparison of SL(2,Z)-actions

To compare the results in Theorems and we first need to correct a mismatch in
conventions for the ribbon twist and then relate Z(Q) from (7.53)) to Z(€) from (10.22)).

We start by remarking that in [Ly1}, [Ly2] — which we use to compute the SL(2, Z)-action
on Z(Q) — the convention is that the T generator acts by composing with the ribbon twist 6.
However, the modular T-transformation acts by composition with 9_1E| Below we will show
that the agreement with the categorical T-transformation can be achieved by changing the
value of 8 in Conjecture to its inverse.

According to Conjecture m, (Rep Vey,0 = e 2o ) = SF(N, g = e~ ™/*) as ribbon
categories. This is equivalent to

(10.38) (Rep Vev,9 _ 627riLo) ~ SJ—"(N, ﬁ _ e—i7rN/4>rev .

Here, given a ribbon category C, C**V denotes the reversed ribbon category, where braiding
and twist are replaced by their inverses. On the LHS of we now have the convention
for # that matches our quasi-Hopf computation of the T-transformation. To reformulate the
RHS, we need the following lemma.

Lemma 10.8. For all N, 3 we have SF(N, )" ~ SF(N, 371 as ribbon categories.

PROOF. For the sake of the proof we will write SF(N, 8; AS°(5), C), where AP (3) is the
cointegral in and C' refers to the copairing in E| We stress the S-dependence in
the notation A°() as our normalisation convention for the cointegral is S-dependent. By
[DR1l, Prop.4.12] there is a ribbon equivalence

(10.39) SF(N, B; A (B), O ~ SF(N, B~ AR(8),—C)

2The reason for this mismatch is that by the convention chosen in [Rul, following e.g. [FRS], the ribbon
twist acts by e~2"Lo while for Rep V., the modular T-action is (up to a constant) given by e**l0. One
of course could redefine the Lyubashenko’s SL(2,Z)-action, but we find it more convenient to adapt the
conventions from [Rul to the present context.

3 More generally, the ribbon category SF is constructed from a symplectic vector space b, a cointegral
and a choice of 3, see [DRI1], Sec.5.2] for details. C is the copairing for the symplectic form. Including the
cointegral and the copairing in the notation makes these choices explicit.
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whose underlying functor is the identity (with non-trivial coherence isomorphisms). In [DR1]
Prop. 4.12] the cointegral stays the same, hence AS°(f) appears also on the RHS instead of
AP(57).

It remains to show that on the RHS of one can replace A°(3) by A(8~!) and
—C' by C. Let ¢ : A — A be the Hopf algebra isomorphism given on the generators in (/6.2))
as p(a;) = a;, p(b;) = —b;, i = 1,...,N. The isomorphism ¢ satisfies

(10.40) ARB)op=(D)NARB) =AY (B . (p@p)(C)=-C.
We can now apply [DRI1], Prop.4.11] to conclude that
(10.41) SF(N, 7L AL(8), —C) ~ SF(N,B7HAL(B™Y),0)

as ribbon categories. The underlying functor of this equivalence is the identity functor in
SF1, and it is given by ¢*, the pullback of representations along ¢, on SF,. Combining

(110.39) and (|10.41)) proves the statement of the lemma. O

Thanks to Lemma the equivalence in Conjecture can be restated as
(10.42) (Rep V0 =) ~ SF(N, B = eiTrN/4) .

Denote by J : RepQ(N, 5) — SF(N, ) the ribbon equivalence from Proposition and
constructed in Appendices [B] and [C] see also the inverse equivalence in Section [C.8 We need
to compute the following chain of algebra isomorphisms for § = e™/4:

(1043) T : 2(Q) 2 End(Idpepq) 2 End(Idsr(s) ~2 End(Idsr(g-1ye) ~2 Z(E) |

and use this to compare the results of Theorems and [10.6] Let z € Z(Q). Arrow (1) is
simply given by acting with z on a module. Arrow (2) maps 7 to the unique 7" such that

(10.44) N7 = J(x) forall X € RepQ .

Arrow (3) is described in Lemma and arrow (4) maps ¥ to (%)ev.

We compute the composition of these maps separately for Z(Qg) and Z(Q;). Let us start
with z € Z(Qp). The functor F : SF(N, ) — Rep Q(N, 5) which is inverse to J is given
explicitly in Appendix Conversely, the functor J, as C-linear functor, is J = &£ o H,
where £ is given in the proof of Proposition and H in the proof of Proposition [C.3] Then
for X € SFy, n'y is given by the action of z, where now f," acts as ay, f, acts as b and K
acts as parity involution wy. This gives arrow (2). Arrow (3) is pullback of representations
(see the proof of Lemma with the result that f; still acts as a; but now f, acts as —by.
Finally, for arrow (4) the relation between ay, b and the zero modes (a?)g is given in (10.4).
Altogether, for v;,¢; € {0,1}, Z?;(Vj +¢;) even,

(10.45)
T (eo(fi) (Fr)™ -+ (FR)™(FR)™) = (an)g! (—=b1)g* -~ (an)g™ (—0n)5™

= (=) () (0 - (o) )
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where the factors on the RHS are zero modes of H acting on G. Furthermore,

(1046) T(Keofff; s f;lrflg) = (al)o(—bl)g e (aN)o(—bN)O wg ,
= (—7mi)N - agad - a2Nwg .

For Z(Qq) one quickly finds that
(10.47) Y(ef) =idg, =1 -idpo (id +wg) |
Y(er) =ideg,,, = 3 -idr o (id — wg) .

d

After these preparations, we can finally compare the elements ¢y from (8.28)) to (10.21)
and the action of the generators of SL(2,7) as given in Theorems [9.3[ and [10.6}

Theorem 10.9. If one chooses the normalisation constant of the integral for the coend L in

(8.19) to be v =1, then

(10.48) T(hyr) =0 (1) , T(pys) =0 (or)
T(px;) = 0 (pm) T(¢y-) =0 (pmr) -

Furthermore, S;0 Y =Y 08z and Ty oY = 2™N/12.7 0 T,

PROOF. That the identities in (10.48)) hold is immediate from comparing ({8.28]) and
(10.21)) via the explicit form of T given above. For example,

(10.49) T(Bys) = v 2" B2 (=mi) (wg +id)ag - -~ ap”

which is equal to 0(¢;) in (10.21)) since v = 1 and § is fixed as in (10.37).
The basis (9.5 gets mapped to

(1050) { ¢Pg s ¢XIL 5 ¢X; } 'i) { 22N : %8_1(901 + (;OHI) > 5_1((70T)7 5_1(90HT) } 5

which differs from (|10.23]) by a coefficient in the first basis vector. Taking this into account
one arrives at Sz, o T =T 08z, and Tz, o T = >™N12. T 0 T,

The basis for Uy used in Lemma is transported to a basis of Wy (via w0 YT 0 1) as
(10.51) {eo, freo, fieo, fifen} — {id, —miag", of ", —miag" 'ag" } .

This differs from the basis used in (10.31)), namely {id, of*"", a2, a2"ag" '}, in the order
of basis factors and by coefficients. Note that for the present choice of 3, the factor 32
in is equal to iN, which can be distributed over the individual factors of 8% . One
then verifies that the above change of basis transports 18%\ to 0% and ‘J'%\ to 7% as given
in (10.33)). Comparing and , we see that this proves Sz, oT = T 08z, and
Tz, 0T = e2mN/12 . JTz,. O
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This also proves that the linear SL(2,Z)-action m¢ on Z (&) and the projective SL(2,7)-
action mq on Z(Q) agree projectively. Namely, there is a function v : SL(2,Z) — C* such
that the linear isomorphism T : Z(Q) — Z(&) satisfies

(10.52) me(g) o T =7(g) - T omq(g) for all g € SL(2,7) .
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A. Proof of Proposition 4.8

We first prove that the two coalgebra structures are equal. Recall that the coproduct for
the universal Hopf algebra (L, ) is determined by the defining relation involving the
element from Nat(id,id ® (L® L)) — the right-hand side of — while the coproduct for the
coend (L,¢) is given by the defining relation (4.24]) involving the element from Din((—)* ®
(=), L® L). By Corollary and Lemma [1.6] and the universality property of the coend £

we have the commutative diagram (where all arrows are bijections)

PV

(A1) C(L,V) Nat (id, id @ V)

%
(=)ot [

Din((=)* @ (=), V)

We use this diagram for V' = £ ® L to compare the coproducts on (£,¢) and on (L, ) — this
is equivalent to comparing the dinatural transformation on RHS of with the image
of RHS of under the bijection Cgé ¢~ We begin with rewriting the map X X X®L
in terms of ¢, recall the definition (4.3). Applying the diagram for V.= L we get
i = ¢r(id) = (c(¢) or graphically

Lx
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Then, RHS of (4.4)) is

L

X L
(A-3) Sﬁz:@L(Ac)X = b b i

X

Applying (2 . on it, recall (4.30)), we get then indeed RHS of or the dinatural transfor-
mation defining the coproduct on the coend (£, ) in Figure[l} For the counit maps, we apply
¢;! on RHS of and get indeed RHS of . Similarly for the antipode S map (though,
the algebra structure is discussed below), we apply g‘;l on RHS of and get indeed RHS
of , or the corresponding diagram in Figure (1| after an elementary calculation using
naturality of the braiding.

To compare the algebra structures, we use a direct calculation instead of the “double”
analogue of the diagram ([A.1)). Recall that the multiplication for (£, ¢) is defined in by
the equality ¢%(z)x,y = ixgy, where the map ¢?, is defined in (4.§). In order to show the
equality of the multiplications on (£, ) and (L, ¢), we compute the image of p, from
(or graphically in Figure [1) under the map p% and show that it is equal to Ixgy. We have

X Y L

pe

He

JIU

X Y

where we used naturality of the braiding. Using then the defining equality for p, in Figure
we can replace the part of the diagram inside the dashed square by RHS of (4.22) that gives
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(after an elementary graphical calculus)
X v

ly@Xx

/ N\

(Y@ X)* Y®X
(A.5) Plpc)xy = 4 \
| Yy, X | id

Iy

X
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LX®Y

X®Y

where in the last equality we used the dmaturahty property of tygx in order to
move the braiding from right to left, and then we also used the explicit diagram
for the isomorphism vy x, and the zig-zag identity to simplify the diagram. We get thus
indeed ¢%(pz)xy = ixgy, recall (A.2)), and therefore the two multiplications are equal. The
unit maps 7, are compared in a similar way. Finally, for the Hopf pairing w, we calculate
1 (we)xy along the lines in using RHS of for the dashed region and simplify it

up to RHS of (4.12)), as claimed.
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B. Equivalence between SF and Rep$S

We give here the first part of the proof of Lemma [7.5] Fix N € N and § € C with
Bt = (=1)N, see (6.1)). In this section we introduce a quasi-bialgebra S = S(N, 3) in Svect,
define a braiding on its category RepS of finite-dimensional representations in Svect, and
show that Rep S is equivalent to SF(N, 8) as a braided monoidal category.

B.1. A quasi-bialgebra in Svect

The unital associative algebra S = S(N, §) over C has generators th, i1=1,...,Nand L,
subject to the relations

(B.1) iL=Lx", {x,x;}=0,;i1-L), {x,x}=0, L°=1.

7 R 177

We have dim S = 228!, Next we turn S into an algebra in Svect by giving it a Z,-grading
such that xj-t have odd degree and L has even degree.

Define the central idempotents
(B.2) eo=1(1+L), e =3(1—-1L).
Using these, S decomposes as

(BS) S= SO D Sl s SO = 605 s Sl = 615 .

22N

From the defining relations it is immediate that Sy is a 2°"-dimensional Grafimann algebra

and S; is a 22N-dimensional Clifford algebra.

In the following we will often use the tensor product A ® B of algebras A, B in Svect. As
a super-vector space, A ® B is the tensor product A ®gvect B of the underlying super-vector
spaces. The unit is 1 ® 1 and the product paep includes parity signs:

(B.4) paes = (Ha ® pp)o(ida @75 ®idp) : ARBRA®B — A®B,

where 75" is the symmetric braiding in Svect, see (6.7). In terms of homogeneous elements,
this reads (a ®b) - (@’ @) = (=1)P1¥l(aa’) @ (b1').

The notion of a quasi-bialgebra in vect is given e.g. in Definition (that definition is for
quasi-Hopf algebras — just omit the antipode and the corresponding conditions). In Svect,
the definition is basically the same (and works in general symmetric monoidal categories):

Definition B.1. A quasi-bialgebra in Svect is a tuple (A, e, A, @), where
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e A € Svect is a unital associative algebra, such that the unit 1 € A is even and the
product respects the Z,-grading.

ec: A - Cand A: A - A® A are even linear maps and algebra homomor-
phisms. (The algebra structure on A ® A involves the symmetric braiding in Svect

as described in (B.4]).)

e Pc A® A® A is an even element.

These data is subject to the conditions (L.2)—(L.5]) in Definition [1.1] with products in AR A® A
involving parity signs as in (B.4)).

In presenting the quasi-bialgebra structure for S, we first list the data and will then prove
in Proposition below that these indeed define a quasi-bialgebra in Svect.
The (non-coassociative) coproduct AS: S — S ® S and counit €: S — C are given by
(B.5) AS(xE) =xE @1+ (e —ie)) @ x5 +iey @ ey (x —x7) , S(xF) =0,
AS(L)=L®L, eL)=1.
It is straightforward to check that AS is well-defined on S, i.e. that the above definition in
terms of generators is compatible with the relations in (B.1).
The coassociator A € S® S ® S is given by
(B.6) A=ey®ey® e
+e®e e+ A"e e ®ey+e)®e® e
+ A% e e+ A e ey e +ep®e e
+AMe;0e ®er

where
N

(B?) Aabc — ﬁQabc H A((z]i))c

k=1
(i.e. there is a factor of 3% in sector 111) with
(B.8)
A =10101+(1+i)x @10x —(1-i)x ©10x, —2x @ 1@xx; ,
A =10101-i1® (x) +x,) © (x5 +x;) ,
ARy =10101+i1® (xf +ix;) © (5§ +ixg) + (1 —1)(x) — %) @xix, @ (i) —x;)
+(1+ix, @xf @1 —(1—i)xf @x;, @1+ (1+1)1@xx, @1 —2xx; @xfx; @1,
Ay =((-D10101+(1-)1@10x{x, +(1+20)10x, @x, +1Qx; @x;
+10x @x; +10x @x7 + (1 —-1)1@xx; ®1— (2 —21)1 %%, ® X%
—(1-i)x, ®1@x; + (1 +i)x, @1 @x — (1 —i)x; ®x, @xx;
+(L+i)x @x @xx; + (1= 1)x @x0x ® % — (1+1)x @x0% ® %]
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+(1—i)xf @x, @1 —(1—i)xf @x; @xx, — (L+1i)x @x @1
+(L+i)x @x ®xix; — (1= i) @xix @ % + (1+1)x @x0x ® %]
+ 2%, @1 @1 — 2% ®1Qx X, —2ix/x, ®x;, @x, — 2ix/ %, @x @ x;
— 2x2x,; ® xzx,; Q1+ 4xzx,: ® xe,; ® xgx,; .
Note the product of the A‘(l,’;)c is taken in the tensor product of super-algebras S®S® S, which
includes parity signs, as defined in (B.4]). The A?,lc’)c is parity-even, and one quickly checks that

for k # [ the elements A‘(’,i’)c and A‘(’;SC commute in S ® S ® S, so that the order in which one
takes the product does not matter.

Finally, we define an element r € S ® S which is given by
(Bg) T:T00'60®60+T01'60@61+T10'61®€0+7’11'€1®€1
where 7 = grm TR, i and

(B.10) i) =1®@1—2x, ®@x
r?,i) =1®1-(1+i)x, @xf — (1+i)x @x; — (1 +1)x{x, @1+ 2ix\x, ®xx, ,
7“(1,2) =1®1-(1-i)x, @xf —(1—i)xf @x; — (1 —-1)1@xx, +2ix/x;, @xx; ,

o 5y - - + + — st + +o— N
Ty = —1X, @ X — X @ X — X @ X +ix @ % + 22X X, @ xpx

Again, for k # [ the elements r;}" and r3" commute in S® S. We will use r later to define a
braiding in Rep S (but 7 is not an R-matrix for S as the braiding will involve an extra parity
map).

For N = 1, the quasi-bialgebra algebra S was defined in [GRI1], Sec.4]. The proof that
S(N, ) is a quasi-bialgebra for general N relies on reducing the problem to the N = 1 case.
To do so, choose Sy, ..., By such that 3! = —1 and 8 = ;- - - Bx. Define A to be the N-fold
tensor product

(B.11) A:=S(1,6)®- - ®S(L, Bx)

of quasi-bialgebras in Svect. Thus A is itself a quasi-bialgebra in Svect. The product and
coproduct of A are defined with parity signs (see for the product) and the coassociator
A? of A is the product in A ® A ® A of those in the individual factors S(1, 3;). Consider the
two-sided ideal I in A generated by

(B.12) I={L—L;j|1<4j<N).

where L; stands for the element with L on the i-th tensor factor and 1 else. One verifies that
this ideal satisfies AA(I) CT®@ A+ A® I and e*(I) = 0, i.e. it is a (quasi-)bialgebra ideal.

Proposition B.2. For N, as in (6.1]), the data (S,-,1,AS,&%, A) defines a quasi-bialgebra
in Svect and S = A/I as quasi-bialgebras.
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PRrROOF. We write xt, x~ and L for the generators of S(1, 8;). Consider the surjective even
linear map ¢ : A — S(N, ) given by

(Bl?)) g0< (X+)€1 (X7)51 "R ® <X+)6N (Xf)sN | m )
= (Xf)sl (XI)(Sl .. (XIJ\IF>€N (X;I)(SN [matetmN
The map ¢ satisfies
(B.14) 90(1®N) =1, S o Y= A . plab) = p(a)pd) , (p®¢)o AR — AS o o

Since ¢ is surjective, this proves that AS is an algebra homomorphism. Furthermore, ©®3
maps the coassociator of A to that of S:

(B.15) PPN = A

This follows from the product form of A € S®3 and the fact that 8 = 3;--- fx. Using once
more that S is surjective, it follows that A satisfies the defining relations of a coassociator

(see Definition B.1)).

Thus S is a quasi-bialgebra. Finally, it is clear from the definition of ¢ that ker(p) = 1. O

B.2. An equivalence from SF to RepS

Due to (B.3), Rep S can be decomposed into two parts:
(B.16) RepS = RepSo @ RepS; .

In this section we construct an equivalence of C-linear categories D: SF — RepS. The
functor has two components due to the decompositions in (6.3)) and (B.16). On SF, we have

(B.17) Dy: SFo— RepSy, Do(U)=U where xfu=au, x;u=bu (uel),
and Dy(f) = f on morphisms.

For the second component we need the non-central idempotent

N
(B18) b= Hx;xi*el c 51 .
i=1

oyt +

To see that indeed bb = b note that for each ¢ separately we have x; x/x; x;"e; = x; x;"e;.

The idempotent b generates a S;-submodule B C S;:
(B.19) B :=Sb = Sib = span { (x{)™ -+ (x{)""b | i1,...,ixn € {0,1}}.

Since S; is a Clifford algebra, B is a simple (and projective) S;-module in Svect. There are up
to isomorphism two distinct simple S;-modules, namely B and B ®gyect CI', the parity-shifted
copy of B.

The second component of D is defined as

(BQO) Dli S.Fl — Rep Sl R Dl(U) =B Xsvect U )
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where the Sj-action on D;(U) is the left multiplication on B and where U € SF; ~ Svect.
On morphisms we set D;(f) =idg ® f.

Proposition B.3. The functor D is an equivalence of C-linear categories.

PRrROOF. We will give an inverse functor £: RepS — SF to D. The functor £ will again
be defined separately in the two sectors.

Given V € Rep Sy, the A-module £(V') has V' as the underlying super-vector space with

)

the action of a; and b; given by the action of xj and x; , respectively. On morphisms f in
Rep Sy we set £(f) = f. Clearly, D and £ are inverse to each other as functors between SF

and Rep Sy.

For a given object M € Rep Sy, we set E(M) = Hom‘s"fCt(B, M). This means we consider
all Si-linear maps from B to M, not just the parity-even maps. The decomposition into

parity-even and parity-odd maps turns Hom‘s’fCt(B, M) into a super-vector space. Since B is

simple, we get a canonical isomorphism Hom‘S"fCt(B, B ®svect V') = V' of super-vector spaces
which is natural in V', that is, £(D(V)) = V. Conversely, since every S;-module is isomorphic
to a direct sum of copies of B and B ®gyect CY', that is M =2 B® V for some V € Svect, we

get M = B ® Hom¢***(B, M). O

B.3. D as a multiplicative functor

Below we will make an ansatz for isomorphisms
(B.21) Apyv: DU V) = D(U) @reps D(V) .

which will be given sector by sector. Both, the expression for Ay and the proof that it is
an isomorphism mimics the corresponding construction for N = 1 in [GR1l Sec.6.3].
The multiplication map S®S — S is denoted by 1°, and for an S-module U the expression
pV 1 S® U — U stands for the S-action on U. We will also need the constants
N N
(B.22) so=]J1®1+x @x)eses, a=[]Q+xx)es.

i=1 =1
Note that they are multiplicative invertible with inverses

N N
B23)  &'=]]Qe1-x @x)es®s, &'=]]Q-xx (eo+ier)) €S

i=1 i=1
We denote the right multiplication with a € S by R,.

The following list defines Ay for each of the four possibilities to choose U € SF; and
V e 8F;, 4,5 € {0,1}, which we refer to as “sector i5”. The underlines indicate on which
factors S acts. In Figure [1| we give string diagram expressions for Ay y.
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00 01 voB Vv

U v
bl
.
do
U v B U v
o °U 4 11 B U BV
b] b]
B U v S, U v

FIGURE 1. String diagram notation for Ay in the four sectors.

e 00 sector: Ayy :U®V = U®YV is given by
(B.24) Avy = (p" @ p¥) o (ids ® 187 @ idy) o (d ® idy ®idy)
where 75V is defined in (6.7).
e 01 sector: Ayy :BRIU®V - U ®B®V is given by
(B.25) Apy = (¥ ® Ry ®idy) o (Rs, ® 57 ®1idy) o (A® ® idy ® idy) .
The image of Ry on S is B, that is, the target is indeed U ® B® V.
e 10 sector: Ayy :BU®V - B®U ®V is given by
(B.26) Apy = (R ®idy ® p") o (ids ® 72} ® idy) o (A’ ®@ idy ®@idy) .
e 11 sector: Apyy :S9y@U®V - B®U ®B®V is given by
(B.27) Apy = (ids ® 757 ®idy) o ([(Ry ® Rp) 0 AS] @ idy @ idy)
Here, in the source S-module we have identified Sy and A.

Lemma B.4. The linear maps Ay y are intertwiners of S-modules.
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PROOF. In all sectors beside 00 this clear since AS is an algebra map, and since the
right-multiplications Rs;, and R, are left-module intertwiners. In sector 00 we have to check
that (ey ® eg) - AS(a) - 6y = (eg ® eg) - dy - AS(a) holds for all @ € S. This is clear for a = L,
and for a = x* it is an easy check. O

Lemma B.5. The Ayy are isomorphisms.
PROOF. In sectors 00, 01 and 10 the proof is similar as that in [GRI1, Lemma 6.5].
Indeed, for sector 00, invertibility of Ay follows from that of dy. For sector 10 and 01 the

inverse of Ay y is given by the same string diagram as that in [GR1, Lemma 6.5]. The proof
that the expressions in [GRI1, Lemma 6.5] are indeed inverses rests on the two identities

(B.28) (b®1)-(ld®@ws)oAS(b))-(b®1)=b® (Jep),
(b®1): ([d®ws)or¥ 0 A3(b)) - (b®1)=b® (6 'e) ,

where ws denotes the parity involution on the super-vector space S as defined in E| We
need to show that these identities remain true for general N, and we will do so for the first
identity.

Namely, for i # j and by defining b® = x; x;"e; and 5@ =1+ xx; we get
(B.29) b@bD) @ 66V ey = (b@ @ (61Vey)) - (b9 @ (6 ey))

2 (b © 1)((id © ws) 0 AS(BD)) (b @ 1))
(69 © 1)((1d ©ws) 0 A(BI)) (B0 @ 1)
D 1) (b9 @1)- ((id®ws) o AS(bD) - (id @ ws) o AS (b))
. (b(i) ®1)- (b(j) ®1)
— (b(i)b(j) ®1) - ((id ® ws) o As(b(i)b(ﬂ'))) . (b(i)b(j) ®1),
where we used that b(®) is an even element and in step (*) that the corresponding identity holds
for N = 1, then in step (**) that ws, AS are morphisms in Svect and so (id ® ws) o AS(b®) is
even and moreover does not contain xf and therefore it commutes with b¥) ® 1. Using then

the fact that b =[], b® and 6, = [, (59, this analysis shows the first identity in (B.28)).
The second identity there is established in a similar way.

In sector 11, we have to show that
(B.30) ©: Sy — B ®svect B
ar AS(a)-b®b

is an isomorphism. Note that AS(x")-e;®e; = (xF @1 —-il1®@x%) e, ®e; and x; b = 0.
We get

(B.31) O(ey) = A%(eg) - b@b=b®b

INote that the antipode in [GR1] coincides with ws in sector 0.
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O(xxeg) = A%(x) - (x/b) ®b = (x{xb) ® b
x5 eg) = —A(x;) -ib® (xb) = (—i)’b @ (xx7b)
o) = —A3(xf) - ib® (xIb) = —(ix{'b) ® (xIb) + &;;ib ® (x; x/b)
= —(ix/b) ® (x;rb) +6;;b®b.

Now it is straightforward to see that for ¢; < ... <1, and 71 < ... < j,, we have

(B.32) B0, - x5, x5, e0) = A -t ) - (D)™ @ (], -~ x], b)

11 17 J1 J i)

= (—i)m(xz . -x;-;b) ® (x+1 . -x;rmb) + W,

where @ € @2 W, and W; is the span of elements (x; ---x{b) ® (x5, -+ -x;.b) with
i = u+ v. So we can show by induction over m + k that © is surjective and since Sq

and B ® B have dimension 22N, © is even bijective. 0

From the definition of Ayy it is immediate that these maps are natural in U and V.
Together with Lemmas [B.4] and this proves the following proposition:

Proposition B.6. With the isomorphisms Ay, the functor D: SF — RepS is multiplica-
tive.

B.4. Compatibility with associator and unit isomorphisms

In this section we verify that the functor D from Proposition is monoidal, i.e. that it
is compatible with associators and unit isomorphisms.

In fact, since the unit isomorphisms in SF and RepS are just those of the underlying
super-vector spaces, after choosing the isomorphism 1 — D(1) to be the identity on C°,
compatibility of D with the unit isomorphisms is immediate.

The main effort lies in showing that the diagram in commutes for D: SF — Rep S
and Ay y. In a calculation similar to that in [GR1) Sec. 7.2] one can evaluate for each
of the eight possibilities of choosing U € SF,, V € SF,, W € SF., which we refer to as
“sector abc”. We define

(B.33) A% =A% (e, @ e, @ e,)
with A? as in (it is understood that the A% not spelled out explicitly in are set
to 1%3). Then (7.24)) for D and Ay is equivalent to the eight conditions in Table .

To verify the eight identities in Table [T} we reduce them to the N = 1 case which has been
checked in [GRI], Prop. 7.3]. To do so, define S¢*) to be the subalgebra of S generated by X
x;, and L. By definition of S, for k # [ elements from S®*) and S super-commute.

The aim is now to rewrite each condition in Table [I| as a product of terms k =1,...,N
which use only elements in S*) and note that since by [GRI] Prop.7.3] the corresponding
identity holds for each k separately, it holds for the product.



000 :

001 :

010 :

100 :

110 :

101 :

011 :

111:

TABLE 1.

X, = by as in (B.17).

B.4. COMPATIBILITY WITH ASSOCIATOR AND UNIT ISOMORPHISMS
A% (1®6) - (id ® A®) ()
= (60 (2 €p X 60) . ((50 X 1) . (AS X 1d)((50)

A®' - ((id ® A®) o (Rs, ® Ry) 0 A%(v)) - (1 ® 01 @ b)
=(eg®er®1)-(fr®1)- ((A%®id)o (Rs, ® Ry) 0 A3(v))

AOIO ) ((ld & AS) O (R51 X Rb) @) AS(U)) . (]_ X b ® 1)
— (AS®id) o (Ry ®id) 0 AS(1)) - (6, ® b@ 1) - A1)

A (1®6) - ((i[d® A®) o (R, ®id) 0 A3(v))
= ((A°®id) o (R, ®id) 0o A(v)) - (b®1®1)

A" ((([d® A%) o (Ry® Rp) 0o A3(R)) - (1®b® 1)
= {(AS®id) (- A%(h))} - (b®b®1)

A {(id® A®)(A%(h) - b®b)} - (1®6 ®b)

= (Ry® p° ®id) o (A ® T85,) © ({(Rb ® Rp)o A% o Ius} ® id) (h® %)

A - (([d @ A%)(%0) - (1® (A%(h) - b@ b))
={(wsop®o(id®ws)) ®id®id}

o {id® ((Rs, ® Ry) 0 A%) ®id} o {id ® ((Rp ® Rp) 0 A®)} 0 A3(h)

A" {(ld® (A% o)) (A(v)®h)} -beb®b

143

= {((Ry ® Ry) 0 A% 0 p®) ®id} o (id @ 75%,) o { ((Rs, ® Rp) 0 A(v)) ® ¢(h) }

Evaluation of the compatibility of associators as in for D
and Ayy in each of the eight sectors.
exp(C) - ey ® eg with C as in and we use the identification x; =
The map ¢ : Sg — Sp is defined as in (6.11)) under the
same identification. The above conditions have to hold for all A € Sg and v € B.

The constant ~ is defined as v :=

For A% the product decomposition is given in (B.7). The constants b, J; and §, were
already defined as products over elements in S*) and S*) @ S* in (B.1§)) and (B.22)). For v
in Table [1jset C = x;” ® x| — x ® x; and use

(B.34)

N N

v = exp (Z C'(i)) = Hy(i) with 7@ = expC® .

i=1 =1
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Now sector 000 directly decomposes into products over elements in (S*))®3 and hence

holds by [GRI], Prop. 7.3]. For sector 001 note that, for ¢*) d*) € S®) even and v* ¢ B*)
we have, for i # 7,

(B.35) (id ® A%) o (Ruiety @ Ryrgn) © (A3 (vW01D))

= (id ® A®) o (R ® Ryw) o (Ruy) ® Rdm)(AS(v(i)) : As(v(j)))

(id® A%) o (Ryy ® Ryo) (A°(07) - (R ® Ry ) (A% (1))

(id ® A%) (R0 ® Ryo) N(A3 (W) - (Rup ® Rd(ﬂ)(As(U(j))))

(id ® AS)((Ruw @ Ry )(AS(0?))) - (id @ AS) (R @ Ry )(AS(WW))) .

This allows one to write the LHS of the equation for sector 001 as a product over elements
in (S®)®3 For the RHS one uses a similar statement where id ® AS is replaced by AS ® id.

Analogous arguments work in all sectors, except that in sector 111 we need to deal with
¢(h) separately.

The linear map ¢: Sg — Sq is defined in (6.11)), where by abuse of notation we identify
So and A via x;" ey = ay, x;, €9 = by. Following [DRI], Sec. 5.2] ¢ can be written explicitly as,
for u € Sy,

2N
. 1 €i €i —E&i —&i
(B.36) o(u) = Z jm(m+1) Z €y Eiy AL (Xiln i -u) X, e ey
m=0 11<...<im

where ¢;, € {1} such that i, = i,41 = &, > €;,41. Furthermore, AL : Sy — C is defined
as in (6.12), again using the identification between Sy and A. Explicitly, it is zero everywhere
on S except in the top degree, where it takes the value

(B.37) O (xfxy - xixyeo) =877 .

As in the definition of A in (B.11)) choose fi,..., 8y such that 8! = —1 and 8 = 3; - - - Bx.
On each of the subalgebras S(()k) we can define the “N = 1 version of ¢” as follows:

(B.38) ¢(k)(eo) = Bixix eq , »*) (xiieg) = Bixtey o*) (xix;eq) = —Breg .
Indeed, for N = 1 we have ¢ = ¢! (see also [GR1], Eqn. (33)]).

Lemma B.7. We have, for v Sék),
(B.39) B o) = GO gI(u)

PROOF. We start by describing ¢ in a different way: Let T'= {1,...,N} x {—1,1} be a
totally ordered set whose ordering is given by, for (i1, 1), (i9,22) € T,

(B40) <i1,€1> < (i2,€2) < 11 <1y V (Zl =19 N 69 < 81) .
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Let K C T be a subset of the form K = {(j1,¢j,), ..., (Jk,€;,)}, where the indexing agrees
with the ordering in the sense that (ju,€4) < (Jat+1,Ea+1). We introduce the elements

E4 Ej _ —E&5 —E&j
(BA41) ug =x""---xrep Up =X, teox, 7k

J1 Tk ) €o

J1 i , up=e , Pr=p0 b -

For two subsets K C L C T" we define the linear map
(B.42) " (ug) = pri"Hu
Forn=1,...,Nlet L, = {(n,+), (n,—)}. We claim that
(a) @™ (ur) = ¢" (ug) for K C L, ,
(b) @5t (ug) = 0% () - B (uker, )
() o' =0,

where for (b) we have r =1,...,Nand K C |J _, L,. Properties (a)—(c) together imply the
statement of the lemma.

Properties (a) and (b) are immediate from the definition. It remains to show property (c).
Abbreviate k& = |K|. The cointegral A in is non-zero only in top-degree, so that for a
given u, the only non-zero summand in is that with {(i1,&:,),. .., (im,&,,)} = T\ K.
Thus ¢(ux) = +up, ;. To determine the sign, we define

(B.43) m(K) = {ON-REN-k+1) — (N1
k
7]2(K> = H &; s 773<K) = ( H —gn) . (H(_l)QN—k—m) )
(1,6:)ET\K (n,en)eK m=1

The factors in ¢(ug) from correspond to 71,19, 3 as follows. We have 5% = 3y and
the product B;' -1 corresponds to the factor imm+) for m = |T'\ K| = 2N — k, times
the normalisation of A‘S"; from . The sign 7y corresponds to g;, - - -¢;,, where the 7, run
over values in the complement 7'\ K, and 73 corresponds to the sign we get when bringing
up\g - ug in AL (---) into the form x{xy - - - x{xyeo. Altogether, the coefficient in front of

Uy e 18 Brlm(K) - me(K) - n3(K). Tt is not hard to verify that
(B.44) () - 13(K) = < I1 5i> < I1 _8n) i(k=Dk _ {(h-Dk | ()N
(i,e4)ET\K (n,en)eEK

and hence 1y (K) - 12(K) - n3(K) = (=1)*. Thus ¢(ug) = 551(—1)%;\1( — BT(_l)Nch;\K _
T (ug), as claimed. -

Using the above lemma, one can also write the two sides of sector 111 in Table [1] as
products over elements in (S*))®3 and conclude its validity from the N = 1 case.

Combining the above result with Propositions and we obtain:

Proposition B.8. The functor D: SF — RepS, together with the isomorphisms Ayy and
idgio : 1 — D(1), is C-linear monoidal equivalence.
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B.5. Transporting the braiding

Recall the definition of the element » € S® S in (B.9). We use r to define a family of
natural isomorphisms

(B.45) bun M@N—=3>N®M | M,N€RepS

in RepS as a sum over sectorsf]

(B.46) YN = Z @Dﬂ”N , @DXZN = Tj'ij o (T“b ce, ® eb) o (idM ® w}l\,) ,
a,be{0,1}

where w9 = idy and w} is the parity involution, and composition with r% - e, ® e; denotes

the action of this element of S® S on M ® N (with the corresponding parity signs resulting
from braiding one copy of S past M).

We will show that v is the result of transporting the braiding from SF to RepS via the
family of isomorphisms Ay y introduced in Section , that is, it is the unique natural family
of isomorphisms that makes the diagram ([7.25) commute:

(B.47) D % V) —) v 1)
D) & DV) 2220 p(vy @ D)

This then proves that 1 is a braiding on Rep S and that D is a braided monoidal functor.

Lemma B.9. For all M, N € RepS, Yy n is a morphism in RepS. Furthermore it is
invertible, natural in M, N and makes the diagram (B.47)) commute.

PRrROOF. Given morphisms f: M — M’ and g : N — N’ in RepS, it is immediate from

the definition that ¢y N o (f @ g) = (9 ® f) o ¥an. The lemma follows once we proved
that (B.47) commutes. Indeed, since the top path in (B.47) is a morphism in RepS, so is
Ypwy,pv)- And since the top path is invertible, so is .

We now show that (B.47) commutes. In Table[2] the conditions on ¥,y are given in each
of the four sectors. These conditions use the inverse of 7,

N
(B48)  y'=exp(-0)=[[101-x @x +x @x —x'x @xx)-e e,

=1

and the constant

(B.49) K= exp(%é’) = H(l — X% )eq .

i=1

2The appearance of the parity involution is the reason that  is not a universal R-matrix for S.
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00 : 7y (50 w@w) = vy (% (o))
01 : 7'5}3@‘/([7' ‘{](AS( ). (b®/{).(1®u))} ®v>

— ey ([A%(0). (B @ b) . (u@ 1)] @ v)
10 : TBoU.v © (idg ® idy ® pV)
o (ids @ 73 ® wy) ([(13% © A%(a) - (b ()] @ u e v)

— Py o (ids @idy ® p¥) o (R ® 72 @idy) (AS(a) @ u ® v)

11: B mileey o (ids @ 7% @ wv) (55[A%(™") - (b b)] @ ue )
= Vgupey © (ids @ T8y @ idv)<[A5(h) - (b@b)] ®u® v)
TABLE 2. Conditions on ¢y such that (B.47) commutes in each of the four
sectors. The conditions have to hold for all h € Sy, a € B, u € U, v € V and

all U € SF;, V € SF;. The element v is defined as in Table [1| (and its inverse
is given in (B.48))) and & is defined in (B.49)).

Substituting the definition of ¢ in (B.46|), the condition in sector 00 can be rewritten as

(B.50) reg®ey = 15%(00) 70"

where dy and its inverse are given in (B.22)) and (B.23). Note that all ingredients in the above
equality are written as products over elements in S®) for k¥ = 1,...,N. This reduces the
verification of to the case N = 1, in which case it is a short calculation combining
(B.22), (B.23), (B.48) and the definition of r in (B.9).

In the remaining three sectors the strategy is the same: we show that the required identity

can be written as a product over elements in S®). This implies that if the equality holds for
N = 1, it holds for all N. The case N = 1 can then be checked by hand or by computer
algebra (which is what we did). Below we only explain the reduction to N = 1 and we omit
the details of the verification for N = 1.

The condition on v in the 01-sector can be expressed via r as the following equation in
S() %) SII

(B.51) Vs, [P A(a)-(1®b)] =A%) (b®krd") a € B.

The elements b, d; and x are all given in product form, see (B.18)), (B.22) and (B.49). This
reduces the verification in sector 01 to the case N = 1.
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We see from ([B.46|) and Table [2| that the situation in the 10- and 11-sectors is different
because of the presence of the parity-involution w. In sector 10 the condition on 1 is expressed
in terms of r as the following equation in S; ® Sy:

(B.52) 7%, [r'? - (([d®@w)(A%()) - (b® 1)] = A%(a) - (1@ b) a€B.
As in sector 01 all elements are given in factorised form, and the above equality thus follows
from the fact that it holds for N = 1.

To rewrite the condition on ¢ in sector 11 in terms of r, we have to relate wggy, which
appears in 1) on the RHS of the condition in sector 11, recall (B.46)), and wy, which appears
on the LHS of the condition. This can be done as follows. Note that

(B53) W Q@ wy = WBRV -
We recall then the basis
N
(B.54) B = spaun{blz(i1 ..... iN) = H(xk) Pxer | i € {0, 1}}

k=1
with w(b;) = (—=1)N*2Xr%b; and so wg = Q.(—) with
N

(B.55) 0= H F—xix; e .

The braiding 1!! can be then expressed as
(B.56) wé%g)U,B@V = TBau,BaV © r'to (idB®U ® wB@V)
= Toavpey © (" -1 Q) o (idper @ idg @ wy)

In the last line, the element 7'-1® Q) € S®S acts on the two tensor factors B in B@U®B®V.
Substituting this into the condition in Table [2| gives the following condition on r!!

(B.57) &% [ 1®Q) - A3(h) - (b®b)] =8-A3(hs!) - (b®b) ,  hES.
Again one can write this equality as a product over elements in S, k = 1,... N, reducing
the verification to N = 1. OJ

Since SF is a braided monoidal category, the above lemma shows that 1 defines a braiding
on RepS. Altogether we have shown:

Proposition B.10. The functor D in Proposition [B.§ is braided monoidal.
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C. Equivalence between SF and Rep Q

Here, we present the second part of the proof of Lemma We begin with introducing
a quasi-bialgebra Q in vect and show a braided monoidal equivalence between Rep S and
Rep Q. Then we present a twisting of Q into Q, and therefore Rep Q is braided monoidally
equivalent to Rep S and thus to SF. Finally, we use this equivalence to transport the ribbon
twist from SF to Rep Q.

C.1. The quasi-bialgebra Q

In this section we introduce the quasi-bialgebra Q= Q(N, f) which is equal to Q as an
algebra. It has a different quasi-bialgebra structure, namely

(C.1) AK =KoK—- (14 (-1)N)e, @ e -KRK, £(K)

AfH) =fF@14+K off —(1+(-1)Ne;®e - K@ fF e(fF) =

L,

where we use the central idempotents e; € Q (i = 0,1) defined as in (7.2). The coassociator
for this coproduct is (we will check the axioms below)
(CQ) é=€0®€0®€0—|—80®80®€1+€1®80®80+30®31®61

+e®e;Rey+ @Oloeo e KXey+ @10161 ReyR e+ @1“61 RKe ®ep,

where the non-trivial components are given by
N
2010 2010
(C.3) 00 =TT 20 .
k=1

N
HLT (KN T g KN T g1 (H&)%’QD KNl oK1,

with
(C.4)
ﬁ%:(1®1®1+Q+QQK®K®§>@®1®1+Q—DQK®K®¢),

HIOT — (1®1®1+(1+i)1®f,jK®f,;+(1—i)f,;K@f,j@l)
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x <1®1®1+(1+i)f,jK®f,;®1+(1—i)1®f,;K®f,j) ,

Ol = <1®1®1+(1—1)(1®f,jK®f,;+f;K®K®f,;—f,jK@f,;®1+1®f,;f,j®1)>
X <1®1®1—(i—1)(1®f,;K®f;+f,;K®K®f,j—f,;K@f,j@l—1®f,;f,j®1))
x(1e101-210ff @1).

The quasi-bialgebra Q can also be equipped with an R-matrix which is defined as

(05) ]i’ = ROOeO X ey + ﬁ()leo ® e + Ji’loel X ey + Rllel X ey s
where
N A~
(C.6) R"=pK)-T[ B, i=01,
k=1
N A
(C.7) R =p(K)-[[Bip - 1@K,
k=1
N
(C.8) R = (—1)Nig p(K) - 1 @ KN-1. (H R%,g)) KV®1
k=1

with the Cartan part

(C.9) pK) = (101+wel+10w-—wew) , w=/(e-ie)K,

and

(C.10)
R =101-2Kaf
Ry =101— 1+ Keff — 1+ Kefy + (1 —)f i @ 1+ 2if fF @ f f7
R =101+ 1+ K f + (1+DFTK@f + (1+i)1ef ff —2if {7 @ f f
Rijy=101-2fKoff + (- D1efff — (1+)fff @ 1+ 26 fF @ f .

Remark C.1. For N = 1 we have

5 5 . . 5 32 .
(@1 @0=agl, O =aP deKel @M=l 1eKel
and they coincide with the components of the associator in [GRI1l, Sec.7.4]. So, we have
the simple factorisation (C.3]) of the nilpotent (off-diagonal) part of the associator into the
product of N = 1 components. The Cartan part depends only on the parity of N. We also
note that the components q)?zb)c commute with each other: (ID‘(‘ib)C : @?jb)c = CIDE”;’)C : <I>‘(ll.b)c.
For the R element, we note that (C.6) for N = 1 is R% = p(K)fi?,izl), and it is the 00 and
01 components of the universal R-matrix in [GR1l Sec.7.7]. The Cartan part thus does not
change with N while the “off-diagonal” part is just the product of the N = 1 components.

Also, Rbi:l), for i € {0,1}, corresponds to N = 1 case: the 10 component of the universal
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R-matrix in [GR1], Sec. 7.7] is expressed as R0 = p(K) -R%,Szl) -1®K while the 11 component
is R = Ep(K) - }?(1,%:1) -K ® 1 that agrees with (C.7)-(C.8). Hence, we have again the simple
factorisation (C.7)-(C.8) of the nilpotent (off-diagonal) part of R into the product of N = 1

components.

The following lemma can be easily checked by a direct calculation.

Lemma C.2. The map A: Q = Q® Q defined in (C1)) is an algebra homomorphism.

In order to show that (Q, 1, A, g, Cf>, R) is a quasi-triangular quasi-bialgebra we start with
the braided monoidal category Rep S described in Appendix [B and verify that ® and R can
be obtained via transport along a certain multiplicative functor from Rep S to Rep Q, see
Sections From this it follows that Q is indeed a quasi-triangular quasi-bialgebra and
that Rep Q is braided equivalent to RepS.

C.2. A C-linear equivalence from RepS$S to RepQ

In this section we present a C-linear functor G : RepS — Rep Q. Recall that wy denotes
the parity involution on the super-vector space U. For a given U € RepS, G(U) is the
underlying vector space U with Q-action given by, for u € U,

(C.12) Ku = zwy(u) =wy(z.u), where z=e+ie,

+ R =
fru = xu.

Note that K2 acts as L, that is, e; € Q (1=0,1) acts as e; € S. For a morphism f: U — V
in RepS we set G(f) = f.

Proposition C.3. The functor G is an equivalence of C-linear categories.

PROOF. Since the proof is very similar to the proof of [GR1, Prop. 5.2] we omit the
details here. However, for later reference we introduce a functor H : Rep Q — Rep S which

is inverse to G. By inverting the relation in (C.12) we define an involution map on an object
V € RepQ as

(C.13) wy(v) == (eg —ie))Kv | veV.

Then the S-module H (V') has V as the underlying super-vector space with the Z,-grading
defined by the eigenvalues of wy as wy(v) = (=1)Ilv, for an eigenvector v of wy. Moreover,
L acts on H (V) by eg — e; € Q and xi° acts on H(V) by f. O

Since Q and Q have the same algebra structure we in fact have shown a C-linear equivalence
of Rep S and Rep Q.
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C.3. G as multiplicative functor

In order to show that G is multiplicative, we define the family of isomorphisms
FU,V: Q(U ®Rep5 V) — Q(U) ®Rep© Q(V) ,

(C.14)
URUuURuteu® (E—1)ew,

where ¢ is defined as

N
(C.15) =iNOTURTT G with & =xf +x; .

k=1
Invertibility is easy to see since (I'yy)? = idygy, which follows from ¢? = e;. Naturality is

also clear. It remains to prove the following lemma.

Lemma C.4. I'yy is an intertwiner of Q-modules.

PrROOF. We need to show that for all a € Q, ue U, v eV we have
(C.16) Fpva (u®wv)) =alpyy(u®wv),
where the notation © emphasises that the action of A(a) € S®S on U ® V is in Svect and
involves parity signs.

Since AS and A are algebra maps, it is enough to verify this on the generators K, = If
U¢ RepS; or V ¢ RepSy, I'yv is just the identity, and the verification is straightforward.
As an example for the sector 11 case let @ = f;” and assume N to be even. Then the two
sides of the above identity are

(C.17) filyv(uee)=f @1+K'afl —2K e, @fel).(e1.u® e .v)
=xfe,u® e v+i(—1)"eu®x e,
Loy (i (w@v) =Tuv(x " (@) =Tuy((xf ®1—-i1®@x;) " (u@v))
=xle u®ev—i(—1)"e,u®éxg e .
Since xi-ée; = (—1)N"1¢éxTe; both sides are equal. The calculations for the other generators

and for odd N are equally straightforward. O

Altogether, we have shown:

Proposition C.5. With the isomorphisms I'yy asin (C.14), the functor G : RepS — Rep Q
18 multiplicative.

C.4. Transporting the associator

In this section we transport the associator from Rep S to Rep Q along the lines explained
around the diagram (7.24). As RepQ is the category of (finite-dimensional) Q-modules in
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vector spaces, the associator on Rep Q takes the form
(C.18) a&?}?ﬁ(u@v@w) —d.(uRUve W),

where u, v, w are elements of U, VW € RepQ and for some ® € Q@ Q ® Q. In order to
compute & and to see that it agrees with (C.2)-(C.4), we choose U = V = W = Q and solve
the diagram ([7.24) with F replaced by G.

Recall the functor H inverse to G from the proof of Proposition [C.3] Let us abbreviate
QH = ’H(Q) The S-module structure on Qy is as explained in the proof of Proposition
Commutativity of the diagram ([7.24) applied for F = G and © = I then reads for ¢ € Q%?’:

(019) ((FQH7Q’H & ld) o FQH®QH7QH) (AAq) = Ci) . [(ld (029 FQ’H7Q’H) o FQHyQH@)QH (q)} ,

where 'y is defined in (C.14) and the notation - emphasises that the action of A on Qu ®
Qu ® Qy is as in Svect, i.e. involves parity signs. During the calculation it is important
to be careful with the parity signs. For example, A7(1 ® 1 ® 1) can not be simplified to A

since 1 € Qg is not of definite parity. Other examples are the actions of Lo, .0n00, and
U'a,, 00,0, Which are, for a,b, c € Q.
(C.20) L4, anea,(@®@b@c)=a®b@c+era® [AS((f —1e)) (b®o)],
L 8,,80,.0, (@ ®D® )=a®b®c+A(e).(a®b)® [(5 —1)eg .c] )
We use below the notations (in the spirit of (B.33))
(C.21) 3™ = dte . (e, ey @ e,)
with 9 as in (it is understood that the dabe not spelled out explicitly in are set

~ abc
to 1%%). We will also use the similar convention for ) and A‘(’fg’f

In the following we will present the calculation of ® in sector 101. The other cases are
similar. For brevity, we write w instead of ws for the parity involution in S. Using (C.20))
and (C.21]), the equality in (C.19)) then reduces to

(C.22) §101 (s @ AS(E) (N @id®id)(g)) =15 ® 15 ® €. (A" ")

= (W@ ®id)(1ls®1s® (A 1q)) ,

“won [13awb]

where the parity involutions appear upon converting the action “.” in vect to the action .
in Svect, using that £ is odd if and only if N is odd. By setting

(C.23) ¢=1s @ AS(&) (WN @ id @ id)(p)

for p € Q%g (note that since £? = e; the above map is a bijection between p’s and ¢’s), we
get

(C.24)

élm.p =(WWew"e id)<1s R1Ls @A 15 @ AS(E) N (WN®id® id)(p))
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N
= (@Weuweid) (] (s 126 A 150 A%G) (N eid2id)(p) |
k=1

where for the second equality we used the factorisation in and (C.15)) and the fact that
Abg)l are even elements, as well as the equality

:12

(C.25) (1s®1s @& (1s@A%(E)) = [ | (s ©1s © & 1s @ A3(&))

k=1

which follows from reordering the parity-odd elements &, and AS(£;). We now take P01 iy
the form (C.3) and check the above equality. First, we know that this equality holds in the
N =1 case [GRI1, Sec. 7.4], which takes the form

(C.26) by 1OK®1.p= (w@weid)(1s ® 1s @& AW 15 ® AS(&)) 2 (id @ w @ id) (p)

where £ = 1 and one has to use (C.4)) and the convention in (C.21)). We also note that the
equality (C.26]) holds for general N and k. It can be rewritten as

101

(C.27) @4 1@K®1.([dOw®id)(p) = (w@w®id)(1s © 1s ® & AR *1s @ A%(&)) p

By choosing p = 1%3 and applying ((C.27) multiple times on (C.24]) it follows that (recall that
1 € Qg is not of definite parity)

(C.28)
qA)lOl

(W' @ ®id) (cb 1RK®1. (1d®w®1d)<<b 1K1, (Id®w®id)

.<§01)1®K®1(1d®w®1d)(q> 1eKo1. N (1)®1®1>>...>,

By identifying w with the element (ey — ie;)K, the above expression simplifies to (C.3]). Note
that w-eg=K-epand hence 19 K®1-1w®l-e;ReyRe; =e; ey e;.

Altogether, we have shown:

Proposition C.6. The natural isomorphism aRerQ from (C.18)) with d as in f
defines an associator on Rep Q. With respect to this associator, the equivalence G : Rep S —
RepQ with multiplicative structure I'yy defined in and ide : 1 — G(1), is C-linear
monotidal equivalence.

C.5. Transporting the braiding

We now similarly transport the braiding along the monoidal equivalence G : RepS —

Rep Q from Proposition , recall the discussion above ([7.25)).
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Lemma C.7. For allU,V € Rep Q, the isomorphisms TU,VofAi with R from (C.5)) are natural
in U,V and make the diagram (7.25) commute for all M, N € RepS:

G(¥u,N)
(029) g(M ®Rep$ N) g(N ®Rep5 M)

NV I'n,mr

TG(M),G(N)OR

G(M) ©Rep Q G(N) ———=G(N) ORep Q G(M)

PROOF. It is clear that for morphisms f : U — U’ and g : V — V' in Rep Q we have
Ty oRo(f®g) = (9g® f)oryy o R. The lemma follows once we proved that (C.29))
commutes, as it was already argued in the proof of Lemma [B.9

Though the monoidal isomorphisms I' are non-trivial only in the 11-sector the transport
is non-trivial in all the four sectors due to the passage from Svect to vect. We recall first
the braiding (B.46) in RepS. The commutativity of the diagram (C.29) in the 00 and 01

sectors then corresponds to the equation
(C.30) Tuy o RY . (u®w) =757 or” (u®w), i€{0,1}, uwelU, wvevV,

where 7 is the symmetric braiding in vector spaces. This equation for N = 1 case holds due
to [GR1], see also Remark . Therefore, using the factorised expression for R% and r%,
the equation has the unique solution as in ((C.6)), where the first factor p(K) defined
in (C.9) is due to the braiding in super-vector spaces.

Recall then the expression of the braiding in the 10 and 11 sectors of Rep S in (B.46)).
The commutativity of the diagram ((C.29)) corresponds thus to the equations

(C.31) ry o R (u®w) = 5y or'?(ld @ w)[u® ],
TU7VOR11.(U®U) = (id ® L¢) or@},’or“f(id@cu)[u@f.v],
with the solutions given in (C.7) and (C.8), correspondingly. The derivation of (C.7)) is

obvious. To derive (C.8)), we note that the equation on R can be rewritten as
(C.32) RYM.(u®@v) = (—1)¥p(K).(id @ N ) [(id D) (@118 (W (u) @ v)] .

We use then the factorised expressions for ¢ in (C.15) and for r!! in together with the
known solution for N = 1, recall Remark , and it finally gives the expression in (C.§|). By
the construction of R, the diagram (C.29) commutes and this finishes the proof. O

Since Rep S is a braided monoidal category, the above lemma shows that R from (C.5) is
the R-matrix of Q and by the construction of the transport of the braiding the family 7 o R
defines the braiding in Rep Q. Altogether we have shown:

Proposition C.8. The functor G in Proposition|[C.0 is braided monoidal.
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C.6. The quasi-bialgebra Q is the twisting of Q

We define the twist ¢ — an invertible element in Q ® Q:

(C.33) (=e®1+(" - e10e+(" e®e,
where
N N
(C.34) ¢ = (H g(l,g) 1ok (M= (H c@,;) 1KY
k=1 k=1
and

(C35) =101+ (1 -)1fif +(1-Df Keff +(1+)f/Kef 26 off
(h=101—-(1+i)1@ff .

Its inverse is

(C36) (71 :60®1+(C10)71 '61@604‘((11)71 -e1 e
with
N N
()t =10K" (H(Cé?))_l> C ()Tt =1e k. (H(C(%)_l) :
k k=1

=1
(g(l,g)*l =11+ (1+)1efff, —(1-DKafl —(1+D)ffKef —2ff off ,
(g(l,g))*l =1®1—(1-i)1aff .

Since (e ®id)(¢) = 1 = (id ® €)(¢) and ( is invertible, ¢ is indeed a twist. This means
(see e.g. [Dr2] or [CP]) that it defines another quasi-triangular quasi-bialgebra Q. with the
same algebra structure and counit as in Q, while the new coproduct A, R-matrix R, and
coassociator @, are given by

(C.37) Ac(z) = CA() (T,
(C.38) Re=(n RCTY
(C.39) Oe=((®1)- (A®id)(()-®-(doA) () - A®().

The action of the twist defines a multiplicative structure on the identity functor between the
representation categories of both quasi-bialgebras. In particular, the categories are braided
monoidally equivalent.

Proposition C.9. We have QC = Q, that is, Q as a quasi-triangular quasi-bialgebra defined
in Section is obtained from Q by twisting via (.

To prove the proposition, we will need the following lemma.
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Lemma C.10. We have for a,b,c € {0,1} and 1 <i # j < N the equalities

(40 |agyags] =0, (e #y] =0,
(<&, ¢h] =0, [<I>1°1 K®K®K] ~0

and

(C.41) [ @1, (id®A) )] =0

PROOF. This can be easily checked using the anti-commutator relations of Q from ([7.3])
and by recalling that Q and Q have the same algebra structure. [

PrOOF OF ProOPOSITION [C.9l Using (C.37)-(C.39), we have to show that Re = R, &, =

¢ and A = A with R, ® and A defined in 1' and (|7.8)), respectively. For N =1
we verified these equalities using computer algebra. The proof for general N will rely on the

N =1 case.

We start with the coproduct and show the statement sector by sector. Clearly, A. in
agrees with the coproduct in Q from in the sectors 00 and 01. Since A. is an
algebra map, it is enough to show the equality A = A on the generators. Below we will use
the abbreviation

(C42> gab = Cab ‘e, ®ey, a, be {07 1} )

and similarly for g‘(z]i’) By applying Lemma |C.10| and using that for N = 1 the statement is
true we get in sector 10, for z; € {K, ! f.},

Y Y "

(C.43) COA(y) (¢') (Hgm) 19K-Alz;) - 10K} <H (o)™ >
~(Me ) s (Tt ) - o

ki ki

where we also used that ¢ 218) commutes with A(x;) for i # k. For the sector 11, we prove it
similarly.

The twisted R-matrix is B¢ = (o1 }A%Cfl and we begin with the case N = 1. The direct
calculation gives (for * = —1)

1
(C.44) R = % Z QkiQk(z’—j+1)—2ij(fl—)kKlH-i ® (ff—)kKj
i,5,k=0

X (60 X eqg + iiiikel X eqg + ijeo X e + i7i7k+j661 X 61) .
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We can rewrite R; in a more compact form involving the Z,-parity w = K(ey — ieq):

1

(C.45) R; = Z B ppm - (121 =2ffwxf) e, e, ,

n,m=0

with the Cartan factor p, ., as in (7.14). In the above calculation we used the identities
pno = p(K)-e,®ep and p,1 = (—1)"K®@1-p(K) - e, ® e, with p(K) introduced in (C.9). For
general N, using the factorised form of ( we obtain the expression in terms of N = 1 terms:

N
(C.46) Re-e, ®en zﬁnmpmm-H(l@l—ka_w@f,j) ce, Q e, n,m € 2o,
k=1

where now 3* = (—1)N. This proves R = R with the R-matrix for Q given in (7.15]) where
one has to use w_ = w.

We now turn to the calculation of the twisted coassociator. We prove the equality ®, = ®
in the sector 101, the proof for the other sectors is similar. Recall the definition of the
coassociators ® and ® in and (C.2)-(C.4), respectively. We have to show that &' =
193, The equation reduces to

(C.47) O ey weyme =01 (Anid) (") -3 - (doA) (),

where we used the notations in (C.21)) and (C.42)), and that ¢ = 1 ® 1 in sector 01. Using
computer algebra for N = 1 it turned out that ®:*" = 1. Taking this into account, the
equality (C.47) for N = 1 is then equivalent to

~ 101

(C.48) (1d®A)(< ok 1®K®1—(10®1 1oK®1- (A®1d)(§ Nk Dy

where k£ = 1 and we used that K~ 160 Key. We note that the above equation also holds for
general k. Together with Lemma we get for general N:

(C.49)
N
Mol (Asid)c) - Hc10®1 1®K®1-(HA®1d )-1®1®KN—1
=1
N-1 N-1 g - 101 N-1
x (—K)N "t @K ch K leKe1l
N-—-1

= (G e (et 1oKkel Goiag) i)

s

><< (Aeid)())- @?(;1>.1®KN®KN‘1,
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where the first equality is by definition of ¢ and ®°!, while we used the relations in (C.40)
at the second equality. Next, by applying ((C.48) for £ = N to the previous expression we get

A

(C50)  (Me1-(Aeid)() " H§1°®1 <1d®A)(( )1®K®1>

N-1
A - 101 -
% (H(A ®1d)(§211)) "2 > 1KY oK.
i=1
Finally using first the relation (C.41)) and then doing the reordering of the terms in the

products as in (C.49) and (C.50) for i = N —1,...,1, we obtain

N

(C.51) RHS of (C50) = (H(id ® A)(gil))) 19K®1 10K @K

i=1
= (id® A)(¢") .
Hence, ®%" = 1%% = &' which completes the proof. O

C.7. Transporting the ribbon twist

The ribbon twist in SF is described in Section[6.6] Following the same lines as in [GRIL]
Sec. 7.9] and using that wg is given by the left-action of  in (B.55) we can write, for M €
RepQ, m € M,

N N
(C.52) Ors(m) = (eo [T +2r6) -8 el [[ (1 - zf,jf,;)) m
k=1 k=1

The action of the ribbon element v € Q on M is by convention equals the inverse twist. It
follows that

C.53 v = (ey — PiKe,) - —2fF1,)
(C.53) B

:12

k=1

C.8. Ribbon equivalence F: SF — RepQ

Taking Appendices [B| and [C] together (Propositions [B.8] [B.10] and [C.6] [C.8] and [C.9)), we
have established a ribbon equivalence F: SF — Rep Q which is the composition

(C.54) F=GoD
where the functor D is defined in (B.17) and (B.20)), and the functor G is in Section The

monoidal structure of F is defined by

(C.55) Fov: FU*V) = F(U) Qrepq F(V)
with

(C.56) Fuv = (¢.(=)) o Tpwrypery 0 G(Auy)
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where ¢, Tyy and Ay are given in (C.33), (C.14) and in Section [B.3] respectively. This

monoidal equivalence is by construction braided and ribbon and thus finally proves Lemmal[7.5
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D. Proof of Proposition [7.10]

In this Appendix, we use for brevity H instead of H(N), for the Hopf algebra introduced
in ([7.31)) and ([7.32)), and we fix the basis in H:

(D.1)  H=spanc {fu,* fu k" [0<m <N, 1<uy <up <...<up<N,v€Zs} .
The coproduct A on the basis elements (D.1)) is given by

U=1u1

(X e fE e ) R @

- ( Z €l<m) fqill ce ll:;kiv & qu:ll .. 1};lmk.v+|l|) '

lezy
where g/(m) = (—1)2?:11li((m_i)_zﬁiﬂl]’) and [I| =Y, € N.
For the Drinfeld double construction we need the dual Hopf algebra
(D.3)  (H®) = (H*, py» = A, 1o =€, Ay = (u)", e =07, Sy = (S7)")

where p°P is the opposite multiplication, and we used the standard isomorphism of vector
spaces (H & H)* = H* @ H, so Ag-(¢)(a @ b) = p(ba) and (- ¥)(a) = (p © ¥)(A(a)).
Using , we note that the canonical duals of the generators of H do not generate (H°P)*
since e.g. f - ff = (f; ® f;) o A = 0. We then instead use the linear forms

(D.4) k=1"—Fk", i = (fik)" = fi" .

Lemma D.1. The algebra (H°P)* is generated by r and p;, 1 < i < N, with the defining
relations

(D5) /{2 - ]-H* ; {QO’MQOJ} =0 ) {SDZ"H} =0 )
and the set
(D.6) {oi . 0i K |0<M<N1<i) <iyg<...<i,<N,j€Zs}

forms a basis. The Hopf-algebra structure of (H°P)* is
(D.7) Ap-(K) =K ® K, Ap-(pi) =i @ 1 + K@ i ,
en+(k) =1, en+(pi) =0,
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Su+(k) =K, Su+(pi) = @ik .

PROOF. We begin with the defining relations. The first one from (D.5) is straightforward
to check using 15+ = ¢ = 1* + k*. The next one follows from the calculation:
(D.8)  ip; = ((fik)" = £7) @ (k)" = ;) o A = =((fik)" & f; + [7 @ (fik)") 0 A

= (fifik)" + (fify)" = —((f; fik)" + ([;.£1)7) = —pj%0i

where we used the coproduct formula , and similarly for the third relation.

Now, we construct a basis in (H°P)*. Using induction, one can check the relations
(D.9) (=D)"@i o @iy = (fir - i)+ (1) (fir - firB)

Cir - i = (fir - fi) = (D)™ (fir - fin k)™

Since the set of elements (fy, ... fu,.k")*, with indices as in (D.I]), forms a basis in (HP)*,
we conclude from the above relations that the set is also a basis in (H°P)*.

For the coproduct we have by definition Ag«(p)(a ® b) = ¢(ba). This can be written as

(D.10) Ap-(pi) = ((fik)" = f7) o p® .
For ff o u°®(a ® b) we should find such pairs (a,b) that f(ba) is non-zero. There are four
such pairs and we get

(D.11) ffou®=fr1"+1"x ff — (fik) @k + k* @ fik* |

and we get a similar expression for (f;k)* o u°?. Combining the eight total terms in (D.10)
we get the coproduct in (D.7]). For the antipode we have

(D.12) Su-(pi) = (fik) = f7) 0 S7" = fi + (fik)" = pir .

Calculations for the coproduct and antipode for x, together with the counit, are straightfor-
ward. This finally proves the lemma. [

Next we present D(H), the Drinfeld double of H, by following the conventions in [Kal,
Chapter IX]. As a vector space D(H) is H* ® H. It has a Hopf algebra structure with unit
1y ® 1 and counit (¢ ® a) = eg«(¢p)e(a), with the multiplication defined as
(D-13) (9®a)- (@)= ¢ (5 (a")(=)a) ®a"b,

(a)
where ¥(S7!(a")(—)d’) stands for the map (z + ¥(S~(a)xzd’)). The coproduct and the
antipode are given by
(D.14) A(p@a)= Y (¢®ad)e(¢"®a"), S¢®a)=(1g©S5(a)) (Su-(p)@1).
(¢)(a)

We will identify an element a in H with 15+ ® a and an element ¢ in (H°?)* with ¢ ® 1, in
particular, we write ¢a = (¢ ® 1) - (1y+ ® a). In this notation, the basis of D(H) is

(D.15) {pi, - 0in k" fir - [,k |0 <m,n <N,u,v ey},
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where as usual we assume that 1 <1y <1y < ... <14, < N and similarly for the j’s indices.
It is well-known that D(H) is quasi-triangular: for any basis {b;|i € I} in H the R-matrix is
given by (using the convention above we interpret b;, b € D(H))

(D.16) Rp=)Y b;®b] .

i€l
Proposition D.2. D(H) is generated by k, k, fi, p; with defining relations (7.31)), (D.5)) and
(D.17) kk = kk ik = —kep; fik = —kKfi, Lfi; %‘] = 0;j(k — k) .

The Hopf algebra structure is given by (7.32) and (D.7). The R-matriz for D(H) is given by

1

(D.18) Rp = 5(1@1+1®/@+k®1—k®/€)( > (—1)mf1~1...fl-m@goil...goim) :
0<m<N,
11<... <ty

Proor. Using (D.13)) it is straightforward to show the relations in (D.17). For example,
we get the last equality since Z(f) flofleofll=fkk+1® fi®k+1®1® f; and then
(D.19) figi = ik = fi)k + (k=) fi + o;(fik—)1
= =0 (1 + K )k + (= f] + (fR)) fi + 0,5 (17 = k)1

The coproduct, counit, and antipode on the generators were already computed.

For the R-matrix in (D.16|), we fix the basis {b;} as in (D.1)). Then
(D.20) Ro= Y > fu i @ (fo-o fi k)

0<m<N, 0<5<1
1<61<...<im <N

By applying we get
* 1 m
(D.21) (oo Fon) = 00 e i (1)L + 1)
* 1 m
(fir - i k)" = 500 @i, (Lie = (=1)"'5))

and therefore

1
(D.22) Rp = ( N e fn ®0 ..¢im>§((—1)m1®1+1®n+k®1— (—1)"k @ k)
0<m<N,
’Ll<<Zm
which gives (D.18)) using the relations between f; and k, and ¢; and k. O

Proposition D.3. For any N > 1, the linear map
(D23) Wy, o g h iy k") = (L) POD2TEE L e

with wy from , defines an isomorphism of C-algebras D(H(N)) = Q(N, B).
Furthermore, for even N this map defines an isomorphism of Hopf algebras between D(H(N))
and Q(N, £1).

Moreover, for f =1 the R-matriz in Q defined in (7.15) and the image of Rp under ¥ @ W
coincide, i.e. V is an isomorphism of quasi-triangular Hopf algebras.

)
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PROOF. In order to show that ¥ is an algebra map it is enough to verify the relations in
(7.31)), (D.5)) and (D.17)) for the the image of the generators of D(H) under . Since we have

Vo) =2, W) =we, V() =fo, k) =w,
this is an easy check. For example,
(D24)  W(F)W(py) = w- Gy (K2 — 1)+ 2676) = 61 (ws —wo) + 265w
= 0i3(V(k) = W(k)) + ¥ (p;) ¥ (fi)

Since %H\I’(/f—i—ik‘) = K and ¥(f;x) = f; the image of ¥ clearly generates Q. Moreover, since
the dimensions of D(H) and Q agree W is bijective.

To show that ¥ is a coalgebra map we use and , and check
(D.25)
(TRU)(A(p) = (TR U)(0; @1+ K@ p;) =2 @1+ 2w, @FF = A(2fF) = A(T(g)) ,
(TR U)Af) =T (fiek+1®f;)=flu-@w +1®fw =Afw)=AT(f)),
( (r®
(

(¥ ® )(A(r)) = ® k) =ws ©wy D Alwy) = A(Y(x)) -
Note, the equality
(D-26) W(S(gi) = W(pin) = 26w, = S2f) = S(U(py)) |

)
U(S(f) = —W(fik) = —F = S(Fw) = S(U(f)
U(S (k) = U(x) = wy = S(ws) = S(U(K)) .

UeWw)
) is in Q and it holds only if N is even. For the antipode, we have

Recall the R-matrices in Q and D(H) defined in (7.15) and (D.18)), respectively. The
image of Rp under ¥ ® W leads to (using 8 = 1)

1 _ _
(\P@\D)(RD):5(1®1+1®w++w,®1—w,®w,)<Z(—2)mfilw,...fimw,®f;1“...fifn)

N
= Zpu,v-H(1®1—2f,;w,®f,j)-eu®e0:R,
k=1

u,v=0
where the sum is taken over 1 < iy < ... < 4, < N with 0 < m < N. This calculation finishes
the proof of the statement. [
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Abstract

This thesis is concerned with “N pairs of symplectic fermions” which are examples of
logarithmic conformal field theories in two dimensions. The mathematical language of two-
dimensional conformal field theories (on Riemannian surfaces of genus zero) are vertex oper-
ator algebras. The representation category of the even part of the symplectic fermion vertex
operator super-algebra Rep V., is conjecturally a factorisable finite ribbon tensor category
[DR1l, Rul.

This determines an isomorphism of projective representations between two SL(2,7)-
actions associated to V.,. The first action is obtained by modular transformations on the
space of so-called pseudo-trace functions of a vertex operator algebra [Mi, [AN]. For V.,
this was developed in [GR2|. For the second action one uses that Rep V., is conjecturally a
factorisable finite ribbon tensor category and thus carries a projective SL(2, Z)-action on a
certain Hom-space [Ly1), [Ly2} [KTLJ.

To do so we calculate the SL(2,Z)-action on the representation category of a general fac-
torisable quasi-Hopf algebras. Then we show that Rep V., is conjecturally ribbon equivalent
to Rep Q, for Q a factorisable quasi-Hopf algebra, and calculate the SL(2, Z)-action explicitly
on Rep Q.

The result is that the two SL(2,Z)-action indeed agree. This poses the first example of
such comparison for logarithmic conformal field theories.



170 ABSTRACT

Zusammenfassung

In dieser Arbeit befassen wir uns mit “N Paare symplektischer Fermionen”. Dies sind
Beispiele fiir logarithmische konformale Feldtheorien. Die mathematische Sprache von zwei-
dimensionalen konformalen Feldtheorien (auf Riemannflichen mit Geschlecht null) sind Ver-
tex Operatoralgebren. Die Darstellungskategorie des geraden Teils der symplektischen Fermio-
nen Vertex Operatorsuperalgebra Rep V., ist vermutlich eine faktorisierbare, endliche Ribbon-
tensorkategorie [DR1l, Rul.

Hierdurch wird ein Isomorphismus von projektiven Darstellungen zwischen zwei SL(2, Z)-
Wirkungen bestimmt, die man mit V., assoziieren kann. Die erste Wirkung erhalt man
durch modulare Transformation auf dem Raum der sogenannten Pseudo-Spurfunktionen einer
Vertex Operatoralgebra [Mi, [AN]. Diese Wirkung wurde fiir V., in [GR2] berechnet. Fiir
die zweite Wirkung nutzt man, dass Rep V., vermutlich eine faktorisierbare, endliche Ribbon-
tensorkategorie ist und daher eine projektive SL(2,Z)-Wirkung auf einen bestimmen Hom-
Raum tréagt [Ly1], Ly2, [KL].

Hierfiir bestimmen wir die SL(2,Z)-Wirkung auf der Darstellungskategorie von beliebi-
gen faktorisierbaren Quasi-Hopfalgebren. Danach zeigen wir, dass unter der oben stehenden
Vermutung, Rep V., als Ribbontensorkategorie dquivalent zu Rep Q ist, wobei Q eine fak-
torisierbare Quasi-Hopfalgebra ist. Schliefllich bestimmen wir exziplit die SL(2, Z)-Wirkung
auf Rep Q.

Es zeigte sich, dass beide SL(2,Z)-Wirkungen in der Tat tibereinstimmen. Dies ist das
erste Beispiel eines Vergleichs dieser Art fiir konformale Feldtheorien.
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