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Chapter

Introduction

It ought to be remembered that there is nothing more difficult to
take in hand, more perilous to conduct, or more uncertain in its
success, than to take the lead in the introduction of a new order
of things.

—Niccolé Machiavelli
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Introduction

1.1 The linear-quadratic optimal control problem in finite
dimensions

We start by presenting the central objective of our work. To make the reading of this
introduction easier, we avoid using intricate mathematical notations. However, in case of
ambiguity of the notation we use, one should consult Section 1.3.

Let us consider the following finite-dimensional linear time-invariant (LTI) system

. {a‘c(t) = Ax(t) + Bu(t), 2(0) =0 € C", (1.1)

y(t) = Cx(t), Vit>0,

with matrices A € C"*", B € C"™ and C € CP*". We call z(t) € C" the state of ¥
at time ¢, u : (0,00) — C™ the input function, and y : (0,00) — CP the output function.
Systems of type (1.1) are usually described by the diagram shown in Figure 1.1: The state
of 3 is controlled by the input u and observed through the output y.

i(t) = Az + Bu N R

5

Zo

u

Figure 1.1: The input-state-output description of the system .

The principal focus of this dissertation is on minimizing the cost of controlling and
observing the system given in (1.1). This means that we want to minimize the cost
functional

J (2o, u) Z/OOOHU(t)IIQJr ly@)I dt, (1.2)

where the output function y : (0,00) — CP is subject to the dynamical system (1.1).
This optimization problem is called the “linear-quadratic optimal control problem”. In
order to ensure that the cost functional (1.2) remains finite, we require the input function
u : (0,00) — C™ and the output function y : (0,00) — CP to be L>-integrable (this
condition is called optimizability of System (1.1)). This means that we minimize the cost
functional (1.2) over the set of those control inputs u € L?(0,00;C™) which result in
y € L*(0, 00; CP) (through the dynamical system (1.1)).
The solution to the linear-quadratic optimal control problem can be determined by

inf J(x0,u) = J(x0, uP*) = (x0, Xx0) , 1.3
were L oy (o, u) = J (20, u”™) = (w0, X0) (1.3)

where X = X* € C"*" is the smallest positive semidefinite solution of the algebraic Riccati
equation (ARE)
A* X+ XA+ C*C - XBB*X =0, (1.4)

see for example [38]. The minimizer u°P* in (1.3) can be written via the linear state
feedback
uCPt(t) := —B*Xx(t), t>0. (1.5)




1.1 The linear-quadratic optimal control problem in finite dimensions

The closed-loop system obtained via the linear state feedback (1.5) (as depicted in Fig-
ure 1.2) is called the optimal closed-loop system. As shown in Figure 1.2, we have con-
structed the new input relation u = v — B*Xz(t) for the system Y. By substituting this
relation in (1.9), we reach the optimal closed-loop system:

{a'c(t) = (A— BB*X)z(t) + Bu(t), x(0) =o€ C",

y(t) = Cx(t), Vt>0.
Y () “ = Ax + Bu - C _)y
T

-B*X

Figure 1.2: The optimal feedback for the system 3.

If all the eigenvalues of the closed-loop matrix Agpe := A — BB*X have negative real
part, then we call the closed-loop system stable and the matrix X is called a stabilizing
solution of (1.4). Under certain assumptions on the matrices A, B, and C, one can show
the existence of a unique stabilizing solution X of the ARE (1.4) (see for example [31]).

As a result of the above observation, one way of solving the linear-quadratic optimal
control problem is to solve (1.4) and then the optimal control follows from (1.5). Hence,
the numerical solution of the algebraic Riccati equation (1.4) lies in the central focus of
the linear-quadratic optimal control problem for systems of type (1.1).

There are many algorithms available for solving (1.4) numerically (see [10] for a re-
view). For problems where the model order is small (e.g., n = 100), a direct method based
on calculating the eigenvectors of the associated Hamiltonian works well [2,33]. However,
if the dynamical system (1.1) arises in a finite dimensional approximation of partial dif-
ferential equations, then n becomes typically very large. In this case, the calculation of
eigenvectors turns into a laborious task and a direct method is not suitable anymore.

In this work we focus on two iterative algorithms which provide efficient approximate
solutions of (1.4) in low-rank factored form. This means that they provide sequences
(Xk)ren € C™*™ of approximate solutions of the form X, = R Ry, for some Ry, € Clexm,
with typically “small” £;. The main computational cost of these algorithms consists of, at
each iteration, solving a linear system of the form (axl — A)x = v, where v € C"*P and
the “shift parameter” «aj, € C satisfies Re(ay) > 0. These features make these algorithms
attractive for the case where n is large, p is small, and A is sparse. This situation arises
for example when considering discretizations of partial differential equations.

The first algorithm that we consider is the recently developed ADI method for solving
(1.4). This algorithm was first proposed in [34] without a complete proof of convergence. In
[35] a new perspective on this method in terms of the underlying linear-quadratic optimal
control problem was introduced. This representation is independent of the Riccati equation
and allows a straightforward proof of convergence. Moreover, the setting introduced in [35]
allows an extension of the algorithm to infinite-dimensional systems [35, Theorem 7.1].
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The second algorithm that we discuss is the well-known Newton-Kleinman iteration.
This algorithm has received considerable attention in the literature since its introduction
by Kleinman [29]. By applying the Newton iteration to the quadratic matrix equation
(1.4), one obtains a sequence of Lyapunov equations

Xk+1(A — BB*Xk) + (A - BB*Xk)*Xk+1 = -X,BB*X;, — C*C. (1.6)

Given the current approximation X}, one needs to solve (1.6) to find the next iterate
Xpia1- In this dissertation we solve (1.6) by employing the ADI method for solving the
Lyapunov equation. This method has been proven to be highly efficient for solving large
scale problems when applied in order to compute low-rank factors of the solution (see for
example [8,9]).

1.2 Extension to infinite-dimensional spaces

In this dissertation we focus on the generalization of the setting presented in Section 1.1
to infinite-dimensional Hilbert spaces. This means that we consider systems whose state
space is not any more C™, but an infinite-dimensional Hilbert space. This setting arises
naturally when considering partial differential or delay differential equations. Our primary
goal is to generalize the ADI method and the Newton-Kleinman iteration in order to solve
the linear-quadratic optimal control problem for infinite-dimensional systems.

The solution theory for systems of type (1.1) with operators A, B, and C' acting on
infinite-dimensional spaces becomes more complicated. In fact, the local description of
the system at a specific time ¢ > 0 requires the definition of “suitable domains”, because
one usually encounters differential, trace and other “unbounded” operators. To deal with
this issue, we focus on the class of well-posed linear systems (Definition 2.4). This class
includes many input-state-output systems described by partial differential equations and
provides a formal resemblance to finite-dimensional theory. The concept of well-posed
linear systems was introduced by Salamon [55,56] and gives a description of the system
using strongly continuous semigroups (Definition 2.1) and appropriate integral operators.
For a complete overview on this class we refer to [58] and the references therein.

The class of well-posed linear systems will be defined in Chapter 2 (see Definition 2.4).
In order to make the definition easier to understand, let us take a look at the finite-
dimensional LTT system (1.1). Formally, by applying the variation of constants formula
to (1.1) we obtain

t
z(t) =elzg +/ A7) Bu(r)dr,
o, (1.7)
y(t) =CeMay + C/ A7) Bu(r)dr.
0




1.2 Extension to infinite-dimensional spaces

Now for all t > 0, g € C", and u € L? (0, 00; C™), we define the following four operators:

Tixg = eAtmo,

t
‘IDtu:/ A7) Bu(r)dr,
0

(1.8)
(Wao) (1) = Celag,
(Fu) () = C/Ot A7) Bu(r)dr.
With this notation, we write (1.7) as
z(t) =Txo + Pyu, (1.9)

y =Yz + Fu.

Here T is a strongly continuous semigroup (Definition 2.1), ® is called the input map, ¥ the
output map, and F the input-output map. It follows from (1.9) that operators (T, ®, U, F)
connect the initial state zyp € C™ and the input u : [0,00) — C™ to the state trajectory
x : [0,00) — C™ and the output function y : [0,00) — CP. These operators describe the
input-state-output behavior of the LTI system (1.1) completely.

Formulas (1.8) and (1.9) hold true when A, B, and C are bounded operators acting
on infinite-dimensional system. However, these operators are typically unbounded (in a
sense that will be more clear in Section 2.3). For example, this is the case when A is a
differential operator, B is a boundary control, and C' is a boundary observation. As a
result, the nice (classical) structures presented in (1.7)—(1.9) (and also in Section 1.1) do
not hold in general. By requiring the operators (T, ®, U, [F) to satisfy certain properties
(Definition 2.4), we attempt to “imitate” the input-state-output behavior of the LTI sys-
tem (1.1) also in the infinite-dimensional setting. These properties include in particular
time-invariance and causality. A system for which the operators (T, ®, U, F) satisfy the
properties listed in Definition 2.4 is called a well-posed linear system.

One can also connect the linear-quadratic optimal control problem to the solution of
an operator algebraic Riccati equation, i.e., equation of type (1.4) where A, B, and C' are
not anymore matrices but rather operators acting on infinite-dimensional Hilbert spaces.
If A generates a strongly continuous semigroup (Definition 2.3), B and C' are bounded,
then the optimal cost operator X (as in (1.3)) satisfies the following weak form of the
algebraic Riccati equation

<A£L‘0,XZ()> + <X£L'0,AZ()> + <C.%'0,CZO> - <B*X.%'0,B*Xz0> =0, (1.10)

for all zg,zp € D(A), where D(A) denotes the domain of the operator A [18, Theorem
6.2.4]. In addition, the minimizer u°" in (1.3) can again be written via the linear state
feedback (1.5). However, if the control operator B is unbounded, then it may happen that
Xx ¢ D(B*) for some x € D(A). In this case, the linear feedback (1.5) and the weak form
of the algebraic Riccati equation (1.10) does not make sense anymore. We will address
this problem in more details in Chapter 3 and present a “Riccati-like” equation from [70)]
to overcome this problem.
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A common technique in the numerical solution of the linear-quadratic optimal control
of infinite-dimensional systems is to first apply discretization techniques (e.g., finite ele-
ment method) to obtain a finite-dimensional system (of the form (1.1)) and then solve the
algebraic Riccati equation (1.4) numerically (as explained in Section 1.1). This approach
is commonly referred to as “discretizing-then-optimizing”. The main drawbacks of this
method can be summarized as follows:

e The discretization method may not accurately inherit the properties of the infinite-
dimensional operators. Losing these properties may slow down or even destroy the
convergence of the resulting approximations.

e Usually, a very fine discretization is needed to acquire correct approximation of the
infinite-dimensional operators. This results in high-order state-space systems, which
can drastically increase the computational costs of the problem.

e As we have already mentioned, if the control operator B is unbounded, then the
algebraic Riccati equation in the form (1.10) (and its matrix version (1.4)) may
not be the correct equation to solve, because operator B*X does not make sense
anymore.

Our central motivation in studying numerical algorithms for the optimal control of
infinite-dimensional systems is the possibility to apply the so-called “optimizing-then-
discretizing” approach. The advantages of this technique over the classical method of
“discretizing-then-optimizing” can be summarized as follows:

e In the setting of “optimizing-then-discretizing”, one avoids (initial) matrix approx-
imations of the infinite-dimensional operators. These matrices can be difficult to
obtain for certain problems (such as linearized fluid flow systems).

e A distinct advantage of “optimizing-then-discretizing” is the possibility of using
adaptive refinement techniques: For example, an appropriate mesh adaptation strat-
egy is chosen at each iteration of the optimization method. This leads to significant
computational savings (compared to using fixed grid a priori) and increases the
convergence accuracy (we refine the mesh where the solution is not smooth).

The main drawback of “optimizing-then-discretizing” is the rather involved conver-
gence theory for infinite-dimensional systems which requires many technical tools from
functional analysis and infinite-dimensional control theory.

1.3 Preliminaries and functional analysis notions

In this section we review the functional analytic preliminaries that are important in de-
veloping the theory of well-posed linear systems in the next chapter. Our purpose is to
unify the notations and make the reading of the forthcoming chapters easier. Since the
main focus of this dissertation is on the linear-quadratic optimal control problem, we deal
only with operators acting on Hilbert spaces.

Throughout this dissertation N, Z, R, and C denote the set of natural numbers, integer
numbers, real numbers, and complex numbers, respectively. For a complex number s € C,

6



1.3 Preliminaries and functional analysis notions

Re(s) and Im(s) denote the real and the imaginary part of s, respectively. For any w €
[—00,00), C,, denotes the open right half-plane in C delimited by w:

Cy :={s € C| Re(s) > w},

and we define C := Cy.

In every part of this dissertation, %, 2, and % denote Hilbert spaces (possibly
infinite-dimensional). These spaces are usually referred to as the input space, the state
space, and the output space, respectively. Furthermore,

o () + X x X — C denotes the inner product on the Hilbert space 2  and
|-l + & — [0,00) denotes the norm induced by this inner product. Moreover,
19 denotes the identity operator acting on 2. We omit the indices whenever the
associated space is clear from the context.

o L(Z,%) and K(Z',%) denote the spaces of bounded linear and compact linear
operators T' : &" — %, respectively. We define £(Z") := L(Z, Z) and K(Z) =
K(Z,2).

e D(T),Im(T), and ker(T") denote the domain, the image, and the kernel of an operator
T, respectively.

e A linear operator T': D(T) C 2 — % is called closed, if for any sequence (z,) €
D(T), which satisfies lim, 00 2, = € £ and lim, oo Tz, =y € %, it follows
that x € D(T) and Tx = y.

o Let T: D(T) C & — % be a closed linear operator. D(T') equipped with the graph
norm is a Hilbert space, where the graph norm ||-||4- is defined as

lzlgy = Nzl + 1T - (1.11)

o Let T: D(T) C 2 — % be a closed linear operator. p(T") denotes the resolvent set
of T', which is defined as

p(T):={\eC| (M —-T): D(T) — Z is bijective} .
The spectrum of T is defined as the complement of p(T), i.e.,

o(T) = C\p(T).
The inverse (Al — T)~! is called the resolvent operator of T at the point A € p(T).

Let 2 be a Hilbert space. C(0,00; 2") consists of all the continuous functions f :
[0,00) = Z and C™(0, 00; Z7), for n € N, consists of all the n times differentiable functions
f :[0,00) = 2 whose derivatives of order < n are in C(0,00; Z"). For p € [1,00], ¢,
stands for the p-summable complex sequences and LP (0,00; Z") denotes the Lebesgue
space of measurable functions f : [0, 00) — 2" with the property that || f(-)|| ,- € L*(0, 00).
Moreover, we define

Lp

loc

(0,00; Z) :=={f:]0,00) > 2 | fe L’ (0,7;2), VT>0}.
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The Sobolev space H'(0,00; 2") consists of those locally absolutely continuous functions
f:]0,00) = Z for which Z—’; € L?(0,00; Z). The space Hi(0,00; 27) consists of those
functions in H'(0,00;.2") with compact support in [0,00) (in particular, functions in
H'(0,00; 2°) which vanish at zero).

Let 2 be a Hilbert space. 2" denotes the dual space of 2", which is the space of
bounded linear functionals 2". We denote by (z, ') 5~ 5 the functional ' € 2" applied
to x € 27, so that (z,2') 5~ 5 is linear in = and antilinear in 2’ (similarly to the inner
product on a Hilbert space). By the Riesz representation theorem [46, p. 48] the operator
J: X — Z' defined by

(2, JZ) g g7 = (2,T) g Vz,oed, (1.12)

is an isometric isomorphism. If we do not distinguish between z and Jz in (1.12) (for all
x € Z'), then we say that 2 is identified by its dual 2”. In this case we call 2" a pivot
space.

Definition 1.1. Let ¥ and 2 be Hilbert spaces such that ¥ C 2. The embedding
¥ C 4 is called continuous, if there exists an m > 0 such that

vl < mllvlly,  Vve?.

Proposition 1.2. [62, Proposition 2.9.2] Let ¥V and 2" be Hilbert spaces with continuous
and dense embedding ¥ C Z°. Then, the function |||, : Z — [0,00) defined by

Iz, == sup  [{z,9)pl, Vz2eZX,
0¥, llelly <1

is a norm on Z . In addition, let ¥* denote the completion of 2" with respect to ||-||, and
define the operator J : V* — V' as follows: For any z € V*,

<JZ,Q0>7//77/ = h_>m <ZTL7Q0>Q”7 V 2 € 7/7 (113)

where (z,) is a sequence in 2 such that limy, o0 2, = z in ¥*. Then J is an isomorphism

from ¥V* to V.

If v, 2°, and ¥* are as in Proposition 1.2, then we identify ¥* with ¥/, by not
distinguishing between z and Jz (for all z € #*). Thus, we have the continuous and dense
embedding

vCcxcy.

When ¥ is identified with #* (as above), then we call #” the dual of ¥ with respect
to the pivot space 2 . The norm |-||, on 2" defined in Proposition 1.2 is called the dual
norm of ||-|[,, with respect to the pivot space 2 .

Remark 1.3. ¥ is uniquely determined by ¥”: it consists of those ¢ € 2" for which the
product (2, p) 4, regarded as a function of z, has a continuous extension to #” (see (1.13)).

The adjoint of T' € L(Z, %) is the operator T* € L(#', Z") defined by

(T*y )z =y (Tx), Vee2Z, Vy e®. (1.14)




1.3 Preliminaries and functional analysis notions

If both 2" and % are considered to be pivot spaces, then 7% € L(#,2") and (1.14)
becomes

(@, Ty g = (T2,Y) 0y » Vee X, VYVyed.

An operator T' € L(Z) is called self-adjoint, if T = T*. A self-adjoint operator T is called
positive if
(x,Tx) 5 >0, VeeZ. (1.15)

Property (1.15) is written in the form 7' > 0. The notion of strict positivity (7" > 0),
negativity (7" < 0), and strict negativity (7" < 0) can be defined similarly. For two self-
adjoint operators T1,T> € L(Z"), we say that T1 > Ty, if T} — T» > 0. The square root of
a nonnegative operator T € £(.Z) is denoted by T/2.

A compact operator T' € (2, %) admits a singular value decomposition

00
E -75 Uz * Uy,

where the sequence of singular values (0;);eny € [0,00) is monotonically decreasing and
converges to zero as i tends to infinity. (u;,v;) is called the Schmidt pair associated to
the singular value o;, where (u;);eny and (v;);en are orthonormal systems in 2~ and %/,
respectively [46, p. 203].

We close this section, by presenting the operators of p-th Schatten class and the asso-
ciated relations that will be used in the upcoming chapters.

Definition 1.4 (p-th Schatten class). Let 2" and % be separable Hilbert spaces and let
€ [1,00). Then T € K(Z,%) is called a p-th Schatten class operator, if the sequence
of its singular values fulfills

(Ui)z' S ép.

In this case we write T' € S,(2Z",%). Furthermore, we abbreviate S,(2") 1= Sp(Z", Z7).
A p-th Schatten class operator is called nuclear if p =1, and Hilbert-Schmidt if p = 2.

The space §,(2",%’) equipped with the norm ||T|s 5 4y = [(ci)ill,, is a Banach
space. The trace of a nuclear operator T' € S1(2") is given by the expression

oo
trace(T E (e, Tel
=1

where (e;) is an (arbitrary) orthonormal basis of 2~ [46, p. 206]. For self-adjoint and
nonnegative 7' € S§1(2"), the spectral theorem implies that

IT|.5,(2y = trace(T).
In addition, if T' € So(Z, %), then T*T € §1(Z") and TT* € S (%) with

2 * (|2 * *
15,2y = 1T sy, 27y = trace(T™T) = trace(TT™).
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1.4 Outline of the dissertation

In Chapter 2, we define the class of well-posed linear systems and review those important
properties, which we require to solve the linear-quadratic optimal control problem. In
particular, we study admissibility of control and observation operators (Section 2.3) and
reqularity of the transfer function (Section 2.5). Afterwards, we focus on the linear-
quadratic optimal control problem in Chapter 3. We start with the regular optimal control
problem (Section 3.2) and show that the solution to this problem is connected to the
spectral factorization of the associated Popov function (Section 3.3). Subsequently, we
present various generalized Riccati equations (Section 3.4). Later on, we turn our focus
to the singular optimal control problem (Section 3.5), in particular, we deal with the
bounded real and the positive real case (Section 3.6). The main contribution of this work
is presented in Chapters 4 and 5. We present two algorithms which provide approximate
solutions to the linear-quadratic optimal control problem:

e The ADI method
e The Newton-Kleinman iteration

The ADI method will be applied to stable weakly regular linear systems, whereas for the
Newton-Kleinman iteration, we require strong regularity of the well-posed linear system.
We will further show that the ADI method can be extended to solve the singular optimal
control problem in the bounded real and the positive real case. Finally, in Chapter 6,
we apply the algorithms to a heat equation with Robin boundary control and boundary
integral observation. We present three numerical examples to show the applicability of
our algorithms. The first two examples deal with the application of the ADI method and
the Newton-Kleinman iteration to solve the regular optimal control problem. In the last
example, we apply the ADI method to solve the positive real optimal control problem.

10



Chapter

Well-posed linear systems

Die Mathematiker sind eine Art Franzosen; redet man mit ihnen,
so tbersetzen sie es in ihre Sprache, und dann ist es alsobald ganz
etwas anderes. (Mathematicians are [like] a sort of Frenchmen; if
you talk to them, they translate it into their own language, and
then it is immediately something quite different.)

—Johann Wolfgang von Goethe

Contents
2.1 Well-posed linear systems: basic definitions . ... . ... ... 12
2.2 Therigged spaces Z7 and 21 . .« v v v vt v i i i 15
2.3 Control and observation operators . . .. ... ... ....... 16
2.4 The transfer function . ... ... ... ... ... .. 0000, 20
2.5 Regular linear systems . . .. ... .. ... .. 00000, 23
2.6 The dual of a well-posed linear system . ... .......... 25
2.7 Linear output feedback theory ... ................ 27

We review the theory of well-posed linear systems and (weak) regularity mainly from
[58,63-68,70]. Since our foremost motive is to study the linear-quadratic optimal control
problem for these systems, we gather just the required tools for the upcoming chapters.
The notation that we use is mostly from [70] and [15]. For a complete overview on well-
posed linear systems we refer to [58].

11



Well-posed linear systems

2.1 Well-posed linear systems: basic definitions

We start this section by introducing the essential notions which are necessary for the
definition of well-posed linear systems. We begin with the definition of strongly continuous
semigroups of operators on a Hilbert space 2 . The following definitions are taken from
[62].

Definition 2.1 (Strongly continuous semigroup). A family of operators T = (T;),~ in
L(Z) is a strongly continuous semigroup on Z if

(a) Tyyr = Ty T, for every ¢t,7 > 0 (the semigroup property),
(b) Top =1,
)

(c liﬁ)l | Tz — z|| =0, for all x € 2 (strong continuity).
t

Definition 2.2 (Growth bound of T). For the strongly continuous semigroup T, the
growth bound is defined by

wo (T) = inf{w € R | 3 M > 1 such that [|T¢| 4y < Me** V1> 0}

Equivalently, the growth bound is the number defined by (see, e.g., [62, Proposition 2.1.2])

1
— inf -1 .
wo(T) et 3 og || T¢||

Definition 2.3 (Generator of T). The linear operator A : D(A) C 2" — 2 defined by

D(A) = {x € Z'|lim Tie - exists} ,
tl0 t (2 1)
. T —=z '
Az = lim , Vx e D(A),
t40 t

is called the generator of the semigroup T.

We introduce some important notations that will be used in defining well-posed linear
systems: For a Hilbert space %, S, denotes the right shift by some 7 > 0 on L2 (0, 00; %),
so that for all u € L2 (0,00; %),

loc

0, 0<t<m,
u(t—71), t>rT.

(S’ru) (t) = {

In a similar way, S* denotes the left shift by some 7 > 0 on L? (0,00;%). In fact, if we

loc
restrict S, and S from L%OC to L2, then they are adjoint to each other.
P denotes the projection of L7 (0,00;% ) into L?(0,00; %) by truncation, so that for
all u € L2 _(0,00; %)

loc

B ®=10 157

{u(t), 0<t<r,

12
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Figure 2.1: An example of the T-concatenation.
It follows from the definitions of S; and P, that

S*S, =1, S,8'=I-P,. (2.2)

For all 7 > 0, we use S, and P, to define the 7-concatenation of the functions u,v €
L? (0,00;%) by

loc

u(t), teo,7),

v(t—71), else.

(w0 v)(t) = Pru+ Syv = {

T

An example of the 7-concatenation is depicted in Figure 2.1.

Now we are ready to define the class of well-posed linear systems. We adapt the
notation of [70, Definition 4.1] and [15, Definition 2.2].

Definition 2.4 (Well-posed linear system). A well-posed linear system on the Hilbert
spaces %, 2, and % is a quadruple ¥ = (T, ®, ¥, F) defined on L?(0,00;%), 2, and
L?(0,00; %), such that

(a) T = (Tt);>¢ is a strongly continuous semigroup of bounded linear operators on 2.

(b) @ = (®¢);>( is a family of bounded linear operators from L?(0,00; %) to 2 such that

Drpi(u O v) =TiPru+ Opo, (2.3)

for any u,v € L?(0,00;%) and all 7,t > 0.

(c) W is a continuous linear operator from 2° to L} (0,00;%) such that for all 7 > 0,
U, =P, Visin £(2,L*0,00; %)) and

\Ifl'o = \IJZL‘O <> \I/TTZ'O, (24)
T

for any zg € 2.

13
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(d) F is a continuous linear operator from L?(0,00; %) to L? (0,00; %) such that for any

loc
7>0,F, =P,Fisin £(L?(0,00; %), L*(0,00; %)) and
Flu 0 v) =Fu $ (YO u+ Fo), (2.5)

for any u,v € L?(0, 00; % ).

The different components of ¥ are named as follows: % is the input space, 2 the state
space, % the output space, ® the input map, ¥ the (extended) output map, and F the
(extended) input-output map.

Remark 2.5. (a) It follows from (2.3) with ¢ = 0 and v = 0 that
o,P, =d,, V71>0. (2.6)

Property (2.6) says that ® is causal, i.e., the state does not depend on the future
input. It follows from (2.6) and Definition 2.4 that for all 7,¢ > 0,
(I)T+tPT = ’]Tt(I)ﬂ
PV, =T, (2.7)
P,.FP,=P.F.

The last property in (2.7) says that F is causal, which means that the past output
does not depend on the future input. Moreover, by taking u = 0 in (2.5) we obtain

S;F =FS;, V1 2>0.
This means that F is shift-invariant or time-invariant.

(b) If 9 € 2 is the initial state of ¥ = (T, ®,¥,F) and u € L? (0,00;%) its input

loc

function, then the state trajectory xz : [0,00) — £ and the output function y €
L? (0,00;%) of ¥ are defined by

loc

x(t) = Txo + Ppu, Vi>0,

2.8
y = Yzg+ Fu. (28)

(c) It follows from (2.5) that the input-output map F satisfies the following functional
equation for all 7 > 0:
S'F=vd, +FS;. (2.9)

By combining (2.9) with (2.8) we get
Siy = V(1) + FS u. (2.10)

Definition 2.6 (External, strong, and exponential stability). A well-posed linear system
is called

(a) externally stable, if it is output stable and input-output stable, i.e.,

U e L(Z,L%0,00;%)),

F e L(L*(0,00; %), L*(0,00; %)). (2.11)

14
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(b) stable, if the semigroup T is uniformly bounded, i.e.,

sup || Ty|| < oo. (2.12)
>0

(c) strongly stable, if the semigroup T is strongly stable, i.e.,

lim Tyzg = 0, Vage 2. (2.13)
t—00

(d) exponentially stable, if the semigroup T is exponentially stable, i.e., there exists M > 1
and w > 0, such that

|Ty|| < Me™t, YV t>0. (2.14)

2.2 The rigged spaces 27 and 2

In this section we introduce the spaces 27 and Z_1 which are fundamental in the theory
of unbounded control and observation operators for well-posed linear systems. Most of the
results presented in this section are from [62, Section 2.10] and we refer to [58, Section
3.6] for more details.

Definition 2.7. Let A be the generator of a strongly continuous semigroup T (cf. Defini-
tion 2.3) with non-empty resolvent set p(A) # (). For some § € p(A),

(a) the space 27 is defined as D(A) equipped with the norm

llly = (8T = A)zl|, V¥V x e D(A). (2.15)

(b) the space 2~ is defined as the completion of 2~ with respect to the norm

|z||_y == [|(BI = A)7'z||, VazeX. (2.16)

Remark 2.8. It follows from [62, Proposition 2.10.1 & Proposition 2.10.2] that
(a) 271 and 2~ are Hilbert spaces.

(b) The choice of 5 € p(A) in (2.15) and (2.16) is not important, because different choices
lead to equivalent norms on 27 and 2.

(¢) The norm on ||-||; is equivalent to the graph norm on D(A) (asin (1.11)) and 2~ may
be regarded as the dual of D(A*) with respect to the pivot space 2~ (cf. Section 1.3).

(d) The Hilbert spaces 27 and Z_; satisfy the continuous and dense embeddings

L CE C 2.
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Let A: D(A) C & — Z be the generator of a strongly continuous semigroup T on 2.
It follows from [62, Proposition 2.10.3] that A € £(27, Z") and A has a unique extension
A€ L(Z,2_1). Moreover, (81 — A)~! € L(2, 21) and (BI — A) € L(Z, Z_1) are two
unitary operators (in particular, 5 € p(A)).

The semigroup T can be restricted to 27 and extended to 2_; using the unitary
operators (BI — A)~! € L(2',27) and (BI — A) € L(Z, 2 1), respectively (see [62,
Proposition 2.10.4]). The restricted operator T is a strongly continuous semigroup on 27,
whose generator is the restriction of A to D(A?). The extended operator T is a strongly
continuous semigroup on Z_ 1, whose generator is the extended operator A € L(Z", Z_1).
For the rest of this dissertation we use the same notation as for the original operators,
when we restrict or extend the semigroup T and its generator A to the spaces 27 and
ARy

In Definition 2.7 we may replace A with A* and 8 with /3 to obtain the spaces 2] and
% 1: The space 2] is defined as D(A*) equipped with the norm |z||; := ||(BI — A%)z||
for all z € D(A*). The space 271 is defined as the completion of 2~ with respect to the
norm ||z||_1 := ||(BI — A*)71z| for all z € 2. For these spaces we obtain similar results
as for 27 and Z_1. In particular, the following continuous and dense embedding holds

ACX X,

Moreover, 29 and %1 are Hilbert spaces. We will use these spaces to define the dual of
a well-posed linear system in Section 2.6.

Remark 2.9. Let (-, -) ,- denote the inner product on the Hilbert space 2 . It follows from
Remark 1.3 that (-,), has the continuous extensions (-,-) 5. »  and (,,-) 4 5 . The
Hilbert space 271 can be regarded as the dual space of 27 and the Hilbert space 2~
may be regarded as the dual space of Z7.

2.3 Control and observation operators

In this section we define the control and observation operators of a well-posed linear system.
As shown in [64] and [65], the existence of these operators is a consequence of Definition
2.4. We focus in particular on admissible control and observation operators, as they are
necessary for the linear-quadratic optimal control problem (Chapter 3).

We start with the definition of a strong solution of a differential equation of the form
z(t) = Az(t) + f(t). The following definition and remark are from [62, Section 4.1]:

Definition 2.10. Consider the differential equation
&(t) = Az(t) + f(t), (2.17)
where f € L} (0,00; 2_1). By a strong solution of the differential equation (2.17) in 271

loc
we mean the function

2 € Liy(0,00; 27) N C (0, 00; 271),

which satisfies the following equation in Z_;:

z(t) —z(0) = /0 [Az(T) + f(1)] dT, Vt>0. (2.18)
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Remark 2.11. It follows from Definition 2.10 that the state trajectory = as in (2.18) is
absolutely continuous with values in 2~ ; and (2.17) holds for almost every ¢ > 0, with
the derivative computed with respect to the norm of 2.

Let A: D(A) C & — Z be the generator of a strongly continuous semigroup T on the
Hilbert space 2" (cf. Definition 2.3). It follows from [64, Theorem 3.9] that assumptions
(a) and (b) from Definition 2.4 imply the existence of a unique operator B € L(% , Z_1),
called the control operator of ¥, such that for any u € L? (0,00;%) and all t > 0,

loc
t
<I>tu —/ Tt_TBu(T) dr. (219)
0

Moreover, for every g € 2, for any u € L? (0,00;%), and for all + > 0, the state

loc
trajectory

x(t) = Txo + Pru (2.20)
is continuous in 2" and satisfies the differential equation
z(t) = Ax(t) + Bu(t) (2.21)

in the strong sense in 2~ (cf. Definition 2.10). The state trajectory x as in (2.20) is the
unique solution of (2.21) which satisfies the initial condition z(0) = z¢ € 2.

In formula (2.19) T acts on 2~ and the integration is carried out in 2_;. We wish
to know when the integral (2.19) is in 2" (a dense subspace of Z_1). This motivates us
to define the concept of an admissible control operator.

Definition 2.12. An operator B € L(%,Z_1) is called an admissible control operator
for the semigroup T, if for some (hence for any) t > 0, there holds

t
du = / Ti—;Bu(r) dr € 2, Y u € L*(0,00; %).
0

This means that the integral in (2.19) is in 2 for all u € L?(0,00;%). If B € L(%, %),
then it is called bounded, otherwise it is called unbounded.

If Be L(%Z,%_1) is an admissible control operator for the semigroup T, then by [62,
Proposition 4.2.2], for every ¢ > 0 we have

®y € LIL*(0,00;%), X).

It follows from [65, Theorem 3.3] that assumptions (a) and (c) from Definition 2.4
imply the existence of a unique operator C' € L(%27,%), called the observation operator
of ¥ = (T, ®, ¥, F), such that for every zyp € 27 and all t > 0

(Vo) (t) = C Tyxp. (2.22)

Formula (2.22) determines ¥ completely, because 27 is dense in 2 .
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Well-posed linear systems

Definition 2.13. An operator C € L(Z27,%) is called an admissible observation operator
for the semigroup T, if for some (hence for every) ¢t > 0, there exits a constant K; > 0
such that

t
/ ICToz0l2 dr < K2 ||aol%, ¥ a0 € 25
0

If Ce L(Z,%), then it is called bounded, otherwise it is called unbounded.

It follows from Definition 2.13 that if C' € £(27,%) is the (unique) observation oper-
ator of a well-posed linear system 3 (see (2.22)), then C' is admissible for the semigroup
T of 3.

Theorem 2.14. [62, Theorem 4.3.7] Let C € L(Z1,%) be an admissible observation
operator for the semigroup T and let wo(T) be the growth bound of T (cf. Definition 2.2).
Then, for every o > wo(T) there exists Ko > 0 such that

Kq

C(sI — A~ —_
H( ) HS Re(s) — «

. VseC,. (2.23)

We refer to [27,28] for further details regarding admissible control and observation
operators.

Definition 2.15. (see [17, Definition 2.7]) Let ¥ = (T, ®, ¥,F) be a well-posed linear
system on L2(0,00; %), 2, and L?(0,00; %). If A is the generator of T (cf. Definition 2.3),
B is the control operator of ¥ (see 2.19), and C' is the observation operator of ¥ (see 2.22),
then we say that (A, B, C) is the triple associated with ¥. A triple of operators (A, B,C)
is called well-posed if there is a well-posed linear system ¥ such that (A, B, C) is the triple
associated with X

Remark 2.16. So far we have seen how the operators T, ®, and ¥ of a well-posed linear
system 3 can be represented by the triple (A, B,C) (we refer to [17] for more details).
The formulas (2.19)—(2.21) and (2.22) resemble those from the finite-dimensional theory
(cf. Section 1.1). The representation of F is more complicated and requires additional
tools, mainly the transfer function and regularity which are defined in Sections 2.4 and
2.5, respectively.

In the last part of this section, we define the notions of infinite-time admissibility and
Gramian. Furthermore, we present an important result on testing admissibility from [62].
We will use these concepts mainly in the development of the Newton-Kleinman iteration
given in Chapter 5.

Definition 2.17. Let ® be the input map given by (2.19). An operator B € L(%, Z_1)
is called an infinite-time admissible control operator for the strongly continuous semigroup
T, if there exists a constant K > 0 such that

19l 2er20,002),2) S K, V120 (2.24)

Equation (2.24) means that for all u € L%(0, 00; %) we have

by = / T,Bu(t) dt € Z . (2.25)
0
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2.3 Control and observation operators

Obviously, every infinite-time admissible control operator is an admissible control operator
(cf. Definition 2.12). It follows from [62, Proposition 4.4.5] that if T is an exponentially
stable semigroup and B € L(%,Z_1) is an admissible control operator for T, then B is
infinite-time admissible.

Definition 2.18. An operator C' € £(27,%) is called an infinite-time admissible obser-
vation operator for the strongly continuous semigroup T, if there exists a constant K > 0
such that

o0
/ |CTyxoll5, dt < K?|zol%, Vo € D(A).
0

Equivalently, C' € L(Z21,%) is an infinite-time admissible observation operator for the
semigroup T, if the output map ¥ has a continuous extension to 2, i.e.,

Ve L(2,L50,00;%)). (2.26)

Remark 2.19. The output map of an externally stable well-posed linear system ¥ =
(T,®,¥,F) (cf. Definition 2.6.a) satisfies (2.26). As a result, ¥ has a unique observa-
tion operator C' € L(Z27,% ) which is infinite-time admissible for the strongly continuous
semigroup T.

Definition 2.20 (Infinite-time controllability /observability Gramian). Let A : D(A) C
2 — A be the generator of a strongly continuous semigroup T.

(a) Let B € L(%,Z_1) be an infinite-time admissible control operator for T and let ¢ be
the extended input map defined in (2.25). We define the infinite-time controllability
Gramian of (A, B) by

PO € L(Z).

(b) Let C € L(Z1,% ) be an infinite-time admissible observation operator for T and let
U be the extended output map which satisfies (2.26). We define the infinite-time
observability Gramian of (A, C) by

U € L(X).

In the following, we present a very important result which allows us to determine if an
observation operator C' € £(21,%/) is infinite-time admissible for the strongly continuous
semigroup T. This result links the infinite-time observability Gramian of (A,C) to a
solution of the corresponding observation Lyapunov equation. The dual result can be also
formulated using the infinite-time controllability Gramian and the corresponding control
Lyapunov equation. For more details we refer to [62, Chapter 5] and [26].

Theorem 2.21. [62, Theorem 5.1.1] Let A : D(A) C 2 — Z be the generator of a
strongly continuous semigroup T and let C € L(Z71,%). In addition, let U be the output
map from (2.22). Then, the following four statements are equivalent:

(i) C is an infinite-time admissible observation operator for the semigroup T.

19



Well-posed linear systems

(i) There exists an operator T' € L(Z) such that
¢
Pag = ¥ = Jim / TEC*CTow dr, Vo€ D(A).  (2.27)
> Jo

(7ii) There exists an operator I € L(Z), I1 > 0, which satisfies the following equation

(
<A:L’0, H2’0> + (Hl‘o, AZ()> = — <C’a:0, CZ()> R Y xg, 20 € D(A) (2.28)
(iv) There exists an operator I1 € L(Z"), I > 0, which satisfies the inequality
<A:L’0, H2’0> + <H(L‘0, AZ()> < - <C’a:0, CZ()> R Y xg, 20 € D(A) (2.29)

Moreover, if C is infinite-time admissible, then the following statements hold:
(1) T' = U*W is the infinite-time observability Gramian of (A,C).

(2) I' = ¥*W satisfies (2.28).

(8) T = W*W is the smallest positive solution of (2.29) [hence, also of (2.28)].

(4) We have
lim T2Tyx0 =0, Y ao€ Z.
t—o0

In particular, if I' is strictly positive, then T is strongly stable.
(5) If T is strongly stable, then T' = U*W is the unique self-adjoint solution of (2.28).

(6) If T is uniformly bounded and ker(T') = 0, then T is weakly stable.
(2.28) is called a Lyapunov equation and (2.29) is called a Lyapunov inequality.

2.4 The transfer function

A well-posed linear system ¥ = (T, ®, ¥, F) can be described in the frequency domain
by means of a transfer function. When we say “frequency domain description” we mean
a description given in terms of Laplace transformation (Definition 2.23) of the original
functions. In order to define the transfer function of a well-posed linear system, we need
the Hardy space and the notion of Laplace transformation. These are given in the following
definitions:

Definition 2.22 (Hardy spaces). [58, Definition 10.3.1] Let % and % be Hilbert spaces,
let p € [1,00] and w € R. Let C,, denote the open right half-plane C,, := {s € C | Re(s) >
w}.
e The space HE (%) consists of all analytic % -valued functions ¢ on C,,, which satisfy
[l (%) < o0, where

o0 . 1/
sup (/% llp(at i)l ) ™, pe i, o0).

a>w

H‘PHHg(%) =

sup [[o(s)ll4 p = oo.
Re(s)>w

In the case w = 0, we abbreviate HP (%) := H{ (% ).
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2.4 The transfer function

e The space HE (% ,%) consists of all analytic £L(% ,% )-valued functions 1) on C,,
which satisfy ||¢[/3p (4 4 < 0o, where

. . /
swp  (J, e+ gyl d8) " pef100)

_ ) lullg <La>w

113, 2y
sup  ||[U ()l 2z o) - p = oo.

Re(s)>w
In the case w = 0, we abbreviate HP (%, %) := HY (U, ¥).
Definition 2.23 (Laplace transformation). The Laplace transform of a function u €

Li (0,00) is given by

loc 0o

a(s) = / e=tu(t)dt, (2.30)

0
for all s € C for which the integral (2.30) converges absolutely, i.e.,
o0
/ ¢ tRe(S) 4y (1)|dt < oo.
0

Notation 2.24. For any Hilbert space %, L2(0,00;%) is defined as

L2(0,00;%) = e, L*(0,00; %), where  (e,v) () = e**o(t),

with the norm

2 * 2wt 2
Jul2 = /0 2 u(t)|? dr.

Theorem 2.25 (Paley—Wiener Theorem). [58, Theorem 10.3.4] Let % be a Hilbert space,
and let w € R. Then the Laplace transform i of a function u € L2(0,00;%) belongs to
HE(%). Conversely, every function ¢ € H2(%) is the Laplace transform of a function
u € L2(0,00;%). Moreover,

[@llgez 2y = V27 |[ull,, -
5(7)

As shown in [68, Section 3], a shift-invariant operator on L? can be represented by a
transfer function in the Hardy space H> (cf. Definition 2.22). For the (shift-invariant)
input-output map F, we define the growth bound of F as

r=inf {w eR | F e L(L(0,00;%),L2(0,00;%))}. (2.31)

If F has a growth bound which satisfies 77 < 0o, then there exists a transfer function
representation of . In fact, the following theorem holds true.

Theorem 2.26. (see [67, Theorem 3.3] and [68, Section 3]) Let % and % be Hilbert
spaces. Suppose [ is a shift-invariant linear operator from Ll2oc(07 o00; U ) to LZQOC(O, 00; ),
with the growth bound yp < oo. Then, for all w > ~pr, there exists a unique function

G e HX (L(%,%)) which satisfies

—

(Fu)(s) = G(s)u(s),
for every s € C,, and any u € L2(0,00;%). Moreover, there holds

1Glpgee = IFll 22 - (2.32)
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Well-posed linear systems

Definition 2.27 (Transfer function). If F and G are as in Theorem 2.26, then G is called
the transfer function of F.

Let ¥ = (T, ®, ¥, F) be a well-posed linear system with the associated triple (A, B, C)
(cf. Definition 2.15) and let G be the transfer function of F. As shown in [56], for any
u € H}(0,00;%) and every B € p(A), the input-output map F is given by

t
(Fu) (t) = C [/ T;_,Bu(r) dr — (BI — A)"'Bu(t)| + G(B)u(t), Vit>0. (2.33)
0
Equation (2.33) determines F, because H}(0,00;% ) is dense in L? (0, 00;% ). The repre-
sentation formula (2.33) shows that (A, B, C') determines F only up to an additive constant,
namely G(f).

By [17, Theorem 4.2] if we substitute s € p(A) instead of § in (2.33), subtract the two
equalities side by side, and eventually apply the resolvent identity, then we obtain

G(s) = G(B) = (B~ s)C(B] — A)"H(sI = A)™'B

=C [(SI—A)*l _ (/BI—A)fl] B, Vs, B € p(A), (2.34)

which results in
G'(s)=—C(sI — A)72B, Vscp(A). (2.35)

Equations (2.34) and (2.35) show that G is determined by the triple (A, B,C) up to an
additive constant operator.

Our main goal in this section was solely to introduce the connection between the input-
output map F, the transfer function G, and the triple (A, B, C). Hence, we have skipped
many important aspects regarding the transfer function and refer to [68] for more details.
At this point, we finish this section by providing an important result from [17] on the
well-posedness of the triple (A, B,C).

Theorem 2.28. [17, Theorem 5.1] Let % , &, % be Hilbert spaces and let (A, B,C) be
a triple of operators such that

(i) A is the generator of a strongly continuous semigroup T on 2,
(i) B € L(%,Z_1) is an admissible control operator for T,
(i) C € L(Z1,%9) is an admissible observation operator for T,

(iv) there exists some a € R such that some (and hence any) solution G : p(A) —
L(U,%) of equation (2.34) is bounded on C,,

then (A, B, C) is well-posed (cf. Definition 2.15). This means that there exists a well-posed
linear system ¥ = (T, ®, U, F) such that (A, B,C) is the triple associated with X.
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2.5 Regular linear systems

Until now we have shown that the transfer function G can be determined by the triple
(A, B,C) up to an additive constant operator. Similarly, the input-output map F can be
represented by the triple (A, B, C) only up to an additive constant. This motivates us to
define the concept of regularity, which allows us to further define a feedthrough operator
D e L(%,%). In addition, we show that the transfer function and the input-output map
can be determined uniquely by the generating operators (A, B,C, D).

The following definition gives a characterization of regularity through the transfer
function G. For equivalent characterizations of regularity, we refer to [68].

Definition 2.29 (Regularity). Let ¥ = (T, ®, U, F) be a well-posed linear system with
transfer function G. Let «r be the growth bound of the input-output map F as in (2.31)
and choose w € R with w > 4p. The system X (or its transfer function G) is called

(a) weakly regular, if there exists an operator D € L(% , %), such that for all u € %,
)\lim (v, G(N)u)y = (y, Du)yy , A€ (w,00), YVyed. (2.36)
— 00

(b) (strongly) regular, if there exists an operator D € L(% , %), such that for all u € %
lim G(A)u=Du in%, A€ (w,00). (2.37)

A—00
(¢c) line-regular, if there exists an operator D € L(% ,%), such that for all u € %

lim GANu=Du in%, vV A eC,. (2.38)
Re(X)—o0

(d) wuniformly line-regular, if there exists an operator D € L(% ,% ), such that

In all the above definitions, operator D is called the feedthrough operator of X.

Uniform line-regularity makes invertibility of the input-output map equivalent to in-
vertibility of its feedthrough operator, as presented in the following proposition.

Proposition 2.30. [39, Proposition 6.3.1] Let ¥ = (T, ®, U, F) be a uniformly line-
regular linear system. Then the input-output map F is boundedly invertible if and only if
the feedthrough operator D € L(% ,%) is boundedly invertible.

Definition 2.31 (A-extension of C' € L(Z27,%)). Let 2 and # be Hilbert spaces.
Let A: D(A) C & — 2 generate a strongly continuous semigroup T on 2~ and let
CeLl(2,%).

(a) The weak A-extension of C, denoted by Chp,, is defined as
(y, Cax) = lim <y, CAXN — A)™ 3:> , Vye?, (2.40)
A—00
AER

with its domain D(Cy,,) consisting of those x € 2 for which the limit in (2.40) exists.
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Well-posed linear systems

(b) The (strong) A-extension of C, denoted by Cj, is defined as

Crz = lim CX(M - Atz in @, (2.41)
— 00

AER
with its domain D(C}y) consisting of those x € 2" for which the limit in (2.41) exists.

For weakly regular linear systems, the formulas for the transfer function G and the
input-output map F look much the same as those from finite-dimensional theory, with C'
replaced by Chp,, (or Cy if the system is strongly regular). In fact, the following theorem
gives the desired representations.

Proposition 2.32. [15, Theorem 2.6]. Let %, 2, % be Hilbert spaces. Let ¥ =
(T, ®, U, F) be a weakly reqular linear system on L?(0,00;%), 2, and L*(0,00; %), with
semigroup gemerator A, control operator B, observation operator C, transfer function G,
and feedthrough operator D. Then the following holds:

1. For s € C with Re(s) > wo(T), there holds
G(s) = Cpry (sI —A)"' B+ D.

In particular, we have

(sI — A)"'B% C D(Cpy). (2.42)

2. F: L2

loc

(0,00, %) — L?

loc

(0,00; %) is given by

(Fu) (t) = Caw /Ot T;_sBu(o) + Du(t), (2.43)

for almost all t > 0.

3. Let x and y be respectively the state trajectory and the output function of 3, which
are given by (2.8). Then, for almost all t > 0

2(t) € D(Crw), (2.44)

and
y(t) = Carpx(t) + Du(t). (2.45)
If ¥ is strongly regular, then Cp,, can be replaced by Cp in (2.44) and (2.45).
Remark 2.33. Tt follows from Proposition 2.32 and equation (2.21) that the weakly regular
linear system ¥ = (T, ®, ¥, F) is completely determined via
#(t) = Az(t) + Bu(t),

y(t) = Crwz(t) + Du(t). (2.46)

Definition 2.34. The quadruple of operators (A, B, C, D) satisfying (2.46) is called the
generator of ¥ (compare with Definition 2.15).
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2.6 The dual of a well-posed linear system

In this section we define the dual system and its anticausal version. Dual systems play
an important role in the linear-quadratic optimal control problem, which will be treated
in the upcoming chapter. An important feature of the duality transformation is that
it preserves weak regularity [61]. The following proposition is from [70] (stated without
proof). We refer to [61, Section 3] for a proof of this proposition.

Proposition 2.35. [70, Proposition 6.1] Let ¥ = (T, ®, U, F) be a well-posed linear sys-
tem with semigroup generator A, control operator B, observation operator C, and transfer
function G. Let 27 and Z_1 be the rigged spaces defined in Section 2.2 (by replacing
A with A* and B with B in Definition 2.7). Then there exists a unique well-posed linear
system B¢ = (T*, ®¢, W ), called the dual system of ¥, such that

(i) A* € L(Z1, Z") generates the strongly continuous semigroup T*
(i1) C* € L(¥,Z 1) is the control operator of ¥4
(iii) B* € L(2,%) is the observation operator of %4
(iv) G4(s) = G(3)* is the transfer function of ¥4

Remark 2.36. It follows from [61, Proposition 3.7] that if the well-posed linear system X
is weakly regular with feedthrough operator D, then its dual system ¢ is also weakly
regular with feedthrough operator D*.

For the dual system %%, let y? denote its input function, xg its initial state, z%(t) its
state trajectory at time t > 0, and u¢ its output function. Then, we have

2?(t) = Tiaf + oy,
u? = wigd 4 Py,
If the dual system X¢ = (T*, &, ¥4 F9) is weakly regular, then we can determine %¢

completely via its generating operators (A*, C*, B*, D*). To this end, we define the (weak)
A-extension of B* € L(Z7,% ) (compare with Definition 2.31):

Definition 2.37 (A-extension of B* € L£(Z7,%)). Let 2 and % be Hilbert spaces.
Let A: D(A) C & — % generate a strongly continuous semigroup T on 2" and let
B*e L(A,U).

(a) The weak A-extension of B*, denoted by B}, , is defined as
(u, Bl,z) = lim <u BAN — A7} :v> . VYuew, (2.47)
A—00

with its domain D(Bj},,) consisting of those x € 2" for which the limit in (2.47) exists.
(b) The (strong) A-extension of B*, denoted by B}, is defined as

Bix = lim BA(M — ANl in %, (2.48)
—00

with its domain D(B}) consisting of those z € 2 for which the limit in (2.48) exists.
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If the dual system X¢ is weakly regular, then it follows from Proposition 2.32 that for
almost all t > 0
#1(t) = A*z(t) + Cy(1), (2.49)
ul(t) = Bi,z(t) + D*y’(t).

The transfer function of the weakly regular linear system %% is determined by
Gi(s) = Bi,(sI — A")"lC* + D*.

The following proposition from [70] shows the duality between infinite-time admissi-
bility of control and observation operators:

Proposition 2.38. [70, Proposition 6.2] The following two statements are equivalent:
(i) C is an infinite-time admissible observation operator for the semigroup T.
(ii) C* is an infinite-time admissible control operator for the semigroup T*.

Moreover, if C' is infinite-time admissible, then

T
U*w = lim T:C*w(r)dr =: ®%w, Vwe,

T—o0 0

where ®¢ for ¥ is the analogue of ® for ¥ (see (2.25)).

Theorem 2.39 gives a description of operator F*, which will be used frequently in
Chapters 4 and 5. In addition, this theorem is an important ingredient for the anticausal
interpretation of dual system 2¢, which will be presented in the last part of this section.

Theorem 2.39. [70, Theorem 6.3] Let ¥ = (T, ®, W, F) be an externally stable weakly
reqular linear system with generating operators (A, B,C, D) (cf. Definition 2.6.a). Let
w € L%(0,00; %) and define the function q : [0,00) — 2 by

T
q(t) = ¥*Sjw = lim T _,C*w(r) dr.

T—o0 t

Then q(t) € D(B},,) for almost every t > 0 and there holds
(F*w) (t) = Br,q(t) + D*w(t), for almost every t > 0. (2.50)

Remark 2.40. (a) From Remark 2.36 we know that the dual of a weakly regular linear
system is also weakly regular. But this is not the case for strongly regular linear
systems (see [59, Example 8.1]).

(b) If the output space # is finite-dimensional, then weak regularity equals strong regu-
larity. In this case, if ¥ is strongly regular, then its dual ¢ is also strongly regular.

We close this section by giving the anticausal interpretation of dual system ¢, We
need this interpretation to show the feasibility of Newton-Kleinman iteration in Section 5.2.
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2.7 Linear output feedback theory

Definition 2.41. The state trajectory % : [0,00) — 2  and the output function u® €
L?(0,00; %) of the anticausal dual system X corresponding to the input function y® €
L?(0,00; %) are given by
o) = U*Srye, Yt > 0.
so . J 20 t¥ = (2.51)
u(l — F*ya'
Remark 2.42. Tt follows from (2.51), together with Theorem 2.39 and [70, Proposition 5.2],
that
lim z%(t) =0,

t—o00

and the functions y%, %, and u® satisfy

—a%(t) = A*z(t) + C*y*(t),

W (t) = Bl () + D), (2.52)

for almost every t > 0.

2.7 Linear output feedback theory

In this section we focus on closed-loop systems obtained by imposing the output feedback
law
u=Ky+ v,

with the feedback operator K € L£L(#,% ) and the new input function v. The closed-loop
system, denoted by X, may not be necessarily well-posed [67]. This motivates us to
introduce the concept of admissible output feedback:

Definition 2.43. Let ¥ = (T, ®, ¥, F) be an externally stable well-posed linear system
(cf. Definition 2.6.a). Operator K € L(#,%) is called an admissible output feedback
for ¥, if the time-invariant operator I — KF € L£(L?*(0,00;%)) has a bounded inverse
(equivalently, if the time-invariant operator I — FK € L(L?*(0,00;%)) has a bounded
inverse).

Using Laplace transformation of the input-output map F (cf. Section 2.4), we obtain
the following equivalent characterization of admissible output feedback (see also [67]):

Proposition 2.44. Let ¥ be a well-posed linear system with the transfer function G.
Operator K € L(%,%) is an admissible output feedback for X, if the function I — GK
is boundedly invertible on some right half-plane (equivalently, if the function I — KG is
boundedly invertible on some right half-plane).

An immediate consequence of Definition 2.43 is as follows: By applying an admis-
sible output feedback u = Ky + v to the externally stable well-posed linear system
¥ = (T,®,V,F), we obtain the following set of equations

x(t) = Tixo + Pru,
y = Vo + Fu,
u=Ky+wv.
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Since I — KT is boundedly invertible, the above set of equations is uniquely solvable with
respect to the initial state xp € 2~ and the new input function v € L?(0,00;%). As a
result, we obtain

w(t) = (Ty + QK (I — FK) ') 29 + &, (I — KF) "o,
y=(I—-FK) ' (Uzg+Fv), (2.53)
u=(I—KF)™ (K¥zy+v).

In the above equations we have used the equalities

(I-FK)'=I1+F(-KF) 'K,
(I-KF) '=I+K({I-FK)'F,
(I -FK) 'F=F(—-KF)',
(I —KF) 'K =K{I-FK)".

Remark 2.45. Tt follows from [57, Proposition 20] that %X = (T &K UK FX) with

TK &K [T+ &K -FK)"'& &, (- KF)™!
K FE| T (I -FK)~'w (I -FK)™'F

is also an externally stable well-posed linear system. As shown in [57, Lemma 21], stability
is preserved under admissible output feedback. In fact, the following result holds:

e YK is strongly stable, if and only if, ¥ is strongly stable.
e >X is exponentially stable, if and only if, ¥ is exponentially stable.

The following lemma from [39] is an important ingredient in developing the theory of
Chapters 3 and 5 (see Remark 3.6.b as well as the proof of Theorems 3.11 and 5.3).

Lemma 2.46. [39, Lemma 6.6.7] Let ¥ = (T, ®, V,FF) be a well-posed linear system on
L2(0,00;%), 2, andNLQ(O,oo;@N). Let U € L(Z,L*(0,00;%)) be another admissible
output map such that T := T 4+ ®V is a strongly continuous semigroup.

o If T is strongly stable, then T is also strongly stable.
o If T is exponentially stable, then T is also exponentially stable.

For the rest of this section we assume that ¥ = (T, ®, U, F) is a strongly regular linear
system. The main reason why we focus on the notion of strong regularity is the feedback
theory from [67]. This theory has essential parts that can not be extended to weakly
regular systems. In particular, weak regularity is not preserved under feedback (see for
example [58, Remark 7.5.4]).

We denote the generating operators of the closed-loop system X5 = (TK oK ¥k FK)
by (AKX, BK CK, DK). The following theorem gives a characterization of these operators:
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2.7 Linear output feedback theory

Theorem 2.47. [67, Proposition 7.1, Theorem 7.2] Let K € L(¥ , %) be an admissi-
ble output feedback operator and assume that ¥ is a strongly reqular linear system with
feedthrough operator D € L(% ,% ). Then I — DK (and hence also I — K D) is left invert-
ible.

The closed-loop system XX is strongly regular, if and only if, I — DK (and hence also
I — KD) is invertible. In this case we have

ARy = [A + BK (I — DK)™" CA} o, (2.54)

CEzy= (I — DK)™ ' Cpuo, (2.55)

for all g € D(AK), where
D(A®)={20€ D(Cp) | (A+BK(I - DK) 'Cr)zo€ 2} .
Moreover, there holds
D(C{)=D(Cy),  CX =(I—DK) 'Cy.
Regarding the operators BX and DX we have
BX = B(I-KD)™!,
DX =D(I-KD)™' = (I - DK)™'D.

Remark 2.48. Equation (2.54) can be understood as a perturbation of the semigroup
generator A by operator BK (I — DK )71 Cx. With the assumptions of Theorem 2.47, let
TX denote the strongly continuous semigroup generated by AX = A+BK (I — DK )_1 Ch.
It follows from [67, Theorem 6.1] that the perturbation relationship

o0
TE 2o = Tyxo + / T, .BK (I — DK) ' CATEz dr (2.56)
0

holds for every g € D(AX) and all t+ > 0. We will use the relationship (2.56) in Sec-
tion 5.3 to construct a connection between the Newton-Kleinman iteration and the Riccati
operator.

We finish this section by showing that (2.54) can be extended to D(C}), as proven
in [58, Theorem 7.5.1 & Theorem 7.5.3] and [67, Proposition 7.10]. Let Ao € R be such
that [Ao,00) C p(A). We define the space #; as D(C}y) equipped with the norm

[20ll == llzoll o + sup [|CAN — A)~ o], - (2.57)
A> Ao

It follows from [67, Proposition 5.3] that #] is a Hilbert space, Cp € L(#1,%), and there
holds
ZiCchcCa, (2.58)

with continuous embeddings. Furthermore, for some 3 € p(A), we define the Hilbert space
W by
W = (Bl — A1,
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with the norm

lzolly == [|(BI — A) " o], - (2.59)

It follows from the above definition that (31 — A)~! is an isomorphism from # to %4,
just as it is an isomorphism from 2~ to 2 and from 2 to Z7. As a result, by (2.58)
we obtain

VAGl el AN

with continuous embeddings. The main advantage of introducing the Hilbert spaces #
and # is that
A AR e com,w),

and
AR gy = [A+BK (I - DK)™Cy| 20, Vo€ W4,

as proven in [58, Theorem 7.5.1 & Theorem 7.5.3].
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Chapter

The linear-quadratic optimal control
problem

Crush your fears like stone turns into dust. Then water that dust
and make cement. With that cement: build an empire.

—Jack Canfield
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We focus on the linear-quadratic optimal control problem for externally stable well-
posed linear systems. We study two cases: the regular optimal control problem, where
the associated Popov function is strictly positive (bounded from below) and the singular
optimal control problem, where the Popov function is just positive. In the regular case,
we show that the solution to the optimal control problem is connected to the spectral fac-
torization of the associated Popov function. Subsequently, we present various generalized
Riccati equations. Later on, we turn our focus to the singular optimal control problem,
in particular, we deal with the bounded real and positive real case. We note that in
the majority of the results presented in this chapter, we do not put any (weak) regular-
ity assumption on the linear systems (in the sense of Section 2.5). The only regularity
assumption is on the spectral factorization.
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The linear-quadratic optimal control problem

3.1 The quadratic cost functional and the Popov operator

Let ¥ = (T, ®, ¥, F) be an externally stable well-posed linear system (cf. Definition 2.6.a).
Let = : [0,00) — 2 and y € L?(0,00;%) be respectively the state trajectory and the
output function of ¥ corresponding to the initial state zg € £ and the input function
u € L*(0,00;% ). This means that there holds

x(t) = Tixg + Pru, Vit>0,

3.1
y = Uz + Fu. (3:1)

We consider the following quadratic cost functional

T (AR [ ) MR

where R = R* € L(%), Q = Q* € L(¥), and N € L(#,% ). This cost functional can
be understood as the cost of observing and controlling the system. The linear-quadratic
optimal control problem is to find an input function u°P* € L?(0, c0; %) which minimizes
(3.2) subject to (3.1).

We can transform our constrained optimization problem to an unconstrained one by
substituting y = Yo + Fu into (3.2) to obtain

= (e TN s

where Z € L(L*(0,00;%)) is called the Popov operator and is defined by
# =R+ NF +F*N* +F*QF. (3.4)

We consider two main cases: the regular and the singular optimal control problem. In
the regular case, we assume that the Popov operator & is coercive. This means that there
exists some £ > 0 such that

<U7%U>L2(O,oo;oz/) Ze€ HU”L2(0,oo;ﬂ)/) ) Vu e L2(0,00;,%). (3.5)

In the singular case we let ¢ = 0 in (3.5). These cases are treated in Sections 3.2 and 3.5,
respectively.

Let @ denote the Laplace transform of a function u € L?(0, c0; %) (cf. Definition (2.23))
and G be the transfer function corresponding to the shift-invariant operator F (cf. Def-
inition 2.27). As shown in [70, Proposition 7.1], Z is a Toeplitz operator, whose unique
symbol is the Popov function 11 € L (iR; L(%)) defined as

[I(iw) = R+ NG(iw) + G(iw)*N* + G(iw)* QG (iw). (3.6)
By the Paley-Wiener theorem (see Theorem 2.25) there holds

r,
(u1, #u2) 120 o0s) = %<U1,HU2>L2(7:R;4//), Y ug,up € L0, 00; %). (3.7)
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3.2 The regular linear-quadratic optimal control problem

Remark 3.1. Throughout this chapter we assume that ¥ = (T, ®, U, F) is externally stable
(see Definition 2.6.a). For such a system it holds

F e L(L*(0,00;%),L?(0,00;%)). (3.8)
By Theorem 2.26, (3.8) is equivalent to
Ge H>” (L(%,%)).
It follows from [51, Theorem 3.2] that

. N
aw}I?eR G(o + iw)u = G(iw)u,

for all u € 7 and almost all w € R. This means that the Popov function (3.6) correspond-
ing to an externally stable well-posed linear system is well-defined.

3.2 The regular linear-quadratic optimal control problem

In the regular optimal control problem we assume that the Popov operator #Z from (3.4)
is coercive. This means that (3.5) is satisfied for some £ > 0. Condition (3.5) implies in
particular that & is boundedly invertible. The following proposition from [70] gives the
open-loop solution of the optimal control problem:

Proposition 3.2. [70, Proposition 7.2.] Let ¥ = (T,®,V,F) be an externally stable
well-posed linear system (cf. Definition 2.6.a) and let J be the cost functional from (3.2).
Then, for every xg € &

i J(u, = , XX0) 9y 3.9
ueL;ﬁ)lgo;%) (u, z0) = (0 £U0>wr (3.9)

where operator X = X* € L(Z"), called the Riccati operator, is defined by
X = U*QU — U*(QF + N*)Z L (F*Q + N)U. (3.10)
The unique minimizing input function is denoted by u°P® and is given by
uP = —Z Y F*Q + N)Wxy. (3.11)

We introduce the complementary Popov operator (Definition 3.3), which allows us
to present an alternative formulation of the Riccati operator (3.10). This alternative
formulation is given in Proposition 3.4. In [35], the Riccati-ADI algorithm (discussed in
Chapter 4) was formulated using the projected version of Proposition 3.4.

Definition 3.3. Let Q = Q* € L(%), R=R* € L(%), and R:= R— NQ 'N* € L(%)
be all invertible operators. The complementary Popov operator is defined by

Re:=Q '+ (F+Q 'N )R (F +NQ ') € L(#). (3.12)
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Proposition 3.4. With the assumptions of Definition 3.3, the Riccati operator X € L(Z")
from (3.10) can be represented in the alternative form

X =U%"'v. (3.13)
Moreover, the optimal input function u°P® from (3.11) can be expressed by
uPt = —R7Y(F* + NQ™ )% Way. (3.14)

Proof. First, we show that the inverse of the complementary Popov operator from (3.12)
can be calculated by adapting the generalized Sherman-Morrison-Woodbury formula from
Theorem A.1. In fact, by setting

A=Q 'eL®), Z*=Y=F+Q 'N'el(%,%), G=R'el(%),
and using (3.12), we obtain that
%' =Q — (QF + N)Z ' (F*Q + N). (3.15)
As a result, the Riccati operator X from (3.10) can be written as
X=0"(Q - (QF+ N")%Z ' (F*Q+ N)) ¥ = T* %' .
Now in order to show (3.14), we multiply (3.15) from left by F* + NQ~! to get
(F*+ NQ %' =F*Q+ N — (F*QF + F*N* + NF + NQ"'N")% 1 (F*Q + N)
=F*Q+N — (% - fz) 2L ([F*Q + N)
= R %2 Y (F*Q + N).
By invertibility of R we obtain
R\ (F*+ NQ W%, ' = %2 ' (F*Q + N), (3.16)
and hence (3.14) follows by substituting (3.16) in (3.11). O

Let z°P' and y°P' denote respectively the optimal state trajectory and the optimal
output function of the well-posed linear system ¥ = (T, ®, ¥, F) with the optimal input
function u°P* and the initial state g € 2". As a result of (3.1) we have

2P (t) = Ty + P, Vit>0,

3.17
yopt — \IJ.’L’O 4 F'LLOpt, ( )

for all zg € 2". By substituting (3.11) in (3.17) we obtain
a°P(t) = [Ty — 2 ' (F*Q + N)¥]| 29,  Vt>0, (3.18)

Yo' = [V —F%(F*Q + N)¥] .

We denote
TP .= T, — &2 H(F*Q + N)¥, YV t>0,

TPt = U — FZ 1 (F*Q + N), (3.19)
TPt = — " (F*Q + N)V,

and observe that N
YOPY — 4 FPOPt, (3.20)
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3.2 The regular linear-quadratic optimal control problem

Definition 3.5. Let T°P!, WPt and WoP' be the operators defined in (3.19). For all
xo € X, the extended (open-loop) optimal well-posed linear system Loptext is defined by

2Pt (t) = TP g, Vit>0,
Yoptext := § y°P" = WPy, (3.21)

uopt — \T/Opt:(}o,
with the associated optimal cost
J(uoPt, xo) = (€0, Xx0) 4 -

Remark 3.6. (a) Let ¥ = (T, ®,¥,F) be an externally stable well-posed linear system
(cf. Definition 2.6.a). It follows from (2.11), together with (3.19), that

TPt ¢ L(2, L*(0,00; %)),

- ) (3.22)
YOPt ¢ L(Z,L*(0,00;%)),
which means that the extended optimal system X,p¢ ext is externally stable.

(b) If T is strongly [exponentially] stable, then it follows from Lemma 2.46 that T°Pt
defined in (3.19) is strongly [exponentially] stable. In this case the extended optimal
system Yopt ext is called strongly [exponentially] stable.

We would like to determine the generators of the extended optimal system Xop¢ ext-
Let A°P* denote the generator of the strongly continuous semigroup T°Pt. D(A°P!) is a
Hilbert space with the norm

177 = [1(81 — AP
for some 3 € p(A°P*). Tt follows from [70, Proposition 9.3] that
D(A°P") € D(Cpw),

and that the restriction of Ci,, to D(A°PY) is bounded from D(A°P?) to %. Moreover, for
all zg € D (AOpt) and almost every ¢t > 0, there holds

yP (1) = Crwz® (1) (3.23)

Let R = R* € L(%) be invertible. It follows from [70, Proposition 8.5] that for every
initial state g € 2 and for almost every t > 0

1Pt (t) € D(Cpw), Xz (t) € D(Biy,), (3.24)

and there holds
uPt(t) = —R™Y (B}, X + NCpy )z (t). (3.25)

Equation (3.25) shows that the optimal input function u°P* of the well-posed linear system
Y can be written in a feedback form (familiar from the finite-dimensional theory) which
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involves the Riccati operator X. Therefore, we define the optimal feedback operator F°P! :
D(A°PY) — % by

FoP2 = —R™Y( B}, X + NCpw)zo. (3.26)
Altogether, APt Cj,,, and FOP! are the generators (cf. Definition 2.34) of the extended
optimal system Ygpt ext. This means that for almost all ¢ > 0 there holds

jjOpt(t) — 140pt$0pt(t)7
Eopt,ext : y"pt(t) = CAw$0pt(t), (327)
uopt(t) — FOptxOpt(t).

For notational simplicity we use “~»” to mean “generator”. With this notation we have

(Aopt’ CAw) ~ \I,opt’
N (3.28)
(Aopt’ Fopt) ~s \Ijopt'

Remark 3.7. (a) As aresult of (3.22) we have that F°P' and Cy,, are infinite-time admis-
sible observation operators for TOPt,

(b) Operator A°P' can be also characterized by the Riccati operator X. In fact, it follows
from [70, Theorem 9.4] that

APz = (A + BFPY)x, (3.29)
for all zg € D(A°PY).

(c¢) In all the formulas presented in this section we did not use any regularity assumption.
In fact, they hold for all well-posed linear systems. If ¥ as well as its dual system £¢
(cf. Section 2.6) are regular, then we may replace Cp,, by Ca and B}, by B} in all
the formulas presented in this section.

3.3 Spectral factorization

A problem with formulas (3.10) and (3.11) is that they contain Z~!, which is not easy
to compute. In this section we will show that, if a spectral factor of the Popov function
(3.6) is known, then %! can be expressed in terms of this spectral factor. To this end,
we review the concept of spectral factorization mainly from [15] and [70].

Definition 3.8 (Spectral factorization, spectral factor system). We say that the Popov
function II from (3.6) has a spectral factorization, if for almost all w € R, there exists an
operator = € Ho (L(%)) such that

IMiw) = E(iw)*E(iw), VweR. (3.30)

Let F= € L£(L?(0,00; %)) denote the shift-invariant operator corresponding to the spec-
tral factor = € Ho. (£(%)) and define the observation operator W= : 2~ — L2(0, 00; %)
by

Wz = (F2) " (F'Q + N)V.
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3.3 Spectral factorization

Then, it follows from [70, Theorem 11.3] that the spectral factor system
EE = (Ta ®a \I]E7FE)

is a well-posed linear system. The spectral factor = is called outer, if its range, as a
multiplication operator on Hy(% ), is dense in Ho(% ). If = is outer, then the range of Fz
is also dense.

If the spectral factor = is strongly regular (cf. Definition 2.29), then there exists an
operator Dz € L(%) such that

lim Z(\)v = Dzv, Vove. (3.31)
A—00
AER

D= as in (3.31) is called the feedthrough operator corresponding to the strongly regular
spectral factor Z. If additionally, Dz is invertible, then from [70, Theorem 12.4], —D=zF
is the observation operator of the regular spectral factor system Y=, where

Fzo = —(DEDz) Y (B3, X + NO)zo, Y 29 € D(A).

In particular,
X € £(D(A), B},).

Altogether, the quadruple (A, B, —D=F, D=) is the generator (cf. Definition 2.34) of the
strongly regular spectral factor system Yz = (T, ®, ¥z, Fz) and there holds

(1]

(s) = Dz (I — Fa(sI — A)7'B).

One can observe that F' is the optimal state feedback operator for X. In fact, it follows
from [70, Theorem 12.5] that for all o € D(A°PY),

AOptxo = (A + BFA) Zo,

and
FOoP'% = Fyxo,

where D(AP') is defined by

D(A°PY) = {zg € D(Fy) | (A+ BFp\)zo € 2}
Remark 3.9. It does not always hold that DZD= = R. However, if % is finite-dimensional,
B e L(%,%Z_1) is infinite-time admissible (cf. Definition 2.17) for the semigroup T, and
C' is bounded (i.e., C € L(Z,%)), then from [70, Proposition 12.10] any spectral factor

= of the Popov function II is regular and its feedthrough operator D= satisfies

D:Ds = R.
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3.4 Riccati equations

A classical approach in the finite-dimensional optimal control theory is to solve the Riccati
equation to obtain the optimal cost operator (see Section 1.1). This approach can be
extended to infinite-dimensional systems with bounded control and observation operators
(see for example [18]). This extension becomes more difficult when considering well-posed
linear systems with unbounded control and observation operators. Moreover, it is also not
easy to write a meaningful Riccati equation in this case.

Let us, for the moment, assume that the control and observation operators are bounded,
ie, Be L(%,Z)and C € L(Z,%). A well-posed linear system ¥ = (T, ®, ¥, F) with
the cost functional (3.2) is called optimizable, if for all o € £, there exists an input
function u € L?(0,00; %) such that this cost functional is finite (see [18, Definition 6.2.1]).

Considering the cost function (3.2) with invertible operator R = R* € L(%), if the
well-posed linear system ¥ is optimizable, then by [18, Theorem 6.2.4], the Riccati operator
X from (3.10) is the minimal nonnegative solution of the following operator algebraic
Riccati equation

(Axo, X 20) - + (X0, A20) 5 + (C0, QC20) 5 = (Fro, RF20),,, (3.32)
for all zg, z9 € D(A), where
Fzy=—R YB*X 4+ N*C)xo. (3.33)
By adding the term
(Fxo, B* X 20) 4, + (B* X0, F20) 4,

to both sides of (3.32), we obtain the “closed-loop” form of the operator Riccati equation
t t o A * -1
(A0, X0) .+ (X0, AP2) , = —(Cxo, QCz0) = (B"Xao, R B X20),,,, (3:34)

where

APz := (A + BF ), V 29 € D(A°PY) = D(A),

and B
Q:=Q—-N'R'N cL®).

If the control operator is unbounded (i.e., B € L(%, Z_1)), then it may happen that
Xz ¢ D(B*) for some x € D(A) (see for example [42], [69], and [60]). Therefore, F' from
(3.33) does not even make sense. To overcome this problem, we consider the A-extension
of B* (cf. Definition 2.37) and recall from (3.24) that for all zp € 2" and almost all ¢ > 0
there holds

Xz°'(t) € D(B},), with — 2°PY(t) = T .

In addition, we showed that the optimal feedback operator F°P! satisfies
FPzy = —R71(B},X + NChu)zo. (3.35)

In the following we show that the Riccati operator X from (3.10) satisfies some Ric-
cati equations which can be understood as a generalization of the “closed-loop” Riccati
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3.4 Riccati equations

equation (3.34) for unbounded control and observation operators. We refer to [42] for
a discussion on several alternative Riccati equations in the case of unbounded control
operators.

For the rest of this section we assume that R = R* € L£(%) is strictly positive (and
hence boundedly invertible). It follows from [70, Proposition 10.4] that the Riccati op-
erator (3.10) satisfies the following “Riccati-like” equation which holds on D (A°P'): For
every xg, 29 € D(APY),

<A0ptx0, XZ0> + <X.730, AOptZ[)>

3.36
= — <CAw.’B(],(QCAw +N*F0pt)20> + <F0pt$0,B/*\wXZO> . ( )

This equation is called the “Riccati-like” equation, because it looks like the “closed-loop”
Riccati equation (3.34) for bounded control and observation operators. The main draw-
back of (3.36) is that D(A°PY) is not a priori known [70]. By substituting (3.35) in the
right-hand side of (3.36), we obtain

<A0ptl‘o, XZ()> + <X$0, AOptZO>

~ B (3.37)
_ <(1wa0, QCsz0> — (R™'B}, X0, BiwX20),

where Q = Q — N*R~!N. In Chapter 5, we will use the Riccati-like equation (3.37) to
construct an iterative method to find approximate solutions of the linear-quadratic optimal
control problem. This method can be understood as an extension of the Newton-Kleinman
approach [29] to infinite-dimensional spaces.

If we assume that @ is positive (Q > 0) and R is strictly positive (R > 0)!, then we
can write the Riccati-like equation (3.37) as

<A0pt$0, Xz0> + <X1‘0, AOptZO>

~ ~ B . B . (3.38)
= - <Q1/20wa0,Q1/2Cszo> - <R 12B% X0, R 1/2BA,LUXZO>.
Corresponding to (3.38) we consider the system
in(t) = APz, (1),
5, (3.39)
yr(t) = CPlay(t),
for almost all ¢t > 0, where
N1/2¢ w
ot — [ @ 7Chw ) (3.40)
—-R'2B; X

The following lemma shows that the Riccati operator (3.10) is the infinite-time observ-
ability Gramian of (A°PY, C°P).

Proposition 3.10. Let ¥ = (T, ®,V,F) be an externally stable well-posed linear system
such that (A, B, C) is the triple associated with % (cf. Definition 2.15). Let J be the cost
functional (3.2) such that R > 0 and Q = Q — N*R™'N > 0. Moreover, let T°Pt, WoPt,

!This notation has been defined in Section 1.3
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and TOP be given by (3.19). Let A°P' denote the generator of the strongly continuous
semigroup TP, Furthermore, let X be the Riccati operator (3.10) and let C°P be given
by (3.40).

Then the Riccati operator X is the infinite-time observability Gramian of (A°Pt, C°PY).

Proof. First, we recall the extended optimal well-posed linear system Yt ext from (3.21).
As we showed in (3.27), A°P*, Cp,, and F°P' generate the extended optimal well-posed
linear system Xp¢ext- In particular, Cp,, and F °Pt are the infinite-time admissible ob-
servation operators for the semigroup TP' (cf. Remark 3.7.a). Moreover, Cp,, and F°P!
generate the output maps WP and ‘if‘)pt, respectively. By recalling the notation introduced
in (3.28), we have

(AP Crw) — LoPt
(A% FOPY) o
Hence, with F°P* = —R™1(B} X + NChy), we observe that
(Aopt’ QI/QCAw) s él/ijopt7
(A", —R7'Bi,X)  ~ TPt 4 RTINTOPE, (3.41)
(AP, _R7V2B% X)) — RY/2FoPt 1 R—1/2 Nopt.

As a result, the output map associated with (A°Pt, C°PY) is given by

v,

(A°Pt CoPty o <@> , (3.42)

where

U, = QY2 ¢ £(2, L*(0,00; %)),
U, = RY?U% 4 RTIVZNUOPt € (2, L*(0,00;%)).

Now let I', denote the infinite-time observability Gramian of (A°PY, C°P') (cf. Defini-
tion 2.20). From (3.42) we conclude that

r,=1{~ ~
() (&)
_ Jopt * Qv 0 Jopt (344>
CI;OPt +R71N\Ijopt 0 R ‘AI//opt +R71N\Ijopt )
Since R is invertible, we have the following decomposition of the operator matrix [? %]:
Q 0] [I -N*R'][Q N* I 0
0 R| |0 1 N R||-R'N I|’

which can be understood as a generalization of the LDLT factorization [11] to operators
acting on infinite-dimensional spaces. Hence, we can write (3.44) as

Jopt * " Jopt
O N
I — (@Opt) [N R] (\iopt) (3.45)

(3.43)
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From (3.20) we know that WPt = & 4 FUP' and therefore
W+ FUPN 1o N [+ FOOP
(I}Opt |:N R :| {I}Opt ’
UN\[1 0][@ N¥[I F| [ U (3.46)
Popt F* I||N R||0 I|\wort)’

T \" Q QF + N*| [ ©
(xiopt) F*Q + N R (Efopt)'

Now by substituting ¥°P* = —Z~1(F*Q + N)¥ from (3.19) into (3.46) and applying a
direct algebraic calculation, we obtain

T,

[, =9*QV — U*(QF + NZ ' (F*Q + N)¥ = X.

Hence, the Riccati operator X is the infinite-time observability Gramian of (A°Pt, C°Pt).
O

So far we have shown that the Riccati operator (3.10) is the infinite-time observability
Gramian of (A°P', C°P') and satisfies the Riccati-like equation (3.37). If additionally, we
assume that ¥ = (T, ®, U, F) is strongly stable, i.e., the semigroup T is strongly stable
(cf. Definition 2.6.c), then we can show that the Riccati operator is the unique solution of
the Riccati-like equation (3.37). In fact, the following theorem holds true:

Theorem 3.11. Under the assumptions of Proposition 3.10, if the semigroup T is strongly
stable (cf. Definition 2.6.c), then the Riccati operator (3.10) is the unique solution of the
Riccati-like equation (3.38).

Proof. By (3.41) — (3.43), we know that

Aopt’ N1/2C w ~ v,
(A", QY *Crw) v (3.47)
(AP —R7V2B% X) 0,

Now we follow the lines of the proof for [57, Theorem 41]. If zg,29 € D(A°P'), then
t = (TP, XT" ) is continuously differentiable on [0, c0) and we obtain

d
= (TP w0, XT{P 20 ) = (AT wg, XTEP20) + (T{Pg, XAPTE 20)

Since the Riccati operator X satisfies the Riccati-like equation (3.38), there holds

d t t ~ t ~ t
= (P20, XT20) | = = (QY2Ca0 T 20, QP Cru T 20) |

- <R_1/2B/*\wX’]I‘§ptm0, R—1/2Bj;wX1r§Ptzo>
= —{((¥rz0) (1), (¥r20) (1))

() 0. () ),

% (3.48)
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where we have used (3.47). By integrating (3.48), we obtain for each t > 0

(a0, X0) - = (TP XT0) | = [ ((@0) (7). (920) (D)

—i—/o <<‘Ifrxo) (1), ({IV'TZO) (7')>?/ .

Since T is a strongly stable semigroup, it follows from Lemma 2.46 that TP is also a
strongly stable semigroup (cf. Remark 3.6.b). This means that

(3.49)

lim T z¢ = 0 in 2.
t—o0 t ’

By letting ¢ — oo in (3.49), we conclude that

(0, X20) o = (Wro, Vr20) 12(0,00;) T <\II”$0’ \I/’"ZO>L2(0,<><>;%)

= (20, U W, 20) , + <m0, \Tli\flrz()>

v
This being true for all 2, zo € D(A°P"), we must have
X = U0, + U0,
= U*QU — U*(QF + N )% 1(F*Q + N) V.
O

A problem with the Riccati-like equation (3.36) is that it holds on D(A°Pt) which is not
a priori known. If the Popov function II has a regular spectral factorization = such that
the associated feedthrough operator Dz is invertible, then it follows from [70, Proposition
12.8] that the Riccati operator (3.10) satisfies the “true” Riccati equation

A*X + XA +C*QC = (B3 X + NC) (D£D=)" ' (B}, X + NC) (3.50)

in £(21,Z2-1). The term B}, X + NC is regarded as an operator from 27 to %, so
that its adjoint maps % to Z_1. As already mentioned in Remark 3.9, if % is finite-
dimensional, B is infinite-time admissible, and C' is bounded, then any spectral factor =
of the Popov function II is regular and the associated feedthrough operator D= satisfies
DXD= = R. In this case (3.50) looks much the same as the usual Riccati equation known
for the case of bounded control and observation operators (see (3.32)).

3.5 The singular linear-quadratic optimal control problem

In this section we weaken the assumption (3.5) on the Popov operator #Z by letting e = 0.
This means that for all u € L?(0,00; %) we assume that

<u7‘%u>L2(O,oo;7/) > 0. (351)

With the notation introduced after (1.15), this condition is written as Z > 0.
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Following [15], we assume that the well-posed linear system ¥ is strongly stable (cf. Def-
inition 2.6.a). We will show that the solution to the singular linear-quadratic optimal
control problem is closely related to the spectral factorization of the Popov function (3.6).
For the sake of simplicity, we assume throughout this section that X has a zero feedthrough
operator. This means that for all u € %

lim (y,G(\)u), =0, AeR, Vyed.
A—00

It follows from (3.7) that positivity of the Popov operator (#Z > 0) is equivalent to pos-
itivity of the Popov function (IT > 0). Let H*° (L(%)) denote the Hardy space of analytic
L(% )-valued functions on C, (cf. Definition 2.22). Assuming that the Popov function II
has a spectral factorization = € H*> (L(%)) (cf. Definition 3.8), we can characterize the

solution to the singular optimal control problem by using the associated spectral factor
system ¥z = (T, ®, V=, Fz):

Theorem 3.12. [15, Theorem 3.2] Let ¥ = (T, ®,V,F) be an externally stable weakly
reqular linear system with generating operators (A, B, C,0). Suppose that the corresponding
Popov function II from (3.6) has a spectral factorization Z(iw) € H™ (L(%)) which is
outer. Let F= denote the shift-invariant operator corresponding to the transfer function =.

(a) If there exists U= € L(2, L*(0,00; %)) that satisfies
FLVUz = (F*Q + N)U, (3.52)
then Wz is the unique solution to (3.52) and the spectral factor system
Yz =(T,®,¥z,Fs)
1s a well-posed linear system.

(b) Assume the existence of V= as in part (i), and denote the corresponding infinite-time
admissible observation operator by C=. If we define

X =9"QU — UZVz, (3.53)
then X satisfies
A* Xz + XAx = C2C=zx — C*QCx, V x e D(A), (3.54)
and
J(z0,u) = (x0, X20) + || ¥=x0 4 F=ul®. (3.55)
In particular,
inf J = Xxp) . 3.56
uELzl({)l,oo;%) (1'0, U) <5U0, $0> ( )

(c¢) If additionally, the spectral factor system Y= is weakly regular with generating opera-
tors (A, B,Cz, D=), then

Br,Xz+ NCzx = DzCzux, Vx e D(A). (3.57)
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Remark 3.13. (a) It follows from Theorem 3.12.b that (3.56) holds, if and only if
F=u®P* + Uzzo = 0, (3.58)

for some u°Pt € L2(0,00;%). The existence of a solution to (3.58) follows from the
property of F= having a dense range. Let (A, B, C=, D=) be the generating operators
of the weakly regular spectral factor system Yz = (T, ®, ¥z, Fg). It follows from (3.58)
that there exists some x : [0,00) — 2 such that the differential-algebraic equation

[é 8] @8) - [51: ZJ)BJ (igg) 2(0) =xz0 € 2, (3.59)

is fulfilled. We will use the finite-dimensional version of this remark in Chapter 6 to
make a suitable choice of shift parameters for the ADI method and improve numerical
performance of the algorithm.

(b) It follows from [15, Proposition 3.3] that the Riccati operator (3.53) is the maximal
self-adjoint solution of

<{(§:gi;\7§; m*(QZj N*)] <3«;?> 7 (acuo>> =0,

for all g € 2 and every u € L%(0,00; %).

(c) Let ¥ = (T,®,V¥,F) be a weakly regular linear system with generating operators
(A, B,C,0), such that its spectral factor system ¥z = (T, ®, ¥z, Fz) is weakly regular
with generating operators (A, B,Cz, D=). Then, it follows from Theorem 3.12 that

A X+ XA+C*QC (Br,X +NCO)*| (o T >0
By, ,X +NC DiD= v /)] \v =

for all zg € D(A) and every v € % . In fact, it follows from (3.54) and (3.57) that the
following factorization holds true on D(A)

A X+ XA+C*'QC (B, X +NO)* Ct ]
[ B, X +NC DDz ~\ b2 (C= D=). (3.60)

(d) (see Remark 3.9) If % is finite-dimensional, B is infinite-time admissible for the semi-
group T, and C is bounded, then it follows from [70, Proposition 12.10] that any
spectral factor = of the Popov function II is regular and its feedthrough operator D=
satisfies DZD= = R. In this case, (3.60) can be written as

A*X + XA+ C*QC = CLCx,
B, X + NC = DxCx, (3.61)
R = DiD=.

We refer to (3.61) as the Lur’e equations with the unknowns X, Cz, and D=.
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3.6 Bounded real and positive real case

We turn our focus to the bounded real and positive real singular optimal control prob-
lems. An important application of these problems is in the bounded real and positive
real balanced truncation (see, e.g., [40,49] for the finite-dimensional case and [24] for the
infinite-dimensional case). These are model reduction techniques that preserve contractiv-
ity and passivity, respectively.

In the bounded real case we set R=1¢€ L(%), Q =—1 € L(#), and N = 0. Then,
the optimal control problem is to minimize for xg € Z

J (a0, u) = /0 T @I - Iy d,

over all u € L?(0,00;% ) subject to the externally stable well-posed linear system ¥ =
(T, ®, ¥, F). We prefer the following formulation of the bounded real optimal control
problem:

/0 ly(DI — llu(r)7 dr = {wo, Xz0) - — W=z + Fzul]*, (3.62)
where the Riccati operator (in the bounded real case) is given by
X =UzUz + VU, (3.63)

Our motivation is based on the fact that the optimal cost in (3.62) expresses the available
storage of the system [71]: For all g € 2" there holds

(v0, X20) 5 = sup / ly(r)II% — llu()17 dr. (3.64)
u€L2(0,00;%) J0

In the positive real case we set =%, R=0,Q =0,and N =1 € L(%). Then, the
optimal control problem is to minimize for xg € Z~

J(xzo,u) = /000 2Re (y(7),u(T))y dr, (3.65)

over all u € L?(0,00;%) subject to the externally stable well-posed linear system ¥ =
(T, ®, ¥, F). Similarly to the bounded real case we prefer the following formulation of the
positive real optimal control problem:

o0
/ —2Re (y(7),u(r)) d1 = (20, X20) - — || ¥Y=20 + F=ul)?, (3.66)
0
where the Riccati operator (in the positive real case) is given by

X = ViU, (3.67)

Our consideration is based on the fact that the optimal cost in (3.66) expresses the available
storage for passivity [71]: For all g € 2 there holds

(20, X20) 5 = sup / “9Re (y(r), u(r)) dr. (3.68)
ueL?2(0,00;C™) JO
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Remark 3.14. (a) In the bounded real case (R = I, Q@ = —I, and N = 0) the Popov
operator is given by
% =1—TF"F.

For the singular optimal control problem we assume positivity of the Popov operator
(Z > 0). In the bounded real case, this implies

IFll gz < 1. (3.69)
This property is called contractivity. It follows from (2.32) that (3.69) is equivalent to

Gl = 1.

(b) In the positive real case (% =%, R=0,Q =0, N = I), the Popov operator is given
by
X =F"+T,

whose positivity is called passivity. Passivity is equivalent to positive realness of G(s).
This means that
G(s)+G(s)" >0,

for all s € C with Re(s) > 0 [71].
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Chapter

The ADI method for the optimal control
of stable well-posed linear systems

It is in your moments of decision that your destiny is shaped.
—Tony Robbins
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We give an iterative method to solve the linear-quadratic optimal control of stable
well-posed linear systems. The algorithm is based on approximating the output map
and the input-output map of the well-posed linear system using projections on appropri-
ate subspaces. These projection are determined by the so-called “shift parameters” of
the method. We prove that the approximation obtained by this algorithm expresses the
optimal cost for a projected optimal control problem. Furthermore, we show that the
sequence of approximate solutions obtained by this algorithm is non-decreasing. Under
mild assumptions on the shift parameters, we prove convergence of this sequence to the
Riccati operator (3.10). Later on, this method is extended to solve the singular optimal
control problem in the bounded real and positive real case. The results presented in this
chapter are from [35] and [37].
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4.1 Introduction

In this chapter we propose an iterative method for solving the linear-quadratic optimal
control of stable well-posed linear systems (cf. Definition 2.6.b). In order to convey the
main idea behind this algorithm we start by giving a short description of the method and
give its important properties. Throughout this chapter the Hilbert spaces %, 2", and %
are assumed to be pivot spaces (cf. Section 1.3).

Let ¥ = (T,®,¥,F) be a stable well-posed linear system. Let z : [0,00) — 2~
and y € L?(0,00; %) be respectively the state trajectory and the output function of ¥
corresponding to the initial condition zop € 2~ and the input function v € L?(0,00;%).
This means that there holds

z(t) = Tyxo + Pyu, Vit>0,

4.1
y = VYzg + Fu. (41)

Now let us consider the cost functional (3.2) with @ = I, R = I, and N = 0. This means
that we have

I, u) = /0 T @12, + Iyl (4.2)

The linear-quadratic optimal control problem is to find for every zy € £ an input function
u°Pt € L2(0, 00; %), which minimizes (4.2) subject to (4.1). It follows from Proposition 3.2
that for every zg € 2

X = i J(u, 7o), 4.3
(a0, Xa0)yr = min (o 0) (13)

where the Riccati operator X is given by
X = U0 — U*F(I + F*F)"'F* 0. (4.4)
Moreover, the unique minimizing input function u°P* satisfies
uPt = —(I + F*F) 1 F* V. (4.5)

By applying the identity (I +F*F)~'F* = F*(I + FF*)~! to (4.4), we can reformulate the
Riccati operator as (see Proposition 3.4)

X = U*(I +FF*) 1w, (4.6)

The principal idea behind our algorithm is to find a sequence of orthogonal projectors
(Po)ren : L*(0,00; %) — L%(0,00; %), which allow us to construct approximations of the
output map ¥ and the input-output map F. These approximations are defined by

Uy : X — L*(0,00;%), U, = P,U,
Fy : L*(0,00;%) — L*(0,00; %), F;, = P,F.

Using the operators ¥ and Fy, we create a sequence of approximations (X)gen for the
Riccati operator (4.6). This sequence is given by

X = Ui(I 4 FuF3) 10, (4.7)
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We will show in Theorem 4.11 that X}, given by (4.7), solves the projected optimal control
problem

— : > 2 2
(@ Xao)y = min | (Ol + 1 (P ()Pt (4.9

subject to (4.1).

In order to find an appropriate sequence of orthogonal projectors (Py)ren, we need to
introduce suitable subspaces of L?(0,00). These subspaces are defined in Section 4.2. In
order to make the definition of these subspaces easier to understand, we explain their key
structure in the following: Let ()32, be a sequence of shift parameters which satisfies
ay € C and Re(ay) > 0. For k € N we define the following subspace of L2?(0, co)

Y, i= span{t > et e (4.9)

For notational simplicity we assume, for the moment, that the shift parameters «; are
distinct. In Section 4.2 we drop this assumption and the definition of #; has to be modified
in case of non-distinct shift parameters. Let Py : L?(0,00; %) — L?(0,00; %) denote the
orthogonal projector onto ¥, ® % C L?(0,00;%). It follows from ¥, C %41 and (4.8)
that (Theorem 4.21)

(w0, Xipz0) 0 < (0, Xpt170) o < (w0, XT0) 9, Voo € 2.

This means that (X})72, is a non-decreasing sequence bounded from above by X. Hence,
(Xk)72, converges (see Appendix A.2), but the limit may not necessarily equal X. We will
show in Theorem 4.22 that the sequence of approximations Xy converges to X, provided
that
U % = £%(0,). (4.10)
keN
The property (4.10) is proven in [41, Lemma 4.4] to be equivalent to the non-Blaschke

condition -
Re(a;
> LJ)Z = 0. (4.11)
= 1+ |Oéj|
We use the following structure to present our method in this chapter: We begin by
introducing an orthonormal basis for the space ¥} (the Takenaka—Malmquist system) in
Section 4.2. This is used in Section 4.3 to determine the projected output maps ¥y, and the
projected input-output maps Fy. This approximation method, called the ADI iteration for
the output map ¥ and the input-output map F, is presented in Algorithm 1. This algorithm
is the crucial ingredient of all the methods that will be presented in this chapter:

e the “Riccati-ADI” method for the regular optimal control problem (Algorithm 2 in
Section 4.4)

e the ADI method for the bounded real and positive real singular optimal control
problems (Algorithms 3 and 4 in Section 4.6)

We prove that the approximate solutions obtained by all these algorithms express the
optimal cost for a projected (regular or singular) linear-quadratic optimal control prob-
lem. Furthermore, we show that the sequence of approximate solutions obtained by these
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algorithms are monotonically non-decreasing. In addition, by assuming the non-Blaschke
condition (4.11), we prove convergence of all these algorithms to the respective optimal
costs.

Bibliographical notes:

In the finite-dimensional settings, Algorithms 1 and 2 are arithmetically equivalent to [34,
Algorithm 2] (ILRSI) for solving the algebraic matrix Riccati equation. Monotonicity of
the matrix sequence (Xg)ren produced by ILRSI was proven in [34, Theorem 4.2] (using
very different arguments when compared to our setting). An upper bound for the distance
between X} and X in the gap metric was considered in [34]. However, it was left open
there, whether or not this upper bound converges to zero. In [35] a new perspective
on this method in terms of the underlying linear-quadratic optimal control problem was
introduced. We use this perspective throughout this chapter. This representation is
independent of the Riccati equation and allows a straightforward proof of convergence.
Moreover, the setting introduced in [35] allows an extension of the algorithm to infinite-
dimensional systems, as shown in [35, Theorem 7.1].

In [37] the application of the ADI method for the bounded real and positive real
Lur’e equations is considered. This application is based on Algorithm 1 and allows an
extension to the singular optimal control problem of strongly stable well-posed systems in
the bounded real and positive real case (see Algorithms 3 and 4).

4.2 Convolution and Takenaka—Malmquist systems

In this section we consider two special subspaces of L?(0,00), namely the convolution
system and the Takenaka—Malmquist system. The application of the Takenaka—Malmquist
system to approximate the input map ® (or in the dual form the output map ¥ ) was
first introduced in [41]. In that paper the authors used this approximation to solve the
operator Lyapunov equation for controllability (or the operator Lyapunov equation for
observability in the dual form). The application of the Takenaka—Malmquist system to
approximate the input-output map F was first introduced in [35].

The convolution system and the Takenaka—Malmquist system (Definition 4.1) are con-
structed by the convolution product of the exponential functions of the form ¢ — e~%it,
where o; € C and Re(aj) > 0. The convolution product of two functions g and h is defined

by
(g*h)(t):/o ot — 7)h(r) dr.

Definition 4.1 (Convolution system, Takenaka-Malmquist system). Let ()32, € C be
the shift parameters such that Re(a;) > 0 for all j € N. We define

e the convolution system ()72, ¢; € L?(0,00) by
p1 =1t e_‘“t,

e (4.12)
pj =€ S ©Yi—1,

50



4.2 Convolution and Takenaka—Malmquist systems

and set
S (@) == span{p1, @2, ..., or} (4.13)

e the Takenaka—Malmaquist system (¢j>§il7 ¥; € L*(0,00) by

¢1 =t e M Y1 =+/2Re(1) - ¢1,

4.14
bj =¢j-1— (aj +@—1) - (e x ¢j_1), b; =v/2Re(q;) - ¢;. (1)

Remark 4.2. If we denote by @; and 1@- respectively the Laplace transform of ¢; and 15,
then

a) For all s € C with Re(s) > 0, the Laplace transformation of (4.12) results in

1 1 —~

P1(s) = parp Qi(s) = P - @j-1(5),

and therefore by induction

gi(s) =11 — (4.15)

b) Assume that the numbers ¢, ..., qs are pairwise different and there holds

{q17"'an}:{a17"'7ak}a Jgk

Further, let ¢; be the number of times in which ¢; appears in (a;)%_; (thus k =

j=1
{1+ ...+ 2y). Then

J
(o) = span{p1, ..., ok} = @span{ tstle™ @ | 1=0,...,6;—1 } . (4.16)
j=1

The relation (4.16) can be obtained by using the partial fraction expansions of (4.15)
and eventually applying the inverse Laplace transformation.

If the numbers a4, ..., o are distinct, then
span{®1,...,pr} =span{e ', ... e ¥}

c) If (&j);?:l is a permutation of (aj);?zl and the corresponding convolution systems are

denoted respectively by (@)?Zl and (cpj);?:l, then it follows from b that

span{@1, ..., Pk} = span{@1, ..., r}.

d) The Takenaka—Malmquist system is orthonormal (see, e.g., [41, Appendix B] for a
proof).
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e) For all s € C with Re(s) > 0, the Laplace transformation of (4.14) yields

1
qbl() s+ aq’

6i(5) = pj_1(s) — (aj + @=1) -

h1(s) = /2Re(an) - d1(s),

Sja,-aﬁﬂ(s), h;(s) =\/2Re(ay) - d;(s), (4.17)
J

and therefore by induction

By(s) = Y2ReAas) HS“TZ (4.18)

s+a] S+ ap

f) By using partial fraction expansions of (4.15) and (4.18), we obtain

%ﬁ(a) = Span{@bl, s 7wk’}
As a result, {¢1,...,9} is an orthonormal basis of J#;(«).

For the rest of this section, we assume that ¥ = (T, ®, ¥, F) is a stable weakly regular
linear system (cf. Definition 2.6.c). As a result, the semigroup T is uniformly bounded and
hence by the theorem of Hille-Yosida (see for example [58, Theorem 3.4.1]), there holds

Now let us determine how the operators ¥* and F* act on the considered bases of
% (a). To this end, we define the following two operators for ¢t > 0

T : L20,00,%) = X, Yy := / T _,C*y(T)dr, (4.19)
t
A L%(0,00; %) — L*(0,00; Z'), Ay:=t+— / T _,C*y(T)dr. (4.20)
t

We have Ay =t — Ty. In addition, by Theorem 2.39, Definition 2.41, and Remark 2.42,
we observe that

x(t) = Ty = U*S7y?, (4.21)
and
= (Bl A+ D*)y* =TF*y?, (4.22)

where y%, x%, and u® are the input, state, and output of the anticausal dual system .

At this point, we are ready to give a crucial technical result which is used to show how
the operators U* and F* act on the convolution and Takenaka—Malmquist systems:

Lemma 4.3. Let Y; be the operator defined in (4.19) for t > 0. Then for u € p(A),
vEX andy € L*(0,00; %) there holds

Yile " v) = (ul — A*) " C*ve (4.23)

and

To(e™ xy) = (ul — A)7CHe ™ xy) () + (u] — A) 7 Tu(y). (4.24)
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Proof. We follow the proof of [35, Lemma 3.5]. First, we consider (4.23). By the change
of variables 0 := 7 — t, we obtain

Ti(e H ) :/ T:_,C*ve™#7 dT:/ T;C* ve Hoe 1 df
¢ 0
:e_“t/ e MTSC* v db.
0

The result follows then by the definition of the Laplace transform.
Now we consider (4.24). We have

Ti(e ™ xy) :/ ’]I‘j_tC*/ M=%y (5) dodr
t 0
= / / MO O e M)y (o) dodr.
t 0
By interchanging the order of integration we obtain
t 00
Ti(e™ xy) = / / eI e )y (o) drdo
0 Jt

+/ / eI Ot e )y (o) drdo
t o
t

= /0 [—(MI - A*)_1e_“(T_t)Ti_tC*e_“(t_”)y(a)} Zt do
+ /t [—(ul - A*)_le_“(T_t)Ti_tC*e_“(t_”)y(a)]ia do

t
= /0 (ul — A*)7LC e M=y (o) do

+ / (ul — A*) e rO=OT_ e =0y (5) do
t

t 0
= (ul — A*)"1C* / e M=y () do + (uI — A*) ™! / T _,C*y(0) do
0 t
= (I — A*)7IC* (e xy)(t) + (n] — A") " Te(y),
as claimed. 0

As a consequence of Lemma 4.3, we obtain the following result on the action of Y, U*
and A on the convolution system.

Proposition 4.4. Let ()72, such that Re(a;) > 0 for all j € N, (;)32, as in Definition
4.1 andve.

1. With Yy as in (4.19) there holds

Ti(p1v) = (arl — A*) " Cvp (1),
Tt(gojv) = (Oéj[ — A*)_lC*vcpj(t) + (ij[ — A*)_th((pj_lv).
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2. With ¥ as in (2.22) there holds

T*(p1v) = (a ] — A*)"1C*v,
U (pjv) = (oI — A") 71 (pj-1v).

3. With A as in (4.20) there holds

A(p1v) = (aqI — A*) "1 C* vy,
Apjv) = (o — A*)_lc*vgoj + (o] — A*)_IA(gpj,lv).
Proof. We first prove part 1. The first formula follows directly from (4.23) with p := ay.

The second formula follows from multiplying the iterative definition of (¢;)52, in (4.12)
by v, applying T; to the result and using that by Lemma 4.3,

Ty(e™® # pj-10) = (] — A7)~ C oy (8) + (a;] — A7) Ti(ij-10).

To prove part 2, we consider (4.21) for ¢ = 0 and obtain that ¥* = Y. The result
then follows from part 1 by using ¢1(0) =1 and ¢;(0) = 0 for j > 1. Part 3 follows from
part 1 using that Az =t — T;z. O

From Proposition 4.4 and the fact that F* = B} A 4+ D* we can conclude that ()
is, in a certain sense, an invariant subspace of the adjoint input-output map. To this end,
we define the following subspaces of L?(0,00;% ) and L?(0, 00; %)

K@) @U = {f(-)-v | f e Hla), ve ¥} C L*0,00;

003 U ),
K@) @ = {f(-)-v| feHa), ve X} L*0,00;%).

)

Corollary 4.5 shows the invariance of #j(«) with respect to F*.

Corollary 4.5. Let (c;)52, such that Re(a;) > 0 for all j € N. Then for #j(a) as in
(4.13) there holds
F*( (o) @ %) C (o) @ U . (4.25)

Proof. By (2.50), we know that F* = B}, A + D*. The proof follows from Proposition 3
and regarding D as a pointwise operator D : L?(0,00; %) — L?(0,00; %) which fulfills

D* (o) @ %) C Hp(a) @ U .

Now we describe the action of T;, ¥* and A on the Takenaka—Malmquist system.

Proposition 4.6. Let («;)52, such that Re(a;) > 0 for all j € N, (¢;)52, and (¢5)52; as
in Definition 4.1 and v € ¥.

1. For j > 1 and with VU as in (2.22) there holds
T*(p1v) = (nI — A*)"1C*,
U*(pj0) = U (pj_1v) — (aj + 5-1) (05T — A*) " W* (¢ 10).
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Re(a;)

Re(ajil) there holds

2. For j > 1 and with A as in (4.20) and v; ==

Aro) = (an T — A*) 1oy,
A(yjv) = 3jAW-1v) = il + @) [ (o] — A)TIC 0™ w1
+ (gl — A )T A (Y -1v)].
Proof. We first prove part 1. The first equation follows from (4.23) with p := «; using

that U* = 1. The second equation is obtained by multiplying (4.14) by v, applying ¥*
to the result and using that by Lemma 4.3 (using that ¥* = Y),

T* (e * ¢j_1v) = (a;I — A*) 1T (¢j_10). (4.26)
To prove part 2, we observe from (4.14) that there holds
A(Yjv) = 7 A(j-1v) — vj(a; + @) Ale™ "« P 1v).
From Lemma 4.3 we get that
Ale™" % 4hj_10) = (o] — A*)LC*0e™ " % ahj_1 + (o T — A*) " A (- 10),

and the desired result follows. O

4.3 The ADI iteration for the output map and the input-
output map

Using the convolution system and the Takenaka-Malmquist system presented in Section
4.2, we present an iterative method to approximate the output map ¥ and the input-
output map F. The approximation is obtained by projecting ¥ and F on the subspace
() @ % defined in Section 4.2.

We consider the Laplace transformation of J#;(«) (from (4.16)), #x(a) ® %, and
() @ &, namely

J
t%//;(a) = @span{ _
j=1

(s — )’

l:(),...,gj—l }CHQ.

—~ —~

() @ U = {f(-) v| fela), ve %} CHo (%),

—

i) 0@ = {J()-v| [ e Hula) ve ¥} M (D),
where Hz denotes the Hardy space (cf. Definition 2.22).

We define the mapping ¢y, as
Ly, W () @ % C L2(0,00;%),

i 4.27
1

j=
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and similarly the mapping ¢4, is defined as

L, UF — (o) @ U C L*0,00;%),
k
4.28
(ulj...,uk)HZ@Dj-uj. (4.28)
j=1

It follows from orthonormality of the Takenaka-Malmquist system that ¢y, and 14, define
isometric embeddings. In particular,

Pk = L?ykb*@k . LQ(O, OO,@) — L2(07 007@)7
(4.29)
Ok = 1y Ly, + L*(0,00;%) + L*(0, 00; %),

are orthogonal projectors onto (o) ® # and #j () ® % , respectively.
Using the orthogonal projector Pk, we define the projected output map ¥y and the
projected input-output map Fj as follows

Uy 2 — L%0,00;%), U, =P, (4.30)
Fr, : L*(0,00;%) — L*(0,00; %), F) = B,F. (4.31)

Using the mappings ts, and iy, , we introduce the operators

Sk =13V € L(Z,UP), (4.32)
F =1y Fuy, € L(U*,2F). (4.33)

It follows from (4.30) and (4.31) that

Uy = PpV = o159, V = 19, Sk,
(4.34)
Lgkuk = Pk]F‘LJ//k = Fkb%k-

Remark 4.7. If %, Z, and % are finite-dimensional, i.e., Z = C™, Z = C", and
% = CP for some m,n,p € N, then Si as in (4.32) is the matrix representation of Wy :
2 — () @ ¥ with respect to the basis given by the tensor product of {1, ..., ¥}
and the canonical basis of #/. Similarly, Fj as in (4.33) is the matrix representation of
Frl ez @ Hi(a) @ 4 — (o) ® @ with respect to the basis given by the tensor
product of {¢1,...,1¢,} and the canonical basis of % (respectively #).

Algorithm 1 presents a recursive method to determine Sy and Fj. Note that determi-
nation of Sy is basically the same as in [41]. We call Algorithm 1 “the ADI iteration for
the output map ¥ and the input-output map F”. Theorems 4.9 and 4.10 show that Sy and
F} in (4.32) and (4.33) are indeed the operators computed in Algorithm 1.

Remark 4.8. (a) If the input and output spaces of ¥ are finite-dimensional, i.e., = C™
and % = CP for some m,n € N, then Algorithm 1 provides finite rank approximations
of the output map ¥ and input-output map F. That is

Sy € L(Z,Ckp), Fj, € L(CF™ CMP),
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4.3 The ADI iteration for the output map and the input-output map

Algorithm 1 ADI iteration for the output map ¥ and the input-output map F.

Input: ¥ = (T, ®, ¥, F) a stable weakly regular well-posed linear system with generat-
ing operators (A, B,C, D) (cf. Definition 2.6.b). Shift parameters aq,...,a; € C with
Re(ai) > 0.

Output: Sy =13 U € L(Z 2%, F, = Ly Koy, € L(U*, ZF) such that Sy ~ ¥ and

1: Vi = (ol — A*)~LC*
2: S1 = \/2Re(ar) - V'
3: Q1= /2Re(a1) - V/'B
4: leﬁ(al)

5: F1 =1 L1+ D

6: for:=2,3,...,k do

7 Vi=Via—(ei+ai) - (el — ATV

8:  Si=[8",, V2Re(w) V|
9:  Qi=[Qi-1, V2Re(y) - V;*B]
. L Re(a;)
10: v = Re(ajil)
1 a1 + o
v/ 2Re(a1) a1 — a3+ o
11: Mi,l = ) Mi,2 = . )
1 E
2Re(a;) Qi1 — 0 05+ oy
) . —/2Re(a)
0 I
MZ,3 — ) MZ’A = ) Ml,5 —
X 1 0 —+v/2Re(a;—1)

. Y e e R 7
120 M= M;y My My g3 M; ; M; 5

yiLi
13: L= |7t OI_MZ»

L 0] [%(Oti—i-oéi—ﬁf 0]

0 0 0 1 [0, 7;] ~1
: =] el
Qi (Li ® 1y) + [0, D]

15: end for
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The ADI method for the optimal control of stable well-posed linear systems

(b) In Algorithm 1 we assume that ¥ = (T, ®, ¥, F) is a stable well-posed linear system.
This means that the semigroup T is uniformly bounded (Definition 2.6.b), i.e.,

sup || T[] < oo.
>0

Therefore, we have the growth bound wy(T) = 0 and the shift parameters a1, ..., ax €
C must satisfy Re(a;) > 0. One could extend the application of Algorithm 1 to
externally stable well-posed linear systems for which the semigroup T is not necessarily
bounded. In this case the shift parameters must satisfy

Re(a;) > wo(T).

(¢c) The main computational cost in Algorithm 1 consists of solving Steps 1 and 7, namely

V1 = (OQI - A*)_IC*,
Vi=Vii1 — (i +@-1) - (i — A*)"1V_y.

If the underlying infinite-dimensional system arises from the abstract formulation of
partial differential equations, then the above equations are equivalent to solving a PDE
system. This can be done efficiently by applying the adaptive refinement techniques,
as will be discussed in Chapter 6.

Theorem 4.9. Let (a;)72, with Re(ay) > 0 for all j € N. Then for all k € N, Sk
determined by Algorithm 1 fulfills (4.32).

Proof. By Algorithm 1, Sy, € L(Z, Z*) is the operator row matrix

Sk =[v2Re(a1)- Vi ... /2Re(oy) - Vk}*,
where the sequence Vi, € L(%, Z7) is recursively defined by
V1 = (041[ — A*)_lC*, Vk = Vk,1 — (Ckk + Ckkfl) . ((Xk[ — A*)_lkal. (4.35)

The result then follows from Proposition 4.6.1 together with the definition of the Takenaka-
Malmquist system in (4.14). We note that Theorem 4.9 was already established in [41],
where the case B = 0 (for which the Riccati equation becomes a Lyapunov equation) was
considered. O

Theorem 4.10. Let ()72, such that Re(a;) > 0 for all j € N. Then for all k € N, the
operator Fy determined by Algorithm 1 fulfills (4.33).

Proof. By (4.22), the input-output map F fulfills
F* = Bi A + D"
As a result, it follows from Proposition 4.6.2 that

F*1v = (Bjy, (a1l — A*)71C* + D*) vy, Voed.
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4.3 The ADI iteration for the output map and the input-output map

By (4.33), we have for k =1
Ff =15,F 1 € LY, %),
and therefore
F} = By, (a1 — AH7LC* + D*. (4.36)

The adjoint of the expression in (4.36) can be calculated using the definition of B},
(cf. Definition 2.37). In fact, for A € (wo(T), 00), for all v € %, and every w € %, we have

(Bw(anl — A*)_lc*v,w>% = Aan;O (B*A(M — AN Hay I - A*)_lC*v,w>%
= lim (MM — A*) NI — A*)7'C*, Bw)
= lim (C*v, MM — A)~} (@il — A)~'Bw)
= lim (v, CAM — A)~!(an] — A)~'Bw),,
= Cpp(@rl — A)"'Buw.
Thus we obtain
Iy = Cpy(a@rl — A)'B+D. (4.37)

To obtain the structure of the operator Fj, we observe that by (4.33) there holds
Vy T =Fp e L@ ut .
By Corollary 4.5, the following invariance holds true
F* (—1() @ %) C o1 () @ % .
As a result, we have
L*%kF*Lg/k71 = {F’él] .

Therefore, we obtain that Fj has the form
_ [Fk—la 0]
Fr = [ Ny , (4.38)

for some N, € L(% koo ). The operator Nj has the following operator column matrix
structure
Ni=[Nm - Nwl, (4.39)

where Ny; € L(%,%). It follows from (4.34), together with (4.38) and (4.39), that

k
Bi, A(Wrv) + Do = F*(pv) = > Njw-thi, Vve, (4.40)
=1

We set the following ansatz for A(¢,v) (compare Proposition 4.6.1 with Proposition 4.6.2)

k

J
Apro) =D U (hjv) - Y Ljgk-ve,  YvEP, (4.41)
/=1

j=1

59



The ADI method for the optimal control of stable well-posed linear systems

for some coefficients ;. € C.
Applying the resolvent (apl — A*)~! to (4.41) and using (4.26), we obtain that for all
ved

k
(o d — A*) T A (o) =D (o — A*) 1 T* (v Zzﬂk Ve

! = (4.42)
=) V(e ™ xgjuv Zl]zk Yy
j:]- =1
In addition, by Proposition 4.6.1, we have that
(ap] — A*) 710" = U¥(e™v), Vwved. (4.43)

By substituting (4.42) and (4.43) in the second equation of Proposition 4.6.2, we obtain

A(yv) = WA (1) = le + @) [ BF e 0)e™ ¢y

Bl j (4.44)
Y W b)) > ik 1/}4 :
j=1 =1
In order to write A(1xv) in (4.44) as a linear combination of the Takenaka-Malmquist
basis {11, ..., ¥}, we need a change of coordinates between the bases {11, ..., 91,6 ** %
Yrp—1} and {11,...,¢r}, as well as a transformation between the bases {e™@ % 1,...,
e % s p_1,e” %} and {¢1,...,¥r}. This means that we will find invertible matrices

T, M, € C**F such that

[ (03 1 ()
b | T g | (4.45)
(€7 M x| Vg
[ e~ % x wl i ¢1
: I I
e W kg | Mi Yr—1| (4.46)
I (o

To find the matrix T}, we use the recursive definition of the Takenaka—Malmquist basis
n (4.17) to obtain

e xhp_1 = /2Re(ag—1) e * ¢pr_1 = v/2Re(ag—_1) ¢k 1= O

ap + Qp_1

b (VR ) 1 SR
T tans (w’“ 2Re(o) w’“) Smraa e m
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4.3 The ADI iteration for the output map and the input-output map

As a result, we have

Ty 0
T, = 1 1
[0

(4.47)
ayp + ak—1:| V(o + 0—1)

To determine My, we apply the Laplace transform to (4.46) and obtain

[ i(s) |
S —|—:ak @El(s)
Geaa(s) | = My TZk;l(S)
s Ui(s)
1
| S+ oy

In the sequel, we show that

My = (My s My, 4 My 3 My o My 1),

where

2R _
o) o —ap g+ ag
v/ 2Re(ay) Qp_1 — Q) O + Qg

o 1
My, 3 := R My 4 = [1 O}’

1
It follows from (4.18) that
= | %10 deo1(s) 1
Ek(S) T |:S-|1—ak v ;—i-(lxk 8+ak]
. Re(a1) 2Re(a—1) k=2 s—ag 1
o [(shaw)(stan)? Tt (stag)(stag—1) L0 st stag
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Consecutive application of the matrices (M,w)?:l

Ej(s) My 5
Ey(s) My 5 My 4
Ey(s) My 5 My, 4 My 3
Ey(8) My,5 My, 4 My 3 My, o

Ey(8) My, 5 My, 4 My, 3 My, o My, 1

Ep(s)M;

to Ek(s) results in

_ —2Re(a1) _ —2Re(a1) ’“ﬁz sap 1
(stap)(stan)? 7777 (stop)(stap—1) & stae?  stag |
k—2
1 —2Re(a1) —2Re(ag_1) H s—oy
star’  (stag)(star)’ 7 (stai)(stoak—1) i stayg | °
_ k=1
1 s—aq 1 H s—ay
star’  (stag)(star)’ "7 (stag) i1 stag | °
i __ k-1
2Re(a) 2Re(a2)(s—aq) 2Re(ay) H s—ayg
star 7 (stag2)(sta1)? T (stag) ) s+ay
\/ZRe(al) \/QRe(ag)(s—oTl) v 2Re(ag) H s—oyg
star (staz)(sta1) » "2 (s+ag) sty
¥1(s) Ye-1(s)  Yr(s)|-

We note that the above procedure is similar to the proof of [34, Proposition 3.2].
With the help of the transformation matrices T}, and M}, we can determine a recursive
formula for the determination of the coeflicients ;5 € C in (4.41). To this end, for v € %,

we define the matrices

L =

and the formal expressions

b=

Yi—1
(o e~ Ky

li1 i
. c (Cka,

| Ukt ke Uik

U (1v)

: c Ckxn’
U (p-1v)

U (¢yv)
[ W(e™ x1h1v)

(4.48)

: kxn
U(e ™ % hp_10) e,

V(e )

1 (]

’ s 1/11;—1

Using the matrices S;(v) and Ly we can reformulate (4.41) as

A(¥rv) = Sji(v) Ly (4.49)
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4.3 The ADI iteration for the output map and the input-output map

Further, by the definition of S (v), we obtain

k—1 J
* ([ —Q —a- * (L — Qe o Ly O ~
B e e+ U ) b= 50| P ] 5 aso)
j=1 =1
By substituting (4.49) and (4.50) in (4.44) we obtain
s S Lp1 O S Lp—1 O ~
Sk(v)Lkw:'ykSk(v)[ ’61 O} ¥+ (o + ag=1) k(m{ ’61 1] V. (4.51)

It follows from (4.45) and (4.46), together with the definitions of 1, 1, §Z (v) and §Z(v),
that

T =1,  Si(v)My = Si(v). (4.52)
Now, by substituting (4.52) in (4.51), we obtain

8t (0) L = w5L(v) [L’gl 8] b+ (o + @) S (0) M {L’gl ﬂ Ty,

The matrix Lj can therefore be recursively determined by

1
L) = —(——,
v/ 2Re(aq)
(4.53)
Ly 0O L1 O

Ly = [% Ok ! 0] + Ve + 1) My [ ko ! 1] Ty, k=2,3,...,

where we can determine L; by considering (4.49) for k =1
A(¢rv) = S} (v)Lygp = U (o) L,
and using that by Proposition 4.6, we have
A(p1v) = (ar] — AL CH oy, U*(h1v) = v/2Re(n) (a1l — A*) 7 C*o.

Note that (4.53) includes Steps 4 and 13 in Algorithm 1.
It follows from (4.40) and (4.49) that

BiSi(w) Ly + [0, D*0]y = [Njjv -+ Njyole, VYveed,

where [0, D*] € L(Z*,%). By equating the coefficients in the above relation and denoting
the i-th unit vector by e; € C¥, we obtain

Niw = B Si(v) Lies, for 1=1,2,...,k—1,

Njyv = Bi,Si(v)Lrex + D*v, Voved.
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The ADI method for the optimal control of stable well-posed linear systems

By substituting the definition of the matrices Sy (v) and Ly, from (4.48), the above equa-
tions result in

k
Niv =Y Bh, V" (¥0) - Lji, for i=1,2,...,k—1,
j=i (4.54)

N,;,kkv = Bzw\lf*(lﬁkv) . lkk,k + D*v, YVved.

k
J=1

U*(yjv) = /2Re(ey) - Vj v, VYoved.

We substitute this into (4.54) to get

k
Njv =" \/2Re(q;) - B, Vj i v, for i=1,2,...,k—1,
Jj=t

From Proposition 4.6.1 and the definition of the operators (V;)¥_, in (4.35), we obtain

that

(4.55)

Niw = (\/2Re(ak) BiwVi e + D*) v, Yuved.

The adjoint of the expressions in (4.55) can be calculated by using the definition of B},
(cf. Definition 2.37). In fact, for A € (wo(T), 00), for all v € #, and every w € % we have

<\/2Re(ozk) . B/*\ka lkk,k v,w>% = \/2Re(ak) )\h—g)lo <B*)\(/\I - A*)*IVk lkk,k v,w>%
= V/2Re(ay) lim (MM = A*) 'V e v, Bw)
= \/2Re(ak) )\h—g)lo <Vk lkk,k v, )\()\I - A)ile>%

=V QRG(Oék) <Vk lkk,k v, B’LU)L%/
=\ 2Re(ak) <’U, lkk,k Vk*Bw>g/ .

As a result, by taking the adjoint of the expressions in (4.55) we obtain

k
(v, Npiw) g = Z\/QRe(aj) <U,m V}*Bw>@ , for 1=1,2,...,k—1,
j=i

(v, Nggw) 5 = v/ 2Re(oy,) <U,lkk7k V,:Bw>@ + (v, D*w) 4, , YVve Ywe.

Hence, we can conclude that fori =1,2,..., k—1

k
Ny =Y \/2Re(a)) - VB - Tjix Iy
Jj=t

N = v/ 2Re(ak) . Vk,*B . lkk,k I9 + D.
Using the definition of Ly, this is equivalent to

Ny, = [\/M‘ Vi'B -+ +/2Re(a) - Vk,*B] ((fkez) & I@/)
Nii = [\/2Re(ay) - VB --- /2Re(ay,) - Vi B] ((Tkek) ®I@) +D.

9
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4.4 The projected regular optimal control problem (Riccati-ADI)

In other words, for N, = [Nm Nkk] we can conclude that

Ni = [/2Re(an) - VB -+ /2Re(ay) - Vi'B| (L, ® 1) + [0, D).
As a result, the operator i can be determined recursively as
Ql =V 2Re(a1) . Vl*B,
Qr = [Qr-1 2Re(ay) VyB],

with [0, D] € L(%*,%). Tt follows from (4.37) and (4.38) that F}, is recursively defined
by

1
Fi=C@ll-A)"'B+D=——0u V{B+D=QL +D,
2Re(a)
P = [[Fk—l, 0]} _ { ~ [Fk-1,0]
Ny, Qr (L ® 1y) +[0,D]|
Note that these correspond to Steps 3, 5, 9, and 14 in Algorithm 1. ]

4.4 The projected regular optimal control problem (Riccati-
ADI)

In this section we consider the projected optimal control problem and show that the
solution to this problem can be formulated using the operators Fj and Sk, which are
calculated by Algorithm 1. Following [36], we call this method the Riccati-ADI algorithm.

Recall the definition of the orthogonal projector P, the projected output map Wy,
and the projected input-output map Fy from (4.29), (4.30), and (4.31), respectively. By
applying Py to the cost functional (3.2), we can define the projected optimal control
problem by

ez =i, [C(007)- (8 0] (7)), a0

where u, y, and xg are the input function, output function, and the initial state of the
stable weakly regular linear system . X € £(%2") is called the projected Riccati operator.
We define the projected Popov operator by %, : L*(0,00; %) — L*(0,00; %),

X, = R+ NI, —I-F;;N* +FZQF1€ (4.57)
Since Fi| 1z (a)oz € L(Hr(a) @ U, Hi(a) @ %), we have that
%k‘%(a)@)% € E(%(O&) ® %)

It follows from #Z > ¢ - Iy that #, > ¢ - Iy. Hence, %}, is boundedly invertible and we
have

R (eyen € L(Hi(a) @ U). (4.58)

In the following, we consider the projected version of Proposition 3.2. Later, we will

show that the operators Fj and Sy in Algorithm 1 indeed provide the solution of (4.56).
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The ADI method for the optimal control of stable well-posed linear systems

Theorem 4.11. Let ()32, such that Re(ay) > 0 for all j € N. Define Uy and Fy, by
(4.30) and (4.31). Then, the unique minimizer of the optimal control problem (4.56) is
given by

P =~ (FrQ + N) Upao, (4.59)

and the optimal cost is given by (Xyxo,xo) 4~ with the projected Riccati operator
X = UiQUy, — Uy (QF + N*) 2,1 (F1Q + N) Uy, (4.60)

Proof. Noting that
Pry = Vizo + Fru,

we use a “completion of the square” formula similar to [70, Proposition 7.2]. This means
that

B Py Q N*| [Py
J(xo,u) = << U >’[N R] ( U >>L2(0,oo;@><"3/)

= (Urzo + Fru, Q (Vrzo + Fru)) + (Vrzo + Fru, N u)
+ (u, N (¥rzo + Fru)) + (u, Ru)
= ([ViQWy — U} (QFy, + N*) %, ' (Fi.Q + N) W] 20, 20) ,,
+ (% [u+ %, (FrQ + N) Uyzo] ,u+ %, (FrQ + N) U120) 120,005 -

In particular, for
Xi = VpQUy — Vi (QFy, + N*) 2, (FrQ + N) Wy,
we have that J(zg,u) > (Xpzo,x0). In the case where the input reads
u=-2%;" (F}Q + N) U0,

the second summand vanishes. Thus, we have equality between J(zg,u) and the quadratic
form (Xyxzg, o) in this case. d

Corollary 4.12. Under the assumptions and with the notation of Theorem 4.11, we have
Pt € Hp(a) @ U.
Proof. By (4.31) we know that Fy, = PiF. As a result, (4.59) can be written as
t — *
P =% (F* 2 +w),

where
z = —PkQ\I/kCCQ S Ji/k(a) & @, w = —N\I/kl’o € %(Oz) QU .

From Corollary 4.5 we see that F* maps () ® ¢ into () @ % . Therefore
F'z+we H(a) % .

From (4.58) we know that %, '| s ez € L(Hi(a) ® %). As a consequence, uj"" €
H(a) @ U , as desired. O
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In the sequel we show that the projected Riccati operator X} as in (4.60), can be
indeed calculated using the operators Sy and Fj determined by Algorithm 1. We start by
presenting two lemmas which will be helpful in proving the last theorem of this section.

For Hilbert spaces Hy, Ha, an operator T' € L(H1, H2), and the identity matrix I} €
R***we define the operator matrix I ® T € L(HF, HY) by

T
T k k
T

Lemma 4.13. Let vg, and vy, be the mappings defined in (4.27) and (4.28), respectively.
Then for operators Q € L(¥), R € L(% ), and N € L(¥ ,% ), there holds

Quy, =1, (I ®Q),  Rigy,  =19,(Ix ®R),
N*Lo)/k :L%(Ik(@N*), Nbgyk :L@k(fk(X)N*).

Proof. For'y := (y1,92,--.,yk) € Z*, we use the definition of 15, and 14, in (4.27) and
(4.28) to obtain

k k k
Quuy = QY Vi =Y Quiyi = »_1iQui = 11, (I @ Q)y.

The relationships for Rig, and N*i4, can be proven analogously. ]

Lemma 4.14. Let P, and Oy, be the orthogonal projectors onto #j(a)@% and () Q% ,
respectively (as defined in (4.29)). Let the operator Ry € L(%*) be defined by

Ry = vy, Frla, - (4.62)

Then the following relations hold true:

Ri= Ik @ R) + (I ® N)Fj, + Fy (It @ N7) + Fi (I ® Q) F, (4.63)
v Ry, 'y, = Ont;; O, (4.64)

Proof. To show (4.63), we use Lemma 4.13 and the definition of Fj, in (4.33) to obtain
that

Ry = iy, Fria,
=1y, (R+ NFy + FpN* + FLQFy) 1,
=1y, Rigy, + 1oy N PFugy, + 15, FPLN 19, + 15, F*PyQPyFiy,
= 1oy, Ry, + toy N oy Fray, + 1y Frtay iy N vy, + 1y T 1,05, Quay, Loy, Fioy,
=[x @ R) + (It @ N)uiy Furay, + 15, Fray (I @ N*) + 13, F 1oy, 05, Quay 13, Fiay,
= Ik ® R) + (Ix @ N)tiy, Fugy, + 1l Friag, (I @ N*) + 15, Fray, (I @ Q)i Fiay,

=[x ®@R)+ (Iy @ N)Fy + F, (I ® N*) + Fi (I ® Q) Fy.
(4.65)
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To prove (4.64), we use the definition of Ry in (4.62) to obtain that
Lq/kRkL%k =1y, L}}/k%sz/k vy, = OkZrO.

Hence, we have

v Ry, 'y, = OrZ;; O,

Remark 4.15. If the input space % is finite-dimensional, i.e., % = C™ for some m € N,
then Ry € L(%F) is the matrix representation of the Popov operator Z.

Now we are ready to provide an approximation of the Riccati operator (3.10) using
the ADI method, as presented in Algorithm 2. We call this algorithm the “Riccati-ADI”
method.

Algorithm 2 ADI iteration for the Riccati operator (Riccati-ADI).

Input: ¥ = (T, ®, U, F) a stable weakly regular well-posed linear system with generating
operators (A, B, C, D) (cf. Definition 2.6.b). Cost functional (3.2) such that the associated
Popov operator # is coercive. Shift parameters a,...,a; € C with Re(a;) > 0.
Output: X, € £L(Z") such that X} ~ X, where X is the Riccati operator (3.10).

1: Perform Algorithm 1 to obtain the operators Fj and Sy for some k € N
2: R = (Ik ®R) + (Ik®N)Fk —l—F,:(Ik@N*) +F]:(Ik ®Q)Fk

3: Xp, = Si(Iy ® Q)Sk — Sj [(Ik ® Q) Fy + (Iy © N R, [Fy(Iy @ Q) + (I, ® N)] S,

Theorem 4.16 (Riccati-ADI). Let ¥ = (T,®,¥,F) be a stable weakly regular linear
system (cf. Definition 2.6.b) and ()32, such that Re(a;) > 0 for all j € N. Then for all
k € N, the operator Xy in (4.60) can be determined by

X, = Si(1:@Q)Sk—5; (I © Q)Fy, + (I © N*)| Ry [Fy (I © Q) + (I ® N)] Sy, (4.66)
where the operators Fy, and Sy are determined by Algorithm 1 and Ry, is calculated by
Ri={Ur®R)+ (I ® N)F, + Fy, (I, ® N*) + F}; (I ® Q) F}.

Proof. Using Lemma 4.13 and Lemma 4.14, together with the definition of S and F} in
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(4.32) and (4.33), we obtain

Xp = U;QU — U (QFy, + N*) 2" (F1Q + N) Uy
= Sily, QS — Sitly, (QFx + N*) 2" (FiQ + N) 1y, Sk
= Sty tay, (Ir @ Q) Sy,
— S (I ® Q)i Fre + (Ik @ N*)iiy | %5, [Py, (I ® Q) + tay, (I ® N)] S
Si(Iy @ Q) Sk
— Si [y ® Q)i Fre + (I ® N*)ily | Oy, Ok [Friay, (I ® Q) + 1y, (I © N)] Sk
Si(Ir ® Q) Sk
— S [Tk ® Q)i Fro + (Ie ® N*)i3y | van Ry, iy, [Py, (I ® Q) + 1y, (I @ N)] Si
Sp (I ® Q) Sk
— S [(Ik ©® Q) Fy + (I, © N*)| R [F (I ® Q) + (I, @ N)] S..

O

In [35] the projected optimal control problem is formulated using the projected version
of Proposition 3.4 from Chapter 3. All the results presented in this section (with analogous
proofs) can be reformulated using the complementary Popov operator.

Theorem 4.17. Let Q = Q* € L(¥), R=R* € L(%), and R := R— NQ 'N* € L(%)
be all invertible operators. Let ()72, such that Re(ay;) > 0 for all j € N. Define Uy and
Fj by (4.30) and (4.31), where Py, : L*(0,00; %) — L?(0,00; %) is the orthogonal projec-
tor onto () @ ¥ with J#x(«) as in Definition 4.1. In addition, define the projected
complementary Popov operator by %y : L?(0,00;%) — L*(0,00;%)

R = Q'+ (Fr+Q'N*) (R— NQT'N*) ™ (F; + NQ ™). (4.67)
The unique minimizer of the optimal control problem (4.56) is given by
up? = —R7 (Fy + NQ ') 2, Wy

The optimal cost is given by (Xyxo, xo) with

X = Vi, Yy (4.68)
Lemma 4.18. Let Q = Q* € L(%), R= R* € L(%), and R :== R— NQ 'N* € L(%)
be all invertible operators. Let Py be the orthogonal projector onto () @ % as defined
in (4.29). Let the operator Ry € L(Z*) be defined by

Rek = iy Beity (4.69)
Then the following relations hold true:

Rep =0 QY+ (Fy+ I, ® (Q7INY) (I, @ R (Ff + [y ® (NQTY),  (4.70)

v Ry, = PuZ, s P (4.71)

69



The ADI method for the optimal control of stable well-posed linear systems

Remark 4.19. If the output space % is finite-dimensional, i.e., % = CP for some p € N,
then R\ € L(¥ ¥) is the matrix representation of the complementary Popov operator Z..

Theorem 4.20 (Riccati-ADI). Let Q = Q* € L(¥%), R = R* € L(%), and R =
R— NQ IN* € L(%) be all invertible operators. Let ¥ = (T, ®, ¥, F) be a stable weakly
reqular linear system (cf. Definition 2.6.b) and (c;)32, such that Re(c;) > 0 for all j € N.
Then for all k € N, the operator Xy, in (4.60) can be determined by

Xi = SiR Sk (4.72)
where R, is calculated by

Rep = (I, @ Q7Y + (Fy + I, ® (Q7IN")) (I ® RY) (Ff + Iy ® (NQ™Y),

and the operators Fy and Sy are determined by Algorithm 1.

4.5 Monotonicity and convergence of Riccati-ADI

In this section we prove the monotonicity and convergence of the Riccati-ADI algorithm
(cf. Theorem 4.16) under the following assumption:

() Rl C)yzo voem vwesum

Theorem 4.11 and Theorem 4.16 imply that the operator X; computed by the Riccati-
ADI method (Algorithm 2) expresses the optimal cost (4.60) of the projected optimal
control problem (4.56). Since the ranges of projectors Py are nested, we can easily deduce
that the sequence (X)gen is monotone and bounded from above by X, as shown in the
following theorem.

Theorem 4.21. Let ¥ = (T, ®, U, F) be a stable weakly regular linear system (cf. Defini-
tion 2.6.b) and ()72, be the shift parameters such that Re(ay;) > 0 for all j € N. Let
X € L(Z) be the Riccati operator (3.10). Let P, and Oy be the orthogonal projectors
defined as in (4.29). Further, let Uy and Fy be given by (4.30) and (4.31), respectively.
Let X be the Riccati operator (3.10) and Xy be the projected Riccati operator defined by
(4.60). Moreover, let the assumption (4.73) hold true.

Then the sequence (Xi)ren as in (4.60) satisfies

(0, Xpwo) o < (%0, Xpt1%0) o < (w0, X0) 4, Voo € 2.
Proof. Since J#;(a) C Hj41(r), we have
Py < Py, Ok < Op41. (4.74)

Let u € L?(0,00;%), 1o € %, and y € L*(0,00;%) be respectively the input, initial
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state, and output of the well-posed linear system X. It follows from (4.74) that

<<Pk+1y> {Q N*] (Pk+1y)>
u N R u L2(0,00;% XU )
_ < ( Py + (Pyt1 — Pr)y ) [Q N*] ( Py + (Pyt1 — Pr)y ) >

Oru + (Ok+1 — Ok)u "IN R Oru + (Ok—l-l - Ok)u L2(0,00:% XU )
~((G) [ %] (62)

Oku)’ [N R Opu L2(0,00;% X U)

N <<(Pk:+1 - Pk;)?/) [Q N*] ((Pk—I—l - Pk)y>>
(OkJrl — Ok)u "IN R (OkJrl — Ok)u L2(07OO;JJX%)’

where we have used

(4.75)

(Pry, Q(Pr1 — Pr)y) =0, (Opu, R(Op41 — Ok)u) = 0,
<Pky, N*(OkJrl — Ok)u) = 0, <Oku, N(Pk+1 - Pk)y) =0.

Now it follows from (4.75), together with the assumption (4.73), that

min <<Pk+1y> [Q N*} <Pk+1y)>
w€eL?(0,00;%) u "IN R u L2(0,00;% X U)

= (0n) [ % (60) s
u€L2(0,00;%) Oru N R Oru L2(0,00:% X% )

From Corollary 4.12 we know that
WP € (o) @ U. (4.76)

Consequently, it follows from Theorem 4.11 that

. P N* P
(w0, Xp+170) =  min << k+1y) : LC\QT ] ( k+ly>>
u€L2(0,00;%) U R u L2(0.00:% x%)
s (8 5 5122
weL2(0002) \\Okt) " [N R | \Opu L2(0,00:% X %)

~ i ()13 ] ()
u€L2(0,00;%) U N R U L2(0,00: XU )

= (x0, Xp20) .

v

Since Py and Oy are orthogonal projectors, we have
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Analogously to the first part of this proof we see that

()% %)
uwl N R u L2(0,00:% XU )
_ <(Pky+(I—Pk>y> [@ N*} <Pky+<I—Pk>y>>
S \\Oru+ (I =0p)u)’ [N R | \Ogu+(I—Op)u L2(0,00:% XU )
()8 ¥
Oku)’ [N R | \Ogu L2(0,00:% X %)

o [V 7 G000 s

where we have used

(Pry, QU — Pr)y)
(Pry, N*(I — Ox)u)

(4.77)

(Oku, R(I — Ok)u)
(Ogu, N(I — Py)y)

)

0
0.

0,
0,

Now it follows from (4.77), together with the assumption (4.73), that

min <(y) [Q N*} (y)>
ueL2(0,00;%) u)’ [N R u L2(0,00;% XU )

> min <<Pky> ) [Q N ] (Pky)> :
u€L2(0,00,%) Oru N R Oru L2(0,00; XU )

Consequently, we can conclude from Proposition 3.2 and Theorem 4.11, together with
(4.76), that

UGLQ(O,OO %) u N u L (0,00',?])(%)
’ < ( ) > [ N } < y) > 2 ),00;
uel (000%) ( ‘Du ku L ( ) 7@)(02/)

= min <<Plcy> [Q N*] (Pk:y>>
u€L2(0,00;%) u "IN R u L2(0,00;% XU )

(w0, Xgxo) -

V

O

So far we have shown that the sequence (X )ren generated by the Riccati-ADI method
(Algorithm 2) is non-decreasing and bounded from above by the Riccati operator X (The-
orem 4.21). Therefore, it follows from Theorem A.2 that there exists some self-adjoint
operator X € £(2Z) such that

X, <X<X, VkeN,
and (Xj)ren converges to X in the strong operator topology, i.e.,

lika;U:)N(m, Vee 2.

k—o0
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We note that it does not necessarily hold that X = X. To deal with this issue, we require
the additional assumption

U H(e) @ % = L2(0,00;%). (4.78)
keN

It follows from [41, Lemma 4.4] that (4.78) is equivalent to the non-Blaschke condition

i Relay) _ (4.79)

=1 oyl?

where (oy;)52 ; is the sequence of shift parameters associated with the Takenaka-Malmquist
system. This non-Blaschke condition is satisfied, for example, if the parameters all belong
to a fixed compact set contained in the open right half-plane. With the help of a numerical
example, we will show in Chapter 6 that if the shift parameters do not satisfy the non-
Blaschke (4.79), then the sequence (X )ken may converge to an operator which is not the
Riccati operator (3.10).

The following theorem gives the convergence of the Riccati-ADI method to the Riccati
operator (3.10). This convergence result was previously obtained for the special case of
operator Lyapunov equation in [41].

Theorem 4.22. Under the assumptions of Theorem 4.21, the sequence (Xi)ken defined
by (4.60) converges in the strong operator topology. If additionally, (c;)52, satisfies the
non-Blaschke condition (4.79), then X converges even to X. This means that

lim Xpr = Xz, Vee .

k—oo

Furthermore, under the additional assumption that Q = Q* € L(¥), R = R* € L(¥),
and R:= R— NQ 'N* € L(%) are all invertible operators,

(i) if X is compact, then X converges to X in the uniform operator topology. This
means that if X € K(Z), then

([ Xy = Xl gy =0.

(i1) if X is in the Schatten class Sp(Z") for p € [1,00], then X}, converges to X in the
topology of Sp(Z"). This means that

Jim [ X = Xls,(2) = 0.

Proof. Since, by Theorem 4.21, (Xj)ren is a non-decreasing sequence which is bounded
from above by X, we obtain convergence in the strong operator topology to some operator
X € £(Z) with X < X (see Theorem A.2). If X is compact, then the non-decreasing
sequence (Xj)gen is bounded from above by a compact operator and therefore converges
in the uniform operator topology. If X is in the Schatten class, then the non-decreasing
sequence (Xj)ren is bounded from above by a Schatten class operator and therefore con-
verges in the Schatten class topology.
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Since () C Hp11(a) we have Py < Pryq and since Py is an orthogonal projector,
we have P, < I. Tt follows from [50, p.263] that (Pg)ren converges in the strong operator
topology to some orthogonal projector P < I. It was shown in [41, Lemma 4.4] that
P = 1, if and only if, the non-Blaschke condition is satisfied (this result is shown there
actually only for the case L?(0,00), but the behavior of tensor products under the strong
operator topology [30, Theorem 1 part b] gives the general case for L?(0, co; %)).

From now on we assume the non-Blaschke condition (4.79), so that P = I. Then, since
the sequence (Py)gen is uniformly bounded by identity (Px < I), we obtain that

Ky, = R+ NF, + F*N* + FLQF,
= R+ NP,F + F*P,N* + F*P,QP,F
converges to
X =R+ NF+F'N*+FQF

in the strong operator topology. As a result, %, ! converges to 2! in the strong operator
topology (e.g., by [20, Theorem 7.6.1]). It follows from the uniform boundedness principle
that %, 1'is uniformly bounded. Since R, ! converges to 2! in the strong operator
topology, we have that

(QPyF + N*)%, " (F*P,Q + N)

converges in the strong operator topology to
(QF + N)Z 1 (F*Q + N).
By sequential continuity, we conclude that
Xj = UiQUy — Vi (QF), + N) %, 1 (FrQ + N) Uy,
= U P,QP,Y — U* P (QPF + N*)%,;l(JF*PkQ + N)P, ¥
converges to
X = U*QU — U*(QF + N*)Z 1(F*Q + N)¥

in the strong operator topology.

To prove the last part of this theorem, let us assume additionally that Q@ = Q* € L(%/),
R=R"c L(%), and R := R— NQ 'N* € L(%) are all invertible operators. Then,
it follows from Proposition 3.4 that the Riccati operator X can be represented in the
alternative form

X =0 v,
where Z, is the complementary Popov operator given by
He=Q '+ (F+Q'N)RE +NQT.
If X is compact, then (since Z. is self-adjoint and invertible) ¥ is compact. Now it follows
from Theorem A.3.a that
UV'PLQP,Y — U QU
(QPF + N%, '(F*P.Q + N)P,¥ —  (QF + N )% ' (F*Q + N)¥

in the uniform operator topology. Hence, we conclude that Xj converges to X in the uni-

form operator topology. The convergence in the Schatten norm S,(.2") follows analogously
by applying Theorem A.3.b. O
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4.6 The ADI iteration for the bounded real and positive
real optimal control problems

In this section we show how the ADI method developed in Section 4.3 can be applied to
find approximate solutions of the singular optimal control problem in the bounded real
and positive real case subject to a strongly stable weakly regular linear system (cf. Def-
inition 2.6.c). We prove that the sequence of approximate solutions is monotonically
increasing. If the shift parameters satisfy the non-Blaschke condition (4.79), then the
sequence is proven to be convergent to the optimal cost of the singular optimal control
problem in the bounded real and positive real case.

Here we assume finite-dimensionality of the input and output spaces (i.e., Z = C™
and % = CP for some m,p € N). This implies that we allow only finitely many variables
to control and observe the system (which is justified in the actual applications). In this
case the ADI algorithm provides approximate solutions in low-rank factored form. This
means that we provide sequences (X )ren € L(Z") of approximate solutions of the form
Xy = R; Ry, for some Ry, € L(Z, (Cgk), with typically “small” £.

Throughout this section the Riccati operator X is the solution of the singular optimal
control problem (3.62) or (3.66). We construct the projected versions of these singular
optimal control problems by replacing the output function y with Py, where Py is the
orthogonal projector given by (4.29). Thereby we present the projected versions of The-
orem 3.12 (for the bounded real or positive real case). In this regard, the output map
¥ and the input-output map F are replaced with Sy and Fj (generated by Algorithm 1),
respectively. Then the relation (3.52) has to be solved for projected versions of Fz and
Uz=. These are thereafter, by an accordant modification of (3.53), used to construct Xj.

4.6.1 The ADI method for the bounded real singular optimal control
problem

Let the input space % and the output space % be finite-dimensional, i.e., Z = C™ and
% = CP for some m,p € N. In the bounded real case we consider the cost functional (3.2)
with @ = —I, R =1 and N = 0 (Section 3.6). In the singular optimal control problem
we assume that the Popov operator (3.4) satisfies (3.51). In the bounded real case this
means that

With the notation introduced after (1.15), this condition is written as I — F*F > 0. The
following theorem is the projected version of the bounded real singular optimal control
problem.

Theorem 4.23. Let ¥ = (T, ®, VU, F) be a strongly stable weakly regular linear system
(cf. Definition 2.6.c) with generating operators (A, B,C, D). Assume that the input space
U and the output space % are finite-dimensional (i.e., % = C™ and % = CP). Further
assume that the Popov operator # = I — F*F satisfies (4.80). Let ()72, be a complex
sequence with Re(a;) > 0 for all j € N. Moreover, let Sy € L(Z,CkP) and Fy, € CkpxFm
be defined as in (4.32) and (4.33), respectively.

Then, the matriz I — FF}, € Chmxkm s positive semidefinite (i.e., I — FiF, >0). In
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particular, there exists some matriz Fzj, € Clxkm with full row rank such that

I — F Fy, = FZ  F= .
Furthermore, there exists some operator Sz j, € L(Z,C%) such that

FE*,k‘SEJ‘; - *F’:Sk

For the orthogonal projector Py as in (4.29), the operator Xy, defined by

Xy, = SiSk + S% Sz

fulfills

(o, Xgxo) = sup | PeFu + PpWaol|? — |jul|?, Vage 2.

ueL2(0,00;C™)

(4.81)

(4.82)

(4.83)

(4.84)

Proof. Recall that definition of the matrix F, € CFP*¥™ and the operator Sy € L£(2", CFP)
from (4.33) and (4.32). Since P, < I, we have that F*P,F < F*F, which implies that

I —F*PJF >1—F*F > 0. Hence we obtain
I — FFy = vy 1y, — 1 1oy, 05, i,
= L;/ké%k — L*%kF*PkIE‘L@/k
=1y, (I = F*PF)iy, > 0.
Next, we prove that
Im(F}'Si) C Tm(FZ )

By taking orthogonal complements, this is equivalent to
ker(Fz ) C ker(SLFy).
It follows from (3.62) that for all u € L?(0,00;C™) and 2o € 2,
(w0, Xxo) 2 |[Fu + Wao|® — [|ul*.
By further using (4.32), (4.33), and (4.81), we observe that

(w0, Xwo) > [|[Fu + Wao|® — ||ul®

> || PiFu + PPao|® — |Oull® — [[(I — Op)ull?

= lleag Fitiy u + ap Spaol® = [l ull® = (1 = Op)ull?

= || Fieiy,u + Spxol|* = || ull® — I — Op)ul?

= <L2}/ku, (Fy Fy, — I)Li}/ku> + 2Re <L’f%u, Fi:Skxo)
+1Skzoll* = (1 — Op)ul®

= — (U u, F2  Fe )iy, u) + 2Re (13, u, Fy Spao)
T 1Skzoll? — (T — Ogul?

= — HFE,kLZ}/kqu + 2Re <L§¢ku, F}: Spxo) + |Skxol|® — |(I — Op)ul*.

(4.85)

(4.86)
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Assume that ker Fzj, ¢ ker S} F),. Then there exists some @ € Ck™ with SpFipu # 0 and
Fz 0 = 0, and thus we can choose some non-trivial zy € 2" such that (Sixo, Fia) # 0.
Then, for A € C, by substituting z¢ and u := 14, (Ad) € L*(0,00;C™) into (4.86), we

obtain o R
(o, Xwo) > — || Fz kil tas, (M) ||* + 2Re (3, 1oy, (ML), F; Sro)

+ [[Sko| = |(I = Ok )y, (M) |12
= A4 + 2Re(\ (i, Fy Syao)) + || Seaol?
= 2Re()\ (1, F,:Skx()» + HSkl'Ouz

In particular, by an appropriate choice of A € C, we can make the expression on the right-
hand side arbitrarily large, which leads to a contradiction. Hence ker(Fz ) C ker(S; Fy).
Since Fz j has full row rank, Fx= ;. FZ ;. is invertible and therefore

Sz = (FeiF2 ;) Fe i FiSh (4.87)

is well-defined. We now show that Sz, as in (4.87) satisfies (4.82). From (4.85) we have
that for all © € .2 there exists a z € C*” such that FySpx = FZ 2. Then

FL Szt = FEp(FepFa )~ e FpSpe = FZ j(Fe o F2 1) Fa g FE 2 = FE 2 = Fi S

Since x € 2" was arbitrary, this proves that FZ,; Sz = FyS. Hence, Sz € L(Z,C)
satisfies (4.82).
It remains to prove that Xj as in (4.83) fulfills (4.84). Using (4.81) and (4.82), we
have for all 9 € 2 and u € L?(0,00; C™) that
| PFu + Pp®xol|® — ||ul?

= — (U u, F2 p Pe gty w) + 2Re (3, u, Fy Spo) + [|Seol|® — [[(1 = Op)ul®

= — <L%/ku’ F§7kFE,kL%/ku> — 2Re <L%/ku, F5*7kSE,ka'O> + HSkxOHQ — ||(I — Ok)u||2

= — [Pz reiy u + Szpol” + 1Sz pol* + | Skaoll® — |2 — Ox)ul?

= — [Pz rtiy u + Szpol” — (1 — Or)ul|* + (zo, Xyzo)
< (20, Xko) -

This gives rise to

<$0,ka0> > sup HPkIFu—l-Pk\I/JJ()Hz — HUH2
ueL?(0,00;C™)

On the other hand, using the surjectivity of Fxj € Ch>xkm there exists some @ € CF™
with Fg it = —S= pxo. Then, for u = 149, 4 we see that equality holds true in the above
calculations. This proves (4.84). O

Remark 4.24. The formula (4.87) for Sz € £(2",C) shows that
X = SZ[I + FkFE*,k(FE,kFE*,k)72FE,kFI:]Sk-

It is easily verified that FE*JC(FE,;CFE* ) 2F= ) is the Moore-Penrose inverse of FZ, Fx .
Therefore, we have
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Next we prove that the sequence (Xi)ren is monotonically increasing with respect to
definiteness. We further present a criterion on the shift parameters such that convergence
to the solution of the bounded real singular optimal control problem is achieved.

Theorem 4.25. Let ¥ = (T, ®, ¥, F) be a strongly stable weakly regular linear system
(cf. Definition 2.6.c) with generating operators (A, B,C, D). Assume that the input space
U and the output space % are finite-dimensional (i.e., % = C™ and % = CP). Further
assume that the Popov operator # = I — F*F satisfies (4.80). Let ()72, be a complex

sequence with Re(a;) > 0 for all j € N. Moreover, let Sy € L(Z,CFP) and Fy, € Ckp>km
be defined as in (4.32) and (4.33), respectively. Let Xy be defined as in Theorem 4.23.
Then,

<1’0,ka0> < <$0,Xk+1$0> < <3§‘0,Xl’0>, A T € e%, VEke N,

and the sequence (X)ren converges in the strong operator topology. Additionally, if
()32, satisfies the mon-Blaschke condition (4.79), then (Xi)ken converges even to X.
This means that for all zo € X

lim Xk.%'() = X.ZL‘().
k—o0

Moreover, if X is compact, then (Xi)ken converges to X in the uniform operator topology.
If X is in the Schatten class S,(Z") for p € [1,00], then (Xj)ken converges to X in the
topology of Sp(Z).

Proof. For xg € 2" and u € L*(0, 00; C™) we have
1PeFu + Pe¥ol 72 < || PrsaFu + Prsa Vol e,
since (o) C Hpt1(a). It follows that

(xo, Xgmo) = sup | PFu + Pk\I/:xOHQ — HuH2
ueL?2(0,00;C™)

< sup |[[PesiFu+ P Waol® — [Jull® = (20, Xgs120) -

- u€L?(0,00;C™)
Similarly, using that
| PuFu + PpWaol2s < ||Fu+ Waol|2s,

we obtain
<$0,Xk$0> < <560,X$0>, v xo € Z .

Since the sequence (Xj)ren is non-decreasing and bounded from above by X, it follows
from Theorem A.2 that (Xj)ren converges in the strong operator topology to some oper-
ator X € £L(2'), such that X < X.

In the case where the non-Blaschke condition (4.79) is fulfilled, by [41, Lemma 4.4] there
holds

U (o) @ CP = L*(0, 00; CP).
keN
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Therefore, the sequence (Px)gen converges to the identity in the strong operator topology,
that is

Jim Py =y, Vye L*(0, 00; CP). (4.88)
—00
Let 29 € 2 and ¢ > 0. By (3.62) there exists some u € L?(0, 00; C™) with

(20, Xx0) < |[Fu + Uazo|® — [|ul® + §.

By (4.88), there exists some N € N with ||(Fu+ Vzg) — Py(Fu+ Vz0)||? < § forall k > N.
Then we obtain that for all k¥ > N there holds

(0, Xx0) < ||Fu+ ao|* — [[ul® + &
< |\ PyFu + PV + ||(Fu + Yag) — Py(Fu+ Wao)||? — ||lul® + &
< || PeFu + PoWaol|? — ||ul|? + & < (20, Xpxo) + €.

Using further that X3 < X, we obtain
| <3§'0, (X - Xk)330> | = <$0,X33‘0> - <x07ka0> <g, Vk=>N.

Hence, it follows that the sequence (Xj)ren converges to X.

If additionally, we assume that X is compact, then the non-decreasing sequence (X )xen
is bounded from above by a compact operator and therefore converges in the uniform op-
erator topology. If X is in the Schatten class, then the non-decreasing sequence (Xj)ien is
bounded from above by a Schatten class operator and therefore converges in the Schatten
class topology. O

Next, we introduce a slightly different representation for the operator Xy as in (4.83),
which is numerically more advantageous.

Theorem 4.26. Let ¥ = (T, ®,V,F) be a strongly stable weakly regular linear system
(cf. Definition 2.6.c) with generating operators (A, B,C, D). Assume that the input space
U and output space % are finite-dimensional (i.e., % = C™ and % = CP). Further
assume that the Popov operator % = I — F*F satisfies (4.80). Let ()32, be a complex

sequence with Re(aj) > 0 for all j € N. Moreover, let Sy, € L(Z",CF) and F}, € Cmpxkm
be defined as in (4.32) and (4.33), respectively.
Then there exists some matriz Gy, € CH*KP with, finite rank such that
I — FFy = GG (4.89)
Further, there exists some Ry € L(Z ,C%) such that
GiRy = Si. (4.90)
The operator Xy, as in (4.83) fulfills

X;, = R Ry (4.91)
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Proof. By Theorem 4.23, the matrix I — FF}, € Chmxkm i5 positive semidefinite. There-
fore, I — F},F}; € Ckrxkp {5 positive semidefinite as well. Hence, there exists some matrix
Gy € C%*kP with full row rank such that (4.89) holds.
By (4.81) we have ker(I — F}'F},) = ker(Fz ). It follows from (4.82) that ker(F=z ) C
ker(S} F};) and hence
ker(I — F}; Fy,) C ker(S; Fy). (4.92)
We now prove
Im(Sk) C Im(I — Fi.EFy,). (4.93)
By taking orthogonal complements, this is equivalent to
ker(I — FyFy;) C ker(Sy).
Taking y € ker(I — F,FY), it follows that y = Fj, Fy'y. Therefore
Sry = SpFeFiy (4.94)
and Fjy = F}Fi,Fyy. The latter is equivalent to (I — FfFy)F;y = 0. Thereby we obtain
that Fy'y € ker(I — F}'Fy;), which by (4.92) gives F}'y € ker(S;F}). Hence S{FiFy = 0.
From (4.94) we then obtain S;jy = 0. We conclude that ker(I — F,F}) C ker(S}), as
desired.
From (4.89) we obtain ker(I — Fi,F}}) = ker(Gy), so that Im(I — FiF};) = Im(G}).
Together with (4.93), this shows that Im(S;) C Im(Gj}). Since Gy has full row rank,
G G7, is invertible and therefore

Ry, = (GrG3) " 'G1 Sy (4.95)
is well-defined. We now show that the operator Rj satisfies (4.90). It follows from
Im(Sg) C Im(G}) that for all z € 27, there exists a z € CF such that Sz = Gjz.

Then

G Rrx = GZ(GkGZ)’leSkx = GZ(GkGZ)*leGZz = Gz = Siz.
Since x € 2" was arbitrary this proves that Gy Ry = Sk, i.e., R;, as defined in (4.95)
satisfies (4.90).

By Remark 4.24 we have X}, = S;[I + F,(I — F}F;)TF;]S;,. Using (4.93) and the
fact that (I — FpFy)* (I — F}Fy) is the orthogonal projection onto Im(I — FiF}) we may
alternatively write X as

Xi= {0~ B (1~ Fol) + F(l — F{F) F Sk

The following identity for Moore-Penrose pseudo-inverse is most easily proven by verifying
the Moore-Penrose conditions [23, Sec. 5.5.4]:

(I - FFy)" = (I — FFy) (I — B Fy) + Fi(I - FFy) " Fy.
From this we see that
Xi = Si(I — FuF) 1Sk (4.96)
On the other hand, by using (4.95), we obtain
Ry Ry, = S;G1(GrG) "> GSh,

and it is easily verified that GZ(GkG};)_QGk is the Moore-Penrose pseudo-inverse of G}.Gj.
Since GG, = I — Fi.F}; by (4.89), it follows that R} Rj, = Xj. d
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Remark 4.27 (Projected bounded real singular optimal control problem). It follows from
Algorithm 1 that the matrix F; € CP*™ has the lower triangular block structure

[Fi—1,0]

E= it o 1) + [0.D]

(4.97)

As a result, we can determine the matrix G; € C%*P? and the operator R; € £(2 ,C%)
recursively as follows: We have

[ - FFr
I— Filei*_l - [Fi—l ] (Qz(fz im))

T - (QTi® L) [Fa 0] T —(Qi(I;® Iy) + [0,D]) (Qi(Li ® Iy) + [0, D])”

By making the ansatz G; = [Glo ! g;z 1} we obtain

(Gr Gi1 Gi_ Gy
1G12,:Gi—1 GGz + Gy Gz,

=G;G;=1—-FF;

i— Fi—lFi_l T [Fz'—l ] (Qz(Lz m)) .
—(Qi(Li® ) [Fiea 0] I = (Qi(Li ® Iy) + [0, D]) (Qi(Li @ Im) + [0, D])

Thus, the matrix G2, is the unique solution of the linear equation
G; G =—[Fio1 0] (Qi(Li® In)) "
Thereafter, the operator G2 ; can be obtained by a factorization
G39:Goi =1 — (Qi(L; ® Iy) + [0, D)) (Qi(Li ® In) + [0, D])" — G74,G12.:.

It follows from Algorithm 1 that .S; is obtained from S;_; by

e [ ] s

Hence, by making the ansatz R; = [1;2 ] we can rewrite equation (4.90) as

ic1 0 [ Rica| _ Si—1
Gikz,i G§2,i Ry B V/2Re(a;) - V' '
Hence, Ry ; is the solution of the linear equation

G;Q,iRQ i \/ 2Re Oéz V G12 i
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Algorithm 3 ADI iteration for the bounded real singular optimal control problem.

Input: ¥ = (T, ®, U, F) a strongly stable weakly regular linear system with generating
operators (A, B,C, D), such that I — F*F > 0. Finite-dimensional input space % = C™
and output space % = CP. Shift parameters o, ..., € C with Re(a;) > 0.

Output: Ry € £(2,C%) such that R} Ry = X; ~ X, where X is given by (3.63)

1: Perform Steps 1-5 in Algorithm 1

2: Determine a matrix Gy € CA*P with full row rank such that
GiG1 =1 F\F}
3: Determine an operator Ry € £(%2",C’) such that
GiR1 =5
4: for1=2,3,...,k do

5: Perform Steps 7-14 in Algorithm 1

6: Determine a matrix G12; such that
GiiGrai == |Fra 0] (QiTi @ L))
7 Determine a matrix Gao; with full row rank such that

G G2 =1 — (QZ(E ® Im) + {0, DD (Qz(E ® Iy,) + [O, D} )* — GYg,G12,

s G = Gi-1 G2
0 Ga;
9: Determine an operator Ra; such that
Go,iR2i = V2Re() - Vi" = Gl i1
R;_1
10: R;, =
' Ry
11: end for
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4.6.2 The ADI method for the positive real singular optimal control
problem

In the positive case we assume that % = % = C™ and consider the cost functional (3.2)
with @ =0, R =0, and N = I (Section 3.6). In the singular optimal control problem we
have that the Popov operator (3.4) satisfies (3.51). In the positive real case this means
that

<u, (F* + F)u>L2(O,OO;(Cm) 2 0 (499)

With the notation introduced after (1.15), this condition is written in the form F*+F > 0.
The following theorem is the projected version of the positive real singular optimal control
problem. The proof can be done by adapting the lines of the proof of Theorem 4.23 and
therefore is omitted.

Theorem 4.28. Let ¥ = (T, ®,V,F) be a strongly stable weakly regular linear system
(cf. Definition 2.6.c) with generating operators (A, B,C, D). Let % = % = C™. Further
assume that the Popov operator # = F* + F satisfies (4.99). Let (a;)32, be a complex

sequence with Re(a;) > 0 for all j € N. Moreover, let Sy € L2 ,CF™) and F), € Ckm>km
be defined as in (4.32) and (4.33), respectively.

Then, the matriz F}} + F, € Ckmxkm s positive semidefinite. In particular, there exists
some matriz Fgj, € Clexkm such that

Fy + Fy, = FZ , Fx . (4.100)
Further, there exists some operator Sz, € E(%,Czk) such that
FZ 1Sz k = Sk (4.101)
For the orthogonal projector Py as in (4.29), the operator Xy, defined by
Xk = Sz Sz k (4.102)
fulfills

x5 XpTo = sup —2Re (u, PFu + P,Vxg), Vg€ 2. (4.103)
u€L?(0,00;C™)

Again, we can formulate a convergence result. The proof is analogous to that of
Theorem 4.25 and therefore omitted.

Theorem 4.29. Let ¥ = (T, ®, VU, F) be a strongly stable weakly regular linear system
(cf. Definition 2.6.c) with generating operators (A, B,C,D). Let % = % = C™. Further
assume that the Popov operator # = F* + F satisfies (4.99). Let (a;)32, be a complex
sequence with Re(a;) > 0 for all j € N. Moreover, let S, € L(2 ,C*™) and F), € Ckm>xkm
be defined as in (4.32) and (4.33), respectively. Let Xy, be defined as in Theorem 4.28.
Then

(w0, Xpzo) < (w0, Xit120) < (20, XT0), Ve eZ, VkeN,
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and the sequence (X)ren converges in the strong operator topology. Additionally, if
()32, satisfies the mon-Blaschke condition (4.79), then (Xi)ken converges even to X.
This means that for all zop € X

lim Xk.’L'O = X:B().
k—ro0

Moreover, if X is compact, then X converges to X in the uniform operator topology and
if X is in the Schatten class Sp(Z") for p € [1,00], then X}, converges to X in the topology

of Sp(Z).
Remark 4.30 (Projected positive real singular optimal control problem). We know that

F; € C'™>*'m has the lower triangular block structure (4.97). This allows us to determine
F=; € C*miand Sz; € L(27,C%) recursively as follows (cf. Remark 4.27): We have

Fi 1+ Fy [I 0} (Qi(Li ® In))* ]
Qi(Li@ L) [I 0] D+ D*+[I 0](Qi(Li ® In))* + (Qu(Li ® L)) [T 0] .

By making the ansatz Fz; = [FE’OFI Feizg

Fonos } , we obtain
FZ, (Fzi FZ, (F=12,
FE*IZ,iFEJ'—l F§12,iFEl2,i + Fa*zz,iFE??,i

Fia+Fr, I 0] (Qi(Li ® Im))*
QiTio L)) [I 0"  D+D*+[I 01(QiL: ® In))* + (Qi(L; ® Iy)) [T 0]*] '
Thus, the matrix F=19; is the unique solution of the linear equation

F2, 1 Fzigi = 1[I 0] (Qi(Li @ I;y))".
Thereafter, the matrix Fzag; can be obtained by a factorization
FgggiFa22; =D+ D" + [T 0] (Qi(Li ® In))* + (Qi(Li © Im)) [I 0}* — FZy 1 F=12,.

It follows from Algorithm 1 that the operators S; and S;_; are related by (4.98). Hence,

S;;;’il ], we see that (4.101) can be written as

= Fg;Fz; = F, + F}

by making the ansatz Sz ; = {

FZ, 0 Szi-1| _ Si—1
FE*12,i FE*22,2' Sz2,i B \/QRQ(%‘)‘Vi* '

Hence, S=2; is the solution of the linear equation

FE*QQ,iSEZi = v/2Re(a;) - V;* — FE*12,iSE7i—1'

Remark 4.31 (Numerical effort for ADI iteration). Consider the discretized state space
Vi, € 2" with dimension n such that p < n (p is the dimension of the output space
% = CP). In this case the numerical effort for all steps in Algorithm 3 and Algorithm 4,
except for the computation of the operator V; = V;_1 — (a; + &—1) - (] — A*) 71V,
are relatively negligible. The computation of V; requires the solution of a PDE equation,
which can be done by applying adaptive finite element methods, as shown by the help of
a numerical example in Chapter 6.
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Algorithm 4 ADI iteration for the positive real singular optimal control problem.

Input: ¥ = (T, ®, U, F) a strongly stable weakly regular linear system with generating
operators (A, B,C, D) such that F +F* > 0 and % = % = C™. Shift parameters (o;)%_,
with «; € C and Re(a;) > 0.

Output: Sz € L(Z, C%) such that SE .Sz = Xi = X, where X is given by (3.67).
1: Perform Steps 1-5 in Algorithm 1

2: Determine a matrix Fz 1 € CH*™ with full row rank such that
FZ \F=h =P+ FY
3: Determine an operator Sz € £(2,C’) such that
FZ,5z1 =5
4: fori=2,3,...,k do

5: Perform Steps 7-14 in Algorithm 1

6: Determine a matrix Fz12; such that

FZ, Fzi2: = [I 0} (Qi(Li ® Iy))*
7 Determine a matrix Fzoo; with full row rank such that

+(Qi(Li ® In)) {I 0} — FzipF=124

F=,; 1 Fsq9,
3: Fo, = Zi—1 1'E124
0 Fza2,
9: Determine an operator Szo; such that
FE*22,Z‘SE2,¢ = v/ 2Re(;) - V;* — 512,1’5‘5@*1
S=i-1
100 Sz;= |2
=t [ S=2,i
11: end for
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Chapter

The Newton-Kleinman method for the
optimal control of regular linear systems

Truth is ever to be found in simplicity, and not in the multiplicity
and confusion of things.

—Isaac Newton
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5.5 The ADI method for approximation of the augmented output

We give an algorithmic approach to find the approximate solution of the linear-
quadratic optimal control problem for regular linear systems whose dual system is also
regular. The algorithm is an extension of the Newton-Kleinman method [29] to the infinite-
dimensional spaces. This extension was studied in [12] for exponentially stable well-posed
linear systems with bounded control and observation operators. We propose an extension
to externally stable regular linear systems with unbounded control and observation op-
erators. We construct a sequence of infinite-time observability Gramians to approximate
the Riccati operator (3.10). We show the feasibility of the iterations by establishing an
interconnection of the system with its anticausal dual at each Newton’s iteration. To
prove monotonicity and convergence of our algorithm, we set the additional assumption
of strong stability on the system and require the control operator to be bounded.
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5.1 The Newton-Kleinman iteration

Throughout this chapter the Hilbert spaces %, 2, and % are assumed to be pivot spaces
(cf. Section 1.3). Moreover, we suppose that X = (T, ®, ¥, F) is an externally stable regular
linear system with generating operators (4, B, C,0), such that its dual system ¥4 is also
regular (cf. Section 2.6). Moreover, we consider the cost functional (3.2) such that

R>0, Q:=Q-N'R'N>o0.

Our setting is mostly based on the results presented in Chapter 3. Note that we did not
make any regularity assumption on ¥ = (T, ®, U, F) in Chapter 3 and the results presented
there hold for all well-posed linear systems. In this chapter we mainly assume that > and
its dual % are regular. Hence, we may replace Cy,, by Cy and B}, by B} in all the
formulas from Chapter 3.

We start by recalling the “Riccati-like” equation (3.37) from Chapter 3. This equation
is our main inspiration for proposing the Newton-Kleinman iteration. We know from
Section 3.2 that F°P' and A°P' can be characterized by the Riccati operator (3.10) as
follows:

FoP'%y = —R™' (B X + NCy) o, (5.1)
APz = (A + BF®)zy, YV xg € D(APY). (5.2)

The Riccati operator (3.10) satisfies the following Riccati-like equation, which holds on
D (AOpt): For every xq, z9 € D(A°PY),

<A0ptl‘0, XZQ> + <X.T0, AOptZO> =
— <C’Axg, (QCA + N*F(’pt)zo> + <F°ptaso, B}';Xzo> )
By substituting (5.1) in the right-hand side of (5.3), we obtain

(5.3)

<A0pt:L'0, XZ()> + <Xl‘0, AOptZO> = — <CAIL‘0, @CAZO> — <R_lB/*\XSL‘(), B/*\XZ()> s (5.4)

where @ = @ — N*R7!N. The Riccati-like equation (5.4) motivates us to propose an
iterative method, presented in Algorithm 5, to find an approximation of the Riccati
operator (3.10). Algorithm 5 can be understood as a generalization of the Newton-
Kleinman method [29]: Given a self-adjoint operator Xy € £L(Z"), k = 0,1,2,..., define
A :D(Ap) C 2 — 2 and Fy, : D(Ay) C 2 — % as

Apxg = (A + BFk).%'o,

Fyxg:= —R™ 1 (B3 X, + NCy) zo,
for all z9 € D(Ay), where D(Ay) is defined by

D(Ag) = {xo € D(F) | (A+ BFy)zo € Z'}.

The Newton-Kleinman iteration is to find a self-adjoint operator X1 € £L(Z"), for k =
0,1,2,..., which satisfies the Lyapunov equation

(Armo, Xgr120) + (Xpr170, Ar20) =

~ 5.5
- <CA$O, QCAZO> — (R™'Bi Xy, By X20) , (55)
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for all xg,2z9 € D(Ag). In Algorithm 5 we give the Newton-Kleinman method to solve
the linear-quadratic optimal control problem for externally stable regular linear systems
whose dual system is also regular. Without loss of generality, we assume that the system
has a zero feedthrough operator.

Algorithm 5 The Newton-Kleinman method for the optimal control of externally stable
regular linear systems.

Input: ¥ = (T, ®, U, F) an externally stable regular linear system with generating opera-
tors (A, B, C,0) such that its dual system is also regular. Cost functional (3.2) such that
R>0and Q:=Q - N*R7'!N > 0.

Output: U} € £(2,L*(0,00;% x %)), such that (U3"8)" U3"® ~ X, where X is the
Riccati operator (3.10).

N1/2\y
1: \Ilgug = (Q 0 >

2: for k=1,2....n do

3 X = (U8) U, Fy=-R 1 (BiX,+NCp), A,=A+BF,

i(t) = Apa(t)

>

QI/ZCA
cpe = € L(D(Ch), ¥ x W), %=
R™V2BL Xy,

y(t) = Cp (1)
5:  Find the output map ¥;"® corresponding to the pair (Ax, Cp"®)
6: k=k+1

7: end for

In the upcoming section we will show that
(i) The Lyapunov equation (5.5) is well-defined.
(ii) Ag generates a strongly continuous semigroup T on 2.

(iil) Cp"® defined as

@1 /2 C

Coe = € L(D(C\), % x U),
R™2B% Xy,

is an infinite-time admissible observation operator for the semigroup T*.

(iv) There exists a solution to (5.5) given by

Xjpp1 = (T38)" U8 € £(2),
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where
U e L(2,L7 (0,00, x U))

is defined as
(U3"x0) (t) = C2"¢Tag, Vaoe 2, t>0.

Remark 5.1. If the input and output spaces are finite-dimensional (i.e., Z = C™ and
% = CP, for some m,p € N), then Algorithm 5 provides approximative solutions of finite
rank.

Remark 5.2. (a) Each iteration of the Newton-Kleinman method consists of a state feed-
back and a subsequent solution of the corresponding Lyapunov equation. In general,
weak regularity is not preserved under feedback (see for example [58, Remark 7.5.4]).
This is the main reason why we restrict ourselves to regular linear systems. Moreover,
the dual of a regular linear system is not necessarily regular (see [61, Example 8.1}).
Hence, it is necessary to further assume that the dual system is also regular.

(b) If the output space is finite-dimensional (i.e., % = CP for some p € N), then the
dual of a regular linear system is also regular. The reason is that weak regularity is
equivalent to (strong) regularity, if the output space is finite-dimensional. Note that
weak regularity is preserved under duality transformation [61].

5.2 Feasibility of the algorithm

In this section we show that equation (5.5) is well-defined for all £ = 0,1,2,.... To this
end, we first recall the anticausal interpretation of the dual system %% on the interval [0, 00)
(cf. Section 2.6). This is an important ingredient in proving feasibility of Algorithm 5. In
fact, we will show that at each iteration of the Newton-Kleinman algorithm, the infinite-
time observability Gramian
Xppr = (V%) Wi

can be interpreted in terms of an interconnection of X7"® (Step 4 of Algorithm 5) with
its anticausal dual. This idea is inspired by [70, Section 8] and we refer to this paper for
more details.

Let y* € L?(0,00;%), 2% : [0,00) — 2, and u® € L*(0,00;%) be respectively the
input function, the state trajectory, and the output function of the anticausal dual system

Y. As a result, we have (see Section 2.6)
z?(t) = U*S;y’, Vit>0,
(t) ) tY = (5.6)
u® = F*y°.

It follows from [70, Theorem 6.3 and Proposition 5.2] that the state trajectories z® :
[0,00) — £ vanish at infinity. This means that

lim z%(t) = 0.

t—o0
For almost all ¢ > 0, the functions y¢, x%, and u® satisfy
—a(t) = A%z (t) + CTy* (1),
u(t) = Bia®(t).
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5.2 Feasibility of the algorithm

Now we are ready to show feasibility of Algorithm 5 for externally stable regular linear
systems whose dual system is also regular.

Theorem 5.3. Let ¥ = (T, ®, U, F) be an externally stable reqular linear system with
generating operators (A, B,C,0), such that its dual system is also regular. Let J be the
cost functional (3.2) such that R > 0 and @ :=Q - N*R7'N >0. For all k €N, let X},
F, Ay, Czug, and \Ilzug be the operators generated by Algorithm 5. Then, for all k € N

(a) Ay generates a strongly continuous semigroup T on 2.
(b) D(Ag) C D(Cy).

(¢) Cp, By Xy, and Fy, are infinite-time admissible observation operators for the semigroup
T*. In particular,

o @1/20A
cMe = € L(D(CA), % x U)
k ~1/2
R B} X,

is an infinite-time admissible observation operator for TF.

(d) There exists a solution to (5.5) given by

Xjp1 = (U38) U8 € £(2).

Proof. The proof is done by induction. Inspired by [70, Section 8], we interpret the
sequence of infinite-time observability Gramians

K = (79" s

in terms of an interconnection of the respective systems with their anticausal dual systems.
Step 1 (base case). We start the induction by showing that the first iteration of the
Newton-Kleinman algorithm is well-defined. Let X = 0 and consider (5.5) for k =0, i.e.,

<A.Z'0, X1Z0> + <X11‘0,A20> = — <CACL‘0, QCAZO> , YV xg, 20 € D(A) (5.8)

The external stability of the regular linear system ¥ (cf. Definition 2.6.a) means in par-
ticular that Cy is an infinite-time admissible observation operator for T. Hence, it follows
from Theorem 2.21 that X7 given by

X, = U*QU, (5.9)

is a solution of the Lyapunov equation (5.8).

Next, we show that B} X; and Fy are infinite-time admissible observation operators
for the semigroup T. We follow a procedure similar to [70, Section 8]. Let x : [0,00) — 2~
and y € L?(0,00;%) be the state trajectory and output function of ¥ = (T, ®, ¥,TF)
corresponding to the input function v € L?(0,00;%) and initial state 2o € 2°. As a
result, we have

y = Uz + Fu.
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Since ¥ is time-invariant, we have for all ¢ > 0 (see (2.10))
Sy = Vz(t) + FSju.

By setting u = 0 we obtain
Siy = Wa(t). (5.10)

Now let y*, %, and u® be respectively the input function, the state trajectory, and the

output function of the anticausal dual system 3%. We interconnect ¥ with its anticausal
dual system X* by setting

y" = Qy, (5.11)
as depicted in Figure 5.1.
Zo
u=20 )
Y := (A4, B, C) —l
Q
u® Yt

Figure 5.1: Interconnection of ¥ and X°.

At this point, by using the relations (5.6), (5.9) — (5.11), we obtain for all ¢ > 0
20(t) = U STyt = U QSTy = U QUx(t) = X z(t). (5.12)

Now it follows from Proposition 2.32 and Theorem 2.39 that xz(¢) € D(Cy) and z°(t) €
D(Bj}). Hence, we conclude from (5.12) that

X12(t) € D(B}).

The output of the anticausal dual system is an L? function (cf. Section 2.6). In this regard,
we obtain that

u® () = Biz®(-) = By Xz (-) € L*(0, 00; %).

Therefore, B} X1 is an infinite-time admissible observation operator for the semigroup T.
Since C and B} X are infinite-time admissible observation operators for T, we have that

Fi:= —R ' (B3 X1 + NCy)

is also an infinite-time admissible observation operator for T. As a result, it follows from
Theorem 2.47 that A; := A + BF}] generates a strongly continuous semigroup T! (set
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K =1 and D = 0 in Theorem 2.47). Moreover, Cx, B} X1, and F} are infinite-time
admissible observation operators for T'. Hence,

Q20
Ccie = € L(D(CA), ¥ xU)
R2BiX
is also an infinite-time admissible observation operator for T'. It remains to prove that
D(A1) C D(Chy).

Let zyp € D(A;) and s € C with Re( ) > max {wo(T),wo(T")}. Then, there exists some
wo € Z such that xg = (sI — A;) 'wg. By using the resolvent identity for A; = A+ BFy,

we obtain
xro = (SI — A)_lw() + (SI — A)_lBFl.Q}().

We know that (sI — A)~twy € D(A) C D(Cy). In addition, since ¥ is regular, there holds
(see (2.42) in Theorem 2.32)

(sI — A)"'BFyzg € D(Ch).

As a result, we obtain that zg € D(Cy) and therefore D(A;) C D(Cy).
Step 2 (inductive step). In order to show the main step of the induction, let us make
the following induction hypothesis: For some k € N

(i) X € L(Z) is the k-th operator generated by Algorithm 5.
(i) Ay := A+ BFy generates a strongly continuous semigroup T¥.

)
)

(iii) C3"® € L(D(Cy), % x %) is an infinite-time admissible observation operator for T*.
v)

(i

Let us consider the augmented observation operator Cp*® € L(D(Cy),# x %), which is

defined by N
| Q1/2CA
G = —-1/2 px* '

Furthermore, for almost all ¢ > 0, let us define the augmented system

ang ) T(t) = Ax(t) + Bu(t),
we {y(t) _ e (5.13)

(Ak C D(CA)

At this point we set up the state-feedback relationship u(t) := Frpz(t)+v(t) (see Figure 5.2)
and obtain the augmented closed-loop system

- {ﬂb(t) = (A + BFy)x(t) + Bu(?), (5.14)

: y(t) = Cx(t).
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Ey,

sousd . (A, B, C5)

aug,cl

Figure 5.2: The augmented closed-loop system X

Now let W™ and F;"® denote the output map and the input-output map of Ezug’d,
respectively. As a result, we have

y = U8z + F 0.
Since Ezug’d is time-invariant, we have for all t > 0
Ty = UBa(t) + Fp #Sjv.

By setting v = 0 we obtain
Sjy = Wit x(t). (5.15)

At the beginning of our inductive step we assumed that A, := A + BF} generates a
strongly continuous semigroup T and C’Zug is an infinite-admissible observation operator
for Ty. Hence, it follows from Theorem 2.21 that the infinite-time observability Gramian
of the pair (A, C;"®) is a solution of the Lyapunov equation (5.5). This means that

Xpy1 = (U38)" wye (5.16)
is a solution of (5.5). At this point we show that X1, as in (5.16), can be constructed
using an interconnection of Zzug’d with its anticausal dual system:

(1) Let ©%*" denote the anticausal dual of the augmented closed-loop system L2"&.

(2) Let y®, 2%, and u® be the input function, the state trajectory, and the output function
of X" respectively.

Then, for all t > 0 we have

ut = (F)"
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Moreover, for almost all ¢ > 0 there holds (see (5.6) and (5.7))

—i%(t) = Apa®(t) + (C8) " y* (1),
Ez,aug — x () kL () ( k ) ) () (518)
u(t) = Bia®(t).
We interconnect Ezug’d with $7*"® by setting
Y =y, (5.19)
as shown in Figure 5.3.
Zo
v | u x aug : Yy
: + &= Ax + Bu C :
: Fy E
: aug,cl | aug :
u' L Gaaug . g ;____6;ﬁg__£'é;"""': y°
. k - ( k» ( k ) ) ) i
o
i
Figure 5.3: Interconnection of £}"® and ZZ’aug’d.
Using the relations (5.15) — (5.17) and (5.19), we obtain for all ¢ > 0
xa(t) — ‘Ilaug * S*ya — \I,aug * S*y
()" S = (47)' o

= (U)W e (t) = Xy (t).

Now it follows from Proposition 2.32 and Theorem 2.39 that z(¢) € D(Cy) and z°(t) €
D(By), for almost all ¢ > 0. Hence, we conclude from (5.20) that

Xp12(t) € D(B)).

The output of the anticausal dual system is an L? function (cf. Section 2.6). In this regard,
we obtain
u? () = By Xppra(-) € L0, 00, %).
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Therefore, B} X}, is an infinite-time admissible observation operator for the semigroup
Tk. At this point, since Cy and B} X}+1 are infinite-time admissible observation operators
for the semigroup T*, we obtain that

Fi1:= —R™ (Bi X1+ NCy) (5.21)

is also an infinite-time admissible observation operator for T*. It follows from Theo-
rem 2.47 that
Ak+1 = A + BFk+1 = Ak + B(Fk+1 — Fk)

generates a strongly continuous semigroup T**! on 2 (set K = I and D = 0 in Theo-
rem 2.47). Moreover, C and B} X} are infinite-time admissible observation operators
for TF+1. Hence,

aug
CkJrl -

< @1/201\

€ L(D(CA), ¥ x U)
R™V2B% Xy

is also an infinite-time admissible observation operator for T¥*1. Finally, by the resolvent
identity (see the proof of D(A;) C D(Cy) in Step 1), we can show that

D(A;H_l) C D(CA).
Its proof is analogous to Step 1 and therefore omitted. O

Remark 5.4. In the proof of Theorem 5.3, we showed that B} X}, is a bounded operator
from D(Cy) to %, for all k € N. In addition, D(A;) C D(Cy). Hence, the right-hand
side of the Lyapunov equation (5.5) is well-defined for all iterations k € N.

5.3 Connection between observability Gramians and the Ric-
cati operator

In this section we establish a direct connection between the Riccati operator (3.10) and
the infinite-time observability Gramians generated by Algorithm 5. Recall the augmented
observation operator

. @1/201\
cive _ ( S | €LDC). T x W),
and the augmented closed-loop system
yaug . _ (L‘(t) = Akx(t) + B’U(t),
: y(t) = Cy Bx(t).

Let W, and ¥y, denote the output maps corresponding to the pairs (Ag,Cy) and
(Ag, By Xk), respectively. With the “generator notation” (3.28) we have

(Ak7 CA) ~ ‘IIC,ku
(5.22)
(Ak-’Bj{Xk) ~ \IIB,k'
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As a result, we conclude that

N1/2y
aug aug __ Q C,k
(Ak’ack ) ~ W= [R‘lﬂ\l’g,k]'

As we have already shown, X1 (generated by Algorithm 5) is the infinite-time observ-
ability Gramian of the pair (Ag, Cp ¢). In this regard, we obtain that

aug\ * au * * 0 0 v ,
Xpy1 = (U3"8) 028 = [wr, 0h ] [cg R—l} [\Iij : (5.23)

Now we present an important relation between the Riccati operator (3.10) and the ob-
servability Gramian (5.23).

Theorem 5.5. Let ¥ = (T, ®, U, F) be an externally stable reqular linear system with
generating operators (A, B,C,0), such that its dual system is also regular. Let J be the
cost functional (3.2) such that R > 0 and CNQ :=Q — N*R™IN > 0. Let # be the Popov
operator (3.4) and assume that X is coercive, i.e., there exists some € > 0 such that

<u7‘@u>L2(0,oo;02/) e ||U”L2(0,oo;62/) 5 YV u € L*(0,00;%).

Furthermore, let X be the Riccati operator (3.10). Let Xy, Fy, and Ay be the operators
generated by Algorithm 5.
Then, with the notation (5.22), there holds

Xps1 = X + L%,  VEkeEN, (5.24)

where

I ;= R'Wy,, + RNV, — Z 1 (F*Q + N)U.
In particular, for all zg € 2" and every k € N, it follows that
(20, Xgwo) > (w0, X0) - (5.25)

Proof. Let T and T* be strongly continuous semigroups with generators A and A =
A + BFy, respectively. We apply the perturbation relationship (2.56) to Ay = A + BFj
and obtain that for every xg € D(Ay) and all ¢ > 0 there holds

oo
TFzy = Tyxo + / T;_,BF,T*zq dr,
0

- (5.26)
= Tyxo — / T; BR YB3 Xy + NCy)Trxzq dr.
0
We multiply (5.26) from left by Cy and use the notation (5.22) to obtain
Uop =V —FR " (Up, + NUc,). (5.27)

We further consider the following decomposition of the operator matrix [%5 }0%}:

A i | IR 11 I
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Using (5.28), we write X117 (given by (5.23)) as

0 v
Xk+1 — [\Iﬂé‘k \D»};’kR—l] |:Q 0:| |: C,k :|

0 R R_lqu,k
I —-N*R-1[Q N* I 0 w
_ * * —1 Ck 2
S I [ | e P
_ * * * -1 Q N* \I]C‘k
= e N | R [ )

By substituting (5.27) in (5.29), we obtain

o U—FR ' (Up, + NV )] [Q N*][U—FR' (Up, +NU.,)
LT R (W, — N, N R R (Uy, — NU.,)

Q@ N*

. [N R] N (5.30)

where
o -F] Fl
P, = [0] + [ s } R W, — M RINU.,.

Now we observe that the Riccati operator (3.10) can be reformed as

X = U*QU — U*(QF + N*)Z L (F*Q + N)¥
= U QY — [¥* 0] []Cg[ ];] [ﬂ Z'[F* I L% ]}%] [‘g] : (5:31)
Using (5.30) and (5.31), we can apply a direct algebraic calculation to obtain
X1 = X + 721, (5.32)
where
My=R'U,, + RNV, —% ' [F* I []% ]H [‘(I)’] ,
=R W, + R !N, —Z ' (F*Q + N) L.
Since the Popov operator Z is coercive, we have that
(o, L Z1z0) > 0, Vage 2.

As a result, it follows from (5.32) that

<.T0,kao> > <:C0,XSUQ>, A o € Z .
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5.3.1 Open problem: calculation of X, in terms of ¥ and F

Note: Since this section is left as an open problem, the reader may skip this part and
continue with Section 5.4.

The convergence analysis of Algorithm 5 would be much simpler if we could compute
Uy, and ¥e, in terms of ¥ and F. In such case, we could determine X in terms of ¥
and F via (5.23). In order to make our claim easier to perceive, we present our idea by
considering the first two iterations of the Newton-Kleinman algorithm (Algorithm 5). If
we could generalize these calculations to all iterations, then we would be able to prove
convergence of our algorithm independently of any Lyapunov equation. At this moment
of time, we leave this part as an open problem.

The first iteration of Algorithm 5 produces the infinite-time observability Gramian X1,
which is given by B

X1 =U*QV. (5.33)

Let X = (T, ®, ¥, F) be an externally stable regular linear system with generating operators
(A, B,C,0), whose dual system is also regular. For almost all ¢ > 0, let us construct the
feedback relation u(t) = Fyx(t) 4+ v(t), where

Fi == —R Y (BiX1 + NCy) (5.34)

and u,v € L?(0,00;%) (as depicted in Figure 5.4). This means that for all zo € 2~ and
for almost all ¢ > 0, we have the following closed-loop system

&(t) = Az(t) + Bu(t),
1) = Caa), o)
z(t) = Fiz(t),
u(t) = z(t) + v(t).
L= z(t) = Ax + Bu = C Y,
. 5
0

Fy

Figure 5.4: The system X with the state feedback u(t) = Fiz(t) + v(t).

Let \Tll and I~F1 denote respectively the output map and the input-output map corre-
sponding to the observation operator F; in (5.35). As a result, for every zyp € £  and all
t > 0 we have

x(t) = Tyzo + Pyu,

y = Vg + Fu,

z = ‘T/lxo + Fl%
U=2z+v= {Ivflxo—{—li’lu—i—v,

(5.36)

99



The Newton-Kleinman method for the optimal control of regular linear systems

where B
<\I/1{120> (t) = Fth$0,
~ (5.37)
(F1u> (t) :== F1Puu.
The following proposition gives a representation of \T/l and E in terms of ¥ and F.

Proposition 5.6. Let 3 = (T, ®, U, F) be an externally stable regular linear system with
generating operators (A, B, C,0), whose dual system is also reqular. Let X1 be as in (5.33)
and let Fy be given by (5.34). Moreover, let J be the cost functional (3.2) such that R > 0
and Q = Q — N*R™IN > 0. Furthermore, let V1 and Fy be defined by (5.37).
Then,
U, = —R! (F*@ + N) v,
N N (5.38)
(Flu) (t) = —R! (IF*QIE‘Ptu) (t) — R-V(NFu) (t), Vt>0.

Proof. Recall the anticausal dual system X (Section 2.6) with generating operators
(A*,C*, B*,0): For almost all t > 0

{ 2 () = A*z(t) + CHy*(t),
u?(t) = Bra®(t).

Moreover, we have
{x“(t) =TSyt Y t>0,
u® = F*y®.
As a result, for almost all ¢ > 0 there holds
BAU*Siy® = Brz(t) = u(t) = (F*y®) (¢). (5.39)
To determine \T/l, we choose the input y* of the anticausal dual system ¢ to be
y* = QU
(see Figure 5.1), and observe that for all t > 0
y* = QUzg = QUToxg = QUS,Tyz = S, QUT,x.
By the property S;S; = I we obtain
Siy® = QUT,xo. (5.40)
It follows from (5.33), together with (5.39) and (5.40), that
BiX1Tyzo = BLU*QUTyxo = BLU*SIy" = (F*y?) (1) = (F*cﬁjmo) ().
Hence, we conclude that

(\ilxo) (t) = FTywo = —RY(BL X1 + NCp)Tyxo = —R~! (F*éwo + N\I/xo) (t).
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Therefore,
- (F*@ + N) .
To compute F1, we recall from (2.9) that for all £ > 0 there holds
Ud, = SIF — FS;. (5.41)
From (5.33) together with (5.41) we see that
BiX 1D = BiU*QUd,u = BLU*Q(S!Fu — FS}u).

Using the properties SfS; = I, S;S; = I — Py (see (2.2)), and the shift-invariance of F
(i.e., SiF = FS;), we obtain

BiX 1D = BLU*SIQ(Fu — S;FStu)
= BU*S;Q(Fu — FS;S;u)
= BYU*SQ(Fu — F(I — Py)u)
= B U*SQFPu
- (F*@FPtu) ().
As a result of the above observation, we conclude that
(Flu) (t) = Fi®w = —R™Y(BLX, + NCy)®u
— R <F*@FPtu) (t) — R™Y (NFu) (1)
O

At this point, it seems to be intricate (if not impossible) to show that I —ﬁl is invertible
for unbounded control operators B € L(% , Z_1) (a proof for bounded control operators
B € L(%,Z) is given as part of the proof of Proposition 5.7). If we could show that
I — F; is boundedly invertible, then we would be able to calculate X5 (generated by the
second iteration of Algorithm 5) by

Xo=X+ HT:@Hl, (5.42)
where

I = |(I-F) 'R - %"1] (F*Q + N)U.

Calculation of Xs:

In order to obtain (5.42), we observe that if I — F, is boundedly invertible, then we get
from the last equation in (5.36) that

w= (I —TF) "Wizo+ I —F) . (5.43)
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By substituting (5.43) in the other equations of (5.36), we would obtain for all ¢ > 0

() = (’]rt 4Dy — Fl)—@l) o + & (I — Fy)~lu(t),

(\1!+IFI ) hfll) 2o+ F(I — Fy)~ 1w,

(5.44)

( 1 —|—F1 I — Fl) 1@1) xo —|—ﬁ1(]—ﬁ1)_1’0,

( ) 1\I/1x0+(1 ]Fl) V.

Let us consider the closed-loop system (5.35). By substituting u(t) = Fiz(t) + v(t) in
z(t) = Ax(t) + Bu(t), we obtain for almost all ¢ > 0

i(t) = Az(t) + B (Fiaz(t) + v(t)) = (A + BF))a(t) + Bu(t) = Ayz(t) + Bo(?).

Therefore, (5.35) can be reformed as

x(t) = A1z(t) + Bo(t),

1) = Caa), 55
z(t) = Fiz(t),

u(t) = z(t) + v(t)

By comparing (5.45) with (5.44) and using the “generator notation” (5.22), we conclude
that _ B

(Al,CA) ~ \If'f‘F(I—Fl)_l‘l/l,

(Al,Fl) ~ \T/l —i—ﬁl(lv—ﬁl)il\il :(I—Fl)fl\il.

Moreover, with F; = —Rfl(B/*\Xl + NC}y) we obtain

Ve, =W +FI —F) "0y,

I (5.46)
R, - RINU., = (1 —TFy) 1.

At this point, we can determine X, by setting k = 1 in (5.24) and applying (5.46) to
obtain
Xo=X+ HT%HL

where

I =R W, + RNV, - 2 L (F*Q + N)¥
—(I=F) ' - Z (FQ+ N)U (5.47)
= (I-F)'R (FQ+N) ¥ -2 (F'Q+ N)¥
Note that in the last equality of (5.47) we have used (5.37).

Altogether, we are able to determine Uy and F; in terms of U and F as in Proposi-
tion 5.6. If we could additionally compute (I —F;)~! in terms of ¥ and FF, then we would
be able to determine Xy completely in terms of ¥ and F (see (5.42)).
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5.4 Monotonicity and convergence of the Newton-Kleinman
iterations

The principal objective of this work was to prove convergence of the Newton-Kleinman
algorithm for externally stable regular linear systems with unbounded control and obser-
vation operators. As we have already mentioned in Section 5.3.1, our idea to represent X}
in terms of ¥ and F would result into intricate lines of proof. In this regard, one could
try to use the Lyapunov equations (5.5) to show convergence of the Newton-Kleinman
iterations, similarly to the finite-dimensional case (see, e.g., [38, Chapter 11]). However,
the main obstacle of this approach is to characterize D(A + BF}) at each Newton’s it-
eration in the case where the control operator B is unbounded (i.e., B € L(%,Z_1)).
Specifically, for all k& € N, the relation between D(Aj) and D(Ag+1) is not known to us
at this very moment in time. Nevertheless, we could circumvent this hurdle by assuming
that the control operator B is bounded, i.e., B € L(% , %Z). In this case we can show that
(see Appendix A.6)

D(A) = D(Ay) = D(A).

In addition, we let ¥ = (T, ®, U, F) be strongly stable, i.e., we let T be strongly stable
(cf. Definition 2.6.c). This assumption is needed so that we can apply Theorem 3.11 to
our setting.

In [12] monotonicity and convergence of the Newton-Kleinman iterations was proven
for exponentially stable well-posed linear systems with bounded control and observation
operators. The authors used Lyapunov equations of type (5.5) to prove monotonicity and
convergence. In this section we extend their approach to show convergence of Newton’s
iterations for strongly stable regular linear systems with bounded control and unbounded
observation operators. In addition, as for the previous sections, we let the dual system be
regular.

Proposition 5.7. Let ¥ = (T,®,V,F) be a strongly stable reqular linear system such
that its dual system is also regular. Let (A, B,C,0) be the generating operators of ¥
such that B € L(% ,Z"). Let J be the cost functional from (3.2) such that R > 0 and
Q=Q-N*RIN>0. Forallk €N, let F, = —R™! (Bx X + NC\) and Ay, = A+ BF}
be the operators generated by Algorithm 5.

Then, Fy is an admissible feedback operator for ¥ (cf. Definition 2.43) and Ay, generates
a strongly stable semigroup TF.

Proof. For almost all ¢t > 0, let us consider ¥ with feedback relation u(t) = Fyxz(t) + v(t),
where u,v € L?(0,00; % ). This means that we have the closed-loop system

&(t) = Az(t) + Bu(t),
u(t) = z(t) + v(t).

Let \T/k and ﬁ‘k denote respectively the output map and the input-output map correspond-
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ing to the observation operator Fj, in (5.48). As a result, for all ¢ > 0 we have

z(t) = Trxo + Pru,

y = VYzg + Fu,
z—\Ilkw0+IE‘ku
uzz+vz@kxo+ﬁ‘ku+v.

(5.49)

In what follows we will show that I — ﬁ‘k is boundedly invertible, which means that F},
is an admissible feedback operator for ¥ (compare with Section 5.3.1). To this end, we
show that the transfer function of Fy, is uniformly line-regular with feedthrough operator
Dy, = 0 (cf. Definition 2.29.d).

Let ék denote the transfer function of ka Because the semigroup T is strongly stable,
the growth bound of T (cf. Definition 2.2) satisfies wo(T) = 0 and therefore
Gi(s) = F, (sI — A B, for Re(s) > 0

As shown in the proof of Theorem 5.3, F}. is an infinite-time admissible observation oper-
ator for the semigroup T. As a result, it follows from Theorem 2.14 that for every o > 0,
there exists K, > 0 such that

e
I ars X viec.
Re(s) — «
Therefore, for all s € C,, we obtain
K, |B
|Guts)] = 7” H Vo (5.50)
a

It follows from (5.50) that for any e > 0, we can choose Re(s) sufficiently large such that
o] <-
Therefore, we obtain
lin HG1 H 0. (5.51)
Re(s)

Condition (5.51) means that Gy is uniformly line-regular with feedthrough operator lék =
0. Since I — Dy, = I is boundedly invertible, it follows from Proposition 2.30 that I —Fy, is
also boundedly invertible. This means that F} is an admissible feedback operator for .

Since I — Fy, is boundedly invertible, we get from the last equation in (5.49) that
w= (I —F) " Wpxo+ (I —Fp) to. (5.52)
By substituting (5.52) in the other equations of (5.49), we obtain for all ¢ > 0 that
2(t) = (Te+ @1 = F) ™0y ) @ + @41 — F) o,

(\I!+IE‘I Fy) hik)onrF(I—ka)*lv,

(5.53)

( k +Fk I Fk) 1&%) Iy +ﬁk(1 — Fk)flv,

(I — Fp) " Whzo + (I — Fp)to.
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In the closed-loop system (5.48), if we substitute u(t) = Fra(t) + v(t) into @(t) = Az(t) +
Bu(t), we obtain for almost all ¢ > 0

&(t) = Az(t) + B (Frx(t) + v(t)) = (A+ BFy)x(t) + Bu(t) = Agx(t) + Bo(t).

Therefore, (5.48) can be reformed as
(5.54)

By comparing (5.54) with (5.53), we conclude that the strongly continuous semigroup
TF =T + &I — F) "' Uy

is generated by Ay = A+ BF}. Since T is strongly stable, it follows from Lemma 2.46
that T* is also strongly stable. O

We are now ready to provide the main theorems of this section. Theorem 5.8 shows
that the operator sequence (Xi)ren € L£(Z7) generated by Algorithm 5 is monotonically
non-increasing. Subsequently, Theorem 5.9 demonstrates convergence of this sequence to
the Riccati operator (3.10) in appropriate norms.

Theorem 5.8. Let ¥ = (T, ®,V,F) be a strongly stable regular linear system such that
its dual system is also regular. Let (A, B,C,0) be the generating operators of ¥ such
that B € L(%,Z). In addition, let J be the cost functional (3.2) such that R > 0 and
@ =Q— N*RIN >0. Let Xi, Fi, and Ay, be the operators produced by Algorithm 5.
Then, the self-adjoint operators Xy € L(Z") satisfy

(x0, Xkw0) 5 = (0, Xpt120) o 2 (0, X0) 5,
for every xog € " and all k € N, where X € L(Z") is the Riccati operator (3.10).

Proof. 1t follows from Theorem 5.3 that for all k € N, A, = A+ BF}, generates a strongly
continuous semigroup T* and the feedback operator Fj, is an infinite-time admissible ob-
servation operator for T*. Furthermore, by Remark 3.7.a, we know that F°P! is an infinite-
time admissible observation operator for the semigroup T°P' with generator A°Pt,

Since B is bounded, i.e., B € L(Z,% ), it follows from Theorem A.6 (with C = F},
and C' = F°P*) that D(A) = D(Ag) = D(A°PY). Hence, the Lyapunov equation (5.5) can
be written as

(Apzo, Xpy120) o + (X170, Ap20) 9o =

~ 5.55
— <CA$0, QCAZO>@ — <R_lB*Xk.T0, B*Xk20> ( )

Y

for all zg, 290 € D(Ag) = D(A) = D(A°PY). Since ¥ is a strongly stable regular linear
system, it follows from Proposition 5.7 that the semigroup T* is strongly stable for all k €
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N. Therefore, by part (5) of Theorem 2.21, we conclude that the infinite-time observability
Gramian
Xpyr = (13")" 05

is the unique solution of (5.55). Because B is bounded, the feedback operator Fj, generated
by Algorithm 5 satisfies F, = —R™1(B*X}, + NCy). By adding the expression

(B(Fit1 — Fr)wo, Xp1120) 0 + (X120, B(Frp1 — Fi)20) o
to both sides of (5.55) and rearranging the terms, we obtain
(Ars170, Xk1120) 5 + (Xpy170, Akr120) 9o =
- <CAx0, @C’Azo>% — (R™'B* Xy 110, B Xi1170),, (5.56)
—(R7'B*(Xpq1 — Xp)w0, B* (Xip1 — Xi)20),, -
Furthermore, by increasing the index in (5.55), we get

(Akt170, Xit220) o + (Xi 270, Akt120) o =

~ o . (5.57)

- <CA5U07QCAZO>@ — (R™'B*Xyy170, B* Xp120) 5

for all zg, zo € D(Ag+1) = D(A). Next, we subtract (5.57) from (5.56) to obtain
{Akr120, (Xir1 = Xi42)20) g + (X1 — Xit2)T0, Aws120) o (5.58)

= —(R™'B*(Xp11 — Xi)wo, B (Xp41 — Xi)20),, -

Since Aj;1 generates a strongly stable semigroup T*+! (see Proposition 5.7), it follows
from part (5) of Theorem 2.21 that X411 — Xj42 is the unique solution of (5.58) which
satisfies

<£C0, (Xk+1 — Xk+2)l‘0> >0, Vage Z.

By Theorem 5.5, we know that for all zp € 2™ and every k& € N there holds
(0, Xkw0) - = (w0, XT0) 5- -

Hence, we conclude that for all £k € N and every xg € Z~

(o, Xio) 9 > (®0, Xpt120) o= > (T0, XT0) 4 -
]

Now we are ready to prove convergence of the Newton-Kleinman algorithm to the
Riccati operator (3.10).

Theorem 5.9. With the assumptions of Theorem 5.8, the sequence of self-adjoint oper-
ators (Xi)peny € L(Z7) produced by Algorithm 5 converges to the Riccati operator (3.10)
in the strong operator topology as k — oo, i.e.,

lim Xpxr = Xz, VeeZ.

k—o0

In addition,
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(i) if Xy is compact, then
li X — X rr0n =0.
(1 Xg = Xl g9y =0
(i1) if Xy is in the Schatten class Sp(Z") for some p € [1,00), then

Jim [ Xy = Xlls, (2 = 0.

Proof. By Theorem 5.8, we know that for all zg € 2" and every k € N there holds

(w0, Xi0) 90 > (T0, Xpt170) - > (w0, XT0) o -

As a result, it follows from Theorem A.2 that X} converges to some operator X, € L(2")
which satisfies
<330,XOOIL'0>% > <:E0,XIEO>%, Vaoge Z.

In what follows we show that Xo, = X. In terms of (5.24), this means that
klg]go I 211, = 0.
Let us assume that limy_,o IIFZ1;, = Ay > 0. As a result, we have
Xoo = X + Ax. (5.59)

Recall that for every xg,z9 € D(Ag) = D(A) and all k € N, the operator Xy, satisfies
the Lyapunov equation

(Agzo, Xk4120) o + (X120, Ar20) 5 =

— <C’Aa:0, éCAZO>@/ — (R™'B* X0, B* X3 20),, - (5:60)
By adding the expression
(B(F°P" — Fy)xzo, Xk4120) 5 + (Xiy120, B(FP' — Fy)z0)
to both sides of (5.60) and rearranging the terms, we obtain
(AP0, Xpt120) 5 + (Xpq120, A%'20) - =
. <CAx0, @CAZO>% —(R™'B*Xu0,B*X20),, )

—(R™'B*(X), — Xi1)wo, B (X — Xp41)20),,

+ (R B* (X1 — X)mo, B*(Xp1 — X)20),, -

Now we subtract the Riccati-like equation (5.4) from (5.61) to get

(A%z0, (Xpy1 — X)20) + (X1 — X)zo, AP2) =
—(R7'B*( Xy — Xpq1)0, B (X3 — Xi41)20),, (5.62)

+(RT'B*(Xp1 — X)o, B (Xpy1 — X)20),, -

107



The Newton-Kleinman method for the optimal control of regular linear systems

Passing the limit £ — oo in (5.62) results in
<A0pt1‘0, AOOZQ>% + <AOOCL'0, AOptZ0>L%, = <B*AOO[E(), B*AOOZO>OZ/ . (563)

Let \T/oo denote the output map corresponding to the pair (A°P*, B*A,). This means that
for every zg € 2" and all t > 0 there holds

(\i?ooxo) (t) = B*Auo T zp. (5.64)

At this point, we follow the lines of the proof for Theorem 3.11 to show that Ay, = 0. If
20,20 € D(A) = D(A%Y), then t — (T zg, Ax T ) is continuously differentiable on
[0,00) and we obtain

d 0 [0) le) (o) [0) [0) O [0)
- <Ttptx0,AooTtPtz0>% = (4 ptTtPtxo,AooTtptzQ% + ({20, A A ptTtPtz0>%.

Since A, satisfies (5.63), there holds

d
e <T?ptx0, Aoo’n‘gptzo> - <B*Aoo']1‘§%0, B*Aoo’]l‘?ptzo>

= ((Veor0) (1), (Foc0) (1)) -

where we have used (5.64). By integrating (5.65), we obtain for each t > 0

<T§ptx0’ Aoo']r?ptz()>% — (20, Aso20) o = /Ot <<\T/oo$0) (1), (E/mzo) ('r)>% dr. (5.66)

Since T is a strongly stable semigroup, it follows from Lemma 2.46 that T°P! is also a
strongly stable semigroup (cf. Remark 3.6.b). This means that

lim TPz = 0.
t—ro0

By letting t — oo in (5.66), we conclude that

— (20, Asoz0) = <\I]°°x0’ \IIOOZ0>L2(O,OO;%) '

This being true for all zg, zg € D(A°P"), we must have
Aso =~V U <0.

As a result, the only possibility for A, as above, is to fulfill Ay, = 0. Hence, we obtain
from (5.59) that
Xoo = X,

which shows convergence of the Newton-Kleinman iterations to the Riccati operator (3.10).

If additionally, we assume that X; (generated by the first Newton’s iteration) is com-
pact, then the non-increasing sequence (Xj)ren is bounded from above by a compact
operator and therefore converges in the uniform operator topology. If X is in the Schat-
ten class, then the non-increasing sequence (X )ren is bounded from above by a Schatten
class operator and therefore converges in the Schatten class topology. O
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It ¥ = (T,®,¥,F) is exponentially stable (i.e., T is exponentially stable), then the
semigroup TP' is also exponentially stable (cf. Remark 3.6). In this case one can show
the quadratic rate of convergence for the Newton-Kleinman iterations [12, Theorem 6.4].
To this end, we need the following result from [18, p. 252] (see also [12, Theorem 5.5]):

Proposition 5.10. Let T denote a strongly continuous semigroup on the Hilbert space
2 with generating operator A : D(A) € Z — Z. If T is exponentially stable and
S=8"€L(Z), then

o
I'= / T; ST, dt
0
1s the unique solution of the Lyapunov equation
<Al’0,r20>% + <Fl‘0, A20>3{ + <l‘0, SZ()>% =0, Y xg, 20 € D(A)

With the help of Proposition 5.10, we are now ready to show the quadratic rate of
convergence for Algorithm 5:

Theorem 5.11. (see [12, Theorem 6.4]) Let ¥ = (T, ®, U, F) be an exponentially stable
reqular linear system (cf. Definition 2.6.d) such that its dual system is also regular. Let
(A, B,C,0) be the generating operators of ¥ such that B € L(% ,Z"). In addition, let J
be the cost functional (3.2) such that R > 0 and @ =Q—N*R'N > 0. Furthermore, let
X be the Riccati operator (3.10) and for all k € N, let Xy, Fy, and Ay be the operators
produced by Algorithm 5. Then, the self-adjoint operators Xy, satisfy

1Xpsr — XIS el Xp = X[*,  VEkeN,

o= [T () s

with the constants M >1 and w > 0 given by (2.14).

where

2
™| at < 1;47) |BRB*|,

Proof. We follow the lines of the proof of [12, Theorem 6.4]. As we showed in the proof
of Theorem 5.9, the following Lyapunov equation holds for all xg, zo0 € D(A) = D(A°P")
(see (5.62)):

(A% 0, (Xpq1 — X)20) » + (Xpg1 — X)zo, AP'20) - =
—(R'B*(Xi, — Xpq1)0, B (Xp — Xi+1)20),,
+ (R B* (X1 — X)mo, B*(Xp1 — X)20),, -
This means that Agiq := Xgy1 — X satisfies the Lyapunov equation
(AP0, Apt120) 5 + (Aps1z0, A% 20) ,- + (20, S20) = 0, (5.67)
with

S = (Xp — Xp41)BR'B*( X — Xp41) — (Xpp1 — X)BR'B*(Xpy1 — X).
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Because T is exponentially stable, we know from Remark 3.6 that the semigroup T°P* (gen-
erated by A°P') is also exponentially stable. As a result, it follows from Proposition 5.10
that Agyq is the unique solution of the Lyapunov equation (5.67) and is given by

© *
Api1 = / (Tgpt) S T dt. (5.68)
0
By Theorem 5.5, we know that X1 — X = II;%2 I, > 0. In addition, it is clear that
(Xg41 — X)BR'B*(Xpy1 — X) > 0.
Hence, we observe from (5.68) that

S *
0< Xy — X < / (T;’Pt) [(Xi — Xpp1) BRTVB* (X — Xpyn)] TS dit.
0

Taking norms in the above inequality results in

oo *
Xewr = X0 < 1% = Xl [ (227) | R B ] ae
0 (5.69)
= || Xk — Xpna|?,
where
o *
= / | () [ I1BR B || ae
0
00 % M2
= ||BR'B"| / | (7Y ||| et < 5 BR B
0 2w
We know from Theorem 5.8 that for every xg € 2 and all k € N there holds
(z0, Xw0) < (20, Xk 4170) < (20, XkT0) -
As a consequence, we have
0 < (20, (X — Xg+1) 0) < (w0, (X — X) 70),
and therefore
1 = X | < 1 — X (5.70)

Now by using (5.69) and (5.70), we can conclude the quadratic rate of convergence

0 < [ X1 — X[ < el X5 — X
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5.5 The ADI method for approximation of the augmented
output map

At Step 5 of Algorithm 5, one has to calculate the augmented output map ¥3"® corre-
sponding to the pair (A, C;"®). For all k € N, we approximate ¥};"® by applying the
ADI method from [41]. Specifically, we adapt [41, Algorithm 1] to our setting in order to
approximate the infinite-time observability Gramian

Xjpp1 = (T8) " wis,

The adaptation of [41, Algorithm 1] to our setting is presented in Algorithm 6. For
all k € N, this algorithm produces S* € £ (27, % x 7/ '*) which approximates ¥}"® (the
numbers i, € N are to be determined a posteriori by a suitable stopping criteria). If the
input and output spaces are finite-dimensional (i.e., = C™ and % = CP, for some
m,p € N), then Algorithm 6 provides approximative solutions of finite rank.

Algorithm 6 The ADI method for approximation of the output map \I/Zug.

Input: Operators Ay and C;."® from Step 4 of Algorithm 5, such that Aj generates a

bounded semigroup T*. Shift parameters o, ..., q;, € C with Re(a;) > 0.

Output: S* = Sf;'c = 1y ‘I’Zug € E(%,@ik X ?/ik), such that X% .= (Sk)*Sk R
Kk

k+1
Xkt1, where Xj 41 is the infinite-time observability Gramian of the pair (Ay, Cp ).

15 VE = (anl — A7) (C%)°

2: S = \/2Re(ar) - (V)"

3: fori=1,2,...,i do

4 VE=VE (@) (al - A)TVE

SE=[(s£)" V2Re(ar) - V|

6: end for

o

Remark 5.12. In Algorithm 6, we assumed that Aj generates a bounded semigroup T*.
Therefore, the growth bound of T* satisfies wo(T*) = 0 and the shift parameters as, ...,
a;, € C must satisfy Re(a;) > 0. One could extend Algorithm 6 to the case where the
semigroup T* is not necessarily bounded. In this case the shift parameters must satisfy
Re(a;) > wo(TF).

If the shift parameters o, ..., q;, € C satisfy the non-Blaschke condition (4.79), then
the convergence of Algorithm 6 follows from [41, Theorem 4.7]. In fact, the following
convergence theorem holds true:

Theorem 5.13. (see [}1, Theorem 4.7]) Let % , 2", % be Hilbert spaces. For allk € N, let
Ay, and C}"® be the operators generated by Algorithm 5, such that Ay, : D(Ag) C X — %
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generates a bounded semigroup TF. Let X1 € L(Z) be the infinite-time observability
Gramian of the pair (Ay, C;"®), which is given by

Xjppr = (DU8)7 Wy,

Assume that the sequence of shifts parameters (a;)ieny € C satisfies the non-Blaschke
condition -
=1 oyl?

Then, Algorithm 6 is feasible and the operator sequence

(Xlil")‘l) 1€EN - ((Sf)*Sf) i€EN

is monotonically non-decreasing and converges strongly to Xi4+1. This means that

lim X()

= Xgi1.
ivoo kL k1

Moreover, the following holds true:

(i) If the Gramian X1 is compact, then the operator sequence ()?éi)rl)ieN s also com-
pact and there holds

I ‘X - X H -

i || RHL T AL o

(i) If, for somep € [1,00), the Gramian Xj11 is of p-th Schatten class, then the operator
sequence (X,Sz)rl)ieN is also of p-th Schatten class and there holds

=0.
Sp(Z)

lim || X4, X

1—00
An a posteriori stopping criteria for Algorithm 6

As we have already mentioned, for all £ € N, the numbers i, € N within Algorithm 6 are
to be determined a posteriori. In this part we give an efficient stopping criterion which is
taken from [41, Remark 4.1.f].

Forie N, i> 2, let Sf and Sf_l be two successive approximations of the augmented
output map \Ifzug. Hence,

X0 = (sF) sEand XY= (s) Sk,

are two consecutive approximations of the infinite-time observability Gramian Xj;. Now
the recursively-defined operator

SE=1[(SF,)" V2Re(a) - V]’
allows us to calculate the norm of X ,E:)_l X 121_11) as follows:
k‘ *

i (V; ) Hc(%)
() v

it - 3t

k+1 k+1 HE(%) = 2Re(a;)

(5.71)
= 2Re(w;)

L xU)
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5.5 The ADI method for approximation of the augmented output map

As a result, a suitable stopping criterion for Algorithm 6 is to check whether the norm of
(VF)*V* is below a certain absolute or relative threshold. If in addition, the input and
output spaces are finite-dimensional (i.e., = C™ and % = CP, for some m,p € N), then
(VF)*VE becomes an (m +p) x (m + p) matrix. We note that (5.71) holds true also in the
Schatten norm S, for p € [1,00) (see (6.32)).

Remark 5.14. (a) In [54, Section 4.6] an overview on possible stopping criteria for the ADI

iteration to solve matrix Lyapunov equations is presented. These stopping criteria
include the relative change based criterion, residual based criterion, and stagnation
based criterion. The stopping criterion presented in this section is a relative change
based criterion.

Assume that the infinite-time observability Gramian
Xk—l—l — (\I/Zug)* \I/Zug

is nuclear, i.e., Xp11 € S1(Z2). Let )?,521 be an approximation of X1 generated by
Algorithm 6. Then, it follows from Theorem 5.13 that X IE?:)-I € §1(Z°) and we have

= trace [ X1 — trace [)Nf(i)

HXkH _XIS;Z-&)-lH k+1} .

S1(2)
The trace of X 1&21 can be determined by

trace |:)A(:’E32-|)-1:| = trace §2Re(o¢j)vjk (VJI“)*

= ZZ: 2Re(qy;) trace [V]k (ij) *} (5.72)

Jj=1

= ZZ: 2Re(a;) trace vak>* V}k} .

j=1
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Chapter

Numerical examples

Only those who will risk going too far can possibly find out how
far one can go.

—T. S. Eliot
Contents
6.1 Heat equation with Robin boundary control and boundary
integral observation . . ... ... ... ... . 0000000 116
6.2 Regular linear-quadratic optimal control problem . . ... ... 117
6.2.1 The Riccati-ADI method . . . . . ... ... ... ... ..... 118
6.2.2 Newton-Kleinman algorithm . . . . .. ... .. .. ... ..., 129
6.3 Singular linear-quadratic optimal control problem: positive
realcase . . . . ... e e e e e e e e 139

We show the applicability of the algorithms developed in the previous chapters by
applying them to a concrete example. The example that we consider throughout this
chapter, is a two-dimensional heat equation with Robin boundary control and boundary
integral observation. This example is taken from [41, Section 6], with the addition of a
one-dimensional boundary integral observation. For ease of reference, we gather all the
necessary results in Section 6.1 and refer the reader to [41, Section 6] for more details and
proofs. We demonstrate the expected performance of the ADI method (cf. Chapter 4) and
the Newton-Kleinman method (cf. Chapter 5) to solve the linear-quadratic optimal control
problem, mainly in terms of monotonicity and convergence behavior. All the calculations
were done either using the C++ library deal.Il [3] or MATLAB 8.5 (R2015a) on a 64-bit
server with 24 CPU cores of type Intel Xeon X5650 at 2.67 GHz and 48 GB main memory
available. In particular, all the finite-element discretizations and mesh adaptations were
done using the deal Il library.
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6.1 Heat equation with Robin boundary control and bound-
ary integral observation

Let © C R? be a bounded domain with piecewise C?-boundary 9€). We consider the
two-dimensional heat equation

%(ﬁ,t) = Azx({,t), (&t) € Qx][0,00), (6.1)

with initial condition z(0,&) = z¢(§), { € . Moreover, we consider the Robin boundary
control

u(t) = v(€) V(€ t) +ax(E,t), (£,t) €N X [0,00), ac€R, (6.2)

and one-dimensional boundary integral observation

y(t) = /a () do (6.3)

where do¢ denotes the surface measure and v(§) denotes the outward normal. Equations
(6.1)—(6.3) can be formulated as an abstract dynamical system

&(t) = Az + Bu,
y(t) = Cx.

To this end, we define the state space
x(t) = x(-,t) € L*(Q) == &,
and let the input and output spaces both be one-dimensional, i.e.,
% = =C.
For the operator A, we have
Az = Az, Vx e D(A),

D(A) = {m € Hl(Q) | Az € LQ(Q), vI'Va +axr =0 on 89} . (6:4)

The spaces 21, Z_1, 21, and 2 are defined as in Section 2.2. In particular, we have
DAY = 274, D(A") = 2£.

For the control operator B, we have

(Bu.x) = - [ (€ do

and it follows from the above construction of B that
Bz =Cz = / x(&) dog, YV a € D(A*)=D(A). (6.5)
o0

Note that the system has a zero feedthrough operator (i.e., D = 0), because there is no
direct relation between the input » and the output y.

As a result of the above formulation, the operators A, B, and C' satisfy the following
properties [41, Section 6]:
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e A is self-adjoint and negative.
e A has a compact resolvent with 0 € p(A).
e The input operator fulfills B € Sy(%, D((—A)'/?)), which is equivalent to

(—A) V2B e S (U, 2).

« C=B cL(Z,%).

Remark 6.1. By [41, Corollary 6.1], A generates an exponentially stable semigroup T on
Z and B is admissible for T. As a result, the associated input map & satisfies Assumption
(b) in Definition 2.4. Furthermore, as a consequence of the exponential stability of T, we
have that the operators ¥ and F are bounded, that is

UeL(Z,L%0,00;%)), FeL(L*0,00;%),L*0,00;%)).
Altogether, we have that the quadruple (A, B,C,0) generates an exponentially stable
regular well-posed linear system ¥ = (T, ®, ¥, F) [13].

Remark 6.2. Since the output space is one-dimensional (i.e., % = C), we have that weak
regularity is equivalent to strong regularity (cf. Remark 2.40). Hence, ¥ and its dual %%
are both regular (cf. Remark 5.2.b).

6.2 Regular linear-quadratic optimal control problem

We consider the regular optimal control problem for the heat equation (6.1) with the
scalar input function u formed by the Robin boundary condition (6.2) and the scalar
output function y formed by the integral of Dirichlet boundary values (6.3). We consider
the cost functional (3.2) with @ = R =1 and N = 0 (recall that % = # = C). As a
result, the quadratic optimal control problem is to minimize the cost functional

J(x0,u) = /0 TR + )P dt, (6.6)

subject to
x(t) = Tz + Ppu, Vte0,00),

y = Yzo + Fu.
From Proposition 3.2 (with @ = R =1 and N = 0) we obtain

To, XTo) = min J(xo, w
< o O> ueL?(0,00;%) ( o )7

where the Riccati operator X is given by
X = U0 — U*F(I + F*F) " 'F* 0. (6.7)

By applying the identity (I + F*F)~!F* = F*(I +FF*)~! to (6.7), we can reformulate the
Riccati operator as (see Proposition 3.4)

X = U*(I +FF*)~ 1w,
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Remark 6.3. Let (A, B,C) be the triple of operators defined in Section 6.1. Since B* = C
is bounded (i.e., B* = C € L(Z,%)) and R = 1, it follows from [70, Proposition 10.5]
that X satisfies the following Riccati equation: for all xg, 29 € D(A°PY),

<Zo, A*X$0>%~ + <A*XZ(), .%'(])3{ + <CZO, C$0>WJ = <B*XZ(), B*Xa:o)@/ . (6.8)

In the first part of Section 6.2.1 (labeled as “Part I”), we use the discretized version of
(6.8) and compute its residual norm in order to have a measure of convergence for the
matrix version of the Riccati-ADI method (see [35, Section §]).

Remark 6.4. Let (A, B, C) be the triple of operators defined in Section 6.1. The operator
A generates an exponentially stable analytic semigroup T on 2~ = L?(Q) (analyticity of
T follows from [32, Chapter 3, Appendix 3A]; see also [16, Example 1]). As a result, the
operators A, B, and C satisfy the assumptions of Theorem A.5. Therefore, the following
holds true:

(i) The Riccati operator X from (6.7) is the unique solution of (6.8) for all xg, z9 € D(A).
(ii) X is nuclear, i.e., X € §;1(Z).
(iii) The feedback operator F' := B*X is Hilbert-Schmidt, i.e., F' € So( 2", % ).

6.2.1 The Riccati-ADI method

We apply the Riccati-ADI method (see Theorem 4.16) to find an approximation of the
Riccati operator (6.7). To do so, we approximate the operators ¥ and F by Algorithm 1
to obtain the operators Si and Fj. Then, the approximated Riccati operator is obtained
by

Xi = Si(I + FfF,) 'Sy (6.9)

Throughout this section we consider the L-shaped domain €2 := (0, 1)%\ (0.5, 1)? and choose
the Robin boundary coefficient to be a = 1.

Part I: The choice of shift parameters

In the first part of this section, we show the importance of choosing the correct set of shift
parameters. Specifically, we show that if the non-Blaschke condition (4.79) is not fulfilled,
then the ADI method may converge to the wrong solution of the optimal control problem
(this being true even in the finite-dimensional setting). To simplify the analysis in this
part we perform all the iterations on a fixed grid. This is equivalent to using the matrix
version of the Riccati-ADI algorithm as in [35]. Later on in “Part II” of this section, we
will apply adaptive mesh refinements to construct an efficient approximation of the Riccati
operator.

For the discretization of the PDE (6.1), we apply the finite element method with
uniform square elements of maximal diameter h. On this mesh, we define the subspace
Vi, € H'(Q) using piecewise-linear basis functions. We refine the mesh 5 times globally
and obtain 3072 (active) cells with 3201 degrees of freedom (for piecewise-linear basis
functions). To illustrate our global refinement strategy, an example of the mesh for one
and two times global refinement is shown in Figure 6.1. Note that the dimension of the
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6.2 Regular linear-quadratic optimal control problem

discretized problem is chosen to be small enough, so that we are able to compare the
Riccati-ADI method with a direct solver (e.g., the “care” routine in MATLAB).

(a) One time global refinement will result (b) Two times global refinement will result
in 12 cells with 16 degrees of freedom for in 48 cells with 65 degrees of freedom for
piecewise-linear basis functions. piecewise-linear basis functions.

Figure 6.1: Uniform global refinement of the domain = (0,1)2\(0.5,1)? with square
elements.

By discretizing the PDE (6.1), we obtain a finite-dimensional dynamical system
Ex(t) = Az(t) + Bu(t), z(0) = z9 € C",
y(t) = Cult),

with the state space dimension n = 3201. The matrix E € R™*" is a symmetric positive
definite mass matrix, A € R™*" is a symmetric stiffness matrix, B € R"*! is the input
matrix, and C' € R™" the output matrix. The system (6.10) is asymptotically stable and
the matrix A is negative definite. Furthermore, we have B = C* and a simple calculation
shows that the system is passive.

Remark 6.5. For invertible E € C™*™, if we consider the cost functional (6.6) subject to
the discretized system (6.10), then its unique minimum satisfies

(6.10)

Exo, XExo) = mi O+ [y dt
(B0, XEav) = _min [ ju0 + lu(o)” ar,

where X € C™ "™ is the unique positive semidefinite solution of the algebraic Riccati
equation
A XE+ E*XA+C*C—-E*XBB*XFE =0. (6.11)

If we modify Steps 1 and 7 in Algorithm 1 to
1: Vi = (qE* — A")~10*,
7 Vi=Vior— (g + o) - (g BF — A*) T E* Vg,
then for X} as computed by the Riccati-ADI method we have
(Bao, XBan) = _min [~ ) + [(Py) O .

We note that if E is the positive definite mass matrix of a finite element discretization,
then (Exo, X Exg) equals (xg, X Fxo), where the inner-product in the latter expression is
the one induced by the underlying function space.
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We find approximations of the Riccati operator corresponding to the cost functional
(6.6) subject to the discretized system (6.10) once using the “care” routine of MATLAB
and once using the Riccati-ADI method with the modification of Algorithm 1 as in Remark
6.5. We note that although “care” does work for the example considered, the computation
takes about 2 hours. For comparison, Riccati-ADI requires just 20 seconds. We denote
by X the approximate solution obtained from the “care” routine and use it as a reference
for the comparisons with the approximations obtained by Algorithm 1 (denoted by X}).

The choice of the shift parameters has a major effect on the convergence speed of the
ADI algorithm. We illustrate that if the shift parameters do not satisfy the non-Blaschke
condition (4.79), then the matrix X}, obtained by the Riccati-ADI method may converge
to a positive semidefinite matrix which is not a solution to (6.11) (cf. Theorem 4.22). To
this end, we choose the following two different sets of shift parameters in our example:

1. The first set of shift parameters is chosen using Penzl’s heuristic procedure [44]
on the matrix pencil AE — A. The underlying Arnoldi process is initialized with
a random vector in R™. We compute 32 Ritz values by the Arnoldi process to
approximate the eigenvalues of the matrix pencil A\F— A. Out of these 32 Ritz values,
11 values are calculated using the inverse Arnoldi method (to increase the accuracy
of approximation). By this choice, we generate a set of 10 shift parameters, which
we re-use every 10 iterations. We sort these 10 shift parameters in an increasing
order with respect to the values of their real parts in order to obtain a smooth
convergence in Algorithm 1. This cyclic choice of shift parameters satisfies the non-
Blaschke condition (4.79). We note that since the matrices E and A are self-adjoint,
the computed shift parameters are positive real numbers.

2. As a second set of shift parameters, we choose the infinite sequence oy, = k3, k =
1,2,..., for which the non-Blaschke condition is not satisfied.

We perform the simulations using the above two sets of shift parameters. At each
iteration, we observe the absolute residual norm of (6.11) using the approach proposed
in [34, Section 3.3]. This means that we exploit the low-rank form of the approximate
solution X3 = Si(I + FkF,:‘)AS}: to calculate the residual norm. Figure 6.2 shows the
absolute residual norm with respect to the iteration for n = 3201 degrees of freedom.

Considering Figure 6.2, we observe that by choosing the second set of shift parameters,
ai = k3, our sequence converges to a matrix which is not the solution of the corresponding
algebraic Riccati equation. On the contrary, the first choice of shift parameters provides
convergence to the desired solution. Specifically, with a tolerance of 107! on the absolute
residual norm, the Riccati-ADI algorithm converges to the solution of (6.11) in fewer than
50 iterations for the state space dimension n = 3201. Accordingly, we use the first set of
shift parameters to continue with further analyses in “Part II” of this section.

We finish our analyses in this part by observing the relative 2-norm difference

[ Xk — X ||2
X1l
at every iteration to show the convergence behavior of the Riccati-ADI algorithm. Fig-

ure 6.3 shows the relative 2-norm difference of the approximations obtained by the Riccati-
ADI method with respect to the approximate solution obtained by the “care” routine in

120



6.2 Regular linear-quadratic optimal control problem

Absolute residual norm

10-15 b

Shift parameters satisfying the non-Blaschke condition
= = = Shift parameters not satisfying the non-Blaschke condition
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Iteration
Figure 6.2: Comparison of two sets of shift parameters for Riccati-ADI: absolute residual

norm of the Riccati equation (6.11) with respect to the iteration for n = 3201 degrees of
freedom.

MATLAB. Note that since the matrices X3 and X are self-adjoint, their 2-norm differ-
ence equals the absolute value of the largest eigenvalue of (X — X). This eigenvalue
can be approximated efficiently using a power iteration without forming the product
Xi = Sp(I + FpFF)7LS; (see, e.g., [9]).

Part II: Monotonicity and convergence in the nuclear norm

In the second part of this section, we illustrate monotonicity and convergence of the
Riccati-ADI method, which are proven in Theorems 4.21 and 4.22, respectively. Moreover,
we demonstrate the efficiency of applying adaptive refinement techniques in Algorithm 1.
In fact, we show that Riccati-ADI provides a good approximation of the Riccati operator
using fewer degrees of freedom, when compared to the same method applied to a fixed
grid.

To start the analysis, we refine the mesh 6 times globally (cf. Figure 6.1). As a result,
we obtain 12288 (active) cells with 12545 degrees of freedom (for piecewise-linear basis
functions). In all the analysis of this part, we use the first set of shift parameters from
“Part I” (i.e., Penzl’s heuristic procedure on the matrix pencil AE — A).

The main computational effort of Algorithm 1 is the calculation of operators Vi, k =
1,2,...,in Steps 1 and 7, namely

1. V= (I —A%"Cr,
7 Vie=Vi_1— (Ctk + Odkfl) . (OzkI — A*)*Vk,l, k=23,...,

Since the output space is one-dimensional (i.e., % = C), we have v, := Vi € L*(Q).
Besides, since in our example we have A* = A and C* = B, Step 1 in Algorithm 1 can be
written as

V] = (Cklf — A)_lB,
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I 711X
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Figure 6.3: The relative 2-norm difference of the approximations obtained by the Riccati-

ADI method with respect to the approximate solution obtained by the “care” routine in
MATLAB.

and is therefore equivalent to the following boundary value Helmholtz problem [41]:
Find the function v; € L?(Q) which satisfies

ajq - ’Ul(&) - AUI(&) = 07 g € Qv (6 12)
v(€)Vui(€) +avi(§) =1, €€ '
Similarly, expression 9y := (gl — A*)"lvp_; in Step 7 of Algorithm 1 is equivalent to

solving an inhomogeneous boundary value Helmholtz problem:
Given vy_1 € L*(Q), find the function 9y, € L?(2) which satisfies the differential equation

ag - 0(§) — ADk(§) = vk—1, £ EQ, (6.13)
v(€)TVoR(€) + av(€) = 0, £ € 00 '
Eventually, we can determine v via
Vg = Vp—1 — (Ckk + Oékfl)@k. (6.14)

In the following, we put particular focus on calculating the solutions of (6.12) and
(6.13). We solve these equations efficiently by applying the adaptive finite element method.
Note that if we chose a fixed grid, then our algorithm would be equivalent to the approach
of semi-discretization of the heat equation on a fixed grid with respect to space and then
applying the matrix version of the Riccati-ADI method as shown in Part I of this section.

To ensure the reproducibility of the results presented in this section we list the impor-
tant aspects regarding our implementation of the example using the C++ library deal II:

(i) To discretize equations (6.12) and (6.13), we use uniform square elements and define
the subspace V,, C H'(Q) using piecewise-linear basis functions (as in Part I of this
section).
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6.2 Regular linear-quadratic optimal control problem

(ii) For numerical integration, we use the Gauss-Legendre quadrature rule of degree 2.
This family is implemented in the class “QGauss” in the deal.Il library.

(iii) To solve the discretized Helmholtz equations (6.12) and (6.13), we use a precon-
ditioned conjugate gradient method for symmetric positive definite matrices. As a
preconditioner, we use the symmetric successive overrelaxation (SSOR), see [52, Sec-
tions 9 & 10].

(iv) To approximate the discretization error of the PDEs (6.12) and (6.13), we use an
a posteriori error estimator based on the discrete approximation of the gradient, as
explained in Appendix A.1.1. This error estimator is computationally efficient, easy
to implement, and works well for the example considered in this section. However,
one may improve the approximation of the discretization error by applying a standard
residual based L2-error estimator (see, e.g., [1]). We note that more investigations
are required to inspect the relation between the error estimates of the discretization
and the convergence errors of the ADI algorithm. This is beyond the scope of this
dissertation and is left as an open problem.

(v) For the successive mesh adaptations, we apply the bulk criterion from Appendix A.1.2,
with top fraction (r) and bottom fraction (c) set to be

r=c=0.01.

In order to capture the numerical error at the edges, the cells at the boundary are
just allowed to be refined (i.e., we clear all the coarsening flags for the cells at the
boundary).

Figure 6.4 shows a sequence of the adapted meshes produced by Algorithm 1. It is
important to note that after each mesh adaptation one needs to interpolate the previ-
ous solution vi_; on the new mesh, because vi_1 acts as the right-hand side of (6.13).
This interpolation can be done by employing the class “SolutionTransfer” in the deal.Il
library. Figure 6.5 shows a sequence of solutions v; on the adapted meshes produced by
Algorithm 1.

Now we demonstrate monotonicity and convergence of the Riccati-ADI method. We
recall from Remark 6.4 that the Riccati operator (6.7) corresponding to our example is
nuclear, i.e., X € 8§1(27). By Theorem 4.22, we have that X} € §1(2) for all k € N
and the sequence (Xj)ren convergences to X in the nuclear norm (provided that the shift
parameters satisfy the non-Blaschke condition (4.79)).

We compute the nuclear norm of X} at each iteration of the Riccati-ADI algorithm.
This can be done efficiently by using the low-rank factors of X = S;(I + FpF}) 1 Sy.
More specifically, by computing the Cholesky factorization I + Fj,F}’ = Ly L; we obtain

Xk, 2y = trace [Xi] =Y (es, Xies) 5

7

= Z <L;15k;€i, LIQIS/&O@;@ = Z HlelskeiH;k ’
: i

= Z <6i7 SZ(LkLZ)flskGO% = Z <6i, SZL,;*lelskGO%
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Figure 6.5: Sequence of solutions vy (k = 1,5,10,15) on the adapted meshes produced by

Algorithm 1.
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Figure 6.6: Sequence of solutions vy (k = 20,25, 30, 35) on the adapted meshes produced
by Algorithm 1.
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where the sequence (e;) is an (arbitrary) orthonormal basis of 2~ = L?(2). Figure 6.7
shows the sequence of nuclear norms for operators Xj. From this figure, we observe that

1 Xkl s, 2y < N Xks1lls, (2 5

which is consistent with Theorem 4.21. In addition, it is important to note that our
computations (see Table 6.1) provide an approximation for the nuclear norm of the Riccati
operator (cf. Theorem 4.22):

IX 5,2y ~ 0.716352. (6.15)
0.75
0.7
0.65
06
=
[}
£ 055
5
[=]
5 05
2
Q
Z 045
0.4
0.35
03 L L L L L L
0 10 20 30 40 50 60 70
Iteration

Figure 6.7: Monotonicity of the Riccati-ADI method: the sequence of nuclear norms for
operators Xj.

A computationally efficient a posteriori relative stopping criterion for the Riccati-ADI
algorithm in our example can be obtained by

[ Xk+1 — Xills, (2 _ trace [Xq1] — trace [Xj]

Cadi := =
[ Xkt1lls,(2) trace [Xj41]

Figure 6.8 shows the values of C.g4; at each iteration of the Riccati-ADI algorithm.

In the last part of this section we make a closer look at the iteration history of the
Riccati-ADI algorithm for the fixed mesh and the successively adapted meshes. As shown
in Table 6.1, including the possibility to successively adapt the mesh allows an almost
identical approximation of the Riccati operator with severely fewer unknowns needed in the
calculation. In this table we have used the abbreviation “DoF” for “degrees of freedom”.
We note that the computation time of the Riccati-ADI method for this example using
successively adapted meshes (including the computation of the error estimates and trace
of the approximate solution at each iteration) is about 96 seconds for 70 iterations. For
comparison, it takes about 210 seconds to perform 70 iterations of the Riccati-ADI method
using a fixed mesh with 12545 degrees of freedom.
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Figure 6.8: A posteriori relative stopping criterion (Chq;) for the Riccati-ADI algorithm.

Table 6.1: Iteration history for the fixed mesh (left) and successively adapted mesh (right).

Tteration | DoF [ Xills, (o)  Nosllay | DOF  1Xklls oy okl
1 12545 0.303810 0.436148 | 12545  0.303812 0.436148
2 12545  0.538603  0.0515985 | 12455  0.538610  0.0515969
3 12545 0.644775 0.0238922 12270 0.644791 0.0238912
4 12545  0.679861  0.00899946 | 12148  0.679884  0.00900023
5 12545 0.699991  0.0030076 | 12221  0.699995  0.00300568
6 12545 0.706117 0.00122848 11922 0.706088 0.00122468
7 12545 0.710498  0.00060155 | 11356  0.710420  0.000597781
8 12545  0.713933  0.000249875 | 11048  0.713821  0.000248304
9 12545 0.715233 7.66FE — 005 | 10260 0.715206 7.84F — 005
10 12545  0.715280  7.73E —006 | 8597  0.715373  1.28E — 005
15 12545  0.716324  8.05E —005 | 7173  0.716518  7.86E — 005
20 12545 0.716349 4.44F — 007 6705 0.716607 1.37FE — 006
25 12545  0.716351  3.57E —006 | 6173  0.716648  3.66E — 006
30 12545  0.716352  2.64E — 008 | 6223  0.716671  2.24E — 007
35 12545 0.716352 1.81F — 007 5975 0.716692 2.17F — 007
40 12545  0.716352  1.60E —009 | 5818  0.716718  5.62E — 008
45 12545  0.716352  9.75E —009 | 5577  0.716743  3.75E — 008
50 12545 0.716352 9.77TFE — 011 5617 0.716971 1.94F — 008
55 12545  0.716352  5.48E —010 | 4933  0.716994  1.28E — 008
60 12545  0.716352  6.02E — 012 | 4860  0.717653  7.59E — 009
65 12545 0.716352 3.16FE — 011 3299 0.717673 5.19F — 009
70 12545  0.716352  3.72E—013 | 3179  0.717970  3.19E — 009
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6.2.2 Newton-Kleinman algorithm

In this section we solve the regular optimal control problem corresponding to our example
using the Newton-Kleinman algorithm (Algorithm 5). Although we proved monotonicity
and convergence of the Newton-Kleinman iteration for bounded control operators (see
Theorems 5.8 and 5.9), in this example we show the applicability of the algorithm even
for the case where the control operator is unbounded. In fact, we will illustrate in this
example that the sequence of operators produced by the Newton iteration is monotone
and converges quadratically to the Riccati operator (6.7). As we showed in Chapter 5,
at each step of the Newton-Kleinman iteration, one needs to solve a Lyapunov equation
of the form (5.5). We solve this Lyapunov equation by applying the ADI method (see
Algorithm 6). Hence, we refer to our implementation as the “Newton-ADI” method (see,
e.g., [6]).

Throughout this section we use the first set of shift parameters from Section 6.2.1.
These shift parameters are calculated a priori by employing the Penzl’s heuristic procedure
as explained in Part I of Section 6.2.1. In addition, we make use of the same finite element
space, quadrature rule, preconditioner, and solver, as we did in Part II of Section 6.2.1.
Hence, to avoid repetition, we mainly focus on those features which are exclusive to the
Newton iteration. Nevertheless, to ensure consistency of our presentation, we recall some
important implementation aspects of the ADI algorithm from the previous section. More
details on the implementation of the Newton-ADI iteration in our example are included
in Section A.3 of the appendix.

Now let us observe the first Newton iteration for our example: Let A and C be the
operators given by (6.4) and (6.5), respectively. The first iteration is to solve the Lyapunov
equation (5.5) with £ = 0. By making the initialization Xy = 0 we obtain

A*X) + X1 A+ C*C =0, (6.16)

for some X; € L(Z"). Since A generates an exponentially stable semigroup T, it follows
from Theorem 2.21 that X; = ¥*WV is the unique solution of (6.16). Furthermore, since
operators A and C' satisfy the assumptions of Theorem A.4, we conclude that the output
map ¥ is Hilbert-Schmidt, i.e., ¥ € Sy(2, L?(0, 00; %)). Therefore, there holds

X) = U0 € §(2).

Now it follows from Theorem 5.8 that the sequence of observability Gramians produced
by Algorithm 5 satisfies
X < Xgy1 < X, VkeN.

Since X; € 8§1(27), the min-max-Theorem of Courant-Fischer [47, Section 7.5] gives rise
to
X 651(%), VEkeN, (6.17)

and one can expect convergence of this sequence to the Riccati operator X in the nuclear
norm, as shown in Theorem 5.9.

In order to approximate X, we apply the ADI method in Algorithm 7. This algorithm
is an adaptation of [41, Algorithm 1] to our setting. Note that this is equivalent to
choosing B = 0 in Algorithm 1. Since X is nuclear, it follows from Theorem 4.22 (see
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Algorithm 7 ADI iteration for Lyapunov equation (6.16).

Input: The generator A of a bounded strongly continuous semigroup T, an infinite-time
admissible observation operator C' € L£(27,% ), and shift parameters aq, o, ..., a;, € C,
with Re(a;) > 0.

Output: S° := S;, € L(Z, %), such that )?'1(16) = (SO)*SO ~ X1, where X, is the
unique solution of the Lyapunov equation (6.16).

1: Vi = (ol — A*)"1C*

2: 81 = \/2Re(a1) - Vy'

3: fori=2,3,...,ig do

4: Vi=Vieg — (i +a21) - (ool — A*) 71V
5. Si=[Sii, V2Re()- V]’

6: end for

also Theorem 5.13) that the approximation of X; by Algorithm 7 converges in the nuclear
norm.

As we have already stated in Section 6.2.2, since the output space is one-dimensional
(i.e., # = C), operators V; calculated by Algorithm 7 satisfy v; := V; € L?(Q). Since
A* = A and C* = B, Step 1 in Algorithm 7 can be written as

v = (a1I — A)le,

and is therefore equivalent to solving the boundary value Helmholtz problem (6.12). Simi-
larly, calculating 9; := (a1 —A*)~1v;_1 in Step 4 of Algorithm 7 is equivalent to solving the
inhomogeneous boundary value Helmholtz problem (6.13). Eventually, we can determine
v; via (6.14).

Operator SY generated by Algorithm 7 approximates the output map ¥ corresponding
to the pair (A, C) and we have

vao) = (SO)* SV~ Xy,

where X is the unique solution of (6.16) and iy denotes the number of iterations performed
by Algorithm 7. In our example, since B* = C' € L(.Z", C), we can define the approzimated
feedback operator at the first Newton iteration by

Fo=BX" e 0.

For the rest of the iterations, we proceed as follows: For k& € N, let )Z,gik*l) = (Sk_l)* Sk—1
and f’k = B*)Z'Igzkfl) be the operators generated by applying Algorithm 6 at the k-th
Newton iteration. The (k + 1)-st Newton iteration is to solve the following Lyapunov

equation
Ap X + X1 Ax + (CF%)" G118 =0, (6.18)
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for Xp11 € L(Z7), where

~ C
A = A — BF O =< |.
k k> k B,
To solve (6.18), we apply Algorithm 6 to approximate the output map \Ilzug generated by
the pair (Ag, C;"%). From (6.17) we know that Xj41 € Si(£7). Hence, it follows from
Theorem 5.13 that the approximations of X1 by Algorithm 6 converge in the nuclear
norm.

Proposition 6.6. Let (A, B, C) be the triple of operators corresponding to equations (6.1)
~ (6.3) defined in Section 6.1. Let V¥ be the operators generated by Algorithm 6 applied
to the Lyapunov equation (6.18). Then, operators Vzk have the structure

Vk:|:vk y.ﬁk:|, i=1,2,... 1,

? i )

k

where v; ,vZF k€ L?(Q) are determined recursively by

k ﬁk k bl k k le
[01 v1}: vl_f11+c’f fl_fll_i_c,1C )
(6.19)

[Uf vZF’“} = [vf_l vZ-F_’“l] — (i + 1) - [@f ﬁZF’“} 5 1=2,3,..., 0.

The recursive formula (6.19) is evaluated as follows:

(i) The function ff € L*(Q) is the solution of the following boundary value Helmholtz
problem:

ar- fRE) - AfFE) =F;,  €€Q,
v(©)TV &) + aff(§) =0, € €09,
where
by := B*v; € C, ¥ = B*ff eC.

(is) The functions ¥ and ﬁf’“ in (6.19) are determined recursively by

k k k by 1
k- i
Uy = Vi1 [ 1_|_ f,
_ (6.20)
_ BFk
oFe — gl _ gk Vil
7 i—1 1 1+ i'g’
where
b =B, ec, bk =Bk ec, J&F=BffecC. (6.21)

The functions oF |, 1751’“1, and fF in (6.20) are the solutions of the following boundary
value Helmholtz problem: Find w € L*(Q), such that

ai - w(§) — Aw(§)
v(€)TVw(E) + aw(E) =

v, £eq
(6.22)

&€ 09,
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with the corresponding right-hand side function © € L*(Q), © € {vfﬁl,vﬁcl,ﬁ:}.
More specifically,

e w=7F | corresponds to the right-hand side function ¥ = v¥ |,
o w= 17Z-F_’“1 corresponds to the right-hand side function v = viF_kl,
o w= fzk corresponds to the right-hand side function U = ﬁ,j

Proof. The first Step in Algorithm 6 is to solve
V= (anl = A7) 71 (C%)" = [(aal — 47)7'C" (o] — A7) 'Fy|. (6.23)

We define

o = (n I — Ap)7IC, wlh = (agd — AL)TUEY.
Since~the input and output spaces are one-dimensional (i.e., = # = C), there holds

oF, Ufk € L*(2). For the resolvent operator (a1l —A;)~!, we use the generalized Sherman-

Morrison-Woodbury formula (Theorem A.1) to obtain
(] — A5 = (an] — A* + FyB*)!
~ ~ -1
- (1 — (ay] — AN UEY <I + B*(ail — A*)*lF,j> B*) (anl — A1,

F,

As a result, the functions v¥ and v} " can be determined by

k $\—1 7% * $\—1 7% -1 * *\—1 vx

o = (1 - (aqI — A7) Fk(1+B(a1[—A) Fk) B* ) (anI — A*)~Lc,
(6.24)

= ~ ~ \ —1 ~

vl = (1 — (oI — ARy (1 + B*(ay ] — A*)*lF,:> B*) (nI — A" 7LEL.

Hence, in order to find vf and vf ¥ we require the following two ingredients:

o vy = (a ] — A*)~1C* € L?(Q), which has already been computed at the first Newton
iteration and does not need to be computed again.

o fF=(ail— A*)_lﬁ,:‘ € L%(Q), which is the solution of the following boundary value
Helmholtz problem:

ar- fE— AR =F;,  €eq,

VTV +aff(©) =0,  ¢eon. (6.25)

Consequently, we have

~ ~ \—1
ok — (1 — (] — AY)LEY (1 + B*(anl — A*)*lF,:) B*) (an] — A)~Lo*

1 *
BU1

— o=t (1+Bff)

b
k 1
:Ul—f1m;
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with
by:=Bv€C, cf:=BffeC.

Similarly, we obtain
= ~ ~ \ —1 ~
o = <1 — (o — A*)7LEY (1 + B (ay] — A*)—lF,;*> B*> (anl — A*)"LEr

-1
=St rr (et Bt
o

14

=fi-fi

From the above observations, we conclude that V¥ in (6.23) can be determined by solving
(6.25) for f and subsequently applying the formula

b1 fk_fk C’f
1+ck 1 ek

V=t o] = [vl - fi (6.26)
For i = 2,3,4,..., i, operators V¥ are determined recursively by Step 4 of Algorithm 6,
namely,

VFE=VF = (i + @) - (] — A7)V (6.27)

(2

In view of (6.26) it is reasonable to make the ansatz

vk = [Uk U.fk} . (6.28)

K3 (2

By substituting (6.28) in (6.27) we obtain

[vf UZFk} = [vffl vfi’“l} — (0 +@o1) - (ol — Ap) ™ [Uffl Ufkl] .
We define -
f}f = (oI — AZ)_lvf_p ok = (oI — AZ)_lvﬁl.

Similarly to Step 1 of Algorithm 6, we apply the Sherman-Morrison-Woodbury formula

(Theorem A.1) to the resolvent (c;I — A3)~! and obtain

~ ~ \ —1
ok = (1 — (il — ANV Fy (1 + B*(oul — A*)‘lF,j) B*) (ol — A*) "ok |,
(6.29)

~ N -1 ~
oFe — <1 — (o4 — A*) 1Y (1 + B*(ai] — A*)—IF,;*) B*> (i — Ay Lol*

2

As a result, we need the following three ingredients to determine @f and @iF k.

0y = (oul — A"y € L (),

5% = (ol — ANl e L2(Q),

IF = (il — AVF € LX(Q).

)
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The functions #F ,, ﬁiFfl, and fF are the solutions of the following boundary value Helmholtz

problem: Find w € L?(€), such that

a; - w(§) — Aw(f)
V(&) Vw(§) + aw(§) =

v, €€,
(6.30)

£ €09,
with the corresponding right-hand side function @ € L%(Q), © € {vf_l,vf_’“l,ﬁ v}, Alto-
gether, we obtain

-1
@f = 775—1 - fik (1 + B*fik) B*f)zk—l

~k k
=01 — f;

biy
14 ck’

)

~ -1 ~
o =l — (1 BE) By

F, k BEkl
= 6zj1 - fz = )
1+¢
where we have defined
=Bk, ec, B =Bt ecC,  di=Bffec
i—1 U’L—l y i—1 Ui*l s CZ = 4 .

k

As a result, in order to determine V¥ = [v}

Helmholtz problems (i.e., equations (6.30) with the right-hand sides ¥ € {vF |, vfi’“l, F b

UZ-F *], one has to solve three boundary value

to find the functions oF |, 175’“1, f¥ and then apply the recursive formulas (6.20) and
(6.19). O

Remark 6.7. By applying the Sherman-Morrison-Woodbury formula (Theorem A.1) in
Steps 1 and 4 of Algorithm 6 (see, in particular, equations (6.24) and (6.29)), we can
preserve the sparsity pattern of the finite element discretization of operator A in all Newton
iterations. This reduces the computational costs of our algorithm significantly.

We solve the obtained sequence of boundary value Helmholtz equations by applying
the adaptive finite element method. Similarly to Part II of Section 6.2.1, we start the
iterations by refining the mesh 6 times globally (cf. Figure 6.1) to obtain 12545 degrees of
freedom. To adaptively refine/coarsen the mesh, we use an error estimator based on the
discrete approximation of Vo, (cf. Section A.1.1), where ¥y, is the solution of (6.22) with
the right-hand side function v = vll-il. Our mesh adaptation strategy is based on the bulk
criterion (cf. Section A.1.2) with

r=0.02,  c=0.0l.

Algorithm 6 generates an approximation of the augmented output map W;"®. If S
denotes an approximation of \I/Zug, then we have

X\ = (%)%~ X,
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where X1 € L(Z) is the solution of (6.18) and i denotes the number of iterations
performed by Algorithm 6. Since B* = C € L(Z, C), we define the approzimated feedback
operator at the (k + 1)-st Newton iteration by

Fr1 = B* X € £(2,C).

More details on the approximation of the feedback operator ﬁk are presented in Sec-
tion A.3. Figure 6.9 shows the approximated feedbacks Fj ; and Fj 7 generated by the
Newton-ADI method in our example.

(a) Fna (b) Fiz

Figure 6.9: Approximated feedbacks ﬁhJ and ﬁh,? generated by the Newton-ADI method.

We use the a posteriori stopping criterion (5.71) for Algorithm 6: For i € N, i > 2, let
v (1)
Xk+1 .
that X ,iz)rl € S1(Z7). Hence, we can use the following a posteriori relative stopping

criterion:

be an approximation of X 1. Since Xp1q1 € S1(2), it follows from Theorem 5.13

1)
Kk — H
SSEES v

Kadi = (631)
HXW ls.cr
To compute K,q4;, we observe that
HXI?—H kl-i-ll)‘ = 2Re(w) ‘ (Vzk> ' v
81(%) Sl(WX%) (632)

= 2Re(ay;) trace [(Vlk)* Vzk} .
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Because of
(V) W= [or o] ot of] = |

with v¥, vf* € L2(Q), there holds

17 7

S0 1) _ NI Fel]?
HXk‘H X1 HSl(%) = 2Re(ai) [ Yi L2(Q) ‘ L L2(Q):| '
Similarly, we have (see also (5.72))
KO = trace [X0] = S 2meta) [[o6, + oL ] 639
Fls ) k+1 = I 2 @) I PRI09)

At each Newton iteration we terminate Algorithm 6 whenever we reach K,q; < 10711,
Figure 6.10 shows the sequence of adapted degrees of freedom and a posteriori relative
stopping criteria (K,q; as in (6.31)) for the first three iterations of the Newton-ADI method.

To illustrate monotonicity of the Newton-Kleinman iteration (Theorem 5.8), at each
Newton iteration we observe the nuclear norm of )A(:k =X ,Ezk’l) (the approximation of X}
generated by Algorithm 6, where we drop the index i;_; for simplicity). These values are

depicted in Figure 6.11. From this figure we see that

, VEkeN,

HX"C“‘ 51(2)

%

<]
Si(Z)

which is consistent with Theorem 5.8. Furthermore, we can determine an approximation
for the nuclear norm of the Riccati operator (cf. Theorem 5.9):

X|le (o ~ H)? H — 0.716532,
Xl ~ | %]

which is the same as the value obtained by the Riccati-ADI algorithm in the previous
section (see (6.15)).

We close this section by providing an efficient a posteriori relative stopping criterion
for the Newton iterations. We use the stopping criterion

[ Xk+1 — Xklls, (2) _ trace [Xpq1] — trace [Xj]
[ Xk+1lls,(2) trace [ X 1]

)

which can be approximated by operators X ke

trace [)?kﬂ} — trace [)A(/k}

Ky = , (6.34)

trace |:Xk+1i|

where the trace of X}, can be computed efficiently as shown in (6.33). Table 6.2 shows the
sequence of a posteriori relative stopping criteria K for the Newton iterations.
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Figure 6.10: Sequence of adapted degrees of freedom and a posteriori relative stopping
criterion (K ,q;) for the first three iterations of the Newton-ADI method.
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Figure 6.11: Nuclear norm of )?k

Looking at the values of K in Table 6.2, one observes the quadratic rate of con-
vergence for the Newton-Kleinman iterations, which we showed in Theorem 5.11 in case
of bounded control and unbounded observation operators. Our numerical example shows
that the Newton-Kleinman iteration may provide a quadratic rate of convergence, even in
case of unbounded control operators. As already stated in Section 5.4, we were able to
give a complete proof of convergence for the Newton-Kleinman iteration only in case of
bounded control operators. Proving the convergence of Algorithm 5 in case of unbounded
control operator is an open problem for our future research.

Table 6.2: Degrees of freedom (DoF) and the a posteriori relative stopping criterion (K
in (6.34)) at the end of each Newton iteration.

Iteration DoF Kk
0 12545 -
1 5975 1
2 5442 0.739965
3 4993 0.307568
4 4993 0.0418406
5 4993 0.000733626
6 4993 2.39101 x 1077
7 4993  3.3239 x 1074
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6.3 Singular linear-quadratic optimal control problem: pos-
itive real case

In this section we solve the positive real optimal control problem (cf. Section 3.6) for
the heat equation (6.1) with the Robin boundary control (6.2) and the boundary integral
observation (6.3) (see Section 6.1). In this case, the positive real optimal control problem
is to maximize for xg € 2

J(xog,u) = —2Re /000 y(T)u(r) dr, (6.35)

over all u € L?(0,00;%) subject to (6.1)-(6.3). We apply Algorithm 4 to solve this
problem and observe its expected performance in terms of monotonicity and convergence
behavior.

Part I:

In the first part of this section, we focus on an appropriate choice of the shift parameters for
Algorithm 4. To this end, we focus on the finite-dimensional positive real optimal control
problem (see [37]) and present an effective strategy for choosing the shift parameters.

We discretize the PDE (6.1) by applying a finite element discretization with uniform
square elements of maximal diameter h (cf. Figure 6.1). We define the subspace V}, C
H'(Q) using piecewise-linear basis functions. As a result, we obtain the finite-dimensional
dynamical system (6.10) with the state space dimension n. We note that the finite element
discretization was done using the C++ library deal.Il and the rest of the calculations in
this part were done using MATLAB 8.5 (R2015a).

Remark 6.8. The finite-dimensional positive real optimal control problem is to maximize
the cost function (6.35) subject to the linear system (6.10). The cost function (6.35) can
be characterized by (cf. Section 3.6)

J(z0,u) = (Exo, EX20) — || ¥=xo 4 F=ul?, (6.36)
with
X = ULz € CV

The matrix X € C™*" is the minimal solution of the positive real Lur’e equations

A*XE + E*XA=—-CiCx=,
B*XE - C = —D=Cx, (6.37)
0=—|D=|*.

with Cz € CY*" and Dz € C. Tt follows from (6.37) that Dz = 0.

Remark 6.9. We consider the finite-dimensional version of Remark 3.13.a for the linear
system (6.10) (recall that in our example we have % = # = C). It follows from (6.36)
that the optimal cost

sup  J(zo,u) = (Exg, EXx0)
u€L2(0,00;C)
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holds true, if and only if,
FzuP* + Uzzg = 0, (6.38)

for some u°Pt € L?(0,00;C). If F= € £(L?(0,00;C)) is outer (i.e., F= has a dense range),
then there exists a solution to (6.38). It follows from (6.10) and (6.38) that there exists
some z : [0,00) — C" such that the differential-algebraic equation

E 0[] _[A B] [« i
is fulfilled for Cz € C™*™ and D= € C. By a transformation of the matrix pencil

[SE —4 _B] , (6.39)

—-Cz  —D=

into the Kronecker form (see [21, Chap. XII, §7]), we can conclude that x and u can be
expressed by sums of exponential functions of type

l )4
2(t) =D pr(t)e ™, u(t) = pp(t)e M, with £ <n+1, (6.40)
k=1 k=1
where p1,...,p¢ and p1,...,pp are vector-valued complex polynomials, and the pairwise
distinct numbers Aj,..., \; are the generalized eigenvalues of the pencil (6.39). By using

the three equations in (6.37), we obtain the deflating subspace relation

0 -sE+A B XE 0 —1I 0
sE—A -—-B
sE* 4+ A* 0 —C* I 0| =|E*X C%
_— —CE —D=
B* -C 0 0 I 0 D=

Hence, it follows from [48, Theorem 5.1] (see also [37, Remark 2]) that the generalized
eigenvalues of the pencil (6.39) (denoted by Ai,...,\¢) are the negatives of the stable
generalized eigenvalues of the even matriz pencil

0 -sE+A B
s€ — A= |sE*+ A* 0 —-C*|. (6.41)
B* —C 0

We will make use of this fact to improve the numerical performance of our implementation
by making a suitable choice of the shift parameters.

We refine the mesh 5 times globally (cf. Figure 6.1). As a result, we obtain 3072
(active) cells with 3201 degrees of freedom (for piecewise-linear basis functions). We
find an approximate solution X € C"*"™ of the positive real optimal control problem by
applying the matrix version of Algorithm 4 (see [37]), where we use the modifications
proposed in Remark 6.5 (see also [34, Remark 3.3]), which allow computations without
explicit inversion of F. In addition, in Steps 6 and 7 of Algorithm 4, we do not need to
compute the expression Q;(L; ®I,,), because we compute it once in Step 14 of Algorithm 1.
In fact, we just need to access the last p rows of the matrix F; in order to obtain the value
of Q;(L; ® Iy,) (cf. Remark 4.30).
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The choice of shift parameters has a major effect on the convergence speed of the
ADI algorithm. In our example, we propose the following strategy for choosing the shift
parameters, which is motivated by Remark 6.9:

(i) We generate a set of 30 shift parameters by applying Penzl’s heuristic procedure [44]
on negatives of the stable eigenvalues of the even matrix pencil (6.41). In order to
approximate the spectrum of this even matrix pencil, we calculate 450 Ritz values
using the shift-and-invert Arnoldi process [53, Section 8.1.3] with the shift o = 1.
The Arnoldi process is initialized with a random vector in R™. The computation
time of these shift parameters for the state-space dimension n = 3201 is about 58
seconds.

(ii) We add a large real shift parameter of order 10'2 to the set of shift parameters
from (i) and consider it to be the first parameter of the set. We use this large
shift parameter just in the first iteration of Algorithm 4 and do not repeat it in the
further iterations. The reason for adding a very big shift parameter can be explained
as follows: Since in the positive real case, the Popov function has a zero at infinity,
a delta impulse will occur in the optimal control. The Takenaka-Malmquist basis
function corresponding to a big shift parameter should suitably approximate the
behavior of this delta impulse.

(iii) We sort the obtained 31 shift parameters from (i) and (ii) in an increasing order with
respect to the values of their real part in order to obtain a smooth convergence for our
algorithm. We perform 31 iterations of Algorithm 4 using these shift parameters.
At each iteration, we observe the relative residual norm of the positive real Lur’e
equations (6.37) using the approach proposed in [45, Section 6]. Subsequently, we
extract a subset of 10 shift parameters which provide the highest reduction in the
value of the residual norm. These parameters are then re-used every 10 iterations.

Figure 6.12 shows the relative residual norm with respect to the iteration for the state
space dimension n = 3201 with the above choice of shift parameters. With a tolerance of
10~13 on the relative residual norm, our choice of shift parameters leads to convergence
in 31 iterations. We note that the execution time of the ADI algorithm for this example
(including the computation of the relative residual norm at each iteration) is about 188
seconds for 100 iterations.

Remark 6.10. In the example considered in this section the spectrum of the even ma-
trix pencil (6.41) consists of only real values. If the spectrum was complex, containing
eigenvalues with widely varying real and imaginary parts which dominate the behavior,
then the selection of shift parameters would become a more delicate task. For example,
see [37, Section 5], where the authors considered a convection-diffusion equation with the
same boundary conditions as in (6.2) and (6.3). The authors illustrated that for convec-
tion dominated problems, an inaccurate choice of the shift parameters may result in a slow
convergence of the ADI algorithm.

Part II:

In the second part of this section, we use the shift parameters obtained from Part I to
show monotonicity and convergence of the ADI algorithm for the positive real optimal
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Figure 6.12: Relative residual norm of the positive real Lur’e equations (6.37) for the
approximate solution Xj obtained by the matrix version of Algorithm 4 with the state
space dimension n = 3201.

control problem. We note that Algorithm 4 requires the execution of Algorithm 1 in order
to approximate the output map ¥ and the input-output map F. As we have already
discussed in Part II of Section 6.2.1, Steps 1 and 7 in Algorithm 1 require the solution of
boundary value Helmholtz problems (6.12) and (6.13), respectively. These equations can
be solved efficiently by applying the adaptive finite element method. We use the same
setting as in Part II of Section 6.2.1 in terms of the finite element space and the adaptive
solver. Hence, to avoid repetition, we just focus on the differing attributes of Algorithm 4.

In order to illustrate monotonicity of the ADI iteration (cf. Theorem 4.29), we observe
the nuclear norm of X, = Sé,ksak at each iteration of Algorithm 4. The recursive
structure of Sz j allows us to compute the nuclear norm of X}, efficiently. In fact, because
the input and output spaces are one-dimensional (i.e., # = % = C), we have vy : =V}, €
L?() for all k € N, and Steps 3, 9, and 10 of Algorithm 4 give rise to

S;yk:[sl S2 ... Sk],

where the functions s; € L2(2), i = 1,2,..., k, are determined recursively by

81F571 = \/2R€(O¢1)U1,
siF=22,; = \/2Re(a;)v; — SZ ;1 F=12-

As a result, the nuclear norm of Xj, = SZ, Sz can be computed efficiently by

k
1Xklls, (2 = trace [SExS=x] = Y llsjll720 - (6.42)
j=1

Figure 6.13 shows the nuclear norm of X at each iteration of Algorithm 4. From this
figure we observe that

1 Xklls, 2y < 1 Xkwills, 2y, VEEN,

142



6.3 Singular linear-quadratic optimal control problem: positive real case

which is consistent with Theorem 4.29. Moreover, our calculations give an approximation
for the nuclear norm of X = ViWz € L(Z) (cf. Theorem 4.29):

1X I, (2 ~ 2.226080.

We close this section by proposing the following computationally efficient a posteriori
relative stopping criterion for Algorithm 4:

2
[ Xk1 = Xills, () trace [Xpa] — trace [Xi]  [Is6llZ2(q)
[ Xkr1lls, (2 trace [Xp 1] >t Isilia 0

Cpr :=

Figure 6.14 shows the value of Cp, at each iteration of Algorithm 4.

24

22 r

Nuclear norm of Xk
(2]

. . . . . . . .
0 5 10 15 20 25 30 35 40
Iteration

Figure 6.13: Nuclear norm of Xj.
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Figure 6.14: A posteriori relative stopping criterion (Cp,) for Algorithm 4.

143






Chapter

Summary and outlook

Change is the law of life. And those who look only to the past or
present are certain to miss the future.

—John F. Kennedy
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Summary and outlook

7.1 Summary and conclusions

The purpose of this PhD project was to develop two main algorithms for solving the linear-
quadratic optimal control problem of externally stable well-posed linear systems, namely,
the ADI method and the Newton-Kleinman iteration. These algorithms were the main
contribution of this dissertation and were presented in Chapters 4 and 5. Furthermore,
applicability and performance of these algorithms were illustrated by means of numerical
examples arising from a two-dimensional heat equation with Robin boundary control and
boundary integral observation (Chapter 6).

In the first part of Chapter 4 we proposed an extension of the ADI iteration to solve the
regular linear-quadratic optimal control problem. This algorithm is called the Riccati-ADI
method. We established a connection between this algorithm and the underlying linear-
quadratic optimal control problem (Theorem 4.11). We assumed that ¥ = (T, ®, ¥, F)
is a stable weakly regular linear system (cf. Definition 2.6.b), so that the output map
¥ and the input-output map F are bounded. This allowed us to apply an explicit for-
mula for the solution of the linear-quadratic optimal control problem in terms of ¥ and
F (Proposition 3.2). The link to the optimal control problem was established by consid-
ering a sequence of subspaces of L2(0,00). For these subspaces we chose the Takenaka—
Malmquist basis (Definition 4.1), which allowed us to construct projections of the output
map ¥ and the input-output map F (Algorithm 1). The sequence of subspaces is deter-
mined by the choice of shift parameters. We proved that the sequence of approximate
solutions calculated by the Riccati-ADI algorithm is monotonically non-decreasing (Theo-
rem 4.21). Furthermore, if the shift parameters satisfy the non-Blaschke condition (4.79),
then the approximate solutions converge to the Riccati operator (3.10) in the strong oper-
ator topology. In addition, if the Riccati operator is of Schatten class (compact), then the
convergence holds even in the Schatten norm (uniform operator topology). If the input
and output spaces are finite-dimensional (i.e., Z = C™ and % = CP for some m,p € N),
then the Riccati-ADI algorithm provides approximate solutions in low-rank factored form.

In the second part of Chapter 4 we turned our focus to the singular linear-quadratic
optimal control problem in the bounded real and positive real case. We showed that
the ADI method can be applied to find approximate solutions of these singular optimal
control problems (Algorithms 3 and 4). Following [15], we worked on the class of strongly
stable weakly regular linear system (cf. Definition 2.6.c). Moreover, we assumed finite-
dimensionality of the input and output spaces (which is justified in the actual applications).
In this case, the ADI algorithms provide approximate solutions in low-rank factored form.
This means that these algorithms produce sequences (Xji)ren € L(Z") of approximate
solutions of the form X = R Ry, for some Ry, € L(Z, Cek), with small £;. In order to
show convergence of the algorithms, we established a connection to the projected versions
of the underlying singular linear-quadratic optimal control problem (Theorems 4.23 and
4.28). As in the regular case, we proved that the sequence of approximate solutions
is monotonically non-decreasing. If the shift parameters are chosen appropriately, the
sequence converges to the solution of the singular optimal control problem in the bounded
real and positive real case.

Chapter 5 dealt with an extension of the Newton-Kleinman iteration [29] to infinite-
dimensional spaces. We proposed an extension to solve the regular linear-quadratic opti-
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mal control problem subject to regular linear systems which have regular dual systems.
The reason for this restriction is that weak regularity is not preserved under feedback (see
for example [58, Remark 7.5.4]). Moreover, because the dual of a regular system is not
necessarily regular (unless the output space is finite-dimensional), we needed the extra
assumption of regularity also on the dual system. Algorithm 5 presented our extension
of the Newton-Kleinman iteration. This algorithm constructs a sequence of infinite-time
observability Gramians to approximate the Riccati operator (3.10). These Gramians have
finite rank, if the input and output spaces are finite-dimensional. Inspired by [70, Section
8], feasibility of iterations was shown with the help of an interconnection of the system
with its anticausal dual (Theorem 5.3). In addition, we established a direct connection
between the Riccati operator (3.10) and the infinite-time observability Gramians gener-
ated by Algorithm 5. By assuming strong stability of the semigroup and boundedness
of the control operator, we proved monotonicity and convergence of our algorithm to the
Riccati operator (Theorems 5.8 and 5.9). If additionally, the first iteration of the Newton-
Kleinman iteration is of Schatten class (compact), then the convergence holds even in
the Schatten norm (uniform operator topology). Moreover, the quadratic rate of conver-
gence of the Newton-Kleinman iterations was proven under the additional assumption of
exponential stability of the semigroup. The results presented in Chapter 5 extend those
of [12], which were developed for the class of exponentially stable well-posed linear sys-
tems with bounded control and observation operators. The presented numerical example
in Section 6.2.2 suggests that it is even possible to apply Algorithm 5 in case of unbounded
control operators. The proof of convergence in this case requires more investigations and
is left as an open problem (see Section 5.3.1 for a potential idea).

The two algorithms given in this dissertation are developed for the class of well-posed
linear systems. If these systems arise from abstract formulation of partial differential equa-
tions, then our algorithms allow us to find approximate solutions to the linear-quadratic
optimal control problem using the approach “optimizing-then-discretizing”. In Chapter 6,
applicability and performance of our algorithms were illustrated by means of numerical
examples arising from a two-dimensional heat equation with Robin boundary control and
boundary integral observation. Section 6.2 focused on the regular linear-quadratic opti-
mal control problem. The Riccati operator (6.7) associated with our example satisfies the
assumptions of Theorem A.5 and is therefore nuclear (Remark 6.4).

In Section 6.2.1, approximations of the Riccati operator (6.7) were obtained via the
Riccati-ADI algorithm. In the first part of this section we focused on the choice of shift
parameters. We showed that if the shift parameters do not satisfy the non-Blaschke
condition (4.79), the Riccati-ADI method may converge to an operator which is not the
correct approximation of the Riccati operator (6.7) (see Figure 6.2). In the second part of
this section monotonicity and convergence of the Riccati-ADI algorithm were illustrated
by observing the nuclear norm of the approximate solution at each iteration (Figure 6.7).

Section 6.2.2 dealt with the approximation of the Riccati operator (6.7) via the Newton-
Kleinman iteration. At each Newton iteration, we solved the respective Lyapunov equation
by adapting the ADI method from [41] to our setting (Algorithm 6). Hence, we referred
to our method as the “Newton-ADI” iteration. Monotonicity and (quadratic rate of)
convergence for the Newton iterations were illustrated by observing the nuclear norms of
the approximate solutions (Figure 6.11 and Table 6.2).
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Section 6.3 demonstrated an application of Algorithm 4 to solve the singular linear-
quadratic optimal control problem in the positive real case. In the first part of this section
we proposed an effective strategy for choosing the shift parameters. The shift parameters
were obtained by applying the Penzl’s heuristic procedure [44] on negatives of the stable
eigenvalues of the even matrix pencil (6.41). The second part of Section 6.3 illustrated
monotonicity and convergence of the approximate solutions produced by Algorithm 4.
This was obtained by observing the nuclear norm of the approximate solution at each
iteration (Figure 6.13)

All the algorithms applied in Chapter 6 required numerical solutions of a sequence of
Helmholtz equations, which were solved efficiently by employing an adaptive finite-element
solver. Section 6.2.1 provided the most important aspects regarding our implementation
of the ADI algorithm. The efficiency of applying an adaptive finite-element solver was
shown by comparing the results with the case of a fixed mesh (Table 6.1).

7.2 Future research perspectives

The work presented in this dissertation opens the path to a wide range of future research
perspectives. Without attempting to give a complete overview, we mention several possi-
bilities for extending the work in this thesis.

e The choice of shift parameters is essential for the speed of convergence in the Riccati-
ADI algorithm. In [34, Section 3.2] it is stated that a choice based on the stable
eigenvalues of the Hamiltonian

A —BB*
"= [—C*C’ A ]

is effective. However, the efficient numerical computation of dominant stable eigen-
values of a Hamiltonian matrix seems not to have been explored so far. The Riccati-
ADI method would be an application for this research area.

e In our numerical examples we calculated the shift parameters a priori (before starting
the ADI iteration). In case of adaptively refined meshes, it might be reasonable to
make a posteriori choices of shift parameters. The self-generating shift parameters
as proposed by [7] is worthwhile to investigate for our examples.

e As we have shown in Section 6.3, an effective choice of shift parameters for Algo-
rithm 4 can be made according to the generalized eigenvalues of the even matrix
pencil (6.41). Nevertheless, selection of (sub-)optimal shift parameters in this case
remains an open problem.

e In Chapter 6 we worked with suitable approximations of boundary value Helmholtz
equations arising from ADI iterations. As a result, our approach could be referred to
as inexact ADI iteration [41]. Providing an error analysis for inexact ADI iteration
(as in [41, Section 5]) would be an interesting topic for further research.
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7.2 Future research perspectives

e A distinct advantage of our algorithms is the possibility of using adaptive refinement
techniques. To ensure convergence to correct solutions, one needs to choose accurate
error estimators as well as appropriate mesh adaptation strategies. In fact, making
inaccurate choices may slow down or destroy convergence of the resulting approxi-
mations. These aspects require more investigations in our implementations and are
left as open problems.

e Monotonicity and convergence of the Newton-Kleinman iteration were proven in
Section 5.4 by assuming boundedness of the control operator and strong stability of
the semigroup. Convergence of Algorithm 5 in case of unbounded control operators is
an open problem for our future research. It seems that Section 5.3.1 is an appropriate
way of looking at this problem, because it is independent of the Lyapunov equation
(5.5) and one does not require the characterization of D(Ay).

e In this work we considered exclusively the class of well-posed linear systems. How-
ever, there are important input-state-output systems that do not belong to the class
of well-posed linear systems. A particular example of such a system is the heat equa-
tion with Dirichlet control and Neumann observation [43]. It would be interesting
to investigate the extension of our algorithms to non-well-posed linear systems.
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Appendix

Life is found in the dance between your deepest desire and your
greatest fear.

—Tony Robbins
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A.1 Error estimator and mesh adaptation strategy

In this section we present an error indicator and a mesh adaptation strategy that are used
in numerical simulations of Chapter 6. The material presented in this section are mainly
from [3-5] and we refer to these references for more details. We start by defining the
notation used in this section.

Assume that 7, is a decomposition of the d-dimensional domain  C R¢ into cells K
(e.g., triangles or quadrilaterals in R?) of maximal diameter h. Let P(K) denote a suitable
space of ploynomial-like functions defined on the cell K € T;. For a Hilbert space V, we
define the finite element subspaces V, C V by

Vi={veV:vgePK), KeT,}.

For a function v € V, we denote its approximation on the finite-dimensional subspace
Vi, CV by up € Vj,.

A.1.1 Error estimator based on a discrete approximation of the gradient

We present an error indicator that is based on the discrete approximation of the gradient.
This error indicator is taken from [4, Tutorial programs, Step 9].

For any cell K € T, we denote its adjacent cell by K’. We connect the centers of K
and K’ by the vector yg g, e.g., as depicted in Figure A.1.

K/
: YKK'
: _
VK’ K K’
E K/ :

Figure A.1: Connecting the centers of two adjacent cells K and K’ by the vector y k.

The directional derivative of a function u € H'(£2) on the cell K can be approximated
by

., K') —u(K
Iy kK| heed

where u(K) and u (K’) denote the evaluation of the function u € H'(£2) at the center of
the cells K and K'. Multiplying (A.1) by yKiKi and summing over all neighboring cells

e d
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A.1 Error estimator and mesh adaptation strategy

K’ of K result in

Vx| Vx|

YKK’Y%K/> vy [u(K') — U(K)]_
(S vums

If the cell K has neighbors in all directions, then the vectors y ki span the whole space
Vi C HY(2). As a result, the matrix

oy
Yy — YKK'YKK

2
ey

is invertible and we have

eyl YK [U — u(K)]
v Z |YKK,‘2 . (A.2)

The approximation of the right-hand side in (A.2) on the cell K is denoted by Vju(K)
and the following error indicator will be used as refinement criterion:

i = W2 [V, (K))|.

A.1.2 Bulk criterion for the mesh adaptation

We review a mesh adaptation strategy from [3] and [5]. This mesh adaptation is called the
bulk criterion, which controls the total reduction of the error estimates on a given mesh
Th.

Let up € V, be an approximation of the function u € V' and define the approximation
error by e := u—uy. Let nx denote the local error indicator on the cell K (e.g., constructed
as in Appendix A.1.1) such that the following error estimate holds

lell 2 <n=> k.
KeTy

Let TOL denote a suitable tolerance for the mesh adaptation, that is
n < TOL. (A.3)

If condition A.3 is satisfied on the current mesh 7, then u;, € V}, is accepted as an
approximation to v € V and we are allowed to coarsen the mesh. Otherwise, we refine the
mesh so that condition A.3 is satisfied. Now the bulk criterion for the mesh adaptation
reads as follows:

(i) We order the cells on the current mesh 7, according to their respective local error
indicator ng:
My 2 NI 20 2 1K (A4)

where n € N is the number of cells on the current mesh.

(ii) Using the ordering (A.4), we define
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e 7: top fraction of cells to be refined

e c: bottom fraction of cells to be coarsened

(iii) We refine the smallest subset R C 7p, such that

7’77§ Z NK,

KeRCTy,

and coarsen the biggest subset C C T}, such that

c-n= Z NK-

KeCCTy

A.2 Woodbury formula

In finite dimensions the Sherman-Morrison-Woodbury formula (or just Woodbury formula)
reads as follows: Assume that the matrices A € C"*" and C € C*** are both invertible.
Let U € C"** and V € C**™, Then A + UCV is invertible, if and only if, C~' + VA~IU
is invertible. In this case there holds

(A+Ucv)yt=At— Ay ct+valu)~lval. (A.5)

Formula (A.5) says that the inverse of a rank-k correction of an invertible matrix A, can
be computed by the rank-k correction of A=!. In (A.5) if we replace C by —C~!, then
we obtain an expression for the inverse of the Schur complement (see, e.g., [14]). We refer
to [25] for a survey on the Woodbury formula and its applications.

The following Theorem gives the generalization of the Sherman-Morrison-Woodbury
formula to Hilbert spaces. This formula is used in the proofs of Proposition 3.4 and
Proposition 6.6.

Theorem A.1. [19, Theorem 1.1] Let 2" and % be Hilbert spaces. Let A € L(Z") and
G € L(¥) be both invertible and let Y, Z € L(#,Z"). Then A+ YGZ* is invertible, if
and only if, G™' 4+ Z*A7Y s invertible. In this case there holds

(A+YGz) P =Aa1-AWv(G@ 427 A7) 1 z2r At

A.3 Approximation of the feedback operator in the Newton-
ADI method

In this section we give more details regarding the implementation of the Newton-ADI
method for the example presented in Section 6.2.2.

Recall the first iteration of the Newton-ADI method in Section 6.2.2, in which an
operator SY is generated such that

X—fio) = (SO)* S~ Xy,

154



A.3 Approximation of the feedback operator in the Newton-ADI method

where X7 is the unique solution of (6.16). In our example, since B* = C' € L(Z",C), the
approximate feedback operator I satisfies

Fo=DB*X" e o2, ),
and can be calculated by

B =pB*x"

_ B*(S%)* 5"
2Re(a) (v1)*
=B [v1 va -+ v Ahe(o2) (va)
2Re(ajy) | | (vig)*
2Re(a) (v1)*
_[B'w Bw - Bu 2Re(az) (v2)*

Since B* = C' is a boundary integral operator, we have
B*v; z/vi(f) d¢ €C, i=1,2,...,10.
r

Let vp; be an approximation of v; obtained by the finite element discretization of the
Helmbholtz equations (6.12) and (6.13). Then,

n
Vpi = in,jgoj, Tij € C, w; € Vi, C HI(Q), 7=12,...,n, (A.6)
j=1

where n € N is the number of degrees of freedom (DoF) corresponding to the finite element
discretization. Consequently, we can calculate B*vy ; by

b = Brop, — /F oni(€) de = i, /F () de € C. (A7)
j=1

Let ﬁh,l denote the approximation of ﬁl. Then, we observe that

2Re(a) Vh 1
- 2Re(a vy
Fan= [0 8 - 10)] (@) %

20

2Re (o) | v 4, (A.8)

10
=2 Z Re(o;)b? - (P
i=1
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We note that if the functions vy, ;, i = 1,2, ..., 4g, are computed using adaptive mesh refine-
ments, then one has to interpolate all these functions on a unified mesh before computing
the feedback Fy in (A.8).

We can generalize the above calculations to all iterations of the Newton-ADI method:
Let S* denote the approximation of the augmented output map ¥}, generated by Algo-
rithm 6. Then,

X}iﬂ = ()% &~ Xpp,

where X1 € L(Z) is the unique solution of (6.18). Since B* = C' € L(Z,C), the
approximated feedback operator generated by the (k + 1)-Newton iteration satisfies

Fryr = B* X" € £(2,0).
The feedback ﬁk+1 can be calculated by
Fyp1 =B X,Ej’ii
2Re(a) (V1k)*

2Re(a VFy*
=B [VF VE o U (a2) . (2.)

i

From Proposition 6.6 we know that V* have the structure V;* = [vF viF *]. Since B* = C
is a boundary integral operator, we have

BV = [frvf(f) de [ o (e) dg} eC™,  i=1,2,...,0

Let vf , and vf’; be respectively the approximations of v¥ and v/* (see (A.6)) obtained
by the finite element discretization of equations (6.22) and a further application of the
recursive formulas (6.19) and (6.20) (see Proposition 6.6). Then,

n

n o~
_ Fr _
Vh,i = Yi,j¥5> Uhi = Zi,5Pjs
j=1

Jj=1

with y; ;,2:.; € C, ¢j € Vi, € HY(Q), for j = 1,2,...,n, where n € N is the number of
degrees of freedom (DoF) corresponding to the finite element discretization. We define

Vhﬁl = |:'U}k1f77: U}Z;’Z]
Consequently, we obtain
B := B*V)};
= [B*U}l:z’ B*vh J
= |:f Uh i dé- fp Uh i }
- Z (Wi [r0i(€) dE zij [rpi(€) dE] € T2
j=1
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Eventually, if ﬁh7k+1 denotes an approximation of ﬁk;_i'_l, then we observe that

2Re(a) _ (thﬁl)*_

~ 2Re(a (Vk )*
Furi1 = [BY B --- Bf] (02 . h_’z

K

2Re(a,) (th) |

—9 i Re(oi) B - (Vi) .

=1
A.4 Convergence of operator sequences

The results presented in this section are taken directly from [41, Appendix A]. Our purpose
is to simplify the referencing.

Theorem A.2. (see [50, p. 263]) Let 2" be a Hilbert space and (Xy)ren € L(Z) be a
sequence of self-adjoint operators such that Xy > Xgp41, for all k € N. Moreover, assume
that there exists some X € L(Z") such that X > X, for all k € N.

Then, there exists some self-adjoint operator )A(:NE L(Z) such that Xy > X > X, for all
k € N, and the sequence (Xp)reny converges to X in the strong operator topology, i.e.,

lim Xpz = Xz, Ve Z.
k—o0

Theorem A.3. (see [22, Theorem I11.6.3]) Let 21 and Z3 be Hilbert spaces, and let
I € L(Z1) be a sequence of self-adjoint operators converging in the strong operator
topology to I1 € L(.27).

(a) If T € K(21, 22), then

klin;o Tk T = XU 22, 2) = O-

(b) If T € Sp(Z1, Z2) with p € [1,00), then

Jim [IGT — T s, 2,95 = 0-

A.5 Nuclearity of the Riccati operator

In this section we gather two important theories that are needed in the analysis of Chap-
ter 6. In particular, Theorem A.5 will help us to show that the Riccati operator (6.7) is
nuclear (i.e., X € §1(27)). The results presented here are from [16] and we refer to this
paper as well as the references therein for more details.

Theorem A.4. [16, Theorem 3.2] Suppose that A is the generator of an exponentially
stable semigroup T on the Hilbert space 2", and that C € L(Z",CP). Then the output map
U 2 — L?(0,00; CP) defined by

<\I/x0) (t) = CTyxo, Vt>0, Vazge X,
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is Hilbert-Schmidt, i.e., ¥ € Sy(2, L?(0, 00; CP)).
Theorem A.5. [16, Theorem 4.1 & 4.6] Suppose that:

(i) A is the generator of a strongly continuous analytic semigroup T on a Hilbert space
2. Let wy(T) be the growth bound of T (cf. Definition 2.2).

(i) There exists some B € (—1,0] such that (Wl — A)PB € L(%,Z), for all w > wo(T).
This means that B € L(% , Z3).

(iii) C € L(Z,9).

(iv) (Exponential detectability) There exists L € L(%, Z") such that A+ LC generates
an exponentially stable analytic semigroup on X .

(v) (Finite cost condition) For each zo € %, there exists u € L*(0,00; %) such that the
mild solution x to %x(t) = Az(t) + Bu(t), #(0) = x, satisfies Cx(-) € L*(0,00;%).

Then, there exists a self-adjoint, nonnegative X € L(Z) such that:

1. X is the unique self-adjoint nonnegative solution of the following algebraic Riccati
equation

<Al‘0, X20>3£/ + <X.T0, AZO>3{ + <CSEO, C20>‘g] = <B*X£U0, B*XZO>% ,
for all xg, zg € D((wl — A)) and any € > 0.
2. B*X € L(Z,%).

If in addition to the assumptions (i)—(v), the input and the output spaces are finite-
dimensional (i.e., %4 = C™ and % = CP for some m,p € N), then

(1) X € Si1(25,(25)) for all v > —1.
(2) If B> —3, then B*X € So( 25, %) for all v > —3.

A.6 Perturbation of semigroup generator by unbounded ob-
servation operator

Theorem A.6. [02, Theorem 5.4.2] Let T be a strongly continuous semigroup on 2~ with
generating operator A. If C': D(A) C 2" — % is an admissible observation operator for
T and B € L(%, Z"), then the operator A+ BC : D(A) C & — Z is the generator of a
strongly continuous semigroup T on 2 . This semigroup satisfies the integral equation

t
TSz = Tyxo + / T, BCT%xq do, ¥ my € D(A) = D(A+ BC), Vt>0.
0

Moreover, for any Hilbert space %, the space of all admissible observation operators for
T that map into %, is equal to the corresponding space for T,
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Abstract

In this dissertation we develop two algorithms for solving the linear-quadratic optimal
control problem of externally stable well-posed linear systems.

The first algorithm is an extension of the Alternating Direction Implicit (ADI) iteration

in order to solve the regular linear-quadratic optimal control problem. The algorithm is
based on approximating the output map and the input-output map of the well-posed lin-
ear system using projections on appropriate subspaces. These projections are determined
by the so-called “shift parameters”. We prove that the approximation obtained by this
algorithm expresses the optimal cost for a projected optimal control problem. Further-
more, we show that the sequence of approximate solutions obtained by this algorithm is
monotonically non-decreasing. Under mild assumptions on the shift parameters, we prove
convergence of this sequence to the optimal cost operator (Riccati operator).
Later on, we turn our focus to the singular linear-quadratic optimal control problem in
the bounded real and positive real case. We show that the ADI iteration can be applied
to find approximate solutions of these singular optimal control problems. By assuming
finite-dimensionality of the input and output spaces (which is justified in the actual ap-
plications), our method provides approximate solutions in low-rank factored form. In
order to show convergence, we establish a connection to the projected singular linear-
quadratic optimal control problem. As in the regular case, we show that the sequence of
approximate solutions is monotonically non-decreasing. If the shift parameters are chosen
appropriately, the sequence converges to the optimal cost of the singular optimal control
problem in the bounded real and positive real case.

The second algorithm is an extension of the Newton-Kleinman iteration to the infinite-
dimensional spaces. We propose an extension for solving the regular linear-quadratic
optimal control problem subject to regular linear systems which have regular dual systems.
We construct a sequence of infinite-time observability Gramians to approximate the Riccati
operator. These Gramians have finite rank, if the input and output spaces are finite-
dimensional. The feasibility of iterations is shown with the help of an interconnection of
the system with its anticausal dual. In addition, we establish a direct connection between
the Riccati operator and the sequence of infinite-time observability Gramians. In order to
prove monotonicity and convergence of our algorithm, we further assume strong stability
of the semigroup and boundedness of the control operator. Moreover, the quadratic rate of
convergence of the Newton-Kleinman iterations is proven under the additional assumption
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of exponentially stability on the semigroup. The presented numerical example suggests
that it is even possible to apply our method in case of unbounded control operators.
However, the proof of convergence in this case requires more investigations and is left as
an open problem.

The two algorithms given in this dissertation are developed for the class of well-posed
linear systems. If these systems arise from abstract formulation of partial differential equa-
tions, then our algorithms allow numerical solutions of the optimal control problems using
the approach “optimizing-then-discretizing”. We verify the applicability of our algorithms
by applying them to a two-dimensional heat equation with Robin boundary control and
boundary integral observation. We present three numerical examples. The first two deal
with the regular linear-quadratic optimal control problem. The Riccati operator associ-
ated with these examples is nuclear. We find approximations of the Riccati operator once
by applying the ADI method and once by employing the Newton-Kleinman iteration.
The last example demonstrates the applicability of the ADI method for solving the singular
linear-quadratic optimal control problem in the positive real case. A correct choice of shift
parameters is crucial for convergence of the ADI method. We propose an effective strat-
egy for choosing the shift parameters based on the stable eigenvalues of the even matrix
pencil. In all the examples, monotonicity and convergence of the approximate solutions
are illustrated by observing the nuclear norm of the approximations at each iteration.
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Kurztassung

In der vorliegenden Arbeit entwickeln wir zwei Algorithmen fiir die linear-quadratische op-
timale Steuerung von extern-stabilen wohl-definierten linearen Systemen (externally stable
well-posed linear systems).

Der erste Algorithmus ist eine Erweiterung der Alternating Direction Implicit (ADI)

Iteration fiir die Losung des reguldren linear-quadratischen optimalen Steuerungsprob-
lems. Dieser Algorithmus basiert auf den Approximationen des Ausgangsoperators sowie
des Fingang-Ausgang Operators anhand der Projektionen in geeignete Unterrdume. Diese
Projektionen werden durch die sogenannten “Shift-Parameter” definiert. Wir zeigen, dass
die Approximation, die durch diesen Algorithmus erzeugt wird, dem optimalen Kosten-
operator eines projizierten optimalen Steuerungsproblems entspricht. Auflerdem zeigen
wir, dass die Folge der approximierten Losungen monoton wachsend ist. Unter milden
Voraussetzungen an die Shift-Parameter beweisen wir die Konvergenz dieser Folge gegen
den optimalen Kostenoperator (Riccati Operator).
Desweiteren betrachten wir das singulare optimale Steuerungsproblem im “beschrénkten
reellen” (bounded real) und “positiven reellen” (positive real) Fall. Wir zeigen die An-
wendbarkeit der ADI Iteration, um approximierte Losungen dieser Probleme zu finden.
Falls der Eingangs- und Ausgangsraum endlichdimensional sind, dann liefert unser Al-
gorithmus approximierte Losungen in faktorisierter Form mit endlichem Rang. Um die
Konvergenz zu zeigen, erstellen wir eine Verbindung mit dem projizierten singularen op-
timalen Steuerungsproblem. Wir beweisen, dass die Folge der approximierten Losungen
monoton wachsend ist. Mit “geeigneten” Shift-Parametern konvergiert diese Folge gegen
optimalen Kostenoperator im beschrankten reellen und positiven reellen Fall.

Der zweite Algorithmus ist eine Erweiterung der Newton-Kleinman Iteration auf un-
endlichdimensionalen Raumen. Wir schlagen eine Erweiterung dieser Iteration vor, um das
reguldre optimale Steuerungsproblem gemafl regulédren linearen Systemen mit reguldren
Dualsystemen zu l6sen. Eine Folge der Gramschen-Steuerbarkeitsoperatoren wird kon-
struiert, um den Riccati Operator zu approximieren. Diese Gramschen-Steuerbarkeits-
operatoren haben endlichen Rang, wenn der Eingangs- und Ausgangsraum endlichdimen-
sional sind. Die Durchfiihrbarkeit der Iterationen wird anhand einer Verbindung zwischen
dem System und seinem antikausalen Dualsystem gezeigt. Dariiber hinaus stellen wir
eine direkte Beziehung zwischen dem Riccati Operator und den Gramschen-Steuerbar-
keitsoperatoren her. Um die Monotonie und Konvergenz unseres Algorithmus zu be-
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weisen, nehmen wir zuséatzlich an, dass die Halbgruppe stark stabil und der Kontrolloper-
ator beschrankt ist. Anhand eines numerischen Beispieles zeigen wir die Anwendbarkeit
unserer Methode sogar im Fall der unbeschrankten Kontrolloperatoren. In diesem Fall
benotigt der Konvergenzbeweis weitere Recherche und bleibt ein offenes Problem.

Beide Algorithmen wurden fiir die Klasse der wohl-definierten linearen Systemen en-

twickelt. Wenn diese Systeme ihren Ursprung in abstrakter Form der partiellen Dif-
ferentialgleichungen haben, dann ermdglichen unsere Algorithmen numerische Losungen
der optimalen Steuerungsprobleme anhand der sogenannten “Optimierung-dann-Diskret-
isierung” Methode. Wir iiberpriifen die Realisierbarkeit unserer Algorithmen, indem wir
diese auf die zweidimensionale Warmeleitungsgleichung mit Robin Randsteuerung und
Randintegral Beobachtung anwenden. Im letzten Teil der Arbeit présentieren wir drei
numerische Beispiele. Die ersten beiden handeln von dem Fall eines reguldren optimalen
Steuerungsproblems. Der Riccati Operator in diesen Beispielen ist nuklear. Wir finden
Approximationen des Riccati Operators einerseits mittels der ADI Methode und ander-
seits durch die Anwendung der Newton-Kleinman Iteration.
Das letzte Beispiel demonstriert die Anwendbarkeit der ADI Methode bei der Losung des
optimalen Steuerungsproblems im positiven reellen Fall. Die geeignete Wahl der Shift-
Parameter ist entscheidend fiir die Konvergenz der ADI Methode. Weiter schlagen wir eine
effektive Strategie vor, die auf stabilen Eigenwerten des geraden Matrixbiischels basiert.
In allen Drei Beispielen werden Monotonie und Konvergenz der approximierten Losungen
durch Beobachtung der nuklearen Normen illustriert.
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