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Chapter 1

Introduction and overview

This thesis is about infinite graphs. The main question that inspired the
research presented in this thesis is how the homology of a locally finite
graph interacts with its combinatorial structure. Graphs are simplicial 1-
complexes and therefore one traditionally, and conveniently, considers their
simplicial homology. The coefficients are usually taken from a field such
as Iy, R or C, which makes the first simplicial homology group into a vector
space called the cycle space of G. We will use this terminology also in the
case that the coefficients are taken from Z.

For reasons to become apparent soon let us denote the first homology
group of G as Cgs, = Cun(G). For the moment it will suffice to take our
coefficients from [, and interpret the elements of Cg, as sets of edges.
Moreover, let us first consider finite graphs. Apparently, the structure of
Cqn as a group tells us little as such, since it is always a direct sum of Fy's
depending only on the number of vertices and edges of G. But there are a
number of classical theorems—often called ‘cycle space theorems—showing
that the interaction of Cg, with the combinatorial structure of G can tell
us more about commonly investigated graph properties. Examples are:

e Tutte’s theorem that the induced non-separating cycles in a 3-connec-
ted graph generate the cycle space,

e MacLane’s theorem that a graph is planar if and only if its cycle space
has a ‘simple’ basis (i.e. each edge lies in at most two elements of the
basis),

e Whitney’s theorem that a graph is planar if and only if it has an
abstract dual (where ‘dual’ is defined in terms of the cycle space),

and many more. The cycle space has thus become one of the standard
aspects of finite graphs used in their structural analysis.

For infinite graphs the interaction between Cg, and the combinatorial
structure of G is not nearly that powerful: Most of the cycle space theo-
rems, including the ones cited above, fail for infinite graphs, even for locally



finite ones, graphs in which each vertex has only finitely many neighbours.
However, for locally finite graphs this can be remedied by defining the cycle
space slightly differently.

Let G be a locally finite graph. In combinatorial terms, the cycle space
Chn Of G is defined by considering the (finite) edge sets of (combinatorial)
cycles in G and letting the cycle space consist of all finite sums of those
edge sets. Diestel and Kiihn [16, 17] introduced the topological cycle space
C = C(G), which is defined as follows. Let |G| be the Freudenthal compact-
ification [28] of G and consider the (possibly infinite) edge sets of circles in
|G|, homeomorphic images of the unit circle S* in |G|. These edge sets are
called circuits. The sums of circuits—where infinite sums are allowed as
long as they are thin, i.e. every edge of the graph lies in only finitely many
summands—then form the topological cycle space.

Since [16, 17] first appeared, the topological cycle space has shown
to be a surprisingly successful approach. Indeed, all the standard cycle
space theorems have been shown to extend to locally finite graphs for the
topological cycle space, see [2, 3, 4, 5, 7, 8, 9, 13, 18, 30, 31, 32, 40],
or [14, 15] for an overview.

Given the success of C for graphs, it seems desirable to recast its defi-
nition in homological terms that make no reference to the one-dimensional
character of |G| (e.g., to circles), to obtain a homology theory for similar
but more general spaces (such as non-compact CW complexes of any di-
mension) that implements the ideas and advantages of C more generally.
To obtain more general results, we shall always choose the coefficients from
Z; the results for Fy will follow from those for Z by taking them modulo
2. The oriented cycle space C(G) is defined analogously to the topological
cycle space: Let £ (G) be the oriented edge space of G, the group of all
integer-valued functions on the set of oriented edges of G that take inverse
values on inverse orientations of edges, and let C be the subgroup of & that
consists of thin sums of oriented circuits, functions that are 1 on the edges
of a circle (with cyclic orientation) and 0 elsewhere.

For such an extendable translation of our combinatorial definition of C
into algebraic terms, simplicial homology is easily seen not to be the right
approach: while |G| is not a simplicial complex, the simplicial homology
of G itself (without ends) yields the classical (oriented) cycle space Cgy.
One way of extending simplicial homology to more general spaces is Cech
homology; and indeed we will show that its first group applied to |G| is
isomorphic to C. But there the usefulness of Cech homology for graphs
ends: since its groups are constructed as limits rather than directly from
chains and cycles, they do not interact with the combinatorial structure of
G in the way we expect and know it from C.

The next candidate for the desired description of C in terms of homology
is singular homology. Indeed, C is built from circles in |G| and circles are
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singular 1-cycles, which generate the first singular homology group Hi(|G|)
of |G|, so both groups are built from similar elements. On the face of it,
it is not clear whether C might in fact be isomorphic, even canonically, to
H,(]G]). However, it will turn out that it is not: we shall prove that C is
always a natural quotient of H;(|G|), but this quotient is proper unless G
is essentially finite. This may seem surprising, since C is defined via (thin)
infinite sums while all sums in the definition of H,(|G|) are finite, which
suggests that C might be larger than H;(|G|).

Our approach for the comparison of C and Hi(|G|) will be to define
a homomorphism from Z;(|G|) to £ that determines how often the (ori-
ented) edges of G are traversed by the simplices of a 1-cycle z and that
maps z to this function on the oriented edges. It will turn out that this
homomorphism vanishes on boundaries and that its image is precisely C.
Hence it defines an epimorphism f: H,(|G|) — C(G). Finally, we will show
that f is not normally injective, by constructing loops that traverse every
edge equally often in either direction but that are not null-homologous; an
example is given in Figure 1.1. Thus, C (and also C) is a genuinely new
object, also from a topological point of view.

I
I
—
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Figure 1.1: A loop that is not null-homologous but whose homology class
is mapped to the zero element in the oriented edge space.

For our proof that loops like the ‘curling simplex’ shown in Figure 1.1
are not null-homologous we shall need a better understanding of the funda-
mental group of |G|. This will enable us to define an invariant on 1-chains
in |G| that can distinguish 1-cycles like the curling simplex from bound-
aries of singular 2-chains, hence completing the proof that f need not be
injective. The fundamental group of a finite graph G is easy to describe:
it is the free group on the (oriented) chords of a spanning tree of G, the
edges of GG that are not edges of the spanning tree. For the Freudenthal
compactification of infinite graphs, the situation is different, since a loop in
|G| can traverse infinitely many chords while the elements of a free group
are always finite sums of its generators.

One of the main aims of this thesis will thus be to develop a combinato-
rial description of the fundamental group of the space |G| for an arbitrary
connected locally finite graph G. We shall describe 7 (|G]), as for finite G,
in terms of reduced words in the oriented chords of a spanning tree. How-
ever, when G is infinite this does not work for arbitrary spanning trees but



only for topological spanning trees. Moreover, we will have to allow infinite
words of any countable order type, and reduction by cancelling adjacent
inverse letters or sequences of letters does not suffice. However, the kind of
reduction we need can be described in terms of word reductions in the free
groups F7 on all the finite subsets I of chords, which enables us to embed
the group Fj, of infinite reduced words in the inverse limit of those F7,
and handle it in this form. On the other hand, mapping a loop in |G| to
the sequence of chords it traverses, and then reducing that sequence (or
word), turns out to be well defined on homotopy classes and hence defines
an embedding of 7 (|G|) as a subgroup in F.

Our combinatorial characterization of m (|G|) re-proves the description
of the fundamental group of the Hawaiian Earring by Higman [35] and Can-
non and Conner [10]. The Hawaiian Earring |, oy{z € R? | [|[—(0,1/n)| =
1/n} is homotopy equivalent to the Freudenthal compactification of any
graph G that has precisely one non-trivial end, an end to which there con-
verges a sequence of chords of some topological spanning tree of G. Our
characterization of m(|G|) will hence yield that the fundamental group of
the Hawaiian Earring is precisely F., as shown by Higman [35] and later,
with a characterization in terms of words similar to ours, by Cannon and
Conner [10].

The last aim of this thesis will then be to define a variant of singular ho-
mology that captures, for locally finite graphs G and dimension 1, precisely
the topological cycle space of G. Our hope with this plan is to stimulate
further work in two directions. One is that its new topological guise should
make the cycle space accessible to topological methods that might generate
some windfall for the study of graphs. And conversely, that as the approach
that gave rise to C is made accessible to more general spaces and higher
dimensions, its proven usefulness for graphs might find some more general
topological analogues. It is therefore natural to require the spaces for which
we shall define our homology theory to have some properties that makes the
approach of C applicable to them: Analogously to G and its Freudenthal
compactification |G| that gave rise to C, we shall consider locally compact
Hausdorff spaces X with a fixed Hausdorff compactification X.

The construction of our homology theory will be done in two steps:
First, we shall define an ad-hoc homology that satisfies Hy(G) = C(G).
This homology will not satisfy the axioms for homology, but it will serve
as an introduction of the main ideas of how to capture C by a homol-
ogy. In the second step, we shall then define a homology theory for locally
compact Hausdorff spaces with compactification that will satisfy all the
Eilenberg—Steenrod axioms [26]. The proof that this homology theory sat-

isfies Hy(G) = C(G) will depend on the work done in the first step.

A main feature of our homology will be that it treats the compactifi-
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cation points, or ends,! differently from other points: All simplices will be
‘based in” X, i.e. its O-faces will live in X; our chains, which we allow to
be infinite, will have to be locally finite in X but not at ends. On the face
of it, the second requirement looks similar to the definition of the ‘locally
finite homology’ given in [36], but this homoloy does not consider ends and
hence yields different groups. Indeed, the locally finite homology would not
succeed in capturing the topological cycle space: It allows for cycles like
the sum ) _, 0, in R, where o,(z) = n + z for z € [0, 1}, which does not
correspond to an element of the cycle space (note that R is homeomorphic
to the double-ray and thus ‘cycle space’ is defined in this case).

This thesis is organized as follows. After going through the main def-
initions and notation Chapter 2 we shall develop our combinatorial char-
acterization of 71(|G|) in Chapter 3. The Cech homology will be dis-
cussed briefly in Chapter 5, and in Chapter 4 we define the homomorphism
f: Hi(|G|) — C(G) and show that it is surjective, but not normally injec-
tive. In Chapter 6 we will then define our new homology theory for locally
compact spaces and show that it satisfies the axioms for homology and
coincides with the topological cycle space for graphs and dimension 1.

Parts of this thesis have been submitted for publication: the combina-
torial characterization of the fundamental group of |G| [19], the comparison
of the topological cycle space and singular homology, Cech homology, and
the ad-hoc homology from Section 6.2 [20], and the definition and analysis
of the new homology theory defined in Section 6.3 [21]. Moreover, there are
extended versions [23] and [22] of [19] and [20], respectively, which include
proofs of easy facts that have been omitted in the original papers.

1With a slight abuse of notation, we will call the point in X \ X ends, although we
do not require that they are ends in the sense of Freudenthal [28].






Chapter 2

Definitions and basic facts

For graphs we use the terminology of [14], for topology that of Hatcher [34].
We shall need a couple of facts and definitions from graph theory and alge-
braic topology, which we will introduce in the following sections, separated
by fields. But first, let us look at some basic topological concepts.

2.1 Topology

All graphs in this thesis may have multiple edges but no loops. This said, we
shall from now on use the terms path and loop topologically, for continuous
but not necessarily injective maps o: [0, 1] — X, where X is any Hausdorff
space. If o is a loop, it is based at the point o(0) = o(1). We write o~
for the path s — o(1 — s). If a path is injective, we call its image an arc
in X. If a loop o is ‘internally injective’ (i.e. o(z) = o(y) implies x = y or
{z,y} = {0,1}), then its image is homeomorphic to the unit circle S* in
C. In this case we call o a circle path and its image a circle in X.
The following fact can be found in [33, p. 208].

Lemma 2.1. The image of a topological path with distinct endpoints x,y
i a Hausdorff space X contains an arc in X between x and y.

Given a set {Xj | i € I} of topological spaces, we write X = | | X}, for
their disjoint union endowed with the disjoint union topology.

The homology we shall define in Chapter 6 will crucially rely on the
concept of topological dimension. There are many different ways to define
topological dimension, most of them have proved to be very useful when
applied to certain types of spaces; the definition we use in this thesis is
usually called Lebesgue covering dimension, other ones are, for instance,
the large and the small inductive dimension. For an introduction and
(much) more about topological dimension, see [27].
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Let X be a normal space! and let & > —1 be an integer. Then X
has dimension at most k if every open cover Y of X has a refinement U’
such that every z € X lies in at most k& + 1 sets from U’. If n is the
smallest number with this property, then we say that X has dimension n.
An example for an n-dimensional space is the Euclidian space R"—in fact,
every dimension theory is supposed to assign dimension n to R™. More
generally, it is not hard to see that every subset of R" containing an open
ball has dimension n; in particular, the standard n-simplex A" in R*™
being homeomorphic to such a subset of R™, has dimension n.

The following is an immediate consequence of the definition.

Lemma 2.2. Let X be a normal space. The following claims hold:
(i) X has dimension —1 if and only if X is empty.
(ii) If X has dimension 0, then it is totally disconnected.

For the proof that the homology we shall define in Chapter 6 satisfies
the axioms for homology—which will be stated shortly—we will need to
consider Cartesian products of spaces. It would be natural to assume that
the dimension of a product does not exceed the sum of dimensions of its
factors, but this is not generally true. However, it is true if both spaces are
compact [27, Theorem 3.2.13]:

Lemma 2.3. Let X, Y be compact Hausdorff spaces. Then the product
space X XY has dimension at most dim(X) + dim(Y").

2.2 Graph theory

Let G be a locally finite connected graph, fixed throughout this section. For
graphs, ends and the Freudenthal compactification are usually defined in
a combinatorial way, as follows. A 1-way infinite (graph-theoretical) path
in G is a ray. Two rays are equivalent if no finite set of vertices separates
them in GG, and the resulting equivalence classes are the ends of G; write
2 = Q(G) for the set of ends of G.

The Freudenthal compactification |G| of G can now be defined as fol-
lows: its point set is the union of G and Q(G), its basic open sets are the
basic open sets of @ itself (as a 1-complex) and the sets C(S,w) defined for
every end w and every finite set S of vertices, as follows. Let C(S,w) =: C
be the unique component of G — S in which w lives (i.e., in which every
ray of w has a tail, or subray), and let C(S,w) be the union of C' with the

'Lebesgue covering dimension has proved to have very useful properties especially
for normal spaces, but it can also be defined for general spaces. However, we will only
need the definition for normal spaces.



set of all the ends of G that live in C' and the (finitely many) open edges
between S and C.? Tt is not hard to see that |G| is indeed the Freudenthal
compactification of G.

Note that the boundary of C(S,w) in |G| is a subset of S, that every
ray converges to the end containing it, and that the set of ends is totally
disconnected. Since every basic open neighbourhood of a vertex or a point
on an edge contains at most one vertex, we have at once

Lemma 2.4. Let U be a basic open set in |G|. Then every sequence of
vertices in U converges to a point in U.

The ends of G provide a new way to connect points in |G|: If F'is a
cut (i.e. the set of edges between the sides of a bipartition of V(G)), then
there is no arc in G from one side of the partition to the other that avoids
all edges in F. In |G| there can be such an arc, but only when F' contains
infinitely many edges [14, Lemma 8.5.5]:

Lemma 2.5. Let F' be a finite cut and let X,Y be the sides of the corre-
sponding partition of V(G). Then every arc from X toY meets an inner
point of some edge in F.

We shall frequently use the following non-trivial lemma.

Lemma 2.6 ([18]). For a locally finite graph G, every closed, connected
subspace of |G| is arc-connected.

A standard subspace of |G| is a closed connected subspace of |G| that
contains every edge of which it contains an inner point. Note that by
Lemma 2.6 every standard subspace is arc-connected. A topological span-
ning tree of G is a standard subspace of |G| that contains every vertex—and
hence also every end—of G and that contains no circle. It is easy to see
that every locally finite connnected graph has a topological spanning tree;
for instance, the closure of a normal spanning tree is a topological spanning
tree. An edge of GG that does not lie in T"is a chord of T.

Normal spanning trees can be used to show that |G| is a metric space:
If T is a normal spanning tree, let the edges in T" have length %, }1, %, cee
according to their height in 7', and let every chord of T have length the
sum of lengths of the tree-edges it spans. These edge-lengths are easily

seen to induce a metric of |G|. We thus have

Theorem 2.7. |G| is a compact metric space.

By Theorem 2.7, |G| is normal. We can thus consider the topological
dimension of |G].

2The definition given in [14] is slightly different, but equivalent to the simpler defi-
nition given here when G is locally finite. Generalizations are studied in [37, 41].



Lemma 2.8. |G| is one-dimensional.

Proof. Since |G| is compact, it suffices to consider finite open covers. So
let U be a finite open cover of |G|. For every end w of G consider a
neighbourhood C/(S,,,w) that is contained in some set in U. Since Q(G),
being a closed subspace of the compact Hausdorff space |G|, is compact,
finitely many neighbourhoods C(S,,,w) suffice to cover it. Let S be the
union of the sets S,, beloging to those finitely many neighbourhoods. Then
the open sets C(S,w) cover Q(G), they are pairwise disjoint, and each of
them is contained in some set from U. The part of |G| that is not yet
covered is a finite graph and hence we can easily extend our choice of open
sets C'(S,w) to a cover of all of |G| in which every point of |G| is contained
in at most two sets. [l

An edge e = uv of G has two directions, (u,v) and (v,u). A triple
(e,u,v) consisting of an edge together with one of its two directions is
an oriented edge. The two oriented edges corresponding to e are its two
orientations, denoted by € and e. Thus, {€,e} = {(e,u,v), (e,v,u)},
but we cannot generally say which is which. However, from the definition
of G as a 1-complex we have a fixed homeomorphism 6,: [0,1] — e. We
call (0.(0),0.(1)) the natural direction of e, and (e, 0.(0),0.(1)) its natural
orientation.

Let o: [0,1] — |G| be a path in |G|. Given an edge e = uv of G, if [s, ]
is a subinterval of [0, 1] such that

{o(s),0(t)} = {u,v} and o((s,t)) = é:=6.((0,1)),

we say that o traverses e on [s, t]. It does so in the direction of (o(s), o(t)),
or traverses € = (e,0(s),o(t)). We then call its restriction to [s,t] a pass
of o through e, or €, from o(s) to o(t).

Using that [0, 1] is compact and |G| is Hausdorff, one easily shows that
a path in |G| contains at most finitely many passes through any given edge:

Lemma 2.9. A path in |G| traverses each edge only finitely often.

Proof. Let o be a path in |G|, and let e = uv be an edge such that o
contains infinitely many passes o [ [s,, t,| through e, n = 1,2,.... Passing
to a subsequence if necessary, we may assume that the sequence sy, so, . ..
converges, say to s € [0,1]. Then the sequence of the corresponding ¢, also
converges to s: given € > 0, choose m large enough that for all n > m both
|sp, — s| < e/2 and t, — s, < /2 (using that the lengths of the intervals
(S, tn] converge to 0, which they clearly do); then |t, —s| < ¢ for all n. > m.
But now o fails to be continuous at s, because {o(s,),o(t,)} = {u,v} for
each n but each point in |G| has a neighbourhood avoiding u or v. O]
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Let & =& (G) denote the set of all integer-valued functions ¢ on the
set E of all oriented edges of G that satisfy p(€) = —p(&) for all € € E.
This is an abelian group under pointwise addition. A family (p; | i € I) of
clements of € is thin if for every € € E we have ¢;(€) # 0 for only finitely
many i. Then ¢ = Y., ¢; is a well-defined element of E: it maps each
¢ € E to the (finite) sum of those ¢;(€) that are non-zero. We shall call
a function ¢ € & obtained in this way the thin sum of those ;.

We can now define our oriented version of the topological cycle space
of G. When « is a circle path in |G| based at a vertex, we call the function
Dot E — Z defined by

if a traverses
Yo' € — ¢ —1 if a traverses
0 otherwise.

ol o)

an oriented circuit in G, and write C = C (G) for the subgroup of £ formed
by all thin sums of oriented circuits.

We remark that C is closed also under infinite thin sums [16, Cor. 5.2],
but this is neither obvious nor generally true for thin spans of subsets
of € 6, Sec. 3]. We remark further that composing the functions in C with
the canonical homomorphism Z — Z, yields the usual topological cycle
space C(G) of G as studied in [3, 4, 5, 8, 9, 16, 17, 18, 30, 32, 40|, the F,
vector space of subsets of £ obtained as thin sums of (unoriented) circuits.
The combinatorial cycle space consisting of all finite sums of finite circuits
will be denoted by Cg,, or by 5ﬁn in the oriented case.

The topological cycle space C(G) can be characterized as the set of those
subsets of E that meet every finite cut of G in an even number of edges [16,
Thm. 7.1], [14, Thm. 8.5.8]. The characterization has an oriented analogue:

Theorem 2.10. An element ¢ of & lies in C if and only ifY e wle) =
0 for every finite oriented cut F of G.

The proof of Theorem 2.10 is not completely trivial. But it adapts
readily from the unoriented proof given e.g. in [14], which we leave to the
reader to check if desired.

Given a topological spanning tree T' of G and a chord e of T, we write
C. for the fundamental circuit of e, the unique circuit in T'+e. The oriented
fundamental circuit 56 is the unique oriented circuit in 7"+ e with positive
value on the natural orientation of e.

Theorem 2.11. The fundamental circuits of a topological spanning tree
generate the topological cycle space. The oriented fundamental circuits gen-
erate the oriented cycle space.

11



The first statement of Theorem 2.11 is given in [18, Theorem 6.1].
Again, the proof of the oriented statement adapts readily from the proof
of the unoriented version.

We close this section with a standard tool in infinite graph theory,
Konig’s infinity lemma (eg. [14, Lemma 8.1.2]).

Lemma 2.12. Let V|, Vs, ... be non-empty finite sets and let G be a graph
on J,, Vo such that every vertex in each V,+1 has at least one neigbour in
V... Then G contains a ray whose nth vertex lies in V,, for every n.

2.3 Algebra and algebraic topology

For our study of the fundamental group of |G| we shall need two basic theo-
rems: The Nielsen—Schreier theorem and the Seifert—van Kampen theorem.

Theorem 2.13 ([39]). Every subgroup of a free group is free.

We shall only need a weaker version of the Seifert—van Kampen theorem,
the theorem in its whole strength it can be found eg. in [34, Theorem 1.20].

Theorem 2.14. Let G be a locally finite graph and assume that a standard
subspace H of |G| is the union of standard subspaces Hy, Hy with HiNHy =
{z}, where x is a vertex. Then m (H) ~ m(Hy) % m(H3).

Note that Theorem 2.14 indeed follows from the Seifert—van Kampen
theorem: Let U be an open star of radius ¢ < 1 around x; then H| := H,UU
and HY := H, U U are open sets with intersection U, and clearly m(H]) is
canonically isomorphic to 7 (H;). As U is simply connected, the Seifert—
van Kampen theorem yields m(H) ~ m(H{) % m(H)) ~ m(Hy) * 71 (Ha).

A 1-cycle that can be written as a sum of 1-simplices no two of which
share their first point is an elementary cycle. Every 1-cycle is easily seen
to be a sum of elementary 1-cycles, a decomposition which is not normally
unique. When we prove statements about H;(|G|), it will often suffice to
consider elementary 1-cycles.

The following lemma enables us to subdivide or concatenate the sim-
plices in a 1-cycle while keeping it in its homology class.

Lemma 2.15. Let o be a singular 1-simplex in |G|, and let s € (0,1).
Write o' and " for the 1-simplices obtained from the restrictions of o to
[0,s] and to [s,1] by reparametrizing linearly. Then o + ¢” — o is the
boundary of a 2-simplex with image Im o. U

When ¢ is a summand in a cycle z € Z;, we shall say that the equiv-
alent cycle 2z’ obtained by replacing o with ¢’ + ¢” in the sum arises by
subdividing o (at s or at o(s)). A frequent application of Lemma 2.15 is
the following:

12



Corollary 2.16. Every non-zero element of Hi(|G|) is represented by a
sum of loops each based at a vertex.

Proof. Pick a cycle representing a given homology class, and decompose
it into elementary cycles. Use Lemma 2.15 to concatenate their simplices
into a single loop. If such a loop a passes through a vertex, we can sub-
divide it there and suppress its original boundary point, obtaining a ho-
mologous loop based at that vertex. If a does not pass through a vertex,
then Im a C é for some edge e (since non-trivial sets of ends are never
connected), so « is null-homotopic and [a] = 0. O

A homology theory assigns to every space X and every subspace A of
X a sequence (Hn(X , A))n oy, of abelian groups,® and to every continuous
map f: X — Y with f(A) C B for subspaces A of X and B of Y (which
we indicate by writing f: (X, A) — (Y, B)) a sequence of homomorphisms
fe: Ho(X, A) — H,(Y, B) so that (fg). = f.g« for compositions of maps
and 1, = 1 for the identity maps. We abbreviate H,(X,0) to H,(X).

Finally, the following axioms for homology have to be satisfied:

Homotopy equivalence: If continuous maps f,g: (X, A) — (Y, B) are
homotopic, then f, = g,.

The Long Exact Sequence of a Pair: For every pair (X, A) there are
boundary homomorphisms 0: H,(X,A) — H,—1(A) such that

P Ho(A) —= H,(X) — H, (X, A)
/
H,_1(A) s H,_(X) L
is an exact sequence, where ¢ denotes the inclusion (A,0) — (X,0)
and 7 denotes the inclusion (X,0) — (X, A). These boundary ho-
momorphisms are natural, i.e. given a continuous map f: (X, A) —
(Y, B) the diagrams
H, (X, A) 2= H,_,(A)

| |

commute.

3Usually (in particular, for all homology theories considered in this thesis) H, (X, A)
is the trivial group for n < 0, but this is not part of the requirements on homology
theories.
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Excision: Given subspaces A, B of X whose interiors cover X, the inclu-
sion (B,AN B) — (X, A) induces isomorphisms H,(B,AN B) —
H, (X, A) for all n.

Disjoint unions: If X = |_|a X, with inclusions ¢,: X, — X, the di-
rect sum map @, (¢a), : DB, Hn(Xa, Aa) — Ho(X, A), where A =
||, Aa, is an isomorphism.

The axioms above are the ones stated in [34, p. 160-161]. The origi-
nal Eilenberg-Steenrod axioms [26] contain an additional axiom, called the
‘dimension axiom’, stating that the homology groups of a single point are
nonzero only in dimension zero. However, this axiom is not always re-
garded as an essential part of the requirements for a homology theory. An
example for a homology theory that does not satisfy the dimension axiom
is bordism theory; in this case the groups of a single point are non-trivial in
infinitely many dimensions. We omit the dimension axiom, but note that
the homology theory we construct will trivially satisfy it.

The groups H, (X, A) above are called relative homology groups; spe-
cializations H,(X) = H,(X,0) are absolute homology groups.

Let us note that not every homology theory satisfies all axioms without
modification; it is often the case that a homology theory is defined for
certain types of (pairs of) spaces or certain groups of coefficients. The Cech
homology for instance, which we will discuss in Chapter 5, does satisfy
all the axioms under the additional assumption that both X and A are
compact and the coefficients are taken from a module over a ring or from a
compact topological group. Otherwise, the exactness axiom is not generally
satisfied.

A cohomology theory has to satisfy axioms dual to those for a homol-
ogy theory. Thus, a cohomology theory assigns to every space X, every
subspace A of X, and every abelian group G a sequence (H "X, A; G))nEZ
of abelian groups, and to every continuous map f: (X, A) — (Y, B) a se-
quence of homomorphisms f*: H*(Y, B;G) — H"(X, A; G) so that (fg)* =
g*f*and 1* = 1. The axioms are the following:

Homotopy equivalence: If continuous maps f,g: (X, A) — (Y, B) are
homotopic, then f* = g¢*: H"(Y, B;G) — H"(X, A; G).

The Long Exact Sequence of a Pair: For every pair (X, A) there are
coboundary homomorphisms §: H"(A; G) — H""1(X, A; G) such that

s HM(X, A Q) —— H"(X;G) —“— H"(A; G)
/
H"Jrl(X, A; G) ™ Hn+1(X; G) v
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is an exact sequence, where ¢ denotes the inclusion (A,0) — (X,0)
and 7 denotes the inclusion (X,0) — (X, A). These coboundary
homomorphisms are natural, i.e. given a standard map f: (X, A) —
(Y, B) the diagrams

H"(B;G) —2= H"\(Y, B; G)
if* if*
H"(A; Q) —= H"(X, A; G)
commute.

Excision: Given subspaces A, B of X whose interiors cover X, the in-
clusion (B, AN B) — (X, A) induces isomorphisms H"(X, A;G) —
H™(B,AN B;G) for all n.

Disjoint unions: If X = | | X, with inclusions ¢,: X, — X, the direct
product map [, (¢a), : H*(X,A;G) — [], H"(Xa, Aa; G), where
A =], A, is an isomorphism.

We shall need another basic algebraic lemma, the Five-Lemma (eg. [34,
p. 129]).

Lemma 2.17. Let

A B C D E

ekl

A B’ c’ D’ E'

be a commutative diagram in which both horizontal sequences are exact. If
a, B, 0, and € are isomorphisms, then so is 7.

2.4 The groups of a finite graph

In this section let G be a finite graph and let T" be a fixed spanning tree
of G. We sketch the well known fact that the fundamental group and the
first homology group of GG can be expressed in terms of the chords of 7'

Let us first consider the fundamental group of G. Every loop based at
a vertex can be characterized by its passed through the chords of T, hence
every such loop induces a word with letters the (oriented) chords of 7. Now
if two loops ¢ and 7 induce words w, and w,, and if w, and w, reduce to
the same word—where a reduction is a sequence of deleting inverse pairs
of adjacent letters (such as €e or ee€)—, then ¢ and 7 are homotopic.
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This homotopy can be realized by recursively retracting subpaths that pass
through a chord and back (and possibly travel along 7' in between the
passes, but not along other chords) in the order given by the reductions
of the words. Therefore, 7 (G) is canonically isomorphic to the group of
reduced words, i.e. the free group with generators the (oriented) chords of
T.

The first homology group H;(G) can be obtained similarly. Using the
Seifert—van Kampen theorem and the fact that the fundamental group of
the unit circle S' is canonically isomorphic to Z (or, alternatively, by the
equivalence of simplicial and singular homology), on shows that H;(G)
is canonically isomorphic to the free abelian group with generators the
(oriented) chords of T. Hence Hi(G) ~ C(G). It is now clear that H;(G)
is the abelianization of m (G).

Let us remark that the first cohomology group H'! of G yields the same
result as H;, provided that the coefficients in H; and H' are taken from
the same group.

All facts metioned in this section also remain true for locally finite
graphs which have a topological spanning tree with only finitely many
chords.
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Chapter 3

The fundamental group of |G|

3.1 Introduction

In this chapter we give a combinatorial characterization of the fundamental
group of the Freudenthal compactification |G| of a locally finite graph G.

When G is finite, we saw in Section 2.4 that m(|G|) = m1(G) is the free
group on the set of (arbitrarily oriented) chords of a spanning tree of G. We
shall see that when G is infinite and there are infinitely many chords, then
71 (|G|) is not a free group. However, we show that it embeds canonically
as a subgroup in an inverse limit /™ of free groups: those on the finite sets
of (oriented) chords of any topological spanning tree T' of G.

More precisely, we characterize 71 (|G|) in terms of subgroup embeddings

m(|G]) = F — F*,

where Fl is a group formed by ‘reduced’ infinite words of chords of 7.1
These words arise as the traces of loops in |G/, so in general they will have
arbitrary countable order types. Unlike for finite graphs, many natural
homotopies between such loops do not proceed by retracting passes through
chords one by one. (We give a simple example in Section 3.3.) Nevertheless,
we show that to generate the homotopy classes of loops in |G| from suitable
representatives we only need homotopies that do retract passes through
chords one at a time, in some linear order. As a consequence, we are
again able to define reduction of words as a linear sequence of steps each
cancelling one pair of letters, although the order in which the steps are
performed may now have any countable order type (such as that of the
rationals).

The fact that our sequences of reduction steps are not well-ordered
will make it difficult or impossible to handle reductions in terms of their

LCovering space theory does not apply since, trivial exceptions aside, |G| is not semi-
locally simply connected at ends.
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definition. However we show that reduction of infinite words can be charac-
terized in terms of the reductions they induce on all their finite subwords.
A formalization of this observation yields the embedding F,, — F™.

An end of G is trivial if it has a contractible neighbourhood. If every
end of G is trivial, then |G| is homotopy equivalent to a finite graph. If
G has exactly one non-trivial end, then |G| is homotopy equivalent to the
Hawaiian Earring. Its fundamental group was studied by Higman [35] and
by Cannon and Conner [10]. Our characterization of m(|G|) coincides
with their combinatorial description of this group when G has only one
non-trivial end.

The characterization of m;(|G]) is not only an important result in its
own right—the fundamental group of such a standard space as |G| ought to
be understood—, but it also has a substantial application: in the proof that
C (G) is usually a proper quotient of H;(|G|) in Chapter 4, Theorem 3.14
below is the cornerstone of the proof.

This chapter is organized as follows. We begin with a section collecting
together the remaining definitions and known background that we need.
In Section 3.3 we introduce our group F,, of infinite words, and show how
it embeds in the inverse limit of the free groups on its finite subsets of
letters. In Section 3.4 we embed m(|G|) in Fi, leaving the proof of the
main lemma to Section 3.5.

3.2 Terminology and basic facts

All homotopies between paths that we consider are relative to the first and
last point of their domain, usually {0, 1}. In many cases we shall construct
homotopies between paths using that certain subpaths are homotopic. For
instance, if the restrictions of two given paths to [0, %] are homotopic, as well
as their restrictions to [%, 1], then performing both ‘subpath homotopies’
at the same time yields a homotopy between the original paths. The same
is clearly true for any finite number of subpath homotopies—but not for
infinitely many, as one cannot guarantee continuity at accumulation points
of the subintervals when combining the subpath homotopies. However, if
the subpath homotopies behave ‘nicely’, then the following lemma enables

us to combine them.

Lemma 3.1. Let «, 3 be paths in a topological space X. Assume that
there are disjoint subintervals (ag, bo), (a1,b1),... of [0,1] such that o and
B conincide on [0, 1]\, (an, bn), while each segment o | [an, b,] is homotopic
in a([an, bn]) U 6([@,“ bn]) to B1[an,b,]. Then a and [ are homotopic.

Proof. Write D := |, (an,by,). For every n € N let F" = (ftn)te[o ; bea
homotopy in ([a,, b)) UB([an, be]) between a | [ay,, b,] and B [an, b,). We
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define the desired homotopy F' = ( ft) between a and ( as

t€(0,1]

o) e fi(x) if x € (ay,by),
filw) {Oz(x) =p(zx) ifzxe(0,1]\D.

Clearly, fo = a and f; = 3. It remains to prove that F'is continuous.

Let x,t € [0,1] and a neighbourhood U of F(xz,t) in X be given. We
find an € > 0 so that F'((z —¢,2],(t —e,t +¢)) C U; the case F([z,z +
e),(t —e,t+¢)) C U is analogous. If z € (a,,b,] for some n, then as F™
is continuous, there is an ¢ with F((x —egx],(t —e, t+ 6)) cU.

We may thus assume that « ¢ (J, (an, b,]. This implies that no interval
(x —e,x) is contained in D, as otherwise we would have (z —e¢,x) C (ap, b,)
for some n and hence x € (ay,,b,|. Now by assumption z € [0,1] \ D,
and hence F(z,t) = a(z) = f(z). Pick e > 0 with x —e € [0,1] \ D
small enough that both a and S map [z — ,z] into U. We claim that
F((z —e,z],(t —e,z +¢)) C U. Indeed, for every 2’ € (z — &,z] \ D and
every t' € (t —e,t+¢) we have F(2/,t') = a(z’) = f(2') € U. On the other
hand, for every 2’ € (x —e,z]ND and t' € (t —e,t+¢) we have 2’ € (ay, by,)
for some n. As x and x — ¢ lie in [0,1] \ D, we have (a,,b,) C (x — ¢, x)
and hence

F(2', 1) = F"(',t') € a([an, bn]) U B([an, b)) C a([z —£,2]) U B([z — &, ])
cU

by the choice of €. O

Many topological spaces that are not normally associated with graphs
can be expressed as a graph with ends, or as a subspace thereof. The
Hawaiian Earring, for example, is homeomorphic to the subspace of the
infinite grid that consists of all the vertical double rays and its end. Since
the subspaces of graphs with ends form a richer class than the spaces of
graphs with ends themselves, we prove all our results not just for |G| but
more generally for subspaces H of |G|. However, the reader will lose little
by thinking of H as the entire space |G|. All subspaces we shall consider
will be standard subspaces of G.

A topological tree in |G| is a standard subspace of |G| that contains no
circle. Note that the subgraph that such a space induces in G need not
be connected: its connectedness may hinge on the ends it contains. By
Lemma 2.6 every topological tree is arc-connected. Chords of topological
trees are defined the same way as for ordinary trees or topological spanning
trees.

Lemma 3.2. Topological trees in |G| are locally arc-connected.
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Proof. Let T be a topological tree in |G|. Let D be any open subset of T,
and x € D. We have to find an arc-connected open neighbourhood of
x in T inside D. This is trivial if z is a vertex or an inner point of an
edge, so we assume that z is an end. Then D may be chosen of the form
D = C(S,z) NT, for some finite set S C V(G). Since G — S has only
finitely many components, 7'\ S is a finite union of open sets of this form,
so D is open and closed in 7"\ S.

Similarly, 7"\ S has only finitely many arc-components, and hence only
finitely many components. Each of them is closed and open in 7'\ S, and
open even in T'. One component, C), say, contains z. Then C, C D, since
D is open and closed in T'\ S. To complete the proof, we show that C, is
arc-connected.

Suppose not. As C, is the union of some of the finitely many arc-
components of 7"\ S, it has only finitely many arc-components. Not all of
them can be closed in C, since C,, is connected. Let C be an arc-component
of C,, that is not closed in C,. Then its closure C in T meets C, \ C, and
clearly it does so only in ends of G.

Since the components of 7"\ S other than C, are open in T', we have
C CC,US. As C is connected and T is closed in |G|, we know that C' is
connected and closed in |G|, and hence arc-connected by Lemma 2.6. Let
A be an arc in C from a point in C' to one in C, \ C. As S is finite and
O\ (SUC) only consists of ends, we can choose A so that it avoids S:
If A does not avoid S, then after its last vertex in S it traverses an edge.
As the inner points of this edge lie in C, they also lie in C. Hence the
final segment of A starting at the centre of this edge is an arc as desired.
But then A C C,, contradicting the definition of C' as an arc-component
of C,. ]

Between any two of its points, « and y say, a topological tree T' in |G|
contains a unique arc, which we denote by T'y. These arcs are ‘short’ also
in terms of the topology on T induced by |G|:

Lemma 3.3. If a sequence (z;);en of points inT converges to a point z, then
every neighbourhood of z contains all but finitely many of the arcs z;Tz; 1.

Proof. Since the arcs z;Tz;,1 are unique, Lemma 3.2 implies that they lie
in arbitrarily small neighbourhoods of z. 0

We shall need topological trees in |G| as spanning trees for our analysis
of m(|G|): arbitrary graph-theoretical spanning trees of G' can have non-
trivial loops in their closures, which would leave no trace of chords and thus
be invisible to our intended representation of homotopy classes by words
of such chords.

Clearly, a topological tree T in |G| is a topological spanning tree of G
if and only if it contains V(G) (and hence also 2(G)). Similarly, given a
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standard subspace H of |G|, we call a topological tree T in |G| a topological
spanning tree of H if T' C H and T contains every vertex or end of G that
lies in H.

As mentioned in Section 2.2, topological spanning trees exist in all
locally finite connected graphs. We now prove that they also exist in all
the relevant subspaces. In fact, we need a slight technical strengthening of
this:

Lemma 3.4. Let T'C H be standard subspaces of |G|. If T is a topological
tree, it can be extended to a topological spanning tree of H.

Proof. By Theorem 2.7, |G| is a compact Hausdorff space. Let S be the
set of standard subspaces of |G| such that T C S C H and S contains all
the vertices and ends of G that lie in H. Since H is closed in |G|, every
S € S is closed not only in H but also in |G|, and therefore compact. Since
the intersection of a nested chain of compact connected Hausdorff spaces
is connected [42, p. 203], S has a minimal element 7" by Zorn’s Lemma.
By Lemma 2.6, 7" is arc-connected, and it contains no circle: if it did, we
could delete an edge to obtain a smaller element of S. (Since V(G)UQ(G)
is totally disconnected, every circle in |G| contains an edge.) Hence T" is a
topological tree in |G|, and by definition of S a topological spanning tree
of H containing T'. O

Like graph-theoretical trees, topological trees in |G| are contractible.
Again, we shall need a slightly technical strengthening of this. Call a
homotopy F'(x,t) time-injective if for every x the map t — F'(x,t) is either
constant or injective.

Lemma 3.5. For every point x in a topological tree T in |G| there is a
time-injective deformation retraction of T' onto x.

Proof. Similar to the metric of |G| defined in Section 2.2 the space T is
metrizable as follows. Choose an enumeration of the edges in T and give
the nth edge length 27". Define the distance d(y, z) between points y, z in
T as the sum of lengths of the edges (and partial edges) in y7'z; note that
if y # z then yT'z meets the interior of at least one edge. Then clearly d
is a metric with d(y,z) < 1 for all y,z € T, and it is easy to check that
it induces the given topology on T: The neighbourhoods of vertices and
inner points of edges are trivially identical in both topologies. For an end
w, every basic open neighbourhood C’(S, w) N'T contains the open e-ball
(with respect to d) around w, where € is the minimum of lengths of the
edges incident with S. On the other hand, for a given € > 0, choose a finite
vertex set S large enough so that the sum of lengths of all edges incident
with V(@) \ S is less than e. Let U C C(S,w) N T be an arc-connected
neighbourhood of w in 7', which exists by Lemma 3.2. Then by the choice
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of S all points in U have mutual distance less than ¢, thus U is contained
in the e-ball around w.

By construction, if z € yT'y' for some y,y € T, then we have d(y,y’) =
d(y, z) +d(z,vy"). We now define the time-injective homotopy F' in T from
the identity on 7" to the map 7' — 