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Summary.

In the definition of 3-dimensional topological field theories of state-sum type, the evaluation of
certain graphs on spheres that surround vertices of a triangulation is a crucial ingredient. For the
definition of a topological field theory on manifolds with stratifications, such an evaluation has
been known only for specific geometric configurations. For general configurations, an extruded
graph on a sphere has to be evaluated to a scalar.

In this thesis, we define such an evaluation for extruded graphs labeled by spherical fusion
categories and traced bimodule categories over them. We prove that this evaluation is invariant
under a set of local moves, which makes the evaluation explicitly computable. We show that the
definition specializes to known evaluation procedures in specific situations. The results pave the
way towards a construction of topological field theories on stratified manifolds.

Zusammenfassung.

Die Evaluation bestimmter Graphen auf Sphéren, die die Vertizes einer Triangulierung um-
schlieflen, ist ein wesentlicher Bestandteil der Definition von dreidimensionalen topologischen
Feldtheorien, die auf Zustandssummen basieren. Eine solche Evaluation, die fiir die Definition
einer topologischen Feldtheorie auf stratifizierten Mannigfaltigkeiten geeignet ist, ist bislang
nur fiir spezielle geometrische Konfigurationen bekannt. Um allgemeinere Konfigurationen
einzuschlieflen, muss ein extrudierter Graph auf der Sphére evaluiert werden kénnen.

In dieser Dissertation definieren wir eine solche Evaluation fiir extrudierte Graphen, die
mit spharischen Fusionskategorien und Bimodulkategorien mit Spur beschriftet sind. Wir
beweisen, dass die Evaluation unter einem Satz lokaler Transformationen invariant bleibt, was
die Evaluation explizit berechenbar macht. Wir zeigen auflerdem, dass sich die Definition in
Spezialfillen auf bekannte Evaluationsvorschriften spezialisiert. Diese Ergebnisse ebnen den Weg
fiir die Konstruktion einer topologischen Feldtheorie auf stratifizierten Mannigfaltigkeiten.
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1 INTRODUCTION

The idea to associate to topological or geometric objects algebraic invariants pervades many fields
of mathematics, ranging from differential geometry to algebraic topology. In quantum topology,
the notion of a topological field theory has received much attention: it assigns invariants not
only to manifolds, but also to (extended) cobordisms, thus ensuring locality of the manifold
invariants, which take values in a field K.

The modern notion of state-sum models on 3-manifolds dates back to the Ponzano-Regge
model [PR68| of 3-dimensional quantum gravity. This theory is prone to divergence issues as
the "sum" refers to a sum over isomorphism classes of irreducible SU(2)-representations — which
there are infinitely many of. In what can be described as a regularization of the model, Turaev
and Viro [TV92] took the quantum group U,sl(2) instead of SU(2) as the input datum for their
construction. Nowadays, one often uses a category instead of a Hopf algebra as the algebraic
ingredient for the construction of a state-sum model. More concretely, Barrett and Westbury
[BWOI6] showed that a spherical fusion category is the appropriate structure for this purpose.

A spherical fusion category is, in particular, a K-linear monoidal category. Fusion is a finiteness
and semisimplicity property for K-linear monoidal categories, while spherical refers to a structure
that ensures particularly well-behaved dualities. These qualities of spherical fusion categories are
essential for the definition of a state-sum invariant, which we now recall, loosely following the
formulation of [TV17].

State-sums are defined not for closed 3-manifolds, but for closed 3-manifolds with an embedded
auxiliary substructure, which for the moment the reader might imagine as a triangulation. In
a second step, it has to be proven that the value of the state-sum does not depend on the
choice of triangulation — only then is it an invariant of 3-manifolds. Given a spherical fusion
category A and a 3-manifold M with triangulation, one assigns to each face of the triangulation
a simple object of A to label it with. These simple objects are the "states" over which a sum
will be performed. The sum will be finite because A is a fusion category, which implies that up
to isomorphism, A only has finitely many simple objects. Now consider a small, ball-shaped
neighborhood around a vertex v of the triangulation of M. The boundary of the neighborhood
is a 2-sphere which intersects the edges and faces adjacent to v. This intersection is a graph on a
sphere, whose edges stem from the faces of the triangulation, and whose vertices stem from the
edges of the triangulation. The egdes of the graph inherit a labeling with simple objects of A
from the faces. To such a graph on a sphere, the graphical calculus of a spherical category assigns
a linear form on a finite-dimensional vector space associated with the graph. The vector space in
question is a tensor product over hom-spaces: one for each vertex of the graph. Having obtained
a linear form for each vertex of the triangulation, a vector is needed on which the linear forms
can be evaluated. Indeed, a natural choice for such a vector exists due to the semisimplicity of
A, which is again part of the fusion property. This defines a scalar for each labeling of faces by
simple objects on A. The state-sum is defined as the sum of the scalars for all choices of labels,
adjusted by some weighting and normalization factors.

A feature of state-sum invariants of manifolds is that they are local: The construction can not
only be defined for manifolds, but for cobordisms, making it a topological field theory (TFT).
This means in particular that the state-sum invariant of a given manifold can be computed by



cutting the manifold into pieces, and performing the state-sum for each piece. For the state sum
models of interest in this thesis, it is believed that this construction be iterated so that they even
define a fully extended TFT.

DEFECT STRUCTURES. In state-sum models with defects, one considers an invariant not for
manifolds, but stratified manifolds, which might in particular have boundaries. We refer to the
stratification as a defect structure, in which each stratum is a defect — a substructure embedded
in a manifold, labeled with additional algebraic data. An invariant of manifolds with defects
provides a geometric tool to study the algebraic data which label the defects.

State-sums for manifolds with (framed) 1-dimensional defects (or defect lines) are well-
understood |[BK10|, even when they, together with 0-dimensional defects, form a network
of defect lines in the manifold [TV10; TV17]. A first example of a 2-dimensional defect is the
boundary of a compact 3-manifold. It is possible to define a state-sum for compact 3-manifolds
with boundary and defect lines [FS22]. Defect lines are then embedded either in the boundary
or in the interior of the 3-manifold, and their algebraic labels are distinct. If we consider the
state-sum with respect to a spherical fusion category A, then boundary defect lines have to be
labeled by objects of A (or a Morita equivalent spherical fusion category), while interior defect
lines are labeled by objects of the Drinfeld center Z(.A).

Such a structure may seem contrived, but there are relevant examples: The Frobenius-Schur
indicator is a classical quantity from representation theory, which assigns a number to a complex
representation of a finite group, and is, among other qualities, capable of detecting whether an
irreducible representation is (a) a complexification of a real representation, can (b) be obtained
by restriction of scalars from a quaternionic representation, or is (c¢) not self-dual. A modern
generalization of the Frobenius-Schur indicator takes as input datum a pair (a,x), where a € A
is an object of a spherical fusion category, and = € Z(.A) is an object of its Drinfeld Center. This
Frobenius-Schur indicator can be obtained as the state-sum for a solid torus, with an z-labeled
defect loop embedded in its interior and a configuration of a-labeled defect lines embedded on
the boundary, revolving around the torus |[FS22]. Moreover, this description allows for reasoning
about the indicator, as some of its properties can be understood in geometric terms. State-sums
for other manifolds with defects have been associated with representation-theoretic quantities in
[Meu22|.

A state-sum invariant for closed 3-manifolds with an embedded defect structure consisting of
2-, 1-, and 0-dimensional cells has been developed by Meusburger [Meu22| under the requirement
that the defect structure as a whole forms a 2-manifold. This thesis aims to develop some of the
tools that are necessary for a further generalization eliminating this restriction. If we want to
propose a state-sum construction for 3-manifolds with defects in all codimensions, there are two
important questions to be answered.

1. Which types of algebraic data should label the defects of various dimension?
2. How do we evaluate at vertices?

The first question has essentially been answered in the literature. The point of the thesis is to
provide a solution to the second question. We present the following answers:



1. The algebraic labeling of the defect structure is composed of:

3-cells Spherical fusion categories.

Finite semisimple bimodule categories over the spherical fu-
sion categories that label the adjacent 3-cells. The bimodule
categories are equipped with the additional structure of a
bimodule trace, which is equivalent to a pivotal structure.

2-cells
(Defect surfaces)

Objects in the relative Deligne product over all bimodule
categories that label the adjacent 2-cells. In the case of a
1-cells defect line is adjacent to precisely two 2-cells, these objects
(Defect lines) may be described as bimodule functors between the bimodule
categories that label the 2-cells.

Linear forms on the block space of the vertex, which is a
0-cells vector space assigned to the vertex that takes into account
(Vertices) the geometry of its neighborhood, as well as all the algebraic

labels for the adjacent defect strata of higher dimension.

That bimodule categories are suitable labels for defect surfaces has been observed for some
time [KK12; FSV13]. Bimodule traces as additional structures on bimodule categories
originate in [Sch13b|; they equip the higher Morita category of spherical fusion categories
and traced bimodule categories with duals [Sch13a]. Traced module categories have been
used as labels for boundaries in state-sum models implicitly, see e.g. [LFHSV21], and
defect surfaces labeled with traced bimodule categories appear in [Meu22|. The labeling
of defect lines with bimodule functors is in agreement with [Meu22|. It is established
[F'SS22] that objects in the relative Deligne product are the appropriate generalization
for the labels of defect lines with more than two adjacent defect surfaces. The labeling of
vertices by linear forms on block spaces is new to this thesis. In other approaches, bimodule
natural transformations [Meu22| or morphisms in a Drinfeld center [TV17] are used to label
O-dimensional defects. Block spaces in our sense were introduced in [FSS22] and can be
thought of as generalized, symmetric versions of vector spaces of natural transformations.

2. Sufficiently small closed ball neighborhoods of a vertex have the structure of an extruded
graph, as illustrated, for instance, in (3.44]). Extruded graphs can be evaluated to a scalar
without the need to resort to projections or a pre-determined set of local moves.

Having provided a definition for how extruded graphs are to be evaluated, we owe a convincing
argument for why our proposition is a good, or even the correct evaluation procedure for the
purpose of building a state-sum model. The following main results of the thesis substantiate this
claim:

(a) Loop graphs as depicted in (3.61) evaluate to traces, as would be expected in a graphical
calculus. This is the content of Theorem [3.28]

(b) We specify a set of local moves which any reasonable evaluation should be invariant under.
We prove this invariance property for our evaluation procedure in Theorem



(c¢) Our method of evaluation is the unique evaluation procedure which satisfies (a) and (b), as
shown in Theorem [4.5

(d) The evaluation of extruded graphs specializes to the ordinary graphical calculus of a
spherical fusion category. This statement is made precise in Theorem [5.12}

Let us now shed some light into the two "black boxes" that appeared in the discussion so far:
The block space associated to a vertex, and the evaluation procedure for extruded graphs.

BLOCK SPACES AND PRE-BLOCK SPACES. To this end, we need to gain a better understanding
of the neighborhood of a vertex v in a defect structure. We can describe it as follows: The
surface of a small ball neighborhood is a sphere, and the intersection of the surface with the
surrounding defect structure is a graph on the sphere. The edges of this graph inherit a labeling
by bimodule categories from the defect surfaces. To differentiate the graph’s vertices from the
vertices of the defect structure, such as v, we refer to the former as nodes. Within the interior of
the neighborhood, there are defect lines that connect the vertex v radially with the nodes. These
lines are also labeled by algebraic data, namely objects in relative Deligne products. To this
graph on a sphere, along with its associated algebraic labels, we need to assign a vector space.
There is a natural candidate for such a vector space: the block space constructed in [FSS22]. It
can be seen as a result of this thesis that this block space is an appropriate space of labels for
the vertices of a defect structure.

Recall from [FSS22| that the block space is defined as a subspace of a larger vector space
known as the pre-block space, which is a common construction in state-sum models. Roughly
speaking, the pre-block space is a hom-space in a large Deligne product, whose arguments are
the objects that label the defect lines adjacent to v, but without balancings. We can think of
the pre-block space as storing information about which adjacent defect lines are linked by a
defect surface. The block space is a subspace of the pre-block space, consisting of those vectors
that satisfy a set of conditions, one for each of the 3-cells adjacent to v. These conditions are
expressed through an equalizer diagram into which in particular the balancings of the objects
labeling the defect lines enter, and the block space is defined as its equalizer in Section

EXTRUDED GRAPHS. In a state-sum model without defects, the neighborhood of a vertex in
a triangulation defines a graph. A choice of objects (state-sum variables) for edge labels and
morphisms for vertex labels turns this graph into a string diagram on the sphere.

Similarly, the neighborhood of a vertex v in a defect structure, as described earlier, needs
additional algebraic labels to constitute an extruded graph as pictured in . The graph on
the boundary sphere of the neighborhood has edges labeled by bimodule categories. A secondary
label is needed for each of the edges: a choice of object in the corresponding bimodule category.
To each node (vertex of this graph), we associate a vector space, which is a hom-space that
couples the objects labeling the adjacent edges to the object in the relative Deligne product which
labels the adjacent defect line. Each node must be labeled with a vector from the corresponding
vector space. Lastly, recall that the vertex v is labeled with a linear form on the block space. All
of these data combined endow the neighborhood of v with the structure of an extruded graph,
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which, through our evaluation procedure, yields a scalar invariant. The notion of an extruded
graph will be made precise in Section [3.1]

THE EVALUATION. The evaluation of extruded graphs can be seen as an extension of the
graphical calculus on spheres. Usually, a graphical calculus is defined by first choosing a
projection of the diagram in question. For instance, string diagrams for braided categories are
embedded in 3-dimensional space, but to be able to evaluate them, they have to be projected
onto a standard plane. It is then a theorem that the evaluation does not differentiate between
different choices of projection; see [JS91, Thm. 3.5] for one formulation of this statement. While
working with string diagrams for braided categories in this way is manageable, the projection-
based approach has disadvantages. In the case of extruded graphs, the combinatorics involved
in transforming one choice of projection into another are unknown to us. For us, defining a
projection-based evaluation is therefore neither feasible nor desired.

Indeed, the evaluation procedure for extruded graphs we present in Section [3.3] is defined
without resorting to projections. It involves three steps. In the first step, the labels of the nodes
are used to define a vector in the pre-block space. From this vector, a corresponding vector in
the block space is then constructed. Finally, in the third step, the linear form that labels the
vertex v is evaluated on the obtained element of the block space. The first and third steps of
the evaluation procedure are relatively tame. It is the second step which is most significant.
It involves a distinguished linear map from the pre-block space to the block space, which was,
however, only a subspace by definition. The key insight needed here is that in the semisimple
setting, the spherical structure on the involved fusion categories exhibits the equalizer from the
definition of the block space as a split equalizer. This means that the block space is not merely a
subspace of the pre-block space, but a retract. Consequently, any vector in the pre-block space
comes with a distinguished projection provided by the spherical structures into the block space,
as is required in the second step of the evaluation procedure.

LocaL MovES. Since we defined the evaluation without choosing any projection, it evidently
provides a well-defined quantity associated to the extruded graph. No theorem is necessary that
ensures the independence of a projection. This feature comes with a drawback: It is hard to use
the definition we give to directly compute the evaluation of an extruded graph. We address this
problem by providing tools for practical calculations in Section [l Namely, we introduce a set of
local moves for extruded graphs, which leave the evaluation invariant. Evaluating an extruded
graph using local moves is then a process of gradually simplifying the extruded graph, until it is
of a standard form, called a loop graph. We show that loop graphs, pictured in , evaluate
to a trace.

The set of local moves includes generalizations of standard moves for string diagrams. We
briefly mention two of them: A strand connecting two vertices of a string diagram, can be
contracted into a single vertex. The new vertex needs a to be labeled with a morphism, which
is obtained by composing the labels of the old vertices. We call the corresponding move on
extruded graphs the [Clmove. It also consists of a topological transformation, in which two nodes
are replaced by one, and an algebraic prescription detailed in Section to obtain the label of
the new node from the two labels of the nodes that have been contracted. In string diagrams for
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monoidal categories, the juxtaposition of strands represents the monoidal product of the objects
that label them. As a consequence, a pair of parallel strands can always be replaced with a single
strand labeled with a monoidal product. The [EF}move for extruded graphs is similar, though a
relative Deligne product has to be taken instead of a monoidal product.

That the corresponding local moves for string diagrams leave the evaluation invariant follows
immediately from the projection-based definition. We prove the invariance of the evaluation
under these moves and others for extruded graphs, which is a main result of the thesis.

RELATION TO OTHER KNOWN EVALUATIONS. Specific extruded graphs can be reduced to string
diagrams in a spherical fusion category A on the surface of a ball, with additional strands, labeled
by objects in the Drinfeld center Z(.A), pointing radially inwards towards the center of the ball.
This type of diagram is encountered in state-sum models with at most 1-dimensional defect
structure [BK10; TV17]. In Section we show that the evaluation of such specific extruded
graphs reproduces the usual, projection-based evaluation of these diagrams.

In the state-sum model with defects introduced in [Meu22|, yet another class of diagrams
appeared, called polygon diagrams. Like extruded graphs, polygon diagrams involve a labeling of
edges by objects of different traced bimodule categories. They are, however, planar in nature.
This is appropriate for the model: because the defect structure in [Meu22| is required to be
a 2-manifold, graphs on the surface of a ball neighborhood of a vertex in the defect structure
come with a distinguished plane on which they can be projected. Some extruded graphs can
be compared to polygon diagrams. In these cases, the respective evaluations agree as well, see

Section 5.3

TOWARDS DEFINING A STATE-SUM. Having developed a theory of extruded graphs, and shown
that their evaluation specializes to known evaluation procedures, we are in a position to propose
a state-sum model with defects in Section though proving the independence of triangulation
remains beyond the scope of this thesis. Looking forward, it seems likely that extruded graphs
can be used to further simplify the definition of state-sum models. This is because while the
extruded graphs we considered so far are of spherical shape, higher-genus extruded graphs can
be considered as well. It is then feasible, as outlined in Remark [5.15] that the state-sum of a
triangulated 3-manifold with defects can be computed as from the evaluation of a single extruded
graph, whose topology is a tubular neighborhood of the 1-skeleton of the triangulation. This has,
however, to be relegated to future work.

12
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2 ALGEBRAIC PRELIMINARIES

Before we can introduce extruded graphs, the objects of interest in this thesis, in Section [3], we
need to develop some algebraic machinery that is necessary to work with them. Some of this
section is spent fixing notation, and recalling standard concepts, such as bimodule categories,
categorical centers and the relative Deligne product. Lesser-known structures which are reviewed
include bimodule traces in Section 2.7 More importantly though, we lay out some specific
algebraic tools that are necessary to work with extruded graphs, such as the piecewise module
coend in Section

Throughout this paper, let us fix an algebraically closed field K of characteristic 0. We will
mainly work with K-linear categories, using standard terminology that can be found in [EGNO15].
When not stated otherwise, all linear categories are also assumed finite and semisimple.

The following notational conventions serve to shorten and clarify the presentation:

e Given any category C with objects z,y € C, we denote hom-sets by angled brackets:
(z,y) == c(z, y) == Home(z,y). (2.1)

o Lowercase bold letters (x,y,...) are used for objects that are necessarily simple. In a finite
semisimple category C, the notation
Z e (2.2)

xeC
stands for a sum over the set of isomorphism classes of simple objects of C, with x assuming
the value of a representative for each class in the sum.
e We denote the opposed category to any category C by an overline:

C :=C. (2.3)

If 2 Y N z are objects and morphisms in C, then we also denote the corre-

sponding objects and morphism in C by an overline:
!

z- o527 (2.4)

<

Using this overline-notation, the relation between composition in C and composition in C
can be written out concisely as

fog= go?. (25)

Q

e If X and Y are linear categories, we frequently consider the Deligne product X X ). We
treat the Deligne product as strictly associative and use tacitly that the equivalence
XNKY = YK AX is symmetric. In practice this means that we can identify any two orderings
of a multiple Deligne product via a distinguished equivalence: Let X1,..., X}, be linear

14



categories, and let o be a permutation of {1,...,n}. By the universal property of the
Deligne product, the functor

XlX‘-'XXn%XU(l)g-H@XU(n) (26)
(a:l,...,xn) '—)%‘U(l)&---®xg(n) .

defines an equivalence X1 X-- KX, = X)X KX, (. If throughout this work the
ordering of a Deligne product is changed, it will always be via this equivalence.

2.1 CALABI-YAU CATEGORIES

A linear category C equipped with a trace Tre, that is, a collection of maps Tre : ¢z, ) - K
for each object x € C satisfying

o Symmetry: Tre(f og) = Tre(go f), and

o Non-Degeneracy: The assignment f — Tre(fo—) defines an isomorphism ¢(z, y) = ¢(y, z)*
for each f:x — y in C,

is called a Calabi- Yau Category. For any object x € C, the scalar d, := Tre(id,) is called the
dimension of x. This notion can, for example, be found in [Cos04] or [Sch13b].

Lemma 2.1 ([Sch13bl Prop. 5.2]). The trace of a (finite semisimple) Calabi-Yau category C is
determined by its dimension vector (dx), that is, the finite list of dimensions dx of (representatives
of ) simple objects x € C. The entries of the dimension vector are non-zero, dx # 0. Conversely,
any list of non-zero scalars for each isomorphism class of simple objects defines a trace.

The "squared norm"

De:=>» d (2.7)

of the dimension vector is called the dimension of the Calabi-Yau category C. If C and D are
two Calabi-Yau categories, then the Deligne product C XD is a Calabi-Yau category with trace

Tremp(f ® g) := Tre(f) Trp(g) (2.8)

for endomorphisms f in C and g in D. This product category’s dimension is the product of the
dimensions of the factors:

Demp= Y. di=) dig, =Y didl="DDp. (2.9)
zeCXD xeC xeC
yeD yeD

2.2 MONOIDAL CATEGORIES

We treat all monoidal categories as strict, in that we do not pay attention to the bracketing of
monoidal products, and do not make associators and unitors explicit. With the exception of the
tensor product of vector spaces, we never use any symbol to denote monoidal products; instead
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we simply write ab for the monoidal product of the objects a and b. Reversing the product of a
monoidal category A leads to another monoidal category, denoted .A™".

Most of the monoidal categories we consider are pivotal. In this case as well, we make use of
the appropriate coherence theorem [NS07, Thm. 2.2] and treat the pivotal structure as strict.
We will therefore not distinguish between left and right dualities, and denote by a* the dual of
an object a in a pivotal category. We occasionally make use of the fact that a pivotal structure
on a category A gives rise to a distinguished moinoidal equivalence

A=A (2.10)
We denote the evaluation and coevaluation maps by
ev?:iaa® —1 and acoev : 1 — a* a. (2.11)

Instead of distinguishing between left and right evaluation and coevaluation, we stick to this
convention and use
ev® 1a*a—1 and  grcoev:1 —aa” (2.12)

for the other duality. The position of the subscript and superscript a is intentional, as will be
clarified in Section

A pivotal fusion category A is in two ways a Calabi-Yau category, as both the left and the
right pivotal trace is a trace in the sense of Calabi-Yau categories. If the two traces agree, the
category A is called spherical, and it carries the structure of a Calabi-Yau category in a canonical
way.

2.3 DIAGRAMMATIC NOTATIONS

In some situations, especially when working with pivotal categories, we allow ourselves to
represent morphisms in the diagrammatic notation of string diagrams. These are always read
bottom-to-top: for example, given morphisms f: x ® y* — z, g : y — w* in a pivotal category
A, we might write

(z®g)o(f®y)o(x® ycoev) = : (2.13)

For generalities on string diagrams, we refer to [TV17].

Remark 2.2. Given that the aim of this paper is to define a formalism that could be called a
graphical calculus, which moreover is closely related to string diagram notations, all graphical
calculations should be done with care. First of all, we emphasize that the extruded graphs,
which are our main subjects, to be introduced in Section [3] are distinct from string diagrams and
only specialize to the known graphical calculus in some cases, which are laid out in Section [f
Secondly, all diagrammatic notation in this work is meant to illustrate algebraic expressions for
the convenience of the reader, and a direct translation into such algebraic expressions is possible
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at all times. In stark contrast to extruded graphs that will be examined thoroughly, we do not
treat string diagrams and related notation as mathematical objects, but solely as a means to
improve the legibility of (sometimes lengthy) formulae.

String diagrams in which all strands are labeled by objects and all coupons are labeled by
appropriate morphisms represent a morphism. However, if we leave a coupon empty, we can
take the string diagram to represent a linear map from the hom-space associated with the empty
coupon to the hom-space in which the fully labeled string diagram evaluate to a morphism.
When taking on this perspective, we emphasize the emptiness of the empty coupon by drawing it
as a doubly outlined rectangle, as in the following example, in which both sides of the equation
describe a linear map (z ® y*, z) = (z, z @ w*):

== (2®9)o(f@y)o(x® 4coev)) . (2.14)

For reasons that will become apparent in Section [2.9] we refer to such diagrams with an empty
box as functorial diagrams (for the hom-functor). Functorial diagrams may seem very similar
to string diagrams, but note that their composition operations are quite different: while string
diagrams are composed by vertical concatenation, functorial diagrams are composed by inserting
the pre-composed diagram into the empty box of the post-composed diagram, as illustrated
below.

Y w
9

- o (2.15)
4
ANy ey

Later, in Sections [2.8] and [2.9] we will see more general functorial diagrams, of which those
presented here are only a particular case.

2.4 HoM-SPACE CONTRACTIONS

For a finite-dimensional vector space V, we denote the image of idy under the identification
(V, V)2V V*by x€V®V* We frequently use a form of Sweedler notation whenever we
need to write x in ®-factorized form: * = %y ® *(«) € V @ V*. For computational purposes, it
is useful to recall that an explicit ®-factorized form of « is given as follows: Pick a basis (@) of
V and denote the dual basis of V* by (¢}). Then x = >, va ® ¢,

In most cases we will encounter, V' will be some hom-space V' = ¢(z, y) of a Calabi-Yau
category C. It then makes sense to consider the image of * under the isomorphism ¢(z, y) ®
clz, y)* = clx, y) @ c(y, v). We denote this image by * as well, and its Sweedler components by
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* = k(g ) & Ky z)- When using graphical notation, we write

T
* = ® . (2.16)

Y

A useful and well-known relation which is best expressed in this notation is the following
equation, whose left-hand side is sometimes referred to as a resolution of the identity of an object
x in a Calabi-Yau category C:

z
D dy ki) K = D dx Tx = ide. (2.17)

x
X

The notation can also be used to conveniently express the multiplicity dim (z, x) of a simple
object x in an object x in a Calabi-Yau category C:

dim <:E, X> = Trc(*<x’ z) © *(m,x))- (218)

2.5 ENDS AND COENDS

Quantum dimensions are hard to keep track of and their appearance in equations can sometimes
seem mysterious. In this section and the following, we aim to systematize our treatment with
the following observation: Quantum dimensions appear whenever an isomorphism between an
end and a coend is expressed in components. To make the meaning of this credo precise, we first
establish in this section that we distinguish between ends and coends even in the semisimple
case, and that a Calabi-Yau structure establishes an isomorphism between the two. Next, in
Section we develop a calculus of components of morphisms between ends and coends, which
is a necessary tool later on.

In order to fix notation, we briefly recall the notions of an end and a coend. Let X and
Y be arbitrary categories. An end of a functor S : X x X — Y is an object [ S(z,z) € ),
together with structure morphisms 7 : [, S(x,x) — S(a’,2) for all 2’ € X that form a dinatural
transformation (meaning that for every f : 2’ — 2’ S(f,2") o7 = S(2/, f) 0 7), satisfying the
universal property that morphisms y — [ S(x, ) are in bijection with dinatural transformations
y = S for any object y € ). The notion of a coend [* S(x,z) is dual, and we denote its structure
morphisms by ¢@ : S(a',2') — [* S(x,z).

In case the category X is a (finite and semisimple) Calabi-Yau category and ) is abelian,
ends and coends can be understood explicitly as products or coproducts over a complete set of
representatives of simple objects x of X': There are canonical morphisms [, S(z,z) = [, S(x,x)
and [*S(x,x) — [[S(x,x), defined using the universal property of the product and the
coproduct.

[, S(z,z) ----- » [k S(x,x%) [*S(x,x) ----- > 1 S(x, %)
\T) l T / (2.19)
S(y,y)
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These morphisms, which are the unique dashed arrows that make the diagrams commute
for all simple objects y € X, are isomorphisms. In order to prove this, one shows that if X
is Calabi-Yau, then any dinatural transformation 1 : y — S can be reconstructed from its
components xn : y — S(x,x) on simple objects x € X. This follows from the next lemma.

Lemma 2.3. The components ;0 of a dinatural transformation n:y — S for general objects
x € X can be given in terms of the components xn of n for simple objects x € X:

zl = de S(*(z,x)v*(x,m)) O xT). (220)

Dually, for a dinatural transformation € : S — y, the following formula holds:
e = Z dx €€ o S(*(x, a:)a*(:c,x})' (221)

Proof. The computation is straightforward. In the first step, a resolution of the identity, see

(2.17)), is inserted:

(12.17
x dXS(*(x,x) © *(z,x>7x) 02N

- deS(*@ x)> x)o S(xx, x>,x) gy
= des(*@c,x)ax) o S(‘%*{x,x)) °x7

— Z de(*<m, x)1 *(x, x}) o x7n.

(2.22)

The second equality uses the (contravariant) functoriality of S, and the third equality follows
from the dinaturality of 7.
The equation (2.21)) is proved similarly. O

Of course, in any abelian category, the coproduct and the product can both be identified
with the direct sum. In a Calabi-Yau category X', the two isomorphisms in can be thus
be composed to produce an isomorphism [, S(z,z) = [*S(z,z). However, it turns out that
a modified version of this isomorphism is more natural to consider. We refer to this modified
version Oy as the isomorphism between the end and the coend induced by the trace on X.

Oy : /IGX S(z,x) = /IEX S(z,x). (2.23)

Here and going forward, we talk about ©x as an isomorphism — but really, it is a family of
isomorphisms for each functor S. We suppress this in the notation.

Unlike the isomorphism obtained from , Oy carries information about the trace structure
on X. It is defined as the composition

Oy = Zdy oY oyT, (2.24)
y
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meaning that the following diagram commutes.

[1x S(x,x) 11, S(x,x) (2.25)

—
D, dxids )
Later, in Lemma [2.21] we will see a conceptual reason for why the isomorphism © y as defined in
(2.24]) is more relevant than other choices of isomorphism.

2.6 COMPUTING WITH COMPONENTS

We continue by establishing some notational conventions for the components of morphisms
between ends and coends. This will be necessary for some practical computations later on.

Let X and Y be abelian, and S be a functor as above. Due to the respective universal
properties, it is natural to consider morphisms into ends and out of coends. Given a morphism

fiz— /S(i,z’) (2.26)
i
from any object x into an end, we call the family of morphisms
if=jmofx— S(4,5) (2.27)

obtained by post-composition with the structure map of the end the components of f. This
family is dinatural.
Conversely, given a dinatural family

if 2= 50,9), (2.28)
we write for the unique morphism to end implied by the universal property
/fj PN /S(z’, ). (2.29)
7 7

A dual definition holds for the coend: Given a morphism

g: /l S(i,i) = vy, (2.30)

we call the morphisms ‘ '
g i=goo’ :5(5,7) =y (2.31)

the components of g, which form a dinatural family. Similarly, any dinatural family ¢/ : S(j,j) — v
assembles into a unique morphism
/ qg'. (2.32)
7
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out of the coend. Let us now require the category X to be equipped with a Calabi-Yau structure.
Using the canonical isomorphism ©y to identify the end and the coend, the morphisms f and g
can be composed. We thus define

gef:=goOyof. (2.33)
Moreover, we introduce rules for raising and lowering indices:
If:=d;,;f and gj:=d;¢. (2.34)
Using this notation, we find that

g.f:degxoxfzzgxoxfzzgxoxf, (235)

where the sum runs over representatives of simple objects of the finite semisimple category X. A
takeaway from equation is that whenever we encounter an expression where a sum over
simple objects x is involved, we should expect both instances of x in the expression to be raised,
both to be lowered, or else for a dimension dy to be involved.

Remark 2.4. For a non-simple object j, the dimension d; might be zero. Thus, the raising and
lowering operations from (2.34]) do not, in general, have inverses. This is not a problem when
the object j is simple.

Morphisms 7 f with raised indices and g; with lowered indices are to be viewed as the components
of maps into coends and out of ends, respectively. We sometimes refer to such morphisms as
atypical morphisms. For instance, let there be maps

hiz— / S(i,i) and k- /S(i,z’) S (2.36)
By the (atypical) components of h and k, we mean the morphisms
Ih:=d; ;7003 oh:z— S(j,j) and kj:=d; koOy ool : S(j,5) = y. (2.37)

Since the morphisms i and k are determined by their components, we allow ourselves to write

h:/ Ih  and k:/ kj. (2.38)

Remark 2.5 (Atypical dinaturality). The atypical components /A from form a family of
morphisms satisfying a property that is similar to a dinaturality condition: Given a morphism
a:i— jin X, we find

d; S(j,@) o/h =d; S(a,i)o'h. (2.39)

One can check that families 7k of morphisms satisfying this atypical dinaturality condition are in
canonical bijection with maps h: z — [*S(i,1).

While for our purposes, it would suffice to consider components of atypical morpisms (and
even regular morphisms as in ) only for simple objects, this justifies why we do not need to
make such a restriction.
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The definitions (2.37)) are chosen such that
goh:ngoxh and k:of:Zk:xoxf (2.40)

hold.

An example for notation using raised and lowered indices are the evaluation and coevaluation
morphisms ev® and ,coev for objects a € A in a pivotal category. These morphism form dinatural
transformations — ® (—)* — 1 and 1 — (—)* ® —, respectively, and thus form the components
of morphisms

a
ev = /eva : /aa* —1 and coev:= /acoev 1 —>/ a*a. (2.41)
a a a

The identity morphism id : [, S(z,x) — [, S(z,x) of any end is typical in that it is a morphism
into an end, and atypical in that it is also a morphims out of an end. Its components ,id are the
end’s structure morphisms

2id = 4T (2.42)
Using the formula for atypical components , we get
ody = o7, =dy 270 O3 0 ab. (2.43)
For simple objects x,y, it can be read from the diagram that the formula becomes
xidy = xTy = Ox,y idg(x x)- (2.44)
The same result holds for the structure morphisms of a coend:
x

0¥ = Ty = Oxy idg () (2.45)

Of course, equation (2.43)) also describes the components of the inverse to the isomorphism Oy,
which was defined in Section 2.5t

=Y idg(x%)- (2.46)

We learned from Lemma how structure maps for general objects are expressed in terms of
structure maps for simple objects. Applying this to (2.46)), it is easy to show that for general
objects z,y € X', we the components of @;(1 take the form

$(@)_(1)y =zT© @;{1 oo¥ = S(*(w,y}a*(y, x)) (247)

The isomorphism ©y, which is used in the definition of atypical components, is itself an
atypical morphism in two ways: It is a morphism out of an end and into a coend. Its components
are given as follows, for simple objects x,y € X

Y(Ox), =Y (Z d, 0% o ZT) = Zdz Yo% 0,7 = Zdz dy,202,x 1dg(x x)

= dx Oy x idg(x,x)-

(2.48)
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2.7 TRACED BIMODULE CATEGORIES

Keeping in mind that a (linear) monoidal category is the categorification of a ring, it is natural to
also consider the categorification of the notion of a module over a ring, which is called a module
category. Given a monoidal category A, one can consider left A-module categories M. This is a
category equipped with an action functor A x M — M, denoted (a,m) — am, together with
coherence data and axioms. For details, we refer to [EGNO15].

We are interested only in so-called exact module categories over finite tensor categories: A
finite left . A-module category M is called exact iff the object Pm € M is projective for any
projective object P € A and any object m € M. If A is a fusion category — which is the setting
throughout this work — then the exact module categories over A are precisely the finite semisimple
module categories. From here on, we assume all module categories to be exact by default.

There are the obvious related notions of right module categories and bimodule categories.
A left A-module category can be equivalently described as a right A*V-module category. An
A-B-bimodule category is the same as a left AXB"V-module category. Lastly, every linear
category can be canonically equipped with the structure of a left or right vect-module category.
Hence, a left A-module category can also be seen as an A-vect-bimodule category.

We will make tacit use of these identifications throughout the thesis. To keep in mind which
type of module category a particular category is, we sometimes write, for instance 4Mpg = M
for an A-B-bimodule category, and similar for left and right module categories.

For every fusion category A, we can consider the reqular bimodule category 4 A4, whose action
functors are given by the monoidal product.

The bimodule categories we consider have internal hom-objects with respect to each action.
This means that given objects m, n in a bimodule category 4Mp, there are objects 4[m, n] € A
and g[m, n| € B for which there are isomorphisms

Ala, alm, n]) = pm(am, n), B{b, alm, n]) = p(bm, n). (2.49)

Pivotal structures on monoidal categories are important to us, and one reason for this is that
they lead to a unique module structure on the opposite of a module category: For a bimodule
category 4Mp over pivotal categories A and B, the opposite category M is canonically a
B-A-bimodule category, with actions defined by bma := a* m b*. Without the pivotal structures,
different choices of dualities will lead to different action functors on M.

If a bimodule category 4 Mp over pivotal categories A and B also carries the structure of a
Calabi-Yau category, it is natural to impose the following consistency condition: Let a € A, b € B,
and m € M be objects, and let f : amb — amb be an endomorphism in M. The morphism

ptr(f) := (ev“* mevb) o (a® fb*) o (4coevm p-coev), (2.50)

which is an endomorphism of m, is called the partial trace of f with respect to a and b. The
consistency condition between the Calabi-Yau structure and the module actions on M mentioned
above is

Tran(f) = Traa(ptr(f)). (2.51)

In order to illustrate equations such as (2.51)), we can make use of a type of string diagram found
in [Sch13b|. These diagrams represent morphisms in (bi-)module categories and are read from
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bottom to top. In pictures, the trace compatibility condition (2.51)) assumes the form

m

Tr g =Trapm | ¢ f b |- (2.52)

m

ptr(f)

Traces on module categories over pivotal fusion categories that satisfy were first consid-
ered in [Sch13b| and are called (bi-)module traces. We refer to a bimodule category equipped
with a bimodule trace as a traced bimodule category. The following lemma, which is easy to
verify, shows how the property to admit a bimodule trace is related to the property of sphericity
for pivotal fusion categories.

Lemma 2.6. Let A be a pivotal fusion category. The following statements are equivalent.

1. A is a spherical fusion category.

2. The reqular bimodule category g4 A4 admits a bimodule trace.

If either statement is true, then the bimodule trace on g A4 is unique up to a mormalization
factor. If in addition, the bimodule trace is normalized such that the dimension of the monoidal
unit is 1, then the bimodule trace is equal to the (left or right) pivotal trace.

Remark 2.7. In light of Lemma the name "spherical bimodule category" would also seem
to make sense for traced bimodule categories. We chose our terminology for the following reason.

As explained in [DSS20,, Sec. 3.5], there are two notions of sphericity one can consider for
pivotal tensor categories. A pivotal tensor category C can be spherical, meaning that the pivotal
structure squares to the Radford isomorphism — or it can be trace spherical, meaning that the
left and right pivotal traces are equal. If C is semi-simple, these notions of sphericity coincide,
but otherwise, they are independent properties.

The concept of sphericity can be generalized to module categories [FGJS22| — there, too,
the notion of a Radford isomorphism [FSS20a] and that of a pivotal structure |[Schlb}; [Shi20]
exist. On a semisimple bimodule category, pivotal structures and bimodule traces are equivalent
structures. Sphericality is in this case an additional normalization condition on the bimodule
trace, which we have no desire to impose.

Remark 2.8. Given two A-module categories M and N, the product category M x N can be
equipped with the structure of an A-module category by simultaneous action on the components,
which is denoted M BHN. This module category is called the direct sum of M and N. A module
category M is called indecomposable if the existence of an equivalence of module categories
M = N B K implies that either A/ or K is equivalent to M, with the other being trivial. The
structure of a bimodule trace on an indecomposable bimodule category is, if it exists, unique up
to a scalar [Sch13bl Prop. 4.4]. The question whether or not a (bi-)module category admits a
bimodule trace can be stated as an eigenvalue problem [Sch13bj, Prop. 5.4, Prop. 5.7].
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A module trace also provides a relation between the (pivotal) dimension of an internal hom
object, and the dimensions of the objects in the module category:

Lemma 2.9. Given a left A-module category M over a spherical fusion category A with a
module trace, the following equality holds for simple objects m,n € M:

D 4
dA[m7n] - m dmdn (253)

Proof. Following [Sch13b| Sec. 5], we call the square matrix @) with entries

Qnm = dA[m7n] (254)

for (representatives of isoclasses of) simple objects m,n € M the dimension matriz of M. From
[Sch13b, Prop. 5.7], we know that @ is of rank 1 with only non-zero entries. This implies that @
is of the form Qnm = &n(m for non-zero scalars &,, (m € K.
Moreover, the module trace on M causes the dual of the internal hom to behave much like the
dual of the hom-space:
alm, 1" = aln, m] (2.55)

for all objects m,n € M. This is easy to check using the Yoneda lemma; for a € A, we have:

{a, a[n, m]) = (an, m) = (m, an)* = (a*m, n)"

(2.56)

= <a*, Alm, n]>* = <A[mv n}, a*> = <a, Alm, n]*>
Due to (2.55)), the dimension matrix @ is symmetric, which means that &y = (m for all simple
representatives m € M.

The dimension vector is an eigenvector of the dimension matrix ) with eigenvalue D4, see
[Sch13bl Prop. 5.4]:

D Qnmdm =Y &némdm = Dadn. (2.57)
As &, and D4 are non-zero, this is equivalent to the following:
2omémdm _ dn
= — = )\’ 258
Dy gn ( )
where we introduced a non-zero scalar A that does not depend on n. Substituting &, = dTm, we
find d >
En}‘\’im =\, and hence D—/J\: =\2 (2.59)

Finally, we obtain the statement of the lemmas:

dndm _ Dy

dA[m7 n] — Qnm = §n§m = T ,DM dmdn- (2.60)
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In Section we reviewed how traces exhibit hom-spaces as the duals of other hom-spaces,
and introduced x-notation as a shorthand for working with elements of a pair of dual bases. The
calculus of *-notation in dual hom-spaces behaves nicely with respect to the module structure if
the duality comes from a module trace. More, precisely, the following lemma holds.

Lemma 2.10. Let M be a left A-module category over a spherical fusion category A with a

module trace. Let there be objects m, n € M and a € A, and let (¢o) denote a basis of the

hom-space p(m, an). Asin Section we denote the elements of the dual base by %, € (an, m).
Then the a-indexed families of morphisms

(ev® n) o (a*py) and (a*¢F) o (4coev n) (2.61)

form dual bases of the hom-sets (a*m, n) and (n, a*m), respectively.
Using the *-notation introduced in Section[2.4, this statement can be expressed as the equality

*(a*m,n) ® *(n,a*m) = ((eva*n) © (a**(m, an))) ® <(a**<an,m)) © (aCOGV n)) ) (262)
or graphically as
a m m a m
& = ® . (2.63)
n a n n

Proof. We merely need to show that the duality relation
NGV ((eva*n) o (a*pq) o (a* %) o (4coev n)) = 0a.a (2.64)

holds. Using the compatibility (2.51]) of the module trace with the partial trace, it is easy to see
that the duality relation (2.64)) is inherited from the duality relation of the original dual bases

Par P

Tr ((ev“*n) o (a*pq) o (a* %) o (4coev n))

|,| *
= 1rm (ptr(@a © SD&)) (2.65)
*
=Trm (¢a © ©5)
= 5& a
O

2.8 CENTERS OF BIMODULE CATEGORIES

Let 4M 4 be an A-A-bimodule category. The linear category Z4(M) is called the center of
M and has as objects pairs z = (m, br®), where m € M is an object of M and br?, called the
balancing of z, is a family of isomorphisms br, : am — ma for each object a € A, satisfying
the conditions brZ, = (br?b) o (abrj) and brj = idy,. Morphisms f : z — 2 = (m/,br*') are
morphisms f : m — m’ satisfying the condition that br? o (a f) = (fa) o br,. We denote the
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forgetful functor z — m, which forgets the balancing, by U : Z4(M) — M. If M is the regular
bimodule category 4.A.4, the center Z4(.A) is the more widely known Drinfeld center of A (as a
linear category).

We frequently use a particular pair of morphisms (e.g. in Lemma below)

brev,® : ama* — m and ,cobrev,:m — a*ma, (2.66)

called braided evaluation and braided coevaluation for objects z = (m,br?*) € Z4(M) and a € A.
They can be defined in two equivalent ways, which are the left- and right-hand sides of the
equations below.

brev,® := (mev®) o (br? a*) = (ev®m) o (a (brz.) 1), (2.67)

acobrev,, := ((brZ.) "1 a) o (m 4coev) = (a* br?) o (ycoev m). (2.68)

In diagrammatic notation, we represent the braided evaluation and coevaluation as

brev,* = and awcobrev, = aw (2.69)

)
A

where we introduced the convention that objects of the center are drawn as red lines. We also
use the label z as opposed to m, because we make use of the balancing as well. In practice, this
means that black lines and red lines can cross in all diagrams we consider. Unlike for a braided
monoidal category, there are no over- and undercrossings that need to be distinguished.

Remark 2.11. Any linear category X can be seen as a vect-vect-bimodule category. With
respect to these vect-actions, every object x € X admits a balancing, and all balancings are
isomorphic. Hence, there is an equivalence of categories X' = Zyect (X).

Remark 2.12. An alternative model for the center is given by the category of bimodule
functors and bimodule natural transformations Fun 4 4(A, M): There is a canonical equivalence
of catgories

FunA|A(.A,M) = ZA(M) (270)

The center of a module category can also be characterized by a universal property, which needs
the notion of a balanced functor. A functor F' : M — X, equipped with a family of isomorphisms
Yam * F(am) — F(ma), natural in a € A and m € M, which moreover satisfies vspm =
Vb,ma © Ya,bm, is called a balanced functor. Balanced functors form a category Funbal(/\/l7 X), whose
morphisms are balanced natural transformations, i.e. those natural transformations n: F = G
which are compatible with the balancings v and v of F' and G in that fygm O Nam = Nma © fy(f m-
Up to equivalence, the center Z4(M) is the unique category such that there is an equivalence of
functor categories

Fun®® (M, X) = Fun(Z4 (M), X). (2.71)
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2.9 BALANCED FUNCTORS AND FUNCTORIAL DIAGRAMS

Let M be a (left) module category over any monoidal category A, and let N be a right .A-module
category. The category N' XM is an A-A-bimodule category. The balanced functors out of
categories of this form are of particular interest to us. We usually denote the balancing of a
functor F : NX M — X into a category X as bal, qm : F(na,m) — F(n,am).

The prototypical example of such a balanced functor is the Hom-functor of a module category
M over a rigid monoidal category A: Let N' = M, which is a right .A-module category with
action ma := a*m, where a* here denotes the right dual. Then the evaluation morphism defines
isomorphisms

<ma, m'> = <a*m, m'> = <m, am'>, (2.72)

which assemble into a balancing. The hom-functor of a bimodule category is even bi-balanced:
If NV is a B-A-bimodule category and M is an A-B-bimodule category, then a functor

F:gNAR qyMp — X (2.73)

as above, with one balancing for the A-actions, and one balancing for the B-actions, is called a
bi-balanced functor iff the left and right balancings commute, meaning that

F(bna,m)
balB, V baly
F(na, mb) F(bn,am) (2.74)
balA amb\) balf,
F(n,amb

commutes for all objects a € A, b € B, n € N and m € M. This is equivalent to F' being equipped
with a single balancing between the right A X B*V-action on A and the left A X B"V-action on
M.

Another notion of bi-balanced functor also plays a role for us. Consider a functor
G: ANAiXpMp — X, (2.75)

where N is an A-A-bimodule category, and M is a B-B-bimodule category, which is equipped
with two balancings, one for M and one for N, which are once more required to commute. If

A = B, a functor can be bi-balanced either in the sense of (2.73]), or in the sense of (2.75]). The
term "bi-balanced" functor is therefore ambiguous in this case. We say that a functor

F: ANAR qgMy — X (2.76)

is connected bi-balanced if it is equipped with balancings between A/ and M as in (2.73), and
disconnected bi-balanced if it is equipped with one balancing for A/ and one balancing for M as

in (273).
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Balanced functors, and especially bi-balanced functors, admit well-behaved functorial diagrams,
which we will now discuss. We will see that these specialize to the functorial diagrams in
Section [2.3] for the choice of the hom-functor as bi-balanced functor.

Given any functor F': X — Z, and a string diagram

=gof, (2.77)

we write the following for the morphism F(go f) in Z:

|
9
[

= F . (2.78)

S
_ 1
F

Of course, the term g o f may be replaced with any string diagram in X. In the same spirit, let
S:Y x X — Z, and let h be a morphism in . We then write

=S| h, = S(h,gof). (2.79)

So far, this notation of functorial diagrams on the left-hand sides of and bears no
advantage over what is written on the right-hand side of these equations. This changes when we
consider balanced functors. Let 4M and 4N be left module categories over a pivotal category A.
Given objects a € A, m € M, and n € N, we draw the following functorial diagram to represent
the balancing of a balanced functor S : N’ x M — X:

m
a g =Dbalyam : S(a*n,m) — S(n,am). (2.80)

n

This notation allows us to represent morphisms in X built from
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o morphisms in the 2-image of S, that is, morphisms of the form S(f, g) where f and g are
morphisms in A and M, respectively; and

e the balancing isomorphisms of S, and their inverses.

For (connected) bi-balanced functors, bending around strands is allowed both on the left
and on the right-hand side of functorial diagrams. To illustrate this, let M and AN be A-B-
bimodule categories, and as illustrated in the following picture, which represents a morphism
S(a*n, mb*) — S(nb,m’)

= S(f,nb) o bal 8" ~1 o pa]left (2.81)

n,b,am n,a,mb*

If we consider the special case where N' = M = B = 4A4 is the regular bimodule category,
and X = vect, we can choose S to be the hom-functor of A, which is a bi-balanced functor.
Functorial diagrams such as then specialize to the functorial diagrams we encountered
in Section 23] with the modification that the previously empty double-box is now labeled with
the name of a functor, in this case Hom. The reason why functorial diagrams really specialize
to the diagrams from Section [2.3] for the hom-functor is that "bending around strands" as in
encodes the hom-functor’s balancing, which is defined using a coevaluation; on the other
hand, the coevaluation is also represented by bending around a strand in the functorial diagrams
from Section [2.3] which are derived from string diagrams. The hom-functor of a module category
M over A also comes with a linear map (m, m') — (am, am’) for each triple of objects a € A,
m,m’ € M, which is part of the data of module action functor. If A is a rigid and pivotal, this
linear map can be expressed using the balancing of the hom-functor, together with either an
evaluation or a coevaluation. This is true of any balanced functor S : N’ x M — X over a pivotal
category A: The two expressions

*

balgn a,m © S(scoevn, m) = 4 gl = bal ! o S(n,ev® m). (2.82)

are equal.

Of course, functorial diagrams can be composed, and the composition operation is the same
we already encountered in : inserting the pre-composed diagram into the double-box of
the post-composed diagram. In this way, functorial diagrams are similar to other approaches to
graphical calculi, such as the "corollas" appearing, for example, in [FSY23, for the composition
see Ex. 2.14].

We leave it to the reader to convince themself that the evaluation of functorial diagrams is
well-defined and that isotopic diagrams evaluate to equal morphisms. In any case, Remark

30



applies: Functorial diagrams throughout this work are meant as illustrations that can, at any
point, be translated into standard notation. This is why we refrain from a more rigorous
formalization of these diagrams.

2.10 (SpLiT) EQUALIZERS OF BI-BALANCED FUNCTORS

Let now 4N 4 and 4 M4 be A-A-bimodule categories. Recall from Section [2.9) that in this case
we need to distinguish between connected and disconnected bi-balanced functors S : N x M — X.
In this section, we will always mean connected bi-balanced functors We will encounter situations
in which a bi-balanced functor S is fed arguments from the centers x € Z4(N) and y € Z4(M):
Expressions of the form S(U(x),U(y)) appear. These objects of X’ have a distinguished subobject,
namely the limit of the diagram

(2.83)

The diagonal arrows in this diagram are to be understood as follows: Being morphisms into ends,
they are determined by their components for objects a € A. These components are given by the
functorial diagrams that label the arrows; they were discussed in . This limit of can
equivalently be expressed as the equalizer

eq —— S(U(x),U(y)) (2.84)

which is why we refer to eq as the equalizer of the (connected) bi-balanced functor S on x and v,
or just as the equalizer of S.

Example 2.13. If M =N and S : M x M — vect is the hom-functor, then the equalizer of S
on z,y € Z4(M) is the hom-space of the center ;) (7, y)-
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Remark 2.14. A bi-balanced natural transformation 7 : S = S’ from S to another bi-balanced
functor S’ defines a morphism of diagrams between the and the diagram obtained from
by replacing S with S’. Therefore, n defines a morphism from the equalizer of S to the
equalizer of S, for any given pair of objects x € Z4(N), y € Z4(M).

In the finite semisimple context which we are interested in, meaning that A is a spherical
fusion category and M and N are exact, hence semisimple, bimodule categories, and S is linear,
hence exact in both arguments, equalizers of bi-balanced functors come with important additional
structure: Let us recall the concept of a split equalizer.

Definition 2.15. Let u, v, w be objects of any category X. A split equalizer is a diagram of the
form

r T
u 9 v f L w, (2.85)
g

where to f =id,, tog=-¢eor, foe=goe, and roe =1id,. In particular, r and ¢ are retracts of
e and f, respectively.

A contractible pair is a pair of parallel morphisms f,g : v — w, together with a morphism
t : w — v, such that an equalizer of f and g exists, to f =id,, and fotog=gotog.

The following result is well-known, see [Mac71, §VI.6, Exc. 2].

Lemma 2.16. Split equalizers are in one-to-one correspondence to contractible pairs with a
choice of equalizer.

Proof. Given a split equalizer, e is automatically an equalizer of f and g: Take any morphism
h :q — v such that foh = go h, and assume there is some k : ¢ — u such that h = e o k. Then
roh=roeok =k, soif any morphism k exists, it must be equal to r o h. It remains to check
that h factors through w via r o h, which is the case:

eoroh=togoh=tofoh=h. (2.86)
Moreover, the condition
fotog=foeor=goeor=gotog (2.87)

is satisfied. It follows that (f, g), together with ¢, is a contractible pair.

Conversely, let (f, g), together with ¢, be a contractible pair, and define (u, €) to be an equalizer
of f and g. We denote by h the endomorphism h =to g : v — v. By the universal property
of the equalizer, there is a unique morphism r : v — u such that eor = h. We now have all
morphisms that appear in the diagram . To conclude that they form a split equalizer, we
need to check the rules of composition. The first condition, t o f = id,, is also a condition for
contractible pairs, and thus still holds. The second condition, to g = h = eor was imposed when
we defined r. The third condition, f o e = g o e, holds because e is an equalizer. For the last
condition, we compute

eoroe=togoe=tofoe=e, (2.88)

and deduce that r o e = id,,, because e, being an equalizer, is monic. O
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Notice that the endomorphism h is an idempotent, and its image is u. The next statement is
the reason why we are interested in split equalizers.

Lemma 2.17. Let A be a spherical fusion category, and let M and N be exact A-A-bimodule
categories. Let S : N x M — X be a bi-balanced functor into a linear category X. Then the
pivotal structure on A determines a distinguished splitting of the equalizer of S from .
Hence, the equalizer of S is exhibited not only as a subobject, but as a retract.

Proof. We call the top and bottom arrows of the equalizer diagram f and g, respectively.
By Lemma[2.16) we only need to build a morphism ¢ : [, S(aU(z),U(y)a) — S(U(x),U(y)) using
the pivotal structure of A, such that (f,g,t) form a contractible pair. Notice that as a morphism
out of an end, t is an atypical morphism in the sense of Section We therefore first define a
morphism ¢ : [*S(aU(z),U(y)a) — S(U(z),U(y)), given on components by

= : (2.89)

The map t is then obtained by precomposing ¢ with the isomorphism © 4, which turns the end
into a coend, and normalizing:

1 .
t:=—1004. 2.90
D, 1004 (2.90)

This is the point where the pivotality of A enters, as © 4 depends on this structure.

We start proving that (f, g,t) is a contractible pair by showing that ¢ is a retraction of f. We
calculate

1 . E33) 1 - @391 -
tof=—100 7-:—15 7-=— da t*
of Da 0040 Da ° 'D_Aga oaf

Y
. D (2.91)
3 = idgW(2),U(y))-
a

X

To complete the proof, we need to check that the other condition, fotog = gotog, holds.
To this end, we abbreviate h :=t o g and find, by a calculation similar to (2.91)),

| Y

h= D2 > da as (2.92)

X
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which is an endomorphism of S(U(x),U(y)). Since ﬁ is a global factor in the following
computation, we omit it. On components, we obtain:

Vb
_ _ |
bfoh*;da *;dadcc g a
bA
‘ (2.93)
1Y 1y | Y
:Zdadcc a:chC b:bgoh,
a,c c
" Ta P
Hence, f oh = go h, and the proof is complete. ]

Remark 2.18. Lemma is an example for how pivotal dimensions in equations such as ([2.92])
arise from the isomorphism © 4 between an end and a coend — in this case, expressed by the
operation e. This conceptual source of quantum dimensions is a motivation for the introduction
of © 4 in the first place. In fact, throughout the remainder of this paper, quantum dimensions
will never be introduced into equations ad hoc, but will always stem from an identification of
end and coend via © 4.

The retract structure of the equalizer of a bi-balanced functor is preserved by bi-balanced
natural transformations. In order to prove this, we need the following, elementary lemma.

Lemma 2.19. Let X be a category, and let

™ s
x @ y and a’ S, Yy’ (2.94)

be retracts in X. Denote the corresponding idempotents by h = tow and h' =/ on’. A morphism
oy — 1y which satisfies

h
y——Y
@ ) (2.95)
Y n /
18 a morphism of retracts, meaning that
r—t—y y —— T
lw lw and iw lw (2.96)
N Y Y L

commute for 1p = ' o p or. Conversely, any pair of morphisms (¢,1) which satisfies (2.96)) also
satisfies (2.95), and 1 = 7’ o p o1 holds.
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We can now return to considering equalizers of bi-balanced functors.

Lemma 2.20. Letn: S — S’ be a bi-balanced natural transformation of bi-balanced functors
S, 8" NxM — X, where M and N are A-A-bimodule categories for a spherical fusion category
A. Denote by r : S(U(x),U(y)) — eq and r' : S(U(x),U(y)) — eq’ the retractions into the
equalizers of S and S' on x € Zs(N) and y € Z4(M) from Lemma[2.17. Then n defines a

morphism of retracts in that

S(U(x),U(y)) —— eq
l"U(zw(y) lw (2.97)
S'(U(x),U(y) —— ed!
commutes for 1 = ' 0 Ny (z) v (y) © t-
Proof. 1t is straightforward to verify that
S(U(x),U(y)) —— S(U(x),U(y))
(@)U () le(x),U(y) (2.98)

§'(U(x),U(y)) —— S'(U(x),U(y))
commutes if 7 is a bi-balanced natural transformation, using the idempotent h from (2.92). The
claim then follows from Lemma 2,19 O
2.11 SHIFTING ACTIONS UNDER (CoO-)ENDS

Ends end coends of functors on module categories come with a structure that looks like, but
is not quite, a balancing. Let M be a left module category over a pivotal category A, and let
S M x M — X be a bilinear functor. We may define isomorphisms

ﬁa:/mS(m,am) —)/mS(a*m,m) and Ba:/mS(m,am) —)/mS(a*m,m) (2.99)

for each a € A via universal properties, such that the following squares commute:

|, S(m,am) fa, |, S(a*m,m) /™ S(m,am) A /™ S(a*m,m)

l“*” l’” U,LT UWT . (2.100)

S(a*n, aa*n)SM)S(a*n, n) S(n,an) Slev? man) S(a*an,an)

Lemma 2.21. Assume that M carries the structure of a module trace, such that a distinguished
isomorphism Oy exists. Then the maps B, and B4 are related in that the following diagram
commutes:

|, S(m,am) N |, S(a*m,m)
J@M ~ J@M . (2.101)

/™ S(m,am) fa, /™ S(a*m,m)
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Proof. The diagram (2.101)) compares two morphisms from an end into a coend. To show that
they are equal, we compare their (atypical) components, as introduced in Section It suffices
to check the simple components. Let therefore n,k € M be simple objects. Our goal is to prove
that

(O Ba)n = *(Ba 0 Or)p- (2.102)

Using the definition of atypical components (2.37)), we find that the respective terms are equal to

k(@M © fa)y, = dndk kTO@j\,% 0O 0 By o@ﬁ oo™
:dndkkToﬁao@onan

k(Ba °0OMm),, = dndk kTO@/_\j OB(I 0 O OG)/_V% oo™

= dpdi kTo@/_\/} 0 B4 0 o™

(2.103)

If we raise and lower all indices involved according to the rules (2.34)), we can drop the dimension
factors from the equations. In the next step, we use the definition of 5 and § as given in ([2.100)).

k(O Ba)” = k7 0 o0 Oy 0 0"
= S(a’k, ev?k) o g7 0 6/_\,% oo™
k(Ba o OM)" = kT 0O} 000"

— *
= kTo@/\j oo™ oS(eva n,an).

(2.104)

At this point, we make use of Lemma [2.3] which gives us explicit forms of the structure morphisms
k7T and o in terms of structure morphisms for simple objects.

k(O 0 Ba)" = S(a’k, ev?k) o (Z di S(x(ark, i) A * (3, ak)) © iT) 0O 00"

=Y &S (*(a*k,i)a (ev?k)o (a*<i,a*k>)) 0§70 O 00"

[2-46) a Oni
d; S (*(a*k,i>a (ev?k) o (a*<i7a*k>)) dj

1

=9 (*(CL*IQ n)> (eva k) o (a *(n, a*k>)> (2 105)

*

k(Ba ° @M)n =kT© @_/_\/% o (Z d; oo S(a* *(i,an)s *(an, 1))) °© S(eva n, an)

= Zdl k7 © @7\/} ocloS ((eva* l’l) © (a* *(i, an))a*(an, 1))

[2.16) Ok i
=N g, K
- d;

1

=5 ((eva* Il) ° (a* *(k, an>)7*(an,k>> .

S ((eva* n)o (a* *(, an))?*(an, i))

It follows from Lemma that these expressions are equal, as long as the trace on M is a
module trace. 0
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By recognizing that 1 (O, 0 8a)™ = k()™ and k(Ba 0 Oa¢)" = k(Ba)", we see that the proof
of Lemma [2.21] provided us with the useful simple components of the morphism 3:

k(Ba)" = S(a*k,ev?k d; S(x a*k, i) O (i, a*k))
Z hetlo d, (2.106)

= S(k(ark,n), (eV* k) o (a%(n,a*k)))-
Moreover, Lemma showed that ;(3,)" = k(8.)", also for non-simple objects n and k. This
justifies some abuse of notation: From here on, we denote both 5, and £, by S,.
The morphisms [, are of interest to us for some particular choices of S, which we now discuss.

A calculation involving Lemma reveals that the (2.106) holds also for non-simple objects n
and k.

e For S = — K —, the morphisms 3, are isomorphisms, and form balancings for the objects
[, mXm and [ mXm of MXM. Their components are given by

(/Ba) — Xa*k,n) X ((evak) o (a*<n, a*k))) = ((eva* ?’L) © (a**(k, an})) X*(an, k)- (2107)

e Let A be a spherical fusion category, let 4N 4 be an A-A-bimodule category, fix m € N/
and set Sy, := —m (—)* as a functor 4A x A4 — 4N4. The morphisms 3, associated
with S, again assemble into balancings. We can thus define functors &, @ : N — Z4(N),
called (left and right) induction functors via

Bl (m) := (/ ama®,B) and O(m):= (/ ama™, 3). (2.108)
The components of the balancings are given by

(Ba)’ = (g pym ((GVGC) o (ax*gp, a*c>)) = ((eVa*b) o (a™x, ab))) m*ap e - (2.109)

The left and right induction functors are left and right adjoint to the forgetful functor
U:Zy (N ) — N:
N 44U 4 K. (2.110)

In our setting, where the spherical structure on A defines an isomorphism between the
end and the coend, there is a natural isomorphism M = K, and the adjunctions ([2.110))
become Frobenius.

The adjunctions (2.110f) are witnessed by isomorphisms

adjy, o i (m, U(2)) = 7,08 (m), ) (2.111)

and
adjpe, - A (U(@), m) = 7,0 (2, B (m)), (2.112)
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natural in m € N and « € Z4(N). For morphisms f : m — U(x), g : U(x) — m,
/B (m) =z and ¢’ : © — @ (m), these adjunction isomorphisms are given explicitly by
the following expressions.

adjE7x(f) = /abrevza o(afa*) and (adj%{x)_l(f’) = fool; (2.113)

adj,%x(g) = /(aga*) o gxcobrev, and (adj,g,x)_l(g’) =q704. (2.114)

a

Remark 2.22. Via the chain of isomorphisms

N<a_’ U(l‘)> = N<_v aU($)> = N<_’ U(a:)a> = N<_a7 U($)> ) (2.115)

~{—a, U(z)) is a balanced functor in the sense of Section . Similarly, the induction functor
b1 is balanced, with the balancing given by the morphism §. The adjunction (2.111)) defines a
balanced natural isomorphism

N(= U@)) = 2,0 (B2 (=), z). (2.116)

By the universal property (2.71]) of the center, the linear functor 4 N N)<—, x) is the essentially

unique functor F' : Z4(N') — vect in that a balanced natural isomorphism (—, U(x)) = F o BJ
exists. A similar statement holds for the other adjunction.

Lemma 2.23. Given an A-A-bimodule category M, the inclusion of the hom-space

Zam(x, y) = m(U(x), Uy)) (2.117)

has, for a given spherical structure on A, a canonical retractionr : pm(U(z), U(y)) — ZaM)(T, Y),
given by

1 . 1
r(f) = Da Zda brev,® o (a fa*) o gxcobrev, = Da Zda , (2.118)

or in different notation,

1
7(f) = —~—brev, e I (f)o _.cobrev,
D4
; (2.119)
= D—Abrevy o BI(f) e (_y-cobrevy,
where by (_y-cobrev,, we mean the morphism U(z) — [, aU(x)a™ with components q+cobrev,.

This generalizes [BK10, Lem. 2.2], and is a direct corollary of Lemma [2.17} The connected
bi-balanced functor in this case is the hom-functor in M, as discussed in Example Given
f:m—U(y) and g : U(x) — m for some m € M as in (2.114)), the retration r from Lemma [2.23]
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of the composition f o g can also be expressed in terms of the adjunction isomorphisms ([2.112))

and (2.111)):
1

. D] K
T(f © g) - ad.]my(f) i ad.]m7x(g)' (2120)
Da
Lemma [2.23] can be used to investigate the center of a traced bimodule category. Explicitly,

we will see the following:

Lemma 2.24. Let A be a spherical fusion category, and let M be a traced A-A-bimodule category.
The center Z (M) can be equipped with the structure of a Calabi-Yau category, whose trace
function is defined, for an endomorphism f:x — x in Zy(M), by

1

rﬁ"ZA(M)(f) = FATTM(f)- (2.121)

Of course, the normalization factor ﬁ in is a convention. The reason for this
particular choice will be made clear by Remark [2.29] Before we prove Lemma [2.24] we need
some intermediate results. First, observe that the retraction r from Lemma [2.23] composed with
the inclusion (2.117)), defines an idempotent & : A(U(z), U(y)) — m(U(z), U(y)), which also
appeared in Lemma This idempotent leaves the trace invariant:

Lemma 2.25. Let © € Z4(M) and let f be an endomorphism of U(x) in M. Then

Traa(f) = Tean(h(f))- (2.122)

Proof. The proof is a direct calculation:

|$
1 (G
TrM(h(f)):D—AZdaTrM :D—AZdaTrM I

(2.123)

The first equality is (2.118]), the second uses the symmetry of the trace, and the third uses the
compatibility of the bimodule trace on M with the pivotal structure on A. O

It is an even more straightforward observation that, for objects x,y,z € Z4(M), a morphism
fiy—zin Zy(M), and a morphism ¢ : U(xz) — U(y) in M, the equality

for(g)=r(fog) (2.124)

holds. Now we are in a position to prove the lemma.
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Proof of Lemma[2.2] It is clear that the candidate Try (M) for the trace function defined in
inherits the symmetry property from the trace Trys on M. It remains to check whether
it is also non-degenerate. To this end, let f : y — z be a morphism as before. We need to check
that if for every g € 7, (a1)(2, y), we have Trz , (aq)(f 0 g) = 0, then f = 0. As the normalization
factor i in the definition of Trz, () is not relevant for the validity of the statement, the
condition Vg € (z, y) , Trz, (r)(f © §) = 0 is equivalent to:

Vg e (z,y), Trp(fog) =0 (2.125)

Since r is surjective, there is some g € p(U(z), U(y)) such that g = r(g). Hence, (2.125)) is

z
equivalent to Vg € (U(z), U(y)), Tram(for(g)) = M oreover, from (2.124) and Lemma
we know that

Trpm(f or(g)) = Tram(r(f o g)) = Tra(f o g). (2.126)
Thus, the statement we want to prove is that Vg € (U(z), U(y)), Tra(f o g) = 0 implies f = 0.
This is true by the non-degeneracy of the trace on M. O

2.12 RELATIVE DELIGNE PRODUCTS AND SCHAUMANN’S TRICATEGORY.

Traced bimodule categories over spherical fusion categories organize into a tricategory BiMod™,
as shown in [Sch13a, Thm. 4.10.3]. The objects of BiMod™™ are spherical fusion categories.
1-morphisms between objects A and B are traced A-B-bimodule categories. 2-morphisms are
bimodule functors, and 3-morphisms are bimodule natural transformations. In order to define
the composition of 1-morphisms, a way to combine a traced A-B-bimodule category 4 Mpg with
a traced B-C-bimodule category gN¢ to obtain a traced A-C-bimodule category is needed. This
is afforded by the relative Deligne product. For us, it is convenient to realize it as the center of
the B-B-bimodule category Mg X gN:

MON = Zs(Mp B sN). (2.127)

In notation, we sometimes omit the spherical fusion category B when there is no ambiguity,
simply writing

MON = MO (2.128)

Remark 2.26. Recall that balanced functors and balanced natural transformations form a
category Funbal(M XA, Y). The universal property of the center (2.71]) specializes to this case:
There is an equivalence of categories

P (M RN, Y) = Fun(MON, V). (2.129)

Indeed, one usually defines the relative Deligne product by the universal property that for each
linear category ), an equivalence ([2.129) exists.

The category MON still caries a left A-action inherited from M and a right C-action inherited
from N, and is indeed an A-C-bimodule category. This defines the composition of 1-morphisms
in the tricategory BiMod™.
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Moreover, the tricategory BiMod™™ admits a 3-trace in the sense of [FSS17, Defn. 5.1]. For
us, the 3-trace is the assignment 4 M4 — Z4(M) of a bimodule category to its center. Given
bimodule categories 4 Mp and gNy, there is a canonical equivalence

ZA(M %N’) = ZB(NE]M). (2.130)
We also use "dangling product” notation for this category, as in
MOND := Zy(MON). (2.131)

Remark 2.27. By Remark the relative Deligne product specializes to the ordinary Deligne
product in the case that B = vect, i.e.

MON=MRN. (2.132)

vec

Recall the induction functors B and X from (2.110). We denote
mbBn:= B (mKXn) and mBEn:=E(mKXn). (2.133)

The dangling product notation from can be used here as well: We may write mEn®l for
an object in MONTI. As a composition, the relative Deligne product is associative (in the sense
that it comes with an appropriately coherent set of equivalences witnessing associativity) and
unital. We slightly abuse notation by treating the relative Deligne product as if it were strictly
associative: we do not pay attention to bracketing and make no explicit use of associators.

We do, however, pay closer attention to the equivalences witnessing unitality. To understand
them, first note that the identity 1-morphism A — A is the regular bimodule category 4.44.
Unitality requires an equivalence of A-B-bimodule categories

AAOMp = 4 Mg (2.134)

for every A-B-bimodule category M. This equivalence is given, on objects of the form a®@m &
ACM, by
alm = am e M, (2.135)

with pseudo-inverse
n— 18n e AOM, (2.136)

for n € NV.

In order for the composition in the tricategory BiMod™ to be well-defined, there needs to be
a canonical way to define a bimodule trace on MON, constructed from the bimodule traces on
M and M. A construction of a trace on MON is provided by Lemma [2.24] but we do not yet
know whether this trace respects the bimodule structure. On the other hand, a bimodule trace
for MOWN is constructed in [Sch13a, Prop. 4.10.1]. The next lemma shows that these traces are
indeed equal, making calculations involving the trace on the relative Deligne product easy to
perform.
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Lemma 2.28. The bimodule trace on M%N defined in [Sch13d, Prop. 4.10.1] is the trace

for the center of a traced bimodule category defined in Lemmal2.24. In particular, it has the
following property: For endomorphisms f:m — m in M and g:n — n in N,

Traow (fBg) = Traon (F R g) = Traq(f)Tear(g). (2.137)

In particular,

d 5, =d @, =dnd. (2.138)

mg’l’b

Proof. The bimodule trace on MUON is defined by a balanced natural isomorphism

MDN<x’ y> = MDN<y7 IE>* ; (2139)

natural in the objects z,y € MON. As outlined in the proof of [Sch13a, Prop. 4.10.1], it suffices
to specify this isomorphism for y = m X n for some objects m € M, n € N, in which case it is
given by the following composition:

(z, m@n) h
(adj7[§|zn,z)71 Jv/
(U(z), mKn) (adjpgne) ()
Trace on M XN l
* @ —1 _
<mgn7 U($)> TI‘M XN <(a‘d.]m|gn,x) (h’) © > (2140)
(adjEEn,z)_l I
(m®n, 2)" T ((diffisn) 7 () o (0, ) ()
. ]
(m@n, z)* T ((adiffi) () o (0difi,) 7 (0 ©5))

The isomorphism ([2.140) defines a pairing (—, —) between the vector spaces (x, mEn) and
(m@n, ), which is related to the bimodule trace on MON by

Trpew (ko h) = (b, k) (2.141)

for h:x —-mElnand k: mln — x. Let ¢ : 2 — = be an endomorphism of z € MON'. Using
the retraction r from Lemma [2.23] we know that

Fl 5] N
= T(q = DiBad‘]U(m)’x(q) [ ] ad_]U(x)’z(ldU(I)>. (2142)

This allows us to write g as the composition ¢ = k o h with

1
k= —adjg](xm(q) 0O and h= adeg(

2.14
o (2.143)

z),x"
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In making these choices for k and h, we have set mKn = U(x). In general, U(z) will not
factorize so nicely, but instead be a direct sum U(z) = @;c; m; X n; over a finite set I. Since all
functors involved are linear, this does not cause a problem, and we ignore the subtlety.

We can now calculate

Trpon(q) = Trapon (ko h)

= TI'M XN ((adjn[%@n,x)l(h) o (adjggn,x)il(kz © @l;l)>

2.144
dy () By 4 ( )

e (0)

= —"Tr .

Dp MERN G

This is indeed the formula (2.121]) for the trace of the center of a bimodule category. O
Remark 2.29. The unitor equivalence

AOA= A (2.145)

from for a spherical fusion category A is an equivalences between two traced bimodule
categories. Lemma [2.28) implies that this equivalence preserves the trace. This compatibility is
the reason for the normalization factor i in the definition of the Calabi-Yau structure
for the center of a traced bimodule category.

Remark 2.30 (Sweedler notation for forgetful functors.). Due to its definition as a center (2.127]),
the relative Deligne product M %./\/' comes with a forgetful functor U : M %J\f — MXN. We

will often use a form of Sweedler notation for this functor, writing
U(l‘) = JS(M) X aj‘(/\/) (2.146)
for z € MON. Some care has to be applied when using this notation for more than two factors.

Let x € M %N % IC. There are now three forgetful functors: Up forgets only the B-balancing,

Uc forgets only the C-balancing, and U forgets both. We denote Uc(z) = z(pmony Kz (i), but
really, we mean by this a sum of K-factorized terms

Uc(z) = zmon) D) = B zmow ) Bk, (2.147)
i€l
where [ is a finite indexing set. If we encounter a term such as "MD./\/'<Z/7 m(MD/\/’)> ® F(zx))"s
with £ € MON and F : K — X some linear functor, we should read it as

MDN<y, 5U(MDN)> ® F(z)) = @MDN<% x(MDN,i)> ® F(2k.i))- (2.148)
el
More frequently, however, we are presented with a factorized expression for U(x), rather than
Uc(z):

U(z) =z Bap Ragy = @ ey Bep ) Bk ). (2.149)
jeJ
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It is tempting to replace ¥\ With (z ) Xx(N),balB) in (2.148), writing it as an object
with a B-balancing. However, we run into a problem: Inserting this expression into our running
example leads to

?
MDN<.% (T () ®$(N)»ba18)> ® F(zx)) = @MDN<Z/» (T (M5 ®$(N,j)7balf)> ® F(7(k j))-
jedJ
(2.150)
This is not a well-defined term because () &x(N’j),bal?) is not in general an object in

MUON — while the components balj-3 of the balancing bal® exist, they are not balancings of the
objects x(aq,j) W x(n j), since they may not be isomorphisms.

This type of Sweedler notation can be used, for example, in the following context: Let 4 M
be a left module category over a spherical fusion category A and let z € MOM. The vector

space M<m(ﬂ), x(M)> — by which we really mean the direct sum ®ieIM<$(ﬂ7z‘)a $(M7i)> for
some decomposition U(x) = @;¢c; TR X2 () — has a distinguished subspace. To see this,
note that the functor AKX A — vect defined by M<x(ﬂ)—, —x( M)> is connected bi-balanced:

One balancing comes from the hom-functor, and one comes from the balancing of . We can
thus consider the equalizer of this connected bi-balanced functor at 1 and 1 in the sense of

Section [2.10} which is a subspace of M<1’(m), x( M)> denoted as f,t(@ If x has the property that

its image U(x) € M X M factorizes, i.e. U(z) =R m for some objects m,n € M, we write
A, my =4 (x). (2.151)
In this case, the balancing of x can be expressed as an (a € A)-indexed collection of isomorphisms
bal 77,y @ bal(rgq) 1 Ta®m — nkam. (2.152)

The vector space ﬁ(n, m) is then the subspace of r((n, m) which consists of those morphisms

f :n — m that satisfy
a f =balrgq) 0 (ev” f)o(a bal(m’a)). (2.153)

We allow ourselves to write

g, o) = M) (2.154)
even if U(x) does not K-factorize. As an immediate corollary of Lemma we obtain
Lemma 2.31. The pivotal structure on A defines a distinguished surjection

. A
T M<$(ﬂ)a $(M)> — M<x(ﬂ)’ l'(/\/l)>7 (2.155)

which exhibits the subspace as a retract.

44



2.13 EILENBERG-WATTS-EQUIVALENCES.

It is well-known [ENOM10, Prop. 3.5] that an alternative model for the relative Deligne product
is given by a category of module functors:

MON = Fung(M, N). (2.156)

Taking Remark into account, we find that (2.156)) specializes, for linear categories X and ),
to
XXY = Fun(X,)). (2.157)

We continue by making explicit two distinct equivalences witnessing (2.157)), in the form given in
[FSS20a;, Def. 3.1].

EW: a2y~ (— 2)" @y

(2.158)
coOEW : 2Ry — (z, =) @ y.

Respective pseudo-inverses are given by

E\VN:FH/Q:XF(&;)
- @ (2.159)
coEW:Fr—>/ X F(z).

We call the functors defined in (2.158) and (2.159)) the Eilenberg- Watts equivalences. The fact
that they are indeed equivalences is proved in [FSS20a, Thm. 3.2].

Remark 2.32. Recall that there is a canonical equivalence of categories Y¥XY =YX X. An
object x Xy € X XY thus defines an object x Xy = yX 7 € Y X X, which the Eilenberg-Watts
equivalences turn into functors X — ) and functors J) — X, respectively. These functors
are related insofar as EW(zXy) : Y — X is left adjoint to coEW(zXy) : X — V.

Suppose now that we have a right B-module category M and a left B-module category N
instead of linear categories X and ). Then the balancings on an object mXn € MXN are in
bijection with structures of module functors on the linear functor EW(mXn). This fact is the
main insight needed to prove that there exist module Eilenberg- Watts equivalences EW,, coEW, :
MON — Fung(M, N) witnessing , together with pseudo-inverses ]i\va, coﬁNm, such
that the following diagrams commute [FSS20b, Prop. 4.1]:

MON Y, Fung (M, N) Fung(M, N) W, AN
o o | |o
MBERN Y Fun(M,N) Fun(M,N) =Y, MRN
(2.160)
MON WV Fung(M,N) Fung(M,N) @ MON
I I I I
MBEN <EWV, Fun (M, N) Fun(M, N) <EW, A=A

45



Here, U denotes both the forgetful functor from the relative Deligne product to the Deligne
product and the functor which forgets a module functor’s module structure.

2.14 SILENT AND COSILENT OBJECTS

In the above setting, let M = N and consider the identity functor idys, as well as the identity
functor with the standard structure of a module functor, also denoted by idss. The images of
idas under the various Eilenberg-Watts equivalences are important enough to deserve their own
names and notation. In accordance with [FSS22, Sec. 5.19], we call the objects

Iy :=EW(idy) = /ﬁ@n e NXN,

V1= coEW (idy) = /nﬁ&n e NKWN,
N (2.161)
By 1= EWpn(idy) = (/n&n,ﬁ) e NON,

V := coOEW,, (idy) = (/nnﬁn,ﬁ) e NONV

silent (Iys and &x7) and cosilent (V and #V) objects. We remark that U(@y) = Ly and U@V) = IV,
and that we may consider Iy and I¥ for arbitrary linear categories X', not just module categories.

One can show that the balancings § appearing in the definition of ¢, and # in are
indeed the ones we already considered in (2.107). We will later use the components of the
morphisms brerMa and acobreVQM, which can be easily calculated from and and
are given by

k(breVQM“)" = * (s, an) W *(an, ) * A Nan — kX E, (2.162)
k(acobreVQM)" = H gk, n) Bk(n, grpy 1 TN — a*k K a”k. (2.163)

Lemma 2.33. On a linear category X, Calabi-Yau structures are in bijection with isomorphisms
Iy =17, (2.164)

On a module category 4M over a pivotal fusion category A, module traces are in bijection with
isomorphisms
V= (2.165)

Proof. We know from Section how to construct an isomorphism Oy : Iy — I% from a
Calabi-Yau structure on X. The assignment dy := (x(Ox)™) is the inverse to this construction.

That the module traces are those traces which lead to an isomorphism ©  which is compatible
with the balancing 8 on ®,, and #M was shown in Lemma O

Remark 2.34. Let X be a Calabi-Yau category. It is easy to see that

dr, = dx = Dy. (2.166)
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If M is a traced left module category over a spherical fusion category A, then by Lemma [2.28

dQM = dQM = Z;)/: (2.167)
Recall that under the module Eilenberg-Watts equivalences, the silent and cosilent objects $4
and #™ correspond to the identity module functor idys € Fun AMG;M). If M is irreducible,
then Funy (M, M) is a spherical fusion category with respect to a canonical pivotal structure
that does not depend on the choice of trace on M [Sch13b, Prop. 5.10]. Therefore, the monoidal
unit id a4 has pivotal dimension 1.

This shows that in general, the module Eilenberg-Watts equivalences do not preserve traces. At
several points, categorical dimension factors will be present in our equations, whose appearance
is rooted in this fact.

2.15 GENERALIZED YONEDA LEMMAS FOR BALANCED FUNCTORS

For a linear functor F' : X — ) between linear categories, the following natural isomorphisms
are known as generalized Yoneda Lemmas.

12

[ oF@=F (2.168)

JRCEERC

12

F. (2.169)

A proof of these well-known identities is written up in [FSS20a, Prop. 2.7], see also |Riel4,
Cor. 1.4.5 and Exc. 1.4.6]. Explicitly, the isomorphism (2.169) is given by the unique dashed
morphism such that the following diagram commutes for all objects x € X.

04 / (2.170)

Here the diagonal arrow denotes the image of the map (z, z’) — (F(z), F(2')), (f:z —
2') — F(f) under the isomorphism

<<x o), (Fla), F(q:’)>> ~ <<$ ) @ F(z), F(x’)>. (2.171)

It is straightforward to check that the isomorphisms (2.168) and (2.169) are also natural in F.
We will now show that the isomorphisms (2.168)) and (2.169) are well-behaved when F' is a
balanced functor. For this to make sense, let 4 M 4 be an A-A-bimodule category for a spherical

fusion category A. In the above situation, we replace X with M, and consider a balanced functor
(see Section F: M — Y. The functor [™ (m, —) ® F(m) has a balancing which is given, for
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objects n € M, a € A, by the chain of isomorphisms

m

/m(m, an>®F(m)§/m<a*m, n>®F(m)§/m(m, n>®F(am)§/ (m, n) ® F(ma)

~ /m (ma*, n) ® F(m) = /m (m, na) ® F(m).
(2.172)

Into this balancing, the (left and right) balancings of the hom-functor enters, as well as the
isomorphisms S from (2.99)) and the balancing of F'.

Lemma 2.35. For a balanced functor F: M — Y, the isomorphisms

/m<m, Ve Fm)~F  and /m<—,m)*®F(m) (2.173)

from (2.169)) and (2.168|) form balanced natural isomorphisms.

Proof. We only prove the coend-version of the statement. We need to show that the outer paths
around the following diagram commute:

™ (m, an) ® F(m) —— F(an)

™ (a*m, n) ® F(m)  (a) [id

™ (m, ni;@ F(am) *? F(in;) (2.174)
™ (m, n) ;@ F(ma) —— F(na)
™ (ma*, nﬁ ® F(m) [id

™ (m, na) ® F(m) —— F(na)

The middle square in is a naturality diagram with respect to the isomorphism of functors
F(a—) = F(—a). The top and bottom cells are similar, so we only consider the top cell (a) in
more detail. The cell (a) in (2.174)) is also present in the next diagram. We can deduce that (a)
commutes if the outer paths around commute for all objects k € M.

(fik—an)—F(f)

(k,an)@ F(k) (2.170)
bal®F (k) o J™ (m, an) @ F(m) =, F(an)
(a*k, n) ® F(k) <, ™ (a*m, ;:> @ F(m) (a) Jid (2.175)
whmorGenn| T ) g Plam) — Flan)
a*k

(a*k, n) ® F(aa*k) 7 &)

(9:a*k—n)—F(ag)
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In (2.175)), bal denotes the balancing of the hom-functor (k, an) & (a*k, n). In order to verify
that the outer paths around commute, we need to compose morphisms expressed in terms
of the identification . Let us quickly observe how this is done in a decontextualization
of our situation: let V, W be finite-dimensional vector spaces, and let z,y, z be objects in a
linear category V. Let f : V — W be a linear map, ¢ : + — y be a morphism, and denote
by (w € W) + (hy : y — z) another morphism W ® y — z using the notational convention
introduced in . Then the diagram

Ve

oo \ 170
Wy

(WeW)—(hw y—z)

commutes. Applied to our situation, the diagram reads

(k, an) ® F(k)

bal®F'(qcoev k)l W(F(a pelecon ). (2'177)

(a*k, n) @ F(aa’k) (g:a*k—n)—F(ag) F(an)

If we can show that F'(abal(f))o F(,coev k) = F(f), then the diagram (2.177)) is equivalent to the
boundary of (2.175)), and the proof is done. Using the zig-zag identity (abal(f)) o (4coevk) = f,
we calculate

F(abal(f))o F(4,coevk) = F ((abal(f))o (qcoevk)) = F(f). (2.178)
This shows that the cell (a) in (2.174)) commutes. Commutativity of the bottom cell of (2.174])
is proved in the same way. O

Corollary 2.36. For a left A-module category M, there is a balanced natural isomorphism
il (=, =) = g pg(— B =, TM). (2.179)

involving the cosilent object M from ([2.161)).

Proof. Apply Lemma to the functor F' = (—, —), which is balanced with respect to the
bimodule structure on M X M, to obtain

k Eoo, k o _
s, ') g/ sk, Y@ aa(m, k) g/ (T B) @, k) = / a0 Bm, RRE).
(2.180)
Then, use exactness to pull the coend inside the argument of the hom-functor. ]

Explicitly, sil is given on a morphism f : m — m’ and in components for simple n € M by

nSll(f) = dn *(n, m') ‘z<*<m’,n> o) f) (2181)
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with inverse

Sﬂ_l(g) = Z (ng)(ﬂ) © (ng)(/v()' (2.182)

n

For the special case f = id,,, combining ([2.181]) with (2.21)) reveals that
k_
sil(id,) = o™ : TR m — / FR k. (2.183)

If M is equipped with a module trace, then sil™! can be applied to the isomorphism © s :
Iy — IM. More precisely, sil ™! is given, on simple components (6 ), of O, by

sil’l((@M)k *(Ori) ) © C(OMi) (my

o " (2.184)
= Ok ndnidy = diidy.

n

The image of © o under sil~! is thus

/ksnl((@M)k) :/kdkidk e/k k, k). (2.185)

Remark 2.37. Suppose that m’Xm € M XM is equipped with a balancing bal, : m’a Xm =
m/Xam for a € A. Then the functor

M<—m’, —m> : AR A — vect (2.186)

is even (connected) bi-balanced. The equalizer of this bi-balanced functor was already consid-
ered in (2.151)) and is denoted ﬁ(m’ , m). The isomorphism sil defines a bi-balanced natural
isomorphism

m{=m', =m) = g (0 =R —m, M) = g (R —m, —TM). (2.187)

The equalizer of the bi-balanced functor 575 M<W@ —m, —IM> is the hom-space of the relative

Deligne product 7 M<(W@ m, bal), #): we saw this already in Example[2.13] By Lemma [2.20}
the bi-balanced natural isomorphism (2.187]) defines a morphism of retracts, meaning that

sil

m{m/, m)y —=— M&M<W&m, —IM>

JT J (2.188)

Am',m)y —— MDM<(W@m,bal), QM>

commutes, where the left vertical label is the retraction from Lemma [2.31] and the right vertical
arrow is the retraction from Lemma [2.23]
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2.16 CONTRACTION OPERATIONS

The identification of relative Deligne products with (bi)module functors via the Eilenberg-Watts
endows relative Deligne products with composition operations, which we now aim to understand.

Consider two A-B-bimodule categories M and N, and a B-A-bimodule category K. Let there
be objects

re KOMO  and ye MOND. (2.189)

Under the Eilenberg-Watts equivalences from Section the objects x and y correspond to
composable bimodule functors

coEWy, (z) : K - M and coEWpn(y) : M — N. (2.190)
By the contraction of x and y, we mean the object
z oy = coOEWp, (COEW (y) 0 coOEWp(2)) € KON (2.191)

Making the definition of z e 1y explicit in terms of an unbalanced object in X XN and balancings,
we find that

Uz epmy) = M<y(M)7 x(/\/l)> ® zoy My (2.192)

The balancings are obtained from the balancings of x and y, together with the balancing of the
hom-functor.

In the case M = N/, we can choose y to be the cosilent object y =¢"e MOMO. It follows
directly from the definition (2.191)) that there is a distinguished isomorphism

zop M 2. (2.193)

In other words, the cosilent object 3" acts as a unit for contraction. The contraction operation
also inherits associativity and functoriality structures from the composition of bimodule functors.

Building on this contraction for objects, we introduce another notion of contraction, this
time for morphisms. With = and y as above, consider objects m € M, n € N and k € K, and
morphisms

fikEXm — U(x) and g:mXn— U(y). (2.194)

The morphism

gom f1kRn = U(xery) (2.195)

into the contraction U(x e y) from (2.192) is defined as follows. Note that the vector f ® g
inhabits the vector space
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On this vector space, consider the linear map

(2.197)

compose
R

<’f7 $<K>> ® <?~/(M>a x(M>> @ (" ?J(N)>

= </€®n, M<Z~/(M)v $(M)> ® (k) gy(/\f)>
= (k®n, U(zenmy)).
The contraction g o, f is obtained as the image of f ® g under the map (2.197]).

Remark 2.38. One can verify in a direct calculation using the explicit form (2.181]) of the
isomorphism sil that in the case y =#" and ¢ = sil(g) for some morphism ¢ : n — m, the
pushforward of the contraction sil(§) o, f under the isomorphism (2.193) is given by

fo(kXg). (2.198)

If in addition,  =¥™ is also cosilent, and f = sil(f) for some f : m — k, then

gom f=sil(fog) (2.199)
Remark 2.39. Let K = M = N = A be the regular bimodule category. In this case, the
objects x and y in the relative Deligne products become bimodule endofunctors of A under
the Eilenberg-Watts equivalence coEW,,. But the category of bimodule endofunctors of A is
isomorphic to the Drinfeld center Z 4(.A) as a monoidal category. Thus, if we abuse notation and
denote the corresponding objects in Z4(.A) also by z,y, the contraction = e 4 y is, as an object in
Z A(A), given by the monoidal product = ® y.
The morphisms have as targets U(x) and U(y). Since the forgetful functor U has a
left adjoint X, see , f and g can equivalently be expressed as living in the hom-spaces

f€gn@@bs, z)  and gEZDAD<EE]cE]7x>, (2.200)

with a, b, c € A taking on the roles of k, m and n in (2.194)). Passing through the equivalence
AOAO = Z4(A), the objects @2b5 and b5 ¢ get mapped to a*b5 and b*cH, respectively.
Passing back through the same adjunction, now only applied to one balancing, we find images
of f and ¢ in the hom-spaces 4(a*b, U(z)) and 4{b*c, U(y)). In the same way, the contraction
g op f can be seen as a morphism in the hom-space 4(a*c, U(z ® y)). A calculation reveals that
this morphism, by abuse of notation also denoted g oy f, is given by

gop f=(f®g)o(a® pcoev c). (2.201)

Remark 2.40. It is natural to extend the contraction operation to the case where the bimodule
category K is not present, meaning a contraction operation of

reMO and ye MOND. (2.202)
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Such a one-sided contraction operation is defined, again for objects and for morphisms, in the
obvious way: We have

Uxemy) = M<y(M), U($)> @ Y (2.203)
and
gom f=(fogm) ®gw) : n—=>U(zery) (2.204)
for f:m — U(z) and g : mXn — U(y).

2.17 MobpULE (Co-)ENDS

The notion of a module coend is important to us, because it is used in the definition of the
modular functor from [FSS22|, on which we build.
Let F: MX M — Y be a balanced functor. There are two morphisms

J™ F(myam) —= [™ F(a*m,m) (2.205)

we can consider: One is induced by the balancing of F', and the other is the morphism g defined
in , using the coend, but not the balancing. It makes sense to compare these morphisms.
Specifically, we would like to compare the two related morphisms p and 3, which we now introduce.
[ is defined using universal properties such that the following diagram commutes:

J™ F(m,m)

[, [ F(am,am)

8

o . (2.206)

F(ev®m, * cm

F(aa*m,aa*m) == [™ F(am,am)
Similarly, p is unique in that the following diagram commutes.

™ F(m,m)

F(m,m)
R mm)| L

F(a*am,m) —— F(am,am) —— [™ F(am,am)

am,a,m

[, [ F(am,am)

. . (2.207)

Here, the arrow pg m.m is defined as the composition balfm am © F(ev® m,m).

We thus introduce a type of coend which does not see the difference between the two morphisms.
The following notion is a minor modification of the module (co-)ends introduced in [BM21].
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Definition 2.41. Let (F,bal’) : MXM — Y be a balanced functor. The module coend
$™ F(m,m) of F is the equalizer of the diagram

$™ F(m,m) —— [ F(m,m) % [, [ F(am,am), (2.208)

where the arrows p and 8 are given by (2.207)) and (2.206]).

Remark 2.42. In the case that F' is the hom-functor ,((—, —), the balancing coaction (m, m) —
(am, am) is the linear map given by f + id, f for f : m — m. This is an easy to check consequence
of both the definition of the balancing of the hom-functor.

In some particular situations (3.26)), we will need to consider module coends of disconnected
bi-balanced, rather than balanced functors. This is also possible:

Definition 2.43. Let M be an A-A-bimodule category, and let F : MXM — ) be a
disconnected bi-balanced functor. Consider the morphism A : [™ F(m,m) — [ [™ F(am,am),

which is given by the following chain of compositions of morphisms, which are constructed using
the disconnected bi-balanced structure and the morphism [ as defined in ([2.99)).

/mF(m,m)%/{l/mF(a*am,m)%/{l/mF(ama*,m)
—>/Q/mF(am,ma)—>/a/mF(am,am).

The module coend of F' is the equalizer of A and the morphism 3 which was defined in ([2.206).

(2.209)

Our goal is to show that in our setting, the module coend, which is by definition a subobject
of the regular coend, is also canonically a quotient of the regular coend, meaning there is a
morphism [ F(m, m) — ¢ F(m,m). To this end, we formulate the problem in such a way that
Lemma can be applied. Observe that if I is either balanced or disconnected bi-balanced,

S = /mF(—m,—m):le.A—)y (2.210)

is a connected bi-balanced functor: The left balancing is inherited from the balancing (or
disconnected bi-balancing) of F', while the right balancing comes from the coend over m. The
equalizer (or the one from Definition is the equalizer of the connected bi-balanced
functor S on the object 1 € Z4(A) in both arguments, as defined in ([2.83). Thus, Lemma [2.17]
implies that the equalizer splits, as long as A is a spherical fusion category. Moreover,
Lemma provides us with the structural data of the split equalizer: Consider the map ¢,
which is unique such that the following diagram commutes:

J* ™ F(am,am) —>f F(m,m)

stom] / . (2.211)

F(am,am)

The following endomorphism of [™ F(m,m) — which was denoted by h =t o g in the proof of
Lemma [2.16| - will play a greater role later on and thus deserves a name.
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Definition 2.44. The balancing idempotent ht : [™ F(m,m) — [™ F(m,m) is defined as the
composition

1 . 1 .
ht = Do tep if F is balanced, and hf":= Do te) if F is disconnected bi-balanced, (2.212)
AT A

using the operation e defined in (2.33)) to mediate between the end and the coend over a:

RE ™ F(m,m) % fafmF(am,am)%“fafmF(am,am) _t, /™ F(m,m).

(2.213)
That hf" is indeed an idempotent is evident from Definition Hence we have proved:

Theorem 2.45. Let F: MXM — Y be a balanced or disconnected bi-balanced functor. The
balancing idempotent hY from Definition factors through the module coend, i.e. there
exists a unique dashed arrow ", called the balancing projector, such that the following diagram
commutes.

/™ F(m,m) AN /™ F(m,m)

o / (2.214)

$™ F(m,m)

This balancing projector ' is a retraction of the inclusion v : ¢ F(m,m) — [™ F(m,m).

Moreover, the balancing idempotent hY really is an idempotent, the balancing projector &
really is an epimorphism, and hence the module coend $§"™ F(m,m) is the image of the balancing
idempotent ht' .

Remark 2.46 (Module ends and module natural transformations). In complete analogy, it is
possible to define a module end ¢, F(m,m) as a subobject of the regular end [ F(m,m). This
notion of module end is the one which appears in [BM21]. (Note, however, that the module
coend from Definition is different from the module coend in [BM21] in that it is a subobject,
not a quotient, of the regular coend.)

Given A-module categories M, N, and module functors F,G : M — N, the space of natural
transformations can be written as an end:

Nat(F, G) = /m (F(m), G(m)). (2.215)

Similarly, the subspace of module natural transformations is isomorphic to a module end [BM21,
Prop. 4.1]:

Nat(F, Q) = 7{ (F(m), G(m)). (2.216)
m
The end-version of Theorem provides an explicit retraction
Nat(F,G) - Nat4(F,G), (2.217)

determined by the pivotal structure on A.
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We will encounter functors defined on a Deligne product with many factors, and with several
independent balancings. This notion deserves a formalization. To this end, let g\ be another
module category over a spherical fusion category B. Recall that AKX B is again a spherical fusion
category, and that M XN can be considered as a module category over AKX B.

Definition 2.47. We say that F': MXMXN XN — )Y is a piecewise balanced functor if it is
equipped with

e a balancing or disconnected bi-balancing for the functor F(—X—XIy): MM — Y,
and

e a balancing or a disconnected bi-balancing for the functor F(IyX—X—): NKN — Y,

such that balancing idempotents h 4 and hg for the functors F'(— XK —K1Iy) and F(Iy K —X—),
which are both endomorphisms of [™ [™ F'(m,m,n,n), commute. Their composition

h:=haohg=hgohyu (2.218)

is called the balancing idempotent of F'. The piecewise module coend fM’N F' is the unique object
such that the following diagram is a pullback square:

fM’NF . meM anNF(m, m7n’n)

j j . (2.219)

anN meM F(m,m,n,n) —— meM anNF(m, m,n,n)

Remark 2.48. Recall that AX B is again a spherical fusion category, and that M XN can
be considered as a module category over AX B. There is a notion of multi-balanced functor
F: MIMXNKXN — Y, which is a balanced functor with respect to the AX B-module
structure. Every multi-balanced functor is a piecewise balanced functor, but the converse does
not hold true. A functor which is piecewise balanced, but not multi-balanced, is given in

Section see Remark

Proposition 2.49. For a multi-balanced functor, the module coend (with respect to the AX B-
action) agrees with the piecewise module coend.

Sketch of Proof. We need to construct dashed arrows and show that the diagram

fue/\/l&/\/ F(u,pp) ---------- N meM f”eNF(m,m,n, n)

j (2.220)

anN meM F(m, m,n,n) SN meM anN F(m,m,n, TL)

is a pullback square. In order to construct the dashed arrows, note that a morphism ¢* EMEN _,

mEM mEN P m,n,n) is, by the universal property of the equalizer from Definition [2.41
Ny
in bijection with morphisms f”eMgN — [MEM N B m,n,n) satisfying the equalizing
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property. Such a morphism is obtained the structure of §* EMBN a5 an equalizer. In this way,

the horizontal dashed arrow (and similarly the vertical dashed arrow) in are defined.

To see that (2.220)) is indeed a pullback square, we first note that a cone over the solid part
of the diagram (2.220) is a morphism f : y — [™M f”ENF(m, m,n,n) which factors over
both §™M [N F(m,m,n,n) and f”eN MM F(m,m,n,n). This means that f satisfies two
equalizing conditions. It can be shown that these two equalizing conditions (for the A-action on
M and the B-action on N, respectively) are equivalent to the single equalizing condition for the
ANX B-action on M XN. Thus, a cone over the solid part of is the same as a cone over
the equalizer diagram

X X
SRV () = [eams SN Fap, ap). (2.221)

Hence, the pullback of the former diagram is isomorphic to the equalizer of the latter, which by
definition is the module coend of F' with respect to the AX B-action. O
Proposition 2.50. The balancing idempotent
h:=hygohg=hgohy (2.222)
is again an idempotent whose image is the piecewise module coend fM’NF.
Proof. Proving that h is an idempotent is easy:
hoh=(hqohp)o(hgohs)=hgohgohy=hgohygohpg=hyohp=h. (2.223)

It remains to show that the image of h is the piecewise module coend. We can use the universal
property of the pullback to see that h factors over the piecewise module coend. For a unique
dashed arrow 7 in the diagram below to exist, the outer paths of the diagram have to
commute. They do, due to the commutativity of h 4 and hg.

T a0hp

I F(m,m,n,j})

e fM’NF B f’gme./\/l f"eNF(m,m,n,n)

\[Z.A \[LA
3§n€N meM F(’I?’L, m,n, n) (L—B> fmeM fneNF(m, m,n, ’I’L)
(2.224)

We show that 7 is surjective by proving that w o+t = id, where « = tgoig = 14 0ig. Consider the
diagram

j)‘M,N F f

s ~
3§M’NF - B $ m, m,n,n)

o [

fneN meM F(m,m,n,n) —2— fmeM f"EN F(m,m,n,n)
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If we can find morphisms f and g, such that 14 o f =t 0 g, then there exists a unique dashed
arrow h such that izoh = f and 74 o h = g. The choices f = ip and g = i 4 are valid, and in
this case, h = id. Our aim is to show

lgomor=1ig and [gomoL=1y4, (2.226)

and to deduce by uniqueness of h that id = h = w o t. We proceed to check this by a direct
calculation, in which we underline those terms that will be modified in the next step.

ipomot=myp0ohgol =TTA0LBOTROL=T4O0LBOTROLBOLA

_ N ~ (2.227)
=TMTAOLBOLA=TAOLAOCLB = If.
The other equation in ([2.226) is proved in the same way. O

Definition 2.51. The corestriction of the idempotent h from Proposition [2.50] onto its image is

denoted
m rn MN
™ :/ / F(m,m,n,n) %j{ F, (2.228)

and is called the piecewise balancing projector of F.

3 EXTRUDED GRAPHS AND THEIR EVALUATION

3.1 DEFECT MANIFOLDS AND EXTRUDED GRAPHS

The evaluation procedure that will be constructed in Section [3.3]is defined on a particular class
of cylinders over decorated surfaces called extruded graphs, that we now introduce. They are
similar to the labeled defect surfaces considered in [FSS22]. We distinguish between the following
types of surfaces with additional structure.

Surface.

(3.1)

By a surface, we always mean a smooth, oriented, compact 2-manifold, possibly with boundary.

Node Surface.

' (3.2)
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A surface ¥ with a finite number of embedded disks in its interior Int(3) and a finite number
of embedded intervals on its boundary 0% is called a node surface, and the embedded disks
and intervals are called nodes. The node surface (3.2)) has three nodes: two disks, and one interval.

(Fine) Unlabeled Defect Surface.

A node surface X is called an unlabeled defect surface if it is endowed with finitely many embedded
disjoint intervals, called defect lines, that must meet the following criteria:

e The end points of each defect line must lie on the boundary of a disk-shaped node or in an
interval node.

e The interior of the defect lines must be disjoint from the disk and interval nodes.
o Each disk node must be adjacent to at least one defect line.
e The boundary 9% of X is covered entirely by interval nodes and defect lines.
The connected components of the complement of defect lines and disk and interval nodes in o

are called domains. In addition to these requirements, we only consider fine unlabeled defect
surfaces, which means that all domains are disks.

{ Q (3.4)

+

Defect 1-Manifold.

The interval nodes and the boundary of the disk nodes of an unlabeled defect surface are examples
of defect 1-manifolds: These are compact, smooth, oriented 1-manifolds, possibly with boundary
(i.e. a disjoint union of finitely many closed intervals and circles), with finitely many marked
points, meaning a set of distinguished points on the 1-manifold, each equipped with a sign. The
boundary of any defect 1-manifold must consist of marked points. In case the defect 1-manifold
is obtained from an unlabeled defect surface, the marked points are given by the end points of
defect lines, with signs depending on whether the defect line starts (—) or ends (+) at a point.
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Extruded Defect Surface.

(3.5)

To each defect surface X, we assign an extruded defect surface, which topologically is given by the
cylinder ¥ x [0, 1]. We identify the original defect surface with one of the boundary components,
called the coat: ¥ = ¥ x {0}. The other boundary component ¥ x {1} is called the core. If i is a
disk or interval node in ¥, then the cylinder i x [0,1] C ¥ X [0, 1] stretching from the coat to the
core is called a ray. In pictures such as , the coat is always drawn in green, and the core is
always gray, while the rays are red. We usually only draw the coat and the core, and not the
entire 3-manifold ¥ x [0, 1].

This structure is only mildly 3-dimensional, as the topology is entirely determined by the
defect surface ¥. This justifies the name extruded defect surface.

Labeled Defect Surface.

We consider the following labeling of defect surfaces by algebraic data:
Level 1 To each of the (two-dimensional) domains, we assign a spherical fusion category A, B, ...

Level 2 To each defect line adjacent to a domain labeled by A on the left and a domain labeled by
B on the right, we assign a traced A-B-bimodule category M. In case the defect line lies
on the boundary of the surface, there is only one adjacent domain, and the algebraic label
is a one-sided (left or right) module category, depending on the orientation.

In the example (3.6)), there is only one domain, labeled by 4. Hence, all bimodule categories are
A-A-bimodule categories, with the exception of My, which labels a defect line on the boundary
and is thus merely a right traced A-module category.
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Labeled Defect 1-Manifold.

(3.7)

Defect 1-Manifolds can also be labeled by the same algebraic data: Each segment between
marked points is assigned a spherical fusion category, and the marked points themselves are
labeled by spherical bimodule categories. The interval nodes and the boundaries of the disk
nodes of a labeled defect surface naturally carry the structure of labeled defect 1-manifolds. Then
the orientation of a connected labeled defect 1-manifold L defines a (cyclic or linear) order of
marked points, and hence a (cyclically or linearly) composable string (Mj, Ma,...) of bimodule
categories. If the sign of the marked point is negative, we use the opposite bimodule category
M, instead. We call the relative Deligne product

TR(L) := M;0OM,0 - - (3.8)
the ray category of L. Similarly, the regular Deligne product

T™(L) := M; KMy - (3.9)
is called the node category of L. Recall from Section that there is a forgetful functor
U :TR(L) — TN(L) with adjoints @, 5 : TN(L) — TR (L) between ray and node categories.

Extruded Graph.

(3.10)

The complete labeling of an extruded defect surface requires two more layers of algebraic data.

Level 3 To each defect line labeled by a bimodule category M on the coat, we assign in addition
an object m € M.

To each ray, which is the cylinder over a (disk or interval) node L, we assign an object in
the ray category x € TR(L).
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Level 4 The choices of objects from the third level of labels permit us to associate a vector space
to each node L. Let (m; € M1, mg € Ma,...) be the list of objects that label the defect
lines adjacent to L, and let € TR(L) denote the ray label. We call the vector space

Ny (mi,ma,...) =gy (miBmaX-- - U(z)) (3.11)

the node space for the node L. Here, U denotes the forgetful functor TR(L) — TN(L),
which forgets the balancings that come with the relative Deligne product. The notion of
node spaces allows us to define the first part of the fourth level of labels:

To each node, we assign a vector f in the node space, called a node label.

Finally, it is possible to construct, for each labeled defect surface ¥, a functor which assigns
a vector space to a choice of ray labels for 3. This functor is called the block functor, and
its value for a specific choice of ray labels is called a block space T. The construction of
the block functor has been the subject of [FSS22|, and it will be briefly summarized in
Section We can now state the last part of the fourth level of labels:

To the core, we assign a vector ¢ in the linear dual of the block space T™*.
An extruded defect surface with all four layers of labels is called an extruded graph.

Remark 3.1. There are some differences between the definitions, the conventions, and the
terminology in this paper and those in [F'SS22]. First and foremost, all manifolds we consider
carry less structure: they are only oriented, as opposed to 2-framed. The counterpart to this loss
in topological structure is additional algebraic structure: The tensor categories considered in
[F'SS22| are only rigid, whereas we here require them to be equipped with a spherical structure.
We also need a spherical structure on the bimodule categories.

Furthermore, all categories we consider are semisimple. While it is open whether non-semisimply
labeled extruded graphs can be evaluated in a way similar to the one we will define in Section [3:3]
we cannot expect to construct a 3-dimensional state-sum model with defects from non-semisimple
data [BDSPV15, Appendix], which is our motivation for considering extruded graphs.

As a matter of perspective, we here chose to consider disk nodes and not circular boundary
components. The reason for this is that we sometimes wish to consider the underlying surface of
a defect surface, a concept which does not appear in [F'SS22|. Another minor point is that we
disallow circular defect lines: all defect lines must start and end at a node.

Taking these points into account, a labeled defect surface corresponds to a labeled defect
surface in the terminology of [FSS22|, and similarly for a labeled defect 1-manifold.

Remark 3.2 (The 2-dimensional Character of Extruded Graphs). We have introduced extruded
graphs as a 3-dimensional structure. However, the third dimension is distinguished and carries
no real information: being the cylinder over a defect surface, it is topologically completely
determined by the defect surface. The ray labels could equivalently be associated with the nodes,
and there is also no necessity to assign the datum of the core label to the core geometrically, and
not just to the extruded graph as a whole.

From this perspective, extruded graphs can be viewed as 2-dimensional objects: labeled defect
surfaces in the sense of with an additional choice of object in the appropriate bimodule
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category for each defect line, two labels for each node: an object in the associated ray category
and a node label, and an additional choice of core label, which is part of the datum of an extruded
graph, but not associated with a particular topological component.

Remark 3.3 (The 3-dimensional Character of Extruded Graphs). Despite the 2-dimensional
picture from Remark being sufficient to develop the theory of extruded graphs, let us now
highlight why it is natural to view them as inherently 3-dimensional objects. Extruded graphs
are related a class of diagrams that are associated with a tricategory, as described by [Hum12]
and [BMS12], and several others. These diagrams, which we call 3-diagrams, generalize the
graphical calculus of string diagrams to tricategories. A 3-diagram in a given tricategory 7 is a
stratification of the standard cube [0,1]3, in which the 3-strata are labeled by objects of T, the
2-strata (surfaces) are labeled by 1-morphisms, 1-strata (lines) by 2-morphisms, and 0O-strata
(vertices) by 3-morphisms of 7. 3-diagrams evaluate to 3-morphisms of 7. If we choose for
T the tricategory BiMod™™ from Section , we find that 3-diagrams have 3-strata labeled
by spherical fusion categories, surfaces labeled by traced bimodule categories, lines labeled by
bimodule functors, and vertices labeled by bimodule natural transformations.

For comparison, consider now the following alternative description of an extruded graph on the
sphere S?. An extruded graph ¥ on S? consists of the standard closed 3-ball B C R3 of radius 1
with a stratification obtained as follows: There exists an oriented graph I' on the surface of B
such that the 2-strata of B are given by

o connected components of B \ T'; these 2-strata lie on the surface of B; or

« for a given edge e of I, the radial sweep of e, meaning the surface {\p € BCR? : p¢
e, A€ (0,1)}.

Moreover, the 1-strata are

e edges of I', and

o for a given vertex v of I', the oriented straight line from v to the center 0 € B of B.
The O-strata are

« vertices of I'; and

e the point 0 € B.

Let us view the "outside region" R?\ B as a 3-stratum of B. In addition, B has one 3-stratum
per connected component of 0B \ T".

Inspired by the labeling prescription for 3-diagrams in BiMod™, we define how the different
strata of B are to be labeled. We will label n-dimensional strata with (3 —n)-morphisms BiMod ™.
Hence, for each 3-stratum, we pick a spherical fusion category. We only restrict the label of
the outside region: Here, we pick the spherical fusion category vect. The 2-strata are labeled,
according to their orientation, by a traced bimodule category, with actions from the spherical
fusion categories that label the adjacent 3-strata. We leave this choice arbitrary for the 2-strata
in the interior of B, but for the connected components of 9B\T, i.e. the 2-strata on the boundary
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of B, we fix the A-vect-bimodule category 4Avect, where A is the spherical fusion category that
labels the 3-stratum in the interior of B which is adjacent to the 2-stratum in question. Each
1-stratum has a cyclically ordered set of composable bimodule categories associated with it, that
label the adjacent 2-strata. The relative Deligne product over this cyclic string of bimodule
categories is a linear category, from which we pick an object that labels the 1-stratum. The
relative Deligne product can be realized as a category of bimodule functors, but we do not make
this explicit here. For 1-strata in the interior of B — recall that these are radial lines — the
associated category is just the ray category for the corresponding ray, after making the obvious
identification of 3-strata with domains and interior 1-strata with rays. Let us now consider
1-strata on the boundary of B. These are the edges of I'. They each have three adjacent 2-strata
and three adjacent 3-strata. One of these 3-strata is the outside region labeled by vect, and the
other two are labeled by spherical fusion categories A and B. Out of the adjacent 2-strata, one
lies in the interior of B and is labeled by a traced bimodule category 4Mp, while the other
two lie on the boundary dB. We know that their labels are gAvect and gByect. The category
associated with the 1-stratum is therefore zEM % B Dt, where the opposite of A appears when

vec
taking orientations into account. Using that the center of a vect-vect-bimodule category is just

the category itself, and that A and B are units for the relative Deligne product, as seen in ,
the associated category simplifies to
AOMOB O 2 AOMOB X M. (3.12)
A B vect A B
Hence, a 1-stratum on the boundary of B, whose adjacent internal 2-stratum is labeled by a
bimodule category M, is labeled by an object m € M. Recall that this is also the appropriate
choice of label for a defect line in an extruded graph.

So far, we have recovered the labeling prescription for domains, defect lines and rays of an
extruded graph from another perspective. But crucially, while we previously treated defect lines
and rays as entirely different things, we now saw that they can both be viewed as objects of
the same type (1-strata), and that their respective labeling stems from a single, generalizing
prescription. To arrive at this perspective, it was necessary to treat the extruded graph (or the
stratified ball B) as a 3-dimensional object, and to source the labels of n-dimensional strata from
the set of (3 — n)-morphisms of the labeling tricategory BiMod™*. The labeling prescription can
be extended to O-strata, unifying both nodes and the core of an extruded graph on S?. One
can then see that the vector spaces of node labels and the vector space of core labels can be
described in a consistent way using a small neighborhood of the respective 0-strata. We will not
continue to make this explicit.

Instead, let us briefly make the connection to 3-diagrams for tricategories. If the tricategory T
has sufficiently well-behaved dualities, one can consider and evaluate non-progressive 3-diagrams
[BMS12, Sec. 6.1]. In particular, a choice of embedding B < [0, 1]? into the standard cube
defines a non-progressive 3-diagram, which evaluates to a particular 3-morphism in BiMod™™:
A bimodule natural endomorphism of the identity functor of the vect-vect-bimodule category
vect — or in other words, a scalar in K. It is expected, though at this time unproven, that the
evaluation of non-progressive 3-diagrams is invariant under isotopies. For us, this would mean
that the scalar associated to B is independent of the choice of embedding B < [0, 1]3. Currently,
isotopy invariance is only known for a subclass of non-progressive 3-diagrams called surface
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diagrams, in which the 2-skeleton of the stratification is a manifold [BMS12, Thm. 6.8]. A
3-diagram obtained from B is not a surface diagram. Part of the difficulty in proving a more
general invariance theorem lies in how O-strata of 3-diagrams are labeled by 3-morphisms in a
tricategory. A 3-morphism has as source and target 2-morphisms, or more generally, linearly
ordered compositions of 2-morphisms. The 1-strata adjacent to a O-stratum, which are labeled by
2-morphisms, do not, in general, come with a linear order or a grouping into source and target
1-strata. In order to label the O-stratum by a 3-morphism, choices for these orderings have to be
made. Working with the combinatorics of how a 3-morphism should transform when a different
choice of ordering is made appears difficult. Note that in the special case of surface diagrams,
there is at least a cyclic order on the adjacent 1-strata of a O-stratum, as they all embed into a
surface.

For extruded graphs, this problem is resolved by the use of block spaces (to be defined in
Section for the core labels — they can be thought of as symmetric versions of hom-spaces
for 3-morphisms. The technicalities of labels for 0-strata aside, we expect a close relationship
between the scalar obtained from the evaluation of the 3-diagram B < [0, 1]® and the evaluation
of the corresponding extruded graph — the latter will be defined in Section in a manifestly
isotopy invariant way. As discussed in Remark [5.18] we also expect that extruded graphs can be
used to define the evaluation of 3-diagrams in BiMod™ in a manifestly isotopy invariant way.

These considerations justify why we introduced extruded graphs as 3-dimensional entities. Even
if the third dimension is superfluous in defining extruded graphs, it is helpful in understanding
them.

Remark 3.4 (The (2+¢)-dimensional Character of Extruded Graphs). The definition of extruded
graphs that we gave can be thought of as a compromise between the strictly 2-dimensional
description proposed in Remark [3:2]and the fully 3-dimensional description outlined in Remark[3.3]
Indeed, there is a very concrete reason why extruded graphs are not quite 2-dimensional and
not quite 3-dimensional. OQur main motivation for considering extruded graphs is a state-sum
model with surface defects, which is outlined in Section In this model, 3-manifolds are
considered which are stratified and labeled by algebraic data in a way very similar to how the
cube [0,1]? is stratified and labeled to become a 3-diagram in BiMod™™, as just discussed in
Remark Ball neighborhoods of the O-strata carry the structure of extruded graphs — but not
all neighborhoods, only infinitesimal neighborhoods. "Infinitesimal" is here to be understood in a
topological sense and means "regular in that all adjacent 1- and 2-strata intersect the boundary
of the neighborhood transversally, and small enough in that it is homeomorphic to all of its
regular ball sub-neighborhoods". When viewing this state-sum model as a source of extruded
graphs, it is clear why they can be described in a purely 2-dimensional manner, despite being
naturally 3-dimensional objects: The third dimension is purposefully chosen so small that nothing
interesting happens in it.

3.2 THE MODULAR STATE-SUM FUNCTOR

The state-sum modular functor described in |[FSS22] is crucial to the understanding of extruded
graphs, and the labels of the core in particular. We briefly review an alteration of the modular
functor, namely the oriented/spherical version as opposed to the framed/rigid version. Being a
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symmetric monoidal functor between bicategories, the modular functor consists of several pieces
of data. One of these pieces of data is the block space T mentioned in the definition of extruded
graphs, which is a vector space assigned to a labeled defect surface 3 together with a choice of
ray labels.

Remark 3.5. We do not need to explicitly construct an oriented/spherical version of the modular
functor from [FSS22|, since we only need block spaces. Moreover, we only consider fine defect
surfaces, for which block spaces are easier to define. In fact, moving to an oriented/spherical
setting simplifies the construction in [FSS22| where the role of the framing was to control powers
of the double dual (which in our situation is trivialized by the pivotal structure). Nevertheless, it
is useful to think of the block space as a component of a larger structure, the modular functor,
cf. [FSS22, Rem. 5.28].

We now fix a labeled defect surface ¥, a choice of ray labelings xXyX--- € TR(X), and
proceed to recall the definition of the associated block space T = T(zXyX---). TR(X) here
denotes the Deligne product over the ray categories for all nodes L (intervals and disks) in X:

TR(Y) := %ITR(L). (3.13)

To this end, we first introduce the node space functor for a node L of X:

Ny (L) i= gy (—, U(x)) : TN(L) — vect. (3.14)

Note that the values of this functor are the node spaces mentioned above. There is a (total) node
space functor associated to the surface X:

Ney... = @QNa(L) : BITN(L) = TN — vect. (3.15)
L

The Deligne product %TN(L) = TN denotes the (total) node category for the surface X. As each

defect line starts and ends at a node, the associated bimodule category M appears precisely
twice in the total node category, once as M and once as M. Thus the terms of the node category
TN can be rearranged as follows:

%TN(L) = TN = %M XM, (3.16)
where now M runs over defect lines of ¥. Recall from (2.161)) that there is a silent object
IM:/ mXm e MXM. (3.17)

The Deligne product over all of these objects 11, provides us with a distinguished object in the
total node category:
Bl 2 T a0) € T (3.18)

Following [FSS22|, we define the pre-block space as the value of the total node functor on this
object (using the Sweedler-like notation for the forgetful functor U from ([2.146))):

TP .= Nw,y7---(1(®MM)) = TN</ /m&ﬂ&n&ﬁ&, T(M) @W&Z(N‘) ﬁx(/\/)®> .
(3.19)
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Remark 3.6. By Corollary [2.36] the pre-block space is isomorphic to the tensor product of
hom-spaces

Tp%<y(M),x(M)>®<x(N),Z(N)>®--- . (3.20)

The block space T from [FSS22|, which we work towards defining, is obtained as a subspace
of the pre-block space TP. It consists of those vectors satisfying a condition that we will now
describe. It can be thought of as a flatness condition, see [FSS22, p. 5].

We pick a domain labeled by a spherical fusion category A. Assume that one of the defect
lines adjacent to A is labeled by a spherical bimodule category M, and only one of the two
domains adjacent to the defect line is 4. Without loss of generality, we take M to be a left
A-module. We denote the labels of the other defect lines adjacent to A by N, K, £, ..., and
rays by z,y,2,....

(3.21)

Consider the functor Sy : M XM — vect, given by
Spi(m,m) i= Ny (mEm KLy BRI K- ). (3.22)
A comparison of (3.19)) and (3.22) reveals that the pre-block space TP is obtained from Sy as

TP = Sui(Lup). (3.23)

We now equip Sy with the structure of a balanced functor, using the explicit form of the
pre-block space given in (3.19)). The balancing on Sy is obtained as a composition of the
balancings for the silent objects Iy, I, Iz, ..., the A-balancings of the ray labels z,y, z, .. .,
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and the balancings of the hom-functors which appear in the definition of S (3.22)).

Sailam,m’) = [ (kRamR---, U(z))  (m'BAR---, U(y)) @ <nm®~--, U(z)> ® -

lHom-balancing
f”’“l<mm®.--,U(x)}>®<m’®ﬁ®.-- )@ (n& U@) e
ibalancmg of z
f"kl<k:®m®-~,;U(:c)>®<m’®ﬁ®--~ )@ (nK U(2)) @
| Hom-balancing
f”kl<cv\z\*k®m®---,U(m)}@(m’&ﬁ@-- < XX z)>®~--
"~ several balancings, -
[ U ERMR- - Ue)) © (mBaR---, U >® @mt?m L U(2)®-

several balancings: - R

SRR, U@)) @ (m' RER--, Uly)® @*n&m.--, U(z) @

several balancings - . 7_-

[ ERmMR-- -, Uz) @ (m' RaK- - ;U(y)>®<n®7®~~, U(z)>®-~

e /lHom—balancing

S (RRTR---, Uz) @ (a'm BAR---, Uy) © (nBIR--, U(2)) @ - = Su(m, a*n).

The balancing for Sy defined in (3.24) is called "holonomy" in [FSS22, Sec. 4.11]. As we will
here consider several morphisms related to the idea of a holonomy operation, we refer to the
balancing of S as the holonomy balancing hol, 4 . It can be pictured as "walking around the

boundary" of the domain 4 with an object a € A:

Balanced functors Spy, Sy, and similar can be constructed for each defect line adjacent to A,
as long as those defect lines separate A from a different domain, or lie on the boundary of the
defect surface. It may be the case, however, that a defect line has the domain A as its left- and
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right-adjacent domain, as in the example (3.26]).

(3.26)

M is then an A-A-bimodule category. In this case, Sy is a disconnected bi-balanced functor
(see Section , whose balancings are defined in a way that is very similar to the holonomy
balancing from , by walking an element a € A along the two paths pictured in ([3.26)).

The module coend is defined for both balanced (Definition and disconnected bi-balanced
functors (Definition , and we use it to define the block spaces. For this to be consistent, we
need the result [FSS22, Lem. 4.22], which in our language assumes the following form:

Proposition 3.7. There are canonical isomorphisms

%meM Sm(m,m) = fneN Sy (n,n) (3.27)

between module coends for each pair of defect lines (M, N) adjacent to A.

In order to define block spaces, we need to consider all domains simultaneously. For each
domain A, B, C, ..., choose a defect line M adjacent to A, N adjacent to B, K adjacent to C,
and so on. Similar to the functor Su, for the single domain A, we can construct a piecewise
balanced functor (see Definition

Sunk,. MEMRNKNRKLKLK: - — vect (3.28)

such that
SMN K, (IM BTy BT K- - ) = TP. (3.29)

Remark 3.8. Sy v k... is a piecewise balanced functor, but not, in general, a multi-balanced
functor. This motivates Definition [2.47]

Definition 3.9. For a labeled defect surface with a fixed choice of ray labels, the associated

block space is the vector space given by the piecewise module coend
MAN
M7N7’C,... MvNaK,-.. < )

The limit is to be understood in terms of Proposition which ensures that between every two
module coends we consider, there is a canonical isomorphism.
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When unraveling Definition [3.9] one can see that it agrees with the original definition of the
block functor [FSS22, Def. 4.21]. Note that the block space T is by definition a sub-vector space
of the pre-block space TP.

Example 3.10. This example is a special case of [FSS22, Ex. 4.35]. Let A and B be spherical
fusion categories, and let M be an A-B-bimodule category and A/ be a B-A-bimodule category.
Consider as a labeled defect surface the sphere with two nodes and two defect lines connecting
the nodes, such that each node has an incoming and an outgoing defect line attached. We label
the domains by A and B, and the defect lines by M and N, accordingly. We pick ray labels
r € MONDO and y € NOMO in the ray categories associated to the nodes. The pre-block space
for this defect surface is the space of natural transformations

12

TP = o m(U@), UY)) = pun(ma)(EW(UT), EW(U(y))) = Nat(EW(U (7)), EW(U(y)).
(3.31)

Note that the functor EW(U(Z)) can be expressed, according to Remark as the left adjoint

of coEW (U (x)). Furthermore, the block space is given by the subspace of bimodule natural

transformations

T= NDMD<E7 y) = FunA‘B(M,N)<EWm(f)a EWm(y)> = Naty(EWn(U(Z)), EWn(U(y))).
(3.32)

Remark 3.11. It is sometimes (e.g. in the formulation of the move of invariance |G| that will be
introduced in Section [4]) convenient to consider formal linear combinations of extruded graphs,
that is, objects of the form Zi]io A;2;, where ¥; are extruded graphs and \; € K.

In the same spirit, we allow ourselves to consider extruded graphs in which not every node
is labeled by a vector in the respective node-space, but which rather comes with a choice of
vector f in the total node space N, . from . The ordinary node-by-node labeling can be
recovered if this vector is a pure tensor f = f, ® f, ® ---. Then fy, fy,... are the labels for the
individual nodes.

Remark 3.12. The concepts of (pre-)block spaces, node spaces and similar, which were reviewed
in this section, apply to labeled defect surfaces. In the following, we will also use them for
extruded graphs, where "the pre-block space of an extruded graph" strictly means "the pre-block
space of the coat of an extruded graph", and analogously for other concepts.

Remark 3.13. The block space of a framed defect surface that is not fine has been expressed,
in the case of the framed modular functor, as a limit over all framed fine refinements in [FSS22,
Def. 5.24]. A fine refinement of a non-fine framed defect surface ¥ is a fine defect surface,
whose defect structure (nodes and defect lines) can be thought of as a subdivision of the framed
defect structure of X. A similar construction can be expected to exist for the oriented state-sum
modular functor on surfaces that are not fine, but has not been worked out to our knowledge.
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3.3 DEFINITION OF THE EVALUATION

We are now in a position to introduce the main concept of this article: The definition of an
evaluation procedure |—|, which associates a scalar |X| € K to an extruded graph X.

The idea for how the evaluation procedure will be defined in Definition [3.17] is as follows.
While the block space is naturally a subspace of the pre-block space, the evaluation procedure
requires more structure, namely, a retraction

m: TP = T, (3.33)

which exhibits the block space as a direct summand of the pre-block space. From the fourth-level
labeling on the coat of X, that is, from the node labels, we can construct a vector v € TP in the
pre-block space. On the other hand, the fourth-level labeling on the core, that is, the core label
©, is by definition a vector in the dual of the block space ¢ € T*. Using the pairing of T and T*,
the retraction 7 allows us to obtain a scalar from v and :

| = (7(v), ) = p(r(¥)). (3.34)

Another perspective would be to use the pairing of TP and TP*, and the dual 7* : T* — TP* of
the retraction 7:

3] = (v, 7 (9)). (3.35)

Of course, these two definitions agree.

We proceed to define the retraction m mentioned in (3.33)). The fact that our fusion categories
carry a pivotal structure (in contrast to [FSS22]) enters crucially into the definition of 7.

Definition 3.14. Let X be a fine labeled defect surface, and let A be a spherical fusion category
which labels a domain of X. Let M be a module category which labels a defect line adjacent
to A. Without loss of generality, assume that M is a left A-module category. The holonomy
idempotent for A starting at M is the balancing idempotent for the functor Sy from (3.22)
defined in Definition Explicitly, for a domain A as in the picture , it is the linear map

hy: TP — TP (3.36)
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given by the following composition:

TP = "M (kRmR -, Ur)) @ (mBEAR-, U(y)) @ (nBIR-, U(z)) © -
- \LD;‘lev
S STk RmR -, Ux)) @ (ag* mBER---, U(y) © (nRIQ---, U(2)) @
 les

e \Lbalancing of 4

fafmnkl <k®m®’ U(x»@@é*m&ﬁﬁ’ U(y)>®<n®Z®’ U(Z)>®

el |Hom-balancing >
fafmnkl (kRmK .- -, U(@?Q@(am&ﬁ@---, U(y)>®<n@i@~--, U(z)>®
Ibalancing of «

fafmnkl (kRmK .- .,/;U(a;)> @ (amXAK---, Uy)) ® <n®2®~ - U(2)>
T | Hom-balancing (3.37)

L, Ux) @ (am®nK--- Uy)) ® (nX

—
—
3
=
8«
ol
X
-
=
PR
~i
X
S
O
~—
&

several balancingsv ———— -
fafmnkl <k®m&’ U($)> ® <am®ﬁ®, U(y)>® <n®a®’/ U(Z)> ® -
several balancings_ T T

fafmnkl (kRmK .- -, U(x)}@{amﬁﬁg--', U(y),>®<;*n®Z®---, U(Z)>®

several balancings -~ -
< /

@kl (kRmX---, U(z)) ® (amRAK-- -, ;U(y)>®<n®1®---, U(z)>®~-

B iHb;ﬁ—balancing

Jo P R - U<x>>®<é*am®”®~» )@ (nBIK--, U() ®--
" icoev

[ RmR - Uz)) @ (mREs - - U(y)>®<n®f®---, U(z)>®--~:Tp.

Proposition 3.15. For any two defect lines M, N adjacent to A, the holonomy idempotents
for A starting at M and N respectively are equal.

The proof of Proposition is similar to the proof of [FSS22, Lem. 4.22]. In fact, one can
also define holonomy idempotents starting next to the ray labels U(z), U(y), .... All of these
choices lead to the same morphism.

In accordance with Proposition [3.15] we call h 4 simply the holonomy idempotent for A, and
no longer mention a starting point.
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Definition 3.16. The holonomy idempotent of a labeled defect surface X is given by the
composition

hI:h_AOhBO--' (338)

of holonomy idempotents for each domain of ¥. Proposition [2.50] ensures that the order of terms
in this composition does not matter.

By Proposition the image of h is the block space
im(h) = T. (3.39)
We denote the corestriction of the holonomy idempotent h onto its image by 7

TP ", TP

. (3.40)
N i

Definition 3.17 (Evaluation). Let ¥ be an extruded graph with defect labels m € M,ne N, ...,

ray labels z,y, ..., node labels f,g,..., and core label ¢. Consider the following composition.
Nyy. . .(mRm,nXn,...) fRI®---
Nz,y,...(m,n,...T) structure map of the end
TP = Nx,y7...(IM7 I_/\/', . ) Nx,y,...(m,n,...T)(f X g X - )
i (3.41)
T Q (Nxvya(mzan)(f ® g ® T ))
® core label
K (80 © 7T) (Nm,y,...(m,n,A..T)(f R .- ))

We define the evaluation |X| of 3 to be the image of the node labels f, g, ... under the composition

, i.e.
E[:=(porm) (Noy, . (mn, . T f@gR--)). (3.42)

Remark 3.18. It is sometimes convenient to consider extruded graphs either without node
labels or without a core label. In the former case, it is clear that the evaluation of extruded
graphs still yields a linear form on the total node space. To an extruded graph without core
label we can still assign a vector in its block space, by simply not performing the last step in the
evaluation procedure, for which a core label would be needed.
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Remark 3.19. Definition |3.17| extends to linear combinations of extruded graphs as mentioned
in Remark in the obvious way:

N N
=0 =0

Moreover, it is immediate from Definition [3.17] that extruded graphs with not individual node
labels, but a total node label, as discussed in Remark can also be evaluated.

Remark 3.20. Our construction supposes that all (bi-)module categories are equipped with a
trace. However, the trace structure is never used in the definition of the evaluation procedure.
We will see in Remark that the evaluation of extruded graphs becomes zero when module
categories are involved that do not admit a module trace, and that traces provide distinguished
choices for core labels.

Example 3.21 (Generalized 6j symbols). A homeomorphism between the surface of a tetrahedron
and the sphere S? defines a graph with 4 vertices and 6 edges on the sphere. Let us consider
an extruded graph ¥ on S?, whose nodes and defect lines are obtained from the vertices and
edges of the tetrahedron (after picking an orientation for each edge). The domains of ¥ are
labeled by arbitrary spherical fusion categories, and the defect lines by arbitrary traced bimodule
categories. The object labels for the defect lines, as well as the ray labels, are all simple objects
in the respective categories, and the core label is chosen arbitrarily. The evaluation of extruded
graphs from Definition defines a linear form on the total nodespace of 3. This linear form is
called a generalized 6j-symbol, a terminology which will be justified by Corollary [5.11] and, in a
different sense, in Section [5.3

Remark 3.22. A state-sum modular functor defined on non-fine defect surfaces as mentioned
in Remark [3.13] would allow to evaluate also non-fine extruded graphs. Such a construction is
beyond the scope of this work.

3.4 LAasso GRAPHS

As a first exercise, we explicitly compute the invariant for one of the simplest possible types of
extruded graphs: A lasso graph @, whose underlying surface is the sphere S?. We will later see
(Theorem that any extruded graph on the sphere can be transformed — using the moves
from Section [ - into this lasso graph. A lasso graph is an extended graph @: Its coat is a sphere
with a single node and a single circular defect line starting and ending at the node.

Q= . (3.44)
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There are four levels of algebraic labels to be specified:

e On the coat, the two hemispheres forming the connected components of the complement of
the defect line are labeled by spherical fusion categories A and B.

e The defect line is labeled by a spherical bimodule category 4 M. Note that this implies
that the ray category associated to the single node is the balanced category TR = M % ME\]’

which contains a silent object ¢4, as described in Section In contrast, the node
category is given by the (unbalanced) category TN = M X M.

e The defect line carries an additional subordinate label: A choice of an object m € M.
Moreover, we label the ray attached to the node by an object z € TR. These choices
determine the node space to be the hom-space N,(mXm) = n(mXm, U(z)).

o We label the node by a vector f € N(m K m). Moreover, we will see in (3.51]) below that
the block space for this defect surface is given by the vector space pr (3o, x). Hence, the
core label ¢ is a linear form ¢ : (dp, ) — K.

This completes the four levels of labels that determine the extruded graph . Our goal is to
compute the scalar |@| using Definition
To this end, we remark that the pre-block space of @) is given by

TP = Ny (Lu) = o (Ia, U(2)) -

Recall the retraction 7 : on(In, U(z)) — pr{(3am, =) between the hom-spaces, which we con-
structed algebraically in Lemma We will show that the holonomy idempotent h is equal
to the idempotent from which r is constructed; this is the crucial ingredient to the proof of
Lemma below. Then, we can deduce that the block space is the image of r, namely the
hom-space gr ($rq, z) of the ray category. The retraction r will, in this case, be equal to the
projection 7 from the pre-block space into the block space. To simplify the presentation, we here
specialize to B = vect. In essence, M is now just a left A-module category. On the topological
level, vect-labeled domains can be removed entirely, so we are left with a disk with a single
boundary node as our defect surface.

The computation for the more general case where B is not necessarily vect does not provide
additional insight. With this in mind, we can state the following:

Lemma 3.23. With Q a lasso graph with the labeling described above, the evaluation |Q| € K as
defined in Definition[3.17 is given by

QI = (por)(fomT). (3.45)

Moreover, we provide the following explicit description of the (atypical) componentsr (f o ,7),, :
nXn — U(x) in the sense of Section for later use. They are given by the sum with respect
to simple objects a € A over the compositions

*<”’a*m> IZ*(a*m’@ « dadn brevza*
n®7 — a*mRarm = a*mRma — 1> a* Ux)a 22— U(x), (3.46)
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or equivalently as:

r(fo mT)n = Z D4 brevxa* © (a*fa) o (*(n, a*m) xjk(a*m, n)) (3.47)
a

Proof. Using that N, (,,7)(f) = f o 7, the general formula (3.42) for the evaluation procedure
simplifies to

Q= (pom)(fomT). (3.48)

Comparison between (3.45)) and (3.48)) makes clear that if the projector 7 coincides with the
retraction r from Lemma (3.45) follows. Thus, the projector m, and to this end, the
holonomy idempotent h, is to be computed.

Starting with an element g € TP = qn(Inq, U(x)), we calculate its image h(g) under the
holonomy idempotent h. Since h is a composition of several maps, the calculation is broken
down into intermediate steps. The morphisms composing to h are given vertically in the leftmost
column of . The middle column contains the images of g under the partial compositions of
the morphisms. In particular, the bottom-most entry is equal to h(g). The entries of the right
column give the entries of the middle column in graphical notation. Moreover, in the middle and
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right columns, we use the notation for maps between ends and coends from Section

1 .
Da evaluation

fa <aa*IM> U(x»

O

fa <CL(I*IM, U(l‘)>

balancing of ® 4

J* (alma®, U(x))

Hom-balancing

J*(alpm, U(w)a)

balancing of =

fa <aIM7 CLU(J")>

Hom-balancing

J*(a*alp, U(x)) I

coevaluation

P o brevw al

g

1. D—lAevag

a d a
J* peviyg

J* p(evig) (aﬁ’l)
—fa d“gobreV@

J* B (ga) o

zig— zagfa dg (

(alpm
ga) o B,

aa)o

(brevg

J* 5= (br) "t o (ga) o B,

dg

by (v U(@)) o (a* (brg) ") o (a*

= [* 7% brev,® o (a*ga) o (a

o(a* ‘ga) o (a” Ba) o
= Ea DY brev,?® o (a*ga)

4Coev)

ga) o (a* Ba)

" Ba)

(acoevIp)

o acobreVQM

="

=" B

="

o 1)
Im
Tm
(3.49)
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From the bottom-most row, we can read off the expression for h, and conclude, using the graphical
notation of functorial diagrams from Section

da

d x
h = E D—; brev,? o(a* — a)o acobrevg = Da (3.50)
a a

Comparing with Lemma we recognize that the expression (3.50|) for 4 coincides with the
retraction r, which projects onto the subspace

im(h) = = @, ) —— o {Ium, U(@h.
’\/

T=r
This confirms that the block space is given by

T = (1, @), (3.51)

in agreement with [FSS22, Example 4.33], and consequently shows that the projector 7 is equal
to the retraction r from Lemma We have thus proven ([3.45]).

Turning to the second part of the lemma, we continue our calculation in order to obtain
the explicit components (3.47)), we recall from (2.163]) that the components of acobreVQM for
n, k € M take the form

k(acobreVQM)” = *(n, a*k) X H(a*k, n) : nXn — a*kXka. (3.52)
This allows us to give an explicit description of the components 7(g),, of 7(g9) = h(g) = r(g)-
da .
7(g), = Z D—A brev,®" o (a*ga) o (acobreVQM)n
= Z —2 brev,® o (a*gga)o k(acobrevg )
ak ‘A "
(3.53)
= Z o (a”gka) o k(acobrevg )"
; d d * *
- - o (a gka) © (*(n, a*k) g*(a*k, n))
a,k D'A

Working towards ([3.47)), we are interested in substituting f o ,,7 for g in the above expressions.
To get started, we rewrite the term f o ,,7:

l‘ __
fom dicf o (¥, m) ) 0 (%, 1) W) 0 kT
(3.54)
= def o (*(k,m) &*@n,k)) O xT.
k
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From the last line, we can tell that the simple components (f o ,,7), involve the term /7y, for
which we have found an explicit formula in (2.45)). Hence, the simple component (f o,,7), is
given by

(f omT) = dicf o (ki my B kim, 1))- (3.55)
Combining (3.55) with (3.53)), we obtain
dad,d o .

T(fomm), = =K brev,® o <a (f o (% (K, m) ®*<m,k>)> a) o (K, a*n) M*(asn k)
ak A
oy (3.56)
- Za: 1;,4” brev,®" o (a* fa) o (x(n, a*m) X *(asm,n))-
Using that m = r, we have obtained (3.47)). O

Remark 3.24. These calculations, involving dimension factors such as dy look like they make
use of the bimodule trace on M. However, recall from Remark that the trace structure does
not enter into the definition of the evaluation procedure. In fact, the computation is independent
of the choice of trace, and the same result can be obtained by equipping M with an auxiliary
Calabi-Yau structure.

Remark 3.25. The contents of Lemma [3.23] generalize to the case where B is not necessarily
vect. In particular, the general formula for the holonomy idempotent h is given by

dad a* * % *
h(g) = Z DA;B brev,® ¥P" o ((a* X b*)g(aXb)) o ampcobrevg . (3.57)

a,b

To continue the discussion of the evaluation of lasso graphs, we first restrict ourselves to a
subset of lasso graphs called loop graphs. This is the content of the next section. We will later see
(in Section {4} using the move that understanding the evaluation of loop graphs is sufficient
to understand the evaluation of all lasso graphs. Indeed, we give a concrete formula for the
evaluation of lasso graphs in Proposition [5.13

3.5 Looprp GRAPHS

Loop graphs form a subset of lasso graphs: they are characterized by special ray- and core labels.
Let us use that the ray category MM of a lasso graph O has a cosilent object ", and
specialize to the particular case z =#"! when the ray label is cosilent. For this ray label, the
block space for lasso graphs from becomes the vector space

T= <¢M, ¢M> . (3.58)
An invertible map in this homomorphism space is given by the canonical isomorphism O x4

between the end and the coend induced by the module trace on M, see Lemma [2.33] For the
core label, we choose

¢ = 0% :==DADETr 7 (Ot © ), (3.59)
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which is a linear form on T. For us, if is important that the value of ©}, on © 4 is

* - (2.167)
O (OMm) = DaDB Tt 70 (Ot © Omm) :DADBd@MM. (3.60)
A lasso graph with these choices for x and ¢ is called a loop graph.

Remark 3.26. In this example, we see clearly: If the category M does not admit a bimodule
trace, then the block space T is trivial, and consequently, the evaluation is zero. On the other
hand, once a bimodule trace is chosen, we have a canonical choice for a non-zero core label. This
is why we require all bimodule categories to be equipped with a bimodule trace, even though
this is not strictly necessary in order to define the evaluation, see Remark [3.20]

0= : (3.61)

Note that due to this choice, the node space takes the form N, (m) = <m®m, IM>, which

by Corollary is canonically isomorphic to the endomorphism space (m, m). We can thus
identify the node label f with an endomorphism f’ = sil™!(f) of the object m € M:

f e {mm, M) = (m, m)> [ (3.62)

Remark 3.27. The idea here is that #"! and our choice of © can be interpreted as transparent
labels for the ray and the core, respectively. Without a core and a ray, the graph now only
consists of an m-labeled loop drawn on a sphere, with a vertex labeled by a morphism f’: m — m.
This illustrates, in a special case, how specific extruded graphs can be identified with string
diagrams on the sphere, which are ubiquitous in descriptions of Turaev-Viro state-sum models
[TV17]. Since our construction should in this sense specialize to the ordinary graphical calculus
for spherical categories (we will prove this in Theorem @ , we expect to obtain the scalar
Traq(f’) from the evaluation. As we will see in Theorem [3.28] this is true.

The following result, stating that the evaluation of loop graphs gives, up to normalization, a
trace, will be central as the last step of any practical application of the evaluation procedure.

Theorem 3.28. Let O be a loop graph as in , that is, an extruded graph whose coat is a
sphere with a single node and a single defect line, labeled by some object m € s Mp starting and
ending at the node, whose ray is labeled by the cosilent object ¥ and whose core label is ¢ = SYVE
Let the node of O be labeled by a vector f = sil(f'), for a given endomorphism f':m — m.
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Then the evaluation of O as introduced in Deﬁm’tz’on reduces essentially to the trace of f':
O] = Trm(f), (3.63)
an expression involving the trace on M provided by the spherical structure on M.

Proof. We again restrict ourselves, without loss of generality, to the case B = vect. The vector
7 (f om7) we computed in Lemma is now a map ®,—&". As such, it has components

"(m (fomT)), :n®7 — kXE. (3.64)

We proceed to calculate these components, starting from the expression we obtained in (3.56)).

- dadn a* *
( (fomT )) Dy k(breV@M ) © (a fa) 0 (*(m a*m) ®*<a*m, n))
dad a* k *
o ) o (K(Bar) @) © (2" fa) © (x(n, arm) Bk tarm,my)
dad a* k 1 * (1
Jo (F(Ba) @) o (a ("F)a) © (x(u am) Bk (arm, )
dady,d —
= Z E(kBEev™) o (k(Bar) a) o (" (()a) o (<, arm) Bxtarm, )
210R dadpd — .
“Da —anth (kX kev? )o <*<a* 1, k) X ((*<k,a*1>a )o a*coev> a)

a,l

o (a* (")) o (x(n, avm) Bk (arm, )
sezas Z dad dk ( (a1, k) X * (g, a*l)) (a* (lf)a) © (%(n,a*m) B (a*m,n))-

(3.65)

Writing f : mXm — IM in (3.65) in X-factorized form, we obtain

F(r(fo mT)), = Z dagidk <*<a* 1,k) © (a* (lf)(1)) O *(p, a*m>> X <*<k,a*1> o ((lf)@) a) © X(a*m, n))) .

a,l
(3.66)
The next step is to pass this expression through the isomorphism sil, defined in (2.179)), which

here takes the form
s11 k
(T, PM) = /n&ﬁ,/ kR E / (k, k). (3.67)

We denote the image of 7 (f o ,7) in [* (k, k) under the isomorphism (3.67) by 6. It is, according
to (2.182), given by the composition of the two Deligne factors in (3.66]), leading to

0 = Z aDI:l *(a* 1, k) o (a* (1f>(1)) o *(n,a*m) o *{a*m, n) o (a* (lf)(2)) o *(k,a*l)' (368)
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We here used notation from Section[2.6} the integral symbol stands for the assembly of components
into a single morphism. By (2.17)), the composition factor >-,, dn*mn, a*m) 9*(a*m,n) is & resolution
of the identity, hence equal to the identity on a*m, so the expression (|3.68|) simplifies to

b dad . .
9:/ Zl: DAk *ae1 © (8" (O ) © (2" (Hig)) o gk, ann- (3.69)

Let us introduce a set of scalars we call the l-isotypical traces of f' = sil_l(f) :m — m, for
simple objects 1 € M:

fay = Trm ((lf)u) © (lf)(z)) c K. (3.70)
Clearly, the following relation holds, due to the endomorphism space of 1 being one-dimensional:
L0 4= o 1) 3.71)

4 - (1) (2) :

On the other hand, we can compute the trace of f’ from the scalars f’ () as follows, using first

the explicit form for sil™! from (2.182).
(3705
() = 3 Teu (o (D) = 2 Tew (CHy 0 (D P Fye (372)
1 1 1

Keeping these results in mind, we make another auxiliary calculation. We will show that the
following equality holds.

Da .
Za: da *(a* 1, k) O%(k,a*l) = D dyidy,. (3.73)

This is seen as follows. First, note that we may assume k to be simple. By Schur’s lemma, it
suffices to take the trace on both sides of (3.73)), and prove that equation. We then calculate:

ZdaTrM (*<a* 1, k) o*<k,a*l>)

BN 4, dim (k, a*1)

- (3.74)
[Sch13b} Prop. 5.6(i)]

Lemma Dy

Returning to the main calculation, we simplify the morphism (3.69) to:

1 dad
P/ Z k 1 *(a* 1, k) OK(k,a*1)

D4 q
-/ 5 i £ ide (3.75)

/
Wf /dld
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Since by (2.185)) the image of O : Iyy — I under the isomorphism (3.67) is fk dg idg, and
using that the core label ¢ = ©%, maps O to Dy, as was observed in ([3.60)), we obtain

O] =@ (7 (f om7)) = Trpm(f). (3.76)
The result (3.76]) also holds true in the case where B is not necessarily vect. O

Remark 3.29. The normalization of the core label ©%, of a loop graph is chosen so that the
evaluation of loop graphs can be expressed as a trace. Recall from Remark that we expect
categorical dimensions to appear especially when working with silent and cosilent objects.

Example 3.30. As an explicit example, we consider the fusion categories A = vectg of vector
spaces graded by a finite group G, and B = vect. Recall that vects has one simple object g
for every group element g € G. As explained in [EGNO15| Ex. 7.4.10], the indecomposable
semisimple module categories over vectg are classified by conjugacy classes of pairs (H, V),
where H C G is a subgroup and ¥ € H?(H,K*) is a cohomoly class. The module category
corresponding to such a pair is the linear category vect g, equipped with a left vectg-action.
The pivotal structures on vectg are in bijection with characters x € Grp<G, KX>, and a module
trace on vect g exists iff x|y = 1 [Sch13b, Ex. 3.13]. Moreover, such a module trace is unique
up to rescaling, and can be normalized by setting d. = 1. Using Theorem @ we can evaluate
a loop graph as in with labels A = vectg, B = vect, and M = vect H\G» With a suitable
choice of pivotal structure x and any endomorphism f in vectp\ -

To get even more specific, let us work over K = C, choose G = Z4 and H = 27, such that
M = vecty, /27, = vectyz, as a linear category, and fix the trivial cocycle ¥ =1 for the module
category structure. There are four characters of Z4, which map 1 € Z4 to the four roots of unity,
and hence define four pivotal structures on vectz,. Out of these four characters, only two survive
the condition x|g = 1; these are defined by k4 = 1 and k_(1) = —1. Each of these two pivotal
structures on vectz, induces a normalized module trace on vectz,: the usual trace, where dg =1
and d; = 1, and the super trace, for which we have dg =1 and d; = —1.

Let now Vp, Vi be finite-dimensional vector spaces, and pick endomorphisms fo and fi, respec-
tively. The loop graph

0— (3.77)

is evaluated, depending on the choice of character k4 or k_, to |O| = Tr(fo) + Tr(f1), or to
|O| = Tr(fo) — Tr(f1), using the ordinary trace for endomorphisms of vector spaces.

4 MOVES OF INVARIANCE

Whereas Section [3| was concerned with defining an evaluation procedure for extruded graphs, we
will now justify that our construction can actually be seen as a graphical calculus. This term
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here means that the evaluation behaves nicely under certain transformations of topological and
algebraic data, which we call moves. Moreover, we will see that our construction contains as a
special case the usual graphical calculus for spherical fusion categories. In addition, the moves
presented in this section form a toolset that makes the abstractly defined evaluation procedure
easily computable.

4.1 OVERVIEW OF MOVES

By a move, we mean:

e A pair of extruded graphs (X7, X7’). We view X7 as the extruded graph before the move
is performed, and Y7’ as the extruded graph after the move, even though all moves can be
reversed.

o Within X7 and X7/, there are regions ¥ C X7 and ¥’ C X7’ such that 7\ ¥ = X7\ ¥
The boundaries of these regions cross defect lines of X7 and Y7’ only perpendicularly.

. . . . . /
o We call a move an invariance or a move of invariance iff |Sp| = ‘ET

When discussing moves throughout this section, we only ever make the regions ¥ and Y’ explicit,
and do not put assumptions on the total defect surfaces X7 and ¥7’. The so-obtained moves are
highly local.

We now aim to define the set of moves that we consider. Foundational to any move is a local
change the topology of an extruded graph. In the first step, we show that the topological changes
prompt canonical choices of post-move labels of all four levels of algebraic data, with the single
exception being the core label. The transformation of the core label is postponed. On the lowest
level of labelings (node labels), the relabeling amounts to a linear map between node spaces

¥ Ng(m) — Ny (m/).

Here, m and z stand for a collection of pre-move defect and ray labels, and m’ and 2’ stand for
their counterparts after the move.

We distinguish between elementary moves and composite moves. They differ by the way in
which we prove that they are invariances: For the former, we must show the invariance property
using the definition of the evaluation procedure |—|, while for the latter, the invariance property
is obvious once we show that they are combinations of elementary moves.

We will consider the following elementary moves:
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[OR] -~ ORIENTATION REVERSAL One of the most basic changes one can make to an extruded
graph is the flipping of a defect line’s orientation.

U

A B
e Yine M (4.1)

O

In the[OR}move, a defect line labeled by an object m in an A-B-bimodule category M is replaced
by a defect line with opposite orientation. This new defect line needs a B-A-bimodule category
for a label. For this we choose M, and as the post-move object label we take m € M. Note that
M is unambiguously defined only because A and B are equipped with pivotal structures.

We denote the node labels of the nodes adjacent to the M-labeled defect line by f and g,
and the adjacent ray labels by x and y. In the definition of ray categories, a distinction is
made between incoming and outgoing defect lines at a certain node. This determines whether
the bimodule category that labels the defect line is used, or its opposite. Due to this, the
ray categories (and the node categories) before and after the move are identical — up to the

identification M = M, which becomes an equality for strict pivotal structures on A and B.
Hence, there is a canonical identification of the node spaces before and after the move, defining
the map

Y1 Ngy(m) — N;y(m).

Remark 4.1. When comparing the [OR}move to the corresponding move in the ordinary
graphical calculus for tensor categories, one notices that a pivotal structure is required to flip
the direction of a strand. This is because the dual of an object provides the correct label for
the reversed strand. While we do work with pivotal bimodule categories (due to the trace), the
pivotal structure is not used at this point.

The requirement of a pivotal structure in the oriented graphical calculus of tensor categories
comes from the fact that all strands are labeled by the objects of a single tensor category
C. Strands labeled by objects of the opposite C, which would resulted from the move as
presented here, are not allowed. In order to obtain the analogous move of string diagrams
for tensor categories, our move needs to be combined with an equivalence C = C; and a
distinguished equivalence of this type is provided precisely by a pivotal structure on C. This is
described in more detail in Lemma [5.5]

The proof that the move [OR]is a move of invariance is the content of Section

[C] - ConTRACTION The contraction move allows us to transform two nodes, connected by a
defect line, into a single node, thereby dissolving the defect line. It specializes to the composition
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of morphisms.
ZI

lel

ropmy
ceKOcO tkek

The step [C] takes place inside a disk-shaped region ¥ with two nodes on a defect surface. We
refer to the nodes by their labels f and g. There are three defect lines inside 3: The first one
enters the region and ends at f, the second connects f to g (in this direction), and the third
starts at g and leaves the region. The defect lines split ¥ into two domains, labeled by spherical
fusion categories A and B, respectively. Accordingly, the three defect lines are labeled by objects
k, m and [ in spherical A-B-bimodule categories K, M and L. These categories determine the
node categories at the nodes f and g, namely TR(f) = KOMO and TR(g) = MOLO. We
choose objects € TR(f) and y € TR(g) to label the rays. This finally pins down the relevant
hom-spaces for f and g: f € (kXm, U(z)) and g € <m&z, U(y)>.

After the move, X is replaced by the similar region ¥’ which only has one node labeled by
g om f, with two attached defect lines, one coming into the region labeled by k € K, and one
leaving the region, labeled by [ € £. The single ray is labeled by the object x ey in the ray
category TR’ = KOL£O. This justifies the label for the node, since g o, f € <k X, = o y>.

The linear map between node spaces is thus given by

V:ig®frrgomf. (4.3)

There is also a "one-sided" version of the [Clmove, where the £-labeled defect line (or alterna-
tively, the K-labeled defect line) is not present:

3

@ ¥
yemd
me M
ol (4.4)

0 exd ke

z€ KOMO kek
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As was mentioned in Remark the contraction operations for objects and morphisms are
well-defined even in this case, so that we get ray and node labels. Note however that a move
without K and L does not exist, as this would result in a node without any defect lines, which is
not allowed.

The proof that the move [C]is a move of invariance is the content of Section

Remark 4.2. A special case we are interested in is that where M = £ = K and z = y =¢M.

Recall from (2.193]) that the cosilent object behaves as a unit for the contraction operation:
M o\ MM, The node space

ij o o
Ng o (jm ) = / (m®1,iR7) @ (k¥m, j8j)
is now canonically isomorphic, via the isomorphism sil from Corollary to
NQM Qm(k,m,ﬁ) = (m, ) @ (k, m) .

Similarly, for the post-move node space, we have

NQM(k,l):/n<k&7,n&ﬁ>%<k, ).

In Remark [2.38] we have seen that under these isomorphisms, the map g ® f + g o, f becomes
G® f — Go f. Hence, the E-move spemahzes to the composition of morphisms when the rays
are transparent (that is, labeled by & )

[EF] - EnDGE FusioN The edge fusion move allows use to merge parallel defect lines which share
start and end nodes. In the ordinary graphical calculus for spherical fusion categories, this move
conveys the statement that drawing parallel lines amounts to taking monoidal products.

) /
LA s

E A 4 mn (4.5)
e MON

)

The region X is disk-shaped and contains two defect lines, running in parallel between the only
two nodes that lie partially in X. In contrast, the post-move region ¥’ features just a single
defect line connecting the node segments. The three domains of 3 are labeled by spherical
fusion categories A, B and C, and the defect lines are labeled by objects in bimodule categories
m € aMp and n € gNg, respectively. This means the node f attached to the start of the defect
lines is assigned a ray category of the form TR(f) = ---ONTOMO- - -, while the other node g is
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assigned TR(g) = ---OMONTO---. We pick corresponding labels for the rays € TR(f) and
y € T(g).

The single defect line in the region ¥’ is labeled by the A-C-bimodule category MON. As
the object label for the single defect line, we choose the relative Deligne product mXn. The
ray categories associated with the nodes are canonically equivalent to those of the pre-move
surface X, allowing us to use the same objects x and y for the rays of ¥'. Note, however, that the
forgetful functor U’ : TR" — TN is not identified with U : TR — TN under these equivalences:
U’ does not forget the B-balancing, while U does.

Hence, there are adjunctions

(FRmR -, Uz)) = (mEnR---, U(2))
and
(mRnK---, Uy)) = <mﬁn®---, U’(y)>.

We saw in Section [2| below (2.110f) that the spherical structure on B defines an isomorphism
Op :mln = mbn. The map ¢ : N, (m,n) — N}, (mEn) between node spaces is given by
the composition

Ngy(m,n) = (rRmMK---, U(z)) @ (mRnK---, U(y))

=~ (mEnR--, U(2)) ® (mDnk---, U(y)) (4.6)

—>ﬁ®8 <m®n®~--, U’(:c)>®<m®n&-~, U'(y)> =N, (mEn).

With this, we know the complete set of labels after the move.
The proof that the move [EF]is a move of invariance is the content of Section [4.2.4]

— SUBSIDE VERTEX The [SV}move allows us to transform a lasso graph into a loop graph.
These types of extruded graphs on the sphere were discussed in Sections and but until
now, we only fully understand the evaluation of loop graphs (see Theorem . Combining this
result with the [SV}move, we will also be able to evaluate arbitrary lasso graphs.

To a given lasso graph with labels as in , we need to assign a loop graph with a node label
/' depending on f and .
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Recall from Section that the block space of a lasso graph with labels as in is given by
the hom-space T = (3p4, z) in the ray category TR. Consequently, the core label ¢ is a vector in
the dual space
0 € @p, z)". (4.8)
As discussed in Section the ray category TR = MOMUO inherits the structure of a Calabi-
Yau category form the spherical bimodule category M. This means (see Section there is an
isomorphism
(x, 80) = (@um, 7)7, (4.9)
given by p — Tryr(p o —). We use this to translate the core label into a morphism ¢ : x =%,
such that
¢(p) = Trer (@ o p). (4.10)
Recall that the node label f is a morphism f : mXm — U(z). We define the node label
f':mRm — IM for the loop graph after the move to be the composition
fli= 'DAlDB Opo@o f. (4.11)
This completes the description of the [SV}move.
The proof that the move [SV]is a move of invariance is the content of Section [4.2.5]

[Funl -~ FUNCTORIALITY Given a bimodule equivalence F : 4Mp — 4Ng, we can replace a
defect line labeled by m € g4 Mp with a defect line labeled by F(m) € 4Np. F also induces new
ray- and node labels. Let us write

U(x) = rRr)Krry and U(y) = Y Xym) (4.12)
for the ray labels x and y. That F' is a bimodule functor ensures that the objects
rr) X F(zp) and F(y(ﬂ)) Xymr) (4.13)

have balancings, together with which they form appropriate post-move ray labels that we denote,
in a slight abuse of notation, by F'(z) and F(y). The total node spaces before and after the move
are of the form

...®M<m, m(M)>®ﬂ<m, y(ﬂ)>® and
@ (F(m), Flep)) @ x(Fm), Flygg)) @

Clearly, F' defines a linear map between these two spaces, which provides new node labels

E(f), F(g)-

(4.14)

> A

F(m)e N
Funl F(@ i E’(g) (4.15)

=

F(x) F(y)

The proof that the move [Fun|is a move of invariance is the content of Section [4.2.6
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— HYPOTHESIZED: GLUE BOUNDARIES / FACTORIZATION This move is only hypothesized,
and we will not prove that it is an invariance of the evaluation. Nevertheless, it is conceptually
relevant in pointing out how the generality of extruded graphs, in particular the possibility to
consider surfaces of higher genus, could be used in practical ways, see Remark

The move is a move between an extruded graph as on the left-hand side of and a
linear combination of extruded graphs (discussed in Remark as on the right-hand side of
the picture (4.16]).

(4.16)
mg./\/l B -
i 7 \
\ ek |
neN N y

>
>

The coat of the region ¥ is topologically an annulus: it is the mantle of a cylinder, with several
(but at least one) defect lines going from one cap to the other. Applying the |Glmove to an
extruded graph at a region ¥ amounts to cutting the cylinder into two segments, each containing
a node. As mentioned, the result is a linear combination of extruded graphs. Accordingly, we
write the resulting region Y’ as a linear combination

=y % (4.17)
xe MONTKDO

Here, x runs over a set of representatives of simple objects in the relative Deligne product of the
cyclically ordered bimodule categories appearing in . Topologically, all of the ¥, are equal;
they only differ in their algebraic labeling. As can be seen on the right-hand side in , the
[Ghmove, in the process of cutting the cylinder ¥, adds two new nodes, whose node spaces are in
duality. These nodes are present in each of the X', therein denoted Ly and Ly, and are assigned
ray categories TR(Ly) = MONDOKDO and TR(Ly) = KONOMUO, respectively. The rays of the

region X, are labeled by x and X, which are objects in these ray categories.
As was justified in Remark we equip the nodes Ly and Ly not with individual node labels,
but with a vector in the tensor product of node spaces Nx(Lx)(m X7 X k) and Nx(Lx)(m X n X k):

*<m®n®k,U(x)> ® *<U(x),mIZnIZk> S NX(LX)(mgﬁ&E) ® N§<IX)(mlzn®k) (418)
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Note that this is not a pure vector, but an instance of the kind of Sweedler notation introduced
in Section 2.4, We will not provide a proof that this move is an invariance.

In addition to these elementary moves, we will show the following composite moves to be
invariances:

[DV] - DisSOLVE VERTEX A node with precisely two adjacent defect lines, one ingoing and one
outgoing, both labeled by the same object m € M, which moreover has an attached ray labeled
by #", may be labeled with the vector sil(id,,) = ¢™. (This equality was shown in (2.183).) If
this is indeed the node label, the node can be removed, such that only a continuous, m-labeled
defect line remains.

2[

oV, AR (4.19)

me M

The proof that the move [DV]is a move of invariance is the content of Section

[l - Loor MoOVE A loop attached to a node can be removed. Note that this is only possible
when at least one other defect line is attached to the node, as otherwise, the move would result
in a node without defect lines, which is not allowed.

by ¥

meM 7 g B Cf" (4.20)

The ray label 2/ is given by the contraction 2/ =¢™ ®iom®- Beware that in general, x and
2’ live in non-equivalent ray categories — the cosilent object ! is a unit with respect to the
contraction e, not ez, . Concretely, if U (x) = TROM) Xz (R), where z(g) is a rest term, we
have

V(') = mom{Eamom, ) © o) = Az gy, won) © 2. (4.21)
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The last isomorphism involves the subspace f/t<$(ﬂ)v x( M)> of the hom-space introduced in

Lemma The isomorphism

sil 7t :H®M<x(ﬂ) X2 () @M> ~ M<x(ﬂ), x(M)> (4.22)

from ([2.181)) restricts to the subspaces involved in (4.21]). Thus, we can specify the post-move
node label f’ as a morphism f’:n — ﬁ/l<$(ﬂ)v T(Mm)) @ T(R), where n stands for the labels of

the other defect lines attached to the node. Let us write f = f(ﬂ) ®@ fimy ® fr), where

f(ﬂ) gy fomy :m = zn), and  frry :n = zR). (4.23)

Then f’ is given as
fr=r(fomy o fmy) @ fwys (4.24)

where r : M<$(M)> a:(M)> — 7\4,1<a:(m), l‘(M)> is the retraction from (2.155)).
The proof that the move [[] is a move of invariance is the content of Section [£.3.2]

[DEl - DissOLVE EDGE  An edge which is transparent — that is, labeled by the regular bimodule
category A, and moreover labeled by the monoidal unit 1 € A, can be removed (or inserted)

between two nodes as shown in (4.25)).

EI
neN
NG /
o NSy (4.25)
MDB.’BI mE_/\/l

More precisely, let 2/ € Z4(M) and ' € Z4(N) be objects in the centers of the A-.4-bimodule
categories M and N. As such, 2’ and 3 are appropriate ray labels for the rays of the post-
move region Y. Before the move, the rays of the region ¥ must be labeled with objects in
the ray categories AOMO = Z4(AOM) and NOAD = Z4(NTOA). We denote the (partial)
forgetful functors Z4(AOM) — AOM and Zo(NOA) — NOA by U. The equivalence of
bimodule categories N' = NTA from extends to an equivalence of linear categories
ZAN) = Z4(NOA) because Z4(—) is a 2-functor from bimodule categories to linear categories
[FSS17, Prop. 3.7]. The ray label y in the region ¥ is the image of 3’ under this equivalence,
and x is defined similarly. The precise form of the equivalence shows that

U(z) =TRU(z") and U(y) =U(y)21, (4.26)
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and applying the complete forgetful functors, we find using that
Uz) = / aRaU(z') and U(y) = / U(y)a* Ra. (4.27)
On the fourth level of labels in the region Y/, the node labels
ffim—=U(@) and ¢ :m— U®Y) (4.28)

are used to define the node labels f : TRm — [ aRaU(2'), g : X1 — [ U(y)a*Ra of X.
It suffices to give the simple components 2 f, 2g of f and g. Due to Schur’s lemma, all simple
components except for f and 1 g are zero. Thus setting

Lf=idg®f and 'g:= ¢ Ridg (4.29)

defines f and g. Moreover, this shows that the associations f’ — f and ¢’ — ¢ define isomorphisms
between the node spaces of ¥/ and X.
The proof that the move [DE]is a move of invariance is the content of Section [£.3.3]

MH — INTERNAL HomM-MovE Commonly in graphical notations, internal hom objects of a
module category 4 M are drawn as two parallel lines of opposite orientation, labeled by objects
m,n € M, which together represent the object 4[m, n| in A, as introduced in (2.49). In
emphasize that the two lines labeled by m and n combine into a single object, they are, in
pictures, held together by "clasps and bubbles" [BS11] or form "zippers" [Sch13b].

Within extruded graphs, parallel lines labeled by objects in module categories may appear, but
they do not represent internal hom objects. The [Hlmove shows that nevertheless, there is no
risk of misinterpretation, because replacing such a pair of parallel defect lines with a single defect
line labeled by an internal hom object is a move of invariance. In particular, clasps-and-bubbles
and zippers are not needed in extruded graphs.

Given a traced bimodule category 4Mp with objects m,n € M, the [Htmove locally looks as
in . The labels are discussed in the following.

EI
A
~ [n,m]eA
ng@’[f/\u k. @]@)QR (4.30)
A
[z] Y]

On the left-hand side of (4.30)), x and y are ray labels in the appropriate ray categories for the
nodes — only part of the nodes are shown, and only parts of the ray labels are relevant for the
move: those belonging to the defect lines labeled by M. We thus write

U'(x) =zr X Loy and U'ly) = Yourm BYr), (4.31)
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where U’ forgets all balancings except for the balancing between M and M. Similarly, the node
spaces are given by a tensor product of vector spaces, where each tensorand corresponds to a
defect line, so it is possible to give the node labels in factorized form, where

fom®n = U@ ymrg) and  g:n®m = Uyom) (4.32)

belong to the defect lines pictured, and fr, gr belong to the other defect lines.

After the move, on the right-hand side of , the two M-labeled defect lines have merged
into a single defect line labeled by the regular bimodule category 4.4.4. The object label for the
defect line is the internal hom object 4[n, m]. The internal hom of M with respect to the left
acting category A extends to a A-A-bimodule functor 4[—] : 4M %HA — AA4 [Schl3a, Eq.

6.14]. The bimodule nature of this functor ensures that the objects

rw) Nalz vomg) and - alyuomn] Hyr) (4.33)

come equipped with balancings and thus define objects in the ray categories. These balanced
objects are, by abuse of notation, labeled 4[z] and 4[y] in (4.30).

By the adjunction (2.111)), the morphisms f and g correspond to morphisms f : nBm —
T MO and §g:mbBn — Y MOR) To these morphisms, the functor 4[—] can be applied. This

is what is meant by the notation A[f], Alg] in (4.30).

Remark 4.3. Recall from Remark that the structure of a bimodule trace is not necessary in
order to define the evaluation of extruded graphs. It is, however, necessary for the validity of the
MH}move. To see this, note that the symmetry of the move implies another move, which differs
from in that the orientation of the defect line on the right-hand side of is reversed,
and the roles of m and n are exchanged. Combining these two moves amounts to the statement
that the dual of 4[n, m] is 4[m, n]. Such an isomorphism, subject to coherence conditions, is
just a bimodule trace on M [Sch15| Cor. 5.26].

The proof that the move [[H]is a move of invariance is the content of Section
With the list of elementary and composite moves complete, we are ready to formulate the next
theorem, which states that the moves leave the evaluation invariant.

Theorem 4.4. The moves[C|, [EF], DE| DV], [SV], [Fun], and [[H] defined above are moves of
invariance for the evaluation |—| of extruded graphs from Definition .

The proof of Theorem [4.4] is the content of Sections and [4.3] But first, let us note that
Theorem [4.4] implies the following uniqueness result:

Theorem 4.5. The evaluation procedure |—| defined in Deﬁnz’tion is the unique map from
the set of extruded graphs on the sphere S?* to K such that loop graphs are evaluated to traces as
in Theorem[3.28, and which is invariant under the moves[OR)], [C| [EF], and [SV]

Proof. We consider any evaluation procedure H—H which evaluates loop graphs as in Theorem
and for which the moves [OR], [C] [EF] and [SV] are moves of invariance. We then show that
||Z]| = || for an extruded graph ¥ on S%.
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The network of n defect lines and k& nodes on the coat of ¥ form a connected graph with n
edges and k vertices. Any connected graph has a spanning tree, that is, a subgraph without
cycles which contains all vertices of the original graph [HatO1, Prop. 1A.1]. We pick such a
spanning tree, and in it an edge. Note that this edge is not a loop. We may thus apply the
contraction move [C| to the corresponding defect line in 3, obtaining an extruded graph ¥’ with
(n—1) defect lines and (k —1) nodes. Since |C|is by assumption a move of invariance with respect
to the evaluation procedure ||—||, we find ||Z|| = “E’| ’ This step is repeated until we arrive at
an extruded graph Y1 with only a single node, which still satisfies

121 = [1Za]]- (4.34)

As depicted in (4.35)) below, the defect lines of ¥, all starting and ending at the unique node,
form a bouquet of circles embedded on S?, which remains the underlying surface of ¥;.

o) = (4.35)

There is at least one contractible defect line in ¥1. To see this, pick a point p € S? away from
the defect lines. Each defect line defines two subsets of the sphere: The connected components of
the complement of the defect line and the node. The point p must lie in one of these connected
subsets; we call the subset which does not contain p the region associated with the defect line.
We say that a defect line M encloses another defect line A iff the region associated with N is a
subset of the region associated with M. It is clear that the set of defect lines with the relation
"being enclosed" form a finite partially ordered set. As such, it has a minimal element, which is a
contractible defect line.

We pick a contractible defect line, and apply the loop move [[] erasing the defect line. This step
is repeated until only one defect line is left. As we will see below (Section , the move can
be realized as a composition of , and moves. Thus, the evaluation H—H is invariant
under []

The resulting extruded graph is a lasso graph @, and still, the evaluation H—H remains
unchanged: ||S|| = ||Q]|. Finally, using that the [SV}move is an invariance of the evaluation
|||, we transform the lasso graph into a loop graph O such that ||Z|| = ||O]|.

However, we also assumed that loop graphs are evaluated under ||—|| according to Theorem
This means that the alternative evaluation and the evaluation |—| defined in Section [3| agree on
loop graphs. We thus find

1=l = [I0l] = [0 = [Z]. (4.36)
Hence, ||—|| = |—| as a function on extruded graphs on the sphere. O
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4.2 ELEMENTARY MOVES

This is the first of two sections that comprise the proof of Theorem [£.4] For some moves, we have
to prove the invariance property by directly using Definition [3.17] the definition of the evaluation
procedure. These moves are called elementary. Other moves can be obtained as compositions of
elementary moves, and we will treat them in Section [4.3

4.2.1 PROOF STRATEGY FOR ELEMENTARY MOVES

The discussion of most of the elementary moves in the subsequent sections follows a general
pattern, which we outline here.
Recall that the definitions of the various moves at the beginning of Section [ involved a linear
map between node spaces
¥ : Ng(m) — Ny (m'), (4.37)

which describes the change in node labels. Note that here, m and x stand for a collection of
defect and ray labels before the move, and m’ and 2’ stand for their counterparts after the move.

In order to show that a move is an invariance, we consider the diagram below. Some
arrows that appear therein are yet to be defined.

No(m) —=D o« 7
\
¥ P v K (4.38)
P
Nz/ (m/) Nz/ (m/T) Tp/ iy T/

We first explain how the commutativity of the outer paths implies that we have a move of
invariance at hand. By Definition , the composition on the upper edge of is the
evaluation procedure before the move, and the bottom path is the evaluation procedure after the
move, using the post-move labels obtained from pre-move labels via the map 1. Thus, if the
outer paths in this diagram are the same maps, the move is an invariance.

We will deduce the commutativity of the outer paths in from the commutativity of the
cells. To this end, we now discuss the arrows WP and V.

Since TP is a coend with structure morphisms N, (,,,7), there is a unique linear map WP : TP —
TP’ such that the left square in commutes. For each particular move, we will see that by
a corresponding result of [FSS22], the linear map WP between pre-block spaces restricts to an
isomorphism W of the block spaces:

T —— TP
by qu (4.39)

T —— TP,

This isomorphism ¥ provides a post-move label ¢ for the core, such that ¢’ = ¢ o (¥)~!, hence
the triangular cell on the right side of (4.38]) commutes as well.
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The last step in order to show that the move we consider is an invariance is to check the
commutativity of the middle square in . The meaning of this square is that the map WP,
which restricts to ¥ on the subspace T C TP, also descends to the quotient T. This condition
will have to be checked for each move individually. To this end, we note the following lemma,
which is just a reiteration of Lemma [2.19

Lemma 4.6. The commutativity of the diagram

T M\ P

bpp J\pp , (4.40)

/
e M, pr

involving the holonomy idempotents h, h' instead of the projectors w, © implies the commutativity

of the middle square in (4.38)).

Thus, when proving that a move is an invariance, our task is to check that (4.40)) commutes.

Remark 4.7. In light of Remark it should be noted that using results of [FSS22] to deduce
the existence of a map ¥ which satisfies is not necessary and only serves a comparative
reason. Indeed, by Lemma the commutativity of implies the existence of a unique
map ¥ which makes both and the middle cell in commute.

We now turn to the study of individual moves, aiming to prove Theorem [£.4]

4.2.2 — ORIENTATION REVERSAL

The [OR}move is easily seen to be an invariance.

., AL ¥

o Ye M (4.41)

a0

In the introductory discussion in Section [4] we have already seen that the node spaces before
and after the move can be identified, and we can indeed view them as equal without loss of
generality, by assuming that the acting categories A and B are strictly pivotal. Consequently,
also the pre-block spaces are equal. Explicitly, using , they are of the form

TP = Yy T)) @ = M<$(M), y(M)> ® =TV (4.42)

97



That this identification of pre-block spaces restrict to an isomorphism of block spaces was
observed in [FSS22, Prop. 4.24].

We must now show that the diagram (4.40) commutes. Unraveling the definition of the two
holonomy idempotents i for ¥ and h’ for ¥/ reveals that A = h/. This is because in the holonomy
balancing (3.24)), say for the domain 4, the balancing

M<a*y(ﬂ), :E(M)> Q- = M<y(ﬂ)’ am(M)> & .- (4.43)

appears as a composition factor. This balancing is the same for both TP and T?’. A similar
statement hold for the domain B

4.2.3 — CONTRACTION

The second move for which we show the invariance property is the contraction move, which, as
described in Section A1} allows us to transform two nodes, connected by a defect line, into a
single node, thereby dissolving the defect line.

The map WP between pre-block spaces is constructed from the map ¢ : g ® f +— g o,, f using
the universal coend property of pre-block spaces:

Ne,y (k,m,i7)
—_— 5

Ny (k,m, 1) TP
Jw oP (4.44)

Noopy(oa™) v,

Nx‘My(k> l) — TP

The fact that UP restricts to a map ¥ between block spaces as in (4.39)) is the content of [FSS22,
Lemma 4.39].

Following the general proof strategy outlined in Section we now need to check that all
cells of the diagram (4.38]), which here takes the form

Na,y (k,m,i7)

Ngy(k,m,1) TP T T
\
¥ P v K (4.45)
P
Nxo T /
NxOMy(kJ) My(k’l ) Tp/ o T,

commute for the move

As mentioned in Section the left square in (4.45)) commutes by construction, see (4.44]).
In order to check the commutativity of the middle square in (4.38]), we need to prove that the

two composition factors of the holonomy operations h and h’ corresponding to the paths from k
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to [ agree. These paths are labeled as (1) and (2) in the picture (4.46)) below.

Z/

Alel

)

AkelC

(4.46)

As we learned in Lemma [4.6] it is indeed sufficient to check this for the idempotent holonomy
operations, as in . We perform the check only for the holonomy with respect to the domain
A; the argument for the B-holonomy is similar. Specifically, the following diagram needs
to commute, in which the left vertical column composes to the path (1) in the picture ,
and the right vertical column composes to the path (2). For convenience, only the relevant parts
of the pre-block functors are written out: there coends over the variables [ and k are omitted in

[@.47).

J"(n®la, Uly)) @ (kB7, U(z)) —2— (k@la, Uz emy))

" (0B U@)a”) © (k87 U(z)) —— (kR Uz opy)a)

" <n&f, U(y)> ® (ak®n, U(x)) — <ak®7, U(x o y)>

+

(k®7, a*U(z)) — <k: X1, a*U(x e y)>

+

(4.47)

In the above diagram, the commutativity of the top and bottom squares is trivial. The large
cell commutes by definition of = e y, as can be seen by unraveling the definition (2.191f) of the
contraction operation.

The proof for the one-sided case is completely analogous, only that here, only a single domain is
adjacent to the (m € M)-labeled defect line, and hence the following paths need to be compared
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for the holonomy operation:

(4.48)

This completes the proof that the move [C|is an invariance.

4.2.4 [EF] - EpGE FusioN

As described in Section [4.1] the edge fusion move allows use to merge parallel defect lines which
share start and end nodes. We proceed to show that [EF]is a move of invariance, following the
proof strategy outlined in Section

Accordingly, the map ¥P : TP — TP’ between pre-block spaces is constructed from ) using
the universal coend property of pre-block spaces. This means that WP is unique such that the
left square in commutes. That the map WP restricts to an isomorphism ¥ between block
spaces has been proven in [FSS22, Theorem 4.43].

We are left to show that the square (which is the outer square in below) commutes
for the move[EF] This implies, by Lemma[4.6] that [EF]is an invariance. To this end, we note that
the holonomy idempotent on ¥ factorizes into commuting idempotents h = hrest © h, Where hg
is the holonomy idempotent with respect to the B-labeled domain in . Thus, hgoh = hrest © hj3.
The square assumes, with a subdivision, the following form.

TP h TP
w‘ /
h
hRest 5 (4.49)
yP TP == TP yP .
¢ Ko
//// C\\\\
Tp/ hl Tp/

We have to find an injective map ¢ such that all smaller cells in (4.49)) which involve ¢ commute,
and show that the remaining small cell at the top of (4.49) commutes. This then implies
commutativity of the outer square. For convenience, we reproduce the picture (4.5)) illustrating
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the regions ¥ and X'.

'
@ A A mn (450)
e MON
[‘/
m
As a map out of the coend
ke MON
v/ :/ : <E®---, U’(m)> ® <k®---, U’(y)>, (4.51)

¢ is given by its components ¢*, which are the composition

F :<E®---, U’($)>®<k&"'v U,(?J)>

v (ko) REu 8-+, U(w)) @ (kv Rk B+, U(y)) (4.52)

forget B-balancing

M) R )

gEM  rreN
coend structure morphisms / / <T XgX---, U(x» ® <q X7, U(y)> =TP.

Here we used the form of Sweedler notation for the forgetful functor from (2.146f), writing
U(k) = kv B k(). To see that ¢ : TP — TP is injective, note that under the isomorphisms

TP = <1‘(M|:W'), y(MDN)>®' -~ and TP = <x(M) Xy, yomy X y(N)>®~ -+, that we encountered
in Remark [3.6] the map ¢ corresponds to the subspace inclusion, meaning that the following
diagram commutes:

[C \[subspace inclusion (4'53)

™ —— <$<M> M2 () Yy @yw)> ® -

This can be checked explicitly, using the form of the isomorphism sil from Section Thus ¢
is monic, and the outer square in the diagram commutes if all the cells commute.

Commutativity of the top square in is easily seen. To verify that the bottom square
commutes, recall that the holonomy idempotents i’ and hgrest are defined as a composition of
individual holonomy idempotents for each domain except for B — these domains can be identified
across ¥ and X', On the other hand, the linear map c affects only the algebraic data associated
with the domain B. It thus commutes with the holonomy idempotents for the other domains.

This leaves us with the relevant parts of the diagram : the triangles on the left and the
right, which happen to be equal. Hence, we check whether

co TP = hg. (4.54)
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For computing purposes, we are interested in the components 9°c¥ of ¢ (recall from (4.52)) that
¢ is a map into a double coend), for simple objects k € MON, q € M and r € N. They are,

according to (2.37)), given by:

(2.37) -
qr K22 1 k
c —qdrquC’@M@NOC

4.52)
qdr qrT © @?v}ﬁN oa’® oy

= dad *(keayer) g*@‘w)vq) M-, Ulw) ) @ Ha ki) &*@’ ko)) Moo, Uly) )0 U
(4.55)
Moreover, we would like to write out the components k(\Ilp)ij for simple objects i € M, j € N and
k € MON, using the definition of ¢ from (4.6)). To this end, recall the isomorphisms adji% U ()

and adjz%jﬂ,(y) from (2.112)) and (2.111]) witnessing the induction adjunctions (2.110). We again
use (2.37) to obtain the k-components of WP. This leads to the following.

ij - iy (... 98 K 5]
k(\pr)l‘] = dk kT © @/\/%DN oo’ Jo <1d & 'D3> o (adjigLU/(I) ® adl]igj’U/(y))
(12.47)

P (xrmgag @ V@) (rpemy B U)) (4.56)

. O3 NK .
o <1d X ’ZDB> (@] (ad‘]i&j’U/(w) &® adJi&j,U’(y))
Knowing the components of ¢ and of WP, we write out the composition ¢ o ¥P in components:

qr(C o \I/p)i qrck o k(\pp)ij

k
- Zk:dqdrdk <*(kw>vr> M (e pgyea) B U(x)> ® <*<q7 k) B (e ko) B U(y)>

. Op K : B
o) <1d ® Z)B> O (adl]“gj,U/(x) ® adJ1®J7U/(y))

(4.57)

According to (2.114)) and (2.113)), on vectors

a:/i/j%®ija(2)e/i/1<jgi®...7U(x)>®<i®jg...7U(y)>:Tp7 (4.58)

we have

@ .5 —_— i
(adij,U/(x) ® adJi&j,U’(y))(Ua(l) ® JO‘(Z))

a€B _ - (459)
= (/ acobrev, o a(”a(l))a*> ® ( brev,’ o b(”a(z))b*> .
beB
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Making the substitution (4.59)) in , we obtain

(oo w) ) = 3o ¥l & Yo

dqd dk a€B____ = .
—Z acobrevxoa(Ja(l))a AT o (% o X ,q) 4.60
(1H5.5) 7 (ke r) = (kv @)

kij
beB ) . .
& / dbbrevy o b(l‘]a(g))b o *<k,i@j> (¢] (*<q, k(M)> @*0_7 k(/\/)>) .

The expression describes the simple components 9* (¢ o ¥P)(«) of a vector (co WP)(«) € TP.
In order to prove , we wish to compare this to the vector hg(a) € TP. It is, however, again
more convenient to pass both of these vectors through the isomorphism . For (co UP)(a),
this has the effect of composing the tensor factors in , and to sum over simple objects q
and r. We thus obtain:

dgdyd beB " .
Z Zatrtk </ dbbrevyb o b(May2))b ) o *<k,i@j> o (*<q,k(M)> X*<r7k(/\[)>)

krqij Ds
aceB .
o (% X * ) O*/imgs i © a(Nayy)a™ o qcobrevy,
(ko a) = (ke ) (18 k)
BTk~ d [ [P TR
%ki‘; Dr (/ dybrev,® o b( Yag))b™ | o * (1, 195)
aceB .
oxagug© | [ o) o acobrev,

17 1 beB .. acB
.17 D (/ dybrev, o b(lJa(Q))b*> o </ a(Naypy)a™ o acobrew)

" 7b brevyb o b(”a(g))b* (¢] b(”a(l))b* o bcobrevx

(4.61)

=y > brev,P ob(Maz) o Yayq))b* o pcobrev,
bij
IR~ dp

brev,” o bsil~!(a) b* o p,cobrev,.
b Ds

We here denoted the isomorphism (3.20)) by sil, as introduced in (2.179)).

In order to compare this expression to the holonomy idempotent hi, we use that under the
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isomorphism (3.20)), 25 becomes the following, writing & for sil™(a):

™= <f<M) M2 (n)s Yy @yw)> ®:- a
! |

Jo <x(M> O™ (nr)s Y(m) ®y<N>> ® - D5 Jy@o (ev’ U(x))
i !

J* () BB 2y, gy Byinry) @ -+ [’ A do (evh Ux))
1

|

Ik <$(M)b* X bz (nry), Ym) wa)> ® -

| ;
b d

J” B (@b) o (brev,"b) o (bU (z) yeoev)

J? (o) Bbz (), Yand By ) @ - i .
(20 Bz (), Yrh By ) = [* 4 (ab) o (brf)

| I
I <$(M) DI (A Yim) byw>> @ P (bry ™t o (ab) o (brf)

l \
b dy b* y—1 * ~ * b T
b . 7 B (ev? U(y)) o (bry 7)o (b*ab) o (b* bry)
X b*b X e B .
f <x(./\/l) L(NY)s YM) y(/\/)> ® _ b g; (brevyb ) o (b*ab) o (b*brf)

| :
S 2 (brev,) o (b*ab) o (b*brf) o (peoev U(x))
D X ... TP B .
<IE(_/\/[) [E(N)’ y(M) y(N)> X — Zb %‘; (brevyb ) o (b*db) o (bCObI'er).
(4.62)

This expression is equal to the result of the calculation (4.61)), proving that (c o UP)(a) = hg(a)
for all & € TP. Thus the outer paths in the diagram (4.49) commute, and the move is invariant.

4.2.5 — SUBSIDE VERTEX

Recall the illustration of the move from (|4.7)):

&9 o (4.63)
(b/\/l
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We denote the lasso graph on the left-hand side of (4.63) by @, and the loop graph on the
right-hand side by O. From Lemma [3.23] we know that

QI =@ (r(fomT))- (4.64)
Writing the linear form ¢ in terms of a trace, as in , we obtain
Q| = Trr (@or(fomT)). (4.65)
This can be written out further using the second result of Lemma

" dadn . . .
Q| = Trr </ Z D @ obrev,® o (a*fa) o (%, a*m) &*(a*m,w)) : (4.66)

We now turn our attention to the loop graph O on the right-hand side of (4.63]). The idea is
to view O as a lasso graph, and to apply the same reasoning to it as we did to ). Recall that
the core label of O, ©%,, was defined in (3.59)) using the isomorphism

0’ :=DaDp O} (4.67)

as O, = T‘rTR(éj\v/[ o —). Invoking Lemma and the definition (4.11)) of the node label

= DA1DB O o o f, we obtain the following formula the evaluation of the loop graph:

1

0] = Trgn (O3 0 7(f' 0 m7)) =

= D.Dn Tror (é\*/\//l or(Opopofo m’]’)) . (4.68)

More explicitly, using (3.47)), this becomes

1 n
-~ T
0] D4Dp e </ Za:
= 1 Tr /nz
T DDy —

c,l " dadn a* % x *
=Trrr (/ Ea: ;A brev%v1 o(a*pa)o (a*fa)o (*(n, a*m) ®*<a*m,n>)>

d dn % * * * ~ *

;A O © brevgm® o (a"O ) o (a*@a) o (a™fa) o (x(n, a*m) &*<a*m7n>)>
dady
Da

éj\v/l 0O 0 brerMa* o (a*@a) o (a*fa) o (kn, arm) N *(arm, n>)>

n dad, . .
= Trpr (/ Z ;An @ obrev,® o (a*fa) o (xp, a*m) Mxiasm, n>)> )
a
(4.69)
In the second and the last identity, we used that © 4 and ¢ are morphisms of balanced objects,

which allowed us to commute them with the brev-morphism. Comparison with (4.66|) shows that
|Q| = |O], hence the move is an invariance of the evaluation.
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4.2.6 [Funl - FUNCTORIALITY

In the usual way, the morphism between node spaces defines a morphism WP between pre-block
spaces:

(m, @) @ (T, g ) —— (F(m), Fla)) © (Fm), Flygg))
Jom [ (4.70)

I (s ) @ (T werny) == [ (s Flagan)) @ (1 Flya))

Because F' is an equivalence, WP is an isomorphism. Verifying that the square (4.40) commutes
is straightforward and similar to how the other moves were proved.

4.3 COMPOSITE MOVES

This section is the second and final part of the proof of Theorem [£.4] The remaining moves do
not have to be proved by explicitly using the definition of the evaluation procedure, but can be
obtained as compositions of moves we already know to be invariances.

4.3.1 [DV] - DI1SSOLVE VERTEX

We begin by redrawing the picture in a slightly larger region, this time involving another
node labeled by f, adjacent to the upper m-labeled defect line. This is only possible if the two
m-labeled defect lines featured on the left-hand side of are indeed different, i.e. they do
not form a loop. But if they did form a loop, then the extruded graph on the right-hand side
of would feature a loop without a node, which is not allowed in extruded graphs. Hence,
another node f must exist.

b9 A | B (4.71)

The move can be viewed as a move: On the left-hand side of , one can contract
the upper (or equivalently the lower) m-labeled defect line; this eliminates the middle node. We
need to check that the changes in the labels reflect the changes prescribed by the move [C] For
the ray label x, this amounts to verifying that there is an isomorphism

z M oz, (4.72)
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and for the node label f, we need to show that under this isomorphism, the following assignment
is made:

f = sil(idag) o f- (4.73)
This follows from Remark [2.38

4.3.2 [ - Loor MOVE

The [C}move is obtained as the following composition of moves. The ray- and node labels are
described in detail below.

B
meM
= G4
meM
M B T
(4.74)
B
mm
ORER (17) : e
MOM N C.
A z’
M T

First, we apply an inverse DV}move to the loop, which splits it into two M-labeled defect lines
and creates a new node, with cosilent ray and node label ¢ : mXm — [ FeMER k. Next, we
flip the orientation of one of the M-labeled defect lines using the [OR}move, so that both point
away from the f-labeled node. The [EF}move then merges the two defect lines into one, labeled
by mEm € maM This leaves the nodes (1) and (2) in with labels obtained by passing

through the appropriate adjunctions, as explained in (4.6). Explicitly, the node (1) has the label

adj v (6™) 0O 4 : MRm —¢M, (4.75)
while the node (2) is labeled by
1 K R

In the last step, we use the (one-sided version of the) [Clmove to absorb node (1) into node (2).
This results in the ray label z/ =¢M e oM as described in (4.21). The newly obtained node’s
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label is given, according to (4.4)), by the contraction of the node labels (4.75)) and (4.76]) in the
sense of (2.204]). Working this out, we obtain the expression

1 .5 m [
(77,4 adngmQM (c™)0O40 adJlem,:c(mDM)

(fn) ® f(M))) ® f(R) (4.77)
for the node label, which we recognize from (2.120)) to be equal to

" ("m ° (fa f(M))) ® f(r), (4.78)

where 7 1 5 <x(ﬂ) X\, IM> = TOM <x(ﬂDM)7 @M> denotes the retraction from Lemma|2.23

Using that

sil ™ (0™ o (foury © fowy) = oy © fny + %y = T (4.79)
and that by Remark [2.37] the retraction r from Lemma [2.23] gets mapped, under the isomorphism
sil™!, to the retraction r from Lemma in the sense that

ﬂxM<x(ﬂ) M2y, IM> o M<m(ﬂ)7 x(M)>

lr lr (4.80)

WDM<95(WDM)7 QM> - ?34<33(ﬂ)7 x(M)>

commutes, we can deduce that the node label, as a map
n — .J/\4/l<m(ﬂ)’ m(M)> ® T(R), (4.81)
is given by f' = r(fm) o f(ﬂ))’ as stated in (4.24)).

4.3.3 [DEl - DissoLvE EDGE
Recall the illustration of the [DEfmove from (4.25)):

2/
neN
NG !
oE NSy (4.82)
MO>z' meM

As a first step, we remark that the (1 € A)-labeled defect line in the left-hand side of (4.82) is
adjacent to two domains — the left and right A-labeled domains are indeed distinct. This is the
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case because otherwise, the move would produce a non-contractible domain on the right-hand
side of (4.82)), which is not allowed in extruded graphs.

We focus on one of the domains adjacent to the (1 € A)-labeled defect line; let us pick the
right one. A possibility for how this domain may look like is illustrated below.

(4.83)

We are interested in the counterclockwise neighbor of the (1 € A)-labeled defect line adjacent to
the node ¢: in (4.83)), this is the defect line labeled by [ € £. This defect line is also adjacent to
the A-labeled domain we selected for our argument. It may or may not be a loop.

If it is a loop, then it encircles some area, as highlighted in (4.84)) below.

(4.84)

The contents of this area can be absorbed into the node currently labeled by g through a sequence
of moves — this is very similar to the proof of Theorem Then, once the loop is contractible,
we apply the move [[] dissolving the defect line in the process.

If the (I € £)-labeled defect line is not a loop, then we apply the contraction move In any
case, the A-labeled domain now has one adjacent defect line less. We repeat this procedure until
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only one other defect line is left. We assume that it is labeled by j € J.

(4.85)

In the configuration we have now reached (4.85)), we can once more apply the move to the
(j € J)-labeled defect line. This results in a loop labeled by 1 € A as depicted in (4.86)).

yor - (4.86)

We recall the ray and node labels of (4.86)). The image of the ray label y e, --- e 7 2 under the
forgetful functor can be written as
Ulyor--ogz)=V(zz)yr) @ ya Byw We g Bzpg X (4.87)
where V(.x(?), Y 5)) is some vector space, built from the hom-spaces that appear in the definition
(12.197)) of the contraction, that is equipped with a balancing
Vizzayiw) =V(eg),ayc)), ac A (4.88)

Recall from (4.27) that we assumed, without loss of generality, the following for the node labels
x and y:

Tz W T (m) :/d&ax’(M) and ) Ky = /y’(ﬁ) a*Xa. (4.89)

a

The node label in (4.86)) is given by the morphism

K ® n N 1KI1IK m X ...
Jv Jg(ﬁ) JQ(A) Jf(m Jf(M) (4.90)
V(x(j),y(ﬁ)) ® fafb y’W) a* X aX b KX bx'(M) X .-
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for an appropriate vector v € V(x(j),y( r)) obtained from the various other node labels A, k, ...,
that we do not need to specify in more detail. With these data in mind, we apply the [L}move
in order to eliminate the (1 € A)-labeled loop. The resulting extruded graph has the following
topology; the ray- and node labels are specified below.

(4.91)

The ray label of is given by ¢4 ® ;% (y e, ---e7x). The appearance of the silent object as
opposed to the cosilent object is explained as follows. Compared to , the loop we consider
in has opposite orientation. Thus, A, not A, takes on the role of the bimodule category
M from that labels the loop. We then use that # =8 4. Importantly, this identification
between an end and a coend is only a formal switch of perspective between a category and its

opposite, and does not involve the isomorphism © 4 obtained from the pivotal structure. We
know from (4.21)) that without balancings, this objects can be expressed as

U(a °ADX(y oL 07 T)) = ADZ<(y oL 07 x)(ADX)y QA> ®y(ﬁ) ﬁx(/\/t) X
&= ADZ<(y o, 07 x)(.ADz)’ ]l@i> ®y(ﬁ)‘g$(M)X’
> (@ By, 18T) @ ygp) By R (4.92)

bV(CL'(?),y(ﬁ)) ®A&Z<b®a, ]I|ET> ®y/(ﬁ) a*®b$/(M) X...

12
< ah

Il

(x(j)a y(ﬁ)) ® y,(ﬁ) &wl(/\/t) g

To get from the first to the second line in , we used that the silent object of a tensor
category can be expressed using the induction functor @ from . Then, in the third line,
we applied the adjunction . At this point, we can use our knowledge about the object
U(yer---e7x) from . We could not have plugged in (4.89)) earlier, because we do not have
an explicit description of the term (y o, --- o7 ac)( ACA) the warning expressed in Remark W
applies here. Finally, the last step in is performed using the Yoneda lemma in the form

(2.169).
Part of the data of the node label for (4.91)) is, according to (4.24]), the morphism

r ((9 O -0y f)(_Ag])) S ADZ<(?/ oL 07 x)(ADj)a QA> ) (4.93)

where r denotes the retraction from Lemma An explicit calculation reveals that in our case,
the image of this vector pushed through the first two isomorphisms in (4.92)) is given by

e ® 94 € aal®cn By, 1RT). (4.94)
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This implies that the node label of (4.91)) is given by

K ® n X m XK.
J” PW) Jf'wm : (4.95)
V(@z)ve) © ¥V B 2y B -

where f’ and ¢’ are as in (4.28]).
At this point, we take a step back and consider the post-move region, redrawn in our situation
here:

(4.96)

All the moves we applied to get from to @ can, in the exact same way, be applied to
(4.96); except that now, we do not need to apply the move, because the (1 € A)-labeled defect
line was never present. It is easy to verify that under this sequence of moves, the region
transforms into the same region we obtained before, with the same ray- and node labels
that we just computed. This means we have succeeded in writing the move [DE]as a composition
of elementary moves.

4.3.4 TH] — INTERNAL HOoM-MOVE

Applying the move and the rnove to the left-hand side of (4.30]) results in a single defect

line:

Al
~ mEneMOM /~
fR®£‘ > E®9R (4.97)
A
r Y

We now apply the move [C| to both (4.97) and the right-hand side of (4.30)) and compare the
resulting extruded graphs, which we call ¥ and Y, respectively.
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The label of the, now unique, ray in ¥, the contracted version of (4.97), is given by v e, -+ y.
Recall from (2.192)) that

Uz ey mg y) = MDﬂ<y(MDﬂ)’ fU(MDM)> ® rr) XYr)- (4.98)

The node of ¥ is labeled by fr ® (g0, 5 f) ® gr.

On the other hand, after applying [C| to the right-hand side of , we are left with >,
which contains a single ray labeled by 4[z] 5 4[y], with node label fr ® (4[g] © ,jn,m] ALf]) ® gr-
Note that the underlying labeled defect surfaces of ¥ and ¥/ are equal: both only consist of

a single ray, whose ray categories are the same. The linear map Mmﬂ<y( MOM) T MDW)> —

A< A[y( MDM)L A[x( MDﬂ)]> that comes with the functoriality of 4[—] defines a morphism
U(x e, 77Y) — Ulalz] 5 4ly]) which respects the balancings, and thus is a morphism between
the ray labels 1 : z o, 77y — 4[] o5 4[y]. As the block spaces for different ray labels on a
given labeled defect surface assemble into a functor, the map 1 between two ray labels defines a
map between block spaces T(n) : T — T’. In order to construct a post-move core label ¢’ from
the label ¢ of the core of X, we use use a retraction of the linear map 7'(n). The existence of
such a retraction is inherited from the fact that

Al-] :MDﬂ<y(MDW)7 x(MDﬂ)> - A<A[y(M[|M)]a A[x(MDﬂ)D (4.99)

admits a retraction -, which can be constructed as follows. Note that a morphism ¢ : Yo —
T pmripg 18 @ morphism of unbalanced objects ¢ : yaq Myxr) = o) Bz gy that satisfies a

property. The simple objects of the Deligne product M X M are of the form m X #, where m
and n are simples in M, which is why the collection of morphisms

tmmji = (4.100)

oto*<

*
<I(M)&Z(ﬂ),m®ﬁ>,i m‘X’ﬁvy(M)&y(ﬂ)>7j

uniquely determines the morphism ¢. As endomorphisms of simple objects, the Emyﬁﬂ"l' are
multiples of the identity, and thus correspond to scalars

1 -
tmaji = m TI"M gm(tm,ﬁ,j,z’), (4.101)

which can be thought of as the matrix elements of t.
These matrix elements can be recovered from 4[t] by observing that if £m7ﬁ’j’i is a multiple of
the identity, then so is

R o 4ltl o 4% . 4.102
Al m,nm] Al <$(M)X|x<ﬂ)7mlzlﬁ>,i] Alfl ol <m&ﬁ,y(M)®y(ﬂ)>J ( :
We thus find
t L * Joalt]oal* ) (4.103)
777 '7‘ = .A n ) © A ° A n 7 '
m,n,j,i dA[H,m] <I(M)®z(ﬂ),m®n>,z <m@n,y(/\4)@y(m)>d
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and deduce that a retraction to 4[—] can, in terms of matrix elements, be defined for a morphism
(12 A[y(/\/ujﬂ)] - A[x(MDﬂ)] by

]. (4.104)

]O'LLOA[* _ )
<m|zn7y(/\/l) gy(ﬂ)>v]

Al* o\

A[n, m] <$(M>®x(m>,m®n>7z

The retraction 7 induces a retraction 7 : T — T of T(n), which allows us to define ¢’ := p o7
for the post-move core label. This implies that the move is an invariance.

Remark 4.8. The morphism 7 can be defined in a more conceptual way, but showing that it is
a retraction is then more tedious. This involves noting that the right adjoint of 4[—] denoted by
coev in [Sch13a, Lem. 6.2.2] is also a left adjoint. Then + is defined as the composition

Aozl alruam]) > a{eoevialyem): coev(alewem)) (4.105)

- Mmﬂ<y(MDﬂ)’ $(MDM)>

using the unit and counit of the adjunctions.

This completes the proof of Theorem [£.4]

5 TOwARDS A TURAEV-VIRO TFT wiTH DEFECTS

The main motivation for the notion of an extruded graph, together with the evaluation procedure
defined in Section [3] is that they are a critical ingredient in the definition of a state-sum model
with defects in all codimensions, whose union is not necessarily a manifold. While the definition
of such a state-sum model (or, more precisely, its independence of auxiliary data) beyond the
sketch provided in Section exceeds the scope of this work, we demonstrate in this section that
in a special case, the evaluation of extruded graphs reduces to a known evaluation procedure
used for the definition of known state-sum models.

The special case we are interested in are extruded graphs whose underlying surfaces are spheres,
with a restriction on the algebraic labels: All domains are labeled by the same spherical fusion
category A, and all edges are labeled by the regular bimodule category 4.44. We do not restrict
labels of the third and fourth level: the object labels on the defect lines, ray labels and node
labels. We call extruded graphs of this type monochromatic.

This restriction of algebraic data to a single spherical fusion category A and no non-trivial
bimodule categories fits into the context of the Turaev-Viro state-sum model on A as described
in [BK10; TV17]. This is a 3-dimensional TFT defined on a cobordism category in which the
cobordisms are decorated with embedded ribbons, labeled by objects of the Drinfeld center
ZA(A). In order to define the TFT, a scalar must be assigned to what we will call a spiked
ball in Definition a closed 3-ball with Z 4(A)-labeled lines embedded in the interior and an
A-labeled graph on the boundary. This evaluation procedure involves, as a first step, projecting
the interior lines onto the surface of the ball, such that we obtain a graph on S? with strands
labeled either by objects of A or Z4(A), with crossings allowed between strands of different
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types. Such a combined graph I is called a knotted A-net in S? in the language of [TV17], and
the associated invariant is denoted F4(I") € K.

After recalling some necessary background in Section the goal of Section [5.2]is to first show
how the evaluation of extruded graphs introduced in this paper can be used to define another
evaluation procedure for spiked balls. Then, we will show that both evaluation procedures
produce the same numerical invariant. This fact will serve as justification that extruded graphs,
together with their evaluation procedure, are the correct generalization of spiked balls needed
when defining a state-sum model with defects in all codimensions. In Section [5.3] we will briefly
see that extruded graphs and their evaluation are closely related to yet another type of diagram
used in a state-sum model with defects: The polygon diagrams introduced by Meusburger [Meu22].
We end with an outlook on how a Turaev-Viro-type TFT could be defined using the theory of
extruded graphs in Section [5.4]

5.1 THE LEGO-TEICHMULLER GAME

In order to understand the block spaces for monochromatic extruded graphs, we need to recall
some details of the so-called Lego-Teichmiiller Game (LTG) from [MS89; BKO00|. Let S be a
compact oriented surface of genus 0, possibly with boundary (hence a sphere with a finite number
of holes), together with a choice of distinguished point on each boundary component. Such a
surface is called an extended surface (of genus 0, the only case we consider here) [BK00]. A
marking on an extended surface is a graph M C S embedded in S of the following form: M
has a unique vertex in the interior of S, its other vertices are the distinguished points on the
boundary of S§. M has one edge for each boundary component of &, connecting the distinguished
point on that boundary component to the unique vertex in the interior of S. In addition, one of
the edges of the marking M is distinguished; in the picture , which illustrates an example
for an extended surface with a marking, this edge is drawn as an arrow.

Given a (finite, semisimple) ribbon category C (that is, a braided tensor category with duals and
a twist, see [EGNO15, Sec. 8.10]), let us label each boundary component of a marked extended
surface with n boundary components (n > 0) with an object ¢; € C (1 < i <n). The marking
graph on the extended surface provides a cyclic order on the boundary components (and hence
on the objects ¢;), which together with the distinguished edge becomes even a linear order in
the obvious way: The boundary component adjacent to the distinguished edge of the marking
is set as the first element in the order, and from hereon, we order the other edges, progressing
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in clockwise cyclic fashion around the distinguished vertex of the marking. To such a marked
extended surface (S, M) with labels (c,), we assign the vector space

T(S,M,ce) =¢c(l,c1® - ®cyp) . (5.2)

Of course, a different marking M’ on S can result in a different order for the objects (c,). The
orders for the markings M and M’ are related by a permutation o, such that

T(Sa Mlv CO) = C<]]-7 Co(1) ®--® Co‘(n)> : (53)

Using the braiding for C, one can construct many different isomorphisms between the vector
spaces 7(S, M, ce) and 7(S, M’, ¢c,). In order to construct a vector space that is independent of
the choice of marking, however, a clique is needed. (Recall that a clique is a category with a
unique isomorphism between any two objects.) While the set of vector spaces associated with
different markings is not suitable as the set of objects for this clique, the set of markings itself is:
The morphisms between markings are given by a set of moves between markings, taken up to
relations between the moves. The fact that markings and moves-up-to-relations form a clique is
proved in [BK0OO, Thm. 4.9], and was previously stated in [MS89]. As such, we may define the
vector space

7(S, co) 1= h]\IJIl T(S, M, ce). (5.4)

Since 7(8, ¢,) is defined using only the combinatorial structure of the markings on S, it does not
depend on the extended surface S beyond its isomorphism class. We therefore denote

Tn(Ce) 1= 7(S, co) (5.5)

for any extended surface S with n boundary components and an unordered set of n objects of C
labeling the boundary components c,. The vector spaces 7,(ce) are called conformal blocks.

5.2 RELATING EXTRUDED GRAPHS TO KNOTTED NETS
We define the notion of a spiked ball mentioned in the beginning of this section.

Definition 5.1. A spiked ball R colored by a spherical fusion category A consists of a solid
closed 3-ball R with embedded structure as follows: On the boundary OR of the 3-ball, which is a
2-sphere, a string diagram (an A-colored graph in the sense of [TV17, Sec. 12.2.1]) is embedded,
with strands labeled by objects of A. Attached to some of the vertices are spikes: straight lines
that stretch from a vertex on the boundary to the point » € R in the center of the ball. The
spikes are labeled by objects of the Drinfeld center Z4(A), and vertices that have attached
spikes are called spiked vertices. As usual, we only consider fine spiked balls, meaning that the
complement of the string diagram on the boundary is a disjoint union of disks.

On the boundary of R, the spiked vertices are labeled by vectors in spaces that can be thought
of as cyclically symmetric hom-spaces. They are constructed as follows. Attached to a spiked
vertex v is a spike, labeled by an object x € Z4(A). The adjacent edges on the boundary of R
come with a cyclic order, and each with an orientation and an object a; € A. For a given choice
of a first edge in this cyclic order, we associate the hom-space

Ala1 ® -+ ap—1 @ ay, U(z)) (5.6)
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if there are n many edges pointing towards the vertex. If an edge is pointing away from the
vertex, the dual a] of the corresponding object a; is taken in its place. Using a combination
of evaluation, coevaluation, and pivotality for A, and the half-braiding for x, the covariant
arguments in the hom-functor can be cyclically permuted in the standard way, meaning
there are canonical isomorphisms

(a1 @ apn—1Qay, U)) = (ap®@a1 @ an_1, U(x)). (5.7)

These isomorphisms are well understood, see e.g. [NS10|. Together with the permuted hom-spaces,
they form a clique, and so we define

H(.CC,Q.) = hgn <a0'(1) Q- Qg (n)> U(‘T)> ) (58)

where o runs over cyclic permutations. This is the vector space associated to the spiked vertex v.
For a non-spiked vertex w, we replace x by the monoidal unit 1 € Z4(.A) in this construction.
The vector spaces for non-spiked vertices are called multiplicity modules in |[TV17, Sec. 12.1.3],
and we will carry this name over to the more general spaces for spiked vertices as well.
(There is a difference between our convention and the one used in [TV17, Sec. 12.1.3]: The
contravariant and the covariant arguments in the hom-functor are exchanged.)

Finally, the central point » € R where all the spikes meet, is labeled by a vector in the dual
of the vector space 7 (xe)* from , if there are k many spikes labeled by a collection x4 of
objects of Z4(.A).

The following picture is an illustration of a spiked ball:

(5.9)

In (5.9), the string diagram on OR is black, and the spikes are drawn in red. They point to the
center r of the 3-ball.

Remark 5.2. Usually, to evaluate a diagram involving strands labeled by objects in a ribbon
category such as Z4(A) embedded into 3-dimensional space, these strands need to have ribbon
structure, or equivalently, a framing. This is unnecessary in spiked balls because the spikes are
straight lines pointing to the center of R. They can be equipped with a standard framing.

We would like to be able to identify spiked balls and monochromatic extruded graphs.

Observation 5.3. Let X be a monochromatic extruded graph on the sphere, meaning that all
domains are labeled by the same spherical fusion category A, and all defect lines are labeled by
the regular bimodule category 4.4.4. Spiked balls and monochromatic extruded graphs have the
same types of labels:

117



1. There is a distinguished set of equivalences between the ray category for any ray of > and
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the center Z 4(A): The ray category associated to any node L (with n > 0 adjacent defect
lines) of a monochromatic extruded graph is of the form

TR(L) = A0A20 - - 0ACD, (5.10)

where ¢; € {+,—} are signs used to denote the opposed categories A = A~, A = AT,
depending on the orientation of the adjacent defect lines. The pivotal structure on the
category A furnishes an equivalence A = A, which provides a distinguished equivalence

T(L) = ADAD---0OAD. (5.11)

As mentioned in Section the expression is a 3-trace over a composition of
1-morphisms in a tricategory. As such, several structure morphisms can be used to obtain
equivalences TR(L) =2 Z4(A). It follows from the coherence theorem for 3-traces [FSS17,
Prop. 5.4] that there is a distinguished natural isomorphism between any two of these
equivalences, such that the equivalences, together with the natural isomorphisms, form a
clique.

In order to avoid making explicit choices, we denote by
pr s TR(L) =2 Z4(A) (5.12)
the limit of the clique of equivalences associated to the ray adjacent to a node L.

Let L be a node in ¥ with adjacent ray labeled by 2 € TR(L), and adjacent defect lines
labeled, in clockwise order, by objects a1,...,a, € A. Let us construct an isomorphism
between the associated node space N(L) is and the multiplicity module H (ur (), as) from

53).
As we saw in (5.11)), the ray category is of the form

TR(L) =2 A,0A4,0---0A,0. (5.13)

for n adjacent defect lines. In , we introduced subscripts for the various instances of
A=A =---= A, in order to keep track of which tensorand corresponds to which adjacent
defect line. We continue to explicitly describe a sub-clique of the clique of equivalences
TR(L) = Z4(A) from part of the observation. Given a relative Deligne product of k
copies of A, which is linearly ordered in the sense that one tensorand is chosen as the
starting point, we consider the equivalence

AlE! s DAk,lﬂAnD — A1D s DAD, (5.14)

obtained by applying the unitor e : A;_10A4,, — A from (2.134]) to the right-most two
tensorands. (Recall that we do not take the relative Deligne product’s associators into
account.). Successively composing instances of the equivalence produces n distinct
equivalences e, ..., e, : TR(L) — Z4(A), one for each choice of starting point.



We denote the ray label by 2 € TR(L). Recall that the nodespace is, in this case, given by
N(L) = (a1 B - Rap, U(z)), (5.15)

where U denotes the forgetful functor A7® — A®" which forgets all n balancings. De-
pending on the signs ¢; from , some of the a; should be replaced by their duals a;,
but we do not make this explicit in order not to overload notation. For our purposes, it is
useful to consider the nodespace as a hom-space in the ray category rather than the node
category, by passing through the adjunction (2.111)):

N(L) = rpy(ar1 B - Ba, B, x). (5.16)

In this form, it is clear that each equivalence ey, ..., e, provides an isomorphism N(L) =
Zaaei(ar B - Ba, B), e;(x)). Since we know from (2.135) that

ei(aB - Ba,B)=aqa; - ana;---a;—1 8 € Z4(A), (5.17)

we can once more use the adjunction (2.111f), this time in reverse direction, to find an
isomorphism

N(L) = ala;---anai---ai—1, U(ei(x))) . (5.18)

Here, the functor U : Z4(A) — A only forgets one balancing (namely, the half-braiding).
If we combine the isomorphism ({5.18)) with the structure isomorphism of the limit (5.8)),
we obtain an isomorphism

N(L) 2 H(puz(w), aa)- (5.19)

A priori, this isomorphism is dependent on the choice of linear order we made on the set of
adjacent defect lines. We will see in Proposition that any such choice leads to the same

isomorphism ([5.19)).

We will compare block spaces of monochromatic extruded graphs to the vector spaces 7,(cs)
from ((5.5]) for spiked balls later, in Observation

Proposition 5.4. The isomorphism N(L) = H(ur(x),as) between the nodespace of a monochro-
matic extruded graph’s node L and the multiplicity module H (pur(x), as) from (5.19) is independent
of the choice of linear order imposed on the set of defect lines adjacent to L.

Proof. The isomorphisms ([5.18)) turn the set of hom-spaces a{a; - -anai---a;—1, U(e;(x))) into
a clique, whose limit is the nodespace N(L). The canonical isomorphisms e;(z) = ur(x), denoted
by v;, furnish isomorphisms between the hom-spaces

Alai--anar - ai—1, Ulei(x))) = alai---anar - ai—1, U(prn(z))) (5.20)

The latter hom-spaces appeared in (5.8)): Together with the morphisms (5.7)), they also form a
clique, whose limit is the multiplicity module H(ur (), as). In order to deduce that the limits of
these two cliques are related by a canonical isomorphism

N(L) = H(pr(x), as), (5.21)
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we need to show that the set of isomorphisms ([5.20]) between objects of the cliques assemble into
an isomorphism of cliques. Explicitly, this means that the diagram

alai-anar a1, Ulei(w))) ——— alai---anar---a;1, Ulpr(x)))
e
N(L) 6D (522)
]

A<aj S @pay Ao, U(ej(x))> Lo_> A<aj C a4, U(,uL(x))>

needs to commute for all 4,5 € {1,...,n}. It suffices to check this for the case i = 1, j = 2. For
the proof, we consider the following diagram, which is described in detail below.

(2 —a
e1 <a2 capar B, 61($)> es
—oex (bal) (b)
(araz -+~ an®, ex(z)) OMBag-ay- (g anay B, ex(x))
I e (5.23)
adj> (az---ana1 ™, e1(z)) adj>
(c) (d)
(araz - an, Ule1(z))) adj ™ (az - anpar, Ulez(w)))
(%) %O_
vio— (ag - anay, Ule1(z))) voo—
(© Iy
(102 - an, Uz () =2 (az -+ anar, Ul ()

Let us first discuss the morphisms that appear in the top triangle of the diagram ([5.23)). Recall
that the functor — B — is balanced. From this balancing, we can construct an isomorphism

~Y

arMagl - Ma,M ZaiMHag® ---Ba,_1a, 01 = ..

(5.24)
>~ Bag-a,® - D18 Yajag---a, D15 - D1,
whose inverse we denote by bal;. Similarly, bals is the inverse of the isomorphism
a1Bagll - Ba, B Z18ayB--- Mg B ... 218ay---a,a1 ™ - BD1TH. (5.25)
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We define bal := bal; o bal, L' _ this makes the topmost triangle of (5.23]) commute — and remark
that explicitly, bal is given by the composition

18ay--apa1® - 018 Zag---aq,B0a1 8 --- D10 Xay---a,018aq; 5 --- D15 (5.26)
~ gy, 18 - BB 2ajag--a, 0158 - D15, ’

In other words, the term as - - - a,, gets balanced using just one balancing from left to right, while
a1 passes through all the other balancings in right-to-left direction.
With this at hand, we now explain why the commutativity of the outer paths of (5.23)) is

equivalent to the commutativity of (5.22)): The isomorphism (5.18) appearing in ([5.22)) is equal

to the composition adjE] o e;. Moreover, we have e; = e; o (— o bal;). This is because the
equivalences e; are constructed from the unitors , which map all balancings to the identity
morphism (or, more precisely, to associators, which we assume to be the identity for A). Thus,
the first three arrows around the left and right side compose to instances of the morphism
for i = 1 and ¢ = 2, respectively. So, proving that the boundary of commutes implies the
commutativity of .

We continue to inspect the cells of the diagram from top to bottom, and show that each one
commutes. The commutativity of the cell (a) is a consequence of the functoriality of e;. New
morphisms labeled 7 appear in the cell (b); n is the canonical natural isomorphism 7 : e3 — e,
which is part of the clique from part of the observation. Commutativity of (b) is an instance
of the naturality of . In order to see that the triangle to the left of (b) commutes, we observe
that its vertical arrow is equal to the identity. The images of e; and es of a Bl-factorized object,
such as a1 2 --- Ma,H, differ only by a different bracketing of the terms. The isomorphism
71 relates these bracketings via associators, which we have assumed to be the identity. Thus,
M ayapa, 8. H15 = id, and the triangle commutes.

The cell (¢) commutes because adj o (=8, e1(x)) = (—, U(ei(x))) is an isomorphism of
balanced functors, as mentioned in Remark On the other hand, the cell (d) is just an
instance of the naturality of adj =

The cell (e) commutes because v is an isomorphism in the center of A. Finally, the triangle in
the bottom right of the diagram commutes because v; are the structure morphisms of the limit
pr(x) of a clique in which 7, is a morphism.

We have now seen that all cells of the diagram , and hence its boundary, commute. This
completes the proof of the proposition. O

Observation together with Proposition provides us with an understanding of monochro-
matic ray- and node labels. In order to describe monochromatic core labels, we first need to
understand how moves of invariance work for monochromatic extruded graphs. In the following,
we already allow ourselves to consider monochromatic extruded graphs whose rays are labeled by
objects in Z 4(.A) and whose nodes are labeled by vectors in the appropriate multiplicity modules.

Lemma 5.5 (Monochromatic moves.). The moves of invariance for extruded graphs from Sec-
tion[4) can be expressed using the alternative system of labeling rays and nodes from Observation[5.3
We list some of them here:
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o The ordinary [OR}Fmove flips the direction of a defect line, thereby changing the bimodule

category M that labels it to its opposite M. The move is thus not a move within
the class of monochromatic extruded graphs, because it results in defect lines labeled by A,
which is not allowed. When we speak of the monochromatic[OR}Fmove, we really mean the
composition of the OR}Fmove applied to an A-labeled defect line with an instance of the

move using the distinguished equivalence A = A that comes with the pivotal structure

on A. Concretely, the monochromatic move replaces an (a € A)-labeled defect line
with a defect line with opposite orientation, labeled by a* € A.

The monochromatic [Ckmove takes the following form, where we label rays by objects
x,y € ZA(A), and nodes by vectors in the appropriate multiplicity modules, as justified by
Observation [5.3.

— sz (5.27)

T®Y

Here, the node label on the right-hand side of (5.27)) is obtained as follows. The multiplicity
modules H(z,--- ,a*) and H(y,a,---) which are isomorphic to the respective node labels,
come with structure isomorphisms

H(z,-,a*)=(---a*, U(z)) and H(y,a,---)={a--,U(y)). (5.28)

We denote the images of f and g under these isomorphisms by f' and ¢’. By a form of
generalized composition, these morphisms combine into the morphism

oy
I g | EC ,U®y)). (5.29)
N1
Again, the hom-space (- - , U(x ®@y)) is isomorphic to the multiplicity module H(x ®
Yyoooooe ). The node label g o, f is defined as the image of the morphism under this

isomorphism.

There is a monochromatic[EFFmove, which takes two parallel defect lines, labeled by a,b € A,
and fuses them into a single defect line, labeled by ab € A, with the node labels changing in
the obvious way.

The monochromatic move removes a node with a (1 € Z4(A))-labeled ray with one
incoming and one outgoing defect line, both labeled by (a € A), and node label ev® € (aa*, 1).



o The loop move[L] can also easily be expressed in the monochromatic case: Assume that
the node with an (a € A)-labeled loop is labeled by a vector f in the multiplicity module
H(x,a,a*,---). By the usual yoga, we obtain a morphism f' from f in one of the concrete
hom-spaces used to construct the multiplicity module. In order to perform the move L[] and
remove the loop, f' needs to be replaced with the morphism

€ (-, U(x)). (5.30)

This morphism in turn defines a vector in the multiplicity module for the node without the
loop. The ray label is left unchanged by this mowve.

Sketch of proof. There is nothing to be proved for the [OR}move. The monochromatic [EF}move
is similarly obtained as a composition of the usual [EFfmove with the [Funlmove for the unitor
equivalence e : ALJA — A. For the other two moves, we need to check that switching from
monochromatic labels to ordinary labels in the extruded graph, then performing the ordinary
move, and then switching to monochromatic labels again, results in the change claimed by the
lemma.

Concerning the monochromatic [Chmove, this amounts to verifying that the contraction
operation on objects specializes to the monoidal product in Z4(.A) in the monochromatic case,
and that the contraction operation for morphisms specializes to the generalized composition
described in . This was discussed in Remark

The monochromatc [DV] and [L}move can, as in the non-monochromatic case, be expressed
as a composition of monochromatic [OR], [EF] and [Ctmoves. One can check explicitly that this
result in the moves as claimed. O

With this at hand, we are in a position to relate the block spaces of monochromatic extruded
graphs to the vector spaces from (5.5).

Observation 5.6. Let ¥ be a monochromatic extruded graph on the sphere, as in Observation [5.3
Note that by cutting out the nodes from the coat of X, we obtain an extended surface. A marking
M on this extended surface is said to be a marking on the extruded graph o iff the marking is
attached to the nodes away from the defect lines, the intersections between the defect lines and
the marking are transversal, and the distinguished vertex of M does not lie on a defect line. Let
us construct, for each marking M on ¥ an isomorphism ¢y : T = 7(X, M, x,).

To this end, we describe how the marking M on ¥ defines a sequence of moves on X. Crucially,
each move in this sequence comes with an isomorphism between the block spaces before and
after the move. Our goal is to obtain an extruded graph ¥j; in this way, whose block space is
related to 7(X, M, z,) via a distinguished isomorphism.

When drawing pictures, we illustrate the extruded graph 3 by the following example, but keep
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the argument general.

D= (5.31)

The first step is to apply a sequence of [DV} and [DE}moves to X, adding transparent defect lines
and nodes in the following way: Recall that the marking M possesses a distinguished vertex. In
the location of that vertex, we add a new node to X, which we call the core node. To the original
nodes of ¥, we will from now on refer as main nodes.

We would like to add, for each edge of the marking M, a corresponding transparent defect
line to . To this end, we add a transparent node using the [DV}move on the pre-existing defect
lines wherever there would be a crossing between an edge of the marking and such new defect
lines. We refer to these new nodes as braiding nodes. Now, we can add the new defect lines — as
transparent lines, at first — using the [DElmove between main nodes, braiding nodes, and the
core node, retracing the edges of the marking. Accordingly, we call these defect lines marking
lines. Note that the edges of the marking are segmented by the crossings. Each of these segments
becomes an individual marking line.

Finally, we use the DV}move on every newly created marking line, adding another transparent
node called a domain node. The resulting extruded graph X,; of this procedure is illustrated in
, where we introduced the convention of drawing braiding nodes in a diamond shape and
domain nodes in a star shape.

main nodes

! domain nodes

S <>— == S

| ,|braiding |

(5.32)
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Recall how in the proof of Theorem we used a choice of spanning tree for a extruded graph
to sequentially contract all nodes into a single node using the [Clmove. We now recognize that
the marking lines, together with all types of nodes, form a spanning tree for > ,,. In addition,
this spanning tree comes with a linear order on its marking lines, inherited from the order on the
edges of the marking: Starting with the first edge of the marking, we enumerate the marking
lines from the main node to the core node. We then proceed with the second edge of the marking,
and so on. In this order, we apply the [Clmove to all marking lines, contracting them in the
process, until we are left with an extruded graph ¥; with only a single node, as is done in the
proof of Theorem Unlike there, however, we here did not make any arbitrary choices in the
moves that lead to .

From the monochromatic [Clmove described in Lemma we know that the ray label for the
ray of 31 is given by #1 ® - - - @ xg, if x1, ..., 2, € Z4(A) are the ray labels for the main nodes, in
the linear order defined by the marking M. In the same fashion as in the proof of Theorem [.5]
the monochromatic |£|—move can be applied repeatedly to turn X; into a lasso graph ¥g. The ray
label is not changed by this sequence of moves, so we end up with a lasso graph whose ray is
labeled with 1 ® - - - ® x, € Z4(A). The general results on lasso graphs from Section provide
us with a description of the block space for Y¢:

T(EQ) = XDAD<¢A’ e—l(l‘l R Q :L‘k)> = XDAD<(ig ]l7ﬁ)’ e_l(l'l R & l”k)>

_ (5.33)
= ZA(A)<€(11@1,5), T ® - ®xk> =l r®- - @ag) = 7(8, M, x,).

Here, e denotes the unitor equivalence e : ALJAL = Z 4(A), and 3 denotes the balancing of the
object TR 1 € 4 AOA4 with respect to the indicated bimodule structure. The last equality is the
definition (5.2]) of 7(X, M, x,). The chain of morphisms (5.33]), composed with the isomorphism

T=TZX)=T(X;)= T(EQ) (5.34)

obtained from the moves, defines the isomorphisms tj; : T = 7(X, M, xo) mentioned at the start
of the proof.

It should be noted that this statement is really not about extruded graphs, but about the
block block space of a monochromatic labeled defect sphere. We expect that different choices of
markings M, M’ lead to the same isomorphism ¢,; = 4/, but for now this remains a conjecture.

Definition 5.7. Let R be a spiked ball. By a marking M on R, we mean a marking on the
extended surface obtained from the surface OR = S? of R by cutting out the vertices, which
intersects the edges on the boundary of R only transversely.

If M is a marking on R, then a monochromatic extruded graph Xz on S? can be constructed
from (R, M) as follows. First, we modify R slightly: We add spikes labeled by the monoidal unit
1 € Z4(A) until all vertices are spiked. This changes neither the multiplicity modules for the
vertices, nor vector space 7, for the point r in the center of R (up to more than a canonical
isomorphism). The construction of the extruded graph X i from the spiked ball R then amounts
only to a change in vocabulary: Vertices become nodes, edges become defect lines, spikes become
rays and the point » € R becomes the core. Observation [5.3]and Observation [5.6) then ensure that
the algebraic labels can be transferred from the spiked ball to the extruded graph accordingly.
We call X the extruded graph associated to the spiked ball R with marking M.
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At most, the core label of X depend on the choice of marking.

Recall from [TV17, Sec. 15.3] that a (colored) knotted net in S? is a string diagram drawn on
the sphere, where some strands are labeled by objects of A and others by objects of the Drinfeld
center Z4(A), as depicted, for example, in [TV17, Ex. 15.3.4]. The strands labeled by objects of
the Drinfeld center are allowed to cross other strands at isolated points away from the coupons.
We only consider knotted nets where all crossings are between one strand labeled by an object
in the Drinfeld center, and one strand labeled by an object in A. For these types of crossings,
there is no distinction between over- and under-braidings. Both circular coupons (or equivalently,
vertices), which are labeled by vectors in multiplicity modules, and rectangular coupons with
distinguished inputs and outputs, labeled by appropriate morphisms, are allowed. The following
picture gives an example of a knotted net:

(5.35)

Definition 5.8. A knotted net T' is said to be a projection of a spiked ball R iff it can be
obtained from R as follows:
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o The edges and vertices of R are strands and (circular) coupons of I

e There is one additional coupon in I', called the central coupon. For each spike in R, labeled

by an object x € Z4(.A), there is a strand in I', labeled by = as well, starting at the output
of the central coupon and ending at the coupon corresponding to the vertex which the
spike was attached to. We call these strands spike-strands. Spike-strands are allowed to
cross other strands, but not other spike-strands or themselves.

o The spiked vertices in R are labeled by vectors in multiplicity modules H(z,as) whose

cliques consist of hom-spaces of the form <U(:L‘), ap - aiGigy - an>. In contrast, the circular
coupons of I' are labeled, after passing through multiplicity modules H (1, {as, U(z)*}), by
hom-spaces of the form (1, ay ---a; U(z)* ajt1 -+ apn). The position of U(z)* within the
tensor product is determined by the location where the corresponding spike-strand attaches
to the coupon; this is arbitrary. There is an isomorphism

H(z,ae) = (U(x), ajx1--anar---a;) = (L, U(x)" ajp1- - anar - a;) = H(1,{as,U(x)*})

(5.36)
for each spiked vertex of R. We require that the labels of the spiked vertices of R are
related to the labels of the circular coupons of I' via these isomorphisms.

e The sphere underlying I', with the coupons that stem from spiked vertices in R cut out, is

an extended surface. The central coupon and the spike-strands form a marking for this
extended surface, with an appropriate labeling (x,) of strands by objects x; € Z4(A), as in



Section More precisely, to obtain a marked extended surface with labels, we label the
boundary components (of coupons attached to a spike-strand) by the object in the Drinfeld
center Z 4(A) that labels the adjacent spike-strand, and we collapse the rectangular central
coupon to a point. Since all spike-strands are attached to the output of the central coupon,
they are linearly ordered, and we select the left-most spike-strand as the distinguished edge
for the marking.

Recall that the central point r € R is labeled by a vector in the space 7 (o) from ,
if there are k£ many spikes. The marking we just introduced provides us with a canonical
isomorphism

Te(Te) = 7, )L, 21+ 20) (5.37)

where the x; are ordered according to the way the spike-strands are attached to the central
coupon. We fix the label of the central coupon by requiring that this isomorphism relate
the vector labeling the central point r € R to the label of the central coupon.

Note that there are, in general, multiple knotted nets I'r which are projections of R. Only
when the spiked ball has no spikes can we speak of the projection I'g. As an example, consider
that the knotted net is a projection of the spiked ball . It is clear that a marking on
a spiked ball R in the sense of Definition defines a projection of R.

Remark 5.9. The concept of a spiked ball does not appear in [TV17]. In a sense, it is avoided
there by formulating the theory in such a way that wherever a spiked ball would appear (e.g. in
[TV17, Fig. 13.1, Sec. 15.5.1]), a canonical projection exists. This projection is then defined,
skipping over the auxiliary notion of a spiked ball, which fits nevertheless quite natural into the
theory.

Schematically, the relation between spiked balls, knotted nets, extruded graphs and their
respective evaluations is as depicted in the following diagram, where the dotted arrows are defined
for a choice of marking M for each spiked ball.

{spiked balls R}

projection for marking M o ... associated to (R,M)

o - - a8
{knotted nets I'r} {extruded graphs Xp} (5.38)

evalm) w -
K

The main result of this section is that the diagram ([5.38]) commutes for all choices of markings.
This is first shown in Proposition [5.10] for spiked balls without spikes, and then, in Theorem [5.12]
for general spiked balls. Indeed, projections and associated extruded graphs do not depend on a

marking M for spiked balls without spikes, which is why no marking appears in the formulation
of

Proposition 5.10 (Evaluating Spiked Balls without Spikes). The evaluation of the extruded
graph X p associated to a spiked ball R without spikes is equal to the invariant of the knotted net
I'r, which is the projection of R,

SRl = FA(Tr). (5.39)
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Proof. We know that by Theorem the extruded graph i can be evaluated using only
the moves [OR], [C] [EF] and [SV], as well as the formula for the evaluation of loop graphs from
Theorem Since the core label of X was transparent from the beginning (as the original
spiked ball R is concentrated on the surface), we can even do without the move. Analogous
moves hold for knotted nets as well: The move |C|is translated to the move R7 from [TV17, Sec.
15.4.6]. Similar moves to and for knotted nets are also obvious. We can thus apply a
chain of these moves to the extruded graph Y r and to the knotted net I'g simultaneously, until
we obtain, as in the proof of Theorem a loop graph Yz, and a knotted net I'g’ with a single
coupon and a single strand. Their labels are still in correspondence: the defect line of X5’ is
labeled by the same object as the strand of I'g’, and the node label of X5’ is the same as the
coupon label of I'g’, after passing through the isomorphism for node spaces of monochromatic
extruded graphs from Proposition Since the moves used are invariances, the respective
evaluations remain unchanged:

Sel =SR], Fallr) =Fa(lr). (5.40)

The evaluation of loop graphs is discussed in Theorem and the analogous result for knotted
nets is found in |[TV17, Ex. 15.4.2]. The respective evaluations agree. O

Corollary 5.11. Extruded graphs, in particular the generalized 6j-symbols described in Exam-
ple actually generalize the known 6j-symbols for spherical fusion categories.

Theorem 5.12 (Evaluating Spiked Balls). Let R be a spiked ball, and let M be a marking on R
in the sense of Definition . The evaluation of the extruded graph X g associated to (R, M) as
defined in Definition[3.17 is equal to the invariant of the knotted net T'r which is a projection of
R obtained from the marking M :

1Xr| =Fa(lr). (5.41)

Proof. Let us first dress up the knotted net I'g to a knotted net I'r’ which leaves the invariant
F4(T'r) = F4(T'g") unchanged: We replace every crossing by a coupon labeled by an appropriate
braiding morphism, see [TV17, Fig. 15.4]. Moreover, we assume that all vertices of R are spiked
vertices. This is not a restriction: Adding transparent spikes labeled by 1 € Z4(.A) to non-spiked
vertices does not change the associated extruded graph. It does change which knotted nets are
projections of R, but only up to transparent strands, which have no effect on the evaluation.

The idea is to apply moves of invariance to the extruded graph Xz until it becomes an
extruded graph Y’ whose rays are transparent, and which resembles the knotted net I'g’ in the
following sense: there exists a spiked ball R’ without spikes such that Xz’ is the extruded graph
associated to R’ and such that I'g’ is the projection of R’. The situation can be summarized
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diagrammatically:

spiked ball R
with marking M

projection UW Wed to (R,M)
spiked ball R’

knotted net I'g without spikes extruded graph Xp

(5.42)
dress up moves
the projection associated to

knotted net I'g’ extruded graph g’
evaluatm mion [
Fa(TR') = ‘ER"

The equality F4(Tg") = ‘ER') at the bottom of of (5.42)) holds by Proposition |5.10, Because

the extruded graphs Yp and Y’ are related by moves of invariance, they evaluate to the

same scalar ‘Z g ‘ = |Xg|. Similarly, we will construct the knotted net I'g’ in such a way that

FA(Tg) = F4(T'gr’) holds. Combining these equalities, we find:
Fa(Tg) = Fa(TR) = |ZK| = [Zal., (5.43)

which proves the theorem. Hence, we have to give a sequence of moves that transform Xz into
Y r’. This is done in the remainder of this proof.

The marking M of the spiked ball R serves also as a marking for the extruded graph Y g, in
the meaning discussed in Observation [5.6] We further follow Observation [5.6] by applying the
chain of moves introduced there to ¥, using the marking M to transform it into the subdivided
form . Recall that in this new extruded graph, we distinguish several types of nodes and
defect lines, such as main nodes, braiding nodes, domain nodes, and the core node, as well as
marking lines.

The next goal is to modify this subdivided graph such that all rays are transparent, except for
the ray connecting the core node with the core. Note that from each of the main nodes, there is
a path to the core node formed by a chain of marking lines. Using a sequence of moves specified
below, it is possible to "reroute" the ray of a main node node through this chain of marking
lines and the core node, resulting in an extruded graph as depicted in . When comparing
to , note that previously, the ray connecting the chosen main node with the core
was labeled by . Now, in , this ray is labeled transparently, while the ray connecting the
core node to the core carries the label . The marking lines on the path from the core node to
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the main node are now labeled by U(z).

(5.44)

The moves needed to perform this rerouting of the z-labeled ray can all be seen to be invariances
by applying the monochromatic [Clmove from Lemma [5.5] to both sides. We proceed to specify
them.

First, we need to redirect the ray (labeled by x in the illustrations) of the main node that we
consider through the first domain node encountered in the chain of marking lines leading to the
core node. This leaves the main node with a transparent ray label. In the following pictures, note
that we work with monochromatic labels for the rays and nodes, in the sense of Observation [5.3]
In particular, the node labels are describes using morphisms in any of the concrete hom-spaces
that realize the multiplicity module; which one we choose is clear from the context.

main towards core node
node
1 1
“““ - — - (5.45)
domain” |
node |

Continuing along the chain of marking lines, the next node is either the core node or a braiding

130



node. For the case of a braiding node, the following move is used.

Behind every braiding node, in the direction towards the core node, there will be another domain
node. The right-most braiding node in is the same as the left-most node in . The
node labels seem different, but we only chose to represent them in different instances of the
hom-spaces . These hom-spaces are related by the isomorphism , which is the source of
the half-braiding that appears in @ . Using different hom-spaces is necessary when checking
that the respective moves and @ are invariances using the monochromatic |[Cfmove.

Finally, after repeating the moves (5.46)) and ([5.47)) for some time, the last segment in the chain
of marking lines involves a domain node and the core node. When completing this chain of moves
for the first chain of marking lines, the core node’s ray will be labeled by y = 1 € Z4(A), but
after that, the core node may have a non-trivial ray label y.

U) Sl ) | U

v Y

Ute) (7, Uw)

(5.48)

After applying the rerouting procedure to all main nodes, we are left with an extruded graph
YR’ of the following form, in which all rays are transparent, except for the ray attached to the
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core node.

SR = (5.49)

The final change we would like to make is to raise the core data to the surface: By a generalized
version of the [SV}move, we can obtain an extruded graph where all rays are transparent, and
where the core label is transparent, with the information that was previously stored in the
core now being moved to the core node, and thus onto the coat. This is possible because the
multiplicity module for the core node is isomorphic to the dual of the vector space 73 from ,
which is the space of core labels.

It is clear that the extruded graph we obtained in this way and the knotted net I'p (after
changing crossings to braidings, as mentioned before) are similar in the following sense: There
is a spiked ball R’ without spikes, such that ' is the projection of R’, and such that the
newly-constructed extruded graph is associated to R’. Hence, we may invoke Proposition
which completes the proof of Theorem [5.12 O

5.3 RELATION TO POLYGON DIAGRAMS

In recent work by Meusburger [Meu22|, so-called polygon diagrams were introduced in order to
define a state-sum model with surface defects. In this section, we will briefly discuss how polygon
diagrams and extruded graphs are related. We will see that polygon diagrams roughly correspond
to extruded graphs on the sphere, whose only non-transparent defect lines are arranged in a
circle.

Let A and B be spherical fusion categories, and consider a finite set of A-B-bimodule categories
M, ..., M. We consider an extruded graph ¥ on the sphere, which has k£ many nodes, equipeed
with a cyclic order and connected with k many defect lines according to the order. We call the
string of defect lines the equator of the extruded graph, and note that it splits the surface into two
hemispheres, labeled by the spherical fusion categories A and B. Let us call the interior of these
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two regions the monochromatic regions of 3, because we allow for networks of monochromatic
defect lines and nodes in the two hemispheres, which may connect to the nodes on the equator.
The ray categories of the equatorial nodes are equivalent to categories of bimodule functors
via the Eilenberg-Watts equivalences from Section [2.13] The ray categories for the nodes in
the monochromatic areas are all equivalent to Drinfeld center of either A or B as a result of
Proposition 5.4, We require all of them to be labeled by the monoidal unit 1. Then the block
space of ¥ is known to be the space of bimodule natural transformations between (compositions
of) the bimodule functors that label the equatorial rays; see Example for two equatorial
nodes or [FSS22, Ex. 4.35] for the general case.

Let us now consider a polygon diagram as in [Meu22, Ex. 4.4]. From this, we can define an
extruded graph of the form just described: The boundary of the polygon diagram becomes the
equator. Recall that there are three overlaid graphs in interior of the polygon diagram: one for
each acting category (solid black or gray lines in [Meu22]) and one (dashed lines in [Meu22|)
labeled by functors. The sub-diagrams of the acting categories we project onto the corresponding
hemispheres — they become the monochromatic parts of the extruded graph —, and the lines
labeled by bimodule functors become the rays of the equatorial nodes. We restrict ourselves to
only those polygon diagrams where all functor-labeled lines meet in a single vertex labeled by a
(bimodule) natural transformation v. If this is the case, then v is an appropriate core label for
the extruded graph.

Without going into much detail, we describe why evaluation of this extruded graph obtained
from a polygon diagram is equal to evaluation of the polygon diagram itself, as defined in [Meu22,
Def. 2.13]. This is similar to the proof of Theorem we transform, in parallel, the extruded
graph and the polygon diagram in question into an extruded graph (polygon diagram) with
only a single node (vertex on the boundary of the polygon diagram) and a single ray (dashed
line attached to the vertex). Each step of this transformation leaves the evaluation of both the
extruded graph and the polygon diagram invariant. What we have obtained is a lasso graph.
Having reduced the comparison between extruded graphs and polygon diagrams to this special
case, the next result now shows that lasso graphs are indeed evaluated just like the corresponding
polygon diagrams.

Proposition 5.13. Let QQ be a lasso graph as in , with the defect line labeled by an
object m € qaMp. Let F': M — M be a bimodule endofunctor of M, pick a bimodule natural
transformation v : F — idy, and a morphism f:m — F(m).

From these data we construct ray, core, and node labels for Q as follows For the ray label, we
choose x := COEW (F), using the equivalence COEW from Sectzon . Concerning the core
label, note that there is a chain of isomorphisms

Nat 45(F, idm) = Fun gm0 (F, 1dv) = <33 @M> = (x, ) = @, 2)” =T (5.50)

The first equality is trivial, the second isomorphism is obtained by applying the functor Coﬁ]m,
the third isomorphism is post-composition with the isomorphism © LM 30, then we used
, and finally, we recalled the explicit form of the block space of a lasso graph from (3.4).
Let p € T* denote the image of v under this chain of isomorphisms; this is the core label for
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Q. From the Yoneda lemma (2.169), we obtain a natural isomorphism Y between two functors
Fun(M, M) — vect:
Yo : <m X m, COEW(G)> = (m, G(m)). (5.51)

We define the node label f : mRm — U(z) as f = DADBYF_I(f).
We now claim: The evaluation |Q| of the lasso graph Q with the specified labels is given by the
scalar

|Q| = Traq (v o f) € K. (5.52)
Proof. By applying the [SV}move to @ and then using Theorem [3.28] we know that

QI = T (sl (¢ 0 Y1 ()) (5.53)

where ¢’ € <x, ¢M> is the image of the core label ¢ under the appropriate isomorphism
™ = <:17, ¢M>, which is part of the chain of isomorphisms (5.50). In terms of the natural

transformation v, we have ¢’ = coﬁ/Nm(V). Recognizing that sil™' = Yig v we draw the
following naturality diagram for Y/

(mBm, cOBW(F)) —F— (m, F(m))

<mxm, coﬁ(u)>l:<p’o— Jumo_ (5.54)
<m®m, coE’)\VN(idM)> Yld—M> (m, m)

Comparing the images of Y, '(f) : mXm — coEW(F) under the two paths around the diagram

(5:54), we find

sil 71 (¢ 0 Y5 ' (f)) = Yiau (¢ 0 f) = vin o Yr(f) = vim o f. (5.55)
Thus, the trace of the left-hand side of (5.55]) is equal to the trace of the right-hand side, and
the proof is done. O

In particular, we find that our generalized 6j-symbols from Example [3.21| are a further
generalization of what are called generalized 6j-symbols in [Meu22, Sec. 4.3]. To explain the
appearance of the factor D 4Dg in the definition of the node label f, recall from Remark
that we expect categorical dimensions to appear when keeping track of how traces change under
the Eilenberg-Watts equivalences.

5.4 STATE-SUMS WITH DEFECTS

We are now in a position to sketch the construction of a state-sum model with defects in all
dimensions. Since we are only laying out an idea, we have little aspiration to rigor in this section,
and some terminology is left imprecise. The following is inspired by the construction of Turaev
and Virelizier as laid out in [TV17].

Let ¥ and X/ be labeled defect surfaces as introduced in Section[3.1l We consider a 3-cobordism
(M, D) with defects from X to X', that is:
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e an oriented 3-manifold M with boundary oM,

e an orientation-preserving embedding of 3°P IT ¥ into OM; the image of this embedding is
called the gluing boundary dyM, and its complement in OM is called the free boundary,

o an oriented stratified 2-polyhedron D, see [TV17, Sec. 11.1.2], embedded in M, called the
defect structure. It should respect the geometry of the cobordism:

— The free boundary of M is a subset of D.

— No interior of any 2-cells of D intersects the gluing boundary.

— If the interior of an edge of D intersects the gluing boundary, then it is contained in it.
Moreover, the defect structure is labeled by the following algebraic data:

— The connected components of M \ D, called the domains, are labeled by spherical
fusion categories, and

— the 2-cells of D are labeled by appropriate traced bimodule categories; 2-cells of D
that lie in the free boundary are accordingly labeled by one-sided module categories.

— The orientation of each edge of D, together with the orientation of M, endows the
set of adjacent (germs of) 2-cells with a cyclic order. We associate to the edge the
balanced Deligne product of the bimodule categories that label the adjacent 2-cells
using this cyclic order; note that this category is defined in a similar way as ray
categories E| Each internal edge of D — meaning it is not contained in the gluing
boundary — is labeled by an object from the associated category.

— Observe that there always exists a neighborhood U of any internal (meaning v ¢ 0y M)
vertex v of D which carries the structure of an extruded defect surface (i.e. an extruded
graph without labels): The intersection of the 2-cells of D with the neighborhood’s
boundary QU are the defect lines, and the intersection of the edges of D with U are
the rays of the extruded defect surface. Since the labels for the edges of D are suitable
labels for the rays of the extruded defect lines, there is a block space T, associated
with the core. We thus label the internal vertex v by a linear form ¢ : T,, — K.

Notice that edges and vertices of D on the gluing boundary are not labeled. These fulfill a
different role from the internal edges and vertices: The intersection of D with the gluing
boundary equips the gluing boundary with the structure of a labeled defect surface. We
require that this structure equals the one defined by the embedding of ¥ and Y.

In the following, when we speak of "the cobordism M", we really mean the pair (M, D).

A state-sum TFT 7 associates vector spaces to the defect surfaces ¥ and Y’ and a linear
map between these vector spaces to the defect 3-cobordism M. In order to state the definition
however, we need to refine the defect structure D of M into a skeleton — this essentially means
to add 2-cells labeled by regular bimodule categories, edges labeled by silent objects and vertices

!The orientation of the edge, together with the orientation of M, also defines an orientation on each germ of
each adjacent 2-cell. This orientation can be equal or opposite to the chosen orientation on the 2-cell. If the
orientations are different, then we consider the opposite bimodule category in the relative Deligne product
associated to the edge instead.
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labeled by canonical vectors to D, thereby obtaining another defect structure D. We suppose
that D is sufficiently fine in a sense we will not make precise here — certainly, we require that
all domains of D are open balls. Since the refinement also affects the footprint of the defect
structure on the gluing boundary, the newly obtained 3-cobordism M has as source and target
defect surfaces 3 and ', which are refinements of ¥ and ¥’ in the sense of [FSS22, Defn. 5.15].

As an intermediate step, we construct a pre-state-sum 7P for sufficiently fine defect surfaces
and defect 3-cobordisms, such as 3, >/, and M. To the source component of the gluing boundary
3, we assign the pre-block space () = TP(X), and similarly for the target defect surface.
Because the embedding of ¥ into &M is orientation-reversing, the vector space associated with
the gluing boundary of M is

TP (0, N) = TP()" @ TP(S) 2 yoer (TP(S), TP(S)) . (5.56)

By a coloring of a 2-cell of D, we mean the choice of a (representative of an isomorphism class of
a) simple object in the bimodule category with which the 2-cell is labeled. A choice of coloring
for each 2-cell is called a coloring ¢ of D. For a given coloring ¢ of D, we now consider around
each internal vertex v of D again a neighborhood Iy, which carries the structure of an extruded
defect surface, with ray and core labels. In addition now, the coloring ¢ provides I';, with object
labels for the defect lines, so that I';, has well-defined node spaces. In the same way, the defect
coloring determines labels for the defect lines of the gluing boundary. The tensor product over
the total node spaces for all internal vertices v of D, and the node spaces of the incoming and
outgoing defect surfaces ¥ and ¥, is of particular importance to us:

N:=N(E)* @ NE) @ QN(T,), (5.57)

where N(T',) is the total nodespace of T, as introduced in (3.15]). The unordered tensor product
can be organized in another way, namely by edges instead of vertices. Either both end
points of an internal edge e are internal vertices vy and v1, or one end point is an internal vertex
vg, and the other lies on the gluing boundary. In any case, an internal edge defines two nodes:
either a node ng of I'y,, and a node n; of I, or a node ng of I'y, and a node n; of the defect
surface 9, M. We define the node space of an internal edge e as N, := N(n1) ® N(ng). This allows
us to write the total node space N arranged by internal edges:

N = ) N.. (5.58)

Let ng, n1 be the nodes associated to an internal edge e. Unraveling of the definition of the
nodespaces N(ng) and N(n;) as hom-spaces reveals that the bimodule traces on the labels
for the 2-cells of D exhibit N(n1) as the dual of N(ng). This shows that the nodespace of an
internal edge e can be expressed as

N, = N(ng) ® N(no)* = N(n1)* ® N(ny), (5.59)

and that there is a distinguished vector *. € N, which is obtained as a sum over elements of
dual bases in either of the two expressions for N, in (5.59)), as explained in Section Because
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the nodespace N can be built from the nodespaces of internal edges (5.58)), the distinguished
vectors *. in the nodespaces of internal edges assemble into a distinguished vector

* 1= RQeke €N (5.60)

of the nodespace N.
On the other hand, the evaluation |—| of extruded graphs from Definition gives a linear
form |T'y| : N(I'y,) — K for every internal vertex v. This allows us to identify a distinguished

vector | M, c

in the nodespace associated to the gluing boundary, which is the image of * under
the following map

*E®N LN ®®N

) LERI NS e NE).  (5.61)

So far, we have fixed a coloring c¢. In the next step, we will have to take the sum over all
possible colorings, so we have to keep track of the way that the node spaces and the distinguished
a whole, the nodespaces N(X) and

vector depend on c. Indeed, while ‘]\7[ ,C

N(X') only depend on the coloring of those 2-cells of D that are adjacent to the respective gluing
boundary components. We denote these sub-colorings of ¢ by cs, and cg,, and add the dependence
on the coloring as an index to the nodespaces:

e

€ Ney (8)* ® Neg,, (X)), (5.62)

Observe that since a coloring assigns simple objects as labels for the defect lines of & and ¥/, the
direct sum over the node spaces for all colorings is just the pre-block space:

=N (£) and TP() = PN, (X). (5.63)
~ Csr
Let us define a vector

t(M) ::( H ) @ d1m1 Zdlm )‘M,c

domains d_
not adj. to

e TP(X)* @ TP(X)), (5.64)

where:

e The product over d runs over domains of M that are not adjacent to the target component
of the gluing boundary .

o A, denotes the spherical fusion category that labels the domain d.

e c5 and cg, Tun over colorings for the 2-cells of D adjacent to either part of the gluing
boundary, while ¢j,t runs over colorings of the 2-cells that are not adjacent to any gluing
boundary. Together, they form a coloring ¢ = cg U ¢iny U ¢5 of D.
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o Recall that 2-cells of D are labeled by traced bimodule categories, so that the objects a
coloring assings to a 2-cell have a dimension. As in [TV17, Eq. 13.1], the dimension dim(c)
of a coloring c is the product of the dimensions of the objects ¢(f) that ¢ assigns to each
2-cell f of D, exponentially weighted by the Euler characteristic x(f) of f:

dim(c) := H dX (5.65)
2-cells f

o The contractible dimension dim(cs,) is defined analogously, except that the Euler charac-
teristic is not taken into account:

dimy (cg) == T dp- (5.66)
2-cells f
adjacent to

Since the dimensions of simple objects in a traced bimodule category are invertible, so is
dimy (¢ ).

The vector ¢(M ) from 4) corresponds, in the usual way, to a linear map 7°(M) : TP(Z) —
TP(X). We conjecture that 7P is functorial in the sense that, given another sufficiently refined
defect 3-cobordism N : ¥/ — %", the linear map TP(M s, N), which is associated to the defect
3-cobordism M U, N obtained by gluing M and N along %', is equal to the composition

(M Ug, N) = 72(N) o 7P (). (5.67)

The functoriality property would generalize the known statement for the monochromatic
case without free boundaries [TV17, Lem. 13.3], and in the presence of monochromatic free
boundaries [Far20, Lem. 4.3.4]. The dimensions and normalization factors in are chosen
such that we expect these proofs to extend to

Let us now suppose that M; and M, are two reﬁnements of M, which are both defect 3-
cobordisms Mj, My : ¥ — ¥/ between the refinements X, ¥’ of ¥ and ¥’. Then we obtain
two linear maps 7P (M), 7P(My) : TP(X) — TP(X'), with common source and target. In the
monochromatic case, [TV17, Thm. 15.8] states that these maps are equal. We expect the same
independence of the refinement to remain valid in our case:

TP(My) = 7P(Ma). (5.68)

If this is true, it immediately follows from the functoriality property - ) that the linear map
P(X x [0,1]) : TP(X) — TP(X) assigned to the cylinder over ¥ is an idempotent. We set

(%) := im 7P(¥ x [0, 1]). (5.69)

and define 7(M) : 7(X) — 7(¥') as the restriction of 7P(M) : TP(X) — TP(X') to these subspaces.
The assumed independence of the internal refinement ( - ensures that there is a distinguished
isomorphism 7(21) 2 7(33) between the vector spaces associated to a pair of refinements %1,
35 of a defect surface X, and that the these isomorphisms, considered for all refinements of X,
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assemble into a clique. This makes it possible to extend the construction of 7 to defect surfaces
> which may not be sufficiently fine:

() = lim _ 7(%). (5.70)
refinements 3 of ¥
Moreover, we obtain a well-defined linear map 7(M) : 7(X) — 7(X') for a defect 3-cobordism
M:¥ =Y.

This sketch of the construction of a topological field theory 7 with defects is a natural extension
of the definition of the Graph TQFT from [TV17]. Of course, much work is left to be done for
the definition of 7 to become well-defined: We have not made the category of defect 3-cobordisms
precise enough: how which topologies exactly are allowed for the defect structures? Another
vague term is that of refinement — it is unclear when a defect structure is sufficiently fine. Once
these questions are answered, several theorems have to be proved. Namely, the functoriality
property has to be shown, along with the independence of 7P of the internal refinement
. The latter property in particular appears challenging, and the proof of the corresponding
statement in the monochromatic case [TV17, Thm. 15.8] is extensive. Notwithstanding these
challenges, the results of the present thesis have brought us closer to giving a full definition of the
state-sum model with defects 7. The evaluation of extruded graphs introduced in Definition [3.1
was prominently used in , and Theorem ensures that our proposed evaluation at
vertices specializes to the usual evaluation at vertices in the monochromatic case, as described in
[TV17, Sec. 15.5.1].

Considering the state-sum model with defects 7 also prompts questions on the relationship
of 7 to other TFT-like models. Given that the modular functor from [FSS22| was heavily used
in the definition of extruded graphs, and that both it and 7 use the same pre-block spaces as
intermediate data for their definition, it is natural to expect a close connection. We therefore
formulate

Conjecture 5.14. The linear map (X x [0,1]) : TP(X) — TP(X) is equal to the holonomy
idempotent h from Definition |3.160, and thus its image is equal to the block space

7(2) = T(). (5.71)

To finalize this outlook, we end with a few remarks on further implications of extruded graphs
and the state-sum model with defects.

Remark 5.15. The possibility to consider extruded graphs on higher-genus surfaces allows for
the definition of another TFT 7 that assigns block spaces to defect surfaces. On a sufficiently
refined defect 3-cobordism M : ¥ — ¥/, it is defined as follows. First, choose core labels «, 3 for
the defect surfaces X, ¥ and fix a coloring ¢ for the defect structure of M. This turns ¥ and ¥/
into extruded graphs, possibly of higher genus. They, together with the extruded graphs I',, for
internal vertices v that we encountered in , have nodes which come in pairs determined
by the edges of the defect structure. The two nodes of a pair are in such a duality as needed
to apply the hypothesized move [G] We would like to perform [G] on all such pairs. This is
almost possible, with a caveat: Extruded graphs do not allow closed defect loops without a node.
This is remedied by inserting a transparent vertex using [DV] whenever such a closed loop would

139



appear. We obtain an extruded graph I', this way, which is still dependent on the coloring c.
The association a ® 5+ |I'c| is a map T'(X) @ T'(¥')* — K, which corresponds to a linear map
ne(M) : T(X) — T(X'). While different choices for the order in which the several instances of the
moves [G] and [DV] were applied may result in different extruded graphs I';, the fact that these
moves are by Theorem invariances implies that 7.(M) is well-defined. Finally we define

n(M) :—( dogns . D1Ad> Z di‘i;rf(gl) ne(M) : T(X) — T(Z). (5.72)
not adj. to ¥’

We refrain from showing here that 7 is functorial. If we assume Conjecture then 7 and 7
can be directly compared. We expect them to be equal,

n(M) = 7(M), (5.73)

which would imply that there exists a description of state-sum models (5.72)) which uses the
evaluation of a tubular neighborhood of the 1-skeleton of the defect structure of a 3-cobordism
M, considered as an extruded graph.

Remark 5.16. A different description of a 3-dimensional state-sum TFT with defects in all
codimensions was given in [Meu22|. This construction is indeed independent of the chosen
triangulation. However, it is also more restrictive than our proposed model in that the defect
structure is required to form a 2-manifold. In particular, no defect lines with more than two
adjacent defect surfaces are allowed.

This makes it working with bimodule functors as opposed to objects in relative Deligne
products as labels for defect lines manageable. Moreover, since vertices (0-dimensional defects)
lie embedded in a surface, the adjacent defect lines are cyclically ordered. For this reason,
polygon diagrams, as opposed to more general extruded graphs, are sufficient to describe their
neighborhoods.

Another difference between to our proposed model is that the TFT from |[Meu22| is based
on a formulation of state-sum models that can be thought of as Poincaré-dual to our approach:
Instead of a skeleton as an auxiliary structure, a triangulation (or a polytope complex in the
sense of [BK10]) is used. In transitioning from a skeleton to a triangulation, the n-dimensional
components of the skeleton become (3 — n)-dimensional cells of the triangulation. This means
we no longer evaluate at vertices, but at 3-cells; Edges, instead of faces, now have to be labeled
by state-sum variables, and so on.

Crucially, however, this Poincaré-dualization should only be applied to the auxiliary structure
of a skeleton — and not to the defect structure of a cobordism. This highlights a difference
between the two models. In the formulation of [Meu22|, defect structures and triangulations have
to be treated as separate types of objects: The defect structure is part of the data of a cobordism,
whereas a triangulation is auxiliary and serves only a technical purpose in the definition of the
model. In our formulation, on the other hand, we expect to be able to view a skeleton as a
sufficiently refined kind of defect structure. Defect structures and the auxiliary structures used to
define the model are, fundamentally, of the same type. The auxiliary part of the defect structure
is then the monochromatic substructure. This prompts the question: Do defect structures which
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only differ by some monochromatic substructure evaluate to equal linear maps under a state-sum
TFT? This relates to the next remark.

Remark 5.17. In our formulation of the state-sum model 7, the defect structure is taken as
a rigid input datum, and there is no relation between different defect structures on a given
3-manifold. However, there are physical and mathematical reasons why we should consider
defect structures related if they cannot be distinguished by 7. More precisely, 7 defines an
equivalence relation on the set of cobordisms M : 3 — Y/, generated by those local moves on
defect structures that leave 7(M) invariant. Investigating the equivalence classes of cobordisms
brings challenges for future work, such as answering the question: Can we give an explicit
description of a generating set (comprising of local moves of defect structures) for this equivalence
relation?

Remark 5.18. We already remarked on the close relation between extruded graphs and a
graphical calculus for tricategories in Remark There, we explained how extruded graphs
could be viewed as 3-diagrams, and how the evaluation of extruded graphs could be obtained
from the evaluation of 3-diagrams. Let us now reverse this reasoning, and try to find a way to
use the evaluation of extruded graphs to define an evaluation of 3-diagrams by means of the
proposed state-sum TFT 7, assuming Conjecture

To this end, consider a defect 3-cobordism M whose underlying 3-manifold is a closed ball
with a finite number of open balls removed from its interior. Declare the boundary sphere %’
of the closed ball to be the target component of the 3-cobordism, and the remaining boundary
(spheres X1,..., %, in the interior) to be the source defect surface. Now pick a vector ¢; € T'(%;)
for each connected component of the source defect surface. The defect 3-cobordism M, together
with the ¢;, can be viewed as a kind of 3-diagram, which unlike the 3-diagrams considered in
[BMS12] is not embedded in the standard cube [0, 1]3, but in some closed ball. Instead of vertices,
M has ball-shaped holes, which is an irrelevant difference. The labeling of the vertices on the
other hand is a real difference: Without the ambient ("blackboard") framing of the standard
cube, we cannot hope to assign 3-morphisms from concrete hom-spaces to vertices (or boundary
components). Rather, we have to use the block space, which we think of as a symmetric version
of the 3-morphism hom-spaces.

For the same reason, our version of a 3-diagram cannot be evaluated to a 3-morphism, but
defines instead a vector in the block space for the target defect surface ¥/ of M. Indeed, the
TFT associates to M a linear map (we assume Conjecture

T(M): T(S1) @ @ T(S,) — T(Y). (5.74)

We declare T(M)(p1 ® - ® ¢,) € T(X) to be the evaluation of the 3-diagram (M, p,). This
evaluation is clearly isotopy invariant.

Let M’ be the manifold obtained from M by collapsing the source defect surfaces into individual
points. M’ is topologically a closed ball. We expect that a homeomorphism M’ 22 [0,1]3, which
satisfies several non-singularity conditions, defines isomorphisms between each block space
involved and a concrete hom-space, and thus defines a 3-diagram in the sense of [BMS12]. The
evaluation of this 3-diagram can then be compared to the evaluation of (M, ,) in our sense. It
seems likely that they are equal or differ only by a normalization factor. If this is true, then the
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evaluation of extruded graphs, which is essential in the definition of the TFT, facilitates the
definition of an isotopy invariant evaluation of non-framed 3-diagrams in BiMod ™.
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