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Chapter 1

Introduction

Humanity faces pressing issues. Which climate change mitigation and adaption policies
should be adopted at a local and global level? What should be done about economic
inequality within and between countries? How should democratic decision procedures
be designed to cope with the challenges of our time?

The present thesis takes a systematic perspective on the stated issues. All of them can
be understood as aggregation problems. There is a set of alternatives (climate policies,
income allocations, candidates for a political office) and a population of individuals
(humanity, citizens of a country). Individuals have rankings over the set that reflect
their preferences over alternatives or their well-being at alternatives. An aggregation
rule translates such individual inputs into an overall social ranking of alternatives. It
can in turn be used to choose an alternative (the best climate policy, income allocation,
candidate).

The thesis develops new concepts and frameworks for the analysis of aggregation. It
uses them to examine aggregation rules and their properties. Characterizations play a
key methodological role. A characterization establishes that a specific aggregation rule
(or a class of rules) is the only one satisfying a certain set of (desirable) conditions. The
aim of this axiomatic analysis is to identify reasonable rules to deal with social choice

problems like the ones described.

The analysis of the thesis is first and foremost a contribution to social choice theory
and welfare economics (Arrow, 1951, 1963, 2012; Sen, 1970, 2017; Suzumura, 2002;
Campbell and Kelly, 2002; d’Aspremont and Gevers, 2002; Blackorby et al., 2002,
2005; Cato, 2010; Weymark, 2016). Social choice theory analyzes the aggregation of



individual inputs into social rankings and social choices. Welfare economics is concerned
with the social welfare evaluation of alternatives. Both are closely related. Following
initial formal explorations of Arrow (1951, 1963) and Sen (1970), the 1970s were a
particularly fruitful period where many foundational contributions on social aggregation
were published (Géardenfors, 1973; Young, 1974; Fine and Fine, 1974; Hammond, 1976,
1979; d’Aspremont and Gevers, 1977; Sen, 1977; Deschamps and Gevers, 1978; Maskin,
1978; Gevers, 1979; Roberts, 1980a,b,c).

In mainstream economics, there has been persistent skepticism surrounding the inquiry
of social choice and welfare (see Suzumura, 2002; Sen, 2017: New Introduction). On
the one hand, social choice theory has identified several impossibility results, the most
famous one being Arrow’s Impossibility Theorem. They seem to question the possi-
bility of reasonable social evaluation and choice. On the other hand, there have been

methodological concerns as social aggregation is tied to (contestable) value judgments.

The thesis takes up the challenge. The described choice problems and many other ones
call for a systematic analysis of social evaluation. Impossibility results are based on as-
sumptions. They invite for a reflection which of these assumptions should be weakened
to generate possibility results. The analysis of value judgments and their implications
is complex, but possible. In line with this, the thesis joins recent contributions on so-
cial choice and welfare (Fleurbaey and Maniquet, 2011, 2017, 2019; Asheim and Zuber,
2014; Fleurbaey and Tadenuma, 2014; Mongin and Pivato, 2015; Pivato, 2015, 2020;
Fleurbaey and Mongin, 2016; Morreau and Weymark, 2016; Piacquadio, 2017, Bosmans
et al., 2018; Brandl and Brandt, 2020; McCarthy et al., 2020; Bartholdi et al., 2021,
Terzopoulou and Endriss, 2021; Bossert et al., 2023; Gustafsson et al., 2023; Karni and
Weymark, 2023; Maskin, 2023; Nebel, 2023; Pivato and Tchouante, 2023; Spears and
Zuber, 2023).

The thesis consists of three self-contained contributions (chapters 2-4). In the remainder
of this introduction, these contributions are summarized. Afterwards, overall themes

of their investigations are discussed.

Chapter 2 develops the first systematic relational theory of welfarist social evaluation.
It is based on a single difference relation capturing qualitative intra- and interpersonal
well-being difference and level comparisons. As the relation can be incomplete, it is
consistent with all kinds of assumptions regarding the interpersonal comparability of
differences and levels. The relational theory overcomes issues of the classical and still

prevalent theory of social welfare in terms of Social Welfare Functionals. In contrast to



the classical theory, the relational theory does not presuppose utility profile represen-
tations but derives them. It also does not employ problematic inter-profile conditions

from the classical theory.

The relational theory is based on two fundamental normative conditions. Fundamental
Equity is a new general condition to deal with conflicts of interest between two individ-
uals. The property offers a unified rationale for different equity conditions. Differences
between these conditions are due to differences in informational inputs. Given differ-
ent assumptions on interpersonal well-being level and difference comparability, Strong
Pareto and Fundamental Equity characterize Simple Majority Relation, Leximin, Util-
itarianism, and a novel rich class of Additive Welfarist Relations. The results show
that major aggregation approaches have a common normative basis and are solely dis-
tinguished on informational grounds. Given a weak incomparability assumption on
well-being, no social ordering satisfies the two fundamental conditions Strong Pareto

and Fundamental Equity.

The relational theory applies to the social evaluation of states of the world and of un-
certain prospects. It is also extended to a variable population setting. This extension
yields a systematic analysis of variable population social evaluation given different in-
formational assumptions. Another extension is concerned with preference foundations
of the well-being difference relation. Under relatively weak assumptions, a preference
relation of an ethical observer and a profile of individual preference relations is suffi-
cient to derive a complete difference relation. Given complete interpersonal well-being
difference and level comparisons, fairly weak assumptions imply that interpersonal well-
being difference ratios are well-defined. In that informational environment, many social

orderings satisfy Strong Pareto and Fundamental Equity.

Chapter 3 takes the insights of Chapter 2 as a starting point to provide a systematic
analysis of Generalized Utilitarianism. It investigates and connects different classes of
Generalized Utilitarian Orderings. These social orderings take an additively separable
form and allow to give priority to worse off individuals. The chapter clarifies discussions
from the literature concerning informational requirements of Generalized Utilitarian-
ism. It discusses different procedures to specify interpersonal well-being comparisons
for social evaluation. Given meaningful well-being difference ratios, all Generalized
Utilitarian Orderings are well-defined.

The chapter establishes an axiomatic analysis of different Generalized Utilitarian classes.

In contrast to existing contributions, the analysis is based on a single profile of individ-



ual utility functions and uses weak and intuitive separability and compensation condi-
tions. Compensation properties are closely related to continuity. Overall, the analysis

strengthens the case for Generalized Utilitarianism.

The chapter also offers an axiomatic analysis of Utilitarianism. A single-profile version
of the canonical characterization from the literature implicitly uses a strong substan-
tive invariance requirement on social evaluation. In contrast, a new characterization
is based on the novel property that social evaluation is stable under certain small
well-being changes. Remarkably, the result does not employ anonymity or separability
conditions. Both characterizations derive the property that equal well-being gains are
socially indifferent. The offered analysis is extended to the social evaluation of uncer-
tain prospects and yields characterizations of Expected Generalized Utilitarianism and
Expected Utilitarianism. The distinguishing point of the analysis is the perfect analogy
between the certainty and the uncertainty case.

Chapter 4 develops a systematic account of aggregating incomplete individual ranking
information. It is based on a new concept. The Pull Ahead Index measures how many
new favorable rankings need to be added to a given profile of rankings for an alternative
to take the social lead over another alternative under an aggregation rule. It provides
a novel perspective on the structure and quality of aggregation rules for incompletely
known individual rankings. The chapter analyzes conditions on Pull Ahead Indices
of aggregation rules. Some conditions have counterparts that are directly formulated
in terms of social and individual rankings. This is the case for central independence,
anonymity, and neutrality properties. New positive and equal responsiveness conditions

do not have such counterparts.

Conditions on the Pull Ahead Index are employed for an axiomatic analysis of different
classes of majority rules for incompletely known individual rankings. Relative Majority
Rules determine differences in favorable rankings that are necessary for a favorable
social ranking. They are characterized by the property that new opposing rankings do
not change levelled Pull Ahead Indices. Quorum Majority Rules specify quorums of
favorable rankings that are needed for a favorable social ranking. Their critical property
is that new opposing rankings reduce levelled Pull Ahead Indices. The Simple Majority
Rule forms the intersection of Relative and Quorum Majority Rules. It is characterized
by the property that alternatives do not have an implicit lead in terms of the Pull
Ahead Index.

The analysis of the chapter is relevant to compare the merit of different majority rules



in voting and policymaking contexts. If the profile of known individual rankings is fixed,
the no implicit lead condition is reasonable and provides an argument for the Simple
Majority Rule. If the profile can be augmented, one can make a case for Relative
or Quorum Majority Rules. A distinguishing feature of majority rules is to let the
social evaluation of a pair of alternatives only depend on individual rankings over the
pair. To analyze aggregation procedures with richer informational bases, extended Pull
Ahead Indices in terms of favorable rankings over third alternatives and in terms of

interpersonally comparable utility gains are formulated.

While chapters 2-4 are independent contributions, they are united by several overall

themes.

The informational basis of aggregation: All chapters analyze the structure and
merit of aggregation rules given different informational inputs. The difference relation
of chapter 2 allows for all kinds of more or less complete interpersonal well-being level
and difference comparisons. The same normative conditions characterize different ag-
gregation rules under different informational assumptions. Chapter 3 takes a closer look
at the informational environment where interpersonal well-being difference ratios are
well-defined. Chapter 4 is concerned with profiles of incomplete individual rankings,
corresponding to the environment where there are only intrapersonal level comparisons.
However, the chapter also discusses how to extend its approach to richer informational

inputs.

Single- and multi-profile approaches: In contrast to many other contributions in
social choice theory and welfare economics, chapters 2-3 do not employ (contestable)
conditions that relate different profiles of individual rankings or utility functions. These
chapters present the first systematic single-profile analysis of welfarist social evaluation.
Fundamental Equity provides a solution to the quest for a general and convincing equity
condition in the single-profile literature (see Blackorby et al., 2006). Chapter 4 instead
takes a multi-profile approach. In its framework, profiles of known individual rankings
can be augmented. It is thus natural to formulate requirements on social rankings and
Pull Ahead Indices as inter-profile conditions. The chapters show that both single-
and multi-profile approaches have their merits. Taken together, they provide a deeper

understanding of aggregation.

Two-person conditions: Both voting and social welfare evaluation can involve mil-
lions or even billions of individuals. It is difficult to assess trade-offs between so many

people. It is easier to intuitively grasp situations where only two people have conflicting



rankings over two alternatives, while all other individuals are indifferent. In line with
that, conditions for such two-person situations play a key role in all three chapters. Fun-
damental Equity from chapter 2 implies different two-person properties under different
informational assumptions. In chapter 3, new two-person compensation and stability
conditions are key to derive Generalized Utilitarianism and Utilitarianism, respectively.
In chapter 4, novel properties concerned with opposing rankings of two individuals are

critical to distinguish Relative from Quorum Majority Rules.

Unity of analysis: The social evaluation of alternatives is a complex topic. To cope
with this complexity, all chapters aim for an analysis which is based on a limited number
of core ideas. Fundamental Equity from chapter 2 provides a unified information-
dependent justification of different normative properties. It characterizes and connects
a wide range of aggregation rules, including voting type approaches like Simple Majority
and classical welfarist approaches like Utilitarianism and Leximin. Chapter 3 adds
separability and closely related compensation and continuity conditions to the picture.
The analysis of chapters 2-3 smoothly extends to the social evaluation of uncertain
prospects and variable populations. The Pull Ahead Index from chapter 4 is a versatile
tool in voting and policymaking contexts. It highlights relations between different

classes of qualified majority rules.

Connecting literatures: Aggregation is a central topic in different literatures. All
chapters of the thesis contribute to establish connections between these literatures. The
unified analysis of welfarist social evaluation in chapters 2-3 brings together the theory
of Social Welfare Functionals, voting theory, theories of social prospect evaluation and
variable populations, theories of well-being, as well as decision and measurement theory.
It connects discussions on social evaluation in economics and philosophy. The possible
reduction of the well-being difference relation to a profile of preference relations in chap-
ter 2 brings welfare economic analysis closer to the core of economic theory. Chapter 4
provides links between classical social choice theory concerned with the aggregation of
individual orderings as well as more recent contributions on the aggregation of incom-
plete preferences and judgments and on dynamic information acquisition in collective

decision-making.

Impossibilities and Possibilities: The chapters identify both impossibility and pos-
sibility results. On the one hand, Chapter 2 establishes the inconsistency of Strong
Pareto and Fundamental Equity given weak well-being incomparability. On the other
hand, chapters 2-3 show that there are attractive aggregation procedures given suffi-

ciently rich complete interpersonal well-being level and difference comparisons. Chap-



ter 3 derives an impossibility result of a different kind. Two seemingly weak regularity
conditions are inconsistent with the idea to give priority to worse off individuals. The
qualified majority rules characterized in chapter 4 face the problem of cyclic social

rankings.

Social Rankings and Social Choice: In all three chapters, the output of aggregation
is a social ranking of alternatives. As discussed, the motivation for the derivation of
social rankings is to inform social choice. Chapters 2-3 are concerned with fairly rich
sets of alternatives, containing conceivable states of the world or conceivable prospects.
The social ranking over conceivable alternatives induces a social ranking of feasible
alternatives. The best feasible alternative according to the ranking is the recommen-
dation for social choice. Chapter 4 discusses that the relation between social rankings

and social choice is more subtle in a dynamic context.



Chapter 2

A Single Relation Theory of

Welfarist Social Evaluation

The prevalent theory of social welfare in terms of Social Welfare Functionals is based on pro-
files of utility functions and uses problematic inter-profile conditions. To overcome this issue,
the chapter offers a systematic relational theory of social evaluation over states of the world.
It is formulated in terms of a single difference relation capturing basic well-being comparisons
between states. Utility representations are derived and not presupposed. A new Fundamental
Equity condition deals with trade-offs between individuals. It provides a unified rationale for
existing two-person conditions and identifies deep connections between seemingly distinct ap-
proaches to social evaluation. Dependent on the extent of interpersonal comparability, Strong
Pareto and Fundamental Equity characterize Simple Majority Relation, Leximin, Utilitari-
anism, a level-based Borda Relation, and a new class of Additive Welfarist Relations. They
yield a general impossibility given weak incomparability. The analysis extends to social evalu-
ation under uncertainty and to variable populations. Well-being comparisons can be reduced
to preferences of individuals and of an ethical observer. Overall, the theory connects wel-
fare economics, social choice and voting theory, decision and measurement theory, as well as

theories of social prospect evaluation and variable populations.

2.1 Introduction

Governments around the world must choose between different courses of action every-
day. Among the most pressing issues are effective ways to fight climate change and

reduce global poverty. Economics is meant to assist these efforts by examining the



social welfare evaluation of different states (or histories) of the world. The classical
and still prevalent theory of social welfare is due to Sen (1970, 2017). A Social Wel-
fare Functional translates profiles of individual utility functions over states into social
orderings of states. Numerical utility levels represent the underlying well-being of indi-
viduals. Despite offering a systematic analysis of aggregate evaluation, Social Welfare
Functional theory faces deep conceptual problems. Its central condition Binary Inde-
pendence conflates meaningful comparisons of well-being with meaningless comparisons

1 This scale problem is already noted by Sen

of utility levels between different scales.
(1977: pp. 1542-1543) and is more thoroughly discussed in Morreau and Weymark

(2016), but has remained unsolved to the present day.

To overcome the scale problem and other issues of the classical theory, the chapter offers
a systematic relational theory of welfarist social evaluation over states of the world. A
single difference relation captures primitive well-being difference and level comparisons.
It can contain judgments like “if 100 US Dollars are redistributed from a rich to a poor
individual, the well-being gain of the latter is greater than the well-being loss of the
former” and thereby provides a direct link between welfare economic analysis and public
discourse. The relational theory is very flexible, allowing for all kinds of assumptions

on the intra- and interpersonal comparability of well-being differences and levels.

The relational theory is concerned with the aggregation of the well-being difference
relation into a social ordering over states of the world. All informational and normative
conditions are formulated in terms of these relations. The theory is based on just two
fundamental normative properties. Strong Pareto is one of the central conditions of

economics and secures that social evaluation positively respond to individual gains.

Fundamental Equity is a new condition to deal with the basic problem of economics
to assess trade-offs between individuals. It is concerned with a situation where indi-
vidual 7 gains from state y to state x, individual j gains from x to y, while all other
individuals are indifferent between x and y. Due to the symmetry of this two-person
situation, Fundamental Equity states that a social ranking in favor of x (or y) requires
a justification. It must either be the case that ¢’s gain is greater than j’s gain, or ¢ must
be worse off than j. Fundamental Equity provides a unified rationale for existing two-

person conditions under different informational assumptions (including Pigou-Dalton

IBinary Independence requires that, if two profiles of utility functions coincide on a pair of states,
the social ordering of the pair should coincide between the two profiles. But if utility functions
measure well-being in different scales, comparisons of utility levels between them are as meaningless

as temperature comparisons between the Celsius and the Fahrenheit scale.



and Hammond Equity).

Taken together, Strong Pareto and Fundamental Equity have remarkably far-reaching
consequences. Dependent on comparability assumptions concerning well-being levels
and gains, they characterize Simple Majority Relation, Leximin Relation, Utilitarian
Relation, a level-based Borda Relation, and a fairly rich new class of Additive Welfarist
Relations. For a general incomplete difference relation, Strong Pareto and Fundamental

Equity yield an impossibility result.

The single relation theory improves, generalizes, and unifies the classical theory of social
welfare in terms of Social Welfare Functionals and its canonical results (see Blackorby
et al., 2002, 2005; d’Aspremont and Gevers, 2002; Bossert and Weymark, 2004; Mor-
reau and Weymark, 2016; Weymark, 2016; Sen, 2017; Nebel, 2023). In contrast to
the classical theory, the relational theory is formulated in terms of primitive well-being
comparisons and does not presuppose utility representations. Being based on a single re-
lation, it also gives up all problematic inter-profile conditions like Binary Independence
and solves the scale problem. A systematic axiomatic analysis without inter-profile

properties has so far been an open issue in welfare economics (see Blackorby et al.,
2006).

The relational theory identifies deep normative connections between major approaches
to social evaluation. It connects classical welfarist approaches like Leximin and Util-
itarianism with voting type approaches like Simple Majority and Borda. Specifically,
the analysis gives an explanation why the Simple Majority Relation is generally intran-
sitive. This provides a link between welfare economics and voting theory (May, 1952;
Young, 1974; Pattanaik, 2002; Barbera and Gerber, 2017; Alcantud, 2019; Horan et
al., 2019; Bartholdi et al., 2021; Terzopoulou and Endriss, 2021; Maskin, 2023).

Three extensions of the basic theory for states of the world with a fixed population con-
tribute to major debates in normative economics. First, the offered analysis for different
informational assumptions also applies if social alternatives are abstract prospects and
well-being comparisons are ex ante. It does not presuppose expected utility theory.
This contributes to the literature on social evaluation under uncertainty (Harsanyi,
1955, 1982; Weymark, 1991; Blackorby et al., 2005; Fleurbaey, 2010; Pivato, 2013b;
Mongin and Pivato, 2015; Fleurbaey and Mongin, 2016; Sprumont, 2019; Brandl and
Brandt, 2020; McCarthy et al., 2020; Gustafsson et al., 2023; Karni and Weymark,
2023; Pivato and Tchouante, 2023; Spears and Zuber, 2023).

Second, the analysis for different informational environments extends to variable pop-

10



ulations. It covers total and critical level approaches. This contributes to the variable
population literature (Blackorby et al., 2005; Asheim and Zuber, 2014; Fleurbaey and
Tadenuma, 2014; Pivato, 2020; Bossert et al., 2023; Gustafsson et al., 2023; Spears and
Zuber, 2023).

The third extension offers a preference foundation of the well-being difference relation.
Intrapersonal level and difference comparisons are reduced to individual preferences and
interpersonal level comparisons are reduced to an ethical observer’s preferences over
one-person states. If preferences are complete, the difference relation is also complete
and many attractive aggregation procedures are available. This third extension and
the general theory of the chapter relate to decision and measurement theory (Krantz et
al., 1971; Wakker, 1989; Kobberling, 2006; Mongin and Pivato, 2015; Li et al., 2023).
In line with the latter, the theory is based on a single relation capturing primitive
judgments /preferences.?

Like the literature on difference measurement (Krantz et al., 1971; Wakker, 1988;
Kébberling, 2006; Pivato, 2013c), the theory of the chapter derives utility difference
representations. Like a small literature on the aggregation of individual difference re-
lations into social difference relations (Harvey, 1999; Pivato, 2015), it analyzes the
qualitative foundations of utilitarianism. However, these contributions operate in dif-
ferent frameworks and use different conditions than the present chapter. Their analysis

is concerned with utilitarian-type social difference relations.

The chapter takes the following structure. Section 2.2 introduces the well-being dif-
ference relation (2.2.1) and the two fundamental normative conditions (2.2.2). Section
2.3 examines different informational assumptions. It characterizes Simple Majority Re-
lation (2.3.1), Leximin Relation (2.3.2), Utilitarian and Level Borda Relation (2.3.3),
and the class of Additive Welfarist Relations (2.3.4). Section 2.3.5 states a general
impossibility result. Section 2.4 deals with extensions, including uncertain prospects
(2.4.1), variable populations (2.4.2), and preference foundations of the difference re-
lation (2.4.3). Section 2.5 elaborates on the relation of the theory to the literature,
covering Social Welfare Functions (2.5.1), Social Welfare Functionals (2.5.2), and other
fields (2.5.3). Section 2.6 concludes. Appendix 2.A contains all proofs.

2The preference foundation of well-being comparisons also relates to the literature on social evalua-
tion in economic environments (Fleurbaey and Maniquet, 2011, 2017, 2019; Fleurbaey and Tadenuma,
2014; Piacquadio, 2017, Bosmans et al., 2018).
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2.2 Framework

2.2.1 Well-Being Differences and Levels

Let N be a population of individuals and X be a set of alternatives, where |[N| > 2
and |X| > 2. In sections 2.2 and 2.3, N is assumed to be finite and X is interpreted
as the set of all conceivable states (or histories) of the world with population N. Let
iz = (i,x) denote individual i € N at state of the world x € X.

The whole analysis of the chapter is based on qualitative comparisons of qualitative well-
being differences. A well-being difference relation 7 is a relation over (N x X)2.3
Consider individuals 7, 7, k,l € N and states z,y, z,w € X. Figure 2.1 illustrates qual-
itative well-being differences. The red line represents the well-being difference between
¢t at x and j at y, while the blue line represents the well-being difference between k at
z and [ at w. Now, (i, j,) 7 (k.,1,) means that the former is at least as great as the

latter.

Uy —k,

—L —L

Figure 2.1: Comparisons of Well-Being Differences

Let ~ and > be the symmetric and asymmetric part of 7, respectively.* Then, (i, j,) ~
(k,,l,) means that the well-being difference between i at x and j at y is as great as the
well-being difference between k at z and [ at w. Likewise, (i4,j,) > (ks,l,) means that
the former is greater than the latter. Finally, (iy,7,) Z (k.. lw) and (k;, ly) Z (is,Jy)
means that the well-being difference between i at x and j at y is incomparable to the

well-being difference between k at z and [ at w.

Difference relation =~ can represent the judgments of an ethical observer.5 For example,

3A relation R over a set A is a subset of A x A. For a,b € A, write aRb instead of (a,b) € R.
Relation R is (1) reflexive if, for all a € A, aRa, (2) transitive if, for all a,b,c € A, aRb and bRe imply
aRe, (3) complete if, for all a,b € A, aRb or bRa, and (4) symmetric if, for all a,b € A, aRb implies
bRa. An ordering is a complete and transitive relation.

4For relation R over set A, the symmetric part of R is the relation I over A such that, for a,b € A,

alb if and only if aRb and bRa. The asymmetric part of R is the relation P over A such that, for
a,b € A, aPb if and only if aRb and not bRa.
5More generally, >~ can also represent consensus judgments of a group of ethical observers.

~
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suppose that i = j and £ = [ in Figure 2.1. Suppose that i is a poor individual who
realizes some income gain from state y to state z, while k£ is a rich individual who
realizes the same income gain from w to z. In that case, (i, 1,) > (k., k,) means that
the observer judges the well-being gain of ¢ due to the income gain to be greater than
the according well-being gain of k. This judgment is a qualitative version of diminishing
marginal utility of income. A preference foundation of 77 will be discussed in section
2.4.35

The difference relation approach is compatible with different well-being conceptions.”

Under an experientialist conception, a well-being difference (say, the one between i at
xz and j at y in Figure 2.1) is a difference in the quality of individuals’ experiences
at states. Under a desire satisfaction approach, it is a difference in individuals’ desire
satisfaction at states. Under an objective goods conception, it is a value difference
between individuals’ bundles of objective goods at states. Importantly, the assumption
that >~ reflects the judgments of an ethical observer does not commit to a specific
well-being conception. The judgments can be in line with an experientialist, desire

satisfaction, or objective goods conception.

The following analysis neither presupposes a specific procedure to determine 7~ nor a
specific content of the comparisons in 2. It just assumes that = is fixed. The following

consistency conditions are standard in difference measurement.

C1: - is reflexive and transitive.

C2: For all i, j,k,i',j', k' € N and z,y, 2,2, y', 2" € X, (i, Jy) Z (i, J,) and (jy, k2) 22
(Jyrs K2r) Amply iz, ko) 25 (i, KL).

C3: For all 4,5, k,l € N and z,y,z,w € X, (is, j,) = (kz, L) implies (ly, k) 22 (Jy, ia)-
C4: Foralli,j € N and =,y € X, (g, %) ~ (Jy, Jy)-

While well-being difference comparisons are to be transitive by C1, they do not have
to be complete. This will allow for great flexibility regarding the extent of intra- and
interpersonal well-being comparisons. C2 is a consistency condition on comparisons of
wholes and parts. It is illustrated in Figure 2.2. Suppose that two well-being differences

are split into two parts, respectively. If the first part of the first difference (red line)

5The chapter does not take a position whether well-being difference comparisons are matters of
fact that are captured by a “true” well-being difference relation. If that is the case, this true relation
should arguably be the input of aggregation. If there is no true difference relation, the judgments of

the ethical observer construct well-being comparisons in the first place. See Maniquet (2016: 240-241).
"For a discussion of these different conceptions, see Bradley (2014), Heathwood (2014), Bykvist

(2016), Haybron (2016), and Hurka (2016).
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is at least as great as the first part of the second difference (blue line), and the second
part of the first difference (yellow line) is at least as great as the second part of the
second difference (green line), then the whole first difference (red plus yellow line) is at
least as great as the whole second difference (blue plus green line). According to C3,
if a first difference is at least as great as a second difference, then the reversed second

difference is at least as great as the reversed first difference.

-/
——, Ty
kK,
k.

Figure 2.2: Consistent Comparisons of Wholes and Parts

Intuitively, the well-being difference between ¢ at x and i at x is zero. (C4 secures
that this zero difference is unique. Indeed, the consistency conditions imply that well-
being differences have signs in the following sense. If (i, 7,) > (Jy,jy), the well-being
difference between ¢ at z and j at y is a well-being gain as it is greater than the zero
difference. If (jy, j,) > (4, jy), it is a well-being loss. If (iy, 7,) ~ (jy, jy), the well-being
difference is zero. If (iy,Jy) Z (Jy, Jy) and (Jy, 4y) Z (iz, Jy), it is indefinite.

Given C1-C4, well-being level comparisons can be conceived as special well-being dif-
ference comparisons. Difference relation 2~ gives rise to the following level relation.

Well-being level relation =* over N x X exhibits, for 7,5 € N and z,y € X,
im i_/* jy g (Zm]y) r>\: (jyyjy)-
In view of the previous discussion, it makes sense to interpret ¢, 25* j, such that 7 at

*

x is at least as well off as j at y. Let ~* and >* be the symmetric and asymmetric
part of 77*, respectively. That is, i, ~* j, means that ¢ at z is as well off as j at y and
iy =" j, means that i at x is better off than j at y. Moreover, i, Z* j, and j, Z* i,

means that ¢ at x and j at y are incomparable.

C1-C4 imply that 77* is reflexive and transitive (Appendix 2.A.1, Lemma A.1.1). Since
~* is an equivalence relation (reflexive, transitive, and symmetric), it partitions N x X
into non-empty pairwise disjoint subsets (equivalence classes) whose union is N x X.
The equivalence class of i, is [i,] = {j, € N x X | i, ~* j,}. It can be identified with

the well-being level of 7 at x. This formal understanding of a well-being level will turn
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out to be convenient.® In line with it, i, /=* j, also means that the well-being level of i
at x is at least as great as the well-being level of j at y. Analogous interpretations apply

to ~* and >*. The well-being level relation is assumed to satisfy a richness assumption.

R1: For all 4,5 € N and z,y, 2 € X, there exists w € X such that i,, ~* iz, ju, ~* Jy,
and, for all k € N\ {i,7}, ky ~* k..

Since X is the set of all conceivable states of the world with population N, R1 is de-
fendable under most well-being conceptions. For instance, suppose that an individual’s
well-being level at a state solely depends on the individual’s bundle of goods at the
state. In that case, R1 is implied by the assumption that there is a conceivable state
w where 7 has the same bundle as at x, 7 has the same bundle as at y, and all other

individuals have the same bundles as at z, respectively.

Property R1 is a richness assumption on the set of conceivable states of the world X.
The set of feasible states of the world Y C X in some choice situation does not have to
satisfy any richness assumptions. Specifically, state w in the sense of R1 does not have
to be feasible. Analogous comments apply to the other richness properties to come.

The following assumption will be made throughout the chapter.

Assumption: C1-C4 and R1 hold.

2.2.2 Two Fundamental Conditions for Social Orderings

A Social Ordering (SO) s is a complete and transitive relation over X. It represents
the overall social evaluation of states of the world. For z,y € X, x - y means that x
is socially at least as good as y. Letting ~g and >g be the symmetric and asymmetric
part of —g, © ~g y means that x is socially as good as y and = >g y means that
x is socially better than y. Transitivity of 7—g is a rationality requirement on social
evaluation. Completeness reflects that Zg is supposed to inform (social) choice. SO
>~ orders the set of feasible states Y C X in a choice situation. A feasible state that

is socially at least as good as any other feasible state is recommended for choice.

Like well-being difference relation 2—, SO g can capture the judgments of an ethical
observer. Suppose that the observer’s preferences over states are in line with her judg-
ments. Then, z g y holds if and only if the observer weakly prefers x over y, which is

the case if and only if the observer judges that z is socially at least as good as 3.

81t leaves open whether there is something like a “real” well-being level of an individual at a state.
9A subject weakly prefers z over y if she prefers x over y or is indifferent between x and y. SO
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The whole analysis of the chapter is based on just two fundamental normative condi-
tions. Both are concerned with the relation between SO 7Zg and well-being difference
relation 7~. Since Z represents comparisons of qualitative well-being differences and
levels, the conditions are also entirely qualitative. They are defined no matter which
level and difference comparisons are possible under 7.

SO s satisfies Strong Pareto (SP) if, for all z,y € X, the following holds: If, for
all i € N, i, 2% 4y, then x g y. If, in addition, there exists ¢ € N with 7, >* i,, then
T >sYy.

SP embodies two fundamental ideas. The first one is the welfarist view that only
individuals” well-being matters for the overall evaluation of states. Specifically, SP
implies that, for all z,y € X with i, ~* 4, for all i € N, z ~g y.'° The second idea
of SP is to promote individual well-being. Ceteris paribus, an individual improvement

constitutes a social improvement.

SP does not apply if individual 7 is better off at x than at y, individual j is better off
at y than at x, while all other individuals are equally well off at  and y. This basic
two-person situation is illustrated in Figure 2.3. A fundamental task of economics is to

deal with such trade-offs. The following condition is meant to accomplish the task.

1y — Jy

Zy Jx

Figure 2.3: The Basic Two-Person Situation

SO g satisfies Fundamental Equity (FE) if, for all z,y € X and i,j € N such that
iw =" 1y, Jy =" ju, and, for all k € N\ {4, j}, ky ~* k,, the following holds: If = >g v,
then (iy,iy) > (Jy, Jo) OF Ju > iy.

FE states necessary (but not sufficient) conditions for a strict social ranking in the

basic two-person situation. It is based on the fundamental idea that all individuals are

s can also represent the consensus judgments/preferences of a group of ethical observers. In that
case, the ordering assumption reflects the requirement that group deliberation should be decisive and
rational.

10There has been some debate whether this Pareto Indifference (PI) condition is equivalent to wel-
farism (Kaplow and Shavell, 2001, 2004; Fleurbaey et al., 2003). This is a matter of definition. PI
is weaker than a form of welfarism in Social Welfare Functional theory which entails the condition of
Binary Independence (see section 2.5.2).
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equally important in social evaluation. Since one individual gains from y to x and the
other one loses, the default evaluation should be that x is socially as good as y. A

deviation from this evaluation requires a justification.

There are arguably just two welfarist justifications for z =g y that are in line with
equity.'’ To begin with, i’s well-being gain from y to x (represented by the red line in
Figure 2.3) might be greater than j’s well-being gain from z to y (represented by the
blue line). That is a possible reason to socially favor x over y. Suppose that this is not

the case, that is, i’s gain from y to z is not greater than j’s gain from z to y.

There is still a possible egalitarian justification for = >=g y. It might be the case that i
at y is worse off than j at x. That is, i’s gain has a smaller starting level than j’s gain.
This is a possible reason to prioritize the former over the latter. Suppose that this case
also does not apply, so that ¢ at y is not worse off than j at x. Then, there is arguably
no equitable welfarist justification for x =g y. Consistent with the presumption in favor
of equality, = should not be socially favored over y. That is precisely what FE states.

If the ethical observer endorses welfarism and equity in social evaluation, he or she has
a compelling argument for FE. As will be shown in the next sections, the combination

of SP and FE has remarkably far-reaching and general implications.

2.3 Characterizations

This section examines the implications of Strong Pareto and Fundamental Equity for
different informational environments. The environments in sections 2.3.1-2.3.4 corre-
spond to major assumptions from the classical theory of social welfare. But they are
formulated in terms of well-being difference relation 7~ and do not presuppose numeri-
cal representations. Section 2.3.5 states an impossibility result for a general incomplete
difference relation.

2.3.1 No Level and Gain Comparisons

This subsection is concerned with the case where =~ exhibits intrapersonal level com-

parisons, but neither interpersonal level nor gain comparisons.

HFor a justification to be welfarist, it must solely be formulated in terms of individuals’ well-being

gains.
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Personal Level Comparability (PLC): For all i € N and z,y € X, i, " 4, or
iy 7 iy

No Interpersonal Level Comparability (NILC): For all i,7 € N and z,y € X,
iy 2 Jy implies i = j.

Minimal Interpersonal Gain Comparability (MIGC): For all distinct i,j € N
and z,y,z,w € X with i, =* i, and j, >* ju, (ig, %) Z (42, Jw) implies i, Z* j, and
Jw T Uy

NILC and MIGC together imply that there are no interpersonal gain comparisons at
all.'? Figure 2.4 illustrates intrapersonal level comparisons. Individual i is better off
at x than at z and better off at z than at y. Individual j is better off at y than at
x and equally well off at x and z. Certain intrapersonal gain comparisons follow from
the consistency conditions on 7~ (Appendix 2.A.1, Lemma A.1.1). For instance, i’s gain
from y to x (red line) is greater than i’s gain from y to z (yellow line) as the latter is a
part of the former. Assumptions PLC, NILC, and MIGC leave open whether there are

intrapersonal gain comparisons in addition to these part-whole comparisons.

_ i,
- jy
_— 1,
- jmv jz

Figure 2.4: Intrapersonal Level Comparisons

Given NILC and MIGC, social evaluation cannot be based on interpersonal well-being
comparisons. Under the following aggregative relation, the comparative assessment of

states z and y indeed only depends on intrapersonal level comparisons over x and y.

The Simple Majority Relation (SMR) =, over X specifies, for all z,y € X,
romy s {ieN i, =% iyl > {ie N|i, =i}

According to the SMR, state z is socially at least as good as state y if and only if
the number of individuals who are better off at  than at y is at least as great as the
number of individuals who are better off at y than at x. In the following, suppose that

all individuals other than ¢ and j are equally well off at z, y, and z in Figure 2.4. Under

12Given NILC, MIGC is equivalent to the property that, for all i, € N and z,y,2,w € X with
iz =% iy and jo =" Ju, (Iz,4y) 7 (Jz, jw) implies ¢ = j.
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the SMR, x is socially as good as y since 7 is better off at x than at y, while it is the

other way around for j. This assessment is in line with the following condition.

SO 7 g satisfies Strong Equity (SE) if, for all x,y € X and ¢, j € N such that i, >* i,
Jy > ju, and, for all k € N\ {4, 5}, k, ~* ky, it is the case that x ~g .

SE embodies a strong claim. Whenever a basic two-person situation arises, the involved
states should be equally good from the social point of view. The basic symmetry of the
situation (one person gains from y to z, the other one loses) is taken to be sufficient for

an equal social ranking.

FE offers a conditional justification of SE. It allows for two possible reasons for x >g y
in the basic two-person situation. First, :’s well-being gain from y to x might be greater
than j’s well-being gain from x to y. Second, 7 might start from a lower well-being level
than j. Both justifications are based on interpersonal well-being comparisons. If such
comparisons do not exist, there is no justification for x >g y. Only an equal social
ranking is acceptable. That is why FE implies SE in the absence of interpersonal

comparisons.

Lemma 1: Suppose NILC and MIGC hold. SO g satisfies FE if and only if —g
satisfies SE.!3

SE faces a severe problem. The only SO satisfying SP and SE is the SMR. The latter
is only transitive under highly restrictive assumptions given R1. There must not be an
individual with at least three well-being levels and another individual with at least two
well-being levels. Since X contains conceivable states of the world, this special case
hardly obtains. The following characterization of the SMR must thus be regarded as

an impossibility result.

Proposition 1: Suppose PLC holds. There exists SO =g satisfying SP and SE if and
only if (a) there exists k € N such that, for all i € N\ {k}, |{[iz] | x € X}| =1 or (b)
forall i € N, |{[i,] | € X}| < 2. If such g exists, then ZZg=2"p.

Proposition 1 uncovers a fundamental inconsistency in social evaluation based on SE
given SP. Consider the consequences of the two conditions in Figure 2.4. By SE, z ~g v.
SP implies = =g 2. Social transitivity would demand z >g y. Instead, SE induces
x ~g y. The social value of j’s gain from x (z) to y (blue line) is simultaneously equal
to the social value of i’s gain from y to x (red line) and the social value of i’s smaller
gain of from y to z (yellow line). This is the explanation of Proposition 1 in a nutshell.

13SE implies FE no matter which informational assumptions obtain.
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It is particularly relevant to understand the general intransitivity of ~~,;. Being based
on SE, the SMR embodies the fundamental inconsistency just described.

Taken together, Lemma 1 and Proposition 1 lead to an impossibility result on combining

SP and FE if there are no interpersonal well-being level and gain comparisons.

Theorem 1: Suppose PLC, NILC, and MIGC hold. There exists SO g satisfying
SP and FE if and only if (a) there exists £k € N such that, for all i € N\ {k},
{[iz] | xr € X}| =1or (b) forall i € N, |[{[i.] | x € X}| < 2. If such ¢ exists, then

ZS=2M-

2.3.2 Level Without Gain Comparisons

In the second main informational environment, interpersonal well-being level compar-
isons are possible. But there are no interpersonal gain comparisons except for part-

whole comparisons.'* That is, MIGC is combined with the following condition.
Interpersonal Level Comparability (ILC): Z* is complete.

Figure 2.5 illustrates intra- and interpersonal level comparisons. For instance, j at y is
better off than i at z. But given MIGC, it is not possible to compare the magnitudes

of j’s gain from z to y (blue line) and i’s gain from y to z (red line).

Jy
B —
—

Ly

Figure 2.5: Interpersonal Level Comparisons

Under the Leximin SO, the ranking of states x and y solely depends on intra- and inter-
personal well-being level comparisons regarding x and y. For z,y € X, let Ny, = {i €
N | iy % iy}. Given PLC (which is implied by ILC), it is the set of individuals who
are either better off at x than at y or the other way around. For non-empty M C N,
let R(M)={1,...,|M|}.

YMIf 4, =% §o = jw 2 iy, the consistency conditions on 2 imply that (iy,iy) 25 (52, juw)-
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Suppose ILC holds. The Leximin Relation (LR) -, over X specifies, forall z,y € X,
x Zp y if and only if

(1) Ngzy =0, or

(2) Nsuzy # 0 and there exist bijections 7, p : R(Nszy) — Nsay such that, for all
r,t € R(Nyyy) with > ¢, w(r), " 7n(t), and p(r), * u(t),, and either

(a) w(r)y ~* p(r), for all r € R(N;,,), or

(b) there exists t € R(Nj,,) such that, for all r € R(N,,,) with r < ¢, w(r), ~* pu(r),,
and 7(t), =* p(t),.*

If all individuals are equally well off at x and y, they are socially equally good according
to the LR. Suppose there are individuals whose well-being levels at x and y differ. Of
them, 7(1) is the worst-off individual at x, 7(2) is the second-worst-off individual at
z, ..., and 7(|Nszy|) is the best-off individual at x. Likewise, p(1) is the worst-off
individual at y, ..., and p(|Ns.y|) is the best-off individual at y. Ties can be broken
arbitrarily. According to the LR, x is socially better than y if the worst-off individual
at x is better off than the worst-off individual at y. If the worst-off individuals are
equally well off, the second-worst-off individuals are compared and so on. If individuals

of all ranks are equally well off, then z is socially as good as y.

Suppose that all individuals other than ¢ and j are equally well off at x, y, and z in
Figure 2.5. Of the two concerned persons, ¢ is the worst-off individual at both z and
y, while j is the best-off individual at x and y. Since ¢ is better off at x than at y, x is
socially better than y according to the LR.

The following two conditions deal with basic two-person situations where well-being
levels of the concerned individuals can be compared. The second one is due to Hammond
(1976: p. 795).

SO 7z g satisfies Anonymity (A) if, for all z,y € X and 4,5 € N such that i, ~* j, >*
Ju ~* 1y, and, for all k € N\ {4, j}, k, ~* k,, it is the case that x ~g y.

SO s satisfies Hammond Equity (HE) if, for all z,y € X and ¢,5 € N such that
ip ="y =¥ Jy =" ju, and, for all k € N\ {i,7}, ky ~* ky, it is the case that y =g .

If 7 and j switch their well-being levels from x to y, A requires that x is socially as good
as y (left side of Figure 2.6). HE is concerned with a basic two-person situation where
i is better off than j (right side of Figure 2.6). The starting level of i’s gain (red line)
is greater than the end level of j’s gain (yellow line). According to HE, y is socially at

15The stated definition of the LR will also cover the variable population extension in section 2.4.2.
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least as good as x. The gain of the worse off individual is socially at least as valuable
as the gain of the better off individual.

—T T Y& Jy

— iy, Jo —Ja

Figure 2.6: Anonymity and Hammond Equity

Together with SP, A and HE characterize the LR. The result employs two richness
assumptions. One can always find a state where j is as well of as ¢ at z. One can also
always find a well-being level in between two well-being levels of an individual.

R2: If ILC obtains, then, for all 7,5 € N and « € X, there exists y € X with j, ~* i,.

R3: For all ¢ € N and z,y € X with i, >* 4, there exist j € N and z € X with
T A T
Proposition 2: Suppose R2-R3 and ILC hold. SO g satisfies SP, A, and HE if and
only if ZZg=21.

The proof of Proposition 2 can be illustrated with Figure 2.5. Due to HE, z is socially
at least as good as y. By SP, x is socially better than z. Social transitivity yields that
x is socially better than y. That is precisely what the LR states.

FE offers an unconditional justification of A. The gain of ¢ (blue line in Figure 2.6)
and the gain of j (green line) have the same starting level. Due to the consistency
conditions on -, they also have the same magnitude. There is thus no reason for x to
be socially better than y or the other way around. Indeed, FE implies A no matter

which informational assumptions obtain.
Lemma 2: If SO g satisfies FE, then g satisfies A.

HE can be criticized if the gain of the better off individual i (red line in Figure 2.6) is
greater than the gain of the worse off individual j (yellow line). But this presupposes
that interpersonal gain comparisons are meaningful. If they are not, FE provides the
basis for HE. Since 7’s gain neither has a smaller starting level nor a greater magnitude

6Together, ILC, R2, and R3 have a significant structural implication. If there exists an individual
with at least two well-being levels, then all individuals have infinitely many well-being levels.
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than j’s gain (due to the absence of gain comparisons), there is no reason to socially

favor x over y.
Lemma 3: Suppose MIGC holds. If SO Zg satisfies FE, then g satisfies HE.

The combination of Proposition 2 and Lemmas 2-3 leads to a characterization and
justification of the LR in terms of SP and FE for the informational environment where

there are interpersonal level but no gain comparisons.

Theorem 2: Suppose R2-R3, ILC, and MIGC hold. SO g satisfies SP and FE if and
only if Z—g=21.

2.3.3 Gain Without Level Comparisons

In the third informational environment, interpersonal comparisons of intrapersonal well-
being gains are possible, but interpersonal well-being level comparisons are not. Prop-

erty NILC is combined with the next condition.

Interpersonal Difference Comparability (IDC): For all i,j € N and z,y,z,w €
X, (igriy) 2 (Jos Jw) OF (Jzy Ju) 2 (s )17

Figure 2.7 illustrates interpersonal comparisons of intrapersonal gains. Suppose that j’s
gain from x (z) to y (blue line) is as great as i’s gain from y to z (yellow line). Suppose
that it is also as great as ¢’s gain from z to x (red line). It is possible to measure i’s
gains in units of j’s gain. The magnitude of ¢’s gains from y to z and from z to x is
one unit gain, respectively. The magnitude of i’s overall gain from y to = (yellow plus

red line) is two unit gains.

Two additional conditions imply the measurability of intrapersonal well-being gains in

terms of a unit gain. The first one is a richness assumption.

R4: For alli,j € N and z,y,z,w € X with i, >=* iy, J. >=* ju, and (iz,iy) > (42, Juw),
there exist 2’,y’ € X such that (iy,1y) ~ (Jz, Juw) and (iz, iy) ~ (J2, Jw)-

Suppose that i’s gain is greater than j’s gain. According to R4, there exists another

gain of ¢ that is as great as j’s gain and has the same starting level as i’s original gain.

IDC states that all intrapersonal well-being differences are intra- and interpersonally comparable.
Due to the consistency conditions on 7, this is the case if intrapersonal level comparisons and inter-
personal comparisons of intrapersonal gains are possible. Formally, IDC is equivalent to PLC and the
iy and jo =" ju, (iayiy) % (jerju) OF

*

property that, for all 4,57 € N and z,y,z,w € X with i, >
(JzJw) Z (i 1y)-
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Figure 2.7: Interpersonal Gain Comparisons

There also exists a gain of ¢ that is as great as j’s gain and has the same end level as

¢’s original gain.

The second condition makes sure that no well-being gain (loss) is infinitely larger than
another well-being gain (loss). Consider k € N. A sequence z1,xs,... € X is a stan-
dard sequence of k if (ky,, ks,) # (kiy, ksey) and, for all x,,, 2,41 in the sequence,
(Kgpirs kwm) ~ (Ko, kzy). It is bounded if there exist y, 2 € X such that, for all z,,
in the sequence, (ky,k.) > (ks,.,ks;) > (kz, ky). The well-being differences of k are
Archimedean if every bounded standard sequence of k is finite.!®

Reduction to Archimedean Differences (RAD): If IDC obtains, then there exists
k € N with Archimedean well-being differences such that, for all i € N and z,y € X,
there exist z,w € X with (iy, i) ~ (K., kw).

RAD has the effect that each intrapersonal well-being difference can be reduced to an
Archimedean difference of individual k£ with the same magnitude. Together with R4 and

IDC, the condition secures that difference comparisons have a utility representation.

Lemma 4: Suppose R4, RAD, and IDC hold. There exists u : N x X — R such that,
for all i,7 € N and z,y,z,w € X, (iz,%y) Z (Jz, Juw) € u(iz) — uliy) > u(j,) — u(jw).
For every v : N x X — R that represents difference comparisons in this way, there exist
(Ai)ien € RY and p € R, such that, for all i € N and x € X, v(i,) = N\ + p - u(iz).*?

Lemma 4 implies that interpersonal comparisons of intrapersonal well-being differences
can be represented by corresponding comparisons of utility differences under utility pro-
file u. It moreover implies that there exist unique ratios between well-being differences

which measure how many times one difference “fits into” another difference.?* Once a

18For example, suppose that (ky,, kz,) = (kz,, Kz, ), 80 that (kg,, k., ) is a gain. Difference (ks , kz, )
is the (m — 1)-fold concatenation of that gain. In this sense, gain (k,, k.) is infinitely larger than gain

(K, kzy ) if the sequence is not finite.
YHere, Ry = {A € R | A > 0}.
20The ratio between i’s well-being difference between x and y and j’s non-zero well-being difference
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unit well-being gain is fixed, each well-being difference can be numerically measured in
terms of its ratio to the unit gain. In Figure 2.7, the ratio between ¢’s gain from y to x
and j’s gain from x to y is 2 because the former consists of two parts that are as great

as the latter, respectively.

Because intrapersonal well-being differences can be measured in terms of a unit gain, it
becomes possible to add them up in a meaningful way. The Utilitarian SO ranks states

x and y according to the sum of individuals” well-being differences between z and y.

Take u : N x X — R that represents interpersonal comparisons of intrapersonal differ-
ences in the sense of Lemma 4. The Utilitarian Relation (UR) Zy over X specifies,
forall z,y € X, 2 vy & ey (uliz) —u(iy)) > 0.2

In Figure 2.7, suppose that j’s gain is the unit gain and that all individuals other than
¢t and j are equally well off at z, y, and 2. The well-being difference of ¢ between x
and y is two unit gains, while the well-being difference of ;7 between x and y is minus
one unit gain. This yields a net difference of one unit gain, meaning that x is socially
better than y according to the UR. In contrast, the net difference between z and vy is

zero, so that they rank equally under the UR. This is in line with the next condition.

SO 7z g satisfies Gain Equity (GE) if, for all z,y € X and ¢, j € N such that i, >* iy,
Jy = Jus (izyiy) ~ (Jy,Ju), and, for all k € N\ {i,5}, ky, ~* k,, it is the case that
T ~g Y.

GE is illustrated in Figure 2.8. It is concerned with a basic two-person situation where
i’s gain (red line) is as great as j’s gain (blue line). According to GE, x is socially as good
as y, reflecting an equal social value of the two gains. With or without interpersonal

level comparisons, SP and GE characterize the UR given the conditions of Lemma 4.22

Proposition 3: Suppose R4, RAD, and IDC hold. SO =g satisfies SP and GE if and
only if Zs=2p.

The derivation of the UR can be illustrated with Figure 2.7. Individual i’s gain from

between z and w is indeed a representation-invariant property. For all utility profiles v and v in the
v(ic)—v(iy) _ pr(uliz)—u(iy)) _ uliz)—u(iy)

v(J)—v(w) — p(ulz)—ulw)) T ) —u(iw)

2In line with the discussion, the UR is well-defined given the uniqueness property of « from Lemma

sense of Lemma 4, there exists ;1 € Ry such that

4. Every v € RV*X that represents interpersonal comparisons of intrapersonal differences in the sense
of Lemma 4 has an associated p € Ry such that >, (v(iz) —v(iy)) = 0 3,y p (uliz) —u(iy)) >
0& >icn (uliz) —uliy)) > 0.

ZInterestingly, R4 plays a double role for Proposition 3. It is used to derive the utility representation
and, in turn, to derive the UR.
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Figure 2.8: Gain Equity

y to z is as great as individual j’s gain from z to y. Due to GE, this implies that z is
socially as good as y. By SP, x is socially better than z. By social transitivity, that
leads to x being socially better than y. This coincides with the utilitarian assessment

of z and y.

FE provides a conditional justification of GE for the case where there are no interper-
sonal level comparisons. In Figure 2.8, one can argue against the equal social value of
the two gains if one of the individuals is worse off, meaning that her gain has a smaller
starting level. But without level comparisons, there is no reason to socially favor x over

y or the other way around.
Lemma 5: Suppose NILC holds. If SO g satisfies FE, then 77 g satisfies GE.

Taken together, Proposition 3 and Lemma 5 yield a characterization and justification
of the UR with SP and FE in the informational environment of gain without level

comparisons.

Theorem 3: Suppose R4, RAD, NILC, and IDC hold. SO g satisfies SP and FE if
and only if Z—g=""p.

Given R4 and IDC, all intrapersonal well-being gains between neighboring well-being
levels have the same magnitude within and between individuals (Appendix 2.A.4,
Lemma A.4.2). Supposing that they connect neighboring levels, the three colored gains
in Figure 2.7 must thus indeed be equal. This leads to an interesting connection to the

following version of the Borda ranking.

Suppose |{[iz] | © € X}| < oo for each i € N. The Level Borda Relation (LBR)
=5 over X specifies, for all z,y € X, 2 Zpy < >.cn ({li] | i =7 i3 — [{[i:] | iy =~
i-}[) > 0.

The LBR is only defined if all individuals have finitely many well-being levels. For
individual 7, the score of state x is the number of ¢’s well-being levels below x. States x

and y are socially ranked according to the sum of individual score differences between

x and y. In Figure 2.7, ¢’s score difference between x and y is 2 and j’s score difference
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between x and y is —1. Accordingly, x is socially better than y under the LBR.
Given R4, IDC, and finite individual well-being levels, the UR coincides with the LBR.

That is so because the LBR assigns a score difference of 1 to the unit well-being gain

between neighboring levels. This leads to the following joint characterization.

Corollary 1: Suppose R4, RAD, NILC, and IDC hold. Suppose that [{[i,] | z € X}| <
oo for each i € N. SO =g satisfies SP and FE if and only if =¢=rp="5.%

2.3.4 Level and Gain Comparisons

This subsection examines a general approach to social evaluation and characterizes
it in the environment where interpersonal well-being level and gain comparisons are
possible. The social evaluation of states  and y can be split into two stages. First, an
individual evaluation difference between x and y is assigned to each person. Second, x
and y are ranked according to the sum of individual evaluation differences. The UR is
a prime example for this procedure, equating the individual evaluation difference with
the individual’s utility difference. The following class is made up of SOs following the
two-stage approach. To the knowledge of the author, it has not been introduced before.

Let [z] = ([kz])ken be the tuple of individuals’ well-being levels at state .

Suppose PLC holds. SO g is an Additive Welfarist Relation (AWR) if there
exists d : N x {[z] | z € X}* = R such that

(a) for alli € N and z,y € X,

d(i, [z], [y]) > 0 < i, Z* 4y, and

d(i, ], [y]) = —d(i, [y], [#])-

(b) for all i,7 € N and z,y,z,w € X with {z,y} = {z,w}, iz > iy, J. =% Ju,
(Jzs Juw) 2 (i iy), and 4y T ju, it is true that d(7, [2], [w]) > d(@, [], [y)).

(c)forall z,y € X, x Zgy & >,y di, ], [y]) > 0.

An AWR ranks states by summing individual evaluation differences that satisfy specific
properties. Individual i’s evaluation difference between = and y is d(i,[z], [y]). It
only depends on tuples of well-being levels at x and ¥y, and not on any non-well-being
properties of states. By (a), the sign of individual evaluation differences is in line with

intrapersonal level comparisons.

23In the statement of Corollary 1, RAD can be weakened. It does not have to be assumed that
k’s well-being differences are Archimedean. This is anyway the case if k has finitely many well-being
levels.
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The definition of an AWR does not presuppose an informational assumption on 2~
in addition to PLC. However, property (b) is automatically satisfied unless according
interpersonal level and gain comparisons are possible. Consider states x and y such
that 7 realizes a gain from y to x, while j realizes a gain from y to x or from x to .
Individual j's gain is at least as great as individual ¢’s gain and has an equal or smaller
starting level. By (b), the positive evaluation difference assigned to j’s gain is at least
as great the positive evaluation difference assigned to ¢’s gain. This is in line with the

following version of the famous Pigou-Dalton condition.

SO s satisfies Strong Pigou-Dalton (SPD) if, for all z,y € X and 4,5 € N such
that i, =" iy, j, >* Jju, and, for all k € N\ {4, j}, ky ~* k,, the following holds: If

Gy de) = (i, 1y) and i, 2= j,, then y =g .24
Yy ~ Yy Y~ ~

Property SPD is illustrated in Figure 2.9. Take a basic two-person situation where j's
gain (blue line) is at least as great as i’s gain (red line) and has an equal or smaller
starting level. According to SPD, y is socially at least as good as x. Together with SP,
SPD characterizes the class of AWRs.

- jy

Figure 2.9: Strong Pigou-Dalton

Proposition 4: Suppose PLC holds. SO =g satisfies SP and SPD if and only if 7—g is
an AWR.

Property (b) of an AWR reflects SPD by letting the social value of j's gain be at least
as great as the social value of i’s gain in Figure 2.9. However, (b) is much more general
than SPD. It applies no matter whether all other individuals are equally well off at the
considered states or not. That is why the proof of Proposition 4 is quite complicated.

FE provides an unconditional justification for SPD. Because i’s gain in Figure 2.9 nei-
ther has a smaller starting level nor a greater magnitude than j’s gain, there is no reason

to socially favor x over y. Accordingly, FE implies SPD no matter which informational

24SPD implies A. The standard version of Pigou-Dalton is weaker (see d’Aspremont and Gevers,
2002: p. 506). Under it, the second sentence becomes “If (jy, jz) ~ (iz,%y) and i, 22 jy, then y ZZg 2”.
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assumptions apply. If level and gain comparisons are complete, the reverse implication
holds as well.

Lemma 6: Suppose ILC and IDC hold. SO =g satisfies FE if and only if g satisfies
SPD.

In general, not all AWRs satisfy FE. Given ILC and IDC, all of them do so. This
leads to a characterization of the AWR class with SP and FE in the informational

environment of interpersonal level and gain comparability.

Theorem 4: Suppose ILC and IDC hold. SO g satisfies SP and FE if and only if g
is an AWR.

Neither the definition of an AWR nor the characterizations of the AWR class require
difference relation 2~ to be representable by a utility profile. However, if ILC and R2
are added to the properties of Lemma 4, a utility representation will exist.

Lemma 7: Suppose R2, R4, RAD, ILC, and IDC hold. There exists u : N x X — R
such that, for all i, j,k,l € N and x,y,z,w € X, (iy, jy) 7 (k) lw) < uliz) — u(jy,) >
u(k,) — u(ly). For every v : N x X — R that represents difference comparisons
in this way, there exist A € R and p € R, such that, for all ¢ € N and =z € X,
v(iz) = AN+ p-u(iy).

Given the assumptions of Lemma 7, utility profile u represents interpersonal compar-
isons of interpersonal well-being differences and, specifically, interpersonal well-being
level comparisons. It also represents the uniquely determined ratios between inter-

% Each tuple of well-being levels [z] = ([k;])ren is

personal well-being differences.
represented by the vector of utility levels (u(k,))ren. Individual i’s evaluation differ-

ence between x and y under an AWR can thus likewise be expressed as a function of
(u(kz))ren and (u(ky))ren-

Individual evaluation differences between x and y can depend on the whole tuples of
well-being levels at x and y. Moreover, there are no consistency conditions between
evaluation differences of distinct pairs of tuples. For these reasons, the class of AWRs
is quite rich no matter which informational assumptions obtain. The UR and the LR are
both AWRs. They satisfy SP and FE (and thus SPD) whenever they are defined. The
UR sets d(i, [z], [y]) = u(iz) — u(iy). A d-function in the sense of the LR assigns much

larger evaluation differences between smaller well-being levels than between greater

2For every profile v in the sense of Lemma 7, this ratio between two well-being differences is
U(im)_v(jy) — “(11)_“(3y)
v(k:)=v(lw) u(kz)—u(ly)

29



well-being levels, so that the former always outweigh the latter. The additive welfarist

properties of an AWR are common ground of both Utilitarianism and Leximin.

The UR and the LR only come into conflict if both are well-defined. That is the case
given the assumptions of Lemma 7. However, in this informational environment, many
other AWRs are also candidates for social evaluation. For instance, a Generalized
Utilitarian Relation =g is characterized by an increasing and concave function g : R —
R such that, for all z,y € X, 2 Zs y < > ,cn (9(uliz)) — g(u(iy))) > 0. That
is, d(i,[z], [y]) = g(u(iz)) — g(u(iy)). Under the UR, g is the identity. Generalized
Utilitarian Relations and Leximin have in common that they do not let the social
evaluation of states depend on well-being levels of unconcerned individuals. However,
not all AWRs satisfy this Separability condition. SP and FE imply the property if
either level or gain comparisons are possible (as the LR and the UR satisfy it), but not

if both are possible.?

2.3.5 A General Impossibility

Sections 2.3.1-2.3.4 have dealt with four informational environments that correspond
to major comparability assumptions from the classical theory of social welfare. In
these environments, interpersonal well-being level comparisons are either impossible
or complete. The same is true for interpersonal well-being gain comparisons. This
leads to the question what implications SP and FE have for a general incomplete well-
being difference relation >~ with partial level and gain comparability. Unfortunately,

the answer is negative given the following mild incomparability property.

Weak Two-Person Incomparability (WTPI): There exist i, j € N and x,y,z € X
with Zx - iza Z:r - iy; Z‘z - iy; jy - jI? jy —* jz7 jz ~* jZ? (Zﬂwzy) % (jy>jx)>
(jymjac) ?é (i:miy)a iy %* ja:a jx ?é* iyy (Zmly) % (jyvjz)7 (jya.]z) ?é (imiy); iy %* j27
J. #* iy, and, for all k € N\ {4, j}, ky ~* ky, ky ~* k., and k, ~* k..

A two-person, three-state situation in the sense of WTPI is illustrated in Figure 2.10.

2650 =g satisfies Separability (S) if, for all x,y,2,w € X and M C N such that, for all i € M,
iy ~* i, and i, ~* iy, and, for all ¢ € N\ M, iy ~* i, and i, ~* iy, it is the case that = Zg
y < z 7s w. As AWR evaluation differences depend on tuples of well-being levels, they can depend
on well-being levels of unconcerned individuals. An example of an AWR that violates S is the Gini
SO. Take u in the sense of Lemma 7. For z,y € X, take bijections m,u : R(N) — N such that,
for all ,t € R(N) with r > t, u(n(t);) > u(n(r),) and w(u(t)y) > u(p(r)y). According to Gini,
255 1S Doenm 2 — D(u(r).) — ulu(r),)) > 0.
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All individuals but ¢ and j are equally well off at x, y, and z. While 7 is better off at
x than at z and better off at z than at y, ;7 is better off at y than at x and equally
well off at x and z. Both the magnitude and the starting level of i’s gain from y to x
(red line) are incomparable to the magnitude and the starting level of j’s gain from x
to y (blue line). Likewise, the magnitude and the starting level of i’s gain from y to z
(yellow line) are incomparable to the magnitude and the starting level of j’s gain from
z to y (also blue line). Given WTPI, SP and FE are incompatible.

_ i,
- jy
_— 1,
- jzv jz

Figure 2.10: Weak Two-Person Incomparability

Theorem 5: Suppose WTPI holds. There exists no SO satisfying SP and FE.

The reasoning behind Theorem 5 is simple. Since i’s gain from y to z and j’s gain
from x to y are incomparable, FE precludes that z is socially better than y or the
other way around. By social completeness, this implies that z is socially as good as y.
Analogously, FE and social completeness yield that y is socially as good as z. By social
transitivity, it follows that x is socially as good as z. But by SP, x is socially better

than z.

The argument is a generalization of the problem from section 2.3.1. In contrast to NILC
and MIGC, WTPI does not state that all interpersonal comparisons are impossible. It
just postulates that there exists one situation like in Figure 2.10. Theorem 5 holds given
all kinds of more or less complete intra- and interpersonal level and gain comparisons
in 7. Moreover, it employs none of the richness and consistency assumptions from
previous sections. It even holds given intransitive intra- and interpersonal level and

gain comparisons.?” Accordingly, Theorem 5 is very general.

To avoid the negative conclusion of Theorem 5, one of its assumptions must be weak-
ened. One could blame FE for the impossibility. Like SE, it induces that the social
value of j’s blue gain in Figure 2.10 is simultaneously equal to the social value of i’s red

gain and ¢’s smaller yellow gain. This problem is avoided under the following equity

2TThe formulation of WTPI indeed allows for intransitivity of 7~ and 7*.
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condition that only applies in basic two-person situations where both ¢’s and j’s gain

are intrapersonally minimal.

SO s satisfies Positional Equity (PE) if, for all ,y € X and ¢,j € N such that
iw =" iy, Jy =" Ju, and, for all k € N\ {4,j}, ks ~* k,, the following holds: If, for
all z,w € X with i, =% 4y, (ig,9y) ¥ (i2,4), and, for all z,w € X with j, =" ju,,
(Jy: Ja) # (Jzs Jw), then z ~g y.

If there are intrapersonal level but no gain comparisons except for part-whole compar-
isons, SP and PE characterize the LBR. In that case, intrapersonally minimal gains are
precisely those between neighboring well-being levels of an individual (Appendix 2.A.6,
Lemma A.6.1).

Minimal Personal Gain Comparability (MPGC): For alli € N and z,y,z,w € X

*

with i, =* 1, and i, > iy, (iz,1,) 2 (12, 1) implies i, 2% 1, and 4, 75* iy

Proposition 5: Suppose PLC and MPGC hold. Suppose that |{[i,] | + € X}| < o0
for each i € N. SO =g satisfies SP and PE if and only if = g==5.2

If there are no interpersonal well-being comparisons, PE is a reasonable weakening
of FE. Once again, the two possible justifications for an unequal social ranking in a
basic two-person situation (greater gain or smaller starting level for one individual) do
not apply without interpersonal comparisons. The antecedent of PE even excludes a
possible asymmetry with respect to the intrapersonal minimality of well-being gains.
In contrast, the equal ranking conclusion of PE can be challenged in a basic two-person
situation where magnitudes of gains and/or starting levels are comparable. FE only
implies PE given NILC and MIGC.

Lemma 8: Suppose NILC and MIGC hold. If SO 7 satisfies FE, then 7—¢ satisfies
PE.

Overall, it is quite difficult to come up with intuitive and general alternatives to FE.
As argued, the condition has strong normative appeal. The same is true for SP. To
keep both properties, one might weaken the assumption that the social ranking is an
ordering. But ideally, social evaluation should both be complete (to inform social
choice) and transitive (to be in line with standards of rationality). Accordingly, section
2.4.3 will discuss a solution to the challenge of Theorem 5 which attacks WTPI.

28The LBR can likewise be characterized with SP and PE if intrapersonal gain comparisons are
complete and R4 holds (Appendix 2.A.6, Proposition A.6.1).
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2.4 Extensions

2.4.1 Uncertain Prospects

This subsection extends the previous analysis to social evaluation under uncertainty.
Let X be a set of conceivable uncertain prospects for a fixed finite population N. Given
each uncertain prospect x € X, each individual i € N is certain to exist and faces some

uncertain individual prospect.

Difference relation = over (N x X)? now captures qualitative comparisons of qualitative
ex ante well-being differences. Accordingly, (i, j,) 2 (ks,1,) means that the ex ante
well-being difference between i’s prospect given x and j’s prospect given y is at least as
great as the ex ante well-being difference between k’s prospect given z and [’s prospect
given w. Moreover, i, Z* j, means that i’s prospect given z is at least as valuable as

J’s prospect given y.

For example, take the basic two-person situation for prospects that is illustrated in
Figure 2.11. Suppose that i is certain to be a poor individual and j is certain to be
a rich individual given both prospects x and y. Suppose that, compared to prospect
y, individual i faces a certain income gain (say, $100) under all circumstances given
prospect z. Individual j faces the same certain income gain under all circumstances
from z to y. An ethical observer might well judge that the ex ante well-being gain
of poor i from y to x (red line) is greater than the ex ante well-being gain of rich j
from z to y (blue line), meaning (i,,%,) > (jy,jz). A preference foundation of ex ante

comparisons will be offered in section 2.4.3.

Iy —T Jy

by Jx

Figure 2.11: The Basic Two-Person Situation for Prospects

All conditions from sections 2.2-2.3 also apply to the prospect interpretation. SO
s represents the social evaluation of prospects. According to SP, if each individ-
ual prospect is at least as valuable given prospect x as given prospect y, x is socially
at least as good as y. If at least one individual prospect is more valuable, x is socially
better than y. The reasoning of FE also translates to the prospect case. In Figure 2.11,

x can only be socially better than y if ¢’s ex ante gain from y to x is greater than j’s
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ex ante gain from x to y or ¢’s prospect given y is less valuable than j’s prospect given

x. FE is also normatively appealing in this context.

All results from section 2.3 go through under the prospect interpretation. The char-
acterized SOs rank prospects. The analysis does not require that prospects have a
specific structure. However, to illustrate social evaluation under uncertainty, one con-

crete model of prospects will be considered in the remainder of the subsection.

Suppose that X = S™, where S is a set of conceivable states of the world with fixed
finite population N and m € IN. Prospect € X is a tuple x = (x1, ..., z,,,). Each entry
represents a different circumstance and it is uncertain which circumstance obtains. If
the first circumstance obtains, state of the world x; will be realized given x, and so
on. State of the world s € S can be identified with (s, ..., s) € X, that is, the prospect

which realizes s given all circumstances.?

The theory of the chapter is compatible with different approaches how ex ante well-
being levels of individuals given prospects relate to their ex post well-being levels at

states of the world.?® In the following, two examples will be discussed.

Expected Utility: Consider the informational environment where interpersonal ex
ante level and gain comparisons are possible. Take u : N x X — R in the sense of
Lemma 7. The evaluation of individual prospects takes the expected utility form if
there exist probabilities py, ..., p,, € [0,1] with >~ p, = 1 such that, for all i € N and
€ X, u(iy) =Y v pr- uliy, ), where i, is a shorthand for 4, ,,). Individual i’s
utility level given prospect z is the sum of ¢’s utility levels at the states that x realizes

under different circumstances, weighted by probabilities of circumstances.?!

By Theorem 4, SP and FE imply that an AWR must be employed to aggregate indi-
viduals’ expected utility levels into a social evaluation of prospects. For the ranking of
the LR, ex ante level comparisons are critical. They reflect comparisons of individuals’
expected utility levels, that is, i, 2% j, < >0 pr - w(in,) = D> e D - u(Jy, )-

Ex ante gain comparisons reflect comparisons of expected utility differences. Under

29The model presupposes that states of the world are compatible with all circumstances.
30 As before, the ex ante well-being level of individual i given prospect z can be identified with the

class of individual-prospect tuples that are as valuable as i, according to 7~*. The ex post well-being
level of i at state of the world s can be identified with i’s ex ante well-being level given prospect
(8y .0y 8).

31The evaluation can be based on objective probabilities or subjective probabilities of the ethical

observer.
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the UR,  Zu ¥y € D ien domey Pr - (u(in,) — u(iy,)) > 0. This Expected Utility
Utilitarianism ranks prospects by summing individual expected utility differences. In
the informational environment of ex ante gain without level comparisons, Theorem 3

leads to a characterization of Expected Utility Utilitarianism with SP and FE.

Maximin Utility: Again, consider the environment where interpersonal ex ante level
and gain comparisons are possible and take u in the sense of Lemma 7. The evaluation
of individual prospects takes the maximin utility form if, for all # € N and z € X,
u(iy) = min{u(is),...,u(iy, )}.3* Under it, the ex ante utility level of an individual
given a prospect is simply the smallest ex post utility level of the individual that can
be realized by the prospect. Due to Theorem 4, a SO satisfying SP and FE is an AWR

that aggregates these maximin utility levels.

On the one hand, interpersonal ex ante level comparisons are reduced to ex post level
comparisons given the maximin utility assumption, meaning i, 22* j, < min{u(iy, ), ...,
u(iy,, )} > min{u(jy,), ..., u(jy,.) }. They are the input of the LR. In the environment of
interpersonal level without gain comparability, SP and FE characterize the LR applied
to maximin utility levels by Theorem 2.33

On the other hand, ex ante gain comparisons are reduced to ex post gain comparisons.
The UR ranks prospects by summing individual maximin utility differences, that is,
vy e >y (min{u(iy,), ..., u(is, )} — min{u(iy,), ..., u(iy,,)}) > 0. Due to Theo-
rem 3, this Maximin Utility Utilitarianism is characterized by SP and FE if interpersonal

gain comparisons are possible but interpersonal level comparisons are not.

2.4.2 Variable Populations

This subsection extends the previous analysis to variable populations. It focuses on
social evaluation under certainty. Section 2.4.3 deals with the uncertainty case. Let
N be a potential population of individuals. It can be infinite. Let X be a set of
conceivable states of the world. Each state z € X has a finite population N(z) C N.
Difference relation = is still defined over (N x X)?. It now also captures comparisons
between existence and non-existence. The following property is concerned with these

comparisons.

V1: Foralli € N and z,y € X with i ¢ N(x)UN(y), there exists z € X with i € N(z)

32Maximin utility is examined in Segal and Sobel (2002).
33This result can be stated without a utility representation of >~*.
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and 1, ~* 1, ~* 0.

The fact that i, ~* i, ~* i, is taken to mean that i’s existence at z is as valuable as
i’s non-existence (at = and y). One possible interpretation of this statement is that
the quality of i’s existence at z is “neutral” in some way to be defined. In that case,
call i’s well-being level at z the neutral level of i. Given an experientialist well-being
conception, the neutral level is the one of being unconscious. Figure 2.12 illustrates
V1. Suppose that i exists at w, z, and 2/, but not at z and y. Individual i’s existence

at z is as valuable as i’s non-existence.

lzy Lz, Ty

Figure 2.12: Comparisons between Existence and Non-Existence

Given V1, intra- and interpersonal level and difference comparisons of 7~ involving non-
existent individuals at states reduce to comparisons involving only existent individuals.
For instance, take a basic two-person situation where ¢ exists at = and y, while j exists
at y but not at x. Take state 2’ such that j exists at ' and j, ~* j,. Given the
consistency assumptions on 77, it is the case that (iy, ) 75 (Jy, Jz) < (i, by) 25 (Jys Jor)
and i, " j. © iy Z° jw. As populations of states are finite, V1 also implies the

~Y

following property.
V2: Forallz,y e X, [{i € N |i, >*1i,}| < o0.

Given V2, all definitions of sections 2.2-2.3 go through for infinite N. The set N, ,, of
individuals for whom x is better than y or the other way around is finite (given PLC),
so that the LR is well-defined. The sum >_,_ (u(i5) —u(iy)) of the UR has only finitely
many non-zero summands. Due to property (a) of an AWR, the same is true for its

sum of individual evaluation differences.

Given V1, SP reduces the social evaluation of states with variable populations to an
evaluation of states for the potential population. The social ranking of states xz and
y comes down to a social ranking of hypothetical states 2’ and 3y’ with population N,

where, for each i from N, i’s existence at 2’ is as valuable as i’s (non-)existence at x
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and 7’s existence at ¢’ is as valuable as i’s (non-)existence at y.>* In line with this, FE
essentially applies to basic two-person situations where ¢ and j exist at both x and y.

As explained, the non-existence case reduces to this existence case.

All results from section 2.3 go through given V2 (and thus given V1). SP and FE lead
to according (im)possibility results for different informational environments. Which
variable population version of Utilitarianism and Leximin is characterized depends on
the interpretation of the well-being level corresponding to an individual’s non-existence.
Under the neutral level interpretation, it represents a neutral quality of the individual’s
existence. If interpersonal level comparisons are possible, it is natural to assume that
the neutral level is the same across individuals.3?

Supposing that each individual’s neutral level is represented by a utility level of 0
under u, the UR specifies © Zu y < > 2icn) tliz) = D e n(y) t(ty). This is known as
Total Utilitarianism. In line with that term, the other characterized SOs can likewise
be called Total LR, Total SMR, Total LBR, and Total AWR under the neutral level

interpretation.

Given interpersonal level and gain comparability and the neutral level interpretation,
SP and FE imply what is known as the Repugnant Conclusion: A state with a large
population of individuals with high well-being levels can be socially worse than a state
with a larger population of individuals who are only slightly above the neutral level.

This property can be avoided with an alternative interpretation.

According to the critical level interpretation, the well-being level corresponding to in-
dividual ¢’s non-existence is the level that makes ¢’s existence socially as valuable as
1’s non-existence. Under this interpretation, ¢’s critical level can be different from i’s
neutral level. In Figure 2.12, ¢’s critical level is i’s level at z, but ¢’s neutral level could
be i’s level at z’. If interpersonal level comparisons are possible, it is reasonable to

assume that the critical level is the same across individuals (like the neutral level).

Supposing that each individual’s critical level is represented by a utility level of 0 under
u, the UR has the form stated above. In view of the different meaning, this version is
known as Critical Level Utilitarianism. Under the critical level interpretation, the other
SOs can in turn be called Critical Level LR, Critical Level SMR, Critical Level LBR,
and Critical Level AWR. They are characterized by SP and FE given the according

informational environments. Specifically, the Repugnant Conclusion is avoided given

34Given an infinite N, 2’ and 3 are not elements of X.
35That is, for all 4,7 € N and z,y € X with i ¢ N(z) and j ¢ N(y), iz ~* jy-
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interpersonal level and gain comparability if the critical level is greater than the neutral

level.

Independently of the interpretation, the separability implications of SP and FE depend
on the informational environment. The condition of Existence Independence requires
that the social evaluation of states is independent of the existence of individuals who
are equally well off at the states. SP and FE imply Existence Independence if there
are either level or gain comparisons (as Total/Critical Level Leximin and Utilitarianism

satisfy the property), but not if there are both.3¢

2.4.3 Preference Foundations of Well-Being Comparisons

This subsection covers the general variable population prospect case and discusses how
well-being comparisons embodied in 2~ can be reduced to preferences of individuals
and of an ethical observer. Let N be a potential population of individuals and X a
set of conceivable prospects. For prospect x € X, let N(z) C N be the finite set of
individuals who have a chance to exist given = (that is, who are not certain not to exist
given x). For each i € N, let S; C X be the set of conceivable states of the world

(certain prospects) where only ¢ exists. That is, for x € S;, N(x) = {i}.

Difference relation 77 captures ex ante well-being difference and level comparisons. They
are illustrated in Figure 2.13. In line with previous sections, (i, j,) 5 (h.,l,) means
that the ex ante well-being difference between 4’s prospect given x and j’s prospect
given y (red line) is at least as great as the ex ante well-being difference between h'’s
prospect given z and [’s prospect given w (blue line). Moreover, i, >* j, means that

t’s prospect given x is more valuable than j’s prospect given y.

Zza le I kIQ

——— Jys Jus R

-1 hzu h/Z17 kzg

———— lu, Ly, kuy

Figure 2.13: Preference Foundations of Well-Being Comparisons

36In the Lemma 7 environment, some possibilist rank-additive SOs from Pivato (2020) satisfy SP
and FE (SPD), but not Existence Independence.
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Together with V1/V2, all definitions and results from sections 2.2-2.3 go through and
have a variable population prospect interpretation. The critical question is how to
determine the comparisons in 7. In the following, a preference foundation will be given

for them.

Let (zZi)ien be a profile of individual preference relations over X. Each 2Z; captures

the preferences over prospects that individual ¢ has in some reference situation. It is

assumed that i’s preferences capture the intrapersonal evaluation of i’s prospects.
P1: Forallie Nand z,y € X, i, T* iy, &z Z; .

According to P1, i’s prospect given z is at least as valuable as ¢’s prospect given y if
and only if 7 weakly prefers x over 3.3 In Figure 2.13, i’s prospect given z is as valuable
as 1’s prospect given x;. This corresponds to the fact that ¢ is indifferent between x

and ;.

Let g be a SO that captures the preferences of an ethical observer over X. That is, =
is socially at least as good as y (z g y) if and only if the observer weakly prefers x over
y. In welfarist social evaluation, the comparison of states of the world x and y comes
down to a comparison of individuals’ well-being levels at x and y. Specifically, if both x
and y are one-person states, the social evaluation of z and y reduces to comparing the
well-being level of the individual who exists at x to the well-being level of the individual

who exists at y. The following assumption is in line with this.
P2: Foralli,je N,z € S;,andy € 5,4, T" j, © 2 s y.

Because the observer’s preferences over one-person states are in line with well-being
level comparisons, the latter can be inferred from the former. In Figure 2.13, suppose
that x; is a one-person state where only 7 exists and y; is a one-person state where only
j exists. Individual i is better off at x; than individual j at y; (i’s certain prospect
given z; is more valuable than j’s certain prospect given y;). This corresponds to the

observer’s preference for x; over y.

Intrapersonal well-being difference comparisons of an individual can be reduced to pref-
erences of the individual over concatenated alternatives. The next property captures
this idea.

37One issue is that i might not be certain to exist given x and/or y. However, i can nevertheless form
preferences over x and y in some (idealized) reference situation. Of course, ¢ must exist in the reference
situation. Moreover, i’s preferences over states can be in line with different well-being conceptions.
They might be based on ¢’s experiences or ¢’s objective goods at these states. To be in line with

consistency conditions on -, individuals’ preference relations must be transitive.
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P3: There exist k € N and ¢ : Sy x Sy — X such that, for all x,y,z,w € S,
(k‘z, ky) r>\_/ (km kw) And c(x,w) r>\:k C(g,Z).

P3 is concerned with intrapersonal well-being difference comparisons of individual &
over states of the world where only k exists. Mapping c is a concatenation operation.
Prospect ¢(x,w) is the concatenation of states z and w. One possibility is that ¢(x, w)
is a prospect where x is realized with probability 0.5 and w is realized with probability
0.5. According to P3, k’s well-being difference between x and y is at least as great as k’s
well-being difference between z and w if and only if & weakly prefers the concatenation

of x and w over the concatenation of y and z.

In Figure 2.13, suppose that s, 99, 20, wy € Sk. Individual k prefers xzo over y, and
29 over wy. P3 presupposes that k forms her preference over c¢(xq,ws) and ¢(ys, z9) by
comparing the well-being gain in the first component from c(ys, 29) to c¢(x2, ws) (red
line) to the well-being gain in the second component from c¢(zy, wsy) to ¢(ys, z9) (blue
line). Individual k weakly prefers c(xo,ws) over ¢(yq, z2) if and only if the former is
at least as great as the latter. This identification procedure for difference comparisons
assumes a component-wise assessment of prospects.®® However, P3 is fairly weak as it
only states that there is one individual whose well-being difference comparisons can be

inferred from preferences over concatenated one-person states.

Taken together, P1-P3 imply that the interpersonal comparison of interpersonal ex ante
well-being differences can be reduced to k’s preference over concatenated one-person
states. Analogously to x; and y;, suppose that z; is a state where only h exists and

wy is a state where only [ exists. The fact that i, ~*

iz, and i, ~* k,, reflect that
7 is indifferent between x and x; and the ethical observer is indifferent between one-
person states x; and x,. Likewise, j, ~* ky,, h, ~* k,,, and [, ~* k,,, have analogous

preference foundations.

Because the respective starting and end levels coincide, the consistency assumptions on
>~ imply that the well-being difference between i’s prospect given x and j’s prospect
given y (red line) is at least as great as the well-being difference between h’s prospect
given z and [’s prospect given w (blue line) if and only if k£’s gain from ys to x5 (again,
red line) is at least as great as k’s gain from wy to 2z, (again, blue line). The latter

holds if and only if k& weakly prefers prospect c(za, wy) over prospect ¢(ys, 22).

38The lottery interpretation also assumes that k is risk-neutral in well-being. Individual & might be
equally well off at y and z, but not at z and w. But if the gain from y to x is as great as the loss from
z to w, k is indifferent between ¢(x,w) and c(y, z).
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The discussed procedure gives a preference foundation to all comparisons in 2Z. The
only assumption still needed is that indifferent states in the sense of Figure 2.13 always

exist.

P4: Take k € N in the sense of P3. For all : € N and = € X, there exist y € S; and
z € Sy with z ~; y and y ~g 2.

For i € N and = € X, let s(i,) € Sg be a state such that there exists y € S; with
x ~; y and y ~g s(i;). By P4, such s(i,) exists. In Figure 2.13, s(i,) = 22, s(jy) = ¥,

s(h,) = zo, and s(l,) = ws.

Proposition 6: Suppose P1-P4 hold. Take £ € N in the sense of P3-P4. For all
imj? h7l € N and 3773%2771) € X7 (ijy) z (hZ7lw) g C(S(ix)78<lw)> r>\:k C(S(jy)78<h2))'

~Y

Moreover, - is complete.

In view of the general impossibility result of Theorem 5, it is significant that difference
relation 7~ in the sense of Proposition 6 is complete. The critical assumption for this
result is that preferences of the ethical observer are complete (Zg is an ordering). It
implies that interpersonal level comparisons in the sense of P2 are complete. To be
in line with the other assumptions, individual preference relations (specifically, =)
must also be complete. Due to Theorem 4, SP and FE characterize the AWR class
~ also has a utility

~

for complete >~. Given the additional assumptions of Lemma 7,

representation.?® In any case, a rich number of SOs is available for aggregation.

2.5 Relation to the Literature

This section discusses the relation of the established theory to the literature. Sections
2.5.1-2.5.2 are concerned with the classical theory of social welfare in terms of Social
Welfare Functions and Social Welfare Functionals. Section 2.5.3 discusses relations
to other fields. The classical theory is concerned with the base interpretation from
sections 2.2-2.3 where X is the set of all conceivable states of the world with fixed finite

population N.

39Gpecifically, the reduction of interpersonal difference comparisons to k’s intrapersonal difference
comparisons in the sense of Proposition 6 is in line with RAD and the according method to construct
a utility representation.
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2.5.1 Social Welfare Functions

The starting point of modern social choice theory is Arrow (1951, 1963). An Arrovian
Social Welfare Function (SWF) translates profiles of individual preference order-
ings over X into SOs over X. A preference profile can be conceived as a special case
of a difference relation 7. If intrapersonal well-being level comparisons coincide with
individuals’ preferences over X (P1), there are only minimal intrapersonal gain com-
parisons (MPGC), and there are no interpersonal comparisons (NILC and MIGC), the
information contained in 77 corresponds to the information contained in a preference

profile.°

Arrow’s Impossibility Theorem shows that there is no SWF with an unrestricted domain
of profiles (UD) that ranks a pair of states by only considering preferences over the pair
(Independence of Irrelevant Alternatives, ITA), respects unanimous strict preferences
(Weak Pareto, WP), and is not dictatorial (ND).%! The result and related SWF theory
face the multi-profile problem (see Blackorby et al., 2006). In terms of the present
chapter, the UD assumption means that multiple difference relations are considered.
The associated social rankings are connected via the inter-profile (inter-relation) con-
dition ITA. Given one profile, ¢ is better off at x than at y, while it is the other way
around given another one. There is a problem with variable individual well-being levels
under some well-being conceptions. If z and y are comprehensive states of the world,
they contain fixed experiences for individual 7, respectively. Under an experientialist

conception, the ranking of x and y for ¢+ must thus be fixed.

The present chapter solves the multi-profile problem. There are several differences
between Theorem 1 (as well as Proposition 1) and Arrow’s Impossibility Theorem. The
substantive content of FE is stronger than the one of ND. However, Theorem 1 uses
R1 instead of UD and does not employ an analog of the contested ITA condition.*?

More generally, the present chapter solves the interpersonal comparison problem

40Even in that case, 2~ contains part-whole gain comparisons due to the consistency conditions.

41 For reviews of SWF theory and related impossibility results, see Campbell and Kelly (2002), Cato
(2010), and Sen (2017: chapters A1* A2*). A recent contribution on Arrovian aggregation is Brandl
and Brandt (2020).

42There is a literature formulating versions of Arrow’s Impossibility Theorem for a single profile of
preference relations (Kemp and Ng, 1976; Parks, 1976; Pollak, 1979; Blackorby et al., 1990). They

* *

employ the following condition: For all z,y,z,w € X such that, for all i € N, iy Z* iy © i, Z* iw
and iy ¥ iy & Gy ZF iz, it is the case that © ZZg y © 2z g w. See Fleurbaey and Mongin (2005) for
a general discussion. The property replaces ITA and avoids the multi-profile problem. But it is strong

and controversial even without interpersonal comparisons. None of the results of this chapter use it.
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of SWF theory: The SWF framework is not rich enough to model possible interpersonal

comparisons.

There is a literature solving the level part of the interpersonal comparison problem
(Sen, 1970: chapter 9% 1974; Hammond, 1976; Roberts, 1980a; Pivato, 2013a). It
considers generalized SWFs whose input are relations over N x X reflecting intra- and
interpersonal well-being level comparisons. A central characterization of Leximin in
this framework is due to Hammond (1976: Theorem 7.2). It employs an unrestricted
domain of level relations over N x X (UD), an interpersonal version of ITA, SP, HE,
and a multi-person version of A (Suppes Indifference).?® Instead, Proposition 2 of the
present chapter offers a single relation characterization of Leximin.

2.5.2 Social Welfare Functionals

Both Arrovian and generalized Social Welfare Functions are not rich enough to model
difference comparisons. Up to the present day, the common theory for the analysis
of different assumptions on level and gain comparability is the one of Social Welfare
Functionals (due to Sen, 1970: chapter 8*%). Reviews of that theory are offered in
Blackorby et al. (1984), Bossert (1991), Blackorby et al. (2002, 2005), d’Aspremont
and Gevers (2002), Bossert and Weymark (2004), Weymark (2016), and Sen (2017:
chapter A3*).

In the theory of Social Welfare Functionals, utility profiles form the input of aggre-
gation. Profile u has an associated class V(u) € RM*¥ of utility profiles that are
informationally equivalent to u. An intra- or interpersonal well-being level or difference
comparison is meaningful if and only if it holds under all profiles from V' (u). A Social
Welfare Functional (SWFL) on domain D C R¥*X maps utility profile u € D into
SO 7~

~Uu

over X. It represents the social evaluation of states given w. Informationally
equivalent profiles must be mapped into the same SO.** While attacking the interper-
sonal comparison problem of SWF theory, SWFL theory still faces the multi-profile
problem. Core results presuppose D = RV*X | the adapted version of UD. Moreover,

SWFL theory faces two new problems.

43To be precise, even Two-Person Suppes Indifference (Hammond, 1979: p. 1132) is a stronger
version of A as it also applies if all individuals are indifferent between two alternatives. Blackorby et
al. (2006) also state a multi-person version of A (p. 283). Their second anonymity condition (p. 286)
is a multi-person version of SE.

M That is, for all u,v € D, v € V(u) implies =,=2-

~Uu:
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First, SWFL theory formulates all informational and normative properties in terms of
intermediate utility profiles and not in terms of the underlying primitive well-being
comparisons. This is a general methodological foundation problem as a convincing
theory should be formulated in terms of primitive objects. In line with this, the dif-
ference relation framework allows to reconstruct the SWFL approach to comparability
in terms of multiutility representations. Difference relation - is represented by

V(u) if, for all 4,7, k,l € N and z,y,2z,w € X, ((im,jy) = (k:z,lw)) & (Vv € V(u) :
v(iz) — v(jy) > v(k.) — v(ly)). A well-being difference comparison holds if and only if
the corresponding utility difference comparison holds under all profiles from V' (u). The
existence of a multiutility representation implies that the consistency conditions on 7

hold, but not the other way around.

Second, SWFL theory does not explicitly model scales in which well-being is measured
(see Morreau and Weymark, 2016). Due to that scale problem, one of its most
fundamental conditions mixes up meaningful utility comparisons within a given scale

and meaningless utility comparisons between different scales.

Binary Independence (BI): For all 2,y € X and u,v € D such that, for all i € N,
u(iy) = v(iy) and u(iy) = v(iy), it is the case that  Z, y © = Z, v.

Consider individual 7 and suppose, for sake of illustration, that i’s well-being at a state
is identified with i’s body temperature at the state. If u and v measure i’s well-being
in the same scale (say, Celsius), the antecedent of BI with respect to i is meaningful.
The individual’s well-being level at = (y) coincides between u and v. If that is the case
for all individuals, it is in line with welfarism that the social ranking of x and y should
coincide between u and v. But if u and v measure i’s well-being in different scales (say,
Celsius and Fahrenheit), the equality of i’s utility levels at « (y) between u and v does
not have any substantive meaning. If that is the case for some or all individuals, it is
not at all clear why the social ranking of x and y is supposed to coincide between the

two profiles.

The theory of the present chapter is formulated in terms of a single relation capturing
basic well-being comparisons and thereby solves the multi-profile, foundation, and scale

problems. Compared to the following four major informational SWFL assumptions and

45Due to the scale problem, BI fails to distinguish between real well-being changes and purely
representational changes. This issue was already noted by Sen (1977: pp. 1542-1543), but has only
recently received a more thorough discussion in Morreau and Weymark (2016) and Nebel (2023).
Morreau and Weymark generalize SWFLs and explicitly model measurement scales. Nebel employs

an aggregation framework based on abstract well-being levels.
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corresponding canonical SWFL results, the informational environments and results of
the chapter are more general as they do not presuppose utility representations. The

results employ single relation conditions instead of multi-profile properties.“®

Cardinal Non-Comparability (CNC)*7 corresponds to the environment of no level
and gain comparability. Sen (1970: Theorem 8*2) establishes that, given CNC and
UD, there is no SWFL satisfying BI, WP, and ND. Like this SWFL version of Arrow’s
Impossibility Theorem, Theorem 1 also applies if intrapersonal gain comparisons are
possible. Theorem 5 is much more general. It waives all consistency, richness, and

informational assumptions except for WTPI.

Ordinal Level Comparability (OLC)* corresponds to the environment of level
without gain comparability. The canonical characterization of the Leximin SWFL given
OLC employs UD, BI, SP, a multi-profile anonymity condition (MPA), a minimal eq-
uity condition, and a multi-profile separability condition.*® Instead, Theorem 2 of the
present chapter states a single relation characterization of Leximin. ILC and MIGC
replace OLC, richness assumptions replace UD, and FE replaces MPA and minimal

equity. Theorem 2 employs no analog of BI and multi-profile separability.

Cardinal Unit Comparability (CUC)® corresponds to the environment of gain

46Tt is possible to replace UD and BI by the so called Strong Neutrality (SN) condition. SN can be
defined for fixed difference relation ¥ with representation V' (u): For all x,y, z,w € X and v,v" € V(u)
such that, for all i € N, v(iz) = v'(i») and v(iy) = v’ (i), it is the case that x g y < 2z Zg w. The
following SWFL results go through with SN given a richness assumption on V(u). See Blackorby et
al. (1990: Proposition 6) and d’Aspremont and Gevers (2002: Theorem 3.5). For related analysis, see
Roberts (1980c¢). While the SN approach avoids the multi-profile problem, it still faces the foundation

and scale problems. Like BI, SN has no clear relational basis.

47For all u,v € D, v € V(u) holds if and only if there exist (A;);en € RY and (u;)ien € RY such
that, for alli € N and x € X, v(iy) = A\i+p;-u(iy). If V(u) represents 22, CNC implies PLC, NILC, and
MIGC. But the latter are well-defined without the existence of a multiutility representation. Analogous
comments apply to the other environments. BI is equivalent to ITA if there are no interpersonal
comparisons, but not in general.

48For all u,v € D, v € V(u) holds if and only if there exists a positive monotonic transformation
¢:{a€eR|TJi, € NxX:u(iy) =a} - Rsuch that, for all i € N and = € X, v(i,) = ¢(u(iy)). A
function ¢ : A — R on A C R is a positive monotonic transformation if, for all A, u € A, A > p implies
d(A) > ¢(p). Tt is a positive affine transformation if there exist A € R and p € R4, such that, for all
veA ow)=A+u-v.

49This is Theorem 7 of d’Aspremont and Gevers (1977). Their Theorem 5 is a SWFL version of
Hammond’s (1976) result. For related analysis of Leximin, see Sen (1977), Deschamps and Gevers
(1978), Gevers (1979), Hammond (1979), Roberts (1980a), Pivato (2013a), and Ou-Yang (2018).

0For all u,v € D, v € V(u) holds if and only if there exist (\;)iex € RY and p € R, such that,
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without level comparability. The canonical characterization of the Utilitarian SWFL
given CUC uses UD, BI, SP, and MPA .*! In contrast, the single relation characterization
of Utilitarianism in Theorem 3 derives a utility difference representation from qualitative

assumptions. UD and BI are not used and FE replaces MPA.

Blackorby et al. (2002: Theorem 10) characterize the Utilitarian SWFL with UD, BI,
PI, WP, and a condition to the effect that it is socially indifferent to which individual
a certain amount of utility is assigned (Incremental Equity, IE). Instead, Proposition
3 derives a utility representation and characterizes the Utilitarian Relation with SP
and the qualitative GE. Blackorby et al. (2002) show that MPA and CUC imply IE
(Theorem 11) and use this fact to state a version of the canonical characterization of the
Utilitarian SWFL (Theorem 12). This move is analogous to the one from Proposition

3 to Theorem 3 via Lemma 5 in the present chapter.

Cardinal Full Comparability (CFC)%? corresponds to the environment of level and
gain comparability. The canonical SWFL result for CFC is due to Deschamps and
Gevers (1978: Theorem 2). They establish a joint characterization of the Leximin
SWFL and Utilitarian-Type SWFLs given CFC with the same conditions as in the
canonical characterization of the Leximin SWFL given OLC. But while SP and FE
likewise yield Leximin in the ILC-MIGC environment (Theorem 2), they characterize a
much broader class in the ILC-IDC environment (Theorem 4) than the SWFL conditions
given CFC.%3

2.5.3 Other Fields

This subsection discusses how the theory of the chapter relates to different fields from

the literature and connects these fields.

forallie N and z € X, v(iz) = A + p - u(iy).
I This is Theorem 3 of d’Aspremont and Gevers (1977). For related analysis of Utilitarianism,
see Deschamps and Gevers (1978), Maskin (1978), Gevers (1979), Roberts (1980b), Balasubramanian

(2015), Yamamura (2017), and Bossert and Kamaga (2020).

2For all u,v € RV*X v € V(u) holds if and only if there exist A € R and p € R such that, for all
i€ Nandz € X, v(ip) =X+ p-uliyg).

53Utilitarian-Type Relations of Deschamps and Gevers (1978) are quite restrictive as their ranking
of two states coincides with the one of the UR if utility sums differ between these states. Even if
single relation Separability S is added to SP and FE in the ILC-IDC environment, the resulting class
of SOs is broader than the one of the SWFL CFC result. The former contains the class of Generalized

Utilitarian Relations, while the latter does not.

46



Voting theory is concerned with the analysis of voting rules (May, 1952; Young,
1974; Pattanaik, 2002; Barbera and Gerber, 2017; Alcantud, 2019; Horan et al., 2019;
Bartholdi et al., 2021; Terzopoulou and Endriss, 2021; Maskin, 2023). Overall, the
present chapter shows that there is a close axiomatic connection between classical wel-
farist social evaluation procedures like Utilitarianism and Leximin on the one hand,
and central voting rules like Simple Majority and Borda on the other hand.

The canonical characterization of the Simple Majority SWF for two alternatives is due
to May (1952). May’s Theorem employs UD and inter-profile (inter-relation) condi-
tions to the effect that individuals and alternatives are treated impartially and social

> Instead, Theorem 1 and

evaluation positively responds to individual preferences.
Proposition 1 give a single relation characterization of the Simple Majority Relation for
the case where all individuals have at most two well-being levels. To the knowledge of
the author, Corollary 1 and Proposition 5 (as well as Proposition A.6.1 in Appendix
2.A.6) are the first characterizations of the Level Borda Relation. They contribute to

the analysis of Borda scoring that has generally been set in a voting context.5

The social evaluation of variable populations is examined in Parfit (1984), Broome
(2004), Blackorby et al. (2005), Asheim and Zuber (2014), Fleurbaey and Tadenuma
(2014), Pivato (2020), Bossert et al. (2023), Gustafsson et al. (2023), and Spears and
Zuber (2023). The present chapter contributes to this literature by offering a systematic
relational analysis of variable population social evaluation under different informational

assumptions.®

Existing analysis usually takes place in a variable population version of the SWFL
framework and presupposes utility representations. But there are only few characteri-
zations employing informational conditions. The reason for this is that the combination
of a variable population version of BI and informational assumptions is highly restric-
tive (see Blackorby et al., 2005: pp. 176-179, 206-208). The present chapter solves

54 Numerous characterizations have been established since. For an overview and analysis, see Alcan-

tud (2019), Horan et al. (2019), and Bartholdi et al. (2021). See also Maskin (1995).

SSTImportant early contributions are Girdenfors (1973), Young (1974), Fine and Fine (1974), and
Nitzan and Rubinstein (1981). For different versions and characterizations of the Borda Relation, see
Pattanaik (2002), Cullinan et al. (2014), Terzopoulou and Endriss (2021), Maskin (2023), and Barbera
and Bossert (2023).

561t also applies to histories of the world. In this setting, the analysis presupposes that populations
of histories are finite. FE makes sure that there is no discrimination between individuals based on
the time of their existence. Asheim and Tungodden (2004) and Kamaga (2016) analyze the case of
infinitely many generations.

47



this problem by dropping any version of BI. Its analysis sheds light on discussions in
the literature about total and critical level evaluation, the Repugnant Conclusion, and

Existence Independence.®”

Social evaluation under uncertainty is investigated in Harsanyi (1955, 1982), Wey-
mark (1991), Blackorby et al. (2005), Fleurbaey (2010), Pivato (2013b), Mongin and
Pivato (2015), Fleurbaey and Mongin (2016), Sprumont (2019), Brandl and Brandt
(2020), McCarthy et al. (2020), Gustafsson et al. (2023), Karni and Weymark (2023),
Pivato and Tchouante (2023), and Spears and Zuber (2023). The present chapter con-
tributes to these works by establishing a systematic relational analysis of the social
evaluation of abstract prospects. It sheds light on ex ante well-being comparisons, their

preference foundations, and implications of different ex ante comparability assumptions.

The characterizations of prospect SOs (including the UR) are conceptually independent
of expected utility theory. One of the main insights from the literature is that the social
and individual evaluation of prospects must take a joint expected utility form under
fairly weak conditions.’® Corresponding results can also be formulated in the present

framework by adding according assumptions.

The theory of the chapter also has methodological and substantive connections to de-
cision and measurement theory. In line with the latter, it is based on a single
relation capturing primitive judgments and preferences, and does not presuppose nu-
merical representations. Cardinal (multi)utility representations for a difference relation
are analyzed in Krantz et al. (1971), Wakker (1988), Kobberling (2006), and Pivato

(2013c).%? The utility representations derived in Lemmas 4 and 7 relate to this analysis.

There are a few contributions dealing with difference relations in a social evaluation
context, but in a different way than the present chapter. Harvey (1999) considers the
aggregation of individual difference relations into a social difference relation. Pivato
(2015) is concerned with the aggregation of a difference relation over personal states

into a difference relation over social states. Both derive utilitarian-type social difference

5TThe derived utility functions assign a utility level to states where the individual does not exist,
reflecting the unique neutral/critical level of the individual. That is not so in Blackorby et al. (2005)
and other contributions that consider variable critical levels.

581t entails that social evaluation and individuals’ evaluation must be based on the same subjective
probabilities. In the present context, they can be identified with the subjective probabilities of the

ethical observer. On this issue, see Mongin and Pivato (2015).
®90n multiutility representations for preference relations, see Ok (2002) and Nishimura and Ok

(2016).
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relations.%?

Most contributions in decision theory take subjects’ preferences as the sole primitive
of their models (Wakker, 1989; Mongin and Pivato, 2015; Li et al., 2023). In line
with this, the present chapter offers a preference foundation of the difference relation
via P1-P4.9  The approach of the chapter also relates to the literature on social
evaluation in economic environments (Fleurbaey and Maniquet, 2011, 2017, 2019;
Fleurbaey and Tadenuma, 2014; Piacquadio, 2017, Bosmans et al., 2018). In line
with P1, the contributions construct well-being measures consistent with individuals’

2 For interpersonal comparisons, they study

preferences over consumption bundles.%
multi-commodity generalizations of the idea that the well-being gain from an income

gain decreases with the original income.

2.6 Conclusion

The chapter has developed a theory of welfarist social evaluation. It is based on a single
difference relation capturing primitive well-being comparisons. Social orderings and
conditions of all types (normative, informational, consistency, richness) are formulated
in terms of this difference relation. Utility representations are not presupposed, but

derived in environments with gain comparisons (Lemmas 4, 7).

Strong Pareto and Fundamental Equity have far-reaching implications for different in-
formational assumptions. They are summarized in Table 2.1. Theorems 1-5 use different
richness assumptions, but it is possible to put them all together. In that case, norma-
tive conditions as well as consistency and richness assumptions (C1-C4, R1-R4, RAD)
are fixed. The characterizations only differ with respect to informational assumptions.
Major approaches to social evaluation (Simple Majority, Leximin, Utilitarianism) have
Strong Pareto and Fundamental Equity as their common normative basis and are solely

distinguished on informational grounds.

60A critical condition for the results is a difference Pareto condition. This condition is quite strong
as it effectively induces that the social value of an individual gain does not depend on its starting level.

No according condition is employed in the present chapter.
61Specifically, difference measurement in terms of risk preferences has a long history in decision

theory. Recently, Karni and Weymark (2023) take this approach to construct intra- and interpersonal
well-being difference comparisons. They then employ a condition similar to GE to characterize Relative
Utilitarianism.

62Fleurbaey and Tadenuma (2014) also analyze versions of P2.
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Theorem | Interpersonal Characterized Via

Comparability Relation(s) Condition(s)
1 No Impossibility Strong Equity
(Simple Majority Relation)
2 Only Levels Leximin Relation Anonymity,
Hammond Equity
3 Only Gains Utilitarian Relation Gain Equity
Levels and Gains Additive Welfarist Strong Pigou-Dalton
Relations
5 Weak Incomparability | Impossibility

Table 2.1: Implications of Strong Pareto and Fundamental Equity

Fundamental Equity unifies seemingly distinct normative arguments and conditions. It
provides unconditional justifications of Anonymity and Strong Pigou-Dalton as well as
conditional justifications of Strong Equity, Hammond Equity, and Gain Equity. These
properties yield characterizations of Simple Majority Relation, Leximin Relation, Util-
itarian Relation, and Additive Welfarist Relations via Propositions 1-4 (see Table 2.1).
While Theorems 1-4 hold under more restrictive informational assumptions, they have

a unified rationale in terms of Fundamental Equity.

Due to Theorem 5, Strong Pareto and Fundamental Equity yield an impossibility result
for a general well-being difference relation given Weak Two-Person Incomparability. If
there are no interpersonal comparisons, Positional Equity is a reasonable weakening of
Fundamental Equity and characterizes the Level Borda Relation (Proposition 5). But
overall, it is desirable to keep Strong Pareto, Fundamental Equity, and the assumption

that the social ranking is an ordering as they are all normatively appealing.

Theorems 1-5 apply if alternatives are abstract prospects and the well-being difference
relation captures ex ante comparisons. They also go through for variable populations.
The characterized social orderings are either of the total or of the critical level type.
Overall, this establishes a systematic relational analysis of social prospect evaluation

and variable population evaluation.

The well-being difference relation can be determined via the preferences of individuals
and of an ethical observer. Importantly, the difference relation inherits the completeness
of preference relations (Proposition 6). This avoids the impossibility from Theorem 5

and leads to the informational environment of Theorem 4.
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In the environment of complete level and gain comparability, there are several can-
didate orderings for social evaluation, including Leximin, Utilitarianism, Generalized
Utilitarian Relations, and rank-additive approaches like Gini. They all satisfy Strong
Pareto and Fundamental Equity. To restrict the class of candidate orderings, further
normative single relation conditions need to be added. This is an interesting avenue for
future research.

Overall, the present chapter has aimed to provide an intuitive and qualitative analysis
of social evaluation. Such analysis is likewise needed to deal with open issues. It
is meant to close the gap between economic theory, public discourse, and practical
decision-making. Welfarist evaluation should inform welfarist choice.

o1



2.A Appendix

2.A.1 Consistency Conditions

The following sections present proofs of the results from the main text. In view of the
variable population interpretation, they allow for infinite N and assume V2. The proofs

employ the following consistency conditions that are implied by C1-C4.

C5: 7—* is reflexive and transitive.

C6: For all 4,5, k,1 € N and z,y,z,w € X, (ig,k.) ~ (Jy, k2) = (izslw) ~ (Jys lw),
(kzwim) ~ (kzajy) = (lwaix) ~ (lunjy)a (Zx;kz) - (jyakz) = (izalw) ~ (jyvlw)7 and
(k2 in) = (Kzsdy) = (lwyia) = (lw, Jy)-

C7: Foralli,j € N and 2,y € X, iy ~* j, < (i0,5,) ~ (jyrjy) and iy =* j, <
(im,jy) - (jyhjy)'

C8: For all 7,5,k,l € N and z,y,2,w € X, i, ~* k, and j, ~* [, imply (i, j,) ~
C9: For all 4,5,k € N and z,y,z € X, iy =" j, =* k, implies (i, k) > (is,7,) and
(z, k2) = (Jy, k2).

Lemma A.1.1: If 7 satisfies C1-C4, then - satisfies C5-C9.

Proof:

(C5) Take i € N and x € X. By Cl1, (ig,i,) 5 (iz,4,). It follows that i, 75* i,. Thus,
7" is reflexive. Consider 4,5,k € N and z,y,z € X with ¢, Z* j, and j, 22" k.. That
is, (iw,Jy) Z (Jy»Jy) and (jy. k2) o (ks k.). By C4, (jy,dy) ~ (ks k;). Due to C1,
that implies (i,,j,) 2 (ks k.). Taken together, C2 yields (i,, k) 2= (k.,k.). That is,

iz 755 k., so that 72* is transitive.

(C6) To begin with, it is true that, for all 4,j,k,l € N and z,y,z,w € X, (iz, k.) 2
(jy7kz) = (Zx,lw) r>_\1 (.jyalw) and (k%lﬂﬂ) r>\: (kz7]y> = (lwazx) r>\_./ (lunjy)' TO s€ee that?
suppose (iy, kz) 25 (Jy, k2). By CL, (ks,lw) 5 (K2, lw). Due to C2, that implies (i, () 2

(Jys lw). Suppose (k.,i,) = (k2,Jy). Due to C1, (I, k.) Z (lw, k.). By C2, it follows
that (ly,iz) 22 (lw, Jy)-

~Y

Consider ¢,7,k,l € N and z,y, z,w € X. Suppose (i, k,) ~ (jy, k.), that is, (i, k.)
(4y, k2) and (jy, k) 2 (iz, k). Due to the last paragraph, that implies (i,, lw) 25 (Jy, lw)
and (Jy, lw) 2 (ig, ly). That means (iy, ly) ~ (jy, lw). Suppose (k.,i;) ~ (k.,j,). Since
(ksvip) 25 (kv dy) and (k. jy) 2 (ks, i), the last paragraph implies (ly,iz) 2 (lw, Jy)

~

and (ly,Jy) = (ly,iy). That is, (ly, i) ~ (L, Jy). Suppose (iy, k) > (jy, k.). Since
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(tz,k2) 72 (Jys k2) and (jy, k.) Z (i, k.), the last paragraph induces (iy,ly,) 22 (Jy, lw)
and (jy, ly) Z (i, ly), meaning (iz,l,) > (jy, lw). Suppose (k.,i;) > (k.,j,), so that

(kyiz) 2 (
(lwajy) and (lwa]y) % (lwai:c), yielding (lwazx) > (lwajy)'

(C7) Consider i,j € N and x,y € X. Suppose i, ~* j,. That is, (i, j,) 2= (Jy,Jy) and
(Jys i) Z (is,15). Due to C4 and C1, (jy,iz) 25 (Jy,Jy)- C3 leads to (jy, jy) 2 (iz Jy),

implying (i, jy) ~ (Jy, jy)- Suppose iy = j,. That is, (iz, jy) Z (Jy,Jy) and (Jy,iz) Z
(iz,15). Assume (jy,7y) = (iz,7y). C3 implies (jy,iz) 25 (Jy, Jy)- In turn, C4 and C1

k.,jy) and (k.,j,) Z (k.,1,). Again, the last paragraph implies (l,,%;) 2=

~J

yield the contradiction (jy, i) 5 (iz, ;). Assumption (jy, j,) 7 (iz, j,) must be wrong,
so that (iz,jy) > (jy,Jy)- Suppose (iz,Jy) ~ (Jy.Jy). That is, i, Z* j,. As shown,
iy > j, would imply the contradiction (is,j,) > (Jjy,Jy). Hence, i, ~* j,. Suppose
(iz,Jy) > (Jy,Jy)- Again, i, Z* j,. As argued, i, ~* j, would yield the contradiction

(i, Jy) ~ (Jys Jy), so that i, >* j, must hold.

(C8) Take 7,7,k,l € N and z,y, z,w € X with i, ~* k, and j, ~* [,,. By C7, it follows
that (iz, k,) ~ (k.,k.). Due to C6, that implies (i,,l,) ~ (k.,ly). C7 also induces
Jys lw) ~ (lw, ). By C4 and C1, that leads to (jy,lw) ~ (jy,Jy). In turn, C6 implies
iy lw) ~ (i, Jy). Taken together, C1 yields (iy,j,) ~ (K., Ly)-

k., k.). Due to C4 and C1, it follows that (j,,k.) > (jy.jy). By C6, that yields

(

(

(C9) Consider i,j,k € N and z,y,z € X with i, =* j, =* k.. CT7 implies (j,, k) >
(

( (i, Jy). CT also implies (i, j,) > (jy, Jy)- Due to C6, that results in (i,, k,) >
(

2.A.2 Proofs for Section 2.3.1

Proof of Lemma 1:

For “=", suppose g satisfies FE. Consider z,y € X and i,j € N such that i, >* iy,
Jy =¥ Ju, and, for all k € N\ {i,j}, ky ~* k,. By NILC and MIGC, (iy,iy) % (jy,Ja)
and (Jy, Ju) % (iz,1y). By NILC, j, %#* i, and i, #* j,. Therefore, FE induces z #g y
and y g x. Since g is complete, that yields z ~g y. Accordingly, 7-¢ satisfies SE.
For “«”, suppose that 7Zg satisfies SE. For z,y € X and 4, j € N such that i, ~* i,
Jy =" ju, and, for all k € N\ {i,j}, k, ~* k,, SE implies © ~g y. Since the antecedent
of FE is never satisfied, 7~g satisfies the condition.H

For z,y € X, denote N, = {i € N | i, >* iy} and Neyy = {i € N | iy ~* iy}.
Whenever considering fixed {z,y}, the shorter symbols N, = N,,, N, = Ny, N, =
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Ne zy, and Ny = N ,,, will be used.

Proof of Proposition 1:

The third sentence of Proposition 1 will be shown first. For that purpose, suppose
SO zg satisfies SP and SE. Take z,y € X. Let n = |N,| and m = |N,|. By PLC,
N, UN,UN, = N.

m

Suppose n > m. Rename individuals in N, and N, such that N, = {i',...,i"™, ...,i"} as

well as N, = {j', ..., ;™}. Suppose m > 0. Inductively define a sequence zg, x1, ..., T,y €
X with zp = y: Foreach r € {1,...,m}, i, ~*i, ji ~*jI and, forallk € N\{i",j"},

x?

ky, ~* ks, ,. Such a sequence exists by R1.

Take r € {1,...,m}. By individual transitivity (the intrapersonal part of C5), 7} ~*

T
7 .
Tr—1

Jo._, =" Ju,- Since its antecedent is satisfied, SE yields x, ~g x,_;. The transitivity of

T

Together with 7 >* 4, that implies i;, =" u; . It follows analogously that

=g leads to x,, ~sy. If m =0, then z,, = xo = y.

Suppose x ~ys y, that is, n = m. In that case, individual transitivity implies k., ~* k,
for all k € N. By SP, x,,, ~g x. Social transitivity yields x ~g y. Suppose x >,; y, that
is, n > m. In that case, individual transitivity implies k,, ~* k, for all k € {i"*,...,i"}
and k,,, ~* k, for all k € N\ {i"™, ...,i"}. Together with k, >* k,, it also implies
ky =* k,, for ke {im' ... i"}. By SP, that yields # =g z,,. Social transitivity implies
T g Y.

Tm

It has been established that x ~); y = © ~g y and x >, y = x >g y holds for all

x,y € X. Since 77y is complete, that yields z 72y y < x Zg y for all z,y € X. Hence,

Z§=ZM-

For “=7" of the second sentence of Proposition 1, suppose there exists SO 2~ g satisfying
SP and SE. By the third sentence, ZZg=2"5s. Assume that neither (a) nor (b) holds.
It follows that there exist iy, %z,, %0, Jy1sJye € N X X with ¢ # 7, 45, =" dg, =" g,
and j,, >* jy,. Due to Rl, there exist z,y,2 € X with the following properties.
First, i, ~* iz, ju ~° jy,, and, for all &k € N\ {¢,7}, ky ~* k,,. Second, i, ~* iy,
Jy ~* Jy., and, for all k € N\ {4,j}, k, ~* ky,. Third, i, ~* iy,, j. ~* j,,, and, for
all k € N\ {i,j}, k., ~* k;,. Tt follows that z ~p; y and y ~y; 2z, but x >, z. This
contradicts the fact that g is transitive. Accordingly, the initial assumption must be

wrong. Either (a) or (b) must hold.

For “<” of the second sentence of Proposition 1, show that the SMR is the desired
SO. To begin with, consider x,y € X such that, for all i € N, 7, 22* 7,. That implies
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Ny, = 0 and thus = ZZps y. Suppose there exists ¢ € N with i, >=* i,. Then, N,, # ()
and hence x >); y. Consequently, =, satisfies SP. Take z,y € X and 4,5 € N such
that i, >* iy, j, =" js, and, for all k € N\ {3, j}, ky ~* k,. It follows that N,, = {i}
and Ny, = {j}, implying x ~p; y. Therefore, 77y, satisfies SE. Consider z,y € X.
If |Nyy| > [Nyol, then = 7Zp y.o If | Nyy| < |Nya|, then y Za . Accordingly, 22a is

complete.

Suppose there exists k& € N in the sense of (a). Take x,y,z € X with z 5, y and
y Zm 2. That implies k, Z* k, and k, 2* k,. By individual transitivity, it follows
that k, =—* k.. That yields x Zp 2, so that 2Z)s is transitive. Suppose (b) holds.
In that case, Zy=2Zp. For z,y € X, v Zu y & [Nyl = [Nyl & Yicn,, (I{[-] |
i =t i} = Wie] iy =0 02M) 2 ey, (€0ia] iy = il = I{Jis] | i =+ i)
Sien (i) ie =% i} = [{[é.] | iy = i.}|) = 0 < x Zp y. Since Zp is transitive by
Proposition 5, so is 77;,.0

Proof of Theorem 1:

By Lemma 1, there exists a SO satisfying SP and FE if and only if there exists a
SO satisfying SP and SE. Via the equivalence from the second sentence of Proposition
1, that yields the equivalence from the second sentence of Theorem 1. For the third
sentence of Theorem 1, suppose SO g satisfies SP and FE. By Lemma 1, =g satisfies
SE. Due to Proposition 1, it follows that Zg=27,,.0

2.A.3 Proofs for Section 2.3.2

For Lemmas A.3.1-A.3.4, suppose ILC holds. For finite non-empty M C N and = € X,
bijection 7 : R(M) — M is an z-order if, for all r,t € R(M) with r > ¢, 7(r), " 7(t),.

Lemma A.3.1: Take finite non-empty M C N and z € X. Consider x-orders 7,7’ :
R(M) — M. For all r € R(M), m(r), ~* 7'(r),.

Proof:

By definition, both 7 and 7’ must assign a smaller rank to an individual with a lower
well-being level at x than to an individual with a greater well-being level at x. That is,
7' (), =" m(r), implies r < t and 7 (r), =* 7'(t), implies r > ¢.1

Lemma A.3.2: Take finite non-empty M C N and z,y € X. Consider z-order
7 : R(M) — M and y-order p: R(M) — M. Take t € R(M). The following conditions
are equivalent:

(a) for all r <t, w(r), ~* p(r),.
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(b) there exists a bijection ¢ : {m(1),...,7(t)} — {p(1),...,u(t)} such that, for all
ie{m(l),...,m(t)}, ip ~* 0(1)y.

Proof:

“(a)=(b)”: Suppose that, for all » < t, n(r), ~* p(r),. For each r < t, define
o 7(r) — p(r). It is bijective because 7w and p are. By construction, it is the case
that w(r), ~* o(n(r)), for each r <.

“(b)=-(a)”: Suppose that there exists bijection o : {m(1),....,7(t)} — {w(l),...,u(t)}
such that, for all i € {n(1),...,m(¢)}, iy ~* 0(i),. Define p' : R(M) — M such that, for
r <t, pW(r)=o(mr(r)) and, for r > t, ¢/(r) = p(r). It is bijective because 7, p, and o

are.

Take 1 < r <7’ < |M]|. First, suppose " < t. Then, p/'(r'), ~* o(n(r')), ~* 7w(r'), Z*
(1), ~* o(mw(r)), ~* p'(r),. Second, suppose r <t < r’. Then, p/(r) € {u(1),...,u(t)}
and /(") = p(r’), implying p'(1"), 22* p'(r)y. Third, suppose ¢t < r. Then, p/(r"), ~*
p(r')y = p(r), ~* p@/'(r),. Taken together, that means that p' is a y-order. Due to

Lemma A.3.1, that implies p(r), ~* p/(r), for all » € R(M). It follows that, for r <t,
w(r)e ~* o(m(r)y ~ @ (r)y ~ p(r), B
Lemma A.3.3: Take z,y € X with N,,, # 0 and finite M C N with N,,, C M.

Conditions (1) and (2) are equivalent:

(1) There exist z-order 7 : R(Nj4y) — Nsuy and y-order p @ R(Ng4y) — Ny gy such
that, for all r € R(N;ay), m(1r)s ~* pu(r),.

(2) There exist z-order ' : R(M) — M and y-order p’ : R(M) — M such that, for all
r € ROM), ©/(r)e ~ (7).

Proof:

“(1)=-(2)”: Suppose (1) holds. Each individual from M \ N, ., has the same well-being
level at « and y. That is, for each well-being level, the same number of individuals
from M realize this level at x and at y, respectively. It is thus possible to construct 7’
and g/ in the sense of (2). It is indeed possible to construct 7’ and p' such that, for all
r € R(M) with 7'(r) € M N Ne gy, 7' (r) = (/(r), and, for all r € R(Nj,), there exists
r € R(M) with 7'(r") = n(r) and /(") = p(r).

“(2)=(1)": Suppose (2) holds. It means that, for each well-being level, the same
number of individuals from M realize this level at  and at y, respectively. Again, each
individual from M \ Nj ., has the same well-being level at = and y. It follows that, for
each well-being level, the same number of individuals from Nj,, realize this level at x

and at y, respectively. This fact allows to construct 7 and p in the sense of (1).H

o6



Lemma A.3.4: Take z,y € X with N,,, # 0 and finite M C N with N;,, C M.
Conditions (3) and (4) are equivalent:

(3) There exist x-order m : R(Ny4y) — Nyay, y-order p @ R(Nyuy) — Nsgy, and t €
R(Nj 4y ) such that, for all r € R(N; ) with r <t, m(r), ~* pu(r)y, and 7(t), =* p(t),.
(4) There exist z-order 7’ : R(M) — M, y-order y/ : R(M) — M, and t € R(M) such
that, for all r € R(M) with r < ¢, 7'(r), ~* (/(r),, and 7'(t), =" 1'(t),.

Proof:

“(3)=(4)”: Suppose (3) holds. Define M" = {i € M N Ny, | pu(t)y, Z* iy}. There
exist x-order bijection 7’ : R(M) — M and y-order bijection p' : R(M) — M such
that, for all » € R(M) with #'(r) € M’', 7'(r) = p/(r), and, for all r € R(Ny,y)
with 7 < t, there is 7 € R(M) with #'(r") = m(r) and p/(r") = p(r). They exhibit
7' (r)y ~* p'(r), for all r € R(M) with r < t 4+ |M'|. After rank ¢t — 1 + |M’|, there
is no individual in M with a smaller well-being level than [u(t),] at y left (neither in
M N Ne gy nor in N4, ). It is thus possible to set p/(t 4+ |M'|) = p(t). There is also no
individual in M left whose well-being level at x is not greater than [p(t),]. That means
7'+ | M) =" p(t), ~* /(¢ + | M']),.5 Hence, (4) is satisfied with 7" and 1/'.

“(4)=(3)”: Suppose (4) holds. It implies that, for each well-being level below [¢/(t),],
the same number of individuals in M have that well-being level at x and y, respectively.
In contrast, there are more individuals in M that realize well-being level [p/(t),] at y
than at z. Accordingly, it is possible to construct 7 and g in the sense of (3) with
t* € R(N;4y) such that, for all » € R(N;,,) with r < t*, w(r), ~* p(r),, and w(t*), =*
pt)y ~ (), B

Proof of Proposition 2:
“=7: Suppose SO g satisfies SP, A, and HE.

Consider z,y € X with o ~ y. There are two possibilities. First, N, = (). In that
case, SP induces = ~g y. Second, N, # ) and there exist z-order 7 : R(N;) — N, and
y-order p : R(Ng) — N such that, for all r € R(N;), m(r), ~* pu(r),.

Due to Lemma A.3.2, there exists bijection o : N, — N, such that, for all ¢ € N,

iy ~* o(i),. It is well-known that there are bijections o',...,0™ : Ny — N, with

it ..., i" j1, ..., 7" € N, such that 0 = o"o...00! and, for each of, o'(i*) = j!, o'(j') = i,

and, for all k € N, \ {¢*, j'}, o'(k) = k.

Inductively define a sequence xg, z1, ..., x, € X with g = x: For t € {1,...,n}, take x;

53Individual 7’ (t+|M’|) does not have to be m(¢). There can be an individual from M NN, ,, whose

well-being level at x is smaller than the well-being level of 7 (t) at x.
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such that if, ~*jt . jt ~*id . and, forall k € N\ {i',j'}, ks, ~* ks,_,. That is,

Tt—1"

for all k € Ny, o'(k)s, ~* ks,_,. Such z; exists due to the combination of R2 and R1.

By ILC, there are three possibilities. If i ~* jL | then SP induces z; ~g xy_1. If

Tt—1
it

i >=* jt, ., then A implies z; ~g x4y If jL =% i

o =, then A also yields z; ~g x;_;.

Because all neighboring pairs of the sequence are socially equally good, the transitivity

of g leads to z,, ~g .

For all j € N, ju, ~* ju ~* jy. Consider j € N,. Since o is surjective, there exists
i € Ny with j = o(i) = (6™o...oa")(i). It is true that i,, ~* (i), ~* (6200 (i)y, ~*
. ~*(0"o...00")(i)g,. That results in j,, ~* i, ~* j,. Taken together, SP implies

T, ~g y. Social transitivity yields x ~g y.

Consider x,y € X with z >, y. That is, Ny # () and there exist z-order 7 : R(N,) —
N, y-order p : R(Ng) — N, and t € R(N;) such that, for all r € R(Ny) with r < ¢,
7(r)y ~* p(r)y, and w(t), =* u(t),. Due to R2, there exists z, € X with p(r),, ~* 7(r),
for each r € R(Ny) with u(r), #* n(r),. Denote R = {r € R(N;) | u(r)y =* n(r).}.
Clearly, » € R implies r > t. Suppose R # (). Define R* = {1,...,|R|} and take any
bijection v : R* — R.

Inductively define sequence xg, x1, ..., x|g| € X with o = y. Take s € R* with u(t)., >
p(t)z, .- By R3, there exists j, € N x X with u(t),, =* j. =" u(t).,_,. By R2, there
exists 2/ € X with p(t), ~* j.. By Rl, there exists z; € X with u(t),, ~* u(t).,
1(7(8))ag ~* (V(8))z, - and, for all i € N\ {u(t), n(v(s))}, iz, ~" i, ;.

By construction, pu(y(s))a,_, =" #(¥(8))a, ~* 7(¥(8))a Z7 7()e ~ pult)z, =" pu(t)a, =7
p(t)z, , and, for all i € N\ {u(t), u(v(s))}, iz, ~* iz._,. Due to HE, that yields
Ty Zs Ts—1. Taken together, social transitivity leads to x|z s y. By R1, there exists
wy € X with pi(t)w, ~* p(t)., and, for all i € N\ {u(t)}, dw, ~* iz SP induces
wo =g T|g. By social transitivity, that implies wg =g y. If R = 0, let wy € X be such
that pu(t)w, ~* p(t)., and, for all i € N\ {u(t)}, iy, ~* iy. Again, R1 makes sure that
such a state exists. SP yields wg =g ¥.

Denote T' = {r € R(N,) | r > t An(r), =* u(r),}. T =0, set w = wy. Suppose
T # (. Define T* = {1,...,|T|} and take any bijection § : T* — T. Inductively
define sequence wy, ..., wir € X and set w = wyp. For s € T, let wy, € X be such
that 1(0(s))w, ~* 1(9(8))z5., ~* 7(3(s)). and, for all i € N\ {u(0(s))}, tw, ~* iw, ;-
It exists due to R1. By SP, ws >g ws_1. Taken together, social transitivity yields
wir| =5 y. In any case, w >g y.

o8



By construction, p(r), ~* m(r), holds for all r € R(Nj.y). For all i € Ne gy, Gy ~*
iy ~* iy It follows that N 4 C Ns gy If Nj gy = 0, then @ ~p w. If Ny # 0, Lemma
A.3.3 implies x ~; w.%* As shown above, that yields  ~g w. Social transitivity leads

tox >gy.

It has been demonstrated that, forall z,y € X, v~y y=2x ~syand x >, y = x >g

y. Since 77 is complete, that yields x 7og y < = Zp y for all z,y € X. Therefore,

Z5=2L

“<”: Take LR Z . First of all, it is a SO. To see that, consider z,y € X. If N; ., = 0,
then x ~p y. Suppose N; 4, # 0. Then, there exist z-order 7 : R(Njzy) — Ny and
y-order ji : R(Nguy) — Nggy. If w(r), ~* p(r), for all r € R(Ny,y), then x ~jp, y.
Suppose that there exists t € R(N,,,) such that, for all r € R(Nj,,) with r < t,
7(r)e ~* pu(r)y, and 7(t), #* wu(t),. I 7(t), =* u(t),, then x > y. If p(t), =* 7(t).,
then y > x. Thus, 77 is complete.

Consider z,y,z € X with « =, y and y 7 2. Define M = Ny, U Ny, U Ny .

Distinguish the following cases.
1. Suppose case 1 of the Leximin definition applies to x 21, y, that is, Ny, = 0.

1.1 Suppose case 1 of the Leximin definition applies to y -1, 2, that is, Ny,, = 0. For
all i € N, iy ~* 1, ~* i, so that N, . = (). The latter means x =1, 2. In the following

cases, suppose N ;. # 0.

1.2 Suppose case 2(a) of the Leximin definition applies to y 75;, z. By Lemma A.3.3,
there exist y-order 7 : R(M) — M and z-order p : R(M) — M such that 7 (r), ~* u(r),
for all r € R(M). Since N4, = 0, it follows that, for all r € R(M), 7(r), ~* n(r), ~*
p(r),. Specifically, 7 is an z-order. Due to Lemma A.3.3, that implies = 771, 2.

1.3 Suppose case 2(b) of the Leximin definition applies to y 7~ z. By Lemma A.3.4,
there exist y-order 7 : R(M) — M and z-order p : R(M) — M with t € R(M)
such that, for all r € R(M) with r < t, w(r), ~* p(r),, and 7(t), >* u(t),. Since
Ny = 0, it follows that, for all » € R(M) with r < ¢, w(r), ~* n(r), ~* p(r)., and
m(t)y ~* w(t)y, =* p(t),. Again, 7 is an z-order. By Lemma A.3.4, it follows that
T2

2. Suppose case 2(a) of the Leximin definition applies to  7Z; y. Due to Lemma
A.3.3, there exist xz-order m : R(M) — M and y-order p : R(M) — M such that

64GSet M = N, 2y and recognize that p is a w-order bijection.
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(1), ~* pu(r), for all r € R(M).

2.1 Suppose case 1 of the Leximin definition applies to y Zp z, so that N, = 0. It
follows that 7(r), ~* pu(r), ~* u(r), for all € R(M). Since y is also a z-order, Lemma
A.3.3 implies z 7, 2.

2.2 Suppose case 2(a) of the Leximin definition applies to y 77 z. By Lemma A.3.3,
there exist y-order p/ : R(M) — M and z-order ©' : R(M) — M such that p/(r), ~*
7'(r), for allr € R(M). Lemma A.3.1 implies that, for all r € R(M), 7(r), ~* pu(r), ~*
w(r)y ~* 7' (r),. By Lemma A.3.3, that implies = 77, 2.

2.3 Suppose case 2(b) of the Leximin definition applies to y 775 z. Due to Lemma
A.3.4, there exist y-order p’ : R(M) — M and z-order 7’ : R(M) — M with t € R(M)
such that, for all r € R(M) with r < ¢, p/(r), ~* ©'(r),, and p'(t), =* 7'(t),. Lemma
A.3.1 induces that, for all r € R(M) with r < ¢, w(r), ~* pu(r), ~* @' (r), ~* 7'(r).,
and 7(t), ~* p(t), ~* W (t), =* 7'(t),. In turn, Lemma A.3.4 implies x 77, 2.

3. Suppose case 2(b) of the Leximin definition applies to = 7, y. By Lemma A.3.4,
there exist z-order = : R(M) — M and y-order u : R(M) — M with t € R(M) such
that, for all r € R(M) with r < ¢, w(r), ~* pu(r)y, and w(t), =* pu(t),.

3.1 Suppose case 1 of the Leximin definition applies to y 7, z, meaning N, = (). For
all r € R(M) with r <t, w(r), ~* p(r), ~* pu(r),, and w(t), =* p(t), ~* pu(t),. Again,
i is also a z-order. Due to Lemma A.3.4, x 77, z.

3.2 Suppose case 2(a) of the Leximin definition applies to y 7Z; z. Due to Lemma
A.3.3, there exist y-order p/ : R(M) — M and z-order «’ : R(M) — M such that, for
all € R(M), p/(r), ~* '(r),. Lemma A.3.1 implies that, for all » € R(M) with r < ¢,
T(1)y ~* p(r)y ~* @' (r)y ~* ©'(r),, and 7(t), =" u(t), ~* @' (t), ~* 7'(t),. By Lemma
A.3.4, it follows that = 77y 2.

3.3 Suppose case 2(b) of the Leximin definition applies to y 7y z. By Lemma A.3.4,
there exist y-order ' : R(M) — M and z-order ' : R(M) — M with ¢’ € R(M) such
that, for all r € R(M) with » < ¢, (/(r), ~* @'(r)., and p'(t'), >* 7'(t'),. Define
t" = min{t,t'}. For all r € R(M) with r < ¢”, Lemma A.3.1 implies 7(r), ~* pu(r), ~*
w(r)y ~ w(r),. Ift" =+t < ¢, then n(t"), =* p(t"), and p'(t"), =* «'(t"),. If
t" =t <t, then w(t"), 2" p(t"), and p'(t"), =* ©'(t").. Together with Lemma A.3.1,
it follows that m(t"), 25" u(t"), ~* W' (t"), z=* 7'(t")., with one comparison being strict.
Hence, 7(t"), »=* 7'(t"),. Due to Lemma A.3.4, that yields x 7= z. Taken together, it

has been established that >~ is transitive.
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Consider z,y € X such that, for all ¢ € N, i, 2Z* 4,. That is, Ny, = 0. If N, = 0,
then « 7, y. Suppose N, # 0, meaning that there exists i € N with i, =* i,.
For z-order m : R(Ns4y) — Nsguy and y-order g @ R(Njgy) — Nsgy, that implies

(1), =* m(1), = p(1),. It follows that = >, y. Hence, 77, satisfies SP.

Take x,y € X and i,j € N such that i, ~* j, =* j, ~* iy, and, for all k € N\ {i,5},
ky ~* k,. In this (and any other) basic two-person situation, Ny,, = {i,j} and
R(Nj 4y) = {1,2}. For z-order 7 : R(N4,) — N4y and y-order p @ R(Nyuy) — N oy,

m(1) = j, 7(2) =4, p(1) =4, and p(2) = j. Specifically, 7(1); ~* p(1), and 7(2), ~*
1(2)y. That means = ~, y. Accordingly, 2, satisfies A.

Consider z,y € X and ¢,j € N such that i, >* 4, =* j, =" j,, and, for all k € N\ {4, j},
ky ~* k,. Now, z-order 7 : R(Nj4y) — Njay and y-order p: R(N 4y) — Nj 4, exhibit
(1) = j, 7(2) =4, p(l) = 7, and p(2) = 4. It follows that p(1), >* 7(1),, implying
y =1 x. Since y 7=, x, 71, satisfies HE.H

Proof of Lemma 2:

Suppose Zg satisfies FE. Take z,y € X and i,j € N such that i, ~* j, =% j, ~* iy,
and, for all k € N\ {i,j}, ky ~* k,. Due to C8, that implies (ix,z’y) (Jys jz)- By FE
and the completeness of g, it follows that x ~g y. Thus, g satisfies A. Note that
the same argument shows SPD=-A.1l

Proof of Lemma 3:

Suppose =g satisfies FE. Consider z,y € X and 4, j € N such that i, >* i, >* 5, >* jg,
and, for all k € N\ {i,j}, k, ~* k. Due to MIGC, (i,,1,) > (jy, j») would imply the
contradiction j, 7 4. Thus, (is,14,) ¥ (Jy, j») must hold. Taken together, FE yields
x #sy. Since g is complete, that results in y 7-g x. Hence, 7~ satisfies HE.H

Proof of Theorem 2:

For “=7 suppose SO =g satisfies SP and FE. By Lemmas 2-3, g satisfies A and
HE. Due to Proposition 2, that yields -g=2-. For “<” take LR 7. By Proposition
2, 7 satisfies SP. Consider z,y € X and ¢,j € N such that i, >* by, Jy =" Jos
(tzyty) # (JysJz), Jo #* iy, and, for all k € N\ {4, j}, k, ~* k,. By ILC, iy, Z* j..
Take x-order 7 : R(Nj 4) — Ny 4y and y-order pi : R(Njzy) — Nsgy. Suppose i, ~* j,.
Together with j, ~* j,, C8 implies (j,, i) ~ (jy, jz). Assume i, >=* j,. By C9, it follows
that (iz,7y) > (Jy,4y). Due to C1, that yields the contradiction (iy,i,) > (Jy,Jz). It
must thus instead be the case that j, 2Z* i,. It follows that p(1), ~* i, ~* j, ~* w(1),
and p(2)y ~* jy = 1y ~* 7(2),. Thus, y 2 @ If 4, =* j,, then p(1), =* j, ~* 7(1),
and y > z. In any case, x ¥ y. Therefore, 7~ satisfies FE.I
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2.A.4 Proofs for Section 2.3.3

Lemma A.4.1 states some useful implications.

Lemma A.4.1:

a) If C2 holds, then, for all i,j,k,i,7,k' € N and z,y,2,2",y,2 € X, (ig,jy) ~
o 7) and (g k) ~ (s ) imply (i, k) ~ (i, K)

b) If C3 holds, then, for all ¢,j,k,l € N and z,y,z,w € X, (iy,j,) ~ (k,1,,) implies
lun k ) (jya Z:c)

(c) If C3 and IDC hold, then C4 holds.

(d) If C1, C3, and IDC hold, then PLC holds.

Proof:

(
(
(
(

(a) Consider i,j,k,7, 5, k' € N and x,y,z,2',y,2" € X with (is,j,) ~ (i, J;,) and
(Jys k=) ~ (Jyr, KLr). Since (iz, jy) Z (4, J,0) and (G, k) Z Gy, kL), C2 implies (ix, k2) 22
(i, K). Since (1,7]) 2 (i, jy) amd (1K) % (g ke), C2 also implies (2, k) %
(i
(

~

b) Take i,j,k,l € N and z,y, z,w € X with (iy, j,) ~ (ks, ). Since (iz, jy) 7 (ks, lw),
C3 implies (ly, k.) 2 (Jy,tz). Since (k.,ly) Z (ig,7y), C3 likewise implies (jy,iz) 2
(lw, k).

(c) Consider 7,57 € N and z,y € X. By IDC, (iy, %) 25 (Jy, 4y) O (Jy,Jy) 5 (i, iz). By
C3, the former implies (jy, j,) 2 (ix, i), while the latter implies (iy,1:) 25 (Jy, jy). In

any case, (iz,1z) ~ (Jy, Jy)-

(d) Take i € N and z,y € X. By IDC, (iy,1y) 5 (iy,%y) or (iy, %) 25 (iy,iy). The former
implies i, 2Z* 7,. Suppose the latter holds. By C3, it implies (iy,%,) 25 (iy,%,). By C4
and C1, it follows that (iy,,) 25 (44, %;), meaning 7, =" i,.0

Proof of Lemma 4:
Take k € N in the sense of RAD. Define relation =, over ({k} x X)? such that, for
z,y, z,w € X, (ky, ky) Zk (ksy k) < (kzy ky) 22 (K2, kyw). The relation has the following

properties:

(1) Zk is complete and transitive (by IDC and C1).

(2) For all ,y, z,w € X, (ky, ky) 7k (ks, ky) implies (ky, k2) 2k (ky, kz) (by C3).

(3) For all x,y,z,2",v/,2" € X, (ky, ky) Zk (kw,ky) and (ky, k) 2k (ky, k) imply
(o 2) i (kv ) (by C2).

(4) For all z,y,z,w € X with (k;,ky) Zi (ks, kw) Zi (kg ky), there exist o',y € X
with (ky, ky) ~ (ks, ky) and (kg ky) ~p (ks ky) (by CL, C4, C7, and R4).
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(5) The well-being differences of k are Archimedean (by RAD).

To prove (4), consider z,y,z,w € X with (k;,ky) Zr (ks, kw) Zk (K, k). Suppose
(k,,kw) ~k (kg k). In that case, set 2/ = y and ¥ = z. By C4 and Cl1, that
leads to (ky, ky) ~i (k2 k) and (ks ky) ~gi (ks ky). Suppose (kg ky) ~i (ks kw).
Now, ' = x and v = y yield (ky,k,) ~k (ks kyw) and (ky, ky) ~i (k2. ky). Suppose
(ku,ky) =k (k2o kw) >k (kg k). By C4 and C1, that implies (k,, k) =5 (ky, k,) and
(kz, kw) =k (kw, k). Due to C7, it follows that k, >* k, and k, >* k,,. Taken together,
R4 implies that there exist 2,y € X with (ky, ky) ~k (K., kyw) and (ky, ky) ~% (K2, ky).

Due to Theorem 4.2 of Krantz et al. (1971), the five properties imply that there
exists u, @ {k} x X — R such that, for all z,y,z,w € X, (ky, k) i (k2 bw) <
up(ky) — wr(ky) > ug(k,) — uk(ky). For every other vy, : {k} x X — R that represents
comparisons of k’s differences in this way, there exist A € R and p € R, such that, for
all z € X, vp(ks) = X+ p - ug(ky).

Define u : N x X — R like this. For 2 € X, set u(k,) = ux(k,). Fix z, € X. Take
i € N\ {k} and z € X. By RAD, there exist z,w € X with (iy,i,,.) ~ (k. ky).
Set u(iy) = ug(k,) — uk(ky). The value is well-defined. For other 2/,w' € X with
(1gy iz, ) ~ (K, ky ), it is true that ug(k,) — ugp (k) = ug(k,) — ug(ky).

Claim 1: For all i € N and z,y € X with z,w € X such that (i,,1,) ~ (ks, ky), it is
true that u(i,) — u(iy) = u(k,) — u(ky).

Together with C1, Claim 1 yields that, for all 4,5 € N and x,y,z,w € X with
o'y, 2, w € X such that (iy,1,) ~ (kv,ky) and (j,Jw) ~ (ku, ky), it is the case
that (iz,iy) 2 (Jz,Juw) & (ks ky) 2 (ko kur) & ulke) —u(ky) 2> u(kys) — u(ky) &
u(iy) — u(ty) > u(j:) — u(jy). Claim 1 can be reduced to Claim 2.

Claim 2: For all i € N and =,y € X with ¢, 2% 4, and z,w € X such that (i,i,) ~
(k2 ky), it is true that u(i,) — u(iy) = u(k,) — u(ky).

To prove Claim 2, consider according ¢ € N and z,y € X. Distinguish three cases.

1. Suppose i, Z* iy ZF ig,. Since (ig,iy) 2 (iy,iy) and (iy,i,) 2 (iy,iz,), it is
true that (iy,i,,) 2 (iy,%,). Take z1,y1, 21, w1 € X with (iy,4,,) ~ (ks , ks ) and
(y,0s,) ~ (ky,, kuy ). It follows that (ky,, k.,) 2 (kyskw,) 2 (ks key ). Due to (4),
there exists yo € X with (ky,, ksy) ~ (ky, kw,). In turn, (ky,, ki) ~ (i, 0,). It
follows that (i, ,i,) ~ (ks,,ky,). Combined with (iy,i,.) ~ (ks , ks ), that implies
(3, 1y) ~ (kg , ky,). Taken together, it follows that w(k,) — u(ky) = u(ky,) — u(k,,) =

(uka,) = ulks,)) = (ulky,) = ulkzy)) = wlic) = u(iy).
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2. Suppose i, Z* iy, ZF iy Due to (iy,is,) 75 (g, tz,.) and (i, 0y) 75 (ig,,0,), it
is the case that (iy,1iy,) 2 (iz,%z,). Take 1,21 € X with (iy,4,) ~ (ks , ks, ). Since
(ko kw) 2 (Kgyy k) 22 (Ksyky), there exists wy € X with (ks, ky,) ~ (kz,, k). Due
to (ky, kz) ~ (iy,i,) and (k,, ky,) ~ (iz, s, ), it follows that (ky, ky,) ~ (iy,%5,). That

yields (k) — u(kw) = (u(k:) = u(kw,)) = (wkn) = u(kw,)) = wliz) — u(iy).

3. Suppose iy, T iy ZF iy Now, (iy,,1:) Z (ls,0) and (ig,iy) 25 (i,1,) im-
ply (iw,,iy) 2 (ig.,1;). Consider z1,yi, 21, w1 € X with (iy,,4,) ~ (ks ks, ) and
(L 0y) ~ (Kwys by, ). Due to (K, ky) 75 (Kzyy kay) 75 (Kuwys kw, ), there exists xo € X
with (ky,, ke,) ~ (k. ks, ). That implies (ky,, ksy) ~ (is,,1;) and in turn (iy, i,,) ~
(kgy, kuy ). Together with (iy,,7,) ~ (Kwy, Ky, ), it follows that (i, i,) ~ (Kg,, Ky, ).
Moreover, (ky,, kw,) ~ (iy, iz, ). That results in u(k,) — w(ky,) = u(ky,) — u(k,,) =
(w(kzy) — u(kw,)) — (u(ky,) — u(ky,)) = u(iy) — u(i,). Taken together, this establishes

Claim 2.

Consider ¢ € N and z,y € X with z,w € X such that (i,,i,) ~ (k., ky). If iy 22 4y,
Claim 2 implies u(i,) —u(iy) = u(k,) —u(ky). Suppose i, Z* i,. Since (ky, k) ~ (iy,iz),
Claim 2 induces that u(i,) —u(i,) = u(ky,)—u(k,). That is, u(iy) —u(iy) = u(k,)—u(ky).
This establishes Claim 1. Consequently, u represents difference comparisons of 7-.

Take v : N x X — R that represents difference comparisons of 7. Define vy : {k} x X —
R such that, for x € X, v (k,) = v(k;). It follows that, for all z,y, z,w € X, (ky, ky) 7k
(ks kw) € vp(ky) — vi(ky) > vip(k,) — vg(ky). As discussed above, there exist A\, € R
and g € Ry such that, for all x € X, v(k,) = vg(kz) = M + p-u(ky) = e + - u(ks).
For i € N\ {k}, define \; = v(i,, ).

Consider i € N and x € X. If i = k, then, by construction, v(i,) = A + p - u(iy).
Suppose i # k. Take z,w € X such that (iy,i,,) ~ (k.,ky). It follows that v(i,) =
Ai +u(iy) —v(iz,.) =N +vlk,) —v(ky) =N +p- (u(k,) —u(ky)) = Ni + - u(iy). This
establishes the uniqueness claim about .M

Proof of Proposition 3:
“=7: Suppose SO g satisfies SP and GE. Take u € R¥*¥ in the sense of Lemma 4.

Consider x,y € X with # ~y y. That is, >,y (u(ks) — u(ky)) = > pen, (ulks) —
u(ky)) = 0. If Ny = 0, then SP induces & ~g y. Suppose Ny # (. Since the sum of
utility differences is zero, that implies N, # () and N, # (. Rename individuals from
N, and N, such that N, = {i(1),...,i(n)} and N, = {j(1), ..., j(m)}.

Inductively define a sequence of states z(0), z(1),...,2(5) € X with 2(0) = y. Take
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s € IN. If u(i(r).s—1)) = u(i(r),) for all r € {1,...,;n}, set s =1 = 5. If u(j(t).5-1)) =
u(j(t),) for all t € {1,...,m}, likewise set s — 1 = 5. Otherwise, let r € {1,...,n} be the
smallest number such that w(i(r),;) > w(i(r).s—1)) and t € {1,...,m} be the smallest
number such that u(j(t).s—1)) > u(j(t)z). There are three possibilities.

First, suppose w(i(r)s) —u(i(7)2(s—1)) = w(J(t)2(s—1)) —u(j(t)z). In that case, select z(s)

such that w(i(r).s)) = u(i(r)z), u(J(t)-(s)) = u(j(t)s), and, for all k € N\ {i(r),j(t)},
u(kys)) = u(kz(s—1)). Such a state exists by R1.

Second, suppose u(i(r)y) — w(i(r)zs—1)) > u(j(t)ss-1)) — u(j(t)s). Since u repre-
sents difference comparisons, R4 implies that there exists z € X such that u(i(r),) —
w(i(r)z(s-1)) = w(J(t)2(s—1)) — w(j(t)z). In that case, select z(s) such that u(i(r)..)) =
u(i(r)2), w(i()sie) = u(i).), and, for all k € N\ {i(r), ()}, ulhuqo) = w(kaio )
Again, such a state exists by R1.

Third, suppose u(j(t).(s—1)) —w(j(t)z) > w(i(r)s) —u(i(r).(s—1)). Due to R4, there exists
w € X such that u(j(t).s—1)) —u(j(t)w) = w(i(r)s) —u(i(r):s—1)). Now select z(s) such

that u(i(r).s)) = u(i(r)s), w(j(t):s)) = u(j(t)w), and, for all & € N\ {i(r),j(t)},
u(kx(s)) = u(kz(s—1)). Once again, such a state exists by R1.

In any case, it is true that w(i(r).cs)) > w(i(7)25-1)), w(J () 2(s-1)) > (G (t)2(s)), w(i(r)2(s))
—U(i(r)z(sm) = u(j(t)z(sfl)) - u(j(t)z(S))’ and, for all k € N \ {Z( ) .(t>}a (kz(S)) =
u<kz(s—1))- Specifically, ZkeN u(kz(s)) — u(k 2(s— 1) ZkeNg ( 2( ) - (kz(s—l)) =
u(i(r)2(s) — w(i(r)zs—1)) + u(j(t)zs)) — w(i(t)z(s-1)) = 0, so that ZkeNsu(kz(S)) =
Zke N, u(ks(s—1y). By construction, the antecedent of GE is satisfied. The condition
yields z(s) ~g z(s — 1). Taken together, social transitivity leads to z(5) ~g y. More-

over, ZkeN ( ) ZkeN ( y) = ZkeNs u(kx)

Forall € {1,...,n} and t € {1,...,;m}, u(i(r)z) > u(i(r).s)) and u(j(t).5)) = u(j(t)z)-
Suppose that there exists r € {1,...,n} with u(i(r),) > u(i(r).). By construction of
the sequence, that implies u(j(t).)) = u(j(t),) for all t € {1,...,m}. It follows that
> oken, Wke) > Doy, u(kzs). This is a contradiction. Hence, u(i(r).) = u(i(r).(s)
must hold for all 7 € {1,...,n}. The existence of t € {1,...,m} with u(j(t).c)) > u(j(t)z)
would lead to the contradiction ), .y u(k.s) > > pcn, u(kz). Thus, u(j(t).s) =
u(j(t);) must hold for all t € {1,...,m}. For all k € N, u(k.5)) = u(ky) = u(ky)
Taken together, SP implies z ~g z(§). Social transitivity yields = ~g y.

)
ky).

Consider 7,y € X withx =y y. Thatis, ), .y u(ks)—u(ky) = > ey, wlka)—u(k,) > 0.
It follows that N, # 0. If N, = 0, then SP induces x >g y. Suppose N, # 0.
Again denoting N, = {i(1),...,i(n)} and N, = {j(1),...,5(m)}, reconsider sequence
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2(0), 2(1), ..., 2(8) € X from above. As before, 2(5) ~s vy, D ey, wlk=3) = D pen, u(ky)
and, for all 7 € {1,...,n} and t € {1,....,m}, u(i(r)z) > u(i(r).s) and u(j(t).s) >
w(j(t)z). If u(i(r)z) = u(i(r).s) held for all » € {1,...,n}, that would yield the
contradiction ), n u(ky) > D ey ulky) = D ey, ulkaz) = Dopen, ulks). Hence,
there exists r € {1,...,n} with u(i(r),) > u(i(r).s)). By construction, that implies
u(j(t)25)) = u(j(t),) for all t € {1,...,m}. Again, all k € N, exhibit u(k.5) = u(ky) =
u(k,). Taken together, SP induces x =g 2(5). Social transitivity leads to = >g .

It has been shown that, for all z,y € X, x ~py = 2z ~syand x >y y = x =5 y.
Together with the completeness of =, that yields ¢ =—sy < = 7y y for all z,y € X.
Consequently, ~g=>"r.

“<": Consider UR ZZy. To begin with, it is a SO. Take z,y € X. If 3. u(iy)—u(iy) >
0, then = Zy y. If 3 2icn uliz) — u(iy) <0, then 3=y uliy) — ulic) = Yy, ,, uliy) —
u(iy) = — ZiENs’w u(ig) —uliy) = — Y .oy uliz) —u(iy) > 0, so that y >y . ’Thus, U
is complete.

Take z,y,z € X with v Zy y and y Zy 2. That is, > .y u(i;) — u(iy) > 0 and
Y ien wliy)—u(iz) > 0. Define M = Ny 4, UN,,.UN; .. It is the case that Y.\ u(i,)—
u(iz) = Y ien wlin) —uliz) = 32 c 0 wiz) — u(iy) +uliy) —u(iz) = >, p uliz) — uliy) +
Dien Wliy) —uliz) = 3oy uliz) — uliy) + > ey uliy) —uliz) > 0. Hence, z Zy 2, so
that 7~y is transitive.

Take x,y € X such that, for alli € N, ¢, 2Z* i,,. That implies u(i,) > u(i,) for alli € N
and in turn ),y u(iz) — u(iy) > 0. Thus, 2 Zy y. Suppose that, in addition, there
exists j € N with j, >=* j,. Since u(j,) > u(j,), that yields >._y u(iy) — u(i,) > 0,
implying x >y y. Hence, 77 satisfies SP.

Take z,y € X and i, j € N such that i, = iy, j, =" Ju, (ix,0y) ~ (Jy, jz), and, for all k €
N\{i, 7}, ky ~* k. It follows that u(i,) —u(i,) = u(j,) —u(j.) and, for all k € N\ {7, j},
u(k,) —u(ky) = 0. That implies ),y u(ks) —u(ky) = u(iz) —u(iy) + u(js) —u(jy) =0

and in turn x ~y y. Therefore, -y satisfies GE.H

Proof of Lemma 5:

Suppose SO g satisfies FE. Take z,y € X and i,j € N such that i, >* iy, j, >* Ju,
(iz,1y) ~ (Jy,Jz), and, for all k € N\ {4, 5}, ky ~* k,. By NILC, j, #* i, and i, #* j,.
It follows by FE that = ¢ y and y ¢ x. Social completeness yields x ~g y. Hence,
> s satisfies GE.H

Proof of Theorem 3:
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For “=" suppose that SO g satisfies SP and FE. By Lemma 5, ~g also satisfies
GE. By Proposition 3, that leads to 7Zs=2y. For “«<” consider UR Zy. Due to
Proposition 3, 77y satisfies SP. Take z,y € X and 4, j € N such that i, ~* i, j, >* j,
(tz, ) ¥ (Jys Ju)s Jo #* 4y, and, for all K € N\ {i,5}, ky ~* k. By IDC, that implies
(Jys Jz) 25 (is,1y) and thus u(j,) — u(jy) > u(iy) — u(iy). Since u(k,) = u(k,) for all
ke N\ {i,j}, it follows that >,y u(k,) — u(k,) = u(jy) — u(js) + u(iy) — u(i) > 0.
That means y =~y x, so that = ¥y y. Hence, 7y satisfies FE.l

Lemma A.4.2: Suppose R4 and IDC hold. Consider i,,%, € N x X with i, > 4,.
There is no Z € X such that i, =" iz = 4, if and only if, for all j.,j, € N x X with
Jo =" Jwy (Jzy Juw) Z (imiy)-

Proof:

For “=", suppose that there exist j,,j, € N x X with j, >* j, and (Js, juw) Z (ix,1y).
IDC implies (iz,4y) > (Jz» Jw). By R4, there exists 2’ € X with (i,,7,) ~ (42, jw). By
C7, (2, jw) > (Jws jw)- Due to C4 and C1, that implies (i,,17,) > (iy,4,). In turn, C7
leads to i, >* 4,. Since C1 gives (iy, 1) > (l4,%,), C6 induces (i, i) > (iz,1y). By
C7, it follows that i, =* i,s. Taken together, i, =" i,y = 4,. For “«<”, suppose that
there exists z € X such that i, =* 7, =" i,. Due to C9, that yields (iy,y) > (is,7,).H

Proof of Corollary 1:
For “<” note that UR -y satisfies SP and FE by Theorem 3. This is so in particular
if —y=rp. For “=” suppose that SO —g satisfies SP and FE. Due to Theorem 3, that

implies i:S:?\:U-

As noted, the fact that k£ in the sense of RAD has finitely many well-being levels
implies that k’s well-being differences are Archimedean.%® To see that, take standard
sequence ri,To,... € X of k. By IDC, there are two possibilities. First, suppose
(kg kwy) > (Kuy, kyy). It follows that k., =" k, for all ,,, 2,11 in the sequence.
From one element to the next, k& improves by at least one well-being level. Since k
only has finitely many well-being levels, this implies that the sequence is finite. Second,
suppose (kg kzy) = (Kuy, ke, ). That implies (kuy, kuy) = (Ko, k). For all @, x40
in the sequence, (kg,,ksz,) ~ (ks,,,kz,.,.). Taken together, that yields k., >~* k

Now, k moves down at least one well-being level from one element to the next. Again,

Tm+1"

it follows that the sequence is finite because k has finitely many well-being levels.

It remains to be shown that Zy=7p. For i,,i, € N x X such that u(iy) > u(iy)
and there is no 2 € X with u(i,) > u(iz) > u(iy), define § = u(i,) — u(i,). To see

65The same is true for all other individuals.
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that 0 is well-defined, consider any other j., j, € N x X such that u(j.) > u(j,) and
there is no w € X with u(j,) > u(js) > u(ju). By Lemma A.4.2 it follows that

u(]z) - u(jw) = U(Zz> - U(Zy)

Consider z,y € X. For each i € N, it is the case that u(i;) — u(iy) = 0 - (|{u(i.) |
u(iz) > u(iz)}] — Hu(iz) | u(iy,) > u(iz)}|). Suppose x ~p y. That is, >,y [{u(is) |
u(iz) > u(iz)} — [{u(iz) | u(iy) > u(i;)}| = 0. It follows that ).\ u(iz) — u(iy) =
Dien, wliz) = uliy) = Yien, 0 - ({uliz) | ulic) > u(i:)}H = {u(i:) [ u(iy) > u(i:)}) =
02 ien, Huliz) [ ulia) > uliz)} — {u(iz) | uiy) > uli)} =0 2y Huliz) | u(ia
u(iz) H — Hu(iz) | uliy) > u(i,)}| = 0. Hence, x ~y .

Suppose x >p y. That means ), [{u(iz) | u(iz) > w(iz)}|—[{u(iz) | u(iy) > u(i.)}] >
0. It follows analogously that ) .\ u(i,) —u(iy) > 0, implying # >y y. The established

V

implications and the completeness of =~ induce = =~y y < x Zp y for all x,y € X.

Accordingly, Z—y=>p.1

2.A.5 Proofs for Section 2.3.4

For z,y € X and i € Ny, let z;,y; € X be such that {z;,y;} = {z,y} and i, >* iy,.
Define D(i,{x,y}) C N, in the following way. For j € Ny ., j € D(i,{z,y}) if and
only if (o, Jy;) 2 (iz;s8y,), and 4y, Z* jy,.. Set D(i,{z,y}) contains those individuals
from Nj ., whose well-being differences between x and y weakly dominate i’s well-being
difference between x and y in the sense of SPD. In particular, reflexivity of - and 7*
imply ¢ € D(i,{x,y}). For M C Ny, denote D(M,{z,y}) = U,cps D(i,{z,y}). For j
from N ., to be in D(M, {x,y}), there must be ¢ from M whose well-being difference

between x and y is weakly dominated by j’s well-being difference between x and y.

For Lemmas A.5.1-A.5.6, let {z,y} be fixed. For i € Ny and M C Ny, denote D(i) =
D(i,{z,y}) and D(M) = D(M,{z,y}). For S C N,, denote S, = SN N, and S, =
SN N,. Thatis, S =5, US,.

Lemma A.5.1: Foralli,j,k € N with i € D(j) and j € D(k), it is true that i € D(k).
Proof:

Take i,j,k € N with i € D(j) and j € D(k) It follows that (iu,,7y,) 2 (Jo;Jy; )
Jy; T gy (Ueys Jy;) 2 (k:xk,kyk) and ky, Z* j,,. Transitivity of 27 and 2Z* yields
(s y;) 25 (Kayy by, ), and k ;- Hence, 1 € D(k).1

ykr\./
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Lemma A.5.2: For all M, M' C N,

(a) M C D(M).

(b) M C M’ = D(M) C D(M").

(c) D(M U M') = D(M) U D(M')

(d) D(D(M) N D(M?)) = D(M) (1 D(M).

Proof:

For (a), take i € M. Due to i € D(i), that implies i € D(M). For (b), suppose
M C M'. Take i € D(M). There exists k € M with i € D(k). Since k € M’, that
implies ¢ € D(M"). For “C” of (c), suppose i € D(M U M'). There exists k € M U M’
with ¢ € D(k). If k € M, then i € D(M). If kK € M’, then i € D(M’). Thus,
i€ D(M)UD(M'). For “2” of (c), suppose i € D(M) U D(M’). If i € D(M), there
exists k € M with i € D(k). If i € D(M’), there exists k € M’ with ¢ € D(k). In any
case, 1 € D(M U M').

For “C” of (d), consider i € D(D(M)ND(M’)). There exists 7 € D(M)N D(M’) with
i € D(j). In turn, there exist k € M and [ € M’ with j € D(k) and j € D(l). By
A.5.1, it follows that ¢ € D(k) and i € D(l). That yields : € D(M) N D(M’). On the
other hand, “2” of (d) follows by (a).H

Lemma A.5.3: Consider S C N, such that, for all M C N, |[D(M)NS,| <|D(M)N
Syl For all M, M’ C Ny with |[D(M) NS, = |[D(M) N S,| and |[D(M') N S,| =
|ID(M")NS,|, [ID(MUM)NS,| = |D(MUM)NS,|.
Proof:
Take M, M’ C N, with |D(M) N S,| = |D(M) N S,| and |[D(M') 1 Sy| = [D(M') N S, |.
By assumption, |D(M U M') N S| < |[D(M U M')NS,|. It remains to be shown
that [D(M UM')NS,| > |[D(MUM)NS,|. By Ab2, (¢), |IDIMUM)NS,| =
[(D(M)UD(M)N S| and |D(MUM) NS, = [(D(M)UD(M))NS,[. By A.5.2, (d),
| D(D(M)ND(M"))NS,| = [D(M)ND(M')NS;| and |D(D(M)ND(M')NS,| = [D(M)N
D(M'") N S,|. By assumption, |D(D(M)ND(M') N S,;| < |D(D(M)ND(M)) NS,
D

Taken together, that yields |[D(M U M) N S,| = [(D(M)UD(M")NS,| = |(D(M)N

S) U(D(M') N S)| = [D(M) N Se| +[D(M') NSy | = [(D(M) N Sz) N (D(M') N Sy)| =
ID(M)N S|+ |D(M')N S| — [ D(M)ND(M"YNS,| = |D(M)N S|+ |D(M)NS,| —
|[D(D(M)ND(M')) N S| = [D(M) N S|+ [D(M') NS, — [D(D(M) N D(M')) NS, | =
ID(M) 18, + D) N S,| = [D(M) 1 DM 15, | = [D(M) NS, + D) 11 S, | —
[(D(M)NS,)N(D(M")NSy)| = [(D(M)NS,)U(D(M")NS,)| = [(D(M)UD(M')NS,| =
ID(MUM')NS,|.1
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Lemma A.5.4: Consider S C N; such that, for all M C N, |[D(M)NS,| < |D(M)N
Sy|- For every i € S,, there exists j € D(i) N S, such that, for all M C N, |[D(M) N
S\ {3} < D) N 5, \ {7}

Proof:

Consider i € S;. Define Q@ = {M C Ny | i ¢ D(M) A |D(M)NS,| = |D(M)NS,|}.
Moreover, define M* = J,,cq M. The repeated application of A.5.3 yields |D(M*) N
Szl = |D(M*)NS,|. Suppose D(i)NS, C D(M*)NS,. That implies |D(M*U{i})NS,| =
(D(M*)U D)) NS, = [(D(M*)NS,) U (D(i) N Sy)| = |D(M*) N S,|. On the other
hand, the construction of M* entails i ¢ D(M™*). Because of i € D(i), that leads to
| D(M*U{i})NSe| = [(D(M™)UD(i))NS,| = [(D(M*)NSz)U(D(i)NS)| > [D(M*)NSy|.
By assumption, |[D(M*U{i})NS,| < |D(M*U{i})NS,|. Together with |[D(M*)NS,| =
|D(M*) N Sy, that yields the contradiction |[D(M* U {i}) NS, > [D(M* U{i}) NS,
Consequently, it must be the case that D(i) NS, € D(M*) N S,,.

Take j € (D(i)NSy) \ (D(M*)NS,). Consider M C N;. If |[D(M)NS,| < |D(M)NS,|,
then |[D(M) NS, \ {i}| < |D(M)N S, \ {j}| holds anyway. Suppose |D(M)N S| =
|ID(M) N Sy|l. If i € D(M), that implies |[D(M) NS, \ {i}| < |[D(M) NS, \ {7}
Suppose i ¢ D(M). That means M € Q and M C M*. By A.5.2, (b), it follows that
D(M) C D(M*). Since j ¢ D(M*), it is true that j ¢ D(M). Taken together, that
yields [D(M) NS, \ {i}| = |[D(M) N Sy| = [D(M) 0 Sy| = [D(M) N Sy \ {j}]. In any
case, |D(M) N S, \ {i}| < [D(M) NS, \ {j} B

Lemma A.5.5: Suppose that N, # () and that, for all M C Ny, |D(M) N N,| <
|D(M)NN,|. There exists injective 7w : N, — N, such that, for all i € N,, w(i) € D(q).
Proof:

Since D(Ng) = Nj, it must be the case that |N,| < |N,|. Let N, = {i',...;i"}.
Construct m in the following way. Take S* = Nj, so that S; = N, and S} = N,.
Lemma A.5.4 implies that there exists j' € D(i') N S, such that, for all M C N,
[D(M) NS\ it} < [D(M) Sy \ {5}, Set 7(i') = j'. Specify §* = 51\ {i',j'},
so that S} = S} \ {i'} and S} = S\ {j'}. Again, A.5.4 implies that there exists
j* € D(i*) N S such that, for all M C N, [D(M) N S2\ {i*}] < [D(M) N S;\ {5°}].
Set 7(i?) = j2. Continuing this way, one constructs a sequence S*, S?, ..., 8™ C N, with
St = {i"} and a corresponding mapping 7 : N, — N,,.. It exhibits 7(:") € D(i") for all
re{l,..,n}. Taker,t € {1,..,n} withr < ¢. By construction, that implies (") ¢ S|,

and 7(i") € S}, so that 7(i") # 7 (i*). Hence, 7 is injective.l

Lemma A.5.6: Take SO g satisfying SP and SPD. If, for all M C N, |[D(M)NN,| <
|D(M) N N,|, then x 7Zg y. If, in addition, |N,| > |N,|, then z >g y.
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Proof:

Suppose that, for all M C Ny, |[D(M)NN,| < |D(M)NN,|. That implies |N,| < |N,|.
If N, =0, then x Zs y holds by SP. Suppose N, # 0. By Lemma A.5.5, there exists
injective 7 : N, — N, such that, for all i € N, w(i) € D(i). Rename individuals such
that N, = {5, ....j™}, N, = {i',..,i™,..,i"}, and, for all 1 < r < m, 7(j7) = i".
Reconsider sequence xg, z1, ..., T,, € X from the proof of Proposition 1.

Take 1 < < m. To begin with, i, ~* i >=* i ~* if _and j1 | ~* j0 > jT ~* jT .
Together with i € D(j"), C8 implies (i}, ,i, ) ~ (i, i) = (47, 9%) ~ (45, J% ) and

Tr) “Tp_1 T
oy~ Jn ZF Ay ~* iy, . Moreover, k, ~* k,,_, holds for all k € N\ {i", j"}. Because
its antecedent is satisfied, SPD yields z, g x,_1. Taken together, social transitivity

implies z,, s y. Following the argument from the proof of Proposition 1, one shows
that n = m implies * ~g x,, and that n > m implies x >g x,,. Social transitivity

yields x 7—g y and x >g y in these cases, respectively.ll

Lemma A.5.7: Take z,y,z,w € X with [z] = [2] and [y] = [w]. Then, N, = N,,,
Ny = Ny, and Ny = Ne . Moreover, D(i,{z,y}) = D(i,{z,w}) holds for all
i € Nywy = Nivs.

Proof:

For each i € N, i, ~* i, and 4, ~* i,. That implies i € N,y & i, =" i, & i, >~
iy & 1 € N, Analogously, ¢ € Ny, & @ € Ny, and ¢ € Neyy & @ € Ne . For
i € N, let z;,w; € X be such that {z;,w;} = {z,w} and i,, >* i,,. It follows that,
for all i € Nygzy = Ng 2w, o, ~* 1, and 4y, ~* 4y,. Consider i € Ny, For j € Nggy,
it is the case that j € D(i,{z,y}) & (Ju;,Jy;) T (airiy,) Ny Z° Jy, © (G20 Ju;) 2
(G2 twy) Nty 55 Ju; < J € D(i,{z,w}). W

Proof of Proposition 4:

“=": Suppose SO g satisfies SP and SPD. In the following, d : Nx{[z] | r € X}* = R
will be constructed such that g is an AWR with d. Consider z,y € X. Values of d for
[z] and [y] will depend on the specification of (1) Ny, Nys, and Ne 4y, (2) D(M, {z,y})
for some distinguished M C N,, U N,,, and (3) the social ranking of = and y. They
will be well-defined for the following reasons.

Take any other z,w € X with [z] = [2] and [y] = [w]. Lemma A.5.7 implies N,, =
N.w, Nyw = Ny, and Ne oy = Negy. It also implies D(M, {z,y}) = D(M,{z, w})
for all M C N,y = Ni.. That is so because D(M,{z,y}) = U;cps DU, {z,y}) =
Uien PG, {2z, w}) = D(M,{z,w}). Moreover, SP induces x ~g z and y ~g w. It
follows by social transitivity that z ~gy < 2 >sw, y >sx & w >g 2z, and © ~g y &
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Z~Yg w.

For i € N. gy, set d(4, [z, [y]) = d(i, [y], [z]) = 0. Abbreviate D(i) = D(i, {z,y}) and
D(M) = D(M,{x,y}) for i € Ny and M C Ny. Distinguish the following cases.

1. Suppose z >g y and |N,| > |N,|. For i € N,, set d(i,[z], [y]) = —d(,[y], [z]) = L.
For i € N, set d(1, [z], [y]) = —d(3, [y], [z]) = —1. By construction, d satisfies property
(a) for z and y. For all 4, j € Ny, d(j, [x;], [y;]) = 1 = d(3, [z], [vi]), so that d satisfies
(b) for z and y. Since ) ..\ d(7, [z], [y]) = — D> ;en d(i, [y], [2]) = |Ne| = |Ny| > 0, d also
satisfies (c) for x and y.

2. Suppose = =g y and |N,| < |N,|. If, for all M C N;, |[D(M)NN,| < |D(M) NN,
Lemma A.5.6 would imply the contradiction y 7~g z. There must thus exist M C
N, U N, with |[D(M) N N,| > |D(M) N N,|.% Define D(M)¢ = N, \ D(M). For
i € DIM)*N N, set d(i,[z],[y]) = —d(i,[y],[z]) = 1. For i € D(M)°N N, set
d(i, [z], [y]) = =d(i, [y], [#]) = —1. Fori € D(M)NN,, set d(i, 2], [y]) = —d(i, [y}, [z]) =
A > |[D(M)*N Ny| — |D(M)*NN,| > 1. For i € D(M) N Ny, set d(i,[z],[y]) =
—d(1, [y], [z]) = —A. By construction, this specification satisfies (a) for x and y.

Take i,j € N, with j € D(i). Suppose i € D(M). Then, there exists k € M with
i € D(k). By A.5.1, that implies j € D(k) and thus j € D(M). It follows that
4G, [0, [y) = A = d(i, [ai], ). Suppose i € D(Me. Since d(j 23] [5]) € {1,
that yields d(yj, [z;], [y;]) > 1 = d(4, [z;], [v:]). Hence, d satisfies (b) for z and y.

Itis true that 3,y d(i, [2], [y]) = = 225y A0, [yl [2]) = 2ic pany A0 [2], WD+ 2 i panye
d(i, [z], [y]) = (ID(M) 0 Ne| = [D(M) O Ny|) - A+ [D(M)* 0 Ne| = [D(M)* VN, | =
A+ |D(M)° N Ny| —|D(M)° N Ny| > 0. Therefore, d satisfies (¢) for x and y.

3. Suppose y =g x and |N,| > |N,|. Set d(i, [z], [y]) = —d(3, [y], [x]) = 1 for i € N, and
d(i, [z], [y]) = —d(1, [y], [z]) = —1 for i € N,. With an analogous argument to the first

case, one shows that d satisfies (a)-(c) for z and y.

4. Suppose y =g = and |N,| < |N,|. Due to Lemma A.5.6, there must exist M C Nj
with |[D(M) N N,| > |D(M) N N,|. Construct d for z and y analogously to the second

case. It then satisfies (a)-(c) for z and y.

5. Suppose x ~g y and |N,| = |N,|.57 Specify d(i, [z], [y]) = —d(i,[y],[z]) = 1 for
i € N, and d(i, [z], [y]) = —d(4,[y],[z]) = —1 for i € N,. Analogous to cases 1 and
3, d satisfies (a)-(b) for x and y. Moreover, ) ..\ d(i, [z], [y]) = = >_.cn A3, [y], [x]) =

66Tn particular, N, # 0.
57This includes the possibility |N,| = |N,| = 0.
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|Nz| — |Ny| = 0. Thus, d also satisfies (c) for x and y.
6. Suppose x ~g y and |N,| > |N,|. If, for all M C N, |D(M)NN,| < |D(M)N N,

Lemma A.5.6 would imply the contradiction = >g y. Accordingly, there must exist

M C N, with |D(M) N N,| > |D(M) N N,|.%8 Again, denote D(M)® = N, \ D(M).
Define A = [P ON:-[DON N, | _ [Na - [DODONS Ny DODONS] - 1 Gt (s, [a], [y]) =

|D(M)NNy|=|D(M)NNz| |D(M)NNy|—|D(M)NNz|

—d(i, [y],[x]) = 1 for i € D(M)*N N, and d(i,[z], [y]) = —d(i,[y],[z]) = —1 for i €
D(M)* N Ny. Set d(i, [z], [y]) = —d(i, [y], [+]) = A for i € D(M) NN, and d(i, [], [y]) =
—d(i, [y], [x]) = = for i € D(M) N N,. The specification satisfies (a) for = and y.

Consider i,j € N, with j € D(i). Suppose i € D(M), so that there exists k € M
with ¢ € D(k). Again, A.5.1 implies j € D(k). Since j € D(M), d(j, [zj], ly;]) =
A = d(i, [z;], [yi]). Suppose i € D(M)°. Due to d(j, [z,], [y;]) € {1, A}, it follows that
d(7j, [x;], [y;]) > 1 =d(i, [xi], [yi]). Therefore, d satisfies (b) for x and y.

By construction, Zz’eN d(i, [z], [y]) = — ZieN d(i, [yl [z]) = ZieD(M) d(i, [z], [y]) +
Y iepane A0 [2], [y]) = (ID(M)ON| = [D(M)ON,|)- A+ [D(M)*NNe [ = [D(M)*NN, | =
0. Consequently, d satisfies (c¢) for = and y.

7. Suppose z ~g y and |[N,| < |N,|. Again, Lemma A.5.6 implies that there exists
M C Ny with |[D(M)NN,| < |D(M)NN,|. Following the idea of case 6, one constructs
values of d for x and y such that d satisfies (a)-(c) for x and y.

Taken together, it has been established how to construct d such that (a)-(c) are satisfied
for all z,y € X. Accordingly, ~g is an AWR with d.

“<”. Suppose SO Zg is an AWR with d. Take z,y € X. Suppose that, for all
i € N, i, Z* i,. That implies d(i,[z],[y]) > 0 for every i« € N. It follows that
Yien d(i, [z], [y]) = 0, implying x g y. Suppose that, in addition, there exists i € N
with i, > iy. It follows that d(i, [z],[y]) > 0. Since >,y d(k,[z],[y]) > 0, z =g y.
Therefore, ¢ satisfies SP.

Consider z,y € X and 4,j € N such that i, >* iy, J, =* ju, (y, Jz) T (Gasiy), ty ZF Jas
and, for all k € N\ {i,j}, ky, ~* k,. It follows that d(j, [y], [x]) > d(i,[z], [y]). Taken

together, 32,y d(k, [y], [2]) = d(j, [y], [«])+d(i, [y], [z]) = d(j, [y], [«]) —d(i, [z], [y]) = 0,
implying y s x. Hence, g satisfies SPD.H

Proof of Lemma 6:
For “=" suppose that SO =g satisfies FE. Suppose that the antecedent of SPD holds.

%81n particular, N,, # 0.
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It implies (ig,4y) % (Jy,Jz) and j, %#* i,. FE and social completeness yield y =g x,
so that —g satisfies SPD. For “<” suppose that —g satisfies SPD. Take z,y € X
and i,j € N such that i, >* iy, 7, = Jo, (ia,%y) ¥ (y,Ju)s Jo #° iy, and, for all
ke N\{i,j}, ky ~* k,. By IDC and ILC, that implies (j,, j.) 5 (is,1,) and i, =% j,.
Due to SPD, that leads to y 7—g x. Since = ¥gs vy, 7og satisfies FE.l

Proof of Theorem 4:

For “=", suppose SO g satisfies SP and FE. By Lemma 6, 7g also satisfies SPD. By
Proposition 4, =g is an AWR. For “<” suppose SO g is an AWR. By Proposition 4,
> s satisfies SP and SPD. By Lemma 6, g satisfies FE.l

Proof of Lemma 7:

Take k € N. By Lemma 4, there exists u’ : N x X — R such that, for all z,y, z,w € X,
(ku,ky) 7o (ksyky) © W/ (ky) — W' (ky) > W'(ky) — u/(ky). Define u : N x X — R like
this. Take i € N and o € X. By R2, there exists y € X with &, ~* ¢,. Set
u(iy) = v (ky). The value is well-defined. For any z € X with k, ~* 7,, C5 and C7
imply (ky, k.) ~ (k, k), which in turn yields u'(k,) — «'(k,) = 0.

Consider ,7,7',7’ € N and z,y,z,w € X. By R2, there exist 2’1/, 2, w’ € X with
ky ~* iy, ky ~* gy, ky ~* i, and k, ~* jl. Due to C8, that implies (iy,j,) ~
(kg ky) and (i, ji,) ~ (k. ky ). Together with C1, it follows that (i, j,) 2= (2%, j.,) <
(ks ky) Z (ke k) & 0/ (ko) — u/(ky) 2 W/ (k) — v/ (k) < ulia) —u(jy) = u(il) —
u(ji,)-

Take v : N x X — R that represents difference comparisons like u. Specifically, for
all i,5 € N and z,y,z,w € X, (i,1y) 2 (J2, Juw) & u(iz) —u(iy) > u(j.) — u(jy) and
(g, ) 22 (Jzs Juw) € v(iz) — v(iy) > v(j;) — v(jw). By Lemma 4, there exist A € R and
p € Ry such that, for all z € X, v(k;) = A+ p-u(k,). Take i € N and x € X. By
R2, there exists y € X with k, ~* i,. Again, C7 implies (i, k,) ~ (ky, k), so that
u(iy) — u(ky) = 0 and v(i;) — v(k,) = 0. Taken together, that yields v(i,) = v(k,) =
A u(ky) =X+ p-u(iy,). B

2.A.6 Proofs for Section 2.3.5

Proof of Theorem 5:
Suppose there exists SO g satisfying SP and FE. Consider i,j € N and x,y,z € X
in the sense of WTPIL. Due to FE, x %5 vy, y ¥#s x, 2 #s y, and y ¥ z. Social

completeness implies © ~g y and y ~g 2. By social transitivity, that leads to x ~g z.
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But by SP, it follows that x =g z. This is a contradiction.ll

Lemma A.6.1: Suppose MPGC holds. Consider i,,7, € N x X with i, =* 4,. There
is no z € X such that 7, =" iz =" i, if and only if, for all 7,,4,, € N x X with i, >* i,
() # (d2dw)-

Proof:

For “=7”, suppose there is no z € X such that i, =" i; =" 4,. Take i,,%, € N x X
with i, >* i,. Suppose (ig,iy) > (is,4,). By MPGC, it follows that i, 77* i, and
tw Z* 1y. That implies 7, >=* 7,, and i, >* ¢,. Since ¢, and ¢, are neighboring, it must
thus be the case that i, ~* 7, and i, ~* i,,. By C8, that yields (i, 4,) ~ (i,4,). This
is a contradiction. Hence, (iy,1,) % (i,1%,) must hold. For “«<”, suppose there exists
z € X such that i, >* i, =*14,. By C9, that implies (i, i,) > (is,7,).0

Proof of Proposition 5:

“=": Suppose SO g satisfies SP and PE. Consider z,y € X. Let n = |N,| and
m = |N,|. Rename individuals in N, and N, such that N, = {i(1),...,i(n)} and
N, = {j(1),...,5(m)}. For i € N,, define b; = [{[i.] | ix >* i, =" iy}|. For i € N,
define b; = [{[i.] | i, =* . Z* ix}|. It is true that x Zp y < > oy Hiz] | 42 ="
=] iy =73 2 06 Dy, {] [ e =" = {[:] [ 4y =7 23] = 2w, 2] |
iy =t = H[i] | de =" i & D20 bipy > D o,m bjp). Define A = 77 by, and
H= Z;nzl bj(p)-

Suppose = ~p y, so that A = u. Set o = y. Suppose p > 0. Inductively construct a
sequence 1, ...,x, € X. Take 1 <t < p. There exist r € {1,...,n} and s € {1,...,m}
such that Z;j bipy < t < 3, bip) and Z;;i biy <t < >, _1bjp)- State z; is to
exhibit the following properties. First, i(r),, =* i(r)., , and there exists no z € X such
that i(r),, =* i(r), =" i(r)s_,. Second, j(s)s, , =" j(5)s and there exists no z € X
such that j(s)z,_, =* 7(s). =* j(8)s,. Third, k;, ~* k,, , for all k € N\ {i(r),j(s)}.
Such x; exists due to R1 and because every k& € N only has finitely many well-being

levels.

By Lemma A.6.1, (i(r)s,,(7)s, ,) is minimal in the sense of PE. The same is true
for (j(s)z,_,,7(8)x,). Accordingly, PE implies z; ~g x;—1. Since that is true for all
1 <t < p, the transitivity of g yields z, ~g y. If 1 = 0, the latter holds because Zg

is reflexive.

Starting from her well-being level at y, each £ € N, moves up b, well-being levels from
xo to x,. By construction, her well-being levels at z, and x are the same. Likewise,

each k£ € N, moves down by, well-being levels from her well-being level at y to her well-
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being level at z (= her well-being level at ). That is, k,, ~* k, holds for all k& € N.
The transitivity of 7=—* implies by, ~* kg for all k € N..% Hence, SP implies T, ~s T.
Taken together, the transitivity of 7—g yields x ~g ¥.

Suppose x =g ¥y, implying A > p. If 4 > 0, reconsider the above sequence. Exactly the
same argument yields z, ~g y. If u = 0, this holds because of x9 = y. From y to z,,
all individuals from N, move down to their well-being level at z. All individuals from
N, have the same well-being level at z, as at « and y. That is, for all £ € N, U N,,
ky ~* kg,. However, not all individuals from N, have moved up to their well-being
level at z. Some are still below it at x,. For all k € N,, k, * kz,, and there exists
k € N, with k, =* k,,. SP implies x =g x,. Due to the transitivity of g, that results
inz>gy.

Taken together, x ~gy = x ~gy and x > y = = =g y holds for all z,y € X. Due

to the completeness of - g, that yields x =g y < = g y for all z,y € X. Therefore,

Z5=2B:

“<": Suppose Zs=2p. For i, € N x X, denote [(i,) = [{[i.] | iz >=* i,}|. That is,
T T Y e D enBliz) — B(iy) > 0. First of all, ZZp is a SO. Take x,y € X. Since
Y ien Bliz) — B(iy) > 0 or >, Bliy) — B(iz) > 0, it follows that = ZZp y or y Zp .
Thus, 2 p is complete. Take z,y,z € X withx ZZp yand y ZZp 2. Thatis, >,y B(is) —
B(iy) = 0 and ),y B(iy) — B(iz) > 0. Denote N' = Ny U Nypo U Ny, It follows
that 3,y Alis) — B(iz) = Yuens Alia) — Bliz) = Yaens Alia) — Bliy) + By) — Ali2) =
Dient Blin) = Bliy) + D iens Bliy) = B(ie) = 2ien Blia) = Bliy) +205en Bliy) = B(iz) 2 0.

Hence, x g z, so that g is transitive.

Consider =,y € X. Suppose that, for all i € N, i, 2Z* 4,. That implies 5(i,) > £(i,) for
alli € N. In turn, Y. B(iz) — B(iy) > 0, so that x ZZp y. Suppose that, in addition,
there exists i € NV with i, >=* 7. That yields 3(i,) > B(i,) and Y,y B(iz) — B(7y) > 0,
leading to « >=p y. Therefore, 7~ p satisfies SP.

Suppose the antecedent of PE is satisfied for x,y € X and 7,57 € N. By Lemma A.6.1,
that implies 8(i,) — B(iy) = 1, B(j) — B(jy) = —1, and, for all k € N\ {3, 5}, B(ky) —
B(ky) = 0. It follows that >, _\ B(k,) — B(k,) = 0, implying = ~p y. Accordingly, s
satisfies PE.Il

Proof of Lemma 8:

Suppose =g satisfies FE. By Lemma 1, g satisfies SE. Suppose the antecedent of PE

)~

89Tf 11 > 0, it is in fact possible to set x, = x.
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obtains for z,y € X and 7,j € N. Due to SE, x ~g y. Hence, =g satisfies PE.l

As noted in the main text, it is also possible to characterize the LBR if intrapersonal

difference comparisons are complete.

Personal Difference Comparability (PDC): For all i € N and z,y,z,w € X,
(e, 1y) 7 (12, 10) O (izy0w) Z (ia, 1y)-

Lemma A.6.2: Suppose R4 and PDC hold. Consider i,,i, € N x X with i, >* i,.
There is no z € X such that i, =* iz =" i, if and only if, for all i,,%, € N x X with
b (120 1) 2 (i)

Proof:

For “=”, suppose that there exist i,,%,, € N x X with i, >=* 4, and (i,, %) Z (ix,y).
By PDC, that implies (i, ,) > (iz,%,). Due to R4, there exists 2’ € X with (i,/,1,) ~
(i,,%4). An analogous argument to the one in the proof of Lemma A.4.2 yields i, >*
iy =" 1y. For “<=", suppose that there exists z € X such that i, ~* i, =" 7,. Like in
the proof of Lemma A.4.2, C9 implies (i, 4y) > (iy,0,).H

Proposition A.6.1: Suppose R4 and PDC hold. Suppose that [{[i,] | z € X}| < o0
for each i € N. SO Zg satisfies SP and PE if and only if —g=75.

Proof:

For “=", the proof of Proposition 5 can be replicated. The only difference is that
Lemma A.6.2 instead of Lemma A.6.1 guarantees the applicability of PE. For “<” it is
shown like in the proof of Proposition 5 that g satisfies SP. Suppose the antecedent of
PE is satisfied for z,y € X and i, € N. By PDC, it implies that, for all i,,4, € N x X
with 7, =* iy, (is,0) 2 (i, 1), and, for all j,,7, € N x X with j, >=* ju, (Jzy Juw)
(Jys Jz)- Due to Lemma A.6.2, it follows that 8(i,) — B(iy) = 1, B(J.) — B(jy) = —1,
and, for all k € N\ {7,5}, B(ks) — B(k,) = 0. That yields >, B(kz) — B(k,) = 0 and

x ~p y. Consequently, 7~ also satisfies PE under PDC.H

2.A.7 Proofs for Section 2.4.3

Proof of Proposition 6:

For all « € N and x € X, it is the case that ¢, ~* kyq,). To see that, consider i € N
and x € X. Take y € S; with x ~; y and y ~g s(i;). On the one hand, P1 implies
i ~* 1. On the other hand, P2 induces i, ~* k;,). By C5, that yields i, ~* ky,).

Consider 7,7,h,l € N and w,y,z,w € X. Due to the last paragraph, i, ~* ky;,),
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Jy ~° ks(jy), h, ~* ks(hz)> and [, ~* ks(lw)- It follows by C8 that (ix,jy) (k’s Jy))
and (h,ly) ~ (ksn,), ks@,))- By C1, that implies (i, jy) Z (hs) lw) © (K@) i) 5

(Fsho)s Fs))- BY P3, (Ksia), Fs(iy)) Z (Ra(has Kstry) < €(5(ia), s(lw)) Tk c(s(d ) ( =)
Taken together, that yields (i, j,) 2 (hz, lw) < c(s(iz), s(lw)) 2k (s (jy) s(h)).

For each i € N, 7; is complete. To see that, take i € N and x,y € X. By P4, there

exist z,w € S; with © ~; z and y ~; w. It follows by P1 that i, ~* i, and i, ~* 1,,.

Since Zg is complete, z =g w or w g z holds. Due to P2, that implies i, =* i, or

iw 22" i,. Taken together, C5 yields 7, ~=*

~

o
Ly OF By 25° iy

Take i,j,h,l € N and z,y,z,w € X. Since 775 is complete, it must either be true

that c(s(is), s(lw)) Zk c(s(jy), s(hz)) or that c(s(jy),s(h=)) Ze c(s(iz), s(lw)). By the
established equivalence, that implies (i, j,) 2= (hz, lw) OF (Jy, @) 25 (L, hz). By C3, the

latter induces (h.,ly) 2 (i, j,). Hence, 77 is complete.l
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Chapter 3

Generalized Utilitarianism and

Well-Being Comparability

The chapter offers a unified analysis of Generalized Utilitarianism with weak informational
and normative assumptions. It connects different literatures. First, the chapter clarifies in-
formational requirements. Contrary to other discussions, Generalized Utilitarian Orderings
(including Prioritarian Orderings) are well-defined given sufficiently rich qualitative well-being
difference and level comparisons. Second, the chapter provides characterizations of General-
ized Utilitarian Orderings with weak separability and compensation conditions. Existing and
new compensation properties are closely related to continuity. Third, the chapter examines
attempts to justify Utilitarianism. Maskin’s influential characterization implicitly employs
a strong substantive invariance requirement on social evaluation. A different characteriza-
tion of Utilitarianism is based on a new stability condition and neither needs anonymity nor
separability assumptions. Fourth, the chapter extends the analysis to social evaluation under
uncertainty, characterizing Expected Generalized Utilitarianism and Expected Utilitarianism.

It establishes a perfect analogy between the certainty and the uncertainty case.

3.1 Introduction

Should a society give priority to worse off individuals? To the present day, this is
a fundamental open question. Two major theories of social evaluation give radically
different answers. According to Utilitarianism, the social value of a well-being gain
should be independent of the initial well-being level. According to Leximin, a well-

being gain of a worse off individual should get absolute priority over a (possibly much
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larger) well-being gain of a better off individual. Generalized Utilitarianism offers a
compromise by allowing the social value of a well-being gain to decrease with the initial

well-being level.

The purpose of the present chapter is to provide a unified analysis of Generalized Util-
itarianism with weak and intuitive informational and normative assumptions. Specifi-

cally, the chapter makes four contributions.

First, the chapter clarifies the informational basis of Generalized Utilitarianism. The
critical input are qualitative comparisons of the form “individual 7 at state of the world
x is better off than individual j at state of the world y” and “the well-being gain of ¢
from y to x is greater than the well-being gain of 7 from w to 2”. If such comparisons
are complete and transitive and some additional assumptions hold, it is possible to
measure well-being difference ratios. Generalized Utilitarian Orderings are defined in

terms of these ratios. No concatenation operation on well-being is required.

Second, the chapter provides an axiomatic analysis of Generalized Utilitarianism in
terms of a single utility profile that represents well-being comparisons. Generalized
Utilitarian Orderings are characterized with Strong Pareto, a Pigou-Dalton condition,
a weak separability property, and a restricted compensation condition. Restricted com-
pensation is shown to be equivalent to continuity. A new intuitive compensation condi-
tion for small well-being changes leads to a characterization of all surjective Generalized
Utilitarian Orderings.

Third, the chapter investigates two axiomatic approaches to Utilitarianism. Each one
derives the property that equal well-being gains are socially indifferent. It is shown
that a single-profile version of Maskin’s (1978) famous characterization implicitly em-
ploys a strong substantive invariance requirement on social evaluation. An alternative
characterization employs Strong Pareto, restricted compensation, and a new condition
to the effect that the social ordering should be stable under small differences in well-

being differences. Remarkably, the result neither uses an anonymity nor a separability
property.

Fourth, the chapter extends the analysis to the social evaluation of uncertain prospects.
It works out a close formal analogy between the certainty and the uncertainty case.
Qualitative ex post well-being comparisons form the informational basis in both cases.
The uncertainty counterparts of the certainty conditions lead to characterizations of
Expected Generalized Utilitarianism and Expected Utilitarianism. They imply that

social inequality and risk aversion coincide.

80



Generalized Utilitarianism is a central subject in different literatures. The chapter aims
to contribute to and connect these separate literatures. First of all, it is a contribution
to welfare economics and the theory of Social Welfare Functionals (see d’Aspremont
and Gevers, 2002; Bossert and Weymark, 2004; Weymark, 2016; Sen, 2017: chapter
A3*). Specifically, the chapter contributes to the single-profile literature (Roberts,
1980c¢; Blackorby et al., 1990; Fleurbaey and Mongin, 2005; Blackorby et al., 2006;
chapter 2 of this thesis).

The chapter does not employ the inter-profile conditions of Binary Independence and
Strong Neutrality (critically discussed in Morreau and Weymark, 2016). This is a
key difference to existing analysis of Utilitarianism and Generalized Utilitarianism in
terms of Social Welfare Functionals (d’Aspremont and Gevers, 1977; Maskin, 1978;
Deschamps and Gevers, 1978; Gevers, 1979; Roberts, 1980b; Blackorby et al., 2002;
Balasubramanian, 2015; Yamamura, 2017; Bossert and Kamaga, 2020). That analysis
is concerned with a more restrictive notion of Generalized Utilitarianism which requires

a richer informational basis than well-being difference ratios.

The chapter also contributes to the literature on utilitarianism, prioritarianism, and
egalitarianism at the intersection of economics and philosophy (Parfit, 1991; Broome,
1991; McCarthy, 2006, 2008, 2017; Fleurbaey, 2015; Holtug, 2015; Adler, 2019; Buchak,
2023). Despite the same subject, there are just few cross citations between this literature
and the one on Social Welfare Functionals. The characterized Generalized Utilitarian
class contains Prioritarian Orderings (assigning greater social value to a gain from
a lower starting level) and the Utilitarian Ordering. The offered axiomatic analysis

improves the discussion on the merit of prioritarianism and utilitarianism.

Methodologically, the chapter works out the connection between Generalized Utilitar-
ianism and two different approaches to additive conjoint measurement (Wakker, 1989,
1991; Bouyssou and Pirlot, 2005; Ghosh et al., 2023). While the better known topo-
logical approach (due to Debreu, 1960) is based on continuity, the algebraic approach
(due to Krantz et al., 1971) is based on solvability (compensation). The results of the
chapter stress the close relation between the two approaches. They also incorporate

insights to derive full separability from weak separability assumptions due to Gorman

(1968) and Blackorby et al. (1998).

The chapter contributes to work on additively separable aggregation in the context of
risk and uncertainty (Harsanyi, 1953, 1955, 1982; Weymark, 1991; McCarthy, 2006,
2008, 2017; Grant et al., 2010; Mongin and Pivato, 2015; Fleurbaey and Mongin, 2016;
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Eden, 2020; McCarthy et al., 2020; Gustafsson et al., 2023; Li et al., 2023; Pivato and
Tchouante, 2023). A distinguishing feature of the present chapter is that it provides
an analogous analysis of the certainty and the uncertainty case.

The chapter also relates to contributions on well-being measurement. Economists tend
to be skeptical about the possibility of making interpersonal well-being comparisons.
However, the social evaluation of alternatives requires to assess trade-offs between dif-
ferent individuals. It is thus a reasonable approach to construct interpersonal well-being
comparisons and then employ them for social evaluation. There are several promising
procedures, including happiness comparisons (Hirschauer et al., 2015; Perez-Truglia,
2020), comparisons based on extended preferences (Harsanyi, 1953, 1955; Adler, 2014),
and comparisons of resources (Fleurbaey and Maniquet, 2008, 2011, 2017; Fleurbaey
and Tadenuma, 2014; Piacquadio, 2017; Bosmans et al., 2018). The latter literature
also analyzes generalized utilitarian aggregation of resource-based well-being measures.

The present chapter is consistent with any kind of well-being conception.

The chapter takes the following structure. Section 3.2 discusses well-being comparisons
and utility representations (3.2.1) as well as the definition of Generalized Utilitarian-
ism (3.2.2). Section 3.3 establishes characterizations of Generalized Utilitarian classes
(3.3.1) and Utilitarianism (3.3.2). Section 3.4 extends the analysis to social prospect
evaluation. Section 3.5 concludes. Appendix 3.A contains all proofs (3.A.1 to 3.A.3)
and independence checks (3.A.4).

3.2 Framework

3.2.1 Well-Being and Utility

Let N = {1,...,n} be a population of individuals and X be a set of conceivable states
of the world, where n > 3. It is assumed that each individual from N exists at all states

from X. A variable population extension is discussed in section 3.5.

In the entire chapter, qualitative well-being level and difference comparisons between
individuals at states of the world form the input of aggregation. They can be captured
by a difference relation =4 over (N x X)%! For 4,5,k,l € N and z,y,z,w € X,

~v

LA relation R over a set B is a subset of B x B. For a,b € B, write aRb instead of (a,b) € R.
Relation R is complete if, for all a,b € B, aRb or bRa holds. It is transitive if, for all a,b,c € B, aRb
and bRc imply aRc.
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((z’, x), (7, y)) =4 ((k, 2), (1, w)) means that the well-being difference between ¢ at x and
J at y is at least as great as the well-being difference between k at z and [ at w. Let >4
and ~g4 be the asymmetric and the symmetric part of =42 That is, ((z, x), (7, y)) —d
((k,2), (I, w)) means that the well-being difference between i at = and j at y is greater
than the well-being difference between k at z and [ at w. Likewise, ((i,2), (j,y)) ~a

((k,z), (I,w)) means that the former is as great as the latter.

Well-being level comparisons can be conceived as special well-being difference com-
parisons. For ,j € N and 2,y € X, ((i.2),(j.y)) Za (). (j.)) means that the
well-being difference between i at x and j at y is at least as great as the zero difference

between j at y and j at y. In other words, ¢ at x is at least as well off as j at y.

It is assumed throughout the chapter that qualitative well-being difference and level
comparisons can be represented by a utility profile u : N x X — R. For ¢ € N and
z € X, denote w;(x) = u(i,z) and u(x) = (uy(x), ..., un(x)).

A1: There exists u : N x X — R such that, for all 4,5,k,l € N and z,y,z,w € X,
((4,2),(4,y) Za ((k,2),(Lw)) & w(z) — u;(y) > uk(z) — w(w). For every other
v: N x X — R that represents 7, in this way, there exist A € R and p € R, such
that, for all i € N and 2 € X, v;(x) = A + p - us(z).

Given A1, profile u represents all intra- and interpersonal well-being level and difference
comparisons from -4. Individual i at state of the world z is at least as well off as
individual j at state of the world y if and only if w;(z) > wu;(y). Likewise, the well-
being difference between ¢ at  and j at y is at least as great as the well-being difference

between k at z and [ at w if and only if u;(z) — u;(y) > wi(2) — w(w). Moreover, well-
ui (@) —u; (y)
uk(z)—uj(w)
utility profiles that represent =, in the sense of Al.* For instance, u;(x) — u;(y) = 6

being difference ratios are well-defined. The value is invariant under all

and uy(z) —w;(w) = 3 means that the positive well-being difference between ¢ at = and

j at y is twice as large as the positive well-being difference between k at z and [ at w.

Krantz et al. (1971), Kébberling (2006), Pivato (2013c), and chapter 2 of this thesis
examine conditions on -4 that are sufficient for it to have a utility representation in

2The asymmetric part of relation R over B is relation P over B such that, for all a,b € B, aPb if
and only if aRb and not bRa. The symmetric part of R is relation I over B such that, for all a,b € B,
alb if and only if aRb and bRa.

3Denote Ry = {AN€R|A>0}and Ryy ={A€R |\ >0}.

4For every utility profile v in the sense of Al, there exists y € R, such that % =
pe(ui (@) —u; (y)) _ wi(z)—u;(y)
pe (g (2) —w(w)) — up(2)—w(w)
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the sense of A1l. Lemma 7 of chapter 2 states such conditions. Critically, intra- and
interpersonal well-being level and difference comparisons in 7Z; must be complete and

transitive.

Several promising approaches to well-being comparisons have been developed. They can
serve as a basis for systematic social evaluation and, specifically, to assess unavoidable
trade-offs between different individuals. The remainder of the subsection gives three

examples.

Example 1: According to experience-based well-being conceptions, well-being differ-
ences between individuals at states of the world are quality differences between the
experiences that individuals have at these states (see Heathwood, 2014). Happiness
research provides an empirical basis for this approach (Hirschauer et al., 2015; Perez-
Truglia, 2020). In happiness surveys, individuals are asked a question of the form “how
happy are you on a scale from 0 to 107”. Let u;(x) € {0,...,10} be the response of
individual ¢ at state x to this question.

Two assumptions are needed for u to be a utility profile in the sense of Al. First,
well-being must be identified with happiness. That is, ((z, x), (7, y)) =4 ((k, 2), (1, w))
holds if and only if the happiness difference between ¢ at x and j at y is at least as great
as the happiness difference between k£ at z and [ at w. Second, comparisons of score
differences must indeed represent comparisons of happiness differences. Specifically,
higher reported scores reflect higher levels of happiness within and between individuals.

The unit score difference represents a unit difference in happiness.

The assumptions can be challenged. However, if one is able to defend them, one will have
a utility profile in the sense of A1.° Specifically, the approach gives rise to well-being
difference ratios in a natural way. If u;(z) =9, w;(y) =5, u;(z) = 6, and u;(w) =4, i’s
happiness difference between = and y is twice as large as j’s happiness difference between
z and w because the former is four times as large as the unit happiness difference, while

the latter is twice as large as that unit difference.

Example 2: In line with economic theory, it is possible to construct well-being compar-
isons based on individual preferences over consumption bundles (Fleurbaey and Mani-
quet, 2008, 2011, 2017; Fleurbaey and Tadenuma, 2014; Piacquadio, 2017; Bosmans et

5Profile u will indeed be unique up to a positive affine transformation. Every other utility profile
representing the underlying happiness comparisons can only differ from u by assigning a different
number to the smallest happiness level and a different number to the unit happiness difference. These

are just two degrees of freedom.
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al., 2018). An according example is the following.

Let B = RT be a set of bundles of m goods. Suppose that each individual has a
preference relation over B. Suppose that the set of conceivable states is the set of
conceivable allocations, that is, X = B™. Allocation z = (z,...,x,) € X contains
bundle z; € B for individual ¢ € N. Under standard assumptions, there exists unique
A(z;) € Ry such that i is indifferent between z; and A(z;) - (1,...,1) € B. This A(x;)
is the equivalent value of z; relative to reference bundle (1,...,1). It is possible to
construct utility profile u in the sense of Al by setting u;(x) = A(z;) for all i € N and
x € X. Such a resource-based approach rests on the assumption that equivalent value
differences represent well-being differences. That is, ((¢,2),(j,y)) Za ((k,2), ([, w))
holds if and only if A(z;) — A(y;) > A(zx) — AMwy).

Example 3: The previous example is based on individual preferences. It is also possible
to reduce interpersonal well-being level and difference comparisons to preferences of an
ethical observer over different lives (Harsanyi, 1953, 1955; Adler, 2014). An according
procedure is the following. Let tuple ((i,), (j,y)) € (N x X)? denote the alternative
where the ethical observer first lives the life of ¢ at x and then the life of j at y. Suppose

that the observer has a preference relation 2Z. over such alternatives.

It is possible to set ((i,z), (,y)) Za ((k, 2), ([,w)) < ((i,2), (L, w)) Ze ((G,y), (k, 2)).
This equivalence rests on the assumption that the observer’s weak preference for ((z, x),
(I,w)) over ((4,y), (k,z)) reflects that the well-being difference between i’s life at z and
j’s life at y is at least as great as the well-being difference between £’s life at z and [I’s life
at w. Additional assumptions secure that there exists a utility profile u representing >4
(and 7Z.) in the sense of Al (see Krantz et al., 1971: chapter 6). Clearly, there are also
issues with this third approach. One of the most important ones is to identify who the
relevant ethical observer is. While the approach is elegant, it is also less determinate

than the previous two.

In the following, it is assumed that one utility profile u in the sense of Al is fixed.
The following analysis is formulated in terms of u. It employs an idealized richness
assumption which allows to focus on substantive issues. There is no smallest well-being

gain and individuals can independently realize well-being levels.

A2: There exists an interval A C R such that utility profile u exhibits u(X) = {a €
R"|3dr € X :u(x) =a} = A"S

5The interval can take the form (a) A

= [\ p] with A\, g € Rand A < i, (b) A= [A,00) with A € R,
(¢c) A= (—o0,u] with p € R, or (d) A=R.
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Assumptions on images of utility profiles are standard in the theory of Social Welfare
Functionals. Condition A2 differs from a richness assumption on the joint image of
utility profiles called domain attainability (see d’Aspremont and Gevers, 2002: p. 467).7
The rectangular field assumption in McCarthy (2008: pp. 5-6) is a version of A2.

Assumption A2 is in line with economic theory and the resource-based approach to
well-being measurement. The utility profile constructed in Example 2 exhibits u(X) =
A" with A = R,. Assumption A2 can also be defended for the other approaches.
For individuals to be able to indicate all possible well-being levels in Example 1, an
“idealized” happiness survey will need to allow them to report any number from A =
[0, 10].

Importantly, it is possible that the set of feasible states of the world Y in some choice
situation is a (finite) subset of X which does not exhibit the richness properties of
X embodied in A2. That is, there can be a smallest well-being gain with respect to
all feasible states. Moreover, different well-being levels can be feasible for different

individuals.

3.2.2 Generalized Utilitarian Social Orderings

The fixed utility profile u allows to compare the relative merit of states of the world for
each respective individual. To reach an overall evaluation of states, it is necessary to

aggregate this information. That is done by means of an aggregate or social ranking.

A Social Ordering (SO) 7 is a complete and transitive relation over X. For z,y € X,
x 7~ y means that state of the world z is socially at least as good as state of the world .
Let > and ~ be the asymmetric and the symmetric part of 2Z. That is, z > y (z ~ y)
means that state z is socially better than (as good as) state y. These evaluations
can reflect the judgments of an ethical observer. Transitivity is a well-established
consistency requirement on social evaluation. SO 2~ is also assumed to be complete as
it is meant to inform (social) choice. Suppose that only states = and y are feasible in a
decision situation. If x is socially better than y, then x should be chosen, and the other

way around. If z is socially as good as y, then any of the two states can be selected.

The remainder of the section introduces Generalized Utilitarian approaches to social

evaluation. It will be explained that these approaches are well-defined given Al. Their

"The latter is almost always combined with the problematic Strong Neutrality condition in charac-
terizations. This condition is employed in none of the following results except for Theorem 3.
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merit will be examined in the next section. To begin with, Utilitarianism is one of the

most common social evaluation procedures.

SO 7 is the Utilitarian Ordering (UO) if, forall z,y € X, v Ty & > ..y wi(r) >
> ien wi(y). Comparisons of utilitarian sums are invariant under all utility profiles v
in the sense of A1.8 However, the absolute value of a state’s utilitarian sum is clearly

profile-dependent.

There is a way to describe the UO as being based on a profile-independent social value of
each state of the world. Supposing [0,1] C A, take j € N and z,w € X with u;(z) =1
and u;(w) = 0. Under u, j’s well-being level at w is the reference zero level, and j’s well-
being difference between 2z and w is the reference unit difference. Consider x € X. For
1 €N, u(i;zgwg is the unique ratio of the difference between i’s well-being level at x
and the reference level to the reference difference. It is a profile-independent individual

value of z for 7. In turn, Y, y % is a profile-independent social value of z.
] J

- ui(z)—u; (w) i (y)—u; (w) :
According to the UO, z Zy < > ..y v Z)_uj_(w) > ien uj(z)_u; @ States are socially
ranked according to their social values. This is a profile-independent formulation of

Utilitarianism.

On the one hand, Utilitarianism is often criticized for not taking the distribution of
well-being into account. Ceteris paribus, it is indifferent between a distribution where
one individual has a well-being level of 2 and a second individual has a well-being level
of 0 and a distribution where both individuals have a level of 1. On the other hand,
its approach to rank states according to the sum of their individual values has several
advantages. It is thus reasonable to look for aggregation procedures that both take
an additive form and are distribution-sensitive. Generalized Utilitarianism provides a

solution.

SO - is a Generalized Utilitarian Ordering (GUO) if there exists increasing, con-
tinuous, and concave g : A — R such that, for all z,y € X, 2 Zy & >,y g(ui(x)) >
> ien 9(ui(y)).? The UO is the GUO with g : A — A. One can state a profile-
independent formulation of a GUO that is analogous to the one for the UO. Once

81t is indeed true that >,y vi(2) > ey vi(y) € Dien A+ 1 ui(2) = 3 e v A+ p-ui(y)) <
ZieN UZ(x) > ZieN Uz(y)

9Function g : A — R is (a) increasing if, for all \,u € A with A > p, g(\) > g(u), (b) continuous
if, for all A € A and € € R4, there exists 6 € Ry such that, for all p € A with |u — A\ < 6,
lg(p) —g(N)| <€, (c) concave if, for all \, p € Aand t € [0,1], g(t-A+(1—1t)-p) > t-g(A)+(1—1t)-g(p),
(d) strictly concave if > is replaced by > for A # p and t € (0,1) in (c), and (e) surjective if, for all
p € R, there exists A\ € A with p = g(}).
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again, suppose [0,1] C A and take j € N and z,w € X with u;(z) =1 and u;(w) = 0.

Consider GUO 7 with associate g. Now, g(%) is a profile-independent value
J J

of v € X for v € N. It is a transformation of the ratio of the difference between i’s
well-being level at x and the reference level to the reference difference. Summing up
w; () —u;(w)
uy (2) ()
>~ ranks states of the world according to these social values. For example, suppose
A=R, g(\) =2-Xfor A <0, and g(\) = A for A > 0. The zero level under u might

be a poverty line (applying to well-being and not to income). According to 7, a unit

~J)

individual values, ) ..\ g( ) is a profile-independent social value of z. GUO

well-being loss below the line can be socially compensated by two unit gains above the

line.

The introduced Generalized Utilitarian class has two subclasses that are discussed in
different fields. In the theory of Social Welfare Functionals, a more restrictive notion
of Generalized Utilitarianism is considered. Suppose A = R. GUO 7 with associate
g is Restricted Generalized Utilitarian if, for all utility profiles v in the sense of
Aland z,y € X, 2 Z y & > .cn9(i(z)) > 3 ,cn9(vi(y))."® Function g must not
only represent the social ranking when being applied to u, but also when being applied
to any other profile representing well-being comparisons. At first view, this seems to
capture a form of profile independence. However, as shown, every GUO can be stated
in a profile-independent form. Restricted Generalized Utilitarianism really embodies
a strong invariance of social evaluation under certain well-being changes (see section
3.3.2).

Another subclass of GUOs is much discussed at the intersection of economics and philos-
ophy. Prioritarianism is the view that priority should be given to worse off individuals.
Formally, a Prioritarian SO is a GUO whose associate g is strictly concave. Under
every GUO, the social value of a well-being gain does not increase with the initial well-
being level. Under a Prioritarian GUO, this social value decreases. While the UO is a
GUQ, it is not Prioritarian. The same is true for the GUO from the above example.
However, both orderings belong to a different subclass of GUOs. For A = R, GUO 7
with associate g is a Surjective Generalized Utilitarian Ordering (SGUO) if g is

surjective. The classes of GUOs and SGUOs will be characterized in the next section.

10See Blackorby et al. (2002). However, they do not impose that g is concave.
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3.3 Characterizations

3.3.1 Generalized Utilitarianism

This section provides an axiomatic analysis of Generalized Utilitarianism. It discusses
normative conditions that together characterize different Generalized Utilitarian classes.
To begin with, the following condition is one of the most fundamental to welfare eco-

nomics.

SO 7 satisfies Strong Pareto (SP) if, for all z,y € X, the following holds: If, for all
i € N, uj(z) > u;(y), then z 7 y. If, in addition, there exists ¢ € N with u;(x) > u;(y),
then z > y.

SP embodies two central ideas. First, only individual well-being is relevant for the
social evaluation of states of the world. This welfarist paradigm is presupposed in the
entire chapter. SP indeed implies that, for all z,y € X with u;(z) = wu;(y) for all
i € N, it is the case that z ~ y (Pareto Indifference (PI)). The second idea of SP is
that aggregate evaluation should positively respond to well-being. Ceteris paribus, an

individual well-being gain constitutes a social improvement.

SO 77 satisfies Pigou-Dalton (PD) if, for all ,y € X and 7,5 € N such that u;(z) —
ui(y) = u;(y) —uj(x) > 0, uj(xr) > u;(y), and, for all k € N\ {7, 5}, up(z) = w(y), it
is the case that = Z y.

PD is a second fundamental normative condition. The dispute over prioritarianism and
egalitarianism (Parfit, 1991; Broome, 1991; Holtug, 2015; Fleurbaey, 2015; Buchak,

2023) is best reconstructed in terms of this condition.

The prioritarian justification of PD emphasizes that evaluating states  and y comes
down to comparing the social value of i’s gain from y to x to the social value of j’s
gain from x to y. According to it, the fact that i’s gain is as great as j’s gain and
has an equal or lower starting point is sufficient for ¢’s gain to be socially at least as
valuable as j's gain. For that reason, x is socially at least as good as y. The egalitarian
justification of PD points to the fact that the sum total of well-being is the same at x
and y, but that inequality does not increase from y to z since u;(y) > w;(z) > u;(y)

and u;(y) > u;(x) > w;(y). For that reason, z is socially at least as good as y.

Some philosophers emphasize that it is important to distinguish between these two

justifications. They mark the divide between a prioritarian and an egalitarian approach
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to social evaluation. However, it is necessary to distinguish between social rankings and
their justification (Fleurbaey, 2015). Both views lead to the same PD condition. For the
rest of the chapter, prioritarianism is entirely understood in terms of social rankings.

As defined in the last section, a Prioritarian SO is a GUO with strictly concave g.

PD must be distinguished from two other formulations of the Pigou-Dalton principle.
A weaker version replaces u;(z) > w;(y) by u;j(z) > w;i(x). PD is equivalent to the
combination of this version with the condition of Anonymity (Appendix 3.A.1, Lemma
A.1.4). Anonymity states that permutations of individual well-being levels do not
affect the social ranking. Via this property, PD secures that all individuals have equal
importance in social evaluation. On the other hand, PD does not imply a stronger
version of Pigou-Dalton to the effect that, for w;(x) > w;(z), z > y. The condition only
demands that the gain of a worse off individual is socially at least as valuable as an
equal gain of a better off individual, but not that it is more valuable. That is why the
UO satisfies PD.

SO 7 satisfies Weak Binary Separability (WBS) if there exists M C N with
|M| = 2 so that, for all z,y,z,w € X such that, for all i € M, u;(z) = w;(z) and
ui(y) = u;(w), and, for all i € N\ M, u;(x) = u;(y) and w;(2) = u;(w), it is the case
that -y < 2 Z w.

For sake of concreteness, suppose M = {1,2}. According to WBS, the social evaluation
of states where all individuals except for 1 and 2 are equally well off only depends on
well-being levels of 1 and 2 at these states. It does not depend on well-being levels of
unconcerned individuals outside M. The fact that these well-being levels might differ
between x (y) and z (w) does not lead to a different assessment of z vis-a-vis y and z

vis-a-vis w. This separability clearly simplifies social evaluation.

Full Separability requires that the statement of WBS holds for all M C N (see Appendix
3.A.1, Lemma A.1.6). WBS is much weaker as it only demands that social evaluation is
separable for one binary set of individuals. It might be that 1 and 2 live on a different
planet than individuals from N\ M and there is no relation whatsoever between the two
groups at z, y, z, and w (see Parfit, 1991: pp. 6-8). For these states, the argument that
social evaluation should not depend on well-being levels of unconcerned individuals
from N \ M is particularly strong. Now, consider states x’, 3/, 2/, and w’ where all
individuals from N together live on one planet, but where, for all i € N, u;(2") = w;(z),
wi(y') = wi(y), ui(2") = ui(2), and w;(w') = u;(w). Due to PL, ' ~ x, ¢/ ~y, 2/ ~ z,

and w’ ~ w. So if one accepts the conclusion of WBS for x, y, z, and w, one must also
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do so for 2/, v/, 2/, and w'.

SO 7 satisfies Continuity (C) if, for all x € X, the sets {a € A" | Iy € X : a =
u(y) Ny x}and {a € A" |y € X 1 a=u(y) ANz 77 y} are closed in A™.

Continuity conditions are prevalent in economics. C is a property to the effect that
“small” well-being changes do not lead to “large” changes in the social ranking of

states. In contrast to C, the following condition does not refer to a topological concept.

SO 7 satisfies Restricted Compensation (RC) if, for all z,y,z € X and ¢ € N such
that, for all k € N\ {i}, wp(y) = wg(2), vy Z x, and = Z z, there exists w € X such
that, for all k € N\ {i}, ugx(w) = ux(2), and w ~ .

The critical case is the one where y > = and = > z. All individuals but ¢ are equally
well off at y and 2. Given SP, ¢ must realize a well-being gain from z to y which is
sufficient to turn the social ranking vis-a-vis z around. RC demands that it is possible
to find a (smaller) gain for 7 such that the resulting state w is socially as good as x.
In other words, the superiority of the well-being distribution at x over the one at z is
compensated by ¢’s gain from z to w. It is intuitive and reasonable to demand such a

form of restricted compensation.

RC is a version of the well-known Restricted Solvability condition in the theory of
additive conjoint measurement (see references from section 3.1). While C is a topological
property, RC is an algebraic condition on solvability for ~. Given SP, it is in fact the
case that C and RC are equivalent. This insight might be of independent interest.

Proposition 1: Suppose SO 77 satisfies SP. Then, 7 satisfies C if and only if = satisfies
RC.!!

Taken together, the discussed conditions lead to a characterization of the GUO class. In
view of the equivalence of RC and C, Theorem 1 connects an algebraic and a topological

approach to Generalized Utilitarianism.
Theorem 1: SO 7 satisfies SP, PD, WBS, and RC (or C) if and only if =~ is a GUO.

Theorem 1 unifies related characterizations of generalized utilitarian orderings from the
literature. Blackorby et al. (2002: Theorem 5) essentially characterize the Restricted

HProposition 1 allows to dispense with an Archimedean condition that is generally needed in the
algebraic approach to additive conjoint measurement. Ghosh et al. (2023) examine the logical relation
between different continuity and solvability properties, including versions of C and RC. Their Propo-
sition 3 could be used for the proof of “RC=C”. Instead, a self-contained proof is given in Appendix
3.A.1. It nicely illustrates the interplay of SP and RC in the derivation of C.
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Generalized Utilitarian class with anonymity, full separability, and continuity. They
implicitly use the condition of Strong Neutrality. Blackorby et al. (1998: pp. 70-73)
sketch how to derive full separability from one separable set of two individuals given
anonymity and continuity assumptions. As discussed in the proof of Theorem 1, a

critical step for such a derivation is due to Gorman (1968).

If the stronger version of Pigou-Dalton to the effect that the social value of a well-
being gain decreases with the starting level replaces PD in Theorem 1, this leads to
a characterization of the Prioritarian class. McCarthy (2008: Theorem 1) employs
such a stronger version together with full separability and continuity to characterize
prioritarian orderings. He also assumes a utility profile that is unique up to a positive

affine transformation.

If there is neither a smallest nor a greatest well-being level, it is possible to formulate

the following new two-person compensation condition.

Suppose A = R. SO 7 satisfies Compensation for Small Well-Being Changes
(CSWQ) if there exists ¢ € R, such that, for all A € R, x € X, and distinct
i,j € N with |u;(z) — A| < ¢, there exists y € X with u;(y) = A, for all k € N\ {4, 5},
uk(y) = ug(z), and y ~ x.

According to CSWC, an individual’s well-being change whose magnitude does not ex-
ceed € can be socially compensated by a well-being change of another individual. Since
there is no smallest well-being gain by A2, € can be very small. For instance, it might

be the well-being change of winning or losing one US Dollar for a millionaire.

Let u;(z) > X in the definition, so that i faces a small well-being loss from w;(z) to A.
By CSWC, it can be socially compensated by a well-being gain of individual 7, leaving
all other individuals equally well off. If 7 is worse off than j, the required gain for j can
be much larger than the loss for 7. The requirement that it is at all possible to find a

compensating gain for the tiny loss is thus quite mild.

The condition also states for u;(x) < A that a small gain of i is worth some loss of
j. However, if i is better off than j, the acceptable loss can be very small, even much
smaller than ¢’s gain. Overall, CSWC is thus an intuitive and convincing condition.
Together with SP, PD, and WBS,; it leads to a characterization of Surjective Generalized

Utilitarianism.

Theorem 2: Suppose A = R. SO 7 satisfies SP, PD, WBS, and CSWC if and only if
>~ is a SGUO.
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Theorem 2 characterizes the class of GUOs with surjective g. In contrast, a non-
surjective g has an upper bound. If ¢ is sufficiently bad off and j is sufficiently well
off, it is not possible to compensate a small loss for ¢ by any large gain for j under the
corresponding GUQO. Under every SGUO, a well-being loss of any size can be socially
compensated by some well-being gain. That is implied by the intuitively mild CSWC
condition.'? However, even a small loss of a bad off individual might only be compen-
sated by a very large gain of a better off individual. From a practical point of view, a
SGUO can thus still effectively give almost all weight to the improvement of worse off

individuals.'?

Overall, the analysis supports (Surjective) Generalized Utilitarianism as an attractive
approach to social evaluation. However, the class of (S)GUOs is rich. Justifying a single
element of it seems to be more difficult than justifying the class as a whole. The next

subsection and section 3.4 are concerned with this second step.

3.3.2 Utilitarianism

The central characterization of Utilitarianism in the context of Al is due to Maskin
(1978).' The present subsection reconstructs and critically discusses Maskin’s Theo-
rem. It then offers a different justification of Utilitarianism. For both approaches, the

following two-person condition is important.

SO = satisfies Gain Equity (GE) if, for all x,y € X and i,j € N such that w;(z) —
ui(y) = uj(y) —u;(z) > 0 and, for all k € N\ {7, 7}, up(x) = uk(y), it is the case that

T~ .

GE embodies the idea that well-being gains of equal magnitude are socially indifferent.
Since ¢’s gain from y to x is as great as j’s gain from x to y, x is socially as good as y.

Together with SP, the condition leads to a characterization of Utilitarianism.

12CSWC turns out to be equivalent to a version of the Unrestricted Solvability condition from

additive conjoint measurement (Appendix 3.A.1, Lemma A.1.7).
I3Moreover, while a non-surjective GUO does not allow every loss of a bad off individual to be

compensated by a gain of a single better off individual, it does so if sufficiently many better off
individuals gain. This point is discussed in Fleurbaey and Tungodden (2010). The additive nature of
Generalized Utilitarianism thus anyway commits to a form of unconditional compensation.

MFor discussions, see Balasubramanian (2015), Weymark (2016), and Sen (2017: chapter A3*).
Maskin’s Theorem can be obtained from a joint characterization of Leximin and utilitarian-type pro-
cedures due to Deschamps and Gevers (1978).
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Proposition 2: SO - satisfies SP and GE if and only if - is the UO.

If well-being gain comparisons are possible, but well-being level comparisons are not,
GE is implied by the Fundamental Equity condition introduced in chapter 2 of this
thesis.'® However, the present chapter assumes that level comparisons are possible.
In this setting, GE is clearly controversial.'® It directly contradicts the main idea of
prioritarianism that a gain of a worse off individual is socially more valuable than an
equal gain of a better off individual. Instead, GE embodies the main idea of Utili-
tarianism in two-person situations. While Proposition 2 fails to offer an independent
justification of Utilitarianism, it is methodologically important. Each of the following

characterizations will be reduced to it.

Maskin’s Theorem is stated in a multi-profile setting where individual well-being levels
at states of the world are variable. In contrast, well-being levels at states are fixed in the
present chapter. However, it is possible to formulate a version of Maskin’s Theorem in
this setting. The original result presupposes an unrestricted domain of utility profiles
and the condition of Binary Independence. It is well-known that, together with PI,
these conditions imply Strong Neutrality. If well-being levels at states are fixed, it is

possible to directly assume that property.'”

SO = satisfies Strong Neutrality (SN) if, for all z,y, z, w € X and utility profiles v, v’
in the sense of Al with v(x) = v/(2) and v(y) = v'(w), it is the case that x 77 y < 2 72 w.

Despite its central importance in the literature on Social Welfare Functionals, SN is a
puzzling condition. This is most clearly seen in the present setting where individual well-
being levels at states are fixed. Different utility profiles in the sense of A1 correspond to
different measurement scales. While it makes sense to compare numerical utility levels

for a given profile (scale), it makes no sense to conduct such comparisons between

5Proposition 3 from chapter 2 is a version of Proposition 2 which employs weaker richness as-
sumptions and derives utility representations. Without level comparisons, it leads to an informational
justification of Utilitarianism (chapter 2, Theorem 3). Blackorby et al. (2002: Theorems 10-12) de-
velop a related argument based on the condition of Incremental Equity. In contrast to the present
chapter and chapter 2, they employ an unrestricted domain of utility profiles and the property of
Binary Independence. While the results in chapter 2 require SP, both Proposition 2 and the results in

Blackorby et al. (2002) go through with Weak Pareto and PI.

16Given Al and SP, the Fundamental Equity condition from chapter 2 does not imply GE, but is
equivalent to PD.

7In particular, this approach has lead to single-profile versions of Arrow’s Impossibility Theorem.
See Kemp and Ng (1976), Parks (1976), Pollak (1979), Roberts (1980c), Blackorby et al. (1990), and
Fleurbaey and Mongin (2005).
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different profiles (scales). Accordingly, it is not clear why the identity of utility levels
between v and v’ is supposed to restrict the social evaluation of states in the sense of
SN.!8 The property turns out to be equivalent to the following condition which can be

stated in terms of the single profile (scale) w.

SO 7~ satisfies Strong Invariance (SI) if, for all z,y,z,w € X, a € R, and f € Ry
such that, for all i € N, u;(z) = a+ [ - w;i(z) and w;(y) = a+ B - u;(w), it is the case
that v —y < 2 Z w.

Proposition 3: SO 77 satisfies SN if and only if =~ satisfies SI.

The good news is that SI is a clear condition and captures the substantive implications
of SN. It requires the social ranking of states to be invariant under certain changes of
well-being levels and differences. For instance, a common well-being level change from
z (w) to x (y) for each individual should not lead to a different social ranking of x
vis-a-vis y and z vis-a-vis w.'® Together with the properties from the last subsection,

ST (SN) characterizes Utilitarianism.

Theorem 3: SO 7 satisfies SP, PD, WBS, RC (or C), and SI (or SN) if and only if -
is the UO.%

Theorem 3 is a version of Maskin’s Theorem for fixed well-being levels at states. The
original formulation uses anonymity, separability, and continuity. As shown in the proof
of Theorem 3, it is insightful to consider the consequences of SI for a GUO with concave
associate g. The proof derives GE and thereby reduces Theorem 3 to Proposition 2. In

contrast, continuity of g plays the central role in Maskin’s (1978) proof.

The bad news is that SI is a controversial condition. It is not clear how to justify

the strong substantive invariance requirements it imposes on the social evaluation of

1

states.?! Indeed, SI runs counter to the main idea of prioritarianism that the social

18 A similar critique applies to Binary Independence given an unrestricted domain of utility profiles.
The condition is unable to distinguish meaningful comparisons of utility levels for a given scale from
meaningless comparisons of utility levels between different scales. See Morreau and Weymark (2016)

for a discussion. Without Binary Independence, Maskin’s Theorem does not go through.
19T contrast to information invariance conditions for Social Welfare Functionals that are meant to

secure invariance of the social ranking under merely representational changes, SI is a strong substantive
condition requiring invariance of the social ranking under the stated real well-being changes. For a
discussion of this distinction, see Nebel (2023).

20A Restricted Generalized Utilitarian SO satisfies SN. Theorem 3 thus shows that the UO is the

only element of that class in the context of Al.
21For a related critique of Maskin’s Theorem, see Nebel (2023: section 5.1).
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value of a well-being gain decreases with its starting level. To see that, consider states
z, y, and z, and individuals ¢ and j such that u;(z) = 4, u;(2) = 2, u;(y) = u;(y) = 0,
u;(z) = =1, uj(x) = =2, and, for all k € N\ {7, 7}, up(x) = ug(y) = up(z) = 0.

Suppose z ~ y, that is, two unit gains from starting level 0 are socially as valuable as
one unit gain from starting level —1. According to the prioritarian idea, two unit gains
from a level greater than 0 should in turn be socially less valuable than a unit gain from
a level smaller than —1. But due to SI, it follows that  ~ y (set w = y, o = 0, and
f = 2), implying = ~ z. The condition thus induces that two unit gains from starting
level 2 are socially as valuable as one unit gain from starting level —2. For that reason,
a prioritarian can and should reject SI. Theorem 3 is not a convincing justification of

Utilitarianism as long as there is no convincing argument for SI.

The remainder of the section develops a different justification of Utilitarianism. Again,
Proposition 2 is part of the argument. The following new two-person condition is key.
It captures the idea that very small differences in well-being differences should not lead

to a complete reversal of the social ranking.

SO 77 satisfies Stability (STB) if, for all z,y € X and ¢,j € N with u;(y) > u;(x) =
ui(w) > ui(y), ui(y) — u;(z) # ui(z) — wi(y), and, for all k € N\ {i, j}, we(x) = w(y),
there exists e € R such that, for all ', y"” € X with |u;(y')—u;(y)|+|u;(y")—u;(y)| < €
and, for all k € N\ {7}, u(v') = ug(y”) = ux(y), it is the case that x =y = x = v/".

For the sake of concreteness, suppose that j’s gain from x to y is greater than i’s gain
from y to x. States ¢y and y” have “almost” the same well-being distribution as y. All
individuals but j are equally well off at the three states, and j’s well-being differences
between vy, 1/, and y” are very small, respectively. As long as € is sufficiently small, it is
indeed the case that j does not only gain from z to 3’ (y”), but that j’s gain from x to
y' (y") is greater than i’s gain from i’s level at y to i’s level at z. Because all individuals
except 7 and j are equally well off at = and 3/ (3”), the social evaluation of these states

comes down to a comparative assessment of i’s gain and j’s gain from z to y' (y").

Suppose that i’s gain is deemed socially more valuable than j’s greater gain from x
to ¢/, that is, = is socially better than y’. Qualitatively, the evaluation situation of x
vis-a-vis 3/ is the same as the evaluation situation of x vis-a-vis y”. Individual i realizes
the same gain from 3’ to x as from y” to z. Individual j realizes a greater gain from x
to y' and y”, respectively. There is only a very small difference between j’s gain from
x to iy and j’s gain from x to 3”. According to STB, this very small difference should

not lead to a complete reversal of social evaluation. Considering the fact that i’s gain
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is socially more valuable than j’s gain from x to ¢/, it should still be socially at least as

valuable as j’s gain from x to y”. That is,  should be socially at least as good as y”.

If STB is violated, social evaluation embodies highly subtle value judgments. Qualita-
tively equal situations (one person realizes a loss, the other person realizes a greater
gain) are treated completely differently due to a very small difference in well-being dif-
ferences. It is difficult to form such complicated value judgments (particularly in public
deliberation). The idea of STB is somewhat similar to the one of C. Nevertheless, the
two conditions are logically independent.?? Indeed, the combination of STB and C (or
RC) with SP yields a characterization of Utilitarianism.

Theorem 4: SO 77 satisfies SP, RC (or C), and STB if and only if - is the UO.
The proof of Theorem 4 shows that SP, RC (C), and STB together imply GE, so that

Proposition 2 can be applied. To illustrate, compare a gain € of individual ¢ and an
equal gain of individual j whose starting level coincides with the end level of i’s gain.
According to every Prioritarian SO, i’s gain is socially more valuable than j’s gain.
However, i’s gain is socially as valuable as some greater gain 6 of j. Take a gain 6™
that is slightly greater than 6 and a gain ¢~ that is slightly smaller than §. Supposing
that differences in differences are sufficiently small, 67 and ¢~ are both greater than
e. Despite this equal qualitative relation, " (from j’s starting level) is socially more
valuable than e (from i’s starting level), while it is the other way around for §~. These
differences contradict STB.

Every Prioritarian SO embodies highly specific quantitative value judgments. For a
given gain from some starting level, it specifies a unique fraction of that gain that
is equally socially valuable when realized from a lower starting level. As discussed,
it is difficult to form and agree on such quantitative specifications. In contrast, the
Utilitarian Ordering is solely based on qualitative value judgments to the effect that a
greater gain is socially better than a smaller gain and that two equal gains are socially

indifferent. This is captured by Theorem 4.

The justification of Utilitarianism via Theorem 4 has some advantages over the one via
Theorem 3. In contrast to SI, STB has a clear rationale. Moreover, Theorem 4 does
not need WBS. What is even more remarkable is that Theorem 4 does not employ any

anonymity condition (neither PD nor some weakening of it). It solely uses SP and the

22 As discussed in the following, a Prioritarian SO violates STB but satisfies C (RC). A Special-Level
Utilitarian SO is discussed in Appendix 3.A.5. It satisfies SP and STB, but violates C (RC) and SI
(SN). This shows that, even given SP, STB neither implies C (RC) nor SI (SN).
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regularity conditions RC (C) and STB. The reasoning that has been discussed for Pri-
oritarian SOs also excludes non-anonymous approaches like Weighted Utilitarianism.?3
Someone who finds the insensitivity of Utilitarianism to the distribution of well-being

problematic might interpret Theorem 4 as an impossibility result.

3.4 Uncertainty

This section extends the analysis to an uncertainty framework. Let N = {1,...,n} be a
population of individuals, C' = {1,...,m} a set of circumstances, and X a set of social
prospects, where n > 2 and m > 2. The state of the world that is realized by prospect
x € X depends on the circumstance ¢ € C that obtains. Accordingly, the well-being
level of i € N given z is contingent on the realized circumstance. Which circumstance
will obtain is not known. It is assumed that, for all circumstances ¢, d € C, ¢ is neither

more likely than d nor the other way around.

Well-being level and difference comparisons are now captured by a difference rela-
tion =4 over (N x C' x X)?. For i,j,k,l € N, c,de,f € C, and z,y,z,w € X,
((z’, c,x), (j,d, y)) =4 ((k;, e, z), (L, f, w)) means that the well-being difference between 4
at ¢ given x and j at d given y is at least as great as the well-being difference between k
at e given z and [ at f given w. These well-being difference (and level) comparisons are
ex post. They apply to individuals at states of the world that are realized by prospects
for given circumstances. The discussion and examples of section 3.2.1 still apply.

The reformulation of Al states that there exists u : N x C' x X — R, unique up to
a positive affine transformation, that represents 7—4. Fix such a utility profile u. For
i€ N,ceC, and r € X, denote u; () = u(i,c,x) and u(x) = (Ui (7)) @Ge)enxc- The
new version of A2 states that there exists an interval A C R such that u(X) = {a €
RM*C | Jx € X :u(x) = a} = ANXC.

SO 7 is a complete and transitive relation over X and captures the relative social evalu-
ation of prospects. It is an Expected Generalized Utilitarian Ordering (EGUO)

if there exists increasing, continuous, and concave g : A — R such that, for all x,y € X,
Ty ZCEC % ) ZieN 9(Uic(z)) > Zceo % ) ZieN g(uic(y)).

In line with the assumption that no circumstance is more likely than another and the

Z3Under Weighted Utilitarianism, different individuals get different weights. It is discussed in Ap-
pendix 3.A 4.
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principle of insufficient reason, an EGUO assigns a (subjective) probability of % to each
circumstance. The social value of prospect x for a given circumstance ¢ is the sum of
transformed utilities given ¢ and x. The overall social value of z is the expected value
of these circumstance values.?* The Expected Utilitarian Ordering (EUO) is the
EGUO with g : A — A. EGUOs can be characterized with uncertainty versions of the
conditions from section 3.3.

SO 7 satisfies Strong Pareto (SP) if, for all z,y € X, the following holds: If, for all
(i,¢) € N x C, u;c(x) > u;(y), then x 27 y. If, in addition, there exists (i,c¢) € N x C'
with u; () > u;(y), then x > y.

SO 7 satisfies Pigou-Dalton (PD) if, for all z,y € X, (i,¢),(j,d) € N x C such
that w;.(z) — uic(y) = uja(y) — uja(r) > 0, ujq(x) > u;.(y), and, for all (k,e) €
(N x C)\{(,¢), (4, d)}, uge(z) = ug(y), it is the case that = = y.

SO 7 satisfies Weak Binary Separability (WBS) if there exists M C N x C' with
|M| = 2 so that, for all x,y,z,w € X such that, for all (i,c) € M, u;.(x) = w;(z) and
Ui o(y) = u;(w), and, for all (i,c) € (N x C)\ M, u; o(x) = u;(y) and u; o(2) = u; o(w),
it is the case that x 7— y < 2z =~ w.

SO 77 satisfies Restricted Compensation (RC) if, for all z,y,z € X and (i,¢) €
N x C such that, for all (k,e) € N x C\ {(7,¢)}, ue(y) = upe(2), y 7z, and z 7 2,
there exists w € X such that, for all (k,e) € N x C\ {(4,¢)}, upe(w) = ug(2), and

w~ xT.

It is important to understand that the uncertainty versions are perfectly analogous to
their certainty counterparts. The only formal difference is that prospects replace states
of the world and individual-circumstance tuples replace individuals. SP becomes a
reasonable dominance condition to the effect that, if each individual given each circum-
stance is at least as well off given prospect = as given prospect y, then x is socially at
least as good as y. If an individual is better off given a circumstance, then x is socially
better than y.

PD is concerned with prospects x and y that only differ with respect to two individual-
circumstance tuples. Individual ¢ at circumstance ¢ faces a gain from y to z, while
individual 7 at circumstance d faces a gain of equal magnitude from z to y. In view of
the fact that the former gain does not have a greater starting level than the latter, it is

24Like in the certainty case, one can state a profile-independent formulation of an EGUO in terms
of well-being difference ratios.
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socially at least as valuable as the latter.?®> Compared to its certainty version, the weak
inequality aversion of PD does not only have an interpersonal component, but also an
intrapersonal one. If ¢ = j, the individual gains from y to x given ¢, but gains from
x to y given d. That the former gain is socially at least as valuable as the latter gain

reflects weak risk aversion in the social evaluation of individual well-being prospects.

WBS captures the weak assumption that there exists a separable binary set of individual-
circumstance tuples M = {(i,¢),(j,d)}. For i # j, the discussion for the certainty
version of WBS applies. But it is also possible that social evaluation is separable for
two circumstances ¢ # d with respect to a single individual ¢ = j. Finally, RC also has
an analogous interpretation to the certainty case. If a gain at individual-circumstance
tuple (7, ¢) from prospect z to prospect y can turn the social ranking vis-a-vis prospect
x around, there is a (smaller) gain at (i,c¢) from z to prospect w that leads to social

indifference between w and z.

Taken together, the uncertainty conditions characterize the class of EGUOs. The entire
formal argument to establish Theorem 5 is perfectly analogous to the argument for
Theorem 1. Index set N x C replaces index set N.

Theorem 5: SO - satisfies SP, PD, WBS, and RC if and only if = is an EGUO.

Under an EGUOQO, g simultaneously captures the degree of social inequality aversion and
the degree of risk aversion in the social evaluation of individual prospects. That is so
because ) ..y g(ui()) is the social value of prospect z for a given circumstance ¢ and
>ece = - g(u;o(x)) is the social value of z for a given individual 7. The conditions of
Theorem 5 imply this equality of social inequality and risk aversion. If one of them is
determined, the other will be determined as well. The approach to determine social
inequality aversion in terms of risk aversion goes back to Harsanyi (1953, 1955) and is

examined in Grant et al. (2010) and Eden (2020).

In contrast to the setup of this section, Harsanyi’s (1955) Aggregation Theorem operates
in a lottery framework where probability distributions are variable. Using social and
individual expected utility assumptions and an ex ante version of Pareto, it shows
that social evaluation takes an additive form. One problem is that interpersonal well-
being gain comparisons are not specified, so that the definition of utilitarianism is

ambiguous.?® This problem is avoided in the present chapter. Moreover, Theorem 5

25The assumption that d is not more likely than c is relevant here. If d was more likely than c, that

would be a reason for y > z.
260n this issue, see Harsanyi (1982), Weymark (1991), Fleurbaey and Mongin (2016), and Sen (2017:
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does not presuppose the expected utility form of aggregation, but derives it.

As for Theorem 1, a stronger Pigou-Dalton condition requiring the social value of a well-
being gain to decrease with the starting level leads to a characterization of Expected
Prioritarianism, that is, Expected Generalized Utilitarianism with strictly concave g.
McCarthy (2008: Theorem 3) characterizes expected prioritarianism using expected
utility and variable population separability assumptions. McCarthy et al. (2020) pro-
vide a general analysis of utilitarian-type aggregation in a lottery framework.?”

Theorem 5 also relates to recent contributions that characterize fully additively separa-
ble social evaluation in the circumstance framework of this section (Mongin and Pivato,
2015; Gustafsson et al., 2023; Li et al., 2023; Pivato and Tchouante, 2023).?® In line
with Gorman (1968), they employ social and individual dominance conditions as well
as continuity and compensation assumptions to derive full separability. The critical
point is to exploit the two-dimensional structure of individuals and circumstances. In-
stead, Theorem 5 does not make use of this structure, but establishes a perfect analogy
between the uncertainty case and the one-dimensional certainty case. Given continuity
assumptions, WBS is implied by social and individual dominance. In contrast to the
other contributions, Theorem 5 makes critical use of PD to derive full separability and
the specific form g(u;.(z)) of the social value of prospect x with respect to individual

1 and circumstance c.

The characterization of the EUO via the uncertainty version of STB in Theorem 6 is

likewise formally analogous to the characterization of the UO in Theorem 4.

SO 7 satisfies Stability (STB) if, for all z,y € X, (i,¢), (j,d) € N x C with u;4(y) >
U a() = () > uie(y), uja(y) — uja(x) # wi(r) —uic(y), and, for all (k,e) € (N x
CY\A{(i,0), (j,d)}, uge(r) = up(y), there exists € € Ry, such that, for all ', y" € X
with [ua(y") — t5a(y)] + ltsa(y”) — w5a(y)] < € and, for all (k,e) € (N x C)\ {(j, )},
Uke (V') = Uk (V") = uge(y), it is the case that x >y = = 7 .

Theorem 6: SO - satisfies SP, RC, and STB if and only if 7 is the EUO.

Again, for sake of concreteness, suppose that j’s gain at d from z to y' (y”) is greater

than i’s gain at ¢ from ¢y’ (y”) to x. According to STB, the small difference in j’s gain

chapter A3*).
2"McCarthy (2006, 2008, 2017) and McCarthy et al. (2020) discuss different definitions of utilitari-

anism and prioritarianism in the context of risk.
28These contributions are also concerned with other applications than social evaluation under un-

certainty.
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at d from x to ¥ and from z to y” should not completely reverse the social ranking.?
The uncertainty version of STB also has an intrapersonal component. By adapting the
argument why a Prioritarian SO violates STB in the certainty case, one shows that
the uncertainty versions of SP, RC, and STB exclude the possibility of risk aversion in
the social evaluation of individual prospects. A gain of individual ¢ at circumstance ¢
which is socially indifferent to a greater gain of i at circumstance d whose starting level

coincides with the end level of the former gain leads to a violation of STB.

3.5 Conclusion

The chapter has offered a systematic analysis of Generalized Utilitarianism given qual-
itative well-being difference and level comparisons. There are several promising ap-
proaches to construct interpersonal well-being comparisons in terms of happiness, re-
sources, and extended preferences. Generalized Utilitarian Orderings are defined in
terms of well-being difference ratios. The Generalized Utilitarian class contains all

Prioritarian Orderings as well as the Utilitarian Ordering.

All characterizations of the chapter are formulated in terms of a single utility profile
which represents well-being difference and level comparisons. Strong Pareto, Pigou-
Dalton, Weak Binary Separability, and Restricted Compensation characterize the class
of Generalized Utilitarian Orderings. Given Strong Pareto and the framework assump-
tions of the chapter, Restricted Compensation and Continuity are equivalent. The new
Compensation for Small Well-Being Changes condition turns out to be stronger and
characterizes the subclass of Surjective Generalized Utilitarian Orderings. The results
provide a good justification for (Surjective) Generalized Utilitarianism. Their distin-

guishing features are weak and intuitive separability and compensation conditions.

The Utilitarian Ordering is characterized by Strong Pareto and Gain Equity. This
insight is valuable to derive characterizations. A single-profile version of Maskin’s The-
orem shows that the Utilitarian Ordering is the only Generalized Utilitarian Ordering
satisfying Strong Invariance. However, it is difficult to defend this property. The
Utilitarian Ordering is also characterized by Strong Pareto, Restricted Compensation
(Continuity), and the new Stability condition. The result provides a more promis-

ing argument for Utilitarianism than Maskin’s Theorem. It does not need anonymity

2If (subjective) probabilities of circumstances are unequal, STB becomes too strong. In that case,

even the reformulation of Expected Utilitarianism violates the condition.
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or separability conditions. Stability reduces the sensitivity of social evaluation with

respect to subtle well-being changes.

The analysis extends to social evaluation under uncertainty. Aggregation is still based
on qualitative ex post well-being comparisons. Uncertainty versions of Strong Pareto,
Pigou-Dalton, Weak Binary Separability, and Restricted Compensation characterize
the class of Expected Generalized Utilitarian Orderings. Uncertainty versions of Strong
Pareto, Restricted Compensation, and Stability characterize the Expected Utilitarian
Ordering. The distinguishing feature of these results is the perfect analogy to the
certainty case. If one endorses the conditions for Expected Generalized Utilitarianism,

one faces the task to jointly determine social inequality and risk aversion.
Two extensions of the offered analysis are of particular interest.

1. In the fixed population model of the chapter, social evaluation under certainty comes
down to ranking utility vectors of length n. It is possible to extend the analysis to vari-
able finite populations of states of the world. Suppose that there is a unique well-being
level of existence which is socially as valuable as non-existence. If this critical level
is represented by a utility level of 0, social evaluation comes down to ranking utility
vectors of infinite length with finitely many non-zero entries. With appropriate refor-
mulations, the analysis of the chapter yields characterizations of critical-level versions
of the respective Generalized Utilitarian Orderings. An according extension is also

possible for the uncertainty case.

2. The analysis shows that weak conditions yield a fully separable additive social
ordering. There are some issues with full separability in the uncertainty case (see Grant
et al., 2010; Mongin and Pivato, 2015; Li et al., 2023). For instance, a permutation
of well-being levels between individuals ¢ and j at circumstance c is socially indifferent
under every Expected Generalized Utilitarian Ordering. But one can argue that the
social assessment of the permutation should depend on how well off ¢ is relative to j
at other circumstances. This challenges the uncertainty version of Pigou-Dalton. One

way to deal with the issue is to weaken that property.

The social evaluation of alternatives is not just a theoretical exercise. It is meant to
inform practical decision-making. In line with that, the chapter has provided an inves-
tigation of well-being aggregation. This is a first step to effectively promote individual

well-being.
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3.A Appendix

3.A.1 Proofs for Section 3.3.1

In line with the literature on Social Welfare Functionals (see references from section
3.1), it will be convenient to consider orderings over utility space A™ that are associate
to SOs. A Social Welfare Ordering (SWO) is a complete and transitive relation
over A". SWO " is an associate of SO 7 if, for all z,y € X, x 7 y < u(z) 2 u(y).

SO conditions from the main text have corresponding SWO conditions.

SWO 7~* satisfies Strong Pareto (SP*) if, for all a,b € A" such that, for all i € N,
a; > b;, and there exists ¢ € N with a; > b;, it is the case that a >* b.

SWO Z* satisfies Pigou-Dalton (PD¥*) if, for all a,b € A" and i,j5 € N such that
a;—bi=0b; —a; >0, a; >b;, and, for all £k € N\ {3}, ar = by, it is the case that
a =*b.

SWO —* satisfies Weak Binary Separability (WBS*) if there exists M C N with
|M| = 2 so that, for all a,b,c,d € A™ such that, for all i € M, a; = ¢; and b; = d;, and,
for all i € N\ M, a; = b; and ¢; = d;, it is the case that a 75" b < ¢ 2% d.

SWO * satisfies Continuity (C*) if, for all b € A", the sets {a € A" | a Z* b} and
{a € A" | b Z* a} are closed in A™.

SWO * satisfies Restricted Compensation (RC*) if, for all a,b,c € A" and i € N
such that, for all £ € N\ {i}, by = cx, b 2" a, and a 7 ¢, there exists d € A" such
that, for all k € N\ {i}, dx = %, and d ~* a.

Suppose A = R. SWO ~* satisfies Compensation for Small Well-Being Changes
(CSWC*¥) if there exists € € Ry such that, for all A € R, a € R", and distinct
i,j € N with |a; — A| <€, there exists b € R" with b; = A, for all k € N\ {4, j}, by, = ax,

and b ~* a.

Lemma A.1.1: SO - satisfies SP if and only if 7~ has an associate SWO Z* satisfying
SP*.

Proof:

“=7: Suppose SO 77 satisfies SP. Define SWO =* such that, for all a,b € A", a =* b
if and only if there exist z,y € X with u(z) = a, u(y) = b, and = 7 y. To see that
~* is indeed a SWO, take a,b € A". By A2, there exist z,y € X with u(z) = a and
u(y) = b. Because Z is complete, x =~ y or y 7~ x holds. By definition, that implies
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a2 borbz=*a Thus, ~*is complete. Consider a,b,c € A" with a =* b and b 72" c.
By definition, there exist z,y, z,w € X with u(x) = a, u(y) = b, and = 7 y, as well as
u(z) = b, u(w) = ¢, and z 2Z w. Due to SP, y ~ z, so that the transitivity of 7 yields

x 7 w. It follows by definition that a 7=* ¢. Hence, =" is transitive.

Consider z,y € X. Suppose x 27 y. By definition, that implies u(z) ZZ* u(y). Suppose
u(z) 77* u(y). By definition, there exist z,w € X with u(z) = u(z), u(w) = u(y), and
z 7~ w. SP and social transitivity imply = 27 y. Taken together, this establishes that
~* is associate to zZ. Take a,b € A™ such that, for all i € N, a; > b;, and there exists
i € N with a; > b;. There exist x,y € X with u(z) = a and u(y) = b. By SP of =, it

is true that x > y. Since 7—* is associate to 77, it follows that a >=* b. Therefore, 77*
satisfies SP*.

“<”: Suppose SO = has associate SWO =* satisfying SP*. Take z,y € X such that,
for all i € N, w;(z) > w;(y). If u(z) = u(y), the reflexivity of 7=* implies u(x) ~* u(y)
and in turn x ~ y. If u(z) # u(y), SP* of Z* yields u(x) >* u(y) and thus z > y.
Accordingly, - satisfies SP.H

~

Lemma A.1.2: Suppose SWO ~* is associate to SO zZ. Then,

(a) = satisfies PD if and only if 7* satisfies PD*.

(b) 7 satisfies WBS if and only if 77* satisfies WBS*.

(c) 7 satisfies C if and only if 7~* satisfies C*.

(d) z satisfies RC if and only if =* satisfies RC*.

(e) given A = R, - satisfies CSWC if and only if 2Z* satisfies CSWC*.

Proof:

(a) For “=", suppose 7 satisfies PD. Take a,b € A" and i,j € N such that a; — b; =
bj —a; >0, a; > b;, and, for all k € N\ {i,7}, ap = b;. There exist z,y € X with
u(z) = a and u(y) = b. By PD, x 2Z y. Since 2Z* is associate to 27, that yields a 72* b.
Consequently, 7—* satisfies PD*. For “<”, suppose 7-* satisfies PD*. Take x,y € X
and 4,j € N such that u;(x) — u;(y) = u;(y) — uj(z) > 0, u;(z) > u;(y), and, for all
ke N\{ij}, ue(z) = ux(y). PD* yields u(x) Z* u(y) and in turn = 7 y. Thus,
satisfies PD.

(b) For “=", suppose 7~ satisfies WBS with M C N. Consider a, b, c¢,d € A™ and such
that, for all i € M, a; = ¢; and b; = d;, and, for all i € N\ M, a; = b; and ¢; = d;.
There exist x,y,z,w € X with u(x) = a, u(y) = b, u(z) = ¢, and u(w) = d. Due to
WRBS, it follows that x 2~ y < z 7~ w. This yields a =* b < ¢ =" d, so that 7~* satisfies
WBS* with M. For “«<”, suppose =* satisfies WBS* with with M C N. Consider
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z,y,z,w € X such that, for all i € M, u;(z) = u;(2) and u;(y) = w;(w), and, for all
i€ N\ M, u(x) = ui(y) and u;(z) = u;(w). By WBS* = = y < u(zx) =% uly) <
u(z) =" u(w) < z = w. Hence, 7 satisfies WBS with M.

(c) For “=", suppose 77 satisfies C. Take b € A™. There exists z € X with u(z) = b.
For ¢ € A", it follows that c € {a € A" |a Z* b} © c€{a€c A" |y € X :a =
w(y) Ny Z x}. Thatis, {a € A" |a " b} ={a€ A" |Fye X :a=uly) ANy = x}.
Since the latter set is closed in A™ due to C, so is the former set. Analogously, {a €
A" | bz*ay={a€ A" | Jy € X :a =u(y) ANz Z y} is closed in A™. Therefore, 2=*
satisfies C*. For “«<”, suppose =* satisfies C*. Take x € X. For ¢ € A", it is true
that ce {fac A" |ye Xta=uy) Ny ga} o ce{ac A" | a 2" u(zr)} and thus
{ae A" | ye X:a=uly Ny Zx} ={a€ A" | a Z" u(z)}. As the latter set is
closed in A™ by C*, so is the former. Likewise, {a € A" |y e X :a =u(y) Nz Z y} =
{a € A" | u(x) Z* a} is closed in A™. Accordingly, 7 satisfies C.

~

(d) For “=”, suppose - satisfies RC. Consider a,b,c € A™ and i € N such that, for
all k € N\ {i}, by = ¢, b =* a, and a Z* ¢. There are z,y,z € X with u(x) = a,
u(y) = b, and u(z) = c. It follows that y 7 x and = ZZ z. Due to RC, there exists w € X
such that, for all & € N\ {i}, ug(w) = ug(z), and w ~ z. Since u(w) ~* u(x), 72*
satisfies RC* with d = u(w). For “<”, suppose =* satisfies RC*. Consider z,y,z € X
and i € N such that, for all &k € N\ {i}, ux(y) = ug(2), y 27 =, and = 7 z. That
is, u(y) =" w(z) and u(z) Z* u(z). By RC*, there exists d € A™ such that, for all
ke N\ {i}, dp = ug(z), and d ~* u(z). Take w € X with u(w) = d. Because w ~ z,
> satisfies RC with w.

(e) For “=" suppose - satisfies CSWC with ¢ € R, ;. Consider A € R, a € R", and
distinct 4,5 € N with |a; — A| < e. Take x € X with u(z) = a. By CSWC, there exists
y € X such that u;(y) = A, for all k € N\ {4,j}, ur(y) = ur(z), and y ~ x. Because
u(y) ~* u(x), Z* satisfies CSWC* with e. For “<” suppose 7Z* satisfies CSWC* with
e € Ry,. Take A € R, z € X, and distinct 4,5 € N with |u;(x) — A|] < e. Due to
CSWC*, there exists b € R™ such that b; = A, for all k € N\ {i,j}, by = ug(x), and
b ~* u(z). There exists y € X with u(y) = b. It follows that y ~ x, so that 7 satisfies
CSWC with .l

For the proof of Proposition 1, the following notion of continuity is relevant.

SWO =* satisfies m-Continuity (m-C*) for m € N if, for all b,c € A", the sets
{ae A" | (Vke {m+1,...,n} ar=cx)AN(a 5" b)} and {a € A" | (Vk € {m+1,...,n}:
ap = cx) N\ (b " a)} are closed in A™.
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Lemma A.1.3: If SWO ~* satisfies SP* and RC*, then, for all m € N, -* satisfies
m-C*.

Proof:

Suppose SWO ~* satisfies SP* and RC*. The stated claim will be proved by induction.

m = 1: Consider b,c € A" and a sequence (a')eny € (A™)N that converges to a € A",
and exhibits, for all t € N, af = ¢ for all k € {2,...,n}, and o' Z* b. It follows that
ar = ¢ for all k € {2,...,n}. Suppose b =* a. By RC*, there exists d € A" such that,
for all k € {2,...,n}, di = ¢, and d ~* b. Since d =* a, SP* implies d; > a;. Define
€ = d; —ay; > 0. Because the sequence converges to a, there exists s € IN such that,
for all ¢ > s, |[a} — a;1] < e. For t > s, that implies d; > a}. By SP*, that yields
d =* a' and in turn b =* a'. This is a contradiction. The initial assumption b =* a
must be wrong. Instead, a 72" b must hold. This argument establishes that the set
{a e A" | (Vk € {2,....,n} ap = cx) A(a Z* b)} is closed in A™. One shows analogously
that the set {a € A" | (Vk € {2,...,n}:ar = cx) A (b 75" a)} is closed in A™. Hence, 7*
satisfies 1-C*.

(m — 1) = m: Suppose =—* satisfies (m — 1)-C* for some m € {2,...,n}. Consider
b,c € A" and a sequence (a');ew € (A™)N that converges to a € A", and exhibits, for
allt € N, al, = ¢, for all k € {m +1,...,n}, and a' 72* b. That implies a; = ¢, for all
ke {m+1,..,n}. Suppose there exists s € IN such that, for all ¢t > s, a,, > af . Define
sequence (d')ien € (A™)YN such that, for all t € N, dt, = a,,, and, for all k € N\ {m},
di = al. By SP*, d' =-* a' holds for all ¢ > s. Taken together, the sequence converges
to a, is constant for all k € {m,...,n}, and exhibits, for all t > s, d" Z* b. Due to
(m — 1)-C*, that implies a 2Z* b.

Suppose that, for all s € IN, there exists t > s with al, > a,,. Suppose b =* a. Take
p € N with a?, > a,,. Define sequence (d');ew € (A™)N such that, for all ¢+ € N,
dt, =ab,, and, for all k € N\ {m}, d, = al. Since (a’);ew converges to a, there exists
p’ € N such that, for all ¢ > p/, di, > a! . By SP*, that implies d* =* o' for all t > p/.
Taken together, (d")en converges to d = (aq, ..., a1, AP, i1, ey Gy ), 18 constant for
all k € {m,...,n}, and exhibits, for all t > p/, d* =* b. Due to (m — 1)-C*, that implies
d 77" b. By RC*, there exists A € A with f = (a1, ..., am_1, A, @1, .oy @) ~* b. Due to
SP* A\ > a,,.

By assumption, there exists s € N with A > a, > a,,. Define sequence (e');en € (A™)N
such that, for all t € IN, el = a?, and, for all k € N\ {m}, el. = al. There exists s’ € N
such that, for all t > &', ¢! > a! . Due to SP*, that leads to e =* a' for all ¢ > ¢'.
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Taken together, (e');en converges to e = (ay, ..., am_1,a5,, Ami1, ..., ay), is constant for
all k € {m,...,n}, and exhibits, for all t > &', ' =* b. By (m — 1)-C*, it follows that
e " b.

Due to RC*, there exists p € A with g = (a1, ..., Q1 fty Ay, ooy Q) ~* b. By SP*
as, > u. Since A > u, SP* also yields f >* g. But social transitivity implies f ~* g.
This is a contradiction. Accordingly, the initial assumption b >* ¢ must be wrong. It
must instead be true that a 72* b. Therefore, in all cases, a 72* b. This demonstrates that
theset {a € A" | (Vk € {m+1,...,n} : ar = cx)A(a 5" b)} is closed in A”. An analogous
argument shows that the set {a € A" | (Vk € {m+1,...,n} 1 ar =) AN(bZ" a)} is
closed in A™. Consequently, 7~* satisfies m-C*.1

Proof of Proposition 1:
Suppose SO 7 satisfies SP. By Lemma A.1.1, 7 has an associate SWO =* satisfying
SP*.

“<”. Suppose = satisfies RC. By Lemma A.1.2, =* satisfies RC*. Due to Lemma
A.1.3, Z* satisfies n-C*. This condition is identical to C*. Accordingly, Lemma A.1.2
implies that - satisfies C.

“=": Suppose 7 satisfies C. By Lemma A.1.2, =* satisfies C*. Take a,b,c € A" and
i € N such that, for all k € N\ {i}, by = cx, b =% a, and a Z* ¢. If b ~* a, 72* satisfies
RC* with d = b. If ¢ ~* a, =* satisfies RC* with d = ¢. Suppose b =* a =* ¢. By SP*,
that implies b; > ¢;. For A € [¢;,b;] C A, define d(\) = (c1, ..., Ci—1, A, Cig1y ooy C) € A™.
Define L = {\ € [¢;,b;] | a Z* d(N)} and U = {\ € [¢;,b;] | d(X) ZZ* a}. Since ¢; € L
and b; € U, both sets are non-empty. Moreover, SP* implies that, for A € L and u € U,
A < p. Accordingly, L has a smallest upper bound Aj, € [¢;,b;] and U has a greatest
lower bound Ay € [¢;, by].

Suppose A, > Ay. Define p = % > 0. There exists A € L with A > A, — p.
Otherwise, A\, — p would be a smaller upper bound of L than \;. Likewise, there exists
€ U with p < Ay+p. Otherwise, Ay +p would be a greater lower bound of U than Ay.
Taken together, A < u<Ay+p=Ay+2-p—p= A —p <A This is a contradiction.
Hence, A\, < Ay. Suppose A\, < A\y. Take A € [¢;, b;] with A\, < A < Ay. It follows that
A ¢ L and A\ ¢ U. This contradicts the completeness of 72*. Consequently, \;, = Ay.
Define \* = \;, = \p.

Consider A € [¢;, b;] with A < A*. There exists p € L with A < . Otherwise A would
be a smaller upper bound of L than A\*. By SP*, d(u) >=* d(\). Since a 75* d(u), that
implies a >=* d(\). Because that is the case for all A € [¢;, b;] with A < A*,; C* induces
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a Z* d(A\*). Take A € [¢;,b;] with A > A*. Now, there exists p € U with A > p.
Otherwise A would be a greater lower bound of U than A\*. Due to SP*, d(\) =* d(u).
Together with d(u) 7Z* a, it follows that d(A) >=* a. Again, this is so for all A € [¢;, b;]
with A > A*) so that C* yields d(\*) =* a. Taken together, d(\*) ~* a. Hence, =*
satisfies RC* with d = d(\*). Lemma A.1.2 implies that 77 satisfies RC.H

Condition PD* is equivalent to the following two SWO properties. It is likewise possible
to formulate corresponding SO versions.

SWO ~* satisfies Classical Pigou-Dalton (CPD%*) if, for all a,b € A" and i,j € N
such that a; — b; = b; —a; > 0, a; > a;, and, for all k € N\ {4, j}, ap = by, it is the
case that a 72* b.

SWO =* satisfies Anonymity (A*) if, for all a € A™ and all bijections 7 : N — N, it

is the case that @ ~* (ar(1), .., Gr(n))-

Lemma A.1.4: SWO Z* satisfies PD* if and only if 7Z* satisfies CPD* and A*.
Proof:

“=7. Suppose SWO =* satisfies PD*. Take a,b € A" and i,7 € N in the sense of
CPD*. Since a; > b;, PD* implies a 7=* b. Hence, 77* satisfies CPD*.

Consider a € A™ and bijection 7 : N — N. It is well-known that there exist bijections
m,...,Ts : N — N such that, for all ¢t € {1,..., s}, there exist i,j € N with m,(:) = j,
m(j) = i, and m(k) = k for all k € N\ {i,j}, and 7 = 75 0...0m. For each
t€{0,1,...,s}, define a’ = (a(mso...om)(1)s -+ U(mso...omo)(n) ), Where mg : N — N, i+ .

Take t € {1, ..., s}. By construction, there exist i, j € N with (m;0...0m)(i) = (m_10...0

70)(J), (mo...omy)(j) = (m_10...0m)(¢), and (m0...omy)(k) = (m_10...0m)(k) for all
ke N\{Z,j} That implies af = Q(no...0m) (i) = Q(my_10...0m0)(j) = (I;_l, a§ = Q(m0...0m0) (5)

t—1

a/(71't_10._.o7r0)(i) = ai I and7 fOI all k E N\{ZL]}? a’z - a(wto...owo)(k) - a/(7rt_10.__07r0)(k) - CLZ 1.
1

-1 1 1 : - - t—1
Suppose a; * = a; *. In that case, a' = a*~', implying o' ~* a’. Suppose a;"* > a; .
That implies a ' —af = al — aé’l > 0. Due to PD*, it follows that a’~! ~* a’. Suppose

t—1 t—1 e liea gt b=l -1 t : * 3
a;"" < a; . That analogously implies a; —a;”" = aj " —aj; > 0. Again, PD* induces
at™! ~* at. In any case, a'™! ~

a® = a and @* = (az@), ..., Gr(n)). Taken together, that yields a ~

*

a' holds for each t € {1,...,s}. By construction

*

(aﬂ(l), vy aﬁ(n)).
Consequently, ~* satisfies A*.

“<”. Suppose ~* satisfies CPD* and A*. Consider a,b € A™ and 7,j € N such that
a; —b; =b; —a; >0, a; > b;, and, for all k € N\ {7,7}, ar, = by. Suppose a; > a;. By
CPD*, that implies a 2Z* b.
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Suppose a; > a;. That is, b; > a; > a; > b;. Suppose a; = b;. Since a; = b;, A* implies
a ~* b in that case. Suppose a; > b;. That is, b; > a; > a; > b;. Take c € A" with
¢; =b;, ¢; =b;, and, for all k € N\ {i,j}, ¢y, = by. Due to A*, ¢ ~* b. It is the case
that a; —¢; = ¢; —a; > 0, a; > a;, and, for all k € N\ {4,j}, ap = ¢x. Due to CPD*,
that implies a 7Z* ¢. Taken together, a 7Z* b. Since it is true in all cases that a 7=* b,
~* satisfies PD*. 1l

Set M C N is separable (with respect to =*) if, for all a,b,c,d € A™ such that, for
all i € M, a; = ¢; and b; = d;, and, for all i € N\ M, a; = b; and ¢; = d;, it is
the case that a ZZ* b & ¢ Z* d. WBS* states that there exists one binary separable
M. As such, it is much weaker than the following full separability condition: SWO >=*
satisfies Separability (S*) if every M C N is separable. Together with the other SWO
conditions in the sense of Theorem 1, WBS* implies S*. The proof of this implication

employs the following result due to Gorman (1968: Theorem 1).

Lemma A.1.5: Suppose SWO Z* satisfies SP* and C*. If the sets M, M’ C N are
separable and M N M’ # (), then M N M’ and M U M’ are separable.

Proof:

Due to SP*, every non-empty M C N is strictly essential in the sense that, for all
a € A", there exist b,c € A" with b; = ¢; = a; for all i € N\ M and b =* c¢. To see
that, take \,up € A with A > p and set b; = X and ¢; = p for all © € M. Consider
separable M, M’ C N with M N M # (. It M € M or M' C M, then M N M’
and M U M' are clearly separable. Suppose that M ¢ M’ and M’ ¢ M. Since all of
its assumptions are satisfied, Theorem 1 of Gorman (1968) implies that M N M’ and
M U M’ are separable.ll

Lemma A.1.6: If SWO =* satisfies SP*, A* WBS* and C*, then ~—* satisfies S*.
Proof:

To begin with, the reflexivity of ~* implies that the empty set is separable. Let M*
be the separable set in the sense of WBS*. Consider M C N with |M| = 2. Take
a,b,c,d € A™ such that, for alll € M, a; = ¢; and b; = d;, and, for alll € N\ M, a; = b,

and ¢; = d.

First, suppose that M and M* have one individual in common. That is, there exist
distinct ¢, 5,k € N with M = {i,j} and M* = {j, k}. Define bijection 7 : N — N such
that 7 (i) = k, m(k) =4, and, for all | € N\ {4, k}, 7(l) = I. Define a’ = (ar@1), .-, Gn(n)),
b = (bw(l)a ...,bﬁ(n)), d = (Cw(l); ...,Cﬁ(n)), and d' = (dw(l)a ...,dﬂ(n)). Due to A*, a ~* a’,

b~ V', c~*c,and d ~* d'. By construction, it is the case that a; = ¢ and b; = d;; as
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well as aj, = ¢, and b}, = d},. Moreover, a, = b, and ¢; = d;, and, for all [ € N\ {4, j, k},
a; = by and ¢; = d;. Since M* is separable, it follows that o' 72" b’ < ¢ Z* d’. This
yields a 72" b < ¢ 72* d, so that M is separable.

Second, suppose that M and M* have no individual in common. That is, there exist
distinct 4, j,k,h € N with M = {i,5} and M* = {k, h}. Define bijection 7 : N — N
such that 7(i) = k, m(k) = i, n(j) = h, w(h) = j, and, for all I € N\ {i,j,k, h},
m(l) = I. Again, define @’ = (ar@), -..; @rx(n)), V' = (br1)s s bxn)), € = (Cx1)s - Cr(n))5
and d' = (dr(1), ..., dr(ny). As before, A* implies a ~* @/, b ~* V', c ~* ¢/, and d ~* d'. It
is the case that a), = ¢}, b, = d}., aj, = ¢}, and b}, = d},. Furthermore, a; = b}, ¢, = d,
ay = b}, ¢; = dj, and, for all | € N'\ {4, j,k,h}, a; = b) and ¢; = dj. The separability
of M* implies a Z* b < o Z*V < ¢ 2" d' < ¢ Z* d. Taken together, the argument
establishes that every M C N with | M| = 2 is separable.

In view of n > 3, consider distinct 7, j, k € N. As shown, {i,j} and {j, k} are separable.
By Lemma A.1.5, {j} = {i,7} N {j, k} is separable. This establishes that every M C N
with |M| =1 is separable.

It is proved by induction that, for all m € {3,...,n}, every M C N with |[M| = m is
separable. Take m € {3,...,n} and suppose that every M C N with |[M| =m — 1 is
separable. Consider M C N with |M| = m. Take distinct i, j € M. As shown, {i,j} is
separable. By assumption, M \ {j} is also separable. Due to Lemma A.1.5, it follows
that M = {i,7} U (M \ {j}) is separable. Taken together, it has been demonstrated
that every M C N is separable. Hence, 7Z* satisfies S*.H

Proof of Theorem 1:

“<”: Take GUO 2z with associate g. Define its associate SWO 7Z* such that, for
a,b € A" a zZ* b if and only if there exist x,y € X with u(z) = a, u(y) = b,
and x 7~ y. Take a,b € A" Suppose a =* b. Since there exist z,y € X with
u(r) = a, u(y) = b, and x 7 y, it follows that ), \ g(a;) > > ..y 9(b;). Suppose
Yoien (@) = > .oy g(b). For z,y € X with u(x) = a and u(y) = b, that implies
x 7 y and in turn a Z* b. Taken together, a 2% b < >, .y g(a;) > > ..y g(b;). For
v,y € X, Ty Den9uil@) = Yien9(uiy)) < ulz) Z° uy), so that Z* is
indeed associate to 7. It will be shown that —* satisfies SP*, PD* WBS* and C*.
By Lemmas A.1.1-A.1.2 and Proposition 1, it will then follow that =~ satisfies SP, PD,
WBS, C, and RC.

Consider a,b € A" such that, for all « € N, a; > b;, and there exists j € N with a; > b;.
Since g is increasing, it follows that ).\ g(a;) > > ,cy 9(b;). That implies a >=* b.
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Accordingly, —* satisfies SP*.

It is true that, for all A\, u € A with A > pand € € Ry with (A¢€) € A, g(A+€)—g(N) <
g+ €) —g(p). To see that, take \,u € A with A > pand € € R, with (A +¢€) € A.
Define ¢ = /\)\f;uie € (0,1) and s = == € (0,1). Using the fact that g is concave, it
follows that g(A\)+g(u+e) = g(t-(A+€)+(1—t)-pu)+g(s-(A+€)+(1—5)-pu) > t-g(A+e)+
(1=1)-g(p) +5-g(A+e)+(1=5)-g(p) = (t+5)-g(A+e)+ (2=t =5)-g(1) = g(A+€)+g(p).
That is, g(A +€) — g(A) < g(u+€) — g(n).

Take a,b € A" and 4,7 € N such that a;, —b; = b; —a; > 0, a; > b;, and, for all
ke N\ {ij}, ap. = by. Define € = b; — a;. Due to the last paragraph, it follows
that g(a;) — g(b:) = g(bi +€) — g(b;) = gla; +€) — g(a;) = g(b;) — g(a;). That yields
Yoken 9lar) = pen 9(bk) > 0 and in turn a 2Z* b. Consequently, 22* satisfies PD*.

Consider a,b,c,d € A™ and M C N such that, for all i € M, a; = ¢; and b; = d;,
and, for all i € N\ M, a; = b; and ¢; = d;. It follows that }._\ g(a;) — > .cn 9(bi) =
Zz‘eM g(ai) - ZieM g(bz‘) = ZieM g(ci) - ZieM g(di) = ZieN g(ci) - ZieN g(di)- That
vieldsa 27 b < > ey 9(ai) =3 ien 9(0i) 2 0 30y g(ci) =3 ien 9(di) 2 0 ¢ 27 d,
Hence, —* satisfies S* and, in particular, WBS*.

Take b € A" and a sequence (a');ew € (A™)N that converges to a € A", and exhibits,
for all t € IN, a* Z* b. Suppose b =* a. That is, > ..y 9(bi) > > ..y 9(a;). Define
€ = ien9(bi) = > .cn9(a;) > 0. Since g is continuous, there exists §; > 0 for each
i € N such that, for all p € A with | — a;| < &, |g(p) — g(a;)| < £. Because (a')ien
converges to a, there exists s € IN such that, for all i € N, |ai — a;| < 0;. Taken
together, it follows that 3oy g(af) = Y v(g(af) — ga) + (@) < Yiex(l(a) -
9(a)] + 9(a)) < Tien(5 +9(a) = €+ Yoy 9(@) = Yoy 9(b). That yields the
contradiction b =* a®. Accordingly, it must instead be the case that a 72* b. The
argument establishes that the set {a € A™ | a Z* b} is closed in A™. One demonstrates

*

analogously that the set {a € A™ | b Z* a} is closed in A™. Consequently, 7~* satisfies

C*.

“=": Suppose SO 7 satisfies SP, PD, WBS, and RC (or C). Due to Lemmas A.1.1-
A.1.2 and Proposition 1, 7 has an associate SWO ~* satisfying SP*, PD* WBS*, and
C*. By Lemma A.1.4, Z* satisfies CPD* and A*. Due to Lemma A.1.6, it also satisfies
S*.

Because —* is complete and transitive, and satisfies SP*, S*, and C*, all conditions of
Theorem 6.14 in Krantz et al. (1971: p. 302) are satisfied. Due to that Theorem, there
exists h; : A — R for each ¢ € N such that, for all a,b € A", a Z* b & >,y hi(a;) >
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Y ien hi(bi). Take p € A. For each i € N, define g; : A — R, A = h;(\) — h;(p). For
a,b € A", > iy 9i(ai) 2 3 ien 9i(bi) & Y iy (hilar) —hi(p)) = 325 n (hibi) — (N))
Yoien hilai) = > cn hi(bi) & a 2" b. For each i € N, g;i(p) = hi(p) — hi(p) =

Consider 7,7 € N and A € A. Take a,b € A" such that a; = A = b;, a;j = p = b;,
and, for all k € N\ {4,7}, ax = by = p. By A*, a ~*b. That is, 0 = >, _y gr(ax) —
> ken 9k(0k) = gi(A) + g;(1) — gi(1) — g;(A) = gi(A) — g;(A). It follows that, for all
i,7 € N, g = g;. Define g = g; for any ¢« € N. Taken together, it is the case that, for
allz,y € X, 2 Zy < uw@) 2 u(y) © X icn 9(wi(r) = > .oy 9(wi(y)). It remains to
be shown that ¢ is increasing, continuous, and concave.

Consider A\, p € A with A > p. Take a = (A, i, ..., ) and b = (p, i, ..., ) from A". By
SP*, a =* b. That implies 0 < Y.y g(a;) — > ;cn 9(b;)) = g(\) — g(p). Hence, g is
increasing.

Take p € A. Suppose that p is not the greatest well-being level, that is, there exists
A € A with A > p. Define U = {g(\) € g(A) | A > p}. By assumption, this set is
non-empty. Since ¢ is increasing, g(\) > g(u) holds for all g(A) € U. As g(u) is a lower
bound of U, U has a greatest lower bound p € R with p > g(u). Suppose p > g(u).
Define € = p—g(u) > 0. There exists g(v) € U with g(v) < p+e. Otherwise, p+e¢ would
be a greater lower bound of U than p. Recognizing that v > pu, take A\ € (u,v) C A.
Since g(A) € U and g is increasing, g(v) > g(A) > p. Define § = g(v) — p > 0.

There exists g(#) € U with g(7) < p + 2. Otherwise, p + 2 would be a greater
lower bound of U than p. Recognizing that & > pu, define a* = (\, v, p, ..., u) € A™ for
X € [u,7]. Defineb= (0,0, p, ..., ) € A™. For A € (u, 7], g(A\) € U, so that g(\) > p. It
follows that >,y g(a}) = > cn 9(b) = g(A) +9(v) —2-g(7) > g(\) +g(v) —2-p—6 =
g(A) — p > 0, so that * =* b. Due to C*, that implies a# =* b. But, in fact,
> ien 9(a5) =2 ien 9(0i) = g(w)+9(v)—2-9(7) < g(p)+9(v)—2-p < g(p)+p+e=2:p = 0.
That yields the contradiction b =* a*. Accordingly, assumption p > g(u) must be
wrong. It must instead be the case that p = g(u). That is, g(p) is the greatest lower
bound of U. If u is not the smallest well-being level, one shows analogously that g(u)
is the smallest upper bound of L = {g(\) € g(A) | A < u}.

Consider p € A that is neither the smallest nor the greatest well-being level and € €
R, ;. Since g(u) is the greatest lower bound of U, there exists g(v) € U with g(u) +
e > g(v). Since g(p) is the smallest upper bound of L, there exists ¢g() € L with
g(pn) —e < g(v). Define 6 = min{v — pu,u — v} > 0. Take A € A with |\ — pu| < §.
Suppose A > pu. Then, A — p = |A — p] < v — pu, so that A < v. That implies
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19(A) — g(w)] = g(A) — g() < g(v) —g(p) < e. Suppose A < . In that case, p— A =
[A—p| < p—7, sothat A > 7. That yields |g(A) —g(u)| = g(1) —g(N) < g(p) —g(?) <e.
Accordingly, ¢ is continuous at pu.

Suppose that p is the smallest well-being level from A and take e € R, .. As g(u)
is the greatest lower bound of U, there exists g(v) € U with g(u) + € > g(v). Define
d=v—pu>0. For A\ € Awith |[\—p| <9, it follows that A < v and thus |g(\) —g(u)| =
g(N)—g(pn) < g(v)—g(p) < e. Thatis, g is continuous at . One shows analogously that
g is continuous at the greatest well-being level from A (supposing it exists). Therefore,

g is continuous.

It is true that, for all \, up € A with A > pand e € Ry with A+e € A, g(A+¢€)—g(N) <
g+ €) —g(u). To see that, take \,u € A with A > p and € € Ry, with A +¢€ € A.
Consider a = (At + €, ft, ..., ) and b = (A + €, i, i, ..., pt). Due to PD* a 72" b. That

implies Y.y 9(a;) > >y 9(b;) and in turn g(p + €) — g(p) > g(A +€) — g(A).

Suppose there exist \,u € A with A > g and ¢ € [0,1] with g(t - AN+ (1 —¢) - p) <
t-g(A) +(1—1t)-g(p). Defining v =t - X+ (1 —t)- pu, that implies ¢t € (0,1) and
9A) = g(v) > g(A) =t - g(A\) = (L =) - g(u) = (1 = 1) - (9(A) — g(n))-

Suppose ¢t € Q. That is, there exist s,m € N with s < m and t = 2. For p €
{0,1,...,m}, define v, = 2 - X4 (1 — 2) . yu. In particular, vy = p, v; = v, and v, = A.
For each p € {1,...,m}, it is true that v, — vy = Z - A4+ (1 —2). p— L.\ —
(1—224) - p =22 >0 That implies g(vn) — g(vs) = 20011 (9(1) — g(1p-1)) <
(m— 8) - (9(es1) — g(v). Tt follows that (m — s) - (g(vssr) — 9(1s)) > g(vm) — gv) >
(1=2)-(g(A\) —g(p)) = == -(g(A) —g(p)). It is in turn true that, for all p € {1, ..., s},
9(p) = g(p-1) > g(vsr1) — g(vs) > - (9(\) — g()). Taken together, that yields
90N = 9() = 9m) — 9(3) + Sy (9(0) — 9(vp 1)) > (1= 2) - (g(N) — glu)) +5- L
(g(N) —g(p)) = g(\) — g(p). This is a contradiction.

Suppose t ¢ Q. Define e =t - g(\) + (1 —t) - g(p) — g(v) > 0. Because ¢ is continuous,
there exists 6 € R,y such that, for all v/ € A with |[v/ —v| < 0, |g(V') — g(v)| < e.
Take ' € (0,1) N Q with t < ' < ¢+ 32 Define v/ = ¢/ - X+ (1 —t)-p It is
true that v/ > v and t' - g(\) + (1 —¢') - g(u) > t - g(A) + (1 —t) - g(u).*® Moreover,
t—t< /\L_“ implies |/ —v| =1V —v = (t' —t)- (A — p) < 6. Continuity of g induces
g )—gv) =|g(v)—g(v)| <e=t-g(N\)+(1—t)-g(1r) —g(v). Taken together, it follows

0Indeed, t' > t & t'-(A—p) > t-(A\—p) &t/ A\+(1—t")-p—p > t-A+(1—t)-p—p < v/ > v. Likewise,
t'>t et (g(N)—g(p) >t-(g(N\)—g(n) &t g\ +(1-t)g(p)—g(p) > t-g(A\)+(1—1t)-g(pn)—g(n) <
tgN) + (1 =t)-g(p) >t-g(\) + (1 —1) - g(p).
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that g(t"- A4 (L =t') - p) = g(v/) <t-g(A) + (L —1) - g(p) <t'-g(A) + (1 =t) - g(n).
From here, the same argument as before derives a contradiction. Hence, the initial

assumption must be wrong. It is instead true that, for all A,y € A with A > u and
tef01), g(t- A+ @A =1t)-p)2t-gA)+ 1 —1) g(p).

Consider \,p € Aand t € [0,1]. A =p, g(t - A+ (1—t)-p) >t-gA)+(1—1t)-g(p) is
automatically true. For A > p, it has been shown that g(t- A+ (1—t)-p) > t-g(A)+(1—
t) - g(p). Suppose A < p. Define s =1 —t. Since s € [0, 1], the stated argument yields
gt A+ (1 =t)-p) =g(s-pu+(1=5)-A) = s-g(u)+(1—35)-g(\) =t-g(A\)+(1—1)- g(p).
Consequently, g is concave. Taken together, this establishes that =~ is a GUO.H

CSWC* is equivalent to the following two-person condition.

Suppose A = R. SWO Z* satisfies Unrestricted Compensation (UC¥*) if, for
all A € R, a € R", and distinct 7,7 € N, there exists b € R" with b, = A, for all
ke N\{ij}, b = ax, and b ~* a.

Lemma A.1.7: Suppose A = R. SWO z* satisfies CSWC* if and only if 7—* satisfies
UC*.

Proof:

For “<”, suppose SWO Z* satisfies UC*. It immediately follows that —* satisfies
CSWC* with every € € R,,. For “=", suppose SWO ~* satisfies CSWC* with € €
R,,. Consider A € R, a € R", and distinct i,7 € N. For =* to satisfy UC*, there
must be b € R™ with b; = A, for all k € N\ {i,j}, by = ax, and b ~* a. If a; = A, the

conclusion of UC* is satisfied with b = a.

Suppose a; < A. Inductively define a sequence »°, b, ... € R™ with 1° = a. For t € IN,
let b be such that b} = min{b"' +¢€ A}, forall k € N\ {i,j}, b, = b} "', and bt ~* b1,
Since [0 — min{bl ™' + €, A\}| < ¢, such b* exists by CSWC*. By construction, one
finds b" € R"™ with b) = X and, for all k € N\ {7, j}, b, = ax. Social transitivity yields
b" ~* a. That is, the conclusion of UC* is satisfied with b = b".

Suppose a; > A. Again, inductively define a sequence b°,b!, ... € R™ with b° = a. For
t € N, let b' be such that b = maz{bl™" — €, A}, for all k € N\ {i,j}, b, = b."!, and
bt ~* b1 Due to |b ! —maz{bl ™t — €, A\}| < ¢, such b exists by CSWC*. Once again,
there is 0" € R™ with b} = A, for all k € N\ {4, j}, b = ax, and b" ~* a. The conclusion
of UC* is satisfied with b =0".1

Lemma A.1.8: Suppose A = R. If SWO =* satisfies CSWC*, then 7—* satisfies RC*.
Proof:
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Suppose SWO ~* satisfies CSWC*. By Lemma A.1.7, =* satisfies UC*. Consider
a,b,c € A" and ¢ € N such that, for all k € N\ {i}, b = ¢, b =* a, and a =* c.
Inductively define a sequence d°,d?,...,d" € A" with d° = a. Take j € N. If j = i,
set &/ = &7t If j # i, select d’ such that dg = ¢, forall k € N\ {i,j}, d, = d. ",
and & ~* d’7!. Such &’ exists by UC*. By construction, it is the case that, for all
ke N\ {i}, d} = cx. Social transitivity implies d" ~* a. Hence, 7Z* satisfies RC* with
d=d".1

Proof of Theorem 2:

“<”: Take SGUO 7 with associate g and associate SWO Z*. As a GUO, 77 satisfies
SP, PD, and WBS by Theorem 1. Take A € R, a € R", and distinct 7,7 € N. Since
g is surjective, there exists ¢ € R with g(u) = g(a;) + g(a;) — g(A). Consider b € R
with b; = A, b; = p1, and, for all k € N\ {i,j}, by = aj. By construction, it follows that
Yoren 90k) =D pen 9(ar) = g(bi) — g(a;) + g(b;) — g(a;) = 0. Therefore, b ~* a, so
that >~* satisfies UC*. By Lemma A.1.7, 72* satisfies CSWC*. In turn, Lemma A.1.2
implies that 77 satisfies CSWC.

“=7: Suppose SO 77 satisfies SP, PD, WBS, and CSWC. By Lemmas A.1.1-A.1.2,
has an associate SWO =—* satisfying SP*, PD* WBS*, and CSWC*. Due to Lemmas
A.1.7-A.1.8, —* also satisfies UC* and RC*. By Lemma A.1.2, 77 satisfies RC. Theorem

1 implies that 77 is a GUO. It remains to be shown that its associate g is surjective.

Take p € R. There exists m € Z with m < #% and m < 0. For all p € Z with
p<0,g(p+1)—g(p) = g(1)—g(0). That implies g(0) —g(m) =31 g(p+1)—g(p) >
|m| - (g(1) — g(0)) = —m - (g(1) — g(0)) > g(0) — p. Hence, g(m) < p. This shows that

g does not have a lower bound.

Suppose g has smallest upper bound p € R, that is, for all A € R, g(\) < p. Define
¢ = p—g(0) > 0. There exists A € R with g(A) > p — 5. Otherwise, p — § would
be a smaller upper bound of g than p. Take a = (A, A, 0,...,0). By UC*, there exists
p € R with b= (1,0,0,...,0) ~* a. That implies > .y g(a;) —>_,cn 9(b;) = 0 and thus
9(A)+9(A) —g(p) — g(0) = 0. It follows that g(u) = 2-g(A) —g(0) > 2-p—e—g(0) = p.
This contradicts the fact that p is an upper bound of g. The initial assumption that g
has a smallest upper bound must be wrong. Accordingly, g has no upper bound.

Consider p € R. Define L={A € R| g(\) < p} and U ={X € R | g(\) > p}. Because
g is unbounded, both sets are non-empty. Each element of U is an upper bound of L
and each element of L is a lower bound of U. Thus, L has a smallest upper bound
Ar € R and U has a greatest lower bound Ay € R.
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Suppose Ay, > A\y. Define e = A\, — Ay > 0. As Ay is the smallest upper bound of L,
there exists A € L with A > Ay — 5. Because Ay is the greatest lower bound of U, there
exists p € U with p < Ay + 5. That implies A — u > Ap — § — Ay — 5§ = 0. Taken
together, p > g(A) > g(u) > p. This is a contradiction. It must thus be the case that
AL < Ap.

Suppose A, < Ay. Take A, € R with Ay < A < p < Ay. Since A > Ap, A ¢ L, so
gA) > p. As A< Ay, A ¢ U, s0 g(\) < pandin turn g(\) = p. Analogously, A\, < p <
Av implies p ¢ L and pu ¢ U, so that g(u) = p. Taken together, p = g(u) > g(A\) = p.
As this is a contradiction, it must be the case that \;, = Ay.

Define A = A, = Ay. Suppose p > g(\). Define € = p — g(A) > 0. Because g is
continuous, there exists 6 € R, , such that, for all u € R with |[u—A| < 6, [g(n)—g(N)| <
€. Take p € R with A < pu < A+ 9. Since p — A < ¢, continuity of g induces
g(n) —g(\) < e=p—g(\). Due to g(u) < p, p € L. That implies A = A\, > pu > .
Since this is a contradiction, it must be true that p < g(\).

Suppose p < g(\). Define € = g(A\) — p > 0. Again, continuity of g implies that there
exists 0 € R4 such that, for all p € R with |u — A| <6, |g(p) — g(A)| < e. Consider
p € R with A > g > X\ — 6. Continuity of ¢ induces g(\) — g(p) < € = g(A\) — p
and thus g(p) > p. Since p € U, it follows that A\ > p > Ay = A. This is another
contradiction. The only remaining possibility is p = g(A). Consequently, g is surjective.
Taken together, this demonstrates that 2~ is a SGUO.H

3.A.2 Proofs for Section 3.3.2

Theorems 3 and 4 will be reduced to Proposition 2. As before, it will be convenient to

operate in utility space.

SWO =* satisfies Gain Equity (GE¥) if, for all a,b € A", e € Ry,, and i,j € N
such that b; = a; — €, b; = a; + ¢, and, for all k € N\ {4, j}, ap = by, it is the case that

a~*b.

Lemma A.2.1: Suppose SWO 7—* is associate to SO =. Then, = satisfies GE if and
only if 7~* satisfies GE*.

Proof:

“=7. Suppose - satisfies GE. Take a,b € A", ¢ € Ry, and i, € N such that

~

bi=a; — € bj=a; +e¢ and, for all k € N\ {i,7}, ap = by. There exist z,y € X with
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u(r) = a and u(y) = b. It is true that u;(z) —u;(y) = € = u;(y) —u;(x) > 0, and, for all
ke N\{ij}, ue(z) = ug(y). By GE, z ~ y, so that u(z) ~* u(y). Hence, 2Z* satisfies
GE*.

“<”: Suppose 7" satisfies GE*. Consider z,y € X and i,7 € N such that u;(x) —
ui(y) = u;(y) —uj(x) > 0 and, for all & € N \ {i,j}, up(r) = ug(y). Define ¢ =
wi(x) —u;(y). That is, u;(y) = w;(z) — € and vu;(y) = uj(z) + €. Due to GE*, that
implies u(z) ~* u(y) and in turn = ~ y. Therefore, 7~ satisfies GE.l

Proof of Proposition 2:

“<": Suppose = is the UO with associate 7=* as defined in the proof of Theorem 1.
As a GUO, 7 satisfies SP by Theorem 1. Consider a,b € A", ¢ € R,,, and i,j € N
such that b; = a; — €, b; = a; + ¢, and, for all k € N\ {i,7}, ap = by. It follows that
> renlar —by) = 0. That implies a ~* b. Hence, Z* satisfies GE*. By Lemma A.2.1,
> satisfies GE.

“=7. Suppose =~ satisfies SP and GE. By Lemmas A.1.1 and A.2.1, 77 has an associate
SWO Z* satisfying SP* and GE*. For a € A", define pu(a) = = -3,y ai, Ny(a) = {i €
N |a;>pla)}, No(a) ={i € N | a; < p(a)}, and N_(a) = {i € N | a; = p(a)}. If
N_(a) # N, then both N (a) and N_(a) are non-empty.>!

Consider a € A™. Inductively define a sequence a°,a',...,a® € A" with " = a. Take

t € IN such that a’~! is defined. If N_(a'~') = N, set s =t —1. Suppose N_(a'"!) # N.
Takei € Ny (a'')and j € N_(a'"). Define e = min{a; ' —pu(a’"), p(a’)—al"'} > 0.
Specify a’ € A" such that af = a!™ ' —e, al = az-_l—i—e, and, for all k € N\{i,j}, at, = al .
It follows that »°. v ai = >, .y a; and thus p(a’) = p(a) for all a* of the sequence.
Accordingly, N_(a') contains at least one more individual than N_(a'~!) for all a’. For
that reason, there indeed exists s € Ny with a® = (u(a®), ..., u(a®)) = (u(a), ..., u(a)).
If s > 1, GE* implies that, for all t € {1,...,s}, a® ~* a’~1. Social transitivity yields

a® ~* a.

Consider a,b € A™. Due to the last paragraph, it is the case that a ~* (u(a), ..., u(a))
and b ~* (u(b), ..., u(b)). Together with SP* (or the SWO version of Weak Pareto),
that implies a Z* b < (u(a), ..., u(a)) Z* (u(b), ..., (b)) & pla) = p(b) < ey ai =
Y ien bio For z,y € X, that yields x 7 y < u(z) Z* u(y) © > ey wi(®) > Do n wily).
Consequently, =~ is the UO.H

31That is so because Ny (a) # 0 and N_(a) = () would imply the contradiction >,y a; > n-p(a) =
> ien @i- Likewise, Ny (a) = 0 and N_(a) # 0 would imply }°, v a; <n-p(a) = >,y @i
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SWO Z* satisfies Strong Invariance (SI*) if, for all a,b,c,d € A", o € R, and
B € Ry, such that, forallv € N, a; =a+ [ -¢; and b; = a+ 3 - d;, it is the case that
aZ be et d

Lemma A.2.2: Consider SO ~. The following statements are pairwise equivalent:
(a) 7 satisfies SN.

(b) 7 satisfies SI.

(¢) 7z has an associate SWO ~—* satisfying ST*.

Proof:

“(a)=(b)”: Suppose 7 satisfies SN. Take z,y,z,w € X, o € R, and 8 € R, such
that, for all i € N, u;(x) = o+ - u;(z) and u;(y) = a + 6 - u;(w). Take v = a + 3 - .
By construction, it is true for all i € N that w;(z) = a + - wi(z) = v;(2) and
ui(y) = a+ B - u(w) = v;(w). Due to SN, that implies * 75 y < z 2 w. Thus,
> satisfies SI.

“(b)=(c)”: Suppose 7 satisfies SI. Take z,y € X with u(xz) = wu(y). Since, for all
i€ N,u(z) =0+ 1-u(y) and w;(y) = 0+ 1-u(z), Sl induces = 77 y < y 7 =.
Social completeness yields x ~ y. Accordingly, 7~ satisfies PI. Reconsidering the proof
of Lemma A.1.1, one recognizes that PI is sufficient to establish the existence of SWO

~* that is associate to .

Consider a,b,c,d € A", a € R, and € R, such that, forall i € N, a; = a+ (- ¢
and b; = o+ - d;. There exist x,y, z,w € X with u(z) = a, u(y) = b, u(z) = ¢, and
u(w) =d. That is, for all i € N, w;(x) = a+ - u;(2) and w;(y) = o+ - w;(w). By SI,
it follows that x =~ y < z 7~ w. Taken together, that yields a =* b < ¢ 77* d. Hence,
~* satisfies SI*.

“(c)=-(a)”: Suppose Z has an associate SWO Z* satisfying ST*. Consider z,y, z,w € X
and utility profiles v, v’ in the sense of Al with v(z) = v'(2) and v(y) = ¢'(w). There
exist a,¢’ € R and 8,5’ € R, such that u = a4+ f-v and v' = o/ + ' - u. Define
a* =a+p-a and f* = -4 > 0. It follows that, for all i € N, u;(z) = a+ 5-v;(z) =
a+f-vi(z) =a+ - (¢ 4+ 0 - uz)) = o + B* - u(z). Likewise, for all i € N,
w(y) =a+p-vly) =a+p-v(w)=a+p-(+ 5 uw)) =a + " u(w). Due
to SI*, that implies 77 y < u(x) " u(y)  u(z) Z* u(w) < z Z w. Therefore, 7
satisfies SN. Il

Proof of Proposition 3:

The proposition is equivalence “(a)<(b)” of Lemma A.2.2.1

Proof of Theorem 3:
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“<": Suppose = is the UO with associate 72*. As a GUO, 77 satisfies SP, PD, WBS,
RC, and C (Theorem 1). Consider a,b,c,d € A", « € R, and 5 € R, such that, for
all i € N, a; = a+ [ -¢; and b; = o+ (- d;. It follows that a 2" b < ZieNai >
Dienbi & 2en(a+ ) 2 Y enla+f-di) & Y ienci 2 ey di & ¢ Z7d. Thus,
~* satisfies SI*. By Lemma A.2.2) 7~ satisfies ST and SN.

“=": Suppose SO 7 satisfies SP, PD, WBS, RC (or C), and SI (or SN). Due to
Theorem 1, 77 is a GUO with associate 7Z* and associate g. Specifically, 7~* satisfies
SP*, PD* WBS* RC*, and C* (Lemmas A.1.1-A.1.2, Proposition 1). By Lemma
A.2.2, =* satisfies SI*. Since g is concave, it is the case that, for all A\, u € A with
A>pand e € Ryy with (A+€) € A, g(A+€) —g(N) < g(p+€) — g(p) (see proof of

Theorem 1).

Consider a,b € A", e € R4, and 7,j € N such that b, = a;—¢, b; = a;+¢€, a; = a;, and,
for all k € N\ {i,j}, ar = bi. Define Xy = a;4+¢, Ay = a; +5, Ao = a;, Ay = a; — 5, and
Ao = a; — €. By SP* and PD*, it is true that (Ao, A1, Ao, ..., Ao) =% (Ao, Ao, Aoy ey Ao)
and (Ao, Ao, Ao, s Ao) 2ZF (A1, A1, Ao, oo, Ag). Due to RC*, there exists yu_; € A with
(1—1, A1, Aoy -, Ao) ~* (Ao, Aoy Aoy oy Ag). SP* implies A\g > p1 > A_y. Define § =

2-(A—p—1)>0. Thatis, 6 <eand pu_; = X\ — g. Define pt_o = Xg— 0 > \_o.

Set @ = —\g and 3 = 2. Then, (p_2, A2, Ao, -, Ao) = a- (1, ..., 1)+ B (p—1, A1, Aos -, Ao)
and (Mg, ..., Ao) = a-(1,...,1)+5-(Ag, ..., Ag). Due to SI*, that 1mphes (=2, A2, Aoy -5 Ao)
~* (X0, Ao, Ao, .., Ag). It follows that g(p—2) + g(A2) = g(Ao) + g(Ao) = g(p—1) + g(M).
On the one hand, g(A2) — g(A1) < g(A1) — g(Ao). On the other hand, g(A2) — g(A1) =

g(u-1) — g(—2) = g(Xo) — g(p—1) = g(A1) — g(Xo). Taken together, g(A2) — g(\1) =
g()\1> — g()\()) That iS, ()\0, )\2, )\1, ey >\1) ~* ()\1, )\1, )\1, ...,/\1).

Set v = —5 and f = 1. Then, (A_1, A1, Ao, ..; Ao) = (1, ..., 1)+5-(Xo, Az, A, o A1) and
(Ao, - )\0) =a-(1,.,1)+ 8- (A, ..., \1). By SI*, it follows that (A_1, A1, Ao, ...y Ag) ~*
(Ao, -y Ag).  That is, g()\_l) + g()\l) = g(Xo) + 9(Xo) = g(p—1) + g(A1). Since g is
injective, g(A_1) = g(p_1) implies A_; = p_;. In turn, 6 = € and A\_5 = p_5. Taken
together, >, -y (g(ax) — g(br)) = g(Xo) + g(Xo) — g(A—2) — g(X2) = 0, so that a ~* b.

Consider a,b € A", e € R, and 7,j € N such that b; = a; — €, b; = a; + €, a; = a;, and,
for all k € N\ {i,7}, ax = by. For € > 0, it has been shown that a ~* b. If € = 0, then
a =b, so that a ~* b. If € < 0, define ¢ = —e > 0. Since b; = a; — €, b; = a; + €, the
stated argument also yields a ~* b. That is, for all a,b € A", e € R, and 7,7 € N such
that b, = a; — €, bj = a; + €, a; = a;, and, for all k € N\ {i,j}, ar, = by, it is true that

a ~*b.
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Consider a,b € A", e € R4, and 7,j € N such that b; = a; — €, b; = a; + €, and, for
all k € N\ {i,j}, ap = by. Define ¢ € A" such that ¢; = ¢; = a“;aj = @ and, for all
ke N\{i,j}, cx = ay. Let 6 = ¢;—a; and ¢’ = ¢; —b;. Since a; = ¢;— 9 and a; = ¢; +6,
it follows that ¢ ~* a. Since b; = ¢; — " and b; = ¢; + &', it likewise follows that ¢ ~* b.
Hence, a ~* b, so that 7—* satisfies GE*. Due to Lemma A.2.1 and Proposition 2, it

follows that 7~ is the UO.H

SWO Z* satisfies Stability (STB*) if, for all a,b € A" and 4,j € N with b; > a; =
a; > b;, bj —aj # a; — b;, and, for all k € N\ {4, j}, ar = by, there exists e € R4 such
that, for all &', b" € A" with |b; —b;[+[b] —b;| < € and, for all k € N\ {j}, b}, = b}, = by,
it is the case that a =*b' = a Z* 1".

Lemma A.2.3: Suppose SWO 7Z* is associate to SO 7. Then, 77 satisfies STB if and
only if ~* satisfies STB*.

Proof:

“=": Suppose 7 satisfies STB. Consider a,b € A" and i,j € N with b; > a; = a; > b,
bj—a; # a;—b;, and, for all k € N\ {4, j}, ar = by. There exist z,y € X with u(z) =a
and u(y) = b. That is, u;(y) > u3(2) = ui(x) > w(y), u;(y) — u5(@) # wila) - ()
and, for all k € N\ {i,j}, ug(x) = ux(y). Take e € Ry, in the sense of STB for z, y, 1,
and j. Consider b',b" € A" with [0} —bj|+[b] —b;| < ¢, for all k € N\ {j}, b}, = b} = by,
and a >* b'. Again, there exist ¥/, y” € X with u(y’) = b’ and u(y”) = b". It follows
that [u;(y') — u;(9)| + us (") — s (9)] < e, for all k € N\ {7}, uely’) = wn(y") = uay),
and u(z) =* u(y’). In turn, z > 3. Due to STB, that implies = 77 3. It follows that
uw(z) Z* u(y”), so that a 2Z* b”. Thus, 7=* satisfies STB*.

“<”: Suppose 2Z* satisfies STB*. Consider z,y € X and 7,5 € N with u;(y) > u;(x) =
wi(x) > w;i(y), u;(y) —uj(z) # ui(x) —wi(y), and, for all k € N\ {7, 5}, up(z) = ui(y).
Take € € R in the sense of STB* for u(z), u(y), i, and j. Consider ¢/,y” € X with
i (") — i ()] + |y (y") —u; ()| < e forall k € N\ {j}, ur(y') = ur(y”) = ur(y), and
x > 9. Since u(z) >=* u(y’), STB* induces u(x) 7Z* u(y”) and in turn = 27 y”. Hence,
> satisfies STB.H

Proof of Theorem 4:

“<”: Suppose =~ is the UO with associate ~*. Once again, = satisfies SP, RC, and C
(Theorem 3). Take a,b € A" and 4, j € N with b; > a; = a; > b;, bj —a; # a; — b;, and,
for all k € N\{4,j}, ar, = by. Define € = min{b;—a;,|(bj—a;)—(a;—b;)|} > 0. Consider
V0" € A" with [b — b;| + 0] — b;| < e and, for all k € N\ {j}, b;, = b} = b. Suppose
bj —a; > a; —b;. It follows that (b; — a;) — (a; — b)) = (b — bj) + (bj — a;) — (a; — b;) >
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by —b;) + € > —|b; —bj| + € > —e+ ¢ = 0. That implies b’ »* a, so that the
implication of STB* is satisfied. Suppose b; —a; < a; —b;. Now, (a; —b]) — (b —a;) =
(ai = b)) — (bj —a;) — (0] —b;) > e~ (b] —b;) > e—|b] —b;j| > €e—e€=0. That
means a =* 0", so that the implication of STB* is again satisfied. Hence, —* satisfies
the condition. By Lemma A.2.3, - satisfies STB.

“=": Suppose SO 77 satisfies SP, RC (or C), and STB. Due to Lemmas A.1.1-A.1.2
and A.2.3 (and Proposition 1), 77 has an associate SWO Z* satisfying SP*, RC*, and
STB*. Take a,b € A", é € Ry, and ¢,j € N such that b; = a; — €, b; = a; + €, a; = a;,
and, for all k € N\ {7, 7}, ax = by.

Suppose a =* b. By SP*  (by,...,b;_1,ai,biy1,...,b,) >* a. Due to RC*, there exists
b' € A" such that b' = (by,...,0;_1,b},biy1, ..., by) ~* a. By social transitivity and SP*,
a; > b; > b;. Define 6 = a; — b; > 0 and b* = (b}, ...,b;_;,a; + 8,bj,,,...,b,) € A™.
Since b; —a; = b; —a; = a; —b; > a; — bj = 9, it is the case that b; > b3. On
the one hand, SP* implies b' >=* b and thus a =* b2. On the other hand, it implies
(b3, ...,07 1, a;,b2,4,...,02) >=* a. Due to RC*, there exists b € A" such that b* =
(b3, .., b7, b3, 02,1, ..., b2) ~* a. SP* secures a; > b} > b7 = bj. Taken together, it

follows that b; > b3 > a; = a; > b}, b —a; = 6 = a; — b; > a; — b}, and, for all
kEN\{Z,]}, ak:bi

Consider € € Ry. Define ¢,d € A" such that b3 + § > d; > b3 > ¢; > b} — §, and, for
all k € N\ {j}, & = dp = b}. Specifically, |c; — b3| + |d; — b3| < e. Due to SP*, b* =* ¢
and d =* b®. Social transitivity yields a =* ¢ and d =* a. Hence, there exists no € in
the sense of STB* for a, b?, 4, and j. This is a contradiction. Accordingly, assumption

a >* b must be wrong.

Suppose b >=* a. By SP* a >* (b1,...,bj_1,a4,bj11,...,b,). By RC*, there exists
V' € A" such that V' = (by,...,0;1,b},bj11,...,b,) ~* a. Social transitivity and SP*
imply b; > bV > a;, so that b, —a; < a; —b;. Analogously to the last paragraph,
one establishes that there is no € in the sense of STB* for a, ¥, 7, and j. Since this
is another contradiction, assumption b >=* a must also be wrong. Social completeness
yields a ~* b. As shown in the proof of Theorem 3, this property induces that -*
satisfies GE*. Again, Lemma A.2.1 and Proposition 2 imply that = is the UO.H

122



3.A.3 Proofs for Section 3.4

Formally, the uncertainty framework is analogous to the certainty framework. Rename
individual-circumstance tuples from N x C such that each tuple is represented by
a number from R = {1,...,n - m}.?? Accordingly, =4 is a difference relation over
(Rx X)?. Foru: Rx X — R, r € R, and z € X, denote u,(z) = u(r,z). Denote
u(z) = (ur(x), ..oy Up.m(x)) € R™™.

The reformulation of A1 states that there exists u : R x X — R, unique up to a positive
affine transformation, such that, for all r,s,t,g € Rand z,y, z,w € X, ((r, x), (s, y)) =4
((t,2), (q,w)) < ur(x) — us(y) > w(z) — ug(w). Fix such a utility profile u. The
reformulation of A2 states that there exists an interval A C R such that u(X) = {a €
R | dr e X u(zx) =a} = A"™.

For every condition from the certainty framework, it is possible to define the corre-
sponding uncertainty condition by replacing N with R, 7,7, k, ... with r,s,¢,..., and n
with n - m. For instance, SO 7 satisfies the uncertainty version of Strong Pareto (SP)
if, for all z,y € X, the following holds: If, for all r € R, u,.(z) > u,.(y), then x = y. If,
in addition, there exists r € R with u,(x) > u,(y), then x > y.

The uncertainty version of a SWO is a complete and transitive relation over A™™.
Again, all definitions go through with the according replacements. For instance, SWO
~* satisfies the uncertainty version of Pigou-Dalton (PD*) if, for all a,b € A™™ and
r,s € R such that a, — b, = by — a5 > 0, as > b, and, for all t € R\ {r, s}, a; = by, it
is the case that a 7Z* b.

Proof of Theorem 5:

Following the argument for Theorem 1 with the according replacements, one estab-
lishes that SO 7 satisfies the uncertainty versions of SP, PD, WBS, and RC if and
only if there exists increasing, continuous, and concave g : A — R such that, for
all v,y € X, v Zy & Y cpg(un(x) = 2 crg(ur(y) & Do D ien 9(Uic(z)) =

ZCGC ZieN g(ui,C(y)) A Zcec % ’ ZieN g(“@C('r)) = ZceC % ) ZieN g(ui,C(y))'.

Proof of Theorem 6:

For “<” one notes that the EUO is an EGUO and thus satisfies the uncertainty
versions of SP and RC. One adapts the argument from Theorem 4 to show that the
EUO satisfies STB. For “=" one adapts the argument from Theorem 4 to establish that
SO 7 satisfying the uncertainty versions of SP, RC, and STB exhibits, for all x,y € X,

32Formally, this can be done by fixing a bijection o : N x C — R.
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x i_./ Yy ~ ZTERUT’<$) Z ZT‘ER U’T(y) A ZCGC ZiGN ui,c(x) Z ZCEC ZiEN ui,c(y) g
ZceC % : ZiGN Ui e(x) > ZCEC % : ZiEN Ui (y). A

3.A.4 Independence of Conditions

The Universal Indifference SO - specifies, for all x,y € X, x ~ y. It satisfies PD,
WBS, RC, C, CSWC, GE, SI, SN, and STB, but violates SP.

A Weighted Utilitarian SO 77 is characterized by Ay, ..., A, € Ryt with A; # A; for some
i,j € Nsuchthat z 2y & >,y Ni-ui(w) > Y. cn Ai-ui(y). It satisfies SP, WBS, RC,
C, CSWC(, SI, and SN, but violates PD, GE, and STB.

For z,y € X, take bijections 7, : N — N such that, for all r;¢ € N with r > ¢,
Ur(t) (T) = Un(ry(z) and w,e)(y) > uuey(y). The Gini SO specifies x 77y < > y(2r —
D) - tn(ry(2) 2 30, cn(2r = 1) - uuey(y). It satisfies SP, PD, RC, C, CSWC, SI, and SN,
but violates WBS, GE, and STB.

The Leximin SO 7 specifies 2 y if and only if (a) wry(2) = wue)(y) for allr € N, or
(b) there exists t € N such that, for all 7 > ¢, wur)(2) = Uy (y) and ugz@ () > v (v).
It satisfies SP, PD, WBS, SI, SN, and STB, but not RC, C, CSWC, and GE.

A Prioritarian SGUO satisfies SP, PD, WBS, RC, C, and CSWC, but violates GE, SI,
SN, and STB.

Overall, these SOs establish that the conditions of Theorems 1-4 and Proposition 2
are logically independent. The uncertainty versions of the SOs satisfy and violate the
corresponding uncertainty conditions like their certainty counterparts. This shows that

the conditions of Theorems 5-6 are logically independent.

3.A.5 Special-Level Utilitarianism

Suppose A = R and consider SO >~ with associate SWO =—* such that, for all a,b € R",
the following holds. If @ € R} and b € R" \ R, then a >* b. If a,b € R’} or
a,b € R"\RY, then a 2* b < > . .ya; > > .y bi. The SO gives top priority for
everyone to reach the special level 0. Within the group of states where everyone reaches
that special level (where someone does not reach that special level), states are ranked

according to their utilitarian sums.

By construction, 7Z* is complete. Take a,b, ¢ € R™ with a 2" b and b 72" ¢. Suppose
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c € R%. Since b Z* ¢, that implies b € R”. Together with a 2Z* b, that in turn implies
a € R}. By construction, Y ..y a; > > ,cnbi > > ..y ¢, so that a 7Z* c. Suppose
ce R"\ R}. If a € RY}, then a 2Z* ¢ follows immediately. Suppose a € R™ \ R’;. Since
a 7Z* b, that implies b € R™"\R’;. Again, by construction, >,y a; > >, v bi > > .y Ci
implying a =* c. Hence, =* is transitive, so that it is indeed a SWO.33

Consider a,b € R™ such that, for all © € N, a; > b;, and there exists ¢ € N with a; > b;.
That is, ) ..y @i > D> _;cn bi- Suppose b € R’} That implies a € R} and in turn a >~* b.
Suppose b € R" \ R}. If a € RY, then a >* b follows immediately. If a € R™ \ R}, the
comparison of utilitarian sums yields a >=* b. Thus, —* satisfies SP*.

Take a,b € R™ and 7,5 € N with b; > a; = a; > b;, b; — a; # a; — b;, and, for all
ke N\ {i,j}, ax = by. Define ¢ = min{b; — a;,|(b; — a;) — (a; — b;)|} > 0. Consider
V0" € R with [0 — bj| + [bf — b;| < e and, for all k € N\ {j}, b, = b} = by.
By construction, b; > a; and b7 > a;. Suppose b” € R’}. That implies a,b € RY.
The three utility vectors are thus ranked according to their utilitarian sums under 7Z*.
Following the argument from the proof of Theorem 4, one shows that the implication of
STB* is satisfied in that case. Suppose v € R" \ R"}. If a € R}, then a >* 0", so that
the implication of STB* is satisfied. Suppose a € R™ \ R’;. That implies ¥’ € R™ \ RY.
Again, a, b/, and b” are ranked according to their utilitarian sums. Once more, the
argument from the proof of Theorem 4 shows that the implication of STB* is satisfied

in that case. Taken together, this establishes that 7—* satisfies the condition.

It is the case that (0,...,0) =* (1,A,0,...,0) for all A € R\ R;. C* would thus de-
mand (0,...,0) =* (1,0,0,...,0). But instead, (1,0,0,...,0) =* (0,...,0). Hence, =*
violates C*. It is also the case that (2,0,1,...,1) ~* (1,1,1,...;1). SI* would demand
(1,-1,0,...,0) ~* (0,0,0,...,0). But in fact, (0,0,0,...,0) =* (1,—1,0,...,0). There-
fore, -* violates SI*. Due to Lemmas A.1.1-A.1.2, A.1.8, and A.2.2-A.2.3, as well as
Proposition 1, SO = satisfies SP and STB, but violates C, RC, CSWC, SI, and SN.
One can likewise show that 7~ satisfies PD, but violates WBS and GE.

33That also implies that - is indeed a SO. For z,y € X, u(z) =* u(y) or u(y) =* u(x), yielding
x 7 yoryz x Consider x,y,z € X with z 7~ y and y 7 z. Since u(z) =* u(y) and u(y) =* u(z),
transitivity of =~* implies u(x) 7Z* u(z) and in turn z - 2.
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Chapter 4

How Much Do You Need to Take
the Lead? Majority Rules for

Incomplete Rankings

While votes are counted, the lead can switch between candidates. Based on this observation,
the chapter offers a new concept to study the aggregation of incompletely known individual
rankings. The Pull Ahead Index measures the number of new favorable rankings an alternative
needs to take the social lead over another alternative. By studying conditions on the Index,
novel insights into the structure of aggregation are identified. New and classical versions of
Independence of Irrelevant Alternatives, Anonymity, and Neutrality are generally equivalent.
Other properties do not have classical equivalents. Relative and Quorum Majority Rules for
incomplete inputs are characterized with conditions on the Index. While rules from both
classes satisfy a Positive Responsiveness condition, they are distinguished by the response
of the Index to opposing information. The Simple Majority Rule is characterized with the
condition that alternatives should not have an implicit lead in terms of the Index. Its merit
vis-a-vis qualified majority rules depends on whether ranking information is static or dynamic.
This is both true in voting and policy evaluation contexts. One can also define Pull Ahead

Indices for richer informational inputs.

4.1 Introduction

An election night can be very exciting. At the beginning, one candidate possibly looks

like the clear winner. But as more results from polling places come in, another candi-
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date might catch up and eventually pull ahead. In the 2020 United States Presidential
Election, Donald Trump lead in several key states like Georgia, Michigan, and Penn-
sylvania. However, Joe Biden won the states after all votes were counted. The present

chapter takes these dynamic properties of aggregation as a starting point.

The chapter offers a systematic account of aggregating incompletely known individual
preference rankings. It is based on the new concept of a Pull Ahead Index. An aggre-
gation rule translates a profile of incomplete individual rankings over alternatives into
a social ranking of alternatives. The Pull Ahead Index of alternative x over alternative
y at a profile is the minimum number of new strict individual rankings of = over y that
need to be added for x to socially rank higher than y under the rule. That is, x will
pull ahead of y if these rankings are reported. The Index sheds light on the relation

between social and individual rankings.

The chapter examines the structure and quality of aggregation rules by analyzing con-
ditions on their Pull Ahead Indices. New versions of Binary Independence of Irrelevant
Alternatives, Anonymity, and Neutrality are formulated. They are generally equivalent
to their counterparts which are directly formulated in terms of individual and social
rankings. Several other conditions do not have according equivalents. In particular, a

reasonable Positive Responsiveness condition on the Pull Ahead Index is introduced.

The chapter employs conditions on the Pull Ahead Index to establish characterizations
of two classes of qualified majority rules for incomplete profiles. According to Relative
Majority Rules, individual rankings favoring x over y must surpass individual rankings
favoring y over x by some threshold for x to socially rank higher than y. According to
Quorum Majority Rules, individual rankings favoring x over y must exceed individual
rankings favoring y over z and a quorum for such a strict social ranking. Two char-
acterizations of each class are offered, respectively. They present new insights into the
structure of majority rules. On the one hand, rules from both classes satisfy Positive
Responsiveness. On the other hand, the specification of levelled Pull Ahead Indices is

critical to distinguish Relative from Quorum Majority Rules.

The Simple Majority Rule forms the intersection of Relative and Quorum Majority
Rules. The Pull Ahead Index uncovers that the Simple Majority Rule avoids the implicit
lead of an alternative. This leads to new characterizations that do not presuppose
May’s (1952) Positive Responsiveness. They derive the condition as an implication of

No Implicit Lead and the less controversial new Positive Responsiveness property.

The analysis of the chapter is of interest in all situations where incompletely known in-
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dividual rankings are aggregated. A first application is voting and democratic decision-
making. In elections, individuals generally do not submit their full ordering over the
set of candidates. Individuals who do not show up report no preferences at all. A
second application is policymaking based on social welfare considerations. Here, infor-
mation acquisition can have several stages. Incomplete well-being ranking information

is augmented in the process over time.

The analysis offers new arguments to identify reasonable aggregation rules for incom-
plete individual rankings. If social rankings represent evaluations of alternatives and
are to yield immediate decisions, the Simple Majority Rule will be the most convincing
majority rule under plausible assumptions. This is the case in voting and in policymak-
ing contexts. If new preference information can be acquired, one can make a case for
qualified majority rules. One way to avoid problems of majority rules is to let the social
ranking of two alternatives not only depend on individual rankings over the pair. In line
with that, it is possible to extend the developed approach by considering Pull Ahead
Indices in terms of favorable individual rankings over third alternatives or favorable

interpersonally comparable well-being gains.

The chapter connects and contributes to different literatures. Classical social choice
theory investigates the aggregation of complete and transitive individual rankings into
social rankings (Arrow, 1951, 1963, 2012; Sen, 1970, 2017; Campbell and Kelly, 2002;
Weymark, 2016). Recent contributions on democratic decision procedures are Bartholdi
et al. (2021) and Holliday and Pacuit (2021). The aggregation of incomplete prefer-
ences has received less attention so far. Existing analysis is set in a voting context
(Ackerman et al., 2013; Cullinan et al., 2014; Terzopoulou and Endriss, 2021). Related
investigations are concerned with the aggregation of incomplete judgments (Dietrich
and List, 2010; Terzopoulou, 2020; Barbera and Bossert, 2023). Dynamic information
acquisition and information aggregation in collective decision-making are studied in

Chan et al. (2018) and Bouton et al. (2018).

The chapter’s results contribute new insights to the axiomatic literature on majority
rules. That literature focuses on the relationship of social rankings and individual order-
ings. Following the characterization of May (1952), the Simple Majority Rule has been
studied most extensively. Characterizations for two alternatives and a fixed society are
stated in Fishburn (1983), Tideman (1986), Goodin and List (2006), Llamazares (2006),
Quesada (2013a), Alcantud (2020), and Freixas and Pons (2021). Characterizations for
two alternatives and variable societies are found in Asan and Sanver (2002), Woeginger
(2003, 2005), Miroiu (2004), Quesada (2010, 2011, 2012, 2013b), Xu and Zhong (2010),
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Alcantud (2019, 2020), and McMorris et al. (2021). For the case of more than two
alternatives, Campbell (1988), Maskin (1995), Cantillon and Rangel (2002), Dasgupta
and Maskin (2008, 2020), Cato (2011), and Horan et al. (2019) provide characteriza-
tions of the Simple Majority Rule. Ackerman et al. (2013) discuss the definition of the

rule for incomplete preferences.

Majority rules based on differences in strict individual rankings have come into focus
more recently in a voting context. Characterizations of these rules in a fixed population
two alternative framework are established in Llamazares (2006), Houy (2007a), Sanver
(2009), and King and Powers (2018). Due to framework differences, both the definition
and characterizations of Relative Majority Rules in the sense of the present chapter dif-
fer from these contributions. Houy (2007a) and Sanver (2009) also examine generalized
relative majority rules with quorums. King and Powers (2018) characterize a class of
generalized relative majority rules where the threshold for a strict social ranking can

depend on the considered alternative.

Pauly (2013) provides a characterization of majority rules based on quorums of favor-
able rankings in a referendum context. The prevalent absolute majority rules instead
require that a (qualified) absolute majority of a fixed population ranks x higher than
y for x to socially rank higher than y. Asan and Sanver (2006) and Quesada (2010)
state characterizations. Sanver (2009) conducts a unified examination of relative and
absolute majority rules. Terzopoulou (2020) analyzes relative and absolute quota rules

for incomplete judgments over multiple issues.

Houy (2009) and Jeong and Ju (2017) consider majority rules with a quorum of overall
strict individual rankings over a pair that are necessary for a strict social ranking of the
pair. Houy (2007b) studies non-neutral qualified majority rules concerned with the ratio
of opposing individual rankings. The question of tiebreaking is analyzed in Campbell
and Kelly (2000), Goodin and List (2006), Jeong and Ju (2017), Dasgupta and Maskin
(2020), and McMorris et al. (2021). A graphical investigation of different majority rules
is pursued in Cantillon and Rangel (2002). Goodin and List (2006) discuss the rationale
for qualified majorities. Barbera and Gerber (2017) examine the manipulability of the

agenda under different qualified majority rules in sequential decision-making.

The chapter takes the following structure. Section 4.2 introduces Social Ranking Rules
and the Pull Ahead Index (4.2.1), formulates conditions for the Pull Ahead Index and
investigates their relations to classical conditions (4.2.2). Section 4.3 establishes char-

acterizations of Relative Majority Rules (4.3.1), Quorum Majority Rules (4.3.2), and
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Simple Majority Rule (4.3.3). Section 4.4 discusses implications of the results for voting
and policymaking (4.4.1) and considers extended Pull Ahead Indices (4.4.2). Section
4.5 concludes. Appendix 4.A contains proofs of results (4.A.1 to 4.A.4), independence
checks (4.A.5), and further logical relations (4.A.6).

4.2 Framework

4.2.1 Social Rankings and the Pull Ahead Index

Let X be a set of alternatives faced by a society, where | X| > 2. In an election, X is the
set of (conceivable or actual) candidates. In policymaking, X is a set of (conceivable
or feasible) policies. Let N be an infinite set of potential individuals of society. The

actual population N, of society is assumed to be a finite subset of N.

Let S(X) be the set of irreflexive relations over X.! For an individual i € N, relation
r; from S(X) represents a possible specification of i’s known rankings over distinct
alternatives from X. It neither has to be complete nor transitive. Let s; and p; denote
the symmetric and asymmetric part of r;.2 For distinct z,y € X, (z,y) € r; means that
i is known to rank x at least as high as y. Likewise, (x,y) € s; means that ¢ is known to
rank z as high as y, and (z,y) € p; means that 7 is known to rank x higher than y. The
latter is a strict ranking. Finally, (z,y), (y,x) ¢ r; means that ’s ranking of x and y is
unknown. In an election, rankings from r; are preferences over candidates submitted by
i. In policymaking, they represent empirically identified well-being comparisons over

alternatives for 1.

Let D C S(X)M be a non-empty domain of profiles of known individual rankings.
Profile r € D assigns a known ranking r; = r(7) to each individual ¢ € N. Domain D

can contain hypothetical non-actual profiles.

It is assumed that an actual profile r* from D only contains known rankings of individ-

'For a set A, a relation q over A is a subset of A x A. Relation g is irreflexive if, for all a € A,
(a,a) ¢ q. Tt is complete if, for all distinct a,b € A, (a,b) € q or (b,a) € ¢q. It is transitive if, for all
distinct a,b,c € A, (a,b) € g and (b, c) € ¢ imply (a,c) € g. It is asymmetric if, for all distinct a,b € A,
(a,b) € q implies (b,a) ¢ q. If ¢ is irreflexive, complete, and transitive, it is an ordering. If it is also
asymmetric, it is a linear ordering.

2The symmetric part g, of relation ¢ over A is defined such that, for a,b € A, (a,b) € ¢ &
(a,b) € ¢ A (b,a) € q. The asymmetric part g, of ¢ is defined such that, for a,b € A, (a,b) € ¢, <
(a,b) € ¢ A (bya) ¢ q.
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uals from actual population N,. That is, for all i € N\ N,, r# = (). The empty profile
without any known individual rankings over distinct alternatives is denoted by r?. For
alli e N, r? = 0.

The aim of aggregation is to translate a given profile of known individual rankings into
a social ranking of the set of alternatives. This is formalized by the following concept.

A Social Ranking Rule (SRR) on non-empty domain D C S(X)" is a mapping
¢ : D — S(X) such that ¢(r) is complete for all r € D.

A SRR assigns a complete social ranking ¢(r) of distinct alternatives from X to each
profile r from D. Let ¢,(r) and ¢,(r) be the symmetric and asymmetric part of ¢(r),
respectively. For distinct z,y € X, (z,y) € ¢(r) means that x socially ranks at least
as high as y under r. Moreover, (z,y) € ¢s(r) and (z,y) € ¢,(r) mean that x socially
ranks as high as y under r and that = socially ranks higher than y under r, respectively.
For now, it is left open what a social ranking means exactly. The question is taken up

in section 4.4.1.

In a voting context, it is natural to assume that the input of aggregation is a profile of
incompletely known preferences. In social welfare evaluation, this assumption means
that only intrapersonal well-being level comparisons can be identified, but no inter-
personal well-being comparisons. Richer informational inputs are discussed in section
4.4.2.

How should a convincing SRR be selected? In the literature, the prevalent procedure is
to impose conditions on how to translate individual rankings into social rankings. The
present chapter proposes a new approach to assess SRRs. It examines what is required

for an alternative to take the social lead over another alternative under a SRR.

For SRR ¢ on D, r € D, and distinct z,y € X, the Pull Ahead Index (PAI) d,,(r)
of x over y at r under ¢ is the smallest n* € Ny such that there exist N* C N and
r* € D with

(a) |N*| = n~,

(b) for all i € N*, (z,y), (y,z) ¢ r; and r} =r; U{(x,y)},

(c) foralli e N\ N*, rf =r,

() (29) € ().

If such n* does not exist, then d,,(r) = oco.

The Pull Ahead Index is the central concept of the present chapter. The PAI of =

over y at r under ¢ is the smallest number of strict individual rankings favoring =

131



over y that induce a strict social ranking of x over y under ¢ when being added to r.
The corresponding set of individuals and augmented profile are denoted by N* and r*,
respectively. All individuals outside N* keep their initial ranking. The ranking of x and
y by an individual ¢ from N* is not known at r. In contrast, ¢ is known to rank x higher
than y at r*. All other rankings of i remain the same. An additional strict individual
ranking of x over y in the sense of Pull Ahead Indices will also be called individual
improvement of x over y. For example, d,, () = 3 means that x needs three individual
improvements over y to take the social lead over y. It is possible that d,,(r) = 5, so

that y needs more individual improvements to pull ahead of x.

The following sections aim to show that the analysis of Pull Ahead Indices leads to a
deeper understanding of the structure of Social Ranking Rules. That is the case because
PAIs contain more information than social rankings. If one knows the PAIs of x over
y and of y over z, one will also know the social ranking of  and y. The reverse is not
true. Specifically, x socially ranks higher than y if and only if the PAI of x over y is
zero. The latter means that no additional individual rankings in favor of x are required
for = to socially rank higher than y. Formally, (z,y) € ¢,(r) is equivalent to d,,(r) =0
for all r € D and distinct 2,y € X.? Accordingly, either the PAI of x over y or the PAI
of y over x must be positive at each profile. The two alternatives socially rank equally

if and only if both PAIs are positive.

The concept of a PAI can be applied to any SRR. It does not impose a condition.
However, take domain D and distinct alternatives x,y € X such that (z,y) ¢ p; holds
for all » € D and all i € N. For each r € D, d,,(r) is equal to infinity unless

(x,y) € ¢p(r) holds. PAIs are more informative given the following domain condition.

Domain D is additive if, for all r,7" € S(X)¥, distinct z,y € X, and finite N’ C N
such that, for all i € N, (z,y), (y,x) ¢ r; and v, = r;U{(z,y)}, and, for alli € N \ N,
ri = r;, it is the case that r € D = r’ € D. That is, if finitely many strict individual
rankings for an alternative over another are added to a profile from an additive domain,
the augmented profile will also belong to the domain. On additive domains, PAIs are
informative. They reflect the reaction of the considered SRR to every possible finite

addition of strict individual rankings.

The characterizations of the chapter deal with the following additive domain. For
re S(X)N,Y C X,andi € N, let r;|Y be the restriction of r; to Y.* Let r|Y € S(X)V

3Assume (z,y) € ¢p(r). Then, N* = (), n* = |[N*|, and r* = r satisfy (a)-(d). That is, dyy(r) =
n* = 0. Assume dg,(r) = n* = 0. That implies N* = (), r* = r, and in turn (z,y) € ¢p(r).
4The restriction of relation q over A to B C Ais q|B =qN (B x B).
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be the restriction of 7 to Y in the sense that (r]Y")(i) = r;|Y for each ¢ € N. Define

Dp =
{TGS(X)NW’I,yEX: i e N|(z,y) € pi}| < coA|{i € N | ri|{z,y} = 0} =oo}.

Domain Dpg contains profiles such that, for all alternatives z and y, the number of
people who are known to strictly rank x over y is finite, and there are infinitely many
potential individuals whose ranking over {x,y} is not known.

How do PAIs relate to the distinction between infinite potential population N and finite
actual population N,? As assumed, an actual profile only contains non-empty rankings
for individuals from N,. There are infinitely many potential individuals whose ranking
of a pair {z,y} is unknown. However, only finitely many of them are in N,. The PAI
of = over y at r under SRR ¢ can be finite because it considers possible new strict
rankings of x over y by all potential individuals. But if strict rankings of x over y by
non-actual individuals are needed for x to pull ahead of y, then x cannot realize the
social lead over y. For instance, the PAI of x over y might be 10, while there are only 5
actual individuals left whose ranking of the pair is unknown. The examples in section

4.3 will illustrate this point.

4.2.2 Conditions for the Pull Ahead Index

This subsection introduces conditions for Pull Ahead Indices of Social Ranking Rules.
It also studies how these properties relate to classical conditions which are directly
concerned with the relation between social and individual rankings. The focus will be

on additive domains.

Since Arrow’s (1951, 1963, 2012) foundational work on social choice theory, it has been
a central question whether the social ranking of a pair of alternatives should be allowed
to depend on individual rankings over other alternatives. Arrow’s (Binary) Indepen-
dence of Irrelevant Alternatives precludes that. The social ranking of the pair should
only depend on individual orderings over the pair. This is a strong and controversial
condition. Arguments for and against it are discussed in Patty and Penn (2019). The
following definitions state a refined version of the classical condition for incomplete

individual rankings and an analogous condition for PAIs.

SRR ¢ on D satisfies Classical Independence of Irrelevant Alternatives (CIIA)
if, for all r,7 € D and distinct x,y € X with r|{z,y} = r'|[{z,y}, it is the case that
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(z,y) € o(r) & (2,9) € ¢(r).

SRR ¢ on D satisfies Independence of Irrelevant Alternatives (IIA) if, for all
r,r’" € D and distinct z,y € X with r|{z,y} = r'|[{z,y}, it is the case that d,,(r) =
Ay (17).

According to CIIA, the social ranking of a pair of alternatives should only depend on
known individual rankings over the pair. According to ITA, the PAIs of the pair should
only depend on known individual rankings over the pair. On an additive domain, ITA’s
antecedent secures that potential improvements of x over y are symmetric between r
and r’. Any set of new strict individual rankings of x over y can be added to r if and
only if it can be added to 7. On a non-additive domain, ITA and other of the following
PATI conditions can be too strong as they fail to recognize an asymmetry in potential
improvements of alternatives between different profiles.® In general, ITA is stronger

than CITA. However, the two conditions are equivalent on additive domains.

Lemma 1:
(a) If SRR ¢ satisfies IIA, then ¢ satisfies CIIA.
(b) If SRR ¢ on additive D satisfies CIIA, then ¢ satisfies IIA.

Anonymity and neutrality conditions are prevalent in the literature and go back to
May’s (1952) initial characterization of the Simple Majority Rule. The present chapter
formulates versions of these conditions applying to incomplete individual rankings and
introduces analogous conditions for PAlIs.

SRR ¢ on D satisfies Classical Anonymity (CA) if, for all ;7" € D with a bijection
m : N — N such that, for all : € N, r; = T;_(Z-), it is the case that, for all distinct

r,y € X, (v,y) € ¢(r) & (v,y) € (r).

SRR ¢ on D satisfies Anonymity (A) if, for all ;" € D with a bijection 7 : N — N
such that, for all i+ € N, r; = r;( ) 1t s the case that, for all distinct x,y € X,

Aoy (r) = duy (1), Z

CA and A aim for an equal treatment of individuals in aggregation. Assume that
two profiles exhibit the same collection of rankings. They differ as these rankings are

assigned to different individuals, respectively. Condition CA demands that this should

SFor instance, consider X = {z,y,2}, i € N, and D = {r? 7'} such that r; = {(z,2)}, v} =
{(z,y)}, and, for all k € N\ {i}, ry = r}, = 0. Take SRR ¢ on D with (z,y) € ¢s(r). By construction,
dyy(r) = 00, so that ITA demands d,,(r?) = co. But in contrast to 7, a strict individual ranking of =

over y can be added to r?.
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not affect the social ranking of X. Condition A requires that PAls for all tuples of
alternatives from X should coincide between the profiles. On an additive domain, the
antecedent secures that potential individual improvements of x over y are symmetric
between r and r’ except for renaming of individuals. A difference in PAIs of x over y
between the profiles would then be due to an intrinsic discrimination between people.
Analogous to IIA and CIIA, it turns out that A is generally stronger than CA, but

equivalent to it on additive domains.

Lemma 2:
(a) If SRR ¢ satisfies A, then ¢ satisfies CA.
(b) If SRR ¢ on additive D satisfies CA, then ¢ satisfies A.

SRR ¢ on D satisfies Classical Neutrality (CN) if, for all r,7" € D with a bijection
o0 : X — X such that, for all i € N and z,y € X, (z,y) € r; & (0(x),0(y)) € 7}, it is
the case that, for all distinct z,y € X, (x,y) € ¢(r) & (0(x),0(y)) € ¢(1').0

SRR ¢ on D satisfies Neutrality (IN) if, for all »,r" € D with a bijection o : X — X
such that, for alli € N and z,y € X, (z,y) € r; & (o(x),0(y)) € 7}, it is the case that,
for all distinct z,y € X, dyy (1) = do(z)oy) (1)

CN and N are concerned with an equal treatment of alternatives in aggregation. Assume
that known individual rankings coincide between two profiles except that alternatives
have different names at the latter. According to CN, the social ranking at the first
profile should coincide with the social ranking of renamed alternatives at the second
profile. According to N, the PAI of each tuple from X x X at the former should coincide
with the PAI of the renamed tuple at the latter. Given the antecedent and additivity,
one can add new favorable rankings of x over y for some individuals to r if and only if
one can add new favorable rankings of o(x) over o(y) for these individuals to 7. Due
to this symmetry, a difference in PAls of = over y at r and o(z) over o(y) at r’ would
reflect a discrimination between alternatives. Once again, the PAI condition is generally
stronger than the classical condition, but equivalent to it on additive domains. Taken
together, Lemmas 1-3 shed light on the structure of three central conditions in social

choice theory.

Lemma 3:
(a) If SRR ¢ satisfies N, then ¢ satisfies CN.
(b) If SRR ¢ on additive D satisfies CN, then ¢ satisfies N.

6Since o is injective, = # y implies o(x) # o (y).
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It is an important question how the individual and social evaluation of alternatives
should relate. The following condition is a PAI version of May’s (1952) Positive Re-
sponsiveness. Different classical variants of May’s condition are discussed in Cantillon
and Rangel (2002), Miroiu (2004), Woeginger (2005), and Cato (2011).

SRR ¢ on D satisfies May Positive Responsiveness (MPR) if, for all r,7’ € D,
distinct z,y € X, and ¢ € N such that (z,y), (y,z) & i, ri = r; U{(x,y)}, and, for all

1

k € N\ {i}, r, = ry, it is the case that dy,(r) > 0 = d,,(r') = 0.

Profile ' is generated by adding one strict individual ranking of x over y to r. If the
PAT of y over z is positive (z socially ranks at least as high as y) at r, MPR requires
that the PAI of x over y is zero (z socially ranks higher than y) at . MPR is weaker
than a formulation of May’s condition which applies to a wider range of individual

improvements on D (Appendix 4.A.6, Proposition A.6.1).

MPR’s idea has been criticized in the literature (Campbell and Kelly, 2000: p. 699;
Asan and Sanver, 2002: p. 409). The fact that x improves relative to y for a single
individual turns an equal social ranking of x and y into a strict ranking in favor of
x. One might argue that the change at the individual level is “too small” to alter the
social ranking like this. For those who agree with the critique but nevertheless want
the social assessment of alternatives to positively respond to individual rankings, the

following new PAI condition can be attractive.

SRR ¢ on D satisfies Positive Responsiveness (PR) if, for all » € D and distinct
x,y € X, it is the case that

(a) {i € N [ril{z,y} = 0}] = 00 = duy(r) < o0,

and for all 7’ € D and i € N such that (x,y), (y,z) & r;, i = r; U{(x,y)}, and, for all
ke N\ {i}, r, = 7, it is the case that

(b) 0 < dyy(r) < 00 = dyy(r’) < dyy(r), and

(¢) dyy(r) = 0= dyy(r") =0, and

(@) dyalr) 2 dyulr).

All subconditions of PR are reasonable on additive domains. Given infinitely many
unknown rankings over x and y, x can take the social lead if enough favorable rankings
for it are added to the profile (a). While the number of necessary improvements must
be finite, it can be arbitrarily large. For a profile from Dp, the antecedent of (a) is

satisfied for each pair of alternatives, so that all PAIs are finite given PR.

Conditions (b)-(d) are concerned with the case where a strict individual ranking of x

over y is added to a profile. If the initial PAI of x over y is positive but finite, it should
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be reduced by the augmentation (b). That is reasonable. While the single strict ranking
might not be enough for x to take the social lead over y, it should bring x closer to
that lead. If x does not need any individual improvements to pull ahead of y (x socially
ranks higher than y), the same is true after the addition (c). Finally, the PAI of y over
x should not get smaller due to the change (d). That is, y is not supposed to benefit
from the strict individual ranking in favor of x.

MPR and PR are logically independent on Dp (see Appendix 4.A.6). In an important
sense, PR is weaker than MPR. Assume that z and y socially rank equally at profile
r, that is, dy,(r) > 0. Add a strict individual ranking of = over y to r. MPR requires
that = socially ranks higher than y at the new profile 7. It induces d,,(r) = 1. Instead,
PR only demands that the PAI of x over y is reduced by the addition, while the PAI
of y over z is not. It is consistent with, say, du,(r) = 4, dy(r) = 5, dyy(r') = 3, and

dy.(r") = 6. In that case, an equal social ranking prevails.

PR is a good example to illustrate the merit of considering conditions for PAIs. It
imposes a certain change in PAls which does not have to translate into a change in
social rankings. In the remainder of the section, two further conditions on PAls are

introduced. Like PR, they do not have classical counterparts.

SRR ¢ on D satisfies Independence of Indifference Information (III) if, for all
r,7’ € D such that, for all z,y € X and all i € N, (z,y) € 1, = (x,y) € s; and
(x,y) € vl = (z,y) € s}, it is the case that, for all z,y,2’,y € X with x # y and
' F Y, dyy(r) = dypry (7).

At profiles r and 1/, there are no strict individual rankings. Condition III requires that
all PAIs at the two profiles coincide. The number of necessary strict rankings for the
social lead should be independent of individual indifferences. It is not allowed that, say,
dyy(r) =5 and dyyy (1) = 9.

Condition IIT is not innocuous. It excludes the possibility that the strict social ranking
of x over y depends on a quorum of people for whom the ranking of x and y is known.
Individuals who are indifferent between x and y could be known at r. Given some
quorum, that might bring x closer to the social lead over y at r than 2z’ to a lead over
y' at r’. However, if one aims for an equal treatment of alternatives and does not wish

to impose such quorums, I1I will be a reasonable condition on Dp.” Given absent strict

"III can be too strong on some other additive domains. For example, take SRR ¢ on D = S(X)V
and 7?,r € D such that (z,y) € s; holds for all i € N and all distinct =,y € X. For distinct 2,y € X
with (z,y) € ¢s(r), duy(r) = co. Accordingly, ITT would induce d,,(r?) = co. Some of the conditions
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individual rankings, the condition precludes an intrinsic distinction between alternatives
via different PAls. For a profile » which only consists of individual indifferences, I1I
implies d,(r) = dy,(r) for all distinct alternatives x and y. In particular, x and y

socially rank equally.

SRR ¢ on D satisfies Equal Responsiveness (ER) if, for all 7,7’ € D, distinct z,y €
X, and i, j € N such that (z,y), (y,z) & r; Ury, i = riU{(z,y)}, 75 = r;U{(y, 2)}, and,
for all k € N\ {i,7}, rl, = 7k, it is the case that d,, (1) = dye(r) = dyy(r') = dyo (7).

Condition ER is concerned with the case where PAls of two alternatives z and y are
levelled at profile r and two opposing strict rankings of individuals ¢ and j are added
from r to . According to ER, the two PAIs should still coincide after this augmenta-
tion. For instance, given d,,(r) = dy. (1) = 5, dyy (1) = dy,(r’) = 10 is consistent with
ER. Note that the condition does not apply to cases where two alternatives socially
rank equally but have unlevelled PAIs.

ER embodies the idea to treat alternatives and individuals equally.® There are two
explanations for d,, (") < dy,(r") on an additive domain. First,  might have an
intrinsic advantage over y, so that the favorable ranking for x is more significant than
the favorable ranking for y. Second, individual ¢ might receive a greater weight in
aggregation than individual 7, so that i’s ranking has a larger effect than j’s ranking.

ER excludes such discrimination between alternatives and individuals.

4.3 Characterizations

4.3.1 Relative Majority Rules

The present subsection introduces and characterizes a class of Relative Majority Rules
in the considered infinite potential population framework where individuals have in-

completely known rankings over alternatives.

SRR ¢ on D C Dy is the §-Relative Majority Rule (5-RMR) with 6 € N if, for all
r € D and distinct z,y € X,
(r,y) € o(r) & {i e N|(z,y) €pi}|+d 1= [{i e N[ (y,2) € pi}|.

in the next sections face similar problems on certain (additive) domains where the number of unknown

individual rankings over a pair can be finite.
8Nevertheless, the combination of ITA, A, N, and III does not imply ER on Dr (see Appendix

4.A.6).
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Consider natural number §. Alternative x has a relative majority of at least d over y if
and only if the number of individuals who are known to strictly rank x over y exceeds
the number of individuals who are known to strictly rank y over x by at least §. A
relative majority of at least 1 is a simple majority. The d-RMR does the following.
If = has a relative majority of at least 0 over y, then x socially ranks higher than .
Likewise, if y has a relative majority of at least 0 over x, then y socially ranks higher
than x. If neither of the two alternatives has such a qualified relative majority over the

other, then x and y socially rank equally.

Example: Consider a vote between two alternatives from X = {z,y}. Assume that the
actual population N, C N of society consists of 20 individuals. Take domain D = Dp.
At profile r € D, 6 people are known to strictly rank = over y (they voted for z), 2
people are known to strictly rank y over x (they voted for y), and 4 people are known
to rank x as high as y (they reported indifference). In addition, there are 8 actual
individuals whose rankings of  and y are not known. They have not cast their ballot
(yet). Rankings of non-actual individuals from N \ N, are not known as they do not

vote at an actual profile.

Alternative x has a relative majority of 4 over y at r. According to the 3-RMR, z=
socially ranks higher than y at that profile. Moreover, the PAls are d,,(r) = 0 and
dy,(r) = 7. While 2 needs no additional votes to take the social lead over y, y needs
7 additional votes to turn the social ranking. They consist of 4 votes to catch up with
x and 3 more to acquire the qualified relative majority over x. Alternative y can still
realize this social lead if 7 of the remaining 8 actual individuals turn out and vote for y.
Things are different under the 6-RMR. Here, x socially ranks as high as y. The PAls
are dg,(r) = 2 and d,(r) = 10. That is, = (y) needs 2 (10) additional votes to socially
rank higher than y (z). While that is factually possible for x, y can only realize the

social lead if two more individuals join N,.

The first characterization of the class of Relative Majority Rules on Dp is based on a

strengthening of ER.

SRR ¢ on D satisfies Independent Equal Responsiveness (IER) if, for all v, ' € D,
distinct z,y € X, and 7,57 € N such that (z,y),(y,x) ¢ riUr;, 7, = r, U{(z,y)},
ri = 1; U{(y,7)}, and, for all k € N\ {4, j}, r), = r, it is the case that d,,(r) =
Ay (1) = duy (1") = dya(1") = duy (7).

Like ER, IER is concerned with the case where PAIs over z and y are levelled at r and

two opposing strict rankings are added from r to r’. But IER does not only demand
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that the two PAIs still coincide at . It also requires that they are equal to their initial
value at r. Given d,, (1) = dy,(r) = 5, IER induces d(r') = dy, (") = 5.

There is a clear reasoning behind IER on Dp. A strict individual ranking of one
alternative over another is relative positive evidence for the former over the latter.
Given the antecedent of IER, both alternatives need the same amount of relative positive
evidence to take the social lead over the other. The idea of the condition is that new
opposing evidence cancels out. It keeps the amount of relative positive evidence required
for a strict social ranking.

Combined with ITA, ITI, and PR, IER characterizes the class of Relative Majority Rules.
Due to Lemma 1 and the fact that D is additive, it is possible to substitute CIIA for
ITA in Theorem 1.

Theorem 1:
SRR ¢ on D = Dy satisfies ITA, III, PR, and IER if and only if ¢ is a RMR.?

The next condition also deals with levelled PAIs.

SRR ¢ on D satisfies Independence of Balancing Information (IBI) if, for all
r,r’ € D and distinct z,y € X, (duy(r) = dys(r) < 00 Adyy (1) = dyz (1) < 00) =
oy (1) = day (r').

If PAIs over 2 and y are levelled and finite at » and ’, IBI requires that they coincide
between the profiles. For example, assume that 5 individuals strictly rank x over y and
5 other individuals strictly rank y over z at r. At r’; 10 individuals strictly rank x over
y and 10 individuals strictly rank y over x. Assume that, due to the equal number of
opposing individual rankings, PAIs over x and y are levelled and finite at both profiles.
According to IBI, they have to coincide.

IBI has a similar idea as IER. Levelled PAls of # and y mean that evidence in favor of
x over y and evidence in favor of y over x cancel out. The amount of relative positive
evidence x needs to take the social lead over y should not depend on the specification
of that cancelling balancing information.

Although their reasoning is similar, IBI and IER are logically independent on Dp (see
Appendix 4.A.6). Together with IIA, A, N, and PR, the former characterizes the class
of Relative Majority Rules. In view of Lemmas 1-3, one can also employ the classical
versions of ITA; A, and N in Theorem 2.

9Implication “=" holds on every domain Dy C D C Dp, where Dy = {r € D | Vi € N : |r;| < 2}.
The same is true for the following characterizations. This is shown in Appendices 4.A.2 to 4.A.4.
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Theorem 2:

SRR ¢ on D = Dy satisfies ITA, A, N, PR, and IBI if and only if ¢ is a RMR.
Llamazares (2006), Houy (2007a), Sanver (2009), and King and Powers (2018) charac-

terize relative majority rules based on differences in strict individual rankings in a frame-
work with a fixed finite population and two alternatives.!® They employ anonymity,
neutrality, monotonicity, and cancellation conditions. A version of monotonicity for
incomplete individual rankings is weaker than PR.!' A version of cancellation requires
that the social ranking of a pair of alternatives should not change if two opposing indi-
vidual rankings of the pair are newly identified. It turns out to be stronger than IER
and independent of IBI on Dp (Appendix 4.A.6, Proposition A.6.2).

4.3.2 Quorum Majority Rules

This subsection introduces and examines the following class of majority rules with

quorums for incomplete individual rankings.

SRR ¢ on D C Dy is the A-Quorum Majority Rule (A»-QMR) with A € NN if, for
all » € D and distinct x,y € X,
(z,y) € ¢(r) & maz{l[{i € N [ (z,y) e pi}|,A =1} = {i € N | (y,2) € pi}|.

Under the A-QMR, X is a quorum of favorable individual rankings required for a strict
social ranking. If x has a simple majority over y and the number of individuals known
to strictly rank z over y is at least A, then x socially ranks higher than y. If y has a
simple majority over x and the number of individuals known to strictly rank y over x is
at least A, then y socially ranks higher than x. If neither of the two alternatives has such
a qualified majority over the other, they socially rank equally. The prevalent absolute
majority rules are a subclass of QMRs in the following sense. An absolute majority
rule with respect to the actual finite population N, C N of society is a A-QMR with
Bl < X< IN,|.

Example: Reconsider the voting example from the last section where 6 individuals

voted for x, 2 individuals voted for y, 4 individuals reported indifference, and 8 actual

0That framework does not distinguish between indifference and abstention. Both are represented
by the number 0.

HUTake an improvement of x over y from r to r’ in the sense of PR. According to monotonicity,
(z,y) € ¢(r) = (x,y) € ¢(r') and (z,y) € ¢p(r) = (z,y) € ¢p(r’'). These two implications are entailed
by (d) and (c) of PR, respectively. Only PR excludes the rule assigning social indifference between all
alternatives at all profiles from Dp.
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individuals have not (yet) turned out at r. Under the 5-QMR, d,,(r) = 0 and d,,(r) =
5. Alternative z socially ranks higher than y because it has a qualified majority over y
given A = 5. In contrast, y needs 5 additional votes to gain the simple majority over
x. Since it also satisfies the quorum with these additions, they would secure the social
lead for y.

Under the 11-QMR, an absolute majority of votes is needed for a strict social ranking
given N,. It leads to d,,(r) = 5 and d,(r) = 9. Both alternatives need the respective
number of additional votes to reach the quorum. But since only 8 actual individuals
can still cast their ballot, it is factually impossible for y to improve accordingly. If one
new individual joins N, and the absolute majority quorum is upheld, y can realize the

social lead.

IER leads to a characterization of RMRs. The following condition is another strength-
ening of ER and embodies a different idea.

SRR ¢ on D satisfies Accumulative Equal Responsiveness (AER) if, for all r,r" €
D, distinct z,y € X, and 4,5 € N such that (z,y), (y,x) ¢ r; Ur;, v, =1, U{(z,y)},
ri=1; U{(y, )}, and, for all k € N \ {4, j}, r, = 14, it is the case that

(a) duy (1) = dya(r) > 1= duy (1) = dy (1) = dy(r) — 1.

(b) day(r) = dya(r) = 1 = duy(r') = dyo (r') = 1.

Once again, PAls over x and y are levelled at r and two opposing rankings are added
from r to . As ER and IER, AER demands that the two PAIs remain levelled at r’.
As under IER, the PAIs should not change if they are equal to one. However, if the
PAIs are greater than one, they should be reduced by one, respectively. For example,
if dy,(r) = dy(r) = 4, then d,, (r") = dy, (") = 3 according to AER.

One possible justification for AER on Dp is the following. An alternative needs to
accumulate positive evidence over another alternative to socially rank higher than the
latter. A strict individual ranking of z over y (y over x) will add to this positive
evidence for x (y), even if it is accompanied by a strict ranking of y over z (x over
y). That is why the new opposing rankings reduce the required additional amount of
positive evidence for the social lead by one. The idea connects to Llamazares’ (2006:
pp. 315-316) criterion that an alternative should have “wide support” to get elected.

Theorem 3:

SRR ¢ on D = Dy satisfies ITA, III, PR, and AER if and only if ¢ is a QMR.
Theorem 3 complements Theorem 1. Given (C)IIA, III, and PR, AER as opposed
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to IER distinguishes the class of Quorum Majority Rules from the class of Relative

Majority Rules. The following condition is also concerned with the structure of levelled

PATs.

SRR ¢ on D with r? € D satisfies Accumulation of Balancing Information (ABI)
if, for all 7 € D and distinct 7,y € X, duy(r) = dyu(r) = duy(r) = maz{d,,(r’)—
{ie N[ (z.y) €pi}l,1}.

PAITs over x and y are levelled at r. According to ABI, the PAI of = over y should be
equal to the PAI of x over y when no information is available minus the number of strict
individual rankings of = over y at r (as long as that difference is positive). That is,
the number of favorable rankings necessary to take the social lead should decrease with
the number of favorable rankings already known. For example, assume d,(r) = dy,(7)
and d,,(r?) = d,.(r?) = 10. Assume as well that there are three individuals ranking
higher than y and another three individuals ranking y higher than x at r. ABI requires
that dyy(r) = dy.(r) = 7.

ABI and AER are logically independent on Dp (see Appendix 4.A.6). However, the
justification of AER can also be applied to ABI. Some positive evidence for an alter-
native over another one is taken to be necessary for the former to reach the social lead
over the latter. Favorable individual rankings contribute to this positive evidence. So
even if PAIs of x and y are balanced, more known strict individual rankings of = over y
should ceteris paribus reduce the additional positive evidence that x needs to take the
social lead over y.

Theorem 4:
SRR ¢ on D = Dy satisfies I[IA, A, N, PR, and ABI if and only if ¢ is a QMR.

Given (C)IIA, (C)A, (C)N, and PR, the choice between IBI and ABI marks the divide
between Relative Majority Rules and Quorum Majority Rules. This is due to Theo-
rems 2 and 4. Pauly (2013: Theorem 1) characterizes majority rules with quorums
of favorable rankings in the fixed population two alternative framework that is used
for characterizations of relative majority rules from the literature. The result employs

anonymity, neutrality, weak Pareto, quorum, and strategy proofness conditions.
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4.3.3 The Simple Majority Rule

The Simple Majority Rule is among the most influential aggregation rules. This sub-
section formulates the rule for incomplete individual rankings and offers multiple char-

acterizations of it.

The Simple Majority Rule (SMR) on D C Dy is the 1-Relative Majority Rule and
the 1-Quorum Majority Rule on D. That is, for all » € D and distinct z,y € X, SMR
¢ exhibits (z,y) € ¢(r) & [{i € N | (x,y) € pi}| = {i € N | (y,2) € pi}|.

According to the SMR, alternative = socially ranks at least as high as alternative y if
and only if the number of individuals who are known to rank x higher than y is at least
as great as the number of individuals who are known to rank y higher than x. Since the
SMR constitutes the intersection of the class of RMRs and the class of QMRs, there

are two immediate corollaries to the analysis of the previous sections.

Corollary 1:
SRR ¢ on D = Dy satisfies ITA, III, PR, IER, and AER if and only if ¢ is the SMR.

Corollary 2:
SRR ¢ on D = Dp satisfies ITA, A, N, PR, IBI, and ABI if and only if ¢ is the SMR.

Given the other conditions of Corollary 1 (2), combining IER and AER (IBI and ABI)
means imposing a strengthened form of positive responsiveness. If d,,(r) = dy.(r)
holds, then d,,(r) = dy,(r) = 1. That is, if PAIs of z and y are levelled, adding a single
strict individual ranking of = over y (y over x) will lead to a strict social ranking of x

over y (y over z). This property characterizes the SMR.

The property is implied by MPR’s requirement that an additional strict individual
ranking of x over y should turn an initial equal social ranking of the pair into a strict
social ranking in favor of x. Indeed, two characterizations of the SMR with MPR
are established in the remainder of this section. But as discussed, one might find it
difficult to justify the condition. There is a way to characterize the SMR which does not
presuppose MPR, but derives it as an implication. The next condition will be central.

SRR ¢ on D satisfies No Implicit Lead (NIL) if, for all » € D and distinct z,y € X,
dyy(r) < dyy(r) = dyy(r) = 0.

So far, it has been allowed that PAIs of a pair of alternatives deviate despite an equal
social ranking of the pair. For example, d,,(r) = 3 and d,(r) = 5 might obtain. Here,

x has a lead over y in the sense that it needs fewer individual improvements to reach a
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strict social ranking over its competitor. The lead is implicit because the current social
ranking is equal. Condition NIL precludes such an implicit lead. If the PAI of z over
y is smaller than the PAI of y over z, the former PAI should be zero (z should socially

rank higher than y). Arguments for NIL are discussed in the next section.

NIL turns out to be weaker than MPR on a range of domains. However, given PR,
NIL implies MPR on every subdomain of Dp. Domain D is one-additive if, for all
r € D and distinct x,y € X, there exist v’ € D and ¢ € N such that (z,y), (y,x) & r;,
ri=r;U{(z,y)}, and, for all k € N\ {i}, ., = r. In particular, Dp is one-additive.

Lemma 4:
(a) If SRR ¢ on one-additive D satisfies MPR, then ¢ satisfies NIL.
(b) If SRR ¢ on D C Dp satisfies PR and NIL, then ¢ satisfies MPR.

Lemma 4 will turn out to be powerful. If one agrees with PR and NIL, one will be
committed to MPR. In characterizations, the former two conditions can replace the
latter. Given (C)IIA, III, and ER, a SRR satisfies PR and NIL (MPR) if and only if it
is the Simple Majority Rule.

Proposition 1:
SRR ¢ on D = Dp satisfies ITA, III, ER, and MPR if and only if ¢ is the SMR.

Theorem 5:
SRR ¢ on D = Dy satisfies ITA, III, PR, ER, and NIL if and only if ¢ is the SMR.

Given (C)IIA, (C)A, and (C)N, a SRR satisfies MPR if and only if it is the Simple
Majority Rule. This is stated in Proposition 2. In view of the fact that the property
is weaker than a classical formulation of May’s condition (Appendix 4.A.6, Proposition
A.6.1), the result is a generalized and somewhat tightened version of May’s Theorem

(May, 1952) for incomplete individual rankings. It leads to a characterization of the
Simple Majority Rule with PR and NIL.

Proposition 2:
SRR ¢ on D = Dp satisfies ITA; A, N, and MPR if and only if ¢ is the SMR.

Theorem 6:
SRR ¢ on D = Dy satisfies ITA, A, N, PR, and NIL if and only if ¢ is the SMR.
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4.4 Discussion

4.4.1 Social Rankings and Social Choice

The social ranking is a central concept of social choice theory. Nevertheless, its exact
meaning is not always clarified. The present subsection discusses three possible inter-
pretations. For each of them, it assesses the merit of the conditions used to characterize
different majority rules. Table 4.1 summarizes which rules satisfy which properties on
Dpg. A Proper Relative Majority Rule (PRMR) is a RMR with 6 > 1. A Proper Quo-
rum Majority Rule (PQMR) is a QMR with A > 1. A “v"” means that the condition
is satisfied.

ITA|A|N |III | PR|MPR | NIL | ER | IER | IBI | AER | ABI
SMR | v |V |V |V | V v VAR A AN e v v
PRMR | v |V |V |V | V v I v oY
PQMR | v |V |V | V | V v v v

Table 4.1: Majority Rules and PAI Conditions

1. Social Rankings as Relative Evaluations: Social rankings can represent a com-
parative social evaluation of alternatives given available information. This is both rele-
vant in a voting and in a policymaking context. One might like to compare candidates
for a political office or policies. A SRR ¢ generating such relative social evaluations
will be called Evaluation Ranking Rule (ERR). Under ERR ¢, (z,y) € ¢,(r) means
that available information at r favors x over y, and (z,y) € ¢s(r) means that available

information at r neither favors x over y nor y over x.'2

It will be assumed that Evaluation Ranking Rule ¢ on Dy satisfies A, N, ER, III, and
PR. Social evaluation should treat individuals and alternatives equally, be independent
of indifference information, and respond positively to individual evaluation. It will also
be assumed that ¢ satisfies ITA. Given the assumptions, the critical question is whether
to impose NIL on ¢.

Assume that the PAI of = over y is smaller than the PAI of y over x at profile r under ¢.

By assumption, social evaluation should treat alternatives and individuals equally, so

12The interpretation is in line with the assumption that social rankings are complete. However, it
can lead to intransitive social rankings.
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that the asymmetry cannot be due to discrimination between alternatives or individuals.
It also cannot be due to an asymmetry in potential improvements on Dp. For each
set of individuals whose rankings of x and y are unknown at r, r can be augmented so
that either all these individuals rank x higher than y or the other way around. It thus
makes sense to infer from the asymmetry in PAls that available information at r favors
x over y under ¢. Consequently, the very idea of an ERR requires that x socially ranks

higher than y and the PAI of = over y is zero. Hence, NIL is reasonable for an ERR.

The argument together with Theorems 5 and 6 provide support to employ the Simple
Majority Rule as Evaluation Ranking Rule given the assumptions. According to the
SMR as ERR, available information at r favors x over y if and only if x has a simple
majority over y. Under any RMR or QMR other than the SMR, the social ranking

does not always reflect favorable available information.

To illustrate, reconsider the example from section 4.3 where 6 individuals are known
to rank z higher than y, while 2 individuals are known to have the opposite ranking
at profile . All RMRs and QMRs agree in specifying d,,(r) < dy,(r). But while
the SMR sets d,,(r) = 0 and d,,(r) = 5, other rules exhibit an equal social ranking.
For instance, the 5-RMR specifies d,,(r) = 1 < 9 = d,,(r) and the 10-QMR sets
dyy(r) = 4 < 8 = dy,(r). While their PAIs apparently acknowledge that available

information at r favors x over y, their social ranking does not.

2. Social Rankings for Fixed Decision-Making: Social rankings can also be
characterized by their relationship to social choice. Consider the case where society
must choose an alternative from X = {x, y} given profile r of known individual rankings.
SRR ¢ is a Fixed Decision Ranking Rule (FDRR) if its social rankings relate to social
choice in the following way. If (z,y) € ¢,(r), then 2 will be chosen. If (y,x) € ¢,(r),
then y will be chosen. If (z,y) € ¢(r), then x and y will be chosen with probability
0.5, respectively. In any case, social rankings of a FDRR lead to a social choice given

profile r.13 The selection of a FDRR will be discussed for two different cases.

Voting: Suppose z and y are candidates for a political office. Profile r contains the
final result of all submitted ballots by individuals from the actual population N,. In
the example from section 4.3, the vote count is 6 to 2 in favor of x. Moreover, 4 people

reported indifference and 8 actual individuals did not cast their ballot. Assume that a

30ne can also define the concept of a FDRR for more than two alternatives. In that case, the
social choice is to be selected randomly from the set of best alternatives under a FDRR (if this set
is non-empty). Dasgupta and Maskin (2020) examine social choice functions with such a tiebreaking

mechanism.
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candidate must be selected given r. There is no possibility of delay.

It is a reasonable normative assumption that only submitted ballots matter. That is, r
contains all relevant information to decide who is elected. The winner should arguably
be determined according to the relative social evaluation of the two candidates at r. In
other words, a FDRR in a voting context should be an ERR. The presented argument
thus not only supports the Simple Majority Rule as an ERR, but also as a FDRR. The
example illustrates that point. According to the SMR as ERR, available information at
r favors x over y. It is thus sensible to elect x. That is what the SMR as FDRR does.
In contrast, the 5-RMR and the 10-QMR specify an equal social ranking. As FDRRs,
they would induce a coin toss to decide between x and y. Considering the favorable

evaluation for x, it is unclear how to justify such action.

Welfarist policymaking: Suppose z and y are different policy options. Profile r
consists of known individual well-being rankings over x and y. The policy with greater
social welfare for N, is to be chosen. Consider an according reinterpretation of the
voting example. For 12 out of 20 individuals from N,, well-being information has been
empirically identified at . There are 6 individuals whose well-being at = is known to be
greater than at y, 2 individuals whose well-being at y is known to be greater than at x,
and 4 individuals whose well-being at x is known to be as great as at y. The well-being
ranking of the other 8 actual individuals is unknown. Assume that a deadline or cost

considerations force to make a decision with the given available information r.

The social welfare evaluation of x and y for N, is the social evaluation of x and y at
profile " where all well-being rankings over N, are known. Call this the N,-complete
profile. Assume that the SMR is employed as ERR. Given that assumption, social
welfare at = is greater than at y if and only if x has a simple majority over y at the
N,-complete profile r’. Specifically, the social welfare difference between z and y is the
difference between strict well-being rankings of x over y and of y over x. In the example,
assume that 9 individuals have a greater well-being level at x than at y, 7 individuals
have a greater well-being level at y than at z, and 4 individuals have an equal well-being
level at x and y given r’. That is, 3 of the remaining actual individuals favor z, while

5 of them favor y. The social welfare difference between x and y is 9 — 7 = 2.

Social choice must be made given r and not given 7. A welfarist policymaker faces
the statistical problem to predict the social welfare difference given r. The sample
welfare difference is the difference in strict well-being rankings of z over y and of y

over z at r. In the example, this sample welfare difference is 6 — 2 = 4. Consider any
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statistical assumption such that a positive sample welfare difference is equivalent to a
positive expected social welfare difference.'* Given such an assumption, the SMR is the
appropriate FDRR for welfarist policymaking. It always chooses the alternative with a

favorable expected social welfare difference.

3. Social Rankings for Open Decision-Making: It is still assumed that society
aims to choose an alternative from X = {x,y}. However, it is now possible to either
decide for an alternative given incomplete profile r or for acquiring new information.
SRR ¢ is an Open Decision Ranking Rule (ODRR) if its social rankings relate to social
choice in the following way. As under a FDRR, (z,y) € ¢,(r) induces that = is chosen
and (y,x) € ¢,(r) implies that y is chosen. However, (z,y) € ¢s(r) now means that
the decision between x and y is postponed and new information on individual rankings
will be acquired. That is, r will be augmented.’> An ODRR will be needed if welfarist
policymakers can either choose an alternative given available well-being rankings or

decide to acquire more information.'%

Assume that the SMR is still employed as ERR. It yields a social welfare difference at
N,-complete profile ' and a sample welfare difference at incomplete profile r as before.
A positive sample welfare difference between x and y is arguably still necessary for a
strict social ranking of z over y under an ODRR. That is, a simple majority of x over
y at r is necessary for society to settle on x. But it might not be sufficient anymore.
One can argue that a “significant” sample welfare difference in favor of x is needed for
a strict social ranking of x over y. An ODRR might accordingly violate NIL.

Given the other conditions of Theorems 1-4, a decision for IER or IBI (AER or ABI)
means that a RMR (QMR) should be employed as ODRR. A RMR as ODRR specifies
a fixed sample welfare difference that an alternative needs to become the social choice.
A QMR as ODRR demands a quorum of favorable individual well-being rankings as
well as a positive sample welfare difference for that. In each case, a higher § (\) implies

that an alternative must meet a stricter requirement to become the social choice.!”

14 A simplistic assumption would be that each individual whose ranking over = and y is unknown at
r is equally likely to have a greater well-being level at x than at y and to have a greater well-being

level at y than at x.
15The definition can be generalized for more than two alternatives. One stops acquiring information

and chooses an alternative if and only if it is the unique best alternative under an ODRR.
16Elections with runoffs pose a different problem. If a runoff takes place, profile r consisting of

first-round ballots will not be augmented but replaced by a new profile of rankings over remaining

candidates.
17That is, decisiveness decreases. See Llamazares (2006) for a discussion of this property.
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4.4.2 Pull Ahead Indices for Extended Informational Inputs

This subsection discusses how the concept of a Pull Ahead Index can be extended
for richer informational inputs of aggregation. It gives two examples that are both

motivated by limitations of majority rules.

1. It is well-known that majority rules can lead to cyclic social rankings if there are

18 Specifically, the set of best alternatives is empty in

more than two alternatives.
that case. Both in a voting and in a policymaking context, this poses a problem for
majority rules as FDRRs and ODRRs.'® One way to deal with this issue is to weaken
ITA and let the Pull Ahead Index of x over y depend on individual rankings involving
third alternatives. One might argue that strict individual rankings of = over a third
alternative z and of z over y provide positive evidence for = over y. Call such rankings
favorable external rankings for x over y. It is possible to define an External Pull Ahead
Index that measures the smallest number of favorable external rankings for x over y

that x needs to take the social lead over y.

For example, [{(i,z) € N x X | (z,2) € p;i}| — {(i,2) € N x X | (2,x) € p;}| is the
Borda score of x at r. According to the y-Relative Borda Rule with natural number ~,
x socially ranks higher than y if and only if the difference in Borda scores of x and y is
at least 7.2° The critical properties of the y-Relative Borda Rule are that its External
Pull Ahead Index of x over y given no information is 7 and that this index in terms of
favorable rankings vis-a-vis third alternatives is twice as large as the Pull Ahead Index
of x over y in terms of favorable rankings of = over y. One strict individual ranking of

x over y gets twice the weight of an external favorable ranking.

2. In a voting context, individuals usually only submit incomplete preferences over
alternatives. But it is reasonable to consider interpersonal well-being level and difference
comparisons in social welfare evaluation (Sen, 1970, 2017; d’Aspremont and Gevers,
1977, 2002; Maskin, 1978; Weymark, 2016; chapters 2-3 of this thesis). SRRs do
not incorporate such extended informational inputs. Majority rules only depend on
intrapersonal well-being level comparisons and do not account for differences in well-

18A cyclic ranking is one of the form (z,9), (y, 2), (2, ) € ¢p(r).
9The discussed specification of a FDRR for more than two alternatives presupposes that the set of

best alternatives is non-empty at the fixed profile. Under the discussed specification of the ODRR,

information acquisition continues if there is no single best alternative.
20Different versions of the Borda rule are analyzed in Gérdenfors (1973), Young (1974), Nitzan and

Rubinstein (1981), Pattanaik (2002), Cullinan et al. (2014), Terzopoulou and Endriss (2021), Barbera
and Bossert (2023), and chapter 2 of this thesis.
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being levels or well-being differences between individuals.?!

One way to augment the input of aggregation is to consider information profiles which
capture interpersonally comparable utility differences between alternatives for individu-
als. An Extended Social Ranking Rule translates a profile of identified individual utility
differences between alternatives into a social ranking of alternatives.?? It is possible to
define an Extended Pull Ahead Index for the Extended Social Ranking Rule which
measures the sum of newly identified utility differences in favor of x over y that needs

to be surpassed for x to take the social lead over y.

According to the c-Relative Utilitarian Rule with non-negative real number ¢, x socially
ranks higher than y if and only if the sum of identified individual utility differences
between x and y is greater than c¢. The critical properties of this rule are that the
Extended Pull Ahead Index given no utility difference information is ¢ and that a
newly identified utility difference between x and y of 1 generally reduces the Extended
Pull Ahead Index of x over y by 1.

4.5 Conclusion

The present chapter has offered a new approach to aggregation. Pull Ahead Indices
measure necessary new favorable individual rankings for an alternative to take the
social lead over another alternative. Their richer informational content as compared
to social rankings allows to formulate novel conditions. Independence of Irrelevant
Alternatives, Anonymity, and Neutrality are equivalent to their classical counterparts
for social rankings on additive domains (Lemmas 1-3). The other introduced conditions

for Pull Ahead Indices do not have classical equivalents.

New class characterizations have been identified. Relative Majority Rules are distin-
guished by the fact that a levelled Pull Ahead Index is independent of (new) opposing
information (Theorems 1-2). The critical property of Quorum Majority Rules is that

favorable individual rankings accumulate and decrease a levelled Pull Ahead Index

2ITheorem 1 of chapter 2 characterizes the Simple Majority Relation as a social welfare evaluation
ordering for the case where there are no interpersonal well-being level and difference comparisons. The
employed normative conditions of Strong Pareto and Fundamental Equity yield other social welfare
evaluation orderings under different informational assumptions.

2Formally, such an extended profile can be defined as a collection of real numbers u(i,r,y), one
for each tuple of distinct alternatives z and y and each individual ¢ for whom the utility difference
between x and y is identified.
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(Theorems 3-4).

Positive Responsiveness is an attractive condition that is satisfied by all considered
majority rules. Together with the requirement that alternatives should not have an
implicit lead in terms of the Pull Ahead Index, it implies May’s Positive Responsiveness
(Lemma 4). This insight has been employed to establish new characterizations of the

Simple Majority Rule (Theorems 5-6, Propositions 1-2).

No Implicit Lead is a reasonable condition for social evaluation, voting, and policymak-
ing given a fixed informational basis. It provides an argument to employ the Simple
Majority Rule rather than qualified majority rules in these contexts. If it is possible to

acquire new information, Proper Relative or Quorum Majority Rules can be plausible.
The presented analysis suggests several relevant extensions.

1. One can also characterize other classes of majority rules with conditions on the Pull
Ahead Index. Call a quorum of favorable individual rankings in the sense of Quorum
Majority Rules a quorum of type (1). Majority rules with a quorum of type (2) specify
a number of overall strict individual rankings over a pair (z over y plus y over x)
that are necessary for a strict social ranking over the pair (see Houy, 2009; Jeong and
Ju, 2017). Compared to Relative and Quorum Majority Rules, their critical property
is that two new opposing individual rankings generally reduce a levelled Pull Ahead
Index by 2. Majority rules with a quorum of type (3) set up a number of overall known
individual rankings over a pair (strict plus indifferent) which are necessary for a strict
social ranking of the pair. In contrast to the other classes, a newly identified indifference

over x and y generally reduces the Pull Ahead Index of x over y by 1.

2. In the context of policymaking with information acquisition, two extensions are
interesting. First, it is relevant to consider rules where the required relative majority
(quorum) for a strict social ranking depends on sample and population size. If most
individual rankings are known, a small positive sample welfare difference can suffice
to establish a positive social welfare difference. Second, it is possible to allow for

incomplete social rankings that have a different meaning than equal social rankings.

3. For a comprehensive understanding of aggregation, it is relevant to examine the
discussed extensions of the Pull Ahead Index in more detail. The External Pull Ahead
Index in terms of new favorable rankings over third alternatives is particularly helpful
to analyze the introduced class of Relative Borda Rules. Likewise, the Extended Pull
Ahead Index in terms of new utility differences can be used to study the discussed class

of Relative Utilitarian Rules.
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As the identified results and potential extensions show, the Pull Ahead Index presents a
new and fruitful perspective on aggregation. This perspective is forward-looking. The
Index is not only concerned with the current social ranking and current majorities. It

is about pathways to new majorities.
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4.A Appendix

The Appendix has several parts. Results from the main text are proved in sections
4.A.1 to 4.A.4. The logical independence of the respective conditions from the charac-
terizations is demonstrated in section 4.A.5. Noted logical relations between conditions

from the main text are verified in section 4.A.6.

4.A.1 Proofs for Section 4.2.2

Lemma 1:

(a) Assume SRR ¢ on D satisfies ITA. Consider 7,7’ € D and distinct =,y € X such
that r|{z,y} = 7'|{z,y}. By IIA, that implies d,,(r) = d,,(r’). It follows that (z,y) €
(r) © dy(r) >0 dy, (1) >0 < (z,y) € ¢(r'). Hence, ¢ satisfies CIIA.

(b) Assume SRR ¢ on additive D satisfies CIIA. Take r,7" € D and distinct x,y € X
such that r|{z,y} = r'|{z,y}. Assume d,,(r) # dy(r"). Without loss of generality,
let dy,(r) < dgy(r'). In particular, d,,(r) < oo, so that there exists n* € INy with
dyy(r) = n*. Consider the corresponding N* C N and r* € D from the definition of
the PAL For i € N*, it is the case that 7}|{z,y} = r;|{z,y} = 0. Define v € S(X)V
such that, for all i € N*, ! =r;U{(x,y)}, and, for all i € N\ N*, r/ =r.. Since D is
additive, it follows that r” € D.

For each ¢ € N*, it is true that rf|{z,y} = {(x,y)} = r/|{z,y}. For each i € N\ N*,
ri{z,y} = ril{z,y} = ri|{zx,y} = r/|{z,y} holds. Taken together, that implies
r*{z,y} = r"|{x,y}. It is true by definition that (z,y) € ¢,(r*). By CIIA, that yields
(x,y) € ¢p(r"). In words, adding strict rankings of = over y for the n* individuals from
N* to 1’ leads to a strict social ranking of z over y. That is, dg,(r') < n* = dgy (7).
This contradicts the initial assumption d,, (1) < dg,(1"). Consequently, dy,(r) = dy, (1)
must hold, so that ¢ satisfies ITA.H

Lemma 2:

(a) Assume SRR ¢ on D satisfies A. Take 7,7’ € D and bijection 7 : N — N such that,
foralli e N, r; = r;(i). Consider distinct ,y € X. Due to A, it follows that d,,(r) =
dy, (). That yields (z,y) € ¢(r) < dy(r) >0 < dy(r') >0 < (z,y) € ¢(r'). Thus,
¢ satisfies CA.

(b) Assume SRR ¢ on additive D satisfies CA. Consider 7,7’ € D and bijection 7 :
N — N such that, for alli € N, r; = r;(i). Take distinct x,y € X. Assume d,,(r) #
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dyy(r"). Again, d,,(r) < duy(r") can be supposed without loss of generality. There exists
n* € Ny with n* = d,,(r) < co. Take the corresponding N* and r*. For all i € N*,
(,y), (y,2) & r; and thus (z,y), (y,z) & 1, holds. Define r” € S(X)N such that, for
each i € N*, r;/(i) = 7’;(1') U{(z,y)}, and, for each i € N\ N*, rg(i) =

that v € D as D is additive.

r;( 0 It follows

For i € N*, it is true that rj =r; U {(z,y)} = 1, U{(z,y)} =17 ;. Forie N\ N,
it is true that rf = r; = r ) =7 ;. By definition, (z,y) € ¢,(r*). As its antecedent is
satisfied with respect to 7* and r”, CA induces (z,y) € ¢,(r"). Adding strict rankings
of x over y for n* individuals to r’ generates a strict social ranking of x over y. In
contrast to the proof of Lemma 1, the relevant individuals are not the ones from N*,
but their counterparts under . Still, d,,(r") < n* = d,,(r) holds, contradicting the
initial assumption d,(r) < du,(r’). Hence, d, (1) = dyy(r") must hold, implying that ¢
satisfies A.H

Lemma 3:

(a) Assume SRR ¢ on D satisfies N. Consider r,r" € D and bijection o : X — X such
that, for all # € N and all z,y € X, (z,y) € r; & (0(x),0(y)) € ri. Take distinct
z,y € X. N implies dy,(r) = dy(y)o(z)(r’). That yields (x,y) € ¢(r) & dy.(r) >0 &
do(y)o(@)(T") > 0 (0(x),0(y)) € ¢(r'). Therefore, ¢ satisfies CN.

(b) Assume SRR ¢ on additive D satisfies CN. Take r,7" € D and bijection o : X — X
such that, for all i € N and all z,y € X, (z,y) € r; & (o(z),0(y)) € r;. Consider dis-
tinct x,y € X and define 2’ = o(z) and v’ = o(y). Assume dy, (1) # dyy (r'). Without
loss of generality, suppose du, (1) < dyy(r'). Take n* € Ny with n* = d,,(r) < oo and
the corresponding N* and r*. For i € N*, (z,y), (y,z) ¢ r; and hence (2/,v'), (v/,2) ¢
7! holds. Define r” € S(X)Y such that, for each i € N*, v/ = v/ U {(2',%/)}, and, for
each i € N\ N*, r! = r}. The additivity of D secures r” € D.

Consider i € N. Take a,b € X with {a,b} # {z,y}. It is true that (a,b) € rf &
(a,b) € r; & (0(a),0(b)) € rl, < (o(a),o(b)) € r!. It is also true that (y,z) € r} <
(y,x) ery & (Y,2)er, & (v,2') €r!. Assume i € N\ N*. Then, (z,y) € rf <

(x,y)er, & (2,y)er, & (o,y) er!. Assume i € N*. Then, (z,y) € rf and
(«',y') € r!. By definition, (z,y) € ¢,(r*). Because its antecedent holds with respect
to r* and 7, CN implies (2/,y') € ¢,(r"). Adding n* strict rankings of ' over ¢ to r’
induces that 2’ socially ranks higher than 3. But then d,, (') < n* = d,,(r) holds,
contradicting the assumption d,, (1) < dy, (1"). Accordingly, d,,(r) = dy (r") must be
true. That is, ¢ satisfies N.l
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4.A.2 Proofs for Section 4.3.1

For profile r € D and distinct z,y € X, denote N,,(r) = {it € N | (z,y) € pi},
Nys(r) ={i € N | (y,2) € pi}, Naay(r) ={i € N | (z,y) € si}, may(r) = [Nay(r)], and
Myz(r) = |Nyo(r)|. If 7 and {x,y} are clear from the context, denote N,, = N, (r),

Nyw = Nyo(r), Ng = N ay(r), Mgy = Mgy (1), My, = my,(r), and m = min{my,, my, }.

Theorem 1:
“=": Assume SRR ¢ on Dy C D C Dp satisfies ITA, III, PR, and TER.

Define 6 = d,,(r), where r € D is any profile containing no strict individual rankings
and z,y € X are any distinct alternatives. In view of 7’ € D, such a profile exists.
To see that § is well-defined, consider any other profile ' € D containing no strict
individual rankings and any other distinct o',y € X. By III, it follows that d,,(r) =
dyry (r"). In particular, dg,(r) = dy,(r) holds. This can only be true if dg,(r) > 0,
implying § > 0. Due to PR(a) of ¢ and the fact that r € Dp, ¢ is finite.

It is to be established that ¢ is the -RMR. To do so, consider r € D and distinct
xz,y € X. Since r € Dp, my, < 0o and m,, < oo. Relabel individuals from V., and
Ny, such that Ny, = {i1, ..., In,, } and Nyz = {71, .-, . }-

To show that ¢ is the -RMR, the following equivalence must be verified:

(x,y) € d(r) & myy +5 —1>my, (4.1)

Step 1: Define r° € D, in the following way. For i € Ny, set r¥ = {(z,y), (y,x)}. For
i € N\ Ng, set v = (). Profile ¥ contains the indifferent individual rankings of {z,y}
from r, and nothing else. By assumption, v’ € D. As there are no strict individual
rankings under 7%, IIT implies du, (1) = dy,(r°) = 6.

Step 2: If m = 0, continue with Step 3. If m > 0, inductively define a sequence
of profiles r%, ...,r™ in the following way. For each t € {1,...,m}, set v = {(x,y)},
rt. = {(y,2)}, and, for all k € N\ {i, 5.}, ri, = ri,'. Profile r is subsequently
augmented by pairs of rankings from r. For each pair, one individual strictly ranks
x over y and the other ranks y over x. For all t € {1,....m}, " € Dy, so that r* €
D holds by assumption. By IER, it is true that, for all ¢t € {1,...,m}, dg,(r" ') =
Ay (1'71) = 8 = dyy (r') = dye(r') = 8. Together with dpy (1) = d,.(r°) = 4, it follows
that dg, (1™) = dy, (™) = 6.

Step 3: Define " = r|{x,y} € D,. It contains all individual rankings over {x,y}
from 7, and nothing else. By assumption, * € D. Show “=" of equivalence (4.2) by
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demonstrating my, > my, + 6 — 1 = (z,y) & ¢(r").

(z,9) € ¢(r") & myy +0 — 1> my, (4.2)

Assume my,; > mg, +06 —1. That is, my, > mg, + 0 and m,, = m. Inductively define a
sequence of profiles r™, ...,r™= € D in the following way. For each t € {m + 1, ...,my,},
set 7t = {(y,x)}, and, for all k € N\ {ji}, ri = ri". By construction, r" = r™ is
generated by augmenting 7™ with the rankings of individuals jy,11, ..., jm,, Who favor
y over x. As shown, d,,(r™) = ¢ > 0. Due to PR(b), the PAI for y is reduced by at
least one with each element of the sequence, respectively. Because m,, —m > ¢, there
exists t* € {m + 1,...,my, } such that d,,(r"") = 0. The repeated application of PR(c)
to the sequence after t* yields d,.(r") = 0. It follows that (y,z) € ¢,(r"). That is,

(z,y) ¢ o(r").

Step 4: Establish “«<” of equivalence (4.2). Assume my, +6 —1 > my,. Again,
dy,(r™) = 0 > 0. Distinguish three cases.

First, assume m,, = m,, = m. In that case, r™ = r". Since d,,(r") > 0, it follows that
(y,z) & ¢p(r") and in turn (z,y) € ¢(r").

Second, assume mg, > m,, = m. Analogous to Step 3, inductively define a sequence
of profiles 7™, ..., € D such that, for each t € {m+1,....,mg}, ri, = {(x,y)},
and, for all k € N\ {i,}, 7t = r."'. Profile 7" = r™sv is constructed by augmenting

,,,.m

with the rankings of individuals 4,41, ...,%m,, Who strictly rank x over y. The
repeated application of PR(d) to the sequence yields dy,(r") > d,.(r™). Together with

dye(r™) > 0, it follows that (y,z) ¢ ¢,(r"). That is, (z,y) € ¢(r").

Third, assume my, > m,, = m. Assume (y,z) € ¢,(r"). But r" is generated by
augmenting ™ with m,, — m individual rankings favoring y over x. Since my, —m <
0 —1 < 6, that implies d,(r™) < 6. This is a contradiction to dy,(r™) = . Therefore,
(y,7) & ¢p(r") and in turn (z,y) € ¢(r") must hold.

Step 5: Due to Lemma 1, ¢ satisfies CITA. It is true by construction that r|{z,y} =
r"{x,y}. Accordingly, CIIA implies (z,y) € ¢(r) < (z,y) € ¢(r"). Combined with
equivalence (4.2), that yields equivalence (4.1). It has been established that ¢ is the
J-RMR.

“<”: Suppose that ¢ is the 6-RMR on D = Dp. It is the case that d,,(r) =
maz{my,(r)—mg,(r)+0,0}. The PAI is always finite because [{i € N | r;|{z,y} = 0}| =

Q.
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Consider 7,7 € D and distinct z,y € X with r|{z,y} = »'|{z,y}. For alli € N,
i € Nyy(r) & (z,y) € pi & (2,y) € pi & i € Nyy(r'). That implies N, (1) = Ny, (')
and hence mg,(r) = my,(1"). Analogously, it is the case that N, (r) = N, (r") and
My (1) = my,(r’). Taken together, it follows that d,,(r) = max{my,(r) — mg,(r) +
9,0} = max{my, (") — may(r') + 0,0} = dyy(r"). Thus, ¢ satisfies IIA.

Take r,7" € D such that, for all z,y € X and all i € N, (x,y) € r;, = (z,y) € s;
and (z,y) € vl = (z,y) € s;. Consider z,y,2’,y € X with x # y and 2’ # y'. By
assumption, it is true that mg, (r) = my,(r) = mu (r') = myw(r') = 0. It follows that
dyy (1) = max{my, (r) —my,(r)+6,0} = 0 = max{my . (r") =M, (1) +5,0} = dyy (17).
Accordingly, ¢ satisfies I11.

Consider r € D and distinct z,y € X. As d,y(r) < oo, ¢ satisfies PR(a). Take 7’ € D
and ¢ € N such that (x,y), (y, ) §é ri, o= r; U{(z,y)}, and, for all k € N\ {i},
T = Tk Since i & Ny (1), Ny (1) = Nyy(r) U {3}, and Ny, (1) = Ny, (r), it follows that

Mgy (1) = Mgy () + 1 and my, (1) = mym(r).

For (b) of PR, assume d,,(r) > 0. That is, dyy(r) = my,(r) — mg(r) + 90 > 0. It
follows that my,(r") — mgy (1) + 0 = my,(r) — myy(r) — 1+ 0 > 0 and thus d,,(r') =
My (1) — Mgy (') + 9. Taken together, that implies dy, (1) = My, (1) — My, (') + 6 <
Myz (1) — Mgy (r) + & = dyy(r). For (c), assume d,,(r) = 0. That implies my,(r’) —
My (1) + 0 < Mye (1) — Mgy (r) + 0 < 0. Accordingly, d,,(r") = 0. For (d), distinguish
two cases. First, assume dy,(r) = 0. That immediately implies d, (") > dy.(r).
Second, assume d,,(r) > 0. It follows that 0 < dy, (1) = myy(r) — my(r) + 9 <
My (17) — My (17) + 0 = dyy(r'). Therefore, ¢ satisfies PR.

Consider r,7" € D, distinct z,y € X, and 4,5 € N such that (z,y),(y,x) ¢ r,Ur;j,
ri = U{(x,y)}, 75 = r; U{(y,2)}, and, for all K € N\ {4,j}, r, = 7. Assume
dey(r) = dye(r) > 0. It follows that dy,(r) = my(r) — may(r) + 0 and dy(r) =
My (1) — My (r) + 9. That yields my,(r) = my,(r) and thus d,,(r) = J. It is true that
i & Nyy(r), Nuy(r') = Nyy(r) U{i}, j & Nyo(r), Nyo(r') = Ny (r) U {j}. That implies
My (17) = Mgy (1) + 1, My (1') = my,(r) + 1, and in turn my, (r') = my,(1"). It follows
that du, (") = max{m,, (") — (7“ )+ 0,0} =0 = max{my,(r') — my,(r') + 6,0} =
dy, (). That is, dyy (1) = dya(r ) dyy(r). Hence, ¢ satisfies IER.H

Theorem 2:
“=": Assume SRR ¢ on Dy C D C Dy satisfies ITA, A, N, PR, and IBI.

Define § = d,,(r?) for v’ € D and any distinct 2,y € X. To see that J is well-defined,
consider any other distinct z’,y" € X. Take bijection o : X — X such that o(z) = 2’/
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and o(y ) y. For all i € N and all a,b € X, (a,b),(c(a),o(b)) ¢ r¥ and thus
(a b) € 1! < (o(a),o(b)) € r). By N, it follows that dy,(r?) = dy, (r?). In particular,
dey(r?) = dye(17), s0 that § > 0. PR(a) secures § < oc.

It will be demonstrated that ¢ is the -RMR. Consider r € D and distinct z,y € X.
Again, relabel individuals from N,, and N, such that Ny, = {i1, ..., m,, } and Ny, =
{J1, - mye - Define N = {i1,...,0n} and N}, = {j1, ..., jm}. It must be established
that equivalence (4.1) from the proof of Theorem 1 holds.

Consider profile 7 € Dy which looks like this:
( ) For i € Nalfy’ T {(fE y)}

( ) For i € Ngl;:m 7 {(y7 )}

(C> For i € Nd> 7’1 - {(‘ray>7 (y,l‘)}

(d) Fori € N\ (N,, UN,,UNg), r;=0.

Consider profile " € D, which looks like this:

(a) Fori € N, rl {(y,x)}.
(b) Fori e N/, r! = {(z,y)}.

ym’ %

)
(c) For i € Ny, r! ={(z,y), (y,x)}.
(d) Fori e N\ (N;y UN,, U Ng), i = 0.

By assumption, 7/, € D. Consider bijection ¢ : X — X such that o(x) =y, o(y) = «,
and, for all z € X \ {z,y}, o(z) = z. Fori € N, it is true that (z,y) € v} < (y,z) € r/,
(y,x) € rl & (x,y) € r!, and, for a,b € X with {a,b} # {z,y}, (a,b),(c(a),o(b)) ¢
riJr!. That is, for all ¢ € N and all a,b € X, (a,b) € v} < (0(a),o(b)) € r!. Hence,
N implies dy, (1) = dye(r") and dy,(r'") = dgy (r").

Consider bijection 7 : N — N such that, for all t € {1,...,m}, 7(i;) = j: and 7(j) = iz,
and, for all i € N\ (N, UN,,), 7(i) = i. By construction, it is true that, for all
i € N, ri =r],. Dueto A, it follows that dyy(r') = duy(r") and dy,(r') = dys(r").
Together with the last paragraph, it follows that d,,(r") = dwy( ) = dy,(r"). By
PR(a), du, (") = dy.(r') < oo. IBI and the fact that d,,(r?) = ) = § yield

dzy(r/) = dyZ(T/) = dwy(T@) = 0.

Recognize that r’ is identical to r™ in “=" from the proof of Theorem 1. Accordingly,
one can repeat Steps 3-5 from that proof, employing PR and ITA. That establishes
equivalence (4.1), so that ¢ is the -RMR.

“<”: Suppose that ¢ is the 0-RMR on D = Dp. Again, it is true that d,,(r) =
maz{my;(r) — myy(r) +9,0}. Due to Theorem 1, ¢ satisfies IIA and PR.
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Consider r,7" € D and bijection # : N — N such that, for all i € N, r; = 7";(1')'
Take distinct z,y € X. For all i € N, i € Nyy(r) < (z,y) € pi & (2,y) € Py <
(i) € Nyy(r'), implying my, (1) = my,(1'). Likewise, my,(r) = my,(r'). It follows that
dyy (1) = max{my,(r) —mg,(r)+6,0} = max{my,(r") —ma, (r')+6,0} = dyy(r"). Thus,
¢ satisfies A.

Take r,r" € D and bijection o : X — X such that, for all i € N and all z,y € X,
(x,y) € r; < (0(x),0(y)) € ri. Consider distinct 2,y € X and denote 2’ = o(x) as well
asy =o(y). Foralli € N,i € N,(r) & (x,y) € p; & (2,y) € P, & i € Nyy(r'),
so that my,(r) = myu (r'). Analogously, my,(r) = my.("). That implies d,,(r) =
max{my;(r) — Mg, (r) + 6,0} = maz{my (r') — my, (') + 0,0} = dp, (1'). Hence, ¢
satisfies N.

Consider r,r" € D and distinct z,y € X with duy(r) = dy.(r) and dg, (') = dy.(r').
As shown in the paragraph on IER in “<” from the proof of Theorem 1, that implies
My (1) = Mye(r) and my, (r') = my,(r'). It follows that d,,(r) = max{m,,(r) —
May (1) + 9,0} = § = max{my, (r") — my, (") + 6,0} = d,y (r"). Consequently, ¢ satisfies
IBI.A

4.A.3 Proofs for Section 4.3.2
Theorem 3:
“=": Assume SRR ¢ on Dy C D C Dy satisfies ITA, III, PR, and AER.

Define A = d,,(r) for any distinct z,y € X and any r € D without strict individual
rankings. As argued in the proof of Theorem 1, III and PR of ¢ secure that A is
well-defined, finite, and positive. The following argument will establish that ¢ is the
A-QMR.

Consider r € D and distinct x,y € X. Again, relabel individuals from N,, and Ny,
such that Ny, = {i1,...,%m,, } and Ny, = {j1, ., Jm,. |-

To establish that ¢ is the A-QMR, the following is to be shown:

(z,y) € ¢(r) & max{mgyy, A — 1} > my, (4.3)

Step 1: Construct r° € D as in the proof of Theorem 1. As discussed in Step 1 from
that proof, III implies d,, (r°) = dy. () = A.

Step 2: If m = 0, continue with Step 3. If m > 0, construct the sequence of profiles
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0, ...,r™ from the proof of Theorem 1. That is, for each ¢t € {1,...,m}, ! = {(z,y)},
Tﬁt = {(y, z)}, and, for all &k € N\ {iy, 5}, . = 7"2_1. Again, for all t € {1,...,m},
rt € D holds. By AER of ¢, it is the case that, for all ¢ € {1,....,m}, dg,(r'™') =
dye(r'™1) = maz{\ — (t = 1),1} = duy(r') = dye(rt) = maz{\ —t,1}. Together with
day(r?) = dyo(r?) = A, it follows that dyy(r™) = dyo(r™) = maz{\ —m, 1}.

Step 3: Again, define r"* = r|{z,y} € D. Demonstrate “=" of equivalence (4.4) by
verifying my, > max{mg,, A — 1} = (z,y) ¢ o(r").

(2,y) € ¢(r") & maz{mg,, A — 1} > my, (4.4)

Assume my, > max{mg,, A — 1}. That is, m,, = m. Inductively define the se-
quence of profiles ™, ..., € D from the proof of Theorem 1. That is, for each
te{m+1,..,my}, rh ={(y,x)}, and, for all k € N\ {ji}, i, = ri”". In particular,
rh =™ As it is true that dy,(r™) = maz{\ —m, 1}, distinguish two cases.

First, assume d,,.(r™) = 1. By PR(b), it follows that d,,(r™*') = 0. The repeated
application of PR(c) to the sequence then induces d,,(r") = 0. That is, (y,z) € ¢,(r")

holds, implying (z,y) & ¢(r").

Second, assume d,, (1) = A —m > 1. By PR(b), the PAI for y is reduced by at
least one with each element of the sequence, respectively. Since my, > A — 1, it is
true that m,, —m > A\ —m. Accordingly, there exists t* € {m + 1, ...,m,,} such that
dye(r'") = 0. The repeated application of PR(c) to the sequence after ¢* again leads to
dy:(r") = 0 and thus to (y,z) € ¢,(r"). That implies (z,y) & ¢(r").

Step 4: Show “<” of equivalence (4.4). Assume max{my,, A—1} > m,,. Once again,

dy: (™) = maz{\ —m, 1}. Distinguish three cases.

First, assume m,, = m,, = m, so that r™ = r". Because d,.(r™) > 0, it follows that

(y,2) ¢ ¢p(r") and thus (z,y) € ¢(r").

Second, assume mg, > m,, = m. Again, inductively define the sequence of profiles
™, ...,r™v € D such that, for each t € {m+1,...,my,}, 7, = {(x,y)}, and, for all
k€ N\ {i}, rt = ri"'. In particular, 7" = r™=v. The repeated application of PR(d)
to the sequence leads to dy,(r") > d,.(r™). Combined with the fact that d,.(r™) > 0,
that implies (y,x) ¢ ¢,(r") and thus (x,y) € ¢(r").

Third, assume my, > mg, = m. By assumption, that implies A — 1 > m,,. It follows
that A —m > my, —m > 0. Accordingly, d,.(r™) = A —m. Assume (y,z) € ¢,(r").

Now, 7" is generated by augmenting ™ with m,, —m strict individual rankings of y over
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x. That implies d,,(r™) < my, —m < A —m. This is a contradiction. Consequently,
(y,z) & ¢p(r") must hold, implying (z,y) € ¢(r").

Step 5: Repeat Step 5 from the proof of Theorem 1 to show that ITA (CIIA) yields
(1,y) € ¢(r) & (x,9) € ¢(r"). Together with the fact that equivalence (4.4) holds, it
follows that equivalence (4.3) is true. SRR ¢ is the \-QMR.

“<”: Suppose that ¢ is the A-QMR on D = Dp. The PAI d,,(r) looks like this. If
My (1) > Mgy (1), then dyy (r) = mye(r) — may (1) + maz{\ — my,(r), 1}. If my,(r) >
My (1), then dyy(r) = max{\ — my,(r),0}. In any case, the PAI is finite since [{i €
N | ril{z,y} = 0} = occ.

Take r,7’ € D and distinct z,y € X with r|{z,y} = r'[{z,y}. As shown in the proof
of Theorem 1, that implies my,(r) = my,(r") and my,(r) = my,(r’). First, assume
Myz (1) > Mgy (). It follows that my, (1) > my, (') and dg,(r) = my,(r) — mg,(r) +
Max{A\—my, (1), 1} = mye (r') —mg, (r')+maz{A—my, (r"), 1} = d,,(r’). Second, assume
Mgy (1) > My, (r). That implies my, (1) > my, (") and d, (1) = max{\ — mg,(r),0} =

max{\ — myy(r'),0} = dy,(r’"). Hence, ¢ satisfies IIA.

Consider r,7" € D such that, for all z,y € X and all i € N, (z,y) € r; = (x,y) € s;
and (z,y) € r. = (x,y) € s,. Take x,y, 2,y € X with x # y and 2/ # ¢, It
follows that my,(r) = my(r) = myy (') = myy (') = 0. That in turn implies
oy (1) = Mya (1) = My (r) + maz{A —mye(r), 1} = A = myer (') — may (r') + maz{A —
My (1'), 1} = dyryy (7). Therefore, ¢ satisfies I11.

Take r € D and distinct z,y € X. As discussed, d,,(r) < oo holds, so that ¢ satisfies
PR(a). Consider " € D and i € N such that (z,y),(y,x) ¢ i, 7. = r; U{(z,9)},
and, for all k € N\ {i}, 7, = rx. As discussed in the proof of Theorem 1, that implies

Moy (17) = Mgy (1) + 1 and my, (1) = my,(r).

For PR(b), assume dy,(r) > 0. First, assume my, (1) = m,,(r). That implies mg,(r') >
My (7). Accordingly, d, (1) = maz{A\—my,(r), 1} and d,, (') = maz{A\—my,(r’),0} =
max{\ — mgy(r) — 1,0}, If A —my,(r) < 1, then A — my,(r) —1 < 0 and thus
doy(1") = 0 < 1 = dyy(r). If X —myy(r) > 1, then A\ — my,(r) —1 > 0 and in turn
Ay (1) = X = Mgy (1) — 1 <X — Mgy (1) = dyy (7).

Second, assume My, (r) > my,(r), Implying mg,(r') > my,(r'). Since dyy(r) > 0, it
follows that dg,(r) = max{\ — myy(r),0} = X — my,(r) and in turn A — my,(r') =
A — mgy(r) —1 > 0. Taken together, that implies d,, (") = max{\ — mg,('),0} =
A=y (1) < XA—=mgy(r) = dyy(r). Third, assume my, (1) > my,(r), implying my, (') >
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My (17). Tt follows that dy, (1) = My, (1) — Mgy (1) + maz{ X — my,(r'), 1} < my,(r) —
My (1) + max{\ — my,(r), 1} = dyy(r). In any case, dqy (") < day(r).

For PR(c), assume d,,(r) = 0, implying (z,y) € ¢,(r). On the one hand, it follows
that mg, (r') > my, (1) > my,(r) = my,(1"). On the other hand, my, (') > mg,(r) > A.
Taken together, that implies d, (") = maz{\ — my,(r'),0} = 0.

For PR(d), assume my,, (1) > my,(r) first. That yields my, (') > my,(r’). If maz{\ —
May (1), 1} = 1, then dy,(r) = myy(r) — my(r) + max{\ — myy,(r),1} = my,(r) —
My (1) +1 < Mgy (177) =gy (77) Fmaz{ A —myy (r'), 1} = dyo(r'). I maz{A—my,(r), 1} =
A=y (1) > 1, then dy, (1) = Mgy (1) =My, (1) +max{A\—mgy (1), 1} = Mgy (r) —my.(r)+
A = My (1) = A = mye (') = Mgy (1) = mya(r') + X = My (r') < Mgy (r') — mye (') +

max{\ — myy(r'), 1} = dy(r').

Second, assume My, (1) < my,(r), implying mg, (1) < my,(r'). If dy,(r) = 0, then
automatically dy, (1) < dy,(r"). Assume dy, (1) > 0. If my, (1") = my,(r'), then dy,(r) =
maz{A — myy(r),0} = X — my (1) = X — Mgy (r') < myy (') — my(r')+ maz{\ —
My (1), 1} = dye(r").  If myy, (') < my, (1), then dy,(r) = max{\ — my,(r),0} =
A — My (") = maz{\ — my,(r'),0} = d,.(r"). Consequently, ¢ satisfies PR.

Consider r,7" € D, distinct z,y € X, and i,j € N such that (z,y),(y,z) ¢ r, Urj,
ri =1 U{(z,y)}, v = r; U{(y,2)}, and, for all k € N\ {3, j}, r), = rp. Assume
dyy(r) = dyz(r) > 0. Assume myy(r) > my,(r). That implies d,,(r) = max{\ —
My (1), 0F = X — Mgy (1) < Mgy (1) — My (1) + maz{A — myy(r),1} = dy,(r). This is a
contradiction. Since my, (1) < my,(r) leads to an analogous contradiction, it must be

true that my, (r) = my,(r).

As discussed in the proof of Theorem 1, the structure of r and r’ implies my, (') =
My (1) + 1, My (1) = my,(r) + 1, and thus my, (") = my, (') It is true that d,,(r) =
dyz (1) = maz{\ — my,(r),1} and d., (") = dy(r'") = max{\ — my,(r'),1}. Assume
dyy(r) = dyy(r) > 1, that is, duy(r) = dy(r) = A — my,(r) > 1. It follows that
A=y, (1) > 1, so that duy (1) = dye(r') = X —my, (1) = A —my(r) — 1 = dg(r) — 1.
Assume dy(r) = dy,(r) = 1. That implies A — my,(r) < 1 and thus A — m,, (") < 1.
Hence, d,, (1) = dy,(r") = 1. That is, ¢ satisfies AER.H

Theorem 4:

“=7: Assume SRR ¢ on Dy C D C Dp satisfies IIA, A, N, PR, and ABI. Define
A = dyy (r?), where '’ € D and x,y € X are any distinct alternatives. As shown in the
proof of Theorem 2, N and PR make sure that X is well-defined, finite, and positive.
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Show that ¢ is the A-QMR. For that purpose, consider r € D and distinct z,y € X
and establish equivalence (4.3) from the proof of Theorem 3. Reconsider profile r™
from the proof of Theorem 1. As argued in the proof of Theorem 2, A and N imply
ey (r™) = dyo(r™). Since m = {i € N | (z,y) € p/"}| = {i € N | (y,x) € p["}|, ABI
induces dg, (r'™) = dy,(r™) = mazx{\ —m, 1}. It is accordingly possible to repeat Steps
3-5 from the proof of Theorem 3, using PR and ITA. That establishes ¢ as the \-QMR.

“<”: Suppose that ¢ is the -QMR on D = Dp. Again, PAI d,,(r) takes the following
form. If my,(r) > myy(r), then dyy(r) = my.(r) — myy(r) + max{\ — my,(r),1}. If
Mgy (1) > My (r), then dyy(r) = maz{\ — my,(r),0}. By Theorem 3, ¢ satisfies ITA
and PR.

Take r,r" € D and bijection w : N — N such that, for all i € N, r; = r;(i). Consider
distinct 2,y € X. As discussed in the proof of Theorem 2, that implies 1, (1) = My, (1)
and my, (1) = my(r'). If my.(r) > mg,(r), then my, (") > my,(r"). It follows that
Aoy (r) = Mye(r) — myy(r) + maz{X — my,(r),1} = my(r') — ma(r') + maz{\ —
My (1), 1} = dyyy (1) I Mgy (1) > my, (1), then my, (1) > my,(r'). That yields d,,(r) =
maz{A — myy(r),0} = max{\ — myy(r'),0} = dyy(17). In any case, dyy(r) = dyy(r’)
holds. Therefore, ¢ satisfies A.

Consider r,7" € D and bijection o : X — X such that, for all i € N and all z,y € X,
(x,y) € r; < (0(x),0(y)) € ri. Take distinct z,y € X and denote 2’ = o(x) as well as
y' = o(y). The proof of Theorem 2 yields mg,(r) = my, (') and my,(r) = my (1), If
My (1) > Mgy (1), then my s (r') > myny ('), That implies dyy (1) = My, (1) — Mgy (r) +
mMax{A\—my; (1), 1} = My (1) =gy (') Fmaz{A\—=my s (1'), 1} = dyy (7). mgy(r) >
My (1), then my, (') > my(r'). It follows that dy,(r) = maz{\A — my(r),0} =
maz{\ — Mgy (r'),0} = dyy (r'). Anyway, dyy(r) = dy,y (') holds. Thus, ¢ satisfies N.

Take r,7? € D and distinct 2,y € X such that d,,(r) = d,.(r). Due to the paragraph
on AER in “«<” from the proof of Theorem 3, it follows that my,(r) = my,(r). This
yields dy,(r) = maz{\ — m,,(r),1}. It is also true that m,,(r?) = m,.(r?) = 0,
implying d,,(r’) = A. Taken together, that induces d,,(r) = maz{d,,(r®) — m.,(r), 1}.
Consequently, ¢ satisfies ABI.H

4.A.4 Proofs for Section 4.3.3

Corollary 1:
For “=", assume SRR ¢ on Dy C D C Drp satisfies IIA, III, PR, IER, and AER. By
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Theorems 1 and 3, there exist §, A\ € IN such that ¢ is the -RMR and the M\-QMR.
Consider r € D with distinct z,y € X and N', N” C N, where |N’'| = |[N"| = A. For
alli € N', r; = {(x,y)}, for all i € N", r; = {(y,2)}, and, for all i € N\ (N'UN"),
r; = (0. That is, there are A individuals known to rank x higher than y and the same
number of individuals known to rank y higher than x at r € Ds. Since ¢ is the A-QMR,
it is the case that dy,(r) = dy.(r) = 1. As ¢ is the 5-RMR, it is likewise true that
dyy(r) = dy(r) = 4. It follows that 6 = 1 and in turn A = 1. SRR ¢ is the SMR.
For “<” consult Theorems 1 and 3 to see that SMR ¢ satisfies ITA, III, PR, IER, and
AERon D =Dr.1

Corollary 2:

For “=", assume SRR ¢ on Dy C D C Dy satisfies IIA, A, N, PR, IBI, and ABI. Due
to Theorems 2 and 4, there exist §, A € N such that ¢ is the 6-RMR and the \-QMR.
As shown in the proof of Corollary 1, that yields 6 = A = 1, so that ¢ is the SMR. For
“«<" recognize that SMR ¢ satisfies ITA, A, N, PR, IBI, and ABI on D = Dy due to
Theorems 1, 2, and 4.1

Lemma 4:

(a) Assume SRR ¢ on one-additive D satisfies MPR. Consider r € D and distinct
z,y € X with dgy(r) < dys(r). Assume d,y,(r) > 0. That implies d,(r) > 1. By
assumption, there exists ' € D with ¢ € N such that, for all & € N\ {i}, r|, = 7y,
(z,vy), (y,x) ¢ ri, and 7, = r; U {(y,z)}. By MPR of ¢, it follows that d,, (") = 0. But
that yields d,(r) < 1, contradicting d,,(r) > 1. Therefore, d,,(r) = 0 must hold, so
that ¢ satisfies NIL.

(b) Assume SRR ¢ on D C Dp satisfies PR and NIL. Take r,r" € D, distinct z,y € X,
and i € N such that, forall k € N\ {i}, r}, = &, (x,9), (y,x) ¢ r; and r, = r;U{(z,y)}.
Assume dy,(r) > 0. First, suppose dy, () = 0. Due to PR(c), that induces d,,(r") = 0.
Second, assume d,(r) > 0. By NIL, that implies dy,(r) = d,.(r). PR(a) secures
dyy(r) < 0o. The combination of PR(b) and PR(d) yields d,, (1) < dyy(r) = dy (1) <
dy,(1"). Due to NIL, it follows that d,,(r") = 0. Accordingly, ¢ satisfies MPR.H

Proposition 1:

“=": Assume SRR ¢ on Dy C D C Dy satisfies ITA, III, ER, and MPR. Take r € D
and distinct z,y € X. Once again, rename individuals such that Ny, = {i,...,%m,, }
and Ny, = {j1, ..., jm,. }- To show that ¢ is the SMR, equivalence (4.1) from the proof
of Theorem 1 with § =1 is to be demonstrated.

Reconsider 7°,7" € D from the proof of Theorem 1. Because r° only contains equal
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individual rankings of {z,y}, III implies d,, (r®) = d,.(r%).

Reconsider the sequence of profiles r°,...,7™ € D from the proof of Theorem 1. For
cach t € {1,...,m}, rl, = {(z,y)}, rl, = {(y.x)}, and, for all k € N\ {iy, ji}, vl =7} "
ER of ¢ implies that, for all ¢t € {1,...,m}, dp(r'™) = dye(r'™1) = duy (r") = dyu(1).
Together with d,, (r®) = d,.(r?), that yields d,,(r™) = d,.(r™) > 0.

To show “=" of equivalence (4.2) from the proof of Theorem 1 with § = 1, assume
Myy > Mgy = m. Reconsider the sequence of profiles r™,...,r™v € D such that, for
eacht € {m+1,....,my,}, r5 ={(y,2)}, and, for all k € N\ {j;}, ri, = r;,". By MPR,
it follows that, for each t € {m +1,....;my.}, dpy(r'™) > 0 implies d,,.(r") = 0 and
thus d,(r') > 0. Combined with d,,(r™) > 0, this yields d,,.(r") = dy.(r™=) = 0 and

(z,y) ¢ o(r").

For “<” of equivalence (4.2), assume m,, > my,. If my, = m,, = m, then r" = r™.
Due to dy,(r™) > 0, that implies (z,y) € ¢(r"). Assume m,, > m,, = m. Construct
™, ...,r" € D such that, for each t € {m+1,...,mg,}, i, = {(z,y)}, and, for all
ke N\ {i,}, rt =, '. Analogously, MPR induces that, for each t € {m + 1,...,my,},
dye(r'™') > 0 implies d,,(r") = 0 and d.(r") > 0. Due to d,.(r™) > 0, it follows that
Ay (1) = dyy (r™=v) = 0 and hence (z,y) € ¢(r").

As shown in the proof of Theorem 1, equivalence (4.2) and ITA (CITA) imply equivalence
(4.1). In the present case, § = 1. Consequently, ¢ is the SMR.

“«<": Assume that ¢ is the SMR on D = Dp. By Theorem 1, ¢ satisfies IIA, III, and
IER. It thus satisfies ER in particular. Consider r,7" € D, distinct x,y € X, and i € N
such that, for all k € N\ {i}, r}, = 1, (x,9),(y,x) ¢ r; as well as v} = r; U {(z,y)}.
Assume d,,(r) > 0. That implies (z,y) € ¢(r) and in turn mg,(r) > my,(r). Since
My (1) = Mgy (1) +1 > My (1) = My, (1), it follows that (z,y) € ¢,(r') and d,, (") = 0.
SMR ¢ satisfies MPR.H

Theorem 5:

For “=7 assume SRR ¢ on Dy C D C Dy satisfies IIA, III, PR, ER, and NIL. By
Lemma 4(b), ¢ satisfies MPR. Accordingly, Proposition 1 implies that ¢ is the SMR.
For “«<” assume that ¢ is the SMR on D = Dp. Due to Theorem 1 and Proposition
1, ¢ satisfies IIA, III, PR, ER, and MPR. Since D is one-additive, ¢ satisfies NIL by
Lemma 4(a).H

Proposition 2:
“=": Assume SRR ¢ on Dy C D C Dy satisfies IIA, A, N, and MPR. Consider r € D
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and distinct z,y € X. Reconsider r™ € D from the proof of Theorem 1. Consult
the proof of Theorem 2 to show that A and N imply d,,(r™) = dy,(r™) > 0. From
there, follow the proof of Proposition 1 to establish equivalence (4.1) from the proof of
Theorem 1 with § = 1. This requires MPR and IIA. Accordingly, ¢ is the SMR.

“«<": Assume that ¢ is the SMR on D = Dpg. Due to Theorems 1 and 2, as well as
Proposition 1, ¢ satisfies ITA, A, N, and MPR.H

Theorem 6:

For “="_ assume SRR ¢ on Dy C D C Dp satisfies [TA, A, N, PR, and NIL. Again, ¢
satisfies MPR by Lemma 4(b). Due to Proposition 2, it follows that ¢ is the SMR. On
the other hand, SMR ¢ on D = Dy satisfies ITA, A, N, PR, and NIL due to Theorems
1, 2, and 5. That establishes “<=” .1

4.A.5 Independence of Conditions from Characterizations

For the remainder of the Appendix, assume D = Dp. For r € S(X)¥, distinct z,y € X,
and i € N, define n,,(p;) = 1 if (x,y) € p; and 17,y (p;) = 0 if (x,y) ¢ p;. Define 7,,(r)
in the following way. Set 7,,(r) = 1 if there exist z € X \ {z,y} and £k € N such
that (z,2) € pg. Set 7,,(r) = 0 otherwise. Employ the conventions co + a = oo and

max{oo,a} = oo for each a € R. Take the following four SRRs.

SRR ¢ on D = Dy is the Universal Social Indifference Rule (USIR) if, for all
r € D and all distinct z,y € X, (z,y) € ¢(r).

SRR ¢ on D = Dp is a Tiebreaking Majority Rule (TMR) with linear tiebreaking
ordering rr € S(X) if, for all » € D and all distinct z,y € X with (z,y) € pr,

{ie N[ (z,y) ep}l = {i e N|(y,2) € pi}| = (z,y) € dp(r),

{ie N[ (z.y) ep}t <{ieN|[(y,z) €p} = (y,2) € dp(r).

SRR ¢ on D = Dy is a Distinguished Individual Majority Rule (DIMR) if there
exists k € N such that, for all » € D and all distinct z,y € X,

(l’, y) € ¢(T> ~ ZiGN\{k} nmy(pi) + % : nwy(pk;) Z ZieN\{k} ny(pz‘) + % : nyx(pk)-

SRR ¢ on D = Dy is the External Majority Rule (EMR) if, for all » € D and all
distinct x,y € X,

(z,y) € o(r) & [{i € N | (z,y) € pi}| + Tay(r) = i € N | (y,2) € pi}| + 7ya(r).

Table 4.2 is an extension of Table 4.1 and summarizes which SRRs satisfy which con-
ditions on D = Dp, respectively. The properties of USIR, TMR, DIMR, and EMR are
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ITA| A | N |IIIl | PR|MPR | NIL | ER | IER | IBI | AER | ABI
SMR vV [ VIV VIV v v v v v v v
PRMR | v |V |V |V | V v v v
PQMR | v |V |V |V | V v v v
USIR | vV |V |V |V v v v v v v
T™R | v |V v v v v v v v v
DIMR | v VIV Y v v v v
EMR VIV Vv |V v v v v v v v
Table 4.2: SRRs and PAI Conditions
T1 | T2 | T3 | T4 | Ts | Te | C1|C2|P1|P2
PRMR X | X | X | X | X | X
PQMR X X | X
USIR X X | X | x | X | x| x| x
TMR X X | X | X | x| X | x| X
DIMR X X | X | X X | X | X
EMR | X | X | X | X | X | X | X | X | x| X

Table 4.3: Independence of Conditions from Characterizations

verified in Propositions A.5.1-A.5.4, respectively. Table 4.3 shows which combinations
of SRRs establish the independence of the conditions from the respective results. For
example, the conditions that characterize the class of RMRs in Theorem 1 are inde-
pendent as a PQMR violates ITER, the USIR violates PR, a TMR violates III, and the
EMR violates ITA. They satisfy the remaining three conditions, respectively.

Proposition A.5.1:

USIR ¢ on D = Dy satisfies ITA, A, N, III, NIL, ER, IER, IBI, AER, and ABI, but
violates PR and MPR.

Proof:

For r € D and distinct z,y € X, the PAI of z over y is d,,(r) = co. No matter how
many strict individual rankings of x over y are added, x will never socially rank higher
than y under USIR ¢.

Since [{i € N | r|{z,y} = 0}| = oo holds for r € D and distinct z,y € X, PR(a)
would demand d,,(r) < co. Thus, ¢ violates PR. Consider r?.r € D, distinct z,y € X,
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and ¢ € N such that, for all k € N\ {i}, 7z = 0 and r; = {(z,y)}. It is true that
dye(r?) = 00 > 0. MPR would demand d,,(r) = 0. In contrast, ¢ violates the condition

because d,, (1) = oo.

USIR ¢ satisfies ITA, A, N, III, IER (and thus ER), IBI, and ABI because their respective
conclusions are always satisfied. That will be true in particular if their antecedents
hold, respectively. For ABI, consider 7,7 € D and distinct z,y € X. It is true that
dey(1) = 00 = max{oo —my, (1), 1} = mar{d., (r’) —m.,(r), 1}. USIR ¢ satisfies AER.
To see that, take r,r’ € D and distinct z,y € X. On the one hand, antecedent (b)
never holds. On the other hand, the conclusion for antecedent (a) always holds because
dyy(1") = dyy (") = 00 = 00 — 1 = d,y(r) — 1. The antecedent of NIL is never satisfied.
There are no r € D and distinct z,y € X with d,,(r) < dy.(r). Hence, ¢ satisfies the
condition.ll

Proposition A.5.2:

TMR ¢ with linear tiebreaking ordering ry € S(X) on D = Dp satisfies IIA, A, PR,
MPR, NIL, ER, IER, IBI, AER, and ABI, but violates N and III.

Proof:

For r € D and distinct z,y € X with (z,y) € pp, it is the case that dg,(r) =

max{my,(r) — mqy(r),0} and dy.(r) = maz{mg,(r) — my(r) + 1, 0}.

Consider r? € D and distinct z,y € X with (z,y) € pp. As discussed, both N and III
would demand d,.,(r?) = d,,(r?), respectively. But in fact, dy,(r?) = 0 < 1 = d.(r?).
Consequently, ¢ violates N and III.

Take r,7" € D and distinct x,y € X with (z,y) € pr such that r|{z,y} = r'|{z,y}.
As discussed in the proof of Theorem 1, that implies my, (1) = my, (") and my,(r) =
My (r'). It follows that dy, (r) = max{my.(r)—mg,(r), 0} = max{my,(r')—ma,(r'),0} =
dyy(1"). Likewise, dy,(r) = maz{myg,(r) — my,(r) + 1,0} = max{ma,(r') — my(r') +
1,0} = dy,(r'). Accordingly, ¢ satisfies IIA.

Consider r,7" € D and bijection m : N — N such that, for all : € N, r; = r;(i). Take
distinet x,y € X with (z,y) € pr. As discussed in the proof of Theorem 2, it is the
case that my,(r) = mgy(r’) and my,(r) = my,(r"). As shown in the last paragraph,
that yields dy, (1) = dyuy (1) and dy, (1) = dy,(1"). Therefore, ¢ satisfies A.

Take r € D and distinct =,y € X. TMR ¢ satisfies PR(a) because d,,(r) < oo.
Consider " € D and i € N such that (z,y), (y,z) ¢ r;, v, = r; U{(x,y)}, and, for all

)

ke N\ {i}, r, = ry. It follows that my, (r') > my,(r) and my, (") = my,(r).
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Assume dg,(r) > 0. If dyy(r") = 0, then duy(r') < dyy(r). Assume dg,(r') > 0. If
(x,y) € pr, then dyy (") = my, (17) = Mgy (1) < Mye (1) —mgy (1) = dyy(r). If (y, x) € pr,
then dg, (1) = My (1) — Mgy (') + 1 < my(r) — myy(r) + 1 = dyy(r). This verifies
PR(b) of ¢. Assume d,, (1) = 0. That implies mg, (r") > Mgy (r) > my(r) = my,(r'). It
follows that (z,y) € ¢,(r’) and d,,(r") = 0. This is true no matter whether (z,y) € pr
or (y,x) € pr holds. Hence, ¢ satisfies PR(c).

If dy,(r) = 0, then dy,(r) < dy,(1"). Assume dy,(r) > 0. If (z,y) € pr, then 0 <
dyz (1) = Mgy (r) — My (1) + 1 < Mgy (1) — My (r') + 1 = dy(r'). If (y,2) € pr, then
0 < dys (1) = Mgy (1) — My (r) < Mgy (") — my. (") = dy(r’). Because (d) also holds, ¢
satisfies PR.

Again, assume d,,(r) > 0. It follows that (x,y) € ¢,(r) and myy(r) > my,(r). That
yields myg, (') > myy(r) > my(r) = my, (") and thus d,, (") = 0. TMR ¢ satisfies
MPR and, by Lemma 4(a), NIL.

Each of the antecedents of ER, IER, IBI, AER, and ABI presupposes that there exist
r € D and distinct z,y € X with d,y(r) = dy,(r), respectively. That implies (z,y) €
¢s(r). But there are no equal social rankings under ¢, so that the antecedents of the

five conditions never hold, respectively. Hence, ¢ satisfies these conditions.Hl

Proposition A.5.3:

DIMR ¢ with distinguished individual & € N on D = Dp satisfies ITA, N, III, PR,
MPR, NIL, IBI, and ABI, but violates A, ER, IER, and AER.

Proof:

For r € D and distinct z,y € X, it is the case that dy,(r) = maz{[ ;e ) My (Ps) +

% My (Pr) — ZieN\{k} Nay(Pi) — % “May(pr)] +1,0}.%

Consider distinct z,y € X and 7?7 € D such that 7, = {(x,y)}, r; = {(y,2)}, and, for
alli € N\ {k, j},r = 0. Since ZieN\{k} nxy(p?)+%'ﬁmy(p2) =0= ZieN\{k} nya;(P?)Jr%'
Nye(PY), it follows that d,, (r?) = 1 = d,,(r?). ER would hence require d,, (1) = d,.(r).
However, ZiEN\{k} Nay(Pi) + % My (Pr) = % <1l= ZieN\{k} Ny (Pi) + % “Nya (i) Tt 18
true that (y,z) € ¢,(r) and dyy(r) = 1 > 0 = dy,(r). Consequently, ¢ violates ER. In
particular, it violates IER and AER.

In addition to r, take ' € D such that r, = {(y,2)}, v} = {(v,y)}, and, for all
i€ N\{k,j}, r; = 0. Construct bijection 7 : N — N such that n(k) = j, n(j) = k,
and, for all © € N\ {k,j}, 7(i) = i. For all © € N, it is the case that r; = r/,.

ZFor a € R, |a] is the largest b € Z with b < a.
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A would impose dyy(r) = duy(r'). But >, n gy Moy (D7) + Sy =1 > 4 =

d
> ien (k) Mye (PF) + My (D)) That is, dyy(r) > 0 = dyy(r'). Therefore, ¢ violates A.

Consider 7,7 € D and distinct x,y € X such that r|{z,y} = r'|{z,y}. Foralli e N,
ny(Pz‘) - ny(Pg) and ny(pi) - ny(pé)- That yields dmy(T) - mam{ LZzGN\{k} ny (pl) +
% Myz (Pr) — ZieN\{k} Nay(Di) — % MNay(Pr)] +1,0} = maz{ LZieN\{k} Myz (D7) + % My (D) —
ZiEN\{k} nxy(pé) - % * Ty (p;c)J +1, 0} = dacy (TI)- Accordingly, ¢ satisfies IIA.

Take r,7" € D and bijection o : X — X such that, for all i € N and all z,y € X,
(x,y) € ri & (o(z),0(y)) € ri. Consider distinct z,y € X and denote 2’ = o(z) and
y = o(y). Forall i € N, nyy(pi) = nwy (P;) and 0y (pi) = Ny (p;). That induces
dyy(r) = maz{ LZieN\{k} Mya(Pi) + % “Mya (Pr) — ZieN\{k} Nay(Pi) — % “Nay(Pr)] +1,0} =
maz{ LZieN\{k} My (P}) + % Ny (D)) _ZieN\{k} Nary (P;) — % Nary (D) |1, 0} = dary (1),
Thus, ¢ satisfies N.

Consider r,7" € D such that, for all z,y € X and alli € N, (z,y) € r;, = (z,y) € s;
and (z,y) € r. = (z,y) € s,. Take z,y,2',y € X with x # y and 2’ # y'. As neither
r nor r’ contains strict individual rankings, it is the case that >,y ) 7ay(Pi) + L1
Nay(Pr) = 0 = ZieN\{k} Mye(pi) + % *1ye (Pr) and ZieN\{k} Nary (P}) + % Moy (P) =0 =
D ien gk My (PF) + Ny (p),). That is, dyy(r) =1 = dyy (r'). Hence, ¢ satisfies I1I.
Take r € D and distinct z,y € X. Due to d,,(r) < oo, ¢ satisfies PR(a). Consider
r" € D and j € N such that (z,y), (y,v) & 1, r; = r;U{(7,y)}, and, for alli € N\ {j},
ri = r;. For each i € N, myy(p;) > nay(pi) and 1y, (p) = nya(pi). Moreover, Uzy(p;) =
1> 0= nay(p))-

Assume d,, (1) > 0. If dy (r') = 0, then dyy (1) < dyy(r). Assume d,, () > 0. Suppose
j = ]{?, so that nzy(pk) - 77ym<pk> - nym(p;;) - 07 nmy(pé;) - 17 ZieN\{k} nmy(p;) -
Dien\irt Moy (Pi); and 3o nn gy Mya (D7) = D sen gy Mye(Pi)- 1t follows that dgy (r) =
[ ien iy e (P5) + 5 e () = 2iennpay Moy (P5) — 5 My (D) ] 1 = [ 2 senn oy M (92) —
Zz’eN\{k} Nay(Pi) — %J +1= zz‘eN\{k} Mys(Pi) — ZieN\{k} Nay(Pi) < ZieN\{k} Mye(Pi) —
ZieN\{k} Nay(Pi) + 1 = day(r).

Suppose j # k. That induces 1.y (p}) = Nay(Pr): Nya(Pk) = Mye(Pr), ZieN\{k} Ny (D) =
D ieniky ey (Pi) + 1, and 3w gy e (PF) = Dien qry My (pi) - 1t follows that day (r') =
LZieN\{k} nyar,(p;)—i_%'nym(p;c)_ZieN\{k} nmy(pé)—%'ﬁxy(p;ﬂ +1= ineN\{k} ”ym(pi)+%'
Mye (Pk) = 2 ie v\ (i) My (i) =5 Tay (D) | < [ ieniny nyr(pi)+%'77yx(pk)_zieN\{k} ey (Pi)
—% Nay(pk)] +1 =dyy(r). DIMR ¢ satisfies PR(b).

Asstume dy (1) = 0. That implies Yy, g Ty () + 3 Ty (1) > Cican ey o (22) + &
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ny(Pk) > ZieN\{k} ny(pi) + % *Myz (pk) = ZieN\{k} 77yx<p;> + % *Myz (p;c> It follows that
dyy (") = 0, so that ¢ satisfies PR(c).

By construction, dy,(r") = max{ LZieN\{k} Nay (D7) + % May (D) — ZieN\{k} Mye (P}) — % :
Mye (P),)] +1,0} = max{ LZieN\{k} Nay(Pi) + % My (Pr) — Zz’eN\{k} Mye (Pi) — % My (Pr) |
+1,0} = dy.(r). As this establishes (d), ¢ satisfies PR.

Consider 7,7’ € D, distinct x,y € X, and j € N such that, for all i € N\ {j}, v} = r,
(z,9), (y,x) & rj, and 1% = r; U{(x,y)}. Assume dy(r) > 0. The latter implies
(z,y) € ¢(r). It follows that ZieN\{k} Nay (D7) + % Ny (Py) > ZieN\{k} Nay(Pi) + % :
Nay(Pk) 2 2 ien (i My (Pi) + 5 Mya(pr) = D ien (i} e (P) + 3 Mye(py)- That yields
(z,y) € ¢p(r') and dyy(r') = 0. Accordingly, ¢ satisfies MPR. By Lemma 4(a), it also
satisfies NIL.

Take r% r,7 € D and distinct 7,y € X such that do,(r) = dy.(r) and d., (1) =
dye(r'). That means (z,y) € ds(r) N @s(r'). In turn, 3=\ o ey (D) + 5 Ny (Pr) =
ZiEN\{k’} Nyx (pz> + % : nyx(pk) and ZieN\{k} nfﬁy(p;) + % : ny(m) - ZiEN\{k’} Myz (pﬁ) + % ’
Ny (P),)- It follows that d,, (1) = 1 = d,y(r"). Consequently, ¢ satisfies IBI. As discussed
before, d,, (r?) = 1, implying d,, (1) = 1 = max{d,(r®) — mu,(r),1}. Therefore, ¢ also
satisfies ABL.H

Proposition A.5.4:

EMR ¢ on D = Dy satisfies A, N, III, PR, MPR, NIL, ER, IER, IBI, AER, and ABI,
but, for |X| > 3, violates IIA.

Proof:

For r € D and distinct z,y € X, it is true that dg, (r) = maz{my, (r)+ 7, (r) —mg,(r) —
Toy(r) + 1,0}

Consider distinct x,y,2 € X, i € N, and v?,r € D such that r; = {(x,2)} and, for all
k€ N\{i}, . = 0. Since r’|{x,y} = r|{z,y}, IIA would demand d,, (1) = d,(r).
However, m,(r?) + 7.,(1?) = 0 = my (1) + 7,.(r?) and my, (r) + 74, (r) = 1 > 0 =
Mye (1) + Tye(r). That is, dyy(r’) =1 > 0 = d,, (). Accordingly, ¢ violates ITA.

Take r,7" € D and bijection w : N — N such that, for all i € N, r; = r;(i). Consider
distinct z,y € X. As discussed in the proof of Theorem 2, it is true that my,(r) =
Mgy (r') and my, (1) = my,(r"). Moreover, 7., () = Ty (") and 7,,(r) = 7,(1"). It
follows that d,(r) = max{my,(r) + Tye(r) — Myy(r) — Tay (1) + 1,0} = max{m,, (') +
Tyz(T") = Mgy (1) — Ty (') + 1,0} = dyy (r'). Thus, ¢ satisfies A.

Consider r,r" € D and bijection o : X — X such that, for all i € N and all 2,y € X,
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(x,y) € 1, < (o(x),0(y)) € ri. Take distinct z,y € X. As verified in the proof
of Theorem 2, it is the case that M.y (1) = Me(@)e) () and my.(r) = Meg)e@ ().
Assume 74, (r) = 1. There exist z € X \ {z,y} and ¢ € N such that (z,z) € p;.
It follows that (o(z),0(z)) € p,. Since o is a bijection, o(z) € X \{o(z),0(y)},
Implying T,y (1") = 1. Assume T,(g)o(y) (') = 1. There exist z € X \ {o(x),0(y)}
and 7 € N such that (o(z),2) € p,. That implies (z,07'(2)) € p;. Because o is a
bijection, 07! (z) € X \ {z,y}, so that 7,,(r) = 1. That induces 7,,(r) = To(@)o@) ().
Analogously, 7,.(1) = To@)e() (7). It follows that dy,(r) = max{my.(r) + 7.(r) —
May (1) = Ty (1) + 1, 0} = maz{mo)o(@) (1) + To o) (") = Mo@o) (1) = To@o(y) () +
1,0} = do(a)o(y)(1’). Hence, ¢ satisfies N.

Take r,7" € D such that, for all x,y € X and alli € N, (z,y) € r;, = (z,y) € s; and
(x,y) € rl = (x,y) € si. Consider z,y,2’',y" € X with x # y and 2’ # /. Since there
are neither strict individual rankings under r nor 7, it follows that mg, () = my.(r) =
Tuy(1) = Tyo(r) = 0 as well as My (r') = My (r') = Ty (r') = 7y (r’) = 0. That
implies d, (1) = 1 = dyy (1"). Therefore, ¢ satisfies II1.

Consider r € D and distinct z,y € X. Since d,, () < oo, ¢ satisfies PR(a). Take
r" € D and i € N such that (z,y), (y,x) & i, 7, = r;U{(x,y)}, and, for all k € N\ {i},
1, = 1. As discussed in the proof of Theorem 1, that implies my, (r') = my,(r)+1 and

My (1) = My (). Moreover, 7, (1) = 74y, (1) and 7, (1) = 7. (7).

Assume dyy (1) > 0. If dyy (') = 0, then dyy (1) < dyy (7). Assume d,, (") > 0. It follows
that dyy (1) = My (1) + 7y (") — My (17) — Tuy (") + 1 < Mye (1) + 7y (1) — Mgy (1) —
Tuy(r) + 1 = dyy(r). That verifies PR(b) of ¢. Assume d,,(r) = 0. It follows that
My (7") + Ty (7)) — Mgy (') — oy (17) + 1 < My (7) + Ty (1) — Mgy (1) — Ty (1) + 1 < 0.
That yields d,,(r") = 0, so that ¢ satisfies PR(c). If d,(r) = 0, then dy, (") > dy.(r).
Assume dy,(r) > 0. It follows that dy, (1") > My (1) + Ty (') — My (7') — 7 (1") +1 >
Mgy (1) A+ Ty (1) =1y (1) =Ty (1) +1 = (7). That yields PR(d). Accordingly, ¢ satisfies
PR.

Take r,r’ € D, distinct x,y € X, and ¢ € N such that, for all k € N\ {i}, r, = 7,
(z,y),(y,x) ¢ r;, and 7} = 1, U{(x,y)}. Assume d,,(r) > 0. It follows that mg,(r') =
Maglr) 1, () = (1), Ta (1) = Tay(1), Tyalr”) = 7o), and (z,9) € 3(r). That
yields Mgy (1) + Ty (17) > Mgy (1) + Ty (1) > My (1) + 70 (1) = My (17) + 72 ("), Thus,
(x,y) € ¢p(r') and dyy(r') = 0. EMR ¢ satisfies MPR. By Lemma 4(a), it also satisfies
NIL.

Consider r,7" € D, distinct z,y € X, and i,j € N such that (z,y),(y,z) ¢ r Urj,
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rp =1 U{(z,9)}, v = r; U{(y,2)}, and, for all k € N\ {3, j}, r), = rp. Assume
dyy(r) = dye(r) > 0. That is, (z,y) € ¢s(r), Implying M, (1) + 7wy (1) = My, (1) + 7y (7).
In particular, dg,(r) = max{my(r) + 7yz(r) — May(r) — 72y (r) + 1,0} = 1. It is true
that mg, (1) = mgy (r) + 1, my, (1) = my,(r) + 1, 74y (1) = 70y (r), and 7, (r") = 7y (r).
That yields muy (1) 4+ Tuy (') = mye(r’) + 7 (r’). It follows that d,, (") =1 = dy.(1').
Consequently, ¢ satisfies IER (and thus ER). As shown, d,, (1) = d,,(r) implies d, (1) =
dy;(r) =1 and in turn d,,(r") = dy.(r’") = 1. Hence, ¢ also satisfies AER.

Take r,7" € D and distinct =,y € X such that d,,(r) = dy.(r) and dg, (1) = dy.(1").
Again, that implies 1, (1) 4 Ty (1) = Mye (1) 4+ Tyo () and mg, (1) + 74y (1) = mye(r') +
Tz (r'). Tt follows that d,, (r) = 1 = d,,(r'). Therefore, ¢ satisfies IBL. Since d,(r?) = 1,
it is moreover true that d,(r) = 1 = max{d,,(r’) —m.,(r), 1}. Accordingly, ¢ satisfies

ABLE

4.A.6 Further Logical Relations

In the remainder of the Appendix, further logical relations between conditions on D =
Dy are explored. To begin with, it is shown that MPR is weaker than the following
version of May’s Positive Responsiveness. It is concerned with improvements of an
alternative in a broader sense. For instance, the property also applies if an individual

indifference changes into a strict ranking.

SRR ¢ on D satisfies Classical May Positive Responsiveness (CMPR) if, for all
r,r’ € D, distinct z,y € X, and i € N such that, for all £ € N\ {i}, v, = ry, and
either (a) (x,y) & r;, v, = r;U{(z,y)} or (b) (y,z) & 7}, r; = ri U{(y,x)}, it is the case
that (z,y) € ¢(r) = (z,y) € ¢,(r').*

Proposition A.6.1:

(a) If SRR ¢ satisfies CMPR, then ¢ satisfies MPR.

(b) There exists SRR ¢ on D = Dy that satisfies MPR, but violates CMPR.

Proof:

(a) Assume SRR ¢ on D satisfies CMPR. Consider 7,7’ € D, distinct z,y € X, and
i € N such that, for all £ € N\ {i}, r}, = r, and (x,y), (y,x) & r; as well as r} =
r; U{(z,y)}. Assume dy,(r) > 0. That is, (z,y) € ¢(r). By CMPR of ¢, it follows that

24 As May’s (1952) original formulation, CMPR considers a ranking improvement for a single person.
Recent contributions use formulations where several individual improvements can occur at once. There

is a straightforward connection, as multiple improvements are covered by applying CMPR several times.
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(x,y) € ¢p(r'), so that d,,(r") = 0. Thus, ¢ satisfies MPR.

(b) Consider SRR ¢ on D = Dp which looks like this. Take a linear ordering r; €
S(X). For a distinguished pair of distinct alternatives z,y € X, (z,y) € ¢(r) &
{ie N|(z,y) epi}| > {i€ N|(y,z) €r;}| for each r € D. Likewise, (y,z) €
o(r) & {ite N|(y,x) eri}| > |[{i € N | (z,y) € p;}| for each r € D. While |{i €
N | (z,y) € p;}| < oo, it is possible that [{i € N | (y,z) € r;}| = oo. For all distinct
alternatives 2/, ¢y’ € X with {2/, y'} # {x,y}, (2/,v) € é(r) & («/, ) € 7y.

Consider 7,7’ € D, distinct 2/, € X, and k € N such that, for all i € N\ {k},
ri =1, (2,Y), (Y, 2") & ri as well as r;, = r, U{(2',y/)}. Assume dy,s(r) > 0. That
is, (/,y') € ¢(r). First, assume {2/,y'} # {x,y}. By construction, it follows that
(«',y') € pr, implying (2/,y') € ¢,(1’") and in turn d,,(r') = 0.

Second, assume ' = x and y' = y. That is, dy,(r) > 0 and (z,y) € ¢(r). It follows
that [{i € N | (z,y) € pi}[ > {i € N | (z,9) € pi}| = Hi e N[ (y,2) eri}| = [{i €
N | (y,x) € r;}|. That yields (z,y) € ¢,(r") and hence d.,(r') = dy,y (") = 0. Third,
assume ¢’ = y and y' = x. That means d,,(r) > 0 and (y,z) € ¢(r). It follows
that [{i € N | (y,z) eri}| > [{ie N|(z,y)ep}t = {i € N | (z,9) epi}|. I
{i € N | (y,z) € r;}| = oo, then clearly [{i € N | (y,x) € ri}| > [{i € N | (z,y) € p}|.
If[{i e N | (y,z) €r;}| < oo, then |{i € N | (y,z) eri}|=|{i € N| (y,x) € ri}| + 1.
Again, [{i € N | (y,z) e ri} > {i € N | (z,y) € p;}|. In any case, (y,z) € ¢,(1’), so
that dy,(r') = dyy (') = 0. SRR ¢ satisfies MPR.

Take r,7" € D and i,j € N such that r; = {(y,2)}, ri = {(y,2), (z,y)}, v} = 7r; =
{(z,y)}, and, for all k € N\ {i,j}, v, = rx = 0. Since (z,y) € ¢s(r), CMPR would
demand (x,y) € ¢,(r’). But in fact, (x,y) € ¢s(r’). Therefore, ¢ violates CMPR.H

PR+MPR (PR+-CMPR): A PRMR (a PQMR) on Dy satisfies PR, but violates
MPR and thus CMPR.

CMPR+=PR (MPR=+PR): Consider SRR ¢ on D = Dp which is imposed with
linear ordering r; € S(X) such that, for all » € D and all distinct z,y € X, (z,y) €
é(r) < (z,y) € ;. Forr,r’ € D and distinct z,y € X, (z,y) € ¢(r) implies (x,y) € pr,
which in turn implies (z,y) € ¢,(r’'). That will be true in particular if the antecedent
of CMPR holds. SRR ¢ satisfies the condition (and thus MPR). But ¢ violates PR.
For z,y € X with (v,y) € py, it is true that d,, () = oo, violating PR(a).

Due to USIR and PRMR, it is true that NIL-MPR, NIL=PR, and PR-NIL on
Dp. That is, PR and NIL are logically independent.
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The following is a version of Cancellation for incomplete individual rankings. Proposi-
tion A.6.2 shows that IER is a weakening of the condition.

SRR ¢ on D satisfies Cancellation (C) if, for all r,7" € D, distinct z,y € X, and
i,j € N such that (z,y), (y,z) & r; Ury, i = r; U{(z,y)}, rj = 7, U{(y, )}, and, for
all k € N\ {i,7}, r. = 7k, it is the case that (z,y) € ¢(r) < (z,y) € o(1).

Proposition A.6.2:

(a) If SRR ¢ on D = Dy satisfies C, then ¢ satisfies IER.

(b) There exists SRR ¢ on D = Dy which satisfies IER, but violates C.

Proof:

(a) Assume SRR ¢ on D = Dp satisfies C. Consider r, 7" € D, distinct z,y € X, and
i,j € N such that (z,y), (y,z) & r; Ury, i = r U{(z,y)}, r; = 7, U{(y,2)}, and, for
all k € N\ {i,7}, r. = r. Assume dyy (1) = dy,(r) = n.

Suppose dg, (') = n' < n. That is, there exists r” € D where n’ individuals are added
to 7’ who do not rank {z,y} at " and rank z higher than y at r” and (z,y) € ¢,(r").

"€ D which is the same as " except that the strict individual rankings of

Consider r
i and j over {z,y} are removed. By C of ¢, it is true that (x,y) € ¢,(r""). But r"”
is constructed by adding n’ strict individual rankings of x over y to r. That leads to
the contradiction d,,(r) < n' < n. Accordingly, d,,(r’) > n must hold. The analogous

argument yields d,(r") > n.

In case n = 00, it follows that dy,(r') = dy.(r") = dyy(r) = 0o. Assume n < co. Let 7!
be the profile where new strict rankings of x over y for n individuals are added to r, so

that (x,y) € ¢,(r'). Denote this set of n individuals as N'. Distinguish four cases.

First, suppose 4,5 ¢ N!, so that i and j do not rank {z,y} at 7'. Let 72 € D be the
profile which is the same as r! except that i ranks x higher than y and j ranks y higher
than 2. By C of ¢, it is true that (z,y) € ¢,(r?). But r? is generated from r’ by adding
n new strict individual rankings of z over y to r’. Thus, d,,(r'") < n.

Second, suppose i € N' and j ¢ N'. Consider k € N \ {j} who does not rank {z,y} at
r!. Let r? € D be the profile which is the same as ! except that k ranks z higher than
y and j ranks y higher than . Due to C of ¢, it follows that (x,y) € ¢,(r?). Profile 2
is the same as 1’ except that n new strict individual rankings of z over y are added to

r’. Hence, dy,y (1) < n.

Third, suppose i ¢ N* and j € N'. Consider k, k' € N \ {i} who do not rank {z,y}
at r!. Let 72 € D be the profile which is the same as r! except that k ranks x higher
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than y and &’ ranks y higher than z. Let 73 € D be the profile which is the same as
r? except that j and &’ do not rank {z,y} anymore. Finally, let r* € D be the profile
which is the same as r® except that 4 ranks z higher than y and j ranks y higher than
x. By C of ¢, the initial strict social ranking of x over y at ! is kept in every step,
so that (x,y) € ¢,(r*). Profile r* is the same as r’ except that n new strict individual
rankings of x over y are added to r’. Therefore, d,,(r'") < n.

Fourth, suppose i,7 € N'. Reconsider r® from the last paragraph. Take k” € N\ {j}

who does not rank {z,y} at r®. Let r* € D be the profile which is the same as 73

except
that k” ranks x higher than y and j ranks y higher than z. Condition C still secures that
the social ranking of {z,y} remains invariant in every step, implying (z,y) € ¢,(r?).
Again, r* is the same as 7’ except that n new strict individual rankings of = over y are

added to r’. Accordingly, d,,(r") < n.

Taken together, it has been established that d,,(r') < n and d,, (") > n, so that
n. It follows that d,,(r") =

dyy(r") = n. The analogous reasoning yields d,,(r’)
dys(r") = dyy(r). SRR ¢ satisfies IER.

(b) Consider SRR ¢ on D = Dp which coincides with the SMR on every r € D
with 7 # 7%, On r? € D, alternatives are socially ranked according to an external
linear ordering r; € S(X). Take r,r" € D, distinct z,y € X, and i,5 € N such that
(z,9), (y, o) ¢ ri Ury, mi =1 U{(z,y)}, 7 = r; U{(y,2)}, and, for all k € N\ {i,j},
i = rg. Assume dg,(r) = d,.(r). That implies (z,y) € ¢(r) and in turn r, " # 7%
It follows that d,, (") = dy.(r") = duy(r) = 1. Hence, ¢ satisfies IER. In contrast,
consider r € D, i,j € N, and distinct 2,y € X with (z,y) € p; such that r; = {(z,y)},
r; = {(y,2)}, and, for all k € N\ {i,j}, re = 0. It follows that (z,y) € ¢,(r?) and
(x,y) € ¢s(r). Thus, ¢ violates C.H

(AERAABI)=C: A PQMR on Dy satisfies AER and ABI, but violates C.
C+(AERVABI): A PRMR on Dp satisfies C, but violates AER and ABI.
IBI#IER (IBI#C): A DIMR on Dy satisfies IBI, but violates IER (and thus C).

C=+IBI (IER=+IBI): Consider SRR ¢ on D = Dp with distinguished individual
k € N. It socially ranks distinct x and y at profile » € D in the following way. If
(x,y) € sk, then x and y are socially ranked as under the 2-RMR. If (z,y) ¢ sy,
they are ranked as under the SMR. Take r,r’ € D, distinct z,y € X, and i,7 € N
such that (v,y),(y,z) ¢ rUr;, = r U{(2,y)}, 15 = 7 U{(y,2)}, and, for all

l € N\{i,j}, rj = r. If (z,y) € sg, then (z,y) € s,. In that case, (z,y) € ¢(r) <
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May (1) +1 > My (1) < Mgy (r') +1 > my, (1) & (x,y) € ¢(r'). If (z,y) ¢ sk, then
(z,y) ¢ si.. In that case, (z,y) € @(r) & Myy(r) > My, (1) & My (r') > my,(r') <
(z,y) € ¢(r"). Taken together, ¢ satisfies C and thus IER. Consider 7, r € D with
r = {(z,), (y,z)} and, for alli € N\ {k}, r; = 0. It is true that d,,(r?) = d,.(r?) = 1
and d,, (1) = dy,(r) = 2. Hence, ¢ violates IBI.

AER=+ABI: Reconsider SRR ¢ from the last paragraph, but now assume that, if
(x,y) € sk, then z and y are socially ranked as under the 2-QMR at r € D. Consider
r,r’ € D, distinct z,y € X, and 4,5 € N such that (z,y),(y,z) ¢ rnUr;, r, =
riU{(z,y)}, v = r;U{(y, z)}, foralll € N\ {4, 7}, ] = ri. Assume dg, (1) = dyo(r) >
Now, (x,y) ¢ s implies (z,y) ¢ s;, and dyy (1) = dy(r") = dyy(r) = dy(r) =
Suppose (z,y) € si, implying (x,y) € s,. If my,(r) = my,(r) = 0, then d,y(r)
dy(r) = 2 and dyy(r') = dy(r") = 1. If myy(r) = my.(r) > 0, then d,,(r') =
dyo(r') = duy(r) = dyo(r) = 1. Therefore, ¢ satisfies AER. Reconsider 7,7 € D
with 7, = {(2,¥), (y,2)} and, for all i € N\ {k}, r; = 0. Still, d,,, (") = d,.(+?) = 1
and d,, (1) = dy,(r) = 2. Accordingly, ¢ violates ABL

— O

ABI+#AER: A DIMR on Dy satisfies ABI and violates AER.

(ITAAAAN)=III: Consider the following simple majority rule with quorum. An alter-
native socially ranks higher than another alternative if the former has a simple majority
over the latter and there are at least 5 strict or indifferent individual rankings over the
pair. Otherwise, the pair socially ranks equally. The rule satisfies IIA, A, and N,
but violates III on D = Dp. For the latter, consider 7?,r € D, i € N, and distinct
z,y € X such that r; = {(x,y), (y,x)} and, for all k € N\ {i}, r, = 0. It is true that

doy(r?) = 5 # 4 = dyy (r).
(ITAANAANAIIT)#=ER: Take SRR ¢ on D = Dy which looks like this. If there are at

most 2 strict individual rankings of a pair, then the pair socially ranks equally. If there
are at least 4 strict individual rankings of the pair, then the pair socially ranks as under
the SMR. Assume there are three strict individual rankings of the pair. If the ranking
is unanimously in favor of one alternative, then the social ranking also favors that
alternative. If there is no unanimity (that is, one individual is for one alternative, the
two others are for the other alternative), then the social ranking favors the alternative
with only one favorable individual ranking. On the one hand, ¢ satisfies IIA, A, N, and
ITI. The social ranking only depends on known individual rankings over the pair and
it does not depend on names of individuals or alternatives. Without strict individual

rankings, the PAI of each alternative over any other alternative is 3. On the other hand,
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¢ violates ER (and thus IER and AER). Consider 7,7’ € D and distinct 2,y € X such
that two individuals are known to rank x higher than y at r. The ranking of the pair
by other individuals is not known. At r’, two opposing individual rankings of the pair
are added to r. It is true that d,,(r) =1 = d,,(r), but duy (") =0 < 3 = d,.(1).

(IERNAERAIBIANABI)# (AVN): Consider SRR ¢ on D = D which looks like this.
If dictator ¢ € N ranks an alternative higher than another, that is reflected by the social
ranking. If ¢’s ranking of a pair is indifferent or unknown, then the pair socially ranks
according to an external linear ordering r; € S(X). By construction, the social ranking
of a pair is always strict. The antecedents of IER, AER, IBI, and ABI are thus never
satisfied, respectively, so that ¢ satisfies all these conditions. In contrast, ¢ violates A
and N.
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Abstract

The thesis analyzes the aggregation of individual inputs like preferences or well-being
into an overall social evaluation of alternatives. It employs new concepts and frame-
works to examine the structure and quality of aggregation rules. The results are relevant

for social welfare evaluation and democratic decision-making.

The prevalent theory of social welfare in terms of Social Welfare Functionals is based on
profiles of utility functions and uses problematic inter-profile conditions. To overcome
this issue, chapter 2 offers a systematic relational theory of social evaluation over states
of the world. It is formulated in terms of a single difference relation capturing ba-
sic well-being comparisons between states. Utility representations are derived and not
presupposed. A new Fundamental Equity condition deals with trade-offs between indi-
viduals. It provides a unified rationale for existing two-person conditions and identifies

deep connections between seemingly distinct approaches to social evaluation.

Dependent on the extent of interpersonal comparability, Strong Pareto and Fundamen-
tal Equity characterize Simple Majority Relation, Leximin, Utilitarianism, a level-based
Borda Relation, and a new class of Additive Welfarist Relations. They yield a general
impossibility given weak incomparability. The analysis extends to social evaluation un-
der uncertainty and to variable populations. Well-being comparisons can be reduced
to preferences of individuals and of an ethical observer. Overall, the theory connects
welfare economics, social choice and voting theory, decision and measurement theory,

as well as theories of social prospect evaluation and variable populations.

Chapter 3 offers a unified analysis of Generalized Utilitarianism with weak informa-
tional and normative assumptions. It connects different literatures. First, the chapter
clarifies informational requirements. Contrary to other discussions, Generalized Util-
itarian Orderings (including Prioritarian Orderings) are well-defined given sufficiently
rich qualitative well-being difference and level comparisons. Second, the chapter pro-
vides characterizations of Generalized Utilitarian Orderings with weak separability and
compensation conditions. Existing and new compensation properties are closely related
to continuity.

Third, the chapter examines attempts to justify Utilitarianism. Maskin’s influential
characterization implicitly employs a strong substantive invariance requirement on so-
cial evaluation. A different characterization of Utilitarianism is based on a new stability

condition and neither needs anonymity nor separability assumptions. Fourth, the chap-
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ter extends the analysis to social evaluation under uncertainty, characterizing Expected
Generalized Utilitarianism and Expected Utilitarianism. It establishes a perfect analogy

between the certainty and the uncertainty case.

While votes are counted, the lead can switch between candidates. Based on this obser-
vation, chapter 4 offers a new concept to study the aggregation of incompletely known
individual rankings. The Pull Ahead Index measures the number of new favorable rank-
ings an alternative needs to take the social lead over another alternative. By studying
conditions on the Index, novel insights into the structure of aggregation are identified.
New and classical versions of Independence of Irrelevant Alternatives, Anonymity, and

Neutrality are generally equivalent. Other properties do not have classical equivalents.

Relative and Quorum Majority Rules for incomplete inputs are characterized with con-
ditions on the Index. While rules from both classes satisfy a Positive Responsiveness
condition, they are distinguished by the response of the Index to opposing information.
The Simple Majority Rule is characterized with the condition that alternatives should
not have an implicit lead in terms of the Index. Its merit vis-a-vis qualified majority
rules depends on whether ranking information is static or dynamic. This is both true
in voting and policy evaluation contexts. One can also define Pull Ahead Indices for

richer informational inputs.
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Zusammenfassung

Die Arbeit analysiert die Aggregation von individuellen Inputs wie Préaferenzen oder
Wohlbefinden in eine gesellschaftliche Evaluation von Alternativen. Sie verwendet neue
Konzepte und Frameworks um die Struktur und Qualitdt von Aggregationsregeln zu
untersuchen. Die Resultate sind relevant fiir gesellschaftliche Wohlfahrtsevaluation und

demokratische Entscheidungsfindung.

Die vorherrschende Theorie gesellschaftlicher Wohlfahrt mit sozialen Wohlfahrtsfunk-
tionalen basiert auf Profilen von Nutzenfunktionen und nutzt problematische Inter-
profilbedingungen. Zur Losung dieses Problems entwickelt Kapitel 2 eine systema-
tische relationale Theorie gesellschaftlicher Wohlfahrt iiber Weltzustéande. Sie basiert
auf einer einzelnen Differenzrelation, die Wohlbefindensvergleiche zwischen Zustanden
reprasentiert. Nutzenreprasentationen werden abgeleitet und nicht vorausgesetzt. Eine
neue fundamentale Gleichheitsbedingung bewertet Konflikte zwischen Individuen. Sie
fithrt zu einer einheitlichen Begriindung von existierenden Zweipersonenbedingungen
und identifiziert tiefliegende Zusammenhénge zwischen scheinbar verschiedenen Aggre-

gationsansatzen.

Abhéangig von der Moglichkeit verschiedener interpersoneller Vergleiche charakterisieren
die Paretobedingung und die Gleichheitsbedingung die einfache Mehrheitsregel, Lex-
imin, Utilitarismus, eine Bordaregel und eine neue Klasse von additiven Wohlfahrt-
sregeln. Mit einer schwachen Unvergleichbarkeitsannahme fiihren sie zu einem Unmog-
lichkeitsresultat. Die Analyse schlieft auch die gesellschaftliche Evaluation von Un-
sicherheit und variablen Bevilkerungen ein. Wohlbefindensvergleiche konnen auf die
Praferenzen von Individuen und eines ethischen Beobachtenden reduziert werden. Ins-
gesamt verbindet die Theorie Wohlfahrtsokonomik, Social Choice Theorie, Wahltheorie,
Entscheidungs- und Messtheorie sowie Theorien gesellschaftlicher Evaluation unter Un-

sicherheit und mit variablen Bevolkerungen.

Kapitel 3 entwickelt eine einheitliche Analyse eines verallgemeinerten Utilitarismus
mit schwachen normativen und Informationsannahmen. Es verbindet unterschiedliche
Literaturen. Erstens klart das Kapitel Informationsanforderungen. Im Gegensatz
zu anderen Diskussionen sind verallgemeinerte Utilitarismusregeln (die Prioritarismus-
regeln einschlieflen) wohldefiniert, wenn bestimmte qualitative Wohlbefindensvergleiche
moglich sind. Zweitens charakterisiert das Kapitel verallgemeinerte Utilitarismusregeln
mit schwachen Separabilitits- und Kompensationsbedingungen. Alte und neue Kom-

pensationsbedingungen sind eng mit einer Stetigkeitsbedingung verbunden.
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Drittens untersucht das Kapitel Versuche, den Utilitarismus zu rechtfertigen. Eine ein-
flussreiche Charakterisierung benutzt implizit eine starke Invarianzbedingung. Eine
andere Charakterisierung basiert auf einer neuen Stabilitatsbedingung und benutzt
weder Anonymitéits- noch Separabilitdtsbedingungen. Viertens erweitert das Kapitel
die Analyse fiir die gesellschaftliche Evaluation unter Unsicherheit. Es charakterisiert
den verallgemeinerten Erwartungsutilitarismus und den Erwartungsutilitarismus. Es

etabliert eine perfekte Analogie zwischen den Féllen von Sicherheit und Unsicherheit.

Wenn Stimmen ausgezahlt werden, kann die Fiihrung zwischen Kandidierenden wech-
seln. Basierend auf dieser Beobachtung entwickelt Kapitel 4 ein neues Konzept fiir
die Analyse der Aggregation von unvollstandig bekannten individuellen Rankings. Der
Pull Ahead Index misst die Anzahl der neuen positiven Rankings, die eine Alterna-
tive bendtigt, um gegeniiber einer anderen Alternative in Fithrung zu gehen. Uber die
Untersuchung von Bedingungen an den Index werden neue Einsichten in die Struktur
der Aggregation identifiziert. Neue und klassische Versionen von Unabhangigkeits-,
Anonymitéats- und Neutralitatsbedingugen sind im Allgemeinen dquivalent. Andere
Bedingungen haben keine klassischen Aquivalente.

Relative und Quorumsmehrheitsregeln fiir unvollstandige Inputs werden mit Bedin-
gungen an den Index charakterisiert. Wahrend Regeln beider Klassen eine positive
Responsivitatsbedingung erfiillen, unterscheiden sie sich im Hinblick auf die Reaktion
des Index auf entgegengesetzte Rankings. Die einfache Mehrheitsregel wird mit der
Bedingung charakterisiert, dass Alternativen keine implizite Fiithrung im Hinblick auf
den Index haben. Thre Qualitat im Vergleich zu qualifizierten Mehrheitsregeln hangt
davon ab, ob die Rankinginformation statisch oder dynamisch ist. Das ist sowohl bei
Abstimmungen als auch bei der Politikevaluation der Fall. Man kann auch Pull Ahead

Indizes fiir reichere Informationsinputs definieren.
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