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Abstract

In this doctoral dissertation, starting from the first principles of the general theory
of relativity, the geodesic deviation of test masses in uniform circular motion is
calculated, due to the passage of gravitational waves (GWs) from astrophysical
sources. The results of this theoretical analysis are used to conceive of experimental
setups that could utilize this principle to detect GWs. These setups are based on,
but are not limited by, the current status of technology. Mainly, circular particle
accelerators in the mode of storage rings are considered. The major sources of noise
for a storage ring gravitational wave observatory (SRGO) are explored, and basic
noise estimates are made based on the specifications of existing facilities such as the
Large Hadron Collider (LHC). A major part of the dissertation consists of numerical
simulations of toy models of an SRGO. The response signal of the GW detector is
explored as a function of various model parameters. Errors on estimating the model
parameters are found using Markov Chain Monte Carlo (MCMC) methods applied
to artificially generated data with added noise. It is shown that an ideal version of
such a detector would be sensitive to millihertz GWs by design, and would be able
to single-handedly obtain accurate constraints on the GW source parameters. An
attempt has been made to incorporate as much physics as currently possible, which
covers the essential aspects of reality without over-complicating the models for a
first study of this novel experiment concept. The overall focus has been to establish
a strong conceptual foundation, to obtain robust qualitative conclusions, and to
make order-of-magnitude estimates. Comparisons with the theory and practices of
existing GW detectors have been made throughout. Wherever possible, the results
are presented in the conventions followed by the GW community at the time of
writing this dissertation.



Abstract

In dieser Dissertation wird, ausgehend von den ersten Prinzipien der allgemeinen
Relativitätstheorie, die geodätische Abweichung von Testmassen in gleichförmiger
Kreisbewegung berechnet, die auf den Durchgang von Gravitationswellen (GW) aus
astrophysikalischen Quellen zurückzuführen ist. Die Ergebnisse dieser theoretis-
chen Analyse werden verwendet, um Versuchsaufbauten zu konzipieren, die dieses
Prinzip zum Nachweis von GWs nutzen könnten. Diese Versuchsaufbauten basieren
auf dem aktuellen Stand der Technik, sind aber nicht durch diesen begrenzt. Haupt-
sächlich werden kreisförmige Teilchenbeschleuniger in Form von Speicherringen
betrachtet. Die wichtigsten Rauschquellen für ein Speicherring-Gravitationswellen-
Observatorium (SRGO) werden untersucht, und es werden grundlegende Rauschab-
schätzungen auf der Grundlage der Spezifikationen bestehender Anlagen wie des
Large Hadron Collider (LHC) vorgenommen. Ein großer Teil der Dissertation besteht
aus numerischen Simulationen von Spielzeugmodellen eines SRGO. Das Antwortsig-
nal des GW-Detektors wird in Abhängigkeit von verschiedenen Modellparametern
erforscht. Die Fehler bei der Schätzung der Modellparameter werden mit Hilfe
von Markov-Chain-Monte-Carlo-Methoden (MCMC) ermittelt, die auf künstlich
erzeugte Daten mit zusätzlichem Rauschen angewendet werden. Es wird gezeigt,
dass eine ideale Version eines solchen Detektors von vornherein empfindlich für
Millihertz-GWs wäre und in der Lage wäre, im Alleingang genaue Einschränkungen
der GW-Quellparameter zu erhalten. Es wurde versucht, so viel Physik wie derzeit
möglich einzubeziehen, die die wesentlichen Aspekte der Realität abdeckt, ohne die
Modelle für eine erste Untersuchung dieses neuartigen Experimentkonzepts zu sehr
zu verkomplizieren. Der Schwerpunkt lag darauf, eine solide konzeptionelle Grund-
lage zu schaffen, robuste qualitative Schlussfolgerungen zu ziehen und Schätzungen
in Größenordnungen vorzunehmen. Es wurden durchgängig Vergleiche mit der
Theorie und Praxis bestehender GW-Detektoren angestellt. Wo immer möglich, wer-
den die Ergebnisse in den Konventionen der GW-Gemeinschaft zum Zeitpunkt der
Erstellung dieser Dissertation dargestellt.
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Chapter 1

Introduction

We stand at an intersection in astronomical exploration, where the merger lane of
gravitational wave (GW) astronomy joins the highway road of classical astronomy,
becoming the grand highway of multi-messenger observations.

By providing unprecedented access into the universe’s most violent events, gravi-
tational wave astronomy affirms key predictions of general relativity and reshapes
our cosmic understanding. The detection of gravitational waves from phenomena
such as binary black hole coalescences and neutron star mergers has peeled back
layers of the cosmic mystery, illuminating the foundational elements of physics,
astronomy, and cosmology [1, 2, 3, 4, 5].

Simultaneously, the rise of multi-messenger astronomy integrates diverse cosmic
signals — gravitational waves, electromagnetic waves, neutrinos, and cosmic rays
— into a coherent narrative that advances our grasp of the universe’s high-energy
processes and evolutionary pathways [6, 7, 8, 9].

Gravitational wave astronomy has witnessed substantial advancements since
the initial direct detection by the Advanced Laser Interferometer Gravitational-
Wave Observatory (LIGO) in 2015 [10]. The field gained further momentum with
the observation of a binary neutron star merger in 2017 by Advanced LIGO and
the European Advanced Virgo, an event also notable for its visibility across the
electromagnetic spectrum [11, 12, 13].

The landmark observation of GW170817, marking the first instance of a binary
neutron star merger detected through both gravitational and electromagnetic signals,
has also significantly propelled multi-messenger astronomy. This event has enriched
our understanding of cosmology, the physics of dense matter, and the testing of
general relativity [14].

Current efforts in gravitational wave astronomy focus on the real-time detection
of GWs and precise localization of their sources [15, 16]. This capability enriches
multi-messenger astronomy, facilitating a more detailed examination of transient
astrophysical phenomena through a combined lens of gravitational wave and elec-
tromagnetic data, promising profound implications for our understanding of the
cosmos [17].

Leading these endeavors, the LIGO-Virgo-KAGRA Collaboration (LVK) contin-
uously probes the higher frequency domains of gravitational waves, with detector
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sensitivities now finer than sub-proton scales [18, 19, 20]. The insights garnered
include the discovery of various mass black holes and the verification of general
relativity’s predictions to unprecedented precision.

With the initiation of the fourth observing run (O4) in May 2023, marked by a
sensitivity increase of approximately 30%, the LVK collaboration aims to expand the
observable universe’s reach and increase the detection rates of gravitational wave
events [21, 22]. The run leverages enhancements such as increased laser power,
refined mirrors, and advanced quantum squeezing techniques, thereby boosting
event detection and facilitating deeper exploration into the physics governing these
cosmic phenomena.

The LVK collaboration’s O4 observing run, along with wide-field electromagnetic
instruments, has made multi-messenger astronomy more promising than ever. This
includes new facilities like WINTER, an infrared survey telescope, and TESS, an
exoplanet survey space telescope, which are well-suited for transient searches and
expected to contribute significantly to the field [14].

The collaboration has recently unveiled a series of significant discoveries. A
new catalog detailing 90 gravitational wave events, observed since the inception
of detections in 2015 during the latter half of their third observing run (O3b), has
been released. This compilation includes 35 new events, encompassing 32 black
hole mergers and at least two mergers between a black hole and a neutron star.
Notably, several black holes identified from these mergers have been categorized as
intermediate-mass black holes, each surpassing 100 solar masses. This observation
substantiates the presence of intermediate-mass black holes in the cosmos, a category
previously hypothesized but not observed in such abundance [23].

The vast number of gravitational wave events detected allows for comprehensive
studies of black hole and neutron star populations. By analyzing the entire popula-
tion of binary black hole mergers, significant deviations from a simple power-law
distribution in black hole masses were observed. This deviation provides insights
into the formation processes of these black holes, be they from stellar deaths or
previous mergers of smaller black holes. The spins of some merging black holes were
found to be misaligned with their orbital angular momentum, which raises questions
about their formation processes. The catalog has also enabled the tightest constraints
so far on the properties of gravity in the strong, highly-dynamical regime of black
hole mergers, further testing Einstein’s theory of general relativity [24].

Some other recent advances in gravitational wave astronomy include identify-
ing a unique signature in GW signals from supernovae, which correlates with the
high-density state equations of massive progenitor stars, as derived from relativistic
supernova models employing a quark-hadron equation of state [25]. Additionally,
observations of extreme mass ratio inspirals (EMRIs) within active galactic nuclei
(AGN) contexts, particularly concerning accretion disk interactions, are now possible,
offering insights through Bayesian analysis [26]. Investigations into continuous grav-
itational waves now extend beyond neutron star astrophysics into realms including
dark matter and exotic particle searches [27].
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Looking forward, ambitious projects like the space-based Laser Interferome-
ter Space Antenna (LISA) [28] and future ground-based observatories such as the
Einstein Telescope [29] and Cosmic Explorer [30] are under development. In the
mid-2030s, LISA is set to expand our observational reach, targeting gravitational-
wave sources from microhertz to hundreds of millihertz. Additionally, pulsar timing
arrays (PTAs) are delving into the nanohertz portion of the GW spectrum, using
radio frequency pulse arrival times from an array of millisecond pulsars to detect
gravitational-wave remnants. Recently, evidence has been found by NANOGrav of a
stochastic background of gravitational waves in the nanohertz frequency range due
to cosmological sources [31, 32].

These projects aim to significantly increase the sensitivity of gravitational wave
detection and explore new aspects of the universe, like the early formation of black
holes and compact object evolution, tracing their evolution from the primordial
cosmos through the peak of the star formation era [33]. These investigations span
an extensive range of the gravitational-wave spectrum, from attohertz to kilohertz
frequencies [33].

In conclusion, gravitational wave astronomy and multi-messenger astrophysics
have become increasingly critical to understanding the Universe’s most energetic and
cataclysmic processes. Future developments such as increased detector sensitivities
and new observatories are poised to further enhance our understanding of the
cosmos.

Thus, as gravitational wave physics is a hot topic and will remain so in the coming
decades, innovative new GW detection principles and technologies will aid the field
in expanding and progressing faster — covering a greater range of frequencies,
sensitivities and parameter estimation capabilities. In this work, we propose a novel
principle for detecting gravitational waves. This involves the precise timing of test
masses performing uniform circular motion, to detect deviations in the measured
times due to the passage of gravitational waves, compared to the expected times
in the absence of gravitational waves. This timing deviation is a theoretical result
derived using the general theory of relativity in the later chapters. The detection
principle is illustrated in a cartoon schematic shown in Fig. (1.1).

Specifically, we explore the application of this detection principle to circular
particle accelerators, in particular to storage rings, as storage rings are one of the
only pre-existing and promising technologies where our detection principle may be
suitably applied. We also conceptually discuss alternate experiment setups in the
later chapters of this work.

In the main body of this work, we calculate the effects of astrophysical gravi-
tational waves (GWs) on the travel times of proton bunch test masses in circular
particle accelerators. We show that a high-precision proton bunch time-tagging
detector could turn a circular particle accelerator facility into a GW observatory
sensitive to millihertz (mHz) GWs, assuming that sources of noise have been dealt
with. We comment on sources of noise and the technological feasibility of ultrafast
single photon detectors by conducting a case study of the Large Hadron Collider
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Figure 1.1: A cartoon representation of the experiment concept, where a rigid test
mass (A) is performing uniform circular motion (C), and it can be timed by an atomic
clock attached to a photon detector (B, D). A passing gravitational wave would cause
a change in the timing data, which can be predicted by the general theory of relativity.

(LHC) at CERN.

Furthermore, we simulate the response of a Storage Ring Gravitational-Wave
Observatory (SRGO) to astrophysical millihertz (mHz) gravitational waves (GWs),
numerically obtaining its sensitivity curve and optimal choices for some controllable
experiment parameters. We also generate synthetic noisy GW data and use Markov
Chain Monte Carlo (MCMC) methods to perform parameter estimation of the source
properties and their degeneracies. We show that a single SRGO could potentially
localize the GW source in the sky using Earth’s rotation. We also study the source
sky localization area, mass and distance estimation errors as functions of noise, data
sampling rate, and observing time. We also discuss, along with its implications, the
capacity of an SRGO to detect and constrain the parameters of millihertz GW events.

OUTLINE: This doctoral dissertation has been organised as follows. Chap. (2)
provides a concise introduction to the theoretical framework required for gravita-
tional wave physics, including a brief historical overview of the subject. Chap. (3)
acts as a handbook, listing the plethora of astrophysical sources that are expected
to produce detectable gravitational waves. Chap. (4) hierarchically lists the types
of gravitational wave detectors based on their detection principle, and provides
comprehensive details about most of the named GW detectors spanning the past,
present and future. In Chap. (5), the basic structure and functioning of storage rings



Chapter 1. Introduction 5

is elucidated, to prime the reader for the main body of the dissertation. Chap. (6) lays
down the main theoretical underpinnings and experiment concept of this doctoral
dissertation, exploring the effect of gravitational waves on the timing of test masses
circulating in storage rings. Chap. (7) further expands on the previous work, with
improved results based on simulations. In Chap. (8), some important sources of
noise pertaining to the previous chapter are discussed. Chap. (9) is important, and
conceptually explores alternate experimental setups that work on the same detection
principle which is the core of this doctoral dissertation. Chap. (10) presents the
robust concluding remarks distilled from the entire work. Additional information is
presented in Appendices App. (A) (showing some extra results pertaining to Chap. 6);
App. (B) (providing further details about the calculation of sensitivity curves of GW
detectors); and App. (C) (mentioning the specifications of the computing facilities
utilized for producing some of the results of this work).



Chapter 2

Overview of Gravitational Wave The-
ory

Gravitational waves (GWs), a fundamental prediction of Einstein’s general theory of
relativity, are ripples in the fabric of spacetime produced by some of the most violent
and energetic processes in the universe. In some schools of thought, gravitational
waves are also considered as a force experienced in the conventional sense by a test
mass, albeit a non-Newtonian one i.e. a gravitational force that cannot be modeled
by the classical Newtonian gravitational theory, but one that produces the same
kinematics as predicted by Einstein’s theory of general relativity. This section delves
into the theoretical underpinnings of gravitational wave propagation, drawing from
the linearized theory of Einstein’s equations. Much of the material is based on [34].
Note that in the following subsections, unless explicitly mentioned, we employ the
natural units system where G = c = 1.

2.1 A Brief History of Gravitational Waves

The theory of gravitational waves (GWs) has its roots in Albert Einstein’s formulation
of the general theory of relativity in 1916. Einstein’s groundbreaking work, which
redefined gravity as a curvature of spacetime rather than a force, implied the existence
of GWs as distortions propagating at the speed of light. Initially, however, the reality
of these waves was not immediately accepted, largely due to the mathematical
complexity of Einstein’s field equations and the conceptual challenge they posed
[35].

Einstein himself, in the ensuing years, grappled with the physical interpretation
of GWs, contributing to the early debates about their existence. His ambivalence
reflected the broader scientific community’s uncertainty. This period of skepticism
and theoretical inquiry laid the groundwork for a more profound understanding of
GWs, but it wasn’t until the mid-20th century that significant progress was made.
The advent of linearized gravity, which simplified Einstein’s equations, allowed for
clearer wave-like solutions and paved the way for further theoretical exploration of
GWs [36].

The turning point in the journey of GWs from theoretical constructs to observable
phenomena came with the discovery of the binary pulsar PSR B1913+16 by Hulse and

6
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Taylor in 1974. Their observation of the pulsar’s orbital decay over time provided
the first indirect evidence of GWs, aligning precisely with the predictions of general
relativity [37]. This discovery was a pivotal moment, bolstering confidence in the
existence of GWs and earning the duo the Nobel Prize in Physics in 1993.

Parallel to these theoretical developments, efforts to detect GWs directly were
gaining momentum, culminating in the construction of large-scale interferometric
detectors. Facilities like LIGO and Virgo represented a leap in observational as-
trophysics, utilizing cutting-edge technology to detect the minuscule disturbances
caused by passing GWs [38, 39].

The first direct detection of GWs, a landmark achievement in physics and astron-
omy, occurred on September 14, 2015. This detection by LIGO of GWs emanating
from the merger of two black holes confirmed a key prediction of Einstein’s theory
and inaugurated the era of gravitational wave astronomy [40]. Subsequent detections,
including the merger of neutron stars and black holes of various masses, have offered
unprecedented insights into these celestial phenomena, significantly enhancing our
understanding of the universe’s most energetic events [11, 41].

The impact of GW detection extends across multiple scientific domains, from test-
ing the limits of general relativity to shedding light on cosmic processes. The future
of gravitational wave astronomy looks promising, with ongoing improvements to
current detectors and the development of new projects like LISA. These advance-
ments are expected to further our comprehension of astrophysical phenomena and
potentially reveal new aspects of the universe [42].

2.2 Linearized Einstein Equations in Vacuum

The concept of gravitational waves emerges from considering small perturbations
to the flat Minkowski spacetime. Representing the metric tensor as gαβ = ηαβ + hαβ ,
where ηαβ denotes the Minkowski spacetime and hαβ symbolizes the small pertur-
bations, allows for a linearized approach to gravitational waves. In this linearized
framework, terms of order O(h2αβ) are neglected, and the Einstein field equations
reduce to linear wave equations.

The connection coefficients, or Christoffel symbols, are defined as

Γµαβ =
1

2
gµν(∂βgνα + ∂αgνβ − ∂νgαβ) =

1

2
(∂βh

µ
α + ∂αh

µ
β − ∂µhαβ). (2.1)

These lead to the linearized Ricci tensor

Rµν = ∂αΓ
α
µν − ∂νΓ

α
µα =

1

2
(∂α∂νh

α
µ + ∂α∂µh

α
ν −□hµν − ∂µ∂νh), (2.2)
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and the linearized Ricci scalar

R = ηµνRµν = ∂α∂βh
αβ −□h, (2.3)

where □ = ∂α∂
α denotes the d’Alembertian operator and h = ηαβhαβ .

A significant aspect of linearized gravity is the freedom of gauge choice. To sim-
plify the linearized field equations, one often employs the Lorentz gauge condition,
defined by

∂αh̄αβ = 0, (2.4)

where h̄αβ = hαβ − 1
2
ηαβh is the trace reversed form of hαβ, which brings the wave

equation for h̄µν into a manifestly wave-like form. Note that under a gauge transfor-
mation, the perturbation h̄αβ transforms as h̄αβ → h̄′αβ = h̄αβ − ∂βξα− ∂αξβ + ηαβ∂µξ

µ,

where ξµ is a vector field characterizing the transformation. Under the Lorentz gauge
condition, the vector field must satisfy □ξβ = ∂αh̄αβ .

The Einstein field equations, Gµν = Rµν − Rgµν/2 = 8πTµν , after applying the
Lorentz gauge condition, become

−1

2
□h̄µν = 8πTµν , (2.5)

and in vacuum (where the stress-energy tensor Tµν vanishes) thus become

□h̄µν = 0. (2.6)

2.3 Plane Wave Solutions and the TT Gauge

When the observer is far away from the GW source, which is true for all astrophysical
GW sources, the general solution to the wave equation in vacuum can be represented
as a plane wave. The plane wave solutions in gravitational wave theory offer signif-
icant insights into the nature of gravitational waves. We begin by considering the
plane wave ansatz:

h̄αβ = ℜ
(
Aαβeikαx

α)
,

where Aαβ is the amplitude tensor, and kµ is the wave vector satisfying the null
condition kµkµ = 0. The Lorentz gauge condition imposes constraints, reducing the
independent components of Aαβ . Specifically, the Lorentz gauge condition requires
that ∂βh̄αβ = 0, which implies that Aαβkβ = 0. This condition reduces the number of
independent components from ten to six, as it enforces a set of four linear constraints
on Aαβ .

The gravitational wave solutions are further refined by applying the transverse-
traceless (TT) gauge. This gauge choice leads to a simplification of the GW solutions,
where the metric perturbations are purely spatial and traceless. The TT gauge
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conditions are h̄αβkα = 0 and h̄αα = 0. The first condition ensures that the wave is
transverse to the direction of propagation, meaning that the physical effects of the
wave occur in a plane perpendicular to the direction of wave travel. The second
condition, being traceless, implies that the sum of the diagonal elements of h̄αβ is zero.
These conditions reduce the number of independent components of the gravitational
wave metric further from six to two, which correspond to the two physical degrees
of freedom of the gravitational wave.

Figure 2.1: The effect of a GW propagaring perpendicular to the plane of a ring of
test masses, showing the individual effects of the two GW polarizations as a function
of time. This figure has been adapted from [43].

The final form of the metric in the TT gauge, showing the two polarization states,
is expressed as:

hµν =


0 0 0 0

0 h+ h× 0

0 h× −h+ 0

0 0 0 0

 . (2.7)

These two components, h+ and h×, represent the two polarization states of the
gravitational wave, often referred to as the plus and cross polarizations. This compact
representation of the gravitational wave field encapsulates the essential physics of
gravitational waves as predicted by general relativity, highlighting their transverse
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and traceless nature.

The TT gauge provides an intuitive understanding of the physical effects of
gravitational waves. In this gauge, a gravitational wave passing through a ring of
test particles would cause the ring to oscillate in a characteristic "plus" and "cross"
pattern, reflecting the two polarization states of the wave. This has been shown
schematically in Fig. (2.1).

The Riemann curvature tensor associated with the wave demonstrates that space-
time is indeed curved in the presence of a gravitational wave, even though the
linearized approximation treats the deviations from flat spacetime as small.

In summary, the propagation of gravitational waves in general relativity is el-
egantly captured through linearized field equations and the imposition of the TT
gauge. This formalism yields a clear understanding of the wave nature of these space-
time perturbations and reveals their polarization properties, pivotal in gravitational
wave detection and analysis.

2.4 The Quadrupole Formula

The general solution to the linearized Einstein field equations in the presence of
matter, specifically the wave equation Eq. (2.5), is given by:

h̄µν(t,x) = 4

∫
T µν(t− |x− x′|,x′)

|x− x′|
d3x′, (2.8)

where T µν is the stress-energy tensor of the matter, x and x′ are spatial points, and
the integration is over the volume of the matter distribution.

When considering gravitational wave generation far from the source, particularly
for sources like binary systems, certain simplifications are applied. These include the
assumption that the source’s spatial extent is small compared to the distance to the
observer and that the matter velocities within the source are significantly less than the
speed of light. Under these assumptions, the integral simplifies to the Quadrupole
Formula:

h̄ij(t,x) =
2

dL

d2I ij(t− dL)

dt2
, (2.9)

where I ij is the quadrupole moment of the mass distribution and dL is the distance to
the observer. The amplitude of a gravitational wave in the TT gauge is proportional to
the second time derivative of the mass quadrupole moment of the source. This relates
the physical motion of matter in the source to the emitted gravitational radiation.

For an equal mass circular binary system, upon calculating its quadrupole mo-
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ment, we get:

h̄ij = −2Mr2ω2

dL

cos 2ω(t− dL) sin 2ω(t− dL) 0

sin 2ω(t− dL) − cos 2ω(t− dL) 0

0 0 0

 , (2.10)

where M is the mass of each orbiting object, r is the orbit radius, and ω is the angular
frequency.

The above equation represents the gravitational wave strain in the case of an
equal mass binary system with a circular orbit, observed from a specific vantage
point. To generalize this to an arbitrary observation point, we consider the binary’s
orientation relative to the observer. This leads to a transformation of the gravitational
wave strain components to the h+ and h× forms, which are more convenient for
observational purposes. These forms are given by:

h+ =
4

dL

(
GM
c2

) 5
3
(
πf

c

) 2
3 1 + cos2 (i)

2
cos (2πft+ δ0), (2.11)

h× =
4

dL

(
GM
c2

) 5
3
(
πf

c

) 2
3

cos (i) sin (2πft+ δ0). (2.12)

If m1 and m2 are the masses of the objects in the binary, then M = (1+z)(m1m2)
3
5

(m1+m2)
1
5

is

the redshift-corrected chirp mass. dL is the luminosity distance of the GW source and
z is its redshift. i is the inclination angle between the observer’s line of sight to the GW
source and the angular momentum vector of the GW source. δ0 is the initial phase of
the GW at the start of the observing time, t0. The redshift-corrected, time-varying GW

frequency is f = (1 + z)−1
(
f
− 8

3
0 − 8

3
k(t− t0)

)− 3
8

= (1 + z)−1 √
G(m1 +m2)/πr 3

2 , where
r is the separation between the objects in the binary; f0 is the GW frequency at
t = t0, corresponding to an initial separation of r = r0; and k = 96

5
π

8
3 (GM/c3)

5
3 .

G and c are respectively, the gravitational constant and the speed of light. Here,
h+ corresponds to the "plus" polarization and h× to the "cross" polarization. This
representation encapsulates the dependence of the observed gravitational wave
signal on the observer’s relative position and orientation with respect to the binary
system.

As the system evolves, particularly as the binary components spiral closer to-
gether, the Quadrupole Formula alone becomes insufficient. Post-Newtonian meth-
ods extend this approximation by incorporating higher-order corrections in terms
of the gravitational field and velocities. This refinement is crucial for accurately
describing the gravitational waveforms, especially during the late inspiral phase
before the merger.

The time to coalescence, tc, for a binary system in a circular orbit, significantly



12 2.5. Summary of GW strain models

influenced by gravitational wave emission, is expressed as:

tc =
5r40

256M2µ
, (2.13)

where µ is the reduced mass of the binary system, and M is the mass of the compo-
nents of the binary.

The frequency of the wave is determined by the dynamical timescale of the source.
For systems like binary star systems, the orbital frequency directly influences the
frequency of the emitted gravitational waves, which is, in fact, equal to twice the
orbital frequency.

In summary, the generation of gravitational waves, as described by the linearized
Einstein equations with matter, the Quadrupole Formula, and further enhanced by
post-Newtonian methods, provides a comprehensive understanding of the dynamics
in massive binary systems. These theoretical insights are vital for the study of
gravitational waves and their role in astrophysical phenomena, particularly binary
inspirals and mergers.

2.5 Summary of GW strain models

The standard quadrupole formula, while providing a fundamental framework for
gravitational wave (GW) theory, finds its limitations when applied to scenarios
where velocities approach the speed of light and gravitational fields intensify. In
such cases, notably in the late stages of compact object mergers, an extension beyond
the quadrupole approximation is necessary to accurately depict the GW phenomena.
A pictoral representation of the different phases of the GW strain in compact object
mergers, and the type of modeling approach used based on the source properties, is
shown in Fig. 2.2.

Post-Newtonian Methods: The post-Newtonian (PN) approach serves as an
advanced extension of the quadrupole formula [44, 45]. It utilizes a series expansion
where the leading term aligns with the quadrupole result. This method treats the
expansion in powers of v/c, where v is the velocity and c the speed of light. In PN
formalism, a term of the order 1/c2n is considered as the n-th post-Newtonian order.
The PN approach is particularly efficient in depicting the inspiral phase of compact
binaries, offering the convenience of rapid computational analysis through analytic
formulas. However, as the system nears merger, the PN approximation’s accuracy
diminishes under the strain of increased nonlinearities and relativistic velocities.

Numerical Relativity: Numerical relativity comes into play when the gravita-
tional fields are highly nonlinear and the velocities approach relativistic scales. In
this approach, the full Einstein equations are numerically solved, often employing a
spacetime foliation into 3D hypersurfaces [46]. Numerical relativity is indispensable
for studying the late stages of inspiral and the merger phase, providing accurate
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(a)

(b)

Figure 2.2: The top panel shows the typical evolution of the GW strain due to a
compact binary inspiral. It can be divided into the inspiral phase, the merger phase,
and the ringdown phase. The bottom panel shows the approach to modeling the
strain depending on the mass and separation of the binary components.
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results albeit at a significant computational cost. Consequently, the inspiral phase is
often analyzed using PN methods, followed by numerical relativity to simulate the
final stages and the merger [47].

Quasinormal Modes: Post-merger, particularly in scenarios leading to a black
hole, the system emits GWs characterized by quasinormal modes. These are pertur-
bations on a Kerr black hole background, assuming regularity conditions at the event
horizon and infinity [48]. The GW frequency and decay rate in this phase depend
solely on the mass and angular momentum of the resultant black hole, representing
the system’s transition from a distorted state to the stationary Kerr solution [49].

Hybrid Approaches: The generation of waveform templates for GW detection,
especially for binary mergers, requires incorporating results from numerical relativ-
ity into more computationally manageable frameworks. Methods like the effective
one-body approach [50] and phenomenological waveform models have been devel-
oped for this purpose [51]. These methods utilize limited results from numerical
simulations to parameterize formulas in PN theory or algebraic models, enabling the
rapid generation of waveform templates [52].

Extreme Mass Ratio Inspirals (EMRIs): EMRIs involve a compact binary system
where one companion is significantly less massive than the other [53]. These systems
are expected to be observed by future missions like LISA, offering insights into the
dynamics of such unique binaries [54]. Modeling the GW strains of EMRIs usually
consists of approximating the small compact object as a test mass following a geodesic
of the spacetime caused by the much larger black hole.

The Newman-Penrose Scalars and Spin-Weighted Spherical Harmonics: In
gravitational wave analysis, ψ4, a complex Newman-Penrose scalar related to the
Weyl tensor and null tetrad, is often employed. It is associated with the GW polar-
izations h+ and h× [55]. The spin-weighted spherical harmonics, sY ℓ,m, facilitate the
representation of vector and tensor fields on the unit sphere, crucial for describing
quadrupolar GWs [56].

In essence, these advanced methodologies and theoretical developments in gravi-
tational wave physics enable a more comprehensive and precise understanding of
GW phenomena, particularly in regimes where traditional quadrupole formulas are
inadequate.



Chapter 3

Overview of Gravitational Wave Sources

This section elucidates the diverse array of astrophysical and cosmological sources
that generate gravitational waves, delineating them into two broad categories: Re-
solvable and Stochastic sources, based on whether individual sources can be detected.
The Resolvable sources are further classified into Transient sources, where the GW
signal (which may or may not be periodic), has a secular evolution over time and
comes to an end eventually, as opposed to Continuous sources, where the GW signal
is periodic, has no secular evolution, and lasts for an indefinite duration.

3.1 Resolvable Sources

In the realm of detectable, individual events, gravitational waves offer a unique lens
to observe astrophysical phenomena. Among these, transient events stand out for
their dramatic and cataclysmic nature.

3.1.1 Transient Sources

• Supernova Explosions: Supernovae are cataclysmic astronomical events sig-
nifying the explosive end of a star’s lifecycle. They are broadly classified into
core-collapse supernovae (Types II, Ib, and Ic), marking the explosive demise of
massive stars, and thermonuclear supernovae, typically involving white dwarfs.
Core-collapse supernovae are the final act of massive stars, occurring when
the core’s nuclear fuel is exhausted, leading to a gravitational collapse and a
subsequent explosion. These spectacular events are observed through various
electromagnetic wavelengths, from radio to gamma rays, and are detectable
across vast cosmic distances. They are relatively rare occurrences, with about
one supernova explosion estimated per galaxy per century. The gravitational
waves from supernovae predominantly arise from protoneutron star oscilla-
tions, with the frequency range generally lying in the audio band, making
them potential targets for current and future gravitational wave detectors. The
gravitational wave strain from these events, however, is expected to be rela-
tively weak, potentially marginally visible with current detectors for a source
within our galaxy. The rapidly rotating models that develop non-axisymmetric
instabilities may be visible up to a megaparsec distance with third-generation
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detectors [57].

• Compact Binary Coalescences: These sources consist of two orbiting compact
astrophysical objects, such as white dwarfs, neutron stars or black holes. Their
GW signals usually consist of an inspiral, merger and ringdown phase, which
is periodic in nature but also shows a secular evolution over time. Depending
on several parameters, the detectable GW signal may last for seconds, up to
several weeks or more.

– Binary Neutron Stars (BNS): Binary neutron stars (BNS), pivotal in the
realm of astrophysics, represent tightly bound binary systems composed
of two neutron stars. Their formation is a consequence of the evolution-
ary trajectory of binary star systems, where both stars, massive enough,
ultimately collapse into neutron stars. As gravitational wave sources, BNS
are particularly noteworthy for their role in multi-messenger astronomy.
The landmark detection of GW170817 by the LIGO-Virgo collaboration,
followed by observations across the electromagnetic spectrum, marked
the first instance of multi-messenger astronomy involving gravitational
waves. This event not only corroborated the association of BNS mergers
with short gamma-ray bursts but also provided compelling evidence of
kilonovae phenomena and r-process nucleosynthesis, whereby heavy ele-
ments are synthesized. The rarity and distribution of BNS in the universe
are subjects of ongoing research, with current observations suggesting a
diverse population of such systems. Observationally, BNS are primarily
detected via gravitational waves and, subsequently, through their elec-
tromagnetic counterparts, offering a rich tapestry of data across various
wavelengths. These observations have been instrumental in testing gen-
eral relativity in strong gravity regimes and have opened new avenues in
fundamental physics and astrophysics. BNS within the galaxy may be ob-
served at millihertz frequencies during their early inspiral phase by future
space-based interferometric GW detectors such as LISA, as individually
resolvable sources or as part of a stochastic background. At higher red-
shifts and kilohertz frequencies, their late inspiral, merger and ringdown
phases are frequently observed by the current and future generations of
terrestrial interferometric detectors such as the Ligo-Virgo collaboration
[1, 6, 7, 8, 11, 12, 13, 58].

– Binary Black Holes (BBH): This group consists of GWs emitted from the
inspiral, merger and ringdown of a binary system consisting of two black
holes, which eventually coalesce into a single black hole. Probing such
systems offer insights into fundamental physics, black hole physics, and
gravitational physics [59]. However, it is rare for such systems to have
multi-messenger signals, although there are proposed mechanisms and
candidate events which retain such possibilities [60, 61]. Based on the
masses of the black holes, they can be further classified as:

* Stellar-Mass Binary Black Holes: These are formed from the collapse of
extremely massive stars and weigh between 5 to 10 times the mass of
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the sun. Their mergers are commonly observed by terrestrial interfero-
metric detectors such as LIGO, and several dozens of such detections
have been made as of present [23]. Stellar-mass BBHs as detected by
LIGO fall in the high-frequency GW range, i.e. around the kilohertz
range.

* Intermediate-Mass Binary Black Holes: Mergers that fill the gap be-
tween stellar-mass and supermassive black holes, being a class of black
hole with mass in the range 102 − 105 solar masses. The postulated
formation channels for such systems include the merging of stellar
mass black holes and other compact objects via accretion; runaway
collisions of massive stars in dense stellar clusters leading to a collapse
of the collision product into an intermediate mass black hole (IMBH);
the possibility of being primordial black holes formed during the Big
Bang. These may be present in globular clusters and near the central
region of galaxies. Binaries consisting of two IMBHs would be rare,
and they would mostly be detected in extreme mass ratio inspirals
(EMRIs). An IMBH within a globular cluster would be the more mas-
sive component of an EMRI if it captures stellar mass compact objects,
otherwise it would be the lighter component if IMBHs at the centers of
galaxies are captured by the central supermassive black hole (SMBH).
Most scenarios involving IMBH mergers would produce GWs in the
millihertz frequency range, but the lightest ones are usually observed
by the Ligo-Virgo-Kagra collaboration in the higher frequency range
[4, 62, 63, 64, 65].

* Supermassive Binary Black Holes: These are black holes with masses
above 105 solar masses, usually present at the centers of galaxies.
Their binary mergers, therefore, are generally associated with the
merging of two galaxies. These may be observed as far as redshifts
of z = 10 [66], when the first galaxies started merging, and pertain to
the strongest resolvable GW strains that could possibly be detected.
SMBH binaries that can be resolved, would emit primarily in the
millihertz frequency range, and are therefore expected to be detected
by space-based interferometric GW detectors such as LISA [4]. But
as part of a stochastic background, they would fall in the nanohertz
frequency range, and have been possibly detected by pulsar timing
experiments [67].

– Neutron Star-Black Hole Binaries (NSBH): Such systems may also be extreme
mass ratio inspirals, but they are classified separately if the black hole is
of stellar mass, i.e. not much larger than the mass of the neutron star [68].
These sources may also produce electromagnetic counterparts, however,
since one of the objects is a black hole, this is less likely as compared to
BNS mergers, and no such observation has been made as of yet [69]. NSBH
mergers are observed by LIGO at kilohertz frequencies [23].

– White Dwarf Binaries: Binary systems comprising at least one white dwarf
have garnered considerable attention as sources of gravitational waves.
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Formed from the remnants of binary stars, where one or both components
evolve into white dwarfs post nuclear fuel exhaustion, these systems pro-
vide a window into the intricate mechanics of stellar evolution. Their
detection predominantly relies on electromagnetic methods due to their
faint luminosity and considerable cosmic distances. The frequency and
spatial distribution of these binaries in the universe, while not exceedingly
rare, present challenges in detection. The advent of multi-messenger as-
tronomy, which synergizes electromagnetic, neutrino, and gravitational
wave observations, significantly enhances our understanding of these ce-
lestial phenomena. Galactic white dwarf binaries, particularly those in
tight orbits, are reliable sources of gravitational waves in the mHz fre-
quency band for space-based detectors like LISA. A few thousand to a few
tens of thousands of these systems will be individually resolvable by LISA,
depending on the final detector configuration. Observations of these bina-
ries through decihertz detectors would illuminate the evolutionary path
of Type Ia supernovae, one of the most energetic events in the universe.
The gravitational wave signals in the decihertz regime could play a crucial
role in probing the nature and properties of the progenitors of Type Ia
supernovae. Furthermore, coincident detections of merging white dwarfs
may be utilized to calibrate SN Ia luminosities, thus offering a new avenue
for understanding the dynamics of the universe and the behavior of these
compact objects [70, 71, 72, 73, 58].

– Extreme Mass Ratio Inspirals (EMRIs): These sources consist of a black hole,
usually an IMBH or SMBH, into which a much smaller compact object,
such as a stellar mass black hole, neutron star or white dwarf, inspirals.
The lighter mass usually follows the geodesic of the spacetime caused by
the much larger black hole. Since one of the objects may not be a black
hole, there are proposed mechanisms which increase the probability of an
electromagnetic counterpart associated with the GW signal [74]. EMRIs
are expected to be detected by space based interferometers in the millihertz
frequency range [58, 75].

• Exotic compact objects: This pursuit also opens the door to potentially dis-
covering and understanding exotic compact objects, like quark stars, which
could exhibit distinct gravitational wave signatures. For instance, GWs may
be emitted during the phase transition of a neutron star to a quark star [76].
Apart from these, magnetars, a type of neutron star with extremely strong
magnetic fields, often exceeding 1014 Gauss, are also intriguing targets for GW
astronomy. The decay of these magnetic fields powers irregular bursts in X-rays
and gamma-rays. The catastrophic rearrangements of the magnetic field in
magnetars can lead to the emission of gravitational waves [77].

3.1.2 Continuous Sources

• Rotating Compact Objects: Rotating neutron stars and pulsars, as continuous
gravitational wave sources, offer a unique avenue for astrophysical exploration.
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These objects, which are dense, compact remnants formed from the evolution-
ary end points of main-sequence stars, can rotate at speeds of several hundred
times per second. Unlike the transient gravitational waves produced by bi-
nary coalescences, continuous waves from these sources are likely to exhibit
a well-defined, steady frequency, yet they are expected to be weaker in am-
plitude. Despite this, current gravitational wave detectors such as LIGO are
capable of detecting these signals, especially following their recent sensitivity
enhancements. The gravitational wave emission from these neutron stars pri-
marily arises from rotational asymmetries. These asymmetries could be due
to surface irregularities, often referred to as ‘mountains’, or from distortions
caused by the neutron star being part of an accreting binary system, or due to
precession resulting from misalignments in the star’s rotation axis. However, a
perfectly symmetric neutron star would not produce such gravitational waves;
an enduring, non-axisymmetric distortion is necessary. Although continuous
gravitational waves from these sources have not been directly detected yet,
their discovery would mark a significant milestone in gravitational wave as-
tronomy and offer invaluable insights into the interiors and evolution of these
astrophysical objects [78]. Continuous GW sources are broadly of the following
types:

– Isolated Neutron Stars: Isolated neutron stars can emit gravitational waves
due to their own asymmetries and oscillation modes. Particularly r-
modes in neutron stars, which are toroidal modes of oscillation where
the restoring force is the Coriolis force, can be significant sources of
gravitational waves. These modes are generically unstable to the Chan-
drasekhar–Friedman–Schutz (CFS) instability in rapidly rotating stars,
making them potential GW sources [79, 80].

– Pulsars: These are rapidly rotating neutron stars emitting beams of ra-
dio waves. Their impeccable timekeeping abilities make them potential
sources for GW detection. The distortions in space caused by passing
gravitational waves can impact the arrival times of a pulsar’s pulses, of-
fering a multi-messenger approach to understanding these phenomena.
In other words, the same isolated pulsar could be a source of continuous,
high-frequency GWs, while also being detected electromagnetically as a
radio pulsar. Note that a pulsar-timing experiment operates at very low
frequencies (nanohertz), so timing the pulsar cannot practically be used to
detect its own potential continuous-GW emission, which would be around
the LIGO frequency range [81].

– Neutron Stars in Binaries: In binary systems, neutron stars can accrete matter
from a companion star, leading to continuous gravitational wave emissions.
The accretion dynamics can be affected by the neutron star’s magnetic
field, leading to larger gravitational waves detectable by detectors like
aLIGO [82, 83].
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3.2 Stochastic Sources

Beyond the resolvable sources lie the stochastic backgrounds, akin to the cosmic
hum of gravitational waves. These backgrounds are formed by a superposition of
innumerable, often indistinguishable, sources. The stochastic gravitational wave
background (SGWB) [84, 85, 86] is a fascinating subject, encompassing a variety
of astrophysical and cosmological phenomena. These phenomena can produce
stochastic GWs over the entire frequency range, including and even well beyond the
domain of existing and planned GW detectors. However, for such frequency ranges,
indirect methods of detecting the SGWB have also been conceived [87].

3.2.1 Cosmological Background

• Inflationary Processes: During the inflationary epoch, quantum fluctuations
in the early universe are amplified, leading to the generation of gravitational
waves. These waves from inflation are vacuum fluctuations of the graviton,
magnified during the universe’s exponential expansion. The stochastic back-
ground from these processes can have unique signatures, potentially detectable
across a wide frequency range by future experiments. This could provide
valuable insights into the dynamics of inflation [88].

• Cosmic Phase Transitions: Cosmological phase transitions in the early universe
can produce anisotropic SGWBs, similar to the cosmic microwave background
(CMB). These transitions, especially first-order ones, can lead to significant
gravitational wave production. The gravitational waves from these events,
such as from supercooled phase transitions, electroweak phase transition and
the QCD phase transition, are influenced by factors like thermal corrections
and Barrow entropy. These contributions add complexity and richness to the
SGWB landscape [89].

• Cosmic Preheating/Reheating Periods: The SGWB signals emanating from
the preheating and reheating phases following the inflationary epoch are piv-
otal in understanding the early universe’s dynamics. The preheating stage is
characterized by strong non-perturbative field excitation, leading to exponen-
tially growing particle densities, which in turn generate gravitational waves.
The subsequent reheating phase, marking the universe’s transition to a hot,
radiation-dominated state, further contributes to the SGWB. The gravitational
waves produced during this period offer insights into the mechanisms that
drove inflation and the early universe’s evolution, with their spectrum bearing
distinct characteristics similar to those from a first-order phase transition. These
insights, gleaned from the SGWB, are crucial for a deeper understanding of the
fundamental processes during the universe’s infancy [90, 91].

• Topological Defects: Theoretical entities such as cosmic strings, monopoles, or
domain walls, which are predicted in some extensions of the standard model of
particle physics, can generate gravitational waves. Cosmic strings, predicted
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in many grand unified theories (GUTs) combined with cosmic inflation, may
contribute significantly to the SGWB. These strings can generate strong grav-
itational wave (GW) signals across a broad frequency range, detectable by
experiments like LIGO and LISA. The stochastic background they produce
is potentially accessible to current and planned gravitational wave detectors,
as well as being constrained by big bang nucleosynthesis (BBN), the cosmic
microwave background (CMB), and pulsar timing [92, 93, 94].

• Dark Matter: The contributions of dark matter to the Stochastic Gravitational
Wave Background (SGWB) are an intriguing aspect of cosmological research.
Dark matter, particularly when interacting with supermassive black hole bi-
naries within dense structures like dark matter spikes, is theorized produce
detectable gravitational wave signals in the nanohertz frequency range. These
interactions provide a unique window into the gravitational influence of dark
matter in cosmic structures. Moreover, the role of ultralight bosons, potential
dark matter candidates, is significant in this context. They are hypothesized to
cause superradiant instabilities around spinning black holes, forming "bosonic
clouds" that dissipate energy through gravitational waves. This phenomenon
suggests a distinct gravitational wave signature that could unveil the elusive
properties of dark matter. The exploration of these signals with future space-
based gravitational wave detectors and pulsar timing arrays is expected to
enhance our understanding of dark matter and its role in the cosmos [95, 96, 97].
However, this is an area of active theoretical exploration with many uncertain-
ties. Direct detection and attribution to dark matter remain challenging.

3.2.2 Astrophysical Background

The astrophysical background of stochastic gravitational waves, distinct from its
cosmological counterpart, arises from the superposition of a myriad of astrophys-
ical processes and events throughout the universe’s history. This background is
dominated by the cumulative effect of several classic astrophysical GW sources. It
is a gravitational wave symphony composed of distant, unresolved sources such
as binary mergers, supernovae, and white dwarf binaries, creating a continuous,
stochastic gravitational wave background. Future space-based GW detectors such as
LISA would be able to detect an astrophysical GW background due to unresolvable
sources within our galaxy [58]. An interesting potential contribution could come
from Primordial Black Holes.

• Primordial Black Holes (PBHs): The gravitational waves (GWs) from PBHs
encompass a broad spectrum, contributing to both resolvable and stochastic
backgrounds. For instance, the incoherent sum of unresolved GW signals from
PBH mergers across the universe’s history could result in a stochastic GW back-
ground (SGWB), particularly relevant in the nanohertz frequency range. This
was suggested by data from pulsar timing arrays, which may have detected a
SGWB at nanohertz frequencies, potentially indicative of primordial density
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perturbations that could be the origin of stellar-mass PBH formation. PBHs,
spanning a wide range of masses, consequently cover various GW frequency
ranges. Upcoming missions like LISA (Laser Interferometer Space Antenna)
are expected to be sensitive to GWs from PBHs, especially in the millihertz
frequency band, offering a complementary perspective to ground-based GW
detectors. The SGWB from PBHs formed in the radiation-dominant era of the
universe can be used to discover or constrain their existence. Furthermore,
PBHs are speculated to have left clear signatures in the coalescence of super-
massive black hole seeds in the late universe, detectable by observatories like
LISA. This range includes PBHs of asteroid-mass, with LISA poised to probe
GW backgrounds from various sources like ultralight, evaporated PBHs, early
and late PBH binaries, and hyperbolic encounters. Gravitational waves from
individual sources, such as intermediate-mass PBH mergers at high redshifts,
inspirals with extreme mass ratios, and even quasi-monochromatic continuous
waves from subsolar-mass PBHs, are expected to be within LISA’s detection
range [98, 59].

In summary, the universe’s gravitational wave arena is vast and varied, encom-
passing a multitude of sources ranging from the cataclysmic and transient to the
persistent and stochastic. The study of these sources not only furthers our under-
standing of gravitational waves but also unravels the mysteries of the cosmos.



Chapter 4

Overview of Gravitational Wave Detec-
tors

This chapter presents a detailed overview of the existing and future gravitational
wave detectors, including their detection principles, operational statuses, technologi-
cal advancements, and significant achievements in the field of astrophysics. Fig. (4.1)
shows a comprehensive overview of the sensitivity curves of many of the prominent
existing and future GW detectors covered in this section.

Figure 4.1: A comprehensive overview, in a characteristic strain versus frequency
plot, of the expected gravitational wave sources overlaid with the sensitivity curves
of several existing and proposed future gravitational wave detectors. This figure has
been generated using gwplotter.com [99].

23
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4.1 Existing Gravitational Wave Detectors

4.1.1 Resonant Mass Detectors

Resonant Mass Detectors (RMDs) utilize large, solid masses shaped into cylinders
or spheres, typically made of metals like aluminum or niobium, that are cooled
to cryogenic temperatures to reduce thermal noise. These masses are expected to
resonate in response to gravitational waves. Extremely sensitive transducers attached
to the masses detect minute vibrations and translate them into electrical signals.

• EXPLORER (Cryogenic Explorer, CERN, Switzerland, operational since 1985):
A pioneering detector in the field, using a cryogenically cooled cylindrical bar
to detect kilohertz frequency gravitational waves. No detections have been
reported, but it has been valuable for setting upper limits on gravitational wave
strength [100].

• GEOGRAV (Genius Observer of Gravitational Waves, Italy, operational since
the 1980s): Specializes in resonant mass detection using a horizontal cryogenic
bar, contributing to early gravitational wave research. It targets GWs in the
kilohertz range, but no detections have been reported to date [101].

• ALTAIR (Advanced Large-scale Transducer for Antimatter Inspection and
Research, Italy, operational since 1990): Features innovative resonant mass
detection technology, targeting kilohertz frequency gravitational waves. No
detections have been reported as of yet [102].

• ALLEGRO (Acoustical Levitation Ground Gravitational-wave Observatory,
USA, 1991-2008): Utilized a unique resonant mass design with an aluminum
cylinder, targeting kilohertz GWs. Though now defunct, it provided valuable
data and insights into detector design [103].

• NIOBE (Nuclear Interference Observation with a Bar Experiment, Australia,
operational since 1993): Employs a large Niobium bar detector, cooled to
enhance sensitivity to gravitational waves in the kilohertz range. No confirmed
detections have been made [104].

• NAUTILUS (Nuclear Tautological Utilitarian Interferometer, Italy, operational
since 1995): Utilizes a cryogenic resonant bar, contributing significant data
towards the understanding of gravitational waves in the kilohertz frequency
range. No direct detections have been made yet [105].

• AURIGA (Antenna Ultracryogenic Resonating in Genoa, Italy, operational since
1997): A key player in the resonant mass detector arena, using a large aluminum
bar at cryogenic temperatures for enhanced sensitivity to kilohertz GWs. No
direct detections have been reported yet [106].
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• Mario Schenberg (Brazil, operational since 2003): A spherical resonant mass
detector, unique in its design, aiming to enhance sensitivity and omnidirectional
detection capabilities in the kilohertz range. No detections have been reported
to date [107].

• MiniGrail (Miniature Gravitational Radiation Antenna in Leiden, Netherlands,
operational since 2003): Another spherical resonant mass detector focusing
on kilohertz gravitational waves. It serves as a testbed for advanced detector
technologies. No detections have been reported yet [108].

4.1.2 Interferometers

These detectors use laser interferometry, where laser beams are split along two
perpendicular paths. Variations in the path lengths, caused by gravitational waves,
are detected through oscillations of the interference patterns in the recombined
beams.

• TAMA 300 (Tokyo Advanced Medium-scale Antenna, Japan, operational since
1995): An early endeavor in laser interferometry, providing valuable data and
operational experience for future interferometric detectors. It was designed to
probe the kilohertz frequency range. No direct detections have been made, but
it has been instrumental in refining detection methods [109].

• GEO600 (Germany, operational since 1995): Known for its unique design and
use of advanced technologies like squeezed light to improve sensitivity. An
important contributor to collaborative gravitational wave research. It operates
in the kilohertz frequency range. No direct detections have been made, but it
plays a crucial role in technology development [110, 111].

• LIGO (Laser Interferometer Gravitational-Wave Observatory, USA, operational
since 2002): A landmark project in gravitational wave astronomy, consisting
of two detectors in Hanford and Livingston respectively. It targets GWs in the
low to several kilohertz frequency range. LIGO’s advanced detectors made the
first-ever direct observation of gravitational waves in 2015, a breakthrough in
the field [18].

• CLIO (Cryogenic Laser Interferometer Observatory, Japan, operational since
2006): A prototype for future cryogenic interferometers, CLIO tested technolo-
gies critical for reducing noise at low temperatures. It has been designed for
the kilohertz GW frequency range. No detections have yet been reported, but it
has been vital for technology advancement [112].

• Virgo (Virgo Interferometer, Italy, operational since 2007): With its 3-kilometer
arms, Virgo complements the LIGO detectors, enhancing the global network’s
sensitivity and sky coverage. It has jointly observed several gravitational wave
events with LIGO, and is sensitive to GWs at low to kilohertz frequencies [19].



26 4.2. Future Gravitational Wave Detectors

• KAGRA (Kamioka Gravitational Wave Detector, Japan, operational since 2019):
Notable for its underground location and use of cryogenic technology, KAGRA
adds to the global network of detectors, improving the localization and under-
standing of gravitational wave sources. No independent detections have been
reported yet, but it aims to detect GWs in the low several kilohertz frequency
range [20].

4.1.3 Pulsar Timing Arrays (PTAs)

PTAs use the regularity of radio pulses from pulsars. Gravitational waves cause
variations in the arrival times of these pulses, detectable by studying timing residuals
from several pulsars.

• IPTA (International Pulsar Timing Array, established in 2004): Combines data
from several pulsar timing projects, targeting nanohertz gravitational waves.
Status: Operational. No direct detections have been made yet [67].

• EPTA (European Pulsar Timing Array, established in 2004): Uses European
radio telescopes for nanohertz gravitational wave detection. Recently, marginal
evidence for a gravitational wave background has been found [113].

• NANOGrav (North American Nanohertz Observatory for Gravitational Waves,
founded in 2007): Monitors pulsars for nanohertz gravitational waves, with
recent evidence suggesting a possible detection of a gravitational wave back-
ground [31, 32].

• PPTA (Parkes Pulsar Timing Array, Australia, operational since 2004): Observes
pulsars using the Parkes radio telescope, focusing on nanohertz gravitational
waves. Recent reports suggest evidence for a gravitational wave background
[114].

• InPTA (Indian Pulsar Timing Array, operational since 2015): Enhances low-
frequency gravitational wave detection capabilities, focusing on nanohertz
range. Status: Operational. No detections have been reported yet [115].

4.2 Future Gravitational Wave Detectors

4.2.1 Space-Based Interferometers

Designed to observe low-frequency gravitational waves in space, these detectors
offer longer baselines and freedom from terrestrial constraints, enabling detection of
waves from massive astronomical events.
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• LISA (Laser Interferometer Space Antenna, International Collaboration, launch
expected in 2034): A space-based mission with a constellation of spacecraft,
aiming to detect gravitational waves in the millihertz range [28].

• DECIGO (Deci-hertz Interferometer Gravitational wave Observatory, Japan,
planned for 2027): A proposed space mission to detect gravitational waves
in the decihertz range, bridging the gap between LISA and ground-based
detectors [116].

• TianQin (China, 2030s): A planned space-based laser interferometric gravita-
tional wave detector project, aiming to detect millihertz frequency gravitational
waves [117].

• Taiji (China, 2030s): This is a laser interferometric detector proposed to comple-
ment LISA, focusing on millihertz frequency gravitational wave detection from
space [118].

• BBO (Big Bang Observer, International Collaboration, proposed): A proposed
far future successor to LISA, it aims to extend the frequency range of space-
based gravitational wave observations, targeting decihertz to millihertz fre-
quencies. BBO will be focused on ultra-precise measurements of cosmological
parameters, designed primarily to search for inflation-generated stochastic
gravitational waves in the band 0.03 Hz to 3 Hz [119].

• ALIA (Advanced Laser Interferometer Antenna, International Collaboration,
proposed): Proposed to target gravitational waves from intermediate-mass
black hole mergers and intermediate-mass ratio inspirals between few mHz
and 0.01 Hz [120].

4.2.2 Ground-Based Interferometers

These advanced detectors aim to detect gravitational waves from a wide range of
sources, with enhanced sensitivity compared to current ground-based detectors.

• Einstein Telescope (European Collaboration, 2030s): An ambitious project
proposing a triangular-shaped underground detector, aiming for unprece-
dented sensitivity across a broad frequency range including LIGO’s range
and beyond. Status: Proposed [29].

• Cosmic Explorer (USA, 2030s): Planned as a next-generation ground-based
detector with long arm lengths, aiming to observe a wide range of gravitational
wave sources including LIGO’s range and beyond. Status: Proposed [30].

• LIGO-India (India, 2030s): A collaborative project extending LIGO’s capabil-
ities to India, aiming to enhance the global network of gravitational wave
interferometers. Status: Under construction [121].
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4.2.3 Atom Interferometers

Similar to laser interferometers, these proposed detectors aim to use the wave prop-
erty of matter to detect GWs using atomic interferometry.

• AION (Atom Interferometer Observatory and Network, United Kingdom):
AION is an innovative gravitational wave detector that employs cold strontium
atoms in an atom interferometer to detect gravitational waves. Its primary focus
is on the mid-frequency range, bridging the gap between the peak sensitivities
of detectors like LISA and LIGO. AION aims to explore gravitational waves
from intermediate-mass black hole mergers and early-universe cosmology
[122].

• MIGA (Matter-wave laser Interferometric Gravitation Antenna, France): Com-
bines atom interferometry with laser interferometry. It aims at probing grav-
itational waves in the frequency band of approximately 0.1 − 10 Hz, a range
not thoroughly covered by future long baseline optical interferometers. This
project is still in the development phase [123].

• ELGAR (European Laboratory for Gravitation and Atom-interferometric Re-
search): ELGAR is a proposed European underground facility designed for
gravitational wave detection in the infrasound band (0.1–10 Hz). It plans to uti-
lize advanced atom-interferometric techniques to fill the sensitivity gap between
future space-based instruments like LISA and third-generation ground-based
detectors. This facility will be a culmination of progress in atomic physics and
large-scale atom interferometry, fostering new collaborations across European
research centers specializing in quantum sensors [124].

• MAGIS-100 (Matter-wave Atomic Gradiometer Interferometric Sensor-100,
USA): Utilizing atomic gradiometer interferometric techniques, MAGIS-100 is
poised to contribute to the evolving landscape of gravitational wave astronomy
and related research in fundamental physics. It aims to detect gravitational
waves in the unexplored frequency range of 0.01 Hz and 3 Hz, between the
sensitivity ranges of LISA and LIGO/Virgo [125].

4.2.4 Novel Detection Methods

These rely on novel GW detection principles and associated technologies, to open
new avenues in gravitational wave astronomy.

• LSD (Levitated Sensor Detector, International Collaboration): Investigates the
use of optically trapped and cooled microspheres to detect gravitational waves
through the motion of these spheres. This innovative method aims to detect
gravitational waves in the high-frequency range, higher than that of traditional
laser interferometer detectors like LIGO. Potential GW sources targeted are
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coalescences of primordial black holes or annihilation of dark matter particles.
Status: Under construction [126].

• TOBA (Torsion Bar Antenna, Japan): A novel approach using suspended bars to
detect gravitational waves by measuring induced torsion. Being Earth based, its
sensitivity range is from tens of millihertz to 0.1 Hz, targeting intermediate mass
black holes at cosmological distances. Status: Prototype under development
[127].
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Overview of Storage Rings

Figure 5.1: The rough schematic of a typical storage ring, adapted with permission
from [128]

Storage rings, a sophisticated class of circular particle accelerators, represent a
culmination of sophisticated engineering and deep understanding of fundamental
physics. Serving as the backbone of numerous groundbreaking experiments, these
circular particle accelerators are marvels of human ingenuity, pushing the boundaries
of our knowledge about the universe.

Particle storage rings, while distinct from traditional accelerators, play a pivotal
role in the landscape of particle physics. Essentially a synchrotron in a static state,
these structures are designed not for accelerating particles, but for maintaining their
orbits over prolonged periods, often exceeding several hours.

Storage rings are uniquely designed to maintain a continuous or pulsed beam of
particles, such as electrons, positrons, protons, or heavy ions, circulating for many
hours. The ability of storage rings to stabilize particle beams at high energies makes
them invaluable for various scientific investigations.

The inception of the storage ring dates back to 1941, a collaboration between
Bruno Touschek and R. Wideroe. Their work, though conducted under constrained
circumstances at the University of Hamburg, marked a significant leap in high-energy
physics. Their concept was innovative: to use storage rings for colliding beams of
particles and antiparticles, thereby facilitating the study of complex elementary
particle processes [129, 130].

30
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5.1 Major Components of a Storage Ring

Storage rings are composed of several essential components, each contributing to
the effective operation of the facility. Some of them are shown in Fig. (5.1). A typical
storage ring consists of the following key components: vacuum chamber, bending
magnets, multipole magnets, RF (Radio Frequency) cavities, and beam injection and
extraction systems.

5.1.1 Vacuum Chamber

The physics and technology of vacuum chambers in storage rings are crucial for main-
taining stability and quality in particle accelerators like synchrotron light sources.
Advanced vacuum technology is used to achieve an ultra-high vacuum (UHV) envi-
ronment, typically around 10−9 Torr, essential for preventing electron interference. In
certain cases, pressures are maintained between 10−8 to 10−11 Torr [131, 132].

In terms of gas density, at ultra-high vacuum conditions (10−12 mbar), the gas
molecule density is approximately 26,500 molecules per cubic centimeter, signifying
vast spaces between molecules [133]. This low density is critical for the mean free
path of gas molecules, ensuring minimal collisions and interactions within the storage
ring’s vacuum chamber.

Future advancements in vacuum technology are expected to include incremental
improvements in vacuum pumps, particularly cryogenic pumps, and fundamental
research on seals and outgassing [134]. There will likely be developments in vacuum
gauges, calibration techniques, and leak detectors with enhanced sensitivities. The
application of microprocessors and computers in vacuum systems is anticipated to
increase [134].

5.1.2 Dipole Magnets

Dipole magnets are the cornerstone of storage rings, responsible for bending the path
of charged particles and keeping them in a circular trajectory. These magnets are
crucial for maintaining the particles on a circular path. They generate a magnetic
field perpendicular to the velocity of the particles, providing the necessary centripetal
force. The Lorentz force equation governing the motion of charged particles in a
magnetic field is:

F⃗ = q(v⃗ × B⃗) (5.1)

where F⃗ is the force on a particle with charge q, moving with velocity v⃗ in a magnetic
field B⃗.

The advent of superconducting technology marked a paradigm shift in storage
ring design. Superconducting magnets, due to their ability to conduct electricity
without resistance at low temperatures, allow for the generation of significantly
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stronger magnetic fields than conventional electromagnets. This advancement is
particularly advantageous in bending magnets, where higher magnetic fields permit
tighter bending radii, leading to more compact storage ring designs and higher
particle energies [135].

5.1.3 Multipole Magnets

Quadrupole magnets play a crucial role in focusing the particle beam, correcting
its natural dispersion in both the horizontal and vertical planes. They operate
by creating a gradient magnetic field, which varies linearly across the beam path,
effectively focusing or defocusing the beam depending on the direction of particle
motion relative to the field gradient. Sextupole magnets are employed to correct for
chromatic aberrations (a variation in focusing strength with particle energy), thus
ensuring beam stability and uniformity.

Beyond quadrupoles and sextupoles, storage rings also utilize higher-order multi-
pole magnets, such as octupoles, to further refine beam dynamics. Octupole magnets
are particularly effective in correcting nonlinear beam distortions and improving the
overall stability of the beam. The advent of superconducting magnet technology has
significantly enhanced the performance of these multipole magnets, allowing for
stronger magnetic fields and more compact storage ring designs.

Recent advancements in magnet technology emphasize the importance of precise
beam control in achieving high luminosity and minimizing beam loss, key factors in
the efficiency and safety of particle accelerators [136, 137].

5.1.4 RF Cavities

RF cavities in storage rings are used to replenish the energy lost by charged particles,
primarily due to synchrotron radiation [136]. RF systems in storage rings have
evolved significantly, featuring advancements such as higher harmonic cavities and
sophisticated feedback mechanisms. These innovations are not merely enhancements;
they are pivotal in addressing the challenges posed by higher energy beams. Higher
harmonic cavities, for instance, help in flattening the bunch distribution, thereby
reducing beam instability and energy spread. They supply an oscillating electric field
that imparts energy to the particles in sync with their orbital frequency

URF = qVRF cos(ϕ) (5.2)

where URF represents the energy gain per turn, VRF is the RF voltage, and ϕ is the
phase angle.
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5.1.5 Beam Injection and Extraction Systems

These systems are responsible for inserting particles into the storage ring and ex-
tracting them for use in experiments or for directing them to other sections of the
accelerator complex.

Injection of particles into a storage ring is a critical procedure. It is usually
achieved using pulsed deflecting dipole magnets, known as injection kicker magnets,
to steer an incoming train of particles onto the stored beam path. For example, in
multi-turn injection, each pulse is carefully placed into the stored beam’s phase space,
considering factors like radiation damping and beam coherence. The timing of these
injections is crucial for maintaining beam stability and size.

5.2 Beam Dynamics and Stability

The operation of storage rings hinges on precise control over beam dynamics. Fac-
tors such as synchrotron radiation, beam-beam interactions, and instabilities pose
significant challenges. Synchrotron radiation, in particular, is a double-edged sword:
while it is a valuable source of X-rays for research, it also leads to energy loss in the
particles, necessitating constant acceleration.

Psynch =
e2c

6πϵ0

(
E

m0c2

)4 ( v
R

)2
(5.3)

where Psynch is the power radiated by a relativistic particle, E is the particle energy, v
is the velocity, and R is the radius of curvature of the particle’s path.

The stability of particle beams in storage rings is a complex interplay of various
forces and interactions. Key to this stability is the concept of radiation damping,
which counteracts the spread in particle trajectories due to synchrotron radiation.
The radiation damping force can be approximated by:

Fdamping = − e2

6πϵ0c3
γ4
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dv⃗
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)2

(5.4)

where γ is the Lorentz factor, and dv⃗
dt

is the rate of change of velocity.

Beam Cooling Techniques: An essential aspect of modern storage rings is the
implementation of beam cooling techniques, crucial for enhancing beam quality by
reducing emittance. Electron cooling, where a cold electron beam is merged with the
circulating beam to transfer energy and reduce the velocity spread, and stochastic
cooling, which employs feedback systems to correct particle distribution, are pivotal
in maintaining high-quality, stable beams for prolonged periods. These techniques
are increasingly relevant in light of the demand for higher precision in experiments
[138].
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5.3 Relativistic Considerations

In the realm of storage rings, relativistic effects play a significant role due to the high
speeds of circulating particles. Relativistic dynamics are essential for understanding
the behavior of particles and for accurate timing measurements, especially in the
context of gravitational wave detection. The relativistic energy-momentum relation
is given by:

E2 = (pc)2 + (m0c
2)2 (5.5)

where E is the total energy, p is the momentum of the particle, c is the speed of light,
and m0 is the rest mass of the particle.

5.4 Beam Diagnostics and Monitoring

The realm of beam diagnostics and monitoring is integral to the efficient operation
and safety of storage rings. Modern storage rings are equipped with an array of
diagnostic tools, which provide real-time feedback, essential for fine-tuning the
accelerator’s parameters and ensuring optimal beam quality.

• Beam Position Monitors (BPMs): Utilized to precisely measure the position of
the beam within the vacuum chamber. BPMs are crucial for aligning the beam
and correcting any deviations from the desired trajectory.

• Beam Emittance Detectors: These detectors measure the emittance of the beam,
a parameter that quantifies the spread of particle trajectories in phase space.
Lower emittance is desirable for achieving higher beam quality and brightness.

• Beam Loss Monitors (BLMs): Placed along the beam path, BLMs monitor
deviations or losses of particles from the main beam, ensuring the safety and
efficiency of the accelerator. By identifying the rate and location of particle
losses, they enable prompt corrective actions to adjust beam parameters or
initiate shutdown procedures, thus preventing damage to accelerator compo-
nents and ensuring personnel safety. Moreover, data from BLMs are invaluable
for optimizing beam performance and providing insights into beam dynamics
under different operating conditions.

• Beam Arrival Time Monitors: These monitors are key to ensuring the precise
timing of the beam’s arrival at various points along the storage ring. Accurate
beam timing is crucial for synchronization in experiments, especially those
requiring time-resolved measurements. By measuring the arrival time of the
beam with high precision, these monitors help in maintaining the temporal
stability of the beam, enabling experiments that depend on precise timing and
synchronization.
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5.5 Applications and Future Directions

Storage rings are instrumental in a myriad of applications, from fundamental research
in particle physics to practical uses in medicine and industry. They are crucial in
studies involving electron-positron collisions and in the generation of synchrotron
radiation for materials science, biology, and chemistry. Looking ahead, advancements
in storage ring technology, such as novel acceleration techniques and improvements
in beam quality and energy efficiency, promise to broaden their scientific and practical
applications.

Fundamental Research: Storage rings have been instrumental in numerous
scientific breakthroughs, particularly in the field of particle physics. The Large
Electron-Positron Collider (LEP) and the Large Hadron Collider (LHC) are prominent
examples, where storage rings have facilitated high-energy collisions leading to
significant discoveries, including the observation of the Higgs boson [139, 140].

Environmental Science Applications: The application of storage ring technology
extends into environmental science, where synchrotron radiation facilitates the anal-
ysis of atmospheric particles and environmental pollutants. This research provides
critical insights into the mechanisms of climate change and pollution, highlighting
the versatility of storage rings beyond traditional physics [141].

Cultural Heritage Science: Synchrotron radiation has also found unique appli-
cations in cultural heritage science, offering non-destructive methods for analyzing
artworks and archaeological artifacts. This technology has unveiled hidden de-
tails in historical paintings and manuscripts, contributing to the preservation and
understanding of our cultural heritage [142].

Medical and Industrial Applications: The utility of storage rings extends beyond
fundamental research. In the medical field, synchrotron radiation generated by
storage rings is used in advanced imaging techniques and targeted radiation therapy,
offering new avenues in cancer treatment. In industry, storage rings contribute to
material science research and semiconductor manufacturing.

Looking ahead, the evolution of storage ring technology is closely linked to
advancements in accelerator physics [143]. Emerging concepts like plasma wakefield
acceleration and laser-driven acceleration hold the potential to dramatically reduce
the size and cost of storage rings. These novel technologies could democratize
access to high-energy physics experiments, paving the way for a new era of scientific
discovery. Recent advancements in acceleration technology, such as dielectric laser
acceleration (DLA), propose a radical miniaturization of accelerator components.
By leveraging the electric field of lasers within dielectric structures, DLAs offer
a pathway to significantly more compact and efficient accelerators, promising to
revolutionize storage ring technology and its applications in various fields [144].
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Detection of Gravitational Waves in Cir-
cular Particle Accelerators

6.1 Preface

This chapter is largely the verbatim presentation of the original research paper (with
the same name as the chapter title) of the author of this dissertation and collaborators
[145], that has been edited to fit into the structure of this dissertation. The edits
consist of some statements written entirely in italics, that have been inserted at the
appropriate places within the paper.

6.2 Abstract

Here we calculate the effects of astrophysical gravitational waves (GWs) on the travel
times of proton bunch test masses in circular particle accelerators. We show that
a high-precision proton bunch time-tagging detector could turn a circular particle
accelerator facility into a GW observatory sensitive to millihertz (mHz) GWs. We
comment on sources of noise and the technological feasibility of ultrafast single
photon detectors by conducting a case study of the Large Hadron Collider (LHC) at
CERN.

6.3 Introduction

In 2016, the first direct detection of gravitational waves (GWs) from the merger of
two black holes was reported by LIGO [10]. LIGO [18] uses laser interferometry
to measure the GW-induced changes in the path length (equivalently, travel time)
of light signals. While Earth-based interferometers such as LIGO are sensitive to
high-frequency gravitational waves from compact binary mergers, the planned space-
based interferometer LISA [28], to be launched in 2034, will be sensitive to millihertz
(mHz) GWs [58]. Millihertz GWs are produced by the inspiral, merger and quasi-
normal modes of massive black hole binaries, and of extreme and intermediate mass
ratio binaries (massive black hole - lighter compact object). They are also produced
by white dwarf binaries within our Galaxy, which may be detected as individually
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resolved sources or as an unresolved stochastic background [146].

In laser interferometry, the light signals in the interferometer arms carry infor-
mation about the respective test mass geodesics, making it one possible technique
of comparing two or more geodesics, which is the fundamental requirement for
detecting any gravitational phenomenon [146]. However, this technique imposes
certain design limitations for detecting mHz GWs: first, the test mass mirrors at the
ends of the interferometers are subject to gravity gradient (GG) noise (tiny tidal gravi-
tational forces caused by perturbations of the local Newtonian gravitational potential
due to human activity, seismic and atmospheric activities, etc.) which increases
steeply below 1 Hz [146]. Second, the path length of the laser beams determines
the frequency of the GW to which the interferometer is sensitive. The laser path
length required for detecting mHz GWs is too large to be realized on Earth, even
with multiple reflections of the laser beam between mirrors to fold the path length
into a smaller physical space, as this increases the thermal noise [146]. Such path
lengths can only be realized with space-based laser interferometers that are relatively
free from GG noise.

However, both of the above limitations can be overcome by considering a circular
particle accelerator, such as the Large Hadron Collider (LHC) at CERN [147]. Here,
the proton bunches act as test masses that are freely falling with a constant speed
along the instantaneous tangent to the circular trajectory, and whose circular motion
is affected by GWs, which leads to a periodic change in their travel time from its
nominal value. Therefore, a fundamental difference between laser interferometry and
this GW detection technique is that the former uses stationary test masses confined
to rectilinear free-fall along the interferometer arms, while the latter uses moving test
masses confined to circular tangential free fall in a particle accelerator.

In an accelerator, two geodesics are compared by the transfer of information via
light signals that travel between two clocks which measure time differently: One
clock is made up of the circulation of proton bunches, and the other can be a high-
precision optical clock connected to a single photon detector. Geodesic information is
transferred from the proton bunch clock to the detector clock via visible synchrotron
radiation photons emitted by the proton bunches due to the magnetic field. GWs
affect the proton bunch clock by changing the geodesics of the proton bunch test
masses. This is detected by comparison with the optical clock, which is not affected
by GWs in the same way. Here, the travel time of the light signal does not change
much due to GWs because the proton bunch is very close to the detector when it
transmits photons. This is different from laser interferometry where the GWs induce
a change in the light travel time over long distances.

Since the proton bunches in the particle accelerator can, in principle, be confined
to a circular trajectory for a very long time, their geodesics can be monitored over a
sufficiently long period for mHz GWs to cause a measurable change in the proton
bunch travel time.
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6.4 Effect of GWs on proton bunch travel times

A GW of astrophysical origin that propagates along the zGW-axis in a reference frame
(t, xp, yp, zGW), distorts spacetime in a manner given by the linearized gravity metric
in the transverse-traceless gauge [148, 149],

dS2 = −dt2 +
(
1 + h+(t)

)
dx2p +

(
1− h+(t)

)
dy2p + 2h×(t)dxpdyp + dz2GW. (6.1)

The + and × symbols denote the two possible polarizations for the time-varying
GW strain. The purely temporal dependence of the GW strain is precise within
a region about the origin with a length scale that is small compared to the GW
wavelength, otherwise the GW strain would also have a spatial dependence of the
form h+,×(t, z) = h+,×(t) e

i(kz−ωt).

In an observer’s reference frame (t, x, y, z), where the GW propagation direction
has an azimuth ϕ, inclination θ, and polarization angle ψ, the metric is found by
performing a coordinate transformation from (t, xp, yp, zGW) to (t, x, y, z) via suitable
elemental rotations. After doing so and switching to cylindrical coordinates (t, r, α, z),
if we set r = R, dr = 0 and dz = 0, we see the effect of GWs along a circular arc of
radius R.

Mathematically, this involves tediously substituting into Eq. (6.1), the following coordi-
nate transformation relation,


dt

dxp
dyp
dzGW

 =


1 0 0 0

0 cosψ − sinψ 0

0 sinψ cosψ 0

0 0 0 1



1 0 0 0

0 cos θ 0 sin θ

0 0 1 0

0 − sin θ 0 cos θ



1 0 0 0

0 cosϕ − sinϕ 0

0 sinϕ cosϕ 0

0 0 0 1




dt

−R sinαdα

R cosαdα

0

 . (6.2)

The effective metric takes the form,

dS2 = −dt2 +
(
1 + hθϕψ(t, α)

)
R2dα2, (6.3)

and the effective GW strain, hθϕψ(t, α), has the complex expression,

hθϕψ(t, α) = h+(t)
(
f+
s sin2 α + f+

c cos2 α + f+
sc sin 2α

)
+

h×(t)
(
f×
s sin2 α + f×

c cos2 α + f×
sc sin 2α

)
,

(6.4)
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where,
f+
s = (cos2 θ cos2 ϕ− sin2 ϕ) cos 2ψ − (cos θ sin 2ϕ) sin 2ψ,

f+
c = (cos2 θ sin2 ϕ− cos2 ϕ) cos 2ψ + (cos θ sin 2ϕ) sin 2ψ,

f+
sc =

(
1
2
(1 + cos2 θ) sin 2ϕ

)
cos 2ψ + (cos θ cos 2ϕ) sin 2ψ,

f×
s = (cos2 θ cos2 ϕ− sin2 ϕ) sin 2ψ + (cos θ sin 2ϕ) cos 2ψ,

f×
c = (cos2 θ sin2 ϕ− cos2 ϕ) sin 2ψ − (cos θ sin 2ϕ) cos 2ψ,

f×
sc =

(
1
2
(1 + cos2 θ) sin 2ϕ

)
sin 2ψ − (cos θ cos 2ϕ) cos 2ψ.

(6.5)

The travel time of test masses in a circular particle accelerator is thus calculated
by integrating the timelike geodesic equations of the effective metric,

d2t
dτ2

+ 1
2

dhθϕψ(t)

dt

(
dl
dτ

)2
= 0,

d2l
dτ2

+ 1
1+hθϕψ(t)

dhθϕψ(t)

dt

(
dl
dτ

)(
dt
dτ

)
= 0,

−
(
dt
dτ

)2
+
(
1 + hθϕψ(t)

)(
dl
dτ

)2
= gµν ˙dxµ ˙dxν = −1.

(6.6)

Rdα = dl represents the arc length; dt
dτ

= γ is the Lorentz factor; dl
dτ

= γv, where
v is the circular velocity. Here we write the GW strain as a function of time only,
with the foresight that the geodesic solution for the angular coordinate would be a
function of time in a circular trajectory, α = α(t). Solving the first and third geodesic
equations gives the time-variation of the test mass velocity due to the GWs.

After making the substitutions dt
dτ

= γ ; dl
dτ

= vγ ; d2t
dτ2

= γ dγ
dt

, the third geodesic equation
gives us

γ2v2 =
γ2 − 1

1 + hθϕψ(t)
. (6.7)

Substituting the above into the first geodesic equation and rearranging the terms leads to
the integrable expression,

2γdγ

γ2 − 1
=

−dhθϕψ
1 + hθϕψ

. (6.8)

Upon integrating the above and expressing the Lorentz factor, γ, in terms of the velocity,
v, with the limits of the integration going from the initial values, hθϕψ(t0), v(t0), to the final
values, hθϕψ(t), v(t), followed by rearranging the terms, we get the final expression for v(t),

v2(t) =

(
1 + hθϕψ(t0)

)
.v2(t0)(

1 + hθϕψ(t0)
)
.v2(t0) +

(
1 + hθϕψ(t)

)
.
(
1− v2(t0)

) . (6.9)

We note that v(t0), the velocity of the particles at the beginning of the observa-
tion run, t0, differs from that of the nominal case, v0, and are related as v2(t0) =

v20
(
1 + hθϕψ(t0)

)
. This is a result of the frame dependence of velocity measurement

for timelike signals. This issue does not exist for lightlike signals, which have a
frame-independent, constant velocity. The travel time of the test masses is found by
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integrating the third geodesic equation, written as,(
1 + hθϕψ(t)

)
dl2 = v2(t)dt2. (6.10)

We make the substitution for v2(t) and use the binomial approximation, as hθϕψ(t)
is small. We revert back to metric units from natural units. Thus, in terms of the
constant velocity, v0, of the nominal case, we get the relation,

dl = v0dt

(
1−

(
1− v20

2c2

)(
hθϕψ(t)− hθϕψ(t0)

))
. (6.11)

In the nominal case, the travel time of a test mass with constant circular velocity
v0, making n (not necessarily whole) turns in a circular accelerator of radius R, is
T = 2πnR

v0
= L

v0
. We integrate Eq. (6.11) over the nominal travel time and make the

interpretation that for the same travel time, the test mass covers a slightly different
path length, by ∆L, in the presence of GWs. Thus, we have,

L+∆L = v0T − v0

(
1− v20

2c2

)∫ t0+T

t0

(
hθϕψ(t)− hθϕψ(t0)

)
dt. (6.12)

The change in travel time from its nominal value is therefore, the extra time that
the test mass would take to cover the length ∆L, with the final velocity v(t0 + T ).
Even so, since we neglect terms of O(h2) and higher, the calculation reduces to simply
−∆L
v0

. Thus, in the presence of GWs, the deviation of the test mass travel time from its
nominal value is given by the general expression,

∆TGW =
(
1− v20

2c2

)∫ t0+T

t0

(
hθϕψ(t, α(t))− hθϕψ(t0, α0)

)
dt. (6.13)

The detector is located at an initial angular coordinate α0, and begins observing at
time t0. Here, we take the angular coordinate of the circulating test mass to vary with
time as in the nominal case, α(t) = α0 +

v0
R
(t− t0), since all terms of order O(h2) and

higher can be neglected. We may arbitrarily set α0 = 0, since the relative orientation
of the GW can be compensated in the choice of the azimuth, ϕ.

We obtain an explicit expression for Eq. (6.13) by making the ansatz, for simplicity,
of a linearly polarized sinusoidal GW (see Appendix 6.9 for detailed calculations). Us-
ing this assumption, we find that the order of magnitude of the travel time variation
over a GW period, 1/fGW, is

∆TGW ∼ a
h0
fGW

, (6.14)

where a is a constant of order ∼ 10−2. Strong mHz GWs with characteristic strain
and frequency of order h0 ∼ 10−18, fGW ∼ 10−4 Hz, respectively, would cause, at best,
∆TGW ∼ 10−16 s, which corresponds to a shift in test mass positions by ∼ 10−8 m.
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Figure 6.1: The GW sensitivity curves of other GW detectors and the LHC (left panel
adopted from [150]). With an overall noise magnitude of ∼ 10−12 s due to noise
sources, and the maximum LHC sampling rate of ≈ 63.1519 MHz, we see that it
would be possible to detect the strong mHz GWs produced by extreme mass ratio
inspirals, massive black hole binaries and Galactic binaries, resulting in some overlap
with the LISA sensitivity curve. GWs from binary supermassive black holes are also
accessible in principle, but detecting them would require continuous measurements
over unfeasibly long periods (> 106 s).

6.5 GW Sensitivity Curve

Separate timing detectors would need to time-tag the proton bunches constituting
the counter-rotating, ultrarelativistic proton beams in the two LHC vacuum tubes,
which can be made to circulate without collisions. The LHC utilizes superconducting
electromagnets along with beam collimators to impose a highly precise circular
trajectory of the proton bunches in the focused proton beam. Further, the LHC
Radiofrequency (RF) system [151] keeps the proton bunches circulating at a constant
speed and also maintains the bunch length (≈ 30 cm) of the 2808 proton bunches
separated by ≈ 25 ns travel time. In the presence of strong mHz GWs, the travel time
of all proton bunches will periodically deviate from its nominal value of ≈ n× 89µs
(n being the fractional number of revolutions and 89µs the revolution period) in a
continuous manner by up to ∆TGW ∼ 10−16 s, with a frequency of fGW. Every timing
measurement is, therefore, a sample of the continuous, time-varying GW signal.

Each LHC vacuum tube can contain 2808 proton bunches, circulating at ≈ 11, 245

Hz. Hence, the maximum sampling rate (i.e. the rate at which the detectors time-tag
the proton bunches) at the LHC is ≈ 2 × 2808 × 11245 = 63.1519 MHz. A high
sampling rate improves signal detection by improving noise filtering techniques such
as matched filtering [146], thus potentially enabling the detection of the GW signal
even if it is buried within the noise caused by various error sources which perturb
the proton bunch travel time or its measurement. To detect GWs, the travel time
difference magnitude due to GWs given by Eq. (6.14), must be greater than the overall
noise magnitude, ∆Tnoise. However, employing matched filtering, the effective noise
is reduced by the square root of the number of data-points taken within the observing
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time i.e. the sampling rate, fsample, times the observing time, Tobs. Hence, we have

∆TGW ≳
∆Tnoise√
fsample Tobs

. (6.15)

We assume that the significant portion of the GW signal lasts for a duration
of 10 times its period, i.e. Tobs ∼ 10/fGW. Inserting this in the above inequality,
and the time-difference magnitude estimate Eq. (6.14) for a circular accelerator GW
observatory, we obtain the LHC-GW sensitivity curve, shown in Fig. 6.1,

h0 ≳
b∆Tnoise√
fsample

(fGW)3/2, (6.16)

where b is a constant of order 10.

Our initial construction of the sensitivity curve, although conveying the correct informa-
tion within its context, was not aligned with the convention followed by the GW community.
This was later updated in Sec. 7.6.2, and further details can be found in App. B.

6.6 Noise sources

Below, we estimate the magnitudes of various sources of noise in terms of the nominal
proton bunch travel time, T :

6.6.1 Quantum noise

The uncertainty principle sets a lower limit on the proton bunch timing uncertainty.
The uncertainty in the relativistic momentum of the test mass, in terms of the uncer-
tainty in its velocity, is given by,

∆p = m0∆(γv)
∣∣∣
v=v0

= m0

(
1− v20

c2

)−3/2

∆v. (6.17)

Therefore, the uncertainty relation reads,

∆L ∼ ℏ
2
.

1

m0∆v

(
1− v20

c2

)3/2
. (6.18)

Since the travel time is T = L/v0, the uncertainty in timing due to uncertainties in
position and velocity measurements is given by,

∆T =
∆L

v0
+
L∆v

v20
. (6.19)
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Substituting ∆L and L = v0T , we get,

∆T ∼ ℏ
2m0v0

(
1− v20

c2

)3/2 1

∆v
+
T

v0
∆v. (6.20)

The timing uncertainty can be minimized for a suitable uncertainty of velocity mea-
surement, giving,

∆T ∼
√

2ℏT
m0

1

v0

(
1− v20

c2

)3/4
. (6.21)

In the LHC, protons circulate with a period of ≈ 89µs at a speed which is approxi-
mately 3 m/s slower than the speed of light. Assuming that a detection takes place
every revolution, then the quantum noise is,

∆Tquantum ∼ 10−20s. (6.22)

6.6.2 Gravity gradient (GG) noise

GG noise, unlike GWs, is a tidal gravitational effect. For interferometric GW detectors,
GG noise mimics the effect of a stochastic background of GWs, and is dominant at
low frequencies [152, 153]. In the LHC, ultra-relativistic proton bunches circulate
with a frequency of ≈ 11, 245 Hz, at an underground depth of 50-175 m. The travel
time change caused by tidal gravitational forces due to terrestrial and non-terrestrial
masses acting directly on the proton bunches would be greatly attenuated by their
high frequency circulation. To show this, we make a simple estimate using a classical
treatment, by considering the tidal gravitational acceleration on the proton bunches
due to a mass M, at a distance R. For terrestrial masses close to the LHC, we find,

∆TGG ∼
(GM
2hv20

)
T, (6.23)

where h is the depth of the LHC below the mass, and v0 is the circular speed of the
proton bunches, close to the speed of light. For a typical 250,000 ton skyscraper
of a few hundred meters height, the GG noise over a duration of T = 104 s is
∆TGG ∼ 10−18 s, but in reality this value would be roughly averaged out due to all
the masses surrounding the LHC, making the GG noise due to nearby terrestrial
objects negligible compared to the effect of mHz GWs. On the other hand, for masses
far away from the LHC, we find,

∆TGG ∼
(2GML2

R3πv20

)
T, (6.24)

where L is the circumference of the LHC (≈ 26.7 km). Over a duration of T = 104

s, the tides due to the Sun and Moon (even if assumed to be aligned during New
Moon and having a fixed, edge-on orientation with the LHC ring), would cause
∆TGG ∼ 10−18 s. Actually, this value would be even smaller due to a changing
orientation caused by Earth’s rotation and misalignment between the Sun and the
Moon. However, the tides also cause a slight deformation of the LHC tunnel (by ≈ 1
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mm), over the period of a day [154]. A radial feedback loop allows the RF system
to continuously correct the proton beam orbit, keeping it centered [155, 156]. The
long-term proton bunch travel time variation due to this effect can therefore be fully
predicted and accounted for. Finally, we find that the Alps mountains located closer
than a few hundred kilometers from LHC can also cause a significant GG noise. For
the Mont Blanc, which is roughly 100 km away from the LHC, assuming a typical
mass of 1014 kg, we estimate ∆TGG ∼ 10−16 s over a duration of T = 104 s. However,
the local gravity gradient across the LHC can be mapped in detail to completely
account for the net GG noise due to all stationary terrestrial mass distributions.

6.6.3 Seismic noise

Incoherent ambient seismic activity is the major source of mechanical vibrations
that can cause relative motion between the LHC dipole magnets, leading to small
deformations (by ∼ µm) of the proton beam orbit [157, 158, 159, 160]. However,
mechanical vibrations cannot affect the longitudinal dynamics of the proton bunches
since they couple only via the magnetic field. We make a simple estimate of seismic
noise on the proton bunch travel times: If laid out in a straight line, the deformed
orbit can be modelled as a sine wave about the ideal orbit. The deviation of the
deformed orbit from the ideal orbit at a position x and time t is given by

y = y0 sin (2πfst) sin
(nπx
L

)
, (6.25)

where L is the circumference of the ideal orbit (≈ 26.7 km for LHC); fs is the fre-
quency of seismic waves; n is the harmonic number (number of antinodes of the
deformed orbit with respect to the ideal orbit when laid out in a straight line over
one revolution). The small deviation of travel time is proportional to the difference
in path lengths of the deformed and ideal orbits,

v0∆T =
1

2

∫ T

0

(dy
dx

)2∣∣∣
x=v0t

v0dt. (6.26)

For low-frequency seismic waves, we find the estimate,

∆T =
n2π2y20
8L2

(
T − sin (4πfsT )

4πfs

)
. (6.27)

For mHz seismic waves causing an orbit deformation of y0 ∼ µm with low harmonic
number, and a duration of T = 104 s, the seismic noise is,

∆Tseismic ∼ 10−17s. (6.28)

An orbit correction mechanism such as the radial feedback loop of the RF system,
which can reduce the orbit deformation amplitude, will further reduce the seismic
noise on the proton bunches. Lastly, the detector itself will also be directly affected
by seismic vibrations, causing a significant seismic noise. To overcome this issue,
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a technological solution may be employed similar to the VIRGO interferometer,
whose Superattenuators can attenuate seismic vibrations by more than 10 orders of
magnitude [161].

6.6.4 Radiofrequency phase noise

The precision of the RF system implementation (responsible for controlling the
constant speed of the proton bunches, the bunch length, the separation between the
bunches and their arrival in-phase with the oscillating electric field) leads to a jitter
of the proton bunch travel times, causing a noise with a magnitude of ∆TRF ∼ 10−12

s on the timescale of the measurement [162]. A correction for bunch elongation over
time of around 8 ps/hr in the stable beam [162] must also be taken into account in
the models.

6.6.5 Detector noise

The Longitudinal Density Monitor (LDM) [163] is an existing detector at the LHC,
suitable for this GW detection technique. It is a single photon counting system
with a timing jitter of ∆Tdetector = 50 ps and dead time (duration of instrument
unresponsiveness between two consecutive detections) of 77 ns that detects the visible
synchrotron radiation emitted by the proton bunches to measure their longitudinal
profile.

6.6.6 Photon shot noise

The inverse of the average photon arrival rate at the detector is the additional jitter
on the proton bunch time-tagging, as the arrival time of a photon at the detector
can roughly vary by this value for every proton bunch. The synchrotron radiation
emission pattern for ultrarelativistic protons is sharply collimated forward along the
velocity of the proton, with an opening angle of 1/γ ∼ 10−3 degrees. For a proton
bunch of ≈ 30 cm traversing the L ≈ 26.7 km LHC circumference, the emission
patterns of the constituent ∼ 1011 protons significantly overlap. From the Liénard-
Wiechert formulation of synchrotron radiation due to a bending magnetic field, the
average power received by the detector over all frequencies and all solid angle as the
synchrotron radiation from a proton bunch sweeps across the detector, is

⟨P ⟩sync ∼ 1011 × 2πe2cβ4γ4

3ϵ0L2
∼ 10−1W. (6.29)

Where β = v0/c and γ is the Lorentz factor. Considering the frequency distribution
of the radiated energy, we obtain the equivalent frequency, νeq, which gives for the
total energy radiated, the same total number of photons:

νeq ∼
γ3c

L
∼ 1016Hz. (6.30)
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Thus, the inverse of the average arrival rate of photons at the detector, which is the
photon shot noise, is estimated to be

∆Tphoton ∼
(
⟨P ⟩sync
hνeq

)−1

∼ 10−17s. (6.31)

Since the above calculation is over all frequencies, we interpret that increasing the
bandwidth of the detector can reduce the true noise below the required threshold.
Moreover, the time-tagging would be less accurate near the edges of the emission
pattern, where the power per solid angle is much less.

6.7 Discussion

Presently, the significant noise at LHC is due to the detector timing jitter of 50 ps,
and the sampling rate is limited by the detector dead time of 77 ns, which is longer
than the bunch length (≈ 1 ns) and the separation between proton bunches (≈ 25

ns). But already, new technology such as superconducting nanowire single-photon
detectors (SNSPDs) offer a low timing jitter of a few ps [164], high photon count rate
(inverse of the dead time) of a few GHz [165], low dark count rate (rate of recording
false counts) of 10−3 Hz [166] and high detection efficiency (probability of detecting
a photon which arrives at the detector) of around 98% [167], while also showing the
potential for realizing a single device with all these merits [168]. Moreover, SNSPDs
can function over a broad wavelength range [169] including the visible-UV range,
even in the presence of strong magnetic fields [170]. A high-efficiency, broadband
detection system with ≈ 1 ps timing jitter and ≈ 1 GHz count rate which can detect a
few photons per proton bunch, would allow the accurate time-tagging of every LHC
proton bunch consecutively and continuously, thus reaching the sampling rate of
≈ 63.1519/2 MHz per vacuum tube. Importantly, the detection system must have a
suitable timing precision (least count) that is smaller by a few orders of magnitude
than the expected peak signal strength due to GWs, in order to detect the whole
waveform. The latest optical clocks offer a timing precision of ∼ 10−19 s [171].

We observe that in this detection technique, certain noise sources such as gravity
gradient noise and seismic noise always act as “drag" i.e. which tend to continually
build up a time delay in the proton bunch time tagging while causing no significant
timing jitter. This is in contrast to laser interferometry, where these same noise
sources tend instead to mimic a stochastic GW background. Meanwhile, the other
noise sources in this detection technique cause only a timing jitter.

In the LHC, the RF system is present only at certain points of the circular accel-
erator ring. The ideal RF system causes no acceleration to be experienced by those
particles which travel through it with the correct speed and timing (synchronous par-
ticles), while all other particles in the proton bunch perform longitudinal oscillations
about the synchronous particle while traveling (synchrotron oscillations), because
the RF system causes all non-synchronous particles to experience a suitable accelera-



Chapter 6. Detection of Gravitational Waves in Circular Particle Accelerators 47

tion that tends to restore the synchronous parameters. Since an LHC proton bunch
consists of ∼ 1011 particles, let us assume a continuous velocity distribution of the
particles having a tiny spread around the mean (which is the synchronous velocity),
and also a continuous position distribution with a spread equal to the bunch length.
Considering this picture, we see that in spite of the presence of an RF system, the
effect of GWs (which would equally affect all particles in the proton bunch) would be
to cause continuous, small and slow (relative to the synchrotron oscillations) periodic
shifts of the particle velocities and positions, as given by Eq. (6.9) and Eq. (6.13)
respectively. Hence, we can expect the GW signal to be present in the travel time
information of the proton bunches in a circular particle accelerator.

Note that the above paragraph was found to be incorrect, and primitive models by
D’Agnolo et al. (see Sec 2.6 of [172]) showed that we can expect the RF system to act as a
damping mechanism to the expected GW signal, reducing its sensitivity, but not cancelling
the GW signal entirely.

For determining the location of an astrophysical GW source, triangulation via the
time delay between three or more GW observatories at different locations detecting
the same event is needed, as done by the extended LIGO/VIRGO collaboration [173].
The space-based LISA detectors are expected to have a sky-localization of 1-100 deg2,
which can improve in a network with other space-based detectors [174]. The LISA
orbit would lag the Earth orbit by ≈ 20 degrees, implying an optimistic improvement
by roughly 1.5 orders of magnitude of the angular resolution, for massive binary GW
events detected by both LISA and LHC. Thus, the network of LISA with the potential
LHC-GW observatory can achieve a significantly higher precision of localizing the
GW source in the sky.

While probing mHz GWs with any Earth-based detector, the orientation of the
GW with respect to the detector would vary significantly (by more than 10 degrees)
over the detection period due to the Earth’s rotation, and therefore, this must be
taken into account in the models (see Appendix 6.10). This may change the response
of the detector if the GW orientation becomes aligned differently with the antenna
pattern, shown in Fig. 6.2.

6.8 Conclusion

We conclude that a high-frequency, low timing jitter and high-precision proton bunch
time-tagging detector could turn a circular particle accelerator facility into a GW
observatory sensitive to mHz GWs.
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Figure 6.2: The LHC-GW antenna pattern. Shown here is the approximate ‘pointing’
of a circular particle accelerator GW observatory, rms-averaged over all possible GW
polarization angles (see Appendix 6.9). The origin lies at the center of the circular
accelerator with the z-axis being perpendicular to its plane.

6.9 Sinusoidal GW ansatz, time-difference magnitude
and antenna pattern

In Eq. (6.4), we ignore the cross polarization term (effectively assuming a linearly
polarized GW), and use a sinusoidal ansatz of the time-varying GW strain,

h+(t) = h0 sin (2πfGW t). (6.32)

We substitute Eq. (6.4) in the general expression for the travel time change,

∆TGW =
(
1− v20

2c2

)∫ t0+T

t0

(
hθϕψ(t, α(t))− hθϕψ(t0, α0)

)
dt. (6.33)

In the nominal case, the travel-time of particles with constant circular velocity
v0, making n (not necessarily whole) turns in a circular accelerator of radius R is
T = 2πnR

v0
. The observing run begins at time t0, from an angular coordinate, α0, of the
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detector’s location. We may arbitrarily set α0 = 0, since the relative orientation of the
GW can be compensated in the choice of the azimuth, ϕ. This fixes the x-axis to pass
through the detector location. And, we take α(t) = v0

R
(t− t0), since all terms of order

O(h2) and higher can be neglected. Therefore, we have,

∆TGW = h0

(
1− v20

2c2

)
(
f+
s

∫ t0+T

t0

sin (2πfGW t) sin
2
(v0
R
(t− t0)

)
dt

+f+
c

∫ t0+T

t0

sin (2πfGW t) cos
2
(v0
R
(t− t0)

)
dt

+f+
sc

∫ t0+T

t0

sin (2πfGW t) sin
(
2
v0
R
(t− t0)

)
dt

−f+
c T sin (2πfGW t0)

)
.

(6.34)

Solving the time integral, and using T = 2πnR
v0

, we get,

∆TGW = h0

(
1− v20

2c2

)
×(

(f+
s + f+

c )

2πfGW
sin (πfGWT + 2πfGW t0)×

sin (πfGWT )− f+
c T sin (2πfGW t0)

+
(f+
s − f+

c )

4π
.

T

fGWT + 2n
sin (πfGWT + 2πn)×

sin (πfGWT + 2πn+ 2πfGW t0)

+
(f+
s − f+

c )

4π
.

T

fGWT − 2n
sin (πfGWT − 2πn)×

sin (πfGWT − 2πn+ 2πfGW t0)

+
f+
sc

4π
.

T

fGWT − 2n
cos (πfGWT − 2πn)×

sin (πfGWT − 2πn+ 2πfGW t0)

−f
+
sc

4π
.

T

fGWT + 2n
cos (πfGWT + 2πn)×

sin (πfGWT + 2πn+ 2πfGW t0)

)
. (6.35)

If v0 is large, close to light-speed (as is usually achieved in particle accelerators
such as the LHC at CERN), implying that n is also large, then the last four terms in
the above result vanish, and the coefficient outside becomes 1/2, leaving us with the
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result,

∆TGW =
1

2

h0
fGW

(
(f+
s + f+

c )

2π
. sin (πfGWT + 2πfGW t0)×

sin (πfGWT )− f+
c .fGWT. sin (2πfGW t0)

)
. (6.36)

The phase term, 2πfGW t0, signifies the effect on the travel time change, of the
initial phase of the periodic GW signal at the beginning of the observing run, t0, and
here, t0 = 0 corresponds to phase 0. Since it is highly likely that there are no GWs
at the beginning of an observing run, the condition t0 = 0 applies, giving the final
result,

∆TGW = − 1

4π

h0
fGW

.F+. sin
2 (πfGWT ), (6.37)

F+ = sin2 θ cos 2ψ. (6.38)

Taking an rms-average over angular parameters (θ, ψ) of Eq. (6.37), we find the
order of magnitude of travel time change due to GWs, of test mass particles in a
circular accelerator, over the GW period 1/fGW , to be,

∆TGW ∼
√
3

16π

h0
fGW

. (6.39)

The antenna-pattern of this GW detector, rms-averaged over all GW polarization
angles, is given by

F+ =
( 1

2π

∫ 2π

0

sin4 θ cos2 2ψ.dψ
)1/2

∼ sin2 θ. (6.40)

6.10 Effect of Earth’s rotation

The change in travel time given by Eq. (6.33) must be recalculated by considering
the time-varying GW orientation due to Earth’s rotation, θ(t), ϕ(t), ψ(t), the terms
corresponding to which would now be inside the time integral, which must be
evaluated numerically.

The following relation establishes the connection between the time-varying GW
orientation θ(t), ϕ(t), ψ(t), as measured from a moving coordinate system on Earth
with its origin at the center of the circular accelerator, (x, y, z), and the equatorial
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celestial coordinate system, in which the orientation of the GW is fixed:-cosψ − sinψ 0

sinψ cosψ 0

0 0 1

 cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ

cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1

 =

cosψeq − sinψeq 0

sinψeq cosψeq 0

0 0 1

 cos
(
π
2
− δGW

)
0 sin

(
π
2
− δGW

)
0 1 0

− sin
(
π
2
− δGW

)
0 cos

(
π
2
− δGW

)


cosωe
(
αGW − l0 − (t− t0)

)
− sinωe

(
αGW − l0 − (t− t0)

)
0

sinωe
(
αGW − l0 − (t− t0)

)
cosωe

(
αGW − l0 − (t− t0)

)
0

0 0 1


cos

(
π
2
− θlat

)
0 − sin

(
π
2
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)
0 1 0

sin
(
π
2
− θlat

)
0 cos

(
π
2
− θlat

)
cosψ0 − sinψ0 0

sinψ0 cosψ0 0

0 0 1

 . (6.41)

ωe is the angular speed of Earth’s rotation. αGW , δGW are the RA and DEC of
the GW propagation direction. ψeq is the polarization of the GW in the equatorial
celestial coordinates. ψ0 is the angle between the line joining the center of the circular
accelerator to the timing detector and the longitude passing through the center of the
circular accelerator. l0 and θlat are respectively, the local sidereal time at the beginning
of the observing run and latitude of the center of the circular accelerator.



Chapter 7

Detection of Gravitational Waves in Cir-
cular Particle Accelerators
II. Response Analysis and Parameter Es-
timation Using Synthetic Data

7.1 Preface

This chapter is largely the verbatim presentation of the original research paper of
the author of this dissertation and collaborators (with the same name as the chapter
title) [175], submitted to Physical Review D for peer review and publication, that has
been edited to fit into the structure of this dissertation. This is the sequel to [145],
the paper on which the previous chapter is based. Relative to the previous chapter,
this chapter shows further progress of the understanding of this novel experiment
concept that was made in the previous years.

7.2 Abstract

We simulate the response of a Storage Ring Gravitational-Wave Observatory (SRGO)
to astrophysical millihertz (mHz) gravitational waves (GWs), numerically obtaining
its sensitivity curve and optimal choices for some controllable experiment parameters.
We also generate synthetic noisy GW data and use Markov Chain Monte Carlo
(MCMC) methods to perform parameter estimation of the source properties and
their degeneracies. We show that a single SRGO could potentially localize the GW
source in the sky using Earth’s rotation. We also study the source sky localization
area, mass and distance estimation errors as functions of noise, data sampling rate,
and observing time. Finally, we discuss, along with its implications, the capacity of
an SRGO to detect and constrain the parameters of millihertz GW events.
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7.3 Introduction

Theoretical studies of gravitational waves (GWs) interacting with storage rings (circu-
lar particle accelerators where beams of charged particles circulate without collisions
for long periods of time), intending to explore the possibility of using storage rings
as GW detectors, have been conducted independently by several authors over the
past decades [176, 177, 178, 179, 180].

However, these studies only considered the scenario of GWs propagating perpen-
dicularly to the plane of the storage ring (i.e., a “face-on" orientation). This particular
orientation maximizes the GW-induced oscillations of the charged test mass particles
circulating in the ring (which we will refer to as “ions" henceforth) along the ring’s
radial direction. Thus, one can hope to exploit resonances with the beam’s betatron
oscillations and detect the presence of GWs using beam position monitors. However,
as storage ring betatron frequencies generally fall in a range where no significant
astrophysical GW sources exist, and since these radial oscillations are expected to be
extremely small, this idea did not seem very promising.

In our previous paper [145], henceforth referred to as paper I, we instead discussed
the possibility of detecting GWs by monitoring the circulation time of the ions instead
of their orbit shape. We expect the circulation time of the ions to be affected by a
passing GW not just because of the above-mentioned orbit shape distortion but also
because of a GW-induced change in the velocity of the ions. While the former effect is,
in general, proportional to h2 (where h is the dimensionless GW strain, see Appendix
7.10), the key insight from paper I was that the latter is, in general, proportional to
h. It is only in the special case of a face-on orientation of the storage ring, where a
GW can only cause a beam shape distortion, that the latter effect vanishes, leaving
only the former, much smaller effect. Since previous studies had only considered this
special case, it was prematurely concluded that a detection of GWs by monitoring
the circulation time of the ions was unfeasible. The realisation from paper I that the
effect of the GW-induced change in the velocity of the ions on their circulation time
is in general proportional to h clearly changes this assessment.

Moreover, in paper I we also showed that the circulation time deviation induced
by a GW has a periodicity equal to that of the GW, suggesting that it builds up over
time during the first half of a GW period and then wanes during its second half. In
addition, the peak value of the signal is proportional to the GW period, making a
storage ring GW detector more sensitive to lower frequency GWs. Importantly, we
showed in paper I that, due to an overlap of several conditions, a Storage Ring Gravi-
tational Wave Observatory (SRGO) would be most sensitive to the yet undetected
millihertz (mHz) GWs from astrophysical sources that are also targeted by future
space-based GW detectors such as the Laser Interferometer Space Antenna (LISA)
[28, 58].

The quantity measured by an SRGO would be analogous to the “timing residuals"
measured by pulsar timing arrays (PTAs), which are the GW-induced arrival-time
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deviations of radio pulses produced by millisecond pulsars from their expected,
highly regular arrival times in the absence of GWs and noise sources [181]. Moreover,
using ions as moving test masses in an SRGO to detect GWs is similar to the idea of
GW detection by atom interferometry, where ballistic atoms are used as test masses
[182, 122, 123, 124, 125].

Recently, D’Agnolo et al. independently derived the expected GW-induced cir-
culation time deviation of ions in an SRGO which is in agreement with our results
from paper I, under the condition that no radio frequency (RF) system is present in
the storage ring (see Sec 2.6 of [172]). Therefore, the general relativistic calculations
for an SRGO using two different approaches (metric formalism in our paper I, and
Riemann tensor formalism by D’Agnolo et al.), give, effectively, the same result.

In paper I, we considered the Large Hadron Collider (LHC) at CERN as an existing
facility that could potentially be turned into an SRGO. However, the LHC is not the
ideal facility to realize the SRGO detector because the presence of an RF system in the
storage ring would dampen the GW signal that we hope to detect [172]. Instead, rings
capable of storing coasting (i.e., without interference by an RF system) “crystalline
ion beams" [183, 184, 185] or rings that could potentially store a single circulating
ion [186] may be better laboratories for detecting GWs. Moreover, there are better
options for the ion time-tagging detector technology than that proposed in paper I,
such as “beam arrival time monitors" [187], which are electro-optic charge centroid
monitors providing femtosecond timing precision. Also, improving the vacuum
quality inside storage rings would enable sustaining stable, coasting ion beams or
single ions for longer periods, allowing for longer SRGO observation runs.

In this paper we continue our investigation from paper I, improving on some
previous results, and exploring new areas with an updated theoretical formalism and
numerical simulations. The rest of this paper is organized as follows: in Sec. 7.4, we
provide an updated theoretical framework for an SRGO. In Sec. 7.5, we provide the
mathematical models and numerical procedures used in this investigation. Sec. 7.6.1
presents the SRGO response function and its variation with various parameters. In
Sec. 7.7, we study the estimation of GW source parameters with an SRGO using
artificial noisy data. Finally, In Sec. 7.8, we discuss various aspects of our study, and
we summarize our main results in Sec. 7.9.

7.4 Review and revision of SRGO basics

Using the metric formalism of general relativity, in paper I, we derived the circulation
time deviation of test masses in a storage ring due to GWs relative to the circulation
time in the absence of any GWs. Here, we revise some of these results and display
them in a more concise form. We recall from Eq. (10) of paper I that the circulation
time deviation (relative to the case of no GWs) is given by the expression

∆TGW(T ) =
(
1− v20

2c2

)∫ t0+T

t0

(
hθϕψ(t, α(t))− hθϕψ(t0, α0)

)
dt, (7.1)



Chapter 7. Detection of Gravitational Waves in Circular Particle Accelerators
II. Response Analysis and Parameter Estimation Using Synthetic Data 55

where v0 is the constant speed of the ions in the absence of any GWs, c is the speed
of light, t0 is the time of the start of the monitoring campaign, and T is the duration
of the monitoring campaign. hθϕψ is a function of the GW strain amplitudes, h+,×(t),
the orientation of the GW with respect to the ring, parameterized by the three angles
θ(t), ϕ(t), and ψ(t), which vary with time due to the Earth’s rotation, and the angular
trajectory of the ions in the ring, α(t).

We recall from paper I that ϕ, θ and ψ are the Euler angles which transform the
observer’s coordinate system with the z-axis coinciding with the storage ring axis
and the x-axis pointing towards the timing detector to a coordinate system with the
new z-axis coinciding with the GW propagation direction, and the xy axes being
aligned with the GW polarization axes. Specifically, ϕ, θ and ψ are the rotations
around the z, y′ and z′′ axes, respectively. The origin of both coordinate systems is at
the center of the storage ring and both coordinate systems are right-handed.

As it is not possible to know a priori whether GWs are present at any given time,
v0 in Eq. (7.1) cannot be measured in practice. We therefore reformulate Eq. (7.1) in
terms of v(t0) = vi, the instantaneous initial speed of the ions, which can be measured.
Note that vi denotes the instantaneous speed of the ions, as opposed to the speed
averaged over one or more revolutions. We start from Eq. (6) of paper I, and keeping
the term v(t0) as it is, we follow through with the remaining derivation as done in
paper I, to get a reformulated expression for the circulation time deviation:

∆TGW (T ) =

∫ t0+T

t0

[(
1 − v2i

2c2

)
hθϕψ(t, α(t)) − 1

2

(
1 − v2i

c2

)
hθϕψ(t0, α0)

]
dt. (7.2)

Thus, ∆TGW (T ) is now the timing deviation relative to the expected ion arrival times
calculated using vi instead of v0.

The first term in Eq. (7.2) is an oscillatory function containing three different
frequencies, viz. the GW frequency, Earth’s rotational frequency and the revolution
frequency of the storage ring ions. The latter frequency is always much greater than
the former two in the case of mHz GWs. This allows us to analytically integrate out
the rapidly oscillating terms corresponding to the ion revolution frequency. From
paper I, we recall

hθϕψ(t, α) = h+(t)
(
f+
s sin2 α + f+

c cos2 α + f+
sc sin 2α

)
+

h×(t)
(
f×
s sin2 α + f×

c cos2 α + f×
sc sin 2α

)
,

(7.3)

where h+(t) and h×(t) are the plus and cross polarization GW strain components,
α(t) = α0 +

v0
R
(t− t0), and R is the radius of the storage ring. The terms sin2 α, cos2 α

and sin 2α integrate out to yield the constant factors 1
2
, 1

2
and 0 respectively. The

‘f ’-terms inside the parentheses are functions of cosines and sines of the angles θ, ϕ, ψ
(see paper I, Sec. 2).

We now make the assumption that vi is large enough such that the second term
in Eq. (7.2), which is linear in T , is negligible compared to the amplitude of the
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oscillation of the first term, even for integration times of T ≈ a few days. Although
the best ion energy for a successful GW detection is still under discussion, the
above is a reasonable assumption since relativistic ions may indeed be advantageous
(Schmirander et al., in preparation).

Therefore, in the end, we obtain the reformulation,

∆TGW (T ) = −1

2

(
1− v2i

2c2

)∫ t0+T

t0

(
F+h+ + F×h×

)
dt, (7.4)

where F+ and F× are the plus and cross polarization antenna pattern functions of an
SRGO, with F+ = sin2 θ cos 2ψ and F× = sin2 θ sin 2ψ.

Note that in our derivation of ∆TGW (T ), we only considered terms that are linear
in h (see paper I, Sec. 2) since all contributions by higher order terms are usually
negligible. However, in the specific case of a face-on orientation of the storage ring
relative to the GW source (i.e., θ = 0), we see that ∆TGW (T ) = 0. In this specific case,
the signal is therefore dominated by higher order h-terms, as discussed above. We
will nevertheless continue to disregard these terms even in the face-on case as these
much smaller higher order terms could never be detected by an SRGO that is just
sensitive enough to detect the first order h term in other orientations.

Note that the integrand in Eq. (7.4) now has the same form as the GW response
of the Laser Interferometer Gravitational-wave Observatory (LIGO) [18], but the
response signal in our case is a time-integral of this integrand. Also, while the antenna
pattern functions of SRGO are very different compared to those of LIGO, interestingly,
they happen to be exactly the same as those of a bar detector [188, 189, 105, 190] the
longitudinal axis of which is aligned with the axis of the storage ring (see Sec. 4.2.1 of
[146]). Further, the SRGO antenna pattern shown in Fig. 2 of paper I (averaged over
all polarization angles), which was derived after making several approximations,
happens to be exactly valid even for the general case derived here.

For GWs in the mHz regime, the effect of Earth’s rotation must be taken into
account, as it causes the angles ϕ, θ and ψ to be periodic functions of time with a
period equal to a sidereal Earth day:
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 . (7.5)

ωe is the angular speed of Earth’s rotation. αsrc and δsrc are the right ascension (in units
of time) and declination of the GW source. ϕ0 is the angle between the line joining the
center of the storage ring to the timing detector, and the meridian passing through
the center of the storage ring, measured using the right-hand curl rule starting from
the detector position. l0 and θSRGO are, respectively, the local sidereal time at the start
of the observations, t0, and the latitude of the center of the storage ring.

Note that, without loss of generality, if we assume that the timing detector lies
due North, then the SRGO coordinate system can be regarded similar to the horizon
celestial coordinate system, with the difference being that ϕ = 360° − azimuth and
θ = 90° + altitude. This is firstly due to the fact that the handedness of the horizon
system is opposite to the right handed convention used in our work. Secondly, the
coordinates in the horizon system are used to point towards the source, whereas
in our case, we wish to point away from the source, along the GW propagation
direction.

Furthermore, the polarization angle in a coordinate system is defined as the angle
between a reference line made by projecting the z-axis onto the GW wavefront plane,
and a chosen GW polarization axis, following a right-handed rotation convention.
In the equatorial celestial coordinate system, the z-axis points towards the north
celestial pole. In the SRGO coordinate system, the z-axis points perpendicular to the
plane of the storage ring. Therefore, ψ and ψeq may be the same in cases where SRGO
is located at one of Earth’s poles.

7.5 Models and numerical procedures

We obtain all the numerical results in this work from a computer code written in
Python and freely available online on GitHub [191]. Below, we detail the mathe-
matical models and numerical procedures programmed into the code to obtain our
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results:

7.5.1 GW source model

We consider the simplest realistic models for mHz GWs from astrophysical sources
viz. the dominant harmonic of GWs from the quasi-circular inspiral phase of non-
spinning compact object binaries [192], accounting for the redshift correction to the
GW frequency and chirp mass.

The inspiral phase of a non-spinning binary system can be modeled using post-
Newtonian analysis [45], which provides relatively simple analytical expressions
for the time-varying GW strain amplitudes corresponding to the plus and cross
polarizations. The simplest of these corresponds to the quadrupole formula:

h+ =
4

dL

(
GM
c2

) 5
3
(
πf

c

) 2
3 1 + cos2 (i)

2
cos (2πft+ δ0), (7.6)

h× =
4

dL

(
GM
c2

) 5
3
(
πf

c

) 2
3

cos (i) sin (2πft+ δ0). (7.7)

If m1 and m2 are the masses of the objects in the binary, then M = (1+z)(m1m2)
3
5

(m1+m2)
1
5

is

the redshift-corrected chirp mass. dL is the luminosity distance of the GW source and
z is its redshift. i is the inclination angle between the observer’s line of sight to the GW
source and the angular momentum vector of the GW source. δ0 is the initial phase of
the GW at the start of the observing time, t0. The redshift-corrected, time-varying GW

frequency is f = (1 + z)−1
(
f
− 8

3
0 − 8

3
k(t− t0)

)− 3
8

= (1 + z)−1 √
G(m1 +m2)/πr 3

2 , where
r is the separation between the objects in the binary; f0 is the GW frequency at
t = t0, corresponding to an initial separation of r = r0; and k = 96

5
π

8
3 (GM/c3)

5
3 . G

and c are respectively, the gravitational constant and the speed of light. For a higher
computational speed, we use an approximate analytical relation between dL and z

for ΛCDM cosmology, from [193].

We use an approximation of the innermost stable circular orbit, risco =
6Gmax (m1,m2)

c2
,

to mark the end of the inspiral phase. Upon reaching this point, or at the end of our
chosen observation time (whichever comes earlier), our computations are halted.

7.5.2 Storage ring model

We consider a hypothetical circular storage ring having a 100 m circumference and
containing a single, rigid, ultrarelativistic particle (not necessarily ionic or subatomic)
that is coasting stably at close to the speed of light (making the prefactor in Eq. (7.4)
equal to −1/4), with no RF system and a single timing detector present within the
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ring. The timing detector is placed to the south of the storage ring’s center, such that
it lies on the longitude that passes through the center of the storage ring i.e. ϕ0 = 0.

We assume that this high-tech storage ring has a sufficiently high vacuum to
allow the particle to circulate for the entire duration of the observation run without
loss due to collisions with air molecules. We also assume that the particle has a
charge-to-mass ratio which minimises the noise due to synchrotron radiation, such
that it can circulate stably during the observation run without the RF system. We
cannot comment at this time, whether an existing storage ring could be turned into
such a system, or whether this could be realised in the future, but we remain hopeful
that it can.

Figure 7.1: The blue curve is the expected response of an SRGO to mHz GWs, for the
given parameters. The pink dots are a demonstration of discrete, noisy data points,
created by adding artificial Gaussian noise to the SRGO response signal. The orange
ring is the initial SRGO position, while the black lines show the GW propagation
direction and plus polarization axes.

As per the Nyquist-Shannon sampling theorem, the minimum sampling (data
measurement) rate must be greater than twice the highest expected GW frequency,
while the maximum possible sampling rate would correspond to the timing detector
making one detection per revolution of the ion bunch, i.e. every time it arrives
at the detector. Given the parameter choices made earlier, our SRGO would have
a maximum sampling rate of fsample = 2.998 MHz. While in reality, one would
prefer having a sampling rate as close to the maximum possible rate as allowed by
instrument limitations, but in our simulations, we choose significantly lower values of
the sampling rate for the sake of computational speed. This also provides upper limits
on the constraints that can be derived from parameter estimation. However, each
data point at a given noise level may always be considered equivalent to a binning of
several close-by data points at a higher noise level. In our code, we choose the total
number of data points to be powers of two, as this allows for faster computation of
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Figure 7.2: The left panel shows the spectrogram of the SRGO response, which is
the time-evolution (along the horizontal axis) of the power spectral density of the
signal (along the vertical axis) computed over a sliding time window. The right panel
shows the time evolution of the Euler angles, ϕ, θ, ψ. Both panels correspond to the
SRGO response signal shown in Fig. 7.1, without any noise.

the Fast Fourier Transform (FFT) done during the MCMC GW parameter estimation.

We assume that deterministic (including systematic) sources of noise, such as
gravity gradient noise, seismic activity, etc. are either technologically eliminated or
accounted for by subtracting them from the data, and only stochastic (random) noise
sources remain in the experiment as the residual noise. The net residual noise is
assumed to be Gaussian (an assumption also made by LIGO [194]), with a standard
deviation, σnoise, between 10 to 0.01 times the peak GW signal. We consider this range
of PSNR (peak signal-to-noise ratio) as values beyond this range may give trivial
results, particularly for parameter estimation. A better noise model for the current
study cannot be assumed until detailed studies of noise sources have been done
(Schmirander et al., in preparation).

7.5.3 Numerical solution for finding ϕ(t), θ(t), ψ(t)

Upon analytically multiplying all the matrices on the left hand side of Eq. (7.5), and
naming the net matrix product on the right hand side as R, we arrive at the following
relations by comparing the matrix elements on both sides:

ϕ(t) = arctan
(

R21

−R20

)
,

θ(t) = arccos (R22),

ψ(t) = arctan
(

R12

−R02

)
.

(7.8)

Note that in the above relations, numerically, we must use the appropriate func-
tions to obtain the angles in their correct quadrants. The right panel of Fig. 7.2 shows
the time evolution of the angles for the case corresponding to Fig. 7.1.



Chapter 7. Detection of Gravitational Waves in Circular Particle Accelerators
II. Response Analysis and Parameter Estimation Using Synthetic Data 61

7.5.4 Numerical integration procedure

We use Boole’s rule quadrature [195] over a timestep to compute its contribution to
the integral of Eq. (7.4). Starting from the initial value of the integral (equal to zero),
the contribution of each timestep is added to the integral, and its cumulative value
is saved after each timestep. We perform this procedure till the halting condition
(mentioned in Sec. 7.5.1) is reached. Thus, we numerically obtain the SRGO response
signal as a time series.

7.5.5 Markov Chain Monte Carlo (MCMC) fitting procedure

MCMC is a Bayesian inference tool for numerically obtaining the joint posterior
probability distribution of unknown model parameters by directly drawing samples
from the posterior. MCMC works by following an algorithm to find and explore
around the regions in parameter space that correspond to the maximum likelihood
of the parameters being a fit for the given data, given model and a prior probability
distribution of the unknown fitting parameters [196, 197, 198].

MCMC methods are preferred over the conventional matched filtering algorithm
[146] for thorough and efficient GW parameter estimation, because the typical GW
models contain around 15 to 17 fitting parameters, and making a grid in parameter
space of such a high dimensionality would require an impossibly long computation
time. In our study, we do GW parameter estimation using MCMC methods, keeping
all possible unknown parameters as the fitting parameters. These are nine in number,
namely, the GW source masses m1,m2 ; the initial separation between the masses,
r0 ; the GW source inclination angle, i ; the GW source redshift, z ; the initial phase
of the GW, δ0 ; the right ascension, αsrc and declination, δsrc of the GW source ; and
the polarization angle, ψeq of the GW in the reference frame of equatorial celestial
coordinates.

In our code, we first create synthetic noisy data points by adding Gaussian noise
to the SRGO response computed for user-provided parameters. The noisy data is
then transformed to Fourier space via a Fast Fourier Transform (FFT) and passed to
the likelihood function.

We use flat priors for the unknown fitting parameters and a two-dimensional
Gaussian noise “Whittle" likelihood function, as also done by LIGO for GW parameter
estimation [194]. The priors corresponding to angular parameters are bounded be-
tween −180° and 180°, whereas priors corresponding to non-angular parameters are
bounded between zero and double of their true parameter values for computational
efficiency.

We employ the Differential Evolution Markov Chain (DE-MC) algorithm [199]
for the MCMC chains, and run per data set, 1000 parallel chains which draw 1250
samples each. Since we are purely interested in parameter estimation, and not in
showing the convergence of chains to the region of maximum likelihood, we do not
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discard 25% of the initial traces as the “burn-in" phase. Instead, we allow the chains
to start from the true parameter values and then explore around. For each case (i.e.
a set of user-provided parameters), 10 data sets are produced by regenerating the
noisy data points, and after the MCMC procedure, we discard those results where
the true parameter values do not lie within the 3−sigma (99.7%) highest posterior
density (HPD) region. The multiple joint posteriors per case give us the statistical
variation of the joint posterior for each case. This is used to produce error bars on the
sizes of the joint posteriors plotted as a function of different controllable experiment
parameters, discussed in Sec. 7.7. In all cases, MCMC is carried out in our code using
the PyMC3 Python module [200].

7.6 Results: SRGO response analysis

7.6.1 Response signal analysis

In Fig. 7.1, we show a demonstration of the response of an SRGO to mHz GWs
from an SMBBH (supermassive binary black hole) inspiral, for an arbitrarily chosen
configuration of parameters. In general, we notice that when the GW period is
smaller than Earth’s rotation period, then the response signal has an envelope which
periodically repeats every sidereal day due to the effect of Earth’s rotation. Within
the envelope, the signal has a frequency equal to the GW frequency, which increases
with time due to the inspiral of the binary. Correlated to this is also the observation
that the amplitude of the signal diminishes with passing time and increasing GW
frequency. The behaviour of the peak signal amplitude as a function of the GW
frequency, f , and total observation time, Tobs is discussed in depth in the following
paragraphs, supplemented by Fig. 7.3. Therefore, unlike LIGO, the chirping of the
GW strain amplitude does not reflect in SRGO’s response spectrogram (Fig. 7.2 left
panel), whose amplitude actually diminishes with time, as the SMBBH inspirals
and the GW frequency increases. The right panel of Fig. 7.2 shows the evolution
of the Euler angles which point along the GW propagation direction in the SRGO
reference frame. These angles determine the track made by the GW source on the
SRGO antenna pattern due to Earth’s rotation. Due to the convention used in our
theoretical framework, these angles point opposite to the GW source. The expected
orders of magnitude of the SRGO response signal amplitude (due to astrophysical
sources) are discussed in Sec. 7.6.3. The variation of the response signal with some
important parameters (which give useful insights) are shown in the following figures.

In Fig. 7.3, we notice first that, in the regime where f Tobs ≫ 1, the PSNR decreases
with increasing GW frequency. Thus, the right side tails in the plots agree with our
analytical results from paper I. At very low GW frequencies, where f Tobs ≪ 1, the
timing deviation buildup is slow, and the GW strain amplitude is also quite small.
Therefore, the plots have tails on the left side as well. Finally, in the regime where
f Tobs ∼ 1, the PSNR decreases with decreasing observation time. This is because,
when the observation time is large and also close to the GW period, a large timing
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(a) Tobs = 24 hrs (b) Tobs = 12 hrs

(c) Tobs = 3 hrs (d) Tobs = 1 hour

(e) Tobs = 10 mins (f) Tobs = 1 min

Figure 7.3: Scaled values of the peak signal-to-noise ratio as a function of the initial
GW frequency (which is set by the initial separation of the binary), for different
values of the observation time, Tobs. All other parameters are equal to those shown
in Fig. 7.1, except the black hole masses, which have been chosen to be 3 M⊙ each,
so that even for the highest initial GW frequency, the inspiral phase does not end
before the total observation time. Note that, due to the scaling, the shape of the plots
are independent of the binary mass. The scaling is done such that the largest peak
among all plots has a value of unity.
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deviation can be accumulated by the circulating ions, as opposed to cases with
smaller observation times.

We can understand this behaviour better by conducting a mathematical analysis
of Eq. 7.4. For better clarity, let us temporarily ignore the contribution due to the
envelope, contained in the antenna pattern terms F+ and F× (which corresponds to
the situation in plot 7.3f, since the observation time is much smaller than the Earth’s
rotation period). The response signal is basically a time integral of a periodic function
that is the GW strain, and the numerical value of this integral is maximised when
integrating over some fraction of the GW period (depending on the initial phase) i.e.
in the regime f Tobs ∼ 1. In this regime, if the GW period (or equivalently, the total
observation time), is reduced, and even if the amplitude of the GW strain were to
increase, the total area under the strain curve would actually decrease. The same
reason also explains why, in the regime f Tobs ≫ 1, the peak signal decreases with
increasing GW frequency. Note that in this regime, the peak signal amplitude would
occur somewhere within the first GW period, ignoring the effect of the envelope.

The dynamically changing peaks and valleys in the series of plots can be some-
what elucidated: they are the result of the interplay between the GW period, initial
GW phase, the orientation of SRGO relative to the GW source, Earth’s rotation period
and the observation period. The orientation of SRGO relative to the GW source and
Earth’s rotation period together determine the envelope seen in the response signal of
Fig. 7.1. During the observation time, large peaks in these plots occur when peaks in
the GW strain waveform align with the envelope peaks, and valleys occur when the
GW strain peaks align with the envelope valleys (or vice versa, whichever produces
a greater response signal). For a given observation time, as the initial GW frequency
is increased, a number of successive GW strain peaks and valleys occur during the
observation period, which may or may not align with the envelope peaks and valleys.
An aligned GW strain peak (resulting in a local maxima in the plot curves), upon
increasing the initial GW frequency, will become misaligned, resulting in a drop
in the curve until the next peak starts becoming aligned, causing then a rise in the
curve. This succeeding local maxima may be higher or lower than its predecessor,
depending on the location of the global maxima, which occurs when the initial GW
period is close to the observation time. This explains the spiky sections of the plot
curves, prominently seen in Fig. 7.3c, but also present in the other plots.

In Figs. 7.3a, 7.3b and 7.3c, the noisy regions in the right side tails of the plots
have purely numerical origins, being caused by the abrupt halting of the code one
timestep after the inspiral phase has been crossed. Therefore, they exist only at the
ends of the right side tails (corresponding to high initial GW frequencies, meaning
that the binary compact objects begin close to the end of their inspiral phases). As the
observation time is reduced, the end of the inspiral phase would be reached within
the observation time at higher initial frequencies. Therefore, the noisy regions shift
towards higher frequencies and eventually disappear in Figs. 7.3d, 7.3e and 7.3f.

In Fig. 7.4, we plot the PSNR as a function of the source position in the sky, scaled
such that the arbitrary case corresponding to Fig. 7.1 has a PSNR of unity. While
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(a) SRGO latitude = 0° (b) SRGO latitude = 30°

(c) SRGO latitude = 51° (d) SRGO latitude = 90°

Figure 7.4: Scaled values of the peak signal-to-noise ratio as a function of the GW
source’s initial position in the sky relative to SRGO. All other parameters are equal to
those shown in Fig. 7.1, except the initial separation between the masses which is 1
AU (corresponding to an initial GW period of 3.1 h), and the observation time which
is 1 day. The top-left, top-right, bottom-left and bottom-right figures respectively
correspond to an SRGO latitude of 0°, 30°, 51° and 90°. The scaling is done relative to
the case corresponding to the center of the bottom-left plot.
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changing the source position, all other parameters remain the same as those in Fig. 7.1,
but the initial SMBBH separation is 1 AU (corresponding to an initial GW period of
3.1 h), and signal is computed over an observation time of 1 day. We repeat this for
different latitudes of the SRGO location on Earth.

We observe that the complex patterns in the plots are a modified projection of the
SRGO antenna pattern on the sky, as expected from Eq. 7.4. Other parameters being
fixed, for a given SRGO latitude and source declination, the horizontal variation
is determined by the initial hour angle, the GW frequency, initial GW phase, GW
polarization angle and Earth’s rotation frequency. Maxima in the horizontal variation
occur during the observation time when peaks in the GW strain waveform occur
exactly at a time when there are peaks in the response signal envelope. Minima occur
when the GW strain peaks align with the envelope valleys (or vice versa, whichever
produces a greater response signal). We note that the pattern depends on the initial
hour angle i.e. the right ascension of the GW source relative to the initial SRGO
local sidereal time (and not on their absolute values). However, the same is not true
between the SRGO latitude and source declination. That symmetry is broken by
the Earth’s spin axis, and therefore, the SRGO latitude variation produces different
patterns in the plots. The bottom-right plot corresponds to SRGO being placed at the
pole. For this case, if the GW source is also at one of the poles, then the orientation
always remains face-on, and no response signal is produced. For all other cases, a
non-zero response signal is produced over 24 hours, due to a changing orientation of
the GW source relative to the ring.

Further, we observe that the plots show antipodal symmetry, since placing the
ring and/or the GW source at antipodal positions, and/or having the ions circulating
in the opposite direction, would all produce the same SRGO response. The plots also
appear to have a left-right symmetry, because two GW sources at the same declination,
initially located on either side of the ring and having the same hour angle magnitude,
would produce the same value of the initial SRGO response. The response signals
over a 24 h period would, however, not be exactly the same, breaking the symmetry.
Although both sources would trace the same path across the antenna pattern, the
phase difference between the GW and the path across the antenna pattern would be
different, so that the peak signal would be attained at different times and at slightly
different values. In addition, the symmetry is further broken by the time evolution of
the GW frequency due to the inspiral, which in turn changes the amplitude of the
response signal, as discussed above. This effect is particularly relevant when the rate
of change of the GW frequency is large, which is not the case in the example shown
in Fig. 7.4. Finally, there is also a latitudinal symmetry, as having SRGO located at
equal and opposite latitudes would simply flip the plots about the horizontal axis.

The SRGO latitude variation indicates that placing the ring near the equatorial
latitudes on Earth would be more advantageous than placing the ring near the polar
latitudes, offering an increase of the maximum PSNR by around 3 times, of the
average PSNR by around 4 times, and of the minimum PSNR by a factor of unity
from zero, between the polar and equatorial SRGO latitudes.
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7.6.2 SRGO sensitivity curve

Figure 7.5: The numerically computed sensitivity curve of an SRGO for the given
parameter values, and averaged over all other parameter values. The red curve
corresponds to a finite observation time of 3 h, while the black curve is the standard
amplitude spectral density corresponding to an infinite observation time.

The sensitivity curve of a GW detector may be defined as the curve in the plane
of the strain amplitude spectral density versus frequency, where the signal-to-noise
ratio is unity.

Conventionally, a GW sensitivity curve plot contains two elements: First, colored
regions are shown corresponding to various astrophysical GW sources. These regions
are computed solely from GW strain models of the sources, and their extent is
determined by astronomical constraints applied to the model parameters. Second,
a curve is overplotted over these regions, which is constructed by modeling the
experimentally measured detector noise data as a strain, using the response model
of the GW detector. Since this plot is in the frequency space, which is integrated
over all time, the ratio of a point in the colored region to a point on the curve, at a
given frequency, directly gives the integrated signal-to-noise ratio at that frequency.
This allows us to directly read off the signal-to-noise ratio by eye from such a plot.
However, for computing the sensitivity curve, an averaging over the antenna pattern
of the GW detector is involved. For LIGO and other high frequency GW detectors, the
averaging of the antenna pattern is time-independent and trivial, because the antenna
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pattern is practically stationary over the duration of the GW. For millihertz GWs,
which is our region of interest for an SRGO, the antenna pattern is not stationary due
to Earth’s rotation, making such an averaging time-dependent and difficult.

Therefore, in our study, we plot the sensitivity curve in a different way. The
colored regions in our plot are the same as in every conventional GW sensitivity plot,
and taken from [99]. But the curve itself is not made by modeling the experimentally
measured (or artificially generated) noise data as a strain. Instead, we compute
the source GW strain that would be required to make a detection using SRGO, for
chosen values of controllable experiment parameters such as the stochastic noise
level, data sampling rate and total observation time. Hence, our sensitivity plot
compares the expected GW strain (the colored regions) to the GW strain required to
make a detection (the curve itself), as a function of GW frequency. Note that here too,
the integrated signal-to-noise ratio can be read by eye from the plot, based on the
definition of the sensitivity curve mentioned earlier.

In this study, we use our code to numerically compute the SRGO sensitivity curve.
We start by equating the root mean square value of the response signal (taken over
the total observation period) to the effective noise,

[∆TGW]rms =
σnoise√
fsampleTobs

, (7.9)

where Tobs is the total observation time and fsample =
npv0
2πR

is the data sampling
rate, with np being the number of circulating test masses that are timed, which may
be individual ions or bunches of ions. σnoise can be the standard deviation of any
stochastic noise, even the net stochastic noise in the system. In our study, we assume
that the residual noise in the system is Gaussian, as mentioned in Sec. 7.5.2. Note
that, although the condition Eq. (7.9) appears unconventional, but upon transposing√
fsampleTobs over to the left, it is clear that this is a valid way of imposing the funda-

mental criterion for GW signal detectability, where some measure of the integrated
signal, such as the root mean square of the signal multiplied by the square root of the
observation time, should be equal to a measure of the noise level, such as σnoise.

We then expand the left hand side using Eq. (7.4), substituting h+ and h× from
Eq. (7.6) and Eq. (7.7), respectively. Then we set k = 0 in the GW frequency evolution
to get continuous GWs (i.e. GWs with a constant frequency). Finally, we club together
all the common time-independent terms within the integral, and call this quantity h0.
Hence, we have defined,

h0 =
4

dL

(
GM
c2

) 5
3
(
πf

c

) 2
3

. (7.10)
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Rearranging Eq. (7.9), we thus obtain,

h0 =
4σnoise√
fsampleTobs

. [∫ t0+T

t0

(
F+.

1 + cos2 (i)

2
cos (2πft+ δ0)

+ F×. cos (i) sin (2πft+ δ0)

)
dt

]−1

rms

. (7.11)

Hence, the quantity h0 must satisfy the condition Eq. (7.11) on the sensitivity
curve. Now, we calculate and express the GW strain amplitude spectral density
(ASD) in terms of h0. It is defined as,

ASD = lim
Tobs→∞

|h̃(f)|√
Tobs

, (7.12)

where the Fourier Transform of the GW strain, h̃(f), can be calculated in terms of
h0 over the finite duration Tobs, by first rewriting Eq. (7.6) as,

h+(t) = h0
1 + cos2 (i)

2
cos (2πft+ δ0). (7.13)

Upon performing the calculations, we find,

ASD = lim
Tobs→∞

h0
2

1 + cos2 (i)

2

√
Tobs√

1 + sinc2 (2πfTobs) + 2 sinc (2πfTobs). cos (2δ0). (7.14)

Finally, we substitute h0 from Eq. (7.11) and then apply the limit in Eq. (7.14) to
get,

ASD∞ =
2σnoise√
fsample

1 + cos2 (i)

2[∫ t0+T

t0

(
F+.

1 + cos2 (i)

2
cos (2πft+ δ0)

+ F×. cos (i) sin (2πft+ δ0)

)
dt

]−1

rms

. (7.15)
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Note that the root mean square in Eq. (7.15) is over an infinite duration. But due
to the periodicity of the GW signal, we can compute the root mean square over the
lowest common multiple of the GW period and Earth’s rotation period. For a finite
observation time, we can skip the limit in Eq. (7.14) to get,

ASD<∞ =
2σnoise√
fsample

1 + cos2 (i)

2[∫ t0+T

t0

(
F+.

1 + cos2 (i)

2
cos (2πft+ δ0)

+ F×. cos (i) sin (2πft+ δ0)

)
dt

]−1

rms√
1 + sinc2 (2πfTobs) + 2 sinc (2πfTobs). cos (2δ0). (7.16)

The GW strain amplitude spectral density is plotted as a function of the GW
frequency, f , and it is numerically averaged over all the GW source parameters
present in Eq. (7.16). Note that, we would have obtained similar analytical results
had we used h× instead of h+ in the above derivation, which would have lead to
the same numerical result after averaging over the GW source parameters. The
result shown in Fig. 7.5 numerically confirms that an SRGO would be sensitive
to mHz GWs by design. In the log scale, the SRGO sensitivity curve has a linear
behaviour in the mHz frequency regime, as analytically predicted in paper I 1. The
sensitivity deteriorates at higher frequencies. This is because, as the GW period
becomes smaller, the SRGO response amplitude also decreases, since the ions spend
lesser time accumulating a timing deviation during every half-cycle of the GW. This
aspect is discussed in the previous section and shown in Fig. 7.3. Therefore, a larger
strain amplitude would be required to detect high frequency GWs. This would
greatly exceed the predicted strain amplitudes from astrophysical sources in the
decihertz or kilohertz ranges (i.e. for “LIGO-like" sources).

At very low frequencies, for a finite observation time (red curve in Fig. 7.5),
the sensitivity curve rises. We may perform a thought experiment to analyse this
situation: a zero frequency GW would be equivalent to an anisotropic spacetime
having a constant distortion, and not necessarily a flat spacetime. In such a spacetime,
if the instantaneous initial speed of the circulating test mass is measured and used
to predict the expected future arrival times of the test mass at the timing detector,
then in general the observed arrival times would deviate from the prediction, as
the test mass traverses an anisotropic spacetime. This is why, if we input f = 0 in
Eq. (7.4), we still get a finite value of the response signal. Therefore, unlike laser

1The ‘LHC-GW’ sensitivity curve shown in Fig. 1 of paper I was not a conventional one, since it
was not normalized for a fixed observation time. It could not be directly compared with the sensitivity
curves of other GW detectors, and was therefore shown in a separate plot. In this study, since we plot
the strain amplitude spectral density, this issue is resolved.
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interferometers and atom interferometers (which use test masses that can only move
linearly) which require both the temporal and spatial components of GW spacetime
in order to probe it, an SRGO (which utilizes circulating test masses) would, in
principle, be able to probe purely the spatial anisotropy of GW spacetime even at
very low GW frequencies and finite observation times. However, for low frequency
GWs, as the GW period far exceeds the total observation time, Tobs, the peak response
signal value would be comparatively small, as discussed in the previous section
and shown in Fig. 7.3. That is why the SRGO sensitivity curve rises again at low
frequencies. Also, for most resolvable astrophysical GW sources, the strain amplitude
at near-zero frequencies would be near-zero. Further, we notice oscillations in the
red curve at low frequencies. These correspond to the term containing sinc functions
in Eq. 7.16 which appears as a result of Fourier transforming the GW strain over a
finite observation time.

However, for an infinite observation time (black curve in Fig. 7.5), in principle,
no matter how small the GW frequency, one can observe several GW wavelengths.
Since this regime corresponds to f Tobs ≫ 1 as shown in Fig. 7.3, the signal would
increase with decreasing frequency. This causes the black curve in Fig. 7.5 to continue
to decline at low frequencies, unlike the red curve.

In both curves of Fig. 7.5, we notice two significant spikes at GW frequencies
corresponding roughly to a period of a full day and a half day. This suggests that
when the GW period is equal to a full or half of Earth’s rotation period, for certain
parameter configurations, the signal amplitude is greatly boosted or reduced relative
to the average. Therefore, while averaging over parameters to compute the sensitivity
curve, such special configurations act as outliers and produce a spike in the average
curve at certain frequencies. Moreover, in the black curve, which corresponds to
an infinite observation time, we note that the curve changes its slope at around the
region where the GW period equals half a day and one day, although the curve still
continues to fall gradually with decreasing frequency. This is because, at this point,
unlike before, the GW frequency determines the signal envelope instead of Earth’s
rotation frequency, thus changing the properties of the signal.

The red sensitivity curve of Fig. 7.5 should corroborate with the curve in Fig. 7.3c,
as both are computed for an observation time of 3 hours and we expect them to be
inversely related. Although the general shape of the two curves agree with each other,
their details are different, since the sensitivity curve has been computed by averaging
over several parameters, whereas Fig. 7.3c corresponds to a fixed set of parameters.
The GW frequency of the sensitivity curve minima matches the GW frequency of the
maxima in Fig. 7.3c. In general, combining the insights from Figs. 7.3 and 7.5, we
deduce that the minima of the sensitivity curve would occur at a GW frequency close
to the inverse of the observation time, and that this minimum would be smaller for
longer observation times. Based on the predicted astrophysical mHz GW sources,
we can conclude that the minimum observation time for an SRGO experiment to be
maximally sensitive to the entire mHz GW regime, would be of a few hours. This
can be seen in Fig. 7.5, where the minima of the sensitivity curve lies close to the
low-frequency edge of the predicted mHz GW regime.
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Finally, we note from Eq. 7.15 and Eq. 7.16 that the absolute scale of sensitivity
curves in Fig. 7.5 of course scales with σnoise/

√
fsample. This holds because we consider

only stochastic noise to be present in the system, and any stochastic noise can be cut
down by collecting more data points, due to the fundamental theorem in statistics
that the variance of the mean goes as the inverse of the number of data points.

7.6.3 SRGO observational range

Figure 7.6: The maximum effective noise allowed in an SRGO to make a detection,
or equivalently, the largest SRGO response amplitude expected in the best-case
(optimum parameter choice) scenarios which maximise the signal, due to GW sources
at various distances. The colored dash-dotted lines indicate the nearest location of a
particular type of source i.e. these GW sources are absent to the left of the colored
line corresponding to them. All computations are done for a fixed observation time
of 3 hours, and an initial GW frequency which is at the expected lower limit of the
mHz regime, as this would maximise the SRGO response amplitude.

In the previous sections, having simulated the response signal of an SRGO to
astrophysical GWs and having computed the sensitivity curve, here we predict
using our models, the required effective residual noise in the system to make a
detection of various different types of GW sources. By ‘effective’, we mean the
residual stochastic noise divided by the square root of the number of data points
taken over the observation period. We do this by computing the root mean square
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value of the strongest signal expected in an SRGO, using the principle of Eq. (7.9),
discussed in the previous subsection. We use a realistic distribution of GW source
types in the universe, combined with choosing a set of parameters for a given source
that maximises the SRGO response.

From the ninth catalogue of spectroscopic binary orbits (SB9) [201], cross-referenced
with the Gaia Data Release 3 [202, 203, 204], we find that the nearest spectroscopic bi-
naries within our galaxy, including white dwarf (WD) binaries with masses ∼ 0.5M⊙
and periods of a few days, are located at distances of a few tens of pc. Whereas, the
nearest spectroscopic binaries with periods of a few hours are located at distances
of several tens of pc. Hence, we choose a distance of 50 pc to mark the nearest WD
binaries that would emit mHz GWs.

The nearest neutron star (NS) binaries [205, 206, 207, 208, 209] with masses ∼ 1M⊙
and periods of a few days, are located at distances of a few hundreds of pc [210].
Whereas, the nearest known double neutron star system with a period of a few hours
is located at around 600 pc [211, 212]. Hence, we choose this distance to mark the
nearest NS binaries that would emit mHz GWs.

It is estimated that our Milky Way galaxy contains millions of stellar mass black
holes [213]. From binary black hole population simulations for Milky Way-like
galaxies [214], it is estimated that binary black holes may be present as close as
1 kpc from Earth, although most of them would be present 8 kpc away, near the
galactic center. This also happens to agree with the recent unambiguous detection
via astrometric microlensing, of an isolated stellar mass black hole [215], located at
1.58 kpc from Earth. Hence, we choose this distance as an estimate of the nearest
stellar mass binary black holes with masses ∼ 10M⊙.

Intermediate mass black holes (IMBHs) of 102 – 105M⊙ are expected to be found
in globular clusters and massive star clusters, but would be more numerous within
galactic bulges of large galaxies and within dwarf galaxies [62, 63]. In Milky Way-
like galaxies, globular clusters containing IMBHs of 103 – 104M⊙ are expected to
be numerous at distances of 10 kpc from the galactic center, and these IMBHs can
emit mHz GWs by merging with stellar mass black holes [64, 65]. Hence, we use
the distance to the nearest known globular cluster “M4", of 2.2 kpc, to estimate the
whereabouts of the nearest ∼ 10M⊙ & 104M⊙ extreme mass ratio inspirals (EMRIs).

A typical large galaxy can contain several “wandering" SMBHs of ∼ 106M⊙,
spread out across the galactic halo, from near the galactic center to within the dwarf
satellite galaxies and anywhere in between [216]. The Milky Way’s central supermas-
sive black hole (SMBH), Sgr A*, also happens to be of mass ∼106M⊙ [217]. According
to [218], the most promising mHz GW scenario in the IMBH – light SMBH mass
range, is of ∼103M⊙ IMBHs merging with ∼106M⊙ SMBHs. Lastly, the nearest large
galaxy to us, M31 (Andromeda), contains a ∼108M⊙ central SMBH [219]. For all
these reasons, we choose a distance of 8 kpc (distance from Earth to Milky Way’s
center, as well as to the closest dwarf galaxy, Canis Major) to represent the location of
the nearest ∼103M⊙ & ∼106M⊙ EMRIs. We choose 0.778 Mpc (distance to M31) to
represent the location of the nearest ∼103M⊙ & ∼108M⊙ EMRIs.
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The redshift evolution of the SMBH mass function [220, 221, 222] tells us that,
on average, 107M⊙ SMBH mergers may be the most frequent. The nearest known
inspiralling SMBHs due to a galaxy merger, are located at a distance of 27.4Mpc
[223]. Finally, according to [66], the first SMBH mergers happened at around z = 10,
when the first galaxies began to merge in the early universe.

We use all this information to generate Fig. 7.6, which shows the maximum
response signal, or equivalently, the upper limit on the effective residual noise
allowed in an SRGO to detect a GW source at a given distance. From Fig. 7.6, we
see that the largest SRGO response signals would correspond to mHz GWs from
SMBH binaries in galaxy mergers. EMRIs involving a SMBH, typically the central
SMBH of galaxies, or even wandering SMBHs interacting with smaller black holes,
would also be significant sources. WD binaries, NS binaries and stellar mass BH
binaries within our galaxy would not produce great responses, even if they were
individually resolvable sources and located as close to Earth as possible. IMBH
EMRIs within globular clusters in our galaxy may also produce reasonably large
response amplitudes.

The linear behaviour of each section of the curve in Fig. 7.6, having a negative
slope, comes from the inverse relation between the GW source luminosity distance
and the GW strain (hence, also the response signal). To generate Fig. 7.6, we assume
an observed initial GW frequency of 0.1mHz (the expected lower limit of the mHz
regime, which maximises the response signal). Since the GW is cosmologically
redshifted over large distances, the emitted GW frequency (or equivalently, the
orbital frequency of the binary) is an order of magnitude larger at high redshifts,
between z=1 to z=10. Importantly, this causes the chirp rate of the frequency to
also be significantly higher. Therefore, the signal amplitude reduces rapidly as the
GW frequency increases (as discussed in Sec. 7.6.1), which explains the non-linear
behaviour of the curve at high redshifts.

Fig. 7.6 also tells us that an SRGO should aim for an effective residual stochastic
noise of ∼1ps or better. Since the effective noise depends not only on the noise of an
individual timing measurement, but also on the data sampling rate and observing
time, the true residual stochastic noise may be greater than ∼1ps, and can effectively
be reduced by collecting data at a higher sampling frequency during the observing
run (see Sec. 7.6.2). At this level of noise (or better), an SRGO could potentially detect
mHz GW events involving SMBHs starting from within our galaxy, up to galaxy
merger events at high redshifts.

Note that, while the sensitivity curve Fig. 7.5 is a curve of unity SNR for the
average signal as a function of GW frequency, Fig. 7.6 is a curve of unity SNR for the
maximum signal as a function of GW source distance, which also depends on the
GW source type.
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7.7 Results: GW parameter estimation

We have established a mathematical model to describe a basic SRGO, using which
we have analysed its repsonse to GWs, obtained its sensitivity curve, and computed
upper limits on the residual noise required to detect astrophysical mHz GW sources.
In this section, we obtain first estimations on the capacity of an SRGO to constrain
the physical parameters of a GW source. We do this by performing MCMC model
fitting on synthetic noisy data generated with our model.

The antenna pattern of a LIGO detector is largely omnidirectional (see Fig. 2 of
[224]) and the same is true for an SRGO (see Fig. 2 of paper I). Therefore, even with
a high signal-to-noise ratio, a single stationary LIGO or SRGO, in principle, cannot
pinpoint the position of the GW source in the sky. However, an Earth-based detector
is not stationary, and continuously changes its orientation relative to an incoming
GW, due to Earth’s rotation. In principle, this should cause the GW source to sweep
across the detector’s antenna pattern and produce a corresponding characteristic
envelope in its response, breaking the degeneracies of omnidirectionality and thus
allowing the GW source to be pinpointed. But since LIGO is sensitive to GWs in
the kHz frequency range that have short durations, it is unable to fully exploit the
effect of Earth’s rotation. Hence, three or more LIGO detectors working together are
required to triangulate the GW source position via the relative time-delays between
their detections from the same source.

On the other hand, since an ideal SRGO would be sensitive to GWs in the mHz
frequency range (where the GW signal may last for hours, days, or much longer), it
should be able to utilize Earth’s rotation to pinpoint the GW source position. The
GW source sky localization area, however, would obviously depend on the signal-
to-noise ratio. We demonstrate this with an example from our simulation results,
where MCMC methods have been used to do GW parameter estimation on noisy
data points that were created by adding Gaussian noise to the SRGO response signal.

Fig. 7.7 is an example of the MCMC chain traces, and the diagonal elements of
the 9× 9 joint posterior corner-plot (shown in Appendix 7.11, Fig. 7.10). We see that
in general, at sufficient PSNR values, starting from the correct parameter values, the
MCMC chains explore around this location in the 9-dimensional parameter space.

Fig. 7.8 corresponds to the same case as Fig. 7.7, and it shows the sky localization
(i.e. the joint posterior of the right ascension and declination of the GW source) for a
case corresponding to 32 effective data points taken over 12 hours at a PSNR of 100.
The sky localization area is calculated by computing the area on the sky (in deg2) of
the posterior region. The formula we used to obtain calculate the sky localization
area from the joint posterior results such as Fig. 7.8, is given by

Asky
(
deg2

)
=

colored pixels

total pixels

180

π
∆αsrc ∆sin δsrc, (7.17)
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Figure 7.7: On the left are the marginalized posteriors of the fitting parameters and on
the right are the corresponding MCMC traces, consisting of 1000 parallel chains with
1250 samples each. The true parameter values for this case are the ones in Fig. 7.1,
except the initial separation between the masses which is 1 AU (corresponding to an
initial GW period of 3.1 h). 32 data points with artificial noise added (PSNR = 100)
are taken over an observing time of 12 hours.
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Figure 7.8: The GW source sky localization, i.e. the 3-sigma (99.7%, purple) and
1-sigma (68%, green) HPD region on the joint posterior of the GW source’s right
ascension and declination. This figure corresponds to the case shown in Fig. 7.7. This
shows that a single SRGO can potentially use Earth’s rotation to localize the GW
source in the sky. The other joint posteriors corresponding to this case may be found
in Appendix 7.11.
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where we first calculate the area of the sky delimited by the boundary of the
figure, and then find the fraction of that area covered by the joint posterior. We do
this by multiplying the total area with the ratio of the pixels in the posterior region
to the total pixels in the image. For the total area, the width of the figure gives us
the range of right ascension, ∆αsrc, and the height of the figure gives us the range
of the declination, ∆δsrc. The ∆sin δsrc comes because of calculating the area on the
spherical surface of the sky. The δsrc values should be inserted in radians inside the
sine, while the αsrc may remain in degrees, to obtain the final result in deg2.

Due to the specifics of the MCMC setup, described in Sec. 7.5.5, we miss the
antipodal sky localization region, which should exist because placing the ring and/or
the GW source at antipodal positions, and/or having the ions circulating in the
opposite direction, would all produce the same SRGO response. Although we
provide flat priors and allow the MCMC chains to explore over the full range of
the angular parameters, the chains seem to explore only around the true parameter
values. This is of course due to the nature of the DE-MC algorithm used, which
is known for converging quickly to a solution in the parameter space and staying
around it. An antipodal region would double the sky localization area, hence, we
manually do so for all measurements of sky localization area.

We observe that the joint posteriors we obtain are in many cases not smooth (see
Sec. 7.11 for the entire set of joint posteriors corresponding to Fig. 7.8). However, a
non-smooth posterior can still be statistically well-behaved and provide meaningful
information about the parameters of interest. The smoothness or lack thereof in a
posterior distribution does not necessarily indicate the quality or reliability of the
results. If the model is highly non-linear or complex, it might naturally lead to
non-smooth posteriors. The choice of MCMC sampling algorithm can also play a role.
Different algorithms have different exploration and convergence properties, which
can affect the smoothness of the obtained posteriors. The ‘blobbiness’ observed in
our posteriors comes from a combination of the complex model and the DE-MC
algorithm. We chose the DE-MC because not only did it offer faster computation
times, but it also gave more reliable results compared to other algorithms.

Following this brief overview, in the next sub-sections, we shall explore the SRGO
parameter estimation results in greater depth.

7.7.1 Variation of parameter estimation errors

We explore the constraints derived from parameter estimation, by computing the
variation of the posteriors as functions of some controllable experiment parameters
(such as the observation time, data sampling rate and PSNR), for 5 out of the 9
fitting parameters in our model. These are: the GW source component masses, m1

and m2 ; the GW source redshift, z ; and the GW source sky position, αsrc and δsrc.
The results for αsrc and δsrc jointly correspond to the sky localization area, shown
in Figs. 7.9a and 7.9b. By symmetry, the results for m1 and m2 are the same, and
correspond to Figs. 7.9c and 7.9d. The results for z have been translated into the GW
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(a) Sky localization area vs. PSNR (b) Sky localization area vs. Tobs

(c) Mass estimation error vs. PSNR (d) Mass estimation error vs. Tobs

(e) Distance estimation error vs. PSNR (f) Distance estimation error vs. Tobs

Figure 7.9: The parameter estimations of three parameters are shown: GW source
sky localization area, relative errors of distance and mass estimation. The left column
shows their variation with PSNR for different data sampling rates. The right column
shows their variation with observation time at a fixed data sampling rate, for different
values of PSNR. The circled scatter points on the right panels correspond to the case
shown in Fig. 7.7, Fig. 7.8 and App. 7.11.
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source luminosity distance, and correspond to Figs. 7.9e and 7.9f. We choose these 5
parameters as they are astrophysically the most relevant ones.

We generate 16, 32 and 64 data points in this study for a multitude of reasons: first,
as explained in Sec. 7.5.5, we use powers of two as this allows for faster computation
of the Fast Fourier Transform (FFT). Furthermore, in our computations, 16 data points
taken over one day (or 2.666 data points per hour) happens to be the lower limit for
the Shannon-Nyquist condition to hold for the case corresponding to Fig. 7.1, which
is used to generate results in this section. Hence, this would give us an upper limit
on the constraints that can be derived from parameter estimation for a given PSNR
and observation time. Also, although in reality it would be possible for a timing
detector to make several million measurements within an observation time of hours
to days, we use only a small number of data points for computational efficiency.
This is justified because a smaller number of data points at a given PSNR may be
interpreted as binning a large number of data points that correspond to a lower true
PSNR, thus giving the same effective PSNR.

Note that, for results pertaining to parameter estimation, we chose to work with
the PSNR (peak signal-to-noise ratio) rather than an integrated SNR, such as that
used for the sensitivity curve in Sec. 7.6.2. Integrated SNR is a useful measure for
probing the limits of detectability, but large values can be obtained for a given signal
and noise level, simply by taking measurements over longer observation times. The
PSNR, on the other hand, is independent of the observation time. For a given noise
level, the PSNR necessarily reflects whether the signal is strong or weak overall,
unlike the integrated SNR. However, if the observation time is fixed, then both kinds
of SNR effectively convey the same information.

In Fig. 7.9a, we see that, for a given data sampling rate and observation time, the
sky localization area decreases with decreasing noise, and saturates at around a few
tens of deg2 for high PSNR. This is due to parameter degeneracies that cannot be
broken further, unless multiple SRGOs are utilized or better models are utilized that,
for instance, account for higher-order harmonic modes of GWs [225]. The error bars
show the statistical variation of the parameter estimation (“error on the error”), and
they increase with increasing noise. This is likely due to the DE-MC algorithm: at
low PSNR, it would generally cause the chains to spread over a wide range on the
parameter space, but they would sometimes tend to converge to some spurious value
on the parameter space, thus increasing the standard deviation of the parameter
estimation values obtained from multiple data sets generated for the same case.

Furthermore, at a given PSNR, the sky localization improves upon increasing the
data sampling rate. This is because the effective noise is inversely proportional to the
square root of the total number of data points, or in other words, the square root of
the data sampling rate times the observing time. The parameter estimation becomes
unreliable at high levels of noise, with the sky localization area covering almost the
entire sky for PSNR values lower than ∼ 0.1. An effective PSNR of ∼ 80 seems to
be the threshold for a single SRGO to achieve its best possible sky localization. As
stated in the previous sections, ‘effective’ implies dividing the noise (or multiplying
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the PSNR) by
√
fsampleTobs, i.e. the square-root of the number of data points.

For a given PSNR in Fig. 7.9a, upon interpolating over the three data points
corresponding to different number of samples, and then extrapolating this, we plot
model curves (dotted lines) for different PSNR values in Fig. 7.9b, which show the
expected variation of the sky localization due to a change in the total number of
samples taken over different observation times, at a fixed sampling rate. This would
correspond to a realistic scenario, where the sampling rate of the SRGO would be
fixed, and changing the total observation time would change the number of data
samples measured. However, when we overplot values (scatter points) obtained
by doing an MCMC fit to simulated noisy data, we observe a deviation from the
extrapolated model curves. This deviation is greater for higher PSNR values and for
smaller observation times. In fact, this deviation shows that changing the observing
time does not just have the effect of changing the number of data samples, but further,
the effect of Earth’s rotation can be exploited to a greater extent to better break some
parameter degeneracies. At small observation times, this effect is inefficient, and
hence the scatter points perform worse than the model fit. Note that the model fit
agrees with the scatter point at an observation time of 24 hours, since that was the
fixed observation time in Fig. 7.9a which was used to create the model curves.

An exception to this trend may occur when the Shannon-Nyquist condition is
violated, i.e. for a fixed number of data points, a smaller observation time may result
in better parameter estimation if increasing the observation time (reducing the data
sampling rate) results in aliasing. This scenario would typically not be relevant
for a realistic SRGO experiment, where the data sampling rate would be orders of
magnitude higher than the GW frequency. Finally, beyond 24 hours observing time,
the Earth’s rotation cannot break any more parameter degeneracies in principle,
and therefore even at high effective PSNR values in Figs. 7.9a and 7.9b, the sky
localization tends to saturate at around 20 deg2.

In Figs. 7.9c, 7.9d, 7.9e and 7.9f, we observe similar trends for the GW source mass
and distance estimation as observed for the sky localization. The relative errors of
mass and distance estimation saturate at 200% for low PSNR values only because of
the bounded flat priors that we use in the MCMC algorithm, mentioned in Sec. 7.5.5.
Even at the highest PSNR value, the errors on the mass and distance estimation
remain finite, at ∼20%. For the same reasons mentioned previously, comparing
values from a given curve in Fig. 7.9d (7.9f) with the corresponding values at the
same PSNR in Fig. 7.9c (7.9e), we notice the trend that for the same effective PSNR,
increasing the observation time improves parameter estimation. However, unlike the
sky localization, the errors on the mass and distance estimations do not yet saturate
at the highest PSNR values probed, but are expected to eventually saturate at even
higher PSNR values.
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7.7.2 Parameter degeneracies

In Appendix 7.11, we show an example of the 36 joint posterior pair-plots for our
9 model parameters. These correspond to a case where 32 noisy data points were
taken over 12 hours, at a PSNR of 100. The true parameter values for this case are the
same as in Fig. 7.1, except that the initial binary separation is 1 AU (corresponding to
an initial GW period of 3.1 h). At such a high PSNR, the joint posterior correlations
show the degeneracies between the parameters. Here, we try to explain the observed
correlations based on the model details described in Sec. 7.5.1:

The joint posterior of the two binary masses (Fig. 7.10a) shows an anti-correlation,
because upon increasing one of the masses, the other must be decreased to have the
same chirp mass. The two binary masses are also positively correlated with the initial
binary separation (Figs. 7.10b and 7.10i), since increasing the mass increases the GW
strain amplitude and also affects the frequency evolution, which can be countered by
increasing the initial binary separation. The positive correlation between the masses
and the GW source redshift (Figs. 7.10h and 7.10k) has already been explored in detail
in Sec. 7.6.3. It exists because increasing the redshift decreases the response signal,
which can be countered by increasing the mass of the binary. Instead of increasing
the binary mass, we can also counter this by increasing the initial binary separation,
which reduces the GW frequency, thus increasing the response signal, as discussed in
the beginning of Sec. 7.6.1. That is why the joint posterior between the source redshift
and the initial binary separation also shows a positive correlation (Fig. 7.10q).

An interesting joint posterior to analyze is the source redshift, z vs. the source
inclination angle, i (Fig. 7.10v). The degeneracy between the source distance, dL, and
inclination angle is well known in GW astronomy. Therefore, we expect them to be
anti-correlated, since increasing the source distance decreases the GW strain ampli-
tude, but decreasing the inclination angle can counter this. However, in Fig. 7.10v we
consider the correlation of i with z, rather than with the luminosity distance, and z

also affects the chirp mass and GW frequency. Therefore, in our results, the z− i joint
posterior shows no correlation, since these two parameters control very different
aspects of the response signal. Further, a small change in z corresponds to a large
change in dL. If a posterior of dL and i were computed, for an approximately constant
z, then the expected degeneracy may be easily seen.

Another noteworthy joint posterior is that of the GW polarization angle vs. the
GW initial phase (Fig. 7.10ag), which shows a strong linear correlation. This can be
derived analytically for our special case of i = 0. For this case, the response signal
Eq. (7.4) can be re-written as follows, after substituting all the terms and collecting
the common terms into a factor h0,
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∆TGW =

∫ t0+T

t0

h0 sin
2 θ
(
cos (2ψ) cos (2πft+ δ0)

+ sin (2ψ) sin (2πft+ δ0)
)
dt

=

∫ t0+T

t0

h0 sin
2 θ cos (2πft+ δ0 − 2ψ)dt. (7.18)

The above equation shows that, i = 0 corresponds to circularly polarized GWs
observed with an SRGO, which may be interpreted as GWs with a constant phase, δ0,
whose polarization axes are rotating in a circle with an ‘effective’ GW polarization
angle, ψeff = ψ − πft. Other parameters being fixed, if we Taylor-expand ψ as
a function of ψeq around its true value, then for small deviations of ψeq from its
true value, ψ will be linear in ψeq. Hence, the above equation explains why the
joint posterior of ψeq and δ0 shows a linear correlation. Note that all values within
the parentheses of the above equation are in radians, while the values shown in
Fig. 7.10ag are in degrees, but these values are consistent with the Taylor series
assumption that deviations of ψeq from its true value, in radians, is small.

Thus, for circularly polarized GWs, changing the initial phase of the GW can
produce the same signal as changing the GW polarization angle. If the Earth were
stationary, this would be the same as beginning the observation run at a different
time.

7.8 Discussion

Why do we choose ultrarelativistic test mass particles?

It is currently unclear, but using ultrarelativistic ions might be beneficial (Schmi-
rander et al., in preparation). This is because a single ion with sufficiently high
energy would, in principle, by its sheer momentum, appreciably attenuate the effect
of many stochastic and deterministic noise sources that would directly perturb the
ion (some of which were explored in paper I). This would also allow a coasting ion
to deflect or deviate less from its ideal orbit, and last longer in a non-ideal vacuum,
thus potentially allowing for longer SRGO observation runs.

What are the limitations and caveats of this study?

One of the primary limitations of this study is the simplistic static Gaussian noise
model for the residual system noise, based on the assumption that our hypothetical
storage ring facility is capable of attenuating most of the (yet un-studied) noise
sources, similar to LIGO. We cannot yet model noise sources in detail, especially their
frequency and time dependence, until a thorough study is conducted (Schmirander
et al., in preparation).
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Next, our GW waveform models do not account for the spins of the compact ob-
jects in the binary, the eccentricity of their orbit, and other parameters corresponding
to realistic binary systems. While our model contains 9 unknown fitting parameters,
realistic GW models contain around 15 to 17. However, as a first step towards estab-
lishing a novel experiment concept, for the sake of consistency and ease of analysis,
it is better to use a realistic toy model for making order-of-magnitude estimations,
rather than to use complex and detailed models from the very beginning, which can
make analysis quite difficult in a topic that has not been explored to such an extent
prior to this study. Although our GW source and ring models are simple, they are
realistic enough to provide correct orders of magnitude of the estimates. Perhaps,
incorporating detailed GW waveforms and storage ring models is the next logical
step in this series of works.

We also do not model the merger and ringdown phases, and cover only the
inspiral phase of the binaries. However, because the response signal tends to decrease
with increasing GW frequency (Fig. 7.3), the merger and ringdown phases would
likely not produce an SRGO response signal as large as the one during the inspiral
phase.

Furthermore, our GW source models, which are derived from post-Newtonain
(PN) analysis, cannot accurately model EMRIs (extreme and intermediate mass ratio
inspirals). In Sec. 7.6.3, Fig. 7.6, some GW sources that are actually EMRIs, have been
estimated with our post-Newtonian GW waveform model, which is not optimal.
But since we are interested in order-of-magnitude estimates and since we do not
expect the difference between our model and an EMRI GW waveform to be orders-of-
magnitude greater, we regard this as a justifiable simplification. This is supported by
[226], where it can be seen that the simple PN waveform models are accurate enough
to model EMRIs for small observation times of a few hours or days, as considered in
our study.

Many of our results have been generated by averaging over as many parameters
as possible, so that the conclusions interpreted from them may remain accurate
and general. However, some of our conclusions are extrapolated based on results
for a specific and arbitrary combination of parameters, corresponding to Fig. 7.1
(with some variations which are described in the sections pertaining to each result).
This was done for cases where averaging over parameters was very difficult or
computationally expensive. These include results in Sects. 7.6.1 and 7.7. However,
we do not expect the parameter-averaged results to be different in order-of-magnitude
for these cases, and hence expect them to be sufficient for first estimates and general
conclusions. For instance, the results in Sec. 7.6.1, which are based on scaled values of
the PSNR, are intrinsically independent of some parameters, such as the GW source
mass and distance. Moreover, we can make estimates of how some of the results
would change for a different set of parameters. For example, the results of Sec. 7.7,
for a different set of true parameters, can be estimated by combining the results of
Sects. 7.6.1 and 7.7.1, which should at least be correct in order of magnitude.

Lastly, we have not yet accounted in the SRGO response formulation, the effect of
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the GW on the storage ring magnetic field, which may possibly boost the response
signal. This would be included in future works (Schmirander et al, in preparation).

How to measure the instantaneous initial ion speed, vi?

Two timing detectors placed close by would detect a passing ion with a delay.
Dividing the known distance covered by the ion with this timing delay would give us
vi. This measurement could be made more accurate by repeating this procedure over
the first several revolutions and then taking an average value. However, performing
this procedure with a single timing detector (i.e. dividing the orbit circumference
by the time interval between two successive detections of the same ion by a single
detector) would be less accurate, because although the time-varying quantities would
change negligibly during a single ion revolution, but the ion would still be affected by
the anisotropy of the spacetime. Hence, compared to the former procedure, this way
would give us a slightly worse substitute for the quantity that we wish to measure.

How to measure ∆TGW?

Using vi and the circumference of the ion orbit, we can predict the expected arrival
times of the ion to the timing detector. These must then be subtracted from the actual
ion arrival times that are measured by the timing detector. The result will constitute
the discrete noisy data points ∆TGW, which when plotted against the expected arrival
times, will look like Fig. 7.1. This is why the second term within the integral of
Eq. (7.4) differs from that of Eq. (6.13), when we measure vi = v0

(
1 +

hθϕψ(0)

2

)
instead

of v0. Since the speed is used to predict the times when the ion would arrive at the
detector, a different speed would change the predicted ion arrival times, and thus,
also the signal (which is the observed arrival time minus the predicted arrival time
of the ion).

Do GWs affect the atomic clock of the timing detector?

Since the storage ring ion clock and the atomic/optical clock of the timing detector
would be located next to each other, they would both be affected in the same way
due to the temporal component of the GW metric (or any other spacetime metric).
Therefore, in principle, the temporal component of the spacetime metric cannot be
measured by a comparison between the ion clock and atomic clock geodesics (the
working principle of SRGO). However, since the location of the atomic clock would
be stationary in the reference frame, while the ion would revolve in an anisotropic
GW spacetime, the spatial components of the GW metric would affect the storage
ring ion clock differently as compared to the atomic/optical clock. This difference
would result in the response signal that can, in principle, be measured by an SRGO.
This is the reason why, as explained in Sec. 7.6.3, laser and atom interferometer
GW detectors cannot probe the anisotropy of a static distorted spacetime (such as
very low frequency GW spacetimes over short observation times), even in principle.
Whereas, this would possible in principle with an SRGO, even in the absence of
Earth’s rotation. However, practically, this might never be tested because of the
stochastic gravitational wave background (SGWB), which exists due to an overlap
of a large number of unresolved and incoherent astrophysical GW sources at low
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frequencies [84, 85, 86].

Why did we choose MCMC methods over Fisher Information for parameter estimation?

The Fisher Information Matrix (FIM) can be described as the inverse of the co-
variance matrix of some distribution. It may also be interpreted as the curvature
of the log-likelihood graph. The FIM can be calculated analytically, requiring only
the model that generates the response signal. This makes the FIM a fast and simple
method of obtaining the precision of the parameter estimation pipeline without actu-
ally having to make a measurement of artificial noisy data. However, the FIM does
have limitations: It assumes a model with linearly correlated parameters, a detector
with Gaussian noise, and a high SNR. It has been shown that for a non-spinning
binary GW source model with 9 unknown parameters such as ours, at total binary
mass higher than 10.0M⊙, the standard deviation predicted by the FIM does not
agree with the standard deviation of a fully calculated posterior by MCMC methods
[227].

Further, an MCMC fit gives us the added advantage of studying correlations
between parameters, and getting a qualitative impression of how well-behaved a fit
is.

What are the implications for conducting an SRGO experiment at the FCC (Future
Circular Collider)?

FCC [228] is a proposed circular particle accelerator which will be able to acceler-
ate ultrarelativistic ions at even higher energies than the LHC. This could increase the
natural attenuation of any stochastic noise sources directly acting on the ions, due to
the ions having a higher relativistic mass or momentum. However, the proposed 100
km circumference of the FCC would have implications for noise levels from sources
such as seismic noise, gravity gradient noise and others, which unlike the expected
SRGO response signal, would likely be sensitive to the ring size. Currently, it is
unclear whether a larger or smaller ring size would be more suitable for an SRGO
experiment. It is hoped that, upon detailed computational modeling of the noise
sources, an optimal configuration within the parameter space can be found, which
reveals the optimal ring size (Schmirander et al., in preparation).

However, another pertinent point regarding the FCC in the context of this study
is that, innovation in particle accelerator technology through big projects such as the
FCC would indeed help the future realisation of an ideal SRGO facility. As we recall
from Sec. 7.5.2, the ideal SRGO assumed in this study currently seems to be beyond
the frontier of modern technology, and work on the FCC may help push that frontier
in ways that serendipitously unlock solutions for realising an SRGO.

What are the potential implications for multi-messenger astronomy?

The yet undetected mHz GW events are also predicted to be associated with
the emission of electromagnetic radiation and neutrinos [58, 229, 230, 231]. For
transient astrophysical events that correspond to high frequency GWs such as those
detected by LIGO, the usual case for multi-messenger observations is of the event
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first being detected by the omnidirectional GW detectors, which then perform fast
parameter estimations and send out real-time alerts to other observatories, providing
the estimated GW source component types, masses, spins and importantly, the sky
localization region. An effort is then made to quickly and simultaneously observe
the GW event via the other messenger signals, using the alert information. However,
for mHz GW events, fast alert response would be of lesser concern, because most
of these events would be long-lasting. Therefore, improving parameter estimation,
especially the sky localization, would be most important for multi-messenger studies
of mHz GW events. Other than improving detector sensitivities, this is best achieved
by collaboration between multiple mHz GW detectors. It is estimated that a proposed
mHz GW detector such as LISA, by itself, would not be good enough to pinpoint the
host galaxies of mHz GW sources [174, 229]. On this front, it is clear that the successful
realization of an SRGO would greatly complement other mHz GW detectors such as
LISA, and improve the GW alerts for multi-messenger observations.

Assuming that a mHz GW event is detected simultaneously by LISA and SRGO,
and further assuming that the realized SRGO has effectively the same capabilities
as the hypothetical system considered in Sec. 7.5.2 of this study, then we can make
a rough estimation of the improvement in the GW source sky localization due to a
combination of SRGO and LISA. The LISA sky localization for massive black holes is
estimated to be 1− 100 deg2, and LISA would be lagging the Earth orbit by 20° [28].
In the optimistic case, assuming that a single SRGO on Earth manages to localize
the same GW event between 4− 40 deg2 as obtained in Sec. 7.7.1, then by combining
this data via simple 3D geometry, we can roughly estimate that the improved sky
localization may be as good as sub–deg2, and as bad as a few tens of deg2. Overall,
this would be a very good improvement, and it could be made even better by having
multiple SRGOs at different locations on Earth.

7.9 Summary and Conclusion

In Sec. 7.3, we discuss previous studies on storage rings as GW detectors, highlighting
what they missed, and explaining the novelty of our idea. We provide comparisons
and analogies between an SRGO and other known GW detection techniques. We also
discuss references that support our findings and throw light on potential ways for
realizing an SRGO. In Sec. 7.4, we provide a review of the theory behind an SRGO,
and revise important formulae to display them in a better format. Sec. 7.5 describes
the mathematical models and numerical procedures of our simulation code.

In Sec. 7.6.1, we study the variation of the response signal with the experiment
parameters, obtaining useful physical insights about how an SRGO works. Our
results suggest that the response signal would be maximised by placing an SRGO at
equatorial latitudes on Earth and by having long observation times. In Sec. 7.6.2, we
numerically obtain the SRGO sensitivity curve, which shows that an SRGO would
be sensitive to the mHz GW regime provided that a minimum observation time
(run time of the storage ring) of at least a few hours can be achieved in an SRGO
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experiment. In Sec. 7.6.3, we find that a typical SRGO would require an effective
residual noise lower than ∼ 1ps to detect astrophysical mHz GW sources. At this level
of noise, an SRGO could potentially detect mHz GW events involving supermassive
black holes starting from within our galaxy, up to galaxy merger events at high
redshifts.

The results of Sec. 7.7 prove that even a single SRGO can, in principle, perform
accurate GW parameter estimation, being able to provide a closed region on a sky
map for the GW source localization, which would improve with increasing PSNR.
In Sec. 7.7.1, we find that an effective PSNR (i.e. true PSNR times the square root
of the total number of data points) of at least ∼ 80 would be required to constrain
parameters effectively with a single SRGO, which may be achieved by a combination
of noise reduction and increasing the data measurement rate. At this effective PSNR
or higher, a single SRGO would be capable of constraining the GW source parameters
(such as the sky localization area, relative distance and mass estimations, etc.) to
within a few tens of percent of their true values. In Sec. 7.7.2, we obtain more physical
insights by studying the parameter degeneracies of an SRGO experiment.

Finally, in Sec. 7.8, we discuss the limitations of this study; justify some approaches
we have taken in this study; answer fundamental questions about the working
principle of an SRGO; and discuss future implications of realizing an SRGO.

In conclusion, SRGO seems promising as a near-future Earth-based GW detector
sensitive to the yet undetected mHz GWs. It could complement space-based detectors
such as LISA, or even make detections prior to the launch of LISA, assuming that
rapid technological development during this decade allows a functional SRGO to be
built. The main effort required in this direction would be detailed studies, techniques
and technologies to handle noise sources; finding the optimum operation mode of
a storage ring for an SRGO experiment; techniques and technologies for the timing
data readout. Further studies of single ion storage rings and improvement in vacuum
technology would also help.

7.10 Contribution to ∆TGW from beam orbit shape dis-
tortions

Consider a circular ion beam of radius R, which gets distorted into, say, an ellipse
with axes R±∆R, where ∆R

R
= h represents the GW strain amplitude, which is much

smaller than unity.

The perimeter of a near-circular ellipse is approximated to an excellent accuracy
by Ramanujan’s formula [232],

Cellipse = π(a+ b)

(
1 +

3λ2

10 +
√
4− 3λ2

)
. (7.19)
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Here, a = R + ∆R, b = R − ∆R, λ = (a−b)
(a+b)

= h. The error in Ramanujan’s
approximation is O(h10). Over many revolutions, the ion circulation time deviation
will be proportional to a time integral over the difference between the perimeters of
the distorted and ideal orbit shapes,

∆Torbit ∝
∫ t0+T

t0

(Cellipse − 2πR) dt ∝ h2. (7.20)

This result is, in general, also true for more complex beam orbit shape distortions
caused by other sources (such as seismic activity), as long as the corresponding
quantity equivalent to h is small.

7.11 Corner plot shown as individual joint posterior
plots

Due to space constraints, we show in Fig. 7.10, the 36 individual joint posterior
pair-plots corresponding to the non-diagonal elements of the 9× 9 corner plot. The
diagonal elements of the corner plot have been shown in Fig. 7.7. In each pair-plot,
we show the 1-sigma (68%, green) and 3-sigma (99.7%, purple) highest posterior
density (HPD) regions. The results of Fig. 7.10 are discussed in Sec. 7.7.2.

The true parameter values for this case correspond to those in Fig. 7.1, except the
initial binary separation which is 1 AU (corresponding to an initial GW period of 3.1
h). 32 data points have been taken over an observing time of 12 hours at a PSNR of
100. The following table provides the true parameter values corresponding to each
posterior shown in Fig. 7.10:

True Parameter Values
Name Symbol Value
GW source mass 1 m1 1.00× 106M⊙
GW source mass 2 m2 1.00× 106M⊙
Initial binary separation r0 1.00 au
GW source inclination i 0.00°
GW source redshift z 0.10

GW initial phase δ0 0.00°
GW source right ascension αsrc 0.00°
GW source declination δsrc 0.00°
GW source polarization ψeq 0.00°
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(a) m1 and m2 (b) m1 and r0

(c) m1 and i (d) m1 and z

(e) m1 and δ0 (f) m1 and αsrc
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(g) m1 and δsrc (h) m1 and ψeq

(i) m2 and r0 (j) m2 and i

(k) m2 and z (l) m2 and δ0
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(m) m2 and αsrc (n) m2 and δsrc

(o) m2 and ψeq (p) r0 and i

(q) r0 and z (r) r0 and δ0
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(s) r0 and αsrc (t) r0 and δsrc

(u) r0 and ψeq (v) i and z

(w) i and δ0 (x) i and αsrc
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(y) i and δsrc (z) i and ψeq

(aa) z and δ0 (ab) z and αsrc

(ac) z and δsrc (ad) z and ψeq
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(ae) δ0 and αsrc (af) δ0 and δsrc

(ag) δ0 and ψeq (ah) αsrc and δsrc

(ai) αsrc and ψeq (aj) δsrc and ψeq

Figure 7.10: Individually shown joint posteriors of the 9×9 corner plot obtained after
MCMC parameter estimation, for true parameter values described in Appendix 7.11.



Chapter 8

Overview of Unstudied Noise Sources

8.1 Introduction

In Sec. 6.6, some basic models and order-of-magnitude estimates of the major noise
sources in an SRGO experiment were discussed, which were made based on the
limits of current technology, the available studies of LHC, and the scope of this work.

Obviously, more accurate models of noise sources would be needed for advanc-
ing towards a realistic SRGO, for which purpose, detailed mathematical modeling,
numerical simulations and experimental studies would be required. An embarkation
of this long journey has already begun (Schmirander et al., in preparation).

In this section, we would like to conceptually discuss additional noise sources to
those discussed in Sec. 6.6, covering a more extensive range of the total noise. We
focus on noise sources which, (a) would continue to persist despite assuming ideal
conditions and futuristic technology, (b) might have a significant contribution as
noise on the expected signal, and (c) cannot be readily modeled, or have not been
previously studied in the literature in the context of this work.

For this chapter, as done in Chap. 7, Sec. 7.5.2, let us consider a single, rigid test
mass particle, such as an ion, orbiting stably in a futuristic storage ring.

8.2 Interactions with Residual Gas

Due to current limits of technology, there are limits to the maximum vacuum that can
be obtained within the tubes of the storage ring where the ion orbits (see Sec. 5.1.1).
Even for a futuristic ring, there may be theoretical upper limits on the level of vacuum
attainable. Therefore, some residual air molecules would survive and interact with
the circulating ions.

Such interactions may cause the ion to deviate from its ideal path, causing orbit
distortions, which, as discussed in Sec. 7.10, would contribute negligibly as a noise
on the timing measurement, as long as the amplitude of the distortion is small.

These interactions may also cause a perturbation in the tangential velocity of
the ion, which would be a more significant contribution as a noise on the timing

96



Chapter 8. Overview of Unstudied Noise Sources 97

measurement.

Although, it is obvious that the cross-section of such interactions would reduce
not only for higher purity of vacuum, but also for a higher speed of the circulating
ions, therefore indicating an advantage to using ultra-relativistic ions for an SRGO
experiment.

8.3 Seismic Gravity Gradient Noise

In Chap. 6, Sec. 6.6, we discussed seismic noise and gravity gradient noise as two
distinct and independent sources of noise. However, there is also a possiblity of a
combined effect of the two.

Consider a scenario where a seismic wave impacts the geological region of an
SRGO facility. The ion already experiences the effect of the vibrating magnets of
the ring, and the effect of the local gravity gradient across the ring. However, some
types of seismic waves, especially whose oscillations are perpendicular to the surface
of the storage ring base, would effectively cause a bulge of Earth mass to oscillate
across the mean location. This oscillating mass would, in turn, affect the local gravity
gradient across the ring, introducing a ’seismic gravity gradient noise’ on the timing
measurement.

This noise would not be easy to estimate, and would require high fidelity numeri-
cal simulations, especially to obtain its frequency dependence.

However, as explored in Chap. 6, Sec. 6.6, unlike for an interferometric GW
detector, the effect of any gravity gradient noise on a circulating test mass as within
an SRGO, would act like ‘a wind’ on ∆T , that tends to cause a change which increases
with time. Since gravity gradients are conservative, any change to the speed of the
particle traveling across the gravity gradient in a circular path would be reverted to its
original value after each revolution. However, the effect on the timing measurement,
∆T , would be affected permanently, causing a systematic noise.

For passive gravity gradients across the ring due to stationary objects such as the
surrounding landscape, or even entirely predictable ones such as due to the Sun and
the Moon, these may be easily modeled and subtracted from the measured data to
eliminate their effect.

However, unpredictable gravity gradients, such as those due to seismic activ-
ity, would be harder to eliminate, and may require active sensors to monitor and
accurately model the noise in real time, and then subtract it from the data.

Since gravity gradient noise cannot be screened, unlike pure seismic noise, the
‘seismic gravity gradient noise’ would not be attenuated even by installing vibration
attenuating technology on the entire facility.



Chapter 9

Alternate Experimental Setups

As we have discussed in the previous chapters, the main application of the GW
detection principle explored in this doctoral dissertation involves using storage rings,
because it is already a well-known, pre-existing technology where charged particles
act as test masses that can indeed perform uniform circular motion stably for long
periods, and that are free along the circular tangential direction. These charged
particle test masses can be controlled and monitored precisely, since storage rings are
highly precise and sensitive setups. Further, the typically high rate of revolution acts
favorably, not only to probe GWs over a wider frequency range, but to also reduce
the impact of certain noise sources, and to cut down stochastic noise statistically by
obtaining more data points over a given time period.

In this section, as the dissertation title suggests, we explore additional scenarios
where we might find controllable test masses performing uniform circular motion
that could be precisely monitored, and where the sources of noise would be minimal.

9.1 Artificial Satellites

At first glance, an artificial satellite orbiting in uniform circular motion around the
Earth seems like an ideal experiment setup, since the satellite can easily be timed as
it transmits signals back to Earth. Furthermore, since it is space-based, the sources of
noise would be minimal. Collisions with debris and cosmic ray impacts, etc. could
be negated by suspending a free test mass within an artificial vacuum created inside
the satellite that has an outer shielding and thrusters for position correction.

However, upon further consideration, the real problem becomes apparent. The
orbital frequency for a satellite would be comparable to the frequency of millihertz
GWs. In case of storage rings, when the ion revolution frequency was much higher
than the GW frequency, the ion could continuously ‘accumulate’ a timing deviation
so long as the GW strain amplitude was monotonously increasing or decreasing,
leading to a peak value that could be measured. In this case, the GW strain amplitude
could change signs more than once during a single revolution of the satellite, which
would greatly attenuate its ability to ‘accumulate’ a time difference. Hence, the pure
signal would be weaker for such a setup due to a significantly lower orbital frequency
compared to an SRGO.
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One clear advantage that this setup has over storage rings, is that a satellite can
orbit for much longer periods compared to ions in a storage ring. This suggests
that such a setup would actually be better for probing GWs of frequencies lower
than millihertz GWs. At such frequencies, the problem discussed in the previous
paragraph is also resolved.

Qualitatively, we conclude that, compared to an SRGO, the noise levels in such a
setup would be lower, but so would be the signal. Hence, an overall improvement to
the SNR is not readily seen. Thus, this setup may not be as sensitive to millihertz GWs
as an SRGO, although it may be more sensitive than an SRGO at lower frequencies.

Note that, for this experiment, the orientation of the satellite orbit relative to the
GW source would be fixed, and the rotation of Earth would play no role in improving
parameter estimation as it did for SRGO (discussed in Sec. 7.7). Using multiple
satellites in differently oriented orbits would be required for improving the accuracy
of parameter estimation.

Also note that a satellite is technically not confined along the radial direction, and
small changes to its velocity may distort the orbit shape from the ideal circular orbit
into an elliptical orbit, as is commonly known in astrodynamics. However, since
the amplitude of these orbit distortions would be small, their effect on the timing
deviation would be negligible, as mathematically proven in Sec. 7.10.

9.2 Levitating Superconductors

Consider a ‘table-top’ sized box, whose temperature is maintained to near absolute
zero with high precision. The walls of the box are made of composite materials
that are efficient at screening against external electromagnetic radiation, stray fields
and stray particles. This box has a uniform and perfectly circular magnetic strip
placed within. A small, solid test mass made of a uniform, superconducting material,
in thermal equilibrium with the box, levitates atop the magnetic strip due to the
Meissner effect [233]. An ultra-high vacuum is created inside the box. Upon giving
the test mass a suitable impulse, it would perform uniform circular motion without
any drag.

Assume also that this box is placed deep underground to reduce gravity gradient
noise and other stray fields or particles. Assume further that the box is placed in an
active vibration attenuator which reduces mechanical vibrations from seismic noise,
etc. A thermal photon detector attached to an atomic/optical clock monitors the test
mass without interfering with its motion.

Since the box is ‘table-top’ sized, thus the orbit radius is small, and the orbital
frequency should be sufficiently large compared to the millihertz GW frequencies.
The test mass could orbit stably for long periods, perhaps for weeks or even months.

This setup seems quite close to the ideal version envisioned for the GW detection
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principle. However, such a setup is not as popular as a storage ring, and the sources
of noise and other potential problems would have to be studied experimentally to
make further comments. Some potential sources of noise are briefly explored below.

9.2.1 Stochastic Noise

Stochastic noise refers to random and unpredictable factors that induce jitters in the
motion of the test mass.

• Residual Gas Molecules: Rare collisions with residual gas molecules in an
ultra-high vacuum would impart unpredictable tiny forces, causing stochastic
jitters.

• Blackbody Radiation Interactions: Comprising radiation pressure fluctuations
and minor temperature changes post-photon absorption, this factor would
induce random jitters in the ball’s position.

• Cosmic Rays and High-Energy Particles: Random interactions with cosmic
rays and similar particles would cause sporadic disturbances.

• Detector Noise: The stochastic effect of photon shot noise on the measurement
and any other internal detector timing jitter.

9.2.2 Non-Stochastic Noise

Non-stochastic noise encompasses predictable, time-evolving, or transient influences
on the motion of the test mass.

• Mechanical Imperfections and Magnetic Field Fluctuations: Imperfections in
the magnetic strip and test mass, causing magnetic field fluctuations, would
introduce forces that may evolve or have periodic effects.

• External Vibrations: Residual seismic vibrations or molecular vibrations within
materials would contribute to time-evolving or transient forces.

• Tidal Forces: Predictable and periodic, tidal forces due to the Sun and the Moon
would exert a calculable influence.
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Conclusion

From this doctoral dissertation, we conclude the following:

• In principle, a system consisting of test masses performing uniform circular
motion which can be timed, is a novel detector of gravitational waves, as
gravitational waves would cause a time-varying deviation of the measured test
mass circulation times from those expected under no external disturbances.

• Such a detector, by its intrinsic detection principle and realistic limitations,
would have maximum sensitivity to gravitational waves in the millihertz
frequency range or lower, which are undetected at the time of writing this
dissertation.

• Assuming a steady improvement in sensitivity leading to the first detections
being made with a hypothetical future realisation of such a detector, the first
sources to be detected would be supermassive binary black holes associated
with the nearest galaxy mergers. These would be followed by the nearest
mergers of supermassive black holes with intermediate mass black holes, likely
at the centers of our galaxy and the nearest galaxies.

• A single such detector, taking advantage of Earth’s rotation, and an assumed
attenuation of noise sources, could perform accurate parameter estimation of
the GW source, which is significant for follow-up studies in multi-messenger
astronomy.

• Multiple such detectors at different locations on Earth, and in combination
with space-based millihertz GW detectors, could achieve excellent parameter
estimation capabilities.

• A circular particle accelerator, particularly, a storage ring, is one of the only
pre-existing Earth-based technologies that comes closest to the ideal detector
envisioned in principle. Other potential setups may offer even better sensitiv-
ities and parameter estimation capabilities, but have to be explored in-depth
from scratch.

• A storage ring has various noise sources which would hide the GW signal that
we wish to detect, and these noise sources must be studied in detail beyond the
scope of this work, to be eliminated to the greatest possible extent.
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• As long as there are no conclusive proofs that a futuristic facility as envisioned in
this work, which we call SRGO, can never be achieved due to theoretical upper
limits in technology or similar conclusive remarks, or as long as alternative
systems to achieve the principle of the detector envisioned in this work cannot
be conceived and tested, it is advisable to continue research in this novel
direction.



Appendix A

Additional SRGO Response Plots

In this section, we show some more results like Fig. 7.1, without any noise, for some
interesting configurations of the model parameters.

Fig. (A.1a), and Fig. (A.1b) show the SRGO response signal for an inspiraling
supermassive binary black hole (SMBBH) with a GW frequency close to Earth’s
rotation frequency, at different initial GW phases. The order of magnitude of the
signal, about 10−13s, is consistent with a 107M⊙ equal mass SMBBH at z = 0.1, from
Fig. (7.6).

Notably, the GW source has a declination of 90°, thus the GW source is aligned
with the Earth’s axis, which means that the antenna pattern functions, F+ and F×, are
not time-evolving anymore due to Earth’s rotation. Therefore, the SRGO response is,
effectively, just a time-integral over the GW strain, making the response frequency
equal to the GW frequency without any ‘envelope’, unlike other cases.

Interestingly, we see that for some initial GW phases, such as in Fig. (A.1a), once
the signal begins from a value of zero (which is always true), after every GW period,
the response never manages to return back to zero, since the GW frequency increases
due to the inspiral of the binary and the amplitude of the response decreases. This
means, eventually, the signal would die out at some finite, non-zero value, implying
that after passing completely, the GW would leave a permanent deviation in the
measured circulation times compared to the expected circulation times in the absence
of GWs. This could be attributed as a homologue to the standard ‘memory effect’
of GWs [234] on a ring of test masses, with the difference being that the ring of test
masses is circulating in our case.

Also, comparing Fig. (A.1a), and Fig. (A.1b), we notice that depending on the
initial phase of the GW, the signal can obtain with time, both positive values and
negative values. This implies that the test masses have the possibility to arrive both
earlier or later than expected at the detector, depending on the scenario.

In Fig. (A.2a) and Fig. (A.2b), the GW source declination is equal to the latitude of
the SRGO, allowing once per day, the GW to have a ‘face-on’ orientation to the plane
of the storage ring, making the response null at those times. These times correspond
to the flat regions observed in the responses. Further, since the GW frequency and
Earth’s rotation frequency are close, there is no clear ‘outer envelope’ and ‘inner
signal’ that can be distinguished, unlike in Fig. (7.1), where there was a significant
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(a) Dec = 90°, δ = 0°

(b) Dec = 90°, δ = 135°

Figure A.1: The SRGO response signals (without noise) corresponding to the pa-
rameters mentioned within the figures, with the difference between the left and
right panels being that the initial phase of the GW is changing. Notably, both panels
correspond to a GW source declination of 90°, which is aligned with the Earth’s axis.
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(a) Dec = 51°, δ = 0°

(b) Dec = 51°, δ = 135°

Figure A.2: The SRGO response signals (without noise) corresponding to the pa-
rameters mentioned within the figures, with the difference between the left and
right panels being that the initial phase of the GW is changing. Notably, both panels
correspond to a GW source declination of 51°, which is equal to the latitude of the
storage ring.
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difference between the two frequencies. The overall periodicity of the response is not
clearly equal to either the GW or the Earth’s frequency.



Appendix B

Conventional Approach to GW Sensi-
tivity Curves

As briefly discussed in Chap. 7, Sec. 7.6.2, conventionally, a GW sensitivity curve plot
contains two elements: First, colored regions are shown corresponding to various
astrophysical GW sources. These regions are computed solely from GW strain models
of the sources, and their extent is determined by astronomical constraints applied to
the model parameters. Second, a curve is overplotted over these regions, which is
constructed by modeling the experimentally measured detector noise data as a strain,
using the response model of the GW detector. Since this plot is in the frequency
space, which is integrated over all time, the ratio of a point in the colored region to a
point on the curve, at a given frequency, directly gives the integrated signal-to-noise
ratio at that frequency. This allows us to directly read off the signal-to-noise ratio by
eye from such a plot. However, for computing the sensitivity curve, an averaging
over the antenna pattern of the GW detector is involved. For LIGO and other high
frequency GW detectors, the averaging of the antenna pattern is time-independent
and trivial, because the antenna pattern is practically stationary over the duration
of the GW. For millihertz GWs, which is our region of interest for an SRGO, the
antenna pattern is not stationary due to Earth’s rotation, making such an averaging
time-dependent and difficult.

In this section, we analytically show what is meant by the above discussion. Let
the time series of the measured data in an SRGO experiment be called ∆Tdata. We
can write

∆Tdata(T ) = ∆TGW (T ) + ∆Tnoise(T ). (B.1)

The amplitude spectral density (ASD) of the noise is

ASDnoise = lim
Tobs→∞

|∆T̃noise(f)|√
Tobs

= lim
Tobs→∞

1
2

(
1− v20

2c2

) ∣∣∣F (∫ T0 hn(t)dt
)∣∣∣

√
Tobs

, (B.2)

where we have used the response of the detector, Eq. (7.4), to model the noise as a
characteristic strain, hn = F+hn+ + F×hn×. Now, we resolve the Fourier transform
of the integral in the above equation using the unit step function, u(t), and the
convolution property of the Fourier transform,
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F
(∫ T

0

hn(t)dt

)
= F

(∫ ∞

−∞
hn(t)u(T − t)dt

)
= F (hn(T )⊛ u(T )) = h̃n(f)

(
1

if
+ πδ(f)

)
.

(B.3)

For f ̸= 0, the Dirac delta function vanishes. Substituting the result in the
expression for ASDnoise, Eq. (B.2), we get,

ASDnoise = lim
Tobs→∞

1
2

(
1− v20

2c2

)
|h̃n(f)|

f
√
Tobs

. (B.4)

Comparing Eq. (B.2) and Eq. (B.4), we see that

ASDhn = lim
Tobs→∞

|h̃n(f)|√
Tobs

= lim
Tobs→∞

f.|∆T̃noise(f)|
1
2

(
1− v20

2c2

)√
Tobs

. (B.5)

Mathematically, in the definition of the ASD, the Fourier transform is a continuous-
time Fourier transform. However, the experimentally measured noise data (in the
absence of GWs), ∆Tnoise(T ), is a discrete time series, and we would therefore take a
Discrete Fourier Transform (DFT) of it. We can use a relation between the DFT and
continuous-time Fourier transform to correct the above formula, which becomes

ASDhn = lim
Tobs→∞

fsample→∞

f.|∆T̃noise(f)|
1
2

(
1− v20

2c2

)
fsample

√
Tobs

, (B.6)

where the Fourier transform of the noise data, ∆T̃noise(f), is now a DFT, and the
factor fsample is the data sampling rate.

However, this is not the final result that we need to plot the sensitivity curve. As
mentioned earlier, hn = F+hn++F×hn×, is the noise modeled as a characteristic strain.
But we actually need the ASD of hn+ instead. This would be trivial to obtain from
Eq. (B.6) by substituting the expression for the characteristric strain, then averaging
over the stationary antenna pattern functions F+ and F× over all angles, and knowing
that the Fourier transforms of hn+ and hn× would be the same after averaging over
other parameters.

However, for an SRGO, the antenna pattern functions are not stationary, and are
functions of time due to Earth’s rotation, making it difficult to obtain the desired
result in the conventional way. Hence, we have used an alternate, semi-analytical
way to derive and compute the GW sensitivity curve for an SRGO in Sec. 7.6.2.



Appendix C

Specifications of Computing Facilities

The simulation results shown in this dissertation were generated using the computing
facilities of the Hamburg Observatory (Hamburger Sternwarte).

The Observatory’s computing facilities include single-node workstations for serial
and multithreaded applications. They are shared-memory systems with powerful
multi-core processors for post-processing and data analysis. Some of them also
operate as file servers.

The workstations used for the simulation results of this dissertation had Intel
Xeon E5-2680 CPUs, with a total of 24 cores, and 252 GB memory.

Some of the results shown in this dissertation that involved averaging over several
model parameters, such as Fig. (7.5), or that involved MCMC procedures applied to
complex models, such as those shown in Sec. (7.11), took several days to a week to
generate.
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List of Figures

1.1 A cartoon representation of the experiment concept, where a rigid
test mass (A) is performing uniform circular motion (C), and it can
be timed by an atomic clock attached to a photon detector (B, D). A
passing gravitational wave would cause a change in the timing data,
which can be predicted by the general theory of relativity. . . . . . . . 4
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