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Abstract

This thesis deals with a particular class of quaternionic Kähler manifolds of negative
scalar curvature, namely supergravity c-map spaces. In particular, we study curvature
and symmetry properties and, for a particular case, the induced geometry on some
hypersurfaces.

Supergravity c-map spaces are quaternionic Kähler manifolds in the image of the su-
pergravity c-map. This construction produces a quaternionic Kähler manifold from
a projective special Kähler manifold. Despite its physical origins, which give this
construction its name, the supergravity c-map is completely understood within the
framework of differential geometry. Moreover, the supergravity c-map admits a one-
parameter deformation giving rise to a one-parameter family of quaternionic Kähler
manifolds, known as the one-loop deformed supergravity c-map spaces. These are the
main object of study of this thesis.

Mathematically, the (deformed) supergravity c-map has been explained in a two-
step process. In this process one starts with a conical affine special Kähler (CASK)
manifold M, which is a C∗-bundle over a projective special Kähler (PSK) manifold
M̄. Then, one constructs a pseudo-hyperkähler structure on the cotangent bundle
N = T ∗M of the CASK manifold M, the so-called rigid c-map structure. Finally,
one applies the HK/QK correspondence to obtain a quaternionic Kähler manifold N̄
of negative scalar curvature from the pseudo-hyperkähler manifold N. In this setting,
the obtained quaternionic Kähler metric is precisely the supergravity c-map metric.
The key point of this construction is the HK/QK correspondence. This correspon-
dence was interpreted as an instance of a more general construction known as the
twist construction. This will be the formalism used in this thesis to obtain the main
results.

The first goal of this thesis is to show that any deformed supergravity c-map is not
locally homogeneous. To obtain this result it is enough to show, using the twist for-
malism, that the (squared) norm of an abstract curvature tensor related to the curvature
tensor of the pseudo-hyperkähler rigid c-map metric on N = T ∗M is not constant. In
this process we also obtain an explicit formula for the Riemann curvature tensor of
the rigid c-map metric in terms of tensors of the CASK manifold M. As an important
corollary, we show that the deformed supergravity c-map applied to a homogeneous
PSK manifold produces a cohomogeneity one quaternionic Kähler manifold.
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ii Abstract

The second goal of this thesis is to study the isometry group of a deformed super-
gravity c-map space. It is known how to describe the Killing vector fields of the
supergravity c-map metric and, for the particular case of the deformation of the sym-
metric space SU(n,2)/S(U(n)×U(2)), it is even known how to integrate these vector
fields to obtain a group which acts effectively and isometrically on the quaternionic
Kähler manifold. In this thesis we obtain such group of isometries, without integrat-
ing the Killing vector fields, for a large subclass of supergravity c-map spaces, namely
supergravity q-map spaces.

The last goal of this thesis is to study the induced geometry on the hypersurface or-
bit of the cohomogeneity one quaternionic Kähler manifold obtained by applying the
deformed supergravity c-map to CHn−1. This corresponds to the one-parameter defor-
mation of the symmetric space SU(n,2)/S(U(n)×U(2)). We mainly study its Ricci
tensor and deduce that the hypersurface equipped with the induced metric is not a
Ricci soliton, in contrast with the undeformed case.



Zusammenfassung

Diese Arbeit befasst sich mit einer bestimmten Klasse quaternionischer Kähler-Man-
nigfaltigkeiten negativer Skalarkrümmung, den sogenannten Supergravitations-c-Ab-
bildungsräumen. Insbesondere untersuchen wir Krümmungs- und Symmetrieeigen-
schaften dieser Räume sowie für einen Spezialfall die induzierte Geometrie auf eini-
gen Hyperebenen.

Supergravitations-c-Abbildungsräume sind quaternionische Kähler-Mannigfaltigkei-
ten im Bild der Supergravitations-c-Abbildung, einer Konstruktion, die eine quater-
nionische Kähler-Mannigfaltigkeit aus deiner projektiven speziellen Kählermannig-
faltigkeit erzeugt. Trotz ihres physikalischen Ursprungs, der die Supergravitations-
c-Abbildung auch ihren Namen verdankt, ist sie vollständig im Rahmen der Differ-
entialgeometrie verstanden. Desweiteren erlaubt die Supergravitations-c-Abbildung
eine Deformation, die eine Ein-Parameter-Familie quaternionischer Kählermannig-
faltigkeiten hervorbringt, genannt Supergravitations-c-Abbildungsräume mit Schlei-
fenverformung. Diese sind Hauptgegenstand der Arbeit.

Mathematisch wurde die (deformierte) Supergravitations-c-Abbildung in einem zwei-
stufigen Prozess erklärt. In diesem Prozess beginnt man mit einer konischen affinen
speziellen Kähler-Mannigfaltigkeit (KASK) M, die eine C∗-Faserung über einer pro-
jektiven speziellen Kähler-Mannigfaltigkeit (PSK) M̄ ist. Dann konstruiert man eine
pseudo-hyperkählersche Struktur auf dem Kotangentialbündel N = T ∗M der KASK-
Mannigfaltigkeit M, die sogenannte rigide c-Abbildung. Schließlich verwendet man
die HK/QK-Korrespondenz, um aus der pseudo-hyperkählerschen Mannigfaltigkeit N
eine quaternionische Kähler-Mannigfaltigkeit N̄ negativer Skalarkrümmung zu erhal-
ten. In diesem Zusammenhang ist die resultierende quaternionische Kähler-Metrik
gerade die Supergravitations-c-Abbildungsmetrik. Der entscheidende Punkt dieser
Konstruktion ist die HK/QK-Korrespondenz, welche als Spezialfall einer allgemeiner-
en Konstruktion interpretiert werden kann, der Twist-Konstruktion. Dieser Formalis-
mus wird für die Hauptresultate dieser Arbeit relevant sein.

Das erste Ziel dieser Arbeit ist zu zeigen, dass deformierte Supergravitations-c-Abbil-
dungsräume niemals lokal homogen sind. Um dieses Ergebnis zu erhalten, genügt es,
unter Verwendung des Twist-Formalismus zu zeigen, dass die (quadratische) Norm
eines abstrakten Krümmungstensors, der mit dem Krümmungstensor der pseudo-hyp-
erkählerschen rigiden c-Abbildungsmetrik auf N = T ∗M zusammenhängt, nicht kon-
stant ist. In diesem Prozess erhalten wir auch eine explizite Formel für den Riemann-
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iv Zusammenfassung

Krümmungstensor der rigiden c-Abbildungsmetrik in Bezug auf Tensoren der KASK-
Mannigfaltigkeit M. Als wichtiges Korollar zeigen wir, dass die deformierte Supergra-
vitations-c-Abbildung homogene PSK-Mannigfaltigkeiten auf quaternionische Käh-
lermannigfaltigkeiten mit Kohomogenität eins abbildet.

Das zweite Ziel dieser Arbeit ist es, die Isometriegruppe eines deformierten Supergrav-
itations-c-Abbildungsraumes zu untersuchen. Es ist bekannt, wie man die Killing-
Vektorfelder der Supergravitations-c-Abbildungsmetrik beschreibt, und für den spez-
iellen Fall der Deformation des symmetrischen Raums SU(n,2)/S(U(n)×U(2)) ist
sogar bekannt, wie man diese Vektorfelder integriert, um eine Gruppe zu erhalten, die
effektiv und isometrisch auf der quaternionischen Kähler-Mannigfaltigkeit wirkt. In
dieser Arbeit erhalten wir eine solche Isometriegruppe für eine große Unterklasse von
Supergravitations-c-Abbildungsräumen, den Supergravitations-q-Abbildungsräumen,
ohne die Killing-Vektorfelder zu integrieren.

Das letzte Ziel dieser Arbeit ist es, die induzierte Geometrie auf der Hyperebene der
quaternionischen Kähler-Mannigfaltigkeit der Kohomogenität eins zu untersuchen,
die durch Anwendung der deformierten Supergravitations-c-Abbildung auf CHn−1

erhalten wird. Dies entspricht der Ein-Parameter-Deformation des symmetrischen
Raums SU(n,2)/S(U(n)×U(2)). Wir untersuchen hauptsächlich ihren Ricci-Tensor
und schlussfolgern, dass die Hyperebene mit der induzierten Metrik kein Ricci-Soliton
ist, im Gegensatz zum undeformierten Fall.
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Chapter 1

Introduction

Quaternionic Kähler manifolds are Riemannian manifolds of dimension 4n > 4 such
that their holonomy group is contained in Sp(n)Sp(1) [Ber55]. In terms of more
concrete objects, quaternionic Kähler manifolds are Riemannian manifolds (M,g) of
non-zero scalar curvature equipped with a parallel skew-symmetric almost quater-
nionic structure Q ⊂ End(T M). The metric g and the subbundle Q can be used to
construct a global 4-form Ω which is in some sense the analogous of the fundamen-
tal 2-form of a Kähler manifold. Note that, despite the name, quaternionic Kähler
manifolds are not Kähler in general.

One of the main differences of quaternionic Kähler geometry with respect to the other
special geometries appearing in Berger list of Riemannian holonomy groups is that
quaternionic Kähler manifolds are Einstein but not Ricci-flat, since we are assuming
non-zero scalar curvature [Ber66]. This has two important consequences: the the-
ory depends on the sign of the scalar curvature and there exist non-flat homogeneous
examples.

We note now that a 4-dimensional quaternionic Kähler manifold has holonomy con-
tained in Sp(1)Sp(1)∼= SO(4), that is, generic holonomy. Therefore, a 4-dimensional
quaternionic Kähler manifold may be defined as an oriented Riemannian manifold
which is Einstein and self-dual.

It turns out that the theory of (complete) quaternionic Kähler manifolds of positive or
negative scalar curvature is very different. Quaternionic Kähler manifolds of positive
scalar curvature have very strong topological restrictions, in particular they must be
compact and simply connected [Sal82]. The only known examples of such manifolds
are the so-called Wolf spaces [Wol65], which are symmetric quaternionic Kähler man-
ifolds of compact type. In fact, LeBrun and Salamon proved that, up to homothety,
there are only finitely many 4n-dimensional complete quaternionic Kähler manifolds
of positive scalar curvature for any n ∈ N [LS94]. In the same paper, the authors
proved strong conditions on the second homotopy group as well as on the Betti num-
bers. These results can all be viewed as a strong supporting evidence for their famous
conjecture, which states that the symmetric spaces are the only examples of complete
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2 Chapter 1. Introduction

quaternionic Kähler manifolds of positive scalar curvature. This conjecture has been
proved up to dimension 16 [Hit81, FK82, PS91, BWW22].

On the other hand, quaternionic Kähler geometry of negative scalar curvature has
shown to be very rich. The non-compact duals of the Wolf spaces are symmetric ex-
amples. These moreover admit cocompact lattices [Bor63], yielding examples of lo-
cally symmetric compact quaternionic Kähler manifolds of negative scalar curvature.
Alekseevsky found the first examples of non-symmetric homogeneous quaternionic
Kähler manifolds of negative scalar curvature [Ale75]. These are homogeneous under
a completely solvable group of isometries, and are known as Alekseevsky spaces. He
claimed their classification, although some examples were missing [dWVP92]. The
list was completed by Cortés [Cor96a]. Very recently, it has been shown by Böhm
and Lafuente that all homogeneous quaternionic Kähler manifolds of negative scalar
curvature are Alekseevsky spaces [BL23]. It was shown by LeBrun that complete
non-locally homogeneous quaternionic Kähler manifolds exist in abundance [LeB91].
However, his proofs are not constructive.

Quaternionic Kähler manifolds also play an important role in physics, since they ap-
pear in supergravity and string theories. Physicists discovered that one can construct
a quaternionic Kähler manifold of negative scalar curvature starting from a projec-
tive special Kähler manifold [FS90]. This construction is known as the supergravity
c-map and manifolds in their image are known as supergravity c-map spaces. The
quaternionic Kähler metric of the supergravity c-map space is sometimes referred to
as the Ferrara-Sabharwal metric. An alternative proof of this construction was given
by Hitchin in [Hit09]. Furthermore, it was also shown by physicists that supergrav-
ity c-map spaces admit a one-parameter deformation by quaternionic Kähler metrics
[RSV06]. These are known as the (one-loop) deformed supergravity c-map metrics.

The mathematical proof that the (one-loop) deformed supergravity c-map metric is
indeed quaternionic Kähler of negative scalar curvature is described in several steps,
see [ACDM15].

First, given a projective special Kähler manifold M̄, one can consider a conical affine
special Kähler manifold M on a C∗-bundle over M̄. Then one can equip the cotangent
bundle N = T ∗M of M with a (semi-flat) pseudo-hyperkähler structure, known as the
rigid c-map structure [CFG89, Fre99b, ACD02], which is moreover equipped with a
rotating circle symmetry [ACM13]. It was first shown by Haydys [Hay08] that given
a positive-definite hyperkähler manifold with a rotating circle symmetry one can ob-
tain a quaternionic Kähler manifold also equipped with a circle symmetry. This con-
struction is known as the HK/QK correspondence. However, the quaternionic Kähler
metrics obtained by this method have positive scalar curvature (and are incomplete).
This correspondence was then generalized in [ACM13] to obtain quaternionic Kähler
manifolds of negative scalar curvature by allowing indefinite hyperkähler metrics on
N. We note that the HK/QK correspondence was interpreted in [MS15] as an instance
of a more general construction known as the twist construction [Swa10]. Finally, one



1.1. Outline and summary of the results 3

checks that the metric obtained by this method is the deformed supergravity c-map
metric [ACDM15]. Summarizing we have the following diagram:

M2n N4n

M̄2n−2 N̄4n

rigid c-map

HK/QK

supergravity c-map

C∗

We then conclude that the deformed supergravity c-map produces a one-parameter
family of quaternionic Kähler metrics (depending on a real parameter c ∈ R) from a
projective special Kähler manifold. Note that the case c = 0 is the Ferrara-Sabharwal
metric. For a fixed projective special Kähler manifold, the metrics in the image of
the deformed supergravity c-map are locally isometric for different values of c > 0
[CDS17].

There is a special class of supergravity c-map spaces known as supergravity q-map
spaces. These arise as the composition of the supergravity r-map and the supergravity
c-map. The supergravity r-map produces a projective special Kähler manifold M̄ of
(real) dimension 2n−2 from a projective special real manifold H of dimension n−2.
This construction was introduced in [dWVP92]. Therefore, applying the supergrav-
ity q-map to a projective special real manifold H of dimension n− 2, we obtain a
quaternionic Kähler manifold of negative scalar curvature of dimension 4n. Since the
supergravity c-map admits a one-parameter deformation, so does the supergravity q-
map. It is known that for any c ≥ 0, a supergravity q-map space is complete provided
that the projective special real manifold is complete [CDS17]. It is also known that all
homogeneous quaternionic Kähler manifolds of negative scalar curvature, except HHn

and SU(n,2)/S(U(n)×U(2)), are in the image of the supergravity q-map [dWVP92].
However, the latter is still in the image of the supergravity c-map.

Finally, examples in all dimensions of complete non-locally homogeneous quater-
nionic Kähler manifolds of negative scalar curvature with two ends, one of finite vol-
ume and the other one of infinite volume, have been constructed [CRT21, Cor23].
Nevertheless, the problem of finding complete non-locally symmetric quaternionic
Kähler manifolds of finite volume is still open, in contrast with all the other holonomy
groups in Berger list, for which even compact non-locally symmetric examples are
known [Yau78, Bea83, Joy96a, Joy96b, Joy96c].

1.1 Outline and summary of the results

This thesis is framed withing the study of (deformed) supergravity c-map spaces,
which was partially carried out in previous PhD thesis [Dyc15, Sah20,Thu20]. In this
work we extend and generalize some of these results and we deepen on the geometric
comprehension of the supergravity c-map.
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As the name suggests, the supergravity c-map has a physical origin. In particular, it
arises from string theory. Briefly speaking, in the context of type II (super)string the-
ory, when compactifying the 10-dimensional theory on a Calabi-Yau 3-fold, one ob-
tains a 4-dimensional effective field theory with a moduli space which splits as a prod-
uct of the vector multiplet moduli space the and hypermultiplet moduli space. These
are a projective special Kähler and a quaternionic Kähler manifold, respectively (see
Section 1.2 for details). The quaternionic Kähler metric, sometimes called tree-level
metric, admits several quantum corrections (in the string coupling gs). The deformed
supergravity c-map corresponds to the perturbative corrections of the theory (in some
sense, the easiest to understand). This case was first done in the physics literature
[RSV06, Ale07] and nowadays it is completely understood in differential-geometric
terms [ACDM15]. Nevertheless, the tree-level metric also receives non-perturbative
corrections. These have been studied extensively in the physics literature (see e.g.
[Ale13] and references therein) although understanding them from the pure mathe-
matical point of view is still a work in progress and it is far from being completely
understood [CT22a, CT22b, CT24].

The thesis is structured as follows:

• In Chapter 2 we present a detailed exposition about quaternionic Kähler man-
ifolds, which are the main object of interest of this thesis. We introduce them
first from the point of view of holonomy theory and then as particular cases of
almost quaternionic manifolds. We give an overview of their general proper-
ties and then we distinguish them depending on the sign of the scalar curvature
(since they are Einstein). We further study the positive and negative case giving
examples and stating the major open problem of the field. This chapter does not
contain original results.

• In Chapter 3 we introduce hyperkähler manifolds also as particular cases of al-
most quaternionic manifolds. We give some examples and explain in detail the
Swann bundle, which is a conical (pseudo-)hyperkähler manifold canonically
associated to a quaternionic Kähler manifold, see Theorem 3.1.14. Next we in-
troduce the HK/QK correspondence, which is a way to construct quaternionic
Kähler manifolds equipped with a circle action from (pseudo-)hyperkähler man-
ifolds equipped with a rotating circle action, see Theorem 3.2.4. Finally, we
explain how this correspondence can be interpreted as an instance of a more
general construction known as the twist construction. We explain it in detail,
introducing the concept of H -relatedness and giving the tensors which are H -
related with the quaternionic Kähler metric and its Riemann curvature tensor,
see Theorem 3.3.9 and Theorem 3.3.11. This chapter does not contain original
results.

• In Chapter 4 we introduce supergravity c-map spaces, which is the class of
quaternionic Kähler manifolds we will work with. As a first step, we introduce
(affine and projective) special Kähler geometry. We give some examples and
explain a general way to construct them. We also give an explicit formula for
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the Riemann curvature tensor of an affine special Kähler manifold in Propo-
sition 4.1.29. Although Subsection 4.1.2 does not contain original results, we
prove some results again giving also formulas in local coordinates, which will be
useful in the following chapter. Next we introduce the rigid c-map, which equips
the total space of N = T ∗M, where M is an affine special Kähler manifold, with
a (semi-flat) (pseudo-)hyperkähler structure, see Theorem 4.2.1. In the case
where M is furthermore conical, the rigid c-map admits a rotating Killing vec-
tor field generating a rotating circle action, see Proposition 4.2.4, hence we can
apply the HK/QK correspondence. The composition of the rigid c-map and the
HK/QK correspondence is the supergravity c-map, see Theorem 4.3.2. Next
we express the supergravity c-map metric in local coordinates. This allows us
to determine large groups of isometries and to study the completeness of the
metric. Finally we introduce a subclass of supergravity c-map spaces, namely
supergravity q-map spaces. These arise as the result of applying to a projec-
tive special real manifold H the composition of the supergravity r-map and the
supergravity c-map. This chapter does not contain original results.

• Chapter 5 is the first original chapter of this thesis and contains the results of
[CGS23, CGT24]. In Section 5.1 we compute the Riemann curvature tensor
RmN of the rigid c-map metric gN on N = T ∗M for any affine special Kähler
manifold M, see Theorem 5.1.4. If M is furthermore conical, then we get that
the Riemann curvature tensor RmN is a section of the subbundle

Sym2(Λ2Z⊥)⊕
(
Λ

2Z⊥∨ (Z⊥∧Z)
)
⊂ Sym2(Λ2T ∗N),

where Z := (HZ)∗, Z⊥ := ((HZ)⊥)∗ and HZ := span{Z, I1Z, I2Z, I3Z}, see
Proposition 5.1.6. In particular, RmN vanishes if at least two of the entries be-
long to HZ. In Section 5.2 we obtain the first main result of this thesis: a quater-
nionic Kähler manifold in the image of the deformed supergravity c-map is not
locally homogeneous, see Theorem 5.2.6. To prove this it is enough to show
that ∥Rmc

H∥2
gc

H
, which is H -related with ∥Rmc

N̄∥
2
gc

N̄
, is not constant on N = T ∗M

for c > 0. This is done in Proposition 5.2.4 by showing that the derivative of
∥Rmc

H∥2
gc

H
in the direction of Ξ, given by (22), is not zero. For that we compute

LΞ∥Rmc
H∥2

gc
H

explicitly in Proposition 5.2.3. As a corollary of this first main
result we obtain that the deformed supergravity c-map applied to a simply con-
nected homogeneous projective special Kähler manifold gives us a complete
cohomogeneity one quaternionic Kähler manifold, see Corollary 5.2.7. This
generalizes the results of [CST21] and answers positively to a conjecture stated
in [Thu20]. In Section 5.3 we explain how to construct isometries for a rigid c-
map space and how these interact, giving rise to an isometric action of the group
Aut(M)⋉R2n, n= dimCM, on N = T ∗M, see Proposition 5.3.4. Finally, in Sec-
tion 5.4 we describe how to lift the action of Aut(M)⋉R2n on N to an action of
Aut(M)⋉Heis2n+1, given by (31), on P = N ×S1. In the case of supergravity
q-map spaces, i.e. when the quaternionic Kähler manifold N̄ is determined by a
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projective special real manifold H ⊂ Rn−1, we show that the group(
(R>0 ×Aut(H))⋉Rn−1)⋉ (Heis2n+1 /F),

where F is an infinite cyclic subgroup of the Heisenberg center, acts isometri-
cally and effectively on the quaternionic Kähler manifold N̄ ⊂ P (for c ≥ 0)
viewed as a hypersurface of the circle bundle P, see Theorem 5.4.4. This
gives us the second main result of this thesis, which generalizes the results of
[CDJL21], where such group was described only for the undeformed case c= 0.

• Chapter 6 is the second original chapter of this thesis and contains part of an
unpublished work in progress with Vicente Cortés and Markus Röser. In Sec-
tion 6.1 we consider a manifold N̄ := (0,∞)×K equipped with an Einstein met-
ric g = f (ρ)dρ2+gρ , where gρ is a metric on the hypersurface N̄ρ := {ρ}×K.
In Lemma 6.1.5 we compute the Ricci curvature tensor of (N̄ρ ,gρ):

RicN̄ρ
= λgρ +

(
1

4 f
tr
(

∂

∂ρ
gρ

)
− f ′

4 f 2

)
∂

∂ρ
gρ −

2
f

h2
ρ +

1
2 f

∂ 2

∂ρ2 gρ .

Then we apply this formula to the one-loop deformation of the non-compact
symmetric space N̄ = SU(n,2)/S(U(n)×U(2)), which is a cohomogeneity one
quaternionic Kähler manifold, and obtain explicit expressions for the eigenval-
ues of the Ricci endomorphism of (N̄ρ ,gc

ρ), see Proposition 6.1.8. We devote
Section 6.2 to express (N̄ρ ,gc

ρ) as a Riemannian solvmanifold. For that we first
identify N̄ρ with a simply connected solvable Lie group L and compute the struc-
ture constants of the corresponding Lie algebra l in Lemma 6.2.1, Lemma 6.2.2
and Lemma 6.2.3. Then we express the metric gc

ρ as a left-invariant metric on
L and compute its Ricci endomorphism expressed on a basis of l, see Proposi-
tion 6.2.6. With this information we deduce that (N̄ρ ,gc

ρ) is a solvsoliton for
c = 0 (which agrees with the general result of [DST21]) and is not a solvsoliton
for c > 0, yielding the third main result of this thesis, see Theorem 6.2.15 and
Theorem 6.2.17.

1.2 Physical background and motivation
From the pure mathematical point of view, the supergravity c-map construction may
be seen rather unnatural. Thus, before starting with the mathematical formulation,
we would like to explain briefly (and not exhaustively) the motivation for such con-
struction and the physical ideas that give rise to it. Furthermore, this gives us the
opportunity to explain some concepts and notation used in physics to try to make
them more accessible to a mathematical audience (a very good reference for this,
in the author’s opinion, is [Ham17]). Some useful references for this section are
[Fre99a, FVP12, Tan14, Cec15].
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Note first of all that in the physics literature the Einstein summation convention is
widely used. It establishes that when an index variable appears twice in a single term
and is not otherwise defined, then there is summation of that term over all the values
of the index. We will use this convention throughout the whole subsection.

Typically, when in physics we talk about a (classical) field theory we refer to:

• A base smooth manifold X equipped with a pseudo-Riemannian metric η . The
pair (X ,η) is usually called a spacetime. In several interesting cases, we just
take X =R4 equipped with the Minkowski metric η = diag(1,−1,−1,−1). We
will denote the pair (R4,η) just by R1,3.

• Smooth sections of some bundles over X . These are the fields of the theory.
The theory itself depend on which kind of fields do we have. For instance, we
can consider sections on a trivial bundle X ×M. In this case these correspond
just to functions φ : X −→ M, where M is usually known as the scalar or target
manifold. Some other examples of fields are connection 1-forms of a principal
G-bundle or spinors.

The theories can be described using a Lagrangian L, that is, an algebraic expression
in terms of the fields and derivatives of the fields (more precisely, L is a section of a
jet bundle, see e.g. [CH17]). The simplest example is the Klein-Gordon Lagrangian
of a free scalar field φ : R1,3 −→ R with mass m ∈ R:

LKG[φ ] =
1
2

∂
µ

φ∂µφ − 1
2

m2
φ

2. (1)

Let us unravel this a bit, as this compact expression may seem a bit mysterious at first
sight. Usually for the Minkowski spacetime the coordinates are labeled from 0 to 3.
The coordinate x0 = t is the temporal direction (we set the speed of light to be equal
to 1) while the coordinates x1 = x, x2 = y, x3 = z are the spatial directions. The Greek
indices run from 0 to 3 while the Latin indices run from 1 to 3. Thus ∂µ := ∂

∂xµ for
µ = 0,1,2,3. We also have

∂
0 = ∂νη

0ν = ∂0 and ∂
i = ∂νη

iν =−∂i for i = 1,2,3,

where ηµν denotes the entries of the inverse metric η−1 = diag(1,−1,−1,−1). Hence
the expression (1) can be written as

LKG[φ ] =
1
2

((
∂φ

∂x0

)2

−
3

∑
i=1

(
∂φ

∂xi

)2
)
− 1

2
m2

φ
2.

Some other common Lagrangians are:

• The Yang-Mills Lagrangian of a connection 1-form A on a principal G-bundle
over X = R1,3 for G a compact Lie group:

LYM[A] =−1
4

Fµν
a Fa

µν ,
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where a = 1, . . . ,dimRG, and

Fa
µν = ∂µAa

ν −∂νAa
µ +g f a

bcAb
µAc

ν

is the curvature 2-form of the connection 1-form A, f a
bc are the structure con-

stants of the Lie algebra g and g ∈ R is the so-called coupling constant.

• The Dirac Lagrangian of a free Dirac spinor ψ : R1,3 −→ C4 of mass m ∈ R:

LD[ψ] = iψ̄γ
µ

∂µψ −mψ̄ψ,

where ψ̄ := ψ†γ0 and γµ are the so-called gamma matrices (we also have set
here ℏ= 1). Here ψ† denotes the conjugate transpose of ψ .

• The Einstein-Hilbert Lagrangian is a slightly different case since we are in a
gravity theory. Here we fix a smooth manifold X but we do not fix a metric.
Instead we take a (pseudo-Riemannian) metric g as a field itself. Then the La-
grangian has the form

LEH[g] =
1

16πG

√
|g|R,

where G is the Newtonian constant of gravitation, |g| is the absolute value of the
determinant of the matrix representation of the metric tensor on the manifold X
and R is the Ricci scalar of the metric g (also called scalar curvature and denoted
scal).

The above Lagrangians are simple in the sense that each of them only depend on a
type of field. The situation is more complicated when there are several fields coupled
in the Lagrangian which interact between them. An example of such situation is the
Lagrangian of the Standard Model of particle physics LSM[φ ,A,ψ], which depend on
scalar fields, connection 1-forms and spinors (for a detailed discussion see [Ham17]).

Given a Lagrangian, the dynamics of the theory are determined by a functional on the
space of all possible configurations, which is known as the action of the theory. This
is the integral of the Lagrangian over the whole spacetime:

S =
∫

dnxL.

Here n denotes the dimension of the spacetime X and dnx := dx0 ∧ ·· · ∧ dxn−1 is the
usual way of denoting in the physical literature a volume form. Physical theories are
governed by the Hamilton’s principle of least action. This says that the variation of
the action must be zero:

δS = 0.

From this statement one can deduce the equations of motion of the theory. These
correspond to the Euler-Lagrange equations of the Lagrangian L. Very well-known
equations are precisely the equations of motion of a field theory:
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• The equations of motion of the Klein-Gordon Lagrangian give the wave equa-
tion

(□+m2)φ = 0,

where □= ∂ µ∂µ is the d’Alembert operator.

• The equations of motion of the Dirac Lagrangian give the Dirac equation

(iγµ
∂µ −m)ψ = 0.

• The equations of motion of the Einstein-Hilbert Lagrangian give the vacuum
Einstein field equations

Rµν −
1
2

Rgµν = 0,

where Rµν denotes the Ricci curvature tensor of g. This equation is equivalent
to Rµν = 0. Hence, a solution to these equations is a Ricci-flat metric.

Now let us consider a field theory on R1,3. To have a meaningful physical theory, its
corresponding action S =

∫
d4xL must be invariant under the Poincaré group (or its

algebra). The Poincaré group is the isometry group of R1,3. It consists of translations
in spacetime and Lorentz transformations:

Isom(R1,3) = R1,3 ⋊O(1,3).

The Lie algebra relations of the Poincaré group are given by

[Pµ ,Pν ] = 0,
[Mµν ,Pρ ] = i(ηρνPµ −ηρµPν),

[Mµν ,Mρσ ] = i(ηνρMµσ +ηµσ Mνρ −ηνσ Mµρ −ηµρMνσ ),

where Pµ are the 4 generators of the translations and Mµν are the 6 generators of the
Lorentz transformations (note that Mµν =−Mνµ ).

However, the theories we are interested in have more symmetries that just Poincaré.
These are supersymmetric theories. To describe them, we first need to enhance the
Poincaré Lie algebra to a Lie superalgebra. A Lie superalgebra is a Z2-graded al-
gebra, i.e. a vector space g = g0 ⊕ g1, together with a bilinear product satisfying the
following properties for all Xi ∈ gi, X j ∈ g j:

• Grading: XiX j ∈ gi+ j mod 2.

• Supersymmetry: XiX j =−(−1)i jX jXi.

• Super Jacobi identity:

Xk(XℓXm)(−1)km +Xℓ(XmXk)(−1)ℓk +Xm(XkXℓ)(−1)mℓ = 0.

The vector subspace g0 is called the even part and g1 the odd part. It follows that the
bilinear product is:
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• Anti-symmetric on g0 ×g0 and maps to g0 (written as [·, ·]).
• Symmetric on g1 ×g1 and maps to g0 (written as {·, ·}).

• Anti-symmetric on g0 ×g1 and g1 ×g0 and maps to g1 (written as [·, ·]).

The notation [·, ·] and {·, ·} is just a different notation for the bilinear product on the
algebra g. On two general elements in g, which have components in both g0 and g1,
the product is neither symmetric nor anti-symmetric. It is not difficult to show that:

• The vector subspace g0 with the product [·, ·] is a Lie algebra.

• The map φ : g0 −→ End(g1) with φ(X)V = [X ,V ] is a representation of the Lie
algebra g0 on the vector space g1.

• The map {·, ·} : g1×g1 −→ g0 is a vector space-valued symmetric bilinear form.

The Poincaré superalgebra is then the Lie superalgebra g = g0 ⊕g1 where g0 is the
Poincaré algebra and

g1 = spanR{QI
α , Q̄

I
α̇ | I = 1, . . . ,N },

where QI
α , Q̄

I
α̇

, α, α̇ = 1,2, are 2N Weyl spinors. In dimension 4, these constitute a
set of N Majorana spinors. The elements of g1 are called (infinitesimal) supersym-
metries. When N = 1 we have minimal supersymmetry whereas for N > 1 we have
extended supersymmetry.

The commutation relations in g1 are given as follows:

{QI
α , Q̄

J
β̇
}= 2(σ µ)

αβ̇
Pµδ

IJ, {QI
α ,Q

J
β
}= εαβ ZIJ, {Q̄I

α̇ , Q̄
J
β̇
}= ε

α̇β̇
(Z†)IJ,

where σµ are the Pauli matrices defined as

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
and σ µ = (σ0,σ i) = (σ0,−σi). The matrix ε is given by

εαβ = ε
α̇β̇

=

(
0 −1
1 0

)
and ZIJ = −ZJI are generators called central charges. They commute with all the
generators of the algebra.

The commutation relations between g0 and g1 are given as follows:

[Pµ ,QI
α ] = 0, [Pµ , Q̄I

α̇ ] = 0,

[Mµν ,QI
α ] = i(σµν)

β

α QI
β
, [Mµν , Q̄Iα̇ ] = i(σ̄µν)

α̇

β̇
Q̄Iβ̇ ,
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where

(σ µν)
β

α =
1
4
(
(σ µ)αγ̇(σ̄

ν)γ̇β − (σν)αγ̇(σ̄
µ)γ̇β

)
,

(σ̄ µν)α̇

β̇
=

1
4
(
(σ̄ µ)α̇γ(σν)

γβ̇
− (σ̄ν)α̇γ(σ µ)

γβ̇

)
and σ̄ µ = (σ0,σi).

Remark 1.2.1. The Poincaré superalgebra can be defined in any dimension. We take
g = g0 ⊕ g1, where g0 = R1,n−1 ⊕ so(1,n− 1) is the Poincaré algebra in dimension
n and g1 again contains the supersymmetric generators. Note that since these are
spinors, they depend on the dimension n and are not necessarily as in dimension 4.
The commutation relations also depend on the specific dimension. This implies that,
whenever we talk about a supersymmetric theory, we must specify the dimension
of the spacetime. We point out that Poincaré superalgebras in any signature, any
dimension and any number of odd generators have been classified in [AC97a].

If the generators of the supersymmetry transformation depend on the coordinates
of the spacetime, then the supersymmetric theory is called local. Since the anti-
commutator of two supersymmetries is a translation (basically a vector), theories
which are invariant under spacetime-dependent supersymmetries are invariant un-
der the action of all vector fields and hence under all infinitesimal diffeomorphisms.
Therefore, local supersymmetric theories are diffeomorphism invariant, i.e. theories
of gravity. Such theories are also called supergravity theories. In contrast, theories
in which the generators of the supersymmetry do not depend on the coordinates of the
spacetime are called global or rigid supersymmetric theories.

In Poincaré invariant theories we study the irreducible representations, also called
multiplets, of the Poincaré algebra, since they are used to construct the fields of the
theory. Similarly, in supersymmetric theories we study the irreducible representations
of the Poincaré superalgebra. They are called supermultiplets and depend on the
number N . These are constructed from the multiplets of the Poincaré algebra and
hence they contain fields of different types, that is, they can contain scalar fields,
gauge fields (1-forms), fermions (spinors) and/or gravitational fields (metrics).

We are interested in N = 2 (local and global) supersymmetric theories in dimension
4. In this case, there exist several (massless) supermultiplets relevant for us:

• The vector multiplet consists of a complex scalar field, a gauge field and 2
Weyl fermions. The scalar manifold of vector multiplets of N = 2 rigid su-
persymmetry is an affine special Kähler manifold and the scalar manifold of
vector multiplets of N = 2 supergravity is a projective special Kähler manifold
[dWVP84].

• The hypermultiplet consists of 4 real scalar fields and 2 Weyl fermions. The
scalar manifold of hypermultiplets of N = 2 rigid supersymmetry is a hyperkäh-
ler manifold [AF81] and the scalar manifold of hypermultiplets of N = 2 super-
gravity is a quaternionic Kähler manifold of negative scalar curvature [BW83].
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Vector multiplet Hypermultiplet
Rigid supersymmetry Affine special Kähler Hyperkähler
Local supersymmetry Projective special Kähler Quaternionic Kähler

Table 1: Scalar manifolds of N = 2 supersymmetric theories

A way to relate these geometries was first obtained from superstring theory (for the
following discussion see e.g. [vdA08,Ale13] and references therein). Briefly speaking
(for our purposes), a superstring theory is a supersymmetric field theory in which the
spacetime is a manifold of dimension 10. There are five different superstring theories
but we are only interested in the so-called type II superstring theories: type IIA
and IIB. Since the spacetime around us appears to be 4-dimensional and the theory
is 10-dimensional, physicists developed a method known as compactification on an
internal manifold. That is, the 10-dimensional spacetime is divided in the usual 4-
dimensional Minkowski space R1,3 and the other six dimensions are very small and
constitute the internal manifold X , which is assumed to be compact. Therefore the
spacetime is of the form

R1,3 ×X .

The presence of supersymmetry in the theory implies that the internal manifold X is a
Calabi-Yau manifold [CHSW85].

The 10-dimensional theory, when compactified on a Calabi-Yau manifold X , gives us
a 4-dimensional effective field theory on R1,3. This is, roughly speaking, an approx-
imation of the theory. It turns out that the 4-dimensional effective field theory is a
N = 2 supergravity theory.

The scalar fields of the 4-dimensional effective field theory parameterize the so-called
moduli space of the type II theory. This is a Riemannian manifold

M = MVM ×MHM,

where the subscripts refer to vector multiplet and hypermultiplet, respectively. The
space MVM is a projective special Kähler manifold and the space MHM is a quater-
nionic Kähler manifold. In type IIA, the scalar fields of the vector multiplet moduli
space are the (complexified) Kähler moduli of the Calabi-Yau manifold X while the
hypermultiplet moduli space contains the complex structure moduli space of X . In
type IIB the role of the moduli spaces is interchanged. By further compactifying to
R1,2 ×S1

R ×X one can use T-duality to relate the moduli space of the 4-dimensional
effective field theory of type IIA with the one from type IIB, namely the vector multi-
plet moduli space in type IIA/B to the the hypermultiplet moduli space in type IIB/A
(on the same Calabi-Yau manifold X). This relation is called the local or supergravity
c-map [CFG89]. Therefore, the local c-map explains how to construct a quaternionic
Kähler manifold of negative scalar curvature from a projective special Kähler mani-
fold. In the situation where there is no gravity, the c-map is called the rigid c-map,
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which explains how to construct a hyperkähler manifold from an affine special Kähler
one. The explicit construction of the local c-map metric was carried out in [FS90].
Hence, this metric is sometimes referred to as the Ferrara-Sabharwal metric.

Although the supergravity c-map has its origin in string theory, it can be also formu-
lated purely in terms of supergravity using dimensional reduction. Briefly speaking,
dimensional reduction from a theory in dimension n+ 1 to a theory in dimension n
consists of compactifying the spacetime X̃n+1 on a circle S1

R of radius R, that is

X̃n+1 = Xn ×S1
R.

Then we can expand the fields on X̃n+1 in Fourier series and the Fourier coefficients
are fields on Xn. If we just take into account the zeroth terms of the expansion we
talk about dimensional reduction, otherwise we talk about compactification. Starting
from vector multiplets on a N = 2 supergravity theory in four dimensions, dimen-
sional reduction to three dimensions yields hypermultiplets on a N = 4 supergravity
theory. The scalar manifold in this theory is also known to be quaternionic Kähler,
so we have obtained a quaternionic Kähler manifold from a projective special Kähler
manifold again. It turns out that this construction precisely reproduces the supergrav-
ity c-map [FS90, dWVP92]. Similarly, dimensional reduction of vector multiplets on
a N = 2 supergravity theory in five dimensions (whose scalar manifold is known to
be projective special real) to vector multiplets on a N = 2 supergravity theory in four
dimensions leads to the supergravity r-map, which assigns a projective special Käh-
ler manifold to each projective special real manifold [dWVP92]. The composition of
the supergravity r-map and the supergravity c-map is called the supergravity q-map.
For more details see e.g. [LM20] and references therein.





Chapter 2

Quaternionic Kähler geometry

In this first preliminary chapter we introduce and describe in detail the main object
of interest of this thesis: quaternionic Kähler manifolds. In Section 2.1 we recall
the basics of holonomy theory and introduce quaternionic Kähler manifolds using
this language. In Section 2.2 we describe quaternionic Kähler manifolds in terms of
some tensor fields and explain some of their general properties, such as their curvature
or some spaces canonically associated to them. In Section 2.3 we focus on complete
quaternionic Kähler manifolds with positive scalar curvature, describing the additional
properties that these manifolds have. Finally, in Section 2.4 we do the same with
complete quaternionic Kähler manifolds of negative scalar curvature. The latter will
be the focus of attention of this thesis, so their study will be extended throughout the
text. None of the results mentioned in this chapter are original to this thesis and the
references will be properly cited.

2.1 Holonomy and Berger theorem

The history of quaternionic Kähler manifolds starts with the celebrated Berger theo-
rem about the classification of the possible holonomy groups of a simply connected,
irreducible and non-symmetric Riemannian manifold (M,g). In this list appears the
Lie group

Sp(n)Sp(1) := (Sp(n)×Sp(1))/Z2,

so this points out that may exist examples of Riemannian manifolds with that holon-
omy group. The search of manifolds with holonomy in Berger list has become one of
the greatest problems in modern differential geometry, leading to plenty of new inter-
esting theories, techniques and results. We briefly recall here the well-known theory of
holonomy groups to understand the statement of Berger theorem and its consequences.
Basic references for this are [Bes87, Joy00].

Throughout the text we will assume that all the manifolds are connected, unless stated
otherwise.

15
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2.1.1 Definition and properties of the holonomy group
Let (M,g) be a Riemannian manifold and let x ∈ M. Given a loop γ : [0,1] −→ M
based at x, the Levi-Civita connection ∇ of the metric g defines a parallel transport
map

Pγ : TxM −→ TxM

as Pγ(v) :=Vγ(1) for v∈ TxM, where V is the unique vector field such that ∇γ ′V = 0 and
Vγ(0) = v. Given a loop γ based on x, we define the inverse loop by γ−1(t) := γ(1− t).
For two paths γ1,γ2 on M such that γ1(0) = x = γ2(1) and γ1(1) = γ2(0), we define the
loop γ2 ◦ γ1 based at x by

γ2 ◦ γ1(t) :=

{
γ1(2t) if 0 ≤ t ≤ 1

2 ,

γ2(2t −1) if 1
2 ≤ t ≤ 1.

We have that Pγ−1 = P−1
γ and Pγ2◦γ1 = Pγ2 ◦Pγ1 . Moreover, Pγ is an orthogonal trans-

formation of TxM. Indeed

g(Pγ(v),Pγ(w)) = g(Vγ(1),Wγ(1)) = g(Vγ(0),Wγ(0)) = g(v,w),

where the second equality follows from the fact that g(V,W ) is constant along γ since
∇ is metric.

We then define the holonomy group of g at x ∈ M as

Hol(g)x := {Pγ | γ : [0,1]−→ M,γ(0) = γ(1) = x} ⊆ O(TxM).

The holonomy group depends on the basepoint x only up to conjugation, i.e. if γ is a
path from x to y in M, then

Hol(g)y = Pγ ◦Hol(g)x ◦P−1
γ .

As a consequence, the holonomy groups at various points of M are in fact all isomor-
phic. Then we simply talk about the holonomy group of (M,g), denoted by Hol(g),
since it is defined up to conjugation.

We denote by Hol0(g) the restricted holonomy group, which is the subgroup of
Hol(g) consisting of maps Pγ coming from contractible loops γ . Next we state some
important properties of Hol0(g).

Proposition 2.1.1. Let (M,g) be a Riemannian manifold. Then

(a) Hol0(g) is connected.

(b) Hol0(g) is the identity component of Hol(g).

(c) Hol0(g) is a normal subgroup of Hol(g).

(d) There is a natural, surjective group homomorphism π1(M)−→ Hol(g)/Hol0(g).
Thus, if M is simply connected, then Hol(g) = Hol0(g).
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Moreover, the following non-trivial property also holds.

Theorem 2.1.2 ([BL52]). Let (M,g) be a Riemannian manifold of dimension n. Then
the restricted holonomy group Hol0(g) is a closed subgroup of O(n). In particular,
Hol0(g) is compact Lie group.

Since Hol0(g)x ⊆ SO(TxM) is a Lie group, we can consider its Lie algebra. We denote
by

hol(g)x ⊆ so(TxM)∼= Λ
2T ∗

x M

the holonomy algebra of (M,g).

Remark 2.1.3. The holonomy group Hol(g) is not just an abstract group, it comes
equipped with a natural representation on TxM, or equivalently, Hol(g) is embedded
as a subgroup of SO(TxM). Therefore we can think of the holonomy group as a repre-
sentation, and we will refer to it as the holonomy representation.

There is a fundamental relationship between the holonomy group (or its Lie algebra)
and the curvature of (M,g). The holonomy algebra constraints the curvature.

Proposition 2.1.4. Let (M,g) be a Riemannian manifold. Then for every x ∈ M

Rm(g)x ∈ Sym2(hol(g)x)⊆ Sym2(Λ2T ∗
x M),

where Rm(g) is the (0,4)-curvature tensor of g.

There is a kind of converse to this result, known as the Ambrose-Singer theorem. It
says that the holonomy algebra is generated by the curvature.

Theorem 2.1.5 ([AS53, Theorem 2]). Let (M,g) be a Riemannian manifold. For
x ∈ M, the Lie algebra hol(g)x is the subspace spanned by the elements

P−1
γ ◦R(v,w)y ◦Pγ ,

where γ : [0,1] −→ M is a path with γ(0) = x and γ(1) = y, Pγ : TxM −→ TyM is the
parallel transport map and v,w ∈ TyM.

This shows that the curvature completely determines hol(g), and hence Hol0(g) (up
to coverings). For instance, if the manifold is flat, so that Rm(g) = 0, then hol(g) = 0,
and therefore Hol0(g) is trivial.

Let S be a tensor field on M. We say that S is a constant tensor or parallel (with
respect to the Levi-Civita connection ∇) if

∇S = 0.

The next result, usually known as the holonomy principle, shows that the constant
tensors on M are determined entirely by the holonomy group Hol(g).
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Theorem 2.1.6. Let (M,g) be a Riemannian manifold and let x ∈ M. If S is a parallel
tensor field, then Sx is fixed by the action of Hol(g)x. Conversely, if S0 is fixed by the
action of Hol(g)x, then there exists a unique parallel tensor field S such that Sx = S0.

Thus, given a Riemannian manifold (M,g), the holonomy group Hol(g) determines
the constant tensors on M, and the constant tensors on M determine the holonomy
group Hol(g). Therefore, studying the holonomy group and studying the constant
tensors come down to the same thing.

2.1.2 Holonomy group and products
Given a Riemannian manifold (M,g), we may now ask which is its holonomy group.
More precisely, one can ask which subgroups of O(n) can occur as the holonomy
group of a Riemannian manifold of dimension n. We will see that this question reduces
to the case where the holonomy group acts irreducibly on the tangent space.

Definition 2.1.7. Let (M,g) be a Riemannian manifold.

• We say that (M,g) is reducible if it is isometric to (M1×M2,g1×g2) for (Mi,gi)
Riemannian manifolds with dimMi > 0.

• We say that (M,g) is locally reducible if every point has a reducible open neigh-
borhood.

• We say that (M,g) is irreducible if it is not locally reducible.

For a product metric we have the following result.

Proposition 2.1.8. Let (M1,g1), (M2,g2) be Riemannian manifolds. Then the product
metric g1 ×g2 has holonomy Hol(g1 ×g2) = Hol(g1)×Hol(g2).

If g is a Riemannian metric and the holonomy representation of g is reducible, then
the metric itself is at least locally reducible, and its holonomy group is a product.
Therefore we have the following.

Proposition 2.1.9. Let (M,g) be an irreducible Riemannian manifold. Then the rep-
resentations of Hol(g) and Hol0(g) on TxM are irreducible for all x ∈ M.

By assuming that (M,g) is a Riemannian manifold with M simply connected and
g complete we obtain a sort of converse to Proposition 2.1.8 due to the following
celebrated theorem by de Rham.

Theorem 2.1.10 ([dR52, Théorème III]). Let (M,g) be a complete, simply connected
Riemannian manifold. Then there exist complete, simply connected Riemannian man-
ifolds (M j,g j) for j = 1, . . . ,k, such that the holonomy representation of each Hol(g j)
is irreducible, (M,g) is isometric to the product (M1 ×·· ·×Mk,g1 ×·· ·×gk), and

Hol(g) = Hol(g1)×·· ·×Hol(gk).
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2.1.3 Holonomy and symmetric spaces
We now briefly describe the theory of Riemannian symmetric spaces. These were
introduced by Cartan, who also classified them completely [Car26, Car27] (see e.g.
[Hel78] for more details).

Definition 2.1.11. Let (M,g) be a Riemannian manifold.

• We say that (M,g) is a symmetric space if for every x ∈ M there exists an
isometry sx : M −→ M such that sx(x) = x and d(sx)x =− Id.

• We say that (M,g) is a locally symmetric space if every point x ∈ M admits an
open neighborhood Ux in M and an isometry sx : Ux −→Ux such that sx(x) = x
and d(sx)x =− Id.

Cartan proved the following characterization of locally symmetric spaces.

Theorem 2.1.12. Let (M,g) be a Riemannian manifold, ∇ the Levi-Civita connection
of g and R the (1,3)-curvature tensor. Then (M,g) is a locally symmetric space if and
only if ∇R = 0.

Clearly, any symmetric space is locally symmetric. The following result tells us when
the converse is true.

Proposition 2.1.13. Let (M,g) be a complete, simply connected locally symmetric
space. Then (M,g) is a symmetric space.

Here are some properties of symmetric spaces.

Proposition 2.1.14. Let (M,g) be a symmetric space. Then (M,g) is complete and M
is homogeneous under the action of the identity component of the isometry group, i.e.
M ∼= G/K where G = Isom0(M,g) and K is the (compact) stabilizer of G at any point
x ∈ M.

Remark 2.1.15. Any Riemannian homogeneous space is complete.

We say that (M,g) is irreducible symmetric if it is symmetric and its holonomy
Hol0(g) is irreducible. As a consequence of Theorem 2.1.10, a simply connected
symmetric space is decomposed in a unique manner into a Riemannian product of
irreducible symmetric spaces. This explains why we restrict ourselves to simply con-
nected irreducible symmetric spaces. In this case we have the following.

Proposition 2.1.16. Let (M ∼= G/K,g) be an irreducible simply connected symmetric
space. Then the holonomy group Hol(g) is equal to K.

Thus symmetric spaces are Riemannian manifolds for which the holonomy group is
known.

Let us mention further properties of symmetric spaces which will be relevant later.
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Proposition 2.1.17. Let (M,g) be an irreducible symmetric space. Then (M,g) is
Einstein, i.e. Ric(g) = λg for some λ ∈ R, where Ric(g) is the Ricci curvature of g.

We say that an irreducible symmetric space (M,g) is of compact type if (M,g) has
non-negative sectional curvature, and of non-compact type is (M,g) has non-positive
sectional curvature.

Lemma 2.1.18. Let (M,g) be a non-flat irreducible symmetric space. If (M,g) is of
compact type, then M is a compact manifold. If (M,g) is of non-compact type, then M
is a non-compact manifold.

Remark 2.1.19. It is well-known that the Ricci and scalar curvature of (M,g) at any
point x ∈ M can be expressed as the sum of the sectional curvatures evaluated on an
orthonormal basis of TxM. Therefore, a Riemannian manifold with constant sectional
curvature is Einstein and has constant scalar curvature.

2.1.4 Berger classification theorem
Now we are ready to state the Berger classification theorem of the possible holonomy
groups for a Riemannian manifold (under the appropriate assumptions).

Theorem 2.1.20 ([Ber55, Théorème III.3]). Let (M,g) be a simply connected, irre-
ducible and non-symmetric Riemannian manifold. Then the holonomy group Hol(g)
is one of the following:

Hol(g) dimRM
SO(n) n
U(m) n = 2m(m ≥ 2)
SU(m) n = 2m(m ≥ 2)
Sp(m) n = 4m(m ≥ 2)
Sp(m)Sp(1) n = 4m(m ≥ 2)
G2 n = 7
Spin(7) n = 8

Table 2: Berger list of holonomy groups.

In fact, Berger also included the case n = 16 and Hol(g) = Spin(9), but it was shown
by Alekseevsky [Ale68b] and independently by Brown and Gray [BG72] that any
Riemannian metric with holonomy group Spin(9) is symmetric.

Berger proved that the groups on Table 2 are the only possibilities, but he did not
show whether these groups actually occur as holonomy groups. Nowadays it is known
that all the groups on Berger list occur as the holonomy groups of irreducible and
non-locally symmetric Riemannian manifolds, although this has taken a considerable
amount of effort during the last decades.
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Riemannian manifolds with holonomy contained in U(n), SU(n) and Sp(n) are Käh-
ler, Calabi-Yau and hyperkähler, respectively. Similarly, we then may define quater-
nionic Kähler manifolds as follows.

Definition 2.1.21. Let (M,g) be a Riemannian manifold of dimension 4n > 4. We say
that it is quaternionic Kähler if Hol(g)⊆ Sp(n)Sp(1).

Remark 2.1.22. In the case n = 1 it happens that Sp(1)Sp(1) = SO(4), the generic
case, so any simply connected 4-manifold has holonomy contained in Sp(1)Sp(1).
Later we will provide an alternative definition that extends to n = 1.

Note that Sp(n)⊂ Sp(n)Sp(1), so a quaternionic Kähler manifold may have holonomy
contained in Sp(n), and then it would be hyperkähler. We will exclude that case here
(see Theorem 2.2.14). Then, in this work, quaternionic Kähler manifolds will be those
whose holonomy is contained in Sp(n)Sp(1) but not in Sp(n).

As a final remark, despite the name, quaternionic Kähler manifolds are in general
not Kähler, although there are some examples that can have both structures (see Re-
mark 2.3.9).

2.2 Quaternionic Kähler manifolds
We have defined quaternionic Kähler manifolds in terms of holonomy, but we would
like to have an equivalent definition that allows us to work with more concrete geo-
metric objects, rather than an abstract condition on the holonomy.

Some references for this section are the book of Besse [Bes87], the book of Boyer and
Galicki [BG08] and the articles of Salamon [Sal82, Sal99].

Definition 2.2.1. Let M be a smooth manifold of dimension 4n. We say that M is
almost quaternionic if there exists a rank three subbundle Q ⊂ End(T M) such that
for every point x ∈ M we have Qx = spanR{I1, I2, I3} ⊂ End(TxM) where

I2
1 = I2

2 = I2
3 = I1I2I3 =− Id .

In other words, R Id⊕Q is, at each point, a subalgebra isomorphic to the algebra of
quaternions H, hence the name quaternionic. Notice that although Q admits local
frames of almost complex structures, these are not necessarily global. In particular,
almost quaternionic manifolds are not necessarily almost complex manifolds. Never-
theless, locally we can perform similar constructions as in the almost complex case.

Definition 2.2.2. Let (M,g) be a Riemannian manifold and let Q be an almost quater-
nionic structure on M. We say that the metric g is adapted or compatible with the
almost quaternionic structure if

g(Ikv, Ikw) = g(v,w)

for Ik ∈ Qx, k = 1,2,3, and all v,w ∈ TxM at all points x ∈ M. We call (M,g,Q) an
almost quaternionic Hermitian manifold.
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Any almost quaternionic manifold admits an almost quaternionic Hermitian structure.
Indeed, let g̃ be an arbitrary metric on M, then the metric g defined as

g(v,w) :=
1
4

(
g̃(v,w)+

3

∑
k=1

g̃(Ikv, Ikw)
)

is a metric compatible with the almost quaternionic structure.

Let (M,g) be a Riemannian manifold. We can define a bundle metric on End(T M)
such that Id has unit norm by

⟨A,B⟩ :=
1

dimM
tr(AB∗), (2)

where B∗ denotes the adjoint of B with respect to g. Then, the local almost complex
structures {I1, I2, I3} form an orthonormal frame of Q with respect to the metric (2).

Given an adapted metric g on the almost quaternionic manifold (M,Q), we have an
isometric bundle embedding Q ⊂ Λ2T ∗M which associates to each I ∈ Qx the non-
degenerate 2-form ωI defined by

ωI(v,w) := g(Iv,w)

for v,w ∈ TxM. The 2-forms associated to the orthonormal frame {I1, I2, I3} are de-
noted by {ω1,ω2,ω3}, where ωk := ωIk . Using these 2-forms, we can construct a
4-form

Ω :=
3

∑
k=1

ωk ∧ωk, (3)

which turns out to be globally defined, since two frames are related by an SO(3)
transformation, and non-degenerate (i.e. Ωn ̸= 0). The 4-form Ω is usually called
the fundamental 4-form of the almost quaternionic Hermitian manifold (M,g,Q).
This form plays a similar role to the fundamental 2-form in the case of Hermitian
manifolds.

Now we define quaternionic Kähler manifolds as a special class of almost quaternionic
Hermitian manifolds.

Definition 2.2.3. Let (M,g,Q) be an almost quaternionic Hermitian manifold of di-
mension 4n > 4. We say that it is a quaternionic Kähler manifold if the subbundle
Q is preserved by the Levi-Civita connection ∇ of g, i.e. ∇Γ(Q)⊂ Γ(T ∗M⊗Q).

Since ∇ preserves Q, by the holonomy principle, the holonomy group of g must be
the subgroup of SO(4n) that preserves Q. That is, the subgroup which at each tangent
space TxM preserves the linear subspace spanR{I1, I2, I3} ⊂ End(TxM). This subgroup
has to be contained precisely in Sp(n)Sp(1).

Conversely, let (M,g) be a Riemannian manifold with holonomy contained in the
group Sp(n)Sp(1). The tangent space TxM admits three endomorphisms I1, I2 and I3
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satisfying the quaternionic relations, i.e. I2
1 = I2

2 = I2
3 = I1I2I3 =− Id. These endomor-

phisms are preserved by Sp(n), but not by Sp(1), which permutes them. Nevertheless,
the linear subspace spanR{I1, I2, I3} ⊂ End(TxM) is preserved by Sp(1) and then by
Sp(n)Sp(1). Declaring the basis {e j, I1e j, I2e j, I3e j}, j = 1, . . . ,n, being orthonormal
implies that the almost quaternionic structure Q is compatible with the metric g. By
the holonomy principle (see Theorem 2.1.6) the subbundle Q is parallel in the sense
that ∇Γ(Q)⊂ Γ(T ∗M⊗Q).

As we pointed out in Remark 2.1.22, the definition of quaternionic Kähler manifolds
for dimension 4 should be adapted. The following definition includes a further re-
quirement which is automatically satisfied when the dimension of M is greater than 4
(see Proposition 2.2.5).

Definition 2.2.4. Let (M,g,Q) be an almost quaternionic Hermitian manifold of di-
mension 4. We say that it is a quaternionic Kähler manifold if the subbundle Q
is preserved by the Levi-Civita connection ∇ of g, i.e. ∇Γ(Q) ⊂ Γ(T ∗M ⊗Q), and
every J ∈ Γ(Q) satisfies

g(R(JX ,Y )Z,W )+g(R(X ,JY )Z,W )+g(R(X ,Y )JZ,W )+g(R(X ,Y )Z,JW ) = 0 (4)

for every X ,Y,Z,W ∈ Γ(T M), where R is the curvature tensor.

Proposition 2.2.5. Let (M,g,Q) be a quaternionic Kähler manifold of dimension
4n > 4. Then the equation (4) holds for every J ∈ Γ(Q) and all X ,Y,Z,W ∈ Γ(T M).

Proof. Let {I1, I2, I3} be a local frame of Q. Since all the objects involved are tensors,
it is enough to show the result for a basis. Following the proof of [Bes87, Theo-
rem 14.39], we can write

[R(X ,Y ), Iα ] = ηγ(X ,Y )Iβ −ηβ (X ,Y )Iγ ,

where (α,β ,γ) is a cyclic permutation of (1,2,3), and ηα are locally defined 2-forms.
By [Bes87, Lemma 14.40], for 4n > 4, the 2-forms ηα can be written as

ηα(X ,Y ) =
2

n+2
Ric(IαX ,Y ),

where Ric is the Ricci curvature of g. Then we have

g(R(IαX ,Y )Z,W )+g(R(X , IαY )Z,W ) =
2

n+2
Ric(IγZ,W )g(Iβ X ,Y )

− 2
n+2

Ric(Iβ Z,W )g(IγX ,Y ),

g(R(X ,Y )IαZ,W )+g(R(X ,Y )Z, IαW ) =
2

n+2
Ric(IγX ,Y )g(Iβ Z,W )

− 2
n+2

Ric(Iβ X ,Y )g(IγZ,W ).

Summing both terms, the result follows from the fact that quaternionic Kähler mani-
folds are Einstein (see Theorem 2.2.13), i.e. Ric = λg for some λ ∈ R.



24 Chapter 2. Quaternionic Kähler geometry

Let us now briefly describe an equivalent way to define quaternionic Kähler manifolds
of dimension 4.

Let (M,g,Q) be a quaternionic Kähler manifold of dimension 4n. If we regard the
curvature tensor R of M as a symmetric endomorphism of Λ2T ∗M, then

R|Q = λ IdQ,

where λ is a positive multiple of the scalar curvature of M (see e.g. [BG08]).

If (M,g) is an oriented Riemannian 4-manifold, the Hodge star operator ⋆ satisfies
⋆2 = Id for 2-forms. Then we can decompose

Λ
2T ∗M = Λ

2
+⊕Λ

2
−,

where Λ2
± are the ±1-eigenspaces of ⋆. These are the bundles of self-dual and anti-

self-dual 2-forms, respectively. With respect to this decomposition of Λ2T ∗M, the
curvature tensor R has the following form

R =

(
W++ scal

12 Id Ric0
Ric0 W−+ scal

12 Id

)
,

where W± are the self-dual and anti-self-dual parts of the Weyl tensor, respectively,
Ric0 := Ric− scal

4 g is the trace-free Ricci tensor and scal is the scalar curvature. If the
4-manifold is Einstein (i.e. Ric0 = 0) and self-dual (i.e. W− = 0) we have

R|Q =
scal
12

IdQ,

where Q = Λ2
−. Therefore, we obtain the following characterization of quaternionic

Kähler 4-manifolds.

Proposition 2.2.6. Let (M,g) be an oriented Riemannian 4-manifold. Then it is
quaternionic Kähler if and only if (M,g) is Einstein and self-dual.

As an example of this equivalence, in [Sah20, Example 2.1.17] it is written in detail
how to explicitly describe the quaternionic Kähler structure of the (Einstein and self-
dual) complex hyperbolic plane CH2.

Remark 2.2.7. In the literature, Proposition 2.2.6 often appears as the definition of
4-dimensional quaternionic Kähler manifolds. Further motivation for this definition
comes from the following fact. Let M be a quaternionic Kähler manifold. We say
that a submanifold N ⊂ M is quaternionic if TxN is an H-submodule of TxM for all
x ∈ N. It was shown in [Mar90, Proposizione 9.1] that a 4-dimensional quaternionic
submanifold of a quaternionic Kähler manifold is Einstein and self-dual with respect
to the induced metric.
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As we have already said, the fundamental 4-form Ω, given by (3), plays a similar
role on quaternionic Hermitian geometry to the fundamental 2-form on Hermitian
geometry. Thus quaternionic Kähler manifolds are analogues of Kähler manifolds in
some sense.

Proposition 2.2.8. Let (M,g,Q) be a quaternionic Kähler manifold. Then the funda-
mental 4-form is parallel, i.e. ∇Ω = 0. In particular, Ω is closed.

Proof. This proof follows [Thu20, Lemma 2.6]. It is enough to prove that ∇Ω⊗ = 0
for Ω⊗ := ∑

3
k=1 ωk ⊗ωk, since this implies ∇Ω = 0. Let (M,g,Q) be a quaternionic

Kähler manifold and consider an orthonormal frame {ω1,ω2,ω3} of Q ⊂ Λ2T ∗M.
For ωi ⊗ω j ∈ Γ(Q⊗Q) and X ∈ Γ(T M) we have

⟨∇X Ω
⊗,ωi ⊗ω j⟩=

3

∑
k=1

⟨∇X ωk ⊗ωk +ωk ⊗∇X ωk,ωi ⊗ω j⟩

=
3

∑
k=1

(⟨∇X ωk,ωi⟩⟨ωk,ω j⟩+ ⟨ωk,ωi⟩⟨∇X ωk,ω j⟩)

= ⟨∇X ω j,ωi⟩+ ⟨∇X ωi,ω j⟩= X⟨ω j,ωi⟩= 0,

where in the last equation we have used that the Levi-Civita connection is compatible
with the bundle metric (2). This means that ∇X Ω⊗ is orthogonal to ωi ⊗ω j for every
i, j ∈ {1,2,3}, so ∇X Ω⊗ ∈ Γ((Q⊗Q)⊥) for every X ∈ Γ(T M). We conclude that
∇Ω⊗ = 0 since ∇X Ω⊗ ∈ Γ(Q⊗Q) for Q being preserved by ∇.

We can give an alternative proof without using the tensor Ω⊗. It was noticed in [Ish74]
that given a local orthonormal frame {ω1,ω2,ω3} of Q ⊂ Λ2T ∗M, we have

∇X ωk =
3

∑
ℓ=1

θkℓ(X)ωℓ,

where θkℓ are 1-forms satisfying θkℓ = −θℓk for all k, ℓ = 1,2,3. This implies that
∇X Ω = 2∑

3
k=1 ∇X ωk ∧ωk = 0 for all X ∈ Γ(T M), hence Ω is parallel.

This gives us the following immediate corollary.

Corollary 2.2.9. Let (M,g,Q) be a compact quaternionic Kähler manifold of dimen-
sion 4n. Then b4k(M)> 0 for k = 1, . . . ,n.

Note that in dimension 4 we always have ∇Ω = 0 since Ω is a multiple of the Rie-
mannian volume form, which is always parallel. For dimension 4n > 4, ∇Ω = 0 char-
acterizes the quaternionic Kähler manifolds among the almost quaternionic Hermitian
ones.

Proposition 2.2.10. Let (M,g,Q) be an almost quaternionic Hermitian manifold of
dimension 4n > 4. If the fundamental 4-form Ω is parallel, then (M,g,Q) is quater-
nionic Kähler.
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Proof. Given a 4-form Ω on a manifold M, we can define the endomorphism field
BΩ ∈ Γ(End(Λ2T ∗M)) by

BΩσ := ⋆(⋆Ω∧σ),

where ⋆ is the Hodge star operator and σ ∈ Γ(Λ2T ∗M). The Levi-Civita connection
commutes with the Hodge star operator. Thus, if Ω is parallel, so is BΩ.

Now let x ∈ M be a point. We have the decomposition

Λ
2T ∗

x M ∼= so(4n) = sp(n)⊕ sp(1)⊕ k,

where k is the orthogonal complement of sp(n)⊕sp(1) in so(4n). The endomorphism
BΩ : Λ2T ∗

x M −→ Λ2T ∗
x M has precisely sp(n), sp(1) and k as eigenspaces with distinct

eigenvalues [ACD03]. Suppose that BΩω = λω for some ω ∈Qx ∼= sp(1) and λ ∈R.
Then BΩ(∇X ω) = ∇X(BΩω) = λ∇X ω . This implies that ∇X ω ∈ Qx. Hence the
almost quaternionic Hermitian manifold is quaternionic Kähler.

In the Hermitian case, if the 2-form ω is closed, then the manifold is Kähler. For
almost quaternionic Hermitian manifolds the analogue is true for dimension 4n > 8
and for dimension 8 we require an additional property.

Theorem 2.2.11 ([Swa91, Theorem 2.2]). Let (M,g,Q) be an almost quaternionic
Hermitian manifold. If 4n > 8, then dΩ = 0 implies ∇Ω = 0 and M is quaternionic
Kähler. In dimension 8, an almost quaternionic Hermitian manifold is quaternionic
Kähler if and only if dΩ = 0 and the algebraic ideal generated by Q ⊂ Λ2T ∗M is a
differential ideal (i.e. closed under exterior differentiation).

Remark 2.2.12. In [Sal01] Salamon gave the first example of a compact quaternionic
Hermitian manifold of dimension 8 with dΩ = 0 but whose algebraic ideal generated
by Q ⊂ Λ2T ∗M is not differential. This confirms that indeed the closedness of Ω is
not sufficient for n = 2. More examples were constructed in [CM15]. However, none
of these examples is Einstein.

2.2.1 Curvature of quaternionic Kähler manifolds
Manifolds with holonomy group appearing in Berger list (Table 2) have strongly re-
stricted curvature tensors, except for SO(n) (the generic case) and U(n) (the Kähler
case). It turns out that for manifolds with holonomy contained in SU(n), Sp(n), G2 or
Spin(7), the Ricci tensor vanishes identically, i.e. these manifolds are Ricci-flat. For
manifolds with holonomy contained in Sp(n)Sp(1) we have the following fundamen-
tal result.

Theorem 2.2.13 ([Ber66]). Let (M,g,Q) be a quaternionic Kähler manifold. Then
(M,g) is Einstein, i.e. Ric = λg for λ ∈ R.

We can ask when the case λ = 0 occurs. The following theorem answers this question.
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Theorem 2.2.14 ([Ber66]). Let (M,g,Q) be a quaternionic Kähler manifold. Then
(M,g) is Ricci-flat if and only if it is locally hyperkähler, i.e. Hol0(g)⊆ Sp(n). More-
over, if (M,g) is not Ricci-flat, then it is irreducible.

Remark 2.2.15. Note that Theorem 2.2.14 implies, in particular, that the product of
two quaternionic Kähler manifolds is not quaternionic Kähler.

In this work we are excluding the possibility of Hol0(g)⊆ Sp(n). Therefore, we will
only consider quaternionic Kähler manifolds which are Einstein with λ ̸= 0, which
implies that the scalar curvature is non-zero. This fact naturally divides the theory
into the quaternionic Kähler manifolds with positive and negative scalar curvature.
We will study them in more detail in the following sections.

For the curvature tensor of a quaternionic Kähler manifold we have the following
decomposition due to Alekseevsky.

Theorem 2.2.16 ([Ale68b]). Let (M,g,Q) be a quaternionic Kähler manifold of di-
mension 4n. Then its Riemann curvature tensor R is of the form

R = νRHPn +RHK,

where ν := scal
4n(n+2) is the reduced scalar curvature of M, RHPn is formally the cur-

vature tensor of the quaternionic projective space HPn and RHK is an algebraic cur-
vature tensor of hyperkähler type, this means that it is trace-free and commutes with
every section of Q, i.e. for every X ,Y ∈ Γ(T M) and every J ∈ Γ(Q) we have

[RHK(X ,Y ),J] = 0.

Remark 2.2.17. The algebraic curvature tensor RHK is sometimes called the quater-
nionic Weyl curvature of M.

Note that, as a corollary of Theorem 2.2.16, the Ricci tensor of any quaternionic Käh-
ler manifold is completely determined by the Ricci tensor of HPn, since RHK is trace-
free. The projective quaternionic space is Einstein by Proposition 2.1.17 (since it is
an irreducible symmetric space), and this gives an easy proof that any quaternionic
Kähler manifold is Einstein.

2.2.2 Twistor space
To finish this section, we will see that to each quaternionic Kähler manifold we can
associate a particular type of complex manifold, called the twistor space. This allows
us to use the powerful tools of complex algebraic geometry to study the properties of
quaternionic Kähler manifolds. The original idea is due to Penrose, who outlined how
the metric properties of an Einstein self-dual Lorentzian 4-manifold can be encoded
in the complex geometry of a bundle of this space (see [Pen76]). This idea was then
developed and formulated for Riemannian manifolds.
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The starting point of the twistor construction is an oriented Riemannian 4-manifold
(M,g). We consider a bundle π : Z −→ M where Z := S(Λ2

−) is the unit sphere bundle
over the rank three bundle of anti-self-dual 2-forms. Then Z is a manifold of real
dimension 6 whose fibers are 2-spheres diffeomorphic to CP1. Using the metric to
identify 2-forms and skew-adjoint endomorphisms of T M, an anti-self-dual 2-form at
x ∈ M becomes an endomorphism Jx which defines an almost complex structure on
TxM, i.e. J2

x =− Id. Using the Levi-Civita connection we may split the tangent bundle
of Z as

T Z ∼= π
∗(T M)⊕T VZ.

At a point z ∈ Z, we have T V
z Z = Tz(Zπ(z)) = TzCP1 since the fiber of Z is CP1. Then

we define an almost complex structure on TzZ = Tπ(z)M⊕TzCP1 by

Jz := Jπ(z)⊕ JCP1,

where Jπ(z) is the almost complex structure on Tπ(z)M and JCP1 is the natural complex
structure on the fiber CP1. Therefore, the twistor space Z is always an almost complex
manifold. It is natural to ask whether this almost complex structure is integrable. The
following theorem answers this question.

Theorem 2.2.18 ([AHS78, Theorem 4.1]). Let (M,g) be a 4-dimensional oriented
Riemannian manifold and let Z be its twistor space. Then Z is a complex manifold if
and only if (M,g) is self-dual.

In particular, thanks to the equivalent characterization of 4-dimensional quaternionic
Kähler manifolds given by Proposition 2.2.6, the twistor space of a 4-dimensional
quaternionic Kähler manifold is a complex manifold.

It is important to note that this construction can be inverted, so we can construct self-
dual manifolds starting with a twistor space (see [Pen76] and [Bes87] for details).

We now generalize this construction to the higher-dimensional case.

Let (M,g,Q) be a quaternionic Kähler manifold of dimension 4n. At any point x ∈ M,
there exist many almost complex structures on TxM given by any linear combination

Ia := a1I1 +a2I2 +a3I3,

where (a1,a2,a3) ∈ S2 and I1, I2, I3 ∈ Qx. Similarly as before, we can consider a
bundle π : Z −→ M where Z := S(Q) is the unit sphere bundle over Q. Then Z is a
manifold of real dimension 4n+2 whose fibers are 2-spheres. We can always construct
(pointwise) an almost complex structure on Z by considering the sum Ia ⊕ JCP1 of an
almost complex structure Ia defined on TxM and the natural complex structure JCP1 on
CP1.

Definition 2.2.19. Let (M,g,Q) be a quaternionic Kähler manifold. Then we say that
the almost complex manifold Z = S(Q) is its twistor space.
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As before, the fundamental property of Z is that the almost complex structure defined
above is integrable.

Theorem 2.2.20 ([Sal82, Theorem 4.1]). Let (M,g,Q) be a quaternionic Kähler man-
ifold of dimension 4n. Then its twistor space Z is a complex manifold.

An arbitrary complex manifold cannot be realized as a twistor space, since Z carries
more structure.

Theorem 2.2.21 ([Sal82]). Let (M,g,Q) be a quaternionic Kähler manifold of di-
mension 4n and Z be its twistor space. Then:

(a) Z is a complex manifold of complex dimension 2n+ 1 such that for each point
x ∈ M the fiber π−1(x) of π : Z −→ M is a complex curve CP1 in Z with normal
bundle 2nO(1) = O(1)⊗C2n.

(b) Z carries a real structure, i.e. an anti-holomorphic involution σ : Z −→ Z with
π ◦σ = π , acting as σ : J 7−→ −J under the identification of points z ∈ Z with
almost complex structures J on Tπ(z)M.

(c) If g has non-zero scalar curvature, then Z carries a complex contact structure,
i.e. a complex line bundle L together with a holomorphic 1-form θ taking values
in L such that θ ∧ (dθ)n is nowhere zero.

As in the 4-dimensional case, the twistor construction can always be inverted to re-
cover uniquely (up to homothety) the quaternionic Kähler structure of M, although
this description is highly non-explicit (see [LeB89]).

We will see in the following section that twistor spaces are a fundamental tool for
studying the properties of positive quaternionic Kähler manifolds.

2.3 Positive quaternionic Kähler manifolds
We have seen in Theorem 2.2.13 that quaternionic Kähler manifolds are Einstein with
non-zero scalar curvature. In this section we focus on the case when the scalar curva-
ture is positive. For the definition of positive quaternionic Kähler manifolds we will
also require the property of being (geodesically) complete. For a more complete and
detailed exposition, see [Sal99, BG08, Ama09] and references therein.

Definition 2.3.1. Let (M,g,Q) be a quaternionic Kähler manifold. We say that it is
positive if it is complete and its scalar curvature is positive.

Myers theorem states that if (M,g) is a complete Einstein manifold with positive scalar
curvature, then M is compact with finite fundamental group. Therefore we obtain the
following as an immediate application.

Proposition 2.3.2. Let (M,g,Q) be a positive quaternionic Kähler manifold. Then M
is compact with finite fundamental group.
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By Corollary 2.2.9, we know that b4k(M) > 0 for positive quaternionic Kähler mani-
folds. We can say more about their topology. For that we need to use the properties
of the twistor space. The next theorem is fundamental in the theory of positive quater-
nionic Kähler manifolds.

Theorem 2.3.3 ([Sal82, Theorem 6.1]). Let (M,g,Q) be a positive quaternionic Käh-
ler manifold. Then its twistor space Z is a compact complex manifold that admits a
Kähler-Einstein metric of positive scalar curvature.

We can say even more since π : (Z, ĝ) −→ (M,g) is actually a Riemannian submer-
sion with totally geodesic fibers, where ĝ denotes the Kähler-Einstein metric given by
Theorem 2.3.3.

Remark 2.3.4. The first Chern class of the twistor space Z of a positive quaternionic
Kähler manifold is positive (see [Sal82]). In other words, Z is a Fano manifold. More-
over, since Z is also a complex contact manifold (see Theorem 2.2.21), the first Chern
class c1(Z) is divisible by n+ 1 [Kob59], where 2n+ 1 is the complex dimension of
Z. Such Z are very special objects in complex algebraic geometry, and a lot is known
about them.

Salamon also proved that Z is simply connected and has only (p, p)-cohomology. Us-
ing these results he obtained further restrictions on the topology of a positive quater-
nionic Kähler manifold.

Theorem 2.3.5 ([Sal82, Theorem 6.6]). Let (M,g,Q) be a positive quaternionic Käh-
ler manifold. Then M is simply connected and has odd Betti numbers equal to zero.

Much more can be said about the topology of positive quaternionic Kähler manifolds.
We refer the interested reader to the references cited so far.

Now it is time to give examples of positive quaternionic Kähler manifolds. The
archetypal example is the quaternionic projective space HPn = (Hn+1 \ {0})/H∗,
which can be viewed as a symmetric space

HPn ∼=
Sp(n+1)

Sp(n)×Sp(1)
.

When it is equipped with its symmetric metric, HPn is a quaternionic Kähler manifold
since, by Proposition 2.1.16, the holonomy group of a symmetric space is given by its
isotropy group. Note that the isotropy group is really Sp(n)Sp(1), not Sp(n)×Sp(1).
Indeed, since Sp(n+1) only acts nearly effectively on HPn, one could more precisely
write HPn ∼= (Sp(n+1)/Z2)/Sp(n)Sp(1).

The quaternionic projective space HPn is compact, is Einstein as every irreducible
symmetric space, and using the quaternionic Hopf fibration Sp(1) ↪→ S4n+3 → HPn

and the theory of Riemannian submersions, one can show that the sectional curvature
is positive, and therefore, the scalar curvature too. For n = 1, we have that HP1 ∼= S4

is Einstein and self-dual.
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We have already said that quaternionic Kähler manifolds are in general not Kähler.
Most of the positive ones are not even almost complex manifolds. In the case of
quaternionic projective spaces this result is due to [Mas62]. For an arbitrary positive
quaternionic Kähler manifolds we have the following results.

Theorem 2.3.6 ([AMP98, Theorem 3.8]). Let (M,g,Q) be a positive quaternionic
Kähler manifold. Then it does not admit a compatible almost complex structure.

An almost complex structure J on (M,g,Q) is compatible with the quaternionic struc-
ture Q if J ∈ Γ(Q). With this result in mind we may ask if at least there exist positive
quaternionic Kähler manifolds admitting a non-compatible almost complex structure.
The answer is the following theorem (see also Remark 2.3.9).

Theorem 2.3.7 ([GMS11, Theorem 1.1]). Let (M,g,Q) be a positive quaternionic
Kähler manifold which is not the complex Grassmannian Gr2(Cn+2). Then it does not
admit an almost complex structure.

There are further examples of quaternionic Kähler symmetric spaces. Its holonomy
group coincides with the isotropy group, and for a quaternionic Kähler manifold this
has to be isomorphic to KSp(1) for some compact Lie group K ⊆ Sp(n). From the
Cartan list of irreducible symmetric spaces it is not difficult to detect these holonomy
groups. This was made by Wolf, who classified the quaternionic Kähler symmet-
ric spaces (both positive and negative scalar curvature). So these spaces are usually
known as Wolf spaces. Moreover, Wolf not only identified them, but he observed
that this classification matched the classification of simply connected homogeneous
complex contact manifolds obtained by Boothby [Boo62], who proved that there is a
one-to-one correspondence between them and compact simple Lie groups (excluding
SU(2)).

Note that a positive quaternionic Kähler symmetric space is always of compact type.

Theorem 2.3.8 ([Wol65, Theorem 6.1]). Let (M,g,Q) be a positive quaternionic
Kähler symmetric space. Then M ∼= G/K is one of the following table:

G K dimRM
Sp(n+1) Sp(n)×Sp(1) 4n
SU(n+2) S(U(n)×U(2)) 4n
SO(n+4) SO(n)×SO(4) 4n
G2 SO(4) 8
F4 Sp(3)Sp(1) 28
E6 SU(6)Sp(1) 40
E7 Spin(12)Sp(1) 64
E8 E7Sp(1) 112

Table 3: Wolf spaces of compact type.
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Moreover, there is a one-to-one correspondence between positive quaternionic Käh-
ler symmetric spaces and compact simply connected homogeneous complex contact
manifolds.

The three families of Wolf spaces of compact type in Table 3 can be realized as the
following manifolds:

HPn ∼=
Sp(n+1)

Sp(n)×Sp(1)
,

Gr2(Cn+2)∼=
SU(n+2)

S(U(n)×U(2))
,

G̃r4(Rn+4)∼=
SO(n+4)

SO(n)×SO(4)
.

Note that there are coincidences HP1 ∼= S4 ∼= G̃r4(R5) and Gr2(C3) ∼= CP2 for n = 1
and Gr2(C4)∼= G̃r4(R6) for n = 2. Up to this coincidences, there is exactly one Wolf
space of compact type for each compact simple Lie group except SU(2).

Remark 2.3.9. It is well-known that the complex Grassmannian can be embedded as
a complex submanifold into a complex projective space of appropriate dimension (via
the Plücker embedding). Therefore it inherits the Fubini-Study metric, so it is Kähler.
This does not contradict Theorem 2.3.6 since this complex structure is not compati-
ble with the quaternionic Kähler structure. That is, (Gr2(Cn+2),g,Q) is quaternionic
Kähler and (Gr2(Cn+2),g,J) is Kähler but J ̸∈ Γ(Q). In fact, it is also known that
Gr2(Cn+2) is the only positive quaternionic Kähler manifold admitting an almost com-
plex structure (see Theorem 2.3.7).

One can try to look for more examples of positive quaternionic Kähler manifolds in
the broader class of homogeneous spaces, but it turns out that Wolf spaces are the only
homogeneous positive quaternionic Kähler manifolds.

Theorem 2.3.10 ([AC97b, Theorem 1.1]). Let (M,g,Q) be a quaternionic Kähler
manifold which is homogeneous under an unimodular group. Then (M,g) is a Wolf
space, i.e. is a symmetric space.

Since the isometry group of a compact manifold is compact, and therefore unimodular,
we obtain the following well-known result.

Theorem 2.3.11 ([Ale68a, Theorem 1]). Let (M,g,Q) be a compact homogeneous
quaternionic Kähler manifold. Then (M,g) is a Wolf space.

In particular, any homogeneous positive quaternionic Kähler manifold is a Wolf space.
Wolf spaces are the only known examples of positive quaternionic Kähler manifolds,
and it is conjectured that they are the only ones. LeBrun and Salamon proved the
following rigidity result.
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Theorem 2.3.12 ([LS94, Theorem 0.1]). There are only finitely many positive quater-
nionic Kähler manifolds up to homothety of dimension 4n for any n ∈ N.

In the same paper they also proved constraints on the second homotopy group as well
as the Betti numbers. These results (together with Theorem 2.3.14 and Theorem 2.3.15
below) can be viewed as strong supporting evidence for their famous conjecture, stated
in the same paper.

Conjecture 2.3.13 (LeBrun-Salamon). Let (M,g,Q) be a positive quaternionic Käh-
ler manifold. Then (M,g) is homothetic to a Wolf space.

The theory of twistor spaces for positive quaternionic Kähler manifolds has played a
crucial role to show that the conjecture is true in low dimensions. Recall that in the
positive case, twistor spaces are Kähler-Einstein manifolds of positive scalar curva-
ture (i.e. Fano manifolds) admitting a complex contact structure. These spaces are
very constrained and, since their complex geometric properties determine the quater-
nionic Kähler metric completely, positive quaternionic Kähler manifolds are also very
constrained. Indeed, by a result of LeBrun [LeB95], every compact complex con-
tact manifold admitting a Kähler-Einstein metric is the twistor space of a quaternionic
Kähler manifold.

What we know so far about the conjecture is the following.

Theorem 2.3.14 ([Hit81, Theorem 6.1],[FK82]). Let (M,g,Q) be a positive quater-
nionic Kähler manifold of dimension 4, i.e. an Einstein and self-dual manifold of pos-
itive scalar curvature. Then (M,g) is homothetic to HP1 or CP2, i.e. is a Wolf space.

Theorem 2.3.15 ([PS91, Theorem 1.1]). Let (M,g,Q) be a positive quaternionic
Kähler manifold of dimension 8. Then (M,g) is homothetic to HP2, Gr2(C4) or
G2/SO(4), i.e. is a Wolf space.

In [HH02] it was claimed that the conjecture is also true in dimension 12, but some
errors were found in their proof (see [Ama09] for details). Nevertheless, the conjecture
has been recently shown to be true in dimension 12 and 16.

Theorem 2.3.16 ([BWW22, Theorem 1.1]). Let (M,g,Q) be a positive quaternionic
Kähler manifold. Then:

• (M,g) is homothetic to HP3, Gr2(C5) or G̃r4(R7) if dimRM = 12.

• (M,g) is homothetic to HP4, Gr2(C6) or G̃r4(R8) if dimRM = 16.

There exist more partial results that prove the LeBrun-Salamon conjecture under ad-
ditional hypothesis (see e.g. [ORSW21, PW22]) and it is widely believed that it is
true, but proving it remains one of the major open problems in quaternionic Kähler
geometry.
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2.4 Negative quaternionic Kähler manifolds
We finish this chapter studying quaternionic Kähler manifolds of negative scalar cur-
vature. We will see that the theory in this case is much more different and flexible, in
terms of existence of examples, that the positive case.

Definition 2.4.1. Let (M,g,Q) be a quaternionic Kähler manifold. We say that it is
negative if it is complete and its scalar curvature is negative.

First of all, compactness is not guaranteed, as the Myers theorem does not apply for
negatively curved Einstein manifolds. About the topology, to the author’s knowledge,
not too much can be said specific to negative scalar curvature, in contrast with positive
quaternionic Kähler manifolds. In the compact case, apart from Corollary 2.2.9, there
is the following result (compare with Theorem 2.3.5).

Theorem 2.4.2 ([SW02, Theorem 6.6]). Let (M,g,Q) be a compact negative quater-
nionic Kähler manifold of dimension 4n. Then b2k+1(M) = 0 for 2k+1 < n.

In the negative case, the twistor space is not so useful as in the positive case to deter-
mine the geometry of the underlying quaternionic Kähler manifold, since Z does not
admit a Kähler-Einstein metric, but a pseudo-Kähler-Einstein metric (see [Bes87]).
However, in this case the twistor space can be used to prove the “opposite result” of
Theorem 2.3.12 (see Theorem 2.4.8 below). But recall that, even if the quaternionic
Kähler metric is determined by the complex geometry of the twistor space Z, typically
it is not possible to recover the metric explicitly from Z.

The archetypal example of a negative quaternionic Kähler manifold is the quaternionic
hyperbolic space HHn, which is the dual symmetric space of HPn, then

HHn ∼=
Sp(n,1)

Sp(n)×Sp(1)
.

As for HHn, we can consider the dual symmetric spaces of all Wolf spaces of compact
type, which are always non-compact and with negative scalar curvature by the general
theory of symmetric spaces. Then we obtain the classification of the Wolf spaces of
non-compact type.

Theorem 2.4.3 ([Wol65, Theorem 6.7]). Let (M,g,Q) be a negative quaternionic
Kähler symmetric space. Then M ∼= G/K is one of the following table:

G K dimRM
Sp(n,1) Sp(n)×Sp(1) 4n
SU(n,2) S(U(n)×U(2)) 4n
SO(n,4) SO(n)×SO(4) 4n
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G2
2 SO(4) 8

F4
4 Sp(3)Sp(1) 28

E2
6 SU(6)Sp(1) 40

E−5
7 Spin(12)Sp(1) 64

E−24
8 E7Sp(1) 112

Table 4: Wolf spaces of non-compact type.

Moreover, there is a one-to-one correspondence between negative quaternionic Käh-
ler symmetric spaces and non-compact duals of the compact simply connected homo-
geneous complex contact manifolds.

Remark 2.4.4. The superindices for the exceptional Lie groups denote the signature
of the corresponding Killing form B on the Lie algebra, where the signature is defined
here as the number of positive values minus the number of negative values when B is
expressed in diagonal form.

By a result of Borel [Bor63], every Riemannian symmetric space of non-compact type
admits smooth quotients by discrete cocompact groups of isometries (i.e. with com-
pact quotients). Therefore, applying this result to the Wolf spaces of non-compact type
of Table 4, we obtain compact locally symmetric examples of negative quaternionic
Kähler manifolds. Note that positive quaternionic Kähler manifolds do not have any
smooth quotients since they are simply connected by Theorem 2.3.5.

We now ask whether there exist examples of non-locally symmetric negative quater-
nionic Kähler manifolds. It turns out that this case is not as restrictive as the posi-
tive case. The first non-locally symmetric examples were found by Alekseevsky in
[Ale75] in the classification of quaternionic Kähler manifolds homogeneous under a
simply transitive completely solvable group of isometries. Such manifolds are called
Alekseevsky spaces. It was pointed out by the physicists de Wit and Van Proeyen in
[dWVP92] that his classification was already incomplete. This was fixed by Cortés in
[Cor96a], who proved it rigorously via Lie-theoretical methods.

Theorem 2.4.5 ([Cor96a, Theorem 2.28]). Let (M,g,Q) be a negative quaternionic
Kähler manifold homogeneous under a simply transitive completely solvable group of
isometries, i.e. an Alekseevsky space. If (M,g) is symmetric, then is one of Table 4. If
(M,g) is non-symmetric, then belongs to one of the following discrete infinite series:

T (p) for p ≥ 1,
W (p,q) for 1 ≤ p ≤ q,
V (ℓ,k) for k ̸≡ 0(mod4) and (ℓ,k) ̸∈ {(1,1),(1,2)},
V (p,q;k) for k ≡ 0(mod4) and (p+q,k) ̸∈ {(1,4),(1,8)}.

Alekseevsky conjectured in [Ale75] that Alekseevsky spaces are the only possible
homogeneous negative quaternionic Kähler manifolds. This was shown to be true re-
cently by Böhm and Lafuente. In fact, they proved a more general result known as the
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Alekseevsky conjecture [BL23, Theorem A], which states that a connected homoge-
neous Einstein manifold of dimension n with negative scalar curvature is diffeomor-
phic to Rn.

Let us explain succinctly how this implies the result. Let (M,g,Q) be a homogeneous
negative quaternionic Kähler manifold. In virtue of the resolution of the Alekseevsky
conjecture, (M,g) admits a simply transitive solvable Lie group of isometries. Then,
by the result of Lauret [Lau10, Theorem 3.1], it is a standard Einstein solvmanifold in
the sense of Heber [Heb98]. Finally, by [Heb98, Theorem B], such a manifold admits
a simply transitive completely solvable group of isometries. Then we can conclude:

Theorem 2.4.6 ([BL23, Corollary C]). Let (M,g,Q) be a homogeneous negative
quaternionic Kähler manifold. Then it is an Alekseevsky space.

In particular, now we know that a homogeneous quaternionic Kähler manifold is a
Wolf space (if it is positive) or an Alekseevsky space (if it is negative).

One may ask if the non-symmetric Alekseevsky spaces admit compact quotients. But
in this direction we have the following result.

Theorem 2.4.7 ([AC99, Corollary 1.28]). Let (M,g,Q) be an Alekseevsky space.
Then it admits quotients of finite volume if and only if it is symmetric.

The existence of a compact (or even of finite volume) non-locally symmetric quater-
nionic Kähler manifold (of positive or negative scalar curvature) is still open. In the
negative case, LeBrun proved that there is an infinite-dimensional moduli space of
complete quaternionic Kähler metrics on R4n for every n ∈ N.

Theorem 2.4.8 ([LeB91]). There exists an infinite-dimensional family of pairwise dis-
tinct deformations of the standard quaternionic Kähler metric on HHn, each member
of which is a (complete) negative quaternionic Kähler manifold.

This result says that negative quaternionic Kähler manifolds occur in abundance and
suggests that it may be possible to construct many more examples, including examples
which are not homogeneous.

Meanwhile, physicists discovered a way to produce new examples of quaternionic
Kähler manifolds known as the supergravity c-map. Briefly speaking, this construc-
tion takes as input a projective special Kähler manifold (see Section 4.1) and gives us a
quaternionic Kähler metric of negative scalar curvature [FS90]. Moreover, these met-
rics admit a deformation giving rise to a one-parameter family of quaternionic Kähler
manifolds [RSV06]. Supergravity c-map spaces will be the main focus of this work
although we do not explain them in detail now (see Section 4.3). For the moment,
it is important to say that the mathematics inspired by these physical constructions
have led to many further examples of (complete) negative quaternionic Kähler mani-
folds that are not (even locally) homogeneous. Particular examples of such manifolds
were found in [CHM12, CDJL21, CST22]. One of the main goals of this thesis is to
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prove that any deformed supergravity c-map space is not locally homogeneous (see
Theorem 5.2.6).

Using the properties of supergravity c-map spaces, it has been shown in [CRT21] that
there exist non-locally homogeneous (complete) negative quaternionic Kähler mani-
folds with two ends, one of finite volume and the other one of infinite volume. These
examples has been found only in dimension 4 and 8. Nevertheless, using an alter-
native method based on the quaternionic Kähler metrics constructed on bundles over
hyperkähler manifolds by [Fow23], Cortés has proved [Cor23] that non-locally ho-
mogeneous (complete) negative quaternionic Kähler manifolds with two ends, one of
finite volume and the other one of infinite volume, exist in all dimensions 4n ≥ 4.





Chapter 3

The HK/QK correspondence and the
twist construction

In this second preliminary chapter we introduce hyperkähler geometry and describe
how it is related with quaternionic Kähler geometry. In particular, we explain how
to obtain quaternionic Kähler manifolds from hyperkähler ones. In Section 3.1 we
define hyperkähler manifolds. We briefly recall some of their properties, pointing out
similarities and differences with the quaternionic Kähler geometry, and mentioning
some examples. In this section we also explain in more detail how to construct a
canonical hyperkähler manifold associated to any quaternionic Kähler manifold, the
so-called Swann bundle. In Section 3.2 we introduce the HK/QK correspondence,
which is a way to obtain (a one-parameter family of) quaternionic Kähler metrics from
hyperkähler manifolds equipped with (rotating) circle actions. Finally, in Section 3.3
we introduce the twist construction and explain how the HK/QK correspondence can
be recovered from this general method. None of the results mentioned in this chapter
are original to this thesis and the references will be properly cited.

3.1 Hyperkähler manifolds
As we have already said, hyperkähler manifolds are those Riemannian manifolds
(M,g) whose holonomy group is contained in the compact symplectic group Sp(n).
Similarly as the quaternionic Kähler case, we are interested in a definition in terms of
more concrete objects which we can manipulate better, i.e. in terms of tensors. Some
references for this section are, as before, the books [Bes87, Joy00] and the survey
[Dan99].

There are several ways to state the definition of hyperkähler manifolds. We will define
them as a particular case of almost quaternionic Hermitian manifolds.

Definition 3.1.1. Let (M,g,Q) be an almost quaternionic Hermitian manifold. We
say that it is hyperkähler if Q admits a global trivialization {I1, I2, I3} of endomor-
phisms satisfying the quaternionic relations and which are covariantly constant, i.e.

39
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∇Ik = 0 for k = 1,2,3, where ∇ is the Levi-Civita connection of g. We will denote a
hyperkähler manifold as (M,g, I1, I2, I3).

These three endomorphisms are global almost complex structures and, since they are
covariantly constant, they are integrable, as follows from

NIk(X ,Y ) = (∇Y Ik)IkX − (∇X Ik)IkY +(∇IkY Ik)X − (∇IkX Ik)Y.

For each Ik we define a 2-form ωk := g(Ik·, ·) which is covariantly constant, hence
closed, hence Kähler. This implies that a hyperkähler manifold is Kähler with re-
spect to each complex structure Ik. Moreover, note that on a hyperkähler manifold
(M,g, I1, I2, I3), the endomorphism Ia := a1I1+a2I2+a3I3, where a=(a1,a2,a3)∈ S2,
is also a complex structure and (M,g, Ia) is again a Kähler manifold. Therefore the
metric g is Kähler in lots of different ways, with respect to a whole 2-sphere of com-
plex structures. Because of this, we call g hyperkähler.

As in the case of quaternionic Kähler manifolds, we can construct the corresponding
twistor space Z = M×CP1 where we are considering

CP1 ∼= S2 ∼= {a1I1 +a2I2 +a3I3 | (a1,a2,a3) ∈ S2}

as the natural 2-sphere of complex structures on M. We can also define an almost
complex structure J on Z which turns out to be integrable. Hence, if (M,g, I1, I2, I3)
is a hyperkähler manifold of real dimension 4n, then (Z,J) is a complex manifold of
complex dimension 2n+ 1 called the twistor space of M. The twistor space comes
equipped with additional holomorphic data. In fact, this holomorphic data is sufficient
to reconstruct the hyperkähler structure (see [HKLR87]). The moral of this is that
hyperkähler manifolds can be written solely in terms of holomorphic data and so they
can be studied and some explicit examples can be found using complex algebraic
geometry.

Notice that an almost Hermitian manifold (M,g,J) (i.e. J is not integrable) is Kähler
if and only if J is integrable and ω = g(J·, ·) is closed. This can be seen by using the
well-known formula

2g((∇X J)Y,Z) = 3dω(X ,Y,Z)−3dω(X ,JY,JZ)−g(JX ,NJ(Y,Z)).

For a manifold (M,g, I1, I2, I3) equipped with three almost complex structures compat-
ible with the metric g and satisfying the quaternionic relations, it is enough to require
that the corresponding 2-forms ωk are closed to obtain a hyperkähler manifold. This
result is usually known as the Hitchin lemma [Hit87, Lemma 6.8]. More specifically,
what Hitchin lemma says is that if dωk = 0, then this already implies that the almost
complex structure Ik is integrable and then (M,g, I1, I2, I3) is hyperkähler.

The fact that hyperkähler manifolds have holonomy contained in Sp(n) ⊆ SU(2n)
implies immediately that the metric g in Ricci-flat. As a corollary, if M is compact,
the first Chern class c1(M) vanishes.

Hyperkähler manifolds can be studied also from the point of view of algebraic geom-
etry. To see this we need to introduce an extra structure.
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Definition 3.1.2. A holomorphic symplectic manifold (M,J,Ω) is a complex mani-
fold (M,J) where Ω ∈ Ω2(M,C) is a closed and non-degenerate holomorphic 2-form.

Proposition 3.1.3. Let (M,g, I1, I2, I3) be a hyperkähler manifold. Then the complex
2-form

Ω := ω2 + iω3 ∈ Ω
2(M,C)

is a parallel holomorphic symplectic structure with respect to I1.

Proof. The 2-form Ω is clearly closed, non-degenerate and parallel. To show that it is
holomorphic, let X ∈ Γ(T 0,1M), i.e. I1X =−iX . Then we have

Ω(X ,Y ) = ω2(X ,Y )+ iω3(X ,Y ) = g(I2X ,Y )+ ig(I3X ,Y )
= g(I3I1X ,Y )− ig(I2I1X ,Y ) =−ig(I3X ,Y )−g(I2X ,Y )
=−iω3(X ,Y )−ω2(X ,Y ) =−Ω(X ,Y )

for all vector fields Y . Hence ιX Ω = 0 and since X was arbitrary, the 2-form Ω belongs
to Ω2,0(M). Since Ω is closed, ∂̄Ω = (dΩ)2,1 = 0 and then Ω is holomorphic.

Thus every hyperkähler manifold can be viewed as a Kähler manifold which is also
holomorphic symplectic with parallel holomorphic symplectic form. Conversely, a
Kähler manifold with parallel holomorphic symplectic structure is hyperkähler. In-
deed, since the metric is Kähler and the holomorphic symplectic structure is parallel,
then the holonomy group must be contained in Sp(n) = U(2n)∩Sp(2n,C).

The next theorem shows that for compact manifolds we do not need to assume that
the holomorphic symplectic form is parallel.

Theorem 3.1.4 ([Bea83, Proposition 4]). Let (M,J) be a compact complex manifold
admitting a Kähler metric and a holomorphic symplectic structure. Then M admits a
unique hyperkähler metric in every Kähler class.

Before giving some examples of hyperkähler manifolds, we can say something about
their topology, at least in the compact case. Similarly as for positive quaternionic
Kähler manifolds (see Theorem 2.3.5), we have the following result.

Proposition 3.1.5 ([Bea83, Proposition 4]). Let (M,g) be a compact manifold of di-
mension 4n with Hol(g) = Sp(n). Then M is simply connected.

Much is known about the cohomology of compact hyperkähler manifolds. For the
interested reader we refer to [GJH03] and references therein.

3.1.1 Examples of hyperkähler manifolds
The first example of hyperkähler manifold is R4n ∼= Hn equipped with the flat hy-
perkähler structure. Identifying Hn with C2n and writing q ∈ Hn as q = z+w j for



42 Chapter 3. The HK/QK correspondence and the twist construction

z,w ∈ Cn, the hyperkähler structure is determined by the following tensors

g =
n

∑
k=1

(dzkdz̄k +dwkdw̄k) ,

ω1 =
i
2

n

∑
k=1

(dzk ∧dz̄k +dwk ∧dw̄k) ,

ω2 =
1
2

n

∑
k=1

(dzk ∧dwk +dz̄k ∧dw̄k) ,

ω3 =
1
2i

n

∑
k=1

(dzk ∧dwk −dz̄k ∧dw̄k) .

The holomorphic symplectic form with respect to the complex structure I1 is

Ω = ω2 + iω3 =
n

∑
k=1

dzk ∧dwk.

This structure corresponds to consider Hn as the cotangent bundle of Cn. Note that the
above structure is invariant under translations, so we can also define a flat hyperkähler
structure on the torus T4n.

In contrast with the quaternionic Kähler case, where we have several symmetric and
homogeneous examples, it turns out that the only homogeneous hyperkähler mani-
folds are the Euclidean space R4n and the torus T4n (and products of them). This
follows from a more general result.

Theorem 3.1.6 ([AK75, Theorem 1]). Let (M,g) be a Ricci-flat homogeneous space.
Then (M,g) is flat, i.e. is the product of a Euclidean space and a flat torus.

The product of two hyperkähler manifolds is again hyperkähler. Conversely, we can
look at the de Rham decomposition of hyperkähler manifolds. The following theorem
is a consequence of a well-known result about the decomposition of a complete Ricci-
flat Kähler manifold (see e.g. [Bea83, Bes87]).

Theorem 3.1.7. Let (M,g) be a complete hyperkähler manifold. Then

M̃ ∼= R4k ×M1 ×·· ·×Mr,

where M̃ is the universal covering of M and each M j is a complete simply connected
4m j-dimensional manifold with holonomy Sp(m j). If M is furthermore compact, then
the factors M j above are also compact and

M ∼= (T4k ×M1 ×·· ·×Mr)/Γ,

where Γ is a finite group of holomorphic transformations.
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There are only a few examples of compact hyperkähler manifolds known in each di-
mension. Note that Sp(1) = SU(2), so hyperkähler 4-manifolds are precisely Calabi-
Yau. The only compact 4-manifolds carrying metrics with holonomy exactly Sp(1)
are K3 surfaces, which are simply connected compact complex surfaces with trivial
canonical bundle. An important example of a K3 surface is

S = {[z0 : z1 : z2 : z3] ∈ CP3 | z4
0 + z4

1 + z4
2 + z4

3 = 0} ⊂ CP3 .

It is important in the sense that it is some kind of model for K3 surfaces. In particu-
lar, Kodaira [Kod64] showed that every K3 surface is a deformation of a non-singular
quartic surface in CP3. Thus al K3 surfaces are diffeomorphic to S. The so-called
Enriques surfaces are Z2-quotients of K3 surfaces. They are examples of locally hy-
perkähler manifolds which are not hyperkähler, since their restricted holonomy group
is Sp(1) but they are not simply connected. Note also that the flat torus T4 is hyper-
kähler but its holonomy is trivial.

In dimension greater than 4, in contrast to Calabi-Yau manifolds, examples of compact
hyperkähler manifolds are difficult to find, and only a few are known in each dimen-
sion. The first examples were two series of manifolds due to Beauville [Bea83], which
generalize an example of Fujiki [Fuj83] in real dimension 8. Two further examples of
compact hyperkähler manifolds have been constructed by O’Grady in real dimension
20 [O’G99] and 12 [O’G03]. In [Bea11] it is conjectured that there are only finitely
many compact hyperkähler manifolds (up to deformation) in every dimension.

In the non-compact case, many examples of complete hyperkähler manifolds are
known. Some examples can be constructed via the so-called hyperkähler quotient
construction, introduced in [HKLR87], which generalized the well-known symplectic
quotient construction to hyperkähler manifolds. A representative collection of exam-
ples can be found in [Hit92].

Another source of examples particularly interesting for us is the cotangent bundle of
some complex manifolds. It is natural to look for hyperkähler structures on these
spaces since, for any complex manifold M, the cotangent bundle T ∗M admits a holo-
morphic symplectic structure. The first examples of complete metrics with holonomy
precisely Sp(n) are due to Calabi, who constructed a hyperkähler metric on T ∗CPn,
usually known as the Calabi metric.

Theorem 3.1.8 ([Cal79, Théorème 5.3]). The cotangent bundle of the complex pro-
jective space CPn admits a complete hyperkähler metric for any n ∈ N.

The Calabi construction was generalized by Biquard and Gauduchon to the cotangent
bundle of compact Hermitian symmetric spaces G/K in [BG97]. Here the authors
construct a complete hyperkähler metric which is invariant under the action of G and
restricts to the symmetric Kähler metric on G/K when it is restricted to the zero sec-
tion. They also considered the non-compact dual Hermitian symmetric spaces, but
in this case the hyperkähler metric is incomplete and can only be defined on an open
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neighborhood of the zero section. This local construction was then generalized inde-
pendently by Feix [Fei01] and Kaledin [Kal01], who constructed hyperkähler metrics
on a neighborhood of the zero section of the cotangent bundle of any real-analytic
Kähler manifold. Although the hyperkähler metric is in general incomplete and only
locally defined, they recover the metrics of Calabi and Biquard-Gauduchon when the
base manifold is a compact Hermitian symmetric space.

Finally, if we allow indefinite signature, there are further examples of pseudo-Kähler
manifolds whose cotangent bundle admits a pseudo-hyperkähler structure (see Sec-
tion 4.2). In this work we are particularly interested in these spaces.

3.1.2 Swann bundle
An important link between hyperkähler and quaternionic Kähler geometry was ob-
tained by Swann in [Swa91], where he showed that over any quaternionic Kähler
manifold (with non-zero scalar curvature) one can construct a bundle whose total
space carries a natural conical (pseudo-)hyperkähler structure encoding the quater-
nionic Kähler geometry of the base. We briefly recall this construction here (see also
[ACDM15] and [Ion19]).

Definition 3.1.9. A (pseudo-)Riemannian manifold (M,g) is called conical if it admits
a vector field ξ (with g(ξ ,ξ ) ̸= 0) satisfying ∇ξ = Id, where ∇ is the Levi-Civita
connection of g.

We have the following characterizations of being conical.

Lemma 3.1.10. Let (M,g) be a (pseudo-)Riemannian manifold. Then the following
are equivalent:

(a) (M,g,ξ ) is a conical (pseudo-)Riemannian manifold.

(b) There exists a function κ on M such that g = ∇2κ = ∇dκ , i.e. the metric is given
by the Hessian of κ .

(c) There exists a function κ on M such that the vector field ξ , defined by ιξ g = dκ ,
is homothetic, i.e. Lξ g = 2g.

Proof. Suppose (a) holds. We define κ := 1
2g(ξ ,ξ ), thus dκ = g(ξ , ·) = ιξ g. The

following computation implies (b):

(∇dκ)(X ,Y ) = X(Y (κ))−dκ(∇XY ) = Xg(ξ ,Y )−g(ξ ,∇XY ) = g(X ,Y ).

To obtain (c) we use (Lξ g)(X ,Y ) = g(∇X ξ ,Y )+g(X ,∇Y ξ ) and ∇ξ = Id.

Suppose (b) holds. We define ξ by the equation dκ = ιξ g. Then the expression
g(X ,Y ) = (∇2κ)(X ,Y ) = g(∇X ξ ,Y ) implies ∇ξ = Id since g is non-degenerate. Thus
(a) holds.
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Suppose (c) holds. The equation Lξ g = 2g implies

2g(X ,Y ) = (Lξ g)(X ,Y ) = g(∇X ξ ,Y )+g(X ,∇Y ξ ).

Since the Hessian ∇2κ of a function is symmetric, we get g(∇X ξ ,Y ) = g(∇Y ξ ,X).
Combining these expressions, and using again that the metric g is non-degenerate, we
show that ∇ξ = Id, thus (a) holds.

If the conical manifold is furthermore hyperkähler, then we can say much more about
the interaction between these two structures.

Lemma 3.1.11. Let (M,g, I1, I2, I3,ξ ) be a conical hyperkähler manifold. Then:

(a) The function κ = 1
2g(ξ ,ξ ) is a global Kähler potential for all three Kähler forms,

that is 2ωk = ddc
kκ , where dc

k = −I∗k d is the dc-operator associated with Ik, k =
1,2,3. Such a potential is called hyperkähler potential.

(b) The distribution Hξ := span{ξ , I1ξ , I2ξ , I3ξ} determines a Lie algebra isomor-
phic to R⊕sp(1), that is [ξ , Ikξ ] = 0 and [I jξ , Ikξ ] = 2∑

3
ℓ=1 εk jℓIℓξ , where ε jkℓ is

the Levi-Civita symbol.

(c) Each Ikξ is ωk-Hamiltonian with Hamiltonian function κ .

(d) Each Ikξ is a Killing vector field.

Proof. (a) We have dc
kκ =−I∗k dκ =−g(ξ , Ik·) = g(Ikξ , ·) =: θk. Then

dθk(X ,Y ) = X(θk(Y ))−Y (θk(X))−θk([X ,Y ]) = g(∇X Ikξ ,Y )−g(∇Y Ikξ ,X).

Using ∇Ik = 0 and ∇ξ = Id we obtain the desired result.

(b) This follows from the fact that ∇ is torsion-free, ∇Ik = 0, ∇ξ = Id and the quater-
nionic relations.

(c) We have ιIkξ ωk = ωk(Ikξ , ·) =−g(ξ , ·) =−dκ .

(d) We have (LIkξ g)(X ,Y ) = g(∇X Ikξ ,Y )+g(X ,∇Y Ikξ ). Using ∇Ik = 0 and ∇ξ = Id
we obtain LIkξ g = 0, i.e. Ikξ is Killing.

By similar computations as before, we furthermore obtain that

LI jξ ωk = 2
3

∑
ℓ=1

εk jℓωℓ.

Identifying sp(1) with ImH, we can summarize this by saying that q ∈ sp(1) acts on
the ImH-valued 2-form ω = ω1i+ω2 j+ω3k by Lqω = [ω,q] = ω ·q−q ·ω .

Definition 3.1.12. Let (M,g, I1, I2, I3) be a hyperkähler manifold. We say that an
infinitesimal Sp(1)-action by Killing vector fields permutes complex structures (or
is permuting) if Lqω = [ω,q] for every q ∈ sp(1)∼= ImH.
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Therefore, due to the above discussion, we conclude that a conical hyperkähler man-
ifold carries an infinitesimal Sp(1)-action which permutes the complex structures. In
fact, Swann [Swa91, Proposition 5.5] proved that the existence of an infinitesimal
Sp(1)-action is essentially equivalent to require that the hyperkähler manifold is con-
ical.

We recall the following notions which will be use throughout the thesis.

Definition 3.1.13. Let (M,g, I1, I2, I3) be a hyperkähler manifold. We say that a vector
field Z on M is:

• Tri-holomorphic if LZI1 = 0, LZI2 = 0 and LZI3 = 0.

• Rotating if LZI1 = 0, LZI2 = I3 and LZI3 =−I2.

Now let (M,g,Q) be a quaternionic Kähler manifold. We can construct over M the
principal SO(3)-bundle SO(Q) of oriented orthonormal frames of the quaternionic
structure bundle Q. For q ∈ Sp(1) and v ∈ ImH, the map q 7−→ (qvq−1) defines the
universal covering Sp(1) −→ SO(3) with kernel Z2 (recall Sp(1) ∼= Spin(3)). This
gives us the standard action of Sp(1) on ImH ∼= R3, which extends to an action on
H∼=R⊕ ImH by acting trivially on the first factor. It induces a well-defined action of
SO(3) on the quotient H∗/Z2 ∼= SO(3)×R>0. If we denote this action by ρ , then we
define the following associated principal bundle:

U (M) := SO(Q)×ρ (H∗/Z2).

Theorem 3.1.14 ([Swa91, Theorem 3.5]). Let (M,g,Q) be a quaternionic Kähler
manifold. Then U (M) = SO(Q)×ρ (H∗/Z2) carries a conical (pseudo-)hyperkähler
structure whose hyperkähler potential function is given by |q|2 for q ∈H∗.

Definition 3.1.15. Let (M,g,Q) be a quaternionic Kähler manifold. We say that the
bundle U (M) equipped with its conical (pseudo-)hyperkähler structure is the Swann
bundle of (M,g,Q).

Remark 3.1.16. For a quaternionic Kähler manifold M of dimension 4n, the hyper-
kähler metric of the Swann bundle U (M) is positive-definite if ν > 0 and of signature
(4,4n) if ν < 0, where ν = scal

4n(n+2) is the reduced scalar curvature of M.

The Swann bundle U (M) admits a homothetic H∗-action and the subgroup Sp(1) of
H∗ acts isometrically, but it permutes the complex structures of U (M), so we cannot
apply the hyperkähler quotient construction introduced in [HKLR87] (since the action
has to be tri-holomorphic). However, if we fix one complex structure Ik, then there is a
subgroup U(1)⊂ Sp(1) which preserves Ik and we have a moment map for this circle
action. The generator of this circle action is Ikξ which, indeed, preserve Ik, since it is
Killing and

LIkξ ωk = dιIkξ ωk =−ddκ = 0.
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Up to a constant, the moment map is κ = 1
2g(ξ ,ξ ) : U (M)−→R, since dκ =−ιIkξ ωk,

and fiberwise the level sets correspond to spheres in H. The level sets of κ are pre-
served by the Sp(1)-action. Indeed, for I jξ ∈ sp(1) we have

ιI jξ dκ =−ωk(Ikξ , I jξ ) = ω j(ξ ,ξ ) = 0.

The Sp(1)-quotient of a level set of the moment map κ is just the original quaternionic
Kähler manifold M.

This discussion generalizes as follows.

Theorem 3.1.17 ([Swa91, Theorem 5.1]). Let (M,g, I1, I2, I3) be a hyperkähler mani-
fold admitting an isometric Sp(1)-action such that:

(a) There is a finite subgroup Γ of Sp(1) such that Sp(1)/Γ acts freely on M.

(b) Sp(1) induces a transitive action on the sphere of complex structures compatible
with the hyperkähler structure.

(c) If Xk denotes a generator of the U(1)-subgroup preserving Ik, then the (real) linear
span of IkXk in T M is independent of the choice of complex structure.

Let U(1) ⊂ Sp(1) be a subgroup preserving a complex structure Ik and µ : M −→ R
be a moment map for this U(1) with respect to the Kähler structure ωk. Then µ−1(x)
is Sp(1)-invariant and µ−1(x)/(Sp(1)/Γ) is a quaternionic Kähler manifold.

Remark 3.1.18. This result also holds in the pseudo-Riemannian case, under the as-
sumption that the restriction of the hyperkähler metric to the tangent spaces to the
Sp(1)-orbits is non-degenerate. This case is relevant for quaternionic Kähler mani-
folds of negative scalar curvature.

The next result says that Swann bundles are characterized among all hyperkähler man-
ifolds, at least locally, by the existence of a permuting Sp(1)-action.

Theorem 3.1.19 ([Swa91, Theorem 5.9]). If (N,g, I1, I2, I3) is a hyperkähler manifold
satisfying the hypothesis of Theorem 3.1.17, then N is locally homothetic to the Swann
bundle U (M) of the quaternionic Kähler manifold M = µ−1(x)/(Sp(1)/Γ).

It is worthwhile to mention the relation between the Swann bundle and the twistor
space of a quaternionic Kähler manifold. As we have seen, the twistor space Z of a
quaternionic Kähler manifold (M,g,Q) is the sphere bundle S(Q) consisting of al-
most complex structures compatible with the quaternionic structure on M. Recall that
Z always admits an integrable almost complex structure (see Theorem 2.2.20). We
can obtain the twistor space from U (M) as follows. By fixing one of the complex
structures, say Ik, we obtain a U(1)-action fixing Ik, and C∗ = U(1)×R>0 acts holo-
morphically on the complex manifold (U (M), Ik). The quotient (U (M), Ik)/C∗ then
gives us Z, which is independent of the chosen complex structure (see [Swa91,Hit13]).
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Moreover, the Swann bundle construction commutes with the hyperkähler quotient
[HKLR87] and the quaternionic Kähler quotient [GL88] constructions. Recall that
a vector field on a hyperkähler manifold is called tri-holomorphic if it preserves the
three complex structures. Now, let (M,g,Q) be a quaternionic Kähler manifold with
fundamental 4-form Ω. In [GL88] the concept of quaternionic Killing field was intro-
duced. This is a Killing field that preserves both Q and Ω. However, this definition
was later shown to be superfluous, since any Killing vector field X ∈ Γ(T M) satisfies
LX Γ(Q)⊂ Γ(Q) and LX Ω = 0 (see [ACDP03] or [BG08]).

In [Swa91, Lemma 4.1] is shown that any Killing vector field X on M can be lifted to
a tri-Hamiltonian Killing vector field X̃ on the Swann bundle U (M).

Theorem 3.1.20 ([Swa91, Theorem 4.6]). Let (M,g,Q) be a quaternionic Kähler
manifold and let G be a compact connected Lie group. If G acts freely and isomet-
rically on M, then G induces a free, tri-holomorphic, isometric action on the Swann
bundle U (M). The (pseudo-)hyperkähler quotient of U (M) by this G-action is pre-
cisely the Swann bundle of the quaternionic Kähler quotient of M by G, that is

U (M)///G = U (M///G).

3.1.3 Bundles over quaternionic Kähler manifolds
Here we summarize what we have presented so far about bundle constructions over
quaternionic Kähler manifolds. We recap the structures that these bundles have, show-
ing how rich is quaternionic Kähler geometry in terms on interplay with several other
geometric structures.

Let (M,g,Q) be a quaternionic Kähler manifold of dimension 4n. Then we can define
the following bundles over it:

(1) Twistor space Z (M): We have seen that over a quaternionic Kähler manifold
we can take the sphere bundle S(Q) of almost complex structures compatible
with Q. The (4n+ 2)-dimensional manifold Z (M) := S(Q) admits an almost
complex structure which turns out to be integrable (see Theorem 2.2.20). More-
over, the twistor space carries a real structure and a complex contact structure (see
Theorem 2.2.21). In the case where the quaternionic Kähler manifold is positive,
Z (M) admits a (positive-definite) Kähler-Einstein metric (see Theorem 2.3.3).
In the case where the quaternionic Kähler manifold is negative, the twistor space
admits an indefinite Kähler-Einstein metric of signature (2,4n) (see [Bes87]).

(2) Konishi bundle S (M): We have seen that over a quaternionic Kähler man-
ifold we can take the principal SO(3)-bundle SO(Q) of oriented orthonormal
frames of Q. It was shown in [Kon75, Theorem 2] that the (4n+3)-dimensional
manifold S (M) := SO(Q) admits a (positive-definite) 3-Sasakian metric if the
quaternionic Kähler manifold is positive, and an indefinite 3-Sasakian metric of
signature (3,4n) if the quaternionic Kähler manifold is negative. Briefly speak-
ing, (S,g) is 3-Sasakian if its metric cone (R>0 ×S,dr2 + r2g) is hyperkähler, so
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3-Sasakian geometry is the odd-dimensional analogue of hyperkähler geometry.
Every 3-Sasakian manifold (S,g) is Einstein and, if (S,g) is complete, then it is
compact with finite fundamental group. We refer the interested reader to [BG08]
for further study on this geometry.

(3) Swann bundle U (M): We have seen that over a quaternionic Kähler manifold
we can take the Konishi bundle S (M) and then take the Cartesian product with
R>0. This is a principal bundle with fiber SO(3)×R>0 ∼=H∗/Z2. The (4n+4)-
dimensional manifold U (M) := S (M)×R>0 can be also seen as the associated
bundle S (M)×ρ (H∗/Z2), where ρ is the action of SO(3) on H∗/Z2. The man-
ifold U (M) admits a conical hyperkähler structure with positive-definite metric
if M is positive, and indefinite metric with signature (4,4n) if M is negative (see
Theorem 3.1.14 and Remark 3.1.16).

In particular [BG08], for a quaternionic Kähler manifold (M,g,Q) we have the fol-
lowing fibrations defined by Z2 ⊂ R∗ ⊂ C∗ ⊂H∗:

• H∗/C∗ ∼= S2 −→ Z (M)−→ M.

• H∗/R∗ ∼= SO(3)−→ S (M)−→ M.

• H∗/Z2 −→ U (M)−→ M.

• C∗/R∗ ∼= S1 −→ S (M)−→ Z (M).

• C∗/Z2 −→ U (M)−→ Z (M).

• R∗/Z2 ∼= R>0 −→ U (M)−→ S (M).

These six fibrations are the six arrows of the following diagram:

U (M)

Z (M) S (M)

M

Let us see how this works in a particular example. Consider the quaternionic Kähler
manifold

M =HPn ∼= S4n+3/Sp(1)∼= Sp(n+1)/(Sp(n)×Sp(1)).
The corresponding bundles over M are the following:

• Z (M) = CP2n+1 ∼= S4n+3/U(1)∼= Sp(n+1)/(Sp(n)×U(1)).

• S (M) = RP4n+3 ∼= S4n+3/Z2 ∼= Sp(n+1)/(Sp(n)×Z2).

• U (M) = (Hn+1 \{0})/Z2.

Under the appropriate identifications, we can see that all these spaces fit in the above
diagram. Since HPn is a positive quaternionic Kähler manifold, the spaces Z (M),
S (M) and U (M), carry Kähler-Einstein, 3-Sasakian and conical hyperkähler struc-
tures, respectively, all of them with positive-definite metric.



50 Chapter 3. The HK/QK correspondence and the twist construction

3.2 The HK/QK correspondence
We have seen in the previous sections that quaternionic Kähler and hyperkähler ge-
ometries are “intrinsically” very different, in the sense that their geometric properties
differ a lot, e.g. quaternionic Kähler manifolds are in general not even almost complex
manifolds whereas hyperkähler manifolds have a whole 2-sphere of integrable almost
complex structures. Nevertheless, their “extrinsic” geometry is very similar, in the
sense of which spaces we can associate to them, e.g. both geometries have associated
a twistor space which is a complex manifold (see also Remark 3.2.3).

Hence, it is natural to ask whether it is possible to relate these two geometries via
an additional space which connects them. We have seen an instance of this relation.
Indeed, to any quaternionic Kähler manifold M we can associate a conical hyperkähler
manifold, i.e. the Swann bundle U (M) (see Theorem 3.1.14). Moreover, isometric
group actions on M lift to isometric and tri-holomorphic group actions on U (M),
thus we can perform the hyperkähler quotient to obtain a new hyperkähler manifold
(see Theorem 3.1.20). In particular, when we have a circle action on M, with this
procedure we obtain a new hyperkähler manifold of the same dimension as M. This
procedure is known as the QK/HK correspondence (see also [APP11]).

Summarizing, if we start with a quaternionic Kähler manifold equipped with a circle
action, it is possible to obtain a hyperkähler manifold of the same dimension equipped
with a rotating circle action. We next show that this construction can be inverted to
obtain quaternionic Kähler manifolds.

Let (M,g, I1, I2, I3) be a hyperkähler manifold. Suppose that it admits HK/QK data,
i.e. a tuple (Z,ω1,ωH, f c

Z, f c
H) such that

• ω1 := g(I1·, ·) is integral (i.e. ω1 has integral periods),

• Z is a rotating Killing vector field preserving I1 and rotating the other two into
each other (we assume for simplicity that Z generates a free circle action),

• ωH := ω1 +dιZg,

• f c
Z is a nowhere vanishing function such that ιZω1 =−d f c

Z ,

• f c
H := f c

Z +g(Z,Z) is nowhere vanishing.

Lemma 3.2.1. The function f c
H is ωH-Hamiltonian.

Proof. We have that

ιZωH = ιZω1 + ιZdιZg =−d f c
Z +LZιZg−d(g(Z,Z)),

but LZιZg = (LZg)(Z, ·)+g(LZZ, ·) = 0, so ιZωH =−d( f c
Z +g(Z,Z)) =−d f c

H.

Note that there is a freedom of adding a constant to the Hamiltonian functions f c
Z and

f c
H, so long as the shifted Hamiltonian functions are still nowhere vanishing. This is

reflected in the superscript c in f c
Z and f c

H.



3.2. The HK/QK correspondence 51

Given this data, it was shown in [Hay08, Theorem 3 and Theorem 7] that we can
construct a quaternionic Kähler manifold M̄ of positive scalar curvature equipped with
a circle action such that the given hyperkähler manifold M may be recovered as a
hyperkähler reduction of the Swann bundle U (M̄) of M̄ by a lift of the circle action
at a non-zero level set. This construction is known as the HK/QK correspondence.

Remark 3.2.2. Although the quaternionic Kähler manifolds obtained by Haydys have
positive scalar curvature, they are not complete. This can be seen, for example,
by realizing that a quaternionic Kähler manifold in the image of the HK/QK corre-
spondence always admits an integrable almost complex structure compatible with the
quaternionic structure (see [Bat99, Proposition 3.3] or [Sal99, Section 7]), so they can
not be complete by Theorem 2.3.6.

Remark 3.2.3. In [Hit13], Hitchin discusses the HK/QK correspondence from the
point of view of the corresponding twistor spaces. Briefly speaking, given a hyper-
kähler manifold M with a circle action, we can construct a principal C∗-bundle P over
its twistor space Z (M). We also assume that the holomorphic vector field associated
to the circle action generates a C∗-action on P. Then, after removing the fixed points,
we can define the quotient Z̄ := P/C∗. Hitchin showed that Z̄ is a complex contact
manifold and, in particular, it is the twistor space of a quaternionic Kähler manifold
M̄, i.e. Z̄ = Z (M̄).

The HK/QK correspondence was generalized in [ACM13] by allowing indefinite met-
rics on the hyperkähler manifold M. In this case we can construct a quaternionic
pseudo-Kähler manifold M̄ of non-zero scalar curvature. The signature of the result-
ing quaternionic pseudo-Kähler manifold and the sign of its scalar curvature depend
on the signature of the pseudo-hyperkähler manifold M and the signs of the functions
f c
Z and f c

H. The cases when one obtains a (positive-definite) quaternionic Kähler met-
ric were specified in [ACM13] and include the case of quaternionic Kähler metrics of
positive scalar curvature considered by Haydys [Hay08], who started with a (positive-
definite) hyperkähler metric, as we have explained before.

In the following theorem we focus on the cases which yield a positive-definite metric
of negative scalar curvature, of relevance to this thesis.

Theorem 3.2.4 ([ACM13, Corollary 2]). Let (M,g, I1, I2, I3) be a pseudo-hyperkähler
manifold of dimension 4n+4 ≥ 4 equipped with the HK/QK data (Z,ω1,ωH, f c

Z, f c
H),

and let P be a principal S1-bundle over M such that c1(P)⊗R = [ω1] = [ωH]. Then
there is a lift of the circle action on M generated by Z to P×H∗, so that its quotient by
the lifted action, M̂ := (P×H∗)/S1, carries a conical pseudo-hyperkähler structure
with hyperkähler reduction (M,g, I1, I2, I3). The conical pseudo-hyperkähler manifold
M̂ is the Swann bundle of a (positive-definite) quaternionic Kähler manifold M̄ of
negative scalar curvature if and only if g is positive-definite and f c

Z > 0, or if the
signature of g is (4n,4) and f c

Z > 0 while f c
H < 0.
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Note that explicit expressions for all the above data, including the quaternionic Kähler
metric, are obtained in [Hay08, ACM13], [ACDM15, Theorem 2]. We have however
omitted these in the statement of Theorem 3.2.4 to avoid redundancy, since we will
describe the metric below in Section 3.3 using the language of Swann twist construc-
tion.

Moreover, since there is the freedom of adding a constant term to the Hamiltonian
function f c

Z , Theorem 3.2.4 gives us, if necessary after restricting to open sets, a one-
parameter family of quaternionic Kähler manifolds of fixed scalar curvature associated
to a pseudo-hyperkähler manifold.

3.3 The twist construction
We have seen that given a quaternionic Kähler manifold M endowed with a G-action
we can construct a hyperkähler manifold U (M)///G, where U (M) is the Swann bun-
dle of M. This way of construct new manifolds with geometric structures by using an
auxiliary bundle can be studied in a much more general context.

Let M be a manifold and let G be a Lie group acting on M. Suppose in addition that M
is equipped with a geometric structure which is invariant under the G-action. Then one
can ask how to construct a new manifold with a G-action and the same, or a closely
related, G-invariant geometric structure. A way to perform this construction, using an
intermediate bundle over the original manifold, was considered by Joyce in [Joy92].
The strategy he followed is the following:

• First, we construct a principal G-bundle P over the manifold M.

• Second, we lift the original G-action on M to a G-action on P in such a way that
it commutes with the principal G-action.

• Finally, we quotient P by the lifted G-action and we study the geometry of the
quotient space M̄ := P/G, which is also equipped with a G-action.

By this procedure (under certain assumptions on the G-action and its lifts), Joyce
provided a new construction of hypercomplex [Joy92, Theorem 2.1] and quaternionic
[Joy92, Theorem 2.2] manifolds, which are obtained by “twisting” M by the G-bundle
P. In this case we need moreover a choice of a quaternionic connection on P, that is
a connection 1-form on P whose curvature is of type (1,1) with respect to each almost
complex structure from the quaternionic structure.

This general construction was also considered by Swann in [Swa10], who studied it
in the case where G is a torus. He constructed several examples of various types of
(hyper-)complex and (hyper-)Hermitian geometries (such as strong Kähler with tor-
sion and hyperkähler with torsion structures on compact simply connected manifolds).
This construction is more general that the one described by Joyce in the sense that it
can be applied to more geometric structures and we do not necessarily need a quater-
nionic connection. We briefly recall how this construction works in general and then
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we focus on the case where G = S1, which in the most relevant for us. All the details
can be found in [Swa10].

Let M be a manifold and let π : P −→ M be a principal Tn-bundle with structural
group TP. We write tP for the Lie algebra of TP. Now assume that there is an action of
TM ∼= Tn on M and write Z : tM −→ Γ(T M) for the infinitesimal action, which can be
regarded as an element of Γ(T M)⊗ t∗M. Let η ∈ Ω1(P, tP) be a connection 1-form on
P with curvature ω ∈ Ω2(M, tP), i.e. π∗ω = dη . We want to determine the conditions
so that the TM-action is covered by an abelian Lie group action on P preserving η and
commuting with TP.

Proposition 3.3.1 ([Swa10, Proposition 2.1]). The TM-action on M induced by Z lifts
to an Rn-action on P preserving the connection 1-form η if and only if LZω = 0 and
ιZω =−d f for some f ∈ C ∞(M, tP ⊗ t∗M).

Note that the lift is not unique since it depends on the choice of f .

Now suppose that ω is a closed 2-form with values in Rn ∼= tP.

Definition 3.3.2. We say that a TM-action on M is ω-Hamiltonian if LZω = 0 and
ιZω =−d f for some f ∈ C ∞(M, tP ⊗ t∗M).

In this construction we would like to start with a manifold M with a TM-action and
a 2-form ω ∈ Ω2(M, tn) that is TM-invariant. We then want to construct a principal
Tn-bundle P with a connection η whose curvature is ω in such a way that TM lifts to a
Tn-action on P preserving η and commuting with the principal action. The following
result provides us with the setting where this construction holds.

Proposition 3.3.3 ([Swa10, Proposition 2.3]). Suppose that the manifold M admits an
ω-Hamiltonian TM-action for some integral closed 2-form. Then there is a principal
Tn-bundle P −→ M such that:

(a) There exists an n-torus action on P commuting with the principal torus action and
covering the TM-action on M.

(b) The space P admits a principal Tn-connection η whose curvature is ω and which
is invariant under the lifted torus action.

In fact, such a lift exists for any Tn-bundle P with c1(P)⊗R= [ω].

We now proceed to explain the twist construction. Suppose that M is a manifold with
an effective ω-Hamiltonian TM-action where ω ∈ Ω2(M, tn) is integral. Let P be a
principal Tn-bundle over M with a connection η whose curvature is ω and with an
T̊M-action preserving η and covering the TM-action infinitesimally. Here T̊M is some
connected abelian group covering TM. Assume that T̊M acts properly on P and that T̊M
is transverse to

H := kerη ⊂ T P.

Then T̊M has discrete stabilizers and P/T̊M has the same dimension as M. This transver-
sality is the same as requiring f ∈ C ∞(M, tP ⊗ t∗M) to be invertible.
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Definition 3.3.4. A twist of M with respect to the torus action TM, the integral closed
2-form ω and an invertible function f , is the quotient space M̄ := P/T̊M. We say that
M̄ is a smooth twist if M̄ is a smooth manifold.

Remark 3.3.5. For torus actions, a twist M̄ will at worst be an orbifold under the as-
sumptions above. We are interested in constructing smooth manifolds, and therefore,
we only discuss geometric structures in the case of smooth twists.

We then have a double fibration structure on P with projection maps

M P M̄.
π̄π

Our assumptions imply that both maps are transverse to the distribution H . We use
this to relate objects in M and M̄ since the projection maps π and π̄ induce linear
isomorphisms Tπ(p)M ∼= Hp ∼= Tπ̄(p)M̄ for every p ∈ P. This allows us to define the
notion of H -relatedness between tensors of the same type in M and M̄.

Definition 3.3.6. Two tensors α on M and ᾱ on M̄ are said to be H -related, written
α ∼H ᾱ , if their pullbacks to P agree on H , that is, π∗α = π̄∗ᾱ on H .

Then we say that a tensor field ᾱ on M̄ is the twist of α on M if α ∼H ᾱ . Moreover,
the tensor ᾱ is uniquely determined by α .

Not every tensor field α on M can be twisted since the TM-invariance of α is a nec-
essary condition (see [Swa10, Lemma 3.4]). In other words, if α ∼H ᾱ , then α is
TM-invariant. Conversely, every TM-invariant tensor field admits a twist, and explicit
formulas for the twist of such tensors can be obtained.

Another feature of the twist construction is that it can be inverted in the following
sense: if M̄ is the twist of M, then M can be obtained from M̄ via a twist, thus M̄ can
be thought as a “dual” of M. Let us see how this works. The distribution H = kerη

on P is transverse to the action of T̊M. If T̊M acts freely on P then we have a principal
bundle T̊M −→P−→ M̄. Its connection 1-form corresponding to H is η̄ = π∗( f−1)η .
This has curvature

π̄
∗
ω̄ = π

∗( f−1
ω)−π

∗( f−1d f f−1)∧η ,

which is simply the 2-form ω̄ which is H -related to f−1ω . Since TP commutes with
T̊M, it descends to an action of a torus TM̄ on M̄ preserving ω̄ . Write Z̄ : tM̄ −→ Γ(T M̄)
for the infinitesimal action of TM̄. This action is ω̄-Hamiltonian with ιZ̄ω̄ =−d( f−1).
Then the original manifold M is obtained by twisting M̄ with respect to TM̄ and ω̄

using f−1.

We have seen so far that the twist construction is a duality between manifolds with
torus actions that induces an isomorphism of the respective algebras of invariant tensor
fields. Then the twist construction preserves the algebraic properties of TM-invariant
tensor fields, such as algebraic symmetries and non-degeneracy conditions. However,
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the twist construction does not preserve the differential conditions. In particular, the
integrability conditions of geometric structures are lost when we perform the twist.
Nevertheless, we can obtain explicit expressions for such differential conditions. For
example, if α ∼H ᾱ are H -related differential forms, their exterior derivatives are
H -related by (see [Swa10, Corollary 3.6])

dᾱ ∼H dα − f−1
ω ∧ ιZα. (5)

If X ∼H X̄ and Y ∼H Ȳ are H -related vector fields, then their Lie brackets are H -
related by (see [Swa10, Lemma 3.7])

[X̄ ,Ȳ ]∼H [X ,Y ]+Z f−1
ω(X ,Y ).

The upshot of the twist construction, and one of its great advantages, is that we can
study geometric structures and their properties on the twist manifold M̄ purely in terms
of the data of the original manifold M and the twist data, without even knowing ex-
plicitly the twist manifold M̄. To exploit this powerful machinery, we first need to find
the tensor on M which is H -related to the tensor on M̄ that we want to study. We
will see that this is the key point for the study of the quaternionic Kähler manifolds
considered in this thesis.

Now, particularizing and summarizing the above construction for the case G = S1, we
have that the twist construction takes as input a manifold M equipped with twist data,
i.e. a triple (ω,Z, f ) consisting of

• an integral closed 2-form ω ,

• a vector field Z generating a circle action which is ω-Hamiltonian,

• a choice of nowhere vanishing Hamiltonian function f ,

and gives as output a new manifold M̄ with a circle action. Furthermore, it also gives a
bijective correspondence called H -relatedness between tensor fields of the same type
on M and M̄ which are invariant under the respective circle actions. In particular, if
two functions f ∈ C ∞(M) and f̄ ∈ C ∞(M̄) are invariant under the respective circle
actions and H -related, then they are either both constant or both non-constant.

Example 3.3.7 ([MS14, Example 1]). A basic example of the twist construction is
provided by M = CPn×T2. This is a Kähler manifold as a product. Suppose that Z
generates one the circle actions of T2 = S1 × S1. Taking ω to be the Fubini-Study
2-form on CPn, we have that ιZω = 0, so we can take f ≡ 1. Then P = S2n+1 ×T2

and the twist is M̄ = S2n+1 ×S1. As ω is of type (1,1) we have that M̄ is a complex
manifold by [Swa10, Lemma 3.9]. However M̄ is compact and b2(M̄) = 0, so M̄
cannot be Kähler.
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3.3.1 The HK/QK correspondence as a twist
As we have explained above, the twist construction is a powerful method to obtain
examples of manifolds equipped with some interesting geometric structures. We can
describe the tensors on the twist manifold M̄ in terms of the tensor on the original
manifold M and the twist data (ω,Z, f ). We have seen that, although the algebraic
properties of the tensors are preserved, the differential conditions are not.

The twist construction was applied by Macia and Swann [MS15] to the case of hyper-
kähler and quaternionic Kähler manifolds equipped with circle actions. In fact, they
showed that the HK/QK correspondence can be seen as an instance of this procedure.

Recall that to perform the HK/QK correspondence we need a (pseudo-)hyperkähler
manifold (M,g, I1, I2, I3) equipped with the HK/QK data (Z,ω1,ωH, f c

Z, f c
H), where

the vector field Z that generates the circle action on M is ω1-Hamiltonian, Killing and
rotating, that is

ιZω1 =−d f c
Z, LZg = 0, LZω1 = 0, LZω2 = ω3, LZω3 =−ω2.

Note that the HK/QK data (Z,ω1,ωH, f c
Z, f c

H) induces the twist data (ω1,Z, f c
Z). The

vector field Z does not preserve each Kähler form but it preserves the fundamental
4-form Ω = ∑

3
k=1 ωk ∧ωk of the hyperkähler structure, so we can twist Ω to an H -

related 4-form Ω̄ on the twist manifold M̄. This implies that M̄ has an almost quater-
nionic Hermitian structure (ḡ,Q). Recall that such structure is quaternionic Kähler if
Ω̄ is parallel with respect to the Levi-Civita connection of ḡ (see Proposition 2.2.10).
If dimM̄ ≥ 12, to obtain a quaternionic Kähler structure it suffices that Ω̄ is closed (see
Theorem 2.2.11). However, since Ω is closed and due to (5), we cannot expect that
Ω̄ is also closed. Hence, the twist of a hyperkähler metric will not be a quaternionic
Kähler metric.

This problem was solved by Macia and Swann in [MS15] by deforming the almost
quaternionic Hermitian structure in a controlled way via the notion of elementary
deformations [MS14]. Let Z be the rotating Killing vector field on (M,g, I1, I2, I3).
Then we define

α0 := ιZg, α1 := ιZω1, α2 := ιZω2, α3 := ιZω3

and

gα :=
3

∑
k=0

αk ⊗αk.

In fact, we have that gα = g(Z,Z)g|HZ , where HZ := span{Z, I1Z, I2Z, I3Z} is the
distribution generated by the quaternionic span of Z.

Definition 3.3.8. Let (M,g, I1, I2, I3) be a (pseudo-)hyperkähler manifold with a ro-
tating Killing vector field Z. An elementary deformation of g with respect to Z is a
metric of the form

gH := φg+ψgα , (6)

where φ ,ψ ∈ C ∞(M) are nowhere-vanishing functions.
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Using the notion of elementary deformations, Macia and Swann found which are the
only possible choices for the nowhere-vanishing functions φ and ψ in (6) and twist
data (ω,Z, f ) on M for which the twist manifold M̄ is quaternionic Kähler. In fact,
they proved the following.

Theorem 3.3.9 ([MS15, Theorem 4.1]). Let (M,g, I1, I2, I3) be a (pseudo-)hyperkähler
manifold equipped with HK/QK data (Z,ω1,ωH, f c

Z, f c
H). Then the quaternionic Käh-

ler manifold (M̄, ḡc,Q) given by the HK/QK correspondence is obtained by perform-
ing the twist construction with respect to the twist data (ωH,Z, f c

H), where

ωH := ω1 +dιZg and f c
H := f c

Z +g(Z,Z).

In particular, Q is H -related to span{I1, I2, I3} and ḡc is H -related to the metric

gc
H := K

(
1
f c
Z

g|(HZ)⊥ +
f c
H

( f c
Z)

2 g|HZ

)
, (7)

where K is a non-zero constant of the same sign as f c
Z .

Taking K to have the same sing as f c
Z gives a quaternionic Kähler metric ḡc that is

positive-definite whenever the given (pseudo-)hyperkähler metric g is positive-definite
when restricted to (HZ)⊥. The reduced scalar curvature of ḡc is then given by ν =
− 1

8K . Thus, the sign of f c
Z determines the sign of the scalar curvature (they are oppo-

site) while the choice of the constant K determines its magnitude. For our purposes,
f c
Z is taken to be positive, so we may set K = 1. This gives us a positive-definite

quaternionic Kähler metric of reduced scalar curvature −1
8 .

Note that there is a freedom of adding a constant c ∈ R to the Hamiltonian function
f c
Z . Since the metric gc

H in (7) depends on f c
Z , it also depends on the constant c and

therefore also the H -related metric ḡc on M̄. This leads to a one-parameter family of
quaternionic Kähler metrics. We will see that the geometry of M̄ has really different
properties depending on the choice of the parameter c, in particular whether is zero or
non-zero.

From Theorem 3.3.9 it also follows that the constructions provided in [Hay08, Hit13,
ACM13] of quaternionic Kähler metrics from hyperkähler metrics with a rotating cir-
cle symmetry agree.

Remark 3.3.10. It is also possible to twist (pseudo-)hyperkähler manifolds such that
the twist manifold is again (pseudo-)hyperkähler. This was done in [Swa16, Theo-
rem 5.1 and Theorem 6.1], where in this case the vector field Z is a tri-holomorphic
isometry of the original (pseudo-)hyperkähler metric.

3.3.2 Curvature under the HK/QK correspondence
We have seen above that the HK/QK correspondence can be recovered using the twist
construction (see Theorem 3.3.9). This allows us to use this powerful machinery to



58 Chapter 3. The HK/QK correspondence and the twist construction

study the properties of the quaternionic Kähler metrics we are interested in. In particu-
lar, the twist construction was used in [CST22] to obtain a tensor Rmc

H ∈ Γ((T ∗M)⊗4)
on the (pseudo-)hyperkähler manifold (M,g, I1, I2, I3) which is H -related to the (low-
ered) Riemann curvature tensor Rmc

M̄ ∈ Γ((T ∗M̄)⊗4) of the quaternionic Kähler met-
ric ḡc. In order to state this result, we need to introduce some notation.

We define the Kulkarni-Nomizu map

Γ((T ∗M)⊗4)−→ Γ(Λ2T ∗M⊗Λ
2T ∗M), Φ 7−→ Φ

?

by setting

Φ
?(A,B,C,X) := Φ(A,C,B,X)−Φ(A,X ,B,C)+Φ(B,X ,A,C)−Φ(B,C,A,X)

for arbitrary vector fields A,B,C,X on M.

We define a second map

Γ(Λ2T ∗M⊗Λ
2T ∗M)−→ Γ(Λ2T ∗M⊗Λ

2T ∗M), Φ 7−→ Φ
:

by setting

Φ
:(A,B,C,X) := Φ

?(A,B,C,X)+2Φ(A,B,C,X)+2Φ(C,X ,A,B).

For (0,2)-tensors α and β , we set

α ?β := (α ⊗β )?

and analogously we define α : β . Taking α and β symmetric one recovers the well-
known Kulkarni-Nomizu product α ?β = β ?α , which is an abstract curvature ten-
sor, i.e. a (0,4)-tensor with the symmetries of the (lowered) Riemann curvature tensor.
Taking α and β skew-symmetric, α :β = β :α is precisely six times the natural pro-
jection of the tensor 1

2(α ⊗β +β ⊗α) ∈ Γ(Sym2
Λ2T ∗M) to the subspace consisting

of abstract curvature tensors.

Now we can state the result that shows which tensor is H -related with the Riemann
curvature tensor of the quaternionic Kähler metric.

Theorem 3.3.11 ([CST22, Theorem 3.4]). Let (M,g, I1, I2, I3) be a (pseudo-)hyper-
kähler manifold equipped with HK/QK data (Z,ω1,ωH, f c

Z, f c
H) and let (M̄, ḡc,Q) be

the quaternionic Kähler manifold given by the HK/QK correspondence. Then the
(lowered) Riemann curvature Rmc

M̄ of the metric ḡc is H -related to the tensor

Rmc
H :=

1
f c
Z

RmM − 1
f c
Z f c

H
RmHK−1

8
RmHP, (8)

where RmHK and RmHP are defined by

RmHK := 1
8ωH :ωH + 1

8

3

∑
k=1

ωH(Ik·, ·)?ωH(Ik·, ·),

RmHP :=−gc
H ?gc

H −
3

∑
k=1

gc
H(Ik·, ·):gc

H(Ik·, ·).
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Note that (8) reflects a refinement of the Alekseevsky decomposition of the curvature
tensor of a quaternionic Kähler metric of reduced scalar curvature −1

8 arising from the
HK/QK correspondence (compare with Theorem 2.2.16). The first two terms on the
right correspond to the part of hyperkähler type, while the last term corresponds to −1

8
times the (formal) curvature tensor of the quaternionic projective space of unit reduced
scalar curvature. In particular, we have that both RmM and RmHK are separately gc

H-
orthogonal to RmHP.

As an application of Theorem 3.3.11, we will proof in Section 5.2 that the norm of the
curvature tensor Rmc

M̄ of the metric ḡc on the quaternionic Kähler side is not constant
if the norm of Rmc

H on the pseudo-hyperkähler side is not constant. We indeed proceed
by specializing this argument to the case of the deformed supergravity c-map.





Chapter 4

The supergravity c-map

In this last preliminary chapter we introduce the quaternionic Kähler manifolds we are
interested in this thesis, the so-called supergravity c-map spaces. In Section 4.1 we
introduce (affine and projective) special Kähler manifolds, which are the starting point
of the supergravity c-map construction. We study basic properties of them, introduce
some examples and explain a way to construct them using locally defined holomorphic
functions. Moreover, we determine the curvature tensor of any affine special Kähler
manifold. In Section 4.2 we explain that the total space of the cotangent bundle of any
affine special Kähler manifold has a canonical hyperkähler structure. These hyperkäh-
ler manifolds are known as rigid c-map spaces and in some cases they are equipped
with a rotating Killing vector field generating a rotating circle action, so we can per-
form the HK/QK correspondence. Finally, in Section 4.3 we explain the supergravity
c-map construction. This gives us a one-parameter family of quaternionic Kähler
metrics starting with a projective special Kähler manifold. We also describe the one-
parameter supergravity c-map metric in local coordinates and study some properties
of it. Furthermore, we explain that it is possible to obtain a subclass of supergravity
c-map spaces, known as supergravity q-map spaces, starting with cubic homogeneous
polynomials. As in the previous chapters, all what is presented here is well-known
and not original to this thesis. The references for each result will be properly cited.

4.1 Special Kähler geometry
Our final goal is to construct (complete) quaternionic Kähler manifolds with negative
scalar curvature. We have seen in the previous chapter that a way to do this is by
using hyperkähler manifolds of indefinite signature equipped with a rotating circle
action. Not every hyperkähler manifold admits such circle action, therefore we are
interested in construct hyperkähler manifolds in which we can perform the HK/QK
correspondence. A way to do this is by using special Kähler manifolds. Special Kähler
geometry appeared in the physics literature in global supersymmetry and supergravity
[dWVP84], and it was mathematically formulated by Freed [Fre99b]. Here we recall
some definitions and well-known properties about special Kähler manifolds. Some

61



62 Chapter 4. The supergravity c-map

other references are [ACD02, CM09].

Definition 4.1.1. Let (M,g,J) be a (pseudo-)Kähler manifold and let ω := g(J·, ·) be
the Kähler form. We say that it is an affine special Kähler (ASK) manifold if it is
equipped with a flat torsion-free connection ∇ such that ∇ω = 0 and d∇J = 0.

Lemma 4.1.2. Let (M,g,J,∇) be an ASK manifold. The condition d∇J = 0 is equiv-
alent to

(∇X J)Y = (∇Y J)X

for all X ,Y ∈ Γ(T M).

Proof. Let X ,Y ∈ Γ(T M). Then

(d∇J)(X ,Y ) = ∇X(JY )−∇Y (JX)− J([X ,Y ])
= (∇X J)Y + J(∇XY )− (∇Y J)X − J(∇Y X)− J(∇XY −∇Y X)

= (∇X J)Y − (∇Y J)X ,

where we have used that ∇ is torsion-free.

Note that ∇ is not a metric connection, otherwise it would be the Levi-Civita connec-
tion of g, since it is torsion-free. Nevertheless, the tensor ∇g satisfies the following
property.

Lemma 4.1.3. Let (M,g,J,∇) be an ASK manifold. Then ∇g is totally symmetric.

Proof. It is enough to show that (∇X g)(Y,Z) = (∇Zg)(Y,X) for X ,Y,Z ∈ Γ(T M).
Using g = ω(·,J·) we get

(∇X g)(Y,Z) = (∇X ω)(Y,JZ)+ω(Y,(∇X J)Z).

Now, using the properties of being affine special Kähler, we get the claimed result.

We are interested in a more particular kind of ASK manifolds.

Definition 4.1.4. A conical affine special Kähler (CASK) manifold (M,g,J,∇,ξ ) is
an ASK manifold (M,g,J,∇) endowed with a vector field ξ , called the Euler vector
field, such that:

• g is negative-definite on span{ξ ,Jξ} and positive-definite on its orthogonal
complement.

• Dξ = ∇ξ = Id, where D denotes the Levi-Civita connection of g.

Moreover, M is endowed with a principal C∗-action generated by ξ and Jξ .

We collect in the following proposition some well-known facts about the interaction
between the vector fields ξ and Jξ and the affine special Kähler structure (see e.g.
[CM09, CHM12]).
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Proposition 4.1.5. Let (M,g,J,∇,ξ ) be a CASK manifold. Then:

(a) The vector field ξ is holomorphic and homothetic, i.e. Lξ g = 2g.

(b) The vector field Jξ is holomorphic and Killing.

(c) The function f = 1
2g(ξ ,ξ ) is a Kähler potential for g and a ω-Hamiltonian func-

tion for Jξ , i.e. d f =−ιJξ ω =−ω(Jξ , ·).

Proof. (a) For all X ∈ Γ(T M) we have

(Lξ J)(X) = Lξ (JX)− J(Lξ X) = Dξ (JX)−DJX ξ − J(Dξ X)+ J(DX ξ ) = 0,

where we have used that D is torsion-free, DJ = 0 and Dξ = Id. Hence Lξ J = 0, i.e.
ξ is holomorphic. To see that ξ is homothetic, let X ,Y ∈ Γ(T M). Using also Dg = 0,
we obtain

(Lξ g)(X ,Y ) = g(DX ξ ,Y )+g(X ,DY ξ ) = 2g(X ,Y ).

(b) The proof of LJξ J = 0 is the same as in (a). The following shows that Jξ is
Killing:

(LJξ g)(X ,Y ) = g(DX Jξ ,Y )+g(X ,DY Jξ ) = g(JX ,Y )+g(X ,JY ) = 0,

which is zero since J is skew-symmetric.

(c) For f = 1
2g(ξ ,ξ ), we have d f = g(ξ , ·) = −ω(Jξ , ·), which means that f is a

ω-Hamiltonian function for Jξ . Now ddc f = −dJ∗d f = d(ω(ξ , ·)). Using that ∇ is
torsion-free, ∇ω = 0 and ∇ξ = Id, we obtain

d(ω(ξ , ·))(X ,Y ) = ω(∇X ξ ,Y )−ω(∇Y ξ ,X) = 2ω(X ,Y ).

Thus ω = 1
2ddc f , which means that f is a Kähler potential for ω .

Corollary 4.1.6. Let (M,g,J,∇,ξ ) be a CASK manifold. Then D(Jξ ) = ∇(Jξ ) = J.

Proof. From DJ = 0 and Dξ = Id follows D(Jξ ) = J. The condition ∇(Jξ ) = J is
equivalent to ∇ξ J = 0 since

∇X(Jξ ) = (∇X J)ξ + J(∇X ξ ) = (∇ξ J)X + JX

for all X ∈ Γ(T M). Moreover, ∇ is torsion-free and ∇ξ = Id, thus

(Lξ J)X = Lξ (JX)− J(Lξ X) = ∇ξ (JX)−∇JX ξ − J(∇ξ X)+ J(∇X ξ ) = (∇ξ J)X ,

which is zero since ξ is holomorphic by Proposition 4.1.5 (a).

The C∗-action on a CASK manifold casts it as the total space of a principal C∗-bundle.
The base of this bundle is what we call a projective special Kähler manifold.
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Definition 4.1.7. Given a CASK manifold (M,g,J,∇,ξ ), the manifold M̄ := M/C∗

inherits a (positive-definite) Kähler metric ḡ and (M̄, ḡ) is called a projective special
Kähler (PSK) manifold.

The metric ḡ on M̄ is obtained by Kähler reduction exploiting the fact that Jξ is a
Hamiltonian Killing vector field. Indeed,

M̄ = M//S1 = f−1(−1
2)/S

1 (9)

is the Kähler quotient of the CASK manifold M by the S1-action generated by Jξ .

Remark 4.1.8. In [Man21] an intrinsic characterization of PSK manifolds is pre-
sented. Here the projective special Kähler structure is reduced to data solely defined
on the manifold itself. In particular, this characterization is obtained by means of
a locally defined symmetric tensor called deviance, satisfying certain conditions: a
differential one and an algebraic one. The deviance tensor emerges from the differ-
ence between two naturally occurring connections on the CASK manifold over the
projective special Kähler one.

Remark 4.1.9. A PSK manifold M̄ is in particular a Hodge manifold, that is, a Kähler
manifold equipped with a holomorphic Hermitian line bundle L −→ M̄ with curvature
−2πiω̄ , where ω̄ is the Kähler form of M̄. This implies that [ω̄] ∈ H2(M̄,R) is an
integral class. By removing the zero section of L we obtain a C∗-bundle M −→ M̄
whose total space M has the structure of a CASK manifold (see [Fre99b, Section 4]).

Following [CST21] we introduce the natural notion of symmetry in this setting.

Definition 4.1.10.

• An automorphism of a CASK manifold (M,g,J,∇,ξ ) is a diffeomorphism of
M which preserves g, J, ∇ and ξ .

• An automorphism of a PSK manifold M̄ = M//S1 is a diffeomorphism of M̄
induced by an automorphism of the CASK manifold M.

The corresponding groups of automorphisms are denoted by Aut(M) and Aut(M̄),
respectively. At the infinitesimal level we have the following notion.

Definition 4.1.11.

• An infinitesimal automorphism of a CASK manifold (M,g,J,∇,ξ ) is a vector
field X ∈ Γ(T M) such that its local flow preserves the CASK data on M. The
Lie algebra of such vector fields is denoted by aut(M).

• An infinitesimal automorphism of a PSK manifold is a vector field X̄ induced
by an infinitesimal automorphism of the corresponding CASK manifold (which
always projects since it commutes with ξ and Jξ ). The corresponding Lie alge-
bra is denoted by aut(M̄).

It was shown in [CST21, Proposition 2.18] that aut(M) and aut(M̄) are isomorphic
when the Levi-Civita connection D and the special connection ∇ are not equal.
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4.1.1 Examples and construction of special Kähler manifolds
The very first example of an ASK manifold that one can think of is the trivial one.
Indeed, let (M,g,J) be a flat (pseudo-)Kähler manifold, i.e. the Levi-Civita connection
D of g is flat. Then (M,g,J,∇ = D) is an ASK manifold and ∇J = 0. Conversely, any
ASK manifold (M,g,J,∇) such that ∇J = 0 satisfies ∇ = D. In fact, in the case of
positive-definite ASK manifolds, the only complete examples are precisely the flat
ones.

Theorem 4.1.12 ([Lu99, Theorem 2]). Let (M,g,J,∇) be a positive-definite ASK man-
ifold. If the metric g is complete, then it is flat.

Before introducing a construction of special Kähler manifolds, which yields plenty of
non-flat examples, we show that these manifolds arise naturally in several interesting
contexts. We now explain some of them and refer to the interested reader to [Cor02]
and references therein for more details.

Example 4.1.13. Let X be a Calabi-Yau 3-fold, i.e. a compact Kähler manifold of
complex dimension 3 with holonomy group SU(3). Then X has a holomorphic volume
form volX ∈ H3,0(X), unique up to scaling. Such a pair (X ,volX) is called a gauged
Calabi-Yau 3-fold. The Kuranishi moduli space S of X is a complex manifold that
can be identified with a neighborhood of zero in H2,1(X). Denote by X −→ S the
corresponding deformation of complex structure and consider the holomorphic line
bundle H3,0(X ) −→ S with fiber H3,0(Xs) at s ∈ S. Denote by H3,0(X ) \ S the C∗-
bundle over S which is obtained from the complex line bundle H3,0(X ) by removing
the zero section S ∋ s 7−→ 0 ∈ H3,0(Xs). We think of it as the moduli space of gauged
Calabi-Yau 3-folds (Xs,vols), vols ∈ H3,0(Xs)\{0}, s ∈ S. We now define the period
map Per : S −→ P(H3(X ,C)), s 7−→ H3,0(Xs). It can be shown that the cone

MX :=
⋃
s∈S

Per(s)\{0} ⊂ H3(X ,C)

over Per(S)∼= S is canonically identified with the moduli space H3,0(X )\S of gauged
Calabi-Yau 3-folds. In this setting we have that S is a PSK manifold and MX is a
CASK manifold of complex signature (1,h2,1(X)) (see e.g. [Str90, Cor98]).

Example 4.1.14. Let X be a hyperkähler manifold. Recall that such a manifold X
is automatically Kähler of even complex dimension (say dimCX = 2n) and carries a
holomorphic symplectic structure Ω (see Proposition 3.1.3). A complex submanifold
Y ⊂ X of complex dimension n is called Lagrangian if ι∗Ω = 0, where ι : Y ↪→ X
is the inclusion map. Hitchin showed in [Hit99, Theorem 3] that the moduli space
of deformations of a compact complex Lagrangian submanifold Y of a hyperkähler
manifold X has a naturally induced (positive-definite) ASK structure.

Example 4.1.15. Recall that a Hamiltonian system is a symplectic manifold (M2n,ω)
together with a smooth function h ∈ C ∞(M) called Hamiltonian function. It gives rise
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to the Hamiltonian vector field Xh on M defined by dh = −ιXhω . A smooth function
f ∈ C ∞(M) on a Hamiltonian system is called a first integral if it is constant along
the flow generated by Xh or, equivalently, if ω(Xh,X f ) = 0. The Hamiltonian system
(M2n,ω,h) is called completely integrable if there is a proper map

F = (h = f1, f2, . . . , fn) : M −→ Rn

such that ω(X f j ,X fk) = 0 for all 1 ≤ j,k ≤ n. An algebraic completely integrable
system is the adaptation of this concept to holomorphic symplectic manifolds. In this
case we consider Hamiltonian systems for a complex-valued Hamiltonian function
h. Such a system is called algebraic completely integrable if there exists a function
F : X −→ Cn with exactly the same properties as before, where X is the holomorphic
symplectic manifold of dimCX = 2n. The generic fibers of F are complex tori of
dimension n and Lagrangian submanifolds of X . By a result of Donagi and Witten
[DW96] (see also [Fre99b, Theorem 3.4]) the base manifold of an algebraic com-
pletely integrable system is an ASK manifold. Conversely, every ASK manifold M
gives rise to an algebraic completely integrable system with total space X := T ∗M/Λ,
where Λ is a bundle of lattices. In addition, the manifold X comes equipped with a
semi-flat hyperkähler metric. This means that, with respect to this metric, each fiber
of the torus fibration π : X −→ M is flat.

Some other examples of special Kähler manifolds, in particular of PSK manifolds,
can be found in the homogeneous setting. The simplest (non-trivial) example is the
complex hyperbolic space CHn. Indeed, consider Cn+1 equipped with the pseudo-
Kähler structure determined by the Hermitian form h :=−dz0 ⊗dz̄0 +∑

n
j=1 dz j ⊗dz̄ j

and let ξ := ∑
n
j=0(z

j ∂

∂ z j + z̄ j ∂

∂ z̄ j ) be the standard Euler vector field on Cn+1. Then the
open subset

M := {z ∈ Cn+1 | h(z,z)< 0},
equipped with the above structure, is a CASK manifold. By taking the Kähler quotient
by the natural S1-action of the unit complex numbers on Cn+1 we obtain M̄ = CHn,
which is therefore a PSK manifold.

There are classifications of homogeneous PSK manifolds under various assumptions.
For instance, homogeneous PSK manifolds associated to homogeneous real affine cu-
bic hypersurfaces were completely classified in [dWVP92] and [Cor96b]; and [AC00]
includes the classification of all homogeneous PSK manifolds of a real semisimple
group.

We now present the construction of special Kähler manifolds systematically devel-
oped in [ACD02]. In fact, in this paper the authors extend the notion of special Kähler
manifolds to the non-metric realm by introducing special complex and special sym-
plectic manifolds. Nevertheless we are only interested in the special Kähler case. The
following discussion in based on this work.

First of all, a flat torsion-free connection ∇ on a manifold M defines on it an affine
structure, i.e. an atlas with affine transition functions. A function f on (M,∇) is called
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affine if ∇d f = 0. A local coordinate system (x1, . . . ,xn) on M, n = dimM, is called
affine if the x j are affine functions. Any affine local coordinate system (x1, . . . ,xn)
defines a parallel local coframe (dx1, . . . ,dxn). Conversely, since any parallel 1-form α

is locally the differential of an affine function f , given a parallel coframe (α1, . . . ,αn)
defined on a simply connected domain U ⊂ M there exist affine functions x j on U
such that dx j = α j. The tuple (x1, . . . ,xn) defines an affine local coordinate system
near each point in U , which is unique up to translations in Rn.

Definition 4.1.16. Let (M,g,J,∇) be an ASK manifold. A ∇-affine local coordinate
system {x j,y j}n

j=1 on M is called a real special coordinate system if

ω := g(J·, ·) = 2
n

∑
j=1

dx j ∧dy j.

A conjugate pair of special coordinates is a pair of holomorphic local coordinates
{z j,w j} such that {x j := Re(z j),y j := Re(w j)} is a real special coordinate system.

Theorem 4.1.17 ([ACD02, Theorem 1]). Let (M,g,J,∇) be an ASK manifold. Then M
admits a real special coordinate system near any point, unique up to affine symplectic
transformations. Moreover, near any point of M there exists a real special coordinate
system admitting a holomorphic extension to a conjugate pair of special coordinates,
i.e. there exist holomorphic functions z j and w j with Re(z j) = x j and Re(w j) = y j.

Hence, given an ASK manifold, we have a canonical set of real local ∇-affine coordi-
nates, which we will denote by

{q j}2n
j=1 := {x j,y j}n

j=1.

The construction realizes simply connected ASK manifolds as immersed complex
submanifolds of T ∗Cn, as we explain next. Let V := T ∗Cn ∼= C2n be a complex sym-
plectic vector space with canonical coordinates {z j,w j} and standard complex sym-
plectic form Ω = ∑

n
j=1 dz j ∧dw j. Let τ : V −→ V be the standard real structure with

fixed point set V τ = T ∗Rn ∼= R2n. Then γ := iΩ(·,τ·) defines a Hermitian form on V
of complex signature (n,n).

Let (M,J) be a complex manifold of complex dimension n.

Definition 4.1.18. A holomorphic immersion φ : M −→ V is called Lagrangian if
φ∗Ω = 0 and it is called non-degenerate if φ∗γ is non-degenerate.

A Lagrangian non-degenerate immersion φ : M −→ V induces on M the following
data:

• Local coordinates x j := Re(φ∗z j) and y j := Re(φ∗w j).

• A flat torsion-free connection ∇ defined by the condition ∇dx j = ∇dy j = 0 for
j = 1, . . . ,n.
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• A pseudo-Riemannian metric g := Re(φ∗γ) such that (M,g,J) is a pseudo-
Kähler manifold. Moreover, the Kähler form ω of (M,g,J) is given in the local
∇-affine coordinates {x j,y j} by ω = 2∑

n
j=1 dx j ∧dy j.

Theorem 4.1.19 ([ACD02, Theorem 3]). Let φ : M −→ V be a non-degenerate La-
grangian immersion with induced geometric data (g,∇). Then (M,g,J,∇) is an ASK
manifold.

In fact, any simply connected ASK manifold is obtained from Theorem 4.1.19.

Theorem 4.1.20 ([ACD02, Theorem 4]). Let (M,g,J,∇) be a simply connected ASK
manifold. Then it admits a non-degenerate Lagrangian immersion φ : M −→ V =
T ∗Cn inducing the data (g,∇) on M. Such φ is unique up to affine transformations of
V with linear part in Sp(R2n).

For the general case (where M is not necessarily simply connected), this gives us
a local characterization of ASK manifolds. The important advantage of this char-
acterization in terms of non-degenerate Lagrangian immersions lies in the fact that
Lagrangian immersions are locally defined by a generating function. More precisely,
let U ⊂ Cn be an open subset. We say that a 1-form ∑

n
j=1 Fj(z)dz j on U is regular if

the real matrix Im(∂Fj/∂ zk) is invertible. A holomorphic function F on U is called
non-degenerate if its differential dF is a regular holomorphic 1-form, thus a function
F on U is non-degenerate if the matrix

Im
(

∂ 2F
∂ z j∂ zk

)
in invertible. Any holomorphic 1-form φ on a domain U ⊂ Cn can be considered as a
holomorphic immersion φ : U −→V = T ∗Cn, and φ is Lagrangian if and only if it is
closed. Then we get the following.

Corollary 4.1.21 ([ACD02, Corollary 4]). Any non-degenerate local holomorphic
function on Cn defines an ASK manifold of complex dimension n. Conversely, any
ASK manifold of complex dimension n can be locally obtained in this way.

In view of Corollary 4.1.21, we can then define an ASK domain as a connected open
subset U ⊂ Cn together with a non-degenerate holomorphic function F defining an
ASK structure on U via the real special coordinates x j := Re(z j) and y j := Re( ∂F

∂ z j ).
Such a function is called a holomorphic prepotential. Hence, we can rephrase the
above discussion as that every ASK manifold is locally an ASK domain.

If we specialize to CASK manifolds, we further need the conjugate pair of special
coordinates {z j,w j} to be chosen in such a way that the C∗-action generated by the
vector fields ξ and Jξ acts on them by complex multiplication [ACD02, Theorem 5].
Then these coordinates are called conical conjugate pairs of special coordinates and
the corresponding real coordinates, x j := Re(z j) and y j := Re(w j), are simply called
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conical special real coordinates. Note that in these coordinates the Euler vector field
ξ takes the form

ξ =
n

∑
j=1

(
x j ∂

∂x j + y j
∂

∂y j

)
=

2n

∑
j=1

q j ∂

∂q j .

To get an analogous result of Theorem 4.1.19 for CASK manifolds, we need the holo-
morphic immersion φ : M −→V = T ∗Cn being conical, that is, for every point x ∈ M
and every neighborhood U of x there exist neighborhoods U1 of 1 ∈ C∗ and Ux of x
such that λφ(Ux) ⊂ φ(U) for all λ ∈ U1. Notice that we do not require the image
φ(M) to be a complex cone, i.e. (globally) invariant under the C∗-action on V .

Theorem 4.1.22 ([ACD02, Theorem 8]). Let φ : M −→V be a conical non-degenerate
Lagrangian immersion with induced geometric data (g,∇,ξ ). Then (M,g,J,∇,ξ ) is
a CASK manifold.

We also have that locally any CASK manifold is obtained in this way.

Theorem 4.1.23 ([ACD02, Theorem 9]). Let (M,g,J,∇,ξ ) be a simply connected
CASK manifold. Then it admits a conical non-degenerate Lagrangian immersion
φ : M −→V = T ∗Cn inducing the data (g,∇,ξ ) on M. Such φ is unique up to linear
transformations of V in Sp(R2n).

We observe that in this case, to get a analogous result as Corollary 4.1.21, we need
the non-degenerate function F on the open subset U ⊂ Cn being conical, that is, F is
locally homogeneous of degree 2, i.e. F(λ z) = λ 2F(z) for all z ∈ U and all λ near
1 ∈ C∗. Then we have:

Corollary 4.1.24 ([ACD02, Corollary 6]). Any conical non-degenerate local holo-
morphic function on Cn defines a CASK manifold of complex dimension n. Conversely,
any CASK manifold of complex dimension n can be locally obtained in this way.

Similarly as before, we now define a CASK domain as a C∗-invariant connected
open subset U ⊂ Cn together with a conical non-degenerate holomorphic function F ,
i.e. a locally homogeneous function of degree 2, defining a CASK structure on U . As
before, every CASK manifold is locally a CASK domain.

As a final remark, notice that the local structure of CASK manifolds is reflected in the
local structure of PSK manifolds. Indeed, let M be a simply connected CASK mani-
fold and let M̄ = M/C∗ be the corresponding PSK manifold. Then the holomorphic
immersion φ : M −→V = T ∗Cn of Theorem 4.1.23 induces a holomorphic immersion
φ̄ : M̄ −→ P(V )∼=CP2n−1. Thus PSK manifolds arise locally as open subsets of com-
plex projective spaces. In other words, a PSK manifold is locally a PSK domain, that
is Ū :=U/C∗ ⊂ CPn−1, where U ⊂ Cn is a CASK domain.
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4.1.2 Curvature of ASK manifolds
Further properties of special Kähler manifolds can be studied. In particular, we can
determine the curvature tensor of any ASK manifold. Here we use the Einstein sum-
mation convention when working on local coordinates.

First of all, we compute the Christoffel symbols of the Levi-Civita connection D of
the ASK metric g in local ∇-affine coordinates {q j}, whose existence is guaranteed
by Theorem 4.1.17.

Lemma 4.1.25. Let (M,g,J,∇) be an ASK manifold. Then the Christoffel symbols of
D in ∇-affine coordinates are given by

Γi jk =
1
2∂ig jk.

Proof. Let {qi} be a set of local ∇-affine coordinates on M. This implies that ∇∂i = 0
for all i, where ∂i := ∂

∂qi . Then

(∇∂ jg)(∂i,∂k) = ∂ jg(∂i,∂k)−g(∇∂ j∂i,∂k)−g(∂i,∇∂ j∂k) = ∂ jgik.

Since (∇∂ jg)(∂i,∂k) = (∇∂k
g)(∂i,∂ j) = ∂kgi j by Lemma 4.1.3, the Christoffel symbols

are given by
Γi jk =

1
2(∂ig jk +∂ jgik −∂kgi j) =

1
2∂ig jk.

Let (M,g,J,∇) be an ASK manifold. We define the tensor field

S := g−1
∇g ∈ Γ(T ∗M⊗End(T M)).

In ∇-affine coordinates {qi}, this is given by

Sk
i j = gkm(∇g)i jm = 2gkm

Γi jm = 2Γ
k
i j. (10)

The following three results are well-known in special Kähler geometry (see e.g. [Fre99b,
ACD02]).

Lemma 4.1.26. Let (M,g,J,∇) be an ASK manifold. Then the tensor S satisfies the
following properties:

(a) g(SXY,Z) = g(SX Z,Y ),

(b) SXY = SY X,

for all vector field X ,Y,Z ∈ Γ(T M).

Proof. Since S = g−1∇g, we have that g(SXY,Z) = (∇X g)(Y,Z). Since ∇ω = 0 and
g = ω(·,J·), we furthermore have g(SXY,Z) = ω(Y,(∇X J)Z) (see also the proof of
Lemma 4.1.3).

Part (a) now follows from the fact that the metric g is symmetric. Part (b) follows
from part (a), the condition (∇X J)Z − (∇ZJ)X = (d∇J)(X ,Z) = 0 and the fact that g
is non-degenerate.
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Proposition 4.1.27. Let (M,g,J,∇) be an ASK manifold. Then D−∇ = 1
2S , where D

is the Levi-Civita connection of g.

Proof. Let D̃ := ∇+ 1
2S . As the Levi-Civita connection is the unique torsion-free

connection preserving the metric g, the result will follow if we can show that D̃ is
torsion-free and metric.

Since ∇ is torsion-free and SXY = SY X , it follows that D̃ is also torsion-free. Now let
us check that D̃ is metric. For X ,Y,Z ∈ Γ(T M) we have

(D̃X g)(Y,Z) = Xg(Y,Z)−g(D̃XY,Z)−g(Y, D̃X Z)

= Xg(Y,Z)−g(∇XY,Z)−g(Y,∇X Z)− 1
2g(SXY,Z)− 1

2g(Y,SX Z)

= (∇X g)(Y,Z)− 1
2(∇X g)(Y,Z)− 1

2(∇X g)(Z,Y ) = 0,

where in the last step we have used that ∇g is totally symmetric.

Specializing to CASK manifolds we furthermore have:

Corollary 4.1.28. Let (M,g,J,∇,ξ ) be a CASK manifold. Then:

(a) Sξ X = SX ξ = 0,

(b) SJξ X = SX Jξ = 0,

for all X ∈ Γ(T M).

Proof. By Proposition 4.1.27 we have 1
2S = D−∇. Part (a) follows from Dξ = ∇ξ =

Id and part (b) from Corollary 4.1.6.

We now proceed to compute the curvature of an ASK manifold.

Proposition 4.1.29. Let (M,g,J,∇) be an ASK manifold. Then the curvature R of the
Levi-Civita connection D is

R(X ,Y ) =−1
4 [SX ,SY ]. (11)

Proof. Since D = ∇+ 1
2S by Proposition 4.1.27, the curvature is

R(X ,Y ) = [DX ,DY ]−D[X ,Y ]

= [∇X ,∇Y ]−∇[X ,Y ]+
1
2 [∇X ,SY ]− 1

2 [∇Y ,SX ]− 1
2S[X ,Y ]+

1
4 [SX ,SY ]

= 1
2 [∇X ,SY ]− 1

2 [∇Y ,SX ]− 1
2S[X ,Y ]+

1
4 [SX ,SY ],

where we have used that ∇ is flat. On the other hand, we have SX = g−1(∇X g), thus

[∇X ,SY ] = [∇X ,g−1(∇Y g)] = ∇X(g−1(∇Y g))−g−1((∇Y g)∇X)

= (∇X g−1)∇Y g+g−1(∇X(∇Y g))−g−1((∇Y g)∇X)

= (∇X g−1)∇Y g+g−1(∇X ∇Y g)+g−1((∇Y g)∇X)−g−1((∇Y g)∇X)

=−g−1((∇X g)g−1(∇Y g))+g−1(∇X ∇Y g).
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Using again that ∇ is flat, we get

[∇X ,SY ]− [∇Y ,SX ]−S[X ,Y ] =−g−1((∇X g)g−1(∇Y g))+g−1((∇Y g)g−1(∇X g)),

which is also equal to −[SX ,SY ]. Putting everything together we obtain

R(X ,Y ) =−1
2 [SX ,SY ]+

1
4 [SX ,SY ] =−1

4 [SX ,SY ].

As an immediate consequence of (11) and Corollary 4.1.28, we obtain the well-known
result that the Riemann curvature of any Kähler cone vanishes when applied to vector
fields generating the C∗-action.

Corollary 4.1.30. Let (M,g,J,∇,ξ ) be a CASK manifold. Then:

(a) R(ξ , ·)·= R(·,ξ )·= R(·, ·)ξ = 0.

(b) R(Jξ , ·)·= R(·,Jξ )·= R(·, ·)Jξ = 0.

Finally, we compute the Riemann curvature tensor of an ASK manifold in local ∇-
affine coordinates.

Corollary 4.1.31. Let (M,g,J,∇) be an ASK manifold. Then the (0,4)-Riemann cur-
vature tensor Rm in ∇-affine coordinates is given by

Rmi jkℓ = gℓm(Γ
p
ikΓ

m
jp −Γ

p
jkΓ

m
ip).

Proof. By Proposition 4.1.29, we have R(X ,Y ) = −1
4 [SX ,SY ] for all X ,Y ∈ Γ(T M).

In local ∇-affine coordinates we get

Rmi jkℓ = Rm(∂i,∂ j,∂k,∂ℓ) = g(R(∂i,∂ j)∂k,∂ℓ) =−1
4g([S∂i,S∂ j ]∂k,∂ℓ)

=−1
4g(S∂iS∂ j∂k,∂ℓ)+

1
4g(S∂ jS∂i∂k,∂ℓ) =−1

4S
p
jkS

m
ipgmℓ+

1
4S

p
ikS

m
jpgmℓ

= gℓm(Γ
p
ikΓ

m
jp −Γ

p
jkΓ

m
ip),

where in the last equation we have used (10).

We can give an alternative proof without using (11). Indeed, the (0,4)-Riemann cur-
vature tensor of a Riemannian manifold is given in local coordinates by

Rmi jkℓ = gℓm(∂iΓ
m
jk −∂ jΓ

m
ik +Γ

p
jkΓ

m
ip −Γ

p
ikΓ

m
jp).

By Lemma 4.1.25, the Christoffel symbols of the Levi-Civita connection D of the
metric g are Γm

jk =
1
2∂ jgkrgrm, expressed in the local ∇-affine coordinates {qi}. Then

we get

∂iΓ
m
jk =

1
2∂i∂ jgkrgrm + 1

2∂ jgrk∂igrm

= 1
2∂i∂ jgkrgrm − 1

2∂ jgkrgrα
∂igαβ gβm

= 1
2∂i∂ jgkrgrm −2Γ

α
jkΓ

m
iα ,
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which implies that ∂iΓ
m
jk −∂ jΓ

m
ik = −2(Γα

jkΓm
iα −Γα

ikΓm
jα). Hence the Riemann curva-

ture Rm is given in these coordinates by

Rmi jkℓ =−gℓm(Γ
p
jkΓ

m
ip −Γ

p
ikΓ

m
jp) = gℓm(Γ

p
ikΓ

m
jp −Γ

p
jkΓ

m
ip).

4.2 Rigid c-map spaces
As we have already mentioned, our main reason to introduce and study (affine) special
Kähler manifolds is that its cotangent bundle has the structure of a pseudo-hyperkähler
manifold. Moreover, in the case of a CASK manifold, its cotangent bundle even pos-
sesses a rotating circle action, so it is possible to perform the HK/QK correspondence
in these spaces.

Let us consider an ASK manifold (M,g,J,∇). As we said, we will discuss the natural
geometric structure that exists on its cotangent bundle N = T ∗M. For this, it will be
useful to recall some basic facts about vector bundles (see e.g. [MS22]).

Let π : E −→ M be a vector bundle over a manifold M. We can pull E back to a bundle
over its total space: π∗E −→ E. This bundle always admits a tautological section
Φ ∈ Γ(π∗E), which assigns to the point e ∈ E the value e. In the case where E = T ∗M,
this is precisely (one interpretation of) the tautological 1-form λ . The tangent vectors
to the fibers of E determine a canonical vertical distribution T VE ⊂ T E, which is
moreover canonically isomorphic to π∗E. The corresponding isomorphism is denoted
by

V : π
∗E −→ T VE.

In the case where E = T ∗M, local coordinates {q j} on M induce canonical coordinates
{q j, p j} on T ∗M and the isomorphism V : π∗(T ∗M)−→ T V(T ∗M) is implemented by
mapping π∗(dq j) to ∂

∂ p j
.

Now assume that E comes equipped with some connection ∇. Then we may use the
pullback connection on π∗E to compute (π∗∇)Φ. The assignment X 7−→ (π∗∇)X Φ,
where X ∈ Γ(T E), then provides a left inverse to V . Thus, a vector field X is deter-
mined by (π∗∇)X Φ ∈ Γ(π∗E) and π∗(X) ∈ Γ(π∗(T M)). This is just another way of
phrasing the fact that a connection on E induces a splitting T E ∼= π∗(T M)⊕π∗E. In
particular, for E = T ∗M we obtain the splitting T (T ∗M)∼= π∗(T M)⊕π∗(T ∗M). More
precisely, using the flat torsion-free connection ∇ on M, we can identify

T N = T (T ∗M) = T HN ⊕T VN ∼= π
∗(T M)⊕π

∗(T ∗M),

where π : N = T ∗M −→ M is the canonical projection, T VN = ker(dπ) is the vertical
distribution and T HN is the horizontal distribution defined by ∇. Then, given a vector
field X ∈ Γ(T N), we will think of its horizontal component XH as a section of π∗(T M)
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and its vertical component XV as a section of π∗(T ∗M). Using these identifications,
we may define the following tensor fields on N = T ∗M:

gN :=
(

g 0
0 g−1

)
, I1 :=

(
J 0
0 J∗

)
, I2 :=

(
0 −ω−1

ω 0

)
, I3 := I1I2. (12)

It was first pointed out in the physics literature [CFG89], and then mathematically
described in [Fre99b, Theorem 2.1] and [ACD02, Theorem 11], that the tensors in-
troduced in (12) define a pseudo-hyperkähler structure on the cotangent bundle on an
ASK manifold.

Theorem 4.2.1. Let (M,g,J,∇) be an ASK manifold. Then the metric gN and the
almost complex structures I1, I2 and I3 given by (12) define a pseudo-hyperkähler
structure on N = T ∗M.

Definition 4.2.2. The construction of the pseudo-hyperkähler manifold N from the
ASK manifold M as explained above is known as the rigid c-map. A manifold in the
image of the rigid c-map is called a rigid c-map space.

Then the rigid c-map assigns to each ASK manifold (M,g,J,∇) of real dimension 2n
a pseudo-hyperkähler manifold (N = T ∗M,gN , I1, I2, I3) of real dimension 4n. More-
over, if the pseudo-Kähler metric g has signature (2n−2p,2p), p = 0, . . . ,n, then the
pseudo-hyperkähler metric gN has signature (4n−4p,4p).

Remark 4.2.3. In [MS15], the rigid c-map construction is obtained by using the lan-
guage of principal bundles. They even conclude in [MS15, Proposition 2.4] that The-
orem 4.2.1 is in fact an equivalence. Indeed, if M is a Kähler manifold such that the
tensors (12) on T ∗M define a hyperkähler structure, then M has to be an ASK mani-
fold. They also point out in [MS15, Remark 2.5] that in general the hyperkähler metric
obtained from the rigid c-map is different from the hyperkähler metrics on cotangent
bundles constructed by Feix [Fei01] and Kaledin [Kal01].

If we star with a CASK manifold, we moreover have the vector fields ξ and Jξ gen-
erating a C∗-action. So in this case the rigid c-map space enjoys some additional
properties.

Proposition 4.2.4 ([ACM13, Proposition 2]). Let (M,g,J,∇,ξ ) be a CASK manifold
and define on the associated rigid c-map space (N = T ∗M,gN , I1, I2, I3) the following
data:

Z :=−J̃ξ , ω1 := gN(I1·, ·), ωH := ω1 +dιZgN ,

fZ :=−1
2gN(Z,Z), fH := 1

2gN(Z,Z),

where J̃ξ denotes the horizontal lift of Jξ with respect to ∇. Then

LZgN = 0, LZω2 = ω3, ιZω1 =−d fZ, ιZωH =−d fH.
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Note that Proposition 4.2.4 implies that Z is a rotating Killing vector field that gener-
ates a rotating circle action on the pseudo-hyperkähler manifold N. This implies that
we are able to apply the HK/QK correspondence to N to construct quaternionic Kähler
manifolds, which is our final goal. Therefore, from now on we will always assume
that the rigid c-map space is also equipped with the rotating Killing vector field Z and
its corresponding rotating isometric circle action.

We have then the following definition of an automorphism on a rigid c-map space.

Definition 4.2.5. A diffeomorphism ϕ : N −→ N is called an automorphism of the
rigid c-map structure, or equivalently of the pseudo-hyperkähler structure with ro-
tating circle action, if it preserves gN , I1, I2, I3 and f c

Z := fZ − 1
2c.

Note that an automorphism in the above sense automatically commutes with the ro-
tating circle action. The group of all automorphisms of the rigid c-map structure is
denoted by AutS1(N). The subgroup of ω1-Hamiltonian automorphisms is denoted by
HamS1(N).

In this situation, where we have a hyperkähler structure with a rotating circle action,
the canonical closed 2-form ωH = ω1 +dιZgN is of type (1,1) with respect to each Ik
[CST22, Lemma 2.7]. Note that any vector field which is ω1-Hamiltonian and pre-
serves Z and gN is automatically ωH-Hamiltonian as well. This applies, in particular,
to the rotating Killing field Z, whose Hamiltonian function with respect to ωH we de-
note by f c

H := fH − 1
2c (see also Proposition 4.2.4). In the following, we will focus on

Hamiltonian functions with respect to ωH rather than ω1.

There are two important sources of Hamiltonian automorphisms of the rigid c-map
structure: canonical lifts of CASK automorphisms and translations in the fibers. We
will study them in detail in Section 5.3 and we will see how do they transform under
the HK/QK correspondence, interpreted as a twist, in Section 5.4.

For completeness of the exposition we mention that in the case of the rigid c-map the
closed 2-form ωH is in fact symplectic.

Proposition 4.2.6. Let (M,g,J,∇,ξ ) be a CASK manifold and (N =T ∗M,gN , I1, I2, I3)
the associated rigid c-map space. Then the canonical 2-form ωH = ω1 +dιZgN asso-
ciated with the rotating Killing field Z is a symplectic structure.

Proof. Since the 1-form ιZgN is the pull-back of α := −ιJξ g we can calculate its
differential as π∗dα , where dα can be expressed as twice the skew-symmetric part of
the Levi-Civita covariant derivative

Dα =−g(D(Jξ ), ·) =−g(J·, ·) =−ω.

Since this is skew-symmetric, we see that dιZgN = π∗dα =−2π∗ω . This shows that

ωH =

(
−ω 0

0 ω−1

)
, (13)

from where we see that ωH is non-degenerate, hence symplectic.
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Incidentally, the above expression for ωH shows that the endomorphism

IH := g−1
N ωH =

(
−J 0
0 J∗

)
is a gN-skew-symmetric almost complex structure, which obviously commutes with
I1, I2 and I3. In this way we recover the statement that ωH is of type (1,1) for the three
complex structures.

We moreover observe the following fact.

Corollary 4.2.7. Let (M,g,J,∇,ξ ) be a CASK manifold. Then the associated rigid
c-map space (N = T ∗M,gN , I1, I2, I3) carries a canonical almost Kähler structure
(gN , IH).

4.3 Supergravity c-map spaces
We have explained in Section 4.2 that given a CASK manifold (M,g,J,∇,ξ ), its cotan-
gent bundle N = T ∗M is a pseudo-hyperkähler manifold equipped with a rotating
Killing vector field Z = −J̃ξ generating a rotating circle action (see Theorem 4.2.1
and Proposition 4.2.4). Moreover, since g(ξ ,ξ )< 0 by definition of the CASK struc-
ture, we have

fZ :=−1
2gN(Z,Z) =−1

2π
∗g(ξ ,ξ )> 0,

fH := fZ +gN(Z,Z) = 1
2gN(Z,Z)< 0.

(14)

We therefore have a pseudo-hyperkähler manifold N = T ∗M equipped with HK/QK
data Z, ω1 = gN(I1·, ·), ωH = ω1 + dιZgN and Hamiltonian functions f c

Z := fZ − 1
2c

and f c
H := fH − 1

2c, where c ∈ R is a constant such that the inequalities in (14) are
still satisfied. Hence, if we apply the HK/QK correspondence (see Theorem 3.2.4)
to the rigid c-map space N with this HK/QK data we then get a quaternionic Kähler
manifold (N̄,gc

N̄ ,Q) with positive-definite metric gc
N̄ and negative scalar curvature.

In [CGS23], the composition of the rigid c-map and the HK/QK correspondence, to-
gether with the choice of the Hamiltonian functions (14), is called the supergravity
c-map. Nevertheless, whenever the supergravity c-map is referred to in the literature
(both mathematical and physical), the input of such construction is a PSK manifold in-
stead of a CASK manifold. However, recall that given a CASK manifold M, the orbit
space of the C∗-action M̄ = M/C∗ is a PSK manifold. Conversely, given a PSK man-
ifold, the total space of a C∗-bundle over it is a CASK manifold (see Remark 4.1.9),
so there is a one-to-one correspondence between them. Hence we adopt the classical
nomenclature for the supergravity c-map.

Definition 4.3.1. The construction of the quaternionic Kähler manifold N̄ from the
PSK manifold M̄ as explained above is known as the supergravity c-map. A manifold
in the image of the supergravity c-map is called a supergravity c-map space.
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Given a positive-definite PSK manifold of real dimension 2n, the corresponding CASK
manifold has signature (2n,2) and the composition of the rigid c-map and the HK/QK
correspondence gives us then a positive-definite quaternionic Kähler manifold of real
dimension 4n+ 4 and negative scalar curvature. We can state the following result to
summarize our discussion (see also [ACDM15, Theorem 5]).

Theorem 4.3.2. The supergravity c-map assigns to each positive-definite PSK mani-
fold a positive-definite quaternionic Kähler manifold with negative scalar curvature.

The following diagram summarizes this construction:

M2n+2 (CASK) N4n+4 (HK)

M̄2n (PSK) N̄4n+4 (QK)

rigid c-map

HK/QKC∗

supergravity c-map

(15)

We have already pointed out at the end of Section 3.2 that there is a freedom of adding
a constant c ∈ R to the Hamiltonian functions f c

Z and f c
H (which explains the super-

script c). This implies that the HK/QK correspondence produces a one-parameter
family of quaternionic Kähler manifolds, and then so does the supergravity c-map.
The case c = 0 is distinguished and is called the undeformed supergravity c-map,
while the remaining cases are collectively referred to as the deformed supergravity
c-map.

The original description of the supergravity c-map is given in term of some local co-
ordinates [FS90]. Although we will not use this local description to prove our mains
results, it is useful to deduce some important properties of supergravity c-map spaces,
such as the existence of large groups of isometries or the completeness of the quater-
nionic Kähler metric.

4.3.1 Supergravity c-map in local coordinates
Throughout this and the following subsection we use the Einstein summation con-
vention to work with local coordinates and the notation and conventions of [CT22b],
which slightly differ from the ones used before in this work.

Let M be a CASK domain. Recall that this is an open subset M ⊂Cn+1 \{0} invariant
under the usual C∗-action on Cn+1\{0} by multiplication together with a holomorphic
function F : M −→ C homogeneous of degree 2 with respect to the C∗-action. With
respect to the natural holomorphic coordinates (X0, . . . ,Xn) of M, the matrix

τi j :=
(

∂ 2F
∂X i∂X j

)
satisfies that Im(τi j) has signature (n,1) and Im(τi j)X iX̄ j < 0 for X ∈ M.
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From these data we obtain a CASK manifold (M,g,J,∇,ξ ) by

g = Im(τi j)dX idX̄ j, ω = g(J·, ·) = i
2 Im(τi j)dX i ∧dX̄ j, ξ = X i ∂

∂X i + X̄ i ∂

∂ X̄ i ,

and the flat connection ∇ is defined such that

dxi := Re(dX i) and dyi :=−Re(d( ∂F
∂X i )) (16)

is a flat frame of T ∗M.

In the case of a CASK domain, ξ and Jξ generate a free C∗-action on M, so we can
perform the Kähler quotient to obtain a PSK domain (M̄, ḡ) as explained in (9). The
relation between the coordinates {X i}n

i=0 on M and the coordinates {za}n
a=1 of M̄ is

given by X i

X0 = zi and z0 := 1.

Now consider the manifold N̄ := M̄ ×R>0 ×R2n+3, where n = dimC M̄, with global
coordinates on N̄ given by (za,ρ, ζ̃i,ζ

i,σ)∈ M̄×R>0×R2n+2×R, where i= 0, . . . ,n.
Furthermore, we define

Ni j :=−2Im(τi j), Wi := dζ̃i − τi jdζ
j, K := Ni jziz̄ j. (17)

With respect to these coordinates we define the metric gN̄ on N̄ by

gN̄ := ḡ+
1

4ρ2 dρ
2 − 1

4ρ
(Ni j − 2

K
ziz̄ j)WiW̄j +

1
64ρ2 (dσ + ζ̃idζ

i −ζ
idζ̃i)

2, (18)

where ḡ is the PSK metric and Ni j denotes the inverse matrix of Ni j.

In principle, the expression for the metric gN̄ depends on the coordinates chosen on
the PSK domain M̄. Moreover, if we consider a PSK manifold covered by PSK do-
mains {M̄α}, we need to check whether all the quaternionic Kähler metrics defined
on the corresponding spaces N̄α patch to a globally well-defined metric. This problem
was solved in [CHM12, Theorem 9], where it is shown that the quaternionic Kähler
manifold N̄ constructed from all the {N̄α} does neither depend on the covering {M̄α}
of M̄ nor on the choice of coordinates on the domains M̄α . Hence we obtain a globally
defined quaternionic Kähler metric starting with a PSK manifold.

The metric gN̄ corresponds to the metric of the undeformed supergravity c-map space
introduced before, i.e. the case c = 0. This metric is sometimes called the Ferrara-
Sabharwal metric after the physicists who first explicitly described it [FS90]. They
showed that this metric is quaternionic Kähler of negative scalar curvature by direct
computation. An alternative proof of this fact is due to Hitchin [Hit09].

Let (M̄, ḡ) be a PSK domain and N̄ = M̄ ×G the corresponding quaternionic Kähler
manifold with the Ferrara-Sabharwal metric gN̄ = ḡ+gG, where

gG :=
1

4ρ2 dρ
2 − 1

4ρ
(Ni j − 2

K
ziz̄ j)WiW̄j +

1
64ρ2 (dσ + ζ̃idζ

i −ζ
idζ̃i)

2.
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In [CHM12] the authors show that, for a fixed x ∈ M̄, gG(x) can be considered as
a left-invariant Riemannian metric on a certain Lie group diffeomorphic to R2n+4.
The Lie group G is defined by the following group multiplication on R2n+4 (see also
[CT22b, Equation 2.13]):

(r, η̃i,η
i,κ) · (ρ, ζ̃i,ζ

i,σ) = (rρ, η̃i +
√

rζ̃i,η
i +

√
rζ

i,κ + rσ +
√

r(η i
ζ̃i − η̃iζ

i)).

The Lie group G is isomorphic to the solvable Iwasawa subgroup of SU(1,n+ 2),
which acts simply transitively on the complex hyperbolic space of complex dimen-
sion n + 2. In fact, the Lie group G is a 1-dimensional solvable extension of the
Heisenberg group Heis2n+3 of dimension 2n+3, which is parameterized by the coor-
dinates (ζ̃i,ζ

i,σ) ∈ R2n+3. In general, when M̄ is a PSK manifold instead of a PSK
domain, we have the structure of a bundle of Lie groups π : N̄ −→ M̄, where each fiber
is isomorphic to the solvable Lie group G equipped with a left-invariant metric. Hence
each fiber is homogeneous. Moreover, the Lie group G acts by isometries on (N̄,gN̄).
Using this description, it is possible to determine when the quaternionic Kähler metric
is complete.

Theorem 4.3.3 ([CHM12, Theorem 10]). Let (M̄, ḡ) be a PSK manifold and (N̄,gN̄ ,Q)
the associated undeformed supergravity c-map space. If (M̄, ḡ) is complete, so is
(N̄,gN̄).

Thus we have a very simple criterion to determine the completeness of the undeformed
supergravity c-map metric.

Now we proceed to give an expression in local coordinates of the deformed super-
gravity c-map metric, sometimes called the one-loop deformed supergravity c-map
metric due to its physical origins [RSV06].

Similarly as in the undeformed case, let (M̄, ḡ) be a PSK domain of complex dimen-
sion n with coordinates {za}. We consider N̄ := M̄ ×R>0 ×R2n+3 with global coor-
dinates (za,ρ, ζ̃i,ζ

i,σ) and define the metric gc
N̄ on N̄ by

gc
N̄ :=

ρ + c
ρ

ḡ+
1

4ρ2
ρ +2c
ρ + c

dρ
2 − 1

4ρ
(Ni j − 2(ρ + c)

ρK
ziz̄ j)WiW̄j

+
1

64ρ2
ρ + c

ρ +2c
(dσ + ζ̃idζ

i −ζ
idζ̃i −4cdcK)2,

(19)

where Ni j, Wi and K are as in (17), K :=− logK, dc := i(∂̄ −∂ ) and

dcK =−i
Ni j

Nkℓzkz̄ℓ
(zidz̄ j − z̄ jdzi).

A first observation is that for c = 0 we recover the undeformed supergravity c-map
(18), so g0

N̄ = gN̄ . It is known that this metric is in general incomplete for c < 0
[ACDM15, Remark 9]. Hence we will assume that c ≥ 0 from now on.
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Note that as in the undeformed case, we have to consider whether the metric gc
N̄ is

globally well-defined in the case that M̄ is a PSK manifold. This was solved in
[CDS17, Theorem 12], where it was found that the local metrics can be patched
together precisely if the coordinate σ is periodic with length 2πc, c > 0, that is
σ ∈ S1

c :=R/2πcZ. Notice that S1
c can be identified with S1 =R/2πZ by [x] 7−→ [cx]

if c > 0 and that S1
0 = R.

The proof that gc
N̄ , c > 0, is in fact a positive-definite quaternionic Kähler metric was

first obtained in [ACDM15, Theorem 5]. To show by direct computation that gc
N̄

is quaternionic Kähler is considerably hard, so the problem was divided in two steps.
The first one was showing that if one starts with a PSK manifold M̄, and apply the rigid
c-map to the corresponding CASK manifold M and then the HK/QK correspondence
to N = T ∗M, one gets a quaternionic Kähler manifold N̄. The second step was showing
that the metric obtained by this indirect method coincides locally with the expression
of gc

N̄ in local coordinates given by (19).

One of the first remarkable features of the deformed supergravity c-map metric is that
its local geometry does not depend on the particular choice of constant c > 0.

Proposition 4.3.4 ([CDS17, Proposition 10]). Let (M̄, ḡ) be a PSK manifold and gc1
N̄ ,

gc2
N̄ deformed supergravity c-map metrics for c1,c2 > 0. Then (N̄,gc1

N̄ ) and (N̄,gc2
N̄ ) are

locally isometric.

Recall that in the undeformed case we have a solvable Lie group G of dimension 2n+4
acting by isometries on (N̄,gN̄). However, for c > 0, we only have the nilradical of G,
which is the group Heis2n+3, acting by isometries on (N̄,gc

N̄), whose action is the same
as in the undeformed case. This action preserves the fibers of π : N̄ −→ M̄, although
they are not longer homogeneous.

Although there is no general theorem asserting completeness for deformed supergrav-
ity c-map metrics arising from complete PSK manifold as in the undeformed case (see
Theorem 4.3.3), there are partial results that cover the most important known exam-
ples of negative quaternionic Kähler manifolds.

The first completeness result is established under the additional assumption of regular
boundary behavior for the initial PSK manifold. The precise meaning of this was
introduced in [CDS17].

Definition 4.3.5. A CASK manifold with regular boundary behavior is a CASK
manifold (M,g,J,∇,ξ ) which admits an embedding ι : M −→ M into a manifold
with boundary M such that ι(M) = M̊ := M \ ∂M and the tensor fields (g,J,ξ )
smoothly extend to M such that, for all boundary points x ∈ ∂M we have f (x) = 0,
d fx ̸= 0, where f = 1

2g(ξ ,ξ ), and gx is negative semi-definite on Tx∂M∩ J(Tx∂M)
with kernel spanR{ξx,Jξx}.

As in the case of empty boundary, we will assume that ξ and Jξ generate a principal
C∗-action on the manifold M. Then M̄ = M/C∗ is a manifold with boundary and
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its interior M̄ = M/C∗ is a PSK manifold with PSK metric ḡ. If the manifold M̄
with boundary is compact, then we will call (M̄, ḡ) a PSK manifold with regular
boundary behavior.

Theorem 4.3.6 ([CDS17, Theorem 7]). Let (M̄, ḡ) be a PSK manifold with regular
boundary behavior. Then (M̄, ḡ) is complete.

Now we can state the following completeness result for the deformed supergravity
c-map metric.

Theorem 4.3.7 ([CDS17, Theorem 13]). Let (M̄, ḡ) be a PSK manifold with regular
boundary behavior and (N̄,gc

N̄ ,Q) the associated supergravity c-map space. Then
(N̄,gc

N̄) is complete for all c ≥ 0.

Example 4.3.8 ([CDS17, Example 14]). The PSK manifold CHn with quadratic holo-
morphic prepotential F = i

2((z
0)2 −∑

n
j=1(z

j)2) has regular boundary behavior. Thus
Theorem 4.3.6 implies the completeness of CHn. It is well-known (see e.g. [dWVP92,
Table 2]) that (N̄,gN̄) is isometric to the Wolf space of non-compact type

SU(n+1,2)
S(U(n+1)×U(2))

. (20)

Then, as a corollary of Theorem 4.3.7 (see also [CDS17, Corollary 15]), we get that
the deformed supergravity c-map space (N̄,gc

N̄) is complete.

In the next subsection we explain in detail the second completeness result of deformed
supergravity c-map metrics. This result assumes that the PSK manifold is obtained
from a cubic homogeneous polynomial, which give rise to a special class of super-
gravity c-map spaces.

4.3.2 Supergravity q-map spaces
Supergravity q-map spaces are a special class of supergravity c-map spaces. These
arise as the composition of the supergravity r-map and the supergravity c-map. As
we have seen (see Theorem 4.3.2), the supergravity c-map produces (a one-parameter
family of) quaternionic Kähler metrics from a PSK manifold, while the supergravity
r-map produces a PSK manifold from a projective special real manifold. We introduce
these concepts and study their completeness properties. We use again the notation and
conventions of [CT22b] and the Einstein summation convention. For further details
we refer to the interested reader to [CDL14, CDS17, CDJL21] and references therein.

Definition 4.3.9. A projective special real (PSR) manifold is a Riemannian mani-
fold (H,gH) such that H ⊂ Rn is a hypersurface and there is a homogeneous cubic
polynomial h : Rn −→ R satisfying

• H ⊂ {t ∈ Rn | h(t) = 1}.
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• gH :=−∂ 2h|TH×TH.

We denote the coordinates of Rn by ta, where a = 1, . . . ,n. In particular we write h as
follows:

h(ta) =
1
6

kabctatbtc,

where the coefficients kabc ∈ R are symmetric in the indices.

Let us consider a PSR manifold (H,gH) defined by the real cubic homogeneous h and
let U := R>0 ·H ⊂ Rn \{0}. The pair (U ,gU := −∂ 2h) is sometimes called conical
affine special real (CASR) manifold [CDM18]. We define M̄ := Rn + iU ⊂ Cn with
the canonical holomorphic structure, where global holomorphic coordinates are given
by za := ba + ita ∈ Rn + iU . On M̄ we consider the metric

ḡ :=
∂ 2K

∂ za∂ z̄b dzadz̄b,

where K := − logK(t) and K(t) := 8h(t) = 4
3kabctatbtc. Then it can be shown that

(M̄, ḡ) is a PSK manifold [CHM12]. In fact, one can find the following explicit ex-
pression for a PSK metric coming from a PSR manifold:

ḡ =−1
4

∂ 2 logh(t)
∂ ta∂ tb (dbadbb +dtadtb)

=

(
−kabctc

4h(t)
+

kacdkbe f tctdtet f

(4h(t))2

)
(dbadbb +dtadtb).

Definition 4.3.10. The construction of the PSK manifold M̄ from the PSR manifold
H as explained above is known as the supergravity r-map. A manifold in the image
of the supergravity r-map is called a supergravity r-map space.

Remark 4.3.11. A manifold in the image of the supergravity r-map is also called a
projective very special Kähler manifold.

Remark 4.3.12. A similar diagram as (15) can be constructed in the case of special
real geometry by introducing the rigid r-map and the ASK/PSK correspondence (see
[CDM18] for details):

U n (CASR) M2n (ASK)

Hn−1 (PSR) M̄2n (PSK)

rigid r-map

ASK/PSK

supergravity r-map

R>0

Given a supergravity r-map space (M̄, ḡ), its corresponding CASK manifold is defined
via the CASK domain (M,F), where M ⊂ Cn+1 is given by

M := {(X0, . . . ,Xn) = X0 · (1,z) ∈ Cn+1 | X0 ∈ C∗,z ∈ M̄} (21)

and

F(X) =−h(X1, . . . ,Xn)

X0 =−1
6

kabc
XaXbXc

X0 .
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Remark 4.3.13. Note that for a CASK manifold M determined by a PSR manifold
H as above, the functions xi := Re(X i) and yi := −Re( ∂F

∂X i ) are globally defined and
their differentials (16) give rise to a parallel frame of T ∗M, hence Hol(∇) is trivial
(this ensures that the action of R2n given by Proposition 5.3.3 is global). In fact, the
flat connection ∇ on any CASK domain has trivial holonomy.

Due to the following two results, projective special real geometry constitutes a pow-
erful tool for the construction of complete PSK manifolds.

Theorem 4.3.14 ([CHM12, Theorem 4]). Let (H,gH) be a PSR manifold and (M̄, ḡ)
the associated supergravity r-map space. If (H,gH) is complete, so is (M̄, ḡ).

The question of completeness for a PSR manifold (H,gH) reduces to a simple topo-
logical question for the hypersurface H ⊂ Rn:

Theorem 4.3.15 ([CNS16, Theorem 2.5]). Let (H,gH) be a PSR manifold of dimen-
sion n−1. Then (H,gH) is complete if and only if the subset H ⊂ Rn is closed.

We can now consider the composition of the supergravity r-map and the supergravity
c-map to construct quaternionic Kähler manifolds from cubic homogeneous polyno-
mials.

Definition 4.3.16. The construction of the quaternionic Kähler manifold N̄ from the
PSR manifold H given by the composition of the supergravity r-map and the super-
gravity c-map is known as the supergravity q-map. A manifold in the image of the
supergravity q-map is called a supergravity q-map space.

Then the supergravity q-map assigns to each PSR manifold (H,gH) of dimension
n− 1 a quaternionic Kähler manifold (N̄,gc

N̄ ,Q) of dimension 4n+ 4 and negative
scalar curvature.

Since the supergravity c-map depends on a parameter, so does the supergravity q-map.
Thus we can also talk about undeformed and deformed supergravity q-map spaces.

The completeness of an undeformed supergravity q-map space is guaranteed by The-
orem 4.3.3 and Theorem 4.3.14, as long as the starting PSR manifold is complete. For
the deformed case we have the following result.

Theorem 4.3.17 ([CDS17, Theorem 27]). Let (H,gH) be a complete PSR manifold
and (N̄,gc

N̄ ,Q) the associated supergravity q-map space. Then (N̄,gc
N̄) is complete

for all c ≥ 0.

Recall that all homogeneous negative quaternionic Kähler manifolds are Alekseevsky
spaces (see Theorem 2.4.6) and these are precisely the Wolf spaces of non-compact
type and four discrete infinite families of non-symmetric spaces (see Theorem 2.4.5).
It is known (see [dWVP92] and references therein) that except for quaternionic hyper-
bolic spaces HHn, all Alekseevsky spaces are in the image of the supergravity c-map.
While the series (20) of Hermitian non-compact Wolf spaces can be obtained via the
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supergravity c-map from the PSK manifold CHn (see also Example 4.3.8), which is
not in the image of the supergravity r-map, all the other Alekseevsky spaces are in the
image of the supergravity q-map.

Summarizing what we have discussed so far, we get the following corollary.

Corollary 4.3.18. All homogeneous negative quaternionic Kähler manifolds except
the quaternionic hyperbolic spaces admit a one-parameter deformation by complete
quaternionic Kähler metrics of negative scalar curvature.

For completeness of the exposition, we explain why the quaternionic hyperbolic spaces
are not supergravity c-map spaces.

Proposition 4.3.19. The quaternionic hyperbolic space HHn is not a supergravity
c-map space for any n ≥ 1.

Proof. To proof this fact we look at the totally geodesic Kähler submanifolds com-
patible with the quaternionic structure. Due to the work of [AM01], we know that
the maximal possible dimension of a Kähler submanifold compatible with the quater-
nionic structure of a quaternionic Kähler manifold of dimension 4n is 2n. In the case
of HHn the only totally geodesic Kähler submanifolds of (real) dimension 2n com-
patible with the quaternionic structure are the complex hyperbolic spaces CHn (up to
isometries of the ambient space). On the other hand, any supergravity c-map space of
dimension 4n has a totally geodesic Kähler submanifold compatible with the quater-
nionic structure of the form CH1×M̄, where M̄ is the underlying PSK manifold of di-
mension 2n−2. In fact, the submanifold CH1×M̄ ⊂ N̄ is obtained as the fixed point
set of the isometric involution expressed in standard fiber coordinates (ρ,σ , ζ̃i,ζ

i),
i = 1, . . . ,2n, by (ρ,σ , ζ̃i,ζ

i) 7−→ (ρ,σ ,−ζ̃i,−ζ i). Since CHn is irreducible, we see
that HHn is not a supergravity c-map space if n > 1. The case n = 1 is also excluded,
since the supergravity c-map space associated with a PSK manifold reduced to a point
is CH2 (belonging to the Hermitian symmetric series) and not HH1.

Example 4.3.20. As an example of the supergravity q-map construction, let

H = {1}= {t ∈ R | h(t) = t3 = 1} ⊂ R

be the only 0-dimensional PSR manifold. The associated undeformed supergravity
q-map space N̄ is isometric to the 8-dimensional Wolf space of non-compact type
G∗

2/SO(4), where G∗
2 denotes the (unique) non-compact real form of G2. The quater-

nionic Kähler manifold N̄ admits a deformation by a parameter c > 0 to another com-
plete quaternionic Kähler manifold which is in turn not locally homogeneous (see
[CDS17, Example 28]). This result will be generalized in Theorem 5.2.6.

As a final remark, it was shown in [CDJL21, Theorem 22] that there exist complete
PSR manifolds Hn−1 ⊂Rn in each dimension n > 1 such that their corresponding un-
deformed supergravity q-map spaces are not locally homogeneous. In particular, they
obtain examples of complete quaternionic Kähler manifolds of negative scalar curva-
ture in all dimensions ≥ 12 for which the isometry group acts with cohomogeneity
one [CDJL21, Theorem 3].



Chapter 5

Curvature and symmetries of
supergravity c-map spaces

In this first original chapter, we present the results of the study of some curvature and
symmetry properties of deformed supergravity c-map spaces. More precisely, in Sec-
tion 5.1 we compute a formula for the Riemann curvature tensor of the rigid c-map
metric in terms of tensors of the ASK manifold. We apply this formula to the case
where the base manifold is CASK, relevant for the supergravity c-map construction.
In Section 5.2 we obtain one of the main results of this thesis. Here we show that
every deformed supergravity c-map space is not locally homogeneous. As a corollary,
we obtain that the deformed supergravity c-map applied to a simply connected homo-
geneous PSK manifold gives us a complete cohomogeneity one quaternionic Kähler
manifold of negative scalar curvature. Section 5.3 contains some known results on two
ways to obtain Hamiltonian automorphisms of a rigid c-map space and how these au-
tomorphisms interact. Finally, in Section 5.4 we first explain how to construct a global
action on the trivial circle bundle over the rigid c-map space used in the HK/QK cor-
respondence (seen as a twist). Then we show that this action restricts to an effective
an isometric action on the quaternionic Kähler manifold, considered as a submanifold
of the total space of the circle bundle, for the case of supergravity q-map spaces. This
gives us the second main result of the thesis.

5.1 Curvature of rigid c-map spaces

The main purpose of this section is to obtain an explicit expression for the Riemann
curvature tensor of a rigid c-map space N = T ∗M purely in terms of the ASK structure
of M. This section contains the results of [CGS23, Section 3.1]. Here we use the
Einstein summation convention when working on local coordinates.

As noted in Section 4.2, the tangent space T N = T (T ∗M) of the total space of the
cotangent bundle N = T ∗M of an ASK manifold M can be identified, using the flat
connection ∇, with π∗(T M)⊕π∗(T ∗M). This allows us to relate the Riemann curva-
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ture of gN to pullbacks of tensor fields defined on the base M.

The computation of the Riemann curvature tensor RmN is long but straightforward.
We will divide it in several steps. First, we compute the Levi-Civita connection DN

and the Christoffel symbols ΓN of the rigid c-map metric gN in terms of the Christof-
fel symbols Γ of the ASK metric g. After this, we compute the Riemann curvature
tensor RmN in local coordinates. Finally, we express the curvature in a coordinate
independent way.

Let (M,g,J,∇) be an ASK manifold and let {q j} be a set of ∇-affine local coordinates
given by Theorem 4.1.17. Consider the induced coordinates {q j, p j} on N = T ∗M.
Recall that we have the orthogonal decomposition T N = T HN ⊕T VN, so we denote

∂ j :=
∂

∂q j ∈ Γ(T HN) and ∂k̃ :=
∂

∂ pk
∈ Γ(T VN).

Lemma 5.1.1. Let (M,g,J,∇) be an ASK manifold and let {q j, p j} be local coordi-
nates on the associated rigid c-map space (N = T ∗M,gN , I1, I2, I3). Then:

(1) The Levi-Civita connection DN of gN is given by

gN(DN
∂i

∂ j,∂k) = Γi jk,

gN(DN
∂i

∂ j,∂k̃) = 0,

gN(DN
∂i

∂ j̃,∂k) = 0,

gN(DN
∂i

∂ j̃,∂k̃) =−Γ
jk
i ,

gN(DN
∂ĩ

∂ j,∂k) = 0,

gN(DN
∂ĩ

∂ j,∂k̃) =−Γ
ik
j ,

gN(DN
∂ĩ

∂ j̃,∂k) = Γ
i j
k ,

gN(DN
∂ĩ

∂ j̃,∂k̃) = 0.

(2) The Christoffel symbols ΓN of gN are given by

(ΓN)s
i j = Γ

s
i j,

(ΓN)t̃
i j = 0,

(ΓN)s
i j̃ = 0,

(ΓN)t̃
i j̃ =−Γ

j
it ,

(ΓN)s
ĩ j = 0,

(ΓN)t̃
ĩ j =−Γ

i
jt ,

(ΓN)s
ĩ j̃ = Γ

i js,

(ΓN)t̃
ĩ j̃ = 0.

Proof. (1) For the following computations recall the Koszul formula

2gN(DN
XY,Z) = XgN(Y,Z)+Y gN(X ,Z)−ZgN(X ,Y )

−gN([Y,Z],X)−gN([X ,Z],Y )+gN([X ,Y ],Z)

and the fact that coordinate vector fields always commute.

The ASK manifold M is a totally geodesic submanifold of N since M is the set of fixed
points of the isometry (q, p) 7−→ (q,−p). This implies that DN

∂i
∂ j is again horizontal,

thus we get
gN(DN

∂i
∂ j,∂k) = Γi jk and gN(DN

∂i
∂ j,∂k̃) = 0,
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since the decomposition T N = T HN ⊕T VN is orthogonal.

Let us compute the other terms of the Levi-Civita connection DN . We apply the Koszul
formula, the fact that gN only depends on the {q j} coordinates and that horizontal and
vertical vector fields are perpendicular:

2gN(DN
∂i

∂ j̃,∂k) = ∂igN(∂ j̃,∂k)+∂ j̃gN(∂i,∂k)−∂kgN(∂i,∂ j̃) = ∂ j̃gik = 0.

Since the Christoffel symbols of g are given by Γi jk =
1
2∂ig jk by Lemma 4.1.25, we

get:

2gN(DN
∂i

∂ j̃,∂k̃) = ∂igN(∂ j̃,∂k̃)+∂ j̃gN(∂i,∂k̃)−∂k̃gN(∂i,∂ j̃) = ∂ig jk

=−g js
∂igstgtk =−2Γ

j
itg

tk =−2Γ
jk
i .

Using moreover that DNgN = 0, the other terms are computed in a similar way:

2gN(DN
∂ĩ

∂ j,∂k) = ∂ĩgN(∂ j,∂k)+∂ jgN(∂ĩ,∂k)−∂kgN(∂ĩ,∂ j) = ∂ĩg jk = 0,

2gN(DN
∂ĩ

∂ j,∂k̃) = ∂ĩgN(∂ j,∂k̃)+∂ jgN(∂ĩ,∂k̃)−∂k̃gN(∂ĩ,∂ j) = ∂ jgik

=−gis
∂ jgstgtk =−2Γ

i
jtg

tk =−2Γ
ik
j ,

gN(DN
∂ĩ

∂ j̃,∂k) = ∂ĩgN(∂ j̃,∂k)−gN(∂ j̃,D
N
∂ĩ

∂k) = Γ
i j
k ,

2gN(DN
∂ĩ

∂ j̃,∂k̃) = ∂ĩgN(∂ j̃,∂k̃)+∂ j̃gN(∂ĩ,∂k̃)−∂k̃gN(∂ĩ,∂ j̃)

= ∂ĩg
jk +∂ j̃g

ik −∂k̃gi j = 0.

(2) We only prove the first formula since the other ones are proved in a similar way.
Using (1) we have that

(ΓN)s
i jgsr = gN((Γ

N)s
i j∂s,∂r) = gN(DN

∂i
∂ j,∂r) = Γi jr.

Therefore we obtain

(ΓN)u
i j = (ΓN)s

i jgsrgru = Γi jrgru = Γ
u
i j.

In particular, we note that the Christoffel symbols ΓN of gN only depend on the coor-
dinates {q j} of M.

Using the information obtained in Lemma 5.1.1, we are able to compute the Riemann
curvature tensor RmN in local coordinates.
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Proposition 5.1.2. Let (M,g,J,∇) be an ASK manifold and let {q j, p j} be local co-
ordinates on the associated rigid c-map space (N = T ∗M,gN , I1, I2, I3). Then:

(RmN)i jkℓ = Γ
s
ikΓ jsℓ−Γ

s
jkΓisℓ,

(RmN)i jkℓ̃ = 0,

(RmN)ĩ j̃kℓ = Γ
i
ksΓ

js
ℓ −Γ

j
ksΓ

is
ℓ ,

(RmN)i j̃kℓ̃ =−1
2∂i∂kgsrgr jgsℓ+2Γ

sℓ
k Γ

j
is +Γ

j
ksΓ

sℓ
i +Γ

s
ikΓ

jℓ
s ,

(RmN)ĩ j̃k̃ℓ = 0,

(RmN)ĩ j̃k̃ℓ̃ = Γ
iks

Γ
jℓ
s −Γ

jks
Γ

iℓ
s .

Proof. We compute each term although all computations will be similar. First of all,
recall that the Christoffel symbols ΓN of gN only depend on the base coordinates {q j}.
For the first term we have

gN(DN
∂i

DN
∂ j

∂k,∂ℓ) = gN(DN
∂i
((ΓN)s

jk∂s +(ΓN)t̃
jk∂t̃),∂ℓ) = gN(DN

∂i
(Γs

jk∂s),∂ℓ)

= ∂iΓ
s
jkgN(∂s,∂ℓ)+Γ

s
jkgN(DN

∂i
∂s,∂ℓ)

= ∂iΓ
s
jkgsℓ+Γ

s
jkΓisℓ,

thus
(RmN)i jkℓ = (∂iΓ

s
jk −∂ jΓ

s
ik)gsℓ+Γ

s
jkΓisℓ−Γ

s
ikΓ jsℓ.

The first summand is equal to (see proof of Corollary 4.1.31)

(∂iΓ
s
jk −∂ jΓ

s
ik)gsℓ =−2(Γα

jkΓ
s
iα −Γ

α
ikΓ

s
jα)gsℓ =−2(Γα

jkΓiαℓ−Γ
α
ikΓ jαℓ).

Then we obtain
(RmN)i jkℓ = Γ

s
ikΓ jsℓ−Γ

s
jkΓisℓ.

For the second term we have

gN(DN
∂i

DN
∂ j

∂k,∂ℓ̃) = gN(DN
∂i
((ΓN)s

jk∂s +(ΓN)t̃
jk∂t̃),∂ℓ̃) = gN(DN

∂i
(Γs

jk∂s),∂ℓ̃)

= ∂iΓ
s
jkgN(∂s,∂ℓ̃)+Γ

s
jkgN(DN

∂i
∂s,∂ℓ̃) = 0,

hence (RmN)i jkℓ̃ = 0. For the third term we have

gN(DN
∂ĩ

DN
∂ j̃

∂k,∂ℓ) = gN(DN
∂ĩ
((ΓN)s

j̃k∂s +(ΓN)t̃
j̃k∂t̃),∂ℓ)

= (ΓN)t̃
j̃kgN(DN

∂ĩ
∂t̃ ,∂ℓ) =−Γ

j
ktΓ

it
ℓ ,

hence
(RmN)ĩ j̃kℓ = Γ

i
ktΓ

jt
ℓ −Γ

j
ktΓ

it
ℓ .
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For the fourth term we have

gN(DN
∂i

DN
∂ j̃

∂k,∂ℓ̃) = gN(DN
∂i
((ΓN)s

j̃k∂s +(ΓN)t̃
j̃k∂t̃),∂ℓ̃) =−gN(DN

∂i
(Γ

j
kt∂t̃),∂ℓ̃)

=−∂iΓ
j
ktgN(∂t̃ ,∂ℓ̃)−Γ

j
ktgN(DN

∂i
∂t̃ ,∂ℓ̃)

=−∂iΓ
j
ktg

tℓ+Γ
j
ktΓ

tℓ
i ,

gN(DN
∂ j̃

DN
∂i

∂k,∂ℓ̃) = gN(DN
∂ j̃
((ΓN)s

ik∂s +(ΓN)t̃
ik∂t̃),∂ℓ̃)

= (ΓN)s
ikgN(DN

∂ j̃
∂s,∂ℓ̃) =−Γ

s
ikΓ

jℓ
s .

The derivative of the Christoffel symbol Γ of g is given by

∂iΓ
j
kt =

1
2∂i∂kgtrgr j −2Γ

α
ktΓ

j
iα ,

so we have

∂iΓ
j
ktg

tℓ = 1
2∂i∂kgtrgr jgtℓ−2Γ

αℓ
k Γ

j
iα .

Therefore

(RmN)i j̃kℓ̃ =−1
2∂i∂kgsrgr jgsℓ+2Γ

sℓ
k Γ

j
is +Γ

j
ksΓ

sℓ
i +Γ

s
ikΓ

jℓ
s .

For the fifth term we have

gN(DN
∂ĩ

DN
∂ j̃

∂k̃,∂ℓ) = gN(DN
∂ĩ
((ΓN)s

j̃k̃∂s +(ΓN)t̃
j̃k̃∂t̃),∂ℓ) = (ΓN)s

j̃k̃gN(DN
∂ĩ

∂s,∂ℓ) = 0,

so (RmN)ĩ j̃k̃ℓ = 0. For the last term we have

gN(DN
∂ĩ

DN
∂ j̃

∂k̃,∂ℓ̃) = gN(DN
∂ĩ
((ΓN)s

j̃k̃∂s +(ΓN)t̃
j̃k̃∂t̃),∂ℓ̃)

= (ΓN)s
j̃k̃gN(DN

∂ĩ
∂s,∂ℓ̃) =−Γ

jks
Γ

iℓ
s .

Therefore (RmN)ĩ j̃k̃ℓ̃ = ΓiksΓ
jℓ
s −Γ jksΓiℓ

s .

The last step is to express the formulas obtained in Proposition 5.1.2 in a coordinate
independent way in terms of tensors defined on the base manifold M.

Lemma 5.1.3. Let (M,g,J,∇) be an ASK manifold and let {q j, p j} be local coordi-
nates on the associated rigid c-map space (N = T ∗M,gN , I1, I2, I3). Then the curvature
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tensor RmN of N obtained in Proposition 5.1.2 can be expressed as follows:

(RmN)i jkℓ =−1
4g([S∂i,S∂ j ]∂k,∂ℓ),

(RmN)i jkℓ̃ = 0,

(RmN)ĩ j̃kℓ =−1
4g([S(dqi)♯,S(dq j)♯]∂k,∂ℓ),

(RmN)i j̃kℓ̃ =
1
2g(S∂iS∂k

(dqℓ)♯,(dq j)♯)

+ 1
4g(S∂k

S∂i(dqℓ)♯,(dq j)♯)

+ 1
4g(S∂i∂k,S(dq j)♯(dqℓ)♯)

− 1
2(∇

2
∂i,(dq j)♯g)(∂k,(dqℓ)♯),

(RmN)ĩ j̃k̃ℓ = 0,

(RmN)ĩ j̃k̃ℓ̃ =−1
4g([S(dqi)♯,S(dq j)♯](dqk)♯,(dqℓ)♯).

Proof. For the first term, by looking at the proof of Corollary 4.1.31, we have

(RmN)i jkℓ =−1
4g([S∂i,S∂ j ]∂k,∂ℓ) = gℓm(Γ

p
ikΓ

m
jp −Γ

p
jkΓ

m
ip) = Γ

p
ikΓ jpℓ−Γ

p
jkΓipℓ.

Notice that ∂ĩ ∈Γ(T VN) corresponds to the 1-form dqi on M and (dqi)♯ = giu∂u. Then,
for the third term we have

(RmN)ĩ j̃kℓ =−1
4g([S(dqi)♯,S(dq j)♯]∂k,∂ℓ) =−1

4giug jvg([S∂u,S∂v]∂k,∂ℓ)

= giug jv(Γp
ukΓvpℓ−Γ

p
vkΓupℓ) = Γ

ip
k Γ

j
pℓ−Γ

jp
k Γ

i
pℓ

= Γ
i
kpΓ

jp
ℓ −Γ

j
kpΓ

ip
ℓ ,

where in the last equality we have used that (RmN)ĩ j̃kℓ =−(RmN)ĩ j̃ℓk.

For the fourth term, first recall that S∂i∂ j = Sk
i j∂k and Sk

i j = 2Γk
i j by (10). We compute

each of the summands:

1
2g(S∂iS∂k

(dqℓ)♯,(dq j)♯) = 1
2g jvgℓxg(S∂iS∂k

∂x,∂v) =
1
2S

α
kxS

β

iαg jvgℓxgβv

= 2Γ
α
kxΓ

β

iαg jvgℓxgβv = 2Γ
αℓ
k Γ

j
iα ,

1
4g(S∂k

S∂i(dqℓ)♯,(dq j)♯) = Γ
αℓ
i Γ

j
kα
,

1
4g(S∂i∂k,S(dq j)♯(dqℓ)♯) = 1

4g jvgℓxg(S∂i∂k,S∂v∂x) =
1
4S

α
ikSβ

vxg jvgℓxgαβ

= Γ
α
ikΓ

β
vxg jvgℓxgαβ = Γ

α
ikΓ

jℓ
α ,

−1
2(∇

2
∂i,(dq j)♯g)(∂k,(dqℓ)♯) =−1

2g jvgℓx(∇2
∂i,∂v

g)(∂k,∂x) =−1
2g jvgℓx(∇2g)ivkx

=−1
2g jvgℓx∂i∂vgkx =−1

2g jvgℓx∂i∂kgvx,

where in the last equality we have used that ∂vgkx = ∂kgvx since (∇g)i jk = ∂ig jk is
totally symmetric by Lemma 4.1.3. Adding all the summands we get the fourth term.
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For the last term we have

(RmN)ĩ j̃k̃ℓ̃ =−1
4g([S(dqi)♯,S(dq j)♯](dqk)♯,(dqℓ)♯)

=−1
4giug jvgkwgℓxg([S∂u,S∂v ]∂w,∂x)

= giug jvgkwgℓx(Γp
uwΓvpx −Γ

p
vwΓupx)

= Γ
ikp

Γ
jℓ
p −Γ

jkp
Γ

iℓ
p .

After these computations, we can state the formula for the curvature tensor of any
rigid c-map space.

Theorem 5.1.4. Let (M,g,J,∇) be an ASK manifold and (N = T ∗M,gN , I1, I2, I3) the
associated rigid c-map space. Then the curvature tensor RmN of N is given by

RmN(AH,BH,CH,XH) =−1
4g
(
[SAH ,SBH]CH,XH),

RmN(AH,BH,CH,XV) = 0,

RmN(AH,BH,CV,XV) =−1
4g
(
[SAH ,SBH](CV)♯,(XV)♯

)
,

RmN(AH,BV,CH,XV) = 1
2g
(
SAHSCH(XV)♯,(BV)♯

)
+ 1

4g
(
SCHSAH(XV)♯,(BV)♯

)
+ 1

4g
(
SAHCH,S(BV)♯(X

V)♯
)

− 1
2

(
∇

2
AH,(BV)♯g

)(
CH,(XV)♯

)
,

RmN(AH,BV,CV,XV) = 0,

RmN(AV,BV,CV,XV) =−1
4g
(
[S(AV)♯,S(BV)♯](C

V)♯,(XV)♯
)
,

where A,B,C,X ∈ TpN, p ∈ N, and XH ∈ T H
p N, XV ∈ T V

p N are, respectively, hori-
zontal and vertical components. Moreover, on the right-hand side of these formulas,
horizontal and vertical vectors are identified with elements of Tπ(p)M and T ∗

π(p)M,

respectively, and α♯ ∈ Tπ(p)M denotes the metric dual of α ∈ T ∗
π(p)M.

Proof. As we have explained, this result is obtained from a long but straightforward
computation in local coordinates {q j, p j} on N induced by local ∇-affine coordinates
{q j} on M. First, in Lemma 5.1.1 we compute the Christoffel symbols of (N,gN) in
terms of the Christoffel symbols of (M,g) given in (10). Then, in Proposition 5.1.2
we compute the curvature tensor of (N,gN) in terms of the tensor S and the curvature
tensor of (M,g), given in Proposition 4.1.29 also in terms of S . We conclude in
Lemma 5.1.3 by expressing the final result in a coordinate independent way using
only the above intrinsic identifications and basic properties of ASK manifolds (such
as the complete symmetry of ∇g).

Note that the remaining components of the Riemann curvature follow from the above
by symmetries of the curvature tensor and that ∇2g coincides with ∇S, where S is the
totally symmetric (0,3)-tensor which corresponds to the (1,2)-tensor S .
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Corollary 5.1.5. Let (M,g,J,∇) be an ASK manifold and (N = T ∗M,gN , I1, I2, I3) the
associated rigid c-map space. If ∇ = D, where D is the Levi-Civita connection of g,
then RmN = 0.

Proof. If ∇ = D, then ∇g = 0 since the Levi-Civita connection is metric. This implies
that S = g−1∇g = 0 and then RmN = 0 by Theorem 5.1.4.

In the case where the ASK manifold M is furthermore CASK, we can say something
additional.

Proposition 5.1.6. Let (M,g,J,∇,ξ ) be a CASK manifold and (N =T ∗M,gN , I1, I2, I3)
the associated rigid c-map space. Denote Z := (HZ)∗ and Z⊥ := ((HZ)⊥)∗. Then
the curvature tensor RmN of N is a section of the subbundle

Sym2(Λ2Z⊥)⊕
(
Λ

2Z⊥∨ (Z⊥∧Z)
)
⊂ Sym2(Λ2T ∗N),

where we are using the isomorphism T ∗N ∼= (HZ)∗⊕ ((HZ)⊥)∗ corresponding to the
decomposition T N = HZ ⊕ (HZ)⊥ and ∨ denotes the symmetric tensor product. In
particular, RmN(A,B,C,X) = 0 if at least two of the vectors A,B,C,X belong to HZ.

Proof. We have seen that the curvature of N is completely determined by tensors on
the base M. Under the identifications T H

p N ∼= Tπ(p)M and T V
p N ∼= T ∗

π(p)M the hori-
zontal vector fields Z, I1Z on N are identified with the vector fields −Jξ ,ξ on M, and
the vertical vector fields I2Z, I3Z with the 1-forms ξ ♭,(−Jξ )♭ (with the convention
ω = g(J·, ·)). Every term in Theorem 5.1.4 can be expressed in terms of the tensor
S . From Corollary 4.1.28 we know that S vanishes on ξ and Jξ , therefore all the
curvature elements are zero taking into account that S and ∇2g are totally symmetric.
In fact, the total symmetry of S = ∇g was stated in Lemma 4.1.26 and implies that of
∇S = ∇2g using that ∇2

A,Bg = ∇2
B,Ag since ∇ is flat.

5.2 Norm of the curvature tensor
The purpose of this section is to show that any deformed supergravity c-map is not
locally homogeneous. This section contains the results of [CGS23, Section 3.2].

Let us start by defining what is a locally homogeneous manifold.

Definition 5.2.1. Let (M,g) be a Riemannian manifold of dimension n. We say that it
is locally homogeneous if for all x ∈ M there exist n Killing vector fields defined in a
neighborhood of x which are linearly independent at x.

Note that a function on a connected locally homogeneous Riemannian manifold which
is invariant under any locally defined isometry is necessarily constant. Thus, to show
that a Riemannian manifold is not locally homogeneous, it is enough to show that a
scalar curvature invariant is not constant. Since quaternionic Kähler manifolds are
Einstein (see Theorem 2.2.13), the scalar curvature is constant, so we have to use
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another scalar curvature invariant, namely the (square of the) norm of the curvature
tensor.

We now show that the norm of the curvature of the deformed supergravity c-map
metric gc

N̄ associated to the PSK manifold M̄ is not constant on the manifold N̄ for
c > 0. Since

gc
N̄ ∼H gc

H and Rmc
N̄ ∼H Rmc

H

by Theorem 3.3.9 and Theorem 3.3.11, respectively, this is equivalent to show that the
function ∥Rmc

H∥2
gc

H
is not constant on the rigid c-map space N = T ∗M, where M is the

CASK manifold associated to M̄.

In order to compute this norm, we work in a gN-orthonormal frame {ei,εµ} of T N that
is adapted to the quaternionic distribution HZ = span{Z, I1Z, I2Z, I3Z}. This means
that {ei} span the distribution HZ and {εµ} span the orthogonal complement (HZ)⊥.

In terms of this frame, the norm of an abstract (0,4)-curvature tensor C with respect
to the metric gc

H is given by

∥C∥2
gc

H
= ĝc

H(C,C) =
( f c

Z)
8

( f c
H)

4 ∑C(ei,e j,ek,eℓ)2 −4
( f c

Z)
7

( f c
H)

3 ∑C(εµ ,e j,ek,eℓ)2

+2
( f c

Z)
6

( f c
H)

2 ∑C(εµ ,εν ,ek,eℓ)2 +4
( f c

Z)
6

( f c
H)

2 ∑C(εµ ,e j,ελ ,eℓ)
2

−4
( f c

Z)
5

f c
H

∑C(εµ ,εν ,ελ ,eℓ)
2 +( f c

Z)
4
∑C(εµ ,εν ,ελ ,εσ )

2,

where ĝc
H :=

(
(gc

H)
−1)⊗4 denotes the metric on the bundle (T ∗N)⊗4 induced by gc

H.

Let us now specialize Theorem 3.3.11 to the case of the deformed supergravity c-map.
Since the decomposition between the hyperkähler part and the projective quaternionic
space part is orthogonal, we have

∥Rmc
H∥2

gc
H
=

1
( f c

Z)
2∥RmN∥2

gc
H
+

1
( f c

Z)
2( f c

H)
2∥RmHK∥2

gc
H

+
2

( f c
Z)

2 f c
H

ĝc
H(RmN ,RmHK)+

1
64

∥RmHP∥2
gc

H
.

The final term 1
64∥RmHP∥2

gc
H

is just a constant depending only on the dimension of N.
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Meanwhile the remaining terms can be computed to be

1
( f c

Z)
2∥RmN∥2

gc
H
=

( f c
Z)

6

( f c
H)

4 RN
0 −4

( f c
Z)

5

( f c
H)

3 RN
1 +2

( f c
Z)

4

( f c
H)

2 RN
2a

+4
( f c

Z)
4

( f c
H)

2 RN
2b −4

( f c
Z)

3

f c
H

RN
3 +( f c

Z)
2RN

4 ,

1
( f c

Z)
2( f c

H)
2∥RmHK∥2

gc
H
=

( f c
Z)

6

( f c
H)

6 RHK
0 −4

( f c
Z)

5

( f c
H)

5 RHK
1 +2

( f c
Z)

4

( f c
H)

4 RHK
2a

+4
( f c

Z)
4

( f c
H)

4 RHK
2b −4

( f c
Z)

3

( f c
H)

3 RHK
3 +

( f c
Z)

2

( f c
H)

2 RHK
4 ,

1
( f c

Z)
2 f c

H
ĝc

H(RmN ,RmHK) =
( f c

Z)
6

( f c
H)

5 RC
0 −4

( f c
Z)

5

( f c
H)

4 RC
1 +2

( f c
Z)

4

( f c
H)

3 RC
2a

+4
( f c

Z)
4

( f c
H)

3 RC
2b −4

( f c
Z)

3

( f c
H)

2 RC
3 +

( f c
Z)

2

f c
H

RC
4 .

In the above, we have introduced the notation

RN
0 := ∑RmN(ei,e j,ek,eℓ)2,

RN
2a := ∑RmN(εµ ,εν ,ek,eℓ)2,

RN
3 := ∑RmN(εµ ,εν ,ελ ,eℓ)

2,

RN
1 := ∑RmN(εµ ,e j,ek,eℓ)2,

RN
2b := ∑RmN(εµ ,e j,ελ ,eℓ)

2,

RN
4 := ∑RmN(εµ ,εν ,ελ ,εσ )

2.

The terms of the form RHK and RC (where C stands for “cross-terms”) are defined in a
similar way, for example, RC

0 :=∑RmN(ei,e j,ek,eℓ)RmHK(ei,e j,ek,eℓ). In particular,
all the terms RN and RHK are non-negative functions since they are sums of squares,
and by virtue of Proposition 5.1.6, RN

I = RC
I = 0 for I = 0,1,2a,2b.

To show that a function on a manifold is not constant, it is enough to find a direction
such that the derivative of the function in that direction is not zero. The function we
are interested in differentiate is ∥Rmc

H∥2
gc

H
on the rigid c-map space N = T ∗M, and as a

direction we will take Ξ ∈ Γ(T N), the natural lift of the Euler vector field ξ ∈ Γ(T M)
to N, which is given in local ∇-affine coordinates {q j, p j} by

Ξ := ∑

(
q j ∂

∂q j + p j
∂

∂ p j

)
. (22)

The vector field Ξ has the following properties.

Lemma 5.2.2. Let (M,g,J,∇,ξ ) be a CASK manifold and (N = T ∗M,gN , I1, I2, I3)
the associated rigid c-map space. The vector field Ξ given by (22) is tri-holomorphic
and moreover satisfies

LΞgN = 2gN , LΞωH = 2ωH, LΞ fZ = 2 fZ, LΞ fH = 2 fH.



5.2. Norm of the curvature tensor 95

Proof. We use the Einstein summation convention in this proof. With respect to the
local ∇-affine coordinates {q j, p j}, the pseudo-hyperkähler structure (12) of the rigid
c-map space N = T ∗M is given by

gN = gi jdqidq j +gi jdpidp j,

ω1 =
1
2ωi jdqi ∧dq j + 1

2ω
i jdpi ∧dp j,

ω2 = Ji
jdq j ∧dpi,

ω3 = dqi ∧dpi.

First note the following:

LΞ
∂

∂qk =− ∂

∂qk , LΞ
∂

∂ pk
=− ∂

∂ pk
, LΞdqk = dqk, LΞdpk = dpk.

We have that Ξ|T M = ξ and that gi j is a function on the CASK manifold M, then
LΞgi j = Lξ gi j and

Lξ gi j = Lξ g( ∂

∂qi ,
∂

∂q j ) = (Lξ g)( ∂

∂qi ,
∂

∂q j )+g(Lξ
∂

∂qi ,
∂

∂q j )+g( ∂

∂q j ,Lξ
∂

∂q j ) = 0,

since Lξ g = 2g by Proposition 4.1.5 (1). This also implies LΞgi j = 0. Therefore,
using the Leibniz rule, we get

LΞgN = LΞ(gi jdqidq j +gi jdpidp j) = 2gN .

Using Lξ g = 2g and Lξ J = 0 we obtain Lξ ω = 2ω , and this implies that Lξ ωi j = 0.
Indeed

Lξ ωi j = Lξ ω( ∂

∂qi ,
∂

∂q j ) = (Lξ ω)( ∂

∂qi ,
∂

∂q j )+ω(Lξ
∂

∂qi ,
∂

∂q j )+ω( ∂

∂q j ,Lξ
∂

∂q j ) = 0.

This also implies that Lξ ω i j = 0. As before, since ωi j is just a function on M we have
LΞωi j = Lξ ωi j. Then

LΞω1 = LΞ(
1
2ωi jdqi ∧dq j + 1

2ω
i jdpi ∧dp j) = 2ω1.

From here we also get that LΞI1 = 0 since LΞgN = 2gN and ωk = gN(Ik·, ·). A sim-
ilar computation gives us LΞI2 = 0 and LΞI3 = 0. So far we have proved that Ξ is
homothetic and tri-holomorphic.

The 2-form ωH is given in local coordinates by

ωH =−1
2ωi jdqi ∧dq j + 1

2ω
i jdpi ∧dp j,

as can be seen, for instance, from (13). Proceeding as before, we get LΞωH = 2ωH. To
conclude, note that fZ =−1

2gN(Z,Z) =−1
2π∗g(ξ ,ξ ), which implies that LΞ fZ = 2 fZ

since Lξ g = 2g. Similarly we get LΞ fH = 2 fH.
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We now express the derivative of the function ∥Rmc
H∥2

gc
H

along the direction Ξ in terms

of the “curvature functions” RN , RHK and RC introduced above.

Proposition 5.2.3. Let (M,g,J,∇,ξ ) be a CASK manifold and (N =T ∗M,gN , I1, I2, I3)
the associated rigid c-map space. Let Ξ given by (22). Then

LΞ∥Rmc
H∥2

gc
H
=

1
( f c

H)
7

(
9

∑
k=1

Ω̃kck

)
, (23)

where the (c-independent) functions Ω̃k are given in terms of the functions RN , RHK

and RC defined above by

Ω̃9 :=
1

128
(
36RN

3 +RN
4
)
, (24a)

Ω̃8 :=− 1
64
(

fZ(260RN
3 −6RN

4 )−4RC
3 +RC

4
)
, (24b)

Ω̃7 :=
1
32
(
( fZ)

2(572RN
3 +14RN

4 )+ fZ(28RC
3 −7RC

4 )
)
, (24c)

Ω̃6 :=− 1
16
(
( fZ)

3(788RN
3 −14RN

4 )+( fZ)
2(−36RC

3 +17RC
4 )

+ fZ(−6RHK
0 +20RHK

1 −8RHK
2a −16RHK

2b +12RHK
3 −2RHK

4 )
)
, (24d)

Ω̃5 :=
1
8
(
( fZ)

4(660RN
3 )+( fZ)

3(−36RC
3 −15RC

4 )

+( fZ)
2(−30RHK

0 +60RHK
1 −8RHK

2a −16RHK
2b −12RHK

3 +6RHK
4 )
)
, (24e)

Ω̃4 :=−1
4
(
( fZ)

5(204RN
3 +14RN

4 )+( fZ)
4(84RC

3 −5RC
4 )

+( fZ)
3(−60RHK

0 +40RHK
1 +16RHK

2a +32RHK
2b −24RHK

3 −4RHK
4 )
)
, (24f)

Ω̃3 :=
1
2
(
( fZ)

6(20RN
3 −14RN

4 )+( fZ)
5(−12RC

3 +19RC
4 )

+( fZ)
4(−60RHK

0 −40RHK
1 +16RHK

2a +32RHK
2b +24RHK

3 −4RHK
4 )
)
, (24g)

Ω̃2 :=−
(
( fZ)

7(28RN
3 +6RN

4 )+( fZ)
6(−44RC

3 −13RC
4 )

+( fZ)
5(−30RHK

0 −60RHK
1 −8RHK

2a −16RHK
2b +12RHK

3 +6RHK
4 )
)
, (24h)

Ω̃1 :=−2
(
( fZ)

8(8RN
3 +RN

4 )+( fZ)
7(−20RC

3 −3RC
4 )

+( fZ)
6(6RHK

0 +20RHK
1 +8RHK

2a +16RHK
2b +12RHK

3 +2RHK
4 )
)
. (24i)

Proof. By Lemma 5.2.2, the vector field Ξ satisfies

LΞgN = 2gN , LΞωH = 2ωH, LΞ fZ = 2 fZ, LΞ fH = 2 fH.

Since we have f c
Z = fZ − 1

2c and f c
H = fH − 1

2c =− f c
Z − c, it follows that

LΞ f c
Z = 2 f c

Z + c and LΞ f c
H =−2 f c

Z − c.
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Note in particular that Ξ generates homotheties with respect to the metric gN . Using
the general fact that any homothety of a pseudo-Riemannian manifold is affine with
respect to the Levi-Civita connection and hence preserves its curvature, we have that
LΞ RmN = 2RmN . Moreover we have that LΞ RmHK = 4RmHK. A long but straight-
forward computation using these observations and the Leibniz rule then yields the
desired result.

Now that we have the explicit form of the derivative of the norm of the curvature
tensor along Ξ, we show that this derivative is not zero when c > 0.

Proposition 5.2.4. Let (M,g,J,∇,ξ ) be a CASK manifold and (N =T ∗M,gN , I1, I2, I3)
the associated rigid c-map space. Then ∥Rmc

H∥2
gc

H
is not constant on N when c > 0.

Proof. We prove it by contradiction. Let

Fc := ∥Rmc
H∥2

gc
H
∈ C ∞(N) and F̄c := ∥Rmc

N̄∥
2
gc

N̄
∈ C ∞(N̄).

Suppose that Fc is constant for some c > 0. Since Fc and F̄c are H -related, Fc is
constant if and only if F̄c is constant. We know that for c,c′ > 0, the quaternionic
Kähler manifolds (N̄,gc

N̄) and (N̄,gc′
N̄) are locally isometric (see Proposition 4.3.4).

Since there exists a (local) diffeomorphism ϕ : N̄ −→ N̄ such that ϕ∗F̄c = F̄c′ , it
follows that F̄c is constant if and only if F̄c′ = ϕ∗F̄c is constant. This implies that F̄c

is constant for all c > 0. By H -relatedness, Fc is also constant for all c > 0. Then
LΞFc = 0 for all c > 0 and, by (23), this implies that Ω̃k ≡ 0 for k = 1, . . . ,9.

By (24a), Ω̃9 ≡ 0 implies that

36RN
3 +RN

4 ≡ 0,

but both functions are non-negative, so this means that RN
3 ≡ RN

4 ≡ 0. Recall that
RN

4 is a sum of squares, so each of the individual terms must vanish separately, i.e.
RmN(εµ ,εν ,ελ ,εσ )≡ 0. This shows that RmN ≡ 0, which implies RC

3 ≡ 0 and RC
4 ≡ 0.

Now, by (24i), Ω̃1 ≡ 0 implies that

6RHK
0 +20RHK

1 +8RHK
2a +16RHK

2b +12RHK
3 +2RHK

4 ≡ 0,

but, as before, all these functions are non-negative, so all of them vanish identically.
Thus, we find that RmHK ≡ 0, but this is a contradiction, since for a rigid c-map
space we have RmHK(Z, I1Z,Z, I1Z) = gN(Z,Z)2 > 0 by Lemma 5.2.5. Hence we can
conclude that LΞ∥Rmc

H∥2
gc

H
̸≡ 0 and therefore ∥Rmc

H∥2
gc

H
is not a constant function.

Lemma 5.2.5. Let (M,g,J,∇,ξ ) be a CASK manifold and (N = T ∗M,gN , I1, I2, I3)
the associated rigid c-map space. Then RmHK(Z, I1Z,Z, I1Z) = gN(Z,Z)2.
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Proof. In the case of a rigid c-map space with fZ =−1
2gN(Z,Z) =− fH, we have

ωH(Z,X) =−d f c
H(X) = d f c

Z(X) =−ω1(Z,X) =−gN(I1Z,X)

for all X ∈ Γ(T N), where f c
Z = fZ − 1

2c and f c
H = fH − 1

2c. Hence we get

(ωH :ωH)(Z, I1Z,Z, I1Z) = 2ωH(Z,Z)ωH(I1Z, I1Z)+6ωH(Z, I1Z)ωH(Z, I1Z)

= 6gN(I1Z, I1Z)2 = 6gN(Z,Z)2,

where the notation : was introduced before Theorem 3.3.11. Next we compute

ψk := (ωH(Ik·, ·)?ωH(Ik·, ·))(Z, I1Z,Z, I1Z)
= 2ωH(IkZ,Z)ωH(IkI1Z, I1Z)−2ωH(IkZ, I1Z)ωH(IkI1Z,Z) ∈ C ∞(N)

for k = 1,2,3. Using that the 2-form ωH is of type (1,1) with respect to each Ik
[CST22, Lemma 2.7] and the quaternionic relations of I1, I2 and I3, we get:

ψ1 = 2gN(Z,Z)2 and ψ2 = ψ3 =−2gN(I1Z, I2Z)2 −2gN(I1Z, I3Z)2.

Note that in the orthogonal decomposition T N = T HN ⊕T VN, the vector fields Z, I1Z
are horizontal and I2Z, I3Z are vertical, thus ψ2 = ψ3 = 0. Summing all the terms we
obtain the claimed result.

As a consequence of Proposition 5.2.4 we obtain one of the main results of this thesis.

Theorem 5.2.6. Let (M̄, ḡ) be a PSK manifold and (N̄,gc
N̄ ,Q) the associated de-

formed supergravity c-map space. Then (N̄,gc
N̄) is not locally homogeneous for any

c > 0.

By the results of [CST21, CRT21, MS22], given a CASK manifold (M,g,J,∇,ξ ) of
real dimension 2n with automorphism group Aut(M) (recall that this is the subgroup
of isometries of (M,g) preserving the full CASK structure), the associated deformed
supergravity c-map space (N̄,gc

N̄ ,Q), c > 0, is isometrically acted on by the group
Aut(M)⋉Heis2n+1, provided that the underlying PSK manifold (M̄, ḡ) is simply con-
nected (or M is a CASK domain). In particular, when Aut(M) acts transitively on M̄,
we obtain an action of Aut(M)⋉Heis2n+1 that is transitive on the level sets of the
norm of the quaternionic moment map associated to the circle action on N̄. Thus, as
a corollary of Theorem 5.2.6, we have the following generalization of [CST21, Theo-
rem 4.8], which only studied the deformed supergravity c-map space associated to the
PSK manifold CHn−1.

Corollary 5.2.7. Let (M̄, ḡ) be a simply connected PSK manifold and (N̄,gc
N̄ ,Q) the

associated deformed supergravity c-map space. Assume that Aut(M) acts transitively
on M̄. Then (N̄,gc

N̄) is complete and of cohomogeneity one for all c > 0.
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Proof. Before beginning the proof we give an overview of its steps. First we explain
that under the above transitivity assumption on Aut(M) the corresponding undeformed
supergravity c-map space (N̄,gN̄) is complete. Using this property, we show then that
N̄ is homogeneous. As a third step we prove that N̄ is an Alekseevsky space. Therefore
N̄ is either a supergravity q-map space associated with a homogeneous PSR manifold,
a symmetric space of non-compact type dual to a complex Grassmannian of 2-planes
or a quaternionic hyperbolic space. In the fourth step of the proof we show that the
the deformed supergravity c-map space is complete in the first two cases. The third
case is excluded in the fifth step of the proof, in which we show that the quaternionic
hyperbolic space is not a supergravity c-map space. Finally, we conclude the proof
using Theorem 5.2.6 together with the fact that (N̄,gc

N̄) admits a group of isometries
acting with cohomogeneity one.

(1) Since the Riemannian manifold (M̄, ḡ) is complete, the corresponding undeformed
supergravity c-map space (N̄,gN̄) is complete in virtue of Theorem 4.3.3. Next,
we will show that (N̄,gN̄) is not only complete but is in fact homogeneous.

(2) The group of isometries Aut(M̄)⊂ Isom(M̄, ḡ) induced by Aut(M) extends canon-
ically to a group of isometries of (N̄,gN̄). This is stated in [CDJL21, Proposi-
tion 26] for CASK domains but holds in general as a consequence of [CHM12,
Lemma 4]. It can be also seen as a special case (c = 0) of the results of [CST21,
CRT21, MS22] mentioned above. The group Aut(M̄) acts transitively on the
base of the fiber bundle N̄ −→ M̄ mapping fibers to fibers. In addition, there
is a fiber-preserving isometric action of the solvable Iwasawa subgroup G2n+2
of SU(1,n+ 1) on N̄|Ū [CHM12, Theorem 5] for every domain U ⊂ M, which
is isomorphic to a CASK domain, where Ū denotes the image of U under the
projection M −→ M̄ (recall that every CASK manifold is locally isomorphic to
a CASK domain). Note that dimG2n+2 = 2n+ 2, where dimR M̄ = 2n− 2. This
solvable group action on N̄|Ū is simply transitive on each fiber. In particular, for
every such Ū there is a Lie algebra gŪ

∼= g2n+2 = Lie(G2n+2) of Killing fields of
N̄|Ū transitive on each fiber. Moreover, gŪ can be identified with the space of par-
allel sections over Ū of a flat symplectic vector bundle over M̄ (with Lie algebras
as fibers), compare with [CHM12, Theorem 9]. Since M̄ is simply connected the
above vector bundle has a global parallel frame. Thus we obtain a globally defined
Lie algebra of Killing fields g ∼= g2n+2 of N̄, which restricts to gŪ on the domain
N̄|Ū ⊂ N̄. Since N̄ is complete, there is a corresponding Lie group G acting on N̄,
which together with Aut(M̄) generates a transitive group of isometries of N̄.

(3) Now that we know that (N̄,gN̄) is a homogeneous quaternionic Kähler manifold
of negative scalar curvature, we apply Theorem 2.4.6 to conclude that it is an
Alekseevsky space. These spaces are described in Theorem 2.4.5.

(4) We claim that the one-loop deformation of any supergravity c-map space which is
an Alekseevsky space is complete if the deformation parameter c is positive (for
c = 0 it holds by homogeneity). First we note that all of the Alekseevsky spaces
with exception of the quaternionic hyperbolic spaces and the Hermitian symmetric
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spaces of non-compact type dual to complex Grassmannians of 2-planes can be
represented as supergravity q-map spaces [dWVP92]. By Theorem 4.3.17 the
one-loop deformation of a complete supergravity q-map space is complete if c> 0.
In particular, the one-loop deformed Alekseevsky supergravity q-map spaces with
c > 0 are complete. Furthermore, the Hermitian symmetric Alekseevsky spaces
(20) come from complex hyperbolic spaces, which were shown to have regular
boundary behavior, implying the completeness of their one-loop deformation for
c > 0 by Theorem 4.3.7 and Example 4.3.8.

(5) Finally, we are left with the quaternionic hyperbolic spaces HHn. These manifolds
cannot be represented as supergravity c-map spaces by Proposition 4.3.19 and
hence cannot occur in our setting. This finishes the proof of the completeness of
(N̄,gc

N̄) for c > 0.

(6) Now the corollary follows from the fact that (N̄,gc
N̄) has a group of isometries

acting with cohomogeneity one but no such group acting with cohomogeneity
zero by Theorem 5.2.6.

It was conjectured in [Thu20, Conjecture 5.38] that the deformed supergravity c-map
space associated to a homogeneous PSK manifold is of cohomogeneity one. We see
that Corollary 5.2.7 confirms this conjecture.

5.3 Symmetries of rigid c-map spaces
As we have mentioned in Section 4.2, there are two ways to obtain Hamiltonian au-
tomorphisms of a rigid c-map space. In this section, which contains the results of
[CGT24, Section 2], we explain how to construct a canonical subgroup of infinitesi-
mal automorphisms of the rigid c-map structure which are moreover ωH-Hamiltonian.
We first describe the canonical lifts of infinitesimal CASK automorphisms, then the
translations in the fibers, and finally how these two interact. Here we use the Einstein
summation convention when working on local coordinates.

5.3.1 Canonical lifts
Let Aut(M) be the group of CASK automorphisms of the CASK manifold M. Canon-
ically lifting to N = T ∗M, we obtain a group of ωH-Hamiltonian automorphisms of
the rigid c-map structure, as proven in [CST21]. It was remarked in [CRT21, Proposi-
tion 2.10] that this group even admits an equivariant moment map µ : N −→ g∗ with
respect to ωH. We recall the result in Proposition 5.3.1 below adding details and fixing
notation.

Let X denote a vector field on M generating a one-parameter family of automorphisms
of the CASK structure, and Y its canonical lift to N. Then, with respect to the splitting



5.3. Symmetries of rigid c-map spaces 101

T (T ∗M) = T HN ⊕T VN ∼= π∗(T M)⊕π∗(T ∗M), we may write

Y = π
∗X −λ ◦ (π∗

∇)(π∗X).

Here λ : ξ 7−→ λξ is the tautological section of the vector bundle π∗(T ∗M), defined
as

λξ (v) = ξ (v), ξ ∈ Nx = T ∗
x M, v ∈ (π∗(T M))ξ = TxM, π(ξ ) = x,

where π∗X = X ◦π ∈ Γ(π∗(T M)) and λ ◦ (π∗∇)(π∗X) ∈ Γ(π∗(T ∗M)) ⊂ Γ(T ∗N) is
the 1-form sending a vector field A∈ Γ(T N) to the smooth function λ ((π∗∇)A(π

∗X)),
and where we have identified π∗(T ∗M) = (π∗(T M))∗ = (T HN)∗ = (T VN)0 ⊂ T ∗N.

Note that
(π∗

∇)Y λ =−λ ◦ (π∗
∇)(π∗X). (25)

Indeed, for a vector field Y ∈ Γ(T N) and λ ∈ Γ(π∗(T ∗M)) the tautological section,
(π∗∇)Y λ gives us the vertical component of Y , which is precisely −λ ◦ (π∗∇)(π∗X).

In local coordinates {qi, pi} on N induced by local ∇-affine coordinates {qi} on M,
the tautological section λ on N is given by λ ( ∂

∂qi ) = pi and the vector field Y ∈ Γ(T N)

by

Y = X j ∂

∂q j − pi
∂X i

∂q j
∂

∂ p j

in terms of the components {X i} of the vector field X in the local coordinates {qi}.

Proposition 5.3.1. Let X be an infinitesimal CASK automorphism and Y its canonical
lift as explained above. Then

µY =
1
2
(
gN(Z,Y )+π

∗
ω

−1(λ ◦ (π∗
∇)(π∗X),λ )

)
is a ωH-Hamiltonian function for Y , where Z =−J̃ξ . This assignment determines an
equivariant (co)moment map µ : aut(M)−→ C ∞(N), X 7−→ µX := µY , for the action
of aut(M) on N = T ∗M.

Proof. We have to show that ιY ωH = −dµY . Recall that ωH is given by (13) with
respect to the splitting T (T ∗M)∼= π∗(T M)⊕π∗(T ∗M). Thus we have

ιY ωH =−π
∗(ιX ω)+ ι(π∗∇)Y λ π

∗
ω

−1.

Let us compute these two terms. First notice that, by Proposition 4.1.5 (a) we have
that Lξ ω = 2ω and, hence

2ιX ω = ιXLξ ω = ιX d(ιξ ω) = LX(ιξ ω)−d(ιX ιξ ω) = d(g(−Jξ ,X)),

since LX(ιξ ω) = 0 (recall that X is an infinitesimal CASK automorphism). So we
see that

π
∗(ιX ω) =

1
2

d(gN(Z,Y )). (26)
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To compute the second term, let A be an arbitrary section of π∗(T ∗M) ∼= T V(T ∗M).
Let {q j} be special real coordinates on M and {q j, p j} the corresponding canonical
coordinates on N. With respect to these, we can write A=Aidqi and, using (π∗∇)Y λ =

−λ ◦ (π∗∇)(π∗X) =−pi
∂X i

∂q j dq j, we get

π
∗
ω

−1((π∗
∇)Y λ ,A) =−ω

jk pi
∂X i

∂q j Ak.

Thus, ι(π∗∇)Y λ π∗ω−1 is the 1-form on T ∗M which vanishes when applied to a hori-
zontal vector field and evaluates on a vertical vector field A = Ai

∂

∂ pi
(corresponding to

the A consider earlier by the canonical isomorphism π∗(T ∗M)∼= T V(T ∗M)) as above.
This means that we can write it, in local coordinates, as

ι(π∗∇)Y λ π
∗
ω

−1 =−ω
jk pi

∂X i

∂q j dpk. (27)

Now, we compute the differential of our proposed moment map:

dµY =
1
2
(
d(gN(Z,Y ))+d(π∗

ω
−1(λ ◦ (π∗

∇)(π∗X),λ ))
)
,

the second term of which can be computed (using (25) and (27)) in local coordinates
as follows:

1
2

d(π∗
ω

−1(λ ◦ (π∗
∇)(π∗X),λ )) =

1
2

d
(

ω
jk pi pk

∂X i

∂q j

)
=

1
2

ω
jk ∂X i

∂q j (pidpk + pkdpi)

= ω
jk pi

∂X i

∂q j dpk =−ι(π∗∇)Y λ π
∗
ω

−1,

where, in passing to the third line, we used that both ω jk and ∂X i

∂q j are anti-symmetric
in their indices; the latter fact is just the equation LX ω = 0 in (∇-affine) coordinates.

This computation, together with (26), concludes the proof that µY is indeed a Hamil-
tonian function for Y .

To show that the map µ is equivariant, let X1,X2 ∈ aut(M) and Y1,Y2 ∈ Γ(T N) their
corresponding canonical lifts. Note that the canonical lift of [X1,X2] is precisely
[Y1,Y2]. Using this and the fact that the moment map is constructed in a canonical
way, we obtain

LY1(µY2) =
1
2
(
gN(Z, [Y1,Y2])+π

∗
ω

−1(λ ◦ (π∗
∇)(π∗([X1,X2])),λ )

)
= µ[Y1,Y2].

(28)
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Remark 5.3.2.

• Note that the ωH-Hamiltonian function µY given by Proposition 5.3.1 is the only
moment map that is homogeneous, i.e. LΞµY = 2µY , where Ξ ∈ Γ(T N) is the
sum of the ∇-horizontal lifted Euler vector field ξ with the fiberwise Euler (or
position) vector field of T ∗M. In canonical coordinates associated to (conical)
special real coordinates, Ξ takes the form Ξ = q j ∂

∂q j + p j
∂

∂ p j
.

• Note also that the equivariance of the moment map µ : aut(M) −→ C ∞(N)
(without assuming homogeneity) fixes it uniquely up to adding a linear form
c : aut(M) −→ R, X 7−→ cX , invariant under the coadjoint representation. The
space of such forms is trivial if and only if the Lie algebra is perfect, that is, it
coincides with its derived ideal. This is the case, in particular, for semisimple
Lie algebras.

Thus, we have a canonical action of Aut(M) on N which casts Aut(M) as a subgroup
of HamS1(N), with a canonical choice of equivariant moment map.

5.3.2 Translations in the fibers
One of the crucial features of the rigid c-map metric on N is that it is semi-flat. This
means that it is foliated by half-dimensional flat submanifolds. These are just the fibers
of π : N = T ∗M −→ M, and the reason they are flat is that the metric in each fiber is
constant with respect to the affine structure induced by the vector space structure of
the fiber, as can be seen directly from (12).

An important consequence is the following result.

Proposition 5.3.3. The cotangent bundle N =T ∗M carries locally an ωH-Hamiltonian
action of the group R2n by automorphisms of the rigid c-map structure, which pre-
serves the fibers and acts on them by translations. If the holonomy group of the special
connection ∇ on M is trivial, then the action is global.

Proof. We first give a description of the local action. Choosing special real coordi-
nates {q j} on M and using the associated canonical coordinates {q j, p j} on N, the
action of R2n is generated by the locally defined vector fields ∂

∂ p j
. A quick look

at (12) reveals that the full hyperkähler structure is preserved by these vector fields.
Moreover, they commute with the rotating circle action as well, since Z = −J̃ξ only
depends on the coordinates {q j} on the base M. This implies that they also preserve
the ω1-Hamiltonian function f c

Z =−1
2gN(Z,Z)− 1

2c. Finally, let us give a local Hamil-
tonian with respect to ωH. Writing (13) in the above coordinates, we have

ωH =
1
2
(−ωi jdqi ∧dq j +ω

i jdpi ∧dp j),

where each ωi j is constant (and hence so are the components ω i j of the inverse matrix),
and we are omitting pullbacks when no confusion can arise.
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Hence, we find
ι ∂

∂ pk

ωH = ω
k jdp j =−d(−ω

k j p j).

We can thus assign the local Hamiltonian function

µ ∂

∂ pk

=−ω
k j p j (29)

to ∂

∂ pk
. More generally, µ assigns to every vertical vector field v = vk

∂

∂ pk
with constant

coefficients the function µv = −ωk jvk p j. The vector fields ∂

∂ pk
generate an action of

the group R2n with the claimed properties. In the local coordinates {q j, p j} a vector
v = (v j) ∈ R2n acts by (q, p) 7−→ (q, p+ v).

To define a global moment map µ : R2n −→ C ∞(N) and a global group action of R2n

on N it suffices to have a global frame of the vertical bundle T VN ∼= π∗(T ∗M) parallel
with respect to the connection π∗∇. Such a frame exists if and only if the holonomy
of the (flat) special connection is trivial.

As a comment on the last step of the proof of Proposition 5.3.3 we note that lo-
cally (over the preimage π−1(U) of a suitable open set U ⊂ M) a parallel frame of
T VN ∼= π∗(T ∗M) can be chosen of the form π∗(dqi), where {qi} are local ∇-affine
coordinates.

5.3.3 The semidirect product
Under the assumption that the holonomy group of ∇ is trivial, we have constructed
two subgroups of HamS1(N) and the next thing to do is to study how they interact. In
this section, we check that the generators of the two groups combine into a semidirect
product. Let us start by emphasizing that the group Γ∇(T ∗M) ∼= R2n of ∇-parallel
sections acts by addition on N = T ∗M, that is

α ·β = α(x)+β ,

for all α ∈Γ∇(T ∗M), β ∈ T ∗
x M, x∈M. The group Aut(M) acts naturally on N = T ∗M:

h ·β = h∗β = (h−1)∗β ,

for all h ∈ Aut(M), β ∈ T ∗
x M, x ∈ M.

Proposition 5.3.4. The subgroups R2n and Aut(M) of HamS1(N) generate a group
G ⊂ HamS1(N) which is a semidirect product Aut(M)⋉R2n.

Proof. It is clear that the two subgroups have trivial intersection, as Aut(M) lifts a
subgroup of diffeomorphisms of M whereas R2n preserves each fiber of N = T ∗M.
The action of Aut(M) is linear on the fibers and preserves the space of ∇-parallel
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1-forms. We check explicitly that the elements h ∈ Aut(M) normalize the group of
translations:

(h ·α ·h−1) ·β = h∗(α(h−1(x))+h∗β ) = (h∗α)(x)+β = (h∗α) ·β ,

for all α ∈ Γ∇(T ∗M), β ∈ T ∗
x M, x ∈ M. This proves that h ·α ·h−1 = h∗α ∈ Γ∇(T ∗M)

for all α ∈ Γ∇(T ∗M).

Infinitesimally, we can describe the semidirect product structure in terms of structure
constants if we choose a basis. Thus, let {Yα} be infinitesimal generators of the action
of Aut(M) on N, obtained by canonically lifting generators {Xα} ⊂ aut(M). With
respect to canonical coordinates induced by (conical) special real coordinates on M,
we can express Yα as

Yα = X j
α

∂

∂q j − pi
∂X i

α

∂q j
∂

∂ p j
, (30)

where the component functions X j
α of Xα are linear functions. The generators of the

R2n-action are the vectors ∂

∂ pk
. The structure constants are now easily computed:[

Yα ,
∂

∂ pk

]
=

∂Xk
α

∂q j
∂

∂ p j
.

Note that the coefficients multiplying ∂

∂ p j
on the right-hand side are indeed constants,

since any X ∈ aut(M) is ∇-affine (i.e. LX ∇= 0). Together with the structure constants
of Aut(M) this determines the structure of aut(M)⋉R2n.

5.4 Symmetries under the HK/QK correspondence
Now that we have a completely explicit description of the group Aut(M)⋉R2n ⊂
HamS1(N), the next step is to transfer the group action to the quaternionic Kähler man-
ifold N̄. Up to a so-called elementary modification explained below, this is essentially
done by first lifting to the trivial circle bundle P = N ×S1 over N and subsequently
studying the induced action on N̄, which we realize as a submanifold of P. We will
continue to assume that the holonomy group of the flat special connection ∇ is trivial
to ensure the global R2n-action (see Proposition 5.3.3). This section contains the re-
sults of [CGT24, Section 3]. Here we use again the Einstein summation convention
when working on local coordinates.

5.4.1 The twist construction for circle actions
For convenience of the exposition, we briefly recall here the twist construction ex-
plained in Section 3.3 particularized to the case G = S1.

Let N be a smooth manifold equipped with an S1-action generated by a vector field
Z ∈ Γ(T N), and let πN : P −→ N be a principal circle bundle over N with connection
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1-form η ∈ Ω1(P) and curvature ω ∈ Ω2(N) (i.e. dη = π∗
Nω). We want to lift the

vector field Z to a vector field ZP ∈ Γ(T P) so that it preserves the connection η , i.e.
LZPη = 0, and it commutes with the principal circle action on P generated by the
vector field XP ∈ Γ(T P), i.e. [ZP,XP] = 0. It turns out that such a lift exists if and only
if ιZω =−d f c

Z for some function f c
Z ∈ C ∞(N). The lift is given by

ZP = Z̃ +π
∗
N f c

ZXP,

where Z̃ denotes the horizontal lift with respect to η . The triple (ω,Z, f c
Z) with the

above properties is called twist data. A manifold N equipped with twist data produces
a new smooth manifold N̄ := P/⟨ZP⟩ called the twist of N with respect to the twist
data (ω,Z, f c

Z). We then have a double fibration structure on P:

P

N N̄

πN πN̄

ZPXP

Z
twist

Z̄

Recall that XP generates the principal circle action on P with respect to the projection
πN : P −→ N and note that ZP plays the same role for the projection πN̄ : P −→ N̄.
Note also that the twist construction produces a circle action on N̄ generated by the
vector field Z̄ := dπN̄(XP) ∈ Γ(T N̄).

5.4.2 Infinitesimal description
The infinitesimal description of the transfer of symmetries under the HK/QK corre-
spondence appears explained in [CST21]: one performs an (elementary) modification
and then twists. More precisely, let g⊂ hamS1(N) be a subalgebra with moment map
µ : N −→ g∗ with respect to ωH. Denote the Hamiltonian function corresponding to
V ∈ g by µV . Then, the first step consists in modifying V to

VH :=V − µV

f c
H

Z ∈ Γ(T N).

We will sometimes refer to VH as the elementary deformation of V . The second step is
twisting VH to a vector field tw(VH)∈ Γ(T N̄), which we will denote by VQ. Twisting is
done by lifting VH horizontally (with respect to a given connection η whose curvature
is ωH) to the trivial circle bundle P = N ×S1 and then projecting down to N̄. In other
words

tw(VH) =VQ = dπN̄(ṼH) = dπN̄

(
Ṽ − µV

f c
H

Z̃
)
,

where we have denoted the η-horizontal lift to P by a tilde.

This procedure gives rise to an injective, linear map ϕµ : g −→ autS1(N̄), dependent
on the choice of moment map µ . Here, autS1(N̄) denotes the space of Killing fields of
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the quaternionic Kähler manifold (N̄,gc
N̄), c ≥ 0, which commute with the canonical,

isometric circle action on N̄ generated by Z̄ = tw(− 1
f c
H

Z) ∈ Γ(T N̄).

It is shown in [CST21] that the linear map ϕµ is a homomorphism of Lie algebras if
and only if the moment map µ is equivariant. In particular, they proved the following.

Theorem 5.4.1 ([CST21, Theorem 3.8]). Let {Vi} be a basis of a Lie subalgebra
g⊂ hamS1(N) with corresponding structure constants {ck

i j}. Then

[V Q
i ,V Q

j ] = ck
i jV

Q
k +Ai jZ̄

for constants Ai j = tw(ωH(Vi,Vj)− ck
i jµVk).

Therefore, the equivariance condition (28) can be expressed as

ωH(Vi,Vj)− ck
i jµVk = 0.

The left-hand side is precisely what measures the failure of ϕµ to be a homomorphism,
according to Theorem 5.4.1.

In the case at hand, we are considering g ∼= aut(M)⋉R2n, and we have a canonical
moment map. Since this canonical moment map is equivariant for the action of the
subgroup Aut(M) by Proposition 5.3.1, we obtain a subalgebra of autS1(N̄) isomor-
phic to aut(M). However, the canonical choice of moment map we gave for R2n in
(29) is not equivariant. Indeed

ωH

(
∂

∂ pi
,

∂

∂ p j

)
= ω

i j ̸= 0,

while R2n is of course abelian and therefore has vanishing structure constants. Follow-
ing Theorem 5.4.1, this implies that R2n gives rise to a subalgebra of autS1(N̄) which
is a 1-dimensional central extension of R2n by Z̄, and whose non-trivial brackets are
given by the coefficients of ω−1. In other words,[(

∂

∂ pi

)Q

,

(
∂

∂ p j

)Q
]
= ω

i jZ̄.

Since ω−1 is the natural symplectic form on the fibers of N = T ∗M, the central exten-
sion in question is nothing but the Heisenberg algebra heis2n+1.

We thus obtain two algebras of Killing fields, isomorphic to aut(M) and heis2n+1, re-
spectively. Together, they generate an algebra which is once again a semidirect prod-
uct aut(M)⋉heis2n+1. To see that they indeed form a semidirect product, it suffices
to show that [aut(M),heis2n+1] ⊂ heis2n+1. To check this, consider Y Q

α ∈ aut(M) ⊂
autS1(N̄) and ( ∂

∂ pk
)Q ∈ R2n ⊂ heis2n+1 (we already know that Z̄ is central in the full
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algebra), where the vector fields Yα are as in (30). Then, again by Theorem 5.4.1, we
have [

Y Q
α ,

(
∂

∂ pk

)Q
]
=

∂Xk
α

∂q j

(
∂

∂ p j

)Q

+ tw
(

ωH

(
Yα ,

∂

∂ pk

)
− ∂Xk

α

∂q j µ ∂

∂ p j

)
Z̄,

where Xα ∈ Γ(T M) lifts to Yα . Now we use local coordinates to compute

ωH

(
Yα ,

∂

∂ pk

)
=−∂Xk

α

∂q j ω
jℓpℓ =

∂Xk
α

∂q j µ ∂

∂ p j

and conclude that [
Y Q

α ,

(
∂

∂ pk

)Q
]
=

∂Xk
α

∂q j

(
∂

∂ p j

)Q

,

so heis2n+1 is an ideal inside the Lie algebra g generated by aut(M) and heis2n+1 and
we have g∼= aut(M)⋉heis2n+1. Summarizing, we have obtained the following result.

Proposition 5.4.2. There exists a subalgebra of autS1(N̄) which is isomorphic to the
semidirect product aut(M)⋉heis2n+1.

5.4.3 Global description
We would like to construct a global counterpart of the above construction, by lifting
the action of the group Aut(M)⋉R2n on N to an action of the semidirect product
Aut(M)⋉Heis2n+1 on P = N ×S1 and then projecting to N̄ directly, without passing
to the generating vector fields and having to integrate them as intermediate steps. Here
the product in the Heisenberg group Heis2n+1 is realized on the product manifold
R2n ×R, where R2n ∼= Γ∇(T ∗M),

(α1,τ1) · (α2,τ2) = (α1 +α2,τ1 + τ2 +
1
2ω

−1(α1,α2)),

where the constant function ω−1(α1,α2) is identified with a number.

Let us consider h ∈ Aut(M) and (α,τ)∈ Heis2n+1. Then we have the following group
action of Aut(M)⋉Heis2n+1 on the trivial circle bundle P over N = T ∗M:

h · (β ,s) = (h∗β ,s),

(α,τ) · (β ,s) = (α(x)+β ,s+[τ + 1
2ω

−1(α(x),β )]),
(31)

where s ∈ S1 = R/2πZ, β ∈ T ∗
x M, x ∈ M and [r] = r (mod 2π).

This action covers the action of Aut(M)⋉R2n on N by means of the quotient homo-
morphism Heis2n+1 −→ R2n ∼= Heis2n+1 /R. Moreover, it induces the infinitesimal
action on N̄ from the previous section.
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Proposition 5.4.3. The infinitesimal group action on P corresponding to (31) de-
scends to the action of aut(M)⋉heis2n+1 on N̄ as described above.

Proof. Let V ∈ hamS1(N) ⊂ Γ(T N) and Ṽ its η-horizontal lift to P. We define a lift
of V to P by

V̂ := Ṽ +ϕXP ∈ Γ(T P),

where ϕ ∈ C ∞(P) and XP = ∂

∂ s generates the principal circle action. We require that
the lift V̂ preserves the connection η . The condition LV̂ η = 0 then implies that ϕ =
π∗

N f for some ωH-Hamiltonian function f ∈ C ∞(N) for V . Thus V̂ = Ṽ + π∗
N f XP.

Such lift automatically commutes with XP. We will omit the pullbacks in the notation
from now on.

If we choose f = µV , the canonical Hamiltonian, we recover the procedure described
in the previous section. Indeed, note that

ṼH −V̂ =−µV

f c
H

ZP,

where ZP = Z̃ + f c
HXP. Since dπN̄(ZP) = 0, by definition of N̄, we get VQ = dπN̄(V̂ ).

This means that we obtain the same Killing vector field on N̄ projecting the lift V̂ or
twisting the elementary deformation VH.

Now let us work out explicitly what the infinitesimal lift V̂ looks like. Since P is trivial,
we may regard any vector field on N as a vector field on P which is horizontal with
respect to the product structure (or equivalently with respect to the trivial connection
ds, with s a local coordinate on S1). Thus, we may write the η-horizontal lift Ṽ as

Ṽ =V −η(V )XP,

and similarly
V̂ = Ṽ +µV XP =V − (η(V )−µV )XP. (32)

A canonical choice of connection η with curvature ωH is given by

η = ds+
1
2

ιΞωH,

where Ξ ∈ Γ(T N) is the vector field expressed in coordinates by Ξ = q j ∂

∂q j + p j
∂

∂ p j
,

thus

η = ds+
1
2
(−ωi jqidq j +ω

i j pidp j).

Recall that a canonically lifted automorphism of M takes the form

Y = X j ∂

∂ p j
− ∂X i

∂q j pi
∂

∂ p j
∈ hamS1(N)
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with canonical Hamiltonian function (see Proposition 5.3.1)

µY =
1
2

(
−ωi jqiX j +ω

jk pi pk
∂X i

∂q j

)
.

Using these expressions, we find η(Y ) = 1
2 ιY ιΞωH = µY . The upshot is that Ŷ = Y

(see (32)), i.e. the lifted action of Aut(M) to P = N ×S1 is trivial on the S1-factor and
it corresponds to the action of Aut(M) described in the first equation of (31).

Finally, we consider the lift of the group R2n ∼= Γ∇(T ∗M). For an element of its Lie
algebra v ∈ R2n we have the local expression v = vk

∂

∂ pk
and corresponding moment

map µv =−ωk jvk p j. This time, we find η(v) = 1
2 µv, and consequently v̂= v+ 1

2 µvXP.
These vector fields do not induce an action of R2n since they no longer commute.
Indeed, we have

[v̂, ŵ] =
1
2
(v(µw)−w(µv))XP =

1
2
(dµw(v)−dµv(w))XP

=
1
2
(−(ιwωH)(v)+(ιvωH)(w)) = ωH(v,w)XP,

or, in local coordinates, [v̂, ŵ] = ω i jviw j
∂

∂ s . Since ω i j is constant and ∂

∂ s is central, the
conclusion is that we are now dealing with an infinitesimal action of a 1-dimensional
central extension of R2n whose non-trivial commutators are given by a symplectic
form, i.e. a Heisenberg algebra heis2n+1. Integrating, we obtain the action of Heis2n+1
described in the second line of (31).

It is possible to describe the quaternionic Kähler manifold N̄ as a submanifold of the
circle bundle P. For that we define the following tensor fields on P:

gP :=− 1
f c
H

η
2 +π

∗
NgN ,

θ
P
0 := d f c

Z, θ
P
1 := η − ιZgN , θ

P
2 :=−ιZω3, θ

P
3 := ιZω2.

With them, define the ZP-invariant tensor field

g̃P := gP +
1
f c
Z

3

∑
j=0

(θ P
j )

2,

where recall that ZP = Z̃ + f c
HXP, and consider

gc
N̄ :=

1
4| f c

Z|
g̃P|N̄ ,

where
N̄ := {arg(X0) = 0} ⊂ P = N ×S1 (33)
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is a codimension one submanifold of P which is transversal to the vector field ZP and
(X0, . . . ,Xn−1) are special holomorphic coordinates of the CASK manifold M. Then,
by [ACDM15, Theorem 2 and Theorem 5], (N̄,gc

N̄) is precisely the one-loop deformed
c-map space.

To state Theorem 5.4.4, we have to focus on a particular class of CASK manifolds,
namely those coming from projective special real manifolds (see Section 4.3 and (21)).
In this particular situation, where the CASK manifold M is determined by a PSR man-
ifold H ⊂ Rn−1, a group of isometries preserving the CASK structure was described
in [CDJL21, Appendix A]. More precisely, the group we are considering is

AffH(Rn−1) := (R>0 ×Aut(H))⋉Rn−1 ↪→ Aut(M)⊂ Sp(R2n),

where
Aut(H) := {A ∈ GL(n−1,R) | AH =H}

and the arrow is a certain embedding [CDJL21, Proposition 23]. We then have the
following result.

Theorem 5.4.4. Let M be a CASK manifold determined by the PSR manifold H ⊂
Rn−1. Then the group

AffH(Rn−1)⋉ (Heis2n+1 /F),

where F is an infinite cyclic subgroup of the Heisenberg center, acts effectively and
isometrically on (N̄,gc

N̄) for c ≥ 0.

Proof. From the explicit description of the action of AffH(Rn−1) on M given in
[CDJL21, Appendix A] we see that the function X0 ∈ C ∞(P) changes under this ac-
tion only by a real positive factor. It follows that the submanifold N̄ ⊂ P given by (33)
is invariant under the action of AffH(Rn−1)⋉Heis2n+1, since the action of Heis2n+1
preserves the fibers of π ◦πN : P −→ M, where π : N = T ∗M −→ M and πN : P −→ N.
Hence the group action on P described in (31) restricts to N̄. From the explicit de-
scription, it is also easy to check that the action of AffH(Rn−1) is effective on N̄ ⊂ P.

Finally, the action of Heis2n+1 is not quite effective, since its center acts by translations
along the S1-factor of P. To obtain an effective action we need to divide out the infinite
cyclic subgroup of the center, whose elements correspond to shifting s ∈ S1 =R/2πZ
by 2πk, k ∈ Z.

The group AffH(Rn−1)⋉ (Heis2n+1 /F) acts by isometries on N̄ by construction.

Remark 5.4.5. The cyclic group F included in Theorem 5.4.4 to ensure effective-
ness can be removed by considering the universal covering of the quaternionic Kähler
manifold N̄, which amounts to replacing the circle bundle P by an R-bundle.

Remark 5.4.6. In [CRT21, Theorem 3.16] a similar result to that of Theorem 5.4.4 is
obtained in the case where the CASK manifold M is determined by the PSK man-
ifold M̄ = CHn−1 with the transitive action of Aut(M) = SU(1,n − 1). This ex-
ample does not belong to the above series of spaces determined by a PSR man-
ifold H since CHn−1 is not in the image of the supergravity r-map. They obtain
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that SU(1,n−1)⋉ (Heis2n+1 /F ′) acts effectively and isometrically on (N̄′/F ′,gc
N̄),

where N̄′ ∼=R4n is the universal covering of our N̄, and F ′ is trivial if c= 0 and infinite
cyclic for c > 0. In the latter case N̄′/F ′ = N̄.



Chapter 6

Hypersurfaces of supergravity c-map
spaces

In this second and last original chapter, we present the results of the study of the in-
duced geometry on the hypersurface orbits of a cohomogeneity one group action on a
deformed supergravity c-map space. More precisely, in Section 6.1 we first compute
a general formula for the Ricci curvature tensor of a hypersurface of an Einstein man-
ifold equipped with the induced metric. Then we apply this formula to the one-loop
deformation of the symmetric space SU(n,2)/S(U(n)×U(2)), which is a supergravity
c-map space, to obtain an explicit formula for the eigenvalues of the Ricci endomor-
phism of the induced metric on the hypersurface in terms of the deformation parameter
c ≥ 0. We conclude that the hypersurfaces are not homothetic for c = 0 and c > 0.
In Section 6.2 we show that the hypersurface can be seen as a solvmanifold, that is, a
solvable Lie group equipped with a left-invariant metric. We first determine the alge-
braic structure of the Lie group obtaining its structure constants and deducing some
properties of it. Then we explain how to realize the induced metric on the hypersurface
as a left-invariant metric on the Lie group. Finally we show, by explicit computations,
that for c = 0 we have an algebraic Ricci soliton on the Lie group, whereas this is not
longer true for c > 0.

6.1 Ricci curvature of a hypersurface of an Einstein
manifold

Let K be a smooth manifold and consider the smooth manifold N̄ := (0,∞)×K. Write
ρ : N̄ −→ (0,∞) for the canonical projection. On N̄ we suppose that we have an
Einstein metric g of the form

g = f (ρ)dρ
2 +gρ ,

where gρ is a Riemannian metric on N̄ρ := {ρ}×K and f : N̄ −→ (0,∞) a smooth
positive function depending only on ρ . We may think of gρ as a one-parameter family

113
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of Riemannian metrics on K depending on ρ . In this section we give a general formula
for the Ricci tensor of the hypersurface N̄ρ . Similar computations appear in a different
context in [Koi81]. Of course, in the case when ρ is a distance function, i.e. f ≡ 1, the
computations that follow are classical, but we nevertheless work out the formulas for
general f , since these then readily apply to the family of quaternionic Kähler metrics
we are interested in.

6.1.1 Formula for the Ricci tensor of a hypersurface
We will denote

∂ρ :=
∂

∂ρ
.

Lemma 6.1.1. The bilinear form h ∈ Γ(T ∗N̄ ⊗T ∗N̄) given by h(X ,Y ) := g(∇X ∂ρ ,Y )
is symmetric, i.e. g(∇X ∂ρ ,Y ) = g(∇Y ∂ρ ,X).

Proof. Consider the function F =
∫

f dρ : (0,∞)−→ R. Then F ′ = f , so that, viewed
as a function on N̄, we have dF = f dρ . It follows that grad(F) = ∂ρ , and h is by
definition the Hessian of F , hence symmetric.

Lemma 6.1.2. We have ∇∂ρ
∂ρ = 1

2
f ′
f ∂ρ .

Proof. First of all we have

g(∇∂ρ
∂ρ ,∂ρ) =

1
2

∂

∂ρ
g(∂ρ ,∂ρ) =

1
2

∂ f
∂ρ

=
1
2

f ′(ρ) = g(1
2

f ′
f ∂ρ ,∂ρ). (34)

Now, if X is a vector field tangent to the fibers of ρ , i.e. dρ(X) = 0, then g(X ,∂ρ) = 0
and

dρ([X ,∂ρ ]) = [X ,∂ρ ](ρ) = X(∂ρ(ρ))−∂ρ(X(ρ)) = X(1)−∂ρ(0) = 0.

This implies g([X ,∂ρ ],∂ρ) = 0. Now we compute using the Koszul formula

2g(∇∂ρ
∂ρ ,X) =

∂

∂ρ
g(∂ρ ,X)+

∂

∂ρ
g(∂ρ ,X)−Xg(∂ρ ,∂ρ)

−g([∂ρ ,∂ρ ],X)−g([∂ρ ,X ],∂ρ)+g([X ,∂ρ ],∂ρ)

=−X( f ) = 0.

It follows that ∇∂ρ
∂ρ ⊥ ker(dρ), i.e. ∇∂ρ

∂ρ = 1
2

f ′
f ∂ρ by (34).

To state the next lemma we use the following notation. If α ∈ Γ(T ∗N̄ ⊗ T ∗N̄) is a
bilinear form with associated endomorphism A, i.e. α(·, ·) = g(A·, ·), we write

α
2(·, ·) = g(A2·, ·) = g(A·,A·) = α(·,A·) ∈ Γ(T ∗N̄ ⊗T ∗N̄).
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In particular, for the bilinear form h above, we have h(·, ·)= g(∇·∂ρ , ·) so that h2(·, ·)=
g(∇·∂ρ ,∇·∂ρ) = h(·,∇·∂ρ).

Note that if {Ei} is an orthonormal basis of T N̄, then

AX = ∑
i

g(AX ,Ei)Ei = ∑
i

α(X ,Ei)Ei,

so that

α
2(X ,X) = g(AX ,AX) = ∑

i, j
g(α(X ,Ei)Ei,α(X ,E j)E j) = ∑

i
α(X ,Ei)

2.

Lemma 6.1.3. Let X ,Y ∈ Γ(T N̄) be two vector fields tangent to K, i.e. such that
dρ(X) = 0 = dρ(Y ), and suppose [X ,∂ρ ] = 0 = [Y,∂ρ ]. Then

(a) g(∇X ∂ρ ,∂ρ) = 0.

(b) h(X ,Y ) = g(∇X ∂ρ ,Y ) =−g(∇XY,∂ρ) =
1
2

∂

∂ρ
gρ(X ,Y ).

(c) The second fundamental form II : T N̄ρ ×T N̄ρ −→ T N̄⊥
ρ is given by

II(X ,Y ) =−1
f

h(X ,Y )∂ρ =− 1
2 f

∂

∂ρ
gρ(X ,Y )∂ρ .

(d) g(RN̄(X ,∂ρ)∂ρ ,X) = 1
4

f ′
f

∂

∂ρ
gρ(X ,X)− 1

2
∂ 2

∂ρ2 gρ(X ,X)+h2(X ,X).

Proof. (a) We have g(∇X ∂ρ ,∂ρ) =
1
2Xg(∂ρ ,∂ρ) =

1
2X( f ) = 0.

(b) Since g(∂ρ ,Y ) = 0 and ∇ is metric, it follows that g(∇X ∂ρ ,Y ) =−g(∇XY,∂ρ). To
compute g(∇X ∂ρ ,Y ) we apply the Koszul formula using that g(∂ρ ,X) = 0 = g(∂ρ ,Y )
and [X ,∂ρ ] = 0 = [Y,∂ρ ]:

2h(X ,Y ) = 2g(∇X ∂ρ ,Y )

= Xg(∂ρ ,Y )+
∂

∂ρ
g(X ,Y )−Y g(X ,∂ρ)

+g([X ,∂ρ ],Y )−g([∂ρ ,Y ],X)+g([Y,X ],∂ρ)

=
∂

∂ρ
gρ(X ,Y ).

(c) By definition we have II(X ,Y ) = (∇XY )⊥ = g(∇XY,ν)ν , where ν = 1√
f ∂ρ is the

unit normal vector field. Thus, using part (b):

II(X ,Y ) =
1
f

g(∇XY,∂ρ)∂ρ =−1
f

h(X ,Y )∂ρ =− 1
2 f

∂

∂ρ
gρ(X ,Y )∂ρ .
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(d) We compute using part (a) and (b):

g(RN̄(X ,∂ρ)∂ρ ,X) = g(∇X ∇∂ρ
∂ρ −∇∂ρ

∇X ∂ρ −∇[X ,∂ρ ]∂ρ ,X)

= g(∇X(
1
2

f ′
f ∂ρ),X)−g(∇∂ρ

∇X ∂ρ ,X)

=
1
2

f ′

f
g(∇X ∂ρ ,X)− ∂

∂ρ
g(∇X ∂ρ ,X)+g(∇X ∂ρ ,∇∂ρ

X)

=
1
4

f ′

f
∂

∂ρ
gρ(X ,X)− 1

2
∂ 2

∂ρ2 gρ(X ,X)+h(X ,∇∂ρ
X)

=
1
4

f ′

f
∂

∂ρ
gρ(X ,X)− 1

2
∂ 2

∂ρ2 gρ(X ,X)+h(X ,∇X ∂ρ)

=
1
4

f ′

f
∂

∂ρ
gρ(X ,X)− 1

2
∂ 2

∂ρ2 gρ(X ,X)+h2(X ,X).

Lemma 6.1.4. Suppose that (N̄,g) is an Einstein manifold with Einstein constant
λ ∈R. Consider the hypersurface N̄ρ = {ρ}×K with induced metric gρ , unit normal
vector field ν ∈ Γ(T N̄⊥

ρ ) and second fundamental form II ∈ Γ(T ∗N̄ρ ⊗T ∗N̄ρ ⊗T N̄⊥
ρ ).

Then for any x ∈ N̄ρ and X ∈ TxN̄ρ we have, with an orthonormal basis {Ei} of TxN̄ρ :

RicN̄ρ
(X ,X) = λgρ(X ,X)+g(II(X ,X), tr(II))

−∑
i

g(II(X ,Ei), II(X ,Ei))−
1
f

RmN̄(X ,∂ρ ,∂ρ ,X).

Proof. Let x ∈ N̄ρ and X ,Y,Z,W ∈ TxN̄ρ . Then writing the curvature tensors as
RmN̄(X ,Y,Z,W ) = g(RN̄(X ,Y )Z,W ) and RmN̄ρ

(X ,Y,Z,W ) = gρ(RN̄ρ
(X ,Y )Z,W ) we

have by the Gauss equation:

RmN̄(X ,Y,Z,W ) = RmN̄ρ
(X ,Y,Z,W )−g(II(X ,W ), II(Y,Z))+g(II(X ,Z), II(Y,W )).

Now let {Ei} be an orthonormal basis of TxN̄ρ , so that {Ei}∪{νx} is an orthonormal
basis of TxN̄, where ν = 1√

f ∂ρ . Then we have

RicN̄(X ,X) = tr(V 7−→ RN̄(V,X)X)

= ∑
i

RmN̄(X ,Ei,Ei,X)+RmN̄(X ,νx,νx,X)

= ∑
i

(
RmN̄ρ

(X ,Ei,Ei,X)−g(II(X ,X), II(Ei,Ei))
)

+∑
i

g(II(X ,Ei), II(Ei,X))+RmN̄(X ,νx,νx,X)

= RicN̄ρ
(X ,X)−g(II(X ,X), tr(II))

+∑
i

g(II(X ,Ei), II(X ,Ei))+
1
f

RmN̄(X ,∂ρ ,∂ρ ,X).

Now RicN̄ = λg and therefore we get the claimed formula.
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We write hρ ∈ Γ(T ∗N̄ρ ⊗T ∗N̄ρ) for the restriction of h to N̄ρ . We refine the formula
obtained in Lemma 6.1.4 as follows.

Lemma 6.1.5. Suppose that (N̄,g) is an Einstein manifold with Einstein constant
λ ∈R. Consider the hypersurface N̄ρ = {ρ}×K with induced metric gρ , unit normal
vector field ν ∈ Γ(T N̄⊥

ρ ) and second fundamental form II ∈ Γ(T ∗N̄ρ ⊗T ∗N̄ρ ⊗T N̄⊥
ρ ).

Then we have

RicN̄ρ
= λgρ +

(
1

4 f
tr
(

∂

∂ρ
gρ

)
− f ′

4 f 2

)
∂

∂ρ
gρ −

2
f

h2
ρ +

1
2 f

∂ 2

∂ρ2 gρ .

Proof. Let x ∈ N̄ρ and X ∈ Tx ∈ N̄ρ . Using Lemma 6.1.3 we obtain:

RicN̄ρ
(X ,X) = λgρ(X ,X)+g(II(X ,X), tr(II))−∑

i
g(II(X ,Ei), II(X ,Ei))

− 1
f

RmN̄(X ,∂ρ ,∂ρ ,X)

= λgρ(X ,X)+
1
f

hρ(X ,X) tr(hρ)−
1
f ∑

i
hρ(X ,Ei)hρ(X ,Ei)

− 1
f

RmN̄(X ,∂ρ ,∂ρ ,X)

= λgρ(X ,X)+
1
f

hρ(X ,X) tr(hρ)−
1
f

h2
ρ(X ,X)

− 1
f

(
1
4

f ′

f
∂

∂ρ
gρ(X ,X)− 1

2
∂ 2

∂ρ2 gρ(X ,X)+h2
ρ(X ,X)

)
= λgρ(X ,X)+

1
f

hρ(X ,X) tr(hρ)−
2
f

h2
ρ(X ,X)

− f ′

4 f 2
∂

∂ρ
gρ(X ,X)+

1
2 f

∂ 2

∂ρ2 gρ(X ,X)

= λgρ(X ,X)+
1

4 f
∂

∂ρ
gρ(X ,X) tr

(
∂

∂ρ
gρ

)
− 2

f
h2

ρ(X ,X)

− f ′

4 f 2
∂

∂ρ
gρ(X ,X)+

1
2 f

∂ 2

∂ρ2 gρ(X ,X)

= λgρ(X ,X)+

(
1

4 f
tr
(

∂

∂ρ
gρ

)
− f ′

4 f 2

)
∂

∂ρ
gρ(X ,X)

− 2
f

h2
ρ(X ,X)+

1
2 f

∂ 2

∂ρ2 gρ(X ,X).
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6.1.2 Application to a particular series of examples
Let us consider the one-loop deformation (with c > 0) of the non-compact symmetric
space

SU(n,2)/S(U(n)×U(2)).

We identify the underlying manifold N̄ as

N̄ = (0,∞)× (B1(0)×R×Cn),

where B1(0)⊂Cn−1 is the unit open ball. On N̄ we have the global coordinate system

(ρ,Xa, φ̃ ,w0,wa) ∈ (0,∞)× (Cn−1 ×R×C×Cn−1),

where a = 1, . . . ,n−1 and ∥X∥2 = ∑a|Xa|2 < 1. If n = 1 we adopt the convention that
the family (Xa,wa)0

a=1 is empty, so that for N̄ = (0,∞)×R×C the global coordinate
system is just (ρ, φ̃ ,w0). With the convention ∑

0
a=1 = 0, the one-loop deformed metric

is then explicitly given by

gc
N̄ =

1
4ρ2

ρ +2c
ρ + c

dρ
2 +gc

ρ ,

where

gc
ρ =

ρ + c
ρ

1
1−∥X∥2

n−1

∑
a=1

|dXa|2 + 1
1−∥X∥2

∣∣∣∣∣n−1

∑
a=1

X̄adXa

∣∣∣∣∣
2


+
1

4ρ2
ρ + c
ρ +2c

(
dφ̃ −4Im

(
w̄0dw0 −

n−1

∑
a=1

w̄adwa

)

+
2c

1−∥X∥2 Im

(
n−1

∑
a=1

X̄adXa

))2

− 2
ρ

(
dw0dw̄0 −

n−1

∑
a=1

dwadw̄a

)
+

ρ + c
ρ2

4
1−∥X∥2

∣∣∣∣∣dw0 +
n−1

∑
a=1

Xadwa

∣∣∣∣∣
2

.

(35)

Remark 6.1.6. The metric (35) is obtained by applying the (deformed) supergravity
c-map to the PSK manifold M̄ =CHn−1 with quadratic holomorphic prepotential (see
Example 4.3.8). The expressions (35) and (19) (applied to this particular case) are
equivalent ways to express the quaternionic Kähler metric, but using different conven-
tions (see [CT22b, Remark 2.7]).

The metric gc
N̄ fits into the framework of the previous subsection with

K = B1(0)×R×Cn and f (ρ) =
1

4ρ2
ρ +2c
ρ + c

.
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The metric gc
N̄ is quaternionic Kähler with reduced scalar curvature ν = scal

4n(n+2) =−2
(see [CDS17, Page 89]). In particular, it is Einstein with Einstein constant equal to
λ = scal

4n =−2(n+2).

We are interested in computing the Ricci curvature tensor of the hypersurface N̄ρ with
metric gc

ρ . For that we want to apply Lemma 6.1.5 and therefore we need to compute
∂

∂ρ
gc

ρ , ∂ 2

∂ρ2 gc
ρ and the bilinear form h2

ρ .

The level sets N̄ρ of ρ are homogeneous, thus it suffices to perform all computations
at a point pρ = (ρ,0) ∈ N̄ρ = {ρ}×K, obtained by fixing ρ and setting all the other
coordinates to zero. Moreover, we are only differentiating in the direction ρ , so we
may first evaluate gc

ρ at 0 ∈ K and then differentiate with respect to ρ . We may thus
work with the metric gc

ρ , expressed in real coordinates, in the following simplified
form:

gc
ρ =

ρ + c
4ρ

n−1

∑
a=1

(
(dba)2 +(dta)2)+ 1

4ρ2
ρ + c

ρ +2c
dφ̃

2

+
1

2ρ

ρ +2c
ρ

(
(dζ̃0)

2 +(dζ
0)2)+ 1

2ρ

n−1

∑
a=1

(
(dζ̃a)

2 +(dζ
a)2),

where
Xa =

1
2
(ba + ita), w0 =

1
2
(ζ̃0 + iζ 0), wa =

1
2
(ζ̃a − iζ a).

Now we compute the derivative of the metric gc
ρ :

∂

∂ρ
gc

ρ =− c
4ρ2

n−1

∑
a=1

(
(dba)2 +(dta)2)− 1

4ρ3
2ρ2 +5cρ +4c2

(ρ +2c)2 dφ̃
2

− 1
2ρ2

ρ +4c
ρ

(
(dζ̃0)

2 +(dζ
0)2)− 1

2ρ2

n−1

∑
a=1

(
(dζ̃a)

2 +(dζ
a)2)

=− 1
ρ

(
h1(ρ)

ρ + c
4ρ

n−1

∑
a=1

(
(dba)2 +(dta)2)+h2(ρ)

1
4ρ2

ρ + c
ρ +2c

dφ̃
2

)

− 1
ρ

(
h3(ρ)

1
2ρ

ρ +2c
ρ

(
(dζ̃0)

2 +(dζ
0)2)+ 1

2ρ

n−1

∑
a=1

(
(dζ̃a)

2 +(dζ
a)2)) ,

where

h1(ρ) :=
c

ρ + c
> 0, h2(ρ) :=

2ρ2 +5cρ +4c2

(ρ + c)(ρ +2c)
> 0, h3(ρ) :=

ρ +4c
ρ +2c

> 0.

Note that the Gram matrix of gc
ρ is diagonal in these coordinates:

gc
ρ = diag

(
ρ + c
4ρ

12n−2,
ρ + c

4ρ2(ρ +2c)
,
ρ +2c

2ρ2 12,
1

2ρ
12n−2

)
,
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where we denote by 1k the k× k identity matrix. Sometimes we will also write Ok
for the k× k zero matrix. If n = 1, then 2n− 2 = 0 and we adopt the convention to
interpret the Gram matrix of gc

ρ as

gc
ρ = diag

(
ρ + c

4ρ2(ρ +2c)
,
ρ +2c

2ρ2 12

)
,

which is consistent with our conventions of choosing coordinates on N̄ explained
above. We apply analogous conventions to the various other Gram matrices that ap-
pear below and henceforth we will not explicitly distinguish between the cases n = 1
and n > 1. It follows that the Gram matrix of the bilinear form hρ(·, ·) = gc

ρ(∇·∂ρ , ·) =
1
2

∂

∂ρ
gc

ρ is

Hρ =
1
2

∂

∂ρ
gc

ρ

=− 1
2ρ

diag
(

h1(ρ)
ρ + c
4ρ

12n−2,h2(ρ)
ρ + c

4ρ2(ρ +2c)
,h3(ρ)

ρ +2c
2ρ2 12,

1
2ρ

12n−2

)
= gc

ρAρ ,

where Aρ is the diagonal matrix

Aρ =− 1
2ρ

diag
(
h1(ρ)12n−2,h2(ρ),h3(ρ)12,12n−2

)
(36)

corresponding to the endomorphism ∇∂ρ . From this computation and Lemma 6.1.3
we deduce the following.

Proposition 6.1.7. The eigenvalues of the shape operator Sc
ρ of the hypersurface

(N̄ρ ,gc
ρ)⊂ (N̄,gc

N̄) with respect to the unit normal vector field 1√
f ∂ρ are given by

σ1 =
c

ρ + c

√
ρ + c

ρ +2c
,

σ2 =
2ρ2 +5cρ +4c2

(ρ + c)(ρ +2c)

√
ρ + c

ρ +2c
,

σ3 =
ρ +4c
ρ +2c

√
ρ + c

ρ +2c
,

σ4 =

√
ρ + c
ρ +2c

,

where the multiplicities of σ1 and σ4 are 2n−2, the multiplicity of σ2 is 1 and the mul-
tiplicity of σ3 is 2. In particular, if c> 0, then (N̄ρ ,gc

ρ) is strictly convex. Furthermore,
the mean curvature of (N̄ρ ,gc

ρ) is

tr(Sc
ρ) =

(2n+2)ρ2 +(8n+7)cρ +(8n+4)c2

(ρ + c)(ρ +2c)

√
ρ + c

ρ +2c
.
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Proof. By Lemma 6.1.3 (c) we know that the second fundamental form IIρ of the
hypersurface (N̄ρ ,gc

ρ)⊂ (N̄,gc
N̄) evaluates on tangent vectors X ,Y to

IIρ(X ,Y ) =−1
f

hρ(X ,Y )∂ρ = g(Sc
ρ(X),Y )

1√
f

∂ρ ,

where Sc
ρ is the shape operator. At the point pρ we see from the above discussion that

gc
ρ(S

c
ρ(X),Y ) =− 1√

f
hρ(X ,Y ) = gc

ρ((− 1√
f Aρ)X ,Y ).

That is, from (36) we get

Sc
ρ =− 1√

f
Aρ =

1
2ρ

√
f

diag
(
h1(ρ)12n−2,h2(ρ),h3(ρ)12,12n−2

)
.

The eigenvalues are then explicitly given by

σ1 =
h1(ρ)

2ρ
√

f
=

c
ρ + c

√
ρ + c

ρ +2c
,

σ2 =
h2(ρ)

2ρ
√

f
=

2ρ2 +5cρ +4c2

(ρ + c)(ρ +2c)

√
ρ + c

ρ +2c
,

σ3 =
h3(ρ)

2ρ
√

f
=

ρ +4c
ρ +2c

√
ρ + c

ρ +2c
,

σ4 =
1

2ρ
√

f
=

√
ρ + c

ρ +2c
.

The mean curvature

tr(Sc
ρ) = (2n−2)σ1 +σ2 +2σ3 +(2n−2)σ4

=
(2n+2)ρ2 +(8n+7)cρ +(8n+4)c2

(ρ + c)(ρ +2c)

√
ρ + c
ρ +2c

is obtained from a straightforward computation.

From the previous computations we also deduce that the trace of the bilinear form
∂

∂ρ
gc

ρ = 2hρ is given by

tr
(

∂

∂ρ
gc

ρ

)
= 2tr(Aρ) =− 1

ρ

(
(2n−2)h1(ρ)+h2(ρ)+2h3(ρ)+2n−2

)
. (37)

Moreover, it follows that (∇∂ρ)
2 is represented by

A2
ρ =

1
4ρ2 diag

(
h2

1(ρ)12n−2,h2
2(ρ),h

2
3(ρ)12,12n−2

)
.
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The Gram matrix of h2
ρ , the bilinear form corresponding to the endomorphism (∇∂ρ)

2,
is therefore

H2
ρ = A2

ρgc
ρ

=
1

4ρ2 diag
(

h2
1(ρ)

ρ + c
4ρ

12n−2,h2
2(ρ)

ρ + c
4ρ2(ρ +2c)

,h2
3(ρ)

ρ +2c
2ρ2 12,

1
2ρ

12n−2

)
.

It remains to compute the second derivative ∂ 2

∂ρ2 gc
ρ . Its Gram matrix is given by

∂ 2

∂ρ2 gc
ρ =

∂

∂ρ

(
∂

∂ρ
gc

ρ

)
= 2

∂

∂ρ
Hρ = 2

∂

∂ρ
(Aρgc

ρ)

= 2
(

∂Aρ

∂ρ
gc

ρ +Aρ

∂gc
ρ

∂ρ

)
= 2

(
∂Aρ

∂ρ
gc

ρ +2AρHρ

)
= 2

(
∂Aρ

∂ρ
+2A2

ρ

)
gc

ρ .

We have already computed all terms except ∂Aρ

∂ρ
, which is

∂Aρ

∂ρ
=

1
2ρ2 diag

(
(h1 −ρh′1)12n−2,h2 −ρh′2,(h3 −ρh′3)12,12n−2

)
.

We then find that

∂ 2

∂ρ2 gc
ρ = 2

(
∂Aρ

∂ρ
+2A2

ρ

)
gc

ρ

=
1

ρ2 diag
(
(h2

1 +h1 −ρh′1)12n−2,h2
2 +h2 −ρh′2,(h

2
3 +h3 −ρh′3)12,212n−2

)
.

Since we have that Ric(gc
N̄) = −2(n+2)gc

N̄ , we must take λ = −2(n+2) in the for-
mula of Lemma 6.1.5. All other quantities in that formula are now computed, so
putting everything together we find the following.

Proposition 6.1.8. Let n ∈ N and c ≥ 0. The Ricci curvature tensor of (N̄ρ ,gc
ρ) at the

point pρ = (ρ,0) is given by

RicN̄ρ
=−2(n+2)gc

ρ −2nρ
∂

∂ρ
gc

ρ +
1
f

gc
ρ(

∂Aρ

∂ρ
·, ·).

If n = 1, then in the global real coordinates (φ̃ , ζ̃0,ζ
0) the Ricci endomorphism is

represented by the diagonal matrix

ricN̄ρ
= diag

(
r2,r312

)
.

If n > 1, then in the global real coordinates (ba, ta, φ̃ , ζ̃0,ζ
0, ζ̃a,ζ

a), a = 1, . . . ,n−1,
the Ricci endomorphism is represented by the diagonal matrix

ricN̄ρ
= diag

(
r112n−2,r2,r312,r412n−2

)
.
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The principal Ricci curvatures are, for any n ∈ N and c ≥ 0, given by

r1 =−2(n+2)ρ2 +4(n+2)cρ +6c2

(ρ + c)(ρ +2c)
,

r2 =
2nρ4 +4(3n−2)cρ3 +2(14n−13)c2ρ2 +32(n−1)c3ρ +16(n−1)c4

(ρ + c)(ρ +2c)3 ,

r3 =
−2ρ3 +2(2n−3)cρ2 +16(n−1)c2ρ +16(n−1)c3

(ρ +2c)3 ,

r4 =−2(ρ +3c)
ρ +2c

.

Proof. The general formula of Lemma 6.1.5, with λ =−2(n+2), becomes

RicN̄ρ
=−2(n+2)gρ +

1
4 f

(
tr
(

∂

∂ρ
gρ

)
− f ′

f

)
∂

∂ρ
gρ −

2
f

h2
ρ +

1
2 f

∂ 2

∂ρ2 gρ ,

where recall that f = 1
4ρ2

ρ+2c
ρ+c . Using (37) we can therefore compute that

tr
(

∂

∂ρ
gρ

)
− f ′

f
=−8nρ f .

Thus we get
1

4 f

(
tr
(

∂

∂ρ
gρ

)
− f ′

f

)
=

1
4 f

(−8nρ f ) =−2nρ

and the formula for RicN̄ρ
simplifies to

RicN̄ρ
=−2(n+2)gρ −2nρ

∂

∂ρ
gρ −

2
f

h2
ρ +

1
2 f

∂ 2

∂ρ2 gρ .

We next simplify the last two terms. In terms of Gram matrices we have

−2h2
ρ +

1
2

∂ 2

∂ρ2 gc
ρ =−2A2

ρgc
ρ +

1
2
·2
(

∂Aρ

∂ρ
+2A2

ρ

)
gc

ρ =
∂Aρ

∂ρ
gc

ρ .

Hence we find

RicN̄ρ
=−2(n+2)gc

ρ −2nρ
∂

∂ρ
gc

ρ +
1
f

gc
ρ(

∂Aρ

∂ρ
·, ·).

The Gram matrix of the bilinear form RicN̄ρ
is then given by

RicN̄ρ
=−2(n+2)gc

ρ −2nρ ·2Aρgc
ρ +

1
f

∂Aρ

∂ρ
gc

ρ

=

(
−2(n+2)14n−1 −4nρAρ +

1
f

∂Aρ

∂ρ

)
gc

ρ

= diag
(
r112n−2,r2,r312,r412n−2

)
gc

ρ ,
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where

r1 =−2(n+2)+2nh1 +
2(ρ + c)(h1 −ρh′1)

ρ +2c

=−2(n+2)ρ2 +4(n+2)cρ +6c2

(ρ + c)(ρ +2c)
,

r2 =−2(n+2)+2nh2 +
2(ρ + c)(h2 −ρh′2)

ρ +2c

=
2nρ4 +4(3n−2)cρ3 +2(14n−13)c2ρ2 +32(n−1)c3ρ +16(n−1)c4

(ρ + c)(ρ +2c)3 ,

r3 =−2(n+2)+2nh3 +
2(ρ + c)(h3 −ρh′3)

ρ +2c

=
−2ρ3 +2(2n−3)cρ2 +16(n−1)c2ρ +16(n−1)c3

(ρ +2c)3 ,

r4 =−2(n+2)+2n+
2(ρ + c)
ρ +2c

=−2(ρ +3c)
ρ +2c

.

Remark 6.1.9. We gather some comments about the nature of the principal Ricci
curvatures computed in Proposition 6.1.8:

(1) If n = 1, then gc
ρ is a left-invariant metric on the 3-dimensional Heisenberg group

(see Section 6.2). For any c≥ 0, the Ricci endomorphism has just two eigenvalues,
namely

r2 =
2ρ4 +4cρ3 +2c2ρ2

(ρ + c)(ρ +2c)3 =
2ρ2(ρ + c)
(ρ +2c)3 =−r3.

Thus, in this case ricN̄ρ
= r2 diag(1,−1,−1). In fact, the Ricci endomorphism of

any left-invariant metric on the 3-dimensional Heisenberg group may be put in
this form (see [Mil76]).

(2) If c = 0 and n > 1, the principal Ricci curvatures simplify to

r1 =−2(n+2), r2 = 2n, r3 = r4 =−2.

Note in particular that r3 = r4 in this case, so the spectrum of ricN̄ρ
consists only

of three distinct eigenvalues. It follows that ricN̄ρ
restricts to a multiple of the

identity on the subspace of Tpρ
N̄ρ spanned by ∂

∂ζ 0 ,
∂

∂ ζ̃0
, . . . , ∂

∂ζ n−1 ,
∂

∂ ζ̃n−1
.

(3) In the case n > 1 and c > 0 the eigenvalues r1,r2,r3,r4 are distinct and, in contrast
to the case c = 0, the vectors ∂

∂ζ 0 ,
∂

∂ ζ̃0
and ∂

∂ζ 1 ,
∂

∂ ζ̃1
, . . . , ∂

∂ζ n−1 ,
∂

∂ ζ̃n−1
now span

distinct eigenspaces of ricN̄ρ
.

From these remarks we deduce the following important consequence.

Corollary 6.1.10. Let n > 1. The metrics gρ = g0
ρ and gc

ρ , c > 0, are not homothetic.
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6.2 The level sets (N̄ρ ,gc
ρ) as Riemannian solvmanifolds

In [CRT21] it was shown that the level sets N̄ρ are the orbits for an isometric and
c-dependent action of the simply connected Lie group with Lie algebra u(1,n−1)⋉
heis2n+1. The Lie algebra of the stabilizer of the point pρ = (ρ,0) with respect to
this action is a subalgebra of u(1,n− 1)⋉ heis2n+1 isomorphic to u(1)⊕ u(n− 1).
In this section we shall see that the subgroup L with Lie algebra l = b⋉ heis2n+1,
where b ⊂ su(1,n− 1) is the (solvable) Iwasawa subalgebra, acts simply transitive
and isometrically on N̄ρ . We may thus regard gc

ρ as a left-invariant metric on the Lie
group L, and in this subsection we shall determine the Lie algebra l and the inner
product on l corresponding to gc

ρ explicitly.

6.2.1 The Iwasawa decomposition of su(1,n−1)

Decomposing Cn = Ce0 ⊕Cn−1 with an orthonormal basis e0,e1, . . . ,en−1 of Cn with
respect to the pseudo-Hermitian inner product h of signature (1,n − 1) such that
h(e0,e0) =−1, we may write

u(1,n−1) = RC⊕ su(1,n−1),

where

C =

(
i 0
0 i1n−1

)
, su(1,n−1) =

{(
− tr(A) v̄⊤

v A

)
| v ∈ Cn−1,A ∈ u(n−1)

}
.

We view u(1,n− 1) ⊂ gl(n,C) as the fixed-point set of the anti-linear involutive Lie
algebra automorphism

σ : gl(n,C)−→ gl(n,C), σ(A) := Aσ :=−IĀ⊤I, where I =
(
−1 0
0 1n−1

)
.

Note that (AB)σ =−Bσ Aσ . Given A ∈ gl(n,C) we then write

Re(A) =
1
2
(A+Aσ ) and Im(A) =

1
2i
(A−Aσ ).

For a = 1, . . . ,n−1 we write further

Ua =

(
0 e⊤a
0 0

)
and Uσ

a := σ(Ua) =

(
0 0
ea 0

)
.

We observe that

[Ua,Ub] = 0, [Uσ
a ,Uσ

b ] = 0, [Ua,Uσ
b ] =

(
δab 0
0 −ebe⊤a

)
.

Then

{C,Re(Ua), Im(Ua),Re([Ua,Uσ
b ]), Im([Ua,Uσ

b ]) | a,b = 1, . . . ,n−1}
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is a basis for u(1,n−1).

The real vector space underlying the Lie algebra heis2n+1 is given by Cn ⊕R, where
we identify Cn with R2n and write Z for the generator of the center R.

We now fix ρ ∈ (0,∞), take as basepoint pρ := (ρ,0) ∈ N̄ρ and consider the infinites-
imal action of su(1,n− 1)⋉ heis2n+1 on N̄ρ . The Lie algebra g′ of the stabilizer of
pρ , i.e. the kernel of the map u(1,n−1)⋉heis2n+1 −→ Tpρ

N̄ρ given by evaluating the
Killing fields at pρ , was computed in [CRT21, Lemma 3.5]:

g′ = spanR{C+2cZ,Re([Ua,Uσ
b ]), Im([Ua,Uσ

b ])+2cδabZ | a,b = 1, . . . ,n−1},

which is isomorphic to u(1)⊕u(n−1) and has trivial intersection with heis2n+1.

We briefly review the Iwasawa decomposition of su(1,n− 1). We may choose the
following Cartan decomposition

u(1,n−1) = k⊕p,

where

k= RC⊕
{(

− tr(A) 0
0 A

)
| A ∈ u(n−1)

}
∼= u(1)⊕u(n−1),

p=

{(
0 v̄⊤

v 0

)
| v ∈ Cn−1

}
.

Define for a ∈ {1, . . . ,n−1}:

Ba := (1+δ1a)Ua − [Ua,Uσ
1 ] =

(
−δ1a (1+δ1a)e⊤a

0 e1e⊤a

)
and

BR
a := Re(Ba) =

1
2

(
0 (1+δ1a)e⊤a

(1+δ1a)ea e1e⊤a − eae⊤1

)
,

BI
a := Im(Ba) =

1
2i

(
−2δ1a (1+δ1a)e⊤a

−(1+δ1a)ea e1e⊤a + eae⊤1

)
.

Then

BR
1 =

(
0 e⊤1
e1 0

)
, BI

1 =

 i −i 0
i −i 0
0 0 0


and for a > 1 we have

BR
a =

1
2

 0 0 ẽ⊤a−1
0 0 ẽ⊤a−1

ẽa−1 −ẽa−1 0

 , BI
a =

1
2

 0 0 −iẽ⊤a−1
0 0 −iẽ⊤a−1

iẽa−1 −iẽa−1 0

 ,
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where ẽa−1 ∈ Cn−2 is such that e⊤a =
(
0 ẽ⊤a−1

)
∈ Cn−1.

A maximal abelian subalgebra of p is given by

a :=
{(

0 ae⊤1
ae1 0

)
| a ∈ R

}
= spanR{BR

1}.

The positive eigenvalues of ad(BR
1 ) = [BR

1 , ·] ∈ End(u(1,n − 1)) are 2 and 1 with
eigenspaces given by

g2 =

{(
ia −iae⊤1

iae1 −iae1e⊤1

)
| a ∈ R

}
= spanR{BI

1},

g1 =


0 0 z̄⊤

0 0 z̄⊤

z −z 0

 | z ∈ Cn−2

= spanR{BR
a ,B

I
a | a = 2, . . . ,n−1}.

With

n= g1 ⊕g2 =


ia −ia z̄⊤

ia −ia z̄⊤

z −z 0

 | z ∈ Cn−2,a ∈ R


we get u(1,n−1) = k⊕a⊕n and the Iwasawa decomposition

su(1,n−1) = u(n−1)⊕a⊕n.

We observe the following bracket relations for i = 1,2:

[a,a] = 0, [a,gi]⊂ gi, [g1,g1]⊂ g2, [g1,g2] = 0 = [g2,g2],

which imply
[b,b]⊂ n, [n,n]⊂ g2, [n, [n,n]] = 0,

where b= a⊕n is the solvable part of the Iwasawa decomposition.

Lemma 6.2.1. The Lie algebra n is isomorphic to heis2n−3 and the basis vectors
BI

1,B
R
a ,B

I
a, a= 2, . . . ,n−1, satisfy the following non-trivial bracket relations (all other

brackets are zero):

[BR
a ,B

I
a] =

1
2

BI
1.

Proof. Since [g1,g2] = 0 = [g2,g2] we see that g2 is contained in the center of n. Let
z1,z2 ∈ Cn−2. We can compute directly 0 0 z̄⊤1

0 0 z̄⊤1
z1 −z1 0

 ,

 0 0 z̄⊤2
0 0 z̄⊤2
z2 −z2 0

=

2i Im(z̄⊤1 z2) −2i Im(z̄⊤1 z2) 0
2i Im(z̄⊤1 z2) −2i Im(z̄⊤1 z2) 0

0 0 0


= 2Im(z̄⊤1 z2)BI

1.
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It follows then that the eigenspace g2 = spanR{BI
1} is the center of n and we note

that (z1,z2) 7−→ 2Im(z̄⊤1 z2) is a non-zero multiple of the standard symplectic (Kähler)
form on Cn−2. Thus n∼= heis2n−3.

Since BR
a corresponds to choosing z = 1

2 ẽa−1 and BI
a corresponds to choosing z =

i
2 ẽa−1, if a > 1 then we find

[BR
a ,B

R
b ] = [BI

a,B
I
b] =

1
2

Im(ẽ⊤a−1ẽb−1)BI
1 = 0,

[BR
a ,B

I
b] =

1
2

Im(iẽ⊤a−1ẽb−1)BI
1 =

1
2

δabBI
1.

Consider the (2n−2)-dimensional real solvable Lie algebra

b= a⊕n=


 ia b− ia z̄⊤

b+ ia −ia z̄⊤

z −z 0

 | z ∈ Cn−2,a,b ∈ R

⊂ su(1,n−1).

A basis for b is given by

{BR
a ,B

I
a | a = 1, . . . ,n−1}.

We have by construction

a= spanR{BR
1}, g2 = spanR{BI

1}, g1 = spanR{BR
a ,B

I
a | a = 2, . . . ,n−1}.

The subalgebra n ∼= heis2n−3 is an ideal in b and we have computed the brackets of
the basis vectors of n in Lemma 6.2.1. The next lemma is then clear for the definition
of g1,g2.

Lemma 6.2.2. We have

[BR
1 ,B

I
1] = 2BI

1, [BR
1 ,B

R
a ] = BR

a , [BR
1 ,B

I
a] = BI

a

for any a ∈ {2, . . . ,n−1}.

Note that b∩ g′ = {0}. It follows that the action of the (4n− 1)-dimensional real
solvable Lie algebra

l := b⋉heis2n+1

on N̄ρ is free. Here b acts on heis2n+1
∼= Cn ⊕R by the standard representation of

u(1,n−1) on Cn.
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6.2.2 The Lie algebra l

Now let e0, f0,ea, fa, a = 1, . . . ,n− 1, be the standard basis of R2n. We define the
1-dimensional central extension heis2n+1 of R2n by setting

[ek,eℓ] = 0, [ fk, fℓ] = 0, [ek, fℓ] =

(
δk0δℓ0 −

n−1

∑
a=1

δkaδℓa

)
Z

for every k, ℓ= 0,1, . . . ,n−1, where Z denotes the generator of the center. Complex-
ifying and extending the Lie bracket complex-bilinearly, we obtain heisC2n+1.

Set Ek := ek − i fk.

Lemma 6.2.3. The non-trivial bracket relations between the elements of the basis
{BR

a ,B
I
a | a = 1, . . . ,n−1} ⊂ b and of the complex basis {Ek, Ēk,Z | k = 0, . . . ,n−1}

are as follows:

[BR
1 ,Ek] = [BR

1 , Ēk] =−δk0E1 −δk1E0,

[BR
a ,Ek] = [BR

a , Ēk] =−1
2
(δk0 +δk1)Ea −

1
2

δka(E0 −E1),

[BI
1,Ek] = [BI

1, Ēk] =−i(δk0 +δk1)(E0 −E1),

[BI
a,Ek] = [BI

a, Ēk] =
i
2
(δk0 +δk1)Ea −

i
2

δka(E0 −E1).

Proof. By definition of the semidirect product structure, the bracket of gl(n,C)⋉
heisC2n+1 evaluated on A ∈ u(1,n−1) and v ∈ R2n is just [A,v] =−A⊤v (where A⊤ is
identified with a real 2n×2n-matrix), while we have [A,Z] = 0. Using this prescrip-
tion, the following brackets were computed in [CRT21, Proposition 3.4]:

[Ua,Ek] =−δk0Ea,

[Ua, Ēk] =−δkaĒ0,

[Uσ
a ,Ek] =−δkaE0,

[Uσ
a , Ēk] =−δk0Ēa.

From these identities, we may deduce the brackets between elements of b and heis2n+1
using the Jacobi identity:

[B1,Ek] =−(2δk0 +δk1)E1 +δk0E0,

[B1, Ēk] =−(2δk1 +δk0)Ē0 +δk1Ē1,

[Ba,Ek] =−(δk0 +δk1)Ea,

[Ba, Ēk] =−δka(Ē0 − Ē1),

[Bσ
1 ,Ek] =−(2δk1 +δk0)E0 +δk1E1,

[Bσ
1 , Ēk] =−(2δk0 +δk1)Ē1 +δk0Ē0,

[Bσ
a ,Ek] =−δka(E0 −E1),

[Bσ
a , Ēk] =−(δk0 +δk1)Ēa.

Using these relations and that AR = Re(A) = 1
2(A+Aσ ) and AI = Im(A) = 1

2i(A−Aσ )
for any A ∈ gl(n,C) we get the claimed result.

For n ∈ N, we work in the ordered basis

Bn :=

{
(e0, f0,Z) n = 1
(BR

1 ,B
I
1, . . . ,B

R
n−1,B

I
n−1,e0, f0,e1, f1, . . . ,en−1, fn−1,Z) n > 1

(38)



130 Chapter 6. Hypersurfaces of supergravity c-map spaces

Proposition 6.2.4. For n > 1, the Lie algebra l is completely solvable and non-
unimodular.

Proof. The adjoint operator of BR
1 with respect to the basis Bn defined in (38) is given

by

ad(BR
1 ) = diag

(
0,2,12n−4,V4,O2n−4,0

)
,

where

V4 :=


0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0

 .

Then tr(ad(BR
1 )) = 2n−2 ̸= 0, which implies that l is non-unimodular. Moreover, the

eigenvalues of ad(BR
1 ) are 2,1,0,−1 and for any X ∈ Bn \{BR

1} the operator ad(X) is
nilpotent, so its only eigenvalue is zero. Hence l is completely solvable.

Remark 6.2.5. Note that the case n = 1 corresponds to l = heis3, so l is nilpotent,
hence unimodular and completely solvable.

6.2.3 The metric gc
ρ as a left-invariant metric on L

Our goal here is to write the induced metric gc
ρ as a left-invariant metric on the Lie

group L, and for this it is enough to compute the induced inner product on its Lie
algebra l, under the identification TeL ∼= Tpρ

N̄ρ given by the infinitesimal action of
u(1,n−1)⋉heis2n+1 on N̄ρ . The complexification of the infinitesimal action is given
by the anti-homomorphism αC : gl(n,C)⋉heisC2n+1 −→Γ(T N̄)C, where (see [CRT21,
Proposition 3.1]):

Ya = α
C(Ua) =

∂

∂ X̄a −Xa
n−1

∑
b=1

Xb ∂

∂Xb −w0 ∂

∂wa − w̄a ∂

∂ w̄0 + icXa ∂

∂ φ̃
,

Ȳa = α
C(Uσ

a ),

[Ya,Ȳb] =−α
C([Ua,Uσ

b ])

= δab

(
∑

j

(
X j ∂

∂X j − X̄ j ∂

∂ X̄ j

)
+w0 ∂

∂w0 − w̄0 ∂

∂ w̄0 −2ic
∂

∂ φ̃

)

+Xa ∂

∂Xb − X̄b ∂

∂ X̄a + w̄a ∂

∂ w̄b −wb ∂

∂wa .

The action of the complexified Heisenberg Lie algebra heisC2n+1 is then generated by
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the vector fields (see [CRT21, Proposition 3.3])

V0 = α
C(E0) =

1√
2

(
∂

∂w0 +2iw̄0 ∂

∂ φ̃

)
,

Va = α
C(Ea) =

1√
2

(
∂

∂wa −2iw̄a ∂

∂ φ̃

)
,

∂

∂ φ̃
= α

C(Z)

for a = 1, . . . ,n−1.

Define the map
α
C
ρ : lC −→ TC

pρ
N̄ρ , ℓ 7−→ α

C(ℓ)|pρ
,

i.e. evaluation of the corresponding complex Killing field at pρ . Then the formulas
above allow us to explicitly evaluate αC

ρ on the basis vectors of l:

α
C
ρ (Ba) = α

C
ρ ((1+δ1a)Ua − [Ua,Uσ

1 ]) = (1+δ1a)Ya|pρ
+[Ya,Ȳ1]|pρ

= (1+δ1a)
∂

∂ X̄a −2icδ1a
∂

∂ φ̃
,

α
C
ρ (Ek) = α

C
ρ (ek − i fk) =Vk|pρ

=
1√
2

∂

∂wk ,

α
C
ρ (Z) =

∂

∂ φ̃
.

Let us consider again the real coordinates Xa := 1
2(b

a + ita), w0 := 1
2(ζ̃0 + iζ 0) and

wa := 1
2(ζ̃a − iζ a). Then we find for a = 2, . . . ,n−1 and j = 1, . . . ,n−1:

• αρ(BR
1 ) = Re

(
(2Y1 +[Y1,Ȳ1])|pρ

)
= 2 ∂

∂b1 ,

• αρ(BI
1) = Im

(
(2Y1 +[Y1,Ȳ1])|pρ

)
= 2 ∂

∂ t1 −2c ∂

∂ φ̃
,

• αρ(BR
a ) = Re

(
(Ya +[Ya,Ȳ1])|pρ

)
= ∂

∂ba ,

• αρ(BI
a) = Im

(
(Ya +[Ya,Ȳ1])|pρ

)
= ∂

∂ ta ,

• αρ(e0) = Re
(
V0|pρ

)
= 1√

2
∂

∂ ζ̃0
,

• αρ( f0) =− Im
(
V0|pρ

)
= 1√

2
∂

∂ζ 0 ,

• αρ(e j) = Re
(
Vj|pρ

)
= 1√

2
∂

∂ ζ̃ j
,

• αρ( f j) =− Im
(
Vj|pρ

)
=− 1√

2
∂

∂ζ j ,

• αρ(Z) = ∂

∂ φ̃
,
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where the vector fields on the right-hand side are evaluated at the point pρ .

At the point pρ , the metric expressed in these real coordinates is the following:

gc
ρ =

1
4ρ2

ρ + c
ρ +2c

dφ̃
2 +

ρ + c
4ρ

n−1

∑
a=1

(
(dba)2 +(dta)2)

+
ρ +2c

2ρ2

(
(dζ̃0)

2 +(dζ
0)2)+ 1

2ρ

n−1

∑
a=1

(
(dζ̃a)

2 +(dζ
a)2).

Let us denote by Ei, j the matrix with 1 in the (i, j)-position and zero elsewhere.

Proposition 6.2.6. Let n ∈ N and consider the basis Bn of l defined in (38). Then:

(a) If n > 1, the Gram matrix of the inner product corresponding to gc
ρ is given by

gc
ρ = diag

(
ρ + c

ρ
,

(ρ + c)3

ρ2(ρ +2c)
,
ρ + c
4ρ

12n−4,G4,
1

4ρ
12n−4,

1
4ρ2

ρ + c
ρ +2c

)
− c

2ρ2
ρ + c
ρ +2c

(
E2,4n−1 +E4n−1,2

)
,

where

G4 :=

(
ρ+2c
4ρ2 12 0

0 1
4ρ
12

)
.

(b) If n > 1, the Ricci endomorphism ricc
ρ is in the above basis represented by the

matrix:

ricc
ρ = diag

(
r112n−2,r312,r412n−2,r2

)
+2c(r1 − r2)E4n−1,2.

(c) If n = 1, the Gram matrix of gc
ρ and the matrix of the Ricci endomorphism are

gc
ρ =


ρ+2c
4ρ2 0 0

0 ρ+2c
4ρ2 0

0 0 ρ+c
4ρ2(ρ+2c)

 and ricc
ρ =

2ρ2(ρ + c)
(ρ +2c)3

−1 0 0
0 −1 0
0 0 1

 .

Proof. The expressions for gc
ρ follow directly by plugging the explicit tangent vectors

into gc
ρ .

We have computed the Ricci endomorphism with respect to the basis of Tpρ
N̄ρ given

by coordinate vector fields in Proposition 6.1.8. It is then straightforward to evaluate
ricc

ρ on the basis Bn.
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In general, the Ricci endomorphism of (l,gc
ρ) is given by (see e.g. [Lau11, Equa-

tion 21])
ricc

ρ = R− 1
2B− ad(H)s.

Here
ad(H)s = 1

2(ad(H)+ ad(H)∗)

is the symmetric part of ad(H) and H ∈ a is the mean curvature vector, characterized
by

gc
ρ(H,A) = tr(ad(A))

for all A ∈ a. The term B ∈ End(l) denotes the symmetric endomorphism defined by
the Killing form of l relative to gc

ρ , that is

gc
ρ(BX ,X) = tr(ad(X)◦ ad(X))

for all X ∈ l. The symmetric endomorphism R is defined by

gc
ρ(RX ,X) =−1

2 ∑gc
ρ([X ,Li],L j)

2 + 1
4 ∑gc

ρ([Li,L j],X)2,

where {Li} is an orthonormal basis of (l,gc
ρ). In our situation we already know ricc

ρ ,
so we can compute R = ricc

ρ +
1
2B+ ad(H)s if we are able to determine B and H.

Lemma 6.2.7. With respect to our explicit choice of basis Bn for l we have:

(a) For n > 1, the mean curvature vector is

H =
tr(ad(BR

1 ))

gc
ρ(BR

1 ,B
R
1 )

BR
1 = (2n−2)

ρ

ρ + c
BR

1

and we find

ad(H)s = (2n−2)diag
(

0, 2ρ2+4cρ+c2

(ρ+c)(ρ+2c) ,
ρ

ρ+c12n−4,S4,O2n−4,− c2

(ρ+c)(ρ+2c)

)
+(2n−2)

(
− c

2(ρ+c)(ρ+2c)E2,4n−1 +
2c(ρ+c)

ρ+2c E4n−1,2

)
,

where

S4 :=


0 0 − ρ

ρ+2c 0
0 0 0 − ρ

ρ+2c
−1 0 0 0
0 −1 0 0

 .

(b) If n > 1, the symmetric endomorphism associated with the Killing form is

B = (2n+4)
ρ

ρ + c
E1,1.

(c) If n = 1, then B = 0 = H.
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Proof. These assertions are proved by direct computations. The details are as follows.

(a) Since in our case a= spanR{BR
1}, we have that H is a multiple of BR

1 . In particular

H =
tr(ad(BR

1 ))

gc
ρ(BR

1 ,B
R
1 )

BR
1 = (2n−2)

ρ

ρ + c
BR

1 .

We have computed ad(BR
1 ) and gc

ρ , in the basis Bn, in Proposition 6.2.4 and in Propo-
sition 6.2.6, respectively. Hence we can compute the adjoint operator of ad(BR

1 ):

ad(BR
1 )

∗ = diag
(

0,
2(ρ + c)2

ρ(ρ +2c)
,12n−4,V∗

4,O2n−4,−
2c2

ρ(ρ +2c)

)
− c

ρ(ρ +2c)
E2,4n−1 +

4c(ρ + c)2

ρ(ρ +2c)
E4n−1,2,

where

V∗
4 :=


0 0 − ρ

ρ+2c 0
0 0 0 − ρ

ρ+2c

−ρ+2c
ρ

0 0 0
0 −ρ+2c

ρ
0 0

 .

We then have

ad(BR
1 )

s = diag
(

0,
2ρ2 +4cρ + c2

ρ(ρ +2c)
,12n−4, S̃4,O2n−4,−

c2

ρ(ρ +2c)

)
− c

2ρ(ρ +2c)
E2,4n−1 +

2c(ρ + c)2

ρ(ρ +2c)
E4n−1,2,

where

S̃4 :=


0 0 − ρ+c

ρ+2c 0
0 0 0 − ρ+c

ρ+2c
−ρ+c

ρ
0 0 0

0 −ρ+c
ρ

0 0

 .

Then
ad(H)s = (2n−2)

ρ

ρ + c
ad(BR

1 )
s.

(b) Let us consider the Killing form β (X ,Y ) = tr(ad(X)◦ ad(Y )). Then β (BR
1 ,B

R
1 ) =

2n+4 and β (X ,Y ) = 0 for all Y ∈ Bn, X ∈ Bn \{BR
1}. This implies that

B = (gc
ρ)

−1
β = (2n+4)

ρ

ρ + c
E1,1.

(c) This is clear since a= 0 and l= heis3 is nilpotent.



6.2. The level sets (N̄ρ ,gc
ρ) as Riemannian solvmanifolds 135

6.2.4 Existence of solvsolitons on N̄ρ

Ricci solitons were introduced by Hamilton in [Ham88] and they are a generaliza-
tion of Einstein manifolds. More precisely, a Riemannian manifold (M,g) is a Ricci
soliton if there exists a vector field X on M such that

Ric = λg+LX g,

where Ric denotes the Ricci curvature of g and λ ∈ R. Note that if X is Killing then
(M,g) is Einstein.

We are interested in study the existence of Ricci solitons in the homogeneous setting,
in particular in Lie groups equipped with left-invariant metrics.

Definition 6.2.8. Let (G,g) be a simply connected Lie group equipped with a left-
invariant Riemannian metric g, and let g denote the Lie algebra of G. Then the pair
(G,g) is called an algebraic Ricci soliton if it satisfies

ric = λ Id+D, (39)

where ric denotes the Ricci endomorphism of g, λ ∈R and D ∈ Der(g). In particular,
an algebraic Ricci soliton on a solvable (resp. nilpotent) Lie group is called solvsoliton
(resp. nilsoliton).

The relationship between left-invariant Ricci solitons on simply connected Lie groups
and algebraic Ricci solitons was studied by Lauret in [Lau01, Lau11]. He shows that
any algebraic Ricci soliton gives rise to a Ricci soliton.

Proposition 6.2.9. Let (G,g) be a simply connected Lie group equipped with a left-
invariant Riemannian metric g. If (G,g) is an algebraic Ricci soliton, then it is a Ricci
soliton.

Proof. Suppose that ric = λ Id+D for λ ∈ R and D ∈ Der(g). Let XD be the vector
field on G defined by XD(p) := d

dt |t=0ϕt(p), where p ∈ G and ϕt ∈ Aut(G) is the
unique automorphism such that dϕt |e = e

t
2 D ∈ Aut(g). Then

LXDg = d
dt |t=0ϕ

∗
t g = d

dt |t=0g(e
t
2 D·,e

t
2 D·) = g(D·, ·),

which implies that Ric = λg+LXDg.

He proves that the converse also holds in the case of completely solvable Lie groups.
Recall that G is called completely solvable if G is solvable and the eigenvalues of
ad(X) are real for all X ∈ g. Note that nilpotent Lie groups are completely solvable.

Proposition 6.2.10. Let (G,g) be a simply connected completely solvable Lie group
equipped with a left-invariant Riemannian metric g. If (G,g) is a Ricci soliton, then it
is a solvsoliton.
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Remark 6.2.11. It is shown in [Lau11, Proposition 4.6] that if (G,g) is a solvsoliton
with λ ≥ 0, then ric = 0. Thus the corresponding left-invariant Ricci soliton is Ricci-
flat and hence flat by Theorem 3.1.6.

Since we have determined the structure of the Lie algebra l and we have obtained
explicit formulas for the metric gc

ρ and its Ricci endomorphism ricc
ρ in the previous

subsections, we can determine whether (l,gc
ρ) is a solvsoliton or not.

Lemma 6.2.12. Consider the Lie algebra l= b⋉heis2n+1 and write heis2n+1 =Cn⊕
RZ. Consider δ ∈ End(l) given by δ |b = 0, δZ = 2Z and δV = V for all V ∈ Cn.
Then δ is a derivation of l.

Proof. First note that the endomorphism δ acts as zero on b = a⊕ g2 ⊕ g1. For the
Heisenberg Lie algebra heis2n+1 we have [heis2n+1,heis2n+1] ⊂ RZ and δZ = 2Z.
This implies that for all V + tZ,W +uZ ∈ heis2n+1 = Cn ⊕RZ we have

δ [V + tZ,W +uZ] = 2[V + tZ,W +uZ] = 2[V,W ].

On the other hand

[δ (V + tZ),W +uZ]+ [V + tZ,δ (W +uZ)] = [V +2tZ,W +uZ]+ [V + tZ,W +2uZ]
= [V,W ]+ [V,W ] = 2[V,W ].

Using that δB = 0 and [B,V + tZ]∈Cn⊕{0} ⊂ heis2n+1 for all B ∈ b and all V + tZ ∈
heis2n+1, and a straightforward computation, we conclude that δ ∈ Der(l).

As we have pointed out in Remark 6.2.5, the case n = 1 is special, so we consider it
separately.

Theorem 6.2.13. Let n = 1. Then the pair (l,gc
ρ) is a nilsoliton for any c ≥ 0 and

ρ > 0.

Proof. In the case n = 1 we have that b is 0-dimensional and then l = heis3. By
Proposition 6.2.6 (c) the Ricci endomorphism with respect to the basis B1 is

ricc
ρ = K

−1 0 0
0 −1 0
0 0 1

 ,

where K := 2ρ2(ρ+c)
(ρ+2c)3 . If we take λ =−3K and

D = 2Kδ = 2K

1 0 0
0 1 0
0 0 2

 ∈ Der(heis3),

then (39) holds.
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Remark 6.2.14. The result of Theorem 6.2.13 is not new since the existence of a nil-
soliton metric on heis3 is well-known in the literature (see e.g. [Mil76, Corollary 4.6]).
In fact, it follows from this result of Milnor that any left-invariant metric on heis3 is a
Ricci soliton.

Theorem 6.2.15. Let n > 1. Then the pair (l,gc
ρ) is a solvsoliton for c = 0 and ρ > 0.

Proof. In this case the metric gρ = g0
ρ is diagonal with respect to the basis Bn and its

Ricci endomorphism is computed in Proposition 6.2.6:

ricρ = diag
(
r112n−2,r312,r412n−2,r2

)
= diag

(
−2(n+2)12n−2,−212,−212n−2,2n

)
.

If we consider the derivation δ from Lemma 6.2.12, choose λ =−2(n+2) and put

D = (2n+2)δ = diag
(
O2n−2,(2n+2)12,(2n+2)12n−2,2(2n+2)

)
,

then (39) holds.

Remark 6.2.16. Let S be a codimension one connected Lie subgroup of the solvable
Iwasawa group AN of an irreducible symmetric space of non-compact type. It was
shown in [DST21, Theorem A] that if S contains the nilpotent part N, then S is a Ricci
soliton with respect to the metric induced by the left-invariant Einstein metric on AN.
For the case c = 0 we have SU(n,2)/S(U(n)×U(2)) equipped with its symmetric
metric. Thus Theorem 6.2.15 shows that our explicit computations agree with this
general result.

Theorem 6.2.17. Let n > 1. Then the pair (l,gc
ρ) is not a solvsoliton for c > 0 and

ρ > 0.

Proof. We have the orthogonal decomposition l= a⊕ [l, l], where [l, l] coincides with
the nilradical of l. In this situation [Lau11, Theorem 4.8] provides a characterization
of the existence of a solvsoliton on (l,gc

ρ). In particular, ad(A) must be a normal
operator for all A ∈ a, that is [ad(A),ad(A)∗] = 0, where ad(A)∗ = (gc

ρ)
−1 ad(A)⊤gc

ρ

denotes the adjoint operator of ad(A) with respect to the metric gc
ρ . In Lemma 6.2.18

below we will show that
[ad(BR

1 ),ad(BR
1 )

∗] ̸= 0,

therefore the pair (l,gc
ρ) is not a solvsoliton.

Lemma 6.2.18. [ad(BR
1 ),ad(BR

1 )
∗] ̸= 0.

Proof. We work in the basis Bn given by (38). We have computed ad(BR
1 ) and ad(BR

1 )
∗

in the proofs of Proposition 6.2.4 and Lemma 6.2.7, respectively. Then we compute
that

[ad(BR
1 ),ad(BR

1 )
∗] = diag

(
0,0,O2n−4,

4c(ρ + c)
ρ(ρ +2c)

12,−
4c(ρ + c)
ρ(ρ +2c)

12,O2n−4,0
)

− 2c
ρ(ρ +2c)

E2,4n−1 −
8c(ρ + c)2

ρ(ρ +2c)
E4n−1,2,

which is zero if and only if c = 0.
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Remark 6.2.19. It was shown in [Lau11, Theorem 5.1] that if two solvsolitons are
isomorphic as Lie groups, then they are isometric up to scaling. This result, together
with Corollary 6.1.10, provides an alternative proof to Theorem 6.2.17.

It was shown in [LL14] that if (S,g) is an Einstein solvmanifold, then S admits a uni-
modular codimension one closed subgroup S0 which is a solvsoliton with the induced
metric. Conversely, if (S0,g0) is a solvsoliton, where S0 is an unimodular solvable Lie
group, then S =R×S0 admits a homogeneous Einstein metric extending g0. Recently,
it was proved by Thompson [Tho24, Theorem A] that the results of [LL14] can be ex-
tended to the inhomogeneous setting. More precisely, given a unimodular solvsoliton
(S0,g0), he shows that there exists a one-parameter family of complete Ricci soliton
metrics on M =R×S0, with λ < 0, that are of cohomogeneity one and exactly one of
the metrics on the family is Einstein.

Our results differ from the ones of Thompson. In Theorem 6.2.15 we have a non-
unimodular solvsoliton (l,gρ) which admits a rank-one extension to a quaternionic
Kähler homogeneous metric (in fact symmetric, see Remark 6.2.16). Whereas for
c > 0 we have a metric gc

ρ on l, which is not a solvsoliton by Theorem 6.2.17, but
such that (0,∞)×L admits a complete quaternionic Kähler metric of cohomogeneity
one. Determine which are the precise properties of the metric gc

ρ will be the object of
a future study.
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