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Abstract

The Free Electron Laser (FEL) user facility FLASH at DESY is currently being
upgraded within the framework of the FLASH2020+ project with the goal of con-
verting one of the beamlines into an externally seeded beamline. In particular, the
Echo-Enabled Harmonic Generation (EEHG) method will be used to generate fully
coherent FEL pulses in XUV and soft X-ray wavelength regions down to 4 nm. As
one of the most challenging of the planned operation modes, 4 nm EEHG can be
especially sensitive to the parasitic beam dynamics, known as collective effects. In
this work, we employ analytical models to investigate the influence of Incoherent
Synchrotron Radiation and Intra-Beam Scattering on the efficiency of the EEHG set-
up. We perform numerical simulations to study the effect of Coherent Synchrotron
Radiation (CSR) in the seeding section of the beamline on the spectral properties of
EEHG bunching. We compare different models of CSR and highlight the importance
of such aspects of the models as chamber shielding and transient effects in the pa-
rameter space of 4 nm EEHG set-up at FLASH. Furthermore, for CSR, which poses
noticeable challenges, we explore a mitigation strategy using short seed laser pulses
to optimize the spectral bandwidth. Finally, we demonstrate a promising solution
to the Micro-Bunching Instability (MBI) using the recently installed Laser Heater.
This thesis is a self-contained detailed investigation of the electron beam dynamics
of EEHG in the seeding section in the presence of collective effects and an integral
part of ongoing start-to-end simulation efforts for realistic characterization of the
performance of the future seeded FEL beamline at FLASH2020+.
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Zusammenfassung

Der für den Nutzerbetrieb verwendete Freie-Elektronen-Laser (FEL) FLASH am DESY
wird aktuell im Rahmen des Projekts FLASH2020+ erneuert, um in einer der beiden
Strahlführungen externes Seeding zu realisieren. Insbesondere wird das Prinzip
Echo-Enabled Harmonic Generation (EEHG) verwendet werden, um vollständig
kohärente FEL-Pulse mit Wellenlängen im XUV- und weichen Röntgenbereich hi-
nunter bis zu 4 nm zu erzeugen. Als einer der anspruchsvollsten geplanten Be-
triebsmodi kann EEHG bei einer Wellenlänge von 4 nm besonders empfindlich auf
parasitäre Strahldynamik, bekannt als kollektive Effekte, reagieren. In dieser Ar-
beit verwenden wir analytische Modelle, um den Einfluss von Inkohärenter Syn-
chrotronstrahlung (ISR) und Intra-Beam-Streuung (IBS) auf die Effizienz des EEHG-
Prozesses zu untersuchen. Wir führen numerische Simulationen durch, um den Ef-
fekt von Kohärenter Synchrotronstrahlung (CSR) in der Seeding-Sektion der Strahlführung
auf die spektralen Eigenschaften des EEHG-Bunchings zu untersuchen. Wir ver-
gleichen verschiedene CSR-Modelle und heben die Bedeutung von Aspekten wie
Strahlrohrabschirmung und transiente Effekte im Parameterraum des EEHG-Betriebs
bei 4 nm am FLASH hervor. Darüber hinaus untersuchen wir für CSR, das be-
merkenswerte Herausforderungen darstellt, eine Minderungsstrategie unter Ver-
wendung kurzer Seed-Laserpulse zur Optimierung der spektralen Bandbreite. Schließlich
demonstrieren wir eine vielversprechende Lösung für die Mikro-Bunching-Instabilität
(MBI) mit dem kürzlich installierten Laser Heater. Diese Arbeit ist eine in sich
geschlossene detaillierte Untersuchung der Elektronenstrahldynamik von EEHG in
der Seeding-Sektion unter Berücksichtigung kollektiver Effekte. Weiterhin ist diese
Arbeit ein integraler Bestandteil der laufenden Anstrengungen zur Realisierung von
Simulationen des vollständigen Strahlverlaufs zur realistischen Charakterisierung
der Leistungsfähigkeit des Seeding-Betriebs in der zukünftigen Strahlführung bei
FLASH2020+.
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Chapter 1

Introduction

1.1 Why EEHG FEL?

Accelerator-based light sources have been an invaluable investigation tool for many
research fields, such as atomic and molecular physics, chemistry and biology. The
basic principle of their operation is to accelerate a group of charged particles and to
manipulate them to make them lose the energy in the form of light. One of the most
basic ways to make use of this principle is to bend the trajectory of the accelerated
electrons by a magnetic field. This type of radiation was first observed in a syn-
chrotron [1] and is therefore called synchrotron radiation. At the time, this radiation
was considered as undesired energy losses. Later, when its true potential was under-
stood, synchrotrons developed into dedicated light sources equipped with insertion
devices to improve the quality of the emitted radiation. The quality of the radia-
tion can be characterized in many different ways. One of the most comprehensive
quantities to characterize a light source is spectral brightness

B =
Nph

dt
1

dω/ω

1
4π2ΣxΣx′ΣyΣy′

, (1.1)

where Nph is the number of photons and dω/ω is the relative bandwidth. The last
term characterizes the transverse size and divergence of the electron bunch (super-
script "e") and the radiation pulse (superscript "ph") with

Σx,y =

√(
σ

ph
x,y

)2
+
(

σ e
x,y

)2
(1.2)

and

Σx′,y′ =

√(
σ

ph
x′,y′

)2
+
(

σ e
x′,y′

)2
. (1.3)

Therefore, spectral brightness simultaneously quantifies the number of photons pro-
duced per second, as well as their spectral purity and how well the radiation pulse
can be focused on a sample. A substantial improvement in spectral brightness of
accelerator-based light sources was made possible with the development of free elec-
tron lasers (FELs). The idea was suggested in [2] and the first implementation was
reported in [3, 4]. The operational principle is based on an optical cavity, where the
light produced by the free electrons in a wiggler is trapped, and the amplification of
the emitted radiation is achieved in multiple passes.

Another possible approach would be to use single-pass FEL as an amplifier for
radiation from an external source, like a conventional laser. In this case, achiev-
ing substantial gain in power in a single pass, known as the high-gain regime, re-
quires using high charge density electron bunches and long undulators. However,
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this approach has a limitation in available high-output light sources in XUV wave-
length range and below. This limitation was solved by the invention of so-called Self
Amplified Spontaneous Emission or SASE [5] FEL. The name can be understood in
the following way. The "spontaneous" undulator radiation from the first sections of
a long undulator works as the seed for "stimulated" emission in the later sections,
which eliminates the necessity of both the initial radiation source and the FEL cavity.
A number of user facilities around the world operate SASE FEL [6, 7, 8, 9, 10]. The
pulses are typically characterized by high transverse coherence, high peak power
and (ultra-) short pulse duration.

However, SASE FELs have their own limitations. The start-up of SASE FEL re-
lies on electron density modulations at the target wavelength at the entrance of the
undulator, which are present (although small) in the naturally noisy density distri-
bution, also called shot-noise [5]. Using shot-noise as the source of initial density
modulations is advantageous, as it naturally accompanies any practical electron dis-
tribution. The consequences of relying on stochastic shot-noise are low longitudinal
coherence and poor shot-to-shot stability. In terms of the spectrum of the FEL radi-
ation these consequences show as multiple spikes of varying amplitude, which on
average form a relatively broad and poorly reproducible spectrum.

One way to overcome these limitations while still operating at short wavelengths
is to create the initial density modulations using a highly coherent external light
source at high harmonics of the source. This is the idea behind external seeding
techniques, specifically the pre-bunching approach within these techniques. The two
most well-established pre-bunching techniques are High-Gain Harmonic Genera-
tion (HGHG) [11] and Echo-Enabled Harmonic Generation (EEHG) [12]. The underly-
ing principle behind both of them is to use highly coherent laser radiation to induce
an energy modulation in the electron bunch and then to convert it into electron den-
sity modulation by carefully-chosen longitudinal dispersion before the bunch enters
the undulator. In this case, the electron density modulations are inherently coherent
along the electron bunch (or its lasing part). While operating at higher harmonics
is increasingly difficult, with the EEHG seeding scheme it is in principle possible to
have harmonics up to ≈ 100 [13]. This allows to make use of readily available laser
systems operating in UV (wavelength ∼ 300 nm) to generate fully coherent short
FEL pulses with narrow bandwidth in soft X-ray range (wavelength ∼ 1 nm ). This
combination of light properties is highly desired, e.g. for probing of core electron
transitions. Apart from high conversion efficiency at high harmonics, the EEHG
scheme is also known to be more persistent with respect to non-ideal electron beam
properties at the entrance of the seeding (or pre-bunching) section of the beamline
[13].

1.2 Challenges of EEHG

The fact that EEHG is more resistant to the electron beam quality does not mean that
it is completely insensitive to the beam parameters and can provide stable output
regardless. First, it is still sensitive to fluctuations in the electron beam parameters,
in particular current and energy spread. Such fluctuations can take place due to mi-
crobunching instability or MBI [14], mainly driven by an effect called Longitudinal
Space Charge (LSC) [15]. MBI can significantly spoil the stability of EEHG signal,
as well as its spectral properties due to the frequency mixing [16]. Second, EEHG is
very sensitive to deviations from optimal (for the chosen working point) beam pa-
rameters, in particular the energy profile, making any dynamic changes within the
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seeding section highly undesirable. This includes both uncorrelated energy spread,
which can be induced by effects such as Incoherent Synchrotron Radiation (ISR) [17] or
Intra-Beam Scattering (IBS) [18], as well as correlated energy modulations [19], which
can be induced by Coherent Synchrotron Radiation (CSR) [20]. Such parasitic energy
kicks reduce the efficiency of harmonic conversion and the spectral purity of the sig-
nal [21, 19]. The effects mentioned above are referred to as collective effects. Addition-
ally, the energy profile of the electron beam at the entrance of the seeding section, in
particular the energy chirp, can affect the beam dynamics in the seeding section and
effectively enhance the influence of the collective effects on EEHG performance.

Managing the complexities of an EEHG FEL, particularly reaching low pulse-to-
pulse variation in the high repetition rate case of FLASH, presents an ongoing and
challenging development. This study focuses on the crucial aspect of electron beam
dynamics within the seeding section of the EEHG FEL beamline, aiming to advance
the research on the overall system.

1.3 Literature review on the collective effects

The detrimental effect of the MBI can be mitigated by a device called laser heater
(LH) [22]. LH systems were successfully commissioned and a positive effect on FEL
output was reported at LCLS [23], FERMI [24], PAL-XFEL [25, 26] and European
XFEL [27, 28]. Recently, a LH system has also been installed at FLASH [29].

The theory of ISR and IBS is well-established in the literature. Practical expres-
sions for the ISR-induced energy spread in dipoles can be found in [30, 21, 31] and
for IBS in [32, 33, 31]. The effect of smearing of EEHG-bunching due to ISR and IBS
is well-understood. It has been estimated for machine parameters of LCLS-II [34],
SXFEL [35], SwissFEL [36], as well as of more complex cascaded set-ups (e.g. [37,
38]). The conclusions from these studies are fairly consistent: the bunching degra-
dation due to ISR and IBS is tolerable if the machine is optimized correctly. In this
work, we will refer to these studies where appropriate and apply their theories to
the FLASH parameters.

The effect of CSR on EEHG spectral properties has been considered in a number
of publications, e.g. [19, 39, 40, 41, 42, 43]. A number of mitigation strategies, such
as short seed duration and seed laser chirp, have been suggested in [40, 43]. How-
ever, these works use simplified CSR models, which lack consideration of potentially
important aspects in calculation of CSR. In particular, the importance of transient ef-
fects [20, 44], shielding by chamber walls [45, 46] and inter-dipole CSR interaction
[47] has been indicated in the literature. Preliminary studies show that the shield-
ing by chicane chamber has a substantial effect of EEHG performance in presence of
CSR for FLASH parameters [48]. Currently, no analytical model is available to inves-
tigate these effects simultaneously. However, the numerical code introduced in [49]
is capable of tracking CSR along an arbitrary trajectory (including multiple bends)
in a rectangular chamber [50]. This code can be used for detailed investigation of
CSR in the strong first EEHG chicane and its effect of EEHG bunching properties.
Such precise calculation of CSR is required for proper compensation of the effect by
any of the mitigation techniques mentioned above.

1.4 Scope of this work

This work is structured as follows. Chapter 2 covers the necessary theoretical back-
ground. The fundamentals of particle motion in electro-magnetic fields are given in
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Sec. 2.1. Basic mathematical constructs and concepts used in accelerator physics are
explained in Sec. 2.2. The most common beamline elements and their implementa-
tion are listed in Sec. 2.3. A basic explanation of FEL principle and a detailed ex-
planation of the EEHG external seeding technique are given in Sec. 2.4. The physics
behind the collective effects and the methods of their estimation are provided in
Sec. 2.5. The chapter concludes with an introduction of laser heater (LH). Next, Chap-
ter 3 covers analytical, numerical, and experimental results obtained in this work.
Performance of an idealized 4 nm EEHG set up at FLASH is summarized in Sec. 3.1
and serves as a reference for the rest of the work. The effects of ISR and IBS on EEHG
performance are studied in Sec. 3.2. The detailed simulations of the effect of CSR in
the first chicane of 4 nm EEHG set-up are given in Sec. 3.3. The implementation
of common mitigation strategies for the effects of CSR and MBI at FLASH is dis-
cussed in Sec. 3.4. Chapter 4 reflects on the most important conclusions drawn from
Chapter 3 and provides an overview on possible extensions of this work. Finally,
Chapter 5 summarizes all the covered material and presents the key findings.
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Chapter 2

Theoretical background

2.1 Particles in Electromagnetic Fields

The purpose of this section is to summarize the most essential and general physical
laws, required to enter the domain of accelerator physics.

First, we need to introduce a coordinate system. For this we use the concept of
the reference particle. This particle has the nominal momentum p0 and follows the
fixed design trajectory. It is convenient then to measure the longitudinal coordinate
s along the trajectory of the reference particle. The transverse coordinates x, y are
measured from the reference particle and oriented so that x − y − s is a right-handed
coordinate system, as shown in Fig. 2.1. The reference trajectory is not necessarily

FIGURE 2.1: The coordinate system used throughout the chapter. ês
is aligned with the trajectory of the reference particle.

a straight line. In Fig. 2.1 the local shape of the reference trajectory is given by the
radius of curvature R. The curvature of the trajectory of an individual particle can
be different from R. When the trajectory is curved, the unit vectors change their ori-
entation. If we assume a horizontal layout of the machine, however, the orientation
of the unit vector êy remains constant.

2.1.1 Lorentz force

The force acting on a charged particle in EM field - Lorentz force - is given by

F⃗ = q
(

E⃗ + v⃗ × B⃗
)

, (2.1)
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where q is the particle charge, v⃗ is its velocity, E⃗ and B⃗ are the electric and the mag-
netic components of the field, respectively. This formula alone allows for a number
of practical considerations for particle accelerator physics. First of all, one can not ef-
ficiently accelerate particles by magnetic fields, since the corresponding component
of Lorentz force is orthogonal to the direction of motion. Hence, the acceleration
is done by longitudinal electric fields. Second, for relativistic particles the second
term of Eq. 2.1 is effectively multiplied by the factor |⃗v| ≈ c, where c is the speed
of light in vacuum. This means that the same amplitude of, say, Fx component of
Lorentz force can be achieved by certain By or a much larger Ex, where x, y indicate
projections of the field components on corresponding axes. With increasing energy
of the particles the use of electric fields for transverse deflection turns from imprac-
tical to impossible. Hence, transverse steering of the particles is done by transverse
magnetic fields.

Equation 2.1 is naturally essential for beam dynamics in accelerators. In the later
sections we will see how certain types of E⃗ and B⃗ are typically used in particle accel-
erators and FELs in particular.

2.1.2 Multipole expansion of magnetic field

In principle, Eq. 2.1 allows to estimate the effect of arbitrary-shaped B⃗ = B⃗(x, y, s).
However, design and operation of a machine is much easier if we stick to simple
shapes. For this reason, we would like to decompose an arbitrary magnetic field into
components of easily understandable practical applications. If the transverse beam
size remains small with respect to the radius of curvature of the reference trajectory
R, we can perform explicit expansion of the magnetic field with respect to x and y.
While such explicit treatment provides insights into magnet design (see, e.g., [51]),
we will focus on commonly used practical results. For the horizontal layout of the
machine, the magnetic field can be represented as

B⃗(x, y, s) =
p
q

[
κêy − k(yêx + xêy) + l

(
xyêx +

x2 − y2

2
êy

)
+ ...

]
, (2.2)

where p is the momentum of the particle and κ, k, l are multipole strengths of 1st,
2nd and 3rd order terms. Let’s quickly discuss the first three terms of Eq. 2.2.

1st order: Dipole field

The first component is a homogeneous field along y-axis. Such a field is created by a
dipole magnet and used to deflect particles in the horizontal plane. A more common
quantity for characterization of the dipole field is the radius of curvature R:

1
R

= κ . (2.3)

In practice it is also useful to define bending angle ϑ = R/lb, where lb is the effective
length of the dipole magnet. R can be also related to the energy of the particle from
the centripetal force. Assuming orthogonal v⃗ and B⃗,

qvB =
m0v2

R
, (2.4)
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where m0 is the mass of the particle, v = |⃗v| and B =
∣∣∣B⃗∣∣∣. An important conclusion

from Eq. 2.4 is that particles with larger momentum are deflected less (R ∼ m0v) by
the same magnetic field.

2nd order: Quadrupole field

The second component is the field, which is linear with particle’s transverse dis-
placements x and y with respect to the reference trajectory. Such fields are created
by quadrupole magnets and are used to focus (defocus) the beam in one (the other)
transverse plane. By plugging quadrupole field in Eq. 2.1 we get the restoring force:

F⃗ = qv
(

p
q

k
)
(xêx − yêy) . (2.5)

By choosing the sign of k we can make the quadrupole focus the beam by negative
restoring force in x or y, but never both at the same time. In practice it is also useful
to draw a parallel between quadrupole magnets and optical lenses. If the length of
the quadrupole LQ is much shorter than its focal length f Q

x,y we can apply thin lens
approximation and write

1

f Q
x,y

= ∓kLQ . (2.6)

3rd order: Sextupole field

The third component is non-linear in x and y and also couples the movements in
both planes. Such fields are produced by sextupole magnets and can be used to
correct for chromaticity. The problem of chromaticity is evident from Eq. 2.5, where
the quadrupole focusing depends not only on x and y, but also on the momentum of
the particle. Although sextupole magnets exist in the actual setup discussed below,
their effect is not considered in this work.

2.1.3 Maxwell equations

Charged particles are not only subjects to EM fields, but can also produce them.
To facilitate the discussion of radiation produced by the particles, we introduce
Maxwell equations. In differential form they are given by

∇⃗ · B⃗ = 0 ,

∇⃗ · E⃗ =
1
ϵ0

ρ ,

∇⃗ × B⃗ = µ0⃗ j +
1
c2

∂

∂t
E⃗ ,

∇⃗ × E⃗ = − ∂

∂t
B⃗ , (2.7)

where ∇⃗ is the gradient operator, ϵ0 is vacuum permittivity, ρ is the charge den-
sity, µ0 is vacuum permeability, j⃗ is the current density and 1/∂t indicates partial
derivative with respect to time. Eqs. 2.7 are usually accompanied by the equation of
continuity

∇⃗ · j⃗ = − ∂

∂t
ρ . (2.8)
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We can introduce somewhat arbitrary (at first) potentials, which satisfy

B⃗ = ∇⃗ × A⃗ ,

E⃗ = −∂A⃗
∂t

− ∇⃗Φ , (2.9)

where A⃗ is magnetic vector potential and Φ is electric scalar potential. As long as
Eq. 2.7 are satisfied, we can introduce additional conditions on A⃗ and Φ. A popular
choice is the so-called Lorentz gauge:

∇⃗ · A⃗ = − 1
c2

∂Φ
∂t

, . (2.10)

This allows to derive inhomogeneous wave equations for the potentials:

∇2A⃗ − 1
c2

∂2A⃗
∂t2 = −µ0⃗ j ,

∇2Φ − 1
c2

∂2Φ
∂t2 = − ρ

ϵ0
. (2.11)

2.1.4 Lienard-Wiechert potential

If we consider a point charge e moving with velocity v⃗, Eq. 2.11 can be solved:

A⃗(⃗r, t) =
µ0

4π

 e⃗v∣∣∣⃗r − r⃗′
∣∣∣ (1 − n⃗ · β⃗γ

)
∣∣∣∣∣∣

t′=t− |⃗r(t)−r⃗′(t′)|
c

, (2.12)

Φ(⃗r, t) =
1

4πϵ0

 e∣∣∣⃗r − r⃗′
∣∣∣ (1 − n⃗ · β⃗γ

)
∣∣∣∣∣∣

t′=t− |⃗r(t)−r⃗′(t′)|
c

. (2.13)

In the above equations β⃗γ = v⃗/c, n⃗ =
(⃗

r − r⃗′
)

/
∣∣∣⃗r − r⃗′

∣∣∣. The equations describe
the potential felt by a test particle at the point of space r⃗ at the moment of time t
and produced by the point charge at r⃗′ at the moment of time t′. t′ is referred to
as retarded time and illustrates that electro-magnetic fields created by the particles
travel with finite speed c. Plugging the resulting potentials into Eqs. 2.9 we obtain
the field components

E⃗ =
e

4πϵ0

 n⃗ − β⃗γ

γ2
(

1 − n⃗ · β⃗γ

)3 ∣∣∣⃗r − r⃗′
∣∣∣2 +

n⃗ ×
[(

n⃗ − β⃗γ

)
× ˙⃗βγ

]
c
(

1 − n⃗ · β⃗γ

)3 ∣∣∣⃗r − r⃗′
∣∣∣

∣∣∣∣∣∣∣
t′=t− |⃗r(t)−r⃗′(t′)|

c

,

(2.14)

B⃗ = −µ0e
4π

 n⃗ × β⃗γc

γ2(1 − n⃗ · β⃗γ)3
∣∣∣⃗r − r⃗′

∣∣∣2 +
n⃗ ×

[ ˙⃗βγ + n⃗ ×
(

β⃗γ × ˙⃗βγ

)]
(

1 − n⃗ · β⃗γ

)3 ∣∣∣⃗r − r⃗′
∣∣∣]


∣∣∣∣∣∣∣
t′=t− |⃗r(t)−r⃗′(t′)|

c

,

(2.15)
where γ = 1/

√
1 − β2

γ is the Lorentz factor, βγ =
∣∣∣β⃗γ

∣∣∣ and the dot operator ˙= ∂/∂t.
The first term of Eq. 2.14 represents the Coulomb field and is commonly referred to
as velocity field. The second term represents the radiation field, which exists only if
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the acceleration of the charged particle is non-zero. To estimate the radiated power,
we calculate the Poynting vector:

S⃗(t) =
1
µ0

E⃗ × B⃗ =
1

µ0c

[(
1 − n⃗ · β⃗γ

) ∣∣∣E⃗∣∣∣2 n⃗
]∣∣∣∣

t′=t− |⃗r(t)−r⃗′(t′)|
c

, (2.16)

where the Coulomb part of E⃗ can be neglected. The power radiated per unit angle is
then

dP(t′)
dΩ

=

[∣∣∣⃗r − r⃗′
∣∣∣2 (S⃗ · n⃗

)]∣∣∣∣
t′=t− |⃗r(t)−r⃗′(t′)|

c

. (2.17)

Evaluating the above expression in polar coordinates results in

dP(t′)
dΩ

= P0
1

(1 − βγ cos θ)3

[
1 − sin2 θ cos2 ϕ

γ2(1 − βγ cos θ)2

]∣∣∣∣
t′=t− |⃗r(t)−r⃗′(t′)|

c

, (2.18)

where P0 = e2 ˙⃗β2
γ/(16π2ϵ0c). From Eq. 2.18 we can see that the radiation is mainly

emitted in the direction of propagation θ = 0. The width of the radiation cone is
roughly given by ∆θ = 2/γ.

2.2 Overview of Beam Dynamics in the Accelerator

The purpose of this section is to introduce quantities and mathematical constructs
commonly used to describe beam dynamics in an accelerator.

2.2.1 Beam transport matrix

To describe the beam dynamics through the machine we need to track the coordi-
nates x, y, z and the corresponding momenta px, py, p of the particles. They can be
written as a 6-vector

X⃗ =



x
px
y
py
z
p

 .

When a particle described by X⃗i traverses a section of the beamline, its new coordi-
nates become

X⃗ f = M · X⃗i , (2.19)

where M describes the effect of the beamline section in an arbitrary complex way.
Once again, for practical purposes we would like to decompose something complex
into simpler and comprehensible components. To justify it, we need to assume that
the change in coordinates remains relatively small. Usually px, py ≪ p holds quite
well in an accelerator. The magnitudes of x, y should be compared to the "good-field"
regions of the magnets, where the field felt by the particles is well-described by the
expressions in Subsec. 2.1.2. With those approximations we can rewrite Eq. 2.19 as

Xi = ∑
j

RijXj + ∑
j

∑
k

TijkXjXk + ... , (2.20)
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where Rij are the elements of a 6 × 6 matrix R and Tijk describe higher order corre-
lations between the coordinates. Truncating the above expression after R we reduce
the problem of beam dynamics to linear optics. Transporting the beam through N
subsequent sections of the beamline is then done by

X⃗ f = RNRN−1 · · · R1 · X⃗i . (2.21)

R is commonly referred to as transport matrix and can be derived for the most ba-
sic beamline elements, such as drifts, dipoles and quadrupoles. For these elements
the transverse components x and y are usually decoupled from one another, which
makes R13 = R14 = R23 = R24 = R31 = R41 = R32 = R42 = 0, and from the lon-
gitudinal coordinate, which makes R15 = R25 = R35 = R45 = 0. The assumption
of horizontal layout of the machine, which we made in Subsec. 2.1.2, also makes
R53 = R54 = 0 and eventually R36 = R46 = 0. We are left with

R =



R11 R12 0 0 0 R16
R21 R22 0 0 0 R26
0 0 R33 R34 0 0
0 0 R43 R44 0 0

R51 R52 0 0 0 R56
0 0 0 0 0 1

 . (2.22)

The longitudinal dispersion component R56 is of particular importance for the dis-
cussion of seeded FELs and bunch compression, as will be shown in later sections.
The components related to x − px and y − py planes are important for transverse
beam dynamics.

2.2.2 Transverse beam dynamics

For the discussion of transverse beam dynamics we reduce X⃗ to the first 4 coordi-
nates 

x
x′

y
y′

 ,

where x′ and y′ are the angular displacements in the corresponding planes, defined
as px = βγγm0cx′ and py = βγγm0cy′, where m0 is the rest mass of the particle. The
transport matrix is reduced to 4x4 matrices

M =


M11 M12 0 0
M21 M22 0 0

0 0 M33 M34
0 0 M43 M44

 =

 Mx

(
0 0
0 0

)
(

0 0
0 0

)
My

 . (2.23)

To derive the elements of M we need to formulate and solve the equations of motion.

Equations of motion

First, we introduce a transverse coordinate vector

r⃗(s) = rx · êx + y · êy = (R + x) · êx + y · êy , (2.24)
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as illustrated in Fig. 2.1. Conceptually, the equations of motion are supposed to give
x(t) and y(t). However, since we introduced the coordinate system x, y, s, we will
rather look for x(s) and y(s). To relate the coordinates to the Lorentz force acting
on the particles, we need to deal with the time derivatives, so we need to find the

relation between
d
dt

and
d
ds

. For the reference particle we obviously have
d
dt

= v
d
ds

.
For an individual particle, whose trajectory is displaced with respect to the reference
particle, we rather have

d
dt

= v
(

R
rx

)
d
ds

(2.25)

from geometrical considerations. As was mentioned in the beginning of this chapter,
the unit vectors êx and ês change their orientation along s, meaning that we need to
find their derivatives with respect to s. From Fig. 2.1, a step ds in the direction of
ês rotates êx by ds/R in the direction of propagation. The same step rotates the unit
vector ês by the same angle in the direction opposite to êx. This gives

d
ds

êx =
1
R

ês ,

d
ds

ês = − 1
R

êx . (2.26)

The momentum of the individual particles p can also be slightly different from the
nominal p0, which gives

∆p = p − p0 ,
1
p
≈ 1

p0

(
1 − ∆p

p0

)
, (2.27)

where the bottom equation is the Taylor expansion truncated after the 1st-order
term. Finally, Newton’s second law gives

γm0
d2⃗r
dt2 = q

(
v⃗ × B⃗

)
. (2.28)

Combining Eqs. 2.25 - 2.28 and the first two terms of Eq. 2.2 we finally get

d2

ds2 x(s) +
[

1
R2(s)

− k(s)
]

x(s) =
1
R

∆p
p0

,

d2

ds2 y(s) + k(s)y(s) = 0 . (2.29)

Examples

The above equations can be solved with respect to the initial values X⃗i for drift,
dipole and quadrupole sections of the beamline. As an illustration, we show explicit
solutions for a monochromatic beam ∆p = 0. For a drift of length L we obtain

Mdrift =


1 L 0 0
0 1 0 0
0 0 1 L
0 0 0 0

 . (2.30)
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For a rectangular dipole, characterized by the radius of curvature R and the
bending angle ϑ << 1 we get

Mdipole =


1 Rϑ 0 0
0 1 0 0
0 0 cos ϑ Rϑ

0 0 −sin2 ϑ

Rϑ
cos ϑ

 (2.31)

For a quadrupole of length L depending of the sign of k we get

Mk>0 =


cos(

√
|k|L) 1√

|k|
sin(

√
|k|L) 0 0

−
√
|k| sin(

√
|k|L) cos(

√
|k|L) 0 0

0 0 cosh(
√
|k|L) 1√

|k|
sinh(

√
|k|L)

0 0
√
|k| sinh(

√
|k|L) cosh(

√
|k|L)


(2.32)

or

Mk<0 =


cosh(

√
|k|L) 1√

|k|
sinh(

√
|k|L) 0 0√

|k| sinh(
√
|k|L) cosh(

√
|k|L) 0 0

0 0 cos(
√
|k|L) 1√

|k|
sin(

√
|k|L)

0 0 −
√
|k| sin(

√
|k|L) cos(

√
|k|L)


(2.33)

An important property of transfer matrices in each plane is

det Mx,y = 1 . (2.34)

2.2.3 Beam emittance

Using Eq. 2.29 we can track particles, which have different initial coordinates and
different energies. At any point of the beamline s we can take a snapshot of the
phase space in one of the transverse planes, e.g., x − px. We can apply the Liouville
theorem and conclude that the phase space area occupied by the particles remains
constant along s. Since x′ is essentially scaled px, the same statement also applies to
x − x′ plane. The trace space is schematically depicted in Fig. 2.2. Assuming the x
and x′ distributions of the particles are centered around the reference particle, their
mean values are ⟨x⟩ = ⟨x′⟩ = 0. The "widths" of the distributions are given by the
variances

σx =
1
N ∑

i
x2

i σx′ =
1
N ∑

i
x′2i , (2.35)

where N is the number of particles. Distributions in x and x′ are usually correlated.
We can introduce two different axes, along which the distributions are not correlated,
as shown in Fig. 2.2. The area of the trace space covered by the particles is better
characterized by variances along these two axes. Skipping the derivation, the area is
given in the original coordinates by

πϵx =
√
⟨x2⟩⟨x′2⟩ − ⟨xx′⟩2 , (2.36)
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FIGURE 2.2: Schematic illustration of trace space.

where ϵx is the beam emittance in x − x′ plane. The emittance is an important char-
acteristic of the beam quality. Parametrization of the rotated ellipse in the original
coordinates gives

ϵ2
x = x2σ2

x′ − 2xx′⟨xx′⟩+ x′2σ2
x . (2.37)

2.2.4 Twiss parameters

A very similar expression can be obtained if we treat Eq. 2.29 as the equation of
harmonic oscillator with s-dependent amplitude and frequency of the oscillations
around the reference trajectory. Averaging the solutions over the particle distribu-
tion, we arrive to

ϵx = γT x(s)x2 + 2αx(s)xx′ + βx(s)x′2 , (2.38)

where βx(s) describes the evolution of the particles’ trajectories envelope along the
beamline. It is related to the RMS beam size as

σx(s) =
√

ϵxβx(s) . (2.39)

αx describes the correlation between x and x′ and is given by

αx(s) = −1
2

dβx(s)
ds

. (2.40)

Finally, γT x describes the divergence of the beam and is given by

γT x(s) =
1 + α2

x(s)
βx(s)

. (2.41)

The treatment of y − y′ plane is completely analogous. α, β, γT are known as Twiss
parameters. For certain given initial conditions they are rather characteristics of the
magnetic lattice than the beam. However, they can be easily related to the trans-
verse dynamics of the beam traversing the lattice, as shown above. It is, therefore,
convenient to be able to track the Twiss parameters through the lattice using the
transport matrices, as it is done for the particles. This is possible by introducing the
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beta matrix

B =

(
β −α
−α γT

)
, (2.42)

where the sub-index x or y is implied. If the section of the beamline is described by
the transport matrix M, as introduced above, the initial Bi transforms at the end of
the section into

B f = M · B0 · MT , (2.43)

where T is the transpose operator.

2.2.5 Wake potential and impedance

A proper introduction to the concepts of wake potential and impedance can be
found, e.g., in [52]. Here we will summarize the basic definitions, restricting our-
selves to the longitudinal dimension only.

Strictly speaking the term "wakefield" is used for the following scenario. A rela-
tivistic charged particle is travelling through a conductive pipe. The electromagnetic
field created by the particle is almost purely transversal and the particles behind or
in front of the source particle are not affected by the field. However, when the shape
of the beam pipe changes, there could be some residual fields trailing after the par-
ticle. These fields can affect the particles behind the source particle. Suppose, we
managed to solve the Maxwell equations for the source particle and calculated the
electric field E⃗(z, t) and the magnetic field created by the source particle with the
charge q1. The longitudinal wake function is then defined as

w∥(z) =
1
q1

∞∫
−∞

dz′ Ez(z′, (z − z′)/c) , (2.44)

where z is the distance from the source particle and Ez is the longitudinal component
of the electric field. We note that the wake function is normalized to the source
particle’s charge. This makes the wake function a characteristic of the geometry of
the problem, rather than of a specific particle bunch traversing this geometry. If the
bunch is characterized by the line charge distribution λ(z), we can calculate the wake
potential

W∥(s, z) =
∞∫

−∞

dz′ w∥(s, z − z′)λ(s, z′) . (2.45)

Here we used two independent coordinates: longitudinal bunch coordinate z and
the beamline coordinate s for more convenient interpretation. The wake potential at
given s shows the energy kick experienced by a particle at z as the net effect of all
other particles at z′. This quantity is already specific to the certain bunch shape, but
can be easily scaled with the total charge of the bunch.

Finally, we introduce the longitudinal impedance

Z(s, k) = −1
c

∞∫
−∞

dz w∥(s, z)e−ikz , (2.46)

where the subscript ∥ is omitted for Z(s, k) for brevity. In other words, the impedance
is the Fourier counterpart of the wake function. Therefore, it is also specific to the ge-
ometry of the problem. Since the impedance is formulated in the reciprocal space it
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also gives the information about which frequencies are favoured by the environment
of the bunch. This is especially convenient when the beam pipe has local cavities.
These cavities are characterized by eigenmodes, which show as sharp peaks of the
impedance.

The type of the wakefields discussed above are natural for the introduction of
wake potential and impedance, but they are not discussed in this work. However,
the introduced concepts will be applied to a different kind of self-interaction in an
electron bunch.

2.3 Key Accelerator Components

The purpose of this section is to introduce typical components of an accelerator and
specific layouts of the beamlines considered in this work. The description of the
components is focused on their purpose in the beamline and basic underlying phys-
ical phenomena, rather than on their design and technical specifications. FLASH
2020+ layout is explained to the extent needed for the purposes on this work.

2.3.1 Gaussian bunches, pulses and beams

Gaussian shape is one of the most typical approximations for the longitudinal shape
of electron bunches and laser pulses, which is also widely used in this work. We
refer to the electron bunch as Gaussian if the current (or charge) distribution within
the bunch is given by

I(z) = I0 exp
(
− z2

2σ2
z

)
, (2.47)

where I0 is the peak current and σz is called the bunch length. Since we often com-
pare the longitudinal dimension of the bunch to the radiation wavelength, the for-
mer is typically given in units of length. We refer to the laser pulse as Gaussian, if
the distribution of power (or intensity) within the pulse is given by

P(t) = P0 exp
(
− t2

2σ2
t

)
, (2.48)

where P0 is the peak power and σt is called the pulse duration. Since the pulse
duration is typically given in units of time, the longitudinal coordinate is given by
time t, rather than by z. It is important to note that the laser pulse can be also given in
terms of the electric field E(t) with the equivalent pulse duration

√
2σt. In this work

we discuss only transform limited pulses, for which the spectral width is σω = 1/2σt.
Gaussian beams can be used to describe both the FEL output and the seed lasers

[53]. In this work the fundamental Gaussian mode is used to model the seed laser.
The laser field is then given by

E(r, z, t) =
E0√

1 + (z/zR)
2

exp
(
− r2

w2(z)

)
sin [kL(z − ct) + ψ] exp

(
− (z − ct)2

4c2σ2
t

)
,

(2.49)
where r =

√
x2 + y2 is the radial coordinate, E0 is the electric filed amplitude, kL is

the laser wave number. The evolution of the transverse size is given by

w(z) = w0

√
1 + (z/zR)

2 , (2.50)
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where w0 is called the waist and the Rayleigh length is

zR =
πw2

0
λL

, (2.51)

where λL is the wavelength of the laser field. The phase term is

ψ = − arctan (z/zR) + kL
r2

2Rw(z)
+ ψ0 , (2.52)

where the first term is referred to as Gouy phase, ψ0 is an arbitrary phase and the
radius of curvature of the wavefronts is

Rw(z) = z
[
1 + (zR/z)2

]
. (2.53)

In the following we will be mostly interested in the on-axis radiation, meaning that
the terms of Eq. 2.49 with r will be neglected. The arbitrary phase ψ0 is also typically
neglected, since it only becomes important for extremely short (σt ∼ λL/c) pulses.
The Gouy phase introduces an interesting effect near the waist, where the phase
velocity of the beam becomes greater than c.

2.3.2 Accelerating RF cavities

Radio Frequency (RF) cavities are the most essential part of linacs as they provide
the actual acceleration of the particles. This is done by applying voltage VRF between
NRF pairs of electrodes. As the particles with charge q travel through the drifts be-
tween the electrodes, they gain energy ∆E = VRFNRFq. The voltage is supplied by an
RF source, hence the "RF" in the name. In order to suppress radiation from the drift
tubes between the electrodes, the accelerating structure is enclosed in a conducting
cylinder, hence the "cavity" in the name. If the enclosing cylinder is made of su-
perconducting material, one speaks of superconducting cavities. The advantage of
superconducting cavities is lower energy dissipation, which typically allows higher
accelerating gradients and higher repetition rate of accelerated electron pulses. Tech-
nical parameters, such as operating frequency, cavity geometry etc. are dictated by
availability of high power RF sources, minimization of energy dissipation, costs, size
and other practical considerations [54].

One important consequence of the electron beam being accelerated by an RF field
is non-uniform energy profile of the electron beam. If VRF(z) = V0 cos

(
2π f

c z + φRF

)
,

where f is the RF frequency, the energy gained by the electrons is also a function of
their longitudinal coordinate with respect to the center of the bunch z. The relative
phase between the center of the bunch and the crest of the RF pulse φRF is com-
monly called RF phase. Examples of energy profiles of an electron beam accelerated
on-crest (φRF = 0°) and off-crest (φRF = 10°) are shown in Fig. 2.3, where f = 1.3
GHz and V0 · NRF = 25 MV. Resulting energy profiles have a cosine shape. For
practical purposes they are usually characterized by the energy gain of the center of

the bunch ∆E, energy chirp
dE
dz

, curvature
d2E
dz2 and the third order derivative. The

practical importance of the energy gain is obvious. The energy chirp has practical
importance for the bunch compression, as will be explained below. For the bunch
compression purposes, the curvature is usually considered as an undesired com-
plication. If necessary, the curvature can be controlled by so-called linearizers. An
example of a linearizer is a third harmonic cavity (with the operating frequency 3 f )
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FIGURE 2.3: Energy gain as a function of the bunch coordinate for
the electron beam accelerated with different RF phases and the same
RF amplitude V0. Note the directions of the tail and the head of the

bunch. Off-crest accelerated bunch gains negative energy chirp.

installed after the usual accelerating module. This provides additional degrees of
freedom to control the curvature, while keeping the energy gain and the chirp in a
reasonable range.

The electrons, which are more downstream (upstream) with respect to the center
of the bunch form the head (the tail) of the bunch. In Fig. 2.3 the head of the off-crest
accelerated bunch has lower energy, than the tail. In our convention this corresponds
to negative electron beam energy chirp. The sign of the chirp is very important for
the bunch compression.

2.3.3 Chicanes

Chicanes are dispersive elements in the beamline. The basic idea is to deflect the tra-
jectory of the electrons from the straight line in a section of the beamline. As shown
in Subsec. 2.1.2, dipole magnets are a natural choice for electron deflectors. Since
the deflection angle in a dipole depends on the particle energy, travelling through
an arrangement of dipoles introduces longitudinal dispersion. Figure 2.4 shows the
layout of a C-type chicane. The lower energy particles experience larger kick, ac-
cording to Eq. 2.4. Therefore, they are delayed with respect to the reference par-
ticle. For the higher energy particles the situation is reversed. The strength of a
symmetrical chicane can be characterized by the bending angle ϑ or the radius of
curvature R in the first dipole, as shown in Fig. 2.4. These quantities are convenient
to use when we discuss the processes inside the chicane itself. When we are only
interested in the dispersive effect of the whole chicane, we usually characterize it
either by the delay (the difference between the path of the reference particle and the
straight line) or the element of the transport matrix R56. For small ϑ we can approx-
imate delay = R56/2. The sign of R56 can be subject to different conventions. Using
the logic that the higher energy particles are effectively pushed forward, for this type
of chicane R56 > 0.
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FIGURE 2.4: Layout of a C-type chicane. Lower energy electrons (red)
travel longer path than the higher energy electrons (blue). The refer-

ence path (black) is used to characterize the chicane.

Chicanes are used for different purposes in the beamline. Sometimes their only
purpose is to make electrons go around another component of the beamline, e.g., an
in-coupling mirror. In seeded FELs they are used to generate density modulations
from energy modulations, as will be shown below. In the linac they are commonly
used for the compression of the electron bunch.

Bunch compressors

Let us consider two particles within the bunch, which are characterized by their lon-
gitudinal coordinates z(1),(2)i and relative energy deviation p1,2 = (E0 + ∆E1,2) /E0.
After passing through the chicane with certain R56, their coordinates are given by

z(1)f = z(1)i + R56
∆E1

E0
,

z(2)f = z(2)i + R56
∆E2

E0
. (2.54)

Generally speaking, ∆E can have a correlated part E(z) from the RF linac (see Sub-
sec. 2.3.2) and an uncorrelated part ∆Eunc. If we consider only the linear component
of E(z) (i.e., electron beam chirp), we obtain

z(1)f = z(1)i

(
1 + R56

1
E0

dE(z)
dz

)
+ R56

∆E(1)
unc

E0
,

z(2)f = z(2)i

(
1 + R56

1
E0

dE(z)
dz

)
+ R56

∆E(2)
unc

E0
. (2.55)

Subtracting the top equation from the bottom one we get

z(2)f − z(1)f =
(

z(2)i − z(1)i

)
(1 + R56h1) + R56

∆E(2)
unc − ∆E(1)

unc

E0
, (2.56)

where h1 =
1
E0

dE(z)
dz

is the normalized linear chirp. The left-hand part of the equa-

tion is the distance between the particles after they pass through the chicane. The
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first term of the right-hand part is the distance between the same particles before the
chicane multiplied by C−1 = (1 + R56h1), where C is the linear compression factor.
Repeating the procedure for the whole bunch we can rewrite Eq. 2.56 in RMS terms:

σ
( f )
z = σ

(i)
z (1 + R56h1) + R56

σE

E0
, (2.57)

where σ
(i, f )
z is the RMS bunch length before and after the chicane and σE is the RMS

uncorrelated energy spread. If σE can be neglected, the definition of C becomes
obvious. If R56h1 < 0 the bunch is compressed by the factor of C by the chicane. For
this purpose one can combine positive R56 of a C-type chicane with negative electron
beam chirp, such as shown in Fig. 2.3. At the extreme compression with R56h1 = −1
the minimum achievable length of the compressed bunch is limited by R56σE/E0.

2.3.4 Undulators

Undulators are periodic arrangements of dipole magnets, as illustrated in Fig. 2.5.
Here we consider only planar undulators and not the helical ones. The magnetic

FIGURE 2.5: Schematic illustration of a planar undulator with the pe-
riod λu. The particle moves along a sinusoidal trajectory in the plane

of the undulator in the middle between the plates.

field felt by the particle inside the undulator is given by

Bx = 0 ,
By = B0 cosh (kuy) cos (kuz) ,
Bz = −B0 sinh (kuy) sin (kuz) , (2.58)

where ku = 2π/λu, λu is the undulator period indicated in Fig. 2.5 and B0 is the
peak value of the magnetic filed along the undulator axis. Bz component deflects
the particle in the transverse plane proportionally to its px and py due to the Lorentz
force. Using the assumption p ≫ px, py we can neglect this deflection and limit the
discussion to the effect of By. Using the assumption that the particle displacement
in y is much smaller than λu we also put cosh (kuy) = 1. This leaves us with

B⃗ = B0 cos (kuz) êy . (2.59)
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The equations of motion then give

vx(t) =
d
dt

x(t) = − eB0

γmku
sin (kuz) . (2.60)

Due to the transverse motion the longitudinal velocity component vz is reduced to

vz(t) =
d
dt

z(t) =
√

v2 − v2
x = βγc

√
1 −

(
eB0

mcku

)2 1
β2

γγ2 sin2 (kuz(t)) , (2.61)

which is a function of t. Integration of the above expression gives the average longi-
tudinal velocity

β̄γ = βγ

(
1 − K2

u
4β2

γγ2

)
, (2.62)

with
Ku =

eB0

mcku
. (2.63)

The undulator parameter Ku is commonly used to characterize the amplitude of the
electron deflection inside the undulator. In particular, K = 1 means that the electrons
are deflected by ≈ 1/γ, which is the opening angle of the synchrotron radiation
discussed in Sec. 2.1.4. A useful expression to estimate the undulator parameters is

Ku = 0.934 · B0[T] · λu[cm] . (2.64)

An important conclusion from Eq. 2.62 is that a relativistic electron (βγ = 1) is de-
layed due to the oscillations with respect to the straight on-axis trajectory by the
so-called slippage length

λslip =
λu

2γ2

(
1 +

K2
u

2

)
(2.65)

for each λu traveled. Integrating Eq. 2.60 and Eq. 2.61 and using the newly defined
Ku we get the solutions of the equations of motion

x(t) =
Ku

γku
sin
(

β̄γckut
)

,

z(t) = β̄γct − K2
u

8γ2ku
sin
(
2β̄γckut

)
. (2.66)

The above equations tell us that the electron oscillates in x with the frequency ωu =
β̄γcku and in z with 2ωu. If we refer to Eq. 2.18, we could calculate the power ra-
diated due to these oscillations. More importantly at the moment, we can calculate
the frequency of the emitted radiation. To do this, we need to keep in mind that
the radiated power is given by Eq. 2.18 in the laboratory reference frame. For the
reference frame, which is moving along z with the averaged β̄γc, the Lorentz factor
is

γ̄ =
1√

1 − β̄2
γ

=
γ√

1 + K2
u/2

. (2.67)

Due to the time contraction, in this reference frame the frequency of the oscillations
is multiplied by γ̄. If we do Lorentz transformation for the photon of this frequency
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FIGURE 2.6: Schematic representation of a typical modulator layout.
The laser is in- and out-coupled using mirrors in the middle of the
chicanes. Inside the undulator the laser is co-propagating with the

electron beam.

emitted at the polar angle θ, we get

λl = λu
(
1 − β̄ cos θ

)
, (2.68)

where λl is the wavelength of the emitted light in the laboratory reference frame.
Using Eq. 2.62 and cos θ ≈ 1 − θ2/2 for small θ:

λl =
λu

2γ2

(
1 +

K2
u

2
+ γ2θ2

)
. (2.69)

An important conclusions from Eq. 2.69 is that for on-axis radiation the slippage
length given by Eq. 2.65 is exactly the radiation wavelength.
In order to estimate the bandwidth of the on-axis undulator radiation, we assume
that the undulator consists of Nu periods. The electric field of the radiation is

E(t) =

{
E0 exp (iωlt) inside the undulator ,
0 outside the undulator

(2.70)

with the amplitude E0 and frequency ωl = 2πc/λl . Taking the Fourier transform of
the field above E(ω) we get the spectral distribution of the radiated power

P(ω) ∼ |E(ω)|2 ∼ sinc2
(

πNu
ωl − ω

ωl

)
. (2.71)

An important conclusion from the above equation is that bandwidth of the undula-
tor radiation can be estimated as 1/Nu.

Modulators

One particular implementation of the undulators is energy modulation of the elec-
tron beam by the means of an external laser. Such devices are called modulators. An
illustration of the typical layout of a modulator is shown in Fig. 2.6. First, the laser
beam is in-coupled to the electron beamline. For this purpose one typically uses
a chicane (which might also simultaneously serve another purpose) to deflect elec-
trons from the straight path, which allows to insert a mirror into the beamline. Then,
the laser co-propagates with the electron beam inside the undulator. We assume the
laser field to be a plane wave linearly polarized along x:

Ex(z, t) = E0 cos (klz − ωlt + ψ0) , (2.72)
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2 1 0 1 2
z/ l

FIGURE 2.7: Longitudinal phase space of energy-modulated electron
beam. For laser-induced cosine modulation the modulation ampli-

tude is defined as shown.

where the sub-index L now indicates the laser’s wavenumber kL and angular fre-
quency ωL, E0 is the amplitude of the laser electric field and ψ0 is a random phase.
The Lorentz force Fx = −eEx is then responsible for the energy exchange described
by

m0c2 dγ

dt
= −evx(t)Ex(t) . (2.73)

We assume that the energy of the electron does not change significantly and its har-
monic motion in x(t) is unaffected and is still described by Eq. 2.66. The above
equation tells us that the energy is transferred from the electron to the field or vice
versa depending on the sign of the product vx(t)Ex(t). Hence, the energy exchange
goes steadily in one or the other direction, if the sign remains the same throughout
the undulator. Since the laser field travels by the straight trajectory with velocity
c, the electron is delayed with respect to the field by the slippage length given by
Eq. 2.65. The sign of vx(t)Ex(t) remains the same if this slippage length is equal
to the wavelength of the laser field. The rigorous derivation of this condition from
Eq. 2.73, which we skip here, introduces the pondermotive phase

ψ(t) = (kL + ku) z(t)− ωLt + ψ0 . (2.74)

If this phase remains constant (dψ/dt = 0), the energy exchange is sustained. This
gives the resonant laser wavelength

λL =
λu

2γ2

(
1 +

K2
u

2

)
, (2.75)

which is identical to the slippage length. The electrons inside the electron bunch
have different ψ0, depending on their position with respect to the center of the
bunch. As a result, in the reference frame moving with β̄γ, the energy profile of
the bunch acquires a cosine shape. The shape is characterized by the wavelength of
the laser field and by the modulation amplitude ∆γ, as illustrated in Fig. 2.7. A useful
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expression to estimate the modulation amplitude is

∆γ =

√
PL

PA

2KuLuJJ
γw0

, (2.76)

where PL is the seed laser power, PA = IAm0c2/e, Lu is the total length of the undu-
lator, IA is the Alfvén current, JJ = J0(ζ/2)− J1(ζ/2) with ζ = K2

u/(2 + K2
u) and w0

is the transverse size of the laser beam.
While Eq. 2.76 demonstrates some important scaling laws, it can certainly be

improved. In particular, we can take into account the focusing of the laser beam
and the finite laser pulse duration using the expressions from Subsec. 2.3.1. Then we
arrive to a more realistic expression for the energy modulation from [55]:

dγ

dŝ
=

eE0KuLuJJ
2mec2γ

cos ψ̂√
1 + (qŝ)2

e−(ŝ/τ−z/cσt)2/4 , (2.77)

where ψ̂ = 2πνŝ − arctan(qŝ) + ψ0 + kLz,

ν =
2Nu(γ − γr)

γr
, q =

Lu

zR
, τ =

cσt

NuλL
,

ŝ = s/Lu is the dimensionless coordinate along the undulator and −1/2 < ŝ < 1/2,
σt is the width of the Gaussian laser pulse, zR is the Rayleigh length of the laser
beam. The detuning parameter ν can be used to include the effect of electron beam
chirp on the modulation amplitude. In case of pure linear electron beam chirp the
detuning parameter is the function

ν(z) =
2Nu

γr

dγ

dz
z . (2.78)

It is interesting to note that due to the Gouy phase shift mentioned in Subsec. 2.3.1,
the maximum modulation amplitude is achieved at a detuned energy γ ̸= γr. We
will keep this in mind while optimizing the modulators of the seeding section.

2.3.5 FLASH 2020+

Now that we have introduced the typical machine components, in this subsection
we will discuss the layout of the future seeded FEL facility within the FLASH 2020+
project. The main features of the machine are described in [56, 57]. The schematic
layout is shown in Fig. 2.8. The facility has three beamlines: FLASH1, FLASH2 and

FIGURE 2.8: Schematic layout of FLASH 2020+ facility. Taken from
https://flash.desy.de/

https://flash.desy.de/
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FLASHForward. The latter is reserved for a beam-driven plasma wakefield experi-
ment [58]. FLASH2 is a SASE FEL beamline and FLASH1 is a seeded FEL beamline.
All beamlines are served by a common linac. The electron bunches are generated
by the injector laser and immediately accelerated in the normal-conducting RF cav-
ity to 5.6 MeV. After that the beam is further accelerated by the superconducting
accelerating module ACC1. Normally, the beam is accelerated off-crest to induce a
negative chirp, as disscussed in Subsec. 2.3.2. Then, the phase space is linearized
by a 3rd-harmonic cavity ACC39. After that the beam goes through the laser heater
(essentially a modulator), the design and purpose of which is explained at the end of
this chapter. The beam is then compressed inside the first bunch compressor chicane
BC1. The typical value of the compression factor inside BC1 is 4-5. This is followed
by additional acceleration in the modules ACC23, typically also off-crest to provide
additional chirp for compression in BC2. After this the beam gets compressed for
the second time in the second bunch compressor chicane BC2. The typical value of
the compression factor is also 4-5. Finally, the beam is accelerated to the final energy
by the accelerating modules ACC4567, which are commonly set on-crest. The final
beam energy ranges between 750 MeV and 1.35 GeV. This is needed to cover the
wavelength range of the seeded FEL radiation from 60 nm to 4 nm.

Thanks to the superconducting RF cavities, FLASH can provide high-brilliance
bunches at the repetition rate of the injector laser (up to 3 MHz), making FLASH
2020+ a unique seeded FEL user facility operating at high repetition rate (up to
1 MHz given by the seed laser system). Another feature of the facility is parallel op-
eration of the SASE FEL beamline FLASH2 and the seeded FEL beamline FLASH1.
Since the two schemes typically require different compression, the FLASH2 beam-
line has an additional bunch compressor chicane in front of the undulators. The
compression can be also to some extent controlled by flexible RF system, allowing
acceleration of bunches injected in FLASH1 and FLASH2 by the same RF cavities
with different amplitudes and phases.

The seeding section of FLASH1 directly follows the linac. It contains two mod-
ulators, three chicanes (only one is shown in Fig. 2.8) and the seed lasers system
feeding the two modulators with two laser pulses. The spectro-temporal properties
of the seeded FEL radiation are largely defined by the quality of the seed laser pulses.
This puts strict requirements on the seed lasers, which need to provide wavelength
tunability and typically short pulse duration. The nominal duration of the second
seed laser pulse is 50 fs.

2.4 Free Electron Laser Configurations

The purpose of this section is to explain FEL process in classical theory in enough
depth to understand advantages and challenges of pre-bunching techniques, in par-
ticular EEHG.

2.4.1 Laser amplifier

Equation 2.75 tells us that the electron energy and the undulator parameters have to
be chosen properly to enable the amplification of an incident wave with the wave-
length λl by the electron. In an electron bunch, though, electrons have slightly differ-
ent energies. If the mean energy γr of the electron bunch is chosen such that Eq. 2.75
is satisfied (resonant electron energy), for an individual electron in the bunch we define
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the relative energy deviation

η =
γ − γr

γr
≪ 1 . (2.79)

The energy deviation has to be small for efficient amplification. Since the individual
electron’s energy is different from the resonant one the pondermotive phase ψ is not
constant. By taking the derivative of Eq. 2.74 and using Eq. 2.61 for electron velocity
vz inside the undulator and Eq. 2.75 for γr, for small energy deviations η we obtain

dψ

dt
= 2kucη . (2.80)

Using the newly defined η and γr we can also rewrite Eq. 2.73 as

dη

dt
= − eE0Ku

2mecγ2
r

cos ψ . (2.81)

The above equations are called pendulum equations and are very important in the
FEL theory. They describe single electron’s behavior in the longitudinal phase space
given by the energy deviation from the resonant energy η and the pondermotive
phase ψ. However, it is still unclear how this pendulum-like behavior of electrons
can amplify the light wave. In fact, in a reasonable assumption that the electron
distribution is uniform (ρ(z) = ρ0) the net amplification along the undulator will
be zero. To facilitate the amplification, the electron distribution must have density
modulations of the same periodicity as the light wave

ρ(z) = ρ0 + ρ1(z)eiψ(z) , (2.82)

where ρ1(z) is the amplitude of the density modulation. It also follows from Eq. 2.8
that the current j(z) will have a component j1(z) with the same periodicity. The wave
equations 2.11 give the relation between the electric field E⃗(z) and j1(z). By employ-
ing slowly-varying envelope approximation and neglecting higher-order derivatives of
Ex(z) we arrive to

dEx

dz
= −µ0cKu

4γ
j1(z) , (2.83)

which describes the evolution of the radiation field. The density modulations also
create a longitudinal space charge field. From the Maxwell equations with slowly
varying envelope approximation we get

Ez(z) = − iµ0c2

ωl
j1(z) . (2.84)

Further assuming that the electron distribution is periodic in ψ we can express j1 as
the first-order Fourier component:

j1 = j0
2
N

N

∑
n=1

exp (−iψn) , (2.85)

where the index n stands for the number of individual electrons and N is the number
of electrons in the bunch. As a result we can write down the coupled first-order
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equations

dψn

dz
= 2kuηn ,

dηn

dz
= − e

mec2γr
Re
[(

KuEx

2γr
− iµ0c2

ωl
j1

)
exp (iψn)

]
,

j1 = j0
2
N

N

∑
n=1

exp (−iψn) ,

dEx

dz
= −µ0cKu

4γr
j1 , (2.86)

where we assumed d/dt = c · d/dz and n = 1 . . . N. The real part operator Re ap-
pears in the above equations since the quantities j1 and Ex are complex. This set
of equations can be solved numerically for a given electron distribution and it can
demonstrate the most important aspects of the FEL process. However, an analytical
solution would provide more intuitive insights into the physics of FEL. The analyt-
ical solution can be derived if we make an additional assumption that the density
modulations remain small. In this case ψn and ηn of individual electrons can be
parameterized as

ψn(z) = ψn(0) + 2kuηz + Re
[

a(z)eiψn(0)
]

,

ηn(z) = η + Re
[
b(z)eiψn(0)

]
. (2.87)

With such parameterization we essentially consider an electron beam with the cen-
tral energy η ̸= 0. The energy dynamics of the individual electron is represented by
the complex function b(z), which is the same for all electrons. Similarly, the phase
dynamics is given by a(z) on top of the linear term. The individuality of each elec-
tron is then reduced to their initial phases ψn(0). Considering a(z) and b(z) as small,
we can employ the perturbation approach to rewrite the set of equations as a third-
order differential equation with respect to Ex:

E′′′
x + i4kuηE′′

x +
(

k2
p − 4k2

uη2
)

E′
x − iΓ3Ex = 0 , (2.88)

where the prime operator ′ stands for d/dz,

Γ =

(
µ0K2

ue2kune

4γ3
r me

)1/3

(2.89)

is the gain parameter and

kp =

√
2λl

λu

ω∗
p

c
(2.90)

is the space charge parameter with ω∗
p being the plasma frequency in the rest frame

of the bunch

ω∗
p =

√
nee2

γrϵ0me
. (2.91)

Our goal here is to demonstrate that Eq. 2.88 has a solution, that results in amplifi-
cation of the field. For this purpose, we consider on-resonance electrons η = 0 and
assume that the gain parameter Γ is large enough to neglect the term with kp. In this
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case Eq. 2.88 reduces to
E′′′

x − iΓ3Ex = 0 . (2.92)

By looking for solutions of this equation in the form of Ex(z) = Ae αz we can show
that there is a solution with a positive real part of α, which means exponential growth
of the field amplitude. More commonly one speaks about the power gain, character-
ized by the gain length

Lg =
1√
3Γ

. (2.93)

Assuming the initial electron density modulation j1(0) = 0 and the initial field am-
plitude Ex(0) given by the power of the incident laser field Pin, the output power is
estimated as

Pout =
Pin

9
e z/Lg . (2.94)

The factor 1/9 in the above equation originates from the fact that the "gain" solution
is one of the three possible solutions and the incident field amplitude Ex(0) is dis-
tributed among them. Another consequence of the existence of the other solutions
is that the gain does not kick in immediately. It takes typically on the order of 2Lg
of distance inside the undulator for the gain component to assert dominance and for
Eq. 2.94 to become valid. The exponential gain continues until ≈ 20 gain lengths.
After that the gain reaches saturation, where the electrons lose as much energy to
the radiation as they gain from the radiation. In the saturation regime our assump-
tion of high gain parameter Γ fails and Eq. 2.92 is no longer valid. The FEL radiation
power oscillates around a value called saturation power Psat.

Using the gain parameter Γ we can introduce the so-called Pierce parameter

ρFEL =
Γ

2ku
. (2.95)

The same quantity can be written down in more practical terms

ρFEL =

(
1

γ3
I

IA

λ2
u

2πσ2
x

JJ2

32π

)1/3

. (2.96)

This quantity can be used for estimation of FEL bandwidth, i.e., the maximum al-
lowed relative energy deviation for an electron to participate in the FEL gain. The
same quantity defines the maximum power that can be extracted from the electron
beam in the form of FEL light. If we introduce the beam power as

Pe =
γmec2 I0

e
, (2.97)

the maximum extracted power can be approximated by

Psat ∼ ρFELPe . (2.98)

Effect of energy spread

The expressions for the saturation power Psat and the gain length Lg are derived
without taking into account several aspects of electron and radiation beams, e.g., the
transverse distribution of the electron beam and natural diffraction of the radiation
field. Most importantly for this work, the contribution of the electron beam energy
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spread is neglected. The effect of these factors can be formulated [59] in terms of
increased gain length

L∗
g =

Lg

χ
(2.99)

and decreased saturation power

P∗
sat = χ2Psat , (2.100)

where the function χ depends on the additional factors that we want to include. If
we want to include only the energy spread σE, according to [60]

χ(σE) =
exp (−aµ̃2

E)

1 + bµ̃2
E

, (2.101)

where a = −3.4 · 10−2, b = 0.185

√
3

2
and

µ̃E = 2
σE

E0ρFEL
. (2.102)

2.4.2 Start-up of FEL

The example of the FEL laser amplifier allows to demonstrate the basic FEL physics,
but it immediately raises the question of the source of the initial field. In particular,
in the highly demanded spectral range of XUV and soft X-rays the choice of high-
power sources is very limited. Equations 2.86 tell us that the FEL process can be
also initiated by the initial electron density modulations. Assuming considerable
j1(0) ̸= 0 and Ex(0) = 0 as the initial conditions, the third-order FEL equations can
be solved in a similar way as for the laser amplifier. Unlike the previous case, for the
initial density modulation the radiation power starts to grow from 0 immediately.
After ≈ 2Lg it enters the exponential gain regime.

This promising alternative, in turn, raises the question of where would the den-
sity modulations come from. One possible answer to this question is shot noise. In
reality, the electron distribution is never truly smooth and has a very rich spectral
content, which also includes modulations at the target wavelength (whatever we
choose it to be). Admittedly, these initial modulations are quite small and can not
dominate the radiation field evolution given by the coupled equations. The elec-
trons radiate undulator radiation, described in Subsec. 2.3.4, independently from
each other. This radiation is called spontaneous radiation. The spontaneous radiation
from the first 2Lg of the undulator acts as the initial radiation in the following sec-
tions of the undulator. We have to keep in mind, however, that the spontaneous
radiation is not a monochromatic wave, as we assumed before. The properties of the
resulting FEL radiation are derived from the stochastic nature of the spontaneous
radiation. In particular, the spectral properties and the output power show consid-
erable shot-to-shot jitter.

In order to overcome the limitations of SASE, we can use pre-bunching tech-
niques. For this, the radiator has to be preceded by a dedicated seeding section,
which typically consists of modulators with external lasers and dispersive elements.
There are two such schemes: HGHG and EEHG. The latter one consists of two mod-
ulators and two chicanes, while the first one needs only one of each. Since the fo-
cus of this work is EEHG, we will discuss EEHG in detail and refer to other works
for comparison of the two techniques, e.g., [19]. The most important advantage of
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EEHG in comparison to HGHG is the possibility of reaching high harmonics of the
seed laser (on the order of 100). Aiming at such high harmonics of the seed laser is
necessary to operate seeded FEL in soft X-ray range, since high-power laser sources
typically do not reach wavelengths shorter than UV.

Optimization of an idealized EEHG setup

In order to understand the principle of EEHG and introduce the most important
concepts we assume the beam phase space distribution to be

f0(z, p) = f (z)
√

2πe−p2/2 , (2.103)

where p = (E − E0)/σE. The initial longitudinal phase space for such a beam is
illustrated in Fig. 2.9 (a). First, the electron beam is energy-modulated in the first

FIGURE 2.9: Schematic representation of EEHG FEL set-up and phase
space transformations. The color scale in sub-plots a-e is arbitrary and

intended for illustration purposes only.

modulator (mod1) to modulation amplitude A1 = ∆E1/σE, as shown in Fig. 2.9 (b).
Then, the beam goes through the first dispersive section (ch1). The longitudinal
dispersion in ch1 is relatively high and characterized by B1 = k1R(1)

56 σE/E > 0.
The modulation is over-sheared and filamentation of the longitudinal phase space
appears, as shown in Fig. 2.9 (c). This striped structure of the longitudinal phase
space is distinctive to the EEHG seeding scheme and is the source of its greatest
advantages and challenges, as will be discussed later. Then, the beam is energy-
modulated again in the second modulator (mod2) to A2 = ∆E2/σE, as shown in
Fig. 2.9 (d). Finally, the density modulations at the target wavelength are created
by applying B2 = k1R(2)

56 σE/E > 0 in the second dispersive section (ch2) to the
energy-modulated beam. Intuitively, the combination of mod2 and ch2 rotates the
(almost) horizontal stripes in Fig. 2.9 (c) to make them vertical. If we project the
phase space shown in Fig. 2.9 (e) on the z-axis, we see that those vertical stripes are
essentially density spikes. If the spikes are separated by the target wavelength, they
are essentially the density modulation at the target wavelength.
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The evolution of the phase space can be written as

P1 = P + A1 sin(k1z)
z1 = z + B1P1/k1

P2 = P1 + A2 sin(k2z1)

z2 = z1 + B2P2/k2. (2.104)

Applying the transformations above to the initial beam distribution (Eq. 2.103) we
arrive to the final beam distribution at the exit of the second chicane:

f f (z, p) = f (z)
√

2π exp

{
−1

2

[
p − A2 sin (Kk1z − KB2 p)

−A1 sin
[
k1z − (B1 + B2) p + A2B1 sin (Kk1z − KB2 p)

]]2
}

(2.105)

which can be then integrated over p to obtain beam density distribution

N(z) =
∞∫

−∞

f f (z, p)dp . (2.106)

The efficiency of pre-bunching the beam is then evaluated as bunching factor

bn,m = |⟨N(z)e−i(n+Km)k1z⟩| = b̄n,m (2.107)

Skipping the derivation we arrive to a useful formulation of the bunching close to
the target harmonic:

bn,m(k) = b̄n,m(k)
∫

dz f (z)e−iz(k−kE) , (2.108)

where kE = aEk1 is the wavenumber of the target harmonic. This way we separate
spectral properties given by the integral term from the amplitude envelope defined
by optimization of the working point. The bunching envelope at the target harmonic
for an idealized EEHG lattice is

b̄n,m =
∣∣∣e−ξ2

E/2 Jn (−ξE A1) Jm (−aE A2B2)
∣∣∣ , (2.109)

where aE = n + mk2/k1 is the harmonic number, n and m are integer numbers and
ξE = nB1 + aEB2. ξE is the EEHG scaling parameter and it is typically advantageous
to minimize its absolute value. Numerically this happens approximately at ξE =
j′n,1/A1, where j′n,1 is the first root of J′n. Typically a larger A1 helps to minimize
ξE, but one should keep in mind the detrimental effect of the uncorrelated energy
spread on the FEL performance. The EEHG working point is basically defined by
the choice of A1,2. The optimal value of B1,2 are then given by

B2 =
j′m,1

aE A2
, B1 = (ξE − aEB2) /n. (2.110)

During the optimization procedure one should also keep in mind that R(2)
56 includes

dispersion not only of the second chicane, but also that of the second modulator. The
latter can be easily calculated, considering that for the resonance condition (Eq. 2.75)
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to be fulfilled, the electron beam should be delayed by λ2 per modulator period.
This consideration is slightly complicated by the fact that the modulation grows
continuously inside the modulator. Hence, if we want to isolate the contribution of
R56 of the modulator to B2 in the above equations, we need to integrate the product
of A2(s)B2(s) over the beamline coordinate s. Assuming that the energy modulation
grows linearly inside the modulator, as implied by Eq. 2.76, the integral∫

mod2

A2(s)B2(s)ds

can be replaced by effective value A2B2|mod2/2. In other words, R(2)
56 is a sum of R56

of ch2 and a half of R56 of mod2.
In the start-up regime the power of the coherent radiation from the pre-bunched
beam starts to grow inside the FEL amplifier according to [59]

P(z) =
1
3

ρFEL|bn,m|2Pe

(
z

Lg

)2

. (2.111)

An important conclusion from Eq. 2.111 is that the properties of the start-up radi-
ation, which is later amplified by the exponential FEL gain, are derived from the
properties of the bunching defined by Eq. 2.107.

EEHG with energy modulations

The idealized setup above can be generalized to include unwanted energy modula-
tions. However, it is important to distinguish the modulations appearing upstream
of the first chicane (∆p1) or downstream of it (∆p2):

P1 = P + A1(z) sin(k1z) + ∆p1(z)
z1 = z + B1P1/k1

P2 = P1 + A2(z1) sin(k2z1) + ∆p2(z1)

z2 = z1 + B2P2/k2 . (2.112)

The term ∆p1 then can be used to capture electron beam energy correlations from the
linac, in particular linear chirp and curvature. The effect of both was investigated
in detail [19, 61, 39]. Here we highlight the most important conclusions form those
studies.
The expression for the bunching spectrum is modified as

bn,m(k) = exp

[
−1

2

(
ζE +

k − kE

k1
B
)2
]
× (2.113)

+∞∫
−∞

dz f (z)Jm

[
− k

k1
B2A2(z)

]
Jn

[
−
(

ζE +
k − kE

k1
B
)

A1(z)
]
× (2.114)

exp [i [−ζE∆p1 + (k − kE)]] , (2.115)

where B = B1 + B2. The generalized bunching envelope can be then defined as

b̄n,m(k) = e−ξ2(k)/2 Jn [−ξ(k)A1(0)] Jm [−kA2(0)B2/k1] , (2.116)
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with
ξ(k) =

k
k1

B − mKB , (2.117)

where K = k2/k1 and A1,2(0) are assumed to correspond to the design working
point values. With the linear chirp characterized by the dimensionless parameter

h1 =
dE
dz

1
k1σE

(2.118)

the modulation ∆p1(z) becomes

∆p1(z) = h1k1z (2.119)

and the peak of the bunching spectrum shifts to

a =
n + mK(1 + h1B1)

1 + h1B
. (2.120)

For the original set-up optimized for non-chirped case we will also observe a de-
crease in the bunching amplitude. However, we can easily obtain the same bunch-
ing amplitude as in the original set-up by adjusting R(2)

56 . With pure linear chirp the
spectral width at the target harmonic becomes

σh1 =
σ0

1 + mKh1B1/aE
. (2.121)

With pure quadratic chirp in small curvature regime the spectral width becomes

σh2 = σ0
(
1 + χ2

E/2
)

, (2.122)

where h2 =
d2E
dz2

1
2σEk2

1
is dimensionless quadratic correlation and χE = 2ξEh2k2

1σ2
z .

The effects of the linear chirp will be illustrated and estimated for the 4 nm EEHG
set-up at FLASH in Ch. 3. Generally speaking, EEHG is known to be less sensitive
to ∆p1 than HGHG.

However, ∆p2, which doesn’t exist for HGHG, can be far more detrimental. In
order to estimate its effect on EEHG efficiency, we can represent it as a Fourier series:

∆p2 =
∞

∑
µ=0

p2(kµ) sin(kµz + φ2µ) , (2.123)

where kµ are discrete wavenumbers, p2(kµ) are corresponding amplitudes and φµ

are random phases. The bunching amplitude is then modified to

bnm(k) =b̄nm(k)×
∞

∏
µ=0

∞

∑
l1=−∞

(−1)l1 Jl1(−aEB2 p2(kµ))e−il1 φ2µ . (2.124)

From the equation above we can derive the modified bandwidth of the bunching
profile:

σ2
k = σ̄2

k +
∞

∑
µ=0

[
(aEB2)2

2
(

p2(kµ)kµ

)2
]

, (2.125)
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where the first term represents the bandwidth in the absence of ∆p2.

EEHG with finite seeds

In Subsec. 2.4.2 we assumed that the laser field in the modulators is a pure plane
wave. In other words, we assumed the laser pulse duration to be infinite in both
modulators. If the seed laser pulse is finite, only a part of the electron bunch is
effectively seeded. From Eq. 2.109 we can conclude that the length of the seeded
part is defined by the widths of the central peak of the Bessel functions Jm,n. For a
well-optimized EEHG set-up at a high harmonic number the width of Jm is typically
much smaller. This is certainly true if the duration of the first seed laser pulse is
infinite or much longer than the second seed laser pulse.

The effective length of the bunch σeff
z can be approximately related to the dura-

tion of the seed σs2 by [62]

σeff
z ≈ 7

6
σs2

m1/3 . (2.126)

2.5 Impact of Collective Effects on Beam Dynamics

The purpose of this section is to introduce different collective effects considered in
this work to answer some essential questions:

• how can one picture this collective effect?

• what is its potential implication for EEHG?

• what could be the mitigation strategy?

The collective effects under consideration can be independently subdivided by two
criteria: (i) radiative or non-radiative; (ii) correlated or uncorrelated. Four permu-
tations of these two criteria give us four collective effects explained in more detail
below (IBS, ISR, LSC and CSR). Microbunching instability can be considered as a
separate phenomenon, however, due to its close connection to LSC and CSR it has
been added to this section as well.

2.5.1 ISR

From Lienard-Wiechert potential we can derive average power emitted by an elec-
tron due to accelerated motion [63]. Longitudinal acceleration typically results in
negligible amount of radiated power. For transverse acceleration (bending) the level
of radiated power is far more significant. In our setup the bending mostly takes
place in the chicanes. Therefore, we can estimate average power emitted by a parti-
cle inside a dipole of a chicane by [64]:

P =
e2c

6πϵ0

1

(m0c2)4
E4

R2 , (2.127)

where R is the bending radius, ϵ0 is vacuum permittivity, E is the energy of the
particle. The important conclusion from Eq. 2.127 is that the emitted power grows
as E4. This means that the effects of synchrotron radiation become rapidly more
important as the particle is accelerated to high energies. Since the energy emitted
by radiation is equivalent to the particle energy loss, synchrotron radiation is an
important aspect of the beam dynamics.
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Equation 2.127 allows to calculate total energy loss by a particle beam while
traversing certain trajectory. In linear machines the synchrotron radiation from dipoles
is typically considered as a detrimental effect, which spoils the beam quality. To un-
derstand the mechanism behind it we have to remember that Eq. 2.127 is derived in
classical treatment and does not take into account the quantum nature of the light
emission. In the quantum treatment single photons of different energies are emit-
ted by single electrons at different moments of time while passing a bending dipole.
Such a treatment is formulated in [17] and predicts energy diffusion of the particle
bunch. The energy diffusion leads, in turn, to diffusion in relative longitudinal po-
sition of particles within the bunch. In context of FELs this can lead to smearing of
bunching, if the longitudinal diffusion is comparable to the bunching wavelength,
as explained in [65]. The same concept is applied to EEHG scheme in [31] in a de-
tailed tutorial-like manner. We will follow the latter work to explain the calculation
procedure for EEHG bunching diffusion due to ISR.

The energy diffusion can be understood as random energy kicks applied to a
particle at different points in the beamline. This is somewhat similar to adding ∆p1,2
in Eqs. 2.112, except in this case the kicks are not a function of z and have stochastic
nature instead. The last of Eqs. 2.112 will be then:

z2 = z1 + B2P2/k2 +
[B∗(s)∆p∗(s)]

k2
, (2.128)

where ∆p∗(s) is the amplitude of the random kick obtained at beamline coordinate
s and

B∗(s) =



ζE before ch1 ,
ζE + (B2 − ζE)

B(s)
B1

inside ch1 ,
B2 between chicanes ,

B2

(
1 − B(s)

B2

)
inside ch2 ,

0 after ch2 ,

(2.129)

where B(s) represents the fraction of corresponding chicane’s longitudinal disper-
sion up to the beamline coordinate s. The last term in Eq. 2.128 results in an addi-
tional factor to the bunching:

⟨e−iB∗(s)∆p∗⟩ = e−iB∗(s)⟨∆p∗⟩e−
1
2 B2

∗(s)∆p∗2
RMS (2.130)

First, we estimate the bunching suppression due to ISR inside the chicanes. For
simplicity we want to lump the effect to the exit of each chicane. In order to do
this, we need to introduce a number of assumptions. We assume that the beamline
is optimized well enough to neglect ζE in Eq. 2.129. Another assumption is that
the dispersion is distributed along the chicanes in a symmetric way. This allows to
replace s-dependent parts in Eq. 2.130 by constant values and finally get to corrected
bunching envelope:

b̃n,m = b̄n,m exp
(
− i

2
B2⟨∆p∗⟩

)
exp

(
−1

2
B2

2 f ISR∆p∗2
RMS

)
, (2.131)

where

f ISR =

158
7 + 69 ld

lb
+ 54 l2

d
l2
b

64
(

1 + 3ld
2lb

)2 , (2.132)
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where lb is the length of the chicane dipole and ld is the length of the central drift
(GENESIS convention). The average energy loss ⟨∆p∗⟩ is given by Eq. 2.127 integrated
over electron path through the four magnets of the chicane and

∆p∗2
RMS =

55r2
e

24
√

3α
γ5 (4lb)

(
eB

mevγ

)3 E2

σ2
E

, (2.133)

where re is the classical electron radius, α is the fine structure constant, B is the
magnetic field. The complex exponential term in Eq. 2.131 would be responsible for
wavelength shift with respect to the target wavelength, but would not suppress the
bunching amplitude. For this reason we will focus on the second exponential term,
which we denote as

ηISR = exp
(
−1

2
B2

2 f ISR∆p∗2
RMS

)
. (2.134)

The bunching suppression caused by ISR can be also estimated for the modulators.
For the first modulator, however, ISR-induced energy spread can be simply consid-
ered as an increase to the initial energy spread σE, as follows from Eq. 2.129. The
energy spread gained in the second modulator enters Eq. 2.130 with a much larger
factor B2, illustrating sensitivity of EEHG to intermediate phase space diffusion. For
a modulator

∆p∗2
RMS = 4Lud2

ISR/
(
3πρ3

u
) E2

σ2
E

, (2.135)

where Lu is the length of the modulator,

dISR = re

(
55γ5

24
√

3α

)1/2

, (2.136)

and bending radius inside the modulator

ρu =
mevγ

eBu
, (2.137)

where Bu is the peak magnetic field.
Analyzing the equations above, we can conclude that the effect of ISR scales

strongly with the electron beam energy and would be substantially reduced at lower
beam energy. However, the beam energy is dictated by the requirements for FEL op-
eration and is not a free parameter for optimization of the seeding section. Another
option for mitigating the effect of ISR can be the adjustments in the chicanes. In
particular, we can try to change the geometry of the chicanes while keeping their
R56 constant or vice versa. Of course, the layout of the chicanes has to be decided
during the design phase and can hardly be considered as a free parameter during
the operation.

2.5.2 IBS

Intra-beam scattering can be understood as momentum exchange between electrons
due to random one-on-one collisions within the bunch. Generally speaking, the mo-
mentum exchange happens in all three planes (x′, y′, p). However, we can make the
same argument as in [33] that for high energy X-ray FEL driver beams the momen-
tum diffusion in transverse planes is negligible compared to the initial widths of
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the distributions σx′ and σy′ , which are mostly defined by the photo-cathode emis-
sion. For this reason, we will restrict the discussion of the effect of IBS on the energy
spread. For the analytical estimation we will again follow [31].

The analytical treatment of bunching suppression due to IBS is very similar to
that for ISR. The difference between the two is that there is no net energy loss due
to IBS, therefore for IBS we naturally have ⟨∆p∗RMS⟩ = 0. One other difference is
that IBS takes place not only inside the dipoles, but also in drift spaces. The energy
diffusion due to IBS in a chicane is

∆p∗2
RMS = L/LIBS

(
βnom

β

)1/2

, (2.138)

where L is the length of the chicane βnom is the nominal (or average) value of the
beta function,

LIBS =
2

π1/2 ln Λ
ϵ3/2

N γ3/2β1/2
nom

re I/IA
, (2.139)

where ϵN is the normalized emittance, I is the peak current of the bunch, IA is Alfvén
current and

Λ =
2λD

γ

I
ec

ρFELβ

2γσx
, (2.140)

where λD is the Debye length given by

λD =

√
σ2

x
4πrene

, (2.141)

where ne is the electron density. The argument of the logarithm term in Eq. 2.139 calls
for some additional comments. The term originates from the calculation of scatter-
ing amplitudes between two particles. The scattering amplitude depends on the so-
called impact parameter, i.e., the transverse offset between the scattered particle and
the "target". The final expression contains the term ln(bmax/bmin), where bmin and
bmax are the minimal and the maximal considered values of the impact parameter.
There is some ambiguity in the choice of these two values. Here, for the maximum
value we calculate the Debye length for a narrow cylindrical beam (Eq. 2.141). Be-
yond the Debye length the Coulomb force between two electrons would be screened
by other electrons to 1/e of its amplitude. The minimum impact parameter value
is chosen such, that the momentum exchange in the single scattering event would
kick the scattered electron out of the FEL bandwidth, estimated by ρFEL. The latter
can be estimated by Eq. 2.96. Since in this work we do not consider the FEL ampli-
fier in detail, we can simply take a typical value of ρFEL ≈ 10−3. Such laxity can be
further justified by arguing that the logarithm is a slowly-varying function and the
choice of the cut-off typically does not fundamentally change the results of the IBS
calculations [33].

The effect of IBS on EEHG bunching is represented by the factor

ηIBS = exp
(
−1

2
f IBS∆p∗2

RMSB2
2

)
, (2.142)

where

f IBS =

158
7 + 99 ld

lb
+ 144 l2

d
l2
b
+ 69 l3

d
l3
b

64
(

1 + 5ld
4lb

) (
1 + 3ld

2lb

)2 . (2.143)
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The effect of IBS can be also estimated for the second modulator or, to be precise, for
the space in between the two chicanes. In this case the factor becomes

ηIBS = exp
(
−1

2
∆p∗2

RMSB2
2

)
, (2.144)

and L in Eq. 2.138 becomes the distance between the chicanes.
Analyzing the equations above, we see that the effect of IBS scales strongly with

the overall length of the seeding section. Unfortunately, in a realistic machine the
overall size is hardly a subject to change. Hence, as in the case of ISR, we are re-
stricted to adjustments of geometrical and dispersive properties of the chicanes.

2.5.3 CSR

When the electron beam traverses a bending magnet, the radiation emitted by the
tail electrons can catch up with the head electrons. Such dipole radiation is quite
broad in spectrum and can be considered as a sum of spectral components. Some of
those components can interact with the electron beam in a coherent way, if there is
an electron density modulation (i.e., bunching) at the same wavelength. For wave-
lengths longer than the electron bunch itself there is always significant bunching,
which is why CSR at such wavelengths is generally present and manifests itself as
an energy modulation of the electron bunch. This modulation is commonly referred
to as "wake". Although the term is somewhat different from the definition in Sub-
sec. 2.2.5, the mathematical treatment is identical.

In the FEL community CSR is typically considered as a detrimental effect in the
linac, in particular in bunch compressors. The effect of CSR on beam dynamics can
be basically traced back to CSR-induced energy kicks and consequent beam trans-
port. We can imagine a reference particle following the design trajectory in the phase
space. If this particle obtains a small energy kick due to CSR it will no longer fol-
low the design trajectory, but will start to oscillate around it. These oscillations in
transverse phase space (x − x′ and y − y′) effectively increase the area occupied by
the particle, which results in an increase in transverse emittance [66, 67]. Since the
CSR kicks are longitudinally correlated, unlike for ISR and IBS, they do not directly
contribute to uncorrelated energy spread. Instead, these correlated energy kicks can
be converted to electron density modulations by R56 of the lattice [68, 69]. This effect
is known as microbunching, which is discussed in the next section.

However, CSR takes place not only in the linac, but basically everywhere in the
beamline, including the seeding section. The problem of CSR is especially relevant
for EEHG for two reasons. One is that the over-shearing chicane has to be quite
strong, which generally favours radiation forces. The second is that the wake ob-
tained in the first chicane would enter the EEHG equations as ∆p2, which is poten-
tially dangerous, as was mentioned in Subsec. 2.4.2. Therefore, in order to estimate
the effect of CSR on EEHG performance it is essential to calculate the CSR wake.

There are several models for CSR calculation, so the choice of models used in this
work should be explained. In principle, one could calculate the radiative interaction
between particles directly from retarded Lienard-Wiechert potential [70]. While this
approach implies fewer simplifications compared to other models, practical use of
this approach has numerical limitations. In particular, it is necessary to store the
history of radiation fields through a large time window.

Many models are based on the fundamental work [20]. One common approxima-
tion in these models is 1D-approximation, which neglects the transverse distribution
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of the electron beam. The adequacy of this approximation can be estimated by the
criterion[66]

σ⊥σ−2/3
z R1/3 ≪ 1 , (2.145)

where σ⊥ is the transverse beam size, σz is the bunch length, and R is the bending ra-
dius. This criterion is typically fulfilled for moderately compressed electron beams
[71], such as ones used in seeded FELs. Existing 1D models can be further subdi-
vided into categories based on additional underlying assumptions. Below we give
formulations of the models used in this work using impedance formalism.

Free space steady-state CSR model

So-called free space (FS) models do not take into account the effects of the vacuum
chamber. The applicability of such models is defined by

σz ≪ 1/kth , kth = π
√

R/h3 , (2.146)

where h is the height of the chamber and kth is the threshold wavenumber. The
significance of kth is that the radiation components below the threshold value are
strongly suppressed due to the boundary conditions given by the chamber. Since
the coherent part of the radiation is located in λ ≥ σz spectral region (in the absence
of microbunching), the CSR wake is effectively suppressed. Assuming the condition
is fulfilled, the CSR impedance for FS-SS model is given by [72]

ZFS(k) = (−0.94i + 1.63)
Z0k1/3

4πR2/3 lb , (2.147)

where Z0 = 377 Ω is the impedance of free space and lb is the length of the bending
magnet.

Parallel-plates steady-state CSR model

If the condition given by Eq. 2.146 is not fulfilled, one should consider using a model
which takes the chamber into account. The simplest of them is steady-state parallel
plates (PP) model, where the beam is assumed to traverse the bend in the middle
between two perfectly conducting infinite parallel plates. In this case the impedance
can be written as [73]:

ZPP(k) =
2πZ0

h

(
2

kR

)(1/3)

lb ×
∞

∑
ν=0

{
Ai′(X2

ν)
[
Ai′(X2

ν)− iBi′(X2
ν)
]
+

X2
νAi(X2

ν)
[
Ai(X2

ν)− iBi(X2
ν)
] }

, (2.148)

where ν = 0, 1, 2..., Ai and Bi are Airy functions of the first and the second kind,
respectively, and

Xp =
(2ν + 1)π

h

(
R

2k2

)1/3

.
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Free space CSR model with transient effects

The FS-SS model given by Eq. 2.147 implies that the tail-head interaction takes place
(only) inside the bend with constant efficiency per unit length of the trajectory. This
can be a good approximation for long bends, where CSR interaction reaches satura-
tion and can indeed be assumed to grow linearly with the distance inside the bend.
A more general consideration also takes into account the interactions which happen
within the electron beam as it enters and leaves the bend. The importance of these
so-called transient effects can be significant for shorter bends. This can be explained
by the explicit formulations of CSR wakes inside the bending magnet explained in
[74] in context of the particle tracking code ELEGANT [75] and originally formulated
in [20]. The longitudinal wake function of a bunch W∥b is given by

∂W∥b(s, z)
∂s

= T1(s, z) + T2(s, z), (2.149)

where T1 is the steady-state CSR component, and T2 is the entrance transient part.
The two terms are given by

T1(s, z) = K
z∫

z−zL

dλ(s, z′)
dz′

(
1

z − z′

)1/3

dz′ , (2.150)

T2(s, z) = K
λ(s, z − zL)− λ(s, z − 4zL)

z1/3
L

, (2.151)

where s is measured from the entrance of the bend, the slippage length zL is given
by

zL =
s3

24R2 (2.152)

and the scaling factor K by

K =
Z0c
4π

2
(3R2)1/3 . (2.153)

From Eqs. 2.151-2.152 we can conclude that, generally speaking, with increasing dis-
tance into the magnet T2(s) plays increasingly less important role in Eq. 2.149. This
can be illustrated on a specific example. In Fig. 2.10 the instantaneous values of
T1,2(s, z) are compared for R = 10.7 m and Gaussian λ(z) with σz = 96 µm. The
line charge density is assumed to be frozen with respect to the beamline coordinate
s and its peak value corresponds to 500 A peak current. We see that when the bunch
enters the bend (small s) the transient effects are comparable or even larger than the
steady-state part. If the bend is long (> 1 m in this case), the wake will be dominated
by the steady-state part. For magnets ≈ 0.5 m long the transient effects are expected
to be significant.
In [49] it was demonstrated that this model can be equivalently formulated in terms

of instantaneous impedance

∂Z∥b(s, k)
∂s

= K(ik)1/3
[

Γ
(

2
3

)
+

1
3

Γ
(
−1

3
ikzL

)]
− Ke−4ikzL

z1/3
L

, (2.154)

where Γ(a) =
∫ ∞

0 ta−1e−tdt is the Euler gamma function and Γ(a, z) =
∫ ∞

z ta−1e−tdt
is the incomplete gamma function. The model was extended in [44] to include the
wakes obtained by the electron bunch after the bend in a subsequent drift section.
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FIGURE 2.10: Contributions of steady-state (left) and transient (right)
terms of Eq. 2.149. For the chosen parameters of the bend and the
electron bunch the transient component is comparable to the steady-
state component up to ≈ 0.5 m and decreases substantially after ≈

1 m.

The wake is then given by

∂W∥d(s, z)
∂s

= T3(s, z) + T4(s, z) , (2.155)

where T3 and T4 are given by

T3(s, z) = −Z0c
π

1
lb + 2s

λ

(
z −

l2
b

6R2 (lb + 3s)

)
, (2.156a)

T4(s, z) =
Z0c
π

[
λ(z − ∆zmax)

lb + 2s
+
∫ z

z−∆zmax

1
s′ + 2s

dλ(z′)
dz′

dz′
]

, (2.156b)

s′ = −s +
1
2

√
4s2 + Y1/3(Y − 16s3)1/3

+
1
2

√
8s2 − Y1/3(Y − 16s3)1/3 +

2Y − 16s3√
4s2 + Y1/3(Y − 16s3)1/3

, (2.157)

Y = 24R2(z − z′) and

∆zmax =
l3
b

24R2
lb + 4s
lb + s

. (2.158)

Unfortunately, Eq. 2.155 does not allow analytical formulation of corresponding
impedance, as the calculation diverges [76].
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CSR calculation with transient and chamber effects

Currently, no analytical model is offered that captures both the transient and the
chamber effects. In this work the CSR impedance with transient and chamber effects
is produced by CSRZ [49] numerical code. The code offers an alternative 1D model,
based on calculation of the electromagnetic fields by solving Maxwell’s equations in
paraxial approximation. The resulting parabolic equations have the form:

∂E⃗⊥
∂s

=
i

2k

[
∇2

⊥E⃗⊥ − 1
ϵ0
∇⊥ρ0 +

2k2x
R(s)

E⃗⊥

]
, (2.159)

where E⃗⊥ = (Ex(x, y, s; k), Ey(x, y, s; k)) is the complex amplitude of the transverse
electric fields and R(s) is the s-dependent bending radius along the beam orbit. In
the case of the chicane depicted in Fig. 2.4, R−1(s) is a step function equal to ±R−1 in
a bend and 0 in a drift. The transverse charge density is denoted by ρ0 and does not
vary along s. The longitudinal component of the electric field can then be calculated
as

Es(x, y, s; k) =
i
k

(
∇⊥ · E⃗⊥ − µ0cJs

)
, (2.160)

where Js is the current density, which gives the longitudinal instantaneous impedance
as

∂Z∥(s, k)
∂s

= −1
q

Es(xc, yc, s; k), (2.161)

where (xc, yc) denotes the center of the beam in the transverse plane. In practical cal-
culations, the beamline is sliced into a certain number of sections. For each section,
the impedance is lumped by integrating the instantaneous impedance as

∆Z∥(k) =
∫ s2

s1

∂Z∥(s, k)
∂s

ds, (2.162)

where (s1, s2) indicates the location of an impedance section along the beam orbit.
∆Z∥(k) is then imported in ELEGANT tracking simulation using the ZLONGIT element
located at s2. The impedance is calculated step-wise for the whole chicane, allowing
CSR to propagate into the drifts and subsequent dipoles.

Using sufficient slicing is important when the line charge distribution λ(z) changes
significantly inside the chicane. This is the case if the electron beam has a strong lin-
ear chirp, as illustrated in Fig. 2.11. In this work each dipole of the chicane is sliced
in 4 sections. In order to verify that this slicing is sufficient for the nominal chirp
value of -15 MeV/ps (or h = 0.016 if we follow the notation in [61]), we compare
resulting CSR wakes at the exit of the chicane for slicing into different number of
sections N: (i) the impedance is lumped to the exit of the chicane (N = 1); (ii) the
chicane is sliced into N = 4 sections with impedance lumped to the end of the drifts;
(iii) 4 dipoles are sliced in 4 sections + 4 drifts (N = 20). The total wake at the exit of
the chicane can be then calculated as

∆W∥(z1) =
N

∑
i=1

∆W(i)
∥ (z1) = q

N

∑
i=1

∞∫
−∞

∆Z(i)
∥ (k) exp

− k2σ
(i)
z

2

2

 eikz1 dk , (2.163)

where σ
(i)
z is the Gaussian width of the electron bunch at the entrance of section i.

Comparing N = 1 to the sliced cases in Fig. 2.12 we see that the compression in the
chicane changes the wakes significantly. At the same time, we see that slicing the



42 Chapter 2. Theoretical background

B1 B2 B3 B4
Beamline position

70

75

80

85

90

95

100

z (
m

)
h1 = 0
h1 = 0.016

FIGURE 2.11: Evolution of the bunch length σz inside ch1 for nominal
electron beam chirp (h = 0.016) and without the chirp (h = 0).

bends in 4 parts is more than enough to capture the effect.
The inter-dipole tracking of CSR can be to some extent formulated analytically to

derive more general conclusion about its importance for specific cases. As demon-
strated in [50], we can consider the inner wall of the chamber as a mirror for CSR
emitted in one dipole and propagating to the next dipole after being reflected. In
order to estimate if such trailing fields are expected to effect the bunch considerably,
we consider the example illustrated in Fig. 2.13. Suppose, we have two consecutive
dipoles separated by the distance 2Ld. The dipoles have the same bending radius R,
which is typical in a C-type chicane. The distance between the beam and the cham-
ber wall xh is assumed to be constant. In parallel plates model it would correspond
to half-distance between the plates. Suppose, the radiation from the first dipole is
reflected at the center of the drift space and catches up with the electron bunch in
the next dipole. The path difference between the electrons and the photons is then

∆sh = 2R(tan θh − θh) + 2Ld

(
1

cos θh
− 1
)

, (2.164)

where

cos θh =
R(xh + R) + Ld

√
L2

d + 2Rxh + x2
h

(R + xh)2 + L2
d

. (2.165)

The angle θh should be comparable to half of the bending angle of the dipole. Other-
wise, this scenario will not play out for most of the emitted radiation from point A.
If this condition is satisfied, it makes sense to check if the path difference given by
Eq. 2.164 is on the order of the bunch length σz. If ∆sh ≫ σz the bunch is not affected
considerably by the trailing fields.
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FIGURE 2.12: CSR wakes at the exit of ch1 for different slicing

FIGURE 2.13: Geometrical representation of inter-dipole CSR interac-
tion. CSR produced in the first dipole at point A is coupled back to

the bunch at point C in the next dipole.

2.6 Mitigation of Microbunching Instability with Laser Heater

Microbunching instability (MBI) is energy and density modulations in the electron
bunch typically in µm wavelength range. The mechanism of its development has a
lot of similarities to the FEL techniques discussed in Subsec. 2.4.

The electron distribution at the beginning of the linac is not completely smooth
and has initial inhomogeneities, which can be considered in the form of electron
density modulations at various wavelengths λin. As in the discussion of SASE FEL,
the initial density modulations are small and are essentially noise. These density
modulations can be the source of CSR in bunch compressors, which would induce
an energy modulation at the same wavelength in the bunch [77]. The modulations
also produce space charge fields at λin as the electron bunch propagates through the
beamline. By the time the electron bunch reaches the bunch compressor chicane,
the space charge fields imprint energy modulations at λin. As the bunch propagates
through the chicane, two things happen: (i) the bunch gets compressed, effectively
reducing the wavelength of the modulations by the compression factor C; (ii) the
energy modulations at λin are exposed to the longitudinal dispersion of the chicane
and can generate density modulations, much like during the last stage of EEHG.
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Combined those two effects increase the electron density modulations at λin/C after
the chicane with respect to the initial distribution. This increase is called microbunch-
ing gain. If the energy modulations upstream of the bunch compressor are described
with the integrated impedance Z(k), the gain in the bunch compressor can be esti-
mated as [15]:

G = Ck |R56|
I0

γIA

|Z(k)|
Z0

exp
(
−1

2
C2k2R2

56
σ2

E
E2

0

)
, (2.166)

where R56 is the longitudinal dispersion of the bunch compressor. The impedance
of CSR contribution to the impedance was discussed in detail above. Since CSR
takes place inside the chicane, one also should use the corresponding fraction of
R56 in Eq. 2.166, as we did in Subsec. 2.5.1. However, it was shown [14] that the
contribution of LSC can be dominant. The LSC-induced impedance per unit length
is given by [78]

ZLSC =
iZ0

πkr2
b

[
1 − krb

γ
K1

(
krb

γ

)]
, (2.167)

where rb is the beam radius and K1 is the modified Bessel function of the second
kind. If the transverse cross section of the beam is not round, rb can be approx-
imated as

√
σ2

x + σ2
y . At high energies ZLSC scales as ∼ γ−2. If there are several

compression stages in the beamline, the process is repeated for density modulations
at λin/C. Roughly speaking, the gain at λin/C is considerable if the relative displace-
ment of the electrons due to the energy modulation at λin and the the longitudinal
dispersion of the chicane is comparable to λin/C. This condition narrows down the
wavelengths at which the microbunching can be considerably amplified for a spe-
cific machine layout and typically puts it in the µm range. One also has to keep in
mind, that the uncorrelated energy spread of the electron bunch is exposed to the
same longitudinal dispersion, which results in smearing of the longitudinal position
of the electrons. An important conclusion here is that the microbunching gain can
be suppressed by the uncorrelated energy spread upstream of the chicane.

MBI causes increased slice energy spread [79], which is of utmost importance for
FEL performance, as follows discussed in Subsec. 2.4.1. MBI is particularly harmful
for externally seeded FELs [16, 80, 13], as it can harm such key features as narrow
bandwidth and shot-to-shot stability. In order to mitigate the MBI gain in the linac
a device called laser heater (LH) can be used [22]. The basic idea is to use a laser
modulator to induce additional uncorrelated energy spread, which suppresses the
MBI gain as shown in Eq. 2.166. Layout of such a device is shown in Fig. 2.14. First,
the laser is incoupled in the beamline by the mirror inserted in dedicated LH chicane.
The laser induces an energy modulation in the electron bunch inside the undulator.
Two screens on both sides of the undulator are used to ensure transverse overlap
between the laser beam and the electron beam. After the undulator, the energy-
modulated electron beam goes through the bunch compressor chicane. The energy
modulation experiences the large longitudinal dispersion inside the chicane. This
causes smearing of the modulation and effective increase of uncorrelated energy
spread. The laser pulse is decoupled from the beamline by the mirror in the middle
of the chicane and can be used for laser diagnostics. The OTR screen in the middle
of BC1 can be used for electron beam diagnostics.
In this work the OTR screen is used to quantify the induced energy spread by the
laser heater. The idea behind such a measurement is illustrated in Fig. 2.15. Particles
with energies p − σE and p + σE acquire different bending angles ϑ1 and ϑ2 while
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FIGURE 2.14: Schematic layout of the LH section at FLASH. Electron
beam direction from left to right. Not to scale.

FIGURE 2.15: An illustration of LH-induced energy spread measure-
ment with OTR screen in BC1. The energy spread σE is converted to

beamsize σx.

traveling through the first dipole of BC1. The second dipole of BC1 puts the particles
on parallel trajectories. The offset in x, acquired in the drift between the dipoles, can
be easily calculated from the geometry of the chicane. This offset will contribute the
the beam size measured at the OTR screen.

One can distinguish three regimes of the laser heater operation. The first regime
is when the laser heater is off or set to low laser power. Then the microbunching-
induced slice energy spread is large. With increasing laser heater laser power the
energy spread of the electron beam induced by the laser hater is increased, while the
microbunching-induced contribution is reduced. At some laser heater laser power
we reach the second regime, when the slice energy spread is minimized. In this case
the resulting slice energy spread, which is the sum of the intrinsic energy spread
and contributions from the laser heater and the microbunching, is lower than the
energy spread without the laser heater. We call this regime optimal heating. If we keep
increasing the laser power even further, at certain point the laser heater contribution
will become larger than the contribution of the microbunching. From this point on
increasing the laser power will only increase the total slice energy spread. We call
this regime overheating.
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Chapter 3

Results

3.1 Ideal EEHG performance

The purpose of this section is to summarize results of EEHG simulations without
the collective effects. This is done to define the parameter space, as well as to quan-
tify and document the reference point for later discussion of the simulations with
collective effects.

The most important parameters of the simulation set-up are given in Tab. 3.1.
Both seed lasers are assumed to operate at the same wavelength of 300 nm, so k1 =

Electron beam energy 1350 MeV
Initial rms energy spread 150 keV
Bunch length (Gaussian) 96 µm

Peak current 500 A
Seed lasers wavelength 300 nm

Target harmonic 75
Modulators length (periods) 30

R(1)
56 7.05 mm

R(2)
56 81.3 µm

A1 3.10
A2 5.18
zR 3 m

TABLE 3.1: Nominal parameters of 4 nm EEHG working point

k2. The target harmonic 75 is achieved by the combination of n = −1 and m = 76.
The performance of the idealized set-up can be concisely characterized by the bunch-
ing spectrum, which is given in Fig. 3.1. The peak is very sharp due to relatively
long bunch length of 96 µm. The position of the peak is defined by the phase term in
Eq. 2.108 and is centered exactly at the target wavelength for the ideal set-up. Dur-
ing the optimization of the set-up we are effectively trying to match the maximum
of the bunching envelope to this peak position. The envelope is given by Eq. 2.109
and shown in Fig. 3.1 with the dashed orange line.

Since no other working points are discussed in this work, from this moment we
will denote b−1,76 simply as b or bunching.

3.1.1 Electron beam chirp

The nominal electron beam chirp for the 4 nm EEHG working point is −15 MeV/ps,
which is equivalent to h1 = 0.016 using the definition in Eq. 2.118. The presence of
the electron beam chirp changes the beam dynamics of EEHG starting from the very
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FIGURE 3.1: Bunching spectrum of an idealized EEHG setup give by
Eq. 2.108. The dashed orange line indicates the bunching envelope
given by Eq. 2.116. The amplitude of the bunching peak is mostly
defined by the envelope, while the width is defined by the bunch

length.

beginning of the seeding section, namely mod1. The effect of the electron beam chirp
on the modulation amplitude can be calculated analytically using Eq. 2.77, 2.78. In
Fig. 3.2 we compare the analytical formula with simulation results. We see that the
simulation results are well-fit with the analytical formula. However, there are two
comments we should make here. First, the number of periods of the modulator from
the analytical fit is Nu = 28.9 instead of 30 given in Tab. 3.1. This can be explained
by the fact that the outer poles of the modulator are set to lower peak magnetic field,
than given by the resonant condition. This is done to compensate for transverse
dispersion of the modulator. We can also see that the maximum modulation is not
achieved at z = 0, where the electrons have exactly the resonant energy. This is
likely due to the Gouy phase shift, mentioned in Subsec. 2.3.4. The results for mod2
are completely analogous. In the following we will detune the modulators’ Ku in a
way that the maximum modulation takes place at the center of the bunch, where we
have the most electrons. Also, according to the discussion in Subsec. 2.4.2 we adjust
the R(2)

56 to have the same maximum bunching amplitude as in the non-chirped case.
In Fig. 3.3 we see that due to the linear chirp the bunching profile changes from

flat to a bell-shaped curve. This is due to A1 = A1(z) and A2 = A2(z1) in Eq. 2.112.
For a strongly chirped beam and sufficiently narrow-band (long) modulators both
functions change significantly along the bunch. The bunching envelope given by
Eq. 2.109 becomes a function of z, as we see in Fig. 3.3. The width of the bunching
profile in Fig. 3.3 is defined by the width of Jm(−aE A2(z)B2). The bunching in the
center of the bunch, however, is the same as in non-chirped case, provided the slight
adjustments to the modulators and ch2 mentioned above. We also note the increase
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FIGURE 3.2: Modulation amplitude along the bunch with the nom-
inal electron beam energy chirp. The fit is done using Eq. 2.77 with

σt = ∞ and Nu as a free parameter.
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FIGURE 3.3: Bunching profile for different values of linear chirp. The
bunch current profile for the chirped case is given in black.
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in the peak current due to compression of the chirped beam in ch1.
The effect of the electron beam chirp on the bunching spectrum is illustrated in
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FIGURE 3.4: Analytical (dashed lines) and numerical (solid lines)
bunching spectra for chirped and non-chirped beams.

Fig. 3.4. For a non-chirped beam the numerical bunching spectrum is in perfect
agreement with Eq. 2.108. For the chirped beam the agreement with Eq. 2.115 is
more modest, which we address to the fact that the formula is derived in the ap-
proximation A2(z1) = A2(z). This implies that the longitudinal profile of the bunch
changes sufficiently slow, which is not exactly fulfilled, as shown in Fig. 2.11. How-
ever, we observe the broadening and the wavelength shift as was discussed in Sub-
sec 2.4.2. The side-bands in the chirped beam spectrum can be addressed to sum-
and difference-frequency generation, where the interfering frequency signal describes
the bunching envelope from Fig. 3.3.

3.1.2 Finite laser pulse

For easier analysis we assume that the seed laser in mod1 remains infinite. We be-
lieve it is a fair approximation, since the dependence of the bunching envelope on
A1(z) is relatively low in our parameter space. The dependence of the RMS width
of the bunching profile σRMS

b on the duration of the second seed laser σt (Gaussian)
is illustrated in Fig. 3.5 and compared to analytically calculated RMS width of J76.
The theoretical values agree with the simulations very well. As expected, the depen-
dence is linear with the slope k = 0.32. The theoretical number for the slope given
by Eq. 2.126 is k = 0.39, which is in good agreement with the simulations.

In the absence of the energy modulations ∆p1,2 from Eq. 2.112 the spectral width
is defined by the Fourier counterpart of σRMS

b . This is illustrated in Fig. 3.6, where
the bandwidth of the bunching spectrum is inversely proportional to the seed du-
ration and converges to a constant value in the limit of infinite seed duration. The
bandwidth in the limit of the infinite seed is defined by the Fourier counterpart of
the electron bunch length.
The combined effect of the electron beam chirp and the finite seed duration on the
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FIGURE 3.5: The width of the bunching profile as a function of the
second seed duration. The theoretical linear dependence is well re-

produced.
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ration of the seed. The fit illustrates the Fourier limit given by the

effective length of the bunch.
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width of the bunching profile is demonstrated in Fig. 3.7. The chirp is set to the nom-
inal value −15 MeV/ps. The simulations agree well with the theoretical values. For
longer seed duration the width of the bunching profile significantly deviates from
the values given by the seed duration shown in Fig. 3.5.
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FIGURE 3.7: The width of the bunching profile as a function of the
second seed duration for the nominally chirped electron beam. For
long seed duration the deviation from the linear dependence from

Fig. 3.5 is substantial.
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3.2 Analytical calculations for ISR and IBS

In this section we summarize the results of investigation of the effects of ISR and IBS
on EEHG harmonic conversion efficiency. As indicated in Sec. 2.5.1 - 2.5.2, we will
see how these effects are scaled with geometrical and dispersive properties of the
two chicanes in EEHG setup.

We start with calculating the distribution of the energy diffusion rate due to ISR
and IBS. The results are given in Fig. 3.8. We assume that the energy diffusion due to
ISR has a constant rate within each magnet. The energy diffusion in the two modu-
lators is larger than that in the chicanes. However, since the longitudinal smearing is
defined by the product of the energy diffusion and B∗, the bunching smearing from
mod1 will be small. The energy diffusion due to IBS is mostly defined by the charge
density. It is notably increased in ch1 due to compression of the electron bunch. Ad-
ditional variations of the diffusion rate are due to the slight changes of the transverse
size following the design electron beam optics in the seeding section (see App.C). We

0 5 10 15
s (m)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

d
E/d

s (
ke

V/
m

)

ISR
IBS

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

B
*  (arb. units)

B *

mod1 ch1 mod2 ch2

FIGURE 3.8: Distribution of the energy diffusion rate due to ISR and
IBS and B∗(s) from Eq. 2.129 along the seeding section. Diffusion due
to ISR takes place in magnets. Diffusion due to IBS is enhanced by

compression in ch1. B∗ is large between ch1 and ch2.

can use Fig. 3.8 to estimate the induced energy spread and the bunching smearing
due to ISR and IBS for each component of the nominal setup. The results are given
in Tab. 3.2. We see that the effect of ISR is hardly notable everywhere except mod2,
where we expect to lose about 5 % of the bunching amplitude. The effect of IBS is
significantly more pronounced with the smallest contribution coming from mod1.
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ISR IBS
σind

E (keV) 1 − ηISR σind
E (keV) 1 − ηIBS

mod1 2.9 7 · 10−4 1.5 9 · 10−4

ch1 0.7 1 · 10−3 4.1 9%
mod2 2.9 5% 1.7 7%

ch2 0.1 2 · 10−5 1.9 4%

TABLE 3.2: Contribution of individual components to the induced
energy spread σind

E and bunching smearing factor ηISR,IBS.

Calculating the bunching smearing factor for the whole seeding section together, in-
cluding drifts in between the components, we arrive to ηISR,IBS = 0.78. This means
that overall we expect to lose roughly 20 % of the bunching amplitude.

Let us now see if we can reduce these losses. Generally speaking, the choice of
optimization parameters is fairly wide. However, we will restrict ourselves to those
that are specific for the seeding section and do not influence the rest of the machine,
including the seed lasers. This leaves us with optimizing the chicanes. Reducing the
dispersion in the chicanes would reduce the overall B∗, which reduces the smearing.
However, we have to keep in mind that the dispersion is essential for optimization
of ideal EEHG setup, as explained in Subsec. 2.4.2. The other option is to change
the lengths of the drifts and the dipoles of the chicanes, while keeping their R56 and
overall lengths constant. On one hand, this could redistribute the dispersion along
the seeding section and thus change the integral in Eq. 2.130 for both ISR and IBS.
On the other hand, for ISR changing the dipole length can be a way to control the
diffusion rate as well. Therefore, we could scan the R56 and the dipole length of the
two chicanes to see if the effects of ISR and IBS could be mitigated.

Now we choose the range for the parameter scans. Since the R56 of the chicanes
is of utmost importance for optimization of the idealized EEHG setup, we have to
choose the range for the R56 of both chicane such that we stay within the bunching
envelope given by Eq. 2.109. The bunching envelope for the chosen working point as
a function of R(1)

56 is given in Fig. 3.9. The points where the amplitude of the envelope
drops to half of its maximum value can be used as an indication for the reasonable
R56 range. From the figure we conclude that a reasonable range for R(1)

56 is 6.40-
7.21 mm. For the discussion of the chicane geometry we assume that the overall
length of each chicane remains the same, while the lengths of the chicane dipoles
and the drifts in between are changed. Here, it might happen, that we assume a
dipole so short that its magnetic field has to unreasonably large in order to provide
the same dispersion. The required magnetic field as a function of the dipole length
of the first chicane is shown in Fig. 3.10. Assuming the magnetic field limit around
1 T, we conclude that the lower limit for the dipole length in the first chicane is
0.18 m. The higher limit is somewhat arbitrary and we choose it to be twice the
nominal length. While scanning the dipole lengths it is convenient to make use of
Eq. 2.132 and Eq. 2.143 instead of recalculating B∗(s) every time. With this approach,
however, we neglect C1 in Eq. 2.129. The contribution of C1 to the bunching smearing
is expected to be small, but before neglecting it completely, we will quantify the
dependence of the bunching smearing in ch1 due to IBS (the largest contribution) on
R(1)

56 . The dependency is shown in Fig. 3.11. We see that the sensitivity of the effect
to R(1)

56 is very low. Changing the R56 in the chosen range only affects the 4th digit of
ηIBS.
The same arguments for choosing the range can be applied to the second chicane.
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FIGURE 3.9: Bunching envelope as a function of R(1)
56 .
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FIGURE 3.10: Magnetic field required for nominal dispersion as a
function of dipole length in ch1.

The bunching envelope as a function of R(2)
56 is given in Fig. 3.12. The same logic as

for ch1 gives the range for R(2)
56 of 88.66-92.74 µm. The required magnetic field as a
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FIGURE 3.12: Bunching envelope as a function of R(2)
56 .

function of the dipole length of the second chicane is given in Fig. 3.13. Since ch2 has
much less dispersion, it is not surprising that the lower limit for the dipole length
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is quite arbitrary in this case. We choose the range from half to twice the nominal
length for ch2.
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FIGURE 3.13: Magnetic field required for nominal dispersion as a
function of dipole length in ch2.

3.2.1 ISR

The bunching reduction due to the ISR in the first chicane as a function of the dipole
length for several values of R(1)

56 is given in Fig. 3.14. We see that the effect is quite
small in the whole parameter space. The effect is enhanced for shorter dipoles and
larger dispersion. However, even for the shortest dipole length and the highest dis-
persion value we would lose less than 1 % of the bunching. For completeness, a
similar plot for the second chicane is given in Fig. 3.15. We see that the effect is even
smaller for ch2, which is expected given a much smaller bending angle compared to
ch1.

3.2.2 IBS

For the discussion of IBS it is also convenient to make an additional simplification
and neglect the compression of the electron bunch in ch1 due the the linear chirp
from the linac. Before neglecting it, we estimate its importance for the bunching
smearing factor ηIBS. Removing the effect of compression from the diffusion rate due
to IBS given in Fig. 3.8 and recalculating the smearing factor of the whole seeding
section we get ηIBS = 0.83. This means that the bunch compression in ch1 enhances
the effect of IBS by roughly 30 % compared to the case without the compression.

As discussed above, the effect of R(1)
56 on the bunching smearing is neglected in

dipole length scans. Fig. 3.16 shows how the bunching smearing in the first chicane
scales with the dipole length only for the nominal R(1)

56 . The effect of redistributing
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the longitudinal dispersion along ch1 on the smearing is, unfortunately, very weak.
The scaling of the bunching smearing due to IBS in the second chicane is given
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in Fig. 3.17. We see that the smearing is quite insensitive to the dipole length. Its
sensitivity to R(2)

56 looks a bit more promising, but compared to that of the bunching
envelope given by Eq. 2.109 is also negligible.

3.2.3 Summary of the section

As an intermediate summary, we conclude the both ISR and IBS are relatively in-
sensitive to the parameters of the chicanes. This means that there is not much room
for targeted minimization of their detrimental effect on EEHG bunching efficiency.
On the other hand, their net effect is estimated to reduce the bunching amplitude
by roughly 20 % for the nominal 4 nm EEHG working point. This reduction in the
amplitude is unlikely to prevent an optimized EEHG set-up from producing well-
above-noise initial density modulation for the amplifier.

3.3 Simulation results for CSR

The purpose of this section is to summarize results of simulations of CSR in EEHG
lattice and its effect on EEHG performance. The results include calculation of CSR
impedance in the first chicane using CSRZ code, as well as CSR-induced energy
kicks throughout the chicane and EEHG bunching spectra obtained with particle
tracking code ELEGANT. The simulation results are presented in the order of increas-
ing complexity. First, we show the results for a simplified case of zero electron beam
energy chirp. Later, we will lift this assumption and investigate its influence for our
nominal parameters.
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3.3.1 CSR impedance and wake potential

We start by comparing CSR impedance given by different models. The purpose of
this subsection is to highlight the importance of the two effects discussed in Sub-
sec. 2.5.3 - transient effects and shielding - using the numerical example of EEHG
chicane at FLASH. Since CSRZ model includes both effects, as well as inter-dipole
radiative interaction, it is used as a benchmark.
Figure 3.18 shows CSR impedance of the first dipole of ch1. It is important to note

that we assume no microbunching in the initial electron beam. Therefore, we can fo-
cus only on the part of the spectrum, which corresponds to macro-size of the bunch.
The spectrum of the Gaussian bunch used in simulations is shown in Fig. 3.18 as
dashed gray line. Within the bunch spectrum we see significant differences between
PP and CSRZ models, which include shielding, and FS-SS model, which does not.
Since the low-k components are significantly suppressed by shielding we expect a
significant difference in energy kicks obtained by the bunch in the first dipole.
In Fig. 3.19 we compare the wake potentials calculated from the impedance shown

in Fig. 3.18 for the initial bunch. First, we see that the amplitude of the wake given
by FS-SS is indeed about 2 times larger than given by the other two models. Another
fundamental difference between models with and without shielding is head-to-tail
interaction. Without the boundary conditions given by the chicane chamber this
type of interaction is not possible. For PP and CSRZ models the reflections of the ra-
diation from the chamber walls enable positive energy kicks to the tail of the bunch
(to the right in Fig. 3.19). By comparing results for FS-SS and PP models to CSRZ we
can say that both shielding and transient effects are important for wake calculation
in the first bend.

The role of shielding can be investigated in more detail by comparing wakes for
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FIGURE 3.19: Total wake potential of the first dipole of ch1. The
bunch head is to the left. The normalized current profile is given by

the dashed gray line.

two transient models – CSRZ and FS-TR. Figure 3.20 shows the evolution of the
wake through the first dipole for the two models. The dipole is sliced into 4 parts
and the integrated wake is calculated for each quarter. Since both models include
transient effects (in this case at the entrance of the bend) the difference between the
two models can be solely attributed to shielding. In the first quarter of the dipole
the reflection and re-coupling of the radiation does not have enough time to develop
and the two models give very similar results. However, with increasing distance into
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the dipole the effect plays an increasingly larger role and the shapes of the wakes get
closer to those in Fig. 3.19. For both models we can also compare the wakes obtained
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FIGURE 3.21: CSR wake in the drift after the first dipole. D1-1 and
D1-2 indicate the first and second half of the drift. The normalized

current profile is given by the dashed gray line.

in a drift following the dipole. In Fig. 3.21 we see a surprisingly large discrepancy in
overtaking field between the two models in the first half of the drift, which is again
attributed to the shielding effect. We can also see the difference in dynamics of the
wakes for the two models in a drift. In FS-TR model the wake mainly decays in am-
plitude with distance from the dipole and also slightly changes in shape. When we
compare D1-1 to D1-2 in CSRZ model we see that the second one is somewhat of a
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delayed version of the first one with slight change in amplitude. This is an illustra-
tion of the radiation catching up with the electron bunch after multiple reflections.
The reflections can also catch up with the bunch in the subsequent dipole. This sce-
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FIGURE 3.22: CSR wake in the first quarter of the i-th dipole of the
chicane for CSRZ model. The normalized current profile is given by

the dashed gray line.

nario is illustrated in Fig. 3.22. In the first quarter of the first dipole the overtaking
field starts to develop and trailing field is absent. The wakes in the first quarter of
B2 and B4 show trailing fields developed in B1 and B3 respectively and transported
through identical drifts. These wakes are almost identical, as expected. In contrast,
the wakes in the first quarter of B3 shows a much stronger trailing filed from B2.
This is expected, since the drift between B2 and B3 is much shorter than the outer
drifts. Recalling Eqs. 2.164-2.165 for B3 we estimate θh = 0.023 rad, which is fairly
close to the half of the bending angle ϑ = 0.039. The path difference ∆sh is about 3σz,
where we observe the largest amplitude of the trailing field in Fig. 3.22.

One also should keep in mind that the importance of the trailing fields depends
not only on the chicane and chamber geometry, but also on the bunch length. Namely,
if the bunch would be much shorter than in our example, the trailing fields would
act only on a small portion of the particles in the tail of the bunch. An illustration
for this statement for our chicane geometry is given in Fig. 3.23, where we show the
wake in the first quarter of the 3rd dipole (B3) for different bunch lengths. From
Fig. 3.23 we see that with decreasing length of the Gaussian bunch the amplitude of
the wake drastically increases. This also applies to the trailing field, best represented
for this estimation as the positive spike of the wake potential around 85 µm. In order
to estimate how many particles are affected by this spike for each bunch length, we
find z-positions of half-maximum points for the peak for each bunch length. Then
we calculate the percentage of the particles between those points with respect to the
whole bunch. With such estimation we conclude that for σz = 96 µm 39.3 % of the
particles are affected by the spike, while 27.8 % are affected for σz = 66 µm and only
11.9 % are affected for σz = 40 µm.
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3.3.2 Results of particle tracking simulations

Now that we illustrated the differences between different CSR models, we include
CSR in ELEGANT simulations. The purpose of this subsection is to check the agree-
ment between particle tracking simulations and analytical expressions given in Sub-
sec. 2.5.3, quantify accumulated energy kicks at the exit of ch1 and estimate their
effect on the bunching spectrum.

Infinite seeds, no electron beam chirp

We start with simplest case of infinite seed laser pulses and without the electron
beam energy chirp.

The comparison of analytically calculated wakes and particle tracking results af-
ter the first dipole of ch1 is shown in Fig. 3.24. In the figure we see that the energy
centroids from simulations are reasonably close to the analytical wakes and demon-
strate some of the same features as Fig. 3.19. We note here that the time window
is changed to (−3σz, 3σz). This is done to avoid large numerical noise at the low-
populated edges of the bunch to interfere with the analysis. We see that FS-SS model
gives much larger energy kicks than the other two models. This can not be explained
solely by the shielding, since FS-TR gives much more reasonable value for the kicks.
This serves as another indication that both transient and shielding effects are impor-
tant in our case. In the following we will not consider FS-SS model.
In Fig. 3.25 we see that FS-TR model gives much larger energy kicks at the exit of
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FIGURE 3.25: Energy centroid from particle tracking after the first
drift for different CSR models. Bunch current profile is given in black.

The bunch head is on the left.

the first drift compared to the other two models. This also confirms the conclusions
made from Fig. 3.21. The kicks given by PP and CSRZ are reasonably close.

In Fig. 3.26 we see that at the exit of the chicane the CSRZ and PP models accu-
mulate a notable difference in the trailing kick, while the overtaking kick is almost
identical. There is also some difference in the amplitude of the kick around the cen-
ter of the bunch, which is expected to provide most of the contribution.

In Fig. 3.27 we see that without CSR the shape of the spectrum is defined by the
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FIGURE 3.27: Bunching spectrum at the exit of ch2 for different CSR
models.

shape of the electron bunch. With CSR the EEHG bunching spectrum obtains a
complex structure and its bandwidth is effectively increased. Visually, we can say
that FS-TR model gives the maximum bandwidth, which is consistent with the large
value of the wake compared to other models. RMS spectral bandwidths for differ-

no CSR FS-TR PP CSRZ
1.9 × 10−5 nm 2.2 × 10−4 nm 1.5 × 10−4 nm 1.2 × 10−4 nm

TABLE 3.3: RMS bunching bandwidth for different CSR models for a
non-chirped electron beam

ent CSR models are given in Tab. 3.3. We can see that in general CSR increases the
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bandwidth by an order of magnitude. We can also see that for FS-TR model the
bandwidth is significantly larger than for the other two models, which correlates
with the amplitudes of the wakes in Fig. 3.25.

We can also calculate the expected bandwidth from Eq. 2.125. As an example, we
do such estimation for PP wake. The wake is shown in Fig. 3.28 in blue in the range
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FIGURE 3.28: CSR-induced energy modulation at the exit of ch1 cal-
culated with PP model and its decomposition in monochromatic com-

ponents.

of (−10σz; 10σz). Such large time window (compared to the figures in this section) is
chosen in order to increase the resolution of the Fourier transform of the wake. The
result of FFT is shown in Fig. 3.29. The spectral content of the wake is concentrated
in kµ < 5 mm−1. Using the amplitudes from Fig. 3.29 we can reconstruct the initial
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FIGURE 3.29: Fast Fourier transform of the CSR wake calculated with
PP model

wake. The random phases φµ are used as free parameters for the fit. The results of
the fit is shown in Fig. 3.28 in orange. We can see that the decomposition worked
quite well, hence the extracted amplitudes are trustworthy. By using Eq. 2.125 we
get an estimate for the induced bandwidth of about 1.1 × 10−4 nm. The agreement
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between this value and the numerical value given in Tab. 3.3 is sufficiently good,
considering that the spectral content of the wake does not really satisfy kµ ≫ 1/σz,
for which Eq. 2.125 was derived. Unfortunately, the accuracy of the formula does
not allow to use it to compare different CSR models.

Qualitatively we can also explore another interpretation of the spectral broad-
ening. By looking at Fig. 3.25 we can locally approximate the wake with varying
linear chirp along the bunch. For example, FS-TR model gives relatively large posi-
tive chirp for the head half of the bunch. Combined with positive R56 of the second
chicane this would lead to decompression of the bunch. In the bunching spectrum
this would show as a red shift. This can be seen in Fig. 3.27 as the largest peak of
the spectrum for FS-TR at a slightly larger wavelength. On the other hand, for CSRZ
and PP models we see that considerably "chirped" parts are located more or less
symmetrically around the center of the bunch and have opposite signs of the chirp.
The shapes of the corresponding spectra in Fig. 3.27 also show somewhat symmet-
rical features around the central wavelength and are closer to it, compared to the
largest peak of FS-TR. Therefore, we can theorize that the CSR-induced bandwidth
is the result of varying linear chirp along the bunch, which makes different parts of
the bunch contribute to bunching at slightly different wavelengths.

Infinite seeds, nominal electron beam chirp

The purpose of this subsection is to show how the effect of CSR changes due to
electron beam chirp in the limit of infinite seed laser pulses.

In Fig. 3.30 we see that the effect of CSR on the chirped bunch is very similar to
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FIGURE 3.30: Bunching spectra for different CSR models with h1 =
0.016 linear chirp.

the non-chirped case. The central wavelength is shifted by about 5 × 10−4 nm, as
mentioned in Subsec. 2.4.2. The calculated RMS bandwidth for each case is given
in Tab. 3.4. We can calculate the CSR-induced bandwidth and compare them for
chirped and non-chirped cases. The induced bandwidth is larger in the chirped
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case. This is expected, since the compression in ch1 increases the peak current in the
bunch and, consequently, the CSR fields.

no CSR FS PP CSRZ
4.4 × 10−5 nm 3.5 × 10−4 nm 2.8 × 10−4 nm 2.6 × 10−4 nm

TABLE 3.4: RMS bunching bandwidth for different CSR models for a
chirped electron beam

3.4 Mitigation strategies

The purpose of this section is to illustrate the mitigation strategies for the effects of
CSR and microbunching discussed above and their implementation at FLASH. The
mitigation of the effect of ISR is not discussed here, because the effect is negligibly
small. The mitigation of the IBS is also not discussed because of the practical con-
straints. For example, a good way to mitigate IBS would be to reduce the total length
of the beamline or the nominal dispersion of the chicanes. Both are not very realistic.

3.4.1 Mitigation of the CSR effect

One of the established ways to mitigate the effect of CSR on the EEHG bunching
efficiency is to use a short seed laser, limiting the seeded part of the bunch. The
effect of the CSR wake is then reduced to its part, which is induced upon the seeded
part of the bunch. The effective CSR-induced energy variation is then smaller than
in the case of the infinitely long seed. As a result, the CSR-induced bandwidth is
reduced.

In the presence of the CSR-induced energy modulation the total bandwidth is the
square sum of the Fourier-limited bandwidth discussed above and the CSR-induced
bandwidth according to Eq. 2.125. Since the relevant part of the CSR wake is defined
by the seed duration, the CSR-induced bandwidth is also a function of the seed
duration. In the limit of very short seed the total bandwidth is defined by the Fourier
limit of the seeded part of the bunch. This is illustrated in Fig. 3.31, where the CSR
wake is given by the FS-TR and CSRZ models. For seed duration less than 200 fs the
effect of CSR is virtually absent. For seed duration longer than 200 fs the bandwidth
of the bunching spectrum starts to deviate from the Fourier limit and the difference
between the two models starts to show. In the limit of infinite (or very long) seed
duration the bandwidth is one order of magnitude larger than the bandwidth given
by the Fourier limit. In Fig. 3.31 we assumed no electron beam chirp.

Since we have already observed a substantial effect of the electron beam chirp on
the CSR-induced bandwidth in Subsec. 3.3.2, we now show how the nominal chirp
changes the results. In Fig. 3.32 we see that not only the bandwidth, but also the
optimal seed duration strongly depends on the combination of the electron beam
chirp and CSR. The contribution of the chirp itself to the bandwidth is rather small
compared to the CSR contribution.

Since the optimization of the bandwidth depends on the electron beam chirp, we
consider the complete range of chirp values anticipated at FLASH. The results are
shown in Fig. 3.33 with a larger number of points around the minimal bandwidth.
We see that the value of the optimal seed duration changes considerably in the given
range of chirp values. The optimal values are summarized in Tab. 3.5.
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FIGURE 3.31: Spectral width of the bunching as a function of the du-
ration of the seed for different CSR models without electron beam
chirp. Horizontal lines show the limit of infinite seed duration. The
bandwidth starts to deviate from the Fourier limit at ≈ 200 fs seed

duration.

Electron beam chirp (MeV/ps) 0 8 15 20
Optimal seed duration (fs) 300 220 160 110

TABLE 3.5: Optimal seed duration, which gives the minimal band-
width, for different values of electron beam chirp.

3.4.2 Experimental results of microbunching suppression

In this section we review results from Laser Heater commissioning at FLASH. The
purpose of this section is to demonstrate LH capabilities in suppressing microbunch-
ing instability and eventually improving FEL performance.

Induced energy spread

The first thing we check is how much energy spread we manage to induce. For this
purpose we insert an OTR screen in the middle of BC1, as shown in Fig. 2.14. The
induced energy spread can then be derived as

σind
E = D

√
σ2

x |PL
− σ2

x |0 , (3.1)
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FIGURE 3.32: Spectral width of the bunching as a function of the du-
ration of the seed for nominal electron beam chirp with CSR calcu-
lated with CSRZ model. Horizontal lines show the limit of infinite
seed duration. The optimal seed duration depends on the combina-

tion of electron beam chirp and CSR.

where σx|PL
is the beam size measured with laser peak power PL, and D is the inverse

transverse dispersion, which we treat as an empirical constant. To find this constant
we changed the central energy of the beam by changing the amplitude of ACC1.
The resulting linear fit, shown in Fig. 3.34, gives 1/D =−685 pix/MeV. As follows
from Eq. 3.1, the resolution of the measurement is limited by σ2

x
∣∣
0. The beam size

at zero laser heater laser power consists of the natural beam size (
√

βxϵx) and the
effect of transverse dispersion on both (intrinsic) uncorrelated and correlated energy
spread. To achieve the highest possible resolution we minimized the contribution
of the natural beam size by minimizing βx at the screen location with an upstream
quadrupole. We also used specific settings of ACC1 and ACC39, which minimize
projected energy spread.

Figure 3.35 shows the results of the measurement of the induced energy spread
as a function of the laser heater laser peak power. From Fig. 3.35 we see that the
measured data can be fit very well with the theoretical σE ∼

√
PL dependence.

When compared to simulations, however, we measured almost 2 times less heating
than expected. The possible reasons for this difference include non-perfect trans-
verse overlap, non-optimal electron trajectory through the undulator and laser pulse
transport losses. Despite that, the nominal value of induced energy spread of 10 keV
is comfortably achieved at 2 MW with large overhead in available laser peak power.
Therefore, we expect to be able to fully suppress microbunching, as predicted by
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FIGURE 3.33: Spectral width of the bunching as a function of the du-
ration of the seed for several values of electron beam chirp with CSR
calculated with CSRZ model. Horizontal lines show the limit of infi-
nite seed duration. The optimal seed duration depends on the elec-

tron beam chirp.

FIGURE 3.34: Energy calibration of the OTR screen in BC1.
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FIGURE 3.35: Laser heater induced energy spread as a function of the
peak laser power. Measured values are well reproduced by elegant
simulations but about 2 times smaller than the results of the simula-

tion.

simulations [81].

MBI suppression

The microbunching suppression is confirmed by phase-space measurements done
with S-band TDS LOLA, shown in Fig. 3.36. In Fig. 3.36 we can see that with laser
heater laser off (P = 0 MW) there is well-pronounced microbunching in the beam.
When the laser peak power is set to P = 2 MW the induced energy spread in the
electron beam is ≈10 keV, as follows from Fig. 3.35. One can see that at this level of
uncorrelated energy spread the microbunching is effectively suppressed. When the
laser power is set to maximum P = 8 MW, the electron distribution is smeared and
obtains double-horn structure.

Improvement of SASE FEL

Although the microbunching is fully suppressed with 10 keV induced energy spread,
it doesn’t necessarily mean that this is the optimal point to operate the LH. As was
mentioned in Sec. 2.6, the optimal point for FEL performance results in from inter-
play between suppressed microbunching and induced energy spread. This is illus-
trated in Fig. 3.37. The figure shows integrated intensity of SASE signal in FLASH2
obtained by Gas Monitor Detector. In region 2 the laser heater is off, so this level of
SASE intensity can be used as a reference. In region 3 the laser peak power was set
to 1.3 MW, which is considerably lower than the nominal 2 MW. Nevertheless, the
SASE intensity is much lower than in the reference case. The optimal SASE intensity
is achieved in region 1, where the peak laser power was on the order of 0.1 MW. The
optimal LH setting is specific to the operation mode and has to be found for each
case. Nevertheless, Fig. 3.37 demonstrates that such setting can be found in FLASH
configuration and it probably lies at low laser heater laser power region.
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FIGURE 3.36: LOLA TDS images at different peak laser power. The
microbunching is significantly reduced at moderate laser power. At
high laser power the electron distribution is distorted and shows the

’double-horn’ feature.

FIGURE 3.37: History plot of the FEL pulse energy illustrating the
effect of the LH laser power on the FEL performance. 1. LH laser
power optimised for maximum pulse energy, 2. LH laser blocked, 3.

LH laser power set to 1.3 MW.
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Chapter 4

Discussion

The purpose of this chapter is to provide additional perspective on the results pre-
sented in Chapter 3. This includes an analysis of the applicability of the results to a
different parameter space, possible extensions of the treatment for FLASH2020+ and
an outlook.

4.1 ISR and IBS

In Sec. 3.2 we have seen that the effect of ISR and IBS on the harmonic conversion
efficiency basically can not be mitigated in the seeding section in an isolated way.
At the same time, for the 4 nm EEHG setup at FLASH2020+ these effects do not
present a significant design bottleneck, especially when compared to CSR. In the
analysis of Subsec. 2.5.1 , 2.5.2 we see that this might change if significant changes
occur in the machine parameters. For example, if the overall distance between the
center of the first chicane and the center of the second chicane would significantly
increase, this would benefit IBS. The effect of IBS is also quite notably enhanced
by the bunch compression in ch1, which scales with the linear chirp of the electron
beam and the R56 of the chicane, as described by Eq. 2.56. For the same reason,
having a considerably larger nominal peak current might call for reconsidering IBS-
induced smearing. As for ISR, the most crucial factor is the beam energy with the
corresponding diffusion rate scaling roughly as ∼ γ4. Hence, for machines operating
at larger energies ISR can also become a considerable problem. Finally, it is worth
mentioning that for higher harmonics both effects will play a more significant role.

The study presented above can be extended to the machine sections other than
the EEHG seeding section. The discussion of the bunching smearing would be less
relevant in most sections, but the induced energy spread can still be important for
any FEL process. For example, the energy spread induced in the linac (by IBS in
particular) can work in a similar way as the laser heater [32]. The additional dynam-
ically growing energy spread can be another complication in the radiator part of the
machine, which is typically long (favoring IBS) and packed with magnets (favoring
ISR).

4.2 CSR

The effect of CSR on EEHG FEL bandwidth was shown to be significant in the limit
of long seed laser pulses (≈ 200 fs and longer). With the nominal 50 fs seed2 pulse
duration planned for FLASH2020+ the effect of CSR seems to be much less signifi-
cant, as the Fourier limit becomes dominant. When the priority is producing short
FEL pulses (for measurements requiring high temporal resolution), practical consid-
eration of CSR may not be required. However, when spectral purity is prioritized
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(for measurements requiring high longitudinal coherence), the flexible laser system
that produces the seed2 pulse can potentially minimize the bandwidth. This in-
cludes not only the duration of seed2 pulse, but also potential compensation for the
imprinted CSR wake by laser chirp and/or wavelength shift.

In order to effectively use either of the optimization methods, we need to know
the exact shape of the CSR wake that we are compensating for. As we see from
Sec. 3.3 this requires inclusion of transient, inter-dipole and, most importantly, cham-
ber effects in calculation of CSR in the first EEHG chicane. Generating impedance
data with CSRZ code solves this problem, but is, to some extent, computationally
inconvenient. The impedance data for the chicane for 4 nm EEHG working point
used in this work can be also used for other working points, as long as the bending
radius of the dipoles does not change significantly. Beams that follow (almost) the
same trajectory can be studied with the same simulation set-up even if they have
varying current, energy and energy spread profiles. The longitudinal shape of the
bunch is of utmost importance for calculation of CSR, as we have seen from com-
parison of CSR wakes for different lengths of Gaussian bunches. If the bunch is
not Gaussian, but rather flat-top (or something in the middle between the two), the
shape of the wake can also change significantly. For this reason, the work should
be extended and included in start-to-end simulations to calculate the wakes for re-
alistic beam distributions and to investigate possible compensation of the effect by
non-transform-limited laser pulses. This will specify the requirements on the laser
system for optimal spectral properties of seeded FEL at FLASH.

When using the short seed laser pulse it is also possible to choose, which part of
the electron beam is seeded and will be eventually lasing [82]. In this work it was
always assumed to be the center of the current profile. If the spectral purity is priori-
tized over the output power, we can longitudinally overlap the seed laser pulse with
the region of the beam, where the energy profile is flat or mostly linearly chirped. In
this case the spectrum will not be broadened by the CSR, but rather slightly shifted.
The precise positioning of the laser pulse is somewhat complicated by the timing
jitter. The jitter can also be a significant complication for the compensation of CSR
wake with the laser chirp.

In principle, the CSR wakes could be also shaped by re-designing the chicane.
In [41] we have shown that by changing the length of the chicane dipoles we can to
some extent control the shape of the CSR wakes and the bunching spectrum. How-
ever, the conclusions were not as straight-forward as for the discussion on ISR and
IBS in this work, as we did not observe any clear trend between the dipole length and
the CSR-affected spectral bandwidth. On the other hand, a possibility of mitigating
CSR-induced emittance by inventive chicane design was reported in the literature,
e.g., by a five-bend chicane in [83]. The CSR-induced emittance was not discussed
in the present work, since it is not relevant for the discussion of EEHG bunching for-
mation. Also, simulations with ELEGANT estimate the contribution from CSR in the
first chicane to be around 2 % of the intrinsic emittance value. However, this hints
that chicane layout is a possible alternative method of controlling CSR-induced dy-
namics, if the more natural for FLASH2020+ methods discussed above will prove to
be insufficient. For the purpose of optimizing the chicane geometry to minimize the
effect of the wakefileds, other methods than CSRZ should be considered. For exam-
ple, the parallel-plates CSR model can be a reasonable approximation, but it should
be benchmarked for a substantially different chicane layouts.
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4.3 MBI and Laser Heater

In Subsec. 3.4.2 we have seen experimental evidence that the laser heater at FLASH
can substantially suppress the MBI. For this reason the effect of MBI on EEHG bunch-
ing was not studied in detail in this work. However, neglecting MBI in EEHG simu-
lations is only justified for an isolated discussion of the beam dynamics in the seed-
ing section, which is the focus of this work. Complete suppression of MBI comes
at the cost of considerable attenuation of the FEL light. In this regard, this work
serves as the necessary first step to include the effect of the LH in the simulation
framework. The conclusion concerning the optimal LH setting should be defined for
each working point individually. The integrated intensity of the output FEL pulse
might be optimized at very low LH laser power. In contrast, a larger induced energy
spread could benefit higher stability and spectral purity. Therefore, a dedicated LH
study for different working points and optimization objectives could be a natural
continuation of this work.

While simulation studies of the effect of MBI on EEHG bunching and mitiga-
tion of this effect with the LH would provide a better guideline for optimization of
the set-up, it is essential to base the studies on reliable parameter sets for the elec-
tron beam at the LH, in particular the current and energy spread profiles. Accurate
measurements and advanced diagnostic tools are crucial to guide the simulations ef-
fectively and ensure that the obtained insights are relevant and actionable. Realistic
microbunching in the seeding section can also be included in calculation of CSR in
the first EEHG chicane. In this case we could consider it as another contribution to
∆p2 in Eq. 2.112 and estimate its contribution to the bandwidth with Eq. 2.125.
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Chapter 5

Conclusion

In this work we considered the influence of collective effects (ISR, IBS, CSR and MBI)
on 4 nm EEHG performance at FLASH. While mitigation of ISR and IBS is rather
complicated, the combined effect of the two is not expected to be a crucial factor
for the efficiency of the harmonic conversion. The detrimental influence of CSR on
the spectral properties of EEHG is substantial, but a number of mitigation strate-
gies are possible. In particular, the strategy of using a short seed laser pulses was
considered in this work in detail. We also demonstrated that MBI can be effectively
mitigated with the recently installed laser heater at FLASH. The analysis presented
in this work will be included in start-to-end simulations for a realistic estimation of
output FEL light properties.

Overall, we conclude that the 4 nm EEHG operation mode (and by extension less
challenging modes) at FLASH2020+ is not expected to be critically hindered by the
collective effects, provided that the machine is properly tuned and the appropriate
mitigation strategies are employed.
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Appendix A

Notes on simulation set-up

A.1 Functionality of some ELEGANT elements

The User’s manual for ELEGANT can be found here: https://ops.aps.anl.gov/manuals/
elegant_latest/elegant.pdf
The manual entries for the elements are quite exhaustive and well-maintained, so I
am not hoping (or trying) to explain them better. However, I believe that it might be
beneficial to mention certain aspects explicitly in context of this work.

A.1.1 LSRMDLTR

Pole factors

The pole factors, mentioned in the discussion of A1(z) for a chirped electron beam in
Subsec. 3.1.1, are set by default to the "magic" values, given explicitly in the manual.
This is different for WIGGLER element of ELEGANT and UNDULATOR element of GENESIS.
This might be a source of discrepancy if one would try to benchmark seemingly
identical simulation files or different simulation codes.

Finite seed profile

The time profile of the seed laser is loaded into the LSRMDLTR element as a separate
file. The header of the file suggests that we need to write P(t) into the file. One
might immediately think that P stands for power and, hence, we need to write a
power profile. However, it is clarified in the manual that we actually need to write
a field profile. For a Gaussian laser pulse that means that the width of the profile
should be

√
2 times wider. This might be a source of confusion.

A.1.2 ZLONGIT

When preparing impedance data for loading into ZLONGIT element, it is important
to remember two things. First, the number of data points in the file has to be 2n + 1,
where n is integer. Second, if there is a data point for f = 0 (DC), Im [Z(0)] has to be
exactly 0. This might be a non-obvious source of some frustrating crashes.

https://ops.aps.anl.gov/manuals/elegant_latest/elegant.pdf
https://ops.aps.anl.gov/manuals/elegant_latest/elegant.pdf
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A.2 Calculating modulation amplitudes

In order to estimate the modulation amplitude from the particle distributions pro-
duced by simulations we use

A1 =
√

2
1

σE

√
σ2

E

∣∣
mod1 − σ2

E , (A.1)

A2 =
√

2
1

σE

√
σ2

E

∣∣
mod2 − σ2

E

∣∣
ch1 , (A.2)

where σE|mod1,mod2,ch1 is the slice energy spread in the electron bunch after the first,
the second modulator and the first chicane, respectively, and σE is the energy spread
at the entrance of mod1.



83

Appendix B

Resistive wakefields

Since we discussed the effect of the chicane chamber of CSR wakefields, we should
also mention another concept, related to the chamber walls: resistive wakefields
(RW). In [48] we have compared the impedance of RW for parallel-plates [84] to the
CSR impedance given by the parallel-plates model. For self-sufficiency of this work,
we duplicate the results below.

The RW impedance is given by

ZRW(k) =
Z0c
4π

2s0

ca2

∞∫
0

sech(x)
(

2
1 − i

1√
ks0

cosh(x)− iks0
sinh(x)

x

)−1

dx , (B.1)

where a is half-distance between the plates, s0 = (2a2/Z0σc)1/3 and σc is the conduc-
tivity of the resistive wall material. The chicane chamber is made of copper-coated
steel, so we assumed copper as the material of the inner walls. From Fig. B.1 we
see that the impedance of RW of parallel plates is negligibly small compared to the
CSR impedance in PP-SS model. For this reason, the RW have been neglected in this
work.
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FIGURE B.1: CSR impedance of the parallel-plates model (PP) and
resistive wakefields impedance (RW). The latter is fairly negligible in

the relevant k-range, given by the bunch spectrum.
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Appendix C

Twiss parameters in the seeding
section

Since we discussed the evolution of the beam size in the seeding section in the con-
text of IBS in Sec. 3.2, for completeness we give here the Twiss functions αx,y and βx,y
in the seeding section in Fig. C.1.
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FIGURE C.1: Twiss functions αx,y and βx,y in the seeding section. The
coordinate s is measured from the entrance of mod1.
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