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Abstract

This work concerns adaptive kernel-based approximation methods. We create a toolbox for
adapting kernels to underlying problems, focusing on the interpolation of multivariate scat-
tered data with an emphasis on anisotropies. By developing five nonstandard classes of flexible
kernels — transformation, summation, and product kernels, as well as the anisotropic versions
of the latter two orthogonal summation, and tensor product kernels — significant limitations
of traditional radially symmetric kernels are addressed. These classes, some entirely new and
others building on existing structures, provide the flexibility to select and combine kernels
tailored to specific problems. Thus, they extend the variety of interpolation methods.

The theoretical analysis conducted on each kernel class’s native space not only expands
the understanding of native spaces in general but also enlightens underlying (name-giving)
structures and their associated benefits. We investigate the interpolation method for each
kernel, including impacts on accuracy and stability.

Numerical tests confirm the theoretical findings and show which kernel class is suitable
for specific problem adaptations: We propose transformation or tensor product kernels for
adapting to the point set; transformation kernels for adapting to the domain; and summation,
transformation, or orthogonal summation kernels for adapting to the target function.

Zusammenfassung

Diese Arbeit befasst sich mit adaptiven, kernbasierten Approximationsmethoden. Wir ent-
wickeln Werkzeuge um Kerne an das zugrunde liegende Problem anzupassen. Dabei fokussie-
ren wir uns auf die Interpolation von mehrdimensionalen verstreuten Daten, mit besonderem
Augenmerk auf Anisotropien. Durch die Entwicklung von fiinf flexieblen Kernklassen — Trans-
formationskerne, Summationskerne und Produktkerne sowie die anisotropen Versionen der
letzten beiden, orthogonale Summationskerne und Tensorproduktkerne — werden wesentliche
Einschrankungen traditioneller radial symmetrischer Kerne adressiert. Diese Klassen, teils
vollig neu und teils auf bestehenden Strukturen bauend, bieten die Moglichkeit, Kerne anhand
ihrer Figenschaften und des zugrunde liegenden Problems auszuwéhlen oder zu kombinieren.
Sie erweitern damit die Vielfalt und Anpassungsfahigkeit der Interpolationsmethoden.

Die theoretische Analyse der nativen Rdume, die fiir jede Kernklasse durchgefiihrt wird, er-
weitert nicht nur das Verstédndnis von nativen Raumen im Allgemeinen, sondern deckt auch die
zugrunde liegenden (namensgebenden) Strukturen und deren damit verbundenen Vorteile auf.
Wir untersuchen die Interpolationsmethode fiir jeden Kern und betrachten die Auswirkungen
auf Genauigkeit und Stabilitét.

Numerische Tests bestatigen die theoretischen Ergebnisse und zeigen, welche Kernklassen
fiir eine bestimmte Anpassung geeignet sind: Wir empfehlen Transformations- oder Tensorpro-
duktkerne zur Anpassung an die Punktmenge; Transformationskerne zur Anpassung an den
Definitionsbereich; sowie Summations-, Transformations- oder orthogonale Summationskerne
zur Anpassung an die Zielfunktion.
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Chapter 1

Introduction

Imagine a growing child. Each year on their birthday, the parents measure the child
and carve a corresponding notch into the doorframe. But how tall was the child at
five and a half years old? What happened during the intervals between the notches on
the doorframe? Answering these ‘in-between’ questions is known as interpolation, from
the Latin inter meaning ‘between’. The process of interpolation can become signifi-
cantly more complex than our simple growth example. For instance, determining the
positions of celestial bodies on ephemerides, which Babylonian astronomers achieved
around 300 B.C. through interpolation, marking the beginning of the history of inter-
polation. While our example considers one-dimensional units of time (year) and height
(meter), ephemerides involve a three-dimensional astronomic coordinate system. Today,
more than ever, we should shift our focus from the celestial bodies back to our Earth.
The reconstruction of functions is indispensable in climate research. Multidimensional
spatial vectors of measurement stations are associated with data such as temperature,
salinity, and humidity. We aim to reconstruct the underlying functions to determine
the values of interest at any location on Earth and not just at the locations of the mea-
suring stations. As the title indicates, this work is concerned with such multivariate
reconstructions. Specifically, we focus on kernel-based interpolations, which approxi-
mate functions with a linear combination of basis functions generated by kernels. These
methods offer the advantage of approximating functions using samples taken from an
unorganized set of multidimensional points, known as scattered data fitting, and form
the foundation for techniques used to handle noisy data.

Currently, most kernels considered assign a radial influence area to a sample, mean-
ing the influence of the sample is uniform in all directions. Such radial kernels, includ-
ing Gaussians, (inverse) multiquadrics, and polyharmonic splines, have been proven
to be powerful tools in various applications of multivariate scattered data approxi-
mation. However, no method is perfect. Kernel-based approximation methods also
have their challenges. For example, trade-offs must be made concerning computational
cost and storage versus accuracy, and stability versus accuracy, as discussed, e.g., in
G.E. Fasshauer’s work [Fas07].

Moreover, the radial nature of these kernels is a limitation for some applications.
Many materials exhibit anisotropic properties that cannot be captured by radial kernels.



For instance, wood has different mechanical properties along the grain, across the grain,
and tangential to the growth rings, affecting its strength, stiffness, and thermal expan-
sion. Similarly, sedimentary rocks show anisotropies in permeability that affect the flow
of groundwater through rock layers, further illustrating the need for more flexible kernel
functions. Additionally, fluid flows, whether in medical or climate research contexts,
often exhibit anisotropies due to varying conditions and forces acting in different direc-
tions. In medical research, blood flow through arteries can show anisotropic behavior
because of the complex interactions between blood cells and the vessel walls, as well
as variations in vessel diameter and curvature. In climate research, ocean currents and
atmospheric flows exhibit anisotropic characteristics due to the Earth’s rotation, tem-
perature gradients, and varying wind or water pressures in different directions. These
anisotropic properties affect measurements such as flow velocity, direction, and pres-
sure distribution. Understanding the anisotropic nature of ocean currents is crucial for
accurate climate modeling and predicting the transport of heat and nutrients in marine
environments.

Therefore, novel adaptive kernel methods are required. To identify possible adjust-
ments of the interpolation method, we take a closer look at the interpolant itself.

As mentioned, the interpolant s of a real-valued function f on Q < R? d € N,
consists of a linear combination of basis functions. In kernel-based interpolation, these
basis functions are derived from bivariate kernels K : Q x 2 — R evaluated at the
points {zq,...,xy} = X < Q. Thus,

s(x) = Z ;K (x;,x) forall z €,

i=1

where ¢ = (cy,...,cy)T € RY is chosen such that s equals f on X i.e.,

N
s(x;) = Y. il (w5,2;) = f(z;) for j=1,...,N.
=1

Hence, the interpolant s depends on three factors: firstly, the target function f evaluated
at the points of X, secondly, the point set X, and thirdly, the kernel K. To improve
the interpolation method, we can align these three factors. The target function f is
immutable, and aside from any known properties, it is generally unknown.

The point set X can be freely chosen in some applications, such as sensor placements
in environmental monitoring, or it can be so large that significant time and storage
benefits are achieved by considering only a subset. These settings enable a suitable
selection of the point set X. Since the late 1990s, so-called greedy methods have been
developed for this purpose. Initially, the f-greedy algorithm [SWO00] was developed. It
selects the point set in regard to the target function f, resulting in many points being
placed where significant changes in f occur. However, closely placed points lead to
poor stability, prompting the development of a selection algorithm focused on stability,
the P-greedy algorithm [DMSWO05], and various combinations of both, as discussed in
[WSH23] and the references therein. The selection of points in X depends on the choice
of the kernel K for each of these greedy algorithms, providing a first reason to examine
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kernels. Moreover, in many situations, the point set X is predetermined and cannot be
altered — for example, when sensor locations are fixed or when dealing with historical
measurements. This underscores the need to investigate kernels, the third and final
factor in adapting interpolants, where the option of employing greedy methods and
their associated improvements remains at our disposal.

The theory on kernels dates back to the mid-20th century. J. Mercer’s theorem has
been known since 1909 [Mer(09]. Building on earlier work by E.H. Moore [Moo39] and
others, N. Aronszajn [Aro50] developed the theory of reproducing kernel Hilbert spaces
in the 1940s. N. Aronszajn’s article provides a thorough overview of the early history
and the first applications of kernels. Comprehensive theoretical discussions on positive
(semi)-definite kernels and their properties regarding scattered data interpolation can
be found in the works of M. Buhmann [Buh03], H. Wendland [Wen05], and A. Iske
[Isk18]. Up until now, kernels are adapted to the underlying problem in two ways:
Firstly, the kernel’s differentiability is inherited by the interpolant, so knowledge about
the differentiability of the function f should influence the choice of the kernel. Sec-
ondly, shape parameters of radial kernels have been used to tailor the kernel to specific
problems, e.g. in [KC92], [LF05], [MVHO23].

With this work, we aim to expand the toolbox for adapting kernels to underlying
problems and provide a corresponding theoretical analysis. Our goal is to overcome
the limitations of traditional radial kernels and offer accurate and flexible methods for
multivariate scattered data approximation, with a focus on anisotropies.

Summation Kernels Product Kernels

S 4

Transformation Kernels

4 h

v L 4

Orthogonal Summation Kernels Tensor Product Kernels

Figure 1.1: Schematic relation of summation, product, transformation, orthogonal
summation, and tensor product kernels.

To this end, we construct novel kernels, analyze their structure, and examine their
utility for anisotropic problems. We consider the product and summation of kernels that
remain radial if their components are radial and focus on anisotropic kernels. These
include transformation kernels as well as orthogonal summation kernels and tensor
product kernels. Fig. 1.1 schematically depicts relations between these kernels.



Below, we summarize the main contributions of this thesis. A more detailed presen-
tation of the contributions and benefits, as well as a distinction from previously known
results of earlier papers regarding each kernel, can be found in the corresponding intro-
ductions.

Investigation on Approaches for Combining or Adapting Kernels

o Summation Kernels — Chapter 3: The summation of kernels provides insights
into reproducing kernel Hilbert spaces and their norms, which we further
develop.

o Product Kernels — Chapter 4: We place the product of kernels within a
broader picture.

o Transformation Kernels — Chapter 5: We extend the principle of shape pa-
rameters to general transformations.

e Orthogonal Summation Kernels — Chapter 6: We present a novel kernel,
where the summation of component kernels acting on low-dimensional spaces
build a kernel acting on the high-dimensional Cartesian product of the com-
ponent spaces. This allows a flexible adaptation of the component kernels
to properties of the corresponding low-dimensional space.

o Tensor Product Kernels — Chapter 7: While these kernels are used in statis-
tics, we provide an investigation with regard to kernel-based interpolation.
A tensor product kernel on a high-dimensional space equals the product of
various component kernels acting on low-dimensional spaces. This allows a
flexible adaptation of a component kernel to properties of the corresponding
low-dimensional space.

Examination of the Native Spaces’ Structure

o Summation Kernels — Section 3.2: We further develop the structure analysis
of summation kernels’ native spaces by connecting N. Aronszajn’s findings to
Sobolev spaces (Section 3.2.2), examining intersections of native spaces (Sec-
tion 3.2.3), linking Mercer’s Theorem to summation kernels (Section 3.2.4),
and classifying kernels into equivalence classes (Remark 3.21).

o Transformation Kernels — Section 5.2: We provide a relation between the
transformation kernel’s native space and the one corresponding to its initial
kernel (Theorem 5.6).

o Orthogonal Summation Kernels — Section 6.2: We prove the native space
to be structured as an orthogonal sum, providing the name of the kernel
(Theorem 6.7).

o Tensor Product Kernels — Section 7.2: We present an alternative proof for
the tensor structure of its native space, which lends the kernel its name
(Section 7.2.2).
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Analysis

of Interpolation Methods

Summation Kernels — Section 3.3: We provide a thorough analysis of the
summation kernel’s interpolation method, finding that interpolations using
a kernel from a larger equivalence class result in inferior approximations
(Section 3.3.1), and that a summation kernel exhibits the stability of its
most stable component (Section 3.3.2). This yields a trade-off principle for
kernels, which is schematically visualized in Remark 3.42.

Transformation Kernels — Section 5.3: We provide a thorough analysis of
accuracy and stability, and deduce conditions under which a special trans-
formation kernel outperforms its initial kernel (Section 5.3.1 and 5.3.2).

Orthogonal Summation Kernels — Section 6.3: We investigate the DC-strictly
positive definiteness of the kernel, examine the conditions under which im-
proved accuracy can be expected (Section 6.3.1), and find that the stability
of the orthogonal summation kernel aligns with that of its most stable com-
ponent (Section 6.3.2).

Tensor Product Kernels — Section 7.3: We provide a thorough analysis of the
kernel’s positive definiteness by introducing the concept of grid-like struc-
tured data sets (resulting in Theorem 7.25), and analyze the interpolation
process on these sets (Section 7.3.1). Furthermore, we develop statements
regarding stability (Section 7.3.3).

Implementation and Evaluation

Summation Kernels — Section 3.4: We demonstrate the effect of a kernel’s
equivalence class on the interpolation method.

Transformation Kernels — Section 5.4: We demonstrate how accuracy or
stability can be improved without significantly affecting the other by using
transformation kernels adapted to the target (Section 5.4.1) and adapted to
the domain and point set (Section 5.4.2).

Orthogonal Summation Kernels — Section 6.4: We demonstrate the out-
standing performance of orthogonal summation kernels in anisotropic sum
structures.

Tensor Product Kernels — Section 7.4: We demonstrate how to improve accu-
racy while maintaining controllable stability by using tensor product kernels
(Section 7.4.1), and how these kernels enable a speedup of the interpolation
process in grid like settings (Section 7.4.2).

In total, we investigate five novel classes of more flexible kernels. Some of these classes
are entirely new inventions, while others already existed. For summation kernels and
tensor product kernels, the existing structural analysis of the native spaces is developed
further. In the case of transformation kernels and orthogonal summation kernels, the
analysis is entirely new. Although some of these kernels have been applied occasionally
in the past, a comprehensive investigation of all of them, with a focus on interpolation
methods, was lacking. We provide this comprehensive examination, with a particular
emphasis on accuracy and stability.



The thesis is divided into four parts. The Preliminaries (Part I) set the stage
for the detailed exploration and contributions that follow. In Chapter 2, we provide
foundational theoretical principles of kernel-based interpolation.

Part 1T investigates Combinations of Kernels, which are not necessarily anisotropic.
This includes summation kernels (Chapter 3) and product kernels (Chapter 4).

Part TII delves into constructions that lead to Anisotropic Kernels, encompassing
transformation kernels (Chapter 5), orthogonal summation kernels (Chapter 6), and
tensor product kernels (Chapter 7). We explore how general principles apply to these
specific types of kernels, examine their unique characteristics and how they can be
exploited for interpolation purposes.

The Final Remarks (Part IV) include a summary of the thesis, discusses broader
implications of the research, and outlines potential directions for future work (Conclu-
sion and Outlook). Additionally, reference materials are provided here.

Each of the Chapters 3 — 7, which deal with a specific nonstandard kernel, follow a
consistent structure: starting with a clear definition and basic properties (first section),
followed by a detailed analysis of the native spaces (second section), and culminating in
their application for kernel-based interpolation (third section). The theoretical results
are complemented by supportive numerical tests (fourth section), which validate and
illustrate the practical implications of our findings. A detailed outline of each chapter
can be found in the respective introduction.









Chapter 2

Kernel-Based Interpolation

This chapter provides fundamentals on kernel-based interpolation methods. We closely
follow the structure of Chapter 2 and 3 in Kristof Albrecht’s thesis [Alb24]. For a
comprehensive and extensive treatment, we recommend the works of H. Wendland
[Wen05], and A. Iske [Isk18].

Section 2.1 motivates using positive definite kernels for scattered data interpolations.
In Section 2.2, we explore the properties of positive definiteness, translation-invariance,
and radial symmetry of kernels. An examination of native spaces is conducted in Sec-
tion 2.3, starting with reproducing kernel Hilbert spaces (Section 2.3.1), progressing
through their construction (Section 2.3.2), and their structure and properties (Sec-
tion 2.3.3). Additionally, we introduce the Sobolev space as a special native space in
(Section 2.3.4). Understanding native spaces enables precise statements regarding the
interpolation method, which is the focus of Section 2.4. Here, we emphasize accuracy
(Section 2.4.1) and numerical stability (Section 2.4.2), culminating in a discussion on
the trade-off principle between these two aspects (Section 2.4.3).

2.1 Essentials

We aim at finding a function s : Q@ — R, Q < R? that satisfies the interpolation
condition

s(x;) = fi fori=1,...,N (2.1)
for N € N, arbitrarily given interpolation points X = {z1,...,zx} € Q, and arbitrary
function values fi,..., fy € R. Such a function is called an interpolant of the target

function f on the point set X. Here, we demand () to contain inner points, as this
is the case for most applications. Still, theoretically, it is possible to interpolate on a
finite set €2. The interpolant s is commonly restricted to the span of predetermined
basis functions B = {by,...,bny} < {f : Q — R}, so that it is given by the linear

combination
N
S = Z C; bi,
i=1

where the coefficient vector ¢ = (cy,...,cy)T € RY solves the linear system

(bi(xj))i[j=1cz fx o for fx = (fi,..., fn)T € RY. (22)
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Definition 2.1. The evaluation matrix of basis functions B = {by,...,bx} on a point
set X = {xy,...,x)} is called Vandermonde matrix

bl(l‘l) bN($1)
VB,X: (b(l’))%g%(: ) ( ) . ( ) ERMXN'

A unique coefficient vector ¢ € RY for the interpolant s is guaranteed if the Van-
dermonde matrix Vp x is regular. This in turn is the case if the basis B spans a Haar
space. See [Haal0O] and [Wen05, Definition 2.1] for a detailed discussion.

Definition 2.2. Let Q@ < R? contain at least N points and V < C(Q) be an
N-dimensional subspace of continuous functions on 2. V is called a Haar space of
dimension N on € if for arbitrary pairwise distinct point sets {zi,...,zx} S Q and
arbitrary function values fi, ..., fy there exists exactly one function s € V' fulfilling the
interpolation condition (2.1).

We see that V' is an N-dimensional Haar space if and only if for any pairwise distinct
point set {z1,...,xy} S Q and any basis {by,...,by} of V it is

N
i,j=1

In the case where Q € R?, d > 2, contains an interior point, the following counterex-
ample for the existence of a Haar space can be constructed.

Example 2.3. As Q € R?, d > 2, contains an interior point, there exists zg € Q
and § > 0 so that B(xz,d) < €. It is possible to find a pairwise distinct point set
X ={xy,...,xn} < B(xg,0) for every N € N. Let N > 2. Since d > 2 we can move x;
and x5 along the continuous curves 1 (t), x2(t) in 2, where ¢ € [0, 1], such that the curves
have no intersection with X except for 1 = x1(0) = 22(1) and x5 = 22(0) = x(1). If
V =span{b; : i =1,...,N} is a Haar space, the function

N
D(t) = det (b (x;(1)))
(1) = det (b (2,0)))

is continuous on [0, 1] and never equal to zero. However, as the first two rows switch
between t = 0 and t = 1, it is D(0) = —D(1). By the intermediate value theorem, there
exist a time ty € [0, 1] where D(ty) = 0. Hence, the Vandermonde matrix for the point
set {x1(to), z2(tp)} U X is not regular. This contradicts (2.3) and V' cannot be a Haar
space.

This results in the Mairhuber-Curtis theorem proven by J.C. Mairhuber and P.C. Cur-
tis Jr in the 1950s (cf. [CJ59], [Mai56], [Wen05, Theorem 2.3]).

Theorem 2.4 (Mairhuber-Curtis). Let Q € R?, d = 2, contain an interior point, then
there exists no Haar space on € of dimension N = 2.
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Still, a unique interpolation is possible if we restrict the point set X to be a grid
(cf. [Wen05, Lemma 2.8]). In this thesis, however, we are interested in a more general

interpolation scheme and focus on scattered point sets X = {z1,...,zy}. Hence, we
need another approach and make each basis function b; depend on one point x; € X for
1 =1,...,N. This gives rise to the concept of bivariate functions

K:QxQ—R, Q< RY,
acting on the Cartesian product €2 x 2, which we call kernels acting on Q.

Definition 2.5. The Cartesian product of two sets €2; and €25 is defined by
Ql X QQ = {(fL’,y) . fL’EQl, yEQQ}.

This definition can be extended to the Cartesian product of finitely many sets €2, for
(=1,....,M,ie.,

M
X Q= {(xl,...,xM) : xgngforézl,...,M}.
=1

We define the kernel basis functions
by = K(z;,): Q2 —R fori=1,...,N and

24
BK,X = {bl,...,bN}. ( )

The Vandermonde matrix Vg, , x of the kernel basis in (2.4) evaluated on the point
set X = {x1,...,xy} is given by

N
AK,X = (K (l’z,l'j)) - € RNXN. (25)
i,j=

This matrix is called the interpolation matriz of the kernel K regarding X and the
linear system (2.2) turns into

Agxc= fx. (2.6)

To find a unique solution ¢ € RY and hence a unique interpolant

N
srix = ¢ K(x,), (2.7)
i=1
lying in the interpolation space
Skx =span{K(z,-) : € X}, (2.8)

the interpolation matrix A x needs to be regular for any pairwise distinct point sets
X < Q. If the context is clear, we occasionally omit parts of the subscripts of the
interpolant sf k, x in (2.7) for simplicity. We want to exclude the possibility of Exam-
ple 2.3. Therefore, we demand det (A K, X) # (0 for any pairwise distinct point set X.
This certainly includes all subsets of X.
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Definition 2.6. Let r € {1,..., N} and A € RV*Y be a quadratic matrix. A principal
submatriz A, € RN="N=" of A is given by deleting r times the same row and column

of A.

By Sylvester’s criterion a symmetric matrix is positive definite if and only if all its
principal minors (determinants of principal submatrices) are positive, see [HJ91, The-
orem 7.2.5]. Hence, we demand the interpolation matrix to be positive definite.

Let us summarize and conclude this discourse. For a kernel K, that induces positive
definite interpolation matrices Ak x for arbitrary pairwise distinct data sets X, the
interpolant s € Sk x of the form (2.7) is unique. These kernels are the primary focus
of this thesis, and the subsequent sections provide fundamentals of the corresponding
research.

2.2 Positive Semi-Definite Kernels

In Section 2.1 we saw that a positive definite interpolation matrix leads to a unique
interpolant. Here, we state the definition of positive (semi-)definite kernels, fulfilling
this requirement, and have a look into some basic properties. Furthermore, we introduce
the eminent cases of translation-invariant and radial kernels in order to state Bochner’s
and Schoenberg’s characterization for positive definiteness. Each characterization is
equipped with one supporting example of a positive definite kernel.

Definition 2.7. A bivariate function K : Q x Q@ — R, Q < RY is called pos-
itive semi-definite kernel on ) if for any arbitrary set of pairwise distinct centers
X ={z1,...,zn} < Q, N € N, the interpolation matrix A y is positive semi-definite,
ie.,

N N
c"Ag xc= Z Z cjer K(zj,m,) =0 forallc = (cp,...,en)" e RY. (2.9)
j=1k=1

We say the kernel is positive definite on €2, if Ak y is positive definite, i.e., (2.9) is
strictly positive for all c € RV\{0}.

We can directly deduce the following properties.
Lemma 2.8. Let K be a positive semi-definite kernel on 0 < R? then
(i) K(z,z) >0 and K(z,z) > 0 if K is positive definite for all x € €.

(ii) the kernel aK is positive semi-definite for all a = 0, and aK is positive definite
for all a > 0 if K was positive definite.

In the following chapters, we will solely work with symmetric positive (semi-) definite

kernels, i.e.,
K(z,y) = K(y,x) for all z,y € Q.

This is because these kernels are closely related to reproducing kernel Hilbert spaces,
which we consider in Section 2.3.
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Lemma 2.9. Let K be a symmetric positive semi-definite kernel on Q € R? then
(i) the estimate K(x,y)? < K(x,2)K (y,y) holds for all z,y € 2.
(i) K is bounded on 2 x Q0 if and only if K is bounded on the diagonal

{(z,2) : 2€Q} cQxQ.

(111) K wvanishes if and only if K equals zero on the diagonal.
Proof. Let X = {z,y} < Q. As Ak x is positive semi-definite, it is
0<det (Axx) = K(z,2)K(y,y) — K(z,y)? for all z,y € Q,

which yields (7). The second statement is a direct consequence of (i), and property (ii7)
immediately follows from (7). [ |

Given Section 2.1, investigating positive semi-definite kernels may seem superfluous
since we cannot guarantee a unique solution to the interpolation problem without any
further steps. In Section 2.3, however, it turns out that symmetric positive semi-definite
kernels are reproducing kernels of Hilbert spaces, which in turn include the set of all
possible interpolants. The analysis of these so-called native spaces provides insights into
the interpolants’ properties such as structure and approximation quality. Lemma 2.10
below, shows that the pairwise distinctiveness of X is not a necessary condition for
the positive semi-definiteness of Ag x. This fundamental observation is important in
Chapter 7 and Chapter 6, where anisotropic product and summation kernels are studied.

Lemma 2.10. Let Xy = {x1...,zx} S Q be a pairwise distinct point set and K a pos-
itive semi-definite kernel on §). Furthermore, let 1 = zn11 and Xy = Xy U {xni1}-
Then the interpolation matriz Ak x, ., s positive semi-definite.

Proof. We can write the interpolation matrix as a block matrix

AKX B AK,XN AK,XN €1
s - T
N1 e Agxy Ky, ons1) )7

where e; denotes the first unit vector. Let ¢ € RV, ey, € R be arbitrarily chosen and
c= (c’, cN+1) e RV+L,

Then

T /T / T /
C AK,XN+1 cC = C AK,XN c + (CN+1€1) AK,XN C

+c Ak xy eniier + i K(Tns1, Tni)
T
= (C, + CN+1€1) Ak xy (Cl + CN+1€1)

=0

Y

since ¢y K (n41, 2n41) = 1 K (21, 1) = (envsrer)” Ak xy (cnrer). u
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Remark 2.11. The above lemma implies two findings:

1. For the matrix Ag x to be positive definite, it is necessary for X to be pair-
wise distinct. This is because with cy;1 # 0 and ¢ = —cyy1e1 the vector
c=(,engr) #0but ¢ Ak xy,, c=0.

2. Lemma 2.10 can quickly be generalized to the assertion: If K is a positive semi-
definite kernel on €2 and X < ) is an arbitrary finite set of data points, the
interpolation matrix Ak x is positive semi-definite.

Next, we introduce two subclasses of kernels. For each of them, a characterization
regarding their positive definiteness is presented. This, in turn, helps in finding specific
examples of positive definite kernels.

A translation is a mapping T; : R? — R? given by z — £ — x for a fixed value
¢ e RY If K is invariant regarding all translations Ty it is in particular invariant
regarding 7. We obtain

K(z,y) = K(To(2), Th(y) = K(z — 2,2 —y) = K0,z —y)  forall z,y e R".
Hence, K can be viewed as a function acting on one variable only, i.e.,

O(x) := K(0,z) for all z € RY.

Remark 2.12. For every translation-invariant kernel K : R? x R? — R there exists a
univariate function ® : R — R such that

K(z,y) = ®(x —y) for all z,y € R%.

We call ¢ a positive (semi-)definite function if the corresponding kernel K is positive
(semi-)definite.

The subsequent statements directly follow from Remark 2.12, Lemma 2.8, and
Lemma 2.9.

Lemma 2.13. Let K be a positive semi-definite translation-invariant kernel on Q < R?
with univariate function ®. Then 0 < ®(0) and

Kz —2zy—2z2) = K(z,y) for all x,y, z € Q.
If K s also symmetric, then
(i) ® is an even function, i.e., ®(—x) = ®(x) for all x € Q.
(i) ® is bounded, i.e., |®(x)] < ®(0) for all x € Q.

(i1i) ®(0) = 0 if and only if & = 0.
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We introduce a second, even smaller, yet important subclass of kernels. This is the
class of kernels K that are invariant under translations and rotations, i.e., they satisfy

K(z,y) =K (Tg(x),Tg(y)) and K(z,y) = K(Az, Ay) for all z,y € RY,

all translations T and all rotation matrices A. For every £ € R? there exist a rotation
matrix A¢ € R4 such that A& =||€||, €1, where e; denotes the first unit vector. This
yields

K(z,y) = K (Ap—y®, Apyy) = @ (Ap-y = Ap-yy)
=@ (Ap_y(z—y) =@ (lz — yll,e1) for all z,y € Q.

This enables us to describe the kernel K using a function ¢ acting on a single dimension
$(llz —yly) =2 (lr —ylye1) = K(w,y)  foralla,yeQ.

Remark 2.14. For a translation and rotation invariant kernel K : R? x R — R there
exists a one-dimensional radial basis function (RBF) ¢ : [0,00) — R such that

K(z,y) = ¢(||lz — yll,) for all z,y € €.

We call ¢ positive (semi-)definite if the corresponding kernel function K is positive
(semi-)definite. Note, that these kernels are as well referred to as radially symmetric or
simply radial kernels.

Let us focus on the question under which circumstances a bi-variate kernel is positive
(semi-)definite. To do so, we state Bochner’s characterization for translation-invariant
kernels first and thereafter Schoenberg’s characterization for radial kernels. Further-
more, these characterizations are provided with one example of a positive definite kernel
each.

Already in the 1930s, S. Bochner linked the positive definiteness of translation-
invariant kernels to a non-negative Fourier transform (cf. [Boc32|, [Boc33]). Here,
we state the L'-version of Bochner’s characterization, also presented in [Isk18, Theo-
rem 8.7].

Theorem 2.15 (Bochner). Let ® € C(RY) n LY(R?) be an even function. Then ®

is positive definite on R? if and only if its Fourier transform ® is non-negative and
non-vanishing.

Example 2.16 (Askey). The radial characteristic kernel of R. Askey (cf. [Ask73]), also
called truncated power function, is given by the RBF ¢, : [0,0) — R, where

(1—r)" forr<1,

0 else.

er) = (11, = {

By Bochner’s characterization this yields a positive definite kernel on R provided that
¢ € N satisfies £ > |d/2]| + 1. For a detailed proof we refer to [Wen05, Theorem 6.20].
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In 1938, I1.J. Schoenberg established a relation between positive semi-definite ra-
dial kernels and completely monotone functions (cf. [Sch38], [Wen05, Definition 7.4,
Theorem 7.14]).

Definition 2.17. A function ¢ is called completely monotone on [0,0) if it satisfies
p e C([0,0)) n C*(0,00) and

(-1 () =0 for all £ € Ny, r > 0,
where ¢® denotes the ¢** derivative of .

Theorem 2.18 (Schoenberg). A RBF ¢ : [0,00) — R is positive definite on every R?
if and only if ¢(\/*) is completely monotone on [0,0) and not constant.

Example 2.19 (Gaussian). The Gaussian kernel, visualized in Fig. 2.1, is given by
K(z,y) = e~elle=vlz, a>0.
Obviously this is a radial kernel with the RBF ¢(r) = e ", Since

d(vr) =e " =i p(r) € C([0,20)) N C*(0, )

and
(_1)£ SO(E)(T) = (‘Uﬁ(—a)g e " =0 for all » > 0,

the requirements of Schoenberg’s characterization hold. This implies positive definite-
ness of the Gaussian on every R

2.3 Native Spaces

With regard to the interpolation problem discussed in Section 2.1, it is crucial to de-
termine which target function f can be approximated arbitrarily well by which kernel.
It is immediately apparent that this is the case if f lies in the union of all possible
interpolation spaces Sg x for X < €,

Skaq =span{K(z,:) : x€Q} = U SK.x, (2.10)
XcQ

or its closure. This section is concerned with the construction of the so-called native
space of K. First, in Section 2.3.1, we introduce the general concept of reproducing
kernel Hilbert spaces and draw the connection to symmetric positive definite kernels
and their native spaces in Section 2.3.2. We go into the structure and properties of
native spaces in Section 2.3.3 and finish in Section 2.3.4 with a special native space, the
Sobolev space.
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2.3.1 Reproducing Kernel Hilbert Spaces

This section addresses the general concept of reproducing kernel Hilbert spaces. We
start with its definition, as given in [Aro50, p. 343], and deduce significant properties
in Theorem 2.21. These are used to prove uniqueness results in Theorem 2.22.

Definition 2.20. The Hilbert space (H,{-,-)) of functions f : & — R s called a repro-
ducing kernel Hilbert space (RKHS) if there exists a reproducing kernel K : Q@ x  — R
that satisfies

(i) K(x,-) € H for all x € Q and
(i) the reproducing property, i.e., f(x) = {f, K(x,-)) for all f € H and all z € Q.

Let us state some basic properties of reproducing kernels, see [Wen05, Theorem 10.3
and 10.4] or [Aro50, p. 344].

Theorem 2.21. Let (H,{-,)) be a RKHS with reproducing kernel K : Q x Q@ — R.
Then

(i) K is symmetric and positive semi-definite.
(i1) the set Skq lies dense in H.

(i1i) the sequence (fn)nen S H converges pointwise to f € H if (fn)nen converges
normwise to f.

Proof.

(i) The symmetry of K follows from the symmetry of the inner product and the
reproducing property of K,

K(xay) = <K(2§', )7K(y7 )> = <K(y7 '),K(.Z', )> = K(y,l’) for all T,y E€ 92
Let X = {x1,...,2x} S Qand ¢ = (cy,...,cx)" € RY then

" Agxc = ZZCM K(zjx;) = ZZQC]‘ <K(mi,-),K(m]~,-)>

i=1j=1 i=1j=1

2
N

— Zci K(Ii,-)7ZCj K(xj’-)> = Zci K(z;,)|| = 0.

i=1

(77) By Definition 2.20 (i) and the fact that H as a Hilbert space is linear, we obtain
Sk < H. Since H is complete, % is a closed and linear subset of H. From
functional analysis (cf. [Musl4, Theorem 4.6]), we know that in this case, H can
be orthogonally decomposed into

H=S5ka® SK,le

where ‘1’ denotes the orthogonal complement. Let f € SKQL be arbitrarily
chosen, then

flz)={f,K(z,"))=0 for all z € Q,
by the reproducing property and the fact that K(x,-) € Skgq. This implies
SK@l = {0} and henceforth Sk o = H.
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(111) Let the sequence (fy)neny S H converge normwise to f € H, i.e.,
\fo—fll—0 for n — co.
This implies
Ful) = £ = [Cu = £ K G )] <= S I ) — 0
for all z € 2 and n — oo.
|

The following theorem proves that every reproducing kernel has a unique RKHS
and that every RKHS is has a unique reproducing kernel. For a detailed discussion, see

[Wen05, Theorem 10.11] and [Aro50, p. 343].
Theorem 2.22. The following uniqueness properties hold.

(i) Let K be the reproducing kernel for (Hy,{-,-»1) and (Hz,{-,)2), then H; = Hy

and (-, 1 = (-, .
(it) Let Ky and K, be reproducing kernels of (H,(-,-)) then K; = K.
Proof.
(i) Tt is

(K(z,-), K(,y)n = K(x,y) = (K(2,-), K(9))2 - forallz,y e,

so that the inner products coincide on Sk . Furthermore, Sk o = H;, Hy lies
dense in both spaces, by Theorem 2.21 (iz). Since norms coincide on Sk, a
sequence (fn)nen © Sk is a Cauchy sequence in (Hy,{-,-)) if and only if it is a
Cauchy sequence in (Hg, ., >2) Then there exist functions f € Hy, g € Hy with

o= fllis Ifn —glly — 0 for n — oo.

Using Theorem 2.21 (i4i), we conclude
f(z) = lim f,(z) = g(x) for all z € Q.
n—0o0

This yields H; = H,. Moreover, we obtain

1y = T (1 fall, = T [ fully <[ fll,  forall f e Hy = H,

The polarization identity implies equality of the inner products.

(77) By the assumption and the reproducing property of K; and K, it is

1K (2, ) = Ka(x, )"
<(K1 - KQ)(ma )5 (Kl - K2)<x7 )>
= (K1 = Ky)(
= (K1 — K3)(z,2) = (K1 — K3)(2, @)
=0 for all x € 2.
This implies Ki(x, ) = Ks(x,-) for all z € 2 and hence K; = K.

€, ')7K1(‘T’ )> - <(Kl - K2)('r’ ')>K1(x’ )>
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2.3.2 Native Space Construction

The preceding analysis establishes a one-to-one relations between symmetric positive
semi-definite kernels and RKHSs. Every reproducing kernel is symmetric and positive
semi-definite by Theorem 2.21. This prompts the question of whether every symmetric
and positive semi-definite kernel reproduces a RKHS. Indeed, it can. To demonstrate
this, we follow the approach outlined in [Wen05, Chapter 10.2].

Let K be a symmetric and positive semi-definite kernel on 2 < R?. We equip the
space of linear combinations

Sk =span{K(-,z) : z € Q},
introduced in (2.10), with the bilinear form

o =) ady K(wi,y;), (2.11)

i=1j=1

where f, g € Sk q are of the form

M
f= ch (@i, -) and ¢= Z d; K(yj,-). (2.12)

=1

Obviously, the reproducing property holds on Sk g, i.e.,

2@ vivw) = (f K (0, ).

Lemma 2.23. The mapping (-, )k : SkaxSka — R defined in (2.11) is well-defined,
bilinear, symmetric and positive definite.

Proof. In addition to (2.12) let f, g € Sk o have the representations

N M
Z (Zi,-) and Z K(y;,-)

then
N M

9K = Z Z cidj K(zi,y;) = Zci g9(xi)
:ZZ K(yj, ;) Z ZZ@'JJ K (%, ;).

=17

Hence, the mapping (-, )i is well-defined. Clearly it is bilinear, and its symmetry is
given by the symmetry of K. The property of definiteness is due to the reproducing
property and the Cauchy-Schwartz inequality, which is valid as (-, )k is bilinear. Let
feSkqand {f, f)x =0. Then

!f( | |<fK >K‘ <{f, Hx K(z,z) =0 for all z € Q.
This implies f =0 on (2. |
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We deduce that for any symmetric and positive definite kernel K, the set Sk q,
equipped with the norm ||-||% = ¢, )k, is a pre-Hilbert space. Furthermore, every met-
ric space can be completed by [Musl4, Theorem 4.6]. Consequently, we denote the
completion of the pre-Hilbert space Sk o as the Hilbert space

Hiq = {normwise limits of a Cauchy sequence (,)neny < S KQ}
equipped with the inner product
<f7 g>K = lim <8na tn>K7
n—0o0

where (Sy)nen, (tn)nen © Sk, are Cauchy sequences that converge normwise to f and
g in Hg o. However, the elements of the completion are abstract elements, and we need
to interpret them as functions. To do so, we define

f(z) == lim s,(x) = lim{s,, K(x, )k = {f, K(x, )k for all f e Hkq, v e
n—0oo n—aoo

In fact, any Cauchy sequence in Sk o that converges pointwise to zero also converges

to zero in the norm sense, see [BTA11, Theorem 2|. Hence, we are able to characterize

the native space Hy o of a symmetric and positive semi-definite kernel K as done in

Theorem 2.24 below. The existence of native spaces dates back to N. Aronszajn who

based his thoughts on E.H. Moores results. For more information and detailed proofs
we refer to [BTA1L, Chapter 3] or [Wen05, Chapter 10].

Theorem 2.24 (Moore-Aronszajn). Let K be a symmetric and positive semi-definite
kernel on Q < RY. Then

Hio = {f is the pointwise limit of a Chauchy sequence (S, )neny < SK@}
equipped with the inner product
<f7 g>K = 7}1_{1;10<3na tn>K7

where (Sp)nens (tn)nen © Sk are Cauchy sequences that converge pointwise to f and
g m Hi o, 15 a reproducing kernel Hilbert space with reproducing kernel K. The pre-
Hilbert space Sk q lies dense in Hi q.

The reproducing kernel Hilbert space (Hko,{:, ) k) is called native space of K.

We note, that the Moore-Aronszajn theorem, together with Theorem 2.21 and Theo-
rem 2.22, establishes a one-to-one relation between symmetric and positive semi-definite
kernels K and reproducing kernel Hilbert spaces (H L >) In the following, we use
the notation (7—[ K (o) K) for a reproducing kernel Hilbert space with symmetric and
positive semi-definite reproducing kernel K on 2. When it is clear which space is be-
ing referred to, we omit €2 in the subscript for simplicity. Conversely, if we wish to
emphasize the domain, we use (-, )k q.
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2.3.3 Structure and Properties of Native Spaces

In the context of the interpolation problem described in Section 2.1, certain properties
of the target function f, such as continuity or differentiability, may be known. To
ensure that these properties are preserved in the interpolant, it is crucial to understand
which properties functions in a reproducing kernel Hilbert space (RKHS) inherit from
its reproducing kernel. This section, drawing on [SC08, Chapter 4], examines how the
kernel K influences the properties of Hy o. Additionally, we explore issues related to
the separability and dimensions of native spaces, as well as uniqueness.

Definition 2.25. Let 2 < R% A kernel K on € is
(i) bounded if | K|, = max K(z,z) < 0.
e
(ii) separately continuous if K(z,-) is continuous for all x € 2.

(iii) m-times continuously differentiable for m = 0 if 0“*K : Q x Q@ — R exists and
is continuous for all multi-indices o € Nd with |a| < m, where

0% = 07" ... 07051 .. Og for a multi-index o e N¢.

Equipped with these definitions, we state [SCO8, Theorem 4.23, 4.28, 4.33, and
Corollary 4.36] and [BTA11, Corollary 4] in the following theorem. For the correspond-
ing proofs we refer to the given sources.

Theorem 2.26. Let K on Q < R? be the reproducing kernel of (HKQ, &, >K) Then
the following statements hold.

(1) K is bounded if and only if every f € Hxq is bounded.

(11) K is bounded and separately continuous if and only if every f € Hi q is bounded
and continuous.

(111) If K is continuous, Hy o is separable.

() If K is continuous and bounded,
0

K(z,y) = Z ei(z)ei(y) for all x,y € Q,
i=1

where (e;)ien is any orthonormal system in (Hq,{ k).

(v) If Q2 is an open set and K is m-times continuously differentiable for m >0, it is
HKQ c C™ and

0 f@)| <|flle (@K (z,2))"  forall f e Hygq, 1€

and for every o € N& with |a| < m.
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Let us take a closer look at separable native spaces. While, more general results
can be found in [OS17], the following focuses on exploring the dimensions of H ¢ here.
This focus is due to the fact that separable Hilbert spaces of identical dimensions share
equivalent structural properties. Although the concepts of the power function and the
trade-off principle are discussed in detail in Section 2.4, we introduce them here in
order to show Theorem 2.28. We adopt the definition of the power function provided
by [SH17] in this context.

Definition 2.27. Let K be a positive semi-definite kernel on 2 and X < €2 a finite set
of data points. The power function Pk x is given by

Pg x(z) = |K(-,2) — sk(a).xx|x  forall zeQ,
where sg(. ;) x denotes the orthogonal projection of K(-,z) onto Sk x.

The power function Pk x(x) equals zero if and only if the function K(z,-) lies in
Sk .x. In other words, the power function is positive if and only if K(z,-) is linearly
independent of the set of functions {K(y, ) },ex. Section 2.4, concerned with the trade-
off principle, provides a lower bound for the power function while simultaneously offering
an upper bound for the minimal eigenvalue A, (A K, X) of Ak x, ie.,

P2
Amin (Ag x) < 1leglajvzaf(’x\{:,ci}(:UZ-) for all X = {x1,...,zn}.

For a continuous positive definite kernel K and an arbitrary pairwise distinct point set

X < (1, the interpolation matrix Ak x is positive definite. Hence, its minimal eigenvalue

Amin (AK,X) is positive. In the case where Q < R? is finite, we have Hro = Ska.

Furthermore, we see that {K(y,)}yeq is linearly independent, since

0 < Amin (Ak0) < Proa}(z) for everyz € Q.

Showing that in this case dim Hy o = €.

Let 2 < R? contain inner points or be infinitely countable. Then for every finitely
pairwise distinct point set X < Q we can find zq € Q\X. Using the same arguments
as above, K(zo,-) is linearly independent of {K(y,-)},ex. Hence, the dimension of
H ko must be infinite and because of Theorem 2.26 (7ii) there is a countable basis. We
summarize the above analysis in the following theorem.

Theorem 2.28. Let Ky, Ky be continuous, symmetric and positive definite kernels on
Q < RY, then their native spaces are isometric isomorph to another, i.e.,

Hi, o =~ Hik, 0
Proof. The above analysis shows
dimHKl’Q = dimHK%Q.

Two separable Hilbert spaces H; and Hy are isometric isomorph if they have the same
dimension, see [Werl8, Satz V.4.12]. Theorem 2.26 (7ii) proves the assumption. |
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The following lemma demonstrates that multiplying a kernel by a positive constant
reproduces the same set of functions as the original kernel, and the corresponding
norms are identical up to the positive constant. Referring to the uniqueness results in
Theorem 2.22, this lemma underscores that the uniqueness of the reproducing kernel
pertains to the Hilbert space (H, {:,-)) — which includes both the space H and its inner
product — rather than the space H alone. This topic will be addressed in Section 3.2,
where we analyze the native spaces of summation kernels.

Lemma 2.29. Let a > 0 and K be a symmetric positive semi-definite kernel on ) then
Haorx o = Hi o and the corresponding norms satisfy the relation al|-|| = |||l -

Proof. First we note that aK is still a symmetric and positive semi-definite kernel by
Lemma 2.8. Hence, it is reasonable to look at its native space. We see that f € Sk q if
and only if

c
i i) = —aK i ESa
f= Zc (x; ; —a (x4, ) K0
and the following relation of the norm holds
NN
11l = ZZCZCJ (@i, z;) ZGZZEZEJ aK (s, ;) = al| f[ ¢ -
i=1j=1 i=1j=1

As the norms ||-|| - and ||-|| ,; are equivalent, the completions Hyx and H,x of the set
Sk q for the respective norms coincide, see [Hac12, Remark 4.2]. Let f € Hy o be the
normwise limit of (s, )neny © Sk . Then

1l = T [l = lim allsnl,c = allflla -

2.3.4 Sobolev Spaces

We dedicate this section to an eminent native space, the Sobolev space. Theorem 2.30
shows that native spaces of translation-invariant kernels K can be characterized in
terms of Fourier transforms, as do Sobolev spaces, see Theorem 2.32. We deduce a
reproducing kernel of Sobolev spaces, the Matérn kernel (Ex. 2.33), and introduce an-
other compactly supported kernel, the Wendland kernel (Theorem 2.34). Both kernels
reproduce Sobolev spaces with equivalent norms.

For the proof of the subsequent theorem we refer to [Wen05, Theorem 10.12].

Theorem 2.30. Let K be a symmetric positive semi-definite and translation-invariant
kernel on R? regarding the univariate function ® € C(R?) n L'(RY). Then

Hy pa = {f e L*(RY) n C(RY) : f/\/g € LQ(Rd)}
18 1ts associated native space. The space is a Hilbert space equipped with inner product

(f’ g)HK,Rd - (27T)_d/2 (f/\/ga ,g\/\/g) L2(R4) - (27T)_d/2 J f(g)(z\§W) dw
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Let us recall some basics of Sobolev spaces. These spaces were originally defined
to classify weak solutions of partial differential equations. They consist of equivalence
classes of functions whose weak derivatives up to a certain degree lie in a certain LP
space (cf. [McL00, Chapter 3]). Here, we restrict p = 2.

Definition 2.31. Let D® denote the weak derivative for a muli-index o € N4, The
space
W™ (RY) = {f e L2(RY) : Df e LX(RY) for all |a| < m}

equipped with the inner product

<f7 g>WM(Rd) = Z <Dafa Dag>L2(]R’1)

lal<m
is called Sobolev space of order m € N.

These spaces can be generalized to m € R, as discussed, for example, in [DNPV12].
Furthermore, they are Hilbert spaces and equivalent to the so called fractional Sobolev
spaces, as m € R is allowed, or Bessel potential spaces (cf. [McL00, Theorem 3.18]).

Theorem 2.32. For m > d/2, the Sobolev space W™(R?) is given by the following set
of functions

m/2
R P R ON (R Ny e D)
Furthermore, the norm induced by

S = 20 [ Flpge) (1+wl3)” do (2.13)

is equivalent to |||l yym gay-

Note, that Sobolev spaces W™(R?) are spaces of equivalence classes, due to the
integral representations. Still, each class contains a C™ representer (cf. [Eval0, Chap-
ter 5.2.1]). Here, we interpret W™ < C™. Moreover, we can view the non-negative and
non-vanishing weight function in (2.13) as a Fourier transform of a function ®, i.e.,

&= (1+)12) "

By Bochner’s theorem, the function ® is positive definite on R¢, and it is possible to
derive its explicit form up to a constant factor
el K

m—d/2([2]l2)
d(z) = —2 2m—1l“(né) 2 for m > d/2,

where K, denotes the modified Bessel function second kind of order v (cf. [Fas07, Chap-
ter 4.4]). Hence, the kernel given by K (z,y) = ®(z — y) for z,y € R? is the reproducing
kernel of W™(R?) and ||-||  is equivalent to|||| ym (rey because of Lemma 2.29. This gives
rise to the Matérn kernels, first introduced in [Mat86], and often used in statistics.
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Example 2.33. The Matérn kernels, also called Sobolev splines because of their con-
nection to Sobolev spaces, are radial kernels given by the RBF's

Tm_d/sz_d/g<7">
2m=1T"(m)

Q/J%_m(T) = for m > d/2,

where K, denotes the Bessel function of the second kind of order v. The corresponding
radial kernel K,(z,y) = v¢(||x — y||,) is positive definite on R? for d < 2m. We list
representatives of the Matérn RBFs in Tab. 2.1 and visualize them in Fig. 2.1.

Using Lemma 2.29 and the analysis above we deduce that the native space corre-
sponding to the RBF 1), is given by the Sobolev space W(@+D/2+{(R%) with equivalent
norms. Furthermore, we observe, that the functions ¢, do not depend on the dimension
d. With Schoenberg’s characterization, vy is positive definite on every R¢. Additionally,
we have ¥y(||-||) = ®, € C?*. This implies K,(x, ) = ®y(x — -) € C* for all x € RY, and
Theorem 2.26 yields Hy ge < C*(R?) for every dimension d € N. The differentiability
of kernels gains on importance in Section 2.4.1. There, high differentiability is found to
be associated with good approximations.

Definition Native space Differentiability of ¥,(||-]|)
dolr) = o W e
dhilr) = (L+r)e” W ¢

d+5
2

Po(r) = (3+3r+1r?)e™" c*

Table 2.1: Representatives of the Matérn RBF's up to a dimension dependent scaling
factor

We introduce another family of positive definite kernels reproducing to Sobolev
spaces, called the Wendland kernels. The following is based on Chapter 9 of H. Wend-
land’s book [Wen05].

A kernel that satisfies
K(z,y) =0 ifflz—yl, =R

for some R > 0 is called locally supported. Such kernels are beneficial in interpolation
theory since their interpolation matrices Ak x are sparse. For now, we focus on ra-
dial positive definite kernels K with one-dimensional function ¢. Hence, K is locally
supported if and only if there exist R > 0 such that ¢(r) = 0 for all » > R. Using
a general formulation of Bochner’s theorem it is possible to show that a continuous,
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univariate and compactly supported function ® cannot be positive definite on every
R?, see [Wen05, Corollary 9.3]. We point out, that the characteristic kernels and the
Matérn kernels, introduced in Ex. 2.16 and Ex. 2.33 respectively, align with this result.
The Matérn kernels are positive definite for every dimension and have global support,
whereas the characteristic kernels ¢, are locally supported, and their positive definite-
ness is restricted to R, with ¢ > |d/2| + 1. This provides reason for working with fixed
dimensions. H. Wendland constructed piece-wise polynomial functions with compact
support using the radial approach

o(r) = {pm osrst (2.14)

0 r>1,

where p denotes a one-dimensional polynomial. Note, that the truncated power function
already is a first example. We state [Wen05, Theorem 9.13] and [Wen05, Theorem 10.35]
without proof, and refer to the same reference for a precise definition of the polynomials

DPd k-

Figure 2.1: Visualization of the RBFs given in Ex. 2.19: Gaussian with a@ = 2
(black), Tab. 2.1: Matérn’s ¢, (blue), and Tab. 2.2: Wendland’s ¢, (green) and
¢3¢ (red) for ¢ = 0,2.
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Theorem 2.34. The RBFs ¢q, of the form

R
with a one-dimensional polynomial pay of degree |d/2] + 3k + 1 are
(i) positive definite on RY.
(ii) Their symmetric extensions lie in C**(R).

(11i) They are of minimal degree for given space dimension d.

(iv) If ¢ is another function of the form (2.14) and with C**(R) extension, it is
¢ = cpay for a constant ¢ > 0.

These RBFs give rise to the Wendland kernels.

Theorem 2.35. Let ¢q) be a Wendland function and d = 3 if k = 0. Then
%¢dk(Rd) _ W(d+1)/2+k(Rd)

with equivalent norms.

We explicitly state Wendland’s RBFs used later in this thesis in Tab. 2.2 and vi-
sualize them in Fig. 2.1. Note, that ¢; ¢ equals the truncated power function out of
Ex. 2.16 for [ = 1.

C k=0 C4 k=2
d=1 Pr1o(r) =(1—7), r2(r) = (1— r)i (872 4+ 5r + 1)
d<3 $30(r) = (1 —7)> G32(r) = (1 —1)S (3502 + 18r + 3)

Table 2.2: Wendland’s radial basis functions

Remark 2.36. We conclude this section with a brief remark on the omnipresent Gaussian
kernel (Ex. 2.19). Since it is C™, its native space is very small. Indeed, G.E. Fasshauer
and Q. Ye showed in [FY11] that its native space is contained in every W™ n C°,
m € N, where C;° denotes all bounded C* functions. For a detailed analysis of the
Gaussian kernels’ native space, we refer to [SC08, Chapter 4.4]. There, among other
findings, it is demonstrated in Corollary 4.44 that for an €2 with a non-empty interior,
the only constant function in the Gaussian’s native space is the zero function.
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2.4 Interpolation

This section states results on the numerical stability (Section 2.4.2) and accuracy (Sec-
tion 2.4.1) of the interpolation method introduced in Section 2.1.

In Section 2.4.1 we have to assume that the target function f lies in the native space.
In fact, results on the interpolant without prior knowledge on the space of the target
function are few. It is still possible to show, that the chosen interpolant has minimal
norm under all functions s € Hg(f2) interpolating the data fx. We state [Wen05,
Theorem 13.2].

Theorem 2.37. Let K be a symmetric positive definite kernel on 2 and X < Q be a
finite and pairwise distinct point set. Furthermore, let the function values fy,..., fx € R
on X be given. Then

HsvaHK =min {|s||x : s€ Hx(Q) fulfilling the interpolation condition (2.1) }

2.4.1 Approximation Error

This section is concerned with the approximation error between the target function
f € Hiq and its interpolant spx x € Sk x of (2.7). We take a look at the error
measured in the native space norm and state an upper bound for the pointwise error
depending on the power function (Theorem 2.40). It turns out that the power function
can be bounded in terms of the fill distance (Theorem 2.43). This section finishes with
a result regarding the convergence of this interpolation method (Theorem 2.45).

We display an orthogonal decomposition of a native space as done in [Isk18, Corol-
lary 8.28] and [Wen05, Lemma 10.24f.]). As the interpolation space Sk x is a closed
linear subspace of the Hilbert space Hg o, there exist an orthogonal complement of
Skx in Hi o by [Musl4, Theorem 10.12]. This orthogonal complement turns out to
be the set of functions which are zero on X.

Theorem 2.38. Let K be a symmetric and positive definite kernel on Q and Hy q its
native space. For any finite and pairwise distinct point set X < €1, the space Hi o can
be orthogonally decomposed as

Hro=Skx® {f €eHrgao : fx = 0}.

For a target function f € Hik o and its unique interpolant sy i x € Sk x on X it is

11 =llssrexllie +117 = spmexlli
With this theorem we immediately conclude that the interpolant sf i x is the best
approximation to a target function f € Hg o from the interpolation space Sk x, as the
interpolant sy k x is the orthogonal projection of f onto Sk x.

Lemma 2.39. Let the setting of Theorem 2.38 hold. Then
I = sprxlle <If=sle  forallse Skx.

Furthermore, it is
1 = sl e <N fllx-
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The above provides information about the error in the native space norm. As
established in Section 2.3, this norm is closely related to the pointwise error due to the
reproducing property. We leverage this relationship to derive a pointwise error bound.
We interpret K(x,-) as a function on € and use its interpolant/orthogonal projection
SK(z,),k,x onto Sk x. Let the interpolants of f and K (x,-) be given by

N
SEKX = Z ci K(x5,-) and SK(2,),K,X = Z di K(z;,-).

=1

We compute
N
sprx(@) = )¢ K(x, )
i=1

N
= Z di {f, K(xj,)) = {fs SK(@).5.X ) for all = € Q.
=1

=

N
2 idj K (x5, ;) = Zdjf(xj)

j=1

an

Together with the Cauchy-Schwartz inequality, this implies the following error bound

£) = spaex(@)] = | Klw) = sieomadg
<l || K (2, -) = SK(r,v),K,XHK for all z € Q.

We note that the right factor is independent of the target function f and corresponds to
the power function Pk x of Definition 2.27. The above is summarized in the following
result, which is also discussed in various literature, such as [Wen05, Theorem 11.4].

Theorem 2.40. In the setting of Theorem 2.58 the pointwise error can be bounded by
|f(2) = sprx (@) < Prx (@) [[fllg forallze Q.

This reveals two adjusting tools to improve the pointwise error. The power func-
tion on the one hand side, depending on the kernel K and the point set X, and the
native space norm of the target function on the other. Regarding the analysis of na-
tive space norms we refer to Section 3.2 and concentrate on the power function, for now.

The power function Py x(z) measures the minimal distance between the function
K (z,-) and the interpolation space Sk x in the native space norm. We directly see that
Py x(xz) = 0 if and only if z € X. One gets the idea, the further away x from X, the
larger Pk x(x). To illustrate this, let X = {z1,..., 2y} and K satisfy

K (z,y) — K(z,2)| < L/2 |ly — 2|, for all z,y,z € (2.15)
and a constant L > 0. This is for example satisfied by a C* RBF. Then
Prex(e) = min [ (z,) = sl
< min [|K(z, ) = K(zi, )|

1<i<N

< L min ||z — x|, for all z € Q.
1<i<N

This justifies the definition of the fill distance as the radius of the largest ball in €2 that
contains no element of X, as done in [Wen05, Definition 1.4].
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Definition 2.41. The fill distance of a finite set of points X = {z1,..., 2y} € Q for a
bounded domain ) is defined as

hxgq = sup 12?}\7“96 — zill, -

In the definition, we restrict €2 to a bounded domain. Naturally, we could extend
the concept of fill distance to non-bounded domains as well. However, in such cases,
we would have hx o = o0, rendering it impractical since our goal is to find an upper
bound.

Even though most standard kernels satisfy the Lipschitz condition (2.15), this is not
necessarily the case for the nonstandard kernels introduced in the upcoming sections.
Still, it is possible to bound the power function from above in dependence of the fill
distance. To do so, we introduce the interior cone condition on (2, as presented in
[Wen05, Definition 3.6].

Definition 2.42. The set Q < R? fulfills the interior cone condition (ICC) if there
exist an angle 6 € (0,7/2) and a radius » > 0 such that for every x € {2 a unit vector
&(x) exists such that the cone

C(x,&(x),0,r) :={z+ Xy : yeR |y, =1, y"&(x) = cosf, Ae[0,r]} (2.16)
is contained in €2.

We present the general result of [Wen05, Theorem 3.14 and Theorem 11.9] for bound-
ing the power function in terms of the fill distance.

Theorem 2.43. Let K be a translation-invariant kernel with univariate function
d e C(RY), and Q = R? be a bounded set satisfying an ICC for an angle 0 € (0,7/2)
and a radius r > 0. For a finite pairwise distinct point set X < Q satisfying hx o < ho,
the power function can be bounded by

P2 (%) < e sup |D(x) — p(x)], for all T € 0, (2.17)
' £EEB(O7 262}1){79)

where p is an arbitrary polynomial from m,,(R%), m € N and

16 (1 + sin §)* m? P
0 _ —.

. )
3 sin?6 Cy

=9 =

Remark 2.44. The right hand side of (2.17) can be bounded by a function Fg ¢ depend-
ing on (the smoothness of) ® and the interior cone condition of €2, and acting on the
fill distance hx . Hence, for every translation-invariant kernel with univariate func-
tion ® € C'(R?) and bounded set Q = R? satisfying an ICC, there exist an increasing
function Fp o : Ry — R4, so that

P;X(x) < F<I>7Q<hX7Q).
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o(r) F(h)
Gaussian, Ex. 2.19 e ™ >0 e’cw, c>0
Matérn, Tab. 2.1 he(r), 2m =d+20+1 p2m—d
Wendland, Tab. 2.2 Gar(r) p2k+1

Table 2.3: Upper bounds on the power function Pfﬂ  in terms of the fill distance
hx .o

We provide upper bounds on PIQQ v, presented as functions F' on the fill distance
hxq in Tab. 2.3. See [Wen05, Chapter 11], [Fas07, Chapter 15.1], and [Sch95] for the
corresponding proofs. In Fig. 2.2 (right), it is visible that an increase of smoothness of
the Wendland and Matérn kernels improves the bound.

We complete this section with a general statement regarding the convergence of
the proposed interpolation method. A sequence of interpolants (s,),eny converges to
the target function f € Hp o if the corresponding point sets (X, )nen fill up the whole
domain €, see [Isk18, Theorem 8.37.

Theorem 2.45. Let K be a continuous symmetric positive definite kernel on a bounded
set @ < R and (X,,), .y @ sequence of finite pairwise distinct point sets in 0 such that

hx,a \ 0 forn — 0.
For a target function f € Hi o and its unique interpolants (sfﬂxn)neN it 1S

Hf_sf,XnHK—>O for n — oo.

2.4.2 Numerical Stability

We are looking into the numerical stability of the interpolation problem stated in Sec-
tion 2.1. A system is called stable, if an error on the input data does not affect the
result too much. The condition number, which is a measure of stability, gives reason to
examine the maximal and minimal eigenvalue of Ak x. In Theorem 2.48 we present a
lower bound for the minimal eigenvalue and apply the theorem to our example kernels.
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Condition Number Let us for now consider a general linear system
Ax =D (2.18)
for a matrix A € R¥*M and a second system with an error Ab in b
A(x + Azx) = b+ Ab,

where Az describes the resulting error in x. Let ona.c and oy, be the largest and
smallest singular values of A. We immediately see, that

1l < omaxllzll,  and  [JAD|l, = omin[|Az]],,
as A(Ax) = Ab by linearity. Let oy, # 0, then

|A2lly _ G 401,

[E P

where the quantity ||Abl[,/||b]|, denotes the relative change in the right-hand side of
(2.18) and ||Ax||,/||lx|, is the resulting relative change in the solution. We see, that a
change in the right-hand side of (2.18) can cause a change in the solution oyax/0min
times as large. This relative error factor is called the condition number of A.

Definition 2.46. Let A € RV*M  then its spectral condition number for inversion is
given by

Omax (A)

Omin (A)’

where opax (A) and oy, (A) denote the highest and smallest singular value of A. The
problem of (2.18) is referred to as ill-conditioned if the condition number is high and
hence a small error in the input data causes a big change in the solution, and well-
conditioned if not.

condy (A) 1=

Let us return to the interpolation problem. As we use symmetric and positive
definite kernels K, the interpolation matrix A x is symmetric and positive definite for
every finite pairwise distinct point set X. Hence, the singular values of Ak x are equal
to its eigenvalues and its condition number is given by

conds (AKX) = A

where A ax (A K, X) and Apin (A K, X) denote the largest and smallest eigenvalue of A x.
This gives a first reason to study minimal and maximal eigenvalues of interpolation
matrices.
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Maximal Eigenvalue To find an upper bound on the maximal eigenvalue of the
interpolation matrix, we apply Gershgorin’s circle theorem onto the interpolation matrix
Ak x. It implies that for every index j = 1,..., N, the following inequality holds

N
’)\max_K(Q:jaxj” < Z K(x“'rj)

i=1,i%]

Hence,
Amax < N HK<a ')HLOO(XXX)

and if K was translation-invariant it is
Amax < N @(0)

by Lemma 2.13. Even though N can grow very fast for high dimensions, numerical
tests show that the maximum eigenvalue causes no problems.

Minimal Eigenvalue Let {z1,...,2x} = X € Q be a finite pairwise distinct point
set and the kernel K be continuous, symmetric and positive definite. For the vector
c=(1,-1,0,...,0)T e RV it is

V2 Aain(Ak x) = Amin(Ax x)llell3

CTAK’XC

c (K(xl,wl) + K(ZBQ,LEQ)) — 262K (1, 72)
K(z1,m1) + K(22,22) — 2 K(x1, x2).

N

If o — x4y, then K(x1,23), K(z3,29) —> K(x1, 1) since K is continuous and the
right-hand side tends to zero. This shows that if X contains points that lie close
together the minimal eigenvalue is small. We introduce the separation distance, as
done in [Wen05, Definition 4.6], to measure the minimal distance between points in X.

Definition 2.47. The separation distance of a finite point set X = {xy,...,zn} is
defined by
1

o = il ],

We note, that the separation distance gx can be seen as the maximal radius » > 0
such that all balls B, (z;) for i = 1,..., N are disjoint.

Next, we state the general result of [Sch95, Theorem 3.1, which provides a lower
bound on the minimal eigenvalue of Ak x in dependence of the separation distance.
Thereafter, in Tab. 2.4, we present bounds for the introduced specific positive definite
kernels.
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Theorem 2.48. Let K be a translation-invariant kernel with univariate function ®
such that ® possesses a positive Fourier transform ® € C(RN{0}). With the function

o(M):= inf ®(w)

llwll,<2M
a lower bound on Amin(Ak x) s given by

(M) (M
Aumin(Ar,x) 2 5 T'(d/2+1) (23/2>

for any M > 0 satisfying

12 (w22 1))
s 2 (rd2+ D) _
gx 9

Remark 2.49. We see that for every K satisfying the requirements of Theorem 2.48,
there is a monotonously increasing function Gg¢, depending on the separation distance
¢x, that bounds the minimal eigenvalue of the interpolation matrix A g x from below.
This function G is, up to a constant depending on the dimension, listed in Tab. 2.4 for
our example kernels, and visualized in Fig. 2.2 (left). For proofs, we refer to [Wen05,
Corollary 12.4 and 12.8] and [Sch95, Section 3].

o(r) G(q)
Gaussian, Ex. 2.19 e >0 (20) =42 e_%q—d
Matérn, Tab. 2.1 Ye(r), 2m =d + 20 + 1 g2
Wendland, Tab. 2.2 Gar(r) PRy

Table 2.4: Lower bounds on A, in terms of the separation distance ¢x

In Fig. 2.2 (left), we observe that the function G for the Gaussian, with a = 2, is
vanishingly small. Hence, we can expect the interpolation problem to be ill-conditioned.
With regards to the Matérn and Wendland kernel, we see that increasing smoothness
deteriorates the bound.

2.4.3 Trade-Off Principle

Let us condense the main statements out of Section 2.4.2 and Section 2.4.1:

1. The bigger the smallest eigenvalue of the interpolation matrix, the more stable
the interpolation method.

2. The smaller the power function, the better the approximation error.
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Figure 2.2: Left: Visualization of the function G(¢x ) given in Remark 2.49 providing
a lower bound on A, of Ak x. Right: Visualization of the function F(hgq x) given
in Remark 2.44 providing an upper bound of PIQQ y- G and F are presented for the
Gaussian with a = 2 (black, Ex. 2.19), Matérn’s ¢, (blue, Tab. 2.1), and Wendland’s
¢ay (red, Tab. 2.2) for £ = 0, 2.

We presented a lower bound for the smallest eigenvalue regarding our example kernels
in terms of the function G depending on the separation distance gx, and an upper
bound on the squared power function in terms of a function F' depending on the fill
distance hq x. For the Matérn and Wendland kernels the functions G and F' coincide
(up to an X-independent constant), see Fig. 2.2. In case of gx < hq x we have to decide
between good stability and small approximation error, as we cannot combine it.

This is not only the case for Matérn and Wendland kernels. We derive a relation
between the smallest eigenvalue and the power function in a more general setting. Let
K be a symmetric and positive definite kernel on Q € R? and {z1,...,2x} = X < Q
be a pairwise distinct point set. Furthermore, let w.l.o.g. the minimum of the power
function be taken at xq, i.e.,

Pg x\(ayy (1) = in Pi x\fa) (i)

Let the interpolant sk (s, )k, x\{z;} have the form

N
SK(z1,),K,X\{z1} = Z ¢ K(w;,-)
1=2

for c = (=1,¢y,...,cy)T € RY. Then

. 2
121SHNP12<,X\{%}(%) = I%,X\{xl}(:ﬁ) = HSK(a:1,~),X\{x1} —K(fﬁa')H

N ? (2.19)

= ZCi K(z;, )| = ||CH§ Amin(Axg x) = Amin(Axkx).

i=1

\%
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This inequality, together with the statements 1 and 2, demonstrates that it is impos-
sible to achieve both arbitrary high accuracy and good stability simultaneously. This
dilemma is referred to as the trade-off principle (cf. [Wen05, Chapter 12.1]) or Sch-
aback’s uncertainty relation (cf. [Sch95]). We address this issue with the approach of
problem-adapted non-standard kernels.









Part 11

Combinations of Kernels






Chapter 3

Summation Kernels

Understanding orthogonal decompositions and subsets of Hilbert spaces is crucial for
several reasons. These decompositions provide a foundational framework for analyzing
functions and operators within a Hilbert space. They enable a clearer understanding
of the geometric and algebraic properties of these spaces, which is essential for various
applications in functional analysis and numerical methods. Moreover, the study of
subsets within Hilbert spaces often leads to significant insights into the structure and
behavior of functions.

The theory of reproducing kernel Hilbert spaces (RKHS) has been extensively devel-
oped with the work [Aro50] from N. Aronszajn in 1950. His contribution to orthogonal
decompositions and subsets of RKHSs, as well as on sums and differences of correspond-
ing reproducing kernels laid the groundwork for understanding the nature of RKHS and
their norms. While examining summation kernels, N. Aronszajn established an order
on the space of reproducing kernels. This order elucidates the subset and norm rela-
tionships within RKHS, forming a basis for further research such as [YIv62], [Sch64],
and [Dri73]. However, none of these studies explores summation kernels in the context
of interpolation, a gap that this chapter aims to address.

In the following, we build on N. Aronszajn’s foundational work and extend the
theory of summation kernels by focusing on their application in interpolation. The
main contributions are:

o Connecting Aronszajn’s Findings to Sobolev Spaces: In Section 3.4, we establish
a connection between N. Aronszajn’s results and Sobolev spaces. This helps in
understanding the relationship between Matérn and Wendland kernels (Corol-
lary 3.24 and Corollary 3.18), which are frequently used.

« Examination of Native Space Intersections: We investigate the intersection of two
native spaces (Section 3.2.3).

o Linking Mercer’'s Theorem to Summation Kernels: In Section 3.2.4, we draw a
connection between Mercer’s theorem and countably infinite summation kernels,
offering a deeper theoretical understanding of these kernels.
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o Influence of Kernel Equivalence Classes on Interpolants: We explore how the
equivalence class of a kernel affects the resulting interpolant, which is crucial for
practical interpolations (Section 3.3) and find a trade-off for kernels schematically
visualized in Remark 3.42.

e Detailed Analysis of Interpolation with Summation Kernel: We explore the ap-
proximation error (Section 3.3.1 ) and numerical stability (Section 3.3.2) of in-
terpolation using a summation kernel, providing both theoretical analysis and
numerical results (Section 3.4).

By addressing these topics, this chapter not only fills a significant gap in the existing
literature but also provides a comprehensive framework for understanding and using
summation kernels in interpolation problems.

This chapter is structured as follows. We define summation kernels and state initial
findings in Section 3.1. Section 3.2 explores the native spaces of summation kernels,
extending results of [Aro50]. We provide fundamentals of summing up spaces in Sec-
tion 3.2.1. As the topic of summation kernels is closely related to the topic of subsets
of native spaces, we devote Section 3.2.2 to this. In Section 3.2.3, we show that the
intersection of two native spaces is a RKHS and compare norms. Section 3.2.4 links
countable summation kernels to Mercer’s theorem, demonstrating a decomposition into
orthogonal RKHSs. Section 3.3 examines interpolation with summation kernels, em-
phasizing error minimization (Section 3.3.1) and stability (Section 3.3.2). In Section 3.4,
we provide supporting results for the theoretical analysis.

3.1 Definition and Basic Properties

In the following, we provide a precise definition of summation kernels, visualized in
Fig. 3.1, and state basic findings regarding positive definiteness (Theorem 3.2),
translation-invariance and radial symmetry (Lemma 3.3).

1 1 1
0.8
0.8 15
0.5 0.5 0.5
0.6 0.6
[)7 . Ui . 07 . 1
0.4 0.4
—0.5 —0.5 —0.5 4 -
0.2 0.2 0.5
-1+ 0 -1+ 0 -1+ 0

| | | | | 0 | | | s | 0 | | | | | 0

Figure 3.1: Top view of two two-dimensional component kernels resulting from
the Wendland RBFs ¢35, (left) and ¢33 (middle), and the corresponding two-
dimensional summation kernel (right). The black line visualizes supports.
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From now on, we solely consider functions and function spaces on the domain
Q2 = RY. Hence, we shorten the notation for native spaces H o to Hx equipped with
the inner product (-, )k and the corresponding norm ||-||, defined in Section 2.3.2.

Definition 3.1. Let K, : QO x QQ— R for ¢/ =1,..., M, then

K:QxQ—R,
K({L’,y) = sz‘il Kg(l‘,y) for LCUGQ

is called a summation kernel.

Section 2.3 gives reason to work with positive (semi-)definite kernels to ensure the
existence of a native space and unique solutions to the interpolation problem given in
Section 2.1. The observation that the interpolation matrix of the summation kernel K
equals the sum of the components’ interpolation matrices, i.e.,

M
Agx = Z Ak, x, (3.1)
-

facilitates the subsequent statement regarding positive (semi-)definiteness.

Theorem 3.2. The summation kernel K : Q0 x Q@ — R of positive semi-definite
component kernels Ky : Q x Q — R for 0 =1,..., M, is again positive semi-definite.
If at least one component kernel K, is positive definite, so is the summation kernel K.

Proof. Let X < Q a finite and pairwise distinct set of data points. Since (3.1) holds
and each component kernel is positive semi-definite, it is

M
Ak xc= Z c"Ag,xc=0 for all ¢ € R,
=1

[ |
We note that the set of positive semi-definite kernels equipped with the sum can

be viewed as a commutative semigroup, with K(z,y) = 0 for all 2,y as the neutral
element.

Lemma 3.3. Let K, be kernels on €2 for { = 1,..., M and K be their summation

kernel.
(i) If K, is translation-invariant with uni-variate function ®, for £ = 1,... M,
their summation kernel K is translation-invariant with the uni-variate function
¢ = Ze]\il Dy

(i1) If K, is radial with RBF ¢y for ¢ = 1,..., M, their summation kernel K is a
radial kernel with RBF ¢ = Zé\il Op.

Proof. The subsequent equations provide the required statements:

(i) K(z,y) =0, Ke(z,y) = XL, @z — y)
(i1) K(z,y) = Y0, Ke(,y) = 00, delllz — yll,)-
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3.2 Native Spaces

Subsequently, we study the native space of summation kernels. In Section 3.2.1 we first
develop an understanding of the sum of sets in general. With foundational concepts
of summing up spaces at hand, we examine the native spaces structure of summation
kernels. A particular focus is placed on orthonormal sums.

As the topic of summation kernels is closely related to the topic of subsets of native
spaces, we devote Section 3.2.2 to this. Here, we draw a connection to Sobolev spaces,
elucidating the relationship between Matérn and Wendland kernels. Additionally, we
establish the order ‘<’ on the space of native spaces (and equivalently on the space of
symmetric positive definite kernels), as this order provides insights into the relationship
between component kernels and summation kernels.

In Section 3.2.3, we explore a particular subspace: the intersection of two native
spaces. We show that the intersection is also an RKHS and derive results to compare
native space norms of a function f within the intersection.

Moreover, we establish a link between countable summation kernels and the famous
Mercer theorem out of [Mer(09] in Section 3.2.4. We briefly analyze infinitely countable
summation kernels, demonstrating that the decomposition of a kernel promoted by
Mercer’s theorem can be viewed as a countable summation kernel. Indeed, the native
space of a reproducing kernel is decomposed into infinitely countable orthogonal RKHSs
via Mercer’s theorem.

3.2.1 Fundamental Concepts

In order to settle on consistent definitions and develop an understanding of set combi-
nations in general, we provide basic definitions of the Minkowski sum (Definition 3.4)
and the orthogonal direct sum (Definition 3.7), first. Equipped with these foundational
concepts we examine the native spaces structure of a summation kernel in Theorem 3.9,
based on [Aro50]. Since we are solely working with kernels acting on 2, we omit €2 in the
subscript of native spaces and its inner products. It turns out that trivial intersections,
ie.,

HKl M HKQ = {0}, (32)

of the components’ native spaces are of special interest as in this case they form an
orthogonal decomposition of the summation kernels native space. We emphasize the
benefits of orthogonal sums and derive six equivalence statements of (3.2) in Theo-
rem 3.12.

We begin with the fundamental concept of the Minkowski sum.

Definition 3.4. Let A, < V for / =1,..., M be subsets of a vector space V' then

M M
A:=ZA4= Zag:ageAgforallle,...,M cV
=1 =1

is called the Minkowski sum of {A/}} .
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In Definition 3.4 a unique decomposition of an element in A into elements of A, for
¢ =1,...,M is not ensured. To gain a unique decomposition, the subspaces A, need
to be complemented (cf. [UA22]).

Definition 3.5. Let A, for / = 1,..., M be complemented subspaces of a vector space
V,ie.,

M
AN Z A, = {0} forallm=1,..., M.

£=1L#m

Then, the internal direct sum A of {A,}}., is given by

M M
A:z@Agz Zag:ageAgforallézl,...,M
l=1 =1

Lemma 3.6. Let A be the internal direct sum of the vector spaces A, for 0 =1,..., M.
Then, every element a € A has a unique representation

M
0=
=1

where ag € Ay for all 0 =1,..., M.

Proof. Let a € A have the representations Zé\il ap and Zé\il ay, where as, a, € Ay for
¢=1,...,M. Then,

M M M
A — a, = Z ay — Z as € A, N 2 Ay = {0} forallm=1,..., M.
{=1,#m {=1,0#m {=14#m
This implies a,, = a,, for all m = 1,..., M, thereby ensuring the uniqueness of the

representation of a.
[ ]

Native spaces of positive semi-definite kernels are Hilbert spaces, as demonstrated
in Section 2.3. Hence, we shift our focus to the special case of spaces with an inner
product. Here, the internal direct sum can be characterized in the following way.

Definition 3.7. Let H, for £ = 1,..., M be pairwise orthogonal subspaces of a Hilbert
space with inner product (-, -)y. In other words, from ¢ # m follows H, 1 H,,, i.e.,

<f€7fm>H:O for all fZEHeufmeHm-

Then, the orthogonal direct sum H of H, for £ = 1,..., M is given by

M M
sz@ng ng:fgeHgforallézl,...,M
=1

(=1
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equipped with the inner product

fom =D e 90m,, (3.3)

Whereszé\ilfg,gzZ?ilgg with fy,go€ Hyforall ¢ =1,..., M.

Remark 3.8. In the context of Definition 3.7, it can be demonstrated that the require-
ment for H, to be pairwise orthogonal is equivalent to requiring that H, are comple-
mented.

Having gained an understanding of summing sets with differing structures, we redi-
rect our focus to summation kernels and their corresponding native spaces. N. Aron-
szajn analyzed such spaces as early as the 1950s. Subsequently, we repeat [Aro50,
Part I, §6] and extend the statement by taking more than two component kernels into
account.

Theorem 3.9. Let K, be positive semi-definite kernels on €2 for £ = 1,..., M and
K = Zé\il Ky their summation kernel. Then, the native space Hy of the summation
kernel equals the Minkowski sum of its components’ native spaces, i.e.,

M M
/HK:Z,HKZZ nging’HKszTKZL...,M
=1 =1

The native space Hy is equipped with the norm
M
2 . 2
115 = min § > 1 fell, - (3.4)
=1
where the minimum is taken over all decompositions f = Zé\il fo with f, € Hg, for

(=1,..., M.

Additionally, if the spaces Hy, for £ = 1,...,M are complemented, the Hilbert space
H equals the orthogonal direct sum, 1i.e.,

M
HK = @ HK@,
=1

and

M
<f7 g>K = Z <ff7gf>}(£ y
/=1

where f = Zé‘ilfg and g = Zé‘ilgg, with fo, g0 € Hy, for € = 1,..., M, denote the
unique decomposition of f and g.
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Proof. The proof is carried out trough induction on M.

M = 2: The base case is divided into tree steps. We introduce the outer sum H of Hg,
and H g, , and provide an isomorphism between a special subset of H and the Minkowski
sum Hg, + Hg, in (i). The second step (ii) shows that the summation kernel K is the
reproducing kernel of Hy, + Hg,. At last, step (iii) provides the norm statement.

(i) We define H as the Hilbert space of the outer sum regarding Hy, and Hg,, i.e.,
H = %Kl X HKQ = {(flva) : fz € HK@ for ¢ = 172}7

where the inner product is given by

{(fi f2)s (91:92) ) = {fry 915, +{f2r g2, and .
(fi+ g1, f2+92) = (f1, f2) + (91, 92) for fo, 90 € Hr,, £ = 1,2, (3.6)

Let Hy := Hg, N Hg, be the intersection of both component’s native spaces,
which is reduced to {0} in the additional assumption, then

Hy:={(f,—f) : feHo} < H.
Let us additionally define a mapping ¢ onto the Minkowski sum Hg, + Hg,
o H— Hg, + Hrg,, (fi.fo) — fi+ fa=T.

As the equation (3.6) holds, the mapping ¢ is linear. On the one hand, it follows
that Hy = ker ¢ and hence it is a closed subspace of H. Then the space H can be
written as the orthogonal direct sum H = Hy @ Hy, where Hy < H denotes the
orthogonal complement of Hy in H. On the other hand, we get that ¢ restricted
to Hy is a bijective mapping. We denote

o (f)=(fl. o) e Hy  for feHi, + Hr,, (3.7)
and define the inner product on Hg, + Hg, by
e Dre, v14, = UL )5 (01,90)) = A 900, + {90, (3.8)

for f,g € Hk, + Hx,, where the last equation is due to (3.5). This makes ¢
restricted to Hy- an isometric isomorphism.

With the additional assumption Hp, N Hg, = {0}, it is H = Hy. This makes ¢
an isomorphism between H and Hg, + Hr,. Therefore, (3.8) yields

<f7 g>7‘lK1+7'lK2 = <f1agl>Kl + <f27.g2>K2 .
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(ii) We show that the summation kernel, K (x,y) = Ki(z,y)+ Ka(x,y) for all z,y € Q,

(iii)

is the reproducing kernel of Hy, + Hg,. Clearly it is
K(z,-) = Ky(x,-) + Ka(x,-) € Hg, + Hk, for all = € Q.
We denote ¢! (K (z,-)) = (ki(z,"), k2(z,-)) € Hy. Since
Ki(x,") + Ky(z,-) = K(x,") = ki(x, ) + kao(z, ),

it follows
Ki(z,) — ki(z, ) = — (KQ(:U, ) — Ra(z, ))
and therefore
(Ki(z,") — ki(z, "), Ka(z,") — Ka(,-)) € Ho.
Let f € Hk, + Hx, then the above yields

f@) E fi@) + fie)
= (fi, Ki(z, >K + (f3, Koz, >K2
) (K, ), K@, )y
= (1 1), (), mal )y
+{(f1, fo), (K (z, ) = ma(x, ), Ko () — ka2, -)) )y
=K@

since (f], f3) € Hy and (K, (z,") — ki(z,-), Ka(z,-) — ka(z,-)) € Hy. As a conse-
quence, K is the reproducing kernel of Hy, + Hg,. By Theorem 2.22, the Hilbert
space Hx, + Hx, equals the native space H g and the inner products are the same,
ie.,

<'7 >K = <'7 '>7-LK1+HK2'

Taking the additional assumption into account, we obtain Hx = Hg, ® Hx, by
Remark 3.8.

We intend a characterization of the norm ||-||,,  in Hx without using the auxiliary
space H. Let f = fi + fo € Hi, + Hik,, then

Il 1 felle, = ofow, + o fow,
D fs f2)s i fo)D

= <(f17f2 f17f2 >H

+((f = fls fo = S2)s (fr = fis fo = fa))y
If I+l = £+ £ Bl

(3.8)

This shows
115 = min {15, +11f2l%,}

where the minimum is taken over all decompositions f = f; + fo, where f, € H,
for ¢ =1,2.
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M—M+1: Let K =37 K,and K = 3"7" K,. Due to the induction hypothesis,
it 1s

M s M
Hi =D Hi, and ||f]| = mind DA%, t (3.9)
K
=1 =1
where the minimum is taken over all decompositions f = Zi,wl foe Hi,sothat fr e Hg,
for ¢ =1,..., M. Analogue arguments as in (i) and (ii) provide
M+1

Hic = Hi + Hiaer = ), Hi,

2
and || f||5. = min {Hfo( +||fM+1||§(M+1} for all f € Hg, where the minimum is taken

over all representations f = f + fap+1, where f € Hi and fuy41 € Hi,,,,- In fact, this
equals

M+1

1f e = min < >0 fellg, -
=1

where the minimum is taken over all decompositions f = ZMH fe € f € Hgk, so that
fre Mg, for £ =1,..., M + 1 by the induction hypothesis (3.9).

If the set of spaces {H, }22T" is complemented, then in particular {Hz,}22, is comple-
mented as well. By the induction hypothesis, it is

M . M
He = H d LGy = , ,
K g K, an <f 9>K ;1<fé 9€>Kz

where f = Ze]‘i1 feo, g = Zé\il ge € Hp, with fo, 90 € Hg, for £ = 1,..., M, denote the
unique decomposition of f and §. As 30*, Hy, nHr,, .. = {0} holds by the assumption,
analogue arguments as in (i) provide

M+1

Hie =Hg @ Hiy, = D He,

and
M+1

G ={F3)  + Pt g, = O, o0,
/=1

where unique representatlons of f and g are given by f = f + fup1 = Ze ¢ and
g=0+gpms1 = Ze e Hye, with f,g e Hi and f, g0 € Hy, for 0 =1,...., M+1. W
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Each component kernel K, of a summation kernel K can be connected to a mapping
from Hy onto Hp,, see [Aro50, Part I, §7, Theorem IV].

Theorem 3.10. Let K be the reproducing kernel of Hy, such that K can be decomposed
into symmetric and positive semi-definite kernels Ky and K>, i.e.,

K =K, + K.

Then, this decomposition corresponds to a decomposition of the identity operator
1 : Hx — Hg into positive operators Ly and Lo

I =1L+ L,

where

Lf(2) = (f Kiw, )y, Jor =12 (3.10)
Furthermore, it is Im(Li/Z) = Hg, with the norm HL;/Qf ’K =|Iflx for all f € Hkg, for
£

¢ =1,2. The norm is well-defined since L;Q establishes a one-to-one correspondence
between the quotient space Hy\ker(Ly) and Hg, for £ =1,2.

Conversely, to each decomposition I = Ly + Lo of the identity operator in two positive

operators, it is Im(L;/Q) = Hg, with the norm HL;/QfH =|Ifll for all f € Hg,, where
K.

K, = L/K for ¢ =1,2. Furthermore, K = K1 + K> holeds.

Remark 3.11. In the setting of Theorem 3.10 it is Hx, < Hg, by Theorem 3.9. We
directly deduce, that

HK = HKZ (—Bker(LZ) for ¢ = 1, 2.

Hence, H is an orthogonal sum of Hy, and Hg, if and only if the following relations
hold

ker(Ll) = HKz < HK = HKl @HKQ — ker(Lg) = HKl.

By the definition of the linear operator in (3.10), this is the case if and only if for
ke {1,2) with £ # k,

(f,Ki(z, ))k =0  forall feHy,.
This in turn holds true if and only if
<f> Kg($, )>K = <f> K£($a ')>Kz for all f € HK@ and ¢ = 17 2

by the proof of Theorem 3.9.

Complemented native spaces are advantageous as they provide a unique decompo-
sition, and hence a straightforward formula for the inner product of the summation
kernel’s Hilbert space, as demonstrated in Theorem 3.9. Characterizations for com-
plemented native spaces are extracted from the theory above and cumulated in the
subsequent theorem.
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Theorem 3.12. Let K be the summation kernel of the component kernels Ky and K,
which are symmetric positive semi-definite on 0 < R®. Then, the following statements
are equivalent:

(Z) <K1<x7 ')7 KQ(y7 )>K =0 for all r,Y € Q.
(ii) 7‘[[(1 M ,HKQ = {O}
(111)) Hrx = Hr, ® Hr,-

() Every f € Hx can be uniquely decomposed into f = f1 + fo, where fo € Hg, for
(=1,2 and

o = {f1 900K, + {f2: 92) K05

with f = f1+ f2 and g = g1 + go.
(U) <K€<x7)7f>K = <K4(Z‘, '>7f>Ke fOT’ all f € HKE and all z € Q; l= 172

(vi) There is a decomposition I = Ly + Lo of the identity operator in two positive
operators Ly and Lo, that satisfy ker(Ly) = Hy, for k.l € {1,2} with ¢ # k.

Proof.

(i) = (i7) As the inner product is linear, we quickly see {f1, fa), = 0 for all f; € Sk, q,
¢ =1,2. This can be extended to all f; € Hg,, £ = 1,2, by the definition of the native
space. Then Hy, L Hg, and (ii) follows by Remark 3.8.

(17) = (ii7) See Theorem 3.9.

(13) = (i1) For subspaces U, W of a vector space V', U + W is an internal direct sum
if and only if U n W = {0}, see [AxI15, Theorem 1.45].

(i7) = (iv) See Definition 3.7 and Remark 3.8.

(iv) = (i) The unique decomposition of K;i(z,-) and (K53)(y, ) consists of the kernels
themselves and the zero function in the respective spaces. This yields

<K1(SC, ')7 KQ(yv )>K = <K1(x7 ')7 0>K1 + <07 K2(y7 )>K2 = 0.

(iv) = (v) For any f € Hy, < Hy its unique decomposition is given by f+0 = f € Hy.
Let f € Hg,, then

<K1($, ')7f>K = <K1($, ')7f>K1 +40,0)k, -

(v) = (ii7) See Remark 3.11.
(17i) < (vi) See the second statement of Theorem 3.10 and Remark 3.11. [ |

Remark 3.13. The above statements can be generalized to arbitrary, but finite sums
using induction.
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3.2.2 Subsets

The relation between summation kernels and the concept of subsets of RKHS is signif-
icant. We introduce results of [Aro50] (Theorem 3.16 and 3.17) and establish the order
‘<’ (Definition 3.19) on the space of native spaces (and equivalently on the space of
symmetric positive definite kernels). This order provides insights into the relationship
between component kernels and their summation kernels (Theorem 3.25). Furthermore,
we draw a link to Sobolev spaces in this section, and illuminate the relation between
the Matérn and Wendland kernels in Corollary 3.18 and Corollary 3.24 as they are both
reproducing to Sobolev spaces.

We begin this section with a definition from [Aro50, Part I, §7].

Definition 3.14. Let K; and K5 be symmetric positive semi-definite kernels. If Ko— K,
is a symmetric positive semi-definite kernel, we denote

K « K.
With this definition at hand, we deduce the following statements.
Lemma 3.15. Let K| and K5 be symmetric positive semi-definite kernels.
(i) K1 « Ky if and only if the inequality

N N N N
0 gzzcicj Ky (4, x;) <ZZCZCJ Ky (x4, x;) (3.11)

i=1j=1 1=1j=1
holds for any finite pairwise distinct data set {z1,...,xx} = X € Q and ce RY.

(ii) The relation ‘<’ partially orders the set of symmetric positive semi-definite ker-
nels.

(11i) Let Ky « K, then aK; <« Ky for every 0 < a <1 and Ky < bKy for every b > 1

Proof. The first statement (i) follows directly from Definition 2.7 and Definition 3.14.
We check the requirements for a partial order to show (i).

1. Reflexivity: K « K holds, as K — K = 0 is symmetric positive semi-definite.

2. Antisymmetry: Let K; « Ky and Ky « K;. With X = {z}, c =1 and (3.11) we
deduce
Ki(z,x) < Ky(z,x) (and >).

Hence, K;(z,x) = Ky(x,z) for every x € Q. With X = {z,y}, ¢ = (1,1)T and
(3.11) it is

Ki(z,x) + 2K (x,y) + Ki(y,y) < Ka(x,x) + 2K5(x,y) + Ka(y,y) (and =).

We reduce this inequality to Ki(z,y) < Ka(z,y) (and =) as K;(x,x) = Ky(x,x)
for all z € Q. Which proves K;(z,y) = Ks(x,y) for all z,y € Q.
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3. Transitivity: Let K; « Ky and Ky « K3. By (3.11) it is

N N N N N N
0< Z Z cic; Kq(xg, ;) < Z Z cici Koz, ;) < Z Z cici Ks(xy, ).

i=1j=1 i=1j=1 i=1j=1
This proves K; « K3.

To show the third result (iii) we use (3.11) to gain aK; « Ky and K; « bK, for
0<a<1andb>=1. The transitivity of ‘«’ yields the desired result. |

The relation ‘«’ between to kernels provides information about the relation between
the corresponding RKHSs. We state [Aro50, Part I, §7 Theorem IJ.

Theorem 3.16. Let Ky and Ky be reproducing kernels of the spaces Hy, and Hy, and
let Ky « Ky. Then Hi, © Hi, and || fllg, = fl g, for every f e Hi, .

In Lemma 2.29 we saw, that kernels which only differ by a constant factor reproduce
the same set of functions. However, this relation is not sufficient. The Wendland and
Matérn kernels, introduced in Section 2.3.4, are both reproducing kernels of Sobolev

spaces with equivalent norms. To be more precise, the kernels corresponding to the
RBFs v, (Matérn kernel, Tab. 2.1) and ¢4, (Wendland kernel, Tab. 2.2) are both

reproducing kernels of the Sobolev space W%M(Rd) and their native spaces have
equivalent norms. But, as the Wendland kernel has compact support and the Matérn
kernel does not, they cannot be multiplicands of one another. Nevertheless, we deduce
a relation between the two kernels in Corollary 3.24. To do so, we need [Aro50, Part I,
§7, Theorem II] stated below.

Theorem 3.17. Let the Hilbert space H with the norm||-|| be a subset of Hx,, such that
IfIl = I fll, for every f € H. Then, H possesses a reproducing kernel K satisfying
K1 < Kg.

With Theorem 3.17, we can deduce a relation between the Matérn kernels corre-
sponding to ¢ and ¢1. Since the norms |-, and H'HW#“ are equivalent for ¢ € Ny,

there exist positive constants a,c and C', so that the equations

1 a
gy = =y, <Lyt < allly a1 < Sl = ey,

and
d+1

Hoy, = Hy, = WEm S WH =y, = Hy,
hold for all ¢, m € Ny with ¢ < m. Applying Theorem 3.17 on the special case of the
Matérn kernels 1, results in the following relation, and holds by analogue arguments
for Wendland kernels ¢, 4 as well.

Corollary 3.18. For all {,m € Ny with ¢ < m there exists a constant C' > 0, so that
the Matérn kernels satisfy 1y < C,y,.

For all d € N and ¢,m € Ny with { < m there exists a constant C' > 0, so that the
Wendland kernels satisfy ¢pq < Cp a.
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To simplify notations, we introduce a relation on the set of Hilbert spaces, dating
back to [Sch64, Chapter 7], as well as a relation on the set of reproducing kernels.

Definition 3.19. Let H; and H, be Hilbert spaces. If H; € Hy and c||f||, =]/ f]|, for
a constant ¢ > 0 and all f € Hy, we denote

H, < H,.

Let K7 and K, be symmetric positive semi-definite kernels. If cKy — K is a positive
semi-definite kernel for a constant ¢ > 0, we denote

Ky £ Ks.

The relation ‘<’ is reflexive and transitive for both, the set of Hilbert spaces and
the set of reproducing kernels. Hence, it defines a preorder on both sets. We derive

equivalence statements of these preorders, by summarizing results of [Aro50], [Y1v62]
and [Dri73].

Theorem 3.20. Let the kernels K1 and K5 be reproducing kernels to the Hilbert spaces
(Hi, [||l,) and (Ha, ||-||,) respectively. Then, the following statements are equivalent:

(i) Hy < H,.
(i) Ki < Ks.

(iii) Let (vaz(ln) Ci(n)KQ(',xi(n))> be a Cauchy sequence in H,, then

neN
<Zi]i(1n) Ci(n)K1(',$i(n))> . is a Cauchy sequence in Hy.
(iv) There is a bounded linear operator L : Hy — Hy such that LKs(z, ) = Kq(z, )
for every x.

Proof. The equivalence of (i) and (i7) is a direct consequence of Theorem 3.16 and
Theorem 3.17, and can be found in [Aro50, Part I, §13, Corollary IV,]. The equivalence
of (ii7) can be shown using Theorem 3.9 and the reproducing property. For details,
we refer to [YIv62, Theorem 2.4]. The connection to (iv) was first drawn in [Dri73,
Theorem 1]. This result can be established by applying Theorem 3.10. |

Remark 3.21. Every preorder gives rise to a reflexive, symmetric and transitive equiv-
alence relation. We define the equivalence relation ‘~’ on Hilbert spaces by

Hl ~H2 if and only if Hl SHQ and HQ SHl

In particular, the equivalence relation ‘~” holds for the RKHSs Hx, and H, if and only
if their corresponding reproducing kernels K; and K, fulfill the equivalence relation ‘~’
defined by

Kl ~ K2 if and OIlly if K1 < KQ and Kg < Kl.

This is a direct consequence of Theorem 3.20.
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Equipped with these definitions we deduce the following equivalence statements
from Theorem 3.20.

Lemma 3.22. Let the kernels Ky and Ky be reproducing to the Hilbert spaces (Hy, ||-]|,)
and (Hs, ||-||5), respectively. Then, the following statements are equivalent:

(i) Hy ~ H,
(ii) Ky ~ Ky

(1i1) <Z e n)Kl(‘,xi(n))) is a Cauchy sequence in (Hy, ||||,) if and only if

neN

(ZZ (ln) Citn) K2 (-, xi(n))> is a Cauchy sequence in (Ha, ||-||,)-

neN

Remark 3.23. We want to emphasize the finding of [Aro50, Corollary IV, §13] relying on
the above equivalent statements (i) and (ii). If two kernels K and K3 are reproducing
to the same set of functions Hg, = Hg,, their corresponding native space norms are
equivalent, i.e., there exists constants ¢, C' > 0 so that c||-[| ., <|||, < C]|l g,

This remark, applied to the Wendland and Matérn kernel ¢4, and v, gives the
following.

Corollary 3.24. Forde N, me Ny and d > 3 if { = 0 it s ¢pa0 ~ Ys.

Proof. The kernels corresponding to the radial functions ¢4, and 1, reproduce the

same Sobolev space W%M(Rd) where d € N, £ € Ny and d > 3 if ¢ = 0, with norms
equivalent to the Sobolev space norm. Hence, the norms [|-||,, , and ||-[|,, induced by
the kernel functions are equivalent as well. Lemma 3.22 yields the statement. |

The classification of reproducing kernels into equivalence classes is important for
assessing whether adding kernels to a summation kernel is reasonable.

Theorem 3.25. Let K; and Ky be reproducing kernels and K = Ky + Ky their sum-
mation kernel. Then the following statements hold true:

(i) From K; < Ky follows K ~ K.
(11i) From Ky, ~ Ky follows K ~ Ky ~ K.

Proof. The first finding (¢) is given by Theorem 3.9 and Definition 3.14. Let K; < K>
then C' Ky — K, is a symmetric positive semi-definite kernel for a constant C' > 0.
Adding and subtracting K, gives that (C'+ 1)Ky — (K3 + K) = (C+ 1)Ky — K is a
symmetric positive semi definite kernel. This yields

K=K1+K2<< (C+1)K2

and hence K < Ky. Together with Ky < K of (i), this implies K ~ K5 and (i7) is shown.
If additionally K < K is given, as in (7i7), analogue arguments show K ~ Kj. |
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It is worth mentioning that the equivalence class of a kernel is invariant under the
summation with a kernel of a smaller class. Consequently, the summation of kernels
that do not stand in the ‘<’ relation is of particular interest. Because, in that case the
summation kernel belongs to a third larger equivalence class and is hence reproducing
to a strict superset of every component kernels’ native space.

3.2.3 Intersections

Next, we study the intersection of two native spaces. In Theorem 3.26 we show that
the intersection is again a RKHS and examine the relation of its so-called intersection
kernel to the initial ‘superior’ reproducing kernels. In Theorem 3.27 we provide norm
estimates for functions lying in the intersection.

Theorem 3.26. Let K and K' be symmetric positive semi-definite kernels. Then, there
exists a unique symmetric positive semi-definite kernel k1, called intersection kernel,
such that

M, = Hic N Hic (3.12)

and

s = Px + s D (3.13)
holds for all f,g € H,,. Additionally,

(i) k1 « K and k1 < K'.

(i1) The intersection is trivial Hx n Hyx = {0} if and only if the intersection kernel
R1 = 0.

i1i) There exist positive semi-definite kernels ko and k% such that
2
K = K1 + Ko and K' = k1 + K}, (3.14)

and

Hiy 0 Hyy, = {0} (3.15)
(iv) From K < K’ follows k1 ~ K.
(v) From K ~ K' follows k1 ~ K ~ K.

Proof. The intersection equipped with the inner product {f,g) := {f,¢x + {f, 9K
and norm || f||* = {f, f) forms a Hilbert space. Furthermore, Hx N Hy is a subset of
Hr and Hgr. Since ||f|| = || [l and || f|| = ||f]lx for every function f € Hyx N Hy,
the requirements of Theorem 3.17 are satisfied. Applying it on Hx and Hg: gives the
existence of two reproducing kernels for (Hx n Hy,||-||). By Theorem 2.22, they must
be equal and will be denoted here as ;. Hence, (3.12) holds since

<f7g>l€1 :<fvg>:<fag>K+<f7g>K’
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(1) follows directly from the above construction and Theorem 3.17.

(ii) The statement follows from (3.12). Either the right-hand side equals {0}, hence
{0} = H,., and k1 = 0 follows, or k; = 0 holds and therefore

{0} = Hm =Hrg N Hg.

(11i) Because of (i), the kernels ko := K — k1 and k) := K’ — k1 are symmetric positive
semi-definite. If H,, N H,;, # {0} then x; was no intersection kernel as its native
space did not cover the whole intersection Hyx N Hg:.

(i) Since K < K’ we have Hx < Hgs, by Remark 3.21. This implies the intersection
space to be H,, = Hx and by the construction of s, it is||-||,,, >|/-||x Which gives
the relation H,, ~ Hx and hence k1 ~ K.

(v) is a direct consequence of (iv).

We remark that the intersection kernel x; of K and K’ belongs to third and smaller
equivalence class of kernels if the initial kernels K and K’ are not ordered by the ‘<’
relation. Examining Theorem 3.26 and its proof, we observe that ||f||, > | f|, and
1fNl,., = fllg forall f e H,,. We aim at developing a relation between || f|| - and || f1| -
Note that the orthogonality requirements of the upcoming theorem can be replaced by
any of the equivalent statements of Theorem 3.12.

Theorem 3.27. Let K and K' be symmetric positive semi-definite kernels on Q and
k1 their intersection kernel, so that

K = k1 + Ko and K' = k1 + Ky,

with positive semi-definite kernels ks, KY.
(i) From Hy = He, @ He, follows||fllx = [l for all f e Hy,.

(ii) Let (i) and additionally Hir = He, @ Heyhold. Then, ||fllx = Ifllg for all
feH.

Proof. By Theorem 3.9 it is || f|| , = || f]|,,, for all f € H,, and from the same theorem
we deduce || f||,, = [/fl|g for all f € H,,. This yields the first statement. The second
follows by the additional assumption || ||, =|f]l, for all f € H,, holds.

|

3.2.4 Infinite Sums and Mercer’s Theorem

In this section, we establish a link between the famous Mercer theorem and summation
kernels. To do so, we begin by examining infinitely countable orthogonal decompo-
sitions of native spaces in Theorem 3.28, finding that the corresponding reproducing
kernel can be expressed as an infinitely countable sum of kernels. We then present the
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main result of J. Mercer from [Mer09] in Theorem 3.30, which promotes the infinitely
countable decomposition of a kernel. Finally, Lemma 3.34 demonstrates that this kernel
decomposition corresponds to an orthogonal decomposition of the kernel’s native space.

N. Aronszajn demonstrates that if a RKHS with reproducing kernel K can be de-
composed into complemented subspaces, then there exist reproducing kernels K; and
K, for those subspaces so that K = K+ K3 (cf. [Aro50, Part I, §12] and Theorem 3.10).
Subsequently, this statement is extended to countable infinite sums.

Theorem 3.28. Let K be bounded symmetric positive semi-definite on €2, Hy, subspaces
of Hi, and

HKZ@HKZ{Z]CZ : ngHngTéEN}.
(=1

(=1

Then there exist symmetric positive semi-definite kernels K, for £ € N, so that
a0
K((L’,y) = ZKf(xvy) and (H€7<'7'>K) = (HK137<"'>K£)
=1

Furthermore, >,," | K¢ (z,y) < o for all z,y € Q.

Proof. Let f = 2211 fe,9 = ZZL gr be the unique representations of f,g € Hx with
fe, g0 € Hy for £ € N. Then,

<f?g>K = Zf@a ge

/=1 l=

=Y o900k
=1

K

by the orthogonality assumption. This implies convergence

llfellz =11£1% < . (3.16)
(=1

Let x € Q) be arbitrarily chosen and £} € H, for £ € N be the unique functions representig
K(x,-) € Hg, so that

K(z,) = i ke (3.17)

It follows that

fo(@) = o, K, i = Sk + Y, O ki = fokiyx  forall fye H,.

m=1,m#{

We define Ky(z,-) := kj for all x € Q and ¢ € N. Hence, K} is the reproducing kernel of
the Hilbert space (Hy,<{:,-)k). By the uniqueness properties of reproducing kernels of
Theorem 2.22, it is (Hy, (-, k) = (Hk,,{:, )k,). Consequently, (3.16) and (3.17) turn
into

IfI = Dllfell,  and  K(z,y) = > Ki(x,y).
=1 =1
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This finding and the Cauchy-Schwarz inequality yield

2 K€2< Z ‘<K€ Kf Z/, )>Ke‘

l=1

ZIIKe Wi ey ),

< ZHKe(%‘)II?QZIIKz(y,')||§Q
(=1 (=1

= 1K (@, ) 1KY, )l
= K(z,2)K(y,y) < w0 for all z,y € Q.

We obtain a formula for the component kernels in the case of separable native spaces,
see [BTA11, Theorem 14].

Lemma 3.29. Let Hy be a separable native space with countable orthonormal basis
{er}ien and bounded reproducing kernel K, then there exist an orthogonal decomposition
so that

?{K ::<:>?{KQ7

=1
where Ki(x,y) = ep(x)ei(y) for a countable orthonormal basis {es}en of Hi. Further-
more,

[ee} o0
Z Z and
5 =1 )
Z e;(2)e;(y) < o for all z,y € Q.

Proof. As H is a separable Hilbert space it has a countable orthonormal basis {€/}sen.
— K
Let ¢ € N, then the subset span{e;,} < Hp, equipped with the same inner product

—K
(-, >k, forms a Hilbert space. By Theorem 3.17, span{e,} is a reproducing kernel
Hilbert space, and we denote its reproducing kernel with K,. Hence,

oe]

Hyg = (—B span{eg} (—B He,

/=1

and as [ = >,,7 ,{f, exye, with absolute convergence (basic functional analysis) for all

feHgk it is

<f> g>K = Z<f’ 64>K6579 = Z<f€ag>l{ = Z Z <f€>gm>K = Z<f€ag€>K’
/=1 /=1

K =1 {=1m=1

where f, = (f,epyre, and go = {g,e)xe; € Hg, for all £ € N and the last equation
holds because of the orthogonality.
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Furthermore, it is
Ky(z,y) = <Ke($7 ')K,€e>K eo(y) = ed(x)en(y),

where the first equality holds by Definition 2.20 as Ky(x,-) € spaun{eg}K7 and basic
properties of orthonormal bases in Hilbert spaces. The second equality is due to the
fact that the kernel K, is reproducing regarding the inner product (-, ). Together
with Theorem 3.28, this implies the last required statement. |

The lemma above directs our attention to Mercer’s Theorem first published by
J. Mercer in 1909 (cf. [Mer09]). We state the version of [Wen05, p. 154f]. Let 7 denote
the compact Hilbert-Schmidt integral operator

T f(x) = LK(x,y)f(y)dy, (3.18)

that maps L*(Q2) continuously to Hg o, if K was a symmetric positive semi-definite
kernel on the compact set 2.

Theorem 3.30 (Mercer’s Theorem). Let K be a continuous symmetric positive semi-
definite kernel on the compact set ). Then

K(z,y) = > Meo(@)en(y), (3.19)

where Ay = 0 are the eigenvalues of the continuous eigenfunctions e, regarding T and
the set of functions {e;};", forms an orthonormal basis of L*(Y). The convergence is
absolute and uniform.

So far, we have shown that an infinite orthogonal decomposition of a RKHS corre-
spond to a kernel, which is the infinite sum of the corresponding component reproducing
kernels. Now, we ask whether from an infinite kernel representation, as Mercer’s theo-
rem suggests, it follows that the associated RKHS can be decomposed into an infinite
orthogonal sum of RKHSs. To answer this, we need Lemma 3.31 stating that the in-
finite sum of positive semi-definite kernels remains positive semi-definite. Then, it is
possible to deduce Theorem 3.32 as the infinite version of Theorem 3.9. At the end of
this section, we analyze the orthogonality of the component native spaces corresponding
to the representation of Mercer’s theorem.

Lemma 3.31. Let K, be positive semi-definite kernels on €2 for £ € N such that
K(z,y) = X,2, Ki(z,y) convergences absolutely for all x,y € Q. Then the kernel K
s positive semi-definite.

Additionally, if at least one K, is positive definite, the kernel K positive definite.

Proof. Let X = {x1,...,xy} < Q be a pairwise distinct point set. The positive semi-
definiteness requirement yields

N
Z ciciKo(xi,z;) = 0 forall c = (c1,...,cn) e RY and £ =1,..., M.

h,j=1
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Because of the absolute convergence, we can interchange the sums to obtain

0 N 0 N
Z Z ciciKo(xi, x;) = Z 2 (@i, ;) = Z cic;K(z;,xj) < 0.

The additional statement directly follows from the findings above, as ‘<’ can be replaced
by ‘<’. [ |

Now that we understand the circumstances under which countable summation ker-
nels are positive semi-definite, we can turn our attention to the structure of their native
spaces. Next we show, that the native space of a countable summation kernel is given
by the countable sum of its components’ native spaces. This is the same result as The-
orem 3.9 states, but now for a countably infinite many component kernels. The proof
is similar to the one in the finite setting. Therefore, we solely focus on the differing
details in the proof given below.

Theorem 3.32. Let K, be symmetric positive semi-definite kernels on €2 for € N,
such that K(z,y) = Y-, Ki(z,y) convergences absolutely for all z,y € 2. Then

Hi = {ng . foe Hg, for L e N and ZH]‘}H% < oo}

LeN LeN

and the norm is given by
1 /1I% = min {lelelxg}
LeN

where the minimum is taken over all decomposition Y., fi of f € Hi, with f, € Hg,
for £ e N.

Additionally, let Ki:=Y,.; Ky for an index set I < N and
Hi, 0 Hiy, = {0} for all index sets I = N.

Then
Hi = {f = Zfz : fr€ Mg, for Le N and ZHJ[@H?Q < oo},
LeN LeN

so that the representation Y, fo of f € Hk is uniquely determined, and the inner
product is given by

<f> g>K = Z<f€7g€>Ku

LeN

where Y, fo and Y, ge are the unique representations of f and g € Hy.

Proof. Just as in the proof of Theorem 3.9 that considers the final case, we divide the
proof into three steps.
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(i)

We define the set of series

H:= {(fe)eeN D foe Hi, and ) [|filly, < OO}

leN

Equipped with the inner product

((fe)eens (ge)eenyn == Z<fe> 9K,
=1

H forms a Hilbert space. Furthermore, we define the mapping ¢

p:H— G:= {ng : foe Hg, for £ € N and Z||fg||§(e<oo},

leN LeN

(fe)een — Z fo.

LeN

The kernel space ker(y) consists of the series (f¢)een such that Y, fe = 0. This
is the case, if and only if there exists an index set I < N so that

Dife==> fe

Lel LeN\I

We denote ker ¢ = Hy € H, then Hy® Hy- = H where Hy denotes the orthogonal
complement of Hy in H. With this ¢ | He 18 bijective and we denote

o (f) = (f)een € Hy.

We equip the sum G with the inner product

o 9a = D eem (gD ey = D {fh G

which makes ¢ | g an isomorphism between Hg and G.

Since Y, K¢ = K converges absolutely and Ky(z,z) = || K(z, )||§(/Z for ¢ € N,
we deduce K € G. Furthermore, we denote ¢! (K (x,-)) = (k¢),oy € Hy - Then

o0

Ky(x,) = Z Ke(z,-)

{= (=1

and since
Ki(z,") — ki(z,) = — (2 Ky(z,-) — ke(x, )) ,

we deduce (K; — kg),ey € Ho. Analogously to the proof of Theorem 3.9 we obtain
that

f() = (. K@, o forall feG.
This makes K the reproducing kernel of G equipped with the inner product

<.’ ‘>K = <.’ '>G~
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(iii) Again an analogue computation as in the proof of Theorem 3.9 yields

2

d(fe— 1)

LeN

Dl fellk, =1F1I% +

leN

K

Therefore, the required relation of the norms hold.

Taking the additional assumption into account, we obtain

kero = < (foen = D fo=— >, fop ={0} = H,

el LeN\I

as Dy fo = = Dyewy fo € Hi, 0 My, = {0}, Then, H = Hy and therefore the
required statements hold true. |

Let us return to the representation of K given in Mercer’s theorem (Theorem 3.30).
In order to apply Theorem 3.32, positive semi-definiteness of the component kernels
Ky(z,y) == Aeg(x)ep(y) is required for every ¢ € N.

Lemma 3.33. Let ¢ : Q — R be a function on Q@ < R Then, the composition
K(x,y) = ¢(x)(y) is a positive semi-definite kernel on Q.

Proof. Let {x1,...,2x} = X be a set of points. The interpolation matrix A x is the
dyadic product of (w(xl), o ,w(xN)) e RV and itself with entries (w(xi)w(xj))?;zl.

Therefore, we can deduce positive semi-definiteness as

N N

Z CiCjK<xi7xj) = 2 CiCjw(l‘i)w(xj> :‘

ij=1 ij=1

2

(cawoa) L |

>0 for all c e RY.

Consequently, Mercer’s theorem provides an orthogonal decomposition of the initial
kernel’s native space, as proven below.

Lemma 3.34. Let K be a continuous symmetric positive semi-definite kernel on a
compact set 0 and

K(w,y) = ) Aeo()ed(y)

its representation given in Theorem 3.30. If we denote K,(x,y) = Aeg(x)ei(y), then

”HKz{f=Zf4 . foe Hi, for (e N and Z||f[|ﬁ(z<oo},

LeN £LeN
so that the representation Y, fo of f € Hk is uniquely determined, and the inner

product is given by
<f> g>K = Z<ff7 gK>ng
£eN

where Y, fo and Y,y ge are the unique representations of f and g € H.
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Proof. We deduce that the components Ky(x,y) = Aes(x)es(y) given by Mercer’s theo-
rem are positive semi-definite kernels on €2 for £ € N. This is due to Ay > 0, Lemma 2.8,
and Lemma 3.33. It enables us to apply Theorem 3.32 and hence decompose the native
space Hg of K = ), K/ into the infinite sum of Hy, for £ € N.

Let us now consider the additional orthogonality requirement of Theorem 3.32. The
question is whether

Hi, N Hrgy, = {0} for all index sets [ = N,

where K := Y, ; K;,. We recall the definition of a native space for a given kernel K
provided in Theorem 2.24:

Hi = { f is the pointwise limit of a Chauchy sequence (s,)yen < SK} )
In our special situation, it is

Sk, = span{K;(z,") : z€Q}

span {Z Aeeo(T)ep(r) + w e Q}

Lel
< span{e, : Lel}.

From pointwise convergence follows L? convergence, and we obtain

2
Hy, < spanfe; : (€ [}L for all intex sets [ < N.

We conclude,

2 L2
Hi, N Hig,, Cspanfe, : L€ ]}L nspan{e, : e N\I} = {0},

where the last equation holds by the fact that the set of functions {es}sn forms an
orthonormal basis of L*((2).
[ |

3.3 Interpolation

In the following, we offer a theoretical examination of interpolation using summation
kernels. At this juncture, we emphasize that the summation kernel can be viewed
as a conventional positive definite kernel (maybe even translation-invariant or radially
symmetric), allowing the application of the results from Section 2.4.

Initially, we investigate the relationship between the interpolants corresponding to
component kernels and the one corresponding to their summation kernel. We dis-
cover that, in terms of approximation error minimization, it is most advantageous to
interpolate with a kernel whose native space is just large enough to encompass the
target function, as discussed in Section 3.3.1. All interpolants associated with kernels
that reproduce a larger native space result in inferior approximations. Additionally,
Section 3.3.2 is dedicated to the numerical stability of the interpolation process with



68 Chapter 3. Summation Kernels

summation kernels. We find that the summation kernel exhibits the same level of
stability as its most stable component kernel in Theorem 3.40. The analyses in both
chapters lead to a trade-off principle between error and stability, which is summarized
in Remark 3.42. A smaller kernel yields a better approximation but possesses poorer
stability, whereas a larger kernel improves numerical stability at the expense of approx-
imation quality.

From now on we assume the component kernels to be positive definite so that the
summation kernel K is also positive definite by Theorem 3.2. Hence, it can uniquely
be interpolated as done in Section 2.1. In this section, we omit the subscript X in the
notation of the interpolant.

Let the function values fx € RY be known for a pairwise distinct point set
X ={xy,...,zx} € Q. Furthermore, let K = K; + K5 be the summation kernel of
positive definite components K; and K, then the linear system

fX = AK’)(C = AKl,XC + AKZ,Xc

has to be solved for ¢ = (cy,...,cny) € RY to derive the interpolant
N N N
St K = Z i (i) = 2 cily (g, -) + Z cilo(wy,-),
i=1 i=1 i=1

where the right-hand side is a decomposition of sy x € Hg into

N N
shi= ECiKl(fEia ) € Hi, and s*i= ZCiK2($i’ ) € Mz,

i=1 i=1

In the following we are focusing on the case where the target function f lies in Hg
and the kernels K; and K5 correspond to complemented native spaces. This implies
that the target function can uniquely be decomposed into f; € Hg, and f; € Hg, so that
f = fi+ fa, by Theorem 3.9. In general however, the decomposition of the interpolant
sfx € Hig does not correspond to the interpolants sy, x, € Hi, and sy, k, € Hg, of fi
and fo, i.e.,

SfK 7F S Ky T Sfy Ky (320)

Put differently, the equation
Ag, xa+Ag,xa =Agxa= fx = fix + fox = Ar, xb+ Ak, xc (3.21)
holds for possibly different coefficient vectors a,b and c. An example is given below.

Example 3.35. Let K; and K, be positive definite kernels, corresponding to comple-
mented native spaces. Furthermore, let the target function f = Kj(xo, ) € Hx and
K = K; + K, be the summation kernel of K; and K,. Additionally, let the data point
set be given by X = {zo}. Then the interpolant corresponding to the function values
fx and kernel K is given by
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As f = K;i(zg,) we can deduce that the unique decomposition f; + fo of f, where
fre Hg, for £ = 1,2, is given by f1 = Ki(zo,) € Hx, and fo = 0 € H,. Hence,

St K1 = Kl(‘TOv ) and S, Ko = 0

are the uniquely defined interpolants in Hy, and Hg,. Consequently, the coeflicient
vectors a,b and ¢ of (3.21) are given by a = %, b =1 and ¢ = 0. This results in
(3.20), i.c.,

K (20, 20)

K(Ig,xo) K(x(b ) 7 Kl(I07 ) = Sf, K1 T Sfy,Ko-

Sf7K =

Nevertheless, we can derive the following two relations between the interpolant
regarding the summation kernel and the one corresponding to its components.

Lemma 3.36. Let K, K be symmetric positive definite kernels on 2 € RY, such that
K, « K. Furthermore, let X < Q be a set of pairwise distinct data points and fx
corresponding function values. Then,

lssacllye <llsrseill, -

Proof. Since sk has minimal Hg-norm of all functions of Hy that interpolate fx by
Theorem 2.37, the interpolant sf g, lies in Hg, < Hg, and it interpolates the function
values fx as well, the first inequality of

sl <llsrsll <llsraall,

holds. The second is given by Theorem 3.16. |

Lemma 3.37. Let K1, Ky be symmetric positive definite kernels on 2, K = K; + K»

their summation kernel and f1 + fo = f € Hi the target function, where f; € Hg, for
¢=1,2. Then

lspacllic <Ml +llsmsall, -

Proof. The sum of the interpolants of sy, x, € Hg, for £ = 1,2 is a function in Hg by
Theorem 3.9, and fulfills the interpolation condition for f as

(sp.k0 + Spaks) |x = Spki|x + Spukalx = filx + folx = flx-

Since sk has minimal norm of all functions in Hx that satisfy the interpolation con-
dition by Theorem 2.37, it is

2 2 . 1112 2112 2 2
lsnacllic <llspom + sl = min{ls' 1%, +l12l%, b <lsnmllie, +lsmmlly,

where the minimum is taken over all representations s' + s%, with s* € Hg, for £ = 1,2,
so that sy, i, + Sp,. 1, = 8 + 5%, see Theorem 3.9. [ ]
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3.3.1 Approximation Error

In Section 2.4.1, we observed that it is advantageous for error estimations if the target
function is contained within the native space associated with the kernel used for inter-
polation. However, it is not sensible, in terms of approximation error, to excessively
expand the kernel used for interpolation solely to ensure that the target function is
included in the corresponding native space. Theorem 3.38 and the following analysis
demonstrates this point. Additionally, we derive an upper bound on the summation
kernel’s power function in Lemma 3.39.

Example 3.35 given in the above section, hints at a better approximation error if
the target function f can be decomposed into f; and f; and the interpolation is done
separately and summed up at the end. In fact, we demonstrate in Theorem 3.38 that a
component-wise interpolation leads to a smaller error. Additionally, the theorem shows
that an interpolation carried out with a kernel whose native space just contains the
target function, but not more, provides the best approximation.

Theorem 3.38. Let Ky and Ky be complemented positive definite component kernels
and K = Ky + Ky their summation kernel. Let f € Hx be given by the unique decom-
position f = fi1 + fa, where f; € Hg, for { = 1,2. Then,

|11 = srallic 12 = spacallic =l = spmlli, +12 = spaell, <I1f = spxl

Proof. As sy = > ¢;K(x;,-) € Hi, its unique decomposition is given by

Z ;K (x;, ) + 2 ci Ko (2, -),

where > ¢;Ky(x;,-) € Hg, for £ = 1,2. We compute

1A = snmll 15 = spielle = 1A= snmll +l16 = sl

Ji— ZCiKl(iIfi, )H; +‘ Ja— ZCiKQ(fl?i, )
2

i+ |2 —ZCiK(iUz‘,') P

= [If = sl

2
<|

K>

where the fist inequality holds since the component kernels are complemented. The
second inequality holds as sy, k, is the orthogonal projection of f, onto Sk, x by
Lemma 2.39, and >} ¢;Ky(x;,-) € Sk, x for £ = 1,2. The third equality holds by Theo-
rem 3.9. |

The theorem states, that it is disadvantageous to interpolate in the large space Hx
if the target function f is known to belong to the subspace Hg,. In this case, the unique
decomposition of f is given by f; = f € Hk, and fo = 0 € Hg,. Theorem 3.38 implies

Hf_SLKl”K :Hf_svalHKl <”f_SfaKHK'
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This shows, the error can be expected to be smaller when interpolation is carried out
with K7 instead of K. Even more, Theorem 3.38 and the characterization of the power
function, given in Definition 2.27, imply

PKle(x)2 + PKz’X(x)Q :HKl('7 ) — SKi(z,),K1 Hi{l + HKQ(V ) — 5K2($7')»K2“i{2

<||K(z) - SK(z;),KHi

ZPny(,I)Q.

Let a sequence of point sets { X, }nen be such that Pg x, 250, then Pg, x, (2)? — 0
and P, x, (r)> — 0. This hits at a faster convergence in smaller spaces, which is
well-known in the case of Sobolev spaces but not in the general setting presented here.

Lemma 3.39. Let K, be translation-invariant kernels on a bounded set ) < R satis-
fying an ICC, with univariate functions ®, € C(R?) for £ = 1,..., M. Let K be their
summation kernel on ) and X < € be a finite pairwise distinct point set satisfying
h/X7Q < ho. Then,

M
P x(z) < Faa(hxa) = Z Fy,a(hxgq) for all x € Q,
=1

where the functions Fg o and Fy, o come from Remark 2.44.

Proof. By Lemma 3.3, the summation Kernel K is translation-invariant with univariate
function ® = Zé\il ®,. We apply Theorem 2.43 and Remark 2.44, to obtain

Py (%) < Fpalhxa) = a1 sup |®(z) — p(x)| for all € Q,
’ 2€B(0,2c2hx o)

where p is an arbitrary polynomial from 7, (R%). We split the right-hand side, so that
the following equation holds

M
P (%) < Z ¢ sup |Dy(z) — pe()] for all Z € Q,
' =1 @€B(0,2c2hx.0)

where p, are arbitrary polynomials from 7,,(R%) and p = Zz]\i1 pe. Since the constants
hg,c1 and ¢y only depend on the ICC of 2 and not on the kernel, the bound of the
power function of the component kernels K is given by

Fs,0(hxa) = sup |Dy(z) — pe()] forall¢=1,..., M,
LI?GB(O, 2C2hXVQ)

where p; is an arbitrary polynomial from m,,(R?). Combining the two preceding equa-
tions, results in the required bound. |
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3.3.2 Numerical Stability

The stability of an interpolation problem is mirrored by the condition number of the
interpolation matrix, as demonstrated in Section 2.4.2. Therefore, we study the small-
est and largest eigenvalues of sums of symmetric matrices to establish a bound on the
condition number corresponding to a summation kernel.

Theorem 3.40. Let K, be positive definite kernels on ) for £ =1,.... M, K be their
summation kernel and X < Q a pairwise distinct point set. Then

AInin (AK,X) = ZE{IEa?%\/[} {Amin (AKZ,X)} (322)

and
M max {Amax(Axk,x)}

le{1,...,M}

KE{IEa?( {)\mln AK@ )}

Additionally, let by e {1,..., M} satisfy

)\min <AKZO,X> = Ee{r{}aﬁ\/[} {Amin (AKZ,X)}

CODdQ (AK,)() <

and Ky, be a translation-invariant kernel with univariate function Oy, such that
®y, € C(RN{0}). Then
Amin (Ak, x) = Ga,, (9x),

where the function Gq% comes from Remark 2./9.

Proof. Let ce RXI. As Ak x = sz\i1 Ak, x, we compute

M M
<C, AK,XC> = Z <Ca AKZ,XC> Z min AK@ HCH
(=1 =1

Because the matrix A, x is positive definite for all £ = , M, we can deduce (3.22)
as a lower bound on the minimal eigenvalue

M
Auin (Asex) 2 2 hwin (Arex) = max L (o) |-
=1

To obtain an upper bound on the maximal eigenvalue Ayax (A K, X), we compute

M M
<C, AK7Xc> = Z <C, AKZ,XC> Z )\max AK@ HCH
— =1

This implies

M
/\max AKX ;1 max AKe MZG{IlI}.E.L.?%i}{)\maX (AKZ )} (323)
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The equations (3.22) and (3.23) yield
M max {/\max(AK,_;,X)}

)\max(AK X) e{1,...,M}
conds(Ag x) = 2L
Amin (A g, x) e {Amin(Ak, x)}

Let us consider the additional statement. As the component kernel K, satisfies the
requirements out of Theorem 2.48, there exist, by Remark 2.49, a function G, , so that
)\min(AKEO,X) > Gq% (gx). With equation (3.22) and the fact that Ax x = Zé\il Ak, x,
it is

Amin (A g, x) = ZG{IE??(M} {)\min(AKg,X)} = Amin <AK50,X> > Go,, (ax)-

Numerical tests indicate that the maximum eigenvalue does not pose problems.
Rather, it is the minimal eigenvalue that causes issues. The above theorem asserts
that the stability of a summation kernel aligns with that of its most stable component
kernel. Numerical examples in Section 3.4 confirm this finding.

The subsequent theorem demonstrates that the interpolation method, employing a
kernel with a larger native space, is expected to exhibit greater stability compared to
interpolation with a kernel reproducing to a smaller space.

Theorem 3.41. Let K < K, then there exist a constant ¢ > 0 such that
)\min(AKl,X) < CAmin(AK,X)

for every finite and pairwise distinct point set X.

Proof. Since K; < K, there is a constant ¢ > 0 so that ¢K — K; is a symmetric
positive semi-definite kernel. Hence, cK is the summation kernel of K; and ¢cK — K;.
Theorem 3.40 yields

C)\min(AK,X) = )\min(CAK,X) = )\min(AcK,X)
= max {)\min(AKl,X)> )\min(AcK—Kl,X)} = Amin(Ak, x)-

The preceding theorem hints at another trade-off principle between numerical sta-
bility and approximation error, additionally to the one discussed in Section 2.4.3. For
the best numerical stability, the above Theorem 3.41 suggests to use a kernel reproduc-
ing a large native space, whereas the analysis below Theorem 3.38 emphasizes a better
approximation quality using a small kernel. This trade-off is simplified in Remark 3.42
below.

Remark 3.42. If K; < K5 and the target function lies in Hg,, then

K K

Stability bad good

Approximation good bad
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3.4 Numerical Tests

This section aims to numerically underline the theoretical results from the previous
sections. Theorem 3.25 shows, if the kernels K; and K satisfy the relation Ky < K,
their summation kernel K lies in one equivalence class with K. As a consequence, the
native spaces Hg, and Hx encompass the same space, equipped with equivalent norms.
The subsequent provides an example of how the equivalence class of a kernel affects the
interpolation method.

Here, we use
o the Wendland kernel K; with RBF ¢3,
o the Wendland kernel K, with RBF ¢33, and
e the summation kernel K of K; and K5

for interpolation, where ¢4 is defined in Theorem 2.34. The three kernels K;, Ko
and K are visualized in Fig. 3.1. By Corollary 3.18, the kernels K; and K satisfy
Ky < K. This implies K ~ K, by Theorem 3.25. We expect similar behavior from
the interpolants and interpolation matrices of these two kernels. To determine this, we
perform the interpolation on

o the domain Q = [0,1]? and

« the developing point sets X, consisting of 2", n = 6,...,11, random points in 2,
satisfying X,, € X,, for m < n.

1 1 1
. 2
0.8 L ' g
0.75 L T B
0.6 JR L5
04 054 ' N 1
0.2
0.25 1 BT T02s 05
0 . R
. o o 0
0 ‘ ‘ ‘ 0 ‘ ‘ ‘
0 025 05 075 1 0 025 05 075 1

Figure 3.2: Top view of the target functions franke (left) and fiink (right), and the
scattered point set X7 in € (middle).
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In this setting, we compare two target functions

1. a O target function. We have chosen the well-known Franke function

freanke(T,y) = 0.75exp (_ (92 — 2)2 + (9y — 2)2)

4

+ 0.75exp (— (92 + 1)7 — Oy + 1)2>

49 10 (3.24)

+ 0.5exp (— (92 —7)° Z (9 — 3)2)

— 0.2 exp (—(9,17 — 4)2 — (9y - 7)2) )

which was first used by R. Franke in [Fra79] and is visualized in Fig. 3.2 (left).
Since then, it has been widely used for the analysis of reconstruction methods
(cf. [Fra82], [Miil09], [BLRS15])

2. a CY target function. Here, we chose the function

Jrink (%, Y) = franke(,y) + 3]|x — 0.5]]

that exhibits a kink along z = 0.5, visualized in Fig. 3.2 (right).

We test with two target functions to illustrate the independence of the results on the
underlying target. The target functions franke and fink together with the interpolation
point set X, are visualized in Fig. 3.2.

In Fig. 3.3 (left) and (right), we observe the interpolant of the summation kernel K
to behave as the interpolant of K regarding the approximation error development for
both target functions franke and fyink. Furthermore, the numerical condition number
regarding K develops with the same rate as the one of K7, see Fig. 3.3 (middle). This
can be explained with (3.22) of Theorem 3.40.

Fig. 3.3 (left) and (middle) support the trade-off principal of Remark 3.42. As
the target function fganke lies in the small space C'°, a smaller error is achieved using
the kernel K5 that spans the smaller native space Hg, (compared to Hg, and H),
while still containing C'°. Whereas the condition number corresponding to K is poor
compared to the one of K; and K. However, Fig. 3.3 (right) exemplifies, that the
approximation error cannot be improved using the kernel Ky corresponding to a small
native space Hr,, if the target function fii, € C° is not contained in that native space.
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Figure 3.3: Comparison of the component kernels K for j = 1,2, and their summa-
tion kernel K regarding the condition number of the interpolation matrix (middle)
and the mean squared error corresponding to the target functions franke (left) and
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We summarize two core statements:

1. The summation kernel of two kernels, whose native spaces are subspaces of an-
other, behaves like the kernel of the larger native space.

2. The trade-off principle of kernels: Provided, the target function lies in the native
space of a kernel K, this kernel yields better approximation, but worse stability
compared to a kernel whose native space is containing the one of K.






Chapter 4

Product Kernels

To the best of our knowledge, explicit investigations into product kernels have been
sparse. The foundational work [Aro50] by N. Aronszajn, frequently cited in this thesis
already, stands as a notable exception. Typically, the fact that the product of two
positive (semi-)definite kernels results in a kernel that is again positive (semi-)definite
is mentioned only briefly, see for example [Wen05, Theorem 6.2] or [SC0O8, Lemma 4.6].
This cursory treatment in research is not without reason. Product kernels are a special
case of tensor product kernels and inherit the underlying structure of these more general
kernels. We devote Chapter 7 to the detailed exploration of these interesting kernels.

Despite this, we introduce product kernels here for completeness and to align with
the structure of this thesis. Specifically, we

« connect the interpolation matrix of a product kernel with the Hadamard product.

« analyze the interpolation method using product kernels.

By doing so, we provide the groundwork for discovering possible previously unexplored
advantages of product kernels.

This chapter is organized as follows: In Section 4.1, we provide a precise definition
of the product kernel and derive its basic properties. In the subsequent sections on
native space (Section 4.2) and interpolation (Section 4.3), we demonstrate that we are
essentially dealing with a restriction of tensor product kernels.

4.1 Definition and Basic Properties
This section provides a precise definition of the product kernel, and states basics findings
regarding positive definiteness, translation-invariance, and radial symmetry.
Definition 4.1. Let K, : Q xQ — R, ¢ =1,..., M, then

K:QxQ—R,

M
K(ZE,y) = El_[ Kg(l’,y) for z,y € Q
=1

is called a product kernel.
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A product kernel with two component kernels is visualized in Fig. 4.1.

1 1 1
0.8 0.8 0.8
0.5 0.5 0.5
0.6 0.6 0.6
0] 0] » 0] »
0.4 0.4 0.4
—0.5 —0.5 —0.5
0.2 0.2 0.2
-1+ 0 -1+ 0 -1+ 0
I i | I I 0 I i | I i 0 I | I I I 0
-1 =05 0 0.5 1 -1 —05 0 0.5 1 -1 —05 0 0.5 1

Figure 4.1: Top view of two two-dimensional component kernels resulting from
the Wendland RBFs ¢35, (left) and ¢33 (middle), and the corresponding two-
dimensional product kernel (right). The black line visualizes supports.

Let us consider the interpolation matrix of a product kernel. To do so, let
X ={x1,...,zn} < Q be a set of points and K a product kernel with components K,

for ¢ =1,..., M. Then, the entries of the interpolation matrix A x can be written as
M M
(AK,X)J-JC = K(zj,7) = H Ky(zj,20) = (AKZ,X)j,k'
(=1 (=1

This representation leads us to the Hadamard product, also called Schur product, see
[HJ91, Definition 5.0.1].

Definition 4.2. Let A, B € R™*"™ be two matrices of the same size. The Hadamard
product A® B of A and B is given by

(AOB); 1 = (A)jk - (B
where j=1,....mand k=1,...,n.

With this definition at hand, the interpolation matrix A y of a product kernel K
equals the Hadamard product of the interpolation matrices A, x corresponding to its
components Ky, i.e.,

M
AK,X = @AKl’.aX' (41)

/=1

This representation implies the following result, that can also be found in [Aro50].
Theorem 4.3. Let K, be kernels on Q for { =1,..., M.

(i) If K, is positive semi-definite for all ¢ = 1,..., M, their product kernel K is
positive semi-definite.

(i1) If K, is positive definite for all ¢ = 1,..., M, their product kernel K is positive
definite.
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We shortly remark that Theorem 4.3 (i¢) relies on the Schur product theorem, and
refer to [HJ91, Chapter 5.2] for details and proofs.

We note, that the set of positive semi-definite kernels equipped with the product
can be viewed as a commutative semigroup. Here, the neutral element is given by the
constant kernel K (x,y) = 1 for all z,y. The set of m x n matrices with nonzero entries,
however, form a commutative group under the Hadamard product. We cannot deduce
the same structure for kernels, as the inverse of the Hadamard product regarding a
positive semi-definite matrix is not proven to be positive semi-definite again. We refer
to [Rea99] for more information.

We close this section with considering translation-invariance and radial symmetry
of product kernels.

Lemma 4.4. Let K, be kernels on ) for ¢ =1,..., M.

(i) If K, are translation-invariant kernels with wuni-variate functions ®, for
¢=1,..., M, their product kernel K is translation invariant with the uni-variate
function ® = [, @,.

(i1) If K, are radially symmetric kernels with RBF ¢, for € = 1,..., M, their product
kernel K s a radial kernel with RBF ¢ = Hé\il Op.

Proof. The subsequent equations prove the required statements:
(i) K(x,y) = ]_[?il Ky(z,y) = Hé\il Oy(x —y) for all z,y € Q.

(ii) K(z,y) = [ToL, Ke(w,y) = T2, dellle = ylly) for all .y € Q.

4.2 Native Spaces

As we consider functions and kernels on the domain 2 € R only, we omit the notation
() in native spaces and norm notations for simplicity.

In this section, we acknowledge the contributions of N. Aronszajn, who was the first
to study RKHSs of product kernels with two component kernels K; and K3 in [Aro50,
Part 1, §8]. To do so, he constructed the space

N
Hr, QHrk, == (21, 2) Z (z1)fa(ze) : fieHr,0, £=1,2and j=1,...,N

of functions on the Cartesian product 2 x €2 with the inner product

<f g>?—LK1®7{K2 22<f1791> 1<f§ag§>K27

i=1j5=1
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where M is the number of terms in the representation of ¢’. He needed to demonstrate
the completeness of Hx, ® Hg, elaborately, to gain that Hx, ® Hk, possesses the re-
producing kernel K (z1,y1)Ka(22,y2). In [Aro50, Part 1, §8, Theorem II}, he concluded
that the RKHS of a product kernel is given by the restriction of Hy, ® Hg, to the
diagonal D = {(z,z) : x € Q} < Q x Q. We state this result.

Theorem 4.5. Let K be the product kernel of K1 and K5. Then K s the reproducing
kernel of

HK:{f’D : fEHK1®7'[K2},
where D = {(z,z) : 1€ Q} cQx Q. Forany f € Hy,

11l = minllgl g, -
where the minimum is taken over all g € Hy, ® Hx, such that g|p = f.

Today, we recognize the space Hx, ® Hr, as a Hilbert tensor product. We elaborate
on this specific tensor product in Section 7.2, highlight N. Aronszajn’s results in this
context, and describe the relationship between it and tensor product kernels. Indeed,
the product kernel can be considered a special case of the tensor product kernel.

4.3 Interpolation

In this subsection, we briefly examine the native space norm of an interpolant corre-
sponding to a product kernel and provide specific bounds on the minimal eigenvalue and
condition number. This analysis further demonstrates that the product kernel should
be understood as a restriction of the tensor product kernels. Therefore, we occasionally
reference concepts from the forthcoming Chapter 7 in this section. Nevertheless, we
want to emphasize at this point that the product kernel can be considered as a ‘normal’
positive definite (translation-invariant or radially symmetric) kernel, and thus, results
from Section 2.4 can be applied.

Lemma 4.6. Let K be the product kernel of positive definite component kernels K, on
Q forl =1,... . M and X < Q a pairwise distinct point set. Then, for any function
values fx, there exists a unique interpolant sfx € Sk x.

Additionally, if the target function has the form f = Hé‘il fo, it is

M

lssacllicq <] sl o
1=1

Proof. The first part is a direct consequence of Theorem 4.3. Regarding the second
part, the interpolants sy, k, are uniquely defined. Furthermore,

M M
f(x:) = Hfé(%) = HSfZ,X,KZ(l’i), for all x; € X.
/=1 /=1

Consequently, sz\i1 sf, Kk, satisfies the interpolation condition and lies in Hx o by The-
orem 4.5. The optimality statement given in Theorem 2.38 implies the required. |
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We proceed with deriving stability estimates for the product kernel. Even though
these estimates are quite poor, we include them here for the sake of completeness.
The eigenvalues of principal submatrices (Definition 2.6) of hermitian matrices can be
estimated by the Cauchy interlacing theorem, see [HJ91, Corollary 3.1.3].

Lemma 4.7. Suppose A € RV*N s q hermitian matriz with eigenvalues of increasing
order \{(A), ..., \nv(A). Let A, € RN="N=" denote a principal submatriz of A obtained
by deleting a total of r rows and columns from A. Then

Amin(A) = A (A) < Amin(4;) < Ay1(A)

and

Av-r(A) € Anax(Ar) < Aw(A) = Aac(A).

The above relations enable us to bound the minimal eigenvalue of the product
kernel’s interpolation matrix and its numerical condition number. To achieve this, we
exploit the fact that the Hadamard product (Definition 4.2) of two matrices is a principal
submatrix of the Kronecker product (Definition 7.13) of these matrices. At this point,
we want to anticipate, as already done in Section 4.2 for the native space, that we
are leveraging the overarching structure of tensor product kernels of Chapter 7, whose
interpolation matrices can be expressed as Kronecker products. The inherent structure
of tensor product kernels allows to derive stronger results. We state a weakened form
of Theorem 7.27 here.

Theorem 4.8. Let K be a product kernel with positive definite component kernels K,
on§ forl=1,...,M and X < Q a pairwise distinct data set. Then

:l:

)\mln AKX )\mln AKg,

~

=1

and

1=

CODdg (A[gx) < CODdQ (AKg,X) .

o~
Il

1

Additionally, let Ky be translation-invariant with a univariate function ®, satisfying

D, e C(RN{0}) for € =1,..., M, then

M
>\m1n AKX 1_[ G(Dg
(=1

where the functions Gg, come from Remark 2.49.

Proof. We recall (4.1) to see that the interpolation matrix of the product kernel K is
given by the Hadamard product

M
Agx = @ Ak, x

(=1
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The fact that the Hadamard product ()", Ag, x € R¥*N is a principal submatrix
of the Kronecker product ®),", A, x € RMN*MN
Lemma 7.14 (iv) implies

combined with Lemma 4.7 and

M M
1_[ Amin (AKg,X) = Amin (@ AK@,X) < Amin (AK,X) )
=1

/=1

which provides the lower bound of A, (A K, X). Furthermore,

M M
)\max (AK,X) < )\max <® AKg,X) H )\max AKZ

=1 (=1
Regarding the numerical condition number we deduce

M
>\max (AKg,X) M
cond, (AK,X) = Amas (AK’X) < & H conds (AKZ,X) .
)\min (AK,X) Amin (AKZ X) =

~
Il

=
I

o~
Il
Ju

For the additional statement, we recall Theorem 2.48 and Remark 2.49 to obtain the
existence of a function G, so that

Amin(Ark, x) = Gs,(qx)  forevery £ =1,... M.

This combined with the lower bound on the minimal eigenvalue of Ak x yields the
required result. [ |
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Anisotropic Kernels






Chapter 5

Transformation Kernels

In the realm of kernel-based interpolations, the concept of shape parameters holds
pivotal significance, serving as a cornerstone in refining interpolation techniques. Here,
kernels on R? are scaled by a shape parameter o > 0 resulting in a new kernel

Ky(z,y) = K(az, ay).

The choice of the parameter « is a critical issue as it affects the concentration of
the basis functions around the respective interpolation point. While a small parameter
increases the condition number of the interpolation matrix ([Fas07, Chapter 16.2]), a
large parameter turns the basis functions into sharp peaks, that approximate functions
badly, if interpolation points are widely scattered. Due to this significant impact of the
parameter a on the interpolation process, numerous optimization and search strategies
have been investigated for its fine-tuning over the last 30 years, see e.g. [KC92], [LF05],
[MVHO23] and the references therein. A review of different techniques can be found in
[FM15, Chapter 14].

Building upon this groundwork, a notable progression emerges with the advent of
anisotropic kernels. Here, a diagonal matrix D combined with a rotation matrix U
comes into play, building the kernel

KDU(I',:U) = K(DUJZ,DUQ)

These kernels, named after their directional sensitivity, mark a significant departure
from their isotropic versions, the kernels with shape parameter, where
D = diag(«,...,«) and U = Id. They offer a tailored approach to interpolation
that aligns with the inherent anisotropy present either within the distribution of inter-
polation points or the underlying target function. The research of [CLMMO06], [AD14]
and [LMZ*24] presents methodologies for attaining a problem-adapted diagonal ma-
trix. It is demonstrated that for anisotropic datasets or target functions exhibiting
anisotropic behavior, anisotropic kernels can be used to improve the numerical stability
and accuracy of the interpolant (cf. [BDL10]). In the context of radial basis functions,
this introduces an alternative metric distinct from the Euclidean norm. Specifically, we
define the norm as ||z| 5 = 27 Bz, where B is a symmetric positive definite matrix given

by B = UT'D?U.
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Moreover, the recent research of [WMP24] has transcended traditional paradigms
by transforming the full-rank matrix DU associated with anisotropic kernels into a
low-rank matrix. The suggested approach facilitates a seamless transition from higher-
dimensional spaces to lower-dimensional ones, offering a novel approach for dimen-
sionality reduction without compromising interpolation quality. This is particularly
effective, when the target function inherits anisotropic behavior, that is different di-
rections are unequally relevant. The authors present a way of finding such a low-rank
matrix to transform the kernel by using machine learning methods. Such innovative
methodologies challenge conventional notions and highlight the inherent flexibility and
adaptability embedded within kernel-based interpolation frameworks.

Furthermore, the exploration of variably-scaled kernels, as exemplified in [BLRS15],
introduces yet another dimension to the discourse on transforming kernels. Departing
from the confines of conventional matrix representations, variably-scaled kernels offer
an alternative, further expanding the repertoire of tools available for crafting bespoke
interpolation strategies tailored to specific problems.

We combine these diverse approaches under the umbrella term of ‘transformation
kernels’. These are kernels given by the composition of a kernel K and a transformation
T, ie.

o 5L 1990 5 R
resulting in the transformation kernel
Kr(z,y) == K(Tx,Ty).

While preceding research has laid a solid groundwork, a comprehensive and nuanced
analysis of the overarching transformation kernel remains absent. Thus, the following
study intends to bridge this gap, where the main contributions are:

o Examination of Transformation Kernels Native Space: We investigate the trans-
formation kernels native space in Theorem 5.6. This gains importance in Chap-
ter 6 and Chapter 7, where anisotropic versions of product and summation kernels
are considered.

 Detailed Analysis of Interpolation with Transformation Kernel: We systematically
explore the interpolation conducted with a transformation kernel in Section 5.3,
where we reveal underlying principles governing transformation kernels and shed
light on their potential applications improving approximation error and/or nu-
merical stability.

By providing a structured framework, we aim at a comprehensive understanding, and
by that a suitable usage of transformation kernels in interpolation methods. We thereby
contribute to the ongoing discourse on kernel-based interpolations and pave the ground
for future advancements in the field, such as the upcoming anisotropic kernels presented
in Chapter 6 and Chapter 7.
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The subsequent is structured as follows: First, we offer a definition of transforma-
tion kernels, along with a presentation of basic findings (Section 5.1). Following this,
we delve into an exploration of the native space of transformation kernels (Section 5.2),
shedding light on the intricate relationship between these spaces and those of the un-
derlying initial kernels. Subsequently, we turn our attention to the interpolation using
transformation kernels, with a particular focus on approximation error and numerical
stability (Section 5.3). Finally, we present numerical examples of an adaptation to
interpolation points and target function, demonstrating the efficacy of transformation
kernels in improving approximation error and/or numerical stability (Section 5.4).

5.1 Definition and Basic Properties

In the following, we present a precise definition of transformation kernels, derive re-
quirements for positive (semi-)definiteness and translation-invariance, and allocate the
final part of this section to the special case of radial kernels in conjunction with a linear
transformation.

Definition 5.1. Let T: Q — T(Q) € R? and K : T(Q2) x T(Q) — R. Then

Kr:QxQ— R,
Kr(xz,y) := K(Tz,Ty) for z,y € Q

is called a transformation kernel with transformation 7.

The interpolation matrix Ak, x of the transformation kernel K1 equals the inter-
polation matrix A 7(x) of the initial kernel K evaluated at the transformed point set
T(X), ie.,

Ascrx = (Krlesa),, = (K (T(:),T(x;)) = Ao, (5.1)

1/’-]

This yields the subsequent characterizations of positive (semi-)definite transformation
kernels.

Theorem 5.2. Let T : Q) —> T(Q) and K be a kernel acting on T().

(i) Kr is positive semi-definite on Q if and only if K is positive semi-definite on

7(9).

(i1) K is positive definite on Q if and only if K is positive definite on T(Q2) and T
18 1njective.

Proof. The first statement (i) is a direct consequence of (5.1). In (¢7), the injectivity
of T ensures that T'(X) is pairwise distinct if and only if X is pairwise distinct. Then,
the equality of (5.1) yields the required statement. [ |

In Remark 2.12, we introduced the important set of translation-invariant kernels.
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Lemma 5.3. Let T : RS — T(Q) and K be a kernel acting on T(S2).

(i) If the transformation T is translation-invariant, the transformation kernel Ky is
translation-invariant.

(i1) If the transformation T is linear and the kernel K is translation-invariant, the
transformation kernel Kr is translation-invariant. The corresponding univariate

functions ® and P satisfy the relation &7 = P o T.

Proof. The first statement (i) holds as

Kr(z—¢&y—¢) = K(T(x—¢),T(y—¢))
= K (T(2),T(y)) = Kr(z,y) forallz,y,&eR™

To show the second statement (ii), we compute

KT(x_f,y_f) = K

(
T(x),T(y)) = Kr(x,y)  forallz,y,&e R
Furthermore,

Cr(z —y) = Kr(z,y) = K (T(z),T(y))
®(T(x)—T(y) = ®oT(z—y) for all z,y e R%.

The subsequent is concerned with an even smaller subset of kernels, namely radially
symmetric kernels. As pointed out in Remark 2.14, such kernels K are build by a radial
basis function (RBF) ¢ : R, — R, i.e.,

K(z,y) = o(llx —ylly)  forall z,ye .

Lemma 5.4. Let the transformation T be linear and radially symmetric, i.e.,
T(z) = T(||x||, 1) for all z € 2, and the kernel K be translation-invariant with univari-
ate function ®. Then, the transformation kernel Kr is a radial kernel with the RBF

¢r given by or(||-[l,) = o T.
Proof. The statement holds as
Kr(z,y) = K (T(2), T(y)) = @ (Tllz —ylle1) := ¢r(z —yll,)  forall z,y e Q.
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Figure 5.1: Top view of the two-dimensional kernel resulting from the Wendland
RBF ¢3¢ (left) and a transformed version of it (right). The transformation is
given by the full-rank stretching and rotation matrix A;. The black line visualizes
supports.

The following aligns with ideas of [CLMMO06]. Let K be a radially symmetric kernel
on T(Q) with RBF ¢. Applying a transformation 7" on K yields

Kr(z,y) = KTz, Ty) = ¢(|Tz = Tyll,) ~ forall z,y e Q.

For now, we assume the transformation 7' :  — T(£2) to be linear and to have the
matrix representation A, i.e.,

T(x) = Ax, for all x € Q.

Furthermore, we demand the matrix B := AT A to be positive definite. Consequently,
the mapping
r — VaTBr =:|jz||5

defines a norm on (2, here denoted as ||-|| 5, and K7 is given by

Kr(z,y) = ¢ (||Tfl? - Ty“Q) =¢ (||A(93 - y)HQ)
=0 (V=T ATAG@ =) = 6 (le = yll,)

The unit spheres S, = {z : ||z 5, = 1} of the norms ||-[| 5 for i = 1,2,3 build by the

matrices
m-aa, (50 () ).

B2 = AgAQ, A2 = (()05 005) s and

20
BgZAgAg, AgZ(O 2)

and the Euclidean norm are visualized in Fig. 5.2. Additionally, Fig. 5.1 shows the
impact of the transformation A; on a kernel.
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., S32

Sy \
! SBg \

Figure 5.2: Comparison of the Euclidean unit sphere S, (thick line), Sp, (thin line)
corresponding to the volume preserving transformation A;, Sp, (dash dotted line)
corresponding to the enlarging transformation A, and Sg, (dotted line) correspond-
ing to the squeezing transformation As.

To sum this up, if K is a radially symmetric kernel that can be represented by the
RBF ¢ applied to the Euclidean norm, its (linear) transformation kernel

Kr(z,y) = o(llz = yllp)

can be represented by the same RBF ¢ after a different norm. Every symmetric positive
semi definite matrix B can be factorized as B = AT A, where A has full rank, e.g.,
by Cholesky decomposition. Applying Theorem 5.2, which provides positive (semi-)
definiteness of the transformation kernel K if the initial kernel K was positive (semi-)
definite, yields the subsequent statement.

Theorem 5.5. Let K be a radially symmetric positive (semi-)definite kernel with RBF
¢, then

([l = yl))

defines a positive (semi-)definite kernel for any norm||-|| induced by a symmetric positive
definite matriz.

We observe that the positive (semi-)definiteness of a RBF is not depending on the
Euclidean norm. However, Theorem 5.5 does not hold for any norm in R?. For example,
[K0l92] demonstrates that the interpolation matrix of the Gaussian RBF (Ex. 2.19) with
o = 1 acting on the [|-[| -norm is not positive semi-definite for ¢ > 2 and more than
two interpolation points, i.e., | X| = 3. For further details, we refer to [Kol09] and the
references therein.
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5.2 Native Spaces

Several works have previously investigated the native spaces of certain transformation
kernels. In [BDL10], native spaces of transformation kernels are examined under the
assumption that the initial kernel is translation-invariant and the transformation can
be represented by a matrix. The authors demonstrate that the transformation kernel’s
native spaces can be characterized using the Fourier transform, aligned to the finding of
Theorem 2.30. In [BLRS15, Theorem 2] isometric isometry between the initial kernel’s
RKHS and the RKHS of its variably scaled version, a specific transformation kernel, is
shown. In [SCO8, Prop. 4.37] the same result is stated for the transformation = — cuz,
where ¢ > 0.

We, however, provide a result covering all kinds of transformations by minimizing
requirements and generalizing results. Roughly speaking, the proceeding theorem states
that transforming the kernel has the same effect on the RKHS as transforming the input
space.

Theorem 5.6. Let T : Q — T'(2) and the kernel K be positive semi-definite on T'(2).
Then,

Hiro=HrreoT :={foT : feHrre} (5.2)

and
(foT, 90Ty o= {fs Drry  for all f,9€ Mz,

The mapping
T HK,T(Q) I HKT,Qa Jr—foT

s an isometric isomorphism.

Proof. By Theorem 5.2 and Section 2.3, Kr is positive semi-definite and its native space
Hi,0 exists. We consider the dense subspaces Sk ) and Sk, o first. Let f € Sk @)
have the form

f=2 0 K() (53)

for {y1,...,yn} = T(Q2). For every y € T'(2) there exists (possibly more than one) x € {2
such that T'(x) = y. Let {z1,...,zx} < Q be such that T(x;) = y; fori = 1,..., N.
Then,

foT () = Yo K(T(w),v)
= Zai K (T(z),T(z;))

N
= Zai Kr(z, ;) € Skp for all z € Q.

=1
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This implies the relation Sk 1) o T S Sk;.0. The opposite relation follows by the
same equation. Let {Zi,...,Zx} < € be another point set satisfying T'(%;) = y; for
1=1,..., N, then

N N
20% KT(‘,%') = f ol = Zai KT(',@)-
i=1 i=1

Consequently, the mapping 7T is well-defined on the dense subset Sk, q
In order to show isometric isomorphy of 7, we examine bijectivity, linearity and
isometry. In fact, 7 is bijective with the inverse mapping

T ':Skro— Sk, [ foT

since
TT ) =T(foT)=foT  oT=Ff

We emphasize

N N
ZZOéi Kr (T_l(y),fﬂz‘) ZZ%K( Z% (v, 9i) € Sk.r@)
i=1 i=1
where T7!(y) denotes the pre-image of y and may consist of more than one element
and f € Sk, o has the form f = Zf\il a; K7 (-, x;). Furthermore, 7T is linear as
T(af+g)=a(foT)+goT = (aT(f)+T(g)  forall f,ge Skro

Regarding isometry, let f,g € Skr@), where f is defined as in (5.3) and
g =30 BiK (- 3;) for {ij1, ..., iin} < T(), then

{foT, goT>KTQ—<2a@KT Z@KT >
=1 Kr,Q

N M (5.4)

M
<Zaz yz)v ZBJ K(?ﬂ])>
J=1 K, T(Q)
= {f, 9>K,T(Q)

Consequently, HT(f)HKTQ =|fo T“KT,Q = HfHK,T(Q) for all f € Skr(o)-
To generalize the results to native spaces, we extend the mapping 7 to Hgx 1) by

T()(@) = lim T(f)(@) = I (f, 0 T)(x) = [ o T(x),

n—o0

where f € Hi @ is the pointwise limit of the Cauchy sequence {f,}nen © Sk 1(0)-
Because of (5.4), (f,, 0 T)pen is a Cauchy sequence in Sk, o and by Theorem 2.24 it is
foT € Hg, o With this definition at hand, the required statements follow. ]



96 Chapter 5. Transformation Kernels

We recall Theorem 2.28 to emphasize the common occurrence of isometric isomor-
phic native spaces Hg, o and Hg o. Such relation arises for any continuous kernels K
and K acting on a domain 2 € RY. However, the distinctive aspect of the aforemen-
tioned theorem lies in the equality (5.2). This knowledge is valuable for the examination
of the anisotropic kernels considered in Chapter 6 and Chapter 7.

We conclude with an observation that will be needed later in Section 6.2.

Lemma 5.7. Let K’ and K be positive semi-definite kernels on Q0 and T(S2), respec-
twely, and T : Q — T(Q), such that

Hrro S Hip o
Then there ezist a kernel k' on T(QY), so that K'(z,y) = k'x(x,y) for all z,y € Q.

Proof. For all f e Hx o S Hiro = Hir@) o T there exist a function g € Hg rq) so
that f = goT. This is also the case for K'(z,-) € Hg o for all x € Q. The symmetry
of K’ yields that there exist a kernel £’ on T'(2), so that

K'(z,y) = k'(T(2), T(y)) = rp(x,y) for all z,y € Q.

5.3 Interpolation

This section is concerned with the interpolation method out of Section 2.1 using trans-
formation kernels. We apply results of Chapter 2, regarding the approximation error
(Section 5.3.1) and numerical stability (Section 5.3.2), to the transformation kernel.
Additionally, we deduce conditions under which the results for the transformation ker-
nel improve compared to its initial kernel.

In the following the interpolants s;x x are defined as in (2.7). We generalize the
result from [BLRS15] of variably scaled kernels to more general transformations in (5.5)
and extend it.

Lemma 5.8. Let T : Q — T(Q) be injective and K a positive definite kernel on
T(Q). Furthermore, let X = {x1,...,xx} < Q be a pairwise distinct point set and
(foT)x = frix) € RY be function values for a function f acting on T(Q). Then,

SfoT,Kr,X = SfKT(X) © T (5'5)

and
||Sf7K,T(X) HK,T(Q) = ||SfOT7KT’X HKT,Q ’

Let additionally f € Hy ), then

Hf o vaKvT(X) HK,T(Q) = ||‘f © T B SfOTJ(T"X||I{T7Q )
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Proof. By Theorem 5.2 and Section 2.1 there exist unique interpolants s o7 k. x € Sk, x
and s7 kr(x) € Skr(x). Because of (5.1), the following relation holds

AKT,X Cc= AK,T(X) c= fT(X) = (f o T)X,

for a unique ¢ € R, This shows, in order to fulfill the interpolation condition, the coef-
ficients of s o7 iy x and sy r(x) have to equal ¢ = (c1,...,cn)" € RY. Consequently,

=2

i=1

N
SfoT,Kp, X = ZCzKT('axi) = Z CiK(T'a T(xz)) = SfKT(X)° T.
i=1
The two norm equalities follow directly from Theorem 5.6. |

5.3.1 Approximation Error

The paper [BDL10] and [WMP24] provide error bounds for transformations that can
be represented as matrices. We, however, intend to minimize the requirements on the
transformation 7.

In line with the standard case, the approximation error between the target function
f and interpolant sf x, x can be bounded by the power function multiplied with the
norm of the target function (Lemma 5.9). We describe the transformation kernel’s power
function P, x by the power function Pk r(x) of the initial kernel K (Lemma 5.10) to
find an upper bound for Pk, x depending on the fill distance hy(x) () in Theorem 5.11.
Subsequently, we compare the bounds on Pk, x and Pk x.

Lemma 5.9. Let T : Q —> T(Q) be injective and K a positive definite kernel on T (2),
X < Q a finite pairwise distinct point set, and f € Hi, o. Then

|f(2) = sk x ()] < Prpx(2)| fllg, 0 forall feHi,q

Proof. Theorem 5.2 assures positive definiteness of the transformation kernel K. The
required bound directly follows from Theorem 2.40. |

Our focus shifts to an exploration of the power function associated with the trans-
formation kernel. Let = R? be a bounded set satisfying an ICC (Definition 2.42) for
an angle 6 € (0,7/2) and a radius r > 0. If Kr is a translation-invariant kernel with
univariate function ®7 € C(RY) and X <  a finite pairwise distinct point set satisfying
hx o < hyg, we can apply Theorem 2.43 and Remark 2.44 on the transformation kernel
to obtain the following bound on the power function

Pr x(@) <o sup |Dr(z) — p(x)| = Fop0(hxa), for all 7 € ),
IEEB(O7 ZCQhX’Q)

where p is an arbitrary polynomial from 7,,(R%), m € N, and hg, ¢; and ¢y come from
Theorem 2.43.
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However, the requirement for K7 to be translation-invariant imposes constraints
that can be omitted.

Lemma 5.10. Let T : Q — T(Q) be injective and K be a positive definite kernel on
T(Q2), then

P12<T,X = PI2(,T(X) oT.
Proof. Definition 2.27 and Lemma 5.8 yield

PI%T,X(I> = HKT<'= ) — SKT('vl’)vKTvXHKT,Q

_ HK (,T(z))oT — Sk (@)K ) ° T'

Kr,Q

With the inner product statement out of Theorem 5.6, we obtain

K,T(Q)

PI2(T,X($) = HK ('a T(@) - SK(-,T(z)),K,T(X)
|

We bound the power function Pk, x in dependence of the fill distance hyx)r(q).-

Theorem 5.11. Let T : Q — T(Q) such that T(Q) < R? is bounded and satisfies
an ICC. Furthermore, let K be a positive definite translation-invariant kernel on T(),
with a univariate function ® € C(RY), T(Q) fulfill an ICC, and X < ) be a finite set
such that T(X) is pairwise distinct satisfying hrx)yr@) < ho. Then,

P x(x) < For)(hrx)re) (5.6)
where Fy (o) comes from Remark 2./4.
Proof. Since ® € C(R?) is positive definite on T'(Q2), T(Q2) is a bounded set satisfying

an ICC, T(X) is pairwise distinct and hy(x) @) < ho holds, we are in the position to
apply Theorem 2.43 on P12<,T( x)- Together with Remark 2.44, this yields the bound

Pi ) (T(2)) < Far(9) (hrx) 1)
The relation Py y(z) = PIZ{,T(X) (T'z) for all x €  of Lemma 5.10 finishes the proof. W

We seek to understand the criteria for selecting the transformation 7' to decrease
the expected error. From Theorem 2.43 and Theorem 5.11 we collect the upper bounds

F@Q(hx@) and
Fo r)(hrx),r@) for all 7 € Q.
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Even though the function F' is increasing we cannot directly expect a better approx-
imation, when using a transformation satisfying hrx)r@) < hxq, since the function
F does as well depend on the angle and radius of the ICC of T'(€2) and 2 respectively.
Upon closer examination of Theorem 2.43 and Theorem 5.11, it is

Pix(Z) <9  sup  [®(z)— p(z)] = Fpa(hxga) and
.’EEB(O, 2ChX,Q)
PIQ(T,X(f) <9 sup |(I)($) — p($)| = F(I)/I‘(Q)(hT(XLT(Q)) for all z € Q).

z€B(0, 2crhy(x),T(0))

The bounds hold for constants ¢ and ¢y depending on the angles 6 and 01 € (0, 7/2) given
by the ICC of 2 and T'(€2) and fill distances satisfying hx o < r/cand hyx)r@) < rr/cr,
where r and ry > 0 are the radii defined by the ICC of Q and T°(€2). In order to obtain
a smaller error bound for the transformation kernel, we need

rT

. r
CThT(X),T(Q) < ChX7Q, while hxjg < E = ho and hT(X%T(Q) < - = hT,D- (57)
T

Example 5.12. Let Q = [0,0.5] x [0,2] = R? then it satisfies an ICC with angle
0 = m/2 and radius r = 0.5. Let the transformation T' be given by the matrix

Tz) = <§ 0(.)5)33’

then T(Q2) = [0,1]* € R? satisfying an ICC with angle 67 = 7/2 and radius ry = 1.
With the formulas of Theorem 2.43, we compute

64 _
c=cr = ng ~ 21.3m?,
3
ho = 1—287712 ~ 0.023m? and
3 5 2
= — ~ 0.04
hT,O 64m 0.047m s

where m € N is determined by the choice of the polynomial. In the setting visualized in
Fig. 5.3, we have hp(x)r@) < hxgq. Therefore, the requirements of (5.7) are satisfied
if hr(x) @ < ho, and the bound on the transformed power function Pg, q is smaller
than the bound of the initial kernel’s power function Pk q.

At this juncture, it is important to note two key points. Firstly, the requirements
outlined in (5.7) solely guarantee an enhanced bound of the power function, without
directly addressing the actual approximation error. Secondly, the power function con-
stitutes just one component of the error bound, see Lemma 5.9. The additional factor
is given by the native spaces norm of the target function. For a comparison between
[ £l .o and || f | ¢, We refer to Section 3.2, where we examined native spaces associated
with summation kernels.



100 Chapter 5. Transformation Kernels

- - .T(.Q).

Figure 5.3: Visualization of the transformation given in Ex. 5.12, together with the
fill distances (black line), which is defined as the radius of the largest hole (violet
circle) in the data set (black dots).

In Section 5.1 we discussed transformations 7" having a matrix representation A,
such that B := AT A is a symmetric positive definite matrix. In this setting, the fill
distance hp(x)r(q) is given by the fill distance of X and Q measured in the norm ||-|| 5
instead of the Euclidean norm, i.e.,

hrx)r@ = sup min [[T(z) — T'(x;)l,

veq) 1<isN

- in [|A(z — 2
i&glgg}v” (z —2)l],

f— 1 j— . T — .
= ilelg 1121<I1N(x x;) B(x — xy)

= sup min, |l — x|

Since Amin(A4)| 2], <||Az]], < Amax(A)]|z||,, the above calculation gives
Amin (A) hx.0 < hrx)r©) < Amax (4) hx o,

see [CLMMO06, Theorem 2]. Theorem 3.2 of [WMP24] concludes further that in the
special case of a transformed Matérn kernel, where the transformation is given by a
full-rank matrix, the error evolves at the same rate when examining the fill distance.
It shows that the error can be bounded by the same function F' of Remark 2.44, as its
initial kernel up to a non-data-point-dependent constant factor.
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5.3.2 Numerical Stability

This section is devoted to examining whether and how the stability of the interpolation
process changes when employing a transformation kernel compared to its initial ver-
sion. Given that Section 2.4.2 emphasizes the importance of investigating the minimal
eigenvalue of the interpolation matrix for insights, we adapt Theorem 2.48 to the case
of transformation kernels.

Theorem 5.13. Let T : Q — T(Q) and K be translation-invariant kernel on T(£2)
and its univariate function ® be such that ® possesses a positive Fourier transform
d e C(RN{0}). Then

Amin(Akp x) = Ga(qr(x)),

where Gg comes from Remark 2.4 9.

Proof. Since ® satisfies the requirements of Theorem 2.48 there exists the function Gg
of Remark 2.49, such that Apnin(Agrx)) = Ga(gr(x)) holds. Since Ak, x = Ak r(x)
by (5.1), we obtain the required results. [ |

The aforementioned theorem proves that the function G serves as a lower bound for
both the smallest eigenvalue of the interpolation matrix Ak x and its transformed coun-
terpart A, x. In Tab. 2.4, the function G is provided for specific example kernels.
However, to attain the corresponding bound, it is essential to evaluate the increasing
function G at the separation distance ¢x in the standard case, while for the trans-
formed scenario G is assessed at the separation distance of the transformed point set
qr(x). Consequently, for enhanced stability, it is advisable to employ a transformation
T that enlarges the separation distance of X, ensuring that

qr(x) = gx-

Again, we refer to Ex. 5.12 to illustrate a setting where the aforementioned relation
of separation distances holds true. A visualization is provided in Fig. 5.4. We consider
the scenario of Section 5.1, where the transformation 7' is defined by a matrix A such
that B := AT A is positive definite. Here, the separation distance qr(x), as defined in
Definition 2.47, aligns with the separation distance of X, though measured by the norm
|x||p rather than the Euclidean norm, i.e.,

1

qr(x) = 511117251”T(35z)_T(%)H2
1 .
1 .
= 5%51(%—%)TB(%—%)
1

= —mioni—x-H .
i] B
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- - .T(.Q).

Figure 5.4: Visualization of the transformation given in Ex. 5.12, together with the
separation distances (black line), which is defined to be the largest possible radius
for two balls (violet circles) centered at different points (black dots) to be essentially
disjoint.

Remark 5.14. We can expect improved stability using the transformation kernel if
gx < gr(x)- Since the above calculation yields

)\min (A) dx < QT(X) < )‘max (A) gx,

see [CLMMO6, Theorem 2], a better bound on the minimal eigenvalue of the interpola-
tion matrix Ay, x in comparison to Ay x is gained if Apin(A) > 1.

5.4 Numerical Tests

In the following sections, we examine two scenarios where interpolation with transfor-
mation kernels improves results. Firstly, in Section 5.4.1, we consider an anisotropic
target function. Secondly, in Section 5.4.2, we explore a setting, where closely spaced
points occur in one direction, while in the other direction, the points are widely spaced
apart. Such a distribution of points can be observed in line measurements, for example.

We have already conducted comparisons of differing kernels K; and K, in Chap-
ter 3. The focus of this section lies on transformation kernels, aiming to illustrate how
these kernels alter their behavior under different transformations. Hence, we compare
the kernels with their respective transformations and present two kernels, solely to un-
derscore that the change in behavior is not depending upon the selected kernel but the
chosen transformation.
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5.4.1 Adaptation to Target Function

In this example, we consider an elongated region {2 such as an ideal tube, a blood
vessel, or a river. These structures have a distinct geometry, characterized by a much
greater length compared to their width. We assume that the target function we are
working with also exhibits anisotropic behavior. Anisotropic behavior means that the
function changes at different rates in different directions. Specifically, in this context,
the function changes more slowly in the longitudinal direction (along the length of €2,
here represented as top-bottom) than in the transverse direction (across the width of
(2, here represented as right-left). This kind of anisotropic behavior can be observed
in scientific and engineering fields. For instance, in fluid dynamics, the flow properties
of a fluid within a narrow and elongated channel, like a pipe or blood vessel, typically
vary more gradually along the length of the channel than across its width. In a river,
the flow speed and other characteristics may change slowly as you move downstream
(longitudinally) but can vary significantly across the river’s width (transversely).

0

0 02505
0

Figure 5.5: Top view of the target function f,is0.¢, and the scattered point set X7
on ).

We consider the setting visualized in Fig. 5.5, in particular:
e The set Q =y x Qy, where ©; = [0,0.5] and Q5 = [0, 2].

o The point sets X,, that consist of |X,| = 2" randomly chosen points in
for n = 6,...,11, so that X,, < X,, for n < m. This results in the sizes
64, 128,256,512, 1024 and 2048.

050
faniso—t = ffranke o ( 0 2) )

which is given by a stretched version of the Franke function defined in (3.24).

o The target function
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For this setting, we compare the following kernels:

o The initial kernels K and K5, which are given by Wendland’s RBF's ¢3 and ¢33
(Tab. 2.2).

o The transformation kernels K;p and K;p. These kernels are transformation
kernels of the corresponding initial kernels K; and Ky with the transformation

2 2 2 0
T:R*— R, xF’(ow)””'

o The transformation kernels K; ¢ and Kjg. These kernels are transformation
kernels of the corresponding initial kernels K; and K, with the transformation

.2 2 4 0
O :R* — R7, xl—>(01>x.

9- 2 2
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0.6 0.6 0.6
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Figure 5.6: Top view of two-dimensional kernels and their support (black line). The
initial kernel K (left) and its transformed version K; 7 (middle) and K; ¢ (left).

The transformation kernels used are exemplarily represented for K; in Fig. 5.6.
Looking at Fig. 5.7 (left), the transformation kernels K, and Ks 7 exhibit stability
comparable to that of the initial kernels K; and K, yet their error is significantly
improved, see Fig. 5.7 (right). Although we have chosen the optimal transformation T,
any transformations that narrow the kernel along the €2; direction and elongate it along
the €2, direction contribute to improved interpolations, provided they do not excessively
downsize the kernel. Thus, there is no necessity to find the ideal transformation for
improving the results.

The transformation © exemplifies the impact of scaling the transformation 7" by
the factor 2, i.e., 21" = ©. It is noted that the condition number improves by a
constant factor with using the transformation kernels K; ¢ and Kjg compared to its
initial versions K; and Ky, see Fig. 5.7 (left). Such enhancement can be explained
by Remark 5.14. Nonetheless, the comparison of mean squared errors for these kernel
yields inconclusive results, see Fig. 5.7 (right). The threshold for downsizing, mentioned
before, has been reached here.
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Figure 5.7: Comparison of the initial kernels K, their transformed versions K
and Kje for j = 1,2 regarding their condition number (left) and mean squared
error (right).

We conclude that transformation kernels offer a convenient approach to enhance
results in an anisotropic setting. A transformation kernel is able to improve stability
or approximation quality without significantly affecting the other. Hence, they serve
as means to counteract the trade-off principle out of Section 2.4.3. The choice of
transformation depends on the desired effect. Given an initial kernel with poor stability
it is advisable to choose a stability improving transformation and vice versa for the
approximation error.

5.4.2 Adaptation to Domain and Point Sets

Subsequently, we examine a similar scenario as Ex. 5.12, whose fill distance and sepa-
ration distance is depicted in Fig. 5.3 and Fig. 5.4, respectively.

To conduct the interpolation and error analysis, it is essential to define three key
components: the domain, the interpolation points, and the target function. In this
example, we consider the setting visualized in Fig. 5.8, in particular:

e The domain Q = Q; x s, where ©; = [0,0.5] and 5, = [0, 2].

e The point sets

0.5¢
anX}lxXQCQ, WhereXiz{QnZ Zi=0,1,...,2n}CQl
9
and X? = {é : i=0,1,...,9}c92
We use the point sets X,, for n = 3,...,8. This results in the amounts of points

I Xn| = (2" +1)-10 for n = 3,...,8, namely 90, 170, 330, 650, 1290 and 2570.



106 Chapter 5. Transformation Kernels

o The isotropic non-differentiable target function
cos i z' — sin i z?
12 12
2
+ sin | 27 (sin (%) z* + cos (%) xz)

For this setting, we compare the following kernels:

fkink—t(xla ._'['2) =4

o The standard kernels K; and K>, which are given by Wendland’s RBFs ¢3 and
¢373 (Tab 22)

o The domain-adapted kernels K;p and K 7. These kernels are transformation
kernels of the corresponding initial kernels K; and K, with the transformation

.2 2 2 0
T:R*— R, xF’(oo.5)”

Here, the components of the matrix were chosen to transform the set {2 into a
square.

o The point-adapted kernels K; g, and Ky, . The point-adapted kernels are
again transformation kernels, but adapted to the developing point sets
X, = X} x X2 We use a flexible transformation defined in the following manner

Ix1 tdx2

0
. T2 2 ax1
Thex : R*— R ) r— On Ix1 +tax2 Z,
qx2

where ¢x denotes the separation distance of X. This transforms the point sets
X, in such a manner that the distances between the points of They(X,) coincide
in each direction. Here, gx1 = 2++1 and gy2 = 2/9 = 0.2. Consequently, the
matrix that defines The, is given by

14 22 0
( . R (5.8)

2n+142

The distance between the points of the transformed point set Thex(Xy) along the
() direction aligns with the distance along the €2, direction for every n = 3,...,8.

The transformation kernels used are exemplarily represented for K; in Fig. 5.6
(K7 and Kjr) and Fig. 5.9 (K1, ). The results regarding approximation error and
numerical stability, visualized in Fig. 5.10, underline the analysis conducted in the
preceding sections, namely Section 5.3.1 and Section 5.3.2.
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Figure 5.8: Top view of the target function fiu.¢ of Section 5.4.2, and the point set
X4 on €.

In Fig. 5.10 (left), we see that the transformed versions K;; and Ky p exhibit a
smaller numerical condition number but still have similar behavior to their initial ker-
nels; the condition number increases at the same rate. This phenomenon arises from
the transformation’s lack of adaptation to the point set. As the separation distance of
X, decreases, the separation distance qr(x,,) decreases at the same rate. Upon examin-
ing the numerical condition number of the point-adapted kernels K; 7, and K7, , &
significant improvement is observed, as the condition number remains nearly constant.
The flexible transformation effectively counteracts the rapidly decreasing separation
distance. At this juncture we recall our findings from Remark 5.14, which assures bet-
ter stability if the smallest eigenvalue of the matrix in defining the transformation is
greater or equal to 1. This criterion is met by the matrix (5.8) defining Tjey, as it
primarily elongates the domain {2 along the 2; direction.

2- 24
0.8 0.2
1- 1
0.6
0- i | 0
0.4 0.1
71 . 71 -
0.2
727\ T T T T 0 72 7\ T T T T
-2 -1 0 1 2 | 0 1 2

Figure 5.9: Top view of K, 1, adapted to X3 (left) and Xg (right), and its support
(black line).
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Figure 5.10: Comparison of the initial kernels K, their transformed versions K
adapted to the domain 2, and the kernels K 7, , which are flexibly adapted to the
point sets X,, for j = 1,2 and n = 3,...,8 regarding the condition number (left)
and mean squared error (right).

With regard to the approximation error in Fig. 5.10 (right), we observe a significant
reduction in mean squared error for the domain-adapted kernels K;r and Ks 7. This
can be explained by the decrease in fill distance, as depicted in Fig. 5.3. For the
point-adapted kernel K, 7, , the approximation rate remains unchanged compared to
its initial kernel K;. We attribute this to the fact, that the matrix of (5.8) does not
compress the set () in the {2y direction. Consequently, the fill distance hx, o remains
approximately the same as hqy (x,) 75 (@)- This behavior could also be observed for
K, if its high condition number did not impair the interpolation. We must emphasize
here that the target is not C'*(€). Consequently, based on the results of the preceding
Chapter 3, the kernel K5 should exhibit an error comparable to that of K;. However,
the two transformations depicted not only improve the error compared to their initial
kernel K, but even surpass K in terms of error reduction. We resume the following:

1. The domain-adapted kernel enhances the approximation quality significantly, while
changing the condition number by a factor independent of the interpolation point
set. This is particularly advantageous when the initial condition number is so
poor that it undermines the interpolation result, as observed for K.

2. The flexible transformation should be employed to improve the stability while
demanding that the approximation quality remains comparable to that of the
initial kernel.

Hence, transformation kernels improve results effectively when the transformation is
customized to fit the circumstances and requirements of the application.
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Orthogonal Summation Kernels

Summation Kernels

N

/— Transformation Kernels

~

Orthogonal Summation Kernels

Figure 6.1: Schematic relation between summation, transformation, and orthogonal
summation kernels.

The approach of orthogonal summation kernels aims to expand the variety of ker-
nels available for interpolation problems. This method provides additional means of
tailoring kernels to the underlying interpolation problem. The distinctive feature of
these kernels, as well as the anisotropic tensor product kernels discussed in the subse-
quent Chapter 7, is their operation on the Cartesian product of subdomains, allowing
different component kernels for each subdomain. This is particularly interesting be-
cause it is possible to impose different properties in different directions, thus adapting
the kernel to the anisotropic structure of the target function or the interpolation points.

Currently, there is limited literature on this topic. In fact, [GM16] investigates
positive semi-definite kernels operating on Cartesian products, introducing the term
‘distinct component (DC)-strictly positive definite’. However, the focus in that work is
on isotropic kernels, which we deliberately choose not to consider.
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As far as we know, no one has yet explored an anisotropic sum of kernels. This is the
focus of our investigation in this chapter. We combine the standard summation kernels
of Chapter 3 with the transformation kernels of Chapter 5, as visualized in Fig. 6.1, to
obtain an orthogonal summation kernel K on {2,

K(z,y) = ZK&pe(xay> = 2K5<p5(x)7p€(y)>7

where each component kernel K, is defined on €2, §2 is given by the Cartesian product
of all €y, and p, denotes the projection form €2 to €2, which can be viewed as a transfor-
mation. We call this kernel an orthogonal summation kernel, hinting at its underlying
algebraic structure. The native space of such a kernel equals the orthogonal sum of
its components’ native spaces, see Theorem 6.7. Orthogonal summation kernels hold
promise for good approximation of certain target functions. For instance, [WMP24]
examines transformation kernels that reduce dimensionality. It is theoretically and
numerically demonstrated that with such a dimension-reducing transformation and a
target function that is invariant with respect to a subdomain €25, i.e.,

f(x) = filpi(x)) + fa(p2(z)) with fo =0,

the convergence rate of the error improves. Indeed, we can consider such a dimension-
reducing transformation kernel Kt as an orthogonal summation kernel:

Kr(z,y) = Ki(pi(z), p1(y)) = Ki(p1(2),p1(y)) + Ka(p2(2), p2(y)),

where Ky = 0 and K is a kernel operating on €2y, the subdomain of €2 where the target
function varies. Thus, a detailed examination of orthogonal summation kernels is also
warranted in terms of error improvement.

This chapter builds on the previous sections and explores the theoretical foundations
and practical benefits of orthogonal summation kernels in detail. The key contributions
of our work are:

« Examination of the Orthogonal Summation Kernels” Native Space: We describe

the native space as an orthogonal sum of the component kernels’ native spaces in
Theorem 6.7.

o Detailed Analysis of Interpolation with Orthogonal Summation Kernels: We pro-
vide a thorough analysis of interpolation using orthogonal summation kernels,
focusing on positive definiteness, approximation error (Section 6.3.1), and numer-
ical stability (Section 6.3.2).

o Outstanding Performance in Anisotropic Sum Structures: We demonstrate the
superior performance of interpolation with orthogonal summation kernels when
the target function has an anisotropic sum structure (Section 6.4), supporting the
results of Theorem 6.13 and Theorem 6.11.

We hope that this detailed analysis of orthogonal summation kernels paves the way for
further research in this promising area.
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This chapter is structured in the following way: In Section 6.1, we provide the
definition of orthogonal summation kernels and address the issue of positive definiteness
for kernels operating on a Cartesian product. We examine the native space of orthogonal
summation kernels in Section 6.2, recognizing that the standard summation case can
be considered a special case of the orthogonal summation kernel. The requirements for
achieving a positive definite interpolation matrix and the interpolation with orthogonal
summation kernels in general is discussed in Section 6.3, focusing on approximation
error and numerical stability. Finally, in Section 6.4, we investigate the performance of
orthogonal summation kernels using two different target functions.

6.1 Definition and Basic Properties

Subsequently, we provide a precise definition of the orthogonal summation kernel, visu-
alized in Fig. 6.2, and draw the connection to transformation and summation kernels,
that are discussed in Chapter 3 and Chapter 5. Furthermore, in Ex. 6.2, we illustrate
why an orthogonal summation kernel with positive definite components is not automat-
ically positive definite and close this section by briefly addressing translation-invariance
of orthogonal summation kernels.

RN - bro
‘\\ - ¢1,2
0.75 -
0.5
0.25 -
0 | [T

Figure 6.2: Visualization of two Wendland RBF's ¢; ¢ and ¢, » (left), and their cor-
responding two-dimensional orthogonal summation kernel (right) with its support
(black line). The green and purple bar emphasize that ¢, o acts in z-direction and
¢1,2 in y-direction.

Definition 6.1. Let K, be positive semi-definite kernels on Q, € R% for ¢ = 1,..., M,
and 2 = ><g]\il Q, < R? the Cartesian product of €, where d = Zé\il dy. Then

K:QxQ—R,
K(z,y) = Y00, Ko (pe(@), pe(y)) for z,y € Q

is called an orthogonal summation kernel, where p, : 2 — 0, denotes the projection
from  onto €, for all ¢ =1,... M.
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The Definition 5.1 of transformation kernels gives the notation

K (pf(x)7p5<y>> = Kpl(‘r7y)

for all kernels K and all projections py, £ = 1,..., M. Hence, the orthogonal summation
kernel can be viewed as a summation kernel of transformation kernels, i.e.,

K(z,y) = Z Ky (pe(2), pe(y)) = Z Koy (2,9), (6.1)
=1

(=1

where the transformation is given by a projection. Let X < ) = Xé\il be a finite and
pairwise distinct point set and py(X) its projection onto €, for all ¢ = 1,..., M. By
(3.1) and (5.1), the orthogonal summation kernel’s interpolation matrix A x is given
by the sum of the components’ interpolation matrices, i.e.

M M
Agx = Z AK&”,X = Z A g, po(X)- (6.2)
=1

(=1

We cannot deduce that the projections p,(X) < Q, of an arbitrary pairwise distinct
point set X < () are also pairwise distinct, as Fig. 6.3 visualizes. Henceforth, we cannot
conclude positive definiteness for the orthogonal summation kernel K from positive
definite component kernels K,. The following Ex. 6.2 provides a setting where the
orthogonal summation kernel of positive definite component kernels is not positive
definite.

Qy
P2 21 )
Y «— o °
Z3 Z4
Yoo «— o °
lpl
$'1 95'2 0
Figure 6.3: Visualization of the point set X = {21, 29, 23, 24} € 1 x Q, and their
projections p; and py onto 27 and €2y respectively.
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Example 6.2. Let K and K5 be symmetric and positive definite kernels on €2y and €2,
respectively, and K be their orthogonal summation kernel on €2 = €4 x (25. We consider
the point set X = {21, 29, 23, 24} visualized in Fig. 6.3. By (6.2) and Theorem 3.2 the
orthogonal summation kernel’s interpolation matrix is positive definite if at least one
of its component matrices Ak, ,, (x) OF Ak, p,(x) are positive definite. However, in this
example the projected point sets py(X) = {x1, 22, 21,22} and pa(X) = {y1, 1, Y2, Yo}
are not pairwise distinct. Therefore, the interpolation matrices Ak, ,, (x) and Ag, ,,(x)
are not positive definite by Remark 2.11.

Lemma 2.10 shows that the weaker requirement of K being positive semi-definite,
does not depend on the point set X being pairwise distinct. This finding provides pos-
itive semi-definiteness of the interpolation matrices Ak ,,(x) for all X < € and positive
semi-definite kernels K. As sums of positive semi-definite matrices are again positive
semi-definite, we can conclude positive semi-definiteness of the orthogonal summation
kernel K. We return to the question of positive definiteness in Section 6.3.

Lemma 6.3. If K, are positive semi-definite kernels on Qy for ¢ = 1,..., M, their
corresponding orthogonal summation kernel K is positive semi-definite on ) = X e]\il Q.

Proof. Let X € () be a finite point set and p,(X) its projection onto €2, then

M

T T

" Axc= " Ay ¢ 0.
{=1

Lemma 6.4. If K, are translation-invariant kernels with uni-variate functions ®, on

Qp forl =1,..., M, their orthogonal summation kernel K is translation-invariant with
) : . M

the uni-variate function ® := Y ,_, ®; 0 py.

Proof. Note, that the projection py is linear for all £ = 1,..., M, and use Lemma 5.3 (i7)
to obtain

K(z,y) = Y. Ko, (,y) = Y (2eops) (x—y).
/=1

(=1

6.2 Native Spaces

In this section we examine the orthogonal summation kernel’s native space, combining
results regarding the transformation kernel’s native space (Section 5.2) with findings
regarding the summation kernel’s native space (Section 3.2.1). Our analysis culminates
in Theorem 6.7, which states that the native space can orthogonally be decomposed
into the component’s native spaces, satisfying the name ‘orthogonal summation kernel’.
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Since the orthogonal summation kernel K is a summation kernel of the transforma-

tion kernels Ky, for £ =1,..., M, see (6.1), we can use Theorem 3.9 to deduce
M M
Hio = Z Hk, 0 = Z fo o fee i, 0 ¢ (6.3)
=1 =1

equipped with the norm

M
1F a0 =min{ Yl fellk, o ¢ (6.4)
/=1 )

where the minimum is taken over all decompositions f = Ze]\i1 fe with fr e Hg, , o for
(=1,...,M.

As the projections p, are surjective, we can find x € ) = ij\il Q) for every xt e Q
so that py(z) = 2. This shows that a function f € Hr,, 0 exists for every fe Hr.0,

so that f(x) = fopy(x) = f(z*) forall £ = 1,..., M and x € Q, and all reproducing
kernels K. Even if the domain of f is larger, the function f € Mg, o itself does not
‘see’ anything outside €2,. We refer to Theorem 5.6 for more details and apply it on
each H,,, o to obtain

M M
Hio =D Hi,, 0= Hi,0,0p0

/=1 (=1

and

M
2 . 2
HfHKQ = min ZHngKg,Q[ J
=1

from (6.3) and (6.4), where the minimum is taken over all decompositions
f=0" frope with fre Hy,q, for £ =1,..., M.

Theorem 6.5. Let K, be positive semi-definite kernels on )y for{ =1,..., M. Further-
more, let Hr, q, only contain the zero function as constant function for alll =1, ..., M.
Then

M
Hio =P Hr,0, © e,

(=1

where the inner product is given by

M
<f7 g>’HK’Q = Z<fé’ge>’HKg,Qe )
/=1

where f = Zé\il feope, g = Ze]\i1 ge © pe, with fo, 90 € Hi, 0, for ¢ =1,..., M, are the
unique decompositions of f,g € Hiqa.
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Proof. Theorem 3.9 implies, that the representation of a function of the space Hx o is
unique if and only if the component native spaces H Kipp, @ AT€ complemented (Defini-
tion 3.5). To analyze this, let

M
feHrp,an Y, Hi,o formefl,. .. M} (6.5)
l=14#m

then f can be represented in two ways

M
gmopm(r) = f(&)= >, geopx) forallzeQandme{l,...,M}, (6.6)

l=14#m

where gy € Hg,q, for all £ = 1,..., M. For two arbitrary values z,y in ) that only
differ in the m-th component, i.e., x —y = p,,(z) —pm(y), the representation of f on the
right-hand side of (6.6) does not change. Therefore, g,, o p,, is a constant function on
2, which implies that g,, € Hx,, o,, is constant function on 2,,. Since the only constant

function of Hg,, q,, is the zero function for all m = 1,..., M, it is 0 = g, o py, = f.
Asme {1,..., M} was chosen arbitrarily, the additional assumption of Theorem 3.9 is
satisfied, which finishes the proof. ]

Remark 6.6. We want to state two examples of native spaces, that only contain the
zero function as constant function.

1. For a translation-invariant kernel K on the whole space R?, it is Hj ga < L*(RY),
by Theorem 2.30, and L?*(R?) only contains the zero function as a constant func-
tion. Consequently, H j ge only contains the zero function as a constant function.

2. Remark 2.36 and the reference therein state that the only constant function of the
Gaussian’s native space, for a set {2 with non-empty interior, is the zero function.

In the following, we explain how the kernel derives its name. If the native spaces of
all component kernels contain only the zero function as a constant function, no further
demonstration is needed, and we refer to Theorem 6.5. Therefore, we focus on the case
where at least one component kernel has a native space that contains nonzero constant

functions. Let K, be positive semi-definite kernels on €2, for £ = 1,..., M and
M
K =) Ky,
=1

their orthogonal summation kernel on € = ng‘il Q. Without loss of generality, we as-
sume Hy,, , o to contain nonzero constant functions. Furthermore, let m € {2,..., M}
and

R M
Ko=), Koy,
l=m

on Q,, = Xé‘im 2 be the orthogonal summation kernel of K, for £ =m, ..., M and py,
denote the projection from €2 onto 2,,.
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L. Step: If Hp,, o only contains the zero function as constant function, no further
action is needed. In this case, we directly obtain (6.8) with k1 = K; and continue with
the second step.

Otherwise, we proceed as follows. From the above analysis, we deduce that the
intersection Hr, , o N H, . o equals the set of constant functions on 2. Hence, the
corresponding intersection kernel is a constant positive semi-definite kernel. Let

ci(z,y) =c for all z,y

denote the intersection kernel for a constant ¢; € R. Furthermore, Theorem 3.26 pro-
vides the existence of positive semi-definite kernels x; and ko on {2 so that

K17p1 =cC1 + K1, f(27ﬁ2 = C1 + Ko and HHLQ M H@’Q = {O} (67)

Without loss of generality, we deduce that H,, o contains only the zero function as a
constant function. We can make this conclusion because if both of the native spaces
H,, o and H,, o contain a nonzero constant function, then each must contain the entire
set of constant functions on {2, as they are vector spaces. This would contradict their
trivial intersection. With this understanding, we obtain the following equation

HKl,pl 0 = Hcl,Q @ H’ﬂ,m Q-

Since Hy, o C HKLPI’Q = Hk, o, © p1, the native space of k; contains only functions
depending on €2;. By Lemma 5.7, there exists a kernel k; on €2; so that k; = kyp,. This
finding, the representation of K ,, in (6.7), and the definition of K yield

K =Ky, + RQ,IE =cy+ kip + RQ,ﬁz.
Because of (6.7), the relation ¢; < Kb, is satisfied and Theorem 3.25 implies
K ~kipy + Kop,.

Since H,,0 = ?—Lklwg only contains the zero function as constant function the in-
tersection Hy, , 0 N Mg, o1 trivial. Consequently, Theorem 3.9 and Lemma 3.22
provide

Hieo ~He, 0@ Hg, o (6.8)
2. Step: We repeat the first step for K5, and Ksp, to obtain
Hiypo0 ™ Hiopy 0 @ Hp, 0 (6.9)

where Hy, . o only contains the zero function as constant function and ks, is given by
the orthogonal decomposition K5 ,, = cg + kg, for a constant kernel cq that is possibly
zero. The equation (6.9) applied on (6.8) yields

Hra ~ M, 0@ He,,0® Hf(&ﬁg’g-

3. Step: We repeat the above two steps until Ky, , and —f(M,;aM = K p,, to obtain
the following result.
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Theorem 6.7. Let K, be positive semi-definite kernels on 2y for £ =1,..., M and K
their orthogonal summation kernel on £ = Xé\il Qp. Then the orthogonal summation
kernel’s native spaces satisfies

M
Hro ~ (—DH@M,Q,

l=1

where kg p, either equals the component Ky p, or is given by the orthogonal decomposition
Kyp, = co + kep, for a constant kernel ¢, for every ¢ =1,..., M.

In summary, this demonstrates that every function f € Hx o has a unique repre-
sentation f = Zz]\i1 fe o pe, where f; € Hy, o, and the kernel ky equals the component
K, of K, up to a constant (possibly zero) addend for all £ = 1,..., M. With the con-
struction of the kernels &, as outlined above, we decompose the function f so that its
constant part is not distributed across multiple components f,, but appears solely in
the last component f;. Furthermore, from Theorem 6.7, we obtain that the norm of
the orthogonal summation kernel’s native space || f| 5, is equivalent to Zé\ilH fell,.0,0
and

||fg”ke,Q£ = ||fe||Ké,Qe for all -fZ € Hké’ﬂl7

because of the fact that the decomposition K;,, = ¢, + ks, is orthogonal and Theo-
rem 3.12. Thus, we conclude that || f|| ;- o is equivalent to Zé\ilegHKé Q-

Even though this is a slight abuse of notation, it justifies the name of the kernel.
Particularly because kernels belonging to the same equivalence class have similar char-
acteristics with respect to interpolation, as shown in Chapter 3. In the following, we
assume that the native space of the orthogonal summation kernel is the orthogonal sum
of the native spaces of its components.

At the end of this section, we want to emphasize that not only does the orthogonal
summation case follow from the standard summation case, but there is also a reciprocal
relationship between them, schematically visualized in Fig. 6.1. The summation kernel
can be considered as a special case of the orthogonal summation kernel. If Q, = Q
for every ¢, the summation kernel K (x,y) = >, K/(z,y) equals the restriction of the
orthogonal summation kernel K (z,y) to the diagonal set {(z,...,z) : z€Q} < X,Q,
ie.,

=
=
8
J
s
<
=

||

ZKZ (pe(z, ..., %), pely, ..., y))
¢

= ng(x,y) — K(z,y) for all z,y € Q.
¢

In view of the native space, we loose orthogonality by taking the restriction, resulting in
the findings of Theorem 3.9. For more details on the restriction of reproducing kernels
we refer to [Arob0, Part 1, §5] and [Wen05, Chapter 10.7].
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6.3 Interpolation

Here, we examine the interpolation using orthogonal summation kernels. First, we dis-
cuss the conditions under which the interpolation matrix Ak x is positive definite. We
then examine the approximation error in Section 6.3.1 and the numerical stability in
Section 6.3.2.

We aim for a positive definite interpolation matrix A x, as described in Section 2.1.
In Ex. 6.2, we observed that in regard to the orthogonal summation kernel, it is not
sufficient to demand positive definiteness of the component kernels alone. This leads
us to the concept of DC-strictly positive definite kernels, which was introduced by
J.C. Guella and V.A. Menegatto in [GM16].

Definition 6.8. Let K be a kernel on the Cartesian product Xé\il Q. The kernel K is
called DC-strictly positive definite (distinct component) if its interpolation matrix Ak x
is positive definite for every point set X < Xe]‘i1 ), with pairwise distinct projections
pe(X) < Qfor £ =1,..., M, where p, denotes the projection from € to 2.

We directly observe that an orthogonal summation kernel with positive definite com-
ponents is DC-strictly positive definite. In the following, we minimize the requirements
for a positive definite interpolation matrix, noting that positive definiteness of at least
one component kernel K, and a corresponding pairwise distinct projection p,(X) of X
is sufficient.

Lemma 6.9. Let K, be positive semi-definite kernels on Sy for 0 = 1,..., M and K
their orthogonal summation kernel on €2 = Xé\il Q. Furthermore, let X < §Q be a finite
point set. If there exist an index by € {1,..., M} satisfying that

1. the projection pg,(X) of X onto Qy, is pairwise distinct and

2. Ky, is a positive definite kernel on y,,

then the interpolation matriv Ax x regarding the orthogonal summation kernel K is
positive definite.

Proof. By the assumptions 1. and 2., we have ¢/ A Kugpeg ()€ > 0. This yields

M
T _.T T
cAxxc=c AKeo,peo(X)C+ 2 ¢ Ak, pxyc > 0.
0=1,0+£0,

Next, we state the anisotropic version of Lemma 3.37.

Lemma 6.10. Let K, be positive definite kernels on Sy for £ = 1,... M and K their
orthogonal summation kernel on §) = Xé\il Q. Furthermore, let X < ) be a finite point
set, such that its projections py(X) onto Q are pairwise distinct for all ¢ = 1,..., M.
Let the target function f € Hi o have the unique representation f = sz\i1 foeope for

fee Hi,q,- Then,

M
2 2
Hsf,K,XHK’Q < ZHsfe»Kevpe(X)HK[,Qg :
=1
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Proof. For the proof, we view the orthogonal summation kernel K as the summation
kernel of the transformation kernel K, ,, acting on 2, see (6.1). We apply Lemma 3.37

to obtain
2

M
2
Hsf,K,XH Ko S Z Sfeope7Ke,pe7X‘

=1 Kep 2

By Lemma 5.8, the right-hand side can be written as

M
lsnaexllicn = 2llsserenco i
(=1

6.3.1 Approximation Error

This section is concerned with the approximation error when using orthogonal sum-
mation kernels. We state the anisotropic version of Theorem 3.38 in Theorem 6.11,
which demonstrates that an improved error can be expected by performing interpola-
tion component-wise first and then summing the results in a second step. For further
insights, see the numerical example in Section 6.4. Additionally, we outline the rela-
tion between the power function of an orthogonal summation kernel and that of its
components, and we consider translation-invariant component kernels in Lemma 6.12.

Theorem 6.11. Let K, be positive definite kernels on €y for ¢ =1,..., M and K their
orthogonal summation kernel on €} = Xz]‘i1 Qp. Furthermore, let X < § be a finite point
set, such that its projections py(X) onto Q, are pairwise distinct for all ¢ = 1,..., M,
and let the target function f € Hi o have the unique representation f = Zé‘il feope,
with fre Hi,q, fort =1,...,M. Then,

M

Zer - Sfe:Ké,Pé(X)HiQ,QZ S Hf - vaKvX”i(,Q'
/=1

Proof. Because of (6.1) and Lemma 5.8, it is

2

M M

2
ZHfZ - Sfe;KZ’PE(X) HK@,Q[ = ZHfz Opé - SféopfzKé,péyx K Q .
=1 =1 bre

Since the component native spaces HK27PZ7Q are complemented, we are in the position
to apply Theorem 3.38 on the right-hand side, to obtain

M
ZHfZ - SvaKl’pZ(X) Hi{g,ﬂe < H‘f - Sf’K’X”i(,Q :
/=1

The above combined with Definition 2.27 of the power function yields

M

2 2
Y Primx) < Pixe
/=1
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Lemma 6.12. Let K, be positive definite translation-invariant kernels on €2y with uni-
variate functions @, for £ =1,..., M. Furthermore, let Qy fulfill an ICC and py(X) be
pairwise distinct and satisfy hp,x)0, < heo for £ =1,..., M. If K s the orthogonal

summation kernel of K, for { = 1,..., M, its power function can be bounded by
M
PKX ZF‘%M (Ppe(30),92,) for all x e Q= X §y,
=1

where the functions Fy,, 0 come from Remark 2.44.

Proof. The statement is a direct consequence of (6.1) and Lemma 3.39. |

6.3.2 Numerical Stability

Subsequently, we present the anisotropic version of Theorem 3.40, which demonstrates
that the numerical stability of an orthogonal summation kernel aligns with that of its
most stable component kernel. For a numerical example, see Section 6.4.

Theorem 6.13. Let K, be positive definite kernels on €y for £ =1,..., M, K be their
orthogonal summation kernel on €2 = X?il Qp, and X < Q be a point set such that its
projections pe(X) < Qp are pairwise distinct. Then the following statements hold.

()
Amin (AK,X) > max {Amin (AK@,W(X))}

(i1)
M ée{rlr,la?( { >\maX AKZ pe(X) ) }

Ze{Ilr,l.E.if{M} {)\mln AKe pe(X))}

COHdQ(AKjx) <

(11i) Let by e {1,..., M} satisfy

/\min (AKgO ,pg(X)) = ée{IPa%M} {/\min (AKevpl(X))}

and Ky, be a translation-invariant kernel on Sy, with univariate function @4, such
that 4, € C(R%\{0}). Then

>\min (AK,X> = Gq)go (qu(X))a
where the function Gq% comes from Remark 2./9.

(iv) Let K be translation-invariant and its univariate functions O  satisfy
® e C(R¥\{0}). Then

Amin(Arx) = Go (méin{qu(X)}> ;

where the functions Gg comes from Remark 2.49.
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Proof. For the statements (i) — (i), we view the orthogonal summation kernel as a
summation kernel of transformation kernels, see (6.1). We combine the results of Theo-
rem 3.40 on summation kernels with those from Theorem 5.13 and (5.1) on transforma-
tion kernels. For statement (iv), we use the fact that the function Gg is monotonously
increasing and

& = Sminfla — ]
X 4 i#j ! 112

- —lggngHpe z);

- 1
= mmmmez

it J’>H2

= ming,x).

6.4 Numerical Tests

In the following, we present numerical examples that support the theoretical results
discussed in the preceding sections. We compare interpolation using orthogonal sum-
mation kernels with interpolation using radially symmetric kernels. Our findings demon-
strate that an orthogonal summation kernel, when adapted to a target function with an
anisotropic sum structure, yields outstanding results in terms of both approximation
error and numerical stability.

For the numerical tests, we consider
o the domain 2 = Q; x Qo, with Q, = [0,1], ¢ = 1,2 and

« the developing point sets X,,, consisting of 2" random points in €2 forn =4, ..., 10,
and satisfying X,, < X,, for m < n. Additionally, the projections p,(X,) are
pairwise distinct for all £ = 1,2 and n =4, ..., 10.

To emphasize the benefits and challenges of using an orthogonal summation kernel, we
reconstruct the following two target functions, which are visualized in Fig. 6.4 along
with the point set X7:

1. the C* target function franke defined in (3.24) and visualized in Fig. 6.4 (left).
2. the C° target function
fanlso s(a7 x ) - fl( ) + f2($2) = BHQfl - 05H + Sin(27T$2) (610)

for (z',2?) € Q, with anisotropic sum structure, visualized in Fig. 6.4 (right).
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Figure 6.4: Top view of the target functions franke (left) and fanisos (right), and the
scattered point set X7 in 2 (middle).

We compare the performance of
o the two-dimensional Wendland kernel K with RBF ¢34 and
o the two-dimensional Wendland kernel K, with RBF ¢33 with
« the two-dimensional orthogonal summation kernel
K ((«',2%),(y"y%) = mla',y') + ra(a?,y?)  for (a',2%), (y',y°) € Q,

visualized in Fig. 6.5, of the one-dimensional Wendland kernels x; and ko corre-
sponding to ¢ and ¢, 3.

When reconstructing the target fanisos, we add another approach to gain an interpolant
to our comparison, namely

« the anisotropic summation of interpolants (ASI). Here, we use the projections
pe(X,) and the function values f;,,(x,) of the one-dimensional functions f; on
pe(X,) for £ = 1,2. The interpolation is carried out separately with x; on
and kg on {2y first, and summed up afterwards. This procedure results in the
interpolant

S(x) = S(xlaxZ) = Sfl,"ihpl(x)(xl) + Sf2,f€27p2(X)(x2) for all x = (xlva) € Q.

We remark that, we need more precise information to perform this approach,

as two function values, fi(z') and fy(z?) are needed for one interpolation point
r=(2',2%) e Q.

Note, that we chose k; to be a non-differentiable kernel mirroring f; of (6.10) and ko
to be C® capturing the smoothens of f, of (6.10).
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Figure 6.5: Visualization of two Wendland RBF's ¢; ¢ and ¢, 3 (left), and their cor-
responding two-dimensional orthogonal summation kernel (right) with its support
(black line). The green and purple bar emphasize that ¢, o acts in z-direction and
¢1,3 in y-direction.
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Figure 6.6: Comparison of the kernels K, j = 1,2, and their orthogonal summation
kernel K regarding the condition number (middle) and the mean squared error
corresponding to the target function franke (left) and fanisos (right) on developing
point sets X, for n =4,...,10.
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Let us devote our attention to the interpolation with fanisos, first. In Fig. 6.6 (right),
we observe that the two summation approaches (K and ASI) are able to improve the
approximation by two digits, compared to the radial approaches (K; and K5). For the
ASI approach this supports Theorem 6.11. Furthermore, we see that the interpolant
corresponding to the orthogonal summation kernel K approximates the target func-
tion just as fine as the ASI approach, even though the latter requires more detailed
information. This finding favors the orthogonal summation kernel.

In view of the numerical condition number in Fig. 6.6 (middle), we see that the one
of the orthogonal summation kernel K rises with the same rate as its most stable com-
ponent kernel k1, supporting the first statement of Theorem 6.13. These observations
reflect well on the interpolation with the orthogonal summation kernel K.

However, looking at Fig. 6.6 (left), the interpolation of the Franke function chal-
lenges the orthogonal summation kernel. The error is significantly worse than the one
corresponding to the radial symmetric approaches Ky and K,. Furthermore, it hardly
improves with the amount of interpolation points increasing.

For more details, we visualize the absolute error
linterpolant(x) — f(x)] for z e [0, 1]?

for the interpolants of the Franke function fpa.e corresponding to the point set X7
and the interpolation kernels K;, K5 and the orthogonal summation kernel K in Fig-
ure 6.7. The plotted error supports the result of Fig. 6.6 (left) as the radially symmetric
approaches (left and middle of Figure 6.7) perform much better than the orthogonal
summation kernel K (right). The bad error and its top-bottom-line structure, is due
to the shape of K, particularly its unbounded support, see Fig. 6.5.

Looking at the absolute error between the corresponding interpolants and the tar-
get function faniso.s With anisotropic sum structure in Fig. 6.8, the superiority of the
summation approaches (K and ASI) is salient, as already observed in Fig. 6.6 (right).
We see that the worst error in the summation cases does not occur at the biggest hole
of the data, as it is the case for the radial approaches (Fig. 6.8 — top row), but along
the kink (Fig. 6.8 — bottom row).

In summary, it can be said that the orthogonal summation kernel K outperforms
radial approaches (K7 and K3) when it comes to target functions with an anisotropic
sum structure and known properties of each target summand, allowing the adaptation
of the generic kernels. In this case, the approximation error rate is significantly im-
proved, and the numerical condition number grows with a rate depending on the most
stable component kernel. Furthermore, it can be observed that even though the ASI ap-
proach does contain more detailed information, it does not improve the approximation
compared to the interpolant corresponding to the orthogonal summation kernel.

We recommend the use of orthogonal summation kernels for targets with an aniso-
tropic summation structure.
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Figure 6.7: Absolute error between the target function fgane and the interpolants
regarding the point set X7 corresponding to K (left), Ky (middle) and the orthog-
onal summation kernel K (right).

Figure 6.8: Absolute error between the target function f,,is0.s and the interpolants
regarding the point set X; corresponding to Kj (top left), K, (top right), the
orthogonal summation kernel K (bottom left) and the ASI approach (bottom right).
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Tensor Product Kernels
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/— Transformation Kernels

h 4

Tensor Product Kernels

Figure 7.1: Schematic relation between product, transformation, and tensor product
kernels.

In this section we naturally combine the advantages of interpolation methods by
exploiting an underlying structure of the interpolation kernel. As an initial approach
to tackle the lack of adaptive anisotropic kernels, transformation kernels are considered
in Chapter 5. In particular, it is discussed in Section 5.1 that anisotropic kernels can
be constructed by replacing the standard Euclidean norm with an anisotropic norm

|lz|% = 2T Ax for z € RY,

in the argument of a fixed radial kernel function, where A € R?*? is a symmetric positive
definite matrix. For a standard Gaussian kernel and a positive definite diagonal matrix
A = diag(ay, ..., ag), this construction yields the kernel

d

_ 2 _ T _ 2 T

el2ls = g7 A He ey for x = (zy,...,24) € R%,
=1

see [Fas11]. Hence, this anisotropic version of the standard Gaussian kernel is given by
a product of d kernels acting on one dimension, and each of them is equipped with its
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own shape parameter ay > 0 for £ = 1,...,d. This observation gives reason to study
kernels that are products of positive definite component kernels defined on different
lower-dimensional spaces. These kernels are referred to as tensor product kernels. The
main intention of this approach is to further improve the flexibility of kernel-based re-
construction methods, as the initial domain can be split into several subdomains and
each of them can be equipped with an individual kernel tailored to the application.

In [Saall], it is demonstrated that tensor product kernels hold another advantage.
Many real-world applications are structured as a grid. Climate data sets serve as an
example, as they record measurements of variables such as ocean surface temperatures
and C'Oy concentrations across a grid of locations spanning the Earth’s surface. The
specific example of [RBP*06] involves sea surface temperature data organized as a grid
of geographical locations over discretized time-series observations. Hence, the entire
dataset can be viewed as a three-dimensional Cartesian grid. When interpolation is
conducted on a gridded point set, the interpolation matrix of the tensor product kernel
can be expressed as the Kronecker product of its component’s interpolation matrices.
Y. Saatci, showed in [Saall] that this speeds up the Gaussian process in applications
where the number of interpolation points approaches millions, while the quantity of
data points within a subdomain remains comparatively modest.

It turns out that tensor product kernels exhibit tensor product structure, satis-
fying the name. A significant part of this finding draws from the work [Aro50] of
N. Aronszajn, who demonstrated that the native space of product kernels aligns with
restrictions of the tensor product of the corresponding component native spaces with
a well-defined inner product (Theorem 4.5). Presently, this type of tensor product is
known as the Hilbert tensor product, as discussed in [KKR83]. It enables us to present
the result of J. Neveu in [Nev71] with this term: The Hilbert tensor product of the
component kernel’s native spaces is given by the native space of the corresponding ten-
sor product kernel. Unlike the standard tensor product, the Hilbert tensor product of
Hilbert spaces results in a Hilbert space. Moreover, the inner product of tensors is given
by the multiplication of the inner products of the component spaces. This amounts to
the fact that the product kernel of Chapter 4 can be seen as a special case of the tensor
product kernel, schematically visualized in Fig. 7.1.

Our work [AEI23b], conducted in collaboration with K. Albrecht, extends existing
research by providing a more detailed exploration of tensor product kernels and empha-

sizing their computational advantages over standard kernels. Our main contributions
to this field are:

o Elucidating the Structure of Native Spaces: We provide an alternative proof for
the structure of the tensor product kernel’s native space in Section 7.2.2, drawing
a connection from Neveu’s work to Hilbert tensor spaces. This connection paves
the ground for further insights, such as the tensor construction of the Newton
basis of (7.6).

e Detailed Analysis of Interpolation with Tensor Product Kernels: We conduct a
thorough examination of interpolation using tensor product kernels in Section 7.3,
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including an analysis of convergence (Theorem 7.23) and stability (Section 7.3.3).
This analysis provides valuable insights into the performance and robustness of
tensor product kernel employing reconstruction methods.

o Proof of Positive Definiteness: We present a rigorous proof regarding the posi-
tive definiteness of tensor product kernels, depending on the concept of grid-like
structured point sets (Definition 7.12). To the best of our knowledge, this proof
is the first of its kind and shows that the tensor product kernel of positive definite
component kernels remains positive definite (Theorem 7.25).

These contributions collectively advance the theoretical understanding and practical
applications of tensor product kernels in reconstruction methods.

This chapter proceeds as follows. Section 7.1 introduces tensor product kernels as
a special type of positive semi-definite kernels, providing a comprehensive overview of
their properties and characteristics. We delve into theoretical fundamentals and char-
acterize native spaces of tensor product kernels in Section 7.2, drawing from seminal
works in the field. Section 7.3 is concerned with the interpolation method using ten-
sor product kernels. We first emphasize the computational advantages inherent in the
tensor product structure, particularly when the interpolation point set is grid-like struc-
tured (Section 7.3.1). Furthermore, we discuss the efficient computation of orthonormal
bases, such as the Newton basis, and its impact on convergence rates. We explore the
question of positive definiteness of tensor product kernels in Section 7.3.2. Using the
concepts of grid-like structure and Kronecker product, we demonstrate how tensor prod-
uct kernels inherit the positive definiteness of their component kernels. Additionally,
we examine the numerical stability of these kernels in Section 7.3.3, which is crucial
for practical applications. Numerical examples are presented in Section 7.4 to under-
score the efficiency of computing the Newton basis and the adaptive nature of tensor
product kernels. These examples offer valuable insights into the potential performance
enhancements achievable with tensor product kernels.

7.1 Definition and Basic Properties

This section provides a detailed definition of tensor product kernels. We present a way
of viewing these kernels as a product kernel of transformation kernels and state first
basic findings regarding positive semi-definiteness and translation-invariance.

Definition 7.1. Let K, be positive semi-definite kernels on Q, € R% for ¢ = 1,..., M,
and Q = X7, Q, € RY where d = )" d;. Then

K:QxQ—R,

K(e.y) = ﬁ Ko(pe(), pe(y)) for 2,y € ©

is called a tensor product kernel, where p, : 0 — €, denotes the projection from 2
onto y forall ¢ =1,..., M.
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Figure 7.2: Visualization of two normalized Wendland RBFs ¢, o and ¢, 3 (left), and
their corresponding two-dimensional tensor product kernel (right) with its support
(black line). The green and purple bar emphasize that ¢, o acts in z-direction and
¢1,3 in y-direction.

Figure 7.2 visualizes the anisotropy and construction of a two-dimensional tensor
product kernel. As done for the orthogonal summation kernel (Chapter 6), we can
write any kernel K acting on a projection p, as a transformation kernel K,,, where the
transformation is given by projection p,. This satisfies the schematic relation visualized

in Fig. 7.1, i.e.
K(pg(x),pg(y)) :Kpl(xay) for £ = 17"'>M'

Hence, the tensor product kernel can be viewed as a product kernel with transformation
kernels as components

S

K(z,y) = | [ Kelpe(@), pe()) = | | K, (1) (7.1)

=1

This approach helps to state some basic properties. Given a point set X < R? and a
tensor product kernel K with components K, for ¢ = 1, ..., M, the interpolation matrix
A x can be written as the Hadamard product

M M
AK,X = @AKM(’X = @AK&W(X)'
(=1 (=1

This is a direct consequence of the interpolation matrix representation of product kernels
(4.1) and transformation kernels (5.1). We can proceed as done for the product kernel.
The Schur product theorem provides positive semi-definiteness of the product kernels
(Theorem 4.3) as well as the tensor product kernels.

Theorem 7.2. Let K, be positive semi-definite kernels on Qp for £ =1,... M. Then,
the tensor product kernel K is positive semi-definite on ) = ><?i1 Q.
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It cannot be guaranteed that the projections py(X) = R% of a given finite pair-
wise distinct point set X < R? where d = Zfiw:ldg, are pairwise distinct for every
¢ =1,...,M. A simple counterexample is given by a grid in R%, visualized in Fig. 6.3.
Hence, the interpolation matrix Ak, ,,(x) of a positive definite component K, is not
necessarily positive definite. Consequently, the Hadamard product cannot provide pos-
itive definiteness for a tensor product kernel with positive definite components, even
though the Hermitian of positive definite matrices is positive definite again by the Schur
product theorem. This problem is solved by a workaround using a special type of data
sets in Section 7.3.2.

However, we can use Bochner’s theorem when restricting the component kernels
to be translation-invariant. This characterization draws a link between translation-
invariant kernels and non-negative Fourier transforms. Subsequently, we state an ex-
tension of [Wen05, Proposition 6.25] that provides a positive definite tensor product
kernel for positive definite translation-invariant components.

Theorem 7.3. Let K, be positive definite kernels on R% of the form

Ki(ze,y0) = Po(wr — y0) for x4, yp € R™,

for every £ = 1,..., M, where ®; € Li(R%) n C(R%). Then the corresponding tensor
product kernel K is positive definite on R?, with d = Zé\il dy.

We close this section with the statement, that translation-invariant component ker-
nels provide a translation-invariant tensor product kernel.

Lemma 7.4. If K, are translation-invariant kernels with uni-variate functions ®, on

Qp for £ = 1,..., M, their tensor product kernel K 1is translation-invariant with the
. : . M

uni-variate function ® = [[,_; ©eo pe.

Proof. We note that the projection py is linear for all ¢ = 1,..., M, and use Lemma 5.3 (i7)
to obtain

M M
K(%,y) = HKZ,M<‘ray> = H(I)[ Opg(&? - y)
=1 =1

7.2 Native Spaces

From now on, we assume the components K, to be positive semi-definite kernels for
¢ =1,...,M, so that their tensor product kernel K is positive semi-definite according to
Theorem 7.2. In Section 2.3, we demonstrated that any symmetric positive semi-definite
kernel generates a reproducing kernel Hilbert space (RKHS) Hk o of functions, called
native space. As the tensor product kernel K is composed of the different component
kernels, we aim to derive a similar relation between the associated native spaces. To do
so, we introduce the Hilbert tensor product in Section 7.2.1 and show that the tensor
product kernel’s native space is such a product in Section 7.2.2.
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7.2.1 Hilbert Tensor Product

We introduce and elucidate the Hilbert tensor product here to find that the native
space of the tensor product kernel is such in the subsequent Section 7.2.2. This section
builds upon the foundations presented in [KR83] and [Hacl2], to which we refer for
more detailed information.

In general, a tensor product is a mapping that shares the same structure as the
algebraic tensor product ‘®,’, which is defined by a quotient vector space and therefore
consists of equivalence classes. For a formal definition, we refer to [Hac12, Chapter 3.2,
and characterize it as done in [Hac12, Proposition 3.12].

Definition 7.5. Let V, W and U be vector spaces over R. The mapping
X :VxW-—U

is a tensor product and U a tensor space (i.e., it is isomorphic to V ®, W), if the
following properties hold:

1. Span property: U =V QW =spanfv®@w : veV, we W}
2. Bilinearity:

(av) @w =v®aw = a(v ® w) foraeR, veV, weW
W+ )Quw=vQw+v" Qw for v/, 0" eV, we W
1@ (W +uw) =v@uw +vuw” forveV, v ,w' eW
1®0=0=0Qw forveV, weW

3. Linearly independent vectors {v;}; = V and {w;}; € W lead to linearly indepen-
dent vectors {v; ® w;};; < U.

De facto, we use the same symbol ‘®’ for two different purposes here. First, in ten-
sor space notation, the symbol connects vector spaces, and second, it combines vectors
v and w of the respective vector spaces V and W into the quantity v ® w. This is
analogous to the summation ‘4’ of vectors and vector spaces from Definition 3.4.

In order to obtain a RKHS as a tensor product, there are two important points to
note with respect to Definition 7.5. First, the tensor space V ®, W is not complete
for infinite-dimensional vector spaces V' and W. Second, the mapping &, initially
maps to the abstract elements of equivalence classes, which need to be converted into
actual functions in the RKHS setting. Regarding completion, [Hac12] introduces the
topological tensor product ®@j.|, which satisfies the relation

veuw-ve,w',

for Banach spaces V and W. The steps of completion and conversion were accomplished
by J. Neveu, who identified the native space’s structure of tensor product kernels in
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[Nev71, Chapter VI]. Today, this structure is known as Hilbert tensor product.

In the following, we introduce the concept of Hilbert tensor products and the closely
related Hilbert-Schmidt mapping, which we know maps to a (complete) Hilbert space.
Thus, we can skip the step of completion and still obtain J. Neveu’s result in Theo-
rem 7.10. First, we fix definitions and notations as in [KR83, Chapter 2.

Definition 7.6. Let H, ..., Hy, Z be real Hilbert spaces and

M
o: X He— 2

=1
be a function on the Cartesian product of Hy, ..., H,.

(i) The function ¢ is called a bounded multilinear mapping if it is linear in each of
its variables (while the other variables remain fixed), and there exists a constant
c € R, such that

M
le(ar, o zan)z < c- | [l
(=1

holds for any (z1,...,xp) € X?il H,.

(ii) We call ¢ a weak Hilbert-Schmidt mapping if it is a bounded multilinear mapping
and there exists a constant d € R, such that the estimate

DU D Kl bar), 202 < dPz]%
b1€B1 bMEBM
holds for any orthonormal bases By < Hi, ..., Byy € Hyy and z € Z.

The following theorem is a slight modification of [KR83, Theorem 2.6.4], which
details the main properties of Hilbert tensor products. In contrast to the standard
tensor product, the Hilbert tensor product of Hilbert spaces is again a Hilbert space.
This is a crucial detail, as kernel-based approximation theory mainly works with RKHSs.

Theorem 7.7. Let Hy, ..., Hy be real Hilbert spaces. Then there exists a tuple (H, )
of a Hilbert space H and a multilinear mapping

M
(ol ><Hg—>7'[

(=1

satisfying
M
<90(l‘1) ceey xM)a Sp(yla ceey ?JM)>H = H<x€7 yf>'Hz
=1

for any (x1,...,xn), (Y1, -, Ynr) € Xé\il H,. Additionally,
Ho = span {@(z1, ..., xn) : (21, .., 2m) € Hy X ... x Hy}

is a dense subset of H.
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Furthermore,
a) Let By € Hy, ..., Byy < Har be orthonormal bases. Then
B = {(p(bl,...,bM) o (b1, .oy bpr) € By X . X BM}
1s a orthonormal basis of H.
The following uniqueness statements hold:

b) The map ¢ is a weak Hilbert-Schmidt mapping and satisfies the universal property:
If Z is another Hilbert space and v : Xgﬂil He —> Z is a weak Hilbert-Schmidt
mapping, there is a unique bounded linear map T : H — Z such that ¢ =T o .

¢) Let H be a Hilbert space and ¢ - xeﬂil H, — H be a weak Hilbert-Schmidt
mapping that satisfy the universal property from part b). Then, there exists an
isometric isomorphism U : H — H with U o ¢ = ¢. Hence, (’zfl, Q) satisfies the
above properties of (H,p).

d) If (7:[, Q) satisfies the above properties of (H, @), there exists an isometric isomor-
phism U : H — H with U o ¢ = §.

Note that ¢, being the identity, does not satisfy the required properties, as it is no
multilinear mapping, but only a linear one. Consequently, the Cartesian product ‘X’
is not a tensor product.

Finally, we can provide a precise definition of the Hilbert tensor product.

Definition 7.8. Let Hi,..., Hys be Hilbert spaces and the tuple (H, ) be given by
Theorem 7.7. Then (H, ) is called the Hilbert tensor product of Hi, ..., Hyr, denoted
by

M M
Q) He = span{e®1xg : xg € Hyfor 0 = 1,...,M} = (H, ),

=1 =

where

M
M
z®1x£ =21Q®...Q0xy = @(x1,...,T) for (1, ...,zp) € X Hy
- (=1

M
Shortly, we write H = X) H,.
=1

Note, that due to Theorem 7.7 ¢) and d) the Hilbert tensor product is, up to
isometric isomorphy, uniquely characterized.
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7.2.2 Native Space as Hilbert Tensor Product

We identify the native space Hg o of a tensor product kernel K with components K,
as the Hilbert tensor product of its components’ native spaces Hr, o, in the following.
To do so, we define a mapping ¢ from the Cartesian product of the components’ native
spaces to the tensor product kernel’s native space and show that the tuple (Hx.q,¢)
satisfies the properties of Theorem 7.7. This means that, unlike J. Neveu’s approach,
we directly assume that ¢ maps onto a set of functions, thereby allowing us to omit the
conversion step. Note that the underlying algebraic structure of the kernel justifies its
designation as ‘tensor product kernel’.

Theorem 7.9. Let K, be positive semi-definite kernels on Sy for £ = 1,.... M, and K
be the corresponding tensor product kernel on {2 = Xé‘/il Qp. Then the mapping

M
90 : >< HK@,Q[ - HK,Q)
=t (7.2)

M
(fh"'?fM) — HfZOpZ
/=1

1s well-defined, multilinear, and satisfies the equation

<90(f17 ) .fM>7 90(917 7gM>>K7Q = 1_[<féa g€>Kg,Qg (73)
=1

for all (f1,..., fm), (915, 901) € xé\il Hi, q,- Moreover, it is
Sk, C span {(p(fl, o) ¢ foe Hi,q, foralll =1, ..., M} . (7.4)

Proof. The proof is carried out via induction on M.

M = 2: We divide the initial step into three parts. In (i), we show (7.2) and (7.3) for
the pre Hilbert spaces Sk . In the second part (ii), we extend the results to Hg o, and
in (iii), we conclude the initial step by by proving (7.4).

(i) Let f1 € Sk, .0, and f5 € Sk, o, be given by
N1 N2
fr=D a0 (y),  fa= ) biKa( %)
i=1 j=1

with {y1,...,yn, } < 1, {21, ..., 28, } < Q. Applying ¢ on (fi, f2) leads to
o(f1,f2) = (fiop1) (faop2)

N1 N2
= 2 Z a;b; K4 (p1<’)7yi> K, (p2('); Zj)
i=1j=1
N1 N2
= Z Z aibj K, (p1<'>7p1(xi,j)) K, (pz(')mz(l'z‘,j))
i=1j=1
N1 N
= ZZaib]’ K(',l‘@j) € SK,Q = HK,Q;

i=1j=1
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(i)

where K denotes the tensor product kernel of K and K, and z;; = (v;, 2;) is an
element of Q; x Qs = ). As a consequence, ¢ is well-defined on the dense subsets.
Clearly, the mapping is multilinear as well. Given the additional elements

M1 M2
G = Z K1 (k) € S0y G2 = Z deKs (-, Ze) € Skp 0,
k=1 =1

with {71, ..., Uar, } < Q1, {21, ..., Zar, } © o, the computation

N1 N2

Lol fis f2), 90(91792)>K,Q = Z Z ab; Ky (p1(-), vi) Ko (p2(-), )

i=1j=1

k=1/¢=1
N1 N M;p M

= Z Z Z Z aibj cxde K1 (i, Gr) K2 (25, Ze)

i=1j=1 k=1¢=1

Zl 22 crdy Ky (p1(), 9x) Ka (pa(), 54)>

)

N1 My Ny Mo
= Y aier Ka(yi @) - >, > bide Ko(z;, %)
j=1k=1 j=1t=1

= <f17 91>K1791 ‘<f2, 92>K2,92
yields (7.3) using Theorem 5.6 for the last equation.

For all fi € Hk, 0., f2 € Hk,,0,, there exist a normwise convergent sequences
1 2 :
(1), © Ski, and (s2) < Sk,q, with

lim s} = f lim s2 = f.
n—0o0 n—0o0

Due to part (i), we can state the estimate
||90(871n7 Szn) - (’0(871“ 831,) HK,Q
= ||(smop1) - (sh0p2) = (sn0om1) - (57, 012)| g
<[Gm=sopll,, o llsmorell,,,o

+Hsi op1||KLp1’Q H(Sgn —s7) OPQHKZM,Q

= llsm = sullx, 0, “llsml lsall, @, “llsm = s
Hsm Sn Ki1,$1 Sm K2,Q2 T80 K1, Sm — Sn K2,Q0
for all n,m € N. Hence, the sequence (gp(s}” si))neN is a Cauchy sequence in Hg o

and therefore approaches a normwise limit in ‘H g o, here denoted with g, i.e.,
= li L %),
g = lim ¢(s,, s,)

Since norm convergence implies pointwise convergence in RKHSs, see Theorem 2.21,
we obtain

g(x) = lim s} (y) - s2(2) for all z = (y, 2) € Q,

n—oo
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(i)

M —

where the right-hand side can be written as

lim s} (y) - s2(2) = lim s (y) - lim s2(2) = fi(y) - f2(2) for all x = (y, 2) € Q,
n—0o0 n—o0 n—0o0
by applying the same argument with respect to the norm convergence in the

spaces Hg, o, and Hg, o,. Consequently,

o(f1, f2) € Hio for all f1 € Hik, 0., f2 € His,00s

showing that ¢ is a well-defined function. Since taking the limit is a linear oper-
ator, ¢ maintains multilinear, when extending its domain from Sk, o, % Sk, 0, to
Hi1,00 X Hko0-

Given additional elements ¢; € Hx, o, and g2 € Hx, o,, we can approximate them
with convergent sequences (E}L)neN < Sk,.0, and (531)%1\I < Sk,0, as well. The

continuity of inner products and part (i) results in (7.3), as
<90(f1> f2)7 ¢(91’92)>K,Q = nh—r»{olo <90(871L7Si)7 90(57117 §2)>K,Q

= lim <8711, §7IL>K17Q1 ) <33w §i>K2,Q2
n—0o0

<f1> gl>K1 ’ <f27 g2>K2'

Let z = (y,2) € Q1 x Q5 =, then
K(-,z) = K1 (p1(-),y) Ks (p2(-),2) = ¢ (K1(,y), Ka(-, 2)) -
With this we obtain the relation (7.4), since
Sk = span{K(-,z) : z€Q}
= span {go (Kl(-,y), KQ(-,z)) P ye,z€ QQ}
C span {go(fl, v fr) ¢ fre Hi,q, forall £ =1, ,M} .

M+ 1: Let Q = X?il Q) and K the tensor product kernel of K, for ¢ = 1,..., M.

Due to the induction basis and hypothesis, the mappings

and

M M
p: X Hipo,— Higgr  (froo fr) — [ [ feope
/=1 /=1

P Hi o X M0 — Hr, <f> fM+1> — (Ffop) - (fars1 0 Prrs1),

where p defines the projection from Q x Qu/41 to Q, are well-defined and satisfy (7.3)
and (7.4) on their respective domains. Since

M+1

[ feope =@ (@(fr, 0 f)s farsn)
/=1



7.2 Native Spaces 139

holds for all (fi, ..., fars1) € X 27" H,q,, the mapping

M+1 M+1
o X Hrpo, — Hra,  (fi,n fup) — H Jeope
=1 £=1
is well-defined and multilinear. In order to show (7.3), let
M+1
f = (fla "'7fM+1)a 9= (gla"'agM-‘rl) € >< HKZ,QZ-
=1

Then we obtain

<80(f)a 80(9)>KVQ = <S5 (@(fl,---,fM)a fM+1) ) 95( (91, -, 90m), 9M+1)>

= <S5(f17 "'7fM)7 @(917 7gM)>R7Q . <fM+17 gM+1>KM+17QM+1

K,Q

M
= H<feage>1<£,m : <fM+1;gM+1>KM+1,QMH
=1

M+1

= [[¢e90x.a.
=1

A similar argument as in the case M = 2 (iii) validates (7.4). [ |

The next theorem concludes the above analysis by identifying the tensor product
kernel’s native space Hgi o as the Hilbert tensor product of its components’ native
spaces Hr,.0,-

Theorem 7.10. Let K, be positive semi-definite kernels on §2y for £ =1,.... M and K
their corresponding tensor product kernel on €2 = Xe]\i1 Q. Then

M
HK,Q = ® HKZ,Q[?

=1

where

M
h@-@fu=]]feope  forall freHy,a, £=1,..., M.
/=1

Proof. By Theorem 7.2 and Section 2.3.2 there exist the native space H g o of the kernel
K. Consider the mapping ¢ of (7.2) in Theorem 7.9. Since ¢ satisfies (7.3) and (7.4)
and Sk is a dense subset of H o, the tuple (Hxq, ) satisfies all properties from
Theorem 7.7. Definition 7.8 finishes the proof. |

Let us approach the matter from a different perspective, not starting from the
tensor product kernel, but rather from the tensor product of the native spaces. To do
so, let (H,®) be a Hilbert tensor product of the native spaces Hg, q,, defined as in
Theorem 7.7. Then the tensor of the reproducing kernels K, lies in H, i.e.,

M
®Kg<',$g>€7‘[ fOI‘aHl‘gEQg,le,...,M.
=1
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Furthermore, for an element f € Hy, lying in the dense subset Hy < H, of the form

N M
f=> o ®fi,  where fj € Hy,q, fori=1,... Nand (=1, M,
/=1

<f, &) Ko, $4)> -
=1 i

it holds that

-
I
—

M=
2
/\

X =

==

X =

=

&
\"/
hy

|
D=

A 8
—= I =

féi($f>7

I
D=
8

-
Il
—
~
Il
_

where the right hand side is a function on Xé\il Q. Consequently, if

M M
® fe= H feope,
(=1 (=1

the space H is a RKHS with the tensor product kernel as its reproducing kernel. Thanks
to the uniqueness of reproducing kernels of Theorem 2.22, the tensor product kernel
is the unique reproducing kernel corresponding to this mapping. We summarize the
above analysis in the following lemma.

Lemma 7.11. Let (H,®) be a Hilbert tensor product of the native spaces Hg,q,, i-e.,

M
H = ® HK/Z,Qe'

=1
Then (H,®) = (Hk., ||-|lx) if and only if

M M
Qfe=]]leop,  where foe Hiq, for £=1,..., M.
=1

(=1

7.3 Interpolation

For interpolation with tensor product kernels, we first examine two important concepts:
point sets of grid-like structure and the Kronecker product. In Section 7.3.1, we combine
these two concepts to demonstrate that unique interpolation with the tensor product
kernel on grid-like structured data sets is feasible (Corollary 7.16). Furthermore, we
delve into the convergence of the reconstruction method resulting in Theorem 7.23 as
well as the construction of orthonormal Newton basis given by (7.6).

Despite the practical advantages of interpolation on grid-like point sets, it remains
to be determined whether a tensor product kernel is positive definite, that is, whether
the interpolation matrix is positive definite for all pairwise distinct data sets (not only
of grid-like structure). We affirm this in Section 7.3.2, Theorem 7.25, and subsequently
address the numerical stability of the interpolation method with tensor product kernel
for both scattered and grid-like point sets in Section 7.3.3.
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Definition 7.12. If a point set X < R? can be written as a Cartesian product

M
X=X'x . x XM= X'
=1
of finite pairwise distinct sets X¢ < R%, where ¢ = 1,...., M and d = 2@1\11 dy, we say
that it has grid-like structure.

Definition 7.13. The Kronecker product

A®B
of two matrices A = (ai;)i<icm,1<j<n € R™" and B = (ai;)i<icp,1<j<q € R is
defined as the block matrix
CLLlB al,nB
A® B = I : c RMPXnq_
am,lB . ammB

The entries of A ® B are given by
(A® B); ). = agjjp.fr/al * bG-1) mod pt1, (k1) mod g+1

for 1 < j <mp and 1 < k < ng, where [-| denotes the ceiling function and ‘mod’ is the
remainder after division.

The Kronecker product is an algebraic tensor product of matrices (cf. [Hac12, Chap-
ter 1.1.2]). Thus, not surprisingly, this product aligns closely with the tensor product
kernel. We state some basic properties of the Kronecker product, which will be needed
throughout this section. For proofs, we refer to [HJ91, Chapter 4.2].

Lemma 7.14. The following statements hold:
(i) Let a e R, Ae R™*" BeRP*Y C e R  agnd D e R”", then
(0tA)® B = A® (aB)
(A B)' = AT® BT
(AB)®(CD) =(A®C)(B® D).
(ii) Let A e R™™ and B € R™ ™ be regular matrices, then (AQ B)™! = A~'@ B~%.

(i1i) For positive (semi-)definite square matrices A € R"*™ and B € R™*™ the corre-
sponding Kronecker product A® B is positive (semi-)definite.

(iv) For square matrices A € R™™ and B € R™*™ every eigenvalue N(AQ B) of AQ B
arises as a product of eigenvalues A(A), \(B) of A, B respectively, i.e.,

MA® B) = A(AA(B).
This directly implies
)\max(A ® B) = )\max(A))\max(B) and >\min (A ® B) = >\min (A))\mm(B)

Subsequently, we apply these properties to a product of arbitrary but finitely many
matrices. This is valid, as the aforementioned statements can be extended by induction.
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7.3.1 Interpolation on Grid-Like Point Sets

The following combines the concept of grid-like structured point sets with that of the
Kronecker product. Specifically, the interpolation matrix Ag x corresponding to the
tensor product kernel K and grid-like data X can be expressed as a Kronecker product.
While [Saall] identified this relationship, they did not provide a rigorous proof. Here,
we present a formal one.

Theorem 7.15. Let K, be positive semi-definite kernels on Qy and X* < €, be finite
and pairwise distinct point sets for £ = 1,..., M. Moreover, let K be the corresponding
tensor product kernel and X = Xzﬂi1 X*. Then there exists an ordering of X, such that
the corresponding interpolation matriz Ak x can be written as

M
AK,X - ®AKZ,XZ'
=1

Proof. The proof is carried out via induction on M.
M =2: Let X' = {1, ...,z } < Q and X? = {a1,...,23,} < Qs be pairwise distinct
point sets, and N = N1 N,. For ke {1,..., N}, we set

Tk = (x%k/Nz]a x%kq) mod N2+1>'
This leads to an ordering X = X' x X? = {z; : k= 1,..., N}, which results in

(AK,X)M = K ((x%j/sz x%j—l) mod N2+1>a (x%k/Ngb $%1<;—1) mod N2+1)>

= K! (x%j/NQ]a 'x%k/Ng]) - K? <$%j—1) mod Na+1° ‘T%k—l) mod N2+1>

(AKl»Xl)[j/Ng], [k/Na] (AK27X2)(j—1) mod Na+1, (k—1) mod Na+1

for any j,k e {1,..., N}. Hence, the equation Ax x = Ak, x1 ® Ak, x2 holds.

M — M + 1: Let K, be positive semi-definite kernels on Q, and X* < €, be finite
and pairwise distinct point sets for £ = 1,..., M + 1. Furthermore, let X = Xﬁl X,
Ny = |X! for £ =1,..,M, and N = l_[?ilNg. We denote by K the tensor product
kernel corresponding to K, for £ = 1,..., M. Due to the induction hypothesis, there is
an ordering X = {#, : £ =1,..., N} so that the equation

M
AI?,X’ = @AKZ,Xé
/=1

holds. As in the initial case, we can order X = X x XM+L to get
AK7X == AR’X ® AKA1+1,X]VI+17
where K is the tensor product kernel corresponding to K, for £ = 1,...,M + 1. In

total, we conclude

M+1

AK7X == ® AK@,XZ'

(=1
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Combining the Theorem 7.15 with Lemma 7.14 (iii), yields positive definiteness of
the interpolation matrix Ak x in the setting of grid-like structured point sets X.

Corollary 7.16. Let K, be positive definite kernels on €y for £ = 1,..., M, and K
their corresponding tensor product kernel on €2 = Xej‘il Qp. Furthermore, let X < () be
grid-like structured. Then the interpolation matriv Ak x of the tensor product kernel
K is positive definite.

Remark 7.17. Despite the considerable benefits due to interpolation on grid-like struc-
tured point sets, this assumption simultaneously imposes constraints. Naturally, not all
applications feature interpolation point sets of grid-like structure, and even when they
do, data may frequently be missing due to water, governmental boundaries, missing pix-
els, and the like. Particularly in the latter scenario, it becomes imperative to preserve
the structural advantages while relaxing the grid assumption. For more information
and a detailed process to do so, we refer to [WGNC14].

Now that we provided unique interpolation on grid-like point sets, we turn our atten-
tion to interpolation with tensor product kernels in this setting. The upcoming theorem
demonstrates that the tensor of the individual component interpolants coincides with
the interpolant of the tensor product kernel. Consequently, there are two methods of
achieving the same interpolant in a grid-like setting. However, if we decide upon com-
puting the component interpolants sy, g, x¢ initially and subsequently multiply them,
we require knowledge of the functions f, on X*. Such detailed information about the
problem is unlikely to be available. In contrast, the tensor product kernel does not
need this level of detail, but only requires the function values of the target function fx,
thereby yielding the same interpolant.

Theorem 7.18. Let K, be positive definite kernels on Q2 for ¢ =1,..., M, and K their
tensor product kernel acting on €2 = Xe]\i1 Q. Furthermore, let the target function be

of the tensor form f = Hé\il fe o pe with f, acting on €y and p; being the projection
from Q to Qp forl=1,..., M, and X = Xe]\i1 Xt be of grid-like structure. Then,

M

SfEX = H Sfo K, Xt ©DPe-
/=1

M
Proof. The function [ sy, x, xcop lies in Sk, x by the proof of Theorem 7.9. Moreover,
=1

it satisfies the interpolation condition, as

S

M M M
f(zn) = Hfz o pe(w,) = er(ﬂﬁf;) = n Sprxe (1)) = H S fo. k0, x¢ © Pe(Tn),
=1 (=1

/=1 (=1

for all @, = (xL,... M) e ij\i1 X% = X. Section 2.1 combined with Corollary 7.16

n’

provides the uniqueness of an interpolant in Sk, x. This finishes the proof. ]
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Newton Basis In [MS09], the orthonormal Newton basis of Sk x was introduced to
improve stability and efficiency of kernel-based reconstruction methods. The construc-
tion of this orthonormal basis relies on the Cholesky decomposition of the interpolation
matrix A x and is rather costly compared to the standard basis K(-,z;). But, the
property of a tensor product kernel to write its interpolation matrix as a Kronecker
product, does notably decrease the computational expenses associated with computing
the Newton basis, as shown in the numerical tests of Section 7.4.2.

We start by introducing and constructing the Newton basis. For details and proofs
we refer to [MS09].

Definition 7.19. The set of functions N' = {ny,...,ny} acting on Q regarding the
point set {z1,...,zxy} = X < Q and the kernel K, defined by

and the requirement
n; € Sk x,; 1= span {K(-,:r;l), o ,K(-,x@-)} for 0 <i < N,
is called the Newton basis of Sk x.

Theorem 7.20. Let K be a positive definite kernel on Q and {xq,...,xxy} = X < § be
a pairwise distinct point set. Furthermore, let Ak x = LLT be the Cholesky decompo-
sition of the interpolation matriz A x, where L is a lower triangular matriz, and let

(LT)™t = (uij)1<z'j<N denote the upper triangular inverse of L*. Then the functions

ni=Zuij K(',Q?]’) Zzl,,N
j=1

form an orthonormal Newton basis of Sk x.

In matrix notation, Theorem 7.20 provides

Vix = Axx (LT> T (7.5)

where Vjr x denotes the Vandermonde matrix (Definition 2.1) of the Newton basis N
evaluated at the point set X. We observe that the Vandermonde matrix of a Newton
basis must be a lower triangular matrix with diagonal entries equal to one.

Below, we outline how we can leverage a tensor structure for computing the Newton
basis. Let K, be positive definite kernels on €2, for ¢ = 1,..., M and K their tensor
product kernel on ) = Xe]\i1 Q. Furthermore, let X = Xe]‘i1 X* have grid-like struc-
ture, with X* < ;. We combine the individual Newton bases of the component spaces
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Sk, xt to compute the Newton basis of Sk x. Due to the grid-like structure of the point
set X, we can write the approximation space Sk x as the Hilbert tensor product

M
Skx = @ Sk xt
=1
where

M M
®fe:HfZOpg forallngSKbXe,€=1,...,M.
=1 -1

Let N, denote the Newton basis of Sk, y¢, then Theorem 7.7 a) in combination with
Theorem 7.10 provides that

N = {gg)lng Dy, na) €N XL xNM} (7.6)

is an orthonormal basis of Sk x. The Vandermonde matrix Vi x of N on X can be
computed by the Kronecker product of the component Vandermonde matrices V), x¢,
resulting in

M M M
Vvx =X Vixe = Q) Le = X) (AK,_;,XE (LeT)A) (7.7)
1 =1 =1

by (7.5). To show that the above representation of Vi x is the Choleski factor L of
Ak x, we state the subsequent lemma.

Lemma 7.21. Let K be a tensor product kernel of positive definite components K, act-
ing on 2y and X = X?il X* have grid-like structure, with X* < Q and ) = Xé\il Q.
Additionally, let

A, xe =L L] forl=1,.,M

be the Cholesky factorizations of the component interpolation matrices Ay, xe and X
be ordered such that

M
AK’X - ®AKZ,XZ'
=1
The Cholesky factor L of Ak x is then given by the Kronecker product
M

L, and (LT>1 - ® (L) o

=1 =1

L =

X =

Proof. The statements directly follow from the properties of the Kronecker product
provided in Lemma 7.14 (i) and the fact that the Kronecker product of lower triangular
matrices is also a lower triangular matrix. [ |
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We apply Lemma 7.14 (i) and Lemma 7.21 on (7.7) to obtain

M M 1
Vix = @A, x QUL = Arx (17) =L,
=1 =1

showing that A is the Newton basis of Sk x. This provides us with two distinct ap-
proaches for computing the Newton basis N of Sk x. Fist, the common way proposed
in Theorem 7.20 and second the tensor structure exploiting way of combining the com-
ponent Newton basis A, to N by (7.6).

Convergence We focus on the power function introduced in Definition 2.27, i.e.,
Prx(x) = |K(-,2) = sk(2).xx| Kk for all = € Q.
Hence, the power functions of the component kernels can be written as
Py, xe(x) = [ Ko(-, ) = 8k,(0).5,,x¢| K, forxeQy, £=1,.., M.

We note that ny(x) = Py, x¢(z) for z € Q, holds by [PS11]. In order to prove conver-
gence, we state a representation of the tensor product kernel’s power function.

Lemma 7.22. Let K, be positive definite kernels on €y for £ = 1,...,M and K be
their tensor product kernel on € = X?il Qand X = X' x ... x XM <= Q be a grid-like
point set. Then its power function can be written as

M

P x(x)’ = K(z,2) -] | <Ke (pe(@), pe(x)) — Pr, xe (pe(x))Q) Jor all x € Q,

=1
where py denotes the projection form € to Qy for all ¢ =1,..., M.

Proof. Let N denote the Newton basis of Sk x and N, denote the component Newton
bases of Sk, x¢ for £ =1,..., M. Due to the orthonormality, we have

Pgx(z)* = K(z,z) - Y n(z)*>  and
neN

P, x (M(x))2 = K¢ (pe(z), pe(z)) — Z ny (pe(x))z

nge./\[g
for all z € Q and ¢ = 1,..., M. Combining these results with (7.6), we obtain

PK7X(ZL‘)2 = K(z,z) — Z n(z)?
neN

= K(z,2) = > ... > [ ]ne(pel))?

nle./\/' nMENM /=1
M

= K(z,2) — Z % (pé(l"))z

=1 ngE_/\/g

~

=

= K(z,z) — <Kg (pe(x), pe(2)) — Pre, xe (pg(x))z) for all z € Q.

~

—_
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With the previous results, we can show that the interpolation method converges if
the power functions of the component kernels decay to zero.

Theorem 7.23. Let K, be positive definite kernels on Qp for £ = 1,...., M and K
be their tensor product kernel on €2 = ij‘i1 Q. If (X,),en 18 @ sequence of grid-like
subsets in €1, i.e.,

X, =X x .. ox xM where X\ < Qp for 0 =1,..., M,

that satisfies the condition

Py, xt (pe(x)) == 0 forzeQ, (=1,.., M, (7.8)
then the interpolant converges
If = spxxll =50 for all f € Hico.

Proof. Let the targe function be given by the linear combination

f Zcz yz GSKQ

=1

Due to the linearity of the interpolation operator, we obtain

N N
Hf - Sf,K,XnHK S Z |cil HK('uyi) - 5K(~,yi)7K7XnHK = Z |ci| Prex, (yi)-

i=1 =1
The power function’s representation of Lemma 7.22 then implies

N M

||f - vaKvXnHK < Z leil | K (vi, vi) — H (Ke (pé(yi)vpé<yi)) - PKZ,X,% (pe(yi))2>

i=1 (=1

The right-hand side converges to zero for n — oo by (7.8) and the definition of K.
This proves the desired result for all functions f € Sk . Since Sk is dense in Hg o,
the convergence extends from target functions in Sk o to target functions in Hx . W

Remark 7.24. Let (X,,), be a sequence of grid like structured point sets, which satisfies

PK@,X,§<5Uj)7io>OO forall ¢ =1,..., M, | # j and
X=X for all n € N.

Then
PK,Xn(l')Q n—00 PK Xi p] HK pj )) .
j#i

This shows that the convergence of every but one of the components’ power functions
Py xi (pj(x)) is not only sufficient but also necessary for the convergence of the power
function Pk x, (x). We remark that the power function can be bounded by the fill
distance hy, o by Theorem 2.43, and conclude that we cannot expect the error to
converge to zero in a setting, where (h X9, Jnen does not converge to 0.

For a detailed discussion on the relationship between the power function and con-
vergence, we refer to [AI24].
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7.3.2 Positive Definiteness

Recall from Section 7.2 that the Hadamard product is not suitable to show positive
definiteness of a tensor product kernel with positive definite components. De facto, these
kernels are positive definite. We demonstrate this in Theorem 7.25, and hence generalize
Theorem 7.3, by omitting the assumption of the kernel’s translation-invariance. To this
end, we use the concepts of grid-like structure and Kronecker product, which have
already led to intriguing insights on structure and efficiency earlier in this chapter.

Theorem 7.25. Let K, be positive definite kernels on €2y for £ =1,..., M. Then their
corresponding tensor product kernel K is positive definite on ) = Xé\il Q.

Proof. Let X = {z1,...,7,} = Q be a finite and pairwise distinct point set. Let Y be
the projection of X onto €2, such that any point that occurs multiple times in p,(X)
appears only once in Y*. These sets give rise to a grid-like point set

such that X € Y and Y* < € is pairwise distinct for all ¢ = 1,..., M. See Fig. 7.3
for a visualization. Due to Corollary 7.16, the interpolation matrix Ay is positive
definite. Since A x is a submatrix of Ak y, it is positive definite as well. [ |

This is a crucial result, as we are now able to use tensor product kernels for multi-
variate scattered data reconstruction methods. From previous results, we can further
conclude the following norm relation.

1 1
[ ° o0 O LN ] [ ] [ ]
0.75 0.75
° ° ¢8O [ N ] ] ]
0.5 0.5
0.25 - 0.25 -
O T T T 0 T T T
0 025 05 075 1 0 025 05 075 1
Figure 7.3: Visualization of a scattered point set (left) and the corresponding grid-
like structured superset (right).
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Lemma 7.26. Let K, be positive definite kernels on Sy for £ = 1,..., M, K be their
tensor product kernel on €2 = Xé‘/il Qp, and X < Q be pairwise distinct. Furthermore,
let the target function be of the tensor form

M
f=1]feope
/=1

with f; acting on p and p, being the projection from € to €. Let X < Q have
pairwise distinct projections po(X) < Q¢ and the function values fy,,x) be known for
alll =1,..., M.

Then,

M
HSf7K7XHK’Q < HHSfZ)KZJ)Z(X)HKZ,Qg :
(=1

Proof. Let us view the tensor product kernel K as the product kernel of transformed
component kernels as in (7.1), i.e.,

M
K(z,y) = HKgpé(x,y) for allz, y € Q.
=1

Applying Lemma 4.6 of the product kernel’s chapter yields

S

[ETR [ HHSfeopé,KepZ,X‘ :
’ =1 Kep, 82

By Theorem 5.6 and Lemma 5.8 of the transformation kernel’s chapter, we further
deduce

M
lsrkxllica < T Hlssomemeilli g,
l=1

7.3.3 Numerical Stability

The main indicator for the stability of kernel-based reconstruction methods is the spec-
tral condition number of the interpolation matrix A x, which is given by

/\max (AK,X)

R S Brc)

where Amax(Ak x) and Apin(Ak x) denote the largest and smallest (positive) eigenvalue
of Ak x, see Section 2.4.2.

In accordance with the previous sections, we will demonstrate that the condition
number corresponding to the tensor product kernel can be bounded by the product
of the condition numbers of its components. The following results are based on the
product property of the eigenvalues of the Kronecker product of Lemma 7.14 (iv).
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Theorem 7.27. Let K, be positive definite kernels on €y for £ = 1,... .M and K
be their tensor product kernel on ) = Xé\il Q. Furthermore, let X < Xé\il Qp be a
pairwise distinct point set and Y' x --- xYM =Y ¢ X?il Q its grid-like structured
superset. Then, the following statements hold:

(i)
M
condy(Aky) = HCOHdQ(AKl7yé).

(=1

(i)
conds(Ak x) < conda(Agy).

(iii)
M
mm AK X H >\m1n AKg Yé

(=1

(iv) Let K, be translation-invariant kernels and their univariate functions ®, satisfy
€ C(R¥*\{0}). Then,

M
mzn AKX 1_[ G(I’e QYZ
(=1

where the functions G, come from Remark 2.49.

(v) Let K be a translation-invariant kernel and its univariate functions ® satisfy

® e C(R¥\{0}). Then
Amin(Ak x) = Amin(Aky) = Go (mgn{QYé}) )

where the functions Ge comes from Remark 2.49.

Proof. According to Lemma 7.14 (iv) and Theorem 7.15, the spectrum A(Aky) of Axy
can be written as

AMAxy) = {HV- Ce MAg,ye) for =1, .. M}. (7.9)

This directly implies (i), since

1=

)\max A
)\max(AKY) ( Kg,Ye) M

condy(Agy) = /\min<AK7Y) = = HCOHdQ(AK&y(Z).
’ AInin(lAI(g,Ye) =1

~
Il
_

=

o~
Il
—_

We combine Cauchy’s interlacing theorem, given in Lemma 4.7, with the fact that Ax x
is a principal submatrix of Ak y to get

Amin(AK,Y) < )\min(AK,X) and Amax(AK,X) < )\maX(AK,Y)~ (710)
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The statement of (iz) follows, as
AInax (AK,X) < )\max (AK,Y)
)\min (AK,X) = AInin (AK,Y>

A combination of (7.9) and (7.10) implies (¢iz). The statement (iv) follows by (iii) and
the additional assumption, as

COnd2<AK7X) = = COIldQ(AK’y).

M M
)\mm(AK X) = )\mln A<I> X 1_[ )\mln iACI’Z,Y‘Z 1_[ Gﬁ QY[
/=1 /=1

The first inequality of (v) is a consequence of (7.10). By the assumptions and Theo-
rem 2.48, it is

(i) > Glay) > G (minfay ).
|

We immediately conclude that, for the sake of stability, the component kernels K,
should be chosen, such that they generate sufficiently small condition numbers on the
corresponding data sets. A supporting numerical result is provided in Section 7.4.1.

For the kernels used in this thesis, estimates on the eigenvalues of their interpolation
matrices can be found in Section 2.4.2. These can be combined with Theorem 7.27 (iv)
to derive condition number estimates for tensor product kernels.

7.4 Numerical Tests

In the following, we discuss how a tensor product kernel can be adapted to the un-
derlying problem and the advantages of its use for interpolation problems. First, in
Section 7.4.1, we provide an example of how adapting the tensor product kernel to
the point set can improve stability and error. Then, in Section 7.4.2, we demonstrate
how and when its tensor structure can be used to accelerate the computation of the
interpolant depending on the Newton basis.

7.4.1 Error vs. Stability

The following numerical example illustrates how the tensor product kernel can be used
to achieve a stable approximation method with high accuracy. We use the setting
described in Section 5.4.2, specifically the domain Q = € x Qo = [0,0.5] x [0, 2],
the point sets X, = X! x X2 for n = 2,...,8, where X! is given by 2" + 1 equally
distributed points in €; and X? stays unchanged for developing n, and the target
function fint (defined in Section 5.4.2 and visualized in Fig. 5.8). Recall that the kink
of this target makes it a difficult function to approximate for most standard kernels.
This choice is intentional to demonstrate the enhancement of problem-adapted kernel
methods, such as the transformation kernel and the tensor product kernel, even with
such a problematic target function. For other, smoother target functions, we can expect
similar improvements. Since we are working within the same setting as in Section 5.4.2,
we subsequently incorporate the results obtained there.
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Figure 7.4: Top view of two-dimensional kernels and their support (black line). Top
row: Standard kernels K (left) and K5 (middle), and the tensor product kernel K
(right). Bottom row: The transformed versions of K, namely Kp (left), Kp,_ for
X3 (middle), and K7, for Xg (right).
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Figure 7.5: Comparison of the standard kernels K; and K, the tensor product
kernel K, and its transformed versions K adapted to the domain Q and Krp,_
flexibly adapted to the point sets X, = X! x X? for n = 3,...,8 regarding the
condition number (left) and mean squared error (right) regarding.
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From previous results, we know that the Wendland kernel of the RBF ¢, exhibits
good stability but poor error performance, whereas the Wendland kernel of ¢,43 has
the opposite characteristics. Additionally, we understand that closely spaced points
lead to poor numerical condition number but good approximation error, while widely
spaced points result in the opposite properties for the interpolant. This analysis leads
us to the following choice of the tensor product kernels components in the setting of
Section 5.4.2.

1. In the ©-direction, with closely spaced points X}, we use the Wendland kernel
k1 of the RBF ¢;4. Due to the proximity of the points in X, we can expect
a reasonably small error, while the choice of the kernel should maintain a low

condition number despite the narrow point spacing.

2. In the Qs-direction, with comparatively wide spaced points X2, we use the Wend-
land kernel k9 of the RBF ¢; 3. This choice is intended to control the error despite
wide point spacing of X2, while the condition number should not rise excessively
due to the points distance.

In the following, we compare the tensor product kernel K with its components ky
and kg, which we convert into two-dimensional kernels for comparison purposes, namely
K, and K resulting from the Wendland RBF's ¢3¢ and ¢3 3. We want to emphasize the
possibility to combine previous adaptation methods. To this end, we apply the trans-
formations 7' (domain adapted) and Thex (point set adapted) developed in Section 5.4.2
to the tensor product kernel K and include these transformed tensor product kernels
K7 and Kr, to our comparison. Fig. 7.4 visualizes the different kernels.

First, we look at the relationship between K and the comparison kernels K7 and K.
In regard to the spectral condition number visualized in Fig. 7.5 (left), we can observe
the following. As expected from Theorem 7.27, the curve for K runs parallel to that of
K. Specifically, this theorem provides conds(Ag, x) = conda(Ag, x1)conds(Ag, x2).
The fact that conds(A, x2) remains constant as X? does not alter, explains the nu-
merical result.

In Fig. 7.5 (right), we see that the tensor product kernel K yields a better approx-
imation than the comparison kernels K; and K,. This is also due to the fact that the
poor condition number of K, adversely affects its corresponding error. Additionally, it
is observed that the error for all other kernels stabilizes for X!, n > 5. This confirms
the expectation from Remark 7.24, which states that the interpolant does not converge
to the target function if a component of the grid-like sets X,, has a fill distance that
does not approach zero, which is the case for X? in this example.

Let us now turn to the transformed kernels. As expected from Section 5.4.2; the
transformations 1" and Ty, have the same effect on the tensor product kernel K as on
K; and K (cf. Fig. 5.10). The transformation 7" improves the error while the condi-
tion number shifts upwards by a factor, and The, improves the condition number while
maintaining comparable approximation quality.
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We summarize the following observations:

1. A tensor product kernel improves the error while maintaining a controllable con-
dition number.

2. The combinations of anisotropic kernels presented in this thesis, namely the trans-
formation and tensor product kernels, yield the best results in this example. The
condition number of K grows only as fast as that of K;, and its approxima-
tion error even drops below the one of K. Meanwhile, K7,  keeps the condition
number nearly constant while achieving an error comparable to K.

The tensor product kernel significantly enhances interpolation methods in a grid-like
setting. If further improvement is desired and more effort can be invested, a combination
of transformation and tensor product kernels serves as the final touch for improved
performance.

7.4.2 Efficiency in Time

In the following, we demonstrate that interpolation methods leveraging the tensor struc-
ture of the underlying problem are more efficient, meaning that the time needed to
compute an interpolant on the underlying domain can be reduced.

The setup is as follows:

« The dimension d and domain Q = [0,1]¢ = X, [0, 1].

The point sets

d
Xﬂ: X X, cQ, Wherean{
=1

2% : i:O,l,...,Q”} < [0,1],
resulting in the sizes | X,| = 2" + 1 and |Xd| = (2" + 1)4.

The kernel K acting on 2 is the tensor product kernel of d times x, where k is
the kernel of the Wendland RBF ¢, o, given in Theorem 2.34, acting on [0, 1].

The target function has no effect on the results, as execution times do not vary
for different function values fxa.

In this setting we compare four interpolation methods, two regular methods (standard
and newton) and its corresponding tensor structure exploiting methods (std.tensor
and new.tensor):

¢ standard:

1. compute interpolation matrix A xa
2. solve A xac = fxa for ¢

3. compute the interpolant on an 2-grid by VBK aO-grid C-
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« std.tensor: exploiting the tensor structure of Ay xa (Theorem 7.15)

1. compute components interpolation matrices A, x,
2. compute interpolation matrix Ay xa = @?:1 A, x,

3. solve A xac = fxa for ¢
4. evaluate the interpolant on an -grid by <®(ei=1 V.. X,L,[O,l]-grid> c
e newton:

1. compute Choleski factor L of Ak xa
2. solve Lc = fxa for c

3. compute interpolant on an 2-grid by Vi o grid €

« new.tensor: exploiting tensor structure of the Newton basis N of K (Sec-
tion 7.3.1)

1. compute component Choleski factors L, of A, x, and compute the Choleski
factor L = ®z:1 Ly of Ak xa

2. compute Vandermonde matrix Vi o grid = <®2l=1 V,$7[0,1]_grid> (@?zl(LeT)%)
3. solve Le = fxa for c

4. evaluate interpolant on an Q-grid by Vi q-grid ¢

At this point, we would like to note that significant time savings are achieved when,
as in our example, there are multiple directions where points and kernels are identical.
In our example, X, = X,, for all = 1,... d, regardless of ¢, and the kernel used is the
same for every direction, namely . This means that we need to compute the interpo-
lation matrix A, x, or the Cholesky factor L, only once, rather than multiple times.
However, this comparison does not address the flexibility of tensor product kernels and
is therefore not discussed here.

To demonstrate the efficiency of the proposed tensor methods in Section 7.3.1, we
analyze the execution time as the number of data points and the dimensionality in-
crease. Since execution times can vary significantly, particularly for shorter durations,
we run each method ten times, and take the average execution time.

In Fig. 7.6 (left), we present execution times for the developing point sets X2, with
n=1,...,6, in a two-dimensional setting, d = 2, resulting in the sizes

{(IX21} = {|X.[?} = {9,25,81,28, 1089, 4225}.

We observe that the newton and standard method can be accelerated to new.tensor
and std.tensor.
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Figure 7.6: Comparison of the interpolation methods standard and newton, and
their tensor structure exploiting versions std.tensor and new.tensor regarding
execution times in seconds corresponding to increasing sizes of the component point
sets X, for dimension d = 2 (left), and increasing dimensions d for the component
point set X, (right).

In Fig. 7.6 (right), we consider execution times for increasing dimensions and X.
Namely, we consider the sets X4 = szl X5 for dimensions d = 1,2, 3,4, with sizes
5,25,125,625. For d = 1, i.e., X3, the approaches standard and newton do not differ
from the corresponding tensor structure exploiting methods. However, as we examine
higher dimensions, the std.tensor and new. tensor methods prove to be more efficient
compared to the original standard and newton methods.

We conclude that tensor product kernels enable a speedup of interpolation methods
in grid-like settings.







Part 1V

Final Remarks



Conclusion and Outlook

This thesis set out to enhance the toolbox for adapting kernels to underlying prob-
lems, focusing on the interpolation of multivariate scattered data with an emphasis on
anisotropies. By developing five novel classes of flexible kernels — summation, prod-
uct, transformation, orthogonal summation, and tensor product kernels — we address
significant limitations of traditional radial kernels. These classes, some entirely new
and others building on existing structures, provide the capability to select and combine
kernels tailored to the underlying problem, thereby extending the variety of interpo-
lation methods. Our theoretical analysis expands the understanding of native spaces
and their impact on the corresponding interpolation method. Key contributions in-
clude connecting N. Aronszajn’s results to Sobolev spaces and J. Mercer’s Theorem to
infinite sums of kernels, as well as exploring kernel equivalence classes. Furthermore,
we provide a structural analysis of the native spaces corresponding to each of the five
novel kernel classes, as well as an examination of their impacts on interpolation accu-
racy and stability. Numerical tests confirm our theoretical findings and identify which
classes of kernels are suitable for specific problem adaptations, resulting in the following
suggestions:

« For an adaptation to the point set X, we recommend using transformation kernels
or tensor product kernels.

« For an adaptation to the domain €2, we recommend using transformation kernels.

« For an adaptation to the properties of the target function f, we recommend using
summation kernels, transformation kernels, or orthogonal summation kernels.

As shown in Section 7.4.1, it is possible to combine different classes of kernels, extending
the variety of interpolation methods even further. Fig. 7.7 demonstrates this extensive
variety.

The results and methodologies presented in this thesis open several avenues for
future research. The flexibility and adaptability of these kernels make them suitable
for integration into other kernel methods beyond interpolation. Techniques such as
Hermite-Birkhoff interpolation, kernel regression, and support vector machines could
benefit from the enhanced performance and tailored adaptations offered by the devel-
oped kernels. Another exciting prospect is the exploration of greedy methods in com-
bination with our developed kernels. Greedy algorithms, which iteratively select the
most promising candidate for an additional interpolation point, could further improve
the efficiency and effectiveness of our interpolation methods. Investigating the interplay



between greedy methods and the proposed kernel classes could yield valuable insights

and performance gains.

Moreover, the anisotropic behavior of the presented kernel

classes makes them promising for real-world applications. For instance, in geospatial
data analysis or medical imaging, where data is often scattered and of anisotropic na-

ture, these kernels can significantly enhance accuracy and stability.

In summary, this thesis has laid a robust foundation for the continued evolution of
kernel-based methods, offering both theoretical advancements and practical tools for

future research and application.

Figure 7.7: Top view of two-dimensional kernels and their support (black line).
Top row: Transformed tensor product kernel (left) and product of an orthogonal
summation kernel and a transformation kernel (right). Bottom row: Transformation

kernels.
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