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Abstract

Throughout recent decades, positive definite kernel functions have turned out to be powerful and flexi-
ble approximation tools for several mathematical problems and their associated real-world applications.
Besides the interpolation of Lagrangian data, kernel functions are well-suited to solve more general
interpolation problems concerning the evaluation of arbitrary functionals, also known as generalized in-
terpolation. Although the treatment of the generalized case is straightforward in many aspects, it has not
gained the same attention as the standard interpolation case yet. So far, the research on this topic has
mainly focused on the solution of partial differential equations, and further applications such as medical
imaging are rather exotic.

In 2018, the authors De Marchi, Iske and Santin proposed the application of generalized interpolation
to the field of computerized tomography in combination with weighted kernel functions. Inspired by
this work, the objective of this thesis is to further elaborate the concept of generalized interpolation
and investigate its utility for the reconstruction of images from scattered Radon data. To this end,
we derive an extensive framework for treating generalized interpolation problems in the first part of this
thesis, which includes data-dependent orthonormal systems, greedy data selection algorithms and suitable
regularization methods. We provide convergence results under mild assumptions on the considered kernel
and translate several results from standard Lagrangian interpolation to the generalized case.

The derived framework is then applied to the problem of computerized tomography in the second
part, where we derive useful properties of weighted kernel functions. By choosing suitable kernels, we
can guarantee the well-posedness of the reconstruction method and therefore make use of our general
theoretical results from the first part. Moreover, we provide theoretical and numerical comparisons to
other well-established reconstruction methods to demonstrate the advantages of kernel-based generalized
interpolation in the field of computerized tomography.



Kurzfassung

Im Laufe der letzten Jahrzehnte haben sich positiv-definite Kernfunktionen als iiberaus niitzlich her-
ausgestellt fiir verschiedenste mathematische Probleme und die zugehorigen praktischen Anwendungen.
Neben der Interpolation von gewohnlichen Lagrange-Daten sind Kernfunktionen ebenfalls pradestiniert
fiir die Interpolation beziiglich der Auswertung von beliebigen Funktionalen, auch bekannt als verallge-
meinerte Interpolation. Auch wenn sich die Analyse des verallgemeinerten Problems in vielen Punkten
nicht vom Standardfall unterscheidet, hat dieses Forschungsthema bisher noch keine grofie Aufmerk-
samkeit erlangt. Wahrend sich der Grofiteil der zugehorigen Forschung mit der Losung von partiellen
Differentialgleichungen beschéftigt, existieren nur wenige Arbeiten iiber andere Anwendungsfelder wie
die medizinische Bildgebung.

Eines dieser seltenen Anwendungsbeispiele ist Computertomographie, genauer gesagt die Rekonstruk-
tion von Bildern mittels gewichteter Kernfunktionen, welches aus einer Publikation von den Autoren
De Marchi, Iske und Santin von 2018 hervorging. Ausgehend von diesem Forschungsartikel ist es
das Ziel dieser Doktorarbeit, das Konzept der Kern-basierten verallgemeinerten Interpolation weiter zu
analysieren und die Niitzlichkeit beziiglich der Rekonstruktion anhand verstreuter Radon-Daten weiter zu
untersuchen. Dazu leiten wir im ersten Teil dieser Arbeit ein umfangreiches Grundgeriist fiir die Losung
von verallgemeinerten Interpolationsproblemen mittels positiv-definiter Kernfunktionen her, bestehend
aus Daten-abhéngigen Orthonormalsystemen, Greedy-Algorithmen zur Auswahl von Interpolationspunk-
ten und geeigneten Regularisierungsmethoden. Wir beweisen die Konvergenz der Interpolationsmethode
unter milden Voraussetzungen an die Kernfunktion und verallgemeinern diverse Resultate aus der Stan-
dardtheorie.

Im zweiten Teil dieser Arbeit wenden wir dieses Grundgeriist auf das zugrundeliegende mathematische
Problem der Computertomographie an. Wir beweisen essenzielle Eigenschaften von gewichteten Kern-
funktionen, welche die Wohldefiniertheit der Rekonstruktionsmethode sicherstellen. Insbesondere wird
sichergestellt, dass wir die Resultate aus dem ersten Teil dieser Arbeit anwenden kénnen. Dariiber hinaus
stellen wir einen theoretischen und numerischen Vergleich mit anderen etablierten Rekonstruktionsmeth-
oden an, um die Vorteile der Kern-basierten verallgemeinerten Interpolation zu demonstrieren.
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1. Introduction

Positive (semi-)definite kernel functions (in short: kernel functions or kernels) are powerful and flexible
tools for multivariate approximation problems. Regarding their mathematical theory, kernel functions
were already investigated in the early 1900s in the context of integral operators. A prominent example
of this time is Mercer’s theorem (cf. [94]), which guarantees a representation of a kernel in terms of
the eigenvalues and eigenfunctions of its associated integral operator. Nearly three decades later, the
construction of translation-invariant kernels was investigated by Salomon Bochner in the 1930s (cf. [23],
[24]), followed by a characterization of radial symmetric kernels due to the work of Isaac J. Schoenberg
(cf. [I2I]). Another milestone in kernel-based theory is given by the Moore-Aronszajn theorem, which
established the one-to-one correspondence between kernel functions and reproducing kernel Hilbert spaces
that have useful additional properties in comparison to general Hilbert spaces. Based on the work of
Eliakim H. Moore (cf. [96], [97]), the theorem was stated and proven by Nachman Aronszajn in his
pioneering papers [11]], [12]. The aforementioned theoretical breakthroughs have led to the development
of various kernel-based approximation methods over the last decades. As a consequence, kernel functions
have gained popularity in numerous mathematical fields, e.g. partial differential equations (cf. [47], [79],
[136], [146]), statistics (cf. [22], [I37]) and machine learning (cf. [26], [123], [132]).

One of the best-known applications of kernel functions is the interpolation of multivariate functions on
scattered interpolation point sets. Here, the term scattered means that we do not assume any structure
on the set of interpolation points, e.g. the points do not necessarily lie on a grid. The traditional idea
of interpolation can be described in the following way: Given samples f(x) of a function f € F at
points z € X C Q, where F is a normed space of real-valued functions on Q € R?, d € N, we wish to
approximately reconstruct the function f on its whole domain 2. To treat this problem, it is common to
fix a suitable space S C F' as the search space for the reconstruction and solve for an element s € S that
satisfies

f(z) = s(x) for all z € X. (1.1)

Kernel-based solution methods for the interpolation problem have been studied extensively in the
past decades, and there is plenty of literature available (see, e.g., [27], [32], [70], [I43]). However, there is
a generalization to this interpolation problem that has not gained the same attention yet. If §, denotes
the point evaluation functional with respect to a point z € 2 on F, i.e.

0z : F =R, fr f(2) for x € Q,
the problem (|1.1)) can be rewritten as
0 (f) = 02(s) for all z € X.

Hence, the previously stated interpolation problem, which we call standard interpolation problem, consists
of interpolating the evaluations of f with respect to the point evaluation functionals {4, | x € X}. With
that, we can think about substituting the point evaluation functionals with other linear functionals

ANi:F—=R i=1,...,n, néeN,
leading to the main subject of this thesis, the generalized interpolation problem
/\z(f) = )\Z(S) for i = 1, ey N

There has already been some research on this topic, where most of it is motivated by solving partial
differential equations via collocation (cf. [47], [53], [54], [I18], [146]). To this end, the involved differential
operator is discretized, leading to a finite collection of functionals in the dual space. However, this
generalized interpolation approach can also be applied to other types of linear operators. Only recently,
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there have been some advances in the field of tomography (cf. [38], [39], [126], [148]). In particular,
the authors of [38] proposed a novel kernel-based reconstruction method for computerized tomography.
Similar to other kernel-based methods, this reconstruction method, which can be classified as an algebraic
reconstruction method, is characterized by its high flexibility, as it is well-suited to process scattered
Radon data. This could be advantageous in situations with severe data limitations that occur in practical
applications of computerized tomography (cf. [38, page 4]).

The paper [38] has mainly motivated the content of this thesis and its three superordinate goals, which
can be summarized as follows:

(1)

Generalization: The book chapter [I43, Chapter 16] provides a good initial discussion on kernel-
based generalized interpolation, where it is pointed out that the generalized interpolation case
can be treated in nearly the same way as the standard interpolation case (cf. [143, page 306]).
Despite that, many theoretical results from standard interpolation have not been ,translated“ to
the generalized case yet. This mainly involves convergence criteria and stability estimates, where
we want to work with generalized versions of the well-known fill distance and power function (cf.
[116]). We aim to close as many of these gaps as possible so that standard interpolation can indeed
be interpreted as just a special case of generalized interpolation. Moreover, we aim at providing a
generalized discussion on data-dependent bases such as the Newton basis (cf. [98], [99], [104], [105]
for the standard interpolation case) and greedy data selection algorithms (cf. [41], [43], [119], [145]
for the standard case), which has already been done in [118], [146] to some degree. Here, data-
dependent means that the basis depends on the considered set of functionals for the interpolation
problem. Note that the generalization of data-dependent bases has been teased in [104] page 34,
line 5-6], representing the main idea behind the first part of this thesis:

, There is a generalization of this chapter to interpolation of this form,
but we leave this for future work.“

We want to verify this claim, which applies to many other parts of standard interpolation theory
as well, and thus take on the declared future work.

Unification: In addition to the idea of generalization, the first part of this thesis aims to provide a
broad list of tools for kernel-based interpolation that have been developed in the last two decades,
such as the aforementioned data-dependent bases and greedy selection algorithms. For the analysis
of these tools, we do not want to restrict to a special type of kernel or setting and rather discuss
the generalized interpolation method on a meta-level with very general assumptions on the kernels
and the interpolation domains. Of course, these assumptions later have to be verified for a given
application in order to apply our developed theory. The ultimate goal of the first part is to provide
an extensive framework for kernel-based generalized interpolation, which can be applied directly to
many different problems.

Application to computerized tomography: The content of the first part is primarily moti-
vated by the main application in this thesis, which is the application of kernel-based generalized
interpolation to computerized tomography as proposed in [38]. Although the main focus of this
reconstruction method was rather laid on its flexibility, it yielded competitive results in comparison
with the well-known method of filtered back projection on regular line distributions, see [38], Section
5.2]. But, in contrast to the promising numerical part, the theoretical part of this paper did not
properly explain how this method fits into the setting of kernel-based generalized interpolation. In
our work, we highlight and try to correct these critical points to show the well-posedness of this
reconstruction method. Moreover, we want to extend this method by the framework provided in the
first part of this thesis, see point (2) above. For example, the incorporation of greedy data selection
algorithms would allow us to filter out the most relevant Radon data for the reconstruction process.
We want to show that our derived theory is applicable to this reconstruction method and pro-
vide an extended numerical investigation so that we can evaluate its practical use in computerized
tomography.
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Outline

To follow along these goals, the thesis is divided into two parts. While the first part explains the general
framework of kernel-based generalized interpolation, the second part describes the application of the
derived framework to computerized tomography and provides numerical examples. The separation of
the two parts is crucial in our eyes since it underlines the fact that the derived framework is not only
applicable to computerized tomography but also to other linear operator equations. We stress this fact
throughout the first part by providing other short examples of applications.

Within these two parts, the thesis is organized as follows:

In Chapter |2, we introduce positive (semi-)definite kernel functions, which build the core of kernel-
based approximation theory. We list relevant theoretical properties and, most importantly, describe how
these functions can be constructed. In addition to the characterizations of Bochner and Schoenbery,
we discuss two special examples that demonstrate the wide range of kernel functions, i.e. Wendland’s
compactly supported kernels and product kernels.

As we have already pointed out in the introductory text, one important component of kernel-based
approximation theory is the fact that each kernel function is associated with a unique reproducing kernel
Hilbert space, also called the native space of the considered kernel (cf. [II7]). Therefore, we explain the
construction of the native space and highlight its special structural properties in Chapter [3] Concerning
generalized interpolation problems, we show how to determine the Riesz representers of linear bounded
functionals and explain how properties of the considered kernel are inherited by the functions of its native
space.

With these theoretical insights, we can properly introduce the concept of kernel-based generalized
interpolation in Chapter @] where we highlight the main advantages over the general Hilbert space setting.
To ensure the well-posedness of these interpolation problems, it is required that the considered functionals
are linearly independent. Hence, we discuss the linear independence for some specific settings that have
already occurred in the literature. Under the assumption that the considered set of functionals is linearly
independent, we proceed to prove the most relevant properties of the resulting interpolation operator.

In Chapter 5| we analyze the convergence of the generalized interpolation method when successively
adding new functionals to the interpolation problem. To this end, we introduce the generalized version of
the power function and fill distance, which are well-established error measurements in standard interpo-
lation theory. We derive convergence criteria regarding these two measurements and, by introducing the
concept of parametrizations, link these results to basic convergence results from standard interpolation
theory.

In the standard interpolation setting, it is well-known that naively using the standard basis, which
consists of the Riesz representers of the considered functionals, brings along numerical problems, i.e.
ill-conditioning and a lack of update formulas for the interpolation process. Therefore, we discuss the
construction of alternative bases in Chapter [] that can diminish these weaknesses. Most importantly,
we analyze a generalized version of the Newton basis, which was initially developed for the standard
interpolation case (cf. [99], [I05]) and yields a more stable and efficient interpolation process.

Another critical aspect of kernel-based interpolation is the choice of functionals, also referred to as data
points, which we discuss in Chapter |7l In [I45], the authors were able to unify several known greedy data
selection algorithms from standard interpolation with the concept of 5-greedy algorithms, which was then
translated to the generalized case in [146]. We prove the convergence of these algorithms under rather
mild assumptions and analyze generalized geometric approaches for the selection of new data points. One
practical application of these greedy algorithms is to thin out large, redundant sets of functionals. We
show how this idea can be combined with regularization tools from kernel-based approximation.

The second part of this thesis starts with an introduction to computerized tomography in Chapter
where we formulate the underlying mathematical problem and its main mathematical operator, the Radon
transform. We explain the explicit reconstruction formula, known as the filtered back projection (FBP)
formula, and highlight its practical limitations. Regarding the stability, we briefly discuss the ill-posedness
of the reconstruction problem as well.

Due to its limitations, the FBP formula cannot be applied directly in practice, which means that
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approximation methods are required. In Chapter [9] we discuss suitable methods for the reconstruction
from finitely many Radon values. Our focus mainly lies on the method of filtered back projection and
algebraic reconstruction methods, which are two well-established methods in the field of computerized
tomography. To round out this chapter, we provide a list of further reconstruction methods that have
been developed in the more recent past.

In Chapter we finally discuss the interpolation of Radon data. As proposed in [38], we introduce and
analyze weighted kernel functions, which enable us to apply the framework of kernel-based generalized
interpolation. Our analysis results in conditions on the weight function that guarantee the well-posedness
of the reconstruction method. In particular, we can apply the convergence results and interpolation tools
to this particular reconstruction problem for suitable weight functions. As a further reference for our
numerical tests, we briefly describe a non-symmetric reconstruction approach using standard translation-
invariant kernels.

To get an impression of its performance, we describe and evaluate numerical tests regarding the kernel-
based reconstruction method in Chapter [II] On the one hand, we compare the different greedy selection
strategies in terms of approximation quality and stability. This comparison gives an insight into which
selection algorithms are well-suited for the selection of significant data points for the reconstruction. On
the other hand, we compare the generalized interpolation method to the FBP method, where we mainly
focus on the number of data measurements required to obtain a suitable reconstruction. In addition
to the numerical comparisons, we demonstrate the effect of regularization tools on the reconstruction
quality.

Lastly, we summarize the ideas and results of this thesis in Chapter This results in an outlook on
real-world applications of the derived kernel-based reconstruction method for computerized tomography
and possible applications to other linear inverse problems. We end the final chapter by listing the
remaining open problems of our investigations.

As a supplement to the main parts of this thesis, we provide further details on mathematical tools in
Appendix [A] that we used in our analysis. These include the theory of Fourier transforms, distributions
and Sobolev spaces. Since most of the presented content is well-known, we only state relevant theorems
and refer to other works for respective proofs.

Conventions and notations

For this thesis, we expect the reader to have fundamental knowledge in real and complex analysis, linear
algebra, numerical analysis and functional analysis. Before we start our analysis, we want to declare
some basic notations and comment on conventions that we follow in our work:

e Let (Z,dz) be a metric space. For given center a € Z and radius R > 0, we define the corresponding
open ball as

Bgr(a):={z€ Z|dz(z,a) < R}.
We denote the closure of a subset A C Z as A and its interior as A.

e For the canonical space R? with dimension d € N, we denote the standard (Euclidean) norm as

J 1/2
[zll2 := (Z xf) for x = (1, ..., 14) € RY,
i=1

which is induced by the standard inner product
d
(T, y)2 :Zmi Y for z,y € RY.
i=1

o Let © C R? be open. For k € Ny, the space of k-times continuously differentiable
functions on () is defined as

By — dp ollf
@ (Q)._{f.sz—m@] 5o

o goaT exists and is continuous for all a € N¢ with |a| < k:} ,
.0z
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where |af := Z?:l a; for o € N&. For d = 1, we use f*) to denote the k-th derivative of f. The
space of infinitely differentiable functions is denoted as

¢ (Q):= () ¢"9Q).

keNy
e Let Q C R? and p € [1,00]. The Lebesgue space of p-integrable functions is given by
LP(Q) = {[f : Q= R] ‘ f is measurable on Q and || f||, < oo}

Formally, this space consists of equivalence classes, where two functions are equivalent if they
coincide almost everywhere on €2 and the norm is given by

1/p
" (ff(x)|p dx) , for pe[l,00)

inf  sup |f(z)|, forp= oo,
NGQ aceQ\Nl

where the integral/infimum is taken with respect to the Lebesgue measure pu. The essential
support of a function f € LP(Q) is given by

ess supp(f) = Q\ U {N cQ ‘ N is open and f(z) = 0 for almost every = € N} .

If f is continuous, this coincides with the usual definition of the support, i.e.

supp(f) = {z € | f(x) # 0},
so that we will only write supp(f) instead of ess supp(f) for f € LP(Q) as well.

e In the literature, one can find different notations for the native space of a positive semi-definite
kernel function (cf. Chapter [3). For example, the book [143] uses the notation Ng(R?), whereas
[70] uses F. In our work, we follow the Hilbert space notation of [22] and denote the native space as
Hx for a given kernel function K. Moreover, there is no complete agreement on the terminology of
positive (semi-)definite functions. While our definition (cf. Definition 2.5) aligns with the respective
definitions for matrices, other authors refer to these functions as positive type functions (cf. [22
Definition 2]) or (strictly) positive definite functions [32, Chapter 12 & 13]. In the latter case, one
has to be cautious when comparing the results of different works.

e Throughout our work, we deal with interpolation point sets such as
X ={zy,..,z,} CRL

The numbering of the elements indicates that we care about the ordering within the sets, e.g. when
defining the interpolation matriz with respect to a given point set (cf. Deﬁnition. Moreover, we
care about duplicates in the sets, i.e. whether the points are pairwise distinct. These considerations
are rather untypical for sets, as the order of the elements or the number of occurrences usually does
not matter in set theory. Instead, one should rather interpret the sets as tuples, i.e.

X = (z1,...,2,) € RT x .. x R,

However, since this slight abuse of notation should not cause any confusion and we want to use
common operations for sets, we stick to the set notation as it is done in the literature.

e Based on the book chapter [I43] Chapter 16], we call interpolation with respect to arbitrary func-
tionals from the dual space generalized interpolation. In other works, this problem is also referred
to as generalized Hermite-Birkhoff interpolation, e.g. in [68]. This name is derived from the term
Hermite-Birkhoff interpolation, which usually stands for the interpolation with respect to point
evaluations and partial derivatives (see, e.g., [I51]).
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Contributions to the research field

Before we start with the main part, we want to highlight the results of this thesis that represent new
contributions to the research field of kernel-based approximation. In this way, we avoid meta-discussions
on these results within our analysis that would interrupt the flow of reading in many cases.

e Product kernels: Initially, we wish to point out that the work on product kernels is a collaboration
with Juliane Entzian and Armin Iske. The main new result is Theorem where we show that
the product of positive definite functions on lower-dimensional spaces is again positive definite. As
we remark in the text before the theorem, this result was already proven for translation-invariant
kernels using Bochner’s characterization in [143, Proposition 6.25]. In this case, one can simply use
that the Fourier transform of the generating function is the product of lower-dimensional Fourier
transforms. However, the general case of arbitrary positive definite kernels is more complicated. To
solve this problem, we make use of grid-like data point sets. This concept provides a workaround to
prove the positive definiteness of the resulting product kernel (cf. Theorem Corollary ,
which is essential for the well-posedness of interpolation problems. In addition, we provide a more
up-to-date analysis of the native spaces of product kernels in Section A comparison with the
earlier works [I2, Chapter 1.8] of Aronszajn and [I03, Chapter VI] of Neveu is given in Remark
[3:21] Note that the joint work on product kernels has already been uploaded as the preprint

[6] K. Albrecht, J. Entzian and A. Iske. Product kernels are efficient and flexible tools for high-
dimensional scattered interpolation. arXiv preprint: 2312.09949, 2023,

which also elaborates further computational advantages in comparison to standard kernels when
dealing with grid-like data sets.

e Linear independence: Our discussion on the linear independence of functionals in Section 4.1
is based on the works [68] and [I5I], where the authors derived useful integral representations of
the inner product in the native dual space for translation-invariant kernels. We provide a more
detailed verification of this integral representation for compactly supported distributions in this
thesis. In particular, we demonstrate how this representation links to the setting of generalized
interpolation as introduced in Chapter ] under suitable conditions, see Lemma [£.4] Thus, we can
shift the analysis to the well-known space of distributions (cf. Theorem , which was already
stated in [68, Theorem 6.2]. We provide a new linear independence result for cell average functionals
under suitable conditions in Theorem [£.7] In particular, our unified analysis covers the positive
definiteness results of [129, Chapter 7]. Due to our result, linear independence assumptions as in
[1, Section 3] can be omitted.

e Convergence criteria: For our convergence analysis, we focus on generalized versions of the power
function and the fill distance. Note that the generalized version of the power function was already
introduced and analyzed in [53], [64]. Given a fixed set of considered functionals, we prove in
Theorem that the generalized interpolation method converges on the whole induced subspace if
and only if the power function converges pointwise to zero. Moreover, we show that the generalized
interpolation method converges if the fill distance with respect to the dual space norm converges to
zero, see Theorem In order to build a connection to the convergence analysis for the standard
interpolation case, we introduce the notion of parametrizations for subsets of functionals in Section
With that, standard convergence results such as [70, Theorem 8.37] can easily be derived from
our theory. Parametrizations facilitate the convergence analysis and therefore play a key role in
our analysis of the kernel-based reconstruction method for computerized tomography in Subsection
Large parts of the aforementioned results are included in the preprint

[8] K. Albrecht and A. Iske. On the convergence of generalized kernel-based interpolation by
greedy data selection algorithms. arXiv preprint: 2407.03840, 2024.

e Data-dependent bases: The content of Chapter |§| is basically a translation of [70, Subsection
8.1.2 & 8.2.1], [99] and [105] to the generalized interpolation case. Although the generalization is
straightforward and, in our eyes, does not deserve a lot of credit, it has to be verified that well-
known data-dependent bases can be used in the generalized case as well. In particular, the analysis
of the (generalized) Newton basis rounds out the framework for generalized interpolation derived in
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the first part of this thesis. We want to point out here that the generalized version of the Newton
basis was already used in [118] and [146], but the authors only provided brief explanations.

e Greedy algorithms: In Subsection[7.2.1] we introduce the geometric greedy algorithm in the dual
and parameter space, which are generalizations of the geometric approach in [37]. The convergence
of the two algorithms is proven in Theorem and Theorem for totally bounded domains.
Note that this assumption on the interpolation domain is motivated by Proposition [7.6 At this
point, we have to admit that identifying totally bounded sets of functionals is not a trivial task
in general. However, auxiliary results can simplify the identification (cf. Lemma . It turns
out that we mostly deal with totally bounded domains in applications, see e.g. Example [5.15| or
Subsection In addition to the geometric approaches, we prove convergence results for the 3-
greedy algorithms that were introduced in [I145] and generalized in [146]. The normwise convergence
of these algorithms and their vectorial versions (cf. Subsection @ is proven in Theorem
and Theorem for totally bounded domains. We remark that, in contrast to our analysis, the
works [145], [T46] provide convergence rates for the single-target 8-greedy algorithms, but in a more
restrictive setting. Since the underlying mathematical problem of our main application computerized
tomography is ill-posed (cf. Section , we add some basic regularization tools to our framework
for generalized interpolation. More precisely, we provide a generalization of [70], Section 8.6], where
we substitute the native space norm regularization with more general regularization functionals
from the dual space. Initial applications of greedy algorithms to computerized tomography without
further analysis have been published in

[71] K. Albrecht and A. Iske. Greedy algorithms for image approximation from scattered Radon
data. PAMM, 21(1):e202100223, 2021.

Further numerical examples as well as the convergence proofs for the greedy algorithms are included
in the preprint [8]. Moreover, the present author has contributed to the proceedings paper

[B] K. Albrecht, J. Entzian, and A. Iske. Anisotropic Kernels for Particle Flow Simulation. In A.
Iske and T. Rung, editors, Modeling, Simulation and Optimization of Fluid Dynamic Appli-
cations, Lecture Notes in Computational Science and Engineering: Volume 148, pages 57-76.
Springer, 2023

by applying greedy algorithms to the respective standard interpolation problems (cf. [5, Section
4.6.2]) for the numerical comparison in [5], Section 4.6.4].

e Kernel-based computerized tomography: The most notable contributions are given in Chap-
ter where we analyze the kernel-based reconstruction method for computerized tomography
proposed in [38]. To establish the well-posedness of the method, the authors introduced weighted
kernel functions, which were further analyzed in the master thesis [57]. In our analysis of weighted
kernel functions, we add to the results of [57]. For example, we improve the characterization of the
native space (cf. [57, Theorem 3.4], Theorem and provide conversion formulas for the Newton
basis in the standard interpolation case (cf. Proposition . Due to our results on weighted
kernels, we can prove that the functionals associated with the image reconstruction problem are
indeed elements of the native dual space, see Proposition Note that this has not been proven
properly in [38] (cf. introduction of Chapter . Throughout Section we demonstrate that
the reconstruction method benefits from our derived framework for generalized interpolation, in
particular from the convergence analysis and the interpolation tools. Furthermore, we add some
ideas in Section that are specifically adapted to computerized tomography.

Finally, we remark that the present author has already investigated data-dependent bases and greedy
selection algorithms for the standard interpolation case in the master thesis

[4] K. Albrecht. Orthogonalsysteme in kernbasierten Approximationsraumen. Master’s thesis, Univer-
sitat Hamburg, 2019,

which has inspired the content of Chapter [5] [6] & [7}



Part |.

Generalized Interpolation in
Reproducing Kernel Hilbert Spaces

In the first part, we explain and analyze the concept of generalized interpolation using positive semi-
definite kernel functions, which bring along several advantages in comparison to the general Hilbert space
setting due to their native reproducing kernel Hilbert space. For the introduction, we want to provide a
timeline of previous research on this topic that summarizes the developments. Of course, this timeline is
not complete.

One of the earlier works on partial differential equations in the context of kernel-based approximation is
given by the paper [(9] of Kansa, which introduced an unsymmetric approach by modeling the interpolant
via the usual basis functions known from standard interpolation, also known as Kansa’s method. In [I51],
Wu analyzed the well-posedness of Hermite-Birkhoff interpolation using kernel functions, where the basis
functions were chosen as the Riesz representers of the considered functionals, and thus adapted to the
given problem. The dependence of the basis functions on the differential operator leads to symmetric,
positive definite interpolation matrices that ensure unique solutions to the interpolation problem. Based
on this symmetric approach, Fasshauer proposed a solution method for partial differential equations via
collocation in [47], which was later analyzed by Franke and Schaback (cf. [53], [54]). The analysis relies
on a transformed version of the kernel due to the application of the considered differential operator that
allows one to interpret the problem as a standard interpolation problem.

Besides the particular treatment of differential operators, there are some works on the interpolation with
respect to more general subspaces of compactly supported distributions. In [I00], Narcowich and Ward
analyzed the interpolation setting for matrix-valued kernel functions to reconstruct vector fields, where
the considered functionals were induced by certain multi-component distributions with compact support.
The last part of this paper is mainly focused on differential operators again. Moreover, Iske discussed the
topologization of the space of compactly supported distributions with order less or equal to a fixed [ € N
in the kernel setting (cf. [68]), resulting in an integral representation of the native inner product that
simplifies the identification of linearly independent functionals. This integral representation was already
stated in [I51] and is also found in [143], Theorem 16.4] for the special case of partial differential operators.
Generally, the chapter [I43] Chapter 16] of Wendland’s prominent book Scattered Data Approzimation
provides a good initial discussion on the generalized interpolation problem and further elaborates the
analysis of [53].

Another application of kernel-based generalized interpolation is given by the interpolation with respect
to cell average functionals. In [128], Sonar explained how this type of functional occurs in finite volume
methods for hyperbolic conservation laws and proposed the use of thin-plate splines for optimal recovery
within an ENO approach. As a follow-up, the utility of kernel functions in this specific setting was further
elaborated in [7I] by Iske and Sonar as well as in the paper [I30] by Sonar. Missing convergence rates
were later provided by Wendland in the paper [142] for Sobolev kernels and thin-plate splines. Moreover,
the authors Aboiyar, Georgoulis and Iske discussed a kernel-based WENQO approach in [I], which yields
a weighted overall reconstruction from cell average values.

Although the research on generalized interpolation has mainly focused on partial differential equations
so far, there have been a few advances in the field of tomography. In his master thesis [126], Sironi
discussed the kernel-based reconstruction from scattered Radon data. There, it was already observed that
a naive application of the Radon transform to a Gaussian kernel leads to non-finite diagonal entries in
the interpolation matrix. To circumvent this problem, the second application of the Radon transform
was modified by multiplication with a weight function to ensure the integrability, see also [39]. The



modification leads to unsymmetric interpolation matrices, similar to the aforementioned method of Kansa,
and therefore does not fit into the usual concept of kernel-based generalized interpolation. The problems
were ultimately fixed in [38] with the introduction of weighted kernel functions by De Marchi, Iske and
Santin, which is a symmetric application of the weight function to both sides of a given kernel. In
addition to this application in computerized tomography, the master thesis [I48] discussed the kernel-
based reconstruction from spherical Radon data in photoacoustic tomography. It was pointed out by
the author Wiatkowski that the computation of the Riesz representers and the inner products in the
dual space is very tricky for those types of operators (cf. [148, page 23]). As a consequence, only the
unsymmetric approach was numerically investigated.

The above-mentioned works regarding tomography have in common that none of them incorporated
further tools known from standard interpolation such as data-dependent bases, greedy data selection
algorithms or reqularization tools, although most of these concepts can be transferred to the generalized
case straightforward. A generalization of the well-known P-greedy algorithm (cf. [37], [41] for the standard
case) was proposed in the preprint [II8] by Schaback, which was recently followed by the preprint [146]
of Wenzel, Winkle, Santin and Haasdonk on a larger class of greedy algorithms, the so-called 3-greedy
algorithms. Similar to the ideas of [I18], the paper [146] yielded convergence results in terms of the
L*-norm for second-order elliptic boundary value problems for Sobolev kernels. Moreover, both works
shortly described the generalization of the Newton basis from the standard interpolation case (cf. [99],
[105]).

Based on the previous research on this topic, the main objective of this part is to provide an extensive
framework for generalized interpolation in reproducing kernel Hilbert spaces that brings together relevant
theoretical results and useful tools to improve the reconstruction method. To this end, we want to keep
our discussion and results as general as possible, so that the framework can be applied directly to many
different problems. In particular, this is important in the second part of this thesis when we apply
this framework in the context of computerized tomography, which is the main application in this work.
Although our main focus lies on computerized tomography, we provide some examples that demonstrate
how our derived theory links to the other applications mentioned before.



2. Positive (Semi-)Definite Kernel Functions

We begin this part with the introduction of positive (semi-)definite kernel functions, or in short, kernel
functions. Since these functions build the core of our approximation algorithms later on, we give a
summary of their construction in Section [2.1] including several examples. Further basic properties are
stated in Section[2.2] For a more detailed treatment of this topic, we refer to the books [32], [70] and [143],
where most of the presented results can be found. Moreover, the book [50] provides a great overview of
kernel functions and their applications.

In order to motivate the use of kernel functions, we consider the standard problem of scattered data
interpolation. Therefore, let  C R? for d € N. For a given point set X = {z1,...,z,} C Q of length
n € N and corresponding data values {f1, ..., fn} C R, we aim to find a function s : Q — R that satisfies
the interpolation condition

s(xi) = fi for all i € {1,...,n}. (2.1)

A common approach for this problem is to fix a set of n basis functions B = {by, ..., b, }, where b; : @ — R
for all ¢ € {1,...,n}, and restrict the interpolant to

n
5= Zci - b; € spang{by, ..., b, }. (2.2)
i=1
If we insert the restriction (2.2)) into the interpolation condition (2.1]), we get the equivalent linear system
bl(l‘l) bn(.ﬁl) C1 f1
S =1 (23
bi(zn) ... bp(zn) Cn fn

It is well-known from linear algebra that the system (2.3) has a unique solution for all sets of values
{f1,-; fu} C Rif and only if the Vandermonde matriz Vs, x = (bi(%;)),<; j<, 15 regular. The regularity
of this matrix is guaranteed if B is a Haar system (cf. [58], [I43] Definition 2.1}).

Definition 2.1. Let S C €(2) be a linear space of continuous real-valued functions on a domain  C R4
with dimension dim(S) = n € N. Then S is called a Haar space on Q if any s € S\ {0} has at most
n — 1 zeros in the domain Q. A basis B of a Haar space on 2 is called Haar system on €.

Example 2.2. We want to provide some examples of Haar systems for the case 2 = R.

(i) For any n € N, the set
k .
P, = {p:R%R‘p(x):Zay:ﬁ for all x € R, where 0 < k < n and ay, ..., ax GR}
i=0

of (algebraic) polynomial functions with degree less than n + 1 form a Haar space of dimension
n+ 1, see [70, Example 5.26].
(ii) For v € R, consider the exponential function

fo(z) :=e"" for all z € R.

If vy, ...,y € R are pairwise distinct parameters, then B = {f,,, ..., f,,, } is a Haar system on R, see
[70, Example 5.28].
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(iii) Given a fixed parameter v > 0 and nodes Z = {z1,...,2,} C R, the respective scaled / shifted
Gaussian functions are given by

Gy (z) = e~ (@=z)* forallz € R, i € {1,...,n}.

If Z contains pairwise distinct points, By z = {G, ..., Gv 2, } is a Haar system. To see this, we
rewrite a linear combination s of the functions B, 7 as

n n
2 —u2?
s(z) = E ¢i Gy (x)=e"" - E cie V2T for all z € R,
i=1 i=1

with coefficients ¢y, ..., ¢, € R. Now assume that s has at least n zeros in R. Since the exponential
function is strictly positive on R, this implies that the exponential sum

n
S(x) = Zcie_”ziz - e2ET for all z € R
i=1

has at least n zeros in R. But the parameters of the exponential functions are pairwise distinct, so
that the coefficients of §, and therefore all ¢;, i = 1, ..., n, have to vanish according to part (ii). The
result can also be found in [3, Theorem 3.5]. We come back to this example when we talk about
kernel functions in Section 211

If we assume that B is a Haar system, the kernel of the Vandermonde matrix Vg x is trivial for any
X C Q with |X| = n, which directly implies the regularity of Vg x. Hence, the interpolation problem
has a unique solution.

Unfortunately, Haar systems suffer from severe limitations. Note that the domain of the functions from
Example is only one-dimensional. In fact, there are no Haar systems on relevant domains in the case
d > 2. This is the result of the famous Mairhuber-Curtis Theorem [35], [01]. Here, we state the version
from [143] Theorem 2.3].

Theorem 2.3 (Mairhuber-Curtis). Let Q C RY with d > 2. If Q contains an interior point, then there
is no Haar space of dimension n > 2 on Q.

Remark 2.4. Although there are no Haar spaces in the multivariate case, unique interpolation might
still be possible, e.g. in the case of multivariate polynomial interpolation on a grid (cf. [I43] Lemma
2.8]). However, we want to focus on scattered data interpolation, where we don’t make any assumptions
on the structure of X.

Due to the Mairhuber-Curtis Theorem, a workaround is required in the case of multivariate interpola-
tion on scattered data. One possible approach for this problem is to make the basis functions depend on
the data sites, i.e. b; = b,, for all i € {1,...,n}. To this end, we consider a (kernel) function

K:R'xR' =R
and define the basis functions
bi(z) = K(x,x;) for all z € RY, i € {1,...,n}.
If we insert this definition into , we get the following linear system:

K(zi,21) ... K(xi,2zp) c1 f1

K(‘rnvml) K(xnvxn) Cn fn

Again, the regularity of the system matrix determines whether the system is well-posed or not. This
leads us to the definition of positive (semi-)definite kernel functions (cf. [I43] Definition 6.1]).
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Definition 2.5. Let K : R? x R? — R. We call K a positive (semi-)definite kernel function, if
K is symmetric, i.e. K(x,y) = K(y,z) for all 2,35 € R?, and for any finite set X = {x1,...,2,} C R? of
pairwise distinct points, the corresponding interpolation matrix

K(Jﬁl,l‘l) K(J?l,l‘n)
AK,X = .
K(xp,z1) ... K(xn,zp)
is positive (semi-)definite.

Our previous discussion shows that positive definite kernels, which are most relevant to our work, lead
to well-posed interpolation problems. So far, it has not been important that the system matrices Ax x
are not only regular but also symmetric and positive definite. In the next chapter, we make use of that
when we dive deeper into the theory of kernel-based approximation.

Remark 2.6. Besides positive (semi-)definite kernels, there is also the concept of conditionally positive
(semi-)definite functions, where the interpolant consists of a kernel part and a polynomial part. We do
not cover these functions in this thesis but refer to [48, Chapter 7 ff.] and [143 Chapter 8 ff.] for detailed
information.

2.1. Construction of positive definite kernel functions

The task of finding positive definite kernels is not trivial, as the requirement of Ax x being positive definite
for all finite sets X C R? seems to be very strong. Hence, we give a short overview of the construction
of positive definite kernels. These include translation-invariant kernels, radial basis functions and more
recent kernels that have been derived from the previous two classes.

We omit most of the proofs in this subsection since this is not the focus of this thesis and the respective
proofs are very technical. More details and proofs can be found in [32, Chapter 12-16] and [I43] Chapter
6-9].

2.1.1. Translation-invariant kernels

The first class of kernels that we want to present are translation-invariant kernels. Here, translation-
invariant means that there is an even function ® : R? — R such that

K(z,y) =®(x—y) for all z,y € R%.
Note that for every translation-invariant kernel K and any fixed z € R?, we have
K(x —z,y—z) = K(z,y) for all z,y € RY,

which should explain the term ’translation-invariant’ in this context. The analysis of multivariate
translation-invariant kernels dates back to Bochner in the 1930s (cf. [23], [24]), who linked these kernels
to the non-negativity of their Fourier transforms. Details on the Fourier transform are provided in Section
m We state the L!-version of Bochner’s characterization here (cf. [143, Theorem 6.11]).

Theorem 2.7 (Bochner’s theorem). Let ® € L'(RY) N €' (RY). Then K : RY x R — R defined by
K(z,y) = ®(x—vy) for all z,y € RY

is a positive definite kernel function if and only if ® is bounded and its Fourier transform F® is non-
negative and non-vanishing.

Example 2.8. Due to Bochner’s theorem, the following kernels are positive definite:

(i) For every shape parameter v > 0, the respective Gaussian kernel (cf. Figure

K(z,y) := e~V lle=yll3 for all z,y € RY,
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where ||z||2 denotes the standard euclidean norm, is positive definite on R? for all dimensions d € N.
This is due to the fact that the Fourier transform of the Gaussian function

B(z) = e 713 for all z € RY

is again a Gaussian function (cf. Example[A.12)), and therefore positive on the whole domain. Note
that we have already seen this function in Example 2.2]for d = 1, but this time, the nodes coincide
with the interpolation points.

v=>5 v =50

Figure 2.1.: Plot of two-dimensional Gaussian with shape parameter v =5 (left) and v = 50 (right)

(ii) The radial characteristic kernel of Askey (cf. [13]), defined by

(1= Jlz —yll2)', for [z —ylla <1
0, otherwise,

K(z,y) = 1= |lo—yl2)} = {
is positive definite on R? for [ > [d/2] + 1 (cf. [143] Theorem 6.20]).

2.1.2. Radial basis functions

Another popular class of kernels is formed by rotation-invariant kernels. We call the function K a radial
kernel, if there is a univariate function ¢ : [0,00) — R, such that

K(z,y)=é(lz —yl2)  forall z,y € RY.

The function ¢ is often called radial basis function. Note that all functions from Example belong to
this class, and every radial kernel is also translation-invariant. Furthermore, if Q € R%*¢ is an orthogonal
matrix, we have the equation

KQ z,Q-y) = K(z,y) for all z,y € R%.

A characterization of functions ¢ that generate kernels in every dimension d € N was given by Schoenberg
in 1938 (cf. [12I]). This characterization associates radial basis functions with completely monotone
functions (cf. [I43] Definition 7.1 & Theorem 7.14]).

Definition 2.9. Let ¢ : [0,00) — R be a univariate function. We call ¢ completely monotone on [0, 00),
if p € €([0,00)) NE€>((0,00)) and

(=)' O(r) >0 for all r € (0,00), [ € Ny,

where ¢() denotes the I-th derivative of ¢.
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Theorem 2.10 (Schoenberg). For ¢ : [0,00) — R, the following two properties are equivalent:

(i) For every dimension d € N, the kernel function
K(z,y) == ¢(|x —yll2)  for allz,y € R?
is positive definite on R?.
(i) The function
¢:[0,00) = R, ri— ¢ (V)
is completely monotone and not constant on [0, 00).

Example 2.11. For fixed v > 0, consider the inverse multiquadrics
o(r) == (1+7r%)™" for all » € [0, 00) .

Due to the estimate
} -1
(-1)1-300) = (-1 [T +8) - (147 20
k=1
for any r € [0,00) (cf. [I43] Theorem 7.15]), the kernel
K(z,y):= 1+ ||z —y|3)™" for all z,y € R?

is positive definite on R¢ for any dimension d € N according to Theorem m

2.1.3. Other kernels

Of course, we are not able to cover all types of kernels in this thesis. A broad list of positive definite
kernel functions is provided in the book [50]. Instead, we want to give two more examples to briefly
demonstrate the wide range and versatility of kernels.

Wendland’s compactly supported functions

From the computational point of view, it is desirable to use radial basis functions with compact support,
as these lead to sparse interpolation matrices if there is sufficient separation between the interpolation
points. Some examples are given by the radial characteristic kernels from Example (ii), which are
generated by the functions

. C o Ja—pt forr <1
oi(r) == (L—|r)y = {O, otherwise for I e N, (2.4)
where we evenly extended the original functions to the whole real line. Note that we had to make the
restriction [ > |d/2] + 1 to guarantee that the resulting kernel is positive definite on R¢. In contrast to
functions like the Gaussians or the inverse multiquadrics, there are no continuous radial basis functions
that have compact support and generate a positive definite kernel on R? for every dimension d € N (cf.
[143] Theorem 9.2]). Hence, the construction of these functions is always dependent on the considered
dimension.

As desired, the functions ¢; for | € N have compact support, but they are not differentiable at the
origin 7 = 0. This means that the basis functions K(-,x) for z € R? of the resulting kernel, and therefore
all resulting interpolants are not differentiable as well, see Figure 2.2] However, regularity assumptions
like differentiability are usually required in approximation theory to achieve high-order convergence. As
a possible solution, Wendland constructed compactly supported functions with arbitrary smoothness in
[140], often called Wendland’s functions.

These functions are even piecewise polynomial functions of the form

o) i {p(r|), for || <1 25)

0, otherwise,
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Generating functions

Kernel function

-1.0 -0.5 0.0 0.5 1.0

Figure 2.2.: Plot of generating functions ¢; for [ = 2,5, 10 (left) and resulting basis function ¢2(|| - ||2) on
the two-dimensional domain R? (right)

where p : R — R is a univariate polynomial. To optimize the computational costs, the degree of the
polynomial p should be reduced to a minimum, such that the desired smoothness is still attained. In the

following, we summarize the construction of Wendland’s functions. Further explanations and proofs can
be found in [I43, Chapter 9].
The construction is based on the integral operator Z defined as

oo

(To)(r) = /t~¢(t) it forrcR

|7l

for functions ¢ : R — R such that the mapping t + ¢ - ¢(¢) is in L'([0,00)) (cf. [143, Definition 9.4]). If
¢ has the form (2.5)), then Z¢ has the same form, but the degree of the polynomial and the number of
continuous derivatives is increased by 2 (cf. [143, Lemma 9.8]). With this, we define the functions

bak =T ¢las2) k41 for dk €N, (2.6)

where 7 is applied iteratively & times to the function ¢|4/2) 4,41 defined in (2.4). Hence, the function
¢a,k s piecewise polynomial with degree |d/2]+3k+1 and 2k continuous derivatives. Due to the Fourier
properties of Z, ¢4 ;, generates a positive definite kernel on R?, and it turns out that |d/2] + 3k + 1 is the

minimal degree for a generating function of the form (2.5)) to possess at least 2k continuous derivatives
(cf. [143}, Theorem 9.13]).

Theorem 2.12. Let d,k € N and ¢4, be defined as in @) Then, the induced function
K(.’l?7y) = (bd,k(Hx_yHQ) fOT’ 9C7y€Rd

is a positive definite kernel on R%. Moreover, we have ¢4y € €*F(R), and ¢q1 has the form

ban(r) = {mk(m forr| <1

0, otherwise,

where pq. is a univariate polynomial of degree |d/2] + 3k + 1. If ¢ € €**(R) is another function of the
form that generates a positive definite kernel on R%, then we have ¢ = ¢+ ¢q . for a constant ¢ > 0.
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Example 2.13. For d = 2, the first three Wendland functions are given by
$o,0(r) = (1= r])}
o1 (r) = (1= |r)3 - (4-|r[+1)
poa(r) = (1 —|r)S - (35 |r|* +18 - |r| +3)

for r € R, see [143] Corollary 9.14]. A visualization of the functions and the resulting smooth kernel is
given in Figure 2:3]

Wendland functions

Kernel function

-1.0 -0.5 0.0 0.5 1.0

Figure 2.3.: Plot of Wendland functions (left) and plot of basis function ¢21(] - ||2) (right)

Anisotropic product kernels

We can even use common kernel functions to construct new kernels via elementary operations. Here, we
want to discuss the concept of product kernels, which was already introduced in the works [12 Section
1.8], [I03, Chapter VI]. In particular, we present the results of the preprint [6], which further elaborates
on the properties of product kernels and their computational advantages.

The main idea of anisotropic product kernels is to separate the domain R? into several axes and equip
each axis with an individual kernel. In mathematical terms, we write

R? ~ R% x ... x R9™

to split R? into M € N axes R%, where d; € N for i = 1,...,M and d = Zf\il d;. In this context, we
denote the projection onto the i-th axis as

pi RE~RE x xR 5 RY g = (x(l),...,x(M)> — ()

for every i € {1,..., M}. If the functions K; : R% x R% — R are positive semi-definite kernels on their
respective axis, the product is a positive semi-definite kernel function on R¢. This is a simple consequence
of the Schur product theorem (see, e.g., [64, Theorem 5.2.1]).

Theorem 2.14. Let K; : R% x R% — R be positive semi-definite on R% for i =1,..., M, where d; € N.
Set d = Zf\il d; and define the function

M
K:R' xR 5 R, (2,y) = [[ Ki(pi(2), pi(v)). (2.7)

i=1

Then K is a positive semi-definite kernel function on R?.
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The previous theorem motivates the definition of product kernels.

Definition 2.15. In the setting of Theorem we call the function K defined in (2.7)) the product
kernel of the K;, i = 1,..., M, and use the notation K = Hf\il K;. The kernel functions K; are called
the components of K.

Example 2.16. Consider the one-dimensional Wendland kernels

Ki(z,y) :
Ky(z,y) :

(I—]z—yl),
(1—lz—yDI-B-le—yl+1)

for z,y € R with different smoothness properties (cf. [143, Corollary 9.14]). The respective product
kernel on R? is given by

K(z,y) = (1= p1(2) = p1()]); - (1 = [p2(2) = p2(y)]) - (B~ Ipa(a) —pay)| + 1)  for z,y € RZ.

As already pointed out, the main motivation of product kernels is the possibility to equip each axis with
an individual kernel, depending on the application and its underlying data point set. In this example,
the smoothness of the kernel varies for each axis of the domain. The one-dimensional kernels K7, Ko and
the resulting product kernel K are visualized in Figure [2.4

One-dimensional Wendland kernels Product kernel

Figure 2.4.: Plot of basis functions K (-, x), Ka(-, z) for one-dimensional Wendland kernels with different
smoothness at © = 0 (left) and contour plot of the respective product (right)

If K= H'f\il K; is a product kernel on R? and X = {1, ...,7,} C R%, the interpolation matrix Ag x
is given by the Hadamard product (see, e.g., [64, Chapter 5]) of the components’ interpolation matrices
AKi,X(i) 5 Where

X0 = {pi(an), o pilwn)} CRE fori=1,.., M.

Even if the set X consists of pairwise distinct points, it is not guaranteed that the projected sets X ()
consist of pairwise distinct points as well. A simple counterexample is given by a finite grid in R?. Hence,
the matrices do not have to be positive definite for positive definite K;, which means that the Hadamard
product is not suitable to show that the product kernel of positive definite components is again positive
definite. In order to prove this assertion, we provide a workaround involving grid-like point sets and the
Kronecker product for matrices (see, e.g., [64, Chapter 4.2]).
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Definition 2.17. Let X C R ~ R4 x ... x R be finite. We call X a grid-like point set, if the
set equality

X =pi1(X) X ... x pm(X)
holds, i.e. X can be written as a Cartesian product of lower-dimensional subsets.

In the case of a grid-like point set, the matrix Ag x can be written as the Kronecker product of
the component interpolation matrices. This result was already stated in [I12, Section 5.2], but without
precise proof.

Theorem 2.18. Let K = Hf\il K; be a product kernel on R4 ~ R% x ... xR and X C R? be a grid-like
point set of pairwise distinct points. Then we have

M
Ag x = ®AKi,pi(X)a (2.8)

i=1
where Q) denotes the Kronecker product and p;(X) only contains pairwise distinct points fori=1,..., M.

Proof. Let N; := |p;(X)| fori =1,....,. M and N := Hf\il N,. We prove the statement via induction on
the number of components M.

M =2: Let p1(X) = {x(ll), ,xs\}l)} and po(X) = {xgz),...,xg\z,g}. For k € {1,..., N}, we set

_ (.1 (2) d
Tk = (x(k/Nzw Z(k—1) mod N2+1) € X CRY,

where [-] denotes the ceiling function and mod denotes the remainder after division. This leads to an
ordering X = p1(X) X p2(X) = {zr | k =1, ..., N} that results in

(AK,X)j,k =K ((x([;)/NQ]’ 908)_1) mod N2+1) ) (x([}c)/Nzw xéi)_l) mod N2+1>)
=K (x%)/zvzw x([}c)/zvﬂ) - K (xﬁf)_n mod Na+1° mﬁi)_n mod N2+1)
= (AK1m(x)) [i/N2], [k/Nal (AKz,pz(X))(j—n mod Na+1, (k—1) mod Na+1
= (AKp(0) ® ARpa(X)) 1
for any j,k € {1,..., N}. Hence, the equation Ax x = Ak, p,(x) ® Ak, p,(x) holds.

M — M+1:Set X = py(X) x ... xpy(X), K =[[M,K; and N =[], N;. Due to the induction

hypothesis, there is an ordering X = {i; | I = 1,..., N} such that the equation

M
A 5 = Q) Axipx)
=1

holds. As in the case M = 2, we can order X = X x pas41(X) to get

AK,X = A[{,X ® AKM+1;PM+1(X)'
In total, we conclude

M+1
Ak x = Q) Ak, pix)-

i=1

Corollary 2.19. In the setting of Theorem let K; be positive definite on R% fori=1,..., M. Then
Ak x 1s positive definite.
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Proof. This directly follows from Theorem [2.18] as the Kronecker product of positive definite matrices is
again positive definite (see, e.g., [64, Theorem 4.2.12]). O

With the previous two results, we are able to show that a product kernel inherits the positive definiteness
of its components. Note that this result was already proven in [143], Proposition 6.25] for translation-
invariant kernels, but not for general kernel functions.

Theorem 2.20. Let K = vail K; be a product kernel on R* ~ R% x ... x R gsych that K; is positive
definite on R% fori=1,.... M. Then K is positive definite on R?.

Proof. Let X C R? be a finite set of pairwise distinct points. We have
XCY :i=p(X) x ... x pp(X),
where we assume that p;(X) C R% consists of pairwise distinct points for i = 1,..., M. According to

Corollary the matrix Ay y is positive definite. Since A x is a submatrix of Ak y, it is also positive
definite. O

Remark 2.21. Consider Gaussian components
Ki(pi(), pily)) = e I @=rilE - for 5,y € RY

with shape parameters v; > 0 for i = 1,..., M. The respective product kernel is given by

M = 5 vl () —ps(0) 3
K(z,y) = He—w-um(x)—m(ym% — e TR @)D -y) for 3oy € RY,
i=1
where
D1 0 v; 0
D= eR™  with D; = eR%X fori=1,..,M
0 DM 0 v;

is a diagonal matrix with the shape parameters on its diagonal (cf. [49] Example 2.5]). Hence, the
resulting product kernel exchanges the standard Euclidean norm || - ||2 with the anisotropic norm

|-llp:R =R, 2 VaT-D-z

inside the standard Gaussian kernel with shape parameter v = 1. We want to point out that the
multiplication of lower-dimensional Gaussian kernels builds a bridge between product kernels and the
insertion of anisotropic norms. The effects of exchanging the standard Euclidean norm with an anisotropic
norm inside radial basis functions have been investigated in [5], [16], [30].

2.2. Basic properties

We close this chapter with some basic properties of kernel functions (cf. [70, page 279]) that we use
throughout our analysis.

Proposition 2.22. Let K be positive semi-definite on R%. The following statements hold:
(1) For any x € R, we have K (x,z) > 0. If K is positive definite, then K (x,z) > 0.
(2) Given z,y € R, we can estimate K(z,y)?> < K(x,z) - K(y,y).

(3) K is bounded on RY x R? if and only if K is bounded on the diagonal

D:{(m,x)\xERd}CRded.
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Proof. For (1), we set X = {x} for a given x € R%. Then we have Ax x = (K(x,z)) so that the desired
inequality follows from Definition Similarly, we set X = {x,y} for given z,y € R% Inequality (2)
then follows from

0 < det(Ax.x) = K(z,2) - K(y,y) — K(,y)".
Part (3) is a consequence of (2). O
Corollary 2.23. If K is a translation-invariant kernel, then K is bounded on R? x R?.
Proof. In this case, we have K (z,y) = ®(z — y) for z,y € R? and a function ® : R? — R. This leads to
K(z,z) =®(x —2) =P(0) < 0 for all 2 € RY,
which proves the claim according to part (3) of Proposition m O

Corollary 2.24. If K is positive semi-definite on R% and K(x,z) = 0 for all v € R?, then we have
K(z,y) =0 for all z,y € R? as well.

Proof. This immediately follows from part (2) of Proposition m

0< K(2,9)* < K(z,z) - K(y,y) =0 for all z,y € R%.



3. Reproducing Kernel Hilbert Spaces

In this chapter, we dive deeper into the theory of kernel-based approximation. So far, we have shown
how to solve multivariate interpolation problems using positive definite functions, where the unique
interpolants belonged to the spaces

Sk, x = spany {K(o,xl),...,K(~,xn)} (3.1)

for given point sets X = {z1,...,7,} C R% Our goal now is to construct a complete linear space H
that is a superset of all spaces of type . This construction leads to special Hilbert spaces, so-called
reproducing kernel Hilbert spaces, which have many useful properties. We explain these properties in
detail throughout the next sections, which are based on [22] Chapter 1], [143, Chapter 10].

The first rigorous analysis of reproducing kernel Hilbert spaces in its modern terminology was published
by Aronszajn in 1943/1950, see [11], [I2]. Amongst many other results, the papers explain the one-to-one
correspondence between positive (semi-)definite functions and reproducing kernels. Due to the earlier
work of Moore (cf. [96], [97]), this result is called the Moore-Aronszajn Theorem, which is explained in
Section In addition, we discuss how the kernel inherits properties like differentiability or integrability
to the functions of the associated Hilbert space of functions. To demonstrate the relevance of reproducing
kernel Hilbert spaces, we list further characterization of the native space in Section that build a
connection to Sobolev spaces. In Section we end this chapter with an excursion about the native
spaces of product kernels, where we show that the native space even inherits the structure of the kernel.

Although our treatment of this topic might seem excessive to some experienced readers, we mostly
provide detailed explanations throughout the chapter, even for well-known results. In order to analyze
generalized interpolation problems, it is essential to have an in-depth understanding of reproducing kernel
Hilbert spaces, in particular of its distinctive properties such as the simplified determination of Riesz
representers of a linear bounded functional, which is explained in Theorem [3.12] and the following. We
start this chapter with the basic terminology (cf. [I43] Definition 10.1]).

Definition 3.1. Let % = (#,(-,-)%) be a Hilbert space of real functions f : R — R. We call H a
reproducing kernel Hilbert space, if there is a function K : RY x R¢ — R that satisfies the following
two properties:

(i) For all x € R?, we have K(-,z) € H.

(ii) We have the reproduction property

fx)=(f,K(-,x))»  forall feH, =R (3.2)

The function K is called reproducing kernel of H. If H is a reproducing kernel Hilbert space, we use
the notation H = Hx to indicate that H has the reproducing kernel K.

At first glance, it might not be clear whether a Hilbert space H possesses a reproducing kernel or
not. But there is a connection between the existence of a reproducing kernel and the point evaluation
functionals in H. For every = € R?, the respective point evaluation functional or Dirac functional §, is
given by

0 : H =R, [ f(x).

A necessary and sufficient criterion for the existence of a reproducing kernel is the continuity of the
point evaluation functionals (cf. [I43, Theorem 10.2]). The result is based on an important theorem
from functional analysis, the Fréchet-Riesz representation theorem, which plays a key role in generalized
interpolation, see Chapter [} For convenience, we state the representation theorem here. A proof can be
found in [76, Theorem 2.3.1] for example.
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Theorem 3.2 (Fréchet-Riesz representation theorem). Let (H, (-, )% ) be a real Hilbert space and H*
denote its dual space. Then, the mapping

p:H—=>H v (o)
18 an tsometric isomorphism.

Theorem 3.3. Let H be a Hilbert space of real functions on R%. Then H is a reproducing kernel Hilbert
space if and only if §, is continuous on H for all x € RY.

Proof. Let ‘H have a reproducing kernel K. With the Cauchy-Schwarz inequality, we get the estimate
0D = (@) = [(f, KC o)l < N flloe- 1K G @)l forall f€H, xR

Hence, 6, is continuous for all z € R?. Conversely, let §, be continuous for every z € R%. Due to Theorem
, there exist functions k, € H, z € RY, that satisfy

f(@)=6,(f) = (frko)n  forall feH, xR
By construction, the function K (z,y) := ky(x) for z,y € R? is a reproducing kernel of H. O

Remark 3.4. Note that the point evaluation functionals are not well-defined for any Hilbert space H.
One example is the space L?(R?), which consists of equivalence classes. Hence, we exclude these spaces
from our following discussion or restrict ourselves to the continuous representatives of the equivalence
classes.

Example 3.5. As a first example of a reproducing kernel Hilbert space, we consider the space
He = {f € C®R)NL2R) | supp (F/) © [~L, L] |

of square integrable functions with bandwidth L > 0 (cf. [I53]). Here, F denotes the Fourier transform
on L?(R). We equip this space with the standard inner product on L?(R). For every f € Hp, we have
Ff € L?(R). Due to the compact support of Ff, we also have Ff € L'(R), so that the Fourier inversion
formula from Theorem in combination with isometry property from Theorem yields

L
flx) = (2m)"V/2. /ff(w) e du = <f, (2m)~1/2 . F1 [X[,L,L](J . e_i(')’”} > for all z € RY,

L*(R)
L

where x[_r, 1] denotes the characteristic function on [~L, L]. The reproducing kernel is then given by

sin(L - (z — y))

K(v,y) = (2m) 72 F 7 o () - e OV (@) = 225 @—)

for x,y € R,
where the evaluation for the case x = y is interpreted as a limit. Further examples of reproducing kernels
and their respective Hilbert spaces can be found in [22], Section 6.4].

We want to collect some general properties of reproducing kernels and their respective Hilbert spaces,
see also [22, Section 1.2].

Proposition 3.6. Let Hi be a reproducing kernel Hilbert space. Then, the following statements hold:

(1) The reproducing kernel K is positive semi-definite on R?.
(2) K is positive definite if and only if the functionals {6, | * € R?} are linearly independent.
(8) The set

Sk = spang {K(',x) ’ x € ]Rd} (3.3)

18 dense in Hi.
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(4) The dual set

S;k) = spang {595

T € Rd}
is dense in the dual space Hj, .
(5) If (fn)pen C Hi converges normwise to f € Hre, then (fn), oy converges pointwise to f.

Proof. The proof of the statements mainly relies on the reproduction property (ii) from Definition

(1) The symmetry of K follows from
K(-T7y) = <K('ay)aK<'7x)>'HK = <K(',J}),K(-,y)>7{K = K(y7.’17) for all T,y € Rda

where we used the symmetry of the inner product. To prove the second part of the definition, let
X ={a1,....,z,} CR? and ¢ = (1, ..., ¢n)" € R™. Then we have

cT~AK’X-c:iici-cj~K(aci7xj)

i=1 j=1

= ZZCZ “Cj- <K(-,JJZ‘),K('7$3‘)>HK

n 2

Zci . K(,Iz)

i=1

> 0.
Hi

Hence, K is positive semi-definite on R
(2) Due to our previous computations and Theorem n we have the identity
Ag x = (<K(‘yxi)vK('a$j)>HK)1§i,j§n = (<5$i75$1>7ﬁ<)1§¢,j§n )

since d,, is the Riesz representer of K (-, z;) for all ¢ € {1,...,n}. Hence, K is positive definite on
R? if and only if the Gram matrices Ag x are positive definite for all finite sets X C R of pairwise
distinct points, which is equivalent to the linear independence of all point evaluation functionals.

(3) Due to Theorem [A.9] part (2), we can write the space Hx as the orthogonal sum
Hi =Sk © 8k
where QL is the orthogonal complement of Sk. For every f € @L, we have
fl@)={(f, K(,2))p, =0 for all z € R?,
as K(-,z) € Sk. Thus, we can conclude @l = {0} and Sk = H.
(4) Let ¢ denote the mapping from Theorem ie.
¢ Hr = Hie, [ (e

Note that we have ¢(Sk) = Sg) and p(Hg) = Hj.. Since ¢ is an isometric isomorphism, the
density follows from part (3).

(5) Let (fn),eny C Hi converge normwise to f € Hy, i.e.
lfn = fllae — 0O for n — oo.
For fixed = € R?, this implies

[fu@) = f(@) = [{fo = [, KC 0)) i | < W= Fllase - 1EC @)l — 0 for n— oo

Hence, (fn),cy converges pointwise to f. O
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Remark 3.7. If K is bounded, i.e. |K(z,y)| < C for a constant C' > 0 and all 2,y € R?, we can make
the estimate

[F@) = 1 K a) e < IEC )l - 1 e = VE(@,2) | fllae SVC - I fllwee  for o € RY

In this case, every function f € Hg is bounded with the estimate

I £lloe = sup |£(@)] < VC - || £l
rER4

so that normwise convergence implies uniform convergence (cf. [12] Section 1.2(5)]).

Before we continue with the construction of reproducing kernel Hilbert spaces for given positive semi-
definite kernels, we want to answer the question of whether reproducing kernels and their respective
Hilbert spaces are unique, see also [70, Remark 8.23] and [143, Theorem 10.11].

Theorem 3.8. For reproducing kernel Hilbert spaces, we have the following uniqueness properties:

(1) Let K be a reproducing kernel of two Hilbert spaces G and H. Then we have G = H and the inner
products coincide.

(2) Let K; and Ky be reproducing kernels of the Hilbert space H. Then K1 = Ky holds.
Proof. Throughout this proof, we make use of the results from Theorem [3.6]
(1) We notice that the set Sk from ([3.3)) must be included in G and H. Additionally, we have

<K(~,$),K(-,y)>g = K('ray) = <K<7$)’K(ay)>7{ for all z,y € Rd7

so that the inner products (-,-)g and (-, )3 coincide on Sk. Given an arbitrary f € G, there is a

sequence
(8n)pen C Sk such that If — snllg — 0 for n — co.
The sequence is a Cauchy sequence with respect to || - ||g, and due to
I8m = snllg = ll8m — Snlln for all m,n € N,
it is also a Cauchy sequence with respect to || - ||3. This means that there is g € H with

lg — snlly — 0 for n — oo.
Since normwise convergence implies pointwise convergence, we get

f(@) = lim s,(z) = g(x) for all z € RY,

n—oo
so that f = g holds. Moreover, we get
1fllg = lim [[snllg = lim |lsnlls = [ fll2-
n—oo n—oo

In total, we have G C ‘H and the two norms coincide on G. Analogously, we can show that H C G
and || fll% = ||fllg for f € H. The polarization identity for inner product spaces (see, e.g., [70,
Theorem 3.9]) then implies that the inner products coincide on G = H as well.

(2) In order to prove part (2) of this theorem, we use the reproduction property to compute
| K1 (7)) — Ko (-, 2) |3, = Ki (2, 2) — Ki(z,2) — Ko(w,7) + Ka(z,2) =0 for z € RY.

This implies K1 (-, z) = Ka(-, ) for all z € R? and therefore K; = K».
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3.1. Construction of the native space

As we have seen in Proposition every reproducing kernel K of a Hilbert space is positive semi-
definite. But in practical cases, one usually starts with a positive (semi-)definite kernel. Hence, we go
the other way round in this section and construct a reproducing kernel Hilbert space Hy for a given
positive semi-definite kernel function K, called the native space of K. This means that we can base the
resulting algorithms on positive (semi-)definite kernel functions and still take advantage of the theory of
reproducing kernel Hilbert spaces. For the construction of the native space, we follow along [22], Section
1.3].
Let K : R? x R* — R be positive definite. The construction starts with the set

Sk = spang {K(-,z) | = € R}
from part (3) of Theorem For elements

N
Zcz (o) and  g=> d; K(,y;) (3.4)
j=1

in Sk, we define

<f7g>K :ZZ l‘l?y_])' (35)

Initially, it is not clear that (3.5)) induces a well-defined map
<‘;'>K : SK X SK — R.

But if f and g from (3.4)) have alternative representations

M N
f=Y & K(,&) and g=) d
i=1 j=1

we get the equality

M N
chz d; szay] Zcz ):ZZ x“yj

i=1 j=1

'sz

j=1

M N
It is easy to see that (-, -) i is bilinear, symmetric and positive semi-definite. For the positive definiteness,
let f € Sk satisfy (f, f)x = 0. The Cauchy-Schwarz inequality yields

0< |f(@))=f. K(,2) k> < (f, f)rx - K(z,z) =0 for all z € R?,

which implies f = 0. We summarize our results in the next proposition (cf. [22] Theorem 3)).

QI

xuy])

Proposition 3.9. For a given positive semi-definite kernel K, define (Sk, (-,")k) as done in and
. Then Sk is a pre-Hilbert space.

By definition of the inner product, we directly get the reproduction property
s(x) = (s, K(-,x))k for all s € Sk, = € R%. (3.6)

In general, Sk is not complete, so we need to complete the space with respect to the inner product. From
functional analysis, it is well-known that any pre-Hilbert space can be densely embedded into a Hilbert
space, see e.g. [76, Theorem 1.5.1 & Proposition 2.1.6]. But the elements of this space might not be
functions again, which means that another step is required to convert these elements into functions, see
[143] Section 10.2]. We follow a more direct approach here, which merges the two steps (cf. [22, Theorem
2 ff.]). This approach uses the following lemma:
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Lemma 3.10. Let (sp)neny C Sk be a Cauchy sequence that converges pointwise to the zero function,
i.€.

lim s,(x) =0 for all x € R,

n—oo

. n—roo
Then we have the normwise convergence ||s, ||k — 0.

Proof. Given m,n € N, we can rewrite the term ||s, % as

Han%{ = <8n75n>K = <Sn - 8m75n>K + <Sma3n>K- (37)

Now let € > 0. Since Cauchy sequences are automatically bounded, we find C' > 0 such that ||s,||x < C
for all n € N and choose N7 € N such that

3
||3m_5nHK<% for m,nle.

Moreover, we can write sy, as

M
81\[1 = Zci . K(,xl)
=1

Using the reproduction property (3.6) on Sk, we derive

M
(Sny SNy ) K = Zci < S (x5) 17200
i=1

due to our assumptions. Hence, we can find Ny € N such that

for all n > Ns.

N ™

(8n, 8N ) K <
Setting N = max{N, N2}, we can use the identity (3.7) to get
Isall% < llsny = sullx - [snllx + (snyssn)x <€ forn > N,

which proves the assertion. O

Theorem 3.11 (Moore-Aronszajn). Under the assumptions of Proposition let
Hig = {f ‘R 5 R ‘ there is a Cauchy sequence (s,), cy C Sk that converges pointwise to f}.

Moreover, we equip Hg with the bilinear form

(fy9)k := lm (sp,tn) K for f,g € Hk, (3.8)

n—oo

where (8n),cn and (tn),cy are Cauchy sequences in Sk that converge pointwise to f and g. Then
(Hx, (-,-) k) is a Hilbert space with reproducing kernel K.

Proof. Hx is a vector space, as the set of Cauchy sequences in Sk is closed under componentwise addition
and scalar multiplication. The proof is divided into six steps:

(i) Well-definedness I: Let (sy), oy and (t,) be Cauchy sequences in Sk. Due to the inequality

neN
[(8mstm) ik = (Snstn) k| < |Ism — snllk - [tmllx + Isnllx - [tm — tallx for all m,n € N,
the sequence ((s,tn)x),cy 18 @ Cauchy sequence in R and therefore convergent. Hence, the term

lim <Sm tn>K
n— o0

is well-defined.
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(i)

(iii)

Well-definedness II: Let f,g € Hi and (S,)nen, (8n)nen, (tn)nen, (tn)nen be Cauchy sequences

in Sk such that (s,)nen, (Sn)nen converge pointwise to f and (¢, )nen, (tn)nen converge pointwise
to g. Due to Lemma [3.10] we have the convergence

n—oo

HSn - §n||K7 th - {n”K — 0.

Similar to part (i), we get

[(Smstn) i — Grstnd k| < 150 = 8nllic - tnlli + 113nll i - [t — tnllx —— 0,

which implies

lim (s, t,)x = lim (3,,%,) k-
n—oo n—oo

This means that (3.8) induces a well-defined mapping. Moreover, we have Sx C Hg, so that
(,Vk : Hxk X Hg — R is an extension of the previously defined inner product (3.5) on Sk.

Inner product: It is clear that (-,-)x is bilinear and symmetric on Hx X Hg. For f € Hg,
consider a Cauchy sequence (s, )nen that converges pointwise to f. By definition (3.5, we get

=l = 1 2 >
<f7 f>K nh_>H;0<SmSn>K nh_{I;O HSnHK > 0.

Suppose that (f, f)x = 0. With the reproduction property on Sk, we can make the estimate

n—o0

[s0(2)* = (0, K (- 2)) k[ < (5 80) ¢ - K (@, 2) == (f, [y - K(z,2) =0 forall z € R%.
This yields

f(x) = lim s,(z) =0 for all z € RY,

n—o0
which is equivalent to f = 0. Hence, (-, )k is an inner product on H.
Completeness I: Let (s,)nen be a Cauchy sequence in Sk. Due to the estimate

15m () = 5p(2) 2 = |(5m — S0y K(,2)) k| < ||5m — Snll% - K (z,2) for all z € RY,

the sequence (s,(2)),cy is a Cauchy sequence in R for every point # € R?. Define the function
f:R? = R via
f(z):= nh_)rréo Sp () for all z € RY.
Then we have f € Hx and
1 = snllfc = (f = $n, f = sa)x = LM (s30 = 50, 8m — sn)x = lim |lsm —sullie  foralln € N.

Now let £ > 0. We choose N € N such that ||s,, — s,||% < ¢ for all m,n > N. This results in

If = snl% = lm |8, —s,]|% < e forn> N
m—00

which proves that (s,),cy converges normwise to f. Moreover, this argument shows that Sk is
dense in Hp.

Completeness II: Let (f,)nen be a Cauchy sequence in Hg. Since Sk is dense in Hy (see part
(iv)), we can find a sequence (s, )nen in Sk with

1
lfn — snllx < - for all n € N.
Due to the estimate

1 1
l5m — snllx <[ fm = Smllx + | fm — follx + 1fn = sallx < m + n + [ fm = fullxs
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the sequence (s, )nen is a Cauchy sequence as well. With part (iv), we can conclude that
f=lim s, € Hg
n—oo
exists. But f is also the limit of the initial sequence (f,)nen, as we have

n—00
— 0.

1
1F = fallx < I = snllc + llsn = fall <IIf = snllx +

(vi) Reproduction property: Let f € Hyi and choose a Cauchy sequence (s,)nen that converges
pointwise to f. For every z € R%, we get

f@) = lim s,(z) = lim (s,, K(,2))x = (f, K(-,2))k

n—oo n—oo
by definition of the inner product.
In total, (Hk, (-,-)x) is a Hilbert space with reproducing kernel K. O

From now on, Hy always denotes the native reproducing kernel Hilbert space of the kernel K which
we constructed in Theorem [B.111

Since the evaluation of linear functionals from the dual space Hj, plays a key role in the next chapters,
we want to derive a generalized reproduction property that holds for all elements in the dual space, not
only for point evaluation functionals. The result below can be found in [I43] Theorem 16.7] and in [70,
Theorem 8.24], where it is called Madych-Nelson Theorem, referring to the work of Madych and Nelson
(ct. [87], [88], [89]).

Theorem 3.12 (Madych-Nelson). Let K be positive semi-definite on R® and Hyc be the respective native
space. Then, the following two statements hold:

(1) For every A € Hi., the function NVK (-, y) : R — R, defined by
MWK (z,y) = MK () = MK (x,-)) for all z € RY,
is an element of the native space, i.e. NYK(-,y) € Hxk.

(2) We have the generalized reproduction property
M) =(NK(G Yy forall f € Hie, N € Hi.

Proof. Let g\ € Hi be the Riesz representer of A € H,, i.e.

AMf)=(f,g)k  forall feHg.
Then we have AYK (-, y) = gx, as the equation
MK (z,y) = MK (2)) = (K(-7),9x) i = ga(x)
holds for all € R. This proves (1) and (2). O

Remark 3.13. Note that Theorem presents an important advantage of reproducing kernel Hilbert
spaces, as we can explicitly compute the Riesz representers of functionals via the mapping

oV My = Hie, A MK ().

This advantage is highly relevant for the implementation of kernel-based algorithms for generalized in-
terpolation problems, see Chapter [4] and

In order to determine whether well-known functionals (e.g. distributions) are elements of the dual
native space, we have a look at the regularity of functions from the native space. As the construction of
the native space is solely based on the given kernel, the functions of the native space inherit the regularity
of the kernel function. We state some basic inclusions (cf. [70, Corollary 8.27], [132, Theorem 4.26], [143]
Theorem 10.45]).
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Proposition 3.14. Let K be a positive semi-definite kernel function and Hy be the respective native
space.

(1) Let K be bounded. Then any function f € Hy is bounded by

||f||oo < sup \/m ||fHK < 00.

zERC

(2) If K € €(R? x RY), then Hx C €(R?) holds.
(3) Letp € [1,00) and K € € (R? x R?) satisfy
/K(m,x)p/2 dzr < co.
Rd
Then we have Hyx C LP(R?) and the norm inequality
1/p
Il < | [K@or?de] lflx<oo forall £ € M
Rd
(4) Suppose that K € €%¢(R? x RY) for k € Ny. Then we have Hx C C*(R?). Moreover, we have
Ap,o =0y 0 DY € Hy for x € RY
and multi-indices o € Ng with |a| < k. Here, D* denotes the partial derivative operator

a 8‘a|f k (md

Proof. The proof of the stated inclusions mainly relies on the reproduction property (3.2]):
(1) This is already proven in Remark

(2) Let f € Hx and = € R%. Choose a sequence (Tn),en C R? that converges to x. We can make the
estimate

(@) = Faa) = [ K (o) — Kol < 1l K (o) = KGale. (39)
Since K is continuous, we have
|K(,z)— K(a)|% = K(z,2) — 2 K(2,2) + K(20, 7)) — 2 (K(z,2) — K(x,2)) =0,
and therefore |f(z) — f(zn)| —— 0 according to . Hence, f is continuous on RY.

(3) From part (1), we know that Hy C ¢(R?). This implies that every function f € H is measurable.
For the norm estimate, we compute

/u PM—/UZ, ww<wwhﬂm D) do = I - /waWM<w

for f € Hg. This proves the norm inequality and the desired inclusion.

e prove the assertion via induction on k£ € Ny. For £ = 0, the statements follow from part of this

4) Wi h ion via inducti k € Ny. For k =0, th follow fi 2) of thi
proposition and Theorem Assuming that the assertion holds for k& € Ny, let K € €22 (R4 xR%)
and

a=(a,...,aq) € N¢ with la] < k+ 1.

If |o| < k4 1 holds, the statements follow from the induction hypothesis due to the inclusion
E2RT2(RE x RY) € €%F(R? x RY). Hence, we focus on the case |a| = k + 1. Divided into several
steps, we show that A, , is well-defined and bounded on Hy for all = € R¢:
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(i)

(iii)

Select the minimal ¢ € {1, ...,d} with o; # 0 and set
a = (051, ey O — 1, ...,Oéd).

Then we have & € N¢ with |&| = k, and the induction hypothesis in combination with Theorem
3.12[ implies

Aea(f) = (f, )\ZV&K(wy))HK for f € Hy,z € RY. (3.10)
Here, )\Z’aK(',y) is given by
N o K(zy) = DSK(z,x)  forz € RY,

where D$ denotes that the differential operator D for differentiable functions on R? acts with
respect to the second d-dimensional argument of K. The operator D{' is defined analogously.

With (3.10]), we get

DYf(x+h-e) - Df(x) ; Manew o K0 y) = AL oK (L y)
h B ’ h K

(3.11)

for all f € Hy,z € R? and h # 0, where e € R? denotes the i-th standard basis vector.

Given z € R%, we define the functions

N oo Ky = A LK ()
o 1= oHeela . : €Hx  for h#0.

Note that the corresponding functionals in the dual space are given by
Frgem)ic = (80857 ) (DOf)  for all f € Hic,w € R R £0,

where we interpret the vector e(? as a multi-index and A‘flw is the forward difference operator

from Definition Again, we denote the application of Ai(i) with respect to the first and
second d-dimensional argument of K as Ai“l) and A,el(;) In order to justify the differentiability,

we show that

lim
g It

exists in H.

Let (hn),cy be a null sequence in R\ {0}. For m,n € N, we have
e® e(® a o e(® e® a na
ng,hm — Yz,hp ||12r< = Ahm,lAhm,Q [D1 Ds K} (z,7) — Ahm,lAh”,Z [D1 Ds K} (z,)

e(®) e(®) & NG e(®) e(®) & NG
SRAVAREVAVARD [D1 Ds K] (z,7) + Ay 1AL o [D1 Dy K} (z,).

Due to Theorem m part (2), we can find points

Cf“{“”), ffg’"), CQ(”f’n), éngm) € [a:,a: + hom - e(i)}

) )

and
() gl (mm ) ¢ [ 4 - t9]

for m,n € N, where

x,erh'e(i)} = {x+t~e(i)

min((),h)gtgmax((),h)} for x € RY, h #0,
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(iv)

such that
192, = Geona I = DEDSK (1™, ¢{5™) = DY DK (ST, ¢55™)
_ D‘llDélK( ig’:’llvn)’ ?(:7217”)) +DaDaK( (m 77«)7 igvn))
Given € > 0, we can find § > 0 such that

9
|DeD§K(y,2) - DEDsK(wyw)| < T for  [[(5,2) — (@) ]2 <6

since DY DYK is continuous. Now choose N € N such that |h,| < §/v/2 for n > N. Then we
have

H(Cmn) ((mn) (x,x)H <d form,n >N, j=1,...,4,
2
and therefore

1gzh = Gootn % < |DFDSE (™, (5™) — DEDS K (x,

+IDF DK (5™ ¢35 ™) — DY DS K
+ DYDY K (G5, (5% ™) — DY DS K
+ | D¢ DS K ( if’f M ™) — DEDS K (x, )|

< €.

|
)|
)|

x)
K(
(
(

Hence, the sequence (s 1, ) is a Cauchy sequence in H, so that

neN
g = lim gy p, € Hi (3.12)
n— oo

exists.

Since normwise convergence implies pointwise convergence in the native space, the limit func-

tion in ([3.12) is given by
9o (2) = lim gy p, (2) = DK (z,2) =AY K(z,9) for all z € R%.
n— 00 ’

Note that the limit function A\ ,K(-,y) does not depend on the chosen sequence (h,,), oy In
total, we get

lim g, =AY K (-,y) € Hk.
h—0 ’
h#£0

As a consequence of (iv), we can let h — 0 in (3.11) to get

Do) — gy D@t o) - DOf()
Aealf) = D*f(x) = lim - = (£, n

K(~,y)>K,

so that D f(x) exists for all f € Hg,z € R%. Moreover, this proves A\, o € Hi. Similar to
the proof of part (2), we estimate

1D f(z) = D f(2)] < I fllic - INLaK (o) — AL oK (- 9) |5
= || fllx - (D$ DS K (z,2) — DY D§ K (2, ) — DY DS K (x,2) + Dy DS K (2, 2)) "/

for f € Hx and x,z € RYL With the assumption K € ¢%+2(R? x R?), we can conclude
that the derivative D®f is continuous on R for each f € Hy. For k > 0, an application of
Schwarz’s theorem for partial derivatives in combination with the induction hypothesis shows
that the order of differentiation does not matter.

Since o was chosen arbitrarily, we have Hx C €*T'(R?), and the respective partial differential
operators are elements of the dual space. O
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Corollary 3.15. Let K € € (R? x R%) be a bounded positive semi-definite function and satisfy the
condition [ K(x,x)'/? dz < co. Then we have

Rd
/K(ac,:c)p/2 dx < 0o for allp € [1,00),
Rd
so that the statements of Proposition part (3) hold for every p € [1,00).
Proof. We can estimate

(r—1)/2
/K(x,x)p/2 dx < (max K(m,x)) -/K(ﬂc,aj)l/2 dr < 0o for p € [1,00).
R4 Rd

z€ERC

O

Remark 3.16. The results from Proposition [3.14 and Corollary [3.15] are helpful when restricting oper-
ators to a native space. For example, consider a bounded linear operator A : LP(R%) — Y, where Y is a
normed space. Part (3) of Proposition then implies that A induces a bounded linear operator from
(Hi, || |k) to Y via the restriction

Ayt (M, 1 lx) = Y, f = A(S).
We use these ideas later in the context of computerized tomography, see Chapter

3.2. Alternative characterizations of native spaces

Besides the construction in Theorem |3.11} native spaces can be expressed in other terms, which can be
useful for theoretical considerations. We state two alternative characterizations here without proof. For
more details and proofs, we refer to [I43, Section 10.2, 10.4].

The first alternative characterization is based on the dual set SS) from Proposition given by
S;) = spang {0, | x € R4} C H};.
In this notation, the native space H g consists of all functions f : R? — R, such that the evaluations of
all A € Sg) in f are uniformly bounded (cf. [143, Theorem 10.22]).
Theorem 3.17. Let K be positive semi-definite. We set

Gg:= {f ‘R R ‘ there is Cy > 0 such that |A(f)| < Cy - ||A||x for all X € S}?}

and equip G with the functional
A(f
iflgi= sup P
Aes{o} 1Al
Then G =Hg and || - |lg = || - ||k hold.

The second characterization of native spaces is restricted to translation-invariant kernels, which we
introduced in Subsection Under suitable conditions, the inner product (-, -) x can then be expressed
with an integral formula (cf. [143], Theorem 10.12]).

Theorem 3.18. Let K(-,-) = ®(- —-) be positive definite, where ® € € (RY) N L' (R?). Moreover, let the
Fourier transform F® of ® be strictly positive on R?. We define

forall f €G.

G ={fee®)NIA®RY | Ff Fo2 e 12(®)},

where Ff denotes the L?-Fourier transform of f, and equip G with the bilinear form

(f,9)g := (2m)~%/2. / W dw forall f,g €G.
Rd

Then (G, {-,-)g) coincides with the native space (Hk, (-, )k) of K.
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This characterization is of importance as it builds a connection to Sobolev spaces (see Section |A.5) and
their underlying properties (cf. [143], Corollary 10.13]).

Corollary 3.19. Under the assumptions of Theorem[3.18, let F® satisfy the estimate
Cr-(1+|wl3) *<Fow) <Oy 1+ |wl2)™"  forallweR?

for constants Cy,Cy >0 and a > d/2. Then Hx coincides with the Sobolev space H*(R?) and the norm
|- |5 is equivalent to the respective Sobolev norm.

It was shown in [141] that Wendland’s kernels from Subsection satisfy the conditions of Corollary
[B.19] for suitable constants.

3.3. Native spaces of product kernels

In addition to the results of Proposition [3.14] the native space usually inherits the structure of the kernel
in special cases. One example of structure preservation is given by product kernels, which were introduced
in Subsection @ of this thesis. Given z € R? >~ R% x ... x R% and a product kernel K = Hf‘il K;,
the respective standard basis function

K(,2) = Ki(pr(-), pr(2)) - oo - K (par (), paa (7)) € Hic (3.13)

is the product of the standard basis functions K;(p;(-),p;(x)), i = 1,..., M. Regarding the inner product,
we get the identity

(K(2), K(y))kx = HKi(Pi(fU)vpi(y)) = H(Ki(-,pi(x)LKi(-,pi(y))hg for all z,y € R%. (3.14)

By linear continuation of (3.13]) and (3.14]), we conclude that
M
Ik : SK1 X ... X SKM — Hgk, (81, ....,SM) — Hsl =51 ..."SM (315)
i=1

is a well-defined multilinear mapping that satisfies

M

<HK(51a~-~73M)aHK(§17m7§]\/I)>K :H<Si7§i>Ki for all Siy S; ESKi,i:L...,M, (316)
i=1

where [T, s; denotes the mapping

M M
Hsi ‘RT~RD x xR SR, z— Hsl(pl(x))
i=1 i=1

for s; € Sk,, i =1,...,M. In [12] Chapter 1.8], [I03] Chapter VI], it was already shown that the mapping

I from (3.15) and the property (3.16]) can be extended to Hy, X ... X H,, for the case M = 2. We
provide an extended proof for all M € N.

Theorem 3.20. Let K = vail K; be a product kernel on R ~ R ~ R% x ... x R . Then

M
Ok : Hie, X oo X Hicyy = Hic, (froom fur) = ] fi (3.17)

i=1
is a well-defined multilinear mapping. Moreover, the linear space spang (Il (Mg, X ... X Hg,,)) is dense
m Hi and we have

M
= H<fi7gi>Ki fO’f’ all fivgi S HK,i,i =1, ...,M. (318)

i=1

(T (f1s s fa) T g1, s 90))

K
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Proof. If M = 1, there is nothing to show. For M > 2, we prove the proposed statements via induction
on M.

M = 2: We start with the well-definedness of Ilx. Therefore, let f; € Hg, and fo € Hg,. We can find
convergent sequences

(sg)) C Sk, , (an)) C Sk, with lim s,(ll) = f1, lim 3512) = fo.
neN neN n— 00 n— 00
Due to ([3.16)),the estimate

o2~ (40— ) 00 (-]

< N1sS) = s llmy - s llrea + st Ny - 155 — 52 i

holds, so that ( 3;1) . 3%2)) , is a Cauchy sequence in Hg o and therefore attains a limit
ne

Hix > f= nh_)n;@ sg) . sg).

As norm convergence implies pointwise convergence (cf. Proposition part (5)), we have

f@) = lim 5O (pi(2)) - 52 (pa())

n—oo

for any = € R, But we also have

lim_ (0 (p1()) - 52 (pa() = Tim s (pa(2) - Tim 5P (pa(2)) = fi(p2(2) - Falpa())

n—00

by applying the same argument with respect to the norm convergence in the spaces Hy, and Hg,. This
implies

fi-fo=f€Hxk,

which means that Il is indeed a well-defined, bilinear mapping on Hx, X Hx,. Given additional elements
g1 € Hi, and g2 € Hg,, we can approximate these with convergent sequences

(5%1)) C SKI, (5512)) - 8}{2
neN neN
as well. The continuity of inner products and (3.16]) then lead to the desired identity

(f1- f2,91 - g2)k = lim <S£Ll) s 5 '57(12)>
n—o00 K

- nh~>nolo <S£L1)7 §;I)>K1 ' <S£L2)’ 5%2)>K2

<flvgl>K1 : <f2792>K2‘

As a consequence of (3.13)), we get
Sk C Spallg (HK (HKl X HKQ))?

which yields the density in H.
M — M +1: Set K = Hf\il K;. Due to the induction basis and hypothesis, the mappings

M
Og :Hi, X oo X Hiyy = Hig,  (fryen fu) = Hfz
i=1

and

Iy : Hyg X Hipry — Hei, (J;, fM+1) = f e far
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are well-defined multilinear mappings that satisfy the property (3.18)) on their respective domains. Since

M+1

11 #i =M@z (fr, . far)s frasr)
1=1

holds for (f1,..., far+1) € Hi, X ... X Hi,yy,, the mapping

M+1
HK:HKl X*"XHKM+1_>HK,Q) (fl)"'?fk[+l)H H fZ

i=1
is well-defined and multilinear. For elements
f = (fl»'-->fM+1)a g = (gla'“>gM+1> € HKI X X HK}VI+1’
we have

e (f),Ox(9))x = T2z (f1, o, far), frrs1), oz (g1, - 90r), Grr41)) K
= Mz (f1, oo fa) M (g1, s 90)) 7+ (M5 M A1) Kagn

I
=

<fz7gz>K1 ! <fM+17gM+1>KM+1

2

Il
A

1

<fzvgz>Km

s

1

which proves (3.18)). A similar argument as in the case M = 2 shows that spang (g (Hx, X ... X Hi 1))
is dense in Hp. O

-
Il

In general, the mapping Ilx from is neither injective nor surjective, which means that the
Cartesian product Hg, X ... X Hg,, is not sufficient to describe the native space Hx of the product
kernel K. Instead, we need to use the tensor product to derive a representation of the native space Hg
in terms of the native spaces Hg,, ¢ = 1,..., M. Since the standard tensor product of Hilbert spaces is
not necessarily a Hilbert space again, we make use of a special version of the tensor product, the Hilbert
tensor product.

Remark 3.21. In [I2] Chapter 1.8], the native space of the product kernel is constructed via the com-
pletion of the space of functions

spang (I (Hr, X ... X Hi,,))

with respect to the inner product defined by the linear continuation of . However, we can skip
this procedure in our approach, as we already know that the product kernel generates a Hilbert space
of functions and by now, the existence of the Hilbert tensor product as well as its properties have been
extensively studied for arbitrary Hilbert spaces. We just have to connect the dots here, similar to the
approach in [I03l Chapter VI]. But, in contrast to [I03], Proposition 6.7], we do not have to convert the
abstract elements of the constructed Hilbert tensor product into functions due to our preliminaries.

For the definition of the Hilbert tensor product, we introduce further terminology (cf. [76, Definition
2.6.3)).

Definition 3.22. Let H;,..., Hys, Z be real Hilbert spaces and
II-H x...xHy = Z
be a multilinear function on the standard Cartesian product of Hi, ..., Has-

(i) The multilinear function II is called bounded if there is a constant ¢ > 0 such that

M
(21, ooy zar)llz < - T T lillae,
i=1

holds for all (z1,...,xp) € Hi X ... X Hag.
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(ii) We call IT a weak Hilbert-Schmidt mapping if it is bounded and there is a constant C' > 0 such
that the estimate

Yoo > Helbryeba) )zl < CF 2l

bi€B1 by €Bum
holds for any orthonormal bases By C H1,..., By C Ha and z € Z.

The Hilbert tensor product of Hilbert spaces H1, ..., Has is a pair (H,II) consisting of a Hilbert space
H and a weak Hilbert-Schmidt mapping IT : H; X ... x Hps — H that matches the properties of Il from
Proposition We guarantee the existence with the following theorem, which is a slight modification
of [76, Theorem 2.6.4] and provides an alternative characterization in the form of a universal property.

Theorem 3.23. Let Hi, ..., Hyr be real Hilbert spaces.
(1) There exists a Hilbert space H and a multilinear mapping IL : Hy X ... X Hyr — H such that

M

(I, ooy 2nr), Iy, oyt ) ) = H<$i>yi>7{,;

holds for any (x1,...,xn), (Y1, -, Ynr) € H1 X ... X Hpr and
Ho = spang{II(H1 X ... x Hur)}
s dense in H.

(2) The mapping 11 from part (1) is a weak Hilbert-Schmidt mapping and satisfies the following universal
property: If Z is a Hilbert space and 11 : Hy X ... X Hpyr — Z is a weak Hilbert-Schmidt mapping,
there is a unique bounded linear map T : H — Z such that I = T o II.

(3) Let H be a Hilbert space and I1 : Hy x ... x Hyr — H be a weak Hilbert-Schmidt mapping that satisfies
the universal property from part (2) Then, there exists an isometric isomorphism U : H — H with
U oIl =1I. Hence, the pair (H,11) satisfies the properties of part (1).

(4) If (H,10) satisfies the properties from part (1), there exists an isometric isomorphism U : H — H
with U o p = @.

Definition 3.24. Let H1, ..., H s be Hilbert spaces and (H, IT) satisfy the properties from Theorem
part (1). Then (#,II) is called the Hilbert tensor product of Hi,..., Hps, denoted by

M M
(H,II) ~ ®Hi, or in short, H ~ ®’H,;
i=1 i=1

We remark that the sign ~ in Definition shall indicate that the Hilbert tensor product is unique
up to isometric isomorphy. For further reading on the Hilbert tensor product in general, we refer to [70),
Section 2.6]. If we compare the results of Proposition with Theorem and Definition we
can deduce the relation between Hx and the native spaces H g, immediately. We recall from Remark
that this result was already stated and proven in [I03, Proposition 6.7].

Theorem 3.25. Let K = Hf\il K; be a product kernel on R? ~ R? ~ R% x ... x R, Then (Hg, k)
is the Hilbert tensor product of Hy,, i =1,.., M, i.e.

M
HK >~ ®'HK1..
i=1

To end this section, we want to point out that the structure of the Hilbert tensor product can be used
to improve the efficiency of standard interpolation with product kernels. For example, the structure of
the inner product simplifies the construction of orthonormal systems. Details on this as well as numerical
examples are given in [6, Section 4-7]. A numerical investigation of product kernels can also be found in
[112, Chapter 5].



4. Generalized Interpolation

With the theoretical insights of the previous chapter, we can start our analysis on the main subject of this
thesis, which is the generalized interpolation in reproducing kernel Hilbert spaces. For the introduction
to generalized interpolation, we discuss the general Hilbert space setting first. Thereby, it becomes clear
that especially those Hilbert spaces that possess a reproducing kernel are well-suited to treat this kind of
interpolation problem. Note that a similar discussion can be found in [I43] Section 16.1]. We show that
the well-posedness of these problems is linked to the linear independence of the considered functionals
by modeling the interpolant as a linear combination of the associated Riesz representers. However,
determining the linear independence of functionals is quite complicated in the native dual space, since we
do not know the native space of a kernel function in general. In Section we build on [68] and [I51] to
prove that the discussion about linear independence for compactly supported distributions can be shifted
to the space of distributions. This setting covers most of the applications stated in the introductory text
of the first part of this thesis, and we provide two examples that demonstrate the relevance of the derived
linear independence result. Throughout Section we assume linear independence of the considered
functionals and discuss the basic properties of the resulting, well-defined interpolation operator, which
turn out to be the same as in the standard interpolation case.

As a starting point of our analysis, let H be a real Hilbert space. Furthermore, let A = {Aq,..., A} C H*
be a set of bounded linear functionals and f = (fy, ..., fn)T € R™ be an array of given data values. The
generalized interpolation problem then consists of finding an element s € H such that the generalized
interpolation conditions

Xi(s) = fi for all i € {1,...,n} (4.1)

are fulfilled. As in the standard interpolation case (cf. Chapter , we have to restrict ourselves to a
suitable subset Sy C H, if the problem (4.1)) is supposed to have a unique solution. For every i € {1,...,n},
let v; € H denote the Riesz representer of A;, i.e.

Ni(g) = (g,vi)n  forallge H,ie{1,..,n},
and define Sy as the span of all the Riesz representers:
Sp :=spang {v1,...,v,} (4.2)

If we assume s =y, ¢; - v; € Sy, the generalized interpolation problem (4.1 leads to the linear system

A-c=f, (4.3)
where the system matrix A is given by
)\1(’01) e )\1(’1)77,)
An(v1) oo An(vn)

Due to our choice of the basis functions v;, i € {1,...,n}, we can write A as
<’Ul,’01>’;.[ <’01,'Un>’;.[ <>‘17>‘1>7~L* <)‘17>‘n>7{*
A= =] S
<U7L7U1>H cee <Unavn>’H <>\717)\1>H* cee </\n7>\n>7-1*

so that A is the Gram matrix of A with respect to (-, -)3~+. Hence, A is regular if and only if A is linearly
independent. In this case, the problem (4.1)) restricted to Sy is well-posed, so that we can find a unique
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element s = Z?Zl ¢; -v; € Sy that matches the desired evaluations on A in theory. But, even if the Gram
matrix can be computed quite efficiently, we need to determine the Riesz representers v;, i € {1,...,n},
in order to make further computations with the interpolant s. This is a major problem in the general
Hilbert space setting since the determination of the Riesz representers is very difficult.

However, in reproducing kernel spaces H g, we have already shown that the correspondence between
linear functionals and their Riesz representers is described by the mapping

o i e = Hi, A MK (), (4.4)

see Theorem and Remark This means that the determination of the Riesz representers is
relatively easy in this special setting, so we restrict our theoretical analysis to reproducing kernel Hilbert
spaces in this thesis, although large parts of the results could be transferred to the general Hilbert space
setting.

In the setting of a reproducing kernel Hilbert space H g, we denote the space of interpolants from
as

Sk =spang {NK(-,y),...\) K(-,y)} C Hk
and the respective system matrix from (4.3)) as
MMEKGyY) o MWK, y)

AK,A =

for a given set A = {A1,..., A} C Hj of functionals. We summarize our previous discussion in the
following theorem (cf. [143, Theorem 16.1]).

Theorem 4.1. Let Hg be a reproducing kernel Hilbert space. Moreover, let A = {1, ..., \,} C H} and
fisoo fn € ROIf A s linearly independent, there is a unique s € Sk A that satisfies the interpolation

conditions .

Remark 4.2. The generalized interpolation problem has also been investigated for a more general Banach
space setting in [86]. However, the numerical tests in this paper only consider the Hilbert space setting,
where the function spaces are chosen as L?({2) or the Sobolev space H!((2) for suitable domains  C R

4.1. Linear independence

In order to have a unique solution to the generalized interpolation problem (4.1)), it is essential that the
considered set of functionals A C Hj, is linearly independent. For example, if the kernel K is positive
definite, part (2) of Proposition [3.6] ensures that the set

{596596} C Hi

of point evaluation functions is linearly independent for any finite set X = {z1,...,2,} C R? of pairwise
distinct points. Given other functionals, it is not a trivial task to decide whether A is linearly independent
or not. In general, we do not know the native space explicitly, which means that the analysis in the dual
space H7j, is limited. Instead, one tries to shift the discussion about linear independence to better-known
spaces.

Here, we follow the ideas of [68], [I51] and discuss the case that A consists of distributions with compact
support. The space &' (R?) of compactly supported distributions is a large class of functionals and, to our
advantage, there is a large number of theoretical results and analytical tools available, see Section [A-4]
For the following discussion, the intersection

Hie N E'(RY)

denotes the set of all functionals A € Hj, that are also well-defined and continuous on the space 2(R?)
of test functions (cf. Definition [A.17) and compactly supported. Note that we have

S — spang {6, |z € R} C Hi N & (RY). (4.5)
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Our first goal is to find an alternative representation of the inner product (-, -) x on H%N&” (RY) that builds
a bridge between the two spaces of functionals. To this end, we restrict to translation-invariant kernels,
as introduced in Subsection [2.1.1] and borrow the ideas from Bochner’s theorem (cf. [143] Section 6.2]) to
derive a suitable integral representation. Throughout the next steps, we use that the Fourier transform
of the generating function is integrable under the assumptions of Theorem (cf. [I43] Corollary 6.12]).

Proposition 4.3. Let ® € €(R?) N LY(R?) such that K = ®(- — -) is positive definite on R%. Then
F® c L' (RY) holds.

In the setting of Proposition we can use the Fourier inversion formula (cf. Theorem [A.15)) to derive
(608,05 = D(x — y) = (2m) Y2 . / L) L FP(w) do
R4

= (27r)7d/2 . /ei'<z’“’>2 ceTHyw) - FO(w) dw
(2m)%/? /]:g/ ) - Farby(w) - Fb(w) dw

for z,y € R, where Fg is the Fourier-Laplace transform on &”(R9), see Definition and Example
By multilinear continuation, we extend this representation to S;;) from 1| which results in

O, )i = (2m) 2 / Fodw) - Forp(w) - FO(w) dw  for all \, € 8. (4.6)

To further extend the domain of (4.6)), we assume that the considered functionals can be approximated

by elements from Sg) in H% and & (R?) simultaneously.

Lemma 4.4. Let A\, pu € Hj, N &' (RY). Assume that there are sequences (M), ey, (Hn)y in Sﬁg) that
satisfy the following conditions:

n— oo

(i) We have |An — M|k ——=5 0 and ||, — pl|x —= 0.
(i) The convergence A, 220N and i, =225 1 holds in the sense of distributions.
(i1i) There are constants Cy,C,, > 0 such that
|Ferdn(W)| < Cx,  |Ferpn(w)| <C,  foralln € Nw e R%

Then we have

Ak = (2m) 4z /}-g/ - Ferp(w) - FO(w) dw

Proof. Due to condition (ii) and Lemma part (2), we have

Feodn(w) 22225 Fod(w), Ferpin(w) =25 Ferp(w) for all w € R%.
Moreover, we use (iii) to estimate

| Ferdn (W) Ferpin(w) - FO(w)| < Cx - Cy - FO(w)  foralln € Nyw e RY,

where Proposition ensures that Cy - C, - ® € LY(RY). The representation (4.6) in combination with
Lebesgue’s dominated convergence theorem then yields

ANk = nli_)n;()\n,u,I}K = hm /]-'gr ) - Forpin(w) - FO(w) dw

(2m)%/? / FaAw) - Ferpp(w) - FO(w) dw
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Under the previous assumptions, we can shift the discussion about linear independence to the space of
distributions.

Theorem 4.5. Let K = ®(- — -) be a translation-invariant positive definite kernel function with ® €
€ (R N LYRY) and let A = {\1,..; \n} C Hie NE'(RY), such that every functional in A satisfies the
conditions of Lemmal4.4l Then A is linearly independent in H¥, if and only if A is linearly independent
in & (RY).

Proof. For ¢ = (cq, ..., cn)T € R™, we use the inner product representation of Lemma to get

T Agp-c=(2m)"? /‘ZC Fer); -]-'(I)(w) dw.

R4

According to Theorem F® is non-negative and non-vanishing. Hence, there is an open set U C R?
such that F®(w) > 0 for w € U. If T - Ag 5 - ¢ = 0, which is equivalent to

i=1

in "}, this implies that the function

n
> e Forki,
i—1

which is an entire function according to Theorem [A-24] vanishes on U. By applying the identity theorem
for holomorphic functions, we see that it must vanish on the whole space C%, so that also holds in the
sense of distributions due to Lemma part (1). If A is linearly independent as a set of distributions,
we must have ¢ = 0, so that A is linearly independent in H} as well. For the reverse implication, we can
simply backtrack the previous steps. O

The main advantage of this approach is that we can now make use of the well-known space of test
functions in our analysis. The next application demonstrates the utility of Theorem
Cell average functionals

Given a compact set £ C R? with Lebesgue measure vol(E) > 0, we define the respective cell average
functional as

e (f) / f(z)dz  for f € 2(RY), (4.8)

vol

which is a distribution with compact support. If K € € (R? x R?), we have the inclusion Hy C €(R?)
due to Proposition part (2), so that Ag is well-defined on H . Moreover, the estimate

Ae(f) Vol /|f |dzf /|f, K|d:c<max\/ (x,z)-||fllxg forall feHk

shows that A\g € H% holds as well. We construct an approximating sequence in Sg) as follows: For
n € N, there exist points

My,
xin), ,xS\Zl er such that EC U Bi/n (xgn)) , (4.9)
j=1

i.e. E is covered by open balls with radius 1/n. Then, the modified sets

EM™ =By, (:cl ) nE, B .= (Bl/ ( (")) mE) \ U B for j=2,.., M,
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decompose E into measurable subsets. To make sure that each subset is non-empty, we assume that M,
is the minimal natural number such that (4.9) can hold. The resulting sequence of functionals is then
given by

=

» vol(E(M™)

Ap 1= —
" vol(E)

5w eS8y forneN. (4.10)

<.
Il
—

We show that (A,,) has the desired properties.

neN

Lemma 4.6. Let K € €(R? x R?) and E C R? be compact with vol(E) > 0. Then Ag, as defined in
@, satisfies the conditions of Lemma .

Proof. Define A, as in (4.10) for n € N.

(i) Since K € % (R? x R?), the mapping x ++ K(-,z) is uniformly continuous on E. Given £ > 0, we
can find 6 > 0 such that

|K(,z)— K(,y)|x <e for zyeE with |z —yls <é.

Now choose N € N such that 1/N < §. Then we have

1 My
M) = A = oy | ool -1l = [ p(w) de
j=1 W
e (n)
= vol(E) ; (/) |f(xj ) — f(z)| du
e
R (n)
= vol(E) ; /. I15( X ) — K( o)k do- || fllx
E].n
<e-|Ifllx

forall f € Hg, n> N.

(ii) We can use the same arguments as in part (i) to show that

M(f) =25 Ap(f)  forall f e 2(RY).

(iii) For n € N and w € R?, we have

VO](E- ) ., (n) VO](E- )
A = TN i w2 | R B
[Fo:An(w) ; vol(E)  © = & vol(B)

O

With this, we can formulate a feasible criterion that ensures linear independence of the cell average
functionals based on the interior of the considered sets.

Theorem 4.7. Let K = ®(- — ) with ® € €(R%) N LY (R?) and let Ey, ..., E,, C RY be compact subsets
with positive Lebesque measure, such that

El\UEk;é(Z) fori=1,...,n.
itk

Then A = {A\g,, ..., Ag, } is linearly independent in H3,.



4. Generalized Interpolation 42

Proof. Due to Lemma[4.6|and Theorem [4.5] it suffices to show that A is linearly independent in the sense
of distributions. For every i € {1,...,n}, we can find z; € F; and r; > 0, such that

B, (z;) C E; \ U E}.
i#k
Choose € < _j{lin r; and define the functions
fi(x) == vol(E;) - g-(x — ;) forz €eRYi=1,..,n,
where g, is the L'-normalized function defined in Example By construction, we then have
1, ifi=j
0, ifij.

If 7 ci- Ap, = 0 with ¢; € R holds in &”(R?), we get

Ag, (fj) = {

0=> c-Ae(fi)=¢

i=1

for j=1,...,n,

so that A is linearly independent in &’(R). O

For example, cell average functionals occur in finite volume methods, where the solution is recon-
structed from its cell average values that are estimated for certain time steps (cf. [71], [128]). In [1],
the computational domain  C R? is decomposed into conforming triangulations. Given a finite point
set X C €, this can be done via the Delauney triangulation (cf. [69, Section 2.2]), see Figure .1l Note
that the corresponding triangles satisfy the conditions of Theorem 1.7} A convergence analysis for this
interpolation setting can be found in [142].

Scattered point set

Delauney triangulation

1.0 1.0
. .
.
.
LX) .
0.8 c . 0.8
.
. .
. .
061 : 0.6 1
.
. .
.
L. .
.
. .
0.4 . 0.4
. "
. . -
. .
* .
0.2 1 . . 0.2
. .
.
. .
.
o .
0.0 r T T T 0.0 T + T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.1.: Scattered point set in the domain [0,1]* (left) and its Delauney triangulation (right)

4.2. Interpolation operator

For our further analysis, we assume that A = {Ay, ..., A\, } C H}; is linearly independent. Then, Theorem
states that for given data values fi, ..., f,, € R, there is a unique interpolant s € Sk o that satisfies
the interpolation conditions (4.1]). In applications, the given data values are usually not some arbitrary
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numbers but rather come from a function we want to interpolate. More precisely, we assume that there
is a function f € Hx such that

fi=X(f) for all i € {1,...,n}.

Under these assumptions, s is called the (unique) interpolant to f on A and denoted by s = sy o. Thus,
we can define a (generalized) interpolation operator on the whole space H.

Definition 4.8. Let A = {\1,..., A\, } C M} be a linearly independent set of functionals. We define the
respective interpolation operator on Hx as

Ign:Hr = Sk, fr=5fa
that maps every function f € Hg to its unique interpolant s¢ s on A.

It is clear that Ix A is a linear operator. The next lemma allows the identification as a projection
operator (cf. [70, Corollary 8.28 & 8.29]).

Lemma 4.9. Given A = {\1,...,\,} C H}, where A is not necessarily linearly independent, we can
write the orthogonal complement Si x of Sk.a as

Ska={f€Hk | N(f)=0 foralli€{1,..,n}}.

Proof. We have f € SI%,A if and only if f is orthogonal to the elements AYK(-,y) for all i € {1,...,n}.
Due to the generalized reproduction property from Theorem [3.12] this can be rewritten as

0={(fLANK(,9)ux = N(f) for all i € {1,...,n}.
]

Theorem 4.10. Let A = {\1,...,\,} C H} be linearly independent. Moreover, let Ps, , denote the
orthogonal projection operator onto Sk A, defined in Definition . Then we have the operator equality
Psw.a = Ik a- In particular, Ik a(f) is the unique best approzimation to f from Sk A, i.e.

If = Ik A(f)llx = inf |[f —sllxk  foradll f € Hk,

sESK A

and I is a bounded operator with operator norm

I
[k allk = sup 78 (Pl _1
rerior  Iflx

Proof. Let f € H. By Definition [£.8] we have
M — Tia(F) = M) — MlIxa(f) =0 foralli € {1,...n}.

Due to Lemma this implies f — Ix A(f) € S - The assertion now follows from Theorem part
(1). O

This characterization of the interpolation operator simplifies our further analysis, as projection op-
erators in Hilbert spaces have already been well-investigated. For example, if B = {by,...,b,} is an
orthonormal basis of Sk A, the interpolant can be written as

n

Ika(f) =Y (fibi)-bi  forall feHy, (4.11)

i=1

see Theorem part (3). Hence, the computation of orthonormal bases also plays an important role in
our approximation algorithms. We discuss the construction of orthonormal systems in Chapter [6]

Another implication of Theorem is that, given f € H, the element I (f) minimizes the native
space norm amongst all possible interpolants to f from Hy (cf. [70, Corollary 8.30]). This property is
often referred to as optimal recovery (cf. [143, Theorem 16.1]).
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Corollary 4.11. Let A = {1, ..., \n} C H3, be linearly independent. For f € Hy, define the set of all
possible interpolants on A as
Zen ={9 € Hrx | Ni(f) = Ni(g) forallie {1,...,n} } C Hk.
Then Ik a(f) minimizes the native space norm on Iy, i.e.
Hra(Hllx < gl for all g € Tpa\ {Ixa(f)}-
Proof. It g € Ty A \ {Ix.a(f)}, we must have
T a(f) = Ix.a(9),

and therefore g — Ix A(f) € S}Q A \ {0}. Then Pythagoras’ theorem gives

gl = llg = Trea () + Mxea (P > 1Tx.a (-

Note that the proof of Corollary [£:11] also shows that

Trn = Iiealf) + St = {Iiealf) +s | s€ Sga}  forall f € Hac,

Hence, the previous corollary can be interpreted in the following way: For our interpolation problem,
which just consists of matching the evaluation of the functionals in A with respect to a certain function
f € Hk, it is sufficient to restrict to the set Sk a. Every other interpolant g € Zy o \ {Ix,a(f)} contains
some additional information, which is unnecessary for the interpolation process and increases the norm
in comparison to Ix A (f).



5. Convergence of the Interpolation Method

In the previous chapter, we have discussed the generalized interpolation problem with respect to a given
fixed set A C Hj; of linearly independent functions. However, the interpolation method often is a dynamic
process, where we successively increase the number of interpolation points to improve the approximation
quality. Motivated by this setting, we want to derive a class of functions and respective convergence
criteria, such that the contained functions can be approximated arbitrarily well by the interpolation
method. In kernel-based approximation theory, it is common to derive error estimates in terms of the
power function or fill distance. For the standard interpolation problem, such error estimates have been
derived for popular kernels in [90],[I52], an overview is given in the book chapter [143, Chapter 11]. Here,
we provide generalizations of these two error indicators and derive corresponding convergence criteria for
the generalized interpolation method in Section & Note that the generalized version of the power
function was already introduced in [53], [54]. In order to build a stronger connection to the standard
interpolation theory, we introduce the notion of parametrizations for subsets of functionals in Section
which simplifies the analysis and results in known convergence results for the standard interpolation
case. Ultimately, the results of this chapter serve as a foundation for Chapter 7] where we discuss suitable
point selection strategies that guarantee the convergence of the interpolation method.

For our analysis, let I' C Hj, be a fixed set of functionals, which serves as the domain for the selection
of the interpolation functionals. We consider nested sequences (Ay), oy of finite linearly independent
subsets of T, i.e.

(i) A, C T is finite and linearly independent for all n € N
(ii) Ay, C Apyq for all n e N

In this setting, we analyze the corresponding sequence of interpolants

(L0 (F))pen » (5.1)

to f € Hx, which is a subset of the closed subspace

Hip :=spang {MWK(,y) | A e} C Hk.

Hence, if the sequence (5.1)) converges, the limit is an element of Hx r as well. Naturally, we wish to
have the convergence

If = Ten, ()l === 0,
which means that we have to restrict our convergence analysis to the case f € Hi . In the following,
we derive conditions on I' and (An)nEN that guarantee convergence in Hg r.

Remark 5.1. Before we continue, we remark that most of the results from this chapter do not rely on
the assumptions (ii) that the subsets are nested. However, we want to introduce this notion right from
the start of our convergence analysis, as we only deal with nested sequences in the later parts of this
thesis. In practical cases, nested sequences are favorable, since we can use pre-computed information with
the help of suitable update strategies. More details on update strategies for the generalized interpolation
method are given in Section [6.3]

5.1. Power function

For the first convergence criterion, we initially consider a finite linearly independent set A C #j.. For
any X\ € "3, we can define the pointwise error functional g5 x (cf. [70, Subsection 8.3.2]) as

ean:Hir = R, f= Af) = AUxra(f))
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Since Ik a is a bounded operator, we have €5y € H},, and therefore

leanlx = sup 1Al

—e e < o0 for all A € Hy.
rernfoy Ifllx

By definition, we have

) = Ak A) (N < Nleanllse - [[fllx - forall feHi, A e Hi, (5:2)

so that these operator norms are useful to estimate the pointwise error of the interpolation method. We
collect the norm values as a function of A € Hj,, the so-called power function (cf. [I14] Section 1]).

Definition 5.2. Let A C M}, be finite and linearly independent. We define the power function with
respect to A as

PA(A) = HgA,AHK for all A € /H;(

In the format of Definition the power function is quite unhandily. For our analysis and later
implementations, we use a different representation (cf. [I14, Lemma 2.3]).

Lemma 5.3. The power function w.r.t A C Hj can be written as
Py(N) = INWK(y) — Ik AONVK(,y)l|x for all A € Hi,.

Proof. We set n = |A|. Let A € H}, and B = {by, ..., b, } be an orthonormal basis of Sk x. According to
formula (4.11]), we can write

n

Ixa(f) =) (fibi)k b forall f €M,

i=1

We can use this identity and the generalized reproduction property from Theorem to get

ean(f) =A(f) = A (Z(f, bi)k - bi)

i=1
n

= <f7 )‘yK<7y)>K - Z<f> bl>K : <)‘yK(’y)7bz>K

= (FXKC,y) = Y (WKCy)bi)e-bi)

i=1

= ([ AK(y) — Ik aANWK( )k
for all f € Hi. Hence, NV K (-,y) —Ix a(AYK(-,y)) is the Riesz representer of e », which directly implies
leanllze = INKCy) = Ik AV K 9) | x-
O

According to Lemma the term Py ()\) measures the distance, and therefore the approximation
quality between AYK(-,y) and the subspace Sk a for each A € H . Due to the representation theorem,
this is the same as the distance between A and the span of A. With this representation of the power
function, we can derive some basic properties, see also [104], Definition 2.1.3 ff.].

Corollary 5.4. Let A = {A1, ..., A\n} C H}; be a linearly independent set of functionals. Then Py satisfies
the following properties:

(1) The power function Py is Lipschitz continuous on Hj.

(2) For every A € Hj;, we have Py(X\) =0 if and only if X € spang {A1,..., An}.
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(3) If A C Hy is another finite linearly independent set with A C A, then we can estimate

Pi(AN) < Pr(N) for all A € H,.

(4) Given an orthonormal basis B = {b1,...,b,} of Sk ., we can compute the power function via the
formula

PN = (M Nk — > AB)? for all X € H.

i=1
Proof. We use the representation from Lemma [5.3

(1) In the notation of Definition we have

PA(2) = INMK(sy) = Ik aAWECy)lle = nf (INE(,y) = sl = diss(AK (), Sk.a)
s K,A

for A € ‘H};. Since the mapping from is an isometric isomorphism, we can further write
Po(N) = dist(\WK (-, y), Sk.a) = dist(A, spang {A1, ..., A }). (5.3)
Now Lemma part (1) implies that P, is Lipschitz continuous with Lipschitz constant 1.
(2) Let A € H}. With the representation and Lemmapart (2), we get

0 = Py(A\) =dist(\, spang {A1,...,An}) <= A €spang {\, ..., \n},
as spang {1, ..., \p } is a closed subspace.

(3) fAC A, then Sk.a C SK’[\. This immediately leads to

PA(A) = _dnf |INME(y) = sllx = b WK y) = sllx = Py (A)
SEO KA

SESK,A

for every A € Hi,.
(4) With part (3) of Theorem and the generalized reproduction property from Theorem we
get

n n

PAN? = VK () = IeaOWE )T = Nk = D VK (L) b = ANk — Y Abi)?
i=1 i=1

for all A € Hj,, provided that B = {b1,...,b,} is an orthonormal basis of Sk 4.
O

Remark 5.5. Note that the power function P provides a practical method for identifying linear de-
pendencies between functionals. Due to part (4) of Corollary we can evaluate the power function
numerically. Then, part (2) of the same corollary states that the updated set A U{A} is (nearly) linearly
dependent if Py () is (nearly) equal to zero.

With this knowledge, we can derive the first convergence criterion. So let (A, ),y be a nested sequence
of linearly independent subsets of I' C H% . In order to have convergence on H g r, we must at least have

Py, (N) = [[NEK(y) — Igxa, WK y)|lxk —20  forall AeT.

Since the basis functions AYK (-, y) for A € I" span a dense subset by construction, the pointwise conver-
gence of the power function towards zero is also sufficient for the convergence of the interpolation method
on the whole space Hx A.
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Theorem 5.6. Let I' C Hj and (An), oy be a nested sequence of finite linearly independent subsets of
I'. Then, the generalized interpolation method converges on Hi r, t.e.

n—oo

lf = Ik, (f)lxk ——0 forall f € Hir,

if and only if the power function converges pointwise to zero on I, i.e.
Py, (N 22250 forallel.

n

Proof. Due to the previous discussion, we only have to prove that the convergence of the power function
implies convergence of the interpolation method. We begin with an arbitrary element

N
5= ch- -l K(-,y) € spang {\K(-,y) | A €T} =: Sk p.
i=1
Since Ik a, is a linear operator for each n € N, we get the convergence

N
< Z lci| - Pa, (i) == 0.
K i=1

Is = I, ()]l e =

S (WK ) ~ Tion, W)

Hence, the interpolation method converges on Sk r. Now let f € Hi r be arbitrary and € > 0. Since
Sk, is dense in Hg r, we can find s € Sk A with

9
If = sllie < 5.

We can choose N € N, such that
||s—IK,An(s)HK<§ for all n > N,

due to the previously shown convergence on Sk r. From Theorem we also know that ||Ixa, |k =1
for all n € N. In total, we get

1f = Tren, (Dl < Wf = sl + ls = Ixa, (& + [Hra, g - If = sllx <& foralln > N.
O

Remark 5.7. According to Theorem the interpolation method converges normwise on H g r if the
power function converges pointwise to zero on I' C H}. By definition of the power function, this also
implies the convergence

M) = M ka, () < Pa,(A) - [1fllk =0 forall \eT, f € Hg.

If the superset I' is compact and the power function converges pointwise to zero, then Dini’s theorem
implies that the power function also converges uniformly to zero on I". Note that Corollary shows
that the requirements of Dini’s Theorem are fulfilled.

5.2. Fill distance

Another indicator for the approximation quality of the interpolation method is the fill distance (cf. [143]
Definition 1.4]), which is based on the distance function defined in Definition

Definition 5.8. Let (Z,dz) be a metric space and A C Z. We define the £i11 distance hy z of A in
7 as the supremum of all distances to the subset A, i.e.

ha,z = sup dist(z, A).
2€Z
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Figure 5.1.: Fill distance of a scattered data point set A (blue) inside a rectangular domain Z C R?

In other words, the fill distance is the radius of the largest ball in Z that does not include an element of
A, see Figure For our generalized interpolation problem, we are interested in the fill distances hp,, r,
where I' C Hj; is the given superset of functionals and (A,), oy is again a nested sequence of linearly
independent subsets of T'.

Similar to the properties of the power function, the inequality hja,,  x < ha, . x holds for m > n. Note
that the distance function dist(-, A,,), and therefore the fill distance hy, r gives an upper bound for the
power function P, via

Py, (A) = dist(A, spang (Ay)) < dist(A\, Ap) < ha, 1 for all n € N, (5.4)

as we have A,, C spang(A,). Hence, if the sequence of fill distances (ha, ),y converges to zero, the
interpolation method converges on Hxg r.

Theorem 5.9. Let I' C Hj, and (A,)
I that satisfies

nen be a nested sequence of finite linearly independent subsets of

n—oo

hAn,F — 0.
Then we have
If = Irn, (Pllx =250  forall f € Hrr.

Proof. Due to the inequality (5.4), we immediately get

n—oo

Pr,(A) <hpy,r ——0 for all A e I.

With Theorem we conclude

n—oo

If = Ik, (H)llk ——0  forall f€Hkr.
O

With the inequality (5.4) and Remark we also obtain an estimate for the pointwise error on the
superset T'.

Corollary 5.10. For every n € N, we have the pointwise error estimate

|)\(f) — )\(IK,An)(f)| < hp,r- ||f||K forall el f e Hk.
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5.3. Parametrization

In many cases, the set I' C H}; can be parametrized by another well-known set. For example, the set of
all point evaluation functionals is parametrized by the (standard) mapping

0:RY = {5, | x € R}, x> 4.

This parametrization allows us to shift our convergence analysis to the parameter space R? under a
certain regularity of the mapping p. But, before we get into detail, we want to clarify what we exactly
mean by the term parametrization.

Definition 5.11. Let I' C H3},. Moreover, let 2 be a set and ¢ : Q@ — I". We call the tuple (£2,0) a
parametrization of I, if the mapping o is surjective. In short, we also say that I' is parametrized by (2
or that I" is parametrized by the mapping g and € is called the parameter space.

Example 5.12. Consider a kernel function K € C?*(R? x R?) with k € N and the set
I'={\o=0,0D%2cR acNI with |a| <k} C Hi,
see Proposition Then, the mapping
0:RIx{aeNd||a| <k} =T, (z,0) = A\pa
yields a parametrization of I'.

The main advantage of parametrizations is that, in most cases, the analysis of the parameter space is
much simpler and computations are less costly. Hence, it is desirable to transfer the previous convergence
results to the parameter space €.

This idea is mainly relevant for the fill distance approach, since a parametrization (€2, 0) of I' C Hj,
only leads to a reformulated power function on €2, i.e.

Px(z) := Pyx)(o(x)) for all x € Q (5.5)

and for finite X C Q, provided that o(X) is linearly independent. Usually, the reformulation does
not lead to a simplified version of the power function.

In contrast, the concept of the fill distance can be used to derive a convergence criterion in {2 similar to
Theorem under suitable assumptions on Q and p. As the metric space (2, dq) is usually well-known,
it is easier to find sequences of subsets X,, C 2, n € N, such that the sequence of fill distances in 2
converges to zero.

Theorem 5.13. Let I' C H}, and (Q, 0) be a parametrization of I, such that Q is a metric space and
o is uniformly continuous. Moreover, let (X,), cy be a nested sequence of finite subsets in €2, such that
o(X,) C Hi, is linearly independent for alln € N and

—
hx, o 222 0.

Then, the induced generalized interpolation method converges on Hy r, i.e.

||f_IK,g(Xn)(f)||K TH—OO>O fOT’ allfGHKI.

Proof. For n € N, we set A,, = o(X,,). With Theorem [5.9] it is sufficient to show that

To this end, let € > 0. Since p is uniformly continuous on €, there is § > 0 such that

lo(x) — o(W)|lxk <& for dao(z,y) <.

Now choose N € N, such that hx, o < § and write Xy = {z1,..., &1}, m = | Xn/|. For any X € T, there is
) € Q with A = g(zy), since (€2, 0) is a parametrization of I'. Moreover, there is an index iy € {1,...,m}
that satisfies

dao(zx,x,) = je{li,r.l.f..,M}dQ(x)\’ x;) = dist(zx, Xn).
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Then we have
dist(\, o(Xx)) < A — o(@i,)llx = llo(@a) — o(@iy)lx <c  forall A€,
as the inequality
da(xx,z;,) = dist(zr, Xn) < hxya <0
holds. Therefore, we get
ha,r <hayr<e for all n > N.

O

If the mapping g is Holder continuous, we can derive an estimate for the pointwise interpolation error
in dependence of the fill distance in the parameter space, which is a generalization of [70, Exercise 8.66].

Corollary 5.14. Under the assumptions of Theorem let 0 be Holder continuous with exponent
a € (0,1], i.e. there is C > 0 such that

lo(z) — oY)k < C-da(x,y)*  forallz,y €.

Then, we have the pointwise error estimate

M) =AM a )N SC b, o Ifllx forallNeT, f € Hy.

Proof. Again, for any A € I, there exists x) € Q such that o(x) = A. Using the Holder continuity of p,
we can estimate

dist(A, o(X,)) = mle%g llo(xy) — o(x)||x < C - xle%g da(zx,z)* <C-h%, q forall A e T,

and therefore
hotx,)r < C-hx, a
By Corollary we get
IAF) = A (O] < hoxyr - Ifllx <C b, - [Ifllx forall N\ e T, f € Hg.
O

Thus, we can shift our convergence analysis to the parameter space, if the requirements of Theorem

and Corollary are fulfilled.

Example 5.15. If Q C R? is compact and K € € (R? x R?) is positive definite, then K is automatically
uniformly continuous on the compact set €2 x €). Due to the equation

16— 8,13 = 1K (@) = K9l = K(@,2) — 2+ K(zy) + K(,y)  for all o,y € 0,
the mapping
0: = {0, |z €}, z— 6,

is uniformly continuous, so that the resulting interpolation method converges according to Theorem [5.13
for suitable sequences of subsets of ). Similar convergence results for the standard interpolation were
proven in [70, Section 8.4.2].

Remark 5.16. If I' C A, is linearly independent, we can use the parametrization (2, p) of I to define
a positive definite kernel function on Q) via

K(x,y) := (o(x), 0(y)) K for all z,y € Q,
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see also [143, Theorem 16.8]. The resulting kernel function is positive definite on 2, as we have

n 2

S i ola)

i=1

>0

CT'AR,X'C:ZZCZ”%'K(xi’xj):

i=1 j=1

K

for any finite set X = {1,...,x,} C Q of pairwise distinct points and any vector ¢ = (cy, ..., ¢,) € R™\{0},
as we assumed that I' is linearly independent. In [53], [54] and [I43] Section 16.3], the new kernel K is
used to interpret the generalized interpolation problem as a standard interpolation problem.

Throughout this chapter, we have shown that the decay of the power function or the fill distance leads
to convergence of the interpolation method. But we can also show that the convergence can be arbitrarily
slow on "k r. We provide a generalized version of [70], Exercise 8.64] to close out this chapter.

Theorem 5.17. Let I' C Hj; and (Ay), oy be a nested sequence of finite linearly independent subsets
from T' with strictly increasing cardinality, i.e. |A,| < |Ant1| for all n € N. For any monotonically
decreasing null sequence (), cy in R>o, there exists a function f € Hyr such that

Wf— I, (e > for allm € N.

Proof. Due to our assumptions, we can find an orthonormal sequence (b;,), cy in Hx r, i.e.

1, ifi=jy
bi7b4 = ’
e bs)ie {0, if i # j,
such that

bit1 € Skaps NSk,  forallmeN.

Moreover, we define the coefficients ¢; via

s )0 fori =1
TN S fori>2
Mi—1 — My 1ore =

and set
n
snzz:ci-bi for all n € N.
i=1
The resulting sequence (s,,),, ¢y is @ Cauchy sequence in Hg r, as we have
m
2 2 2 2
[$m = sullie = > d=np—mp,  form>n.
1=n+1
Since H r is complete, there exists
o0
f= nliﬂgo Sp = Zci “b; € Hir.
i=1

By construction of f and the basis elements b;, i € N, we have Ik , (f) = s, and therefore

m—o00 m—o00

for every n € N. O
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In Chapter [ we discussed the construction of a generalized interpolant in terms of the Riesz representers
of A. More precisely, given a linearly independent set A = {Ay, ..., \,} C H} and a function f € Hg, we
can compute the interpolant Ik o (f) by solving the linear system

AK,A C= an

where fa = (A1(f), .-, An(f))" € R™. The solution ¢ € R™ of this linear system is then used to write the
interpolant as

Ixa(f) = Zci AK ().
i=1
In the case of standard interpolation, it is well-known that the standard basis

B= {/\ng(-,y),...,AgK(-,y)} (6.1)

can lead to severe numerical problems like high condition numbers of A a, see e.g. [25]. Moreover, this
basis is quite inefficient in a situation where we successively increase the number of interpolation points
and need to update the interpolant. Hence, we are interested in alternative data-dependent bases, i.e.
bases whose construction depends on the considered set of functionals A, that improve the stability of
the interpolation method and can be updated easily when adding new functionals.

First, we introduce a generalized Lagrangian basis in Section [6.1} which leads to a simple representation
of the interpolant and is therefore useful for theoretical concerns. However, this basis does not come with
an update formula, so we only use it to derive stability estimates in Section Second, we discuss
the construction of orthonormal bases via matrix decompositions in Section which generalizes [T05)],
Theorem 6.1 ff.]. As in the standard interpolation case, this approach results in the (generalized) Newton
basis, initially introduced in [99]. We translate relevant properties of the Newton basis (cf. [98, Section
4 & 5]) to the generalized case. In Section we provide update formulas for the Newton basis that
are derived from the standard case (cf. [I05] Section 10]). The utility of the Newton basis is further
demonstrated in Chapter [7] where it is supplemented with suitable point selection strategies.

Remark 6.1. Besides the construction of data-dependent (orthonormal) bases, there are numerous other
stabilization methods that use a series expansion of the considered kernel function. A list of such methods
can be found in [8I], Section 1]. One example is given in [51], where Mercer’s theorem is used to rewrite
the kernel in terms of the eigenvalues and orthonormal eigenfunctions of the associated integral operator.
An application of this approach to fractional derivative interpolation can be found in [46].

6.1. Lagrangian basis

The first basis we discuss here is the Lagrangian basis, which is a popular concept from polynomial
interpolation (cf. [70, Section 2.3]). It is uniquely characterized by the equations

1, ifi=j
Ny =930 (6.2)
0’ le #‘7’

where £ = {l1,...,1,} C Sk, denotes the Lagrangian basis with respect to A = {\1,..., A\, }. Note that
solving for the j-th Lagrangian basis element /; in the standard basis representation is equivalent to
solving the linear system

A p - c9) = el (6.3)
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with ¢¥) € R” and e being the j-th standard basis vector in R”. As A K,A is regular for the linearly
independent set A C Hj; (cf. Chapter 4 , there is indeed a unique coefficient vector ¢V) € R% such that

=Y e MNEK(,y) € Ska
1=1

satisfies the equations (6.2)) for each j € {1,...,n}. By construction of this basis, the interpolant to a
function f € Hx can simply be written as

Ik a(f) =D M) -1, (6.4)

since we have

Z)‘j(f) = Z/\j(f) “Nilly) = X(f) for all i € {1,...,n}.

In other words, the interpolation matrix with respect to the Lagrangian basis is the n x n identity
matrix, which means that no computations are necessary to identify the coefficients of the interpolant in
the Lagrangian basis representation. We summarize the previous discussion in the following theorem (cf.
[1, Section 3.2], [{0, Proposition 8.4]).

Theorem 6.2. Let A = {\1,..., \n} C H} be a linearly independent set of functionals. Then, there is a
Lagrangian basis £ = {l1,...,1,} C Sk A that satisfies the conditions . For each f € Hy, the unique
interpolant to f on A can be written as

Ixa(f) = wa)

Similar to the case of (univariate) polynomial interpolation, the Lagrangian basis is not very useful in
practical cases, as its computation requires the solution of the n linear systems . But, due to the
simplicity of the representation , it is useful in the theoretical analysis of the interpolation method.
For example, the Lagrangian basis can be used to derive another representation of the power function
from Section To this end, we need to evaluate the inner products between the Lagrangian basis
functions (cf. [0, Proposition 8.14 ff.]).

Lemma 6.3. Let A C Hj; be finite and linearly independent. We define the inner product (-,-) o, , via
(c,d) g p = cT-AK7A-d fore,d e R™.

Then, the mapping
Ga:R" = Sk, (c1,nen)” =D e MK(y

is an isometric isomorphism between the spaces (R™, (-,")a, ,) and (Sk.a,(,-)k). Moreover, we have
T .
G )k = e oA;(}A eV foralli,je{1,..,n},
which means that A;&A is the Gram matriz of L with respect to the inner product (-, ).

Proof. By definition of Sk s, Ga is an isomorphism. For given ¢ = (¢, ) d = (dy,....dy)" € R™,
we compute

(Ga(0),G <Zcz NE( Zd NK(,y)) chl Ak =T Agp - d.

=1 j=1



6. Alternative Bases 95

Hence, G, is also isometric. From equation (6.3]), we know that the coefficient vectors of the Lagrangian
basis functions are given by ¢(¥) = Al}lA e for i = 1,...,n. Using the first part, this leads to

i)k = e®T . AI}}A Ao Al}’lA o) = T AKA el for all 4,5 € {1,...,n}.

Corollary 6.4. The power function with respect to A can be expressed as

PA(A? =M Nk —RT AL R=(ANXNg =17 - Aga-l forall X € Hi,

where R = (A A ks oy (M A k)T and L= (M1y), .. (L)
Proof. According to Lemma we can write
PA(N)? = IWE(y) = I aAWEK () = WK, y) = IraOWVE (5 9), WK () — Ika(WEK (L)) i

for a given A € H},. Inserting the representation (6.4) for the interpolant I A (AYK(-,y)) leads to

n n

PA(AN?2 = (M Nk —2- ZA/\ KAL)+ DD T K Ak (L )

=1 =1 j5=1

= ANk —2-RT-I+R"- A R,

where we used the second part of Lemma Note that we have the relation
n
All;) = A <Z Cz('j) : )‘iyK(H?J)) = €(i)T : AI_(}A ‘R for all j € {1,...,n},
i=1

or in other words, [ = AI}lA - R. In conlcusion, we get

NNk —RT.A;(}A.R

PA(A?>=(MMNg—2-RT-1+RT- A, -R=
AN =\ Nk KA AN g =17 Agp- L.

6.2. Orthonormal bases

We observed in Section that the interpolant to a function f € Hx coincides with its orthogonal
projection onto the space Sk o so that we can make use of the orthogonal projection formula (4.11)).
Note that the coefficients of this representation satisfy the (stability) estimate

[(f,bi) k| < || fllx for i € {1,...,n}.

As we stated in the introduction of this chapter, the construction of orthonormal bases of Sk a has
already been discussed for the standard interpolation setting (cf. [98], [99], [104], [105]). In particular,
an efficient Newton basis was introduced in [99], inspired by the properties of the Newton basis known
from univariate polynomial interpolation (see, e.g., [70, Section 2.4]).

Analogously to the results of Chapter[d] the Newton basis can be transferred to the setting of generalized
interpolation. But, before we get into detail, we give a characterization that identifies the construction
of orthonormal bases of Sk a with symmetric matrix decompositions of the interpolation matrix Ag s
(cf. [105, Theorem 6.1]).

Theorem 6.5. Under the assumptions of Lemma. let B ={by,...,b,} be a set of functions of Sk A.
We set () = Gi (b)) fori=1,...,n and define the coefficient matriz Cp as

Cp:= (c(l) c(")) e Rmxm

containing the coefficient vectors as columns. Then B is an orthonormal basis of Sk a if and only if

17T _
Aga =05t - C5h.
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Proof. With the result from Lemma we get that B is an orthonormal basis of Sk A if and only if Cp
is invertible and

Ch-Aga-Cp =1,
holds, where I,, is the n x n identity matrix. Due to the invertibility of C'g, this is equivalent to
Aga=C5" opt
O

The previous theorem now enables us to construct orthonormal bases with the help of suitable matrix
decompositions. If C € R™ " is a regular matrix satisfying Ax r = CT - C, we can set b; = Ga(c™)
for i = 1,...,n, where ¢(¥ denotes the i-th column of C~'. Then, Theorem 6.5 guarantees that the
set B = {b1,...,b,} is an orthonormal system in Sk . We discuss two different symmetric matrix
decompositions here:

e Eigenvalue decomposition: Since Ax A is symmetric positive definite, there is an eigenvalue
decomposition

Aga=Q"-D-Q,
where Q € R"*" is an orthogonal matrix and

g1 0
D:

0 ... o,

is a diagonal matrix containing the positive eigenvalues of Ag a. If we set
\/O1 e 0
D1/2 - . .. :

0 O

and C := D2 .Q, we obtain a symmetric decomposition of Ag a. Hence, the inverse matrix

cl=q". D27 contains the coefficients of an orthonormal basis of Sk.a (cf. [70, Proposition
8.35]). However, it is not feasible to use the eigenvalue decomposition, since the computation of the
eigenvalues and orthogonal eigenvectors is very costly, especially for large matrices. In general, the
eigenvalue decomposition of the interpolation matrices cannot be updated efficiently if the number
of interpolation points increases throughout the interpolation process.

e Cholesky decomposition: Again, due to the positive definiteness of Ax A, there is a Cholesky

decomposition,
Agpa=L-L7,
where
Lia 0
L=|:
* ln n

is a lower triangular matrix containing positive entries on the diagonal. Hence, the matrix !
also contains the coefficients of an orthonormal basis. In contrast to the eigenvalue decomposition,
there is an efficient update formula for the Cholesky decomposition and its inverse factor. We
explain the details of this update strategy in Section [6.3}

Due to the aforementioned reasons, we restrict ourselves to the Cholesky decomposition of the inter-
polation matrix for the computation of an orthonormal system. This particular basis coincides with a
normalized version of the Newton basis from [99].
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Theorem 6.6. Let L be the Cholesky factor of the interpolation matriz Ag a, i.e. Agpn = L-LT. We
define the functions

n; :GA(LT_loe(i)) fori=1,...n,

where (V) € R™ denotes the i-th standard basis vector. Then N'= {ny,...,n,} is an orthonormal basis of
Sk, that satisfies the following properties:

(1) We have spang {ni,...,n;} = Sk a, for each i € {1,...,n} , where A; = {1, ..., \;}.
(2) The basis functions satisfy the Newton basis condition

Ai(n;) =0 fori < j.

Proof. According to Theorem and our previous discussion, N is an orthonormal basis of Sk . Due

to the upper triangular structure of LT_l, we have n; € Sk, for j <4i. Part (1) follows from
dim (spang {n1,...,n;}) =i =dim (Sk,) -
If j > i, we have n; L spang {ny,...,n;} = Sk A, and therefore
0= (n, \/K(y))k = Ai(n;).
O

From now on, we call the basis N in T heorem@ the Newton basis of Sk a. It should be mentioned here
that, due to the structure of the Cholesky factor L, an application of the Gram-Schmidt orthogonalization
process to the standard basis of Sk A results in the constructed Newton basis as well. Nevertheless, the
characterization of orthonormal bases via matrix decompositions is still an important result, as it leaves
room for further bases.

Remark 6.7. Since the coefficients of the Newton basis elements nq, ..., n,, with respect to the standard
basis of Sk A are given by the columns of the transposed inverse Cholesky factor L7 of Ag. A, the
generalized Vandermonde matrix of the Newton basis and A is given by the Cholesky factor L of Ag a,
ie.

)\1(111) Al(nn)
: : = Aga- L = L.
An(n1) oo Ap(ng)

It is possible to link the Newton basis to the Lagrangian basis of the previous section (cf. [70, Theorem
8.41]).

Corollary 6.8. Let £V = {lgi),...,lgi)} denote the Lagrangian basis of Sk, for each i € {1,..,n},
where A; = {\1,...,\;}. Then we have

lz(l) = )\i(t‘li)_l n; fori: 1,...,’[7,.
Proof. First, we need to verify that \;(n;) # 0. If this is not the case, we have
Aj(ni) =0 for each j € {1, ...,4}.

Since n; € Sk A, this implies n; = 0, as the interpolation with respect to A; is uniquely solvable. But this
cannot hold for an element of a vector space basis. With part (2) of Theorem we get

D) = x ) ng) for j <

Again, due to unique interpolation on Sk a,, we must have ZZ@ = )\i(ni)_l - n;. O
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6.3. Update strategies

One of the biggest advantages of the Newton basis is the possibility to update efficiently. More precisely,
if we add a new functional A\,;1 ¢ spang(A), we update the current set of Newton basis functions
N = {ny,...,n,} to the Newton basis N' = {fy,...,i,41} of Sk i» where A = AU {An+1}. The update
formula for the Newton basis N can be derived by updating the inverse Cholesky factor of the interpolation
matrix Ag a (cf. [70, Theorem 8.45]).

Lemma 6.9. Let L be the Cholesky factor of Ax . Moreover, let Ay i1 ¢ spang(A) and A = AU{ A1}
Then, the Cholesky factor of Ay j is given by the block matriz

L= ((LlL. R)T PA()(\)n—i-l)) 7

where R = ((A1, A1) K s Ay Ang) i) € R™. Consequently, the inverse Cholesky factor is given by

E_l B L1 0
—PrA(Any1) "t 1T Pa(Anga) ™)

where | = Ans1(l1), ooy Ansr (1)) = Ay R= LT L1 R, see also Corollary .

Proof. Due to our assumptions and part (2) of Corollary we must have Pp(An41) > 0. We can
compute

(wall

 [Axa R

P L-LT L-L7'-R
N “\RT LV RIB+ Pa(Ms1)?)

RT LT LT [|L7 RI3 + Pa(Ani1)?

The desired equality follows from Corollary [6.4] as we have

IZ™" RIE + PaAnr1)® = BT - Ay - R+ PAQngn)” = Aoy, Anyt) i

The second part can be verified via basic matrix multiplication as well. O

Recall that we can evaluate the power function with the Newton basis and the formula from Corollary
part (4). Due to the structure of the updated (inverse) Cholesky factor from Lemma we can
make the following conclusions:

(i)

(i)

(ii)

To update the Newton basis, we can keep the current set of basis functions and compute an ad-
ditional basis element. This leads to an efficient recursive computation of the Newton basis. As a
consequence, we can write N’ = {ny,...,n,11} instead of N' = {fiy, ..., f11}.

The generalized Vandermonde matrix of the updated basis set N = {ny,...,nuy1} is given by
)\1 (I‘ll) AN )\1 (I‘ln+1)

~ L 0
= L =
. . . L*l ‘R T P )\n L s
)\n+1(n1) . )\n+1(nn+1) (( ) A( + ))

see Remark Hence, we get the following equation (see also [98, Korollar 5.1.1]):
)\n+1(nn+1) = PA(>\n+1) (65)

During the update of Lemma we need to divide by the term Pa(A,11), which represents the
normalization factor in the Gram-Schmidt orthogonalization process. In order to avoid numeri-
cal problems, the power function value needs to be rather high, as dividing by values near zero
leads to severe instabilities. Generally, the power function value affects the overall stability of the
interpolation method. More details follow in Section [7.1

Finally, we are in the position to efficiently update the new interpolant with respect to the updated
set A=AU{N\,41} (cf. [99, Lemma 5]).
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Corollary 6.10. Under the assumptions of Lemma let f € Hix and N = {ny,...,n,1} denote the
updated Newton basis of S KA. Then, we can write the updated interpolant as

A1 (f) = A1 (T a(f))
PA()\nJrl)

I i (f) = I a(f) + Mg

Proof. 1t is clear that we have

/\n+1(f) — )\7L+1(IK,A(f))

s=IgA(f)+ Pr(Ans1)

Myt € SKJ\

We verify that s interpolates f on A. For 1 <i<n+1, we have Ai(np41) = 0 due to Theorem part
(2) and therefore

Ai(s) = NilIr a(f)) = Ai(f)-
For ¢ = n + 1, we can use equation to get
Ant1(f) = Ant1 (kA (f))

Ant1(8) = A1 (U a(f)) + PrOsr) “Ant1(Mng1)
(el + IS ) b,

= /\n+1(f)-

Since the interpolation problem is uniquely solveable in S 3, we must have

Ayt (f) = Ang1(Ir a(f))

IK,[\(f) = IxA(f)+ My

Py(Ant1)
O
In total, the previous discussion delivers a recursive algorithm to compute the interpolant as
() = Nl (f))
I n, (f) = Irea, (f) + ; PAi,l()li) My, (6.6)
where A; = {\1, ..., \;} for i = 1,...,n + 1 and the initial interpolant is given by
I (h = 2Ly,
[[A1llx
Recall that the power function can be computed recursively using the formula
it1
Pry (NP = ANk =D Any)? =Py, (M)? = AMni1)®  forall X € Hi (6.7)
j=1

and i = 1, ...,n, see Corollary part (4). As it was shown in [I05], the algorithm can be implemented
more efficiently such that it only stores the evaluations

A(ng) fori=1,..,n+1

for a certain subset of functionals A € Hj}, in order to compute the interpolant, without storing the
coeflicients of the Newton basis in the representation of the standard basis. This implementation is based
on the following update formula (cf. [I05, Section 10]).

Theorem 6.11. In the setting of Corollary[6.10, we have the update formula

n

A(Mpg1) = Pa(Ang1) 7t ((/\7 Anp1) = 3 A(mg) - /\n-‘rl(ni)) for all A € Hi. (6.8)

i=1
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Proof. As we have already discussed after the proof of Theorem we can also compute the basis ele-
ment n,1 via the update formula from the Gram-Schmidt orthogonalization process with the additional
element \Y K (-, y):

1 n
M A A KCy) = ) N K y)ymi) i
e IAY K y) = T a0 K G y)llx ( 1K () Z< K y)m) K )

=1
= PA()\n+1)71 : < n+1 Z)\n+1 nz 1) .

Inserting this representation into A € Hj yields the desired update formula . O

Remark 6.12. The update formula leads to a more efficient algorithm in terms of storage and compu-
tational complexity, as it can easily be vectorized to treat large sets of data. However, there remains
a huge drawback in this recursion. Note that the computation of the new basis element n,,;; and its
evaluations depend on all previous basis elements of the Newton basis. Thus, the update formula
gets more costly as the number of data points grows larger. Until now, no general improvement is known
to avoid the quadratic growth of the cost for evaluating a fixed functional in all Newton basis functions.
For example, a concept like a 3-term-recursion as known from univariate orthogonal polynomials (see,
e.g., [T0, Section 4.4]) would significantly improve the computational efficiency.

We close this chapter with a result regarding the expansion of functions into orthogonal series. Under
the convergence conditions from Chapter |5 the recursively constructed Newton basis forms a complete
orthonormal system in the restricted space Hy r (cf. [98, Korollar 4.4.3 & 4.4.5]).

Theorem 6.13. Let I' C Hj; and (An), oy be a nested sequence of finite linearly independent subsets of
I’ with |A,| =n for all n € N that satisfies the property

Pa, (N) i) forall X el or ha, n—oo

Moreover, let N' = {n; | i € N} denote the respective set of Newton basis functions. Then, every function
f € Hk,r can be written as

N S Nlla (D)
f_iz:;<f7nz>K n; ”)\ ” z; PA ()\) n;.

In particular, we then have
MNE(- Z Am)-miand (N N)k =) Am) - A(ng) for all \, X € T.

Proof. The first equality follows from Theorem and the representation (6.6). If f = \YK(-.y) for
a functional A € ', we get

oo

)‘yK(y) = Z<)‘yK( nz KW= Z >\ nz n;.

=1

Given another A € I', we use its continuity on Hx to derive

ANAN K = AN K (~y <Z>\ n;) ) Z)\ ;) - A1),

Remark 6.14. Even if the previously assumed convergence conditions do not hold, we still have

MY Lo (M) = Ml (DN
() +Z< o) = DoUme = Jim i e < 11
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for each f € Hx r. Hence,

>\n+1(f> - )‘nJrl(IK,An (f)) n—o00 0
PAn (/\n—i-l) '

This shows that the interpolation error at the update functional decays faster than the respective power
function value, both with respect to the previously selected functionals. We use this fact later in the

proof of Theorem
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Throughout the last chapter, we have assumed that the new functional A\, is always given and we just
have to proceed with the update of the orthogonal basis and the interpolant. But this is not a realistic
scenario, as we are usually confronted with a mathematical problem, e.g. a partial differential equation,
and need to choose the data points on our own. To get an idea of how to choose well-suited data points
for the interpolation process, we generalize stability estimates from standard interpolation and explain
the uncertainty relation in the context of generalized interpolation in Section [7.I] With our general
convergence results from Chapter |5, we can then derive generalized versions of greedy algorithms known
from the standard case (cf. [41], [43], [119], [145]) in Section Most of these greedy algorithms for
generalized interpolation were already introduced and analyzed in [146]. We build on that work and prove
convergence for the so-called B-greedy algorithms under rather mild assumptions on the kernel and the
interpolation domain. Besides the g-greedy approach, we analyze generalized geometric approaches that
rely on the distance function within the dual space or the parameter space in case a parametrization of the
functional set exists (cf. Section . However, one has to keep in mind that we only deal with finite data
in practice. As an outlook, we mention the concept of data thinning and discuss how greedy algorithms
can help to thin out large, redundant data point sets to improve the computational stability and efficiency
of the reconstruction method. In particular, this idea can be combined with known regularization tools
from kernel-based approximation, which we discuss in Section [7.3] To this end, the penalization of the
native space norm is generalized by penalizing the evaluation of certain regularizing functionals from the
native dual space. We close the first part of this thesis with a pseudo code that summarizes the derived
framework for kernel-based generalized interpolation.

Following Chapter [5| we select the data points from a given superset I' C Hj} that depends on the
problem we want to solve. This results in nested sequences of subsets from I'. It is well-known that
the choice of data points has a strong effect on the accuracy and numerical stability of the interpolation
method, see e.g. [37]. Hence, we are interested in suitable selection strategies for new data points that
focus on at least one of these two properties. Concerning the numerical stability, we are particularly
interested in limiting the growth of the spectral condition numbers

O'max(AK,An)

forn € N, 7.1
Umin(AK,An ( )

COndg (AK,An ) =

where oy and oy denote the lowest and highest singular values. If the condition number is too high,
the reconstruction gets highly sensitive to noise and therefore useless for practical applications.

7.1. Uncertainty relation

For the stability analysis, we want to derive estimates for the smallest and highest eigenvalues of the
updated interpolation matrix depending on the newly added functional. This gives an insight into how
to select new functionals in order to obtain a sufficiently high numerical stability.

We start this section with a general result on the behavior of the condition numbers, which is a direct
consequence of Cauchy’s interlacing theorem (see, e.g., [65, Theorem 4.3.17]).

Theorem 7.1. Let A, C Hj; be linearly independent and Apy1 € Hie \ Apn. Set Apy1 = A U{ A1},
then we have

Umin(AK,An_H) S O'min(AK,An) and Umax(AK,An,+1) 2 Umax(AK,A,L)-

In combination with the formula (7.1)), Theorem shows that the sequence of condition numbers
is increasing. Hence, adding new functionals always decreases the numerical stability to some degree.
Similar to the standard interpolation case (cf. [I43] Chapter 12]), the highest singular value grows at
most linearly depending on the number of data points if the underlying set of functionals is bounded.
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Proposition 7.2. Let I' C Hj, be bounded and A, = {A1,...,\n} C T be linearly independent. Then,
there is a constant C' > 0, independent of n, such that the highest singular value of the interpolation
matriz can be bounded by

O—max(AK,An) S C-n.
Proof. Since I' is bounded, we have

C :=sup |\% < .
A€l

Due to the Gershgorin circle theorem (see, e.g., [65, Theorem 6.1.1]), there is i € {1,...,n} with

Omax(ArA,) — Mis M)k < |Omax(AroA,) — (M, M) x| < Z [(Nis Nj) k|-
i#£j

Note that, due to Cauchy’s inequality, we also have
[(Ai, Al < illx - Ml <€ for i # 4,
and therefore

Omax(Ar.A,) < (N, M)k + Z [(Ais Ay | < C - n.
i#j

O

Additionally, we can find an upper bound for the smallest singular value of the updated interpolation
matrix to estimate its decay. This upper bound mainly involves the power function value at the additional
functional, see [143] Theorem 12.1] for the standard interpolation case.

Theorem 7.3. Under the assumptions of Theorem with A, = {1, ..., \n}, we have the estimate

-1

Omin(AR Apyr) < Pr,(Ang1)® - [ 1+ Z Ant1(l5)? ;
j=1

where L = {l1,...,1,} denotes the Lagrangian basis of Sk a,, -
Proof. From Corollary we know that
Pr, (Anr1)? = e, ) e =10 A, L,
where I = (Ans1(11)s - Ang1 (In)) . Setting z = (=1,1)7 € R"*1, we can use the identity

Agn, - 1=R= (A1 s 1)k oos Oy Ang 1))
to compute
2 Aga, e =1 Ak, 1=2-RT I+ ANk =AMk — 17 Aga, - 1= Py, (V)2
By applying the Courant-Fischer theorem (see, e.g., [65, Theorem 4.2.6]), we get the desired result

-1

2T A a . -2 i
T S Py Q) [ 1D A (1)
j=1

Umin<AK7An+1) < T .5
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Remark 7.4. According to Proposition the largest eigenvalue of the interpolation matrix grows at
most at a linear rate, which means that it is rather unproblematic for the numerical stability. In contrast,
the smallest eigenvalue usually causes numerical instabilities, as it is bounded by the power function value
due to Theorem Depending on the regularity of the kernel, the power function value can decay very
fast, which then translates to the smallest eigenvalue. In the context of standard interpolation, upper
bounds for the power function of specific kernels can be found in [143], Table 11.1], whereas lower bounds
for the smallest eigenvalue in terms of the separation distance are given in [143] Table 12.1].

Moreover, we want to remark that the estimate from Theorem matches with Remark where
we observed that the power function measures the linear dependence of given functionals. If the power
function value is small, the set of functionals is nearly linearly dependent, which means that the columns
of the interpolation matrix are nearly linearly dependent. Therefore, the interpolation matrix is almost
singular and its smallest eigenvalue is close to zero.

For the sake of numerical stability, we want the power function values Py, (A) to be large, as this leads
to a large upper bound in Theorem A large power function value also stabilizes the update formulas
from Corollary and Theorem But, if we focus on the approximation quality, a fast decay of the
power function is desirable to ensure fast (pointwise) convergence, see Theorem and Remark This
tradeoff between approximation quality and stability is called the uncertainty principle in kernel-based
approximation (cf. [116]), and we cannot have arbitrarily good approximation quality and arbitrarily
good stability at the same time within this approach.

7.2. Greedy algorithms

In the following, we discuss generalizations of single-point selection algorithms for kernel-based interpo-
lation methods that have been developed in the last two decades. These algorithms belong to the class
of greedy algorithms (cf. [I35]), which solve a specific optimization problem in each step. In our case, we
select the new functional as a maximizer of a given error functional n : I' — R, i.e. we apply the selection
rule

N(Ant1) = sup n(A).
el

The idea of this selection rule is to select a new data point from an area where the error is still large
so that the error around this new data point significantly decreases with the update of the interpolant.
Usually, the error functional 7 = 1y s, depends on the currently selected data set A,, and the function f
that we want to interpolate. Thus, it adapts to the current state of the interpolation process. Of course,
there are several choices for the selection rule 7, which are motivated by the wishes and needs of the
particular problem.

Remark 7.5. In most cases, the error functional 7 is bounded and depends continuously on the input
argument A. But this does not guarantee that n attains a maximum on I', as I' does not have to be
compact in general. This problem can be fixed (theoretically) by introducing a parameter v € (0,1) and
changing the selection rule to

N(An+1) =7 - sup n(A)
el
see also [42]. Note that these methods lead to an iterative point selection, where we usually have to
choose an initial value A\g € I'. Since the analysis of the greedy methods (e.g. convergence results) does
not depend on the initial value, we ignore this initial selection throughout this chapter. We just have to
keep in mind that we have to make an initial choice if we implement the algorithms.

According to the convergence results from Chapter [5] we aim to construct sequences of nested subsets
that satisfy

Py, (A) 22250 forall el or ha, r —=22 0.

To this end, we restrict ourselves to the case that the superset I is totally bounded (cf. Definition [A.3)),
as the notion of the fill distance is closely related to this kind of set. In fact, the geometric convergence
criterion can only be satisfied for totally bounded sets.
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Proposition 7.6. Let (Z,dz) be a metric space. There is a nested sequence of finite subsets (Ay), oy of
Z with

ha 7 220 (7.2)
if and only if Z is totally bounded.

Proof. Let ¢ > 0 and (A,,)
N € N with

nen be a nested sequence of finite subsets satisfying (7.2). Then we can find

sup dist(z, An) = hay,z <&,
z2€Z

where Ay is finite. This immediately gives

Z C U B.(a),

aCAn

so that Z is totally bounded. Conversely, let Z be totally bounded. For every n € N, we can find a finite
set A,, with

7 C U Bl/n(a),
aGAn

or equivalently, h; , < 1/n. Set A, = U, A; for each n € N, then (An),cn is a nested sequence of
finite subsets that satisfies

n— oo

ha,,z < hAn,Z <1l/m —=0.
O

Remark 7.7. For given supersets I' C H7,, it is not a trivial task to decide whether it is totally bounded
or not. But, if I' can be parametrized by the pair (£2, p) (cf. Section , where  is totally bounded
and g is uniformly continuous, Lemma [A4] assures that T' is also totally bounded. If 2 is even compact,
the requirements can be lowered to ¢ being continuous, so that I' is compact as well.

Our further analysis relies on the decay of the separation terms Py, (An+1) and dist(A,41,A,,) for
n € N. Due to the assumption that I' is totally bounded, the additional functional A,;; cannot be
separated from the set A,, as n — oco.

Lemma 7.8. Let (Z,dz) be totally bounded and (a,)
n € N, then we have the convergence

nen be a sequence in Z. Set A, = {a1,...,an} for

n—oo
0.

dist(an+1, An)
In the special case that Z =T C H} and A, = Ay, = {\1,..., A\n} is linearly independent for each n € N,
we have

n—oo

PA" ()\nJrl) — 0.

Proof. Given € > 0, we can find 2y, ..., 2ps € Z such that

M
Z c | Bepa(z)).

j=1
We set
Ii={neN|a, € Bs(z)} forj=1,.,M

and

N; =

{min(lj) if1; #0 forj=1,..., M.
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For N =max{N; |j=1,..,M} and n > N, thereis 1 < j < M and a € Ay such that
Un,a € Beyo(25)
due to the choice of N. Using the triangle inequality, this implies
dist(an, Ap—1) < dist(an, An) < dz(an,a) < dz(an, z;) +dz(z5,a) < e.
The second part follows from the estimate
Pp, (Any1) < dist(Apg1, An) for all n € N.
O

Besides the pointwise convergence with respect to I', we are also interested in showing convergence
with respect to the native space norm. In general, weak convergence in Hg r does not necessarily result
in normwise convergence in infinite-dimensional Hilbert spaces. But, in the case that we have a sequence
of projections, the sequence must have a normwise limit, so that weak convergence with respect to I is
sufficient.

Lemma 7.9. LetI' C H},. For f,g € Hk r, we have the equivalence
f=g — Af)=Ag) forallXeT.

Moreover, if (Ay),cn @5 a nested sequence of finite linearly independent subsets of I' satisfying

Mg, (f) =25 X(f)  forallXeT,

and a fired f € Hi r, we also have normwise convergence

n—oo

If = Trn, (F)ll e — 0.
Proof. For the first part, notice that we have
AMf)=Ag) forallAeT — f—g Lspang {\YK(,y) | A €T}

for f,g € Hr due to the generalized reproduction property from Theorem [3.12} With the continuity
of the inner product, this is equivalent to f —¢g L Hx r and f = ¢g. For the second part, consider the
sequence

(HIK,An(f)”%()neN

for a fixed f € Hi r. Due to the properties

I n, Ik, (f) = Ika,(f) form>n  and  |Ixa,(f)llx <[ fllx for m,n €N,

this sequence is bounded and monotonically increasing. Hence, it is convergent and a Cauchy sequence.
Using the projection properties

1Tk A (D% = kA, (F) = Treon, T, (O + 1k, Txa,, (O
= Ixa,. (f) = Ien, ()% + 1k ,a, (D%

of the interpolation operator, we get the identity

1Tk,a (F) = I, (D)% = Hrea, (D% = Hra, ()%

for m > n, so that (Ixa, (f)>n€N C Mk r is a Cauchy sequence as well. Since Hy r is complete, it has a
normwise limit g € Hx r. Then g is also the weak limit of this sequence so that we get

Ag) = lim MIga, (f)) = A(f) for all A e T

n—oo

due to our assumptions. The assertion now follows from the first part. O
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For the introduction of the greedy selection strategies, we distinguish between target-independent and
target-dependent algorithms. Large parts of the convergence analysis are shifted to Subsection [7.2.3
which unifies several approaches. Note that these selection rules only perform an infinite number of steps
if the superset I' contains an infinite linearly independent subset. Otherwise, the algorithms terminate
after a finite number of iteration steps, as no more information can be added to the interpolation process.
In our theoretical analysis, we always assume that the algorithms perform an infinite number of iteration
steps, which of course does not apply in practical cases. We discuss a realistic use case in Subsection
(2.0

7.2.1. Target-independent algorithms

We start our discussion on greedy algorithms with the target-independent approaches. Here, the term
target-independent means that the selection rule depends solely on the chosen kernel K, the superset I’
and the current data set A,, in the n-th iteration step, n € N. It does not depend on the given data values
of the considered target function f € Hg r so that we can reuse the selected points when approximating
different target functions. These methods mainly aim to maintain high numerical stability throughout
the interpolation process while keeping sufficient approximation quality.

In Theorem we deduced that the decay of the power function is a good indicator for the numerical
stability of the reconstruction method. Moreover, the power function value represents the normalization
factor in the Gram-Schmidt process and could therefore cause severe numerical problems in the orthog-
onalization process. Hence, a reasonable approach is to maximize the power function in each iteration
step to optimize the upper bound of the smallest eigenvalue. This selection rule, which is given by

Py (Apg1) = iu}; Pp,(A) =: || Pa, |lco.r for n € N, (7.3)
€

is called the P-greedy algorithm (cf. [37], [41], [II8]). In other words, we select the functional that has
the largest distance to the span of the current data point set and therefore has the worst approximation
error in terms of the native space norm. We can immediately observe that the sequence

(IPA [loo.r) e = (Pa, (Ans1))pen
is monotonically decreasing, as we have
[Pairlloe.r = Paiy (Ant2) < Pa, (Ang2) < [|Pa,lloo,r = P, (A1)

Moreover, if A,,+1 is chosen via the P-greedy selection rule, it maximizes the evaluation at the updated
Newton basis element (cf. [98] Korollar 5.2.1]).

Proposition 7.10. Let A\,11 ¢ spang(A,) be chosen via the P-greedy algorithm and n, 1 be the
additional basis element of the updated Newton basis, see Lemma[6.9. Then we have

A1) < Anp1(ng1) = [|Pa, loor forall A €T
Proof. With equation , we have
Anpg1)? = Pr,(A)? = Paoy (A2 < Py, (A)? < [|Pa, 2 forall X eT.
The claim follows from equation combined with the selection criterion
Ant1(nt1) = Pa, (Ant1) = [ Pa,, rlloo,r-
O

Another geometric approach is given by the geometric greedy algorithm, which selects the new functional
via

dist(Apy1, Ap) = sup dist(A\, Ay) = ha, forn € N (7.4)
Ael
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to create an optimal separation between the new functional and the current data set (cf. [37, Section
3.1]). This selection rule can be viewed as a simplified version of the P-greedy algorithm, as we try to
maintain numerical stability by the separation with less computational complexity within the selection
rule.

Since the geometric greedy selection only depends on the distance function dist(-, A,), it does not
include any information about the linear dependence of the functionals. Hence, we have to make sure that
the superset I' is already linearly independent so that we cannot choose linearly dependent functionals.
If T is totally bounded, the geometric greedy selection induces a convergent interpolation method.

Theorem 7.11. Let I' C Hj be totally bounded and linearly independent. Moreover, let (Ay), oy be
chosen via the geometric greedy algorithm . Then we have hy, r 2725 0 and the convergence
If = Icn, (H)lx =50 forall f € Hr.
Proof. With the result of Lemma [7.8] we conclude
ha, r = dist(Ay i1, Ay) =2 0.
The convergence of the interpolation method then follows from Theorem [5.9] O

Not only does the geometric greedy selection lead to a convergent interpolation method, but it also
produces quasi-uniform data point sets in I" (cf. [4I, Lemma 5.1]).

Definition 7.12. Let (Z,dz) be a metric space and A C Z with |A| > 2. The separation distance of
A is given by

1
= — inf d .
qa:= g inf z(z,y)
TFY

Moreover, we call A quasi-uniform if there is a constant ¢ > 0 such that
haz <c-qa.
Lemma 7.13. In the setting of Theorem |7.11], we have
2-qn, =ha,_, v > ha, T forn > 2.

Proof. 1t is clear that ha, , r > ha, r holds for all n > 2. We prove the remaining equality via induction.
For the initial value n = 2, we have

2. QAQ = ||)\1 — )\QHK = diSt(/\Q,Al) = hAl,I‘

due to the geometric greedy choice. Assuming that 2-ga, = ha,_, r holds for a fixed n € N, we have

n—1,

2- A1 = min (2 “4A,,s diSt(/\"‘H’ An))
=min (ha, , 1, ha,1)

= ha, .,
where we used the monotonicity of the fill distance again. O

Note that the constant for the quasi-uniformity of A, does not depend on the iteration step n € N.
This is particularly useful if we want to derive error estimates for the interpolation method.

Remark 7.14. If a metric space (Z,dz) is connected, we can also show that
ga < haz (7.5)
holds for A = {a1,...,an} C Z with n > 2 (cf. [I07, Section 1]). By definition of g4, the open balls

By, (a;) ={z € Z | dz(z,a;) < qa} i=1,...,n
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are disjoint, and since Z is connected, these sets cannot cover Z. Hence, there is z € Z which is not an
element of the union of the balls with radius g4 so that we get

haz > dist(z, A) > gqa.

The inequality (7.5) can also be proven if Z satisfies an interior cone condition, see also [I43 Section
14.1).

Following the idea of Section [5.3] we can also perform a geometric greedy selection in the parameter
space. If T is parametrized by (£2, ), where (£, dg) is a metric space, we can apply the selection rule

dist(zp+1, X,,) = sup dist(z, X,,) = hx, a0 for n € N. (7.6)
€N

Under certain regularities of the mapping o, the distances in the parameter space 2 reflect the distances
in I'. Recall that, in most cases, the treatment of the parameter space is much easier and less costly in

comparison to the dual space. The convergence of this algorithm for totally bounded sets 2 is a direct
conclusion of Lemma [7.8] and Theorem [5.13] where we assumed g to be uniformly continuous.

Theorem 7.15. Let (€2, 0) be a uniformly continuous parametrization of T' C Hj,, where Q0 is totally

bounded and T' is linearly independent. Moreover, let (X,), oy be chosen via the selection rule (@)

—
Then we have hx, o 272 0 and the convergence

”f - IK,Q(Xn,)(f)”K m 0 fO?” all f c ,HKyp.

In the special case that 2 C R™, m € N, we can even state decay rates for the fill distances hx, o in
dependence of the dimension m € N (cf. [143, Proposition 14.1]). The result is based on the fact that
the geometric greedy algorithm produces quasi-uniform data sets.

Lemma 7.16. In the setting of Theorem let Q C R™ be measurable and bounded with positive
Lebesgue measure vol(Q) > 0. Then we can find constants Cy,Co > 0 such that

C1~n*1/m§hxmg <Cy-n-Hm forn > 2.

We can combine the results for this special case with our findings from Corollary to derive the
following estimate for the interpolation error.

Corollary 7.17. Under the assumptions of Corollary[5.1 and Lemma[7.16] there is a constant C' > 0
such that we can estimate

M) = Ak ox,) (M) < C-n= ™ Ifllxe for all f € Hrgr,A€T,n>2,
where a € (0,1] is the Holder exponent of the parametrization mapping o.

To end the theoretical discussion about this geometric approach, we remark that the decay rate n=%/™
of the upper bound is not optimal to describe the decay of the interpolation error in most cases, as it
does not take into account the regularity of the kernel. In particular, the upper bound decays very slowly
for large dimensions m € N. Nevertheless, this approach provides an error estimate under rather mild
assumptions.

7.2.2. Target-dependent algorithms

Contrary to the target-independent algorithms, we can incorporate the target function f € Hg r into
the selection rule. The most obvious algorithm might be to choose the functional that has the largest
pointwise interpolation error regarding f, as we want to select data points in areas where we do not have
high interpolation accuracy in terms of functional evaluation. Hence, we select the new functional via

Ans1(f) = Angr(Tren, (F))] = sup IAS) =AUk, ()] forneNl, (7.7)

which is known as the f-greedy algorithm (cf. [I19]). Recall that Corollary and Theorem provide
update formulas for the residual terms as the number of data points increases.
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Besides measuring the pointwise error, we can use the native space norm as our primary error indicator.
In particular, we are interested in minimizing the distance to the target function f in each step, i.e.

If = Ik a0,y (Dl = ;Ielfr If = Ixa, o ()l forneN. (7.8)

This approach is called the f/P-greedy algorithm (cf. [98, Definition 3.1.1 ff.], [I20, Theorem 6 ff.]).
In the format (7.8)), it is not clear how we can solve the minimization problem in each iteration step.
Instead, we can rewrite the updated error into simpler terms for each A € "\ span (A,,):

I1f = I, (DI = 11f = Iiea,opn (F) + a0 (F) = I, (F) Il
= ||f - IK,A,,,U{)\}(f)”%{ + HIK,AT,,U{)\}(f) — IKA,ATL (f)”%{
M) = \I 2
=18 = I (Ve -+ PO O

n

where we used the update formula from Corollary Therefore, minimizing the term

IAS) = A ren, (NP
Pa,(A)?

1F = I naupny (DI = 1 = Tra, ()% —

is equivalent to maximizing the subtrahend on the right side of the equation, so that the selection rule

can be rewritten as
[An+1(f) = Ant1(Zk A, ()] INCF) = Mk, ()]

= sup
Pr,, (An+1) A€M\span(An) Py, (N)

for n € N. (7.9)

We observe that the power function occurs in the denominator this time, so the selection rule favors
smaller values of the power function. In terms of numerical stability, this leads to bad performances in
practical cases, see e.g. [98, Section 6.5].

Similarly, the f-greedy selection rule neglects the numerical stability of the interpolation process, as it
only takes the pointwise error into account. If we wish to have a good tradeoff between approximation
quality and numerical stability, we could complement the pointwise error with the respective power
function values, which leads to the psr-greedy algorithm (cf. [43)])

[Ans1(f) = A1 (Tra, ()] - Pa, (Ang1) = Sup IANS) = AUk A, ()] Pa,(A)  forneN.  (7.10)

Here, the abbreviation psr stands for power-scaled residual. Due to the multiplication, we require both
the pointwise error and the power function value to be sufficiently high. The obvious drawback of the
target-dependent algorithm is that for each f € Hg, the sequence of data points has to be computed
individually, whereas the target-independent algorithms generalize to all functions from the native space.
On the other hand, the target-dependent algorithms are expected to deliver better approximation quality,
as the data points are optimized for the given function that we want to approximate.

Remark 7.18. Throughout Chapter [5] we have collected several measurements for the approximation
error and numerical stability. Of course, we can combine these in various other ways. For example, we
could use the pointwise error and the distance function via the selection rule

A1 (f) = A (Txe, ()] - distApgr, An) = sup M) = Ak A, (F))] - dist(A, An) - forn e N.

7.2.3. Generalization: [-greedy algorithms

In the papers [I45] and [I46], the authors were able to summarize several approaches from the last
subsection as one special class of greedy algorithms depending on a parameter 8 € [0,00). Given this
fixed parameter, the 5-greedy algorithm selects the new functional via

M1 (F) = At (Tren, (7 - Pa,(ng) ™7 = sup M) = AUk, (A7 - Pa, ()P (7.10)
AeT\span(A,,)
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for n € N. Tt is easy to see that 5 = 0 leads to the P-greedy algorithm ([7.3)) and 8 = 1 yields the f-greedy
algorithm ([7.4)). For § = 1/2, we get the selection rule

M1 (F) = Apr(Tea, (O)Y2 - Pa,ng) 2= sup [A(S) = Akea, ()2 Pa,(W)Y?
Ael\span(A,)

for n € N, which is equivalent to the psr-greedy algorithm ([7.10). We can even consider the limit case
B — oo for the term

IAf) = Ak, ()]
P, (V)

B8
) = M, ()P - Pa, ()17 = ( ) Py (V).

If two functionals A, u € T'\ span(A,,) satisfy

IAS) = AUk, ()] < ln(f) = px A, (f))]
P, (A) Py, (1) 7

there is By > 0 such that

M) = AUk, () Pa, )P <l f) = pl g, (DI - Pa, ()7 for B> fo.

Hence, it makes sense to define the S-greedy algorithm as the f/P-greedy algorithm for § = co. We can
prove the convergence of the 5-greedy algorithm for every 5 € [0, oc].

Theorem 7.19. Let 3 € [0,00] and I' C Hj be totally bounded. If f € Hir and (Ay), oy s chosen via
the respective B-greedy algorithm, we have the convergence

If = T, (F) e == 0.

Proof. According to Lemma it is sufficient to show pointwise convergence. Therefore, let A € I'. If
A € U, enspan(A,) holds, there is ng € N such that Py, (A) = 0 for n > ng. The standard power function

estimate (5.2)) then gives
IA() = AT, ()] < Pa,(A) - | fllk =0 for n > ng.

Hence, let us assume that A ¢ (J
parameter 3:

nen Span(Ay, ). We distinguish between several cases regarding the

e = 0: In this case, we have

n—roo

Pr,(A) < P, (Apy1) — 0
due to the selection rule and Lemma Again, the standard power function estimate gives
M) = A, (D] < Pa,(A) - [l fllx == 0.
e 5 € (0,1): Consider the monotonic and bounded sequence

(Pr, (\)en and its limit C:= lim Py, (N).

n—oo

If C' =0, we already have pointwise convergence. Otherwise, we have C' > 0 and

IAF) = ATxa, (P = IA(F) = ATk p, (1)IP - Pa, (WP Py, (M)
< g1 (F) = At (T, (AP - Pa, (ngn) ™7 - Py, (V)P
<cit Hf“?{ - Pr, (Ang1) =2 0.

This yields

IA(f) = Mg, ()] 2= 0.
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e [ € [1,00): Similarly, we can estimate

M) = AT, (D < s (1) = Aaa(Taca, (DI - Pa, (i)' - Pa, (1
< AN - AN - Pa, ) 225 0,

e 3 = oco: From Remark we know that

Ant1(f) = A1k A, ()] nooo

0.
Py, (/\n+1)
As in the case before, we estimate
)\n - )\n I n n—oo
A = AT, (1)) < ot A e UDLyyovee,
PAn ()‘n+1)
In total, we have the desired pointwise convergence for every 8 € [0, cc]. O

Remark 7.20. In our general convergence analysis, we have not mentioned any convergence rates for
the p-greedy algorithms, as these depend on the set " and the regularity of the kernel K. Convergence
rates for the standard interpolation method in the case of a Sobolev kernel can be found in [145], similar
results for linear elliptic differential operators of second order are given in [146].

7.2.4. Vectorial approach

In many cases, we have a set {f1,..., far} C Hx of target functions instead of a single target, which
we refer to as a training set, and we want to select a sequence of data points that leads to a good
approximation quality for all target functions simultaneously. Note that a suitable method was already
proposed in [T49] that adapts the f/P-greedy algorithm, and we further generalize this approach to derive
weighted vectorial versions of the S-greedy algorithms for all § € [0, 00]. We remark that this approach
can be seen as a special application of interpolation via matrix-valued kernels. For detailed information
on matrix-valued kernels, we refer to [I50].

First, we need to find a suitable Hilbert space setting for this simultaneous approximation problem.
We consider the collection of target functions as a vector

= 1, frr) EHY =Hy x ... x Hi.

Given a fixed vector w = (wy, ...,wM)T € RM with w; > 0 for i = 1,..., M and Zf\il w; = 1, we define
an inner product on H by

M
<f,g>K,w = Zwl . <f’L7g’L>K for f = (f17"'an) g = (917"'591\/[) € H%
i=1

The idea of the weight vector w is to control the influence of the single target functions on the data
selection. If a target function from the training set is considered a good representation of the resulting
application, its weight should be sufficiently high. We can embed the space Hx into HY via the linear

mapping
i Hg = HY, s (s,.,8),

which satisfies

M
(i(s1),i(s2));cw = Y _wi (s1,80)k = (s1,52)  for all 51,59 € M. (7.12)

i=1

Thus, given a set of functionals A, = {A1,..., Ay} C H}, we consider the embedded space i(Sk a, ). If
N is the Newton basis of Sk a,, then i(N) is again an orthonormal system due to ((7.12)). Following the
interpolation of a single target function, we define the simultaneous approximation to the target functions
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[i as the orthogonal projection Pi(s,. , yf of f = (f1,..., fmr) onto the space i(Sk a,,) (cf. Theorem,
which satisfies

2 : 2
— P, — f — — f i —
15 = P e = ot If = sl = _inf, }jw £ = sl

and is given by
M
<Z (firmg) ) ~i(n;)

:Z qun]K n;

=1

=1 (sz 'IK,An(fi)> .
i=1

Hence, the simultaneous reconstruction is the weighted sum of the single interpolants to the target
functions and solves a weighted least squares problem within this approach. This means that we can use
the update formulas from Section[6]for an efficient implementation, and we can parallelize the computation
of the single interpolants. But we still have to find suitable point selection algorithms for this case.

Let Ap11 ¢ span(A,) and set A1 = Ay, U {Ap11}. The discussion about the f/P-greedy algorithms
from Subsection [7.2:2] can be adapted to our setting, since

Jj=1

I(SKAn)f Zf7 n] K,aw* 111] :Z
M

M
P ew =D wi i = Treon i (Pl

If = Picsin
i=1
M
o e P = A (a5
=Y (15 - e (Ol - i )
M
_ 2 P (fi) = AUk, (fi)]?
=17 = Prsan Il - ;wz . Pa, (Ant1)?

holds in the vectorial case (cf. [I49, Lemma 2.1]). Given a superset I' C H};, we need to choose A,41
such that

M M
Pt (i) = Masr Ui, (£0)) 2 M) = M kenn (£)) 2
i s = i 7.13
Zizl v Pr, s1)? ACT\epan(An) Zizl b Py, (A)? (7.13)

in order to minimize the approximation error in the next iteration, which adapts the f/P-greedy algorithm
to the case of multiple target functions (cf. [I49] Algorithm 3]). In the same way, we define the vectorial
B-greedy algorithm for B € [0,00) as the selection rule

M p
(Z wj - |)\n+1(fi) - >\n+1(IK,An (fz))|2> Py, ()‘n+1)2726
i=1 (7.14)

8
= sup (Z wi - [A(fi) = AUk A, (fi))|2> - Pr, (V)27

Ael\span(A

and for 8 = oo as the selection rule ([7.13]). For totally bounded domains, the vectorial versions converge
as well.

Theorem 7.21. Let 3 € [0,00] and T' C H}; be totally bounded. If fi,..., far € Hrr, w € RM with

Zwizl, w; >0 fori=1,... M
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and (Ap),,cy s chosen via the respective vectorial 3-greedy algorithm , we have the convergence

Ifi = Ixa, (fi)llx 270 fori=1,..., M.

Proof. We can recycle large parts from the proof of Theorem[7.19} Again, it is sufficient to show pointwise
convergence on I' and we only need to check the case

Aé¢ U span(A,

neN

e 3 =0: This is the same as the single-target P-greedy algorithm, and we have

i) = AU ka, (F)] < Pa,(N) - I fill k € Pa, o) - I fill e ©==50 fori=1,..M.

e 3 = oo: With Remark we get

M M
3w M) = M, (F)F = (Z - DU A, (O ) Py, ()

M
(Z w; - |An+1(fi) — )\n+1(IK,An(fi))|2> AR 222 0,

IA

i—1 PAn (>\n+1)2

The desired pointwise convergence then follows from the estimate

1/2
INF) = Mk a, (F))] < wi /2 (sz A(fi) — (IK,A,Afi))l?) for j =1,..., M.

e € (0,00): We can use the same estimates as in the proof of Theorem to derive

B
(sz A(fi) - (IK,A,L<fi>>|2> oo g

which results in pointwise convergence similar to the case before.

7.2.5. Data thinning

As we have already pointed out, we mostly deal with finite supersets I' C H}, in practical cases, so that
the greedy algorithms only perform a finite number of iteration steps anyways. In this scenario, the
greedy algorithms can be interpreted as a method to thin out the given superset (cf. [44], [69, Chapter
4]). Here, data thinning means that we want to get rid of redundancies within the data set.

For example, the power function value Py, (M) of a functional A € T indicates the approximation
error between A and span(A,), and therefore how well X is already represented in the current data
point set A,. This implies that functionals with small power function values represent redundant data,
whereas functionals with high power function values contain new information that should be added to the
interpolation process. Hence, the P-greedy algorithm can be used to reduce the full superset to a subset
An C T with |Ax| = N < |T'| consisting of the most relevant functionals in terms of linear independence.

Similarly, if the pointwise error at the functional A € T\ span(A,,) is already low, we might not want
to add this functional to our data point set if a further reduction of the pointwise error is not required.
The presented greedy algorithms from this section can be used to remove redundant data in I', which
can have significant positive effects on the computational complexity and the numerical stability of the
interpolation process without losing too much information. This process is visualized in Figure for the
geometric greedy selection, where the initial scattered point set X C R? with |X| = 10* (left) is reduced
to a subset Y C X with |Y| = 103 (right) by applying 10®> — 1 steps of the geometric greedy selection
from . The selected data points are marked in red.
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Large data set Thinned data set

Figure 7.1.: Visualization of data thinning via geometric greedy selection

7.3. Regularization methods

Instead of simply solving the interpolation equations, we can include a regularization method to enforce
additional properties on the solution of the approximation problem. Regularization methods have become
popular in many applications, as they can help to reduce the effects of overfitting when dealing with large

data sets and stabilize the solution to ill-posed problems (cf. Section . More details on regularization
methods can be found in [45].

The main idea is to substitute the interpolation equations with a modified error functional
J(s):=D(f,s)+~-R(s) for s € Hg, (7.15)

where f € Hg is the target function, D : Hx X Hxg — R is a map that measures the data consistency
and R : Hxg — R is a regularization functional with regularization parameter v > 0. The approximation
to f is then given by the minimizer s* € Hg of the functional, i.e.

J(s*) = sgl{fk J(s).

Popular choices for the data consistency term D are norms on the underlying vector space or least squares
functionals. For our interpolation problem, we use the mean squared error

N
D(f8)i= 5 SN - M for fs € Hi
=1

on aset I'={A1,..,An} C H}. In the special case that R has the form

R(s)=|s|%  forse Hx

and vy > 0, the optimization problem (|7.15) can be reduced to the domain Sk r C Hg. This result is a
generalized version of the representer theorem (see, e.g., [122]).

Theorem 7.22 (Generalized representer theorem). Let I' = {1, ..., An} C Hje and v > 0. If s* € Hk
satisfies the optimality condition

N N
! *\ |2 *(12 1 5 )
N.;lki(f) =)+l R = nf N.;p\i(f) — ()2 4+ |IslI%, (7.16)

then we must have s* € Sk r.
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Proof. Let s* satisfy (7.16]). There is a unique decomposition
s* = s7 + s5, where s7 € Sgr and s5 € S}L{’F.
Due to Lemma |4.9] we get the equality
Ai(8™) = Ni(sT) + Ai(85) = Xi(s7) + 0 = Ni(s7) fori=1,...,N.
If s5 # 0, then
Is*ll% = llsilli + sz ll% > llsil%
and therefore
. .
~ 2N = NP st > o ) () = NP+ st
N N
i=1 =1
But this contradicts (7.16)). Hence, we must have s* = s7 € Sk p. O

The consequence is that we can substitute the initial infinite-dimensional problem with a finite-
dimensional regularized least-squares problem. Further analysis and numerical examples for the resulting
reqularized interpolation problem can be found in [I15].

Here, we want to extend the problem by the idea of data thinning from Section where we only
consider a subdomain Sk a C Skr with A C T' = {A1,..., Ay} and set n = |A|. Moreover, instead of
penalizing the native space norm of a function, we regularize with respect to evaluations of additional
functionals

== {51, ...,f[\/j} C IH*K

A possible realization of this approach is the minimization problem

1 N M 1 N M
N 2D =Ny Dl = dnf I = M) e Y lae)P (TT)

SESK A

for v > 0. For our analysis, we denote the solution as s(7) = s* for a given regularization parameter ~.
If N ={ny,...,n,} is the Newton basis of Sk x, we have the identity

Isl% = > [s,ni)x|*  forall s € Sk a.
=1

This shows that the native space norm regularization is just a special case of (7.17]), where
E=Ev={(n)kg|i=1,..,n} C H}.
If A is linearly independent, there is a unique solution.

Theorem 7.23. Let A C I' be linearly independent, f € Hx and = C Hj,. For any parameter v > 0,
there is a unique solution s(7) € Sk A to the regularized problem .

Proof. Without loss of generality, we assume that A = {\1,..., A\, } and write the elements s € Sk 5 in
terms of the standard basis, i.e.

n
S:Zci~)\§?’K(~,y), with ¢ = (cl,...,cn)T e R".
i=1
In this case, the energy functional can be rewritten as

N M

1 1

N =N+ Y166 = Ak e— frlF - [Be B (718)
=1 =1
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where the matrices are given by

Agra = (Ao Aj)k)icisy € RV and Bz = (WK (L y)))1<icm € RMX™
125<n 1<4<n

Note that the right side of (7.18) is a standard Tikhonov regularization problem on R™ (cf. [70], Section
2.2 & Subsection 8.6.1]). It is well-known that ¢ € R™ minimizes the right side of (7.18)) if and only if it
solves the resulting normal equations

1

1
(N . AIJI;)F’A . AK,RA —|—’y . Bg . BE) s C = N . A,{{,F,A . fF- (719)

Since Ak A is a regular submatrix of A r A, the rectangular matrix Ax r o must have full rank so that

the system matrix of (7.19)) is positive definite for any v > 0. Consequently, there is exactly one solution
() n

7 e R™ and

n
s =3 NE ()

=1

is the unique solution to ((7.17)) due to the identity (7.18]). O

For theoretical purposes, we provide an alternative characterization of the minimizer, which is a gen-
eralization of [7(), Theorem 8.54]. To this end, let us recall the notation

spi= (A1(s8), .., An ()T € RN and sz = (61(8), ., Ea ()T € RM for all s € Sk A.

Lemma 7.24. Under the assumptions of Theorem the element s©) € Sk, solves the minimization
problem if and only if it satisfies

% . <fp - sp),sr>2 =- <s(57),55>2 for all s € Sk a. (7.20)

Proof. Since all expressions within ((7.20]) are linear in the argument s € Sk a, the property is equivalent
to the system of equations

1

. _ O vy s AV ()= -
I <f1" SF,)\JK(,y)r>2 5 <55,AJK(,y)_>2 forj=1,..,n. (7.21)

We write the element s(7) as
S("/) — ch'Y) . )\z;K(’y)
and compute
1 QI W (L 7 Lot 4 o)
N.<fF_SF ’)\jK('vy)F>2:€ . N K,F,A'fF_N' KTA- KIA-C
and
5 <S(E'v)’ )\?jK(-,y)5>2 — . ('y -BL . B=- C(v))

for j = 1,...,n, where eU) € R™ is again the j-th standard basis vector. Hence, the system (7.21)) is
equivalent to the normal equations (7.19]), which proves the assertion. O

Remark 7.25. Alternatively, we can prove Lemma [7.24] by considering the Gateauz derivative of

1
Jy(s) = na | fr—srlla +v- |ls=|3 for s € Sg.a,v >0, (7.22)
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which is given by

D,UJ,Y(S) _ %11’1’(1) J’y(s'i‘t;}) _
—

I(s) _ 2. (’Y' (sz,v=)2 — % (fr— SF,UF>2) for all v € Sk,r \ {0}

and s € Sk a. It is well-known from convex analysis that s e s k,A Mminimizes the convex functional
J if and only if the respective Gateaux derivative vanishes for all directions, i.e.

1
0= DSJV(S('Y)) =2. (7- <s(g),35>2 N <fr — s{:’),sr>2> for all s € Sk.r \ {0}.

The equation is also satisfied for s = 0.

It should be mentioned here that finding an optimal regularization parameter v is a highly non-trivial
task. We shift the discussion about the parameter choice to Chapter [[1] and just state some basic results
in this section, which generalizes [70, Subsection 8.6.2].

Theorem 7.26. In the setting of Theorem[7.23, the following statements hold:

(1) For any v > 0, there is a constant Cy > 0 independent of f such that
1 2 2
& o= st e €], < s

(2) If 11 < 72, we have

[ES

<l

2
(8) There is C > 0 such that

Hsm $(02)

< C- |y — | for all v1,72 > 0.

Proof. For the proof, we use the notation (7.22)).

(1) We simply compare with the interpolant Ix A(f), i.e.

N M
Ts) £ 1 (Teal) = 5 S0 I = Ml P+ Y & Tea ()P

i=1 i=1
R o
<~ 2 PO I v Do N6l - Ika(HI
i=n+1 i=1
R -
< (N BN ||§z||%<> NI
i=n+1 i=1

‘ (’Y2)

Jw(s(’h)) — J’yl(s(’h)) + (2 —m1) - H (n)

(2) Let 71 < 72 and assume that ‘

. This results in
2

J’Yz (S(Vz))7

<O+ (2 =) s

which is a contradiction to the assumption that s(72) minimizes J.,,.

(3) Let 11 < 72. With Lemma we have

<fF B 8(71 ’ F>2 = <S(E%)7SE>2
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and

1
A <f1" — S(F%),SF>2 =1y, - <s(572),55>2 for all s € Sk A.
Subtracting the two equations from one another leads to

1

N <8(F71) — 81(—72),81">2 =7y <s(£2), 35>2 -7 <S(EV1),SE>2 for all s € Sk a.

For s = s(m) — 5(12) ¢ Sk, We get

1 2 1 ) )
¥ Hsfm) _ sf«“fz) L= (2 +71)- <S(E’Yz),s(57 )>2 - HS(EWQ)Hz oy ‘ S(Eﬂa) ‘2
2 2
< e o o], o)
2 2 9 9
- (72.‘5?2)“ o ,’S(Em‘ ),(HSgl)’ _ Hs(am )
2 2 2 9
< (=) - |[s8)) - ([[s6] - [|s5*)] )
= |, = |, = ||,
2
<(e2-m): 3(50)“2,
where we used
el <, <[]
. 2 = 2 = 2

from part (2) and Cauchy’s inequality. Moreover, the functional
|10 s Skea = R, s = |lsrll2

is a norm on Sk A, as A C I" holds and generalized interpolation problems with respect to A are
uniquely solveable. Since all norms are equivalent on the finite-dimensional space Sk a, there is a
constant ¢ > 0 such that

Isllx < c-s|ir for all s € Sk a.

In combination with our previous estimate, this gives the desired result

2 2
Hsm Tl HS(:O)H (2 —m)-
= 2

The previous theorem provides important insights into this variational approach:

(1) For fixed v > 0, the evaluation at the minimizer, and therefore the regularized interpolation error
is bounded by

T, (s0) <Oy - |IflIF for all f € Hi,

where C, does not depend on f. Hence, the approximation method is stable with respect to the
choice of the target function.

(2) If we increase the regularization parameter, the standard norm of the evaluation with respect to
the functionals = decreases so that we can enforce additional properties on the solution by choosing
appropriate regularizing functionals.

(3) The mapping v ~ s(7) is Holder continuous on [0, 00) with exponent 1/2 for fixed f € Hy. Note

that the proof also shows the Holder continuity of the evaluation mapping
v s )

with respect to I'. In [70, Theorem 8.58], it is shown that even
2
HS%’Y) —s%O)H2 = o(7) for y = 0

holds in the case of norm regularization, where o expresses the order of convergence in terms of the
Landau notation. The generalization of this convergence result to our case is straightforward.
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Pseudo-code

In order to close the first part of this thesis, we give a summary of the discussed methods in the form of
a pseudo-code, see Algorithm [I} for treating the generalized interpolation problem with kernel functions.
This includes the Newton basis computation from Chapter [6] and the data selection algorithms from
this chapter. As we see in the second part, problems based on linear operators can be interpreted as
generalized interpolation problems and therefore can be treated with the derived methods.

Remark 7.27. Currently, most of the presented greedy algorithms are only available as single update
algorithms, as they only choose one new functional. It is still an open problem to find multi-update
versions to improve the numerical performance. For example, regarding the P-greedy algorithm, it would
not be sufficient to simply choose several new functionals whose power function values are high, since no
information about the relation between the newly chosen functionals is available. This approach could
lead to severe numerical problems if we choose functionals that are nearly linearly dependent. In [6]
Section 6], a componentwise version of the P-greedy algorithm was proposed for product kernels and
grid-like data point sets, resulting in a multi-update. However, this approach is restricted to a special
setting and cannot be generalized.

Additionally, a multi-selection of new functionals would require a multi-update of the Newton basis
to take full advantage of the increased efficiency. In [4, Subsection 8.2.3], it has already been shown
that a multi-update of the Newton basis needs an efficient Cholesky decomposition of the resulting Schur
complement, which is not available to the best of our knowledge.
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Algorithm 1: Approximation scheme for generalized interpolation problems

Data: Superset I' C HJ, target values fr of the target function f € Hx, selection rule 7 for greedy
selection, max. number of iterations Nmax, tolerance for numerical linear dependence ¢,
evaluation set X C R?

1 Choose A1 € I" and set A1 = {\1};
2 Initialize evaluations at Newton basis elements via
A1)k MK (z,y)
Alng) = 2 —— n(x) = 4——2=-
A1l 2 A1l 2

foral A el z € X;

3 Initialize power function values via Py, (A\) = (A, \)x — A(n1)? for all A € T;
4 Initialize residual and evaluation of interpolant via
A A
N =M () =MD = T Am) Lo f)@) = T m(o)

forall A el z € X
5 fori=1,..., Nmax — 1 do

6 Choose Aiy1 such that ng A, (Aix1) = sup nyr.a, (A);
Aer
7 if Py, ()\z‘+1) < ¢ then
8 ‘ break;
9 else
10 ‘ Set Ai+1 =AU {Ai+1};
11 end
12 Update Newton basis evaluation at I' via
A(nis1) = Pa, (M) ™' <<)\, A1)k = Any) - >\i+1(na‘)>
j=1
for all A € T';
13 Update residual via
Ai — Xir1(Ik A,
M) = Mxas () = M) = M, () = 2t dallead) )
PAi (AZ+1)
for all A € T
14 Update Newton basis evaluation at X via
niv1 (@) = Pa;(Ain) - (AfﬂK(fE,y) =Y n(x)- )\z‘+1(nj)>
j=1
for all z € X
15 Update evaluation of interpolant via
Ai1(f) = Xiv1 Ik, (f))
aw z) = I A, x) + i ‘N1 (x
ke F1(2) = Liea, 7)) o e
for all z € X;
16 Update power function via
PAi+1 (A)2 = PAi()\)z - A(ni+1)2
for all A € T
17 end

Result: Approximate reconstruction Ir,ay,__ (f) evaluated at X




Part Il.

Application to Computerized
Tomography

In the second part, we focus on the application of kernel-based generalized interpolation to computerized
(axial) tomography. Over the last 50 years, computerized tomography has become one of the standard
methods for non-invasive diagnosis with applications in medical imaging, material testing and others.
Its history dates back to the discovery of X-radiation (X-rays) by Wilhelm C. Rontgen in 1895, which
earned him the first Nobel Prize in Physics in 1901. X-radiation is a high-energetic form of radiation that
can be used to image the interior of an object. While passing the considered object, the intensity levels
of X-rays decrease in dependence on the underlying material, e.g. bones in a human body. Due to the
work of August Beer (cf. [19]), this loss of intensity is given by a line integral, where we search for the
integrand that describes the structure of the scanned object. As the loss of intensity can be measured in
practice, the inverse problem of computerized tomography consists of reconstructing an object from its
line integral values.

This mathematical problem was solved by Johann Radon, who published the first theoretical recon-
struction formula in his seminal paper [I09] from 1917. Nearly 50 years later, Allan M. Cormack ,re-
discovered“ (cf. [52, page xiii, line 19]) the ideas of Radon in the 1960s and developed reconstruction
algorithms based on Fourier transforms (cf. [33], [34]). Independent of Cormack’s work, Godfrey N.
Hounsfield designed the first operational and commercial scanner in the late 1960s and early 1970s (cf.
[66]). Due to their groundbreaking work, Cormack and Hounsfield jointly received the Nobel Prize for
Medicine and Physiology in 1979. Although the reconstruction problem has been solved in theory for
more than a century, there remain some practical limitations:

e Finite data samples: The inversion formula of Radon assumes that the line integral values for
all possible lines in the plane are available. Of course, this assumption is not satisfied in practical
cases, since we can only perform a finite number of measurements. This means that we need to
derive suitable discretizations for the involved operators to obtain an approximate reconstruction
from finite data samples.

e Noise: In real-world applications, the measured data usually contains additional noise and therefore
does not represent the exact line integral values of the object. Hence, (approximate) reconstruction
methods are required that are not oversensitive to this noise, i.e. small changes in the measured
data should only result in small changes in the reconstruction image. This requirement is associated
with the notion of ill-posed inverse problems (cf. Section .

e Limited view: In certain applications, we can only measure the integral values for a restricted
subset of all possible lines in the plane due to limitations in the data collection process. For example,
the directions of the lines in the plane can be limited to certain angles, or the distances from the
lines to the origin might be restricted (cf. [I08]). These settings require particular care since the
methods and results from the non-restricted case might not be applicable anymore (see, e.g., [102]
Section 6.2]).

e Limiting X-ray dosage: Nowadays, it is well-known that a high dosage of X-rays can severely
harm the human body, e.g. by causing cancer. To reduce the health risks associated with comput-
erized tomography, one is usually interested in keeping the radiation dosage as low as possible, in
particular when scanning very sensitive parts of the body. This requires reconstruction methods
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that are able to obtain a reasonable reconstruction from a small number of measurements. For
further reading, we refer to [29, Chapter 11].

The limitations of the reconstruction formula and the introduction of commercial scanners have led
to a wide research field regarding reconstruction algorithms for computerized tomography. Recently, the
reconstruction via kernel-based generalized interpolation was proposed by Stefano De Marchi, Armin Iske
and Gabriele Santin in [38], which is based on the initial results from the master thesis [I26] of Amos
Sironi. The main goal of the second part is to explain and further elaborate the proposed kernel-based
reconstruction method. To this end, we explain the mathematics of computerized tomography and show
that the discretization of the reconstruction problem fits into the framework of the first part for suitable
kernel functions, which allows us to apply all the derived results and tools. Furthermore, we want to make
comparisons with other reconstruction methods to evaluate the utility of the kernel-based reconstruction
method.



8. Computerized Tomography

In this chapter, we introduce the mathematics of computerized tomography, which is the foundation
of the following chapters. We start by formulating the underlying mathematical problem, which leads
to the definition of the main mathematical operator behind computerized tomography in Section [8:1]
the Radon transform. While discussing relevant properties, we provide several examples that are used
in our numerical tests (cf. Chapter . The explicit reconstruction formula, known as the filtered
back projection formula, is explained in Section [8.2] Besides its derivation, we highlight the numerical
challenges it brings along in practical implementations. Before we explain suitable reconstruction methods
in Chapter [0} we want to briefly discuss the notion of ill-posed inverse problems in Section [8:3] where we
list two examples that demonstrate the ill-posedness of the reconstruction problem. For further reading
on the fundamentals of computerized tomography, we refer to [I8], [52] and [I01], which have mainly
inspired this introduction.

To introduce the computerized tomography problem, consider an object in the plane R?, whose photon
absorption, or less precisely, whose density is described by its unknown attenuation (coefficient) function
f : R? — R. Moreover, we consider a finite line

TE — s

= P 1 0<s<|lzg — 25| = Ly CR?
lze — zsll2

[zs, 2] = {xs =29+ 5-

in the plane, where x5, 25 € R? denote the start and end point. The line represents the path of an X-ray
passing through the object, and the behavior of its intensity values along this path is denoted by the
function I : [xg,xg] — R. In this setting, Beer’s law states that the change of intensity is proportional
to the attenuation coefficient (cf. [19], [52 Section 1.2]).

Assumption 8.1 (Beer’s law). For our analysis of the computerized tomography problem, we assume
that the X-ray beams are monochromatic, non-refractive and have zero width. In this case, Beer’s law
states that the decay of the intensity while passing the object is given by

Ol (xs)
Os

= —f(xs) - I(xs)  forallse0,L]. (8.1)

Further details on the physics of computerized tomography can be found in [29, Chapter 2].

Usually, we cannot measure the intensity at each point on the line [zg,zg], but only at the start and
end point, yielding the intensity values I(zg) and I(xg). With Beer’s law (Assumption [8.1]), we get the

identity
[ s [ sepas= [ a2 g i)t - n (12
]

I(rg)
(0L] [0L]

8
[

[zs,2E

for the respective line integral of the attenuation function. Hence, we can compute the line integral of
the unknown function f over [zg,zg| from the total loss of intensity along the line. Note that the start
point and the end point of the line should be chosen such that they lie outside the object in order to
make these measurements possible. In this case, we could also write the line integral as

[t ds= [ e as (8.2)
[0,L] R

if the infinite version of the line does not hit the object somewhere outside [z g, 2] and therefore no more
attenuation of the X-ray beam takes place. The goal of computerized tomography is to reconstruct the
function f from all possible line integral values of the form (8.2)).
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8.1. Radon transform

Before we continue our analysis, we want to find a suitable, non-redundant parametrization of the set of
all infinite lines (affine geometry) in the plane, denoted by

AG(R?) := {a—HR-b‘aeRz,beRQ\{O}},
where
a+R-b:={a+s-b|seR} for a € R?, b € R?\ {0}.

To this end, we use the orthogonal polar coordinate vectors

mi= (Gotg)) and v (UHY) procpm

to describe the lines in the plane. Note that the directional vectors vg cover all possible directions up to
multiplication by —1, and ng then represents the shortest path between the line and the zero vector, see
also [52], Section 1.3].

Proposition 8.2. The following mapping between the parameter space R x [0, 7) and AG(R?) is bijective:

0:Rx[0,7) = AG(R?), (r,0) = lr.g:=7 19+ R - vg

)

~

Figure 8.1.: X-ray beam /,. y passing through an object described by its attenuation function f :R?* — R

The previous proposition delivers a suitable parametrization of all lines in the plane, which is visualized
in Figure With this, we define the main operator behind the problem of computerized tomography,
the Radon tranform (cf. [52, Definition 2.1]).

Definition 8.3 (Radon transform). Let f : R? — R be a function. The Radon transform of f is then
given by the collection of line integrals

Rf(r,6):= /f(x) d:z::/f(r~n9—|—s~vg) ds for (r,0) e R x [0, 7).
Lr.o R



8. Computerized Tomography 86

At this point, it is not yet clear for which class of functions the Radon transform is well-defined. One
possible choice for the domain is the space L*(R?). Given a function f € L'(R?) and an angle 6 € [0, ),
we consider the rotation

Tp : R? — R2, (;) - (Zﬁf&f)) ;2;%?) : (;) =r-ng+s-vg. (8.3)

Using substitution, we get

J1#6 n0+ sl = [17@)] do= 1l < o (8.4
R2 R2
which implies that Rf(-,0) € L'(R) with
IRICOw = [ RICONdr < [ 156+ s vl dsdr=fl — ©5)
[rreme=]]

due to the Fubini-Tonelli theorem. In particular, Rf(r,8) exists and is finite for almost every r € R.
Combining all previous rotations via the continuous, and therefore measurable mapping

T:R?x[0,7), (s,7,0) — Tp(r,s),
the equality leads to
| [ua@esoniaes) = [ [15@ )] ) do =)l <.
[0,m) R? [0,7) R2
Another application of the Fubini-Tonelli theorem finally shows that Rf € L*(R x [0, 7)) holds with
RSl ®xjo,m)) <7 I fll o me)- (8.6)

Note that inequality in combination with the linearity of the operator also shows that Rf = Rg
holds in L'(R x [0, 7)) if f = g holds in L!(R?). In total, we get the following result (cf. [I8, Proposition
2.2.2]).

Proposition 8.4. The Radon transform R : L'(R?) — L*(R x [0,7)) is a well-defined, bounded linear
operator.

Example 8.5. We give some examples of Radon transforms, which are important for our numerical tests
in Chapter These and more examples can be found in [I8] Section 5.2] and [52, Chapter 2].

(i) For given shape parameter v > 0, consider the Gaussian function
G,(z) == e llell3 for z € R?.

The Radon value at (r,0) € R x [0, 7) is then given by

RG,(r,0) = /Gu(r ‘ng+5s-vg)ds = /e""(TZJrSQ) ds =e V" -/e""32 ds = \/7~e_”‘7"2,
R R R

where we used that ng, vy are orthonormal. Hence, the Radon transform of a Gaussian is again a
Gaussian, but only with respect to the radial variable. In general, the Radon transform of a radial
symmetric function only depends on the radial variable (see, e.g., [I8, Proposition 2.2.8]).

N

(ii) For a shifted and rotated elliptical region (Figure [8.2)

‘ ((m1 = y1) - cos(r) + (w2 — y2) - sin(7))* n (—(x1 —y1) - sin(7) + (w2 — y2) - cos(7))? < 1}7

ERy Ry y,r = {x €R? 2 2 =
Rl R2
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Characteristic function Radon transform

Figure 8.2.: Characteristic function of a rotated elliptical region (left) and its Radon transform (right)

where Ry, Ro > 0,y = (y1, yg)T € R? and 7 € [0, 7), the Radon transform is given by

) 2R1R; - \/R% -sin(f — 7)2 + R2 - cos(0 — 7)2 — (r — yy - cos(8) — ys - sin(6))?
RXEry 3.0+ (7:0) = R3 -sin(0 — 7)2 4+ R? - cos(f — 7)2

if (r— 1y - cos(d) — ya - sin(0))® < R2 -sin(f — 7)% + R2 - cos(f — 7)2 holds for (r,6) € R x [0,7).
Otherwise, we have Rxgy, 5, ,.(r,0) = 0. We do not go further into detail here and refer to [52,
Subsection 2.5.2] for the computations.

(iii) Consider the shifted rectangle
ERy Ry = 91 — Ri,y1 + Ri] X [y2 — Ra,y2 + Ry] C R®

with halved side lengths Ry, Ry > 0 and center y = (y1,42)" € R2 (cf. Figure . The Radon
transform of the respective characteristic function is given by

2Ry - X[—Ry, Ry (T — Y1), ford =0, reR
2Ry - X[—Ry, o) (T — Y2), for0=7/2, reR
(r.0) = max (min (sy,1,8m,2) — max (sy.2,sm,1), 0), for 8 € (0,7/2), reR
max (min (sy,1,$p,1) — max (sy,2,sm2), 0), for0e (n/2,7), r e R,

where the intersection points with the rectangle in dependence of r, 0 are given by
r-cos(0) —y1 = Ry
sin(6)
r-sin(f) —ya £ Ry
cos(6) ’

SV,1,8v,2 =

SH,1,SH)2 =

see also [52], Subsection 2.5.4]. Note that the formula can easily be adapted to the case of (half-)open
rectangles.

(iv) Given a shape parameter v > 0, we consider the function

fo(z) = {(1 —[lz[3)", for ||z2 <1

0, for ||z|]2 > 1.
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Characteristic function Radon transform

Figure 8.3.: Characteristic function of a rectangular region (left) and its Radon transform (right)

For (r,0) € R x [0,7), the Radon value is given by

VET(+1) (1 2\v+E
= {7 <

)

if |r| > 1,

where T" denotes the gamma function in this particular case (cf. [I8, Proposition 5.2.5]). Similar to
the rotated ellipse from (ii), we can modify the function via rotations, shifts and stretching as well,
see Section The function f, and its Radon transform are visualized in Figure [8.4] for v = 3.

Function f3 Radon transform

Figure 8.4.: Visualization of f, (left) and its Radon transform (right) for v =3

In the previous example, we have seen that the Radon transform of a Gaussian function is again a
Gaussian function, which only depends on the radial argument » € R. Thus, one is usually interested
in which properties of the function f are inherited by its Radon transform. A discussion regarding the
differentiability can be found in [60, Section 1.2]. Here, we want to focus on the support of the resulting
Radon transform (cf. [I8, Proposition 2.2.9]).

Proposition 8.6. Let f € L'(R?) N ¢ (R?) have compact support and R > 0 such that
f(z)=0 for all x € R?\ Bg(0).
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Then Rf is compactly supported with respect to the radial variable, i.e.
Rf(r,0) =0 forr| > R,0 € [0,7).
Proof. For |r| > R and 6 € [0, 7), we have
|r-ne+s-vgl3 =1r*+ s> >r? > R? for all s € R,
which already implies that the respective line integral of f must vanish. O

With Proposition [8:2] and Definition [8:3] the reconstruction problem can be written as the operator
equation

Rf=g, (8.7)

where g contains the measured Radon data and f is the unknown function that we want to reconstruct.
In order to have a unique solution, the Radon transform is required to be injective. This is a consequence
of the central slice theorem (cf. [52, Theorem 6.1]).

Theorem 8.7 (Central slice theorem). Let F; denote the Fourier transform on L*(R?) for i = 1,2. If
f € LY(R?), we have the equality

FiRF(0)](S) = 2m)/2 - Fof(S-cos(h), S -sin(@))  forall SR
and fized angle 6 € [0, 7).
Proof. Given 0 € [0,7), we have Rf(-,0) € L'(R) due to (8.5). Hence, we compute

Fi[RIC,01(S) = 2m) 712 / Rf(r.0)- ™" dr
R
:(27‘(‘)—1/2. f(T'ne-i-S-vg)-e_iST ds dr
/!

— (27-(-)—1/2 . //f(x) . e—iS<(r1~cos(0)+12-sin(0)) dx
R R

= (2m)Y2 . Fyof (S - cos(h), S - sin(h)),
where we again used the transformation from (8.3)). O
Corollary 8.8. The Radon transform R : L*(R?) — LY(R x [0,7)) is injective.

Proof. Let f € L*(R?) satisfy Rf = 0. Then we have
0= IR fllosomy = [ I1RF0)lus ey
0

and therefore Rf(:,0) = 0 in L'-sense for almost every 6 € [0, 7). With Theorem [8.7, we conclude that
Faf(S-cos(d),S -sin(f)) =0 forall S e R

holds for almost every 6 € [0,7). Since Faof is continuous, this property must hold for all § € [0, 7).
Writing the elements of R? in polar coordinates gives F, f = 0, and therefore f = 0 due to the injectivity
of the Fourier transform. O
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8.2. Filtered back projection formula

Due to Corollary there is a unique reconstruction of a function f € L!(R?) from its Radon transform.
Besides the injectivity of the Radon transform, an explicit reconstruction formula is desirable for practical
implementations. Hence, we derive the reconstruction formula in this section, including the numerical
problems and challenges it brings along.

As a first reasonable approach for the reconstruction, we consider the mean Radon value of all lines
that go through a fixed point z = (ml,xg)T € R2. Note that for any 6 € [0,7), we can find exactly one
r € R such that « € £, 9 holds. In order to identify the unique radius parameter, we observe that x € ¢, ¢
holds if and only if there is s € R with

(2) = o= () +oe (o) = (cm) o) - (2)-

Applying the inverse matrix and extracting the first entry of the vector shows that the set of all lines
passing through the point x is given by

AG(R?), = {Ew ‘ 0 el0,m), r=umx-cos(f) + x2 -sin(ﬁ)}.

Consequently, the mean of all respective Radon values is given by
1 7 .
— /Rf(xl -cos(0) + z2 - sin(0), 0) do
e
0

for all functions f € L'(R?) and points # € R?. The above integral gives rise to the definition of the back
projection (cf. [52, Definition 3.2]).

Definition 8.9 (Back projection). For g : R x [0,7) — R, its back projection is defined as

s

Bg(x) := %/g(ml -cos(8) + zo - sin(0), 0) do for all & = (z1,2,)" € R2.

0
The back projection satisfies the following mapping properties (cf. [I8, Proposition 2.2.16 fI.]).

Proposition 8.10. For g € L'(R x [0, 7)), its back projection By is defined almost everywhere on R? and
locally integrable, i.e. for any compact set E C R?, we have Bg € L'(E). Moreover, the back projection

B: L¥(R x [0,7)) — L>(R?)
1s a well-defined, bounded linear operator.

Unlike the Radon transform and Example [8.5] it is not easy to find relevant non-constant functions
whose back projection can be computed explicitly. Some artificial examples are given in [52] Section 3.3].
But one can at least estimate the integrals to show that the back projection does not invert the Radon
transform. Counterexamples are given in [I8, Observation 2.2.20] and [52, Example 3.5].

Although the back projection is not the inverse operator, it still plays a key role in the actual recon-
struction formula, where the Radon transform is pre-filtered by the modulus of the radial variable. Due
to this pre-filtering, the formula is known as the filtered back projection formula. Here, we state the
version of [I8, Theorem 2.2.22], where we use the result and notation of Theorem

Theorem 8.11 (Filtered back projection formula). Let f € L'(R?) N € (R?) such that Fof € L'(R?).
Then, f can be reconstructed via the formula

F@) =2 BRI FRA @) foralla e B2

where F1 [Rf] (S, 0) := F1 [Rf(-,0)] (S) for (S,0) € R x [0, 7).
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Proof. With the Fourier inversion formula from Theorem the function f can be written as

f(x) = FyFafl(z) = % . /fgf(w) cet T gy, for all ¢ € R2.
R2

Using the polar coordinates diffeomorphism
Tp R\ {0} x (0,7) = R*\ {(x1,0) | z; € R}, (S,0) — (S - cos(#), S -sin(f))
with | det(DTp(S,60))| = |S| for (S,0) € R x (0,7), we get

T

1 ,
f@) =5+ [ [ Faf (To(s.0)) et 1500 5] as o

0 R

“ 5 / (2m) 12 / S| Fi[RF)(S,6) - e rreos(@taasint®) 4 g

i
0 R
1 _
:5‘3[]:1 A [Rfm (x)
for every x € R?, where we used the result from Theorem in the second line. O

Remark 8.12. The first reconstruction formula from the complete set of line integral values goes back
to Radon and his seminal paper [I09] from 1917. In the paper, he proved that f can be reconstructed via

s /
fla)=—1. / qu(q) dg  for all z € R (8:8)
™
0

under suitable regularity assumptions, where F. = JF, /Jq is the derivative of

27
1
Fi(q) == o /Rf(xl - cos(0) + z2 - sin(0) + ¢, 0) do for z = (x1,22)" € R?,q €[0,00).
0

Note that the value F,(q) is the mean value of the line integrals along all tangents of the closed ball with
center r € R? and radius ¢ > 0. Alternatively, a derivation of the formula (8.8 using Riesz potentials
and the Hilbert transform can be found in [I0T], Section II.2].

The filtered back projection formula solves the reconstruction problem in theory but is problematic
when it comes to practical implementations. On the one hand, there is only a finite set of Radon data
measurements available in practical cases. This means that we have to use adequate discretizations of the
occuring operators to avoid large discretization errors. On the other hand, the reconstruction formula
is highly sensitive to noise, since the high-frequency part of R f, which is usually associated with noise,
is amplified by the filter function | - | (cf. [I8, Observation 2.2.24]). Hence, modifications are needed
to improve the stability of the reconstruction. We discuss modifications for the filtered back projection
formula in Section [@.1] that lead to a suitable reconstruction method.

8.3. lll-posed inverse problems

To close this chapter, we briefly introduce the notion of ill-posed inverse problems and further comment
on the well-posedness of the computerized tomography problem. Recall that, due to equation 7 the
reconstruction problem can be interpreted as a linear operator equation. In a more general setting, we
assume that (X, |- ||lx), (Y] - ||y) are normed linear spaces and A : X — Y is a bounded linear operator.
According to Hadamard, the linear inverse problem

Az =y foryeY (8.9)

is well-posed if the following conditions are satisfied (cf. [45] page 31)):
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(i) The operator A is surjective, i.e. for every y € Y, there is at least one x € X that solves .
(ii) The operator A is injective, i.e. for every y € Y, there is at most one = € X that solves .

(iii) The inverse operator A=! : Y — X is bounded as well, i.e. the solution of depends continuously
onyeY.

The problem is called ill-posed if at least one of the conditions (i)-(iii) does not hold. Given an
injective operator like the Radon transform, it is easy to achieve the first property by restricting the
co-domain of A to the image im(A). However, the third property, which is highly relevant in practice
since it reflects the effect of noise on the reconstruction quality, is not satisfied in many cases. A collection
of ill-posed inverse problems is given in [74, Section 3]. In this section, we want to discuss two concepts
that demonstrate the ill-posedness of the computerized tomography problem. The following discussion is
mainly based on [I01, Chapter IV].

Singular values and ill-posedness
Let X and Y be Hilbert spaces. A representation of the bounded linear mapping A : X — Y in the form
Ax = Zai Ax, i) x -y for v € X, (8.10)

iel

where ¥ := {o; | i € I} C R are positive real numbers and {z; | i € I} C X, {y; | i € I} C Y are
orthonormal, is called a singular value decomposition of A (cf. [I01] page 86 fI.]). Moreover, the elements
of ¥ are called singular values. The equation (8.10]) implies that

AAy = "ot - (yu)y -yi  foryey,
iel

where A* : Y — X is the adjoint operator of A. Hence, the singular values and orthonormal vectors can
be determined with an eigenvalue decomposition of the self-adjoint mapping AA* and the relation

xizai_l~A*yi fori e I.

It can be shown that a singular value decomposition exists for certain classes of linear operators, e.g. for
compact operators (see, e.g., [147, Satz VI.3.6]). Given the decomposition (8.10) of an injective operator,
the inverse is given by

ATly = ZU;I y,yiyy -x;  fory € im(A).
il

In the case of a non-injective operator, the representation holds for the Moore-Penrose generalized inverse
AT (cf. [10T, Theorem IV.1.2]). Due to the equality

A Yy llx = o)t fori e I,

the inverse operator is unbounded and therefore discontinuous if zero is an accumulation point of X.
Consequently, the singular values reflect the stability of the linear operator equation in terms of
y € Y. To demonstrate the utility of this theory in the context of computerized tomography, we consider
the Radon transform

R : L*(Bi(0) — L2(1-1,1] x [0,7))

between the two Hilbert spaces

L2(Bi(0)) = {f € L*(®?) | supp(f) € Bi(0)}
and

L2([=1,1] x [0, 7)) ~ {[g ‘R x [0,7) — R] ] supp(g) C [=1,1] x [0,7) and [lg]l 2 (| 1.1]x[0.)) < oo}
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with norm
1 1/2

~1/2
lgllze (—1,1)x[0,7)) = //|g(7’,9)|2 (177 dr df
0 —1

This particular version of the Radon transform is a bounded linear operator (cf. [I0I, Theorem II.1.6])
and its positive singular values are given by

47
i+1

g; = 1 € Np.

For the derivation of the singular value decomposition, we refer to [I01, Section IV.3]. Since o; iz, 0,
the (generalized) inverse operator is not bounded according to our previous discussion.

Degree of smoothing

For linear operators between L2-spaces, we can use its smoothing properties to classify the ill-posedness
of the problem . To this end, let Q; € R4, Qy € R% be suitable domains and assume that

A: LQ(Ql) — LZ(QQ)

We call A a smoothing operator of degree s > 0 if for any a € R and any bounded open subset Q C €y,
there are constants ¢, 0, Cq,q > 0 such that the Sobolev norm estimates

Ca g [ fllae@uy < [Aflgare@s) < Coo - [fla,)  forall f e Hy(Q) (8.11)
hold. Here, H§(Q2) denotes the subspace

HE () = {f € HY() | supp(f) € Q).

Further information on fractional Sobolev spaces is provided in Section Note that (8.11]) implies
that A : H§() — H%5(Qy) is an injective, bounded operator and its inverse operator is continuous.
Setting a = —s, we get

cs. 0 [flla—s) < [Afllz202) € C-so- [l fla—+@,)  forall f e Hy* (). (8.12)

Since —s < 0, the space H °(€2) is a Sobolev space of negative order and its norm is (strictly) weaker
than the L?-norm, i.e. there is a constant C' > 0 such that

[ fll-c@) < C-|Ifllr2,y  forall f e L*(Q)
and a sequence (f,), oy C L?(2) such that
I fullz2ny > 1 | fnlla—=cn for n € N.
In combination with , this yields
Il frllL2(y >n- C:SI’Q NASfnll L2 (00 forn € N,

so that A=! is not continuous in the L?-setting (cf. [18, Remark 2.2.29], [85, Section ITI.B]). The degree of
smoothing can also be used to analyze worst-case errors of the reconstruction, see [I01, Theorem IV.1.3].
For the analysis of the Radon transform, we set Q; = R? and Q3 = R x [0, 7). In particular, we set

HY(R x [0, 7)) = { [g:R x [0,7) — K] ] g(-,0) € H*(R) for all 0 € [0,7) and ||g]l rre(zx(o.m) < oo}

for a € R, where the Sobolev norm is defined as

1/2

9l e @x(orm) = / 190+ 0) 370y 46
0
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Based on [I0T, Theorem II.5.1], it was shown in [I8, Theorem 2.2.28] that the Radon transform is a
smoothing operator of degree s = 1/2, i.e. there are constants ¢, q,Cq,q > 0 such that

a2 Iflme@e) < IRSflgar1r2@xjony) < Cao - I fllme@ey — forall f e Hg(Q) N LY (R?)

given a smoothness level a € R and a bounded open set  C R2. This is a slight modification of
due to the intersection with L!(R?), but our previous argumentation still applies. Hence, the Radon
transform does not have a continuous inverse operator in the L?-setting.

The singular values of the Radon transform and its smoothing properties show that the problem of
reconstructing a function from its line integral values is ill-posed. Hence, so-called regularization methods
are usually required for a stable reconstruction (cf. [45]). Common regularization methods are also listed
in [I01} pages 86-89], for example.



9. Reconstruction Methods

As we have already pointed out, the filtered back projection formula from Theorem is problematic
when it comes to practical implementations due to incomplete data and its sensitivity to noise. Con-
sequently, an exact reconstruction is not possible and approximation methods are needed to produce
a reconstruction that is similar to the original. Over the last decades, several reconstruction methods
have been developed that rely on different simplifications of the reconstruction problem. An overview of
reconstruction methods is given in [21], [61], [78], [102].

Our main focus in this chapter lies on the method of filtered back projection (FBP method) and algebraic
reconstruction methods, which are two of the most popular reconstruction approaches. We explain the
ideas behind the two approaches as well as important theoretical results in Section 0.1] & [9.2] since the
corresponding reconstruction methods serve as a reference for our theoretical discussions in Chapter
and numerical comparison in Section For the sake of completeness, we provide a selection of more
recent reconstruction methods with brief descriptions in Section [9.3}

9.1. Method of filtered back projection

As the name suggests, the FBP method is based on the filtered back projection formula from Theorem
8.11] Recall that the modulus | - | inside the formula is mainly responsible for its instability since it
amplifies the noise of the Radon data for high values of S € R. The main idea of the FBP method
is to replace the modulus with a compactly supported function A : R — R that imitates the modulus
on a compact domain and cuts off high frequencies. In the language of signal processing, this is called
a low-pass filter, and the function A serves as a filter function. The following section is based on [I8|
Chapter 3-5], [52 Chapter 8] and [I01), Chapter III].
Let us start with the construction of the filter function A. Usually, it has the form

A(S) = Aw.L(S) = |S| - W(S/L)  for S € R, (9.1)

where W € L*°(R) is an even window function with supp(W) C [-1,1] and L > 0 is a given bandwidth.
In the format , the bandwidth L determines the length of the support, as the support of Ay, is
contained in [—L, L]. Note that, due to the compact support of Ay, € L>°(R), we must have Ay € LP(R)
for every p € [1,00]. Replacing the modulus with Ay, inside the filtered back projection formula leads to

the approximate reconstruction
fwa(e) = 5 BIFT (Awe - FRA) @) = 5 - BIFT (-] W0/L) - AR () fors € B2

In the original formula, the term F; ! (] - |- Fy [Rf]) cannot be simplified with the convolution property
of the Fourier transform because | - | ¢ LP(R) for every p € [1,00]. But with the replacement of the
modulus, we can write this term as a convolution of functions (cf. [I8, Theorem 3.2.2]).

Theorem 9.1. Let f € L'(R?) N L*(R?) and W € L*>(R) be even with supp(W) C [—1,1]. For any
bandwidth L > 0, the approximate reconstruction can be written as

fws =75 Bla*Rf), 92)

where the equality holds almost everywhere on R?. Here, the function qr, : R x [0,7) — R is given by
qr(r,0) .= Fy ' Aw . (r) for (r,0) € R x [0, )
and the convolution qp * Rf is defined as the one-dimensional convolution

(g *Rf) (r,0) :== (qr.(-,0) « Rf(-,0))(r) = /qL(t,G) “Rf(r—t,0)dt for (r,0) e R x [0,m).
R
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With this representation, we get rid of the Fourier transform in front of R f, which is desirable for
implementations, as we are only given finite samples of the Radon data. But we need to determine the
inverse Fourier transform of the filter function Aw, 1, in order to use (9.2)).

Example 9.2. We provide two common examples of window functions W € L*°(R) including the inverse
Fourier transform of the resulting filter functions (cf. [52), Section 8.3]). A visualization is given in Figure
More examples and a numerical comparison can be found in [3T].

(i) The characteristic function

1, if|S|<1
W(S) = xj-1.1(5) = for S e R
(5) = X1-1.(5) {0, ifls|>1
generates the Ram-Lak filter (cf. [110])
|S], i [S| < L
Ap(S)=|S|-W(S/L) = for S € R 9.3
L(8) = IS]- W(S/L) {07 o (93

for given bandwidth L > 0. Its inverse Fourier transform is given by
- L? . . 2
FiAL(r) = o (2-sinc(Lr) — sinc(Lr/2)?) for r € R,
i
where sinc denotes the cardinal sine

sin(t) if ¢
sinc(t) := {1 L 1 fO
if t =0.

(ii) Consider the window function

77 (25 irg <8< 1
W(S) = sinc (5 : S) “X-1(S) =41 ifS=0 for S € R,

0 if |5 >1
which, given L > 0, yields the Shepp-Logan filter (cf. [124])
T S 2L sin (5-2)|, if[S|<L
Ar(S) =|9] - si — = -x1u(S/L)y=¢ 7 2 L7 - for S e R.
1(8) =181 sine (5 -7 ) xioa (/0 {0’ ey
The respective inverse Fourier transform is given by

_ 4L? 7 —2Lr-sin(Lr)
]:1 1AL(T):?' 12 _ AL 2,2 for r € R.

Convergence rates

In his doctoral thesis [I8], Beckmann analyzed the reconstruction error of the FBP method for target
functions in the fractional Sobolev space

He(R) = {f € L) | e < 0}

of order a > 0 (cf. Definition |[A.29)), where the respective norm is defined as

1oy = [ (4 )" IF S do
R2
Note that H°(R?) = L?(R?) holds (cf. Section |A.5]). The error analysis in [I8] is based on the result that
the approximate reconstruction from Theorem [9.1] can be written as a convolution of the target function

with a band-limited convolution kernel due to the convolution properties of the back projection (cf. [18|
Theorem 3.2.3 & 3.2.5]).
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Figure 9.1.: Visualisation of Ram-Lak filter (left) and Shepp-Logan filter (right) for L € {1,5,10}

Theorem 9.3. Let f € L'(R?) N L?(R?) and W € L>®(R) be even with supp(W) C [-1,1]. Then, for
any L > 0, the equality

fwr=f*Kg

holds in the L?-sense, where Ky = % - Bqy, is the inverse Fourier transform of the function

Wr(z) =W (H:ﬂb) for x € R?.

Here, we want to give a short overview of the results from [I8, Chapter 4]. We start with the error
estimate in terms of the Sobolev norm (cf. [I8, Theorem 4.2.3]).

Theorem 9.4. Let f € L*(R?)NH*(R?) for a > 0 and let W € L*°(R) be even with supp(W) C [—1,1].
Then, for 0 < o < «, we have

1 = fwele ) < (Pacomw (D)2 4+ L77) - | Fll o),

where

Do w (L) := ess sup w

o for L > 0.
se[-1,1] (1+ L252)

In order to prove convergence for L — oo and to determine convergence rates, the functions

@, w(L) := ess sup (1-W(S))

-— for L >0 9.4
sef-1,1] (1 + L252)" 54)

for v > 0 need to be analyzed. If W is the window function of the Ram-Lak filter (cf. Example (1)),
then @, w (L) = 0 holds for all L > 0 so that it represents the optimal window functions for this type
of estimate. More generally, the expression tends to zero for continuous window functions that are
normalized at zero (cf. [I8 Theorem 4.2.5]).

Theorem 9.5. Let W € €' ([—1,1]) be even with W(0) = 1. Then, for any v > 0, we have the convergence

&y w (L) 22 0.
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This in combination with Theorem leads to the convergence of the FBP method with respect to
the H7-norm for 0 < o < a (cf. [I8, Corollary 4.2.6]).

Corollary 9.6. Let f € LY(R?)NH*(R?) for o > 0 and let W € L>=(R) be even with supp(W) C [-1,1],
such that W is continuous on [—1,1] and W(0) = 1. Then, for 0 < o < «, we have the convergence

L—oo
If = fw,pll e g2y —— 0.

It is even possible to extend the convergence result of Corollary to the case ¢ = a and to the case
that W is only continuous at zero, see [I8, Theorem 4.2.7]. Besides these convergence results, Beckmann
provided estimates on ®. y (L) for many classes of window functions, see [I8, Section 4.3]. Moreover,
[18 Section 4.1] gives an overview of related convergence results.

Discretization

For the implementation of the FBP method, we use the representation

fW,L:%'B(QL*Rf)

from Theorem Recall that we can only measure a finite number of Radon data values in practical
cases. Hence, scanning schemes are required that lead to a suitable discretization of the involved operators.
In our case, we use the parallel beam geometry (cf. [101l page 71]), where we assume that the values

Rf(j-d, k-n/N)  j=-M, ..M, k=0,.,N—1 (9.5)

are available for parameters d > 0 and M, N € N. This scheme corresponds to a scanning machine that
rotates around the target object with stepwidth /N and sends out 2M + 1 equidistant parallel beams
at each considered angle, yielding a total number of (2M + 1) - N X-rays (cf. Figure[9.2). Within this
approach, we have to determine values for the step width and the number of collected data points.

Emitter

AR S\

Figure 9.2.: Scanning procedure (left) and respective set of lines (right) for parallel beam geometry with
M=5 N=10and d=1/5

Remark 9.7. We remark that there are other scanning geometries like the fan beam geometry, which
bring along practical advantages in comparison to the parallel beam geometry. However, these advantages
are not relevant to our numerical tests, so we do not cover these here but refer to [52, Section 8.12] and
[101] Section III.3] for further reading.
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As a starting point, assume that the domain of the index j is unbounded. One possible discrete version
of the continuous convolution (qr, * Rf)(-,0) for fixed § € [0, 7) is then given by

(qn*p R(-d,0):=d-> Rf(j-d,0)-q.((l—j)-d,0) forl€Z, (9.6)
jez
see [I8, page 104]. Recall that the objects that we want to reconstruct in practice are bounded, so that
the associated attenuation function f has compact support. Hence, we can find a radius R > 0 such that
supp(f) C Bg(0), which implies Rf(r,0) = 0 if |[r| > R (cf. Theorem [8.6)). Setting M = |R/d], we can
replace with the finite sum

M
(o *p RA(I-d.0):=d- > Rf(-d,0)-q((I—j)-d,0) forleZ (9.7)
j=—M

Note that the discrete convolution qr, xp Rf is also evaluated at the rate d with respect to the radial
variable. Due to the structure of the low-pass filter, we know that the one-dimensional Fourier transform
of (qr xR f)(+,0) has compact support for each 8 € [0,7), so that (g, x Rf)(:,0) is band-limited. Hence,
we can make use of the Shannon sampling theorem (see, e.g., [I01, Theorem I11.1.1]) to derive a suitable
sampling rate for the radial variable.

Theorem 9.8 (Shannon sampling theorem). Let h € L?(R) and L > 0 such that supp(Fh) C [-L, L],
where F denotes the Fourier transform on L*(R). Then we have

h(t) = Z h (l . %) -sinc(Lt — )
lEZ
for almost every t € R, i.e. h can be reconstructed by the discrete set of values {h(l-7/L) |l € Z}.
Remark 9.9. In Example we have already derived that, under the assumptions of Theorem the

evaluation of a continuous function h is given by

h(t) = /h(s) . W ds = % . /h(s) -sine(L - (t — s)) ds for all t € R.
R R

Approximating this integral by a Riemannian sum with separation /L yields

%~/h(s)'sinc(L~(t75))dsz%~Zh<l~%) osinc(L'(t—l~7r/L))~%
R leZ
:éh(l-Z)-sinc(Lt—lﬂ)

for t € R. It is remarkable that Theorem establishes equality in the previous calculation, yielding a
discretized version of the reproduction property.

As a consequence of Theorem we choose the sampling rate with respect to the radial variable as
d = w/L in our implementation, where L is the bandwidth of the selected low-pass filter.

Example 9.10. For the computation of the discrete convolution (9.7)) with d = 7/ L, we need to determine
the values

ar (;%9) = FlA, (j%) for j € Z,0 € [0, 7)

for the selected low-pass filter. Therefore, we can use the formulas from Example
(i) For the Ram-Lak filter, we have

%, for j =0
T
FitAL (]Z> =40, for j # 0 even

— 2L for j odd.
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(ii) In the case of the Shepp-Logan filter, we get

2
7T) == AL for all j € Z.
7T .

1 L
i (] L 1 - 452)

To discretize the back projection, we use the composite trapezoidal rule

N-1
: Z g(xy - cos(k-w/N) + a9 -sin(k-w/N), k-7/N) for z € R?

Bg(r) ~
k=0

2=

see [I8], page 105], [52], Definition 8.25]. For more details on numerical integration algorithms, we refer to
[14, Chapter 5]. Inserting the discretized convolution leads to the approximate reconstruction

=

fil(z) = % S (g *p Rf) (1 - cos(k - 7/N) + x5 - sin(k - 7/N), k-n/N)  for z € R%  (9.8)
1

ES
Il

In order to get a good approximation quality within the FBP method, it is recommended to choose
N = [L] (cf. [I01, page 84, Table IIL.1]) for target functions whose support is contained in the unit ball
B1(0), so that we have

d:%, M=|R-L/r|, N=[R-L| (9.9)

as the parameters of our implementation for a given radius R > 0. However, there remains one problem
regarding the formula (9.8). For given angle 6 € [0, 7), we only evaluate (g xp Rf)(-,0) on the grid

{l-d|leZ}CR

according to (9.7)). In general, the radial input in the integrand within the back projection formula is not
an element of this grid, i.e.

x1-cos(f) + o -sin(0) € {l-d|lecZ}
for most € R2. To avoid this problem, we determine the value
(g *p Rf)(x1 - cos(0) + x5 - sin(6), 6)

via cubic spline interpolation, see [I8, page 107]. More details on spline interpolation can be found in
[36]. If x € Br(0) holds, we can use the Cauchy inequality to estimate

|x1 - cos(B) + xa - sin(0)| = [(x, ng)2| < ||z]|2 < R,

which means that we only need the finite set of evaluations

{awxp R 4,0) | 1= ~[R/d], ... [R/d]}
for the spline interpolation in this case. At last, we want to remark that the discretized FBP method can
be implemented efficiently using appropriate vectorization.
9.2. Algebraic reconstruction methods

In contrast to the FBP method, algebraic reconstruction methods do not rely on an explicit reconstruction
formula. The main idea is to discretize the involved operator from the start, resulting in a finite system
of equations (cf. [52, Section 9.1]). Suppose that we are given finite Radon data

{Rf(n,ai) ‘ i = 1,...,M}
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of a target function f : R? — R. The respective discretized version of the inverse problem (8.7) is then
given by the system of equations

RS(’I‘i, 91) = Rf(?”i, 97,) for i = 1, ceey ]\47 (910)

where s : R2 — R denotes the approximate reconstruction of f. Of course, we have to make some
assumptions on s in order to analyze the system (9.10). As in the case of an interpolation problem, we
fix a set of basis functions

B:{bj:RQ—HR’j:L...,N}

such that the Radon transform is defined everywhere for each basis function and we assume the approx-
imate reconstruction s to have the form

N
5= ch -b; € spang(B),

j=1
see [62]. Due to the linearity of the Radon transform, this leads to the linear system

Rbl(rl,ﬁl) RbN(rl,Gl) C1 T\’,f(rl,ﬁl)
Rbl(TM,GIM) RbN(rM,GM) CN Rf(rM,é)M)

where the system matrix is not necessarily square. Before we discuss special realizations, we want to refer
to [61, Chapter 11] and [78, Chapter 7] for further reading about algebraic reconstruction methods.

One specific version of this approach is the algebraic reconstruction technique (ART) (cf. [56]), which
uses characteristic functions of pixel squares as basis functions. Assuming that the target object is
contained in the rectangle [— R, R;1] X [— Rz, R2] with radii Ry, Ry > 0, we choose resolution parameters
N1, Ny € N and divide the domain into the N := Nj - Ny disjoint, equally sized rectangles

Ri+(j—1)-hi,—Ri+j-h) x[-Ro+(k—1)-ha,—Ro+k-ha), j<DNi, k<N

[,
5 [~Ry+ (Ny —1) - hy,Ry] X [-Ry 4 (k — 1) - hg, —Ra + k - hy) j=Ni, k<N,
i,k — . . .
J [~Ri+(j—1)-hi,—Ri+j-h1) X [-Ry + (Na — 1) - hy, Ro], j <Ny, k=N,
[R1 — h1, R1] x [Ra — ha, Ra], j = Ni,k= Ny,

where hy = 2Ry /Ny and hy = 2Ry /hs. If s is a linear combination of the characteristic functions, i.e.

N1 N

5= D ¢k XE

j=1k=1

then s is constant on each rectangle with function value ¢; ;, so that the coefficients equal the pixel value
of the reconstructed image. Note that the matrix entries

RxE; . (1i,0:) for 1<i< M, 1<j<N;, 1<k< N

can be computed with the formula from Example (iii). Moreover, the resulting matrix is sparse, as
each X-ray only intersects a small percentage of the total pixels.

Remark 9.11. In the following, we focus on the functions xg, ,, but the theoretical results also hold
for other choices of basis functions. For example, alternative basis functions are given by so-called blob
functions, which were introduced in [83], [84]. These basis functions are translations of a smooth radial
symmetric function with compact support. The main intention of using smooth basis functions is to
generate smoother reconstructions that are potentially more resistant to noise (cf. [61, Section 6.5]).
Numerical examples can be found in [61, Section 11.5], [92]. We come back to this idea in the context of
kernel-based image reconstruction, see Section [10.4
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Kaczmarz's method

In the typical setting of Ny = Ny = 256, the number of pixels highly exceeds the number of measured
Radon values, so that the system is heavily underdetermined. To find a solution to this rectangular
system, ART uses Kaczmarz’s method for linear systems, which was introduced in [75]. We explain the
method in the following.

Consider a general linear system

T
-  ay — b1
A-z=b, where A= eER™" zeR" b= | eR™. (9.12)
- ab - bm

Given an initial guess g € R™ and a column index i € {1,...,m}, we update the initial guess such that
the i-th equation of the linear system is satisfied, or in other words, we project zy onto the solution space

S; = {x € R"” ’ (@i, x)o = bi}

of the i-th equation. Note that .S; is an affine space in R™, and the projection of xy onto this space is
given by
, To,ai)2 — b;
x(()z) — 20— < 0 z>2 i -a;,
(ai,ai)2

see e.g. [52 Proposition 9.3]. Here, we need to assume that all rows of A are non-zero, which is usually
satisfied in the context of computerized tomography. Since we want to solve the whole system of equations,
one iteration of Kaczmarz’s method consists of applying the projection for each i € {1,...,m} successively.
So, assuming that we have performed k& € Ny steps of the method resulting in the vector x; € R™, we set

LU](CO) = Tk
and iteratively compute
. . =1 4N — b,
:r,(;) = x,(;_l) o ai)a b -a; fori=1,..,m. (9.13)
(@i, ai)2

Then zg41 = $](€m) gives the next approximate solution to the linear system. Within each update step,

a component is only changed if the corresponding component of a; is non-zero. In the context of ART,
this means that the color value of a pixel only changes if the considered X-ray intersects with the pixel.
Note that each update step only requires one row of the entire matrix, which can be computed efficiently.
Hence, it can be beneficial to not store the entire matrix and compute the necessary row in each update
step in order to improve the efficiency of the method. These types of algorithms are also referred to as
row-action methods (cf. |61, Section 11.1]). If we keep track of the non-zero components, we can use the
sparsity of each row to further improve the efficiency.

Under the previous assumptions on the system matrix A, Kaczmarz’s method converges to the least
squares solution of the linear system (cf. [134], Corollary 9]).

Theorem 9.12. Let b € R™ and A € R™*"™ with non-zero rows. Set
S={zeRr"|Ib-A-al;= inf b—A-yl},
yER™
and define x* € S as the unique element in S that satisfies
*||2 = inf .
l2*ll2 = inf ol

If Per(ay denotes the orthogonal projection onto the kernel ker(A) C R™ of A, then for every initial vector
zo € R”, the iteration is convergent with

k—o00 *
T~ Prer(a)(0) + 2"

In particular, the method converges to x* if o € ker(A)>.
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Remark 9.13. One significant drawback of the standard Kaczmarz’s method is that, when applied to
computerized tomography within ART, the resulting reconstruction often suffers from salt-and-pepper-
like artifacts (cf. [61, Section 11.5]), in particular when applied to noisy measurements. The update step
can be modified with a relaxation parameter x > 0, i.e.

) ) <x(i*1) ai)a — b
x,(;) = xﬁjil) gk TU2 TR fori=1,...,m. (9.14)
(ai,ai)2

Geometrical interpretations for different relaxation parameters are given in [61, Section 11.2]. For noisy
data, it is recommended to choose k < 1 at the cost of convergence speed, which is also referred to as
under-relazation (cf. [61, page 212]). If 0 < x < 2, the convergence result from Theorem holds
as well if the linear system is consistent, see [[02, Theorem 5.1]. Moreover, the convergence of the
standard Kaczmarz’s method is rather slow. To improve the rate of convergence, a randomized version
was introduced in [133]. In each iteration, this version randomly chooses a row index and performs the
respective update step, where the probability of each index is proportional to the squared norm of the
respective row vector. The randomization yields an exponential convergence rate for the expected error.

Related methods

As we have already pointed out, ART without a relaxation parameter is known for producing non-smooth
reconstructions in the case of noisy measurements. In each step , the color values are corrected
such that the corresponding equation of the system is satisfied. But, if the reference value contains noise,
this update step has a negative effect on the reconstruction quality. Therefore, further methods based on
the concept of ART were developed that incorporate the error for each X-ray equation into the update
step in order to reduce the effects of noise. One approach was the simultaneous iterative reconstruction
technique (SIRT) (cf. [55]), which was followed by the simultaneous algebraic reconstruction technique
(SART) (cf. [9]).

Here, we want to focus on the modified iterative solver for the system within SART. Given the
current approximate solution x; € R", k € Ny, the j-th component xj_ ; of z; is updated via the formula

1 (xk,ai)2 — by

Tk+1,j = Tk, — — * Zam . ALIRE fOI"j = 1, ey Ny (915)
Uj im1 w;
where A = (a;,j)1<i<m denote the matrix entries and
1<j<n

m n
v = Zai’j forj=1,..,n, w; = Zam— forj=1,....m (9.16)

i=1 j=1

are the column and row sums of A. In most applications, the expressions (9.16) are non-zero, so that
(19.15) is well-defined. Note that the update term is a weighted sum of the correction terms

<$k,ai>2 —b;
Wy

, (9.17)

where w; ; represents the length of the i-th X-ray beam and (xy,a;)2 is the line integral of the current
approximate reconstruction in the context of image reconstruction. Hence, the term (9.17)) distributes
the interpolation error uniformly over the i-th X-ray beam. By setting

v, ... O wl_l 0

—1

0 ... v, 0 ... wy,

we can write the iteration (9.15)) in terms of matrix vector multiplication. As in Remark we can
add a relaxation parameter (cf. [I0]), which yields the iteration

Tpp1=xp — K-V ATV . (A-z—b) for k € Np. (9.18)
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For a positive definite matrix B € R!*! with [ € N, we define the respective inner product and resulting
B-norm as

(z,y)p =2 -B-y and lzlls :== /{z,x)B for z,y € R%.

With this notation, we get the following convergence result (cf. [72]).
Theorem 9.14. Let x € (0,2), b € R™ and A € R™*™ satisfy the conditions

(i) a;j >0 fori=1,..,m, j=1,..,n,

(it) v; #0 for j=1,...,n,

(iii) w; #0 fori=1,...,m.
Set

S={rer"[b—4-alw=inf [b-A-ylw}.
and define x* € S as the unique element in S that satisfies
lz*llv = inf f|z]lv.

If Puer(a) denotes the orthogonal projection onto the kernel of A with respect to (-,-)v, then for every
initial vector xo € R™, the iteration is convergent with

k— oo *
Tk ':)’_> Pker(A) (IO) +x.

In particular, the method converges to x* if xo € ker(A):, where the orthogonal complement is again
taken with respect to the modified inner product.

Advantages and disadvantages

Finally, we want to highlight the main advantages and disadvantages of algebraic reconstruction methods
in comparison to the FBP method from Section Recall that the discretization of the FBP method
is based on the discrete convolution, composite trapezoidal rule and linear spline interpolation, which
can be implemented efficiently (cf. [61, Section 8.7]). With an appropriate choice of filter function and
bandwidth, we get an accurate reconstruction due to the respective convergence rates. In contrast, the
computational costs of algebraic reconstruction methods are very high, since they involve huge systems
of linear equations for high-resolution images. To solve these linear systems, one usually makes use of
iterative solvers such as Kaczmarz’s method , which can suffer from slow or even non-convergence.
Moreover, many parameters have to be determined within algebraic methods, e.g. the choice of basis
functions, the initial value for the iterative solver or the number of iterations. The determination of
suitable parameters for the reconstruction is very challenging, as there is no general selection rule available.
Due to these challenges, transform methods such as the FBP method have been preferred in commercial
scanners for a long time (cf. [2I), Introduction], [29, Section 6.1-6.4], [52), Section 9.6]).

However, the FBP method relies on large, regularly distributed data sets. As we have already stated in
the introduction to the second part of this thesis, there are situations where regular line distributions like
the parallel beam geometry cannot be applied, e.g. due to angle limitations, or where we need to reduce
the radiation dose significantly. In these settings, the accuracy of the FBP method is no longer given
or it might not be applicable without further modifications. One of the main advantages of algebraic
reconstruction methods is their flexibility, since they allow for all possible distributions of lines in the
plane, even for scattered data sets (cf. [61, page 214]). It has been shown by numerous examples that
algebraic methods are able to outperform the FBP method in certain restricted or low-dose settings, see
e.g. [95). Moreover, it is easy to incorporate prior (physical) knowledge into the reconstruction process
when using algebraic methods, e.g. by incorporating a regularization term (see, e.g., [21} page 99 & 101]).
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9.3. Other methods

To close this chapter, we provide some further examples of reconstruction methods with brief descriptions,
which demonstrate the wide range of the research field concerning computerized tomography:

e Statistical inversion: Given an inverse problem Az = y, where A : X — Y is a linear operator,
the involved spaces X,Y are seen as probability spaces with probability distributions px, py, and
y is is seen as a realization of Y. Moreover, it is assumed that we know the prior density px and
the conditional probability distribution

py(y | x) for z € X,

also referred to as the likelihood function. In this case, Bayes’ theorem (cf. [(7, Theorem 3.1]) states

that the converse conditional probability distribution is given by

_px(@)-py(yl =)
Py (y)

px(z|y) forz € X,

where py (y) can be computed via

py(y) = [ py(y|z)- px(x) dc.
/

With this posterior probability distribution, we can then determine an approximate solution to
the inverse problem. One common approach is the mazimum a posteriori estimate (MAP), which
determines the reconstruction via

IMAP = glea)%i px (x| y).

When applying this method to computerized tomography, the input space X is typically simplified,
e.g. by using the pixel basis from Section The main challenge of statistical inversion methods
is to find good models for the required probability distributions. For further reading, we refer to
77, [0, [123).

e Interpolation with zonal kernels: In [I7], every parameter pair is identified as an element of
the unit sphere S? = {z € R? | ||z||2} via the injective mapping

YR x[0,7) = S%, (r,0) — - (cos(0),sin(),r)" . (9.19)

1
V1+r2
The image of this mapping is given by the back half of the unit sphere without the north pole
(0,0, 1)T, and the respective set of antipodal points represents the same set of lines in the plane.
Hence, the image is seen as a subset of the projective space

P? > §%/~,

where ~ is the equivalence relation that identifies antipodal points. In contrast to other reconstruc-
tion methods, this approach does not come with a reconstruction model. Instead, given scattered
Radon data, standard interpolation on P? with zonal kernels, i.e. kernels on manifolds, is used to
approximate the required Radon data of the target function to apply other reconstruction methods
like the FBP method. For the interpolation on P2, a suitable metric on this manifold is required.
We discuss further details in Section [10.3l

e Neural networks: Lastly, artificial neural networks have also found their way into the research
field of tomography. In [73], the authors propose a method that combines the FBP method from
Section with a convolutional neural network, called FBPConvNet. The idea is that, given a
limited amount of measurements, the FBP method computes an initial approximate solution which
is then refined by the convolutional network. Another example is given in [I5], where the deep
image prior approach is used. But this is just a small glimpse at the wide use of neural networks
in computerized tomography, or more generally, in inverse problems.



10. Image Reconstruction with Weighted
Kernel Functions

With the preparations from the first part of this thesis and Chapter [§] & [0} we are finally able to analyze
and classify the kernel-based reconstruction proposed in [38]. In the introduction of this thesis, we have
already mentioned that the theoretical part of this paper did not properly explain the well-posedness of
the reconstruction method. To verify this claim, we list and explain the critical parts below:

e For the framework of kernel-based generalized interpolation, it is essential that the considered linear
functionals are elements of the dual space. In particular, the boundedness of a functional A € Hj
ensures that the induced basis function AYK (-, y) is a well-defined function and an element of the
native space H (cf. Theorem[3.12). At best, the sections [38, Section 2-3] explain that all entries of
the resulting interpolation matrix are finite when using weighted versions of common translation-
invariant kernels. In our eyes, this indicates that the incorporation of a weight function results
in the boundedness of the associated functionals, but it does not represent a sufficient proof. We
provide a full proof in Proposition [10.15 where we derive suitable conditions on the weight function
as well.

e As discussed in the introduction of Chapter 4l the generalized interpolation problem has a unique
solution for any given data values if and only if the considered functionals are linearly independent.
To justify the well-posedness of the reconstruction scheme, the authors refer to the paper [68]
(cf. [38, page 11, line 13-14]), which does not make sense. The analysis regarding the linear
independence in [68] is concerned with compactly supported distributions, whereas the line integral
functionals are not compactly supported due to their unbounded integration domain. Thus, we
cannot use the results of [68] in this case. We discuss the linear independence of these functionals
in Subsection where we recall the practical workaround from Remark that makes the
theoretical analysis of the linear independence almost irrelevant.

The unclear points from above give rise to a theoretical reinvestigation of the reconstruction method,
which is the main focus of this chapter. Based on [38] Proposition 1], we explain that commonly used
translation-invariant kernels are not suited for the interpolation of Radon data. Due to this incompatibil-
ity, the authors of [38] introduced the class of weighted kernel functions, which we analyze in Section
We explain the underlying concept and useful properties. Following our analysis of weighted kernels, we
demonstrate their utility in the context of Radon data interpolation. We prove that the associated func-
tionals are indeed elements of the native dual space for suitable choices of weight functions, discuss the
linear independence of these functionals and show how we can apply the convergence results and greedy
algorithms from Chapter [f] & [7] Regarding the selection of data points, we provide further approaches
in Section [10.3] that adapt to the particular reconstruction problem, where we take into account the
symmetry of the Radon transform. As an alternative, we briefly explain the non-symmetric version of
this reconstruction method in Section Thereby, we use translates of common translation-invariant
kernels to model the reconstruction, as it is done in Kansa’s method (cf. [79]).

Let us start by specifying the interpolation setting for the image reconstruction from (scattered) Radon
data. In this case, the interpolation functionals are given by the line integral operators

Rro(f) = / f(x) dx for (r,0) e R x [0,7), f: R? 5 R. (10.1)
lro

The functionals from are called Radon functionals in the following discussion. It is clear that
the Radon functionals are linear, but, in order to apply the generalized interpolation framework, the
functionals also have to be bounded on a suitable native space. In the initial part of [38], it was shown
that this approach is not compatible with common translation-invariant kernels. For this class of kernels,
the double integrals with respect to a fixed line in the plane diverge (cf. [38, Proposition 1]).
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Proposition 10.1. Let K = ®(- — ) be a translation-invariant kernel with ® € ¢ (R?) N L'(R?) and
(r,0) € R x [0,7) such that R®(0,60) > 0. Then we have

/ /K(m,y) dy dx = oo

Lro Lro
i.e. the respective double line integral diverges.

Proof. We rewrite the double integral as

//K(x,y)dydx:R/R/d)((t—s)-vg) dsdt:R/]R/fb(s-vg)dsdt:R/Ré(O,H)dt

ZT,G 27‘,8

by using the mass-preserving diffeomorphism 7; : R — R, s +— ¢t — s for every ¢t € R. This representation
proves the assertion. O

Recall from Theorem and Remark that for any functional A € H} from the dual space, its
squared norm is given by

A% = ANk = XK (). (10.2)

In the case of a Radon functional R, g, the right side of equation coincides with the double integral
from Proposition But, under the assumptions of the proposition, the double integral diverges and
cannot be the squared norm value of a functional from the dual space. Therefore, we can conclude that
the respective Radon functional is not an element of the dual space.

Corollary 10.2. In the setting of Proposition we have R, g ¢ H3.

The consequence of Corollary is that we cannot naively use common kernels like the Gaussian
kernel or the radial characteristic kernel (cf. Example . However, the authors of [3§] also provided
a workaround to fix this problem. We can modify standard kernels by multiplying them with a weight
function to enforce desired properties. This construction yields a new class of kernels, called weighted
kernel functions (cf. [38] Section 3]). Note that we could also try to find other non-translation-invariant
kernels, but these are rather rare and the requirement that the Radon functionals have to be elements of
the native dual space further complicates the search. Meanwhile, the theoretical analysis of weighted ker-
nels is simplified due to the connections to the original kernel. By choosing appropriate weight functions,
we can construct suitable kernels for the interpolation of Radon data quite easily, see Section [10.2

Remark 10.3. The analysis of kernel-based image reconstruction from Radon data via generalized
interpolation dates back to the master thesis of Sironi from 2011, see [126]. There, it was already shown
that the double line integrals diverge for Gaussian kernels. In order to fix this problem, the outer line
integral was replaced by a truncated or weighted version of the Radon functional. A summary of the
theoretical and numerical results from the master thesis was published in [39]. One significant drawback
of these two approaches is the missing symmetry in the interpolation matrices since only one application
of the Radon functional is replaced by a truncated or weighted version. Hence, the reconstruction method
does not fit perfectly in the setting of generalized interpolation, so we cannot use the tools from the first
part of this thesis without further modifications.

10.1. Weighted kernel functions

In the paper [38], the respective authors proposed the use of weighted kernel functions to guarantee that
the double integrals from Proposition are finite. We want to collect relevant properties of weighted
kernel functions here, which help us to show the well-posedness of Radon data interpolation with these
types of kernels. Note that weighted kernel functions have already been analyzed in the master thesis
[57], mainly in the context of standard interpolation. We build on that work and extend some of the
theoretical results.

The idea of weighted kernel functions is to symmetrically apply weights to the kernel evaluation via
multiplication.
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Definition 10.4. Let K : R? x R? — R be a positive semi-definite kernel function and w : R* — R be a
function. The weighted kernel function K, : R? x RY — R? of K and w is defined as

Ky(z,y) == w(z) - K(z,y) -w(y)  forz,y € RY,
The function w is called the weight function of K.

In general, a weighted kernel is again positive semi-definite on R%. For interpolation purposes, we wish
to guarantee that the weighted kernel K, of a positive definite kernel K is again positive definite. The
positive definiteness of the kernel is preserved if and only if the weight function w has no zeros on R¢ (cf.
[57, Theorem 3.1]).

Proposition 10.5. Let K be positive semi-definite R and w : R — R be a function. Then K, is
again a positive semi-definite kernel. If K is positive definite, then K,, is positive definite if and only if
w(x) # 0 holds for all x € R

Proof. 1t is clear that K, is symmetric. Let X = {x1,....,2,} C R? be a finite subset and define the
diagonal matrix

w(ry) ... 0
Wx = : : e R™™.

The matrix Ak, x is then given by Ax x = W):? - A x - Wx, and therefore

CT~AK X~C:(Wx~C)T~AK7X'(Wx~C)ZO foralchR",

w

since K is positive semi-definite. This proves that K, is positive semi-definite as well.
For the second part, we first assume that K, is positive definite. According to part (1) of Proposition
we have

0< Ky(z,z) =w(x) Kz, z) - wz) =w)? K(z,) for all z € R?,
which implies w(z) # 0 for all 2 € R?. Conversely, if w(z) # 0 holds for all x € R?, we have

' Ag Xoc:(WX~c)T~AK7X'(WXoc)>0 for all c € R™\ {0}

w

for all finite sets X = {x1,...,2,} C R? of pairwise distinct points, as K is positive definite and Wy is
regular in this case. Hence, K., is positive definite on R<. O

Example 10.6. In order to illustrate the effect of the weight function, we consider a Gaussian kernel
K(xz,y) := emvvllz=yl3 for 2,y € RY
with shape parameter 11 > 0 and a Gaussian weight function
w(z) == e~v2lel for x € RY.
with parameter v, > 0. The kernel K and its weighted version
Ko(z,y) = e lIel3  gmvlle=vlly L o=vallvlls  for oy € RY

are visualised in Figure for d = 1. In contrast to the original translation-invariant kernel K, the
weighted kernel K, is not constant on the diagonal, as the application of the weight function causes a
fast decay. Note that the weighted kernel does not inherit the translation-invariance of the original kernel
in general.
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Figure 10.1.: Plot of Gaussian kernel on R x R with shape parameter v; = 1 (left) and plot of the weighted
version with Gaussian weight function and additional shape parameter v5 = 1 (right)

Due to Proposition the weighted kernel K, again generates a reproducing kernel Hilbert space
Hr, with K, as its reproducing kernel. In the following, we want to investigate the connection between
the reproducing kernel Hilbert space H i of the original kernel K and Hg,. As an initial step, we take
a look at the standard basis functions of the weighted kernel. For z € R?, the standard basis function
with respect to K, is given by

Ky(2) =w() - K(,z) - w(@). (10.3)
Note that the right part K (-, x) - w(x) is the Riesz representer of the weighted Dirac functional

(59(6“’) =w(x) -0, € Hi,

and 59(5“)), d, are multiples of each other if w(x) # 0. In the case that the weight function w does not have
any zeros on R?, we can write the dense subset Sk from (3.3 as

Sk = spang {(5;w)yK(~,y) ‘ x € ]Rd}.
With equation (10.3), it follows that the linear mapping
I, : Sk = Sk, frw-f (10.4)
is surjective. Moreover, II,, is isometric since we have
(Kuw(2), Ku () K, = w(z) - K(2,7) - w(Z) = <5;w>yK(.,y),5;w>yK(-,y)>K for z, % € RY.

By continuous extension of IL,, we can show that Hx and Hg, are isometrically isomorphic. This
result is a generalized version of [57, Theorem 3.4], where the assertion was proven for the special case of
translation-invariant kernels. Moreover, the kernel K does not have to be positive definite.

Theorem 10.7. Let K be positive semi-definite on R and w : R — R be a weight function such that
w(zx) # 0 for all x € R. Then, the mapping

Hw:HK—)HKw,f'—)w'f

18 an tsometric isomorphism.
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Proof. Consider the restricted mapping I, from (10.4)). According to our previous discussion, II,, is an
isometric isomorphism between the pre-Hilbert spaces Sk and Sk, , which are dense in their respective
native space. Therefore, II,, can be extended continuously to an isometric isomorphism

I:Hg — HKw
that coincides with II,, on Sk, i.e.
(f) =T, (f) =w-f  forallf € Sk.

It remains to show that II,,(f) = w - f holds for all f € Hx. So let f € Hx be an arbitrary function.
Since Sk C H is dense, we can find a sequence (s,),cy C Sk that converges normwise to f. Due to
Proposition part (5), this sequence also converges pointwise to f. Using the same argument and the
continuity of II, we can conclude that (II(sy)), y converges normwise and pointwise to II(f). In total,
we get
w(x)- f(x) = lim w(z) - s,(z) = lim I,[s,](x) = lim II[s,](z) = II[f](z) for all z € RY,
n—oo n—oo n—oo

which proves the assertion. O

Corollary 10.8. In the setting of Theorem let w be another weight function that satisfies w(x) # 0
for all x € RY. Then, the spaces Hy, and Hy, are isometrically isomorphic via the mapping

0 Hi, — Hic,, f»—>%-f.

As a consequence of Theorem [I0.7] the dual mapping of II,, is an isometric isomorphism as well. This
means that we can shift the discussion about linear independence of functionals from Hj. = to the original
dual space H},. We come back to this idea when we discuss the Radon data interpolation with weighted
kernels in Section [0.2

In addition, we can identify the native space of the weighted kernel as a subspace of a Sobolev space
if K satisfies the assumptions of Theorem and the weight function w is sufficiently smooth.

Corollary 10.9. Let K(-,-) = ®(- — ) be a translation-invariant kernel on R? x R? that satisfies the
assumptions of Comllaryfor a; > 1. Moreover, let w € H*(R?) for ay > 0 with w(z) # 0 for all
x € R2. Then, for any 0 < o < min (ay,as), the inclusion Hx , C H°(R?) holds and there is C > 0 such
that

1fll3¢r @2y < C - fllx,  forall f € He,.
Proof. Recall from Corollary that Hy = H* (R?) holds, and there is ¢; > 0 such that

[ fllger g2y < ex- || fllx forall f e Hg. (10.5)
Due to Theorem [10.7] and Proposition [AZ30] we have
Hi, =Mu(Hr) = {w- f|feH™ (R} C H(R?)
for 0 < o < min (a1, az), including

M (£l g2y = [[w - fllae@2) < e2- [[wllaoz @) - (| fllger@e)  forall f e Hi (10.6)

for a suitable constant co > 0. Given an arbitrary f € Hg, , there is g € Hx with f = II,,(g), so that
we can use ((10.5)), (10.6)) and the isometry property of II,, to conclude

[ fll3e ®2) = M (91340 2y < €2 - [[wllpgaz g2 - (9llnar (r2) < c1ca - [[w]l3gas w2y - 9]l %
= ci62 - ||wllpgee 2y - || fl| . -

This proves the assertion. O

Remark 10.10. The previous corollary gives some additional insights on the relation between the consid-
ered native spaces if as > a1. In this case, we can choose 0 = a1, so that the native space of the weighted
kernel is a subspace of the original kernel’s native space, and the norm of the weighted space is stronger
than the one of the original space. This implies that any bounded linear functional on (Hg, | - ||x) in-
duces a bounded linear functional on (Hg,,| - ||k, ), but the converse is not true in general. In Section
[[0.2] we derive suitable conditions on the weight function, which ensure that the Radon functionals from
are elements of the dual space Hj, , although this does not hold for standard translation-invariant

kernels (cf. Corollary [10.2)).
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Conversion formulas for standard interpolation

To demonstrate useful properties of weighted kernels outside the application in computerized tomography,
we derive some conversion formulas for tools like the power function or the Newton basis (cf. Chapter
@ in the case of standard point evaluation functional interpolation. For the sake of simplicity, we set

Ax = {(5I

xeX}

for every X C R?. In the context of interpolation, X = {w1,...,2,} is always a finite subset of pairwise
distinct points and K is assumed to be positive definite so that Ax is linearly independent. We are
interested in the relation between the interpolation spaces Sk A, and S, A, as well as their respective
Newton bases. As we show in the following proposition, the Newton basis elements of Sk, A, can be
attained by multiplication with the weight function w. This is again due to the mapping properties of
the isometric isomorphism II,, from Theorem [T10.7}

Proposition 10.11. In the setting of Theorem let K be positive definite and X = {z1,...,x,} C R?
be a finite subset of pairwise distinct points. Then 11, is an isometric isomorphism between Sk A, and
Sk.Ax- If the weight function w is positive on RY, i.e. w(z) > 0 for all x € RY, the Newton basis N@)
of Sk, Ax 15 given by

N — {w~n1,...,w~nn} = {Hw(nl),...,Hw(nn)},

where N' = {ny,...,n,,} denotes the Newton basis of Sk a -

Proof. Similar to the discussion before Theorem [[0.7], we observe that
SK,AX = Spallg {5:&?})2!]((’2/) 1= 17"'7”}7

so that II,, isometrically maps basis elements of Sk s, to basis elements of Sk, A, ie.

I, (000K (,y)) = 6%, Kol )

and
(00 K (). 080 K (L)) = (T (887K (1)) T (887K (1)) )

for 7,5 = 1,...,n. Hence, the restriction of II,, to Sk A, is an isometric isomorphism between the two
interpolation spaces. For the second part, assume that w is positive on R%. If A' = {ny,...,n,} is the
Newton basis of Sk A, the image

Ky

B::{Hwaux“wﬂwowj}

of N under II, is an orthonormal basis in Sk, A,. It remains to show that B is the Newton basis of
Sk, Ax- Recall from Remark that the evaluations of the Newton basis are given by the Cholesky
factor of the interpolation matrix. If L is the Cholesky factor of Ax A, = Ak x, we have

Agory = A, x =Wx -L- LT -W§=Wx - L)-(Wx-L)",

w s

i.e. the triangular matrix L(*) := Wy - L is the Cholesky factor of Ak, ax as it only contains positive

entries on the diagonal (cf. [57, Theorem 3.3 (f)]). If N'(*) = {ngw), ...,n£:”>} denotes the Newton basis
of Sk,,.ax, this yields

) L al (@) w(zy) ni(z1) ... w@r) - na(z)
; : = LW =Wy . L= : : 7
ngw)(xn) ool () w(@y) - ni(zn) ... w(zn) np(zn)

or equivalently,

0 (@) = wlay) ni(ay) = Wunil () fori,j=1,...,n.

Since the elements in Sk, A, are uniquely determined by their evaluation at X, we can conclude that
ngw) = I, (n;) = w - n; for every i € {1,...,n} and therefore N'(*) = B. O
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With the previous results, it is easy to derive a conversion formula for the power function as well (cf.
[57, Theorem 3.3 (c)]).

Corollary 10.12. Under the assumptions of Proposition|10.11, let Py, denote the power function with

respect to the kernel K and P/(C;) denote the power function with respect to the weighted kernel K,,. In
this case, we have the relation

P/(\Z) (0z) = |w(x)| - Pry (0z) for all x € R

Proof. Let B = {b1,...,b,} be an orthonormal basis of Sk a,. Then

B= {Hw(b1)7...7Hw(bn)}

is an orthonormal system of Sk, o, according to Proposition [10.11} With part (3) of Corollary we
get

n n

P/(x:))((sx)2 = Kw((E,iE) - Z(Sz (Hw(bz))2 = w(x)2 ’ K((E,{E) - Zw(x)Q : bz(x)2 = w(x)Q : PAX (52)2
i=1 i=1

for every x € R?. Taking the square root on both sides leads to the desired conversion formula. O

The conversion formulas provide a huge computational advantage if the Newton basis and power
functions have already been computed for the original kernel, as we only have to multiply with the
evaluations of the weight function w. In particular, we can use the conversion formulas to easily switch
between different weight functions for numerical comparisons, c¢f. Corollary [[0.8] For the interpolant
from Sk, x, a similar conversion formula does not exist. But, given function values 04, (f), ..., 0, (f) of
a function f € Hx,,, the interpolant can be computed efficiently with the update formula from Corollary
where we can use that Px,(2z;11) = niyi(asq1) fori=1,...,n—1and X; = {x1,...,2;}.

Nevertheless, we do not further concentrate on standard interpolation with weighted kernels. Numerical
examples for the standard interpolation case can be found in [57, Chapter 4]. Our main intention for
introducing weighted kernels is to ensure the well-definedness of integral operators and their associated
discretized versions as elements of the dual space.

10.2. Radon data interpolation with weighted kernel functions

In Example we have already seen which effect the weight function can have on the original kernel K.
The properties of the weight function w can be used to enforce similar properties on the weighted kernel.
For example, if the kernel K is bounded and the weight function is integrable, then K, is integrable on
the diagonal of its domain R? x R? so that the native space can be embedded into L*(R?).

Proposition 10.13. Let K € €(R? x R?) be a bounded positive semi-definite kernel and the weight
function satisfy w € € (R?) N L*(R?). Then we have K,, € €(R? x R?) and

/Kw(x,:c)l/2 dzr < oo,
R4

so that H, C €(R?) N LY(R?).
Proof. Tt is clear that K,, € ¢ (R? x R?) holds. Due to our assumptions, we can find C' > 0 such that
K(z,x) <C for all z € R%.

Hence, we can estimate

/va(g:,x)l/? do = / jw(z)| - K (z,2)"/? dz < CY2 - ||lw|| 11 (re) < oc.
R4 Rd

As a consequence of Proposition part (2) and (3), we have Hp, C € (R?) N L' (R?). O
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Note that Proposition |3.14] also gives the norm estimate
Il gy < CV2 - fwllprgay - 1l forall f €M,
for a suitable constant C' > 0 under the assumptions of Lemma [10.13] so that the Radon transform
|-

is a bounded linear operator, see Remark [3.16] But, this does not prove that the single Radon functionals
from are elements of the dual space. For this, we have to extend the assumptions on w minimally,
such that Rw(r, 0) exists and is finite for the considered parameter pair (r,6) € R x [0,7), as this is not
guaranteed by the condition w € L*(R?). In the proof, we make use of the following lemma.

R:(Hk K.) = L' (R x [0,7))

w

w?

Lemma 10.14. If K is a bounded positive semi-definite kernel on R and w : R* — R is a function,
there is C' > 0 such that

|[f(@)] < CY2 - Jw(z)] - ||| z e R

Ko forall f € Hik,,,
and
1Kw( ) = Ko y)llx, < CYV2- (lw@)| +lwy)) — for all z,y € RY.
Proof. Let C > 0 satisfy |K(z,y)| < C for all z,y € R?. For the first property, we estimate
@) = [{f Kol 2)) kol S 1Kw (@) ik, - 1k, = lw(@)] - K(z,2) 2 - fllx, < CY2-w@)]- [If |,

for all f € Hx, and all x € R%. The second property follows from

w(z)? - K(z,2) =2 w(z) - K(z,y) - wy) +wly)? Ky, y)
<lw(@)]? K(z,2) + 2 [w(@)| - [K(z,y)] - |[wy)| + [wy)]* - K(y,y)
< O (Jw(@)] + [w(y)])?

”Kw(?x) - Kw('a y)|

2
Koy

for all 2,y € R%. O

Proposition 10.15. In the setting of Proposition where w does not have to be in L'(R?), let
(r,0) € Rx [0, ) satisfy Rw(r,8) < co. Then, the respective Radon functional from is an element
of the dual space, i.e. Ryp € Hi .

Proof. Due to the properties of the Lebesgue integral, we also have

Rilwl|(r, 0) = / ()| dz < .

Lr0

With the first property from Lemma [10.14] we can find C' > 0 such that

/ f(z) dx
Lo

for all f € Hk,,, which proves that R, g € H} . O

R0 ()| =

< [ 1@ de < | fli, - [ o) dz =€ RIful6): 1.
Lo Lr0

Example 10.16. For the practicability of the reconstruction method, it is important that we can evaluate
the Riesz representers and the inner products of the Radon functionals efficiently. Hence, it is desirable
to develop simpler representations for the line integrals of certain weighted kernel functions, as numerical
integration would slow down our reconstruction process immensely. We want to give one example here,
which is the only known so far: Consider the weighted Gaussian kernel

_ . 2 _ . _ 2 _ . 2
Kw($7y) —e v2 HIHQ .e vi Hx y”2 .e v2 ”yHQ for T,y = RQ
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with shape parameters v1,v5 > 0 from Example |[10.6] which satisfies the assumptions of Proposition
10.15] The Riesz representers of the Radon functionals are given by

2
— [ (v1+v ~r2+93 2)—2u - x,n 7U71/~z,v 2
R gKulw,y) = [ — e [t rtet)2nr et ] e
’ 1%} %]

and for all parameter pairs (r,60) € R x [0, 7). Additionally, we have

<RT1 017Rr2 02> _ ; ) e—yz‘(2vl+u2).%
’ ’ Ku ql/],V2 (017 02)
for (r1,61), (r2,02) € R x [0, 7), where
Poa s (11,72, 01,02) = (11 + v2) - (7“% + T%) — 2uyr1T9 - cos(61 — 0)
vy v, (617 92) = (Vl + V2)2 - V% . 005(91 — 92)2.

We do not prove these representations here and refer to [38, Section 4] for the computations. A visual-
ization of the Riesz representers for this particular kernel is given in Figure [I0.2] We can see that the
functions reflect the directions of the considered lines.

15 15

1.0 1.0
0.5 0.5
0.0 0.0
-0.5 =0.5
-1.0

-1.0

-15 =15
-1.5 . . . . . . -15

Figure 10.2.: Contour plot of the Riesz representers R;) 7T/sz(-,y) (left) and R} 7T/4Kw(-,y) (right) for

a weighted Gaussian kernel with shape parameters ;1 = 50 and v, =1

Remark 10.17. So far, we have only used the continuity of the involved functions to ensure that each
f € Hg,, is measurable, which is also guaranteed if we assume that K, (-, ) is measurable for all z € R?,
and to ensure that the mapping

iLl(Rz) IHKw — Ll(R2)7 f = [f]Ll(]RZ)’

which maps a function from the native space to its function class in L'(R?), is injective. Due to the
injectivity of ip1(r2), the functions in Hg,, can also be distinguished in the L'-sense, so that it can be
seen as subspace of L!'(R?). Note that this mapping does not always have to be injective. For example,
consider the discontinuous kernel K : R?2 x R? — R

K(x,y) = {

1, ife=y
0, ifx#y.

The kernel K is bounded and positive definite on R?, but the standard basis function K (-, ) is equivalent
to the zero function in L' (R?) for every x € R2. It could be beneficial to investigate the construction of
discontinuous kernels whose native space can be embedded into L'(R?) so that the theoretical results of
this chapter can be extended to the discontinuous case.
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Given finite Radon data Rf(ry,61),..., Rf(rn,0,) of a function f : R? — R, the proposed method
from [38] generates an approximate reconstruction by applying the kernel-based generalized interpolation
method with respect to the Radon functionals

A = {er,gl geeey RTnvgn} C Hz.w
with pairwise distinct parameter pairs
X ={(1,61) e (s 00) | <R x [0,7).

Overall, the method can be classified as an algebraic reconstruction method, as we finitely discretize the
Radon transform and solve the resulting generalized interpolation problem in the associated reproducing
kernel Hilbert space. This means that it inherits the advantages mentioned at the end of Section[9.2} e.g.
high flexibility regarding the scanning geometry. However, we want to point out two further advantages
of the kernel-based approach in comparison to the usual concept of algebraic reconstruction methods:

e Power function: We can keep track of the power function after each update step, which gives an
estimate for the pointwise interpolation error via and is an indicator for the stability of the
reconstruction method according to Section Thus, the power function provides a tool for mon-
itoring the reconstruction process. In particular, we can identify numerically linearly independent
Radon functionals, or in other words, numerical redundancies in the given Radon data.

e Greedy data selection algorithms: The greedy algorithms from Chapter [7] can be applied in
this case without further modifications. By applying a fixed greedy selection rule, we establish
a hierarchy within the set of Radon functionals in terms of their relevance for the reconstruction
process. To reduce the number of data points, we can only use a certain percentage of the initial
data consisting of the most relevant Radon functionals. For the algebraic reconstruction technique
from Section[9.2] it is known that a suitable reordering of the lines leads to an improved convergence
speed (cf. [59], [63], [127]), as neighboring lines in the standard ordering might contain very similar
information. The application of the greedy methods within the kernel-based approach can also be
seen as a reordering algorithm for the data points in terms of their relevance, which is immediately
available in the framework of kernel-based generalized interpolation.

Remark 10.18. In [I02] Section 5.4], reconstruction methods that rely on the concept of generalized
interpolation as discussed in the introduction of Chapter [4] are called direct algebraic algorithms. An
example of such a method was already given in [28], where the Radon functionals were represented via
the L? inner product with characteristic functions over X-ray beams, called natural pizels. However,
it remains unclear whether the natural pixel approach can be extended by other models with higher
regularity without losing the accurate representation of the Radon functionals so that it does not yield
the same flexibility as the reconstruction via weighted kernel functions. In the kernel-based approach, we
can simply switch between kernels with different regularities to change the approximation model.

10.2.1. Linear independence of Radon functionals

For the discussion about linear independence, we rely on the idea from Theorem and the following
lines, where we proved that, given a weight function w : R? — R that has no zeros and a positive
semi-definite kernel, the mapping

I, :Hx - Hk,, frw-f
is an isometric isomorphism. Consider the mappings
o:Hrk = Hi, f= Nk and ow: Hr, = Hi,, [ (K,
and let IT} denote the dual mapping of II,,, i.e.

I Hiy, — Hic, A Ao,
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Then we obtain the commutative diagram in Figure so that II7 is an isometric isomorphism between
the two dual spaces. For the interpolation with respect to Radon functionals A = {R,, ¢, ..., Rr, 0, },
which lie in Hz, ~under the assumptions of Proposition the linear independence of A is equivalent
to the linear independence of the functionals

Ry o (T (f)) = / w()- f(z)de  for f €My, i=1,n (10.7)

b .

Y4

in the dual space H} of the original kernel’s native space. Note that the kernel K is usually a well-known
standard kernel so that the analysis in H}, is probably easier than the analysis in Hj, .

I[Iy: f— w-f

H 5 Hi,

2 Pw

Hie < Hy.

IT) : A — Aoll,,

Figure 10.3.: Relation between the native spaces and their dual spaces

Here, we want to make use of the ideas from Section [4.1] for translation-invariant kernels and derive an
integral representation of the quadratic form that is induced by the interpolation matrix Ax, . To this
end, we define the weighted Radon functionals as

RU(f) = /w(x)-f(x) dv  for f € My

Lr.o

for a given weight function and parameters (r,60) € R x [0, 7) according to (10.7)), and approximate these
functionals again with suitable sequences in S;).

Proposition 10.19. Let K = ®(- — -) be a translation-invariant positive definite kernel function with
® € €(R?) N LY(R?) and let w € € (R?) such that w(z) > 0 for z € R? and its Radon transform Ruw is
finite everywhere on R x [0,7). Given a set of Radon functionals A = {R,, ¢,,...,Rr, 0, }, we have the
identity

_ 2
T A, a-c=(2m) d/2 /‘ch / w(z) - e @9 dp| - Fo(w) dw forallce R".  (10.8)

R? ey, 04,

Proof. We divide the proof into three steps:
(i) Given a parameter pair (r,0) € R x [0,7), our previous discussion shows that ’R(w € Hy. In

order to approximate the weighted Radon functional, we construct a sequence of functlonals in the
following way: For n € N, we can find R,, > 0 such that

1
w(xs) ds < —,
(,) ds < -
R\[—Rn,Rn]
where we use the notation
Tg:=T-Ng+ 8-V for s € R.

We can even assume that R,, > 1 for all n € N and set

1 -
d R, =/ R2 +r2.
Y an -+

En =
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Since w and the mapping x — K (-, x) are uniformly continuous on the closed ball B (0), there is
0 < 6, < 1/n such that

|lw(zs) —w(zs)| <ep and ||K(-zs) — K(-,25)||x < €n for |s — 5| < dp.

Now choose M,, € N sufficiently large such that

R, ‘
tn ::ﬁ<5" and set sj=(k+1/2)-t, forjeZ
With this, we define a sequence of functionals via
M, —1
A = Z w(xs,) b - 5msj € S};) for n € N.
j:_Mn

For any f € Hg, we can estimate

M1 xsj+tn/2
ROW -2 [ ) salast Yo [ e fe) - wle,) - fa)l ds.
R\[=Rn,Rn] j==Mn Ts; —tn /2

For the first summand, we can use the boundedness of K = ®(- — -) (cf. Corollary [2.23]) and the
reproduction property in Hx to get

/ () - f(z)] ds = / w(ws) - (. K () k| ds

R\[_Rnan] R\[_R'ruRn]

< fllx - 2(0)2 / w(z) ds
R\[—Rn,Rn]

<®(0)2-1/n-[|f|x.

For the second summand, we have

M1 @s;+tn/2 M, —1 @s;+tn/2
w(@) f() ~wle) fa)lds < Yo [ o) £~ w(e) - S| ds
Jj=—Mn @5 —tn /2 Jj=—Mn @5 —tn /2
— s +tn/2
[ ) fy) — ) Sl ds
j=—M, wey Stn)2
Ry
<l -z [ wlon) ds 1l - 2R02(0)2 2,
ry

< (Ru(r,0) +20(0)%) - 1/n- | fllx,
where we used that R, > 1. In total, we have

I

< (Rw(r, 0) + 3@(0)1/2) /a2,
Regarding the Fourier-Laplace transform of these functionals (cf. Definition|A.22)), similar estimates
show that the pointwise convergence

Fedn(w) 2225 [ w(z)-e " @@2 dy for all w € R? (10.9)
lr.o

holds, where we make use of the estimate

e_i‘<wa"‘-’>2 _ 6_7;'<va>2

< [{w,w)2 = (g, w)2| < llz —yl2- wllz  for all z,y,w € R?
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and the convergence §,, — 0 for n — 0o by construction. Additionally, we have the uniform bound

M —1 Ts;+tn/2
Forhn(w)] < wias,) ds

JZ*M":}CSJ. —tn/2
M, — £C<7+tn/2 M, —1 xsj+t7l/2

<> [ wdss X[ el - e ds
JZ*M"msjftn/2 jz*M"l‘a —tn/2

< Rw(r,0) + 2R, - €n,

which results in
| Fer dn ()] < Rw(r,0) + 2 for all n € N,w € R?. (10.10)

ii) For two weighted Radon functionals \ = R(w)7 = R(f{) € H3., we follow part (i) to construct the
0 0 M 70 K
sequences ’

()‘n)neN ) (:un)neN

in Sﬁ:) which converge to A, u. Due to the properties (]10.9[) and (]10.10[), we can imitate the steps
in the proof of Lemma [4.4] to get

<R£%),R£~w§)>K = (27T)d/2 . / / w(z) e~ @w dg | - / w(z) - e @2 dy | FO(w) dw.

B2 \ £ro s

(iii) Set A() = {R(w) . R(w)en} C M. By multilinear continuation of part (ii), we get

71,010 " Ty,

M Agyae=cl Ag -c:(27r)d/2~/‘ch~ / w(z) - e ) dp| . Fd(w) dw

B2 k=l g0

for each coefficient vector ¢ € R", where we used that II}, is an isometric isomorphism and

R™. =T (Rye,) fork=1,..n.

71,0k

O

Remark 10.20. If w is continuous and does not have any zeros, the intermediate value theorem implies
that w is either strictly negative or strictly positive on the domain R?. Hence, the requirement that w is
strictly positive does not lead to a loss of generality. The case that w is strictly negative can be handled
in the same way.

Although we get the same integral representation for the Radon functionals, we cannot argue as in
Section[4.]] since the weighted Radon functionals are not compactly supported for strictly positive weight
functions w € €' (R?). Hence, we cannot apply the Fourier-Laplace transform on the whole complex space
C2, and it is not guaranteed that the expressions inside the integral representations are holomorphic
functions. Until now, it remains an open problem to find a suitable bridge between our integral represen-
tation and the theory of distributions. In the space of (tempered) distributions, it is again relatively easy
to show that the finite set of Radon functionals is linearly independent for pairwise different parameter
pairs since there is only a finite number of intersection points between the lines.

However, we recall that the power function can be evaluated numerically throughout the reconstruction
process and is an indicator of linear dependence (cf. Remark . This means that we do not need a
theoretical result that guarantees linear independence in practical cases where we keep track of the power
function, which is highly recommended to monitor the numerical stability (cf. Section . According
to Theorem we already run into numerical trouble for small power function values, which makes a
plain theoretical result on the linear independence even less relevant.
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10.2.2. Convergence of the reconstruction method

For the convergence analysis, we restrict to the case that our data points are successively selected via

the discussed greedy algorithm from Chapter [7] In order to apply the respective convergence results, we

have to find suitable totally bounded subsets of Radon functionals. We follow the idea of Remark [7.7]
By construction of the Radon transform, the mapping

0:Rx[0,m) = Hy , (1,0) = Ry (10.11)

is a parametrization of the set of Radon functionals (cf. Section [5.3)), if the assumptions of Proposition
[[0.15] are satisfied. Moreover, if we restrict the radius parameter r € R to a compact interval, we can
show that the resulting restriction of g is uniformly continuous under suitable conditions on the weighted
kernel.

Proposition 10.21. Let K € € (R? x R?) be a bounded positive semi-definite kernel and let w € € (R?)
satisfy the following condition: There is a function g € L'(R), such that

lw(r-ng +s-vg)| < g(s) for all (r,0) e R x [0,7),s € R. (10.12)
Then, for any R > 0, the restricted mapping
or:[-R,R] x [0,7) = H , (r,0) = R0 (10.13)
s well-defined and uniformly continuous.

Proof. According to Proposition [10.15] it is sufficient to show that Rw(r,#) < oo for all (r,8) € R x [0, )
in order to guarantee to well-definedness of pg for all R > 0. But this follows from (|10.12)), since

R|wl|](r,0) = / lw(r -ng +s-vp)| ds < /g(s) ds < o0 for all (r,0) € R x [0,7).
R R
For the uniform continuity, let R > 0 and € > 0. Our estimate is divided into several steps:

i) With Lemma [10.14] we can find C > 0 such that
()
HKw(-,x) — Kw(-,y)HKw < c/?. (|w(x)| + |w(y)|) for all z,y € RY.

(ii) Since g € L*(R), we can find R > 0 such that

3
R\[*R,R]

(iii) Set R' = v/ R2? + R2. Due to the continuity of K, the mapping

x = Ky x)

is continuous on R¢, and therefore uniformly continuous on the closed ball Bg/(0). Hence, we can
find § > 0 such that

€
Ky(7) = Kol w <=
(K (- @) Collle < %

for all 2,y € Br/(0) with ||z — y|l2 < 4.
(iv) Lastly, we can find 6 > 0 such that

sup ||r1-ng, 5 vg, — (ra-mg, + 8- vp,) |2 < 5
s€[—R,R)]

for all (r1,601), (r2,02) € [-R, R] x [0, 7) with

This follows from the triangle inequality and the Lipschitz continuity of the mappings

(r1,00)7 = (ro,00)" H2 <.

9'—)719, 9'—)09.
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Given f € Hk,, and (r1,01),(r2,02) € [-R, R] x [0,7), we can write

w

|RT1’91 (f) - RT2,92 (f)' =

/f('f’l-’l’Lgl-|-S-’U91)d8—/f(7'2'7192+S~’l}92)d8
R

R

< [ 1SR o, +500) = Kra oy + 5+ 00, | ds
R
<l [ Bl o, 45 00,) = KuCra oy + 5+ ), ds.
R

We split the integration domain into R = R\ [-R, R] U [~R, R]. The properties (i) and (ii) lead to

/ HKw(';Tl “ng, +5- /091) - Kw(~,7"2 "M, + 5+ U92)||Kw ds
R\[-R,R]

Scl/z. / |U)(7“1~n91 +s~v91)|+|w(r2~n92—|—s~v92)|ds

R\[-R,R]
<20'2. / g(s) ds
R\[-R,R]
<&

27

and (iii) in combination with (iv) implies

R

/ | EKw(y71 - ngy +5-v9,) — K (-, 72 - gy + 5 - v0,) || k., ds < 2R - é = %

"R
in the case that

| 000" = (ra00)" | <6
In total, we have
Riv0, (f) = Rr2, 02(f)] < e[|l
and therefore
lor(r1,61) — or(r2,602)| K, = [Rri 00 — Rrss0ulli., < e

Thus, gg is uniformly continuous on [—R, R] x [0, 7). O

The requirement ((10.12]) seems to be very restrictive at first sight, but it holds for commonly used
radial symmetric functions like the Gaussian functions.

Corollary 10.22. Let w : R? — R be radially symmetric, i.e. there is a function @ : [0,00) — R such
that

w(z) = w(||z||2) for all x € R?.

If @ is non-negative, monotonically decreasing and satisfies w € €(]0,00)) N L*([0,00)), then w satisfies
the conditions of Proposition|10.21. In particular, for any bounded kernel K € € (R? x R?) and R > 0,
the mapping or from is uniformly continuous.
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Proof. Define the function
g(s) :=w(|s]) for s € R.

Then, we have

/g(s)ds:2~0/w(s)ds<oo

R

and
fw(r g+ s vg)| = (g + 5 vplla) =@ (V2 +52) < (Vi?) = g(s)
for all (r,0) e R x [0,7),s € R. O
Under the assumptions of Proposition we can conclude that the restricted set
Pri=im(on) = {Rya | (1,0) € [-R.R] x [0,7) }

of Radon functionals is totally bounded for any R > 0. Consequently, the greedy data selection algorithms
from Chapter [7]lead to a convergent interpolation method, see Theorem [7.11] [7.15] and [7.19]

Theorem 10.23. In the setting of Proposition|10.21, let R > 0 andT' =T'g. If (Ay,),,cy s chosen via the
geometric greedy algorithm , the parameter space geometric greedy algorithm or the B-greedy
algorithm for fized 8 € [0, 00] , then we have

If = I p (Dllic, =="50 for all f € Hrc,
Corollary 10.24. In the setting of Theorem[10.23, we can make the following additional conclusions:

(1) If w € € (R?) is bounded, we get convergence with respect to the supremum norm, i.e.
1f = Tcn (oo == 0 forall f € Hi, P

(2) If w € €(R?) N LY(R?) is bounded, we get convergence with respect to the LP-norm for every
p € [1, 0], i.e.
n—oo

If =Tk, (F)llLe@ey ——0  forall f € Hi, ry-

(8) Under the assumptions of Proposition we get convergence with respect to the Sobolev norm for
any smoothness level 0 < o < min(aq, ag), i.e.

1f = Iy nn (Pllpgor2) == 0 for all f € i, rp-

Proof. The statements follow from Remark and Proposition [3.14] [3.15] [10.9] & [10.13] O]

Hence, under suitable assumptions on the kernel and the weight function, we get convergence to-
wards the target function in terms of more common error measurements. To close out the discussion on
convergence, we want to state two further ideas for future work.

Remark 10.25. As we have already mentioned in Remark convergence rates for the [-greedy
algorithms in the case of linear elliptic differential operators of second order and Sobolev kernels have
been derived in [146]. In this preprint, the authors use the concept of Kolmogorov n-widths, which in our
special kernel setting are defined as
d, (T):= inf sup||A—Ps(\)|x forn e N

SCHir Ael

dim(S)=n
for a given kernel K and a superset I' C #j,, where Pg is the orthogonal projection onto S. A general
treatment of Kolmogorov n-widths can be found in [106]. According to [42] and [I46], the decay rate
of d, (T') translates to the power function, and therefore to the pointwise interpolation error. Hence,
to adopt this approach in the context of Radon functionals, we would need to determine decay rates
for d,(T'g) in dependence on the regularity of the weighted kernel K,, and fixed R > 0. Recall from
Corollary that, under suitable regularity assumptions on the kernel K and the weight function w,
we can guarantee that H g, is contained in a Sobolev space, and make use of their well-known theory.
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Remark 10.26. In our previous analysis, we have only proven the convergence of the interpolation
method for certain subspaces of the native space. Given a fixed maximal radius R > 0 and a function
f€Hk, \ Hk, g, we can consider the decomposition

f=Tkn,(f) = F = Prscy o (F) + Prseyy o (F) = Ircon,, ()
= [ = Prryry () +Prgy, v, (f) — Ik, <PHKw,FR (f))

of the interpolation error, where Py Kw.Cp 18 the orthogonal projection onto the closed subspace Hg, rp
and A,, C I'g is the current finite set of Radon functionals for the reconstruction of the target function.
Note that we have used the identity

Ik A, (PHKw,FR(f)) = Ps ., (PHKw,rR (f)) = Psyn, (f) = kA, (f)

in the second line, which holds due to Sk a, C Hu,, rp- The approximation error

|Prsc (1) = T, (Prey o, (1)

for the component in Hr, rj, has already been treated in Theorem [T0.23] In order to get convergence
results for the overall interpolation error, an investigation of the complementary operator

I— PHKW,FR

HKU,

in dependence of R could be beneficial, where I is the identity on Hg,. Recall that for any f € Hxg,,
the property

f = Pus, v, (f) € Hi, rys  and therefore A ( F=Prre, e, ( f)) —0 forall A\elg

holds due to the generalized reproduction property from Theorem [3.12] Additionally, by increasing the
parameter R, one has to reconsider the selection of the data sets A,, as the superset I'p gets larger as
well. We leave these ideas here for future work.

10.3. Problem-adapted point selection

So far, we have not taken into account the special properties of the Radon transform or the design of the
scanning procedure into the greedy selection algorithms. In the following, we propose two adaptions that
might improve the numerical performance in practical cases.

Periodic geometric greedy selection

Instead of restricting to parameter pairs from R X [0,7), we can also extend the definition of the Radon
transform of a target function f € Hx, on the whole plane R?, i.e.

Rf(r,0) = / f(z) dx for (r,0) € R?.
Lro

Due to the properties of the sine and cosine functions, we have the relation
lrg = L(_1)ir04+jm for all (r,0) € R?,j € Z, (10.14)

which translates to the Radon transform. This identification, which can be associated with a Mobius
strip of infinite width, raises some concern regarding the geometric greedy selection from , where
we have relied on the standard Euclidean distance between two parameter pairs from R x [0,7) in the
previous section. As an example, consider the parameter pairs

(0,e), (0,m—¢) e Rx [0,7)

for small € > 0. The standard Fuclidean distance between these points is given by m — 2¢ and is therefore
sufficiently large. However, the second line is also represented by ¢y _., yielding the small distance 2¢.
Thus, naively using the standard norm might not reflect the actual distance between Radon functionals
in the dual space. We give two examples of alternative metrics that take ((10.14)) into account.
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(i) Counsider the bijective, affine-linear mappings
¥ :RP =5 R? (r,0) = ((=1)7 -7, 04 jm) forjeZ

that preserve Euclidean distances between parameter pairs and satisfy ¢;01);, = 9,1, for all 5, k € Z.
With the help of these functions, we define the equivalence relation

(r,0) ~ (7,0) = 3Fj€Z:(r,0) = (70)
and the metric

sy (1001 1G.0)) s= min [(1.0) = 0Ol for (0L [(F.O) € B/~ (10.15)

Note that each equivalence class has exactly one representative in R x [0, 7), so that (10.15]) induces
a metric on this restricted space. For the implementation, we make use of

rjnel% H(Ta 0) - wj(f7é)”2 = je{{l}%,l} ||(T7 0) - wj(Fa é)HQ for (Ta 0)3 (fvé) €Rx [O,ﬂ') :

(ii) Recall from Section that we can embed the parameter space R x [0, 7) into the projective space
P2 2 §% /~ via the mapping (9.19)). In [I7, Section 3], the respective authors consider the metric

dp2 ([], [y]) = min (cos™ ' ((z,y)2), cos " ((z, —y)2)) for 2,y € S2. (10.16)

that reflects the symmetry of the Radon transform since antipodal points on the sphere represent
the same line in the plane. In combination with (9.19)), this yields a metric on R x [0, 7). However,
given a maximum radius R > 0, it is recommended in [I7, Subsection 7.1] to use the scaled version

Vs 1 [-R,R] x [0,7) = P2 (r,0) - (cos(6),sin(f), s - r)" (10.17)

1

for the identification in P2, where s > 0 is a scaling parameter that should be chosen as a multiple
of 1/R, and then apply the metric (10.16]). The idea of this scaling is to avoid distortion of average
distances between lines within the ball Br(0).

Sequential scanning procedure

The measurement of the Radon data is usually a sequential process, which means that not all mea-
surements are taken at the same time. An example was already given by the parallel beam geometry
in Section where the scanner rotates around an object with fixed angular separation and at each
position emits a fixed amount of X-rays. To generalize this situation, let us assume that the set of Radon
functionals I' is split into the disjoint batches I'; C I', j = 1,..., N, and each of these batches becomes
available at a different time when the scanner has performed measurements at the respective position.
Assuming that we have measured the data for the batches I';, j > jo, where 1 < jo < N, we can already
start the greedy point selection on the subset

Jo
o) — U r;.
j=1

Throughout the process, we have to update the power function values and evaluations at the interpolant
for the functionals from T'\T'U0) as well. Once the measurements for batch I'j, 1 are available, we extend
the greedy selection of the next functionals to the set T'0) U I'j,+1, where we can use the pre-computed
information to efficiently evaluate the required error measurements for the selection rule.

In comparison to the previously discussed greedy algorithms, the reconstruction is available earlier,
as we do not have to wait until the end of the scanning process to start with our computations. But,
since we do not have access to the whole data set at all times, we expect that this approach leads to an
inferior data point selection. It needs to be investigated whether there is a significant difference in the
reconstruction quality between the sequential and non-sequential approaches.



10. Image Reconstruction with Weighted Kernel Functions 124

10.4. Non-symmetric approach with standard kernels

Although Proposition [10.1] implies that the generalized interpolation approach with respect to Radon
functionals is not compatible with most standard kernels, we can still develop an ART-like reconstruction
method based on translation-invariant kernels. To this end, we consider a finite set X = {x1,...,x,} C R?
and the respective set of basis functions

bj = K(-,z;) = ?(- — x;) j=1,..,n

for a translation-invariant kernel K(-,-) = ®(- — -). Due to the shifting property of the Radon transform
(see, e.g., [18, Proposition 5.21]), the Radon transform of the basis functions can be computed via

Rb;(r,0) = RO®(r — (x;,n0)2,0) for (r,0) e Rx[0,7), j=1,...,n, (10.18)

assuming that RP exists everywhere. We can then proceed as in Section to derive a reconstruction
of the form

s=y ¢ (-~ 1)
j=1

from the given Radon data. This non-symmetric kernel-based approach follows the same idea as the blob
function approach mentioned in Remark [0.11] as we can switch between kernels with different smoothness
properties. But, we need to point out here that we do not have access to the tools of the generalized
interpolation approach within this non-symmetric method. This makes the choice of the center points
X = {z1,...,z,}, and therefore the choice of basis functions, more difficult as we cannot rely on the
discussed greedy algorithms. Moreover, we cannot use the power function to monitor the reconstruction
process.

Example 10.27. As an example of this approach, we want to state the non-weighted version of Example
10.16] To this end, consider the Gaussian function

O(z) = eV llzl for z € R?

with shape parameter v > 0 that generates a positive definite Gaussian kernel function. According to
Example (i) and (10.18]), the Radon transforms of the resulting basis functions are given by

RI[®(-—x)](r,0) = \/j e~V (r=(@me)2)® for all (r,0) € R x [0,7),2 € R2.
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In this chapter, we want to evaluate the numerical performance of the kernel-based reconstruction method
that was analyzed in Section m To this end, we ran several numerical tests in Pythonﬂ The imple-
mentation of the considered algorithms can be found in the following GitHulEI Repository:

https://github.com/krischil0/KernelCT

Regarding the implementation of the kernel-based method, we want to remark that the repository [113]
served as a valuable inspiration. In Section [11.1] we list the test objects that were used in our numerical
tests. These are mathematical phantoms whose Radon data can be computed efficiently for all radial
and angular parameters. For the considered objects, we compare different greedy selection algorithms
from Chapter |7] and Section [10.3| regarding their stability and approximation quality in Section [11.2
As proposed in Subsection [7.2.5] we test the algorithms in a data thinning setting. In Section [11.3] we
compare the reconstruction via weighted kernels with the FBP method from Section Our main focus
is the number of data points required to obtain a reasonable reconstruction of the given objects. Lastly,
we demonstrate the effect of regularization tools (cf. Section on the reconstruction quality in Section

Ir4

11.1. Mathematical phantoms

In our numerical tests, the target objects were given by so-called mathematical phantoms, i.e. mathemat-
ical functions that represent simplified versions of real-world target objects, and whose point evaluations
and line integral values can be computed efficiently. Thus, one can simulate the required measurements
for any scenario and evaluate the reconstruction error. We describe the two considered phantoms in the
following.

Shepp-Logan phantom

In Example (ii), we have already described the Radon transform computation for the characteristic
function of a shifted and rotated elliptical region. The Shepp-Logan phantom is a linear combination of
such functions, each of them corresponding to an elliptical region with individual parameters. It was
introduced in [124] and represents a highly simplified cross-section of a human head (cf. Figure .
Due to the linearity of the Radon transform, we can evaluate its Radon transform, also referred to as
its sinogram, very efficiently. For our tests, we used the high-contrast version of this phantom from [I8]
Subsection 5.2.2]. The parameters of the ellipses and the coefficients of the linear combination are listed
in [I8, page 118, Table 5.1].

Smooth phantom

Similar to the Shepp-Logan phantom, we can combine modifications of the bump-shaped functions f,
from Example (iv) for a fixed smoothness parameter v > 0. Since f, € H?(R?) for all 0 < v + 1/2,
we can generate phantoms of arbitrary smoothness levels within this approach and potentially observe
higher convergence rates in the reconstruction process (cf. [I8, Section 5.3], [I11Il Section 6]). Setting
v = 0 yields the same regularity as the Shepp-Logan phantom. In total, the smooth phantom is a
linear combination of three rotated, shifted and stretched versions of f,, whose parameters and Radon
transforms are provided in [I8, Subsection 5.2.3]. We chose v = 3 in our numerical tests (cf. Figure.

Thttps://www.python.org
2https://github.com


https://github.com/krischi10/KernelCT
https://www.python.org
https://github.com

11. Numerical Examples 126

Shepp-Logan phantom Sinogram

Dm

Figure 11.1.: Visualization of Shepp-Logan phantom (left) and its sinogram (right)

Smooth phantom Sinogram

Figure 11.2.: Visualization of smooth phantom (left) and its sinogram (right) for v = 3

11.2. Comparison of greedy methods

As the first numerical investigation of the reconstruction method via kernel-based generalized interpola-
tion, we compared different greedy selection algorithms in terms of accuracy and stability. To this end,
we randomly generated 10% parameter pairs from [—1,1] x [0, 7), denoted by €,and, which should result
in a scattered parameter set. Consequently, the selection space of the greedy algorithms was given by
the respective set of functionals

I'=p (Qrand)7

where g1 is the parametrizing mapping from with R = 1. Note that the random number generator
of the package NumPyEL and therefore the precise outcome of the experiment, depends on the input seed.
To ensure the reproducibility of our results, we state the selected seed for each of the described test runs.
In this section, we only provide the results of one specific seed for each experiment. However, we verified
the general trends within the results by varying the input seed.

In total, the greedy algorithms selected up to 2500 functionals. These functionals and their correspond-

3https://numpy.org/doc/stable/reference/random/generator.html, last checked: Tuesday 10t" December, 2024
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ing Radon values were then used to compute a reconstruction on the 512 x 512 pixel center grid

ke {0,...7511}} c [-1,1]? (11.1)

1 2 2
Lixet =4 — 14+ ==+ k(o — =
pixel { ST (511 512.511)

via generalized interpolation. We measured the reconstruction accuracy with the root mean squared error
(RMSE) defined as

1/2
RMSE(f, ) := 51% > (fz) = s(@)? (11.2)

me]pixel
for two images f, s : Ipixet = R. Moreover, we measured the interpolation accuracy in the domain of the
Radon transform via the error term
1/2

10102 ’ Z (Rr,e(f) - RT,G(S))2 (11.3)

(r,0) €I o1ar

of f,s:R? — R on the 100 x 100 validation grid

v
j Ao, ,99}} X { 100

Of course, f and s are set to be the original phantom and the generalized interpolant when computing the
error measurements. In the description of the results, we refer to as the reconstruction error and
call the validation error. For the evaluation of the stability, we computed the spectral condition
numbers of the resulting interpolation matrices (cf. )

As we have pointed out, the weighted Gaussian kernel from Example is the only known kernel
that yields an efficient computation of the Riesz representers and the interpolation matrix entries. Thus,
we had to restrict our tests to this kernel model. Similar to the standard interpolation case, the involved
shape parameters influence the accuracy and stability of the reconstruction method and an optimal
choice depends on the target functions and the point selection strategies. For the test runs concerning
the Shepp-Logan phantom, we set the shape parameters of the weighted Gaussian kernel to

99

2
Ipolar:{—1+j' kG{O,...,QQ}}C[—l,l]x[O,w).

(SL)

V98 = 2000, %P =2. (11.4)

The shape parameters regarding the smooth phantom were set to
50 =700, W) =3, (11.5)

To avoid bias towards one of the greedy selection algorithms, we determined these parameters via trial
and error on parallel beam geometry data (cf. ) Note that these parameters can still be optimized
for one specific greedy algorithm, an example is discussed in Section For better visibility, we group
the test results by the different types of greedy algorithms.

Remark 11.1. Due to the inefficiency of the Newton basis (cf. , we did not use the point evaluations
of the Newton basis elements for the point evaluation of the interpolant as suggested in Algorithm
lines 14 & 15. Instead, we made a change of basis and evaluated the interpolant in terms of the standard
basis to compute the pixel values of the reconstruction image.

11.2.1. (-greedy algorithms
Regarding the S-greedy algorithms from Subsection [7.2.3] we tested the following versions and labels:
e P-greedy: This represents the choice 8 = 0, leading to the selection rule (|7.3)).

e psr-greedy: The choice § = 1/2 results in the psr-greedy algorithm as discussed in ([7.10]).
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e f-greedy: The f-greedy selection rule (cf. (7.7))) represents the case g = 1.

e beta2: For the sake of completeness, we also tested the case f = 2, which is not associated with
one of the algorithms from Subsection [7.2.2

e f/P-greedy: The f/P-greedy selection rule from ED can be interpreted as the limit case § = oo
as discussed in the introduction of Subsection [.2.3l

Shepp-Logan phantom

For the Shepp-Logan phantom, we set the seed of the random number generator to
seed = 2155654 (11.6)

and used the weighted Gaussian kernel with the shape parameters from . The reconstructions after
the final iteration in the case of the aforementioned [-greedy algorithms are visualized in Figure [11.3
While psr-greedy and f-greedy achieved the best reconstruction images, beta2 and £/P-greedy were
not able to reconstruct the smaller details of the phantom and P-greedy was not even able to reconstruct
the outer oval shape of the phantom. In general, we can see many line artifacts in all reconstruction
images, which diminish the visibility of the phantom at least to some degree.

The visual perception is also supported by Figure [11.4] where we plotted the reconstruction error,
validation error and spectral conditions numbers in dependence on the number of chosen data points.
psr-greedy and f-greedy achieved the lowest reconstruction and validation errors, especially in the early
stage of the iterative selection. In the later stage, psr-greedy achieved the best error measurements.
Regarding the numerical stability, it can be seen that the condition number significantly increases when
increasing the parameter 3 of the greedy algorithm. The final measurements after selecting 2500 Radon
functionals are provided in Table

Method Reconstruction error Validation error Condition number
P-greedy 1.74e-01 6.14e-02 3.00e+03
psr-greedy 7.63e-02 1.26e-02 7.20e+04
f-greedy 8.46e-02 1.54e-02 1.05e4-06
beta2 8.53e-02 1.61e-02 2.04e+4-06
f/P-greedy 8.93e-02 2.21e-02 5.58e+07

Table 11.1.: Final measurements for Shepp-Logan phantom reconstruction via S-greedy methods

Smooth phantom

For the smooth phantom, we set the random number seed to
seed = 4578448 (11.7)

and used the shape parameters from . In Figure we can see that all considered (-greedy
algorithms resulted in accurate reconstructions after the final iteration. The final measurements in
Table verify that the average reconstruction quality is much better than the average reconstruction
quality in the test runs concerning the Shepp-Logan phantom. This indicates that the smooth phantom
better matches the smooth weighted Gaussian model, leading to a faster decay of the reconstruction
error. Similar to the Shepp-Logan reconstruction, Figure [11.6|indicates that a larger choice of 5 leads to
an increase in the condition number and therefore decreases the numerical stability, where f/P-greedy
has by far the worst condition number. However, f-greedy, beta2 and f/P-greedy achieved better
reconstruction and validation errors than psr-greedy. P-greedy again had by far the worst errors.
The previous two tests indicate that, for sufficiently smooth target functions, the parameter S can
be fine-tuned to achieve an optimal tradeoff between approximation quality and numerical stability. In
both tests, psr-greedy provided reasonable performances in accuracy and stability. P-greedy improved
the numerical stability, but it came with a relatively low accuracy due to its independence of the target
function. On the other side of the B-scale, £/P-greedy yielded relatively large condition numbers, but
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Method Reconstruction error Validation error Condition number
P-greedy 3.10e-04 1.35e-04 1.13e+05
psr-greedy 9.05e-05 2.42e-05 2.92e4-05
f-greedy 6.43e-05 1.56e-05 5.20e+-05
beta2 5.16e-05 1.25e-05 5.85e+06
f/P-greedy 6.97e-05 1.77e-05 8.26e+09

Table 11.2.: Final measurements for smooth phantom reconstruction via -greedy methods

it also yielded low errors for the smooth phantom. We wish to remark that the stability issues have
been addressed in the paper [144], but it needs to be investigated whether the stabilized versions of the
[B-greedy algorithms yield better reconstructions.

11.2.2. Geometric greedy algorithms

In addition, we tested the following geometric greedy algorithms:

e P-greedy: This is again the selection rule from ([7.3)). Although we already considered this algorithm
in the previous two tests, it was also added to the geometric greedy tests to serve as a reference for
better comparison.

e geoDual: The geometric greedy selection in terms of distances in the dual space is described by the
selection rule ([7.4). Recall that we can evaluate distances in the dual space via

A= X2ll% = O, M)k — 2+ (A1, A) ke + (2, o) for A, A2 € Hi

w "

For the evaluation of the inner product, we can use the formula from Example [10.16]

e geoParam: For the geometric greedy selection in the parameter space, which is given by the selection
rule (7.6]), we use the parametrizing map

01 - QraHd — F7 (’I", 9) = )\7‘,9
and equip the parameter space Qana C [—1,1] x [0, 7) with the standard Euclidean metric.

e geoPeriodic: We follow the approach of geoParam, but instead of using the standard Euclidean
metric in Q..nq, we consider the metric described in (10.15)), which takes the periodicity of the
Radon functionals into account.

e geoSphere: Again, we perform the thinning in the parameter space, but we use the metric (10.16)
in combination with the embedding ), into the projective space P2, see (10.17). In our tests, we
set s = 1.2, which was determined by trial and error.

Shepp-Logan phantom

To ensure comparability, we used the same parameters as in the tests concerning the 5-greedy algorithms,
i.e. the shape parameters from and the random number seed from . The reconstructions of
the Shepp-Logan phantom after the final iteration are visualized in Figure [I1.7] While P-greedy and
geoDual were not even able to reconstruct the outer oval shape of the phantom, the methods geoParam,
geoPeriodic and geoSphere resulted in reasonable reconstructions. Again, all images contain visible line
artifacts. The error plots in Figure[T1.8 verify the visual impression that P-greedy and geoDual provided
significantly inferior reconstruction images. Regarding the numerical stability, the plot of the condition
numbers in the same figure shows that P-greedy yielded the best condition numbers throughout the
test run. In comparison to the target-dependent (S-greedy algorithms, the geometric greedy algorithms
yielded better condition numbers while achieving similar accuracy in the best cases, see Table &
I3l
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Method Reconstruction error Validation error Condition number
P-greedy 1.74e-01 6.14e-02 3.00e+03
geoDual 2.02e-01 8.47e-02 8.64e+03
geoParam 8.93e-02 1.59e-02 1.51e4-04
geoPeriodic 9.09e-02 1.67e-02 1.55e+-04
geoSphere 1.03e-01 2.10e-02 1.03e+04

Table 11.3.: Final measurements for Shepp-Logan phantom reconstruction via geometric greedy methods

Smooth phantom

Again, we used the parameters from the respective S-greedy test run, i.e. the shape parameters from
and the random number seed from , to ensure better comparability. Figure shows that
all methods were able to obtain accurate reconstructions of the smooth phantom, which is also supported
by the final error measurements in Table Similar to the test runs concerning the g-greedy algorithm,
we can see that the average reconstruction quality is much better in the case of the smooth phantom than
in the case of the Shepp-Logan phantom. The error measurements and condition numbers depending
on the number of selected data points are plotted in Figure As in the previous tests, P-greedy
yielded the lowest condition numbers. Moreover, P-greedy and geoSphere yielded the best reconstruction
errors. Comparing the results of Table & we see that the geometric greedy algorithms did not
necessarily provide more stability, but yielded significantly worse reconstruction errors.

The two conducted tests concerning the geometric greedy algorithms do not show a clear tendency
towards one of the selection strategies. geoDual yielded poor accuracy while not having the best condi-
tion numbers. geoParam and geoPeriodic yielded nearly the same accuracy results with geoPeriodic
yielding lower condition numbers in the early stages of the iteration. Hence, the associated modification
of the standard metric did not have a huge effect. geoSphere achieved a reasonable tradeoff between
accuracy and stability in both test runs, but it was outperformed by P-greedy in the case of the smooth
phantom.

Although the target-dependent [-greedy algorithms yielded significantly higher accuracy in the case of
the smooth phantom, there remain major computational advantages in favor of the geometric algorithms.
First, due to their independence of the target function, we can reuse the thinned data set for other target
functions and thus save computation time in further tests. Second, the thinning in the parameter space
is usually less costly as it does not require the computation of the inner product values in the dual space
and the Newton basis. To end this section, we remark that our test results verify the applicability of the
kernel-based reconstruction method to scattered Radon data.

Method Reconstruction error Validation error Condition number
P-greedy 3.10e-04 1.35e-04 1.13e+05
geoDual 3.62e-03 2.29e-03 5.87e+06
geoParam 1.17e-03 3.19e-04 2.47e+-06
geoPeriodic 1.22e-03 3.32e-04 1.98e+-06
geoSphere 4.97e-04 1.26e-04 8.55e+-05

Table 11.4.: Final measurements for smooth phantom reconstruction via geometric greedy methods

11.3. Comparison with FBP method

For the FBP method from Section we used parallel beam geometry data as described in (9.5). Recall
that the sampling parameters of this method are coupled via (9.9). Hence, for given angular sampling
parameter N € N, the remaining parameters are given by

T
L )
since the support of the considered phantoms is contained in B;(0). In total, this yields N-(2-|N/7|+1)
Radon lines. The parameters of the Radon lines were taken from [—1,1] x [0,7) again. In our numerical

M=|N/r] L=N d=
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tests, we varied the number of angular samples N in low-dose settings, i.e. we let
N =10, 20, ..., 120,
and kept track of the corresponding reconstruction error given by the RMSE ([11.2]).

Shepp-Logan phantom

For the reconstruction of the Shepp-Logan phantom, we equipped the FBP method with the Shepp-Logan
filter due to the superior visual performance in comparison to the Ram-Lak filter (cf. Example .
Regarding the kernel-based reconstruction, which we also refer to as Kernel method, we used the weighted
Gaussian kernel with parameters from . Note that we did not use the Newton basis and thinning
algorithms. Instead, we simply solved the interpolation equations via the linear system and evaluated
the interpolant via the Riesz representers of the functional.

The reconstructions for N = 40,80, 120 are provided in Figure In our eyes, the FBP method
yielded slightly better visual results. However, the kernel-based method generated better reconstructions
in terms of the RMSE, see Figure [[1.12]

Smooth phantom

In the case of the smooth phantom, we equipped the FBP method with the Ram-Lak filter, which yielded
better reconstruction errors than the Shepp-Logan filter. For the weighted Gaussian kernel, we used the
shape parameters from and proceeded as before. The reconstructions for N = 40, 80,120 are given
in Figure For N = 40, which results in 1000 Radon lines, the FBP method provided a significantly
better visual result than the kernel-based method. This is also supported by the plot of the reconstruction
errors in Figure For larger N, the kernel-based method achieved better reconstruction results than
the FBP method in terms of the RMSE.

Data thinning on smooth phantom

To end this section, we want to demonstrate the effectiveness of proper data thinning in the context of
computerized tomography. In Figure [11.14] we have seen that the best reconstruction of the smooth
phantom via the FBP method was achieved at N = 110, which results in 7810 Radon lines. We will refer
to the corresponding reconstruction error as FBP reference here. Following the procedure in Section
11.2) we applied the psr-greedy algorithm to the respective set of 7810 Radon functionals and tracked
the reconstruction error depending on the number of the selected data points. As we have mentioned in
the introduction of Section [I1.2] optimal shape parameters for the weighted Gaussian kernel depend on
the target function and the considered greedy algorithm. For the psr-greedy algorithm, we determined
by trial and error that

v = 300 Vo = 5.5 (118)

is a good choice, resulting in superior reconstructions compared to the previous shape parameters .
As a further reference, we repeated the kernel-based reconstruction on parallel beam geometry data for
the weighted Gaussian kernel with shape parameters from , which we refer to as Kernel PBG. To
this end, we followed the procedure of the previous two tests of this section, but this time for the angular
sample sizes

N =5, 10, ..., 50.

The comparison results are visualized in Figure Note that the error curve of the psr-greedy
algorithm already crosses at approximately 700 selected Radon functionals, which is only a tenth of the
initial data set. Moreover, we see that parallel beam geometry data is in general not optimal for the
kernel-based approach, as the psr-greedy algorithm generated significantly better reconstructions in
terms of the RMSE. This observation underlines the advantage of flexibility regarding the given data
points, which is provided by weighted kernel functions.

In total, our numerical comparisons show that the kernel-based reconstruction method can compete
with the FBP method, or even result in superior reconstructions in certain low-dose scenarios. However,
we need to mention that the FBP method is far more efficient than the current implementation of the
kernel-based method.
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11.4. Regularization

In Section the reconstructions of the Shepp-Logan phantom contained several line artifacts, which
diminished the visual reconstruction quality. We want to investigate whether the regularization tools from
Section [7.3| are able to reduce the number or the intensity of these artifacts. Therefore, we considered
the thinned data set A = Aas0p that was selected by the psr-greedy algorithm in Subsection for
the Shepp-Logan phantom and applied regularization methods based on different penalizing functionals.
Besides the reconstruction error , we also computed the Structural Similarity (SSIM) Index, which
is implemented in the skimage.metrics Submoduleﬁ in Python. The SSIM Index was introduced in [139)
to improve the assessment of perceptual image quality. In total, we tested the following methods:

e Interpolation: This is just the reconstruction from Subsection[I1.2.1]via generalized interpolation.

e NormReg: Given a regularization parameter v > 0, we set I' = A and solve the minimization problem
(7.16) that penalizes the native space norm.

e TVReg: For v > 0, we solve the problem (7.17]), where we again set I' = A and choose the set E of
regularization functionals as the partial differential operators

ETV = {5’1‘ o 3.751 | T e Ipixel} U {67" o amg | HARS Ipixel}

at the grid points of Ipixer from (11.1). Since the weighted Gaussian kernel is smooth, we have the
inclusion Z7y C Hj, (cf. Proposition Wpart (4)). This regularization method is well-known as
total variation (TV) regularization.

The reconstructions for the different methods are provided in Figure For NormReg and TVReg,
we provide the results for two different regularization parameters to demonstrate that the parameter has
to be chosen carefully. As in the tests before, the parameters were determined by trial and error. We
can see that, for suitable choices of v, both regularization methods were able to reduce the intensities of
the line artifacts in comparison to Interpolation. However, we could not get rid of the line artifacts.
For large regularization parameters, NormReg tends to the zero function and TVReg seems to result in a
white blob.

Method Regularization parameter v Reconstruction error SSIM
Interpolation 7.63e-02  5.92e-01
NormReg 1.00e-06 8.87e-02  6.61e-01
NormReg 1.00e4-00 2.47e-01  2.32e-01
TVReg 1.00e-10 9.61e-02  6.00e-01
TVReg 1.00e+00 2.47e-01  6.53e-02

Table 11.5.: Error measurements for Shepp-Logan phantom reconstruction via different regularization
methods

The error measurements for the considered methods are provided in Table Both regularization
methods resulted in a worse reconstruction error, but TVReg achieved a similar SSIM index value as
Interpolation while NormReg yielded the best SSIM index value. Note that the SSIM score should be
as close to 1 as possible. Overall, we were able to achieve visual improvements, but we did not end up
with a clear image of the Shepp-Logan phantom. This underlines the impression from Section that
the smooth weighted Gaussian model is not the right choice for this type of phantom.

4https://scikit-image.org/docs/stable/api/skimage.metrics.html} last checked: Tuesday 10*® December, 2024
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Original Shepp-Logan phantom P-greedy

psr-greedy f-greedy

beta2

f/P-greedy

Figure 11.3.: Reconstructions of the Shepp-Logan phantom for different S-greedy algorithms
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Original smooth phantom P-greedy
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Figure 11.5.: Reconstructions of the smooth phantom for different -greedy algorithms
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Figure 11.6.: Error and stability measurements for smooth phantom reconstruction via g-greedy methods
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Original Shepp-Logan phantom P-greedy

geoParam
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Figure 11.7.: Reconstructions of the Shepp-Logan phantom for different geometric greedy algorithms



11. Numerical Examples 138

—— P-greedy
\— geoDual
—— geoParam

2x1071 —— geoPeriodic

—— geoSphere
~

Reconstruction error

10—1 4
0 500 1000 1500 2000 2500
Number of selected data points
—— P-greedy
—— geoDual
—— geoParam
—— geoPeriodic
101 geoSphere
S D
o
C
k)
S
@©
o
]
0 500 1000 1500 2000 2500
Number of selected data points
104-
0]
Q
£
>
c 103 4
c
o
£
c
e}
O
P-greedy
—— geoDual
102 —— geoParam
—— geoPeriodic
—— geoSphere
0 500 1000 1500 2000 2500

Number of selected data points

Figure 11.8.: Error and stability measurements for Shepp-Logan phantom reconstruction via geometric
greedy methods
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Figure 11.9.: Reconstructions of the smooth phantom for different geometric greedy algorithms
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methods
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FBP method; N = 40 Kernel method; N = 40
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Figure 11.11.: Reconstructions of Shepp-Logan phantom via FBP and kernel method for different angular
sampling rates
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Figure 11.12.: Error decay for Shepp-Logan phantom reconstruction via FBP and kernel method
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FBP method; N = 40 Kernel method; N = 40
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FBP method; N = 120 Kernel method; N = 120

Figure 11.13.: Reconstructions of smooth phantom via FBP and kernel method for different angular
sampling rates
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Figure 11.14.: Error decay for smooth phantom reconstruction via FBP and kernel method
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Figure 11.15.: Error decay for psr-greedy algorithm in comparison to FBP reference value and standard
kernel-based method on parallel beam geometry data
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TVReg: y=1e-10

Figure 11.16.: Reconstructions of the Shepp-Logan phantom for different regularization methods



12. Summary and Outlook

Motivated by previous advances in the research field, this thesis aimed to provide an extensive overview
and analysis of generalized interpolation problems in reproducing kernel Hilbert spaces and to further
elaborate the kernel-based image reconstruction from scattered Radon data. Due to the generality of most
theoretical results, we split our work into two parts. While the first part focused on more abstract and
general analysis, the second part contained more practical work driven by the application of generalized
interpolation to computerized tomography. Thus, interested readers with different applications can mostly
focus on the first seven chapters.

In the first part, we discussed the theoretical aspects of generalized interpolation. Besides theoretical
results on the linear independence of functionals and the convergence of the interpolation method, we
explained and analyzed the generalized Newton basis and greedy data selection algorithms. Moreover,
we complemented the greedy algorithms with a simple, flexible regularization approach. The content of
the first part can be seen as a framework for treating generalized interpolation problems that arise when
discretizing linear problems.

The second part of this thesis started with an introduction to the mathematical problem of comput-
erized tomography and a brief overview of reconstruction methods. With these basics, we were able to
discuss the image reconstruction from scattered Radon data via kernel-based generalized interpolation.
Based on [38], we analyzed weighted kernel functions and showed that the Radon functionals are elements
of the native dual space for suitable combinations of kernels and weight functions. Moreover, we showed
that the derived framework of the first part can be applied under suitable conditions. In our numerical
experiments, we demonstrated that the choice of Radon functionals is a critical component of the recon-
struction method. Recall that this was already well-known for standard interpolation applications. In
addition, numerical examples indicated that the kernel-based reconstruction method can compete with
other, well-established reconstruction methods in certain scenarios. The numerical results underline the
importance of flexibility and the effectiveness of the derived tools.

Note that we do not summarize the theoretical results of this thesis in more detail here, since we already
provided a detailed list of our contributions to the research field in the introduction of this thesis. In the
following, we will give an outlook on real-world applications and state remaining open problems.

Real-world applications in computerized tomography

Based on the numerical results of Section [I1.3] we want to discuss possible real-world applications for the
kernel-based reconstruction method. As shown in Figure the kernel-based method in combination
with proper shape parameters and a suitable greedy algorithm can be used to reduce the number of
data points while maintaining the accuracy of the FBP method in certain settings. For the scanning
procedure, one could still use common scanners that follow a regular scanning scheme like the parallel
beam geometry but only take the measurements for lines that belong to the thinned data set. Figure [[2.3]
shows a modification of the parallel beam geometry scanning scheme from Figure where only a
selection of Radon lines (blue) is considered at each angle. The remaining Radon lines (red) are ignored
in the scanning procedure. Consequently, the performance of the kernel-based methods in practice could
easily be tested in existing systems for computerized tomography.

In medical imaging, the reduction of data points results in lower radiation exposure for patients. How-
ever, the thinning process requires the Radon data for a large set of Radon lines to derive a suitable
representation of the complete Radon data. A lower radiation exposure is only achieved if the thinning
is performed on training data sets prior to the actual examination of patients. To this end, it should
be investigated whether the vectorial greedy approach from Subsection is able to determine func-
tional sets that generalize well to certain groups of examinations. Moreover, it should be investigated
whether the sequential thinning approach from Section[10.3]yields a similar accuracy as the usual thinning
procedure, since reconstructions are available earlier within the sequential approach.
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Figure 12.1.: Modification of parallel beam geometry scanning procedure from Figure

Kernel-based methods for linear inverse problems

The main objective of the first part was to derive an extensive framework for solving generalized inter-
polation problems with positive definite kernel functions. These problems usually arise when discretizing
linear inverse problems such as the reconstruction from line integral values, which served as our main
application in the second part of this thesis. Due to the mild assumptions made in the first part, we
were able to apply the derived theory and tools to computerized tomography without further modifica-
tions. Hence, we assume that the derived framework can be applied successfully to many different linear
problems. For the sake of clarity, we want to list the two key requirements for the application of the
kernel-based framework.

To this end, let A : F1(X) — F2(Y) be a bounded linear operator between two Banach spaces F1(X)
and F»(Y') consisting of real-valued functions on the domains X and Y. Given a target object f € F1(X),
we can only perform finitely many measurements, i.e. we only have access to the values Af(y;), i =1, ...,n,
corresponding to a finite point set {y1, ..., yn} C Y. In the context of generalized interpolation, this leads
to the discretized problem

As(yi) = Af(y:)  i=1,...,n, (12.1)

where s € F;(X) is the approximation to f. The requirements of the kernel-based framework can then
be described as follows:

(i) The problem is a generalized interpolation problem with respect to the functionals §,, o A,
i = 1,...,n, where J,, denote the respective Dirac functionals. Hence, we need to choose a kernel
function K such that 6,0 A € H} for all y € Y. Due to the reproduction property, it is rather easy
to find suitable kernels for common problems, see e.g. Proposition[3.14 and Section[£:1} In addition,
one can modify standard kernels to enforce the boundedness of these functionals in certain settings.
For example, weighted kernels as introduced in Section [10.1| represent a simple modification and
guarantee the boundedness of the Radon functionals for appropriate weight functions (cf. Section
10.2).

(ii) For the efficient implementation of the framework, it is essential that the Gram matrix entries
<5y1. oA, b, o A> ii=1,.n
K
can be computed efficiently, since these values are the basis of the whole reconstruction process

(cf.  Algorithm . To this end, we are mostly interested in deriving analytic expressions for
the evaluation of the inner product. In the case of partial derivative operators, we just have to
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differentiate the chosen kernel. However, integral operators usually require a more careful choice of
the kernel. In [I48], the author was not able to derive an analytic expression of the inner product
due to the complexity of the spherical Radon transform. We face the same problem in Section [10.2
where we have only provided one suitable combination of a kernel and weight function in Example
[[0.16] Until now, no further combinations are known that deliver suitable analytic expressions.
Hence, this requirement is a critical part of the application to inverse problems.

If the considered operator and the chosen kernel meet the previous two requirements, the framework
including its interpolation tools can be applied efficiently to determine a reconstruction.

Open problems

At last, we want to highlight relevant problems and questions that arose in our analysis and were not
solved. The following list can be used as a guideline for further advances in the research field of kernel-
based (generalized) interpolation.

e Newton basis computation: As stated in Remark the computational costs of evaluating
a given functional from the dual space at all Newton basis elements grows quadratically, which
is a significant disadvantage in applications with huge underlying data sets. In Section we
restricted ourselves to data sets of order 10° and lower to achieve feasible computation times. For
significantly larger sets, it would take hours to compute a reconstruction with the presented kernel-
based algorithms. Meanwhile, the FBP method is able to compute a reconstruction from millions
of data points in a few seconds on the same hardware. A more efficient computation scheme for the
Newton basis or a similar basis would significantly improve the efficiency of the whole reconstruction
scheme. Recall that the inefficiency of algebraic reconstruction methods is still one of the major
obstacles to their practical use (cf. Section [9.2)).

e Discontinuous kernels: In Section [10.2] we assumed the weighted kernels to be continuous to
ensure that their native spaces can be embedded into L'(R?), see Remark Since common
kernel functions are usually continuous (cf. Section , this assumption is not a severe limitation.
However, it could be beneficial to investigate the construction of discontinuous kernels that are
integrable and provide a proper LP-embedding for their native space. Recall from Chapter [3] that
the smoothness of the kernel determines the smoothness of the functions from the native space.
Thus, selecting a smooth kernel leads to a smooth reconstruction model and we might not be able
to properly reconstruct relevant features like discontinuities of the target function. At the moment,
we are only aware of the approach in [40], where the authors introduced the concept of Variably
Scaled Discontinuous Kernels (VSDK). It remains to be investigated whether this type of kernel is
useful for image reconstruction from scattered Radon data.

e Further examples of weighted kernels: So far, the weighted Gaussian kernel from Example
10.6] is the only known combination of a kernel and weight function that yields an analytic expres-
sion of the Gram matrix entries and the evaluation of the Riesz representers in the case of Radon
functionals. Similar to the standard interpolation with a Gaussian kernel, the stability and accuracy
of the weighted Gaussian model heavily rely on the determination of good shape parameters. More-
over, the smooth weighted Gaussian model is probably not suited for piecewise-constant objects
like the Shepp-Logan phantom, see Section [[1.2] To enhance the versatility of the kernel-based
reconstruction method, it is essential to find other suitable weighted kernels that provide a less
smooth and more stable reconstruction model.

e Linear independence of Radon functionals: We were not able to provide a linear independence
result for the Radon functionals from in Subsection Although we ended up with the
integral representation , which is similar to the representation from we could not proceed
as in Section due to the non-compact support of the Radon functionals. However, we still
expect that the Radon functionals are linearly independent for pairwise distinct parameter pairs
and suitably weighted kernels, especially since we did not run into major numerical trouble in our
experiments. To prove the linear independence, one would have to take a closer look at the Fourier
theory of non-compactly supported and tempered distributions. As we have already stated several
times before, the linear independence result only has a theoretical value (cf. end of Subsection
10.2.1). In practical cases, we can keep track of the power function to identify linear dependence.
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e Convergence rates: In Remark & we already stated a few ideas to obtain conver-
gence rates for the image reconstruction from Radon data via weighted kernel functions. For the
convergence analysis of kernel-based interpolation algorithms, it is common to restrict to Sobolev
kernels and make use of the Sobolev space theory (see, e.g., [146] or Section [A5)). Our numerical
results from Section suggest that the order of convergence depends on the Sobolev order of
the weighted kernel. Hence, we assume that corresponding convergence rates can be derived. In
general, it is desirable to derive convergence rates in terms of the native space norm, since this
implies similar convergence in terms of other well-known norms (cf. Corollary .

e Source condition: For the convergence result concerning the image reconstruction from Radon
data (cf. Theorem , we assumed that the target function is an element of the restricted space
Hg,, 1y for given radius R > 0. Since we do not have a simpler representation of this subspace, it
is not clear whether this is a realistic assumption. In the theory of inverse problems, it is a common
source condition to assume that the target functions are elements of (fractional) Sobolev spaces,
see e.g. [I8, Chapter 4]. We saw in Corollary that, under suitable conditions, the weighted
kernels native space Hx, is a subspace of a Sobolev space again. It could be highly beneficial to
investigate special examples of weighted kernels that lead to reasonable source conditions in the
kernel setting.

e Numerical comparison to other algebraic methods: Besides the reconstruction via kernel-
based generalized interpolation, we have discussed alternative algebraic reconstruction methods in
Section [9.2] & [10.4] However, we only compared the theoretical aspects of these different meth-
ods and did not conduct any numerical comparison tests. It should be investigated whether the
framework for kernel-based generalized interpolation results in significant advantages over previ-
ous ART-like approaches with pixel or blob functions. Recall that there is no such tool as greedy
data thinning algorithms for these ART-like approaches. Hence, finding a suitable amount of ba-
sis functions is a challenging task in general and might require significantly more fine-tuning and
computational resources.

e Application to noisy or incomplete data: In our numerical comparison with other recon-
struction methods (cf. Section 7 we mainly focused on the number of data points needed to
obtain a reasonable reconstruction. As stated in the introduction of the second part, there are
other scenarios with severe data limitations, e.g. the viewing angle can be limited. It should be
tested whether the kernel-based reconstruction method is able to produce suitable reconstructions
in a large variety of critical scenarios. Additionally, the algorithm needs to be tested on (noisy)
real-world measurements, since we only dealt with simulated data in our numerical tests.



A. Mathematical Tools

In the main part of this thesis, we made use of several well-investigated mathematical tools, e.g. the
Fourier transform and the theory of distributions. We want to use this chapter as a supplement to fix
definitions and notations, which may vary in the literature. Moreover, we list relevant theoretical results
that were used in our analysis.

A.1. Standard Analysis

We start with some basic definitions and results from standard analysis. In this section, we do not include
detailed explanations. Further information can be found in common analysis books. We just state the
relevant statements, and thus try to avoid misconceptions in our analysis.

Distance function

The fill distance (cf. Section [5.2)) is based on the distance function, which measures the minimal distance
between a point and a subset.

Definition A.1. Let (Z,dz) be a metric space and A C Z. We define the distance to the subset A as

dist (z, A) := igg dz(z,a) for z € Z,

resulting in the distance function dist(-,4):Z — R.

In Corollary we interpret the power function as a distance to a finite-dimensional linear subspace.
Thus, we can rely on the general properties of the distance function.

Lemma A.2. In the setting of Definition[A.1], the following statements hold:
(1) We have
|dist(z, A) — dist(2, A)| < dz(z,2) forall z,Z € Z,
i.e. the distance function is Lipschitz continuous on Z with Lipschitz constant 1.

(2) The equation dist(z, A) = 0 holds if and only if z € A.

Totally bounded sets

For our convergence analysis regarding the greedy selection algorithms in Section[7.2] we restrict to totally
bounded subsets of the native dual space.

Definition A.3. Let (Z,dz) be a metric space and A C Z. We call A totally bounded if for any € > 0,
there are finitely many points 21, ..., zps € Z such that

M

Ac | B:(z)

j=1

In other words, totally bounded sets can be covered with a finite amount of e-balls for any given radius.
Note that A C Z is totally bounded if and only if it is totally bounded in the metric subspace (A, dy A),
where dz| 4 is the restriction of dz to A x A, which leads to the equivalent notion of totally bounded
spaces. Similar to the concept of compactness, it is not easy to determine whether a subset is totally
bounded or not just by applying the definition. We state some useful properties that help us to identify
totally bounded subsets.
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Lemma A.4. Let (Z,dz) be a metric space and A C Z.
(1) If A is totally bounded and B C A, then B is totally bounded as well.

(2) If A is compact, then A is totally bounded. Conversely, if A is totally bounded and complete with
respect to dz, then A is compact.

(3) If (Z,dz) is complete, then A is totally bounded if and only if it is pre-compact. Hence, if Z is a
finite-dimensional real vector space and dz is induced by a norm on Z, then A is totally bounded if
and only if A is bounded.

(4) Let (Y,dy) be another metric space and o : Z — Y be a uniformly continuous mapping. If A is
totally bounded, then its image o(A) is totally bounded in'Y .

Forward differences

In Proposition part (4), we have used the approximation properties of forward difference operators
regarding partial derivatives. Here, we want to properly introduce these operators starting with the
univariate case. Given a function f : R — R, it is common knowledge that its difference quotient at point
x € R with step width h # 0 is given by

J+h) — fx)

Apf(z) = h

By iterating this formula, we can define forward differences of arbitrarily high orders.

Definition A.5. For f: R — R and k € Ny, we define the k-th forward differences as
. (k
Ak f(z) = h_k-Z(—l)k_Z~ (Z) ~flx+i-h) forz € R,h #0. (A.1)

This defines the forward difference operator AF, which maps a function f to another function A f

according to (A.1).

For these forward difference operators, one can prove an extended mean value theorem and the con-
vergence to high-order derivatives for sufficiently smooth functions.

Lemma A.6. Let f: R — R be a function.

(1) For ki, ko € Ny, we have
AR [A’fj’ f} = ABRE for il h £ 0.

(2) Suppose that f is k-times differentiable for k € No. Then, for every x € R and h # 0, there is
e Q;k})l such that

AL f(x) = fH(©).
Here, Qikzb is defined as the closed interval
Q") = [w +min(0, k - h), @ +max(0, k - h)] . (A.2)

(3) If f € €*(R?) for k € Ny, we have

lim AF f(z) = f®(x) for all x € R.
h—0
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Based on the univariate forward differences, we derive a multivariate version for functions f : R — R.
Given an index | € {1,...,d} and an order k € Ny, we can apply the univariate operator to the I-th
component of the input argument, i.e.

k

AFf(a) s=h7F 3 (=1)kr (f) fle+i-h-e®)  forzeR,h#£0,

=0

where e®) € R? denotes the I-th standard basis vector. By concatenating forward difference operators
acting on the separate components of R?, we get the multivariate forward difference operators. To simplify
our analysis, we recall the multi-index notation from multivariate calculus. A multi-index is given by an
array

a=(a,..,aq) € N

of non-negative integers. The modulus of a multi-index is defined as

d
la| = Zoq.
=1

Note that, since N¢ C R? holds, we can perform the usual componentwise addition, subtraction and
scalar multiplication. Moreover, we consider the partial ordering and binomial coefficient

d
j<a & j<qforallled{l,..d} and (a> = H <C,”>
i) e \a
for multi-indices a, j € Ng.

Definition A.7. Let f : RY — R and o = (a1, ...,aq) € N be a muti-index. We define the respective
forward differences as

Rf(x) = AR oo AYYf(x)  forz e R A A0,
As in the univariate case, this defines an operator Ay for each h # 0.

For the multivariate case, one can derive results that are similar to Lemma To this end, we set

QL) = Q) x .. x QYY) c R forx = (21,....2a) ERY, a = (a1, .,q) ENG, B A0,  (A.3)

where the components QE"?ZI)L CR,1=1,...,d, are defined as in 1)
Lemma A.8. Let f: R? = R be a multivariate function.

(1) For any multi-index o € N&, we have

pf(x)=h7lel oy (1l @) fx+h-j§)  forallz R h#0.
jENE
j<a

(2) Suppose that f € €*(R?) for k € Ny and a € N¢ with |a| < k. Then, given x € R? and h # 0,
there is € € QS})L (cf. ) such that

hf(x) =D f(&).
In particular, we have

lim AZ f(x) = D f(x).
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A.2. Orthogonal Projection

The construction of the native space in Section leads to a Hilbert space of functions, where we can
apply various well-known results from functional analysis. For example, we can make use of the Fréchet-
Riesz representation theorem, which was already stated in Theorem Here, we want to focus on
the orthogonal projection operators and mainly fix notations. Further explanations can be found in any
standard book on functional analysis.

Let (H, (-, )% ) be a Hilbert space and S C H be a subspace. Given f € H, we are interested in finding
the best approximation to f from V/, i.e. an element sy € S such that

1f = sgllae = ik If = slla. (A.4)

If S is closed, we can guarantee the unique existence of best approximations.

Theorem A.9. Let (H,(-,-)3) be a Hilbert space and S C H be a closed subspace. Then, the following
statements hold:

(1) For any f € H, there is a unique best approximation sy € S satisfying . The best approxima-
tion is equivalently characterized by the orthogonality relation

(f—sp,8)u=0 forall s € S.

(2) The Hilbert space H can be decomposed via the orthogonal sum
H=SdS",
where S+ denotes the orthogonal complement of S. In particular, we have

[sgllae < N2
where equality holds if and only if f € S.

(8) If S is finite-dimensional with orthonormal basis B = {b1,...,b,}, then sy can be computed via the
orthogonal projection formula

Moreover, the squared approximation error is given by

I = ssl3 = £ 15 = D 1 bl

i=1

Definition A.10. Let S C H be a closed subspace. According to Theorem we can define the
respective orthogonal projection operator

Ps:H—=V, frsy.
From the previous discussion, it immediately follows that Pg is a linear operator with operator norm

rervgoy  Ifllx

A.3. Fourier Transform

The Fourier transform has been an essential tool in several sections of this thesis, e.g. for Bochner’s
theorem (cf. Theorem and the inversion of the Radon transform (cf. Section [8.2). For the reader’s
convenience, we provide relevant definitions and properties that add further explanation to the analysis
of the main part and clarify notations in this section. More details can be found in [I31] and [147], Section
V.2]. We start with the definition of the Fourier transform on L'(R9) (cf. [147, Definition V.2.1]).
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Definition A.11. For f € L'(R%), we define the Fourier transform Fy:f of f as

Frif(w) == (2m)~42%. /f(x) ce Tt @W2 gy for all w € R%. (A.5)
Rd

Here, the factor i denotes the imaginary unit.

Note that the integral (A.5) is well-defined for integrable functions, so that F1 defines a linear operator
on L!(R9).

Example A.12. In Example we have already stated that the Fourier transform of the Gaussian
function

G,(z) = eV el for z € R?

with shape parameter v > 0 is again a Gaussian function. More precisely, its Fourier transform is given
by

w3

FG,(w) = (2v) Y% e~ m for all w € RY,

see e.g. [I43] Theorem 5.18 ff.] or [I47, Lemma V.2.6] for computations. We remark that, due to the
simple relation between a Gaussian function and its Fourier transform, Gaussian mollifiers are popular
tools in Fourier analysis.

In the following, we list relevant properties of the Fourier transform on L'(R9) (see e.g. [I31, Theorem
1.1, 1.2 & 1.4] and [147) Satz V.2.2]).

Proposition A.13. Let f € L'(R?) be an integrable function.

(1) The Fourier transform Frif is uniformly continuous on R? and bounded by
Fof@)] < @0~ | flpgsy  foralweR?
Consequently, the Fourier transform
Fri: LNRY = G(RY), f Fraf

is a bounded linear operator, where
G®RY) = {1 € C®RY) | ||f ]l = sup |f(@)] < oo}
z€RC

is the space of bounded continuous functions on R?.

(2) The Fourier transform decays at infinity, i.e.

Frif(w) =0 for |w|2— oo.

(3) Given another function g € L*(RY), we have
Foi[f*g] (W)= 2n)Y?. Foif(w)- Frigw) for all w € R%.

Here, f * g denotes the usual convolution product on L'(R%), i.e.

(f xg)(x) iz/f(l“—y)-g(y) dy  forz e R%
Rd
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Note that part (2) of the previous theorem is known as the Riemann-Lebesgue lemma and part (3) is
usually called the convolution theorem. An important subspace for the analysis of Fr:1 is the Schwartz
space, which is given by

SR ={f e >R sup (1 [[2]) - |D° f(2)] < oo for all m & No, o € NG }.

It can be shown that .7 (R%) C LP(R?) for all p € [1,00] and
Foi [Fraif](z) = f(—x) for all f € .Z(R?), z € RY,

see e.g. [147, Lemma V.2.7]. With that, the inverse Fourier operator can be derived (cf. [I31, Corollary
1.21] and [T47, Satz V.2.8]).

Definition A.14. For f € L'(RY), we define the inverse Fourier transform F;llf of f as

Filf(z) = (2m) =42 /f(w) cet@m2 dy, for all # € RY.
Rd

Again, the factor 7 denotes the imaginary unit.
Theorem A.15. Regarding the inversion of the Fourier transform, we have the following properties:
(1) If f € LY(R?) and Fpi f € LY(RY), then
Fi Fufl =1,

where the equality holds in L'-sense. Pointwise equality holds everywhere if f is continuous. In
particular, the Fourier transform Fru is injective.

(8) The restriction
Fri: LR = 2 (R (A.6)
to the Schwartz space is a well-defined automorphism which satisfies

(Fifs Frag)peay = (f5 9) 12 (ra) for all f,g € 7(R?).

With part (3) of the previous theorem, we can construct the Fourier transform on the L?(R?) to benefit
from the Hilbert space theory. Recall that .#(R9) is dense in L?(R?), so that we extend (A.6) to an
isometric automorphism (see, e.g., [I31] Section 1.2] or [I47] pages 234-235]).

Theorem A.16. Let Fi2 : L*(RY) — L?(R%) be the unique continuous extension of with respect
to || - | z2ray on L*(R?). Then Fp: is an automorphism and isometric, i.e.

(Frofs Freg) 2wy = (f5 9) 12(re) for all f,g € L*(RY).

The previous result is known as the Plancherel theorem. Note that for functions f € L'(R%) N L%(RY),
we have the equality

Frif(w) = Fr2f(w) for almost every w € RY,

Hence, we only denote the Fourier transform as F without any suffix in our analysis. From the context,
it becomes clear which version is considered.
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A.4. Distribution Theory

In Section we have derived linear independence results for compactly supported distributions, where
we made use of well-known results from distribution theory. In the following, we list the most relevant
statements and thus provide a very brief and simplified overview. More details can be found in [67], [138]
and [I54]. We start with the space of test functions.

Definition A.17. The space of test functions on R? is defined as
2(R?) = {f € €= (RY) ‘ f has compact support}.
Example A.18. A very common example is the bump function

flz) = {eolw”g)l if 213 < 1,

o otherwise,

whose support is contained in the closed unit ball. Due to the fast decay of the exponential function, f
is infinitely smooth and therefore a test function. In addition, given € > 0, we can define the modified
version

0:@) =& | f gy f(2))  forz e RY
This collection of functions, often referred to as a standard mollifier, has the following useful properties:
(i) 9- € 2(RY)
(i) supp(g:) = B:(0)

(iii) [lgellpr(rey =1

Regarding convergence in Z(R%), we say that a sequence ( Jn)nen of test functions converges to zero if
there is a compact set E C R such that

supp(fn) CE forallmeN and sup | D f(z)] 2= 0 for all multi-indices o € N¢,
zelE

see e.g. [I54, Proposition 1.1.7]. Accordingly, the sequence converges to f € Z(R?) if f,, — f converges
to zero. Using this notion of convergence, a linear functional A : 2(R%) — R is continuous on Z(RY) if
it satisfies

n—oo

Mfn) =250 for all (fp)nen € 2(RY) with f,, =0,
see e.g. [67, Theorem 2.1.4] and [154] Proposition 1.8.1 ff.].
Definition A.19. The space of distributions is defined as
7' (RY) .= {)\ : 2(R?) — R | X is linear and continuous on Q(Rd)}.
Example A.20. In the following, we list some examples of distributions that were already mentioned
in Section [£.1t

(i) For = € RY, the respective Dirac functional given by
0:(f) = f(x) for all f € 2(R?)
is a distribution.

(i) We have 6, o D* € 2'(R%) for all + € R? and a € N¢, where D® denotes the partial differential
operator

ololf

Dof=_——> I
! Oxi ... 0xy?

for f € 2(RY).
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(iii) Let h € L _(R%) be locally integrable, i.e. for every compact subset £ C R? we have h € L'(E).

loc
Then, the induced functional

T (f) ::/f(x)-h(x) de  for f € 2(RY) (A7)
Rd

is a well-defined distribution. Distributions of the form (A.7)) are called regular distributions. In
particular, for a compact set £ C R? with positive Lebesgue measure vol(E) > 0, we can choose
the modified characteristic function h = vol(E)~! - xg to get the cell average functional

Ae(f) = Thlf) = oy - [ @) de tor f € 2R,

vol(E) 'E

In addition to Definition we say that (A,),cy C Z'(R?) converges to A € 2'(R?) if

M(f) =25 0(f)  for all f e 2(RY),

see e.g. [67, page 38] and [154, Theorem V.1.6].

Distributions with compact support

To make use of the Fourier(-Laplace) transform and its underlying properties, we restrict to the case of
distributions with compact support in our analysis. However, we first need to introduce the support of a
distribution. We say that a distribution A € 2'(R%) vanishes on an open subset U C R® if

Af)=0 for all f € 2(R?) with supp(f) C U.
The largest open subset on which A € 2/(R%) vanishes is then given by
Uy = U {U C R? ’ U is open and A vanishes on U}, (A.8)
see e.g. [I54, Theorem 1.13.1], whose complement represents the support.
Definition A.21. Let A € 2'(R?%) and U, defined as in . The support of A is defined as
supp(A) := R\ Uy,

Consequently, we say that A has compact support if supp(\) C R is a compact subset. The set of all
compactly supported distributions is denoted by

&' (RY) := {/\ € 72'(R%) ‘ supp(A) is compact}.

Note that all functionals mentioned in Example [A.20] have compact support. For compactly supported
distributions A € &'(R%), we can define a special version of the Fourier transform. To this end, let w € R?
and consider the corresponding basis function

ew R = C, x> e (@w2, (A.9)

The Fourier-Laplace transform is then given by the application of a compactly supported distribution to
the C™ functions e,,, w € R?, see e.g. [67), Section 7.3].

Definition A.22. The Fourier-Laplace transform of A € &'(R?) is defined as
Feodw) = (20)"¥2 . Xe,)  forweRY,

where e, is given by (A.9). This results in a function Fg/\ : R — C.
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Example A.23. Given z € R? and its respective Dirac functional d,, the largest open subset on which
S, vanishes is Us, = R?\ {x}. Therefore, its support is given by supp(é,) = {}. The Fourier-Laplace
transform of the Dirac functional is given by

Ferbp(w) = (2m) 42 7t @w)2 for all w e RY.

One key property of the Fourier-Laplace transform is that it maps distributions with compact support
to entire functions satisfying certain growth conditions. This result is well-known as the Paley- Wiener-
Schwartz theorem. Here, we state a highly simplified version that is sufficient for our analysis. A detailed
version can be found in [67, Theorem 7.3.1], for example.

Theorem A.24. Let A\ € &' (R?). Then its Fourier-Laplace transform Fe:/\ can be defined on the whole
complex space C%. This extension of Fe X is an entire function, i.e. it is holomorphic on C?.

As a consequence, Fg/\ usually denotes the Fourier-Laplace transform of A € &'(R%) on the whole
domain C?. To end this section, we list further properties that are relevant to our analysis.

Lemma A.25. The Fourier-Laplace transform satisfies the following additional properties:

(1) Let X\ € &' (RY) such that Fg:\ has compact support. Then we have A = 0. In particular, Fg: is
injective on &'(R?).

(2) If (An), ey 8 @ sequence of compactly supported distributions that converges to A € &'(R?), then we
have the pointwise convergence

n—oo

Forrn(w) —— FerA(w) for all w € RY,

A.5. Sobolev Spaces

In Theorem and the following, we discussed the connection between kernel-based approximation
and Sobolev spaces. Moreover, Sobolev spaces play a key role in the theory of inverse problems, see e.g.
Section or Section Although our analysis did not heavily rely on the theory of Sobolev spaces,
we want to provide a brief overview and highlight respective techniques for the analysis of kernel-based
reconstruction methods. For further reading, we refer to [2].

We start with the definition of weak derivatives (see, e.g., [2 Definition 1.62]), which is one of the
cornerstones of the Sobolev space theory.

Definition A.26. Let f € L. _(R?) be locally integrable and o € Nd. A function g € LL _(R?) is the

loc loc
respective weak derivative of f if the condition

/g(w)-h(x) do = (~1)le -/f(x)-mh(x) de  forall h € 7/'(RY)
Rd

holds, where D% denotes the respective differential operator. In the weak case, we denote the derivative
by g = D f as well and call f weakly differentiable.

Note that the fundamental lemma of variational calculus shows that the weak derivative is unique.
For differentiable functions, integration by parts shows that the usual derivative and the weak derivative
coincide. The Sobolev spaces consist of functions whose weak derivatives exist and are integrable up to
a certain order (see, e.g., [2 Definition 3.1 & 3.2]).

Definition A.27. For m € N and p € [1, 00|, we define the respective Sobolev space as
WP (R = {f € LP(RY) ‘ D® f exists and satisfies D f € LP(R?) for all |a| < m}
and equip this space with the Sobolev space norm

1/p
o Z H‘Daf”Z[),p(]Rd) lfp < o0,
I fllwmr@ay = q \lal<m

max 1D fll oo (ra) if p = co.
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The Sobolev spaces for p = 2 are additionally denoted by
H™(RY) := W™2(RY).

We remark that the Sobolev spaces W™P(R?) are Banach spaces in general and H™(R?) is a Hilbert
space for each m € N, see e.g. [2, Theorem 3.3]. Moreover, we have the following characterization and
inclusion (see, e.g., [147, Satz V.2.12 & V.2.14]).

Theorem A.28. In the case p =2, the following statements hold.

(1) For m € N, the respective Sobolev space can be written as

HrRY) = {f € 2@ | (1+]-15)""

L Ff e IARY)},
where F denotes the Fourier transform. Moreover, the norm || - ||, defined as
m/2
mo= 1 (1 12 . F ‘
o= 1187 1],
is equivalent to the Sobolev norm defined in Definition [A.27

(2) If k € Ng and m > k+ d/2, then we have the inclusion
H™(RY) C TF(RY),

for f € H™(R?)

i.e. each equivalence class in H™(R?) has a representative in €*(R?).

Note that part (2) of the previous theorem is known as the Sobolev lemma and is usually formulated
for general p € [1,00), see [2| Chapter 4]. The alternative characterization from part (1) including the
equivalent norm is well-suited to define Sobolev spaces of fractional orders a > 0. However, in order to
define Sobolev spaces for negative orders, we have to consider the space of tempered distributions, which
is denoted by .7/ (RY) (see, e.g., [93] page 75 f£.]).

Definition A.29. Let a € R. The respective Sobolev space of fractional order is defined as the
Hilbert space

HARY = {1 € 'R | 1 flpacuny < 0},

where the norm is given by
191y = [ (L [wlB)” - 1) do
R
From the previous definition, it immediately follows that
£ llager gy < | fllpgaz ey for all f € H2(RT),

for a; < as, so that we have the inclusion H (RY) ¢ H (R?) in this case. In particular, we have

HYRY) € HO(RY) = L*(RY)  for all a > 0.

Regarding the multiplication of Sobolev functions, we have used the following result in Corollary
to show the inclusion of the weighted kernel’s native space into a suitable Sobolev space (cf. [20, Theorem
5.1 & 7.3]).

Proposition A.30. Let ai,a2,0 € R satisfy the following conditions:
(i) 0 < o < min(ay,az)
(ii) a1 +ag —o > d/2
Then, the bilinear multiplication mapping
IT: H* (RY) x H®2(RY) — HO(RY), (f1, f2) = f1- f2
1s well-defined and continuous, i.e. there is a constant C > 0 such that
If1- follge ey < C - | fill e way - | follgrooay — for all fi € H (RY), fo € H*(RY).

To end this introduction to Sobolev spaces, we remark that the previous definitions and results can be
generalized to more complex domains Q C R
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Sampling inequalities

As already pointed out in [146] page 7], one key advantage of Sobolev spaces is the availability of so-
called sampling inequalities. Using these inequalities, the Sobolev norm of the interpolation residual can
be estimated in terms of the fill distance. We follow the discussion in [I43], Section 11.6], [146] Section
2.2] here and state an example (cf. [82, Theorem 2.2]).

Theorem A.31. Let Q C R? be a bounded domain that satisfies an interior cone condition and has a
Lipschitz boundary. Moreover, assume that

(i) a=k+s withkeNp,0<s<1
(i) 1 <p<oo,1<g< o0
(ii) m € Ng withk >m+d/pifp>1ork>m+d/pifp=1.

Then, there is C' > 0 such that for any discrete set X C Q with sufficiently small fill distance hx o, we
have the norm inequality

a—m—d-(1/p—1/q) —m a
£y < €= (WSl ™ Y0 flweniay + b fxll)  Jor all f € WOR(9), (A10)

where (1/p —1/q), = max(1/p —1/q,0) and fx € RIXI is the restriction of f to X.

If the kernel K satisfies the assumptions of Corollary for a > d/2, we have Hx = W*2(Q) when
restricting the native space to the bounded domain €2, where the native space and Sobolev norm are
equivalent. Given f € Hi and X C Q with a sufficiently small fill distance, let Ix . (f) € Sk.ax
denote the standard interpolant to f on X. In this case, we can simply plug in the interpolation residual

[ = Ik ay(f) € W*%(Q) into the inequality (A.10) and get

a—m—d-(1/2—1/q)
If = Ikax (Dllwma@) < C" by g Tk

for suitable C" > 0, where we used that ||f — I A (f)||x < ||f]|x holds due to the orthogonal projection
properties of the interpolation operator, see Theorem Note that the last inequality yields estimates
for the L> norm in the special case m = 0, ¢ = co.

Besides the application of this technique to the standard interpolation case, it was demonstrated in
[146] Section 3] how the norm inequality can be used in the context of differential operators.
Lastly, we remark that similar sampling inequalities were used in [I0I, Theorem IV.2.2] to derive general
L?-error estimates in the context of computerized tomography. It remains to be investigated whether
these inequalities can be adapted to the analysis of the kernel-based reconstruction from scattered Radon
data.
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