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1 Introduction

Throughout the thesis, graphs will be simple and may be infinite, unless otherwise stated.

In a series of twenty papers spanning over 500 pages from 1983 to 2004, Robertson and
Seymour [110] proved the Graph Minors Theorem: in every infinite sequence of finite graphs there
is one that is a minor of a later one. As a consequence, every family of finite graphs that is closed
under taking minors can be defined by a finite set of forbidden minors.

The Graph Minors Theorem has made a fundamental impact not only in graph theory, and
its proof has introduced new methods and notions that are of quite independent interest. In this
thesis we deal with two of these objects: tangles and tree-decompositions. Furthermore, we explore
a branch of graph theory that only emerged quite recently, called coarse graph theory, and which

is closely connected to graph-decompositions, a natural extension of tree-decompositions.

This thesis consists of three parts. The first two parts consider tangles and tree-decomposi-
tions — first in infinite and then in finite graphs. The third part deals with questions from coarse
graph theory.

In what follows we give a brief overview of the parts and their chapters, using the terminology
from [41]. We remark that, additionally, every chapter will feature its own independent and more

comprehensive introduction.

1.1 Parts I and II: Tangles and tree-decompositions of finite and

infinite graphs

1.1.1 Background

Tree-decompositions are a central object in structural graph theory. They were not only a crucial
tool in Robertson and Seymour’s [110] proof of the Graph Minor Theorem, but also attracted
attention as several computationally hard problems can be solved efficiently on graphs that admit
a tree-decomposition into small parts.

A tree-decomposition of a graph G is a pair (T, V) of a tree T and a family V = (V});cy (1) of
subsets V; of V(G), its bags, that together cover G and which are arranged roughly along T'. Since
the bags of (T,V) are arranged along T, the overall structure of G resembles that of the tree T
Because of this, tree-decompositions permit to transfer many properties of trees to more general

graphs. However, this is only true really if the bags are not too large. Therefore, the width of a



tree-decomposition is defined as the supremum of the sizes of its bags minus 1, and a graph has
tree-width at most k € N if it admits a tree-decomposition of width at most .

With the notion of ‘tree-width’, the problem arose to characterise the graphs that have small
tree-width. There are a number of substructures, e.g. large grid or clique minors, or k-blocks for
large k, that are known to force a graph G to have large tree-width. While these objects differ in
their concrete shape, they have one thing in common: for every low-order separations {A, B} of G,
they lie mostly on one of its sides A or B. Robertson and Seymour [114] distilled from this the
notion of a tangle: formally, a k-tangle 7, for some k € N, in a graph G is an orientation of the
separations {A, B} of G of order |AN B| < k, as (A, B) or (B, A), such that there do not exist
three separations (A;, B;) € 7 such that the union of the sides G[A;] not chosen by the tangle
covers G.

Since their first introduction, the notion of a tangle and its framework of graph separations have
been generalized to ‘abstract separation systems’ [42] and have found a wide range of applications

outside of graph theory (for a summary, see [44]). In this thesis we will focus on graph tangles only.

1.1.2 Chapters 3 and 4: Linked and lean tree-decompositions of infinite graphs

A rooted! tree-decomposition (T,V) of a graph G is linked if for every two comparable nodes
s < t of T there are min{|V,|: e € E(sTt)} pairwise disjoint Vs—V; paths in G. It is lean if for
every two (not necessarily distinct) nodes s,t € T and vertex sets Zs C Vi and Z; C V; with
|Zs| = |Z¢| =: £ € N, either G contains ¢ pairwise disjoint Zs—Z; paths or there exists an edge
e € E(sTt) with |V,| < . Note that ‘lean’ is a stronger property than ‘linked”

Kiiz and Thomas [95, 120] proved the following theorem about lean tree-decompositions,
which forms a cornerstone both in Robertson and Seymour’s work [113] on well-quasi-ordering
finite graphs, and in Thomas’s result [119] that the class of infinite graphs of tree-width < k is

well-quasi-ordered under the minor relation for all £ € N.
Theorem 1.1.1. Every graph of tree-width < k € N admits a lean tree-decomposition of width < k.

In Chapter 4 we discuss a number of counterexamples demonstrating the limits of possible
generalisations of Theorem 1.1.1 to arbitrary infinite tree-width. In particular, we construct a
locally finite, planar, connected graph that has no lean tree-decomposition (Example 8).

On the positive side, we obtain in Chapter 3 what might be the deepest and most comprehensive

result in this thesis: a version of Theorem 1.1.1 for graphs of (possibly unbounded) finite tree-width:2

Theorem 1. FEvery graph of finite tree-width admits a rooted tree-decomposition into finite parts

that is linked, tight, and componental.

'A tree-decomposition (T, V) is rooted if its decomposition tree T has a root.
2A graph has finite tree-width if it admits a tree-decomposition into finite parts.



Note that the properties ‘tight’ and ‘componental’ ensure that the adhesion sets of the tree-
decomposition are no larger than necessary (see Section 3.2.1 for the definition). We show in
Chapter 4 that Theorem 1 is essentially best possible; in particular, ‘linked’ cannot be strengthened
to its ‘unrooted’ version that requires the linked property between every pair of nodes and not just
comparable ones (see Example 9).

While achieving just a subset of the properties ‘linked’, ‘tight’ and ‘componental’ may be
significantly easier, having all three properties simultaneously is much more challenging to achieve.
We substantiate the usefulness of Theorem 1 by presenting several applications demonstrating
the surprisingly powerful interplay of the properties of being linked, tight, and componental
(see Section 3.1). For example, we show that every graph without half-grid minor has a lean

tree-decomposition into finite parts (Theorem 3).

1.1.3 Chapter 5: Tangle-tree duality in infinite graphs

Theorem 1 has another surprising application: It allows us to generalise the ‘Tangle-tree duality
theorem’ to infinite graphs. This theorem is one of the two major results in Robertson and

Seymour’s [114] original work on tangles (rephrased here in the terminology of [41]):

Tangle-tree duality theorem. For every finite graph G and k € N, exactly one of the following

assertions holds:
(i) There exists a k-tangle in G.
(ii) There exists an Si(G)-tree over T*.

Note that Si(G)-trees over T* can be seen as a certain kind of tree-decomposition (see Section 2.3
for details). The Tangle-tree duality theorem implies an approximate duality for tangles and
tree-width: every graph G with a k-tangle has tree-width at least k — 1, while a tree as in (ii)

induces a tree-decomposition of G of width at most 3k — 4.

While there are several papers that extend results about tangles in finite graphs to infinite
ones [31,64,65,90], no generalisation of the Tangle-tree duality theorem had been found so far. As
the perhaps most gratifying result about tangles in this thesis, we address this shortcoming and

extend Robertson and Seymour’s Tangle-tree duality theorem to infinite graphs:

Theorem 13. For every graph G and k € N, exactly one of the following assertions holds:
(i) There exists a principal k-tangle in G that is not induced by an end of combined degree < k.

(ii) There exists a weakly exhaustive Si(G)-tree over T* UUX.

We discuss in Section 5.1 why Theorem 13 is the ‘correct’ generalisation of the Tangle-tree

duality theorem to infinite graphs, even though it is not verbatim. In particular, Theorem 13



contains the finite Tangle-tree duality theorem as a special case. Moreover, Theorem 13 yields the
same duality between tangles and tree-width as the Tangle-tree duality theorem.

The proof of Theorem 13 builds on the tree-decomposition from Theorem 1 and the ‘refining
techniques’ developed in [4,66]. Very broadly, the proof proceeds as follows: One can show that if a
graph G contains no k-tangle as in (i), then G has finite tree-width. Hence, we can apply Theorem 1
to G, which yields a tree-decomposition (7,V) of G. We then refine (T,V), i.e. we decompose
its parts by further tree-decompositions, so that the combined overall tree-decomposition of G

induces a tree as in (ii).

1.1.4 Chapters 6 and 7: Refining trees of tangles

While the Tangle-tree duality theorem yields a tree-decomposition of a graph G if G has no
k-tangles for some k € N, the other major tangle theorem from Robertson and Seymour [114]

yields a tree-decomposition of G if G has some k-tangles.

Tree-of-tangles theorem. For every k € N, every finite graph G has a tree-decomposition that
distinguishes all the k-tangles in G efficiently.

In such a tree-decomposition (7, V) every k-tangle ‘lives’ in a different part. Such a tree-decom-
position provides information about the overall structure of the graph and the location of the
tangles inside it. However, a tangle-distinguishing tree-decompositions given by Tree-of-tangles
theorem will in general not decompose GG in an optimal way, in that its bags might be much larger
than necessary. In Chapter 6 we show that, for every k € N, every tree-decomposition of a finite
graph G which efficiently distinguishes all its k-tangles can be refined, i.e. further decomposed, to
a tree-decomposition which is optimal in the sense that its bags are either too small to be home to

a k-tangle, or as small as possible while being home to a k-tangle (see Theorem 17).

Strengthening the Tree-of-tangles theorem, Carmesin and Gollin [30] proved that, for every
k € N, every finite graph has a canonical tree-decomposition (7, V) of adhesion less than k that
efficiently distinguishes every two distinct k-profiles,® and which has the further property that
every separable k-block is equal to the unique bag of (T,V) in which it is contained. Here, a
k-block in a graph G, for some k € N, is a maximal set of at least k vertices no two of which can
be separated in G by removing fewer than &k other vertices. In Chapter 7 we give a new short
proof of this result by showing that such a tree-decomposition can in fact be obtained from any
canonical tight tree-decomposition of adhesion less than k by refining (see Theorem 18). As an

application, we also obtain a generalisation of Carmesin and Gollin’s result to locally finite graphs.

3 Profiles are a generalisation of tangles (see Section 2.2 for the definition).



1.1.5 Chapter 8: On vertex sets inducing tangles

The notion of a tangle is designed so that every highly connected substructure of a graph G
induces a tangle by majority vote: the collection of all low-order separations (A, B) of G whose
side B contains most of the substructure will be a tangle. A natural question that was asked by
Diestel, Hundertmark and Lemanczyk [47] is whether there is some sort of a converse: Is every
tangle induced by majority vote of some set of vertices? More formally, does there exists for every
k-tangle 7 in a finite graph G some set U C V(G) such that for every separation (A, B) € 7 we
have |[UNA| < |UNB|?

We reduce this question to graphs whose size is bounded by a function in k (see Corollary 22).
For this, we show that any given k-tangle in a finite graph G is the lift of a k-tangle in some
topological minor of G whose size is bounded in k (see Theorem 24). As an application, we
strengthen a result by Elbracht, Kneip and Teegen [62]. They showed that for every k € N every
k-tangle 7 in a finite graph G is induced by a weight function f: V(G) — N, in that f(A4) < f(B)
for all (A, B) € 7. We now obtain that there is such a function f whose total weight is bounded

in k.

1.2 Part III: Coarse graph theory

1.2.1 Background

Roughly speaking, tree-decompositions make it possible to describe the global structure of a graph:
The smaller the tree-width of a graph, the more ‘tree-like’ its global structure. However, this only
works well if the global structure is actually tree-like. Indeed, there are a number of graphs whose
global structure is not tree-like, and tree-decompositions fail to capture the global structure of
such graphs.

This motivated the definition of graph-decompositions [48], a natural extension of tree-decomposi-
tions which allow the bags V}, of decompositions (H, V) to be arranged along general decomposition
graphs H instead of just trees (see Section 9.3 for the definition). Recent applications of graph-
decompositions include a local-global decomposition theorem [48] as well as the study of local
separations [32] and of locally chordal graphs [1].

To measure how ‘well” a graph-decomposition approximates a graph, we were looking for a
notion of ‘width’, similar as to tree-decompositions. But as it turned out, defining the ‘width’
of a graph-decomposition analogously to tree-width, that is, as the minimal cardinality of a
bag of the decomposition (minus 1), does not yield a meaningful width measure for arbitrary

graph-decompositions.?

4See Section 11.1.2 for details. In particular, every graph admits a decomposition (H,V) of width 2 (minus 1)



This inspired us to consider a metric perspective instead: To define the ‘width’ of a graph-
decomposition (H,V), we measure the size of its bags not in terms of their cardinality, but by the
radius of its parts G[V}]. More precisely, the radial width of a decomposition is the largest radius
among its parts, and the radial H-width of a graph G for a given class H of graphs is the smallest
radial width among all decompositions (H,V) of G with H € H.

With a suitable width measure at hand, our next goal was to identify obstructions to small
radial H-width and to characterise which graphs have small radial H-width for given classes H of
graphs. For this, we considered metric versions of minors as candidates for suitable obstructions,

and conjectured that they appear in every graph of large radial width.

At the same time, but independently of our considerations on graph decompositions, and instead
inspired by Gromov’s [80] coarse geometry viewpoint, Georgakopoulos and Papasoglu [75] had
been developing a new perspective on the global structure of graphs. At its core, this perspective
revolves around the concept of quasi-isometry, a generalisation of bi-Lipschitz maps which allows
for an additive error. Roughly speaking, two metric spaces are quasi-isometric whenever their large
scale geometry coincides (see Section 9.2 for the definition). Georgakopoulos and Papasoglu [75]
presented results and questions regarding the interplay of geometry and graphs. At the heart of

their paper, they proposed a conjecture [75, Conjecture 1.1], here stated in amended form:

Fat minor conjecture. Let X be a finite set of finite graphs. Then there exists a function
f N —= N x N such that, for all K € N, every graph with no K-fat X minor for any X € X is
f(K)-quasi-isometric to a graph with no X minor for any X € X.

A graph X is a K-fat minor of a graph G for some K € N if there is a model of X in G whose
branch sets and branch paths are pairwise at least K far apart, except for incident vertex/edge

pairs in X.

To our surprise, Georgakopoulos and Papasoglu had been considering the same kind of metric
minors that we looked at, and their Fat minor conjecture turned out to be equivalent to our
indented conjecture on graph-decompositions and small radial width that we mentioned earlier.
Indeed, in Section 11.2 we show that two graphs are quasi-isometric if and only if each has a
decomposition modelled on the other, subject to bounds on width parameters that correspond to
the constants of the quasi-isometry.

The Fat minor conjecture is known to be true in some small cases (see [37,70,75] and Chapters 11
and 12), but has been disproved by Davies, Hickingbotham, Illingworth and McCarty for general
sets X' [38, Theorem 1].

along a planar graph H.



1.2.2 Chapter 10: A Menger-type theorem for two induced paths

In order to prove the Fat minor conjecture for any class X of graphs, it is inevitable to construct
fat minors of the graphs in X. As the branch paths of fat minors have to be pairwise far apart, we
aimed to find a characterisation of when a graph contains many paths that are pairwise far apart.
For this, we introduced the Coarse Menger Conjecture (Conjecture 28), of which we managed
to prove the case k = 2: There exists a function f(d) € O(d), such that for every graph G and
X,Y C V(G), either there exist two X-Y paths P; and P, such that dg(P1, P2) > d, or there
exists a vertex v € V(G) such that the ball of radius f(d) around v intersects every X-Y path
(Theorem 27).5

Quite surprisingly, what we had developed as a tool to prove the Ky-case of the Fat minor
conjecture, immediately attracted attention [72,76,88,103]. In particular, the Coarse Menger
Conjecture has since been disproved in its strongest form [103]. However, the case k = 2, which we
proved, was all that we really needed to prove the case X = { K4} of the Fat minor conjecture (see

next section).

1.2.3 Chapters 11 and 12: Special cases of the Fat minor conjecture

In Chapter 12 we prove what, up to today, remains the case of the Fat minor conjecture with
the most challenging proof amongst those that are known: the case X = {K4} (see Theorem 33).
Its twenty pages spanning proof not only relies on the Coarse Menger Theorem for two paths
(Theorem 27) but also required a deep insight into the new theory of graph-decompositions. Our
proof technique also yields a new short proof of the case X = { K }, which was first established
by Fujiwara and Papasoglu [70].

Additionally, we show in Chapter 11 that the Fat minor conjecture is true for finite graphs
for X = {K3, K13} (quasi-isometric to a disjoint union of paths), X = {K; 3} (cycles and paths)
and X = {K3, W} (subdivided stars), where W is the graph obtained from the disjoint union of
two paths of length two by adding an edge between their inner vertices (see Figure 11.1). In fact,
we prove a stronger result that finds a graph in X even as a ‘quasi-geodesic topological minor’
in G. These are a metric version of topological minors, whose model in G is ‘quasi-geodesically’
embedded (see Section 11.1.4).

1.2.4 Chapter 13: Asymptotic half-grid and full-grid minors

In Chapter 13 we apply the paradigm of coarse graph theory to quasi-transitive, infinite graphs.

Consider any connected, locally finite, quasi-transitive graph whose cycle space is generated by

5We remark that an alternative proof was independently obtained by Georgakopoulos and Papasoglu [75], who
also state the Coarse Menger Conjecture.



cycles of bounded lengths. Note that these include all locally finite Cayley graphs of finitely
presented groups — a rich and well-studied class of groups. We prove that such graphs are quasi-
isometric to trees if and only if they do not contain the full-grid® as an asymptotic minor.” This
solves problems of Georgakopoulos and Papasoglu [75] and of Georgakopoulos and Hamann [74]
for such graphs.

Additionally, we present a sufficient condition for when a (not necessarily quasi-transitive)
graph whose cycle space is generated by cycles of bounded length contains the half-grid® as an

asymptotic minor.

5The full-grid is the grid on Z x Z.
"A graph contains a graph X as an asymptotic minor if it contains X as a K-fat minor for every K € N.
8The half-grid is the grid on N x N.



2 Terminology

In this chapter we gather the definitions needed for Parts I and II. The definitions needed for
Part IIT can be found in Chapter 9, which is located at the beginning of Part III. Additionally,
some chapters have their own preliminary section, where we introduce definitions that are only
needed for the respective chapter.

The notation and definitions in this thesis mostly follow Diestel’s textbook [41]; in particular
we may speak of a vertex v € G (rather than v € V(G)) and an edge e € G. We denote the set
{1,...,n} with n € N by [n].

Given a graph G and two subgraphs Hy, Hy of G, the subgraph H; U H» is the subgraph with
vertex set V(H;) U V/(Hz) and edge set E(H;) U E(Hz).

If P=pg...p,is a path in a graph G, then we denote by p; Pp; for i,j € [n] the subpath
PiPi+1 - - - p;j of P. Further, we denote by P the path p,, ... pg, and by P the subpath py Pp,_1 of P.
A path is trivial if it has length 0.

For two sets Uy, Uy of vertices of G, an Uy-Usy path meets Uy precisely in its first vertex and Us
precisely in its last vertex. For a subgraph Y of G, a Y -path is a non-trivial path which meets Y
precisely in its endvertices. Analogously, for a set U of vertices of G, a U-path is any Y-path
where Y is the subgraph of G with vertex set U and no edges. A path through a set U of vertices
of (G is a path in G whose internal vertices are contained in U.

The neighbourhood Ng(U) of a set U of vertices in a graph G is the set of all vertices in
V(G) \ U that are neighbours of some u € U. We denote by C(G) the set of components of the
graph G. Given sets U’ C U of vertices of G, a component C of G — U attaches to U’ if C has a
neighbour in U’. The boundary OgY of a subgraph Y of G is the set Ng(V (G —Y)) of vertices of Y’
that send in G an edge outside of Y. For example, the boundary dgC' of a component of G — U is
Ne(U)NV(C).

In the following Sections 2.1-2.5 we recall definitions about separation systems and tan-
gles (Sections 2.1-2.3), tree-decompositions (Section 2.4), and infinite graphs (Section 2.5). In

Sections 2.1-2.4 our presentation follows [3,5], and in Section 2.5 we follow [12].

2.1 Separation systems of graphs

Let G be a graph. A separation of G is a set {A, B} of subsets of V(G) such that AU B = V(QG)
and there is no edge in G between A \ B and B . A. The sets A and B are the sides of the



separation {A, B}, and A\ B and B \ A are its strict sides. A separation {A, B} of G is proper
if none of its sides equals V(G). The order |[{A, B}|, or |A, B| for short, of a separation {A, B} is
the size |A N B| of its separator AN B. We write U(G) for the set of all separations of G and let
Sk(G) :=={{A,B} € U(G) : |AN B| < k} for every k € NU{Xg}. Note that U(G) = Sy, (G) for
every finite graph G.

The orientations of a separation {A, B} are the oriented separations (A, B) and (B, A). We
refer to A as the small side of the oriented separation (A, B) and to B as its big side. Given a
set S of separations of G, we write S := {(A, B) : {A, B} € S} for the set of all their orientations.

We will use terms defined for unoriented separations also for oriented ones and vice versa if
that is possible without causing ambiguities. Moreover, if the context is clear, we will simply refer
to both oriented and unoriented separations as ‘separations’. If we do not need to know about the
sides of a separation, we sometimes denote separations with s, and their orientations with s, 5.
Note that there are no default orientations: once we denoted one orientation by 3§ the other one
will be 5, and vice versa.

A separation (A, B) is trivial (in S), for some S C Sy, (G), if (A, B) = (X, V(G)) for some
X C V(G), and there exists {C, D} € S\ {{4, B}} with X C AN B. A separation (4, B) of G
is left-tight (right-tight) if the neighbourhood in G of some component of G[A \ B] (G[B \ A])
equals AN B. Moreover, {A, B} is tight if (A, B) is left- and right-tight.

The oriented separations of a graph G are partially ordered by

(A,B)< (C,D)if ACC and B D D.

Two separations {A, B} and {C, D} of G are nested if they have orientations which can be
compared; otherwise they cross. A set of (unoriented) separations is nested if all its elements
are pairwise nested. We use the terms ‘nested’ and ‘cross’ analogously for oriented separations:
two separations, oriented or not, are nested if their underlying unoriented separations are nested;
otherwise they cross.

For any pair of separations (A, B) and (C, D) also their infimum (A, B)A(C, D) := (ANC, BUD)
and their supremum (A, B)V (C, D) := (AUC, BN D) are separations of G; we call {ANC, BUD},
{AuC,BND},{BNC,AUD} and {BUC, AN D} the corner separations of {A, B} and {C, D}.

Lemma 2.1.1 ([41, Lemma 12.5.5]). Let r, s be two crossing separations of a graph G. FEvery
separation of G that is nested with both r and s is also nested with all four corner separations of v

and s.

Moreover, it is easy to check that the orders of the infimum and supremum of any two
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separations (A, B), (C, D) of a graph sum up to
(ANC)N(BUD)|+[(AUC)N(BND)|=]|ANnB|+|CnND|.

The inequality ‘<’ implied by the equality is the important part here and is called submodularity.

A set 0 C Sy, (G) ~ {(V(G), V(Q))} of separations is called a star if for any (A, B), (C, D) € o
it holds that (A, B) < (D,C). A star o is proper (in Sk(G)) if for every distinct 7,5 € o the
relation 7 < § is the only one, i.e. 7 € §, 7 25 and ¥ 2 5, and o # {5} for a trivial separation
g e S5 (G).

The interior of a star o C Sy, (G) is the intersection int(c) := (a,B)co B and the torso of o,
denoted by torso(c), is the graph that is obtained from G[int(c)] by adding the edge vu whenever
v # u € int(0) lie together in some separator of a separation in 0. We call these added edges that
lie in torso(c) but not in G torso edges. We refer to torso(o) as the torso at o.

The partial order on Sy, (G) induces a partial order on the set of proper stars in Sy, (G): if
o,T C §N0 (G) are stars of proper separations, then o < 7 if and only if for every (A, B) € o there
exists some (C, D) € 7 such that (A, B) < (C, D) [43]. Note that the restriction to proper stars is
important in order to make the relation antisymmetric. A proper star in some set S C §NO (G) is
maximal if it is a maximal element in the set of all proper stars in S with the partial order defined

above.

2.2 Profiles and tangles in graphs

Let G be a graph. An orientation of a set S C Sy, (G) is a set O C S which contains, for every
{A, B} € S, exactly one of its orientations (A4, B) and (B, A). It is consistent if it does not contain
both (B, A) and (C, D) whenever (A, B) < (C, D) for distinct {4, B},{C, D} € S. An orientation
is regular if it does not contain (V(G), A) for any subset A C V(G).

An orientation O of S lives in a star ¢ C S (or equivalently o is home to O)if c CO. If O is a
set of consistent orientations of S, we call a star o C S essential (for ©) if some O € O lives in o.
Otherwise o is called inessential (for ©). The star o C S is exclusive (for ©)if it is contained in
exactly one orientation in O. If O € O is that orientation, we say that o is O-exclusive (for O).

A separation {A, B} € S distinguishes two orientations of S if they orient {A, B} differently.
{A, B} distinguishes them efficiently if they are not distinguished by any separation of smaller
order. A set of separations N C S (efficiently) distinguishes a set O of consistent orientations of S
if any two distinct orientations in O are (efficiently) distinguished by some separation in N.

Let S C Sy, (G), and let F be a set of subsets of Sy, (G). We call an orientation O of S an

F-tangle of S if O is consistent and avoids F, i.e. if O does not contain any element of F as a
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subset.
For some k € NU {Rg}, a k-tangle in G (or tangle of order k) is a Tp-tangle of Si(G) where

T = {{(41, B1), (A2, B2), (A3, By)} € Sp(G) : GlA] U GlAo] U GlAs] = G-

We sometimes call the Xo-tangles in G infinite tangles. We denote with 7, the set of all stars in 7Ty,
and we abbreviate Ty,, Ty, with T, 7™, respectively. The elements of T are called forbidden triples.
A forbidden triple in 7 such that two of the (A;, B;) are equal is a forbidden tuple. Note that
k-tangles are consistent and regular. Moreover, it follows from the definition of 7Ty that if (A, B) is
a <-maximal separation in a tangle in G, then G[B \ A] is connected.

For some k € N, we call a consistent orientation P of Si(G) a k-profile in G if it satisfies that
for all (A, B), (C, D) € P the separation (BN D, AUC) does not lie in P. (%)

Tangles and profiles of unspecified order are referred to as tangles / profiles in G. Clearly, every

k-tangle is a k-profile, and hence has the profile property, i.e. it satisfies (x). We say that a set F

of subsets of Sy (Q) is profile-respecting (for Sy, (G)) if every F-tangle of Sy,(G) is a k-profile in G.
We can describe the k-profiles in G as F-tangles of Sk(G) as follows. Set

P = {{(A,B),(BNC,AUD),(BND,AUC)} C 5:(G): (A4,B),(C,D) € S,(G)} (2.1

Then the set of all Py-tangles of Si(G) is exactly the set of all k-profiles in G (cf. [45, Lemma 11]).

Lemma 2.2.1 ([64, Lemma 6.1]). Let P, P" be two distinct regular profiles in an arbitrary graph G.
If {A, B} is a separation of finite order that efficiently distinguishes P and P’, then {A, B} is tight.

2.3 Tangle-tree duality in finite graphs

Let G be a graph and S C Sy, (G). An S-tree is a pair (T, ) of a tree T and a map a : E(T) — S
from the oriented edges E(T) of T to S such that «(e) = (B, A) whenever a(€) = (A, B). If the
tree T is finite, then we call (T, «) a finite S-tree. If v € V(T') is a leaf of T and ¢t € V(7)) its
unique neighbour, then we call a(z,t) € S a leaf separation (of T).

An S-tree (T, ) is over a set F of subsets of S if {a(t',t) : (t,t) € E(T)} € F for every
node t € V(T). If (T,a) is over a set of stars in S and ¢t € V(T), then we call the star
or == {a(t',t) : (t',t) € E(T)} C S the star associated with t (in T).

Let S C Sy, (G), 7 € Sy, (G), and set Ssy := {x € S: Z > 7 or T > 7}. Further, let 3 € §. We
say that § emulates ¥ in Sifs > 7 and for every T € S with @ > 7 it holds that sSVZ ¢ S. Given a

set F of stars in §N0 (G), we say that § emulates 7 in S for F if § emulates 7 in S and for every star
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o € F with o C S5~ {F} that contains an element £ > 7 it holds that {§VIYU{§At : ¥’ € o~ {{}}
is again a star in F.

A set F of stars in S is closed under shifting if whenever 5 € S emulates some 7 € S, then it
also emulates 7 in S for F.

Given a graph G and a set F of stars in §N0 (G), aset S C Sy, (G) is F-separable if for every
two non-trivial 7,7 € S~ {(V(G),V(G))} with # < 7" and {7}, {r'} ¢ F there exists an 8 € S
such that § and § emulate 7 and 77, respectively, in S for F. Further, F is standard for S if
{7} € F for all ¥ € S that are trivial in S.

Theorem 2.3.1 ([55, Theorem 4.3]). Let G be any graph, S C Sy, (G) finite, and let F be a set of
stars in §N0 (@), standard for S. If S is F-separable, exactly one of the following assertions holds:

(i) There exists an F-tangle of S.

(ii) There exists an S-tree over F.

2.4 Tree-decompositions

A tree-decomposition of a graph G is a pair (T, V) that consists of a tree T" and a family V = (V})er
of subsets of V(G) indexed by the nodes of T" and satisfies the following two conditions:

(T1) G = User GIVi),
(T2) for every vertex v of G, the subgraph of T" induced by {t € T': v € V;} is connected.

Whenever a tree-decomposition is introduced as (7,V) in this thesis, we tacitly assume that
V= (V{t)teT .

The sets V; are the bags of the tree-decomposition, the induced subgraphs G[V;] on the bags are
its parts, and T is its decomposition tree. The sets V, := V;, N'V;, for edges e = tot; of T" are the
adhesion sets of (T,V) and its adhesion is the maximal size of an adhesion set. If all its adhesion
sets are finite, then (7, V) has finite adhesion.

A tree-decomposition (7', V) has width less than k € N if all its bags V; have size at most k. A
graph G has tree-width at most k € N if it admits a tree-decomposition of width at most k. If there
exists such a minimal £ € N we denote it by tw(G), and say that G has finitely bounded tree-width.
We say that a graph has finite tree-width if it admits a tree-decomposition into finite parts.

In a tree-decomposition (7',V) of G every (oriented) edge é = (tp,t1) of the decomposition
tree T induces a separation of G as follows: Write Ty for the component of T' — e containing %
and Ty for the one containing t;. Then (Up,Us) is a separation of G where U; := Ueq, V; for
i=0,1 [41, Lemma 12.3.1]. We say that sz = 5, ,,) := (Uo,U1) and s := {Uo, U1} are induced
by € and e, respectively, or more generally by (7,)). Note that the separator of {Uy, U} is V.
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If (T, V) and (T, V) are both tree-decompositions of G, then (T, V) refines (T, V) if the set of
separations induced by the edges of T' is a superset of the set of separations induced by the edges of T.

For every node t of T', we write o4 for the set of separations of G induced by the (inwards)
oriented edges € = (s,t) for s € Np(t), i.e. oy = {8, : u € Nr(t)}. It is easy to see that such oy
are stars of separations and that their interior is precisely V;. We call o; the star associated with t,
and we refer to torso(oy) as the torso of (T,V) at t.

The leaf separations of a tree-decomposition (7', V) are those separations of G that are induced
by the oriented edges (s,t) of T" where ¢ is a leaf of T. We refer to this separation also as leaf
separation at t.

A tree-decomposition (7', V) of G is canonical if the construction ¥ of (7,V) commutes with
all isomorphisms ¢ : G — G': if ¢ maps the bags V; of (T, V) to bags V}, of (1",V’) := ¥(G’) such
that ¢ — ¢’ is an isomorphism T — T".

Given a tree-decomposition (7, V) of a graph G, we say that a consistent orientation O of Si(G),
for some k € NU{Rg}, lives at a node t of T, or in the bag V;, if oy C O. Further, given a set O of
consistent orientations of Si(G), we call a node ¢ of T and its bag V; essential (for O) if there is an
orientation in O that lives at ¢ and otherwise inessential (for O). A bag V; of (T,V) is exclusive
(for O) if precisely one orientation in O lives in V;.

A tree-decomposition (T, V) (efficiently) distinguishes two profiles if there is an edge tot1 € E(T')
such that {Uy,, Uy, } (efficiently) distinguishes them.

2.5 Infinite graphs

A graph is locally finite if all its vertices have finite degree.

A ray is a one-way infinite path, and a double ray is a two-way infinite path. A graph is rayless
if it contains no ray. A tail of a (double) ray R is any subray S C R. If R = r¢r; ... is a ray, then
we denote by r;Rr; for ¢, j € N the subpath r;...r; of R, and by ;R or R>; the tail r;7;41 ... of R.
Further, we denote by Rr; or R<; the subpath rg...r; of R. We use these notions analogously for
double rays; in particular, if R = ...r_17ror; ... is a double ray, then Rr; and R<; denote the tail
riri—1 ... of R.

A comb is a union of a ray R with infinitely many pairwise disjoint finite paths which have
precisely their first vertex on R; we call the last vertices of these paths the teeth of the comb and
refer to R as its spine. The following observation about combs in infinite graphs is well-known and

follows immediately from the Star-Comb Lemma; see e.g. [41, Lemma 8.2.2] for a proof.

Lemma 2.5.1. Let U be an infinite set of vertices in a locally finite, connected graph G. Then G
contains a comb with all teeth in U.

Moreover, every infinite, connected graph has a vertex of infinite degree or contains a ray.
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2.5.1 Ends

An end of a graph G is an equivalence class of rays in G where two rays are equivalent if they are
joined by infinitely many disjoint paths in G or, equivalently, if for every finite set U C V(G) they
have a tail in the same component of G — U. The set of all ends of a graph G is denoted by Q(G).
A (double) e-ray is a (double) ray whose tails are all contained in e.

For every finite set X C V(G) and every end ¢ of G, there is a unique component of G — X
which contains a tail of some, or equivalently every, e-ray; we denote this component by Cx(X,¢)
and say that ¢ lives in Cg(X,e). We denote by Qg(X,¢e) the set of all end of G which live
in C(C,¢e). The collection of all the Qg (X, e) with finite X C V(G) and ¢ € Q(G) form a basis
for a topology of Q(G).

A vertex v of G dominates and end € of G if v € Cg(X,¢) for every finite X C V(G — v). We
write Dom(e) for the set of all vertices of G which dominate . Note that ends of locally finite
graphs have no dominating vertices. For a connected subgraph C' of G with finite Ng(C'), we write
Dom/(C) for all vertices which dominate some end of G that lives in C. Note that Dom(C) is a
subset of V(C) U Ng(C).

The degree of an end ¢ of G is defined as deg(e) := sup{|R| : R is a family of disjoint rays in ¢}.
Halin [81, Satz 1] showed that this supremum is always attained. If an end has infinite degree, then
it is thick. Together with the number dom(e) := |Dom(e)| of vertices dominating ¢, the degree

sums up to the combined degree A(e) := deg(e) 4+ dom(e) of e.

2.5.2 Critical vertex sets

Given a set U of vertices of a graph G, a component C' of G — U is tight at U in G if Ng(C) =U.
By slight abuse of notation, we will refer to such components C' as tight components of G — U. We
write Cr := C(G — U) for the set of components of G — U and Cpy := C(G — U) C Cy for the set of
all tight components C of G — U. A critical vertex set of G is any finite set U C V(@) such that
the set Cs is infinite. We denote by crit(G) the set of all critical vertex sets of G.

A graph is tough if it has no critical vertex set, or equivalently, if deleting finitely many
vertices never leaves infinitely many components. The following theorem was first proved by Polat
[107, Theorems 3.3 & 3.8]; see also [12, Theorem 2.5] for a short proof.

Theorem 2.5.2. FEvery tough, rayless graph is finite.
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Tangles and tree-decompositions of

infinite graphs

16



3 Linked tree-decompositions into finite parts

We prove that every graph which admits a tree-decomposition into finite parts has a

rooted tree-decomposition into finite parts that is linked, tight and componental.

As an application, we obtain that every graph without half-grid minor has a lean
tree-decomposition into finite parts, strengthening the corresponding result by Ktz and
Thomas for graphs of finitely bounded tree-width. In particular, it follows that every
graph without half-grid minor has a tree-decomposition which efficiently distinguishes
all ends and critical vertex sets, strengthening results by Carmesin and by Elm and

Kurkofka for this graph class.

As a second application of our main result, it follows that every graph which admits
a tree-decomposition into finite parts has a tree-decomposition into finite parts that
displays all the ends of G and their combined degrees, resolving a question of Halin from
1977. This latter tree-decomposition yields short, unified proofs of the characterisations
due to Robertson, Seymour and Thomas of graphs without half-grid minor, and of

graphs without binary tree subdivision.

This chapter is based on [12] and joint work with Raphael W. Jacobs, Paul Knappe
and Max Pitz.

3.1 Introduction

All graphs in this chapter may be infinite, unless otherwise stated.

3.1.1 The main result

Our point of departure is Kiiz and Thomas’s result on linked tree-decompositions, which forms a
cornerstone both in Robertson and Seymour’s work [113] on well-quasi-ordering finite graphs, and
in Thomas’s result [119] that the class of infinite graphs of tree-width < k is well-quasi-ordered

under the minor relation for all £ € N.

Theorem 3.1.1 (Thomas 1990 [120], Kfiz and Thomas 1991 [95]). For every k € N, every (finite
or infinite) graph of tree-width < k has a linked rooted tree-decomposition® of width < k.

!There is also an unrooted version of this theorem but this is not needed for the well-quasi-ordering applications.

17



To make this result precise, recall that a (rooted) tree-decomposition (T,V) of a possibly infinite
graph G is given by a (rooted) decomposition tree T whose nodes t are assigned bags V; C V(G) or
parts G[Vy] of the underlying graph G such that V = (V;);er covers G in a way that reflects the
separation properties of T: Similarly as the deletion of an edge e = st from T separates it into
components Ts > s and T > t, the corresponding sets A = U,er, Ve and Af = U cp, Vi in the
underlying graph G are separated by the adhesion set V, = Vs N V;. A graph G has

o tree-width < k if it admits a (rooted) tree-decomposition into parts of size < k,

o finitely bounded tree-width if it has tree-width < k for some k£ € N, and

o finite tree-width if it admits a (rooted) tree-decomposition into finite parts (of possibly

unbounded size).?

Given a tree T rooted at a node 7, its tree-order is given by x < y for x,y € V(T)UE(T) if x lies on
the (unique) C-minimal path rTy from r to y. For an edge e = st of T' with s < ¢, the part above e
is Gte = G[A¢] and the part strictly above e is Gte = Gte — V,. A rooted tree-decomposition
(T,V) of a graph G is

o linked if for every two comparable nodes s < t of T there are min{|V.|: e € F(sT't)} pairwise

disjoint Vs—V; paths in G [119],
o tight if for every edge e of T some component C' of G%e satisfies N(C) = V., and
e componental if for every edge e of T' the part Gfe strictly above e is connected.

Kyiz and Thomas proved Theorem 3.1.1 for every integer k£ € N. Our main result is that
Theorem 3.1.1 also holds for £ = Xy. Graphs of tree-width < ¥y are those graphs which admit a

tree-decomposition into parts of size less than < N, i.e. precisely the graphs of finite tree-width.

Theorem 1. FEvery graph of finite tree-width admits a rooted tree-decomposition into finite parts

that is linked, tight, and componental.

We remark that, in contrast to Theorem 3.1.1, the linked rooted tree-decomposition in Theorem 1
is additionally tight and componental.

Note that achieving just a subset of the properties in Theorem 1 may be significantly easier.
Recall that a normal spanning tree of a graph G is a rooted spanning tree T such that the
endvertices of every edge of G are comparable in its tree-order. It is well known that the connected
graphs of finite tree-width are precisely the graphs with normal spanning trees (see Theorem 3.2.2
below). Given a normal spanning tree T with root r, by assigning to each of its nodes t the bag
Vi := V(rTt) we obtain a rooted tree-decomposition (7', Vxr) into finite parts that is componental

and linked, the latter albeit for the trivial reason that s < ¢t € T implies Vs C V;. However, this

2Note that for a graph to have finite tree-width we do not require that the tree-decomposition into finite parts
also satisfies that liminf.c g(r) Ve is finite for all rays R in T, as it is sometimes [41,115] done.
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tree-decomposition clearly fails to be tight. Following an observation by Diestel [39], one can
restore tightness by taking as bags the subsets V/ C V; that consist only of those vertices in V;
that send a G-edge to a vertex above ¢ in T'. The new tree-decomposition (7', Vi) is then tight
and componental, but in general no longer linked.

Having all three properties simultaneously is more challenging to achieve. In what follows, we
hope to convince the reader of the usefulness of Theorem 1 by demonstrating the surprisingly
powerful interplay of the properties of being linked, tight, and componental. We do so by presenting
several applications in the following sections.

In Chapter 4 we provide examples showing that Theorem 1 appears to lie at the frontier of what
is still true. For example, linked cannot be strengthened to its ‘unrooted’ version that requires the

linked property between every pair of nodes and not just comparable ones (see Example 9).

3.1.2 Displaying end structure and excluding infinite minors

As our first application, we show that every tree-decomposition as in Theorem 1 displays the
combinatorial and topological end structure of the underlying graph as follows, resolving a question
by Halin from 1977 [83, §6]. (Halin’s original work yields proofs of Theorems 1 and 2 for locally

finite connected graphs with at most two ends.)

Theorem 2. Every graph G of finite tree-width admits a rooted tree-decomposition into finite parts
that homeomorphically displays all the ends of G, their dominating vertices, and their combined

degrees.

Recall that an end € of a graph G is an equivalence class of rays in G where two rays are
equivalent if for every finite set X they have a tail in the same component of G — X. We refer to
this component of G — X as Cg(X,¢e). Write Q(G) for the set of all ends of G. A vertex v of G
dominates an end € of G if it lies in Cg(X, €) for every finite set X of vertices other than v. We
denote the set of all vertices of G which dominate an end ¢ by Dom(e). The degree deg(e) of an
end € of GG is the supremum over all cardinals x such that there exists a set of x pairwise disjoint
rays in ¢, and its combined degree is A(e) := deg(e) + | Dom(g)|.

In a rooted tree-decomposition (7',)) of a graph G into finite parts, every end ¢ of G gives rise
to a single rooted ray R. in T that starts at the root and then always continues upwards along the
unique edge e € T with Cg(V;,e) C G*te. This yields a map ¢: Q(G) — Q(T), € — R.. A rooted
tree-decomposition (T, V)

o displays the ends of G if ¢ is a bijection [26],

o displays the ends homeomorphically if ¢ is a homeomorphism [93],

19



o displays all dominating vertices if iminf.cp(p_) Ve = Dom(e)? for all € € Q(G), and

o displays all combined degrees if liminf.cp(g.) |Ve| = A(e) for all € € Q(G).
Roughly, every componental, rooted tree-decomposition homeomorphically displays all the ends
[93, Lemma 3.1], every tight such tree-decomposition displays all dominating vertices (Lemma 3.3.2),
and every such linked tight tree-decomposition displays all combined degrees (Lemma 3.3.3).

Diestel’s tree-decomposition (7', V() mentioned above was not linked, but still displays all the
ends and their dominating vertices. This observation allowed Diestel [39] to obtain a short proof
of Robertson, Seymour and Thomas’s characterisation that graphs without subdivided infinite
cliques are precisely the graphs that admit a tree-decomposition (7°,)) into finite parts such that
for every ray R of T, the set liminf.cp(g) Ve is finite. Extending this idea, we now use Theorem 2

to provide short, unified proofs for two other related results by Robertson, Seymour and Thomas.

Corollary 3.1.2 (Robertson, Seymour & Thomas 1995 [115, (2.6)]). A graph contains no half-grid
minor if and only if it admits a tree-decomposition (T, V) into finite parts such that for every ray R

of T we have liminf ¢ (g |Ve| < 0o.

Proof. We prove here only the hard implication.? So assume that G is a graph without half-grid
minor. By a result of Halin [84,104], every connected graph without a subdivided Ky, has a
normal spanning tree. Applying this to every component of G we see that G has finite tree-width.
So we may apply Theorem 2.

By Halin’s grid theorem [81,97], every end of infinite degree contains a half-grid minor. And by
a routine exercise, every end dominated by infinitely many vertices contains a subdivided Ky,. So
every end of G has finite combined degree. Let (T,V) be the tree-decomposition into finite parts
from Theorem 2. Then liminf.cpr |Ve| equals the combined degree of the end of G giving rise to R,

and hence is finite, as desired. ]

Corollary 3.1.3 (Seymour & Thomas 1993 [116, (1.5)]). A graph contains no subdivision of the
binary tree Ty if and only if it admits a tree-decomposition (T,V) into finite parts such that for

every ray R in T we have liminf.cp(Rg) |Ve| < 00 and T contains no subdivision of Ts.

Proof. Again, we only prove the hard implication.* Assume that G is a graph without a subdivision
of T,. In particular, G contains no half-grid minor. As above, G has finite tree-width and every
end of G has finite combined degree. Let (7',V) be the tree-decomposition into finite parts from
Theorem 2. Then liminf.cg(g) |Ve| equals the combined degree of the end of G giving rise to R,

and hence is finite.

3The set-theoretic lim inf, ¢y A, consists of all points that are contained in all but finitely many A,,. For a ray
R = woepvievr ... in T, one gets liminfecpr,) Ve = UneN ﬂi>" Ve, -
4 See [115,116] for details about the ‘easy’ implications.
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We complete the proof by showing that 1" contains no subdivided binary tree. Recall Jung’s
characterisation that a graph G contains no end-injective® subdivided 715 if and only if the end
space of G is scattered® [91, §3]. Hence, if G contains no subdivided binary tree, then its end space
is scattered. Since (7T, V) displays the ends of G homeomorphically, we conclude that the end space
of T is scattered, so T' contains no end-injective subdivided T3, by the converse of Jung’s result.

As all subtrees of trees are end-injective, this yields the desired result. O

Note that Theorem 1 shows that one can always require the witnessing tree-decompositions for

Corollaries 3.1.2 and 3.1.3 to be linked, tight, and componental.

3.1.3 Lean tree-decompositions

We already mentioned that there exist even stronger versions of the Kiiz-Thomas Theorem 3.1.1.
See the articles by Bellenbaum and Diestel [16] and by Erde [67] for a modern treatment of the

finite case.

Theorem 3.1.4 (Thomas 1990 [120], Kfiz and Thomas 1991 [95]). For every k € N, every (finite
or infinite) graph of tree-width < k has a lean tree-decomposition of width < k.

Here, a tree-decomposition of a graph G is lean if for every two (not necessarily distinct)
nodes t1,ta € T and vertex sets Z; C V;, and Zy C V,, with |Z;| = |Z3| =: £ € N, either G
contains ¢ pairwise disjoint Z;—Zs paths or there exists an edge e € t1Tto with |V.| < . There
are two ways in which ‘lean’ is stronger than ‘linked’: First, every lean tree-decomposition (7', V)
satisfies that for every two nodes s # ¢ € T there are min{|V,|: e € E(sT't)} pairwise disjoint V-V,
paths in G. In a way, this is the unrooted version of the property ‘linked’ as introduced above
which only required this property when s and t are comparable. The other difference between
‘linked’ and ‘lean’ is that a bag of a lean tree-decomposition is only large if it is highly connected,
which follows by considering the case t; = t5 in the definition of ‘lean’.

Now it is natural to ask whether Theorem 3.1.4 extends to graphs of finite tree-width. Given
that the tree-decomposition (7', Vxt) from above is linked but not necessarily lean, the following

question appears to be non-trivial:
Does every graph of finite tree-width admit a lean tree-decomposition into finite parts?

Unfortunately, the answer to this question is in the negative. In Chapter 4 we construct a
locally finite and planar graph which does not admit any lean tree-decomposition. In particular,

not even graphs without Ky, minor admit lean tree-decompositions.

®A rooted subtree T of a graph G is end-injective if distinct rooted rays in T belong to distinct ends of G.
5The precise definition of ‘scattered’ is not relevant here, it is only important that ‘scattered’ is a property of
topological spaces and hence preserved under homeomorphisms.
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Yet, we can extend Theorem 3.1.4 in the optimal way to graphs without half-grid minor by

post-processing the tree-decomposition from Theorem 1 using the finite case of Theorem 3.1.4.

Theorem 3. Every graph G without half-grid minor admits a lean tree-decomposition into finite
parts. Moreover, if the tree-width of G is finitely bounded, then the lean tree-decomposition can be

chosen to have width tw(G).

The first part of Theorem 3 is a new result, while the ‘moreover’-part reobtains the infinite case in
Theorem 3.1.4. We recall that Robertson, Seymour and Thomas’s strongest version [115, (12.11)]
of Corollary 3.1.2 yields witnessing tree-decompositions which are additionally linked (even in its
unrooted version). An immediate application of our detailed version of Theorem 3 (see Theorem 3’
in Section 3.8) strengthens their result by showing that the witnessing tree-decomposition in

Corollary 3.1.2 may even be chosen to be lean.

3.1.4 Displaying all infinities

A crucial tool for the proof of Theorem 1 are ‘critical vertex sets’, the second kind of infinities
besides ends: A set X of vertices of G is critical if there are infinitely many tight components
of G — X, that is components C' of G — X with Ng(C) = X. Polat [107] already noted that an
infinite graph always contains either a ray/end or a critical vertex set.

As an intermediate step in the proof of Theorem 1 we obtain a similar tree-decomposition

which ‘displays all the infinities’ of the underlying graph: A rooted tree-decomposition (7, V)

o displays the critical vertex sets if the map t — V; restricted to the infinite-degree nodes of T’
whose V; is finite is a bijection to the critical vertex sets. In this context, we denote for every
critical vertex set X the unique infinite-degree node of T" whose bag is X by tx,

o displays the tight components of every critical vertex set cofinitely if it displays the critical
vertex sets such that for every critical vertex set X every G%e withe =txt € T withtx <p t
is a tight component of G — X and cofinitely many tight components of G — X are some
such G%e, and

e displays the infinities if it displays the ends homeomorphically, their combined degree, their
dominating vertices, the critical vertex sets and their tight components cofinitely.

In general, a tree-decomposition that cofinitely displays the tight components of every critical
vertex set can no longer be componental; but we still ensure that it is cofinally componental, i.e.

along every rooted ray of T' there are infinitely many edges e such that G%e is connected.

Theorem 4. Every graph of finite tree-width admits a linked, tight, cofinally componental, rooted

tree-decomposition into finite parts which displays the infinities.
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Further, a tree-decomposition (7', V) efficiently distinguishes all the ends and critical vertex
sets if for any pair of ends and/or critical vertex sets one of the adhesion sets of (7,V) is a
size-wise minimal separator for them. Carmesin [26, Theorem 5.12] showed that for every graph
there is a nested set of separations which efficiently distinguishes all its ends. Elm and Kurkofka
[65, Theorem 1] extended this result by showing that there always exists a nested set of separations
which efficiently distinguishes all ends and all critical vertex sets. If one aims not only for a nested
set of separations but for a tree-decomposition, then the best current result is that every locally
finite graph without half-grid minor admits even a tree-decomposition which distinguishes all its
ends efficiently [90, Theorem 1]. In Chapter 4 (Construction 4.2.1) we present a planar graph
witnessing that this result cannot be extended to graphs without Ky, minor [11, Lemma 3.2], even
if they are locally finite. Yet we extend it from locally finite graphs to arbitrary infinite graphs

without half-grid minor:

Corollary 5. Every graph G without half-grid minor admits a tree-decomposition of finite adhesion

which distinguishes all its ends and critical vertex sets efficiently.

We obtain Corollary 5 as an application of Theorem 3: Our proof of Theorem 3 yields that the
obtained tree-decomposition also displays the infinities of G and hence in particular distinguishes
them. Since the tree-decomposition is lean, one can conclude that it even does so efficiently, and

thus is as desired for Corollary 5.

An equivalent way of stating Corollary 5 is that every graph G without half-grid minor admits
a tree-decomposition of finite adhesion which efficiently distinguishes all its ‘combinatorially
distinguishable infinite tangles’” This fits into a series of results [31,64,65,90] extending the
‘tree-of-tangles’ theorem from Robertson and Seymour [114, (10.3)] to infinite graphs.

Additionally, in Chapter 5, we apply Theorem 4 to obtain a ‘tangle-tree duality’ theorem for
infinite graphs,® which extends Robertson and Seymour’s [114, (4.3) & (5.1)] other fundamental

theorem about tangles to infinite graphs.

3.1.5 An open problem

Thomas famously conjectured that the class of countable graphs is well-quasi-ordered under the
minor relation [119, (10.3)]. In light of the observation that all known counterexamples to well-quasi-
orderings of infinite graphs [53,94,106,118] do not have finite tree-width by the characterisation of
finite tree-width graphs (i.e. graphs with normal spanning trees, see Theorem 3.2.2 below) in [105],

it might be interesting to also consider the following, even stronger conjecture:

"See Section 3.9 for definitions.
8Every graph with no principal k-tangle not induced by an end of combined degree < k admits a tree-decomposition
witnessing this.
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Conjecture 3.1.5. The graphs of finite tree-width are well-quasi-ordered under the minor relation.

We remark that already the simplest case of the conjecture — namely for the class of infinite

graphs where all components are finite — is open.

3.1.6 How this chapter is organised

In Section 3.2 we present further definitions concerning tree-decompositions and their interplay with
ends and critical vertex sets. We show in Section 3.3 that the tree-decomposition from Theorem 1
already satisfies Theorem 2. Section 3.4 consists of three parts. First, we give in Section 3.4.1 a
brief overview over the proof of Theorem 1, which includes the statement of Theorems 6 and 7,
our two main ingredients to the proof of Theorem 1. In Section 3.4.2, we state detailed versions
of Theorems 1 and 4 which assert further properties of the respective tree-decompositions. In
Section 3.4.3, we then reduce Theorems 1 and 4 to Theorems 6 and 7. We prove Theorem 6 in
Section 3.5. In Section 3.6, we show some basic behaviour of paths and rays in torsos to prove

Theorem 7 in Section 3.7. Finally, in Section 3.8, we prove Theorem 3 and Corollary 5.

3.2 Preliminaries

In this chapter, a tree T' often contains a special node root(T'), its root. A rooted tree T has
a natural partial order <7 on its nodes and edges, which depends on r = root(7): for two
nodes s,t € V(T'), we write sT't for the unique C-minimal path in 7" which contains = and y. We
then set @ <p t if z € rT't for every t € V(T') and = € V(T') U E(T). Further, for e = st € E(T)
with s <7 t, we set x <7 e if x € rT's or x = e. In a rooted tree, a leaf is any maximal node in
the tree-order. The down-closure [x] and up-closure |z] of x in T are {y € V(T) | y < z} and
{y e V(T') | y > =}, respectively. We write [ﬂ and L:CJ as shorthand for [z] \ {z} and |z] \ {z}.

A rooted tree T in a graph G is normal if the endvertices of every T-path in G are <p-

comparable.

3.2.1 Tree-decompositions

A tree-decomposition (7',V) is rooted if its decomposition tree T" is rooted.

If (T,V) is a tree-decomposition of a graph G, then a tree T’ obtained from T by edge-
contractions induces the tree-decomposition (7”,1’) of G whose bags are V/ = [J,¢, Vi for every
node t of T’, where we denote the vertex set of 7" as the set of branch sets, that is the C-maximal
subtrees of T' consisting of contracted edges. Whenever ¢t € T” is a subtree of T on a single vertex s,
we may reference to t by s, as well. If T is a rooted tree, then root(7”) is the node of 7" containing
root(T).
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Let (T,V) be a rooted tree-decomposition. Given an edge e = tot; of T with ty <7 t1, we
abbreviate the sides of its induced separation by Gle := G [Ujeq, Vi] and Gte := G [User, Vil
Further, we write Gie = Gle — V, and G%e = Gle — V.. For anodet € T, we set G|t := Gle,
Glt = Gle, G1t .= GTe and Gft = G%e where e = st is the unique edge with s <7 t. It is easy
to see that Gtz O Gty, G%x ) G%y, Glx C Gly and Glaz C Gly for every two nodes or edges
z,y € T with o <7 y, and also (.cp G%e = () for every rooted ray R in T

A rooted tree-decomposition (T',V) is componental if G%e is connected for every edge e € T,
and it is cofinally componental if G%e is connected for cofinally many edges e of every C-maximal
<p-chain® in T It is tight if, for every edge e € T, there is a component C' of Gfe with Ng(C) = V.,
and if additionally all components C of Gte satisfy Ng(C) = V., then (T, V) is fully tight. Every
tight, componental, rooted tree-decomposition is fully tight. A rooted tree-decomposition (7', V)
is linked if for every two edges e <7 €’ of T, there is an edge f € T with e <7 f <r ¢ and
a family {P, | v € V;} of pairwise disjoint V.-V, paths, or equivalently (Gle) — (G1e’) paths,
in G such that v € P,. In particular, the size of the family of pairwise disjoint paths equals the
size of Vy. Given a set X of vertices of G, the rooted tree-decomposition (7', V) of G is X -linked
if X' C Vigoy(r) and if for every edge e € T' there exists an edge f <7 e and a family {P, | v € V}}
of pairwise disjoint X—V, paths in G such that v € P,.

Lemma 3.2.1. Let (T,V) be a rooted tree-decomposition of a graph G and X C V(G). Further let
e,f € E(T), teV(T) witht <t e and f is the unique edge in tTe incident with t. If V. = X C V,
G%e is non-empty and GTf is connected, then Vs = V; for every node s € tTe other than t.

Proof. Suppose for a contradiction that there exists a node s € tTe other than t with Vi # X.
Let s be a <p-minimal such node. By (T2), X C V;. Thus, there exists some v € Vs~ X. Then
v € G%f ~ G%e, since V. = X. Moreover, G%e - G%f7 and G’%f is connected by assumption. So
there is a vfG%e path in G% f, because G’OT f is non-empty; in particular, this path avoids X, as it
avoids Vy D X. So it also avoids N(;(Cﬁe) C X, which is a contradiction as v ¢ G%e. O

The following result shows that the finite tree-width graphs are essentially the graphs with
normal spanning trees; the latter have been heavily investigated and are by now well-understood.
In particular, we have Jung’s Normal Spanning Tree Criterion [91, Satz 6’], that a connected
graph G admits a normal spanning tree if its vertex set is a countable union of dispersed sets; here
a set of vertices U in G is dispersed if for every end ¢ of G there is some finite set X C V(G) such
that U is disjoint from Cg(X,¢).

Theorem 3.2.2. A graph has finite tree-width if and only if each of its components admits a

normal spanning tree.

9These are the C-maximal rooted paths or rays.
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Proof. Assume first that each component C' of a given graph GG admits a normal spanning tree T¢.
This induces a tree-decomposition (T, Ve) of C into finite parts, given by assigning each vertex
t € Tc its down-closure [t]r, as bag. Consider the tree "= {r} U || T where the new root r is
adjacent to each root(T¢). If we assign to r the empty bag and keep all other bags, then we get a
tree-decomposition of G into finite parts as desired.

Conversely, let (T),V) be a tree-decomposition of a given graph G into finite parts. We may
assume that G is connected. Since the parts of (T),)) are finite, every end e of G gives rise to
a rooted ray R® = vg, e, v1,€1,v2,... in T. We claim that the union U; of the bags assigned to
nodes of the decomposition on a fixed level i is dispersed: Indeed, for every end e of G, the finite
adhesion set V., separates U; from Cg(Ve,,€). As V(G) = U;en Ui, we are done by Jung’s normal

spanning tree criterion. O

3.2.2 Ends and tree-decompositions

Every end 7 of a rooted tree T' contains precisely one rooted ray R in T, i.e. a ray in T that
starts in root(7"); we will frequently use this one-to-one correspondence between the ends of T'
and the rooted rays in T'. Let (7,V) be a rooted tree-decomposition (7',V) of a graph G with
finite adhesion. An end ¢ of G lives in an end 7 of T if some, or equivalently every, ray in € has a
tail in G%e for every edge e of the unique rooted ray R in n; with the above relation between the
rooted rays in T and the ends of T" in mind, we also say that ¢ gives rise to R and R arises from e.
We remark that every end of G gives rise to at most one rooted ray in 7, since (7,)) has finite
adhesion. If every end of G gives rise to some rooted ray of T', we encode this correspondence
between the ends of G and T' by a map ¢: Q(G) — Q(T). In particular, this is the case if every
torso of (T,V) is rayless. If ¢ is a bijection between the ends of G and the ends of T, then we
say that the rooted tree-decomposition (7,V) displays all ends of G. If ¢ is a homeomorphism
from Q(G) to Q(T), then (T',V) homeomorphically displays all ends of G.

For a sequence (V;)ien of sets, we set liminfien Vi := ey U;s; Vio If the sequence of sets V,
is indexed by the edges of a ray R = vgeguier ... in a graph G, then we also write liminf.cp V,
for liminf;en Ve,. If (T,V) displays the ends of G and additionally has the property that the
unique rooted ray R in T which arises from the end e of G satisfies liminf.cr |[Ve| = Ag(e),
then the tree-decomposition (7', V) of G displays the combined degrees of every end. If a rooted
tree-decomposition (7,)) of G displays all ends of G and additionally lim inf.cp V, = Dom(e) for
every rooted ray R of T and its arising end € of G, then (T,V) displays the dominating vertices of
every end.

Let X and Y be two sets of vertices in a graph GG. Then X is linked to Y in G if there is a
family {R, | = € X} of pairwise disjoint X—Y paths in G such that © € R,. Let € be an end
of G. An X —< ray in G is a ray which starts in X and is contained in €. An X —< path in G is
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an X-Dom(e) path in G. A finite set S C V(G) is an X < separator in G if C(S,e) does not
meet X. The set X is linked to an end € of G if there is a family {R, | z € X} of pairwise disjoint
X—¢ paths and rays such that x € R,. Further, a rooted tree-decomposition (7', V) is end-linked if
for every edge e of T' there exists some end ¢ of G which lives in GTe and to which V; is linked.

The following lemma is clear.

Lemma 3.2.3. Every end-linked, rooted tree-decomposition (T,V) is tight. 0

3.2.3 Critical vertex sets and tree-decompositions

A tree-decomposition (7,V) of a graph G displays the critical vertex sets if the map t — V;
restricted to the infinite-degree nodes of T whose V; is finite is a bijection to the critical vertex sets
of GG. In this case, for a critical vertex set X, we denote by tx the unique infinite-degree node t
with V; = X. If a rooted tree-decomposition (7',V) not only displays the critical vertex sets but
also for every critical vertex set X cofinitely many tight components of G — X are G%e for some
e =txt €T with tx <p t and every such G%e is a tight component of G — X, then (T,V) displays
the tight components of every critical vertex set cofinitely. We remark that if such a (T, V) is tight,
then for every finite proper subset Y of any (possibly infinite) bag V; there are at most finitely
many edges e = ts € T with ¢t <p s such that V., =Y. A rooted tree-decomposition (T,V) of G
into finite parts displays the infinities of G, if it displays the ends of G homeomorphically, their
combined degrees, their dominating vertices, the critical vertex sets and their tight components

cofinitely.

As two vertices in a critical vertex set can always be joined by a path which avoids any given

finite set of other vertices, a greedy argument yields the following.

Lemma 3.2.4. Assume that for a critical vertex set X of a graph G we have two path families
P, Q of k € N disjoint Y -X paths and of k disjoint X -Z paths, respectively, for someY,Z C V(G),
such that the paths in P U Q are disjoint outside of X. Then there exists a family of k disjoint
Y -Z paths in G. O

3.2.4 Critical vertex sets of torsos

The following lemma, which we will use in the proofs of Theorems 3 and 4, says that the critical
vertex sets of a torso are closely related to the critical vertex sets of the underlying graph; in

particular, torsos in tough graphs are tough.

Lemma 3.2.5. Let o be a star of finite-order separations of a graph G such that for cofinitely
many separations (A,B) € o the side A contains a tight component of G — (AN B). Then
crit(torso(o)) C crit(G). Moreover,
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(i) If X € crit(torso(c)), then there are infinitely many tight components of G — X which meet
torso(o).

(ii) If X C int(o), then the set V(C) Nint(o) induces a tight component of torso(c) — X for
cofinitely many C € C(G — X) which meet int(c).

Proof. We remark that (i) immediately yields that crit(torso(o)) C crit(G). Let U be the union
of the finite separators of those finitely many (A, B) € o whose side A does not contain a tight
component of G — (AN B); in particular, U is finite.

(i): Since U is finite, only finitely many components of torso(c) — X meet U. For every

component C’ of torso(o) — X which avoids U, the subgraph
C:=C"U|J{GIA]: (4,B) €0, V(C')N A # 0}

is connected by the definition of U. Moreover, since the separators AN B of separations (A, B) € o
are complete in torso(o), the component C’ contains the entire (A N B) ~\ X as soon as it meets
AN B. Hence, C' is a component of G — X, and by definition it contains no other components of
torso(o) — X than C’. It thus suffices to show for all infinitely many components C” of torso(o) — X
that avoid U that the component C of G — X which contains C’ is tight. For this, it suffices to
prove that whenever there is a torso edge from v € C’ to v € X, then there also is some edge
from C to v in G. By the definition of torso, there is a separation (A4, B) € o with v/,v € AN B.
The side A of (A, B) contains a tight component K of G — (AN B) as C' avoids U; in particular,
K C C by the definition of C, and K sends an edge to v in G.

(ii): Let X C int(o). It suffices to show that C’ := C Nint(o) is a tight component of
torso(o) — X for every tight component C' of G — X which meets int(c) but avoids the finite set U.
The definition of torso immediately yields that C’ induces a connected subgraph of torso(c) — X
with Nigso(o)(C') 2 X because X C int(c). It remains to show that Niw0(,)(C') € X. For this
it suffices to prove that whenever there is a torso edge from u' € C’ to v ¢ C’ the vertex v is
already in X. Let (A, B) € o such that v/,v € AN B. As C avoids U, the component C, or
equivalently C’; only meets separators of separations (A, B) € o whose side A contains a tight
component of G — (AN B). Thus, we have (AN B)~ X C A~ X C C as soon as C meets AN B.
Since v € (AN B) but not in C, we thus have v € X, as desired. O

3.3 Displaying ends

In this short section we show that Theorem 2 follows from Theorem 1, that is, we show that a
linked, tight, componental, rooted tree-decomposition into finite parts homeomorphically displays

all ends, their dominating vertices and their combined degrees.
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The proof is divided into three lemmas. The first follows immediately from [93, Lemma 3.1]

applied to the tree-decomposition induced by contracting all edges which violate componental.

Lemma 3.3.1. Let (T,V) be a cofinally componental'®, rooted tree-decomposition of a graph G
which has finite adhesion. Then every rooted ray R of T arises from precisely one end of G.

Moreover, if all torsos of (T, V) are rayless, then (T, V) displays all ends of G homeomorphically. O

Lemma 3.3.2. Let (T,V) be a tight, componental, rooted tree-decomposition of a graph G which
has finite adhesion. Then liminf.cr Ve = Dom(e) for every rooted R of T and the unique end
of G which gives rise to R.

Proof. Since (T,V) has finite adhesion, liminf.cr V. contains Dom(e). Conversely, let v be a
vertex in liminf.cg Ve. Let Q) € ¢ be arbitrary. We aim to construct an infinite v—Q fan in G,
which then shows that v € Dom(e). Note that we may recursively find infinitely many pairwise
internally disjoint v—@Q paths in G if for each finite set X C V(G) \ {v} there is a v-Q path in G
avoiding X. As (T,V) is a tree-decomposition, there is an edge e € R for which G%e avoids any
given finite set X C V(G). Since ¢ gives rise to R, the ray @ has a tail in Gfe. Thus, we find the
desired v—@Q path in the connected subgraph Gte, as (T,V) is tight and componental. ]

Lemma 3.3.3. Let (T,V) be a linked, rooted tree-decomposition of a graph G which has finite
adhesion. Suppose that an end € of G gives rise to a ray R in T which arises from no other end
of G and that liminf.cp Ve = Dom(e). Then liminf.cr |Ve| = A(e).

In particular, if (T,V) displays all ends of G and their dominating vertices, then (T,V) also
displays the combined degree of each end of G.

Proof. Let R = vgegvier ... be the unique rooted ray in T which arises from the end e. If dom(e) is
infinite, then (7', V) displays the combined degree of € by assumption. Thus, we may assume dom(¢)
to be finite. Moving to a tail of R, we may assume that Dom(e) C V, for every e € R.

From the sequence (V,);en of adhesion sets along R, we extract a subsequence by let-
ting i9 € N with \V%\ = mineer |Ve| and recursively choosing i,11 € N with i, > iy
and [Ve, |

satisfies lim inf.c g |Ve| = lim inf,cy |Sy| and liminf,,cy S,, = liminf.cg Ve = Dom(e) by definition.

| = minjs;, |Ve,| for n € N. Write S, := V,, . Then (|Sy|)nen is non-decreasing,

Since liminf.cg S, = Dom(e), we may assume that S, NS, € Dom(e) for all m > n by
passing to a further subsequence. We also have Cg(S,,e) € Cq(Sy,¢) since € gives rise to R.
Moreover, (,,eny Ca(Sn,€) = 0, since € gives rise to R and (7, V) is a tree-decomposition. This
implies by [77, Corollary 5.7] that liminf.cp |Ve| = liminf,,en [Sn| = Ag(e).

For liminf.cp |Ve| = liminf,en [Sn| < Ag(e), we use that (T, V) is linked: By the construction
of the sequence (S),)nen, the linkedness yields a family P, of |S,| disjoint S,,—S,,+1 paths in G for

0ur definition of componental agrees with the definition of upwards connected from [93].
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every n € N. Then R = (J,,cny Pr is a family of pairwise disjoint paths and rays; the rays in R are
necessarily e-rays since € is the unique end of G that gives rise to R, and the finite paths in R
necessarily have a vertex of Dom(e) as their last vertex. Hence, |R| < A(e). Moreover, we clearly
have |R| = liminf,,cy |Sy|, which implies that liminf, ey [Sn| = |R| < Ag(e), as desired. O

Proof of Theorem 2 given Theorem 1. By Lemmas 3.3.1 to 3.3.3 the tree-decomposition from

Theorem 1 is as desired. O

We also have the following lemma, which follows immediately from Lemmas 3.3.1 to 3.3.3, and

which we will need in the next chapter.

Lemma 3.3.4. Let (T,V) be a rooted tree-decomposition of a graph G which has finite adhesion
and which is linked, tight and componental. Then (T,V) displays all ends of G, their dominating

vertices and their combined degrees. 0

3.4 A high-level proof of Theorem 1

3.4.1 A two-step approach to Theorem 1

By Theorem 2.5.2, every tough, rayless graph is finite. Hence, to arrive at a tree-decomposition into
finite parts, we first construct a tree-decomposition (7',V) whose torsos are tough. Next, for each
torso of (T,V) corresponding to a node t € T we construct another tree-decomposition (7, V')
with rayless torsos. By refining (T, V) with all the (7%, V*), we obtain a tree-decomposition (77,1")
into tough and rayless parts, which then must be finite by Theorem 2.5.2.

But how to guarantee that the resulting tree-decomposition is linked? Lemma 3.2.4 ensures
that if we begin in the above two-step approach with a tree-decomposition (7,1) whose adhesion
sets are all critical vertex sets, and then refine by tree-decompositions (7%, V') that are each linked
when considered individually, then the arising combined tree-decomposition is again linked.!!

A little more formally, the first step in our two-step approach is the following theorem:

Theorem 6. Every graph of finite tree-width admits a tight, cofinally componental, rooted tree-
decomposition whose adhesion sets are critical vertexr sets, whose torsos are tough and which

displays the critical vertex sets and their tight components cofinitely.

The second step in our two-step approach is formally given by the following theorem:

This is not completely true: In order to ensure that the arising tree-decomposition is linked we need a ‘refinement
version’ of Theorem 7 (see Theorem 7’) that ensures that the adhesion sets of (T,V) corresponding to edges incident
with a given node ¢ € T appear as adhesion sets in (7%, V"). But this is only a technical issue which does not add
much complexity to the proof of Theorem 7.
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Theorem 7. Every graph of finite tree-width admits a linked, tight, componental, rooted tree-

decomposition of finite adhesion whose torsos are rayless.

Our aim in the remainder of this section is to demonstrate formally how Theorem 6 and
Theorem 7 can be combined to yield a proof of Theorem 1. The subsequent Sections 3.5 and 3.7

are then concerned with proving Theorems 6 and 7 respectively.

3.4.2 Detailed versions of the main theorems

In fact, we will prove a version of Theorem 1 not as stated in the introduction, but with three
additional properties that are important for technical reasons, but which we believe are also of

interest in their own right.

Theorem 1’ (Detailed version of Theorem 1). Every graph G of finite tree-width admits a rooted
tree-decomposition (T,V) into finite parts that is linked, tight, and componental. In particular,
(T,V) displays all the ends of G homeomorphically, their combined degrees and their dominating

vertices. Moreover, we may assume that

(L1) for every e € E(T), the adhesion set V. is either linked to a critical vertex set of G that is
included in GTe or linked to an end of G that lives in GTe,

(L2) for every e <y e € E(T) with |V.| < |Vu|, each vertex of Ve NV, either dominates some end

of G that lives in G1€', or is contained in a critical vertex set of G that is included in G1e’,
(L3) the bags of (T, V) are pairwise distinct.

Before we continue, let us quickly comment on these additional properties: Property (L1) is
a minimality condition: Since every end of G lives in an end of (7,V), there will be infinitely
many edges of T whose adhesion set is linked to that end. Moreover, since all parts of (T',V) are
finite, one can easily see that every critical vertex set will appear as some adhesion set of (7,V)
(cf. Lemma 3.5.1). So (L1) says that we did not decompose G ‘more than necessary’. In particular,
every bag at a leaf of (T',V) will be of the form X U V(C) for a critical vertex set X of G and a
finite tight component C' of G — X.

Let us now turn to property (L2). Recall that Halin [82, Theorem 2] showed that every locally
finite connected graph has a linked ray-decomposition into finite parts with disjoint adhesion sets.
In light of this, (L2) describes how close we can come to having ‘disjoint adhesion sets’ in the
general case; Example 9 in Chapter 4 shows that even for locally finite graphs, it may be impossible
to get a tree-decomposition with disjoint adhesion sets, so the condition ‘with |V.| < |Ve/|” in (L2)
is indeed necessary.

As already indicated in the introduction, we first show Theorem 4 and then derive Theorem 1
from it. In fact, we derive the detailed version Theorem 1’ from the following detailed version of
Theorem 4.
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Theorem 4’ (Detailed version of Theorem 4). Every graph G of finite tree-width admits a fully
tight, cofinally componental, linked, rooted tree-decomposition into finite parts which displays the
infinities of G and which satisfies (L1) and (L2) from Theorem 1°. Moreover,

(I1) if Gfe is disconnected for e = st € E(T) with s <p t, then Vy 2 V; € crit(G) and deg(t) = oo,
(12) if Vi = V. for some node t € T and the unique edge e = st € T with s < t, then deg(t) = oo
and V; € crit(G).

We remark that whenever a tree-decomposition (7,V) displays the critical vertex sets and
satisfies (I1), then it is automatically cofinally componental, because if two successive comparable
edges rs, st € T violate componental, then (I1) yields that deg(t),deg(s) = oo and Vs 2 V4, which
implies that Vs 2 Vi, since (7', V) displays the critical vertex sets and hence V; # V;. Moreover,

every tree-decomposition as in Theorem 4’ already ‘nearly’ satisfies (L3), that is, has ‘almost’

distinct bags.

Lemma 3.4.1. Let (T,V) be a tight, rooted tree-decomposition of a graph G which displays the
critical vertex sets of G and satisfies (11) and (12). Then the bags of (T, V) are pairwise distinct,
unless they are critical vertex sets, which may appear as at most two bags associated with adjacent
nodes of T.

Proof. Suppose there are distinct nodes t,s € T such that V; = V. Then tT's contains from at
least one of t, s, say from ¢, its unique down-edge e. Then (T2) ensures that V., = V4, so by (I12) we
have V; € crit(G) and deg(t) = oo. In particular, since (7, V) displays the critical vertex sets of G,
we have deg(s) # oo and hence s <7 t, again by (I2). Now if Vi = V; for the unique neighbour
of s in sT't, then deg(s’) = oo by (I2), so s’ =t because (T,V) displays the critical vertex sets
of G. Hence, we may assume that Vy # Vs, so Vg 2 Vs by (T2). Then (I1) implies that G1f is
connected. But then Lemma 3.2.1 implies that Vy = V; = Vj, a contradiction. [

Proof of Theorem 1’ given Theorem 4’. Let (T',V') be the tree-decomposition obtained from The-
orem 4’. Let (T, V) be the tree-decomposition induced by contracting every edge e of 77 whose G%e
is disconnected. It is immediate from the construction that (7',V) is componental. Since (77,V’) is
fully tight and satisfies (L1) and (L2) from Theorem 1’, so does every tree-decomposition induced
by edge-contractions from (7”,)’). We note that whenever an edge e = st € E(T") with s <7 ¢
has been contracted then no other edge f incident with ¢ has been contracted and for Vy = V; =V,
for all such edges f € T” incident with ¢, because (T”,)") displays the critical vertex sets and their
tight components cofinitely and it also satisfies (I1). Hence, such as (7”,V’) does, the induced
tree-decomposition (7', V) still is linked, displays the ends of G homeomorphically, their combined

degrees and their dominating vertices, and also its parts are finite.
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Moreover, (T,V) satisfies (L3). Indeed, by Lemma 3.4.1, we only need to check that every
critical vertex set appears as at most one bag of (T,V). By Lemma 3.4.1, every X € crit(G) can
appear as at most two bags of (77,V’), which then need to be adjacent. So assume Vy; =V, = X
with s being the unique down-neighbour of ¢t. Then by (12), deg(t) = oco. Since (77,V’) displays
the critical vertex sets and their tight components cofinitely, it follows that G%(st) is disconnected.
Thus, we have contracted the edge st in the construction of (T, V). Hence, also every critical vertex

set of G appears as at most one bag of (T,V), so its bags are paiwise distinct. O

In order to prove Theorem 4’; we still follow the promised two-step approach, but need the

following detailed versions of Theorems 6 and 7.

Theorem 6’ (Detailed version of Theorem 6). Let G be a graph of finite tree-width. Then G
admits a fully tight, cofinally componental, rooted tree-decomposition (T,V) whose adhesion sets
are critical verter sets, whose torsos are tough and which displays the critical vertex sets and their
tight components cofinitely.

Moreover, it satisfies (11) and (12) from Theorem /’.

In order to state the detailed version of Theorem 7, we need one more definition. Recall
that a separation (A, B) of a graph G is left-tight if some components C' of G[A \ B] satisfies
N¢g(C) = AN B. Moreover, a separation (A, B) of a graph G is left-fully-tight if all components C
of G[A \ B] satisty Ng(C) = AN B.

Theorem 7’ (Detailed version of Theorem 7). Let G be a graph, and let o be a star of left-well-

linked left-fully-tight finite-order separations of G such that torso(c) has finite tree-width. Further,

let X Cint(o) be a finite set of vertices of G. Then G admits a linked, X -linked, fully tight, rooted

tree-decomposition (T, V) of finite adhesion such that

(R1) its torsos at non-leaves are rayless and its leaf separations are precisely {(B,A) | (A, B) € o},

(R2) for all edges e of T, the adhesion set V. is either linked to an end living in Gte or linked to
a set AN B C Gte with (A, B) € o,

(R3) for every e <p € € E(T) with |V.| < |Ve|, either each vertex of V. NV, dominates some end
of G that lives in GTe', or Ve NV is contained in AN B C GTe' for some (A, B) € o,

(R4) Vs 2 Vo C V; for all edges e = st € T with s < t and s # r := root(T'). Moreover, if
X Cint(o), G — X is connected and Ng(G — X) = X, then X C V. and also V, 2 V. TV,

=

for all edgese =1t €T.

Note that (R4) implies that the bags of (T',)) are pairwise distinct.
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3.4.3 Proof of the main result

According to our two-step approach, we prove Theorem 4’ by applying Theorem 7’ to the torsos of
the tree-decomposition given by Theorem 6’. For this, we need to ensure that all torsos again have
finite tree-width:

Lemma 3.4.2. Let G be a graph of finite tree-width, and let G’ be obtained from G by adding an
edge between u,v € V(G) whenever there are infinitely many internally disjoint u—v paths in G.
Then every tree-decomposition of G of finite adhesion is also a tree-decomposition of G'.

In particular, if G has finite tree-width, then the torso at a star of separations of G whose

separators are critical vertex sets in G has finite tree-width.

Proof. Assume that (T,V) is a tree-decomposition of G of finite adhesion, and consider any two
vertices u,v € V(G) with uv € E(G') \ E(G). If there exists a bag V; containing both v and v,
then the edge uv in G’ cannot violate that (7,V) is a tree-decomposition of G’. To find such a
bag V4, recall that there are infinitely many internally disjoint u—v paths in G. In particular, no
finite set of vertices other than w and v separates v and v in G. Since (T, V) has finite adhesion, u
and v must be contained in some bag V; of (T, V), as desired.

For the ‘in particular’-part assume that G has finite tree-width and that o is a star of separations
of G whose separators are critical in G. Let (T,V) be a tree-decomposition of G into finite parts.
Then by the first part and because critical vertex sets are infinitely connected, (7,)’) with

V/ :=ViNint(o) is a tree-decomposition of the torso at o in G, as desired. O

Proof of Theorem 4’ given Theorem 6’ and Theorem 7’. Let (T', V') be the rooted tree-decom-
position from Theorem 6’ whose adhesion sets are critical vertex sets. In particular, (7%, V')
displays the critical vertex sets of G and their tight components cofinitely. Moreover, its torsos are
tough and it satisfies (I1) from Theorem 4’. Let ¢ be a node of T*. We describe how we refine the
torso at ¢ in T using Theorem 7’:

If t is the root of T, then we set G' := G, X; := () and o} = 04. Else let s € T* be the (unique)
predecessor of ¢ and let G! be the graph obtained from G7st by adding all edges between vertices
of VL. Set X; := V% and o := {(A, B~ V(Glst)) | (Ag, Bgt) # (A, B) € 01}, where (Ag, Byy) is
the separation induced by (s, ).

First, we assume that ¢ is a node of T with V,! € crit(G); in particular, all infinite-degree
nodes whose corresponding bag is finite are such ¢, since (T, V') displays the critical vertex sets.
Then we set (1%, V') to be the tree-decomposition of G whose decomposition tree is a star rooted
in its centre ¢ and with bag V;! := V! while its leaf separations are precisely ((B, A) | (4, B) € a}).
Note that all adhesion sets of this tree-decomposition (T, V?) are V! € crit(G). Thus, (T%,V?) is

a rooted tree-decomposition as in the conclusion of Theorem 7°.
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Secondly, we now assume that t is a node of T with V;! ¢ crit(G). By construction, the torso
of o} in G! is equal to the torso of oy in G; so by Lemma 3.4.2, this torso has finite tree-width.
We claim that GY, X; and o] are as required to apply Theorem 7°. For this it suffices that
all separations in o} are left-well-linked. Let (A, B) € o;. Then X =: AN B is some critical
vertex set of G, as it is an adhesion set of (T*, V). Since (T, V') displays the critical vertex
sets, there is a unique infinite-degree node tx € T' with Vti( = X. If infinitely many tight
component of G — X are contained in A, then (A, B) is left-well-linked. Thus, it now suffices to
show that t <p1 tx, as (T, V1) cofinitely displays also the tight components of the critical vertex
sets. Because V; ¢ crit(G), t # tx; hence, we suppose towards a contradiction that ¢ >71 tx.
Now G[A B] is in particular non-empty, as (T, V') is fully tight. Also G1fisa (tight) component
of G — X where f is the unique edge on tx Tt incident with ¢, since (T, V1) cofinitely displays
the tight components of the the critical vertex sets. But then Lemma 3.2.1 yields V; = X € crit(G)
which contradicts the assumptions on ¢. All in all, we may now apply Theorem 7’ to obtain the
rooted tree-decomposition (T, V') of G*.

We remark that all these rooted tree-decompositions (T, V') in particular contain X; in its
root part and have precisely ((B, A) | (4, B) € o0}) as its leaf separations. To build the desired
tree-decomposition of G, we first stick all these tree-decompositions (7%, V?) together along (T, V!):
Formally, the tree T? arises from the disjoint union of the trees T by identifying a leaf u of T*
with the root of T if Gtu (with respect to T%) is equal to G¥ — X,; we say that the edge of T*
(and hence of T?) incident with the leaf u belongs to T and that it corresponds to ts. All edges
of T* that do not belong to T are said to belong to T*. We remark that every edge belongs to
precisely one of the T% or T!. We set the root of T? to be root(TmOt(Tl)). For each node s € T2,
we then set V.2 to be V!, where t is the (unique) node of T such that s is either a non-leaf of T*
or the unique node of T*. We say that s belongs to Tt. Now we claim that (72, V?) has all the
desired properties.

Let us first note that the construction of 72 immediately ensures that

e if e € T2 belongs to T* for some ¢ € T*, then Gte = Gite and V2 = V!, and

e if e € T? belongs to T, then Gte = G%f and V2 = Vfl for the edge f € T! which e

corresponds to.
Thus, (T2,V?) is fully tight, since (7, V') and all the (T*, V') are fully tight. The tree-decomposi-
tion (T2,1?) satisfies (I1) from Theorem 4, since (7%, V') and all the (T%,V?) satisfy (I1). It also
satisfies (I2). Indeed, by Theorem 6’, (T, V1) satisfies (I2). Moreover, by (R4) from Theorem 7’,
the (7%, V") have the property that V} 2 V! C V! for all edges e = zy € T* with & <7+ y and
also V' C Vi
node t and its unique edge e = st € T' with s <g1 t to which we applied Theorem 7’ satisfies
X; = V32 C V! =int(o) = int(o]) by (I2) from Theorem 6 and also G* — X; is connected with

) where e = st € T! with s <71 t. We remark that we used here that every
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NL(GY — X) = X by (I1) and since (T, V') is fully tight. It follows that V.2 2 V2 C Vy2 for all
edges e = xy with @ <p2 y except those where V2 = V! = Vy1 = Vy2 € crit(G). In particular,
(T2,V?) satisfies (12).

Let us now show that all parts of (T2,1?) are finite. By Theorem 2.5.2, it suffices to show that
the torso at every s € T2 is rayless and tough. Let ¢ be the node of 7" to whose 7% the node s
belongs. It is immediate from the construction of (72, V?) that the torso G2 at s € T? in (T2,V?)
is equal to the torso G% at s in (T, V'); in particular, these torsos are rayless by (R1). Suppose
for a contradiction that the torso G2 at s € T? in (T2, V?) contains a critical vertex set X. By
Lemma 3.2.5 (i), infinitely many tight components of G — X meet the torso G2; in particular, they
meet the torso G} at t € T! in (T, V!). Now by Lemma 3.2.5 (ii), cofinitely many of these tight
components of G — X restrict to tight components of the torso G} at ¢ in (T, V!). Thus, X is a
critical vertex set of the tough torso G} which is a contradiction.

Since the adhesion sets of (T, V1) are critical vertex sets of G, (L1) and (L2) follow immediately
from (R2) and (R3), respectively.

It remains to show that (72, V?) is linked. So let e <72 ¢’ be given. Suppose first that there
is a node t of T such that all edges in eT%¢’ belong either to T or correspond to edges of T
incident with t. The tree-decomposition (T, V) obtained from Theorem 7’ is linked and X;-
linked, where X; = V.} for the predecessor s of ¢t in T!. Thus, there exists an edge f € eT'e
with e <p¢ f <p¢ ¢’ and a family P of k := [V}| disjoint V-V, paths in the auxiliary graph G*
such that v € P,. As G* C G, these paths are also paths in G. Since the adhesion sets of 7% and
the tree-order in T directly transfer to T2 by construction, this completes the first case.

To conclude the proof that (72,1?) is linked, let k be the minimum size of an adhesion set Vy
among all edges g € eT?¢’. Further, let fi,..., fo be the edges on the path eT?¢’ that belong
to T' ordered by <2. To find k disjoint foVf, paths in G, we apply the above argument to
each subpath f;T?f;y1 with i € {1,...,n — 1}. By the choice of k, we get a family P; of k
disjoint VﬁfVJ?Hl paths in G for every i € {1,...,n —1}. As (T?,V?) is a tree-decomposition, we
have that for every g1 <r2 g2 <72 g3, Vy, separates ‘/;]21 and 1/;]23 Therefore, P; € P; and P; € P;
are internally disjoint for ¢ # j. We remark that Vf2¢+1 is an adhesion set of (7, V') and thus
critical in G. Hence, Lemma 3.2.4 yields the desired path family.

In particular, (72, V?) displays all the ends of G homeomorphically, their dominating vertices
and their combined degrees by Lemmas 3.3.1 to 3.3.3. It is immediate from the construction

that (T2,1?) still displays the critical vertices and their tight components cofinitely. O

3.5 Tree-decomposition along critical vertex sets

In this section we prove Theorem 6’, which we restate here for convenience.
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Theorem 6’ (Detailed version of Theorem 6). Let G be a graph of finite tree-width. Then G
admits a fully tight, cofinally componental, rooted tree-decomposition (T,V) whose adhesion sets
are critical verter sets, whose torsos are tough and which displays the critical vertex sets and their
tight components cofinitely.
Moreover,
(I1) if Gfe is disconnected for e = st € E(T) with s <r t, then Vs D V; € crit(G) and deg(t)
(12) if Vi = V. for some node t € T' and the unique edge e = st € T' with s < t, then deg(t) = oo
and V; € crit(G).

oo,

Recall that these (I1) and (I2) are the same properties as (I1) and (I2) in Theorem 4’.

This tree-decomposition is not difficult to construct: Start from the tree-decomposition (T, V1)
described in the introduction. By contracting all edges of the decomposition tree whose corre-
sponding adhesion sets are not critical vertex sets of G, one obtains a tree-decomposition of G
that satisfies all properties required for the tree-decomposition in Theorem 6’ except that it might
not display the critical vertex sets. We then describe how one can turn this tree-decomposition
into one that additionally displays all critical vertex sets and their tight components cofinitely.

We first collect two lemmas that describe how the critical vertex sets of a graph interact with

a tight, componental, rooted tree-decomposition.

Lemma 3.5.1. Let (T,V) be a rooted tree-decomposition of a graph G of finite adhesion. Then
every critical vertex set of G is contained in some bag of (T, V).

Moreover, if (T, V) is tight, componental and its torsos are tough, then for every X € crit(G)
cofinitely many tight components of G—X are of the form G%e foranedgee =txt € T withtx <rt

where tx is the (unique) <p-minimal node of T whose corresponding bag contains X .

Proof. Since critical vertex sets are infinitely connected and (7', V) has finite adhesion, every critical
vertex set is contained in some bag of (T',V). Thus, the nodes whose corresponding bags contain
a fixed critical vertex set X form a subtree of T by (T2) which thus has a unique <7-minimal
node tx. Let ey <7 tx be the unique edge of T" incident with ¢x. Since (7', V) is componental, every
tight component of G — X which does not meet GGleg is of the form G%e for an edge e =txt € T
with tx <7 t. By the choice of tx, every tight component that meets Gleg also meets V,, C V;,.
Lemma 3.2.5 (ii) yields that only finitely many tight components of G — X meet Vi, as (T, V) is
tight and its torsos are tough. Thus, cofinitely many tight components of G — X are of the desired
form. O

The following lemma is kind of a converse of Lemma 3.5.1:
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Lemma 3.5.2. Let (T,V) be a tight, rooted tree-decomposition of a graph G such that for every
X € crit(G) there is a node tx € T such that cofinitely many tight components of G — X are of
the form G$e for an edge e € txt € T with tx <pt. Then all torsos of (T,V) are tough.

Proof. Let t € T be arbitrary, and suppose for a contradiction that torso(oy) is not tough, that is,
there is some X € crit(torso(oy)). Since (7', V) is tight by assumption, we may apply Lemma 3.2.5 (i)
to the star oy, which yields that X is also a critical vertex set of G; moreover, infinitely many tight
components of G — X meet V;. In particular, we have t # tx by assumption on tx. So let e € T’
be the edge incident with ¢x on the unique t-tx path in 7', and let (A, B) € o:, be the separation
induced by the orientation of e towards tx; in particular, V; C A. Then by the assumption on tx
at most finitely many tight components of G — X are contained in A, or equivalently meet A,

which is a contradiction as V; C A. O

We now use the previous two lemmas to show that every graph of finite tree-width admits a
tree-decomposition which satisfies all properties required for the tree-decomposition in Theorem 6’

except that it might not display the critical vertex sets.

Lemma 3.5.3. Every graph of finite tree-width admits a tight, componental, rooted tree-decom-

position (T,V) whose adhesion sets are critical vertex sets and whose torsos are tough. Moreover,

(i) Vi \ Ve is non-empty for every node t € T and the unique edge e = st € T with s <p t.

Proof. We may assume that G is connected. Indeed, if G is not connected, we may apply
Lemma 3.5.3 to every component C' of G to obtain a tree-decomposition (7T c Vc). Let T be the
disjoint union of all 7¢ and a new node r to which we join the root of every T¢. We assign V; := ()
and V; := V¢ for the respective component C of G. Now (T,V) is as desired.

Since the connected graph G has finite tree-width, we may fix a normal spanning tree T of G
by Theorem 3.2.2. Let (7, V) ne the tree-decomposition into finite parts introduced unter the name
tree-decomposition (7', Vi) in the introduction; i.e. the tree-decomposition with decomposition
tree T whose bags are given by V; := {t} U Ng(|t]) C [t]. By construction, for an edge e = st € T
with s <7 t, we have Gte = [t] and V, = [s] N Ng(|t]); in particular, the rooted tree-decomposi-
tion (T, (V)ter) is componental and tight. Moreover, its bags are all finite and hence tough, so
by Lemma 3.5.1 there exists for every X € crit(G) a node tx € T such that cofinitely many tight
components of G — X are of the form Gfe for an edge e = txt € T with tx <p t.

Let (T",V’) be the tree-decomposition induced by (T, V) given by contracting all edges e € T
with V. ¢ crit(G). We claim that (77,)’) is as desired. It is immediate from the construction that
(T",V') is still tight and componental and that all its adhesion sets are critical vertex sets of G. So
we are left to show that all the torsos of (7”,V’) are tough. To this end, for X € crit(G), let t'y

be the node of T” whose branch set in T contains ty. Since we only contracted edges of T whose
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adhesion set is not a critical vertex set of GG, we still have that cofinitely many tight components
of G — X are of the form Gfe for an edge e = t'vs € T' with t'y <p s. Hence, we may apply
Lemma 3.5.2, which concludes the proof.

To verify that all bags are distinct, let nodes ¢’ # s’ € T” be given, and pick nodes t € t'
and s € s'. In particular, t € V; C V), and s € V, C VI, by the definition of (T,V) and (T",V’). If
either t ¢ V/, or s ¢ V), then V) # V!, and we are done; so suppose otherwise. Then, again by
construction, there are nodes y € t and x € s’ such that y >7 s and  >7 t. But since the branch
sets ' and s’ are connected in T and disjoint, this contradicts that T is a tree.

Finally, (T,V) satisfies (i) by construction, as we have t € V; \ V. for every node ¢t € T" and
its unique edge e = st € T with s <p t. As (T",V’) was induced by edge-contractions on T,
also (T7,V') satisfies (i). O

Next, we describe how one can turn the tree-decomposition from Lemma 3.5.3 into one that

additionally displays all critical vertex sets and their tight components cofinitely.

Construction 3.5.4. Let (T, V) be a rooted tree-decomposition of a graph G of finite adhesion.
For every X € crit(Q), let tx be the <p-minimal node ¢ with X C V; (which exists by Lemma 3.5.1).
We obtain the tree 7" from T by simultaneously adding for each X € crit(G) the node t'y, the
edge txt' and rerouting each edge txt of T with Vit = X to 'yt in T’. The tree-decomposi-
tion (77,V') is given by V/ :=V; for all t € T and tl'x := X for every X € crit(G).

To show that the tree-decomposition (7”,)’) from Construction 3.5.4 displays the critical

vertex sets of G we need the following auxiliary lemma.

Lemma 3.5.5. Let (T,V) be a tight, rooted tree-decomposition of a graph G such that for every
X € crit(Q) there is a unique node tx € T with Vi, = X and cofinitely many tight components
of G — X are some G%e for an edge e = txt € T with tx <pt. Then (T,V) displays all critical

vertez sets of G.

Proof. We need to show for every infinite-degree node ¢ € T' with finite V; that V; € crit(G). So
let t € T' be a node with finite V; and V; ¢ crit(G). Since V4 is finite, some subset X C V; must
be the adhesion set corresponding to infinitely many edges e incident with ¢ in T'. Since (T',V) is
tight, X is a critical vertex set of G. By assumption on (7',)) there is a unique node tx € T' with
Viy = X. If tx =t we are done so suppose otherwise. Since by assumption only finitely many
tight components of G — X can meet Glf for the unique edge f = stx with s <7 tx, we have
that tx <p t. But then, again by the assumption on (7,V), at most finitely many edges e = ts
with ¢ <7 s can contain a tight component of G — X contradicting that (7,)) is tight. O

We can now show that the tree-decomposition (77,1’) from Construction 3.5.4 is as desired for

Theorem 6" if we start with a tree-decomposition (7',)) that is tight and componental.
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Lemma 3.5.6. Let (T,V) be a tight, componental, rooted tree-decomposition of a graph G of finite
adhesion whose torsos are all tough. Then the tree-decomposition (T',V') from Construction 3.5.4
displays all critical vertex sets and their tight components cofinitely. Additionally,
(i) (T",V') is fully tight,
(ii) (T",V') is cofinally componental; moreover, if Gle is disconnected for e = st € E(T') with
s <pr t then Vs 2 Vi € crit(G) and deg(t) = oo,
(iii) the torsos of (T',V') are tough.

Proof. Let (T",V') be the tree-decomposition from Construction 3.5.4. Then (i), (ii) and (iii) hold
for (T",V'). Lemma 3.5.1 applied to (T,V) ensures that for X € crit(G) cofinitely many tight
components of G — X are of the form Gfe for an edge e = tt € T" with t'y <ps t. Thus, by
Lemma 3.5.5, (T",)’) displays all critical vertex sets of G. Moreover, by construction, (77,V")

displays the tight components of all critical vertex sets cofinitely. O

Proof of Theorem 6. Apply Construction 3.5.4 to the tree-decomposition (7', V) from Lemma 3.5.3.
By Lemma 3.5.6 this tree-decomposition (77,)’) is as desired; in particular, it satisfies (I1).
Moreover, since (T, V) satisfies (i) from Lemma 3.5.3, (T, V) still satisfies it at all ¢ € T" which
have not been not added in Construction 3.5.4, i.e. (T",V’) satisfies (12). O

We remark that a theorem similar to Theorem 6’ was proven by Elm and Kurkofka [65,
Theorem 2|. However, their result cannot be used in place of our Theorem 6”, as their method in
general produces only a nested set of separations, and not a tree-decomposition (see the appendix

of [12] for a detailed discussion).

3.6 Lifting paths and rays from torso

From Theorem 6’ we obtain a tree-decomposition (7)) whose torsos are tough. Following our
overall proof strategy for Theorem 1 we want to further decompose each of its torsos torso(oy)
with a tree-decomposition (7%, V') which is linked and rayless. We have already indicated in the
beginning of Section 3.4.1 that by using the infinite connectivity of critical vertex sets the arising
tree-decomposition (77,)") is linked, if (7%, V') is linked. For this, we need to extend the path
families in torso(o;) which witness the linkedness of (T, V) to path families in G joining up the
same sets of vertices. In this section we show that such an extension of (finite) path families is
possible, as long as the separations in the star o, at t are ‘left-well-linked’ (Lemma 3.6.3). Moreover,
we prove similar results, Proposition 3.6.1 and Lemma 3.6.2, for extending rays and infinite path

families in torsos at stars whose separations are just left-tight.
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Proposition 3.6.1. Let o be a star of left-tight, finite-order separations of a graph G. Let P be a
path or ray in torso(o). Then there exists a path or ray P’ in G, respectively, with P'NG|[int(c)] C P
which starts in the same vertex as P and, if P is a path, also ends in the same vertex as P, and
such that P" meets V (P) infinitely often if P is ray.

Proof. Fix for every torso edge e = uv of P a separation (A., Be) € o such that both u,v € A.N Be.
Since each (Ae, B.) is left-tight, we may further fix for every torso edge e = uv of P a u—v path P,
through A, \ B.. Note that since all (4, B) € ¢ have finite order, we have (A, B.) = (Ay, By) for
at most finitely many torso edges f of P. As the strict left sides A \ B of the separations (A, B)
in the star o are pairwise disjoint, every P, meets at most finitely many P; for the torso edges f
of P.

Then the graph H obtained from P NG by adding all the P, for torso edges of P is a connected
subgraph of G which contains the startvertex and, if P is a path, the endvertex of P. Moreover, H
is locally finite: by construction, all vertices in P N G have degree 1 or 2 in H since P is a path or
ray, and all vertices in H — V(P) are contained in at most finitely many P, by the argument above,
and hence also have finite degree in H. Now if P is a path, then H C G contains a path P’ whose
endvertices are the same as P, and if P is a ray, then H C G contains a ray P’ that starts in the
same vertex as P (cf. [41, Proposition 8.2.1]). In particular, if P is a ray, then P’ meets V(P)
infinitely often since each component of H — V(P) is finite.

Since H N G[int(c)] = P N G[int(o)] by construction, and because P’ C H, we have that
P'NGlint(0o)] C P, so P’ is as desired. O

We remark that later in this chapter we sometimes want to apply Proposition 3.6.1 to a
ray P in the torso at a star o of finite-order separations of a graph G in which all but one
separation (A, B) are left-tight but we are not interested in keeping the startvertex of P. Hence,
we may apply Proposition 3.6.1 instead to the tail of P which avoids the finite set A N B and the
star {(CNB,DNB)|(C,D)e o~ {(A, B)}} induced by o \ {(4, B)} on G[B]. This still yields
aray P’ in G with P' N G[int(c)] € P which meets V(P) infinitely often.

Lemma 3.6.2. Let o be a star of left-tight, finite-order separations of a graph G. Let X,Y C int(o)
such that there are infinitely many disjoint XY paths in torso(o). Then there are infinitely many
X-Y paths in G.

Proof. Let P be an infinite family of disjoint XY paths in torso(c). We define an infinite family P’
of disjoint X-Y paths in G recursively. For this, set P} := (), let n € N, and assume that we have
already constructed a family P/, of n pairwise disjoint XY paths in G.

Then V(P),) is finite, and hence meets the separators of at most finitely many separations

in o. Since all separations in ¢ have finite order, and because P is an infinite family of disjoint
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paths, there exists a path P € P that avoids both the finite set V(P),) and the finitely many finite
separators of separations in o that meet V(P},). By Proposition 3.6.1, there exists a path P’ in G
with the same endvertices as P and with P’NG|[int(0)] C P. In particular, P’ is an X-Y path in G.
Moreover, P’ is disjoint from the paths in P}, by the choice of P and because P’ N G[int(c)] C P.
Hence, we may define P, := P, U{P’}. Then P' :=J,cn Py, is as desired. O

Let us call a finite-order separation (A, B) of a graph G left-well-linked if, for every two disjoint
sets X,Y C AN B, there is a family of min{| X/, |Y|} disjoint XY paths in G through A \ B.

Lemma 3.6.3. Let o be a star of left-well-linked, finite-order separations of a graph G. Then the
following assertions hold:
(i) For every countable family P of disjoint rays in torso(o) there exists a family P’ of disjoint
rays in G with the same set of startvertices, and such that each ray in P' meets V(P) infinitely
often.

(ii) For every k € N and every family P of k disjoint paths in torso(o) there exists a family P’

of k disjoint paths in G with the same set of startvertices and the same set of endvertices.

Proof. We prove (i) and (ii) simultaneously; so let P be as in (i) or as in (ii). We define the
family P’ recursively, going through the countably many torso edges on P. For this, fix an
enumeration e, ez, ... of the torso edges in P such that if e, € P € P, then all torso edges
occurring on P before e; are enumerated as e; for some j < i. Further, for every e;, we fix
some (A;, B;) € o such that both endvertices of e; are contained in A; N B; where we choose
(A, B;) = (A;, Bj) for some j < i if possible.

We start the recursion with Py := P. At step ¢ € N, we assume that we have already constructed
a family P;_1 of disjoint paths/rays in torso(o) U U, ., G[A;] with the same startvertices, and, if P
is as in (ii), with the same endvertices, as P, and without all torso edges whose endvertices are
both contained in A; N B; for some j < i. We now consider the torso edge e;. If e; is not contained
in any path/ray in P;_1, then we set P; := P;_;. Otherwise, for each P € P;_1, let p be the first
vertex on P such that the subsequent edge on P is a torso edge with both endvertices in A; N B;,
and let yp be the respective last vertex on P such that its previous edge on P is a torso edge with
both endvertices in A; N B;. Now set X; := {xp | P € P;} and Y; := {yp | P € P;}. Since the
paths/rays in P;_; are disjoint, X; and Y; are disjoint subsets of A; N B; with k; := | X;| = |Yi|.
We can thus use that (4;, B;) is left-well-linked to find a family Q of k; disjoint X;-Y; paths
in G[(4; \ B;) UX; UYj]; for Q € Q, write ¢ for its first and yq for its last vertex.

For each P € P;, we now define P* := PxprgQyoyp P’ where @Q is the unique path in Q
with g = xp and P’ is the unique path/ray in P’ with ypr = yg. By construction, the set
Pi:={P* | P € Pi_1} is a family of disjoint paths/rays in torso(c) U ;<; G[A;] with the same
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startvertices, and, if P is as in (ii), with the same endvertices, as P;_; and thus as P. Moreover, P;
not only avoids all torso edges e; with j < i but also all torso edges whose endvertices are both
contained in A; N B; for some j < 7. This completes step <.

To define P’ from the P;, let X be the set of startvertices of paths/rays in P and let Y be
the set of endvertices of paths in P. By construction, for each vertex z € X there is a (unique)
path/ray in P; starting in « and we denote it by PF. We let P? be the limit liminf;ey P¥ of
the P?, and define P’ := {P* | z € X }. By construction, all the P* are disjoint. Note that if P is
as in (ii), then P’ = P, for some n € N, since the construction yields P* = Py for all 4,5 > [E(P)];
thus P’ is as desired for (ii). We now prove that if P is as in (i), then all P* are indeed rays which
meet V(P) infinitely often.

If an initial segment of some P;* is contained in G, then it contains no torso edge and it hence
remains untouched by the above construction in all steps j > ¢; in other words, this initial segment
of P" in G is also an initial segment of all P with j > i. Moreover, if P;* still contains some torso
edge and we let e; be the first such one occurring along P}, then the construction at step j implies
that the maximal initial segment of P} in G is strictly longer than the one in F". Moreover, it
contains a vertex in V(P), the respective Y(pey in the above construction step, that has not been
contained in the maximal initial segment of P in G.

Now if P contains no torso edge at some step 4, then it is a ray in G starting in x, and thus
some tail of P equals the tail of some ray in P by construction; in particular, P meets V(P)
infinitely often. Otherwise, the length of the initial segment of P in G strictly increases infinitely
often, and hence the limit P* of the P’ is a ray in G starting in = that meets infinitely many

vertices of V/(P), which is both witnessed by the respective y(psy described above. Thus, P’ is as
J
desired if P is as in (i). This concludes the proof. O]

3.7 Linked tree-decompositions into rayless parts

In this section we prove Theorem 7’, which we restate here for convenience.

Theorem 7’ (Detailed version of Theorem 7). Let G be a graph, and let o be a star of left-well-
linked, left-fully-tight, finite-order separations of G such that torso(o) has finite tree-width. Further,
let X Cint(o) be a prescribed finite set of vertices of G.

Then G admits a linked X -linked, fully tight, rooted tree-decomposition (T,V) of finite adhesion
such that

(R1) its torsos at non-leaves are rayless and its leaf separations are precisely {(B,A) | (A, B) € o},

(R2) for all edges e of T, the adhesion set V. is either linked to an end living in GTe or linked to
a set AN B C GTe with (A, B) € o,
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(R3) for every e <p e € E(T) with |V.| < |Vu|, each vertex of Ve NV, either dominates some end
of G that lives in GTe' or is contained in AN B C V(G?Te') for some (A, B) € o,
(R4) for all edges e = st € T with s <p t and s # r :=root(T') we have Vs 2V, C V;. Moreover,

=

if X Cint(o), G — X is connected and Ng(G — X) = X, then X C V, and also V;, D V. C V;

=

for all edges e =rt € T, and
(R5) if G?e is disconnected for some edge e € T, then e is incident with a leaf of T

We remark that in Theorem 7’ we explicitly allow the case o = ), where we go with the convention
that the interior of the empty star is V(G).

First we reduce Theorem 7"’ to the following statement, which differs slightly from Theorem 7.
A separation (A, B) of a graph G is left-connected if G|A \ B] is connected, and it is left-end-linked
if AN B is linked to some end ¢ of G with C(AN B,¢) C A.

Theorem 3.7.1. Let G be a graph of finite tree-width, let o be a star of left-end-linked left-connected
finite-order separations of G, and let X C int(c) be a finite set of vertices of G. Assume further
that for every (A, B) € o, the graph G[AN B] is complete and AN B C Dom(G[A \ B]).
Then G admits a linked, X -linked, tight, componental, rooted tree-decomposition (T, V) of finite
adhesion such that
(R1") its torsos at non-leaves are rayless, its leaf separations are precisely {(B,A) | (A,B) € o}
and no other separation induced by an edge of T is (B, A) for (A,B) € o,
(R2’) (T,V) is end-linked,
(R3") for every e <p €' € E(T) with |V.| < |Ve| each vertex of Ve N Ve dominates some end of G
that lives in G1¢’, and
(R4’) (T,V) satisfies (R4) from Theorem 7.

Proof of Theorem 7 given Theorem 8.7.1. Let H be the graph obtained from torso(o) by adding,
for every separation (A, B) € o a disjoint ray R4 p as well as an edge from every vertex v € AN B

to every vertex of R4 p. We aim to apply Theorem 3.7.1 to H with X and the star
o ={(V(Rap)U(ANB),V(H—Rap))| (A, B)€a}

but to be able to do so we first have to show that H has finite tree-width.

By assumption in Theorem 7", torso(c) admits a tree-decomposition (77, V7) into finite parts.
Any subgraph of H of the form H[(ANB)UV (R4 )] clearly also admits such a tree-decomposition
(T4B, v4B). Since H[AN B] is complete for all (4, B) € o, it is contained in some part of (T, V)
and also it is contained in some part of (T4, VA-B) We then obtain the desired decomposition

tree from the disjoint union of the decomposition trees by adding for each (A, B) € o an edge
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between the nodes corresponding to the respective parts containing H[A N B]. Keeping the parts
yields the desired tree-decomposition of H into finite parts.

So by construction and the previous argument, H, X and ¢’ are as required for Theorem 3.7.1,
which then yields a rooted tree-decomposition (7,1’) of H. In particular, this (7, )’) has precisely
((B,A) | (A,B) € ¢) as its leaf separations. Thus, we obtain a tree-decomposition (7',V) of G
by letting V; := V/ for all non-leaves of T' and V; := B for all leafs of T whose bag is of the form
(ANB)UV (R4 p). In particular, its leaf separations are precisely {(B,A) | (4, B) € o}.

We claim that the tree-decomposition (7',V) of G is as desired. We remark that the adhesion
sets corresponding to an edge of the decomposition tree are unchanged. So, (7', V) still has finite
adhesion, as (7,)’) has finite adhesion. Also, (T,V) is linked and X-linked: as the H[A N B] are
complete, this follows from the (X-)linkedness of (7,)’) and Lemma 3.6.3 (ii). Further, (7,V)
is fully tight, since (7,V’) is fully tight and all separations in o are left-fully-tight. Also (T,V)
satisfies (R5), since (T, V') is componental and the separations in o are fully tight and no separation
of H induced by an edge of T' which is not incident with a leaf is (B, A) for some (A, B) € ¢’ by
(RY1’). By construction of (7',V), property (R1’) of (T,V’) immediately implies that (7,V) satisfies
(R1). Additionally, for all edges e of T, the adhesion set V is linked to an end of H by (R2’). If
that end corresponds to some ray R4 p, then V, = V/ C int(o) is linked to AN B C V(Gte) since
AN B separates int(o) from R4 g and because of Lemma 3.6.3 (ii) as the H[A N B] are complete.
Otherwise, Lemma 3.6.3 (i) and Lemma 3.6.2 ensure that V, is linked to an end of G that lives
in Gte. Indeed, let R be a family of |V,| equivalent, disjoint rays in torso(c) that start in V. and
that witness that V; is end-linked. Then Lemma 3.6.3 (i) yields a family R’ of |V.| disjoint rays
in Gte that start in V, and that each meet V(R) infinitely often. In particular, since R is finite,
for every R’ € R’ there is R € R such that R’ meets V(R) infinitely often. To see that the rays
in R’ are equivalent, let Rj, R} € R’ be given. Since Ry and R; are equivalent in torso(c), the
infinite sets V(R) NV (Ry) and V(R]) NV (Ry) cannot be separated by finitely many vertices.
Hence, we may greedily pick infinitely many disjoint V(R{) N V(Ry)-V (R}) N V(R;1) paths in
torso(o). Since these paths are in fact R{—R] paths in torso(c), Lemma 3.6.2 yields that there are
infinitely many disjoint R{—R) paths in G, which concludes the proof that V, is end-linked in G,
and that (7,V) satisfies (R2).

Also (T, V) satisfies (R3) because (T, V') satisfies (R3’). Finally, (T, V) satisfies (R4) since (T, V")
satisfies (R4’) too. O

Let us briefly sketch the proof of Theorem 3.7.1. We will construct the tree-decomposi-
tion inductively. We start with the trivial tree-decomposition whose decomposition tree is a single
vertex whose bag is the whole vertex set of G. In the induction step, we assume that we have

already constructed a linked, X-linked, tight, componental, rooted tree-decomposition (77, V")
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of G of finite adhesion which satisfies (R2’), (R3’) but it may not satisfy (R1’). Instead its
torsos at non-leaves are rayless and A is contained in a bag at a leaf of T" for every (A, B) € 0.
Then, for every leaf ¢ of T" whose (unique) incident edge e does not induce a separation in o,
we define a set Y C V(G?e) such that the adhesion set V" is contained in Y. We then replace
the bag V;* with Y and add for each component C of (GTe) — Y a new leaf to £ and associate
the bag V(C) U N(C) to it. By carefully choosing these sets Y for each such leaf we will ensure
that the arising tree-decomposition (77+!, V" *1) again satisfies all the properties as assumed for
(T™, V™). We then show that the pair (7),V) which arises as the limit for n — oo is indeed a
tree-decomposition of G and that it satisfies all the desired properties.

This section is organised as follows. First, we describe in Section 3.7.1 the Algorithm 3.7.2
that will construct the bags of the desired tree-decomposition for Theorem 3.7.1, that is, the
sets Y mentioned above. This algorithm is simple to state, but we require some tools to properly
analyse it. In Section 3.7.2 we build a set of tools centred around ‘regions’, which we then use
in Section 3.7.3 to prove some properties of Algorithm 3.7.2 that will later on ensure that the
resulting tree-decomposition is as desired. Finally, in Section 3.7.4, we follow the above described
approach to construct a tree-decomposition by inductively applying Algorithm 3.7.2 and then

prove with the help of the main result from Section 3.7.3 that this tree-decomposition is as desired.

3.7.1 Building the bags of the tree-decomposition

In this section we describe a transfinite recursion, Algorithm 3.7.2, that will construct the bags of
the tree-decomposition for Theorem 3.7.1. For this, we need the following definitions.

Let G be a graph. A region C of G is a connected subgraph of G. By C we denote the closure
GIV(C)UNg(C)] of C. A k-region for k € N is a region C' whose neighbourhood N (C') has size k.
A (<k)-or (<k)-region for k € N is a k’-region C for some k’ < k or k¥’ < k, respectively. Similarly,
an (< Ng)-region is a k-region for some k € N. Two regions C' and D of G touch, if they have a
vertex in common or G contains an edge between them. Two regions C' and D of a graph G are
nested if they do not touch, or C' C D, or D C C. Note that the set of all regions G%e given by a
rooted componental tree-decomposition of a graph G is nested.

A region C is e-linked for an end ¢ of G if ¢ lives in C and the neighbourhood of C is linked
to €. A region C is end-linked if it is e-linked for some end ¢ of G. We emphasise that a region C
is e-linked if N(C) is linked to the end ¢ (and not V(C')). To distinguish both cases, we say a

region is e-linked and a set of vertices is linked to €.

Algorithm 3.7.2. (Construction of a bag)
Input: a connected graph H; a finite set X of k € N vertices of H; a set D of pairwise non-
touching end-linked (< Ng)-regions D that are disjoint from X and satisfy X N Ny (D) C Dom(D);
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a vertex x € V(G) \ X that lies in no D € D.

Output: a transfinite sequence Cy, C1, ..., C;, ..., indexed by some ordinal < |H|*, of distinct
end-linked (< Np)-regions which are disjoint from X and pairwise nested and which are also nested
with all D € Dy aset Y :=V(H) ~ (U; Cy)

Recursion: Iterate the following step:

Case A: If there is a (< k)-region C; of H that is disjoint from X, is e-linked for some end ¢
which lives in no Cj for j < i, nested with the C; for j < 7 and with all D € D, then

choose a nicest such region C;. Here, nicest'? means that
(N1) C; is such an ¢;-region where ¢; € N is minimum among such regions, and
(N2) C; is an inclusion-wise maximal such region subject to (N1).

Case B: If there is no region as in Case A, but there is a (< Ng)-region C; that is disjoint from
X' := X U{x}, is e-linked for some end e which lives in no C; for j < i, nested with
the C; for j < i and with all D € D such that X’ N Ny (C;) € Dom(C;), then choose a

nicest such region C;.

Case C: If there is no region as in Case A or Case B, then terminate the recursion.

Recall that we will construct the tree-decomposition for Theorem 3.7.1 recursively, where in
each step we replace the leaves of the previous tree-decomposition with stars whose torsos at the
centre vertices are rayless. So we can think of the graph H in Algorithm 3.7.2 as the part G4
above a leaf ¢ of the decomposition tree T constructed so far and the set X as the adhesion
set V. that corresponds to the unique edge e incident with that leaf in 7™. The set Y which
Algorithm 3.7.2 outputs will then be the bag at the centre of the newly added star, and the parts
at the new leaves will be the components of H —Y (which will be the D-maximal elements of
the Cj, see Theorem 3.7.9 below) together with their boundaries.

Let us briefly give some intuition on why the set Y is a good candidate for the new bag.
Theorem 3.7.1 requires the torsos of the tree-decomposition to be rayless, so Y should not contain
any end of H: for this, Algorithm 3.7.2 iteratively cuts off all ends of H by choosing (< Rg)-
regions C; around them. Additionally, we have to make sure that in the limit of our construction we
do end up with a tree-decomposition which in particular must satisfy (T1). The specified vertex x
will ensure that we make the appropriate progress when defining the tree-decompositions. In fact,
in the final construction of the tree-decomposition we will carefully specify the vertex x in order to
ensure that in the end every vertex will lie in some bag of the pair (T,V) arising as the limit for
n — oo. But this is not the only point where we need to be careful. Since the tree-decomposition
should be linked, we cannot just choose the regions C; arbitrarily; instead, we need to choose those

first whose neighbourhood has size less than |X|. This is encoded in Case A, while Case B then

12Note that there might be several nicest regions.
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will cut off all the remaining ends of G. We will justify these intuitions in Theorem 3.7.9.

We begin by argueing that Algorithm 3.7.2 is well-defined: Whenever there exists a region in
Case A or Case B, then there obviously exists such a region as in Case A or Case B satisfying
(N1), and then Zorn’s Lemma and the following lemma (specifically: item (ii)) ensure that there is

also such a region satisfying (N2).

Lemma 3.7.3. Let H be a graph. Let C be a chain of regions of H. Then C' = |JC is a region,
and C':={V(H — C)N Ng(C") | C" € C} is a chain with Ng(C) =UC’.
Moreover, let X C V(H). Then the following statements hold:
(i) If all C" € C are disjoint from X, then C is disjoint from X.
(i) If, for some k € N, every C" € C is a (< k)-region, then C is a (< k)-region.
(iii) If, for every C' € C, X N Ny (C") C Dom(C”), then X N N (C) C Dom(C).
(iv) If Ng(C) is finite and every C' € C is end-linked, then C is end-linked.
(v) If every C" € C is nested with a region D, then also C is nested with every D.

Proof. Since C is a chain and all C’ € C are connected, C is connected, too. By definition
of neighbourhood, Ny (C) = V(H — C) N Ueree Nu(C') and, since C is a chain, also the set
C'={V(H - C)NNg(C")| C" € C} forms a chain. This ensures that (ii) and (iii) hold. Next, (i)
follows immediately from the definition of C' as the union of the C’ € C.

(iv): If the neighbourhood of C' is finite, the fact that C’ is a chain with |JC' = Ny (C) yields
that there is a C' € C such that Ny (C') 2 Ny (C). Now, since C’ C C, the end-linkedness of C’
yields the end-linkedness of C.

(v): Since every C’ € C is nested with D, the regions C’ and D either do not touch or one is
contained in the other. If D is contained in some C’ € C, then D is also contained in C' D C’,
as desired. So we may assume that D is contained in no C’ € C. Note that whenever C{, € C is
contained in D or does not touch D, every C' € C with C’ C C{ is contained in D or does not
touch D, respectively. Thus, either all C’ € C are contained in D or they all do not touch D. This

yields that their union C' either is contained in D or does not touch D, respectively. ]

3.7.2 Regions

In this section we collect some statements about regions which we then use in Section 3.7.3
to analyse the regions C; and the set Y which Algorithm 3.7.2 outputs. Recall that we want
Algorithm 3.7.2 to cut off all ends of H in that every end of H lives in some C;. In order to prove
that Algorithm 3.7.2 actually achieves this (at least in the case where every end of H has countable
combined degree), we will work in this section towards Lemmas 3.7.6 and 3.7.7, which will later on

ensure that if at step ¢ of the recursion in Algorithm 3.7.2 there is still an end of H that does not
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live in any C; for j < ¢, then there is a region that is a ‘candidate for C;” in Case A or Case B.
Then Algorithm 3.7.2 will not terminate as long as there is still some such uncovered end of G
that lives in no C}.

We say that a region C' is a candidate for C; if C; was chosen in Case A or Case B and C
satisfied all properties of the regions in Case A or Case B at step i, respectively, except that C
may have not been a nicest such region. We start by showing for that every end of H there is a
region C; as in in Case A (Lemma 3.7.4 (i)) or Case B (Lemma 3.7.4 (ii)) — except that it might
not be nested with D and with the previously chosen C; for j < 4.

Lemma 3.7.4. Let H be a graph, let X C V(H) be finite, and let € be an end of H with countable

combined degree. Then the following statements hold:

(i) For every |-|-minimal X - separator S the component of H — S in which € lives is e-linked

and disjoint from X.
(ii) There is an e-linked (< Ng)-region C' disjoint from X which satisfies X N Ny (C) C Dom(e).

Proof. (i): Since S separates X and ¢, the component C(S, ¢) is disjoint from X. It remains to show
that C is e-linked. Because ¢ has countable combined degree, [77, Lemma 5.1] yields an e-defining
sequence (Sp)nen, that is a sequence of finite sets S, C V(G) such that C(Sp,e) 2 C(Sp+1,€),
Sn N Spt1 € Dom(e) and (),,en C(Sn,e) = 0. It suffices to find an e-defining sequence (S}, )nen
with S = S such that there are |S]| pairwise disjoint S;, S}, paths for every n € N.

So set Sj) := S. Assume that we have constructed S, ..., S!, for some n € N. Since the C(Sy, ¢)
are C-decreasing and their intersection is empty, we may choose N € N sufficiently large such
that S;, N C(Sn,e) = 0. Then we choose Sj,,; as a |-|-minimal Sy41—¢ separator; in particular,
C(S,,e) 2 C(Sn,e) 2 C(Snt1,€) 2 C(S),41,€), and thus S, NS;, | € Sy N Sy41 € Dom(e).

Note that every S, —S;,_ | separator would have been a suitable choice for S], and thus has size at
least |S),|. By Menger’s Theorem (see for example [41, Proposition 8.4.1]), the desired paths exist.

(ii): [77, Lemma 5.1] yields a region C’ disjoint from X in which ¢ lives and whose finite
neighbourhood N(C’) shares with X only vertices in Dom(e). Now applying (i) to a |-|-minimal

N(C")—¢ separator yields the desired e-linked region C' := C(S,¢e) C C". O

In order to get a candidate for C; we will use the region from Lemma 3.7.4 to obtain one which
is additionally nested with D and with the C; for j < i. For this, we first need one auxiliary
lemma.

A region C of a graph G is well linked if, for every two disjoint finite X,Y C Ng(C), there is
a family of min{|X|, |Y|} pairwise disjoint XY paths in G through C (i.e. all internal vertices

contained in C).

Lemma 3.7.5. Let H be a graph and let C be an end-linked region of H. Then C' is well linked.
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Proof. Let X, Y C N(C) be disjoint and finite, and suppose for a contradiction that there is no
family of min{|X]|,|Y|} pairwise disjoint XY paths through C. By Menger’s theorem (see for
example [41, Proposition 8.4.1]), there is an XY separator S of size less than min{|X]|,|Y|}
in H[V(C) U X UY]. Since C is end-linked, there is some end ¢ of H which lives in C' and
a family {R, | v € N(C)} of pairwise disjoint N(C)—¢ paths and rays with v € R,. Since
|S| < min{|X],|Y|} and the R, are pairwise disjoint, there is x € X and y € Y such that R,
and R, both avoid S. Since R, and R, are N(C)-¢ paths or rays, there is some R,~R, path P
in C which avoids the finite set S. Hence, R, + P+ R, is a connected subgraph of H[V (C)UX UY]
which meets X and Y but avoids S. This contradicts the fact that S is an X—Y separator in
HV(C)uXUY]. O

Let € be an end of H that does not live in any C; for j < i or in any D € D and which can
be separated from X by fewer than | X| vertices. Then our next lemma yields an e-linked region

which is a candidate for the region C; in Case A.

Lemma 3.7.6. Let H be a graph and let € be a set of pairwise non-touching well-linked (< Xg)-
regions. If C is a k-region with k € N which is e-linked for some end € that only lives in D € £
which are contained in C, then there exists an e-linked (< k)-region C' that is nested with all D € .

Moreover, the set £ of regions D € £ which are not nested with C is finite, the region C' is
not only nested with all D € £ but contains D or does not touch D, and C' can be chosen such
that C" C C UUpegr D and Ng(C") € Nu(C) UUpegr Nu (D).

Proof. We first show that £’ is finite. For this, it suffices to show that each of the pairwise disjoint
regions in & meets the finite set N(C). So let D € £ be given. Because D and C' are not nested,
they touch, that is, the closure C' meets D. Moreover, D is not contained in C, so D — C' is
non-empty. Thus, since D is connected, there is a (D — C)f(? path in D. Its endvertex in C is
in N(C), as D — C and C are disjoint. Thus, D € D meets N(C).

Let &L consist of all D € D' with |[V(D) N N(C)| < |[V(C)NN(D)|. Now C* := G[V(C) U

Ubeer V(D)] has neighbourhood (N (C') ~ Ubeer V(D))U Ubeer (N(D)\V(C)), since the D € €
are pairwise non-touching. We claim that C* is a e-linked (< k)-region.

The subgraph C* is connected and thus a region since every D € £ D E. touches C. For
D € &L, the set V(D)NN(C), which separates N(D)~V(C) and V(C)NN(D) in D, must have at

least size |[N (D)~ V(C)|, since D is well linked by assumption and [V (D)NN(C)| < |[V(C)NN(D)|
by definition of £~. Hence, |N(D) \ V(C)| < |[V(D) N N(C)| < |[V(C) N N(D)| for every D € £~

yields that the size of the neigbourhood of C* is at most k and a family Pp of |[N(D) \ V(C)|
pairwise disjoint (N (D) ~ V(C))-(V(C) N N(D)) paths through D. We claim that C* is e-linked.
Indeed, since the D € £ are pairwise non-touching, all these paths in Pp with D € £ and the trivial

paths in N(C) ~ (UD€5/< V(D)) are pairwise disjoint. Hence, we obtain the desired N(C*)-¢ paths
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and rays by extending the collection of all these paths and the trivial paths in N(C)~ (Upe e V(D))
via the original N(C)—¢ paths or rays witnessing the e-linkedness of C.

By definition of C* and since the D € £ are pairwise non-touching, we have C* N D = C N D,
V(C*)NN(D) =V (C)NN(D) and N(C*)NV(D) = N(C)NV(D) for every D € £\ E.. Hence,
the regions D € £ which are not nested with C* are precisely those in £* := &' \ €L and every
D € &* satisfies [V(D)NN(C*)| = |V(D)NN(C)| = |[V(C)NN(D)| =|V(C*) N N(D)|. Hence,
the size of

B:= (N~ (J vioy)u U (Ve nND),

Deegx Deg*

which includes the neighbourhood of C* — (peg«)D, is at most |N(C*)| < k. Since ¢ lives only in
D € & which are contained in C C C* and thus such D ¢ &£ D £*, the end ¢ lives in C* — (peg~ D).
So the e-linkedness of C* and |B| < |[N(C*)| yields that B is linked to . All in all, the component
C" := Cu(B,e) is the desired e-linked (<k)-region with C" € (C'UUpeer D) = (Upee- D) C
CUUpegr D and N(C") = B C N(C)UUpegr N(D). Note that by definition C” does not touch
D € &*. Since every other D € £ \ £* either does not touch C* or is contained in C* and also

does not touch any D’ € £*, the region D does not touch C’ or is contained in C’. O

The next lemma yields for every end € that does not already live in some C; for j < ¢ or in

some D € D an e-linked region which is a candidate for the region C; in Case B.

Lemma 3.7.7. Let H be a graph, let Z C V(H) be finite, and let £ be a set of pairwise non-touching
well-linked (< Ng)-regions of H.

If € is an end of H of countable combined degree that lives in no D € &, then there exists an
e-linked (< Wo)-region C that is disjoint from Z, satisfies Z N Ny (C) € Dom(e) and is nested with

all D € £. Moreover, every region in E that touches C is contained in C'.

Proof. By Lemma 3.7.4 (ii), there exists an e-linked (< Rg)-region Cy of H that is disjoint from Z
and satisfies Z N N(Cp) C Dom(e). Let £ be the set of all regions in € that are not nested with Cp.
The ‘moreover’-part of Lemma 3.7.6 ensures that £’ is finite. Thus, Lemma 3.7.4 (ii) applied to the
finite set Z' := ZU N(Co) UUpecgr N(D) and the end € yields an e-linked region C that is disjoint
from Z' and satisfies Z N N(C7) C Dom(e). Since € lives in no D € € D &', the fact that C is
disjoint from Z’ yields that C; C Cy — (Upegr D).

Note that, since C is nested with all regions in D that were not nested with Cy, every D € £
which touches C is contained in Cy. In particular, Z N N(D) C Z N N(Cp) € Dom(e) for all
such D € D as C avoids Z. Now Lemma 3.7.6 yields a e-linked (< Ng)-region Cy that is disjoint
from Z, is nested with £ and satisfies Z N N(C2) € Z N N(Cp) C Dom(e). Thus C := Cy is the

desired region.
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For the ‘moreover’-part we note that € lives in C but in no D € &, and thus every D € £ that
touches C' and that is nested with C is contained in C'. Hence, the ‘moreover’-part follows since C
is nested with all D € £. O

3.7.3 Analysis of Algorithm 3.7.2

In this section we analyse Algorithm 3.7.2 and provide in Theorem 3.7.9 the properties of the
regions C; and the set Y obtained from Algorithm 3.7.2 which we need for the proof of Theorem 3.7.1.

First let us take note of some basic properties of Algorithm 3.7.2 that follow easily from its definition:

Observation 3.7.8. In the setting of Algorithm 3.7.2, we have that
(01) every C; with |[Ng(C;)| < k was chosen in Case A and every C; with |[Ng(C;)| = k was
chosen in Case B,

02) ifb; > k, then X ﬂNH(CZ) - DOHl(CZ'),

03) the 4; are increasing,

05) if Cj C C; with j < 1, then fj < {;,

(02)
(03)
(04) a Cj is never contained in C;j with j <1,
(05)
(06)

Algorithm 3.7.2 terminates at some ordinal < |H|*.

Proof. (O1): It is immediate from Algorithm 3.7.2 that every (> k)-region was chosen in Case B.
Every (< k)-region as in Case B is already a region as in Case A; thus, every (< k)-region C; was
chosen in Case A.

(02): This is immediate from Algorithm 3.7.2 and (O1).

(03): By (0O1), every C; with |[N(C;)| < k was chosen in Case A. Moreover, every C; that was
chosen in Case A was already a candidate for C; in earlier steps j < i where C; was chosen due to
Case A, but was not the chosen nicest such region (and similar for Case B). Thus (N1) ensures
that the ¢; are increasing.

(O4): A C; will never be a subgraph of any C; with j < i since the end to which N(C;) is
linked lives in C; but not in C; by the choice of C; in Algorithm 3.7.2.

(05): By (O3) we have ¢; < ¢;. So suppose for a contradiction that ¢; = ¢;. By Algo-
rithm 3.7.2, C; was already a candidate for C;. Since ¢; = ¢;, the region C; satisfied (N1) in step j.
But then C; = C; by (N2) of C}, which contradicts that the end to which N(C;) is linked does not
live in C; by Algorithm 3.7.2.

(06): It suffices to show that C; contains some vertex which is in no other Cj; for j < 4. If all C}
for j < ¢ are disjoint from Cj, then we are done. So we may assume that there is some C; C C;
with j < 4. Consider such a C-maximal Cj+; it exists, since chains of such regions C; C C; are
finite by (O5). If N(Cj+) C N(C;), then the connectedness of C; and Cj« yields C; = C}j» which
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contradicts their distinctness. Thus, there exists a vertex v € V(C;) N N(Cj+). Since the C; for
J < i are nested and by the C-maximality of Cj«, the region Cj+ does not touch C; or contains C}
for all j # j* with C; C C; and j < 4; in particular, in both cases V(C;) N N(Cj+) = (). Thus,
v € C; N\ Uj.; Cj as desired. O]

Using the following properties of Algorithm 3.7.2, we show in Section 3.7.4 that the iterative
application of Algorithm 3.7.2 yields the desired tree-decomposition for Theorem 3.7.1:

Theorem 3.7.9. In the setting of Algorithm 3.7.2 the following statements hold:

(Al) Either x € Y or |X| > |Ng(C)| for the component C of H—Y containing x.

(A2) Every D € D is contained in a component of H —Y .

Moreover, if every end of H has countable combined degree, then also the following hold:

(A3) Ewvery end of H lives in some C;.

(A4) Ewvery component of H—Y s a C;.

(A5) If INg(C)| = k for a component C of H—Y, then X N Ny (C) C Dom(C).

(A6) Set H* .= H and Y :=Y. Let C; D Cy D --- D C! be a sequence of regions of H such
that, for every m € {0,...,n — 1}, the region C, . is a component of H™ — Y™ where, for
m e {1,...,n— 1}, Y™ is given by Algorithm 3.7.2 applied to H™ := C),, the finite set
X" := Ng(C},), the set D™ := {D € D | D C C),} and an arbitrary vertex x,, € C), —(UD).
Then there are min{| Ny (C/ )| | m € {1,...,n}} pairwise disjoint X -Ng(C),) paths in H.

(A7) If H— X is connected and Ng(H — X) = X, then Nyg(C) € X for all components C' of
H —Y; in particular, X C Y.

Proof. (Al): Assume that = ¢ Y. Let C; be the collection of all those C; that contain x. Then C,
is non-empty since by the definition of Y at least one C; contains z. We claim that C' := |JC,
is a component of H —Y with |[N(C)| < k = |X|. Indeed, it is immediate from Algorithm 3.7.2
that every C; € C, is a region as in Case A, since the regions that where chosen in Case B avoid x;
in particular, every C; € C, is a (< k)-region. Since all the C; € C, meet in x and are nested, C,
is a chain (with respect to inclusion). Thus, Lemma 3.7.3 ensures that C' is a region of H with
IN(C)| < k=1]X]|.

To finish the proof of (A1), it thus remains to show that C' is a component of H — Y. For this,
it suffices to prove that N(C) C Y since C is a region and hence connected. As C' = JC,, we have
N(C) CU{NI(C) | C; € Cy}. Since all the C; are nested, every C; which meets the neighbourhood
of some C; € C, already contains Cj; in particular, such C; are also in C, as x € C; C C}. Thus
N(C) meets no Cj;, and so the definition of Y yields that N(C) C Y.

(A2): By the assumptions on D and the choice of the Cj, in every step i of Algorithm 3.7.2

every D € D is a candidate for the region C; in Case B as long as D is e-linked for some end € of H
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which lives in no Cj for j < ¢. Again by the assumptions on D, the region D € D is e-linked for
some end ¢ of H. So, since Algorithm 3.7.2 terminates because of Case C by Observation 3.7.8 (06),
the end ¢ lives is some Cj. As ¢ lives in both C; and D, they touch. Thus, C; C D or D C C; since
they are nested by Algorithm 3.7.2. Hence, we finish the proof of (A2) by showing that if C; C D,
then C; = D. For this, it suffices to show that in step i of Algorithm 3.7.2, the region D was a
candidate for C; and satisfies (N1), because then C; C D together with (N2) yields C; = D.

It is immediate from Algorithm 3.7.2 and the assumptions on D that in step ¢, the region D € D
is nested with all C; for j < i, disjoint from X and that X N N(D) € Dom(D). Since D is e-linked
and ¢ lives in C; C D, there are |[N(D)| disjoint N(D)-N(C;) paths in D — C;. These paths can
be extended to disjoint N(D)—¢" paths and rays where &’ is the end so that C; is ¢’-linked. In
particular, D is end-linked to the end ¢’ which lives in no Cj for j < ¢, and ¢; = |[N(C;)| > |N (D).
Thus, D was a candidate for C; and satisfies (N1), as desired.

(A3): Suppose towards a contradiction that there is an end ¢ of H that lives in no C;. For every
¢ € N, let Ct, be the set of all C; with ¢; < £ that are C-maximal among all (< £)-regions Cj.
By Observation 3.7.8 (O5) every C; with ¢; < £ is included in some C; € Cs5t,. Moreover, since
i
to Z := X U {z} and the set £ of all C-maximal elements in D U Csk , there exists a e-linked

(< Np)-region C that is disjoint from X U {x}, satisfies (X U {z}) N N(C) C Dom(e) and is nested
with all C-maximal regions in D UCSE, . Set £ := |N(C)|. Then Lemma 3.7.6 applied to C' and

max*

all C; are nested, the regions in C are pairwise non-touching. Hence, by Lemma 3.7.7 applied

the set £ of all C-maximal regions in D U C5tt! yields a e-linked (< £)-region ¢’ which is nested

with all regions in D U CSH! and such that (X U {z}) N N(C’) € Dom(C"), where we have used

max

that (X U {x}) N N (D) C Dom(D) for all D € C5lt! \ Cgk, since any such region D was chosen

max max
in Case B. Moreover, by Lemma 3.7.6, C’ is not strictly contained in any region in D UCSE!. In
particular, C’ is nested with all D € D and all C; with ¢; < £. But this contradicts Algorithm 3.7.2:
If there is no C; with ¢; > ¢, then C’ contradicts that Algorithm 3.7.2 terminated because of Case C
by Observation 3.7.8 (06). Otherwise, if there exists some C; with ¢; > ¢, then C’ witnesses that
the first such C; did not satisfy (N1).

(A4): Let C be a component of H —Y. By Zorn’s Lemma there exists a C-maximal index
set I such that C; C C; C C for all j < i € I. Then J;c; C; = C. Indeed, if C' := U;c; C; € C,
then N(C') N C # 0 since C' is connected. So by the definition of Y, there is some C; such that
N(C"YNCj # 0. In particular, C; C C since C; is connected. But since N(C’") C ;e N(C5),
the (C; | i € I) are C-increasing and all the C; are nested, we have C; C Cj; for all ¢ € I, which
contradicts that / is C-maximal. By Observation 3.7.8 (03), the sequence (¢;)ier is strictly
increasing. In particular, I is either finite or of the same order type as N. In the former case we

are done as C' = C; for i = max(I). So assuming the latter, we now aim towards a contradiction.

Enumerate I = {i,, : n € N} so that i,, < iy, for all n < m € N.
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Consider the auxiliary graph A that arises from C by contracting C;, and, for every n € N, all
components of C; ., — C;,. The graph A is obviously infinite and connected. Since the N(C;,)
are finite and the C;, are connected, there are at most finitely many components of C;,, , — C;
for every n € N. Together with the fact that the N(C;,) are finite this yields that A is also locally
finite. Hence, the minor A of C' contains a ray by [41, Proposition 8.2.1]. We lift this ray to a
ray R in C' by choosing suitable paths in each branch set connecting the endvertices of the incident
edges. Then by construction, the end of H that contains R lives in no Cj, contradicting (A3).

(A5): This follows directly from (A4) and (O2).

(A6): Set k' := min{|N(C},)| | m € {1,...,n}}. By Menger’s Theorem (see for example
[41, Proposition 8.4.1]), we either find the desired k' pairwise disjoint X—N(C},) paths or there
is an X—N(C)) separator S with |S| < k’. We may assume the latter and let S be a |-|-minimal
such separator. Further, let ¢ be an end such that C/, is e-linked, which exists by Algorithm 3.7.2
and (A4). Since CJ, is e-linked, the separator S is also a |-|-minimal X-¢ separator. Then the
component C' of H — S in which ¢ lives is e-linked and disjoint from X by Lemma 3.7.4 (i).
Moreover, we have C!, C C since S avoids C, by its choice as a minimal XN (C",) separator.

Now let C' be a e-linked (<|S|)-region that is disjoint from X, contains C}, and is contained in
as many of the C! as possible. Note that C is a candidate for C. Let N > 0 be the largest index i
such that C' C CY;, and let C}¥ be the regions obtained from the application of Algorithm 3.7.2
to HY and N(CY%) (or H and X if N = 0). Note that N < n since otherwise we have C' = C/, and
hence |[N(C})| = |N(C)| < K/, a contradiction. Let Cksl be the C-maximal elements of the CcN
with £V < |S|. Note that by Observation 3.7.8 (05) every OV with ¢ < |S| is contained in some
C’JN € Célﬁ‘. Since all regions in C;g‘ U D are end-linked, they are well linked by Lemma 3.7.5.
Moreover, if ¢ lives in D € D, then D C C], C C by (A2). To be able to apply Lemma 3.7.6 to C
and the set £ of C-maximal regions in Cég U D it suffices that € lives in no CJN with E;V < |5

So suppose for a contradiction that ¢ lives in some CJN with €§V < |S]. We claim that then
"= C’jN UCy is an (< |S|)-region. Indeed, C” is a region because CJN and CJ, are both connected
and intersect as e lives in both of them. Moreover, N(C") = (N(CIN) U N(C},)) \ V(C") =
(N(CJN) N V(CI))U(N(CL) ~ V(C_'JN)) has size at most |N(CJN)| = E;V < |S]: if not, one easily
checks by doubling counting that Z := ((N(CJ) U N(Cy,)) NnV(C") U (N(CN)NN(C})) =
(N(C)) N V(C’JN))U(N(CJN) N V(C{l))U(N(CJN) N N(C})) has size less than |[N(C},)|. But this
contradicts that C, is e-linked as € lives in a component of CJN N C},, whose neighbourhood
then is contained in Z, and so all N(C})-¢ rays and paths have to meet Z. Hence, C” is a
(< |S|)-region with C], C C”. Moreover, CJN and C)y, both contain Cj, by assumption and thus
touch. So since C¥ and Cly,, are nested by Algorithm 3.7.2 (because C, ; is some C}¥ by (A4)),
Observation 3.7.8 (O4) implies that CJN C Cy,1, and therefore C” C Cfy, ;. But this contradicts

. . . . . <|S
our choice of C. Thus, € lives in no region in CmL}J uD.
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So we may apply Lemma 3.7.6 to C' and the set £ of C-maximal separations in Cfl'ai' u>D

to obtain an e-linked (<|S|)-region C’ which is disjoint from X and which, for every region in

Iilai‘ U D, either contains that region or does not touch it. Thus, C’ is nested with all CV with
¢N < |S| and with all D € D. This concludes the proof since the existence of C’ then contradicts
that C} satisfies (N1) where J = min{i | £# > |S|}. Here we used that C}y,, is some C;¥ and that
IN(Cl41)] = K" > [S], so the minimum is not taken over the empty set.

(AT): Let C be a component of H —Y. By (A4), we have C' = C; for some suitable i. Suppose
first that C; that was chosen in Case A. Then |Ny(C)| < |X|; since H — X is connected and
Nu(H — X) =X, Ny(C) contains a vertex in V(H) ~\ X, implying Ny (C) € X. Now suppose
that C; that was chosen in Case B. Then Ny (C) separates z and C. Since H — X is connected
and z ¢ X, we have Ny (C) € X. The in-particular part is now also clear. O

3.7.4 Proof of Theorem 3.7.1

Using Theorem 3.7.9 we now show that the tree-decomposition obtained from iteratively applying
Algorithm 3.7.2 is as desired for Theorem 3.7.1.

Proof of Theorem 3.7.1. First, we define the desired tree-decomposition (7',)) in the case where
X = int(o). The decomposition tree T is a star whose edges are in a bijective correspondence to o.
We assign to the centre the bag X, and to each leaf ¢ the bag A where (A, B) € o corresponds to
the edge incident with £. It is immediate to see that this tree-decomposition is as desired. Let us
assume from now on that X C int(o).

Suppose first that G is connected. By Theorem 3.2.2, we may fix a normal spanning tree Tngr
of G whose root is in X. We denote by D the set of subgraphs G[A \ B] of G with (4, B) € o.
The assumptions on ¢ ensure that D satisfies the assumptions in Algorithm 3.7.2. Since G admits
a normal spanning tree, all its ends have countable combined degree. Hence, G satisfies the
assumptions of Theorem 3.7.9. We now define the desired tree-decomposition recursively as follows.

Let (T9,°) be the trivial tree-decomposition of G' where T° is the tree on a single vertex r
which is also its root and V¥ := V(G). Now let n > 0 and suppose that we have already constructed
linked, X-linked, tight, componental, rooted tree-decompositions (7", V") of finite adhesion such
that for all m < n

(i) T™ CT™ and V;™ = V;* for all t € T™ that are not at height m, the decomposition tree 7™
has height m, all their leaves are on height m except possibly those whose corresponding leaf
separation is a (B, A) with (4, B) € o,

(ii) the torsos of (T™, V™) at non-leaves are rayless, and (7", V™) satisfies (R2’) and (R3’).

Note that (T9, V) satisfies all these properties immediately, where we remark that we treat the

unique node of T as a leaf. Let L be the set of leaves of T™ whose corresponding leaf separation
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is not some (B, A) with (A, B) € 0. Note that, if n = 0, then L = {r}. For every leaf ¢ € L, we
construct a tree-decomposition (T, V*) of G[V}] as follows. Set X’ := X if n = 0 and ¢ is the
unique node of 7°, and X' := Vit otherwise where f is the unique edge of T" that is incident with 2.
Further, let z be a (< )-minimal vertex in V;* \ (X’ UJD). Note that, if n = 0, x exists

(but might not be unique) as X C int(o). If n > 0, the vertex z exists and is unique, since T g7

TnsT

is normal and because (T™, V™) is componental by construction and so G[V}"] — (X' UUD) is
connected by the assumption on o.

Now apply Algorithm 3.7.2 to H := G[V;"] with the finite set X', the vertex z and the set
{D €D|DC H} to obtain Y C V(H). Then let T* be the star with centre ¢ and whose
set of leaves is the set C of all components of H — Y. Further, set Vf =Y and Vé = C for
every C' € C. Then Theorem 3.7.9 (A4) yields that for every edge e = £C of T, the graph H te
is a C; in Algorithm 3.7.2 applied to H. Thus, (7% V") is componental and end-linked; thus,
(T*, V") satisfies (R2’). Moreover, the torso at £ is rayless: since (T, V?) is tight, we can obtain
from any ray in the torso at £ a ray in G that meets Vf infinitely often by (the comment after)
Proposition 3.6.1. But this contradicts Theorem 3.7.9 (A3). Furthermore, it satisfies the following
(which will ensure (R3) of (T, V1)) by Theorem 3.7.9 (A5): if [V > [V} for an edge e € T*,
then VN VP C Dom(H7e).

By construction, the T are pairwise disjoint and only share their centre ¢ with 7. We set
T =T U ey, T with root(771) = root(T™)(= r), and bags V;"t! := V" for every node
t €T —¢ and V"™ .= V! for every node t € T\ T™ where £ is the unique leaf of 7" such that
t € T, In particular, the decomposition tree T7"t1 has height n + 1, all its leaves are on height
n + 1, except possibly those whose corresponding leaf separation is (B, A) for some (A, B) € o,
and (T, Y7+l satisfies all properties that we demanded from the (T, V™): All properties but
the (X-)linkedness of (771, V" *1) follows immediately from the construction and the discussion
of the properties of the (T, V¥). Its (X-)linkedness is ensured by Theorem 3.7.9 (A6).

Let (T,V) be the limit of (7T, V") for n — oo, that is T' = J,,eny T, root(T") := r = root(T")
for all n € N and V; := VN = V" for all n > N where N is the minimal number such that ¢ € TV
and either ¢ is not a leaf of TV or its leaf separation is a (B, A) with (A, B) € o.

We first show that (7',V) is a tree-decomposition of G. For this, by (i), the definition of (T, V)
and since all (T, V") are tree-decompositions of G, it suffices to show that every vertex of G
is contained in some bag V;. In other words, we need to show that each v € V(G) satisfies (*):
there are n € N and ¢t € T™ such that v € V" and ¢ is either a non-leaf of 7" are its leaf
separation is a (B, A) with (A4, B) € 0. Let us first assume that v ¢ D for all D € D. Then (%)
is ensured by considering Theorem 3.7.9 (A1) along root(Tnsr)TNSTV = UV ... Um: Suppose
for a contradiction that () does not hold for v. Then let ¢ be the minimal index such that v;

does not satisfy (x); in particular, v; € G%e" for a unique edge €™ incident with a leaf of T for
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every n € N. We have i > 1, since root(Tnsr) € X C Vr1 by assumption on Tngr and construction
of V1. Thus, v;_; satisfies (x); let N be a sufficiently large integer given by () of v;_1. Then
v = mings(V(Gfe”) N~ (UV(D))) for every n > N. Hence, Theorem 3.7.9 (Al) ensures that the
finite sets Vi, strictly decrease in their size for n > N, which is a contradiction.

Second, assume that v € D for some D € D. By Theorem 3.7.9 (A2), we find a path P ending
in a leaf ¢ of T or a ray P in T starting in the root r of T" such that D C G%e for every e € P.
If P is a path, then we find v € V; as desired. In particular, by construction of (7,V) and since
the regions in D are nested, the leaf separation at £ is (V(G) ~ V(D), V(D) U N(D)).

But P cannot be a ray. Indeed, applying (*) to the finite set N(D) yields N € N such that
all u € N(D) are contained in bags V¥ at nodes t € T™ which are either not leaves or their
corresponding leaf separations are some (B, A) with (A, B) € 0. Then D C Gtey for the N-th
edge of P by the definition of P, and N(D) C Gley by the choice of N. Since (TV, V") is
componental, this implies that V(D) U N(D) = Vg is a bag at a leaf of (TN, V"), and thus, by
the construction of (7,V) also appears as a bag at a leaf of (7,V). In particular, the argument
above implies that all (B, A) with (A, B) € o are leaf separations of (T, V). Since (7),V) has no
other leaf separations by construction and (i), it follows that the leaf separations of (T, V) are
precisely {(B, A) | (A,B) € o}.

Now it is immediate from the construction that (7',V) is linked, X-linked, tight, componental,
has finite adhesion and satisfies (R1’), (R2’) and (R3’) because the (7", V") are linked, X-linked,
tight, componental, have finite adhesion and satisfy (ii).

We are thus left to show the ‘moreover’-part. For this, recall that (7', V) is tight and componental,
so every G[V;"] considered in the construction of (T, V), except possibly G[V,Y], satisfies the premise
of (A7). Tt follows for all edges e = ts € T with t <p s and ¢ # r that V; D V. C V;. In particular,
if G — X is connected and Ng(G — X) = X, then also G[V,°] satisfies the premise of (A7), so
Vi2VeCtforalledgese=rteT and X C V.

The proof of the case that G is disconnected is analogous by choosing for each component C'
of G a normal spanning tree TEST and considering the partial order <ygr as the disjoint union of

their tree orders.'? O

3.8 Lean tree-decompositions

In this section we prove Theorem 3, the strengthening of Theorem 1 for graphs without half-grid
minor in which we replace the linkedness of the tree-decomposition with leanness. We restate it

here in its more detailed version:

3The only adaption one has to do is to prove (x) for the roots of every TS sr.
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Theorem 3’ (Detailed version of Theorem 3). Every graph G without half-grid minor admits a
lean, cofinally componental, rooted tree-decomposition into finite parts which displays the infinities.

Moreover, if the tree-width of G is finitely bounded, then the tree-decomposition can be chosen
to have width tw(G).

The proof of Theorem 3’ is structured as follows. We start our construction with the tree-
decomposition (7,V) of the graph G from Theorem 4’, and we then aim to refine its (finite)
parts G[V;] via lean tree-decompositions (T, V') given by the finite version of Theorem 3’, that
is Thomas’s Theorem 3.1.4. If V; is a critical vertex set, then we may choose (T%, V') as the
trivial tree-decomposition into one bag. In order to combine such refinements the tree-decomposi-
tions (T, V') along (T, V), we apply the finite result not to the parts themselves, but to the torsos.
Torsos, however, need not have the same tree-width as G. So our second ingredient to the proof
of Theorem 3’ provides a sufficient condition on the separations induced by the edges incident with
a node t € T' which allows us to transfer the tree-width bound from G to the torso of (T,V) at ¢
via Corollary 5.7.3 (see Lemma 3.8.1 below). Moreover, it also yields the well-linkedness of the
separations on their left side (see Lemma 3.8.2 below). This property is crucial to the proof of
Theorem 3’ as it ensures that the tree-decomposition (17,V’) arising from (7, V) and the (T*, V')
by refinement is lean: First, if all separations induced by edges at some node ¢ are left-well-linked,
then we can transfer families of disjoint paths from the torso at ¢ to G via Lemma 3.6.3 (ii), which
yields the paths families required for lean between bags that belong to the same (7%, V!). Second,
whenever the separation induced by an edge e = tot; of T is well linked on both sides, this ensures
that the leanness of the two (T, V%) combines to the leanness of the tree-decomposition resulting
from gluing them together along V.. This will ensure that we obtain disjoint paths families, as
required for lean, also between bags of (17,)’) that belong to distinct tree-decompositions (T, V?)
and (7°,V?®). Our third, and last, ingredient to the proof of Theorem 3’, then, is a pre-processing
step: We first contract all edges which neither satisfy the well-linked condition on both sides nor
are incident with a node whose bag is a critical vertex set. This will ensure that the sufficient
condition mentioned above is met by all separations induced by edges of T' that are incident with
a node of T" whose torso we need to refine (recall that we do not need to refine those torsos whose
bags are critical vertex sets). Combining these three ingredients then yields a tree-decomposition

of GG, which we prove to be as desired.

We call a finite-order separation (A, B) of a graph G left-f-robust'* for £ € N if there exist a
set U C A of size ¢ and a family {P, | x € AN B} of pairwise disjoint paths in G[A] such that P,
ends in z and for each z € AN B there are £ many U-P, paths in G[(A \ B) U {x}] that do not
meet outside P,. Analogously, (A, B) is right-¢-robust for £ € N if (B, A) is left-¢-robust. We call

14Gee Section 5.5 for a motivation and a more intuitive explanation of this property.
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(A, B) £-robust if it is both left- and right-¢-robust.
In Chapter 5 (Corollary 5.7.3) we prove the following:

Lemma 3.8.1. Let G be a graph of tree-width at most w € N, and let o be a finite star of
separations of G of order at most w + 1 whose interior is finite. Suppose that all separations in o
are left-C-robust for { = (w + 1)*(w +2) +w + 1. Then torso(c) has tree-width at most w.

Lemma 3.8.2. If a separation of a graph G has order k and is left-(2k + 1)-robust, then it is
left-well-linked.

Proof. Consider a left-(2k + 1)-robust separation (A, B) of G, and let X, Y C AN B be disjoint.
Suppose towards a contradiction that there is no family of min{|X|, |Y|} disjoint X-Y paths
through A \ B in G. By Menger’s theorem (see for example [41, Proposition 8.4.1]), there then is
an XY separator S of size less than min{|X|,|Y|} in G[(AN B)UX UY].

Now fix a set U and a path family {P, | x € AN B} which witness that (A, B) is left-(2k + 1)-
robust, where k is the order of (4, B). Since |S| < min{|X|,|Y|} and the P, are pairwise disjoint,
there are z € X and y € Y such that P, and P, avoid S. For z € {z,y}, at least k+1 of the 2k +1
P.—-U paths in G[(A \ B) U {z}] given by the left-(2k + 1)-robustness avoid S. So since U has
size 2k + 1, there are such a P,~U path @, and such a P,~U path @), that both avoid S and end in
the same vertex in U. Hence, P, + Qg+ Qy+ P, is a connected subgraph of G[(A~\ B)UX UY'| which
meets X and Y but avoids S. This contradicts that S is an XY separator in G[(A~ B)UX UY],
which completes the proof. O

Let us now turn to the third ingredient for our proof of Theorem 3’: the pre-processing step
in which we contract certain edges of the tree-decomposition from Theorem 4. This ensures that
the assumptions of both Lemmas 3.8.1 and 3.8.2 are met at all edges incident with nodes whose
(finite) torso we later aim to refine using Thomas’s Theorem 3.1.4.

To simplify the wording, let us thus make the following definitions. Given some m € Ny, we call
a separation of G of order k left-m-good if it is ¢-left-robust for ¢ := max{m, 2k + 1}. Analogously,
(A, B) is right-m-good for m € N if (B, A) is left-m-good. We call (A, B) m-good if it is left- and
right-m-good. An left-m-good separation of G is left-good if m = (w + 1)?(w +2) +w + 1 for G
with w = tw(G) € N or m = 0 for graphs G whose tree-width is not finitely bounded. Analogously,
we define right-good. We call (A, B) good if it is both left- and right-good. The bounds in the
definition of (left-)good are exactly the ones sufficient to apply Lemmas 3.8.1 and 3.8.2 in the
respective contexts.

Setting out from Theorem 4’, our pre-processing step yields the following result:

Lemma 3.8.3. Let G be a graph without half-grid minor, let m € N and let (T,V) be a fully

tight, rooted tree-decomposition into finite parts which displays the infinities and satisfies (11)
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from Theorem J’. Then the tree-decomposition (T',V') of G induced by contracting every edge st
of T with deg(s),deg(t) < oo whose induced separation is not m-good has finite parts, is cofinally

componental, and displays the infinities. Moreover,

(i) if deg(t) < oo fort € T', then all separations in o} at t are left-m-good.
We first show three auxiliary lemmas.

Lemma 3.8.4. Let € be a finitely dominated end of a graph G, and ¢ € N arbitrary. For every
collection Ry, ..., Ry of disjoint rays in € that avoid Dom(e), there exists a set U C V(Ry) of
size £ such that
o for every i € {2,...d}, there are { pairwise disjoint U—-R; paths Pf,...,Pei mn G avoid-
ing Dom(e), and
e for every v € Dom(e), there are £ U~v paths P, ..., Py in G avoiding Dom(e) \ {v} that

only meet in v.

Proof. Since Ry,...,R4 belong to the same end e of G and Dom(e) is finite, there are, for
every i € {2,...,d}, infinitely many pairwise disjoint R;—R; paths Q%,Q%, ... avoiding Dom(¢),
and we write ¢}, for the endvertex of Q% in R;. Similarly, for every v € Dom(e) there are infinitely
many v—R; paths Q7,Q3,... in G avoiding Dom(e) \ {v} that only meet in v, and we write g}
for the endvertex of )} in R;.

We now find the elements uq,...,upy of U one by one: Let u; be the first vertex of R;.
Given ug,...,uj—1 for some 2 < j < ¢, we then choose u; as the first vertex on R; such
that w;_1Rju; contains as inner vertices some qf for every i € {2,...,d} and some qff for
every v € Dom(e). Then U := {uq,...,up} is as desired, as witnessed by the Pj’ = u; R1¢LQ% and

P} = u;R1q;Qj} for the respective k as given by the choice of u;. O

Lemma 3.8.5. Let m € N, let (T,V) be a rooted tree-decomposition of finite adhesion of a graph G
without half-grid minor, and let € be an end of G. Assume that € gives rise to a ray R = rory ...
in T such that liminfeer |Ve| = A(e). Then cofinitely many edges e of R with |Ve| = A(e) induce

m-good separations.

Proof. Since G has no half-grid minor, the combined degree A(e) of ¢ is finite. Thus, as (7,V)
has finite adhesion and € gives rise to R, we have liminf.cr Ve O Dom(e). In fact, liminf.cr Ve =
Dom(e) since liminfecr [Ve| = A(g), so the V. eventually have to meet each ray in a family of
deg(e) disjoint e-rays avoiding Dom(e) precisely once. Hence, for some Ny € N all indices i > Ny
satisfy Dom(e) C V,, where e; := {r;,7i+1}. Let us denote the set of all indices i > Ny with
|Ve,| = Ag(e) =: k by I. Note that I is infinite since liminf.cp |[Ve| = A(e).

Write (A;, B;) for the separation induced by the edge € = (r;,7;+1) for all i € N. We now show
that cofinitely many of the separations (A;, B;) with i € I are m-good, which clearly implies the
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assertion. So let £ := max{2k + 1, (w + 1)%(w + 2) + w + 1} if w := tw(G) € N, and let £ := 2k + 1
if the tree-width of G is not finitely bounded.

Fix a collection Ry, ..., R4 of d := deg(e) disjoint rays in € that avoid Dom(e), and consider
a set U C V(R;) and corresponding paths Py,..., P} and PY,..., P} as given by Lemma 3.8.4.
Let Z be the union of U and all the V(Pj) and V(P}). Then Z is finite. So since (N;en(Bi \ A;) =
Nien Gtei = 0 and N;en(Ai N B;) = liminf,ey Ve, = Dom(e), there exists Ni € N such that,
for all i > Ny, we have Z C (A; \ B;) UDom(e). Consider ¢ € I with i« > N;. We claim that
(A;, B;) is left-f-robust. Indeed, we have |V;,| = |4; N B;| = Ag(e) and Dom(e) € A; N B;. So
the set U and the initial segments R; N G[A;] together with the trivial paths in Dom(e) are as
required in the definition of left-¢-robust, as witnessed by the paths Pg, .. ,Pg and Pp,..., P/
(and because Z C (A; \ B;) UDom(¢e)). Hence, (4;, B;) is left-¢-robust. To show that (A;, B;)
is also right-¢-robust for i € I, we apply Lemma 3.8.4 in G[B;] to the rays R; N G[B;] and take
the P, as suitable finite initial segments of those rays and the trivial paths on Dom(e). Altogether,
we obtain that all (A;, B;) with ¢ € I and ¢ > N; are ¢-robust and hence m-good. O]

Lemma 3.8.6. Let (T,V) be a tight, rooted tree-decomposition of a graph G into finite parts which
displays the infinities of G. Assume that F' is some set of edges of T which are not incident with
any infinite-degree node of T and such that, for every end € of G, the set F' avoids cofinitely many
edges e of the arising ray R. in T with |V.| = A(e). Then the tree-decomposition (T",V") obtained
from (T, V) by contracting all edges in F' has finite parts and displays the infinities.

Proof. We first note that (7”,)’) displays the infinities: Since (7',)) displays the ends homeo-
morphically, their combined degrees and their dominating vertices, so does (7”,)’), since by the
assumptions on F every end ¢ of G still gives rise to a ray in 7”, and this ray still contains infinitely
many edges e with |V| = A(e). By assumption, F' contains no edges incident with nodes of infinite
degree; thus, (T77,)") displays the critical vertex sets and their tight components cofinitely, as (7', V)
does so.

To prove that all bags of (T77,)’) are finite, it suffices to show by Theorem 2.5.2 that its torsos
are tough and rayless. We first show that the torsos are tough. By construction of (77,V"), we
did not contract edges of T" which are incident with some node ¢t € T" whose corresponding bag V;
is critical. In particular, for every X € crit(G), the unique node tx € T with V; = X is also
in T" with V/, = X, and cofinitely many tight components of G — X are some G*e for an edge
e =txt € T' with tx <7 t, since (T,V) displays all critical vertex sets and their tight components
cofinitely. Thus, Lemma 3.5.2 ensures that all torsos of the tight rooted tree-decomposition (77,)")
are tough.

It remains to show that the torsos are rayless. Note that the torso of every node t € T” with

V! € crit(G) is rayless, as it is finite. Thus, it remains to consider ¢ € T' with V/ ¢ crit(G). So

62



suppose that there is such a node ¢ whose torso contains a ray R’. Since (7”,)’) is tight, we
may apply (the comment after) Proposition 3.6.1 to R’ and the star o} at ¢ to obtain a ray of G
that meets the part V/ infinitely often, which contradicts the fact that (7”,1’) displays the ends
of G. O

Proof of Lemma 3.8.3. Let F be the set of edges in T' that we contracted. By Lemma 3.8.5, the
set F satisfies the premise of Lemma 3.8.6, and hence (7”,)’) has finite parts and displays the
infinities.

Further, (77,)’) is cofinally componental: Let R’ be a rooted ray in 7”. It suffices to show that
G%e is disconnected for at most finitely many consecutive edges e of T'. Let e = rs, f = st € R/
with r <7 s <7v t be two successive edges such that G%e and G% f are disconnected. Since (7”,))
is obtained from (7,V) by edge-contractions, e and f are also edges of T'. It follows from (I1)
from Theorem 4’ of (T, V) together with the construction of (7”,V’) from (7T,V) that s and ¢ were
already nodes of T" and V;, Vs € crit(G) as well as deg(t),deg(s) = oo and Vs D V;. Since (T,V)
displays the critical vertex sets of G, this implies that Vs # V;, and thus Vs 2 V;. Hence, this can
only happen finitely many times consecutively, as critical vertex sets are finite.

It remains to show (i). For this, let t € T be a node with finite degree, and denote with T}
the subtree T; of T" whose contraction yields t. Suppose for a contradiction that some separation
(A,B) € oy is not left-m-good. We remark that as (77,)’) is obtained from (7,V) by edge-
contractions, the separations induced by the edges of T with precisely one endvertex in T} are
the same as the separations induced by the edges incident with ¢ in 77, i.e. the ones in o}; so let
e = t's be such an edge with ¢ € T; which induces (A, B). The construction of 7" yields that either
(A, B) is m-good or one of ¢/, s has infinite degree in T. If T} is a singleton, then deg(t') < oo
by assumption on t. If T; contains at least one edge, then all nodes of T}, in particular ¢, have
finite degree, as the edges in Ty have been contracted. In both cases, deg(s) = oo and thus
Vs =1 X € crit(G). Since (7,V) displays the critical vertex sets and their tight components
cofinitely and because deg(s) = oo, cofinitely, and thus infinitely, many of the tight components
of G — X are contained in G[A]. Since X = V; and thus X D AN B, this shows that (A, B) is
left-m-good as witnessed by the trivial paths in AN B and a set U consisting of m vertices that lie

in pairwise distinct tight components of G — X contained in G[A]. O
With the three ingredients at hand, we are ready to prove the main result of this section.

Proof of Theorem 3°. Let G be a graph without half-grid minor; in particular, G has no Ky,
minor. So G has finite tree-width, as it has a normal spanning tree by [84]. Let (7,V) be the
(rooted) tree-decomposition of G from Theorem 4’, and let (7”,)’) be the rooted tree-decomposition
obtained from (T, V) by applying Lemma 3.8.3 with m = (w+1)?(w+2) +w+1 if w := tw(G) € N
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for finitely bounded tree-width G or with m = 0 for other G. Then Lemma 3.8.3 yields that all
the bags of (T7,1’) are finite and that, moreover, for every node ¢ € T” either V} € crit(G) or each
separation in the star o} at t is left-good. If V/ is critical in G, then |V/| < tw(G) + 1 since critical
vertex sets are infinitely connected and thus every tree-decomposition of GG, in particular those
witnessing tw(G), contains V;' in one of its bags. If V/ is not critical in G, then all separations
in o} are left-good, and we can apply Lemma 3.8.1 to find that the torso of (7”,V’) at t has again
at most the tree-width of G. Altogether, every torso of (7”,)’) is finite and has tree-width at
most tw(G).

We may thus apply Thomas’s result [120, Theorem 5] (cf. Theorem 3.1.1 for finite graphs) to the
torsos of (T”,V') and obtain, for every node t € T, an (unrooted) lean tree-decomposition (7%, V)
of torso(o;) where T! is a finite tree!® and whose parts have size at most the tree-width of G;
in particular, all bags in V! are finite, as the torso at ¢ is finite. Furthermore, we may assume
that for t € T" with V}/ € crit(G), the tree-decomposition (T, V?) is the trivial tree-decomposition
consisting of a single node-tree, since the torso of (T7,)’) at t is complete.

Now for every edge e = st € T’, the adhesion set V. induces a complete subgraph in
both torso(c)) and torso(o}). Thus, we may fix u € T% and w € T* with V! C V2 VI for
every edge e = st € T'. We now build a tree T from the disjoint union of the T* by joining the
corresponding u and w for every e € E(T"); we say that these new edges uv of T belong to T' and
correspond to the respective st € T'. Keeping the respective parts from the (7% V'), we obtain
a tree-decomposition (T, f/) of G which has finite parts of size at most the tree-width of G. We
remark that the separation induced by an edge uv € T which belongs to T” is the same as the
separation induced by the corresponding edge in T".

We claim that (T', V) is as desired. For this, let us first note that (7', V) is cofinally componental
since (T”,V') is cofinally componental by Lemma 3.8.3 and because the T? are finite. Moreover,
since (7”,V") displays the infinities by Lemma 3.8.3, it follows that (7', V) also does so, as the T*
are finite and consist of a single node, if V/ € crit(G) and deg (t) = oo.

It remains to show that (T, f/) is lean. For this, fix nodes t1,ty € T and sets Z; C V}l and
Zy C ‘7,52 with |Z1] = |Z2| =: k. We prove the claim by induction on the number of edges on t1Tts
that belong to T".

If there is no such edge, then there exists a node t € T" with t1,t € T*. Since (T%, V') is a lean
tree-decomposition of torso(a}), either there exists an edge e € t1 Ty with |V!| < k or there are k
disjoint Z1-Z5 paths in torso(oy). In the first case, the construction of (T, f/) yields t, Tty = t1 T
and V, = V!, so e is as desired. In the second case, we distinguish between the case whether V} is
critical or not. If V/ is critical, then t; = to and V;, = V/ as T* has a single node by construction.

We then use the infinitely many tight components of G —V/ to find the desired disjoint Z1—Z5 paths.

15We remark that this is not explicitly stated in [120, Theorem 5] but follows directly from its proof.
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And if V/ is not critical, then all separations in o7 are left-good by (i) from Lemma 3.8.3 and because
(T",V') displays the critical vertex sets of G. Hence, they are left-well-linked by Lemma 3.8.2. This
allows us to apply Lemma 3.6.3 (ii) to lift the k pairwise disjoint Z;—Z5 paths in torso(o}) to G.

Now suppose that there is an edge f = s159 on t;Tts which belongs to T'. We may assume
by renaming that s; appears before sy on t1Tty. If V| < k, then f is the desired edge e; so
suppose otherwise. For ¢ € {1,2}, the induction hypothesis then yields either an edge e € t;Ts;
with |‘~/e| < k or a family P; of k pairwise disjoint Zi—f/f paths in G. The first case already yields
the desired edge e; so we may assume that the second case holds for both i € {1,2}.

If Vsl € crit(G), Lemma 3.2.4 yields the desired family of k disjoint Z;—Z5 paths, as f/f C ‘731.
The same argument applies if V;, € crit(G).

Suppose now that ffsl, 1752 ¢ crit(G). Since there are no k disjoint Z;—Z5 paths in G, Menger’s
theorem (see for example [41, Proposition 8.4.1]) yields a separation (C, D) of G of order less
than k& with Z; C C and Zy C D. We now use (C, D) to find a er*/f or a ngvf—separator of size
less than k, which gives the desired contradiction.

Let (A, B) be the separation of G induced by f = (s1,s2), and let X := (AN B) N (C ~ D)
and Y := (AN B)N (D~ C). By symmetry on the assumptions up to this point, we may
assume |Y| < |X|. Since Vi, ¢ crit(G), (A, B) is left-good by the construction of (T,V) and
(i) from Lemma 3.8.3. Hence, (A, B) is left-well-linked by Lemma 3.8.2. Thus, there exist |Y|
pairwise disjoint X-Y paths through A \ B in G. All these paths meet (C' N D) N (A~ B),
so [(CND)N (AN B)| > Y| But then

(ANC)N(BUD)|=[(ANB)N(C~D)|+[(AnB)Nn(CND)|+|[(CNnD)N(A~ B)|
> | X|+|(ANnB)N(CND)|+|Y|=|ANB|,

which in turn yields by double counting that
(AuC)N(BND)|=|AnB|+|CND|-|(AnC)N(BUD)|<|CND|<k.

But (AUC)N (BN D)isa ZyVy-separator (or a Z;—V} separator in the symmetric case), a

contradiction. ]

3.9 Tree-decompositions distinguishing infinite tangles

By [40, Theorem 3], for every infinite tangle 7 of a graph G there is either an end ¢ of G such that
a finite-order separation (A, B) lies in 7 if and only if B contains a tail of every, or equivalently
some, ray in e, or there is a critical vertex set X of G such that (V(C)U X,V (G — C)) € 7 for all
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C € C(G — X). If the first case holds for 7, then we say that 7 is induced by e.

Following [65], we say that two infinite tangles 7, 7" of G are combinatorially distinguishable
if at least one of them is induced by an end or there exists a finite set X C V(G) such that
(V(C)UX,V(G-C)) € 7 for all C € Cx and such that (V(G—C),V(C)UX) € 7’ for a component
CeCx.

With the above characterization of infinite tangles the following observation is immediate:

Observation 3.9.1. Fvery tree-decomposition of a graph G that displays its infinities distinguishes
all combinatorially distinguishable infinite tangles of G. O

We emphasise though that such a tree-decomposition need not distinguish those infinite tangles
efficiently. In fact, we remark that the graph in Construction 4.2.1 (in Chapter 4) has finite
tree-width and thus by Theorem 4 a tree-decomposition that displays its infinities, but no tree-
decomposition of that graph efficiently distinguishes all its infinite tangles that are induced by
ends (see Lemma 4.2.2).

However, Elm and Kurkofka [65, Theorem 1] showed that every graph G has a nested set of
separations that efficiently distinguishes all the combinatorially distinguishable infinite tangles
of G. They also showed that this is best possible in the following sense: every graph G that has at
least two combinatorially indistinguishable infinite tangles has no nested set of separations that
efficiently distinguishes all infinite tangles of G [65, Corollary 3.4]. In the special case where G has

no half-grid minor we obtain the following strengthening of their result:

Corollary 5°. Every graph G without half-grid minor has a tree-decomposition that efficiently

distinguishes all the combinatorially distinguishable infinite tangles of G.

Proof. We show that the tree-decomposition (7',)) from Theorem 3’ is as desired. For this, let any
pair 71, 79 of combinatorially distinguishable infinite tangle be given. Then by Observation 3.9.1,
there is an edge e € E(T) such that the separation {A., B.} induced by e distinguishes 71 and 7o
(though not necessarily efficiently). For ¢ = 1,2, if there is a critical vertex set X; of G such
that (V(C)UX;, V(G —C)) € 7 for all C € C(G — X;), then there is unique infinite-degree node
t; € T with V;, = X;, and we then let f; be the unique edge of the ¢;Te path incident with ¢;.
Otherwise, 7; is induced by an end ¢; of GG, and we then let f; be any edge on the unique ray R
of T starting in e and arising from ¢; such that [Vy| > |V},| for all edges f >7 f; on R.

Now using the fact that (7', V) is lean, we find an edge ¢’ and a family {P, | x € Vs } of pairwise
disjoint V¢, V7, paths in G. Since for 7 = 1,2 either V7, is linked to ¢; or Vy, = X, these paths P,
can be extended to paths or rays witnessing that 7 and 7 cannot be distinguished by a separation
of order less than Vs, which shows that (7',V) distinguishes 71 and 73 efficiently. O

Proof of Corollary 5. Apply Corollary 5. O
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4 Counterexamples regarding linked and lean

tree-decompositions of infinite graphs

Kiiz and Thomas showed that every (finite or infinite) graph of tree-width k € N
admits a lean tree-decomposition of width k. We discuss a number of counterexamples
demonstrating the limits of possible generalisations of their result to arbitrary infinite

tree-width.

In particular, we construct a locally finite, planar, connected graph that has no lean

tree-decomposition.

This chapter is based on [11] and joint work with Raphael W. Jacobs, Paul Knappe
and Max Pitz.

4.1 Introduction

All graphs in this chapter may be infinite, unless otherwise stated.

4.1.1 Lean tree-decompositions

A cornerstone in both Robertson and Seymour’s work [113] on well-quasi-ordering finite graphs,
and in Thomas’s result [119] that the class of infinite graphs of tree-width < k is well-quasi-ordered
under the minor relation for all k£ € N, is Kiiz and Thomas’s result on lean tree-decompositions.
Recall that a tree-decomposition (T, (V;)ier) is lean if for every two (not necessarily distinct) nodes
s,t € T and sets of vertices Zs; C Vs and Z; C V; with |Z4| = |Z;| =: £ € N, either G contains ¢
pairwise disjoint Zs—Z; paths or there exists an edge e = zy € sT't whose corresponding adhesion
set V. := V, NV, has size less than /.

Theorem 4.1.1 (Thomas 1990 [120], Kiiz and Thomas 1991 [95]). For every k € N, every (finite
or infinite) graph of tree-width < k has a lean tree-decomposition of width < k.

Is it possible to generalise Theorem 4.1.1 from finite k to arbitrary infinite cardinalities? In
what follows let x be an infinite cardinal. A graph G has tree-width < k if it admits a tree-
decomposition of width < k, i.e. one into parts of size < k. A graph G of tree-width < g, i.e.
with a tree-decomposition into finite parts, is said to have finite tree-width. The following questions

arise naturally:

67



(i) Does every graph of tree-width < s admit a lean tree-decomposition of width < x? In
particular, does every graph of finite tree-width admit a lean tree-decomposition into finite
parts?

(ii) If not, does every infinite graph at least admit a lean tree-decomposition?

Note that even without the width restriction, Question (ii) remains non-trivial as the leanness-
property has to be satisfied within each bag, which means that we cannot take the trivial
tree-decomposition into a single part, unless the graph is infinitely connected. Still, our main

example shows that the answers to these questions are in the negative:
Example 8. There is a planar, locally finite, connected graph that has no lean tree-decomposition.

Every locally finite, connected graph is countable, and thus has tree-width < Ng: given an
arbitrary enumeration {v;: i € N} of a countable graph G, assigning to each vertex r; of a ray
R =rory... the bag V;, := {vo,...,v;} yields a ray- and thus also tree-decomposition (R,V) of G
into finite parts. Hence, the graph from Example 8 witnesses that the answers to both questions
(i) and (ii) are in the negative.

On the positive side, recall that we provided in Chapter 3 a sufficient criterion that guarantees

the existence of a lean tree-decomposition into finite parts:
Theorem 3. Every graph without half-grid minor has a lean tree-decomposition into finite parts.

Note that excluding the half-grid as a minor is sufficient but not necessary for the existence of
lean tree-decompositions into finite parts: The countably infinite clique Ky, contains the half-grid
even as a subgraph but also the above described ray-decomposition of any given countable graph G
into finite parts is lean for G = Ky, .

As the graph from Example 8 is planar, it has no K5 minor, and thus no Ky, minor. Hence, in
terms of excluded minors, the gap between our positive result Theorem 3 and our negative result
Example 8 is quite narrow. Nevertheless, it remains open to exactly characterise the graphs which

admit a lean tree-decomposition (into finite parts, or more generally, of width < k).

4.1.2 Linked tree-decompositions

Since the answers to questions (i) and (ii) are in the negative, it is natural to ask what happens
if we weaken the condition that the tree-decomposition be lean. One possible such weakening
is suggested by the ‘linkedness’-property, which was extensively studied in [16,67]: We say a
tree-decomposition (7, V) of a graph G is
o strongly linked if for every two nodes s # t of T' there are min{|V,|: e € E(sTt)} pairwise
disjoint Vs—V; paths in G.
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One may further weaken ‘strongly linked’ by requiring the existence of disjoint Vs;—V; paths only
between nodes s,t € T that are ‘comparable’. For this, recall that given a tree T rooted at a
node r, its tree-order is given by s < t for nodes s,t of T' if s lies on the (unique) path 7't from r
to t. Thomas [119] defined a rooted tree-decomposition (7,V) of a graph G to be

o linked if for every two comparable nodes s < t of the rooted tree T there are min{|V.| : e €
E(sTt)} pairwise disjoint Vs—V; paths in G.

These weakenings of the ‘leanness’-property are motivated by the fact that for the aforementioned
applications of Theorem 4.1.1 by Robertson and Seymour [113] and by Thomas [119] it is only

important that the rooted tree-decomposition is linked.

So what happens if we replace the condition lean in (i) and (ii) by strongly linked or linked? As
the trivial tree-decomposition into a single part is always strongly linked, and thus every graph has

a strongly linked tree-decomposition, only the weakened version of (i), but not of (ii), is interesting:
(iii) Does every graph of tree-width < k admit a strongly linked tree-decomposition of width < 7

However, question (iii) is trivially true for all infinite cardinalities x: By definition, every
graph G of tree-width < x admits a tree-decomposition (7, V) of width < k. Choose an arbitrary
root 7 of T. By assigning to each of the nodes ¢ of T the bag V/ := Use,7¢ Vs we obtain a
(rooted) tree-decomposition (T',V’) of width < k that is strongly linked; albeit for the trivial reason
that s # t € T implies V! N'V/ = V! where u is the <-minimal node in sT't.

But this tree-decomposition is not useful in practice, and so one would like to have some
additional properties making the tree-decomposition less redundant. Especially linked rooted
tree-decompositions into finite parts which are additionally ‘tight’ and ‘componental’ turned out
to be a powerful tool (see Sections 3.1.2-3.1.4 and Chapter 5 for details; in the paragraph after
Theorem 1 below we also provide a brief summary). Given a rooted tree-decomposition (7, V) of
a graph G and an edge e of T', we call the subgraph G%e of G induced on J;er, Vi \ Ve the part
strictly above e, where T, is the unique component of 1" — e that does not contain the root of T'.
Then (T,V) is

e componental if all the parts G%e strictly above edges e € E(T) are connected, and

o tight if for every edge e € E(T) there is some component C' of G?e such that Ng(C) =V,.

We remark that the above strongly linked (rooted) tree-decomposition (7',)’) is componental if
(T, V) was componental; but even if (T, V) was tight, (T, )’) may no longer be tight.

The property tight ensures that the adhesion sets contain no ‘unnecessary’ vertices. Any given
componental rooted tree-decomposition can easily be transformed into a tight and componental
rooted tree-decomposition by deleting for every edge e of T the non-neighbours of G%e in V, from

every V; with t € T,. While this construction obviously does not increase the width, it does not
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necessarily maintain the property (strongly) linked. So it is natural to strengthen (iii) to ask

whether there exists a tree-decomposition which has all three properties:

(iv) Does every graph of tree-width < s admit a tight and componental rooted tree-decomposition

of width < k that is strongly linked?

(v) If not, does every graph of tree-width < x admit a tight and componental rooted tree-decom-

position of width < k that is at least linked?

The answer to Question (iv) is in the negative already for k = Y, as witnessed by the same

graph that we constructed for Example 8:

Example 9. There is a planar, locally finite, connected graph which admits no tight, componental

rooted tree-decomposition into finite parts that is strongly linked.
Question (v), however, has an affirmative answer for k = Xy as we have shown in Chapter 3:

Theorem 1. FEvery graph of finite tree-width admits a rooted tree-decomposition into finite parts

that s linked, tight and componental.

We remark that (v) remains open for uncountable cardinalities x > Rg. If the answer is positive,
one might, as a next step, also strengthen the notion of linked from just considering sizes to a
structural notion that encapsulates the typical desired behaviour of infinite path families between
two sets, as it is given by Menger’s theorem for infinite graphs [2, Theorem 1.6] proven by Aharoni

and Berger.

It turns out that linked rooted tree-decompositions into finite parts which are additionally
tight and componental, as given by Theorem 1, are particularly useful (cf. Sections 3.1.2-3.1.4 and
Chapter 5): In Section 3.3, we have shown that rooted tree-decompositions into finite parts which
are linked, tight and componental display the end structure of the underlying graph. This not only
resolves a question of Halin [83, §6] but also allowed us to deduce from Theorem 1, by means of short
and unified proofs, the characterisations due to Robertson, Seymour and Thomas of graphs without
half-grid minor [115, Theorem 2.6], and of graphs without binary tree subdivision [116, (1.5)]. Also
the proof of Theorem 3 in Section 3.8 heavily relied on post-processing the tree-decomposition
from Theorem 1. Beside these, there are more applications of rooted tree-decomposition into finite
parts which are linked, tight and componental in Section 3.1.4 and Chapter 5.

In fact, we have shown in Section 3.4.2 (Theorem 1’) a more detailed version of Theorem 1
which, among others, yields that the adhesion sets of the tree-decomposition intersect ‘not more
than necessary’. We also give an example which proves that this property is best possible even for

locally finite graphs (see Section 4.4 for details).
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In the light of Question (v) being true for £ = N, one may ask whether a similar modification
could rescue (i) for k = Ry: What happens if we relax the condition lean in (i) to a corresponding

‘rooted’ version?

(vi) Does every graph of finite tree-width admit a rooted tree-decomposition into finite parts that

satisfies the property of being lean for all comparable nodes s <t of T?

However, the answer to this question is again in the negative, as there is a graph of finite tree-width
such that all its tree-decompositions into finite parts violate the ‘leanness’-property within a single

bag:

Example 10. There is a countable graph G such that every tree-decomposition of G into finite

parts has a bag Vy which violates the property of being lean for s =t.

We remark that we do not know whether every tree-decomposition which satisfies the ‘leanness’-
property for every two comparable nodes must already be lean.
4.1.3 How this chapter is organised

In Section 4.2 we prove Examples 8 and 9, and in Section 4.3 we prove Example 10. Finally, in
Section 4.4, we discuss whether it is possible to strengthen Theorem 1 so that the adhesion sets of
the tree-decomposition are ‘upwards’ disjoint.

We refer the reader to Section 3.2 for all definitions that were not presented in Chapter 2.

4.2 A graph with no lean tree-decomposition

In this section we explain Examples 8 and 9, which we restate here for convenience:
Example 8. There is a planar, locally finite, connected graph that has no lean tree-decomposition.

Example 9. There is a planar, locally finite, connected graph which admits no tight, componental

rooted tree-decomposition into finite parts that is strongly linked.

For our proofs of Examples 8 and 9 we construct a graph G in Construction 4.2.1 below, and
then show that G is already as desired for both Examples 8 and 9. The graph in this construction
is inspired by [31, Example 7.4].1

Construction 4.2.1. Let G be the graph depicted in Figure 4.1. Formally, let G’ be the graph
on the vertex set V(G’) := {(i/27,7) | 7 € N,0 < i < 27!} and with edges between (i/27, j) and
((i4+1)/27, ), between (i/27,5) and (i/27,j+1), and also between (i/27, j) and ((2i —1)/27F1, j+1)

'The example is only presented in the arXiv version of [31].
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FI1GURE 4.1: Depicted is the graph G from Construction 4.2.1. The subgraph induced

by the orange edges is G2 together with the extensions of its horizontal rays.

for i < 27 (this is the black subgraph in Figure 4.1). Note that G’ has a unique end, which we
denote by .

For every n € Nxq, let Gy, := N1 X Pont1 4901 be a grid with 27+ 427 42 rows and infinitely
many columns. Then G,, is one-ended and its end &, has degree 2"*! + 27 4+ 2. Now the graph G
is obtained from G’ U | |,cy G by deleting for every n € N the edge {(2,n),(2,n+ 1)} of &,
identifying the vertices (2,n), (2,n+1) of G’ with the respective vertices (1,1) and (1,2 427 42)
of Gy, and by extending the horizontal rays in G, as indicated in Figure 4.1. In particular,
the extended horizontal rays of each G,, are still disjoint and their initial vertices are precisely
{(/27,5) | j € {n,n +1},27 <i < 271}, To get a graph that is not only locally finite but also
planar, we subdivide the edges between (i/2",n) and (i/2",n + 1) with ¢ > 2™ in G’ to obtain the
extended rays. For later use, we refer to the vertex set {(i,5) | 1 <j < 2" +27 42} in G, as

the i-th column of Gy, (indicated in pink in Figure 4.1 is the first column of G2) and also set
Sni={(i/2" n+1) [ 2" <i <2 U{(1,) |0 < <n+ 13

for all n € N (indicated in purple in Figure 4.2.) This completes the construction.

In the remainder of this section we prove that the graph G from Construction 4.2.1 is as desired
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for Examples 8 and 9. For this, we first show two auxiliary lemmas. The first says that G does
not admit a tree-decomposition which ‘efficiently distinguishes’ all ends of G. Recall that in a
tree-decomposition (7', V) of G every edge e = tgt; of T" induces a separation as follows: For i =0, 1
write 7; for the component of T'— e that contains ;. Then {User, Vs, User, Vs} is a separation of G
[41, Lemma 12.3.1]. A separation {4, B} of G efficiently distinguishes two ends ¢,¢’ of G if € and &’
live in components of G — (AN B) on different sides of {A, B}, and there is no separation {C, D}
of G of smaller order |C' N D| with this property. A tree-decomposition (T,V) distinguishes two
ends €,¢’ of G efficiently if some edge e of T induces a separation which efficiently distinguishes e

and £’

Lemma 4.2.2. Let (T, V) be a tree-decomposition of the graph from Construction 4.2.1. Then
there exist n € N such that (T,V) does not efficiently distinguish €, and €.

(©)

»
>

A A A A A A A T

'

-
-

S5 R?

(0,3)

A T A
S

(0,2)

|
U

VVVVVVYY
™

0,1)

€0

vV v v VvVYy

(0,0) (2,0)

FIGURE 4.2: Depicted is the situation in the proof of Lemma 4.2.2 for n = 2.

Proof. Suppose towards a contradiction that G admits a tree-decomposition (7', V) such that, for
every end &, of GG, there exists an edge f,, such that the separation induced by f, distinguishes ¢,
and ¢ efficiently. Then Vy, has size at most 2" + n + 2 as witnessed by S, (indicated in purple
in Figure 4.2). By the definition of G’, there are in fact |S,| disjoint e—,, double rays R} in G
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(indicated in orange in Figure 4.2), so every sizewise-minimal e—,, separator, and in particular V7, ,
has to meet each R} precisely once. In particular, |Vy,| = |Sy,| and hence f, # f, for all
n # m € N. Moreover, Vy, avoids the e-ray R = (0,0)(0,1)... (indicated in blue in Figure 4.2)
and the vertex (2,0), as they are both disjoint from all the e-¢,, double rays R}'. Thus, G — V7,
has a component C,, that contains R, and a component C/ that contains (2,0). In particular, e
lives in C),. Since there is an &,-ray (indicated in green in Figure 4.2) that starts in (2,0) and is
disjoint from the R}, the end e, lives in C},. As V}, separates € and e, we have C), # C},. Thus,
(0,0) and (2,0) lie on different sides of the separation induced by f,.

Let V; and Vi be some bags of (T),)) which contain (0,0) and (2,0), respectively. Since the
separations induced by every f,, separate (0,0) and (2,0), all the infinitely many distinct edges f,
lie on the finite path ¢T's, which is a contradiction. ]

The next lemma essentially says that every tree-decomposition of G that displays all ends of G

and their combined degrees cannot be strongly linked.

Lemma 4.2.3. Let (T, V) be a rooted tree-decomposition of the graph G from Construction 4.2.1.
Suppose that every end w of G gives rise to a rooted ray R, in T with liminf.cp, Ve = 0 and

liminfeep, |Ve| = deg(w). Then (T,V) is not strongly linked.

Proof. Suppose towards a contradiction that (7,V) is strongly linked. Let n € N be arbitrary. We
write R, for the rooted ray R., in T, which arose from ¢,. Since (T,V) is a tree-decomposition,
for every ray R of T', we have () cp V(G%e) = (), and thus for every finite vertex set W of G,
all but finitely many edges e of R have the property that G%e avoids W. In particular, for all
but finitely many edges e of R,, the part G%e avoids the first and second column of G,,. As
liminfecp, |Ve| = deg(e,), we may choose such an edge e, € R, so that |V, | = deg(e,) and
every later edge e on R, satisfies |V.| > |V,,|. Since G%en avoids the first column of G,,, the
component D,, of G%en in which &, lives is contained in G,,.

We claim that G%en contains all but finitely many vertices of G,,, and Ng(D,,) = V., . Indeed,
the rows of GG,, are pairwise disjoint €,-rays. Since &, lives in D,,, the component D,, contains a
tail of each row of GG,,. As the rows of GG;, cover the entire GG, the part G%en 2 D, contains all but
finitely many vertices of G,,. Since D,, C G%en avoids the first column of G, its neighbourhood
Na(Dy) C Ve, contains at least one vertex of each row. Since there are deg(e,) rows, we have
|INc(Dy)| = deg(en) = |Ve, |, and thus Ng(D,,) = V,,.

As Ng(Dy,) = Ve, and D, is connected, GTe,, is connected. It follows that GTe,, is a subgraph
of G, and avoids the first column of G, since G%en meets G, and avoids the first and second
column of G,,.

Let H,, be the component of G — S, that contains G (where S, is the set indicated in purple in

Figure 4.2). We claim that there is an edge €/, of the rooted ray R. in T, which arose from &, such
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that [Ver | > deg(en) and such that GTe avoids Hy. For this, we note that the rays R, are distinct
from R, since liminf.cp,, |Ve| = deg(ey,) is finite but liminf.cp, |Ve| = deg(e) is infinite. Hence,
we may choose a tail R C R. of R, that avoids all rays R,, for m < n. Since all R,, and also R.
are rooted at the same vertex of T, every edge e of Rl satisfies (GTe) N (G’Ofem) =0. As G%em
contains all but finitely many vertices of Gy, for m < n, the set Wy, := V(Hy) \ (Upnen V(Ghen))
is finite. Since (7,V) is a tree-decomposition, for all but finitely many edges e of RZ, the part G%e
avoids W), and hence H,,. Note that, for each edge e of R, its adhesion set V. avoids G%em for
every m < n. Since liminf.cgn Ve = () and W, is finite, for all but finitely many edges e of RZ,
the adhesion set V. avoids the finite set W,,. Thus, for all but finitely many edges e of R, the
part Gte avoids H,. Finally, since liminf.cp_|V.| = deg(e) is infinite, we may choose an edge e/,
of R. so that Gfe], avoids Hy, and |V, | > deg(en).

Recall that the adhesion set V,, is contained in G, but avoids the first column of G,,, and
thus V., C V(Hy). Since also V; NV (H,) = 0, there are at most 2"*! 4+ n + 2 pairwise disjoint
Ve,~Ver paths in G, as witnessed by S,. As (T,V) is strongly linked by assumption, there is
an edge f, on the unique e,—e), path in T such that |V}, | < |S,|. Moreover, V}, separates Ve,
and Vs , and thus also ¢, and . By the definition of G, there are in fact |S,| disjoint e,
double rays R} in G (indicated in orange in Figure 4.2), and hence the separation induced by f,
efficiently distinguishes ¢ and &,. Since n € N was chosen arbitrarily, Lemma 4.2.2 yields the

desired contradiction. O

Proof of Example 9. The graph G from Construction 4.2.1 is planar, locally finite and connected.
By Lemma 3.3.4, every linked, tight, componental rooted tree-decomposition of G into finite
parts displays all the ends of G, their dominating vertices and their (combined) degrees. Thus,

Lemma 4.2.3 ensures that those tree-decompositionsare not strongly linked. O

We now turn to our proof of Example 8, i.e. that the graph G from Construction 4.2.1 does not
admit a lean tree-decomposition. The proof consists of two steps. First, we show in Lemma 4.2.6
that G does not admit a lean tree-decomposition into finite parts. Then, we show in Lemma 4.2.7
that G neither admits a lean tree-decomposition that has an infinite part.

By definition, every lean tree-decomposition is in particular strongly linked. For the first
step, it remains to show that every lean tree-decomposition of G into finite parts satisfies the
premise of Lemma 4.2.3: it displays all ends of G’ and their combined degrees, up to the fact that
maybe some rays of the decomposition tree do not arise from an end of G. In fact, the following
Lemma 4.2.5 together with Lemma 3.3.3 implies that this holds true for all graphs H and lean
tree-decompositions of them.

To prove Lemma 4.2.5, we first show that even though lean tree-decompositions may not be

componental, they are not far away from it.
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Lemma 4.2.4. Let (T, V) be a rooted tree-decomposition of finite adhesion of a graph H. Suppose
there is an edge e = st € E(T) with s <p t and a set Y C V. such that (HTe) —Y has at least two
components C1,Ca. Suppose further that V(C1) NV, # 0 and V(C2) N (Vi N\ Ve) # 0. Then (T,V)

s not lean.

Proof. By assumption, we may pick vertices v; € V(C1) NV, and vy € V(C2) N (Vi N Ve). Set
Zy = Ve and Zy := (Ve {v1})U{va}. By construction, |Z;| = |Ve| = |Z2| =: k. Since (T, V) is lean
and Z1, Zy C V4, there is a family P of k disjoint Z1—Z5 paths in H. Note that every path in P that
starts in Z3 N Zs = Ve~ {v1} is trivial. Hence, there is a path P € P that starts in {v1} = Z1 \ 2o
and ends in {vs} = Zo ~ Z). But v; € V(C}) is separated from vy € V(Cy) \ V. C V(Hfe) by
Y U (V(C2)NV,) C Ve~ {v1}. This contradicts that the paths in P are pairwise disjoint. O

Lemma 4.2.5. Let (T,V) be a rooted tree-decomposition of a graph H into finite parts which is
lean as an unrooted tree-decomposition. Then every ray in T arises from at most one end of H.

Moreover, if a ray R in T arises from an end € of H, then liminfecg Ve = Dom/(e).

Proof. For the first assertion, suppose towards a contradiction that there are two distinct ends &1, €9
of H that give rise to the same rooted ray R of T. As e1,e9 are distinct, there is a finite set X of
vertices of H such that €1, e9 live in distinct components Cy,Csy of G — X.

Now pick a vertex v; € V(Cy). Since (T, V) is a tree-decomposition, (,cg V (Hte) = 0, and
thus all but finitely many edges e of R have the property that H e contains the finite set X U {v;}.
As 9 gives rise to R and lives in C9, there is an edge e = st on R with s <p ¢ such that
X U{v1} € Hle and V(C2) N (Vz N\ V¢) is non-empty. Note that V(C1) NV, is non-empty as C} is
connected and meets both H e (in the vertex v1) and H?te (as e gives rise to R and lives in C}).
Set Y := X NV, and, for i = 1,2, let C} be a component of C; N (Hte —Y) which contains a
vertex from V(C1) NV, or V(Cq) N (Vi \ V), respectively. Then Y, C1, C} are as in Lemma 4.2.4.
It follows that (7',V) is not lean, which is a contradiction.

To show the moreover statement, let € be an end of H that gives rise to a ray R in T. Now
suppose towards a contradiction that there is a vertex w € liminf.cp V, that does not dominate ¢.
Then there is a finite set X C V(H) and distinct components Cy, Cy of G — X such that w € V(C)
and ¢ lives in Cs.

As above, there is an edge e = st on R with s <p t such that H]e contains X U {w} and
V(C2) N (Vy N\ V) is non-empty. Since w also lies in liminfscr Vy, we have w € V., and thus
V(C1) N Ve is non-empty. As above we obtain a contradiction by applying Lemma 4.2.4. O

Lemma 4.2.6. The graph G from Construction 4.2.1 has no lean tree-decomposition into finite

parts.
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Proof. Suppose towards a contradiction that G admits a lean tree-decomposition (7',)) into finite
parts. It follows from Lemma 4.2.5 that every end w of G gives rise to a ray R, in T" which arises
from no other end of G. Moreover, we have liminf.cg_ Ve = Dom(w) = (), as locally finite graphs
have no dominating vertices. So since (7', V) is lean and hence strongly linked, Lemma 3.3.3 implies
that liminf.cp, |Ve| = A(w) = deg(w) (because G is locally finite). Thus, by Lemma 4.2.3, (T, V)

is not strongly linked, which is a contradiction. O

For the proof of Example 8 it remains to show that the graph from Construction 4.2.1 neither

admits a lean tree-decomposition with possibly infinite parts.
Lemma 4.2.7. The graph G from Construction 4.2.1 admits no lean tree-decomposition.

Proof. Suppose for a contradiction that G has a lean tree-decomposition (7', V). Let T' be rooted
in an arbitrary node. We first show that every end &, gives rise to a ray R, in T, that is every
bag of (T, V) meets every e,-ray at most finitely often. For this it suffices to show that every bag
meets G, at most finitely often. Let n € N be given, and suppose there is a bag V; that contains
infinitely many vertices of G,,. Then let Z; C V; be a set of 2"t! 4+ 27 4 3 vertices of G,,, and
let i« € N such that Z; is contained in the first ¢ columns of G,. Now let Zy C V; be a set of
ontl 4 9n 4 3 vertices of G, that avoids the first i columns of G,,. Since the i-th column of G,
has size 2"+ 4 2" 4 2 and separates Z; and Zs, this contradicts that (7', V) is lean.

Hence, each ¢,-ray meets every bag of (T,V) at most finitely often, which implies that &, gives
rise to a ray R, in T. In particular, then, there exists a node t of R, such that V; meets every
row of Gy: If not, then every bag V; of R,, avoids some row of G,. In fact, since &, gives rise
to R, and thus every V; meets every row that meets V; for some node s <p t of R,,, all V; with
t € R, avoid the same row of GG,,. Since ¢,, gives rise to R,,, it follows that this row is contained in
G%e for all edges e of R, which contradicts that (7)) is a tree-decomposition. Hence, there is a
node t,, of R, such that V;, meets every row of G,. Let X;,, CV; be a set consisting of precisely
one vertex of each row of G,,. In particular, X,, has size 2" + 2" + 2 and is linked to &,.

Since G admits no lean tree-decomposition into finite parts by Lemma 4.2.6, (T',)) contains
an infinite bag Vi. As shown above, V; contains at most finitely many vertices of each G,.
Hence, for every n € N, the bag Vs must contain infinitely many vertices of the subgraph
Gl = G'{(i,7) € V(G") : § > n}UUpysn Gm- Let Yy, C Vi consist of 271 + 27 + 2 vertices of GY,.
Since G is locally finite and connected, it follows from the Star-Comb Lemma (see Lemma 2.5.1)
that there is a comb C in G with teeth in V;. Recall that the comb C' is the union of a ray R, its
spine, and infinitely many disjoint (possibly trivial) paths with precisely their first vertex in R and
their last vertex in V. As Vs N V(G,,) is finite for all n € N, the spine R of C is an e-ray.

Since X,, C V(G,,) and Y,, C V(G?,), there are at most 2""! + n + 2 pairwise disjoint X,,—
Y, paths in G, as witnessed by S, (indicated in purple in Figure 4.2). As (7,V) is lean by
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assumption, there is an edge f,, on the unique ¢,—s path in 7" such that |V}, | < [S,|. Moreover, V5,
separates V;, and V,. We claim that V}, also separates ¢, and €. Indeed, since C' has teeth in Vj,
the component D of G — Vy, in which ¢ lives meets V; \ V. Because X, is linked to &, and
Vi, < [Sn| < | Xy, the component D,, of G — V}, in which ¢, lives meets X,, \ Vy, C Vi, N\ Vj,.
Since Vy, separates V;, and V, the components D and D, are distinct, i.e. V}, separates e
and €,. By the definition of G, there are |S,| disjoint e—¢,, double rays R} in G, and hence the
separation induced by f,, distinguishes € and ¢,, efficiently. Now Lemma 4.2.2 yields the desired

contradiction. O

Proof of Example 8. The graph G from Construction 4.2.1 is planar, locally finite and connected.

The assertion thus follows from Lemma 4.2.7. O

4.3 A further counterexample regarding the ‘leanness’-property

In this section we construct Example 10, which we restate here for convenience:

Example 10. There is a countable graph G such that every tree-decomposition of G into finite

parts has a bag Vy which violates the property of being lean for s =t.
The graph in this example is essentially the same as [26, Example 3.7].

Proof. Let G’ be the N x {0,1,2} grid, that is, V(G') = {(4,j) | i € N, j € {0,1,2}}, and there
is an edge in G’ between (7,7) and (i, j') whenever |i —i'| + |j — j'| = 1. For every n € N3, let
Up:={(i,1) | i <n}U{(n—1,0),(n,0)} (see Figure 4.3). Now the graph G is obtained from G’
by making the sets U, complete. We claim that G is as desired.

Let (T,V) be a rooted tree-decomposition of G into finite parts. Let R C T be the rooted ray
arising from the unique end € of G. Since (T, V) is a tree-decomposition, we have (.cp V(Gte) =0,
and hence there is an edge e of R such that (0,0),(0,1),(0,2) € V(Gle). As e gives rise to R,
the ray (0,0)(1,0)(2,0)... through the bottom row has a tail in Gte; i.e. there is n € N such
that (n/,0) € V(Gfe) for all n’ > n. Since G[U,,] is complete, it follows that U, C V(G*e) for all
n' > n.

Next, observe that there is an edge e’ > e of R such that U,, C V(Gle'). Now let f = tito with
t1 <7 tg be the <p-minimal edge of R such that there exists m € N>, with U,,, C V(G| f). Note
that €’ is a candidate for f, and observe that e < f. Let m be maximal such that U, C V(G|f);
in particular, m > n. To see that this maximum exists, note that the ray (0,0)(1,0)(2,0)... has a
tail in G1f, and hence there is i € N such that (j,0) € V(G1f) for all j > i. Thus, m < i.

By the choice of f and m, we have Up,11 € V(GTf), as Up1 is complete. Hence, as Vy separates
G1f and Glf, it follows that Uy, N Un+1 € Vy C V. Moreover, as (0,2) € V(Gle) C V(GLlf)
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FIGURE 4.3: Depicted is the graph G’ and the set Uy in purple from Example 10.
Indicated in blue is the ray (0,2)(1,2)... that contains the vertex w and indicated in
green is the path (0,0)(1,0)(2,0)(3,0) that contains the vertex u in the case m = 4.

by the choice of e, and because € gives rise to R, the ray (0,2)(1,2)(2,2)... meets Vy C V}, in
a vertex w. Similarly, the path (0,0)(1,0)...(m — 1,0) meets Vy» C V;, in a vertex u where f’
is the unique down-edge at ¢;. Indeed, we have (0,0) € Glf’ by the choice of e < f and
(m —1,0) € Gtf: if (m —1,0) was contained in GLf’, then U, C V(G| f’) since U,, is complete
in G, which contradicts the <p-minimal choice of f.

We now let s :=t; =: t and define Z; := (U, NUpp41) U{w} and Zy := (U, NUppg1) U {u}. By
construction, we have |Z1| = |Z2| = m+ 3 and Z1, Zy C V;,. Hence, (T, V) violates the property of
being lean for s = t; =t since U,, N Up,4+1 separates w and u and hence witnesses that G contains

at most m + 2 disjoint Z1—Z5 paths. O

4.4 Upwards disjointness of adhesion sets

As mentioned in the introduction, we have shown in Section 3.4.2 (Theorem 1’) a more detailed
version of Theorem 1 which, among others, yields that the adhesion sets of the tree-decomposition

intersect ‘not more than necessary’:

Theorem 4.4.1. Every graph G of finite tree-width admits a rooted tree-decomposition (T,V) into

finite parts that is linked, tight and componental. Moreover, we may assume that

(1) for every e <p € € E(T) with |V| < |Ve|, each vertex of V. NV either dominates some end

of G that lives in G1€, or is contained in a critical vertea? set of G that is included in GTe'.

Halin [82, Theorem 2] showed that every locally finite, connected graph has a linked ray-

2A set X of vertices of G is critical if infinitely many components of G — X have neighbourhood X in G.
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decomposition® into finite parts with disjoint adhesion sets. He used this result in [83, Satz 10]
to establish Theorem 4.4.1 for locally finite graphs with at most two ends, replacing (1) by the
stronger condition of having disjoint adhesion sets. In light of this, we discuss here that (1)
describes how close one may come to having ‘disjoint adhesion sets’ in the general case.

If G is not locally finite, we generally cannot require the tree-decomposition (7, ) in Theorem 1
to have disjoint adhesion sets while having finite parts, as every dominating vertex of an end & will
be eventually contained in all adhesion sets along the ray of 1" which arises from . Moreover, as
every critical vertex set has to lie in an adhesion set of any tree-decomposition into finite parts, and
since the tree-decomposition is linked, one can easily check that the adhesion sets also intersect in
critical vertex sets. Thus one might hope to obtain a tree-decomposition as in Theorem 1 that
satisfies the following condition:

(1) for every e <p €’ € E(T) each vertex of V. NV, either dominates some end of G that lives
in G1¢, or is contained in a critical vertex set of G that is included in G?1¢’.

But (1) allows for more than (1’): If e <y ¢’ € T and |Ve| > |Vi|, then V. and Vs are allowed
to intersect also in vertices that do not dominate an end and that are not contained in a critical
vertex set. The following example shows that allowing this is in fact necessary. It presents a
locally finite graph that does not admit a tree-decomposition (7', V) as in Theorem 1 with (1’), the
stronger version of (1). As locally finite graphs do not have any dominating vertices and critical
vertex sets, (1’) boils down to the property that the tree-decomposition (7, V) has upwards disjoint
adhesion sets, that is V. NV, = () for every e < e’ € E(T).

Example 4.4.2. There is a locally finite connected graph G which does not admit a linked, tight,
componental rooted tree-decomposition (7', V) into finite parts with upwards disjoint adhesion sets,

i.e. one which satisfies (1’).

Proof. Let ¢ C cpo(N) be the set of all the sequences S = (sy,)nen for which there exists N € N
such that s; > 1 for all i < N and s; = 0 for all i > N.* Let G be the graph depicted in Figure 4.4,
that is the graph on the vertex set

V(G) = {((sn)nen, 4, 5) € ¢ x Nx {1,2,3}}

and with edges between (S,i,7) and (S,7, ;') whenever |i —i'| + |j — j/| = 1 and, for S =
(S0y+-+38n-1,0,...) and 8" = (s, ..., 80, _1,5,,0,...), with edges between (S,i—1,3) and (S',0, ;)
and between (S,4,3) and (S’,0,5’) whenever s}, =i > 1 and s, = s}, for all £ < n. Note that G is
locally finite.

3A ray-decomposition is a tree-decomposition whose decomposition tree is a ray.
“We restrict to the set ¢’ instead of coo(N) to ensure that G is connected.
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FIGURE 4.4: Depicted is the graph G from Example 4.4.2. The blue subgraph is
induced by the vertices (6,1, j) of G with & = (0,0,0,...). The green subgraphs are
induced by the vertices (&,,1,j) of G with &, = (z,0,...) for z € N>, respectively.

By Lemma 3.3.4 every linked, tight, componental rooted tree-decomposition of G into finite
parts displays all the ends of G and their (combined) degrees. Thus, it suffices to show that G
has no rooted tree-decomposition with upwards disjoint adhesion sets which displays all its ends
and their (combined) degrees. Let (T',V) be a tree-decomposition of G which displays all ends
of G and their (combined) degrees. Consider the rays Rs ; = {(S,4,j) | i € N} for all S € ¢ with
J € {1,2,3}. Then for every fixed S € ¢ the rays Rs 1, Rs2, Rs 3 all belong to the same end g
of G; and these ends es are pairwise distinct and have (combined) degree 3. Since (7,V) displays
all ends of G and their (combined) degrees, there exist for each eg infinitely many edges e of T'
such that V. has size three and meets every ray Rs j; we fix for each end €5 one such edge es. Let
vs = (S,is,3) be the (unique) vertex in Ve NV (Rs3).

Set Sp := (0,0,...) and S, := (s0, .., 51,15, ,+1,0,...) where S,—1 = (so,...,5n-1,0,...).
Then the vg, define a (unique) end ¢ of G, in that every ray that meets all the vg, belongs to the
same end €. This end has degree 2 as witnessed by the sets S,, := {(Sn,is,,3), (Sn,is, +1,3)}
(see Figure 4.5).
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FIGURE 4.5: A ray in G that meets all the sets Vg . The end to which it belongs
has degree 2.

Now since (T,V) displays the (combined) degree of ¢, and because the sets S,, are the only
separators witnessing that € has degree 2, there is an edge e € T with V., = §,, for some n € N.
But since every such S, meets the set V.5 , the tree-decomposition (7',V) does not have upwards

disjoint separators. O

This example might explain why Halin never extended his result [83, Satz 10] mentioned above
to graphs with more than two ends: His precursor notion to a tree-decomposition, namely the
quasi-trees and pseudo-trees discussed in [85], required upwards disjoint separators, and hence

could not possibly capture the types of locally finite graphs described in Example 4.4.2.
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5 Tangle-tree duality in infinite graphs

We extend Robertson and Seymour’s tangle-tree duality theorem to infinite graphs.

This chapter is based on [5].

5.1 Introduction

All graphs in this chapter may be infinite, unless otherwise stated.

Tree-decompositions are a central object in structural graph theory. They were not only a
crucial tool in the Graph Minor Project of Robertson and Seymour [110], but also attracted
attention as several computationally hard problems can be solved efficiently on graphs of small
tree-width. Because of this, the question arose which graphs have small tree-width, that is, admit
a tree-decomposition into bags that all contain only few vertices, and, conversely, what kind of
substructures prevent a graph from having small tree-width.

There are a number of substructures, e.g. large grid or clique minors, or k-blocks for large k,
that are known to force a graph to have large tree-width. While these objects differ in their
concrete shape, they have one thing in common: they witness high cohesion somewhere in the
graph.

In their Graph Minors Project [110], Robertson and Seymour introduced tangles as a unified
way to capture all such highly cohesive substructures in a graph. Formally, a k-tangle in a graph G
is a certain orientation of all its separations of order less than k. The idea is that every highly
cohesive substructure of G will lie mostly on one side of such a low-order separation, and therefore
orient it towards that side. All these orientations, collectively, are then called a tangle.

One of the two major theorems in Robertson and Seymour’s original work on tangles is the
following duality between tangles of high order and small tree-width [114], rephrased here in the
terminology of [41]:

Theorem 5.1.1. For every finite graph G and k € N, exactly one of the following assertions holds:
(i) There exists a k-tangle in G.
(ii) There exists an Si(G)-tree over T*.

Theorem 5.1.1 is known as the Tangle-tree duality theorem. For a definition of S (G)-trees over T*
we refer the reader to Section 5.2. Theorem 5.1.1 implies an approximate duality for tangles and
tree-width: every graph G with a k-tangle has tree-width at least k — 1, while a tree as in (ii)

induces a tree-decomposition of G of width at most 3k — 4.
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The definition of a tangle extends verbatim to infinite graphs. There are several papers that
extend results about tangles in finite graphs to infinite ones, or which deal with new questions
that arise from tangles in infinite graphs only [31,40,64,65,90]. In this chapter we contribute
to this a duality statement about tangles and small tree-width in infinite graphs, which extends
Theorem 5.1.1 to infinite graphs.

The first thing to notice is that, in infinite graphs, high-order tangles no longer force the
tree-width up. Indeed, every infinite graph G contains a tangle of infinite order [40], an orientation
of all the finite-order separations of GG. By restricting it to only those oriented separations that
have order less than k, every such tangle induces a k-tangle for every & € N. Hence, every infinite
graph has a k-tangle for every k € N. However, there are infinite graphs, e.g. infinite trees, that
have small tree-width. Thus, in contrast to finite graphs, high-order tangles in infinite graphs
are in general not an obstruction to small tree-width. Specifically, infinite locally finite trees are
an example of graphs that have both a 3-tangle and an S3(G)-tree over 7*, thus witnessing that
Theorem 5.1.1 fails for infinite graphs.

So what is the difference between finite and infinite graphs that causes high-order tangles to
force large tree-width in finite graphs but not in infinite graphs? In finite graphs, tangles arise
only from highly connected substructures (which may be fuzzy) as indicated earlier. In infinite
graphs, however, there are also tangles that arise from infinite phenomena of the graph that do
not reflect high local cohesion.

Let us first consider locally finite graphs. Every infinite locally finite, connected graph G has an
end, an equivalence class of rays in G where two rays are equivalent if they cannot be separated by
deleting finitely many vertices. Every end induces an infinite tangle by orienting every finite-order
separation to the side which contains a tail of one (equivalently each) of its rays [40]. The degree
of an end is the maximum number of disjoint rays in it.

Ends of large degree do force the tree-width up: It is not difficult to see that every graph with
an end of degree at least k has tree-width at least k. But this is sharp in the sense of Theorem 5.1.1:
For every k € N, there exists a locally finite graph (e.g. the rectangular (k — 1) x oo grid) whose
single end has degree k — 1, and that has an Si(G)-tree over T*. In particular, ends of small
degree do not force the tree-width up. So if we want to extend Theorem 5.1.1 to locally finite
graphs in a way that retains its duality between tree structure on the one hand and the existence
of high local cohesion on the other, we need to adjust (i) to ban tangles that are induced by ends
of small degree.

We also have to adjust (ii) of Theorem 5.1.1, for a different reason. Since no infinite graph has a
finite Sk (G)-tree over T*, we have to allow infinite Si(G)-trees in (ii) when we extend Theorem 5.1.1
to infinite graphs. But this creates another problem. For example, consider the graph G which is

obtained from a ray on vertex set N by gluing a large clique K on to 0. Then G has an infinite
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S4(G)-tree (R, ) over T*, where R is the natural ray on vertex set N and a : E(R) — S4(G) with
a(i,i+1)=({0,...,i+ 1},N5; UV(K)). But G has large tree-width (and a high-order tangle),
as witnessed by the large clique K. The problem is that, in contrast to finite Si(G)-trees, (R, o)
does not induce a tree-decomposition.

Since it is our aim to extend Theorem 5.1.1 to infinite graphs in a way that retains its duality
between tree structure and the existence of high local cohesion, we need to exclude such Sy (G)-trees
from (ii). This will be formalised by ‘weakly exhaustive’ Si(G)-trees in Section 5.2: every weakly
exhaustive Si(G)-tree does induces a tree-decomposition.

Our tangle-tree duality theorem for locally finite graphs then reads as follows:

Theorem 11. For every locally finite, connected graph G and k € N, exactly one of the following

assertions holds:
(i) There exists a k-tangle in G that is not induced by an end of degree < k.

(ii) There exists a weakly ezhaustive Si(G)-tree over T*.

Let us now consider arbitrary infinite graphs. There is another type of tangle that can occur
in infinite graphs which also does not reflect any highly cohesive substructure. For example, let G
be the edgeless graph! with vertex set N. Let 8 be a non-principal ultrafilter on N, and orient
every l-separation of G (a bipartition of N) towards its side in 5. This is a 1-tangle in G, since N
is not a union of three subsets not in 5. More generally, a k-tangle is principal if it contains for
every set X of fewer than k vertices a separation of the form (V(G) \ V(C),V(C) U X) where C
is a component of G — X. A tangle is non-principal if it is not principal. As in our example, an
infinite graph G contains a non-principal k-tangle if there is a set X of fewer than k& vertices of G
whose deletion separates G into infinitely many components; and every such tangle, one for each
non-principal ultrafilter on the set of components of G — X, contains all the separations of the form
(V(C)U X, V(G) ~ V(C)) for components C of G — X [40].2 As we have seen, such non-principal
tangles do not force a graph to have large tree-width, and hence give rise to counterexamples to
Theorem 5.1.1 and Theorem 11 for arbitrary infinite graphs. Hence, for graphs that are not locally
finite, we shall have to adjust (i) again, to ban non-principal tangles.

We shall have to adjust (i) in another way too. A vertex v of G dominates an end ¢ of G if no
finite set of vertices other than v separates v from a ray in €. The combined degree of an end is the
sum of its degree and the number of its dominating vertices.® Similarly to ends of large degree,

also ends of large combined degree force the tree-width up: It is not difficult to see that every

'If you do not like tangles of edgeless graphs, let G be a countably infinite disjoint union of copies of K.

2Note that such tangles cannot exist in connected locally finite graphs, where deleting finitely many vertices
never leaves infinitely many components.

3Note that in locally finite graphs a vertex cannot dominate an end, so the combined degree of an end is simply
its degree.
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graph with an end of combined degree k has tree-width at least k. Hence, we need to adjust (i) as

follows:

Theorem 12. For every countable graph G and k € N, exactly one of the following holds:
(i) There exists a principal k-tangle in G that is not induced by an end of combined degree < k.

(ii) There exists a weakly exhaustive Si(G)-tree over T*.

Note that we restricted the graphs in Theorem 12 to those that are countable. We did so for a
reason: There is no uncountable graph G that has a weakly exhaustive Si(G)-tree over 7* for any
k € N. Indeed, let (T, V) be the tree-decomposition induced by any weakly exhaustive Si(G)-tree
over 7*. Then the definition of 7* ensures that the bags V; of (T,V) all have size < 3k — 3, and
that the tree T has maximum degree at most 3, and hence is countable. But then G is countable.

However, there are uncountable graphs, e.g. stars with uncountably many leaves, that have no
3-tangles as in (i) of Theorem 12, and that even have tree-width 1. We could now try to update
(i) again, so that our duality theorem always outputs (i) if the graph is uncountable; but then (i)
would no longer capture high local cohesion in a graph, which remains our aim. So we need to
adjust (ii).

As indicated earlier, the definition of Si(G)-trees over 7 is too restrictive to capture uncount-
able graphs of small tree-width, as those Si(G)-trees have maximum degree at most 3. Hence, we
will allow the S (G)-tree in (ii) to have infinite-degree nodes. For this, we allow Si(G)-trees over
T* UUP rather than just 7, where U;° is the set of all infinite stars of separations of order < k
whose interior has size < k.* Now a tree-decomposition induced by a weakly exhaustive Si(G)-tree
over T* UU® may have nodes t of infinite degree as long as their bags V; have size less than k.
This modification of (ii) will be in line with our aim that (ii) describes graphs that have no large
highly cohesive substructures: such graphs may have non-principal tangles, and these can now
happily live in the Si(G)-tree in its nodes of infinite degree.

Our tangle-tree duality theorem for arbitrary graphs now reads as follows:

Theorem 13. For every graph G and k € N, exactly one of the following assertions holds:
(i) There exists a principal k-tangle in G that is not induced by an end of combined degree < k.

(ii) There exists a weakly exhaustive Si(G)-tree over T* UUX.

We remark that Theorems 11 and 12 are simple applications of Theorem 13 (see Section 5.6 for
details). In particular, Theorem 13 contains Theorem 5.1.1 as a special case. Indeed, in finite
graphs all tangles are principal, so a finite graph satisfies (i) of Theorem 13 if and only if it
satisfies (i) of Theorem 5.1.1. Moreover, in finite graphs the set U;° is empty and every finite

YFormally, U® := {0 = {(A;, B;) :i € I} C Si(G) : 0 is a star, |
details.

;o1 Bil <k and |o| = oo}; see Section 5.2 for
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Sk(G)-tree over T* is weakly exhaustive. So a finite graph satisfies (ii) of Theorem 13 if and only
if it satisfies (ii) of Theorem 5.1.1.
Moreover, similarly to Theorem 5.1.1, a tree as in (ii) induces a tree-decomposition of G of

width at most 3k — 4, while every graph with a tangle as in (i) has tree-width at least k — 1.

Diestel and Oum [55] generalized Theorem 5.1.1 to so-called ‘F-tangles’. The ‘standard’ k-
tangles are orientations of the separations of a graph G of order < k that avoid the set T* C 25k (@),
a k-tangle does not contain an element of 7* as a subset. This set 7" can be replaced by more
general sets of separations, leading to the more general notion of F-tangles.

We will in fact prove Theorem 13 more generally for F-tangles (see Theorem 16 in Section 5.6
for the precise statement). As an application, we obtain the following exact characterization of

graphs that have tree-width k£ € N, which generalizes a result of Diestel and Oum [54]:

Theorem 14. The following assertions are equivalent for all graphs G' and k € N:
(i) G has a Ug-tangle of order k that is not induced by an end of combined degree < k.
(ii) G has a finite bramble of order at least k.
(iii) G has no weakly exhaustive Si(G)-tree over Uy.
(iv) G has tree-width at least k — 1.

(See Section 5.2 for definitions.) The equivalence of (ii) and (iv) yields a generalization of
the ‘bramble-treewidth duality theorem’ of Seymour and Thomas [117] (see Theorem 5.7.2 in

Section 5.7), which also includes their finite version as a corollary (without using it in the proof).

The other major theorem about tangles which Robertson and Seymour [114] proved is the
tree-of-tangles theorem. Recall that a separation {A, B} of a graph G distinguishes two tangles
in G if they orient {A, B} differently. It distinguishes them efficiently if they are not distinguished
by any separation of smaller order.

The tree-of-tangles theorem for fixed k € N asserts that every finite graph G has a tree-decom-
position (7, V) which efficiently distinguishes all its k-tangles: for every pair 7,7’ of k-tangles in G,
there is an edge e of T such that the separation induced by e distinguishes 7 and 7’ efficiently.

Following [65], we call two k-tangles combinatorially distinguishable if there is a finite set
X C V(G) and a component C' of G — X such that {V(C)U X,V (G — C)} distinguishes them. In
particular, if two k-tangles are combinatorially indistinguishable, then they are both non-principal.
For instance, in the example mentioned above, where G is the edgeless graph on vertex set N, no
two 1-tangles in G are combinatorially distinguishable.

We show that if a graph G has no k-tangle as in (i) of Theorem 13, then it has an Si(G)-tree
as in (ii) which additionally distinguishes all the combinatorially distinguishable k-tangles that G

may have: those that are not of the form as in (i):
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Theorem 15. Let G be a graph and k € N. Suppose that all principal k-tangles in G are induced
by ends of combined degree < k. Then G has a weakly exhaustive Si(G)-tree (T, o) over T* UUL®
such that
(i) every end of G lives in an end of T', and conversely every end of T' is home to an end of G,
(ii) every non-principal k-tangle lives at a node t of T with {a(t',t) : t' € Np(t)} € Up°, and
(iii) for every pair T,7" of combinatorially distinguishable k-tangles in G there is an edge e of T

such that a(e) distinguishes 7 and 7' efficiently.

In particular, (iii) ensures that no two ends of G live in the same end of 7, and that no two
combinatorially distinguishable non-principal k-tangles live at the same node of T. We remark
that it is not possible to strengthen (iii) so that all k-tangles are efficiently distinguished by a
separation of the form a(e) for an edge e of T [65, Corollary 3.4].

We will obtain Theorem 15 as a corollary of a more general theorem (see Theorem 5.8.1
in Section 5.8) that yields a tree-decomposition with similar properties as the Si(G)-tree in

Theorem 15 even if G has other k-tangles than those allowed in the premise of Theorem 15.

This chapter is organised as follows. We first recall some definitions in Section 5.2. Then we
give a brief introduction to infinite graphs and their tangles in Sections 5.3 and 5.4. In Section 5.5,
we first sketch the proof of Theorem 13 briefly, and then prove Lemma 5.5.4, which is one of the
two main ingredients to the proof of Theorem 13. In Section 5.6, we prove Theorem 13, and then
derive Theorems 11 and 12 from it. In Section 5.7 we deduce Theorem 14. In Section 5.8 we use
the tools developed in Section 5.5 to show a ‘refined’ version of the Tree-of-tangles theorem, which
generalizes a result of Chapter 6 to infinite graphs, and which contains Theorem 15 as a special

case.

5.2 Preliminaries

An infinite increasing sequence ((A;, B;))ien of separations of a graph G is weakly exhaustive if the
intersection of their strict big sides is empty, i.e. if ;e Bi \ A; = 0. Further, an Sy, (G)-tree (T, «)
is weakly exhaustive if for every ray R = rire... in T the sequence (a(r;,7i11))ien is weakly
exhaustive.

In this chapter we will need to consider a slight weakening of the profile property () and

consider Pj-tangles instead of k-profiles where
Pp = {oc={(4;,B;):i €3]} € Py : |int(o)| < k}

is a subset of the set Py, defined in (2.1).
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5.2.1 Principal tangles

Given some graph G and k£ € NU {Xg}, an orientation of Si(G) is principal if it contains for every
set X of fewer than k vertices a separation of the form (V(G — K),V(K) U X) where K is a
component of G — X. It is easy to check that the regular, principal P} -tangles of S;(G) avoid

Uy, = {o={(A;,B;) :i € I} C Si(G) : o is a star and |int(c)| < k}.

Write Up° := {0 € Uy, : |o| = oo} for the the set of all infinite stars in Uj.

Lemma 5.2.1. Let 7 be a regular, non-principal P -tangle of order k € N in a graph G, and let
o C §k(G) be a finite star with finite interior. Then o € T.

Proof. Suppose for a contradiction that o C 7. Since 7 is non-principal, there is some X C V(G)
such that (V(K)UX, V(G —K)) for all components K of G— X; note that | X| < k as 7 has order k.
By the consistency of 7, we have (V(UKa,p) U X, V(G -UKwup)) € 7 for all (A,B) € o
where K4 py is the set of all components of G — X that are contained in G[A \ B]. Since |o| is
finite, inductively applying that 7 is a Pj-tangle yields that (V(UK)UX,V(G—-UK)) € T where
K:=Uwu,pyeoc Ka,p)- As int(o) is finite, at most finitely many components of G — X are not in K,
so the same inductive argument yields that (V(G), X) € 7, which contradicts that 7 is regular. [

5.2.2 Nice sets of stars

Let G be a graph, and k € N. Strengthening the notion ‘closed under shifting’ (see Section 2.3), we
say that a set F of stars in Sy, (G) is strongly closed under shifting in S (G) if whenever 3 € Sy, (G)
emulates some 7 € So_; (@) in Sk(G), then it also emulates 7 in S, (GQ) for F.

Proposition 5.2.2. Let G be a graph, k € N, and let F be a set of stars in S (G) that is strongly
closed under shifting. Further, let P be a k-profile in G, let 5 € P, and let {t} U{7; :i € I} € F be
such that t € P. Suppose further that S\ T € Sp(G) for all T € P. Then {SVI}U{SAT; :i eI}

is a star in F.

Proof. We show that § emulates § A in Si(G) from which the assertion follows as F is strongly
closed under shifting and |$A£] < |s| + |t| < 2k — 1. For this let Z € S, (G) with Z > § AT be given.
Then r € P by [60, Theorem 1]. So by the assumptions on s, it follows that § V& € Si(G). O

A set F of stars in gk(G) is called nice if F is strongly closed under shifting in S}, (G),
{(V(G),A)} € F for all subsets A C V(G) of fewer than k vertices, and P;, C F.

Lemma 5.2.3. For every k > 0, the sets Uy, and T;} are nice.
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Proof. By definition, P, C U, N T;*, and we have {(V(G), A)} € U NT; for all sets A of fewer
than k vertices. The proofs that U, and T, are strongly closed under shifting in S (G) are
analogous to the proofs that they are closed under shifting (see the proofs of [54, Lemma 6.1 &
Theorem 4.1]). O

5.3 Tangles and ends

It is easy to see that every end ¢ of a graph G induces an Ng-tangle, denoted by 7., by orienting
every finite-order separation of G to that side which contains a tail of some (equivalently every)
ray in e [40, §1]. We say that an orientation O of Si(G), for some k € N, is induced by an end ¢
of Gif  C 7.

It is easy to check that the tangle 7. induced by an end e of G cannot contain any stars with
finite interior (cf. [40, Discussion preceding Lemma 1.6]). Hence, the following observation about

ends follows easily.

Proposition 5.3.1. Let G be any graph, k € N, and let F be a set of stars in gk(G) all of which
have finite interior. Then every end of G induces an F-tangle of Sk(G). O

We say that an end ¢ of a graph G lives in a star o C Sy, (G) (or equivalently o is home to €)
if o C 7..

Let (T,V) be a tree-decomposition of G whose adhesion sets are all finite, and let € be an end
of G. Let O C E(T) consist of those oriented edges (s,t) of T such that (Us,U;) € 7.. Then the
orientation O of E(T) points towards a node of T" or to an end of 7. We say that ¢ lives at that
node or in that end, respectively.

The following lemma describes when an end has small combined degree.

Lemma 5.3.2 ([77, Corollary 5.8]). Let € be an end of a graph G, and let k € N. Then the
following assertions hold:
(i) If 7. contains a weakly exhaustive increasing sequence of separations of order < k, then
Ae) < k.
(ii) If A(e) = k, then 7. contains a weakly erhaustive increasing sequence ((A;, B;))ien of
separations of order k such that G[B; \ A;] is connected and (A; N B;) N (A; N B;) € Dom(e)
for alli # j € N.

We need the following lemma which describes a condition that is sufficient to ensure that all

ends of a torso have small degree.

Lemma 5.3.3. Let o be a star of separations of order < k € N of some graph G such that every

separation in o distinguishes some pair of k-profiles in G efficiently. Then for every end € of
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torso(o) there exists an end € of G such that o C 7., A(e') = A(e) and for every (A, B) € 7. we
have (ANint(c), BNint(o)) € 7o if {ANint(o), BNint(o)} is a separation of torso(o).

Proof. Let R’ be some ¢’-ray. Since all separations in o efficiently distinguish some pair of k-profiles,
they are left-tight by Lemma 2.2.1, so by Proposition 3.6.1 applied to o and P := R’ there is a
ray R in G such that |V(R)NV(R')| = oco. Let € be the end of G to which R belongs. Then o C 7,
because V(R) NV (R') C int(o) is infinite, and thus R has a tail in G[B \ A] for every (A, B) € o.
Moreover, for all (A, B) € 7. that induce a separation {ANint(c), BNint(o)} of torso(o), we have
(ANint(c), BNint(o)) € 7o for the same reason.

Since connected subgraphs of G induce connected subgraphs of torso(o), every e-ray induces
an ¢’-ray and Dom(e) C Dom(e’). Hence, A(e) < A(g'). We claim that also A(e') < A(e), which
concludes the proof. So suppose for a contradiction that A(¢’) > A(e). Let U C int(o) be a set of
size n:= A(e) + 1 < A(e') and P := {P, : € U} a family of n pairwise disjoint paths/rays in
torso(o) such that P, is either an ¢’-ray that starts in  or the trivial path whose single vertex
x lies in Dom(e’). As U is finite, there exists by Lemma 5.3.2 (ii) a separation (A, B) € 7. of
order A(e) such that U C A,, and G[B ~\ A] is connected.

Set o := {(C,D) € o : {A,B},{C, D} cross} and ¢ := {(C,D) € p: CNDN (A~ B) # 0}.
Let us first show that ¢ is finite. For this, it suffices to show that each of the pairwise disjoint
strict small sides C'\. D of (C, D) € ¢’ meets the finite set AN B. Since (C, D) is left-tight, there
is component K C G[C \ D] such that Ng(K) = C N D. In particular, since CN DN (AN B) # 0,
we have that AN B meets K if also CN DN (B~ A) # (. So we may assume that B \ A avoids
CND. Then either BNACC~Dor BNACD-\C as G[B ~\ 4] is connected, which implies
that {A, B},{C, D} are nested and contradicts (C, D) € p.

Now set (A, B) := (A, B) A A, pyco~p (D; C) and (A,B) := (A, B) A A, pyey (D, C). Then
we have |[A N B| = |AN BJ because (A~ B)N (CND) = for all (C,D) € o~ ¢, and
|JANB| < |(AnB)U U(e,pyeo (C N D)| < oo because ¢’ is finite. So 7. contains an orientation of
{A, B}, {A, B}; since 7, is consistent, we find (4, B) < (4, B) < (A4, B) € 7. Since U Cint(o) C D
for all (C, D) € p, we also have U C A. Moreover, by Lemma 2.1.1, (A, B) is nested with o, and
(A, B) crosses at most those finitely many separations in o that are contained in ¢'. It follows by
Claim 1° (in the proof of Lemma 6.5.3 in Chapter 6) applied to 7., o and (A, B) < (A, B) that
there is a separation (A’, B') € 7. of order < |ANB| = |AN B| = A(e) such that (4, B) < (4, B'),
and thus U € A C A’. Since (A, B) € 7., its big side G[B] contains a tail of R, and hence
V(R") C B for some tail R” of R'. By the choice of P, there exists an infinite family of P,—R”
paths in torso(c) that meet at most in there endvertices on P,. In particular, since (A4’, B) is

nested with o and thus induces a separation of torso(c), we find € B’ if P, is a trivial path, or

°In Claim 1 this is shown for finite graphs G, but the proof only uses the finiteness of G’ to conclude that (A, B)
crosses at most finitely many separations in o, which we have proved separately.
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V(P.) C B’ for some tail P, of P, if P, is a ray. But since each P, is connected, it follows that
V(P,) N (A'N B’) # (. Since the P, are pairwise disjoint, this implies that |[A'N B’| > A(e) + 1, a

contradiction. O

5.4 Tangles and critical vertex sets

Let us recall the following lemma (Lemma 3.2.5), which we proved in Chapter 3:

Lemma 5.4.1. Let o a star of left-tight, finite-order separations of a graph G. Then crit(torso(o)) C
crit(G).

In the previous subsection we have seen that every end induces an Ny-tangle. The following
lemma asserts that also graphs with critical vertex sets have Np-tangles: for every critical vertex

set X, every free ultrafilter on Cx induces an RXg-tangle.”

Lemma 5.4.2 ([40, Lemmas 3.4 & 3.7]). Given some finite set X of vertices of a graph G, for
each free ultrafilter U on Cx there exists a (non-principal) Ro-tangle T in G such that, for all
K C Cx, we have (V(G—UK),V(UK)UX) €7 if and only if K € U. In particular, then

T={(A,B) € S (G)|IK e U :| JK C G[B]}.

Even though the Ng-tangles described in Lemma 5.4.2 are non-principal, critical vertex sets

still induce principal k-tangles, but only for k£ € N that are not greater than their size.

Lemma 5.4.3. Let k € N, let G be any graph, and let F be a set of stars in gk(G) all of
which have finite interior. Further, let X be a critical vertexr set of G of size > k. Then
7:={(A,B) € 5,(G) : X C B} is a principal F-tangle of Sx(G). In particular, if o C S,(G) is a
star with X C int(c), then o C 7.

Proof. Since X is a critical vertex set and thus infinitely connected in G, and because | X| > k,
every separation in Si(G) has a unique side which contains X. Hence, 7 is an orientation of S;(G),
which for the same reason is consistent. Now let o be a star contained in 7. Since X N (B~ A) # ()
for all (A, B) € o, every component of G — X whose neighbourhood in G equals X meets B. Hence,
as components are connected, each such component of G — X meets int(o). Since X is a critical
vertex set of G, this implies that |int(o)| = 0o, so o is not in F. In particular, 7 avoids Uy and is

thus principal. ]

We also need the following lemma, which describes a sufficient condition for a star to be home

to a (non-principal) tangle.

5These No-tangles are called ultrafilter tangles [40].
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Lemma 5.4.4. Let G be any graph, k € N, and let F be a set of finite stars in Sy, (G) all of which
have finite interior. Further, let o C Sy, (G) be a star of left-tight separations, and let X C int(c)
be of size < k. Suppose that either X is a critical vertex set of torso(o) or that infinitely many

separations in o have separator X . Then there is a (non-principal) F-tangle of Si(G) that lives in o.

Proof. Set R := {K C Cx : |[K|] = 1lor UK C GJ]A \ B| for some (A,B) € o}. Note that
by Lemma 5.4.1 if X € crit(torso(c)) or by the left-tightness of the separations in o if the
set {(A,B) € 0 : AN B = X} is infinite, X is critical in G. In particular, every collection
KeF :={Cx}U{Cx~(KiU---UK,) :neNKq,...,K, € & still contains infinitely many
components of G — X. In particular, () ¢ F. Moreover, by definition, F' is closed in Cx under
taking supersets and under finite intersections. Thus, F' is a filter on Cx. So by Lemma 5.4.2 (and
the ultrafilter lemma), there is an Ro-tangle 7 in G such that (V(G — K),V(UK)U X) € 7 for all
K € F. By [40, Lemma 1.3 & Corollary 1.5], 7 avoids F. Moreover, by Lemma 5.4.2, there exists
for every (A, B) € T a collection K C Cx such that [JK C G[B] and K ¢ K. By the definition of 8,
this implies that (B, A) ¢ 7 for all (4, B) € o, and hence o C 7. So 7N S, (G) is as desired. [

5.5 Refining inessential stars in infinite graphs

In this section we prove Lemma 5.5.4, which is one of the two main ingredients to the proof of
Theorem 13. Let us begin by giving a brief sketch of the proof of Theorem 13. Similarly to the
finite tangle-tree duality theorem, Theorem 5.1.1, it is not too difficult to show that not both, (i)
and (ii) of Theorem 13, can hold at the same time. To see that at least one of the two assertions
holds, we consider an arbitrary graph G without any k-tangles as in (i). For the proof that G then
has an S (G)-tree as in (ii), we need two ingredients. The first one is a certain tree-decomposition
of G, whose existence follows from a result in Chapter 3 (see Theorem 5.6.2 in Section 5.6 below):
G admits a tree-decomposition (7', V) of adhesion < k into finite parts such that every node t of T
with oy ¢ UL° is inessential and has finite degree.

The second main ingredient to the proof of Theorem 13 is Lemma 5.5.4 below. This lemma
ensures that, under mild additional assumptions on (7',V), there exists, for every inessential node
t € T, a finite Sg(G)-tree (T*,at) over T, U{{5} : § € 0y} in which each § € o; appears as a leaf
separation. In particular, all its non-leaves are associated with stars in 7;". We then obtain a
weakly exhaustive Si(G)-tree over T;* UUX by sticking the Si(G)-trees (T, o) together along T'.
More precisely, for every edge e = {t, s} of T we glue the trees T* and T together along those leaf
edges f of T and [’ of T® with of(f) = {A, B} = o®(f’) where {A, B} is the separation induced
by the edge e of T' (see Construction 5.6.3).

The idea of refining the inessential parts of a tree-decomposition (7,V) with Si(G)-trees as

described above has its origin in [66]. There, Erde proved for finite graphs that if all edges
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of T induce separations that efficiently distinguish two k-tangles, then such Si(G)-trees (T, at)
exist for all inessential nodes ¢ of 7. The main result of this section generalizes his lemma
([66, Lemma 3.1]) not only to infinite graphs but also to certain tree-decompositions which no
longer need to distinguish the k-tangles efficiently. To state this result formally, we need some
further definitions.

First, we recall the definition of ‘closely related’ from [4]: Let G be any graph and k € N. A
separation (A4, B) € S,(G) is closely related to an orientation O of Si(G) if (A, B) € O and for
every (C, D) € O we have (ANC,BUD) € S, (G).

Proposition 5.5.1 ([4, Proposition 3.4]). Let k € N, and let P and P’ be two k-profiles in a
graph G. If a separation (A, B) € P distinguishes P and P’ efficiently, then (A, B) and (B, A) are
closely related to P and P’, respectively.

A finite-order separation (A, B) of a graph G is left-¢-robust for £ € N if there exist a set U C A
of size £ and a family {P, : x € AN B} of pairwise disjoint paths in G[A] such that P, ends in x
and there are ¢ U-P, paths in G[(A \ B) U {z}] that meet at most in their endvertices in P,. An
unoriented separation {A, B} is ¢-robust if both (A, B) and (B, A) are left-¢-robust.

Note that the property ‘left-/-robust’ is designed to mimic the presence of a highly connected
substructure of G on the small side of a separation. For example, we proved in Chapter 3
(Lemma 3.8.5) that we can obtain left-¢-robust separations from ends or critical vertex sets in the

following way:

Lemma 5.5.2. Let € be an end of a graph G of finite combined degree, and let ((A;, B;))ien be a
weakly exhaustive increasing sequence of separations in 7. such that liminf;cn |A; N B;| = A(e).
Then cofinitely many (A;, B;) with |A; N B;| = A(e) are £-robust.

Proposition 5.5.3. Let {A, B} be a finite-order separation of a graph G, and suppose that
G[A \ B] contains infinitely many tight components of G — X for some set X O AN B of vertices
of G. Then (A, B) is left--robust for all £ € N.

Proof. This is witnessed by the trivial paths P, in AN B and a set U consisting of ¢ vertices that
lie in pairwise distinct tight components of G — X contained in G[A \ BJ. O]

The definition of left-f-robust is tailored to the proof of Theorem 13: ‘left-f-robust’ is defined
precisely so that we can prove Lemma 5.5.4 below, and, at the same time, show that there
exists a tree-decomposition (7,V) as described above whose ‘relevant’ edges all induce left-¢-
robust separations (see Theorem 5.6.2), and whose nodes are thus eligible for the application of
Lemma 5.5.4.
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A set F of stars in Sy, (G) is m-bounded for some m € N if |int(p)] < m for all g € F. It is
finitely bounded if it is m-bounded for some m € N. The main result of this section then reads as

follows:

Lemma 5.5.4. Let G be a graph, k,m € N, and let F be an m-bounded, nice set of stars in S, (G).
Set £ := max{3k —2,k(k—1)m+m}, and let o := {51,...,5,} C S (G) be a finite star with finite
interior. Suppose that every separation in o is either left-f-robust or has an inverse that is closely
related to some k-profile in G that avoids F. Set F' := FU{{5;} : i € [n]}. Then either there is
an F'-tangle of Sk(G) or there is a finite Sk(G)-tree over F' in which each 3; appears as a leaf

separation.

We remark that Erde [66] gave an example which shows that there need not exist an Si(G)-tree
over F' for every inessential star, even if G is finite and F = 7, for some k € N. Thus, the
additional assumptions on the separations in ¢ cannot be omitted. Moreover, Example 5.6.4 shows

that we cannot omit the assumption that F is finitely bounded.

The remainder of this section is devoted to the proof of Lemma 5.5.4, which we briefly sketch here.
The idea is to derive Lemma 5.5.4 from Theorem 2.3.1. In order to apply Theorem 2.3.1, we first
reduce the problem to some finite separation system. For this, we define a subsystem S7 (G) C Si(G)
that consists only of those separations of G that are ‘relevant’ for finding either an F’-tangle
of S(G) or an Si(G)-tree over F'. For a star o C Sy (G), set

ST(G) :={r € Sk(G): § <7 or §<F for every § € o}.

As we will see in a moment, S (G) is finite and F'-separable if ¢ is finite and has finite interior.
We can thus apply Theorem 2.3.1 to S7(G) and F', which yields either an F'-tangle of S{(G) or
an S7 (G)-tree over F'. By definition, an S7(G)-tree over F' is already an Si(G)-tree over F'. The
main part of the proof is then concerned with showing that every F'-tangle 7 of S7(G) extends to
an F'-tangle of S(G): that there exists an F'-tangle 7/ of S;(G) such that 7 C 7.

Proposition 5.5.5. Given a graph G and k € N, for every finite star o C S (G) with finite
interior the set S7(G) is finite.

Proof. By definition, every separation {A, B} € S7(G) is nested with o, and thus for every
(C,D) € 0 we have CND C Aor CND C B. Hence, every separation {A, B} € S7(G) induces
a separation {A Nint(c), B Nint(c)} of torso(c). As int(o) is finite, there are only finitely many
separations of torso(c). It thus suffices to show that only finitely many separations in S7(G)
induce the same separation of torso(G).

For this, let {A’, B’} be a separation of torso(c). Then every separation of G that induces
{A’, B'} can be obtained from {A’, B’} by adding each component K of G — int(o) to one side of
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{A’, B’} that contains Ng(K). It is straightforward to check that the arising separation will be
in S7(G) if and only if we added for every separation (C, D) € o all components of G —int(o) that
are contained in G[C' . D] to the same side of {A’, B'}. It follows that at most 2/ separations

in S7(G) induce the same separation of torso(G). As o is finite, this concludes the proof. O

Given an F'-tangle 7 of S{(G), we now inductively construct an F'-tangle 7" of Si(G) with
7 C 7'. For this, recall that o := {51,...,5,} is finite by assumption. So to define 7/, we may
proceed by extending 7 =: 7, step-by-step to an F'-tangle 7; of S}'(G) where o; := {51,...,5;}
for i € [n] and oo := 0. Then 7y will be the desired F'-tangle of Si(G) = S{°(G).

The following two lemmas describe how to obtain the tangle 7;,—; from ;. We distinguish
between two cases: whether 5; is closely related to some k-profile that avoids F or whether s; is
left-¢-robust.

Lemma 5.5.6. Let G be a graph, k € N, and let F be a set of stars in §k(G) that is strongly
closed under shifting. Further, let o C §k (G) be a star, and suppose there is some § € o such
that § is closely related to some k-profile in G that avoids F. Set F' := FU{{F}:7 € o} and

o' := 0o~ {s}. Then the following assertions hold:

(i) If 7' is an F'-tangle of SY (G), then 7' N S7.(G) is an F'-tangle of S{(G).
(it) If T is an F'-tangle of S7(G), then T extends to an F'-tangle of S,‘C’/(G).

Proof. By definition it is clear that every F'-tangle 7 of Sgl(G) induces an F'-tangle 7 N S7(G)
of S7(G), so (i) holds.

For (ii), let 7 be an F'-tangle of S{(G). We extend 7 to an orientation 7’ of S,‘;/(G) as follows.
Let r € S7'(G) be given, and first assume that r is nested with s. Then either r € S7(G), and we
then let 7 € 7/ if and only if 7 € 7, or r has an orientation that is smaller than s, and we then
let 7 € 7 if and only if 7 < 5. Second, assume that r and s cross, and fix an orientation 7 of r.
By the assumption on §, its inverse 5 is closely related to some k-profile P in G that avoids F.
Since r € Si(@G), it is oriented by P; we set f := 7V g if f € Pandf :=FA5if 7 € P. As 5 is
closely related to P, it follows that ¢ has order < k, and thus ¢t € S7(G) by Lemma 2.1.1. Hence, 7
contains an orientation of ¢; we let 7 € 7/ if f € 7, and ¥ € 7/ otherwise.

By definition, 7’ is an orientation of S '(G) and T C 7'; in particular, 7 extends to 7’ and o C 7.
Hence, we are left to show that 7/ is an F-tangle of Sgl(G). For this, suppose for a contradiction
that there is a set ¢ C 7/ which has one of the following two forms: either o = {7; : i € I} is a star
in F, or o ={r,7} with I} <7s.

As P is consistent and avoids F, we have o € P, and thus P contains the inverse ¥; of a
separation 7; € p, say 7 € P. If g is a star in F, then 7; € P for all 7; € o ~ {7} since P

is consistent. As 5 is closely related to the k-profile P, it follows from Proposition 5.2.2 that
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o ={rf VSIU{(# AS):7; € o~ {1 }}is astar in F. But then ¢’ C 7 by the definition of 7/,
which contradicts that 7 is an F'-tangle of S7(G).
Otherwise, if o = {r,72} with 7 < 7y, then, since
FLVE, 7 VseS,(Q)if e P,or 7 V3,7 A§ € Si(G) if 7, € P. By the definition of 7/, it
follows that {7} V8,7 V S} C 7 or {7} V&,7 A5} C 7, respectively, which contradicts that 7 is

consistent because (71 V3)* <7 <7y <7 VSand (F1 V3I)" =7 A5 <7 AS. O

—

5 is closely related to P, we have

Lemma 5.5.7. Let G be any graph, k,m € N, and let F be an m-bounded, nice set of stars
in Sp(G). Set £ := max{3k — 2,k(k — 1)m +m}, let o C Si(G) be a star, and suppose that some
(C, D) € o is left-L-robust. Set F':= FU{{F}:7 € o} and o' := o~ {(C, D)}. Then the following
assertions hold:

(i) If 7 is an F'-tangle of SY (G), then 7' N S5(G) is an F'-tangle of ST(G).

(it) If 7 is an F'-tangle of SJ(G), then T extends to an F'-tangle of ST (G).

Proof. By definition it is clear that every F'-tangle 7/ of S¢'(G) induces an F'-tangle 7' N S5 (G)
of S7(G), so (i) holds.

For (ii), let 7 be an F’-tangle of S7(G). Fix a set U C C of size ¢ and a family {P, : x € CND}
of disjoint paths witnessing that (C, D) is left-¢-robust. We first observe the following:

Claim 1. Every {A, B} € S(G) has a side that meets every P, at least once.

Proof. Since £ > 3k —2 and |AN B| < k, some strict side of {A, B}, say A~ B, contains a subset U’
of U of at least k vertices. By the choice of U and the P,, there are at least k pairwise internally
disjoint U'-P, paths for every 2 € C' N D. Since U' C AN B and |AN B| < k, at least one of these

paths is contained in A. Thus, A meets every P, at least once. |

Claim 2. For every {A, B} € Sx(G), if A meets every P,, then {AUC, BN D} has order < k.

Proof. By assumption, there are vertices p, € ANV (P,) for every x € CND. Since also V(P,) C C
for every x € C'N D, we have p, € ANC, and thus every P, meets ANC. Additionally, as every P,
ends in z € C'N D, it also meets BU D. Since P, is connected and {ANC, BU D} is a separation
of G, it follows that V(P,)N((ANC)N(BUD)) # 0 for all z € CND. Thus {ANC,BUD} has
order > |C'N D|, as the P, are disjoint. By submodularity, this implies that {A U C, BN D} has
order < [ANB| < k. [

Claim 3. For every {4, B} € S7' (@), if A meets every P,, then 7 contains an orientation of
{AuC,BnDj}.

Proof. By Claim 2 and Lemma 2.1.1, {AUC, BN D} is contained in S{(G), which clearly implies

the assertion. [ |
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Claim 4. If both sides A and B of some {4, B} € S7 (G) meet every P, at least once, then either
(AuC,BnD),(AnD,BUC)ertor (BUC,AND),(BND,AUC) €.

Proof. By Claim 3, 7 orients both separations, {A U C,B N D} and {BUC,AN D}. Since
T is consistent, it cannot contain both (AU C,B N D) and (BU C,AN D). We show that
DN (AUC)N(BUC) has size less than k. The assertion then follows as P;, C F because F is
nice, and (C, D) € 7 as well as {(C,D),(BND,AUC),(AND,BUC)} € Px. We have

DN(AUC)N(BUC) =DN((ANB)UC) = (ANBND)U(CND) = (CND)U(ANBN(D\C)),
and thus
IDN(BUC)N(AUC)|=|CND|+(|JAnB|—|AnBNC|)<|CND|+k—-]AnBNC|.

Since both A and B meet every P,, and because every P, is connected, also AN B meets every P,.

As all P, are pairwise disjoint and contained in G[C], it follows that |[ANBNC| > |C N D|. Hence,
IDN(BUC)N(AUC)| <|CND|+k—|CND|=k.

This completes the proof of the claim. |

We now define an orientation 7/ of S (G) as follows:

For every {A, B} € S7(G), if A meets every path P, at least once, then we

A
let (A,B)er if (AuC,BND) €T, and (B,A) et if (BND,AUC) e . (2)

By Claims 1, 3 and 4, 7' contains precisely one orientation of every separation in S,‘gl(G). We
claim that 7/ is an F'-tangle of 7' (G) and that 7 extends to 7/, i.e. 7 C 7/

We first show the latter. For this, let (A, B) € 7 be given. Then {A, B} € S7(G), which implies
that either (C, D) < (A, B) or (C, D) < (B, A). In the first case, we have V(P,) C C
x € CND. Moreover, (AUC,BN D) = (A,B) € 7, and thus (A, B) € 7/ by (A). Analogously,
we find in the second case that (B, A) € 7.

Towards a proof that 7/ is an F'-tangle of S7 (G), we first show that 7/ is consistent. For this,
suppose for a contradiction that there are (A, B), (E, F) € 7/ such that (B, A) < (E, F). By Claim 1,
{A, B} has a side that meets every P, at least once; we first assume that BNV (P,) # 0 for all z €
CND. Then also E O B meets every P,, and thus, by (A), we have (AND, BUC), (EUC, FND) € T,
which contradicts that 7 is consistent as (BUC,AN D) < (EUC, FN D). The case that F' meets
every P, is symmetric, so we may assume that ANV (P,) # 0 # ENV(P,) for every x € C N D.
Then (AUC,BND),(EUC,FND) €7 by (A), which again contradicts that 7 is consistent since

C A for every
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(BND,AUC)< (B,A) < (E,F)<(EUC,FND).
It remains to show that 7" avoids F’. We have already seen that 7 C 7/. Since 7 avoids F’, this

implies that o C 7 C 7/. So suppose for a contradiction that there is a star ¢ C 7’ such that o € F.
Claim 5. There is a separation (A, B) € p such that A meets every path P, at least once.

Proof. Let us first assume that there is a separation (A, B) € p whose strict small side A \ B
contains a set U’ of k vertices from U. By the choice of U and the P,, it follows that there are k
internally disjoint U’'-P, paths, for every x € C N D. Since U' C A~ B and |AN B| < k, at least
one of these paths is contained in A. Thus, A meets every P, at least once.

Now suppose that no separation in g contains more than k& — 1 vertices from U in its strict
small side. Since |int(p)| < m, it follows that U N (A~ B) # () for at least ({ —m)/(k —1) = km
separations (A, B) € p. Let ¢’ C o be the set of these separations, and pick for each (A, B) € ¢
some vg € U N (A~ B). Further, fix some y € C N D. By the choice of U, there is a family
{Qa: (A, B) € ¢'} of internally disjoint paths such that ()4 starts in v4 and ends in a vertex of P,.
As each Q4 meets AN B C int(p) in an internal vertex if V' (P,) N A = (), and since |int(o)| < m, P,
meets the small sides A of at least (k — 1)m separations (A, B) € ¢’. As |C'ND| < k, iterating this
argument for all z € C'N D yields that the small side of some (A, B) € ¢’ C g meets every P,. B

By Claim 5 there is a separation (A, B) € o whose small side A meets every P, at least once
in some vertex p,. Since g is a star, we then have p, € A C F for every (E, F) € o~ {(4, B)}.
Therefore, by (A),

o ={(AUC,BND)}U{(END,FUC):(E,F)e€o~{(A B)}}

is contained in 7.

We claim that ¢’ € F, contradicting that 7 is an F-tangle of S7(G). For this, we show that
(C, D) emulates (AN C,BUD) in Sk(G), from which the claim follows as F is strongly closed
under shifting and |(ANC) N (BUD)| < |ANB|+|CND| <2k —2. Indeed, let {E, F'} € Si(G)
such that (ANC,BUD) < (E,F). Then p, € ANC C E for every z € C N D, so E meets
every P,. Then by Claim 2, {EUC, F N D} has order < k, which concludes the proof. O

For the proof of Lemma 5.5.4 it remains to show that Sg(G) is F'-separable.

Lemma 5.5.8. Let G be a graph, k € N, and let 0 C S, (G) be a finite star. Suppose that every
separation is either left-(3k — 2)-robust or has an inverse that is closely related to some k-profile
in G. If F is a set of stars in Si(G) and closed under shifting, then S5(G) is F'-separable where
Fi=FU{{s}:5€0}.
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Proof. Since every § with § € ¢ is maximal in S} (G) with respect to the partial order on Sy (G),
we have {§ V{} = {§} € F' for all ¥ that emulate some 7 < § in S} (G). Hence, it suffices to show
that S} (G) is F-separable. So let 7,77 € S5(G) be given such that 7 < 1/, and pick a separation
s € §Z(G) of minimal order such that ¥ < § < r’. We claim that § and § emulate ¥ and 77,
respectively, in gZ(G) for F. This clearly implies the assertion.

We show that 5 emulates 7 in Sq(G) for F; the other case is symmetric. By the choice of s
and Lemma 2.1.1, ¥ A § has order at least |s| for all z € S7(G) withZ > 7. So sV T € S7 by
submodularity and Lemma 2.1.1, which implies that & emulates 7 in S’ +(G). Since F is closed
under shifting in Sy, (G), it thus suffices to show that § also emulates 7 in Sy, (G). So suppose for
a contradiction that there is some Z € Sy (G) with Z > 7 such that  V 5 has order > k; since o
is finite, we may choose T so that x and y are nested for as many 3 € o as possible. Let ¢/ C o
consist of all those i € o such that y,z cross. As § > 7 and 7 € S’Z(G), we have 7 < ¥ for all
yeo. Ifalsos <% forall y €0/, then sAT € §§O(G). Since 7 < SAT < § < 1, it follows by
the choice of s that |§ A Z| > |s|. By submodularity, this implies |§V 7| < |z| < k as desired.

Hence, we may assume that 77 < § for some § € ¢’. Then by Claims 1 and 2 in the proof of
Lemma 5.5.4 if i/ is left-(3k — 2)-robust or by definition if ¥ is closely related to a k-profile in G,
one of Z V% and T A i has order < |z|; let £ be that corner. By Lemma 2.1.1, ¢ is nested with
more separations in o than x, so we have that |8V #| < k by the choice of z. Since |3V | > |3V |,

which it is straightforward to check, this concludes the proof. O
We are now ready to prove Lemma 5.5.4:

Proof of Lemma 5.5.4. Since o is finite and has finite interior, S (G) is finite by Proposition 5.5.5.
Moreover, by Lemma 5.5.8, §‘,§ is F'-separable. Hence, we can apply Theorem 2.3.1 to S7(G)
and F’, which yields either an F'-tangle of S7(G) or an S7(G)-tree over F'. Let us first assume
that there is an F'-tangle 7/ of S7(G). Then inductively applying Lemma 5.5.6 (ii) and 5.5.7 (ii)
yields that 7" extends to an F’-tangle 7 of Sk(G) as desired. So we may assume that there is an
S7(G)-tree (T, a) over F'. By definition, (7, «) is also an Si(G)-tree over F', so we are left to
show that every § € o appears as a leaf separation of (T, «). For this, let § € o be given, and set
O:={Fe Sy (G):7 <5} As3 € o, the set O is a consistent orientation of S7(G). Moreover,
since either § is left-¢-robust and F is (¢ —1)-bounded, or § is contained in an F-tangle, O avoids F.
Thus, O has to live at a leaf of T', which then has to be associated with {5}; so § is a leaf separation
of (T, ). O

100



5.6 Tangle-tree duality in infinite graphs

In this section we prove Theorems 11 to 13. In fact, we prove the following more general duality

theorem for F-tangles.

Theorem 16. Let G be a graph, and let k € N. Further, let F be a finitely bounded, nice set of

stars in gk(G) Then exactly one of the following assertions holds:

(i) There exists a principal F-tangle of Sk(G) which is not induced by an end of combined degree
< k.

(ii) There exists a weakly exhaustive Si(G)-tree over F UU®.

For the proof of Theorem 13, we first show two auxiliary statements. We will use the first of
them to prove that in Theorem 16 not both, (i) and (ii), can hold.

Lemma 5.6.1. Let G be a graph, k € N, and let ((4;, B;))ien be a weakly exhaustive increasing
sequence in Sy (G). Then every principal, consistent orientation T of Sp(G) with (A;, B;) € T, for
every 1 € N, is induced by an end of G of combined degree < k.

Proof. Let S be the set of all finite subsets of V(G). A direction of G is a map f with domain &
that maps every S € S to a component of G — S such that f(S) C f(S’) whenever S’ C S. Now 7
defines a direction f of G as follows. Let S € S be given. Since ((A;, B;))ien is weakly exhaustive,
there exists some ¢ € N such that S C A;. As 7 is principal, there further exists a component C;
of G — (A4; N B;) such that (V(G — C;),V(C;) U (A4; N B;)) € 7; and since 7 is consistent, we have
C; C G[B; \ A4;]. Now let f(S) := C where C is the unique component of G — S that contains C;.
It is straightforward to check that f is a direction because 7 is consistent.

By [50, Theorem 2.2], there exists an end € of G such that for all {A, B} € Sy,(G) we have
(A,B) € 7. if and only if f(AN B) C G[B ~ A]. We claim that 7 is induced by e. Indeed,
let (A,B) € 7 be given. Since AN B is finite and ((4;, B;))ien is weakly exhaustive, there
exists some 7 € N such that AN B C A;. As C; is connected and avoids A N B C A;, either
C; CG[B\ A] or C; C G[A N B]. In fact, because 7 is consistent, we find C; C G[B \ 4], and
hence (4,B) < (V(G — C;),V(C;) U (A; N B;)). It follows that (A, B) € 7. since 7. is consistent
and (V(G — C;),V(C;) U (A; N B;)) € 7= by the choice of ¢.

The assertion now follows since A(e) < k by Lemma 5.3.2 (i). O

In order to show that in Theorem 16 at least one of (i) and (ii) holds, we will construct for
every graph with no tangles as in (i) an Si(G)-tree as in (ii). For this, we need the following

theorem which follows easily from Theorem 4’ in Chapter 3:
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Theorem 5.6.2. Let G be a graph, ¢ € N, and suppose there exists some k € N such that every
end of G has combined degree < k and every critical vertex set of G has size < k. Then G has a
tree-decomposition (T, V) of adhesion < k into finite parts such that
(i) for every node t of T of infinite degree its associated star oy is in Uy, and infinitely many
(A, B) € oy are left-tight and satisfy AN B =V,
(ii) every end n of T is home to a unique end € of G, and we have liminf;en [V, NV, | = A(e)
for every n-ray R=riry... in T,
(iii) for every edge € = (t,s) in T, if degp(s) < oo, then the separation induced by € is left-£-robust,
and

(iv) (T,V) is tight and displays the infinities.”

Proof. Since all ends of G have finite degree, G contains no half-grid minor, and in particular no
subdivision of Ky,. So by [84, Theorem 10.1] and [12, Theorem 2.2], G has finite tree-width, that
is, admits a tree-decomposition into finite parts. Thus, by Theorem 4’ and Lemma 3.8.3, G admits
a tree-decomposition (7,V) into finite parts which satisfies (i) — (iv). Indeed, (iii) and (iv) follow
immediately by Lemma 3.8.3. (i) and (ii) hold because all bags of (T,V) are finite and (T, V)
displays the infinities of G.®8 Moreover, by Theorem 4’ (I1), all adhesion sets of (T, V) are either
linked® to an end or a critical vertex set of G. Since all ends of G have combined degree < k and
all critical vertex sets of G have size < k, this implies that all adhesion sets of (T,V) have size
<k. O

In the proof of Theorem 16, if a graph has no tangles as in (i), we will apply Lemma 5.5.4 to
the stars associated with the nodes of the tree-decomposition (7, V) from Theorem 5.6.2. We then
obtain an Si(G)-tree as in (ii) by sticking the Si(G)-trees obtained from Lemma 5.5.4 together

along T as follows:

Construction 5.6.3. Let (7,V) be a tree-decomposition of a graph G of adhesion < k € N, and
let F be a set of stars in S (G). Further, let U C V(T”) be a set of nodes of 7. Assume that for
every node t € U, we are given a weakly exhaustive Si(G)-tree (T%,at) over F U{{5} : 5 € oy}
in which each § € g; appears as a leaf separation. Assume further that the stars o; associated
in T with nodes ¢t € V(T') \ U are contained in F.

Set Tt := T[Np(t) U{t}] and a!((s,t)) := (Us, Uy) for all t € V(T) . U. We obtain the tree T
from the disjoint union of the trees T* by identifying for every edge e = {t1,t2} of T' the nodes
51 € T and ug € T as well as sy € T*? and uy € T" where (u;, s;) is the unique (leaf) edge
of T such that o'i(u;,s;) = (Uy,,Uy,_,). For each edge e of T', we then set o/(€) to be a'(€),

"See Section 3.2.3 for definitions. We remark that it is not important what these properties actually mean, we
only need them once in Section 5.8 to apply Lemma 3.8.6 to this tree-decomposition.
8See Section 3.2.3 for a definition.
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where ¢ is a node of T such that e € E(T?). It is straightforward to check that (17,qa/) is an
Sk (G)-tree over F. Moreover, since (T,V) is a tree-decomposition of G and because each (T, o)

is weakly exhaustive, (17, ) is weakly exhaustive.
We are now ready to prove Theorem 16.

Proof of Theorem 16. We first show that not both, (i) and (ii), can hold for G. For this, suppose
that there is a weakly exhaustive Si(G)-tree (T, ) as in (ii), and let 7 be any consistent orientation
of Sk(G). We claim that 7 is not a tangle as in (i). Indeed, since 7 is consistent, it induces via
a~! a consistent orientation O of E(T). It follows that O either contains a sink or a directed ray.
If O contains a sink, that is, if there is a node ¢ of T" all whose incident edges are oriented inwards
by O, then o; C 7. But T' is over F UU°, and thus 7 is either not principal or not an F-tangle.
Otherwise, if O contains a directed ray R = 779..., then, since (T, «) is weakly exhaustive, 7
contains an infinite weakly exhaustive increasing sequence (a(r;,7i+1))ien of separations of order
< k. It follows, by Lemma 5.6.1, that 7 is either non-principal or induced by an end of G of
combined degree < k.

We now show that at least one of (i) and (ii) holds. For this, suppose that (i) does not hold: that
all principal F-tangles of Si(G) are induced by ends of combined degree < k. We show that then
(ii) must hold: that there exists a weakly exhaustive Si(G)-tree over F UUL°. By Proposition 5.3.1
and Lemma 5.4.3, all ends of G have combined degree < k, and all critical vertex sets of G have
size < k. We may thus apply Theorem 5.6.2, which yields a tree-decomposition (7,V) of G of
adhesion < k into finite parts. Let ¢ be a node of T finite degree. Since int(o;) = V; is finite, and
because of Theorem 5.6.2 (iii), oy satisfies the premise of Lemma 5.5.4. Since o is not home to
any ends as int(o;) = V; is finite, and since G does not contain any principal F-tangles in G of
order k£ that are not induced by an end, the star o; cannot be home to any principal F-tangles of
order k. Moreover, since F is nice, and hence P, C F as well as {(V(G), A)} € F for all sets A
of fewer than k vertices, oy can also not be home to any non-principal F-tangle by Lemma 5.2.1.
Hence, applying Lemma 5.5.4 to oy yields a finite Sy(G)-tree (T, a') over F' := FU{{5}: 8 € oy}
in which each § € oy appears as a leaf separation.

Since oy € Up® for all infinite-degree nodes t of T' by Theorem 5.6.2 (i), applying Construc-
tion 5.6.3 to (7,V) and the (T% o) yields a weakly exhaustive Si(G)-tree over F U U, as
desired. O

Proof of Theorem 13. By Lemma 5.2.3, 7;* is nice. As the 7, -tangles of Si(G) are precisely
the k-tangles in G if |G| > k [54, Lemma 4.2], the assertion follows immediately by applying
Theorem 16 to the (3k — 3)-bounded, nice set 7;". O

Proof of Theorem 11. By definition, U;° is empty if G is locally finite. Moreover, since every
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k-tangle is a k-profile, inductively applying the profile property yields that every k-tangle in a
locally finite graph is principal (see also [41, Exercise 43 in Ch. 12]). The assertion thus follows

immediately from Theorem 13. 0

Proof of Theorem 12. By Theorem 13, it is enough to show that if (ii) of Theorem 13 holds, then
also (ii) of Theorem 12 holds. For this, assume that (T, «) is a weakly exhaustive Si(G)-tree over
T*UUP. If (T, ) is even over T, then we are done. Otherwise we define an Si(G)-tree (17, o)
as follows.

By pruning the tree T if necessary, we may assume that (T, «) is irredundant: for every
node t of T and neighbours ', " of t we have a(t',t) = a(t”,t) if and only if ¢’ = #".9 Then all
nodes in T have countable degree. Indeed, let ¢ be a node of of T" of infinite degree and consider
o := {a(s,t) : {s,t} € E(T)}. Then oy is a star in Sy,(G) because (T, ) is an Sy (G)-tree over
T*UUC. Since G is countable, there are only countably many small separations of G of the form
(A, V(Q)) for some set A of fewer than k vertices, and also o; can contain at most countably many
separations of the form (A, B) with B # V(G), as any such separation contains a vertex in its
strict small side A \. B that is not contained in the strict small side of any other separation in oy.
Hence, oy is countable, and thus Np(t) is countable since (7, «) is irredundant.

Let r be an arbitrary node of 7', and for every infinite-degree node ¢ of T', let {s! : i € Ny}
be an enumeration of its neighbourhood such that sf is the unique vertex of 7Tt that is incident
with ¢. Let F be the forest obtained from T by deleting all edges e of the form e = {¢, st
where deg(t) = oo and i > 2. Now the tree T” is obtained from F by simultaneously adding,
for every infinite-degree node t of T, a ray R; := rir}..., the edge {t,r}}, and all edges of the
t st} for i > 2. Further, let o/ : E(T") — S (G) be defined via o/ () := «(@) for all edges

17 %
e € E(T")NE(T), and o(s}, ) := a(s, t) and o/ (r},7},1) = V5; a(sh, 1) for all i > 2 as well as
o (t,rh) == a(sh,t) vV a(si,t).

Then (77,d') is again an Si(G)-tree, and it is straightforward to check that (77, o) is weakly
exhaustive and over T*U{o € Uy, : |o| = 3}. To turn (77, /) into an Si(G)-tree over T*, we add a

subdivision vertex v, to those edges e = {s,t} of T” whose endvertices s and t are both associated

form {r

in T" with stars o, o} in U~ T*. We denote the arising tree with 7”. To define o, let e be an edge
of T”, and first assume that e = {s,t} for nodes s,t of T'. If o, 0} € T*, then let o’ (€) := o/(€).
Otherwise, if o} ¢ T*, then let o'((s,t)) := &/((s,t)) A (V(G),int(o})) (and ”((t, s)) accordingly).
Second, if e = {vy,t} where f = {s,t} € E(T"), then let o’ ((v¢,t)) := &'((s,t)) A (V(G),int(07}))
(and o”((t,vy)) accordingly). Since |int(o})| < k if o ¢ T*, the image of o/ is contained in Sy (G);

Pick any node r of T' and for every separation (A4, B) € o, a neighbour ¢4, ) of 7 such that a(t(a,py,7) = (A, B).
Deleting from 7" all components of T'—r that do not contain ¢t 4, gy for any (A4, B) € o, turns (T, ) into an Sk (G)-tree
(T’,al7) in which the neighbourhood of  has changed but o, has not, and neither has o; for any other node ¢ of
T'. So (T',alr/) is still a weakly exhaustive Si(G)-tree over T* UUc°. Now think of 7" as rooted in r and proceed
along its levels.
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so (T",d") is again an Si(G)-tree, which by definition is over 7*. O

We conclude this section with an example that shows that Theorem 13 fails for sets F of stars

that are nice but not finitely bounded.

Example 5.6.4. Let G = (V, E) be the graph with vertex set V := {v;; : (i,7) € [4] x N} and
edge set E := {{vij,vyy} € V(G) : j/ € {j,j + 1}} (see Figure 5.1). Set F' := {{(Ax,Bx)} :
k € N} where (Ag, By) = ({vij : i € [4],5 > k},{vij : i € [4],j < k}) (see Figure 5.1), and let
F:=F UPLU{(V(G),A): ACV(Q),|A| <5}. Clearly, F is strongly closed under shifting, and

thus a nice set of stars in S (Q).

. 7
PRSP SRR S

FIGURE 5.1: Example 5.6.4

It is easy to check that G has precisely one F-tangle of order 5, the one induced by its end e.
Indeed, any consistent orientation of S5(G) that is not induced by € has to contain some (B;, 4;),
and is hence not an F-tangle. Thus, G has no F-tangle of order 5 that is not induced by an end
of combined degree < 5.

But G has no S5(G)-tree over F UUP either. Indeed, any such tree would have to contain a
ray whose edges are associated with separations that form an increasing sequence in 7.. By the
definition of P}, and because Uy° is empty since G is locally finite, the nodes of that ray would

eventually be associated with stars in F’, a contradiction because F’ contains only singleton stars.

5.7 Bramble-treewidth duality: an application of the tangle-tree
duality theorem

A set U of vertices of a graph G is connected if G[U] is connected. A bramble in G is a set B of

mutually touching connected sets of vertices of G where two sets of vertices are said to touch if

they have a vertex in common or if G contains an edge between them. The order of a bramble is

the least number of vertices that cover the bramble, in that they meet every element of it.
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Seymour and Thomas proved the following duality between high-order brambles and small
tree-width (see also [41, Theorem 12.4.3]):

Theorem 5.7.1 ([117]). Let k € N. A finite graph has tree-width < k if and only if it contains no
bramble of order > k.

Theorem 5.7.1 extends to infinite graphs with one adaptation. For this, let us first note that
every graph G with a ray contains a bramble of infinite order. Indeed, if R = rgry ... isaray in G,
then B := {{r; : 4 > n} : n € N} is a bramble, and it clearly cannot be covered by finitely many
vertices. However, the graph that consists of just a single ray has clearly tree-width 1.

Thus, in order to ensure that brambles of high order force the tree-width of a graph up, we
have to restrict the class of brambles we consider to those that are finite. Here, a bramble is finite
if all its elements are finite. Note that, clearly, every bramble in a finite graph is finite.

With this definition, Theorem 5.7.1 extends to infinite graphs:

Theorem 5.7.2. Let k € N. A graph has tree-width < k if and only if it contains no finite bramble
of order > k.

The probably shortest way to prove Theorem 5.7.2 is to use a result discovered by Thomas
(see [121, Theorem 14] for a proof) which says that an infinite graph G has tree-width < k if and
only if every finite subgraph of G has tree-width < k. Hence, if a graph G has tree-width > & for
some k € N, then some finite subgraph H C G has tree-width > k. Theorem 5.7.1 then yields a
bramble B in H of order > k. Since H is finite, B will be finite as well, and it is easy to see that B
is also a bramble of order > k in G. The other implication can be proved similarly to the finite
case.

In this section we present an alternative proof of Theorem 5.7.2, which derives Theorem 5.7.2
from Theorem 16. Though this proof is not as short as the one indicated above, it provides an
example of how Theorem 16 can be employed to obtain other duality theorems for infinite graphs.
Moreover, the proof we present in this section is direct in that it does not make use of the finite
result (Theorem 5.7.1); but, of course, it easily implies it. Further, we prove Theorem 5.7.2 by
showing a more general duality that includes brambles and tree-width as well as Ui-tangles and
Sk(G)-trees over U,.

Recall that Uy := {0 C Sy, (G) : ¢ is a star with |int(c)| < k} for & € N. The main result of

this section is Theorem 14, which we restate here for convenience:

Theorem 14. The following assertions are equivalent for all graphs G and k € N:
(i) G has a Uy-tangle of order k that is not induced by an end of combined degree < k.
(ii) G has a finite bramble of order at least k.
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(iii) G has no weakly exhaustive Si(G)-tree over Uy.
(iv) G has tree-width at least k — 1.

Theorem 14 generalizes a result of Diestel and Oum [54, Theorem 6.5] to infinite graphs; its proof

is inspired by theirs.

Proof of Theorem 14. (i) < (iii) is Lemma 5.2.3 and Theorem 16. (iii) < (iv) is analogous to
[54, Lemma 6.3].

It remains to show (i) < (ii). For (ii) = (i) we closely follow the proof of [54, Lemma 6.4].
Let B be a finite bramble of order at least k. For every {A, B} € Si(G), since AN B is too small
to cover B but every two sets in B touch and are connected, exactly one of the sets A . B and
B~ A contains an element of B. Thus, O := {(4, B) € Si(G) : B\ A contains an element of B}
is an orientation of Si(G), and it is consistent for the same reason.

To show that O avoids Uy, let 0 = {(A4;, B;) : i € I} € Uy, be given. Then |int(c)| < k, so some
C € B avoids int(o), and hence lies in the union of the sets A; \. B;. But these sets are disjoint,
since o is a star, and they have no edges between them. Hence, C' lies in one of them, A; \ B; say,
which implies that (B, A;) € O. But then (A4;, B;) ¢ O, so 0 O as claimed.

To see that O is not induced by an end of G of combined degree < k, let € be an end of G. If
A(e) < k, then in particular dom(e) < k. Since B has order at least k, there exists some C € B
that avoids Dom(e). Moreover, again because A(e) < k, there exists, by Lemma 5.3.2 (ii), a weakly
exhaustive increasing sequence ((A;, B;))ien of separations in 7. such that (4; N B;) N (A; N Bj) C
Dom(e) for i # j € N. Since C N Dom(e) = () and C is finite, this implies that there is some j € N
such that C' C A; \ B;. But then (B;, A;) € O, and thus O is not induced by ¢.

For (i) = (ii) assume that G has an Uj-tangle 7 of order k that is not induced by an end of
combined degree < k.

Claim 1. For every separation (A, B) € 7 the set {(C,D) € 7: (A, B) < (C, D)} has a maximal

element.

Proof. Suppose towards a contradiction that the set S := {(C,D) € 7: (A, B) < (C, D)} has no
maximal element, and let S” C S consist of all separations (C, D) in S that are right-tight and
have a connected strict right side D ~. C. Since 7 avoids U}, and is hence principal, there exists for
every (C,D) € T a component K of G — (AN B) such that (V(G — K),V(K)UNg(K)) € 7. In
particular, for every (C, D) € S there exists (C’, D’) € S’ such that (C, D) < (C',D’). It follows
that S’ is non-empty and that S’ has no maximal element either. Thus, S’ contains a strictly
increasing sequence ((Cy, D;));en of separations.

Since all (C;, D;) have order < k, we may assume that |C; N D;| = £ for some ¢ < k and all
i € N, by passing to a subsequence of ((C;, D;))ien if necessary. We claim that ((C;, D;));en is
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weakly exhaustive. Indeed, since all D; . C; are connected, all separators C; N D; are distinct.
Hence, X := ;enU;5:(Cj N Dy) has size < ¢; let j € N such that X C C; N D; for all 4 > j. Pick
some u € (C; N D;) \ X, and let j* € N such that v € Cjy ~ Djr. Since (Cj, D;) is right-tight
and D; \ Cj is connected, there is for every v € D; \ C; a v—u path in G that avoids X. So if
D :=N;en Di . C; is non-empty, then there exists a finite D—(C} ~ Dj/) path that avoids X. But
this path has to meet all separators C; N D; with ¢ > j’ in vertices outside of X, a contradiction.

Thus, ((C;, D;))ien is weakly exhaustive, which by Lemma 5.6.1 contradicts the assumption
that 7 is not induced by an end of combined degree < k. |

We now define a finite bramble B as follows. Let V(G) be equipped with a fixed well-ordering.
Then for every non-empty set U C V(G) there exists a unique element in U which is least in the
well-ordering; we denote this vertex with vy.

Now for every separation (A, B) € 7 that is maximal in 7 (with respect to the partial order
on 7 induced by gk(G)), we pick a finite, connected set U4 gy € B . A which contains vp. 4 and
for every vertex in AN B at least one of its neighbours. For this note that such a set exists since
(A, B) is maximal in 7, and thus G[B \ A] is connected and Ng(B ~\ A) = AN B. We then put
in B precisely all sets U, p. By definition, all elements of B are finite and connected. Moreover, B
has order at least k. Indeed, since T avoids Uy, there exists for every set U of at most k — 1 vertices
of G a component C of G — U such that (V(G —C),V(C)U Ng(C)) € 7. Then for every maximal
separation (4, B) in 7 with (V(G — C),V(C) U Ng(C)) < (A, B) the set U4 p) avoids U; and
such an (A, B) exists by Claim 1.

To conclude the proof, it remains to show that the sets in B mutually touch. For this, let
U:=U,p), U = U py € Bbe given. If v :=wvp. 4 =vp a =: ', then U and U’ intersect by
construction. So one of v and v’, say v, is strictly smaller in the well-ordering, which by the choice
of v/ implies that v € A’. We claim that (AN B) N (B~ A’) # 0. Then the assertion follows.
Indeed, let u be any vertex in that set. Since AN B C Ng(U) by the choice of U, there is a v—u
path in G[U U {u}]. But as v € A" and v € B’ . A', it follows that U meets A’ N B’. Hence U
and U’ touch since A’N B’ C Ng(U') by the choice of U’.

To prove the claim suppose towards a contradiction that (AN B) N (B’ ~ A") = 0. If also
(BN A)N (B~ A") =0, then it follows that (B’, A’) < (A, B), which contradicts the consistency
of 7 as (A, B'), (A, B) € 7. Hence, there is a vertex v’ € (B~ A)N (B’ ~ A’). Since both (A4’, B)
and (A, B) are maximal separations in 7, we have B’ \ A’ € B \ A, and hence the exists a vertex
we (B'N~A)YNA#0D. As B’ A’ is connected, there exists a u'~w path in G[B’ \. A’]. But this
path has to meet AN B since v’ € B and w € A, which concludes the proof. O

Proof of Theorem 5.7.2. This is (ii) < (iv) of Theorem 14. O

We conclude this section with the following corollary, which we used in Chapter 3:
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Corollary 5.7.3. Let G be a graph of tree-width < w € N, and let o be a finite star of separations
of G of order < w + 1 whose interior is finite. Suppose that all separations in o are left-C-robust
for € := (w+1)*>(w+2) + w+ 1. Then torso(c) has tree-width < w.

Proof. By definition, Uy+2 is (w + 1)-bounded, and by Lemma 5.2.3, U,+2 is nice, so we may
apply Lemma 5.5.4, which yields that there is either an U, o-tangle 7 of G with ¢ C 7 or a finite
Sw+2(G)-tree (T, ) over Uy12 U{{5} : § € o} in which each § € o appears as a leaf separation.
Suppose first that the former holds. Since the interior of ¢ is finite and ¢ C 7, the Uy, +o-tangle 7
cannot be induced by an end of G. But since G has tree-width < w, it has no U,,;o-tangles of
order w + 2 that are not induced by an end by Theorem 14, a contradiction. So we may assume the
latter. It is easy to check that (7', ) induces a tree-decomposition (7, V) of G (cf. [54, Lemma 6.3])
whose bags have size < w + 1, unless they are associated with leaves of T whose incident edge
induces a separation in o. By restricting the bags in V to int(o), we obtain a tree-decomposition
(T, V") of G[int(o)] of width < w. In fact, since (T, ) contains all § € o as leaf separations, (T, V")

is even tree-decomposition of torso(c). Thus, torso(c) has tree-width < w. O

5.8 Refining trees of tangles in infinite graphs

Besides the tangle-tree duality theorem, Robertson and Seymour [114] proved the tree-of-tangles
theorem, which asserts that for every k € N every finite graph has a tree-decomposition such that
its k-tangles live at different nodes of the tree. Erde [66] combined this theorem and the tangle-tree
duality theorem into one, by constructing a single tree-decomposition such that every node either
accommodates a single k-tangle or is too small to accommodate one, in that it is associated with a
star in 7. In fact, he showed that such a tree-decomposition can be obtained from any given one
that efficiently distinguishes all the k-tangles, by refining its inessential parts.

The author [3] improved Erde’s result by constructing further refinements of the essential parts
of that tree-decomposition, yielding a tree-decomposition that has the additional property that all
its essential bags are as small as possible. In this section, we extend this result to infinite graphs.
We then obtain Theorem 15 as a simple corollary.

To state the main result of this section, we first need some further definitions. Following [65],
we call two regular k-profiles 7, 7" in a graph G combinatorially distinguishable if at least one of
them is principal or they are both non-principal but such that there exists a set X C V(G) such
that (V(K)U X, V(G — K)) € 7 for all K € Cx and such that (V(G — K),V(K)UX) € 7’ for a
component K € Cy.

A k-profile in G is bounded if it does not extend to an Rg-profile.!®

0Fquivalently, a principal k-profile 7 in G is bounded if and only if it is neither induced by an end nor of the form
{(A,B) € Sk(G) : X C B} for a set X € crit(G) of size > k (cf. [40, Theorem 3]). Moreover, every non-principal
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Theorem 5.8.1. Let G be a graph, k € N, and let F be a finitely bounded, profile-respecting, nice
set of finite stars in Si(G). Further, let (T, V) be a tree-decomposition of G which distinguishes all
combinatorially distinguishable F-tangles of order k such that every separation induced by an edge
of T distinguishes a pair of F-tangles of order k efficiently. Then there exists a tree-decomposition
(T, V) of G which refines (T, V) and which is such that

(i) every end of G of combined degree < k lives in an end of T';

(ii) if every end of T is home to an end of G, then also every end of T is home to an end of G;

(iii) every mon-principal F-tangle of order k which does not live in an end of T lives at a node t
of T with oy € U°;
(iv) for every inessential node t of T we have oy € F; and

(v) every bag Vy of (T, V) that is home to a bounded F-tangle of order k is of smallest size among

all the exclusive bags of tree-decompositions of G that are home to the F-tangle living in V.

We remark that if G is locally finite, then there exists by [31, Theorem 7.3] for every k € N a
tree-decomposition (T ) f)) of G which efficiently distinguishes all k-tangles in G, and which thus

satisfies the premise of Theorem 5.8.1.

In the remainder of this section we prove Theorem 5.8.1. For this, we need two more refining
lemmas. The first one lets us refine stars which are home to a bounded tangle, and the second one
generalizes our refining lemma for inessential stars, Lemma 5.5.4, to stars whose interior is infinite.

To show the first lemma, we need the following result of [3]:

Lemma 5.8.2 ([3, Proof of Lemma 4.3]). Let k € N, let Q be some set of k-profiles in a graph'* G,
and let T € Q. Further, let 0 C 1 be a finite star with finite interior, and suppose that every
separation in o efficiently distinguishes some pair of k-profiles in Q. Then there exists a star o C T
with o < p whose interior is of smallest size among all stars in T that are exclusive for Q and

which has the further property that all the separations in o are closely related to 7.

The following lemma refines essential stars that are home to a bounded tangle in a similar way

as Lemma 5.5.4 refines inessential stars. It generalizes [3, Lemma 4.3] to infinite graphs.

Lemma 5.8.3. Let G be a graph, k € N, and let F be a finitely bounded, profile-respecting, nice set
of finite stars in gk(G) Let 0 C §k(G) be a star, and suppose that every separation in o efficiently
distinguishes some pair of F-tangles of Si(G). Further, suppose there is a unique F-tangle T
of Sk(QG) that satisfies o C 7. If T is bounded, then there exists a star o' C 7 whose interior is of
smallest size among all exclusive stars in 7, and a finite Sk(G)-tree over F U {c’'} U{{5}:5 € o}

in which each s € o appears as a leaf separation.

k-profile is unbounded.
"1n [3] the assertion of Lemma 5.8.2 is shown only for finite graphs. However, the same proof works for infinite
graphs as long as o is finite and has finite interior.
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Note that we show in the proof that the interior of every exclusive star in 7 is finite. Thus, ‘of

smallest size’ is well-defined.

Proof. Since 7 is bounded and thus not induced by an end, and because ¢ is T-exclusive, no end
of G lives in o by Proposition 5.3.1. Hence, by Proposition 3.6.1 and because all separations in o
are left-tight by Lemma 2.2.1, torso(o) is rayless. Moreover, by Lemmas 5.4.3 and 5.4.4, torso(o)
is tough, and so by Theorem 2.5.2, int(c) is finite. In particular, again by Lemma 5.4.4, o is finite.

We can thus apply Lemma 5.8.2 to o and 7, which yields a star ¢/ C 7 with o < ¢/ which is
closely related to 7 and whose interior is of smallest size among all exclusive stars in 7. As all
separations in ¢ distinguish some pair of F-tangles in G efficiently, and are hence closely related
to some F-tangle by Proposition 5.5.1, it follows that all the stars g5 := {5} U{F: 7 < 3,7 € o}
for 5 € o’ satisfy the premise of Lemma 5.5.4. We thus obtain, for every g, a finite Si(G)-tree
(T%,a°) over FU{{F}:7 € ps} in which each 7 € g5 appears as a leaf separation.

Let T be the tree obtained from the disjoint union of the trees T by identifying their leaves v
where vy is the unique leaf of 7% whose incident edge induces . Then (T, «) with a(€) = o®(é)

where T is the unique tree containing e is an Si(G)-tree over F U {o'} U {{5}: 3 € o}. O
The next lemma generalizes Lemma 5.5.4 to stars with infinite interior:

Lemma 5.8.4. Let G be a graph, k € N, and let F be a finitely bounded, nice set of stars in Sk (G).
Let 0 := {5; : i € I} C Si(G) be a star, and suppose that every separation in o efficiently
distinguishes some pair of k-profiles in G that avoid F. Set F':= FU{{5;} :i € I}. Then either
there is a principal F'-tangle of Sk(G) that is not induced by an end of G of combined degree < k,
or there is a weakly exhaustive Si(G)-tree (T, o) over F' UU® in which each S; appears as a leaf
separation.

In particular, (T, o) can be chosen so that every end of T is home to an end of G.

If (T,V) is a tree-decomposition of a graph G, then a tree T’ obtained from T by edge
contractions induces the tree-decomposition (7”,V’) of G whose bags are V/ = U, Vs for every
t € T', where we denote the vertex set of 7" as the set of branch sets.

Before we prove Lemma 5.8.4, we recall Lemma 3.8.6 from Chapter 3:

Lemma 5.8.5. Let G be a graph, and let (T, V) be the tree-decomposition of G that satisfies (ii)
and (iv) of Theorem 5.6.2. Let F be some set of edges of T such that no edge in F is incident
with a node of infinite degree and such that for every end n of T, the set F' avoids cofinitely many
edges e of the n-ray R in T with |Ve| = A(e) where € is the end of G that lives in 1. Then the

tree-decomposition obtained from (T, V) by contacting all edges in F' has still finite parts.
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Proof of Lemma 5.8.4. Let us assume that there is no F'-tangle that is as desired and show that
there then exists a weakly exhaustive Si(G)-tree over F'UU®. Set £ := max{3k—2, k(k—1)m+m}
where m € N is such that F is m-bounded.

Assume first that o has finite interior. Deviating from the assumptions of the lemma, we allow
in this case that separations in ¢ do not efficiently distinguish two F-tangles if they are left-¢-robust
instead. We will use this in second case below. We show that there then exists an Si(G)-tree (T, @)
as desired such that 7 is rayless. Set X := {X C V(G) : X = ANB for infinitely many (A, B) € o}
and p:={(A,B)€oc: ANB ¢ X} U{(Ax,Bx): X € X} where (Ax, Bx) is the supremum over
all (A, B) € o with AN B = X. Clearly, we have Ax N Bx = X, and hence p is included in S (G).
We claim that o satisfies the premise of Lemma 5.5.4. Indeed, p is still a star, and it is finite
since int(o) is finite. Moreover, every separation in p N o is either left-/-robust or has an inverse
that is closely related to some F-tangle of order k£ by Proposition 5.5.1. Further, every separation
(A, B) € g \ o is left-f-robust by Proposition 5.5.3, as G[A \. B] contains infinitely many tight
components of G — (AN B) by Lemma 2.2.1.

Hence, we may apply Lemma 5.5.4 to ¢. As g is finite and has finite interior, it cannot be home
to any F-tangles that are non-principal or induced by an end by Lemma 5.2.1 and Proposition 5.3.1.
Since p is also not home to any other principal F-tangles by assumption, we thus obtain a finite
Sk(G)-tree (T, «) over F U{{5}: 5 € p} in which each (A, B) € p appears as a leaf separation; let
us denote the respective leaf of T" with (4 g). We now obtain the desired rayless Si(G)-tree over
F UU by adding, for every (A, B) € o \ ¢ a leaf u(4 py and the edge {u(4,p),t(ay,Bx)} Where
X=ANB.

We now turn to the general case that ¢ may have infinite interior. By Proposition 5.3.1, no
end of G of combined degree > k lives in o, and hence, by Lemma 5.3.3, all ends of torso(c) have
combined degree < k. Further, by Lemmas 5.4.1 and 5.4.3, all critical vertex sets of torso(c) have
size < k. Hence, we may apply Theorem 5.6.2 to torso(c), which yields a tree-decomposition
(T",V") of torso(o) of adhesion < k. Since every separator A N B of a separation (A4, B) € o is
complete in torso(o), there exists for every such AN B a node t4np of T' such that AN B C ‘/t/AmB'
We then obtain a tree-decomposition (7", V") of G by adding for every (A, B) € o a node uy4 p)
and the edge {u(4 p),tanp} to T' and assigning the bag A to u(a p).-

Let F be the set of edges e = {s,t} of T" with o7, 0} ¢ Uc° whose induced separation is neither
¢-robust nor in o. Note that if o) € U°, then € = (s,t) is left-¢-robust by Proposition 5.5.3:
infinitely many separations in o/, are left-tight by Theorem 5.6.2 (i), and hence, as all separations
in o are left-tight, also infinitely many separations in o are left-tight; so (Us, Uy) contains infinitely
many tight components of G — V, in its small side.

Let (T”,V") and (T',V') be the tree-decompositions obtained from (7”,V") and (T",V),
respectively, by contracting all edges in F. Then all bags Vt” for nodes t of T” not of the
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form w4 py are finite: By Theorem 5.6.2 (ii) every end 7 of 7" is home to an end &’ of torso(o)
with liminfecp [Ve| = A(¢’) where R is any n-ray. Then by Lemma 5.3.3 the same holds true for
the ray R in 7" O T’ and some end ¢ of G with A(e) = A(g’). Thus, by Lemma 5.5.2 applied to €
and the separations of G induced by the ray R in T”, the set F and (T”,)) satisfy the premise of
Lemma 5.8.5, and thus (7”,V’) has still finite parts. As V;/ = V/ for all nodes t of 7" not of the
form w4 p), these bags are finite.

Now let ¢ be a node of T which is neither a leaf of the form u(4,p) for some (A, B) € o nor
associated with a star &7 in U;°. Then all separations in &} are either left-¢-robust or efficiently
distinguish two F-tangles by construction. Since int(d;') is finite, we may apply the first case
to 7. As o is not home to any principal F-tangles that are not induced by an end of combined
degree < k, ¢} is not home to any such F-tangles either. Hence, we obtain a rayless Si(G)-tree
(T, o) over FUUF U{{5}:§ €5/} in which each § € 5} appears as a leaf separation. Applying
Construction 5.6.3 to (I, V") and the (T*, at) yields a weakly exhaustive Si(G)-tree (T, ) over
FUUX U{{5}:5 € o}. Moreover, by construction, each 5; € o appears as a leaf separation
of (T, «). For the ‘in particular’-part, note that every end of 7" is home to an end of torso(o) by
Theorem 5.6.2 (ii), and hence every end of T” is home to an end of G by Lemma 5.3.3. Since

all T* are rayless, the assertion follows. O
With Lemmas 5.8.3 and 5.8.4 at hand, we are ready to prove the main result of this section.

Proof of Theorem 5.8.1. We define for every node t of T' an S(G)-tree (T*,at) as follows. If ¢ is
home to a bounded F-tangle, then let (T, o) be the finite Si(G)-tree obtained from applying
Lemma 5.8.3 to ;. If ¢ is inessential or only home to F-tangles of order k that are either non-
principal or induced by ends of combined degree < k, then let (7%, a') be the Si(G)-tree obtained
from applying Lemma 5.8.4 to &y.

Then applying Construction 5.6.3 to (7, V) and the (T%, o) yields a weakly exhaustive Si(G)-
tree (T, «). It is now straightforward to check that (7', V) with V; := int(oy) is a tree-decomposition
of G (cf. [29, §4]); in particular, every edge € of T" induces the separation a(€). Then (7, V) satisfies
(i) to (v): By construction, no end of combined degree < k can live at a node of T', and hence
they have to live in ends of T’; so (i) holds. (ii) follows by the ‘in particular’ part of Lemma 5.8.4.
Property (iii) holds because non-principal F-tangles that live at nodes of T have to live at nodes
of T by the ‘in particular’ part of Lemma 5.8.4, but they cannot live at nodes that are associated
with stars in F. (iv) and (v) follow by Lemmas 5.8.3 and 5.8.4. O

We conclude this section with the proof of Theorem 15. For this, we need the following theorem,

which is immediate from the proof of Corollary 5’ in Chapter 3:
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Theorem 5.8.6. Every graph G without half-grid minor admits a tree-decomposition (T, V) which
efficiently distinguishes all combinatorially distinguishable Ng-tangles in G.
Moreover, (T,V) can be chosen so that every end of T is home to an end of G, and every

non-principal Ro-tangle lives at a node t of T.

Proof of Theorem 15. By assumption, G has no end of combined degree > k, and hence no half-grid
minor. Let (77,V’) be the tree-decomposition of G from Theorem 5.8.6. Since G has no bounded
k-tangle by assumption, (77,V’) in particular distinguishes all combinatorially distinguishable k-
tangles. By contracting all edges of T whose induced separations do not efficiently distinguish some
pair of k-tangles, we obtain a tree-decomposition (T , fi) that satisfies the premise of Theorem 5.8.1.
Let (T, V) be the tree-decomposition obtained from applying Theorem 5.8.1 to (7', V). Then (T, a)
is an Sy (G)-tree, where a(to, 1) := (U, Uy, ) for all edges (to,t1) € E(T). In particular, (T, ) is
over T*UU° by (i), (iii) and (iv) of Theorem 5.8.1 and because all principal k-tangles in G are
induced by ends of combined degree < k.

We claim that (T, «) is as desired. Indeed, it satisfies (i) by Theorem 5.8.1 (i) and (ii) and
because every end of 7”7, an hence every end of T', is home to an end of G. Moreover, (T, «) satisfies
(ii) by Theorem 5.8.1 (iii) and because every non-principal k-tangle in G lives at a node of 7" and
hence of T. Finally, (T, ) satisfies (iii) because (T, V) refines (T, V), and (T, V) distinguishes all
combinatorially distinguishable k-tangles in G. O
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Part 11

Tangles in finite graphs
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6 Optimal trees of tangles: refining the

essential parts

We combine the two fundamental fixed-order tangle theorems of Robertson and Seymour
into a single theorem that implies both, in a best possible way. We show that, for
every k € N, every tree-decomposition of a graph G which efficiently distinguishes all
its k-tangles can be refined to a tree-decomposition whose bags are either too small to

be home to a k-tangle, or as small as possible while being home to a k-tangle.

This chapter is based on [3, §1-4].

6.1 Introduction

All graphs in this chapter are finite.

Tangles were introduced by Robertson and Seymour [114] as a way to capture ‘highly cohesive’
structures of a graph. Formally, a tangle of a graph G is an orientation of all its separations up to
some order. The idea is that every highly cohesive substructure of G will lie mostly on one side
of such a low-order separation, and therefore orients it towards that side. All these orientations,
collectively, are then called a tangle.

For a given graph G and an integer k > 0 the tree-of-tangles theorem asserts the existence of a
tree-decomposition (7, V) of G, with V = (V;)ier, say, in which each k-tangle lives in a different
part. Such a tree-decomposition provides information about the overall structure of the graph and
the location of the tangles inside it. A bag V; € V is called essential if there is a tangle living in it,
and otherwise inessential.

In general, the inessential parts might contain a large portion of G. The tree-decomposition then
tells us nothing about the structure of this portion. However, if there are no k-tangles in G at all,
there is another theorem which does tell us something about its structure: the tangle-tree duality
theorem. This asserts the existence of a tree-decomposition in which each part is too small to be
home to a tangle, and which thus witnesses that G has no k-tangles (since any k-tangle would
have to live in some part).

As inessential parts are not home to any tangles, the tangle-tree duality theorem applies locally
to these parts. We thus obtain tree-decompositions of all the inessential parts in V into smaller
parts, too small to accommodate a k-tangle. Can all these tree-decompositions be combined into a

single tree-decomposition of G that refines (7', V)7
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In general, this will not be possible. However, Erde [66] showed that it can be done if those
local tree-decompositions are constructed carefully for this purpose. The following theorem follows

directly from [66, Lemma 8]:

Theorem 6.1.1. (Erde 2017) Let G be a graph, k > 3, and let F C 25k(G) pe g friendly set of
stars. Let (T,V) be a tree-decomposition of G which distinguishes all the F-tangles of Si(G) and
is such that every separation of G induced by an edge of T efficiently distinguishes some pair of
F-tangles of Si(G). Then there exists a tree-decomposition (T,V) of G which refines (T, V) and is

such that every star associated with an inessential bag of (T,V) is a star in F.

See Section 6.3 for the definition of ‘friendly’.

The procedure of refining (7',V) by further decomposing its inessential parts can be seen as a
way to describe the structure of those parts in a more precise way. However, just as the inessential
parts of (7,)) may contain a large portion of GG, another large portion may be hidden inside its
essential parts. The tree-decomposition (7',V) does not tell us much about this portion. We know
from the fact that these parts are essential that there is a tangle living there, but an essential part
of (T,V) can also contain many vertices and edges that have nothing to do with that tangle.

To get a better insight into the structure of the essential parts of (7',V) too, it would be
desirable to decompose them by further tree-decompositions as well. Overall, it would be useful to
have a single tree-decomposition of G whose inessential and essential parts are both as small as
possible. As every essential part is home to a tangle, by definition, and every tangle corresponds
to some highly cohesive (but maybe fuzzy) substructure of G which cannot be divided into small
parts, ‘small’ can only be achieved relatively to the tangle living in that part. In other words, the
essential parts should be as small as possible so that they can still be home to a tangle.

For example, consider the graph G in Figure 6.1a. It contains a central Kg, which induces a
3-tangle 7 of G: the set of all separations of G of order at most 2 oriented towards the central K.
The star of separations o C 7 indicated in the figure, which distinguishes 7 from the other 3-tangles
of G (those induced by the other three Kg subgraphs), lies far away from the central Kg, the
‘essence’ of 7. This results in an essential part which contains a lot more vertices than those
contained in the central K. But although 7 lives in that part, those other vertices do not really
‘belong to 7.

In Figure 6.1b the star o has been moved closer to the core of 7, the Kg that induces it. In this
decomposition of G, every essential part contains only the vertices of its K¢, while every inessential
part is small in that it contains only few vertices. Clearly, the tree-decomposition in Figure 6.1b
captures the structure of G in a more precise way than the tree-decomposition in Figure 6.1a does,

and thus provides more information about the graph.
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(b)

FIGURE 6.1: A tree-decomposition of G that distinguishes all its tangles, and a

refinement of its central essential part.

Erde [66] already introduced a method to refine the essential parts of a given tree-decom-
position so that the newly arising essential parts do not contain vertices that are ‘inessentially
separated’ from the tangle living in that part. This result comes somewhat close to our goal of
decreasing the size of the essential parts by refining them. However, it is not strong enough to
decrease the size of the essential parts as much as possible, so that even in the example described
above, where the tangle 7 is induced by a clique, there are several vertices not in the clique
which are not ‘inessentially separated’ from 7. Thus, if we apply the method from [66] to the
essential part in Figure 6.1a that accommodates 7, then the central essential part of the refined
tree-decomposition will still contain more vertices than just those in the clique.

In this chapter we show that the essential parts of tangle-distinguishing tree-decompositions can
be refined in the best possible way: so that the newly arising essential parts contain as few vertices

as possible while being home to a tangle:

Theorem 17. Let G be a graph, k € N, and let F be a friendly set of stars in Sy (G). Let (T, V)
be a tree-decomposition of G which distinguishes all the F-tangles of Si(G) so that every separation
induced by an edge of T efficiently distinguishes some pair of F-tangles of Sk(G). Then there exists
a tree-decomposition (T,V) of G which refines (T,V) and is such that

(i) every star associated with an inessential bag of (T,V) is a star in F;

(ii) every essential bag Vi of (T, V) is of smallest size among all the exclusive bags of tree-decom-

positions of G that are home to the F-tangle living in V.

If we apply Theorem 17 to the set of all k-tangles in G (for some k € N), then this tree-
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decomposition (7,V) has the following three properties. First, each of its inessential bags has
size < 3k — 3. Second, the unique k-tangle 7 that lives in an essential bag V; of size > 3k — 3 is
induced by V;, in the sense that a separation {A, B} of G of order less than k is oriented by 7 as
(A, B) if and only if |ANV;| < |B N V;|. Third, the restriction of 7 to G[V}] is a k-tangle of G[V}];
thus, G[V;] alone already witnesses that 7 is indeed a k-tangle in G.

If a tangle 7 in G is induced by a separable k-block in G (see Section 6.5), then the essential
bag of our tree-decomposition that is home to 7 will be equal to that k-block. Thus, the tree-
decomposition (7,V) of G isolates all the separable k-blocks that induce k-tangles, in that they

appear as bags of the tree-decomposition. See Theorem 6.5.7 for details.

This chapter is organised as follows. In Section 6.2 we recall some connections between
nested sets and S-trees, and in Section 6.3 we give the definition of ‘friendly’. We then recall the
definitions and lemmas from [4] about refining inessential stars in Section 6.4. In Section 6.5 we

prove Theorem 17.

6.2 Interplay between nested sets and S-trees

Let N be a nested set of separations. A star o C N is called a node of N if there is a consistent
orientation O of N such that o is the set of maximal elements in O. (In [43] the nodes of N are
called ‘splitting stars’.)

It is easy to see that the set N := im(«) induced by an S-tree (T,a) over a set of stars is
nested. Conversely, if N is a regular nested set in S, i.e. all separations in N are proper, then one
can obtain an S-tree (T, «) as follows. We take the set of all nodes of N as the vertex set of T
and N as the edges of T' where we let a separation s € N be incident to the two nodes of N that

contain § and §, respectively.

Theorem 6.2.1. [43, Theorem 6.9] Let G be a graph, k € N and let S C Si(G). Let further
N C S be a regular nested set. Then there exists an S-tree (T, ) with im(o) = N such that the

stars associated with the nodes of T are precisely the nodes of N.

This motivates the name ‘nodes’ for the splitting stars of N. It is shown in [43] that the S-tree from
Theorem 6.2.1 is unique up to isomorphisms. Hence, we may say that N induces the S-tree (T, «).
We say that a consistent orientation O lives at a node o of N (or equivalently o is home to O)
if 0 C O. Similarly, we say that O lives at a node t of an S-tree (T, «) if o C O. It is easy to see
that every consistent orientation of S has to live at a (unique) node of any regular nested set N.
Given a set O of consistent orientations of S and an S-tree (T, o), we call a node t € T' essential

(for O) if there is an orientation in @ which lives at ¢ and otherwise inessential (for O).
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Similar as to S-trees, it is easy to check that the set of separations induced by the edges of a
tree-decomposition is nested. Conversely, it follows from Theorem 6.2.1 that every regular nested
set N of separations of a graph G is induced by the edges of some tree-decomposition (7', V) of G.
In fact, if we require the tree T' to be minimal, then there is a unique such tree-decomposition (up
to isomorphisms). We say that N induces this tree-decomposition. In particular, if (7,V) is

induced by N, then the stars o, associated with the bags V; of (T, V) are precisely the nodes of N.

6.3 Friendly sets of stars

Given a graph G and some k € N, a set F of stars in S is friendly if F is standard, profile-
respecting, closed under shifting and contains {(V(G), A)} for every separation {4,V (G)} € S
where A C V(G).

The condition that a set of stars is friendly might seem to be rather strong at first, but in
practice it can typically be satisfied. Diestel, Eberenz and Erde [45] showed that for any graph G
and k € N any set F of subsets of Sy, (G) can be transformed into a standard set F of stars which
is closed under shifting so that an orientation of Si(G) is a regular F-tangle if and only if it is a

regular F-tangle.

Lemma 6.3.1. [45, Lemma 11 & 14] Let G be a graph, k € N, and let F C 25x(@) be q standard
set. Then there ezists a standard set F of stars in §k(G) that is closed under shifting such that an
orientation O of Sk(G) is a regular F-tangle if and only if it is a regular ﬁ-tangle.

In particular, any set F of subsets of S (G) can be transformed into a friendly set F :=
FUPLU{{V(G),A}: ACV(G) N|A| < k} of stars in Sy, (G) so that an orientation of Sy(G) is
an F-tangle if and only if it is a regular profile and an F-tangle of Sy(G).

Moreover, it is easy to check that the set 7" that consists of all stars in 7j, is a friendly set
of stars. Further, Diestel and Oum have shown that the 7;*-tangles of Si(G) are precisely the
k-tangles in G if |G| > k [54, Lemma 4.2].

6.4 Refining inessential stars in finite graphs

The idea of refining tangle-distinguishing tree-decompositions has its origin in [66]. There,
Erde proved that one can, under certain circumstances, refine the inessential nodes of tangle-
distinguishing nested sets of separations of a graph so that all the inessential nodes of the refinement
are ‘small’

Since then, this theorem has been generalized to ‘abstract separation systems’ [4]. Much of

the theory that was introduced in [4], including the main result which generalizes Theorem 6.1.1,
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will play an important role in the proof of Theorem 17. Therefore, in this section we recap those
definitions and lemmas.

Let £ € N, let P be a k-profile in a graph G, and let s € §k(G) be a separation. We say that s
is closely related to P if 3 € P and 7 A3 € Sy, (@) for every 7 € P. Further, we call a subset
of S (G) closely related to P if all its elements are closely related to P.

A separation 7 € P is mazimal in P if it is a maximal element in P with respect to the partial
order on P induced by S, (G). An example of separations that are closely related to P are those

which are maximal in P. In fact, even more is true:

Proposition 6.4.1. [4, Lemma 4.4] Let k € N, and let P be a k-profile in some graph G. Further,
let Y C P be a nested set such that the inverse ij of every y € Y is closely related to some k-profile
in G, and let Py C P be the set of all separations in P that are nested with Y. Then every mazimal

separation in Py is closely related to P.

The next observation, which we will use throughout this chapter, describes a sufficient condition

for a separation to be closely related to some profile:

Proposition 6.4.2. [4, Proposition 3.3] Let k € N, let G be a graph, and let § € Si,(G) be closely
related to some k-profile P in G. Further, let T € gk(G) with 7 < 8, and suppose that ¥ AG € S (G)

for every W < 8. Then 7 is closely related to P.

The key tool in the proof of Theorem 6.1.1 is the following lemma which makes it possible to
refine inessential stars that consist of separations whose inverses are each closely related to some

F-tangle. This lemma is taken from [4]; a slightly less general version was first proved in [66].

Lemma 6.4.3. [4, Lemma 3.5] Let G be a graph, k € N, and let F be a friendly set of stars
in Sp(G). Further, let 0 = {31,....5x} C Sp(G) be a star which is inessential for the set of
all F-tangles of Sk(G) such that each S; is closely related to some F-tangle of Sp(G). Then there

is an Sk(G)-tree over F U {{51},...,{Sk}} in which each S; appears as a leaf separation.

Note that Erde [66] gave an example which shows that it is not possible to refine every inessential
star, even if F = T

6.5 Refining trees of tangles in finite graphs

Let G be a graph, k € N, and let (T, 17) be a tree-decomposition of G which distinguishes all its
k-tangles so that every separation induced by an edge of T efficiently distinguishes some pair
of k-tangles. Then Theorem 6.1.1 asserts that (T',V) extends to a tree-decomposition all whose

inessential parts are small. This is done by refining the inessential parts of (T , ]}) with further
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tree-decompositions that decompose those parts into smaller parts. In this section we show that
we can refine the essential parts with further tree-decompositions as well so that we then obtain
a single tree-decomposition of G whose parts are all relatively small. The main result of this
section is then Theorem 17, which extends Theorem 6.1.1 and also strengthens a result of Erde
([66, Theorem 18]).

In order to make the proof of Theorem 17 more straightforward, and to reduce clutter caused
by translating back and forth between the tree-decompositions and the nested sets of separations
they induce, we first prove the following ‘nested set version’ of Theorem 17. Since every tree-
decomposition of GG induces a nested set of separations of G and vice versa, Theorem 17 then

follows immediately.

Theorem 17°. Let G be a graph, k € N, and let F be a friendly set of stars in gk(G) Further, let
N C Si(G) be a nested set that distinguishes all the F-tangles of Sp(G) so that every separation
in N efficiently distinguishes a pair of F-tangles of Sk(G). Then there exist a nested set N C Si(G)
with N C N such that

(i) every inessential node of N is a star in F;

(ii) the interior of every essential node of N is of smallest size among all exclusive stars contained

in the F-tangle living at that node.

Note that the set 7" of all stars in 7}, satisfies the premise of Theorem 17’ (see Section 6.3),
and hence we can apply Theorem 17’ to the set of all k-tangles in G for some k € N. In particular,
we can use Theorem 17’ to refine the canonical nested set from [27], which efficiently distinguishes
all the k-tangles in G:

Corollary 6.5.1. Let G be a graph, and k € N. Then there exist nested sets N C N C Si(G)
such that:

(i) N s fized under all automorphisms of G and efficiently distinguishes all k-tangles in G;
(ii) every inessential node of N is a star in Ty;

(iii) the interior of every essential node of N is of smallest size among all exclusive stars contained

in the k-tangle living at that node. O

Before we prove Theorem 17°; let us first emphasize the optimality of its condition (ii). Since N
distinguishes all F-tangles of S;(G), the refinement N does so as well. Hence, each of its essential
nodes is necessarily exclusive, and thus their interiors can only be of smallest size among all
exclusive stars in the tangle they are home to. The following example shows that in general there
may be non-exclusive stars in a tangle whose interiors contain fewer vertices than the interiors of

the exclusive stars in that tangle. Thus, condition (ii) cannot be strengthened.
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Example 6.5.2. Let G be the graph depicted in Figure 6.2a, which consists of five complete
graphs Koy and one Ky that are glued together as depicted in Figure 6.2a. Whenever a Koq is
denoted inside a face of the drawing, we assume that the Koy contains the boundary vertices and
edges of this face, but no other depicted vertices or edges. Moreover, the Kg contains all vertices

in the grey cycle.

Koy [ e
Ky e « & oo
/T—/ D,
[\\ KIZKQO 1\—i—_\
Dy
Ky g
K 9 &
(a) (b)

FIGURE 6.2: Example 6.5.2

Let 7 be the 10-tangle defined by orienting every separation towards that side which contains
the clique K. Further, observe that every separation {A, B} € S10(G) with V(Kg) C ANB is of the
form {A,V(G)}. Thus, we obtain a consistent orientation 7 of S19(G) by letting (A4, V(G)) € 7/
for every set A C V(G) of at most nine vertices, and (A4, B) € 7' if V(Kg) C B for all other
separations {A, B} € S10(G). It is straightforward to check that 7’ is a 10-tangle in G.

Moreover, it is easy to see that every star ¢ in 7 whose interior is of smallest size among all
stars in 7 consists of (C1, D1), (Ca, D2) (see Figure 6.2b) and possibly some separations of the
form (A, V(G)). But these separations are also contained in 7/, and thus g is not exclusive for the

set of all 10-tangles in G.

Let us now turn to the proof of Theorem 17’. By Theorem 6.1.1, there exists a nested set
N’ C Si(G) which refines the inessential nodes of N and satisfies (i). Therefore, we are left to
refine the essential nodes of N’ so that this refinement satisfies (i) and (ii). For this, we show the

following lemma about refining essential stars in graphs, which will imply Theorem 17’

Lemma 6.5.3. Let G be a graph, k € N, and let F be a friendly set of stars in S (G). Further, let
o={581,...,8,} C S (G) be a star which is home to a unique F-tangle T of Sk(G), and suppose
that each s; efficiently distinguishes some pair of F-tangles of Si(G).

Then there exists a star ' C T whose interior is of smallest size among all exclusive stars
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in 7, and an S(G)-tree over F' .= F U{o'} U{{51},...,{5,}} in which each S; appears as a leaf

separation.

As 7 has to live at a node of any Si(G)-tree over F', and since ¢’ is the unique star in F’
that is contained in 7, every Si(G)-tree over F’ has to contain a node which is associated with o’.
Thus, there can only exist an Si(G)-tree over F' in which each 8; € o appears as a leaf separation
if o/ is nested with o. Our first step towards the proof of Lemma 6.5.3 will thus be to show that
under all exclusive stars in 7 whose interiors are of smallest size there is at least one star which is

nested with o.

Lemma 6.5.4. Let k € N, let P be some set of k-profiles in a graph G, and let P € P. Further,
let 0 C P be a star, and suppose that every separation in o efficiently distinguishes some pair of
k-profiles in P. Then there exists a star o C P with o < o whose interior is of smallest size among

all stars in P that are exclusive for P.

Proof. Let g be a star in P which is exclusive for P and which is nested with as many separations
in o as possible such that its interior is of smallest size among all stars in P that are exclusive
for P. We claim that o is in fact nested with o, which clearly implies the assertion. For this,
suppose for a contradiction that there is a separation (C, D) € ¢ which is not nested with g. By
assumption, {C, D} efficiently distinguishes some pair @ 3 (D, C') and @' of k-profiles in P. Since Q
is consistent and because o Z @ as g is P-exclusive for P, there is a unique separation (A, B) € o
with (B, A) € Q. Then (C,D) A (4, B) and (C,D) A (B, A), for every (A',B’) € o~ {(A, B)},
have order at least |C' N D| because {C, D} distinguishes @ and @' efficiently. By submodularity,
it follows that (C, D) Vv (B’, A") has order < |A’' N B’| < k, and further

|ANB| > |(CUA)N(DNB)| = |(ANBND)U(BNCND)| = |[ANBN(D~C)|+|BNCND). (6.1)

Thus, the star o' := {(AUC, BN D)} U{(A'ND,B'UC): (A,B) e o~{(4, B)}} is a subset
of S (@). In particular, since P is a profile, we have ¢’ C P. Moreover, ¢’ is P-exclusive for P since
for every k-profile P’ # P in P either (B, A) € P’ or (D,C) € P' and thus (BND,AUC) € P/,
or there exists some (A’, B') € g such that (B’, A’) € P’, and we then have (B'UC,A'N D) € P’
because P’ is a profile.

We claim that the interior X’ of ¢’ has at most the size of the interior X of o. This then
contradicts the choice of ¢ since ¢ is nested with (C, D) € o by construction, and thus, by

Lemma 2.1.1, ¢ is nested with at least one separation in o more than o. Indeed, we have

X' =(BnD)n N (BUC)=(XND)u(BNCND)=(XN(D~C))U(BNCND).
(A",B")eo~{(A,B)}
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Since {C, D} is a separation of G, we have X = (X NC) U (X N (D \ C)), and thus
X' =|X|—|XNC|+|BNnCND|<|X|-|(ANnB)NC|+|BNnCnN D],
where we have used that AN B C X. Combining this with (6.1) yields that
(X< |X|=[(ANB)NCI+ ([ANB[ - [ANBN (D~ C))) = |X]

since |[ANB|=|(ANB)NC|+|AN BN (D~ C)|, which concludes the proof. O

For the proof of Lemma 6.5.3 we also need the next proposition, which follows from [66,
Lemma 14 & 15].

Proposition 6.5.5. Let G be a graph, k € N, and let § € S, (G) be closely related to some
k-profile P in G. Further, let s’ € P be any separation of minimal order such that 8 < s'. Then s
is closely related to P, and for every ¥ € P with 7 < § we have A s’ € S (G). Moreover, if 7 is

closely related to P, then 7 A s is closely related to P.

Proof. Let T € P be a maximal separation in P such that s’ < Z. Applying [66, Lemma 14] to
§ and 7 yields that s AT € g;c(G) for every ¢t < #, which by Proposition 6.4.1 and 6.4.2 implies
that s is closely related to P. Further, applying [66, Lemma 15] to s and 7 yields that 7 A s is an
element of S (G) and that (FAs') AL € Si.(G) for every ¢ < 7, which by Proposition 6.4.2 implies
that 7 A & is closely related to P if 7 is closely related to P. O

We can now prove Lemma 6.5.3:

Proof of Lemma 6.5.53. Let P be the set of all F-tangles of Si(G), and first assume that there
is a star ¢/ C 7 with ¢ < ¢’ whose interior is of smallest size among all stars in 7 that are
exclusive for P, and which has the further property that every separation in ¢’ is closely related
to 7. Then the assertions follows. Indeed, by applying Lemma 6.4.3 to the inessential nodes of
N':={s:3€0Uc’} we obtain a refinement N of N’ all whose inessential nodes are stars in F.
By Theorem 6.2.1, this set N induces an Si(G)-tree over F U {c’} U{{51},...,{S,}} in which
each 5; appears as a leaf separation. By the choice of ¢’, this clearly implies the assertion.

Thus, it suffices to find a star o’ as above. For this, let ¢/ C 7 be a star such that
(1) o <o’ and |int(o’)] = min{|int(e)| : 0 C 7 and p is exclusive for P}, and
(2) the number of separations in o’ that are not closely related to 7 is minimal among all stars
in 7 that satisfy (1).
Note that, by Lemma 6.5.4, there exists a star which satisfies (1). We claim that ¢’ is closely

related to 7, which implies that ¢’ is the star for the argument above, and thus concludes the
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proof. For this, suppose for a contradiction that there is a separation (C’, D") € ¢’ which is not
closely related to 7, and let (A, B) € 7 be of minimal order such that (C’, D’) < (A, B). We first

show that there is such a separation {A, B} which is nested with o.

Claim 1. For every 7 € 7 there exists a separation 7’ € 7 of order < |r| such that 7’ is nested

/

with . Moreover, if § € 7 is nested with ¢ such that § < 7, then r’ can be chosen so that § < 7.

Proof. Let 1’ (> 8) be a separation of order < |r| which is nested with as many separations in o
as possible. We claim that 7’ is nested with o, which then clearly implies the assertion. For this,
suppose for a contradiction that 1’ crosses some € o. By the assumption on o, there exists a pair
of k-profiles Q 3t and Q' 5t in G such that ¢ distinguishes them efficiently. Since Q is a k-profile,
it contains an orientation of 7/; by symmetry we may assume that 7 € Q. If ¥ Vi € Sy (G),
then 7’ Vi e Qand ' At € Q as Q and Q' are k-profiles, and thus 7 V { distinguishes Q and Q'.
Since t efficiently distinguishes Q and @', this implies that 7" \V ¥ has order > |t|, and hence, by
submodularity, 7" At has order < |7’|. Then 7" At € T because T is a profile, which contradicts the
choice of 7 since 7’ A £ is nested with one separation in o more than 7’ by Lemma 2.1.1 (and still

§<r Atasgs<7andsis nested with ¢). [ ]

By Claim 1, we may assume that {A, B} is nested with o. Then, by Proposition 6.5.5, the star

o' ={(A,B)}u{(CNB,DUA):(C,D)ed ~{(C',D")}}

is a subset of Sy (G), which by the consistency of 7 implies that o C 7. Moreover, we have o < ¢”

as 0 < o' and (A, B) is nested with 0. We claim that ¢” witnesses that ¢’ does not satisfy (2),
which then contradicts the choice of ¢/ and thus concludes the proof. By Proposition 6.5.5, (A, B)
is closely related to 7, and if (C, D) € ¢’ is closely related to 7, then (C N B, D U A) is closely
related to 7, too. Thus, there are fewer separations in ¢” that are not closely related to 7 than
in o/. Therefore, we are left to show that ¢” satisfies (1). By the argument above, we have o < o”,
so we only need to show that the interior X" of ¢” has at most the size of the interior X’ of o’.

By definition, we have

X"=Bn (| (DUA)=Bn(X'UA)=BNX)U(BNA) =BNX)U(BNA)X).
(C,D)eo’

Since {A, B} is a separation of G, we have X’ = (X' N B) U (X' N (A \ B)) and thus
X" =|X'| = [(ANB)NX'|+ (AN B) ~ X'|.

So we are done if [(ANB) N X'| < [(ANB)NX'|. Set ¢ := o'~ {(C’", D')}. By the choice of (4, B),
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the separation (A4, B) A \(¢,p)eo(D, C) has at least order [AN B, and thus

[AnB|<|an O pn(Bu |J ¢)|=|(anBn N D)u(an N bpn U <))

(C»D)EQ (C,D)GQ (CvD)EQ (CfD)GQ (C»D)GQ
Since ¢’ is a star, we have C C D' for every (C, D) € o, and hence U((;’D)eg C C D'. Moreover, by
the choice of (A, B), we have B C D', and thus

IANB| < [(ANBNXYU(ANnX)| =]AnBNnX'|+[(ANB)NnX/|.
Combining this inequality with [AN B|=|AN BN X'| + [(AN B) \ X'| yields that
(ANB)NX'| 2 |ANB|—|ANBNX'|=|ANB|—(|JAnB| - |(ANB)\X'|) = (AN B) \ X,

which concludes the proof. O
With Lemma 6.5.3 at hand Theorem 17’ follows immediately:

Proof of Theorem 17’. Apply Theorem 6.1.1 to N to obtain a nested set N’ C Sk(G) with NCN
which satisfies (i). Then, apply Lemma 6.5.3 to the essential nodes of N'. O

Proof of Theorem 17. Apply Theorem 17’ to the set of separations induced by (T, f)) O

Recall that the essential parts of the tree-decomposition from Theorem 17 are as small as
possible so that they are still home to their tangle. Thus, this refinement is optimal in that it
decreases the size of the essential parts as much as possible.

Now, one may ask what else could be said about the essential parts of that refinement besides
their size being as small as possible. Our main reason for decreasing the size of the parts was
to more precisely exhibit where the tangles are located in the graph, so it seems natural to ask
whether the vertices in the essential parts in some sense ‘belong’ to the tangle living in that part,
and additionally whether all vertices that ‘belong’ to a tangle are contained in the part which is
home to that tangle.

In general, this question cannot be answered because tangles are, by nature, a somewhat fuzzy
object, which is, at least in general, not related to a specific set of vertices. So usually it cannot be
determined at all whether a certain vertex ‘belongs’ to a tangle or not. Thus, in general, we also
cannot evaluate whether the essential parts contain precisely those vertices which ‘belong’ to that
tangle.

However, in what follows, we present two properties of the refined tree-decomposition from
Theorem 17 that we believe validate that its essential parts, at least in many cases, ‘closely

correspond’ to the tangle they are home to. For this, let G be some graph, and let (T,V) be the

127



tree-decomposition which one obtains by applying Theorem 17 to any tree-decomposition of G
which efficiently distinguishes all the regular k-profiles in G. (Such tree-decompositions exist by
[47, Theorem 3.6].)

Then each part of (T,V) of size > 3k — 3 is home to a k-tangle, which it then ‘witnesses’
and ‘induces’. More precisely, let us say that a subgraph H of G witnesses a k-tangle 7 if for
every subset {(A;, B;) : i € [3]} of 7 of at most three elements we have (J;c5 G4 NV (H)| # H.
Further, a set U of vertices of G induces a k-profile 7 if for every separation (A, B) € 7 we have
|[ANU| < |BNU|.

If a bag V; € V has size > 3k — 3, then oy cannot be a star in Pg, (q) C Tx, and thus by (i), V;
is home to some regular k-profile 7 in G. By (ii) and the following lemma, it then follows that
|ANV;| < k for every (A, B) € .

Lemma 6.5.6. [46, Proof of Theorem 12| Let k € N, let P be some set of k-profiles in a graph G,
and let P € P. Further, let 0 C P be a star whose interior is of smallest size among all stars in P
that are exclusive for P. Then |ANint(o)| < k for all (A, B) € P.

Note that in [46] the statement of Lemma 6.5.6 is shown for stars in P whose interior is of smallest
size among all stars in P. However, it is easy to see that the same proof also yields the statement

of Lemma 6.5.6, where the interior of ¢ is only of smallest size among all exclusive stars in P.

By Lemma 6.5.6 we have [ANV| <k < Bk—2)—(k—1) < |Vi| = ANV =|(BNA) NV <
|B NV, and hence V; induces 7. Moreover, for every subset {(A;, B;) : i € [3]} C 7, we have
Uiers) GIAiNVi] # G[Vi] since [ViNNigz (BixAi)| = [V —|A1|—[A2| —[As] = (3k—2)-3(k—1) = L.
Hence, 7 is in fact a k-tangle in G as witnessed by G[V}].

Therefore, every large enough part of (7',)) induces a k-tangle. Conversely, if a k-tangle is
induced by some large and highly connected substructure of G, does that substructure appear as a
part of (7,V)? In general, this will not be the case even if a k-tangle is induced by a large clique,
since even a clique must not be equal to a part of any tree-decomposition of adhesion < k [28].
However, if a k-tangle is induced by a ‘k-block’, then the k-block will be equal to a bag of (T, V) if
there exists any tree-decomposition of adhesion < k at all that contains the k-block as a bag.

For some k € N, a k-block in a graph G is a maximal set b of at least & vertices such that no
two vertices v, w € b can be separated in G by fewer than k vertices. It is straight forward to check
that every k-block induces a regular k-profile by orienting {A, B} € Si(G) as (A, B) if and only
if b C B. A k-block b in G is separable if it is the interior of some star in Si(G), i.e. if there exists
a star o C Sy (G) such that int(c) = b.

Now suppose that b is a separable k-block in G, and let 7 be the k-profile induced by b. Then
the star ¢ := {(V(C)UN(C), V(G)~V(C)) : C € C(G —b)} is in Si(G) [30, Lemma 4.1], and it is

easy to see that int(p) = b and that 7 is the unique k-profile which contains p. Moreover, we have
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b C B for every (A, B) € 7, and thus b C int(o) for every star ¢ C 7. Hence, if b is separable, then
every star in 7 whose interior is of smallest size among all exclusive stars in 7 will be equal to b. It
follows by condition (ii) that the essential part of the tree-decomposition (7,1) from Theorem 17
which is home to 7 is equal to b. Thus, every separable k-block in G appears as a bag of (T, V).

All in all, we have the following theorem:

Theorem 6.5.7. Let G be a graph and k € N. Then there exists a tree-decomposition (T,V) of G
of adhesion < k which has the following properties:

(i) (T,V) efficiently distinguishes all reqular k-profiles in G;
(ii) each bag of (T, V) of size > 3k — 3 is home to a k-tangle, which it then witnesses and induces;

(iii) every separable k-block in G appears as a bag of (T, V). d

We remark that the existence of tree-decompositions satisfying (i) and (iii) is already known due
to Carmesin and Gollin [30]. What is new is property (ii): that all the inessential bags of the

tree-decomposition (7',)) are small, while all of its bags that are not small induce k-tangles.
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7 Refining tree-decompositions so that they
display the k-blocks

Carmesin and Gollin proved that every finite graph has a canonical tree-decomposition
(T, V) of adhesion less than k that efficiently distinguishes every two distinct k-profiles,
and which has the further property that every separable k-block is equal to the unique
part of (7,V) in which it is contained.

We give a shorter proof of this result by showing that such a tree-decomposition
can in fact be obtained from any canonical tight tree-decomposition of adhesion less
than k. For this, we decompose the parts of such a tree-decomposition by further
tree-decompositions. As an application, we also obtain a generalization of Carmesin

and Gollin’s result to locally finite graphs.

This chapter is based on [6].

7.1 Introduction

All graphs in this chapter may be infinite, unless otherwise stated.

A Ek-block in a graph G, for some k € N, is a maximal set of at least k vertices no two of which
can be separated in G by removing fewer than k other vertices. For large enough k, the k-blocks
of a graph are examples of highly connected substructures.

Another example of such a substructure, one which also indicates high local connectivity but
is of a more fuzzy kind than blocks, is that of a tangle. Tangles were introduced by Robertson
and Seymour in [114]. Formally, a k-tangle in a graph G is a consistent orientation of all the
separations {A, B} of G of order less than k, as (A, B) say, such that no three such oriented
separations together cover the whole graph by the subgraphs induced on their ‘small sides’ A.

Since k-blocks cannot be separated by deleting fewer than k vertices, they induce an orientation
of every separation of order less than k: towards that side which contains the k-block. Although
these orientations are consistent in that they all point towards the same k-block, they need not be
tangles if the k-block is too small. But they are k-profiles: a common generalization of tangles
and blocks, in that every k-tangle is a k-profile, and every k-block induces a k-profile in the way
described above.

Robertson and Seymour [114] proved that every finite graph G has a tree-decomposition (7', V)
of adhesion less than k, with V = (V})er say, that distinguishes all its k-tangles: for every pair
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of k-tangles there exists an edge of T" which induces a separation that is oriented differently by
these two k-tangles. For this, recall that G reflects the separation properties of T: similar as the
deletion of an edge e = {t1,t2} € E(T') separates T' into two subtrees T} > t; and Th S ta, the sets
U; := UteV(Ti) Vi, for ¢ = 1,2, form a separation {U,Us} of G. In fact, the tree-decomposition
of Robertson and Seymour even distinguishes the k-tangles in G efficiently: If two k-tangles are
distinguished by a separation {A, B} of G of order |ANB| < £ € N, then they are also distinguished
by a separation of order < ¢ that is induced by an edge of T'.

Carmesin, Diestel, Hamann and Hundertmark [27] generalized this result by showing that
every finite graph has a tree-decomposition of adhesion less than k that efficiently distinguishes
all its regular k-profiles. In addition, the tree-decomposition they constructed has the additional
property that it is canonical: its construction commutes with all isomorphisms G — G’.

Carmesin and Gollin [30] improved this result even further and showed that every finite
graph G admits a tree-decomposition (7',)) as above which additionally displays the structure of
the k-blocks in G, in that every k-block in G which can be isolated by any tree-decomposition at
all' appears as a bag of (T,)):

Theorem 7.1.1 ([30, Theorem 1]). Every finite graph G has a canonical tree-decomposition (T, V)
of adhesion less than k that efficiently distinguishes every two distinct reqular k-profiles, and
which has the further property that every separable k-block is equal to the unique bag of (T,V) that

contains it.
They also proved the following related result:

Theorem 7.1.2 ([30, Theorem 2]). Every finite graph G has a canonical tree-decomposition (T, V)
that efficiently distinguishes every two distinct maximal robust profiles, and which has the further
property that every separable block inducing a mazimal robust®> profile is equal to the unique bag
of (T, V) that contains it.

In this chapter we give a short proof of Theorems 7.1.1 and 7.1.2 by showing the following
more general result, which allows us to decompose the parts of a given tree-decomposition further,

so that the resulting tree-decomposition displays the structure of the blocks:

Theorem 18. Let G be any graph, and let B be a set of separable blocks in G. Suppose that G
has a tight tree-decomposition (T,f)) that distinguishes all the blocks in B. Then there exists a
tree-decomposition (T, V) that refines (T, V) and is such that every block in B is equal to the unique
bag of (T, V) that contains it. Moreover, (T,V) is canonical if B and (T,V) are canonical.

We call such k-blocks separable.

2For some n € N, a profile in G is n-robust if for every (A, B) € P and every {C, D} € S,,(G) the following holds:
if both (AUC, BN D) and (AU D, BN C) have order less than |AN B, then one of them is contained in P. Clearly,
every k-profile is k-robust. A profile is robust if it is n-robust for every n € N.
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Here, an (unrooted) tree-decomposition (7, V) is tight if every separation induced by an edge of T’
is tight.

For the proof of Theorem 7.1.1 Carmesin and Gollin gave one particular algorithm to construct
a canonical tree-decomposition which distinguishes all k-profiles efficiently and which displays all
separable k-blocks. However, there are a number of different algorithms to construct canonical
tree-decompositions that distinguish all the k-profiles in a graph [27,34,63]. By Theorem 18, we
can now choose whichever algorithm we like to construct an initial tree-decomposition, perhaps in
order to have some control over the structure of those parts that do not contain any blocks, and
we can still conclude that the tree-decomposition extends to one which additionally displays all
separable k-blocks.

Moreover, Theorem 18 also applies to infinite graphs. Carmesin, Hamann and Miraftab [31]
and Elbracht, Kneip and Teegen [64] showed that every locally finite graph has a canonical
tree-decomposition that distinguishes all its k-profiles. Moreover, Jacobs and Knappe [90] showed
that every locally finite graph without half-grid minor has a canonical tree-decomposition that
distinguishes all its maximal robust profiles. Applying Theorem 18 to these tree-decompositions

yields the following generalisations of Theorems 7.1.1 and 7.1.2:

Theorem 19. Ewvery locally finite graph G has a canonical tree-decomposition (T,V) of adhesion
less than k that efficiently distinguishes every two distinct k-profiles, and which has the further
property that every separable k-block is equal to the unique bag of (T,V) that contains it.

Theorem 20. FEvery locally finite graph G without half-grid minor has a canonical tree-decom-
position (T,V) that efficiently distinguishes every two distinct mazximal robust profiles, and which
has the further property that every separable block inducing a mazximal robust profile is equal to
the unique bag of (T,V) that contains it.

7.2 Blocks

For some k € N, a k-block in a graph G is a maximal set b of at least k vertices such that no two
vertices v, w € b can be separated in G by removing fewer than k vertices other than v, w. A set
b C V(G) is a block if it is a k-block for some k € N.

It is straightforward to check that every k-block in G induces a regular k-profile in G by
orienting {A, B} € Si(G) as (A, B) if and only if b C B. Moreover, distinct k-blocks induce
distinct k-profiles. We say that a tree-decomposition of G' (efficiently) distinguishes two blocks
in G if it (efficiently) distinguishes their induced profiles.

A k-block b in G is separable if it is the interior of some star in Sk(G), i.e. if there exists a star

o C S (G) such that int(c) = b. We need the following equivalent characterization of separable
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k-blocks:

Lemma 7.2.1 ([30, Lemma 4.1]). Let b be a k-block in a graph G. Then b is separable if and only
if INg(C)| < k for all components C of G —b.

7.3 Refining stars whose interior contains a block

In this section we prove Theorem 18 and then derive Theorems 7.1.1 and 7.1.2 and Theorems 19
and 20 from it. For this, we first show the following lemma. It asserts that given a part of a tight
tree-decomposition which contains a separable k-block, then we can further decompose that part

in a star-like way so that the central bag of that decomposition is equal to the k-block:

Lemma 7.3.1. Let k € N, and let b be a separable k-block in a graph G. Further, let o C §N0 (G)
be a star of tight separations such that b C int(c). Then there exists a star of C Sk(G) such that
o < 0f and int(pf) = b. Moreover, of can be chosen so that if ¢ : G — G’ is an isomorphism,

then p(ef) = o(y)-

Proof. Let C(G — b) be the set of all components of G — b and let
C':={CeC(G-b):V(C)NB £ for all (A,B) € o}

be the set of all components of G — b that are not completely contained in the strict small
side G[A \ B] of some (A,B) € o. Further, for every component C' € C', we define a star
oc:={(A,B)€o: ANV (C) # 0} and separation

(Xe, Vo) = (V(C) UNG(C)U | A~B, V(G)~ <V(C’) TGN B))
(A,B)€oc (A,B)eoc
(see Figure 7.1). Note that Ng(C) C b C B for all (A, B) € o, and thus X¢ NYe = Ng(O).

Let us first show that {X¢,Yc} is a separation of G. Clearly, its sides cover V(G), so it
remains to prove that Ng(X¢c \ Yo) C X¢. By the definition of {X¢, Y}, this is the case if
Ng(ANB) CV(C)UNg(C) for all (A, B) € o¢. Solet (A, B) € o¢ be given. Then V(C)NA # 0,
and moreover V(C) N B # () because C' € C’, which implies that V(C)N (AN B) # 0 as C is
connected. Since {4, B} is tight, there is a component Cy C G[A ~\ B] of G — (AN B) such
that Ng(C4) = AN B. In particular, there is an edge between C'4 and C. As C' is a component
of G —b and C}y is connected and disjoint from b by assumption, this implies that C4 C C. Hence,
Ng(A~ B) = ANB = Ng(C4) € Ng(C)UV(C), and thus {X¢,Ye} is a separation of G. In
particular, {X¢, Yo} has order |Ng(C).
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Yo

' c C(G — (ﬁ/\cj, \\\:‘:“ pu (A/ B,) € ac

FIGURE 7.1: A component C € C' and the separation (X¢,Ys). The separations
(A, B) € o¢ are indicated with solid lines, the separations (A’, B’) € o \ o¢ are
indicated with dashed lines. The component C4 of G — (AN B) is contained in C.

Since |Ng(C)| < k by Lemma 7.2.1, this implies that {X¢, Yo} € Sk(G). Now set
of ={(Xc,Ye):CeC'}U{(A,B)eo: AN B Cb}.

Since every (A, B) € o is tight, Lemma 7.2.1 implies that every (A, B) € 0 with AN B C b has
order less than k. As also every {X¢, Yo} for C € ' is of order less than k by the argument above,
it follows that of C S (G). We claim that ¢ is as desired.

First, we prove that of is a star. For this, we show that (X¢,Ye) < (Yor, X¢r) for distinct
C # C'" € (" and that (X¢,Ye) < (B, A) for all C € ' and (4, B) € o with AN B Cb. Since o is
a star itself, this then concludes the proof that of is a star.

We first show the former. To this end, let two distinct components C' # C’ € C’' be given.
Then they cannot both meet the small side A of the same separation (A, B) € o, as otherwise
Ca C CNC' by the argument above, and then C = C’. Therefore, oc N o = 0, and thus
XeNYe =V(C)UU,B)eor AN B and X \Yor = V(C')UUa pyeo,, AN B are disjoint. Hence
(Xc,Ye) < (Yor, Xer).

Now let C' € C' and (A,B) € o with AN B C b be given. Then V(C) N B # 0 by the
definition of C’, which implies that V(C') C B \ A as C' is connected and avoids b 2 AN B. Thus,
(Xc,Yeo) < (B, A).

Second, we show that o < o7 . For this, let (A, B) € o be given. We need to find a separation
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(A", B') € of with (A, B) < (A',B’). If ANB C b, then (A, B) € gf is as desired. Otherwise, ANB
meets a component C' of G — b, which then has to lie in C’ since o is a star. In particular,
(A,B) € o¢ and (A, B) < (X¢, Ye) by the definition of {X¢, Yo} Since (X¢, Ye) € 0f as C € C/,
this completes the proof that o < of .

Next, we show that int(pf) = b. For this, we first observe that b is disjoint from every
component C' of G — b and from every strict small side A\ B of every (A, B) € o by assumption.
By the definition of o7, this implies that b C int(oj). Moreover, every vertex v € V(G) \ b is
contained in a component C' of G —b. If C' € (', then v lies in the strict small side X¢ \ Yo
of (X¢,Yc) by definition, and hence v ¢ int(o7). Otherwise, there is a separation (A4, B) € o such
that v € V(C) C A~ B. Since o < gf as show earlier, this implies that v ¢ int(gf). Therefore,
int(o7) C b.

We are left to show the ‘moreover’-part. For this, let ¢ : G — G’ be an isomorphism. We show
that (o(Xc), »(Yo)) = (Xy(0)s Ye(c)), Which clearly implies the assertion. For this, note that ¢(b)
is a k-block in G', that ¢(C') is a component of G’ — p(b), and that ¢(o) is a star of tight separations
in S (G') with o(b) C int(¢(c)). Thus, {Xp(0): Yo(c)} is defined. Moreover, if V(C') N A # () for
some (A, B) € o, then o(V(C)) N p(A) # (. Hence, ©(0)p(c) = ¢(0c), which, by the definition
of {X¢, Yo} and because ¢ is an isomorphism, implies that (p(X¢), p(Ye)) = (Xy o), Yo(o))- O

We can now prove Theorem 18.

Proof of Theorem 18. Applying Lemma 7.3.1 to every star oy that is associated with a node t € T
such that V; contains a block b in B yields stars oy" with oy < oj" and int(gp") = b.

We now construct the desired tree-decomposition (7,V). For this, we first define tree-decom-
positions (T, V') of the parts G[V;] as follows. If V; does not contain a block from B, then we
set T* := ({t},0) and V! := V;. Otherwise, if b is the (unique) block from B that is contained
in V;, then we let T% be the star with centre ¢ and with lop'| many leaves u(a,B), one for each
(A, B) € gf*. Further, we set V;! := b = int(p}*) and VJ(A 5 = AN V; for all (A, B) € of*. Tt is
straightforward to check that (T%, V') is a tree-decomposition of G[V].

We then let T be the tree obtained from the disjoint union over the trees 7% by adding for
every edge {t1,t2} € T the edge {vi,v2} where v; = t; if T% = ({t;},0) and v; := u(4 p) where
(A,B) € tai is the unique separation with 5, ;) = (U3 i»Ui) < (A, B) otherwise. Note that
such a separation exists because (Us_;, U;) € oy, < Qb . Further, we set V; := V! for all s € T
where t is the unique node of T such that s € T". Tt is straightforward to check that (T,V) is a
tree-decomposition of G. Moreover, by construction, for every edge {t1,t2} € T, the edge {v1,v9}
of T" induces the same separation of G, i.e. 5(;, 1)) = S(v;,00)5 50 (T}, V) refines (T, V). Finally, by
the ‘moreover’-part of Lemma 7.3.1, (T, V) is canonical if (7, V) is canonical. Hence, (T, V) is as
desired. O
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Proof of Theorem 19. By [31,64], G admits a canonical tree-decomposition (7', V) that efficiently
distinguishes all the k-profiles in G.® In particular, (T,V) is tight by Lemma 2.2.1. Moreover,
since every k-block induces a k-profile, and since distinct k-blocks induce distinct k-profiles, (T , f/)
distinguishes all k-blocks in G. Apply Theorem 18 to (T, V) and the set B of all separable k-blocks
in G. O

Proof of Theorem 20. By [64, Theorem 6.6] and [90, Theorem 5.4] (see also [90, Theorem 1 and
the comment after the proof of Theorem 1]), G’ admits a canonical tree-decomposition (7', V) that
efficiently distinguishes all its maximal robust profiles. In particular, (T, f/) is tight by Lemma 2.2.1.
Apply Theorem 18 to (’f , f}) and the set B of all separable blocks in G that induce a maximal

robust profile. ]
Proof of Theorem 7.1.1. Apply Theorem 19. O
Proof of Theorem 7.1.2. Apply Theorem 20. O

3n [31, Theorem 7.3] Carmesin, Hamann and Miraftab prove that G admits a canonical tree-decomposition that
distinguishes efficiently all its robust k-profiles. In [64, Theorem 6.6] Elbracht, Kneip and Teegen give an independent
proof of this result. Here, it can be seen from the proof that one may omit ‘robust’, as the authors remark in the
preliminary section.
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8 On vertex sets inducing tangles

Diestel, Hundertmark and Lemanczyk asked whether every k-tangle in a graph is
induced by a set of vertices by majority vote. We reduce their question to graphs whose
size is bounded by a function in k. Additionally, we show that if for any fixed k this
problem has a positive answer, then every k-tangle is induced by a vertex set whose size
is bounded in k. More generally, we prove for all k that every k-tangle in a graph G is
induced by a weight function V(G) — N whose total weight is bounded in k. As the
key step of our proofs, we show that any given k-tangle in a graph G is the lift of a

k-tangle in some topological minor of G whose size is bounded in k.

This chapter is based on [7] and joint work with Hanno von Bergen, Raphael W. Jacobs,
Paul Knappe and Paul Wollan.

8.1 Introduction

All graphs in this chapter are finite.

8.1.1 Vertex sets inducing tangles

Tangles are an abstract notion of ‘clusters’ in graphs that originates in the theory of graph minors
developed by Robertson and Seymour [110]. They allow for a unified treatment of various concrete
highly cohesive substructures in graphs, such as large clique or grid minors. Tangles describe these
clusters in a graph indirectly. Instead of describing what the cluster is composed of, they describe
its position, in that they orient the low-order separations of the graph towards it. Intuitively, a
concrete cluster orients all low-order separations by majority vote, that is the cluster orients such a
separation {A, B} towards its side, A or B, which contains most of the cluster. Such a side exists;
otherwise, the cluster would be separated by few vertices, which contradicts its high cohesion.

The orientations of the low-order separations induced by concrete clusters are ‘consistent’, in
that they all point to the cluster. Robertson and Seymour’s key innovation was to distil from this
an abstract notion of ‘consistency’ which leads to the notion of tangle [114]: Formally, a k-tangle T
in a graph G is an orientation of the separations of GG of order < k such that there do not exist
three separations (A;, B;) € 7 such that the union of the small sides G[4;] covers the whole graph.
We refer to k as the order of 7, and we will denote a tangle of unspecified order as simply a tangle
in G.
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While every concrete cluster induces a tangle by majority vote, is the converse also true in
that all tangles stem from concrete clusters in this way? Without a precise definition of concrete
cluster, it seems difficult to answer this question. However, the question remains interesting if
we consider arbitrary vertex sets instead of concrete clusters: Is every tangle at least induced by
the majority vote of some set of vertices? Diestel, Hundertmark and Lemanczyk [47, Section 7]
formalised this problem as follows. A set X of vertices of a graph G induces a tangle 7 in G if for
every separation (A, B) € 7 we have | X N A| < |X N BJ. For example, the vertex set of a complete

subgraph induces a tangle in this way.
Problem 8.1.1. [47] Is every tangle in a graph G induced by some set X C V(G)?

In what follows we will often consider Problem 8.1.1 for all tangles of some fixed order k£ € N and
then say for short: Problem 8.1.1 for k.

We remark that Problem 8.1.1 is already answered in the affirmative for k < 3: Such sets X
inducing k-tangles exist for k£ < 2 due to the well-known correspondence of these tangles to
components and blocks, respectively (cf. [114, (2.6)]). For k = 3, Elbracht [61, Theorem 1.2] proved
Problem 8.1.1 directly. Independently, Grohe [78, Theorem 4.8] proved a direct correspondence
between the 3-tangles and the ‘proper triconnected components’ of a graph, which yields another
proof of Problem 8.1.1 for k = 3. Similarly, it should be possible to derive Problem 8.1.1 for k = 4
from the recent characterisation of 4-tangles in terms of ‘internal 4-connectedness’ by Carmesin
and Kurkofka [33, Theorem 1]. Besides these results for small k, Diestel, Elbracht and Jacobs
[46, Theorem 12] showed that Problem 8.1.1 is true for every k-tangle 7 in a graph G which extends
to a 2k-tangle 7 in G, that is, 7 C 7.

For general k, Elbracht, Kneip and Teegen [62, Theorem 2] made substantial progress to-
wards Problem 8.1.1 by proving a relaxed weighted version. A weight function w: V(G) — N on
the vertex set V(G) of a graph G induces a tangle 7 in G if w(A) < w(B) for every (A, B) € 7.
Note that a set X C V(G) induces a tangle 7 if and only if its indicator function 1x on V(G)

induces 7.
Theorem 8.1.2. [62] Ewvery tangle in a graph G is induced by some weight function on V(G).

Contrary to their positive result, Elbracht, Kneip and Teegen [62, Theorem 10] explicitly construct
an example which shows that not only Problem 8.1.1, but also Theorem 8.1.2 fails for tangles in
general discrete contexts, such as matroids or data sets (see e.g[42,47,54,63]). However, no such

example is known for tangles in graphs. Thus, Problem 8.1.1 is open for all k£ > 4.

8.1.2 Our contributions to Problem 8.1.1

In this chapter we reduce Problem 8.1.1 for every k to graphs whose size is bounded by a function

in k:
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Theorem 21. For every integer k > 1, there exists M = M (k) € O(3kk5) such that for every
k-tangle T in a graph G, there ewists a k-tangle T’ in a connected topological minor G' of G with
fewer than M edges such that if a weight function w' on V(G') induces the tangle 7', then the
weight function w on V(G) which extends w' by zero' induces the tangle 7. In particular, a set of

vertices which induces 7' also induces T.

As an immediate corollary of Theorem 21, we obtain that one may verify the validity of Prob-
lem 8.1.1 for any fixed k computationally in explicitly bounded, though impractically long, time
by checking Problem 8.1.1 for every k-tangle in every connected graph with fewer than M edges.

5
Corollary 22. For k > 1, there exists M = M(k) € O(3¥" ) such that Problem 8.1.1 holds for k
if it holds for all k-tangles in connected graphs G with fewer than M edges.

Our second corollary of Theorem 21 asserts that whenever Problem 8.1.1 is true for some
fixed k, then every k-tangle is induced by a set of vertices of size bounded in k. This extends
the known fact that one may choose the set X in Problem 8.1.1 that induces a given k-tangle
with k& < 2 to be of size at most k; this follows from the characterisation of 1- and 2-tangles by
components and blocks, respectively. More generally, we prove that for every k-tangle 7 in a
graph GG one may choose a weight function w that induces 7, which exists by Theorem 8.1.2, in
such way that its total weight w(V(G)) = 3 ,cv(q) w(v), which it distributes on V(G), is bounded

in k.

Corollary 23. For every integer k > 1, there exists K = K (k) such that for every k-tangle T in
a graph G there exists a weight function w : V(G) — N which induces T and whose total weight
w(V(Q)) is bounded by K. In particular, the support of w has size < K.

Moreover, if Problem 8.1.1 holds for k, then every k-tangle in a graph is induced by a set of at
most M (k) vertices, where M (k) is given by Theorem 21.

We derive Corollary 23 from Theorem 21 by first fixing a weight function for every k-tangle in a
connected graph with fewer than M edges (such weight functions exist by Theorem 8.1.2) and
then taking K as the maximum of the total weights of these finitely many fixed weight functions.
The moreover-part follows immediately from Theorem 21 by fixing each such weight function to be
an indicator function of some inducing set given by the assumed positive answer to Problem 8.1.1
(see Section 8.8 for details).

8.1.3 An inductive proof method for tangles

Our proof of Theorem 21 is based on the following theorem, which allows inductive proofs for

statements about tangles in graphs. We expect that this inductive proof method will be of

1Given two sets X’ C X, a function w: X — N extends a function w’: X’ — N by zero if w restricted to X’ is w’
and w restricted to X \ X’ is 0.
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independent interest.

Theorem 24. For every integer k > 1 there is some M (k) € O(Skk5) such that the following holds:
Let 7 be a k-tangle in a graph G. Then there exists a sequence Gy, ..., Gy of graphs and k-tangles
7; in G; for every i € {0,...,m} such that
e Go=G, 9=7;
e G, is obtained from G;_1 by deleting an edge, suppressing a vertex, or taking a proper
component;
o the k-tangle 1;—1 in G;—1 survives as the k-tangle T; in G; for every i € [m];

o Gy, is connected and has fewer than M (k) edges.

Before we proceed to explain the crucial term ‘survive’ in this theorem, we remark that it is
necessary to allow the suppression of a vertex in Theorem 24. Indeed, there are connected graphs G
with arbitrarily many edges which have a k-tangle such that every graph obtained from G by
deleting an edge has no k-tangles at all (Example 8.3.7).

What does it mean that the k-tangle T ‘survives’ as a k-tangle 7/ in G’ obtained from G by
deleting an edge, suppressing a vertex, or taking a proper component? Let us here consider the
first case that G’ = G — e is obtained from G by deleting an edge e of G. Then every separation
of G is also a separation of its subgraph G’. But in general G’ admits more separations than G;
namely those separations {A, B} of G’ which have an endpoint of e in each of the two sets A \ B
and B\ A. A k-tangle 7 in G extends to a k-tangle 7/ in G’ if 7 C 7/. Then we also say that the
k-tangle T survives as the k-tangle 7/ in G’. We remark that such an extension 7’ of 7 may or may
not exist in G'; if it exists, it need not be unique. If such a 7 exists and is unique, then we also
say that 7 induces 7’.

For the cases that G’ is a component of G or obtained from G by suppressing a vertex of G, we
refer the reader to Section 8.3.2 for the details. For readers familiar with the fact that a tangle of
order k > 3 in a minor of a graph G ‘lifts’ to a k-tangle in G (cf. [114, (6.1)] and [33, Lemma 2.1]),

we remark that ‘surviving’ is the reverse notion.

8.1.4 Overview of the proof of Theorem 24

It suffices to describe one step of the construction of the above sequence, that is to find G; and the
k-tangle 7; in it given 7;_1 and G;_1. We reduce the argument to several cases. Let T be a k-tangle
in a graph G. The following is an immediate consequence of the well-known correspondence of 1-

and 2-tangles in G to the components and blocks of G, respectively:
(i) if & =1, then 7 extends to some k-tangle in G — e for every edge e of G (Lemma 8.3.2), and
(ii) if £ = 2, then 7 extends to a k-tangle in G — e for some edge e of G (Lemma 8.3.3).
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A rather simple analysis will yield that
(iii) if G is disconnected, then 7 induces a k-tangle in a unique component of G (Lemma 8.3.4),

(iv) if k£ > 3 and e is the unique edge incident to a vertex of degree 1, then 7 induces a k-tangle
in G — e (Lemma 8.3.5), and

(v) if k > 3, then 7 induces a k-tangle in every graph obtained from G by suppressing any vertex
of degree 2 (Lemma 8.3.6).

We remark that in each of the above (i) to (v), the tangle 7 survives as a k-tangle in a strictly
smaller graph (Section 8.3). It remains to consider the case that 7 is a tangle of order k > 3 in a
connected graph with minimum degree > 3. Recall that a suppressed vertex always has degree 2.
So as soon as we restrict to connected graphs of minimum degree at least 3, the statement requires
that we find an edge e to delete.

The proof hinges on an argument that this will always be possible: by carefully picking the
edge e of G, we may always extend 7 in G’ = G — e as long as G is sufficiently large by a function

in the tangle’s order k.

5
Theorem 25. For every integer k > 3, there is some M = M(k) € O(3*" ) such that the following
holds:
For every k-tangle in a connected graph G with minimum degree > 3 and at least M edges,

there is an edge e of G such that T extends to a k-tangle in G — e.

Together (i) to (v) along with Theorem 25 complete the proof, since in any given case one of

them will ensure that the k-tangle 7 in a sufficiently large graph survives in some smaller graph.

8.1.5 Proof sketch of Theorem 25

Our task is to find a suitable edge e of G such that T extends to some k-tangle 7’ in G’ = G — e.
For this, we consider two cases. First, we assume that the graph G contains a tangle 7 of order > k
(Section 8.4). If 7 C 7, then we will observe that for every edge e of G the k-tangle 7 extends to
the k-tangle 7/ in G’ which is essentially the restriction of 7 to the separations of order < k of G’
(Lemma 8.4.3). Else we may find an edge e far away from 7 and close to 7 such that the high
order of 7 enables us to define a suitable extension 7/ of 7 in G’ = G — e (Lemma 8.4.4).

Second, we assume that the graph G contains no tangle of order > k (Section 8.7). We remark
that this case requires significantly more effort than the first. In the analysis of this case we aim
to decompose G in such a way that we can control the separations which arise from the deletion of
an edge e in a suitable location (Section 8.6). To obtain the desired decomposition, we start with
the tree-decomposition obtained from the tangle-tree duality theorem [41, Theorem 12.5.1] due to

the absence of high-order tangles. As G is sufficiently large, the decomposition tree contains a
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very long path whose structure we may regularise to obtain a rainbow-cloud decomposition of G
(Theorem 8.5.1).

FIGURE 8.1: Schematic drawing of a rainbow-cloud decomposition

Roughly speaking (see also Figure 8.1), a rainbow-cloud decomposition of G consists of a long
rainbow, an induced subgraph R of G with a very regular and linear connectivity structure, which
has many connections to the sun Z C V(G) and the remaining graph is gathered in a cloud,
another induced subgraph C' with G = G[Z UV (R)]U C (see Section 8.5 for the precise definition).
We show that if we choose the edge e deep inside the rainbow R and far away from 7, then the
connectivity structure of the long rainbow R ensures that the new separations which arise from
the deletion of e may be oriented in such a way that 7 extends to a k-tangle 7/ in the graph G — e
(Theorem 8.7.1).

8.1.6 How this chapter is organised

We recall the relevant terminology concerning tangles in Section 8.2. We then introduce in
Section 8.3 the notion of ‘survives’ and prove Theorem 24 in several special cases: the case k < 2,
the case §(G) < 2, and when the graph G is disconnected. In Section 8.4 we then prove Theorem 25,
the remaining case of Theorem 24 when G contains a tangle of order k£ + 1. In Section 8.5, we
introduce the definition of ‘rainbow-cloud decompositions’ and prove that such a decomposition
exists in the absence of (k + 1)-tangles in G, assuming that G is sufficiently large. Building on
several lemmas which we prove in Section 8.6 about the interaction of rainbow-cloud decompositions
and separations, we complete the proof of Theorem 25 in Section 8.7. In Section 8.8 we collect all

the individual cases to prove Theorem 24, derive Theorem 21, and deduce Corollaries 22 and 23.
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8.2 Preliminaries

8.2.1 Separations of sets

While we will only work with separations of graphs in this chapter, we formally introduce the
notion of a separation on a set to transfer separations from one graph to another.

Given an arbitrary set V', an (unoriented) separation of V' is an unordered pair {A, B} of
subsets A, B of V such that AU B = V. The order of the separation, denoted |A, B|, is the
cardinality of its separator AN B. Every separation {A, B} of V has two orientations, (A, B) and
(B, A). These orientations of {A, B} are oriented separations of V, that is, ordered pairs of subsets
of V' whose union equals V. Given a set V', we write U (V) for the set of all (unoriented) separations
of V, and let Si(V) :={{A4,B} € U(V) : |[AN B| < k}. The set of all oriented separations of V is
denoted by U(V) and the set of all oriented separations of V of order less than k by Sy (V).

The oriented separations of V have a natural partial order:
(A,B)< (C,D) = ACC(Cand BD D.

With this, the set U(V) is a lattice with infimum (A, B) A (C, D) := (ANC, BUD) and supremum
(A, B)V(C, D) := (AUC, BND). Moreover, U(V) is distributive, that is, zA(yVz) = (zAy)V (xAz)
for all z,y, 2 € U (V). Tt is well-known [22, Chapter IX Corollary 1] that a lattice is distributive if
and only if every element of the lattice is uniquely determined by its infimum and supremum with

any given element.

Let G be a graph. Then U(G) C U(V(G)) by definition. Moreover, (U(QG), <) is a sublattice
of (U(V),<). If G’ is a graph that is obtained from G by deleting some edges, then U(G) C U(G")
and, more precisely, Si(G) C Si(G’) for all kK € N. Hence, we may say that a separation of G is a

separation of G’.

8.2.2 Topological minors

Let G be a graph. By suppressing a degree-2 vertex v of G, we obtain the graph G’ := G — v + uw
where u,w are the two neighbours of v in GG. As this operation is only defined for vertices of
degree 2, we often just say that the graph G’ is obtained from G by suppressing a vertex. A
topological minor G’ of G is a graph obtained from G by a sequence of deleting edges, suppressing
vertices and deleting vertices. Equivalently, G’ is obtained from G by a sequence of suppressing
vertices in a subgraph of G. We remark that if a topological minor G’ of G is connected, we
may obtain G’ also by a sequence of deleting edges, suppressing vertices and passing to proper

components of the current graph.
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8.2.3 Lifts of tangles

It is well-known that tangles in minors lift to tangles in the host graph (see [114, (6.1)] or
[33, Lemma 2.1]). Here, we introduce the notion only for topological minors.

Let 7 be a k-tangle in a subgraph G’ of G. Then the lift 7 of 7/ to G is the set consisting of
precisely those (A4, B) € Sy (G) whose restriction (AN V(G'), BNV(G')) is in 7. It is immediate
that 7 is a k-tangle in G, since G’ is a subgraph of G and thus every forbidden triple in 7 restricts
to a forbidden triple in 7/ by definition.

Now let 7/ be a tangle of order k£ > 3 in a graph G’ obtained from G by suppressing a vertex v.
Denote the two neighbours of v in G by wuy,us. We define the lift 7 of 7/ to G, as follows.

Let (A, B) € S;(G) be arbitrary. We denote by (A’, B') the pair (A~ {v}, B~ {v}) and by C!
the set C" U {w;} for C' = A’ B" and i = 1, 2.

(i) If ug,ug € A or uj,us € B, then (A4’, B') is a separation of G', and we include (A, B) in 7
if (A',B") e 7.
(ii) If, for {i,5} = {1,2}, v € A\ B and u; € B\ A, then (A’, B;) and (A}, B') are separations
of G', and we include (A, B) in 7 if at least one of (4’, B;) and (A}, B') is in 7".
Note that in (ii) either both (A, B;), (A%, B') are in 7" or both their inverses are in 7/, which
implies that 7 does not contain both orientations of a separation, and hence 7 is an orientation
of Sk(G). Indeed, otherwise (A', B}), (B', A}) € 7, as we cannot have (B}, A), (4}, B') € T because of
(A, B}) < (A}, B') and the consistency of the tangle 7. But (G'[A'] U G'[B]) + uiuz = G, and thus
(A", BY), (B', A}), ({u1,u2}, V(G')) would form a forbidden triple in 7/, since ({u1,us}, V(G')) € 7
due to the regularity of the k-tangle 7 with k£ > 3. From this it also follows that a forbidden triple
in 7 would correspond to a forbidden triple in 7/, by replacing each (A, B) in the forbidden triple
by (A}, B’) or (A5, B') if necessary. Thus, the lift 7 of the tangle 7" of G’ of order k > 3 to G as
defined above is indeed a k-tangle in G.

Given a k-tangle 7" in a topological minor G’ of a graph G, we now obtain the lift 7 of 7/ to G

by iteratively considering the lifts along the sequence of edge deletions, vertex suppressions and

vertex deletions from which G’ originated from G.

8.3 Definition of ‘survive’ and special cases of Theorem 24

In this section we define what it means for a tangle 7 in a graph G to ‘survive’ in a topological
minor G’ of G. This notion can be seen as a converse to lifting a tangle. But let us emphasise that
while a tangle of order at least 3 in G’ always lifts to GG, a tangle in G need not survive in G’. We
first define ‘survive’ for subgraphs G’ of G in Section 8.3.1 and then for graphs G’ obtained from G

by suppressing a single vertex of degree 2 in Section 8.3.2. Alongside these definitions, we prove
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several lemmas which all deal with special cases of Theorem 24. Finally, we provide Example 8.3.7,

which demonstrates that suppressing vertices of degree 2 needs to be allowed in Theorem 24.

8.3.1 Extending and inducing tangles in subgraphs

Recall that for every subgraph G’ of a graph G on the same vertex set, a separation of G is also a
separation of G/, i.e. U(G) C U(G’) and Sk(G) C Sk(G’) for all integers k > 1. We say that an
orientation 7 of Si(G) for some integer k > 1 extends to an orientation 7’ of Si(G’) if 7/ orients
every separation in Si(G) in the same way as 7 (equivalently: 7 C 7/). In this situation, we also
sometimes say that the k-tangle 7 in G' survives as the k-tangle 7/ in G'. If 7 is a k-tangle in G
and there exists precisely one k-tangle 7" in G’ to which 7 extends, then we also say that 7 induces
the k-tangle 7/. In this chapter, G’ will often either be a component of G or arise from G by the
deletion of a single edge e € G. We remark that if a k-tangle 7 in G extends to a k-tangle 7/ in a
subgraph G’ of G, then 7 is obviously the lift of 7/ to G.

It is well-known [114, (2.6)] that tangles of order 1 and 2 are in a one-to-one correspondence to

the components and blocks?, respectively:

Proposition 8.3.1. For a tangle 7 in a graph G, let X; := (4 gy, B- Then the map 7 — G[X/]
is a bijection between the tangles of order 1 and the components of G as well as between the tangles
of order 2 and the set of all blocks of G. O

With this proposition at hand, we can prove Theorem 24 for 1-tangles and 2-tangles.

Lemma 8.3.2. Let 7 be a 1-tangle in a graph G. Then T extends to a 1-tangle 7" in G — e for
every edge e € G.

Proof. Let e be an arbitrary edge of G, and let G’ := G — e. By Proposition 8.3.1, the induced
subgraph G[X;] of G on the vertex set X, := ﬂ(A,B)GT B is a component of G corresponding to the 1-
tangle 7. Let C’ be a component of G’ whose vertex set is contained in X,. By Proposition 8.3.1
the component C” of G’ corresponds to a 1-tangle 7’ in G' with X7 = (4 gye B = V(C'). Since
every vertex of G lies on precisely one side of every separation of G of order 0, a separation
(A, B) of G of order 0 is contained in 7’ if and only if X,» C B. So for every (A, B) € 7, we
have X,» C X, C B and thus (4, B) € 7. Hence, T extends to 7. O

We remark that in the proof of Lemma 8.3.2 the component X’ need not be unique, as the deletion
of e may create (at most) two components in G[X;]. Thus, 7 does not necessarily extend to a

unique 1-tangle in G’.

2Recall that a block of a graph is a C-maximal connected subgraph H such that H — v is connected for every
vertex v € H. In particular, as the empty graph is not considered to be connected, every block contains some edge.
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Lemma 8.3.3. Let 7 be a 2-tangle in a graph G with at least 2 edges. Then T extends to a
2-tangle ' in G — e for some edge e € G.

Proof. By Proposition 8.3.1, G[X;] is a block of G; in particular, it contains an edge f. Let e # f
be any other edge in G, and consider G’ := G —e. Let X’ be the vertex set of the block of G’
containing f, and note that X’ C X, by the definition of G’. By Proposition 8.3.1, the block X’
corresponds to a 2-tangle 7’ of G’; in particular, f € G'[X'] = G'[X/]. Since every edge in G lies
on precisely one side of every separation of G of order < 1, a separation (A, B) of G of order < 1
is contained in 7’ if and only if f € G[B]. For every (4, B) € 7, we have f € G[X,;] C G[B] and
hence (A, B) € 7/. Thus, 7 extends to 7. O

Similarly, as in the proof of Lemma 8.3.2, also in the proof of Lemma 8.3.3 the block X may split

into two (or even more) blocks in G'. Thus, 7 does not necessarily extend to a unique 2-tangle in G'.

We now prove Theorem 24 in the special cases where the graph G is disconnected or contains

a vertex of degree 1.

Lemma 8.3.4. Let k > 1 be an integer, and let G be a graph with a k-tangle 7. Then there exists
a (unique) component G' of G such that T extends to a k-tangle 7" in G'. Moreover, T induces the

k-tangle 7" in G'.

Proof. Let 71 be the 1-tangle in G with 7 C 7. By Proposition 8.3.1, the subgraph G[X] on the
vertex set X := Xr, = (\(4,pyer, B is a component of G. We claim that G’ := G[X] is as desired.

We define an orientation 7’ of Sk(G’) based on 7. For any separation {A’, B’} of order < k
of G', we consider the separation {A, B} of G defined by A := A'U(V(G) ~ X) and B := B’. This
again has order < k and is hence oriented by 7. So if (A, B) € 7, then we put (4’, B') € 7/, and
if (B,A) € 7, we put (B',A") € 7.

We now show that 7 extends to 7/. It suffices to check that if we included (A’, B') or (B’, A)
in 7 because of (A, B) or (B, A) in 7, respectively, then there exists no (C, D) € 7 such that
(CNV(X),DNV(X)) = (B',A") or = (A’, B'), respectively. Suppose for a contradiction that there
is such a (C, D) € 7. The definition of X := X, ensures that the separation ((V(G) \ X), X) of
order 0 is in 7y C 7. Thus, the forbidden triple

{(4, B), (C, D)), (V(G) ~ X), X)} or {(B, 4),(C, D)), (V(G) ~ X), X)})

is contained in the tangle 7, respectively, which is a contradiction. Thus, 7 extends to 7’.

It remains to show that the orientation 7" of Si(G’) is even a tangle in G’. Suppose for a
contradiction that there exists a forbidden triple {(A}, B}) : i € [3]} in 7. As above, (4;, B;) :=
(AL U (V(G) \ X), B)) is a separation of G of order < k and by construction contained in 7 for
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all 7 € [3]. Since G’ is a component of G, it is immediate that {(A;, B;) : i € 3]} forms a forbidden
triple in 7, which is a contradiction.
We remark that the proof immediately ensures that G’ is the unique component such that 7

extends to a k-tangle in it, and also 7’ is the unique such k-tangle. O

Lemma 8.3.5. Let 7 be a tangle in G of order k > 3. Suppose that G has a vertex v of degree 1

and let e be the unique edge incident to v. Then T induces a k-tangle 7" in G — e.

Proof. Let 7’ be the subset of Sy (G') which contains (A, B) € 7/ if (4, B) € 7, (A~{v}, BU{v}) € 7
or (AU{v}, B~ {v}) € 7. The regularity of the tangle 7 of order > 3 ensures that (e, V(G)) € 7.
Thus, 7/ is an orientation of S(G’), as any violation would form together with (e, V(G)) a forbidden
triple in 7.

Suppose for a contradiction that {(A}, B}) : i € [3]} is a forbidden triple in 7/. Since G’ =
Uiepa) G'[A7], some A} contains the other endvertex u # v of e. Thus, (45, B;) = (Aj;U{v}, Bj»{v})
is a separation of G and thus in 7, as 7’ is an orientation. Let (A;, B;) € 7 which witnesses
that (AL, B)) € 7/ for i € [3] ~ {j}. Now the (A;, B;) form a forbidden triple in 7, which is a

contradiction. ]

8.3.2 Inducing tangles in graphs obtained by vertex suppression

Recall that for a given vertex v € V(G) of degree 2, the graph obtained from G by suppressing
the vertex v is G’ := G — v + uw where u, w are the two neighbours of v in G. Let {A, B} be a
separation of G'. If u,w € A, then {A U {v}, B} is a separation of G, and analogously if u,w € B,
then {A, BU {v}} is a separation of G. In particular, they have the same order as {A, B}. We
remark that at least one of u,w € A and u,w € B holds, as uw is an edge of G’.

We say that a k-tangle 7 of S;(G) for some integer k > 1 induces the subset 7 C Sj,(G)
consisting of those (4, B) € Sy (G’) such that at least one of (AU {v}, B) and (4, BU {v}) is in 7.
In particular, if {A U {v}, B} is a separation of G, then one of its orientations is contained in T,
and thus at least one of (A4, B) or (B, A) is in 7/; but 7/ might contain both if also {A, BU {v}} is
a separation of G. Lemma 8.3.6 below ensures that if £ > 3, then not only the latter does not
happen, but 7’ is even a k-tangle. In this situation, we also sometimes say that the k-tangle 7 in G
survives as the k-tangle 7" in the graph G’ obtained from G by suppressing a vertex. We remark
that if a k-tangle 7 in G extends to a k-tangle 7/ in the graph G’ obtained from G by suppressing

a vertex, then 7 is obviously the lift of 7’ to G.

Lemma 8.3.6. Let G be a graph, and let G' = G — v + uw be the graph obtained by suppressing
a vertex v of degree 2, where its two neighbours in G are u,w. Then for a given k-tangle T with
k>3 in G the set 7' C S,(G') induced by T is a k-tangle in G'.
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Proof. We claim that (AU {v}, B) € 7 if and only if (4, BU{v}) € 7, if both {A U {v}, B} and
{A, B U {v}} are separations of G. Suppose for a contradiction that this is not the case. The
consistency of 7 ensures that (4, BU{v}) € 7 and (B, AU{v}) € 7. Since k > 3 and every tangle
is regular, ({u,v,w}, V(G) ~ {v}) € 7. Now {(4, BU{v}), (B, AU{v}), {u,v,w}, V(G) ~ {v})}
forms a forbidden triple in the tangle 7, which is a contradiction.

The claim above shows that 7/ is an orientation of Sk(G’). It remains to show that it is a
k-tangle in G’. Suppose that {(A}, B}) : i € [3]} is a forbidden triple in 7. Then there is j € [3]
with u,w € A;, since uw is an edge in G’. Hence, {A; U {v}, B} is a separation of ‘G, and thus
(Aj, Bj) = (A U{v}, B}) € 7 by definition of 7. For every i € [3] \ {i}, we let (A;, B;) € T be
the separation which witnesses that (A%, B)) € 7/. Then {(4;, B;) : i € [3]} is a forbidden triple
in 7, as {(A}, B)) : i € [3]} is a forbidden triple in G’ and u,v,w € A;. This is a contradiction to
the 7 being a tangle in G. O

8.3.3 Suppressing vertices of degree 2 in Theorem 24

We conclude this section with an example that shows that there are connected graphs G with
arbitrarily many edges which have a k-tangle such that every graph obtained from G by deleting an
edge has no k-tangles at all. In particular, in Theorem 24 it is necessary to allow the suppression

of a vertex.

Example 8.3.7. For every k, M € N with k > 3, there exists a connected graph G with at least
M edges and which has a k-tangle such that, for every edge e of G, the graph G — e does not have
a k-tangle.

Proof. Let G’ be some connected graph which has a k-tangle but which is such that, for every
edge e of G', the graph G’ — e does not have any k-tangles. Such graphs exist: Take any graph H
that has a k-tangle, and let H =: Hy D Hy D --- D H, be a maximal sequence such that H;  is
obtained from H; by either deleting an edge or taking a proper component of H;, and such that H,
still has a k-tangle. Set G’ := H,,. By the maximal choice of the sequence (H;)ic[n) and because of
Lemma 8.3.4, G’ is connected and no graph obtained from G’ by deleting an edge has a k-tangle.

Since edgeless graphs have no tangles of order > 2, the graph G’ contains an edge uv. Let G
be obtained from G’ replacing uv by a u—v path of length at least M + 1. Then G has at least M
edges, and it has a k-tangle as every tangle of order k > 3 in G lifts to a k-tangle in G. But G —e
has no k-tangle for every edge e of G, since any such a tangle would induce a k-tangle in G’ — ¢’

by Lemmas 8.3.5 and 8.3.6 where ¢’ := e if e € E(G) or € := uv otherwise. O

148



8.4 Proof of Theorem 25 if G has a higher-order tangle

In this section we prove Theorem 25 for graphs which contain a tangle of order > k.

Theorem 8.4.1. Let 7 be a tangle in G of order k > 2. Suppose further that there exists a
(k + 1)-tangle 7 in G. Then there is an edge e € E(G) such that T extends to some k-tangle 7/

in G —e.

We distinguish two cases: First, we consider the case where 7 itself extends to a (k + 1)-tangle
in G, i.e. 7 C 7 for some (k+ 1)-tangle 7 in G. We then show that 7 extends to a k-tangle in G —e
for every edge e € E(G) (Lemma 8.4.3). Otherwise, there exists a (k + 1)-tangle 7 in G which
does not extend 7. Here, 7 does not extend to a k-tangle in G — e for every edge e € G, but only
for some such edges e and we will need some care to find them (Lemma 8.4.4).

For both cases, we will make use of the following observation.

Lemma 8.4.2. Let k > 3 be an integer, and let G be a graph with a k-tangle 7. Further, let e be
an edge of G and let {A, B} be a separation of G—e withe € EG(ANB,B~\A). If[ANB| < k-1,
then (AUe, B) € T if and only if (A,BUe) € T.

Proof. The assumptions immediately imply that {A Ue, B} and {A, B U e} are separations of G
of order less than k, and so 7 orients both of them. The consistency of the tangle 7 together with
(A,BUe) < (AUe, B) yields the forwards implication. The backwards implication follows from
the fact that {(A,BUe),(B,AUe),(e,V(G))} is a forbidden triple but (e, V(G)) € 7, since 7 is
a k-tangle with k& > 3 and V(G) cannot be the small side of any separation in 7. O

We start with the case in which 7 extends to a (k + 1)-tangle in G:

Lemma 8.4.3. Let k > 2 be an integer, and let G be a graph with a k-tangle 7. If 7 extends to a
(k + 1)-tangle 7 in G, then T extends to a k-tangle 7' in G — e for every edge e € E(G).

Proof. Consider G’ := G — e. We define an orientation 7 of S(G’) as follows: If {A, B} € Si(G")
is also a separation of G, then we put (A, B) € 7’ if and only if (A, B) € 7. Otherwise, the edge e
has one endvertex in A \ B and the other one in B\ A. So both {AUe, B} and {A,B U e}
are separations of G of order |A, B] + 1 < k, and these two separations are oriented by the
(k + 1)-tangle 7, and we have (AUe, B) € 7 if and only if (4, BUe) € 7 by Lemma 8.4.2. Then
we put (A4, B) € 7/ if and only if (AU e, B) € 7 (equivalently: (A, BUe)). The first part of the
definition guarantees that 7 extends to 7’.

It remains to show that 7/ is a k-tangle in G'. If there exists a forbidden triple {(A;, B;) : i € [3]}
in G’ for 7/, then we obtain a forbidden triple for 7 in G by replacing those (A;, B;) that are not
already separations of G with (A; Ue, B;). The arising triple is then by the definition of 7" a
forbidden triple in 7. This contradicts that 7 is a tangle in G by assumption. O
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We remark that one can also show a vertex-version of Lemma 8.4.3 along the same lines: if
a k-tangle 7 in G extends to a (k + 1)-tangle in G, then 7 extends to a k-tangle in G’ := G — v for
every vertex v € V(G).

Now we turn to the case that G has a (k + 1)-tangle 7 which does not extend 7. Let us briefly
describe our proof strategy: First, we observe that there exists a separation (B, A) € 7 which is
<-maximal in 7N Sy, (G) and distinguishes 7 and 7. We will then delete an arbitrary edge e on the
side of {A, B} which is small with respect to 7, i.e. € € G[A \ B]. To define the desired k-tangle 7’
of G’ to which 7 shall extend, we first orient all separations of G’ that are ‘forced’ by 7 in that they
have an orientation which was either already in 7 or which must be in 7’ to achieve the desired
consistency of 7. The remaining separations are then oriented according to 7; for this, we draw
on the fact that 7 has order k£ 4+ 1 and hence naturally defines an orientation of all the separations
in Sk(G") using Lemma 8.4.2. While 7 extends to this orientation 7’ by construction, the main part
of the proof is devoted to show that 7’ is indeed a tangle. Intuitively speaking, the construction
of 7/ ensures that neither the separations forced by 7 nor those oriented according to 7 contain
a forbidden triple. The maximal choice of (B, A) together with submodularity arguments then
ensures that there is also no forbidden triple consisting of both kinds of separations: it allows us

to transfer any such forbidden triple in 7’ either into one in 7 or into one in 7.

Lemma 8.4.4. Let k > 2 be an integer, and let G be a graph with a k-tangle 7. If there exists
a (k+ 1)-tangle 7 in G with T € 7, then there exists an edge e € E(G) such that T extends to a
k-tangle 7" in G — e.

Proof. We first find an edge e of G that we afterwards prove to be as desired. For this, let (B, A) € 7
be a separation of G which distinguishes 7 and 7 and is <-maximal in 7 among all such distinguishing
separations. Note that (B, A) is even maximal in 7 N Sy: any separation (C,D) € 7N Sy
with (B, A) < (C, D) would also distinguish 7 and 7 since (D, C) € 7 by the consistency of 7. We
then choose an arbitrary edge e in G[A \ B]. Let us first show its existence.

There exists a vertex v € A\ B, since otherwise (V(G), A) = (B, A) € 7, contradicting that 7
is a tangle. If the vertex v has a neighbour in A \ B, then the edge joining them is as desired. So
suppose for a contradiction that all neighbours of v are in ANB. We can then find a forbidden triple
in 7: First, we can move v from A \ B to B \ A to obtain a new separation {A ~ {v}, BU{v}}
of G, which has the same order as {A,B}. Thus, 7 contains an orientation of it, and we
must have (A ~ {v},BU {v}) € 7 due to the maximality of (B, A) in 7 N S;(G). Secondly,
since |AN B| < k and 7 is a (k + 1)-tangle in G, we have ((AN B) U {v},V(G)) € 7. Hence,
{(B,A), (A~ {v},BU{v}),((ANB)U{v},V(QG))} is contained in the tangle 7, but it is also a
forbidden triple, which is a contradiction. All in all, v has a neighbour in A \ B; in particular,

G[A \ B] contains an edge.
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From now on, we prove that the chosen edge e € G[A \ B] is as desired. For this, we
consider G’ := G — e and construct an orientation 7’ of S;(G’) to which 7 extends. It then remains
to show that 7’ is a tangle in G’.

For the construction of 7/, note that 7/ has to contain not only 7, but also all orientations of
separations of Si(G’) that are ‘forced’ by the request that 7' shall again be a tangle and hence
especially consistent. More formally, we say that 7 forces an orientation of a separation {C, D}
of G’ if there exists a separation (E, F) € 7 such that (C,D) < (E,F) or (D,C) < (E,F). In
particular, T forces an orientation of every separation in Si(G’) which is also a separation of G
and the separations in S, (G") which are maximal among all those forced by 7 are separations of G.
Note that the consistency of 7 ensures that at most one orientation of a separation in Si(G’) is
forced by 7.

We now define the orientation 7 of Sk(G’). If 7 forces an orientation of a separation {C, D}
in Sk(G’), then we put the respective orientation in 7/. Otherwise, {C, D} is especially not a
separation of G, so e has one endvertex in C' . D and the other one in D ~. C. Then {C Ue, D}
and {C, D U e} are separations of G of order at most k, as {C, D} has order less than k. Thus,
both these separations are oriented by the (k 4 1)-tangle 7 in G, and by Lemma 8.4.2, we have
(CUe, D) € 7if and only if (C, DUe) € 7. Now if (CUe, D) € 7 (equivalently: (C, DUe) € 7), then
we put (C, D) € 7/, and if (D Ue,C) € 7 (equivalently: (D,C Ue) € 7), then we put (D,C) € 7'.
This definition of 7/ ensures that 7" indeed is an orientation of Si(G’) and also that 7 extends
to 7.

Thus, it remains to show that 7’ is indeed a tangle. Suppose for a contradiction that there
is a forbidden triple {(C;, D;) : ¢ € [3]} in 7/. Without loss of generality, we may assume that
all the (Cj, D;) are <-maximal in 7. We now aim to use {(Cj, D;) : i € [3]} together with the
construction of 7/ to find a forbidden triple in G which is contained in either 7 or 7. This then
yields a contradiction since both 7 and 7 are tangles in G. Towards this, we first give a condition
on the (Cj, D;) which allows us to find a forbidden triple in 7 and prove afterwards that if this
condition does not hold, then we can find a forbidden triple in 7.

First, suppose that each {C;, D;} either crosses {A, B} or satisfies (C;,D;) < (B, A). In
this case, we aim to find a forbidden triple in 7. Towards this, the following lemma shows
that (Cy, D;) € 7 if {C, D;} crosses {A, B} and is also a separation of G.

Claim 1. Let {C, D} be a separation of G' that is also a separation of G and whose orientation
(C,D) € 7" is <-maximal in 7'. If {C, D} crosses {A, B}, then (C,D) € 7.

Proof. Assume that the infimum (AN C, BU D) of (A, B) and (C, D) has order less than k. By
the maximality of (B, A) in 7 N Sy (G), we then have (AN C,BU D) € 7. Since (B, A), (D, C)
and (AN C,BU D) form a forbidden triple in G, this then implies (C, D) € 7, as desired.
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It remains to prove that {A N C, BU D} has order less than k. By submodularity, it suffices
to show that {A U C,B N D} has order at least k. Suppose for a contradiction that it has
order less than k. Then 7 contains an orientation of {A U C, BN D}. Since 7 extends to 7/, we
have (C,D) in 7. On the one hand, as (C, D) is also <-maximal in 7, we must have that its
supremum (AU C, BN D) with (A, B) is not in 7. On the other hand, the profile property (x) of 7
ensures that (BN D,AUC) ¢ 7, as (A, B) € 7. This is a contradiction. [

In this first case, where each {C;, D;} either crosses {A, B} or satisfies (C;, D;) < (B, A), we
can use Claim 1 to obtain a forbidden triple {(C!, D}) : i € [3]} in 7 as follows: For i € [3], assume
first that {C;, D;} is also a separation of G. If (C;, D;) < (B, A), then (C!, D)) := (C;, D;) € T since
(B, A) € 7 and 7 is consistent. Otherwise, {C;, D;} crosses {A, B} and then (C/, D)) := (C;,D;) € T
by Claim 1. Secondly, if {C;, D;} is not a separation of G, then the maximality of (C;, D;) in 7/
implies that (C;, D;) cannot be forced by 7. Thus, we have (C/,D}) := (C; Ue,D;) € T by
construction. Now {(C/,D}) : i € [3]} is a forbidden triple in the tangle 7 in G, which is a
contradiction.

So we may now assume that some {C;, D;}, say {C1, D1}, neither crosses {A, B} nor sat-
isfies (C;, D;) < (B,A). In this case, we aim to find a forbidden triple in 7. We claim
that (A, B) < (C1,D1) and that this yields (Cy,D;) € 7: By our assumptions, {C1, D} is
nested with {A, B}, but we do not have (C1, D1) < (B, A) (equivalently: (4, B) < (D1,C1)). If
(D1,C1) < (A, B), then (Dq,C1) € 7' is forced by (A, B) € 7 but 7/ is an orientation which already
contains (C1, D1), which is a contradiction. Furthermore, we cannot have (C1, D;) < (A, B),
since (C1, Dy) is maximal in 7. Thus, (A, B) < (C1, D1); in particular, e € G[A~N B] C G[C1 \ D;].
Therefore, (C, D1) is not only a separation of G — e = G’, but also one of G. Since 7 extends
to 7/ and (C1, D1) € 7/, we obtain (Cy,D;) € 7.

As shown, we have e € G[C}]. So if (C, D) and (C3, D3) are separations of G, then they
are not only in 7/ but also in 7 as 7 extends to 7/ which yields our desired forbidden triple
in 7. So suppose that (C;, D;) with i € {2,3} is not a separation of G. We claim that {C;, D;}
crosses {4, B}. Indeed, if {C;, D;} had an orientation that is greater than (A, B), then {C;, D;}
would be a separation of G, as the deleted edge e is contained in G[A \ B]. If (C;, D;) < (4, B),
then (Cj, D;) would in contradiction to its choice not be maximal in 7/, since (A, B) is also in 7.
If (D;,C;) < (A, B), then (D;,C;) € 7' is forced by (A, B) € 7, which is a contradiction to
(Ci, D;) € '. So {C}, D;} cannot be nested with {A, B}, that is, they cross. But then the following
lemma shows that the infimum of (C;, D;) and (B, A) is in 7.

Claim 2. Let {C, D} be a separation of G' that is not a separation of G and whose orientation
(C,D) € 7" is mazximal in 7. If {C, D} crosses {A, B}, then (BNC,AUD) € 7.

Proof. Since e € G[AN B], {BNC, AUD} is a separation of G. Assume that it has order less than k.
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Then 7 contains an orientation of {BNC, AU D}, and this orientation must not be (AU D, BNC)
as 7 would otherwise force the orientation (D,C) of {C, D} to be in the orientation 7/ which
already contains (C, D).

It remains to show that { BNC, AUD} indeed has order less than k; suppose for a contradiction
otherwise. Since both {A, B} and {C, D} have order at most k£ — 1, this implies that {BUC, AND}
has order less than k& — 1 by submodularity. The edge e is in G[A \ B] by its choice. Additionally,
it has one endvertex in C' . D and the other one in D \. C because {C, D} is not a separation
of G by assumption. Therefore, the order of {BUC Ue, AN D} increases compared to the order
of {BUC, AN D} by exactly one. So {BUC Ue, AN D} has order < k. We now show that none
of its orientations can be contained in the tangle 7, which then yields the desired contradiction.

On the one hand, the maximality of (B, A) in 7 N Sj, implies that (BUC Ue, AN D) ¢ 7.
On the other hand, since {C, D} is not a separation of G, but (C, D) is maximal in 7/, the
orientation (C, D) of {C, D} cannot be forced by 7. Hence by construction of 7/, we put (C, D) € 7/
because of (CUe, D) € 7. But {(B,A),(CUe,D),(AND,BUC Ue)} is forbidden triple in G,
so (AND,BUCUe) ¢ 7. [ |

Using Claim 2, we can now find a forbidden triple {(C1, D1), (C4, D%), (C%, D5)} in 7 as follows:
As shown above, (C1, D;) is in 7 and satisfies (A, B) < (C1,Dq). If (Ci, D;) with i € {2,3} is a
separation of G, then it also is in 7, as 7 extends to 7/, and we set (CJ, D}) := (C;, D;). If it is
not a separation of G, then {C;, D;} must cross {A, B}, as shown above Claim 2, and Claim 2
yields (C/, D}) := (BN C;, AU D;) € 7. To see that {(C1, D1), (C%, D5), (C5, D)} C 7 is indeed a
forbidden triple in G, note that

G[C1] U G[CH U G[Cs] 2 G[C1] U G[C2N BJUG[C3N B] 2 G[C1]UG[Cy N D1]UG[C3 N Dy] = G,

where the last equation holds because e € G[A] C G[C4] and {(C;, D;) : i € {1,2,3}} is a forbidden
triple in G’ = G — e. This concludes the proof. O

Proof of Theorem 8.4.1. This follows immediately from Lemmas 8.4.3 and 8.4.4. 0

Our proof of Theorem 8.4.1 heavily relies on the fact that the order of the additional tangle 7
is greater than the one of 7. However, we do not know whether similar proof techniques could also

work if the order of 7 does not exceed the one of 7:

Problem 8.4.5. Let 7 be a tangle in G of order k > 3. Suppose further that there exists another
k-tangle 7" in G with 7" ¢ 7 and G has minimum degree at least 3. Is there an edge e € G such

that T extends to a k-tangle 7" in G —e?
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8.5 Rainbow-Cloud-Decompositions in the absence of high-order

tangles

Recall that Theorem 8.4.1 in Section 8.4 immediately yields Theorem 25 if the graph has a
(k + 1)-tangle. So from now on we work towards a proof of Theorem 25 for graphs without tangles
of order > k + 1. In this section, we show that, in the absence of (k + 1)-tangles, a large graph
admits a certain type of decomposition, which we will call ‘rainbow-cloud decomposition’; this
decomposition is inspired by [92]. We will later use that this decomposition exhibits a substructure
of the graph, the ‘rainbow’, which is a long linear structure that is fairly independent of the rest
of the graph and internally made up of similar enough parts such that deleting an edge in one
of the parts does not change the overall structure of the graph. In particular, it will allow us to
understand how the separations of the graph change after deleting such an edge and hence how to
find a tangle of this smaller graph to which our given tangle extends.

We begin by building up to the definition of a ‘rainbow-cloud decomposition’. Let G be a graph.
First, a linear decomposition® of G of length M € N of G is a family W = (Wp, W1, ..., Way) of
sets W; of vertices of G such that

(L1) [ ]IG,

(L2) if 0 < < k < M, then W; N W), € Wj, and

(L3) there is an integer ¢ such that |[W;_1 N W;| = ¢ for every i € [M], and
(L4) Wi_y # Wi NW; # W, for all i € [M].

We call the sets W; the bags and and the induced subgraphs G[W;] the parts of the linear
decomposition WW. Note that the bags of a linear decomposition of length at least 1 are non-empty
by (L4). The adhesion sets of a linear decomposition W are the sets U; := W;_1 N W; for ¢ € [M].
The size of the adhesion sets U; is the adhesion of YW. We emphasise that adhesion 0 is allowed.
Whenever we introduce a linear decomposition as W without specifying its bags, then we will
tacitly assume the bags to be denoted by Wy, ..., W3, and the adhesion sets by Uy, ..., Uy,.
Next we turn to the definition of ‘rainbow-decompositions’ which are special linear decom-
positions whose adhesion sets are minimal U;—Uy; separators of G as witnessed by respective
families of disjoint paths. To make this formal, a linkage in a graph G is a set P of disjoint paths
in G. If A and B are sets of vertices of G such that P consists of A-B paths, i.e. such paths that
meet A precisely in one endvertex and B precisely in the other endvertex, then P forms an A-B
linkage. A linear decomposition W of adhesion ¢ and length M is called a rainbow-decomposition

of adhesion £ and length M if it has the following three properties:

3Decompositions satisfying (L1) and (L2) are often known as path-decompositions (cf. [41, §12.6]). In [92] these
are refereed to as linear decompositions. In this chapter, linear decompositions will always not only satisfy (L1)
and (L2) but also (L3) and (L4).
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(R1) There exists a U;=U, 1 linkage of cardinality ¢ in G[W;] for every i € [M — 1].

(R2) Every part G[W;] of W is connected.

(R3) Every two consecutive adhesion sets U;, U; 11 are disjoint.

We may combine the linkages of cardinality ¢ from (R1) to obtain a U;-Ujy linkage P of cardinality ¢
in G. We call such a linkage P a foundational linkage of the rainbow-decomposition.

Finally, we define ‘rainbow-cloud-decompositions’, which consist of a rainbow-decomposition
of a subgraph of G that interacts with the remainder of G, the ‘cloud’, in a very controlled
manner (see Figure 8.2 for an illustration). Formally, a rainbow-cloud-decomposition (or RC-
decomposition for short) of G of adhesion ¢ and length M is a quadruple (R, W, Z, C') consisting of
two induced subgraphs R and C of a graph G, a vertex set Z C V(C) disjoint from V(R) such
that G[V(R) U Z] U C = G and a rainbow-decomposition W = (Wy, ..., Wys) of R of adhesion ¢
and length M with adhesion sets Uy, ..., Uy and two additional adhesion sets Uy := V(C) N W)
and Ups41 := V(C) N W)y such that
(RC1) V(R)NV(C) = Uy U Upry1,

(RC2) |Up| =€ = |Upy1| and Uy NUy =0 = Upy N Uppa1,

(RC3) there exists a Uy—U; linkage in G[Wy] and a Up—Ups41 linkage in G[Wy,], both of cardi-
nality ¢, and

(RC4) Z C Ng(W;) for every i € {0,...,M}.

We refer to R as the rainbow, to C as the cloud of the RC-decomposition and to Z as the sun

of the RC-decomposition. Whenever we introduce an RC-decomposition (R, W, Z,C'), we tacitly

assume that W = (Wy, ..., W) and Uy, ..., Upr41 are defined as above.

With the definition of rainbow-cloud-decompositions at hand, we can state the main result of

this section:

Theorem 8.5.1. For every two integers k, M > 1, there exists some integer N = N(k, M) > 1
such that every connected graph G with at least N wvertices and no (k + 1)-tangle admits an
RC-decomposition (R, W, Z,C) of length at least M and adhesion ¢ such that |Z|+ ¢ > 1.

The remainder of this section is devoted to the proof of Theorem 8.5.1, which roughly proceeds
as follows: We will start by using the tangle-tree duality theorem, one of the two central tangle
theorems, to get a long nested sequence of separations which will allow us to construct a still
long linear decomposition. This linear decomposition can subsequently be refined into an RC-
decomposition, by putting the ‘unnecessary bits’ of its bags into the cloud.

As a first step, Lemma 8.5.3 asserts that every sufficiently long sequence of separations contains
a long subsequence which induces a linear decomposition of some adhesion ¢ satisfying (R1). In

other words, we find a subsequence such that all its elements have the same order and such that
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FIGURE 8.2: A rainbow-cloud decomposition (R, W, Z,C'): the rainbow R together
with its decomposition W is indicated in grey, the foundational linkage P of W is
depicted in rainbow colours, and the cloud C is depicted in black. Further, indicated
in yellow, is the sun Z C V(C) together with the Z—R edges required for (RC4).
The adhesion sets Uy, U;, Upr41 are depicted in brown.

for every two successive separations, there exists a linkage between its separators. By Menger’s
theorem (e.g. [41, Theorem 3.3.1]), this second property is equivalent to the absence of any
separation of smaller order between two successive separations.

We start with a lemma about sequences of positive integers, which we will later apply to the

order of the separations in the sequence. In what follows all sequences will be finite.

Lemma 8.5.2. Let n,m,p > 1 be integers with p > n™. Then every sequence (a,...,ap) of
integers of length p with a; € {0,...,m — 1} for every i € [p] has a subsequence (a;,,...,a;,) of
length n such that

(i) t:=a;y =---=ua,, and

(ii) a; =€ for all iy < j < in.

Proof. We proceed by induction on m. For m = 1, we have a; = 0 for all 1 < i < n < p which
immediately yields the statement. So consider m > 2. If at least n of the a; equal 0, then any n of
them form the desired sequence. So suppose that at most n’ < n of the a; equal 0 and let i1, ..., %,/

be the respective indices. Now consider the n’ 4+ 1 subsequences

(al, e ,ail_l), (ai1+1, NN ,ai2_1), ceey (ain,+1, e ,ap) (81)

of consecutive aq,...,a,; note that some of these subsequences may be empty. If each of these
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subsequences has length less than n™ !, then we obtain a contradiction via

n<p< (D)™ =D+ <™ =D+ (n—-1)=n" - 1.

So one of the subsequences in (8.1), let us call it (b1, ..., by ), must have length at least p’ > nm1

and we thus can apply the induction hypothesis to (b —1,...,by — 1) with integers n,m —1,p’ to

obtain a subsequence of (bq,...,by) which is as desired. O]

A sequence ((A;, B;));e|p of (oriented) separations of a graph G is strictly increasing if (A;, B;) <
(A, B;) for every two elements i < j of [p].

Lemma 8.5.3. Let G be a graph and n,m,p > 1 be integers with p > n™. If there is a
strictly increasing sequence of length p in S, (G), then there is also a strictly increasing sequence
((Ai, Bi))igpn) of length n in Sy (G) such that
(i) £:=]A1,B1| =+ = |An, Byl, and
(ii) for every separation (A,B) € S¢(G) there is no i € [n — 1] with (A, B;) < (A,B) <
(Ait1, Biy1)-

Proof. With each strictly increasing sequence T in S’m(G), we associate a sequence (1;(T))icm—1]
of integers where n;(7T") denotes the number of separations in the strictly increasing sequence that
have exactly order . Whenever we will compare sequences of integers in this proof, we do so with
respect to the lexicographic order. Let 7 denote the set of all strictly increasing sequence in S, (G)
of length at least p, and let T' = ((Cy, D;));e|q be an element in 7 whose associated sequence of
integers is maximal among all such sequences associated with elements in 7. By assumption there
exists some such strictly increasing sequence of length at least p and, as the graph G is finite, there
is a maximal sequence of integers among such associated to elements in 7.

Applying Lemma 8.5.2 to (|C;, Di])ie|q, We obtain a subsequence ((Cj;, Dj;)) e which we
will show to be as desired. A subsequence of a strictly increasing sequence is again strictly
increasing. It also satisfies (i), as all the separations in the subsequence have the same order ¢
by Lemma 8.5.2. It remains to show that (ii) holds as well. To do so, we show that if (ii) does not
hold for ((Cj;, Dj;))jejn), then we find an element in 7 whose associated sequence of integers is
larger than the one associated to ((Ci, D;))ie[q, Which contradicts our choice.

So suppose that there exists a separation (A4, B) € Sy, (G) of order less than £ and an inte-
ger j € [n — 1] such that (C;;, D;;) < (A, B) < (Cy,,,, Di,,,). Consider the subsequence

37 J+10

((Ci;, Di;))s (Cijv1, Digv1)y -+ -5 (Cijyy s Dij )

of ((Cy, Di))ielp); for notational simplicity, we also denote this subsequence by R = ((A;, B;))ic[y-
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Then we can obtain a new strictly increasing sequence R’ = ((Aj}, B}));c[, by removing duplicates,

which will only appear consecutively, from the sequence
(AiNnABiUB),...,(A;NA,B,UB),(A,B),(AiUA,BiNDB),...,(A, UA, B, N B).

We now consider the strictly increasing sequence T which is obtained from T by replacing its
subsequence R with R'. As every element of the distributive lattice U(G) is uniquely determined
by its infimum and supremum with any given other element in U (G), T' has length at least
q+1 > p; thus, TV € T. Moreover, the sequence of integers associated to T" is larger than
the one associated with 7', which contradicts the choice of T. Indeed by the choice of R, all
separations (Cy, Dy) with i; < g < ;41 have order at least £. Hence, n;(T") > n;(T) for every i < ¢
and moreover nj4 g|(T") = nya p|(T)+1, since the new sequence 7" additionally contains (A, B). [

For the proof of Theorem 8.5.1 we also need the tangle-tree duality theorem, which we rephrase

here in the version which we need later:

Theorem 8.5.4 (e.g. [41, Theorem 12.5.1)). Ewvery graph G with no (k + 1)-tangle admits a
tree-decomposition (T, V) of adhesion at most k such that every two separations induced by distinct
edges of T are distinct, and for every node t € T the set of (oriented) separations induced by the

oriented edges (s,t) of T is in T. In particular, every node of T has degree at most 3 and the width
of (T,V) is less than 3k.

The next lemma assets that in the absence of high-order tangles, the graph admits a certain type
of linear decomposition. To prove it, we first apply the tangle-tree duality theorem (Theorem 8.5.4)
to obtain a tree-decomposition of small width and then sort out a suitable linear decomposition
by Lemma 8.5.3.

Lemma 8.5.5. For every two integers k, M > 1, there exists an integer Ny = Ni(k, M) > 1 such
that if a graph G with more than Ny vertices has no (k + 1)-tangle, then there exists a linear
decomposition W of G of length at least M and adhesion at most k such that W satisfies (R1).

We remark that the proof shows that Ny(k, M) = 3k - 3425 quffices.

Proof of Lemma 8.5.5. We set My := M + 2, My := M**!, My := 3M2 and Ny := Ny(k, M) :=
3kMs. Let G be a graph with more than N; vertices and no (k + 1)-tangle. Since G has no (k+1)-
tangle, it admits a tree-decomposition (7',V) of width at most 3k and adhesion at most k such
that 7" has maximum degree < 3. Moreover, we may choose (T,V) such that all its induced
separations are distinct. Then T contains at least |G|/3k > N1/3k > M3 vertices. Hence, T
contains a path of length at least Mo, as all the nodes of T have degree at most 3.
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Fix a path P = pg...pa, in T, and let (A}, B]) be the separation of G induced by the
oriented edge (pi—1,pi) of T for all i € [Ms]. As (T,V) has adhesion at most k, all these
separations have order at most k. It is also immediate from the definition of inducing a separation
that (A, B]) < (Aj,,Biy) for all i € [My —1]. Thus, ((A}, B}))ic[um,) is a strictly increasing
sequence of length Ms in Si,(Q).

Hence, by Lemma 8.5.3, we obtain a new strictly increasing sequence ((A;, B;))iear,] of
length M in S;,(G) whose elements all have the same order £ < k and such that there is no
separation (A4, B) € Sy(G) with (4;, B;) < (A, B) < (Aiy1, Biy1) for all i € [M; — 1]. From this

sequence, we now construct a linear decomposition W = (W, ..., Wy, ) via
Wp := A, W, := B; N Ai+1 for i € [Ml — 1], and VV]M1 = BM1-

As we have noted above for tree-decompositions, W indeed satisfies (L1) and (L2). Note that the
adhesion set U; equals W;_1 NW,; = A; N By; thus, (L3) holds as well. Moreover, W has length M;
and adhesion ¢ < k.

Before we prove (L4), let us check that W satisfies (R1). By Menger’s theorem (e.g. [41,
Theorem 3.3.1]), it suffices to show that for ¢ € [M; — 1], the part G[W;] contains no separation
(C', D" of order less than ¢ with U; C C” and U;11 C D’. Suppose for a contradiction that such a
separation exists for some ¢ € [M; — 1]. Since W satisfies (L1) and (L2), the ordered pair

(C,D):=(C"ulJwW;,D'ulJ W)
7<t 7>t
is a separation of G and has the same order as (C’, D’); in particular, its order is less than ¢. The

construction of W ensures that for ¢ € [M;] we have

(A, B)) = (U w;, [ Jw)).
J<i jzi
Hence, (A;,B;) < (C,D) < (A1, Bit1), which contradicts our choice of the (A;, B;) via
Lemma 8.5.3.

We finally turn to (L4). If W;_; C W, for some i € {2,..., M}, then W;_1 C A; N B;, as we
have noted above that W; C A; N B;. Since ¢ = |A;_1, Bi—1| = |A;, B;|, we thus have A;_1NB;_1 =
Wi—1 = A; N B;. Together with W;_1 = B;_1 N A;, this implies (A;_1, Bi—1) = (A4;, B;), which
contradicts that the (A;, B;) are distinct by choice. A symmetrical argument shows that W;_1 2 W;
for all s € {1,...,M; — 1}. Thus, we have W; # W; " W11 # Wiyq for all ¢ € {1,..., M; — 2}.
However, we still might have Wy C W7 and Wy, —1 2 Wy, . In any of these cases, we remove W

or Wy, , respectively, from W. This operation does not affect any of the properties of W, except
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that its length might decrease by at most 2; however, we have M; = M + 2, so the length of the

obtained linear decomposition of G is still at least My, as desired. This completes the proof. [

We will now transform a linear decomposition such as the one in Lemma 8.5.5 into the
desired rainbow-cloud-decomposition. As an intermediate step, we find a linear decomposition
W = (Wo, W1, ..., Wyr) with a foundational linkage P which satisfies two additional properties:*
(FL1) For every P € P, if there exists ¢ € [M — 1] such that P[W;] = P N G[W;] is a trivial path,
then P[W;] is a trivial path for all i € [M — 1].

(FL2) For every two distinct P, P’ € P, if there exists i € [M — 1] such that there is path in G[W}]
with one endvertex in P and the other in P’ and whose internal vertices avoid every path
in P, then this holds for every i € [M — 1].

The next lemma yields that the existence of a linear decomposition of some suitable length whose
foundational linkage satisfies (FL1) and (FL2) is ensured by a long enough linear decomposition

as in Lemma &8.5.5.

Lemma 8.5.6 ([92, Lemma 3.5]%). For every two integers M > 1 and £ > 0, there exists an
integer My = My (€, M) > 1 such that if a linear-decomposition W = (Wy, ..., War,) of a graph G
has length M, adhesion ¢ and pairwise distinct W;, and W satisfies (R1), then G has a linear
decomposition W' of length at least M which additionally has a foundational linkage satisfying (FL1)
and (FL2).

We remark that the proof of Lemma 8.5.6 in [92] shows that M; (¢, M) = (M(é)Jrl S(Hn .
suffices.

We now turn to the proof of Theorem 8.5.1. For this, we use the previous lemmas to find
a linear decomposition with strong structural properties, which we then refine into the desired

rainbow-cloud-decomposition.

Proof of Theorem 8.5.1. Set N(k, M) := Ny(k, My(k, M 4 2)), where N; and M; are as in Lem-
mas 8.5.5 and 8.5.6, respectively. Then Lemma 8.5.5 yields a linear-decomposition of G of
length at least M;p(k, M + 2) and adhesion ¢ < k which satisfies (R1); by merging the first i
bags for some suitable integer 7, we may assume that this linear decomposition has length ex-
actly My (¢, M +2) < My(k, M + 2). By Lemma 8.5.6 ,there is a linear-decomposition W’ of G of
length M’ > M + 2 which additionally has a foundational linkage P” satisfying (FL1) and (FL2).
We note that £ > 0 since G is a connected graph and M’ > 1.

Consider the adhesion sets U]’ of W" and let Z’ := N;cqy, ay Uf'- By (FL1), the set Z’ consists
precisely of all trivial paths in P”. Now W induces the linear decomposition W’ of G — Z by

4(FL1) and (FL2) are (L7) and (L8) in [92], respectively.
"More precisely, it follows from the proof of [92, Lemma 3.5], as (L6) is only assumed to guarantee that the
resulting decomposition also satisfies (L6).
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setting W/ := W/ \ Z’ together with its foundational linkage P’ C P”. Now the adhesion ¢ of W’
satisfies £ = ¢/ + |Z'| > 0; in particular, we might have ¢ = 0. Clearly, P” again satisfies (FL1)
and (FL2). Moreover, W' still satisfies (R1), and it now also satisfies (R3) by (FL1). Finally, (FL2)
implies that if 2’ € Z’ is adjacent to some W; in G, then it is adjacent to all W;.

We now define an auxiliary graph Hps with vertex set P’ and an edge joining two distinct
paths P, P’ € P’ if there exists a path in some, and by (FL2) hence every, G[W/] with one endvertex
in P and the other in P’ and whose internal vertices avoid every path in P’. Let C'y be an arbitrary
component of Hps. For i € {1,...,M" — 1} = [M’ — 1] we then let W; be the vertex set of the
component of G[W/] which contains all V(P) N W/ for P € Cy; note that this is well-defined by

the construction of Hp:. If Cy, and thus Hp/, is empty, we let Z := Z’; otherwise, we let Z consist
of all those z € Z’ which are adjacent to some W;, and hence all W; by (FL2). We further set

R:=G U W;| and

Lie[M'—1]

C:=G|Z'U |J (W~\W)uWguWip
ie[M'—1]

This ensures that Z C V(C) as well as G = G[V(R) U Z] U C, as we chose the W; as components
of the G[W/]. We now claim that (R,W,Z,C) where W := (Wy,...,Wyp_1) is the desired
rainbow-cloud-decomposition of G.

Clearly, W is a linear decomposition of R of adhesion |Cy| and length M’ — 2 > M; note
that |Cyg| > 0 if ¢ > 0 and hence |Z| + |Cg| > 0 by the choice of Z. We now verify that W is even
a rainbow-decomposition of R. The foundational linkage P’ of W’ induces a foundational linkage
of W, as we have chosen a component Cy of Hps; thus, (R1) holds. For (R2), note that the W; are
components of the G[W/] and hence connected by construction. Finally, (R3) transfers from W'.

It remains to check (RC1) to (RC4). So let Uy := V(C)NWy and Upp := V(C) N Wyyp_q;
note that our construction implies Uy = Wi N Wy and Uy = W}, N Wy—y. By definition,
we have V(R)NV(C) = Wi UWyp—1) NV(C) = Uy UUyyp, so (RC1) holds, and (R3) for W
implies (RC2) as well as (R1) implies (RC3). For (RC4), we recall that this holds by the definition
of Z. This completes the proof. O

8.6 RC-decompositions and separations

In this section, we investigate how a fixed RC-decomposition of a graph G interacts with the
separations of G. On the one hand, we will analyse in what ways a separation of G may meet the

rainbow of an RC-decomposition. On the other hand, we look at the separations of G induced by
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the structure of the RC-decomposition. With this we build a set of tools that we will later apply
in the proof of our structural main result, Theorem 25. These tools will allow us to control the

new low-order separations that arise when we delete an edge deep inside the rainbow.

8.6.1 Separations and bags

In this subsection, we prove two general lemmas that describe in which ways a separation of a
graph meets the bags of a linear decomposition or an RC-decomposition. The first lemma asserts
that if a linear decomposition satisfies (R2) and (R3), then the strict sides of a separation contain

most of its bags.

Lemma 8.6.1. Let {A, B} be a separation of a graph G of order k and let W be a linear
decomposition of a subgraph R of G that satisfies (R3). Then the separator AN B meets at most 2k
bags of W. Moreover, if W additionally satisfies (R2), then at most 2k bags of W are not contained
in either AN B or B~ A.

Proof. Each vertex in R is contained in at most one adhesion set of W by (R3) and thus in at
most two bags of W. So since {A, B} has order k, the separator A N B meets at most 2k bags
of W. As each part R[W;] of W is connected by (R2), every bag of W that is disjoint from AN B
is included in precisely one of A~ B and B ~ A. Hence, at most 2k bags of W are not contained
in either A~ B or B \ A. O

The second lemma states that if a strict side of a separation has a component which meets
both the cloud and a bag W; of a fixed RC-decomposition, then it also contains most bags of the

rainbow along one of the two connections from W; to the cloud.

Lemma 8.6.2. Let (R,W, Z,C) be an RC-decomposition of a graph G of length M, and let {A, B}
be a separation of G of order k. Suppose that D C G[A N\ B] is a component of G — (AN B) which
meets both C' and some bag W;. Then D contains all but at most 2k of Wy, ..., W; or Wy, ..., Way.
Moreover, D meets either Z or every bag of Wy, ..., W; or of W, ..., Wy, respectively.

Proof. By Lemma 8.6.1 applied to the restriction { ANV (R), BNV (R)} of {A, B} to the rainbow R
at most 2k of the bags W; meet AN B. If D contains a vertex z of Z, then every bag which does
not meet AN B is contained in D by (RC4) and (R2) because D is a component of G — (AN B),
as desired. So let us now assume that V(D) is disjoint from Z. Since D is connected and meets
both C" and W;, the component D contains a path P from W; to C. This path P has to first
enter C either through Uy or Up41, as V(D) N Z = () and also G[V(R) U Z]U C = G and
V(R)NV(C) = UyUUpr41 by the definition of an RC-decomposition. Thus, we may assume that

the only vertex of P in C is its endvertex which is in Up, as the other case is symmetrical. Hence, it

162



meets all bags W, with 0 < j < 7, because W is a linear decomposition of R. Thus, every bag W
with 0 < j < ¢ which avoids AN B is contained in the component D of G — (AN B) by (R2), as
desired. O

8.6.2 Separating along the rainbow

We can easily turn an RC-decomposition (R, W, Z, C) of a graph G of length M into a new one of
shorter length and of the same adhesion by restricting the linear decomposition W of R to some

interval in {0,..., M} and adding the remaining bags to C as follows. For 0 < ¢ < j < M, we set

[ j J
Ri,j =G U Wh] = U G[Wh]a
h=i h=i

Wi,j = (Wm ey Wj),

Cm‘ =G V(C) U <ZLJ1 Wh> U < Lj\ﬁ Wh)], and
h=0

h=j+1

(R, W, Z, C)i,j = (RZ'J, Wi,j7 Z, C’i,j)-

We remark that we follow the convention that an empty union, such as U}:io Wy, or UM, 11 Wh,
is the empty set. It is straight-forward from the definition that (R, W, Z,C); ; is again an RC-

decomposition of G:

Lemma 8.6.3. Let G be a graph with an RC-decomposition (R,W,Z,C) of length M and of
adhesion £. Then (R,W, Z,C);; is an RC-decomposition of G of length j — i and of adhesion ¢
forall0 <1 <7< M. O

It follows immediately that we obtain separations of G along the rainbow of a fixed RC-

decomposition:

Lemma 8.6.4. Let G be a graph with an RC-decomposition (R,W,Z,C) of length M and
adhesion ¢, and let 0 < @ < j < M. Then {V(R;;) U Z,V(C;;)} is a separation of G with
separator Uy UUj 1 U Z. In particular, its order is 20 + | Z|. O

8.6.3 Rainbow-crossing separations

We now investigate separations that ‘cross’ the rainbow of a given RC-decomposition in that
both strict sides of the separation contain bags of the linear decomposition of the rainbow:
Let (R, W, Z,C') be an RC-decomposition of a graph G of length M. An oriented separation (A, B)

of G of order k crosses the rainbow R clockwise if there exist integers i € {0,...,2k} and
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je{M —2k,...,M} such that W; C A~ B and W; C B~ A. We denote the minimal such ¢
by ia p and the maximal such j by ja p. If an oriented separation (A, B) crosses the rainbow
clockwise, we say that its other orientation (B, A) crosses the rainbow R counter-clockwise and
the underlying unoriented separation {A, B} crosses the rainbow R. We remark that a separation
{A, B} which crosses the rainbow contains Z in its separator AN B by (RC4), W; C A~ B and
W; € B~ A. Note that in the above definition, we may have j < i, since we do not assume any
lower bound on M. In most applications, however, we will have M > 4k and thus i < j.

Given a separation which crosses the rainbow, we may construct several separations that
separate the cloud in the same way, but split the rainbow along the adhesion sets of its linear

decomposition (see Figure 8.3): More precisely, let (R, W, Z,C) be an RC-decomposition of a

FIGURE 8.3: A rainbow-crossing separation (A, B) and the arising separations
(4%, BY), (A, BY) and (AM, BM),

graph G. For a separation (A4, B) of G of order k that crosses the rainbow clockwise, we let
i:=14p €{0,...,2k} be the smallest and j := jap € {M —2k,..., M} the largest number such
that W; € A~ B and W; C B\ A, which are well-defined by the definition of crossing the rainbow
clockwise. For h € {i +1,...,j} we set

(A", B") := (ANV(Ci)) UV (Rip-1), V(Ru) U (BNV(Cij)))-

If (A, B) crosses the rainbow counter-clockwise, we use the fact that (B, A) crosses the rainbow

clockwise to define (A", B*) accordingly.
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It is immediate from the definition that (A1, B*1) < (A, B) < (A7, B7) and that the (A", B")

form a strictly increasing sequence. Indeed, the (A", B") also are separations of G:

Lemma 8.6.5. Let (R, W, Z,C) be an RC-decomposition of a graph G of adhesion ¢, and let (A, B)
be a separation of G of order k which crosses the rainbow R clockwise. Then (A", B") is a separation

of G of order k which crosses the rainbow R clockwise for every h € {iap+1,...,j4B}

Proof. We abbreviate i :=i4 p and j := ja p. As C;; is a subgraph of G, the separation {4, B}
of G induces the separation {A NV (C;;), BNV (C;;)} of C;;. Note that Z C AN B, since Z
is contained in the neighbourhood of both W; C A~ B and W; C B ~ A by (RC4). Moreover,
by Lemma 8.6.4, both U; U Z U U, and Uy, U Z U Uj11 separate R; 1 and Ry ;, respectively,
from the rest of G. As U; U ZU U, C A" and U, U Z U Ujy1 C B", it follows that {A", B"} is a
separation of G.

It remains to show that |A" N B?| < k. The foundational linkage of the RC-decomposition
induces a U;11-Uj linkage of cardinality £ in R;41j—1. Since {A, B} is a separation of G and Uj11 C
W; C AN Band U; C W; C B~ A, the separator AN B has to contain one vertex of every U; 41—
U; path. But since V(C; ;) NV (R;iy1,j—1) = 0, these £ vertices are contained in (AN B) N\ V(C; ;).
Hence, we obtain [(ANB)NV(C; ;)| < |AN B|— ¢ =k —¢. With this, we may now bound the
order of {A", B"}:

A" N B = [(ANV(Ciy)) UV(Rip-1)) N (V(Rajz) U (BNV(Cij))l
<[ANB)NV(Cij)| +[AN(V(Cij) NV (Rp,;))l
+ [BN(V(Cij) NV(Rip-1))| + [V (Ripn-1) NV (Rp; )|
<=0+ |ANW;| + [BAWi| + U] = (k—£) +0+ 0+ £ =k,

where the penultimate equation holds because W; € A~ B and W; C B \. A. This completes the
proof. O

8.6.4 Rainbow-slicing separations

In this section, we study separations that ‘slice’ the rainbow in that they cut bags in the middle of
the rainbow away.

Let (R, W, Z,C) be an RC-decomposition of a graph G of length M. A separation {4, B}
of G of order k slices the rainbow R if there are integers i < h < j with ¢ € {0,...,2k} and
Jj€{M —2k,..., M} such that W;, W; C A\ B and W), € B\ A or such that W;,W; C B\ A
and W), C A\ B.

We now prove a lower bound on the order of separations that slice the rainbow. Towards this,
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we first show such a lower bound for a slightly more general class of separations for later use, which

in particular yields the desired bound for rainbow-slicing separations.

Lemma 8.6.6. Let G be a graph with an RC-decomposition (R,W,Z,C) of adhesion £, and
let {A, B} be a separation of G. Suppose that there are integers 0 < i < h < j < M + 1 such
that B . A contains Wy, and A contains the adhesion sets U; and U;. Then |[ANBNV(R)| > 2¢.
Moreover, if additionally Z C A, then |AN B| > 20 + |Z].

Proof. The fundamental linkage induces a U;~U}, linkage P; and a U,~U; linkage Pj; both have
cardinality ¢ and are in R. We remark that the paths in P; meet the paths in P; only in U,
Hence, W), € B\ A and U;,U; C A yields that the separator AN B contains at least one vertex
of each of these 2¢ paths. As every two paths in P; and also every two paths in P; are pairwise
disjoint, we thus have |[ANBNV(R)| > 2¢.

If additionally Z C A, then Z C AN B since Z C Ng(W},) by (RC4) and W), C B\ A. As all
the above 2¢ paths lie in R and hence avoid Z, the claim follows. O

Since every rainbow-slicing separation contains Z in its separator by (RC4), we obtain the

following lower bound on their order:

Corollary 8.6.7. Let G be a graph with an RC-decomposition (R,W,Z,C) of adhesion . If a
separation {A, B} of G slices the rainbow R, then |[ANBNV(R)| > 20 and |ANB| > 2(+|Z|. O

We conclude this section of preparatory lemmas by showing that every separation which

separates two bags of an RC-decomposition either crosses or slices its rainbow.

Lemma 8.6.8. Let G be a graph with an RC-decomposition (R,W,Z,C) of length M, and
let {A,B} be a separation of G. If there are bags W; and W; of W such that W; C A~ B
and W; C B\ A, then {A, B} either crosses or slices the rainbow.

Proof. Let k := |A,B|. If M < 2k, then W; and W} witness that {A, B} crosses the rainbow.
So we may assume M > 2k. By Lemma 8.6.1, all but at most 2k bags of W are contained
in either A\ B or B~ A. In particular, there exist bags W}, with h € {0,...,2k} and W
with s € {M — 2k,..., M} that are each contained in either A~ B or B \ A.

If one of W}, and Wy is contained in A \ B and the other one in B \ A, then {A, B} crosses
the rainbow. Otherwise, both W}, and W are contained in the same side of {A, B}. By symmetry,
we may assume Wy, Wy C A~ B. Now if j € {0,...,2k}, then W; and W, witness that (B, A)
crosses the rainbow clockwise, and if j € {M — 2k,..., M}, then W}, and W witness that (A, B)
crosses the rainbow clockwise. Otherwise, j € {2k +1,..., M — 2k — 1}; in particular h < j < s.
Therefore { A, B} slices the rainbow. O
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8.7 Proof of Theorem 25 if G has no higher-order tangle

In this section, we complete the proof of Theorem 25. Based on the results in Sections 8.3-8.5, it
suffices to consider graphs that admit an RC-decomposition with certain properties. More precisely,
the main result of this section, which will allow us to finish the proof of Theorem 25, reads as

follows:

Theorem 8.7.1. Let k > 1 be an integer, let G be a graph of minimum degree at least 3, and let T
be a k-tangle in G. Suppose that G admits an RC-decomposition with sun Z which has length > 18k
and adhesion € such that £ +|Z| > 1. Then there exists an edge e € E(G) such that T extends to a
k-tangle 7" in G — e.

Most of this section is devoted to the proof of Theorem 8.7.1. In the very end we combine the

previous results to prove Theorem 25.

8.7.1 Living in the rainbow

In the proof of Theorem 8.7.1, we will delete an edge e deep inside the rainbow R of the given long
RC-decomposition. We will then make use of the regular structure of R to orient the newly arising
separations in G’ := G — e in such a way that we find a k-tangle 7/ in G’ to which 7 extends. As
we want to orient these new separations of G’ in line with 7, the tangle 7 should ideally be ‘regular’
or ‘monotonic’ along R. Then we could use this monotonicity of 7 along R to orient the newly
arising separations in G’ by consistency.

In this section, we extract from a given RC-decomposition another RC-decomposition such
that 7 has the desired monotonic behaviour along the rainbow. More precisely, the tangle 7 will
‘point away’ from the rainbow, which will turn out to be equivalent to the desired monotonicity, as
we will see below. Formally, we enclose this in a definition of when a tangle 7 does not ‘live in the
rainbow R’ of an RC-decomposition. The intuition behind this definition is as follows.

Clearly, a tangle 7 should live in the rainbow R, if there is a separation (A, B) € 7 whose
strict big side B \. A is contained in the rainbow R and does not meet the cloud C. For our proof
of Theorem 8.7.1, this case is not the only relevant one: we also need to regard 7 as living in R
if it orients two separations in such a way that they point towards each other and to a piece
of R. It turns out that for this second case, we can even restrict our attention to rainbow-crossing
separations, as follows.

Let 7 be a k-tangle in a graph G. Consider a given RC-decomposition (R, W, Z,C) of G
and a separation (A, B) of G of order k' < k that crosses the rainbow R clockwise or counter-
clockwise. Then 7 orients {A, B} monotonically over the rainbow if T orients all the {A" B"}

with h € {ia g+ 1,...,ja,B} such that they are pairwise comparable, i.e. either all as (AR, BM)
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or all as (B", A"). We remark that if 7 does not orient a rainbow-crossing separation {4, B} of
order less than k£ monotonically over the rainbow R, then the consistency of 7 ensures that there
is a (unique) index h* € {0,..., M — 1} such that (A" B"") ¢ 7 and (BM*+1, A" *1) € 7, as
the (A", B") form an increasing or decreasing sequence as (A, B) crosses the rainbow clockwise or
counter-clockwise, respectively. We then call h* its turning point; note that h* € {0,..., M — 1}.

Moreover, we say that 7 lives in the rainbow R if at least one of the following holds:
(LR1) there is a separation (A, B) € 7 such that B~ A C V(R) \V(C), or

(LR2) 7 orients at least one rainbow-crossing separation of order less than k& not monotonically

over the rainbow.

The next theorem asserts that we can shorten an RC-decomposition of sufficient length so that

a given tangle does not live in the shortened rainbow:

Theorem 8.7.2. Let k > 1, M > 6k and ¢ > 0 be integers, and let T be a k-tangle in a graph G.
If G admits an RC-decomposition (R,W,Z,C) of G of length at least M and of adhesion ¢, then
there exist 0 < i < j < M with j —i > M/2 — k such that T does not live in the rainbow of the
RC-decomposition (R,W, Z,C); ;.

Proof. If T does not live in R, then we are done by setting ¢ := 0 and j := M; so suppose that 7
lives in R. By definition, there are two possible reasons for that, (LR1) and (LR2), which we will
treat separately.

First, suppose that 7 lives in R because of (LR1), i.e. there is a separation (A, B) € T with

B~ A CV(R~C). Then there also exists such a separation in 7 with an even stronger property:

Claim 1. There is a separation (X,Y) € 7 such that Y ~ X C Uj_, W; for integers r < s
with s —r < 2k — 2.

Proof. First, suppose that 2¢ + |Z| < k. Then {V(C),V(R) U Z} is a separation of G of
order 2¢ + |Z| < k and hence the k-tangle 7 has to contain one of its orientations. By the
consistency of the tangle 7, (V(C),V(R)U Z) < (A, B) € 7 yields (V(C),V(R)U Z) € 7. Every
‘slice’ {V(Rpn) U Z,V(Chp)} of the rainbow R with h € {0,..., M} is also a separation of G of
order 2¢ + |Z| < k by Lemma 8.6.4.

Suppose for a contradiction that they are all oriented as (V(Rp4) U Z,V(Chp)) by 7. By
iteratively using the fact that the tangle 7 avoids the triples in 7 and forevery 0 < h <i<j< M
the separations (V(Rp; U Z,V(Ch;)), (V(Ri;) U Z,V(C;j)) and (V(Ch ), V(Rp; U Z)} of order
20 + |Z| form a triple in 7, we obtain that (V(Ron U Z,V(Conm)) = (V(R)U Z,V(C)) isin 7,
which contradicts that its other orientation is also in 7. Therefore, there exists h € {0,..., M}
with (V(C) U (V(R) ~ Wy) U Uy UUp41, W, U Z) € 7, which is the desired separation (X,Y’) with
r:=h=:s.
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Secondly, suppose that 2¢ + |Z| > k, and let (A, B) € 7. We may assume that the separation
(A, B) € T with BNA C V(R)\V(C) is <-maximal in 7 with that property; in particular, G[B~\ 4]
is connected. Then B\ A cannot contain a bag of YW by Lemma 8.6.6, since BN A C V(R)\V(C)
yields that Uy, Upr41, Z C V(C) C A, and {A, B} has order < k < 2¢+|Z|. Thus, every bag which
meets B\ A also meets the separator AN B. Thus, Lemma 8.6.1 ensures that at most 2k — 2 bags
of W meet B~ A. Further, since G[B \ A] C R is connected and each bag W separates R, the
bags which are met by B\ A are consecutive bags of W. Thus, (X,Y) := (4, B) is the desired
separation, as witnessed by the respective indices r and s of the first and last bag of W which are
met by B\ A. |

Let (X,Y) € 7 and r < s with s — r < 2k — 2 be given by Claim 1. Now if r > % — k, then we
set ¢ := 0 and j := r — 1, and otherwise, if r < % — k, then we set i := s+ 1 and j:= M. We
remark that in the latter case s < % +k. By Lemma 8.6.3, (R,W, Z,C); ; is an RC-decomposition
of G of adhesion ¢ and length j — i > % — k. We claim that 7 does not live in R; ;, as desired.

Since Y \ X C UJ;_, W; and hence Y \ X is disjoint from R;; by definition of i, j, we have
V(R; ;) € X. Thus, every two separations (X1, Y1), (X2,Y2) of G with (Y1 NY2) N (X1 U X») C
V(R; ;) form a forbidden triple together with (X,Y’). But every separation as in (LR1) (taken as
both (X;,Y;)) as well as every pair of separations witnessing the non-monotonicity in (LR2) are
such two separations. Therefore, 7 cannot live in R; ;, as desired.

Secondly, suppose that 7 does live in the rainbow R because of (LR2), i.e. there is a separation
of GG of order < k that crosses the rainbow R and 7 does not orient it monotonically over the

rainbow R. It turns out that all such separations {A, B} have the same turning point:

Claim 2. If a rainbow-crossing separation {A, B} which T does not orient monotonically over the

rainbow R has turning point h*, then the turning point of every such separation is h*.

Proof. Suppose for a contradiction that there is another rainbow-crossing separation { X, Y} which 7
does not orient monotonically over the rainbow R and has turning point h' # h*. Let (A, B)
and (X,Y) be the orientations which cross the rainbow clockwise. By possibly interchanging { A, B}
and {X,Y}, we may assume h* < h/. Now the definition of the (X", Y") immediately yields
that Wy C X", But it also guarantees that G = G[A"] U G[B"*+'] U G[Wj-]. Thus (X", V")
together with (A"", B*") and (B"" 1, A""+1) forms a forbidden triple in 7, which is a contradiction.
|

If h* > M/2, thenweseti =0and j = h*—1, and if h* < M /2, then we set i = h*+1 and j = M.
By Lemma 8.6.3, (R, W, Z,C); j then is an RC-decomposition of G of length j —i > M /2 —1 and
adhesion ¢. We claim that 7 does not live in R; ;. Since 7 does not live in R because of (LR1)
by assumption, 7 does neither live in R; ; C R because of (LR1), either. Moreover, 7 can also

not live in R; ; because of (LR2): Indeed, every separation that crosses R;; also crosses R, and
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if 7 does not orient it monotonically over R; ;, it does not do so over R, as well. But since all
such separations have turning point h* with respect to R by Claim 2, the choice of ¢ and j ensure

that 7 orients them all monotonically over R; ; by the choice of ¢ and j, as desired. 0

8.7.2 Deleting an edge and orienting the new separations

This subsection is dedicated to the proof of Theorem 8.7.1. We remark that this section is the
only part of the proof of Theorem 25 for graphs G which do not have a (k + 1)-tangle in which we
make use of the assumption that G has no vertex of degree < 2. In the remainder of this section,
we will always assume that the given graph satisfies the premise of Theorem 8.7.1, which we recall

here in the following setting:

Setting 8.7.3. Let G be a graph of minimum degree at least 3 that admits an RC-decomposition
with sun Z which has length My and adhesion € such that £ 4+ |Z| > 1. Let T be a k-tangle in G
with k > 1.

First we find our desired edge deep inside some rainbow such that the RC-decomposition is

unaffected by its deletion:

Lemma 8.7.4. If we assume Setting 8.7.83 with My > 6k, then there is an edge e of G and an
RC-decomposition (R,W, Z,C) of G which has even length M > My/2 — k — 2 and adhesion £
such that T does not live in the rainbow and e has one endvertex in Wy o and one in Wiy or Z.
Moreover, (R,W, Z,C) is also an RC-decomposition of G — e after deleting e from R, if e has both

its endvertices in Wy /s.

Proof. Theorem 8.7.2 ensures that G admits an RC-decomposition (R', W', Z,C") of length M’ >
My/2 — k and adhesion £ such that 7 does not live in the rainbow R’; by Lemma 8.6.3, we may
assume without loss of generality that M’ is even. To find the desired edge e, we merge the middle
bags W o1 W],\/[’/27 I/V]’W/2+1 of W' into one bag W5 in W to make it robust against the
deletion of an edge, and keep all other bags of W in W*. It is immediate that this yields an
RC-decomposition (R, W, Z,C) in whose rainbow 7 does not live, where R := R',C := C’; in
particular, it has length M = M’ — 2 and adhesion /.

First, assume that |Z| > 1. We fix an edge £ of G between Z and W, /5, which exists by (RC4).
Note that we still have Z C Ngi(Wyy9): Since (R, W', Z,C") is an RC-decomposition, each of
the Z C Na(Wyy j9,,) for every i € {—1,0,41} by (RC4) and Wy, s N Wy e,y = 0 by (R3).
Thus, each vertex of Z, in particular the endvertex of e in Z, is joined to Wy, by two distinct
edges of G of which one persists in G — e. Thus, it is now easy to see that (R, W, Z, () is also an
RC-decomposition of G — e.
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Secondly, assume that Z = (). Then |Z| + ¢ > 1 ensures that £ > 1. By (R1), there exists
a Upr/o-Uprjo41 linkage P of cardinality £ in G[W)j;/o]; note that U]’W/QH C V(UP) for every
i € {—1,0,+1,+2} by the construction of Wy;/s and since (R, W', Z’,C") also has adhesion /.
We aim to fix an edge e of G[Wj/s] — E(UP) such that G[Wy /9] — e is still connected. If this
is possible, it is easy to check that (R — e, W, Z, C) is an RC-decomposition of G — e, i.e. e is as
desired. We claim that such an edge e exists:

Consider any vertex v € U}, /2 which exists as £ > 1. All its neighbours and itself are contained
in W7, /21 uw: ., /2 C Wiy, as Z = () and by the definition of RC-decompositions, in particular
by (R3). Since v has degree at least 3 by assumption on G and every vertex has at most 2
incident edges in the linkage P, there is a neighbour w of v with vw ¢ E(P). If G[WX/I*/Q] —vw is
connected, e := vw is as desired. So assume that G [WM/Q] — vw is disconnected. We note that
the linkage P is contained in one component of G[Wj;/o] — vw, since G[W]’w,/QH] C G[Whys
is connected by (R2), meets every path in P as it contains U}, /241 and also avoids vw by the
choice of vw. Thus, the component C' of G[W);/;] — vw containing w does not meet V(P),
as v € U, 12 € V(P). Now Upzjo UUprjo—1 = U]’\/[,/2+2 u U, 121 © V(P) is the separator of a
separation of G with precisely W)/, on one of its sides by Lemma 8.6.4. Thus, C' is not only a
component of G[W);/5 — vw], but also a component of G — vw, since C avoids P. In particular,
all vertices in C' have degree at least 2 in C' as G has minimum degree 3. Hence, C' contains a
cycle, and we fix e as an edge on this cycle. Then C — e is still connected which by the previous

description implies that also G[W), /2] — e is connected, as desired. O

We emphasise that in Lemma 8.7.4 the possibly removed edge e from R is the only difference
between the two RC-decompositions of G and G’ := G — e; in particular, all corresponding vertex
sets such as V(R) and the V(R; ;) are the same, and a separation crosses or slices the rainbow
in G’ if and only if it does so in G.

For the proof of Theorem 8.7.1, we have to construct an orientation 7’ of Si(G’) that is
a k-tangle in G’ and extends 7. Clearly, any such extension 7’ has to contain not only 7, but
also all orientations of separations of Sk(G’) that are forced by the request that 7/ shall again
be a tangle and hence especially consistent. More formally, recall that 7 forces an orientation
of a separation {A, B} of G’ if there exists a separation (E, F) € 7 such that (A,B) < (E,F)
or (B,A) < (E,F) (cf. the proof of Lemma 8.4.4). Let us also recall that 7 forces an orientation
of every separation in Si(G’) that is also a separation of G.

Towards a suitable construction of 7/, we now prove that rainbow-crossing and rainbow-slicing
separations are forced by 7 (Lemmas 8.7.6 and 8.7.7 below). This then allows us to show that an
even broader class of separations are forced by 7 (Lemma 8.7.8 below). For all these subsequent

three lemmas, we assume the following setting:
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Setting 8.7.5. Assume Setting 8.7.8 with My > 18k. Fix some edge e of G and some RC-
decomposition (R,W, Z,C) of G of length M which Lemma 8.7.4 yields. In particular, M > 8k.

Lemma 8.7.6. Assume Setting 8.7.5. If {A,B} € Si(G') crosses the rainbow, then there
is (X,Y) € 7 with (A,B) < (X,Y) or (B,A) < (X,Y) such that V(Rog—1 m—2t+1) € X. In

particular, T forces an orientation of {A, B}.

Proof. By possibly reversing the rainbow, we may assume that (A, B) crosses the rainbow clockwise.
Let k' < k be the order of {A, B}, andset i :=iap € {0,...,2k'} and j := jap € {M—2K,..., M}.
By Lemma 8.6.5, (A'T!, Bit1) (A7, B7) are again separations of G’ of order at most k' which
cross the rainbow clockwise. They are also separations of G by the choice of e: The bag Wy /s
is in Bt N A7, since i < 2k’ < M/2 < M — 2k’ < j because M > 4k and k' < k — 1. As both
(AL B+ (AT BJ) cross the rainbow, Z is contained in each of their separators. Thus, both
endvertices of e are in any of the cases contained in B*t! N A7, as claimed.

Since 7 does not live in the rainbow by the choice of (R, W, Z,C), the separation {A, B} of G
is oriented by 7 monotonically over the rainbow. In particular, either (Al Bi*+1) (A7 BJ) € 7
or (B!, A1) (BJ, A7) € 7. By definition of the (A", B") and the choice of 4,5, we have
(AT BHYY < (A, B) < (A%, B%) and V(Ropy1.m—2k—1) € B AJ. So either (47, BY) or
(B!, A1) can be chosen as the desired separation (X,Y) € 7, as k' < k. O

Lemma 8.7.7. Assume Setting 8.7.5. If {A, B} € Sp(G') slices the rainbow, then there exists
(X,Y) €T with (A,B) < (X,Y) or (B,A) < (X,Y) such that V(R) C X. In particular, T forces
an orientation of {A, B}.

Proof. As the separation {A, B} of order k' < k slices the rainbow, we may, by possibly renaming
the sides of {A, B}, assume that there exists integers i < h < j with i € {0,...,2k'} and
Je{M =2k, ..., M} with W;, W; C AN B and W), C B\ A. If {A, B} is only a separation of G/,
but not a separation of G, we let D be the component of G'[B \. A] that contains an endvertex of e;
otherwise, we let D be the empty graph. Since {A, B} slices the rainbow, we have Z C AN B and
thus Z N V(D) = 0. So by the choice of the edge e that we deleted from G to get G’, we observe
that if V(D) # ), then it meets Wis/2- By Lemma 8.6.2 applied in G’, we thus obtain that either
V(D) C V(R) \ V(C) (which is in particular the case if V(D) = () or D meets every bag of either
Wo,..., Warsa or Wagg, ..., Wy But since Wi, W; C AN B and i <2k < M/2 < M -2k < j,
the second case cannot occur; so we have V(D) C V(R) \ V(C).

Further, Corollary 8.6.7 yields 2¢+|Z| < |A, B| < k, and hence |V(R)UZ,V(C)| = 2(+|Z| < k.
Thus, 7 orients {V(R)U Z,V(C)}, and we have (V(R)U Z,V(C)) € 7 since 7 does not live in the
rainbow by construction of the RC-decomposition (R, W, Z,C).

By the choice of D, the pair (A, B') := (AUV (D), B\ V(D)) is a separation of G, which again
has the same order < k as {A, B}. Thus, 7 contains an orientation of {A’, B'}. If (A’, B") € 7, we
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define

(E,F):= (A, B)V (V(R)UZV(C)) = (AUV(D)) UV(R), (B~ V(D)) N V(C))
— (AUV(R), BNV(C)).

If (B, A") € T, we define

(E,F):= (B, A)V (V(R)UZV(C)) = (B~ V(D)) UV(R),(AUV(D)) N V(C))
— (BUV(R),ANV(C)).

We remark that in both definition the second equality holds due to Z C AN B~ V(D) and the
third holds due to V(D) C V(R) \ V(C). We remark that the proof in the case of (A’, B') € 7 is
analogous to the one below in the case of (B’, A’") € 7 by swapping A and B; thus, one obtains
(A,B) < (AUV(R),BNV(C)=(E,F)er,if (A,B)er.

So let us assume that (B’, A") € 7. The pair (E, F') is again a separation of G, since it is the

supremum of two separations of G. We claim that {F, F'} has order < k. Indeed, we have

|E,Fl=[(BUV(R)N(ANV(C))| = |(BNANV(C)U(V(R)NANV(C))

(
= BNAN(V(C)~V(R)| + |[V(R) N V(C)N A]
<[BNAN(V(C)NV(R)|+ [V(R)NV(C)
—[BNAN(V(C)~V(R)|+20 < |BNAN(V(C)~V(R)| +|BNANV(R)]

=|BNA|=|B,A| <k,

where 2¢ < |[BN AN V(R)| holds by Corollary 8.6.7. Hence, 7 has to orient {E, F'} and it does
so as (F,F) by the profile property (%) of the tangle 7, since (E,F') is the supremum of the
two separations (B’, A’) and (V(R) U Z,V(C)), which are both contained in 7. Thus, (B, A) <
(BUV(R),ANV(C))=(E,F)eTand V(R) C E,so (X,Y) :=(E,F) is as desired. O

Lemma 8.7.8. Assume Setting 8.7.5. Let {A, B} € Sip(G') \ Sk(G), and let C4 C G'[A \ B]
and Cp C G'|B ~\ A] be the two components of G' — (AN B) that contain an endvertex of e. If
either both or none of C4 and Cpg meet C, then T forces an orientation of {A, B}.

Proof. Let k' < k be the order of {A, B}. We first argue that we are in the case in which both
endvertices of e are in Wj;/5. Suppose for a contradiciton that e otherwise has one endvertex
in W/ and the other one in Z. Then one of C4 and Cp, say C4, contains the endvertex z of e
in Z and thus meets V(C) 2 Z. Then Cp meets C as well by assumption. Since C'p also contains
the other endvertex of e, i.e. the one in Wj;/p, and M > 4k', Lemma 8.6.2 yields that C'g contains
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a bag W;. By (RC4), G’ contains an edge joining z € V(C4) C AN B and W; CV(Cp) C B\ A,
which is a contradiction. So we may assume by the choice of e that both endvertices of e lie
in Wyy/9; in particular, both C4 and Cp meet Wy /5.

The assumptions on Cy, Cp ensure that { AUV (Cp), BNV (Cp)} and {ANV(Cy4), BUV(C4)}
are both separations of G. Also their order |AN B| is < k; thus, 7 orients them. If 7 orients one of
them as (AUV(Cg), BNV (Cg)) = (A,B) or (BUV(C4),ANV(Ca)) > (B, A), then 7 forces an
orientation of {A, B}, as desired. So assume that 7 orients them as (B~ V(Cp), AUV (Cp)) and
(ANV(Ca), BUV(Cy4)). Then their supremum (V(G)~\(V(Ca)UV (Cp)), (ANB)UV (C4)UV (Cp))
is also contained in 7, as its order is the same as |A, B| = k¥’ < k and the tangle 7 has the
profile property (). Since 7 does not live in R by construction of (R, W, Z,C), it follows that
(V(Ca)UV(CB))NV(C) # 0. As either both or none of C4 and Cp meets C' by assumption,
both C'4y and C'g meet C.

All in all, both C4 and Cp meet C and Wy;/5. Hence, Lemma 8.6.2 yields that each of Cy
and C'g contains all but at most 2k’ bags of W, ... s Wigya or of Wy, ..., Wiy in particular, they
contain some W; and some W; respectively, as M > 4k’. Now Lemma 8.6.8 ensures that {4, B}
either crosses or slices the rainbow in G’. Thus, the previous Lemmas 8.7.6 and 8.7.7 guarantee
that 7 forces an orientation of {A, B}. O

With these tools at hand, we are now ready to prove Theorem 8.7.1:

Proof of Theorem 8.7.1. We may assume Setting 8.7.5, as Setting 8.7.3 with My > 18k is precisely
the premise of Theorem 8.7.1. We claim that 7 extends to a k-tangle in G’. For this, we begin by
defining an orientation 7" of S(G’). So let {A, B} be an arbitrary separation in Si(G’). If {A, B}
is not a separation of G, then we let C4 C G'[A \ B] and Cp C G'[B ~\ A] be the components of
G — (AN B) which contain the respective endvertex of e.

(1) If 7 forces an orientation of {A, B}, then we let (A, B) € 7’ if and only if (A, B) is forced
by 7.
(2) If 7 does not force an orientation of {A, B}, then {A, B} ¢ Si(G). If Cp meets C, then we
let (A, B) € 7/, and if C4 meets C, we let (B, A) € 7/.
Note that 7' contains at least one orientation of every separation in Sk(G’). Moreover, 7" is an
orientation of Sk(G’): for a separation in case (1) 7 forces at most one of its orientations due to
the consistency of 7, and Lemma 8.7.8 ensures that precisely one of C4 and Cp meet C for a
separation {A, B} in case (2). It is immediate form (1)that 7/ contains 7; so 7 extends to 7. It
remains to show that 7’ is indeed a k-tangle in G’.

Suppose for a contradiction that 7’ is not a tangle in G’, i.e. the orientation 7’ of Si(G’)

contains a forbidden triple {(A}, B}) : i € [3]} € T(G'). By the definition of 7(G’), we may

/

assume without loss of generality that all the (A}, B;

") are <-maximal in 7'. In the remainder
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of the proof, we will construct from the forbidden triple {(A}, B}) : i € [3]} C 7" a forbidden
triple {(A;, B;) : ¢ € [3]} C 7, which then contradicts that 7 is a tangle in G.

To this end, we will make use of the RC-decomposition (R, W, Z,C). We first show that one
of the (A}, B}) contains V(Rak_1 m—2k+1) U Z in its respective small side A’; in particular, the

edge e is contained in G[A}] and thus it is a separation of G. We then show for the other two

separations (A}, B!

) in the forbidden triple that either they are separations of G, too, or the
component Cy of G[A; \ Bj] containing an endvertex of e in fact contains also V' (Rog—1,m—25k+1)-
Moving the C4s to the respective big side B if necessary, these three separations of G will then

yield a forbidden triple in 7. So we first show the following:

Claim 1. If {(A,B}) : i € [3]} € T(G') is contained in 7' where each (A}, Bl) is <-mazimal
in 7', then some (A;, B;) is also a separation of G with V (Rog—1v—2k+1) U Z C A;. In particular,

(A%, B)) €T

Proof. For every (A}, B}), at most 2k — 2 bags of W are contained neither in A} \ B} nor
in B] \ A, by Lemma 8.6.1. Thus, all but at most 6k — 6 bags are contained in one of the strict
sides of every (A}, B)). As {(A},B}) : i € [3]} is a forbidden triple in G’, we in particular have
that R[A]], R[A}] and R[A}] together cover the rainbow R in G’. Thus, no such bag may be
contained in every big side Bj. Since M > 6k — 6, there thus must be some bag W}, of W that
is contained in the strict small side A \ B} of some (A’, B}); by renaming the (Aj, B;), we may
assume that j = 1. Note that as W), C A} \ B} and Z C Ng/ (W) by (RC4), we have Z C Aj.
We claim that (A}, B]) is as desired, i.e. it is also a separation of G and V (Rok—1,m—2k+1) € Al

Assume that B] \ A} also contains some bag Ws. By Lemma 8.6.8, (A], B]) then either crosses
or slices the rainbow in G’, and thus, the orientation (A}, B}) of {A}, B}} was forced by 7 by
Lemmas 8.7.6 and 8.7.7. But if a separation is both <-maximal in 7" and forced by 7, then it is
also contained in 7, and thus a separation of G. Hence, (A}, B}) is a separation of G and also
<-maximal in 7. Moreover, then Lemmas 8.7.6 and 8.7.7 yield V(Rog—1,am—2k+1) € Af, as desired.

So now assume that no bag of W is contained in Bj~\ A}. By Lemma 8.6.1, the strict side A} \ B}
then contains all but at most 2k — 2 many bags of W. Suppose for a contradiction that {A}, B}
was not already a separation of G. Since (A}, B}) is <-maximal in 7/, the tangle 7 thus did not
force an orientation of {4}, Bi}. Hence we have (A7, By) € 7" due to (2). Hence, Cp; meets C.
Since we have seen above that Z C Ng/(W,,) C A}, the choice of e yields that the endvertex
of e contained in Cp; C Bf \ Aj lies in Wyy/5. Thus, Lemma 8.6.2 yields that Cp C By \ A}
contains some bag of W, which contradicts our assumption on Bj ~\ A}. Thus, {A], B} is also a
separation of G. It remains to show V' (Rar_1 a—2k+1) € A}. Since (A}, B}) is a separation of G
and <-maximal in 77, it is also <-maximal in the tangle 7 C 7/. Thus, G[B] \ A}] is connected,

and thus equal to Cp;. As Cp; meets C but G INA = Cp; does not contain a bag of W,
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Lemma 8.6.2 yields that Cp; = G[B] \ A}] does meet at most the first and last 2k — 2 bags of W.
Thus, V(Rak—1,m—26+1) C A}, as desired. [

So by Claim 1, there is some j € [3] such that (A;, B;) € 7and V(Rog—1 m—2k+1) U Z C A;; by
symmetry we may assume j = 1. Next, we aim to obtain from the other two separations (A%, Bj)
and (A%, BS) of the forbidden triple two separations (Az, By) and (As, Bs) of G that are contained
in 7 and differ from (A%, BS) or (Aj, B}), respectively, only in a subset of A}. This will then be
the desired forbidden triple in 7.

Claim 2. FEvery <-mazimal separation (A, B) in 7' is either also contained in T or we have
(A ~ V(CA), BU V(CA)) €71 and V(CA) - V(ng_LM_Qk_H).

Proof. If the tangle 7 forces the orientation (A, B) of {A, B}, then we already have (A, B) € 7 by
the <-maximality of (A, B) in 7/. Thus, we may assume that (A, B) € 7’ due to (2), i.e. C4 avoids C
and Cp meets C. As each of C'4 and Cp contains one endvertex of e, {A NV (Cy4), BUV(Ca)}
is a separation of G. It also has separator A N B, and thus is oriented by the k-tangle 7
in G. Since 7 does not force an orientation of {A, B}, it follows from the consistency of the
tangle 7 that (BUV(Cy4), ANV (C4)) ¢ 7. Hence, (AN V(Cys),BUV(C4)) € 7. It remains to
show V(Ca) C V(Rok—1,M—2k+1)-

First we claim that C'p contains a bag of W: Since C'p contains an endvertex z of the edge e by
definition, the choice of e ensures that either x € Wy /p or x € Z. If & € Wjy/o, then Lemma 8.6.2
yields that Cp contains a bag of W, as Cp meets C' and M > 4k — 4. So assume that x € Z.
By (RC4), z has neighbours in every bag of Y. In particular, every bag of W is adjacent to V(Cp).
At most 2k — 2 many bags of W meet A N B by Lemma 8.6.1. Thus, the component Cp of
G’ — (AN B) contains some bag of W, since M > 2k — 2 all the G'[W;] are connected by (R2).

Secondly, we claim that C4 does not contain a bag of WW. Suppose that C'4 contains a bag
of W. Then {4, B} would either cross or slice the rainbow by Lemma 8.6.8. Thus, 7 forces an
orientation of {A, B} by Lemmas 8.7.6 and 8.7.7, which contradicts our assumption on {A, B}.

Hence, as all the G'[W;] is connected by (R2), every bag which meets C4 also meets AN B.
Lemma 8.6.1 shows that there are at most 2k — 2 such bags of WW . Since C'4 contains an endvertex
of e but avoids V(C') 2 Z, it contains the endvertex of e in Wj;/5. Hence, C4 can only meet W;
with |[M/2 —i| < 2k — 3, as C4 is connected and W is a linear decomposition of R. Thus, M > 8k
yields V(Ca) C V(Rak—1,m—2k+1), as desired. [ |

If a separation (A, B) of G’ is also a separation of G, let C4 be the empty graph. Recall
that we have obtained earlier from Claim 1 that (A}, B}) € 7 and V(Rok—1,m—2k+1) U Z C A].
By Claim 2, we now also have (4;, B;) := (4; N\ V(Cu/), BjUV(Cy)) € 7 for i = 2,3,

We claim that the triple {(A}, B}), (A2, B2), (A3, B3)} C 7 is a forbidden triple in G. Since
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{(A,B}) :i€{1,2,3}} is a forbidden triple in G’, we have

G[A]] UG[A2) U G[A3] = G[A]) UG4S V(Cy )V G[AS ~ V(CAg)] 2G—e—Cy —Cy.

Since the endvertices of e are contained in WU Z, and WhpUZ C V(Rok—1,M—26+1) U Z C A}
as M > 4k, we have that

G[AY]UG[A] UG[A5] 2 G — Cyy, — Cy;,

By Claim 2, each of V(Cyy,) and V(Cyy) is either empty or contained in V(Rok—1,m—2k+1)-
So since V (Rog—1,m—2k+1) C A}, it follows that both Cy, and C’A/3 are subgraphs of G[A)] and
hence G[A]] UG[A3] U G[As] = G. Thus, {(A], B}), (A2, B2),(As, B3)} is a forbidden triple in 7,
which contradicts that 7 is a k-tangle in G. O

Proof of Theorem 25. Choose M (k) to be N(k,18k) as in Theorem 8.5.1. Let k£ > 1 be an integer,
let G be a connected graph with at least M (k) edges, and let 7 be a k-tangle in G. We may assume
k > 3; otherwise, we are done by Lemmas 8.3.2 and 8.3.3. If there exists a (k+ 1)-tangle in G, then
we are done by Theorem 8.4.1. Therefore, we may assume that there is no tangle in G of order > k.
Then, the connected graph G admits an RC-decomposition with sun Z which has length > 18k
and adhesion ¢ such that |Z| + ¢ > 1 by Theorem 8.5.1. If G has a vertex of degree at most 2,
then we are done by Lemmas 8.3.5 and 8.3.6. Thus, Theorem 8.7.1 concludes the proof. 0

We remark that one may calculate that M (k) € O(3kk5).

8.8 The inductive proof method and its applications

This section consists of three parts: we first collect all above auxiliary results to conclude the
formal proof of our inductive proof method, Theorem 24. Next, we deduce from Theorem 24 our
reduction of Problem 8.1.1 to small graphs, Theorem 21, and then derive Corollaries 22 and 23
from it. Finally, we present a further application of Theorem 24 in Corollary 8.8.4, which bounds
the size of a subgraph ‘witnessing’ a k-tangle.

Let us first prove our inductive proof method, which we restate here for the reader’s convenience:

Theorem 24. For every integer k > 1 there is some M (k) € O(Skkd) such that the following
holds: Let T be a k-tangle in a graph G. Then there exists a sequence Gy, ...,Gy, of graphs and
k-tangles T; in G; for every i € {0,...,m} such that

e Go=G, m9=7;
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o G; is obtained from G;_1 by deleting an edge, suppressing a vertex, or taking a proper
component;
o the k-tangle 1;—1 in G;—1 survives as the k-tangle T; in G; for every i € [m];

o Gy, is connected and has less than M (k) edges.

Proof. Let M(k) be given by Theorem 25. Suppose that Gy, ...,G;—1 and 79,...,7;,—1 are already
defined. If G;_1 is disconnected, then we apply Lemma 8.3.4 to obtain G; and 7;. If k£ < 2, then
we apply Lemma 8.3.2 or Lemma 8.3.3. If £ > 3, but GG;_1 has a vertex of degree < 2, then we
apply Lemma 8.3.5 or Lemma 8.3.6. Thus, we may assume that GG;_; is a connected graph with
minimum degree > 3 and k > 3. In this case, we apply Theorem 25, if G;_1 has at least M (k)

edges. Otherwise, we set m := ¢ — 1, completing the proof. O

8.8.1 Application I: sets and functions inducing tangles

In this section, we address Problem 8.1.1, which we recall here for convenience.
Problem 8.1.1. Is every tangle in a graph G induced by some set X C V(G)?

We will use Theorem 24 to prove Theorem 21, our reduction of Problem 8.1.1 for k-tangles to
graphs of size bounded in k. Let us briefly recall the relevant definitions, for which we mostly
follow [46].

Given a tangle 7 in a graph G, a set X C V(G) induces 7 if for every separation (A, B) € T,
we have | X N A| < |X N BJ; in this case, we also say that X induces the orientation (A, B) of the
separation {A, B}. As a natural relaxation, a weight function on V(G) is a map w: V(G) — N,
and we say that it induces 7 if w(A) < w(B) for all (A, B) € 7; in this case, we also say that w
induces the orientation (A, B) of the separation {A, B}. We remark that a set X C V(&) induces
a tangle 7 if and only if its indicator function 1x induces 7. This allows us to focus on weight
functions in what follows.

Recall that Theorem 21 reads as follows:

Theorem 21. For every integer k > 1, there exists M = M (k) € O(3kk5) such that for every
k-tangle T in a graph G, there exists a k-tangle 7' in a connected topological minor G' of G with
less than M edges such that if a weight function w' on V(G') induces the tangle 7', then the weight
function w on V(G) which extends w' by zero induces the tangle 7. In particular, a set of vertices

which induces T’ also induces T.

For the proof of Theorem 21 via Theorem 24, we need to consider the following setting: Let G’
be a graph which arises from a graph G by deleting an edge, suppressing a vertex or by passing to

a component such that a tangle 7 in G survives as a tangle 7’ in G’. We now aim to transfer a
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weight function inducing the tangle 7/ of G’ to a weight function inducing the tangle 7 of G. The

subsequent three lemmas show that the extension by zero always works.

Lemma 8.8.1. If a k-tangle T in a graph G extends to a k-tangle 7’ in G — e for an edge e € G,
then every weight function w on V(G) = V(G") which induces ' also induces 7. In particular, a

set of vertices which induces 7' also induces T.
Proof. As 7 extends to the tangle 7/ in G — e, we have 7 C 7/. Thus, w induces 7 as well. O

Lemma 8.8.2. Let 7 be a k-tangle in a graph G with k > 3, and let 7' be the induced k-tangle in
a graph G' = G — v + xy obtained by suppressing a vertex v with its two neighbours x,y in G. If a
weight function w' on V(G') induces 7', then the weight function w on V(G) which extends w' by

zero induces 7. In particular, a set of vertices which induces 7' also induces 7.

Proof. Throughout this proof, we will use that, by definition of 7/, a separation (A’, B") of G’ is
in 7/ if and only if at least one of (A’ U{v}, B’) or (A, B"U{v}) is in 7. Let (A4,B) € 7. Our
aim is to find a separation (A’, B’) € 7/ such that A C A’ U {v} and B’ C B U {v}, which then
implies that w(A) < w'(4") + w(v) = w'(A") < w'(B") = w'(B') + w(v) < w(B); so w induces the
orientation (A, B) of {A, B} as desired.

If 2,y € Aand v ¢ B, then (A, B") := (A \ {v}, B) is a separation of G’, and (A, B) € T
witnesses (A’, B') € 7/, as desired. Similarly, if x,y € B and v ¢ A, then (4, B’) := (4, B\ {v})
is contained in 7', as desired.

Let us now assume that z,y € A and v € B. Then (A, B \ {v}) is a separation of G.
Since the only neighbours x,y of v are in A, the separations (4, B) and (B \ {v}, A) form a
forbidden tuple in G. Hence, (A, B ~ {v}) is in the tangle 7. Now the above described case
yields (A", B") := (A~ {v},B ~ {v}) € 7/, as desired. Similarly, if u,w € B and v € A, then
(A, B") := (A~ {v}, B~ {v}) e .

So to conclude the proof, we may assume that © € A~ B and y € B ~ A by possibly
renaming z,y; in particular v € AN B, as xv,vy € E(G). Hence, (C,D) := (AU{y}, B~ {v}) isa
separation of G. It suffices to show that (C, D) € T because the above described case for xz,y € C
and v ¢ D yields that (A", B') := (A~ {v}) U{y}, B~ {v}) = (C ~{v},D) € 7/, as desired. We
now show that (C, D) € 7: The regularity of the tangle 7 of order k > 3 yields that the separation
({v,y},V(Q)) is in 7. Since the separation (D, C) of G together with (A4, B) and ({v,y}, V(G))
forms a forbidden triple in G, we have (C, D) € 7. O

Lemma 8.8.3. Let 7 be a k-tangle T in a graph G, and let 7' be its induced k-tangle 7' in some
component G' of G. If a weight function w' on V(G') induces 7', then the weight function w
on V(QG) which extends w' by zero induces T. In particular, a set of vertices which induces 7' also

induces T.
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Proof. Consider an arbitrary separation (A, B) € 7. Then (4, B') := (ANV(G'),BNV(G")) € 7/,
as 7 induces the tangle 7/ in the component G’ of G. Since w’ induces 7" and due to the definition
of w, we have w(A) = w'(A4") < w'(B') = w(B), as desired. O

Proof of Theorem 21. Let 7, be the k-tangle in the graph G, with less than M (k) edges as
described in Theorem 24. Let w’ be a weight function on V(G’) which induces the tangle 7,.
Iteratively applying Lemmas 8.8.1 to 8.8.3 yields that the extension of the weight function w’ by
zero induces the tangle 79 = 7 in the graph Gy = G. O

As direct consequences of Theorem 21, we now deduce Corollaries 22 and 23:

5
Corollary 22. For k > 1, there exists M = M (k) € O(Skk ) such that Problem 8.1.1 holds for k
if it holds for all k-tangles in connected graphs G with fewer than M edges.

Proof. This follows immediately from Theorem 21. O

Corollary 23. For every integer k > 1, there exists K = K (k) such that for every k-tangle T in a
graph G there exists a weight function V(G) — N which induces 7 and whose total weight w(V (G))
is bounded by K. In particular, the support of w has size < K.

Moreover, if Problem 8.1.1 holds for k, then every k-tangle in a graph is induced by a set of at
most M (k) vertices, where M (k) is given by Theorem 21.

Proof. We enumerate all the finitely many non-isomorphic connected graphs Gi, ..., Gy, with
fewer than M edges. As every finite graph has at most finitely many tangles, there are only finitely
many k-tangles 7 in any such G;. Elbracht, Kneip and Teegen showed with Theorem 8.1.2 that
every tangle in a graph is induced by a weight function, so we may fix for every such k-tangle 7
a weight function w, which induces 7. We then set K (k) to be the maximum over all the total
weights of these weight functions w;. Theorem 21 yields that every k-tangle in a graph G is
induced by some weight function which extends one of the weight functions w, by zero, and thus
has total weight < K (k).

The moreover-part follows immediately from Theorem 21 by choosing the weight functions as

indicator functions of the inducing sets given by the assumed positive answer to Problem 8.1.1. [J

We remark that the proof of Corollary 23 in fact shows that the support of the weight function
inducing a k-tangle may actually be bounded by M (k) as given in Theorem 21.

8.8.2 Application II: subgraphs witnessing a tangle

In this section, we demonstrate another application of our inductive proof method Theorem 24 by

bounding the size of a subgraph ‘witnessing’ a tangle. We say that a subgraph H of a graph G
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witnesses that an orientation 7 of S(G) is a tangle if H ¢ |U?_; G[A;] for every three (not
necessarily distinct) (Aq, By), (Ag, Bs), (As, Bs) € 7. Indeed, 7 is a tangle if and only if such a
witnessing subgraph H exists, since every tangle in G is witnessed by G itself.

Grohe and Schweitzer [79, Lemma 3.1]% proved that every k-tangle is witnessed by a set of
edges whose size can be bounded in k. However, their bound is defined recursively and yields a
power tower of height k — 1. By Theorem 24, we obtain a new bound which is significantly better

for sufficiently large k:

5
Corollary 8.8.4. For every integer k > 1, there is an integer M' = M'(k) € O(3kk ) such that
every k-tangle in a graph G is witnessed by some subgraph H of G of size at most M'.

Proof of Corollary 8.8.4. Let M (k) be given by Theorem 24, and set M'(k) := 2M (k). Let 7 be a
k-tangle in some graph G. Theorem 24 yields a k-tangle 7/ := 7, in a topological minor G’ := G,
of G which is connected and has fewer than M (k) edges; in particular, G’ has at most M (k)
vertices. Now the lift of 7/ to G is indeed 7, as one checks by following the lifts along the inductive
structure given by Theorem 24.

Let H' be the subdivision of G’ in G, i.e. the subgraph of G from which we obtain G’ by vertex
suppressions. Consider the subgraph H of H' consisting of the branch vertices V(G’) together
with precisely one edge of H' per V(G')-path in H'. We may choose these edges such that they are
incident with at least one branch vertex. Since G’ witnesses 7/, one again checks along the inductive
structure given by Theorem 24 that H witnesses 7. Note that H has at most |E(G’)| edges and,
as each edge of H is incident to a branch vertex of H', H has at most |V (G')| + |E(G")| < M'(k)

vertices. O]

SWe remark that triple covers in their paper are precisely the witnessing sets here. In fact, they proved a more
general result about tangles on bipartitions in a more general setting. However, every k-tangle 7 in GG induces a
tangle 7 on the set of bipartitions of the edge set F(G) of order < k: let (C, D) € 7" if and only if there exists a
separation (A4, B) € 7 with C C E(G[A]) and D C E(G[B]). Then their result yields the described conclusion.
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Coarse graph theory
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9 Terminology

This chapter gathers all the definitions that we need for this part. Our presentation closely
follows [8].

9.1 Distance, radius and balls

Let G be a graph. The distance of two vertices u,v in G, denoted by dg(u,v), is the minimum
length of a u—v path in G. If u,v lie in distinct components of G, then dg(u,v) := co. For two
sets U and U’ of vertices of G, we write dg(U,U’) for the minimum distance of two elements
of U and U’, respectively. If one of U or U’ is just a singleton, then we omit the braces, writing
dg(v,U") :=dg({v},U’) for v € V(G). If X is a subgraph of G, then we abbreviate dg(U, V(X))
as dg(U, X).

Given a set U of vertices of G, the ball (in G) around U of radius r € N, denoted by Bg(U,r),
is the set of all vertices in G of distance at most r from U in G. If U = {v} for some v € V(G),
then we omit the braces, writing Bg(v,r) for the ball (in G) around v of radius r. Additionally,
we abbreviate the induced subgraph on Bg(U,r) of G with G[U,r] := G[Bg (U, r)].

Further, the radius rad(G) of G is the smallest number k£ € NU {oco} such that there exists
some vertex w € V(G) with dg(w,v) < k for every vertex v of G. If G is empty, then we define its
radius to be 0. We remark that if G is disconnected but not the empty graph, then its radius is oc.
Note that G has radius at most k if and only if there is some vertex v of G with V(G) = Bg(v, k).
Additionally, if U C V(G), then the radius of U in G, denoted as radg(U) is the smallest number
k € N such that there exists some vertex v of G with U C Bg(v, k) or oo if such a k € N does not
exist.

If YV is a subgraph of G, then we abbreviate dg(U,V(Y)), radg(V(Y)), Ba(V(Y),r), and
GIV(Y),r] as dg(U,Y), radg(Y), Ba(Y,r), and G[Y,r|, respectively.

A subgraph Y of G is c-quasi-geodesic (in G) for some ¢ € N if for every two vertices u,v € V(Y)
we have dy (u,v) < ¢ dg(u,v). We call Y quasi-geodesic if it is c-quasi-geodesic for some ¢ € N

and geodesic if it is 1-quasi-geodesic.

9.2 Quasi-isometries

Let G, H be graphs, and let M € R and A € R>g. An (M, A)-quasi-isometry from H to G is a
map ¢: V(H) — V(G) such that
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(Q1) M~t-dy(h,h') — A< da(e(h), (b)) < M -dg(h,h') + A for every h,h € V(H), and
(Q2) for every vertex v of G, there exists a node h of H with dg(v, p(h)) < A.
We say that H is (M, A)-quasi-isometric to G if there exists an (M, A)-quasi-isometry from H to G.

The following is a well-known fact.

Lemma 9.2.1. If a graph H is (M, A)-quasi-isometric to a graph G, then G is (M,3AM)-

quasi-isometric to H. ]

9.3 Graph-decompositions

Let G, H be graphs and let V = (V})ney be a family of subsets of V(G) indexed by the nodes
of H. We call (H,V) an H-decomposition of G, a decomposition of G modelled on H, or just a
graph-decomposition [48], if

(H1) Uner G[Vi] = G, and

(H2) for every vertex v of G, the graph H, := H[{h € V(H) | v € V},}] is connected.

Whenever a graph-decomposition is introduced as (H, V), we tacitly assume V = (V},)pen-

The sets V}, are called the bags of the graph-decomposition, their induced subgraphs G[V},] are
its parts, and the graph H is its decomposition graph. A graph-decomposition (H,V) is honest,
if all its bags V}, are non-empty and for every edge hohi of H the bags Vj,, and V},, intersect
non-emptily.

In fact, every graph-decomposition not only satisfies (H2) but also
(H2%) for any connected subgraph Y of G, the graph Hy := H[{h € V(H) | V(Y) NV}, # 0}] is

connected.

Proof. (H1) yields for every edge vw in H a part G[V},] that contains vw. This implies that both H,
and H,, contain h and hence intersect. Since H, and H,, are connected by (H2), it follows that

H, U H,, is connected as well. This implies that as Y is connected, Hy = Uyey H, is connected as
well. O

A graph-decomposition of an induced subgraph Y of G is a partial graph-decomposition of G
with support Y. Note that every partial graph-decomposition of G with support ¥ = G is a

graph-decomposition of G and vice versa.

9.4 Radial width and radial spread

While the usual width of a tree-decomposition is measured in terms of the cardinality of its bags,

the ‘radial width’ of a graph-decomposition is measured in terms of the radius of its parts as follows.
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Let G, H be graphs and let (H,V) be a graph-decomposition of G. The (inner)-radial width
of (H,V) is

iradw(H,V) := sup rad(G[V}]),
heV (H)

and the outer-radial width of (H,V) is

oradw(H,V) = sup radg(Vh).
heV (H)

We remark that the outer-radial width is at most the (inner-)radial width. Note that if G[V}]
is disconnected for some h € H, then radw(H, V) = oco; but whenever G is connected and finite,
then oradw(H, V) < oo.

Given a non-empty class H of graphs, the (inner-)radial H-width of G is

iradwy (G) := min {radw(H,V) | (H,V) is a graph-decomposition of G with H € H}.

Note that the (inner-)radial H-width will always be at most rad(G) for a connected graph G if H
contains at least one non-empty graph. The outer-radial H-width is defined analogously.
Under the name ‘tree breadth’, the concept ‘outer-radial tree-width’ has previously been

studied [57,98] with applications to tree-spanners and routing problems.

Let (H,V) be a graph-decomposition of a graph G modelled on a graph H. The (inner-)radial
spread of (H,V) is

irads(H,V) := sup rad(H,).
veV(Q)

Additionally, we set irads(H,v) := rady, (H,) for a vertex v of G.

We remark that the inner-radial spread of (H,V) is at least the outer-radial spread orads(H) =
sup,cy rady (Hy) of (H,V).

To shorten notation, we say that a partial graph-decomposition H of a graph G is (R, R1)-radial
in G for Ry, Ry € N, if oradwg(H) < Rp and irads(H) < R;.

Berger and Seymour [19, 1.5] proved that the (inner-)radial tree-width of a graph is at most
two times its outer-radial width, and thus these width measures are qualitatively equivalent. We
generalise this to arbitrary decomposition graphs. For this, we need the next lemma, which shows
that we can obtain a new graph-decomposition by enlarging all bags of a given graph-decomposition

simultaneously.

Lemma 9.4.1 ([8]). Let (H,V) be a graph-decomposition of a graph G, and let r € N. For every
vertex h € H, we let V] := Bg(Vy,r). Then (H,V') is again a graph-decomposition of G.

A version of Lemma 9.4.1 for tree-decompositions was first proven in [49, Lemma A.1].
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Proof ([8]). For notational simplicity, we write Hx := H[{h € V(H) : V, N V(X) # 0}] and
Hy :=H[{h e V(H):V,NV(X) # (] for a subgraph X of G.

By definition, (H, V') satisfies (H1). For (H2) consider any vertex v € G. Then H,, is connected
by (H2) and non-empty by (H1). So in order to prove that H, is connected as well, it suffices to
show that for every h € V(H)), there is an h-V (H,) path in H].

By the definition of V}/, there exists w € V3, with dg(v,w) < r, and we fix a shortest v—w path P
in G. Then every vertex p € P satisfies dg(v,p) < r as witnessed by P. In particular, every
node b’ € H with V3 NV (P) # 0 satisfies v € V},, = Bg(Vj, ), and hence Hp is a subgraph of H,.
But now h € V(Hp) as P meets the vertex w € Vj,, and H, is a subgraph of Hp as v € V(P).
So since Hp is connected by (H2’), there exists a h—V(H,) path in Hp and hence in H], as
desired. O

Lemma 9.4.2 ([8]). Let (H,V) be a graph-decomposition of a graph G of outer-radial width k € N
and (inner-)radial spread r € N. Then setting V, := Bg(Vj, k) for every node h € H yields a
graph-decomposition (H,V') of G of (inner-)radial width at most 2k and (inner-)radial spread at

most 2kr.

Proof ([8]). By Lemma 9.4.1, (H,)) is indeed a graph-decomposition of H. To show that (H,V’)
has (inner-)radial width at most 2k, consider any node h € H. Since (H,V) has outer-radial
width at most k, there is a vertex z;, with Vj, C Bg(2p, k). Then z;, € V; and G[V}] contains a
shortest path in G between every vertex x € V}, and z,. Moreover, there exists for every vertex
' € V) a vertex x € V}, with devy) (2',x2) = dg(2’,x) < k. Thus, dev (2, @) < dG[Vﬁ(zh,x’) +
dopvy (¢', ) < k+ k = 2k. This implies that each G[V}] has radius at most 2k, and hence (H, V)
has (inner-)radial width at most 2k.

To see that (H,)') has (inner-)radial spread at most 2kr, consider any vertex v of G and
any node h of H such that v € V. By the definition of V}/, there exists a vertex u € V}, such
that dg(v,u) < k. Let P = pg...p, be a shortest v—u path in G, in particular, ||P|| = n < k.
By (H2’), the subgraph Hp := H[{h € H | V(P) NV}, # 0}] of H is connected. Since (H,V) has
(inner-)radial spread r, the subgraph Hp has diameter at most 2r - || P|| < 2rk. As P starts in v
and ends in u, the subgraph Hp includes H, and H,. Let h’ be the node of H witnessing that H,
has radius at most r (in H,); in particular h’ € H, C Hp. Since also h € H, C Hp and Hp is
connected, there is a path @ from h to A’ in Hp of length at most 2rk. As Q C Hp and every
bag V; for g € Hp contains a vertex w of P, which implies dg(w,v) < ||P|| < k, it follows by the
definition of the new bags V} that Q C Hp C H}, := H[{h € H | v € V/}]. Hence, h’ witnesses
that H, has radius at most 2rk, so (H,)’) has (inner-)radial spread at most 2rk. O

The following observation is immediate from the definitions.
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Observation 9.4.3 ([13]). Let G be a graph and, for every component C of G, let H® = (H,V°)
be a graph-decomposition of C. Then H = (H,V) is a graph-decomposition of G where H is the
disjoint union of the HY and Vj, := V¥ for all h € V(H) and the unique C' € C(G) such that
heV(HY).

In particular, oradwg(H) = supoec(a) oradwc(HC) and irads(H) = SUPcec(a) irads(H).
Moreover, if, for some connected graph X, we have H® € Forb<(X) for all C € C(G), then also
H € Forb4(X). O

9.5 Fat minors

In this part we deviate from the definition of minor in [41], and consider the following equivalent
definition: Let G, X be graphs. A model (V,€) of X in G is a collection V of disjoint sets V,, C V(G)
for vertices x of X such that each G[V;] is connected, and a collection £ of internally disjoint
Vao—Vz, paths E. for edges e = xoz; of X which are disjoint from every V, with z # x0, T1."
The V, are its branch sets and the E, are its branch paths. A model (V,€) of X in G is K -fat for
K eNifdg(Y,Z) > K for every two distinct Y, Z € VUE unless Y = E, and Z = V,, for some
vertex x € V(X)) incident to e € E(X), or vice versa. Then X is a (K-fat) minor of G, denoted
by X < G (X <k G) if G contains a (K-fat) model of X. We remark that the 0-fat minors of G

are precisely its minors. By Forb4(X), we denote the class of all graphs with no X minor.

!By enlarging the branch sets V; along the ‘adjacent’ branch paths E,,, we obtain that this notion of model is
equivalent to the notion of model from [41].
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10 A Menger-type theorem for two induced
paths

We give an approximate Menger-type theorem for when a graph G contains two X-Y
paths P; and P» such that P, U P, is an induced subgraph of G. More generally,
we prove that there exists a function f(d) € O(d), such that for every graph G and
X,Y C V(G), either there exist two X—Y paths P; and P» such that dg(P1, P2) > d,
or there exists v € V(@) such that the ball of radius f(d) around v intersects every
X-Y path.

This chapter is based on [10] and joint work with Tony Huynh, Raphael W. Jacobs,
Paul Knappe and Paul Wollan.

10.1 Introduction

All graphs in this chapter are finite.!

Given a graph G and X,Y C V(G), Menger’s classic result says that the maximum number of
pairwise disjoint X—Y paths is equal to the minimum size of a set Z C V(@) intersecting every
X-Y path [101]. We consider the problem of finding many distinct paths between X and Y
requiring not just that the paths be pairwise disjoint, but that the paths be pairwise far apart in G.
Let Hi and Hy be subgraphs of a graph G. We say H; and Hsy are anti-complete if there does
not exist an edge of G with one endvertex in V(H;) and one endvertex in V(Hs). No analogue
of Menger’s theorem is known for pairwise anti-complete paths linking two sets of vertices. Such
an exact characterisation of when such paths exist is unlikely given that it is NP-complete to
decide whether there exist two disjoint anti-complete X-Y paths [20,21]. Note that a graph G
contains two disjoint anti-complete X—Y paths if an only if it has two disjoint XY paths which
are an induced subgraph (take two disjoint anti-complete X-Y paths P, and P, with |V (P U Ps)|
minimal).

We will show the following weak characterization of the induced two paths problem.

Theorem 26. There exists ¢ € N such that for all graphs G, and all X, Y C V(QG), either there
exist two disjoint XY paths Py, Py such that Py U Py is an induced subgraph of G, or there exists
z € V(Q) such that Bg(z,c) intersects every X-Y path.

!We remark that while we only considered finite graphs, all proofs in this chapter also work for infinite graphs
(with obvious changes).
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Theorem 26 immediately follows from a more general result where we ask that the two paths

be at distance at least d.

Theorem 27. Let ¢ = 129. For all graphs G, oll X, Y C V(G), and all integers d > 1, either
there exist two disjoint XY paths P1, Ps such that dg(Py, Py) > d or there exists z € V(G) such
that Bg(z, cd) intersects every X -Y path.

We remark that Georgakopoulos and Papasoglu have independently proved Theorem 27 (with
a slightly worse constant of 272) [75].
We conjecture that Theorem 27 should generalize to an arbitrary number of X—Y paths at

pairwise distance d.

Conjecture 28. There exists ¢ € N satisfying the following. For all graphs G, oll X, Y C V(G),
and all integers d, k > 1, either there exist k disjoint X =Y paths Pi, ..., Py such that dg(P;, Pj) > d
for all distinct i, j or there exists a set Z C V(G) of size at most k—1 such that Bg(Z, cd) intersects
every X -Y path.

McCarty and Seymour proved that the d = 3 case of Conjecture 28 actually implies the general

case.

Theorem 10.1.1 (McCarty and Seymour, 2023). If Conjecture 28 holds for d = 3 with constant c,
then it holds for all d = 3 with constant 3c.

Proof. Let H be the dth power of G, that is, V(H) = V(G), and u and v are adjacent in H if
and only if dg(u,v) < d. If there exist £k — 1 balls of radius 3¢ in H whose union intersects all
X-Y paths in H, then there are k — 1 balls of radius 3cd in G so that their union intersects all
X-Y paths in G. Otherwise (by assumption), there are X-Y paths Pp,..., Py in H such that
du (P;, Pj) > 3 for all distinct 4, j. Suppose Py = vg...v;. For each 0 <4 < t—1, there is a path S;
of length at most d in G between v; and v;4+;. Thus, there is a vg — v; path P in G such that
Py C E;(l] Si. We define Py, ... Py similarly. We claim that dg(P;, P}) > d for all distinct i, j.
Towards a contradiction, suppose dg(F;", P;) < d for some i < j. Then there is a V(F;) — V(F;)
path in G of length at most % +d+ % < 2d. Hence, dy(P;, P;) < 2, which is a contradiction. [

We would like to point out that Nguyen, Scott, and Seymour [103] have recently found a
counterexample to Conjecture 28.
Our proof shows that we may take ¢ = 129 in Theorem 27. On the other hand, the following

lemma shows that ¢ must be at least 3/2.

Lemma 10.1.2. For every integer d > 2, there exists a graph G and X,Y C V(G) such that there
do not exist two disjoint XY paths Py, Py such that distg(Py, P2) > d, nor does there exist a
vertex z € V(Q) such that Bg(z,3d/2 — 2) intersects every X-Y path.
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Proof. Consider the graph H in Figure 10.1. If we let X = {z1, 22,23} and Y = {y1, y2,y3}, then
there do not exist two disjoint XY paths P, and P, such that dg (P, P») > 2. However, neither
does H have a vertex z such that By (z,1) intersects every X—Y path. Let G be the graph obtained

x1 1
T2 Y2
€3 Y3

FIGURE 10.1: A graph without two disjoint anti-complete {x1,x2, 23} — {y1,y2,y3}
paths and no ball of radius one hitting all X-Y paths.

from H by subdividing each edge exactly d — 2 times. We claim that G satisfies the lemma. To
see this, let z be any vertex in G. Then there is a vertex y € H of distance at most (d —1)/2 to z
in G. Every other vertex of H has distance at least (d — 1)/2 to z in G. Since any two distinct
vertices of H are at distance at least d — 1 in G and By(y, 1) does not intersect every XY path
in H, it follows that Bg(z,d —3/2 4 (d — 1)/2) does not intersect every X-Y path in G. O

10.2 Interlaced systems of intervals

In this section we prove a weak characterisation of when a sequence of intervals contains an
‘interlaced’ subsequence. We begin with the definition of interlaced. See Figure 10.2 for a

visualisation.

1
5 —>¢—
ki
| | . . . | |
I I H H . I 1
A A+r b—>r—] B-r B
—>¢—
as by G4 by

FIGURE 10.2: A clean (A, B,r)-system ([a;, b;]);c[4) indicated in teal which is inter-
laced with buffer /.
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Definition 10.2.1. Let » € N, and A, B € Z with A < B. An (A, B,r)-system is a sequence
(lai, bi])iepy of closed intervals of the real line* such that for all i € [{],
e a;,b; €7,
o [ai,bi] € [A, B],
o if a; # A, then a; > A+ r, and
o if b; % B, then b; < B —r.
Moreover, ([a;, bi])icpy is interlaced with buffer £ for an integer £ > 0 if
e a1 = A,by = B, and
e aj+/l<aj1 <b and b; + ¢ < bjyq foralli e [t —1].
The system is clean if [a;, b;] N [aj, b;] # 0 implies that |i — j| < 1.
Note that if ([a;, bi])ie[t] is interlaced with buffer ¢, then the a; and b; values are both strictly

increasing. An (A, B, r)-system is clean if and only if we can draw its intervals above and below

the line without any overlaps (cf. Figure 10.3).

E J E b
C d L J
I l l |
I I I I
A A+r B—r B
E ] E ]

FIGURE 10.3: The (A, B,r)-system indicated in teal is clean. However, adding the

red interval gives an (A, B, r)-system which is not clean.

Lemma 10.2.2. Let ([a;,bi])icly be an interlaced system with buffer £. Then there exists a

subsequence containing [a1,b1] and [ay, by] which is a clean interlaced system with buffer £.

Proof. We proceed by induction on ¢. The lemma holds trivially if ¢ = 1. Assume that

[a1,b1],. .., [as, be] is not clean. Thus, there are integers i, € [t] such that [a;, b;] N [a;,b;] # 0
and j > i+ 2. Hence, a; < b;. Moreover, a; + /¢ < a;41 < aj and b; + ¢ < b1 < bj. Thus,
[a1,b1], ..., [ai, bi], [aj, b5], ..., [at, by] is an interlaced system with buffer ¢ which is strictly shorter.

Applying induction to this shorter sequence yields the desired subsequence of the original sequence,

proving the claim. O

*We will in fact only consider the integers in such intervals.
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An immediate consequence of the definition of a clean interlaced system is that every element

x € [A, B] is contained in at most two intervals.

Lemma 10.2.3. Let ([ai, bi])icy) be an (A, B, r)-system with A < B—2r and let £ < 1 be a positive
integer. Then either ([a;, bi])icyy contains an (A, B,r)-subsystem which is interlaced with buffer ¢,
or there exists an integer z € [A+r, B —r] such that, for Z = [z — 2(, z+ 2¢] N (A, B), no interval
in ([a;, bi])icly intersects both segments of [A, Bl \ Z.

Proof. We say an integer y € [A + 7, B —r] is good if ([a;,bi]);cig has an interlaced (A, B, ()-
subsystem [a;,, i, ], ..., [a;,,b;,] with buffer ¢ such that y € [a;, + ¢,b;, — {]. If B —r is good,
then we find the desired interlaced subsystem. Indeed, then there exists an interlaced (A, B’, ¢)-
subsystem [a;,, bi, ], . .., [ai,, bi,] with buffer ¢ such that B —r € [a;, + ¢, b;, — ¢]. Thus, b;, > B —r,
which implies b;, = B since ([ai,b])icy) is an (A, B,r)-system. Hence, we have B’ = B and
[@iy,bi], - -, [ai,, bi,] is as desired.

Thus, we may assume that some integer in [A + r, B — r| is not good, and we let z be the
smallest such integer. We claim that z is as desired. So let Z = [z — 2{,z + 2{] N (A, B) and
assume for a contradiction that there exists an interval [ay, by] which intersects both segments of
[A, B] \ Z. We fix such an interval [a, bg] for the remainder of the proof.

Suppose a, = A. Since by > z + 2/, the interval [ag, bg] by itself is an interlaced system with
buffer ¢ certifying that z is good, a contradiction to our choice of z. Thus, ay > A + r. Since
a < z, it follows that ay is good by the minimality of z.

Let [aiy,bi,],- -, [ai,,bi,] be an interlaced (A, B’,{)-subsystem with buffer ¢ such that aj €
[ai, + £,b;, — {]. First, we observe that b;, < z+ (. Otherwise, z € [a;, + ¢, b;, — ¢, contradicting
the fact that z is not good. Since ay, € [a;, + ¢, b;, — ] and by, > z + 20 > b;, + ¢, it follows that
[@iy, biy], - -y [ais, 03], [ak, bk] is an interlaced system with buffer . However, z € [ar + £, by, — /]

implying that z is good. This again contradicts our choice of z and thus completes the proof. [

10.3 Construction of the two paths

We now prove our main theorem, which we restate for convenience.

Theorem 27. Let ¢ = 129. For all graphs G, all X, Y C V(G), and all integers d > 1, either
there exist two disjoint XY paths P, Py such that dg(P1, P2) = d or there exists z € V(G) such
that Bg(z, cd) intersects every X =Y path.

Proof. Let di = 5d and do = 62d. If G has no XY path, we may take z to be any vertex of G.
Thus, let P = vg...v, be a shortest X—Y path in G. Let H be the family of components of
G — Bg(P,dy). If some H € H contains an XY path W, then we may take P, = P and P, = W.
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Note that dg(P1, P2) > di > d. Thus, we may assume that no H € ‘H contains vertices of both X
and Y.

For each H € H, we define a(H) to be —ds if H contains a vertex of X. Otherwise, a(H) is
the smallest index j such that dg(v;, H) = di + 1. Similarly, we define b(H) to be n+dy if H
contains a vertex of Y. Otherwise, b(H) is the largest index j such that dg(v;, H) = di + 1. For
each H € H, we define I(H) to be the interval [a(H),b(H)] (see Figure 10.4). Let H' C H be
some choice of components of G — Bg(P, d1) such that every component in H’ corresponds to a
maximal interval in I(H) := {I(H) : H € H} and, conversely, every maximal interval in I(#) is
of the form [a(H),b(H)] for precisely one H € H'. Observe that I(H') :={I(H): He H'} isa
(—da, da + n,dy)-system.

By Lemma 10.2.3, either there is an ordering Hy,...,H,, of a subset of H' such that
I(Hy),...,I(H,y,) is an interlaced system with buffer dy, or there is an integer j € [0, n| such that no
interval in I(H') intersects both segments of [—ds, do+n]\ Z for Z = [j—2da, j+2ds])N(—da, d2+n).

yey
o"" ® L ° (o)
—dy 0 P Va(H2) Up(Hy) Up(Hy)  Va(Hm) Un do +n
= a(Hp) =b(Hp)

FIGURE 10.4: The components H; along with their respective a(H;) and b(H;)

represented by the corresponding vertex in P or a vertex in X or Y.

Suppose the latter holds. We claim that Bg(z,cd) intersects all the XY paths for z := v;.
Suppose not and let @ be an XY path which avoids Bg(z,cd). Let Ry := Pvj_s4,—1 and
Ry := vji94,41P. Since cd > 2dy + di, the path @ in particular avoids Bg(vj—_2d, PVj12ds,d1) 2
Bg(P,dy) ~ (Bg(R1,d1) U Bg(R2,d1)).

For i € {1,2} let H; be those components H € H which have a neighbour in Bg(R;,d;). By
assumption, no interval in I(H') intersects both segments of [—da,d2 + n] \ Z. Since H' C H are
the components which correspond to the maximal intervals in I(#), we conclude that no interval
in I(H) intersects both segments of [—da, da+n]\ Z. For each H € H, the choice of a(H) and b(H)
implies that if v, is a vertex of P such that dg (v, H) = di + 1, then h € I(H) = [a(H),b(H)].
Therefore, we conclude that H; and Hs are disjoint, no H € H; meets Y, and no H € Hs meets X.
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Since P is a shortest path, dg(vg, ve) = |k —¢| for all 0 < k, ¢ < n. Hence, dg(R1, R2) = 4d2 +2.
Since an edge in G from Bg(R1,d1) to Bg(R2,dy) would witness that dg(R1, Re) < 2dy + 1 but
2dy + 1 < 4ds + 2, it follows that no such edge exists.

Altogether, the X—Y path @ avoiding Bg(z, cd) must be contained in Bg(R;,d1) U U H; for
some i € {1,2}. We consider the case i = 1 as the case i = 2 is analogous. Since no H € H;
meets Y, the endvertex y of Q in Y is in Bg(R1,d1). Thus, vg € X and y € Y have distance at most
j—2dy —14dy < nin G, which contradicts that P has length n and is a shortest XY path in G.

Therefore, we may assume there is an ordering Hi,...,H,, of a subset of H' such that
I(H,y),...,I(Hy,) is an interlaced system with buffer do. By Lemma 10.2.2, we may also assume that
I(Hy),...,I(Hy,) is clean. Let S C [m — 1] be the set of indices 4 such that b(H;) — a(H;+1) < 30d.
For each i € S, there must be some component C; of G — Bg(P, d1) such that a(C;) < a(H;t1) —da
and b(C;) > b(H;)+dz. Otherwise, we may take z to be vq(g,, ), since cd = da+30d+d;. Note that
C; ¢ {H1,...,Hy} forall i € S. Moreover, recall that for each j € [m], I(H;) is a maximal element
of I(H) under inclusion. Therefore, a(H;) < a(C;) and b(C;) < b(H; 1) for all i € S. Together, we
have a(H;) < a(C;) < a(H;+1) and b(H;) < b(C;) < b(Hj4+1). Since the a(H;) and the b(H;) are
strictly increasing, this also implies that C;, # C;, for all distinct i1,i2 € S. Suppose |S| = s. Re-
index the elements in M := {Hy,...,Hy} and S := {C}, ..., Cs} so that all indices in [m+s]| appear
exactly once, a(H;_1) < a(C;) and b(C;) < b(H;4+1) for all C;, and the re-indexing preserves the
original order of Hi, ..., H,, and of Ci,...Cs. Rename the corresponding sequence H1,...H,, ..
Claim 1. d(;(vb(H]/_),va(H;_H)) > 30d for every j € [m+ s —1].

Proof. If H},H},; € M, then the claim follows directly from the choice of S. Thus, we may
assume that H; / € M and Hj,, € S, since the case H; € S and H} ; € M is analogous. Then

we have that a(HJ’_H) +ds < a(Hj5) < b(H}). Thus, the claim follows from dy > 30d. [ ]

Claim 2. d(;(va(H;_),va(H4+2)) > dy for every j € [m+ s —2].

Proof. 1f at least two of {H}, H} 1, H{ ,} are in M, then the claim follows from the choice of M.
Otherwise, H} € S and H],, € S. Then the claim follows from the choice of S. [
Claim 3. If ¢ > p + 5, then dg(H,, Hy) > dz — 2dy + 2 — 30d. Moreover, if ¢ = p+ 7, then
dG(H’ HI) do — 2dq + 2.

Proof. Let ¢ > p+5 and let Q be a shortest H,, — H, path. Let h, and h, be the endvertices
of @ in Hj, and Hg, respectively, and let h;, be the neighbour of i, on Q and h;, the neighbour
of hg on Q. Since both Hj, and H, are components of G — Bg(P,d1), we have hj, € Bg(vy, dy) for
some £ < b(H,,) and hy € Bg(vy,dy) for some r > a(H;). Then

dg(ve, vr) < da(ve, hy) + da(hyy, hg) + da(hg, vr) = 2d1 + ([1Q] — 2).
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Suppose there are at least four elements of M among H,, ..., H,. Since (I(H;))k_, is a clean
interlaced system with buffer ds, it follows that r — ¢ > dy. Since P is a shortest X—Y path,
we thus obtain dg(v,v,) = r — £ > da. Together with dg(ve,v.) < 2dy + (]|Q|] — 2), this yields
[1Q|] = da — 2dy + 2.

Note that if ¢ > p + 7, then there are at least four elements of M among H,, ..., H;. Thus,
we may assume that ¢ € {p + 5,p + 6} and that are at most three elements of M among
HI’J, e ,H(’I. Note that this can only happen if the sequence Hzlv .., H 6/1 alternates between ele-
ments in M and S. By symmetry, we may assume that i, € S. We have £ < b(H,) < b(H,, ;)
and a(H,,5) < a(Hy) < r. Since H,,, € S, a(H,,4) < a(H,5) —d2. Since H, , € S, it
follows that dG(Ub(HI’,H)an(Hz’,H)) < 30d. Therefore, dg(ve,v,) = da — 30d. On the other hand,
da(ve,vr) < 2d1 + (||Q]] — 2), as above. Thus, we have ||Q|| = d2 — 2d; + 2 — 30d, as required. B

Let H = UM® H!. A fruit tree is a subgraph W := U;c; HL UW U -+ U W of G (see
Figure 10.5) where

o [ is a subset of [m + ],

o forallie [m+s|and je k], if V(H])NV(W;)#0, then i € I,

o for each i € [k], W; is a (Uiel H!U U;;ll Wj>—path with at least one edge, and

o the minor M (W) of W obtained by contracting H/ to a single vertex for each i € I is a tree.

We call the paths W; the composite paths of W. Since M (W) is a tree, the endvertices of W;

are in distinct components of Uje H ]' U U;;ll Wj; in particular, they are in distinct components
of Uj—y Wj \ E(W;). For each i € [k], let n; and m; be the number of composite paths of the
two components of Uj—; W; \ E(W;) containing the endvertices of W;. We say that W is d-small
if W; has length at most (max{n;, m;} + 2)d, for all i € [k].

Claim 4. Let W be a d-small fruit tree with composite paths W1, ..., Wy and let C be a component
of U§:1 W; consisting of £ composite paths. Then for every v € V(C), dw(v, V(H")) < 4d.

Proof. We proceed by induction on ¢. Suppose ¢ = 1. Then C = W; for some i € [k]. Since W is
d-small, ||W;|| < 2d, and both endvertices of W; are in V(H'). Therefore, one of the two subpaths
of W; from v to V(H') will have length at most d.

Now suppose that ¢ > 2. Let W;,,..., W,

i, with increasing i; € [k] be all the composite paths
of W contained in C. Since M (W) is a tree, the endvertices of W;, are in distinct components Cy
and Cy of U§:1 Wi, N~ E(W;,). For each i € [2], let w; be the endvertex of W;, in C; and
let ¢; be the number of composite paths in C;. Note that ¢; + ¢» < ¢ — 1. By induction,
we may assume that v € V(W;,). Moreover, d¢, (w1, V(H')) < 1d and de, (we, V(H')) < lad.
Therefore, we are done unless dy,, (v, w1) > (¢ —{1)d and dw,, (v, w2) > (¢ — {3)d. But this implies

[|Wi, || > (6—£1)d+(£—L2)d > ({+1)d > (max{ly, {2} +2)d, which contradicts that WV is d-small. B
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Claim 5. Let W be a d-small fruit tree with composite paths W1, ..., Wy. Then each component

of Ule W; consists of at most 4 composite paths.

Proof. Suppose that some component of U,’f:l W; consists of composite paths W;,,..., W;, with
¢ > 5 and increasing i; € [k]. Let ¢’ € [(] be the smallest index such that W;, U---UW;, has a
component C with at least 5 composite paths.

Let ¢ be the number of composite paths of C. Since M (W) is a tree, V(H') N V(C') contains
¢+ 1 vertices, no two of which are in the same H/. Thus, there exist p,q € [m + s] such that
q = p+cand C contains vertices u, € V(H,) and u, € V(Hy).

Let C7 and C5 be the two components of U;ﬁl W; ~ E(W;,,) containing the endvertices of W, .
Let i € {1,2}. We denote by ¢; the number of composite paths of C;. The minimality of ¢ implies
that ¢; < 4. Since W is d-small, the length of W;, is at most (4 + 2)d and we can bound the
number of edges in C; from above by 3" | (i + 1)d. Thus, we have

C1

do(up,ug) <Y _(i+1)d+ (4+2) d+z i+1
=1 =1
by joining u, to W;, in C7, walking along W;,, and then joining W;, to ug in Cs.
If ¢ > 7, then it follows from ci, co < 4 that

4
(i+1)d+ (4+2)d+ > (i+1)d=34d < dy — 2d1 + 2.

=1 =1

M”“

’I,Lp, Uq

However, this contradicts Claim 3.
If ¢ € {5,6}, then it follows from ¢; + c2 + 1 = ¢ < 6 that

4 1
c(up ug) KD (i +1)d+ (442)d+ > (i+1)d =22d < dy — 2d; + 2 — 30d.
i=1 i=1

Again, this is a contradiction to Claim 3. |

For each fruit tree W = U;e; H UW1 U -+ - U Wy, we let min(W) := min [ = min{i € [m+s] :
H! C W} and max(W) := max I =max{i € [m+s|: H CW}.

An orchard is a sequence W', ... W' of d-small fruit trees such that min(W?') = 1, max(W?) =
m+ s, and max(W?) + 1 = min(W**!) for all i € [t — 1]. Note that each H is itself a d-small fruit
tree. Thus, Hi,...,H],,, is an orchard.

Among all orchards, we choose W', ..., W' such that t is minimal.

For each i € [t], let w(i) = max(W?). For each i € [t — 1] let B; be a shortest W — 3; path,
where §; := Ub(H!, ) and let A; be a shortest a; — W'*! path, where a; := Va(HY, ;)
i € [t — 1], let 7; be the endvertex of B; in W' and ;1 be the endvertex of A; in Witl Choose
¢y € XNV(H)) and r, € Y NV (H),, ) arbitrarily, and set oy := v, and o := vg. For each i € [t],

)- For each
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let Q; be an ¢; — r; path in W*. See also Figure 10.5.

Wi

FiGURE 10.5: The fruit tree W; of the orchard with its corresponding components

(orange) and its composite paths (magenta).

We will now recursively define two X-Y walks P} and P» such that dg(P;, P2) > d. These walks
then contain the desired paths. In order to show that our construction indeed yields dg (P, P2) = d,
we will need to ensure that dp(P; N P, P, N P) > 10d.

Initialize P; := Pay and P := £1Q17r1. Now suppose that we have already defined P; and P
such that, for some i € [t],

(i) P starts in vy and ends in «;, and P» starts in ¢; and ends in 7;; or P; starts in vy and ends
in r;, and P, starts in /1 and ends in «;,
(ii) Pp U P, does not contain any vertices of U;.T;f(i) 1 Hi
(iii) among all components of (P; U P») N P, the component P’ containing «; occurs last on P
(note that «; could be the left or right endvertex of this path),
(iv) the other endvertex of the component P’ is some [3; with j < ¢,
(v) either a; occurs after 5 along P, or dp(cy, 8j) < 20d and if additionally dp(a;, 5;) > 10d,
then a1 occurs between o; and §3; along P, and
(vi) dp(PrN P, PN P) > 10d.
We maintain these properties throughout the construction. Note that property (vi) suffices in
order to prove that the final P; and P» have distance at least d in G. The other properties ensure
that we can update the paths in the induction step without losing property (vi).

Now we describe how to extend P; and P,. Suppose P; ends in «;, and P; ends in r; (the
construction is analogous in the other case). Further, let 5; be the other endvertex of the component
of P N P which contains «;. If i = ¢, then P; and P, are our desired X—Y walks, since r;,a; € Y.

In order to ensure that dp(P; N P, P, N P) > 10d we need to distinguish several cases. In each
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case we update
Py = Prai Pog Agly 11Qk+17k1 and Py := Pori B i Pag 11

for some carefully chosen k € {i,i + 1,7+ 2,7 + 3} where o}, occurs between «; and f; along P
(see Figure 10.6).

F1cURE 10.6: The old paths P; and P; in black together with their updates in teal
and blue, respectively. Note that aj1 may occur before or after 3; and that 3; may

occur before or after a;.

Then properties (i) and (ii) are clear from the definition of P; and P,. By (iii), the component
of (Pia; U Par;) N P containing «; occurs last on P. Since ag.y1 occurs after «; and oy, along P
and a; Piri+1 N P = a;Pay, this implies that (iii) still holds for P; and P,. To see that (iv) holds,
we first note that once we have shown (vi), it follows that the component P’ of (P, U Py) N P con-
taining a1 is a subset of Py. Since f§; occurs after «; along P and «; € P, property (iii) of Piay
and Pyr; implies that P’ has endvertices ; and ay11. We are thus left to check (v) and (vi) in the
individual cases. For this, we remark that since dp(5;, {c, 5;}) = 30d — 20d = 10d by assumption
and Claim 1, it suffices to ensure that dp(5;, ;) > 10d if k # @ and that dp(ag41, {o, 5;}) = 10d
in order to obtain (vi).

To find the suitable k € {i,7+ 1,7+ 2,7+ 3} for the update of P, and P, we consider where
G, Qg 1, Qita, (g3 occur relative to B; on P. We depict the cases in Figures 10.7 to 10.10. In each
of the figures, we indicate the corresponding assumptions in orange and their implications in green.

Suppose ;41 occurs after §; along P. Then dp(ajt1,{, B;}) = dp(Bi, {a, 5;}) = 10d, and
we set k := 1 (see Figure 10.7). By assumption, (v) and (vi) are clear.

Now suppose that ;41 occurs before §; along P. Further, suppose a;i2 occurs after (;
along P (see Figure 10.8). In this case, we proceed as follows. If dp(a;t1,5;) = 10d, then we set
k:=1i+1 (see Figure 10.8a). Again, (v) and (vi) are clear from the assumption. We remark that

by assumption this in particular is the case if dp(ay, 3;) > 10d and f; occurs after «; along P,
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Pl / \ n
—e r—@
& Bi
— > 10d H

FIGURE 10.7: ay41 occurs after 3; along P.

since then a;41 occurs between a; and j3; along P and, as shown above, dp(;, 3;) > 10d.

n, /N8,
B

(a) dp(ait1,Bi) = 10d

n/ N

{ o — 0 [ ]
& , Bi
— > 10d -

(b) dp(ait1,8:) < 10d

FIGURE 10.8: ;11 occurs before §; along P and a2 occurs after §; along P.

Otherwise, dp(a;t1,{,B;}) = 10d. Indeed, either ; occurs before «; along P and thus
we have dp(ajt1, {0, 55}) = dp(ait1, ) = dp(ai, B;) — dp(it, i) = 30d — 10d > 10d by
Claim 1, or 3; occurs after o; along P and thus we have dp(ay1,{o, B;}) = dp(ait1,55) =
dp(as, Bi) — dp(it1, Bi) — dp(u, B5) = 30d — 10d — 10d > 10d. In this case we set k := ¢ (see Fig-
ure 10.8b). Then (vi) holds by the previous calculation. Moreover, recall that dp(agi1, 5;) < 10d
by assumption, and thus also (v) holds.

We may thus assume that both a;+1 and ;12 occur before g; along P. Suppose further that o3
occurs after 5; along P (see Figure 10.9). In this case, we proceed as follows. If dp(ajt2,5;) = 10d,
then we set k := i + 2 (see Figure 10.9a). Then (v) and (vi) are clear from the assumption.

Otherwise, if dp(ait2, i) < 10d, we have dp (a2, {cu, B5}) = dp(ait2, a;) —20d > do —20d >
10d by assumption and Claim 2. If dp(cy1, air2) = 10d, then we set k := i+ 1 (see Figure 10.9b).
Then (vi) holds by assumption. Since also dp(aki1, ;) < 10d by assumption, (v) holds too.

Otherwise, dp(ait1,8;) = dp(ait1,it2) + dp(aiye, fi) < 20d and dp(aiy1, {ag, 5}) >
dp(aj, iy2) — dp(ait1, air2) — 20d > do — 10d — 20d > 10d by assumption and Claim 2, and we
then set k := i (see Figure 10.9c). Then (vi) holds by the previous calculation. Moreover, (v)
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I
B

® { ]
673
(a) dp(a;q2, 8;) = 10d
Py
® Pl ./ ® \. [ ]
& Bi

I > da I

(b) dp(ai+2,57;) < 10d and dp(Oéi+1,Oéi+2) > 10d

[} [ ] L ] L J [}
Qi Bi

— > 10d -

I > do I

(C) dp(ai+2,ﬁi) < 10d and dp(ai+17ai+2) < 10d

FiGUurRE 10.9: «;41 and «yyo occur before §; along P and «;4+3 occurs after (;
along P.

holds since ayys = Va(H occurs between ayy1 = Va(H ) and §; by assumption and

z/u(k+2)+1) z/u(k+1)+1
! !
because a(Hw(k+1)+1) < a(Hw(k+2)+1).

Thus, we may assume that o;41, ;42 and ;43 occur before 3; along P. We claim that ;44

occurs after 5; along P and that dp(ait1,@it2) > do. Indeed, the fact that a3 = Vo (H' )
occurs before 3; = Vb(m!, ) implies that no three of H{U(i), e H{u(i+3)+1 are in M since M is clean.

Note that w(i+3)+1 > w(i)+4, since the w(i) are strictly increasing by definition. By construction
of (H)icms), We have that if H] € S then H/, ; € M. Hence, w(i + 3) + 1 = w(i) + 4, and
H;(i)vH;;(i)+27Hz/u(i)+4 € S, and H1,11(i)+1’H1/u(i)+3 € M. In particular, Wit = H{U(i)ﬂ,WHQ =

Hviu(i)+2 and Wit3 = H{U(i)+3 consist of single components of H'. Tt follows that dp(c;11,ai12) =

dp(Vo(m 1) ValH! (_)+3)) > dg by the choice of S. Moreover, as H{U(i)+4 € S, we have H{U(i)Jrs e M.

Together with H'L/u(i)-i-l’ H{U(i)+3 € M, this implies that a(H{u(i+4)+1) > a(HT’U(i)%) > b(Hq’U(i)H) >

b(H{U(i)) as M is clean. Thus, a;14 = Va(Hy(i44941) OCCUTS after §; = Vb1, ) along P.

If dp(ayo, i) < 20d, then we set k := i+1 (see Figure 10.10a). Since dp(c+1, @it2) = d2 > 10d

as shown above, (vi) holds. Moreover, aji2 = vyp (hrzy ) OCCUTS between ayj1 = vy
and (; by assumption and because a(H;(kH)H) < a(H;;(k+2)+1)' Thus (v) holds.

If dp(ait3, B;i) = 10d, then we set k := i + 3 (see Figure 10.10b). Then (v) and (vi) are clear

H;A)(k+1)+1)
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Py / VQ
—.
— =

Qo Bi Q44
dy —
(a) dp(ait2, Bi) < 20d
P, SN\
[ ] @ L J L ] o — 0
Q; B; jtq
(b) dp(its, i) = 10d
P / \e
° ° o ° * °
Qg Bi Qi+4

— > 10d -
(C) dp(OéH_Q,ﬁi) > 20d and dp(OéH_g,ﬁi) < 10d

FiGURE 10.10: ay11, ajyo and a;y3 occur before §; along P.

by assumption.

Otherwise, dp(ajt2, ®it3) = dp(it2, Bi) — dp(aits, 5i) = 20d — 10d = 10d. In this case we
set k := i+ 2 (see Figure 10.10c). Then (vi) holds by the previous calculation. Moreover, (v) holds
since dp(a;t3, f;) < 10d by assumption.

Claim 6. dg(P. NP, P,N P) > 10d.

Proof. By construction, we have dp(P; N P, PN P) > 10d. Since P is a shortest X—Y path, the

claim immediately follows. O

Claim 1. dg(Pl,Pg) > d.

Proof. Suppose for a contradiction that p; € V(P1), pa € V(P), and dg(p1,p2) < d—1. If
p1 € V(Q;) and po € V(Qj) for some i # j, then dg(pi,p2) > d by the minimality of ¢. Sup-
pose p; € V(P) and ps € V(Q;) for some i. By Claim 4 and Claim 5, dg(p2, H') < 4d. Since
da(P,H') > dy, we have dg(p1,p2) = di — 4d > d. Suppose p; € V(P) and py € V(A;) for some i.
By Claim 6, dg(p1, ;) = 10d. This contradicts dg(p1, ) < dg(p1,p2) +da(p2, i) < d—14+d; <
10d. The same argument handles the case p; € V(P) and ps € V(B;) for some i.

Suppose p1 € V(4;) and py € V(A;) for some i < j. If dg(p1,4i) + da(p2,£;) < d+ 1, then

da(li, 0;) < dg(i,p1) + da(p1,p2) + da(p2,4;) < (d+ 1)+ (d — 1) = 2d,
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which contradicts the minimality of ¢. Otherwise,

da(wi, o) < dg(ag,p1) + da(pr, p2) + da(p2, aj)
= (da(as, b)) — da(li, p1)) + da(pr,p2) + (da(aj, 4) — da(¢;,p2))
2y +2— (d+2) + (d—1) < 10d,

which contradicts dg (o, a;j) > 10d by Claim 6. The same argument handles the case p; € V(B;)
and py € V(B;j), and p1 € V(A;) and po € V(Bj), for some i # j.
Suppose p1 € V(Q;) and pa € V(A;) for some 4, j. Since dg(H', P) = di+1 and ||A;|| < d1 +1,

da(P,p2) + da(p2,¢) = ||Aj]| < do(H', P) < dg(H', p1) + da(p1, p2) + da(p2, P).

Moreover, assume that the component of W' \ E(H’) which contains p; consists of exactly
c composite paths. By Claim 4, dyyi(p1,V(H')) < cd. Altogether, we have dg(p2,{;) <
da(H',p1) + dg(p1,p2) < cd + d — 1. Therefore,

dg(pl,fj) < dg(pl,pg) + dg(pg,gj) < cd + 2d — 2 < (C+ 2)d

However, this contradicts the minimality of ¢, since there is W — W7 path of length at most (c+2)d.
The same argument also handles the case p1 € V(Q;) and po € V(Bj) for some 4,j. By

symmetry between p; and ps, there are no more remaining cases. |

This concludes the proof. O
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11 A structural duality for path-decomposi-

tions into parts of small radius

It is an easy observation that if a graph G admits a path-decomposition whose parts
have small radius, then G contains no large subdivision of K3 or K3 as a (quasi-)
geodesic subgraph. We show that these are in fact the only obstructions to such path-
decompositions of small radial width, and we prove analogous results for decompositions

modelled on cycles and subdivided stars instead of paths.

With our results we confirm in a strong form a conjecture of Georgakopoulos and
Papasoglu on fat-minor-characterisations of graphs quasi-isometric to paths, cycles
and paths, and subdivided stars, respectively. For this, we present a novel view on
quasi-isometries between graphs by graph-decompositions of bounded radial width and
spread. This new perspective enables us to prove further results in coarse graph theory,

and may thus be of independent interest.

This chapter is based on [8] and joint work with Reinhard Diestel, Ann-Kathrin Elm,
Eva Fluck, Raphael W. Jacobs, Paul Knappe and Paul Wollan.

11.1 Introduction

All graphs in this chapter are finite.

11.1.1 Fat minors and quasi-isometries

Following Gromov’s ideas on coarse geometry [80] into the realm of graphs, Georgakopoulos and
Papasoglu [75] suggested a study of graphs from a coarse or metric perspective, which revolves
around the concept of quasi-isometry. Roughly speaking, two metric spaces are quasi-isometric
if their large-scale geometry coincides, and more formally, a quasi-isometry is a generalisation of
bi-Lipschitz maps that allows for an additive error (see Section 9.2 for the definition).

As their favourite problem of metric graph-theoretic flavour, Georgakopoulos and Papasoglu

proposed the following conjecture, whose qualitative converse is immediate:

Conjecture 11.1.1 (Fat minor conjecture [75]). Let X' be a finite set of finite graphs. Then there
exists a function f: N —= N x N such that, for all integers K, every graph with no K-fat X minor
for any X € X is f(K)-quasi-isometric to a graph with no X minor for any X € X.
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FIGURE 11.1: The ‘wrench’/‘spanner’ graph W.

Here, ‘K-fat minors’ are a metric variant of minors: Roughly speaking, a K-fat X minor is
an X minor with additional distance constraints: its branch sets and branch paths are pairwise at
least K apart, except for incident vertex-edge pairs (see Section 9.5 for the formal definition).

Georgakopoulos and Papasoglu [75] verified their conjecture for X = { K3} (which describes
graphs that are quasi-isometric to a forest), as well as for X = {Kj ,,}. An earlier result of Chepoi,
Dragan, Newman, Rabinovich, and Vaxes [36] yields the case X = {K»3} (quasi-isometric to
an outerplanar graph). Fujiwara and Papasoglu [70] solved the X = { K }-case (quasi-isometric
to a cactus); see also Chapter 12 for a simpler proof. Moreover, in Chapter 12, we solve the
case X = {K4}. In contrast to these positive results, Davies, Hickingbotham, Illingworth and
McCarty [38] showed that Conjecture 11.1.1 is false in general.

In this chapter, we establish Conjecture 11.1.1 for three further small cases but in a stronger

form:

Theorem 29. Conjecture 11.1.1 is true for X = {K3, K13} (quasi-isometric to a disjoint union
of paths), X = {K13} (cycles and paths)' and X = {K3, W} (subdivided stars), where W is the
graph depicted in Figure 11.1. In all these cases, Conjecture 11.1.1 even holds true when replacing

‘fat minors’ by ‘quasi-geodesic topological minors’.

We refer the reader to Theorems 30 to 32 for the respective functions f.

In Theorem 29, ‘quasi-geodesic topological minors’ are a metric version of topological minors,
whose model in G is ‘quasi-geodesically’ embedded (see Section 11.1.4 for the definition). Roughly
speaking, the metric of the topological minor agrees (up to a multiplicative constant) with the
metric induced by the graph G. In particular, quasi-geodesic topological minors yield fat minors

but in general not the other way around (Lemma 11.3.3).

Our work on Theorem 29 was independent of Conjecture 11.1.1 and the involved concepts such
as fat minors and quasi-isometries. In fact, we only discovered the connections of our results to
quasi-isometries and fat minors, and in particular to Conjecture 11.1.1, through [75]. Our approach
is not based on quasi-isometries, but on the notion of graph-decompositions, which we describe in

what follows.

!Georgakopoulos and Papasoglu independently prove the more general case X = {K1 .} in a second version of
their paper [75].
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11.1.2 Graph-decompositions

Graph-decompositions [48] are a natural extension of tree-decompositions which allow the bags V},
of decompositions (H, V) to be arranged along general decomposition graphs H instead of just
trees. We then say that (H,V) is modelled on H and call it an H-decomposition. Moreover,
given any graph class H, we refer to H-decompositions with H € H as H-decompositions. Recent
applications of graph-decompositions include a local-global decomposition theorem [48] as well as
the study of local separations [32] and of locally chordal graphs [1].

In this chapter, we present a width-notion for graph-decompositions such that a graph G has
an H-decomposition of small width if and only if H resembles the large-scale structure of G. The
naive approach defines the ‘width’ of a graph-decomposition analogously to tree-width, that is, as
the minimal cardinality of a bag of the decomposition (minus 1). However, the respective ‘H-width’,
the minimal width of an H-decomposition for a given graph class H, does not yield a meaningful
extension of tree-width: if a minor-closed class H of graphs has bounded tree-width, then every
graph of small H-width has small tree-width itself, and if H has unbounded tree-width, then the
H-width of every graph is at most 2 (minus 1) [51,112].2

This inspired us to consider a metric perspective instead: To define the ‘width’ of a graph-
decomposition, we measure the size of its bags not in terms of their cardinality, but by the radius
of its parts, the induced subgraphs on the bags of the decomposition. More formally, recall that
the radius of a graph G is the smallest » € N such that some vertex of G has distance at most r to
all vertices of G. We then let the (inner-)radial width of a decomposition be the largest radius
among its parts and define the radial H-width of G for a given class H of graphs to be the smallest
radial width among all decompositions of G modelled on graphs in H.

This notion of radial width is not new for tree-decompositions. Indeed, the radial H-width for
the class ‘H of all trees, or radial tree-width for short, has been studied before, e.g. as the equivalent
tree-length in [56] and tree-breadth in [57]. Similar to the classical tree-width notion [111], several
computationally hard problems such as the computation of the metric dimension of a graph [17]
can be efficiently solved on graphs of small radial tree-width (for a summary, see [56, Section 1]

or [98]).

11.1.3 Interplay between graph-decompositions and quasi-isometries

As it turns out, graph-decompositions and quasi-isometries are closely related. In fact, these
notions become qualitatively equivalent if we restrict to ‘honest’ graph-decompositions of bounded

radial width and bounded ‘radial spread’.

By Diestel and Kiihn [51, Proposition 3.7], every graph G has a grid-decomposition of width at most 2 (minus 1).
Thus, the H-width of G is at most 2 (minus 1) for any graph class H of unbounded tree-width by Robertson and
Seymour’s Grid Theorem [112].
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An H-decomposition of G is honest if all its bags are non-empty and for every edge of its
decomposition graph H, the bags corresponding to its endnodes intersect. Informally speaking,
being honest ensures that all connectivity in the decomposition graph H also appears in the
decomposed graph G. For each vertex v € G let H, be the induced subgraph of H on the
set of all nodes h € H whose corresponding bags contain v. The (inner-)radial spread of the
H-decomposition is then defined as the largest radius of the H, with v € V(G).

The equivalence between the existence of an honest H-decomposition with bounded radial
width and spread and of a bounded quasi-isometry to H was observed for the case of trees H by

Berger and Seymour [19, 4.1]. Here, we extend their observation to arbitrary graphs H.

Proposition 11.1.2. There exist functions g : N> — N2 and hi,hy : N> = N such that the
following holds for all graphs G, H :
(i) If G admits an honest H-decomposition of radial width ro and radial spread ri, then G
is g(ro, r1)-quasi-isometric to H.
(ii) If G is (L, C)-quasi-isometric to H, then G admits an honest H-decomposition of radial
width hi(L,C) and radial spread ho(L,C).

We refer the reader to Section 11.2 for the detailed statement on the functions g and hq, hs.

The correspondence given by Proposition 11.1.2 paves the way for a new proof method
towards Conjecture 11.1.1: one through the graph-theoretic construction of a suitable graph-
decomposition. We follow this approach in the present chapter and further demonstrate its power
and versatility in Chapter 12.

Proposition 11.1.2 in particular implies that we reached our initial goal from the beginning
of Section 11.1.2 with the notions of ‘radial width’ and ‘radial spread’: a graph H resembles the
large-scale geometry of G (in terms of bounded quasi-isometries) if and only if G admits an honest

H-decomposition of bounded radial width and spread.

11.1.4 Owur results

With a suitable width measure at hand, our next goal was to identify obstructions to small
radial H-width and to characterise which graphs have small radial H-width for given classes H of
graphs. Similar to Conjecture 11.1.1, we considered metric versions of minors as candidates for
suitable obstructions. For the graph classes H that we study in this chapter, our obstructions are
‘quasi-geodesic topological minors’, which can be seen as a special case of fat minors. Let us make
this precise in what follows.

A (> k)-subdivision of a graph X is a graph X’ which arises from X by subdividing each
edge at least k times, i.e. replacing every edge with a path of at least k + 1 edges. Further, a
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subgraph X of a graph G is c-quasi-geodesic® for some ¢ € N if the distance of any two vertices z
and y in X is at most ¢ times their distance in G. Here, the parameter ¢ describes how well the
distances in X approximate the distances in G in particular, a subgraph is geodesic if and only if
it is 1-quasi-geodesic.

Quasi-geodesic topological minors are indeed an obstruction to small radial width: if a (> k)-

k—2
2c

(Lemma 11.3.3). Hence, as fat minors form an obstruction to small radial width (Lemma 11.3.4),

subdivision of a graph X is a c-quasi-geodesic subgraph of G, then X is a | %= |-fat minor of G
so do quasi-geodesic topological minors (Proposition 11.3.5).

Our main result, Theorem 29, asserts that these are in fact the only obstructions to small
radial H-width for the three cases where H consists of paths, cycles and paths, and subdivided
stars, respectively. We give the detailed statements in the following Theorems 30 to 32, from which

we then deduce Theorem 29.

Theorem 30 (Radial path-width). Let k € N. If a connected graph G contains no (> k)-subdivision
of K3 as a geodesic subgraph and no (> 3k)-subdivision of K13 as a 3-quasi-geodesic subgraph,
then G admits an honest decomposition modelled on o path P of radial width at most 18k + 2 and
radial spread at most 18k + 1.

Moreover, P is (1,18k + 2)-quasi-isometric to G.

Theorem 31 (Radial cycle-width). Let k € N. If a connected graph G contains no (> 3k)-

subdivision of K13 as a 3-quasi-geodesic subgraph, then G admits an honest decomposition modelled

on a cycle or path C of radial width at most 18k + 2 and radial spread at most 36k + 2.
Moreover, C' is (1,18k + 2)-quasi-isometric to G.

Theorem 32 (Radial star-width). Let k € N. If a connected graph G contains no (> k)-subdivision
of K3 as a geodesic subgraph and no (= 3k)-subdivision of the wrench graph W as a 3-quasi-geodesic
subgraph, then G admits an honest decomposition modelled on a subdivided star S of radial width
at most 58k + 9 and radial spread at most 58k + 9.

Moreover, there exists some Cy € N such that some subdivided star is (1, Cy)-quasi-isometric

to G.4

Proof of Theorem 29 given Theorems 30 to 32. Let K € N, and let G be a graph with no K-fat
X minor for any X in the respective X. By Lemma 11.3.3 there is an integer k£ depending on K
and X only, such that, for every ¢ € N, G contains no (> c¢- k)-subdivision of any X € X" as c-quasi-
geodesic subgraph. Now we deduce Theorem 29 from Theorems 30 to 32 by applying the respective

3Note that in metric spaces this property is often called (c, 0)-quasi-geodesic. In [18] it is called c-multiplicative.

“While we will only formally prove that some subdivided star S’ and some Cj € N exists, one can check by
carefully reading the proof that we may choose S’ = S and Cj = 60k + 14 (see the paragraph after the proof of
Theorem 32 in Section 11.6 for details).
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theorem to the components of G and combine the obtained (1, Cj)-quasi-isometries to one from
the disjoint union H of their domains to G. Lemma 9.2.1 yields the desired f(K)-quasi-isometry
from G to H. [

11.1.5 Sketch of the proofs

For the proof of Theorem 30 (radial path-width), we start with a longest geodesic path P in the
connected graph G. We then show that either balls of small radius around V' (P) cover all of G or
we can find a geodesic (> k)-subdivision of the triangle K3 or a 3-quasi-geodesic (> 3k)-subdivision
of the claw Ki 3. In the former case we construct a P-decomposition of G' by letting the bag
to some node p € P be the union of all those small radius-balls, whose centre vertex has small
distance to p in P.

The proof technique for Theorem 30 immediately generalizes to Theorem 31 (radial cycle-width).
The proof of Theorem 32 (radial star-width) is more involved. As before we start with a longest
geodesic path P in G and consider the subgraph G’ of G which is covered by balls of small radius
around V' (P). Unlike in the path-case, G’ will in general not be equal to G. But if G does not
contain a large subdivision of K3 or W as a (3-quasi-)geodesic subgraph, then every component
of G — G’ will have its neighbours in G’ only close to the same vertex ps of P. We then identify a
geodesic path within each component of G — G’ such that all vertices in the component have small
distance to this path. All these paths can then be combined with P into a subdivided star .S, by
adding edges between their last vertices and p. We then assign to each node s of S a suitable

bag Vs of vertices of bounded distance to s.

11.1.6 An open conjecture about quasi-isometries to trees

For the special case of X = { K3}, Georgakopoulos and Papasoglu answered Conjecture 11.1.1 in
the affirmative, proving that the absence of a K-fat K3 minor implies the existence of an f(K)-
quasi-isometry to a forest. Berger and Seymour [19] characterised the graphs quasi-isometric to a
forest using a similar kind of obstruction. Our results Theorems 30 to 32 yield another natural

guess for such an obstruction — long quasi-geodesic cycles:

Conjecture 11.1.3. There is a function f : N — N x N such that if a connected graph G
does not contain a c-quasi-geodesic cycle of length at least 3ck for some ¢,k € N, then G is

f(k)-quasi-isometric to a tree.

If true, this statement would strengthen the respective results of Georgakopoulos and Papasoglu
and of Berger and Seymour. Note that by Proposition 11.1.2 and [19, 4.1] we can equivalently ask
about the existence of a function f which guarantees that G admits an honest tree-decomposition
of radial width at most f(k).
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11.1.7 How this chapter is organised

In Section 11.2 we show how graph-decompositions are related to quasi-isometries, proving
Proposition 11.1.2. In Section 11.3 we prove that quasi-geodesic topological minors yield fat minors
and are an obstruction to small radial width. The following three Sections 11.4-11.6 contain the

proofs of Theorems 30 to 32, respectively.

11.1.8 Some notation

We remark that the ‘outer’ versions of radial width and spread are only used in Lemmas 11.2.1
and 11.2.2. Hence, we will usually omit the ‘inner’ when talking about inner-radial width and
spread.

For classes H of graphs that we frequently use in this chapter, we name the (inner)-radial H-
width as in Table 11.1.

TABLE 11.1: Nomenclature for frequently used classes H of graphs. The second
column gives the list of graphs which defines the minor-closure of H via forbidden

(topological) minors.

‘H consists of Forbidden
disjoint unions of | (topological) minors | H-decomposition | radial H-width
paths K3, K13 path-decomposition | radial path-width
subdivided stars K3, W star-decomposition | radial star-width
trees Ks tree-decomposition | radial tree-width
cycles Ki3 cycle-decomposition | radial cycle-width

11.2 Interplay between graph-decompositions and quasi-isometries

In this section we describe the interplay between quasi-isometries and honest graph-decomposition
of bounded radial width and spread, i.e. we prove Proposition 11.1.2. To make this relationship
more precise, we will use the following equivalent definition of quasi-isometry, which describes the
parameters in (Q1) and (Q2) more precisely:

For given integers m, M > 1 and a, A,r > 0, an (m, a, M, A, r)-quasi-isometry from a graph H
to a graph G is a map ¢: V(H) — V(G) such that
(Ql’a) dy(h,h') <m-da(e(h),o(h')) + a for every h,h' € V(H),
(QL'b) da(p(h),o(h)) < M -dg(h,h') + A for every h,h' € V(H), and
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(Q2’) for every vertex v € GG, there exists a node h € H with dg (v, p(h)) < r.

Note that every (m,a, M, A,r)-quasi-isometry is a (max{m, M}, max{.>, A, r})-quasi-isometry.

Conversely, an (L, C)-quasi-isometry is a (L, LC, L, C, C)-quasi-isometry.
We split the proof of Proposition 11.1.2 into the following two lemmas.

Lemma 11.2.1. Let (H,V) be an honest graph-decomposition of a graph G of outer-radial width

ro and outer-radial spread r1. Then there is a (2r1,2r1, 219, 0, 1r0)-quasi-isometry from H to G.

Proof. Since (H, (Vi)nem) has outer-radial width rg, there exists for every bag V}, a vertex ¢(h) € G
with Vi, € Ba(p(h), o). We show that the respective map ¢ : V(H) — V(G) is the desired quasi-
isometry from H to G. Note that the definition of ¢ immediately implies (Q2’) by (H1).

For (Q1’b) we have to show that for every h,h’ € V(H), we have

de(o(h), o(R)) < 2ro - dp (h, h).

So let h and I’ be arbitrary vertices of H, and let hoh; ... hy be a shortest h—h' path in H. We now
aim to build from this path a ¢(h)—p(h') walk in G of length at most 2r¢f. For every i € {1,...,(},
we fix a vertex v; € V3, |, NV}, ; such v; exist because the considered H-decomposition of G is honest
by assumption. Furthermore, we set vy := ¢(h) and vsyq := @(h’). Now for every i € {0, ..., ¢},
let P; be a shortest v;—v;11 path in G. Since our H-decomposition of G has outer-radial width rq,
the paths Py and P, have length at most ry and all other P, have length at most 2ry. Thus,
voPov1 ... vePpugsq is a p(h)—p(h') walk in G of length at most ro 4+ 2ro(¢ — 1) + 1o, as desired.
For (Q1’a), we have to check that for every h,h' € V(H),

dH(h, h/) < 27‘1 . dg(go(h), go(h/)) + 27"1.

So let h and B’ be arbitrary vertices of H and let vgvy ... v be a shortest ¢(h)—¢(h’) path in G.
Similar as before, we build a h—h’ walk in H of length at most 2r1¢ + 2rq. For every i € {1,...,(}
we fix a node h; € V(H) satisfying v;_jv; € Vj,; such h; exist by (H1). Furthermore, we set
ho = h and hyy1 = h'. For every i € {0,...,¢}, let P; be a shortest h;—h;y1 path in H. As
hi,hiv1 € V(H,,) for all i € {0,...,¢} and (H,V) has outer-radial spread ri, all P; have length
at most 2ry. Thus, hoPohy ... h¢Pshgy1 is an h-h' walk in H of length at most 2r1(¢ + 1), as
desired. O

Lemma 11.2.2. Let ¢ be an (m,a, M, A, r)-quasi-isometry from a graph H to a graph G, and let
r" > r be an integer. Write By, := Bg(p(h),r") and set

Vy = U By,
K eBg (h,mr'+[(m+a)/2])
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Then (H, (Vi)hemr) is an honest graph-decomposition of G of outer-radial width at most v’ + M (mr'+
[(m+a)/2]) + A and (inner-)radial spread at most 4mr’ +m + 2a + 1. Moreover, if v’ > M + A,

then even the (inner-)radial width is at most 4mr’ +m + 2a + 1.

Proof. We first show that the pair (H, (Vj,)nen) is indeed an H-decomposition of G'. It then
follows immediately from the definition of the V}, that (H,V) is honest (as p(h) € V} for all
h € V(H) and ¢(h), p(h') € Vi, N Vyy for all hh' € E(H) because m > 1).

(H1): By (Q2’), each vertex of G is contained in some By,. Now consider an edge e = vpv; of G.
There are nodes hg and hq of H such that vy € By, and v; € By,. Hence, dg(p(ho), ¢(h1)) is at
most 2r' + 1. By (Q1’a), there exists a path P in H of length at most m(2r' +1)+a. There exists a
‘middle’ vertex h on this path P such that both hg and h; are contained in By (h, mr'+[(m+a)/2]),
so both vg and v; are contained in By, C Vj. In particular, e = vgv; € G[V3], as desired.

(H2): Let v be any vertex of G, and let hg and hq be nodes of H such that v € V3, N'V},,. We
want to find an ho—h; path P in H such that V}, contains v for every node h € P. By definition
of the bags Vj,, there are hy € By (ho, mr’ + [(m + a)/2]) and h} € By (hy,mr’ + [(m + a)/2])
such that v € By, N By, . Hence, dg(p(hy), ¢(h1)) is at most 2r'. So by (Q1’a), there is an ho—h}
path P’ in H of length at most 2mr’ + a. Let W be the walk PyP'P; in H joining hg and hy
where P is a shortest ho—h{, path in H and P; a shortest hj—h; path in H. It follows directly from
the construction of W that hy, or ] is contained in By (h, mr’ + [(m + a)/2]) for every node h
visited by W. Since v € Bh() N By, this implies v € V3 for every node h visited by W by the
definition of V},. In particular, W contains a hg—h; path P which is as desired.

Secondly, let us verify that (H, (V3)rer) has the desired radial spread and outer-radial width.
For the radial spread, observe that the above constructed walk W has length at most 2(mr’ +
[(m+a)/2])+2mr +a < 2mr’ +m+a+ 14 2mr’ +a = 4mr’ + m+ 2a + 1; so the radial spread
of (H,(Vi)hen) is as desired.

For the outer-radial width, consider any node h € H and vertex v € V. By definition, there
is W' € Bg(h,mr" + [(m + a)/2]) such that v € By,. By (Q1’b), we obtain

da(v,o(h)) < da(v, o(1)) + da(e(h), o(h) < 1"+ M(mr' + [(m + a)/2]) + A.

Thus, every v € Vj, has distance at most ' + M (mr' + [(m + a)/2]) + A from ¢(h). This yields
the desired outer-radial width.

To obtain the moreover-part, let us investigate the above equation in more detail. Any shortest
v—p(h') in G is contained in B} C Vj. Fix a shortest A’~h path @ and replace each edge hoh; of Q
by a shortest ¢(ho)—¢(h1) path Qp.n, in G to obtain a p(h)—p(h') walk Q" in G. If v’ > M + A,
the path Qp,n, is contained in B;lo C V3. Thus, the (inner-)radial width is already at most
'+ M(mr' 4+ [(m+a)/2]) + A. O
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Proof of Proposition 11.1.2. Use Lemma 11.2.1 for (i) and Lemma 11.2.2 for (ii). O

To conclude this section, let us look at a possible path-way towards omitting the condition
on the radial spread. Berger and Seymour proved that a graph has bounded radial tree-width
if and only if it is quasi-isometric to a tree [19, 4.1]. More precisely, they show that if G has
a T-decomposition of low radial-width for some tree T', then G is quasi-isometric to some tree T’
that is obtained from a subtree of T" by contracting and subdividing edges.

We ask whether such an argument transfers to arbitrary decomposition graphs:

Question 11.2.3. Given an integer r > 1, does there exist an integer R such that if a graph G
has a decomposition modelled on a graph H of radial width at most r, then there exists an honest
decomposition of G modelled on a graph H’ obtained from a subgraph of H by subdividing and

contracting edges such that both its radial width and radial spread are at most R?

An affirmative answer to Question 11.2.3 would in particular imply the equivalence of small radial H-
width and quasi-isometry to an element of H for graph classes H closed under takings subgraphs,

and contracting and subdividing edges.

11.3 Obstructions to small radial width

In this section we study quasi-geodesic topological minors as obstructions to small radial width.
We show in Lemma 11.3.3 that quasi-geodesic topological minors are also an instance of the
more general fat minors used in Conjecture 11.1.1. Fat minors are obstructions to small radial
width (Lemma 11.3.4), which then implies that quasi-geodesic topological minors are also such
obstructions (Proposition 11.3.5).

Let us recall the definition of (> k)-subdivisions T X and quasi-geodesity from the introduction.

Definition 11.3.1 (73 X). A (> k)-subdivision of a graph X, which we denote with T X, is a
graph which arises from X by subdividing every edge at least k times, i.e. replacing every edge
in X with a new path of length at least k& + 1 such that no new path has an inner vertex in V' (X)

or on any other new path.

The original vertices of X are the branch vertices of the T X. Note that the well-known topological
minor relation can be phrased in terms of (> 0)-subdivisions in that a graph X is a topological

minor of a graph G if G contains a Ty X as a subgraph.

Definition 11.3.2 (Quasi-geodesic). A subgraph X of a graph G is c-quasi-geodesic (in G) for
some ¢ € N if for every two vertices u,v € V(X) we have dg(u,v) < ¢-dx(u,v). We call X

geodesic if it is 1-quasi-geodesic.
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Let us now turn to the question how quasi-geodesic topological minors relate to fat minors, the

obstruction investigated by Georgakopoulos and Papasoglu in Conjecture 11.1.1.

Lemma 11.3.3. If a graph G contains a Ty X as a c-quasi-geodesic subgraph for some graph X

and ¢,k € N with k > 2, then X is a K-fat minor in G for K = Lk;ch

Proof. Denote the c-quasi-geodesic subgraph of G which is a T, X by Xg. By definition, any
two branch vertices of X have distance at least k + 1 in Xg. For x € V(X), we then choose
Vi = Bx,(z, [(k+1)/4]), and for e = z2’ € E(X), we let E, be the (unique) V-V, path in X not
meeting any other branch vertices; in particular, each E, has length at least (k+1)—2[(k+1)/4] >
k/2 — 1. We then let V be the set of all V,, and £ be the set of all E,.. Since Xq is a T X, this
construction directly yields dx (Y, Z) > k/2 — 1 for every two distinct Y, Z € VUE unless Y = E,
and Z = V, for some vertex x € V(X) incident to e € E(X), or vice versa. Since Xg is a
c-quasi-geodesic subgraph of X, we then obtain dg(Y, Z) > dx, (Y, Z)/c > k;c 2. 50 X is indeed
a K-fat model of X in G. O

Lemma 11.3.4. Suppose X is a K-fat minor in a graph G for some K € N. If (H,V) is a
graph-decomposition of G of radial width less than K /2, then X is a minor of H.

Proof. Fix a K-fat model (U, €) of X in G. We aim to define a model (U',E’) of X in H. For
every vertex x € X, let U, be the set of nodes h € H whose corresponding bag V}, meets U,. Note
that the U], are pairwise disjoint, as the radial width of (H,V) is < K/2 and (U, ) is K-fat. Since
the G[U,| are connected, the H[U.] are connected by (H2’).

Analogously, for each edge xy of X, the subgraph induced on the nodes h € H whose V},
meets Ey, is connected by (H2’), meets U, and Uy, and all these subgraphs are pairwise disjoint.

Thus, we may pick a U;~Uy path £ in each of these subgraphs to obtain a model of X in H. [J

Combining the previous two lemmas, we obtain that quasi-geodesic topological minors are

indeed obstructions to small radial width:

Proposition 11.3.5. If a graph G contains a Tycp102X as a c-quasi-geodesic subgraph for some
graph X and ¢,k € N with k > 2, then G admits no H-decomposition of radial width less than k
modelled on a graph H with no X minor. O

11.4 Radial path-width

In this section we prove Theorem 30, which we restate here for convenience.
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Theorem 30. Let k € N. If a connected graph G contains no Ty,+1Ks as a geodesic subgraph and
no T5, K13 as a 3-quasi-geodesic subgraph, then G admits an honest decomposition modelled on a
path P of radial width at most 18k + 2 and radial spread at most 18k + 1.

Moreover, P is (1,18k + 2)-quasi-isometric to G.

We remark that we did not optimise the bounds on the radial width and radial spread.

In fact, we show the following stronger statement, which immediately implies Theorem 30.

Theorem 11.4.1. Let k € N, and let P be a longest geodesic path in a connected graph G. If G
contains no Ty,11K3 as a geodesic subgraph and no T3,K13 as a 3-quasi-geodesic subgraph, then
either P has length at most 18k + 2 or every vertex of G has distance at most 9k from P.

Let us first show that Theorem 11.4.1 indeed implies Theorem 30. For this, we need the
following auxiliary lemma, which asserts that taking balls of radius » € N around a quasi-geodesic

subgraph H of a graph G yields a ‘partial decomposition’ of G modelled on H (see Figure 11.2).

Lemma 11.4.2. Let G be a graph, and let H be a c-quasi-geodesic subgraph of G for some ¢ € N.
Given r € N we write By, := Bg(h,r) for h € H and set

Vh = U Bh’-
heBg (h,cr+[c/2])

Then (H, (Vi)ner) is an honest H-decomposition of G' := G[Upen Brl of radial width at most
(c+ 1)r+ [¢/2] and radial spread at most 4er + ¢+ 1.
Moreover, if H is a path, then (H,(Vy)nem) has radial spread at most (¢ + 1)r + [¢/2].

Proof. The pair (H, (V,)nen) is an honest graph-decomposition of G by Lemma 11.2.2, since the
embedding ¢ of a c-quasi-geodesic subgraph H of G into G[U,cg Ba(h,7)] is a (c,0,1,0,7)-quasi-
isometry. By Lemma 11.2.2 and its moreover-part, this graph-decomposition has (inner-)radial
width r + (er + [¢/2]) = (¢ + 1)r + [¢/2] and radial spread 4rc+ ¢+ 1.

For the ‘moreover’-part, assume that H = hg...h, is a path, and let v be any vertex of G.
Let 4,7 € [n] be the smallest and largest integer such that v € By, = Bg(hy,r) for k =1i,j. Then
dg(hi, hj) < 2r, and hence j —i < 2¢r since H is c-quasi-geodesic in G. By the definition of the Vj,
it follows that only V3, with ¢ —er+[c/2] < k < j+cr+ [c¢/2] contain v, and hence H, has radius
at most (¢ + 1)r + [¢/2] as it is contained in By (hg, (¢ + 1)r + [¢/2]) for k := | (5 —i)/2]. O

Proof of Theorem 30 given Theorem 11.4.1. Let G be a connected graph that contains neither
Ty, K 3 as a 3-geodesic subgraph nor Ty;41 K3 as a geodesic subgraph. Let P’ be a longest geodesic

path in G. By Theorem 11.4.1, either P’ has length at most 18k + 2 or every vertex of G has
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FI1GURE 11.2: A decomposition modelled on the black path using the blue balls as
given by Lemma 11.4.2 for » = 2, ¢ = 1. The bag corresponding to the centre vertex

is green.

distance at most 9k from P’. In the former case, it follows that G' has radius at most 18k + 2.
Let P be the trivial path on a single vertex p. Then P is (1, 18k + 2)-quasi-isometric to G, and
(P, (Vp)pep) with V,, := V(G) is an honest decomposition of G of radial width at most 18% + 2 and
radial spread 0.

So we may assume the latter case. Set P := P’, and apply Lemma 11.4.2 to H := P and
r := 9k. This yields an honest P-decomposition of G’ := [Bg/(P,9k)| of radial width at most
18k 4+ 1 and radial spread at most 18k + 1. Since every vertex of G has distance at most 9% from P,
we have G’ = G, and hence this is the desired decomposition of G. O

The remainder of this section is devoted to the proof of Theorem 11.4.1. Let us first give a brief
sketch of the proof. For this, let G be a connected graph and, let P be a longest geodesic path
in G. For some suitably chosen r = r(k) < 9k, we let Gp := G[Bg(P,r)]. We then analyse how
the components of G — Gp attach to Gp, and show that either all vertices in a component have
distance at most 9k from P or we can use the component to find a T3, K1 3 as a 3-quasi-geodesic
subgraph of G or a T5;K3 as a geodesic subgraph of G.

The analysis of the components will be done in three lemmas, Lemmas 11.4.3, 11.4.4 and 11.4.6
below. They are stated in a slightly more general form than needed for the proof of Theorem 11.4.1,
which enables us to use them later also in the proofs of Theorems 31 and 32.

The first lemma, Lemma 11.4.3 shows that enlarging a c-quasi-geodesic subgraph with a shortest
path to it yields a subgraph which is (2¢ + 1)-quasi-geodesic. This lets us find a 3-quasi-geodesic
T5,K13 in G if some component of G — Gp attaches ‘to the middle’ of Gp, that is, to some
ball Bg(p,r) where p lies ‘in the middle’ of P. The second lemma, Lemma 11.4.4, demonstrates
that we can find a long geodesic cycle in G if some component of G — G p attaches to G’ close to the
start and the end of P, but nowhere in between (see Figure 11.3). The third lemma, Lemma 11.4.6,
shows that if a component of G — Gp attaches to Gp only towards one end of P, then its vertices

all have distance at most 9% from P.

Lemma 11.4.3. Let G be a graph, and let X be a c-quasi-geodesic subgraph of G for some ¢ € N.
If P is a shortest v—X path in G for some vertex v € G, then X U P is (2¢ + 1)-quasi-geodesic
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n G.

Proof. We have to show that, for every two vertices u and w of X U P, the distance of u and w in
X U P is at most (2¢ + 1) times their distance in G. Since X is c-quasi-geodesic in G and P is
geodesic in G, it is (by symmetry) enough to consider the case where u is a vertex of P and w
is a vertex of X. Let x be the endvertex of P in X. Since P is a shortest v—X path in G, uPx
is a shortest u—X path in G and hence dp(u,z) = dg(u,z) < dg(u,w) as w € X. We then
have dx (z,w) < ¢-dg(z,w) < ¢- (dg(z,u) + dg(u,w)), where the first inequality follows from X
being c-quasi-geodesic in G while the second one applies the triangle inequality. Again using the

triangle inequality, we can then combine these inequalities to

xup(u,z) + dxup(z,w) = dp(u,z) + dx (z,w)

¢(u,x) + ¢ (dg(z,u) + da(u, w)) < (2c+1) - dg(u, w),

dxup(u,w) <d
<d

which shows the claim. O

Lemma 11.4.4. Let r,n,mg,m1 € N such that m := n —mg —m1 — 2r > 0. Let G be a
graph containing a geodesic path P = pq...p, of length n, and write B; :== Bg(pi,r) for every
pi € P. Suppose that a component C of G — Jj—y B; has at least one neighbour in both \J;"$ B;

and \Ui—,,_m, Bi, but no neighbours in U?;n%ff B;. Then G contains a geodesic cycle of length at
least 2m.

See Figure 11.3 for a sketch of the situation in Lemma 11.4.4.

F1GURE 11.3: The setting of Lemma 11.4.4.

The proof of Lemma 11.4.4 builds on the study of how cycles interact with a given separation

of the graph. More formally, we have the following preparatory lemma.
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FIGURE 11.4: The setting of Lemma 11.4.5. Here, O3 is the cycle containing @) (black,
dotted line) and the purple, dashed part of O, and Os is the cycle containing @ and
the teal, dash dotted part of Oj.

Lemma 11.4.5. Let G be a graph, S a set of vertices and C' a component of G — S, and { My, M}
be a bipartition of S. Given a cycle O in G, let W(O) be the number of My—M;y paths in O
meeting C.

Suppose that Q is an O1-path of a cycle O1 in G, and let Oz and O3 denote the two cycles
in O1UQ containing Q. Then W(O1) + W(O2) + W (0O3) is even.

Proof. The reader may look at Figure 11.4 to follow the proof more easily. Let u and v be the
endvertices of @ on O1. Write P, := @, and let P, and P3 be the two u—v paths in O1. Then the
cycle Oy consists of P, and Ps, and without loss of generality, we may assume that Oy consists
of P; and P, while O3 consists of P; and Ps.

Let P be the set of Mp—M; paths in G meeting C' that are paths in at least one O;. We remark
that every path in P has all its inner vertices in C' since S = My U M; separates C' from the rest
of the graph. Moreover, let us emphasise that, in the definition of W(O), we do not consider the
direction in which O traverses the My—M; paths it contains.

If T € P is a subpath of some P;, then T is also a subpath of exactly two of the three cycles
01, O2 and O3 and thus contributes exactly 2 to the sum W (O;) + W(O3) + W(Os3). So when we
check that this sum is even, all the elements of P that are a subpath of some P; contribute an even
amount to the sum. In particular, if all elements of P are paths in some F;, then the claim holds.

So let P’ C P consist of precisely those elements of P that are not a path in any P;, and
suppose that P’ is non-empty. This implies that at least one P; meets My U M;. Every path in P
is a subpath of one of the cycles O;, which in turn is disjoint from the interior of some P;. Hence
every path in P’ meets the interior of at most, and thus precisely, 2 of the P;. We remark that a
path in an O; that is also a path in some O; with 7 # j is already a path in some P;. Thus, every
element of P’ contributes exactly 1 to the sum W (O1) + W(O3) + W(Os3). In order to prove that
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this sum is even, it thus suffices to show that there are evenly many paths in P’. We will check
this by a case distinction. Note that a path in some O; is also a path in some P; if and only if it
contains neither of v and v as inner vertex. Hence, all paths in P’ contain at least one of v and v
as an inner vertex. Because P’ is non-empty and all inner vertices of its elements are contained
in C, at least one of u and v is contained in C'.

First, consider the case that all three paths P, P, and P3 meet My U M;. In particular, this
implies that no path in P’ contains both v and v as an inner vertex. If all paths P;, P, and P;
have their first vertex in My U M; contained in the same element of { Mo, M;}, then no element
of P’ contains u as an inner vertex. Otherwise, precisely two paths P; have their first vertex in
My U M; contained in the same element of { My, M;}. In this case, there are exactly two elements
of P’ that contain u as an inner vertex. By symmetry, there are also exactly 2 or 0 elements of P’
that contain v as an inner vertex. Hence, P’ contains precisely 0,2 or 4 paths, and thus in this
case W(O1) + W(O3z) + W(0Os3) is even.

Secondly, consider the case that precisely one P;, say P;, meets My U M. Since P, does not
meet My U M; and at least one of w and v is contained in C, this implies that both v and v are
contained in C. Because P’ is non-empty, the first and last vertex of P; in My U M are contained
in distinct elements of { My, M;}. Thus, P’ contains precisely two paths, one containing P5 and
one containing P3. Hence, W(O1) + W(O2) + W(0O3) is even.

Lastly, consider the case that precisely two P; meet My U M;. Say P53 does not meet My U Mj.
Thus, again both u and v are contained in C'. Here, we need to distinguish some more cases.

The first case which we consider is that both P; and P, have their first and last vertex in
My U M contained in distinct elements of { My, M7} and that the first vertex of P; in My U M,
and the first vertex of P» in My U M; are contained in distinct elements of {My, M;}. Then P’
contains precisely four elements: two containing P3; and two not containing any edges of P;. So
again W(01) + W(O2) + W (0Os) is even.

Next, we assume that both P; and P, have their first and last vertex in My U M; contained
in distinct elements of {My, M7} but that the first vertex of Py in My U M; and the first vertex
of Py in My U M are contained in the same element of { My, M1}. Then P’ contains precisely two
elements: both contain Ps;. So again W (0O1) + W (Oz2) + W (0O3) is even.

Now we assume that at least one of P, and Ps, say P, has their first and last vertex in MyU M,
contained in the same element of { My, M7}, say in My. Since P’ is non-empty and every path
in P’ contains u or v as inner vertex, this implies that either the first or the last vertex of P, in
My U M, is contained in M. If only the first or only the last vertex of P, in MU M is contained
in M, then P’ contains precisely two elements: one of these contains P3 and the other does not
contain edges of P;. If both the first and the last vertex of P> in My U M; are contained in M,

then P’ contains also precisely two elements: neither of them contains edges of P3. Again in both
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cases, W(O1) + W(O3) + W(0Os3) is even. O

Proof of Lemma 11.4.4. Note that, as n > mg + m1, we in particular have n — mj > mg. We set

mo n
My := Ne(C)n | Bi and My := Ng(C)n | B

=0 i=n—mj

As C has no neighbours in J;.Z " 1;11 B;, the neighbourhood of C' is equal to My U M; and C'is a
component of G — My — M;.
First, we note that My and M; are disjoint. Indeed, if u € Bj, for some jo < mg and v € B,

for some j; > n — my, then using the triangle inequality we obtain
n—mo—my < dp(Pjo, Pjr) = da(pjo, Pjr) < da(pjy, w)+da(u, v)+da(v, pjy) = da(u, v)+2r. (11.1)

So dg(u,v) =2 n—mg —mq — 2r = m > 0 by assumption. In particular, v and v are distinct
vertices, and thus My and M; are disjoint.

We now define, for a cycle O in G, the number W (O) as the number of My—M; paths in O
which have an inner vertex in C.

The remainder of the proof now consists of three steps. First, we show that a cycle O
with W(O) # 0 has length at least 2m. Second, we find a cycle O with odd W(O), and lastly we

show that a shortest such cycle is geodesic in G.
Claim 1. Every cycle O in G with W(O) # 0 has length at least 2m.

Proof. Since W(O) # 0, the cycle O contains at least one My—M; path. As the number of My—M;
paths is even for every cycle in G, the cycle O contains at least two My—M; paths, which then
have to be internally disjoint. By (11.1), every such path has length at least m, and thus O has
length at least 2m. |

Claim 2. There exists a cycle O in G with odd W (O).

Proof. Among all My—M; paths that contain an inner vertex in C, let ) be a shortest such path,
and denote by vy and v its end vertices in My and M, respectively. Let Ry be a shortest vo—P
path in G and R; a shortest v1—P path. Since v; € My U M; = Ng(C), both R; have length
exactly r. If Ry and R; share a vertex z, say such that Rpx is at least as long as Ryx, then Rix Ry
contains a path of length at most r from v; to some ps with s < my, contradicting v; € M; and
Moy N My = . Hence, Ry and Ry are disjoint. Now the concatenation Ry@QQR; is a path that starts
and ends in distinct vertices of P and is internally disjoint from P. Hence, it can be closed by
a (unique) subpath of P to a cycle O. By construction of O, there is precisely one My—M; path
in O that has an inner vertex in C, and that is Q. In particular, W(O) is odd. |
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Claim 3. Let O be a cycle in G with odd W (O). If O is not geodesic, then there is a cycle O’
that is shorter than O such that W (O') is odd.

Proof. Since O := O is not geodesic, there is an Oj-path () in G with endvertices v and v in O
which is shorter than the distance of u and v in Oy. Let Oy and O3 be the two cycles in O1 U Q
which contain (). Since both Oy and Og are shorter than Oq, it suffices to show that at least one
of W(O2) and W(O3) is odd. Now W (0y) is odd by assumption, so it is enough to show that the
sum W(Oq1) + W (0O2) + W(0O3) is even. This however follows from Lemma 11.4.5 applied to the
component C' together with the bipartition {My, M1} of S = Ng(C). |

To formally complete the proof, pick a cycle O in G with W(O) odd such that O is as short as
possible among these. Such O exists by Claim 2 and is geodesic in G by Claim 3. Moreover, O
has length at least 2m by Claim 1, as desired. ]

Lemma 11.4.6. Let U be a set of vertices of a connected graph G, and let pg € V(G) ~ U have
mazximal distance from U in G. Let P = pqg...p, be a shortest po—U path in G. Given r € N, we
write B; := Bg(pi,r) for every p; € P. Suppose that some component C of G — Ji-, B; is disjoint
from U and satisfies Ng(C') C Uf:o B; for some £ < n. Then dg(v, P) < 2r + £ for every v € C.

Proof. Let v be an arbitrary vertex of C, and let () be a shortest v—U path in G with endvertex
ueU. As V(C)NU = 0, the path @ intersects | J;-, B;. Let g be the first vertex on @ in -, B,
and let j be the smallest index of a ball B; with ¢ € B;. Note that j < £ since Ng(C) C Uf:o B;.

Since P is a longest geodesic path in G which ends in U, we have that n = ||P|| > ||Q|| =
dg(v,u) = dg(v,q) + dg(q,u), where the last equality follows from @ being geodesic in G.
Additionally, since p, € U, we have dg(pj,pn) < da(pj,u) < da(pj,q) + da(q,u) =+ dg(q,u).

These two inequalities combine to
da(v,q) <n —dg(q,u) <n—(da(pj,pn) — 7).
All in all, we get
da(v, P) <dg(v,pj) < da(v,q) + 7 <n—(da(pj;pn) —7) +r=n—(n—j)+2r <2r+4¢

where the last inequality follows from j < £. This concludes the proof of the claim. O
With all the previous lemmas at hand, we are now ready to prove Theorem 11.4.1.

Proof of Theorem 11.4.1. Let G be a connected graph that contains neither T3, K 3 as a 3-quasi-

geodesic subgraph nor Ty, 1 K3 as a geodesic subgraph.
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Let P =pg...p, be a longest geodesic path in G. We may assume n > 18k + 3; otherwise we
are done. For every 0 < ¢ < n, define B; := Bg(p;, 3k) as the ball in G of radius 3k around p;.

If G = Gp, then we are done. Otherwise, we consider the components of G — Gp. Since G is
connected by assumption, each component C' of G — Gp has a neighbour in at least one B;. The
following two claims show that in fact Ng(C) C ¥, B; or Ng(C) € ULL,,_sx Bi.

Claim 1. No component C of G — Gp has a neighbour in B; with 3k < i <n — 3k.

Proof. Suppose for a contradiction that there is such a component C. We show that G then
contains a T3, K7 3 as 3-quasi-geodesic subgraph, which contradicts our assumption on G.

Let v € C be a vertex with a neighbour in B; with 3k < i < n — 3k, and let ) be a shortest
v—p; path in G. The choice of v guarantees that the path @ has length exactly 3k + 1, and thus Q
is a shortest v—P path in G as every vertex in G — Gp and hence in C' has distance at least 3k + 1
to P. By Lemma 11.4.3, PUQ is a 3-quasi-geodesic subgraph of G. It follows from 3k < i < n—3k
that PUQ is a T3, K 3, as desired. [ |

Claim 2. No component C' of G—Gp has at least one neighbour in U?ﬁo B;, at least one neighbour

in Ui, _a Bi and no neighbours in any B; with 3k < i < n — 3k.

Proof. Suppose towards a contradiction that there is such a component C. Applying Lemma 11.4.4
to C' with mg = my = r = 3k, we find that G contains a geodesic cycle O of length at least
2(n — 12k). But n > 18k + 3 as we assumed the graph to have a large radius, so O has length at
least 2(18k + 3 — 12k) = 12k 4+ 6. Thus, O is a geodesic cycle in G of length at least 12k + 6, a

contradiction to our assumptions on G. |

Thus, each component of G — Gp attaches either only to balls B; with i < 3k or to balls B;
with ¢ > n — 3k. But the vertices in such components have bounded distance from P in G, as the

following claim shows.

Claim 3. Let C be a component of G — Gp such that Ng(C) C U, B; or Ng(C) € U™, a1, Bi.

Then every vertex v € C' has distance at most 9k from P in G.

Proof. If Ng(C) C U?ﬁo B, then the claim follows by applying Lemma 11.4.6 with U = {p,}.
Otherwise, Nq(C) C Ui-,,_s; Bi, and the claim follows by applying Lemma 11.4.6 with U = {po}.
|

By Claims 1 to 3, every vertex of G has distance at most 9% from P, as desired. O
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11.5 Radial cycle-width

In this section we build on our result on radial path-width, Theorem 30, and use a small adaptation
of its proof to address radial cycle-width by proving Theorem 31. More precisely, Theorem 31
follows from the lemmas that we have already shown in Section 11.4. Let us restate Theorem 31

here for convenience.

Theorem 31. Let k € N. If a connected graph G contains no T3, K13 as a 3-quasi-geodesic
subgraph, then G admits an honest decomposition modelled on a path or cycle C of radial width at
most 18k + 2 and radial spread at most 36k + 2.

Moreover, C' is (1,18k + 2)-quasi-isometric to G.

We remark that we did not optimise the bound on the radial width and radial spread.

In fact, we show the following stronger statement, which immediately implies Theorem 31.

Theorem 11.5.1. Let k € N, and let G be a connected graph. If G contains no T3,K13 as
a 3-quasi-geodesic subgraph, then there exists a geodesic cycle or path C in G such that C is either

a path of length at most 18k + 2 or every vertex of G has distance at most 9k from C.
Let us first show that Theorem 11.5.1 implies Theorem 31.

Proof of Theorem 31 given Theorem 11.5.1. Let G be a connected graph that contains no T3 K7 3
as a 3-quasi-geodesic subgraph, and let C’ be given by applying Theorem 11.5.1 to G. If C" is a
path of length at most 18k 4 2, then G has radius at most 18k 4+ 2. Let C be the trivial path on a
single vertex c. Then C is (1, 18k + 2)-quasi-isometric to G, and (C, (V.)) with V. := V(G) is an
honest decomposition of G of radial width at most 18k + 2 and radial spread 0.

So we may assume that every vertex of G has distance at most 9% from C. Set C := (',
and apply Lemma 11.4.2 to H := C and r := 9k. This yields an honest C-decomposition of
G’ := [Bg(C,9k)] of radial width at most 18k + 1 and radial spread at most 36k + 2. Since
every vertex of G has distance at most 9k from C, we have G’ = GG, and hence this is the desired

decomposition of G. 0
Let us now prove Theorem 11.5.1.

Proof of Theorem 11.5.1. Let G be a connected graph that contains no T3,k 3 as a 3-quasi-
geodesic subgraph. Applying Theorem 11.4.1 to G yields that G either contains a geodesic path P
such that C := P is as desired, or G contains a Ty;+1 K3 as a geodesic subgraph. Since we are
done in the first case, we may thus assume that G' contains a Ty K3 as a geodesic subgraph,
which means that there exists a geodesic cycle C' in G of length at least 3 - (4k 4+ 2) = 12k + 6. Set
Ge := G[Bg(C,3k)]. If G = G, then we are done.
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Otherwise, there exists a neighbour v of V(G¢) in G since G is connected. Let P be a shortest
v—C path in G, and let u be its endvertex in C. Since v € Ng(G¢), it has distance 3k + 1 from C,
and thus P has length 3k + 1. Let @ := B¢(u,3k + 1) be the subpath of C' of length 6k + 2
which contains v as its ‘middle’ vertex. Note that @ is actually a path as C has length at least
12k 4+ 6 > 6k + 2. Since P is a path from v to C' which ends in u, the paths P and @ only meet
in u. Hence, PUQ is a T3;,K1 3 in G.

To conclude the proof and obtain the desired contradiction to our assumptions on G, it remains
to show that P U @ is 3-quasi-geodesic in G. Since @ is a subpath of C with ||Q|| = 6k + 2 <
%(12]{: +6) < %HCH, we have dg(u,v) = do(u,v) for every two vertices u,v € Q. Thus, Q is
geodesic in G, since C' is geodesic in G. By Lemma 11.4.3, P U @ then is a 3-quasi-geodesic
subgraph of G, as desired. O

11.6 Radial star-width

In this section we prove Theorem 32, which we restate here for convenience.

Theorem 32. Let k € N. If a connected graph G contains no T Ks as a geodesic subgraph and
no T3 W as a 3-quasi-geodesic subgraph, then G admits an honest decomposition modelled on a
subdivided star of radial width at most 58k + 9 and radial spread at most 58k + 9.

Moreover, there exists Cy, € N such that some subdivided star is (1, Cy)-quasi-isometric to G.

Recall that W is the wrench graph depicted in Figure 11.1. As we already mentioned in the
introduction, one can check by carefully reading the proof that the subdivided star which we
construct for the first part of the statement already satisfies the ‘moreover’-part, and that we may
choose C, = 60k + 14 (see the paragraph after the proof of Theorem 32 for details).

Before we start with the proof of Theorem 32, we first show an auxiliary lemma. Recall that in
the proof of Theorem 30 we used Lemma 11.4.4 as a tool to show that a graph contains a geodesic
Ty, K3. Similarly, we will use the following lemma in the proof of Theorem 32 to show that a graph

contains a 3-quasi-geodesic T3, W.

Lemma 11.6.1. Let P =pgy...p, be a geodesic path in a graph G. Given two vertices u,v € G,
let Q be a shortest u—P path in G with endvertex q € P, and let R be a shortest v—(P U Q) path
in G with endvertex r € PU Q. Suppose that at least one of the following two conditions hold:

(i) r € P and dg(q,r) > 4max{dg(u, P),dc(v, P)};

(11) re Q and dG’(Q? 7") P 4maX{dG(U7 Q)a dG(p07 Q)v dG(pn; Q)}
Then PUQ U R is a 3-quasi-geodesic subgraph of G.
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Proof. We first consider the case that r € P. By Lemma 11.4.3, we have that PUQ and PUR
are each 3-quasi-geodesic subgraphs of G. Hence, in order to show that X := PUQ U R is
3-quasi-geodesic, it suffices to consider vertices x,y € X with x € () and y € R.
Since P is geodesic, we have that dx(q,r) = dg(q,r) < da(q,z) + da(z,y) + dg(y,r) and thus
da(z,y) = dg(q,r) — dg(z,q) — da(y,r) = 4max{dg(u, P),dg(v, P)} — dg(u, P) — dg(v, P)
2

Z
> 2max{dg(u, P),dg(v, P)} = 2max{dg(z,q),dc(y,r)}.

Therefore, making again use of dg(q,r) < da(q, z) + dg(z,y) + da(y,r), we obtain

dx(z,y) = dx(z,q) +dx(q,7) +dx(r,y) = da(x,q) +da(q,r) + da(r,y)
< 2dg(z,q) +2de(y, ) + da(z,y) < 3da(z,y).

For the second case, assume that r € Q. Similar as before, we find that P U Q and Q U R are
each 3-quasi-geodesic subgraphs of G. Hence, we only need to consider vertices x,y € X with
x € P and y € R. As before, we find that

dG('Zan) = dG(Q7r) - dG(x’q) - dG(yvr) = 2maX{dG('U,Q),dG(po,Q),dG(pn,Q)},

and thus

dx(z,y) = dg(z,q) + da(q,r) + da(r,y) < 2da(z,q) + 2dg(y,r) + da(z,y) < 3da(z,y). O

Now we prove Theorem 32. We remark that we did not optimise the bounds on the radial

width and radial spread.

Proof of Theorem 32. Let G be a graph that contains neither Ty K3 as a geodesic subgraph nor
T3 W as a 3-quasi-geodesic subgraph. We will construct a subdivided star S and an S-decomposition
of G of radial width at most 58k + 9 and radial spread at most 58% 4+ 9. The ‘moreover’ part of
the statement then follows: By Lemmas 9.2.1 and 11.2.1, there exists an (L, C')-quasi-isometry
from G to S such that L and C depend on k only. Applying [102, 1.6] (to L, C,2)% then yields a
constant C}, such that G is (1, C},)-quasi-isometric to some subdivided star S’. By Lemma 9.2.1, it
then follows that S’ is (1, Ck)-quasi-isometric to G for Cj, := 3C},.

Let P =pg...p, be a longest geodesic path in G. Observe that we may assume n > 58k + 10;

otherwise, GG has a trivial H-decomposition into a single ball of radius at most 58k + 9. For every

®Note that we use here that subdivided stars admit path-decompositions into bags of size 3 and thus have
path-width 2.
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0 < i < n define B; as the ball in G of radius 3k around p;, and let Gp := G[Uj~, Bil.
In the following claims we will analyse how the components of G — Gp attach to Gp. Note that,
as we assumed G to be connected, every component of G — Gp has some neighbour in some B;.

First we show that we may assume that some component of G — Gp attaches to Gp somewhere in
the middle of P.

Claim 1. Either G has an honest P-decomposition of radial width at most 58k+9 and radial spread
at most 58k +9 or some vertex of G— G p has a neighbour in some B with 23k+5 < s < n—23k—5.

Proof. We assume for a contradiction that whenever a component of G — Gp has a neighbour in
some B, then s <23k +4orn—23k —4 <s.

First we consider the case that some component C' of G — Gp has at least one neighbour in
both UZE+ B; and U,,_s35_4 Bi- Let mg = my = 23k + 4 and r = 3k. As

n—mo—m;—2r=n—(23k+4)—(23k+4) —6k=n—52k—8>2k+2>2,

we can apply Lemma 11.4.4 to obtain a geodesic cycle in G of length at least 2 - (2k 4+ 2) > 3k + 3
which contradicts our assumption that G does not contain a geodesic Tj K3.

Thus, for every component C of G —Gp, either Ng(C) € UZE™ B; or Na(C) € UM, 9314 Bi
(this includes in particular the case that G = Gp). Then by Lemma 11.4.6 applied to U = {po}
or U = {p,}, every vertex in G — Gp has distance at most 2 - 3k + 23k + 4 = 29k + 4 to P. Hence,
by defining B] = Bg(pi, 29k + 4), every vertex of G is contained in some B.. So by Lemma 11.4.2
applied to the geodesic path P and to r = 29k + 4 we obtain an honest P-decomposition of G of
radial width at most 2- (29k +4) 4+ 1 = 58k + 9 and radial spread at most 2-(29k +4)+ 1 = 58k +9.
|

By Claim 1 (and since P is a path and hence a subdivided star) we may assume that there is
some s with 23k +5 < s < n— 23k — 5 such that some vertex of G — Gp has a neighbour in B;. We
fix s for the rest of the proof. The following two claims now show that every component of G — Gp

can only attach to Gp either close to the start of P or close to the end of P or close to ps.

Claim 2. If a vertex of G — Gp has a neighbour in a ball By, then t < 3k or s — 12k —3 <t <
s+ 12k +3 orn — 3k < t.

Proof. We assume for a contradiction that there is some vertex v of G — Gp that has a neighbour in
some By with 3k <t < s — 12k — 3, the other case is symmetric. Let R =r¢...rs;+1 be a shortest
path from v = rg to py = r3g41 in G. Similarly, let u be a vertex of G — Gp that has a neighbour
in By and let Q = qoq1 - - - g3x+1 be a shortest path from u = gg to ps = g3x+1 in G. Then p,Pps
has length at least 12k +4 =4 - (3k + 1), so by applying Lemma 11.6.1 to p;_sx—1Ppsisg+1, @

and R we obtain a 3-quasi-geodesic T3 W in G, a contradiction to our assumption on G. |
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Claim 3. For every component C of G — Gp, its neighbourhood Ng(C') is contained either in
. k .
Uik, Bi, in Ufislzglg—:a Bj =: Ds, or in U=, 3 Bi-

Proof. First, we assume for a contradiction that C' has neighbours in both U?ﬁo B; and Dg. Let
r = 3k, mg = 3k and my = n — (s — 12k — 3). Then, since s > 23k + 5,

n—mo—m;—2r=n—3k—(n—(s—12k—3)) —6k=s—21k—3>2k+2> 2,

so we can apply Lemma 11.4.4 to obtain a geodesic cycle in G of length at least 2- (2k+2) > 3k +3.
This contradicts our assumption that G does not contain a geodesic T} K.

Hence, if C' has neighbours in Dy, then it does not have neighbours in U?io B;, and by symmetry
it neither has neighbours in |J,,_5; B;. Furthermore, if C has neighbours in both U, B; and
Ui=,,_sk Bi, then it follows again from Lemma 11.4.4 that G contains a geodesic T} K3, which

yields the same contradiction. |

Let us first consider all the components of G — G p that attach to Gp either close to the start
or close to the end of P. By Lemma 11.4.6 these components can only contain vertices which are
close to P. This fact allows us to find a path-decomposition of G’ := G[V'] of low radial width
and spread where V' is the union of the B; and the vertices of components C of G — Gp with
Na(C) €Uk, B; or No(C) C UL, s Bi, as follows.

Claim 4. All vertices of G’ have distance at most 9k from P. Also, there is an honest decomposition
(P,V') of G’ of radial width at most 24k + 5 and radial spread at most 48k + 8 such that
o all vertices in the bag VI of the node ps of P have distance at most 24k +5 from ps in G[V!],

and

o for every v € Ng(G') the set Ng(v) NV’ is contained in the bag V.

Proof. First, we show that vertices of G’ — G'p are close to pg or p,. Let C' be a component of
G’ — Gp with Ng(C) € U, B;. By Lemma 11.4.6 applied to U = {p,} and ¢ = 3k, every vertex
v € C has distance at most 2 - (3k) + 3k = 9k to P, and thus has distance at most 12k to py. By
symmetry, every component C of G’ — Gp with Ng(C) C Ui, Bi only contains vertices whose
distance from p,, is at most 12k.

Now we construct the P-decomposition. For ¢ € [n] define

V= U Ber(pj, 12k +2).
p;€Bp(pi,12k+3)

By Lemma 11.4.2, the V; are the bags of a P-decomposition of G’ of radial spread at most
4-(12k +2) 4+ 2 = 48k + 8, and every element of V; has distance at most 24k + 5 from p; in G[V/|
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by construction. Furthermore, every component of G' — Gp is contained in Bg(po, 12k +2) C Vj
or in Bgr(pn, 12k +2) C V...

Also, for every B; that contains a neighbour of G — G’ C G — Gp we have s — 12k — 3 < i <
s+ 12k + 3 by Claim 2 and thus B; C Bgr(p;, 12k +2) C V. As V! is the bag corresponding to ps,
this completes the proof. |

We now construct path-decompositions of low radial width and spread of the remaining
components, that is of the components of G — V’/. We then combine these path-decompositions
with the path-decomposition (P, V') of G’ to a star-decomposition of G, whose central node will
be ps. For this, we need to enlarge the bag V. assigned to ps a little. Indeed, at the moment, the
components of G — G’ need not have low radial path-width; in fact, they can still be star-like.
But if we delete larger balls around the nodes in P that are close to ps, we indeed end up with
components that are path-like. For this, we define V" to be the set of vertices of G that have
distance at most 18k + 4 from P, and let G” := G[V"] (so G’ C G”). In particular, by Claim 2,
every component of G —G” ‘attaches in the middle of P’, i.e. every neighbour of G” in a component
of G — G"” has distance 18k + 5 to a p; with s — 12k —3 < i < s+ 12k + 3. Let further C be the set
of components that contain a vertex whose distance from P is at least 24k + 5, and let C’ be the
set of all other components of G — V”. We now add all vertices in V” . V/ and all components

from C’ to the bag V! that is indexed by ps. More precisely, we define
Vii= VUV VHYu{Vv(C): CeC'}.

Further, we set V; := V/ for all i # s € [n]. Let also V"' := V" UV, and G := G[V""].

Claim 5. (P,V) is a decomposition of G" of radial width at most 36k + 7 and radial spread at
most 48k + 8 and every vertex in Vi has distance at most 36k + 7 from ps in G[Vy].

Proof. Since Ng(v) NV’ is contained in V! C V; for every vertex v € Ng(G') by Claim 4, and
because (P,)’) is a decomposition of G, it follows that (P, V) is a decomposition of G””. Its radial
spread is at most 48k + 8 by Claim 4 and because each vertex in G"”” — V' is only contained in V5.
Moreover, every part G[V;] with i # s has radius at most 24k + 5 by Claim 4, so it remains to
consider G[V;].

Let v € Vi be given. If v € VY, then dgpy, (v, ps) < 24k + 5 by Claim 4. Otherwise, v has
distance at most 24k + 4 from some vertex p; of P, where s — 12k — 3 < i < s+ 12k + 3 by Claim 2,

and hence
dG[VS} (U,ps) < dG[VS](Uapi) + dG[VS](pi,ps) < (24]€ + 4) + (12/€ + 3) =36k+7
where we used that p; Pps C G[V]] C G[V;] by the definition of V. [ ]
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FIGURE 11.5: The setting of the proof of Claim 6.

We now show that all components of G — V" i.e. those in C, are path-like.

Claim 6. Let C be a component in C. Then there is an honest decomposition of G[V(C) U V]
modelled on a path Q of radial width at most 54k + 8 and radial spread at most 12k 4+ 2 such that
the bag corresponding to the last node of QQ contains Vs, and Vi only meets bags assigned to nodes
of distance at most 6k to the last node of Q.

Proof. The reader may look at Figure 11.5 to follow the proof more easily. Let gg be a vertex of C
of maximal distance from P. Since C € C the vertex go has distance at least 24k + 5 from P. Let
@ = qo - - - q¢ be a shortest path in G from ¢y to P (so @ is geodesic in G). Note that C' is contained
in a component of G — G’, and thus @Q ends in a vertex p; = gy with s — 12k -3 <t < s+ 12k +3
by Claim 2. In particular 3k < ¢t < n — 3k. Let m be the last index such that ¢,, ¢ G”. Then Qq,,
is a shortest qo—Ng(G”)-path, and m = ¢ — 18k — 4.

For every 0 < ¢ < ¢ we define BiQ to be the ball in G of radius 3k around ¢;, and let
Gog=G U, BZ.Q ]. We claim that every vertex of C'— G has distance at most 12k from gg. To see
this, let C’ be any component of C'— G, and let C” be the component of G — G containing C’.
We first show that C” has no neighbour in U‘_,; 41 BZQ and that this in particular implies that
c'=0".

Towards a contradiction, we first assume that C” has a neighbour in some BJQ with 3k <
Jj < € —12k — 3. Then ¢;Q has length at least 12k +4 = 4 - (3k + 1). So Lemma 11.6.1 (ii)
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applied to ps—sk—1PPii3k+1, ¢j—3k—1Q and a shortest path from C” to g; yields that G contains a
3-quasi-geodesic T35, W, a contradiction.

Second, suppose for a contradiction that C” has a neighbour in U, 1953 BZ-Q . In addition, C"
has a neighbour in U, BZ-Q . Indeed, since vertices in Uf_, 195 3 BZ.Q have distance at most
15k + 3 < 18k + 4 from P, they are neither contained in C’ nor do they have neighbours in C’.
Since C’ C C”, this implies that C’ has no neighbours in U{_s; 4 BiQ . As C is connected and
contains gy € Gg, C' has a neighbour in G which then has to be contained in Uz, BiQ . Hence, C”
also has a neighbour in Ug’io BiQ.

For r = 3k, mg = 3k and m1 = 12k + 3, we have that

b—mog—my—2r=0—-3k—12k—-3—-6k=0—-21k—3 > 2k + 2,

so we can apply Lemma 11.4.4 to @ and C” to obtain a geodesic cycle of length at least 2(2k +2) >
3k + 3, which contradicts our assumption on G. Thus, Ng(C") C U3, BiQ. As G" is connected
and contains B?, it follows that C” N G” = () and thus ¢’ = C”, if G” and ¥, BZ.Q do not meet.

Indeed, suppose for a contradiction that G” and U?ﬁo B,L»Q meet in a vertex v. Then

da (P, qo) < da(P,v) + da(v, ¢i) + da(gi, qo) < 18k + 4 + 3k + 3k = 24k + 4,

which contradicts the choice of ¢q.

We can now show that all vertices in C’ have distance at most 12k from ¢q. For this, consider
the induced subgraph of G on the vertex set V(G”)UV (C). In this graph, gy has maximal distance
from P and thus we can apply Lemma 11.4.6 to the shortest qo — P path Q, r = 3k, £ = 3k and
the component C’. So every vertex in C’ has distance at most 9% from Q. As every shortest C'-Q
path ends in some ¢; with ¢ < 3k, this implies that every vertex in C’ has distance at most 12k
from qp.

Now we obtain a path-decomposition of G[V(C) U V;] as follows. In a first step, for i < ¢ we
define

Ul = U B]Q.
;€ Bq(qi,3k+1)
By Lemma 11.4.2, the U] are the bags of a Q-decomposition of G¢ of radial spread at most
4-(3k) +2 = 12k + 2; and every vertex in any U/ has distance at most 6k + 1 from ¢; in G[U/].

In a second step, for Q* = (Qgpm, we define a Q*-decomposition of Gy, U C where G, :=
GlUPE3 BZQ] For that, we let U/’ := U/ for 1 < i < m. The neighbourhood of every component
of C'— Gg is contained in Uy, so we can just add its vertices to Uy: let Uj be the union of Uj and
all vertices of components of C'— Gg. By construction Uy has radius at most 12k. Then the U/

are the bags of a Q*-decomposition of G, U C. Indeed, every vertex of C'— G is contained in Uy
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by definition, and every vertex of C' N Gq is contained in G, since all vertices in Uf:m 1 3k42 BZ-Q
have distance at most 18k + 3 from P and are thus not contained in C. Moreover, (Q*,U") has
radial width at most 12k and radial spread at most 12k + 2.

We now restrict the bags U/ to C and add Vi to all U/ with i > m — 6k, i.e. we set
Ui == (U'NV(C)) for i <m — 6k and U; := (U’ NV (C)) UV, for all i > m — 6k. To verify that
(Q*,U) is a decomposition of G[V (C) U V], it suffices to show that Ng(G — C) C Up,.

For this, let v € Ng(G — C) C V(C) be given, and let w be a neighbour of v in G — C.
As C is a component of G — G”, this means that w € G”. As we have already seen above, no
component of C'— G has neighbours in G”, so v € G, which in particular implies that v € Go-
Ifv e U?;J;f:’f;,flfl BiQ , then v € U,, by construction. So we may assume that v € BJQ for some

7 <m — 3k — 1. But this implies that gy has distance at most
dc(qo, ;) +da(gj,v) +dg(v,w) +dg(w, P) < (m—3k—2)+3k+1+ (18k+4) =m+ 18k +3 < ¢

from P, which contradicts that () is a shortest gy—P path.

Hence, (Q*,U) is a path-decomposition of G[V(C) U V], and it has radial spread at most
12k + 2 by construction. Moreover, it has radial width at most 54k + 8: Let ¢ < m and let v € U;.
If ¢ < m — 6k, then, since Q* C C' is a shortest go—Ng(G — C) path in G and G[U/] has radius at
most 12k, we have U; = U/ and hence G[U;] has radius at most 12k. Now suppose that i > m — 6k.
If v € V;, then v has distance at most 36k + 7 from ps by Claim 5. Otherwise, if v € U; . V then

daiu,) (v, ps) < da,) (v, @) + daw, (@i Gm) + dau,)(gm, ps) < 12k + 6k + (36k + 8) = 54k + 8,

where we used that ¢;Qg, C G[U;] by definition, that ¢, € Ng(V) C Vi by Claim 4, and that
every vertex in Vy has distance at most 36k + 7 from ps by Claim 5. |

We now combine these path-decompositions of the components of G — V"' with the path-
decomposition (P, V) of G"” to a star-decomposition of G. For this, recall that by Claim 5, (P,))
is a path-decomposition of G” of radial width at most 36k + 7 and radial spread at most 48k + 8.
Moreover, the components in C are precisely the components of G — V. For every component
C € C, Claim 6 guarantees the existence of a decomposition (Q¢,Uc) of C modelled on a path Q¢
of radial width at most 54k 4+ 8 and radial spread at most 12k + 2 such that the bag in Uc
corresponding to the last vertex of Q¢ contains V.

We obtain a subdivided star .S from the disjoint union of P and the Q¢ by adding edges from
the last vertices of the Q¢ to ps. Now every vertex h of S already has a bag, which we denote
by V4, in exactly one of the path-decompositions (P, V) or (Qc,Uc). Tt is straightforward to check
that (5,V) is a star-decomposition of G and that is radial width is at most 54k + 8. Moreover, its

230



radial spread is at most (48k + 8) + 1 4 6k = 52k + 9, as only vertices in V; may lie in more than
one decomposition of the form (P, V) or (Q¢,V). This completes the proof. O

We remark that the proof actually yields that the subdivided star S is (1,60k + 14)-quasi-
isometric to G (where we may choose p(h) = h for all vertices h of S as V(S) C V(G) by
construction). Here is a hint for the proof: The proof of Theorem 32 shows that all vertices in G
have distance at most 58k + 9 < 60k + 14 from some vertex of S. Moreover, since P and all
paths Q¢ are geodesic in G, it remains to check the distances of vertices h, A’ of S that lie on distinct
such paths. Assume h € V(Q¢) and b € V(Q¢r) (h € V(Qc¢) and k' € V(P) is similar). Then
ds(h,h') < dg(h,h') as Qo C C is a shortest path in G between its first vertex and Ng(G—C). Also,
da(h, 1) < dg(h,ps)+da(Ng(G—C), Na(G—C"))+ds(ps, ') = ds(h, h')+60k+14 since p; is the
centre of the subdivided star S and because dg(Ng (G —C), No(G—C")) < 2-(18k+4)+2-(12k+3)
follows from the fact that C,C" are components of G — V" = G — Bg(P, 18k +4) and from Claim 2.
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12 A characterisation of the graphs quasi-

isometric to K ,~-minor-free graphs

We prove that there is a function f such that every graph with no K-fat K4 minor
is f(K)-quasi-isometric to a graph with no K4 minor. This solves the Ky-case of a
general conjecture of Georgakopoulos and Papasoglu. Our proof technique also yields
a new short proof of the respective K -case, which was first established by Fujiwara

and Papasoglu.

This chapter is based on [13] and joint for with Raphael W. Jacobs, Paul Knappe and
Paul Wollan.

12.1 Introduction

All graphs in this chapter may be infinite, unless otherwise stated.

12.1.1 Quasi-isometry and fat minors

Gromov’s [80] coarse geometry viewpoint had a profound influence on the field of geometric group
theory and has resonated in neighbouring areas of study. At its core, this perspective revolves
around the concept of quasi-isometry, a generalisation of bi-Lipschitz maps which allows for an
additive error. Roughly speaking, two metric spaces are quasi-isometric whenever their large scale
geometry coincides (see Section 9.2 for the definition).

Following Gromov’s idea into the realm of graphs, Georgakopoulos and Papasoglu [75] recently
presented results and questions regarding the interplay of geometry and graphs, which they hope
evolves into a coherent Coarse Graph Theory or Graph-Theoretic Geometry. At the heart of their
paper, they proposed a conjecture [75, Conjecture 1.1] which would offer, for some prescribed
finite graph X, a characterisation of the graphs whose large scale geometry is that of a graph with
no X minor. This characterisation is in terms of ‘fat minors’, a coarse variant of graph minors.
Roughly speaking, a fat minor is a minor with additional distance constraints, which in particular
ensures its branch sets to be pairwise far apart; especially, 0-fat minors are the usual minors (see
Section 9.5 for the definition).

Conjecture 11.1.1 ([75]). For every finite graph X there exists a function f: N — N x N such

that every graph with no K-fat X minor is f(K)-quasi-isometric to a graph with no X minor.
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Note that the case K = 0 of Conjecture 11.1.1 holds trivially (with f(0) := (1,0)), since 0-fat X
minors are precisely the X minors.
We remark that it is easy to see that the (qualitative) converse of Conjecture 11.1.1 holds for

any (not even necessarily finite) graph X (cf. Lemmas 11.2.2 and 11.3.4).

Recently, Conjecture 11.1.1 has been disproved by Davies, Hickingbotham, Illingworth and
McCarty for general graphs X [38, Theorem 1]. However, Conjecture 11.1.1 is known to be true
for particular graphs X: The case X = K3, which characterises graphs quasi-isometric to a forest,
follows from a result of Manning [100] (see [75] or [19] for a graph-theoretic proof). The case
X = Ky 3 was proved by Chepoi, Dragan, Newman, Rabinovich, and Vaxes [37], which characterises
graphs quasi-isometric to an outerplanar graph. Further, Fujiwara and Papasoglu [70] proved the
case X = K , a K4 with an edge removed, which characterises graphs quasi-isometric to a cactus.
The case X = K, was proved by Georgakopoulos and Papasoglu [75]. Additionally, we showed
in Chapter 11 a similar, but even stronger characterisations of graphs quasi-isometric to a disjoint

union of paths or to a disjoint union of subdivided stars, respectively.

12.1.2 Owur results

The main contribution of this chapter is the resolution of Conjecture 11.1.1 for X = Kjy:

Theorem 33. There exists a function f: N — N x N such that every graph with no K-fat K,

minor is f(K)-quasi-isometric to a graph with no K, minor.

It follows that every connected finite graph with no K-fat K4 minor is either (M, A)-quasi-isometric
to a 2-connected series-parallel graph where (M, A) := f(K) for the function f from Theorem 33,
or it can be disconnected by removing a ball of radius A.

In general, the construction of a quasi-isometry and the argument for its verification may be
quite lengthy. For example, the proof of Conjecture 11.1.1 for X = K given by Fujiwara and
Papasoglu [70] is more than 20 pages long.

There is an alternative framework in which quasi-isometries between graphs can be cast, which
enables us to look at Conjecture 11.1.1 from a different angle: Graph-decompositions [48] are a
natural extension of tree-decompositions which allow the bags V}, of decompositions (H,V) to
be arranged along general decomposition graphs H instead of just trees. Recent applications of
graph-decompositions include a local-global decomposition theorem [48] as well as the study of
local separations [32] and of locally chordal graphs [1]. In [8, § 3.4] it was shown that two graphs
are quasi-isometric if and only if each has a decomposition modelled on the other, subject to bounds
on width parameters that correspond to the constants of the quasi-isometry (see Section 11.2 for

details). To prove Theorem 33, we construct such a decomposition of G modelled on a graph H
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with no K4 minor instead of defining a quasi-isometry from G to H. This in particular yields a
more graph-theoretic flavour of the arguments used in our proof of Theorem 33.

Our techniques additionally yield a new proof of Conjecture 11.1.1 for X = K, , which is
significantly shorter than the original one by Fujiwara and Papasoglu [70]:

Theorem 34. There exists a function f: N — N x N such that every graph with no K-fat K,

minor is f(K)-quasi-isometric to a graph with no K; minor.

Recall that the connected graphs with no K; minor are precisely the cacti, i.e. those graphs in
which any two cycles meet in at most one vertex. In particular, every connected graph with no
K-fat K, minor is f(K)-quasi-isometric to a cactus where f is the function from Theorem 34.
We also remark that our proof yields a function f which is quite different from the one given by

Fujiwara and Papasoglu.!

Let us finally emphasise that we prove Theorems 33 and 34 for arbitrary (finite or infinite)
graphs.? Thus, Theorems 33 and 34 transfer verbatim to length spaces, a generalisation of geodesic

metric spaces [75, Observation 2.1]

12.1.3 Applications

Bonamy, Davies, Esperet and Wesolek [24] brought the following consequences of Theorem 33 to
our attention.

Gromov [80] introduced asymptotic dimension of metric spaces in the context of geometric
group theory; see [15] for a survey on asymptotic dimension and its group-theoretic applications.?
Bonamy, Bousquet, Esperet, Groenland, Liu, Pirot and Scott proved that for any finite graph X,
the class of graphs with no X minor has asymptotic dimension at most 2 [23, Theorem 2], and they
asked whether this can be generalised to classes of graphs excluding a graph X as a K-fat minor

for some K € N [23, Question 5]. It now follows from Theorem 33 that this is true for X = Kjy.

Theorem 12.1.1. For every K € N, the class of graphs with no K-fat K4 minor has asymptotic

dimension at most 1.

Proof. Let H be the class of all graphs with no K4 minor. Since K4 is planar, H has asymptotic
dimension at most 1 by [23, Theorem 1.2]. Let K € N. By Theorem 33, every graph with no K-fat

'For a given graph G with no K-fat K, minor, we construct a (84K + 2,84K + 2)-quasi-isometry from some
cactus H to G (which then by Lemma 9.2.1 yields that G is quasi-isometric to H). In contrast to that Fujiwara and
Papasoglu construct a (2,6000 - 10*%° K)-quasi-isometry from some cactus H' to G; their constants can be found in
[70, Proofs of Lemma 1.9 and Theorem 2.1]. We remark that neither of us optimised their constants.

2This made no difference in the proofs except for Lemma 12.4.8.

3For the various equivalent definitions of ‘asymptotic dimension’, we refer the reader to [23, § 1.1]. For example,
the asymptotic dimension of a graph class G is the least n € N such that there exists a function f such that for all
G € G and for all r € N, V(G) can be coloured with n + 1 colours so that for all v,u € V(G), if they are connected
by a monochromatic path in G", then the distance between v,u in G is < f(r) [23, Proposition 1.17].
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K4 minor is f(K)-quasi-isometric to a graph in H where f is the function from Theorem 33. Since
asymptotic dimension is preserved under quasi-isometry [15, Proposition 22], the class of graphs

with no K-fat K4 minor thus has asymptotic dimension at most 1, too. O

A class of graphs is hereditary if it is closed under taking induced subgraphs. Such a class
of graphs is x-bounded if there exists a function f: N — N such that x(G) < f(w(G)) for
every graph G in the class, where x and w denote the chromatic number and the clique number,
respectively.

Burling [25] constructed a sequence of graphs with increasing chromatic number that contain
no K3 as a subgraph; for a modern study of these graphs, see [108]. In the following, we will refer to
the induced subgraphs of graphs in the Burling sequence as Burling graphs. From Theorem 12.1.1
it now follows that the class of Burling graphs provides an example for a graph class which has

bounded asymptotic dimension but is not x-bounded.

Example 12.1.2. There exists a hereditary class of graphs which has asymptotic dimension at

most 1 and is not x-bounded.

Proof. The hereditary class of Burling graphs is not x-bounded, as Burling graphs do not contain
the complete graph K3, but have unbounded chromatic number. Hence, it remains to prove that
the class of Burling graphs has asymptotic dimension at most 1. For this, by Theorem 12.1.1,
it suffices to show that Burling graphs do not contain 2-fat K4 minors. As Burling graphs do
not contain K3 as a subgraph, every 2-fat K4 minor in a Burling graph G yields a subdivision
of K4 as an induced subgraph of G such that its branch vertices have distance at least 2. By
[109, Theorem 7.4], every subdivision of a K4 which is an induced subgraph of a Burling graph

contains at least one non-subdivided edge. Hence, G cannot contain a 2-fat K4 minor. O

12.1.4 An open conjecture

Even though Conjecture 11.1.1 is disproved for general graphs X [38], we would like to draw
the reader’s attention to the following special case* of Conjecture 11.1.1, which is still open. It
is a coarse variant of Kuratowski’s theorem and was first conjectured by Georgakopoulos and

Papasoglu [75]:

Conjecture 12.1.3. There exists a function f: N — N x N such that every graph with no K-fat

K5 and K33 minor is f(K)-quasi-isometric to a planar graph.

4Note that one may replace the graph X in Conjecture 11.1.1 with any finite set of finite graphs.
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12.1.5 How this chapter is organised

Section 12.2 contains some preparatory lemmas, which simplify the proofs of Theorems 33 and 34.

We then prove Theorem 34 in Section 12.3 and Theorem 33 in Section 12.4.

12.2 Preparatory work: sequences of graph-decompositions

As we have mentioned already in the introduction, we will prove Theorems 33 and 34 by showing
equivalent statements about graph-decompositions, that is, we will prove the cases X = K, and
X = K, of the following conjecture, which is qualitatively equivalent to Conjecture 11.1.1 by
Lemmas 11.2.1 and 11.2.2.

Conjecture 11.1.1°. Let X be a finite graph. Then there exist a function f: N — N x N such
that every graph G with no K-fat X minor admits an honest f(K)-radial decomposition (H,V)

modelled on a graph H with no X minor.

We will later refer to the coordinates of f as fy and f1 in the sense of f(K) = (fo(K), f1(K)).

For this we construct for a given graph G the desired graph-decomposition of G recursively
by ‘extending’ partial graph-decompositions of G step-by-step to one of G. More precisely, given
a (suitable) partial graph-decomposition (H%, V%) of G with support Y¢ we will extend it to a
(Ro, Ry)-radial partial graph-decomposition (H*+!, V41 of G with support Y4+ D Y. Here, we
will ensure that Ng(Y?9) C V(Y1) so that the desired graph-decomposition may arise as the
‘limit’ of the (H?, V9).

In this section we will formalise this procedure and establish a theorem (Theorem 12.2.5) that
will yield the graph-decomposition at once if we can do one simplified ‘extension step’; see (x)

below.

The restriction (H,V) of a graph-decomposition (H,)’) of G to a subgraph Y of G is given by
Vi := VNV (Y). Conversely, a partial graph-decomposition (H,V) of G with support Y extends
to a partial graph-decomposition (H',V’) of G with support Y' if H C H', Y CY’, and V}, C V)
for every node h of H. Note that if (H,V) and (H,)’) are partial graph-decompositions of G with
supports Y and Y’, respectively, such that Y C Y’, and with the same decomposition graph H,
then (H,V) extends to (H,)') if and only if (H,V) is the restriction of (H,V’) to Y.

Let (H%)4en be a sequence of partial graph-decompositions H? = (H9, V?) of G with supports Y¢
such that H? extends to H4*! for every d € N. Then we set YV := U,,en Y%, H := Uyeny H? and
Vi := Ugennemd Vi for every node h of H. We call the pair H = (H,V) the limit of (H%)gen.

The following observation is immediate from the definitions:

236



Observation 12.2.1. Let (H%)gen be a sequence of partial graph-decompositions of a graph G
such that H® extends to H for every d € N. Then the limit H is a partial graph-decomposition
of G with support Y = Jgen Y. Moreover,

(i) if, for a finite graph X, H® € Forb(X) for every d € N, then H € ForbL(X),
(ii) if H? is honest for every d € N, then H is honest,
(iil) radg (Vi) < supgpepd radg (Vi) for every node h of H, and
(iv) irads(H,v) < supg.,cy« irads(H?, v) for every vertex v of Y. O

First, we describe how to extend a partial graph-decomposition (H¢, V%) with support Yy if it
is possible to extend it in the direction of each remaining component of G — Yy individually, that is
if we are given for each C' € C(G — Y'?) a partial graph-decomposition H¢ = (HY, V%) of G with
support V¢ such that Ng(C) C V(YY) C Bg(C,1).

Let H = (H,V) be a partial graph-decomposition of G with support Y. For C € C(G —Y),
a partial graph-decomposition H¢ = (HY, V%) of G with support Y¢ C G[C, 1] is feasible for H
and C, if 0gC C V(YY) and there exist nodes h® of H® and ¢ of H with Ng(C) = V¢ o and
Ng(C) C Vye. A family {H® | C € C(G —Y)} of partial graph-decompositions of G is feasible
for H if each HC is feasible for H and C.

Construction 12.2.2. Assume that H = (H, V) is a partial graph-decomposition of a graph G with
support Y. Let {HC | C € C(G —Y)} be a family of partial graph-decompositions HE = (HY, V)
of G with support Y¢ which is feasible for .

We define the pair H' := (H', V') as follows. Let H’ be the graph obtained from the disjoint
union of H and the H® by identifying h¢ € V(HY) with ¢¢ € V(H) for every C € C(G —Y). For
each node h of H', we set V} := V}, if h € V(H) and V) := V,¥ if h € V(HY) \ {h“} for some
CeC(G@=Y). Set Y :=Y UUcecia_y) Y°-

Note that the graph H’ from Construction 12.2.2 is obtained from H and the H by 1-sums.
Here, the 1-sum of two graphs G and G with respect to vertices vy of Gy and vy of (31 is obtained
from the disjoint union of Gy and G; by identifying vy with v;. We remark that Forbg(X) is
closed under 1-sums if and only if X is 2-connected. Hence, if H and the H® have no X-minor for
X = Ky or X = K, then also the arising graph H’ has no X minor®.

The following observation about H’ from Construction 12.2.2 is immediate from its construction.

Observation 12.2.3. Let G, H and the HC be as in Construction 12.2.2. Then H' constructed as
in Construction 12.2.2 from H and the HC is a partial graph-decomposition of G with support Y,

which extends H. Moreover,

®One could, more generally, obtain a partial graph-decomposition (H',V') by identifying more than one pair of
vertices of H and an H€ if the respective bags of H and HE are suitable for this. However, since we need to ensure
for the proof of Theorems 33 and 34 that the arising graph H' has no K - or K4 minor, we will not do this here.
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(i) if H,H® € Forb<(X) for all C € C(G —Y) and some 2-connected graph X, then H' €
Forb4 (X)),

(ii) if H and HC are honest for every C € C(G —Y), then H' is honest,

(iii) radg(V}) =radg(Va), if h € V(H),
) radg(V)) = rada(V,E), if h € V(HC) ~\ {hC} for some C € C(G —Y),

(v) irads(H',v) = irads(H, v) forve V(Y) N 0qY,

(vi) irads(H’,v) = irads(HY,v) forv e V(YY) N 0gY = V(Y NC) for C € C(G —Y), and
) ( (

(vii) irads(H’,v) < irads(H,v) + 2supcec(G-v) irads(H%,v) for v € OgY . O

(iv
)
)

A partial graph-decomposition H of G with support Y is R-component-feasible for R € N if
for every component C of G — Y there is h € V(H) with Ng(C) C V}, and radg(Vy,) < R. A
subgraph Y of G is R-ball-componental if for every component C' of G — Y there exists a vertex w
of G such that C' is a component of G — Bg(w, R).

The following lemma shows that we may assume without loss of generality that every R-

component-feasible partial graph-decomposition has an R-ball-componental support.

Lemma 12.2.4. For every R € N, every honest R-component-feasible partial decomposition H
of a graph G with support Y extends to an honest R-component-feasible partial graph-decomposi-
tion H' of G modelled on the same decomposition graph with R-ball-componental support Y’ and
oradw(H') < max{oradw(H), R}, irads(H’,v) = irads(H,v) for v € V(Y), and irads(H',v) = 0
forve VY)NV(Y).

Proof. For each node h of H with radg(V},) < R, we fix a vertex vy, of G such that V}, C Bg(vp, R).
Since (H,V) is R-component-feasible, we may further fix for each C € C(G —Y), a node h¢ of H
such that Ng(C) C Vi, and radg(Va,) < R. Set U := V(Y) UUcecg-v)(Ba(vhe, R) NV (C)).
It is immediate from the construction that every component C’ of G — U is also a component of
G — Bg(vp, R) where C is the unique component of G —Y with C’ C C. Hence, the induced
subgraph Y’ := G[U] is R-ball-componental.

It remains to extend (H,V) to the desired graph-decomposition (H,V') of Y'. Set V) :=
Vi U (Ba(vn, R) N (Uceca-v)ne=n V(C))) for every h € V(H). Note that, for every h € V(H)
every vertex v of Y is contained in V} if and only if it is contained in V}, and every vertex
v € UNV(Y) is contained in exactly one V. Thus, (H,)’) is indeed a graph-decomposition
of Y’, and its outer-radial width and radial spread are as claimed. Moreover, by construction,
Na(C') C Vy, where C is the unique component of G —Y with ¢ C C. Hence, (H,)') is

R-component-feasible. O

Recall that our overall goal is to construct, for a given graph X and a graph G without K-fat

X minor, a graph-decomposition of G along a graph H without X minor. For this, we recursively
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construct f(K)-radial partial decompositions (H% V) with support Y%, where each (H¢,V?)
extends (H9~1, V?~1) ‘nto the direction’ of each component. Combining Observation 12.2.1 and
Lemma 12.2.4, it suffices to consider the case Y¢ = G[B] where B is a ball of bounded radius
and to ‘make progress’ into the direction of one component of G — Y?. The following result,
Theorem 12.2.5, and property () formalise this.
We say that a graph X has property (x) if for every K € N there are R(K), f{(K), fi(K),
7(K) € N with R(K) < f((K) such that, for every ball B of radius < R(K) in a graph G with
no K-fat X minor and for every component C' of G — B, there exists an honest R(K)-component-
feasible (f}(K), f|(K))-radial partial graph-decomposition H® of G' with support Y¢ modelled
on a graph H® € Forb4(X) such that Ng(C) U dgC C V(YY) C Bg(C, 1), the neighbourhood
Ng(C) is a bag of HC, and irads(HC,v) < f{(K) for all v € Ng(O).

Theorem 12.2.5. If a 2-connected finite graph X has property (x) (with respect to functions R, f,
f1, f1), then Conjecture 11.1.17 holds for X (with respect to f:= (fo, f1) == (f), f1 +2- f1+1)).

A partial graph-decomposition H of G with support Y is (Ry, R1, R})-radial in G if it is
(Ro, Ry)-radial and irads(#,v) < R for every v € dgY .

Proof. For K € N, let R(K), fo(K), f1(K), f{'(K) be given by property (x) of X, and let G be any
graph with no K-fat X minor. By Observation 9.4.3, we may assume that G is connected.

We define a sequence of partial graph-decompositions (H¢, V) of G with supports Y as
follows. Pick an arbitrary vertex v of G and initialise Y° := G[v, Ro(K)]. Let (H°V°) be
the partial graph-decomposition of G with support Y° whose decomposition graph H? is the
graph on a single vertex h and whose single bag is V,? = V(YY). Clearly, (H°1?) is honest,
R(K)-component-feasible and (fo(K),0,0)-radial, and H® € Forb(X).

Now let d € N be given, and assume that for ¢ < d we have already constructed a sequence
of honest, R(K)-component-feasible, (fo(K), f1(K), f1(K))-radial partial graph-decompositions
H' = (H", V') of G with R(K)-ball-componental support Y and with H* € ForbL(X) such that
each H'T! extends H'. Let further (HC V®), for every C € C(G — Y'?%), be given by property ()
of X.

Then applying Construction 12.2.2 to H¢ and the (H C,VC) yields a partial graph-decom-
position (H’,V’) of G, which extends H?, is honest and (fo(K), f1(K), f1(K))-radial by Obser-
vation 12.2.3, and such that H' € Forb4(X), since X is 2-connected. Moreover, (H',V’) is
clearly still R(K)-component-feasible, so by Lemma 12.2.4, (H',)’) extends to an honest R(K)-
component-feasible (fo(K), f1(K), f{(K))-radial partial graph-decomposition (H4*! V¥+1) of G
with R(K)-ball-componental support Y41 and with H¥! = H’ € ForbL(X).

Now by Observation 12.2.1, the limit (H, V) of the (H%, V%) is an honest (fo(K), f1(K))-radial
partial graph-decomposition of G' with support ¥ := zen Y? and with H € ForbL(X). Since Y41
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contains GG [Yd, 1] by construction, and because G is connected, we have Y = G, and hence (H, V)

is a graph-decomposition of G. Thus, (H,V) is as desired. O

12.3 Proof of the fat minor conjecture for X = K

In this section we prove Theorem 34, which we restate here in the terminology of graph-decom-

positions.

Theorem 34°. For every K € N, every graph with no K-fat K, minor admits an honest
(42K + 1,28K + 3)-radial decomposition (H,V) modelled on a graph H with no K; minor.

Note that by Lemmas 9.2.1 and 11.2.1, Theorem 34’ immediately implies Theorem 34.

To prove Theorem 34’, it suffices by Theorem 12.2.5 to show that for every ball B in G of
radius < 42K + 1 and every component C of G — B there exists a (42K + 1,28K + 1)-radial,
(42K +1)-component-feasible partial decomposition H¢ of G' modelled on a cactus H¢ with support
Y¢ C G[C, 1] such that 9gC U Ng(C) C V(Y?) and irads(HE,v) < 1 for all v € Ng(O).

For this, we first show that if G has no K-fat K, minor, then no component C of G — B
contains three vertices in its boundary dgC' that are pairwise far apart in G (see Lemma 12.3.1
and Figure 12.1). It follows that the boundary of every component C' of G — B can be partitioned
into two sets N1, No of small radius. If N; and Ny are close in GG, then the boundary of C has
small radius, and we may obtain the desired partial graph-decomposition HC of G by letting H¢
be a Ky on vertices h, h' and setting V,* := Ng(C), V}§ := Ng(C) UdgC. Otherwise, the sets Ny
and Ny are far apart in G. We then show that there is a partial path-decomposition H¢ with
support Y¢ C G[C, 1] as desired ‘connecting’ N7 and Nj such that its first and last bag are its
only bags which intersect B (see Lemma 12.3.3 and Figure 12.2).

Lemma 12.3.1. Let B be a ball in a graph G around a vertex w, and let C' be a component
of G — B. If 0gC contains three vertices which are pairwise at least TK apart in G for some
K € N34, then G has a K-fat K; minor.

Proof. Let r be the radius of the ball B around w, and let uy, us, ug be three vertices in dgC which
are pairwise at least 7/ apart in G. Then also dg(u;, u;) < 2r for i # j since B has radius r, and
thus

r > da(ui,ug)/2 > TK/2 > 3K.

Hence, the ball Bg(w,r — (3K — 1)) is non-empty, so we may pick for every i € [3] a shortest
vi-Ba(w,r — (3K — 1)) path Q° = ¢ ... ¢4 in G. By defining the branch sets as

Vi :=V(C), Vo := Ba(w,r — 3K — 1)), V3 := V(¢ Q' @k ), Va = V(¢kQ*B)
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FIGURE 12.1: The K-fat K, minor in the proof of Lemma 12.3.1.

and the branch paths as

Ei3 = Q' G, B4 = 3 Q°Gr, FBaz = @0Q qlc, Fou = ¢3Q%*q%, Eiz = Q°

we obtain a K-fat K, -model (see Figure 12.1). Indeed, the sets V; and the paths E;; obviously
form a model of K, so it remains to show that this K, -model is K-fat.

Since G[Vi] = C is a component of G — Bg(w,r) and Vo = Bg(w,r — (3K — 1)), we have
da(V1,Vs) = 3K > K. In particular, as the Q° are shortest paths, it follows that dg(V;, Ei_y;) =
2K > K as well as dg(FE1j, Eoj) > K for i = 1,2 and j = 3,4. By the choice of V3, V4 and the Ej;
as subsets of the Q', it remains to show dg(Q%, @) > K for i # j. Indeed, we find

de(Q', Q%) = da(uiyuy) — ||Qil] — |Q5]] > TK —2-3K = K,

where the first inequality holds because any Q*~@Q7 path extends via Q% and @7 to a u;~uj; path. [

For the next lemma, we need Lemma 11.4.2 from Chapter 11, which we recall here for

convenience (in a slightly weaker form which suffices in this case).

Lemma 12.3.2. Let G be a graph, and let P be a geodesic path in G. Given r € N we write By, :=
Ba(p,r) for p e V(P) and set

Vo= |J By
p’'€Bp(p,r+1)

Then H = (P, (Vp)per) is a partial graph-decomposition of G with support G' = G[U,ep By] of
outer-radial width at most 2r + 1 and radial spread at most 2r + 1. Moreover, V,, C Bg(p,2r + 1)
for every p € V(P).
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FIGURE 12.2: Depicted in green is the path-decomposition (P, V) from Lemma 12.3.3
along the path P which is depicted in blue. By (ii), the neighbourhood of every

component C’ of C —Y is contained in some bag in V.

Lemma 12.3.3. Let B be a ball in a graph G around a vertexr w, and let C be a component of
G — B whose boundary 0gC' contains two vertices that are at least 42K + 1 apart for K € Ns;.

If G has no K-fat K; minor, then there is an induced subgraph Y of G|C, 1] which admits an
honest (28K + 1,28K + 1)-radial decomposition (P,V) modelled on some path P = pq...p, such
that

(i) Na(C)UdgC C Vp, UV, , and Ng(C) is disjoint from every V,, with p # po, pn, and
(ii) for every component C' of G —Y which meets, or equivalently is contained in, C, its
neighbourhood N¢(C") is contained in some bag V, of (P, V).

Proof. Let us assume that G has no K-fat K, minor and show that G then has a partial
path-decomposition as claimed. Let v1,v2 be two vertices in dgC which are at least 42K + 1
apart. Then the balls B; and By in G of radius 21K — 1 < |dg(vi,v2)/2] — 1 around vy
and v, respectively, are disjoint and also there is no B;—Bs edge in G. In particular, the
sets N; := Bg(v;, TK — 1) N 9cC C B; for i € [2] are at least 28 K + 3 apart because for all

n1 € Ni,ny € Ny we have

dg(nl,ng) > d(;(’l}l,’l}g) — dg(nl,’l)l) — dg(vz,ng) > (42K + 1) —2- (7K — 1) = 28K + 3. (12.1)

Further, since G has no K-fat K, minor, Lemma 12.3.1 yields N1 U Ny = 0gC.
Let P =pg...ppn be a shortest N1—Ny path in G’ := G[By U V(C) U Bs]. Since B; and By are
disjoint and not joined by an edge, N;, for i € [2], separates B; \ V(C) and N3_; C V(C) in G'.
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Hence, every N1—Ns path in G’, in particular P, is contained in C. Moreover, for rp := 14K, we

have

B(;<P, T'p) C Ba(Cyrp) = B(;(Nl, rp)U V(C) @] B(;(NQ,TP) cBhu V(C) U By = V(G,), (12.2)
where we used that Ny U Ny = 0gC, N; C Bg(v;, 7K —1) and B; = Bg(v;, 21K —1). In particular,

Bg(p,rp) = Ba(p,p) (12.3)

for all p € P. So by Lemma 12.3.2, the pair (P,)’) given by

V, = U  Belre)
p'€Bp(p,rp+1)

is an honest graph-decomposition of G'[P,rp] = G[P,rp]| of radial width at most 2rp+1 = 28K +1
and radial spread at most 2rp + 1 = 28K + 1. Moreover, dg(p,v) < 28K + 1 for all p € V(P) and
veV,.

Now set Y := G[P,rp] N G|[C,1]. As we will see in a moment, the restriction of (P, V') to Y has
already all desired properties, except that it does not satisfy the second part of (i). To solve this
problem, we adapt (P,)’) by deleting Ng(C) from all bags V; of internal nodes p # po, pn of P.
Formally, define the pair (P,V) by V,, := (V; NV (Y)) \ Ng(C) for p # po,pn and V, := V,; NV (Y)
for p = po, pn. We claim that (P,)) and Y are as desired.

We first prove that (P, V) is indeed a graph-decomposition of Y. Since (P,)) is a graph-decom-
position of G[P, rp], its restriction to Y C G[P,rp]| is a graph-decomposition of Y. Thus, it suffices

to show that every vertex v € Ng(C) is contained in precisely one of the bags V! Vp’n and that

0
this bag also contains all neighbours of v. ’

Since pg € Np, we have N1 C Bg(po, 7K — 1). Otherwise, there is some u € N with
da(u,po) = TK. Since also dg(u,v2),dg(po,v2) = da(Ni,N2) > 7K by (12.1), Lemma 12.3.1
applied to u, pg, v2 € OgC yields a K-fat K; minor in GG, which is a contradiction. Analogously, we
find Ny C Bg(pp, 7K —1). Since dg(po, N2), da(pn, N1) = 28K +3 by (12.1) but dg(p,v) < 28K +1
for all p € V(P) and v € Vp’, the set Bg(N1,1) is disjoint from V:Lfn, and Bg (N2, 1) is disjoint
from V,, .

Further, since (P, )’) has outer-radial width and radial spread at most 28 K41, so does (P, V). It
remains to show that (P, V) satisfies (ii). Suppose for a contradiction that (ii) does not hold, that is,
there is a component C” of G —Y which is contained in C' and which contains z; € Ng(Bg(pj,,rp))
and 2o € Ng(Bg(pj,,rp)) with 0 < j1 < j2 < n such that jo —j3 >2- (rp+1).

To derive a contradiction, we find a K-fat K; minor in G as follows. Let Q° = ¢f . .. qf,P 41 be
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(a) Case 1: j; > 7K and thus uy; € V(P) (b) Case 2: j; < 7K and thus uy € V(W)

FIGURE 12.3: The situation in the proof of Lemma 12.3.3 if (P, V) does not satisfy

(ii).

a shortest p;,—z; path in G and let Wi =wj... wfurl be a shortest w—v} path in G for v} = py and
vh = pp. Note that by definition of z; and pj,, the Q' have length 7p + 1 and are hence shortest
P-C" paths in G. Further, recall that the radius r of the ball B is at least dg(v1,v2)/2 > 14K + 1.

Now first assume that j; > 7K (see Figure 12.3a). Set B’ := Bg(pj,,7K), and consider
Ul 1= Pj 7K1, U2 = Pj4+7K+1 and ug = q%KH. Since P is a shortest path in G’ and Q! is
also a shortest P-C’ path in G, it follows from (12.3) for p;, that ui,us,u3 € Ng(B'). A similar
reasoning applied to u; and us yields that the u; have pairwise distance at least 7K. We claim
that uq,ug,us lie in the same component of G — B’, which by Lemma 12.3.1 yields a K-fat K
minor in G — a contradiction. Indeed, Z := poPu; U W' UW?2 U usPp, UQ?*UC' UuzQ'z; is
connected and contains ui, us,us3. Moreover, it follows from a similar reasoning as above together
with jo — j1 > 2(rp + 1), also Q? being a shortest P-C’ path in G that Z is disjoint from B’, and
Wt Ww?cC G[B,1].

Second, assume that j; < 7K (see Figure 12.3b). Set B’ := Bg(pj;,,14K), and consider
up = w%—14K+j1v Uy = pj+14k+1 and uz = z1. As above, u,uz,u3 € Ng(B') and the u;
have pairwise distance at least 7K. Again, we obtain a contradiction from Lemma 12.3.1, since
u1,ug,us lie in the same component of G’5. Indeed, Z := Wluy UW?2 U usPp, UQ? U C is
connected and contains ui, us, us, and one may follow a similar reasoning as above together with
da(po,pn) > 2- (14K 4+ 1) by (12.1) to show that Z is also disjoint from B’. O

We are now in a position to prove Theorem 34’. For this, by Theorem 12.2.5, it suffices to

show that K has property (x).
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Lemma 12.3.4. K, has property (x) (with respect to R(K) = f)(K) := 42K +1, f{(K) := 28 K+1
and f{(K)=1).

Proof. Let K € Nx1, and let G be a graph with no K-fat K, minor. Let B be a ball in G of
radius at most 42K + 1, and let C' be a component of G — B.

If every two vertices in dgC are at most 42K apart, then the desired honest (42K + 1)-
component-feasible (42K + 1,1)-radial graph-decomposition (H¢, V) := (H,V) of Y¢ := Y :=
G[Ng(C) U dgC] is given by defining H as a Ky on two vertices h, h’ and setting V}, := Ng(C),
Vi := Ng(C) U 0gC.

Otherwise, we apply Lemma 12.3.3 to the ball B and the component C to obtain an honest
decomposition (P, V) of an induced subgraph Y of G[C, 1], modelled on some path P =pyg...p,
such that (P, V) has outer-radial width at most 28 K 4 1, has radial spread at most 28 K + 1, and
satisfies (i) and (ii). We obtain the desired honest (28 K + 1)-component-feasible (28 K +1, 28K +1)-
radial graph-decomposition (H®, V°) := (H,V) of Y := Y by adding a node h and edges hpg, hp,
to P and setting Vj, := Ng(C'). Indeed, (i) ensures that (H,V) is an (honest) graph-decomposition
of Y and the radial spread of each vertex in Ng(C) in (H,V) is at most 1. The radial spread of every
other vertex in Y did not change, that is, it is still at most 28 K + 1. Since V}, = Ng(C) C B, we
have radg(Vy,) < radg(B) < 42K +1, and thus (H, V) has outer-radial width at most 42K +1. [

Proof of Theorem 84°. By Theorem 12.2.5, Lemma 12.3.4 immediately yields Theorem 34’. ]

Proof of Theorem 34. Let G be a graph with no K-fat K, minor. By Lemma 11.2.1, Theorem 34’
yields that there exists a graph H with no K, minor which is (84K + 2, 84K + 2)-quasi-isometric
to G. Hence, it follows from Lemma 9.2.1 that G is (84K + 2,3 - (84K + 2)?)-quasi-isometric to H.
Thus, Theorem 34 holds with f(K) := (84K + 2,3 - (84K + 2)?). O

12.4 Proof of the fat minor conjecture for X = K,

In this section we prove Theorem 33, which we restate here in the terminology of graph-decom-

positions.

Theorem 33’. Every graph G with no K-fat K4 minor for K € N> admits an honest (25235K +
71,22)-radial decomposition (H,V) modelled on a graph H with no K4 minor.

Note that by Lemmas 9.2.1 and 11.2.1, Theorem 33’ immediately implies Theorem 33.

Two-terminal graphs are graphs with two distinguished (not necessarily distinct) vertices hy, ha,

its terminals, which we refer to as source and sink. We denote by Hgp the class of all two-terminal
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graphs H with terminals hq, ho € V(H) that satisfy H + hihg € Forb<(K4).> We remark that the
finite 2-connected graphs in Hgp are precisely the 2-connected series-parallel graphs.

A parallel composition of two-terminal graphs is obtained by identifying the sources and
identifying the sinks. A series composition of a pair of two-terminal graphs is obtained by
identifying the sink of one of them with the source of the other one. Since Ky is 3-connected, the

following facts about Hgp follow easily.

Proposition 12.4.1. Hgp is closed under the following operations:
e parallel and series composition,
o subdividing edges,
e adding a path of length at least 2 between any two adjacent vertices, and

e (infinite) union over graphs Hy C Hy C ... € Hgp.

Proof. Since K, is 3-connected, the first three assertions follow easily. For the fourth assertion,
note that since Ky is finite, H + h1hgo, with H := (J;cy H;, contains a model of Ky if and only if it
contains one with finite branch sets. By the definition of H as the union of the H* € Hgp, this
implies that H + hihs has no K4 minor, and hence H € Hgp. ]

Throughout this section we fix

Ro(K) :=129-5K + 5K = 130 - 5K,
R)(K) := 3Ry(K) + 5K + 1,
U(K) := 2Ry(K) + 5K + 2,
Ry(K):=4-(2(0(K) + 22K + 1) + 11K +2), and
Ry(K) = 2Ry (K) + 5K + 3.

Let us briefly sketch the proof of Theorem 33’. For this, let K € N5, and let G be a graph with
no K-fat Ky minor. By Theorem 12.2.5 (with R(K) := Ry(K), fy(K) := Rao(K) +2R{(K)+ 2 and
f1(K) = f{(K) :=T), and because Rao(K)+2R{(K)+2 = 25235 K+71 and 7+2-7+1 = 22, it suffices
to show that K, satisfies property (), that is for every ball B in G of radius < Ry(K) and every
component C' of G — B there exists a Ra(K)-component-feasible, (Ra(K) + 2R,(K) + 2, 7)-radial
partial decomposition H¢ of G' modelled on a graph H € Forb_ (K4) with support Y¢ C G[C, 1]
such that 0gC C V(YY) (see Lemma 12.4.4). So let such a ball B and component C of G — B be
given. To define H®, we distinguish two cases. If the boundary dgD of some component D of

C — Bg(B,22K + 1) contains three vertices that are pairwise far apart, then we obtain the desired

SNote that we allow hy = h2, in which case hihs is a loop. Thus, we have for two-terminal graphs H with hy = hs
that H € Hgp if and only if H € Forbg(K4).
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(a) Lemma 12.4.2 (b) Lemma 12.4.3

FIGURE 12.4: Depicted are the graph-decompositions (H,V) with support Y in
Lemmas 12.4.2 and 12.4.3 if G has no K-fat K4 minor. By Lemma 12.4.2 (iv) and
Lemma 12.4.3 (iv) the neighbourhood of every component of C' — Y is contained in

some bag in V.

partial decomposition with support Y¢ C G[C, 1] by applying the following Lemma 12.4.2 to C
and C* := D.

Lemma 12.4.2. Let K € N34, let B be a ball in a graph G around a verter w of radius r € N>,
and let C' be a component of G — B. Suppose there is a component C* of C — Bg(B,22K + 1)
such that 0gC™* contains three vertices that are pairwise at least Ri(K) apart.
If G has no K-fat K4 minor, then there is an induced subgraph 'Y of G[C, 1] with 0cC C V(Y)

which admits an honest decomposition (H,V) modelled on some graph H € Forb4(K4) such that

(i) (H,V) contains Ng(C) as a bag,

(ii) oradw((H,V)) < max{r + 2R,(K) + 2, Ro(K)} and

(iii) irads((H,V)) <7, and

(iv) (H,V) is R-component-feasible for R := max{r, R2(K)}.

Otherwise, we define H® by considering each component of C' — Bg(B,22K + 1) separately.
For this, we first take a K5 on vertices g, ¢’ and set Vyy := (Bg(B,22K +1) NV (C)) U Ng(C) and
Vy := Ng(C). Next, to ensure that HE is Rs(K)-component-feasible, we extend this decomposition
into the components D of C' — Bg(B, 22K +1) as follows. If some dg D has radius < Ro(K)—1, then
we may simply take a K5 on vertices g, hP, set Vo := Ng(D) =: V;,p and identify gP with ¢'.
Otherwise, if dgD can be partitioned into two sets Ny, N1 of radius at most Ry (K) that are at least
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5K + 2 far apart, then we obtain a partial decomposition (HC, VC) with support Y¢ C G[C, 1]
modelled on a graph with no K4 minor by the next Lemma 12.4.3 (applied to C := D), and we
can then identify the node of H? given by Lemma 12.4.3 (i) with ¢’. This then yields the desired

partial decomposition HC.

Lemma 12.4.3. Let K € N5y, and let B be a ball in o graph G around a vertex w of radius r € N,
and let C be a component of G — B. Suppose there are vertices vy,vy € 0aC which are at least
2R1(K) 4+ 5K 4 2 apart and 0gC C Bg(v1, R1(K)) U Bg(va, R1(K)).
If G has no K-fat K4 minor, then there is an induced subgraph Y of G[C, 1] with 0cC C V(Y)

which admits an honest decomposition (H,V) modelled on some graph H € Forb(K4) such that

(i) (H,V) contains Na(C) as a bag,

(ii) oradw((H,V)) < R :=max{r, Ri1(K) + 2Ro(K) + 5K + 2},

(iii) irads((H,V)) < 3, and

(iv) (H,V) is R-component-feasible; moreover, for every component of D of G —Y which meets,
or equivalently is contained in, C, its neighbourhood N (D) is contained in some bag V}, of
(H,V) with rad(V) < R1(K) + 2Ro(K) + 5K + 1.

Let us now deduce Theorem 33’ from Lemmas 12.4.2 and 12.4.3. For this, as noted earlier, it

suffices to prove that K4 has property (x).

Lemma 12.4.4. K4 has property (%) (with respect to R(K) = Ra(K), f)(K) := Ro(K)+2Rj(K)+2
and f{(K) = fI(K) = 7).

Proof. Let K € N3, and let G be a graph with no K-fat K4 minor. Let B be a ball in G of
radius r < Ry(K) around a vertex v € V(G), and let C' be a component of G — B. Further, let D
be the set of components of C' — Bg(B,22K + 1), and first assume that there is some D € D
such that OgD contains three vertices that are pairwise at least R;(K) apart. Then we obtain an
induced subgraph Y C G[C, 1] with d¢C C V(Y') and the desired honest Ra (K )-component-feasible
(fO(K), 7)-partial decomposition (H,V) of Y with Ng(C') =V, for some g € V(H) by applying
Lemma 12.4.2 to the ball B of radius r < Ra(K) and the component C' of G — B, which completes
the proof in this case.

Otherwise, let D’ C D be the set of components D of C — Bg(B,22K + 1) such that there
are two vertices in dg D which are at least 2R (K) + 5K + 2 apart. Then by assumption, every
D € D’ satisfies the premise of Lemma 12.4.3; let (H D yb ) be the partial decomposition with
support Y'? obtained from applying Lemma 12.4.3 to the ball Bg(B,22K + 1), which is a ball of
radius 7 + 22K + 1 around v, and the component D. Let g” be a node of H” with VgD = Ng(D),
which exists by (i). Further, for every component D € D~ D', let H” be a K3 on vertices g”, h?
and set VY := V5 := Ng(D).
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Now let H be the graph obtained from the disjoint union of the HP for D € D’ by first
identifying all g” to a single node, which we call ¢/, and adding a node g and the edge gg’. Note
that H € Forb<(Ky) since it is the 1-sum of the Ky-minor-free graphs H” and K. Set V}, := VhD
for all h € V(H) ~ {g,¢'} where D is the unique component in D’ such that h € V(HP”) and
Vg = (Bq(B,22K +1)NV(C)) U Ng(C) and V; := Ng(C). Then, by construction, (H,V) is a
partial decomposition with support Y := G[JV(Y)U V] since Vg% CVy forall D e D

We claim that (H, V) is as desired. Indeed, the outer-radial width of (H,V) is Ra(K)+22K+1 <
fo(K), since rad(Vy,p), radq(Vy) < radg(Vy) < radg(B) + 22K + 1 < Ry(K) + 22K + 1 for every
D € D\D" and rad(V},) < R2(K)+ 22K +1 for all other h € V(H) by (ii) of Lemma 12.4.3. Note
that the radial spread of (H,V) is < 2- maxpep irads((HP,VP)) < 6 < f{(K), since V; C V, or
it is 1 if D = 0.

By construction, it follows immediately from Lemma 12.4.3 (iv) that for every component
of G — Y which meets C there exists a bag V} containing its neighbourhood. Moreover, clearly,
every component of G —Y which does not meet C has only neighbours in Ng(C) =V, C B. All
in all, (H,V) is R(K)-component-feasible. O

Proof of Theorem 33°. By Theorem 12.2.5, Lemma 12.4.4 immediately yields Theorem 33’. O

Proof of Theorem 33. Let G be a graph with no K-fat K4 minor. By Lemma 11.2.1, Theorem 33’
yields that there exists a graph H with no K4 minor which is (50470K + 142, 50470 K + 142)-quasi-
isometric to G. Hence, it follows from Lemma 9.2.1 that G is (50470K + 142,3 - (50470K + 142)?)-
quasi-isometric to H. Thus, Theorem 34 holds with f(K) := (50470K +142, 3- (50470 K +142)?). O

The remainder of this section is devoted to the proofs of Lemmas 12.4.2 and 12.4.3. For
this, we first show in Section 12.4.1 an auxiliary lemma that we will use to find K4 as a K-fat
minor in a graph G whenever we cannot find our desired decomposition of G modelled on a graph
with no K4 minor of small outer-radial width. Then, in Sections 12.4.2 and 12.4.3, we prove

Lemmas 12.4.2 and 12.4.3, respectively.

12.4.1 Finding a K-fat K, minor

Lemma 12.4.5. Let G be a graph, K,r1,r9 € Nx1, and let v1,v2 be two vertices of G that are at
least r1 4+ ro + 5K apart. Set B; :== Bg(v;, 1) fori € [2], and suppose there are three B1—Ba paths
P, P> and P3 which are pairwise at least 5K apart.

If G has no K-fat K4 minor, then the B lie in distinct components of G — (B1 U Ba).

Proof. Let us first note that since the paths Pp, P», P3 are pairwise at least 5K apart, also
ri = [6K/2] > 2K for i € [2]. For i € [3], let Q" := ¢} ...q.,, be a shortest Bg(vi,r1 — 2K)—
Bg(vg, 79 — 2K) path in G[B1] U P; U G[Bs]; in particular, n; := || P;|| + 4K.
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Suppose that at least two PZ lie in the same component C of G — (B; U By). We show
that G has a K-fat K4 minor. For this, assume without loss of generality that P; C G[C,1].
Let W be a Pi-Bg(Q? U Q3 K) path in C; by symmetry, we may assume that W ends in
Bg(Q?, K). Further, let W’ = wy ... w,, be a shortest Pi-Q? path in G[Q?, K]UW. Note that W’
ends in a vertex in q%(QQqZTK = Q’NG[Py,K],as W C C C G — (B1 U By). In particular,
since Q? is a shortest Bg(v1,r1 — 2K)-Bg(va, 7o — 2K) path in G[B; UV (P) U By] it follows that
Win— g W'w,, C G[Ps,2K].

FicUrE 12.5: The K-fat K4 minor in the proof of Lemma 12.4.5.

By defining the branch sets as

Vii= V(g Q' gy — i) UV (woW'wie), Va i= V(qiQ*ary— Wi W wm),
V3 := Bg(v1,r1 — 2K) and Vj := Bg(vg,r2 — 2K).

and the branch paths as
By = wgWwm_k, E = q,Q"'¢%, B = q,,_Q'q, and E3y := Q°

for i € [2] we obtain a K-fat K4-model in G (see Figure 12.5). Indeed, the sets V; and the paths Ej;
obviously form a model of K. It remains to show that this K4-model is K-fat.
By construction, we have V3,V (E;3) C By and Vi, V(Eij4) C By for i € [2], and thus by

assumption
dG(VE’n ‘/21), dG(ElBa Ej4)7 dG(VE% Ei4)7 dG(‘/lla EZ3) 2 dG(Bla BQ) > 5K 2 K

for 4,7 € [2]. Moreover, dg(V(QY) UV1,V(Q?) UVa) > da(P1, P2) —2-2K > 5K —2-2K = K
since V(Q") UV; C Bg(P;,2K) for i € [2]. This yields that

da(V1,V2),dc(Vi, E2i),da(Va, Evi), da (B, E2) > K
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for i € {3,4}. As above, we have dg(Q? V(Q") UV;) > K since also Q* C G[P3,2K] and
da(Ps, P;) > 5K for i € [2]. Further, dg(Q3, W) > K by the choice of W. Thus,

dg(E34, Vi), dc(Esa, Eij), dg(Esa, E12) > K

for i € [2] and j € {3,4}. As C is a component of G — (B U By), we have dg(C, Bg(vi, i — K)) =
K + 1 for i € [2]. Since E12 € W C C this implies that

da(Eh2, Eij),dc(Er2,Vj) 2 dg(C,Bg(vi,1i — K)) =K +1> K
for i € [2] and j € {3,4}. Finally, we obtain
da(Vi, V;) 2 da(Ba(C, K), BG(vj—2,1j—2 —2K)) =2K - K = K
for ¢ € [2] and j € {3,4}. This completes the proof. O

12.4.2 Proof of Lemma 12.4.3

Let us briefly sketch the proof of Lemma 12.4.3. For this, let us first recall its premises: Let G be
a graph with no K-fat K, minor for K € N34, let B be a ball in G, and let C' be a component
of G — B. Suppose that there are vertices v1,v2 € dgC such that the sets B; := (v;, Ri1(K))
for i € [2] induce a partition of dgC' and such that dg(B1, B2) > 5K + 2. We then construct
for every component D of C' — (B U By) a partial decomposition (HP, VP) of G with support
Y C G[D, 1] modelled on a graph H? € Hgp with terminals h¥’, hY such that V Ng(D)N B;
(Lemma 12.4.8). To obtain the desired partial graph-decomposition (H,V) to satlsfy the conclusion
of Lemma 12.4.3, we then glue all the decompositions (HP, V) together. More precisely, we
obtain H from the disjoint union of the H” by first identifying all the h¥ to a node h; as well
as all the h¥ to a node hy, and then adding a vertex g and the edges ghi,ghs. As H hence
arises as the parallel composition of graphs in Hgp, it is again in Hgp by Proposition 12.4.1 and
hence has no K4 minor. The desired partial graph-decomposition is then given by (H,V) where
Vi, == (BiNV(C)) U (Ng(C) N Bg(Bi, 1)), V, := Ng(C) and V}, := V;P for all other h € V(H)
where HP is the unique graph containing h.

In the proof of Lemma 12.4.8, we construct the partial graph-decompositions (H”, V) recur-
sively via Lemma 12.4.7 below. For this, we will need the coarse version of Menger’s theorem for

two paths (Theorem 27 in Chapter 10), which we recall here for convenience.

Theorem 12.4.6. Let G be a graph, X, Y C V(G), and let Q be a shortest XY path in G. For
all d € N>, either there exist two disjoint X —Y paths Pi, Py that are at least d apart or there
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FIGURE 12.6: The situation in Lemma 12.4.7: A component C' of G — (B; U Bs) and
the ball B’ D B around u. Depicted in blue is the path P and its dashed extension

P’; as required for the ‘moreover’ part applied to the orange component C’.

exists z € V(Q) such that Bg(z,129d) intersects every X — Y path.”

Lemma 12.4.7. Let G be a graph, K,r1,r2 € N>1, and let vi,ve be two vertices of G that are
at least r1 + ro + 5K + 2 apart. Set B; := Bg(vi,r;) for i € [2]. Let C be a component of
G — (B1 U By) which attaches to By and to Ba, and suppose there exists a B1—Bay path P in G such
that dg(P,G[C,1]) > 5K. Set N; :== Nq(C)N B; fori € [2]. If G has no K-fat K4 minor, then
there exists a vertex u € Bg(C, 1) such that every N1—Na path through C intersects Bg(u,129-5K).

Moreover, for B' :== Bg(u,130-5K), i € [2] and for every component C' of G — (B;UB’) that is
contained in C' and attaches to B; and B', there is a B;—B' path P’ such that dg(P, G[C’,1]) > 5K.

See Figure 12.6 for a depiction of the situation in Lemma 12.4.7.

Proof. Let @ be a shortest Ni—Ny path through C. As dg(vi,v2) > 71 + 12 + 5K + 2, the balls
Ba (B, [(5/2)K]) and Bg(Ba, [(5/2)K]) are disjoint and not joined by an edge. Thus, @ is a
shortest N1—Ny path in G’ := G[C,1] UG[B; U Ba, [(5/2)K]]. By applying Theorem 12.4.6 in G’
to the sets N1 and Ny with d = 5K, we obtain either a vertex u of @ C G[C, 1] such that every
N1—N; path in G’ intersects Bg(u,129 - 5K) or two N1—Ns paths @1 and Q2 in G’ such that
dar(Q1,Q2) = 5K.

In the former case we are done (except for the ‘moreover’-part) since u lies on a shortest N1—Nj
path through C and B’ := Bg(u,130 - 5K) D Bg(u,129 - 5K); so suppose for a contradiction
that the latter holds. Since Bg(Bi, [(5/2)K]) and Bg(Bs2, [(5/2)K]) are disjoint and not joined
by an edge, the internal vertices of any N1—Ns path in G’ are in C; in particular, Qol, Qog ccC.
Moreover, dg(Q1,®Q2) = 5K because dg/(Q1,Q2) = 5K and any C-path in G (and hence any
Q1-Q path) meeting G — & has length at least 2 - ([(5/2)K] 4+ 1) > 5K + 2. Since also

"That the vertex z may be chosen on some shortest X-Y path is not stated in Theorem 27, but it follows easily
from its proof. For convenience, we also remark that if z is any vertex such that Ba(z,129d) intersects every XY
path, then Bg(z,129d) in particular intersects ) in some vertex z’. Then also Bg(2',2 - 129d) intersects every X-Y
path, so the assertion follows directly from Theorem 27 if we increase the radius of the ball by a factor of 2.
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da(Q1UQ2, P) > dg(G[C, 1], P) = 5K by assumption, the paths Q1,Q2, P are pairwise at least
5K apart. Thus, as Q1 and Qs lie in the same component C of G— (B1UB3), applying Lemma 12.4.5
yields that G has a K-fat K4 minor, which is a contradiction.

It remains to show the ‘moreover’-part. For this, let ¢ € [2] and let C’ be a component of
G — (B; U B’) which attaches to both B; and B’. If B’ does not meet Bs_;, we extend the path P
to a B;—B’ path P’ by adding first a P-C path P; through B3_; and then a Pi—B’ path P in C.
Otherwise, we extend P by a P-B’ path P; through Bs_;. We claim that dg(P’,G[C’,1]) > 5K.
For this, let S be a shortest G[C’, 1]-P’ path in G. We show that S has length at least 5K. Then
da(G[C', 1], P") = ||S|| = 5K, which yields the claim. Since dg(G[C’,1], P) > da(G[C,1], P) > 5K
as C' C C, we are done if S ends in P. Hence, we may assume that S ends in P, or Ps.

We distinguish two cases. First, assume that S meets Bg(w,129-5K) C B’. Since P; U P, does
not meet B’ = Bg(Bg(w,129-5K),5K) except in its last vertex, P; U P has distance at least 5K
from Bg(w,129 - 5K). Hence, as S meets both P; U P, and Bg(w, 129 - 5K) by assumption, it has
length at least 5 K.

Now assume that S avoids Bg(w,129 - 5K). Note first that also C' and P U P» avoid
Bg(w,129-5K). Moreover, C', PyU P, C G[C,1]UG[B;1 U By]. Since Bg(w, 129 -5K) separates By
and By in G’ O G[C,1]UG[B1 U Bgy], and C’ C C attaches to B; while P; U P, meets Bs_;, the two
subgraphs C’ and P; U P, lie in distinct components of (G[C,1] U G[B; U Bs]) — Bg(w, 129 - 5K).
Since S avoids Bg(w, 129 - 5K) and C' is a component of G — (B U Bz), it follows that S leaves
G[C,1] U G[B;1 U Bs] through B; and enters it again through Bs_;. Hence, S contains a B1—Bs
path. Since dg(v1,v2) > 2r1 + r2 + 5K + 2, we have dg(Bi, B2) > 5K + 2, and thus S has length
at least 5K. O

Lemma 12.4.8. Let G be a graph, and K,ri1,r9 € N> such that ri < ro. Let v, ve be two vertices
of G that are at least r1 + 19 + 5K + 2 apart. Set B; :== Bg(v;, 1) fori € [2], let C' be a component
of G — (B1 U By) which attaches to By and Bz, and suppose there exists a By—By path P in G
such that dg(P,G[C,1]) > 5K.
If G has no K-fat K4 minor, then there exists an induced subgraph Y of G[C, 1] which admits

an honest decomposition (H,V) modelled on a graph H € Hgp with terminals hy, ha such that

(a) Vi, = Ng(C)N B; forie [2],

(b) radg(Vy) < Ry(K) for all h € V(H) with h ¢ Bg({h1,ha},1),
(c) da(vi,v) <1 +2-Ro(K)+5K +1 forie€ [2] and all v € V}, with h € By (h;, 1),
(d) irads(H) < 3; moreover, di(hi,h) < 3 for all h € V(H,) and v € Ng(C) N B; fori € [2],

and

<
<

(e) for every component C' of G —Y which meets, or equivalently is contained in, C, its
neighbourhood Ng(C') is contained in some bag Vi, of (H,V).

253



We remark that the proof of Lemma 12.4.8 is the only point in this chapter where it actually
makes a difference that we not only consider finite but also infinite graphs. In fact, for finite

graphs, a much simpler inductive argument yields the desired graph-decomposition (H,V):

Proof sketch of Lemma 12.4.8 for finite graphs. We may apply Lemma 12.4.7 to C, vy,vy and
K, ry,re, which yields a vertex u € Bg(C,1). We now apply induction to the (now strictly smaller
since C'is finite) components D of C' — (B; U B’) and C — (B2 U B’) for B’ := Bg(u, 130 - 5K) that
attach to both balls, to obtain graph-decompositions (H”, V) with terminals hy, u or u, ho of HP,
respectively. We then obtain the desired graph-decomposition (H,V) by gluing the (HP,VP)

together in u and h; or hs.

Proof of Lemma 12.4.8 for arbitrary graphs. We define the desired graph-decomposition (H,V)
recursively (see Figure 12.7 for a sketch). Initialise H 0 as a Ky on vertices hy := vy and hy := vs.
In particular, H € Hgp with terminals hy and hg. Set Vj,, := Ng(C) N B; and 1y, = r; for i € [2],
and note that Ng(C) C Vi, U Vh,. Set further C° := {C}, w{ := hy and w§ := hy. We warn the
reader that in the following the vertices of the H® are vertices of G, i.e. V(H') C V(G). Hence, we
may divert from our usual convention, and denote the vertices of H by u, w.

Now suppose that for n € N we have constructed graphs H° C ... C H" € Hgp with
terminals hy and hg, and sets V,, C Bg(C, 1) for all u € V(H™). Assume further that, for every
i < n, we fixed

(I) the collection C? of all components D of C' — ¢ Vi, Whose neighbourhood is not contained
in a V,, for some u € V(H?),
(IT) for every D € C?, an edge wPwf of H,
(ITI) for every D € C'~! \ C?, some up € V(H') ~ V(H!) such that wPup,upw? € E(H?), if
i1,
(IV) for every u € V(H') \ V(H"!), some C, € C*~! with u € Bs(Cy,1) and uc, = u, if i > 1,
and
(V) for all uw € V(H?) \ {h1, ha}, the bag V,, := Bg(u, Ro(K)) N Bg(Cy, 1) and 7, := Ro(K),
such that
(i) for every edge e of G[U,cpi Vu) that is not an edge of [, ¢ i G[Va] there is an edge uu’ € E(H?)
such that e € G[V,, U V];
(ii) every D € C'is a component of G — (leD U Vw?)?
(iii) for every u € V(H') NV (H'"1) every lecu —V%cu path through C,, intersects Bg(u,129-5K);
(iv) if i > 1, then for every D € C*~! we have D ¢ C' if and only if dg(w?, wd) > b +Typ +
SK + 2;
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(v) for every D € C* \ C*~! and the unique component D' € C*~! \ C? with D C D’ we have

wP = wP', wh =up or wP =up, WP =wd;

(vi) for every D € C’ there exists a Bg(w?, rwlp)—Bg(wQD, wa) path P with dg(P,G[D,1]) > 5K.
In the following, we will refer to components D € C™ as in (iv), that is those which satisfy
do(wpP, wh) > TP +Typ + 5K 42, as long.

We now obtain H"! as follows. For every long component D € C", let up € Bg(D,1) be
a vertex obtained from the application of Lemma 12.4.7 to D, w{j ,wQD and TP s ToD which is
possible due to (vi). Then H"*! is obtained from H" by adding for every long component D € C"
the vertex up and the edges w{juD and quéj.

Let the collection C"*1, the sets V,,, and the integer 7, be as required by (I) and (V),
respectively. The construction obviously ensures (III) and (iv). For (IV), we set C,,, := D for
every up € V(H"") \ V(H"), which also yields (iii). For (II), let D’ € C"*! <\ C". Then D’
is contained in a long component D € C". As the neighbourhood of D’ is not contained in
a V, for u € V(H"1), the ball Bg(up, 129 - 5K) meets every Vp—Vyup path through D and
Ba(up,129-5K)NV (D) CV,,,, the component D' C D attaches to V,,,, and precisely one of Vi,p
and Vo, say V,,p. Then we set wP' = wP and wf" = up, which immediately ensures (ii)
and (v). The moreover-part of Lemma 12.4.7 yields (vi). For (i), we first note that every edge
of G[U,egn+1 Vi) that has no endvertex in V,,,, N V(D) for any D € C" was already an edge of
GUuemn Vul, and hence satisfies (i) by (i) of (H™,V"). Now let e be any edge of G[U,cpn+1 Vu
which is not in G[U,epn Vu]. Then there is D € C™ such that e = xy has one endvertex, say x, in
Vup NV (D), so e has its other endvertex y in G[D, 1]. Hence, by (ii) of (H™, V"), the vertex y is
in lep U szl):). By construction, wfup,upwd € E(H"1), and hence e satisfies (i). Also H"*'! is
still in Hgp with terminals hy, hy by (II) and Proposition 12.4.1. This completes the verification
that H™"! is as desired.

Let H' := J;en H' be the limit of the H. By Proposition 12.4.1, we have H' € Hgp with
terminals hy,hs. Now let H be obtained from H' by first deleting all edges uu’ of H' with
dg(u,u’) = ry + ry + 5K + 2 and then subdividing each remaining edge precisely once. By
Proposition 12.4.1, H € Hgp with terminals h; and hy. We claim that (H,V) with the V}, already
defined for all uw € V(H') and V}, := V,, UV, for all new subdivision vertices h on an edge uw of H’
is a graph-decomposition of Y := G[U,cx Vu] € G[C, 1] as desired.

We first show that (H, V) is a graph-decomposition of Y. Indeed, (H1) holds, as the parts G[V,,]
cover Y by the definition of Y and the edges relevant for (i) have not been deleted. Also (H,V)
satisfies (H2): Let v be in V(Y"), and let n be minimal such that v € (J,cpn Vi. Assume that n > 1.
Then v € Vj, for some h, € V(H™) . V(H"1). By (V) and the minimality of n, the vertex v
lies in Cj,, € C"1. Thus, the choice of h, is unique by (IV) and (V). If n = 0, then we have
v € Ng(C)NB; for a unique i € [2] and h, = h;. We first prove that H, = H'[{h € V(H') | v € V},}]
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FIGURE 12.7: Depicted are the graphs H°, H!, H?, H in blue and the bags V,, for
the nodes u of H? for the component C of G — (By U Bs) in green. In this example,
we have w = v1,wd = ul for the component D = Cug in purple, and H' = H?.

is contained in H'[h,, 1].

For this, let b’ € V(H') \ {h,} with v € V} be given, and let m € N be minimal such that
Cy € C™. Since n is minimal and h, is unique, we have that m > n and that C}, attaches to v. For
every ¢ with m > £ > n, let C* be the unique component in C* which contains Cj/; in particular,
Cp = C™. Since Cpy € C™ ~.C™71, it follows from (I), (iv) and (V) that no C* is in C*~1. Also,
every C* with ¢ > n attaches to v as v € Vi, and C™ = C} attaches to v. By iteratively combining

Cn+1 cm (

this with (ii) and (v), we obtain that h, = w§ = =w after possibly swapping the names

of w?e and wzce). Moreover, by (IV), h' = uc,, = ucm, and thus h,h' = w§ " uem is an edge of H'
by (IIT), which completes the proof that H, C H'[h,,1].

Then (H2) of (H,V) follows: For every node h' of H' with v € Vj, since dg(hy, h') < rp, + rp
as Vj, and Vj intersect in v, we did not delete the edge h,h' in the construction of H. Since H
is obtained from H’ by subdividing each remaining edge precisely once, and since we associated
to every subdivision vertex u of H the union V,, of the two bags associated with its neighbours,
H! C H'lhy,1] implies that H, = H[{h € V(H) | v € V,}] is contained in H[h,,3].8 In
particular, H, is connected, which yields (H2). Moreover, irads((H,))) < 3 and also (d) follows
immediately.

We now check the other required properties. By the definition of V},,, V},, at the beginning, (H, V)
satisfies (a). We claim that (b) and (c) hold. Indeed, for every u € V(H') we have dg(v,u) < 1y
for all v € V,,, where r,, = Ry(K) for u # hy, he and r, = r; for u = h;. Now let u € V(H) be a
subdivision vertex of an edge ww’ of H', say with ry, > rys. Then dg(v,w) < ry + 2ry + 5K + 1,

8We remark that H, is not necessarily contained in H[h,,2]: for any given h’ € H'[h,,1] and any edge e # h'h.,
the bag corresponding to the subdivision vertex of e in H also contains v but has distance 3 to h,.
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which yields (b) and (c).

It thus remains to verify (e). For this, suppose towards a contradiction that there is a
component C’ of G —Y which meets C' and whose neighbourhood is not contained in some V}. In
particular, C’ is a component of C'— Y. Now first suppose that there are no two vertices in H’
whose union of their bags contains Ng(C’). Then there are three vertices ug, ug,us € Ng(C)
and nodes g1, g2, g3 such that Vg, contains u; but no other u;. Pick some n such that all g; are
contained in V/(H"). Then the component of C' — |J,cpn V3 that contains C” contradicts that H"
satisfied (ii). Thus, there are nodes g1, g2 € V(H') such that Ng(C") C V,, UVy,. In particular, C’
is a component of C' — Jpcpn V3 for all n € N with g1, g2 € V(H™). Thus, C’ € C" for all such n,
as its neighbourhood is not even contained in some Vj, with h € V(H’). Let m be the minimal
such n. By (II) and (ii), C’ is a component of G — (V53U V) and g¢' = wl w§" is an edge of H™. If
we did not delete gg’ when constructing H, then we have a contradiction, as the bag V,, associated
with the subdivision vertex u of H on the edge gg’ then contains the entire neighbourhood of C’.
Otherwise, we have dg(g,g') > ry + 1y + 5K + 2, which by (iv) contradicts that C' € ™. O

Proof of Lemma 12.4.3. Set B; := Bg(v;, R1(K)) for i € [2]. Further, let P; be a shortest w—B;
path and set W := PL UP,. Then W is a B1—B> walk, and thus contains a B1—Bs path P.
By construction, we have V(P) C V(W) C Bg(w,r — R1(K) + 1) and hence dg(P,G[C,1]) >
Ri(K)—1 > 5K. Since also dg(vi,v2) > 2R1(K) + 5K + 1 by assumption, we may apply
Lemma 12.4.8 to every component C’ of G — (B1 U Bz) that has a neighbour in both B; and By and
that meets, or equivalently is contained in, C. Since we are done if G has a K-fat K4 minor, we may
assume that Lemma 12.4.8 yields for every such C’ a partial graph-decomposition HE = (H c VCI)
of G with support Y C G[C",1] C G[C, 1] that satisfies (a) to (e).

We now define the desired decomposition (H,V) of Y := G[(UV (YY) U ((B1 U B) NV (C))U
N¢(C)]. The graph H is obtained from the disjoint union of the H®" and three new vertices hy, ho
and g by identifying all h?' with h; as well as all h2cl with ho and adding the edges h1g and heog.
Note that this is a parallel composition of graphs H ¢ € Hgp and a path of length 2; so H is again
in Hgp with terminals h; and hy by Proposition 12.4.1; in particular, H € Forb(K4). Then (H,V)
with V, := Ng(C), Vi, := (B; N V(C)) U (Ng(C) N Bg(B;, 1)) for i € [2] and V}, := V¢ for all
other h € V(H) where C’ is the unique component with h € H® is a decomposition of Y. (H,V)
obviously satisfies (H1), as the definition of the V3, ensures that the G[V},] cover the edges from
I C to Ng(C). Moreover, (H2) holds for (H,V), since the V},, are disjoint from all components C’
of G — (B U By) which meet C.

Since 0¢cC C By U By, we have 0gC C V;,, UV, € V(Y). By construction, (H,V) clearly
satisfies (i) for g € V/(H). Moreover, by (b) and (c) of the #" and the definition of V},,, we have
rad(Vy,) < Ri(K) + 2Ro(K) + 5K + 2 for all h # g € V(H), and thus (H,V) satisfies (ii). By
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construction, (iii) follows from property (d) of the H¢".

Lastly, we show that (H,V) satisfies (iv). Every component of G — Y which does not meet C'
is contained in Ng(C) = V. Now let D be an arbitrary component of G — Y which meets, or
equivalently is contained in, C'. Let C’ be the component of G — (By U Bs) which contains D. If C’
attaches only to By or only to Ba, then Ng(D) is contained in V3, or V,, respectively. So we may
assume that C attaches to both By and Ba. Then Ng(D) is contained in Vi for some h € V (HP)
by (e). Thus, by construction of (H,V) we have that Ng(D) C V}, for some h € V(H) \ {g}, and
hence radg(Vy,) < R1(K) + 2Ro(K) + 5K + 2, as we have shown for (ii) above. Hence, (H,V) is as
desired. O

12.4.3 Proof of Lemma 12.4.2

Let us briefly sketch the proof of Lemma 12.4.2. For this, let us first recall its premises: Let G be
a graph with no K-fat K4 minor for K € N3, let B be some ball in G around a vertex w of radius
r € N, and let C' be a component of G — B. Suppose that C* is a component of C'— Bg(B,22K +1)
such that there are three vertices in dgC* that are pairwise far apart in G. We first find a vertex
w’ € V(C*) such that there are at least three Bg(w', 22K )-Bg(w,r —£(K)) paths that are pairwise
at least 11K apart (Corollary 12.4.10). These paths then have to lie in distinct components of
G =G — (B1(w',22K)U Bg(w,r —£(K))) by Lemma 12.4.5. In particular, we can conclude that,
for every component of G’ that attaches to both balls, one of those three paths is still at least 5K
away. We then apply Lemma 12.4.8 to By := Bg(w',22K) and Bj := Bg(w,r — {(K)) to obtain,
for every component D of G’ that attaches to By and Bj, a partial decomposition modelled on
a graph HP € Hgp with terminals h¥, hY. We modify these decompositions by contracting all
nodes of HP whose bags contain vertices from Bg(B,1) to a single vertex ho, which ensures that
we may enlarge the bag associated with hy so that it contains B (Lemma 12.4.11). We then glue
these modified decompositions together by identifying the h? and the h2. In the end, we adopt
the decomposition so that it is R-component-feasible and obtain the desired partial decomposition
of G[C, 1] as its restriction to G[C, 1].

We first show that there exists a vertex w’ as described above.

Lemma 12.4.9. Let {,d,r € N>y with £ > 6d, and let B be a ball in a graph G around a vertex w
of radius r. Assume that C' is a component of G — B whose boundary 0gC' contains three vertices
that are pairwise at least 4 - (20 + d + 2) apart. Then there exist a vertex w' € V(C) and three
Bg(w,r — €)-Bg(w', 2d) paths that are pairwise at least d apart.

Proof. Let uy,us, us € 0zC be three vertices that are pairwise at least 4 (2 +d +2) apart. Let U,
for i € [3], be the set of vertices v € V(C) such that every shortest v—B path meets OgC' in a vertex
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Bg(w,r —¥) B
FIGURE 12.8: Setup in the beginning of the proof of Lemma 12.4.9

of distance less than 2¢ + d + 2 to u;. Note that the sets U; are pairwise disjoint, as a shortest v—B
path meets 0o C' in precisely one vertex and this vertex has distance less than 2¢ + d 4+ 2 to at
most one u;, since the pairwise distance of the w; is at least 2 - (20 4 d + 2).

Let P’ = p{...p,, be a U—(UUUs3) path in C; by symmetry, we may assume that P’ ends in Us.
We extend P’ to a (0cC NU;)—(0cC NUs) path P = py ... py by adding a shortest (9¢C NU;)—p
path and a shortest p,,—(0cC N Usy) path. Note that these paths are contained in U; and Us,
respectively, and hence are disjoint. Thus P is indeed a path. Further, let @ be a us—Bg (P, 2d) path
in C' and let p be some vertex of P such that @ ends in Bg(p, 2d). Then p ¢ Us by the assumption
on P. Let W = wy ... wy be a shortest p-Bg(w,r — ¢) path in G, and let p’ be the unique vertex
in WNogC (see Figure 12.8). Since p ¢ Us, we may choose W so that dg(p',us) > 20 + d + 2.
Moreover, as dg(ui,ug) >4 - (204 d + 2), we cannot have dg(p',u1),da(p’,u2) < 2- (204 d + 2);
by symmetry, we may thus assume dg(p’,u2) > 2 - (20 + d 4 2). In particular, this implies that

da(pm.p") = da(p' uz) — da(uz,pm) > 2- (20 +d+2) — (20 +d+2) =20+d+2.  (12.4)

Let 3 be the first vertex on @ such that x3 € B (W, 2d), and let z2 be the last vertex on P
such that zo € Bg(W,2d). Further, let i; € {0,...,k}, for j € {2,3} be an index such that
r; € Bg(wi;,2d). As the following reasoning will be symmetric in P and @, we may assume
without loss of generality that i3 < i2. We claim that w’ := w;, is as desired (see Figure 12.9a).

For this, let Q2 be a shortest p,,—Bg(w,r — ¢) path and @3 a shortest us—Bg(w,r — {)
path. Further, let S3 be a shortest x3—w;, path and let s3 be the first vertex on the path
S4 = x3S3w;, Ww;, that is contained in Bg(w;,, 2d) (see Figure 12.9a). We now define our final
three Bg(w,r — £)-Bg(w', 2d) paths Py, Py, Py (see Figure 12.9b):

Py = wjyp0aWwy, Py = 22PppnQ2 and Ps := s35523Qu3Qs.
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FIGURE 12.9: Choice of w’ and construction of the paths P;, P, P3 in the proof of
Lemma 12.4.9.

We claim that the P; are as desired, i.e. dg(F;, Pj) > d for every two distinct 4, j € [3]. First, we
show dg(P1, P2) > d: By the choice of za, we have dg(W,x2Ppy,) > 2d > d. Further, since Q2
starts in p,, and both shortest ¢C—Bg(w,r — ¢) paths Q2 and p'Wwy have length ¢ + 1, we have

da(pPWwi, Q2) = da(pm, ') — [P Wwill = ||Qafl > (20 +d+2) —2((+1) = d. (12.5)

Since dg(pm,p’) = 20+ d by (12.4), £ > d, Q2 is a shortest 0cC—Bg(w,r — ¢) path and p’ € dzC,
we have dg(Q2, Ba(p',d)NV (W)) > d. As W is a shortest p-Bg(w, r—£) path, the remainder of W
in C has distance > d to B and hence to Q2. All in all, dg(W, Q2) > d, and hence dg(Py, P») > d.

Next, we show dg (P, P3): Analogously to dg(W,Q2) > d, we also find dg(W,Q3) > d.
Moreover, dg(W,z3Qus) > 2d > d by the choice of x3. Thus, to see that dg(Py, Ps) > d, it
suffices to verify dg(w;,424Wwg,S%) = d: Since W is a shortest path in G and i3 < iz, we have
da(Wiy+2aWwi, wi, Ww;, ) = dg(wiy+24, wiy) = 2d. Moreover, by the choice of z3 € V(Q) and Ss,
the x3—w;, path S has length ||Ss3|| = dg(W, z3) = 2d. Thus, the distance from the first half of S3
to wi,r2aWwy, is > dg(zs, W) —||S3]|/2 = 2d — d = d, and the distance from the second half of S3
t0 Wiy 42aWwy, is = dg(wig, Wiy12aWwy) — [|S5]]/2 = 2d — d = d.

Finally, we show dg(Ps, P3) > d: By the choice of @, we have dg(P, Q) > 2d. Similarly to the
previous argument, we find dg(z2Ppm, S5) = d, as dg(W, 22Ppy,),da(P, Q) > 2d, and thus the
distance from the first half of S3 to xoPp,, is > dg(z3, P) —||Ss]|/2 > 2d — d = d, and the distance
from the second half of S5 to zaPpy, is > dg(wiy, 22Ppm) — ||S3]|/2 > 2d — d = d. Moreover,
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analogously to (12.5), we find
da(Q2,Q3) 2 da(pm,us) —||Q2|[ —[|Qs]| = da(U2N0aC, us) —2(0+1) > (20+d+2)—2((+1) = d.

Further, dg(z2Ppm,Q3),dc(usQz3,Q2) > d since dg(P,u3),dc(Q,pm) = da(P,Q) > 2d and
P,Q C C C G—B, while Q2, Q3 are shortest d¢C—Bg(w, r—{) paths starting in p,,, us, respectively.
It thus remains to show dg(Ss3,Q2) > d: For this, it suffices to prove dg(zs, Q2) > 3d, as S3
has length 2d and starts in x3. If dg(zs, B) > 3d, then dg(x3,Q2) > 3d follows immediately,
as Q2 C G[B,1]. Thus, we may assume dg(z3, B) < 3d. Suppose for a contradiction that
dg(x3,Q2) < 3d. Then dg(zs3,pm) < 2dg(x3,Q2) < 6d, since x3 € V(C) and Q2 is a shortest p,,—
Bg(w, r—2¢) path. Also dg(wis, p") < dg(wiy, 3)+dg (3, B) < 5d, since W is a shortest path. Thus,
da(pm, ") < da(pm, x3) + da (3, wiy) + da(wis, p') < 13d, which contradicts dg(pm,p’) = 20+ d
as ¢ > 6d. O

Corollary 12.4.10. Let K ,¢,r € Ny; with ¢ > 66K, and let B be a ball in a graph G around
a vertex w of radius r. Suppose there is a component C of G — B such that 0qC contains three
vertices that are pairwise at least 4 - (20 + 11K + 2) far apart.

If G has no K-fat K4 minor, then there exists a vertex w' € V(C) such that for every
component D of G — (B"U A) that attaches to B' := Bg(w,r —{) and A := Bg(w',22K) there
exists a B'-A path P with dg(P,G[D,1]) > 5K.

Proof. We note that in particular » > ¢ as dgC' contains two vertices which are > 4- (20 + 11K +2)
apart. By Lemma 12.4.9 (with d := 11K) there exists a vertex w’ € V(C) and three B'~Bg(w’, 22K)
paths Py, P», P3 such that dg(P;, Pj) > 11K for all i # j € [3]. Set A := Bg(w',22K), and let D
be a component of G — (B’ U A) that attaches to B’ and A.

We show that there is some i € [3] such that dg(P;, G[D,1]) > 5K. Towards a contradiction,
suppose that dg(P;, D) < 5K for all i € [3]. It then follows that all three paths P; lie in the
unique component D' of G — (Bg(w,r — ¢ — 3K) U Bg(w',19K)) that contains D. For each
i € [3], let P! be a shortest Bg(w,r — ¢ — 3K)-Bg(w',19K) path in P; U G[B’] U G[A]. Then
dg(P}, P}) > 11K — 23K = 5K, which by Lemma 12.4.5 (dg(w,w') > 71 + 72 + 5K + 1 with
r1=r—{f—3K,ry = 19K, since dg(w',w) > r and ¢ > 23K) implies that G has a K-fat Ky

minor, which contradicts our assumption. O

Lemma 12.4.11. Let K,r1,r2 € Nsj with r1 < Ro(K) and ro > ¢(K), and let v1,vy be two
vertices of a graph G which are at least r1 + ro + 2 apart. Set B; :== Bg(vi,r;) fori € [2] and
B, := Bg(va,m9 — U(K) — 1). Let C be the component of G — Ba that contains v1. Let D be a
component of G — (By U Bb) which attaches to By and Bj, and suppose there is a By1-Bb path P
in G such that dg(P,G[D,1]) > 5K.
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If G has no K-fat K4 minor, then there exists an induced subgraph Y of G[B1 UV (D) U By]
which admits an honest decomposition (H,V) modelled on some graph H € Hgp with terminals
h1, ho such that

(o) Vi, = By and Vi, O Ba,
) rada(Vi) < R(K) for all nodes h # hy of H,
) radg(Va,) < 12+ 2RH(K) + 1,
(0) irads((H,V)) < 3, and
(€) for every component D' of G —Y that meets C and D, we have radg(Ng(D')) < Ro(K) — 1
and there is a node h of H such that Ng(D') C Vj,.

Proof. Since ¢{(K) > Ro(K)+ 5K > r1 + 5K, applying Lemma 12.4.8 to K, ry, 75 :=ro —(K) — 1,
v1, v and D yields an induced subgraph Y! C G[D, 1] and an honest decomposition (H', V') of Y'!
modelled on a graph H! € Hgp with terminals hy, hy which satisfies properties (a) — (e) from
Lemma 12.4.8.

Set By! := Bg(vg, 75 + 1) and

H:=H'[{h e V(HY) | V;}n B! £ 0}].

We remark that ho and Npyi(hs) are contained in H since (H', V') is honest and (a), while
hi ¢ V(H) by (a) and because v; and vy are at least ro 4 1 4 2 apart.

We claim that H is connected. Indeed, since hy € V(H), it is enough to find for every h € V (H)
some h—hy path in H. Let h € V(H) be given, pick some v € V;! N By € Bg(D, 1), and let Q
be some v—(Ng(D) N BY) path in G[By! N Bg(D, 1)], which exists since By and By ' are disjoint
and D is a component of G — (B; U B}). Set Q! := Q NY! and note that hs is a node of
Hg := H[{h e V(H") | Vi N Q' # 0}] since V}| = Na(D) N B by (a). Moreover, Hgi C H by
definition of Q. By (H2’), H, o ls connected for every component Q of Q', and thus the claim follows
if Q' is connected. Otherwise, the claim follows as the neighbourhood of every component of
D — Y is contained in some bag of (H', V1) by (e), and thus H, o and H intersect for ‘consecutive’
components Q and Q of Q!, as Q C Bg(D,1).

We thus obtain a decomposition (H,V?) of Y where H := H'/H is the graph obtained from
contracting H down to a single vertex, which we again call ke, by merging all bags of (H', V)
to Vth that contain a vertex of B;rl, ie. Vh22 =Uner Vit and V;2 = V) for every node h # hy of H.
Note that H is still in Hgp with terminals A1, ho. We now obtain the desired graph-decomposition
(H,V) by letting V;, := V;2 = V) for all h € V(H) ~ {h1, ha} and Vj,, := V2 U B; for i € [2].

We claim that (H, V) is a graph-decomposition of Y := G[B;UV (Y1)UBy] C G[B;UV (D)UBs)].
Indeed, (H,V) satisfies (H2) as (H,V?) already satisfied (H2), because, by construction, VhQ2 is
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the only bag of (H,V?) that may contain vertices of By, and because By ~ Vhl1 does not meet Y2
and By as Y! C G[D, 1] and because B; and By are disjoint.

To see that (H1) holds, observe that, since (H,V?) is a graph-decomposition of Y!, and
Vi, 2 B2 and Vj, = By, it suffices to show that the parts of (H, V) cover all edges between YN D
and By U By as well as all edges between By and Bs. Since Ng(D)N By C Vh21 and (H, V?) satisfies
(H1), the parts of (H,V?) already covered all edges between By and Y N D, and so the parts of
(H,V) do so as well. Further, the parts of (H,V) cover all edges between By and Y N D since
V(YN Ng(Bs) C V(YY) N B! C Vj, as ensured by the contraction of H in the construction of
(H?,V?). Finally, there are no edges between B and By because dg(vi,v2) = 71 + 2 + ro.

We now check that (H,V) satisfies (a) — (¢). By definition, Vj,, = Vh22 U By D By and by (a)
Vi, = V2 UB1 = By, and hence (H, V) satisfies (a). To see that (H,V) satisfies (), let us first
note that rad(Vj,) = radg(B1) < 1 < Ro(K). So by (b) and (c), we have radg(V3,) = radg(V}}) <
max{r; +2Ro(K) + 5K + 1, R)(K)} < R)(K) for all nodes h # hy of V(H') with h ¢ B (ha, 1).
So since H contains N1 (hy) and H was contracted to hy in the construction of H, this yields (3).

Let us now verify that (H,V) satisfies (7). For this, let v € V},,. If v € By, then dg(v,v2) <
ro < 1o+ 2R(K) + 1 as desired. Otherwise, by construction, v is contained in Vhl for some node h
of H C H'. If h € By (hs, 1), then dg(v,ve) < 7 + 2Ro(K) + 5K + 1 by (c). Otherwise, by (b),
we have dg(v2,v) < r2 + 1+ 2radg(Vy') < 2+ 14 2R)(K) because V;! meets By' = Bg(Ba, 1)
as h € V(H). Thus, (H,V) satisfies (7). Further, (§) holds for (H,V) by (d).

We are thus left to check (g). For this, let D’ be a component of G —Y that meets C and D;
in particular, since Ng(D) N By € V(Y'!), we have that D’ is a component of G — (V(Y'!) U By).
Let D be the component of D — Y that contains D’. Since D' N C # (), there is a D-By path Q

A

in C; let ¢ be its first vertex in Y'!'; in particular, ¢ € Ng(D). Then
da(g,v2) 2 dg(C,vg) > 1y > 15 + {(K) =15 42 Ro(K) + 5K + 2,

which by (c) implies that g ¢ V;! for every h € Byi(ha,1). By (e), there is a bag V}! of (H1, V1)
such that g € Ng(ﬁ) C V;l; by the previous observation, we have h ¢ By (hs,1), and hence
radg(V}}) < R)(K) as we have shown in the proof of (3). Now observe that

N (D') = (No(D') nV(Y") U (Ng(D') N By) € Na(D)U (Na(D') N By)  (12.6)

where we used that D’ C D — By. Since D' C D, Ng(D) C V;! and vy ¢ V(D), every D'~y path
meets V;!. Thus, every vertex in Ng(D') N By (which is empty if h ¢ H) has distance at most £(K)
from V1. Since also Nea(D) C VL, we have by (12.6) for all u,w € Ng(D') that

da(u,w) < dg(u, Vi) +2 - radg (Vi) + da(Vi', w) < LK) +2- Ry(K) + 4(K) < Ry(K) — 1.
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This shows that (H,V) satisfies (¢) and thus concludes the proof. O

Proof of Lemma 12.4.2. Suppose that G has no K-fat K4 minor for K € N3i; otherwise, we
are done. Since 4 - (2(4(K) + 22K + 1) + 11K + 2) = Ry(K), by Corollary 12.4.10 applied
to Bg(w,r 4+ 22K + 1) and C* (with ¢ := {(K) + 22K + 1) there exists a vertex w’ € V(C*)
such that for every component D of G — (B U B)) that attaches to By := Bg(w',22K) and
B), := Bg(w,r — ¢(K)) there exists a B;—Bj path P such that dg(G[D, 1], P) > 5K. Let D be the
set of components D of G — (By U B}) which meet C' and attach to B). We note that these also
attach to By, as w’ € V(C*) C V(C') and C is connected. Set By := B.

Note that r > ¢(K), since there are two vertices in 0gC* which are at least R;(K) >
2(0(K) + 22K + 1) apart. We may thus apply Lemma 12.4.11 to vy := w', v9 := w, r1 := 22K,
ro := 7 and every component D € D. This yields for every such D an honest partial graph-
decomposition HP = (HP,VP) of G with support Y? C G[B; UV (D) U By] modelled on a graph
HP € Hgp with terminals hP, h2 which satisfies () to (g).

We define the desired decomposition (H,)) in multiple steps and check its desired properties
afterwards. First, we define a decomposition (H!, V') of Y1 := G[Upep V(YP)] C G[By U
(Upep V(D)) U By] € G[V(C) U By]. The graph H' is obtained from the disjoint union of the H”
and three new vertices h1, ha, g by identifying all hf with hy as well as all h¥ with hy and adding
the edge hog. Then we assign the nodes of H' bags Vg1 = Ng(O), Vhl2 = Upep thj D By, and
Vi = Upep Vh?) = By and V)l := V;P for all other h € V/(H') where D is the unique component
in D with h € V(HP). Then (H',V!) is a graph-decomposition of Y. Indeed, it follows from
G[B1UBsy] C YD C G[B1UV(D)UBy] for D € D that the Y P intersect only in B; and B,. Hence,
(H', V') is a graph-decomposition of Y'!, as every (H”,VP) is a graph-decomposition of Y” and
By = Vh?) and By C th).

Next, we adjust (H', V') to a graph-decomposition (H,V?) of Y2 O Y'!: Let C’ be a component
of G — Y which meets C. In particular, C’ is contained in G — (By U By) because By, By C V(Y'1).
Let D¢r be the unique component of G — (B; U Bj) which contains C’. By C we denote the set of
all components C’ of G — Y'! which meet C' and whose D¢ attach to Bj. In particular, for every
C' € C we have that Doy € D and €' is a component of G — YP¢’ that meets C and D¢, since
YPer C Y1 Hence, it follows from (&) of (HPc’, VPc’) that there is a node hor € V(HPc) such
that Ng(C") €V, and radg(Na(C")) < Ra(K) — 1.

Now we obtain H from H'! by adding for each component C’ € C a new node h¢ and the
edge hcrhg. We assign an hy, the bag V%C/ := Ng(C") U 9gC" for C" € C. Moreover, we set
Vh2 = Vh]L for all old nodes h of H' C H. Then it is immediate from the construction that
(H,V?) is a graph-decomposition of Y? := G[V(Y) U (Ucrec 9c(C"))]. We now obtain our final
graph-decomposition (H,V) of Y := Y2 N G[C, 1] as the restriction of (H,V?) to Y.
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It remains to check that (H, V) has the desired properties. By definition, Y C G[C, 1]. We also
have 0cC C V(Y). Indeed, every vertex v € 9oC C Ng(Bs) which was not already contained in
V(Y1) D By lies in 9gC’ for some component ¢’ of G — Y!. Then C’ € C, i.e. the component D¢»
of G — (By U B)) attaches to Bj: because v € V(C") C V(D¢r) and B and B; are disjoint, every
shortest v—Ng(B%) path in G is through Bs \ B) and hence contained in D¢r. Now by construction,
vE Vh/c,. Moreover, the graph H is in Forb<(K,): The graph H'! is obtained from the H” € Hgp
by parallel compositions of the graphs HP € Hgp followed by a series composition with a path hag
with terminals ho and g; so H' is again in Hgp with terminals k1 and g by Proposition 12.4.1. Now
the graph H is given by 1-sums of the single edges hcvhj,, with the graph H' € Hgp C ForbL(Ky).
Hence, H € ForbL(Ky).

Since V, = V2 = V! = Ng(C) by construction, (H,V) satisfies (i). For (ii), we note that
by (3) and () of the (HP,VP) we have oradw((H',V!)) < r + 2Rj(K) + 1. For nodes h € Hj
that are already in Hp, we have V! = V2, and hence radg(V}?) < radg(V}}). By construction
of (H?,V?), every node in h € Hy — Hj is of the form hl, for some C’ € C’, so their bags VQg,
are contained in the respective Vth/ U Ng(Vhlc/), and hence radg(V%c/) < radg(Vhlc/) + 1. Thus,
as radg(Vh/C,) = radg(V%C,) < Ry(K), the graph-decomposition (H, V) satisfies (ii). Also (H,V)
satisfies (iii): The (H”, V) have radial spread at most 3. Thus, (H', V') has radial spread at
most 6 by construction. This yields that (H,V?) has radial spread at most 7 which yields that its
restriction (H,V) also has radial spread at most 7.

We claim that (H,V) satisfies (iv). Indeed, let C' be a component of G — Y. First, assume
that C' does not meet C. Since Ng(C) C V(Y) C Bg(C, 1), its neighbourhood Ng(C) is contained
in Ng(C) = V,. Also, we have radg(Ng(C)) < radg(B) < r, since C' is a component of G — B
and B = Bg(w,r). So we may assume from now on that C' meets C. Since Ng(C),B; C V(Y),
the component C' is contained in G — (B; U By), and thus in C. As Y = Y?NG[C,1], Y2 D Y!
and C C C, there is a unique component C’ of G — Y'' which contains C. If D¢ does not attach
to Bj, its neighbourhood Ng(D¢r) is contained in By = Vhl1 = Vh21 = Vj,, and thus Doy = C' = C
by their respective definition. So we may assume that D¢ attaches to Bj, i.e. C' € C. Then the
construction of (H,V?) ensured that thcl = h%c*/ = Ng(C") U dgC'". Also C is a component of
C" — 9gC", since Y2 = GIV(Y") UUgree 9cC"]. Thus, we have Ng(C) C doC' C V2’c, = Vi, We
have already seen above that radg(Vh/C,) < Ry (K). O
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13 Asymptotic half-grid and full-grid minors

We prove that every locally finite, quasi-transitive graph with a thick end whose cycle
space is generated by cycles of bounded length contains the full-grid as an asymptotic
minor and as a diverging minor. This in particular includes all locally finite Cayley
graphs of finitely presented groups, and partially solves problems of Georgakopoulos

and Papasoglu and of Georgakopoulos and Hamann.

Additionally, we show that every (not necessarily quasi-transitive) graph of finite
maximum degree which has a thick end and whose cycle space is generated by cycles
of bounded length contains the half-grid as an asymptotic minor and as a diverging

minor.

This chapter is based on [9] and joint work with Matthias Hamann.

13.1 Introduction

All graphs in this chapter may be infinite, unless otherwise stated.

Fat minors are a coarse or metric variant of graph minors. They first appeared in works
of Chepoi, Dragan, Newman, Rabinovich and Vaxes [37] and of Bonamy, Bousquet, Esperet,
Groenland, Liu, Pirot and Scott [23]. They play an important role in many (open) problems at
the intersection of structural graph theory and coarse geometry — an area which can be described
as ‘coarse graph theory’.

A model of a graph X in a graph G is a collection of connected branch sets and branch paths
in G such that after contracting each branch set to a vertex, and each branch path to an edge, we
obtain a copy of X. A model of X is K-fat (in G), for some K € N, if its branch sets and paths
are pairwise at least K apart, except that we do not require this for incident branch set-path pairs
(see also Section 9.5 for the definition). We say that X is a (K-fat) minor of G if G contains a
(K-fat) model of X. The graph X is an asymptotic minor of G if X is a K-fat minor of G for
every K € N. An important advantage of asymptotic minors over the usual minors is that they
are preserved under quasi-isometries, and in particular, it does not depend on the choice of a finite
generating set whether a Cayley graph of a finitely generated group contains a fixed graph as an
asymptotic minor [75].

Recently, Georgakopoulos and Papasoglu [75] gave an overview of the area of ‘coarse graph
theory’, where they presented results and open problems regarding the interplay of geometry and

graphs, many of which concern fat minors. These problems have already attracted quite some
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attention; some (partial) solutions can be found in [8,13,37,38,69,70,99]. Our main contribution is
a partial resolution of a problem of Georgakopoulos and Papasoglu about asymptotic grid minors

in quasi-transitive graphs [75, Problem 7.3]. To state this problem, we first need some definitions.

An end of a graph G is an equivalence class of rays where two rays in G are equivalent if there
are infinitely many pairwise disjoint paths between them in G. An end is thick if it has infinitely
many pairwise disjoint rays. The full-grid is the graph on Z x Z in which two vertices (m,n)
and (m/,n’) are adjacent if and only if |m —m’| 4+ |n — n/| = 1, and the half-grid! is its induced
subgraph on N x Z.

One of the cornerstones of infinite graph theory is Halin’s Grid Theorem [81, Satz 4], which
asserts that every graph with a thick end contains the half-grid as a minor. Following this approach,
Heuer [89] characterised the graphs containing the full-grid as a minor. These graphs form a
proper subclass of the graphs with a thick end: while it is clearly true that every graph with
a full-grid minor has a thick end, the converse is false in general, as the half-grid itself already
witnesses. However, as it turned out, if we only consider graphs which are quasi-transitive, i.e.
graphs whose vertex set has only finitely many orbits under its automorphism group, then these
two graph classes coincide. Indeed, Georgakopoulos and Hamann [74] showed that every locally
finite, quasi-transitive graph with a thick end contains the full-grid as a minor.

Georgakopoulos and Papasoglu [75] asked whether this result can be generalised to the coarse

setting in the following sense.

Problem 13.1.1 ([75, Problem 7.3|). Let G be a locally finite Cayley graph of a one-ended
finitely generated group. Must the half-grid be an asymptotic minor of G? Must the full-grid be an

asymptotic minor of G?

Note that every Cayley graph of a group is (quasi-)transitive. Moreover, the unique end of a

one-ended, quasi-transitive graph is always thick [35,122].

Our main theorem partially answers both questions in the affirmative, under the additional
assumption that G is a locally finite Cayley graph of a finitely presented group. In fact, we show

the following result.

Theorem 35. Let G be a locally finite, quasi-transitive graph whose cycle space is generated by

cycles of bounded length. If G has a thick end, then the full-grid is an asymptotic minor of G.

(We refer the reader to Section 13.2.2 for the definitions concerning the cycle space.)

Note that Theorem 35 includes all locally finite Cayley graphs of finitely presented groups.
Examples such as inaccessible graphs and groups [58,59] or Diestel-Leader graphs [52,68] indicate

!Note that usually the grid on N? is referred to as the half-grid. However, for us it will be more convenient to
work with the grid on N x Z. Tt is easy to see that our results about the half-grid also hold for the grid on N2
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that the geometry of arbitrary locally finite, quasi-transitive (or Cayley) graphs may be far more
involved. This is why generalising Theorem 35 to locally finite Cayley graphs of arbitrary finitely
generated groups or even to all locally finite, quasi-transitive graphs may be much harder, and
will require a different approach to that presented in this chapter (see the sketch of the proof in
Section 13.3 for details).

For the proof of Theorem 35 we construct, for every such graph G, a single model of the
full-grid (see Theorem 13.3.4), which can be turned into a K-fat model of the full-grid, for every
K € N, by deleting some of its branch sets and paths. Moreover, it can be turned into a model of
the full-grid that diverges: for any two diverging sequences of vertices and/or edges of the full-grid

also their branch sets/paths diverge in G (see Section 13.2.3 for the definition).

Theorem 36. Let G be a locally finite, quasi-transitive graph whose cycle space is generated by

cycles of bounded length. If G has a thick end, then the full-grid is a diverging minor of G.

This partially solves a question of Georgakopoulos and Hamann [74, Problem 4.1].

Kron and Moller [96, Theorem 5.5] proved that a locally finite, quasi-transitive connected
graph has no thick end if and only if it is quasi-isometric to a tree. Thus, instead of assuming that
the graph GG in Theorems 35 and 36 has a thick end, we may assume that G is not quasi-isometric
to a tree (see Section 13.7.2 for details).

As a first step in the proof of Theorem 35, we find the half-grid as an asymptotic minor. For

this, we do not need the transitivity assumption on G. Indeed, we prove the following theorem.

Theorem 37. Let G be a graph of finite maximum degree whose cycle space is generated by cycles
of bounded length. If G has a thick end, then the half-grid is an asymptotic minor of G.

Note that every graph satisfying the premise of Theorems 35 and 36 has finite maximum degree as

it is locally finite and quasi-transitive.

Similar as in the proof of Theorem 35, we again construct a single model of the half-grid (see
Theorem 13.3.3), which can be turned into a K-fat model of the half-grid, for every K € N, and
into a diverging model of the half-grid.

Theorem 38. Let G be a graph of finite maximum degree whose cycle space is generated by cycles
of bounded length. If G has a thick end, then the half-grid is a diverging minor of G.

This partially solves a question of Georgakopoulos and Hamann [74, Problem 4.2].

This chapter is structured as follows. In Section 13.2 we recall some important definitions.
Section 13.3 consists of three parts. We first introduce some new definitions in Sections 13.3.1
and 13.3.2. We then give a sketch of the proofs of Theorems 35 to 38 in Sections 13.3.3 and 13.3.4,
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where we also state Theorems 13.3.3 and 13.3.4, our stronger results on half-grid and full-grid
minors, which we already briefly mentioned above. In Sections 13.3.5 and 13.3.6 we derive
Theorems 35 to 38 from Theorems 13.3.3 and 13.3.4. Section 13.4 contains some preparatory
work about diverging and quasi-geodesic rays. We then prove Theorems 13.3.3 and 13.3.4 in
Sections 13.5 and 13.6, respectively. We finish in Section 13.7 by discussing some related problems.

13.2 Preliminaries

A graph G is quasi-transitive if the automorphism group of G acts on V(G) with only finitely
many orbits, that is if V(G) can be partitioned into finitely many sets Uy, ..., U, such that for
all i € {0,...,n} and u,v € U; there exists an automorphism ¢ of G such that ¢(u) = v. The
stabilizer of a subgraph X of GG consists of precisely those automorphisms of G that map X to
itself.

A graph G is accessible if there exists some n € N such that every two distinct ends ¢,¢’ of G
can be distinguished by a set U of at most n vertices of G, i.e. no component of G — U contains
rays from both ¢ and &’

Two rays R,S in G diverge if for every n € N they have tails R’ C R, S’ C S satisfying
dg(R',S") > n. A double ray R in G diverges if every two disjoint tails of R diverge.

13.2.1 (Hexagonal) grids

The full-grid, denoted by FG, is the graph on Z? in which two vertices (m,n) and (m’,n’) are
adjacent if and only if |m — m/| + |[n — n/| = 1. The hezagonal full-grid is obtained from FG by
deleting every other rung, as shown in Figure 13.1. The (hezagonal) half-grid, denoted by HG, is
the induced subgraph of the (hexagonal) full-grid on vertex set N x Z.

We call the double rays R’ of the (hexagonal) full- and half-grid its vertical double rays and
the edges e;; its horizontal edges (see Figure 13.1).

13.2.2 Cycle space

Let G be a graph. The edge space of GG is the vector space over the 2-element field Fy of all functions
E(G) — Fq: its elements correspond to the subsets of E(G) and vector addition corresponds to
symmetric difference. The cycle space of G is the subspace of the edge space of G spanned by all
the cycles in G — more precisely, by their edge sets; for simplicity, we will not distinguish between
the edge sets in the cycle space and the subgraphs they induce in G.

We say that the cycle space of G is generated by cycles of bounded length if there is some n € N
such that the cycles in GG of length at most n generate the cycle space of G.
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FIGURE 13.1: The hexagonal full-grid with vertical double rays R’ and horizontal

edges ¢;;.

Theorem 13.2.1 ([86, Corollary 3.2]). Every locally finite, quasi-transitive graph whose cycle

space is generated by cycles of bounded length is accessible.

13.2.3 Asymptotic and diverging minors and subdivisions

Let G, X be graphs. Then X is an asymptotic minor of G, denoted by X < G, if X is a K-fat
minor of G for all K € N. Let € be an end of G. If X is a one-ended graph, then we write X <% G
if G contains a K-fat model (V,€) of X such that every ray in Uyey(x) G[Va] U Ueep(x) Ee is an
e-ray. Similarly, we write X <5 G if X <% G for all K € N.

A model (V,€) of X in G diverges if for every two sequences (2 )nen and (yn)nen of vertices
and/or edges of X such that dx(x,,y,) — oo, we have dg(U,, W,) — oo where U,, := V,_ if
zn € V(X) and U,, :=V(E,,) if z, € E(X) and analogously W,, :==V,, or W, :=V(E,,).

A subdivision of a graph X is a graph which arises from X by replacing every edge in X by
a new path between its endvertices such that no new path has an inner vertex in V(X) or on
any other new path. The original vertices of X are the branch vertices of the subdivision and
the new paths are its branch paths. Let G be a graph and let H C G be a subdivision of X with
branch vertices v, for € V(X)) and branch paths E. for e € E(X). Then H is K-fat (in G) if
there are sets V, C V(H) with v, € V,, for x € V(X) and paths E! C E, for e € E(X) such that
(Va)zev(x)s (Be)ecr(x)) is a K-fat model of X. The subdivision H of X diverges (in G) if the
model (({vz})zev(x), (Fe)ecr(x)) of X in G diverges.
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13.3 Further definitions and a sketch of the proofs in this chapter

In this section we first introduce ultra fat minors and escaping subdivisions of certain graphs (see
Sections 13.3.1 and 13.3.2). We then give in Sections 13.3.3 and 13.3.4 a sketch of the proofs of
Theorems 35 to 38. There, we also state two stronger theorems, Theorems 13.3.3 and 13.3.4, from
which we then derive Theorems 35 to 38 in Sections 13.3.5 and 13.3.6.

13.3.1 Ultra fat minors

We say that a model ((V;)ien, (Eij)izjen) of Ky, in a graph G is ultra fat if

o dg(V;,V;) > min{i, j} for all i # j € N,

o d¢(Eij, Exe) > min{i, j, k, ¢} for all 4,5, k, ¢ € N with {4, j} # {k, ¢}, and

o dg(Vi, Exe) > min{i, k, ¢} for all i,k, ¢ € N with i ¢ {k, (}.
Further, we say that Ky, is an ultra fat minor of G, and write Ky, <yr G, if G contains an
ultra fat model of Ky,. The idea is that an ultra fat model of Ky, in a graph G witnesses that G
contains Ky, as an asymptotic minor. Indeed, if ((V;)ien, (Eij)i£jen) is an ultra fat model of Ky,
in G, then ((V;)iens k., (Bij)izjens ) 18 a K-fat model of Ky, in G. In particular, we have the

following observation.

Observation 13.3.1. If a graph G contains Ky, as an ultra fat minor, then it contains every
countable graph as an asymptotic minor. Moreover, if Ky, <fp G for some end € of G, then also

X <5, G for every one-ended, countable graph X. O
Moreover, the following observation is immediate from the definitions.

Observation 13.3.2. If a graph G contains Ky, as an ultra fat minor, then it contains every
countable graph as a diverging minor, and in particular, it contains every countable graph of
mazimum degree at most 3 as a diverging subdivision. Moreover, if Ky, <f;p G for some end €

of G, then we may choose the diverging minor / subdivision so that all its rays lie in €. U

13.3.2 Escaping subdivisions

We call the double rays in a subdivision of the hexagonal half- or full-grid corresponding to the
vertical double rays R! of the hexagonal half- or full-grid its vertical (double) rays, and the branch
paths corresponding to the horizontal edges e;; its horizontal paths, and we usually denote the
former by S? and the latter by P,;. Whenever we introduce a subdivision of the hexagonal half-
or full-grid with vertical double rays S* without specifying the vertex sets of the S?, we tacitly
assume that S* = ...s" sfs! ... and that their tails S%, are the image of the ‘upper’ half of the

vertical double ray R’ of the hexagonal half- or full-grid.
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Let G be a graph and let H C G be a subdivision of the hexagonal half-grid with vertical double
rays S* and horizontal paths P;;. We say that H is escaping if there are 0 := Mo < M; < ... €N
such that M; > M;_1 + 2¢ for all ¢ > 1 and

(i) S* C G[S° M;] — Be(S®, M;_1 + 2i) for all i € Ny, and
(ii) P; € G[S%, M) and P;; C G[S°, M;] — Ba(S°, M;_2 +1i) for all i € N>y and j € Z.

A subdivision H C G of the hexagonal full-grid with vertical double rays S* and horizontal
paths P;; is escaping if the S? and P;; with i > 0 form an escaping subdivision of the hexagonal
half-grid as well as the S% and P;; with i < 0, and if there is some M € N such that the S* with
i > 0 are contained in a different component of G — Bg(S°, M) than the S* with i < 0.

13.3.3 Sketch of the proofs of Theorems 37 and 38

We will prove Theorems 37 and 38 simultaneously by showing the following stronger result.

Theorem 13.3.3. Let € be a thick end of a graph G with finite maximum degree whose cycle
space is generated by cycles of bounded length. Then either Ky, <f;p G or G contains an escaping

subdivision H of the hexagonal half-grid whose rays all lie in €.

By Observations 13.3.1 and 13.3.2, an ultra fat model of Ky, contains a diverging and a K-fat
model of the half-grid for every K € N. So to derive Theorems 37 and 38 from Theorem 13.3.3 it
suffices to show that an escaping subdivision of the hexagonal half-grid also contains a diverging
and a K-fat subdivision of the hexagonal half-grid (see Sections 13.3.5 and 13.3.6).

For the proof of Theorem 13.3.3, we first show that G contains for every thick end € a diverging
double e-ray R (see Theorem 13.4.1), and we then set S° := R. Second, we show that G contains
double rays S', 82, ... such that the S’ are contained in increasingly distant ‘thickened cylinders’
around R of the form G[R, M;] — Bg(R, M;_1 + 2i) for some My < M; < ... € N, as required by
(i) for the vertical double rays of an escaping subdivision of the hexagonal half-grid. Finally, we
connect the S? by infinitely many paths so that infinitely many of them either form the vertical
double rays of an escaping subdivision of the hexagonal half-grid or they form the branch sets of
an ultra fat model of Ky, (see Lemma 13.5.4).

Let us describe the second step in more detail. We will choose the S* recursively, starting from
the diverging double e-ray R = ...7_1rory ... (=: S°). For this, we first show that C[0¢C, [ 552 ]] =
CNGI[R,L+ |5]] is connected for every L € N and every component C' of G — Bg(R, L), where
k € N is such that the cycle space of G is generated by cycles of length < k (see Lemma 13.5.1).
Note that this is the only part in in the proofs of Theorems 35 to 38 where we use the assumption

on the cycle space; nevertheless, the assumption is crucial here, and the rest of the proof relies on
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this lemma.?

We then show that for every L € N some component C' of G — Bg(R, L) is ‘long’, i.e. it has a
neighbour in Bg(R>;, L) and in Bg(R<—_j, L) for all j € N (see Lemma 13.5.3). Combining that C'
is long and C[0C, | £52]] is connected then allows us to find a double ray in C[0C, | %52 ], which
thus also lies in G[R, L + | §]] — Bg(R, L). Hence, we may proceed recursively by increasing the
radius L of the ball around R by a summand of |5 | 4 27 in each step.

13.3.4 Sketch of the proof of Theorems 35 and 36

Similar as before, we prove Theorems 35 and 36 simultaneously, by showing the following stronger

result.

Theorem 13.3.4. Let € be a thick end of a locally finite, quasi-transitive graph G whose cycle
space is generated by cycles of bounded length. Then either Ky, <f;p G or G contains an escaping

subdivision of the hexagonal full-grid whose rays all lie in €.

Similar as above, Observations 13.3.1 and 13.3.2 together with results from Section 13.3.5
below will show that it suffices to prove Theorem 13.3.4 in order to obtain Theorems 35 and 36
(see Section 13.3.6).

The proof of Theorem 13.3.4 builds on Theorem 13.3.3. From the proof of Theorem 13.3.3 it
follows that we have more control over where the escaping subdivision of the hexagonal half-grid
lies (see Theorem 13.3.3’, the detailed version of Theorem 13.3.3, in Section 13.5). For this, let ¢
be a thick end of G, and let R be a diverging double e-ray. Given a ‘thick’ component C' of
G — Bg(R, K) for some K € N| that is one which includes a long component of G — Bg(R, L) for
every L > K, we in fact obtain an escaping subdivision H of the hexagonal half-grid whose first
vertical double ray is R and which is ‘mostly’ contained in C' (unless Theorem 13.3.3’ yields an
ultra fat model of Ky, in which case we are immediately done). Now suppose that for some large
enough L € N there is another thick component D of G — Bg(R, L). Then Theorem 13.3.3 yields
another escaping subdivision H' of the hexagonal half-grid whose first vertical double ray is R
and which is ‘mostly’ contained in D (or an ultra fat model of Ky,). Gluing H and H' together
along their common first vertical double ray R then yields the desired subdivision of the hexagonal
full-grid (see Lemma 13.6.2).

It thus suffices to prove that G contains a diverging double e-ray R such that, for some large
enough K € N, there are two distinct thick components of G — Bg(R, K). This step is mainly
divided into two lemmas (see Lemmas 13.6.8 and 13.6.9). We first show that if R’ is a double e-ray

2This is not entirely true. We in fact prove stronger versions of Theorems 35 to 38 (see Section 13.3.6 below),
which find the desired minors in a prescribed end. For this, in the case of Theorems 35 and 36, we need the
assumption on the cycle space once more, to ensure that the graph is accessible.
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which is not only diverging but even quasi-geodesic, then it is enough that for some large enough
K € N there are distinct components C' # D of G — Bg(R', K) such that C' is thick but D is only
‘half-thick’ (see Lemma 13.6.8) because then we can use the quasi-transitivity of G to find another
quasi-geodesic double e-ray R such that G — Bg(R, K) has two distinct thick components (see
Lemma 13.6.8). Here, a component of G — Bg(R, K) is half-thick if it includes for every L > K a
component of G — Bg(R, L) which is ‘half-long’, i.e. which has neighbours in Bg(R>y, L) or in
Bg(R<—p, L) for all n € N.

Next, we show that such a double ray R’ exists. For this, we first prove that G contains three
e-rays Ry, R, R3 that intersect pairwise in a single common vertex such that R; U Ry U R3 is quasi-
geodesic (see Theorem 13.4.5). Applying (the detailed version Theorem 13.3.3" of) Theorem 13.3.3
to the quasi-geodesic, and hence diverging, double ray R;U Ry then yields an escaping subdivision H
of the hexagonal half-grid whose first vertical double ray is R} U Ry. Now for every K € N, by
the definition of escaping, H will lie ‘mostly’ in one component Cx of G — Bg(R, K), which then
needs to be thick. We then analyse where Rj3 lies in relation to H. If, for some large enough L € N,
the ray R3 has a tail in a component Dy, # C, of G — Bg(R1 U Ry, L), then we are done since Dy,
needs to be half-thick as Rs diverges from R; U Ry but lies in the same end as R; and R».

Otherwise, again since R3 diverges from R; U Ro, it has a tail in Ck for all K € N. We then
distinguish two cases. First assume that Rs is far away from H. Then, since R3 has a tail in
each Ci, we can connect Rs and H by infinitely many paths. These paths together with R3 then
yield infinitely many H-paths that ‘jump over’ H. We then use these paths together with H to
find an ultra fat model of Ky,. Otherwise, R3 lies close to H. Then either R3 separates H into an
‘upper half’ containing (a tail of) Ry and a ‘lower half’ containing (a tail of) Ry, and then Ry U R3
(or symmetrically Ry U R3) is the desired double ray R’, or there are infinitely many H-paths that
‘jump over’ Rg, which then again yield an ultra fat model of Ky, (see Lemma 13.6.9).

13.3.5 Obtaining fat and diverging minors from escaping subdivisions

In this section we describe how one can turn an escaping subdivision H of the hexagonal half-grid

(full-grid) into a K-fat or diverging minor of the hexagonal half-grid (full-grid).

Lemma 13.3.5. Let G be a locally finite graph, and let H C G be an escaping subdivision of the
hezagonal half-grid (full-grid) whose vertical double ray S° diverges. Then the following assertions
hold for all K € N:

(i) H contains a subdivision of the hexagonal half-grid (full-grid) which is K-fat in G, and
(ii) H contains a subdivision of the hexagonal half-grid (full-grid) which diverges in G.

In fact, the subdivisions which we obtain from Lemma 13.3.5 (i) and (ii) will have the property

that their sets of vertical double rays are a subset of the vertical double rays of H.
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Since we will have to delete some of the branch paths from H in the proof of Lemma 13.3.5,

we need the following auxiliary result.

Proposition 13.3.6. Let H be a subdivision of the hexagonal half-grid (full-grid) with vertical
double rays S* and horizontal paths P;;. Let H' be obtained from H by deleting some of the Pj;.
If H' still contains, for everyi € N\ {0} (i € Z~{0}), infinitely many Pi; with j € N and infinitely
many Py; with j € Z<o, then H' contains a subdivision H" of the hexagonal half-grid (full-grid)

whose vertical double rays are the S* and whose set of horizontal paths is a subset of the Pij;.

Proof. To obtain the desired graph H”, one may recursively select paths P;; C H' with sufficiently
large |j| to represent the edges fi in the order indicated in Figure 13.2 (and similarly for the

hexagonal full-grid in the order f1, fo, f5, f3, f4, fa, [1: [5, fo, 7. foy - - ). O
- f14 *r—
f12
- f5 f10 *r—
E fs
5 2 Al
fa fo
| fo i J
fis
fis

R R R* R R* R°

FIGURE 13.2: The hexagonal half-grid (full-grid) with an enumeration of its hori-
zontal edges as needed for the proof of Proposition 13.3.6.

For the proof of Lemma 13.3.5 we need the following two auxiliary results, which assert that

escaping subdivisions have some additional properties.

Lemma 13.3.7. Let R=...r_1rgr1 ... be a diverging double ray in a locally finite graph G, let
L €N, and let S be a ray in G[R, L]. Suppose there are infinitely many pairwise disjoint R=o—S
paths P; in G[R, L]. Then S has a tail T such that T C G[Rxo, L], and all but finitely many P;

are contained in G[R=q, L].

Proof. Since R diverges, there is some n € N such that R, and R<_, have distance at least
2L + 2 from each other; in particular, G[R>,, L], and G[R<_,, L] are disjoint and not joined by
an edge. Hence, they are separated in G[R, L] by Bg(r—n+1Rrn—1,L). Since Bg(r—n4+1Rrp—1, L)

is finite as G is locally finite, it follows that S is eventually contained in either G[R>,, L] or
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G[R<_n, L] and that at most finitely many P; meet Bg(r—p4+1Rrn—1,L). As the P; are disjoint
and start in R>o, and hence infinitely many F; start in R>,, it follows that S has a tail 7" such
that T'C G[R>n, L] € G[R>0, L] and that all but finitely many P; lie in G[R>o0, L]. O

Corollary 13.3.8. Let G be a locally finite graph and let H be an escaping subdivision of the
hexagonal half-grid with vertical double rays S* and horizonal paths P;j such that SO diverges. Then

(i) for all i,k € N there is £ € N such that Si C G[S>k, M;] and Si e G[5’< e M), and
(ii) for alli,k € N there is £ € N such that Pj; C G[S’%,Mi] and Py_j) C G[S< o M) for all
Jj=L

Proof. Let i,k € N be given. Set R := S°, where we enumerate R = ...r_jror; ... so that ro = sJ.

Applying Lemma 13.3.7 to R, L := M; and S := S% Lo and the paths Pj = P;; for j > 0 yields some
m € N such that S%,, and all P;; with j > m are contained in G[R>o, M;] = G[SY,,, M;]. Similarly,
we find some n € N such that SL_,, and all P;; with j < —n are contained in G[S2_,, M;]. Then

¢ :=max{m,n} is as desired. O

The next lemma finds a diverging subdivision in an escaping subdivision of the hexagonal half-

or full-grid.

Lemma 13.3.9. Let H be an escaping subdivision of the hexagonal half-grid (full-grid) in a locally
finite graph G with vertical double rays S* and horizontal paths P;; such that SO diverges. Then
there exists an escaping subdivision H' C H of the hexagonal half-grid (full-grid) whose vertical
double rays are the S* and whose horizontal paths Pl’j are a subcollection of the P;; such that H'
diverges and such that for every two non-incident edges of the hexagonal half-grid (full-grid) their

images in H' are at least K apart in G if they are contained in Hy := U;sx StuU UDKJ@P

Proof. We only give the proof for the hexagonal full-grid; the construction for the hexagonal
half-grid is analogous. For the sake of this proof, we denote the horizontal edges e;; of the hexagonal
full-grid by fi(2j) if ¢ € 2Z + 1, and by f;«9;_1) if i € 2Z, and we enumerate the P;; accordingly.
Let x;_l,xé denote the endvertices of P;; on Si=1 and S%, respectively. We will recursively select
the branch paths @;; of the edges f;; amongst the Py, such that

(1) da(Qij, Qre) = max{|i|, ||, |k|, |¢|} for all i, 4, k,¢ € Z such that {3, j} # {k, (},
(2) dg(Qij,Sky UyJHSk) max{|i|, |j|, |k|} for all 4, j, k € Z, and

(3) da(Syi_y,y5S") > max{]il, ], |j[} for all i, j.k € Z,

where yZ !

and y]- denote the endvertices of ();; on Si=1 and S, respectively. Let H' denote the
graph obtained from the union of the S* and the Q;;. Clearly, H' is still an escaping subdivision
of the hexagonal full-grid (whose horizontal paths PZ’] are essentially the @);;, except that they
are again enumerated as usual). It follows from (1)—(3) and (i) of escaping subdivisions that H},
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has the desired property. Moreover, H' diverges. Indeed, the distances in G' between the images
U, W, in H' of vertices and/or edges an,,b, of the hexagonal full-grid which form diverging
sequences (an)nen, (bn)nen in H grow by (1)—(3) unless the U, W,, are of the form Q;;, y;-tlSky;?
or Qij, yé-“S”I“yfJrl or y§_15iy§, yf_ls’kyf. But their distances grow because of (i) and (ii) of escaping
subdivisions; we omit the details.

We now describe how we choose the paths Q;;. First, we set Q;o := Pj for all i € 2N 41
and Qo := P;_1)p for i € 2Z.o + 1. Now let n € N be given, and assume that we have already
chosen paths @Q;; for all |j| < n. Assume further, without loss of generality, that n is even. We
now describe how we choose the paths Q;,, where i € 2Z + 1 since n is even. The choice of the

paths Q;_y) can be done analogously after the choice of the Q.

0
Y2 *r—
—_— e
v3 vs —
Q:SQ
? Y1
*—
—_—
0
Yo T
. J
*—
- ?J31
7 2 7 N N N

s g5 gt g3 g2 gt g st s? s? e s° S6

F1GURE 13.3: Depicted in blue and green are the subgraphs X392 and Y39 that are
used to choose @32. The paths Q;; that are chosen before ()32 are shown in grey.

So let i € 2N+ 1 be given, and assume that we have already chosen paths Q. for all k € 2N+ 1
with k <i. We will now select a path P;; to be Qin; again, the choice of the Q_;), can be done
analogously after the choice of the Q.

By (i) and (ii), we have dg(P;j, Pe), da (S, Ppe) > max{i, |k|} for all k ¢ {i —1,4,i+ 1} and
J,¢ € Z. Hence, no matter which Pj; we choose to be Q;y, we will have that dg(Qin, Qre) =
max{i,n, |k|, |¢|} and dg(yi 1S Qure), da(y5 S, Qre) = max{i, n,|k|} for all k with |k| > ki, :=
max{i+2,n} and |¢| < n. So when choosing Q;,, we only need to consider those finitely many Qpy
with |k < ki and [€] < n. Since Xin 1= Ujpj<ny,,joj<n @kt U Ug<r<i Qkn 1s finite and G is locally
finite, all but finitely many F;; have the property that x}flsi_l UP;uU $;SZ has distance at least
max{i,n} from X;, (see Figure 13.3).
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Moreover, by (i) and (i), we have dg(Pij, S¥),dc(S?, S*) > max{i, |k|} for all k # i. Hence, no
matter which P;; we choose to be Q;y,, we will have that dg(Qin, S*), da(y5S?, S¥), da(yi 151, S*)
> max{i,n, |k|} for all k with |k| > max{i+1,n} and |¢| < n. So when choosing Q;, we only need
to consider those finitely many S* with |k| < max{i + 1,n}. By Corollary 13.3.8 (i) and (ii) and
because SO diverges, all but finitely many of the P;; have the property that ri-lgi-1ly P U x;SZ
has distance at least max{i,n} from Yi, := Ujgj<s,, Skyé“n_l). Hence, we can pick a path P;;
whose endvertices on S* and S*~! appear on S*~! and S? after the endvertices of Q(i—1)(n—1) and
Q(i+1)(n—1), respectively, such that xg-_lSi_l UPF;; U x;SZ has distance at least max{i,n} from
Xin UYj,, and we set @y, := Pj;. Clearly, @i, is as desired. O

We are now ready to prove Lemma 13.3.5.

Proof of Lemma 13.3.5. (ii): By Lemma 13.3.9 every escaping subdivision H of the hexagonal
half- or full-grid whose vertical double ray S° diverges contains a diverging subdivision H’ of the
hexagonal half- or full-grid, respectively, as a subgraph.

(i): Assume first that H is an escaping subdivision of the hexagonal half-grid, and let H' C H
be obtained from H by applying Lemma 13.3.9. Further, let H be obtained from H' by deleting
all horizontal paths that are not of the form PZ’] fori € 2Z and j € 3Z ori € 2Z+1 and j € 3Z+ 1.
Then also the subgraph Hx of H consisting of all S% with ¢ > K and all Pi/j C H withi > K
is a subdivision of the hexagonal half-grid, and we claim that it is K-fat. Indeed, to turn Hg
into a K-fat model of the hexagonal half-grid we may choose the following sets V, as branch
sets, for every x € V(H) of degree 3. Let 2 € V(S?) and let E, and E; be the branch paths of
Hi = Uisk 8" UUjs i jez Pj; © H' starting at 2 that are contained in S*. We then choose as V;,
the union over E. and Ey. By construction and since the images in Hj of any two non-incident
edges of the hexagonal half-grid have distance at least K in G, it follows that the model is K-fat.

Second, assume that H is an escaping subdivision of the hexagonal full-grid, let H' C H be
obtained from H by applying Lemma 13.3.9, and let H C H’ be defined as above. Then the
graph Hyy1 defined as above is K-fat for every K € N by the argument above. Similarly, it
follows by (the symmetry of) the construction of H' in the proof of Lemma 13.3.9 that also the
subgraph H_x_; consisting of all S with i < —K — 1 and all Pl’j C H with i < —K — 1 is K-fat
for all K € N. Since G is locally finite, we then find infinitely many S—5~1-8K+1 paths W;
in H which are pairwise at least K apart. By the assumptions on H and since H is escaping,
gluing the W; with H K+1 and H_ g1 together yields (after possibly applying Proposition 13.3.6)
a subdivision H” of the hexagonal full-grid. By construction, H” is K-fat. O
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13.3.6 Proof of the main results given Theorems 13.3.3 and 13.3.4

In this section we derive Theorems 35 to 38 from Theorems 13.3.3 and 13.3.4; in fact, we show the

following more detailed versions.

Theorem 35°. Let G be a locally finite, quasi-transitive graph whose cycle space is generated by
cycles of bounded length. Then FG <5, G for every thick end € of G.

Proof of Theorem 35 and Theorem 35° given Theorem 13.3.4. Combining Observation 13.3.1 and
Lemma 13.3.5 (i), we obtain that Theorem 13.3.4 yields Theorem 35’ and hence also Theorem 35,
where we note that the subdivision obtained from Lemma 13.3.5 (i) has all its rays in the same
end as the full-grid obtained from Theorem 13.3.4. O

Theorem 36°. Let ¢ be a thick end of a locally finite, quasi-transitive graph G whose cycle space
is generated by cycles of bounded length. Then G contains a diverging subdivision of the hexagonal

full-grid whose rays all lie in €.

Proof of Theorem 36 and Theorem 36° given Theorem 13.3.4. Combining Observation 13.3.2 and
Lemma 13.3.5 (ii), we obtain that Theorem 13.3.4 yields Theorem 36’, where we note that the
subdivision obtained from Lemma 13.3.5 (ii) has all its rays in the same end as the full-grid
obtained from Theorem 13.3.4. For Theorem 36, note that every diverging subdivision of the

hexagonal full-grid can be contracted into a diverging minor of the full-grid. O

Theorem 37°. Let G be graph of finite mazimum degree whose cycle space is generated by cycles
of bounded length. Then HG <5, G for every thick end € of G.

Proof of Theorem 37 and Theorem 37 given Theorem 13.3.3. Combining Observation 13.3.1 and
Lemma 13.3.5 (i), we obtain that Theorem 13.3.3 yields Theorem 37’, and hence also Theorem 37,
where we note that the subdivision obtained from Lemma 13.3.5 (i) has all its rays in the same
end as the half-grid obtained from Theorem 13.3.3. 0

Theorem 38’. Let € be a thick end of a graph G of finite mazimum degree whose cycle space is
generated by cycles of bounded length. Then G contains a diverging subdivision of the hexagonal

half-grid whose rays all lie in €.

Proof of Theorem 38 and Theorem 38’ given Theorem 13.3.3. Combining Observation 13.3.2 and
Lemma 13.3.5 (ii), we obtain that Theorem 13.3.3 yields Theorem 38’, where we note that the
subdivision obtained from Lemma 13.3.5 (ii) has all its rays in the same end as the half-grid
obtained from Theorem 13.3.3. For Theorem 38’, note that a diverging subdivision of the hexagonal

half-grid can easily be contracted into a diverging minor of the half-grid. O

279



13.4 Diverging double rays and quasi-geodesic 3-stars of rays in
thick ends

In this section we prove two theorems about double rays and 3-stars of rays in thick ends, which

we need for the proofs of Theorems 35 to 38.

13.4.1 Diverging double rays

Georgakopoulos and Papasoglu [75, Theorem 8.16] showed that every connected graph of finite
maximum degree which has an infinite set of pairwise disjoint rays has a diverging double ray
(whose tails may lie in two distinct ends). For the proofs of Theorems 37 and 38 we will need the
following variant of that theorem, which lets us find the diverging double ray in any thick end we
like.

Theorem 13.4.1. Let G be a graph of finite mazimum degree, and let € be a thick end of G.
Then G has a diverging double e-ray.

The proof of Theorem 13.4.1 uses the same idea as the one of [75, Theorem 8.16] by Georgakopou-
los and Papasoglu, in that Lemma 13.4.3 and Lemma 13.4.4 below are variants of [75, Corollary 8.15
and Lemma 8.17]. However, our proof is more involved, as we need to take care that the tails of
the double ray lie in the prescribed end.

Essentially, we will deduce Theorem 13.4.1 from the coarse Menger’s theorem for two paths
(see Theorem 27 in Chapter 10); the version we state here is from Georgakopoulos and Papasoglu
[75, Theorem 8.1] and a little more general than Theorem 27. A metric graph is a pair (G, ¥) of a
graph G and an assignment of edge-lengths ¢: F(G) — Rs.

Theorem 13.4.2. Let G be a metric graph, and let X,Y C V(G). For every K > 0, there is

either
(i) a set B C V(G) of diameter < K such that G — B contains no path joining X to'Y, or
(ii) two X-Y paths at distance at least d :== K /272 from each other.

It follows by a compactness argument that we may replace in Theorem 13.4.2 the set Y by an

end ¢ and the two paths in (ii) by e-rays.

Lemma 13.4.3. Let (G,{) be a metric graph such that B ) (v,n) is finite for all v € V(G) and
n € N. Let A be a finite set of vertices in G, and let € be an end of G. For every K > 0, there is

either
(i) a set B CV(G) of diameter < K such that G — B contains no e-ray starting at A, or
(ii) two e-rays starting at A at distance at least d := K /272 from each other.
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Proof. In the following, we abbreviate d(g ) and B g, with dg and Bg, respectively.

By the assumption on ¢ and since A is finite, the balls Bg(A,n), for n € N, are finite. Hence,
there exists, for every n € N a unique component C,, of G — Bg(A, n) such that every e-ray has a
tail in C,,. Their neighbourhoods N¢(C,,) C Bg(A,n) are finite; so we may set ky, := |Ng(Ch)|
and enumerate Ng(Cy) =: {vf,..., v} }.

We apply Theorem 13.4.2 to the sets X := A and Y := Ng(C,) in G. If, for some n € N,
Theorem 13.4.2 yields a set B C V(G) of diameter < K that separates A and Ng(C),), then by
the definition of C,, this B is as in (i). Hence, we may assume that for every n € N, we find two
A-Ng(Cy) paths Py, @, that are at least d := K/272 apart in G.

For all m < n € N, we define a k,,-tuple

= (8, ST, (R i) € Ty = ({0, . LAY x {—4, ... 4}k

of triples as follows. We let ¢ be the distance dg(P,,v}") between P, and v} if it is less than d;
otherwise we set 7™ := d. Analogously, we let {*™ be the distance dg(Qpn,v™) between @Q,, and v

if it is less than d; otherwise we set t#™ := d. Further, if 7™ # 0 and t*™ = 0, then we set
n

sp™ := 0. Otherwise, it follows that precisely one of P, and @, meets v;", and we then let s}

encode whether v]" meets P, (si™ € {1,2,3,4}) or Q,, (s]"™ € {—4,—3,—2,—1}) and whether its
predecessor and successor on P, or @, both lie in C, (|s}™| = 1), both lie in G — Cy, (|si™| = 2),
or its predecessor lies in Cy,, and its successor lies in G — Cyy, (|| = 3) or vice versa (|s]""| = 4).
Since all T}, are finite, there exist infinite index sets N D Iy D I; D ... such that, for all m € N,

all t" with n € I,,, are equal. We pick, for every m € N, some i, € I,,,. Now set

pim = P, N (G[Cpn-1,1] = Cp,) and Qim = Qip, N (G[Cp—1,1] = Cp),

and let P := J,,cn Pim and Q := U,en Qim. We claim that P and @ are at least d apart in G
and that they both contain an e-ray that starts in A. It then follows that these rays are as in (ii).
First, we show that P and () are at least d apart in GG. For this, recall that dg(Pn, Qn) = d for
all n € N by the choice of P, @,. Now let m < n € N be given We show that dg(P;,,, Qi) > d;
the other case is symmetric. Clearly, if m = n, then dg(P;, ,Q;,) > d holds by the choice of
P;,,Q;, , so we may assume that m < n. Set £ := dg(P;, ,Q;, ), and let W = wy . .. w; be a shortest
szQin path. Then W meets Ng(C,) in a vertex vl because Q, C G[Cp-1,1] € G[Cyp, 1] and
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Pim C G- C,, as m < n. It follows that

= dg(wo, v") + dg(v]', we) 2 da(P,,,, v)") + da(v]", Qi) > da(P;,, vf") + da (v}, Qi)

> g™ BT = e = min{dg (P, o), d) + min{da (v, Q;, ), d}

> min{dg(P;,, Qi,), d} = d.

where we used t;’"m = t;”m since iy, in € Iy,. Hence, dg(P, Q) > d as desired.

So to conclude the proof, it remains to show that P and () both contain an e-ray that starts
at A. We show the claim for P; the other case is symmetric. By definition, it is clear that P
meets A in a unique vertex a, which is the endvertex of P;, in A; in particular, a has degree 1

in P. Hence, it suffices to show that all other vertices in P have degree 2 in P, as then P contains

a ray that starts in a, and which then has to lie in ¢ since P — C,,, = | P;, is finite for all

n<m
m € N. By definition of P, every vertex of P that is not contained in some Ng(C),) is contained
> and has thus degree 2 in P. So let some v € V(P) N Ng(Cp,) be given.

Then sz-mm €{1,2,3,4}, and it follows that v]" has degree 2 in G because sj.mm = s;m“m by the

choice of 4, tm41- ]

in precisely one P;

The remainder of the proof of Theorem 13.4.1 is now analogous to the one of [75, Theorem 8.16].

More precisely, we have the following auxiliary lemma.

Lemma 13.4.4. Let G be a graph of finite mazimum degree, and let € be a thick end of G. Then
there is a finite set A of vertices in G and an assignment of edge-lengths £: E(G) — Rso with the
following properties:

(i) no ball of radius 1 in the corresponding metric dy separates A from e,

(ii) limeep(q) f(e) =0, and

(iii) every ball of finite radius in dy is finite.
Proof. The proof is analogous to [75, Lemma 8.17] with just one exception: we choose the sequence
(Ry)nen of pairwise disjoint rays so that every R,, is an e-ray, which is possible because ¢ is thick.

Note that (iii) follows easily from the proof, since the S™ are ‘thickened rings’ Bg(o,m,) \

Bg(0,rn—1) around a vertex o € V(G) and because Y ;o 1/n is infinite. O

Proof of Theorem 13.4.1. The proof is analogous to [75, Theorem 8.16] with just one exception:
instead of [75, Corollary 8.15 & Lemma 8.17] we apply Lemmas 13.4.3 and 13.4.4. O

13.4.2 Quasi-geodesic 3-stars of rays

By Theorem 13.4.1 every graph G of finite maximum degree contains for every thick end € a

diverging double e-ray. For the proofs of Theorems 35 and 36, we need the following result, which
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strengthens Theorem 13.4.1 in the special case where G is quasi-transitive and accessible.

Theorem 13.4.5. Let ¢ be a thick end of a locally finite, accessible, quasi-transitive graph G. Then
there exists ¢ € N>y and e-rays Ry, Ro, R3 in G such that Ry N Ry = Ry N R3 = Re N R3 = {v} for
some v € V(G) and such that Ry U Re U R3 is c-quasi-geodesic in G.

For the proof of Theorem 13.4.5, we first need the following auxiliary lemma.

Lemma 13.4.6. Let G be a locally finite, accessible, quasi-transitive graph that contains a thick
end €. Then there exists a connected, one-ended, quasi-geodesic subgraph H of G such that every

ray in H is an e-ray in G and such that the stabilizer of H acts quasi-transitively on H.

Proof. By a result of Diestel, Jacobs, Knappe and Kurkofka [48, Lemma 7.12] and in particular its
proof [49, Appendix A], there exists a connected, induced, one-ended subgraph H of G whose rays
all lie in € such that every component of G — H has finite neighbourhood in H, such that there are
only finitely many orbits of such components under the stabilizer I' of H in the automorphism group
of G and such that I' acts quasi-transitively on H. It remains to prove that H is quasi-geodesic.
Since there are only finitely many orbits of components of G — H under I', each such component
has finite neighbourhood in H and because H is connected, there exists ¢ € N>; such that for
every component C' of G — H every two vertices in Ng(C') have distance at most ¢ in H.

We claim that H is c-quasi-geodesic. Indeed, let z,y € V(H) be given, and let P be a shortest
z—y path in G. Further, let Qq, ..., @, be the maximal non-trivial subpaths of P that are internally
disjoint from H. Then every @); is internally contained in some component C' of G — H and starts
and ends in Ng(C). By the choice of ¢, there exists a path Q) in H of length at most ¢ which has the
same endvertices as @;. It follows that the union W over PN H and the @, is connected, contained
in H, contains z,y, and hence contains an x—y path. Since all (); are non-trivial and have thus
length at least 1, it follows that di (z,y) < |[E(W)| < |[E(PNH)|+c¢(m+1) < ¢-|E(P)| = c-dg(z,y)
as desired. O

We also need Lemma 11.4.3 from Chapter 11, which we recall here for convenience.

Lemma 13.4.7. Let X be a c-quasi-geodesic subgraph of some graph G for some ¢ € Nxq. If P is
a shortest v—X path in G for some vertex v € V(G), then X U P is (2¢ + 1)-quasi-geodesic in G.

We can now prove Theorem 13.4.5.

Proof of Theorem 13.4.5. Let us first assume that G is one-ended. In this case, we apply two
compactness arguments. First, a standard compactness argument (see e.g. [123, Proposition 5.2])
implies the existence of a geodesic double ray R in the locally finite and quasi-transitive graph G.

For the second compactness argument, we first show that G[R, K| # G for all K € N. Since G
is locally finite, the set Bg(r1Rrox 1, K) is finite. As R is geodesic, the sets Bg(R<p, K) and
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Ba(R>2k+2, K) are disjoint and not joined by an edge. Hence, every Bg(R<o, K)-Bg(R>2k+2, K)
path meets either Bg(r1Rrox+1, K) or G — G[R, K]. But since both R<g and R>sx 42 lie in the
unique end of G, there are infinitely many disjoint such paths, of which at most finitely many can
meet the finite set Bg(r1Rrox+1, K). Hence, G — G[R, K| is non-empty.

Thus, there exists vertices in G of arbitrary distance from R. Let z; be a vertex at distance i
from R, let 7;, be a vertex of R with dg(w;,7;,) = dg(zi, R), and let P; = pf...p! be a shortest
x;—rj, path. Then RU P; is 3-quasi-geodesic by Lemma 13.4.7. Since G is quasi-transitive, there
is an infinite index set I C N such that all 7, lie in the same orbit. Let s € V(G) be another
vertex in that orbit. For all ¢ € I, let ¢; be an automorphism of G' that maps r;, to s. Then,
since G is locally finite, there exists an infinite index set I; C I such that ¢;(r;,—1Rrj,+1 U piPpt)
coincides for all ¢ € I, amongst which we again find an infinite index set Is C Iy such that
©i(rj,—2Rrj,+2 U ph Ppb) coincides for all i € I and so on. This results in three internally disjoint,
geodesic rays starting in s whose union is 3-quasi-geodesic. Obviously, all three rays must lie in
the unique end € of G, so they are as desired.

Let us now assume that G has more than one end. Since G is accessible, there exists by
Lemma 13.4.6 a connected, one-ended, c-quasi-geodesic, quasi-transitive subgraph H of G for some
¢ € N3 such that every ray in H is an e-ray in G. By the first case, we find the desired three rays
Ry, Ro, R3 in H whose union is 3-quasi-geodesic. Since H is a c-quasi-geodesic subgraph of G, the

rays Ry, Ro, R3 form a 3c-quasi-geodesic subgraph of G. O

13.5 Half-grid minors

In this section we prove Theorem 13.3.3; in fact, we show a more detailed version, which we need
in the next section for the proof of Theorem 13.3.4.

Let R = ...r_yror1... be a double ray in a graph G, and let K € N. A component C of
G — Bg(R,K) is long if C has a neighbour in Bg(R>i, K) and in Bg(R<_;, K) for all i € N.
Further, C is thick if, for every L > K, some long component of G — Bg(R, L) is contained in C'.

Theorem 13.3.3’. Let R be a diverging double ray in a thick end € of a locally finite graph G
whose cycle space is generated by cycles of bounded length. Then either Ky, <f;p G or G contains
an escaping subdivision H of the hexagonal half-grid whose first vertical ray is R.

In particular, if Ky, A p G and C is a thick component of G — Bg(R, L) for some L € N,
then we may choose the vertical double rays S* of H so that S° C C for alli > 1.

Proof of Theorem 13.3.3 given Theorem 13.3.3°. By Theorem 13.4.1, there exists a diverging dou-
ble e-ray R in G. Apply Theorem 13.3.3 to R. O
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In the remainder of this section we prove Theorem 13.3.3’; see Section 13.3.3 for a sketch of

the proof.

Lemma 13.5.1. Let G be a graph whose cycle space is generated by cycles of length at most k € N,
and let Y be a connected subgraph of G. Then for every component C of G —Y that attaches to Y,
the graph C[0cC, |%52]] is connected.

Note that if G is connected, then every component of G — Y attaches to Y.

Proof. Clearly, it suffices to show for every two vertices vg,v1 € dgC that there exists a vg—v1
path in C[0gC, | %52]]. So let vg,v1 € OgC be given, and let ug and uy be vertices of Y which
are adjacent to vy and vy, respectively. Since Y is connected, there exists a u1—ug path @ in Y.

Let P be a vp—vy path in C. Then D := vgPviui1Qugug is a cycle in G. By assumption on the

cycle space of G, we can write D as a finite sum of cycles Dq,..., D, in G of length at most &, i.e.
D= ) D,
D;eD

where D :={D1,...,D,}. Let D' C{D,...,D,} consist of those D; that do not lie completely
in C, i.e. that contain a vertex of G — C. Note that D; N C C C[0cC, |%52]] for all D; € D’

since D; has length at most x and meets G — C. Let

-2

H:= | Dngc{aGc,Vch
2

D;eD’

be the subgraph of C consisting of all vertices and edges in C' that lie on cycles from D’. Note
that vy, v1 € V(H) since voug, viu; € E(D). We claim that vy and v; lie in the same component
of H, which clearly yields the claim. So suppose for a contradiction that vy and v; lie in distinct
components Hy, Hy of H. Then the set F of edges in G between Hy and G — Hy is a cut in G
that separates Hy and Hy; in particular, F' is finite since G is locally finite and because Hy C H is
finite as Up,epr Di 2 Hp is a finite union of finite cycles. Obviously, F' must contain an edge f
from P C C. Then f cannot lie in ) p cp Di € Up,epr Di, since f € E(C) but f ¢ E(H). Hence,
as f € E(P) C E(D), it lies in

H:=D+ Y Di=Y Di+ Y Di= Y D;CC,
D;eD’! D;eD D;eD’! D,eD\D’
where for the last inclusion we used that D; C C for all D; € D ~. D’ by the choice of D’. In
particular, the same argument also yields that E(P)NF C E(H').
As H' is a finite sum of cycles in G, it is an element of the cycle space of G. Thus, H’

meets the finite cut F' in an even number of edges. As P is a finite path from vy € V(Hy) to

285



v1 € V(Hy) C V(G — Hy), it meets the finite cut F' in an odd number of edges. Combining these
two facts with E(P) N F C E(H') yields that H' contains an edge f’ # f from F which does not
lie on P. Since H' C C, the edge f’ must lie in C. But since f’ is not an edge of P = DN C,
it is not an edge of D either. Hence, f’ is an edge of Y°p cps D;, and thus an edge of Up,cps D;.

Since f’ is also an edge of C, it lies in H, which is a contradiction to the choice of F. O

Lemma 13.5.2. Let R=...r_1rgr1... be a diverging double ray in an end € of a locally finite
graph G. Then for every K,n € N some component of G — Bg(R, K) attaches to Bg(R<—n, K)
and Bg(Rxp, K).

Proof. Since R diverges, there exists some m € N such that R<_,, and R>,, are at least 2K 4 2
apart in G. Set N := max{n,m}. As G is locally finite, the set Bg(r_nyRry,K) is finite.
Hence, as R<_n and R>y are both e-rays and thus equivalent, there exists an R<_ny—R>n path
P =pg...p¢in G that avoids Bg(r_nyRry, K). Since pg € V(R<_n) and py € V(R>n), there is
a first vertex p; of P that is contained in Bg(R>y, K), and a last vertex p; with j < that is still
contained in Bg(R<_n, K).

We claim that ¢ > j + 2, which then implies that P’ := p;41Pp;—1 is non-empty. As P avoids
Ba(r—nRry, K) and by the choice of p; and pj, it then follows that P’ is contained in a component
of G — Bg(R, K), which then attaches to Bg(R<—n, K) and Bg(R=>n, K) via pjpj+1 and p;_1p;,
respectively, and which is thus as desired.

So suppose for a contradiction that ¢ — j < 1. Then dg(pj,pi) <i—j < 1, and thus
dg(R<—n, R>n) < dg(R<—n,pj) +da(pj,pi) +da(pi, RB>n) < K+ 1+ K =2K + 1,

which is a contradiction since dg(R<_n, R>n) = 2K + 2 by the choice of N. O

Lemma 13.5.3. Let R be a diverging double ray in a thick end of a locally finite graph G whose
cycle space is generated by cycles of bounded length. Then for every K € N some component of
G — Bg(R, K) is long.

Proof. Let k € N such that the cycle space of G is generated by cycles of length at most x. Suppose
for a contradiction that no component of G — Bg(R, K) is long. Since R diverges, there exists
some N € N such that dg(R<_n, R>n) = 2K + £+ 2. As G is locally finite, Bg(r_nyRry, K) is
finite. Hence, the set C of components of G — Bg(R, K) which attach to Bg(r_yRry, K) is finite.
Since no C € C is long by assumption and because C is finite, there exists some m € N such that
Ng(C) € Bg(R>—m, K) or Ng(C) C Bg(R<m, K) for all C € C.

By Lemma 13.5.2, some component C' of G — Bg(R, K) attaches to Bg(R<_m—1, K) and
BG(Rsm+1, K); in particular, C ¢ C by the choice of m. Let U~,UT C dC be the set of vertices
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in C that send an edge to Bg(R<—n, K) or to Bg(R=n, K), respectively. Then U~ UU™T = 9zC
because C' ¢ C. Since C[0gC, | “52]] is connected by Lemma 13.5.1, this implies that Bo(U~, | 552 ])
and Bo(UT, |£52]) either intersect non-emptily or there is an edge between them. Hence, there

are vertices v~ € U~ and u™ € UT of distance at most L”T_Qj +1+ L"“T_QJ from each other. Thus,

which is a contradiction since dg(R—_n, Ry) = 2K + K + 2 by the choice of N. O

Lemma 13.5.4. Let ¢ be an end of a locally finite graph G. Suppose there are My < My < ... €N
and double e-rays S°, S*,... such that S° diverges, such that S* C G[S°, M;] — Ba(S°, M;_1) for
all i € N>y and such that there are infinitely many disjoint SgOfSéo paths and infinitely many
disjoint 5’2075;0 paths in G[S°, M;]. Then either Ky, <5 G, or there are 0 =ig <i; < ... €N

and an escaping subdivision H of the hexagonal half-grid whose vertical double rays are the S% .

Proof. By passing to a subsequence of the S° if necessary, we may assume that M; > M;_ + 2i
and that
(a) S* C G[S° M;] — Ba(S®, M1 + 2i) for all i € N.

Set Tj; := SY, and Ty := S%,. By assumption and Lemma 13.3.7, every S’ has disjoint tails 77
and T that are contained in G[Ty, M;] and in G[Ty, M;], respectively. For each vertex ¢ in T
we choose a shortest t~T path in G, which then has length < M; and lies in G[T{, M;]. Then
infinitely many of these paths are T/-T}) paths (i.e. they only have their first vertex on 77), of
which infinitely many are pairwise disjoint since they have length < M; and because G is locally
finite; let us denote these paths by Q;;.

For every Q;; let k;j # i be maximal such that dg(Q;;, T,gij) < kij;; if no such k;; exists, we set
kij := 0. Note that k;; < i since dg(Qij,T}) = da(Qij, S*) > k for all k > i by (a) and because
Qi; C G[Ty, M;] for all 4,5 € N. We now obtain Ti’fT,;,j paths @Q;; by concatenating a suitable
(initial) subpath of Q;; with a shortest Q;;—1, ,éij path. In particular, since G is locally finite, we
may assume that the Qj; for every (arbitrary but fixed) i € N1 are pairwise disjoint. By the
choice of the k;; it follows that

(b) de(Ql;,T}) >k for all k,j € N and i € Nxy with k ¢ {i, k;;}.
Moreover, since Q;; is a shortest path between its first vertex and Ty, it follows that once @;; meets
G[Ty, My,;—1 + ] it will stay in there. By the definition of Q;; and k;; and by (a), this implies that
(c) Qi; € G[Ty, M;] — Bg(Ty, My,;—1 + 1) for all i € N> and j € N,
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Let X be the auxiliary graph on the vertex set {7} | i € N} where 7] and T}, are connected by
an edge in X for i’ < i if and only if infinitely many of the Q;; have one endvertex on Tj,. Clearly,
every Tj is adjacent to at least one T}, with i’ < 4, and hence X is connected. Thus, since X is
infinite, it either has a vertex of infinite degree or it contains a ray by Lemma 2.5.1.

Let us first assume that there is some ¢ € N and an infinite subset I = {ip,41,... } C N with
ip < i1 < ...such that T} is adjacent in X to all T} with ¢ € I. Then the 7} for i € I form the branch
sets Vj, := V(T ) of an ultra fat model of Ky, in G. Indeed, we have dg(Vy, Vi) = min{n, m} by
(a), so it remains to find suitable branch paths. Given any enumeration of N, we may choose the
branch paths P,,,, between V,, and V,, recursively. Since G is locally finite, and because at step
(n,m) we have only chosen finitely many branch paths Py, there exist paths Q; ;, @ ., that
both end in T; such that the path Py, consisting of Q; ;,Q; ;+ and a suitable subpath of T} is
at least min{n, m} apart from all earlier chosen branch paths P,,,. Then by construction and
(a) and (b) it follows that also dg(Pum, Vi) = k for all k ¢ {n,m}, and hence the model of Ky, is
ultra fat. Moreover, since its branch sets are the vertex sets of the e-rays T} , we find Ky, <{;p G-

Hence, we may assume that there are 0 =49 < i1 < ... € N such that every T is adjacent
in X to 7] . Then there are, for every n € N, infinitely many @Q; ; that end in 7} . We reindex
these @; ; by N>1 x N, and the S* by N.

We now apply the same argument to the tails 7 of the (reindexed) S°. This either yields
Ky, <ir G, or we find indices 0 = 79 < i1 < ... € N such that, for every n € N, there are pairwise
disjoint T _ T} paths Qf ; that satisfy (b) and (c) with T} instead of T}, Now the S’ form the
vertical double rays of an escaping subdivision of the hexagonal half-grid. Indeed, we can choose
for every n € N infinitely many 7} ~T; paths P} ; in U;,_, cp<;, (T U Ujen Qf;)- We also set
P} ;= @7, forall j € N. Then combining (c) of the @; ; and the @ ; with Lemma 13.3.7
yields that

() Pi/nj - G[SO, M;] — Bg(SO, M;, 1 +1)
for every ¢ € N>; and all but finitely j € N. Since G is locally finite, we now obtain a subdivision
of the hexagonal half-grid with vertical double rays the S by recursively selecting paths P,

amongst the Pi’n ;. to represent the horizontal edges e,; (compare Proposition 13.3.6). O
We are now ready to prove Theorem 13.3.3".

Proof of Theorem 13.3.3°. Let k € N such that the cycle space of G is generated by cycles of
length at most k. Let N,, for n € N, be such that dg(R>n, , R<_n, ) > n, which exists since R
diverges.

By Lemma 13.5.4, it suffices to show that there are My < M; < ... € N and diverging double
e-rays R := 89 S ... such that S* C G[S°, M;] — Bg(S°, M;_1) for all i € N>; and such that there
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are infinitely many disjoint SgOfSéo paths and infinitely many disjoint SgOfSéo paths in G[S°, M;].
We will prove the assertion with My := 0 and M; := My + |x/2] for all i > 0.

Let i > 0 be given. By Lemma 13.5.3, there exists a long component C; of G — Bg(R, M;_1).
For the ‘in particular’ part we note that if we are given some L € N and a thick component C
of G — Bg(R, L), then we may set My := L instead of My := 0 and choose as C; always a long
component of G — Bg(R, M;_1) which is contained in C.

Set Ut := 0¢C; N Bg(R=0,M;—1 + 1) and U~ := 9¢C; N Bg(R<o, M;—1 + 1). Since G
is locally finite and C; is long, U and U~ are infinite. As C;[0cC;, L’{T*ZJ] is connected by
Lemma 13.5.1, applying the Star-Comb Lemma (cf. Lemma 2.5.1) in C;[0¢C;, |552]] to UT
and U™, respectively, yields two combs D' and D~. By Lemma 13.3.7, their spines ST and S~ are
eventually contained in G[R>y,, , M;] and G[R<_n,, , M;], respectively, i.e. they have tails 7, T~
such that T C G[R>n,, , M;] and T~ C G[R<—n,,,, M;]. In particular, 7", T~ are disjoint by
the choice of Ny, so we can link them by a path in the connected C;[05C;, %52 ]] to obtain a
double ray S* C C;[0¢C;, L“T_QJ] Clearly, S is as desired. Indeed, the infinitely many SgOfS;D
paths can be obtained by extending the paths in DT from T to its teeth by shortest paths to S°,
and analogously for T~ O

13.6 Full-grid minors

In this section we prove Theorem 13.3.4, which we restate here for convenience.

Theorem 13.3.4. Let € be a thick end of a locally finite, quasi-transitive graph G whose cycle
space is generated by cycles of bounded length. Then either Ky, <i;r G or G contains an escaping

subdivision of the hexagonal full-grid whose rays all lie in €.
In fact, we will prove the following variant of Theorem 13.3.4, which implies Theorem 13.3.4:

Theorem 13.6.1. Let G be a locally finite, quasi-transitive graph whose cycle space is generated by
cycles of bounded length. If G has a thick end, then either Ky, <ur G or G contains an escaping
subdivision of the hexagonal full-grid.

We remark that instead of adding Theorem 13.6.1 as an intermediate step in the proof of
Theorem 13.3.4 we could have also formulated the three lemmas below which we use to construct
either an ultra fat model of Ky, or an escaping subdivision of the hexagonal full-grid (Lemmas 13.6.2,
13.6.8 and 13.6.9) so that we may choose a thick end ¢, and the lemma then returns the desired
structure ‘in’ €. However, while this would have been possible in Lemmas 13.6.2 and 13.6.9 without
changing their proofs, this is not true for Lemma 13.6.8. There, we would then have to use the

fact that G is accessible, to reduce the problem to one-ended graphs.
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Proof of Theorem 13.3.4 given Theorem 13.6.1. By Theorem 13.2.1, G is accessible, so we may
apply Lemma 13.4.6 to G and . Hence, there exists a connected, one-ended, c-quasi-geodesic,
quasi-transitive subgraph X of G for some ¢ € N such that every ray in X is an e-ray in G.
Applying Theorem 13.6.1 to X yields either an ultra fat model ((V;)ien, (Eij)izjen) of Ky, in X or
an escaping subdivision H of the hexagonal full-grid in X. Since X is a c-quasi-geodesic subgraph
of G, we find in the former case that ((V;)ieen, (Eij)izjeen) is an ultra fat model of Ky, in G. In
fact, since every ray in X is an e-ray in G, we have Ky, < G. Similarly, in the latter case, H
contains a subdivision of the hexagonal full-grid which is escaping in G. Indeed, we may choose
vertical double rays ...,S%-1, 8% §% . of H such that ig = 0 and M, 1 +2i5 > o(M;,_, + 2j)
for j > 0, and similarly M;, 1+ 2|ij| > ¢(M;,,, + 2|j|) for j < 0. Then adding suitable S%—5%+1
paths in H yields a subdivision H' C H of the hexagonal full-grid which is escaping in G since X

is a c-quasi-geodesic subgraph of G. Moreover, all rays in H' are e-rays. O

In the remainder of this section we prove Theorem 13.6.1. The formal proof of Theorem 13.6.1,
which collects the tools from this whole section, can be found at the end of the last subsection,
Section 13.6.2.

We first give a brief overview of this section; a more detailed sketch of the proof of Theorem 13.6.1
can be found in Section 13.3.4. Let G be a locally finite, quasi-transitive graph whose cycle space is
generated by cycles of bounded length and which has a thick end. Further, let R =...r_1rory...
be a double ray, and let K € N. Recall that a component C of G — Bg(R, K) is long if C has
a neighbour in Bg(R>;, K) and in Bg(R<—;, K) for all i € N. Further, C is thick if, for every
L > K, some long component of G — Bg(R, L) is contained in C.

In Lemma 13.6.2 below, we show that if G contains a diverging double ray R such that, for
some L € N, G — Bg(R, L) has at least two thick components, then either Ky, <yr G or G
contains an escaping subdivision of the hexagonal full-grid. Our remaining task then is to prove
that G indeed contains such a double ray R. Showing this will be the main effort of this proof,
and it will be done in Section 13.6.2 (see Lemmas 13.6.8 and 13.6.9). For this, in Section 13.6.1,
we provide with Lemma 13.6.5 a sufficient condition for G to contain Ky, as an ultra fat minor,

which enables us to find an ultra fat Ky, minor in G if we cannot find such a double ray R.

Lemma 13.6.2. Let R be a diverging double ray in a locally finite graph G whose cycle space is
generated by cycles of bounded length. Suppose that for some L € N, there are at least two thick
components of G — Bg(R, L). Then either Ky, <ur G, or G contains an escaping subdivision of

the hexagonal full-grid.

Proof. Let C' # D be two distinct thick components of G — Bg(R, L). Since we are done if
Ky, <ur G, we may assume that applying Theorem 13.3.3’ to R, K and C or D, respectively, yields
escaping subdivisions Ho and Hp, respectively, of the hexagonal half-grid. Let MOC < Mlc <...
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and MP < MP < ... witness that H® and HP are escaping. Further, let S&, SP and Pg, PZ? be
the vertical double rays and horizontal paths of Ho and Hp, respectively. By the ‘in particular’
part of Theorem 13.3.3’, it follows that the SiC and the SP are contained in C and D, respectively;
in particular, they are disjoint. Moreover, by property (ii) of escaping subdivisions, we have
that for M := max{M{ + 2, M + 2} the paths Pg and PZ]D with ¢ > M are contained in C
and D, respectively, and are hence disjoint from each other. Let H/, C H¢ be a subdivision of
the hexagonal half-grid with vertical double rays Sg and SZC for ¢ > M, which we may obtain
by choosing as the new branch paths for the horizontal edges e; infinitely many disjoint SOC fS]\C/}
paths Qjc in Hf.. Let H}, be chosen analogously. Clearly, H/, and HJ, are still escaping.

Now since S§ = R = S§, gluing H, and H}, together along R yields a graph H’ which is
nearly as desired except that the paths Qjc and QKD may intersect. But since G is locally finite, we
can delete some of the Q]C and QZD and apply Proposition 13.3.6 to obtain a subdivision H C H’

of the hexagonal full-grid. By construction, H is escaping. O

13.6.1 Half-grids with crosses

In this section we establish a sufficient condition which ensures that a graph G contains Ky, as
an ultra fat minor. This condition essentially requires an escaping subdivision H C G of the
hexagonal half-grid, and infinitely many H-paths in G that ‘jump over’ the vertical double rays
in H. For this, we first need the following two auxiliary statements about Ky, minors in half-grids

with certain additional edges.

Lemma 13.6.3. Let G be obtained from the half-grid by adding all edges of the form (i,0)(i +1,1)
and (i,1)(i+1,0) fori € N. Then G contains a model (V,E) of Ky, such that V;, V(E;;) € Nx; x Z
for alli < j € N and such that the E;; are pairwise disjoint.

Proof. One can easily construct the Ky, minor recursively starting from K; with branch set V; :=
{(0,0)}. For this, assume that we have already defined a model of K,, with branch sets V1,...,V,,
branch paths F;; and integers jn, f, € N such that Vi, E;; C {4,..., 0y} X {—jn,...,0,...,4n} and
such that either all V; meet {7,¢,} x {—j,} or all V; meet {0, 4,} x {j,} and such that the E;; are
pairwise disjoint. We can then extend the branch sets Vi,...,V,, and add a new branch set V41
as well as new branch paths E,); as depicted in Figure 13.4 such that V1,..., V4, are the
branch sets and the E;; are the branch paths of a K, minor. ]

In particular, we have the following corollary:

Corollary 13.6.4. Let X be obtained from the half-grid by adding disjoint edges f,, between (in, ky)
and (jn,ln), for every n € N, such that iy, jp < iy, jnr and |in — jp| = 2 for alln <n'. Then X
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FIGURE 13.4: Sketch of a K5 minor in a half-grid with all (4,0)(i + 1,1) and
(7,1)(i 4+ 1,0) edges. The branch paths E;; between V5 and the V; are the thickened
(4,0)( + 1,0) edges.

contains a model (V,E) of Ky, such that V;,V(E;j) C Ny; X Z for all i < j € N and such that

the E;j are pairwise disjoint.

Proof. Tt is straight forward to check that the lines {i,} x Z in X form the vertical double rays of
a subdivision X’ of the graph G in the premise of Lemma 13.6.3 such that every branch path in X’
corresponding to an edge of G between {n} xZ and {n+1} X Z is contained in X [{iy, ..., in+1} X Z].

Hence, Lemma 13.6.3 immediately yields the assertion. O

Before we can state the main lemma of this subsection, we first need the following definition.
Let H be an escaping subdivision of the hexagonal half-grid in a graph G with vertical double
rays S° and horizontal paths P;;. An H-path @ in G with endvertices on St and S7 for some
1,7 € Nis K-fat for some K € N if

o dg(Q,S*) > min{k, K} for all k #i,j € N, and

o dg(Q, Pry) > min{k, K} for all k € N and ¢ € Z.

Lemma 13.6.5. Let H be an escaping subdivision of the hexagonal half-grid in a locally finite
graph G with vertical double rays S*. Suppose there are infinitely many pairwise disjoint H -
paths Q,, with endvertices on S and SI™ for some iy, jm € N such that Q,, is m-fat and such
that ip, jm < im/, Jmr and |ip, — jm| = 2 for all m < m'. Then H contains Ky, as an ultra fat

minor.

Proof. Since G is locally finite and the @,, are finite, we may assume that dg(Qm,Qn) = m
for all m < m’ € N, by possibly deleting some of the Q,,. Further, we may assume, for every

Qm =:q"...q0" , that Qn NG[S™ i) = qf". -.qy and Qp NG[SIm, j! | = Qpou—jr - - -Gy, Where

-/
Zm

:= min{|4,,/3],m} and j/, := min{|jn/3],m}. In particular, if Q,, has distance less than
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li,/3] to vertices u,v € V(S%"), then dg(u,v) < i),, and similarly for j,,. Indeed, let Q!, be a
subpath of Q,, which is a Bg(S*, i’ )-Bg(S’™, j! ) path. Then we can replace Q,, by a path that
consists of @, and a shortest Sm—@Q! path and a shortest @/ —S/m path. Note that to regain
that dg(Qm, Pre) = min{k, m}, we might have to delete some of the Pys. But since the new @,
can only be too close to paths Pyy with k € {iy,,9m + 1, jm, jm + 1} and because G is locally finite,
we only need to delete at most finitely many Py for every k, so by Proposition 13.3.6 this yields a
subdivision H” C H' of the hexagonal half-grid with the same vertical double rays as H'.

Then the graph H obtained from the union of H” and the Q,, is a subdivision of a graph X
as in the premise of Corollary 13.6.4. Hence, G contains a model (V,€) of Ky, such that
Vi,V(E;) C H; == HZ, UU

and the assumptions on the @,,, we may assume for every K € N that the images of every two

m>i @m and such that the E;; are pairwise disjoint. By Lemma 13.3.9
non-incident edges of X have distance at least |K/3| in G if their images in H are contained
in Hg. Since every vertex of Ky, has degree at least 2, we may assume that if some V; € V meets
some branch paths of H in an inner vertex, then it in fact contains it. Similarly, every Ej; e
contains any branch path of H as soon as it meets an inner vertex of it. Hence, since the V, E;;
are pairwise disjoint (except for incident branch set - path pairs) and contained in H;, they have
distance at least |i/3] to all Vi, Eye with k& > 4. It follows that ((V;)iesn, (Eij)i#jesn) is ultra
fat. O

13.6.2 Finding two thick components

Let G be a locally finite, quasi-transitive graph whose cycle space is generated by short cycles.
In this subsection we show that if G' has a thick end, then either Ky, <yr G, or G contains a
quasi-geodesic double ray such that, for some L € N, there are at least two thick components of
G — Bg(R, L). Together with Lemma 13.6.2, this then concludes the proof of Theorem 13.6.1.
The proof of this assertion is mainly divided into two lemmas, Lemmas 13.6.8 and 13.6.9 below;
see Section 13.3.4 for a sketch of the proof.

To carry out the proofs of Lemmas 13.6.8 and 13.6.9, we need the following two auxiliary

statements.

Lemma 13.6.6. Let R = ...r_17rgr1... be a quasi-geodesic double ray in a graph G of finite
mazximum degree whose cycle space is generated by cycles of bounded length. For every K, N € N
there exist d = d(K,N),l = {(K) € N such that the following holds: If a component C of
G — Bg(R, K) has neighbours in Bg(R<;, K) and Bg(Rsi+n, K) for some i € Z, then there
exist vertices x € 0qC N Bg(ri—¢Rri, K + 1) and y € 0cC N Bg(riynRriyn+e, K + 1) such that
do(z,y) < d.

Proof. Let ¢,k € N such that R is c-quasi-geodesic and such that the cycle space of GG is generated
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by cycles of length at most k. By assumption, the maximum degree A(G) of G is finite. We prove
the assertion with d := N - A(G)X 124 4k and ¢ := ¢(2K + k +1).

Let UT,U*, U~ C B¢(0aC, L%j) be the set of vertices in C that have distance at most
K + 5] in G from R, riRriyn and Rg;, respectively; and note that by the assumptions
on C, the sets U and U~ are non-empty. By Lemma 13.5.1, C[0¢C, [ £52]] is connected. Hence,
since UT,U~ C Be(9aC, | %52 ]), there is a UT-U~ path P = pq...p, in C[0cC, | “52]]. Clearly,
since B (0qC, L’{T—ﬂ) = Ut UU*UU", the choice of P guarantees that P = PL...Pp_1 IS
contained in U*, and hence P has length at most [U*|+1 < N - A(G)X+121H+1 Let 4, j/ € Z such
that P starts in V/(C) N Bg(rj, K + |5]) and ends in V(C) N Bg(ry, K 4 [5]), and let @ be a
shortest Bg(r;, K + 1)-P path and Q' a shortest Bg(rj, K + 1)-P path. Then the concatenation
of Q,P and Q' yields a Bg(rj, K + 1)-Bg(rj, K + 1) path P’ in G which starts in a vertex
z € 0gCNBg(rj, K+1) and ends in some y € 9¢C N Bg(rj, K +1). In particular, Q and Q" have
length at most L”T_Zj, and hence P’ has length at most d, which implies do(z,y) < d. Moreover,
j =i+ N and j/ <i. It remains to show that j < i+ N + ¢ and j > i — . Since P lies in U*,
there exists a p1—r;Rri;n path Q" of length at most K + |5]|. Then Qpop1Q"” is an r;—r;, path
for some k < i+ N. As Qpop1Q” has length at most (K + [5]) + 14+ (K + |§]) <2K +x+1
and R is c-quasi-geodesic, it follows that |j — k| = dr(rj,rx) < ¢(2K 4+ k+ 1) = £, and hence
j<k+L€<i+ N+£L The case 7/ > i — £ is analogous. O

Corollary 13.6.7. Let L € N, and let R be a quasi-geodesic double ray in some locally finite
graph G whose cycle space is generated by cycles of bounded length. Then G — Bg(R, L) has at
most finitely many long components.

In particular, if, for every K > L, G — Bg(R, K) has a long component Cg, then G — Bg(R, L)

has a thick component which contains infinitely many Cr .

Proof. Applying Lemma 13.6.6 to R and K := L and N := 0 yields some ¢ € N such that every
long component of G — Bg(R, L) has a neighbour in Bg(roRre, L). Hence, since Bg(roRry, L) is
finite as roRry is finite and G is locally finite, there are at most finitely many long components.
For the ‘in particular’-part note that since G is locally finite, every component of G — Bg(R, L)
which contains a long component of G — Bg(R, K) for some K > L is long. Hence, the assertion

follows from the first part by the pigeonhole principle. O

We can now prove the two main lemmas of this section. Given a double ray R = ...r_1rory ...
in a graph G, a component C of G — Bg(R, L) is half-long if C has neighbours in Bg(R>;, L) or
in Bg(R<_i, K) for all i € N, and C'is half-thick if, for every M > L, some half-long component
of G — Bg(R, M) is contained in C.
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Lemma 13.6.8. Let ¢,L € N and let R be a c-quasi-geodesic double ray in a locally finite,
quasi-transitive graph G whose cycle space is generated by cycles of bounded length. Assume that
G — Bg(R, L) has distinct components C # D such that C is thick and D is half-thick. Then G
contains a c-quasi-geodesic double ray S such that G — Bg(S, L) has two thick components.

Proof. Let k € N such that the cycle space of G is generated by cycles of length at most k. As
we are done if D is thick, we may assume that we can enumerate R =: ...r_1rgri;... so that
Na(D) € Bg(R>0, L). Since G is quasi-transitive, there is an infinite index set Iy C N such that
all r; with ¢ € Iy lie in the same Aut(G)-orbit. Let v be another vertex in that orbit. Then there
exists a sequence (;);er, of automorphisms of G such that ¢;(r;) = v. Since G is locally finite,
there is an infinite index set I; C Iy such that ¢;(r;—17;r;41) coincides for all i € I; amongst
which we again find some infinite set Iy C Iy such that ¢;(ri—2...712) coincides for all i € Iy
and so on. Now pick for every n € N some i, € I,,, and let I consist of these i,. This leads to a
c-quasi-geodesic double ray S that contains v and such that every subpath of S of length 2¢ € N
that contains v as central vertex is the image of r; _,Rr; 1¢ under ¢;, for all i, € I with n > /.
We enumerate S =:...s_15081... where sg :=v and s1 = @, (15,41)-

We claim that S is as desired. For this, we show that, for every K > L, G — Bg(S, K) has
long components CY, D% such that every C—D’ path in G meets Bg(S, L). Then the assertion
follows. Indeed, by Corollary 13.6.7, G — Bg(S, L) has a thick component F which contains
infinitely many of the C', D’ . If infinitely many of the C', D} do not lie in E, then applying
Corollary 13.6.7 again yields a second thick component E’ # E. Otherwise, at most finitely many
of the CY, D) are not contained in F, which implies that E contains both C% and D) for some
K > L. But since E is connected and avoids Bg(S, L), this contradicts that every Cj—D); path
meets Bg(S, L).

So let K > L be given. It remains to show that G — Bg(S, K) has long components C, D
such that every Cj—D, path in G meets Bg(S, L). Since C' is thick and D is half-thick there exist
components Cx C C' and D C D of G — Bg(R, K) such that Ck is long and Dy is half-long.

Claim 1. There are long components C, D)y of G — Bg(S,K) and vertices x € 0gCy and
y € dgD'y such that p;*(z) € 0gCxk and p; *(y) € dgDrc for infinitely many i € I.

Proof. Let us first find a component D’. Since N (D) C Bg(R=0,L) and K > L, we also have
Na(Dg) C Bg(Rs0, K). Let m € N such that Ng(Dg) N Bg(rm, K) # 0. For every n € N, let
¢,d,, be given by applying Lemma 13.6.6 to R, K and N := 2n (note that ¢ does not depend
on N).

Then there is, for every n € N and ¢ > m+n, a path P;, in Dk from Bg(r;—p_¢Rri—n, K+1) to
Ba(rignRriynye, K+1) of length at most d,, with endvertices piy, € 0D NBG(Ti—n—eRri—n, K+1)
and g, € 0gDg N Bg(risnRritnie, K +1).
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By the choice of I, we have y;(r;—¢Rr;i+¢) = s_pSsy for all large enough i € I, and hence these
automorphisms ¢; map Bg(r;_¢Rriye, K + 1) to Bg(s_pSs¢, K +1). As G is locally finite, the set
Bg(s—¢Ssp, K + 1) is finite. Combining these facts with p;o, gio € Ba(ri—¢Rriye, K 4+ 1) yields that
there are pg, o € V(G) and an infinite index set Jy C I such that o;(pio) = po and ¢;(gio) = qo for
all ¢ € Jy. Using again that G is locally finite and Pjy has length at most dg for all ¢ € Jy, we find a
po—qo path Py C G and an infinite index set Jj) C Jy such that ¢;(P0) = Py for all ¢ € J). By the
same argument, we find a subsets Jj 2 J] O ... such that, for all n € Nand i € J), pi(Pin) = Py
for some path P,, C G with endvertices py, ¢, € V(G). Pick for every n € N some i € J), and let J
consist of these i.

We claim that there is a component D’ of G — Bg(S, K) which contains infinitely many of
the P,, and which is hence long. For this, we first show that no P, meets Bg(S, K). So let n € N
be given, and set d, :=n + £+ ¢(d,, + 2K + 2). By the choice of P,, we have P, = ¢;(F;,) for all
large enough i € J. Since also y;(Bg(ri—a, Rriva,, K)) = Ba(s_a,Ssa, , K) for all large enough
i € J and since Py, avoids Bg(R, K), it follows that P, avoids Ba(s—q, Ssq ). Moreover, P, is also
disjoint from Bg(S<_a , K) and Bg(Ssq , K) since dj, = n + £+ c(d, + 2K +2) and because S is
c-quasi-geodesic and P, has length at most d,, and starts in Bg(s_,_¢Ss—pn, K + 1) and ends in
Ba(spSspte, K +1).

So every P, avoids Bg(S, K) and is hence contained in a component of G — Bg(S, K). By the
choice of ¢ via Lemma 13.6.6 and because P, starts in Bg(S>n, K+1) and ends in Bg(S<_pn, K +1),
every component that contains some P, with n > ¢ attaches to Bg(s9Ssg, K). Since this set is
finite as G is locally finite, infinitely many P, lie in the same component D' of G — Bg(S, K),
which then needs to be long. Now since cpi_l(Pn) = P, C D for all ¢ € I, where I’ is an infinite
subset of I, we may choose y € 9g D) as one endvertex of some P, which is contained in D.

The proof for C'; is now completely analogous except that we have to use I’ instead of I in

order to ensure that ¢; '(z) € dgCr and ¢; *(y) € dg D for (the same) infinitely many i € . W

Let C), Dy and = € 0¢CY%, y € 0aDY be given by Claim 1. To finish the proof, we are
left to show that every C—D’ path in G meets B(S, L). For this, suppose for a contradiction
that there is a Cj—D' path that avoids Bg(S,L). Then, since Cx > x and D) > y are
connected, there also exists an x—y path @ that avoids Bg(S, L). Denote by m the length of @,
let ¢ € N such that z,y € Bg(s_¢Ssp, K + 1), and set m' := ¢(K + m + L + 2) + £. By the
choice of S there is some ¢ among the infinitely many ¢ € I that satisfy ¢, 1(m) € 0gCk and
goi_l(y) € 0g Dy such that @;(r; s Rrivm) = S_m/Ssmr. Since Q avoids Bg(S, L), it follows that
©; H(Q) avoids Bg(ri_m Rrivm, L). But ¢;1(Q) also avoids Bg(R<i_p, L) U Ba(Rsiyms, L):
Otherwise, since Lp;l(Q) has length m and starts in Bg(r;—¢Rrii¢, K + 1), there would be
a path of length at most L + m + (K + 1) that joins a vertex from R_; ,v U R~jipy to a
vertex from r;_yRriys. Since m' — ¢ = ¢(L + m + K + 2), this would contradict that R is c-
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quasi-geodesic. Hence, ¢; *(Q) is an ¢; *(x)—¢; *(y) path which avoids Bg(R,L). But since
goi_l(x) € 0aCk C Cf, and 902-_1(@/) € 0aDi C Dy, this contradicts that Cr, and Dy, are distinct
components of G — Bg(R, L). O

Lemma 13.6.9. Let G be a locally finite, quasi-transitive graph with o thick end whose cycle space
is generated by cycles of bounded length. If G does not contain Ky, as an ultra fat minor, then
there exists L € N and a quasi-geodesic double ray R in G such that G — Bg(R, L) has distinct
components C # D such that C is thick and D is half-thick.

Proof. Let R1, Ro, R3 be given by applying Theorem 13.4.5 to some thick end of the locally finite,
quasi-transitive graph G, which is accessible by Theorem 13.2.1. Then applying Theorem 13.3.3 to
the quasi-geodesic, and hence diverging, double ray R; U R yields an escaping subdivision H of the
hexagonal half-grid with vertical double rays S* and horizontal paths P;; such that S% = Ry UR,.
Since H is escaping, there exist My < M; < ... € N such that M; > M;_1 4+ 2i for all 4 > 1 and
(i) S* C G[S° M;] — Ba(S°, M;—1 + 2i) for all i € Nxq, and

(ii) Pij € G[S° M;] and P;; € G[S°, M;] — Bg(S®, Mo + i) for all i € N>y and j € Z.
Let us also note that, since R; U Ry U R3 is quasi-geodesic, we also have that

(iii) the set V(R3) N Bg (S, L) is finite for all L € N.
Hence, by (ii) and (iii) and because G is locally finite, we may assume, by deleting at most finitely
many F;; for every ¢ € N and applying Proposition 13.3.6, that

(iv) dg(Rs, P;j) > 2i for all i € N and j € Z.

Let H>, C H, for n € N, be the subgraph consisting of all Si,ij with ¢ > n and k > n.
By (i) and (ii), we have, for every L € N>y, that dg(H=r,S°) > L; let Cf, be the component of
G — Bg(S%, L) containing H-p. Clearly, the Cf, are long and hence, since C; 2 Cy D ..., the Cf,
are thick.

If there is some L € Nx; such that R3 N Cp = (), then we are done. Indeed, by (iii), there is,
for every L' > L, a component Dy, of G — Bg(S?, L) that contains a tail of R3. Since Rz and R;
belong to the same end, the components Dj, are half-long. As clearly Dy, C Dy, for all L' > L,
we find that Dy is half-thick. Since also Dy, # C by assumption, R := R; U Ry, L, C':= Cf, and
D := Dy, are as desired.

Thus, we may assume that R3 N Cp # () for all L € N3;. We distinguish two cases.

Case 1: For all K € N there is some Nx € N such that dg(R3,S") > K for all i > Nk . (See
Figure 13.5.)
We will use R3 to find fat H-paths as in Lemma 13.6.5, which then implies that G contains Ky,

as an ultra fat minor, concluding the first case of the proof.
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Without loss of generality let N > K for all K € N. By (i) and (iii), for every K € N, the
ray Rj has a tail Tx which avoids Bg(SY, My, —1 + K), and which thus satisfies dg(Tk, S*) > K
for all i € N by (i). By (ii) and (iv), we also find dg(P;j,Tx) > K for all i € N and j € Z, and
hence dg(H,Tk) > K.

Ry /l/ N
AT \

ATHN

Ry / H

S0 = R1URy Sizm  Gi3m+1l §i3m+2

FIGURE 13.5: Sketch of Case 1 in the proof of Lemma 13.6.9: the hexagonal half-grid
H and the ray Rs, which has large distance from H but is connected to H by paths

Q;,- The paths W), consisting of Q5,,, @5, - and a suitable subpath of R3 are m-fat
H-paths.

By (i), and because R3 N Cp # () as well as H->y, C Cp, for all L € N5, there exists, for every
m €N, an T,—U;=n, Ba(S%,m) path @, that ends in some Bg(S™™, m) for i,, > m and avoids
Bg (5%, My, +m). We extend each Q,, to an T;,~S" path @/, by adding a shortest S*"—Q,, path.
Since dg(Qm,S?) > m for all i # i,, by the choice of Q,, and again by (i), we find dg(Q",, S?) > m
for all i # i,,. Moreover, by (i), the paths @/, still avoid Bg(S°, My, -+ m). Hence, by (ii), we
have that, for every ¢ € N, the paths @/, with m > i have distance at least m from the paths P;;.
Since G is locally finite, this implies that we may assume, by deleting for every ¢ € N at most
finitely many Pj; and applying Proposition 13.3.6, that dg(P;;, @;,) > m for all m,i € N and
j € Z. Allin all, we find dg(H — S',Q!,) > m for all m € N.

Since @/, avoids Bg(SY, My,, +m) but is itself eventually contained in some Bg(S°, m’) for
m’ > m as @), is finite, we may assume, by passing to a subsequence of the @/ if necessary, that
the Q' are pairwise disjoint. Moreover, by (i) and again since Q’,, avoids Bg(S°, My, ), we may
assume that 77 < io < ..., by once again passing to a subsequence of the @’ if necessary.

Now since dg(H — S, Q!,) > m and dg(H,T,,) > m, the paths W,, that consist of Q},,,

Q%10 and a suitable subpath of Th,, are m-fat H-paths with endvertices on S%m and S%m+2 (see
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Figure 13.5). In particular, since the @/, are pairwise disjoint, we may assume, by passing to a
subsequence of the W,,, that also the W, are pairwise disjoint. Hence, the W,,, are m-fat H-paths
as in Lemma 13.6.5, which implies that G contains Ky, as an ultra fat minor. This concludes the

first case of the proof.

Case 2: There exists some K such that dg(Rs3,S") < K for infinitely many i € N. (See
Figure 13.6.)
We first show that we may assume, by passing to a subgraph of H if necessary, that

(a) dg(Rs,S") < i for all i > K, and

(b) for all K < j < i, if dg(r, S*) < i for some r € V(R3), then dg(rRs, S7) > j.
Indeed, set i; := j for all j < K, and let ix > K be minimal such that dg(Rs, S'%) < K. By
(i) and (iii), Rs has a tail T that is disjoint from Bg(S°, M;, + ix). Since Rz — T is finite
and because of (i), we have dg(R3 — T,S%) > i for all large enough i € N, and hence, as
da(Rs3,S%) < K for infinitely many i € N, there is some ix 1 > ix such that dg(T, S™+1) < gy
and dg(Rs — T, Si) > ¢ for all i > ig4+1. By continuing in this way, we obtain a sequence
0:=1g < i1 < ... € N such that the rays S% satisfy (a) and (b). Now pick a subdivision H' C H
of the hexagonal half-grid whose vertical double rays are precisely the S%. It is easy to see that H’
still satisfies (i) to (iii). By deleting from H' at most finitely many P;; for every i € N and applying
Proposition 13.3.6, we also regain property (iv) for H'. Hence, H' is the desired subgraph of H,
and we denote H' again by H.

Let S*=:...s"sjs} ... such that dz(Rs, s) < i and such that S% is the ‘upper half’ and S%,
is the ‘lower half’ of S’ (see Figure 13.6). Further, let H' be the ‘upper half’ of H with respect to
this enumeration, that is, let H' be the subgraph of H that consists of the S;O and all paths P;;
whose endvertices lie on the S;O. Let H” be the ‘lower half’ of H defined analogously.

Now choose for all i, L € N maximal tails T}, T/} of 5%, and S%, respectively, such that

(c) da(Rs,T!;) > 2L and dg(R3,T);) > 2L.
Note that by (i) and (iii), the T/, ,T]; are non-empty. Note further that, by (ii) and (iii), for
all i, L € N all but finitely many of the P;; avoid Bg(R3, L). Hence, there are, for every L € N,
escaping subdivisions H} , H/ C H, of the hexagonal ‘quarter-grid’ whose vertical rays are the 77,
or T}, respectively, for ¢ > L such that H{ O H) O ... as well as H{ D HY D ..., and such
that H; and H{ avoid Bg(R1 U Rs, L).

Since H; and HJ avoid Bg(Ri U Rs, L), they are contained in components Cf, and Dy, of
G — Bg(R1 U R3, L), respectively. Clearly, C, is long and Dy, is half-long. As C1 2 Cy D ... and
Dy D Dy DO ..., this implies that Cp, is thick and Dy, is half-thick. If there is some L € N such
that Cr, # Dy, then we are done as then L, R:= Ry U Rs, C := Cp, and D := Dy, are as desired.
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S0 =R, URy St

FIGURE 13.6: Sketch of Case 2 in the proof of Lemma 13.6.9: the hexagonal half-
grid H and the ray Rs3, which has distance < i to every vertical double ray S* of H
by (a). By (b), once R3 comes close to some S, it will never come close to some S’

with j < i again. The paths W] have distance at least L from R3 and ‘jump over’ Rs.

Hence, we may assume that C, = Dy, for all L € N. We will now once again construct fat H-
paths as in the premise of Lemma 13.6.5, which then yields that G' contains Ky, as an ultra fat minor,
and which thus concludes the proof. Since Cp, = Dy, and H; C Cr, Hf C Dy, for all L > K, there
are (U;eny Ba(T),, min{i, L}))—(U;en Ba(T)7, min{i, L})) paths Wy, that avoid Bg(R1 U Rs,3L).
We now modify Wy, as follows. Let ¢} be such that W, starts in Bg(Ti’,LL,min{i’L, L}). If Wi,
meets B (P;;, min{i, L}) for some P;; C Hj, with ¢ ¢ {i,1} + 1}, then we let P;; be the last such
path, and we shorten Wy, so that it meets Bg(P;;, min{i, L}) precisely in its first vertex. Then
we extend Wy, by a shortest Wr—F;; path and a suitable subpath of P;; so that Wz, ends in Ti’ I
(or in T(/i—l)L if the shortest Wp—P;; path has distance < min{é, L} from T(/i—l)L>‘ Otherwise, we
extend Wy, by a shortest WL*T{/L ; path. Analogously, we modify the end of Wp. Let W} be the
path which we obtain in this way from Wy, and let iy, j; € N be such that Wi starts in Ti’L ;, and
ends in TJ”L ;- Further, let w9, w! be the endvertices of W} on T, 1 and T]”L 1., respectively. Then,
for all L € N,

(a) W} starts at w) € T} ; and ends at wy, € T}, |,

(8) W; avoids Bg(Ry U Rs,2L), and

(v) de(Wi, T}, UT}) > min{k, L} for all k # i, j;, € N.
Since W} avoids Bg(R1 U R3,2L) but is eventually contained in Bg(R; U R3, L') for some L' > 2L
because W] is finite, we may assume, by passing to a subsequence if necessary, that the W} are

pairwise disjoint. Moreover, by Corollary 13.3.8 (i), every S is contained in Bg(Ry, L) for some
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FIGURE 13.7: The new double rays S in Case 2a and 2b (indicated in grey), which
again form the vertical double rays of an escaping subdivision H of the hexagonal
half-grid. In Case 2a, subpaths Qo of R3 are fat H-paths, while in Case 2b, the
paths W/ are fat H-paths.

large enough L € N and hence, by () and by once again passing to a subsequence, we may assume
that

(0) i1 <ig <....
Finally, by construction, W} can have distance < min{z, L} to some Pj; only if i € {i,i; +
1,75,jr + 1}. So since G is locally finite and because of () and (), we may assume, by deleting
at most finitely many P;; for every 7« € N and applying Proposition 13.3.6, that

(¢) dg(Wy, Py;) > min{i, L} for all Pj; with i ¢ {jr,jr + 1}.

We now distinguish two cases.

Case 2a: There is a sequence L1 < Ly < ... € N such that jr, < jr, <....

Since also i1 < iz < ... by (), we may assume, by passing to a subsequence of the W}, that

ir,jr <irp,jr for all L < L' € N. Then we obtain, similar as to (), that
(¢) da(W7p,P;j) > min{i, L} also for all P;; with ¢ € {jz,jr + 1}.

Since every T; := S* . (T}; UTY) is finite, it follows that T; C G[Rs, L'] for some L' € N. So
for every i € N we have by () and () that dg(S%, W,) > i for all large enough L. Conversely,
since every W is finite and by (i), there exist for every W} at most finitely many S° such that
da(W7, S%) < i. Hence, we may assume, by passing to a subsequence of the Wj, that every S
has distance < ¢ to at most one Wj . Indeed, we may pick some Wil that has distance < 1 to S!
(if such a W exists; otherwise we choose W —arbitrarily) and delete all other W7 that have

distance < 1 to S'. Then there are still infinitely many W} left, and also there are infinitely
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many S° left that do not have distance < i to 1443 ,; so we may pick a new path W; for the
next such S%, and so on. We enumerate these Wiz again by W/. In particular, it follows that
dg(W},8w) > ip and dg(W},St) > jpo for all L # L' € N.

For every 2L € N, we set S2& := 720wl Wi w, St (see Figure 13.7a). Since every 5%t
has a tail in SZ;OL and in SJ;OL and because of (¢) and (¢), we can find in H infinitely many
Si2.-1-§%2L paths and infinitely many S72L—S%2L+1 paths that make the S and the S%2L+1 into
an escaping subdivision H of the hexagonal half-grid. By (a) and (b), R3 contains for every 2L a
subpath Qoy, that starts in Bg(S™L-1 a7, 1), ends in Bg(S?E+1,497,,1) and is otherwise disjoint
from all B¢ (S, ir/) and Bg(S7t, ji/) with L' # 2L € N. Since dg(Rs, W4;,) = 2L by (8), it
follows that also dg(Qar,S%t') > 2L/ for all I’ # L € N. Moreover, by the definition of S%2-
and because of (3) and (c), we also have dg(Qar,S%) > 2L. Hence, extending the Qo by
shortest paths to S?2L-1-S%2L+1 paths yields fat H-paths as in Lemma 13.6.5. This implies that G

contains Ky, as an ultra fat minor, and hence concludes this case of the proof.

Case 2b: There is some N € N such that j;, < N for infinitely many L € N.

By passing to a subsequence of the W}, we may assume that j; = N’ for some N’ € N and all
L € N. We again modify H as follows. For every i € N, let S* be obtained from S° by replacing the
subpath T} := S* ~ (T); UT}!) of S by a path Q; that consists of a suitable subpath of R3 together
with shortest T}, R3 and R3-T!/ paths (see Figure 13.7b). Then the S* are again double rays. By
(i) and (b) and because G is locally finite and the @; are finite and pairwise disjoint, there are
N' <ip, <ip, <...€ N such that the S again satisfy (i) with M;, . updated to My -1
Since every S° still has a tail in 5% and in S and because of (iv), we can find in H, for every
j € N, infinitely many S§'%—S$"Zi+1 paths that make the S into an escaping subdivision H of
the hexagonal half-grid. Since all Wij end in SV, we can connect the Wizj pairwise by suitable
subpaths of SN, to obtain infinitely many pairwise disjoint H-paths W) . Note that a path W)/
obtained from Wy and Wij for i,j € 2N is an H-path that starts in S and ends in S%.
Moreover, by (), () and (¢) and because H is escaping, W}’ is min{L;, L;}-fat. Hence, by ()

and because we only used the paths W with i € 2N to construct the W, infinitely many of

m?

the W) yield fat H-paths as in Lemma 13.6.5, which implies that G contains Ky, as an ultra fat

minor, and which thus concludes the proof. O
We are now in a position to prove Theorem 13.6.1.

Proof of Theorem 13.6.1. The assertion follows immediately by first applying Lemmas 13.6.9
and 13.6.8 and then Lemma 13.6.2. O
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13.7 Further comments

Before we discuss other related topics to this chapter, let us note that our main results give only
partial answers to the problems that we mentioned in the introduction, that is to [75, Problem 7.3]
and [74, Problems 4.1 and 4.2]. Hence, these problems are still open for arbitrary finitely generated
groups that need not be finitely presented and, more generally, for locally finite, quasi-transitive

graphs without any restrictions on their cycle spaces.

13.7.1 Coarse embeddings

Theorem 36’ asserts that we can find a diverging subdivision of the hexagonal full-grid in every
locally finite, quasi-transitive graph whose cycle space is generated by cycles of bounded length
and that has a thick end. The advantage of diverging subdivisions over arbitrary subdivisions
is that they preserve some of the geometry of the original graph. One might wish to strengthen
Theorem 36’, by asking for a subdivision of the hexagonal full-grid whose geometry is even closer
related to the geometry of G.

For two graphs G and H, amap f: V(H) — V(G) is a coarse embedding if there exist functions
07 :]0,00) = [0,00) and o*: [0,00) — [0,00) such that ¢~ (a) — oo for a — co and

0 (dn(u,v)) < da(f(u), f(v)) < 0" (du(u,v))

for all u,v € V(H). It is easy to check that a coarse embedding of the hexagonal full-grid always
yields a diverging subdivision; however, conversely, a diverging subdivision is in general much
weaker than a coarse embedding. One may thus ask whether we can always find a coarse embedding
of the hexagonal full-grid in a locally finite, quasi-transitive graph with a thick end.

However, it was already discussed in [74] that for arbitrary locally finite, quasi-transitive
graphs (without any condition on their cycle spaces) we cannot ask for coarse embeddings of the
hexagonal full-grid. Indeed, coarse embeddings preserve the asymptotic dimension?, that is, if H
has asymptotic dimension at least n and H is coarsely embeddable into GG, then the asymptotic
dimension of G is at least n, too. Since every locally finite Cayley graph of the lamplighter group
has asymptotic dimension 1, see Gentimis [73], and has a thick end, but the full-grid has asymptotic
dimension 2, we cannot ask for coarse embeddings of the hexagonal full-grid into all locally finite,
quasi-transitive graphs with thick ends.

However, a special case of a theorem by Fujiwara and Whyte [71] states that every locally
finite, quasi-transitive graph with a thick end whose cycle space is generated by cycles of bounded

length has asymptotic dimension at least 2. Thus, the asymptotic dimension of the full-grid does

3See e.g. [23] for a definition of the asymptotic dimension.
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not prevent it from being coarsely embeddable into such graphs. This motivates the following

problem.

Problem 13.7.1. Let G be a locally finite, quasi-transitive graph whose cycle space is generated
by cycles of bounded length and that has a thick end. Is the hexagonal full-grid coarsely embeddable
into G?

Note that a positive answer to this question would also yield a positive answer to [74, Problem 4.5].

13.7.2 Quasi-isometries to trees

As we have discussed in the introduction, a result by Krén and Moller [96, Theorem 5.5] asserts that
a locally finite, quasi-transitive, connected graph is quasi-isometric to a tree if and only if it has
no thick end. Hence, we obtain the following corollary from Theorems 35 and 36, which yields two
new characterisations of quasi-transitive, locally finite, connected graphs that are quasi-isometric

to trees for the special case that the cycle space is generated by cycles of bounded length.

Corollary 13.7.2. Let G be a locally finite, quasi-transitive, connected graph whose cycle space is

generated by cycles of bounded length. Then the following are equivalent:
(i) G has a thick end.

(ii) G contains the full-grid as an asymptotic minor.
(iii) G contains the full-grid as a diverging minor.
)

(iv) G is not quasi-isometric to a tree. O

For further characterisations of quasi-transitive, locally finite, connected graphs that are

quasi-isometric to trees, we refer the reader to [14,87,96,124].

13.7.3 Quasi-isometries to planar graphs

Finally, we would like to draw the reader’s attention to another related problem, which is still open.
As we discussed in the previous subsection, the (global) geometry of locally finite, quasi-transitive
graphs without a thick end is well understood as they are quasi-isometric to forests. In that
sense, our results, Theorems 35 and 36, can be seen as a step towards understanding the (global)
geometry of the remaining locally finite, quasi-transitive graphs — those with a thick end. In the
case where the cycle space of a locally finite, quasi-transitive graph G is generated by cycles of
bounded length, we showed that GG contains the full-grid as an asymptotic minor. Since asymptotic
minors cannot hide in a ball of small radius, they will appear in the global structure of G. However,
even if GG is one-ended, this does not mean that the geometry of G resembles that of the full-grid

or, more generally, of a one-ended, planar graph. The reason for this is simple: the global structure
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of G may be far more involved, and may contain the full-grid only as a substructure. Indeed,
even in our proof, we might have found the asymptotic full-grid inside an asymptotic minor of the
infinite complete graph. However, Georgakopoulos and Papasoglu conjectured that this is in fact

the only thing that can happen.

Conjecture 13.7.3. [75, Conjecture 9.3] Let G be a locally finite, transitive graph. Then G either

s quasi-isometric to a planar graph or contains every finite graph as an asymptotic minor.

Note that this can be seen as a coarse version of Thomassen’s [122] result that every locally finite,

one-ended, transitive graph is either planar or can be contracted into the infinite complete graph.

MacManus [99] proved Conjecture 13.7.3 in the special case where G is a locally finite Cayley
graph of a finitely presented group. Recall that every Cayley graph of a finitely presented group is
transitive and has a cycle space which is generated by cycles of bounded length. So the assumption
on the cycle space, which was already crucial for our proofs of Theorems 35 to 38, reappears here.

We remark that MacManus’s proof uses deep group-theoretic results that have no counterpart
for quasi-transitive graphs. Hence, Conjecture 13.7.3 is still open for arbitrary locally finite,

quasi-transitive graphs whose cycle space is generated by cycles of bounded length.
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A  Summary

This thesis deals with questions and problems from structural graph theory, a branch of discrete
mathematics. Reoccurring objects are tangles and tree-decompositions and the more general
graph-decompositions.

The thesis consists of three parts. The first two parts consider tangles and tree-decompositions
— first in infinite and then in finite graphs. The third part deals with questions from coarse graph

theory.

Part I:

Kriz and Thomas [95,120] showed that every (finite or infinite) graph of tree-width k € N
admits a lean tree-decomposition of width k. In Chapter 4 we discuss a number of counterexamples
demonstrating the limits of possible generalisations of their result to arbitrary infinite tree-width.
In particular, we construct a locally finite, planar, connected graph that has no lean tree-decom-
position.

On the positive side, we obtain in Chapter 3 a version of Kiiz and Thomas’s result for graphs
of finite tree-width: Ewvery graph which admits a tree-decomposition into finite parts has a rooted
tree-decomposition into finite parts that is linked, tight and componental.

As an application, we obtain that every graph without half-grid minor has a lean tree-decom-
position into finite parts. In particular, it follows that every graph without half-grid minor has a
tree-decomposition which efficiently distinguishes all ends and critical vertex sets, strengthening
results by Carmesin [26] and by Elm and Kurkofka [65] for this graph class.

As a second application, it follows that every graph G which admits a tree-decomposition into
finite parts has a tree-decomposition into finite parts that displays all the ends of G and their
combined degrees, resolving a question of Halin [83] from 1977. This latter tree-decomposition yields
short, unified proofs of the characterisations due to Robertson, Seymour and Thomas [115,116] of
graphs without half-grid minor, and of graphs without binary tree subdivision.

A third application is presented in Chapter 5. There, we extend Robertson and Seymour’s [114]

tangle-tree duality theorem to infinite graphs.

Part II:

Chapter 6: We combine the two fundamental fixed-order tangle theorems of Robertson and

Seymour [114] into a single theorem that implies both, in a best possible way. We show that, for
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every k € N, every tree-decomposition of a graph GG which efficiently distinguishes all its k-tangles
can be refined to a tree-decomposition whose parts are either too small to be home to a k-tangle,

or as small as possible while being home to a k-tangle.

Chapter 7: Carmesin and Gollin [30] proved that, for every k € N, every finite graph has a
canonical tree-decomposition (7',V) of adhesion less than k that efficiently distinguishes every two
distinct k-profiles, and which has the further property that every separable k-block is equal to the
unique part of (7', V) in which it is contained.

We give a shorter proof of this result by showing that such a tree-decomposition can in fact
be obtained from any canonical tight tree-decomposition of adhesion less than k. For this, we
decompose the parts of such a tree-decomposition by further tree-decompositions. As an application,

we also obtain a generalization of Carmesin and Gollin’s result to locally finite graphs.

Chapter 8: Diestel, Hundertmark and Lemanczyk [47] asked whether every k-tangle in a graph
is induced by a set of vertices by majority vote. We reduce their question to graphs whose size
is bounded by a function in k. Additionally, we show that if for any fixed k this problem has a
positive answer, then every k-tangle is induced by a vertex set whose size is bounded in k. More
generally, we prove for all k£ that every k-tangle in a graph G is induced by a weight function
V(G) — N whose total weight is bounded in k. As the key step of our proofs, we show that any
given k-tangle in a graph G is the lift of a k-tangle in some topological minor of G whose size is
bounded in k.

Part III:

Chapter 10: We give an approximate Menger-type theorem for when a graph G contains two
X-Y paths P, and P» that are far apart in G. More precisely, we prove that there exists a function
f(d) € O(d), such that for every graph G and X,Y C V(G), either there exist two X-Y paths P;
and P such that dg(Pi, P2) > d, or there exists v € V(G) such that the ball of radius f(d)

around v intersects every XY path.

Chapters 11 and 12: We prove several special cases of the following conjecture by Georgakopoulos
and Papasoglu [75]: Let X be a finite set of finite graphs. Then there exists a function f : N — NxN
such that, for all K € N, every graph with no K-fat X minor for any X € X is f(K)-quasi-isometric
to a graph with no X minor for any X € X.

In Chapter 11 we show that their conjecture is true (for finite graphs) for X = {K3, K3}
(which characterises the graphs quasi-isometric to a disjoint union of paths), X = {K; 3} (cycles
and paths) and X = {K3, W} (subdivided stars), where W is the graph obtained from the disjoint
union of two paths of length two by adding an edge between their inner vertices. In fact, we prove

a stronger result that finds a graph in X even as a quasi-geodesic topological minor.
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We also show in Chapter 11 that two graphs are quasi-isometric if and only if one has a
decomposition modelled on the other of bounded radial width and spread. It follows that our
results imply characterisations of the graphs of bounded radial path-width, cycle-width and
star-width, respectively.

In Chapter 12 we verify the conjecture for X = {K}. Our proof technique also yields a
new short proof of the case X = {K, } (cacti), which was first established by Fujiwara and
Papasoglu [70].

Chapter 13: We prove that every locally finite, quasi-transitive graph with a thick end whose
cycle space is generated by cycles of bounded length contains the full-grid as an asymptotic minor
and as a diverging minor. This in particular includes all locally finite Cayley graphs of finitely
presented groups, and partially solves problems of Georgakopoulos and Papasoglu [75] and of
Georgakopoulos and Hamann [74].

Additionally, we show that every (not necessarily quasi-transitive) graph of finite maximum
degree which has a thick end and whose cycle space is generated by cycles of bounded length

contains the half-grid as an asymptotic minor and as a diverging minor.
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B Deutschsprachige Zusammenfassung

Diese Arbeit beschéftigt sich mit Fragen und Problemen aus der strukturellen Graphentheorie,
einem Teilgebiet der diskreten Mathematik. Wiederkehrende Objekte sind dabei vor allem Kné&uel,
Baumzerlegungen und allgemeinere Graphenzerlegungen.

Diese Arbeit besteht aus drei Teilen. Die ersten beiden Teile beschéaftigen sich mit Knéuel
und Baumgzerlegungen — zunéchst in unendlichen und dann in endlichen Graphen. Der dritte Teil

beschéftigt sich mit Fragen aus der ,,groben Graphentheorie®

Teil I:

Kiiz und Thomas [95,120] haben gezeigt, dass jeder (endliche oder unendliche) Graph mit
Baumweite k£ € N eine schlanke Baumzerlegung der Weite k besitzt. In Kapitel 4 diskutieren wir
einige Gegenbeispiele, welche die Grenzen moglicher Verallgemeinerungen von diesem Ergebnis auf
unendliche Baumweite aufzeigen. Insbesondere konstruieren wir einen lokal endlichen, planaren,
zusammenhédngenden Graphen, der keine schlanke Baumzerlegung hat.

Im Gegensatz zu diesen Gegenbeispielen beweisen wir in Kapitel 3 eine Version von Kiiz und
Thomas’ Resultat fiir Graphen von endlicher Baumweite: Jeder Graph von endlicher Baumweite
hat eine gewurzelte Baumzerlequng, welche verbunden, eng und komponententreu ist.

Als eine Anwendung von diesem Resultat erhalten wir, dass jeder Graph ohne Halbgitterminor
eine schlanke Baumzerlegung in endliche Teile hat. Daraus folgt insbesondere, dass jeder Graph
ohne Halbgitterminor eine Baumzerlegung hat, welche alle Enden und kritischen Eckenmengen
effizient unterscheidet. Dies verstirkt Resultate von Carmesin [26] und von Elm und Kurkofka [65]
fiir diese Graphenklasse.

Als zweite Anwendung zeigen wir, dass jeder Graph G, der eine Baumzerlegung in endliche
Teile hat, auch eine solche Baumzerlegung besitzt, die zusédtzlich alle Enden von G und deren
kombinierte Grade darstellt. Dies beantwortet nicht nur eine Frage von Halin [83] aus 1977, sondern
ergibt auch kurze, einheitliche Beweise von Charakterisierungen von Robertson, Seymour und
Thomas [115,116] von Graphen ohne Halbgitterminor und von Graphen ohne Unterteilungen des
unendlichen Bindrbaums.

Als dritte Anwendung erweitern wir in Kapitel 5 Robertson und Seymours Knéuel-Baum-Satz

auf unendliche Graphen.
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Teil II:

Kapitel 6: Wir kombinieren die beiden fundamentalen Sétze iiber k-Knéuel von Robertson und
Seymour [114] zu einem einzigen Satz, der beide impliziert — auf bestmdogliche Weise. Wir zeigen,
dass fir jedes £ € N, jede Baumzerlegung eines Graphen G, die alle seine k-Knéuel effizient
unterscheidet, zu einer Baumzerlegung verfeinert werden kann, deren Teile alle entweder zu klein
sind, um ein k-Knéauel zu enthalten, oder so klein wie moglich sind, wihrend sie ein k-Knéuel

enthalten.

Kapitel 7: Carmesin und Gollin [30] haben bewiesen, dass fiir jedes k € N jeder endliche Graph
eine kanonische Baumzerlegung (7', V) von Adhésion kleiner k besitzt, die alle k-Profile effizient un-
terscheidet und die die weitere Eigenschaft hat, dass jeder trennbare k-Block gleich dem eindeutigen
Teil von (7,V) ist, in dem er enthalten ist.

Wir liefern einen kiirzeren Beweis fiir dieses Resultat, indem wir zeigen, dass man eine solche
Baumzerlegung aus jeder kanonischen, engen Baumzerlegung von Adhésion kleiner &k erhalten
kann. Hierzu zerlegen wir die Teile einer solchen Baumzerlegung mit weiteren Baumzerlegungen.
Als Anwendung hiervon erhalten wir eine Verallgemeinerung von Carmesin und Gollins Resultat

auf lokal endliche Graphen.

Kapitel 8: Diestel, Hundertmark und Lemanczyk [45] haben gefragt, ob jedes k-Knéuel in einem
Graphen von einer Menge von Fcken durch Mehrheitswahl induziert ist. Wir reduzieren diese Frage
auf Graphen, deren Gréfie durch eine Funktion in & beschrankt ist. Zusétzlich zeigen wir, dass,
falls dieses Problem fiir ein festes k eine positive Antwort hat, jedes k-Kn&uel von einer Menge
von Ecken induziert ist, deren Groflie in k beschrankt ist. Allgemeiner zeigen wir, dass fiir jedes k
jedes k-Knéuel von einer Gewichtsfunktion V(G) — N induziert wird, deren Gesamtgewicht in k
beschrankt ist. Als entscheidenden Schritt in unserem Beweis zeigen wir, dass jedes k-Knéuel in
einem Graphen G die Hochhebung von einem k-Knéuel in einem topologischen Minor von G ist,

dessen Grofle in k beschrankt ist.

Teil III:

Kapitel 10: Wir beweisen einen Menger-artigen Satz, welcher beschreibt, wann ein Graph zwei
X-Y-Wege P; und P, enthélt, die grofien Abstand voneinander haben. Genauer gesagt zeigen
wir, dass es eine Funktion f(d) € O(d) gibt, sodass fiir jeden Graphen G und fiir je zwei Mengen
X,Y C V(G) mindestens eine der beiden folgenden Aussagen wahr ist: Es gibt in G zwei X-Y-
Wege P, und P;, sodass dg (P, P2) > d, oder es gibt ein v € V(G), sodass der Ball von Radius f(d)
um v jeden X-Y-Weg trifft.

Kapitel 11 und 12: Wir beweisen einige Spezialfille der folgenden Vermutung von Georgakopoulos

317



und Papasoglu [75]: Sei X eine endliche Menge von endlichen Graphen. Dann gibt es eine Funktion
f N = NxN, sodass fiir alle k € N und jeden Graph G die folgende Aussage gilt: Wenn G kein
X € X als K-fetten Minor enthdlt, dann ist G quasi-isometrisch zu einem Graphen, der kein
X € X als Minor enthdlt.

In Kapitel 11 zeigen wir, dass diese Vermutung (fiir endliche Graphen) in den folgenden Félle
wahr ist: X = {K3, K3} (dies charakterisiert die Graphen, welche quasi-isometrisch zu einer
disjunkten Vereinigungen von Wegen sind), X = {K; 3} (Kreise und Wege) und X = {K3, W}
(unterteilte Sterne). Tatsdchlich zeigen wir ein stérkeres Resultat, welches einen Graphen in X
sogar als quasi-geodétischen topologischen Minor findet.

AuBerdem zeigen wir in Kapitel 11, dass zwei Graphen genau dann quasi-isometrisch zueinander
sind, wenn jeder eine Graphenzerlegung entlang des anderen hat von beschrankter radialer Weite
und Ausdehnung. Hieraus folgt, dass unsere Resultate Charakterisierungen von denjenigen Graphen
implizieren, die beschrinkte Wegweite, Kreisweite beziehungsweise Sternweite haben.

In Kapitel 12 verifizieren wir die Vermutung im Fall X = {K4}. Unsere Beweistechnik liefert
auch einen neuen, kurzen Beweis des Falls X = {K } (Kakteen), welcher zuerst von Fujiwara und

Papasoglu [70] bewiesen wurde.

Kapitel 13: Wir beweisen das jeder lokal endliche, quasi-transitive Graph, der ein dickes
Ende hat und dessen Zyklenraum von Kreisen beschrankter Lange erzeugt wird, das Vollgitter
als asymptotischen Minor und als divergierenden topologischen Minor enthélt. Dies schlief3t
insbesondere alle lokal endlichen Cayleygraphen von endlich prasentierten Gruppen mit ein und
16st teilweise Probleme von Georgakopoulos und Papasoglu [75] und von Georgakopoulos und
Hamann [74].

Zusétzlich zeigen wir, dass jeder (nicht notwendigerweise quasi-transitive) Graph mit endlichen
Maximalgrad, der ein dickes Ende hat und dessen Zyklenraum von Kreisen beschriankter Lange
erzeugt wird, das Halbgitter als asymptotischen Minor und als divergierenden topologischen Minor
enthélt.
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C Publications related to this thesis

The following papers are related to this dissertation:

Part I:
Chapter 3 is based on [12].
Chapter 4 is based on [11].

Chapter 5 is based on [5].

Part II:
Chapter 6 is based on [3, §1-4].
Chapter 7 is based on [6].

Chapter 8 is based on [7].

Part III:

Chapter 10 is based on [10].
Chapter 11 is based on [8].
Chapter 12 is based on [13].

Chapter 13 is based on [9].
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