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Summary

Attosecond and few-femtosecond light pulses provide the time resolution required
to track and control the very first instants of electron dynamics in molecules and
condensed matter. Since its first demonstration, High-order Harmonic Generation
(HHG) sources have been at the core of experimental schemes aiming at unravelling
ultrafast electron motion.
This thesis reports advancements in high-order harmonic sources and their applica-
tions to both solid-state spectroscopy and Free-Electron Laser (FEL) pulse charac-
terization. First, it demonstrates and rationalizes efficient soft X-ray HHG in the
so-called overdriven regime enabled by a custom-designed differentially pumped glass
chip. This development directly addresses some of the technical challenges of con-
ventional high-photon-energy HHG sources, providing a more accessible approach.
Second, this work presents results on solid-state High-order Harmonic Generation
(sHHG) spectroscopy in crystalline, amorphous, and semi-periodic TiO2 samples.
The experiment showcases the potential of HHG not only as a source, but also as a
spectroscopic probe of the valence electrons governing materials functional properties.
Finally, this thesis reports the experimental validation of Double-Blind Holography
(DBH) of ultrashort FEL pulses. This is a fully optical platform for single-shot tem-
poral characterization, phase retrieval, and few-femtosecond resolution delay tagging
that is based on the interference with an unknown external field, in this case a stan-
dard HHG source.
Together, these developments extend the capabilities of high-order harmonic sources,
opening new scenarios for investigating and controlling ultrafast electron dynamics in
atoms, molecules and condensed matter, both with table-top schemes and at FELs.
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Zusammenfassung

Attosekunden- und wenige Femtosekunden-Lichtimpulse bieten die erforderliche Zeitau-
flösung, um die allerersten Augenblicke der Elektronendynamik in Molekülen und
kondensierter Materie zu verfolgen und zu steuern. Seit ihrer ersten Demonstration
stehen Quellen für die Erzeugung höherer Harmonischer (Engl. High-order Harmonic
Generation, HHG) im Mittelpunkt experimenteller Ansätze, die darauf abzielen, ul-
traschnelle Elektronenbewegungen zu entschlüsseln.
Diese Dissertation berichtet über Fortschritte bei Quellen für hochgradige harmonis-
che Strahlung und deren Anwendungen sowohl in der Festkörper-Spektroskopie als
auch bei der Charakterisierung von Impulsen aus Freie-Elektronen-Lasern (FEL).
Zunächst wird eine effiziente Weichröntgen-HHG im sogenannten Overdriven-Regime
demonstriert und rationalisiert, die durch einen speziell entwickelten, differentiell
gepumpten Glaschip ermöglicht wird. Diese Entwicklung geht direkt auf einige
der technischen Herausforderungen herkömmlicher HHG-Quellen mit hoher Pho-
tonenenergie ein und bietet einen insgesamt leichter zugänglichen Ansatz. Zweitens
enthält sie Ergebnisse zur Festkörper-Spektroskopie der hochharmonischen Gener-
ation (Engl. solid-state High-order Harmonic Generation, sHHG) in kristallinen,
amorphen und semiperiodischen TiO2-Proben. Das Experiment zeigt das Poten-
zial von HHG nicht nur als Quelle, sondern auch als spektroskopische Sonde für die
Valenzelektronen, die die funktionellen Eigenschaften von Materialien bestimmen.
Schließlich berichtet diese Arbeit über die experimentelle Validierung der Double-
Blind-Holographie (DBH) von ultrakurzen FEL-Impulsen: eine vollständig optische
Plattform für die zeitliche Charakterisierung mit Einzelimpulsen, Phasenwiederher-
stellung und Verzögerungsmarkierung mit einer Auflösung von wenigen Femtosekun-
den, basierend auf der Interferenz mit einem unbekannten externen Feld, in diesem
Fall einer Standard-HHG-Quelle.
Zusammen erweitern diese Entwicklungen die Fähigkeiten von Quellen für hochgradige
Harmonische und eröffnen neue Szenarien für die Untersuchung und Steuerung ul-
traschneller Elektronendynamik in Atomen, Molekülen und kondensierter Materie,
sowohl mit Tischgeräten als auch bei FELs.
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1 | From high-order harmonic
sources to applications

From fundamental biological processes to advanced technologies, electron dynamics
is central to how matter interacts with its surroundings. Electrons shape the proper-
ties of matter and determine how it responds to external stimuli such as light. The
spacing between electronic energy levels spans from a few electronvolts to several
kilo-electronvolts, which corresponds to characteristic timescales of electronic motion
ranging from femtoseconds (fs) down to attoseconds (as), as illustrated in Figure 1.1
from Ref. [1].
Since its first demonstrations [2–4], High-order Harmonic Generation (HHG) has
been recognized as a unique light source, combining the spectral range and temporal
resolution required to map electronic motion. Over the past three decades, X-ray
attosecond pump-probe spectroscopy schemes based on HHG [5–9] have been devel-
oped to capture electron dynamics at their natural time scale. These methods employ
a pump pulse to initiate electron motion in a target, which is then interrogated by
a delayed probe pulse. The experimental observable consists of changes in the opti-
cal properties (such as absorption or reflectance) or the emission of photoelectrons
as a function of the time delay between the pump and probe pulses. The temporal
resolution is dictated by the pulse duration, not by the electronics of the detector,
a characteristic that enables real-time tracking of electron motion. Moreover, the
developments in laser technology over the last two decades have made HHG sources
in the soft X-ray spectral region increasingly accessible [10, 11]. Exploring electron
dynamics in the soft X-ray spectral region (100 to 2000 eV) rather than in the ex-
treme ultraviolet (XUV, 10-100 eV) offers access to core-electron dynamics [10, 12,
13], and the corresponding benefits of element selectivity and site specificity. In fact,
in the soft X-ray region, each element in a system has a characteristic absorption
spectrum that changes depending on its local environment. These aspects are partic-
ularly relevant to the study of large molecules in complex environments, e.g., liquid
solutions, since they allow for disentangling the contributions of each individual atom
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Figure 1.1: Characteristic time scale of electronic motion in matter. Reproduced and reprinted
with permission (Fig. 2) from [1]. Copyright (2025) by the American Physical Society.

in the system. In particular, the so-called water window spectral region, ranging from
the carbon K-edge (≈ 290 eV) to the oxygen K-edge (≈ 530 eV), provides a unique
opportunity for element-specific studies in biological systems. In this range, water
is transparent, while carbon- and oxygen-containing structures exhibit strong ab-
sorption features. For example, metallic complexes in solution are interesting model
systems for studying charge-transfer processes, ligand-field effects, and solvation dy-
namics. Figure 1.2 illustrates the absorption spectra of iron and tellurium metallic
complexes measured at the Elettra synchrotron in Trieste, Italy (proposal 20225477).
The comparison of Te N4,5, Fe M2,3, and Fe L2,3 edges shows an increasing contrast of
the absorption features towards higher photon energies, highlighting the advantage
of soft X-ray photons for mapping near-edge shifts induced by electronic processes
such as charge transfer [14] or charge migration [15, 16].
Despite the advantages of high-photon-energy HHG sources, their application faces
significant challenges due to their limited photon flux. Conventional HHG schemes
covering the soft X-ray spectral region [17–19] are driven by high-intensity few-cycle
driving pulses centred in the near-infrared (NIR) to mid-infrared (MIR), typically pro-
duced by Optical Parametric Amplification (OPA) and Optical Parametric Chirped
Pulse Amplification (OPCPA) schemes, and interacting with high-pressure noble
gases as targets. These features make the setups notably complex, while at the same
time reducing their efficiency, which approximately scales as λ−5.5 to λ−6.5 [20, 21].
Nevertheless, they have allowed remarkable achievements, such as the study of sub-fs
dynamics at conical intersections [22–24] and of the first steps of ionization dynamics
[25–27], and the observation of the interplay between phonon and electron dynamics
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a) b) c)

Figure 1.2: Measured absorption spectra of iron-tellurium clusters. L2 is a generic carbon-based
ligand used to stabilize the complexes. (a) Te N4,5, (b) Fe M2,3, and (c) Fe L2,3 edges.

in graphite [28]. This thesis proposes an efficient alternative scheme for HHG at
high photon energies, overcoming most of the technical challenges mentioned above.
First, a theoretical introduction to HHG is reported in Chapter 2. The experimen-
tal development of a novel HHG source in the water window spectral region is then
presented in Chapter 3. This scheme exploits the so-called overdriven regime [29,
30] with multicycle driving pulses at central wavelengths of 800 and 1500 nm. The
regime is characterized by driving intensities in the order of 1016 W/cm2 and inter-
actions with the gas targets over sub-mm lengths. The challenges of gas confinement
over these short distances have been addressed by designing a differentially-pumped
glass chip similar to Ref. [31]. The experimental measurements show an extended
photon energy emission towards the soft X-ray spectral region and are supported by
three-dimensional propagation simulations. By utilizing the direct output of a com-
mercial laser, this implementation significantly reduces the experimental complexities
associated with soft X-ray generation, opening up new perspectives for simpler HHG
schemes in both research and industry.
HHG is not only relevant as a source but also as a spectroscopic tool. The first spec-
troscopic experiments focused on molecular systems, as exemplified by Refs. [32–
36]. They demonstrated that harmonic spectra encode information on the structural,
nuclear, and electron dynamics initiated by the driving pulse, resulting in inten-
sity modulations and interference features. From the first observation of HHG from
bulk crystals [37], the concept of harmonic spectroscopy has been extended to solid
samples. Analogously to the molecular case, solid-state High-order Harmonic Gener-
ation (sHHG) encodes information about the periodic potential, band structure, and
symmetry of the crystal lattice, making it uniquely sensitive to valence electrons’
dynamics governing the functional properties of materials [38–42]. Building on these
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developments, Chapter 4 reports preliminary experimental results linking HHG emis-
sion from different TiO2 phases to material ordering and spatial confinement. The
results have the potential to establish a method for the tomographic reconstruction
of the valence electronic potential - an important parameter for tailoring the material
functionality.
In recent years, Free-Electron Lasers (FELs) have become increasingly relevant as an
alternative to HHG sources in the high-energy attosecond temporal domain. FELs
provide extremely high brilliance, yet attosecond pulse generation, characterization,
and delay control require complex infrastructures. Several attosecond generation
schemes have been proposed and are now operational and accessible to users [43–49].
Notable examples of experiments include mapping Auger-Meitner decay dynamics
[50, 51], demonstrating both impulsive stimulated X-ray Raman scattering [52] and
X-ray pump/X-ray probe transient absorption [53] in water, and few-femtosecond
time-resolved diffraction imaging of Xe nanoparticles [54]. The characterization of
FEL attosecond pulses commonly involves the ionization of a gas target, using tech-
niques like plasma gating [55] or angular streaking [48, 56–58]. Alternatively, double-
pulse schemes have been proposed, such as Spectral Phase Interferometry for Direct
phase Retrieval (SPIDER) [59, 60], which is based on the interference of two equally
intense FEL pulses, with precise calibration and control of their relative delay and
spectral shearing. These approaches face technical challenges, including precise de-
lay calibration, managing large data volumes, and advanced algorithms and machine
learning for pulse reconstruction [61]. Additionally, essential requirements to reliably
perform attosecond pump-probe experiments at FELs include sub-femtosecond delay
control and single-shot pulse characterization to account for pulse-to-pulse variations
caused by temporal jitter. The Double-Blind Holography (DBH) method presented
in Chapters 5 and 6 aligns with these needs and has the potential to enhance FEL
capabilities of performing attosecond experiments. DBH is a fully optical approach
based on the linear interference of two unknown independent fields [62, 63]. In this
case, a synchronized auxiliary HHG source has been used as an interfering field to
reconstruct Self-Amplified Spontaneous Emission (SASE) FEL pulses delivered by
FLASH2 (Hamburg, Germany) on a single-shot basis. Moreover, the interference
maps obtained with this method directly encode information on the relative delay
between the pulses. As such, this method can also be used as a delay tagging tool
with sub-femtosecond precision.
In summary, this thesis reports novel schemes and applications of HHG sources. First,
HHG is demonstrated as a source for investigating and controlling ultrafast electron
dynamics in matter within the soft X-ray spectral region, utilizing an innovative
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approach that overcomes the technical limitations of conventional long-wavelength-
driven schemes. Second, the thesis demonstrates the potential of HHG as a spectro-
scopic tool for the reconstruction of the valence potential in bulk and semi-ordered
materials. Finally, HHG is established as an auxiliary tool at FEL facilities for
single-shot pulse characterization and delay tagging via DBH, thereby enabling new
high-intensity spectroscopy experiments. Chapter 7 concludes with a summary of
these results and a perspective on future developments and applications.

9



10



PART II

Novel schemes for High-order
Harmonic Generation
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2 | Fundamentals of High-order
Harmonic Generation (HHG)
in gases

This first part of this dissertation is dedicated to the design, development, and
study of an efficient HHG source operating in the so-called overdriven or nonadi-
abatic regime. This first chapter presents an introduction to the theoretical models
describing HHG, with particular emphasis on the parameters that lead to optimal
generation conditions in the overdriven regime. This introductory chapter is essential
for understanding the experimental results presented in Chapter 3.

2.1 Semiclassical model

HHG is a highly non-linear non-perturbative process that allows for the generation of
short-wavelength attosecond pulses starting from a short and intense driving field in
the NIR to MIR spectral region focused on a gas target [3, 4]. The process was first
theoretically described through the Time Dependent Schrödinger Equation (TDSE)
[64], which remains the most accurate method for describing harmonic generation.
Nevertheless, different approximations and simplified models have been introduced
in the last decades to provide a more intuitive explanation of the HHG process.
Among these, in 1993, a semi-classical model called three-step model or simple man
model was proposed [65–67]. In the first step, under the effect of the external driving
field, the (atomic) gas undergoes ionization; secondly, the free electrons in the con-
tinuum are periodically accelerated and decelerated by the field, having a non-zero
probability of finally recombining with the parent ion. When recombination occurs,
the kinetic energy accumulated during electronic motion is released in the form of
a burst of high-energy photons with sub-cycle duration. The emitted radiation can
be described as the radiation emitted by an oscillating dipole, given by the coherent
superposition of an oscillating component in the continuum (free electrons) and a
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Figure 2.1: Three-step model schematic representation. The process consists of a first step in which
ionization occurs (here represented by tunneling ionization through a bent atomic potential in the
presence of an intense external electromagnetic field), followed by electronic motion in the contin-
uum, and concluded by the recombination and conversion of the electron’s kinetic energy into emit-
ted harmonic light. Adapted from [68] under the Creative Commons Attribution-NonCommercial-
ShareAlike-3.0 License.

component bound to the parent ion. A schematic of the three steps is reported in
Figure 2.1 from [68]. The model is semi-classical, as the mechanism of ionization
(tunneling, multiphoton, or above-barrier ionization) is purely described by quantum
mechanics, while the electronic motion can be treated classically through Newton’s
second law. For symmetry reasons, the three steps are repeated at every crest of the
driving field, i.e. every half optical cycle, thus leading to the generation of a train
of attosecond pulses separated by half an optical cycle of the driving field, and to
a comb of odd harmonics only. The typical spectral structure is characterized by
intensity of the first few harmonic scaling perturbatively with the driving field, i.e.
∝ In, where n is the harmonic order, followed by a so-called plateau region where the
harmonic yield is roughly constant, and finally the so-called cutoff region where the
yield drops to zero [69].
The classical description of electronic motion provides insight not only into electron
trajectories but also into emission and recombination times, and thus into the re-
leased photon energy. Starting from a monochromatic driving field of frequency ω0

and linearly polarized along x

E(t) = E0 cos(ω0t)ux (2.1)

The second law of dynamics applies as

ẍ(t) = − e

m
E(t) (2.2)
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Figure 2.2: Classical electron trajectories as per Eq. 2.3 calculated over one optical cycle for
ionization phases ω0t′ from 0 (blue) to π/2 (yellow) and with x = 0 the position of the parent ion.

with e and m the electron charge and mass, respectively. Integrating the equation,
the velocity and position of the freed electrons can be obtained, respectively, as

ẋ(t) = − eE0

mω0
[sin(ω0t) − sin(ω0t

′)]ux (2.3)

x(t) = eE0

mω2
0
[cos(ω0t) − cos(ω0t

′) + ω0(t− t′) sin(ω0t
′)] (2.4)

where t′ is the ionization time, with ẋ(t′) = 0 and x = 0 the position of the parent
ion. The instants of time t for which the equation x(t) = 0 is solved correspond to
the recombination times. The equation can be solved numerically, and the solution
can be fitted by the following analytical function

ω0t = π

2 − 3 arcsin
( 2
π
ω0t

′ − 1
)

(2.5)

It is important to note that only the electrons freed at particular phases ω0t
′ can

return to the parent ion. Figure 2.2 reports the trajectories calculated for 0 ≤ ω0t
′ ≤

π/2 over one optical cycle, the maximum round-trip an electron can have in the
driving field obtained at ω0t

′ = 0. From the conservation of energy, the photon
energy released after recombination is given by the sum of the ionization potential
Ip of the gas medium and the kinetic energy Ek accumulated by the electron during
the motion:

ℏωX(t) = Ip + Ek(t) = Ip + 1
2mẋ

2(t) = Ip + 2Up[sin(ω0t) − sin(ω0t
′)]2 (2.6)
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Figure 2.3: Kinetic energy of the free electrons in the driving field normalized to the ponderomo-
tive energy and plotted as a function of the ionization phase ω0t′ (blue) and recombination phase
ω0t (red). The maximum reachable energy is defined as the cutoff energy and is obtained for an
ionization phase of approximately 0.1π (or t′ = 0.05T0). The same kinetic energy can be obtained
for two different ionization times: one before the maximum energy at 0.05T0 and one after. This al-
lows for categorizing the possible trajectories into two subgroups, called, respectively, long and short
trajectories, as the sooner the electron ionizes, the later it recombines.

with Up the ponderomotive energy, i.e. the mean kinetic energy of an electron oscil-
lating in a laser field, defined as

Up = (eE0)2

4mω2
0

(2.7)

With the use of Eq. 2.5, the kinetic energy Ek(t) can be plotted (Fig. 2.3) both
as a function of the ionization phase ω0t

′ (blue) and of the recombination phase
ω0t (red). The maximum reachable energy, called cutoff energy, is obtained for an
ionization phase of about 0.1π (t′ = 0.05T0) and corresponds to ∼ 3.17Up. Given
this relation and the definition of ponderomotive energy (Eq. 2.7), the cutoff scales
as Iλ0; therefore, when aiming at high cutoff energies, longer wavelengths and higher
intensity are typically chosen. Figure 2.3 also shows that an electron released at
t′ < 0.05T0 has the same energy as another electron released at t′ > 0.05T0. However,
the electron released earlier will return later. For this reason, electron trajectories can
be categorized as long, i.e. released before 0.05T0 and recombining within one optical
cycle, and short, i.e. released after 0.05T0 and recombining in half an optical cycle.
Moreover, since the ultimate kinetic energy depends on the return time, this leads to
an intrinsic chirp in the generated attosecond pulses, referred to as atto-chirp. In fact,
from the figure it can be observed that the degree of chirp, dωX(t)/dt ∝ dEk(t)/dt,
is positive for short trajectories, and negative for long ones.
Even though this semiclassical representation has some limitations, it still provides an
intuitive picture of the HHG process that holds also under more complex scenarios.
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2.2 Strong-Field Approximation (SFA)

Even though the three-step model provides an intuitive and effective description
of the HHG process, the most accurate way of describing the single-atom response
to a strong driving field makes use of numerical solutions to the TDSE. In 1994,
Lewenstein et al. [70] proposed an approximate solution to the equation based on the
so-called Strong-Field Approximation (SFA). The approximation consists of assuming
that the harmonic field is radiated by electric dipoles: the electron is treated as a free
particle moving in the continuum around the stationary nucleus, neglecting any effect
of the atomic potential and of bound states other than the ground state. Moreover,
the Single Active Electron (SAE) approximation applies too, assuming that only one
electron in the atom responds to the external driving field. Additionally, since the
wavelength of the driving field is always much larger (hundreds of nanometers to a
few microns) than the Bohr radius (a0 = 5.29 · 10−11 m), the dipole approximation
applies too: the driving field is considered spatially homogeneous, therefore only its
time variation is taken into account. The TDSE can be written as

iℏ
∂

∂t
|ψ(t)⟩ = Ĥ |ψ(t)⟩ (2.8)

where the Hamiltonian Ĥ is given by

Ĥ = Ĥ0 + Ĥ ′ (2.9)

with Ĥ0 the unperturbed (laser-free) Hamiltonian of the atomic system

Ĥ0 = − ℏ2

2m∇2 + V (r) =a.u. −1
2∇2 + V (r) (2.10)

and V (r) the effective SAE atomic potential. The perturbation Hamiltonian Ĥ ′ in
the dipole approximation is given by

Ĥ ′ = −µ · EL(t) = −qr · EL(t) =a.u. −r · EL(t) (2.11)

Based on the dipole approximation, the trajectory of the free electron is much smaller
than the wavelength of the driving field; therefore, the spatial dependence of the
vector potential is neglected. As a consequence, the effect of the magnetic field
present within the electric pulse is neglected. Moreover, the SFA implies that, in
the spatial region where the electron is accelerated by the driving field, the Coulomb
potential of the atom is negligible with respect to the laser field itself. This means
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that the effects of the atomic potential on the free electrons in the continuum are
assumed to be small and are treated by using perturbation theory. The SFA model
holds when the Keldysh parameter is γ ≪ 1 and the photon energy of the dipole
radiation is much larger than the ionization potential of the atom (see next Section).
Moreover, the SFA assumes that the intense laser field promotes the ground-state
electron directly to the continuum states, by-passing any other excited states (no
resonance processes). This means that the electronic state |ψ(t)⟩ representing the
temporal evolution of the atomic system can be expanded on the basis set including
only the ground state |0⟩ and the continuum states |k⟩. The continuum states are
approximated by a plane wave, i.e. Plane Wave Approximation (PWA). The ground
state wavefunction is given by

|ψg⟩ = |0⟩ e−iIpt/ℏ =a.u. |0⟩ e−iIpt (2.12)

where |0⟩ is the ground state function of a hydrogen-like atom. Its space-dependent
part is

⟨r|0⟩ =S.I.
1√
π

( 1
a0

)3/2
e−r/a0 =a.u.

1√
π
e−r (2.13)

The electron in the continuum can be described by the eigenstates of Ĥ0

Ĥ0 |k⟩ = k2

2 |k⟩ (2.14)

where k is the kinetic momentum of the outgoing electron. The wavefunction of the
system can therefore be expressed as

|ψ(t)⟩ = eiIpt
[
a(t) |0⟩ +

∫
d3k b(k, t) |k⟩

]
(2.15)

with a(t) corresponding to the amplitude of the wavefunction of the ground state
|0⟩, which can be calculated from the ionization rate model of choice, and b(k, t)
the amplitudes of the corresponding continuum states |k⟩, both ruling the temporal
evolution of the system. Inserting 2.15 in 2.8 one obtains

⟨r(t)⟩ = ⟨0|r|0⟩ +
∫
d3k b(k, t) ⟨0|r|k⟩ +

∫
d3k b∗(k, t) ⟨k|r|0⟩

+
∫∫

d3k d3k′ b2(k, t) ⟨k|r|k′⟩ (2.16)
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Using the notation of the dipole transition-matrix element from the ground state to
the continuum states

d(k) = ⟨k|r|0⟩ (2.17)
d(k)∗ = ⟨k|r|0⟩∗ = ⟨0|r|k⟩ (2.18)

and ignoring the continuum-continuum contribution ⟨k|r|k′⟩ as well as the static
dipole moment ⟨0|r|0⟩, one obtains:

⟨r(t)⟩ =
∫
d3k b(k, t) d∗(k) + c.c. (2.19)

The dipole elements have been extensively studied for atom-synchrotron interactions
and are considered known elements of the equation. On the other hand, b(k, t) is
unknown, but can be rewritten considering the canonical momentum p. Neglecting
the effect of the Coulomb potential, the canonical momentum is constant during the
interaction with the laser field, and it is classically defined as

p = mv(t) + qAL(t) =a.u. v + AL = k + AL (2.20)

where AL(t) is the vector potential of the laser field, EL(t) = −∂AL(t)/∂t. Moreover,
due to the conservation law of the canonical momentum, p(t′) = p(t), with t′ the
ionization instant and t any later time instant. The dipole moment in equation 2.19
can therefore be rewritten as

⟨r(t)⟩ =
∫
d3p b(p, t) d∗[p − AL(t)] + c.c. (2.21)

with b(p, t) given by

b(p, t) = i
∫ t

0
dt′EL(t′) · d[p − AL(t)]e−iS(p,t,t′) (2.22)

and S(p, t, t′) the classical action

S(p, t, t′) =
∫ t′

t
dt′′

(
[p − AL(t′′)]2

2 + Ip

)
(2.23)

in the end obtaining

⟨r(t)⟩ = i
∫ t

0
dt′
∫
d3p d∗[p − AL(t)]e−iS(p,t,t′)EL(t′) · d[p − AL(t′)] + c.c. (2.24)
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This is the final relation describing the dipole moment of an atom in time as a sum of
probability amplitudes. These correspond to the following physical processes, which
are closely related to the three-step semiclassical model:

1. EL(t′) · d[p − AL(t′)] describes the probability amplitude for an electron to
ionize to the continuum at time t′ under the effect of the driving field EL;

2. e−iS(p,t,t′) describes the phase accumulated by the electron moving freely in the
continuum with a constant momentum p from the time instant t′ of ionization
to the time instant t of recombination, with the kinetic energy of the electron
expressed by the quasi-classical action S, accounting for some effect of the
binding potential through Ip;

3. d∗[p − AL(t)] describes the probability of recombination at time t with the
parent ion, thus leading to the generation of the XUV photons.

Equation 2.24 is typically solved through the so-called saddle-point method, which
offers an approximated solution to the momentum integral by applying the Taylor
polynomial expansion to the action S(p, t, t′) near the point where it is stationary
with respect to p. Indeed, if the phase term oscillates rapidly with p with respect to
the dipole element d, its contribution to the integral is an oscillating function with
zero average value, where the dominant contribution to the integral originates from
the p values where the action is stationary, i.e. ∇pS(p, t, t′) = 0. These assumptions
reduce Eq. 2.24 to a time integral only, which is expressed as follows:

⟨r(t)⟩ = i
∫ ∞

0
dτ

(
π

ϵ+ iτ/2

)3/2

d∗[ps(t, τ) − AL(t)] e−iS(ps,t,τ)·

· EL(t− τ) d[ps − AL(t− τ)] + c.c. (2.25)

with τ = t−t′ the excursion time. The first factor
(

π
ϵ+iτ/2

)3/2
represents the quantum

diffusion, i.e. the spreading of the returning electronic wave packet in the continuum,
whose effect is to strongly reduce the efficiency of the successive recollisions, that are
therefore neglected in HHG. The factor also contains the infinitesimal ϵ coming from
the regularized Gaussian integration of the classical momentum p around the saddle
point, introduced to eliminate the singularity in τ = 0.
Moreover, from Eq. (2.23), ∇pS(p, t, t′) is nothing else but x(t) − x(t′), i.e. the
difference between the position of the electron at time t, the recombination instant,
and the position of the electron at time t′, the ionization instant. This means that
the stationary points of the classical action (∇pS(p, t, t′) = 0) correspond to those
momenta p for which an electron freed at time t′ returns to the same position at time
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t, and therefore that the dominant contribution to the harmonic generation is given
by electrons that recombine in the same position as they are generated.

2.3 Ionization models

As discussed in the previous sections, the single-atom modelling of the HHG pro-
cess relies on the proper description of (1) the ionization, (2) the motion of the freed
electron in the continuum from the instant of ionization to the instant of (3) recombi-
nation. The motion of the electron is described by the SFA and saddle-point method;
however, in this formulation, a description of the ionization (and recombination) pro-
cesses is still missing.
Using first-order perturbation theory, the photoionization probability for a single-
electron atom undergoing a direct transition from the ground state to the continuum
under a strong laser field, where the photon energy is much smaller than the ioniza-
tion potential, can be directly derived. This forms the basis of Keldysh theory [71],
which identifies two main ionization mechanisms under such conditions: multiphoton
ionization and tunnelling ionization. The so-called Keldysh parameter, γ =

√
Ip

2Up
,

helps identify which mechanism is dominant under the experimental conditions. In
fact, for γ ≪ 1, we are in the regime of tunnel ionization, while for γ ≫ 1, the
regime of multiphoton ionization applies. The tunnelling condition corresponds to a
situation in which the Coulomb potential barrier can be considered stationary, i.e.
the field applied is sufficiently strong to bend the potential barrier within a half laser
cycle. On the contrary, multi-photon ionization describes a situation in which the
Coulomb potential barrier is altered into an oscillatory potential by the external field,
and ionization can happen only under non-linear photon absorption. The conditions
under which γ ≈ 1 cannot be purely described either by multiphoton absorption or
tunnelling ionization. In this case, the ionizing field is strong enough to bend and
modify the barrier, but not fast enough to consider the barrier static. Under these
conditions, a third ionization regime named above-barrier ionization can be defined.
It describes the situation in which the potential barrier is fully suppressed by the
external field, and the electron can escape directly from the potential well without
tunnelling. A schematic representation illustrating the difference between tunnelling
and above-barrier ionization is reported in Fig. 2.4.
Considering the extremely high intensities required by HHG, the ionization step is
typically dominated by tunnelling and above-barrier ionization regimes. The first
can be well modelled by the so-called Ammosov-Delone-Krainov (ADK) model, from
the names of its developers [72], or alternatively by the Perelomov-Popov-Terent’ev
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Figure 2.4: Schematic of tunnelling (purple) and above-barrier (orange) ionization under the effect
of a strong external field bending the atomic potential.

(PPT) model [73], which is more broadly suitable to describe regimes for which γ ≤ 1.
In the limit of γ ≪ 1, ADK and Perelomov-Popov-Terent’ev (PPT) models present
identical expressions. The latter, instead, is accurately described only by the ex-
act static ionization rates, which, however, are highly computationally demanding
to calculate [74]. To overcome this complexity, several approximation or numerical
methods have been developed in the years [75–79]. In the following, the focus will be
on the ADK model, more widely used in the community due to its simpler expression.
Subsequently, a modified version of the ADK model [79], capable of capturing the
above-barrier ionization regime, will be presented.

2.3.1 Ammosov-Delone-Krainov (ADK) model

The ADK model is based on the assumption that the ionization event happens in a
fraction of an optical cycle around the peaks of the driving field EL(t), so that the
field can be treated as quasi-static. Moreover, it takes into account that the electronic
states of the ionizing atoms are characterized by (1) the effective principal quantum
number

n∗ = Zc

√
Ip,H

Ip

(2.26)

with Zc the charge of the remaining atom, Ip,H the hydrogen ionization potential (13.6
eV), and Ip the ionization potential of the atom, and (2) the effective orbital quantum
number ℓ∗ = n∗

0 − 1, with n∗
0 the effective principal quantum number of the ground

state. Before excitation, the electron is in a state defined by the quantum numbers
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n, ℓ,m, respectively, the principal quantum number (or state), the orbital quantum
number, and the magnetic quantum number. For an electron in an arbitrary bound
state (n, ℓ,m), with n∗ ̸= n, the ADK ionization rate can be written as

wADKlm
(t, EL) = ωp |Cn∗l|2

(2ωp

ωt

)2n∗−|m|−1 (2l + 1)(l + |m|)!
2|m||m|!(l − |m|)! exp

(
−2

3
(2Ip)3/2

|EL(t)|

)
(2.27)

where

ωp = Ip

ℏ
, ωt = e|EL(t)|√

2meIp

, |Cn∗ℓ∗ |2 = 22n∗

n∗ Γ(n∗ + ℓ∗ + 1) Γ(n∗ − ℓ∗) (2.28)

with me the electron mass.
When considering a single electron in the ground state (n = 1, ℓ = 0, m = 0) subject
to ionization, the expression simplifies into:

wADK00(t, EL) = ωp |Cn∗|2
(4ωp

ωt

)2n∗−1
exp

(
− 4ωp

3ωL

)
(2.29)

with
|Cn∗ |2 = 22n∗

n∗ Γ(n∗ + 1) Γ(n∗) (2.30)

The ionization rate is introduced in the SFA representation as a weighting factor to
the dipole moment in Equation (2.25) and it is expressed in the following form:

exp
[
−
∫ t−τ

−∞
wADKlm

(t′)dt′
]

(2.31)

Additionally, the density of free electrons, an important quantity governing plasma
effects along propagation in the medium (see Section 2.4), is expressed, in the case
of first ionization only, as

ne = n0

{
1 − exp

[
−
∫ t−τ

−∞
wADKlm

(t′)dt′
]}

(2.32)

with n0 the initial density of neutral atoms.

2.3.2 Empirically-corrected ADK (E-ADK) model

The exponential term in the ADK ionization rate in Eqs.(2.27) and (2.29) exhibits
a strong dependence on the driving field amplitude and therefore on the intensity.
It has been shown that, for high intensities in the order of 1015 to 1016 W/cm2, the
ADK model overestimates the actual ionization degree of the medium [76, 77]. In
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particular, the threshold field amplitude for which the perturbation theory breaks
down is

√
2Ip/(16Zc), with Ip the ionization potential, and Zc the charge of the

remaining atom. More accurate models are required to describe the above-barrier
ionization regime. In Ref. [79], a simple exponential correction is presented as an
alternative to handle these cases.
The correction is based on experimental observations; therefore, the model is generally
referred to as the Empirically-corrected ADK (E-ADK) model. In this formulation,
the ionization rate is expressed as follows:

wE−ADK(t, EL) = wADK(t, EL) exp
[
−αZ

2
c

Ip

EL(t)
(2Ip)3/2

]
(2.33)

The notation follows the same adopted above, with the parameter α obtained by
fitting the formula to the ionization rates calculated for a number of atoms and ions
within the SAE approximation. The values are 9.0 for argon and neon, and 7.0 for
helium. It is generally advised to use α = 6.0 for electrons ionized from the s-wave
and α = 9.0 for ionization from the higher partial waves. With these values, the rate
agrees within 50% of the numerically calculated ones [77], thus significantly improving
the accuracy of the model. In the simulations performed in this work (see Sections
2.5 and 3.3), this factor has been taken into account, rewriting the ionization rate as

w′
E−ADK(t, EL) = wADK(t, EL) 1

2 exp
[
−αZ

2
c

Ip

EL(t)
(2Ip)3/2

]
(2.34)

finding a good agreement with the experimental results.

2.4 Macroscopic description of HHG:
phase matching

The previous sections have focused on the single-atom description of HHG. However,
the harmonic yield observed in experiments results from the macroscopic response
of the medium. The total harmonic field is the coherent superposition of the fields
emitted by all atoms in the gas target. Therefore, to accurately describe the HHG
signal, one must solve the Maxwell wave equations for both the driving field and
the harmonic field, where the single-atom response is used as a source term. To
simplify the formulation, the time-dependent fields are typically expressed in radial
coordinates (transverse axis, r) and propagate with cylindrical symmetry along the
z-axis.
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For the fundamental field, the equation is written as follows

∇2EL(r, t, z) − 1
c2
∂2EL(r, t, z)

∂t2
=
ω2

p(r, t, z)
c2 EL(r, t, z) (2.35)

with ωp the plasma frequency defined as

ωp(r, t, z) =
[
e2 ne(r, z, t)

ε0 me

]1/2

(2.36)

where ne(r, z, t) is the free-electron density defined by Eq. 2.32 (if necessary, modi-
fying the expression of the ionization rate), and e, me are respectively the electron
charge and mass, and ε0 the vacuum permittivity. This expression accounts for
plasma-induced effects on the fundamental beam, affecting both its phase, i.e. blue-
shifting, self-steepening, and chirping, as well as its spatial properties, i.e. lensing
and defocusing. The equation is generally solved in the moving coordinate frame
(t′ = t− z/c) and in paraxial approximation, i.e. neglecting ∂2EL/∂z

2.
For the harmonic beam, the wave equation is expressed as

∇2Eh(r, t, z) − 1
c2
∂2Eh(r, t, z)

∂t2
= µ0

∂2Pnl(r, t, z)
∂t2

(2.37)

where µ0 is the vacuum magnetic permeability and Pnl is the non-linear polarization
field generated in the gas medium and defined as

Pnl(r, t, z) = [n0 − ne(r, t, z)] dnl(r, t, z) (2.38)

with dnl the dipole moment defined by equation 2.25 weighted by the ionization rate
in 2.31. Both equations can be solved either using the Slowly Varying Envelope Ap-
proximation (SVEA), i.e. second order derivative is neglected, which, however, would
not allow to capture the sub-cycle variations of the fields under the effect of strong
plasma, or via calculation routines, such as the Crank-Nicholson [80], which averages
close-neighbouring time steps to provide a more accurate solution.
Physical insights from these equations are obtained in the simplified case of a monochro-
matic and linearly polarized driving field, by applying the paraxial and SVEA ap-
proximations. Equation (2.37) simplifies as follows

∇2
rẼq(r) − 2ikq

∂Ẽq(r)
∂z

= −µ0q
2ω2

LP̃q(r)e−i(qkL−kq)z (2.39)

with Eq = Ẽq(r) exp (−ikqz) and Pq(r) = P̃q(r) exp (−iqkL), and the wave-vectors
kq = nqωq/c and kL = nLωL/c, with nL and nq the refractive indices of the gas
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medium respectively for the fundamental frequency and q-th harmonic frequency of
the fundamental. This equation explicitly defines the phase mismatch ∆k = qkL −kq

between the harmonic field and the polarization field in the medium. The efficient
generation of harmonics thus requires minimizing this phase mismatch. Typical phase
contributions are: the dispersion from the neutral atoms ∆kn, the dispersion from the
free electrons (plasma), ∆ke, the spatial or geometrical phase ∆kg, and the dipole
phase ∆kd, i.e. the phase Φ accumulated by the freed electron in the continuum
before recombining. When considering on-axis emission only (r = 0), the terms can
be expressed as follows

1. neutral atom dispersion:

∆kn = (nL − nq)
qωL

c
(2.40)

Exploiting the definition of polarizability (α = 2ε0(n− 1)/ρ, with ρ the density
of gas), this term can be rewritten as:

∆kn = qωL

2ε0c
(n0 − ne)(αL − αq) > 0 (2.41)

By approximating the polarizability at the fundamental frequency with the
static one α0 and considering that it is greater than αq (polarizability of the
q-th frequency) this term always contributes positively to the phase mismatch
[81].

2. plasma dispersion:

∆ke = − qωL

2ε0c

nee
2

me

(
1
ω2

L

− 1
q2ω2

L

)
< 0 (2.42)

This term is negative by definition. The second term in parentheses can be
neglected for higher orders.

3. spatial phase:
∆kg = − qzR

z2 + z2
R

< 0 (2.43)

for free-space propagation of a Gaussian beam with zR being the Rayleigh range
and z = 0 corresponding to the position of the focus (Gouy phase), or in the
case of guided geometry in a capillary

∆kg = −qu
2
nmλL

4πa2 (2.44)
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with unm being a coefficient depending on the propagation mode in the capillary
(e.g., for J11, the Bessel function of the first kind and first order, u11 = 2.4),
and a being the core radius of the capillary.

4. dipole phase:
∆kd = ∂Φ

∂IL

∂IL

∂z
(2.45)

where Φ generally indicates the phase cumulated by the electron in the contin-
uum, which, within the SFA approximation, is expressed through the exponen-
tial of the action S (see eq. 2.24). To highlight the dependence on the on-axis
propagation z, the dipole phase can be rewritten in the following form:

∆kd = −2zβ1(z)
z2 + z2

R

(2.46)

with β1(z) being an always negative coefficient depending on the ionization
potential Ip, on the harmonic order q, on the electron trajectory and excursion
time (τ ∝ λL), and, most importantly, on the intensity and position of the
driving field IL(z) along the propagation axis. The sign of this term depends
on the position with respect to focus, and it is positive for z > 0, i.e. medium
after the focus.

As discussed in the next section, depending on the experimental configuration and
geometry used for HHG, some terms can be neglected, while others become more
significant. This description of phase matching can also be extended to off-axis, as in
Ref. [82]. For example, this analysis has shown that non-collinear phase matching is
obtained for points before the focus, z < 0. It is essential to note that Ref. [82] does
not account for the temporal and spatial reshaping of the driving field, which can
drastically alter the phase matching landscape, as it will be discussed in the following
section for the overdriven regime.

2.4.1 Conventional regime, quasi-phase matching, overdriven
regime: a comparison

The generation geometry and driving laser parameters dictate the regime of genera-
tion. As a consequence, schemes can be grouped under three categories: conventional,
quasi-phase matching, and overdriven. This section presents the main characteristics
and implementations of each category.
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Conventional regime

The conventional regime is generally targeted through loose focusing geometries, for
which the electric field varies slowly (or not at all, as in the guided geometry) along
the propagation direction. Under these geometries, sub-cycle changes to the field
and the corresponding free-electron density modulations are negligible. This regime
of generation is also called adiabatic and typically features moderate to low intensities
in the range of 1014 W/cm2 and low ionization levels. Under these conditions, both
the spatial phase (unless in guided geometry) and the dipole phase can be neglected.
Perfect phase matching is then obtained when the neutral atom and free-electron
phase contributions balance out. This condition corresponds to the so-called critical
ionization level ηcr, which determines a critical driving intensity Icr [83, 84]. The
critical ionization degree is typically below 10%. The cutoff energy is therefore defined
as Ecutoff = Ip + 3.17Up,cr, with Up,cr ∝ Icrλ

2
L. Fig. 2.5 shows the cutoff energy in the

conventional regime (dashed lines) calculated from [85] as a function of the driving
wavelength for three noble gases generally used in HHG to cover the water-window
spectral region: argon (Ar) in orange, neon (Ne) in purple, helium (He) in light blue.
To reach photon energies exceeding 100 eV, these schemes rely on the use of high-
intensity mid-infrared driving fields. However, this strategy comes at the expense of
the harmonic yield, which scales as λ−5.5

L to λ−6.5
L [20, 21].

Quasi-Phase Matching (QPM)

From theory, the higher the intensity, the higher the harmonic order, but also the
more rapid the phase slip between polarization field and harmonic field introduced
by the propagation in the plasma. Under these conditions, Quasi-Phase Matching
(QPM) schemes are often considered as alternatives. In QPM the phase mismatch is
compensated along the propagation either by modulating the driving laser phase and
intensity or the medium density [86–92]. This allows going beyond the conventional
phase matching cutoffs reported in Fig. 2.5, but it comes at a price of a complex
technical implementation, e.g. working with modulated guided media or multi-beam
schemes.

Overdriven regime

The overdriven regime [29, 30, 85, 93–98] is defined by high intensities in the order
of 1015 to 1016 W/cm2 and a tight focusing geometry where the gas medium length
significantly exceeds the Rayleigh range. Unlike in conventional high-harmonic gen-
eration setups, the tight focusing geometry introduces a pronounced dipole phase
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He
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Figure 2.5: Cutoff energy as a function of the driving wavelength (log-log scale) for the generation
in argon (orange), neon (purple), and helium (light blue) in the overdriven regime (solid lines)
and the conventional regime (dashed lines) as from Ref. [85], adapted under a Creative Commons
Attribution NonCommercial License 4.0 (CC BY-NC).

contribution (∝ ∇IL(t, r, z)) that can counterbalance the strong plasma contribu-
tion arising from the high driving field intensity. As the intense driver propagates
through the highly ionized gas, it undergoes pronounced sub-cycle reshaping in time,
frequency, and space [29, 30]. Rather than being a mere side effect, this reshaping
plays a central role in the regime, transiently altering the generation conditions and
enabling the extension of the harmonic cutoff. However, effective phase matching at
these high energies can only be maintained over short distances (less than 1 mm),
making gas confinement a key limitation in further extending the cutoff. Fig. 2.5
reports the theoretical expectations for the overdriven cutoff (solid lines) for Ar (or-
ange), Ne (purple), and He (light-blue) as a function of the driving wavelength as
modelled in [85].
In this regime, the phase matching is governed by plasma, dipole, and Gouy phases.

Whilst the first is ruled by the field intensity and medium pressure, the latter two
are strongly dependent on the medium position. For the Gouy phase, the farther it
is from the focus, the smaller this contribution; for short interactions, it approaches
its maximum value of −q/zR, while the dipole phase remains positive only after the
focus. Precise control of the medium position is therefore key to optimal phase match-
ing. Moreover, the strong plasma reshaping prevents an accurate description of the
beam as purely Gaussian, and its spatial phase cannot be merely defined as Gouy
phase [99].
In the next chapter, experimental results in this regime will be presented and dis-
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cussed together with simulations for different drivers and gas targets.

2.5 Simulation methods

HHG simulation methods involve a variety of models and approximations, most of
which are reported in this chapter. The following list highlights the key aspects that
can be used to categorize and compare these approaches:

1. TDSE vs SFA:
Solving the TDSE implies a full calculation without approximations and can be
highly computationally demanding. It is generally applied only for limited cases
in which the SFA is considered not valid, e.g. when the intensity approaches rel-
ativistic regimes and magnetic effects are relevant, or when electron correlations
or the effect of the Coulomb potential and other bound states are non-negligible.
However, SFA is sometimes preferred even in these extreme scenarios, as the
computational advantages it offers outweigh the benefits of a full TDSE calcu-
lation. To some extent, the inaccuracies of the SFA can be mitigated by a more
refined ionization model (see case for high intensities) or by the use of comple-
mentary theories, such as Quantitative Rescattering (QRS) [100]. The latter
models the recombination step using accurate scattering wavefunctions of the
continuum states, thereby including the effects of the Coulomb potential and
bound states. This model leads to a better representation of the HHG yield,
especially at the plateau, allowing, for example, the simulation of the Cooper
minima [101], which are generated by the structural destructive interference
between the wavefunctions of the states involved in the photoionization.

2. Ionization model:
As previously discussed, the ADK model is the most commonly used. Despite
the approximations it involves, it still offers a good agreement between theory
and experiment for most generation scenarios; however, it generally fails for
high intensities at which barrier suppression occurs. Among the others men-
tioned in the previous sections, another relatively standard ionization model
is the Yudin-Ivanov nonadiabatic tunnelling [102], which implements a time-
dependent correction to the ADK model to handle the case of rapidly varying
fields.

3. Dimensionality:
In order to reduce the computational time and complexity of the simulations,
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one-dimensional (on-axis) propagations are often considered-e.g. in Refs. [76,
96, 97]. Nonetheless, especially to capture spatial plasma-induced effects, three-
dimensional models are generally adopted and implemented in cylindrical co-
ordinates [80, 103–105].

4. Re-absorption of the harmonic field:
Absorption is particularly relevant at low energies (< 100 eV), as it is the
primary destructive mechanism affecting the harmonic yield; conversely, for
higher energies, it plays a minor role. Generally the optimization of harmonic
yield in conventional regimes requires adequate choice of the medium length
based on the coherence length Lcoh = ∆k−1 and the absorption length Labs =
(n0σabs)−1, with σabs the absorption coefficient of the medium. The optimal
harmonic yield [106] corresponds to a medium length Lmed > 3Labs, and to a
coherence length of Lcoh > 5Labs. For the overdriven regime, due to the strong
spatio-temporal reshaping of the driving field, this description fails to represent
the actual optimized conditions for efficient generation, as commented in the
following chapter.

The simulation code adopted in this work is based on a modified version of the one
used in Ref. [80]. The code, contrary to the SVEA, considers the full electric field in
time (nonadiabatic representation) and its three-dimensional propagation in cylindri-
cal coordinates (r,z). It employs the SFA with the E-ADK ionization model (corrected
formula in Eq. 2.34) to better describe the barrier suppression ionization dominating
at the high intensity (1016 W/cm2) used in the experiments. This choice leads to a
good match of the experimental results without the need to include contributions from
multiple ionizations typically considered for similar experimental conditions [98, 103,
107, 108]. The propagation equations are solved in a split-step fashion, employing a
Crank-Nicholson routine. The code includes also the re-absorption of the harmonic
field in the gas-medium, applied to the harmonic electric field at each step of the
propagation as a factor exp(− ∆z

2Labs
) = exp(−1

2∆z σabs n0), with ∆z the length of each
step. The absorption coefficients have been calculated using the tabulated scattering
factors (f1, f2) [109], first defining the refractive index nx = 1 − n0 reλ2

x(f1−if2)
2π

at each
energy, then the corresponding absorption coefficient σx = 4π ℑ{nx}

λL n0
.

In the next chapter, both experimental results and simulations in the overdriven
regime will be presented and discussed in detail, with support from the theory pre-
sented in this chapter.
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3 | High-order Harmonic
Generation in the overdriven
regime

This chapter presents the experimental and simulation results for HHG in the over-
driven regime with the ultimate goal of covering the soft X-ray spectral region between
200 and 500 eV. The experimental results presented here cover the generation with
800-nm and 1500-nm driving fields in Ar, Ne, and He. Each case has been fully
optimized in driving intensity, pressure, and medium position to achieve efficient cut-
off extension in the overdriven regime. The key aspects of this optimization will be
discussed in detail in the following. Particular care has been taken in designing a
differentially pumped chip for effective gas confinement. The details regarding its
design and implementation are discussed in the first sections of this chapter, followed
by the experimental results. Section 3.3 reports instead on the simulations performed
with the code previously introduced in Section 2.5. The analysis focuses on the exem-
plary case of generation in neon with an 800-nm driving field. The analysis supports
the experimental results, additionally providing key elements to fully understand the
phase-matching dynamics in the overdriven regime.

3.1 Key aspects for optimal generation in the over-
driven regime

As introduced in Section 2.4.1, once the tight focusing geometry is set and peak in-
tensities on the order of 1016 W/cm2 achieved, the key parameters to control HHG
in the overdriven regime are (1) gas confinement, (2) pressure, and (3) medium po-
sition. Early works [29, 30] identified also the few-cycle duration of the driving field
as a key requirement for accessing the overdriven regime. However, the experimental

33



results presented below indicate that this condition is not strictly necessary. On the
one hand, the laser developments of the last couple of decades have enabled reaching
high peak intensities even with multicycle pulses. On the other hand, a significant
improvement in gas confinement capability and fine control of the inlet gas pressure
have allowed the optimization of the process even with long pulses.
The strong reshaping that the driving field undergoes due to the high plasma density
is key to efficient phase matching under overdriven conditions. However, an exces-
sively long propagation in the ionized medium can be detrimental. Typical medium
lengths are in the order of a few hundred microns. This makes gas confinement over
short lengths crucial for efficient phase matching, with the ideal gas profile being a
step function, where gas is present only at interaction with the laser focus and zero
outside. More realistically, the gas profile is considered as a Lorentzian [18, 96, 110],
including a gradual decrease at the edges. In this work, the challenge of achieving
efficient gas confinement over short propagation distances was addressed by designing
and adopting a differentially pumped chip similar to Ref. [31].
The other two critical parameters for phase matching, namely pressure and medium
position, are finely tuned during the experimental optimization process. In the over-
driven regime, the gas pressures are generally lower than in the conventional regime,
in order to avoid excessive plasma generation, and the medium is located one to two
Rayleigh lengths after the focus, so as to ensure a positive and sufficiently strong
dipole contribution to balance out the plasma phase shift. All these aspects will be
further discussed throughout this chapter based on experimental results.

3.1.1 Design of a differentially pumped glass chip for efficient
HHG in the soft X-ray spectral region

The cell design is based on an on-chip differential pump scheme, thus miniaturizing
often bulky and complex setups. It consists of a central channel where the gas is
injected, and two symmetrical pumping stages (areas) directly connected to vacuum
pumps. The chip is manufactured through the so-called Femtosecond Laser Irradia-
tion followed by Chemical Etching (FLICE) technique [111–113], mastered and per-
formed by our collaborators at CNR Milano, namely Dr. Rebeca Martínez-Vázquez,
Prof. Roberto Osellame, and their team. Here, we adapted the design from [31] to
optimize the generation of high photon energies in the soft X-ray spectral region be-
tween 100 and 500 eV. This implies shortening the interaction region, i.e. the region
in which the gas has sufficiently high density and the driving laser sufficiently high
intensity to generate harmonics, while also making the pumping more effective. The
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final design is the result of a careful optimization of propagation channel lengths and
diameters, as well as pumping areas, based on COMSOL Multiphysics simulations in
the Free-Molecular Flow regime [114]. This regime is particularly suitable for describ-
ing low-pressure regions, while failing to accurately describe high-pressure volumes.
In our case, we experimentally observed good agreement between the estimated pres-
sure at the chip’s output and the actual pressure measured in the vacuum chamber
during generation. The main features of the newly designed chip are: (1) interac-
tion channel (centre) of only 900 µm, with a diameter of 300 µm tapered at input
and output to 200 µm, and (2) larger pumping areas of ca. 1 cm2. The length and
output diameters of the propagation channels have been carefully optimized to find
a trade-off between pumping efficiency and gas confinement. Figure 3.1 reports the
final parameters from the COMSOL sketch, where the illustrated volumes are etched
from the bulk silica used as substrate for the fabrication of the chip through FLICE.
The chemical etching phase of the fabrication resulted in an actual length of the
interaction channel of 960 µm with an inner diameter of 300 µm, without tapering.
These small modifications result in no impact on the simulation outcome. The chip
has a total length of 41 mm and a thickness of 3 mm, made from a 2-mm-thick silica
slab that is actually etched and covered on one side with an additional 1-mm-thick
slab glued on top, resulting in a very compact design. The fabrication of the chip has
been fully discussed in [115, 116]. With this configuration of parameters, introducing
three vacuum pumps, two at 12 l/s pumping speed directly connected to the chip
itself and one at 138 l/s pumping the chamber surrounding the chip, one obtains a
pressure drop of four orders of magnitude between the gas injection point and the
output, independently of the input pressure. The values closely match the experi-
mental pressure measured in the vacuum chamber. Figure 3.2 reports the on-axis
pressure along the chip when neon is injected at 250 mbar. Additional simulation
outputs from the design process are reported in Appendix A.

3.1.2 Experimental setup

The development of this HHG source has been part of the optical design of a beam-
line for transient absorption spectroscopy of solvated molecules. The details of the
beamline, its interferometer scheme, and the design of the ultraviolet (UV) pump
arm are reported in App. B. In the following, this section will solely focus on the
harmonic branch and on the performances of the differentially-pumped chip.
The chip performances have been tested using both the direct output of a com-
mercial Carrier-Envelope Phase (CEP)-stable Ti:Sapphire laser at 1 kHz, 800 nm
central wavelength and 30 fs Full-Width Half Maximum (FWHM) pulse duration
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Figure 3.1: Chip dimensions employed in the COMSOL Multiphysics simulation software. The
total length of the chip is 41 mm and its thickness is 3 mm.

Figure 3.2: Pressure profile along the differentially-pumped chip for the case of 250 mbar neon at
input, when pumped by two vacuum pumps (12 l/s each) together with an additional pump for the
chamber running at 138 l/s.
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(Femtopower), delivering up to 1.5 mJ at the generation point, and the output of a
custom-built two-stages CEP-stable OPA [32] at 1500 nm central wavelength, with
30 fs FWHM pulse duration, providing up to 500 µJ at the generation point. The
driving beams are tightly focused through the chip on the gas target using a 15
cm focal length lens (beam diameter at 1/e2 of 40 µm), resulting in a peak inten-
sity of 0.8-1·1016 W/cm2 and 4-5·1016 W/cm2, respectively. Metallic filters (Al, Zr,
In, 100–200 nm-thick films on Ni meshed grid, 15 mm aperture) can be optionally
used to filter out the residual fundamental beam after generation. The harmonics
are refocused in a 1:1 geometry (90 cm arm) through a toroidal mirror (15 x 130
mm), such as to allow the installation of an eventual sample target for further exper-
iments (see Appendix B). The extreme ultraviolet (XUV) radiation is then dispersed
through an aberration-corrected concave grating (Hitachi, central groove density 1200
grooves/mm, 5-25 nm wavelength range). The signal is collected using a chevron-
stack of micro-channel plate (MCP) in combination with a phosphor screen (P43),
followed by a Complementary Metal-Oxide-Semiconductor (CMOS) camera placed in
air. The calibration of the spectrometer is based on geometrical considerations start-
ing from the diffraction grating equation (order -1), knowing that the nominal angle
of incidence (grazing) is 3°. An optimization of the angle of incidence is performed
through least-squares minimization combining the information on the expected har-
monic spacing (2ωL) and known filter edges, e.g. the Al L2,3 edge at 72.5 eV. Planned
upgrades to the setup include the installation of an additional aberration-corrected
concave grating for high energies (Hitachi, central groove density 2400 grooves/mm,
1-6 nm wavelength range) and the replacement of the detection system with an X-ray
Charge-Coupled Device (CCD) Camera (Andor Newton).
To achieve full control over the cell position with respect to the driving beam fo-
cusing, the cell is placed on a motorized stage with three translation axes and one
in-plane rotation axis. The input pressure is finely tuned through a needle valve
mounted in the gas line before the chip, providing control at the mbar level. In this
scheme, optimal conditions are achieved with the medium placed approximately one
Rayleigh length beyond the focus and at gas pressures of a few hundred millibars. Po-
sitioning the medium further downstream reduces the intensity below the threshold
for effective overdriven generation, while higher pressures and shorter distances cause
excessive ionization early in the medium, preventing phase matching and suppressing
the harmonic yield at high photon energies. A schematic layout of the HHG setup is
shown in Figure 3.3. The actual generation setup is instead reported in Figure 3.4:
panel a shows the chip installed in its custom designed mount developed in-house
with technical support, with the blue tube used for gas injection and the transparent
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Figure 3.3: Schematic layout of the HHG setup. Near infrared light (800 nm or 1500 nm) is
tightly focused into the differentially pumped glass chip using a 15 cm lens, resulting i intensities in
the order of 1016 W/cm2. The harmonic field is then refocused by a toroidal mirror (not shown),
and the HHG radiation is ultimately dispersed at the detector via an aberration-corrected concave
grating.

a) b)

c)
driving 
beam

Figure 3.4: (a) Chip installed on a custom-designed mount holder. The blue tube is the gas
inlet connected to the centre of the chip, whilst the transparent tubes (12 mm inner diameter) are
connected to the vacuum pumps. The holder is a custom mount developed in-house with technical
support. (b) Chip after fabrication, total length 41 mm, thickness 3 mm. (c) Top-view of the chip
during the generation in argon (200 mbar) with plasma generated at the entrance of the interaction
region (the driving beam is coming from the right).
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tubes (12 mm inner diameters) used for pumping; panel b shows the top-view of the
chip out of fabrication; and panel c shows the chip during the generation in argon
with 800-nm (laser is entering from the right) where the plasma is shifted downstream
with respect to the interaction region.

3.2 Experimental Results

Harmonic spectra generated in argon (top), neon (middle), and helium (bottom) with
either the 800-nm (panels a-c) or the 1500-nm (panels d-f ) driving field are reported
in Figure 3.5. The full spectra are obtained by stitching separate images acquired at
different positions of the detector. In some cases, a mild smoothing has been applied
to mitigate artifacts arising from the stitching procedure at the image boundaries.
The optimal gas pressures are reported for each case in the legends of the figure, and
range from 200 to 1800 mbar. This is consistent with the values reported in [85, 93,
98], but contrasts with other works reporting pressures in the order of bars [94, 95].
As in similar cases, a further increase in pressure worsens the phase matching, thus
producing less extended and less brilliant spectra. We define the cutoff energy as
the photon energy at which the HHG intensity decreases to 1% with respect to its
maximum, i.e., plateau. In all media, the spectra span an energy range almost two
times as broad as in the conventional regime, indicated by the shaded areas in Figure
3.5 panels a-f. For the 800-nm driver, the highest increases are obtained in argon and
neon, whilst the performances in helium are very similar to those in neon. The HHG
source driven with 800-nm pulses in argon and neon has also been characterized in
terms of flux. Experimentally, the condition yielding the maximum cutoff extension
does not coincide with the condition of maximum brilliance. The spectra presented
here have been obtained by solely maximizing the cutoff energy; however, further
optimization of the gas pressure and medium position could enable a trade-off be-
tween cutoff extension and brilliance. For argon, at maximum cutoff extension, the
total pulse energy is 6.5 pJ, corresponding to 6.8 · 108 photons/s at a central energy
of 60 eV within the 50-70 eV range. For neon, at maximum cutoff extension, the
pulse energy is 0.3 pJ, corresponding to an average of 1.1 · 107 at a central energy of
150 eV within the 50-200 eV range. These values underestimate the total flux of the
source, as the toroidal mirror did not accommodate the beam’s full vertical extent.
It is therefore expected that the actual flux could closely match the values reported
in literature for similar cases [30, 98].

The HHG spectra obtained with the 1500-nm driving field are characterized by a
small contrast between consecutive harmonics, forming a quasi-continuum (Fig. 3.5d-
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Figure 3.5: (a-f) HHG spectra obtained in Ar (orange), Ne (purple), and He (light blue) with 800
nm (left) and 1500 nm (right) driving fields. The optimal pressures range between 200 and 1800
mbar and are indicated in the legend labels. The shaded areas indicate the expected cutoff in the
conventional regime (see dashed lines in Fig 2.5). All the cases exhibit an extension of nearly a
factor of 2 compared to the conventional regime.
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e). HHG with longer-wavelength drivers is characterized by longer electron excursion
times, inducing stronger dipole phase contributions that favour long trajectories,
combined with a higher degree of ionization resulting from the longer driving cycles,
which in turn induce even stronger sub-cycle temporal reshaping. These effects pre-
vent the emission from different half-cycles from rephasing coherently in the frequency
domain, leading to spectral smearing and the appearance of a quasi-continuum spec-
trum [11, 117]. The spectra in neon and helium exhibit an absorption feature around
285 eV, corresponding to the C K-edge, which is attributed to carbon contamination
of the beamline optics. Moreover, their measured cutoff was limited by the spectrom-
eter grating geometry. In fact, the grating used allows for the efficient detection of
spectral components up to 250 eV [118]. Higher energies (up to 400 eV) can still be
measured, but they are strongly affected by decreased sensitivity be. If higher photon
energies were recorded, most likely the cutoff would extend even further, as only a
∼10% decrease relative to the intensity maximum is observed. These results indicate
the possibility of entering the water window without the need of using driving fields
of 1800 nm or even longer wavelengths, so far privileged in the literature [17–19, 119],
making it accessible even with standard out-of-the-box laser systems.
Recalling Fig. 2.5, the same overview of the cutoff energies as a function of the
driving wavelength in argon, neon and helium for both conventional and overdriven
regimes is reported in Figure 3.6 together with these experimental results (diamonds)
and relevant literature data (circles) [17, 18, 85, 93–96, 119]. In all cases, our gen-
eration conditions largely exceed the cutoff energies of the conventional regime, and
either match or even surpass the expected values for the overdriven regime at 800 nm
by 25 to 50%, reaching 120 eV, 225 eV and 240 eV for Ar, Ne, He, respectively. In
particular, the 800 nm spectral cutoff in argon is the highest ever reported in litera-
ture, while neon and helium reached extended cutoffs similar to Ref. [93], where the
authors though employed few-cycle pulses. In this respect, this work demonstrates
the notable advantage of exceeding 200 eV using the direct output of the Ti:Sapphire
laser (30 fs), which significantly simplifies the generation scheme for these photon
energies. These results also demonstrate that the overdriven regime does not im-
ply strong constraints on the temporal duration of the driver, contrary to what was
initially reported as a strict requirement from theory [29, 30].
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Figure 3.6: Theoretical curves (log-log scale) of the cutoff energies as a function of the driver laser
wavelength in Ar (orange), Ne (purple), and He (light blue) in the conventional (dashed lines) and
in the overdriven regime (solid lines) from Ref. [85]. The circles mark the cutoff energies reported
in literature, while the diamonds represent the results obtained in the current work. The markers for
He and Ne with the 1500 nm driver underestimate the actual cutoff (see main text) and are reported
as shaded areas towards higher energies to indicate the expected values. Figure adapted from Ref.
[85] under a Creative Commons Attribution NonCommercial License 4.0 (CC BY-NC).

3.3 Simulation Results

Parameters
distance focus-medium z0 -900 µm

medium length zmax 900 µm
spot size (focus) w0 20 µm
Rayleigh range zR 1.5 mm
FWHM duration 30 fs
field amplitude 0.5338 a.u.

number gas density 9·10−7 a.u.

Table 3.1: Input parameters for the simulations of the harmonic generation in neon with 800-nm
driver; a.u. stands for atomic unit. The field parameters correspond to an intensity at focus of ca.
1016 W/cm2. The number gas density reported corresponds instead to 250 mbar at ambient temper-
ature. The medium is located 900 µm after the focus of the beam, corresponding to approximately
two-thirds of the Rayleigh length.

The simulations performed with the code illustrated in Sect. 2.5 are key to the
understanding of the phase matching dynamics in the overdriven regime. A wide
range of parameters, namely gas species, driving wavelength, medium length, and
position, have been explored to confirm the robustness of the model. The following
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text will focus on the generation in neon with an 800-nm driver. The observations
derived for this case can be extended without loss of generality to other cases. Table
3.1 reports the parameters used in the simulation, where a.u. stands for atomic unit
and z is the laser propagation direction with 0 at the entrance of the medium, i.e.
a negative distance focus-medium means that the medium is placed after the laser
focus. The gas profile is considered constant along the whole propagation. What
is crucial in assessing the correct description of the overdriven regime is the driving
field spectral, temporal, and spatial reshaping due to plasma, together with the cutoff
extension of the harmonic field. These aspects are fully captured by the simulation.
In fact, Figure 3.7a reports the integrated harmonic spectral intensity over the radial
coordinates, showing a cutoff of more than 250 eV, closely matching our experimental
observations. Notably, the use of SFA leads to an inaccurate estimation of the inten-
sity up to a factor of ten [76]. Panels b and c in the same figure report, respectively,
the driving field spectral intensity at the entrance and the exit of the medium as a
function of the radial coordinate, showing a pronounced blue shift of the field and
overall defocusing. Finally, panel d shows the on-axis driving field temporal profile
at the entrance (red) and end (blue) of the medium, highlighting the self-steepening
of the field and its chirping.
In the framework of the overdriven regime, understanding the spatial dependence of
the harmonic field is crucial. Figure 3.8 shows the squared modulus of the harmonic
field at the end of the medium as a function of the radial coordinate. From this plot,
the cutoff extension is happening only at specific radial coordinates, namely between
5 and 15 µm. This provides insight into the off-axis dynamics of phase matching.
More details on this aspect are retrieved through Gabor analysis in the following
Section 3.3.1.
Further observations regarding the phase matching length can be instead made start-
ing from Figure 3.9a, which reports the harmonic spectrum integrated over the radial
coordinate as a function of the propagation distance z. Lower photon energies (<
100 eV) experience an intensity increase throughout the entire propagation, whereas
higher photon energies saturate early in the medium, without, however, experiencing
significant reabsorption. Figure 3.9b reports the line cuts of the harmonic intensity
for three selected energies in the cutoff region, namely 180, 200, and 220 eV. From
this plot, the higher the photon energy, the earlier the saturation is reached, with
differences in the order of tens of microns, as indicated by the vertical dashed lines.
Lower energies reach saturation only later in the medium and are then strongly af-
fected by reabsorption. Figure 3.10a reports for the same generation conditions of
Table 3.1 the integrated harmonic spectral intensity over an extended propagation
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of 2700 µm, with intensity line cuts (panel b) corresponding to 80, 100, and 120
eV. Intensity saturation is reached for propagations longer than 1 mm, whilst the
reabsorption reduces the final yield of these photon energies by almost an order of
magnitude.
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b)

c)

d)

Figure 3.7: Simulated three-dimensional space generation and propagation of the 800 nm driving
field and HHG field in Ne. (a) Integrated harmonic spectrum over the radial coordinate. (b),(c)
Spectral intensity (squared module) of the driving field, respectively, at the beginning, and at the end
of the propagation medium as a function of the radial coordinate r and the driving wavelength. (d)
On-axis (r=0) temporal amplitude of the driving field at the beginning (red) and at the end (blue)
of the propagation medium.
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Figure 3.8: Squared modulus of the HHG spectral amplitude (a.u.) at the end of the gas medium
as a function of the radial coordinate and photon energy. The high-energy extended cutoff typical of
the overdriven regime is confined to radial coordinates between 5 and 15 µm.
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Figure 3.9: (a) HHG spectral intensity (arb.u.) integrated over the radial coordinate as a function
of the propagation (900 µm) in the gas medium. (b) Intensity line-cuts at energies 180 (green),
200 (purple), and 220 (orange) eV as a function of the propagation distance in the medium. Inten-
sity saturation (vertical dashed lines) is progressively reached at shorter propagation distances, with
higher HHG photon energies.
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Figure 3.10: (a) HHG spectral intensity (arb.u.) integrated over the radial coordinate as a function
of the propagation (2700 µm) in the gas medium. (b) Intensity line-cuts at energies 80 (green), 100
(purple), and 120 (orange) eV as a function of the propagation distance in the medium. Intensity
saturation (peak) is reached after more than 1 mm of propagation, then the final yield is affected by
reabsorption, which reduces it by almost an order of magnitude.

3.3.1 Gabor analysis

To further investigate the temporal and spatial dynamic dependence of the extended
cutoff generation, a Gabor analysis [120] of the harmonic spectra has been performed.
Following the procedure in [121], this analysis allows for determining the energy con-
tent of the harmonic field evolving in time. Additionally, this information can be
combined with the evolution along the propagation direction and the radial coordi-
nate.
In this work, the gating function has been chosen as purely Gaussian with σ = 1/3ωL

and applied sequentially for each radial coordinate directly to the harmonic field in
the temporal domain with a time-step of 0.03 fs. By applying a Gabor analysis to the
harmonic field, one obtains a time–frequency representation that reveals the spectral
content of the harmonic emission as a function of the electron recombination time.
The Gabor field is therefore defined as

EG(Ω, t) =
∫
dt′Eh(t′)exp [−(t′ − t0)2 / 2σ]

σ
√

2π
exp(−iΩt′) (3.1)

Alternatively to the Gaussian function, the Hann window can be used as a gating
function, providing analogous results. The analysis reported here focuses on the cut-
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Figure 3.11: Gabor field (squared modulus) as a function of the photon energy and optical cycle
for a radial coordinate of 8 µm corresponding to the condition of maximum cutoff extension.

off energies between 200 and 220 eV, which are also observed experimentally. Figure
3.11 shows the Gabor field at the end of the propagation in the gas medium for a
radial coordinate of 8 µm as a function of the photon energy and optical cycle of the
driving field, where 0 corresponds to the peak of the initial driving field. The genera-
tion involves only the first few cycle of the pulse (∼15 cycles FWHM duration), thus
highlighting that high photon energies are generated only at the leading edge of the
pulse. This can be understood considering the driving field reshaping and defocusing
through the plasma: the trailing edge, as shown in Fig. 3.7d is strongly chirped, thus
creating unfavourable conditions for efficient phase matching. For this generation
case, short trajectories are clearly dominant around time zero. In a simple picture,
the higher ionization potential of neon (21.6 eV) induces a lower ionization level with
respect, for example, to argon (15.7 eV), thus favouring short trajectories that exhibit
a weaker dipole phase sensitivity with respect to long trajectories, ultimately being
more robust against phase mismatch at high orders. On the other side, for early
cycles (-8 to -6), and for energies above 250 eV, short and long trajectories coexist
with similar intensity. For later cycles (-6 to -3), the dichotomic simple description
of long/short trajectories seems to fail, with non-trivial paths around 200 eV. These
structures could be explained in light of the plasma-induced chirping of the driving
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field (see Fig. 3.7d), ultimately giving rise to a complex generation dynamics char-
acteristic of the overdriven regime that could be observed also for other cases, e.g.,
in argon, where, however, long trajectories dominate.
Moreover, a propagation-dependent Gabor analysis of the cutoff region provides fur-
ther insights into the dynamic build-up of the harmonic field from different temporal
and spatial regions across the medium. The results of this analysis are reported in
Figure 3.12. The colourmaps show the intensity of the Gabor field integrated between
200 and 220 eV as a function of the radial coordinate and temporal cycle for three
different positions in the medium, namely (a) 115 µm, (b) 477 µm, (c) 900 µm (end of
medium). The line plots show the integral over the radial and temporal coordinates of
the relative maps (black solid lines), together with their corresponding (normalized)
integrated driving intensity profile (pink solid line) and the (normalized) intensity
profile of an ideal Gaussian beam propagating in free space (pink dashed line). At
small propagation distances (z = 115 µm), the high peak intensity of the driving field
causes rapid plasma defocusing, limiting the phase matching to the first few cycles,
before full ionization of the medium occurs (panel a). Additional propagation leads
to off-axis (10-15 µm) maximization of the HHG intensity, where the driving beam
intensity over multiple cycles is sufficient for the efficient phase matching of the cutoff
harmonics without causing excessive ionization of the gas (panel b). The driving peak
intensity progressively shifts towards later time cycles, while being enhanced at lower
radii (< 10 µm), where induces the depletion of the medium i.e. its full ionization,
and prevents efficient HHG to occur on-axis. Finally, in the second half of the cell
(z > 500 µm), the strongly reshaped driving field changes the generation conditions,
leading to an overall yield decrease in the central region of the beam (panel c) and
a spreading to larger radii, allowing for HHG to happen at at shorter radii (double
peak). A decrease in the maximum yield, though, indicates unfavourable phase-
matching conditions over long propagation distances. The comparison between the
intensity profile of the actual driving field and the Gaussian field puts the accent on
the influence of the pulse reshaping on the driving field: the shifts of the intensity
maximum towards later times (self-steepening) during propagation allow for extend-
ing the phase matching window of higher photon energies over multiple cycles, thus
leading to an extended cutoff emission.
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Figure 3.12: Simulated Gabor harmonic field integrated between 200 and 220 eV as a function of
the radial coordinate and temporal cycles. The left, middle, and right panels, respectively, show the
intensity of harmonics as a function of radius and optical cycle, obtained through Gabor analysis,
along with the corresponding integral over the radial and temporal coordinates (black solid lines) at
(a) z = 115 µm, (b) z = 477 µm, and (c) z = 900 µm. The pink traces (right axis in middle
and right panels) report the temporal and spatial reshaping of the driving intensity (normalized) due
to high plasma density (solid line), and the corresponding (normalized) driving field intensity of a
Gaussian beam propagating in free space (dashed line).
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3.4 Conclusions and perspectives

The analysis provided through the simulations guides the identification and opti-
mization of key parameters for HHG in the overdriven regime. Figure 3.9 shows
the relevance of the gas confinement: higher photon energies saturate earlier in the
medium. Even in the absence of reabsorption, a longer propagation (see Fig. 3.12)
can impact negatively on the ultimate harmonic yield as the excessively strong re-
shaping of the driving field creates unfavourable conditions for the phase matching.
The two-stage differential pumping design of the glass cell used in this work nails
this challenge: an exceptional gas confinement over a few hundred microns creates
the optimal experimental conditions for an unprecedented cutoff extension driven by
long pulses. In fact, a good balance between propagation length, therefore, on the
amount of reshaping, and temporal duration can favour the cutoff extension also when
driving with multicycle pulses. Despite the strong plasma defocusing, thanks to the
self-steepening that shifts the field peak to a later cycle, a long and intense driving
pulse will still have several sufficiently intense cycles that contribute to the generation
process. The simulations additionally highlight the temporal (leading edge) and spa-
tial (off-axis) confinement of the high photon energies of the harmonic field. A careful
tuning of the generation geometry - intensity, focusing, and medium position - such
that it controls the degree of plasma defocusing and self-steepening of the driving
field, could favour the generation at lower radial coordinates. Overall, though, it is
worth noticing that the near-field spatial dependence observed from the simulations
differs from the far-field experimental measurements and propagation simulations,
which show instead a rather homogeneous profile along the vertical spatial coordi-
nate, attributed to the spatial smearing of the field over long distances.
The simplicity of this scheme, especially at 800 nm, which utilizes the direct output of
a commercial laser without further temporal compression, eases most of the technical
challenges in developing efficient soft X-ray sources for spectroscopic applications.
The spectral range so far covered, even though not over the full water-window, al-
ready includes several relevant absorption edges of transition metals (Co, Ni, Cu,
Zn, Zn, Ga), semiconductor materials (Ge, As, Si), and non-metals (P, S, Cl), and
additionally exceeds a photon energy of 92 eV (13.5 nm), which is of particular in-
terest for extreme ultraviolet (XUV) lithography [122, 123]. Moreover, considering
the ever-growing use of ytterbium (Yb)-based laser sources at 1030 nm, in similar
conditions of generation in the overdriven regime, efficient HHG emission above 300
eV can be expected when operating in Ne or He, and more than 150 eV in argon.
This harmonic source has indeed been designed as a probe arm for a transient ab-
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sorption beamline, enabling the study of metallic complexes in solution. The pump
arm is meant to be a few-cycle UV pulse generated in fibre through the non-linear
process of Resonant Dispersive Wave (RDW) emission [124]. Additional details re-
garding the development of the pump arm are reported in Appendix B. Parallel to
this work, the team has developed a thin, flat jet [125, 126] for sample delivery. A
purely illustrative schematic of the overall beamline is also reported in Appendix B.
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4 | Solid-state High-order
Harmonic Generation
(sHHG) spectroscopy:
investigating the valence
electron potential in different
TiO2 solid phases

SHHG has emerged as a powerful, ultrafast spectroscopic technique to probe the elec-
tronic structure of crystalline materials with sub-nanometer spatial resolution [38–42].
Unlike gases, where HHG originates from isolated atoms, sHHG encodes information
about the periodic potential, band structure, and symmetry of the crystal lattice,
making it uniquely sensitive to valence electron dynamics governing the materials’
functional properties. In this context, this chapter presents and discusses prelimi-
nary results from the PIER Seed Project PIF-2023-08 Investigation of the valence
electronic structure and dynamics of nanostructured materials via high-order har-
monic generation, granted to the author of this thesis (Agata Azzolin). The project
has been implemented in collaboration with Sani Harouna-Mayer and Prof. Dorota
Koziej, who provided the samples for the experiments.

4.1 Introduction to the project

Over the past two decades, interest in nanophotonics has been steadily increasing,
resulting in remarkable advancements in light-harvesting technologies [127], photo-
catalysis, and optoelectronic applications [128]. By transitioning from bulk systems
to corresponding nanomaterials, functional systems undergo significant modifications
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Figure 4.1: Schematic representation of the three case-studies of TiO2 from bulk to mesostructure
to nanostructure. The HHG emission is expected to encode information on the valence electronic
structure and how it is affected by spatial confinement and crystalline domain dimensionality.

in their electronic structure, leading to enhanced control over their response to ex-
ternal stimuli. However, characterizing these changes remains an open challenge,
particularly for valence electronic bands, which play a primary role in the materials’
functionality. sHHG has been used to map valence electron distribution of crystalline
samples at the picometer scale [129]. Our investigation aims at extending this tech-
nique to nanostructured materials. In particular, it focuses on the correlation between
dimensionality and valence electronic distribution in the case of a prototypical opto-
electronic system, TiO2 [130], by comparing the non-perturbative HHG response for
three structures: (1) bulk crystal; (2) mesostructure, having domains with crystalline
orientation over a range of few microns; (3) nanostructured films made of nanorods
fully or partially oriented in a preferential direction, where the crystalline orientation
is limited to only few tens of unit cells. Figure 4.1 schematically illustrates the ex-
perimental idea: a NIR/MIR driving field excites the non-linear harmonic response
in TiO2, first in the bulk crystalline sample, then in the mesostructure, and, finally,
in the nanostructured conformation.

4.2 Theoretical background

The microscopic mechanism of sHHG can be described semiclassically via a three-
step model analogous to the gas phase (see Ch. 2) but strongly influenced by the
band structure [40, 131]:

1. Tunnelling excitation:
the intense driving laser field excites an electron from the valence band to the
conduction band near the minimum bandgap via tunnelling ionization. This
process generates a coherent electron-hole pair, where the electron’s initial mo-
mentum is confined near critical points in the Brillouin zone.
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Figure 4.2: Three-step model in solids HHG in the reciprocal space. Adapted with permission from
[131] © Optica Publishing Group.

2. Intraband propagation and emission:
both the electron and hole accelerate independently in their respective energy
bands under the influence of the oscillating laser field. Their dynamics are
governed by the band dispersion relations E(k), with the crystal momentum k
evolving according to the semi-classical equation ℏk̇ = −eF(t), where F(t) is
the time-dependent electric field.

3. Recombination and interband emission:
at specific times during the laser cycle, i.e. when a stationary phase condition is
satisfied (coherence of motion), the electron and hole recombine, releasing their
accumulated energy as a high-energy photon. The emitted harmonic frequencies
correspond to the energy difference between conduction and valence bands along
the electron trajectory in reciprocal space.

Figure 4.2 from [131] summarizes the three steps in the reciprocal space.
In the HHG scattering regime described in Ref. [129], electrons behave as quasi-
free particles moving inside the Brillouin zone without undergoing Bragg reflections
(parabolic bands). This simplifies the harmonic intensity IN dependence on the
Fourier components of the crystal potential Ṽkl

along the laser polarization direction
to

IN(ωl, Fl, el) ∝

∣∣∣∣∣∣Ne

∑
kl

Ṽkl
kl JN

(
klFl

ω2
l

)∣∣∣∣∣∣
2

(4.1)

where Ne is the number of electrons, JN is the Bessel function of order N , and Fl,
ωl, and el are the driving field amplitude, frequency, and polarization unit vector,
respectively. Physically, this expression represents a one-dimensional projection of
the crystal potential sampled by the electrons oscillating under the laser field. By
systematically varying the laser polarization and field strength, the Fourier compo-
nents Ṽkl

can be experimentally retrieved, enabling a two-dimensional tomographic
reconstruction of the valence electron potential with picometer-scale resolution.
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Furthermore, the maximum reachable harmonic order (cutoff energy Ec) relates di-
rectly to the highest reciprocal lattice vector kmax, setting the ultimate spatial reso-
lution of this technique and linking to the valence electron radius rv as:

rv ≈ 2πFl

Ec ωl

(4.2)

Direct access to this quantity provides not only further insights into the material’s
valence electronic properties and its functionality, but also real-space information to
relate to spatial confinement and crystalline domains dimensions.
Another important parameter to link spatial confinement and HHG emission in nanos-
tructured material is the maximum electronic excursion, xmax, defined as the max-
imum spatial displacement of the laser-driven electron in the crystal lattice. For a
classically described electron, the excursion length is approximately proportional to
the driving field strength and the square of the laser wavelength:

xmax ∝ Flλ
2
l , (4.3)

where Fl and λl are respectively the field amplitude and the laser central wavelength.
The value of xmax sets the spatial scale over which the electron explores the crystal
potential during sHHG. When xmax remains smaller than the characteristic correla-
tion length of the crystal domains, i.e. the spatial extent of ordered regions, electrons
experience a locally periodic potential, justifying the assumption of an infinite, per-
fect lattice used in most sHHG theoretical models. In this regime, harmonic emission
accurately encodes the crystal’s valence electronic structure. However, in nanostruc-
tured materials with reduced domain sizes or increased disorder, if xmax exceeds the
domain correlation length, electrons are more likely to encounter structural bound-
aries, defects, or amorphous regions. This leads to enhanced electron scattering and
decoherence, modifying the harmonic spectrum in both intensity and spectral shape,
eventually invalidating the infinite crystal approximation. Recent studies on SiO2

[132] demonstrated that crystalline and amorphous phases exhibit similar HHG re-
sponses when xmax is less than the correlation length, but deviate significantly beyond
this scale. This behaviour provides a diagnostic tool to quantify the minimal crystal
domain size and degree of order required for sHHG spectroscopy to remain valid.
In the following, preliminary experimental results are presented that apply these
concepts to bulk, semi-ordered, and amorphous TiO2 samples.
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4.3 Experimental setup

The measurements have been performed using the custom-developed 7013-XPIC
OPCPA system from Class5. The laser system provides 250-µJ energy, 30-fs FWHM-
duration pulses centred at 2 µm up to 100 kHz repetition rate. The output spectrum
is reported in Figure 4.3. It has two main peaks at 1950 and 2050 nm and a promi-
nent shoulder at 2150 nm. The source has residual components in the visible (VIS)
that are filtered using a long-pass filter. The driving laser is focused into the sam-
ple using a CaF2 lens with a 40 cm focal length, resulting in a driving beam spot
size of 200 µm in diameter. A tunable intensity attenuator consisting of a half-wave
plate (super-achromatic quartz and MgF2 retarder, B-Halle GmbH) and a wiregrid
polariser (WP25M-UB Thorlabs), followed by an additional half-wave plate to tune
the driving field polarization, is placed before the focusing optic. Considering the
losses introduced by the optics, the maximum pulse energy at the sample position
is 180 µJ. The samples are placed on an XY translational optical mount to tune
their vertical and horizontal position and hit a fresh, non-damaged spot at every
new acquisition. The position of the samples along the laser propagation direction
is controlled through a manual translation stage. A motorized stage, on the other
hand, is used to control the direction of the transverse axis with respect to the laser
propagation. To limit thermal-induced damage in the transmission optics and on the
samples, the repetition rate is limited to 5 kHz. The emitted radiation is refocused
and collected using a commercial VIS-UV spectrometer (OceanFX, Ocean Optics),
which covers the wavelength range from 1000 nm to 200 nm. The residual driving
field radiation after generation is partially filtered with a pinhole before entering the
spectrometer, exploiting its larger divergence compared to the emitted harmonics.
A vacuum-ultraviolet (VUV) spectrometer (VS150, Resonance) can be optionally in-
stalled in place of the VIS-UV one to detect signals down to 110 nm. To this purpose,
the samples and refocusing optics are placed in a vacuum chamber (1-mm thick CaF2

window at entrance) that can reach pressures in the order of 10−5 − 10−4 mbar.

4.3.1 TiO2 samples

TiO2 exists in different polymorphic forms, the most common of which are rutile,
anatase, and brookite (Figure 4.4 from [133]). Its natural crystalline form is typi-
cally rutile, as the other polymorphs are unstable over extended ranges. Anatase and
brookite are generally grown only as thin films or nanoparticles. Anatase and ru-
tile crystalline forms have a tetragonal structure, corresponding, respectively, to the
space groups I41/amd and P42/mnm. Meanwhile, brookite is orthorhombic with the
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Figure 4.3: Output spectrum of the 7013-XPIC OPCPA laser system (Class 5).

Figure 4.4: Crystalline structures of anatase (tetragonal), rutile (tetragonal), and brookite (or-
thorombic) TiO2 polymorphs. Reproduced from [133] with permission from Elsevier.

space group Pcab. The bandgap is in the range of 3.2-3.3 eV for all polymorphs. This
means that the material starts absorbing UV light around 300 nm, and it is transpar-
ent at longer wavelengths. The different crystalline symmetries can be mapped by
sHHG, i.e. for the same generation parameters, they are expected to produce spectra
differing in intensity and shape.
The experimental measurements have been performed on a set of TiO2 structures
summarized in the following:

1. Rutile (110):
Flat bulk crystal substrate of 500 µm thickness in the rutile form cut along
the plane (110), polished on both side with an average surface roughness (Ra)
lower than 0.5 nm, commercially provided by Crystal GmbH.

2. Amorphous thin films:
The films are synthesized through Atomic Layer Deposition (ALD), a tech-
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nique that allows fine tuning of the thickness, and are deposited on sapphire
substrates of thickness either of 100 µm or 500 µm (both side polished, Ra<0.5
nm from Crystal GmbH). Sapphire is chosen for its large bandgap (9 eV), giv-
ing it transparency down to the UV, and high damage threshold, as it can
withstand high intensities without contributing to the harmonic generation nor
introducing non-linearities. The samples are characterized by the collaborators
through X-ray diffraction (XRD) measurements and their anisotropy studied
by three-dimensional pair distribution function [134]. The films produced have
thicknesses of 101, 48, and 17 nm.

3. Meso-crystalline films:
Meso-crystalline films are obtained through TiO2 nanorod-alignment (100 x
20 nm) by Langmuir-Blodgett (LB) technique, a flexible method that allows
control of the ordering of the nanorods, and of the film thickness [135], followed
by high-temperature crystallization at 1000°C. As for the amorphous samples,
the films are deposited on sapphire substrates (specifications above) and are
characterized using XRD. hey have a brookite crystalline orientation along the
(100) plane, confined to domains of only a few hundred nanometres. The films
result from the stacking of 2, 6, or 10 layers of nanorods, corresponding to a
thickness in the order of hundreds of nanometres. In principle, the LB technique
would allow the realization of fully-aligned nanorod systems; however, the use
of sapphire substrates, rather than fused silica ones, causes superficial tensions
that prevent their complete alignment. So far, only partially aligned systems
have been synthesized.

4.3.2 Geometry of generation

The measurements have been performed both in transmission and reflection geometry.
The transmission geometry generally allows for higher intensities at the generation
point (normal incidence); however, in this configuration, the emitted radiation can
be strongly affected by reabsorption in the sample and phase mismatch (walk-off of
the harmonic components). To mitigate this effect, the samples are illuminated from
the back, i.e. the substrate side. In this case, only sapphire substrates of 100-µm
thickness have been employed to limit possible non-linear effects on the driving field.
In the transmission measurements, the thickness of the sample significantly affects
the harmonic emission; therefore only thin samples can be considered.
In comparison, a reflection geometry at grazing incidence can offer several advantages
without being limited by the sample’s thickness. First, it suppresses bulk phase
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mismatching effects [38, 136–138] and reabsorption as the generation is confined near
the surface [139]. Even though the driving field can penetrate deeply into the material,
given the TiO2 transparency to the NIR, harmonics generated far from the surface
cannot escape the material, being reabsorbed by the material or undergoing phase
mismatch along propagation. The effective length contributing to the generation can
be defined as the minimum between absorption-limited escape length and coherence
length. A harmonic generated at depth δ and at an internal angle θh with respect to
the surface normal must propagate in the material through a path length of

Lpropag = δ

cos(θh) . (4.4)

Note that for transmission (normal incidence), θh = 0: for the same depth δ, har-
monics propagate through a shorter distance to escape the material. This means that
transmission geometry has the potential of generating harmonics at higher depths.
The emission intensity I0 is attenuated by absorption following Lambert-Beer’s law

I0 exp(−αh Lpropag) , (4.5)

where αh is the absorption coefficient for the harmonic frequency. From these con-
siderations, the maximum effective length before the harmonic radiation is fully re-
absorbed is

L′
abs = cos(θh)

αh

. (4.6)

Analogously to the generation in gases (see Ch. 2), the coherence length is defined
as

Lcoh = 1
|∆kz|

, (4.7)

where ∆kz is the phase mismatch along the surface normal: ∆kz = nhkL,z − kh,z,
with nh the harmonic order, and kL, kh the wavevectors of the driving and har-
monic fields respectively. Thus, the effective depth contributing to generation can be
approximated as

Leff ≈ min{L′
abs, Lcoh} . (4.8)

Considering a driving field in the NIR and a harmonic field in the UV, this effective
length is typically on the order of a few tens of nanometres in absorbing dielectric
materials. It decreases as the harmonic frequency increases, i.e. with increasing dif-
ference in refractive indices between driving and harmonic fields. Since the sHHG
emission in the reflection configuration is confined to a few nanometres, it also means
that it is more strongly affected by surface impurities that act as sources of decoher-
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ence.
Moreover, in reflection geometry, the excitation of different material components
can be selectively accessed by controlling the polarization state of the driving field.
Since the non-linear optical response in anisotropic or birefringent materials depends
strongly on the polarization direction relative to the crystallographic axes, varying
the driver polarization enables the selective excitation of ordinary or extraordinary
waves, or different non-linear tensor components [140]. This control is particularly
effective in reflection, where the incident and generated fields interact near the surface
and different polarization components can be preferentially enhanced or suppressed,
allowing tailored access to distinct excitation pathways within the material. For
example, working close to the Brewster angle with p-polarized light maximizes the
transmission of the driver in the material while limiting its reflection, thus acting as
a natural spectral filtering of the (weak) harmonics with respect to the fundamental
beam [137]. The Brewster angle in TiO2 is 67.6° for the ordinary axis and 69.5° for
the extraordinary one. In transmission geometry, the excitation of different mate-
rial components through driver polarization control is generally less effective because
the driving field propagates deeply through the bulk of the material, averaging over
all polarization-dependent non-linearities along the path. This causes the contribu-
tions from different tensor components or polarization directions to mix and interfere,
thereby reducing the method’s selectivity. Finally, a grazing incidence angle allows
for illuminating the sample over a larger area leading in turn to a lower peak intensity
with respect to normal incidence, scaled by cos(θ), which minimizes damages. Based
on the considerations above, an incidence angle of 75° has been employed for the
measurements reported in the next section.
As reported in recent reviews [39, 42], transmission geometries have been generally
preferred due to the lower technical complexity, while still giving access to structural
information, of interest especially for two-dimensional materials. The reflection ge-
ometry (backward emission) has been discussed in comparison to the transmission
geometry (forward emission) in Ref. [137], which highlights the optimal phase match-
ing of the former with respect to the latter. Reflection setups have been mainly used
to generate harmonics from plasma at surfaces, with early measurements reported
in Refs. [141–144] and a more recent overview of the methods in Refs. [145, 146].
However, only few experiments [136, 138, 147] exploited a reflection configuration for
sHHG spectroscopy, as the additional degrees of freedom it offers often add complex-
ity to the interpretation of the results.
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4.4 Experimental results

The transmission geometry has been employed to study the response of the ALD-
synthetized amorphous TiO2 films while varying their thickness. Due to the strong
reabsorption, sHHG from the bulk sample cannot be achieved. The generation from
the meso-samples has been attempted too, however observing only up to the 5th har-
monic (HH) thus not offering deeper insights with respect to what is reported in the
following for the reflection geometry. The results from the generation in the ALD-
synthetized samples are shown in Figure 4.5. The spectra have been generated at
a driving peak intensity of 12.4 TW/cm2 and s-polarization (vertical) of the driving
field. The 5th HH is strongly visible for all three cases, while the 7th HH increases in
intensity by lowering the thickness due to reabsorption effects. The 9th HH could be
detected only from the thinnest sample. Since the harmonics generated deeper in the
sample are more likely to be affected by both decoherence and reabsorption, large
thickness results in a detrimental effect on the harmonic yield compared to thinner
samples. This observation is in agreement with the data reported in Ref. [148] for
below-bandgap harmonics in epitaxially grown ZnO films. A numerical investigation
proposed in Ref. [149] for silicon films suggests that the optimal thicknesses for HHG
is between 2 and 15 nm. Moreover, for amorphous samples, the bandgap tends to
decrease the with the thickness [150] as a consequence of quantum confinement and
structural changes in the limit of nanometre-thicknesses. A larger bandgap trans-
lates into a larger transparency window, directly affecting the transmission of the
7th (285 nm) and 9th (222 nm) HHs, which are generated close to the bandgap. In
Ref. [151] the authors have demonstrated that the efficiency of the harmonics is
limited by phase mismatching below the bandgap, and by absorption for those above
the bandgap. Considering that the harmonics observed in Fig. 4.5 are close to the
bandgap, most probably the emission is ruled by the interplay of both mechanisms.
By varying the intensity of the driving field, the scaling law of the harmonic intensi-
ties can be determined. If the intensity of the n-th harmonic Ih scales proportionally
to In

L, with IL the driving intensity, the generation occurs within the perturbative
regime; otherwise, it corresponds to the non-perturbative regime. This behaviour
provides insight into the underlying generation mechanisms and guides the appropri-
ate modelling [38, 131], e.g. in the perturbative regime the harmonics are generated
by a cascade of non-linear processes, such as multiphoton absorption and wave mix-
ing, while in the non-perturbative regime the generation is dominated by intra- and
inter-band electron dynamics, such as Bloch oscillations. The harmonic intensity
scaling laws for the three amorphous samples in the transmission configuration are
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Figure 4.5: sHHG spectra in transmission geometry from amorphous TiO2 samples of thickness
101 nm (top, green), 48 nm (middle, orange), 17 nm (bottom, blue), synthesized through ALD. The
driving field is s-polarized and has a peak intensity of 12.4 TW/cm2.

reported in Figure 4.6a-c. Only the 5th HH of the 17-nm-thick sample is generated
in the perturbative regime. All other HHs strongly deviate from the perturbative
scaling, even though they do not show a clear correlation between them. The har-
monic intensities saturate between 10-12 TW/cm2 in the thickest samples, and at 14
TW/cm2 for the thinner, consistently with previous results of sHHG from oxides ma-
terials [40]. At higher driving intensities, deviations from saturation are most likely
related to sample damage.
In this measurement campaign, the reflection geometry has allowed to map the sHHG
response from the whole set of samples under investigation (Figure 4.7), including:
bulk crystal rutile (110) (top, red), amorphous samples of thickness 101 (green) nm
and 48 nm (orange) synthesized by ALD (middle), and meso-crystal consisting of
a 6-layer deposition through LB technique (purple, bottom). Due to the geometry,
the maximum driving peak intensity achievable has been 6 TW/cm2. The spectra
here reported have been collected at a driving peak intensity of 4.8 TW/cm2 for the
rutile and the meso-crystal sample, and of 6 TW/cm2 for the two ALD-synthesized
samples. In order to avoid saturation also the 5th HH of the 48-nm sample is re-
ported for a driving intensity of 4.8 TW/cm2. The difference of driver between 5th
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Figure 4.6: Harmonic intensity scaling with respect to the driving intensity for the amorphous
samples of thickness (a) 101 nm, (b) 48 nm, and (c) 17 nm. The colour-coded numbers reported
in the plots correspond to the scaling powers of each harmonic as retrieved from the fitting (dashed
lines).

and 7th HH is highlighted in the plot as a dotted discontinuity. The driving field is
p-polarized (horizontal) for the spectra of rutile crystal and amorphous films, and is
s-polarized for the meso-crystalline sample. The 5th HH is clearly visible for all the
three cases. The 7th HH has been observed in the rutile and amorphous samples, but
not in the meso-crystalline one. In the former, it has comparable intensity to the 5th

HH, but in the amorphous samples it is almost an order of magnitude less intense.
The 9th HH could be observed only from the rutile sample. The absence of higher
harmonics in the amorphous samples together with their very weak emission of the
7th HH suggest that the maximum driving intensity achievable in this configuration
has not been enough to excite emission of higher orders. However, since the emission
is confined to a few nanometers, the harmonic spectrum could be strongly affected by
phase matching and surface impurities. In the explored driving conditions (intensity
and polarization, see below), the meso-crystalline sample emitted the 5th HH only.
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Figure 4.7: sHHG spectra in reflection geometry (75° angle of incidence) from TiO2 samples:
bulk rutile (110) crystal (top, red), amorphous films of thickness 101 nm (middle, green), 48 nm
(middle, orange), and brookite meso-crystalline sample consisting of a 6-layer deposition through
LB technique (purple, bottom). The driving peak intensity is between 4.8 and 6 TW/cm2 and the
driving field is p-polarized except for the bottom spectrum where is s-polarized (see main text for
details). For the 48-nm-thick sample, the 5th HH is shown for a driving intensity of 4.8 TW/cm2

to avoid saturation, while the 7th HH for 6 TW/cm2, to enhance the response. The difference is
represented in the plot as a dotted discontinuity.

The intensity scaling law for the four samples of Figure 4.7 is reported in Figure
4.8a-d. For the 48-nm-thick amorphous sample, the intensity dependence of the 7th

HH has been omitted as the threshold intensity to observe it is close to the maximum
achievable one, thus the fitting wouldn’t have been reliable, consisting of only a few
points over a very small range. For all the cases, the 5th HH seem to result from
the perturbative regime, with scaling powers ranging from 4.9 to 5.9. The 7th and
9th HHs for rutile and the 101-nm-thick amorphous samples scale non-perturbatively
with scaling powers between 4 and 5.
Moreover, in reflection geometry the anisotropic response of the TiO2 samples with
respect to the polarization of the driving field was characterized. After calibration,
different linear polarizations of the driving field have been selected by moving the
second half-wave plate at fixed input intensity (see setup description in Sect. 4.3).
An angle of 0° in the plots corresponds to an s-polarized driving field, and 90° to a
p-polarized field. A polarization-dependent measurement for the rutile (110) crys-
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Figure 4.8: Harmonic intensity scaling with respect to the driving intensity for the samples of Fig.
4.7. (a) bulk rutile (110) crystal, (b) 101-nm-thick amorphous film, (c) 48-nm-thick amorphous
film, and (d) meso-crystalline system (brookite film). The colour-coded numbers reported in the
plots correspond to the scaling powers of each harmonic as retrieved from the fitting (dashed lines).

talline sample is reported in Figure 4.9 as a polar map having the spectral photon
energy (harmonic order) as radial coordinate, providing a concise overview of the
anisotropic emission of each harmonic. To visualize the behaviour of different har-
monics, the map has been translated into polar plots. Single harmonic emissions
are reported in Figure 4.10a-d for each of the four samples of Fig. 4.7. The in-
tensities used in these measurements have been kept below the damage threshold,
ensuring that the response does not change over the acquisition time (approximately
20 minutes, with integration times between 500 and 700 ms for each spectrum). This
corresponds to a driving intensity of 5 TW/cm2. For the rutile (110) sample, top row
in Fig. 4.10, the harmonic response is strongly (5th and 9th HHs) or fully (7th HH)
suppressed when the driving field is vertically polarized (0° in the plots). This reflects
the anisotropy of the crystal, and it is also consistent with the fact that the angle of
incidence is close to the TiO2 Brewster angle, thereby enhancing p-polarized radia-
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Figure 4.9: sHHG as a function of the linear polarization of the driving field. An angle of 0° cor-
responds to s-polarized (vertical) driving field, 90° to p-polarized (horizontal). The radial coordinate
corresponds to the HH order.

tion inside the material and suppressing s-polarized radiation. Multiple polarization
scans at different driving intensities, as reported in Ref. [152], could shed light on
the interplay between microscopic mechanisms and threshold intensities for different
polarizations and are planned for the near future. For the amorphous samples (mid-
dle rows), the relative emission efficiency for 0° polarization is comparable to 90°. In
particular, they are equivalent in the 48-nm-thick sample, indicating an increasing
loss of anisotropy, in agreement with the amorphous nature of the sample. The 7th

HH of the 101-nm amorphous sample shows a non-trivial emission along the 45° po-
larization axis. However, the signal-to-noise ratio for this harmonic is particularly low
to claim this with certainty. Instead, the 7th of the 48-nm thick amorphous sample
has the same symmetry as its 5th emission. The brookite meso-crystalline sample
(bottom row), despite the limited crystalline ordering, shows a residual anisotropy
with stronger harmonic emission for s-polarized driving light. Its response differs
from both rutile and amorphous samples, with a double peak dependency around the
horizontal polarization (90° in the plots). The different responses are potentially re-
lated to the different TiO2 phases, similarly to the case of liquid crystals in Ref. [153].
However, to transcend the qualitative comparison reported here, numerical simula-
tions are necessary, and external theoretical support is currently under development.
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Figure 4.10: Normalized polar-plot of the anisotropic sHHG emission as a function of the driving
field polarization for (a) bulk rutile (110) crystal, amorphous films of thickness (b) 101 nm, (c)
48 nm synthesized through ALD, and (d) brookite meso-crystalline sample consisting of a 6-layer
deposition through LB technique (purple, bottom). An angle of 0° corresponds to s-polarized (vertical)
driving field, 90° to p-polarized (horizontal). The radial coordinate corresponds to the normalized
HH intensity.
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4.5 Conclusions and perspectives

This chapter reported preliminary results of sHHG in different solid state phases of
TiO2, from bulk crystals to meso-crystals, and amorphous films. Although further
analysis and numerical simulations are ongoing, the qualitative comparison of the
results reveals significant differences in the response of the samples. These results set
a clear course of action to achieve the originally planned objectives of a tomographic
mapping of the valence electron potential. The method proposed in [129] is based
on the fitting of the harmonic intensity with respect to the driving field strength. In
order to ensure the robustness of the procedure, (1) more than two or three harmonics
need to be measured, (2) over a finer grid of intensity points. Considering the strong
reabsorption of TiO2 in the UV and VUV, it could be useful to use a longer driving
wavelength in the MIR to shift the spectral emission in the VIS region. A finer
and reproducible tuning of the intensity should be ensured my a motorized rotor
stage controlling the angle of the first half wave-plate (see setup description in Sect.
4.3). Moreover, this fitting procedure needs to be repeated for different crystalline
orientations with respect to the polarization of the laser field. To this purpose,
even though the reflection geometry offers the advantage of a harmonic emission
free from propagation effects [136, 137], it complicates the understanding of which
crystalline axis is responsible of which emission as the direction of the field in the
material is subjected to refraction according to the Snell’s law and to reflection and
transmission as per Fresnel equations. Therefore, to simplify the interpretation of the
results, a transmission geometry should be preferred with the implication, supported
by these results, of working with thinner samples, both amorphous and crystalline,
the latter synthesized for different orientations. In these conditions, the signal is
expected to be several orders of magnitude lower than the driving field and therefore
the setup and detection system should be able to provide high sensitivity, i.e. high
signal to noise ratio. To achieve this goal, on one hand, it is primary to improve
the rejection of the driving field after generation using dedicated spectral filters;
on the other hand, increasing the data statistic by operating at higher repetition
rates would be advisable. Further experiments that would provide deeper insights
into the microscopic mechanisms linking sHHG to the sample structure and spatial
confinement include the investigation of the harmonic anisotropic response as the
driving field intensity changes, and the analysis of the polarization of the emitted
harmonics. Finally, further characterizations of the samples under investigation could
help complete the picture. For example, spectroscopic ellipsometry measurements
would determine the sample’s bandgap and complex refractive index, and Scanning
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Electron Microscopy (SEM) would characterize the surface structure of the films.
The latter has not been performed yet as it is a destructive technique that requires
the deposition of a conductive layer on the dielectric material to be imaged.
The proposed workflow has the potential to provide a full correlation map between
harmonic response, sample structure and spatial confinement, an aspect not yet fully
explored in literature, except for few examples involving the generation from quantum
dots [154–156], plasmonic nanostructures [157, 158], or liquid crystals [153]. The same
methodology could be extended to other materials to establish a convenient all-optical
technique for investigating the valence electron distribution as a function of spatial
confinement, a topic at the heart of nanoscience.
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PART III

Double-Blind Holography at
Free-Electron Lasers
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5 | Fundamentals of
Double-Blind Holography
(DBH)

This chapter introduces the fundamentals of DBH, an all-optical method used for
pulse characterization and imaging reconstruction. The method and algorithm are
illustrated here to support the experimental results presented in the following Chapter
6. The theoretical foundation for this work was provided by collaborators at the
Weizmann Institute of Science in Rehovot, Israel, specifically Prof. Nirit Dudovich,
Prof. Dan Oron, and Prof. Oren Raz, along with their respective teams.
DBH is a specific implementation of holography. In holography, an unknown field (or
object) is reconstructed from the interference with a known reference field. A typical
scheme (Figure 5.1) consists of an interferometer in which one arm interacts with
an unknown object whilst the other arm propagates unperturbed. Their interference
is collected onto a photographic plate, which, upon illumination with the reference
field, reproduces the original object as the recorded interferogram acts as a diffraction
grating. In DBH, both fields are unknown. In order to reconstruct the fields, two
requirements need to be satisfied: (1) the fields are fully independent, i.e. they cannot
have common polynomial roots, (2) the fields fulfil the temporal Compact Support
(CS) condition, for which they are non-zero inside a temporal window of a given
length, and exactly zero outside it. In the following, the reconstruction algorithm as
presented in Refs.[159, 160] is introduced.

5.1 Vectorial Phase Retrieval (VPR) algorithm

The algorithm used in DBH for the full retrieval of unknown fields is called Vectorial
Phase Retrieval (VPR). This method is documented and mathematically demon-
strated in terms of robustness and uniqueness of solution in its one-dimensional form
in [159, 160, 162], and subsequently extended in two dimensions in [63, 163]. This
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Figure 5.1: Holographic system,The interference of a known reference field with an unknown field
interacting with an object is recorded at the photographic plate. Upon illumination of the plate, the
original unknown object (i.e., its field) can be reconstructed. Illustration reproduced and adapted
from [161] with permission from Cambridge University Press through PLSclear.

section presents and summarizes the main concepts behind the algorithm without
aiming at its full mathematical demonstration, for which the reader is referred to the
original works.
Let fi(tk), with i = 1, 2, be two unknown discrete temporal signal defined as:

fi(tk) = ∆ω
2π

N−1∑
j=0

|Fi(ωj)|eiϕi(ωj)+iωjtk (5.1)

where |Fi(ωj)| denotes the spectral amplitude sampled over n = 1, ..., N equispaced
frequencies ωj = j ∆ω = 2πj/n, and tk are the corresponding discrete time points
given by tk = 2πk

n∆ω
. When the spectral amplitudes are known, reconstructing the time-

domain fields becomes a phase retrieval problem with 2N unknown phase values. The
problem is typically addressed by measuring four spectral quantities: the individual
spectra, |F1(ω)|2 and |F2(ω)|2, their direct interference, |F3(ω)|2 = |F1(ω) + F2(ω)|2,
and the interference of the two fields, one of which affected by a π/2 phase shift,
|F4(ω)|2 = |F1(ω) + iF2(ω)|2. However, as shown in Ref. [160], only the first three
quantities are strictly necessary, as the fourth can be retrieved from them (see below).
The algorithm aims at recovering the spectral phases of the fields, namely x1(ωj) =
exp(iϕ1(ωj)) and x2(ωj) = exp(iϕ2(ωj)) ∈ Cn, by minimizing a suitable quadratic
function, i.e. solving a linear system of equations. The four spectral measurements
defined above provides an estimate of the relative phase between the signals. In fact,
indicating the estimators of the phases as x̂1(ωj), x̂2(ωj) ∈ Cn, and omitting from
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now on their dependence on ωj, the following relation holds

x̂1 = x̂2G̃(ωj) (5.2)

with G̃(ωj) defined as

G̃(ωj) = |F3|2 + i|F4|2 − (1 + i)(|F1|2 + |F2|2)
2|F1||F2|

= F1F
∗
2

|F1F2|
(5.3)

Equation 5.2 corresponds to having a set of N linear equations in the form

|F1||F2| x̂1 = F1F
∗
2 x̂2 (5.4)

The CS constraints provides additional equations. In fact, the estimates of the signals
over a CS of width τ are defined as

f̂i(tk) = 1
n

∑
j

|F̃1,2(ωj)|x̂1,2(ωj)eiωjtk with i = 1, 2 (5.5)

Since the signals are known to vanish outside the temporal CS of duration τ , this
condition provides an additional set of 2N−2τ equations. In the VPR algorithm, the
solution is obtained by minimizing the residuals associated with the out-of-support
signal components. Specifically, for tk > τ , the residuals are defined as

Ri(tk) = Ri(tk|x̂1, x̂2) with i = 1, 2 (5.6)

where each Ri(tk) quantifies the deviation of the estimated signal from zero outside
the known support. The interference information, instead, can be expressed in the
form of residual as:

R3(ωj) = x̂1(ωj) − x̂2(ωj)
G̃(ωj)
|G̃(ωj)|

(5.7)

where R3 ̸= 0 in presence of noise. Using these expression, the quadratic functional
to be minimized is defined as the weighted sum of the residuals over their variances
V1,2,3 :

Qτ (x̂) =
∑

tk>τ

|R1(tk)|2
V1

+ |R2(tk)|2
V2

+
N∑

j=1

|R3(ωj)|2
V3,j

(5.8)

The problem is an over-determined system of 3N − 2τ equations for 2N unknowns
with unique solution when N > 2τ [160]. The residuals are linear in the unknown
phase vectors, therefore the minimizing functional is a quadratic (convex) function of
these variables. From a computational point of view, the optimization (minimization)
of a convex functional is a problem with a unique solution that can be solved efficiently
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through least squares minimization. More details on the solution method adopted
for the VPR algorithm are reported in [159].
So far, a known compact support of length τ has been assumed, however, estimating
τ is a crucial part of the VPR algorithm. In practice, all possible supports of length s
are scanned, meaning that the corresponding Qs is minimized for each s. For s = τ ,
the correct phase vector is the unique vector that gives exactly Qτ = 0, hence the
correct phase. This means that the minimization problem is repeated over several
possible length of the compact support and the solution is that length s that gives
the minimal residuals.
As mentioned early in this section, the fourth measurement is not strictly required
[160]. In fact, from Eq. 5.3:

G̃ = x̂1

x̂2
= F1F

∗
2

|F1F2|
(5.9)

where the product F1F
∗
2 can be written as

ℜ{F1F
∗
2 } = 1

2(|F3|2 − |F1|2 − |F2|2) = |F1||F2| cosϕ12 (5.10)

|ℑ{F1F
∗
2 }| =

√
|F1|2|F2|2 − ℜ{F1F ∗

2 } (5.11)

Retrieving F1F
∗
2 then becomes a sign problem. For some cases, the phases can be

retrieved even without solving the sign problem (see pulses at zero delay in Ch. 6
and Ref. [62]). However, more generally the sign ambiguity has to be solved with
dedicated methods, as the one reported in App. C.

5.2 Examples of reconstructions from literature

This section presents two illustrative cases from the literature that help clarifying
the DBH method and its extension to single-shot FEL pulse reconstruction, which is
discussed in the next chapter.

5.2.1 One-dimensional implementation: attosecond pulse re-
construction

The first reconstruction of attosecond pulses has been shown through numerical sim-
ulations in Ref. [162] where the authors considered two attosecond pulses generated
from the alignment of CO2 molecules and their interference. Later, the first exper-
imental demonstration has been reported in Ref. [62]. In this case, the three fields
are defined as: an HHG spectrum generated in argon, an HHG spectrum generated
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a) b)

Figure 5.2: Reconstructed spectral phase and intensity of HHG fields in (a) Ar, and (b) N2 from
DBH (solid lines) and FROG-CRAB (dashed lines). The gray areas indicate the uncertainty interval
in the phase given by the choice of the compact support width. The extremes correspond to a CS
width shifted by ±80 as from the optimal width. Reproduced from [62] with permission from Springer
Nature.

in nitrogen, and an HHG spectrum generated in a mixture of the two gases using
the same driving field. This scheme ensures full independence of the fields and a
unique solution without sign ambiguity, as the signals are intrinsically at zero delay
(trivial ambiguities excluded, i.e. circular shifts of N/2 [160]). On top of being the
first experimental demonstration of DBH for attosecond pulse reconstruction, the
experiment is relevant to this discussion as the result obtained have been directly
compared with Frequency Resolved Optical Gating for Complete Reconstruction of
Attosecond Bursts (FROG-CRAB) retrievals [164, 165] performed during the same
experimental campaign. The very good agreement between the outputs from the two
methods (Figure 5.2) proves the efficacy of the DBH approach, with the perspective
of extending it to more complex scenarios where scanning approaches are not possi-
ble.

Moreover, in the same experimental campaign, two attosecond pulses generated
in argon by shifting the CEP of the driver to π/2 have been reconstructed from a
single-shot measurement. In this case, the approach relies on the fact that the two
pulses, even though generated by the same driver and in the same medium, are in-
dependent: in fact, by introducing a CEP of π/2, the HHG pulses generated are
separated by half optical period of the driving field (1.35 fs), which is more than
twice their individual compact support length. The three fields are retrieved from
the Fourier temporal domain by isolating the (sum of) single-object autocorrelations
and the cross-correlations (two side bands) of the pulses and transforming back the
three separated objects. This method is the extension to the temporal domain of
the two-dimensional DBH approach adopted in diffraction imaging [63, 163] that is
introduced in the following section.
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5.2.2 Two-dimensional implementation: coherent diffractive
imaging

The first experimental studies of DBH have been performed for coherent diffractive
imaging, i.e. the spatial domain [63, 163]. In this case, the three well-separated
objects are defined in the Fourier space (x, y) of the measured diffraction image as:
(1) the sum of the autocorrelations of the single objects A, B (main central lobe), (2)
and (3) the cross-correlations of the objects (side lobes, note that A⋆B ̸= B⋆A). Ad-
ditionally, the CS is defined in Fourier space as a masking area (literally a mask of 0
and 1) that isolates the objects. The concept is illustrated in Figure 5.3 adapted from
[63]. The first panel shows the two objects to be imaged, the second one is the diffrac-
tion pattern collected at the detector, and the last panel shows the Fourier Transform
(FT) of the diffraction, i.e. the autocorrelation of the total signal. The algorithm,
as presented in the first section of this chapter, runs on the objects obtained by in-
verse Fourier transforming the masked objects, i.e. in the diffraction image space.
The cross-correlations correspond to the the product of one object by the complex
conjugate of the other, A∗B and AB∗, and can be seen as the interferences. The
autocorrelation is instead equivalent to |A|2 + |B|2, and the fourth object is retrieved
from the others by the difference of the two individual objects |DA,B| = |A|2 − |B|2.
The sign problem is solved by making analogous assumptions to what is reported in
Appendix C, i.e. the signal can change sign only at zero-crossing points (minima of
|DA,B|), and it is constant over portions of the signal (segments) in between. It has
a unique solution for sufficiently high over-segmentation, meaning sampling at least
at double the Nyquist rate plus the number of segments M , N > 2τ +M .
In Ref. [63], the authors directly compared the reconstructed objects with the orig-
inal one, finding very good agreement. Additionally, Monte Carlo and perturbative
numerical simulations have been performed, confirming the validity and robustness
of the method against noise.
Scaling the problem to the two dimensions has a significant impact on the com-
putational requirements, as the optimal CS length for the two objects needs to be
scanned on both x and y axes in the autocorrelation plane. This means solving T 2

xT
2
y

minimization problems, where Tx and Ty represent the dimensions in x and y of
the compact support, squared to consider all possible combinations for both original
objects. The problem can be solved by utilizing the two-dimensional Fast-Fourier
Transform (FFT) algorithm, which is standardly available in most programming lan-
guages. Alternatively, it can be performed row-by-row and column-by-column as
one-dimensional problems, and then the solutions can be merged together [163]. In
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Figure 5.3: (a) Two separated objects with non-trivial phases to be imaged and then reconstructed
(nm scale). (b) The diffraction pattern of (a) collected at the detector. (c) The FT of the diffraction
pattern, i.e. the autocorrelation of the signal, composed by the sum of the autocorrelation of the
individual signals (red circle), and their cross-correlations (pink and yellow circles) with the signal
B, including a shift "l" in space corresponding to a shift in phase. Illustration adapted and reproduced
from [63] under the Creative Commons Attribution 4.0 International License.

the work presented in the next chapter, the VPR algorithm is applied directly to the
two-dimensional map. Since every iteration over the CS dimension can be viewed as
an independent VPR problem, the computation has been parallelized by exploiting
the server cluster system Maxwell available at the Deutsches Elektronen-Synchrotron
DESY (Hamburg, Germany), reducing the overall computational time to just a few
minutes.
Based on the theoretical framework presented so far, the next chapter extends the
DBH method to the single-shot reconstruction of SASE-FEL pulses.
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6 | Experiment: DBH of
ultrashort Free-Electron Laser
pulses

Building on the fundamentals of DBH previously illustrated in Ch. 5, this chapter
presents and discusses the application of DBH to ultrashort FEL pulses. The ex-
periment showcases the method as a delay tagging tool and pulse characterization
technique, with the potential to extend it to spectroscopic applications.

6.1 Experimental setup

The experiment has been performed at the FEL facility FLASH2 (Hamburg) at the
beamline FL26 under the proposal F-20220697. FLASH2 is a SASE FEL delivering
a train of pulses at 10 Hz with repetition rate within the train up to 1 MHz. This
kind of source is affected by high spectral and temporal jittering [166, 167], meaning
that the delivered pulses change shot to shot.
In our experiment, the three fields used for the DBH method are the spectrum of
the FEL source, the spectrum of an HHG source, and their interference. Recalling
the two main requirements for DBH presented in Ch. 5, the independency of the
objects is satisfied by the fact that these are independent sources, while the tempo-
ral domain constraint is satisfied by the finite ultrashort duration of both HHG and
FEL pulses, the latter mostly operated in single-spike mode [47]. The beamline [168]
chosen for the experiment has been originally designed for XUV-pump/XUV-probe
transient absorption spectroscopy and coincidence measurements in gas targets, and
it makes use of an HHG source covering up to 40 eV synchronized with the FEL
beam itself. By implementing a specific alignment of the beamline, it has been pos-
sible to spectrally, temporally and spatially overlap the two independent HHG and
FEL sources directly at the detector, consisting of a CCD camera with a 20 µm pixel
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Figure 6.1: The HHG beam and FEL beam are spatially overlapped at the detector (CCD) in a non-
collinear geometry (0.5 mrad) after being spectrally dispersed by a diffraction grating. In-coupling
and focusing mirrors are ensuring control over the beams direction and focusing, while the split-and-
delay unit (SDU) is used together with the laser synchronization system to control the delay between
the pulses. The system is operating at 10 Hz, with the FEL in single-spike mode and matching
harmonic number 21 (34.5 eV) in Kr driven by 750-nm OPCPA.

size (Teledyne, PIXIS). The individual spectra and their interference were simulta-
neously collected on a single-shot basis after energy dispersion through a grating.
The beams were overlapped in a non-collinear geometry (0.5 mrad), which allows
for encoding information on the phase on the vertical spatial coordinate - a relevant
aspect that will be discussed in more detail in Section 6.3. The temporal overlap
was controlled through the laser synchronization system and the so-called split-and-
delay unit (SDU), a plane motorized mirror controlling the HHG and FEL paths.
Exploiting the capabilities of the beamline, time zero, i.e. the instant of zero delay
between the two pulses, has been determined by measuring a transient absorption
cross-correlation trace in argon. On the other side, the spectral overlap is ensured
by tuning the FEL undulator to match one of the harmonics of the broadband HHG
source. The FEL machine has been operated in single-to-few spike mode [47] in order
to avoid a spectral modulation accidentally matching the periodicity of the spectral
interference fringes, thus hindering the DBH retrieval. More specifically, the single-
spike FEL pulses delivered at 10 Hz spectrally overlap with the harmonic 21st at 34.5
eV. The HHG spectrum is generated in Kr in a semi-infinite gas cell by the OPCPA
FEL-synchronized source offered at FLASH2 and centred at 750 nm. A schematic
of the beam steering and alignment to the detector is reported in Figure 6.1. Figure
6.2 reports instead the three spectra as collected and overlapped at the detector.
The top panels show full maps as a function of energy and spatial coordinate, the
bottom panels show the normalized spectra obtained by integrating the signal along
the vertical pixels. The maps of the single beams (right and central panels in the top
row) are recorded only for calibration and alignment purposes. The HHG spectrum
is broader than the FEL one, a necessary condition to the reconstruction of the latter
field. In fact, the interference contains information on the relative phase of the fields
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FEL HHG Interference

Figure 6.2: Top: FEL, HHG, and interference spectra as a function of energy and vertical coordi-
nate as recorded at the detector. Bottom: normalized integrated spectra corresponding to the spectral
maps in the first row.

at energy whose amplitude is non-null (see Eqs. (5.2) and (5.3)). This means that
a spectrally broader harmonic spectrum ensures the collection of full information on
the FEL spectrum, while the non-overlapping portion of the HHG spectrum cannot
be reliably reconstructed.

6.2 Timing tool

The DBH trace intrinsically carries information on the delay between the two pulses.
In fact, when calculating the autocorrelation of the signal (two-dimensional FT) the
two cross-correlation peaks given by f1(t + ∆t, ky + ∆ky) ⋆ f2(t, ky) and f2(t, ky) ⋆
f1(t+ ∆t, ky + ∆ky) are centred at (±∆t,±∆ky), where t is the time and ky the ver-
tical momentum, and ∆t and ∆ky are the shifts in time and vertical momentum with
respect to the centre of the FT. The autocorrelation signal of the interference map
of Fig. 6.2 (top right panel) is reported in Figure 6.3 as directly obtained from the
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two-dimensional FT without filtering or background removal. The exact temporal
delay between the pulses is determined by fitting the cross-correlation lobes (either
the positive or negative one) with a Gaussian function. While the residual fitting
error is on the order of 0.3 fs, the actual precision is ultimately limited by the width
of the spectral window used. In the maps presented so far, the temporal resolution
obtained from the FT is 2.75 fs. This value reflects a compromise between temporal
resolution and noise suppression: widening the spectral window to include noisy re-
gions reduces the contrast of the autocorrelation signal. The intrinsic ambiguity on
the sign of the retrieved delay is considered a trivial ambiguity of the DBH method
corresponding to a circular time shift [159].
By repeating this procedure for each acquired shot, it has been possible to correlate
the time delay obtained from the autocorrelation with the estimations of the Beam
Arrival Monitor (BAM) and Laser Arrival Monitor (LAM), i.e. the electronic mon-
itors synchronizing the FEL and HHG beams. The result is reported in Figure 6.4,
where the orange dots mark the data used in the correlation while the blue dots are
outliers. The delays from the FT have been defined from the lobe at positive ver-
tical momentum, thus leading to a negative linear correlation (coefficient −1) with
the BAM-LAM difference. Choosing the other lobe would give a positive correlation.
The Root-Mean-Squared Error (RSME) from this correlation is 7 fs, thus benchmark-
ing the excellent performances of the time synchronization unit at FLASH2, which
effectively compensates for the time jittering of the SASE-FEL, usually covering tens
of femtoseconds.
In perspective, this method can be used as a delay tagging tool to be implemented in
parallel to a main experiment, similarly to other timing tool techniques [49, 169–172].

6.3 Pulse reconstruction

In this experimental campaign, the DBH method has been used to reconstruct single-
shot SASE-FEL pulses. Both one-dimensional and two-dimensional reconstruction
methods have been adopted (see Sect. 5.2) covering complementary cases. In fact,
on the one hand, the one-dimensional retrieval is affected by sign-ambiguity when
the two pulses are delayed (see Ch. 5 and App. C), on the other hand, the two-
dimensional retrieval cannot be applied for pulses at 0-fs delay, i.e. overlapping in
time. In the latter case, the autocorrelation map in time and vertical momentum
would lack the side lobes from the cross-correlations, displaying only the main lobe
resulting from the sum of the individual autocorrelations. This makes it impossible
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Figure 6.3: Autocorrelation (two-dimensional FT) of the interference signal of Fig. 6.2 (top right
panel). The main lobe corresponds to the sum of the autocorrelations of the individual signals, while
the side lobes correspond to the cross-correlations. The delay is retrieved by Gaussian fitting of the
cross-correlation lobe at positive vertical momentum (in this case, giving a positive delay).
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Figure 6.4: Correlation plot between the delay as retrieved from the signal autocorrelation map, i.e.,
the FT, of the measured signal, and the delay as from the BAM and LAM that are controlling and
monitoring the synchronization of the beams. The quantities are linearly correlated with a RMSE of
7 fs. The orange dots are the points actually used for the linear fitting, removing the outlier shown
in blue.
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to distinguish the three independent objects required for reconstruction. The results
from both methods are presented below.

6.3.1 One-dimensional FEL reconstruction

The spectra used in the one-dimensional reconstruction algorithm are obtained start-
ing from the two-dimensional images of the individual HHG and FEL signals and
their interference, as reported in Fig. 6.2 (top row). The integrated spectra are
obtained by rescaling the intensity outside the overlap region to match the intensity
that actually interferes with the other beam. This correction accounts for possible
spatial inhomogeneities in the beam profile. For the FEL beam,the scaling factor
is usually 1 to 1.2, as the spatial profile is rather homogeneous, especially when in
single-spike mode. For the HHG, the intensity at the interference region is retrieved
from the relative intensity of the harmonic collected without the FEL beam (middle
column Fig. 6.2), as, contrary to the FEL jittering shot-to-shot, the harmonic signal
is very stable and reproducible. To reduce high-frequency fluctuations, a moving av-
erage filter with a width of 5 data points has been applied to the three spectra using
a convolution function. The baseline has also been removed. The resulting spectra
from this procedure are shown in Figure 6.5a, with the FEL spectrum in light-blue,
the HHG one in orange and their interference in purple. The absence of fringes in the
latter spectrum is due to the overlap in time of the two pulses. Their constructive
interference is ensured by the higher intensity of the interference signal compared to
the incoherent sum of the separate HHG and FEL intensities. The reconstruction
algorithm has been applied exactly as illustrated in Section 5.1 without the neces-
sity of applying any sign correction (see App. C). Although the method provides
reconstruction for both fields, HHG and FEL, the reconstruction of the harmonic,
having a shorter duration, is considered unreliable due to its partial spectral over-
lap with the FEL. Panels b and c of Fig. 6.5 present the results of the FEL pulse
reconstruction. Panel b shows the spectral phase plotted against the corresponding
spectrum as retrieved from the code. The phase has a positive chirp of about 15 fs2.
The corresponding temporal profile is shown in panel c. The retrieved pulse has a
duration of 10.4 fs, compared to a Transform-Limited (TL) duration of 7.0 fs. The
result agrees with the expected performances for the FEL machine settings.
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HHG
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Figure 6.5: One-dimensional reconstruction of the FEL pulse. (a) The three integrated spectra
from a single-shot measurement at 0-fs delay (no fringes): interference (purple), HHG (orange),
FEL (light blue). (b) Reconstructed temporal profile of the FEL pulse with a FWHM duration of
10.4 fs (TL: 7.0 fs). (c) Reconstructed spectral phase (dashed blue line) plotted against the measured
FEL spectrum, as shown in panel (a).

6.3.2 Two-dimensional FEL reconstruction

The two-dimensional maps collected by the detector contain more information than
the three spectra used in the one-dimensional reconstruction. This is a consequence
of the non-collinear geometry implemented in the experiment. In fact, when two
chirped (linearly dispersed) pulses interfere non-collinearly in space and time, the
interference pattern measured as a function of spatial coordinate and energy exhibits
fringes with a curvature that encodes the relative Group Delay Dispersion (GDD) of
the pulses. In fact, the interference signal between two beams, E1(y, ω) and E2(y, ω)
displaced by a (vertical) angle θ is defined as:

I(y, ω) = |E1(y, ω) + E2(y, ω)|2

= |E1(y, ω)|2 + |E2(y, ω)|2 + 2|E1(y, ω)||E2(y, ω)| cos[∆Φ(y, ω)] (6.1)

where
∆Φ(y, ω) = ∆ky(ω) · y(ω) + ∆ϕ1,2 (6.2)

is the relative phase between the beams, with ∆ky(ω) ≈ k(ω)θ = (ω/c)θ the difference
in the transverse wave vectors approximated for small angles (sin θ ≈ θ in radians),
and ∆ϕ1,2 the difference in the spectral phases of the pulses. By definition, the
frequency components of a chirped pulse are affected by a frequency-dependent delay
with respect to the central frequency ω0 arriving at τ0, which is given by

τg(ω) = ∂ϕ

∂ω

∣∣∣∣∣
ω0

+ ∂2ϕ

∂ω2

∣∣∣∣∣
ω0

(ω − ω0) = τ0 +GDD (ω − ω0) (6.3)
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with the corresponding spectral phase (its integral) given by

ϕ = τ0 (ω − ω0) + 1
2GDD (ω − ω0)2 . (6.4)

From the definitions above and considering pulses centred at approximately the same
ω0, the difference in phase in Eq. (6.2) can be ultimately written as

∆Φ(y, ω) ≈ k(ω) θ y(ω) + τ1,2 (ω − ω0) + 1
2GDD1,2 (ω − ω0)2 (6.5)

where GDD1,2 is the relative group delay dispersion between the pulses, i.e. (GDD1−
GDD2) and τ1,2 is their relative time delay at ω0, i.e. (τ0,1 − τ0,2). The maxima
of the interference signal (∂I(y, ω)/∂y = 0) correspond to those points for which
cos[∆Φ(y, ω)] = 1 and therefore ∆Φ(y, ω) = 0 or integer multiples of 2π. Their
vertical position as a function of the frequency is therefore given by

y(ω) ≈ − c

ω θ

[
τ1,2 (ω − ω0) + 1

2GDD1,2 (ω − ω0)2
]
. (6.6)

In the interferogram I(y, ω), this results in interference fringes that bend as a func-
tion of frequency, forming a semi-parabolic pattern whose curvature is proportional
to the relative GDD. In the experimental conditions here considered, the GDD giving
rise to the observed curvature can, to a good approximation, be ascribed entirely to
the FEL pulse. This is justified by the fact that, knowing the beams propagate in
vacuum and do not encounter any additional dispersive elements before detection,
the harmonic field is only influenced by its intrinsic atto-chirp (see Ch.2), which is
typically small, i.e. in the order of ∼1 fs2[164, 173, 174]. Two examples of experi-
mental interferograms showing this effect are reported in Figure 6.6.
The relative GDD between the pulses, GDD1,2 , can be extracted by fitting the po-
sitions of the interference maxima using Eq. (6.6). However, the convergence and
reliability of this fit are highly sensitive to factors such as the sampling rate and the
presence of noise, often making the procedure challenging to apply without imposing
strict constraints on the fitting parameters. For this reason, alternative approaches
like DBH, which do not rely on prior assumptions about the dataset, offer a more
robust and attractive solution for pulse reconstruction.
The VPR algorithm is applied as illustrated for the case of diffraction imaging in
Sect. 5.2, to which the reader is referred for further details. In summary, the CS is
employed to map and isolate the cross-correlations and autocorrelation sum in the
Fourier space. The algorithm is then applied in the spectral domain in two dimen-
sions, after having transformed back the three isolated signals. The optimal CS has
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Figure 6.6: (a,b) Two experimental interferograms I(y, ω) as function of the energy and vertical
displacement. In the left panel, the vertical displacement of the fringes’ maxima increases with
energy, while in the right panel, it decreases with energy (note that the vertical axis is set to 0 at
the top). The behaviour is highlighted by the dashed red lines.

been found by scanning the two dimensions and evaluating it through the leakage
score error defined as

Err = ||RecHHG||2out + ||RecF EL||2out

||RecHHG||2tot + ||RecF EL||2tot

(6.7)

This error quantifies the amount of signals left outside the CS (Recout) with respect
to the total signals (Rectot). Typical values are in the order of 0.1-0.2.
To reduce sources of noise in the reconstruction, instead of using the autocorrelation
trace from the direct FT shown in Fig. 6.3, a supergaussian apodization has been
applied in the spectral domain to isolate the interference pattern. This improves the
convergence of the method by cleaning the trace of noise in a manner similar to the
moving average applied in one-dimensional reconstruction. The result of the apodiza-
tion on the autocorrelation trace reported in Figure 6.3 is illustrated in Figure 6.7,
where the background is reduced and the contrast sensibly improved with respect to
the untreated data.
The reconstruction of the FEL pulse is reported in Figure 6.8. The profile corre-
sponds to the integration along the vertical axis of the two-dimensional reconstructed
maps (y, ω) obtained from the algorithm. Panel a shows the retrieved spectral
phase (dashed line) plotted against the normalized experimentally measured spec-
trum (solid light-blue line) and the reconstructed spectral profile (shaded area). The
reconstructed phase gives a GDD of about 12 fs2. The retrieved spectral bandwidth
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Figure 6.7: Apodization (supergaussian filtering) of the autocorrelation signal reported in Fig.6.3.
Applying apodization to the two-dimensional spectral map of Fig.6.2c filters out the interference
pattern from the rest of the map, leading to improved contrast of the autocorrelation signal and a
reduced background.

closely matches the measured one, providing an immediate benchmark on the quality
of the reconstruction. Panel b shows the temporal profile of the FEL pulse as ob-
tained from FT of the spectral profile: the dashed line reports the TL Gaussian profile
with a duration of 8.9 fs, the solid line corresponds to the reconstructed temporal
profile using the phase obtained from the VPR algorithm (dashed line in panel a)
and the measured spectral intensity, providing a duration of 10.4 fs, while the shaded
area corresponds to the temporal profile obtained with the reconstructed phase and
reconstructed spectral intensity, resulting in a duration of 10.1 fs. To avoid aliasing
effects in the FT and improve the convergence of the Gaussian fits used to define the
FWHM durations, the temporal axis sampling has been enhanced through interpo-
lation, reducing the time step from 2.8 fs to 0.03 fs. As mentioned in Ch. 5, every
reconstruction is affected by a trivial ambiguity corresponding to a circular time shift
[159]. This means that positive-to-negative time flips should also be considered. This
trivial ambiguity is generally solved simply looking at the measured experimental
trace, and at both the integrated spectrum and the curvatures of the fringes. As
for the one-dimensional case, the HHG is not considered reliable due to the lack of
information caused by the extended spectral bandwidth not interfering with the FEL
beam.
Contrary to Refs. [62, 63], for this experiment, there are no other reconstruction
methods that can be used in parallel to benchmark the DBH reconstruction. Never-
theless, various metrics can be employed to evaluate the quality of the reconstruction.
The robustness is inherited from diffraction imaging where Monte Carlo and perturba-
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a)

b)

Figure 6.8: Example of FEL pulse reconstruction with the two-dimensional method.(a) Spectral
phase (dashed line) against the normalized measured spectrum (solid line) and the reconstructed
spectrum (shaded area). (b) Temporal profile of the FEL pulse: TL Gaussian profile (dashed line),
the profile obtained from the reconstructed phase and the measured spectrum (solid line), and the
profile obtained from the reconstructed phase and reconstructed spectrum (shaded area).

tive numerical simulations have been used to benchmark the reliability of the method
under noisy scenarios [63, 163]. The precision is ultimately defined by the resolution
of the spectrometer (0.01 eV); in time, it can be quantified along the several steps
leading to the integrated profile shown in Fig. 6.8, e.g., it is in the order of the few
attoseconds in the Gaussian fits, but the step size is tens to hundreds of attoseconds.
It is ultimately considered in the order of ±0.1 fs. The accuracy is assessed in the
first approximation through the comparison between retrieved and measured spectra.
Simulations based on the FEL machine settings are ongoing to further validate the
reliability and accuracy of the reconstruction.
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6.4 Conclusions and perspectives

The experiment presented here demonstrates the effectiveness of the DBH method
for reconstructing phases and pulses in more complex scenarios—specifically, those
affected by the time and spectral jitter inherent to SASE-FELs. The method is fully
optical, relying solely on the interference measurement between two pulses, and lin-
ear, requiring only low field intensities. It also inherently functions as a delay-tagging
tool. In this case, it has been used to benchmark the performance of the arrival
time monitors at FLASH2; however, it could also be implemented independently as
a delay control unit within a feedback loop.
The VPR algorithm, used here for phase reconstruction, served as a diagnostic tool
to fully characterize SASE-FEL pulses. However, its application is broader and can
extend to experimental cases in which the phase associated with an excited state of
a material, atom, or molecule is the primary observable under investigation. In this
regard, DBH is intended to be applied on the same beamline to measure the phase
of Fano resonances [175] in argon, krypton, and their ions. Previous studies using
traditional techniques, such as the Reconstruction of Attosecond Beating By Interfer-
ence of Two-photon Transitions (RABBITT) method [173, 174], have characterized
these resonances in neutral atoms using HHG [176]. The higher photon flux cur-
rently offered by FEL sources enables the study of more complex systems, including
ions, and strong-field regimes known to influence the shape of the Fano resonance.
The proposed implementation involves directing the FEL beam to interact with a
gas target before interfering with the unperturbed HHG beam at the detector. In
this configuration, the amplitude and phase of the electron wave packet generated
through the autoionization process in the gas target are encoded in the transmitted
FEL pulse. This experiment positions DBH not only as a diagnostic technique but
also as a powerful tool for holographic spectroscopy.
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7 | Future perspectives

This thesis presents advancements in HHG sources, including high-photon energy
generation in the water-window spectral region, sHHG spectroscopy of bulk and semi-
ordered materials, and characterization of FEL pulses. The work demonstrates the
potential of HHG for investigating ultrafast electron dynamics in matter and con-
tributes to the field implementing technical solutions and novel methodologies.
The first part (Chapters 2, 3) introduces a new scheme for HHG in the overdriven
regime, utilizing a custom-designed differentially pumped glass chip for efficient gas
confinement over sub-millimetre lengths. This approach delivers broadband HHG
spectra above the carbon K-edge using long multicycle driving pulses. Driving the
generation with the direct output of a commercial Ti:Sapphire laser reduces the tech-
nical complexity typically associated with soft X-ray schemes. Given recent advance-
ments in the stability, peak power, and pulse durations of ytterbium (Yb)-based
sources, evaluating the performance of the differentially pumped chip with high-
repetition-rate Yb-laser systems is a priority for future research. In fact, theoretical
models and preliminary simulations indicate the potential to achieve photon energies
up to 300 eV with multi-cycle driving pulses. Meanwhile, the current source will
be integrated into a transient absorption scheme to study near-edge charge transfer
dynamics in solvated molecules (see Appendix A).
As an additional perspective on HHG-based schemes, this thesis (Chapter 4) shows
the working principles of sHHG, reporting preliminary results from multiple TiO2

phases, including bulk crystalline, semi-ordered, and amorphous forms. The experi-
ments aim to reconstruct the valence electronic potential as a function of crystalline
ordering and spatial confinement. While the analysis is ongoing and requires both
analytical and numerical modelling, initial results reveal significant differences in the
harmonic response among the samples. The anisotropic response is determined by
the material phase, and the harmonic yield is influenced by the thickness of the
amorphous films. In comparison to conventional techniques such as angle-resolved
photoemission spectroscopy (ARPES), sHHG is an all-optical method that offers a
more accessible approach for characterizing the electronic structure of functional ma-
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terials at the nanoscale. The straightforward technical requirements allow for in situ
and in-operando applications, even under extreme conditions [177]. The results on
sHHG highlight the relevance of HHG not only as a source of coherent XUV and
soft X-ray radiation, but also as a powerful spectroscopic tool. In fact, sHHG is
capable of revealing electronic structure variations with nanometre spatial and few–
to–sub-femtosecond temporal resolution, a combination rarely achieved by a single
technique.
Finally, Chapters 5 and 6 report on the use of DBH to characterize ultrashort FEL
pulses via interference with a synchronized HHG source. The work demonstrates
the full temporal reconstruction of SASE-FEL pulses on a single-shot basis through
a simple iterative routine, the VPR algorithm. This linear optical method can be
implemented in parallel with a main experiment as a non-invasive diagnostic tool
with sub-femotseocond delay resolution. Beyond diagnostics, further advancements
include the application of DBH as a direct spectroscopic technique. In particular, it is
planned to employ DBH for single-shot amplitude and phase reconstruction of Fano
resonances in argon, krypton, and their respective ions. By extending the concept
of attosecond interferometry [178] to FELs, DBH has the potential to become a key
technique for high photon energy and high-intensity spectroscopy. In this scenario,
a standard HHG source, temporally synchronized with the FEL beam, becomes an
important tool for performing such experiments.
HHG sources have found applications in ultrafast spectroscopy [7, 8], microscopy
and imaging [179–182], and quantum optics [183–186]. These advances necessitate
continued progress to address the evolving requirements of the attosecond science
community, which is increasingly looking at the potential of FELs [187, 188]. The
findings presented in this thesis contribute to this field by offering new perspectives
on HHG sources, from the the development of efficient high-photon energy schemes
to advances in spectroscopy and holography.
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A | Free molecular flow
simulations in COMSOL

As discussed in Section 3.1.1, the design of the differentially pumped chip for HHG
in the soft X-ray spectral region has been optimized based on simulations in the Free
Molecular Flow regime run on COMSOL Multiphysics [114]. This regime is suitable
for describing low-pressure, low-velocity gases for which the mean free path is larger
than the object they are moving through, thus making it a critical tool for the design
of vacuum systems. When considering high-pressure gases confined in small volumes,
the High Mach Number module in COMSOL [189] could be more suitable. This is a
critical aspect to retrieve the correct gas profile in the interaction region. Neverthe-
less, interferometric measurements performed by the collaborators at CNR-Milano
have shown that, to a good approximation, the pressure profile of the interaction
region can be considered constant [116]. Here, the Free-Molecular flow has been used
to estimate the pressure drop from the gas inlet to the outlet (vacuum chamber), and
the results are found to be in good agreement with experimental observations. In the
experiment, the limitations identified while increasing the input pressure above 3 bar
are related to the overall pumping system design of the beamline, which is based on
an older design and was not taken into account. The following reports the output
simulations (on-axis) obtained while tuning a set of critical dimensions in the chip
design.

Pumping areas

Here, the pumping areas of the first stage have been varied, changing their width
(l_chamb1 ). The length x_1 sets the distance between the first and second pump-
ing area and has been varied accordingly to preserve the overall length of the chip.
The plot shows the number gas density (n = Pgas/kBTgas, with kB the Boltzmann
constant, Pgas and Tgas respectively the gas pressure and temperature, ambient tem-
perature 298 K) for a neon input pressure of 5 bar. This simulation shows that
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enlarging the pumping area (increasing the width, l_chamb1 ) while shortening the
distances between the areas is beneficial to the pumping performances (blue curve,
Figure A.1).

Output channels diameters

In this simulation run the parameter under investigation is the output channels diam-
eter (d_ch*) connecting the interaction region with the pumping stages, the pumping
stages themselves and the output. Figure A.2 reports the on-axis number gas den-
sity as a function of the propagation along the chip for an input pressure of 5 bar
of neon. It is clear that a larger diameter is beneficial to the pumping performance
(blue curve).

Inlet pressure

Figure A.3 reports the on-axis number gas density as a function of the propagation
along the chip (full final design of sect. 3.1.1) while varying the inlet pressure pin of
neon. All the cases exhibit a pressure drop of almost four orders of magnitude by the
end of the first half of the cell.

Figure A.1: On-axis number gas density along the differentially-pumped chip presented in sect.
3.1.1, when varying the pumping area by varying its width (l_chamber1) and by modifying accord-
ingly the pumping stages distance x_1 to preserve the total chip length.
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Figure A.2: On-axis number gas density as a function of the propagation along the chip when
varying the output channels diameters from 0.8 to 1.4 mm.

Figure A.3: On-axis number gas density as a function of the propagation along the chip when
varying the inlet pressure between 5 and 9 bar of neon.
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B | Design and development of a
transient absorption
spectroscopy scheme: UV
pump/soft X-ray probe

The HHG source presented in Chapter 3 has been developed as a probe arm of a
transient absorption scheme to study charge transfer dynamics in metallic complexes
in solution. The pump arm of such a setup will be a few-cycle UV source based
on Resonant Dispersive Wave (RDW) emission in fibre [124]. This section provides
a brief overview of the design of this UV source and the corresponding beamline
schematic.
Solitons are pulses that propagate invariant in time and space and are generated
in non-linear media from the perfect balancing of a positive non-linear refractive
index with a negative (anomalous) linear dispersion. The interplay between nonlin-
earity and dispersion along the guided propagation in a fibre can, though, give rise
to phenomena such as self-compression, white-light supercontinua generation, and
frequency-tunable RDW emission. Given a certain driving pulse to propagate in a
gas target in a hollow-core fibre, two parameters dictate the efficiency of the RDW
emission. The first is the soliton order defined as N = (Ld / Lnl)1/2, where Ld is
the dispersion length defined as the ration between (natural) pulse duration squared
and group-velocity dispersion (τ 2

0 /| β2|), whilst Lnl is the non-linear length given by
the reciprocal of the product between peak power and the non-linear coefficient of
the fibre mode ((P0γ)−1), which is in turn directly proportional to the non-linear
refractive index and inversely proportional to the mode effective area (∝ n2/Aeff ).
The soliton order, therefore, represents the degree of balance between dispersion and
self-phase modulation (nonlinearity). Generally, the soliton order for efficient RDW
ranges between 2 and 3. The second relevant parameter is the zero-dispersion wave-
length λzd, which for a given driving pulse of wavelength λ0 sets the frequency at
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a) b)

Figure B.1: Simulated results of RDW emission at 250 nm driven in argon (1.35 bar, gradient of
pressure) with a 1500-nm, 15-fs pumping pulse. (a) Spectral energy density (dB) as a function of
the wavelength and propagation in the fibre. (b) Temporal profile of the emitted UV radiation at
250 nm showing a FWHM duration of 5.67 fs.

which the RDW will be emitted. As the name suggests, it is defined as the frequency
at which the dispersion is zero β(λzd) = 0. This wavelength can be tuned by chang-
ing the pressure of the gas medium in the fibre. Given a certain geometry, pressure
tuning and control are the most relevant parameters for generation, as they directly
affect both dispersion and nonlinear response. The full optimization of this process
is described in several works, among which [124, 190] to which the reader is referred
for further theoretical insights.
Within the scope of this project, the design of a scheme for generating few-cycle UV
pulses centered at 250 nm, driven by a 1500-nm pulse, is presented. The scheme has
been developed with the support of collaborators at Heriot-Watt University of Edin-
burgh (UK): Prof. John C. Travers, Prof. Christian Brahms, and their team. The
design has been simulated using the Luna.jl software [191]. Optimal conditions for
generating 5-fs UV pulses at 250 nm are achieved with a 30-cm-long, 75-µm-radius
fibre filled with argon in a pressure gradient from 1.35 bar to vacuum, driven by 15-fs
NIR pulses centred at 1500 nm with an energy of 71.6 µJ. These parameters corre-
spond to a soliton order of 2.8. Figure B.1 shows the results of the simulation. On the
left panel, the spectral energy density as a function of wavelength and propagation
in the fibre: the RDW in the UV starts appearing in the last 10 cm of propagation
when the spectrum has been sufficiently broadened by self-phase modulation. Panel
b shows instead the temporal profile of the RDW at 250 nm, with a FWHM duration
of about 5 fs. For similar setups based on RDW emission, the simulated temporal
profile matches closely the experimental measurements [192]. Figure B.2 is intended
to show how the RDW emission arises from the perfect tuning of the driving pulse
conditions. Indeed, if the pulse is too long (panel b) or the energy is too low (panel
a), the UV emission is suppressed.
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To conclude and for illustrative purposes only, the optical layout of the interferometric
pump-probe scheme for transient absorption spectroscopy, including the soft X-ray
probe arm (light blue) presented in Ch. 3 and the pump arm (pink) here discussed,
is reported in Figure B.3. A third arm, shown in green, indicates the possibility of
pumping directly with the driving field at 1500 nm or 800 nm. The beam enters the
setup from the right and splits through a beam-splitter (BS) with an 80:20 ratio,
ensuring high intensity on the HHG arm. Two delay lines (gray blocks) control the
delay down to sub-fs precision. A mirror on a motorized stage (green circle) can be
optionally inserted or removed to choose between the UV source or the NIR driving
beam. The UV RDW emission is spectrally separated from the driving NIR and then
recombined with the probe in a non-collinear geometry at the target (not shown in
the picture).

a)

b)
10 fs 15 fs 20 fs

55 μJ 60 μJ 71.6 μJ 75 μJ 80 μJ65 μJ

Figure B.2: a) Spectral intensity at the output of the fibre (30 cm) for a driving pulse at 1500
nm with energy between 55 and 80 µJ and 15-fs duration. (b) Spectral intensity at the output of
the fibre (30 cm) for a driving pulse at 1500 nm with a temporal duration between 10 and 20 fs and
energy 71.6 µJ.

105



IN

non-collinear 
refocusing

OUT
to sample / spectrometer BS

probe arm: HHG

delay controlpump arms: NIR / UV

Figure B.3: Schematic of the optical layout of the pump-probe interferometer made by the HHG
source (light-blue) presented in Ch. 3 and the UV pump arm (pink) here illustrated, together with
the alternative NIR pump arm (green). The beam enters from the right, splits into two arms (BS:
beamsplitter), and after non-collinear refocusing, it reaches the sample and the spectrometer (not
illustrated here).
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C | Sign ambiguity and
over-segmentation in DBH

As discussed in Ch. 5, the DBH problem with three fields intrinsically include a sign
ambiguity. Following the over-segmentation method presented in Ref. [160], this
section presents simulated results for the reconstruction of two TL Gaussian pulses
with spectral bandwidth (FWHM) respectively of 300 and 500 meV, centred at 35.4
eV and 35.5 eV, and delayed by 20 fs. The parameters have been chosen so as to
reproduce the experimental conditions reported in Ch. 6.
The concept of over-segmentation is based on the idea that a discrete signal of N
points defined over a compact support of width (τ+1) can change sign at a maximum
τ times. In its heuristic implementation, it consists in assigning a sign to |ℑ{F1F

∗
2 }|

over constant intervals of points (segments) changing at every local minima. This
operation is shown in Figure C.1: panel a shows |ℑ{F1F

∗
2 }| as defined in Eq. 5.11,

while panel b shows ℑ{F1F
∗
2 } after having assigned different sign to each of the

segment delimited by local minima. The change of sign is actually performed at the
first point after the minimum; here, due to the low number of points chosen, the
results aren’t smooth. Nevertheless, this is not substantially affecting the final result,
provided that the number of segments M obeys M < N − 2τ , a condition ensuring
the uniqueness of the solution. The reconstructions with and without sign retrieval
through over-segmentation are reported in Figure C.2, respectively panel a and b,
as full lines in comparison with the input of the simulation as dotted lines. In the
first case, the reconstruction wrongly attributes to both pulses modulations in the
temporal profile. In the latter, corrected for the sign ambiguity, the method well
reproduces the input pulses. Here, the reconstruction has been applied for a case
without noise, but this strategy has been demonstrated in Ref. [160] also in presence
of noise and for more complex scenarios.
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a) b)

Figure C.1: Heuristic over-segmentation applied to the simulated EI = ℑ{F1F ∗
2 }. (a) |EI |. (b)

The resulting EI after assigning an alternating sign to each segment defined by the local minima of
|EI |.

a) b)

Figure C.2: Reconstructed temporal signals (full lines) in comparison with the simulated inputs
for two Gaussian fields (dotted lines) for the case (a) of direct application of the VPR algorithm
without sign retrieval, and (b) after over-segmentation and sign retrieval of ℑ{F1F ∗

2 }.
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D | Copyright and permissions

The following figures reproduced or adapted in this dissertation are subject to copy-
right. Appropriate permissions have been obtained from the respective publishers, or
the material is reproduced under an open access license, as indicated below:

• Figure 1.1: Reproduced and reprinted with permission (Fig. 2) from [1]. Copy-
right (2025) by the American Physical Society.

• Figure 2.1: Adapted from [68] under the Creative Commons Attribution-Non
Commercial-ShareAlike-3.0 License.

• Figure 2.5: Adapted from [85] under the Creative Commons Attribution Non-
Commercial License 4.0 (CC BY-NC).

• Figure 3.6: Adapted from [85] under the Creative Commons Attribution Non-
Commercial License 4.0 (CC BY-NC).

• Figure 4.2: Adapted with permission from [131] © Optica Publishing Group.

• Figure 4.4: Reproduced from [133] with permission from Elsevier.

• Figure 5.1: Adapted from [161] with permission from Cambridge University
Press through PLSclear.

• Figure 5.2: Reproduced from [62] with permission from Springer Nature.

• Figure 5.3: Adapted from [63] under the Creative Commons Attribution 4.0
International License.

All copyright permissions for reproduced or adapted figures were requested and ob-
tained prior to submission (dated September 5, 2025). Documentation of these per-
missions is available from the author of this thesis (Agata Azzolin) upon request. In
some cases, the final title of the dissertation differs from the one indicated in the per-
mission request; however, the intended use remains fully consistent with the granted
authorization.
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