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Abstract

Time-resolved x-ray techniques have made it possible to track laser-dressed electron dy-

namics in solids on a subfemtosecond timescale and with sub-nanometer spatial resolution.

Further development of these techniques requires advances in theoretical methods for

describing such experiments and interpreting the data. In this thesis, we consider two

complementary x-ray techniques for investigating laser-dressed electron dynamics in

solids, i.e. x-ray diffraction and ultrafast x-ray absorption spectroscopy (XAS).

We begin with the description of an x-ray diffraction experiment on a laser-dressed

material, where an x-ray and an optical field interact with a crystal simultaneously. We

model the x-ray diffraction measurement for a laser-dressed silicon crystal using the

previously established formalism. The results of our modeling show excellent agreement

with recent measurements. In particular, in collaboration with an experimental research

team, we demonstrate a non-zero second-order response in a centrosymmetric crystal such

as silicon. We show that this response originates from a laser-driven charge redistribution

that breaks local inversion symmetry and gives rise to a finite microscopic second-order

susceptibility.

While x-ray diffraction requires pulses with very high photon energy and intensity, which

are only accessible at a free-electron laser, ultrafast XAS can be performed with table-

top sources. Its ab initio description is, however, more challenging because it involves

core-electron excitation, which requires the treatment of core and valence electrons on an

equal footing. In this thesis, we develop a theoretical framework and an ab initio computa-

tional scheme for describing the experiments in which ultrafast XAS is applied to study

laser-dressed electron dynamics. This scheme combines the Floquet–Bloch formalism and

density functional theory (DFT) with the linearized augmented plane wave plus localized

orbitals (LAPW+lo) method. The Floquet–Bloch formalism provides a non-perturbative

description of laser-dressed solids and allows the study of higher orders of the micro-

scopic optical response. The LAPW+lo method provides a full-potential treatment of the

electronic structure of crystals and allows for an accurate description of core electrons.

We consider two approaches for calculating the absorption cross section: one applicable

only to a quasi-monochromatic probe pulse, and the other suitable for the general case of

ultrashort pulses. Using the latter approach together with our computational scheme, we

model ultrafast XAS of a laser-dressed zinc oxide crystal at several absorption edges over

a wide energy range.

In XAS, the absorption profile reflects the unoccupied partial density of states (PDOS),

which allows information about the crystal’s electronic structure to be extracted from the

data. In this thesis, we additionally develop a computational framework for calculating
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the PDOS of a laser-dressed material, which we then use to interpret the results of our

ultrafast XAS modeling. We also show that the laser-dressed PDOS provides a valuable

computational tool on its own. It captures laser-driven changes in the electronic population

in a site- and orbital-resolved way. We illustrate the developed approach using calculations

for a laser-dressed zinc oxide crystal. We connect the evolution of the laser-dressed PDOS

with the corresponding laser-dressed electron density. We show that the laser-dressed

PDOS provides information about the structure of the bonds forming the laser-dressed

electron density, in a manner analogous to the field-free case.

We calculate the ultrafast x-ray absorption spectra at the zinc and oxygen absorption edges

over an energy range covering both valence and conduction bands. In the conduction-

band region, we observed a reduction in signal intensity due to carrier excitation. Around

the valence band, a pre-edge feature emerges due to a vacancy left behind after carrier

excitation in the conduction band. We compare the results for the ultrafast absorption

cross section with the corresponding laser-dressed PDOS to illustrate how the signal is

connected to the laser-dressed electron dynamics. In particular, we show that the Fourier

amplitudes of the time-dependent absorption cross section follow the amplitudes of the

corresponding laser-dressed PDOS. Furthermore, we find that, for ultrashort probe pulses,

the absorption of a spectral component also depends on its initial intensity within the

probe pulse.

In summary, this thesis presents a theoretical framework and an ab initio computational

scheme for describing ultrafast XAS in laser-dressed materials. It additionally draws a

connection between the ultrafast XAS signal and the underlying laser-dressed electron

dynamics. The results provide analytical tools for interpreting ultrafast XAS experiments

on laser-dressed materials and for developing strategies for the optical manipulation of

material properties.
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Zusammenfassung

Zeitaufgelöste Röntgentechniken ermöglichen es, die Dynamik von Elektronen in laseran-

geregten Festkörpern im Subfemtosekundenbereich und mit einer Auflösung im Sub-

nanometerbereich zu beobachten. Für die Weiterentwicklung dieser Techniken sind

Fortschritte bei den theoretischen Methoden zur Beschreibung solcher Experimente und

zur Interpretation der Daten erforderlich. In dieser Arbeit betrachten wir zwei komple-

mentäre Röntgentechniken zur Untersuchung der Dynamik von Elektronen in laseran-

geregten Festkörpern: die Röntgenbeugung und die ultraschnelle Röntgenabsorption-

sspektroskopie (XAS).

Wir beginnen mit der Beschreibung eines Röntgenbeugungsexperiments an einem laseran-

geregten Festkörper, bei dem ein Röntgenstrahl und ein optisches Feld gleichzeitig mit

einem Kristall wechselwirken. Wir modellieren die Röntgenbeugungsmessung eines

laserangeregten Siliziumkristalls und verwenden dabei den zuvor erstellten Formalis-

mus. Die Ergebnisse unserer Modellierung stimmen ausgezeichnet mit aktuellen Mes-

sungen überein. Insbesondere zeigen wir in Zusammenarbeit mit einem experimentellen

Forschungsteam eine von Null verschiedene Response zweiter Ordnung in einem zen-

trosymmetrischen Kristall wie Silizium. Wir weisen nach, dass diese aus einer durch

den Laser angeregten Änderung der Ladungsverteilung entsteht, welche die lokale Inver-

sionssymmetrie bricht und zu einer endlichen mikroskopischen Suszeptibilität zweiter

Ordnung führt.

Während für die Röntgenbeugung Impulse mit sehr hoher Photonenenergie und -intensität

erforderlich sind, die nur durch Freie-Elektronen-Laser erzeugt werden können, kann die

ultraschnelle XAS auch mit kleineren Labor-Röntgenquellen durchgeführt werden. Seine

ab initio Beschreibung gestaltet sich jedoch schwieriger, da sie die Anregung der inneren

Elektronen beinhaltet und somit eine gleichwertige Behandlung von inneren Elektronen

und Valenzelektronen erfordert. In dieser Arbeit erstellen wir ein theoretisches Modell

und ein ab initio Berechnungsschema für die ultraschnelle XAS zur Analyse der Elektro-

nendynamik in laserangeregten Festkörpern. Das Modell kombiniert den Floquet–Bloch-

Formalismus und die Dichtefunktionaltheorie mit der LAPW+lo-Methode. Der Floquet-

Bloch-Formalismus ermöglicht eine, von der Störungstheorie unabhängige, Beschreibung

sowie die Analyse von Response höherer Ordnung. Mit der LAPW+lo-Methode kann

die gesamte elektronische Struktur durch die Berücksichtigung des vollen Potentials

widergespiegelt werden. Somit werden die inneren Elektronen genau beschrieben. Wir

betrachten zwei Ansätze zur Berechnung des Absorptionsquerschnitts: einen, der nur

für quasi-monochromatische Röntgenpulse gilt, und einen, der für den allgemeinen Fall

ultrakurzer Röntgenpulse geeignet ist. Mithilfe des letztgenannten Ansatzes und un-
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seres Berechnungsschemas modellieren wir die ultraschnelle XAS eines laserangeregten

Zinkoxidkristalls an mehreren Absorptionskanten über einen weiten Energiebereich.

Bei der XAS wird das Absorptionsprofil zur Bestimmung der unbesetzten partiellen Zu-

standsdichte verwendet, um aus den Messdaten Informationen über die elektronische

Struktur des Kristalls zu gewinnen. In dieser Dissertation erstellen wir ein Modell zur

Berechnung der partiellen Zustandsdichte laserangeregter Materialien. Anschließend

verwenden wir es zur Interpretation der Ergebnisse unserer Modellierung der ultra-

schnellen XAS. Wir zeigen auch, dass die laserangeregte partielle Zustandsdichte selbst ein

wertvolles Berechnungswerkzeug darstellt. Es erfasst lasergesteuerte Änderungen in der

atomar- und orbitalaufgelösten elektronischen Population. Zur Veranschaulichung des en-

twickelten Ansatzes führen wir Berechnungen für einen laserangeregten Zinkoxidkristall

durch. Dabei wird die partielle Zustandsdichte mit der entsprechenden Elektronendichte

verglichen, was zeigt, dass die partielle Zustandsdichte – analog zum feldfreien Fall –

Informationen über die chemische Bindung enthält.

Wir berechnen die ultrakurzen Röntgenabsorptionsspektren an den Absorptionskanten

von Zink und Sauerstoff über einen Energiebereich, der sowohl Valenz- als auch Leitungs-

bänder umfasst. Im Leitungsband beobachten wir eine Verringerung der Signalintensität

infolge der Ladungsträgeranregung. Im Valenzband entsteht aufgrund eines Elektro-

nenlochs, das nach der Anregung eines Elektrons in das Leitungsband zurückbleibt, ein

Vorkantenmerkmal. Wir vergleichen die Ergebnisse für den ultrakurzen Absorptions-

querschnitt mit der entsprechenden laserangeregten partiellen Zustandsdichte, um zu

veranschaulichen, wie das Signal mit der Dynamik der laserangeregten Elektronen zusam-

menhängt. Insbesondere zeigen wir, dass die Fourieramplituden des zeitabhängigen

Absorptionsquerschnitts den Amplituden der entsprechenden laserangeregten partiellen

Zustandsdichte folgen. Darüber hinaus stellen wir fest, dass bei ultrakurzen Pulsen

die Absorption einer spektralen Komponente auch von ihrer anfänglichen Intensität

abhängt.

Diese Arbeit entwickelt ein theoretisches Modell und ein ab initio Berechnungsschema

zur Beschreibung der ultraschnellen XAS in laserangeregten Materialien. Sie stellt eine

Verbindung zwischen den Observablen der ultraschnellen XAS und der zugrunde liegen-

den Elektronendynamik her. Die gewonnenen Ergebnisse bieten analytische Werkzeuge

zur Interpretation entsprechender Experimente und zur Entwicklung von Strategien für

die optische Kontrolle von Materialeigenschaften.
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1. Introduction

The generation of subfemtosecond pulses of high intensity has made it possible to control

the collective motion of electrons in solids on an ultrafast timescale [1–4]. Following the

observation of the subfemtosecond response of solids to the driving field [5–8], laser-

driven electron dynamics in solids has attracted significant scientific and practical interest.

Subfemtosecond control of carriers and photoexcited currents has been demonstrated

in solid-state systems, including semiconductors [9, 10] and dielectrics [11–13]. Such

optical control is of significant interest for the development of optoelectronic devices. It is

particularly important for the design of new devices capable of ultrafast modulation and

switching of optical signals on a petahertz timescale [14–17].

The petahertz, or light-wave electronics, utilize systems where emitted electrons are

directly sensitive to the amplitude of the electromagnetic field of the driving light rather

than its time-averaged intensity [17–19]. For a measurable residual electronic current

sensitive to the amplitude of the electric field, the carriers need to be injected within

a timescale below the cycle duration of the driving optical field. The main parameter

defining the speed of the carrier’s injection within a solid is the time it takes for electronic

band transitions [20]. According to Keldysh theory [21, 22], the cycle-averaged rate of

interband transitions in a monochromatic field can be approximated as ωt = eE0/
√

m∗
e∆

for the linearly polarized light. Here e is an elementary charge and E0 is the applied

electric field strength. The material parameters are an effective electron mass m∗
e and the

bandgap ∆. Building petahertz electronics using semiconductors with a bandgap of ∼ 1

eV requires an electric field strength on the order of ∼ 1 V/nm [17]. Therefore, to increase

the transition frequency and obtain a system response that is sensitive to the amplitude

of the driving field, the strength of the field needs to be increased towards the so-called

field-driven regime [22–25]. This is the regime where the electric field strength matches the

value of the interatomic forces within a solid.

The emerging properties of the light-driven matter depend strongly on the driving field

parameters, opening the way for optical manipulation of the material properties through

Floquet engineering [26–29]. This approach has been used for the experimental realiza-

tion of new band structures [30–32], laser control over topological properties [33–35], and

photo-induced phase transitions, including photo-induced metallic [36–38] and supercon-

ducting states [39–42]. The experimental realisation of the Floquet states requires extremely

high electric field strengths and low photon energies [43], which can only be met using

femtosecond laser pulses. Given the ultrafast timescale and the inherently short lifetime,

Floquet states survive no longer than a few picoseconds. In solids, the intrinsic timescale of

scattering and dephasing further limits their lifetime [44]. For this reason, the observation
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of Floquet physics has been limited to materials with exceptionally long scattering times,

such as topological insulators [30, 31] and graphene at low temperatures [34, 45].

Recently, the concept of Floquet engineering has been extended from controlling the

properties of quasi-equilibrium steady states to manipulating electron dynamics in real

time on subfemtosecond timescales [9–13]. Meanwhile, developments in time-resolved

spectroscopy instrumentation have provided an unprecedented opportunity to observe

emergent steady states and transport properties in non-equilibrium systems. A prominent

example of such a technique is time- and angle-resolved photoemission spectroscopy

(trARPES), which has been applied to probe Floquet dynamics in quantum materials

[30–32, 35, 46]. In laser-driven solids, photon-dressed bands form a periodic structure in

both energy and momentum space, and the interaction between different orders of these

Floquet–Bloch bands results in dynamic band gaps. TrARPES is a powerful technique

capable of resolving such photo-induced band gaps. Using this technique, the first direct

experimental evidence of Floquet states was demonstrated in the topological insulator

Be2Se3, driven by an intense ultrashort pulse with energy below the bulk band gap [30]. It

has also been used to explore the dynamic transitions between Floquet–Bloch and Volkov

states on the surface of the topological insulator Be2Se3 [31]. In graphene, the formation of

Floquet states has been demonstrated through the light-induced anomalous Hall effect

or photovoltaic Hall effect [34]. A further study in Ref. [45] reported the experimental

realization of steady Floquet–Andreev states in graphene Josephson junctions.

Time-resolved spectroscopic techniques were initially limited to measurements of transient

absorption and reflectivity [47], and later developed into a wide range of techniques where

the particular details of experiments depend on the targeted system and dynamics [29,

48]. Novel light sources are now capable of generating intense pulses with wavelengths

ranging from terahertz to extreme ultraviolet (XUV), offering various pulse durations

and repetition rates and enabling precise control in pump-probe experiments. It allows

for selectively exciting electronic transitions, coupling directly to collective modes, or

avoiding resonances entirely. The application of the probe across the XUV to hard x-ray

energy range in particular allows the study of laser-driven transient modifications with

subnanometer spatial resolution at the subfemtosecond timescale. Ultrafast x-ray probing

techniques provide useful instruments for the detection of photo-excited dynamics within

molecular systems and solid materials [49–54].

A beneficial x-ray imaging technique for probing laser-dressed electron dynamics is x-ray

diffraction. This technique uses photon wavelengths comparable to atomic spacing to

study structural dynamics [55–58] or the evolution of spin and charge electronic orders

[59–64]. In standard x-ray diffraction, the intensity of diffraction peaks at Bragg reflections

G is proportional to the square of the Gth Fourier component of the electron density. In

the presence of a driving field, side peaks appear at Bragg reflections G [65, 66], located at

momentum G + q and separated in energy by ω, where q and ω are the momentum and
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energy of the driving-field photons. The intensity of the side peaks encodes information

about the laser-dressed electron density based on the material’s microscopic optical re-

sponse. It is proportional to the squared Gth Fourier component of laser-dressed charge

distribution, similar to the stationary case. The first x-ray diffraction measurement in the

presence of a driving field was carried out at the Free-Electron Laser LCLS to probe the

linear optical response of diamond [66]. Later, it was shown that the concept remains

valid for a high-order optical response [67–69]. The side peaks at G + nq represent the

Gth Fourier components of laser-dressed charge distributions resulting from nth-order

optical response. The main advantage of such a measurement is that it provides a way to

probe the valence charge density in a material, which is not accessible in standard x-ray

diffraction experiments [66]. It can also selectively probe certain parts of the valence charge

because a material’s optical polarizability is not uniformly distributed across them.

In x-ray diffraction measurements, the probe pulse is usually chosen to have a high

photon energy to avoid resonance with core-electron excitations. These measurements

typically require large-scale facilities, such as free-electron lasers. In contrast, resonant x-

ray probe techniques use photon energies that are carefully tuned to the binding energies of

localized core electrons of specific atoms. As a result, they are atomic and orbital selective,

and therefore sensitive to specific orbital contributions to the laser-driven dynamics of

delocalized valence states [70–72]. Importantly, resonant x-ray techniques can often be

carried out using tabletop x-ray sources. A prominent example is time-resolved x-ray

absorption spectroscopy (trXAS), which is an extension of x-ray absorption spectroscopy

(XAS) to the time domain.

In XAS, an incident photon excites a core electron into an unoccupied state, as shown in

Fig. 1.1. Since the binding energies of core electrons differ significantly between elements

and even between core shells of the same atom, XAS provides both elemental and orbital

selectivity. By tuning the incident photon energy, one can choose the absorbing atom and

the specific core level from which the electron is excited. In experiments, XAS spectra

are recorded in transmission mode, where the ratio of incident and transmitted beam

intensities is measured while the photon energy of the x-ray pulse is scanned through

the binding energy of a chosen core shell. At the absorption edge, a sharp increase

in absorption occurs, corresponding to transitions into the lowest unoccupied states,

for example, into bound core excitons in insulators. The absorption edges are labeled

according to the initial core level: excitations from the 1s state correspond to the K-edge;

from the 2s state, to the L1-edge; from the 2p states, to the L2,3-edges; from the 3s, 3p, and

3d states, to the M1-, M2,3-, and M4,5-edges, respectively; and higher shells are labeled

analogously.

The absorption edge region is followed by the x-ray absorption fine structure (XAFS). The

latter includes the near-edge x-ray absorption fine structure (NEXAFS) region and the

extended x-ray absorption fine structure (EXAFS) region. In XAFS spectroscopy, the core
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Figure 1.1.: Schematic representation of x-ray absorption spectroscopy.

electron is excited from the bound core-level state into the unoccupied valence state or

continuum [70, 73, 74]. NEXAFS corresponds to the transition to unoccupied valence states.

As it involves the promotion of core-level electrons into unoccupied valence states, NEX-

AFS probes the unoccupied density of states [75, 76]. EXAFS corresponds to bound-free

transitions of core-level electrons. In this region, photo-excited electrons undergo multiple

scattering from neighboring atoms, leading to oscillations in the absorption profile. EX-

AFS therefore contains information about the atomic configurations or lattice spacings of

solids [77, 78]. Taken together, NEXAFS and EXAFS allow for the measurement of both

the electronic and lattice structure of a material. The extension of XAFS spectroscopy

to time-resolved measurement schemes has enabled the observation of electronic and

structural dynamics in real time on a subfemtosecond timescale [79–82].

In trXAS, an ultrashort XUV or x-ray probe pulse records the electronic and structural

dynamics in the absorption spectrum [79, 83, 84]. In solids, trXAS enables measurements

of laser-driven changes in both the electronic structure and the atomic arrangement [49,

85–87]. In a typical experimental setup, dynamic changes in the x-ray absorption profile

are followed by varying the time delay between the pump and probe pulses, which can

be translated into the evolution of the carrier population and coupled electron–phonon

dynamics during the action of the driving field. In the case of time-resolved NEXAFS

spectroscopy [49], the high photon energy of the broadband XUV pulse, which typically

lies above the energy range of interband transitions, offers an additional advantage. It

enables simultaneous observation of laser-dressed carrier dynamics in both the valence

and conduction bands, thus avoiding the ambiguities often found in optical pump-probe

spectroscopy due to overlapping spectral features. This technique has been used to resolve

electron, hole and phonon dynamics in materials with a subfemtosecond resolution
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including times during the interaction with a driving pulse [7, 8, 86, 88, 89].

These novel experiments, capable of resolving electron dynamics during laser driving,

motivate theoretical developments and advances in ab initio computational tools for in-

terpreting the experimental data. Real-time time-dependent density functional theory

(RT-TDDFT) is widely used to describe electron dynamics in molecules and solids under

both weak and strong external driving fields [90, 91]. It replaces the full time-dependent

Schrödinger equation for the many-electron wavefunction with a set of time-dependent

Kohn–Sham equations which, in principle, gives the exact time-dependent electron den-

sity. Interelectronic interactions are included through exchange–correlation potentials,

although their exact forms remain unknown.

Theoretical modeling of ultrafast x-ray absorption spectroscopy within the RT-TDDFT

framework involves propagating the electronic system under the full time-dependent

Hamiltonian, including both the driving field and probe x-ray field. The transient absorp-

tion spectrum is extracted by subtracting the pump-only dynamics from the pump-probe

simulation to obtain the probe-induced response. Different implementations rely on

different exchange-correlation functionals and basis sets. Plane-wave pseudopotentials

are efficient for extended states, while atomic functions are often used to describe core

excitations. RT-TDDFT with the Gaussian basis sets was applied to simulate attosec-

ond transient absorption at the oxygen and nitrogen K-edges in aminophenol and the

silicon L2,3-edge in bulk-like α-quartz clusters in Ref. [92]. Relativistic RT-TDDFT was

implemented in Ref. [93] to describe ultrafast XAS across the periodic table, including the

sulfur L2,3-edge and transition-metal edges. In Ref. [94], attosecond transient absorption of

SiO2 and diamond was simulated based on bulk-mimicking clusters and RT-TDDFT with

Gaussian basis sets. A broader review of RT-TDDFT applications to ultrafast materials

science was given by Sato et al. [91], who summarized simulations of attosecond transient

absorption in magnetic solids, including the Co M2,3-edge. RT-TDDFT implementation

has been developed using the all-electron, full-potential LAPW+lo basis in the exciting

in Ref. [95]. However, it is not currently possible to model ultrafast x-ray absorption

spectroscopy with this implementation.

The description of resonant x-ray techniques within RT-TDDFT remains challenging

since conducting an accurate analysis of core-excited states in materials is a difficult task.

A significant numerical challenge arises from using a uniform basis to simultaneously

describe both localized core electrons and delocalized valence electrons. Many basis

functions are required to accurately represent the wavefunction of a core electron in the

plane-wave basis [96] or the wavefunction of a valence electron in the basis of atomic

functions [97]. Additionally, capturing nontrivial electronic correlation effects remains a

significant challenge for density functional theory (DFT)-based methods. Non-equilibrium

Green’s functions and diagrammatic techniques provide a framework for computing

few-body correlation functions in time-dependent problems without solving the full many-
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body wavefunction [98, 99]. However, the application of these methods to non-equilibrium

systems is more challenging, as time-translational invariance no longer holds. As a result,

physical quantities must be described as functions of two distinct time variables rather

than a single energy variable, which significantly increases computational complexity. A

prominent example of the application of non-equilibrium Green’s functions methods to

XAS is the use of the Bethe–Salpeter equation formalism to compute bound two-particle

states [100–102]. Several works have extended the Bethe–Salpeter equation to the time

domain [103–106]. However, these have not been applied to ultrafast XAS in real solids.

In practice, the theoretical description of XAS in the presence of a strong driving field

involves a combination of computational time propagation and linear-response theory.

The system is propagated nonperturbatively under the strong pump field, while the probe

is introduced as a perturbation to extract the transient response. As the probe pulse can be

treated as a perturbation, the absorption spectrum can be expressed as the linear response

of the pump-driven medium. For example, the equations of motion for the single-particle

density matrix can be solved in a Bloch basis. This results in the semiconductor Bloch

equations, in which the pump field is included non-perturbatively and phenomenological

dephasing and relaxation can be introduced. The x-ray probe is then treated perturbatively,

and transient absorption is derived from probe-induced polarization or current in the

pump-driven medium. The density-matrix formalism is particularly useful when the

system is in a mixed state or when relaxation processes are significant. In Ref. [107], a

four-band density matrix was used to simulate pump-driven dynamics with a finite core-

hole lifetime in graphene, and the resulting time-dependent polarization was analyzed to

extract the absorption spectrum. In Ref. [108], trXAS was formulated for a periodic crystal

by propagating density-matrix equations in a Houston-state basis and computing the

probe-induced conductivity. This captures the dynamical Franz–Keldysh effect around

the band edge, demonstrating that the absorption spectrum encodes full information on

the momentum-dependent band gap across the entire Brillouin zone. In Refs. [109, 110],

the authors developed a framework for describing XAS of laser-driven materials using a

similar approach based on time propagation of the system’s density matrix in reciprocal

space. The implementations include tight-binding model and the Kohn–Sham DFT scheme,

with localized orbitals or Wannier basis, including the description of excitonic effects.

The framework was demonstrated by modeling an attosecond ultrafast spectroscopy

experiment in a few-layer graphite interacting with a mid-IR ultrashort pulse.

In this thesis, we present an ab initio computational scheme for describing ultrafast XAS.

The scheme combines the Floquet–Bloch formalism with DFT using the LAPW+lo method.

The Floquet–Bloch formalism enables the study of non-perturbative electron dynamics

in solids driven by intense laser fields without explicit time propagation of the electronic

states [111, 112]. This makes it computationally more efficient than RT-TDDFT or Green’s

function approaches [44, 113–115]. Although Floquet theory assumes a continuous periodic

driving field, it has recently been demonstrated that the Floquet picture remains a valid
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approximation even for strong optical pulses comprising only 10–15 cycles [32, 116, 117].

Within our scheme, the use of the Floquet–Bloch formalism both facilitates the interpre-

tation of the physical processes and provides computational feasibility. The LAPW+lo

method provides a full-potential treatment of the crystal electronic structure, accurately

capturing the effects of both valence and core electrons.

In the next Chapter 2, we introduce the theoretical background for calculating the ground

and laser-dressed state of solids and computational methods that are the basis of the results

presented in this thesis. It begins with an overview of Floquet theory as a formalism for

describing systems under periodic external fields, followed by a discussion of its numerical

implementation using the extended Hilbert space approach. We then introduce Floquet–

Bloch theory as a tool to treat periodicity in both time and space. Finally, we outline

the main features of the DFT method in use, which is the plane wave basis set and

pseudopotentials in the case of x-ray diffraction and the family of augmented plane wave

(APW) methods in the case of trXAS. We additionally explain the treatment of semicore

and core electronic states as it is implemented in exciting.

In Chapter 3 we begin with a description of the x-ray diffraction experiment on the laser-

dressed material. We first introduce the general formalism developed in the Ref. [67]. We

then focus on the angular dependence of the side peaks to the elastic Bragg peak. We

model the x-ray diffraction signal from a laser-dressed silicon crystal using a previously

developed ab initio computational scheme combining Floquet–Bloch formalism with DFT

[67]. We compare our results of computational modeling for a silicon crystal with the

recent experimental measurement of the angular dependence of the first- and second-order

side peaks to the (220) elastic Bragg peak. Together with the experimental research team,

we show how the measurement of the higher-order side peaks provides atomic-scale

information on the local symmetry of the laser-dressed electron density.

This motivates us to consider another technique for probing electron dynamics in laser-

dressed solids, namely ultrafast XAS. In XAS, the absorption profile reflects the unoccupied

PDOS, which allows information about the crystal’s electronic structure to be extracted

from the data. To interpret the results of our ultrafast XAS modeling we develop a

framework for calculating the PDOS of laser-dressed materials in Chapter 4. We also

show that laser-dressed PDOS provides a valuable computational tool on its own as it

captures laser-driven changes in the electronic population in a site- and orbital-resolved

way. The developed an ab initio computational scheme combines the Floquet–Bloch

formalism with DFT using the LAPW+lo basis. We use the LAPW+lo method since it

provides full-potential treatment of the electronic structure and provides a convenient

way to distinguish the contributions of different orbital types to the density of states.

Using wurtzite zinc oxide crystal as a case study, we connect the evolution of the laser-

dressed PDOS with the corresponding laser-dressed electron density. We show that the

laser-dressed PDOS provides information about the structure of the bonds that form
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the laser-dressed electron density, analogous to the field-free case. We also show that

analyzing the time dependence of the laser-dressed PDOS reveals the contributions of

different orbital types to laser-dressed electron dynamics. We additionally introduce the

laser-dressed electron density for a selected energy window to draw a connection between

the hybridized orbitals and the bonding or antibonding character of their interaction. We

further use the introduced electron density for a selected energy window to interpret

laser-driven bond weakening.

Chapter 5 presents theoretical description and developed ab initio computational scheme

to describe a process in which trXAS is applied to study laser-dressed electron dynamics in

solids. The computational scheme is based on the Floquet–Bloch formalism and DFT with

LAPW+lo basis. The Floquet–Bloch formalism provides a non-perturbative description

of laser-dressed solids and allows the study of higher orders of the microscopic optical

responses. The LAPW+lo method provides a full-potential treatment of the crystal elec-

tronic structure, accurately capturing the effects of both valence and core electrons. We

introduce two different methods to calculate absorption cross section, one based on the

so-called projection treatment of x-ray absorption and the other based on the so-called

time- and frequency-domain treatment of x-ray absorption. We compare the results of the

two methods for calculating the x-ray absorption cross section with the corresponding

time-dependent PDOS. Using a wurtzite zinc oxide crystal as a case study, we show how

trXAS measurements can reveal information about laser-dressed electron dynamics in the

conduction band and hole dynamics in the valence band in a site- and orbital-resolved

manner.

Appendix A contains the details of the derivations of the x-ray absorption cross section in

Chapter 5, including the description of the core hole decay.
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2. Theoretical background

2.1. Floquet theory

Floquet theory, the central method of this thesis, describes periodically driven systems

[27, 118, 119]. It applies to the systems with a time-periodic Hamiltonian Ĥ(t) = Ĥ(t + T),
where T is the period. System dynamics is governed by the time-dependent Schrodinger

equation

i
d
dt

|Ψ(t)⟩ = Ĥ(t) |Ψ(t)⟩ . (2.1)

According to Floquet theory [120, 121], there exists a time-periodic unitary operator ÛF(t) =
ÛF(t + T) that defines a transition to a rotating frame. In this frame, the transformed state

|ΨF(t)⟩ = Û†
F(t) |Ψ(t)⟩ evolves under an effective time-independent Hamiltonian:

ĤF = Û†
F(t)Ĥ(t)ÛF(t)− iÛ†

F(t)
d
dt

ÛF(t). (2.2)

The effective time-independent Hamiltonian ĤF allows to describe the evolution of the

system in a way similar to that of a stationary system. The eigenvalue problem of the

effective Hamiltonian

ĤF |Φ̃K⟩ = EK |Φ̃K⟩ (2.3)

gives a set of stationary states |ΨK(t)⟩ of the time-dependent Schrödinger equation, called

Floquet states. They have the following form [119–121]

|ΨK(t)⟩ = e−iEKt |ΦK(t)⟩ , |ΦK(t)⟩ = |ΦK(t + T)⟩ , (2.4)

where |ΦK(t)⟩ = ÛF(t) |Φ̃K⟩ is the Floquet mode with periodic time dependence, and EK

is the quasienergy.

The Floquet states are eigenstates of the time evolution operator over one driving period,

|ΨK(t + T)⟩ = Û(t + T, t) |ΨK(t)⟩ = e−iEKT |ΨK(t)⟩ . (2.5)

For each time point t, the Floquet states form a complete and orthogonal basis. In the cases

where the system was prepared in a single Floquet state, its time evolution is periodic,

defined by the Floquet mode |ΦK(t)⟩, and by this means quasistationary [119–121]. If the

system was prepared in a coherent superposition of several Floquet states,

|Ψ(t)⟩ = ∑
K

CKe−iEKt |ΦK(t)⟩ , CK = eiEKt0 ⟨ΦK(t0)|Ψ(t0)⟩ , (2.6)
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deviations from a periodic evolution are defined by the quasienergies EK and initial

condition for |Ψ(t0)⟩.

Example: A two-level system in a circularly polarized field

As a simple example, we apply Floquet theory to solve the time-dependent Schrödinger

equation in the case of a two-level system in a circularly polarized field [122]. The Hamil-

tonian of a two-level system in a classical, spatially uniform, circularly polarized electric

field has the form

Ĥ(t) =
ω0

2
σ̂z + F cos(ωt)σ̂x + F sin(ωt)σ̂y. (2.7)

Here, σ̂x,y,z are the Pauli matrices, ω0 denotes the transition frequency between the two

states of the undriven system, and F and ω refer to the amplitude and the frequency of

the driving force.

The transformation to a reference frame co-rotating with the field is implemented by a

unitary operator:

ÛF(t) = exp
(
−i

ωt
2
(
1̂ − σ̂z

))
, (2.8)

In the rotating frame, the transformed Hamiltonian, given by Eq. (2.2), takes the form:

Ĥc
F =

ω

2
1̂ +

∆
2

σ̂z + Fσ̂x, (2.9)

where ∆ = ω0 − ω is the detuning from resonance and the superscript c indicates that we

are considering a circularly polarized driving field. After diagonalization, this Hamiltonian

gives the quasienergies

E± =
1
2
(ω ± ΩR), (2.10)

with the generalized Rabi frequency

ΩR =
√

∆2 + F2. (2.11)

The eigenvectors of the Hamiltonian Ĥc
F give rise to the Floquet states, which can be

evaluated according to Eqs. (2.3),(2.4).

The time-periodic operator ÛF(t) in Eq. (2.2) is not uniquely defined, leading to multiple

choices for the effective time-independent Hamiltonian ĤF. Given one operator ÛF(t),
a new operator Û′

F(t) can be obtained by applying a unitary transformation. However,

since Floquet states |ΨK(t)⟩ are eigenstates of the time evolution operator over one driving

period (Eq. (2.5)), they will not be altered by such operations. For example, we can

multiply the operator with an arbitrary time-independent unitary operator Û from the
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right, Û′
F(t) = ÛF(t)Û, so that Ĥ′

F = Û†ĤFÛ. If we choose Û′
F(t) = ÛF(t)Û†

F(t0) ≡
ÛF(t; t0), we obtain an operator that is equal to the identity once during each period T,

Û′
F(t0) = ÛF(t0; t0) = 1. Thus, we can write the time evolution operator as follows [119,

123]:

Û(t, t0) = ÛF(t; t0) exp
(
−i(t − t0)Ĥt0

F

)
, (2.12)

with the Floquet Hamiltonian

Ĥt0
F = ÛF(t0)ĤFÛ†

F(t0). (2.13)

In particular, for t = t0 + T, Eq. (2.12) becomes

Û(t0 + T, t0) = exp (−iTĤt0
F ). (2.14)

Therefore, the Floquet Hamiltonian corresponds to the time evolution in steps of the

driving field period T. Ĥt0
F depends on the initial time t0 as a parameter and thus also on

the driving field phase. However, according to Eq. (2.13), this dependence sits in a unitary

transformation, so that the eigenvalues of the Floquet Hamiltonian are independent of t0

and the driving field phase [119].

Another way to obtain a new operator Û′
F(t) and the effective Hamiltonian Ĥ′

F is the

following Û′
F(t) = ÛF(t)eiµωt|Φ̃K⟩⟨Φ̃K |, where ω = 2π/T is the angular frequency and µ is

an integer [119], which gives

Ĥ′
F = ĤF + µω |Φ̃K⟩ ⟨Φ̃K| . (2.15)

The introduced transformation results in the new quasienergy and the corresponding

Floquet modes labeled by µ as follows:

Eµ
K = EK + µω, |Φµ

K(t)⟩ = eiµωt |ΦK(t)⟩ , (2.16)

the Floquet state remains unchanged by this transformation,

|ΨK(t)⟩ = e−iEKt |ΦK(t)⟩ = e−iEµ
K t |Φµ

K(t)⟩ . (2.17)

From the Eq. (2.16) it follows that quasienergies are defined up to integer multiples of

the driving field frequency ω, in agreement with the earlier observation that Eq. (2.2)

does not define the Floquet Hamiltonian uniquely. Therefore, we can choose the index µ

independently for each Floquet state K, and in this way map all quasienergies into a single

energy range of width ω. This range is usually referred to as the Floquet–Brillouin zone [27,

118, 119, 124], similar to the definition of the Brillouin zone followed from Bloch’s theory for

spatially periodic systems [125]. If a certain harmonic µ′ = µ0 dominates the Floquet mode

|ΦK(t)⟩ ≡ ∑µ′ |Φ(µ′)
K ⟩ e−iµ′ωt in a certain reference frame, then Eµ0

K is a natural choice for
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quasienergy, which in the limit of a vanishing field gives a stationary energy spectrum.

2.1.1. Numerical methods to solve the Floquet problem

Only a few Floquet Hamiltonians can be found in a closed form, as in the case of the

circularly driven two-level system discussed earlier. As a simple example, we consider

instead a linearly driven two-level system, described by the Hamiltonian [126]:

Ĥ(t) =
ω0

2
σ̂z + 2Fσ̂x cos(ωt), (2.18)

which can be interpreted as a superposition of left- and right-hand circularly polarized

driving fields. The Hamiltonian will retain some time dependence after applying the

transformation into the rotating frame. One of the two circular components is effec-

tively "rotated away," while the "counter-rotating" term will oscillate at twice the driving

frequency

Ĥrot(t) = Ĥc
F + F cos(2ωt)σ̂x − F sin(2ωt)σ̂y. (2.19)

For a very high driving frequency ω ≫ F, one can neglect the 2ω terms, and the Hamilto-

nian in Eq. (2.19) reduces to Ĥc
F. This is the famous rotating wave approximation (RWA),

the prominent example of high-frequency expansion [119, 127, 128]. A high-frequency ex-

pansion can be used to get a good approximation of the effective Hamiltonian ĤF and the

corresponding unitary transformation operator ÛF when the driving frequency ω is large

compared to the characteristic matrix elements of the Hamiltonian. However, to overcome

the limitations of this approximation, particularly in regimes where ω is of comparable

magnitude with the coupling to the driving field, a more general approach is required.

This involves working within the extended Floquet Hilbert space of time-periodic states,

which is one of the main numerical methods used to solve the Floquet problem.

Extended Hilbert space

Substituting the Floquet state |ΨK(t)⟩, as defined in Eq. (2.3),(2.4), into the time-dependent

Schrödinger equation yields the following equation for the Floquet modes |Φµ
K(t)⟩:

[Ĥ(t)− i
d
dt
] |Φµ

K(t)⟩ = Eµ
K |Φµ

K(t)⟩ . (2.20)

Equation (2.20) is the eigenvalue problem of the Hermitian quasienergy operator [121],

which can be identified with the Floquet Hamiltonian ĤF:

Q̂(t) = Ĥ(t)− i
d
dt

, (2.21)

acting on the extended Hilbert space F = H⊗ T . This space is the tensor product of

the Hilbert space H and the space of time-periodic functions T . The inner product in F
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combines the scalar product of H with time averaging and reads:

⟨⟨ f |g⟩⟩ = 1
T

∫ T

0
dt ⟨ f (t)|g(t)⟩ , (2.22)

where a double ket | f ⟩⟩ denotes the elements of F and | f (t)⟩ denotes the corresponding

state at time t in H. A state | f (t)⟩ = | f (t + T)⟩, including its full periodic time dependence,

is written as | f ⟩⟩ when considered as an element of F . An operator acting in F is indicated

by an overbar to distinguish it from operators acting in H, which are marked by a caret

[119–121]. The eigenvalue problem of the quasienergy operator Q̄ is now written as

follows:

Q̄ |Φµ
K⟩⟩ = Eµ

K |Φµ
K⟩⟩. (2.23)

In Floquet space, the states |Φµ
K⟩⟩ and |Φµ′

K ⟩⟩, defined by Eq. (2.16), are orthogonal if µ′ ̸= µ,

so that the quasienergy spectrum is periodic with period ω. Despite this redundancy,

working in F has the advantage that one can use intuition developed for the stationary

systems.

From a complete basis of orthogonal states |φn⟩ of H, one can construct a complete basis

of orthogonal states |φn, µ⟩⟩ of F , given by |φn, µ(t)⟩ = |φn⟩ eiµωt with integer µ. In terms

of these basis states, the quasienergy operator has the matrix elements [120, 121, 129–131]:

⟨⟨φm, µ′| Q̄ |φn, µ⟩⟩ = ⟨φm| Ĥµ′−µ |φn⟩+ µωδµ′µδnm, (2.24)

where Ĥµ′−µ is the (µ′ − µ)th Fourier component of the time-dependent Hamiltonian

Ĥµ =
1
T

∫ T

0
dte−iµωtĤ(t) = Ĥ†

−µ. (2.25)

The matrix defined by Eq. (2.24) has a block structure with respect to µ. The diagonal

blocks are defined by the time-averaged Hamiltonian Ĥ0 and shifted with respect to each

other by integer multiples of ω in quasienergy. As an example, we consider a common

time-dependent Hamiltonian that is of the following form:

Ĥ(t) = Ĥ0 + V̂eiωt + V̂†e−iωt. (2.26)

Here, Ĥ0 is the unperturbed Hamiltonian of the system and V̂ is a perturbation oscillating

at frequency ω. In this case, the matrix elements of the quasienergy operator in Eq. (2.24)
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take the simple form 

. . . . . . . . . . . . . . .

. . . Ê + ω1̂ V̂ 0
. . .

. . . V̂† Ê V̂
. . .

. . . 0 V̂† Ê − ω1̂
. . .

. . . . . . . . . . . . . . .


, (2.27)

where Ê is a diagonal matrix containing the eigenvalues of the unperturbed Hamiltonian

Ĥ0, Ê = diag(Eφ1 , Eφ2 , ...), V̂ is a matrix with elements Vn′,n = ⟨φn′ |V̂|φn⟩ and 1̂ is a unit

matrix. Numerical evaluation of the eigenvalues and eigenvectors of the block-tridiagonal

matrix in Eq. (2.27) can be very efficient due to the number of algorithms developed,

but since it is infinite-dimensional, a convergence study over the number of blocks is

required.

2.2. Floquet theory in quantum electrodynamics

The structure of the Floquet Hamiltonian matrix in Eq. (2.27) is similar to that of a Hamil-

tonian matrix for a system interacting with a quantized field in the large photon number

limit, i.e., coherent light [120]. In this model, µ is referred to as the photon number, and the

corresponding matrix elements, Ĥµ, describe µ-photon processes [69]. The interpretation

of the results in terms of states for a quantized field becomes clearer when we consider

the periodic term in the Hamiltonian Ĥ as arising from the interaction of a system with a

quantized field. We introduce the total Hamiltonian:

Ĥel−em = Ĥel + Ĥem + Ĥint, (2.28)

where Ĥel is the electronic Hamiltonian, Ĥem is the electromagnetic field Hamiltonian,

and Ĥint describes the interaction between the electrons and the external field.

The electromagnetic field is described by a single mode Hamiltonian

Ĥem = ω â†
κ0,s0

âκ0,s0 , (2.29)

where â†
κ0,s0

and âκ0,s0 are the photon creation and annihilation operators for the mode

with wave vector κ0 and polarization s0, and ω = |κ0|c is the mode frequency. The

electromagnetic field is assumed to occupy a single coherent mode with polarization

vector ϵ0 and is described by a coherent state |α(t)⟩, since it is the state of a quantum

oscillator that most closely approximates the classical description.
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In the Coulomb gauge, the interaction Hamiltonian has the form:

Ĥint =
1
c

∫
d3rψ̂†(r)

(
Âem(r) · p

)
ψ̂(r), (2.30)

where Âem(r) is the vector potential operator of the electromagnetic field, which is usually

expanded into plane waves as

Âem(r) = ∑
κ,s

√
2πc2

Vωκ

(
âκ,sϵκ,seiκr + â†

κ,sϵ
∗
κ,se

−iκr
)

. (2.31)

The Hamiltonian Ĥel−em can be represented as a matrix in the basis of product states

formed by many-body eigenstates |Φn⟩ of electronic Hamiltonian Ĥel and Fock states of

the mode (κ0, s0), |Φn⟩ |N − µ⟩. Here µ is an integer and N approximates the average

number of photons in the mode (κ0, s0): ⟨α(t)| â†
κ0,s0

âκ0,s0 |α(t)⟩; µ is related to the number

of photons involved in the interaction between the electronic system and electromagnetic

field with −µmax ≤ µ ≤ µmax.

In the basis of states |Φn⟩ |N − µ⟩, both Ĥel and Ĥem are diagonal. In the matrix repre-

sentation of Ĥel−em the similarities with the Floquet Hamiltonian defined with its matrix

elements in Eq. (2.24) become apparent

⟨Φm| ⟨N − µ′| Ĥel−em |Φn⟩ |N − µ⟩ = (EΦn + (N − µ)ω)δµ′µδnm (2.32)

+ ⟨Φm| ⟨N − µ′| Ĥint |Φn⟩ |N − µ⟩ .

The difference between the Hamiltonian ĤF and Ĥel−em is that the off-diagonal elements

of Ĥel−em depend on µ; they are proportional to the
√

µ since Ĥint is proportional to the

annihilation operator, whereas those of ĤF do not. However, when considering Ĥel−em in

the vicinity of a large photon number N, the variation of the matrix elements of Ĥint with

µ becomes only of order 1/N. Thus, one can approximate:

Ĥel−em ≈ ĤF + Nω1̂, (2.33)

this holds for photon numbers close to N. In this limit of a large photon number N, one

can associate the quantum problem with its semiclassical limit.

The eigenstates of the Hamiltonian Ĥel−em can be represented as a superposition

|ΨK⟩ = ∑
n,µ

CK
nµ |Φn⟩ |N − µ⟩ , (2.34)

which gives rise to the generalized stationary states of the time-dependent Schrodinger

equation with the Hamiltonian Ĥel−em, similar to the Floquet modes defined by Eq. (2.4).
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Under the assumption that the electromagnetic field’s state is not changed by its interaction

with the electronic system, the solution can be represented as the product |Ψ(t)⟩ =

|Ψel(t)⟩ |α(t)⟩, precisely [67]:

|Ψ(t)⟩ = ∑
K

CKe−iEKt |ΘK(t)⟩ , (2.35)

where superposition

|ΘK(t)⟩ = ∑
n,µ

CK
nµe−iµωt |Φn⟩ |α(t)⟩ , (2.36)

involves physically equivalent Floquet states with energies EK∆µ
= EK + ∆µω.

2.2.1. Jaynes–Cummings model

We use a two-level atom interacting with a quantized mode of an optical cavity as an

example of a physical system described by the Hamiltonian in Eq. (2.28). This system

is particularly studied within the framework of the Jaynes–Cummings model [132]. The

model was originally developed to investigate the interaction between atoms and the

quantized electromagnetic field, especially spontaneous emission and photon absorption

processes in a cavity. In this model, RWA is applied to eliminate counter-rotating terms,

simplifying the system into an exactly solvable form with dressed-state eigenstates. Impor-

tantly, we will demonstrate that the energy spectrum obtained in the Jaynes–Cummings

model under RWA and near-resonance conditions is equivalent to the quasienergy spec-

trum of a two-level system driven by a circularly polarized classical field, as in Eq. (2.10).

The Hamiltonian for the atom–field system has the form:

Ĥ = ĤA + ĤF + ĤAF, (2.37)

where the Hamiltonian of the atom ĤA is

ĤA = Eg |g⟩ ⟨g|+ Ee |e⟩ ⟨e| (2.38)

and includes the ground state |g⟩ and the excited state |e⟩. Setting the energy of the ground

state to zero simplifies this to

ĤA = Ee |e⟩ ⟨e| = ωeg |e⟩ ⟨e| , (2.39)

where ωeg is the resonance frequency of transitions between the sublevels of the atom.

The Hamiltonian of the quantized electromagnetic field ĤF is

ĤF = ωc

(
â†

c âc +
1
2

)
, (2.40)
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where the operators â†
c and âc are the photon creation and annihilation operators, and the

subscript c indicates that we are considering only the resonant mode of the cavity.

In the Jaynes–Cummings model, the interaction Hamiltonian ĤAF represents the coupling

between the atomic dipole and a single mode of the electromagnetic field within a cavity.

The interaction Hamiltonian is thus given by

ĤAF = −d̂ · Ê(R), (2.41)

where R denotes the atomic position. We simplify the expression for the electric field

operator at the position of the atom as follows:

Ê(R) = i

√
2πωc

V

(
âceikc·R − â†

c e−ikc·R
)

, (2.42)

with kc and ωc being the wavevector and frequency of the cavity mode, respectively.

Further, we assume that the atomic position is to be at the origin. The dipole operator is

expressed as

d̂ = σ̂+ ⟨e| d̂ |g⟩+ σ̂− ⟨g| d̂ |e⟩ , (2.43)

where σ̂+ = |e⟩⟨g| and σ̂− = |g⟩⟨e| are the raising and lowering operators acting in the

{|e⟩, |g⟩} subspace of the atom. We define the coupling constant for the cavity mode as

follows:

gc = i

√
2πωc

V
⟨e|d̂|g⟩. (2.44)

This results in an interaction Hamiltonian of the following form:

ĤAF = gcσ̂+ âc − g∗c σ̂− â†
c − gcσ̂+ â†

c + g∗c σ̂− âc. (2.45)

Transitioning to the co-rotating frame simplifies the analysis by allowing the introduction

of some assumptions about the interaction Hamiltonian ĤAF. This is achieved by using

the interaction picture, where the Hamiltonian for noninteracting parts is Ĥ0 = ĤA + ĤF.

The interaction Hamiltonian in the interaction picture is computed as

ĤAF(t) = eiĤ0tĤAFe−iĤ0t (2.46)

and becomes

ĤAF(t) = gcσ̂+ â†
c ei(ωc+ωeg)t + g∗c σ̂− âce−i(ωc+ωeg)t (2.47)

−g∗c σ̂− â†
c e−i(ωeg−ωc)t − gcσ̂+ âcei(ωeg−ωc)t.

We now assume that the resonance frequency of the cavity is near the transition frequency

of the atom. Under this condition, the exponential terms oscillating at ωeg − ωc ≃ 0 are

nearly resonant, while the other exponential terms oscillating at ωeg + ωc ≃ 2ωc are nearly
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antiresonant. The net effect of the quickly oscillating antiresonant terms tends to average

to zero for the timescales of the resonant behavior. We may thus neglect the antiresonant

terms altogether, since their value is negligible compared to that of the nearly resonant

terms. This approximation is known as the RWA. The interaction Hamiltonian, assuming

gc is real for simplicity, becomes

ĤAF(t) = −gc

(
σ̂+ âcei(ωeg−ωc)t + σ̂− â†

c e−i(ωeg−ωc)t
)

. (2.48)

In the Schrödinger picture, the interaction Hamiltonian reads

ĤAF = e−iĤ0tĤAF(t)eiĤ0t = gc

(
σ̂+ âc + σ̂− â†

c

)
. (2.49)

Using the results above, the full Jaynes–Cummings Hamiltonian is given by

ĤJC = ωc â†
c âc + ωeg|e⟩⟨e|+ gc

(
σ̂+ âc + σ̂− â†

c

)
, (2.50)

omitting the constant term 1
2 ωc, which represents the zero-point energy of the field. We

define the basis of tensor product states {|g, 0⟩; |e, 0⟩, |g, 1⟩; · · · ; |e, n − 1⟩, |g, n⟩}, where

the states {|n⟩} of the field are those with a definite number n of photons. In this basis,

the Hamiltonian takes on a block-diagonal structure

ĤJC =



H0 0 0 0 · · · · · · · · ·

0 Ĥ1 0 0
. . . . . . . . .

0 0 Ĥ2 0
. . . . . . . . .

...
. . . . . . . . . . . . . . . . . .

...
. . . . . . 0 Ĥn 0

. . .
...

. . . . . . . . . . . . . . . . . .


. (2.51)

Each block Ĥn on the diagonal is itself a 2 × 2 matrix of the form

Ĥn =

[
ωc(n − 1) + ωeg ⟨e, n − 1|ĤJC|g, n⟩
⟨g, n|ĤJC|e, n − 1⟩ nωc

]
. (2.52)

The matrix elements of the interaction Hamiltonian in Eq. (2.49) are

⟨g, n| ĤJC |e, n − 1⟩ = gc ⟨g, n| â†
c σ̂− |e, n − 1⟩+ gc ⟨g, n| âcσ̂+ |e, n − 1⟩ =

√
ngc. (2.53)

Thus, we obtain the part of the Hamiltonian that acts in the nth subspace as

Ĥn =

[
nωc − 1

2 ∆
√

nΩ
2√

nΩ
2 nωc +

1
2 ∆

]
, (2.54)
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where we have identified 2gc = Ω as the Rabi frequency of the system, and ∆ = ωc − ωeg

is the so-called "detuning" between the frequencies of the cavity and atomic transition.

This simple 2 × 2 Hamiltonian is of the same form as that found in the Rabi problem for

the Hamiltonian in Eq. (2.9). Diagonalization gives the energy eigenvalues

En,± =

(
nωc −

1
2

∆
)
± 1

2

√
∆2 + nΩ2 (2.55)

which correspond to the eigenstates

|n,+⟩ = cos
(

θn

2

)
|e, n − 1⟩+ sin

(
θn

2

)
|g, n⟩ (2.56)

|n,−⟩ = cos
(

θn

2

)
|g, n⟩ − sin

(
θn

2

)
|e, n − 1⟩ (2.57)

where the angle θn is defined by the relation tan θn = −
√

nΩ
∆ .

2.3. Floquet–Bloch theory

Throughout this thesis, we consider a spatially periodic material as an example of a

quantum system under study. The extension of the Floquet theory to the case of a spatially

periodic system is called the Floquet–Bloch theory. Before introducing it, let us briefly

review Bloch’s theorem.

2.3.1. Bloch states and band structure

In the ground state of the material, without external perturbation, the crystal is described

by the field-free Hamiltonian Ĥ0:

Ĥ0 = −∇2

2
+ V̂c(r), (2.58)

where V̂c(r) is a space-periodic crystal potential satisfying V̂c(r + R) = V̂c(r), and R is the

lattice vector. The Bloch theorem [125] states that solutions to the Schrödinger equation

with the Hamiltonian in Eq. (2.58) can be expressed as plane waves modulated by periodic

functions as follows:

φnk(r) = eik·runk(r). (2.59)

Here, unk(r) = unk(r + R) are the Bloch modes with the band index n and the Bloch wave

vector k. The corresponding stationary Schrödinger equation

Ĥ0φnk(r) = Enk φnk(r), (2.60)
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gives the energy Enk of the Bloch state φnk(r), representing the energy dispersion relation

for the nth electronic band.

2.3.2. Floquet–Bloch states and quasienergy band structure

Consider the problem of a solid interacting with an electromagnetic field. Since the

wavelengths for an optical field are much larger than the lattice parameter, the field can be

considered as spatially uniform on the lattice size. The time-dependent Hamiltonian Ĥ(t),
for a crystal in the presence of a spatially uniform and temporally periodic electric field

E(t) = F0 sin(ωt), is then given by

Ĥ(t) =
1
2

(
p̂ +

1
c

A(t)
)2

+ Vc(r), (2.61)

where the vector potential A(t) is defined as

A(t) =
cF0

ω
cos(ωt). (2.62)

A unitary transformation is used to eliminate the A2(t) term in H(t). Upon this unitary

transformation, the time-dependent Hamiltonian Ĥ(t) that we have to consider now

becomes

Ĥ(t) = Ĥ0 +
1
c

A(t) · p̂, (2.63)

where Ĥ0 is the field-free Hamiltonian defined in Eq. (2.58).

The Hamiltonian in Eq. (2.63) is periodic in both space and time. Based on the Floquet–

Bloch theorem, the steady-state solution of the time-dependent Schrodinger equation

i
d
dt

Ψ(r, t) = Ĥ(t)Ψ(r, t) (2.64)

can be written as [67, 120, 133–136]

Ψik(r, t) =
1√
V

e−iEikteikrΦik(r, t). (2.65)

Here, Φik(r, t) is the Floquet–Bloch mode with band index i, quasimomentum k, and

quasienergy Eik. These modes are periodic in both time and space, satisfying Φik(r, t +
T) = Φik(r + R, t) = Φik(r, t). They are the eigenstates of the effective Floquet–Bloch

Hamiltonian ĤF(k)

ĤF(k)Φik(r, t) = EikΦik(r, t), (2.66)

where HF(k) is given by [133–135]

ĤF(k) = Ĥ0(k) + F0 · (k + p̂) cos(ωt)− i
∂

∂t
. (2.67)
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Solving the eigenvalue problem in Eq. (2.66) requires an appropriate basis set that con-

tains both space and time. The Floquet–Bloch modes can be expanded in terms of their

time Fourier components and the whole set of Bloch states due to their time and space

periodicity as follows:

Φik(r, t) =
+∞

∑
µ=−∞

∑
n

Ci
nkµe−iµωtunk(r), (2.68)

where unk(r) represents the periodic part of the Bloch wavefunction and Ci
nkµ are coeffi-

cients to be determined.

We introduce the basis states in the extended Hilbert space |k, n, µ⟩⟩ such that

⟨r, t|k, n, µ⟩ = eiµωtunk(r), (2.69)

and the inner product

⟨⟨k, n, µ|k, n′, µ′⟩⟩ =
∫ 2π/ω

0
dt
∫

dr e−iµωtu∗
nk(r)e

iµ′ωtun′k(r). (2.70)

Using the definition of the basis |k, n, µ⟩⟩, we can convert a time-dependent differential

equation Eq. (2.66) into a time-independent eigenvalue equation

∑
n′,µ′

⟨⟨k, n, µ| HF(k) |k, n′, µ′⟩⟩Cn′kµ′ = EkCnkµ. (2.71)

In this basis the matrix elements of HF(k) can be written as [133–135]

⟨⟨k, n, µ| HF(k) |k, n′, µ′⟩⟩ = (Enk + µω) δn,n′δµ,µ′ (2.72)

+
F0

2ω
· (kδn,n′ + Dn,n′(k)) (δµ,µ′+1 + δµ,µ′−1),

where the matrix Dn,n′(k) is defined as

Dn,n′(k) = −i
∫

dr u∗
nk(r)∇un′k(r). (2.73)

The solution of the matrix equation (2.71) gives the coefficients Cnkµ of Φik(r, t); the

Floquet–Bloch states Φik(r, t) can then be found by using Eq. (2.65),(2.68). Similar to the

Floquet states in Eq. (2.17), two Floquet–Bloch states at a given k-point with quasienergies

differing by ω are physically equivalent. Therefore, physically different Floquet–Bloch

states can be chosen all in the energy range of −ω
2 ≤ Eik < ω

2 , which is usually referred to

as the Floquet–Brillouin zone [133–135].

When the external field vanishes, the Floquet matrix in the Eq. (2.72) is diagonal, and

the quasienergy is equal to Eik = Eik + µω for all k-points. Thus, the quasienergies Eik

correspond to the field-free energies of Eik folded onto the Floquet–Brillouin zone in the
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vanishing field limit. In this limit, the time-dependent Floquet–Bloch states are equal

to the time-independent Bloch states multiplied by a phase factor, namely, Ψik(r, t) =
1√
V

e−iEikte−kruik(r), with Eik = Eik + µω, and the mean quasienergy ⟨Eik⟩ given by the

field-free eigenenergy Eik. When an external field is applied, the quasienergy and mean

energy band structure deviate from the field-free band structure[133–135].

2.3.3. Floquet–Bloch theory in quantum electrodynamics

We briefly review the Floquet–Bloch formalism in the second quantization, which is used

to describe the interaction of a strong driving field with a crystal [67, 120, 136]. We introduce

this representation in order to describe the interaction between a laser-dressed crystal and

an ultrashort x-ray pulse within the quantum electrodynamics in the next chapters. The

total Hamiltonian describing the interaction between electrons in a crystalline solid and

an electromagnetic field is given by

Ĥel-em = Ĥel + Ĥint + Ĥem. (2.74)

Here, Ĥel is the electronic Hamiltonian of the unperturbed crystal, Ĥem is the electromag-

netic field Hamiltonian, and Ĥint describes the interaction between the electrons and the

external field.

The electronic Hamiltonian in second quantization reads

Ĥel =
∫

d3r ψ̂†(r)
[

p̂2

2
+ V̂c(r)

]
ψ̂(r), (2.75)

where ψ̂†(r) and ψ̂(r) are the fermionic field creation and annihilation operators, respec-

tively, and p̂ is the canonical momentum operator. The potential V̂c(r) = V̂c(r + R)

represents the periodic mean-field crystal potential, with R a lattice vector. According to

Bloch’s theorem, the single-particle eigenstates |φnk⟩ take the form

φnk(r) = eik·runk(r), (2.76)

where unk(r) = unk(r + R) is a lattice-periodic function with the Bloch wave vector k and

the band and spin index n.

The electromagnetic field is described by a single mode Hamiltonian

Ĥem = ω â†
κ0,s0

âκ0,s0 , (2.77)

where â†
κ0,s0

and âκ0,s0 are the photon creation and annihilation operators for the mode

with wave vector κ0 and polarization s0, and ω = |κ0|c is the mode frequency. The

electromagnetic field is assumed to occupy a single coherent mode with polarization

vector ϵ0 and is described by a coherent state |α(t)⟩.
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In the minimal coupling, the interaction between the electrons and the electromagnetic

field is given by

Ĥint =
1
c

∫
d3r ψ̂†(r)

(
Âem(r) · p̂

)
ψ̂(r), (2.78)

where Âem(r) is the quantized vector potential operator of the electromagnetic field. In

the following, the Â2
em(r) term is neglected, which is valid for moderate optical field

strengths.

We assume that the state of the electromagnetic field |α(t)⟩ remains unchanged by the

interaction with the electronic system. Under this assumption, the one-body solution of

the time-dependent Schrödinger equation i d
dt |ψik(t)⟩ = Ĥel-em |ψik(t)⟩ can be represented

as the product |ψik(t)⟩ = |ϕel
ik(t)⟩ |α(t)⟩. The corresponding electronic one-body Floquet–

Bloch wavefunction is defined as follows:

ϕel
ik(r, t) = ∑

n,µ
ci

nkµe−iµωt φnk(r), (2.79)

where ci
kmµ are expansion coefficients with the integer µ.

The electron density of the laser-dressed system evolves in time as

ρ(r, t) = ∑
µ

eiµωtρ̃µ(r) (2.80)

with µth-order density amplitudes

ρ̃µ(r) =
∫

BZ
d3k

Vcell

(2π)3 ∑
i

∑
n,n′,µ′

ci∗
n′kµ′+µci

nkµ′u†
n′k(r)unk(r), (2.81)

where Vcell is the volume of a unit cell, i denotes the index of occupied one-body Floquet–

Bloch states, and the integration is over the Brillouin zone (BZ). The µth-order density

amplitude describes the µth-order macroscopic optical response of a material. For example,

the polarization can be calculated from the time-dependent electron density, and thus the

µth-order amplitude of the polarization is connected to the µth-order density amplitude.

Further, the amplitudes ρ̃µ(r) are referred to as optically induced charge distributions.

2.4. Numerical implementation

The calculations presented throughout this thesis are based on an ab initio computational

framework that combines the Floquet–Bloch formalism with DFT. The DFT is used to

obtain the one-body wavefunctions φnk(r) of the field-free Hamiltonian H(0), which

describe the ground state of the material. The following section outlines the key elements

of the DFT approach used to calculate the ground state, including the choice of basis set

and the treatment of core states as it is implemented in the exciting [137].
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In DFT, the complex problem of many interacting electrons is simplified by reducing it to

a calculation of electron density. This density depends on three spatial coordinates and the

spin of the electron. The many-body problem is transformed into an equivalent problem

for noninteracting quasiparticles within an effective potential satisfying the Kohn–Sham

equation, which is the central equation of DFT(
−1/2∇2 + Veff(r)

)
φnk(r) = Enk φnk(r), (2.82)

where φnk(r), Enk, and Veff(r) are the wavefunctions, eigenenergies, and effective potential

of the Kohn–Sham system.

A major challenge in applying DFT to solids is finding an efficient way to represent elec-

tron wavefunctions. These functions are smooth between atoms but vary strongly near

nuclei. Core states localize near nuclei, whereas valence wavefunctions oscillate rapidly to

maintain orthogonality. The most common approach for addressing numerical challenges

in the core region is the use of pseudopotentials or projectors [96]. These methods typically

replace the effect of core electrons and their nucleus with an effective potential, or pseu-

dopotential, and formulate the Kohn–Sham equation for smooth pseudo-wavefunctions

of valence electrons. Iterative diagonalization algorithms are highly efficient, even with a

large number of plane waves or grid points. However, the approximations employed in the

formulation of pseudopotentials or projectors result in an oversimplified representation of

the effect of core states in these methods.

2.4.1. Pseudopotential treatment

The pseudopotential approach is based on the idea of replacing the effect of the atomic

core, which consists of the nucleus and tightly bound core electrons, with a smoother,

effective potential that acts only on the valence electrons. This means that the chemically

active valence electrons are treated explicitly, while the core electrons are ’frozen’ and con-

sidered together with the nuclei as rigid, non-polarizable ion cores. The resulting valence

pseudo-wavefunctions are smoother than all-electron counterparts because they contain

significantly fewer radial nodes in the core region. It makes plane-wave basis sets feasible

in practice and reduces computational cost. Among the various forms of pseudopotentials,

the most widely used are the norm-conserving [96] and ultrasoft pseudopotentials [138]. In

this thesis, the pseudopotentials were generated following the Troullier–Martins scheme

as it is implemented in the ABINIT software package [139–142].

2.4.2. Full-potential treatment

An alternative approach is to augment the plane-wave basis with localized, atomic-like

functions around the nuclei, as done in the family of APW methods, which corresponds to
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a full-potential treatment.

Augmented plane wave methods

An alternative approach is the family of APW methods, originally introduced by Slater

[143]. APW retains a full representation of the core states, unlike pseudopotential methods.

It divides space into two regions: atomic spheres and the interstitial space. Within the

atomic spheres, wavefunctions are expanded in terms of atomic-like basis functions, while

in the interstitial region, plane waves describe the wavefunctions. This dual representation

improves accuracy and avoids the limitations of pseudopotentials [137]. In general, the

Bloch state is given by

φnk(r) = ∑
G

Ck
iGei(G+k)r ≡ ∑

G
Ck

iGϕG+k(r). (2.83)

In the APW basis, basis functions ϕG+k(r) has different forms inside atomic spheres,

muffin-tins (MTs), and in the space in between, the interstitial region, denoted as I

ϕG+k(r) =


∑
lm

AG+k
lmα ulα(rα)Ylm(r̂α), rα ≤ RMT

1√
Ω

ei(G+k)r, r ∈ I.
(2.84)

Each plane wave in the second line of Eq. (2.84) is augmented in each MT by a function

defined in the first line. The MTs are spheres of radii RMT centered on atoms labeled α at

positions Rα. The MT part of ϕG+k(r) is expanded in terms of spherical harmonics Ylm(r̂α)

and radial functions ulα(rα), with rα = r − Rα. Matching coefficients AG+k
lmα ensure the

continuity of the wavefunction at the sphere boundary. The resulting radial Schrödinger

equation on function ulα(rα) has the form(
−1

2
d2

dr2 +
l(l + 1)

2r2 + v0(r)− Enk

)
(rulα(r)) = 0. (2.85)

In Eq. (2.85), the effective potential Veff(r) is replaced by its spherical average v0(r). This

assumes that proximity to the nucleus dominates the potential. We can use the introduced

basis to solve the Kohn–Sham equation, which we can write in the matrix form as a

generalized eigenvalue problem.

HkCk = EkSkCk, (2.86)

where Hk and Sk are the Hamiltonian matrices and the overlap matrices with their

elements being

Hk
GG′ = ⟨ϕG+k| −

1
2
∇2 + v0(r) |ϕG′+k⟩ (2.87)
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and

Sk
GG′ = ⟨ϕG+k|ϕG′+k⟩ . (2.88)

The infinite sum over G in Eq. (2.83) is made finite by introducing a plane wave cutoff

Gmax such that |G + k| < Gmax or dimensionless cutoff parameter RMTGmax, where RMT

is the smallest MT radius. This is necessary because if the MT radius RMT is reduced for a

specific atom, the interstitial region now contains space where wavefunctions vary more

rapidly. Thus, maintaining a consistent level of accuracy requires an increase in plane

wave cutoff Gmax.

Linearized augmented plane wave method

The Kohn–Sham equation in the APW basis, as defined in Eq. (2.86), is nonlinear in energy.

This nonlinearity arises because the Hamiltonian matrix Hk and the overlap matrix Sk

depend on energy. This dependence occurs since basis functions ϕG+k(r) depend on the

picked energy eigenvalue Enk, which is apparent from the definition of the radial function

in Eq. (2.85).

Different approaches for linearization exist. One method assumes selecting a fixed energy

value Elα for each angular momentum l in Eq. (2.85) and keeping it the same during the

calculation ulα(rα; E) ≈ ulα(rα; Elα). However, this approach introduces two challenges.

The first issue is that it cannot describe states with the same l but different principal

quantum numbers. This limitation is significant when dealing with elements containing

both valence and core electrons. A solution is to treat core and valence electrons separately.

Core electrons are highly localized and generally do not interact with valence electrons.

Therefore, their wavefunctions can be computed independently by solving Eq. (2.85),

or more generally, the Dirac equation, with the reasonable boundary condition. This

approach is suitable for deep core states. However, it is not a suitable method for semicore

states, which have significant overlap with valence electron states or can not be considered

as localized within MTs. The second limitation is the difference between the energy

parameter Elα and the eigenenergy E corresponding to a state of the l character. This

mismatch introduces an error in the calculated wavefunctions of order O(Elα − E) and

in the band and total energies of order O(Elα − E)2. Ideally, the energy parameters

should closely match the corresponding eigenenergies. However, in practice, this is often

impossible. Band dispersion and the splitting into bonding and antibonding states make

it unlikely that Elα will match all states with the l character at the same time.

This method for linearization, expressed as ulα(rα; E) ≈ ulα(rα; Elα), can be improved by

using the Taylor expansion of the function.

ulα(rα; E) ≈ ulα(rα; Elα) + (Elα − E)u′
lα(rα; Elα), (2.89)
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where u′
lα(rα; Elα) = ∂ulα(rα; E)/∂E. The leading correction to ulα(rα; Elα) has to be

searched in the energy derivative u′
lα(rα; Elα) if the radial functions are considered vectors

in some linear space. This gives rise to the LAPW method introduced independently by

Andersen [144], Koeling, and Arbman [145]. In the LAPW basis, the MT part is defined

as

ϕG+k(r) = ∑
lm

[
AG+k

lmα ulα(rα; Elα) + BG+k
lmα u′

lα(rα; Elα)
]

Ylm(r̂α) (2.90)

AG+k
lmα and BG+k

lmα are the matching coefficients that ensure continuity of the basis functions

ϕG+k(r) and its spatial derivative at the MT boundary. Even though such an approach

improves the error in the band and total energies, it remains unclear how to treat semicore

states.

Description of the semicore states

Alternatively, in addition to the APW basis functions with fixed energy parameters, one

can introduce a set of local orbitals (LOs). This approach leads to the APW+lo method, first

introduced by Singh [146, 147]. In this method, the linearization of ulα(rα; E) is achieved

by augmenting APWs with additional basis functions [147]. These additional functions

improve flexibility in representing wavefunctions, particularly for semicore and valence

states

ϕµ(r) =

δαµδllµ δmmµ

[
aµulα(rα; Elα) + bµu′

lα(rα; Elα)
]

Ylm(r̂α), r ≤ RMT

0, r ∈ I.
(2.91)

The coefficients aµ and bµ ensure that the function is localized inside the MT, with the

boundary condition ϕµ(r) = 0 at the MT sphere, and is normalized as
∫

Ω |ϕµ(r)|2dr = 1.

The set of functions defined by Eq. (2.91) are non-zero strictly within one considered MT.

In the APW+lo basis, the wavefunction is represented as

φnk(r) = ∑
G

Ck
iGϕG+k(r) + ∑

µ

Ck
iµϕµ(r). (2.92)

The wavefunction within the MT enclosing atom α is given by

φnk(r) = ∑
G

∑
lm

Ck
nG AG+k

lmα ulα(rα; Elα)Ylm(r̂α) (2.93)

+ ∑
µ

∑
lm

Ck
nµ

[
aµulα(rα; Elα) + bµu′

lα(rα; Elα)
]

Ylm(r̂α)δαµδllµ δmmµ .

A more compact form is

φnk(r) = ∑
lm

[
cnk

lm ulα(rα; Elα) + dnk
lm u′

lα(rα; Elα)
]

Ylm(r̂α), (2.94)
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where cnk
lm and dnk

lm incorporate the corresponding coefficients from Eq.(2.93). In the LAPW

basis, φnk(r) also follows Eq.(2.94), but the coefficients are further constrained by the

smoothness condition for the basis functions. The APW+lo method provides greater flexi-

bility, leading to a smaller linearization error compared to LAPW, though both methods

have the same error order for total energy. The error can be further reduced if we consider

the Taylor expansion of ulα(rα; E), truncated after the higher-order terms.

LOs are particularly useful for describing semicore states and were originally introduced

for this purpose, [146]. Consider LOs defined as

ϕµ(r) = δαµδllµ δmmµ

[
aµulα(rα; Elα) + bµulα(rα; Esc

lα)
]

Ylm(r̂α), (2.95)

where the energy parameters El and Esc
l correspond to valence and semicore state energies,

respectively. Similar to Eq. (2.94), a wavefunction can be expressed as

φnk(r) = ∑
lm

[
cnk

lm ulα(rα; Elα) + dnk
lm ulα(rα; Esc

lα)
]

Ylm(r̂α). (2.96)

Since ulα(rα; Elα) is also used in APW functions, the coefficients cnk
lm and dnk

lm are variational

and linearly independent. This ensures that either cnk
lm or dnk

lm becomes zero when φnk(r)

corresponds to a semicore or valence state with the same angular momentum, respectively.

In practice, El and Esc
l are not exactly equal to eigenenergies. In theory the exact energy

can be found by adding more LOs that include the energy derivatives of ulα(rα; Elα) and

ulα(rα; Esc
lα).

Description of the core states

The highly localized core states require a different treatment compared to the extended

valence and conduction states. Unlike the pseudopotential methods, the self-consistent

calculations in exciting [137] explicitly include the core electrons.

In the description of the x-ray absorption process in Chapter 5, the initial core state is

obtained as a solution of the Dirac equation in a spherically symmetric atomic potential.

This is because such states are highly localized and dominated by relativistic effects. The

solution is the four-component Dirac wavefunction Ψκ,m(r), which can be written as

Ψκ,m(r) =
1
r

(
uκ(r)Ωκ,m(r̂)

−ivκ(r)Ω−κ,m(r̂)

)
, (2.97)

where we have introduced a unique index κ for a core state

κ =

−l − 1, for j = l + 1
2 ,

l, for j = l − 1
2 .

(2.98)
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The spherical part of the core wavefunctions Ψκ,m(r) is given by the spin spherical har-

monics Ωl,s,j,m(r̂). The coupled Dirac equations give the radial functions uκ(r) for the

"large" component and −ivκ(r) for the "small" component

∂uκ(r)
∂r

=
1
c
(vs

eff(r)− Eκ)vκ(r) +
(

κ − 1
r

)
uκ(r), (2.99)

∂vκ(r)
∂r

= −κ + 1
r

vκ(r) + (2c +
1
c
(Eκ − vs

eff(r)))uκ(r), (2.100)

where vs
eff(r) is the spherically averaged effective Kohn–Sham potential. The spin-spherical

harmonics Ωl,s,j,m(r̂) are given by

Ωl+ 1
2 ,m(r̂) =


√

l+m+ 1
2

2l+1 Yl,m− 1
2
(r̂)√

l−m+ 1
2

2l+1 Yl,m+ 1
2
(r̂)

 , Ωl− 1
2 ,m(r̂) =

−
√

l−m+ 1
2

2l+1 Yl,m− 1
2
(r̂)√

l+m+ 1
2

2l+1 Yl,m+ 1
2
(r̂)

 . (2.101)

In order to calculate matrix elements with the scalar-relativistic states in the conduction

band, the small component of the core states is neglected, thereby producing spinor

solutions at an atomic site α:

Ψα
κ,m(r) =

uκα(rα)Ωκ,m(r̂α), for rα ≤ RMT,

0, else.
(2.102)

This approximation is required since the conduction states are solutions of the scalar-

relativistic Hamiltonian, and therefore the small component of these states is not accessible.

In exciting, the Dirac equation is solved for the core electrons, and the Bloch state is

found by taking the localized core states

Ψk
κ,Mα = ∑

R
ϕκ,Mα(rα − R)eikR. (2.103)
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3. Microscopic optical response with x-ray
diffraction

In this chapter, we theoretically describe an x-ray diffraction experiment on a laser-dressed

material. In such an experiment, the driving field and x-ray probe field interact with

a material simultaneously. We apply a previously developed ab initio computational

scheme based on the Floquet–Bloch formalism to analyze the angular dependence of

the first- and second-order side peaks to the elastic Bragg peak. Theoretical results are

compared with experimental data obtained by collaborators. The results demonstrate

how the measurement of higher-order side peaks provides atomic-scale information on

the local symmetry of the laser-dressed electron density. The results of the chapter are

published in Ref. [148].

3.1. Introduction

X-ray diffraction is a powerful technique that can serve as an atomic-scale probe of the

microscopic details of light-matter interactions within materials. Light-matter interactions

are intensively studied, particularly within the optical range. However, the microscopic

details are often overlooked because they cannot be accessed directly in measurements.

At the same time, the optical response is a complex process defined by the details of

many-body electron interactions. These vary on an atomic length scale, rather than on the

scale of the long-wavelength applied field.

In x-ray diffraction from a laser-dressed material, x-rays inelastically scatter from laser-

dressed electron density, in analogy to standard x-ray diffraction. This approach to

measuring valence charge density was originally proposed by Freund and Levine [149] and

Eisenberger and McCall [65] and first demonstrated on single-crystal diamond by Glover

et al. [66]. Standard x-ray diffraction experiments provide the information about material

structure by probing the total electron density, valence, and core. In such experiments, it

is difficult to separate the information about the valence electron density, since valence

electrons are delocalized and contribute only a small amount to the total electron density.

The presence of the driving field in x-ray diffraction measurement results in side peaks

to elastic Bragg peaks. These side peaks only emerge when two fields drive a coherent

electronic response simultaneously. In this case, the simultaneously polarized charge

is equal to the optically polarized valence charge. This is because only this charge has

significant polarizability for both fields; tightly bound core electrons can only be polarized

by x-ray radiation [66]. In general, if the wavelength of the driving field is varied, the
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polarized charge corresponds to different charge components in a material. For example,

the technique can be extended to probe the full valence charge distribution by mixing

x-rays with XUV radiation of a frequency high enough for a uniform response of all

valence electrons but low enough that the polarizability of tightly bound core charge can

be neglected.

The amplitude and phase of side peaks contain information about laser-dressed charge

density and associated microscopic field in reciprocal space. When side peaks can be

separated from the elastic background, the measurement of their amplitude and phases

can be used to reconstruct the laser-dressed electron density and associated microscopic

field within the unit cell [148]. The measurement of the first-order side peaks allows

us to probe the linear optical susceptibility of a material on a microscopic length scale.

Higher-order side peaks provide a way to probe nonlinear optical susceptibilities; see

Fig. 3.1. For example, x-rays could scatter from a laser-dressed electron density oscillating

at twice the optical frequency.

The positions of side peaks in energy and momentum space are determined by energy

and momentum conservation [66, 148]. In the experiment [148], the setup is first aligned to

a chosen elastic Bragg peak, at a certain Bragg angle, θB, depending on the x-ray energy.

After reaching the Bragg peak, the crystal is detuned according to the phase-matching

condition for the side peak of interest. In general the phase-matching condition is given

by energy and momentum conservation

ω′
n = ωx + nωo (3.1)

k′
n − kx = nko + G ≡ Qn.

Here, ko, kx, k′
n are the optical, incident x-ray, and nonlinear diffracted x-ray wave vectors

inside the material. Diffracted x-ray photons probe a certain Fourier component of the

(a) (b)

Figure 3.1.: Phase matching condition for the energy and wave vectors in x-ray diffraction
from a laser-dressed material.

charge density similar to the x-ray diffraction in the stationary case. In particular, for

the elastic Bragg peak at the reciprocal lattice vector G, the first-order side peak contains
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information about the (Q = ko + G)th Fourier component of the laser-driven charge

change to the valence electron density δρo(Q).

Next, we first briefly introduce the theoretical framework for x-ray diffraction in a laser-

driven material, as developed in Refs. [67, 150]. We then analyze the angular dependence of

the Floquet side peaks using a simple model based on the concept of optical polarizability

density. We then used a previously developed ab initio computational scheme to calculate

the x-ray diffraction signal and the corresponding laser-dressed electron density in a silicon

crystal. The results of the computational modeling are compared with measurements

of the intensity and polarization dependence of the diffraction side peaks at the LCLS

free-electron laser [148].

3.2. Theory of x-ray diffraction from a laser-driven material

We begin by briefly reviewing the theoretical framework for x-ray scattering in a laser-

driven material, as developed in Refs. [67, 150]. The interaction between a nonresonant

hard x-ray pulse and the laser-dressed electronic system is described within the framework

of the quantum electrodynamics and the density matrix formalism. The total Hamiltonian

takes on the following form:

Ĥ = Ĥel−em + Ĥx + Ĥx
int, (3.2)

where Ĥel−em describes the laser-driven electronic system, discussed in Chapter 2, and Ĥx

is the Hamiltonian of the x-ray field

Ĥx = ∑
κx,sx

ωκx â†
κx,sx

âκx,sx , (3.3)

operators â†
κx,sx

and âκx,sx are the creation and annihilation operators of the x-ray photon

with wave vector κx and polarization sx. Ĥx
int denotes the interaction between the x-ray

probe pulse and the laser-driven system within the minimal coupling scheme, where the

interaction Hamiltonian is defined up to second order as follows:

Ĥx
int =

1
c

∫
d3r ψ̂†(r)

(
Âx(r) · p̂

)
ψ̂(r) +

1
2c2

∫
d3r ψ̂†(r)Â2

x(r)ψ̂(r). (3.4)

Here, the first term corresponds to resonant x-ray scattering, while the second term

describes nonresonant, Thomson-like, scattering. In the following, we assume that the

x-ray photon energy is far from any core-level resonances, allowing the first term to be

neglected.

The driving field brings the electronic system to a state |Ψ(t)⟩ given by Eq. (2.35). It has

been shown that the probability of x-ray scattering, in the general case contains quasielastic

and inelastic contributions. The quasielastic contribution corresponds to transitions into
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Floquet eigenstates F that are already present in the initial state of the laser-dressed crystal

|Ψ(t)⟩, such that CF ̸= 0. The inelastic contribution corresponds to transitions into final

Floquet states F that are absent from the initial state of the laser-driven crystal, such that

CF = 0. When the laser-dressed system can be described by a single series of Floquet states

and the probe x-ray pulse has a bandwidth sufficiently narrow to isolate the quasielastic

contribution, the probability of quasielastic scattering does depend on the time-dependent

electron density ρ(r, t). A probe is sufficiently narrow if its bandwidth is smaller than

the driving frequency Ω, the energy differences between the Floquet states Iµ and K∆µ′

that form the wave packet |Ψ(t)⟩, and the energy differences between these states and

the other Floquet states F∆µ′′ for any ∆µ, ∆µ′, and ∆µ′′. Under these conditions, scattering

events leading to different final states can be spectroscopically distinguished.

In the stationary case, in x-ray diffraction measurement, the inelastic contributions are usu-

ally negligible in comparison to the elastic ones. However, in the case of the laser-driven

system, the inelastic contributions can be comparable to or larger than the quasielastic

contribution related to the density component ρ̃µ ̸=0(r) and thus can not be neglected. In

the particular case of an ultrashort probe x-ray pulse, it may not be possible to spectro-

scopically distinguish between inelastic and quasielastic contributions to the scattering

probability. That is why conducting the time-resolved x-ray diffraction measurement is

such a difficult task. If there is no way to separate the quasielastic contribution in such

a measurement, there is no way to connect the resulting signal to the time-dependent

electron density.

In principle, the process of quasielastic scattering is optically modulated x-ray diffraction,

which encodes information about the distributions of laser-driven electron density and

currents. The probability of quasielastic scattering for a Gaussian-shaped x-ray pulse with

a duration τp, as derived in Ref. [67], is given by

Pq.e.(ωs, G) = P0 ∑
µ

E2
µ

∣∣∣∣∫ d3reiGrρ̃µ(r)
∣∣∣∣2 (3.5)

+ (−1)∆µP0 ∑
µ,∆µ

2 Re
(
EµEµ+∆µe∆µΩtp

∫
d3reiGrρ̃µ(r)

∫
d3re−iGrρ̃∗µ+∆µ(r)

)
.

Here, the prefactor is defined as P0 = ∑ss
|(ϵin · ϵ∗

x,κs,ss
)|2ω2

s /(4π2ω2
inc3), where ωin and

ϵin are the central photon energy and polarization vector of the incident x-ray beam,

respectively, ωs is the energy of the scattered photon with momentum κs, and the sum

over ss accounts for the two orthogonal polarization vectors of the scattered photon, ϵ∗
x,κs,ss

.

Note that Eq. (3.5) does not describe the shift of a scattering vector by ko relative to the

reciprocal lattice vector G. This is due to the dipole approximation to the interaction

between the crystal and the driving electromagnetic field. This assumption results in the

approximated time-dependent electron density with the same spatial periodicity as the

stationary electron density of the crystal. This is not connected to the description of the
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interaction with the nonresonant probe x-ray pulse.

In Eq. (3.5), Eµ is the µth spectral component of the Fourier transform of the x-ray pulse

envelope, given by Eµ =

√
τ2

pπ

2 ln 2 e−(ωs−ωin−µΩ)2τ2
p/8 ln 2. If the duration of the probe pulse τp

is much longer than the optical cycle, the spectral components Eµ and Eµ+∆µ are narrow

and don’t overlap. In this case, the second term in Eq. (3.5) can be neglected, and the

resulting signal becomes independent of the arrival time tp of the x-ray pulse. As the

duration τp decreases, the functions Eµ and Eµ+∆µ broaden spectrally and begin to overlap.

In this case, interference between the µ and µ + ∆µ components becomes significant, and

the second term in Eq.(3.5) can no longer be neglected. The resulting signal therefore

becomes sensitive to the time arrival tp.

The main advantage of a time-resolved measurement over a time-unresolved one is

that, in principle, it can be used to reconstruct both the amplitude and phase of the

Fourier components of the laser-driven charge density,
∫

d3reiG·rρ̃µ(r). In contrast, a time-

unresolved measurement produces separate side peaks for each µ, with intensities that

depend only on the amplitude of the corresponding Fourier component and contain no

information about its phase. In the following sections, we will consider only the case

of a time-unresolved measurement. For a more detailed discussion of the time-resolved

case and how it can, in principle, be used to reconstruct the phase, we refer the reader to

Ref. [69].

3.3. Results

In this section, we demonstrate how a time-unresolved measurement of the angular

dependence of the diffraction side peaks can provide additional information about laser-

driven electron dynamics in a material.

3.3.1. Polarization dependence of the Floquet side peaks

We begin by presenting the expressions for the laser-dressed charge and current densities,

as the intensity of the µth-order side peak is proportional to the squared amplitude of the

corresponding Fourier component of the laser-dressed electron density; see Eq. (3.5). Thus

the measurement of the side peaks’ intensities as a function of varying polarization of the

driving optical field contains information about the spatial distribution of the laser-dressed

electron density and current density.

If the electron system has a time-reversal symmetry and the vector potential of the driving

field evolve in time periodically as cos(Ωt), then its electron density evolves in time as
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[69]

ρ(r, t) = ρ̃0(r)− ∑
µodd≥1

ρµodd(r) sin(µoddΩt) + ∑
µeven≥2

ρµeven(r) cos(µevenΩt), (3.6)

where ρµ(r) are laser-dressed charge distributions. The electron-current density ampli-

tudes vary in time as follows:

j(r, t) = − ∑
µodd≥1

jµodd(r) cos(µoddΩt)− ∑
µeven≥2

jµeven(r) sin(µevenΩt), (3.7)

ρµ(r) and jµ(r) are the real-valued charge and current density amplitudes.

The electron density and the electron current density are related via the continuity equation

as ∂ρ(r)/∂t +∇ · j(r) = 0, which leads to the relation between µth-order laser-dressed

charge distributions ρµ(r) and µth-order electron-current density amplitudes jµ(r) as

µΩρµ(r) = −∇ · jµ(r). This, together with the vector algebra relations, provides the

following connection between their Fourier transforms

µΩ
∫

d3reiGrρµ(r) = G ·
∫

d3reiGrjµ(r), (3.8)

where G is a reciprocal lattice vector in the case of the electron system being periodic.

First-order optical response

The first-order microscopic susceptibility tensor χ
(1)
ij (r) gives rise to the first-order electron-

current amplitude and satisfies

(j1)i(r) = χ
(1)
ij (r) ϵj, (3.9)

where ϵ is the polarization vector of the driving electromagnetic field. If the system is

isotropic, the first-order microscopic susceptibility tensor is proportional to the identity

matrix, χ
(1)
ij (r) = χ(r)δij, and the resulting first-order electron current density is parallel

to the polarization vector,

(j1)i(r) = χ(r) ϵi. (3.10)

The Fourier component of the first-order laser-dressed charge distribution then satisfies

Ω
∫

d3r eiG·r ρ1(r) = (G · ϵ)
∫

d3r eiG·r χ(r). (3.11)

Thus, the intensity of the first-order side peak of a Bragg peak G varies as cos2 φ in the

case of an isotropic system, where φ is the angle between the polarization vector ϵ and a

reciprocal lattice vector G.

This conclusion is in line with Ref. [67], where the dependence of the first-order Bragg
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peak intensity at G = (0, 0, 2) on the polarization of the pump pulse was computationally

analyzed for a laser-dressed MgO crystal. It was found that the intensity of the first-order

Bragg peak is proportional to (ϵ · G)2, leading to the conclusion that the spatial Fourier

transform of the amplitude ρ1(r) of the time-dependent electron density of MgO has a

linear dependence on (ϵ · G). These results are additionally supported by the experiment

of Glover et al [66], who observed the same polarization dependence of the signal intensity

on an optical pulse.

Second-order optical response

The second-order microscopic susceptibility tensor χ
(2)
ijk (r) gives rise to the second-order

electron-current density amplitude and satisfies the relation

(j2(r))i = χ
(2)
ijk (r)ϵjϵk. (3.12)

The second-order amplitudes ρ2(r) and j2(r) are related via the continuity equation as

ρ2(r) = ∇ · j2(r)/2Ω. Thus, we can also represent the second-order laser-dressed charge

distribution using a tensor χ
(2)
ijk (r) as follows:

ρ2(r) = Γ(2)
jk (r)ϵjϵk. (3.13)

The components of the tensor Γ(2)
jk (r) relate to the components of the second-order micro-

scopic susceptibility tensor χ
(2)
ijk (r) as follows:

Γ(2)
jk (r) =

1
2Ω ∑

i

∂χ
(2)
ijk (r)

∂ri
. (3.14)

In the experiment [148], the polarization of the driving pulse was rotated from the direction

along (1, 1, 0) to the direction along (1,−1, 0) via the direction along (1, 0, 0). Thus, the

polarization can be expressed as ϵ = (sin(π
4 + φ), cos(π

4 + φ), 0), where φ changes from 0

to π
2 . Substituting the polarization ϵ in Eq. (3.13) results in

ρ2(r) = Γ(2)
xx (r) sin2

(π

4
+ φ

)
+ Γ(2)

yy (r) cos2
(π

4
+ φ

)
(3.15)

+ 2Γ(2)
xy (r) sin

(π

4
+ φ

)
cos

(π

4
+ φ

)
,

where we took into account that Γ(2)
xy = Γ(2)

yx as follows from crystal symmetry.

The intensity of the second-order side peak is proportional to the square of the mod-

ule of the Fourier transform of the amplitude of the second-order laser-dressed charge
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distribution, and depends on φ as follows:

I2(G, ϵ) ∝

∣∣∣∣∣Γ̃(2)
xx (G) sin2

(π

4
+ φ

)
+ Γ̃(2)

yy (G) cos2
(π

4
+ φ

)
(3.16)

+ 2Γ̃(2)
xy (G) sin

(π

4
+ φ

)
cos

(π

4
+ φ

) ∣∣∣∣∣
2

,

where Γ̃(2)
jk (G) =

∫
d3reiGrΓ̃(2)

jk (r) is the Fourier transform of the reduced second order

microscopic susceptibility tensor.

It follows from the ab initio calculations for silicon that the tensor components Γ(2)
jk (r) are

related by cyclic permutations of the Cartesian coordinates, such that

Γ(2)
yy (r) = Γ(2)

xx (P[r]), Γ(2)
zz (r) = Γ(2)

yy (P[r]), Γ(2)
yz (r) = Γ(2)

xy (P[r]), Γ(2)
zx (r) = Γ(2)

yz (P[r]),
(3.17)

where P[r] denotes the position vector obtained by cyclically permuting the spatial coordi-

nates, i.e., P(x, y, z) = (y, z, x). This results for the Fourier components of the laser-dressed

charge distributions that Γ̃(2)
xx (G) = Γ̃(2)

yy (G) for G = (2, 2, 0). Thus, the dependence of the

intensity of the second order side peak of the Bragg peak (2, 2, 0) on the angle between G

and the polarization reduces to the relation

I2(G) ∝

∣∣∣∣∣Γ̃(2)
xx (G) + Γ̃(2)

xy (G) cos(2φ)

∣∣∣∣∣
2

. (3.18)

3.3.2. Ab initio calculations

We perform ab initio calculations of the x-ray diffraction in the presence of a driving

optical field for various laser pulse polarizations ϵ. We also compute the corresponding

laser-dressed density ρ(r, t) to understand what information about the spatial distribution

of ρ(r, t) can be obtained from the polarization dependence of the diffraction signal. The

calculations are based on a theoretical framework derived from quantum electrodynamics

[67] and described in Section 3.2. Within this framework, we apply the Floquet–Bloch

formalism to compute the laser-dressed electronic states induced by the optical field and

then evaluate the scattering probability of an x-ray pulse interacting with the driven system

according to Eq. (3.5). As it was shown in the case of time-unresolved measurement, the

intensity of a side peak is proportional to the Fourier transform of the corresponding

component of the time-dependent electron density.

The calculations involve first computing the Kohn–Sham wavefunctions of the ground-

state of a crystal with the ABINIT software package [139–142], using the generalized

gradient approximation functional of Perdew, Burke, and Ernzerhof (GGA-PBE) [151, 152].

These Kohn–Sham states are then used to construct the Floquet–Bloch Hamiltonian as
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described in Chapter 2.

In the calculations of laser-dressed states for a silicon crystal in Ref. [148], we consider a

driving field with a photon energy of 0.95 eV and an intensity of 5 × 1011 W/cm2. The

calculations are performed using 4 valence bands and 76 conduction bands on a four-times

shifted 12× 12× 12 Monkhorst-Pack k-point grid. The infinite Floquet–Bloch Hamiltonian

is approximated by a matrix with 301 blocks, each containing 80 states. The k-point grid,

the number of bands and the blocks are selected based on a convergence study. We apply

the scissors approximation [153] to correct the direct band gap from the calculated 2.5 eV

to the experimental value of 3.5 eV [154, 155].

Silicon has a centrosymmetric crystal structure similar to that of diamond. This sym-

metry requires χ
(2)
ijk (r) = −χ

(2)
ijk (−r) and leads to the macroscopic second-order optical

susceptibility to vanish when the microscopic response is averaged over space. However,

local inversion symmetry breaking can result in a non-zero microscopic second-order

susceptibility. The optically modulated x-ray diffraction is specifically sensitive to these

microscopic details of the nonlinear optical response. Figure 3.2 shows ab initio calcula-

tions of the first- and second-order microscopic optical responses as the driving electric

field is rotated within the (001) plane. Panels (a) and (b) show the first-order response

in real and reciprocal space, respectively. Panels (c) and (d) show the corresponding

second-order response. In the real-space plots (a) and (c), isosurfaces are plotted using

VESTA [156], with the direction of the applied optical field indicated in red. In reciprocal

space (b) and (d), red and blue spheres correspond to reciprocal lattice vectors from the

{111} and {220} families, respectively, with the size of each sphere encoding the absolute

value of the corresponding Fourier component of the laser-dressed electron density. The

applied field breaks the cubic symmetry of the crystal, so Fourier components belonging

to the same family are no longer equivalent. In real space, the density shown is restricted

to the valence contribution and is concentrated mainly in the interstitial regions rather

than on the atomic sites. The first-order density variation largely follows the direction

of the applied field. In reciprocal space, the induced charge amplitude aligns with the

polarization direction of the optical field, consistent with the Eq. (3.11). In contrast, the

polarization dependence of the second-order side peak is more complex.

3.4. Comparison with the experimental data

The measurements in Ref. [148] were performed using the X-ray Pump-Probe instrument

at the LCLS hard x-ray free-electron laser [157]. The silicon sample was oriented so that

the (220) lattice vector lay in the scattering plane, allowing a symmetric Laue geometry.

The incident hard x-ray beam, with a photon energy of 9.5 keV, was monochromatized

and collimated to ensure sufficiently narrow energy bandwidth and angular divergence,

allowing clear separation of diffraction side peaks from the elastic background. Simultane-
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(a)

(b)

(c)

(d)

Figure 3.2.: Ab initio calculations of the first- and second-order microscopic optical re-
sponses as a function of varying electric field direction. Panels (a) and (b)
show the first-order response in real and reciprocal space, respectively. Pan-
els (c) and (d) show the second-order response in real and reciprocal space,
respectively. In panels (b) and (d) the red, blue, green, and purple spheres
correspond to points in the {111}, {220}, {200}, and (220) families, respec-
tively. The size of the spheres encodes the absolute value of the corresponding
Fourier component of the laser-dressed electron density. The isosurfaces in (a)
and (c) are visualized using VESTA [156]. The yellow and blue colors represent
negative and positive charges, respectively. Adapted from Ref. [148].

ously, the sample was pumped with sub-bandgap optical pulses at 0.95 eV. The pump was

linearly polarized and had a peak intensity of approximately 1012 W/cm2 at the sample

position. The relative time delay between the optical and x-ray pulses was defined on a

shot-by-shot basis. The difference between the experimental intensity and the intensity

used in the ab initio calculations is because the pulse intensity on the sample surface differs

from that inside the sample.

The experimental setup was first aligned to a selected elastic Bragg peak, corresponding

to a specific Bragg angle θB determined by the x-ray photon energy ωx. Once aligned, the

crystal was detuned to satisfy the phase-matching condition for the side peak of interest,
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as described by Eqs. (3.1). A crystal analyzer, positioned near the nominal scattering angle

for the Si (220) reflection, was used to filter the scattered signal. By adjusting the energy

and scattering angle, the analyzer selectively transmitted diffracted photons while filtering

out elastic background outside its angular acceptance.

Clear signatures of first- and second-order side peaks were observed. The first-order side

peak appeared approximately 1 eV above the elastic Bragg peak. The second-order side

peak was detected near 2 eV above the elastic line, as expected from the nonlinear mixing

of a single x-ray photon with two infrared photons.

In the experiment, under the assumption of negligible x-ray absorption and dispersion,

the intensity of diffraction signal in the kinematic limit is proportional to the Fourier

transform of the laser-dressed charge density. The measured relative efficiency of the

µth-order side peak with respect to the elastic, zero-order, peak is given by

η
(µ)
G =

|ρ(µ)G |2

|ρ(0)G |2
. (3.19)

Since ρ
(µ)
G is generally complex, the side peak intensity provides no direct phase infor-

mation, resulting in a phase problem similar to that in standard x-ray crystallography.

However, in contrast with conventional diffraction, the higher-order side peaks encode

additional information about optically driven electron density. In the experiment, it was

demonstrated that a single higher-order side peak around a single elastic Bragg peak can

be used to get insights into the local symmetry of the laser-dressed charge distribution.

In the experiment the polarization dependence of the first- and second-order side peaks

was studied. Figures 3.3(a) and (b) show the measured efficiencies of the first- and second-

order side peaks, respectively, as a function of the driving laser polarization direction. The

optical field was rotated within the plane perpendicular to the (001) axis.

The intensity of the first-order side peak, shown in Fig. 3.3(a), exhibits a clear dependence

on the projection of the electric field along the (220) reciprocal lattice vector as follows

from Eq. (3.11). This behavior is consistent with the linear driven current following the

field direction, as expected in a centrosymmetric cubic crystal, see Eq. (3.10). The measured

angular dependence agrees well with the results of ab initio calculations.

In contrast, the second-order side peak, shown in Fig. 3.3(b), displays a distinctly different

angular dependence. The observed signal is not consistent with a simple picture in which

the driven charges follow the field direction. Furthermore, the relatively high efficiency of

the second-order side peak cannot be explained by the theory in Section 3.2, suggesting

that its origin cannot be attributed only to weak multipole contributions. The data indicate

that the second-order response arises from regions of the unit cell where local symmetry

is broken—such as interstitial or bond-centered sites—which allow a nonzero microscopic

second-order susceptibility despite the macroscopic centrosymmetry of the crystal [148].
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The measured angular dependence shown in Fig. 3.3(b) agrees well with the results of ab
initio calculations and follows Eq. (3.18).

(a) (b)

Figure 3.3.: The angular dependence of the side peaks to the elastic Bragg peak at G =
(220) as polarization is rotated in (001) plane for the first-order response in
(a) and the second-order response in (b). The solid red line shows the fit to
the experimental data and the corresponding theoretical values are shown in
purple. Adapted from Ref. [148].

For the interpretation of the measured side peak efficiencies and their polarization de-

pendence, our collaborators developed a phenomenological model. This model treats the

laser-dressed charge density ρ(r, t) = ρ(r + R, t + To) as a set of point dipoles. In this

model, the Fourier components of the charge density are expanded in terms of small dis-

placements from the equilibrium atomic positions. The small displacement from the site

position rs is then associated with the dipole density p(rs, t) and a nonlinear susceptibility

χ(n)(rs), similar to the theoretical model described in Section 3.2.

If the laser-induced polarization comes from the tetrahedral sites of the diamond structure,

called the (8a) Wyckoff positions and denoted by r8a, then the selection rules for the first-

order side peak match those of the static charge density. In particular, for the first-order

laser-driven charge originating from the tetrahedral sites [148]

ρ
(1)
hkl(r8a) =

2Zv

πa3 (E · G)χ(1)(r8a) cos
(π

4
(h + k + l)

)
, (3.20)

where Zv is the number of valence electrons at the tetrahedral sites.

The model predicts that the second-order response from atomic sites does not contribute to

the (220) Fourier component. The next relevant sites are the 3m (C3v) symmetry positions,

which lie between the atoms and the centers of the bonds. These positions support

four independent second-order susceptibility components: χ11, χ12, χ14, and χ15. For

the (220) component, the model is sensitive to three of them: χ11, χ12, and χ15. The

corresponding (220) Fourier component of the reduced second-order tensor, Γ(2)(r32e),
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takes the form [148]

Γ(2)
220 = 8 f32e sin 8πϵ


χ11 + χ12 χ15 0

χ15 χ11 + χ12 0

0 0 2χ12

 . (3.21)

In the experiment, the optical field is in the (001) plane and forms an angle ϕ with

the (220) reciprocal lattice vector. For this geometry, and assuming the second-order

response comes from the C3v sites, the laser-driven charge density follows the polarization

dependence [148]:

ρ
(2)
220(r32e, ϕ) ∝ |E|2

(
χ
(2)
11 + χ

(2)
12 + 2χ

(2)
15 cos(2ϕ)

)
. (3.22)

This result matches the experimental and theoretical data shown in Fig. 3.3(b).

3.5. Summary

In this chapter, we theoretically describe an x-ray diffraction experiment on a laser-dressed

silicon crystal. The results of the modeling show excellent agreement with recent ex-

perimental measurements, particularly for the polarization dependence of the first- and

second-order diffraction side peaks. These side peaks arise from nonlinear interactions

between a periodic electronic system and simultaneous optical and x-ray fields. They are

directly sensitive to the spatial and temporal Fourier components of the laser-dressed

charge density and current. The angular dependence of the first-order side peak is con-

sistent with the laser-driven current following the field direction, while the second-order

side peak exhibits a distinctly different angular dependence.

The study demonstrates that the measurement of higher-order side peaks can reveal

atomic-scale information about the local symmetry of the driven valence-electron density-

without direct phase information and even from a single Bragg reflection. Second-order

microscopic nonlinear susceptibility in a centrosymmetric material is shown to originate

from dipole-active sites within the unit cell that locally break inversion symmetry. Using

a phenomenological point-dipole model, our collaborators identify C3v-symmetric sites

along sp3 bonds as the dominant contributors to the observed signal. Within the constraints

of the experimental geometry, three out of four independent components of the second-

order microscopic susceptibility tensor are extracted [148]. These findings are further

supported by our ab initio Floquet–Bloch calculations of the delocalized charge density.

As an outlook, it would be important to examine how the coupling between valence

electrons and ionic motion appears in the x-ray diffraction signal. Similar to how x-ray

diffraction has been used to study coherent phonons and phonon-polariton propaga-

tion, time-resolved measurements of valence electron motion could give direct access to
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changes in bonding. This includes induced bond oscillations, bond delocalization, or even

ultrafast bond breaking effects that could have clear signatures in the evolution of selected

diffraction side peaks and are particularly relevant for photoactive materials.
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4. Laser-dressed partial density of states

In this chapter, we present an ab initio computational scheme for calculating the time-

dependent PDOS of a material during its interaction with a driving electromagnetic field.

Using a laser-dressed wurtzite ZnO crystal as an example, we demonstrate how the

analysis of the laser-dressed PDOS provides a site- and orbital-resolved view of laser-

dressed electron dynamics. In the next chapter, we use this approach to interpret the

computational results of our trXAS modeling. The results of the chapter are published in

Ref. [158].

4.1. Introduction

Coupling matter to an optical field can lead to significant changes in its electronic structure,

opening the way for the optical manipulation of material properties. Laser dressing can

modify the band structure of a material - the concept behind Floquet engineering [26–32,

46], - and can be used to control its topological properties [33–35]. In the context of Floquet

engineering, it is interesting to observe quasi-equilibrium laser-dressed states that arise

from dynamics averaged over many optical cycles [26–29] and, in the context of ultrafast

optoelectronics, to study laser-driven electron dynamics in a time-resolved manner [9–14,

16, 17, 159–161].

These novel time-resolved experiments motivate theoretical developments and advances

in ab initio computational tools to describe laser-dressed electron dynamics [67, 91, 109,

110, 150, 162–165]. One of the main theoretical tools to analyze properties of laser-dressed

electronic systems is the laser-dressed density of states (DOS) [43, 166]. The laser-dressed

DOS describes the changes of electronic population due to the interaction with light.

Analysis of its changes depending on the properties of a driving pulse offers a way to

tune optical, topological and transport properties of laser-driven materials [43, 45, 166–

178]. In a field-free case, a PDOS is an extension of DOS, which provides its orbital

decomposition. A PDOS is a valuable computational tool of characterizing the electronic

structure of materials in a ground state that reveals the contribution of specific orbitals to

the bond formation. For a nonequilibrium state, similar information is especially relevant

in view of recent experiments that demonstrate optical control of structural dynamics and

ultrafast, optically induced bond formation or breaking [179–184]. Here, we introduce a

laser-dressed PDOS that describes laser-driven changes in the electronic population in a

site- and orbital-resolved manner.

Analyzing a laser-dressed DOS, it is common to focus only on its time-averaged part. Here,

we also go beyond this standard approach and analyze both the time-averaged and the
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time-dependent part of the laser-dressed PDOS. We show that the time-dependent part

of the PDOS reveals the contribution of specific orbitals to the time-dependent changes

in the electron density. This information provides a structure of instantaneous bonds

formed during the interaction with light. On the one hand, it provides new details about

microscopic optical response of a material, and, on the other hand, it can be useful for the

interpretation of subcycle-resolved measurements. We illustrate our approach with the

calculations of the PDOS of a laser-dressed wurtzite ZnO crystal.

4.2. Derivation of observables of a laser-dressed electronic system

The strong coupling of an electronic system to a driving electromagnetic field leads to the

emergence of laser-dressed electronic states. These states provide observable quantities

of the driven system, such as the time-dependent electron density or the electron current

density [67, 69, 133]. Here, we derive another observable of the laser-dressed system,

namely the laser-dressed PDOS and electron density for a selected energy window. To

obtain the laser-dressed states, we use as basis states the Bloch electronic states defined

within the LAPW+lo method (see Section 2.4), since it provides a full-potential treatment

of the electronic structure and allows for a convenient projection of the DOS on particular

orbitals.

4.2.1. Partial density of states

Ground state

We first consider a momentum- and projection-resolved PDOS of a periodic material in

the ground state. In the following, we refer to the momentum- and projection-resolved

PDOS as simply PDOS for convenience. A PDOS within the LAPW+lo basis set can be

defined via the localized part of a Kohn–Sham orbital inside an MT region; see Eq. (2.84).

This part is given by

φMT
nk (rα) = ∑

lm
Fnk

lmα(rα)Ylm(r̂α) ≡ ∑
lm

F nk
lmα(rα)Ylm(r̂α), (4.1)

where the radius vector rα is defined inside an MT sphere of radius Rα centered on atoms

labeled α, n is a band and spin index, and k is the Bloch wave vector [185]. The function

Fnk
lmα(rα) depends on a material and is computed during electron-structure calculations.

In the rightmost part of Eq. (4.1) we transform the basis of complex spherical harmonics

Ylm(r̂α) to the basis of the real spherical harmonics, Ylm(r̂α) [186], and express Fnk
lmα(rα) in
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the real harmonics basis via

F nk
lmα(rα) =


i√
2
((−1)mFnk

lmα(rα)− Fnk
l,−mα(rα)), if m < 0,

Fnk
lmα(rα), if m = 0,
1√
2
((−1)mFnk

lmα(rα) + Fnk
l,−mα(rα)), if m > 0.

(4.2)

Analogously to the standard definition of the stationary DOS, we define an atomic-resolved

DOS as the contribution to the total DOS from the electronic states localized within the

corresponding atomic sphere of radius Rα, ∑n,k
∫

d3rα|φMT
nk (rα)|2δ(ω − Enk). We then

decompose it in terms of different l and m components to obtain a PDOS as follows:

Dα
lm(ω) = ∑

nk

∫ Rα

0
drα r2

α|F nk
lmα(rα)|2δ(ω − Enk), (4.3)

where the sum is taken over all Kohn–Sham states |φnk⟩ with eigenenergies Enk. Here,

indices l and m refer to specific angular characteristics rather than fixed quantum numbers

l and m. For example, the component with l = 1 and m = +1 corresponds to the px-

projected PDOS, l = 1 and m = −1 – to the py-projected PDOS, and l = 1 and m = 0 – to

the pz-projected PDOS.

Laser-dressed state

We now consider a crystal under a spatially uniform and temporally periodic electro-

magnetic field with the electric field E(t) = F0 sin Ωt, where F0 is the amplitude. The

Hamiltonian of the irradiated system is time-periodic and given by Eq. (2.61). We apply

the Floquet–Bloch formalism [67, 120, 133–136] to describe the interaction of a material with

the electromagnetic field beyond a perturbative regime as it was described in Section 2.3.2.

According to the Floquet–Bloch theory, a solution of the corresponding time-dependent

Schrödinger equation is a Floquet–Bloch state defined as follows:

Ψik(r, t) =
1√
V

e−iEikt ∑
µ

∑
n

Ci
nkµe−iµΩt φnk(r). (4.4)

Here, Eik is the corresponding quasienergy of the Floquet–Bloch state, and the wave-

function is normalized to the system volume V. The coefficients Ci
nkµ are determined by

diagonalization of a Floquet–Bloch Hamiltonian.

DOS of the irradiated electronic system is given by

D(ω, t) =
1

2π ∑
k

TrÂk(ω, t), (4.5)
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where Âk(ω, t) is a spectral function that has the form

Âk(ω, t) =
∞∫

−∞

dτeiωτ ∑
i
|Ψik

(
t +

τ

2

)
⟩ ⟨Ψik

(
t − τ

2

)
| (4.6)

in the non-interacting limit [166]. For the one-body Floquet–Bloch electronic states defined

in Eq. (4.4), the spectral function in Eq. (4.6) takes the form

Âk(ω, t) =
2π

V ∑
i,µ

eiµΩt ∑
n1,n2,µ′

Ci∗
n2kµ′+µCi

n1kµ′ |φn1k⟩ ⟨φn2k| δ
(

ω − [Eik + (µ′ + µ/2)Ω]
)

.

(4.7)

The PDOS can be obtained using the spectral function according to Eq. (4.5). Analogously

to the definition of a PDOS in a field-free case, we find a laser-dressed PDOS by substituting

φMT
nk (rα) instead of φnk(r) in the expression for a Floquet–Bloch state in Eq. (4.4). We

substitute the resulting spatially localized part of Ψik(r, t) into Eqs. (4.5) and (4.7) to obtain

a laser-dressed PDOS. The time-dependent PDOS for the specific (lm)-component in the

real spherical harmonics basis takes the form

Dα
lm(ω, t) = ∑

µ

eiµΩtD̃α(µ)
lm (ω), (4.8)

where the amplitudes are defined as follows:

D̃α(µ)
lm (ω) =

1
V ∑

ik
∑
n,µ′

Ci∗
nkµ′+µCi

nkµ′

Rα∫
0

drαr2
α|F nk

lmα(rα)|2δ
(

ω − [Eik + (µ′ + µ/2)Ω]
)

. (4.9)

We can further simplify the expression using the symmetry under the transformation

µ → −µ, noting that D̃α(−µ)
lm (ω) =

(
D̃α(µ)

lm (ω)
)∗

. This leads to the time-dependent laser-

dressed PDOS of the form

Dα
lm(ω, t) = ⟨Dα

lm(ω)⟩+ 2 ∑
µ≥1

Re
[
eiµΩtD̃α(µ)

lm (ω)
]

(4.10)

with the amplitudes

D̃α(µ)
lm (ω) = ∑

ik
∑
n,µ′

Ci∗
nkµ′+µCi

nkµ′

Rα∫
0

drαr2
α|F nk

lmα(rα)|2δ
(

ω −
[
Eik + (µ′ + µ/2)Ω

] )
. (4.11)

The first term in Eq. (4.10) is the zero-order amplitude ⟨Dα
lm(ω, t)⟩ = D̃α(µ=0)

lm (ω) that gives

a PDOS averaged over the period T of the driving electromagnetic field. It captures the

steady-state behavior of a system under a continuous periodic excitation. The second term

in Eq. (4.10) is the time-dependent part of a PDOS. This term represents the oscillating part

of the response and comes from the interference between different modes of the one-body
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Floquet–Bloch state.

Time-reversal symmetry can be used to further simplify the time-dependence of a PDOS.

If an electronic system with time-reversal symmetry is driven by a linearly polarized

pulse of the form E(t) = F0 sin Ωt, a property of the Floquet–Bloch coefficients ci
nkµ =

(−1)µ
(

ci
n−kµ

)∗
derived in [69] applies, and for a system with time-reversal symmetry it is

also true that Fnk
lmα(rα) = (−1)m

[
Fn−k

l−mα(rα)
]∗

. This relates the terms at opposite k in the

sum in Eq. (4.11) as complex conjugates multiplied by a factor (−1)µ. The amplitudes of a

PDOS are then real for even orders and are imaginary for odd orders, which leads to

Dα
lm(ω, t) = ⟨Dα

lm(ω)⟩ − ∑
µodd≥1

Dα(µodd)
lm (ω) sin(µoddΩt) (4.12)

+ ∑
µeven≥2

Dα(µeven)
lm (ω) cos(µevenΩt),

where Dα(µodd)
lm (ω) = 2 Im

(
D̃α(µodd)

lm (ω)
)

and Dα(µeven)
lm (ω) = 2 Re

(
D̃α(µeven)

lm (ω)
)

are real-

valued amplitudes.

Eq. (4.12) introduces a generalized momentum and angular resolved partial density of

states, Dα
lm(ω, t), which is time dependent due to the external electric field. Whether a

measurement probes generalized PDOS or its weighted time average depends on the

various time scales of the particular experiment; here we focus on the full time depen-

dence because it contains the most information. Note that in the non-equilibrium case

in general, the quantity D(ω, t) defined in Eq. (4.5) can turn out to be negative and can

not be interpreted as the density of states. However, following from the properties of

Floquet–Bloch coefficients [120], the absolute value of Dα(µ)
lm (ω) decreases progressively

with increasing order µ, leading to a positive semidefinite function Dα
lm(ω, t) defined by

Eq. (4.12), which justifies the interpretation as a time-dependent partial density of states.

4.2.2. Electron density for a selected energy window

In the following we analyze the oscillations of the laser-dressed PDOS by comparing them

to the laser-dressed electron density introduced by Eq. (2.80). We additionally introduce

the electron density corresponding to a selected energy window defined in terms of the

spectral function as

ρ(r, ω, t) =
1

2π ∑
k
⟨r| Âk(ω, t) |r⟩ . (4.13)

The spectral function for the one-body Floquet–Bloch electronic states is given by Eq. (4.7).

Substituting this expression into the definition of the electron density for a certain energy

window in Eq. (4.13) gives:

ρ(r, ω, t) = ρ0(r, ω) + ∑
µ≥1

2 Re
[
eiµΩtρ̃µ(r, ω)

]
, (4.14)
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where the amplitudes ρ̃µ(r, ω) are defined as follows:

ρ̃µ(r, ω) =
1
V ∑

i,k
∑

n1,n2

∑
µ′

Ci∗
n2k,µ′+µCi

n1k,µ′ φn1k(r)φ∗
n2k(r)δ

(
ω −

[
Eik +

(
µ′ +

µ

2

)
Ω
])

.

(4.15)

Here, we use the symmetry property of the harmonics ρ̃−µ(r, ω) =
(
ρ̃µ(r, ω)

)∗. Addition-

ally, if an electronic system with time-reversal symmetry is driven by a linearly polarized

pulse of the form E(t) = F0 sin Ωt, a property Ci
nkµ = (−1)µ(Ci

n−kµ)
∗ derived in [69]

applies. This relates the terms with a positive and negative k in the sum in Eq. (4.15) as

complex conjugates multiplied by a factor (−1)µ. The amplitudes of the electron density

for an energy window are then real for even orders and are imaginary for odd orders,

which leads to

ρ(r, ω, t) = ⟨ρ(r, ω, t)⟩ − ∑
µodd≥1

ρµodd(r, ω) sin(µoddΩt) (4.16)

+ ∑
µeven≥2

ρµeven(r, ω) cos(µevenΩt),

where ρµodd(r, ω) = 2 Im
(
ρ̃µodd(r, ω)

)
and ρµeven(r, ω) = 2 Re

(
ρ̃µeven(r, ω)

)
are real-valued

amplitudes. Later we use the introduced electron density for a selected energy window to

interpret the bonding formation following from the laser-dressed PDOS.

4.3. Laser-dressed partial density of states of ZnO

We illustrate how a laser-dressed PDOS can be used to analyze the optical response of

a laser-driven material with calculations for a wurtzite ZnO crystal. Wurtzite ZnO has

served as a prototypical system for studying strong-field phenomena in solids, where

distinctly non-perturbative nonlinear responses have been observed at driving laser

intensities exceeding 1 TW/cm2 [187]. Here, we consider the driving electromagnetic

field with an intensity of 5 TW/cm2, a photon energy of 1.55 eV, and the electric field

polarization ϵ aligned along the z axis.

We first discuss PDOS of a wurtzite ZnO in the ground state. Fig. 4.1(b) shows the

calculated PDOS of the valence states, which is in good agreement with the calculations in

Ref. [188]. The valence region is dominated by electronic states of strong O 2p and Zn 3d
character. The d states splitting due to the tetrahedral environment around the Zn atom

leads to the t2g and eg peaks at energies -4.75 eV and -5.7 eV below the Fermi level. The eg

states hybridize with the O 2p states to form bonding and antibonding states.

Assuming that the dynamics is launched by a pulse with a slowly changing envelop and

with our conditions of the sub-gap-driving, the electron dynamics is launched adiabatically

[189]. The Floquet–Bloch states that have a maximum overlap with the valence electronic

state are occupied and determine the laser-driven dynamics. We analyze the corresponding
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Figure 4.1.: (a) Unit cell of a wurtzite ZnO, where the red spheres represent O and the
gray spheres represent Zn, and a cut through the electron density. This and the
following densities are visualized using VESTA [156]. (b) PDOS of a wurtzite
ZnO in the ground state. The Zn s-, p-, and O s-projected PDOS are magnified
by a factor of ten. The Fermi energy, EF, is set to 0 eV. (c) Illustration of the
DOS of the two-level laser-driven system. The laser-dressed DOS is shown
in solid lines next to the DOS in the absence of laser driving in dotted lines.
Adapted from Ref. [158].

PDOS of these states. Fig. 4.2 shows the laser-dressed PDOS of the states that have

emerged from the valence states shown in Fig. 4.1(b). Each pair of plots in Fig. 4.2 shows a

time-averaged PDOS next to a corresponding field-free PDOS in the left panels and the

time-dependent part of the PDOS in the right panels. We refer to Dα
lm as the projection-

resolved PDOS and to the sum of the corresponding orbital-projected PDOS, ∑m Dα
lm, as

the projection-unresolved PDOS. The total laser-dressed PDOS, which is the sum of the

time-averaged and time-dependent parts, is positive for all energies. Since the driving

electromagnetic field is polarized along the z axis, we consider separately the PDOS

projected on the oxygen pz orbitals aligned along the electric field and the oxygen px

orbitals aligned perpendicular to the electric field. The O px-projected PDOS is identical

to the PDOS projected on the oxygen py orbitals. We also consider separately the PDOS

projected on the zinc dz2 orbitals and the sum of the PDOS projected on the remaining zinc

d orbitals, which we denote as DZn
dr2−z2

for the field-free case and DZn
dr2−z2

for the laser-dressed

case. Note that our choice of axes is different from the conventional choice of axes in the

crystal field theory that explains the eg − t2g splitting [190]. With our choice of axes, the dz2

orbital contributes to both the eg and t2g peaks.

First, we notice that all time-averaged PDOSs below the ground-state Fermi level shift
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Figure 4.2.: Projection-resolved and -unresolved PDOS for oxygen p- and zinc d-orbitals.
Field-free results are shown in gray, and time-averaged laser-dressed results
are shown in orange. Panels (a)–(c) show the projections onto O px, O pz, and
total O p-states, respectively. Panels (d)–(f) display the corresponding time-
dependent oscillatory components. Panels (g)–(i) repeat the same sequence
for Zn d-orbitals: (g) shows all d-components except dz2 referred to here as
dr2−z2 ; (h) is the dz2 orbital; and (i) is the total Zn d-state contribution. Panels
(j)–(l) present the time-dependent parts for the same orbitals shown in (g)–(i).
Adapted from Ref. [158].

towards higher binding energies when compared with the field-free PDOS. The dashed

lines in Fig. 4.2 go through the maxima of the laser-dressed and field-free PDOSs. This

shows that the energy shift values vary depending on the binding energy and projection.

The variation in the values of the energy shifts can be understood with the help of a
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two-level system. Let us consider a system with the energies E1 and E2 and corresponding

wavefunctions ϕ1(r) and ϕ2(r) driven by a single-mode electromagnetic field with the

frequency Ω < E2 − E1. The system of the matter and the light has states with the energies

that are different from E1 and E2. This phenomenon is the optical Stark effect [191]. The

shifted energy levels E1,2 obtained in the RWA and taking only one-photon absorption

processes into account are given by [132]:

E1 = E1 −

√
∆2 + Ω2

R − ∆

2
, (4.17)

E2 = E2 +

√
∆2 + Ω2

R − ∆

2
− Ω.

Here, ∆ = E2 − E1 − Ω is the detuning and ΩR is the Rabi frequency. The corresponding

eigenstates are given by [132]:

|Ψ1⟩ = cos Θ |1, N⟩ − sin Θ |2, N − 1⟩ , (4.18)

|Ψ2⟩ = sin Θ |1, N⟩+ cos Θ |2, N − 1⟩ .

The basis states |i, N − µ⟩ are product states formed by the electronic states |i = 1, 2⟩, and

Fock states of the field |N − µ⟩. Here, N − µ is the number of photons in the mode of

the considered single-mode field and N ≫ µ is the number of the photons before the

interaction with the electronic system. The coefficients in front of the basis states depend

on the ratio of the detuning to the Rabi frequency via Θ = arctan (ΩR/∆) /2.

The connection of a laser-dressed picture to the Floquet picture has been discussed in

Ref. [120]. The corresponding Floquet states (see Eq. (4.4)) are

Ψ1(r, t) =
e−iE1t
√

V

(
cos Θϕ1(r)− sin Θe−iΩtϕ2(r)

)
, (4.19)

Ψ2(r, t) =
e−iE2t
√

V

(
sin Θϕ1(r) + cos Θe−iΩtϕ2(r)

)
.

The density of states according to Eq. (4.5) is

D(ω) = cos2 Θδ(ω − E1) + sin2 Θδ
(
ω −

[
E1 + Ω

])
(4.20)

+ sin2 Θδ
(
ω − E2

)
+ cos2 Θδ

(
ω −

[
E2 + Ω

])
and it is shown in Fig. 4.1(c). For the case of a nonresonant field, the parameter Θ remains

small, so cos Θ is noticeably larger than sin Θ. In this case, we can consider the state |Ψ1⟩
as the state that has emerged from the the state |1⟩, and the state |Ψ2⟩ as the state that has

emerged from the state |2⟩. The first two terms of the DOS in Eq. (4.20) are then due to the

state that has emerged from the ground state, while the last two terms are due to the state

that has emerged from the excited state.
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The DOS of the field-free two level system consists of two delta peaks δ(ω − E1) + δ(ω −
E2). With Eq. (4.20), we obtain that these peaks are split into four peaks in the laser-dressed

case, see Fig. 4.1(c). Two of these peaks are the main intense peaks weighted by cos2 Θ

centered at the new energies E1 and E2 + Ω, and each main peak has a side peak weighted

by sin2 Θ. The intensity of the peaks in the laser-dressed DOS in Eq. (4.20) gives the

probability of occupation of a particular electronic state. For example, the first two peaks

in Eq. (4.20) are due to the Floquet state |Ψ1⟩. In this state, the occupation probability of the

electronic state |1⟩ is equal to cos2 Θ, and the occupation probability of the electronic state

|2⟩ is sin2 Θ. The nature of the side peak shifted by Ω can then be intuitively understood

as an indication that the state |2⟩ can be excited due to absorption of a photon with an

energy Ω.

4.3.1. Time-averaged PDOS of ZnO

The main intense peaks in the PDOS shown in Fig. 4.2 are shifted relative to their positions

in the field-free distributions, and the intensity of the peaks is reduced. This behaviour is

analogous to that of the ground state peak in the DOS of the two-level system. Fig. 4.1(c)

shows that the peak centered at E1 in the field-free DOS shifts to a new energy position

centered at E1 and its intensity decreases from 1 to cos2 Θ. We also observe that the

distributions are broader than those in the field-free case. This is due to the appearance of

the side peaks. The large number of states leading to the broadening of the distribution

means that individual side peaks are indistinguishable.

We observe similar behaviour in all averaged PDOS data shown in Fig. 4.2 except for

the oxygen pz-projected PDOS. States closer to the Fermi level experience a larger shift

than the states with higher binding energies. This is consistent with the simple two-level

model described previously. In this model, the Rabi frequency determines the strength

of the coupling between the system and the electromagnetic field. If the Rabi frequency

is much smaller than the detuning, ΩR ≪ ∆, then the energies of the state |Ψ1⟩ of the

two-level system are approximated by E1 = E1 − Ω2
R/(4∆). Thus, the energy shift is

inversely proportional to the detuning. The states closer to the Fermi level experience

a larger shift than states with higher binding energies. This is because the difference

between the energies of the valence states close to the Fermi level and the excited states

is smaller than the difference between states with higher binding energies and excited

states. The detuning for states with higher binding energies is larger, resulting in a smaller

energy shift. However, the behavior of the O pz-projected PDOS is different, because the

assumption ΩR ≪ ∆ does not apply to the states with a significant contribution of pz-type

states due to their strong coupling to the driving field.

The O p-Zn d antibonding peaks at around -1.5 eV in all data for the ground-state PDOS

shown in Fig. 4.2 are synchronously shifted by about 0.5 eV in the corresponding time-

averaged laser-dressed PDOS. The bonding peaks at about -6 eV in the PDOS projected
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into the orbitals not aligned with the electric field, namely O px and Zn dr2−z2 , are also

synchronously shifted by the value of about 0.2 eV (see Fig. 4.2(a) and (g)). However, the

shift of the bonding peak differs in the PDOS projected into the orbitals aligned with the

electric field (see Fig. 4.2(b) and (h)). This misalignment of the bonding peaks between the

O pz and Zn dz2 orbitals in the laser-dressed ZnO indicates that hybridization between the

orbitals is destroyed. This should result in a weaker Zn–O bond along the z-axis.

We demonstrate the bonding and antibonding characteristics of solids by calculating the

electron density corresponding to a selected energy window, as described in Section 4.2.2.

In particular, we compare the ground-state electron density for the energy window around

the bonding peak in Fig. 4.3(a) with the time-averaged laser-dressed electron density for

the energy window around the new position of the corresponding peak in Fig. 4.3(b). This

comparison confirms the weakening of the bond. The difference is most evident in the 2D

cuts at the boundaries of the unit cell. Figure 4.4 show the ground-state electron density

(a) (b)

Figure 4.3.: (a) Ground-state and (b) time-averaged laser-dressed electron density corre-
sponding to an energy window of bonding states. The same isosurface level is
used for both panels. Adapted from Ref. [158].

for the energy window around the antibonding peak in Fig. 4.4(a) with the time-averaged

laser-dressed electron density for the energy window around the new position of the

corresponding peak in Fig. 4.4(b). The differences in the electron density is most evident

in the 2D cuts at the boundaries of the unit cell. For consistency, the same isosurface level

is used for all plots in both figures.

4.3.2. Time-dependent part of PDOS of ZnO

We use a simple two-level system to gain an understanding of the time-dependent part of

the DOS. First, we observe that the DOS of the two-level system considered in Eq. (4.20) is

time-independent. We then introduce a hypothetical Floquet state with an energy Eh that
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(a) (b)

Figure 4.4.: (a) Ground-state and (b) time-averaged laser-dressed electron density corre-
sponding to an energy window of antibonding states. The same isosurface
value is used for both panels. Adapted from Ref. [158].

would result in a time-dependent DOS term

Ψh(r, t) =
e−iEht
√

V

(
C10ϕ1(r) + C11ϕ1(r)e−iΩt + C21ϕ2(r)e−iΩt

)
. (4.21)

The DOS that is due to only this Floquet state and its replicas is

Dh(ω, t) =|C10|2δ(ω − Eh) +
(
|C11|2 + |C21|2

)
δ (ω − [Eh + Ω]) (4.22)

+ 2 Re
(

C∗
11C10eiΩt

)
δ (ω − [Eh + Ω/2]) .

In Eq. (4.22), the occupation probability of the state |1⟩ is equal to |C10|2 + 2 Re
(
C∗

11C10eiΩt),
where the time-dependent term has an intensity of 2 Re

(
C∗

11C10eiΩt). Thus, we can con-

clude that the time-dependent part of the DOS is related to the time-dependent part of

the occupation probability of an electronic state. This conclusion can be generalized by

considering the occupation probabilities of the electronic states |nk⟩ of a system occupy-

ing a Floquet state |Φik⟩. In this case, the time-dependent part of the DOS contains the

interference terms of the occupation probabilities of the different electronic states |nk⟩.

The spectral position of the time-dependent term in the DOS in Eq. (4.22) is in the middle

between the energy of the main peak at Eh and its side peak at Eh + Ω. In general, the

interference terms are centred at Eik +(µ′+ µ/2)Ω for µ ̸= 0 according to Eq. (4.11), which

is either in the middle between a main peak and its side peaks, or in the middle between

side peaks. We observed the analogous behavior of a signal due to an optical dressing in

our study of subcycle-resolved x-ray diffraction [150]. We showed that the time-dependent

signal in this process consists of peaks with time-independent amplitudes and interference

peaks with time-dependent amplitudes. The peaks with time-independent amplitudes are

shifted by nΩ from a ground-state signal, where n is an integer. The interference peaks

are centered right in the middle between the spectral positions of the time-independent

peaks, i.e. are shifted by nΩ/2. Thus, the behavior of the laser-dressed DOS is related to
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the behavior of time-dependent, subcycle-resolved spectra of laser-driven systems.

Colormaps in Figs. 4.2(d)-(f) and 4.2(j)-(l) show the time-dependent part of the PDOS. The

total PDOS is the sum of the time-dependent part and the time-averaged part shown on

the corresponding panels to the left of the colormaps [Figs. 4.2(a)- (c) and 4.2(g)-(i)]. The

total PDOS is positive at any given energy. We observe that the projection-resolved O px-,

pz-projected PDOS and Zn dz2-, dr2−z2-projected PDOS shown in Figs. 4.2(d), (e), (j) and

(k) have energy regions with oscillations at the frequency of both Ω and 2Ω. However,

the projection-unresolved O p-projected PDOS shown in Fig. 4.2(f) and Zn d-projected

PDOS shown in Fig. 4.2(l) predominantly oscillate at the frequency 2Ω. The absence of

oscillations at frequency Ω in projection-unresolved distributions indicates that charge

oscillations of frequency Ω around zinc and oxygen cancel out after angle averaging.

First-order optical response

We analyze the oscillations of the PDOS by comparing them to the oscillations of the

laser-dressed electron density, as defined by Eqs. (2.80) and (2.81). For a material with

time-reversal symmetry, driven by an electromagnetic field with an electric field of the

form E(t) = F0 sin Ωt, this takes the following form [69]:

ρ(r, t) = ρ0(r)− ∑
µodd≥1

ρµodd(r) sin(µoddΩt) (4.23)

+ ∑
µeven≥2

ρµeven(r) cos(µevenΩt).

Here, ρ0(r) is the time-averaged electron density and ρµ(r) are the real-valued amplitudes

of the oscillations. A µth-order amplitude of the electron density leads to a µth-order

oscillation amplitude of polarization. For example, −ρ1(r) sin(Ωt) leads to the oscillation

of polarization as P(1) sin(Ωt). The electron density and the PDOS have the analogous

time dependence. The µth-order density amplitudes ρµ(r) are related to the µth-order

amplitudes of PDOS Dα
lm,µ(ω) and describe the µth-order microscopic optical response of

a material.

Figure 4.5(a) shows a two-dimensional cut through the first-order amplitude ρ1(r) (see

also Fig. 4.6). Charges rearrange around atoms to form regions that are either positively or

negatively charged. The positively- and negatively-charged regions switch their signs after

half a cycle. Their magnitudes are maximal at 1/4 and 3/4 of the optical period, which is

also when the first-order oscillations of the projection-resolved PDOS have maxima and

minima in Figs. 4.2(d), (e), (j) and (k). Due to their interaction with the electric field of

light, dipoles are formed around oxygen and zinc, giving rise to polarization parallel to

the electric field. The net charges around zinc and oxygen remains almost neutral, despite

considerable charge density distributions. Hence, the oscillations at the frequency Ω are

effectively averaged out in the projection-unresolved PDOS in in Figs. 4.2(f) and (l), but
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Figure 4.5.: First-order amplitudes of the electron density and the PDOS. (a) Two-
dimensional cut through the first-order density amplitudes ρ1(r) in the plane
shown in Fig. 4.1(a). The red and blue colors represent negative and posi-
tive charges, respectively. (b) First-order projection-unresolved amplitudes
DO(1)

p (ω) and DZn(1)
d (ω). (c) Positive and negative contributions to the

projection-unresolved amplitudes in (b). (d) First-order amplitudes DO(1)
s (ω),

DZn(1)
s (ω), and DZn(1)

p (ω). (e) Positive and negative contributions to the am-
plitudes in (d). The dotted lines in (c) and (e) in a corresponding color show the
ground-state PDOS with reduced amplitudes for ease of comparison. Adapted
from Ref. [158].

are pronounced in the projection-resolved PDOS in Figs. 4.2(d), (e), (j) and (k).

We observe that bonds between positively-charged regions around zinc and oxygen as

well as bonds between negatively-charged regions around zinc and oxygen are formed.

We analyze the structure of the bonds using the first-order amplitudes of PDOS Dα(1)
lm (ω),

cf. (4.12). Figure 4.5(b) shows projection-unresolved amplitudes DO(1)
p and DZn(1)

d . They
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change sign several times over the energy range due to competing positive and negative

contributions to the total distribution, which makes them difficult to analyze. To facilitate

analysis, we disentangle the positive and negative contributions to the PDOS by summing

the positive and negative terms separately in Eq. (4.11) during the calculations. The

resulting contributions are shown in Fig. 4.5(c). The sum of the distributions in Fig. 4.5(c)

gives the PDOS in Fig. 4.5(b). The positive contributions to the amplitudes of the PDOS

correspond to a negative charge and the negative contributions correspond to a positive

charge. Looking at the disentangled contributions to the PDOS, we can analyze how

different orbitals contribute to the formation of optically-induced charge distributions due

to the first-order optical response. The positive and negative distributions in Figs. 4.5(c)

are almost identical, which reflects the similar shapes of the positive and negative regions

in the first-order density amplitude.

(a) (b)

Figure 4.6.: The first-order microscopic optical response of wurtzite ZnO. The first-
order optically-induced charge distribution ρ1(r) is shown for two different
isosurface levels in panels (a) and (b). The electron densities are represented in
terms of an isosurface using VESTA [156]. The yellow and blue colors represent
negative and positive charges, respectively. Adapted from Ref. [158].

The laser-dressed first-order Zn d-projected PDOS in Fig. 4.5(c) consists of multiple peaks

structure. The crystal field theory states that the d states splitting in ZnO is due to charges

that are localized on oxygen atoms. In Fig. 4.5(a), there is still a small imbalance between

the charges on zinc and oxygen, the net charge around zinc is positive and the net charge

around oxygen is negative. This imbalance leads to a minor eg − t2g splitting in the

distribution. The electric field of the light polarized along the z axis breaks the symmetry

of the tetrahedral field further. This leads to the additional splitting of the eg and t2g

states, resulting in the five peaks of the d-projected PDOS. The positions of the peaks in

the O p-projected PDOS and in the Zn d-projected PDOS in Fig. 4.5(c) continue to align.

Thus, the O p - Zn d hybridized orbitals respond synchronously to the optical drive in the

first-order optical response.

In the ground state, the O s-, Zn s-, and Zn p-projected PDOS are approximately one order

of magnitude smaller than the O p- and Zn d-projected PDOS. Figure 4.5(d) shows the
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first-order amplitude of the O s-, Zn s-, and Zn p-projected PDOS. Their weight relative

to the Zn d- and O p-projected PDOS increases by about a factor of two in the first-order

response. Dipole transitions from O p and Zn d states to O s and Zn p states explain

the relative increase of the corresponding distributions. However, an analysis of dipole-

allowed transitions alone is insufficient to explain transitions in a material with bonds.

The relative increase of the Zn s-projected PDOS indicates that these states also contribute

to the response via their contribution to hybridization.

Second-order optical response

Figure 4.7(a) shows the second-order density amplitude. The positively- and negatively-

charged regions of this charge distribution have a completely different shape to those of

the first order. A positive charge is formed on oxygen. This positive charge is surrounded

by a negative charge that repeats the shape of the positive charge in the vicinity of the

oxygen atom. Further away from oxygen, a strong bond with zinc along the z-axis is

formed by a negative charge. Negative charges also form weak bonds with zinc atoms at

other positions. Additionally, a delocalized positively charged region forms between the

zinc and oxygen atoms (see Fig. 4.8(b)). The charge around the zinc atom is negative. Note

that the second-order density amplitude corresponds to the oscillations at a frequency

of 2Ω. After a quarter of the optical cycle, the positively and negatively charged regions

switch signs.

As shown in Fig. 4.7(c), the shapes of the positive and negative contributions to the second-

order PDOS are also quite different. As a result, their sum leads to a considerable total

second-order O p- and Zn d-projected PDOS amplitudes, as shown in Fig. 4.7(b). This is

much larger than the corresponding first-order projection-unresolved PDOS amplitude.

For this reason, oscillations at the 2Ω frequency dominate the time evolution of the

projection-unresolved PDOS in Figs. 4.2(f) and (l).

The positive contribution to the Zn d-projected PDOS amplitude, which corresponds to the

negative charge, splits into two broad peaks. This is due to the nonuniform distribution of

negative charges around Zn; see Fig. 4.7(a) and Fig. 4.8(b). Orbitals localized on zinc are

more strongly repelled by the negative charge around oxygen in the z direction than by

the charges around other oxygen atoms. In contrast, the negative contribution to the Zn

d-projected PDOS amplitude contains only the higher-energy peak and has no strongly

bound peak. This indicates that the positively charged region formed by Zn d orbitals is

surrounded by a more homogeneous distribution of charges than the negatively charged

regions. In Fig. 4.8, the positive delocalized charge between the zinc and oxygen atoms is

surrounded by a nearly uniformly distributed negative charge. This likely explains why

the splitting of the Zn d-projected PDOS is considerably smaller in the negative than in

the positive contribution.
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Figure 4.7.: Second-order amplitudes of the electron density and the PDOS. (a) Two-
dimensional cut through the second-order density amplitudes ρ2(r) in the
plane shown in Fig. 4.1(a). The red and blue colors represent negative and
positive charges, respectively. (b) Second-order projection-unresolved am-
plitudes DO(2)

p (ω) and DZn(2)
d (ω). (c) Positive and negative contributions to

the projection-unresolved amplitudes in (b). (d) Second-order amplitudes
DO(2)

s (ω), DZn(2)
s (ω), and DZn(2)

p (ω). (e) Positive and negative contributions
to the amplitudes in (d). The dotted lines in (c) and (e) in a corresponding color
show the ground-state PDOS with reduced amplitudes for ease of comparison.
Adapted from Ref. [158].

The second-order amplitude of the O p-projected PDOS has a broad, multi-peaked struc-

ture. These peaks coincide with those in the second-order amplitude of the Zn d-projected

PDOS, indicating orbital interaction. The maximum of the peak is at a higher binding

energy for positive charge than for negative charge. The positive charge is more local-

ized around oxygen than the negative charge, which explains the difference in binding

energies.
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(a) (b)

Figure 4.8.: The second-order microscopic optical response of wurtzite ZnO. The second-
order optically-induced charge distribution ρ2(r) is shown for two different
isosurface levels in panels (a) and (b). The electron densities are represented in
terms of an isosurface using VESTA [156]. The yellow and blue colors represent
negative and positive charges, respectively. Adapted from Ref. [158].

The weight of O s-, Zn s- and Zn p-projected PDOS relative to Zn d- and O p-projected

PDOS increase again in the second-order response, see Fig. 4.7(e). The relative contri-

butions of these states are about four times larger compared to the ground state. The

increase of the role of Zn s-like states is due to two-photon transitions from Zn d states.

The increase of the relative weights of O s- and Zn p-projected PDOS should be via bonds

that involve these states. Additionally, it should be due to an increasing role of two-photon

transitions from Zn 3p-like states and O 2s-like states to unoccupied states of Zn p-like

and O s-like character, correspondingly.

4.4. Ab initio computational scheme

Figure 4.9 illustrates the computational workflow for the calculation of the laser-dressed

PDOS.

Since the laser-dressed PDOS is calculated to support the interpretation of the transient

x-ray absorption spectra, we adopted the same numerical parameters that were obtained

from the convergence study of x-ray absorption in Section 5.5. Thus, the PDOS was

calculated using 150 conduction states, 2µmax + 1 = 121 Floquet blocks, and a 16× 16× 10

k-point grid. In this way, the description of the electronic structure entering the PDOS

calculations is consistent with that used for the absorption spectra.

The workflow starts with ground-state calculations of wurtzite ZnO. The one-body wave-

functions φnk(r) and the corresponding eigenenergies Enk of the field-free Hamiltonian

H(0) are obtained using the LAPW+lo method as implemented in exciting [137]. We

employ the GGA-PBE functional [151], and treat the Zn 3d104s2 and O 2s22p4 electrons as

valence states. In addition, the Zn 3p orbitals are included as semicore states in the basis
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Ground-state DFT:
LAPW+lo, H(0) → {φnk(r), Enk}
Parameters: Nband bands,
Nk1×Nk2×Nk3 k-point grid
Output:
φnk, Enk, ⟨φnk|p̂|φmk⟩, ⟨φnk|p̂|φc⟩

Scissors correction:
DFT band gap EDFT

gap vs. Eexp
gap

Build & diagonalize
Floquet–Bloch HF:
LAPACK zheev; HF → {Ψik, Eik}
Parameters: Nband bands,
µmax modes,
Nk1×Nk2×Nk3 k-point grid

Compute laser-dressed PDOS:
Output: Dα(µodd)

lm (ω), Dα(µeven)
lm (ω)

Compute laser-dressed electron
density:
Output: ρµ(r), ρµ(r, ω);
Parameters: grid Nr1×Nr2×Nr3

Convergence:
modes µmax

Increase µmax

Convergence:
Nband bands
k-point grid

Increase Nband
k-point grid

e
x
c
i
t
i
n
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Figure 4.9.: Ab initio computational scheme for laser-dressed PDOS with left-side grouping
braces indicating external (exciting) and developed code components.

within LAPW+lo method.

In the ground state output, a scissors correction [153] is applied to adjust the underes-

timated DFT band gap of 0.77 eV to the experimental value of 3.4 eV [192]. Previous

GW calculations [188] have shown that the conduction-band DOS obtained within DFT

GGA-PBE agrees well with GW results up to an overall energy shift, validating the use of

the scissors operator for this purpose.

During the ground-state calculations we also calculate several quantities that are required

in later steps of the workflow. These include the momentum matrix elements between

different Kohn–Sham states, as well as radial atomic wavefunctions u(j)
ℓα (rα), matching co-

efficients AG+k
lmα , and Kohn–Sham coefficients Ck

iG. From these, we can construct the radial

wavefunctions F nk
lmα(rα) and the plane-wave part of the Kohn–Sham wavefunctions.

The calculated Bloch wavefunctions, eigenenergies, and momentum matrix elements
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are then used to construct and diagonalize the Floquet–Bloch Hamiltonian [133]. The

diagonalization yields the Floquet–Bloch states together with their quasienergies. As

mentioned above, the number of conduction states and Floquet blocks used here is taken

from the x-ray absorption convergence study, ensuring consistency between the two types

of calculations.

The eigenvalues and eigenvectors of the Floquet–Bloch matrix are used to evaluate the

amplitudes of the laser-dressed PDOS. A Gaussian broadening with full width at half

maximum (FWHM) of 0.6 eV is applied in the PDOS calculations. The number of k-points

is increased in the computations until convergence of the amplitudes Dα(µodd)
lm (ω) and

Dα(µeven)
lm (ω) of the laser-dressed PDOS in Eq. (4.12) is reached. Figure 4.10 shows the

results of the convergence study with respect to the number of k-points in the calculations.

The laser-driven changes are found to be converged for a 16 × 16 × 10 k-point grid. In

(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.10.: Convergence with respect to the number of k-points for O p- and Zn d-
projected PDOS: (a,d) zero order, (b,e) first order, (c,f) second order. The
results were obtained using 20×20×13 and 16×16×10 k-point grids, with all
spectra scaled by the number of k-points in each case.

addition, the laser-dressed electron density is evaluated using the formalism of Ref. [69].

The µth-order density amplitudes, ρµ(r), are computed by considering only the plane-

wave part of the Kohn–Sham wavefunctions φnk(r). The calculations are performed on a

spatial grid of 50 × 50 × 80 points within single unit cell.
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4.5. Summary

In this chapter, we introduce a computational framework for calculating the PDOS of a

material subjected to a periodic driving field. Using a wurtzite ZnO crystal as an example,

we demonstrate how laser-dressed PDOS can be used to analyse laser-driven electron

dynamics. Our focus is on how initially occupied electronic states evolve into dressed

states when the field is turned on adiabatically, since these states remain occupied and

define electron dynamics.

Our results for laser-driven ZnO demonstrate a weakening of chemical bonds. By analyz-

ing the laser-induced energy shifts resolved by site, orbital, and angular character, we find

that under excitation the Zn d and O p states, which primarily form the bonding structure

in the ground state, shift non-uniformly. In particular, the O p states have a larger blue-

shift than the Zn d states at the energies corresponding to bonding states. This difference

reduces orbital overlap and weakens the Zn–O bond. We further confirmed laser-driven

bond weakening by calculating electron density for the energy window corresponding to

the bonding state and observing a decrease in electron density along the Zn–O bond.

The time-dependent amplitudes of the PDOS provide a subcycle-resolved view of the

electron dynamics, which is not accessible via a simple time-averaged DOS. We analyzed

first- and second-order optical responses. This allowed us to track how the dynamics

are defined by initially occupied states and how the relative weight of different orbital

characters changes in the valence and conduction bands. We observed an increase in

orbital characters that were not present in the ground state valence band, such as O s and

Zn p. Under laser excitation, these states become partially occupied and appear in the

laser-dressed valence band. We qualitatively explained these trends using dipole selection

rules.

Within the presented framework, we can track changes to the material’s electronic structure

over time as it interacts with the laser. In the stationary case, the density of states shows

which atomic orbitals are present at certain energies, providing insight into the material’s

electronic structure and bonding. Under a strong optical field, however, the electronic band

structure becomes modulated. For example, Floquet sidebands appear and band energies

oscillate over time. The laser-dressed PDOS offers a complementary real-space perspective

on these effects, similar to that provided by a conventional PDOS for a stationary system.
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5. X-ray absorption spectroscopy of the
laser-driven materials

This chapter contains the developed theoretical framework and ab initio computational

scheme to describe trXAS measurement from a material in the presence of a driving field.

We introduce two approaches to calculate the absorption cross section, one based on the

so-called projection treatment of x-ray absorption and the other based on the so-called

time- and frequency-domain treatment of x-ray absorption. We compare the results of the

two approaches with the corresponding laser-dressed PDOS to demonstrate how trXAS

data can be used to extract information about laser-dressed electron dynamics. As a case

study, we present calculations for laser-dressed wurtzite ZnO.

5.1. Introduction

The trXAS technique, which involves measuring the transient absorption spectrum in

the x-ray range, has enabled the observation of electronic and structural dynamics on

subfemtosecond timescale [79–82]. This technique has already been used to resolve electron,

hole, and phonon dynamics in materials with subfemtosecond resolution, including

during the time during the interaction with a driving pulse [7, 8, 86, 88, 89]. Here, we

consider a pump-probe scheme in which pump pulse excites the electron dynamics. An

attosecond XUV or x-ray probe pulse then captures these dynamics in the absorption

spectrum [79, 83, 84]. By varying the time delay of the x-ray probe pulse, dynamic changes

in the absorption edge can be tracked. This reveals, in the case of solids, the evolution

of the carrier population and coupled electron-phonon dynamics during the action of

the driving field [49, 85–87]. In the case of attosecond XAS [49], the high photon energy

of the broadband XUV pulse, which typically lies above the energy range of interband

transitions, offers an additional advantage. It enables simultaneous observation of laser-

driven carrier dynamics in both the valence and conduction bands, thus avoiding the

ambiguities often found in optical pump-probe spectroscopy due to overlapping spectral

features. Additionally, broadband attosecond XUV or x-ray pulses allow measurements

across several tens of eVs, potentially covering multiple absorption edges simultaneously.

This provides a further advantage for probing non-equilibrium electron dynamics within

the band structure of solid-state materials.

Interpreting XAS data can be challenging due to competing physical effects. These include

core-hole decay and the associated Auger cascades, which significantly modify the absorp-

tion spectrum and need to be taken into account. Another complication is represented by
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multiplet effects caused by multiple excitation pathways that an x-ray photon can induce

in the system. In the case of solids, additional effects include low-energy electron-electron

scattering and electron-phonon interactions. These challenges require advanced theoreti-

cal tools for the analysis. The theoretical description of x-ray absorption under stationary

conditions is well established, with many powerful computational tools currently in use

[193, 194]. However, the development of trXAS necessitates theoretical advancements in ab
initio methods to accurately describe electron and lattice dynamics under non-equilibrium

conditions, as well as the resulting XAS data.

RT-TDDFT is widely used to simulate electron dynamics in molecules and solids under

external driving fields [90–94]. However, accurate treatment of core excitations within

RT-TDDFT remains challenging. Additionally, capturing electronic correlation effects

remains a significant challenge for DFT-based methods. Complementary approaches

such as non-equilibrium Green’s function methods, including the Bethe–Salpeter equation

formalism, have been developed [98–106], though their application to trXAS in solids

remains limited. In practice, most descriptions combine computational time propagation

under the pump with a perturbative treatment of the probe pulse within linear-response

theory [107–110].

In this chapter, we present a theoretical framework and an ab initio computational scheme

to describe a process in which trXAS is applied to track laser-dressed electron dynamics

in materials. Our computational scheme combines the Floquet–Bloch formalism with

DFT using LAPW+lo method. The Floquet–Bloch formalism enables the study of non-

perturbative electron dynamics in solids driven by intense laser fields without explicit

time propagation of the electronic states [111, 112]. The LAPW+lo method provides a

full-potential treatment of the crystal electronic structure, accurately capturing the effects

of both valence and core electrons. As a case study, we consider a ZnO crystal interacting

with a near-infrared pulse in the high-order harmonic generation regime, demonstrating

how trXAS can be used to probe electron dynamics in a solid-state system under strong-

field excitation. Although the primary focus is on laser-driven crystals, the derived

formalism is general and applicable to any electronic system driven by a temporally

periodic electromagnetic field.

5.2. Theory of x-ray absorption from a laser-driven material

When a resonant x-ray pulse interacts with an electronic system under the influence of a

temporally periodic laser field that drives electron dynamics, the Hamiltonian takes on

the following form:

Ĥ = Ĥel−em + Ĥx + Ĥx
int, (5.1)
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where Ĥel−em describes the laser-driven electronic system, discussed in Chapter 2, and Ĥx

is the Hamiltonian of the x-ray field

Ĥx = ∑
κx,sx

ωκx â†
κx,sx

âκx,sx , (5.2)

operators â†
κx,sx

and âκx,sx are the creation and annihilation operators of the x-ray photon

with wave vector κx and polarization sx. Ĥx
int denotes the interaction between the x-ray

probe pulse and the laser-driven system within the minimal-coupling scheme. Omitting

the Â2
x(r) term, it takes the form

Ĥx
int =

1
c

∫
d3rψ̂†(r)

(
Âx(r) · p̂

)
ψ̂(r), (5.3)

where Âx(r) is the vector potential operator of the x-ray field. In the following, the x-ray

field is treated as a quantized multimode field, represented by photons occupying different

modes

ρ̂x
in = ∑

{nx},{n̄x}
ρx
{nx},{n̄x} |{nx}⟩ ⟨{n̄x}| . (5.4)

Here, ρx
{nx},{n̄x} denotes the populations and coherence of all the occupied field modes

associated with the incoming beam; {nx} denotes a complete set of numbers that specify

the number of photons in all field modes.

We assume that the full system, matter and light, is described as the tensor product of the

laser-driven system and the state of the probe field. The time-dependent density operator

for the full system is given by

ρ̂s(t) = ∑
{nx},{n̄x}

ρx
{nx},{n̄x} |Ψ{nx}(t)⟩ ⟨Ψ{n̄x}(t)| , (5.5)

where |Ψ{nx}(t)⟩ = |Ψ(t)⟩ |{nx}(t)⟩ is a product of the state of the dressed electron system

and the x-ray field states. The density operator of the entire system evolves under the

time-evolution operator for the whole system Ûtotal(tf, ti) and it is given by

ρ̂s(t) = lim
ti→−∞

Ûtotal(t, ti)ρ̂
s
inÛ†

total(t, ti), (5.6)

where ρ̂s
in = ρ̂m

in ⊗ ρ̂x
in is defined as the tensor product of the initial density operators of the

matter and x-ray field. Long before interaction with the x-ray pulse laser-driven electronic

system evolved periodically in time and with the initial state described by a single family

of Floquet states.

In the following, we assume that interaction between the probe x-ray field and the system

can be treated perturbatively. Accordingly, we expand the full density matrix of the laser-

driven electronic system in orders of the perturbation theory. Keeping only the first-order
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term in the x-ray field, it leads to

ρ̂(1)(t) = ∑
{nx},{n̄x}

ρx
{nx},{n̄x} |Ψ

(0)
{nx}(t)⟩ ⟨Ψ

(1)
{n̄x}(t)| (5.7)

+ ∑
{nx},{n̄x}

ρx
{nx},{n̄x} |Ψ

(1)
{nx}(t)⟩ ⟨Ψ

(0)
{n̄x}(t)|

and in the next leading order on the interaction Hamiltonian with the x-ray field

ρ̂(1,1)(t) = ∑
{nx},{n̄x}

ρx
{nx},{n̄x} |Ψ

(1)
{nx}(t)⟩ ⟨Ψ

(1)
{n̄x}(t)| . (5.8)

Here, the first correction to the full wavefunction in the Eqs. (5.7),(5.8) is given by

|Ψ(1)
{nx}(t)⟩ = −i lim

t0→−∞

t∫
t0

dt′Û(t, t′)Ĥx
intÛ(t′, t0) |Ψ(t0)⟩ |{nx}(t0)⟩ . (5.9)

The expectation value of a physical observable as a function of time is given by the trace

of the density matrix with the corresponding canonical operator

O(t) = Tr[ρ̂s(t)Ô]. (5.10)

5.3. Projection treatment of x-ray absorption

First, we introduce a method for calculating the x-ray absorption cross section based on

the projection treatment of x-ray absorption. This method is an extension of the standard

definition and is only suitable for quasi-monochromatic probe x-ray pulses. The next

section introduces a method applicable to the general case of ultrashort probe x-ray

pulses.

The standard definition of the x-ray absorption cross section σF includes the ratio of the

transition rate ΓFI to the constant x-ray photon flux Jx of a continuous wave x-ray light

source:

σF =
ΓFI

Jx
. (5.11)

The transition rate is given by the transition probability per unit time and depends on

the overlap between the final stationary state |F⟩, which is an eigenstate of the system

Hamiltonian, and the time-dependent state of a system |Ψ(t)⟩.

In the context of time-resolved absorption measurement, as discussed in Ref. [195], this

formalism is extended to probe pulses with finite pulse duration and a spectral bandwidth

∆ωx. In the perturbative regime, the transition rate remains linearly proportional to the

photon flux Γ(t) = σ(ωx)Jx(ωx, t). It leads to the following relation between absorption
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probability and cross section [195]

PFI(tf → ∞) = σ(ωx)
∫ +∞

−∞
Jx(ωx, t)dt. (5.12)

The underlying assumption in Eq. (5.12) is that we can calculate the absorption cross

section for a small range of frequencies ∆ωx around ωx by calculating the response of the

atom to a pulse of bandwidth ∆ωx.

The absorption probability is given by

P = ∑
F,{n′

x}
⟨ΨF; {n′

x}| ρ̂F |ΨF; {n′
x}⟩ , (5.13)

where ρ̂f is the density matrix after interaction with the probe x-ray pulse. In the final states

|ΨF; {n′
x}⟩, the set of Fock states after the absorption process is defined by the relation

|{n′
x}⟩ = âκxa ,sxa

|{nx}⟩. The summation includes all possible final states |ΨF⟩, which are

eigenstates of the Hamiltonian Ĥel−em.

In first-order time-dependent perturbation theory, the density matrix ρ̂f is obtained by

substituting Eq. (5.9) into Eq. (5.8)

ρ̂(1,1)
f

= lim
ti→−∞
tf→+∞

∑
{nx},{n̄x}

ρx
{nx},{n̄x}

∫ tf

ti

∫ tf

ti

dt1dt2

(
Û(tf, t1)ĤintÛ(t1, ti) |Ψ(0)

{nx}(ti)⟩ (5.14)

× ⟨Ψ(0)
{n̄x}(ti)| Û†(t2, ti)Ĥ†

intÛ
†(tf, t2)

)
.

Substituting the density matrix from Eq.(5.14) into Eq.(5.13), and simplifying the expres-

sion (see Appendix A.1.1), leads to the result given in Eq. (A.4) as follows:

P(1) = ∑
F

∫ ∞

−∞

∫ ∞

−∞
dt1dt2

∫
d3r1

∫
d3r2 eiEF(t1−t2) ∑

κx1 ,sx1

∑
κx2 ,sx2

2π

V√
ωκx1

ωκx2

(5.15)

×e−iωκx1
t1 eiωκx2

t2 eiκx1 ·r1 e−iκx2 ·r2 Tr
[
ρ̂x

in â†
κx2 ,sx2

âκx1 ,sx1

]
× ⟨ΨF| ϵκx1 ,sx1

· ψ̂†(r1)∇ψ̂(r1) |Ψ(t1)⟩ ⟨Ψ(t2)| ϵ∗
κx2 ,sx2

· ψ̂†(r2)∇ψ̂(r2) |ΨF⟩ .

Equation (5.15) provides the absorption probability of an x-ray probe pulse with arbitrary

coherence properties and pulse duration, applicable to both time-resolved and time-

unresolved measurements. The absorption probability depends on the properties of the

incoming x-ray pulse through its first-order correlation function, which is defined as

follows:

G(1)
ab (x, x′) = Tr

[
ρ̂Ê−

a (x)Ê+
b (x′)

]
, (5.16)
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where x = (r, t) and

Ê−
a (x) = −i ∑

κ,s

√
2πωκ

V
â†

κ,s(ϵ
∗
κ,s)ae−i(κr−ωκt), (5.17)

Ê+
b (x′) = i ∑

κ,s

√
2πωκ

V
âκ,s(ϵκ,s)bei(κr′−ωκt′). (5.18)

Here, the indices a, b, c run over the three spatial coordinates x, y, z.

Let us assume that the incident x-ray beam is characterized by a mean wave vector κin
x

and a corresponding mean polarization vector ϵin
κx,sx

. If the pulse is quasi-monochromatic,

meaning it has a narrow spectral bandwidth ∆ωx and a small angular divergence ∆κx,

then the non-negligible components of the density matrix ρx
{nx},{n̄x} are concentrated

within a limited range of mode indices κxi , sxi . Within this narrow range, we replace the

polarization vectors ϵκx1 ,sx1
and ϵκx2 ,sx2

by the mean polarization vector ϵin
κx,sx

. Similarly,

the frequency-dependent prefactor can be approximated as

√
ωκx1

ωκx2
=
√
(ωin

κx
+ ∆ωκx1

)(ωin
κx
+ ∆ωκx2

) ≈ ωin
κx

, (5.19)

since the variations ∆ωκxi
are small. For an incident beam with mean wave vector κin

x and

mean polarization vector ϵin
κx,sx

, the probability is then given by

P =
1

(ωin
κx
)2 ∑

F

∞∫
−∞

∞∫
−∞

dt1dt2

∫
d3r1d3r2G(1)

ab (r2, t2; r1, t1)DF∗
a (r2, t2)DF

b (r1, t1), (5.20)

where

DF
b (r, t) = eiEFt ⟨ΨF| ψ̂†(r)(ϵin

κx,sx
)b∂bψ̂(r) |Ψ(t)⟩ . (5.21)

Since in the Eq. (5.20) each final Floquet state belongs to a family of replica states

|ΨF∆µ
⟩ = ∑

n,µ
CF0

nµ+∆µ |Φn⟩ |N − µ⟩ with the energies EF∆µ
= EF0 + ∆µΩ, we transform the

summation over all final states |ΨF⟩ into the summation over reference states |ΨF0⟩, see

Appendix A.1.2, in this case

P =
1

(ωin
κx
)2 ∑

F0

∞∫
−∞

∞∫
−∞

dt1dt2

∫
d3r1d3r2G(1)

ab (r2, t2; r1, t1)DF0∗
a (r2, t2)DF0

b (r1, t1), (5.22)

where

DF0
b (r, t) = ei(EF0−EI0 )t ∑

∆µ

ei∆µΩtD̃F0
b (r, ∆µ) (5.23)

with amplitudes

D̃F0
b (r, ∆µ) = ∑

n,k,µ
CF0∗

nµ+∆µCI0
kµ ⟨Φn| ψ̂†(r)(ϵin

κx,sx
)b∂bψ̂(r) |Φk⟩ . (5.24)
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5.3.1. Coherent probe x-ray pulse

For a fully coherent x-ray pulse, the first-order correlation function in Eq. (5.16) factorizes

into a product of two terms, represented as [196]

G(1)
ab (r2, t2; r1, t1) = Ex∗

a
(
r2, t2 − tp

)
eiωin

κx t2−iκin
x r2 × Ex

b
(
r1, t1 − tp

)
e−iωin

κx t1+iκin
x r1 , (5.25)

where Ex
a(b) are the components of the x-ray field in the a and b directions, respectively. In

the following, we assume that the amplitude of the electric field does not vary significantly

across the characteristic size of the system centered at r0 and the electric field amplitude

can be approximated by its value at r0, yielding

P =
1(

ωin
κx

)2 ∑
F0

∣∣∣∣∣∑∆µ

Ẽx
(
ΩF0 I0 + ∆µΩ, tp

)
DF0(κin

x , ∆µ)

∣∣∣∣∣
2

. (5.26)

Here, the spatial derivative is taken along the direction of the polarization vector ϵin
x and

the notation

DF0(κin
x , ∆µ) =

∫
d3r D̃F0(r, ∆µ)eiκin

x r (5.27)

is used to define the integrated system response, and the function

Ẽx
(
ΩF0 I0 + ∆µΩ, tp

)
=
∫ ∞

−∞
dt ei(ΩF0 I0+∆µΩ)tEx

(
r0, t − tp

)
(5.28)

denotes the Fourier transform of the electric field at the probe time tp, with ΩF0 I0 =

EF0 − EI0 − ωin
κx

representing the energy difference between the initial and final states,

adjusted for the incident x-ray photon energy. For a Gaussian-shaped probe pulse with

the amplitude of an electric field

Ex
(
r0, t − tp

)
=
√
(8π/c)I0(r0)e

−
(

t−tp
τp

)2
×2 ln 2, (5.29)

where I0(r0) = (c/8π)E2
x(r0, t = 0) is the peak intensity, and τp is the pulse duration, the

integral Eq. (5.28) turns into

Ẽx
(
ΩF0 I0 + ∆µΩ, tp

)
=

√
4π2τ2

p I0(r0)

c ln 2
ei(ΩF0 I0+∆µΩ)tp e−

τ2
p

8 ln 2 (ΩF0 I0+∆µΩ)
2

. (5.30)

Therefore, the definition of the absorption probability for a coherent, narrow, Gaussian-

shaped probe x-ray pulse is

P(ωin
κx

, tp) = P0 ∑
F0

∣∣∣∣∣∑∆µ

ei(ΩF0 I0+∆µΩ)tp e−
τ2
p

8 ln 2 (ΩF0 I0+∆µΩ)
2

DF0(κin
x , ∆µ)

∣∣∣∣∣
2

(5.31)
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where

P0 =
(2π)2τ2

p I0(r0)

c(ωin
κx
)2 ln 2

. (5.32)

The expression in Eq. (5.31) includes the ∆µth spectral component of the Fourier transform

of the x-ray pulse envelope, given by Ẽx (ΩF0 I0 + ∆µΩ) ∝ e−
τ2
p

8 ln 2 (ΩF0 I0+∆µΩ)
2

. If the probe

pulse duration τp is much longer than the optical cycle, the spectral components of the

∆µth and ∆µ′th orders are narrow and well-separated. In this limit, the absorption proba-

bility becomes independent of the pulse arrival time tp, and the signal reduces to a sum

over sidebands with different ∆µ. As τp decreases, the spectral components broaden and

begin to overlap. This leads to interference between components with different ∆µ, and

the resulting signal depends on the arrival time tp. The interference between overlapping

sidebands gives rise to time-dependent modulations in the absorption probability.

5.3.2. Application to a spatially periodic electronic system

We now evaluate the functions in Eq. (5.27) for a system of non-interacting electrons.

In this case, the many-body wavefunction can be represented as a Slater determinant

constructed from single-particle states. Each one-electron state ϕel
ik(r, t) takes the form

ϕel
ik(r, t) = e−iεikt ∑

m,µ
cin

mkµ e−iµΩt φmk(r), (5.33)

where ε ik is the quasienergy of the one-body Floquet state and φmk(r) are the field-free

Bloch states, see Eq. (2.79). Substituting Eq. (5.33) into Eq. (5.27) and simplifying the

resulting expression (see Appendix A.1.3), we obtain the transition amplitude DF0(κin
x , ∆µ),

given by

DF0(κin
x , ∆µ) = ∑

m,m′,µ
c f ∗

m′k′µ+∆µ ci
mkµ

∫
d3r eiκin

x ·r φ†
m′k′(r)(ϵin

κx,sx
·∇)φmk(r), (5.34)

where the final Floquet state |ΨF0⟩ results from the transition of an electron from the state

|ϕel
ik⟩ to the state |ϕel

f k⟩. We consider an initial state |ϕel
ik⟩ corresponding to a core electron,

which resides deep below the Fermi energy. Assuming that the driving field does not

significantly alter this state, the initial one-body electronic Floquet–Bloch state can be

expressed as

|ϕel
ik, t⟩ = e−i(εc+µiΩ)t |φc

k⟩ , (5.35)

where the core electron Bloch state is represented by a flat band, φc
k(r) = ∑R φc(r−R)eikR.

Substituting Eq. (5.35) into Eq. (5.34) gives

DF0(κin
x , ∆µ) = ∑

m′
c f ∗

m′k′µi+∆µ

∫
d3reiκin

x r φ†
m′k′(r)(ϵin

κx,sx
·∇)φc

k(r), (5.36)
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where different modes µi correspond to the different initial one-body states of the core

electron participating in the transition. The integral in Eq. (5.36) is evaluated in the

Appendix A.1.1, see Eq. (A.10)∫
d3reiκin

x r φ†
m′k′(r)(ϵin

κx,sx
·∇)φc

k(r) = N2
cell ∑

G
δ(3)(k + κin

x − k′ − G) ⟨φm′k′ | p̂ϵ |φc0⟩ ,

(5.37)

where we introduce the notation for the derivative along the field as ϵin
κx,sx

·∇ = p̂ϵ. The

exponential term eiκin
x ·r in the momentum matrix element gives rise to a delta function that

enforces momentum conservation during the absorption process. Since the final Floquet

state |ΨF0⟩ results from the transition of an electron from the initial state |ϕel
ik⟩ to the final

state |ϕel
f k′⟩, the absorption probability includes a sum over the momentum k of the core

electron. However, the momentum dependence appears only through the matrix elements

in Eq. (5.37), which involve the flat-band core state as follows:

∑
k

∑
G

δ(3)(k + κin
x − k′ − G) f (k′) = ∑

G
f (k′)

∣∣
k=k′+G−κin

x
= NG f (k′). (5.38)

Here, we used the fact that, for each final quasimomentum k′ there are NG values of the

quasimomentum k of the initial core electron state at the flat band. The result implies

that, although the absorption process conserves momentum via the x-ray wave vector, the

final expression becomes independent of κin
x due to the flat-band nature of the initial core

electron state.

Equation (5.31) now leads to an absorption probability of the following form:

P(ωin
κx

, tp) = P̃0 ∑
f ,k′

∣∣∣∣∣∑∆µ

ei∆µΩtp e−
τ2
p

8ln2 (Ω f i+∆µΩ)
2

∑
m′

c f ∗
m′k′∆µ ⟨φm′k′ | p̂ϵ |φc0⟩

∣∣∣∣∣
2

. (5.39)

Here, P̃0 = P0N4
cellNG, Ω f i = ε f k′ − εc − ωin

κx
, and k′ − κin

x + G = k, corresponding to the

conservation of energy and momentum, up to an integer multiple of the driving frequency

∆µΩ and a reciprocal lattice vector G, respectively.

In the form of Fourier series:

P(ωin
κx

, tp) = P̃0 ∑
∆µ

ei∆µΩtp P̃∆µ(ω
in
κx
), (5.40)

where the amplitudes P̃∆µ(ω
in
κx
) are given by

P̃∆µ(ω
in
κx
) = ∑

f ,k
∑
µ

e−
τ2
p

8 ln 2 (Ω f i+(µ+∆µ)Ω)
2

∑
m

c f ∗
mkµ+∆µ

∫
MTc0

d3rφ†
mk(r)(ϵ

in
κx,sx

·∇)φc0(r) (5.41)

× e−
τ2
p

8 ln 2 (Ω f i+µΩ)
2

∑
m′

c f
m′kµ

∫
MTc0

d3rφm′k(r)(ϵin∗
κx,sx

·∇)φc0†(r).
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We can further simplify the expression using the symmetry under the transformation

∆µ → −∆µ, noting that P̃−∆µ(ω
in
κx
) =

(
P̃∆µ(ω

in
κx
)
)∗. We redefine the probability as follows:

P(ωin
κx

, tp)/P̃0 → P(ωin
κx

, tp). This leads to the time-dependent absorption probability of

the form

P(ωin
κx

, tp) = P̃∆µ=0(ω
in
κx
) + ∑

∆µ≥1
2 Re

[
ei∆µΩtp P̃∆µ(ω

in
κx
)
]

. (5.42)

The first term in Eq. (5.42) is the zero-order amplitude ⟨P(ωin
κx

, tp)⟩ = P̃∆µ=0(ω
in
κx
) that gives

the probability averaged over the period T of the driving electromagnetic field, similar to

the Eq. (4.10). It captures the steady-state behavior of a system under a continuous periodic

excitation. The second term in Eq. (5.42) is the time-dependent part of the probability.

The spectral position of the time-dependent terms in the probability in Eq. (5.42) is at

ωin
κx

= εc − ε f k′ + (µ + ∆µ/2)Ω for ∆µ ̸= 0 according to Eq. (5.41), which is either in the

middle between a main peak and its side peaks or in the middle between side peaks.

Similar to the PDOS, time-reversal symmetry can be used to further simplify the time-

dependence of the probability. If an electronic system with time-reversal symmetry is

driven by a linearly polarized pulse of the form E(t) = F0 sin Ωt, a property of the

Floquet–Bloch coefficients ci
nkµ = (−1)µ

(
ci

n−kµ

)∗
derived in [69] applies. It is also true for

a system with time-reversal symmetry that φnk(r) = (φn−k(r))
∗. This relates the terms

with positive k in the sum in Eq. (5.41) as complex conjugates multiplied by a factor

(−1)∆µ. The amplitudes of the probability are then real for even orders and are imaginary

for odd orders, which leads to

P(ωin
κx

, tp) = ⟨P(ωin
κx

, tp)⟩ − ∑
∆µodd≥1

P∆µodd(ω
in
κx
) sin(µoddΩt) (5.43)

+ ∑
∆µeven≥2

P∆µeven(ω
in
κx
) cos(µevenΩt),

where P∆µodd(ω
in
κx
) = 2 Im

(
P̃∆µodd(ω

in
κx
)
)

and P∆µeven(ω
in
κx
) = 2 Im

(
P̃∆µeven(ω

in
κx
)
)

are real-

valued amplitudes.

The absorption cross section can be calculated using Eq. (5.12). Assuming a linear rela-

tionship between the photon flux and the intensity of the probe x-ray pulse, the integral

in Eq. (5.12) can be evaluated analytically as follows:
∫

Jx(ωin
κx

, t)dt =
√

2 ln 2
ωin

κx τp
I0(r0). Thus,

in the case of trXAS using quasi-monochromatic pulses, the absorption cross section is

proportional to the absorption probability given by Eq. (5.43). The latter has a time depen-

dence analogous to that of the PDOS, as defined by Eq. (4.12). The amplitudes P∆µodd(ω
in
κx
)

correspond to the µth-order components of the PDOS, Dα(µ)
lm (ω), which is shifted by the

core electron binding energy. The amplitudes of the time-dependent absorption cross

section provide direct information about the transient modifications to the electronic

structure of the material induced by the driving field.
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5.4. Time-frequency treatment of x-ray absorption

The time–frequency treatment of ultrafast x-ray absorption provides a general formalism

to calculate the absorption cross section in time-dependent problems [197]. The method

of calculation of the x-ray absorption cross section is based on the energy conservation

principle between the quantum system and the electromagnetic field. The exchange of

energy is defined as

∆E =

+∞∫
−∞

∆Ė(t)dt, (5.44)

where ∆Ė(t) is the instantaneous power transferred to the quantum system due to its

coupling with the field [197].

The equation of motion for the expectation value of the energy operator can be derived

using Ehrenfest’s theorem and is given by

d
dt

⟨Ψ(t)| Ĥ |Ψ(t)⟩ = q
2
⟨Ψ(t)| v̂ · E + E · v̂ |Ψ(t)⟩ , (5.45)

where the velocity operator is defined as v̂ = [p̂ − q
c A], and E(r, t) is the electric field.

According to the correspondence principle, the Hamiltonian Ĥ can be associated with

the instantaneous energy operator of the quantum system. As follows, the instantaneous

power in ultrafast absorption theory is given by

∆Ė(t) = q
2
⟨v̂ · E + E · v̂⟩, (5.46)

with expectation values ⟨· · · ⟩ ≡ ⟨Ψ(t)| · · · |Ψ(t)⟩. The field can be represented as E(r, t) =
E(t)eiκx·r + E∗(t)e−iκx·r. Substituting this form of the field into Eq. (5.46) gives

∆Ė(t) = q
2

(
E(t)⟨{eiκx·r, v̂}⟩+ E∗(t)⟨{e−iκx·r, v̂}⟩

)
, (5.47)

where brackets {...} denote anti-commutators. We introduce the κx-resolved velocity

operator as v̂κx = {e−iκx·r, v̂} with the property v̂†
κx

= v̂−κx , when the instantaneous

power in terms of expectation value becomes

∆Ė(t) = q
2

(
E(t)v∗

κx
(t) + E∗(t)vκx(t)

)
, (5.48)

where vκx(t) = ⟨v̂κx⟩ is the expectation value of the κx-resolved velocity operator. There-
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fore, the total energy exchange, using Plancherel’s theorem, is given by

∆Ez = q
∞∫

−∞

Re

(
E∗(t′)vz

κx
(t′)

)
dt′ =q

∞∫
−∞

Re

(
Ẽ∗(ω)ṽz

κx
(ω)

)
dω (5.49)

≡2q
∞∫

0

Re
[
Ẽ∗(ω)ṽz

κx
(ω)

]
dω, ω ≥ 0.

We assumed E = Eez. This implies that the energy-resolved gain by the system is given

by

∆Ez(ω) = 2q Re
[
Ẽ∗(ω)ṽz

κx
(ω)

]
, ω ≥ 0. (5.50)

Writing E(t) = − 1
c ∂t A(t) or in Fourier transforms Ẽ(ω) = iω/cÃ(ω) and using the

definition of velocity operator ṽz(ω) = [ p̃z(ω)− q
c Ã(ω)], we can express the absorbed

energy in terms of p̃z(ω). For the Fourier transform of the κx-resolved velocity we have

ṽz
κx
(ω) =

[
p̃z

κx
(ω)− q

c
C̃κx(ω)

]
, (5.51)

where

p̃z
κx
(ω) ≡ Ft⟨{e−iκx·r, p̂z}⟩ and C̃κx(ω) ≡ Ft⟨{e−iκx·r, A}⟩. (5.52)

Keeping only the linear term in Ã(ω), we find

∆Ez(ω) = −2qω

c
Re
[
iÃ∗(ω)ṽz

κx
(ω)

]
=

2qω

c
Im
[
Ã∗(ω) p̃z

κx
(ω)

]
. (5.53)

For a quasi-monochromatic component at frequency ω, one identifies the absorbed energy

∆E(ω) with the incident spectral intensity times the cross section. Therefore, comparing

∆E(ω) to the incident energy flux I(ω) = (ω2/4πc)|Ã(ω)|2 of a plane wave, one obtains

(q = −1 in atomic units)

σ(ω) =
∆Ez(ω)

I(ω)
= −8π

ω
Im
[ Ã∗(ω) p̃z

κx
(ω)

|Ã(ω)|2
]
= −8π

ω
Im
[ p̃z

κx
(ω)

Ã(ω)

]
. (5.54)

In Eq. (5.54) we use the κx–resolved momentum p̂z
κx

≡ {e−iκx·r̂, p̂z}, using the canonical

commutation relation [
p̂z, e−iκx·r̂] = − κz

x e−iκx·r̂, (5.55)

one finds the exact identity

p̂z
κx

= 2e−iκx·r̂ p̂z − κz
x e−iκx·r̂. (5.56)
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Hence the expectation value in Eq. (5.54) splits into two terms

p̃z
κx
(ω) = Ft⟨2e−iκx·r̂ p̂z⟩ − κz

xFt⟨e−iκx·r̂⟩. (5.57)

In Coulomb gauge the field is transverse and κx·ϵx = 0. If the z–axis is chosen along the

probe polarization (ẑ ∥ ϵ), then κz
x = κx·ϵx = 0 and the second term vanishes, thus

p̃z
κx
(ω) ≡ Ft⟨2e−iκx·r̂ p̂z⟩. (5.58)

In the first order of perturbation theory on the interaction Hamiltonian, using Eq. (5.7)

and Eq. (5.10), the expectation value of the κx-resolved momentum operator is given by

pz(1)
κx (r, t) ∝ −i ∑

{nx},{n̄x}
ρx
{nx},{n̄x} lim

t0→−∞

t∫
t0

dt′⟨Ψ(t)|⟨{n̄x}(t)| p̂z
κx

Û(t, t′) (5.59)

× Ĥx
intÛ(t′, t0) |Ψ(t0)⟩ |{nx}(t0)⟩+ c.c.

We use the form of the evolution operator in the interaction picture as

Û(t′, t0) = e−i(Ĥel−em+Ĥx)(t′−t0) to propagate the states in Eq. (5.59) then

pz(1)
κx (r, t) ∝ −i ∑

{nx},{n̄x}
ρx
{nx},{n̄x}

t∫
−∞

dt′⟨Ψ(t)|⟨{n̄x}|eiE{n̄x}t′ p̂z
κx

e−iĤel−em(t−t′) (5.60)

× Ĥx
int |Ψ(t′)⟩ e−iE{nx}t′ |{nx}⟩+ c.c.

We can insert the unity operator as 1̂ = ∑
F
|ΨF⟩ ⟨ΨF| and simplify the expression further

pz(1)
κx (r, t) = −i ∑

F
∑

{nx},{n̄x}
ρx
{nx},{n̄x}

t∫
−∞

dt′e−iEF(t−t′)⟨Ψ(t)| p̂z
κx
|ΨF⟩ (5.61)

× ei(E{n̄x}−E{nx})t′⟨{n̄x}| ⟨ΨF| Ĥx
int |Ψ(t′)⟩ |{nx}⟩+ c.c.

In the Eq. (5.61), the minimal coupling interaction Hamiltonian with the probe x-ray pulse

has the form

Ĥx
int =

1
c

Âx(r) · p̂z, (5.62)

where the vector potential operator in the second quantization includes multiple modes

Âx(r) = ∑
κx,sx

√
2πc2

Vωκx

(
âκx,sx ϵκx,sx eiκxr + â†

κx,sx
ϵ∗

κx,sx
e−iκxr

)
≡ Â(+)(r) + Â(−)(r). (5.63)
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We use the form of the vector potential operator in Eq. (5.61) as follows:

pz(1)
κx (r, t) = − i

c ∑
F

∑
{nx},{n̄x}

ρx
{nx},{n̄x}

t∫
−∞

dt′e−iEF(t−t′)⟨Ψ(t)| p̂z
κx
|ΨF⟩ (5.64)

× ∑
κx,sx

√
2πc2

Vωκx

ei(E{n̄x}−E{nx})t′
(
⟨ΨF| ⟨{n̄x}|âκx,sx ϵκx,sx eiκxr |{nx}⟩ · p̂ |Ψ(t′)⟩

+ ⟨ΨF| ⟨{n̄x}|â†
κx,sx

ϵ∗
κx,sx

e−iκxr |{nx}⟩ · p̂ |Ψ(t′)⟩
)
+ c.c.

In the assumption that energies of the sets {nx} and {n̄x} are different by some x-ray

photon energy ωκx , meaning E{nx} − E{n̄x} = ωκx , only the part Â(+)(r) of the vector

potential gives a nonzero matrix element in Eq. (5.64) and

pz(1)
κx (r, t) =− i

c ∑
F

∑
{nx},{n̄x}

ρx
{nx},{n̄x}

t∫
−∞

dt′e−iEF(t−t′)⟨Ψ(t)| p̂z
κx
|ΨF⟩ (5.65)

× ∑
κx,sx

√
2πc2

Vωκx

ei(E{n̄x}−E{nx})t′ ⟨ΨF| ⟨{n̄x}|âκx,sx ϵκx,sx eiκxr |{nx}⟩ · p̂ |Ψ(t′)⟩+ c.c.

Eq. (5.65) can be simplified by introducing the assumptions about the state of the probe

x-ray pulse, which define the expectation value of the Â(+)(r)

f (r, t′) = ∑
{nx},{n̄x}

ρx
{nx},{n̄x}⟨{n̄x}| ∑

κx,sx

√
2πc2

Vωκx

âκx,sx ϵκx,sx eiκxr−iωκx t′ |{nx}⟩ . (5.66)

We assume that the probe x-ray pulse is described by a multimode coherent field. We also

assume that absorption does not influence the coherent state. In this case,

f (r0, t′) = ⟨{α}|Â(+)(r, t′)|{α}⟩ = A(+)(r, t′), (5.67)

where the multimode coherent state is |{α̃}⟩ = ∏κx,sx
|ακx,sx⟩, |ακx,sx⟩ is the coherent state

and the eigenvector of âκs. |{α̃}⟩ is the eigenvector of Â(+)(r, t) with the eigenvalue

A(+)(r, t). In the case if the probe x-ray field is described by the multimode coherent

state, the expectation value of the canonical momentum is proportional to the A(+)(r, t′).
Applying the same procedure to the A(−)(r, t) part yields a similar result. Collecting both

terms together gives

pz(1)
κx (r, t) =− i

c ∑
F

t∫
−∞

dt′e−iEF(t−t′)⟨Ψ(t)| p̂z
κx
|ΨF⟩ (5.68)

×
(

A(t′) ⟨ΨF| eiκx·r · p̂ |Ψ(t′)⟩+ A∗(t′) ⟨ΨF| e−iκx·r · p̂ |Ψ(t′)⟩
)
+ c.c.
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For the classical field we have vector potential of the form

A(r, t) = A(t)eiκx·r + A∗(t)e−iκx·r ≡ A(+)(r, t) + A(−)(r, t) (5.69)

In Eq. (5.68) each Floquet state |ΨF⟩ belongs to a family of replica states |ΨF∆µ
⟩. Similarly to

Eq. (5.20), the summation over Floquet states |ΨF⟩ can be written as a sum over reference

states |ΨF0⟩ and Floquet bands ∆µ. Additionally, taking into account the form of time-

dependent electronic state |Ψel(t)⟩ given by Eq. (2.35) and (2.36), we get

∑
F

e−iEF(t−t′)⟨Ψ(t)| p̂z
κx
|ΨF⟩ ⟨ΨF|A(r, t′) · p̂ |Ψ(t′)⟩ (5.70)

= ∑
F0

e−i(EF0−EI0 )(t−t′) ∑
n,k,µ,∆µ

e−i∆µΩtCF0
nµ+∆µCI0∗

kµ ⟨Φk| p̂z
κx
|Φn⟩

× ∑
n′,k′,µ′,∆µ′

ei∆µ′Ωt′CF0∗
n′µ′+∆µ′CI0

k′µ′ ⟨Φn′ |A(r, t′) · p̂ |Φk′⟩ .

In Eq. (5.70) the matrix elements are defined via many-body electronic states |Φk⟩. The goal

is to represent it via the matrix elements between one-body Kohn–Sham wavefunctions,

since we do not consider electronic correlations. The many-body wavefunction can

be expanded in terms of the many-body eigenstates of the electronic Hamiltonian Ĥel

as |ΨI0
el(t)⟩ = e−iEI0 t ∑

k,ν
CI0

kνe−iνΩt |Φk⟩. Using this expansion, the matrix element of the

operator Ô is given by:

⟨ΨF0
el (t)| Ô |ΨI0

el(t)⟩ = ei(EF0−EI0 )t ∑
∆µ

ei∆µΩt ∑
n,k,µ

CF0∗
nµ+∆µCI0

kµ ⟨Φn| Ô |Φk⟩ . (5.71)

On the other hand, using the Slater–Condon rules

⟨ΨF0
el (t)| Ô |ΨI0

el(t)⟩ = ei(ε f k′−εik)t ∑
∆µ

ei∆µΩt ∑
m,m′,µ

c f ∗
m′k′µ+∆µci

mkµ ⟨φm′k′ | Ô |φmk⟩ . (5.72)

Using Eq. (5.71) and Eq. (5.72), Eq. (5.70) can be rewritten as

∑
F

e−iEF(t−t′)⟨Ψ(t)| p̂z
κx
|ΨF⟩ ⟨ΨF|A(r, t′) · p̂ |Ψ(t′)⟩ (5.73)

= ∑
i, f ,k,k′

ei(ε f k′−εik)t′ ∑
∆µ

ei∆µΩt′ ∑
m,m′,µ

c f ∗
m′k′µ+∆µci

mkµ ⟨φm′k′ |A(r, t′) · p̂ |φmk⟩

×e−i(ε f k′−εik)t ∑
∆ν

e−i∆νΩt ∑
n,n′,ν

c f
n′k′ν+∆νci∗

nkν ⟨φnk| p̂z
κx
|φn′k′⟩ .

As previously, we consider an initial state corresponding to a core electron residing deep

below the Fermi energy. Then, we can express the initial one-body electronic Floquet–Bloch
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state as given in Eq. (5.35). Equation (5.73) can now be written as follows:

∑
F

e−iEF(t−t′)⟨Ψ(t)| p̂z
κx
|ΨF⟩ ⟨ΨF|A(r, t′) · p̂ |Ψ(t′)⟩ (5.74)

= ∑
f ,k,k′

ei(ε f k′−εc)t′ ∑
∆µ

ei∆µΩt′ ∑
m′

c f ∗
m′k′∆µ ⟨φm′k′ |A(r, t′) · p̂ |φc

k⟩

×e−i(ε f k′−εc)t ∑
∆ν

e−i∆νΩt ∑
n′

c f
n′k′∆ν ⟨φc

k| p̂z
κx
|φn′k′⟩ .

Substituting the Eq. (5.74) into the expectation value in Eq. (5.68) gives

pz(1)
κx (r, t) = − i

c

t∫
−∞

dt′ ∑
f ,k,k′

ei(ε f k′−εc)t′ ∑
∆µ

ei∆µΩt′ ∑
m′

c f ∗
m′k′∆µ ⟨φm′k′ |A(r, t′) · p̂ |φc

k⟩ (5.75)

×e−i(ε f k′−εc)t ∑
∆ν

e−i∆νΩt ∑
n′

c f
n′k′∆ν ⟨φc

k| p̂z
κx
|φn′k′⟩+ c.c.

The momentum matrix elements ⟨φm′k′ | e±iκxrp̂ |φc
k⟩ can be evaluated using the procedure

described in Section 5.3.2 and in the Appendix A.1.4, see Eq. (A.10)∫
d3re±iκxr φ†

m′k′(r)(ϵκx ·∇)φc
k(r) = N2

cell ∑
G

δ(3)(k ± κx − k′ − G) ⟨φm′k′ | p̂ϵ |φc0⟩ , (5.76)

where we introduce the notation for the derivative along the field as ϵκx ·∇ = p̂ϵ. We

substitute Eq. (5.76) into Eq. (5.75) and use the fact that, for each final quasimomentum k′,

there are NG values of the quasimomentum k of the initial core electron state at the flat

band

∑
k

∑
G

δ(3)(k ± κx − k′ − G) f (k′) = ∑
G

f (k′)
∣∣
k=k′+G∓κx

= NG f (k′). (5.77)

The result implies that, although the absorption process conserves momentum via the

x-ray wave vector, the final expression becomes independent of κx due to the flat-band

nature of the initial core electron state. Collecting all together

pz(1)
k (t) = −i

t∫
−∞

dt′
[
A(t′) + A∗(t′)

]
∑
f ,k′

∑
ν,∆ν

ei(ε f k′−εc+νΩ)(t′−t)ei∆νΩt′D f k′

ν,∆ν + c.c., (5.78)

where we introduce notation

D f k′

ν,∆ν =
1
c

N4
cellNG ∑

m′,n′
c f ∗

m′k′ν+∆νc f
n′k′ν ⟨φm′k′ | p̂ϵ |φc0⟩ ⟨φc0 | p̂ϵ |φn′k′⟩ . (5.79)

The momentum expectation value in the frequency domain p̃(ω) is calculated in Ap-
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pendix A.1.6 and given by

p̃(ω) = ∑
f ,k′

∑
ν,∆ν

Ã(ω + ∆νΩ)
ω − (ε f k′ − εc + νΩ)− iη

(ω − (ε f k′ − εc + νΩ))2 + η2D
f k′

ν,∆ν (5.80)

−Ã∗(−ω + ∆νΩ)
ω + (ε f k′ − εc + νΩ)− iη

(ω + (ε f k′ − εc + νΩ))2 + η2

(
D f k′

ν,∆ν

)∗
In the calculations, the ultrashot probe x-ray pulse is described by a vector potential with

a Gaussian-shaped envelope, defined as

Ax(t) = Ax
0 cos(ω0(t − tp) + ϕ)e−a(t−tp)2

, (5.81)

where a = 2 ln 2/τ2
p . A0, ω0, ϕ, and τp are the amplitude, central frequency, carrier-

envelope phase, and pulse duration, respectively.

The frequency-dependent vector potential is obtained through the Fourier transform as

Ã±(ω) =
A0

2
√

2a
exp

(
±iϕ − (ω ± ω0)2

4a
− iωtp

)
, (5.82)

where Ã± denotes A = A+ + A−. Note that in this expression the component A+ is

negligible for positive frequencies. In the following, we keep only the component A−. In

the RWA and considering only the resonant contribution

p̃(ω) = ∑
f ,k′

∑
ν,∆ν

Ã(ω + ∆νΩ)
ω − (ε f k′ − εc + νΩ)− iη

(ω − (ε f k′ − εc + νΩ))2 + η2D
f k′

ν,∆ν, (5.83)

where

Ã(ω + ∆νΩ) ≈ A0e−i(ω+∆νΩ)tp

2
√

2a
exp

(
−iϕ − (ω − ω0 + ∆νΩ)2

4a

)
. (5.84)

The absorption cross section in the velocity gauge can be calculated according to Eq. (5.54):

σ(ω) = −8π

ω
Im

(
∑
f ,k′

∑
ν,∆ν

Ã(ω + ∆νΩ)

Ã(ω)

ω − ω f k′ν − iη
(ω − ω f k′ν)2 + η2D

f k′

ν,∆ν

)
, (5.85)

where ω f k′ν = ε f k′ − εc + νΩ and the ratio

Ã(ω + ∆νΩ)

Ã(ω)
≈ e−i∆νΩtp e−

(ω−ω0+∆νΩ)2

4a e
(ω−ω0)

2

4a . (5.86)

We use the time-reversal symmetry property of the Floquet–Bloch coefficients for linearly

polarized driving field of the form E(t) = F0 sin Ωt, namely ci
nkµ = (−1)µci∗

n−kµ. We then

obtain the following symmetry relation for the transition moment amplitudes D f k′

ν,∆ν:

D f k′

ν,∆ν = (−1)∆ν
(
D f−k′

ν,∆ν

)∗
. (5.87)
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This relation leads to the absorption cross section with the amplitudes of the odd order

∆νodd proportional to the imaginary part ImD f k′

ν,∆ν and the even order amplitudes ∆νeven

proportional to the real part ReD f k′

ν,∆ν of the transition moment amplitudes. Thus, in

general, the time-dependent absorption cross section can be written in terms of the

amplitudes as follows:

σ(ω, tp) = σ̃cos(ω, ∆ν = 0) + ∑
∆ν≥1

(σ̃sin(ω, ∆ν)− σ̃sin(ω,−∆ν)) sin(∆νΩtp) (5.88)

+ ∑
∆ν≥1

(−1)∆ν (σ̃cos(ω, ∆ν) + σ̃cos(ω,−∆ν)) cos(∆νΩtp),

where the amplitudes are defined as follows for even orders:

σ̃sin(ω, ∆νeven) =
8π

ω
e−

∆νΩ
2a (ω−ω0+∆νevenΩ/2) ∑

f ,k′,ν
F(ω; ω f k′ν, η)Re

(
D f k′

ν,∆νeven

)
, (5.89)

σ̃cos(ω, ∆νeven) =
8π

ω
e−

∆νΩ
2a (ω−ω0+∆νevenΩ/2) ∑

f ,k′,ν
L(ω; ω f k′ν, η)Re

(
D f k′

ν,∆νeven

)
and for the odd orders:

σ̃sin(ω, ∆νodd) =
8π

ω
e−

∆νΩ
2a (ω−ω0+∆νoddΩ/2) ∑

f ,k′,ν
L(ω; ω f k′ν, η) Im

(
D f k′

ν,∆νodd

)
, (5.90)

σ̃cos(ω, ∆νodd) = −8π

ω
e−

∆νΩ
2a (ω−ω0+∆νoddΩ/2) ∑

f ,k′,ν
F(ω; ω f k′ν, η) Im

(
D f k′

ν,∆νodd

)
.

In Eqs. (5.89) and (5.90), we introduce the following notation for line shape functions:

L(ω; ω f k′ν, η) =
η

(ω − ω f k′ν)2 + η2 , F(ω; ω f k′ν, η) =
ω − ω f k′ν

(ω − ω f k′ν)2 + η2 , (5.91)

where L(ω; ω f k′ν, η) corresponds to the symmetric Lorentzian profile, and F(ω; ω f k′ν, η)

represents the asymmetric Fano-like profile. Since Eq. (5.85) lacks symmetry under the

transformation ∆ν → −∆ν, the amplitudes corresponding to the ∆ν and −∆ν orders are

not complex conjugates of each other. Plotting the extracted amplitudes reveals that the ∆ν

and −∆ν components differ in absolute magnitude and are shifted in energy by ∆νΩ.

We will show that the symmetric component is directly related to the density of avail-

able final states at a given energy, while the asymmetric contribution arises due to the

finite spectral bandwidth of the probe pulse. In ultrafast XAS, the observed line shape

depends not only on the number of final states accessible for the transition but also on

the intensity distribution of spectral components within the probe pulse. The interplay

between these symmetric and asymmetric contributions gives rise to the characteristic

"fishbone" resonance structures, which has been both explained theoretically [198] and

observed experimentally [8, 86, 87].



5.5. Ab initio computational scheme 85

5.5. Ab initio computational scheme

Figure 5.1 illustrates the computational workflow used in this work.

Ground-state DFT:
LAPW+lo, H(0) → {φnk(r), Enk}
Parameters: Nband bands,
Nk1×Nk2×Nk3 k-point grid
Output:
φnk, Enk, ⟨φnk|p̂|φmk⟩, ⟨φnk|p̂|φc⟩

Scissors correction:
DFT band gap EDFT

gap vs. Eexp
gap

Build & diagonalize
Floquet–Bloch HF:
LAPACK zheev; HF → {Ψik, Eik}
Parameters: Nband bands,
µmax modes,
Nk1×Nk2×Nk3 k-point grid

Compute laser-dressed trXAS:
Output: σ̃sin(ω, ∆ν), σ̃cos(ω, ∆ν)

Convergence:
modes µmax

Increase µmax

Convergence:
Nband bands
k-point grid

Increase Nband
k-point grid

e
x
c
i
t
i
n
g

D
ev

el
op

ed
co

de

Figure 5.1.: Ab initio computational scheme for laser-dressed XAS with left-side grouping
braces indicating external (exciting) and developed code components.

The aim is to obtain a converged transient x-ray absorption signal for given driving-field

intensity and polarization. For the convergence analysis, we focused on the Zn L3-edge

because it has both pronounced pre-edge and near-edge XAS features. We chose a probe

x-ray pulse with a polarization of ϵx = (001) and a duration of 125 as.

Before starting the convergence study, we first performed a full lattice relaxation to deter-

mine the equilibrium structural parameters of wurtzite ZnO. The convergence analysis

was then carried out with respect to the number of conduction states, the number of

Floquet modes, and the k-point sampling. We assumed that k-point convergence is inde-

pendent from the convergence with respect to the number of conduction states and Floquet

modes. The convergence study started from a 4 × 4 × 3 k-point grid and 50 conduction

bands, and for each new set of parameters the first step was always a ground-state DFT

calculation.

We calculate the Bloch electron wavefunctions φnk(r) and the corresponding eigenenergies

Enk(r) of the field-free Hamiltonian H(0), which describe the ground state of wurtzite

ZnO, using the LAPW+lo method implemented in exciting [137]. We use the GGA-PBE
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functional [151] and consider the 3d104s2 electrons of Zn and the 2s22p4 electrons of O as

valence electrons. In addition, the Zn 3p orbitals are included as semicore states in the

basis within LAPW+lo method. Next, the matrix elements of the momentum between

the different Kohn–Sham states are calculated. The matrix elements are used later in the

workflow. In addition, we extracted the momentum matrix elements between the entire

set of Kohn–Sham wavefunctions and the core electron wavefunction of the selected initial

state, which are required to describe the x-ray-induced transitions.

For a fixed number of conduction states, the Floquet–Bloch Hamiltonian is constructed

and diagonalized [133]. We apply a scissors correction [153] to compensate for the underes-

timated DFT band gap compared to the experimental 3.4 eV [192]. The diagonalization of

the Floquet–Bloch Hamiltonian matrix gives the set of Floquet–Bloch states and quasiener-

gies. The number of Floquet modes is then increased in workflow until the convergence

of absorption profile is archived.

We use the calculated eigenvalues and eigenvectors of the Floquet–Bloch matrix to evaluate

the transition amplitudes into the different reference Floquet–Bloch states, as well as the

resulting absorption cross section. The number of conduction bands is then increased in

workflow until the convergence of absorption profile is archived. Figure 5.2 shows the

results of the convergence study with respect to the number of conduction bands included

in the calculations.

Figure 5.2.: A convergence study of the x-ray absorption cross section ⟨σ(ω, tp)⟩ at the
Zn L3-edge with respect to the number of conduction states included in the
calculation. The polarization of the probe x-ray pulse was chosen to be ϵx =
(001).

Finally, with the number of conduction states and Floquet modes fixed, the k-point mesh

was refined step by step until the transient x-ray absorption signal converged. Figure 5.3

shows the results of the convergence study with respect to the number of k-points in the

calculations. According to a convergence study, the laser-induced changes in the signals
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(a)

(b)

(c)

Figure 5.3.: A convergence study with respect to the number of k-points. The amplitudes
of the x-ray absorption cross section at the Zn L3-edge for (a) the zero-order, (b)
the first-order, and (c) the second-order components. The results were obtained
using 20×20×13 and 16×16×10 k-point grids, with all spectra scaled by the
number of k-points in each case.

are found to be converged for a 16 × 16 × 10 k-point grid, 150 conduction states, and

2µmax + 1 = 121 blocks of the Floquet Hamiltonian.

The trXAS data are calculated for the converged parameters and a probe x-ray pulse with

a duration of 125 as. In the calculations, the values of the linewidth η are taken to be

proportional to the corresponding natural widths of atomic K and L levels [199]. The value

η used for the calculations of the O K-edge is 0.5 eV, and the value η used to calculate the
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Zn L3-edge is 0.8 eV.

5.6. Results

We calculate the ultrafast x-ray absorption spectra of a wurtzite ZnO crystal in the presence

of a strong driving field. The field has an intensity of 5 TW/cm2, a photon energy of

1.55 eV, and an electric field polarization aligned along the z-axis. As the crystal’s band

gap is approximately 3.4 eV, the driving field is non-resonant. We calculate the laser-

dressed x-ray absorption spectra at the O K and Zn L3 absorption edges over an energy

range covering both the valence and conduction bands. The x-ray absorption spectra

are calculated for a probe x-ray pulse with a duration of 125 as. In the calculations, the

linewidth parameter η is taken to be proportional to the natural widths of the chosen

atomic levels [199].

In XAS, a core electron is excited from a localized core level into an unoccupied valence

or conduction state by absorbing an x-ray photon. According to Fermi’s golden rule, the

transition rate is proportional to the product of the squared transition matrix element

and the unoccupied density of final states available for the transition. Because the core

level is highly localized, XAS probes the density of unoccupied states associated with the

absorbing atom. In most cases, the dominant contributions come from dipole-allowed

transitions, while higher-order multipole contributions provide smaller corrections at

higher x-ray photon energies. The resulting absorption spectrum therefore carries detailed

information about the density and character of the unoccupied electronic states. Thus, the

ability to extract information about the electronic structure of a system through the x-ray

absorption spectrum depends on the unique connection between the x-ray absorption

profile and the unoccupied PDOS.

We begin by analyzing the unoccupied PDOS of wurtzite ZnO crystal in its ground state,

as this provides a reference for identifying the relevant energy range and supports the

interpretation of our XAS modeling results. Figure 5.4 shows the calculated PDOS of the

conduction band in the ground state of a wurtzite ZnO crystal, which agrees well with

the results presented in Ref. [188]. Ref. [188] has shown that the DOS of the conduction

states, as calculated in the GW approximation, agrees well with that obtained in the DFT

calculation using the GGA-PBE potential, except for an energy shift. This validates the

application of the scissor operator.

The lowest-energy part of the conduction band is formed primarily by states with strong

O p and Zn s characters. At around 5 eV, an additional contribution from Zn 4p states

increases. At 11.7 eV, the conduction-band PDOS displays a sharp peak formed by O

2p–Zn 4s antibonding states. Above 13.3 eV, the contribution of the states with strong Zn p
character is predominant, although these states are still hybridized with the Zn s states.

In the presence of the driving field, an attosecond XAS measurement provides access
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Figure 5.4.: PDOS of wurtzite ZnO in the conduction band in the ground state. The gray,
green, blue, orange and purple lines correspond to the O s-, O p-, Zn s-, Zn p-
and Zn d-projected PDOS, respectively. The Fermi energy, EF, is set to 0 eV.

to the laser-driven changes in the electronic populations. Analysis of these changes

allows for the study of excited-carrier dynamics and electron transfer from valence- to

conduction-band states. In such measurements, an x-ray probe pulse with a bandwidth

spanning several tens of electronvolts enables the simultaneous observation of laser-driven

electron dynamics within the valence and conduction bands through the measured x-ray

absorption spectrum. At the O K-edge, the dipole-allowed transitions correspond to

excitations from the 1s core level to unoccupied states with strong np-character. At the

Zn L3-edge, the dipole-allowed transitions involve excitations from the 2p3/2 core level to

unoccupied states with strong ns- and nd-character. Thus, attosecond XAS measurements

at the O K- and Zn L3-edges are expected to provide an orbital- and site-selective view of

laser-dressed electron dynamics.

In Chapter 4, we illustrated that, in the presence of a strong driving field, the PDOS

distribution changes relative to the corresponding field-free distributions. Due to the

optical Stark effect, the energy positions of the main peaks in the PDOS shift relative to

the corresponding positions in the field-free distributions and its intensity changes. The

distributions also become broader due to the appearance of side peaks. In this regime,

using the ground-state PDOS as a reference when interpreting the x-ray absorption signal

can be misleading. We calculate the laser-dressed PDOS of the unoccupied states using the

approach developed in Chapter 4 to support the interpretation of our trXAS modeling. The

results are shown in Fig. 5.5. Each pair of plots in Fig. 5.5 shows the time-averaged PDOS

together with the corresponding field-free PDOS in the left panels and the time-dependent

part of the PDOS in the right panels. The total laser-dressed PDOS, obtained as the sum of

the time-averaged and time-dependent parts, is positive for all energies. We group the

PDOS projections according to the orientation of the corresponding orbitals relative to the

z axis. This is due to the wurtzite crystal structure with the hexagonal c-axis oriented along

the z direction and the polarization of the driving field parallel to the z-axis. The PDOS

projected onto orbitals lying in the xy plane includes component DO
px

and components

DZn
dxy

, DZn
dx2−y2

, which are denoted together as DZn
dx

. The PDOS projected onto orbitals with
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Figure 5.5.: Laser-dressed unoccupied partial density of states (PDOS) of a wurtzite ZnO
crystal: The field-free PDOS is shown in gray, and the time-averaged laser-
dressed PDOS is shown in orange for the (a) O px-projected, (b) O pz-projected,
and (c) O p-projected PDOS. The time-dependent part of the laser-dressed
PDOS for the (d) O px-projected, (e) O pz-projected, and (f) O p-projected
PDOS. (g)-(i) The same as (a)-(c), but for the (g) Zn dx-projected PDOS, which
is the PDOS projected on the Zn dxy and dx2−y2 orbitals; (h) Zn dz-projected
PDOS, which is the PDOS projected on the Zn dxz, dyz, and dz2 orbitals; and (i)
Zn s-projected PDOS. (j)-(l) The same as (d)-(f), but for the (j) Zn dx-projected
PDOS; (k) Zn dz-projected PDOS; (l) Zn s-projected PDOS.

components along the z direction includes the DO
pz

component and the DZn
dxz

, DZn
dyz

, and DZn
dz2

components, which are denoted together as DZn
dz

.

We use the calculated laser-dressed unoccupied PDOS to draw connection between the
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XAS signal and underlying laser-dressed electron dynamics. We study the dynamics

of electrons excited from the valence to the conduction band, as well as the evolution

of valence-band vacancies that form unoccupied states accessible as final states in the

x-ray–induced transitions. The full x-ray absorption signal is time-dependent, we analyze

separately its time-averaged and time-dependent parts. The sum of both is positive for

any given energy.

In the energy domain, the x-ray absorption spectrum can be divided into two parts: the

near-edge structure, which overlaps with the field-free absorption spectrum, and the pre-

edge structure, which emerges due to laser dressing. Near-edge structure corresponds to

the transition to the laser-dressed unoccupied state within the conduction band. Pre-edge

structure corresponds to the transition in the new available state formed by vacancies left

behind after electron transfer to the conduction band.

5.6.1. Time-averaged signal

Near-edge structure

Under a driving field, the electronic states become dressed, as the field transiently mixes

the valence and conduction band states of the ground-state electronic structure. In this

section, we analyze the part of the laser-dressed x-ray absorption spectrum that overlaps

with the ground-state spectrum. This region of the spectrum reflects changes in electronic

populations within the conduction band following carrier excitation. Figure 5.6 shows the

corresponding parts of the x-ray absorption spectra at the O K-edge and Zn L3-edge. Each

pair of plots in Fig. 5.6 shows the time-averaged signal together with the corresponding

field-free signal in the left panels and the time-dependent part of the signal in the right

panels. The total laser-dressed signal, obtained as the sum of the time-averaged and

time-dependent parts, is positive for all energies. In the time-dependent data shown in

Fig. 5.6, a characteristic "fishbone" resonance structure can be observed, which has been

explained theoretically [198] and confirmed experimentally [8, 86, 87]. This structure arises

from the interplay between the symmetric Lorentzian and asymmetric Fano contributions

to the absorption cross section in Eq. (5.88).

The absorption edges are separated in energy due to the different binding energies of

the O 1s and Zn 2p3/2 core levels, which are around 502 eV and 986 eV, respectively, in

ground state calculations. The O K-edge corresponds predominantly to the 1s → np
x-ray-induced transitions and, therefore, the associated spectrum reflects the O p-projected

unoccupied PDOS. Similarly, the Zn L3-edge corresponds to the 2p3/2 → ns, nd transitions

and reflects the Zn s- and d-projected unoccupied PDOS. Taken together, they provide a

complementary, site- and orbital-resolved view of the laser-driven electron dynamics. The

spectra were calculated for two distinct polarizations of the probe x-ray pulse: one aligned

along the x-axis and the other along the z-axis. In our coordinate system, the hexagonal
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Figure 5.6.: Polarization-dependent x-ray absorption spectra at the O K-edge and Zn
L3-edge. The field-free spectra are shown in gray, and the time-averaged laser-
dressed spectra are shown in orange. Panels (a) and (b) show the O K-edge
XAS for ϵx = (100) and ϵx = (001), respectively. Panels (c) and (d) display the
Zn L3-edge XAS, with (c) showing the averaged data for ϵx = (100) and (010),
and (d) for ϵx = (001). Panels (e)–(h) present the time-dependent component
of the laser-dressed spectra: (e) and (f) for the O K-edge with ϵx = (100)
and (001), respectively; (g) and (h) for the Zn L3-edge with averaged data for
ϵx = (100) and (010), and for (001), respectively.

c-axis is oriented along z, as shown in Fig. 4.1(a). This configuration enables the study of

the crystal’s anisotropy.

The O p-projected unoccupied PDOS exhibits pronounced anisotropy due to the wurtzite

crystal structure, as seen from the ground-state distributions, as well as from the laser-

dressed distributions in Figs. 5.5(a) and (b). The obtained polarization-dependent spectra

at the O K-edge for the ground state are in good agreement with existing experimental

data [200, 201]. Within the first 20 eV of the conduction band, the px contribution dominates

over the pz contribution, leading to a higher absorption intensity for E ⊥ c in Fig. 5.6(a)

compared to E ∥ c in Fig. 5.6(b). This polarization dependence of the absorption spectrum

reflects the angular character of the O p orbitals that contribute to the formation of the

conduction-band states.

At the Zn L3-edge, the x-ray absorption spectrum reflects the Zn s- and d-projected
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unoccupied PDOS. Due to dipole selection rules, the low-energy region of the spectrum is

primarily dominated by the 2p → 5s transition when the x-ray pulse is polarized along

the z-axis. The 2p → 5s transition is favored over the 2p → 4d transition, despite both

being dipole-allowed. As a result, the x-ray absorption spectrum at the Zn L3-edge shows

anisotropy depending on the probe polarization, as illustrated by the larger time-averaged

signal for E ∥ c in Fig. 5.6 (d) compared to E ⊥ c in Fig. 5.6 (c). The obtained polarization-

dependent spectra at the Zn L3-edge for the ground state are in good agreement with

existing experimental data [202] and theoretical works [203, 204].

The application of the driving field leads to a reduction in the net x-ray absorption signal

due to the filling of previously unoccupied states following electron transfer from valence-

to conduction-band states. This effect is due to Pauli blocking and evident from the

time-averaged data in Fig. 5.6 and from the laser-dressed unoccupied PDOS distributions

in Fig. 5.5. The suppression of x-ray absorption, or equivalently the increase in transmis-

sion, in the presence of a strong driving field is often referred to as electromagnetically

induced transparency for x-rays. The electromagnetically induced transparency has been

demonstrated experimentally in both atomic gases [205] and solids [206, 207]. In particular,

the authors of Ref. [206] experimentally observed a ∼40% increase in above-bandgap trans-

mission in GaAs driven by mid-infrared pulses with intensities of ∼1 GW/cm2, attributed

to the dynamic Franz–Keldysh effect and ponderomotive band renormalization.

By comparing the laser-dressed spectra with the ground-state data at the O K-edge for

E ∥ c in Fig. 5.6(b), we observe that the driving field introduces additional broadening

due to the appearance of side peaks. This results in the smearing of the main two-peak

structure around 517 eV in the x-ray absorption spectrum [Fig. 5.6(b)] and around 12 eV

in the O pz-projected unoccupied PDOS [Fig. 5.5(b)].

We also observe that the main peaks in the laser-dressed PDOS distributions in Fig. 5.5

and in the x-ray absorption spectra in Fig. 5.6 are shifted toward lower excitation energies

relative to the corresponding ground-state distributions. The dashed lines in Fig. 5.5

and Fig. 5.6 go through the maxima of the laser-dressed and ground-state distributions.

This shows that the values of the energy shifts vary depending on the energy position

and projection. According to the two-level model discussed in Chapter 4, the position of

the DOS peak corresponding to the excited state shifts approximately as ω2 = ω2 +
Ω2

R
4∆ ,

resulting in an effective level repulsion. Thus, the observed redshifts of the main peaks

in the laser-dressed PDOS distributions and in the x-ray absorption spectra cannot be

explained by the simplified two-level model. Under a strong driving field, electronic states

within the conduction band can couple to states with both lower and higher energies. We

can assume that coupling to higher-lying states within the conduction band results in a

redshift of the main peaks in the laser-dressed distributions in Fig. 5.5 and Fig. 5.6. A

detailed analysis requires a three-level model to be considered.

The consistent redshifts observed across all XAS features and laser-dressed PDOS distri-
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butions indicate that the energy shift scales inversely with the detuning. The redshift is

larger for higher-energy conduction states than for those closer to the conduction band

minimum. The described trend in energy shifts can be followed in the laser-dressed PDOS

distributions and in the polarization-dependent x-ray absorption spectra at the oxygen

K-edge shown in Figs. 5.6(a) and (b). The redshift increases from approximately 0.65 eV

for the low-energy peak in Fig. 5.6(a) to about 0.8 eV for the main peak in Fig. 5.6(b) and

to 0.9 eV for the high-energy peak in Fig. 5.6(a).

Pre-edge structure

In the presence of the driving field, new features emerge in the pre-edge energy range of

the x-ray absorption spectrum. In this section, we analyze this part of the laser-dressed x-

ray absorption spectra. This region of the spectra reflects changes in electronic populations

within the valence band following carrier excitation. Under a strong driving field, electron

transfer from valence- to conduction-band states results in vacancies below the Fermi

level. This leads to increased absorption in the pre-edge region and gives rise to a pre-edge

feature in the x-ray absorption spectrum, as it opens new final states available for the core

electron.

Figure 5.7 shows a zoom-in of the pre-edge region from the corresponding spectra in

Fig. 5.6. The spectra shown in Figs. 5.6 and 5.7 indicate that, as electrons are promoted into

the conduction band, the corresponding holes enable a new low-energy x-ray-induced

transition. In addition to carrier excitation, the driving field can induce coherent super-

positions of valence-band states with overlapping spatial wavefunctions. This coherence

leads to a net displacement of charge density, giving rise to quantum beats in the transient

absorption signal.

The electronic states within the valence band of a wurtzite ZnO crystal have strong O 2p
and Zn 3d character. The main valence-band PDOS peaks are formed by bonding and

antibonding combinations of these orbitals, as shown in Fig. 4.1(b). Hole dynamics within

the valence band arise from carrier excitation involving these hybridized states. As a

result, the bonding–antibonding energy splitting can be clearly seen in the pre-edge x-ray

absorption spectra shown in Fig. 5.7.

The dotted lines in Fig. 5.7 indicate the energies of the peaks associated with x-ray-induced

transitions of core electrons into the bonding and antibonding states of the laser-dressed

electronic structure. The XAS signal intensity across the bonding and antibonding energy

ranges qualitatively follows the laser-dressed PDOS in the Figs. 4.2 and 5.5. The x-ray-

induced transitions into deep-lying Zn 3d states produce intense peaks at lower x-ray

photon energies, seen clearly in Figs. 5.7(c) and (d). In contrast, transitions into states with

predominantly O 2p character produce intense peaks at higher x-ray photon energies in

Figs. 5.7(a) and (b). This suggests that O 2p-projected states near the Fermi level dominate
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Figure 5.7.: Polarization-dependent pre-edge x-ray absorption spectra at the O K- and Zn
L3-edges. The field-free spectra are shown in gray, and the time-averaged laser-
dressed spectra are shown in orange. Panels (a) and (b) show the pre-edge
spectra at the O K-edge for ϵx = (100) and ϵx = (001), respectively. Panels
(c) and (d) display the pre-edge spectra at the Zn L3-edge, with (c) showing
the averaged data for ϵx = (100) and (010), and (d) for ϵx = (001). Panels
(e)–(h) show the time-dependent part of the laser-dressed spectra: (e) and (f)
correspond to the O K-edge with ϵx = (100) and (001), respectively, while (g)
and (h) correspond to the Zn L3-edge with averaged data for ϵx = (100) and
(010), and for (001), respectively.

the laser-dressed electron dynamics within the valence band. The corresponding energy

window also shows the most pronounced time-dependent changes in the pre-edge XAS

signal, as seen in Figs. 5.7(e) and (f).

The XAS signal exhibits pronounced anisotropy with respect to the polarization of the

probe x-ray pulse. This is due to the intrinsic anisotropy of the wurtzite ZnO crystal

structure and the presence of the driving optical field. Aligning the driving field with the

z-axis leads to stronger coupling with electronic states that have the same angular orbital

character. When the probe pulse is also polarized along the z-axis with E ∥ c, it couples

more strongly to these field-driven states. This results in a stronger absorption signal at

the energy corresponding to the main peak positions in Figs. 5.7(b) and (d), compared to

the x-ray absorption spectra for E ⊥ c shown in Figs. 5.7(a) and (c).
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5.6.2. Time-dependent part of a signal

As mentioned, the unoccupied PDOS is the main tool for interpreting XAS data, as the

unique correspondence between the absorption profile and the unoccupied PDOS helps

to extract information about a system’s electronic structure from its x-ray absorption

spectrum. We analyze the oscillations of the x-ray absorption spectra by comparing

them to the laser-dressed PDOS oscillations. Previously, we demonstrated that the time-

dependent PDOS of a crystal evolves over time according to Eq. (4.12). We assume that

the PDOS corresponding to the (ℓm) component on site α is taken and rewrite Eq. (4.12)

in a simplified form as follows:

D(ω, t) = ⟨D(ω, t)⟩ − D1(ω) sin (Ωt) +D2(ω) cos (2Ωt) + ... (5.92)

Here, the first-order amplitudes are defined via the imaginary part of the complex-valued

amplitudes as D1(ω) = 2 Im
(

D̃1(ω)
)

and the second-order amplitudes are defined via

the real part of the complex-valued amplitudes as D2(ω) = 2 Re
(

D̃2(ω)
)
. The complex-

valued amplitudes D̃µ(ω) are defined as follows:

D̃µ(ω) = ∑
i,k,ν

dµ
ikνδ (ω − [Eik + (ν + µ/2)Ω]) , (5.93)

with the coefficients dµ
ikν given by Eq. (4.11).

The time-dependent absorption cross section, given by Eq. (5.88), is used here in a simpli-

fied form expanded up to second order, as follows:

σ(ω, t) = ⟨σ(ω, t)⟩+ σsin
1 (ω) sin (Ωt)− σcos

1 (ω) cos (Ωt) (5.94)

+ σsin
2 (ω) sin (Ωt) + σcos

2 (ω) cos (Ωt) + ...

Here, the first-order amplitude σsin
1 (ω) is defined via the imaginary part of the complex-

valued amplitudes as σsin
1 (ω) = Im (σ̃1(ω)− σ̃−1(ω)) and the second-order amplitude

σcos
2 (ω) is defined via the real part of the complex-valued amplitudes as σcos

2 (ω) =

Re (σ̃2(ω) + σ̃−2(ω)). The complex-valued amplitudes σ̃µ(ω) have the form

σ̃µ(ω) =
8π

ω
e−

µΩ
2a (ω−ω0+µΩ/2) ∑

i,k,ν

[
ηDik

ν,µ

(ω − ωikν)2 + η2

]
, (5.95)

where the coefficients D f k
ν,µ given by Eq. (5.79).

In comparison to the PDOS defined in Eq. (5.92), the absorption cross section in Eq. (5.94)

contains both sine and cosine terms for each frequency component. This is because the

absorption cross section includes dispersive effects. In the following, we compare the

amplitudes of the sine component for the first order, D1(ω) and σsin
1 (ω), and the ampli-

tudes of the cosine component for the second order, D2(ω) and σcos
2 (ω). The amplitudes
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σcos
1 (ω) and σsin

2 (ω) contain a different spectral line shape, namely a Fano profile, as given

by Eqs. (5.88)–(5.91).

In order to qualitatively compare the form of the energy dependence, we introduce

Gaussian broadening to the PDOS amplitudes. The introduced broadening is defined by

the linewidth η of the chosen atomic level. At the same time, we replace the Lorentzian

profile in the absorption cross section amplitudes with a Gaussian function having the

same FWHM

D̃µ(ω) ≈ ∑
i,k,ν

dµ
ikνe

− ln 2
η2 (ω−[Eik+(ν+µ/2)Ω])2

, (5.96)

σ̃µ(ω) ≈ 4π

ω
e−

µΩ
2a (ω−ω0+µΩ/2) ∑

i,k,ν
Dik

ν,µe
− ln 2

η2 (ω−ωikν)
2

.

In the case of the PDOS, only a single parameter defines the energy dependence—the

linewidth η. In contrast, the absorption cross section depends on two parameters: the

linewidth η and the duration of the probe x-ray pulse τp through the parameter a =

2 ln 2/τ2
p . To proceed, we now expand the square of the sum in the PDOS amplitudes

e
− ln 2

η2 (ω−[Eik+(ν+µ/2)Ω])2

= e
− ln 2

η2 (ω−Eik−νΩ)2

e
µΩ ln 2

η2 (ω−Eik−νΩ)
e
− ln 2(µΩ)2

4η2 . (5.97)

For the amplitudes of the absorption cross section, we take into account that ωikν =

Eik − Ec + νΩ, then

e−
µΩ
2a (ω−ω0+µΩ/2)e

− ln 2
η2 (ω−Eik+Ec−νΩ)2

= e
− ln 2

η2 ((ω+Ec)−Eik−νΩ)2

e−
µΩ
2a (ω−ω0)e−

(µΩ)2
4a . (5.98)

The main difference between Eq. (5.97) and Eq. (5.98) lies in the term associated with the

exponential decay as the µth order increases, namely: e
µΩ ln 2

η2 (ω−Eik−νΩ)
and e−

µΩ
2a (ω−ω0).

Let’s substitute the frequency value, ω, in the second term for the resonance condition for

the x-ray absorption, in this case e−
µΩ
2a (ω−ω0) = e

µΩ
2a ((Ec+ω0)−Eik−νΩ).

We can now rewrite the PDOS and absorption cross section amplitudes in a form that

makes their differences immediately apparent

D̃µ(ω) ∝ e
− ln 2(µΩ)2

4η2 ∑
i,k

e
µΩ ln 2

η2 (ω−Eik) ∑
ν

dµ
ikνe

− ln 2
η2 (ω−Eik−νΩ)2

e
− µνΩ2 ln 2

η2 , (5.99)

σ̃µ(ω) ∝ e−
(µΩ)2

4a ∑
i,k

e
µΩ
2a ((Ec+ω0)−Eik) ∑

ν

Dik
ν,µe

− ln 2
η2 ((ω+Ec)−Eik−νΩ)2

e−
µνΩ2

2a .

The PDOS and x-ray absorption cross-section amplitudes are defined in different energy

ranges due to the binding energy of the core electron. To compare them, the absorption

cross-section amplitudes must be shifted by the core-electron binding energy Ec. Because of

the exponential terms e
µΩ ln 2

η2 (ω−Eik) and e
µΩ
2a ((Ec+ω0)−Eik) in the expression for the amplitudes,

some differences remain after this shift. These differences are related to the deviation of the
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incoming photon frequency ω from the central frequency ω0. As a result, the absorption

cross-section amplitudes, shifted by the core-electron binding energy, agree well with

the PDOS amplitudes around the central frequency ω0 or the shifted central frequency

ω0 + Ec. The largest discrepancies are expected for ω values near the edges of the x-ray

pulse bandwidth.

The conclusion that the discrepancies between the amplitudes D̃µ(ω) and σ̃µ(ω) increase

as the x-ray photon energy deviates from the central frequency ω0 also holds for the

linear combinations D̃µ(ω)± D̃−µ(ω) and σ̃µ(ω)± σ̃−µ(ω). These combinations must

be compared because, in the calculations, the PDOS is defined in terms of real-valued

amplitudes. The PDOS amplitudes of the µth and −µth orders are related to each other by

complex conjugation. In contrast, the corresponding absorption cross-section amplitudes

are related by complex conjugation and an additional energy shift of µΩ. This means

that if the µth PDOS amplitude has a peak at energy ωp, the corresponding combination

of the µth- and −µth-order amplitudes in the absorption cross section will have a peak

at ωp + µΩ/2. Thus, the µth-order absorption cross-section amplitudes σ̃µ(ω) must be

additionally shifted by µΩ/2.

Figures 5.8 and 5.9 show the first- and second-order amplitudes of the absorption cross

section, alongside the corresponding unoccupied PDOS broadened and normalized arbi-

trary for better comparison. The second-order amplitudes shown in Fig. 5.9 are generally

larger than the corresponding first-order amplitudes in Fig. 5.8. Thus, the time-dependent

PDOS and XAS signals predominantly oscillate at the frequency 2Ω in Figs. 5.5, 5.6, and

5.7. This effect can be explained by the spatial symmetry of the first-order laser-dressed

electron density distribution in Fig. 4.6. Upon integration over the unit cell, the first-order

response is largely averaged out in a symmetric crystal. In contrast, the nonlinear response

in Fig. 4.8 involves charge distributions that are not symmetric with respect to an atomic

site position. In such a distribution, positive and negative charge displacements do not

cancel each other out when averaged, so the overall contribution remains significant. A

similar effect was previously observed experimentally in centrosymmetric crystals, where

the x-ray absorption [5, 7, 8, 86] or reflection signal [208, 209] was found to oscillate at twice

the frequency of the driving field during the temporal overlap of the pump and probe

pulses.

At the O K-edge, the absorption cross section amplitudes follow the unoccupied O 2p-

projected PDOS in their spectral shape. In Figs. 5.8(a) and (c), the first-order PDOS

amplitudes, which correspond to the O px projection for the probe x-ray pulse polarization

ϵx ∥ x and to the O pz projection for ϵx ∥ z, show good agreement with the corresponding

absorption cross section amplitudes. The largest discrepancies occur at higher energies

and arise from the difference in the energy dependence of the amplitudes described by

Eq. (5.99). The second-order absorption cross section amplitudes in Figs. 5.9(a) and (c)

also follow the corresponding PDOS amplitudes in their spectral shape.
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Figure 5.8.: First-order amplitudes of the absorption cross section (dashed blue lines),
compared with the corresponding PDOS amplitudes. The green, blue, and
purple solid lines correspond to the O p-, Zn s and Zn d-projected PDOS,
respectively. Panels (a) and (b) display first-order amplitudes of the x-ray ab-
sorption spectra at the O K-edge and Zn L3-edge, respectively, for polarization
ϵx = (100) and the averaged data for ϵx = (100) and (010); panels (c) and (d)
show the same for ϵx = (001).

At the Zn L3-edge, we analyze the averaged data for the polarizations ϵx = (100) and

ϵx = (010), as well as the data for the polarization ϵx = (001). In the following, these

cases are referred to as ϵx ⊥ z and ϵx ∥ z, respectively. For ϵx ⊥ z, the main contribution

to the signal is expected to come from core electron transitions into Zn s states and into

Zn dxy and dx2−y2 states. The sum of the PDOS amplitudes projected onto these d orbitals

is denoted as DZn
dx

in Fig. 5.8 and Fig. 5.9. For ϵx ∥ z, the dominant contribution is expected

to come from transitions into Zn s states and into Zn dxz, dyz, and dz2 states. The sum of

the PDOS amplitudes projected onto these three d orbitals is denoted as DZn
dz

in Figs. 5.8
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Figure 5.9.: Second-order amplitudes of the absorption cross section (dashed blue lines),
compared with the corresponding PDOS amplitudes. The green, blue, and
purple solid lines correspond to the O p-, Zn s and Zn d-projected PDOS,
respectively. Panels (a) and (b) display second-order components at the O K-
edge and Zn L3-edge respectively for polarization ϵx = (100) and the averaged
data for ϵx = (100) and (010); panels (c) and (d) show the same for ϵx = (001).

and 5.9.

For the first-order response at the Zn L3-edge in the case of ϵx ⊥ z shown in Fig. 5.8(b), the

amplitudes of the absorption cross section follow the Zn dx-projected PDOS amplitude,

whereas the corresponding Zn s-projected PDOS amplitude has the opposite sign. For

ϵx ∥ z, shown in Fig. 5.8(d), the spectral shape of the absorption cross section amplitude

aligns with the Zn s-projected PDOS amplitude. In the energy region below the Fermi
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level, however, the absorption cross section amplitude instead follows the Zn dz-projected

PDOS. Notably, the amplitudes corresponding to the Zn s- and dz-projected PDOS have

opposite signs. This inversion likely indicates state hybridization, where the Zn s and d
states represent two complementary transition channels for the Zn 2p core electron.

For the second-order response at the Zn L3-edge shown in Figs. 5.9(b) and (d), the absorp-

tion cross section amplitudes follow the Zn s-projected PDOS amplitudes in the low-energy

region of the conduction band, while at higher energies they align with the Zn d-projected

PDOS amplitudes. This observation is consistent with the energy positions of states with

strong Zn s- and d-character in the laser-dressed PDOS, as shown in Fig. 5.5.

5.7. Summary

In this chapter, we developed a theoretical framework and an ab initio computational

scheme for modeling trXAS measurement of the materials in the presence of a strong

driving field. In Section 5.3, we developed an approach for calculating an ultrafast x-

ray absorption cross section based on the projection treatment of x-ray absorption. This

method can be considered a generalization of the stationary absorption cross section

to the time-dependent case involving quasi-monochromatic pulses. In the following

Section 5.4, we developed an approach based on time-frequency treatment of x-ray ab-

sorption, applicable to ultrashort probe pulses. We analyzed a general expression for

the time-dependent absorption cross section, which is valid for both time-resolved and

time-unresolved measurements. This expression accounts for arbitrary pulse durations

and coherence properties.

We found that, in the case of a quasi-monochromatic probe pulse, there is a direct cor-

respondence between the amplitudes of the unoccupied laser-dressed PDOS and the

amplitudes of the time-dependent absorption cross section. However, for ultrashort

pulses with an inherently large bandwidth, the absorption of a certain spectral component

additionally depends on its initial intensity. This effect, which we refer to as dispersion,

introduces an asymmetric Fano profile and leads to the "fishbone" resonance structures

observed experimentally and predicted theoretically.

As a case study, we used the developed framework to calculate the ultrafast x-ray absorp-

tion spectra of a wurtzite ZnO crystal under a non-resonant driving field. We calculated

the spectra at the O K- and Zn L3-edges over an energy range covering both valence and

conduction bands. In the conduction-band region, we observed a reduction in signal

intensity due to carrier excitation. Around the valence band, a pre-edge feature emerges

due to the vacancy left behind after carrier excitation in the conduction band. We com-

pared the results with the corresponding laser-dressed PDOS to illustrate how the signal

is connected to the laser-dressed electron dynamics. This information could be particu-

larly useful for developing strategies to manipulate the optical properties of materials for
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application in future optoelectronic devices, such as ultrafast switches and modulators.
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6. Conclusion

In this thesis, we developed the theoretical framework and ab initio computational scheme

to describe a process in which trXAS is applied to study laser-dressed electron dynamics

in materials. Our computational scheme is based on Floquet–Bloch formalism combined

with DFT using the LAPW+lo method. The Floquet–Bloch formalism enables the study

of non-perturbative electron dynamics in laser-dressed solids and makes the scheme

computationally feasible. The LAPW+lo method provides a full-potential treatment of

the crystal electronic structure, accurately capturing the effects of both valence and core

electrons. The developed framework represents an analytical tool for the interpretation

of experiments involving ultrafast x-ray probe techniques and for the development of

strategies for optical manipulation of material properties.

In Chapter 3, we described the x-ray diffraction measurement of a laser-dressed material

with the focus on the angular dependence of the side peaks to the elastic Bragg peak. We

perform the simulation of x-ray diffraction from a laser-dressed silicon crystal using a

previously developed ab initio computational scheme. The results show excellent agree-

ment with recent experimental measurement. In particular, the angular dependence of

the first-order side peak is consistent with the driven current following the field direction.

The second-order side peak exhibits a distinctly different angular dependence. We have

found that the second-order microscopic optical response originates from charge dis-

placements at specific sites that locally break inversion symmetry. This leads to non-zero

second-order response in centrosymmetric crystals, such as silicon. The results show that

measuring higher-order diffraction side peaks provides atomic-scale information on the

local symmetry of the laser-dressed electron density.

This led us to look into another technique for probing laser-dressed electron dynamics,

namely ultrafast XAS. To interpret the results of our ultrafast XAS modeling we developed

a framework for calculating the PDOS of laser-dressed materials in Chapter 4. We also

showed that laser-dressed PDOS provides a valuable computational tool on its own as it

captures laser-driven changes in the electronic population in a site- and orbital-resolved

way. The developed computational framework combines Floquet–Bloch formalism with

DFT using the LAPW+lo method. The approach, illustrated using wurtzite zinc oxide,

reveals how the driving field dynamically alters the electronic structure and chemical

bonding. We connected the evolution of the laser-dressed PDOS with the correspond-

ing laser-dressed electron density. We showed that the laser-dressed PDOS provides

information about the structure of the bonds that form the laser-dressed electron density,

analogous to the field-free case. By analyzing the laser-driven energy shifts, we found

that under excitation the Zn d and O p states shift non-uniformly. This non-uniform shift
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reduces orbital overlap and weakens the bond. We further confirmed laser-driven bond

weakening by calculating electron density for the energy window corresponding to the

bonding state in the ground and laser-dressed states. By analyzing first- and second-order

optical responses, we followed how the relative weight of different orbital characters

changes in the valence and conduction bands. We observed an increase in orbital charac-

ters absent in the ground-state valence band, such as O s and Zn p. Under laser excitation,

these states become partially occupied and appear in the laser-dressed valence band. We

next used the developed approach to interpret the computational results of our modeling

of trXAS.

In Chapter 5, we presented the theoretical framework and ab initio computational scheme

for describing the application of ultrafast XAS to study laser-dressed electron dynamics in

materials. We demonstrated two approaches for calculating the absorption cross section:

the projection treatment of x-ray absorption, suitable only for a quasi-monochromatic

probe pulse, and the time- and frequency-domain treatment of x-ray absorption, suitable

for the general case of ultrashort pulses. We calculated the ultrafast x-ray absorption

spectra at the O K- and Zn L3-edges over an energy range covering both valence and

conduction bands. In the conduction-band region, we observed a reduction in signal

intensity due to carrier excitation. Around the valence band, a pre-edge feature emerges

due to the vacancy left behind after carrier excitation in the conduction band. To interpret

the trXAS, we used the laser-dressed PDOS and compared the results of both approaches

with the corresponding laser-dressed PDOS. In the projection treatment, we found that

the amplitudes of the time-dependent absorption cross section correspond directly to the

unoccupied laser-dressed PDOS. In the time- and frequency-domain treatment, we found

that the absorption of a spectral component depends additionally on its initial intensity

within the probe pulse. This dispersion effect introduces an asymmetric Fano profile, giv-

ing rise to the experimentally observed “fishbone” resonance structures. By comparing the

symmetric Lorentzian contribution with the corresponding PDOS amplitudes, we found

good overall agreement in the spectral shape, with the largest discrepancies appearing at

the edges of the probe pulse bandwidth.

The developed framework provides a tool for interpretation of the ultrafast x-ray exper-

iments on laser-driven solids and for developing strategies of optical manipulations of

material properties. As an outlook, it is important to go beyond the one-electron ap-

proximation and incorporate electronic correlation effects into our ab initio computational

scheme. This includes excitonic effects and dynamical electron screening, that can play

an important role in electron dynamics and potentially shift or broaden spectral features.

This step requires going beyond the DFT output as the basis for diagonalizing the Flo-

quet–Bloch Hamiltonian within our ab initio computational scheme. Another way to

develop our work would be to apply the approach to a wider range of materials. In this

thesis, we have only demonstrated the developed approach on conventional semiconduc-

tors. A similar study of complex materials, such as heterostructures or two-dimensional
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quantum materials, could reveal novel ultrafast phenomena.
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A. Derivations

A.1. X-ray absorption cross section

A.1.1. Absorption probability

In the first order time-dependent perturbation theory the state |Ψ(1)
{nx}(tf)⟩, in the Schrödinger

picture, for a particular Fock state of the radiation field is evaluated as

|Ψ(1)
{nx}(tf)⟩ = lim

ti→−∞
(−i)

tf∫
ti

dt′Û(tf, t′)ĤintÛ(t′, ti) |Ψ(0)
{nx}(ti)⟩ . (A.1)

The term in the perturbative expansion of ρ̂f that determines the scattering probability in

this approximation is

ρ̂
(1)
f = lim

ti→−∞
lim

tf→+∞ ∑
{nx},{n̄x}

ρx
{nx},{n̄x}

tf∫
ti

tf∫
ti

dt1dt2

(
Û(tf, t1)ĤintÛ(t1, ti) |Ψ(0)

{nx}(ti)⟩

× ⟨Ψ(0)
{n̄x}(ti)| Û†(t2, ti)Ĥ†

intÛ
†(tf, t2)

)
. (A.2)

Therefore, after substituting the expression for density matrix of entire system in the form

Eq. (A.2) into the expression for absorption probability Eq. (5.13) can be written as

P(1) = ∑
F,{n′

x}
∑

{nx},{n̄x}
ρx
{nx},{n̄x}

∞∫
−∞

∞∫
−∞

dt1dt2

∫ ∫
d3r1d3r2 eiEF(t1−t2) ∑

κx1 ,sx1

∑
κx2 ,sx2

2π

V√
ωκx1

ωκx2

e−iωκx1
t1 eiωκx2

t2

×
(
⟨{n′

x}| âκx1 ,sx1
|{nx}⟩ ⟨ΨF| ϵκx1 ,sx1

· ψ̂†(r1)∇ψ̂(r1)eiκx1 ·r1 |Ψ(t1)⟩

+ ⟨{n′
x}| â†

κx1 ,sx1
|{nx}⟩ ⟨ΨF| ϵ∗

κx1 ,sx1
· ψ̂†(r1)∇ψ̂(r1)e−iκx1 ·r1 |Ψ(t1)⟩

)

×
(
⟨{n̄x}| âκx2 ,sx2

|{n′
x}⟩ ⟨Ψ(t2)| ϵκx2 ,sx2

· ψ̂†(r2)∇ψ̂(r2)eiκx2 ·r2 |ΨF⟩

+ ⟨{n̄x}| â†
κx2 ,sx2

|{n′
x}⟩ ⟨Ψ(t2)| ϵ∗

κx2 ,sx2
· ψ̂†(r2)∇ψ̂(r2)e−iκx2 ·r2 |ΨF⟩

)
(A.3)

The energies E{n′
x} and E{nx} corresponds to the Fock states |{n′

x}⟩ and |{n′
x}⟩, accordingly,

differ from each other by the energy of absorbed photons - ωκxa
, E{n′

x} = E{nx} − ωκxa
,

coinciding with one frequency from the range {ωκx} as follows E{nx} = ∑
κx,sx

ωκx Nκx,sx .

The creation (annihilation) operators â†
κx1,2 ,sx1,2

(âκx1,2 ,sx1,2
) corresponding to x-ray photons
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in the state
(
κx1,2 , sx1,2

)
act only on the Fock state sets |{nx}⟩, |{n̄x}⟩, and |{n′

x}⟩, which
are characterized by energy differences given by E{nx},{n̄x} − E{n′

x} = ωκx1,2
. Considering

this, and using the definition of the trace of a matrix Eq. (A.3) can be further simplified as
follows

P(1) = ∑
F

∞∫
−∞

∞∫
−∞

dt1dt2

∫ ∫
d3r1d3r2eiEF(t1−t2) ∑

κx1 ,sx1

∑
κx2 ,sx2

2π

V√ωκx1
ωκx2

e−iωκx1
t1 eiωκx2

t2 eiκx1 r1 e−iκx2 r2

×Tr
[
ρ̂X

in â†
κx2 ,sx2

âκx1 ,sx1

]
⟨ΨF| ϵκx1 ,sx1

· ψ̂†(r1)∇ψ̂(r1) |Ψ(t1)⟩ ⟨Ψ(t2)| ϵ∗κx2 ,sx2
· ψ̂†(r2)∇ψ̂(r2) |ΨF⟩ .

(A.4)

A.1.2. Final-to-reference state summation transformation

The summation over all final states |ΨF⟩ has been transformed into the summation over

reference eigenstates |ΨF0⟩:

∑
F

DF∗
a (r2, t2)DF

b (r1, t1) = ∑
F0,∆µ

e−i(EF0+∆µΩ)(t2−t1) ∑
n,µ

CF0
nµ+∆µ ⟨Ψel(t2)| ⟨α(t2)| ψ̂†(r2)∂aψ̂(r2) |Φn⟩ |N − µ⟩

× ∑
n′,µ′

CF0∗
n′µ′+∆µ ⟨Φn′ | ⟨N − µ′| ψ̂†(r1)∂bψ̂(r1) |Ψel(t1)⟩ |α(t1)⟩ .

(A.5)

Due to the fact that ⟨α(t2)|N − µ⟩ ⟨N − µ′|α(t1)⟩ = A∗
N−µ AN−µ′ei(N−µ)Ωt2−i(N−µ′)Ωt1 and

by using that ∑
µ

A∗
N−µ AN−µ+∆µ ≈ 1 independently of ∆µ for a large N, we get

∑
F

DF∗
a (r2, t2)DF

b (r1, t1) = ∑
F0

ei(EF0−EI0 )(t1−t2) ∑
∆µ,∆µ′

ei∆µΩt1−i∆µ′Ωt2 ∑
n,k,µ

CF0∗
nµ+∆µCI0

kµ ⟨Φn| ψ̂†(r1)∂bψ̂(r1) |Φk⟩

× ∑
n′,k′,µ′

CF0
n′µ′+∆µ′CI0∗

k′µ′ ⟨Φk′ | ψ̂†(r2)∂aψ̂(r2) |Φn′⟩ .

(A.6)

A.1.3. The dipole moment via one-body Floquet states

We now evaluate the functions DF0(κin
x , ∆µ) for a system of non-interacting electrons.

In this case, the many-body wavefunction |Θel
I0
(t)⟩, which solves the time-dependent

Schrödinger equation for an electronic system, can be expressed as the Slater determinant

of the corresponding one-body solutions as |Θel
I0
(t)⟩ = |ϕel

i1k1
, ϕel

i2k2
, . . . , ϕel

inkn
, . . .⟩, where

each one-body state ϕel
inkn

(r, t) is given by ϕel
inkn

(r, t) = e−iεinkn t ∑m,µ cin
mknµe−iµωt φmkn(r).

The many-body wavefunction can be expanded in terms of the many-body eigenstates of

the electronic Hamiltonian Ĥel as |Θel
I0
(t)⟩ = ∑

n,µ
CI0

nµe−iµωt |Φn⟩, using this expansion, the

matrix element of the operator
[
ψ̂†(r)∇ψ̂(r)

]
is given by:

⟨Θel
F0
(t)| ψ̂†(r)∇ψ̂(r) |Θel

I0
(t)⟩ = ei(EF0−EI0 )t ∑

∆µ

ei∆µωt ∑
n,k,µ

CF0∗
nµ+∆µCI0

kµ ⟨Φn| ψ̂†(r)∇ψ̂(r) |Φk⟩ .

(A.7)
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On the other hand, using the relation:

⟨Θel
F0
(t)| ψ̂†(r)∇ψ̂(r) |Θel

I0
(t)⟩ = ei(EF0−EI0 )t ∑

∆µ

ei∆µωt ∑
m,m′,µ

c f ∗
m′k′µ+∆µci

mkµ φ†
m′k′(r)∇φmk(r),

(A.8)

we obtain the expression for the amplitude DF0(κin
x , ∆µ), which can be represented in

terms of one-body Floquet states as:

DF0(κin
x , ∆µ) = ∑

n,k,µ
CF0∗

nµ+∆µCI0
kµ

∫
d3r eiκin

x r ⟨Φn| ψ̂†(r)(ϵin
κx,sx

·∇)ψ̂(r) |Φk⟩ (A.9)

= δ(F0; (ik, f k′)) ∑
m,m′,µ

c f ∗
m′k′µ+∆µci

mkµ

∫
d3r eiκin

x r φ†
m′k′(r)(ϵin

κx,sx
·∇)φmk(r).

A.1.4. Core-valence momentum matrix elements

We evaluate the following integral ∫
d3reiκin

x r φ†
m′,k′(r)(ϵin

κx,sx
·∇)φc

k(r) (A.10)

= ∑
R

eikR
∫

d3rei(κin
x −k′)ru†

m′k′(r)(ϵin
κx,sx

·∇)φc(r − R)

= ∑
R

eikR
∫

d3r′ei(κin
x −k′)(r′+R)u†

m′k′(r′)(ϵin
κx,sx

·∇)φc(r′)

≈ ∑
R

ei(k+κin
x −k′)R × Ncell

∫
MTc0

d3r′φ†
m′k′(r′)(ϵin

κx,sx
·∇)φc0(r′)

= N2
cell ∑

G
δ(3)(k + κin

x − k′ − G)
∫

MTc0

d3r′φ†
m′k′(r′)(ϵin

κx,sx
·∇)φc0(r′)

= N2
cell ∑

G
δ(3)(k + κin

x − k′ − G) ⟨φm′,k′ | p̂ϵ |φc0⟩ .

A.1.5. Decay of the core hole state

In this section, we revisit the expression for a coherent x-ray pulse given in Eq. (5.26)

and incorporate the effect of core hole decay. The core hole state’s decay results in

a broadening of the x-ray absorption signal, which we model by introducing a small

imaginary component to the final state energy, such that EF0 → EF0 + iδ. For a Gaussian-

shaped probe pulse, we express the amplitude of the electric field as

Ex(r0, t − tp) =

√
8π

c
I0(r0)e

−
(

t−tp
τp

)2
×2 ln 2, (A.11)

where I0(r0) =
c

8π E2
x(r0, t = 0) denotes the peak intensity, and τp is the duration of the

pulse. Accounting for the decay of the core hole state results in the following expression
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for the Fourier transform of the probe x-ray pulse:

Ẽx(ΩF0 I0 + ∆µΩ) = E0
xei(ΩF0 I0+∆µΩ)tp

√
πτp

2
√

2 ln 2
w(z+) (A.12)

+ E0
xei(ΩF0 I0+∆µΩ)tp

√
πτp

2
√

2 ln 2
w(z−),

where w(z) is defined as the Faddeeva function:

w(z) := e−z2
erf(−iz), (A.13)

with the following arguments:

z± = iτp
δ ± i(ΩF0 I0 + ∆µΩ)

2
√

2 ln 2
. (A.14)

A.1.6. The frequency-domain momentum expectation value

We consider the integral

I =
∞∫

−∞

dteiωte−iE2t
t∫

−∞

dt′ f (t′)eiE1t′ . (A.15)

We change the order of integration. Note that t′ ≤ t, t ∈ (−∞, ∞) ⇒ t′ ∈ (−∞, ∞),

t ∈ (t′, ∞), so we rewrite the integral as:

I =
∫ ∞

−∞
dt′ f (t′)eiE1t′

∫ ∞

t′
dt eiωte−iE2t. (A.16)

We evaluate the inner integral under the assumption that Im(ω − E2) = η > 0, in this

case ∫ ∞

t′
dt ei(ω−E2)t−ηt = iei(ω−E2+iη)t′ ω − E2 − iη

(ω − E2)2 + η2 . (A.17)

The same can be achieved by introducing small imaginary correction to the core state

energy εc → εc + iη. In this case both energies E1,2 will be shifted into the complex plain,

then E1,2 → E1,2 − iη. Now we plug back into the outer integral, which gives

I = i
ω − E2 − iη

(ω − E2)2 + η2

∫ ∞

−∞
dt′ f (t′)ei(E1−iη)t′ei(ω−E2+iη)t′ = i

ω − E2 − iη
(ω − E2)2 + η2 f̃ (ω + E1 − E2),

(A.18)

where f̃ (ω) =
∫ ∞
−∞ dt f (t)eiωt is the Fourier transform of f (t).
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