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Abstract

High-dimensional statistics addresses the challenges of analyzing data where the number of

parameters exceeds the number of observations, a scenario increasingly common in modern

applications such as deep learning, image analysis, and time series modeling. Traditional

estimators like least squares tend to overfit and become computationally infeasible in such

regimes. This thesis presents methodological contributions that address both statistical and

computational challenges in high-dimensional settings by introducing novel regularization

techniques, exploring path signatures for modeling irregular data, and leveraging geometric

invariances in neural networks.

The first contribution lays the foundation with the introduction of cardinality sparsity,

a generalized sparsity concept encouraging models with few unique parameter values rather

than merely a few non-zero ones. This framework, detailed in Chapter 2, leads to new

regularization schemes that promote structured simplicity and provide sharp theoretical

guarantees on estimation and generalization. Chapter 3 builds on this by exploring the

computational benefits, where the restricted number of distinct parameter values enhances

efficiency, particularly in matrix multiplication speed and memory usage, offering an ap-

proach to statistically robust and computationally scalable models.

The second part of the thesis, presented in Chapter 4, explores high-dimensional time se-

ries models through the lens of signature transforms, particularly in the context of fractional

Brownian motion (fBm). Using the path signature representation and Lasso regularization,

the work proposes the Signature Lasso method for learning from rough paths. Theoretical

analysis, supported by simulations, shows that this approach can outperform traditional

regression techniques, especially when data exhibits irregular temporal patterns and depen-

dency structures.

The third contribution, covered in Chapter 5, focuses on group-convolutional neural net-

works (G-CNNs) and their capability to generalize convolutional operations to handle a

broader class of geometric transformations. While classical CNNs are limited to translation

invariance, G-CNNs introduced in this work are shown to be stable under affine transfor-

mations generated by the general linear group. This significantly expands the class of sym-

metries neural networks can effectively learn, while simplifying complex group convolutions

to standard real-valued integrations.

Collectively, these contributions propose principled approaches to taming overfitting,

enhancing model interpretability, and reducing computational burdens in high-dimensional

learning. The methods developed span across statistical theory, time series analysis, and

neural architecture design, offering a robust framework for modern data science applications.
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Chapter 1

Introduction

The field of high-dimensional statistics is concerned with inferential and computational

methodologies for data in which the number of model parameters grows at a rate compa-

rable to, or even exceeding, the number of observations. Classical estimation techniques,

including the least squares estimator, have been the subject of extensive investigation in the

statistical literature [59]. It is by now well understood that such traditional methods exhibit

poor generalization properties in regimes where the dimensionality of the parameter space

outpaces the available sample size, leading to pronounced overfitting phenomena. Within

this context, two principal sources of difficulty emerge: the need to control model complex-

ity to avoid overfitting, and the requirement for algorithms that remain computationally

tractable in large-scale problems.

This thesis explores strategies for addressing challenges in both statistical and neural

network frameworks. We introduce a new concept of sparsity together with a correspond-

ing family of regularizers, and present advances that tackle statistical and computational

difficulties in high-dimensional settings. In addition, we apply path signatures to handle

the statistical complexities of irregular data and investigate geometric invariances in neural

networks and their applications to structured data.

In the remainder of this section, we provide the necessary preliminaries and background

for each of the three approaches.

1.1 Cardinality Sparsity

Contemporary data are often large and complex. On the one hand, this offers the chance for

extremely accurate and detailed descriptions of processes. On the other hand, it introduces

computational obstacles and the risk of overfitting [27]. These computational and statistical

challenges are under extensive investigation in deep learning: [15, 27, 51, 70, 84, 110, 113], but

also in more traditional regression settings: [8, 33, 34, 59, 90]. One of the most conventional

techniques to avoid overfitting in high dimensional statistics is to apply ℓ1-regularization.

The corresponding Lasso regression method introduced in [91], is a widely used technique

that encourages sparsity by adding an ℓ1-norm penalty to the least squares loss. For a

dataset with response vector y ∈ Rn and predictor vectors x ∈ Rp×n, the Lasso estimator

is given by:

β̂ = argmin
β∈Rp

{
1

n

n∑
i=1

(
yi − x⊤

i β
)2

+ λ ∥β∥1
}
,

1



where λ ≥ 0 controls the strength of the regularization. As λ increases, more coefficients are

shrunk toward zero, and some become exactly zero, effectively selecting a subset of features.

One extension of Lasso is the Fused Lasso, introduced in [93], which is designed for

cases where predictors follow a natural sequence, like time series or spatial data. On top of

the usual penalty that keeps the coefficients sparse, Fused Lasso adds another penalty that

smooths out the differences between neighboring coefficients. The Fused Lasso estimator is

defined as:

β̂ = argmin
β∈Rp

{
1

n

n∑
i=1

(
yi − x⊤

i β
)2

+ λ1

p∑
j=1

|βj |+ λ2

p∑
j=2

∣∣βj − βj−1

∣∣}.
The initial regularization term weighted by λ1 > 0 encourages sparsity, while the subsequent

term weighted by λ2 > 0 ensures nearby coefficients stay smooth and consistent. This makes

Fused Lasso great for denoising noisy signals, and handling cases where nearby predictors

should act alike. By balancing sparsity with similarity between neighboring coefficients,

Fused Lasso makes the results easier to interpret while still capturing the data’s underlying

patterns.

Overfitting is also a significant problem in neural networks. Similar to classical models,

regularization techniques are used in neural networks as well. It is essential to introduce

regression models as a foundation for studying overfitting in neural networks. Consider a

dataset (x1, y1), . . . , (xn, yn) ∈ Rd × R generated from the regression model

yi = g∗(xi) + ui, i ∈ {1, . . . , n}, (1.1)

where g∗ : Rd → R denotes an unknown target function and ui ∈ R are noise variables. Our

aim is to approximate g∗ using neural networks. Following standard practice, we focus on

feedforward architectures of the form

gΘ : Rd → R, x 7→ gΘ(x) := WLfL
(
· · ·W 1f1(W 0x)

)
, (1.2)

where the parameter Θ = (WL, . . . ,W 0) collects the weight matrices W l ∈ Rpl+1×pl . The

mappings fl : Rpl → Rpl are activation functions. The network architecture is specified by

its depth L ∈ {1, 2, . . .} (number of hidden layers) and the widths p0, . . . , pL+1 ∈ {1, 2, . . .}
(neurons per layer). The 0th layer serves as the input with p0 = d, and the (L+ 1)-st layer

is the scalar output with pL+1 = 1. The total number of parameters is P =
∑L

l=0 pl+1pl.

Bias terms are omitted here for notational convenience but can be incorporated by adding

extra neurons. The corresponding parameter space is

A =
{
Θ = (WL, . . . ,W 0) : W l ∈ Rpl+1×pl

}
.

Given the high dimensionality of the parameter spaceA, the standard least-squares estimator

is typically augmented with a regularization term h : A → [0,∞). Common choices for h

include the ℓ1-norm

Θ̂reg,h ∈ argmin
Θ∈A

{
1

n

n∑
i=1

(yi − gΘ(xi))
2 + λh(Θ)

}
,

where λ ∈ [0,∞) serves as a tuning parameter [113].

In both classical statistical models and neural networks, ℓ1-regularization encourages

2



standard sparsity by shrinking individual coefficients to zero. Moreover, the fused lasso

adds a penalty on differences between adjacent coefficients, encouraging neighboring coef-

ficients to take similar values on top of standard sparsity. Sparsity is usually defined as

many zero-valued parameters or many groups of zero-valued parameters: [6, 19, 32, 46].

Sparsity has demonstrated its benefits from mathematical: [7, 10, 14, 42, 72, 74, 81, 87, 88],

algorithmic: [62, 115], and applied perspectives: [2, 23, 30, 39, 86, 102].

However, the aforementioned notions of sparsity have certain limitations. The primary

drawback is their ineffectiveness in reducing computational costs. For instance, it is well

known that algorithms for Boolean and binary matrix multiplications are not faster than

those for general matrix multiplications, with the most efficient algorithms having a com-

plexity of approximately O(n2.37) [4, 61]. As a result, the traditional notions of sparsity do

not fully exploit the potential computational benefits of sparsity. Moreover, the traditional

notions of sparsity ask for zero-valued parameters or data points, while we might target

values other than zero as well. A related limitation is that regularizers and constraints (of-

ten ℓ1-type norms) that induce zero-valued parameters also imply an unwanted bias toward

small parameter values [59, Section 2.3 on Pages 45ff]. Given the limitations, it may be nec-

essary to define another type of sparsity that can better capture the information contained

in the data structure. This new type of sparsity should be able to consider more than just

two cases (zero, non-zero), and take into account the unique features and structure of the

data.

In this thesis, we introduce a new notion of sparsity, termed cardinality sparsity, which

overcomes limitations of traditional definitions and provides a more comprehensive view

of sparse structures. This concept is beneficial for circumventing both computational and

statistical challenges. This novel sparsity concept can enable rapid matrix multiplications,

which are the primary source of computational issues in deep learning. Cardinality spar-

sity generalizes the idea of “few non-zero-valued parameters or data points” to “few unique

parameter values or data points.” Thus, cardinality sparsity provides a more nuanced and

comprehensive notion of sparsity. It is inspired by four different lines of research: fusion

sparsity [94, 57], which pushes adjacent parameter values together; dense-dictionary cod-

ing [34], which optimizes matrix-vector multiplications; layer sparsity [46], which merges

parameters of different layers across neural networks; and function approximations by neu-

ral networks with few unique parameter values [13]. Theorems 2.2.2 and 2.3.1 show that

cardinality sparsity has essentially the same statistical effects in deep learning and tensor

regression as the usual sparsity, yet without necessarily pushing parameters toward zero.

Cardinality sparsity can greatly reduce computational costs in pipelines that depend on

large tensor-tensor multiplications, including once more deep learning and tensor regression.

Consider a data-generating process indexed by an Nth order tensor A ∈ RQ1×Q2×...×QN .

The most standard notion of sparsity concerns the number of nonzero elements. In partic-

ular, A is said to be k-sparse if

||A||0 := #supp[A] ≤ k ,

where #supp denotes the number of non-zero elements of the tensor. In our new notion

of sparsity we instead count the number of different parameter values in each fiber. Fibers

are the sub-arrays of a tensor whose indexes, all but one, are fixed. More precisely, the

mode-n fibers are the set of all sub-arrays (vectors) that are generated from fixing all but

the nth index [53, 17]. Indeed, by Aq1,··· ,qn−1,•,qn+1,··· ,qN we mean a vector of length Qn

3



Mode-1 fiber Mode-2 fiber Mode-3 fiber

Figure 1.1: Different fibers for a third-order tensor

where qi is fixed for ∀i ∈ {1, · · · , N} \ {n}. The fibers of a third-order tensor are illustrated

in Figure 1.1. Now we are ready to provide the definition for our notion of sparsity:

Definition 1.1.1 (Cardinality Sparsity). We say that the tensor A ∈ RQ1×...×QN is (n, k)-

sparse if

k ≥ max
{
#{v1, . . . , vQn

} :

(v1, . . . , vQn
)⊤ := Aq1,...,qn−1, • ,qn+1,...,qN ,

q1 ∈ {1, . . . , Q1}, . . . , qn−1 ∈ {1, . . . , Qn−1},

qn+1 ∈ {1, . . . , Qn+1}, . . . , qN ∈ {1, . . . , QN}
}
.

In other words, a tensor is (n, k)-sparse if the mode-n fibers have at most k different values.

We call this notion of sparsity, cardinality sparsity.

We can also define cardinality sparsity for vectors, which actually are special cases of

tensors. Cardinality sparsity for vectors is related to the fusion sparsity notion [94, 57]. They

assumed that the vectors are piece-wise constant. However, the main difference is that they

assumed that the adjacent elements are similar, while in the cardinality sparsity, we look for

similarities in the entire vector. Similar to tensors we say that a vector v := (v1, . . . , vJn
)⊤

is k-sparse in cardinality sense if:

k := #{v1, . . . , vJn
} ≪ Jn.

Another special case that we are interested in is sparsity in matrices. We say a matrix

has column-wise (mode-1) cardinality sparsity if it has repeated values in each column. For

example, the most sparse case (in the cardinality sense) is a matrix whose columns’ elements

are unique as follows: 
a

a
...

a

b

b
...

b

c

c
...

c

. . .

. . .

. . .

. . .

 .
Similarly, a row-wise (mode-2) sparse matrix is a matrix whose rows have the cardinality

sparsity property.

We now introduce an alternative definition of cardinality sparsity that is more convenient

for analysis. This new definition allows us to establish a connection between cardinality

sparsity and standard sparsity. In order to provide this definition we first review some

4



preliminaries. Consider a tensor A ∈ RQ1×Q2×...×QN . The mode-n product of a tensor

A ∈ RQ1×Q2×...×QN by a matrix U ∈ RJn×Qn is a tensor B, denoted as

B := A×n U ,

where B ∈ RQ1×...×Qn−1×Jn×Qn+1×...×QN and each entry of B is defined as the sum of

products of corresponding entries in A and U :

Bq1,...,qn−1,jn,qn+1,...,qN :=

QN∑
qn=1

Aq1,...,qN ·U jn,qn .

Also, we define a difference tensor A′ as

A′ := A×n A, (1.3)

where the matrix A is of size
(
Qn

2

)
×Qn such that for each row of A, there is one element

equal to 1, one element equal to −1, and the remaining (Qn − 2) elements are zero. This

means, that instead of studying mode-n cardinality sparsity of a tensor, we can focus on the

standard sparsity of the difference tensor.

Similarly, we can say a matrix W ∈ Rm×n has mode-1 cardinality sparsity if the matrix

resulting from the difference of each two elements in each column is sparse in the standard

sense. Therefore, we concentrate on the difference matrix. The difference matrix could be

considered as the product of two matrices A and W . Where again, the matrix A is of size(
m
2

)
×m such that for each row of A, there is one element equal to 1, one element equal

to −1, and the remaining (m − 2) elements are zero. For more clarification, we provide an

example.

Example 1.1.2. As an example, assume that m = n = 3 and write

W ··=

 w11 w12 w13

w21 w22 w23

w31 w32 w33

 ,
where wij ∈ R for all i, j ∈ {1, 2, 3}. According to the construction of the matrix A men-

tioned above, we can set

A ··=

 1 −1 0

0 1 −1
−1 0 1

 ,
and hence the difference matrix W ′ is given by:

W ′ := AW :=

 w11 − w21 w12 − w22 w13 − w23

w21 − w31 w22 − w32 w23 − w33

w31 − w11 w32 − w12 w33 − w13

 .
We can observe that this transformation helps us to measure the similarities between

any two rows of each matrix. In particular, if all of the rows of W are the same, then we

obtain that AW = 0. Therefore, cardinality sparsity could be induced by employing matrix

A.

Let us briefly elaborate on the computational aspect. The most time-consuming parts
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of many optimization processes are often matrix-matrix multiplications. The standard mul-

tiplication methods for M × P and P × N matrices have complexity of order O(MPN)

[79]. However, many types of data enjoy cardinality sparsity: for example, image data often

consist of only 256 different values. We can then reduce the complexity; indeed, we show

that the number of multiplications in the matrix multiplication process can be reduced to

O(MN +mPn), with m and n the maximal number of unique values in the columns of the

first matrix and the maximum number of unique values in the rows of the second matrix,

respectively, that is, typically m ≪ M and n ≪ N . The term MN arises because recon-

structing the complete output from the compressed computation involves inspecting every

element in the resulting matrix.

While the fast multiplication algorithm, with a complexity of approximately O(n2.37),
[4, 58] or O(n3/(log n1.5)), [112] remains applicable to any matrix, we focus on matrices with

cardinality sparsity. This assumption is relevant in neural networks and machine learning

algorithms, as the input matrix, which is the primary source of sparsity, remains consis-

tent across all learning iterations. Therefore, we can determine the input matrix structure

through preprocessing before initiating the training process. It is important to note that

this preprocessing step only needs to be performed once, incurring minimal time overhead,

especially when dealing with a large number of iterations. Additionally, this approach is

advantageous for Boolean and binary matrix multiplication when the matrices contain only

two distinct values. Moreover, another advantage of our method is that it remains valid

even when only one of the matrices is binary, whereas Boolean and binary multiplication

methods usually require both matrices to satisfy binary conditions. This is particularly ben-

eficial for example for categorical data when dummy encoding is applied. The key insight

is to avoid redundant multiplications, allowing us to effectively condense the matrices. For

further illustration, consider the following example.

Example 1.1.3. Consider WV with

W :=



2.1

1

1

2.1

3

3

1.1

2.3

1.1

1.1

2.3

4


V :=

[
a

c

a

d

b

d

a

c

]
.

A naive multiplication of the two matrices requires 6× 2× 4 = 48 multiplications of entries.

Using the cardinality trick instead, we can consider the compressed matrices

CW :=

 2.1

1

3

1.1

2.3

4

 CV :=

[
a

c

b

d

]
,

where CW consists of the unique elements of the columns of W and CV the unique elements

of the rows of V . We can then compute CWCV and finally “decompress” the resulting

matrix to obtain WV . This reduces the number of elementary multiplications to 3×2×2 =

12. Furthermore, the compression also reduces the memory requirements because the matrices

CW and CV are considerably smaller than their original counterparts W and V .

Another crucial aspect of our multiplication method is its efficiency for matrices with

6



a cardinality degree of order 2, such as binary or Boolean matrices. Since the matrix

consists of only two distinct values, pre-processing in this case is significantly simpler than

in the general scenario. Furthermore, binary matrices can be pre-processed efficiently, and

this modification can significantly accelerate their multiplication. In addition, we propose

a new class of regularizers designed to promote both cardinality sparsity and conventional

sparsity patterns. Moreover, another major challenge in neural networks is the high memory

demand for storing and processing input data. As we will see, by employing cardinality

sparsity, we can perform multiplication in the compressed domain. We only need to save

the compressed version of the input data, which can decrease the required storage memory

[34]. The main reason is that we avoid saving all real numbers, each of which requires 32 bits

to store. Introducing a new family of regularizers compatible with our notion of sparsity,

and establishing corresponding statistical guarantees, we prove that cardinality sparsity can

reduce statistical complexity as well.

1.2 Signatures

Another way to tackle the overfitting issue in high-dimensional scenarios, often caused by

limited sample sizes and missing data, is to use a compact but informative set of features.

This helps to lower the dimensionality and reduces the likelihood of overfitting. To achieve

this, we employ the path signature method, which captures the essential dynamic patterns

present in the data.

Unlike classical transforms such as the Fourier or wavelet transforms, which aim to recon-

struct or approximate a curve using a combination of basis functions, the signature transform

takes a fundamentally different approach. Rather than modeling the curve itself, the signa-

ture transform provides a basis for functions defined on the space of curves. Therefore, the

signature transform may offer a more efficient approach for handling data analysis tasks.

The signatures have demonstrated strong performance in various fields such as machine

learning, finance, and medical prediction [55, 64, 65]. Additionally, a few studies explore

its statistical aspects beyond probabilistic characteristics [37, 43]. In the following, we will

examine the concept of signatures in greater depth, supported by illustrative examples. We

begin with a key definition.

Partition the interval [s, t] as ∆[s,t] = {s = t0 < t1 < · · · < tN = t} and write its mesh as

|∆| = max0≤i≤N−1(ti+1 − ti). Take a sequence of partitions ∆n = {s = tn0 < · · · < tnNn
= t}

with |∆n| → 0.

Definition 1.2.1. A path X : [s, t] → Rd is said to be of finite p-variation, p > 0 if the

p-variation of X on [s, t], which is defined as

∥X∥p-var;[s,t] :=
(

sup
Π∈∆[s,t]

n−1∑
k=0

∥Xtk+1
−Xtk)∥p

)1/p

,

is finite. The space of continuous paths X : [s, t] → Rd with a finite p-variation will be

denoted by Cp-var([s, t],Rd).

In the special case C1-var([s, t],Rd) denote the space of continuous bounded variation

paths

X = (X1, . . . , Xd) : [s, t]→ Rd.

A word or a multi-index of length k ∈ N is a finite sequence Ik = {i1, . . . , ik}, with i1, . . . , ik ∈
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{1, . . . , d}. We then define the iterated integrals of a d-dimensional continuous path of

bounded variation, associated with a given word, as follows.

Definition 1.2.2. Given X ∈ C1-var([s, t],Rd) and a word Ik = (i1, . . . , ik), the iterated

integral SIk(X)s,· ∈ C1-var([s, t],R) is defined as

SIk(X)s,t =

∫ t

s

Si1···ik−1
(X)s,r dX

ik
r ,

with the initial case k = 0 set equal to 1.

Following [21], the collection of all such iterated integrals defines the path signature,

which can be seen as a map

Sig : C1-var([s, t],Rd)→ T ((Rd)),

where the target space

T ((Rd)) = {a = (a0, a1, . . .) : an ∈ (Rd)⊗n, n ∈ N0}.

is the extended tensor algebra over Rd. Also, the tensor algebra is denoted by

T (Rd) =

∞⊕
k=0

(Rd)⊗k,

where for each n, consider the n-fold tensor product of Rd defined by

(Rd)⊗0 := R, (Rd)⊗n := Rd ⊗ · · · ⊗ Rd︸ ︷︷ ︸
n times

.

For N ∈ N, the truncated tensor algebra of order N is

T (N)(Rd) := {a ∈ T ((Rd)) : an = 0 for all n > N}.

Note that T (N)(Rd) has dimension

N∑
i=0

di =
dN+1 − 1

d− 1
.

For a,b ∈ T ((Rd)) and λ ∈ R we define

a+ b := (a0 + b0, a1 + b1, . . .),

λa := (λa0, λa1, . . .),

a⊗ b := (c0, c1, . . .), where cn :=

n∑
k=0

ak ⊗ bn−k.

Thus,
(
T ((Rd)),+, ·,⊗

)
forms a non-commutative algebra with identity element (1, 0, 0, . . .).

The signature of a path X is expressed as the series

Sig(X) =

∞∑
k=0

∑
i1,...,ik

∈{1,...,d}

Si1,...,ik(X)s,t ei1 ⊗ · · · ⊗ eik =

∞∑
k=0

∑
i1,...,ik

∈{1,...,d}

Si1,...,ik(X)s,t eIk ,
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where Ik = (i1, . . . , ik), ir ∈ {1, . . . , d} and e1, . . . , ed denote the canonical basis vectors of

Rd. As a feature representation, the signature embeds a path into an infinite-dimensional

vector space. Moreover, denote by e0 the basis element corresponding to (Rd)⊗0. Then any

element b ∈ T ((Rd)) can be expressed as

b =
∑
k≥0

bIkeIk ,

for some coefficients bIk ∈ R. For any a ∈ T (Rd) and b ∈ T ((Rd)), we define the pairing

⟨a,b⟩ :=
∑
k≥0

⟨aIk , bIk⟩,

where bIk are coefficients of eIk in b.

We now present an example to further explore the definition of the signature transform

and to examine different representations of the signature of a path.

Example 1.2.3. Consider the path

Xt = (X1
t , X

2
t ) = (2 + t, 1− t), t ∈ [0, 2],

which is a straight line in R2. Its differential is

dXt = (dX1
t ,dX

2
t ) = (dt, −dt).

The signature of this path consists of all its iterated integrals, collected into an element

of the tensor algebra. We start by computing the lowest levels explicitly. At the first level, we

integrate each coordinate of the path over the time interval, since dX1
t = dt and dX2

t = −dt,
yielding

S1(X)0,2 =

∫ 2

0

dX1
t =

∫ 2

0

dt = 2, S2(X)0,2 =

∫ 2

0

dX2
t =

∫ 2

0

(−dt) = −2.

At the second level, we consider all double iterated integrals. For 0 < t1 < t2 < 2, we

have

S1,1(X)0,2 =

∫ 2

0

∫ t2

0

dX1
t1dX

1
t2 =

∫ 2

0

∫ t2

0

dt1dt2 =

∫ 2

0

t2dt2 = 2,

S1,2(X)0,2 =

∫ 2

0

∫ t2

0

dX1
t1dX

2
t2 =

∫ 2

0

∫ t2

0

dt1(−dt2) =
∫ 2

0

(−t2)dt2 = −2,

S2,1(X)0,2 =

∫ 2

0

∫ t2

0

dX2
t1dX

1
t2 =

∫ 2

0

∫ t2

0

(−dt1)dt2 =

∫ 2

0

(−t2)dt2 = −2,

S2,2(X)0,2 =

∫ 2

0

∫ t2

0

dX2
t1dX

2
t2 =

∫ 2

0

∫ t2

0

(−dt1)(−dt2) =
∫ 2

0

t2dt2 = 2.

With these terms, we can now describe the signature in three complementary ways. First,

in the tensor algebra representation we write the signature as a formal series using the basis
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tensors e1, e2:

Sig(X) = 1 + S1(X)0,2e1 + S2(X)0,2e2 + S1,1(X)0,2e1 ⊗ e1 + S1,2(X)0,2e1 ⊗ e2
+ S2,1(X)0,2e2 ⊗ e1 + S2,2(X)0,2e2 ⊗ e2 + . . .

= 1 + (2e1 − 2e2) + (2e1 ⊗ e1 − 2e1 ⊗ e2 − 2e2 ⊗ e1 + 2e2 ⊗ e2) + . . .

Here each coefficient SI2(X)0,2 multiplies a corresponding tensor basis element. Second, we

can gather the levels into a sequence of tensors, grouping level 1 as a vector and level 2 as

a 2× 2 matrix:

Sig(X) =
(
1, (S1(X)0,2, S2(X)0,2),

[
S1,1(X)0,2 S1,2(X)0,2

S2,1(X)0,2 S2,2(X)0,2

]
, . . .

)
=
(
1, (2,−2),

[
2 −2
−2 2

]
, . . .

)
.

Finally, we can write the signature as a sequence by listing all entries in order:

Sig(X) =
(
1, S1(X)0,2, S2(X)0,2, S1,1(X)0,2, S1,2(X)0,2, S2,1(X)0,2, S2,2(X)0,2, . . .

)
=
(
1, 2, −2, 2, −2, −2, 2, . . .

)
.

These three descriptions are equivalent: they are just different ways of presenting the same

element of the tensor algebra

T (R2) = R⊕ R2 ⊕ (R2)⊗2 ⊕ · · · .

We continue this section by reviewing fundamental properties of path signatures, starting

with Chen’s identity, which provides a practical method for their computation. This identity

makes it possible to efficiently calculate the signatures of complex paths by decomposing

them into simpler concatenated segments.

Theorem 1.2.4 (Chen’s identity). Let X : [s, r] → Rd be a path and assume s < t < r.

For any multi-index (i1, . . . , ik), the following decomposition holds:

Si1,...,ik(X)s,r =

k∑
m=0

Si1,...,im(X)s,t Sim+1,...,ik(X)t,r,

where by convention S∅(X)u,v = 1.

The next property is the time–reparametrization invariance of signatures. This property

states that the signature is unaffected by reparametrizations of time.

Proposition 1.2.5 (Time–reparametrisation invariance). Let X : [s, t] → Rd be a con-

tinuous, piecewise smooth path, and let ψ : [s, t] → [s, t] be a continuously differentiable,

increasing, surjective map. Then the signature is unchanged under this time modification:

S(X)s,t = S(X ◦ ψ)s,t.

Another important tools in theory of signatures is the shuffle product operator. The

shuffle product operator, which is defined as a way of combining iterated integrals by in-

terleaving their indices while preserving order within each integral, is a valuable tool that
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simplifies computations involving signatures.

Definition 1.2.6. Let Shuffles(k,m) denote the set of all (k,m)-shuffles, that is, all per-

mutations that interleave two sequences Ik and Im while preserving the relative order within

each sequence. Consider two multi-indexes Ik = (i1, . . . , ik) and Jm = (j1, . . . , jm) with

i1, . . . , ik, j1, . . . , jm ∈ {1, . . . , d}. Define the multi-index

(r1, . . . , rk, rk+1, . . . , rk+m) = (i1, . . . , ik, j1, . . . , jm).

The shuffle product of Ik and Jm, denoted Ik� Jm, is the finite multiset of multi-indices of

length k +m defined by

Ik � Jm = {(rτ(1), . . . , rτ(k+m)) | τ ∈ Shuffles(k,m)}.

Definition 1.2.7 (Shuffle Product for Signatures). For a path X and multi-indices Ip =

(i1, . . . , ip) and Jq = (j1, . . . , jq), where ir, jr ∈ {1, . . . , d} we have

SIp(X)SJq
(X) =

∑
K∈Ip�Jq

SK(X),

where Ip � Jq denotes shuffles preserving the order of (i1, . . . , ip) and (j1, . . . , jq). For ex-

ample, S1(X) · S2(X) = S1,2(X) + S2,1(X).

Assuming the path has bounded variation guarantees that its iterated integrals are well-

defined in the classical framework of Riemann–Stieltjes integration. Although we have so

far considered the definition of the signature for bounded variation paths, it can in fact be

extended to rough paths.

Note that for any path with finite p-variation where 1 ≤ p < 2, one can define the iterated

integrals using the Young integral. The Young integral extends the classical Riemann–

Stieltjes definition and allows integration against paths that are substantially more irregular

than those of bounded variation. Intuitively, finite p-variation with p < 2 means the path

is still “regular enough” that the higher-order iterated integrals can be constructed purely

from the path itself without additional information.

Let f : Rd → R be smooth and X = (X1, . . . , Xd) : [0, T ] → Rd a path X of finite p-

variation. We wish to interpret
∫ T

0
f(Xr) dXr. For r ∈ [s, t] small, integrating from Taylor

expansion gives∫ t

s

f(Xr) dXr = f(Xs)(Xt −Xs) +∇f(Xs)

∫ t

s

(Xr −Xs)⊗ dXr + · · · ,

where ⊗ denotes the tensor product. If p < 2 (the Young regime), then

lim
|∆|→0

∑
[s,t]∈π

∫ t

s

(Xr −Xs)⊗ dXr = 0. (1.4)

where we sum over all possible partitions of ∆. A difficulty arises for paths whose p-variation

is infinite for all p < 2; this is precisely the case for Brownian motion, whose sample paths

almost surely have finite p-variation only when p > 2. In this regime, the Young integral

does not determine a unique version of the iterated integrals. When p > 2 intuitively, the

path is so irregular that specifying just the first level increments does not determine the

higher-order structure. A key observation due to Lyons is that if one defines the first ⌊p⌋
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levels of iterated integrals for a path X of finite p-variation (ensuring they satisfy Chen’s

identity and have finite p-variation), then all remaining higher-level iterated integrals, and

hence the full signature, are determined uniquely. In addition the integral in Equation (1.4)

does not converge. To ensure the convergence of the integral, one incorporates additional

information. We define this extra term as

Xs,t =

∫ t

s

(Xr −Xs)⊗ dXr.

Consider the integral equation

Y t = y +

∫ t

0

f(Y s) dXs, t ∈ [0, T ]. (1.5)

For a smooth path X, the map X 7→ Y is generally not continuous. However, when

extended to the solution map

(X,X) 7→ Y ,

continuity is recovered under a suitable rough path topology [3, 45]. The pair (X,X) is

called a rough path, and Equation (1.5) defines a rough differential equation. Its solution

consists in constructing the chain of mappings

X 7→ (X,X) 7→ Y .

A canonical example in rough path theory is provided by the trajectories of fractional

Brownian motion. Fractional Brownian motion (fBm) generalizes classical Brownian motion

by incorporating correlations between increments, controlled by the Hurst parameter H ∈
(0, 1). These paths have bounded p-variation for all p < 1/H. Fractional Brownian motion

extends standard Brownian motion by allowing increments that are dependent, controlled

by the Hurst parameter H ∈ (0, 1). When H < 1
2 , the resulting trajectories tend to be

highly irregular, making fractional Brownian motion a prime example of a rough path.

In the final section of this thesis, we will examine statistical models derived from the

fractional Brownian process. Statistical estimation for fBm has received a lot of attention.

See e.g. [16] for the estimation of the Hurst parameter, or [107] for parametric estimation

in the case of an Ornstein-Uhlenbeck (OU) process driven by an fBm and [68] for a general

overview. In this thesis, we adopt a different perspective by directly addressing the problem

of approximating functionals of trajectories. This is achieved through the use of signature

methods.

Formally, a fractional Brownian motion (fBm) B = {B(t), t ∈ R} is a zero mean Gaussian

process, defined on a complete probability space (Ω,F , P ). A d-dimensional fractional Brow-

nian motion (fBm), denotes by Bt = (B1
t , . . . , B

d
t ), with Hurst parameter H ∈ (0, 1). This

process is a zero-mean Gaussian process with independent components, each characterized

by the covariance function:

E[Bi
tB

i
s] =

1

2

(
t2H + s2H − |t− s|2H

)
, s, t ∈ R+.

For H = 1
2 , this corresponds to standard Brownian motion. For any H ∈ (0, 1), the

variance of the increments is given by:

E
[
(Bi

t −Bi
s)

2
]
= (t− s)2H , 0 ≤ s < t ≤ T, i = 1, . . . , d.
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For H < 1
2 , each component Bi

t of Bt can be written as

Bi
t =

∫
R
K(t, u) dW i

u, t ≥ 0, (1.6)

where W t = (W 1
t , . . . ,W

d
t ) is a d-dimensional Wiener process, and the Volterra-type kernel

K(t, u) is defined on R+ × R+ by

K(t, u) = cH

[(u
t

)1/2−H

(t− u)H−1/2

+
(1
2
−H

)
u1/2−H

∫ t

u

vH−3/2(v − u)H−1/2dv

]
1{0<u<t}, (1.7)

where the normalizing constant cH is is a constant depending on H

cH =

(
2HΓ

(
3−2H

2

)
Γ(2− 2H)Γ(H + 1

2 )

) 1
2

,

where Γ is the Gamma function [75]. In general, the model can capture three types of

processes. When H > 1
2 , the process increments are positively correlated, indicating persis-

tence or long memory. This means consecutive increments tend to have the same sign, and

a random step in one direction is likely to be followed by another step in the same direction.

When 0 < H < 1
2 , the increments are negatively correlated. In this case, a random step in

one direction is typically followed by a step in the opposite direction. When H = 1
2 , the

process follows standard Brownian motion, where the increments are independent. Frac-

tional Brownian motions sample paths lack regularity. The sample paths of fBm are almost

surely γ-Hölder continuous for all γ < H, which underlines its role as a canonical example

in rough path theory. Within rough path theory, the signature serves as a core construct

that captures the essential information of a path.

Let ∆n = {0 = tn0 < tn1 < · · · < tnNn
= T}, for n ≥ 1, be a sequence of partitions

of the interval [0, T ] with mesh size tending to zero. When H > 1
2 , the process has finite

p-variation for any p < 2, and the Young integral is well defined as

∫ T

0

Ys dXs := lim
n→∞

Nn−1∑
i=0

Ytni
(
Xtni+1

−Xtni

)
.

Young integration converges for fBm with p < 1
H when H > 1

2 [111]. For H < 1
2 ,

fBms trajectories are more irregular paths and we cannot anymore apply Young integration.

Therefore we need to apply an alternative integration definition. In this thesis we apply

Stratonovich integration, defined as

∫ T

0

Ys ◦ dXs = lim
n→∞

Nn−1∑
i=0

1

2

(
Ytni + Ytni+1

)(
Xtni+1

−Xtni

)
.

For simplicity in this thesis we use
∫ T

0
YsdXs to denote Young or Stratonovich integration.

One important advantage of employing Stratonovich integration is its compatibility with

the shuffle product. Iterated Stratonovich integrals, under pointwise multiplication, form a

shuffle algebra, and allowing us to leverage results from shuffle algebra theory [40].

Finally, we conclude this section by recalling that, analogous to Definition 1.2.2, for a

d-dimensional continuous-time stochastic process Xt = (X1
t , X

2
t , . . . , X

d
t )

⊤ ∈ Rd, defined
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on the time interval 0 ≤ t ≤ T over a filtered probability space
(
Ω,F ,Ft,P

)
, the k-th order

signature component of X from time 0 to t is given by

Si1,...,ik(X)t =

∫
0<t1<···<tk<t

dXi1
t1 · · · dX

ik
tk
, 0 ≤ t ≤ T. (1.8)

A fundamental theoretical property of the signature that motivates its application in

statistical models such as regression is its universal nonlinearity. The following theorem

formally expresses this property.

Theorem 1.2.8 (Universal nonlinearity, [26, Theorem 2.12]). Let Xt be a continuous Rd-

valued with bounded p-variation (for p ∈ [1, 3)) and S be a compact (with respect to p-

variation norm) subset of paths of the time-augmented process X̃t =
(
t,X⊤

t

)⊤
from time

0 to T . Assume that f : S → R is a real-valued continuous function. Then, for any ε > 0,

there exists l ∈ T (Rd) such that

sup
s∈S
|f(s)− ⟨l,Sig(s)⟩| < ε,

where Sig(s) is the signature of s.

This theorem follows from the Stone-Weierstrass theorem. The classical Weierstrass

approximation theorem asserts that any real-valued continuous function on a closed interval

can be uniformly approximated by a polynomial. Therefore, linear forms on the signature

can be considered analogous to polynomial functions for paths. In this sense, the signature

transform equips us with a functional basis to describe and operate on curves as whole

objects, enabling tasks like pattern recognition and sequence classification without the need

to reconstruct or parameterize the curve explicitly. Any continuous function of a time series,

linear or nonlinear, can be approximated with arbitrary precision using a linear combination

of its signature. This property effectively linearizes the problem of feature selection and

motivates the study of regression methods for highly irregular trajectories, such as those

generated by fractional Brownian motions. In this thesis, we investigate regression models

for fractional Brownian motion and analyze their consistency.

1.3 Continuous Domain Group Convolutional Neural

Networks

One of the most prominent examples highlighting the significance of high-dimensional anal-

ysis is found in machine vision applications. In fact, a central challenge in machine learning,

especially in computer vision, is managing the complexity that arises from high-dimensional

data. For example, a color image of size 64 × 64 pixels, results in a total of 12,288 input

features [77]. Training a neural network directly on such high-dimensional input spaces

can lead to severe computational inefficiency and the risk of overfitting due to an excessive

number of trainable parameters.

Fully connected neural networks suffer greatly from this problem. Every neuron in a fully

connected layer is connected to every input feature, meaning the number of weights increases

linearly with the input dimension and the number of neurons. For example, connecting the

previously mentioned image to a fully connected layer with only 100 neurons results in over

a million parameters. This explosion in the number of parameters not only increases the

risk of overfitting but also makes training more computationally expensive. Convolutional
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Neural Networks (CNNs) address these limitations by leveraging local connectivity and

shared weights, making them well-suited for tasks like image recognition [77]. Not only does

this reduction mitigate overfitting and improve computational efficiency, but it also enables

the model to generalize better by recognizing patterns regardless of their location in the

image. This characteristic is known as the translation invariance property of convolutional

neural networks.

CNNs have achieved remarkable success in analyzing, recognizing, and understanding im-

ages, primarily due to their ability to automatically extract useful features from raw data.

However, the types of structures that CNNs can capture are often limited to simple symme-

tries, which may restrict their effectiveness in more complex pattern recognition scenarios.

In ordinary CNNs, translation symmetry of signals can often be detected due to the inherent

translation equivariance of convolutional layers. In Group-Convolutional Neural Networks

(G-CNNs), introduced in [25], this idea is extended to more general group symmetries, en-

abling better handling of more complex transformations and potentially improving learning

efficiency. In addition to their capacity to extend to broader group symmetries, G-CNNs also

offer support in addressing key challenges in high-dimensional statistics, such as mitigating

overfitting [52].

To facilitate a deeper exploration of G-CNNs, it is necessary to first review several fun-

damental definitions and concepts. we begin by revisiting several fundamental definitions

and theoretical concepts. The following section introduces the essential framework, nota-

tion, and illustrative examples that form the foundation for the analyses and contributions

presented in this thesis, particularly in the context of investigating invariance properties

within continuous-domain convolutional neural networks.

Ensuring the equivariance of artificial neural networks (NNs) with respect to a group

G is an essential characteristic, as it guarantees that applying transformations to the input

preserves all information, merely shifting it to different network locations. It has been

determined that when aiming for equivariant NNs, the sole viable choice is to employ layers

in which the linear operator is defined through group convolutions. We begin by examining

what a neural network framework for continuous signals looks like. For vector spaces, the

most general form of a linear transformation is a matrix–vector multiplication, while for

continuous signals, linear transformations are expressed through kernel operators. A neural

network framework for handling continuous signals can be formulated using the following

equation:

y = σ (KΦ(x)) , (1.9)

where x ∈ X represents the input vector, and Φ(x) denotes the input signal. For example

in an image input, x is the location of pixels and Φ(x) is the value that image takes in each

pixel. Moreover, K : L2(X )→ L2(Y) denotes a linear map, and σ is the activation function.

The kernel operator K is also defined as follows

Φl+1 = KΦl =

∫
X
K(x,y)Φl(x)dλX (x),

where K : L2(X ) → L2(Y), dλX is a Radon measure on X , K(x,y) denotes the kernel

function, and Φl ∈ L2(X ) denotes the feature map at layer l, i.e., a square-integrable function

that serves as the input to the next layer in a continuous neural network. To broaden the

application of this explanation to the notion of group convolutional neural networks, we

revisit a number of crucial definitions.
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Definition 1.3.1 (Group). A group (G, ·) is a set G equipped with a binary operator repre-

sented by a dot symbol. The dot operator is associative (g1·g2)·g3 = g1·(g2·g3), has an identity

element e. Moreover, every element of the set has an inverse element g · g−1 = g−1 · g = e.

In our considerations, the set comprises functions, such as translations or rotations. The

group operation operates on elements of this set through addition or multiplication [47]. We

also need to define normal groups. A normal group is a subgroup N of a group G such that,

for every element g in G, the conjugate gNg−1 is contained within N .

Example 1.3.2 (Translation group). The translation group in R2 is denoted by (R2, ·)
consists of all possible translations and is equipped with the below group product and group

inverse:

g · g′ = (x+ x′)

g−1 = −x,

where g = (x) and g−1 = (−x) and x,x′ ∈ R2.

One important example of groups are Lie groups, which are defined as follows:

Definition 1.3.3 (Lie groups). A Lie group is a set G with two structures: G is a group and

G is a (smooth, real) manifold. These structures agree in the following sense: multiplication

and inversion are smooth maps.

Roto-translation symmetries of Euclidean spaces are examples of Lie groups, which is

explained in the next example.

Example 1.3.4 (Roto-translation group). The roto-translation group in R2 is denoted by

SE(2). The group SE(2) = R2 ⋊ SO(2) consists of translations vectors in R2, and rotations

in SO(2) and is equipped with the group product and group inverse:

g.g′ = (x,Rθ) · (x′,Rθ′) = (Rθx
′ + x,Rθ+θ′)

g−1 = (−R−1
θ x,R−1

θ ),

for g = (x,Rθ), g
′ = (x′,Rθ′), Rθ =

(
cos θ − sin θ

sin θ cos θ

)
, and identity element (0, I). Note

that ⋊ denotes the semidirect product. In a direct product G = H ×K, both H and K are

normal in G. Semidirect products are a relaxation of direct products where only one of the

two subgroups must be normal.

The group operator provides instructions on how to act on the group elements, ensuring

that the result remains within the group. Of particular interest are symmetry groups, where

each element in the set represents a symmetry transformation. When the group acts on a

specific space, it is referred to as a group action.

Definition 1.3.5 (Group action). Let χ be a set. If G is a group with identity element

e, then a group action α of G on χ is a function, α : G × χ → χ, (which is usually

denoted as α(h,x) = h⊙ x) that satisfies identity and compatibility conditions (e⊙ x = x,

g ⊙ (h⊙ x) = (g · h)⊙ x) for all g, h ∈ G and all x ∈ χ.

For example the action of group G = SO(d) on space χ = Rd could be denoted by

g⊙x = Rx, where x ∈ Rd and R ∈ SO(d). For the set of points, we perform transformation
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through group products, while in the convolution kernel, we perform transformation via

group representations. Therefore we need to understand representations. The multiplication

within a group instructs us on merging transformations, yet it does not provide guidance

on utilizing these transformations on other entities like vectors or signals. To address this,

we require the concept of group action and group representations. Nevertheless, frequently,

our attention is predominantly directed towards linear group actions operating on vector

spaces, and these actions are termed representations.

Definition 1.3.6 (Representation). A representation is an invertible linear transformation

ρ(g) : V → V parameterized by a group elements g ∈ G that acts on some vector space V ,

which follows the group structure (it is a group homomorphism) via

ρ(g)ρ(h)v = ρ(g · h)v

for v ∈ V and g, h ∈ G.

A standard approach for defining the action of a group G on functions is via the regular

representation.

Definition 1.3.7 (Regular representation). Let Φ ∈ L2(X ). Then the regular representation

of G acting on L2(X ) is given by

ρ(g)Φ(x) = Φ
(
g−1x

)
.

Example 1.3.8 (Regular representation of roto-translation group). Let Φ ∈ L2(R2) be a

two dimensional image, G = SE(2) denotes the roto-translation group then

ρ(g)Φ(y) = Φ(R−1
θ (y − x)).

We continue this part with some additional definitions needed in the next part.

Definition 1.3.9 (Coset). Let H ⊂ G be a subgroup of G. Then gH denotes a coset given

by

gH =
{
g · h | h ∈ H

}
.

Definition 1.3.10 (Quotient Space). Let H ⊂ G be a subgroup of G. Then G/H denotes

the quotient space that is defined as the collection of unique cosets gH ⊂ G. Elements of

G/H are thus cosets that represents an equivalence class of transformations for which g ∼ g̃
are equivalent if there exists an h ∈ H such that g = g̃h.

Definition 1.3.11 (Stabilizer). Let G act on X via the action ⊙. For every x ∈ X , the
stabilizer subgroup of G with respect to the point x, denoted as StabG(x), is the set of all

elements in G that fix x, i.e.

StabG(x) =
{
g ∈ G | g ⊙ x = x

}
.

Moreover from [11] we know that, if X is a homogeneous space (informally, a homoge-

neous space can be understood as a space that possesses a uniform structure throughout, in

the sense that every point can be transformed into any other by the action of a group.) of

G, then X can be identified with G/H with H = StabG (x0) for any x0 ∈ X . For simplicity

in notation we do not use · and ⊙ symbols in the next sections. Furthermore, in this chapter
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we use g and h to denote group elements and Φ and K to denote input and kernel functions

respectively.

One striking characteristic of G-CNNs is their ability to characterize geometric features

and symmetries throughout the network’s architecture. Notably, they excel when dealing

with large groups that extend beyond mere translation equivariance. Classical CNNs can be

regarded as a special instance of G-CNNs. The real power of G-CNNs becomes evident when

more intricate geometric transformations are at play. Recent G-CNNs elevate feature maps

to higher-dimensional, disentangled representations [11]. Within these representations, G-

CNNs effectively learn intrinsic geometric patterns and transformation behaviors present in

the data, such as orientation, scale, and position, thereby reducing the need for traditional

geometric data-augmentation techniques. This not only streamlines the learning process

but may also reduce the risk of overfitting. Moreover, G-CNNs maintain their predictive

behavior under geometric transformations, thanks to their foundation in group theory and,

therefore, give rise to the concept of equivariance.

The introduction of G-CNNs to the machine-learning community by [25] marked the

inception of an expanding body of G-CNN literature that consistently highlights many ad-

vantages of G-CNNs over conventional CNNs. This literature can be roughly classified

into three main categories: discrete G-CNNs, regular continuous G-CNNs, and steerable

continuous G-CNNs. Discrete G-CNNs delve into discrete group structures, yielding im-

proved performance in various applications. This approach has been explored in studies

by [25, 29, 49, 104, 105], collectively contributing to the foundational understanding and

practical deployment of discrete G-CNNs. Regular continuous G-CNNs, as investigated by

[12, 78, 101, 114], focus on seamless transformations within continuous domains. Their re-

search showcases how G-CNNs can excel in handling continuous data, offering advantages

over traditional CNNs in capturing intricate patterns and representations. Steerable contin-

uous G-CNNs, explored in [5, 24, 54, 89, 106], introduce a specialized approach where the

convolution kernels are represented in terms of circular or spherical harmonics. This tech-

nique, particularly suitable for unimodular groups like roto-translations, enables efficient

computation by utilizing basis coefficients. [52] employs separability convolutions to attain

equivariance concerning scale-rotation-translation transformations. [20] utilizes separability

for efficient implementations of SE(3) equivariance.

One important problem in G-CNNs is to analyze the resemblance between two input

functions under affine transformations. This thesis examines affine transformations and

investigates invariance under such transformations. Affine transformations are denoted as

follows

G2 =
{
[x,A] : x ∈ R2,A ∈ GL2(R)

}
,

where

[x,A] : z 7→ x+Az.

The identity is [0, I], and, therefore, for all B ∈ GL2(R) we have [y,B]−1 = [−B−1y,B−1].

In order to study resemblance of two input functions Φ1 and Φ2 we need to provide some

definitions.

Definition 1.3.12 (ϵ-equivalance). We say that functions Φ1,Φ2 ∈ L(R2) are ϵ-equivalent

if ∥Φ1 − Φ2∥1 < ϵ or supx |Φ1(x)− Φ2(x)| < ϵ.

For instance, if a picture shows a slight deviation due to noise, we aim to overlook or

disregard this deviation.
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Definition 1.3.13 (Affine invariance). We say that functions Φ1,Φ2 ∈ L(R2) are Affine

invariant if there exists A ∈ G2 so that Φ1 = ρ(A)Φ2.

Definition 1.3.14 (ϵ-Affine invariance). We say that functions Φ1,Φ2 ∈ L(R2) are ϵ-Affine

invariant if there exists A ∈ G2 so that ∥Φ1−ρ(A)Φ2∥1 < ϵ or supx |Φ1(x)−ρ(A)Φ2(x)| < ϵ.

This thesis investigates affine invariance within continuous-domain convolutional neural

networks. In particular, we consider affine spaces generated by the general linear group

GL2(R), which consists of all invertible 2 × 2 matrices. Affine transformations, formed

by the combination of linear mappings and translations, are essential for modeling and

correcting geometric distortions of an affine nature, such as those frequently encountered in

image recognition tasks.

Previous research has primarily focused on equivariance under restricted subgroups with

additional structural constraints, such as those requiring a unit determinant. In contrast,

our work extends the analysis to the full general linear group. We propose a framework

for assessing whether the convolution of lifted feature maps Φ1 and Φ2 on G2 preserves

G2-invariance across all kernels. The implementation of this criterion necessitates defining

convolutions over G2, a technical challenge that we resolve through a decomposition-based

computational strategy employing the QR-decomposition of matrix groups.

The remainder of this thesis is organized as follows. In Chapter 2, we investigate the

statistical benefits of the cardinality sparsity concept introduced earlier. Chapter 3 explores

applications of cardinality sparsity in designing new matrix multiplication algorithms, in-

cluding simulation results and implementation details. Chapter 4 focuses on regression

problems involving fractional Brownian motion, approached through the path signature.

In Chapter 5, we study the symmetries induced by affine transformations in continuous-

domain convolutional neural networks. Finally, Chapter 6 provides concluding remarks for

the dissertation.

Notation remark: Employed notations in each chapter are defined specifically for the

corresponding chapter; some notations might have different definitions and meanings from

chapter to chapter.
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Chapter 2

Cardinality Sparsity in

Statistical Learning

This chapter is an adapted version of our paper [71]:

A. Mohaddes, and J. Lederer. Cardinality Sparsity: Applications in Matrix-Matrix Multi-

plications and Machine Learning. In TMLR 2025.

2.1 Chapter Overview

High-dimensional data has become ubiquitous across scientific disciplines, yet it poses sub-

stantial computational and statistical challenges. A common approach to address these

difficulties is to leverage sparsity. In this chapter, we investigate the notion of cardinality

sparsity, introduced in Chapter 1, and study its statistical benefits. We focus on two settings

in statistical learning: deep learning and tensor regression, where we examine the role of

cardinality sparsity and extend recent theoretical developments in these domains.

In [46], the authors investigated the notion of layer sparsity for neural networks. Cardi-

nality sparsity is analogous to layer sparsity, but instead addresses the sparsity in the width

of the network. Moreover, recent work on function approximation [13] has demonstrated

that deep neural networks can effectively approximate a broad range of functions with a

smaller set of unique parameters. This provides further motivation to focus on cardinality

sparsity as a means of reducing the network’s parameter space and increasing its learning

speed. In this section, we will first review the neural network model, as well as some nota-

tions and definitions that will be necessary. We will then investigate cardinality sparsity in

neural networks, and introduce a new family of regularizers that addresses cardinality spar-

sity as a special case. Finally, we will provide a prediction guarantee for the estimators of

a network with cardinality sparsity, and study the computational aspects of the introduced

regularizer.

We focus on regression rather than classification simply because regression is the statis-

tically more challenging problem: for example, the boundedness of classification allows for

the use of techniques like McDiarmid’s inequality [66, 28].

The remainder of this chapter is organized as follows. In Sections 2.2 and 2.3, we present

our statistical results, exploring cardinality sparsity in the contexts of deep learning and

tensor regression, respectively. Section 2.4 generalizes the notion of cardinality sparsity and

reviews several technical results. The proofs are collected in Section 2.4.3. Also, note that
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our simulation studies on the performance of cardinality sparsity are deferred to Chapter 3.

2.2 Deep Learning Framework

In this part, we briefly discuss some assumptions and notations of deep neural networks.

Consider the below regression model:

yi := g[xi] + ui, i ∈ {1, . . . , n},

for data (y1,x1), . . . (yn,xn) ∈ R × Rd. Where g : Rd 7→ R is an unknown data-generating

function and u1, · · · ,un ∈ R is the stochastic noise. Our goal is to fit the data-generating

function g with a feed-forward neural network gΘ : Rd 7→ R

gΘ[x] := WLfL
[
. . .W 1f1

[
W 0x

]]
, x ∈ Rd,

indexed by Θ ··= (WL, . . . ,W 0). Where L is a positive integer representing the number of

hidden layers and W l ∈ Rpl+1×pl are the weight matrices for l ∈ {0, . . . , L} with p0 = d

and pL+1 = 1. For each l ∈ {0, . . . , L}, the functions fl : Rpl+1 7→ Rpl+1 are the activation

functions. We assume that the activation functions satisfy fl[0pl+1
] = 0pl+1

and are aLip-

Lipschitz continuous for a constant aLip ∈ [0,∞) and with respect to the Euclidean norms

on their input and output spaces:

||fl[z]− fl[z′]|| ≤ aLip||z − z′|| for all z, z′ ∈ Rpl+1 .

Furthermore, we assume that the activation function fl : Rpl+1 7→ Rpl+1 is non-negative

homogeneous of degree 1 ( cf. [88])

f[sz] = sf[z] for all s ∈ [0,∞) and z ∈ Rpl+1 .

A standard example of activation functions that satisfy these assumptions are ReLU func-

tions [88]. We also denote by

A ··=
{
Θ ··= (WL, . . . ,W 0) : W l ∈ Rpl+1×pl

}
,

as the collection of all possible weight matrices for gΘ. Taking into account the high di-

mensionality of A (
∑L

l=0 pl+1pl ∈ [n,∞)), and following [88], we can employ the below

estimator:

(κ̂h, Ω̃h) ∈ argmin
κ∈[0,∞)
Ω∈Ah

{
1

n

n∑
i=1

(
yi − κgΩ[xi]

)2
+ λκ

}
,

where λ ∈ [0,∞) is a tuning parameter, h : A → R indicates the penalty term and the

corresponding unit ball is denoted by Ah = {Θ|h[Θ] < 1}. This regularization enables

us to focus on the effective noise zh := supΩ∈Ah
|2/n

∑n
i=1 gΩ[xi]ui|, which is related to

the Gaussian and Rademacher complexities of the function class Gh := {gΩ : Ω ∈ Ah}.
We need to show that the effective noise is controlled by the tuning parameter with high

probability. In order to consider the control on the effective noise similar to [88] we define:

λh,t ∈ min
{
δ ∈ [0,∞) : P(zh ≤ δ) ≥ 1− t

}
,
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which is the smallest tuning parameter for controlling the effective noise at level t. We

consider the prediction error as

err[κgΩ] :=

√√√√ 1

n

n∑
i=1

(
g[xi]− κgΩ[xi]

)2
for κ ∈ [0,∞),Ω ∈ Ah.

Furthermore, we assume that the noise variables ui are independent, centered, and uniformly

sub-Gaussian for constants K, γ ∈ (0,∞) [96, page 126]; [97, Section 2.5]:

max
i∈{1,...,n}

K2
(
Ee

|ui|
2

K2 − 1
)
≤ γ2.

In addition, we give some definitions which are convenient for illustrating the main results

of this section. For a vector z and a weight matrix W l we say

||z||n :=

√
1

n

∑n

i=1
||zi||22,

and

||W l||1 :=

pl+1∑
k=1

pl∑
j=1

∣∣∣W l
kj

∣∣∣. (2.1)

We also need the usual matrix norm [41, page 5]:

Definition 2.2.1. Suppose that || · ||α : Rn → R and || · ||τ : Rm → R are vector norms. For

B ∈ Rm×n we define:

||B||α→τ := max
x∈Rn\{0}

||Bx||τ
||x||α

.

Let || · ||α be a norm on Rn, || · ||τ be a norm on Rm and || · ||ζ is a norm on Rp then for

any x ∈ Rn:

||BCx||ζ ≤ ||B||τ→ζ ||Cx||τ ≤ ||B||τ→ζ ||C||α→τ ||x||α.

We now introduce some other parameters which are used in the main result of this section.

We set

G := (GL, ...,G0), (2.2)

and

MG := max
j
||Ḡj−1

||1→1, (2.3)

whereGj ; j ∈ {0, · · · , L} are non-invertible matrices and Ḡj is the invertible matrix induced

by the matrix Gj , and its inverse matrix is denoted by Ḡ−1 : Im(Gj)→ ker(G)⊥.

2.2.1 A General Statistical Guarantee for Regularized Estimators

Regularization plays an essential role in sparse regimes. Sparsity may lead to degenerate or

unstable solutions, since multiple sparse parameterizations can yield the same mapping. In

this section we propose a regularizer which resolves this by stabilizing the solution space,

reducing redundancy, and enforcing structured sparsity.

To induce cardinality sparsity, as shown in Equation (1.3), one can promote standard
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sparsity in AΘ for Θ ∈ A. Where we define A := (AL, ...,A0), for

Θ := (WL, . . . ,W 0) for W l ∈ Rpl+1×pl ,

which belongs to parameter space A := {(WL, . . . ,W 0) : W l ∈ Rpl+1×pl}. Indeed in this

case, we again consider a neural network with L hidden layers. For l ∈ {0, . . . , L}, our first
step is to transform each weight matrix into difference matrix, W l to AlW l. Where similar

to Equation (1.3), we define Al ∈ R(
pl+1

2 )×pl+1 so that each row of Al corresponds to a

distinct pair of indices (i, j) with 1 ≤ i < j ≤ pl+1. In the row associated with (i, j), the

entry in column i is set to 1, the entry in column j is set to −1, and all remaining pl+1 − 2

entries are zero. Thus, Al enumerates all possible index pairs, yielding
(
pl+1

2

)
rows in total.

The term ||AΘ||1 penalizes absolute differences, encouraging many of them to be zero

and thereby promoting equality among paired elements. Consequently, this term enforces

cardinality sparsity in the matrices Θ, meaning that each column of Θ contains repeated

elements. The sparsest case occurs when each column contains only a single unique value.

However, a limitation arises because ||AΘ||1 alone is not a norm: it vanishes for any

constant-per-column matrix (i.e., AΘ = 0 for all such Θ in the kernel of A). This allows

arbitrarily large constants to pass without penalty, potentially leading to degenerate solu-

tions. Moreover, since the measure is based on differences of rows, distinct matrices Θ can

yield the same value of AΘ.

To address these issues, we introduce a second term, ||ΠAΘ||1, where ΠA is the projection

onto ker(A). This term ensures that the projection of Θ onto the kernel, namely, the

component corresponding to a matrix with a single repeated element per column, is also

sparse. In addition, the inclusion of this term guarantees that the overall regularizer is a

norm (Proposition 2.4.3).

This family of regularizers can be viewed as a generalization of the standard ℓ1 regularizer.

While the usual ℓ1 penalty does not prevent large values, this form of sparsity control also

mitigates the effect of large magnitudes. Accordingly, the regularizer can be expressed as

follows:

h[Θ] := ||AΘ||1 + ν||ΠAΘ||1, (2.4)

where ΠA : A → ker(A) is the projection to ker(A) and ν is a positive constant.

In this thesis, we focus on a more general statistical guarantee for regularized estimators,

of which cardinality-based sparsity and the standard notion of sparsity are only two special

cases. We consider regularizers of the form

h[Θ] := ||GΘ||1 + ν||ΠGΘ||1 for Θ ∈ A, (2.5)

where G ∈ RN×Pr ; (N ≥ 2; Pr :=
∑L+1

l=1 pl) is an (invertible or non-invertible) matrix,

ν ∈ (0,∞) is a constant, and ΠG ∈ Rdim(ker(G))×Pr is the projection onto ker(G), the kernel

of G. One special case is ℓ1-regularization, where G = 0. Another special case of the

regularizer is the one that induces cardinality sparsity, where G = A.

Studying the effective noise introduced in the previous section enables us to prove the

main theorem of this section. We show that λh,t must satisfy λh,t ≤ 2δ, where δ will be

explicitly defined in Equation (2.9). Combining this with Theorem 2 of [88] we can prove

the below theorem for prediction guarantee of the introduced regularizer.
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Theorem 2.2.2 (Prediction guarantee for deep learning). Assume that

λ ≥ C(MG + 1)(aLip)
2L||x||2n

(√
2

L

)2L−1√
log(2P )

log(2n)√
n

, (2.6)

where C ∈ (0,∞) is a constant that depends only on the sub-Gaussian parameters K and γ

of the noise. Then, for n large enough, and ν ≥ 1/(1−MG)

err2[κ̂h gΩ̃h
] ≤ inf

κ∈[0,∞)
Ωh∈Ah

{
err2[κgΩh

] + 2λκ
}
,

with probability at least 1− 1/n.

The bound in Theorem 2.2.2 establishes essentially a (1/
√
n)-decrease of the error in

the sample size n, a logarithmic increase in the number of parameters P , and an almost

exponential decrease in the number of hidden layers L if everything else is fixed. In addition,

we know that aLip is equal to one for ReLU activation functions. This theorem is valid for

any matrix in general and we just need to adjust the parameter MG. We continue this part

with two corollaries that result from Theorem 2.2.2.

Corollary 2.2.3 (Standard ℓ1-sparsity). Let G = 0 then MG = 0, and for ν = 1 the

regularizer in (2.5) would be changed to ℓ1-regularizer. In this case, the Equation (2.9) for

a large number of parameters could be written as follows

λ ≥ C(aLip)
2L||x||2n

(√
2

L

)2L−1√
log 2P

log 2n√
n
, (2.7)

and then, for n large enough,

err2[κ̂h gΩ̃h
] ≤ inf

κ∈[0,∞)
Ωh∈Ah

{
err2[κgΩh

] + 2λκ
}
,

with probability at least 1− 1/n.

This corollary states that ℓ1-regularizer is a special case of the regularizer defined in

Equation (2.5). This corresponds to the setup in [88]. Another exciting example of matrix

G is the matrix A. Before illustrating the next corollary for cardinality sparsity, we provide

the below lemma.

Lemma 2.2.4 (Upper bound for MA). Let G = A. Then we have

MA ≤ sup
j∈{0,...,L}

2√
Pj

, (2.8)

where Pj denotes the number of parameters of each weight matrix.

This lemma implies that the value of MA is always less than two. Moreover, in practice,

deep learning problems contain many parameters and as a result
√
Pj is a large number

thus MA is a real number close to zero (MA ≪ 1).

Corollary 2.2.5 (Cardinality sparsity). Let G = A then MA ≪ 1, and in this case, the

Equation (2.9) for large number of parameters could be written as follows

λ ≥ C(aLip)
2L||x||2n

(√
2

L

)2L−1√
log 2P

log 2n√
n
, (2.9)
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and then, for n large enough, and ν ≥ 1/(1−MA)

err2[κ̂h gΩ̃h
] ≤ inf

κ∈[0,∞)
Ωh∈Ah

{
err2[κgΩh

] + 2λκ
}
,

with probability at least 1− 1/n.

Further Insights into Cardinality Sparsity Regularization

Now, we further investigate another aspect of the introduced regularizer. Recall that

h[Θ] := ||AΘ||1 + ν||ΠAΘ||1, where, Θ = (WL, . . . ,W 0) for W l ∈ Rpl+1×pl . In the

above equation the first term is ℓ1-regularizer, the second term however, (ΠAΘ) needs more

investigation. We know that the kernel space of Al is a matrix as follows (elements in each

column are the same) 
β1

β1
...

β1

β2

β2
...

β2

. . .

· · ·
. . .

· · ·

βn

βn
...

βn


Therefore, the projection of a matrix W l on this space, i.e. ΠAΘ, would be of the below

form 
w11+w21+···+wn1

n
w11+w21+···+wn1

n
...

w12+w22+···+wn2

n
w12+w22+···+wn2

n
...

. . .

· · ·
. . .

 ,
where wijs are entries of matrix W l. As a result, calculating ΠAΘ is not computationally

expensive and we just need to compute the mean of each column.

Also note that from Equation (2.4), we apply the regularizer below in the cardinality-

inducing case,

h[Θ] := ||AΘ||1 + ν||ΠAΘ||1.

Since according to Proposition 2.4.3 the above equation is a norm, it is consequently convex.

Therefore, our regularizer remains convex, in contrast to direct cardinality penalties, which

are indeed non-convex and combinatorial. Our approach leverages norm regularization to

promote sparsity in a tractable manner, avoiding the computational difficulties of solving

combinatorial problems.

In addition, to further mitigate computational complexity, one approach is to apply the

projection Pk onto the space of matrices with cardinality degree k. Within the learning

algorithm, we can enforce cardinality sparsity by mapping the updated weight matrix of the

hidden layer onto a cardinality-sparse matrix via a structured projection process. Specif-

ically, for each column of the matrix, we first sort the values in ascending or descending

order. Then, we partition these sorted values into k distinct groups, where k denotes the

predetermined sparsity degree, controlling the level of sparsity in the resulting matrix. Sub-

sequently, we compute the mean of the values within each partition and replace all original

values in that partition with this mean, effectively making all values within each partition

uniform. This projection ensures that the matrix retains a sparse structure while preserving

essential information.
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2.3 Sparsity in Tensor Regression

In this section, we first provide a brief review of tensors and tensor regression. Then, we

study cardinality sparsity for tensor regression. For two tensors X ∈ RI1×···×IK×P1×···×PL

( I1, . . . , IK , P1, . . . , PL are positive integers) and Y ∈ RP1×···×PL×Q1×···×QM (Q1, . . . , QM

are positive integers) the contracted tensor product

⟨X,Y⟩L ∈ RI1×···×IK×Q1×···×QM ,

can be defined as follows

(⟨X,Y⟩L)i1,...iK ,q1,...,qM :=

P1∑
p1=1

· · ·
PL∑

pL=1

Xi1,...iK ,p1,...,pL
Yp1,...pL,q1,...,qM .

In the special case for matrices X ∈ RN×P and Y ∈ RP×Q, we have

⟨X,Y ⟩1 := XY .

Assume that we have n = 1, . . . , N observations, and consider predicting a tensor Y ∈
RN×Q1×···×QM from a tensor X ∈ RN×P1×···×PL with the model

Y := ⟨X,B⟩L + U,

where B ∈ RP1×···×PL×Q1×···×QM is a coefficient array and U ∈ RN×Q1×···×QM is an error

array. The least-squares solution is as follows

B̂ ∈ argmin
B
||Y− ⟨X,B⟩L||2F ,

where || · ||F denotes the Frobenius norm. However, this solution is still prone to over-fitting.

In order to address this problem an L2 penalty on the coefficient tensor B, could be applied

B̂ ∈ argmin
B
||Y− ⟨X,B⟩L||2F + λ||B||2F , (2.10)

where λ controls the degree of penalization. This objective is equivalent to ridge regression

when Y ∈ RN×1 is a vector and X ∈ RN×P is a matrix. Similar to the neural networks we

modify Equation (2.10) so that it is suitable for cardinality sparsity as follows

B̂ ∈ argmin
B
||Y− ⟨X,B⟩L||2F + λh[B], (2.11)

and similar to the previous case we again define

h[B] := ||B×n G||1 + ν||ΠGB||1, (2.12)

where again G is any matrix, ΠG is the projection to ker(G) and ν is a constant. Then we

have the below theorem for tensors.

Theorem 2.3.1 (Prediction bound for tensors and boundedness of effective noise). Consider

the Equation (2.11). Let U•,p1,··· ,pl
∼ N (0, σ2) for any p1, . . . , pl. Assume the effective noise
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2 ∥⟨U,X⟩1∥∞ is bounded, then for every B ∈ RP1×···×PL×Q1×···×QM it holds that

||⟨X,B⟩L − ⟨X, B̂⟩L||2F ≤ inf
A

{
||⟨X,B⟩L − ⟨X,A⟩L||2F + 2λh[A]

}
Also let U•,p1,··· ,pl

∼ N (0, σ2). Then the effective noise 2||⟨X,U⟩1||∞ is bounded with high

probability, i.e.,

P {λt ≥ 2||⟨X,U⟩1||∞} ≥ 1− P1 · · ·PLQ1 · · ·QMe
−
(

λt
2σ

√
Ns

)2
/2
,

where s is defined as the follows

s := sup
q1∈{1,...,Q1}···qM∈{1,...,QM}

2|(⟨X,X⟩1)q1,··· ,qM ,q1,··· ,qM |/N

The proof of this theorem relies solely on the norm property of h[B], independent of the
specific form of the matrix G. Hence, the following corollaries follow immediately.

Corollary 2.3.2 (Prediction bound for tensors and boundedness of effective noise for

ℓ1-regularizer). Let G = 0 then regularizer in (2.12) changes to ℓ1-regularizer and by as-

sumptions of Theorem 2.3.1 it holds that

||⟨X,B⟩L − ⟨X, B̂⟩L||2F ≤ inf
A

{
||⟨X,B⟩L − ⟨X,A⟩L||2F + 2λh[A]

}
,

and the effective noise 2||⟨X,U⟩1||∞ is bounded with high probability.

Corollary 2.3.3 (Prediction bound and boundedness of effective noise for cardinality spar-

sity). Let G = A then regularizer in (2.12) induces cardinality sparsity and by assumptions

of Theorem 2.3.1 it holds that

||⟨X,B⟩L − ⟨X, B̂⟩L||2F ≤ inf
A

{
||⟨X,B⟩L − ⟨X,A⟩L||2F + 2λh[A]

}
,

and the effective noise 2||⟨X,U⟩1||∞ is bounded with high probability.

Corollary 2.3.4. In the special case, for Y := Xβ +U ; where X ∈ RN×P1 ,U ∈ RP1×1,

the Theorem 2.3.1 would change to

P {λt ≥ 2||⟨X,U⟩1||∞} ≥ 1− P1e
−
(

λt
2σ

√
Ns

)2
/2
,

and s changes to

s :=
1

N
sup

p1∈{1,...,P1}
2|(⟨X,X⟩1)p1,p1

|.

This result matches Lemma 4.2.1 of [59].

2.4 Technical Results and Proofs

In this section, we then broaden our concept of sparsity. Subsequently, we provide additional

technical results.
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2.4.1 Extending Our Notion of Sparsity

Now we recall some notations and definitions. We then provide a generalized setting for our

notion of sparsity. We begin by briefly recalling some notation and definitions. Recall that

M := MG := max
j
||Ḡj−1

||1→1, (2.13)

where Ḡj is the invertible matrix induced by Gj . We also define below auxiliary parameter

for our computations

b := max {M, 1} . (2.14)

Furthermore, for the sake of simplicity from now on, we depict ΠGΘ and ΠGW by Θ̃ and

W̃ respectively. Indeed

Θ := Θ̃ + Θ := (W̃
L
, . . . , W̃

0
) + (W

L
, . . . ,W

0
), (2.15)

where Θ̃ ∈ ker(G) and Θ belong to the space which is orthogonal to the ker(G). Subse-

quently, for each l ∈ {0, . . . , L}, we decompose each weight matrix W l according to the ker-

nel ofGl denoted by ker(Gl). Specifically, we can writeW l := W̃
l
+W

l
, where all columns

of W̃
l
belong to ker(Gl) and all columns of W

l
are within the space, which is orthogonal to

ker(Gl) denoted by ker(Gl)⊥. This implies that W ′l = GlW l = GlW +GlW̃ = GlW .

We can also rewrite (2.5) like the below:

h[Θ, Θ̃] := ||GΘ||1 + ν||Θ̃||1.

Employing Equation (2.1), equivalent to (2.5) we can write the penalty term as

h[Θ] ··=
L∑

i=0

pl+1∑
k=1

pl∑
j=1

∣∣∣(GlW l)kj

∣∣∣+ L∑
i=0

pl+1∑
k=1

pl∑
j=1

∣∣∣W̃ l

kj

∣∣∣ . (2.16)

Note that, we could also study the performance of regularizer in neural networks away with

the scaling parameter (see [60]). In the next part, we provide a generalization of our sparsity

concept.

Sparsity Notion Extension

In a more general setting, we can fix a partition for the weight matrix so that elements

with the same value are in the same group. Indeed, we assume that in the sparsest case

each partition contains one unique row. While in the previous case there is one individual

row in the entire matrix in the sparsest case. Indeed, the generalized setting concerns block

sparsity, while in the normal case, the entire matrix is considered as one single block. The

group sparsity concept can be employed to study this setting. In this section, we apply the

regularizer based on the penalty term defined in equation 2.5 to the analog of group sparsity.

First of all, for l ∈ {0, . . . , L}, we let I := {Bl1, . . . ,Bldl
} be a partition of {1, . . . , pl+1},

where dl ∈ {1, 2, . . .} is the number of partitions within I. We further write the network

weights row-wise

W l :=

((
W l

1

)⊤
. . .
(
W l

pl+1

)⊤)⊤

,
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and define

W l
Bl

i

··=
((

W l
j1

)⊤
. . .
(
W l

j|Bl
i
|

)⊤)⊤

i ∈ {1, . . . , dl},

where {j1, . . . , j|Bl
i|} = B

l
i and |Bli| is the cardinality of Bli for all l ∈ {0, . . . , L}. As before,

there exist matricesAj
i ∈ R(

|Bj
i
|

2 )×|Bj
i |, such thatAj

iW Bj
i
is a matrix whose rows are row-wise

subtractions of elements of W Bj
i
. Let Aj be the matrix constructed by these sub-matrices

in such a way that

||AjW j ||1 =

dj∑
i=1

∣∣∣∣∣∣√Pi,jA
j
iW Bj

i

∣∣∣∣∣∣
1

=

dj∑
i=1

∑
s,t∈Bj

i

√
Pi,j

2
||W s −W t||1,

where Aj :Mpj+1×pj
→Mlj×pj

andMm×n denotes the space ofm×n matrices. Moreover,

Pi,j , is the number of parameters in group i, where lj is calculated from summing over all

2-combinations of the cardinality of partitions, i.e.

lj :=
∑dj

i=1

|Bji | × (|Bji | − 1)

2
.

In order to clarify more consider the below example.

Example 2.4.1. Let B11 = {1, 2, 3},B12 = {4, 5} and let W j ∈ R5×5 then P1,j = 15 and

P2,j = 10 and AjW j is as follows


√
15

0

−
√
15

0

−
√
15√

15

0

0

0

−
√
15√

15

0

0

0

0√
10

0

0

0

−
√
10



×


w11

w21

w31

w41

w51

w12

w22

w32

w42

w52

w13

w23

w33

w43

w53

w14

w24

w34

w44

w54

w15

w25

w35

w45

w55



=


√
15(w1 −w2)√
15(w2 −w3)√
15(w1 −w3)√
10(w4 −w5)

 ,

where w1, · · · ,w5 denote the rows of the second matrix. In addition, we have

Aj
1 :=


√
15 −

√
15 0

0
√
15 −

√
15

−
√
15 0

√
15

 ;Aj
2 :=

[√
10 −

√
10
]
.

Note that the computations for this setting are similar to the previous case, where we

considered a non-invertible matrix G for our analysis in the last Section. The only change

is related to the computation of the upper bound for the parameter MA, which is addressed

in the next corollary.
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Corollary 2.4.2. For the matrix A with generalized cardinality sparsity the value of MA

is bounded as the below

MA := sup
j
||Aj−1

||1→1 ≤ sup
j

sup
i
||Aj†

i ||1→1 =

sup
j

sup
i

2√
Pi,j |Bji |

.

2.4.2 Auxiliary Results

In this part we provide some auxiliary results which are required to prove the results of this

chapter.

Convexity

We first show that h defined in (2.5) is a norm and Ah which is defined as the below is a

convex set.

Ah := {Θ|h(Θ) ≤ 1}. (2.17)

Proposition 2.4.3 (Convexity). Ah defined in above is a convex set and h defined in (2.5)

is a norm.

Lipschitz Property

The Lipschitz property can be employed to show the boundedness of networks over typical

sets that are derived from the presented regularization scheme. The Lipschitz property of

neural networks on Ah can be stated as follows.

Theorem 2.4.4 (Lipschitz property on Ah). if Ω,Γ ∈ Ah and activation functions are

aLip-Lipchitz then we get

||gΩ − gΓ||n ≤ 2(aLip)
L
√
L||x||n

(
1

L
(M +

1

ν
)

)L

||Ω− Γ||F , (2.18)

where we set M = MG = max
j
||Ḡj−1

||1→1. Ḡj is a matrix induced by Gj and L is the

number of hidden layers. We can rewrite (2.18) as follows

||gΩ − gΓ||n ≤ cLip||Ω− Γ||F ,

where we define

cLip := 2(aLip)
L
√
L||x||n

(
2

L

(
M +

1

ν

))L

.

The above theorem results in boundedness on Ah. This property proves useful for bounding

the quantiles of empirical processes. Specifically, it helps demonstrate that the networks are

Lipschitz continuous and bounded over typical sets defined by our regularization strategy

(Ah). The following lemma formalizes this result.

Theorem 2.4.5 (Boundedness on Ah ). The set ({gΩ|Ω ∈ Ah}, || · ||n) is bounded.
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Dudley Integral

To analyze the complexity characteristics, we introduce the covering number N (r,A , || · ||)
and define the corresponding entropy as

H(r,A , || · ||) := logN (r,A , || · ||),

where N (r,A , || · ||) is the covering number, r ∈ (0,∞), and || · || is a norm on an space A

([95] Page 98). These quantities are used to define a complexity measure for a class of neural

networks Gh := {gΩ : Ω ∈ Ah}.
We also define the Dudley integration of the collection of networks Gh := {gΩ : Ω ∈ Ah}

by

J (δ, σ,Ah) :=

∫ ∞

δ/(8σ)

H1/2 (r,Gh, || · ||n) dr,

for δ, σ ∈ (0,∞) ([96] Section 3.3). Dudley integration can be used to bound the complexity

of the corresponding neural network class. Now we try to provide the elements which are

needed to find λh,t in Theorem 2 of [88]. For this purpose, we apply Lemma 10 from [88]

which enables us to bound entropies over the parameter space rather than the network space.

Moreover, we think of Ah as a set in RP and we obtain

H (r,Gh, || · ||n) ≤ H

(
r

2(aLip)L
√
L
(
2
L

(
M + 1

ν

))L ||x||n ,Ah, || · ||F

)

= H

(
r

2(aLip)L
√
L
(
2
L

(
M + 1

ν

))L ||x||n ,Ah ⊂ RP , || · ||2

)
.

We also need the below auxiliary Lemma which relates Ah and the l1−sphere.

Lemma 2.4.6 (Relation between Ah and l1−sphere of radius b). We have Ah ⊂ B1(b),

where B1(b) is the l1 − sphere of radius b.

Bounding the Dudley entropy integral is a key step toward establishing an upper bound

on the Rademacher complexity. In the next step, we provide an upper bound for the Dudley

integration.

Lemma 2.4.7 (Entropy and Dudley integration upper bound). Assume that the activation

functions fl : Rpl → Rpl are aLip-Lipschitz continuous with respect to the Euclidean norms

on their input and output spaces. Then, it holds for every r ∈ (0,∞) and δ, σ ∈ (0,∞) which

satisfy δ ≤ 8σR that

H

(
r

2(aLip)L
√
L
(
2
L

(
M + 1

ν

))L ||x||n ,Ah ⊂ RP , || · ||2

)
≤

24b2c2Lip
r2

log(
ePr2

4b2c2Lip
∨ 2e),

and

J (δ, σ,Ah) ≤5(M + 1)cLip

√
log

(
eP
(
M +

1

ν

)2
∨ 2e

)
× log

8σR

δ
,
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where

R′ := 2(aLip)
L
√
L||x||n

( 2
L

)L(
M +

1

ν

)L+1

,

and

R := max {R′, 1}.

2.4.3 Supporting Proofs

In this part, we provide proof for the main results of Section 2.

Proof of Proposition 2.4.3

Proof. Because for Θ1,Θ2 ∈ Ah we get

h[αΘ1 + (1− α)Θ2] =

||G(αΘ1 + (1− α)Θ2)||1 + ν||αΘ̃1 + (1− α)Θ̃2||1,

where Θ1 = Θ1 + Θ̃1 and Θ2 = Θ2 + Θ̃2. Using triangular inequality, we obtain

||G(αΘ1 + (1− α)Θ2)||1 + ν||αΘ̃1 + (1− α)Θ̃2||1
≤ α||GΘ1||1 + (1− α)||GΘ2||1 + αν||Θ̃1||1 + (1− α)ν||Θ̃2||1
= α(||GΘ1||1 + ν||Θ̃1||1) + (1− α)(||GΘ2||1 + ν||Θ̃2||1)

= αh[Θ1] + (1− α)h[Θ2].

For the second part of proposition, we have

h[αΘ] = ||GαΘ||1 + ν||αΘ̃||1 = |α| h[Θ].

Moreover,

h[Θ] = 0⇒ ||GΘ||1 + ν||Θ̃||1 = 0

⇒

{
I. ||GΘ||1 = 0

II. ||Θ̃||1 = 0

,

from (I) we obtain that GΘ = 0. Since Θ ∈ ker(G)⊥ we obtain that Θ = 0. Therefore, (II)

results that Θ = 0. Furthermore, by convexity we obtain

h[Θ1 +Θ2] =2h
[Θ1 +Θ2

2

]
≤ 2h

[Θ1

2

]
+ 2h

[Θ2

2

]
= h[Θ1] + h[Θ2].
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Proof of Theorem 2.4.4

Proof. Similar to [88] we employ Proposition 6 of [88] to prove Theorem 2.18. Compared

with [88] we can use the below equation.

max
l∈{0,...,L}

∏
j∈{0,...,L}

j ̸=l

(
||W j ||2 ∨ ||V j ||2

)
≤
(
1

L

L∑
j=0
j ̸=l

(
||W j ||2 ∨ ||V j ||2

))L

.

Our goal is to find an upper bound for
∑
j

(
||W j ||1 ∨ ||V j ||1

)
in terms of h. Considering

Equation (2.15) we get

W j := W
j
+ W̃

j
, W̃

j
∈ ker(G).

As a result, employing 1. triangle inequality, 2. invertible matrix Ḡj induced from Gj ,

3. norm property in Definition (2.2.1), 4. factorizing the largest norm value and using Equa-

tion (2.16), 5. using h[Ω] ≤ 1 yield

∑
j

||W j ||1 =
∑
j

||W j
+ W̃

j
||1

≤
∑
j

||W j ||1 + ||W̃
j
||1

≤
∑
j

||Ḡj−1

ḠjW
j ||1 + ||W̃

j
||1

≤
∑
j

||Ḡj−1

||1→1||ḠjW
j ||1 + ||W̃

j
||1

≤ max
j
||Ḡj−1

||1→1h(Θ̄, Θ̃) + ||Θ̃||1

≤ max
j
||Ḡj−1

||1→1 + ||Θ̃||1,

(2.19)

where in the last inequality we restricted ourselves to the Ah. Also since h[Ω] ≤ 1 we obtain

ν||Θ̃||1 ≤ 1.

Then we can write inequality (2.19) as follows

∑
j

||W j ||1 ≤M +
1

ν
, (2.20)

where M is defined in Equation (2.13). As a result equivalent to Lemma 7 of [88] we get

L∑
j=0

(
||W j ||2 ∨ ||V j ||2

)
≤

L∑
j=0

(
||W j ||2 + ||V j ||2

)
≤

L∑
j=0

(
||W j ||1 + ||V j ||1

)
≤ 2M +

2

ν
,

and therefore
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max
l∈{0,...,L}

∏
j∈{0,...,L}

j ̸=l

(
||W j ||2 ∨ ||V j ||2

)

≤
(
1

L

L∑
j=0
j ̸=l

(
||W j ||2 ∨ ||V j ||2

))L

≤
(
2

L

(
M +

1

ν

))L

.

According to Lemma 6 of [88] for Θ,Γ ∈ Ah we get

||gΘ − gΓ||n ≤ 2(aLip)
L
√
L||x||n×

max
l∈{0,...,L}

∏
j∈{0,...,L}

j ̸=l

(
||W j ||2 ∨ ||V j ||2

)
||Θ− Γ||F .

Therefore, if Ω,Γ ∈ Ah we obtain

||gΩ − gΓ||n ≤ 2(aLip)
L
√
L||x||n

(
2

L

(
M +

1

ν

))L

||Ω− Γ||F ,

where we define,

cLip := 2(aLip)
L
√
L||x||n

(
2

L

(
M +

1

ν

))L

.

Proof of Theorem 2.4.5

Proof. Because according to Theorem (2.4.4)

||gΩ − g0||n ≤ 2(aLip)
L
√
L||x||n

(
2

L
(M +

1

ν
)

)L

||Ω− 0||F , (2.21)

and according to (2.20) we find that

||Ω||F ≤
∑
j

||W j ||1 ≤M +
1

ν
. (2.22)

Proof of Lemma 2.4.6

Proof. Again employing 1. triangle inequality, 2. invertible matrix Ḡj induced from Gj ,

3. norm property in Definition (2.2.1) 4. factorizing the largest norm value, applying this

definition that b := max {M, 1} , and using Equation (2.16), yield
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W ∈ Ah ⇒ ||W ||1 ≤
L∑

j=1

||W j ||1+||W̃
j
||1

=

L∑
j=1

||Ḡ−1
j ḠjW

j ||1+||W̃
j
||1

≤
L∑

j=1

||Ḡ−1
j ||1→1||ḠjW

j ||1+||W̃
j
||1

≤ b
( L∑

j=1

||ḠjW
j ||1+||W̃

j
||1
)
.

Proof of Lemma 2.4.7

Proof. By employing Lemma 2.4.6 and using the fact that If A ⊂ B then N (ε,A , ||.||) ≤
N (ε,B, ||.||), we get

N (ϵ,Ah, ||.||2) ≤ N (ϵ,
(
B1(b) ⊂ RP

)
, ||.||2)

= N (
ϵ

b
, (B1(1) ⊂ RP ), ||.||2).

(2.23)

Then using 1. the definition of the entropy 2. Equation (2.23) 3. definition of cLip we

obtain

H

(
r

2(aLip)L
√
L
(
2
L

(
M + 1

ν

))L ||x||n ,Ah ⊂ RP , || · ||2

)

= logN

(
r

2(aLip)L
√
L
(
2
L

(
M + 1

ν

))L ||x||n ,Ah ⊂ RP , || · ||2

)

≤ logN

(
r

2b(aLip)L
√
L
(
2
L

(
M + 1

ν

))L ||x||n , B1(1) ⊂ RP , || · ||2

)

= logN
(

r

2bcLip
, B1(1) ⊂ RP , || · ||2

)
.

From [88] we obtain

H
(√

2µ,B1(1) ⊂ RP , || · ||2
)

= logN
(√

2µ,B1(1) ⊂ RP , || · ||2
)

≤ 3

µ2
log(2ePµ2 ∨ 2e),

where µ := r
2b

√
2cLip

.This yields

H

(
r

2(aLip)L
√
L
(
2
L

(
M + 1

ν

))L ||x||n ,Ah ⊂ RP , || · ||2

)

≤ H
(√

2µ,B1(1) ⊂ RP , || · ||2
)
≤

24b2c2Lip
r2

log(
ePr2

4b2c2Lip
∨ 2e).
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We need to find a constant R ∈ [0,∞) so that supΩ∈Ah
||gΩ||n ≤ R. employing Equations

(2.21) and (2.22) we find that

R′ := 2(aLip)
L
√
L||x||n(

2

L
)L(M +

1

ν
)
L+1

,

and R := max {R′, 1}. Therefore, for all Γ ∈ Ah, it holds that N (r,Gh, || · ||n) = 1 for all

r > R and, consequently, H (r,Gh, || · ||n) = 0 for all r > R. Thus we assume that r ≤ R, as

a result

J (δ, σ,Ah) =

∫ R

δ
8σ

H
1
2 (r,Gh, || · ||2) dr

≤
∫ R

δ
8σ

(24b2c2Lip
r2

log(
ePr2

4b2c2Lip
∨ 2e)

) 1
2 dr

≤ 5bcLip

√
log(

ePR2

4b2c2Lip
∨ 2e)

∫ R

δ
8σ

1

r
dr

= 5bcLip

√
log(

ePR2

4b2c2Lip
∨ 2e) log

8σR

δ

=

√√√√√log(
eP (2(aLip)L

√
L||x||n( 1

L )
L(M + 1

ν )
L+1

)2

4b2(2(aLip)L
√
L||x||n

(
2
L

(
M + 1

ν

)L)2 ∨ 2e)

× 5bcLip log
8σR

δ

= 5bcLip

√
log(

eP (M + 1
ν )

2

b2
∨ 2e) log

8σR

δ

≤ 5(M + 1)cLip

√
log(eP (M +

1

ν
)
2

∨ 2e) log
8σR

δ
.

Proof of the Main Result of Section 2.2 (Theorem 2.2.2)

Proof. We recall that

||gΩ − gΓ||n ≤ 2(aLip)
L
√
L||x||n

(
2

L
(M +

1

ν
)

)L

||Ω− Γ||F

||gΩ||n ≤ 2(aLip)
L
√
L||x||n

(
1

L

)L

(M +
1

ν
)L+1

J (δ, σ,Ah) ≤ 5(M + 1)cLip

√
log

(
eP
(
M +

1

ν

)2
∨ 2e

)
×

log
8σR

δ
,

As we see in the Section (2.2.1), in practice M is a parameter whose value is less than

one and close to zero. We set ν ≥ 1
1−M As a result we see that the above upper bound can

be simplified as follows

J(δ, σ,Ah) ≤ 5(M + 1)cLip
√
log (2P ) log

8σR

δ
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R′ = 2(aLip)
L
√
L||x||n(

2

L
)L.

which is the first ingredient we need to employ corollary 8.3 of [96]. In order to apply this

corollary we also need to choose parameters δ, σ ∈ (0,∞) so that

δ < σR,

and
√
n ≥ asub

δ
(J(δ, σ,Ah) ∨R).

Now we will try to find proper values for them. For simplicity we define:

η(M,L, P ) := 5(M + 1)cLip
√

log (2P ).

Also we set

δ := 4asubR× f
log(2n)√

n
,

where f is a parameter related to M,L, P that we will find later.

In this step we first find an upper bound for 8σR
δ that we need in our computations. We

define σ := 2δ/R ∨√γ. 1. by definition of σ and δ, 2. assuming 4
√
2asub ≥ γ/f we get

8σR

δ
=

8R
(

8asubR×f
log(2n)√

n

R ∨
√
2γ
)

4asubR× f log(2n)√
n

= 16 ∨
( 2

√
2γ
√
n

fasub log(2n)

)
≤ 16 ∨ 16

√
n

log(2n)
≤ 16

√
n.

(2.24)

As a result, using 1. Equation (2.24), 2. the fact that log is an increasing function and

R ≥ 1:

asub(R ∨ J)
δ

=

√
nasub

[
R ∨ η(M,L, P ) log

(
8σR
δ

)]
4asubR× f(M,L, P ) log(2n)

≤
√
n [1 ∨ η(M,L, P ) log(16

√
n)]

4f(M,L, P ) log(2n)

=
√
n

(
1

4f(M,L, P ) log(2n)
∨ η(M,L, P )

2f(M,L, P )

)
.

If we assume that n is enough large and by selecting constant f = η
2 we get

asub(J ∨R)
δ

≤
√
n,

which is satisfying the second condition as desired.

Therefore, using 1. Lemma 11 of [88] (where v := σ2), 2. the fact that P(C ∩ D) ≤ α
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results P
(
C∁ ∪ D∁

)
≥ 1− α and P

(
C∁
)
≥ P

(
C∁ ∪ D∁

)
− P

(
D∁
)
we obtain

P

({
sup

Ω∈Ah

| 1
n

n∑
i=1

gΩ(xi)ui| ≥ δ

}
∩

{
1

n

n∑
i=1

u2
i ≤ σ2

})

≤ asube
−nδ2

(asubR)2

⇒ P

({
sup

Ω∈Ah

| 1
n

n∑
i=1

gΩ(xi)ui| ≤ δ

})

≥ 1− asube
−nδ2

(asubR)2 − e
nσ2

12K2

⇒ P

({
sup

Ω∈Ah

| 1
n

n∑
i=1

gΩ(xi)ui| ≤ δ

})
≥ 1− 1

n
,

(2.25)

where in the last line we used the fact that

δ = asubR×
η

2

log(2n)√
n

= asubR×
5(M + 1)cLip

√
log (2P )

2

log(2n)√
n

,

and

−nδ2

(asubR)2
=
−na2subR2 × 25(M+1)2c2Lip log(2P )

4

(
log(2n)√

n

)2
(asubR)2

= −25

4
(M + 1)

2
c2Lip log (2P ) (log(2n))

2
.

Equation (2.25) states that λh,t ≤ 2δ for t = 1/n. Then the main result can be implied

from Theorem 2 of [88] by setting λ ≥ 2δ = 2asubR× f log(2n)√
n

.

Proof of Corollary 2.2.3

Proof. We know that

Ḡ−1 : Im(Gj)→ ker(G)⊥.

for G = 0 we have Im(Gj) = 0 and ker(G)⊥ = 0 (as the ker(0) contains all the space).

Therefore, Ḡ−1 is also equal to zero. As a result M0 = 0 and Theorem 2.2.2 holds for every

ν ≥ 1.

Proof of Upper Bound for Parameter M (Lemma 2.2.4)

To prove this lemma we first prove Corollary 2.4.2. This lemma is a direct result when we

have just one partition.

Proof. We know that Aj :Mpj+1×pj →Mlj×pj whereMpj+1×pj = ker(Aj)⊕ ker(Aj)⊥ (⊕
denotes the direct sum) and lj =

∑
i

(|Bj
i |
2

)
. We also have

kerAj =
{
W j : consist of same rows in each partition

}
.

In fact
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Aj : ker(Aj)⊕ ker(Aj)⊥ → Im(Aj) ⊂Mlj×pj
,

and by definition Āj : ker(Aj)⊥ → Im(Aj) is the restriction ofAj to the subspace ker(Aj)⊥.

Therefore, it is invertible and we obtain

Āj−1

: Im(Aj)→ ker(Aj)⊥.

We know that groups provide a partition for rows therefore Aj =
⊕

i

√
Pi,jA

j
i where

Aj
i is the matrix associated to each group. We also know

Aj† : Mlj×pj → ker(Aj)⊥,

by the geometric interpretation ofAj† (pseudo-inverse ofA)we know that it is an extension of

Āj−1
: Im(Aj)→ ker(Aj)⊥. We need below auxiliary Lemma for the rest of computations.

Lemma 2.4.8 (Equivalence of norm on two spaces). || · ||1→1 of Aj as a linear map from

Rpj+1 → Rlj is the same as the || · ||1→1 of Aj as a linear map fromMpj+1×pj
toMlj×pj

.

Proof. Let D ∈ Mpj+1×pj
and let denote its columns by d1, ...,dpj

. Therefore, Aj(D) =

[Ajd1, ...,A
jdpj

]. By (2.26, 2.27), || · ||1→1 of Aj as a linear map Mpj+1×pj
to Mlj×pj

is

equal to || · ||1→1 of Aj as a linear map from Rpj+1 → Rlj .

Also by definition

||Āj−1||1→1 = sup
x∈Im(Aj)

||Āj−1

x||1
||x||1

,

and

||Aj† ||1→1 = sup
x∈Mlj×pj

||Aj†x||1
||x||1

.

Since the sup is taking over a larger set we get

||Āj−1

||1→1 ≤ ||Aj† ||1→1.

Note that Aj is a linear map from the linear spaceMpj+1×pj to the linear spaceMlj×pj .

( If D ∈ Mlj×pj then:Aj†(D) = (Āj)−1
(
orthogonal projection of D on Im(Aj)

)
which

shows kerAj† is an extension of Āj−1

). Because of special structure of matrix Aj we can

see that

Aj†

i =
1√

Pi,j |Bji |
×Aj

i

⊤
,

therefore:

||Aj†

i ||1→1 =
2√

Pi,j |Bji |
.

On the other hand, if

B = B1 ⊕B2 ⊕ . . . , (2.26)

then
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||B||1→1 = sup
i
||Bi||1→1. (2.27)

As a result

M = sup
j
||Aj−1

||1→1 ≤ sup
j

sup
i
||Aj†

i ||1→1

= sup
j

sup
i

2√
Pi,j |Bji |

.

Proof of Prediction Bound for Tensors (Theorem 2.3.3)

Proof. We have

||Y− ⟨X, B̂⟩L||2F + λh[B̂] ≤ ||Y− ⟨X,A⟩L||2F + λh[A].

Adding a zero-valued term in the ℓ2-norms on both sides then gives us

||Y− ⟨X,B⟩L + ⟨X,B⟩L − ⟨X, B̂⟩L||2F + λh[B̂]

≤ ||Y− ⟨X,B⟩L + ⟨X,B⟩L − ⟨X,A⟩L||2F + λh[A].

The fact that ||C||2F = ⟨C,C⟩D and expanding ||C + D||2F = ⟨C,C⟩D + ⟨D,D⟩D + 2⟨C,D⟩D,

yields

||Y− ⟨X,B⟩L||2F + ||⟨X,B⟩L − ⟨X, B̂⟩L||2F+

2
〈
Y− ⟨X,B⟩L, ⟨X,B⟩L − ⟨X, B̂⟩L

〉
M+1

+ λh[B̂]

≤ ||Y− ⟨X,B⟩L||2F + ||⟨X,B⟩L − ⟨X,A⟩L||2F+

2 ⟨Y− ⟨X,B⟩L, ⟨X,B⟩L − ⟨X,A⟩L⟩M+1 + λh[A].

Then we can then derive the below inequality.

||⟨X,B⟩L − ⟨X, B̂⟩L||2F ≤ ||⟨X,B⟩L − ⟨X,A⟩L||2F
+ 2⟨U, ⟨X, B̂⟩L − ⟨X,A⟩L⟩M+1

− λh[B̂] + λh[A].

(2.28)

This inequality separates the prediction error of the estimator from other parts of the prob-

lem. We now try to control the inner product term on the right-hand side. Employing the

properties of the inner product we can write this inner product as follows.

⟨U, ⟨X, B̂⟩L − ⟨X,A⟩L⟩M+1 = ⟨U, ⟨X, B̂− A⟩L⟩M+1

= ⟨⟨X,U⟩1, B̂− A⟩M+L = ⟨⟨X,U⟩1, B̂⟩M+L + ⟨⟨X,U⟩1,−A⟩M+L.

Then Holder’s inequality gives

⟨⟨X,U⟩1, B̂⟩M+L ≤ ||⟨X,U⟩1||∞||B̂||1,

and

⟨⟨X,U⟩1,A⟩M+L ≤ ||⟨X,U⟩1||∞||A||1.
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By replacing them in Equation (2.28) we obtain

||⟨X,B⟩L − ⟨X, B̂⟩L||2F ≤ ||⟨X,B⟩L − ⟨X,A⟩L||2F
+ 2||⟨X,U⟩1||∞||A||1 + 2||⟨X,U⟩1||∞||B̂||1 − λh[B̂] + λh[A].

(2.29)

Similar to the previous case we know that the regularizer is a norm. Employing the

inequality between norms we have ∥A∥1 ≤ Ch[A] where C is a constant. By replacing in

(2.29) we get

||⟨X,B⟩L − ⟨X, B̂⟩L||2F ≤ ||⟨X,B⟩L − ⟨X,A⟩L||2F
+ 2||⟨X,U⟩1||∞Ch[A] + 2||⟨X,U⟩1||∞Ch[B̂]− λh[B̂] + λh[A].

Assuming 2||⟨U,X⟩1||∞C ≤ λ we obtain

||⟨X,B⟩L − ⟨X, B̂⟩L||2F ≤ ||⟨X,B⟩L − ⟨X,A⟩L||2F + 2λh[A].

Since A was selected arbitrarily, we get

||⟨X,B⟩L − ⟨X, B̂⟩L||2F ≤

s inf
A

{
||⟨X,B⟩L − ⟨X,A⟩L||2F + 2λh[A]

}
.

We now show boundedness of effective noise in the tensors. By definition of the sup-norm,

it holds that

2||⟨U,X⟩1||∞

= sup
p1∈{1,...,P1}···pL∈{1,...,PL}
q1∈{1,...,Q1}···qM∈{1,...,QM}

2
∣∣∣(⟨X,U⟩1)p1,··· ,pL,q1,··· ,qM

∣∣∣ .
Therefore, the complement of the event is as follows

{λt ≥ 2||⟨X,U⟩1||∞}∁ = {2||⟨X,U⟩1||∞ > λt}

=

P1⋃
p1=1

· · ·
QM⋃

qM=1

{
2
∣∣∣(⟨X,U⟩1)p1,··· ,pl,q1,··· ,qM

∣∣∣ > λt

}
.

Applying the union bound, yields

P {2||⟨X,U⟩1||∞ > λt} ≤
P1∑

p1=1

· · ·
QM∑

qM=1

P
{
2
∣∣∣(⟨X,U⟩1)p1,···pL,q1,··· ,qM

∣∣∣ > λt

}
,

and we obtain

P {2||⟨X,U⟩1||∞ > λt} ≤ P1 · · ·PLQ1 · · ·QM×

sup
p1∈{1,...,P1}···pL∈{1,...,PL}
q1∈{1,...,Q1}···qM∈{1,...,QM}

P
{
2
∣∣∣(⟨X,U⟩1)p1,··· ,pL,q1,··· ,qM

∣∣∣ > λt

}
.

We define

s := sup
q1∈{1,...,Q1}···qM∈{1,...,QM}

2
∣∣∣(⟨X,X⟩1)q1,··· ,qM ,q1,··· ,qM

∣∣∣ /N,
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then we get

P {2||⟨X,U⟩1||∞}

≤ P1 · · ·PLQ1 · · ·QM sup
p1∈{1,...,P1}···pL∈{1,...,PL}
q1∈{1,...,Q1}···qM∈{1,...,QM}

P
{
2
∣∣∣(⟨X,U⟩1)p1,··· ,pL,q1,··· ,qM

∣∣∣ > λt

}
= P1 · · ·PLQ1 · · ·QM sup

p1∈{1,...,P1}···pL∈{1,...,PL}
q1∈{1,...,Q1}···qM∈{1,...,QM}

P


∣∣∣(⟨X,U⟩1)p1,··· ,pL,q1,··· ,qM

∣∣∣
2σ
√
Ns

>
λt

2σ
√
Ns


= P1 · · ·PLQ1 · · ·QM sup

p1∈{1,...,P1}···pL∈{1,...,PL}
q1∈{1,...,Q1}···qM∈{1,...,QM}

P


∣∣∣(⟨X,U⟩1)p1,··· ,pL,q1,··· ,qM

∣∣∣
σ

√∣∣∣(⟨X,X⟩1)q1,··· ,qM ,q1,··· ,qM

∣∣∣ >
λt

2σ
√
Ns

 ,

where

∣∣∣(⟨U,X⟩1)p1,··· ,pL,q1,··· ,qM

∣∣∣
σ

√∣∣∣(⟨X,X⟩1)q1,··· ,qM ,q1,··· ,qM

∣∣∣ ∼ N (0, 1).

Because, U•,p1,··· ,pL
∼ N (0, σ2) and X•,q1,··· ,qM /

√∣∣∣(⟨X,X⟩1)q1,··· ,qM ,q1,··· ,qM

∣∣∣ belongs to

the unit sphere (Lemma 3.1 of [108]). Therefore, we can employ the tail bound

P{|z| ≥ a} ≤ e− a2

2 for all a ≥ 0.

Combining this tail bound evaluated at a = λt/(2σ
√
Ns) we get

P {2||⟨X,U⟩1||∞ > λt} ≤ P1 · · ·PLQ1 · · ·QMe
−
(

λt
2σ

√
Ns

)2
/2
.

As a result
P {λt ≥ 2||⟨X,U⟩1||∞}

= 1− P {2||⟨X,U⟩1||∞ > λt}

≥ 1− P1 · · ·PLQ1 · · ·QMe
−
(

λt
2σ

√
Ns

)2
/2
.
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Chapter 3

Cardinality Sparsity in

Computational Cost Reduction

This chapter is an adapted version of our paper [71].

A. Mohaddes, and J. Lederer. Cardinality Sparsity: Applications in Matrix-Matrix Multi-

plications and Machine Learning. In TMLR 2025.

3.1 Chapter Overview

In neural networks, computations typically involve a sequence of matrix multiplications.

When the input itself is a matrix, each step can be carried out via matrix–matrix mul-

tiplication. Similarly, in tensor analysis, tensor–matrix products can often be reduced to

matrix products. Consequently, efficient matrix–matrix multiplication methods are cru-

cial for reducing computational costs in a wide range of applications. In Section 3.2, we

introduce a new matrix–matrix multiplication algorithm with strong performance guaran-

tees. The proposed method is broadly applicable in machine learning systems as well as

other computational domains. We present experimental results in Section 3.3 showing that

cardinality sparsity substantially outperforms state-of-the-art matrix–matrix multiplication

algorithms, including binary methods, while also achieving significant reductions in memory

usage. Finally, we provide an implementation of the proposed algorithm in Section 3.4.

3.2 Matrix Multiplication for Sparse Matrices

In this part, we review the necessary background to introduce our matrix–matrix multipli-

cation algorithm. The elements of a matrix W ∈ RM×P , which is sparse in our sense, can

be described as follows:

wi,j ∈ {a1,j , . . . , am,j},

where j ∈ {1, . . . , P} is fixed and m≪M denotes the maximum number of unique elements

that may appear in each column (for simplicity, we do not alter the order of the unique

elements within each column).

We define an indicator matrix I ∈ ZM×P that assigns an integer label to each element of

W according to the position of its corresponding unique value in the same column. Formally,
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for each column j, let the set of unique elements be

Uj = {a1,j , a2,j , . . . , asj ,j}, sj ≤ m.

Then, the entries of I are defined as

Ii,j =

t, if wi,j = at,j , t ∈ {1, . . . , sj},

0, if t > sj .

If the number of unique elements in a column is sj < m, the remaining m − sj labels are

assigned the value zero. Therefore, we obtain a matrix I ∈ ZM×P whose entries take values

from the set {0, 1, . . . ,m}.
Consider matrix-vector multiplication W × v where v = [v1, . . . , vP ]

⊤. To perform this

multiplication it is enough to consider the unique elements of each column ofW and compute

their multiplication with the corresponding element of v. Finally, we use the matrix I to

reconstruct the final result.

Matrix-Matrix Multiplication Using Cardinality Sparsity

To develop an efficient matrix-matrix multiplication method, we consider two scenarios.

We first assume that P is not very large compared to M and N . The key point for the

matrix-matrix multiplication method (for small P ) is to employ the below definition.

Definition 3.2.1. Consider the multiplication between W ∈ RM×P and V ∈ RP×N . In

this case, we have

W × V :=

P∑
i=1

W (i) ⊗ V (i), (3.1)

where W (i) is the ith column of the matrix W and V (i) is the ith row of V , and each

W (i) ⊗ V (i) is a M × N rank-one matrix, computed as the tensor (outer) product of two

vectors.

This definition can lead us to a matrix-matrix multiplication method with less number

of multiplications.

We again assume that

wi,j ∈ {a1,j , . . . , am,j},

where j ∈ {1, . . . , P} is fixed and m≪M denotes the maximum number of unique elements

in each column of W . Similarly, we assume that

vj,k ∈ {bj,1, . . . , bj,n},

where j ∈ {1, . . . , P} is fixed and n is the maximum number of unique elements in each

row of V . Our goal is to develop a method that enables the computation of the elements in

Equation (3.1) with a reduced number of operations, after which the summation over these

elements can be performed efficiently.

Analogous to the previous construction, we define two indicator matrices I and J corre-

sponding to W and V , respectively. For each column j of W , let the set of unique elements

be

Uj = {a1,j , a2,j , . . . , asj ,j}, sj ≤ m,
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and for each row j of V , let the set of unique elements be

Vj = {bj,1, bj,2, . . . , bj,tj}, tj ≤ n.

Then, the entries of I and J are defined as

Ii,j =

p, if wi,j = ap,j , p ∈ {1, . . . , sj},

0, if p > sj ,
J j,k =

q, if vj,k = bj,q, q ∈ {1, . . . , tj},

0, if q > tj .

Thus, I ∈ ZM×P and J ∈ ZP×K contain integer labels from the sets {0, 1, . . . ,m} and

{0, 1, . . . , n}, respectively. Now we compute the tensor product between two vectors CW (j) =

[a1,j ... am,j ]
⊤ and CV(j)

= [bj,1 ... bj,n] (vectors obtained from unique elements of the jth

column of W and jth row of V ). For reconstructing the jth element in Equation (3.1) we

use the aforementioned tensor product and the Cartesian product (which we show by ×c)

between jth column of I and jth row of J . This Cartesian product denotes the map which

projects elements of CW (j) ⊗ CV(j)
to the matrices of size M × N . Below we provide a

numerical example to illustrate the procedure.

Example 3.2.2 (Fast multiplication for sparse matrices). Let

W :=



2.1

1

1

2.1

3

3

1.1

2.3

1.1

1.1

2.3

4


;V :=

[
a

c

a

d

b

d

a

c

]

We compute the first summand in Equation (3.1) as an example. We have W (1) =[
2.1 1 1 2.1 3 3

]⊤
and V (1) =

[
a a b a

]
. In order to implement the proposed

method we compute CW (1) =
[
2.1 1 3

]⊤
, and CV (1)

=
[
a b

]
. Also by definition of I and

J we obtain first column of I and the first row of J is equal to I(1) =
[
1 2 2 1 3 3

]⊤
and J (1) =

[
1 1 2 1

]
respectively. The tensor product of CW (1) and CV (1)

is equal to

D1 :=

 2.1a

a

3a

2.1b

b

3b


Now we find the Cartesian product of I(1) and J (1) to map D1 to W (1)⊗V (1) as follows

I(1) ×c J (1) =



(1, 1)

(2, 1)

(2, 1)

(1, 1)

(3, 1)

(3, 1)

(1, 1)

(2, 1)

(2, 1)

(1, 1)

(3, 1)

(3, 1)

(1, 2)

(2, 2)

(2, 2)

(1, 2)

(3, 2)

(3, 2)

(1, 1)

(2, 1)

(2, 1)

(1, 1)

(3, 1)

(3, 1)


This helps us to map D1 to W (1) ⊗ V (1). The second term in Equation (3.1) can be
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obtained similarly.

The Cartesian product is just concatenation of elements and does not increase computa-

tional complexity. This new matrix-matrix multiplication procedure can lead to computa-

tions of order O(mPn) which could be much less than usual matrix multiplication methods

(O(MPN);m≪M,n≪ N).

This multiplication method is particularly useful when P is not a large number. However,

if P is large, a different approach is more effective. In this case, we use the usual definition

of matrix-matrix multiplication, i.e. we consider each element of the multiplication result

as the inner product of rows of the first matrix and columns of the second matrix. This

approach lets us reduce computational costs. In this case, we generate matrix I and CW

for the first matrix so that we perform encoding row-wise. In order to obtain the (i, j)th

element of the multiplication result we consider the inner product of the ith row of the first

matrix and the jth column of the second matrix. In order to perform factorization, we

employ the ith row of matrix I and perform summation over elements of the column of the

second matrix based on the ith row of I. For example, if we have

CW (i) :=
[
1.1 2.3

]⊤
; Ii :=

[
1 1 2 1 2

]⊤
Then we sum the first, second, and fourth elements of the ith column of the second matrix

and multiply by the first element of CW (i) . We also sum the third and fifth elements of the

ith column of the second matrix and multiply by the second element of CW (i) and finally

sum these two results. Algorithms 2 and 3 explain these multiplication methods, while the

standard multiplication algorithm is reviewed in Algorithm 1.

Example 3.2.3 (Fast binary matrix multiplication). Now we provide a crucial example of

binary matrices. The key point is that in the binary case, since there are only two possible

values, the preprocessing process is much simpler than for the general case. To perform

preprocessing, we need to find the compressed matrix and the encoding matrix. For matrices

with column-wise cardinality sparsity, we store the first row, and the second row of the

compressed matrix is simply the complement of the first row, resulting in the compressed

matrix. The encoding matrix is obtained by storing columns of the original matrix that start

with zero and the complements of those that start with one. This method streamlines the

preprocessing process and leads to further computational reductions.

For example, in the following, you can observe a binary matrix along with its equivalent

encoding and compressed matrix:

A =


0 0 1

0 1 0

1 1 0

0 0 1

1 0 0

 IA =


0 0 0

0 1 1

1 1 1

0 0 0

1 0 1

 CA =

[
0 0 1

1 1 0

]

The rest of the multiplication process is similar to the general case.

3.2.1 Algorithms

In this section we review matrix-matrix multiplication algorithms.
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Algorithm 1 Standard Multiplication

Require: A ∈ RM×P ;B ∈ RP×N

Ensure: AB

function StandardMultiplication(A,B)

for i← 1 to M do

for j ← 1 to N do

Output[i, j]← 0

for k ← 1 to P do

Output[i, j] += A[i, k] ∗B[k, j]

end for

end for

end for

return Output

end function

Algorithm 2 Multiplication by Cardinality Sparsity (P > M,N)

Require: W ∈ RM×P ;V ∈ RP×N

Ensure: WV

1: function SparseMultiplication(W ,V )

2: for j ← 1 to P do

3: CW (j) ← unique elements of column W (j) ([w1,j . . . wm,j ]
⊤)

4: I[wi,j ]← i; i ∈ {1, · · · ,m}
5: end for

6: for k ← 1 to M do

7: for j ← 1 to N do

8: for i← 1 to P do

9: Output[k, j]← sum(sum(V [I[k, :] == i, j]) ∗ CW [k, i])

10: end for

11: end for

12: end for

13: return Output

14: end function
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Algorithm 3 Multiplication by Cardinality Sparsity (P < M,N)

Require: W ∈ RM×P ;V ∈ RP×N

Ensure: WV

function SparseMultiplication(W ,V )

for j ← 1 to P do

CW (j) ← unique elements of column W (j) ([w1,j . . . wm,j ]
⊤)

I[wi,j ]← i; i ∈ {1, · · · ,m}
end for

for j ← 1 to P do

CV (j)
← unique elements of row V (j) ([vj,1 . . . vj,n])

I[vj,i]← i; i ∈ {1, · · · , n}
end for

for j ← 1 to P do

Dj ← CW (j) ⊗ CV (j)

for i← 1 to m do

for k ← 1 to n do

Auxiliary[I[: , j] == i,J [j , :] == k]←Dj [i, k]

end for

end for

Output ← Output + Auxiliary

end for

return Output

end function

3.3 Experimental Support

In this section, we initially present experimental evidence demonstrating the advantages of

sparsity in reducing multiplication and memory costs. Subsequently, we implement cardi-

nality sparsity in machine learning systems. Our results underscore the substantial benefits

of cardinality sparsity, demonstrating its advantageous impact.

3.3.1 Experimental Support (Part I)

This section validates our results. First, we test the methods for matrix-matrix multiplica-

tion introduced in Section 3.2. We evaluate our approach for both simulated and real-world

datasets.

Matrix-Matrix Multiplication

This part evaluates the performance of the proposed multiplication methods. We consider

the matrix multiplication task AB; A ∈ RM×P , B ∈ RP×N . We generate random ma-

trices A,B with varying degrees of sparsity, that is, varying number of unique elements

of columns of A and rows of B. Specifically, we populate the coordinates of the matrices

with integers sampled uniformly from {1, . . . , k}, where k is the sparsity degree, and then

subtract a random standard-normally generated value (the same for all coordinates) from all

coordinates (we did this subtraction to obtain a general form for the matrix and avoid work-
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ing with a matrix with just integer values). We set the sparsity degree to 10 and generated

square matrices of different sizes. We then compared our method (Algorithm 3) with both

the Strassen algorithm [85] and the naive approach (Algorithm 1) for matrix multiplication.

The empirical results demonstrate large gains in speed especially for matrices of large size.

As illustrated in Figure 3.1, our multiplication technique surpasses both Strassen’s and the

conventional algorithms when handling large matrices. For smaller matrices, the prepro-

cessing cost is relatively high. However, for larger matrices, the significant reduction in

redundant multiplications makes our algorithm more efficient. Consequently, our algorithm

outperforms those that do not optimize for redundant multiplications.

(a) Square nonbinary matrices multiplication
with linearly scaling.

(b) Square nonbinary matrices multiplication
with logarithmically scaling.

Figure 3.1: Algorithm 3 compared to the naive Algorithm 1 and Strassen Algorithm for
nonbinary matrices of sparsity degree equal to 10. Our algorithms are faster than the naive
and Strassen approach, especially for large sizes.

Binary Matrix Multiplication

In this section, we will concentrate on the binary matrix multiplication of square matrices,

implementing preprocessing similar to example 3.2.3. We compare our approach with the

method described by Strassen [85] and the standard multiplication technique. Similar to

the previous part we randomly generated square matrices of sizes suitable for Strassen’s

algorithm. We utilized the Algorithm 3 to perform our matrix multiplication. As shown

in Figure 3.2, our multiplication method significantly outperforms both Strassen’s and the

standard algorithms.

3.3.2 Matrix Multiplication for Real-world Datasets

In this section we will annalize cardinality sparsity for real-world datasets. We conducted ad-

ditional experiments on real-world datasets to further validate the efficiency of our approach.

Specifically, we applied our multiplication method to the real datasets, Leter Recognition

Dataset, Letter Digits Dataset, and Firm Teacher Clave Direction Classification [82, 36, 99],

and compared the results with the standard and Strassen multiplication method.

Matrix multiplication for real datasets commonly occurs in applications such as neural

networks, where input data must be multiplied by weight matrices. To evaluate our method,

we selected a dataset as input and multiplied it with randomly generated weight matrices.

For example, the size of the input dataset in the Letter Digits is 1797×64. Using our matrix

multiplication algorithm, we performed operations to multiply the input dataset (1797×64)

with weight matrices of size 64 × n. We varied the value of ”n” to test our method under
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(a) Square binary matrices multiplication with
linearly scaling.

(b) Square binary matrices multiplication with
logarithmically scaling.

Figure 3.2: Algorithm 3 compared to the naive Algorithm 1 and Strassen Algorithm for
binary matrices. Our algorithms are considerably faster than the naive and Strassen ap-
proach.

different conditions, simulating various numbers of columns (or number of nodes in neural

networks). Subsequently, we measured the runtime, including preprocessing time.

Our results reveal a significant gap between the runtime of our method and that of stan-

dard matrix multiplication algorithms. We also applied our method to the ”Firm Teacher

Clave Direction Classification” dataset [99], where dummy encoding is used. We demon-

strated that datasets utilizing dummy encoding could achieve substantial performance im-

provements with our matrix multiplication algorithm. Since matrix multiplications are the

primary computational workload in many applications like neural networks, optimizing them

can significantly reduce energy consumption when processing real data.

(a) Matrix sizes: 20000× 16 and 16× n. (b) Matrix sizes: 20000× 16 and 16× n.

Figure 3.3: Panel (a) displays the normal scale, while Panel (b) shows the log scale. Our
algorithms significantly outperform both the naive and Strassen methods in terms of speed
for the Letter Recognition Dataset.

Moreover, we carried out more simulation experiments to evaluate our ”binary multipli-

cation algorithm” against some modern state-of-the-art methods. Note that many modern

state-of-the-art algorithms are primarily theoretical, with no publicly available implementa-

tions. We selected two approaches that are more practical to implement—namely, the Four

Russians algorithm and the bit-packed method—for direct comparison. As shown in the

results, our algorithm outperforms the Four Russians algorithm and achieves comparable

performance to the bit-packed approach, which leverages CPU-level parallelism and low-
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(a) Matrix sizes: 1797× 64 and 64× n. (b) Matrix sizes: 1797× 64 and 64× n.

Figure 3.4: Panel (a) displays the normal scale, while Panel (b) shows the log scale. Our
algorithms significantly outperform both the naive and Strassen methods in terms of speed
for the Letter Digits Dataset.

(a) Matrix sizes: 10787× 20 and 20× n. (b) Matrix sizes: 10787× 20 and 20× n.

Figure 3.5: Panel (a) displays the normal scale, while Panel (b) shows the log scale. Our
algorithms significantly outperform both the naive and Strassen methods in terms of speed
for the Clave-direction Class Dataset.
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level optimizations. This further demonstrates that our algorithm can significantly reduce

CPU usage and hardware resource consumption. We applied all three algorithms to square

binary matrices of the sizes listed below.

Figure 3.6: Runtime comparison of our binary multiplication algorithm with the Four Rus-
sians and bit-packed methods on square binary matrices of varying sizes.

We conducted additional ablation experiments by varying the sparsity degree while keep-

ing the matrix size fixed at 512× 80 and 80× 512. Specifically, we increased the cardinality

(i.e., the number of unique elements per row or column) to observe its impact on compu-

tation speed. As expected, performance improved with higher degrees of sparsity, and at

certain thresholds, our method began to outperform standard algorithms. Below are the

detailed results and corresponding sparsity levels.

Figure 3.7: Computation time vs. cardinality for fixed 512 × 80 and 80 × 512 matrices.
As the number of unique elements increases, traditional methods begin to outperform the
cardinality sparsity approach.

Memory reduction using cardinality sparsity

In this part, we explore memory optimization through cardinality sparsity in real-world

datasets. Since we can perform multiplication in the compressed domain, only the com-

pressed version of the input data needs to be stored, significantly reducing memory require-

ments. This is because we no longer need to store all the real numbers, which typically
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require 32 bits each. By eliminating the duplication of real numbers, we only need integers

in the encoding matrix to reference the locations of these unique values. we provide exam-

ples using real datasets: the Yeast dataset [73], the Concrete Compressive Strength dataset

[109], and the AI4I 2020 Predictive Maintenance Dataset [1], to demonstrate the efficiency

of cardinality sparsity in reducing memory usage in neural networks. These datasets are

referred to as data 1, data 2, and data 3, respectively, in Table 3.1.

Input data Using sparsity Without sparsity

data 1 9753 47488
data 2 19663 37080
data 3 125496 480000

Table 3.1: We compared the memory requirements in bits with and without the use of
cardinality sparsity in bytes. This table illustrates that implementing cardinality sparsity
significantly reduces memory costs in a neural network.

3.3.3 Additional Empirical Results

We continue this section by presenting additional empirical results that further substantiate

our methods and theories. In particular, we provide further experiments to investigate

the performance of the matrix-matrix multiplication techniques introduced in Section 3.2.

We then apply cardinality sparsity to neural networks and tensor regression. Finally, we

illustrate the regularizer statistical benefits.

Again consider the matrix multiplication task AB; A ∈ RM×P , B ∈ RP×N . We

generate random matrices A,B with varying degrees of sparsity, that is, varying number of

unique elements of columns of A and rows of B. Specifically, we populate the coordinates

of the matrices with integers sampled uniformly from {1, . . . , k}, where k is the sparsity

degree, and then subtract a random standard-normally generated value (the same for all

coordinates) from all coordinates (we did this subtraction to obtain a general form for the

matrix and avoid working with a matrix with just integer values). We then compare our

methods (Algorithms 2 and 3) with the naive approach (Algorithm 1) for the corresponding

matrix multiplication. The factor by which our methods improve on the naive approach’es

speed averaged over 10 times generating the matrices are presented in Figure 3.8. There

are two cases: (i) P ≪ M,N , where we use our Algorithm 3 (Figure 3.8 Panel a); and

(ii) P ≫ M,N , where we use our Algorithm 2 (Figure 3.8 Panel b). The empirical results

demonstrate large gains in speed especially for small sparsity degrees.

Cardinality Sparsity in Neural Networks and Tensor Regression

We study cardinality sparsity in machine learning systems using both real and simulated

datasets. For the neural-networks application, we use theOptical-Recognition-of-Handwritten-

Digits data [31]. We train a two-layer ReLU network with 40 nodes in the hidden layer with

gradient descent. For backpropagation, we use Algorithm 2; for forward operations; we use

Algorithm 3. After each weight update, we project the weight matrix of the hidden layer

onto a cardinality-sparse matrix: We sort and split each column into k partitions, where k

is the sparsity degree. We then replace the old values by the mean of the values in each

partition (see our Section 2.2.1), so that all values in each partition are equal after the

projection. The accuracy of the neural networks is illustrated in Figure 3.9. This result
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(a) Matrix sizes: 2000× 40 and 40× 2000. (b) Matrix sizes: 100× 10000 and 10000× 100.

Figure 3.8: Algorithm 3 (Panel (a)) and Algorithm 2 (Panel (b)) compared to the naive
Algorithm 1. Our algorithms are considerably faster than the naive approach, especially for
small degrees of sparsity.

shows that, cardinality sparsity training accelerates the parameter training substantially.

It is important to understand that it is possible to conduct the experiment without using

weight matrix projection. This is because the input data, which has a high dimension, is

sparse, and most of the computational efficiency comes from the sparsity of the input data.

Although weight projection may further decrease computations, it’s not mandatory.

Figure 3.9: Training accuracy of the network trained with (red) and without (blue) cardinal-
ity sparsity as a function of training time. The cardinality sparsity accelerates the parameter
training.

We also consider the tensor regression. We applied the Tensorly package for this sim-

ulation [56]. In order to employ our matrix-matrix multiplication method, we reshape the

tensor into a matrix. We assumed that the input matrix is random and sparse in our sense

(data are generated similar to section 3.3.1). The input is a tensor of size 1000 × 16 × 16

and we applied 10 iterations for learning. Regression with sparse multiplication and stan-

dard multiplication takes 18.2 and 35 seconds respectively. Therefore, employing sparsity

can lead to a faster regression process. Note that, in the tensor regression process we only

substitute standard multiplication with sparse multiplication therefore, the accuracy rate is

the same in both experiments.

Now we examine the performance of the regularizer and use experiments to certify the

introduced regularizer can increase network performance. We consider least-squares mini-
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mization complemented by the regularizer which induces cardinality sparsity. We trained a

4 layers neural network where the number of the nodes of the first, second, third, and fourth

layer are equal to 2, 10, 15, and 20 respectively, where we employed Inverse Square Root Unit

(x/
√
1 + x2), identity, arctan, and again identity as activation functions. The samples are

generated by a standard normal distribution labeled by weight parameters which are sparse

in our sense, plus a standard Gaussian noise. We set the target weights’ sparsity equal to

4. We trained the network with 1000 iterations. As shown in Figure 3.10, incorporating a

regularizer driven by cardinality sparsity can enhance regression performance compared to

Lasso regression. We also computed the Frobenius norm of the difference between trained

weights and the target weight. The difference in networks with and without regularization

are equal to 64.24 and 76.12 respectively which is less value in a network with regularization

as we expected. Note that all simulations are performed on a Macbook Pro laptop with 8

cores of CPU and 16 Gigabytes of RAM.

Figure 3.10: This figure compares deep learning with cardinality and standard sparsity.
Integrating a regularizer based on cardinality sparsity can improve regression performance
in comparison to Lasso regression. Cardinality sparsity (orange line) makes the vanilla
estimator (red line) smooth and brings it closer to the true function (black line) especially
in the first part of the domain.

To further assess the generalizability and practical benefits of our approach, we con-

ducted experiments using the letter recognition dataset as input to a neural network. In

this setting, we evaluated performance using the mean squared error as the primary metric.

Our objective was to determine whether the advantages of cardinality sparsity—previously

demonstrated in matrix multiplication and simulation tasks—would also extend to real-

world machine learning workflows. The experimental results in Figure 3.11 indicate that

incorporating cardinality sparsity not only preserves model accuracy but also leads to no-

table improvements in computational speed. This suggests that the method is effective in

accelerating neural network training and inference across different types of datasets.

3.3.4 Cardinality Sparsity Beyond Machine Learning

This section presents additional simulations demonstrating our method’s effectiveness when

the matrix structure is assumed given. All reported times include preprocessing, and we

never assume prior knowledge of the structure.

One of the most important cases where this assumption is natural is when we need to
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Figure 3.11: We also evaluated our method on the letter recognition dataset by feeding
it into a neural network and measuring the mean squared error. The results show that
cardinality sparsity can enhance processing speed across different datasets while maintaining
performance.

compute powers of a matrix. In this setting, preprocessing only needs to be done once, after

which the encoded structure can be reused for every multiplication. This property appears

in many applications, including dynamical systems [48] and graph theory [103], making it a

particularly strong use case for our cardinality sparsity multiplication algorithm, especially

when the matrix is sparse in the cardinality sense.

For instance, in graph theory, the k-th power of an adjacency matrix reveals the number

of paths of length k [103]. To test this, we generated a random adjacency matrix with 200

nodes and compared our cardinality sparsity multiplication algorithm against the standard

dense multiplication. As shown in Figure 3.12, our algorithm achieved a much faster runtime.

Another important application where the structure of the matrix can be assumed fixed

is in the construction of multivariate Markov chain models. Here, the transition matrix

remains constant across iterations. We applied our algorithm in this context as well, and as

illustrated in Figure 3.13, the cardinality sparsity multiplication method again performed

very well, highlighting its usefulness beyond machine learning settings [22].

Figure 3.12: Comparison of cumulative runtime between the proposed cardinality sparsity
multiplication algorithm and the standard dense matrix multiplication for successive powers
of a random adjacency matrix with 200 nodes. The adjacency matrix is sparse in the
cardinality sense, and the experiment demonstrates that the proposed method achieves
significant computational savings.
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Figure 3.13: Application of the cardinality sparsity multiplication algorithm to a multivariate
Markov chain model with a fixed transition matrix. The proposed method again outperforms
the standard dense multiplication in terms of runtime.

3.4 Implementation

This section presents the implementation of our main algorithm (Algorithm 3).

Listing 3.1: Cardinality sparsity vs Standard Binary Matrix Multiplication

1 import numpy as np

2 import matplotlib.pyplot as plt

3 import time

4 import math

5

6 def encode_columns_by_first_element(matrix):

7 num_rows = len(matrix)

8 num_cols = len(matrix [0])

9 encoded_matrix = [[0 for _ in range(num_cols)] for _ in range(

num_rows)]

10 for col in range(num_cols):

11 is_complement = matrix [0][ col] == 1

12 for row in range(num_rows):

13 value = matrix[row][col]

14 encoded_matrix[row][col] = (value + 1) % 2 if is_complement

else value

15 return np.array(encoded_matrix)

16

17 def compress_matrix_by_first_row(matrix):

18 first_row = matrix [0]

19 return [[val , (val + 1) % 2] for val in first_row]

20

21 def encode_rows_by_first_element(matrix):

22 for row in matrix:

23 if row [0] == 1:

24 for i in range(len(row)):

25 row[i] = (row[i] + 1) % 2

26 return matrix

27

28 def compress_matrix_by_first_column(matrix):
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29 first_col = [row[0] for row in matrix]

30 return [[val , (val + 1) % 2] for val in first_col]

31

32 def compressed_matrix_multiply(U_list_A , index_matrix_A ,

U_list_B , index_matrix_B):

33 num_products = len(index_matrix_A)

34 num_rows = len(index_matrix_A [0])

35 num_cols = len(index_matrix_B [0])

36 compressed_products = []

37 for i in range(num_products):

38 product = compute_outer_product(U_list_A[i], U_list_B[i])

39 compressed_products.append(product)

40 result_matrix = np.zeros((num_rows , num_cols))

41 for k in range(num_products):

42 num_rows_sub = len(compressed_products[k])

43 num_cols_sub = len(compressed_products[k][0])

44 for i in range(num_rows_sub):

45 row_indices = [idx for idx , val in enumerate(index_matrix_A [:,

k]) if val == i]

46 for j in range(num_cols_sub):

47 col_indices = [idx for idx , val in enumerate(index_matrix_B[k,

:]) if val == j]

48 result_matrix[np.ix_(row_indices , col_indices)] +=

compressed_products[k][i][j]

49 return result_matrix % 2

50

51 def compute_outer_product(vector_a , vector_b):

52 return [[ vector_a[i] * vector_b[j] for j in range(len(vector_b

))] for i in range(len(vector_a))]

53

54 def standard_binary_matrix_multiply(matrix_a , matrix_b):

55 result = np.zeros ((len(matrix_a), len(matrix_b [0])))

56 for i in range(len(matrix_a)):

57 for j in range(len(matrix_b [0])):

58 for k in range(len(matrix_b)):

59 result[i][j] += matrix_a[i][k] * matrix_b[k][j]

60 return result % 2

61

62 def compute_frobenius_norm(matrix):

63 return math.sqrt(sum(element ** 2 for row in matrix for

element in row))

64

65 fast_times = []

66 standard_times = []

67 matrix_sizes = [30, 100, 200, 300]

68

69 print("Comparing fast (compressed) vs standard binary matrix

multiplication:")

70 print("=" * 60)

71

72 for size in matrix_sizes:
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73 matrix_A = np.random.randint(2, size=(size , size))

74 matrix_B = np.random.randint(2, size=(size , size))

75 start_time = time.time()

76 encoded_A = encode_columns_by_first_element(matrix_A)

77 encoded_B = encode_rows_by_first_element(matrix_B)

78 compressed_A = compress_matrix_by_first_row(matrix_A)

79 compressed_B = compress_matrix_by_first_column(matrix_B)

80 fast_result = compressed_matrix_multiply(compressed_A ,

encoded_A , compressed_B , encoded_B)

81 fast_time = time.time() - start_time

82 fast_times.append(fast_time)

83 start_time = time.time()

84 standard_result = standard_binary_matrix_multiply(matrix_A ,

matrix_B)

85 standard_time = time.time() - start_time

86 standard_times.append(standard_time)

87 error_matrix = fast_result - standard_result

88 error_norm = compute_frobenius_norm(error_matrix)

89 print(f"Matrix size {size}x{size} -> Frobenius norm error: {

error_norm :.2f}")

90

91 plt.figure(figsize =(10, 6))

92 plt.plot(matrix_sizes , fast_times , marker=’o’, label=’Fast (

Compressed)’, color=’blue’)

93 plt.plot(matrix_sizes , standard_times , marker=’s’, label=’

Standard ’, color=’red’)

94 plt.xlabel(’Matrix size (n x n)’)

95 plt.ylabel(’Time (seconds)’)

96 plt.title(’Binary Matrix Multiplication Performance ’)

97 plt.legend ()

98 plt.grid(True)

99 plt.tight_layout ()

100 plt.savefig("matrix_times.png")

Listing 3.2: Cardinality Sparsity for Non-Binary Matrix Multiplication

1 import numpy as np

2 import matplotlib.pyplot as plt

3 import time

4 import math

5

6 def custom_unique(row):

7 unique_elements = []

8 first_indices = []

9 counts = []

10 for idx , value in enumerate(row):

11 if value not in unique_elements:

12 unique_elements.append(value)

13 first_indices.append(idx)

14 counts.append (1)

15 else:

16 element_index = unique_elements.index(value)
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17 counts[element_index] += 1

18 return np.array(unique_elements), np.array(first_indices), np.

array(counts)

19

20 def encode_first_matrix(matrix_A):

21 num_rows = len(matrix_A)

22 num_cols = len(matrix_A [0])

23 encoding_matrix = np.zeros ((num_rows , 1))

24 unique_blocks = []

25 flat_indices = []

26 for col in range(num_cols):

27 unique_vals , first_indices , _ = custom_unique(matrix_A[:, col

])

28 block_values = [matrix_A[index , col] for index in sorted(

first_indices)]

29 unique_blocks.append(block_values)

30 for block_idx , value in enumerate(block_values):

31 matching_indices = [idx for idx , val in enumerate(matrix_A[:,

col]) if val == value]

32 encoding_matrix[matching_indices , :] = block_idx

33 flat_indices = np.append(flat_indices , encoding_matrix)

34 index_matrix = np.reshape(flat_indices , (num_cols , num_rows))

35 return unique_blocks , index_matrix

36

37 def encode_second_matrix(matrix_B):

38 num_rows = len(matrix_B)

39 num_cols = len(matrix_B [0])

40 encoding_matrix = np.zeros ((1, num_cols))

41 unique_blocks = []

42 flat_indices = []

43 for row in range(num_rows):

44 unique_vals , first_indices , _ = custom_unique(matrix_B[row ,

:])

45 block_values = [matrix_B[row , idx] for idx in sorted(

first_indices)]

46 unique_blocks.append(block_values)

47 for block_idx , value in enumerate(block_values):

48 matching_indices = [idx for idx , val in enumerate(matrix_B[row

, :]) if val == value]

49 encoding_matrix [:, matching_indices] = block_idx

50 flat_indices = np.append(flat_indices , encoding_matrix)

51 index_matrix = np.reshape(flat_indices , (num_rows , num_cols))

52 return unique_blocks , index_matrix

53

54 def compute_outer_product(vector_a , vector_b):

55 rows = len(vector_a)

56 cols = len(vector_b)

57 result = [[0] * cols for _ in range(rows)]

58 for i in range(rows):

59 for j in range(cols):

60 result[i][j] = vector_a[i] * vector_b[j]
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61 return result

62

63 def compressed_matrix_multiply(blocks_A , index_A , blocks_B ,

index_B):

64 num_blocks = len(index_A)

65 num_rows = len(index_A [0])

66 num_cols = len(index_B [0])

67 compressed_products = []

68 for k in range(num_blocks):

69 outer = compute_outer_product(blocks_A[k], blocks_B[k])

70 compressed_products.append(outer)

71 result_matrix = np.zeros((num_rows , num_cols))

72 for block in range(num_blocks):

73 block_rows = len(compressed_products[block])

74 block_cols = len(compressed_products[block ][0])

75 for i in range(block_rows):

76 row_indices = [idx for idx , val in enumerate(index_A[block ,

:]) if val == i]

77 for j in range(block_cols):

78 col_indices = [idx for idx , val in enumerate(index_B[block ,

:]) if val == j]

79 result_matrix[np.ix_(row_indices , col_indices)] +=

compressed_products[block][i][j]

80 return result_matrix

81

82 def standard_matrix_multiply(matrix_A , matrix_B):

83 result = np.zeros ((len(matrix_A), len(matrix_B [0])))

84 for i in range(len(matrix_A)):

85 for j in range(len(matrix_B [0])):

86 for k in range(len(matrix_B)):

87 result[i][j] += matrix_A[i][k] * matrix_B[k][j]

88 return result

89

90 def frobenius_norm(matrix):

91 return math.sqrt(sum(element ** 2 for row in matrix for

element in row))

92

93 fast_times = []

94 standard_times = []

95 matrix_sizes = [200, 250]

96 value_bias = np.random.normal(loc=3, scale =2)

97

98 for size in matrix_sizes:

99 matrix_A = np.random.randint (10, size=(size , size)) -

value_bias

100 matrix_B = np.random.randint (10, size=(size , size)) -

value_bias

101 start_time = time.time()

102 compressed_A , index_A = encode_first_matrix(matrix_A)

103 compressed_B , index_B = encode_second_matrix(matrix_B)

104 result_compressed = compressed_matrix_multiply(compressed_A ,
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index_A , compressed_B , index_B)

105 elapsed_fast = time.time() - start_time

106 fast_times.append(elapsed_fast)

107 expected_result = np.dot(matrix_A , matrix_B)

108 error_matrix = expected_result - result_compressed

109 print(f"Matrix size {size}x{size} -> Frobenius norm error: {

frobenius_norm(error_matrix):.2f}")

110 start_time = time.time()

111 result_standard = standard_matrix_multiply(matrix_A , matrix_B)

112 elapsed_standard = time.time() - start_time

113 standard_times.append(elapsed_standard)

114

115 # Plotting

116 plt.figure(figsize =(10, 6))

117 ax = plt.gca()

118 ax.set_facecolor("#f0f0f0")

119 plt.plot(matrix_sizes , fast_times , color=’blue’, marker=’o’,

label=’Fast multiplication ’)

120 plt.plot(matrix_sizes , standard_times , color=’red’, marker=’s’

, label=’Standard multiplication ’)

121 plt.xlabel(’Time (seconds)’)

122 plt.ylabel(’Matrix size (n x n)’)

123 plt.title(’Non -Binary Matrix Multiplication Performance ’)

124 plt.grid(True , linestyle=’--’, linewidth =0.5)

125 plt.legend(loc=’upper left’)

126 plt.tight_layout ()

127 plt.show()

128

129 print("fast_times:", fast_times)

130 print("standard_times:", standard_times)
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Chapter 4

Regularized Learning for

Fractional Brownian Motion via

Path Signatures

This chapter is an adapted version of our paper [69]:

A. Mohaddes, and F. Iafrate, and J. Lederer. Regularized Learning for Fractional Brownian

Motion via Path Signatures.

4.1 Chapter Overview

Fractional Brownian motion generalizes standard Brownian motion by considering processes

with dependent increments. The trajectories produced by fractional Brownian motions often

exhibit significant irregularity. This irregularity can challenge the effectiveness of conven-

tional regression techniques. In order to overcome this, signatures, defined as iterated path

integrals, offer a robust representation of nonlinear functionals that streamlines feature selec-

tion in time series analysis by linearizing the model. Signatures are especially advantageous

for examining irregular trajectories. In this chapter, we explore regression techniques tailored

for data generated by a fractional Brownian motion, utilizing the concept of path signatures.

First, let us review the definition of the signature associated with a d-dimensional stochastic

process. We now briefly recall the concept of the signature transform and some properties

of fractional Brownian motion.

The signature transform, introduced by Chen [21] and later expanded by Lyons [63],

has become a foundational tool in time series analysis. The signature of a time series is

a vector of real-valued features capturing relevant information. Consider a d-dimensional

continuous-time stochastic process Xt = (X1
t , X

2
t , . . . , X

d
t )

⊤ ∈ Rd, defined over the time

interval 0 ≤ t ≤ T on a filtered probability space (Ω,F , {Ft} ,P). The signature, or signature
transform, of this process is defined as follows:

Definition 4.1.1 (Signature). For k ≥ 1 and indices i1, . . . , ik ∈ {1, 2, . . . , d}, the k-th

order signature component of the process X from time 0 to t is given by

Si1,...,ik(X)t =

∫
0<t1<···<tk<t

dXi1
t1 · · · dX

ik
tk
, 0 ≤ t ≤ T. (4.1)
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The 0-th order signature component of X from time 0 to t is defined as S0(X)t = 1 for any

0 ≤ t ≤ T . The signature of X is the collection of all its signature components, and the

signature of X with orders truncated to K consists of all components with orders no greater

than K.

The k-th order signature component of X, as defined in equation 4.1, represents the

k-fold iterated path integral along the indices i1, . . . , ik. For any given order k, there are

dk possible index combinations I = (i1, . . . , ik), so the total number of k-th order signature

components is dk. Signature components can be computed recursively as:

SI(X)t = Si1,...,ik(X)t =

∫
0<t1<···<tk<t

dXi1
t1 · · · dX

ik
tk

=

∫
0<s<t

Si1,...,ik−1
(X)sdX

ik
s .

One of the signature’s most notable theoretical properties is its universal nonlinearity:

any continuous function of a time series, whether linear or nonlinear, can be approximated

arbitrarily well using a linear combination of its signature components. Such property

gives the signature based methods an edge over neural-network-based nonlinear methods

[43]. Empirical evidence highlights its advantages, including the absence of complex neural

architecture design requirements.

4.2 Lasso Regression for Fractional Brownian Motions

The signature’s fundamental theoretical feature is its universal nonlinearity, which is cap-

tured precisely by the Theorem 4.3.1. As a result, linear functionals on the signature play

a role similar to that of polynomial functions on paths. The universal nonlinearity of the

signature, together with the observation that a large portion of a path’s information can

often be captured by only a small number of signature terms, motivates our study of the

signature Lasso for fractional Brownian motion.

Let (X1, y1) , . . . , (XN , yN ), denote N pairs of samples, where Xn = {Xn,t, 0 ≤ t ≤ T}
represents the n-th path realization of Xt for n = 1, 2, . . . , N . Motivated by the universal

nonlinearity, for a fixed order K ≥ 1, assume that each pair (Xn, yn) follows the linear

regression model given below [43]:

yn = β0 +

d∑
i1=1

βi1Si1

(
X̃n

)
T
+

d∑
i1,i2=1

βi1,i2Si1,i2

(
X̃n

)
T
+ · · ·+

d∑
i1,...,iK=1

βi1,...,iKSi1,...,iK

(
X̃n

)
T
+ εn, (4.2)

where {εn}Nn=1 are independent and identically distributed random errors, assumed to follow

a zero mean normal distribution. The term S
(
X̃n

)
denotes the signature of the time

augmented process X̃. The total number of predictors, which are the signature components

across different orders, is pd,K = (dK+1−1)/(d−1) if d > 1, including the 0th-order signature

component S0(X)T = 1, with its coefficient denoted by β0.

Given that the number of parameters grows exponentially with the truncation level, we

are in a high dimensional regime with pd,K ≫ N , potentially. We then pursue a sparse

representation using Lasso regression [92], a widely used method for learning sparse models.

This chapter aims to investigate the statistical properties of signature representations in

Lasso regression for fractional Brownian motions. With a tuning parameter λ > 0 and N
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data points, the Lasso estimator selects the true predictors through

β̂N (λ) = argmin
β

[
N∑

n=1

(
yn − β0 −

d∑
i1=1

βi1Si1

(
X̃n

)
T
− (4.3)

d∑
i1,i2=1

βi1,i2Si1,i2

(
X̃n

)
T
− . . .−

d∑
i1,...,iK=1

βi1,...,iKSi1,...,iK

(
X̃n

)
T

)2

+ λ∥β∥1

]
,

where β̂ is the vector comprising all coefficients β̂i1,...,ik .

Our objective is to examine the consistency of feature selection for fractional Brownian

motion processes using the signature method with the Lasso estimator described in equation

(4.3). Generally, consistency refers to the convergence of the Lasso estimator to the true

coefficient values as the sample size grows. To investigate the consistency, we need to analyze

the covariance between signature terms [43]. In the following section, we bound the first

and second moment of signature terms associated with fractional Brownian motion.

4.3 Principal Results

As stated above, the key theoretical property of the signature is its universal nonlinearity.

The following theorem formally expresses this property.

Theorem 4.3.1 (Universal nonlinearity, [26, Theorem 2.12]). Let Xt be a continuous Rd-

valued process and S be a compact subset of paths of the time-augmented process X̃t =(
t,X⊤

t

)⊤
from time 0 to T . Assume that f : S → R is a real-valued continuous function.

Then, for any ε > 0, there exists a linear functional L : R∞ → R such that

sup
s∈S
|f(s)− L(Sig(s))| < ε,

where Sig(s) is the signature of s.

This Theorem follows from the Stone-Weierstrass theorem. The classical Weierstrass

approximation theorem asserts that any real-valued continuous function on a closed interval

can be uniformly approximated by a polynomial. Therefore, linear forms on the signature

can be considered analogous to polynomial functions for paths.

Now we determine an upper bound for the covariance between signature terms. Since our

approach varies depending on whether H > 1/2 or H < 1/2, we present the methodology

in the subsequent subsections.

4.3.1 Covariance for H > 1/2

Let Ip = (i1, . . . , ip), Jq = (j1, . . . , jq) and 0 ≤ s < t ≤ T . If p + q is an odd number then

according to [9] this expectation of the above integral is equal to zero. If p + q = 2k = n

then we have the below theorem.

Theorem 4.3.2 (Upper bound for the second moment of fBm signature). Consider a frac-

tional Brownian motion with Hurst parameter H > 1
2 . Let SIp(Bt)st and SJq (Bt)st denote

pth and qth order integrals of a d-dimensional fractional Brownian motion process and let

p+ q = 2k = n. Then

E[SIp(Bt)stSJq
(Bt)st] ≤

22k

k!
(t− s)2kH .
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4.3.2 Covariance for H < 1/2

When H < 1
2 , we consider a family of rough paths associated with a d-dimensional fractional

Brownian motion (fBm), based on the representation given in Equation (1.6). For n = 1,

the first level is given by

SI1(Bt)st = Bi1
t −Bi1

s ,

and for 2 ≤ n ≤ ⌊1/H⌋, it is extended to higher-order iterated integrals constructed over

Bt as

SIn(Bt)st =

n∑
j=1

(−1)j−1

∫
An

j

j−1∏
l=1

K(s, ul)[K(t, uj)−K(s, uj)]

n∏
l=j+1

K(t, ul) dW
i1
u1
· · · dW in

un
,

where integration is understood in the Stratonovich sense and An
j is the subset of [0, t]n

defined by

An
j = {(u1, . . . , un) ∈ [0, t]n : uj = min(u1, . . . , un), u1 > · · · > uj−1 and uj+1 < · · · < un}.

Sometimes for simplicity we write above equation as

SIn(Bt)st =

n∑
j=1

Ŝj
In
(Bt)st. (4.4)

Then we will have the following bounds for the signature moments.

Lemma 4.3.3 (Upper bound for first moment of fBm signature). Consider a fractional

Brownian motion with the Hurst parameter H < 1
2 . Let SIn(Bst), then when n is odd we

have

E[SIn(Bt)st] = 0.

Otherwise for n = 2k

E[SIn(Bt)st] ≤
βk,H
k!Hk

(t− s)nH

where

βk,H =
π( 12 −H)

cos(πH)
+

1

1− 2kH

Proof. Proof is deferred to Section 4.5.

Proposition 4.3.4 (Upper bound for second moment of fBm signature). For n ≤
⌊

1
H

⌋
,

let SIn(Bst) with In = (i1, . . . , in) denote nth order integrals of a d-dimensional fractional

Brownian motion process. Then for 0 ≤ s < t ≤ T , we have

E[|SIn(Bt)st|2] ≤
24n

n!Hn
(n2 +

22nn5βn,H
Hn

)× (t− s)2nH (4.5)

where βn,H =
π( 1

2−H)

cos(πH) + 1
1−2nH .

Proof. Proof is deferred to Section 4.5.

Theorem 4.3.5 (Upper bound for covariance of fBm signature with H < 1/2). For n ≤⌊
1
H

⌋
, let SIp(Bt)st with any tuple Ip = (i1, . . . , ip) of elements of {1, . . . , d} and SIp(Bt)st

with any tuple Jq = (j1, . . . , jq) of elements of {1, . . . , d}denote pth and qth order integrals

of a d-dimensional fractional Brownian motion process. If p+ q = 2k = n, then for 0 ≤ s <
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t ≤ T , we have

E[SIp(Bt)stSJq (Bt)st] ≤
2nβk,H
k!Hk

(t− s)2kH

where βk,H =
π( 1

2−H)

cos(πH) + 1
1−2kH .

Proof. From the shuffle product property we know that

E[SIp(Bt)stSJq
(Bt)st] =

∑
Kn∈Ip�Jq

E[SKn
(Bt)st]

We know that |Ip � Jq| = n!
p!q! and p+ q = 2k = n. Therefore applying Lemma 4.3.3 we

have:

E[SIp(Bt)stSJq (Bt)st] ≤
(
n

p

)
× βk,H
k!Hk

(t− s)nH

≤ 2nβk,H
k!Hk

(t− s)2kH

where βk,H =
π( 1

2−H)

cos(πH) + 1
1−2kH .

4.4 Simulation Results

This section examines signature regression on simulated and real-world data. We first focus

on applications in financial time series analysis. We also study the UCI Air Quality dataset,

evaluating both methods using mean squared error for in-sample and test data.

Fractional Brownian Motion Analysis: In this section we show results for simulated

data in a financial setting. We generated sample paths Xi of a fractional Brownian motion

representing the price of a stock. The outputs yi represent option prices produced by the

following payoff functions, with time to maturity T = 1:

(I) Call option (d = 1) : max
(
X1

T − 1.2, 0
)
;

(II) Asian option (d = 1) : max
(
mean0≤t≤T

(
X1

t

)
− 1.2, 0

)
;

(III) Rainbow option I (d = 2) : max
(
X1

T −X2
T , 0
)
;

(IV) Rainbow option II (d = 2) : max
(
max

(
X1

T , X
2
T

)
− 1.2, 0

)
;

We then applied Lasso regression and signature regression to analyze the outputs. The

signature computation was truncated at level K = 3. The results were compared across dif-

ferent Hurst parameter values. The results are illustrated in Figures 4.1, where we graphed

the test error against the Hurst parameter. As anticipated, the signature method demon-

strated better performance than the conventional regression method as the irregularity of

the data increases. The performance of both Lasso and Signature Lasso improved with an

increase in the Hurst parameter. This is because higher Hurst parameters correspond to

smoother signals, making it easier for regression methods to approximate the underlying

function. We note that for Asian and Rainbow II options the dependency on H is stronger.

Call and Rainbow I options instead, are a function of XT only, i.e. the process at the last

time instant.

Air Quality Data. We now move to the analysis of real world data. The UCI Air

Quality dataset [98, 37] contains hourly averages from five metal oxide chemical sensors

recorded over a year in a polluted area in Italy. Our study focuses on the concentration of

nitrogen dioxide (NO2), aiming to predict its ground truth value one hour into the future,
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(a) Lasso regression comparing with
signature regression for Call options.

(b) Lasso regression comparing with
signature regression for Asian op-
tions.

(c) Lasso regression comparing with
signature regression for Rainbow Op-
tion I.

(d) Lasso regression comparing with
signature regression for Rainbow Op-
tion II.

Figure 4.1: Comparison of Lasso and signature regression across various option functions
shows that signature Lasso regression consistently outperforms basic Lasso.

based on the data from the previous 7 days (168 hours). In order to create a multivariate

setting, we include temperature and relative humidity as features in X, representing a path

in three dimensions (d = 3).

Specifically, we take p = 168 previous time steps as inputs to our regression model, i.e,

our dataset is {(Xn, yn), n = 1, . . . N}, where Xn = (Xi
n−k, k = 1, . . . , 168, i = 1, 2, 3). We

applied Lasso regression and signature regression at two distinct levels K = 2, 3, assessing

the mean squared error for in-sample and test data. In Figure 4.2 we show the error curves as

a function of the number of learning iterations during model training, by using a fixed tuning

parameter. For better visualization, 250 test time steps are selected, and the corresponding

predictions are shown in Figure 4.3 along with the MSEs. In order to determine the optimal

tuning parameter, we employed a time-series cross-validation technique, by splitting the

data in subsequent blocks of 900 training points followed by 100 test points. Simulation

outcomes reveal that signature regression outperforms conventional regression methods.
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Figure 4.2: Lasso regression comparing to signature regression for Air Quality data.
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Figure 4.3: Predicted and true values for air quality data. From the left: standard Lasso
regression, signature regression levels 2 and 3, respectively.

4.5 Technical Results and Proofs

Before proceeding with the details, it is important to highlight and review some concepts

and notations that are useful in our computations. We denote the simplex over [0, T ] as

∆k
T = ∆k[0, T ] = {(u1, . . . , uk) ∈ [0, t]k, 0 < u1 < · · · < uk ≤ T}.

When H < 1
2 , the first level is given by SI1(Bt)st = Bi1

t − Bi1
s and for 2 ≤ n ≤ ⌊1/H⌋,

it is extended to higher-order iterated integrals constructed over Bt ([76]) as

SIn(Bt)st =

n∑
j=1

(−1)j−1

∫
An

j

j−1∏
l=1

K(s, ul)[K(t, uj)−K(s, uj)]

n∏
l=j+1

K(t, ul) dW
i1
u1
· · · dW in

un
,

where integration is understood in the Stratonovich sense [76] and An
j is the subset of [0, t]n

defined by

An
j = {(u1, . . . , un) ∈ [0, t]n : uj = min(u1, . . . , un), u1 > · · · > uj−1 and uj+1 < · · · < un}.

Sometimes for simplicity we write above equation as
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SIn(Bt)st =

n∑
j=1

Ŝj
In
(Bt)st. (4.6)

We need to calculate integrals of below form

Qst =

∫
0<u1<···<un<t

δKst

n∏
i=2

Kτi dW. (4.7)

Notice that in the expression above, we made use of the notation introduced at the

beginning of the current section, and for i = 1, . . . , n, we assume τi = s or t. Let us further

decompose Q into Q = Q1 +Q2, where

Q1
st =

∫
s<u1<···<un<t

K⊗n
t dW,

Q2
st =

∫
0<u1<···<un<t, u1<s

δKst

n∏
i=2

Kτi dW,

(4.8)

in addition, δKst = K(t, uj)−K(s, uj) and
∏n

j=1K(t, uj) = K⊗n
t . The following proposition

offers a method to express iterated Stratonovich integrals in terms of iterated Ito integrals,

allowing us to take advantage of useful properties of Ito integration, such as the Ito isometry.

Proposition 4.5.1 (Proposition 2.6 from [76]). Let Y t = (Y 1
t , . . . , Y

n
t ) be an n-dimensional

martingale of Gaussian type, defined on an interval [s, t], of the form

Yu(j) =

∫ u

s

ψv(j) dW
ij
v

for a family of L2([s, t]) functions (ψ(1), . . . , ψ(n)), a set of indices (i1, . . . , in) belonging

to {1, . . . , d}n, and where we recall that (W 1, . . . ,W d) is a d-dimensional Wiener process.

Then the following decomposition holds true:∫
s≤u1<···<un≤t

dY i1
u1
· · · dY in

un
=

n∑
k=⌊n/2⌋

1

2n−k

∑
ν∈Dk

n

Jst(ν). (4.9)

In the above formula, the sets Dk
n are subsets of {1, 2}k given by

Dk
n =

{
ν = (n1, . . . , nk);

k∑
j=1

nj = n

}
,

and the Ito-type multiple integrals Jst(ν) are defined as follows:

Jst(ν) =

∫
s≤u1<···<uk≤t

∂Z1
u1
· · · ∂Zk

uk
,

where, setting
∑j

l=1 nl = m(j), we have

Zj = Y im(j) if nj = 1,

and

Zj
u =

(∫ u

s

ψv(m(j)− 1)ψv(m(j)) dv

)
1(im(j)−1=im(j)) if nj = 2.
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Concerning Q2
st, one can write

Q2
st =

n∑
j=1

Bj
st,

where

Bj
st =

∫
0<u1<···<uj<s<uj+1<···<un<t

δKst

n∏
i=2

Kτi dW,

for which we can write below decomposition to two independent terms Bj
st = Cj

stD
j
st

Cj
st =

∫
0<u1<···<uj<s

δKst

j∏
i=2

Kτi dW

Dj
st =

∫
s<uj+1<···<un<t

K
⊗(n−j)
t dW.

Moreover, applying Proposition 4.5.1 we have

Cj
st =

j∑
k=⌊j/2⌋

1

2j−k

∑
ν∈Dk

j

J0s(ν).

Proof of Theorem 4.3.2

In this section we focus on upper bounds for H > 1/2.

Proof of Theorem 4.3.2. In order to prove this theorem we need the following lemma from

[9] and Remark 4.5.3. Let I = (i1, . . . , ik) ∈ {1, . . . , d}k be a word with length k. We use

the following notation: ∫
∆k

[0,t]

dBIk =

∫
0<t1<···<tk≤t

dBi1
t1 · · · dB

ik
tk
.

Lemma 4.5.2 (Lemma 10 of [9]). Let G = (G1, . . . , G2k) be a centered Gaussian vector.

We have

E[G1 . . . G2k] =
1

k!2k

∑
σ∈Θ2k

k∏
l=1

E[Gσ(2l)Gσ(2l−1)],

where Θ2k is the group of the permutations of the set {1, . . . , 2k}.

Remark 4.5.3. Consider a general symmetric function g(u1, u2, . . . , uk), meaning that for

any permutation σ of the indices {1, 2, . . . , k},

g(u1, u2, . . . , uk) = g(uσ(2), . . . , uσ(k)).

The cube [s, t]k can be partitioned into k! regions based on the ordering of u1, u2, . . . , uk,

such as s < u1 < u2 < · · · < uk < t, s < u1 < u3 < u2 < u4 < · · · < uk < t, etc. Since g

is symmetric, the integral of g over each ordered region is the same. The integral over the

simplex is the integral over the cube:∫
[s,t]k

g(u1, u2, . . . , uk) du1du2 · · · duk = k!×
∫
∆k[s,t]

g(u1, u2, . . . , uk) du1du2 · · · duk.
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Let p+ q = 2k = n. From the shuffle product definition we have

E
[ ∫

∆p[0,1]

dBIp

∫
∆q [0,1]

dBJq

]
= E

[ ∑
Kn∈Ip�Jq

∫
∆2k[0,1]

dBKn

]
.

Thus, we obtain:

E
[ ∑
Kn∈Ip�Jq

∫
∆2k[0,1]

dBKn

]
=

∑
Kn∈Ip�Jq

∫
∆2k[0,1]

E
[
dBKn

]
.

Applying Lemma 4.5.2

E
[
dBKn

]
=

1

k!2k

∑
σ∈Θ2k

k∏
l=1

E
[
dB

iσ(τ(2l))

tσ(τ(2l))
dB

iσ(τ(2l−1))

tσ(τ(2l−1))

]
,

where τ is the shuffle permutation. Using the covariance function of the fractional Brownian

motion, we obtain:

E
[
dB

iσ(τ(2l))

tσ(τ(2l))
dB

iσ(τ(2l−1))

tσ(τ(2l−1))

]
= H(2H − 1)δiσ(τ(2l−1)),iσ(τ(2l))

× |tσ(τ(2l)) − tσ(τ(2l−1))|2H−2.

In the second part, our goal is to find an upper bound for

E

[∫
∆p[0,1]

dBIp

∫
∆q [0,1]

dBJq

]
=

Hk

k!2k
(2H − 1)k

∑
Kn∈Ip�Jq

I, (4.10)

where

I =

∫
∆2k[0,1]

∑
σ∈Θ2k

2k∏
l=1

δiσ(τ(2l−1)),iσ(τ(2l))
× |tσ(τ(2l)) − tσ(τ(2l−1))|2H−2 dt1 . . . dt2k,

Now we want to apply Remark 4.5.3. Therefore, we need to check whether the symmetry

condition in the remark holds. Summing over all permutations π ∈ Θ2k, the total integrand

is:

g(t1, . . . , t2k) =
∑

π∈Θ2k

k∏
l=1

δiπ(2l−1),iπ(2l)
|tπ(2l) − tπ(2l−1)|2H−2.

Let π = σ ◦ τ . To check symmetry, apply a permutation ρ ∈ Θ2k to the variables, mapping

ti → tρ(i) yielding:

g(tρ(1), . . . , tρ(2k)) =
∑

π∈Θ2k

k∏
l=1

δiπ(2l−1),iπ(2l)
|tρ(π(2l)) − tρ(π(2l−1))|2H−2.

Since |tρ(π(2l)) − tρ(π(2l−1))| = |tπ′(2l) − tπ′(2l−1)| with π′ = ρ ◦ π, and the Kronecker deltas

remain unchanged under reindexing, the sum is invariant:

g(tρ(1), . . . , tρ(2k)) = g(t1, . . . , t2k).

Thus, g is symmetric under all permutations of {t1, . . . , t2k}. Therefore, applying Remark

74



4.5.3 we get:

I =
1

(2k)!

∑
π∈Θ2k

∫
[0,1]2k

k∏
l=1

δiπ(2l−1),iπ(2l)
|tπ(2l) − tπ(2l−1)|2H−2 dt1 . . . dt2k.

For each π, if δiπ(2l−1),iπ(2l)
= 1, compute:

∫
[0,1]2k

k∏
l=1

|tπ(2l) − tπ(2l−1)|2H−2 dt1 . . . dt2k =

k∏
l=1

∫ 1

0

∫ 1

0

|vl − ul|2H−2 duldvl.

Evaluate the pair integral:∫ 1

0

∫ 1

0

|v − u|2H−2 dudv = 2

∫ 1

0

∫ u

0

(u− v)2H−2 dvdu = 2

∫ 1

0

u2H−1

2H − 1
du =

2

(2H − 1)(2H)
.

Thus: ∫
[0,1]2k

k∏
l=1

|tπ(2l) − tπ(2l−1)|2H−2 dt1 . . . dt2k =

(
2

(2H − 1)(2H)

)k

.

Assuming the maximum number of permutations with δiπ(2l−1),iπ(2l)
= 1 is (2k)!, we get:

I ≤ (2k)!
1

(2k)!

(
2

(2H − 1)(2H)

)k

=

(
2

(2H − 1)(2H)

)k

.

We know |Ip � Jq| =
(
p+q
p

)
. Thus, the total integral over both simplices satisfies:

∑
τ∈Ip�Jq

I ≤ (2k)!

p!q!

(
2

(2H − 1)(2H)

)k

, (4.11)

substituting this bound into the expectation formula (4.10):

E

[∫
∆p[0,1]

dBIp

∫
∆q [0,1]

dBJq

]
≤ (2k)!

p!q!k!2k

(
2(2H − 1)(H)

(2H − 1)(2H)

)k

=
(2k)!

p!q!k!2k
.

Finally, applying the following scaling property of fractional Brownian motion:

E
[ ∫

∆k[0,t]

dBIk

]
= tHkE

[ ∫
∆k[0,1]

dBIk

]
,

we get

E

[∫
∆p[s,t]

dBIp

∫
∆q [s,t]

dBJq

]
≤ (2k)!

k!2kp!q!
× (t− s)2kH

≤
(
2k
p

)
k!2k

2k(t− s)2kH

≤ 22k

k!
(t− s)2kH .

Proof of Theorem 4.3.4

We bound the fBm kernel using the following lemma, whose proof closely follows Proposition

4.1 in [76], with adaptations to our framework.
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Lemma 4.5.4. Consider below kernel K(t, u) is given by

K(t, u) = cH

[(u
t

)1/2−H

(t− u)H−1/2+(1
2
−H

)
u1/2−H

∫ t

u

vH−3/2(v − u)H−1/2 dv

]
1{0<u<t}, (4.12)

with H ∈ (0, 1/2), 0 < u < t ≤ T . Then we have

|K(t, u)| ≤ cH
[
(t− u)H− 1

2 + uH− 1
2

]
,

with 0 < H < 1
2 .

Proof. We want to find the constant C in the inequality

|K(t, u)| ≤ C
[
(t− u)H−1/2 + uH−1/2

]
,

Kernel in Equation (4.12) consists of two terms. For the first term since 0 < u < t, we

have u
t ≤ 1. Additionally, 1/2 − H > 0 (because H < 1/2), so

(
u
t

)1/2−H ≤ 1. Thus(
u
t

)1/2−H
(t − u)H−1/2 ≤ (t − u)H−1/2. This matches the first term in the desired bound.

Multiplying by cH , the contribution of the first term to |K(t, u)| is cH(t−u)H−1/2, suggesting

a coefficient of cH for the (t − u)H−1/2 term in the bound. Now we focus on the second

term. We want to find C such that:∫ t

u

vH− 3
2 (v − u)H− 1

2 dv ≤ Cu2H−1,

where 0 < u < t and 0 < H < 1/2. Substitute v = u(w + 1), so v − u = uw, dv = u dw,

with limits from w = 0 to w = t−u
u . The integral becomes:

∫ t

u

vH− 3
2 (v − u)H− 1

2 dv =

∫ t

u

[u(w + 1)]H− 3
2 (uw)H− 1

2 (udw)

=

∫ t

u

uH− 3
2 (w + 1)H− 3

2uH− 1
2wH− 1

2udw

= u2H−1

∫ t

u

(w + 1)H− 3
2wH− 1

2 dw.

In this step we need to find an upper bound for the below integral

∫ t−u
u

0

(w + 1)H− 3
2wH− 1

2 dw,

Substitute z = w
w+1 , so w = z

1−z , w + 1 = 1
1−z , dw = dz

(1−z)2 , and limits from z = 0 to

z = t−u
t . Applying the the Beta function (B(a, b)), we have

∫ t−u
u

0

(w + 1)H− 3
2wH− 1

2 dw =

∫ t−u
u

0

(1− z) 3
2−H

(
z

1− z

)H− 1
2 dz

(1− z)2

=

∫ t−u
t

0

zH− 1
2 (1− z)−2H dz

≤ B(H +
1

2
, 1− 2H),
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since t−u
t < 1. Therefore, the coefficient of the second term is

(
1
2 −H

)
B
(
H + 1

2 , 1− 2H
)
,

which is less than 1, leading to C = cH .

We begin by deriving an upper bound for E[(Dj
st)

2], followed by an explicit estimate for

E[(Cj
st)

2] through several steps. To obtain the bound for E[(Cj
st)

2], we first establish an

upper bound for E(J0s(ν)).

Bound for E[(Dj
st)

2]

Lemma 4.5.5. Consider

Dj
st =

∫
s<uj+1<···<un<t

K
⊗(n−j)
t dW,

where dW = dWuj+1
· · · dWun

, a Stratonovich integral over the simplex s < uj+1 < · · · <
un < t. Then

E
[
(Dj

st)
2
]
≤ 22n−2j

(n− j)!
× (

2c2H
H

)n−j(s− t)2H(n−j).

Proof. Our goal is to find a proper upper bound for E
[
(Dj

st)
2
]
. For this purpose we need

Remark 4.5.3. Applying Remark 4.5.3 and applying a modification of Lemma 2.7 in [76],

we get

E
[
(Dj

st)
2
]
≤

c2n−2j
H

(n− j)!

 n−j∑
k=⌊(n−j)/2⌋

|Dk
n|

2n−k

2(∫ t

s

[
(t− u)H− 1

2 + uH− 1
2

]
du

)n−j

. (4.13)

Now we need to bound
∫ t

v

[
(t− u)H−1/2 + uH−1/2

]2
du where we have

∫ t

s

[
(t− u)H−1/2 + uH−1/2

]2
du ≤ 2

∫ t

s

(t− u)2H−1 du+ 2

∫ t

s

u2H−1 du

=
2

2H

(
(t− s)2H + (t2H − s2H)

)
.

≤ 2

H
(t− s)2H ,

where the last inequality results from the fact that aα− bα ≤ (a− b)α for any 0 ≤ b < a and

α ∈ (0, 1). Moreover, for the summation in Equation (4.13) we have

( n∑
k=⌊n/2⌋

(
k

n−k

)
2n−k

)2

=

( ⌊n/2⌋∑
m=0

(
n−m
m

)
1

2m

)2

≤ 22n.

Remark 4.5.6. Applying same argument for Q1
st we get

E
[
(Q1

st)
2
]
≤ 22n

n!
× (

2c2H
H

)n(t− s)2nH
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Bound on E[(Cj
st)

2]

Now we focus on finding constant in the below inequality which can be obtained in several

steps.

E
[(
Cj

st

)2]
≤ Cc(t− s)2jH . (4.14)

Recall that

Cj
st =

j∑
k=⌊j/2⌋

1

2j−k

∑
ν∈Dk

j

J0s(ν), (4.15)

where

J0s(ν) =

∫
0<u1<···<uk<s

∂Z1
u1
· · · ∂Zk

uk
.

The summation is depends on what value ν take so we need to consider all possible cases

for ν. Therefore we need to obtain a bound for J0s(ν) which works for all ν.

Proposition 4.5.7. For J0s(ν) in Equation (4.15) we have

E
[
J0s(ν)

2
]
≤ C(t− s)2kH .

where

C =
kβk,H
k!

( 2
H

)2k−2
,

and βk,H =
π( 1

2−H)

cos(πH) + 1
1−2kH .

In order to find constant Cc we need some auxiliary lemmas. First we review Lemma

2.5 from [76]. this lemma states that if 2kH < 1 for A > 0 define

βA =

∫ A

0

[
yH− 1

2 − (1 + y)H− 1
2

] [
yH− 1

2 + (A− y)H− 1
2

]
y2(k−1)H dy. (4.16)

Then sup
A>0

βA <∞. Furthermore, we can write supA βA ≤ α+ γ, with

α =

∫ ∞

0

[
yH− 1

2 − (1 + y)H− 1
2

]
y2(k−1)H+H− 1

2 dy,

γ =

∫ A

0

[
yH− 1

2 − (1 + y)H− 1
2

]
(A− y)H− 1

2 y2(k−1)H dy.

Lemma 4.5.8. Consider the integral:

α =

∫ ∞

0

[
yH− 1

2 − (1 + y)H− 1
2

]
y2(k−1)H+H− 1

2 dy,

where 0 < H < 1
2 and 2kH < 1, then

α ≤ 1

1− 2kH
.

Proof. To estimate an upper bound, we split the integral into two parts:

α =

∫ 1

0

[
yH− 1

2 − (1 + y)H− 1
2

]
y2(k−1)H+H− 1

2 dy+

∫ ∞

1

[
yH− 1

2 − (1 + y)H− 1
2

]
y2(k−1)H+H− 1

2 dy.

For small y, we use the fact that: (1 + y)H−1/2 ≥ 1, and since H − 1
2 < 0, we have:
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yH− 1
2 − (1 + y)H− 1

2 ≤ yH− 1
2 . Thus,

∣∣∣yH− 1
2 − (1 + y)H− 1

2

∣∣∣ y2(k−1)H+H− 1
2 ≤ y2kH−1, and so:

∫ 1

0

[
yH− 1

2 − (1 + y)H− 1
2

]
y2(k−1)H+H− 1

2 dy ≤
∫ 1

0

y2kH−1dy =
1

2kH
.

Now we need to consider integral behavior for y ≥ 1. We consider the expression: f(y) =

yH− 1
2 − (1 + y)H− 1

2 , for y > 1 and H ∈
(
0, 12

)
. Since H − 1

2 < 0, the function x 7→ xH− 1
2

is decreasing. Therefore, f(y) > 0. We can represent the difference as an integral using the

Fundamental Theorem of Calculus:

f(y) = yH− 1
2 − (1 + y)H− 1

2 =

∫ y+1

y

(
1

2
−H)xH− 3

2 dx.

Now, because x ≥ y ≥ 1 and H − 3
2 < −1, the function xH− 3

2 is positive and decreasing.

Thus, for all x ∈ [y, y + 1], we have xH− 3
2 ≤ yH− 3

2 and therefore,∫ y+1

y

xH− 3
2 dx ≤ yH− 3

2 .

Putting it all together, we obtain f(y) ≤ ( 12 −H)yH− 3
2 . Therefore:∫ ∞

1

[
yH− 1

2 − (1 + y)H− 1
2

]
y2(k−1)H+H− 1

2 dy ≤ (1/2−H)

∫ ∞

1

y2kH−2dy =
1/2−H
1− 2kH

,

Combining both regions, we obtain:

α ≤ 1

2kH
+

1
2 −H

1− 2kH
, (4.17)

when 0 < H < 1
2 and 2kH < 1. Finally we get α ≤ 1

1−2kH .

In addition from [76] we have

γ ≤
(
1
2 −H

)2kH
Γ
(
1
2 −H

)
Γ
(
H + 1

2

)
,

where 2kH ≤ 1 we get that
(
1
2 −H

)2kH ≤ 1. Moreover from reflection formula of the Γ

function we know that Γ(z)Γ(1− z) = π
sin(πz) Therefore:

γ ≤ π

cos(πH)
.

Note that γ is finite. Since the Gamma function argument is between 0 and 1, it diverges

only in the case H → 1/2 Gamma function argument tends to 1/2. But when H → 1/2

then 2kH → 1 therefore we have

γ ≤
(
1
2 −H

)
Γ
(
1
2 −H

)
Γ
(
H + 1

2

)
= Γ

(
3
2 −H

)
Γ
(
H + 1

2

)
.

As a result the integral in Equation (4.16) will be bounded by below constant

βk,H =
π( 12 −H)

cos(πH)
+

1

1− 2kH
. (4.18)

79



Lemma 4.5.9. Let

G(ub) =

∫
0<ub<ub+1<···<uk<s

k∏
h=b+1

K(τm(h)−1, uh)K(τm(h), uh) dub+1 · · · duk,

then

|G(ub)| ≤
(2c2H)k−b

(k − b)!Hk−b
(s− ub)2(k−b)H .

Proof. From Lemma 4.5.4 and since s ≤ τm(h) ≤ t we have

|G(ub)| ≤ c2(k−b)
H

∫
0<ub<ub+1<···<uk<s

k∏
h=b+1

[
(s− uh)H−1/2 + u

H−1/2
h

]2
dub+1 · · · duk

= c
2(k−b)
H

∫
0<ub<ub+1<···<uk<s

k∏
h=b+1

[
(s− uh)H−1/2 + u

H−1/2
h

]2
dub+1 · · · duk

≤ c2(k−b)
H

2k−b

(k − b)!

∫
[ub,s]k−b

k∏
h=b+1

[
(s− uh)2H−1 + u2H−1

h

]
dub+1 · · · duk

= c
2(k−b)
H

2k−b

(k − b)!

(∫
[ub,s]

[
(s− uh)2H−1 + u2H−1

h

]
duh

)k−b

≤
c
2(k−b)
H 2k−b

Hk−b(k − b)!

(
(s− ub)2H

)k−b

.

Lemma 4.5.10. Assume term J0s(ν) for for ν = (j1, . . . , jk) = (2,2,. . . ,2) is defined as

follows

J0s(ν) =

∫
0<u1<···<uk<s

[K(t, u1)−K(s, u1)]K(τ2, u1)

k∏
h=2

K(τ2h−1, uh)K(τ2h, uh) du1 · · · duk.

Then we have:

E|J0s(ν)| ≤ Cν2k
(t− s)2kH ,

where

Cν2k
=

c2H
(k − 1)!

(
2c2H
H

)k−1 × βk,H .

Proof. As a consequence, of Lemma 4.5.4, we have

|J0s(ν)| ≤ c2kH
∫
0<u1<···<uk<s

φ(1)
u1

k∏
h=2

φ(2)
uh

du1 · · · duk, (4.19)

where

φ(1)
u1

=
[
(s− u1)H−1/2 − (t− u1)H−1/2

] [
(s− u1)H−1/2 + u

H−1/2
1

]
,

and

φ(2)
uh

=
[
(s− uh)H−1/2 + u

H−1/2
h

]2
.

Applying Lemma 4.5.9 for b = 1 we get

∫
u1<u2<···<uk<s

k∏
h=2

φ(2)
uh

du2 · · · duk ≤
1

(k − 1)!
(
2

H
)k−1(s− u1)2(k−1)H .

Therefore, by making the change of variables s− u1 = v and y = v
t−s , we get
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|J0s(ν)| ≤
1

(k − 1)!
(
2c2H
H

)k−1(t− s)2kH
∫ s/(t−s)

0

[
yH− 1

2 − (1 + y)H− 1
2

]
×

[
yH− 1

2 +

(
s

t− s
− y
)H− 1

2

]
y2(k−1)H dy.

Remark 4.5.11. suppose that ν = (j1, . . . , jk−1, 1). In this case

J0s(ν) =

∫
0<u1<···<uk<s

∂Z1
u1
· · · ∂Zk−1

uk−1
K(τj , uk)∂Wu(ij),

then from Ito isometry and Lemma 4.5.4 we get

E[J0s(ν)2] =
∫ s

0

E(J0u(ν′)2)K(τj , u)
2 du

≤ c2H
∫ s

0

E(J0u(ν′)2)
(
(s− u)2H−1 + u2H−1

)
du,

with ν′ = (j1, j2, . . . , jk−1).

Now we consider the next possible case.

Lemma 4.5.12. Now we consider the case where ν = (j1, . . . , jb−1, jb, jb+1, . . . , jk) with

2 ≤ b. Set jb = 1 and jb+1 = jb+2 = · · · = jk = 2. Then we have

E[J0s(ν)2] ≤ c2k−2b
H

∫ s

0

E[J0ub
(ν′′)2]

[
(s− ub)2H−1 + u2H−1

b

]
(s− ub)4(k−b)H dub.

Proof. In this case applying Fubini’s theorem we have

J0s(ν) =

∫ s

0

J0ub
(ν′)K(τm(h), ub)G(ub) dW

im(h)
ub ,

with ν′ = (j1, . . . , jb−1), and where

G(ub) =

∫
0<ub<ub+1<···<uk<s

k∏
h=b+1

K(τm(h)−1, uh)K(τm(h), uh) dub+1 · · · duk.

From Lemma 4.5.9 for G(ub) and Ito isometry we get

E[J0s(ν)2] =
∫ s

0

E[J0ub
(ν′)2]K(τm(h), ub)

2G(ub)
2 dub

≤ c2k−2b
H

∫ s

0

E[J0ub
(ν′)2]

[
(s− ub)2H−1 + u2H−1

b

]
(s− ub)4(k−b)H dub.

Lemma 4.5.13. If φ
(2)
uh =

[
(s− uh)H−1/2 + u

H−1/2
h

]2
, then

∫
u1<···<uk<s

k∏
h=2

φ(2)
uh

du2 · · · duk ≤
2k−1

(k − 1)!

∫
[u1,s]k−1

k∏
h=2

[
(s− uh)2H−1 + (uh − u1)2H−1

]
du2 · · · duk.
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Proof. Using (a+ b)2 ≤ 2a2 + 2b2, we have φ
(2)
uh = (s− uh)2H−1 + 2(s− uh)H−1/2u

H−1/2
h +

u2H−1
h ≤ 2(s− uh)2H−1 +2u2H−1

h Moreover, since uh > u1 and 2H − 1 < 0 (as 0 < H < 1
2 ),

then u2H−1
h ≤ (uh − u1)2H−1. Therefore

k∏
h=2

φ(2)
uh
≤ 2k−1

k∏
h=2

[
(s− uh)2H−1 + (uh − u1)2H−1

]
.

Note that the ordered integral u1 < · · · < uk < s is bounded by the larger domain [u1, s]
k−1.

We also need to relate the integral over the ordered simplex to the integral over the cube.

Now we need to apply Remark 4.5.3. In our case, the integrand on the right,

g(u2, . . . , uk) =

k∏
h=2

[
(s− uh)2H−1 + (uh − u1)2H−1

]
,

is symmetric because permuting the variables u2, . . . , uk only reorders the factors in the

product, leaving the product unchanged. Rearranging, we obtain:

∫
u1<···<uk<s

g(u2, . . . , uk) du2 · · · duk =
1

(k − 1)!

∫
[u1,s]k−1

g(u2, . . . , uk) du2 · · · duk.

This justifies dividing by 1
(k−1)! , as the symmetry ensures that each of the (k − 1)! ordered

regions contributes equally to the cube integral.

Lemma 4.5.14. Let ν = (j1, . . . , jc, jc+1, . . . , jb−1, jb, jb+1, . . . , jk) the sequence of indices

jk, jk−1, . . . , jb+1 = 2, jb = 1, jb−1, . . . , jc+1 = 2, and jc = 1, where 2 ≤ c ≤ b, and

E[J0s(ν)2] incorporated by two integration stages corresponding to the transitions at jb = 1

and jc = 1. Then

E
[
J0s(ν)

2
]
≤ Csingle

∫ s

0

E
[
J0uc(ν

′)2
] [

(s− uc)2H−1 + u2H−1
c

]
×

(s− uc)4(k−c)H+2H duc, (4.20)

where

Csingle = 2
2k−c

(k − c)!
(2cH)2k−2c

H2k−2c
.

Proof. We perform the proof in two steps. In the first step we show that

E[J0s(ν)2] ≤
2k−c

(k − c)!
4c4H

(2cH)2k−2c

H2k−2c

∫
0<uc<ub<s

E[J0uc
(ν′′)2]

[
(ub − uc)2H−1 + u2H−1

c

]
× (ub − uc)4(b−c)H

[
(s− ub)2H−1 + u2H−1

b

]
× (s− ub)4(k−b)H duc dub, (4.21)

where ν′′ = (j1, . . . , jc−1).

The goal is to compute E[J0s(ν)2] by incorporating two integration stages corresponding

to the transitions at jb = 1 and jc = 1. Applying Ito isometry and Fubini’s theorem we get:

E[J0s(ν)2] =
∫ s

0

E[J0ub
(ν′)2]K(τm(h), ub)

2G(ub)
2 dub

≤ C1

∫ s

0

E
[
J0ub

(ν′)2
] [
(s− ub)2H−1 + u2H−1

b

]
(s− ub)4(k−b)H dub.
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where ν′ = (j1, . . . , jb−1) and inequality results from Lemma 4.5.4 and 4.5.9 with constant

C1 =
1

(k − b)!
(2cH)2k−2b

H2k−2b
.

with the same technique we get

E[J0ub
(ν′)2] ≤ C2

∫ ub

0

E[J0uc(ν
′′)2]

[
(ub − uc)2H−1 + u2H−1

c

]
(ub − uc)4(b−c)H duc,

where

C2 =
1

(k − b)!
1

(b− c)!
(2cH)2k−2c

H2k−2c
≤ 2k−c

(k − c)!
(2cH)2k−2c

H2k−2c
, (4.22)

because
1

(k − b)!(b− c)!
=

1

(k − c)!

(
k − c
k − b

)
≤ 2k−c

(k − c)!
.

Therefore, we obtain the desired inequality. In the next lemma we aim to transform double

integration in Equation (4.21) to one integration in the following lemma.

Lemma 4.5.15. With condition in Lemma 4.5.14 below inequality holds:

E
[
J0s(ν)

2
]
≤ Csingle

∫ s

0

E
[
J0uc

(ν′)2
] [

(s− uc)2H−1 + u2H−1
c

]
× (s− uc)4(k−c)H+2H duc, (4.23)

where

Csingle =
2k−c

(k − c)!
(2cH)2k−2c

H2k−2c
.

Integral in (4.21) is a double integral over the region 0 < uc < ub < s.

E[J0s(ν)2] ≤
2k−c

(k − c)!
(2cH)2k−2c

H2k−2c

∫
0<uc<ub<s

E[J0uc(ν
′)2]
[
(ub − uc)2H−1 + u2H−1

c

]
× (ub − uc)4(b−c)H

[
(s− ub)2H−1 + u2H−1

b

]
(s− ub)4(k−b)H duc dub,

Since u2H−1
b ≤ (ub − uc)2H−1 for 0 < H < 1/2 we can write:

E[J0s(ν)2] ≤
2k−c

(k − c)!
(2cH)2k−2c

H2k−2c

∫
0<uc<ub<s

E[J0uc
(ν′)2]

[
(ub − uc)2H−1 + u2H−1

c

]
× (ub − uc)4(b−c)H

[
(s− ub)2H−1 + (ub − uc)2H−1

]
(s− ub)4(k−b)H duc dub.

We rewrite the double integral as:∫ s

0

∫ s

uc

E[J0uc
(ν′)2]

[
(ub − uc)2H−1 + u2H−1

c

]
(ub − uc)4(b−c)H

×
[
(s− ub)2H−1 + (ub − uc)2H−1

]
(s− ub)4(k−b)H dub duc.

The inner integral is:

I(uc) =

∫ s

uc

[
(ub − uc)2H−1 + u2H−1

c

]
(ub − uc)4(b−c)H

×
[
(s− ub)2H−1 + (ub − uc)2H−1

]
(s− ub)4(k−b)H dub.
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by expanding integrand we yield four terms:

[
(ub − uc)2H−1(s− ub)2H−1 + (ub − uc)4H−2 + u2H−1

c (s− ub)2H−1 + u2H−1
c (ub − uc)2H−1

]
× (ub − uc)4(b−c)H(s− ub)4(k−b)H .

Substitute t = ub − uc, so ub = t+ uc, dub = dt, s− ub = (s− uc)− t, with limits t from 0

to s− uc. The integral becomes:

I(uc) =

∫ s−uc

0

t2H−1+4(b−c)H [(s− uc)− t]2H−1+4(k−b)Hdt+ t4H−2+4(b−c)H [(s− uc)− t]4(k−b)Hdt

+ u2H−1
c t4(b−c)H [(s− uc)− t]2H−1dt+4(k−b)H + u2H−1

c t2H−1+4(b−c)H [(s− uc)− t]4(k−b)Hdt.

Use the Beta function,
∫ a

0
tp(a− t)q dt = ap+q+1B(p+ 1, q + 1):

• First term: (s− uc)4H−1+4(k−c)HB(2H + 4(b− c)H, 2H + 4(k − b)H)

= (s− uc)4H−1+4(k−c)HB1 ,

• Second term: (s− uc)4H−1+4(k−c)HB(4H − 1 + 4(b− c)H, 4(k − b)H + 1)

= (s− uc)4H−1+4(k−c)HB2,

• Third term: u2H−1
c (s− uc)2H+4(k−c)HB(4(b− c)H + 1, 2H + 4(k − b)H)

= u2H−1
c (s− uc)2H+4(k−c)HB3,

• Fourth term: u2H−1
c (s− uc)2H+4(k−c)HB(2H + 4(b− c)H, 4(k − b)H + 1)

= u2H−1
c (s− uc)2H+4(k−c)HB4.

Therefore, since we can factorize (s − uc)2H−1 in the first and second term and u2H−1
c

in the third and fourth term we have

I(uc) ≤ C
∫ s

0

[
(s− uc)2H−1 + u2H−1

c

]
(s− uc)4(k−c)H+2H duc,

where C = 2max{B1, B2, B3, B4}. Form [50] we know that B(x, y) ≤ 1
xy ≤ 1 for x, y ≥ 1.

If we assume H is large enough then we get

max{B1, B2, B3, B4} ≤ 1

If we assume every beta function argument is larger than 1. In this case we can simply use

bound equal to ”one”. Therefore we have:

Csingle = 2
2k−c

(k − c)!
(2cH)2k−2c

H2k−2c

Note that

E[J0s(ν)2] ≤ Csingle

∫ s

0

E[J0uc
(ν′)2]

[
(s− uc)2H−1 + u2H−1

c

]
(s− uc)4(k−c)H+2H duc.

To get above inequality we need to perform at most (k − r − 2)/2 . By induction:

E[J0s(ν)2] ≤ CI

∫ s

0

E[J0u(ν′)2]
[
(s− u)2H−1 + u2H−1

]
(s− u)2H

∑k
l=r(ν)+2 jl du.
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If we do not use simplification in Equation (4.22), then CI(ν) will be obtained from the last

step that

CI = (
2cH
H

)2k−2r.

Now we can focus on the general ν. By iteration we achieve

E[J0s(ν)2] ≤ CI

∫ s

0

E[J0u(ν′)2]
[
(s− u)2H−1 + u2H−1

]
× (s− u)2H

∑k
ℓ=r+2 jℓ du,

where ν′ are obtain a multi-index of length r and can be either (1, 2, . . . , 2) or (2, . . . , 2)

with jr+1 = 1. Now we investigate both cases. Assume ν′ = (1, 2, . . . , 2). In this case we

get

J0s(ν
′) =

∫ u

0

[K(t, u1)−K(s, u1)]F (u1) dW
i1
u1
,

where

F (u1) =

∫
u1<u2<···<ur<u

r∏
h=2

K(τm(h)−1, uh)K(τm(h), uh) du2 · · · dur.

From Lemma 4.5.9 we know that

|F (u1)| ≤ CF (u− u1)2(r−1)H .

where CF = (2cH)k−1

Hk−1 .

Lemma 4.5.16. Assume

E[J0s(ν)2] ≤ CI

∫ s

0

E[J0u(ν′)2]
[
(s− u)2H−1 + u2H−1

]
× (s− u)2H

∑k
ℓ=r+2 jℓ du,

and

E[J0s(ν′)2] ≤ CF

∫ u

0

[
(t− u1)H−1/2 − (s− u1)H−1/2

]2
(u− u1)4(r−1)H du1,

then

E[|J0s(v)|2] ≤ CICF

∫ s

0

[
(t− u)H−1/2 − (s− u)H−1/2

]2
(s− u)2(j−1)H du.

Proof. by changing the order of integration we have:∫ s

0

[
(t− u1)H−1/2 − (s− u1)H−1/2

]2 ∫ s

u1

(u−u1)4(r−1)H
[
(s− u)2H−1 + u2H−1

]
(s−u)2H

∑k
l=r+2 jl dudu1.

We consider inner integral and try to simplify it

I(u1) =

∫ s

u1

(u− u1)4(r−1)H
[
(s− u)2H−1 + u2H−1

]
(s− u)2H

∑k
l=r+2 jl du

≤
∫ s

u1

(u− u1)4(r−1)H
[
(s− u)2H−1 + (u− u1)2H−1

]
(s− u)2H

∑k
l=r+2 jl du.
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By substituting t = u− u1, u = t+ u1, du = dt, we have

I(u1) =

∫ s−u1

0

t4(r−1)H
[
(s− u1 − t)2H−1 + t2H−1

]
(s− u1 − t)2H

∑k
l=r+2 jl dt

=

∫ s−u1

0

t4(r−1)H(s− u1 − t)2H−1+2H
∑k

l=r+2 jl dt

+

∫ s−u1

0

t4(r−1)Ht2H−1(s− u1 − t)2H
∑k

l=r+2 jl dt.

Using the fact that ∫ a

0

tp−1(a− t)q−1 dt = ap+q−1B(p, q), for p, q > 0,

for the first term is equal to:

(s− u1)4(r−1)H+2H(1+
∑k

l=r+2 jl)B

(
4(r − 1)H + 1, 2H + 2H

k∑
l=r+2

jl

)
.

In the second term we have:

(s− u1)4(r−1)H+2H
∑k

l=r+2 jlB

(
4(r − 2)H, 2H

k∑
l=r+2

jl + 1

)
,

and since 4(r − 1)H + 2H
∑k

l=r+2 jl + 2H = 2(j − 1)H,

I(u1) ≤ (s− u1)2(j−1)HB1 + (s− u1)2(j−1)HB2 ≤ max(B1, B2)(s− u1)2(j−1)H .

For simplicity, we assume 2H(m + 1) ≥ 1, (This is true specially when we have H > 1/4

and m ≥ 1), and (4r − 2)H ≥ 1 therefore we have

max{B1, B2} ≤ 1.

Therefore for the first case we get

E
[
J0s(ν)

2
]
≤ CICF (t− s)2jH

∫ s/(t−s)

0

[
(1 + y)H−1/2 − yH−1/2

]2
y2(j−1)H dy

≤ α′CICF (t− s)2jH ,

and we just need to find an upper bound for α′ =
∫ s/(t−s)

0

[
(1 + y)H−1/2 − yH−1/2

]2
y2(j−1)H dy.

We do it in the next lemma.

Lemma 4.5.17. The below integral is bounded by

α′ =

∫ ∞

0

[
yH−1/2 − (1 + y)H−1/2

]2
y2(k−1)H dy ≤ 1

2kH
+

(
H − 1

2

)2
1

2− 2kH
,

where we assume that 2kH < 1 and 0 < H < 1/2.

Proof. Assume that

f(y) =
[
yH−1/2 − (1 + y)H−1/2

]2
y2kH−2H .
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First consider 0 ≤ y ≤ 1. Similar to Lemma 4.5.8 we have

f(y) ≤ y2H−1y2kH−2H = y2kH−1,

and for 1 ≤ y

f(y) ≤ (H − 1/2)2y2H−3y2kH−2H = (H − 1/2)2y2kH−3.

Moreover, for y ∈ [0, 1], (1 + y)H−1/2 ≤ 2H−1/2. Therefore

∫ 1

0

g(y)2y2kH−2H dy ≤
∫ 1

0

y2H−1y2kH−2H dy =

∫ 1

0

y2kH−1 dy =
y2kH

2kH

∣∣∣∣1
0

=
1

2kH
.

For y ≥ 1, g(y) ≤ (H − 1/2)yH−3/2, we have:

g(y)2 ≤ (H − 1/2)2y2H−3,

and ∫ ∞

1

g(y)2y2kH−2H dy ≤ (H − 1/2)2
∫ ∞

1

y2H−3y2kH−2H dy

= (H − 1/2)2
∫ ∞

1

y2kH−3 dy

=

(
H − 1

2

)2
1

2− 2kH
.

Combining two bounds we get

α′
A ≤

1

2kH
+

(
H − 1

2

)2
1

2− 2kH
.

However due to Equation (4.17) the value of α′ is less than α and since for ν′ = (2, . . . , 2)

and cH < 1 we have the same procedure and we achieve that:

E
[
J0s(νk)

2
]
≤ αCICF (t− s)2kH

≤ βk,H
(2cH)k−1

Hk−1

(2c2H)k−1

(k − 1)!Hk−1
(t− s)2kH

≤ kβk,H
k!

( 2
H

)2k−2
(t− s)2kH .

(4.24)

Corollary 4.5.18. We have

E(Bj
st) ≤ CB(t− s)2nH ,

where

CB = βj,HH
−2j 22n+2j

(n− j)!j!
.
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Proof. We know that

E[(Bj
st)

2] ≤ E[(Cj
st)

2]E[(Dj
st)

2]

≤
(

22n−2j

(n− j)!
× (

2

H
)n−j

)
(t− s)2(n−j)H

( j∑
k=⌊j/2⌋

1

2j−k

∑
v∈Dk

j

)2

E
[
J0s(νk)

2
]

≤ 22n

(n− j)!
× (

2

H
)n−j jβj,H

j!

( 2
H

)2j−2
(t− s)2nH

≤ 23nn

Hn
× 2jβj,H

(n− j)!j!Hj
(t− s)2nH

≤ 25nnβn,H
H2nn!

(t− s)2nH .

Recall that Qst = Q2
st +Q1

st and

E
[
(Q1

st)
2
]
≤ 22n

n!
× (

2c2H
H

)n(t− s)2nH ≤ 23n

n!Hn
(t− s)2nH . (4.25)

If Q2
st =

∑n
j=1B

j
st then we get

E[(Q2
st)

2] ≤ 25nn3

H2nn!
(t− s)2nH ,

as a result

E[(Qst)
2] ≤ 2

25n3

H2nn!
(t− s)2nH ++2

23n

n!Hn
(t− s)2nH =

23n+1

n!Hn
(t− s)2nH × (1 +

22nn3βn,H
Hn

).

Finally we are in the stage that we can find constant in E
[
(Qst)

2
]
≤ Cq(t − s)2nH . From

above result and and Equation we have (4.25)

Cq =
1

n!

23n

Hn
×
(
1 + nβn,H

(
1 +

2

H

)n)
,

where βn,H =
π( 1

2−H)

cos(πH) + 1
1−2nH .

In order to find the overall bound we need Equation (4.6). Therefore we get

E
[
|Bn|2

]
= E


∣∣∣∣∣∣
n−1∑
j=1

B̂nj

∣∣∣∣∣∣
2


≤ (n− 1)22n−1E(Q2
st)

≤ 24n

n!Hn
(n2 +

22nn5βn,H
Hn

)× (t− s)2nH ,

where the factor 2n−1, is resulted from the number of shuffle terms when index j changes

and βn,H =
π( 1

2−H)

cos(πH) + 1
1−2nH . Note that for large n this upper bound is decaying.

Upper bound for the first moment of signature

In Lemma 4.3.3 we want to show that if n = 2k then

E[SIn(Bt)st] ≤
βk,H
k!Hk

(t− s)nH
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where

βk,H =
π( 12 −H)

cos(πH)
+

1

1− 2kH
.

Proof. Applying Proposition 4.5.1 signature expectation will be nonzero unless its decompo-

sition includes sequence of lenght k = n/2, with all elements equal to 2, i.e. ν = (2, . . . , 2).

Using Lemma 4.5.10 and the fact that cH < 1 we have:

E|Jst(ν)| ≤
βi,H

(i− 1)!
(
2

H
)i−1 × (t− s)2kH .

Therefore applying Equation (4.9) and considering the fact that there is only one nonzero

term we get:

E[SIn(Bt)st] =

n∑
i=⌊n/2⌋

1

2n−i

∑
ν∈Di

n

E(Jst(ν)) ≤
βk,H
k!Hk

(t− s)nH .
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Chapter 5

Affine Invariance in

Group-Equivariant Continuous

Convolutional Neural Networks

(G-CCNNs)

This chapter is an adapted version of our paper [70]:

A. Mohaddes, and J. Lederer. Affine Invariance in Continuous-Domain Convolutional Neural

Networks.

5.1 Chapter Overview

In this chapter, we aim to develop a group convolutional neural network that categorizes two

input signals as belonging to the same category, when these two signals can be converted

into each other through an affine transformation. For example consider two input pictures,

Φ1 : R2 → R and Φ2 : R2 → R. An interesting question is whether there is any affine

transform that can transform the first picture into the second. This question is akin to

investigating if Φ1(Ax + b) = Φ2(x), or at least if the distance between these two images is

small. Selecting a proper kernel can lead to stability of convolution under affine transform

(by stability under affine transform we mean Φ(x) ∗ g = Φ(Ax + b) ∗ g).
However, as we will discuss later, it can be shown that Equation (5.1) does not have a

solution in the general case and conventional convolutional neural network architectures are

not useful in detecting general affine transforms. Therefore, we need to employ a different

three layer convolutional neural network architecture. The idea is to embed the input image

into G2 (a process we call lifting), where we can perform convolutions in G2, which is

invariant under affine transformation. This first layer is called the lifting layer. Then we

need to perform the convolution in the convolutional layer and finally, we have the projection

layer which maps the signal in G2 back to ordinary signals. Theorems 5.2.3, 5.2.4, and 5.2.5

show that if the distance of an input function and a suitable affine transform of another

input function is less than ϵ for a fixed A and b, are ϵ′-affine invariant in the lifting layer,

convolutional layer, and projection layer respectively. Therefore the output of the designed

convolutional neural network is cϵ-affine invariant (for a constant c). We show that this
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network design is stable for affine invariant inputs. Furthermore, we demonstrate that the

associated computations for these architectures can be simplified from complex convolutions

over the transformation group to more straightforward integrals over Euclidean space.

This computational advantage becomes particularly meaningful in the context of Group

Convolutional Neural Networks (G-CNNs), which extend CNNs to capitalize on the in-

trinsic geometric properties and symmetries in data, particularly images [25]. Unlike their

traditional counterparts, G-CNNs harness the power of group theory, a mathematical frame-

work that formalizes transformations and symmetries. This theoretical foundation ensures

equivariance with respect to transformations described by the group, thereby enabling the

network to maintain predictable behavior under various transformations.

Our research investigates the property of affine invariance in the context of continuous-

domain convolutional neural networks. Our focus are affine spaces formed by the generalized

linear group GL2(R), the group of all invertible matrices of size 2×2. Affine transformations

are fundamental operations that combine linear transformations and translations. These

transformations are important because they address distortions of an affine nature. For

example, such distortions arise in certain types of CAPTCHA letters (a sequence of letters

and numbers that appear as a distorted image) [100, 38, 44] (see Figure 5.2). Previous

attempts have been made to investigate spaces that maintain affine-equivariance, but they

are restricted to strict conditions, such as cases where the determinant equals 1 (expressed as

SO(n)). We instead consider affine-invariant spaces across the entire spectrum of invertible

matrices. We introduce an approach, where we assess whether the convolution of the lifting

of Φ1 and Φ2 to G2 exhibits G2 invariance for every kernel. In order to apply this criterion,

an additional step is required, namely, the computation of convolutions over G2. We solve

this technical challenge using QR-decomposition discussed in [80].

This chapter addresses two primary technical contributions. We show that G-CNN ar-

chitectures are stable under affine transformations generated by the generalized linear group

GL2(R). This includes a large spectrum of transformations, such as roto-translations and

scale-translations. Thus, in this chapter we first prove the suitability of G-CNN architec-

tures. We then show that the related computations for these architectures can be simplified

from complicated convolutions over the transformation group to much simpler integrals over

the real space.

More broadly speaking, we show that G-CNNs cater to a considerably broader spectrum of

transformations than what was established before. This is a general result, but it can also be

used in specific scenarios to analyze invariant inputs in affinely generated transformations,

such as the roto-translation transformation.

Figure 5.1: Original letters and their affine-invariant CAPTCHA.

5.1.1 Group Convolutional Neural Networks Architecture

One conventional method to build group convolutional neural networks is to apply isotropic

convolutions for Equation (1.9). An isotropic Rd convolutional layer maps between planar
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signals L2

(
Rd
)
with K a planar correlation given by

(KΦ)(y) =
∫
Rd

K(x− y)Φ(x)dx,

and in which it is shown (Theorem 1 from [11]) that if Y ≡ G/H is the quotient of G with

H = StabG(y0) = {g ∈ G | gy0 = y0}, then the kernel K satisfies

for all h ∈ H : K(x) =
1

|deth|
K
(
h−1x

)
. (5.1)

Applying isotropic convolutions is limiting because they are constrained by the shape of

the kernels. One approach to overcome this limitation, is to lift the signals to a group G.

Lifting of the input signal, not only addresses the constraints of kernels as noted by [11] but

also offers advantages in enhancing the performance of image processing, as highlighted in

the work by [83]. When we apply lifting we must look for stabilizer StabG when G acts on

G. In this case we have

H = StabG(g) =
{
x ∈ G|xg = g

}
= {e}.

As a result, Equation (5.1) is fulfilled for all kernels, and there are no longer any limitations

imposed on the choice of kernels.

Definition 5.1.1 (Lifting layer (X = Rd,Y = G2)). Let g = (x,P ) ∈ G2, where x ∈ R2

and P ∈ GL2(R). A lifting layer maps functions from L2

(
Rd
)
to L2(G2), where G2 is a

group, via a lifting correlation defined by:

(Kf)(g) =
∫
Rd

1

|detP |
K
(
g−1x̃

)
Φ(x̃)dx̃.

Example 5.1.2 (Lifting for Kronecker delta kernel). Let

K = δ(x,0d×d) =

1 if x = 0 ∈ Rd;

0 otherwise.

Then for g = (x,P ) we have

g−1x̃ = P−1(x̃− x).

Therefore,

K(g−1x̃) = δ(P−1(x̃− x),0d×d) =

1 if x̃ = x;

0 otherwise.

This implies that the lifting layer is given by

(KΦ)(g) = Φ(x)

|detP |
.

We also need to discuss the existence of the lifting layer integral. A function Φ on R is

called locally integrable if Φ is integrable on every bounded interval [a, b] for a < b in R. If
K ∈ C∞c (R) and Φ is locally integrable, then

(Φ ∗K)(y) =

∫ ∞

−∞
Φ(t)K(y − t)dt,
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exists and is infinitely differentiable on R. First of all the input Φ is usually a picture and

therefore the function Φ is bounded. On the other hand the value of lifted functions on

cosets is equal to that of Φ. Therefore the lifted function is bounded as well. We further

know that the kernel is locally supported, which results the integrability. After lifting layer

we will apply convolutional layer which is defined as follows.

Definition 5.1.3 (Group convolutional layer (X = Y = G)). A group convolutional layer

maps between G-feature maps in L2(G). A group convolution is given by

(Φ ∗K)(h) =

∫
G

Φ(h)K
(
h−1g

)
dµG,

where g ∈ G and µG is a Haar measure.

We also need another layer to again maps to feature maps in L2(Rd). Let G = Rd ⋊ H̃.

Then we have the following definition:

Definition 5.1.4 (Rd Projection layer). A projection layer maps between G-feature maps

in L2(G) back to planar feature maps in L2(Rd)

(KΦ)(x) =
∫
H̃

Φ(x, h̃)dh̃. (5.2)

Frequently, the focus is on constructing architectures that are invariant, as opposed to

equivariant. Invariance with respect to all transformations in G is accomplished through

mean pooling across the entire group G, akin to how global translation invariance is typically

obtained by mean or max pooling over the spatial dimensions of feature maps. The global

pooling layer can be defined as follows.

Definition 5.1.5 (Global pooling layer). A global pooling layer transforms any feature map

into a single scalar value as follows,

(KΦ) =
∫
X
Φ(x)dµ(x), (5.3)

where K represents a pooling operation over X and dµ(x) is a Radon measure on X .

5.2 Principal Results

Here, we provide the principal result established in this chapter. In particular we explore

affine invariant spaces and investigate the convolution integration over G2.

5.2.1 Problem Statement

Our goal is to study invariance in affine transformations in continuous-domain convolutional

neural networks. An affine transformation basically combines linear transformations and

translations.

The affine transformation is important as we may face affine type distortions due to

varying proximity of the camera with respect to the object. For example, this type of

affine distortion could manifest in remote sensing images, as well as in camera imagery

which can include various perspective distortions [38]. It is important to note that in an

affine transformation, parallel lines in the original image continue to remain parallel in the
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transformed image. However, the transformation can introduce distortion in the angles

between lines.

This chapter explores the use of convolutional neural networks in handling affine trans-

formations, focusing specifically on cases where the transformation matrix A belongs to the

general linear group GL2(R). We diverge from the use of isometric convolutions, opting

instead for the application of the lifting-projection method, which we have elucidated in

Section 5.1.1 comprehensively. While prior investigations have focused on compact groups

such as SO(2), it is important to highlight that the GL2(R) group does not fall under the

category of compact groups. Our alternative method focuses on analyzing the convolution

of the lifted forms of the signals Φ1 and Φ2 for achieving G2 invariance. We also need to

introduce an extra step that encompasses performing convolutions on G2 and address the

unique challenges associated with this, including techniques for handling integrations over

G2. Therefore, the initial step is to demonstrate that this three-layer group-convolutional

neural networks are stable under affine transformations produced by the generalized linear

group GL2(R). The below theorem addresses this.

Theorem 5.2.1 (Stability of G-CNN architecture). Let Σ be the G-CNN consisting of three,

lifting, convolutional, and R-projection layer and let the distance of a function Φ1 and the

affine transform of another function Φ2 be less than ϵ, then

|ΣΦ1 − ΣΦ2| < cϵ,

where c = ∥K1∥R
2

1 ∥K2∥G2
1 and K1 and K2 are the kernels of the lifting layer and the convo-

lutional layer, respectively.

Proof. We analyze the three layers of the network individually, demonstrating the stability

of each layer. This, in turn, ensures the stability of the entire network. Theorems 5.2.3,

5.2.4, and 5.2.5 detail this process. The current theorem is a direct consequence of these

theorems.

Remark 5.2.2. Example 5.1.2 implies that the stability of affine-invariant systems can

decrease as the determinant of the transformation matrix approaches zero. This aligns with

geometric intuition: as det(P )→ 0, the transformation projects initial objects up to a very

small distance to lower-dimensional subspace. Consequently, inversion or reconstruction

becomes more challenging.

The next theorem asserts that, the lifting layer does not change the affine invariance of

input signals. The proof of the following theorems can be found in Section 5.4.

Theorem 5.2.3 (Invariance in the lifiting layer). Let Φ1,Φ2 : R2 → R be input signals and

let there exists an g ∈ G2 so that supg |(Φ1 − ρ(g−1)Φ2| < ϵ then

sup
g
|(KΦ1)(g)− ρ(g−1)(KΦ2)(g)| < ϵ∥K∥R

2

1 .

The next step is to demonstrate the invariance in the convolutional layer.

Theorem 5.2.4 (Invariance in the convolutional layer). Let (KΦ1), (KΦ2) : G2 → R be the

lifting of Φ1,Φ2 : R2 → R. If there exists an h̃ ∈ G2 so that ∥(KΦ1)(g)−ρ(h̃)(KΦ2)(g)∥sup <
ϵ then

∥(KΦ1) ∗K − ρ(h̃)(KΦ2) ∗K∥G2
sup < ϵ∥K∥G2

1

holds for every kernel K and vice-versa. Where ∥Φ∥G2
1 =

∫
G2
|Φ|dµG2

.
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The aforementioned finding indicates that to assess the equivalence of two signals, it is

necessary to perform a convolutional integration across G2. We investigate this problem

in the next section. In the last step we provide the below theorem which states that the

function defined by
∫
G2

(KΦ) ∗K dµG2
(g) which is a continuous function from C(R2,R) to R

can be used for characterization of invariant affine functions in the projection and pooling

layer.

Theorem 5.2.5 (Invariance in the projection and pooling layer). If (KΦ1), (KΦ2) : G2 → R
are lifting of input signals and there exists a h̃ ∈ G2 such that ∥(KΦ1)− ρ(h̃)(KΦ2)∥G2

1 < ϵ.

Then we have ∣∣∣ ∫
G2

(
(KΦ1) ∗K − (KΦ2) ∗K

)
(h)dµG2(h)

∣∣∣≤ ϵ∥K∥G2
1

5.2.2 Convolution Computation

Before illustrating how to compute the convolution over the group G2, we remark some

ingredients which are essential to compute the convolution over G2. We finally show that

the convolution over G2 can be computed through Fourier transform and integration over

real valued space.

In our study, we adopt a straightforward approach to calculate the G2-invariant convo-

lution for a kernel, which can be formulated as follows:∫
G2

Φ([x,A])K([y,B]−1[x,A])dµG2
. (5.4)

Using the Stone–Weierstrass theorem, in the setup of continuous functions with respect

to sup-norm, C(G2,R) = C(GL2(R) ⋉ R2,R), which asserts that sums of separable func-

tions are dense in C(G2,R), we reduce the kernel sets to functions of the form K(y,A) =∑M
i=1K1i(y)K2i(A). This reduction helps us to benefit from Fourier transforms to simplify

some parts of our calculations. We use QR parametrization of GL2(R) which aids us in

utilizing numerical approaches, for example those introduced in [35]. Now, we illustrate the

outcomes presented in [67, 80], which are pertinent to our calculations. Let

K0 =

{(
s −t
t s

)
: s, t ∈ R, s2 + t2 > 0

}
,

and

H(1,0) =

{(
1 0

u v

)
: u, v ∈ R, v ̸= 0

}
.

It is shown that GL2(R) = K0H(1,0),K0 ∩H(1,0) = I, where I denotes the identity matrix,

and (M ,C)→MC is a homeomorphism between K0 ×H(1,0) and GL2(R). From [67] we

have ∫
Gn

ΦdµGn =

∫
GLn(R)

∫
Rn

Φ[x,A]
dxdµGLn(R)(A)

|det(A)|
, for all Φ ∈ Cc (Gn) , (5.5)

where Cc(Gn) denotes the space of continuous R-valued functions of compact support on Gn.

For any integrable function Φ on GL2(R), the Haar integral on GL2(R) can be expressed as∫
GL2(R)

ΦdµGL2(R) =

∫
K0

∫
H(1,0)

Φ(MC)|det(C)|dµH(1,0)
dµK0 . (5.6)
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Let R∗ = R \ {0}. Then the map

[u, v]→

(
1 0

u v

)

is an isomorphism between the group G1 and H(1,0). When n = 1,GL1(R) can be identified

with R∗ and G1 can be identified with R⋊R∗. We recall that
∫
R∗ ΦdµR∗ =

∫
R Φ(b) db|b| , where

the integral on the right hand side is the Lebesgue integral on R, and by 5.5∫
G1

ΦdµG1
=

∫
R

∫
R
Φ[y, b]

dydb

b2
. (5.7)

5.2.3 Integral over G2

A difficult aspect in the implementation of group convolutional neural networks involves

performing convolutions across the group. This segment addresses this particular challenge

by delving into the problem, which we will break down into the more manageable tasks of

calculating Fourier transforms and conducting integrations in real-valued space. We have

the below theorem for the integration over G2.

Theorem 5.2.6. Let

A =

(
a b

c d

)
∈ GL2(R)

and let the kernel be separable meaning that K(x,A) = K1(x)K2(A) and consider the one

to one transform between H and H∗ so that

H∗(s, t, u, v,B,y) := HΦ,K(a, b, c, d,B,y) =
K2(AB−1)

|det(A)||det(B−1)|
F−1

(
Φ̂(u)K̂1(B

⊤u)
)
,

where a = s− ut, c = t+ us, b = −t/v, and d = s/v, then we have∫
G2

Φ([x,A])K([y,B]−1[x,A])dµG2
=

∫
R

∫
R

∫
R

∫
R
H∗(s, t, u, v,B,y)

dudv

|v|
dsdt

s2 + t2
.

where F(K1) = K̂1(u) and F(Φ) = Φ̂(u) are Fourier transforms.

The proof of this theorem is discussed in Section 5.4. Applying this result we can use the

numerical methods in [35] to compute the former integral as it has singularity in s = 0, t = 0.

Note that we can write K0 as R+ ⋊ SO(1) where(
s −t
t s

)
= (s2 + t2)×

(
r cos θ −r sin θ
r sin θ r cos θ

)
.

The final step that necessitates computation is the integration within the projection

layer. In the context of our affine transformation, the stabilizer is specifically GL2(R). We

refrain from delving into the intricacies of this process, as it bears resemblance to the earlier

scenario.

Now we first provide one example on G1 this example gives us some insights for examples

on G2. We also will see how two class of complicated functions are equivalent with some

intervals on R which are easier to investigate.
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Example 5.2.7. Let the input function be defined as

Φ(a) =

1 if a ∈ [t1, t2]

0 otherwise
,

then according to Example (5.1.2) for the lifting of Φ we have

(KΦ)[a, b] =

 1
|b| if a ∈ [t1, t2]

0 otherwise
,

then we have: ∫
R2

K(Φ[a, b])K([x, y]−1[a, b])dµG1
(a, b)

=

∫
R2

1

|b|
K([−y

x
,
1

x
][a, b])

dadb

b2

=

∫
R2

1

|b|b2
K([

a− y
x

,
b

x
])dadb

We can define a separable kernel so that we make the computations easier. We define it as

K(s, t) = s3 exp (s) 1√
2π
exp(−t2). Employing this definition and assuming b is positive, we

obtain:∫
R2

1

|b|b2
K([

a− y
x

,
b

x
])dadb =

∫ t2

t1

exp(
a− y
x

)

∫
R

1

|b|b2
b3

x3
1√
2π

exp−( b
x
)2dadb

=

∫ t2

t1

exp(
a− y
x

)

∫
R

1

|b|b2
b3

x3
1√
2π

exp−( b
x
)2dadb =

1√
2x

exp (
t2 − y
x

)− 1√
2x

exp (
t1 − y
x

)

Figure 5.2: Two families of related affine invariant functions denoted by dashed and solid
lines.

This example illustrates how invariance under affine transformations for more complex

functions can be linked to the invariance of certain simple step functions. It also underscores

the importance of selecting an appropriate kernel function. In the figure below, we selected

two distinct intervals for input functions and then applied an affine transform [1,1]. It shows

that we can study invariance under affine transformations of more complex shapes through
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the invariance of certain simple intervals.

5.3 Experiments

In this section, we present simulation results to demonstrate the practical significance of our

theoretical framework. Specifically, we construct a neural network consisting of a three-layer

group convolution module, followed by a fully connected neural network. The design of the

group convolutional layers was guided by the methodologies described in Examples 5.1.2

and 5.2.7, which were used to define the kernels for the lifting and convolution operations.

Projection is accomplished using straightforward averaging. For comparison, we also im-

plemented a standard convolutional neural network that shares an identical fully connected

component with the same hyperparameters. Both models were evaluated on a dataset gen-

erated using affine transformations to test their performance under geometric variability. As

the results will show, our proposed group convolution network can outperform the conven-

tional CNN, particularly in scenarios where the number of input samples is relatively low.

In the following, we provide a more detailed explanation of our simulation setup and results.

To evaluate the proposed G-CNN, we generated a synthetic digit dataset using affine-

transformed images of digits 0 through 9. Each digit was rendered using a standard font on a

fixed-size grayscale canvas, followed by an affine transformation incorporating stretch, shear,

rotation, and translation. A fixed number (N) of transformed samples were created per digit

class, with translation parameters sampled uniformly to introduce spatial variability. The

final dataset contains 10N labeled images, scalable viaN , allowing for controlled experiments

across models such as G-CNNs and CNNs.

In the first experiment, we used the following matrix to define our affine transformation

A1 =

[
2.5 0.7

0.6 1.8

]
.

As shown in Fig. 5.3, the G-CNN outperforms the standard CNN across all dataset

sizes. The G-CNN demonstrates strong generalization even with limited data, achieving

high accuracy with a few samples per class. In contrast, the standard CNN requires more

data to reach comparable performance. We also trained our network on data generated

using the matrix

A2 =

[
1 0.7

0.7 1

]
.

As illustrated in Fig. 5.4, the G-CNN outperform CNN when the input data size is limited.

Furthermore, to better visualize and evaluate the performance of GCCNs relative to

standard convolutional neural networks (CNNs), we conducted additional experiments using

the following transformation matrices (as the linear parts of the affine maps):

A1 =

[
1 2

2 1

]
, A2 =

[
1 0.7

0.7 1

]
, A3 =

[
1 0.5

0.5 1

]
.

The evaluation uses a synthetic dataset with 40 training samples per digit. Each digit

is subjected to an affine transformation whose linear component is one of the matrices

above, combined with rotation, scaling (stretch), and translation, introducing substantial

geometric variability. Figures 5.5, 5.6, and 5.7 present predictions for both models on a test

set, with each sample annotated by the true label (T) and the predicted label (P). The G-
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Figure 5.3: Accuracy comparison between G-CNN and standard CNN across varying sample

sizes. G-CNN outperforms CNN under affine transformation A =

[
2.5 0.7
0.6 1.8

]
.

Figure 5.4: Accuracy comparison under affine transformation A =

[
1 0.7
0.7 1

]
. GCNN

outperforms CNN with higher mean accuracy (0.80 vs. 0.72).
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CCN exhibits stronger affine invariance, correctly identifying more transformed digits than

the standard CNN. These results underscore the benefit of incorporating group-equivariant

structure in network design, particularly when significant geometric variability is present.

(a) Group Convolution Network (b) Standard CNN

Figure 5.5: Prediction comparison under affine transformation A =

[
1 2
2 1

]
. G-CNN out-

performs CNN with higher mean accuracy (0.6950 vs. 0.3150).

(a) Group Convolution Network (b) Standard CNN

Figure 5.6: Prediction comparison under affine transformation A =

[
1 0.7
0.7 1

]
. GCNN

outperforms CNN with higher mean accuracy (0.80 vs. 0.72).

5.4 Technical Results and Proofs

In this section, we initially present an example analogous to Example 5.2.7 but within the

context of G2. Then we provide the proofs of the main theorems in the chapter.

Example 5.4.1. Consider the below input function:

Φ(x) =

1 if x ∈ [t1, t2]× [s1, s2]

0 otherwise
,
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(a) Group Convolution Network (b) Standard CNN

Figure 5.7: Prediction comparison under affine transformation A =

[
1 0.5
0.5 1

]
. GCNN

outperforms CNN with higher mean accuracy (0.8150 vs. 0.5950).

then according to Example (5.1.2) for the lifting of Φ we have

(KΦ)[x,A] =

 1
| det(A)| if x ∈ [t1, t2]× [s1, s2]

0 otherwise
,

as a result ∫
G2

Φ([x,A])k([y,B]−1[x,A])dµG2

=

∫
G2

Φ([x,A])k
(
B−1x−B−1y,AB−1

)
dµG2

=

∫
G2

1

|det(A)|
k
(
B−1x−B−1y,AB−1

)
dµG2

=

∫ t2

t1

∫ s2

s1

∫
GL2

1

|det(A)|2
k(B−1x−B−1y,AB−1)dµGL2

dx1dx2,

We define the separable kernel as follows

k(x,P ) = |det(P )|2 exp(⟨x, l⟩)N (P ),

where l = [l1, l2], and N (P ) is the normalized heat kernel of GL2(R). By this choice we

obtain

∫ t2

t1

∫ s2

s1

∫
GL2(R)

1

|det(A)|2
k(B−1x−B−1y,AB−1)dx1dx2dµGL2(R

=

∫ t2

t1

∫ s2

s1

∫
GL2(R

1

|det(A)|2
|det(B−1)|2|det(A)|2 exp(⟨B−1x−B−1y, l⟩)N (P )dx1dx2dµGL2(R

=

∫ t2

t1

∫ s2

s1

1

|det(B)|2
exp(⟨B−1x−B−1y, l⟩)

∫
GL2(R

N (P )dµGL2(Rdx1dx2

=
1

|det(B)|2 exp(⟨B−1y, l⟩)

∫ t2

t1

∫ s2

s1

exp(⟨B−1x, l⟩)dx1dx2

.
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Assume that B−1 =

(
β1 β2

β3 β4

)
, then we obtain

1

|det(B)|2 exp(⟨B−1y, l⟩)

∫ t2

t1

∫ s2

s1

exp(⟨B−1x, l⟩)dx1dx2

=
1

|det(B)|2 exp(⟨B−1y, l⟩)

∫ t2

t1

∫ s2

s1

exp(⟨B−1x, l⟩)dx1dx2

=
1

|det(B)|2 exp(⟨B−1y, l⟩)

∫ t2

t1

∫ s2

s1

exp(l1β1x1 + l1β2x2 + l2β3x1 + l2β4x2)dx1dx2

=
1

|det(B)|2 exp(⟨B−1y, l⟩)

∫ t2

t1

∫ s2

s1

exp
(
x1(l1β1 + l2β3) + x2(l1β2 + l2β4)

)
dx1dx2

=
1

|det(B)|2 exp(⟨B−1y, l⟩)(l1β1 + l2β3)(l1β2 + l2β4)

(
exp
(
t2(l1β1 + l2β3)− exp

(
t1(l1β1 + l2β3)

)
×
(
exp
(
s2(l1β2 + l2β4)

)
− exp

(
s1(l1β2 + l2β4)

))
.

For simplicity we can assume l1 = l2 = 1, then we have

1

|det(B)|2 exp(⟨B−1y, l⟩)

∫ t2

t1

∫ s2

s1

exp(⟨B−1x, l⟩)dx1dx2

=
1

|det(B)|2 exp(⟨B−1y, [1, 1]⟩)(β1 + β3)(β2 + β4)

(
exp
(
t2(β1 + β3)− exp

(
t1(β1 + β3)

)
×
(
exp
(
s2(β2 + β4)

)
− exp

(
s1(β2 + β4)

))
.

Proof of Theorem 5.2.3

Proof. We know that
∫
R2

k(g−1x)Φ(x)
| deth| dx =

∫
R2 k(x)Φ(gx)dx, then we have

sup
g′

∣∣((KΦ1)− ρ
(
g−1

)
(KΦ1)

)
(g′)
∣∣

= sup
g′

∣∣∣∣∫
R2

k(x)Φ1(g
′x)dx− k(x)Φ1(gg

′x)dx

∣∣∣∣
≤ sup

g′

∫
R2

|k(x)||Φ1(g
′x)− Φ1(gg

′x)|dx,

by setting g′x = y for the last term in above we have

sup
g′

∫
R2

|k(x)||Φ1(g
′x)− Φ1(gg

′x)|dx ≤ ϵ
∫
R2

|k(x)|dx = ϵ∥k∥R
2

1 .
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Proof of Theorem 5.2.4

Proof. We have

∥(KΦ1) ∗ k − ρ(h̃)(KΦ2) ∗ k∥G2
sup = sup

∣∣∣ ∫
G2

(KΦ1)(g)k(h
−1(g))− ρ(h̃)(KΦ2)(g)k(h

−1g)dµG2
(g)
∣∣∣

≤ sup

∫
G2

∣∣∣(KΦ1)(g)k(h
−1(g))− ρ(h̃)(KΦ2)(g)k(h

−1g)
∣∣∣dµG2

(g)

≤ sup

∫
G2

∣∣∣(KΦ1)(g)− ρ(h̃)(KΦ2)(g)
∣∣∣∣∣∣k(h−1(g))

∣∣∣dµG2
(g)

≤ ϵ∥k∥G2
1 .

The second part of the theorem results by selecting k = δ(g − h′).

Proof of Theorem 5.2.5

Proof. We know that∣∣∣ ∫
G2

(
(KΦ1) ∗ k − (KΦ2) ∗ k

)
(h)dµG2(h)

∣∣∣=∣∣∣ ∫
G2

∫
G2

(
(KΦ1)(g)k(h

−1g)
)
dµG2(g)dµG2(h)−

∫
G2

∫
G2

(
(KΦ2)(g)k(h

−1g)
)
dµG2(g)dµG2(h)

∣∣∣.
Then for the second term in the above equation we have and replacing g with h̃−1g we have

∫
G2

∫
G2

(
(KΦ2)(g)k(h

−1g)
)
dµG2

(g)dµG2
(h)

=

∫
G2

∫
G2

(
(KΦ2)(h̃

−1g)k(h−1h̃−1g)
)
dµG2

(g)dµG2
(h)

=

∫
G2

∫
G2

(
(KΦ2)(h̃

−1g)k((h̃h)−1g)
)
dµG2

(g)dµG2
(h),

if we set

Φ(h) =

∫
G2

(
(KΦ2)(h̃

−1g)k((h̃h)−1g)
)
dµG2

(g),

then ∫
G2

∫
G2

(
(KΦ2)(h̃

−1g)k((h̃h)−1g)
)
dµG2

(g)dµG2
(h)

=

∫
G2

Φ(h)dµG2(h) =

∫
G2

Φ(h̃h)dµG2(h)

=

∫
G2

∫
G2

(
(KΦ2)(h̃

−1g)k(h−1g)
)
dµG2(g)dµG2(h),

therefore,
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∣∣∣ ∫
G2

∫
G2

(
(KΦ1)(g)k(h

−1g)
)
dµG2

(g)dµG2
(h)−

∫
G2

∫
G2

(
(KΦ2)(g)k(h

−1g)
)
dµG2

(g)dµG2
(h)
∣∣∣

=
∣∣∣ ∫

G2

∫
G2

(
(KΦ1)(g)k(h

−1g)
)
dµG2(g)dµG2(h)−

∫
G2

∫
G2

(
(KΦ2)(h̃

−1g)k(h−1g)
)
dµG2(g)dµG2(h)

∣∣∣
=
∣∣∣ ∫

G2

∫
G2

(
(KΦ1)(g)− (KΦ2)(h̃

−1g)
)
k(h−1g)dµG2(g)dµG2(h)

∣∣∣
=
∣∣∣ ∫

G2

(
(KΦ1)− (KΦ2) ◦ h̃−1

)
∗ k dµG2(h)

∣∣∣
≤
∫
G2

∣∣∣((KΦ1)− (KΦ2) ◦ h̃−1
)
∗ k
∣∣∣dµG2(h)

=
∥∥∥((KΦ1)− (KΦ2) ◦ h̃−1

)
∗ k
∥∥∥G2

1
≤ ϵ∥k∥G2

1 .

Proof of Theorem 5.2.6

Proof. We know that ∫
G2

Φ([x,A])k([y,B]−1[x,A])dµG2

=

∫
G2

Φ([x,A])k
(
B−1x−B−1y,AB−1

)
dµG2

.

Employing (5.5) we have

∫
G2

Φ([x,A])k(B−1x−B−1y,AB−1)dµG2

=

∫
GL2(R)

∫
R2

Φ[x,A]k(B−1x−B−1y,AB−1)
dx1dx2
|det(A)|

dµGL2 ,

we also set

HΦ,k(A,B,y) :=

∫
R2

Φ[x,A]k(B−1x−B−1y,AB−1)
dx1dx2
|det(A)|

. (5.8)

From separability property of kernel we have k(x,A) = k1(x)k2(A). As a result

HΦ,k(A,B,y) =

∫
R2

Φ[x,A]k1(B
−1x−B−1y)k2(AB−1)

dx1dx2
|det(A)|

=
k2(AB−1)

|det(A)|

∫
R2

Φ[x, A]k1(B
−1x−B−1y)dx1dx2

=
k2(AB−1)

|det(A)|

(
Φ ∗ (k1 ◦B−1)

)
=
k2(AB−1)

|det(A)|
F−1

(
F(Φ)F(k1 ◦B−1)

)
,

(5.9)

where F(·) denotes the Fourier transform. The next step is to find an explicit form for the

Fourier transform. We can apply the result from [18]. Assume that F(K1) = K̂1(u) and

F(Φ) = Φ̂(u) then we have
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HΦ,K(a, b, c, d,B,y) =
K2(AB−1)

|det(A)|| det(B−1)|
F−1

(
Φ̂(u)K̂1(B

⊤u)
)
.

Now we use decomposition of GL2(R) as K0 ⋉H(1, 0) in [67, 80].

Proposition 5.4.2 (Proposition 5.1 of [67]). If A =

(
a b

c d

)
∈ GL2(R), then A can be

uniquely decomposed as the product A = MACA with MA ∈ K0 and CA ∈ H(1,0). In fact

MA =

(
s −t
t s

)
, with s =

d(ad− bc)
b2 + d2

, t =
−b(ad− bc)
b2 + d2

,

and

CA =

(
1 0

u v

)
, with u =

cd+ ab

(ad− bc)
, v =

b2 + d2

(ad− bc)
.

This factorization leads to a parallel factorization of G2.

Consider the one to one transform between H and H∗ so that H∗(s, t, u, v,B,y) :=

Hf,k(a, b, c, d,B,y), where a = s − ut, c = t + us, b = −t/v, and d = s/v. Employing the

above proposition and Equation (5.6) we can write

H ′(B,y) =

∫
GL2(R)

HΦ,k(A,B,y)dµGL2

=

∫
GL2(R)

H∗(s(a, b, c, d), t(a, b, c, d), u(a, b, c, d), v(a, b, c, d),B,y)dµGL2
.

Therefore, we obtain

∫
GL2(R)

HΦ,k(A,B,y)dµGL2 =

∫
K0

∫
H(1,0)

H∗(s, t, u, v,B,y)|v|dµH(1,0)
dµK0 ,

as det(CA) = |v|. Then we define

H∗(s, t,B,y) =

∫
H(1,0)

H∗(s, t, u, v,B,y) det(CA)dµH(1,0)
(u, v)

=

∫
G1

H∗(s, t, u, v,B,y) det(CA)dµG1(u, v)

=

∫
R

∫
R
H∗(s, t, u, v,B,y)

dudv

|v|
.

The next step is to compute integration of H∗(s, t,B,y) over K0, which is equal to∫
R

∫
R
H∗(s, t,B,y)

dsdt

s2 + t2
. (5.10)
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Chapter 6

Conclusion

6.1 Summary of Contributions

This thesis tackled key challenges at the intersection of high-dimensional statistics and

computational learning by developing novel theoretical tools and practical methodologies.

The work contributes to three distinct but connected fronts:

• Redefining sparsity through the notion of cardinality sparsity, allowing us to move

beyond the binary logic of zero vs. non-zero parameters.

• Adapting path signatures to statistical learning especially for irregular processes

like fractional Brownian motion.

• Expanding geometric invariance in neural networks by rigorously analyzing G-

CNNs under affine transformations.

Each of these themes targets a core difficulty in high-dimensional problems: overfitting,

computational inefficiency, and representation limitations. By approaching these from both

theoretical and applied perspectives, the thesis provides a multi-faceted contribution to

modern machine learning and statistical methodology.

6.2 Impact of Cardinality Sparsity

Traditional sparsity techniques, while statistically powerful, often fail to reduce actual com-

putational costs. For example, algorithms for sparse matrix multiplication do not substan-

tially outperform those for dense matrices in practice. Moreover, conventional ℓ1 regu-

larization biases parameters toward zero, potentially misrepresenting the underlying data

structure.

Cardinality sparsity mitigates these issues by shifting focus from the number of non-

zero entries to the number of distinct values. This change leads to significant computational

advantages. In particular, matrix-matrix multiplications involving cardinality-sparse tensors

can be performed in the compressed domain, yielding both speed and memory improvements.

Furthermore, we have shown that cardinality sparsity preserves key statistical properties and

provides estimation guarantees akin to those of classical sparsity-inducing methods.

By formalizing this new sparsity paradigm, the thesis bridges a gap between statistical

estimation theory and algorithmic efficiency, proposing regularizers that align better with
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both goals. The introduced framework can serve as a foundation for developing new models,

especially in areas requiring large-scale inference, such as neural networks, tensor regressions.

6.3 Learning from Irregular Paths via Signature Lasso

Many applications in finance, healthcare, and signal processing involve data with irregular

temporal behavior. Classical models often struggle to accommodate such stochastic pro-

cesses, especially when they exhibit long-range dependence or roughness, as in fractional

Brownian motion (fBm). To address this, the thesis introduces Signature Lasso regression,

combining the power of path signatures with regularized estimation.

Path signatures offer a way to linearize complex, nonlinear dependencies by encoding the

geometry of paths via iterated integrals. Importantly, they satisfy a universal approximation

property: any continuous functional of a path can be approximated linearly in its signature

terms. This transforms the learning problem into one amenable to sparse linear models,

even for rough trajectories. This component of the thesis exemplifies how tools from rough

path theory can be integrated with modern statistical learning to handle highly irregular

data efficiently.

6.4 Geometric Generalization in Neural Networks

Neural networks, especially convolutional architectures, have been instrumental in handling

high-dimensional inputs such as images. However, their reliance on simple symmetries like

translations can limit their generalization capacity. This thesis extends the theoretical

grounding of group convolutional neural networks (G-CNNs) by analyzing their behavior

under affine transformations—a broad class that includes translations, rotations, scalings,

and their combinations.

We have demonstrated that Group Convolutional Neural Networks (G-CNNs) exhibit

stability under affine transformations arising from the full general linear group GL2(R).
This includes a wide range of transformations such as rotations, scalings, and translations,

significantly broadening the class of transformations for which G-CNNs are theoretically

justified. Our findings represent the first rigorous validation of G-CNN architectures in

such a general affine setting. Furthermore, we showed that the complex group convolu-

tions required for these networks can be simplified to standard integrals over R2, enhancing

computational feasibility. These theoretical insights support the design of more robust and

invariant learning models.

Beyond theoretical contributions, our simulations confirm that G-CNNs can outperform

conventional CNNs, particularly in data-scarce scenarios. This highlights the practical bene-

fits of incorporating affine invariance into deep learning architectures, potentially expanding

their applicability to more complex and realistic pattern recognition tasks where geometric

variability is prevalent.

6.5 Outlook and Future Work

In closing, the work presented in this thesis addresses some of the most pressing challenges in

high-dimensional learning: understanding how to regularize, compress, and generalize from
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complex data. Through a blend of statistical theory and practical innovations, it contributes

both depth and breadth to the growing field of modern data science.

Continuing from this work, several questions remain to be addressed. For example,

how can our cardinality sparsity-based matrix multiplication be implemented efficiently and

adapted for parallelization? Such an algorithm has the potential to reduce hardware costs.

We also believe it could be applied in quantum computing systems, making a hardware-

friendly implementation a promising direction for further investigation. In addition, the

regularization family we introduced is quite general and offers opportunities for deeper ex-

ploration.

We have also shown that the signature transform is effective for analyzing data generated

by fractional Brownian motion. A natural extension would be to generalize these methods

to fractional Ornstein-Uhlenbeck processes. While we applied Stratonovich-based integrals,

it would be valuable to investigate how our results might change under the Itô formulation.

Affine transformations are very general, so we expect our proposed methods to have

broader applications. Moreover, our approach depends heavily on the choice of kernels,

suggesting that studying a larger family of kernels could yield interesting results.
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Zusammenfassung

Hochdimensionale Statistik befasst sich mit den Herausforderungen bei der Analyse von

Daten, wenn die Anzahl der Parameter die Anzahl der Beobachtungen übersteigt – ein

Szenario, das in modernen Anwendungen wie Deep Learning, Bildanalyse und Zeitreihen-

modellierung immer häufiger auftritt. Traditionelle Schätzer wie die Methode der kleinsten

Quadrate neigen in solchen Fällen zu Overfitting und werden sehr rechenintensiv. Diese

Arbeit präsentiert methodische Beiträge, die sowohl statistische als auch rechnerische Her-

ausforderungen in hochdimensionalen Umgebungen angehen, indem sie neuartige Regular-

isierungstechniken einführen, Pfadsignaturen für die Modellierung unregelmäßiger Daten

untersuchen und geometrische Invarianzen in neuronalen Netzen nutzen.

Der erste Beitrag legt den Grundstein mit der Einführung der Kardinalitäts-Sparsity,

einem verallgemeinerten Sparsity-Konzept, das Modelle mit wenigen unterschiedlichen Pa-

rameterwerten anstelle von nur wenigen Nicht-Null-Werten begünstigt. Dieser in Kapitel

2 detailliert beschriebene Ansatz führt zu neuen Regularisierungsschemata, die eine struk-

turierte Einfachheit fördern und präzise theoretische Garantien für die Schätzung und Gen-

eralisierung bieten. Kapitel 3 baut darauf auf und untersucht die rechnerischen Vorteile,

wobei die begrenzte Anzahl unterschiedlicher Parameterwerte die Effizienz verbessert, ins-

besondere bei der Geschwindigkeit und Speichernutzung der Matrixmultiplikation, und somit

einen Ansatz für statistisch robuste und rechnerisch skalierbare Modelle bietet.

Der zweite Teil der Arbeit, der in Kapitel 4 vorgestellt wird, untersucht hochdimension-

ale Zeitreihenmodelle unter dem Gesichtspunkt von Signaturtransformationen, insbeson-

dere im Zusammenhang mit der fraktionalen Brownschen Bewegung (fBm). Unter Ver-

wendung der Pfadsignaturdarstellung und der Lasso-Regularisierung schlägt die Arbeit die

Signature-Lasso-Methode für das Lernen aus groben Pfaden vor. Theoretische Analysen,

gestützt durch Simulationen, zeigen, dass dieser Ansatz traditionelle Regressionstechniken

übertreffen kann, insbesondere wenn Daten unregelmäßige zeitliche Muster und Abhängig-

keitsstrukturen aufweisen.

Der dritte Beitrag, der in Kapitel 5 behandelt wird, befasst sich mit Group-Convolutional

Neural Networks (G-CNNs) und ihrer Fähigkeit, Faltungsoperationen zu verallgemeinern,

um eine breitere Klasse geometrischer Transformationen zu verarbeiten. Während klassische

CNNs auf Translationsinvarianz beschränkt sind, wurde in dieser Arbeit gezeigt, dass die

hier vorgestellten G-CNNs unter affinen Transformationen, die durch die allgemeine lineare

Gruppe erzeugt werden, stabil sind. Dies erweitert die Klasse der Symmetrien, die neuronale

Netze effektiv lernen können, erheblich und vereinfacht gleichzeitig komplexe Gruppenfal-

tungen zu standardmäßigen reellen Integrationen.
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Insgesamt bieten diese Beiträge prinzipienbasierte Ansätze zur Eindämmung von Over-

fitting, zur Verbesserung der Interpretierbarkeit von Modellen und zur Verringerung des

Rechenaufwands beim hochdimensionalen Lernen. Die entwickelten Methoden umfassen

statistische Theorie, Zeitreihenanalyse und neuronales Architekturdesign und bieten einen

robusten Rahmen für moderne Data-Science-Anwendungen.
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