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Chapter 1

General Introduction

1.1 Motivation

Modern statistical learning offers a rich toolkit for both causal inference and predictive
modeling. Double machine learning (Chernozhukov et al. 2018) provides a principled
framework for estimating treatment effects with high-dimensional nuisance parameters;
conformal prediction (Gammerman et al. 1998, Vovk et al. 2022) delivers distribution-
free prediction intervals with nite-sample coverage guarantees. These frameworks are
powerful in their generality. Yet generality often comes at the cost of applicability: the
assumptions that make a method elegant in theory can become restrictive, or even fall,
when confronted with the structure of a speci ¢ empirical problem.

This dissertation is motivated by a recurring pattern. A researcher identi es a substantive
guestion — the marginal effect of one treatment among many, the reliability of a propensity
score estimator in small sample sizes, or the uncertainty of a claims frequency prediction —
and turns to modern statistical learning for an answer. The relevant framework exists, but it
does not t the problem as stated. The treatment space is combinatorial rather than binary.
The propensity scores are miscalibrated, and standard corrections destabilize under small
samples. The prediction intervals achieve nominal coverage on average but systematically
fail for the minority of observations that matter most. In each case, the gap between the
framework and application demands methodological work: not a new paradigm, but a
careful extension, adaptation, or diagnostic that makes the existing paradigm operational.

What uni es the three essays collected here is a concern with estimation robustness:
whether a statistical procedure delivers reliable results not just under ideal conditions, but
under the conditions actually encountered in applied work. The rst two essays address
robustness in the context of causal estimation with double machine learning; the third
addresses robustness in the context of predictive uncertainty with conformal prediction.

1.2 Causal Inference with Machine Learning

Causal inference from observational data requires both identi cation and estimation. lden-
ti cation establishes the conditions, typically unconfoundedness and overlap, under which
a causal parameter is recoverable from the observed data distribution (Rosenbaum and
Rubin 1983, Imbens and Rubin 2015). Estimation translates these conditions into a com-
putable quantity, often involving nuisance parameters such as conditional expectations or



1 General Introduction

propensity scores that must be learned from data.

The double machine learning (DML) framework of Chernozhukov et al. (2018) provides

a general approach to this estimation problem. By combining Neyman-orthogonal score
functions with cross- tting, DML yields n-consistent and asymptotically normal estima-
tors for low-dimensional causal parameters, even when nuisance functions are estimated
with exible machine learning methods. The key insight is that orthogonality renders the
target estimator insensitive to rst-order errors in nuisance estimation, so the regularization
bias inherent in machine learning does not propagate into the causal estimate.

This framework has been remarkably successful and has been extended along multiple
dimensions in recent years: to different treatment types including continuous (Colangelo
and Lee 2023), difference-in-differences (Chang 2020), and dynamic settings (Lewis and
Syrgkanis 2021); to different model classes such as regression discontinuity (Noack et al.
2024) and automatic debiased estimation (Chernozhukov et al. 2022b); and to practical
considerations including sensitivity analysis (Chernozhukov et al. 2022a), clustered data
(Chiang et al. 2022), hyperparameter tuning (Bach et al. 2024b), and software implementa-
tion (Bach et al. 2022, 2024a). Figure 1.1 provides a selective overview. Yet, the canonical
DML setting — a single binary treatment, a well-speci ed propensity score, and suf cient
overlap — remains the point of departure for most applications. Two gaps in this landscape
motivate the rst two essays of this dissertation.

From binary to combinatorial treatments. In many empirical settings, the outcome

of interest is shaped not by a single intervention but by the joint con guration of several
treatments. Examples range from the effect of lifestyle factors on blood pressure, where
smoking, obesity, physical inactivity, and other conditions may interact in complex ways,
to multi-item promotional bundles in retail marketing or multi-drug regimens in medicine.
The causal attribution problem, which isolates the marginal contribution of a single treat-
ment when the background con guration of other treatments matters, is fundamentally
harder than in the binary case. The treatment space grows exponerflaityn(gura-

tions ford binary treatments), overlap violations become structural rather than incidental,
and the relevant estimand must be carefully de ned to remain identi able. While recent
work has addressed multiple treatments through propensity-based approaches (Imbens
2000, Feng et al. 2012, Li and Li 2019), representation learning (Zhou et al. 2023), and
interaction-speci ¢ DML (Xiang et al. 2025), a general framework for marginal attribution
under combinatorial treatments within DML has been missing.

From well-speci ed to calibrated propensity scores. Even in the standard single-

treatment setting, the practical performance of DML depends critically on the quality of
nuisance function estimates. Propensity scores estimated by exible machine learning
methods such as gradient boosting or random forests may be poorly calibrated: the pre-
dicted probability of treatment may systematically deviate from the true conditional proba-
bility. This miscalibration is particularly consequential for inverse-propensity-weighted
estimators, where extreme or distorted weights can in ate variance or introduce bias (Tan
2017, Deshpande and Kuleshov 2023, Gutman et al. 2024). The problem is exacerbated in
small samples, under limited overlap, or with unbalanced treatment assignment — precisely



the settings where calibration would be most valuable, but where standard calibration
procedures themselves become unstable (van der Laan et al. 2024a, Ballinari 2024). A
systematic evaluation of how calibration methods interact with sample-splitting schemes
and base learners within DML has been lacking.

1.3 Predictive Uncertainty for Imbalanced Count
Data

Complementing the causal estimation perspective, the third essay addresses a different but
related challenge: quantifying the uncertainty of point predictions. In many applied do-
mains, a point forecast alone is insuf cient. Insurance pricing requires prediction intervals

to assess the range of plausible claims; risk management demands honest communication
of forecast reliability; regulatory frameworks increasingly require uncertainty quanti ca-
tion alongside point estimates.

Conformal prediction (Vovk et al. 2022) offers a distribution-free framework for construct-
ing prediction sets with nite-sample coverage guarantees, requiring only the assumption
of exchangeability. Unlike parametric prediction intervals that may undercover when
distributional assumptions fail, or bootstrap methods that provide only asymptotic guar-
antees, conformal prediction delivers mathematically rigorous coverage regardless of the
underlying data distribution or the complexity of the predictive model. The framework
has been extended to conformalized quantile regression (Romano et al. 2019), adaptive
inference under distribution shift (Gibbs and Candés 2021), classi cation (Romano et al.
2020), and survival analysis (Candeés et al. 2023).

Yet this generality can be deceptive when applied to imbalanced count data. In settings with
severe zero in ation, the typical structure of insurance claims, where most policyholders
le no claims, standard conformal methods achieve their marginal coverage guarantee by
over-covering the majority class and undeovering the minority that matters most for
actuarial applications (Tsoumas and Papadopoulos 2024). The prediction intervals are
formally valid but practically misleading: they provide no useful uncertainty information
for claimants, precisely in the cases of greatest interest.

1.4 Outline and Contributions

This dissertation consists of three self-contained essays. The rst two operate within the
double machine learning framework, addressing the gaps identi ed in Section 1.2. The
third addresses predictive uncertainty through conformal prediction, motivated by the
challenges described in Section 1.3. Figure 1.1 situates the causal estimation contributions
within the broader DML landscape.

Chapter 2: Inference on Multiple Treatment Effects. Joint work with Cathy
Yi-Hsuan Chen, Victor Chernozhukov, and Martin Spindler. This essay extends DML to
combinatorial treatment regimes wherbinary treatments interact B con gurations.
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Figure 1.1: Extensions of the double machine learning framework (Chernozhukov et al. 2018). Nodes with
red borders indicate contributions from this dissertation (Chapters 2 and 3). This overview is
necessarily selective.

We formalize marginal attribution through a regularized tempered policy that restricts
estimation to empirically supported regions, yielding a probabilistic generalization of
the Shapley value. A Methad of Simulated Scores estimator addresses computational
intractability while preserving) n-consistency and asymptotic normality. The empirical
application estimates the marginal effects of lifestyle factors on blood pressure, drawing
on U.S. data from the National Health and Nutrition Examination Survey.

Chapter 3: Calibration Strategies for Robust Causal Estimation. Joint work

with Sven Klaassen, Jannis Kueck, and Philipp Bach. This essay investigates how post-hoc
calibration of propensity scores affects causal estimators within DML. We establish that
isotonic calibration preserves the convergence and complexity conditions required by
DML theory, and we systematically evaluate the interaction between calibration methods,
sample-splitting schemes, and base learners across four data-generating processes. The
key nding is that full-sample calibration using cross- tted propensity scores provides the
most stable improvements.



Chapter 4: Uncertainty Estimation in Insurance Claims Modeling. Joint work

with Michael Merz. This essay develops conformal prediction methods for zero-in ated
count data. The recently proposed dynamically grouped conformal prediction (DGCP)
framework (Papaioannou et al. 2026) offers a principled approach to outcome-conditional
calibration, but its application to the speci ¢ challenges of zero-in ated count data, where
the zero-generating mechanism differs qualitatively from the positive-count process, re-
quires methodological adaptation. We propose a two-stage framework combining Mon-
drian conformal prediction for the claim/no-claim decision with dynamically grouped
calibration for positive counts. Simulations across four data-generating processes and an
application to German motor insurance data demonstrate balanced outcome-conditional
coverage where standard methods systematically fail. A Burt distance-based clustering
diagnostic identi es portfolio segments with elevated prediction uncertainty.

Across these three essays, a common methodological stance emerges: the value of a
statistical framework is measured not by its elegance in the standard case, but by its relia-
bility in the cases that practitioners actually encounter. Each chapter takes an established,
general-purpose tool and asks what breaks when it meets a speci ¢ empirical reality, and
what minimal adaptation restores its usefulness.






Chapter 2

Inference on Multiple Treatment
Effects with an Application to Health
Economics

Joint work with Cathy Yi-Hsuan Chen (Adam Smith Business School, University of

Glasgow, UK), Victor Chernozhukov (Economics Department, MIT, USA), and Martin

Spindler (Institute for Statistics, Hamburg Business School, University of Hamburg,
Germany)

Abstract. With the rise of digitization more complex data sets are available for empirical
research. In causal inference the focus has been traditionally on estimation of the causal
effect of a selected treatment variable or very few. But in many relevant applications,
there are very many treatment variables and their interactions can be very complex. An
example are the causes for high blood pressure. In this paper we develop methods for
estimation and inference of the marginal treatment effect of variables in such complex
settings with modern machine learning methods. Based on the concept of Shapley values,
we provide debiased estimators for the marginal contribution and derive their theoretical
properties which allows for valid inference on the marginal effects. Because of the complex
nature of the underlying estimation problem, also a simulation based debiased estimator
is propoposed and analyzed. In a simulation study the small sample properties for the
estimators are compared. Despite the challenging setting, our estimator overall gives
good results. In an application we estimate the marginal effects of different lifestyle risks
for high blood pressure using data from The National Health and Nutrition Examination
Survey (NHANES).

Keywords: multiple treatments, double/debiased machine learning, causal machine learn-
ing, methods of simulated scores, marginal treatment effects.

2.1 Introduction

2.1.1 Motivation

Causal inference in high-dimensional, complex data has been an active eld of research
in the recent years because of its importance to analyze real world data. In the standard
setting the causal effect of one or few treatment variables is considered. But in some
situations, very many treatment variables are given, e.g. the causes of high blood pressure
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in medicine. These treatment variables can interact in very complicated ways. In this paper,
we extend the standard setting to deal with very many treatment variables and to conduct
valid inference on causal quantities of interest, in particular average marginal treatment
effects. Utilizing the concept of Shapely values, we provide debiased estimates for the
target parameters of interest. To handle the computational complexity, we generalize the
framework of Double Machine Learning (DML) as proposed by Chernozhukov et al. (2018)
to accommodate multiple treatments and simulated estimators. If we consider a nonlinear
setting with very many binary treatment variables, estimating the marginal ATE is a non-
trivial task. In many situations, the treatments exhibit interactions, and the combination of
treatments determines the outcome in a complex and nonlinear manner. Furthermore, the
presence of potentially high-dimensional confounding variables exacerbates the complexity
of this estimation process. Many important examples have this structure:

Remark 1 (Examples of Combinatorial Causal Structures).

* Retail Marketing: How does a multi-item promotional bundle affect a store's total
sales volume?

* Medicine & Health Economics: Patient mortality is often the result of several
interacting comorbidities. Causal attribution is required to understand the weight of
a single disease within a complex cluster of health conditions.

» Genomics: Phenotypic traits are determined by the non-linear interaction of many
genes. Evaluating the marginal effect of a single gene requires accounting for the
latent genomic architecture.

» Team Sports: How can the value added of a single player be determined when their
performance is intrinsically linked to the composition of the rest of the team?

* Modern Central Banking: How do multifaceted monetary policy implementations,
combined with forward guidance and central bank communication, in uence in a-
tion? Isolating the effect of one instrument requires a multi-treatment framework.

* Dynamic Treatment Regimes: Varying sequences of treatments over time can be
viewed as multiple treatment subsets. Estimating the effect of an intervention at a
speci ¢ time step requires accounting for the history of prior interactions.

We show consistency and normality of our proposed estimators for the marginal treat-
ment effects in complex settings, where machine learning methods are used for the es-
timation of the nuisance parameters building on the Double Machine Learning (DML)
framework of Chernozhukov et al. (2018) and extend it.

The complexity of treatment interactions across various subgroups and their interactions
in a higher-order feature space poses a signi cant challenge to come up with an isolated
estimator. Estimating the importance of treatnjeoan be related to the game-theoretic
attribution technique based on the Shapley value, which is used to interpret black-box
machine learning models. Shapley values have been widely used as a feature attribution
method in machine learning in numerous prior works. Evaluating treatment importance in
"black-box" causal models can be effectively characterized as a "coalitional game" in a set
of treatments under a wide variety of treatment subset choices.



One of the novelties we introduce is to conduct simulation-based inference based on the
Neyman-orthogonal score to circumvent the hard-to-compute score function that involve
multiple integrations. We propose to undertake the method of simulated sCargs (
introduced by Hajivassiliou and McFadden (1998), for the non-trivial moment conditions
and establish the asymptotic properties for The estimators for marginal ATEs.

Moreover, in a simulation study we assess the small sample performance of our proposed
estimators and compare it to benchmark estimators. Despite the challenging, complex
setting our estimator performs well giving a good performance. Finally, we apply our
method to analyze the effect of different causes on high blood pressure. High blood
pressure is caused by a combination of many factors and understanding these pattern is key.
We use the The National Health and Nutrition Examination Survey (NHANES) provided
by CDC's National Center for Health Statistics (NCHS) for our empirical application.

2.1.2 Related Work

Estimating causal effects from observational data is a central challenge in empirical re-
search. While the binary treatment setting is well-established, many applications involve
comparing multiple treatments. As a result, various extensions of the propensity score
have been introduced to support inference under multi-level and more complex treatment
regimes.Joffe and Rosenbaum (1999) showed that a scalar balancing score is suf cient for
ordinal dose groups under speci ¢ assumptions, while Imbens (2000) formalized the gen-
eralized propensity score (GPS) for unstructured categorical treatments. He demonstrated
that conditioning on the treatment-speci ¢ conditional probability removes confounding
bias. Imai and van Dyk (2004) further generalized this to the "propensity function™ for
arbitrary regimes, including continuous and multivariate treatments.

Building on these foundations, Feng et al. (2012) detailed practical GPS implementations
using regression adjustment and inverse probability of treatment weighting (IPTW). In the
regression adjustment approach, the outcome is modeled as a function of the GPS for each
treatment group separately; in the weighting approach, observations are weighted by the
inverse of their GPS to create a pseudo-population where confounders are balanced. To
handle high-dimensional covariates, GPS estimation often employs multinomial logistic
regression with regularization (Tibshirani 1996) or exible machine learning techniques
like Generalized Boosted Models (GBM), as detailed by McCaffrey et al. (2013), which
better capture non-linear relationships. To address instability caused by extreme weights
in IPTW, Li and Li (2019) proposed "balancing weights" and generalized overlap weights
(GOW), targeting subpopulations with substantial probability of receiving any treatment.

Other approaches focus on outcome modeling or latent structures. Hu and Gu (2021)
compared methods for multiple treatments with rare outcomes, nding that Bayesian
Additive Regression Trees (BART) and Regression Adjustment on Multivariate Spline of
GPS (RAMS) outperformed traditional weighting. Alternatively, Wang and Blei (2019)
introduced the "deconfounder” algorithm, which ts a probabilistic factor model to infer
latent variables substituting for unobserved multi-cause confounders. This approach has
generated substantial debate regarding its theoretical foundations (Grimmer et al. 2023),
particularly concerning the requirement for strong in nite confounding and its implications
for overlap violations. Leveraging known causal graphs, Qian et al. (2021) proposed
the Single-Cause Perturbation (SCP) method to decompose multi-cause problems into
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sequential single-cause estimations. Through a data augmentation technique, where non-
descendant causes are treated as additional covariates and descendant causes as additional
outcomes, standard single-cause estimators can be applied sequentially. This approach
avoids restrictive parametric assumptions on the outcome model but requires specifying a
causal structure among the treatments.

Recent advances in deep learning include representation learning for counterfactual
inference (Shalit et al. 2017) and meta-learning frameworks (Zhou et al. 2023). Zhou et al.
(2023) addressed the challenge of data imbalance across treatment groups. Their method
treats each treatment group as a separate learning task, training a meta-learner on treatment
groups with suf cient data (source domains) and adapting it to groups with limited data
(target domains) using gradient-based optimization. The framework incorporates a discrep-
ancy loss based on Maximum Mean Discrepancy (MMD) to align latent representations
across treatment groups, improving generalization in few-shot scenarios. This approach
is particularly promising for observational studies where inherent selection biases lead to
highly imbalanced treatment groups. Complex interaction effects have also been explored:
Parbhoo et al. (2021) modeled cross-treatment interactions using neural networks, while in
recommender systems, Schnabel et al. (2016) and Wang et al. (2019) applied propensity
scoring and doubly robust estimators to treatment bundles.

Most recently, Xiang et al. (2025) proposed a Double Machine Learning framework
speci cally designed to estimate the effects of multiple treatments and their interactions.
Their work represents a signi cant step in extending DML beyond binary or contin-
uous single treatments, focusing on the identi cation of complex interaction terms in
high-dimensional settings. For continuous treatments, Zhao et al. (2025) extended the
DML framework to handle multi-dimensional interventions, incorporating monotonicity
constraints for domain-speci ¢ applications.

Our work provides a general framework for attributing effects across arbitrary treatment
combinations without relying on restrictive functional form assumptions or known causal
treatment structures. Methodologically, we offer two key innovations. First, we formalize
causal attribution through treatment subset averaging, a causal analogue of Shapley-
value aggregation (Shapley 1953). Rather than imposing combinatorial weights based on
random permutations, our estimator weights by the observational distridi{®yX) ,
yielding marginal treatment effects that re ect real-world patterns. Second, to address
the computational intractability of enumeration-based approaches in high-dimensional
treatment spaces, where the powerXeaixplodes, we integrate simulation-based inference
within the DML framework (Chernozhukov et al. 2018).

The paper is structured as follows: After the Introduction (Section 1) the model setting
and some fundamental assumptions are presented in Section 2. In Section 3 the estimators,
algorithms and their theoretical properties are given. Section 4 contains the results from a
simulation study to evaluate the nite sample performance of our proposed estimator and
compare it to selected benchmarks. An empirical application is presented in Section 5.
Finally, we conclude in Section 6.
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2.2 Regularized Policies for Combinatorial
Treatments

We address the fundamental challenge of causal inference in combinatorial treatment
regimes , where the outcome is driven by the non-linear interactiorbofary causes.

In such high-dimensional settings, the cardinality of the treatment con guration space
(29) grows exponentially, typically exceeding the available sample size. This "curse of
dimensionality” results in structural violations of the positivity assumption (overlap),
rendering traditional “atomic” (deterministic) interventions statistically unidenti ed.

While recent advances have addressed aspects of high-dimensional inference, a critical
gap remains in the attribution problem. Chernozhukov et al. (2018) established the Dou-
ble Machine Learning (DML) framework for controlling high-dimensional confounders,
and Wang and Blei (2019) analyzed the aggregated impact of multiple causes. However,
neither approach resolves the instability of isolating the marginal contribution of a spe-
ci c treatmentj when the background con guratiay has near-zero probability in the
observational data. In these regimes, standard estimators effectively rely on dangerous
extrapolation, leading to in ated variance and unreliable inference.

To resolve this, we propose a shift from atomic estimands to regularized tempered
policies. We de ne the marginal effect with respect to a reference pokcythat is
explicitly constructed to respect the support of the data. This regularization consists of two
mechanisms:

» Tempering (T): A smoothing operation that relaxes the target distribution, allowing
the estimator to borrow information from neighboring con gurations for identi ca-
tion.

e Truncation ( ): A strict constraint that zeros out regions of the treatment space
where empirical overlap is insuf cient.

By integrating out the combinatorial complexity over this "regularized support” leveraging
by these two parameters, we replace a computationally intractable and statistically unstable
summation with a robust, ef cient estimation problem. This formulation provides a
probabilistic generalization of the Shapley value, optimizing the trade-off between the
bias of the identi able target and the variance of the estimator.

2.2.1 Model Setup and Preliminaries

LetY 2Y R denote the outcome variable, add2 X R P denote a high-dimensional

space of all possible treatment vectors is denotedl byf0; 1g 9, which has cardinality
jAj = 2 9. For example, if d = 3, the space of possible treatment vectors is:

A= (0;0;0);(1;0;0);:::;(1;1;1) ¢

While each elemerd 2 A , as ad-dimensional binary vector,corresponds uniquely to a
subset of active treatments, we rely on vector notation for algebraic clarity in the regression
framework.

11
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We adopt the potential outcomes framework. For any treatment vacoA , let
Y (a)glenote the potential outcome under treatment vextdihe observed outcome is
Y = A H(A=a)Y (a) . We assume the data generating process follows a generalized
interactive model:

Y = (A;X)+U; E[UjX;A]=0 (2.1)
A PAjX) (2.2)

where (a;x) = E[Y (@) ] X = x] is the conditional outcome expectation and and
P(ajx) =P(A=ajX =x) denotes the joint propensity score, representing the
probability of observing the speci ¢ treatment con guration a given covariates.

We are interested in the marginal effect of a speci c treatment varjaBl® . Let
g be the unit vector of dimensiathwith thej -th entry equal to 1. We de ne the set of
“background” treatment vectors where treatment j is inactive (zero) as:

Aj =fa2A:a; =0g:

To prevent ambiguity, we distinguish the usage of treatment vector symbols. \daas®
iterator or c,tummy variable when de ning sets (e@2 A ; ) or computing aggregations
(e.g., sums ). We uses to denote a speci ¢ xed point or background con guration.
Consequently, an expression liE¢Y jJA = s] refers to the expected outcome conditional

the observed treatment vector being xed to the speci ¢ valughereas the summation

. (@X) implies iterating over the entire support of the distribution.

Consider a speci c background con guratian2 A ; . We de ne the conditional
marginal effect ; (s) as the incremental bene t of adding treatmgntonditional on the
sub-population that naturally selected the background pro le s:

i(8) =Exja=s [(s+ej;X) (s;X)]A=s]: (2.3)

The expectatiolftxja=s is taken with respect to the covariate distribution of the treated
group X P(XjA=s) ). This quantity measures the effect speci cally for the patients
who experienced history, analogous to the Average Treatment Effect on the Treated
(ATT).

Let denote the observed data\s= (Y; A; X) . Throughout our theoretical exposition,
we denoteEp [ ] as the expectation with respect to the true joint distribution of the observed
dataW = (Y;A; X) . This uni es our notation for both the moment conditions and the
target parameter.

Assumption 1 (Causal Identi cation). For all treatment vectaa2 A and all covariates

x 2 X, the following conditions hold: (i) unconfoundedness: the potential outcomes are
independent of the observed treatment assignment conditional on covafigags A |

X =x: (i) strict overlap: the joint probability of observing any treatment con guration is
strictly bounded away from zer® (A =ajX =x) >0; for some constant (iii)

identi cation: under the conditions above, the moment conditions for the subset-speci ¢
scores are satis ed at the true parameters:

Eol (W5 (1)), o)]=0:

12



Proposition 1 (Atomic Identi cation). Under Assumptions 1, the conditional marginal
effect ; (s) is identi ed by the ef cient score:

s (W) = sie; (W) s(W); (2.4)

where (W)= #2(Y (s;X))+ (s;X) isthe ef cient in uence function for the

mean potential outcome of subset s.

While Proposition 1 establishes theoretical identi cation, the estimator; {s) relies
on the inverse probability weighit=P (sjX). In high-dimensional settings, the probability
of observing any speci ¢ con guratios may be negligibleR (sjX) 0 ), leading to
violations of the overlap assumption and unbounded variance.

The Aggregation Problem: Shapley Values While i (s) provides granular insight,
policy analysis requires a global measure of variable importance. This necessitates aggre-
gating these local effects over all possible background con gura#tons A standard
approach in interpretable machine learning is the Shapley value, which aggregates these
marginal effects using a uniform (or combinatorial) probability measure. To obtain a
population-level metric, the Shapley value averages the marginal effects over the global
covariate distribution P (X):
X
phapley = i Eppo[(S+e ;X)) (5:X)]: (2.5)
A S2A

In ( 2.5), every possible treatment combinatgocontributes equally to the nal estimate
(weight= 1=jA; j). While this satis es game-theoretic axioms for attributing model
variance, it is often misleading for causal policy analysis. In health economics, treatment
combinations are rarely uniformly distributed; many subsets s (e.g., contraindicated drug
pairs) may correspond to null populations where the treatment is never administered.
Assigning equal importance to these irrelevant regions distorts the estimated effect.

2.2.2 Tempered Policy and Overlap Regularization
Regularisation for limited overlap

While a traditional causal estimand typically targets a xed, deterministic con guration
s, such an approach is highly susceptible to violations of the strict overlap assumption
(positivity) when the number of potential treatment combinations is large. Kennedy
(2019) identi es the failure of the positivity assumption (overlap) as the primary barrier
to causal inference in high-dimensional or continuous settings. When the observational
density approaches zero at the target value of interest, the standard atomic causal effect is
statistically unidenti ed, leading to in nite bounds on the estimator variance. We rede ne
our target as a weighted average of potential outcomes over a tempered distrig@jon
rather than a single mass point where we assign or smooth non-zero density to a range of
con guration states.

By smoothing the target distribution via temperature scaling, we prevent the Riesz
representer, e.g'(Azs) in (2.3), from diverging in regions of sparse data. In a high-

. : P (siX) . ) : .
dimensional treatment regime, the resulting RR in the framework of Rosenbaum and Rubin

13
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(1983) is highly unstable. Thus, the tempered policy acts as a regularization device for the
supports of treatment combinations, allowing us to compute a policy-relevant marginal
effect that remains robust to the curse of dimensionality and the empirical sparsity of
complex treatment regimes.

We propose a tempered policy based on energy-based models (LeCun et al. 2006):

r@jX)/IP(A=ajXx) ¥ (2.6)

whereT 1 is atemperature scalar. This formulation governs a bias-variance trade-off:
higherT improves overlap (reducing estimator variance) by redistributing mass from
high-probability to low-probability con gurations, at the cost of shifting the estimand
away from the natural observational distribution (Levine et al. 2020) which is bias. To see
it clearly, we can frame tempering as entropy regularization. The proposed tempered
policy can be theoretically justi ed as the solution to a constrained optimization problem.
Seeking a reference distributionthat balances delity to the observed data structure
with maximum overlap (uniformity) corresponds to maximizing the entropy-regularized
likelihood:

=argmax (E [logP (AjX)]+T H()): 2.7)

whereH () is an entropy operator. The solution to this objective is exact(gp) /

P (ajX) =T that preserves strictly positivity and rank monotonicity. Thus, the temperature
T serves as the regularization coef cient, analogous o Ridge regression, preventing
the distribution from collapsing onto sparse atomic con gurations.

We discuss temperature regimes and the regularization path that leads to different
tempered policy r: (i) T !'1 : maximal exploration where; converges to the discrete
uniform distribution1=jAj. This aligns with the Shapley value framework, treating all
counterfactual con gurations as equally relevant. Tii) O  converges to a Dirac delta

a centered at the mode = arg max P (ajX) . This recovers the deterministic “atomic”
treatment effect. (i)l = 1, ; coincides with the observational propendgftyAjX) . Our
proposed estimator utilizels > 1 as a structural regularizer, softening the sharp peaks
of the observational distribution to ensure the Riesz weights remain well-behaved while
maintaining the characteristic geometric structure of the treatment space. In later section,
we discuss rate of convergence of the estimand that requires the regularity conditibns on

Comparison with exponential tilting and shifting

Consider any two treatment vectasa’ 2 A with P (ajX) > P(a 9X) . The relative
weight assigned to the secondary con guratahversus the primary con guratioa
increases with T
1@X) _ P@EX) T
T(ajX) P (ajXx)
ForT > 1, this ratio is strictly larger than the observational ratio. This implies a systematic
“lifting” of the probability mass from the tails (low propensity) towards the peaks (high
propensity), effectively attening the distribution. It is instructive to contrast our tempering
approach with the exponential tilting framework common in the stochastic intervention
literature (e.g., Kennedy (2019), Muiioz and Van Der Laan (2012)). The stabilizing
mechanism of the tempered policy can be understood through the lens of logit shrinkage.

(2.8)

14



Letlog(P (a3X)=P (ajX)) be the observational log-odds ratio between two con gurations.
For an exponential tilting (- / e T2P), itimposes an additive shift on the log-odds:

(a9
og T(a)

=log(P (a9X)=P (ajX)) + T(a ° a):

Clearly, it shifts the mean of the distribution. While useful for estimating "incremental
effects" (e.g., what if everyone smoked slightly less?), it implies a directional preference
and can inadvertently shift probability mass into regions of poor overldpig mis-
speci ed.

For tempering (v / P 17), itimposes a multiplicative scaling on the log-odds:

og 7@ = 1 100(P (a95)=P (aiX)):

@ T
, increasing the variance (shrinking the logits) without altering the mode or the rank-
ordering of the con gurations. Unlike shifting, tempering is structurally conservative: it
forces the intervention distribution to relax towards uniformity within the existing data
support, strictly improving overlap rather than risking its violation. We further can link it
with Ridge regression. Tempering is mathematically equivalent to coef cient shrinkage.
This mirrors the mechanism a&f,-regularized logistic regression, where the estimated
coef cients ARidge are shrunk relative to the maximum likelihood estimates by a factor of
roughly(1+ ) ! .IdentifyingT 1+ ,we observe that our method applies a “post-
estimation Ridge penalty.” Whereas standard Ridge regression (in DML procedure) applies
shrinkage during the learning phase to minimize prediction variance, tempering applies
shrinkage during the inference phase to minimize the variance of the inverse probability
weights.

2.2.3 Estimand under Tempered Policy and its Riesz
Representers

How the tempered policy stabilise the DML framework when the score is constructed
doubly robust ? To answer it, we may consider the Riesz representers in the moment
condition.

By the Riesz representation theorem, there exists a unique random vagahiX) ,
known as the Riesz representer (RR), such that for any square-integrable function g,

E-[ (A X)g(AX)I=E p[ oA X)9(A; X)]: (2.9)

By the Radon-Nikodym theorem the Riesz representer is explicitly the density ratio
between the target policy (A j X) and the observational propensity P (A j X):

(AjX)

oAX)= Baix)

(2.10)

The Riesz Representation Theorem states that for any continuous linear functional
L: H!R on aHilbert spacéd, there exists a unique elemeng 2 H such that
L(g) = h o;giy forallg 2 H. In the context of causal inference, we de ne the inner
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product using the observational measure P:
Z
h o;gip = o(a@;x)g(a; x)dP (a;x) = Ep[ o(A; X)g(A; X)]: (2.11)

When the target functional is, we havelL(g) = E [g(A; X)]. By the Radon-Nikodym
theorem, if is absolutely continuous with respectRq the representer is simply the
density ratio ¢ = d =dP . This equality allows us to evaluate counterfactual policies
using the observational distribution by re-weighting the observed realizag{@n) by

the factor o(A; X).

The semi-parametric ef ciency bound (and thus the asymptotic variance of our DML
estimator) scales with the second moment of this represéiftef(A; X)] (We will discuss
it in the later section). When the overlap assumption is violated—i.e., WH{@&n= a j X)
approaches zero for treatment vectors whéag X) >0 —the RR diverges (!1 ),
causing the variance to explode. This leads to the "relevance (bias)-stability (variance)”
trade-off, and can be understood in the following scaling strategy.

While tempering smooths the distribution, it does not strictly bound the variance of RR
as the overlap vanisheB (ajX) ! 0 )in (2.10). Thus, tempering alone changes the rate
of explosion but does not prevent it. To ensure nite variance of the estimator, strictly
bounded Riesz weights are required. The thresi{algX) >  where > 0 provides this
guarantee by imposing a hard constraint on the support. The resulting weights are strictly
bounded to sustain the asymptotic theorem. For this reason, we involve dual regularisation
parameters in the policy denoted by @y, ) serves as a structural regularization device
to address the identi cation-variance trade-off in high-dimensional treatment interaction
models. T governs the shape of the integration (exploration vs. speci city), while
governs the safety of the integration (excluding non-identi ed regions). This formulation
allows us to target the most informative causal parameter that is statistically identi ed by
the data.

LetT 1 be the temperature parameter axd0 be the overlap threshold. We de ne
the Truncated Tempered Policy . (a j X) restricted to the feasible support:

1
Z7, (X)

T (@jX)= P@iX)*" 1(P@iX) ) ; (2.12)
P

whereZt. (X) = o4 P@%) X) T I(P(@®j X) ) isthe normalizing constant.

The corresponding Regularized Riesz Representer. (a; X) is given by the density

ratio:

r@jX) _
P@]X)  Zr. (X

T (@ X) P@jX)T* I(P@jX) ) : (213

Proposition 2 (Boundedness of the Regularized Riesz Representer). Lét and >0 .
The Regularized Riesz Representer (a; X) de ned in (2.13) satis es the uniform bound:

sup j T (& X)) }< 1: (2.14)
a2A;x2X

Furthermore, considering the speci c structure of the tempered policy, the bound is tighter
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relative to the partition function Z (X):

1
T (a;%) 7 ) (2.15)
We de ne the target parameter under truncated tempered paficfajX) . Unlike the
atomic effects; (s) which are conditional on the speci ¢ sub-populatidrF s, the target
parameter seeks a population-level average. We therefore aggregate the effects over the
marginal distribution of covariatd3(X) . Note that while 1. is de ned over allA, the
marginal effect for treatment j sums over the background set A

2 3

X
i(1)=Ep4 1, SiX)((s+e ;;X) (s:X)) 9; (2.16)
S2A

=~

where the expectation is taken with respect to the mardpriAl) implied by the joint
distributionP (W). This estimand exploiting tempered policy. , which is fully contained

within the support of the observational data, resolves the identi cation issue if positivity is
potentially violated in (2.3). From a regulatory perspective, the tempered estimand provides
a conservative lower bound on the potential bene t. Because we do not extrapolate to
regions of zero exposure (which are truncated Jpyve avoid the risk of over-promising

bene ts based on unstable statistical models. We provide a rigorous estimate of the gains
achievable within the reliable support of environmental conditions.

2.3 Main Theoretical Results

Table 2.1: Summary of notations for causal estimands and estimators

Symbol De nition

(@) Ideal Atomic Target. The causal effect of the deterministic in-
tervention at the local mode . This is the scienti ¢ quantity of
interest (often unidenti ed without smoothing).

i) Tempered Target. The causal effect under the tempered poligy.
This is the feasible population parameter we actually target for xed
T, .

"j;N DML Estimator. The numerical estimate derived from sample size
N using the tempered policy.

1. (8;xX) Regularized Riesz Representer. The density ratio (importance

weight) for the tempered policy, bounded by 1=".

We introduce a tempered policfy . ) which satis es identi ability but is biased. Our
main results characterize the trade-off between these quantities in Table 2.1 as follows:

1. Inference on the constraint support (Theorem 1). We address the practical
question of inference for a xed regularization paramet@rs), we derive the
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2 Inference on Multiple Treatment Effects with an Application to Health Economics

asymptotic properties of the eﬁtir_nator relative to the identi able target. We establish
that the DML estimatof\j;N is N-consistent and asymptotically normal around
the tempered estimangi( . ).

2. Approximation risk (Theorem 2). We formalise the deterministic bias incurred by
replacing the unidenti ed atomic targst(a ) with the regularized proxy; ( . ).
We show that this bias is controlled by the outcome smoothness and the propensity
tail.

3. Rate of convergence (Theorem 3). We consider regularization paraméigrs n )
to demonstrate structural consistency. We ask if we can recover the true atomic
effect as the sample size grows. By allowing the regularization paranf&tersy )
to decay towards the atomic limit at optimal rates, we show that the total error (Bias
+ Variance) vanishes, achieving the minimax optimal convergence rate.

4. Asymptotic normality(Theorem 4). Finally, we characterize the limiting distri-
bution of the estimator relative to the ideal atomic target. We establish the scaling
factor N y required to stabilize the variance as we approach the identi cation
boundary.

Together, these results provide a complete picture: Theorem 2 justi es the design,
Theorem 1 validates the practice, and Theorems 3—-4 prove the fundamental validity of the
method.

2.3.1 Fixed T; Case

To establish valid inference for the marginal treatment effgcty, ) or shorthand () )

using Double Machine Learning, we must verify a set of regularity conditions adapted to
our multiple treatment setting. Let denote the observed datd as(Y; A; X) , and de ne
the nuisance parameters as (;P) , where(a;x) = E[Y JA=a;X =x] isthe
outcome regression an@; x) is the Riesz representer associated with the target functional

i () . Denote the expectation and variance operators with respect to the observational
distributionP asEp[] andVarp[ ], respectively. The score function for treatmens
given by: LetT be the function space containing the Riesz representeée assume
T L ,(P) is aconvex set of square-integrable functions. We adapt the assumptions from
Chernozhukov et al. (2025) to our multiple treatment setting.

Assumption 2 (Mean Square Continuity of the Functional). The target functiqnal is
prean square continuous with respect to thenorm and the inner product yk , :=

E[ (X) ?Jandh; i , respectively. That s, there exists a constdnt 1 such that
for any inthe parameter space:

E[m(W; ) ? Mkk 3 (2.17)

As established in Chernozhukov et al. (2025) (Section 2), this condition is suf cient
for the existence of the Riesz representgr2 L ,(P). In our context of stochastic
policies, this condition requires that the importance weights are square-integrable, i.e.,
E[( (AjX)=P (AjX)) 2] < 1 . The use of temperature scalin@ (> 1) ensures this
condition holds even when strict overlap is violated for the natural distribution.
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Assumption 3 (Mixed Bias Condition). Let and ”* denote the estimators for the outcome
regression and Riesz representer, respectively. We assume the product of their estimation
errors vanishes at a rate faster than ¥ :

PREr 1AX)  oAXDIAX)  oAX) 16 (218)

Thisis satis ed itk® ok, k» ok, = 0p(N ¥72). This condition allows for a trade-off
in complexity: if* is estimated at a slower non-parametric rafemust be estimated with
suf cient precision to compensate (Chernozhukov et al. 2025, Assumption 3).

Assumption 4 (Critical Radius and Complexity). Lety be the critical radius of the
function spacd used to estimate. We assume the complexity of the space, captured
by Rademacher complexity and denotedryy, and the estimation errary satisfy the
condition’ N(myry +m3) !0 . This “complexity-rate robustness” ensures that the
empirical process term in the score decomposition is asymptotically negligible without
requiring strict Donsker conditions (Chernozhukov et al. 2025, Theorem 3).

Assumption 5 (Square-Integrability of the Riesz Representer). The Riesz representer
o(A; X) satis es the square-integrability condition:

k ok =Ep[ o(A;X)? C<1, (2.19)

for some nite constant C. This condition ensures that the target functional () is mean
square continuous (Chernozhukov et al. 2025, Assumption 1). In practice, choosing a
tempered reference policy: with T > 1 serves as a regularization to satisfy this condition
even when strict overlap P (AjX) > is empirically fragile.

Assumption 6 (Linearity and Moment Conditions). The score functig(W; ; ) satis-
es the following properties: (i)linearity: the score is af ne in the parameter of interest

JW5 )= W)+ W5 );
where in our formulation, # = 1 and J-b = (X;)+ (A X)(Y (A X))
(ilmoment condition: At the true parameteg and true nuisancey, the score is centered:

Er[ j(W; o) 0)]=0:

It holds over the joint law o . This implies that the score has mean zero when averaged
over the population of units, treatments, and outcomes. This linearity ensures that the DML
estimator’\,- = E | jb]:EN [ f]is well-de ned and has a unique solution (Chernozhukov

et al. 2025, Section 4).

We now formally de ne the score function for the tempered marginal treatment ef-
fect j() . This score generalizes the subset-speci ¢ scores derived in Section 2.1 by
aggregating them according to the stochastic reference policy (ajX).

Letthe nuisance parametersbe(;P) ,where(A;X) = E[Y JA; X] isthe outcome
regression an@ (AjX) is the propensity score. The Tempered Neyman Orthogonal Score

i (W; ;) for the marginal effect of treatment j is de ned as:

(W55 )= 0K5)+ (ACX)Y  (AsX) (2.20)
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2 Inference on Multiple Treatment Effects with an Application to Health Economics

where (X; ) is the plug-in estimator for the conditional marginal effect, averaged over
the reference policy:

X
X;)= @jxX)((a+e ;;X) (aX)): (2.21)

a2A j

Without ambiguity, we use := 1. for notational simplicity. Indeed, the tempered
Neyman orthogonal score in (2.20) corresponds to an ef cient in uence curve under
P (W) that can be seen in result 1 of Mufioz and Van Der Laan (2012). Our theoretical
framework builds on the stochastic intervention calculus of Mufioz and Van Der Laan
(2012). However, while they consider general stochastic policies, we introduce a speci c
family of tempered policies to ensure the Riesz representer remains bounded in high-
dimensional combinatorial spaces.

Since our functional; () is a contrast (difference) between the treated state=(1)
and untreated state (A= 0), the representer is the Signed Density Ratio:

vy A X) .
(AX)= 1220 oa. 1) : (2.22)
210,

where isde nedin (2.12). (A; X) automatically handles the aggregation in (2.20). The
term(2A; 1) ips the sign of the residual based on whether the observed unitis in the
treated A; = 1) or control @; = 0) group relative to the contrapt Observed treated
units A; = 1) contribute positively to the estimator, while observed control uifs< 0)
contribute negatively.

A crucial property of this score is its insensitivity to local perturbations in the nuisance
parameters. We formalize this property in the following proposition.

Proposition 3 (Neyman Orthogonality of the Tempered Score). The scai@/; ; ) in

(2.20) satis es the Neyman orthogonality condition with respect to the nuisance parameter
=(;P) atthe true value . Speci cally, the Gateaux derivative of the expected score

with respect to vanishes:

@Epl ;(W: o o*1( )] _ =0 (2.23)

While our framework allows for arbitrary correlation structures among treatments, it
Is instructive to consider the case of treatment independence. Under the assumption that
the components ok are conditionally independent give, the joint propensity score
P (ajX) factorizes into the product of marginal propensity scorg) = P (A j = 1jX) ,
which is widely adopted by the existing research (Wang and Blei 2019):

vd

P@jX)= () ™1 k(X)) t?x (2.24)
k=1
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In this speci c regime, the magnitude of the Riesz representer (A; X) simpli es to:

- : (A} 1X)
A X)j= Q— R —! 2.25
JAXI= RS 00AE 00 Ar PA 1Y) (2:25)
If the reference policy is similarly chosen to be independent, the terms corresponding to
k 6= jin the numerator and denominator cancel out, reducing the Riesz representer to the

standard inverse probability weight for the j-th treatment:

2A; 1

AX)= BaTx)

(2.26)

This reduction con rms that in the absence of treatment correlations, our estimator recovers

the standard weighting schemes used in single-treatment DML (Chernozhukov et al. 2018),
while the general form in(2.20) remains necessary for settings with complex interactions

and bundled interventions.

Remark 2 (Computational Ef ciency and Treatment-Speci ¢ Attribution). The primitive
nuisance parameters= (;P) , represent fundamental properties of the data-generating
process, in terms of the global outcome response and the joint treatment assignment
mechanism. Consequently,and P are estimated only once for the entire vector

While the primitives are shared, the causal contrast of interest varies for each treatment

i (A; X) , which is derived algebraically from the shared joint propensity séd@nd
the reference policy. This structure allows the researcher to conduct inference on all
d marginal effects without retraining the underlying machine learning models for each
speci ¢ treatment, providing a scalable solution for high-dimensional combinatorial causal
inference.

We now state the main theorem governing the inference of the tempered estimator. This
theorem incorporates the stability conditions discussed in Chernozhukov et al. (2025) to
ensure the variance remains bounded.

Theorem 1 (Inference on the Tempered Marginal Estimand at Xed). Consider the

regulariz?,tion parameter§rT’; ) . Let/\j;N be the DML estimator solving the ef cient score
equation 1, (Wi;in;)=0.
Under Assumptions 1-6, the estimator is asymptotically normal around the tempered
proxy target:
p— N Iﬁ
N in (1) 'N(O; i) (2.27)

where the asymptotic variancey. is determined by the variance of the ef cient score
for component j:

im =B MAX) (X)) i (m ) (2.28)
Here, ;1. denotes the Regularized Riesz Representer speci ¢ fo-tihenarginal shift,

and 2(A; X) = Var(Y jA; X).
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2 Inference on Multiple Treatment Effects with an Application to Health Economics

The variance decomposition ofr. highlights the fundamental challenge of causal
inference for violation of positivity assumption. This rst term represents the in ation
of variance caused by the fact that we do not observe the complete vector of potential
outcomes for any unit (the fundamental problem of causal inference). We only observe
Y (A), but we need to estimae(s) for unobserved con gurations This increment of
uncertainty re ects (i) reweighting penalty: to recover these unobserved counterfactuals,
we re-weight the observed data using the Riesz represegtdn the sequel, it scales
with E[ 2]; (2) relation to rare support:“missing counterfactuals” is distinct from “rare
support,” but they interact dangerously here. We always miss counterfactuals (even with
good overlap). However, when support is rare (i(sjX) 0 ), we have almost no
observational proxies for the counterfactual set€o compensate, the Riesz representer
o/ 1=P (AjX) becomes unstable, forcing us to place massive weight on the few units
we do observe. Using tempering the policy (choosing 1; > 0 ), we ensure that the
target distribution does not demand inference on subsets wRdggX) is negligible.
This bounds ¢ in Proposition 2, keeping nite and ensuring statistical stability.

2.3.2 Asymptotic Theorems under T y; n

Our goal is to maximize the causal signal while minimizing the approximation bias
arising from overlap regularisation. To establish the approximation error bou’r\j}q of

that quanti es bias of estimand by adopting truncated and tempered policy, we require
additional regularity conditions.

Assumption 7 (Lipschitz Continuity of Outcome). Lét= f0; 1g ¢ be the gpace of treat-
ment con gurations endowed with the Hamming distance mdfri@; a% = ﬂzl I(ay 6=
al). We assume the outcome regression funct@yx) is L-Lipschitz continuous with
respect to ¢ for all x 2 X. That is, for any pair of treatment vectors a®a A:

j@x) @ °xj Lx) d n(a;ad); (2.29)
where L(x) is a bounded Lipschitz constant such thatsufx) L max <1.

If the outcome surfacda; x) is smooth, the error introduced by averaging over the
tempered support is bounded ©T 1) . Thus, the “cost” paid in bias is mathematically
controlled by the smoothness of the causal mechanism, allowing for valid inference in
regimes where unregularized (atomic) estimators have unde ned variance.

Assumption 8 (Propensity tail bound). The probability mass of the propensity scores near
zero decays polynomially. Speci cally, there exist constart0 and > 0 such that for
smallt > 0:

Px(P(AJX) t) ¢t : (2.30)

The parameter characterizes the dif culty of the overlap problem: largeimplies fewer
units have near-zero propensity.

Theorem 2 (Approximation Error Bound). Leta ) be the target causal effect at the local
modea , and let ( 1. ) be the feasible estimand under the truncated tempered policy
de ned in (2.12). Under Assumptions 7 and 8, and assuming bounded outpones
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the approximation bias is bounded by:

Bias(T: )=j( m) (@ )i L max dexp = + 2B6 , (231
| {z }  Truncation Cost (Coverage)
Tempering Cost (Smoothing)

— MaXgae=a P(a) <1

where = log() > 0 represents the energy gap, with )

The conditional moda (X) corresponds to the limit of the tempered policylas0 .
Thus, comparing 1. toa precisely quanti es the “smoothing cost” incurred by in ating
the temperature t& > 1 for variance control, along with truncation cost hyTheorem 2
proves that this smoothing bias vanishes exponentially éxgt((=T) ), ensuring that
the stability gains ol > 1 come at a negligible asymptotic cost compared to the primary
truncation error, that will be discussed in the following theorem.

Lemma 1 (Optimal Truncation Rate). Let the estimation error be decomposed into a
variance component scaling wiftNl ) ! and a squared bias component scaling with

f, (under Assumption 8). The truncation sequenge¢hat minimizes the Mean Squared
Error (MSE) rate is given by:

1

NN T (2.32)

The optimal truncation ratey, N 2*T in Lemma 1 quanti es the exact speed at
which we must approach the "danger zone" of identi cation.

Theorem 3 (Rate of convergence). L’é;h be the estimator satisfying the asymptotic
normality condition of Theorem 4. By Lemma 1, consider a sequence of regularization
parameters (I; n) satisfying the following rates:

n N ﬁ; and Ty !OsuchthatTy logN !1:

Then, the total estimation error relative to the ideal atomic target satis es:

. . 1 -
in 1@)N=0, P O et (2.33)
N {Z—
| {Z } Approximation Bias

Stochastic Variance

Under this regularised growth rate fdiTy; n), the estimator achieves the minimax
convergence rate:

i“n  j@)=0, N zT (2.34)

Our theoretical analysis establishes that the proposed Tempering framework is not
merely a heuristic for variance reduction, but a statistically optimal strategy for recovering
causal effects under structural positivity violations. The derivation of Theorem 3 yields
three fundamental insights: First, we show Minimax Optimality under Limited Overlap.
No estimator can achieve the standard parametridtdf@ without stronger (and likely
unrealistic) assumptions about the overlap geometry.

Secondly, we show how crucial the optimal truncation rate in Lemma 1 is in the derived
rate. If is large (easy overlap)y decays rapidly, and we recover near-parametric speeds.
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2 Inference on Multiple Treatment Effects with an Application to Health Economics

If 10 (severe violation),y decays slowly, re ecting the inherent dif culty of the

scienti ¢ question. Our framework automatically adapts to this hardness parameter. While
is a theoretical quantity governing the minimax rate, in practice we do not assume a

speci ¢ value. Instead, we select the truncation threshadaptively via cross-validation

(or by minimizing the estimated ef cient in uence function variance), which allows the

estimator to automatically calibrate to the unknown overlap geometry of the dataset.

Unlike standard truncation which incurs purely "negative" bias (loss of coverage), our dual

regularization(T; ) incurs "constructive" bias that can vanish if the sequend@ of )

can behave well.

Theorem 4 (Asymptotic Normality of the Tempered DML (T-DML) Estimator). Consider
the estimation of thg-th marginal effect using a sequence of regularization parameters
(Tn; ~) satisfying the conditions of Theorem 3. Ifm be the DML estimator de ned by
the sample average of the ef cient score constructed with these parameters:

N 1 >(\I VA . . .
iiN = N j (Wi1 N 1TN » N )’ (235)
i=1

where”y denotes the nuisance parameters estimated via cross- tting. Under the Identi -
cation Assumptions 1-6 and the Regularity Assumptions 7-18,lak , the centered
and scaled estimator satis es:

pﬂ "N (@) Bias;(Tn; n) '8 2 (2.36)

whereBias(Tn; n) = j( 1y: ) j (@) is the deterministic approximation error
characterized in Theorem 2. The limiting variance is given py=limyiu ~ n Var( ;).

Remark 3 (Connection to Algorithm 1). The estimata,rN analyzed in Theorem 4
corresponds empirically to the output of Algorithm 1 when the input parameters are set to
the optimal tuning valuefTl'; ) = (T n; n). While Algorithm 1 computes the nite-sample
estimate’\,-;N for a xed con guration, Theorem 4 guarantees that this output approximates
the ideal atomic target; (a ) with a stable Gaussian limit if the parameters are tuned
according to the sample size.

2.3.3 Inference with Monte Carlo Approximation

Theorem 1 characterizes the asymptotic distribution of the tempered estimator assuming the
target parameter; ( 1, ) can be evaluated exactly. However, in high-dimensional settings
involving continuous or multi-valued treatments, computing the integrak; (ajx) (a; x)da

is analytically intractable. Algorithm 1 overcomes this by approximating the integral via
Monte Carlo simulation (Step 2a). We replace the exhaustive sum with a Monte Carlo
approximation by drawingVl trajectories from the tempered policy. This introduces

an additional source of stochasticity: the simulation noise. The following theorem ex-
tends Theorem 1 to explicitly account for this computational uncertainty, treating the
regularization parameters (T; ) as xed for the purpose of nite-sample inference.
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Unbiased Simulator of the Score For each observation i in the sample, we generate
M independent draws of background con guratides, g¥_, such that eaclsiy
(jX i). The simulated version of the plug-in term is:

hd

1
™ )= M [(Sim*+€;Xi) (5 im:Xi): (2.37)
m=1
By the Law of Large NumberstX ;; )! (X ;) asM 11 . Because isaknown

(tempered) distribution givefT ; ) , we can sample from it ef ciently using (2.12). The
nal simulated T-DML estimatorT,y is the solution to the simulated empirical score:

LN
5 G0 =0 (2.38)
i=1

where ;i () = X i)+ TA XY TA i1X))) is simulated tempered
score. Because the simulation noise is independent across observatibassimu-
lated T-DML estimator remains consistent even for a small x&dsN !'1 |, though
increasing M reduces the simulation-induced variance.

Theorem 5 (Asymptotic normality of the simulated tempered estimator). ,etbe the
estimator of (2.38) and computed via Algorithm 1 usihgMonte Carlo draws per unit

and xed(T; ). Suppose the conditions of Theorem 1 hold. Additionally, assume the
simulation process satis es: (1) unbiasedness: conditional on the \d&at@and nuisance
estimates, the simulated scor€; is an unbiased estimator of the exact ef cient score

Esm[TTWi; 1= (W ):

(i) nite simulation variance:
h [
sm = Ep Vargm (5 jW;) <1

Then, as N ! 1, the stimulated estimator satis es:

Y 1

N oG (r) N0 o e (2.:39)
where . isthe ef cient variance of the exact estimator (de ned in Theorem 1), and
Mi sim represents the variance in ation due to nite computational budget.

The parameter g, quanti es the variability of the stochastic policy conditional on

the covariates. Speci cally, it is the expected variance of the plug-in contrast when drawn
from the truncated policy (to be discussed later):

sm = E Varg (iX) ~(K) (S+ej;X) n (0 (S,X)

Intuitively, if the outcome surface is at or the policy is very concentrated, s, iS
small. If the policy explores a rugged landscape of treatment effegis,is large.
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Theorem 5 formalizes the behavior of our computational strategy, offering two key
practical insights. The rst one is additive variance cost. The theorem establishes that the
cost of using the Method of Simulated Scores is strictly additive. This decomposition is
powerful because it allows the researcher to control the precision budggetxed by
the dataset sizd and the population structure (as established in Theorem 1). However,
the second term is purely computational. By increasing the number of internal simulation
drawsM, we can drive the simulation noise to zero, recovering the semiparametric
ef ciency bound asymptotically.

2.3.4 Algorithmic Implementation for Tempered-DML
Estimation Using Simulation

The proposed tempered-DML (T-DML) algorithm in Algorithm 1 is designed to satisfy
two competing theoretical requirements: statistical consistency via Neyman Orthogonality
and nite-sample stability via truncated policies.

Orthogonality requires that the noise in the nuisance estimators is uncorrelated with
the noise in the outcomé. By training~(¥ andP (¥ on the auxiliary folds (Step 1)
and evaluating the score on the held-out fold Step 2), we ensure statistical indepen-
dence. Consequently, the cross-product of estimation errors—the dominant source of
bias—vanishes:

Ep (A o)(n 9 0) O

The algorithm thus produces a valid orthogonalized sigh&br every data point, allowing
for valid inference despite the high-dimensional complexity of the nuisance models.

Standard inverse probability weighting approaches often employ “clipping” (enforcing
P )topreventvariance explosion. However, this introduces unde ned bias. Instead, we
adopt a tempered policy approach that regularises overlap to facilitate identi cation. This
Is implemented in the algorithm via two mechanisms: (i) Rejection Sampling (Step 2a):
we only simulate background counterfactusatbat are empirically supported by the data
P ) givenT, the overlap regularisation parameter. This ensures the plug-interm
represents a realistic intervention. (ii) bounded Riesz weight (Step 2b): for the correction
term, if a unit's observed treatmeAt has negligible probability? < ), we set®; = 0.

This ensures the Riesz representer is strictly bounded by de nition, guaranteeing nite
variance and effectively excluding impossible units from the de-biasing step.

Finally, the score™ is composed of two parts: the plug-in estimatprand the bias-
correction terniG. We give some insights on these two terms.~(ixaptures the direct
effect estimated by the outcome model. (ij(Y; fA i;X;)) estimates the residual bias.

If ~ under-predicts the outcome for a treated group, the res{tfual) will be positive.
The Riesz weight "scales this residual to exactly offset the error in the plug-in term.

The proposed tempered-DML (T-DML) algorithm offers distinct advantages over naive
aggregation. We discuss the computational complexity and theoretical consistency. The
primary bottleneck in estimating marginal effects for high-dimensional interactive models
is the summation over the background spage. An exact calculation requires evaluating
the outcome modet?! times for each unit. Fad = 30, this implies over 500 million
evaluations per data point, which is computationally infeasible. By contrast, Monte Carlo
integration reduces the complexity from exponen@N 29) to linearO(N M) . Since

26



Algorithm 1 Tempered Double Machine Learning (T-DML) for Marginal Effects

Require: DataZ =fY ;; A;; X;gl, , FoldsK , Monte Carlo DrawsV , Fixed Parameters
(T:)

Ensure: Marginal Effect Estimator;y

2. fork 1toKdo

3 Step 1: Nuisance Estimation (on Auxiliary Sample )

4 Using training data i 2 }, estimate:

5: 1. Outcome Regression* (a;x) E[YjA =a;X =x].
6: 2. Propensity Scord®(® (ajx) P (A= ajX = X).

7 3. Tempered Policy:{¥ (ajx)/ B® (ajx) =T,

8 Step 2: Score Evaluation (on Evaluation Sampley)

9 for each uniti 2 1 do

10: (a) Target Parameter Prediction (Reg. Agjustment):

11: . Estimate (X;) = @aj;)@a;) Oa ;)
12: Initialize =; = 0.

13: form 1toM do

14: Draw proposal s %k) (jX0).

15: if (0 (sjX;) then

16: Compute marginal contrast:, = 2 (0 (s+e;;X;) ~ (W (s;X;).
17: =i it om.

18: end if

19: end for

20: Set/\target (Xi) = Ti=M.

21: (b) Riesz Correction (Bias Correction):

22: . Construct Marginal Riesz Weight;*
23: Evaluate observational propensity=p P (A; j X;).

24: if pj < then

25: Set weight {=0.

26: else ® _

27: n= G op o),

28: end if |

20: Compute correctionterm; € ~; (Y i ~ (0 (A X))).

30: (c) Compute Ef cient Score:

3L Ai = Atarget Xi)+Ci.

32: end for

33: end for

34: Step 3: Aggregation P R

35: Compute nal global estimatorjy = & 5, .

the simulation error decreases at a rat&xﬂ‘ﬁ independent of the dimensialh) we can
approximate the integral ef ciently even in very high-dimensional spaces. This allows the
estimator to scale to settings with hundreds of binary treatments, provided the outcome
model "allows for ef cient batch inference.

A crucial theoretical feature of this algorithm is that consistency does not require
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M !'1 . Because the simulated scorg is an unbiased estimator of the true ef cient
score j (conditional on the data), the Law of Large Numbers applied over the sample
size N ensures convergence to the true parameter:

TN E B[TW)] = E p[Esm [TW)WI =E p[(W)]= (1. ):

2.4 Simulation Study

In this section, we investigate the nite-sample performance of our proposed estimators
for unconditional marginal treatment effects in multiple treatment settings through an
extensive simulation studly We evaluate the performance of our T-DML Algorithm 1
against established benchmarks, including Double Machine Learning (DML) approaches
and Targeted Maximum Likelihood Estimation (TMLE). Performance is assessed using
standard causal estimation metrics (RMSE, standard deviation, con dence interval length,
and coverage) to evaluate the accuracy and inferential validity of the marginal treatment
effect estimates.

2.4.1 Simulation Setting

One obstacle in evaluating causal estimators for marginal treatment effects is that the
true value of the causal parametglis not observed in observational studies. To enable
a fair evaluation, we design a exible data generating process (DGP) that gengrates

DGPs are adapted from Belloni et al. (204 7CovariatesX 2 RP are drawn from a
multivariate normal distribution with Toeplitz covariance structuge= 0:5"1 . Each
treatmentd; is assigned via logistic propensity scores with treatment-speci ¢ coef cients:
P(A; = 1jX) =logit * (X~ ; ca), where ; follows a decaying coef cient structure
with j / 1=k 2 andc, is a scaling factor calibrated to achieve a tar@étfor treatment
predictability. For the Simple and 3-Way DGPs, treatments are assigned independently. For
the 2-Way and Complex DGPs, pairwise correlatien@:5 ) is induced between adjacent
treatment pairs (A Az); (A3; Ag); 1 using a Gaussian copula structure.

The outcome is generated as

xd xd
Y = A+ (A +X 7y o A+ (2.40)
j=1 j=1

where N(0;1) , 5 arerandomly drawn baseline coef cients xed across simulations,
andg, is calibrated to achievE§ = 0:9. The interaction functiom;,(D) varies across
DGP variants. Crucially, the true unconditional marginal treatment effect for treatment j,

j =EIY(A =LA;) YA j=0A; ) (2.41)

depends not only on the baseline coef cieptbut also on the realized treatment con-
gurations of the other treatmen#s; through the interaction terms. Consequently, the

1The simulation is executed on an HPC cluster in parallel, using different seeds for the DGPs.
2The DGP is available for single binary treatments at DoubleMLIRMData.
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true marginal effects vary across simulated datasets and are computed exactly for each
dataset by enumerating counterfactual outcomes for each observation and averaging over
the sample.

We consider four DGP variants that vary along two dimensions, treatment dependence
structure and outcome interaction complexity: The Simple DGP features independent
treatments with no outcome interactions. 'Ehe 2-Way DGP introduces pairwise correlated
treatments with two-way outcome interaction§ Ay Ayjs1 . The 3-Way DGP maintains
independent treatments but includes three-way outcome interaétidns\; + A 1AzAe.

Finally, the Complex DGP combines pairwise correlated treatments with both two-way
and three-way outcome interactions. Notably, the Simple and 3-Way DGPs share identical
treatment assignment mechanisms, as do the 2-Way and Complex DGPs. This design
allows us to separately assess the impact of treatment dependence on propensity score
estimation dif culty versus outcome interaction complexity on treatment effect estimation
accuracy.

Beyond the baseline con guration, we conduct an extensive sensitivity analysis to assess
the robustness of our ndings across varying estimation challenges. Table 2.2 summarizes
the parameter grid, with baseline values indicated in bold. We systematically vary each
parameter while holding the others xed at their baseline levels.

Table 2.2: Simulation parameter grid for sensitivity analysis. Baseline values are indicated in bold.

Parameter Values Baseline
Sample size (n) 1000; 2,000; 4,000; 6,000; 10,000 2,000
Treatment dimensionality (d) 4; 6; 8; 10 6
Covariate dimensionality (p) 5; 10; 20; 50 10
Treatment predictability (ﬁ) 0.1;0.3;0.5;0.7; 0.9 0.5
Outcome predictability () 0.1;0.3;0.5; 0.7; 0.9 0.9

Varying the sample size allows us to evaluate nite-sample performance and conver-
gence behavior. The treatment dimensionaliigssesses scalability, as the number of
potential treatment combinations grows exponentiallg‘asreating increasing sparsity
in the treatment space. Covariate dimensiongligxamines how the complexity of the
confounding structure affects estimation performance. Finally, treatment predictability
RZ captures varying degrees of overlap, ranging from near-random treatment assignment
(RZ = 0:1) to highly predictable treatment®f{ = 0:9) that challenge the positivity
assumption. This sensitivity analysis enables us to characterize the conditions under which
each estimator performs well and to identify potential failure modes in more challenging
scenarios.

2.4.2 Estimators and Implementation
Proposed Method

We implement our proposed simulated score estimator (Algorithm 1) with the following
implementation choices. The propensity score model estimates the joint treatment distribu-
tion p(SjX) over all2¢ treatment combinations using multinomial logistic regression with
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L ; regularization. For subset sampling, we didw 100 treatment con gurations from

the estimated propensity model using a Gibbs sampler with adaptive temperature scaling.
The Gibbs sampler iterates through each treatment dimekgienj (excluding the primary
treatment of interest), sampling from the conditional distribution while maintaiajng O

to generate valid counterfactual con gurations. We use a burn-in period of 500 iterations
before collectindgRk samples. We usié =5 folds for cross- tting to avoid over tting and
ensure Neyman orthogonality.

Outcome Models

To assess robustness to model speci cation, we evaluate each method with different out-

andX the covariates. The Linear model uses linear regression augmented with covariate-
treatment interactions and all pairwise treatment interactions, with standardized features.
|3inear3W further extends this speci cation to include all three-way treatment interactions
i<m AjAIAm, capturing higher-order treatment synergies. The NeuralNet model em-
ploys a feedforward neural network with separate pathways for covariates, treatments, and
explicit pairwise treatment interactions; the architecture consists of parallel embedding
layers (covariate pathway ! 32 ; treatment pathwayd ! 32 ; interaction pathway:

g I 16 ), concatenated and passed through a hidden I8@el 82 units, ReLU ac-
tivation, 20% dropout) before the output layer, with training via Adam optimization for
100 epochs at batch size 256. Finally, LGBM uses LightGBM gradient boosting (Ke et al.
2017) with default hyperparameters, allowing the tree ensemble to automatically capture
nonlinearities and interactions.

Comparison Methods

We compare our proposed estimator against several established approaches that represent
current methodological standards for causal effect estimation. The T-Bench method
represents a naive version of the proposed T-DML estimator that samples only subsets with
single active treatments and therefore ignores treatment interactions, providing a baseline
for evaluating the importance of accounting for treatment interactions. DML-IRM applies
Double Machine Learning with the Interactive Regression Model, extended to handle
multiple treatments by running the procedure separately for each treatment. DML-PLR
uses the Partially Linear Regression model (Chernozhukov et al. 2018, Bach et al. 2022),
which assumes an additive structure and may therefore be misspeci ed when treatment
interactions are present. Like DML, the Targeted Maximum Likelihood estimator (TMLE)
(Gruber and Laan 2010) is based on in uence functions, but it differs in being an iterative
procedure in which the outcome regression is rst estimated and the ATE estimate is then
updated using a propensity-score-based targeting step. All comparison methods rely on
the same outcome model speci cations (Linear, Linear3W, NeuralNet, LGBM) to ensure a
fair comparison across estimators.

Performance Metrics

We evaluate estimator performance using several metrics computed over 100 simulation
replications and aggregated acrossdatreatments. Lef\j(r) denote the estimate for
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treatmeni in replicationr, and j(r) the corresponding true marginal effect, which varies
across replications due to the interaction structure. Root Mean Squared Error (RMSE) is

computed as Vv

u 0 yd
P 1 XOX (/\_(r) 0 )2
100 d J J

r=1 j=1

, measuring overall estimation accuracy. We report the empirical standard deviation of
estimates across replications and treatmesit(f '\fr) 0 ). Condence interval length
represents the average length of 95% con dence intervals across all replications and
treatments. We additionally apply a Bonferroni correction to account for multiple testing.
Coverage probability measures the proportion of replication-treatment pairs where the
95% con dence interval contains the true paramefér, with nominal coverage of 0.95.

Con dence intervals for our proposed estimator are constructed using the asymptotic
variance derived in Section 2.3, while comparison methods use their respective standard
inferential procedures.

2.4.3 Simulation Results

Figure 2.1 summarizes the RMSEs across the different DGPs and outcome models for
our baseline setting of n = 2,000 observations, A = 6 treatments, R2_y =0.9, and R2_A
= 0.5. A more detailed overview of the resdltegether with a sensitivity analysis for

Figure 2.1:RMSE for varying treatments dimension and for all Models and DGPs. The outcome regression
is a simple linear regression with two-way treatment interactions.

3Table 2.3 provides a summary for the baseline parameter combination.
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alternative DGP speci cations is provided in Appendix 2.7.2. Our proposed T-DML
estimator performs best in the Simple DGP without treatment interactions, achieving
the lowest RMSE (0.02—0.03) while maintaining proper coverage (0.90-1.00) across all
outcome models. This con rms that the simulatgzbre approach is highly effective when

the DGP structure is favorable. As DGP complexity increases, performance deteriorates
for all estimators. Nevertheless, our estimator remains competitive in-Way2and

3-Way DGPs: its RMSE stays below 0.08 even in the most complex setting, consistently
outperforming the benchmark models. Coverage patterns are more sensitive to model
choice. With correctly speci ed linear outcome models, our estimator achievepadarct
coverage ( 1:00). The coverage declines mildly (0.88 - 0.93) when more exible
models, such as LGBM or neural networks, are used. For the linear outcome regression in
gure 2.2, DML-IRM and DML-PLR estimators show solid performance in the simple
DGPs, with coverage around 0.97. However, their coverage drops sharply (0.33—-0.45) in
the correlated treatments DGPs 2-Way and Complex, as standard DML methods cannot
capture higheprder treatment interactions when estimating marginal effects. The naive
benchmark performs poorly whenever treatment interactions are present, with coverage
falling to zero in many scenarios. This highlights the need for specialized estimators
in multi-treatment settings. Finally, increased exibility in the outcome model does not

Figure 2.2: Inverse Con dence Interval Width and Coverage over all four DGPs.

automatically translate into better performance. In many cases, simple linear models yield
better coverage and similar RMSE when paired with our proposed estimator.
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2.4.4 Impact of Propensity Model Misspeci cation on Subset
Sampling

We also investigate why performance varies across DGPs. The legispcopensity
model is correctly speci ed for independent treatment assignment (None and Interme-
diate DGPs), but misspeci ed for correlated treatment assignment (Simple and Com-
plicated DGPs). This misspeci cation directly affects subset sampling within our T-
DML. The degree of confounding in the treatment assignment is in uenced by the un-
derlying correlation structure among treatments. This relationship is re ected in the
mean effective support metric, which measures the average number of treatment sub-
sets receiving more than 1% probability mass under the estimated propensity model.
As shown in Figure 2.3, this metric sepa-

rates the two classes of dajanerating pro-

cesses: independent treatments yield a mean

effective support of 46.40, whereas corre-

lated treatments yield only 36.44. This reduc-

tion indicates that the misspeci ed propen-

sity model concentrates probability mass on

a smaller subset of treatment combinations,

failing to represent portions of the treatment

space during subset sampling. As treatment

confounding increases, this issue becomes

more pronounced across all DGPs, and thgure 2.3Mean effective support for varying Treat-
effective subset sample size deteriorates ac- ment Confounding Strength. DGPs are
cordingly. Such concentration is problematic grouped, as the treatment assignment is

for the simulateescore estimator, which re- the same for the DGPs Simple & 3-Way

. . . as well as 2-Way & Complex.

lies on broad exploration of treatment combi-

nations. When the propensity model mischaracterizes the joint treatment distribution, the
Gibbs sampler may undsample important regions, resulting in bias and lower coverage.
The impact is especially severe if the outcome model is exible, allowing over tting to

a few subsets, as can be seen in gure 2.4 for LightGBM as the outcome learner. Our

Figure 2.4RMSE for different levels of treatment confounding strength with LightGBM as outcome
regression.

adaptive temperature scaling partially mitigates this issue by encouraging wider exploration
when the propensity distribution becomes overly concentrated. However, the simulation
results show that this mechanism cannot fully offset misspeci cation, especially when
combined with exible outcome models that contribute additional estimation noise.
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2.5 Empirical Application: Lifestyle Choices and
Circumstances and Their Effect on Blood
Pressure Risk

Data and Research Question

The National Health and Nutrition Examination Survey (NHANES) provides compre-
hensive health data collected by the Centers for Disease Control and Prevention (CDC)
and National Center for Health Statistics (NCHS) (2024) through interviews, physical
examinations, and laboratory tests. This rich dataset offers an ideal setting to study the
complex interplay between multiple lifestyle factors and health outcomes, particularly high
blood pressure. Hypertension affects approximately 45% of adults in the United States and
Is a major risk factor for cardiovascular disease, stroke, and kidney failure. Our research
investigates the marginal effects of various lifestyle factors on systolic blood pressure in a
population not currently taking antihypertensive medication. This focus addresses a crucial
public health question: which modi able risk factors most signi cantly in uence blood
pressure in individuals who have not yet initiated pharmacological treatment? Understand-
ing these relationships can inform targeted prevention strategies for at-risk populations
before they require medication.

Data Structure and Covariates

The analysis utilizes data from NHANES cycles spanning 2015-2023. We focus on adult
participants aged 20 years and older with complete data on blood pressure measurements,
lifestyle factors, and relevant covariates. After applying exclusion criteria for missing
treatment data and current use of blood pressure medication, our analytical sample com-
prises 9,737 participants. The dataset includes comprehensive information across several
domains that serve as covariates in our analysis. Demographic factors include age, gen-
der, race/ethnicity, Hispanic status, marital status, and household size. Socioeconomic
indicators encompass education level, occupation category, and health insurance status.
Dietary factors are captured through detailed 24-hour dietary recall data, including sodium,
potassium, ber, and caffeine intake, as well as omega-3 fatty acids and sodium-potassium
ratio. Dietary habits are further characterized by salt usage type and frequency at the table.

Treatment Variables

The treatment variables of interest include eight modi able lifestyle factors and health
conditions that previous literature has associated with blood pressure regulation. Each
treatment is coded as binary, indicating the presence or absence of the risk factor, with
binarization based on established clinical thresholds and survey instruments. Smoking
status is de ned as current smoking of 100 or more cigarettes in one's lifetime combined
with current smoking frequency. Heavy drinking uses gender-speci ¢ thresholds: more
than one drink per day for men and more than half a drink per day for women. Obesity is
de ned as body mass index30 kg/mz2. Sedentary behavior is indicated by six or more
hours per day of sedentary activity. Moderate recreational activity requires at least 10
minutes per session and a minimum of one session per week. Diabetes status is based on
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self-reported diagnosis. Sleep disorders are indicated by six or fewer hours of sleep per
night. Depression is de ned by a PHQ-9 score of 15 or higher.

These eight treatment variables represent a comprehensive set of modi able risk factors
that may interact in complex ways to in uence blood pressure. The outcome variable is
systolic blood pressure measured during the physical examination component of NHANES,
using the average of up to three consecutive readings following standardized protocols.

Visualizing Complex Treatment Interactions

Figure 2.5:Basic directed acyclic graph showing multiple treatments affecting blood pressure with common
confounding. This structure represents the standard multiple treatment scenario without account-
ing for treatment interactions.

The complexity of treatment interactions in this real-world setting is illustrated through
directed acyclic graphs (DAGSs). Figure 2.5 presents a simpli ed DAG showing the basic
structure with multiple treatments affecting blood pressure, all in uenced by common
confounders such as age, genetics, and socioeconomic factors. This structure represents
the standard multiple treatment scenario where each treatment has both direct effects
and effects mediated through other treatments. Figure 2.6 extends this framework to
visualise underlying treatment interactions, re ecting the reality that lifestyle factors often
cluster and interact in complex ways. Smoking, alcohol consumption, and obesity form
one cluster of interrelated behaviours, while diabetes and sleep disorders demonstrate
another interaction pattern. These interactions create challenges for traditional estimation
approaches that assume additive or independent treatment effects.

Methodological Challenge: Blood Pressure Medication

A methodological challenge arises from the presence of blood pressure medication in
the study population. Medication can act simultaneously as a confounder, mediator, and
collider. Lifestyle factors in uence whether and when medication is prescribed, and current
blood pressure is strongly correlated with past levels that triggered treatment. Simply
controlling for medication would therefore introduce collider bias, while omitting it would
violate the unconfoundedness assumption. A practical solution is to analyze subpopulations
with and without medication separately. Here, we focus on individuals not taking blood
pressure medication, as detailed information on speci ¢ medications is limited. Restricting
the analysis to participants not taking blood pressure medication yields more plausible
lifestyle-related differences in blood pressure, as shown in Figure 2.7. This restricted
analysis better re ects the natural relationships between lifestyle factors and blood pressure
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Figure 2.6 Treatment relationship network in NHANES. Node size represents prevalence; edges show
correlations. Key patterns are: strong smoking-alcohol correlation, central obesity connecting
multiple treatments, and sedentary-obesity linkage. These correlations challenge independent
treatment assumptions.

in the absence of pharmacological intervention. This approach creates a study population
that is younger and potentially healthier than the general hypertensive population.

Figure 2.7:Simple outcome differences grouped by whether participants are taking blood pressure medica-
tion.

However, this subpopulation represents individuals who may be future candidates for
blood pressure medication, making the identi cation of modi able risk factors particularly
relevant for prevention efforts. Figure 2.8 illustrates this challenge by showing the age
distribution strati ed by medication status. Participants taking blood pressure medication
are substantially older (mean age 61.2 years) compared to those not on medication (mean
age 46.7 years). This age difference re ects both the natural progression of hypertension
with age and the clinical decision to initiate medication based on blood pressure levels and
cardiovascular risk factors.
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Figure 2.8: Age distribution of NHANES participants by blood pressure medication status. The substantial
age difference highlights the confounding role of age and the selection bias introduced by
conditioning on medication status.

Estimation Results

We apply our proposed simulated score estimator to estimate unconditional marginal
average treatment effects for each lifestyle factor on systolic blood pressure. Results are
highly consistent across all four outcome learners. Obesity shows the strongest and most
robust association with systolic blood pressure, with effects ranging from about 1.84 mmHg
(90% ClI: 1.04, 2.63) to 2.28 mmHg (90% CI: 1.51, 3.05). Smoking also displays a stable
positive effect across learners, with estimates between 1.17 mmHg (90% CI: 0.07, 2.26)
and 1.29 mmHg (90% CI: 0.21, 2.38). Sedentary behavior shows a meaningful negative
association in the linear interaction models; for example, -0.98 mmHg (90% CI: -1.73,
-0.23). Depression exhibits a signi cant negative effect only in the neural learner: -2.81
mmHg (90% CI: -4.21, -1.41). Diabetes, heavy drinking, sleep disorders, and moderate
recreational activity do not show statistically meaningful effects in any learner, as their
90% intervals include zero. Overall, the results are stable across learners, and the pattern
of signi cant effects is consistent. The magnitudes are likely conservative because the
analysis focuses on a younger and healthier subpopulation that is not yet on blood pressure
medication.

These results highlight the varying contributions of different lifestyle factors to blood
pressure elevation. The substantial effect of obesity is consistent with established phys-
iological mechanisms linking adiposity to increased blood volume, cardiac output, and
peripheral resistance.
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Figure 2.9:Estimated unconditional marginal average treatment effects of lifestyle factors on systolic blood
pressure. Error bars represent 90% con dence intervals. Obesity shows the strongest effect,
followed by diabetes and physical inactivity.

Practical Implementation Considerations

The application to NHANES data illustrates several practical considerations for imple-
menting our proposed estimator in real-world settings. First, the choice of hyperparameters
K (number of cross- tting folds) an& (number of simulated subsets) requires careful
consideration. Based on our experience, we recomrienl to ensure adequate sample

splitting andR  max(100; N ') to control simulation error. The conditiqu— =
ensures that simulation variance does not dominate sampling variance. The paralleliza-
tion across observations and simulation draws offers substantial computational bene ts.
The independence of subset simulations for different observations enables ef cient par-
allel processing, making the method feasible for moderate to large sample sizes. For
the NHANES analysis with 9,737 observations, 20 covariates, 8 treatments, and R=100
simulation subsets, computation time ranged from about 20 minutes for the linear models
to approximately 1.8 hours for the neural network on the RRZ 4pigtiormance cluster.

The neural model was run on a single node equipped with an AMD EPYC 9654 processor
using 2 allocated 8-core CPUs.

2.6 Conclusion

This paper makes several methodological and theoretical contributions to the causal infer-
ence literature on multiple treatments. We develop a general combinatorial framework for
treatment attribution that accommodates arbitrary treatment combinations without restric-
tive functionatform assumptions or prior knowledge of the causal relationships among
treatments. Based on debiased machine learning, the approach offers a principled way
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to decompose treatment effects in settings where treatments may interactaddiove
ways.

We further introduce a simulatiepased computational strategy using the Method
of Simulated Scores, which addresses the intractability of evaluatingdigénsional
integrals over the treatment subset space while preserving theoretical guarantees. Building
on this framework, we establish formal asymptotic properties for our estimators, including
consistency and asymptotic normality, through Neyrogthogonal scores that remain
robust to nuisance estimation. Creisng and simulation methods are combined to ensure
valid inference even when exible machine learning tools are used to estimate nuisance
functions.

In an extensive simulation study involving challenging egémerating processes, the
proposed T-DML estimator attains the lowest root mean squared error in most scenarios,
along with competitive coverage probabilities and shorter con dence intervals. Our
empirical application to NHANES data complements these ndings, revealing meaningful
patterns in the determinants of blood pressure, with obesity exhibiting the strongest
marginal effect, followed by smoking, and a negative impact of depression.
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2.7 Appendix

2.7.1 Proofs of the Theorems

Proof of Proposition 3.Let (X) = (A; X) o(A; X) be the perturbation in the
outcome model. By (2.20) and (2.22), the derivative of the expected score with respect to
¥

2 3
X
@E[ j]=Ex 4 @X)(@a+e ;;X) @X) O E p[ ofAX) (A X)]
a2Aj
(2.42)
_ . (A} iX) . .
=Ex[(X;)] E F,(/;W(ZAJ- 1) (A X) (2.43)

We expand the second term (the observational expectation) by summing;o2€0; 19 :

x .
Ep[:::]=Ex P(a+ejjx)%(+1)(a+e i3 X)
azA | ¢J¢J
+P(ajX) Ff?;j()z) (1) @X) (2.44)
3
X
SEx4  @X)(@+e ;iX) @X) 5: (2.45)

a2A

This exactly matches the rsttery [ (X; )] . Thus, the two terms cancel out, and the
derivative is zero. A similar argument holds for perturbations in P. O

Proof of theorem 1. Lef\j;N be the estimator solving the empirical score equation
Enl j(W;39]=0;

where”= (# P) are the machine learning nuisance estimators. Under the Assumption
6 that j is linearin , we expand the empirical score around the true paramgtey. )
and true nuisance:

P— A X
N ,-(T;»=p% (Wi ()i o)

|—= }

(1) oracle term
Pp—

) NENL (W5 (T );{’2 i(W5 50w o);+0p(1)1

(Il) nuisance error term

We further decompose term (1) using the properties of cross- tting and Neyman orthogo-
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nality:
o Z
term()=" N ;(w; ;( 1. ;2P P o)(w)

p__
+ N@Ep[ ;W; (3 E p[j(W; () oD

The rst sub-term is an empirical process term which v&rishes if the complexity of the
function space (captured by the critical rading ) satises’ Nm% !0 in Assumption

4. The second sub-term represents the bias. Using a Taylor expansion (Gateaux derivative)
in the direction *  ¢:

Eo j(W; j( 7 :0=@ Eo[ j(W; j( ;) ol ol+Op(k" ok

By Proposition 3, the rst-order derivative is zero. Thus, the bias is dominated by the
second-order product of errors:

Bias | NES[(" o o )L

Under the Mixed Bias rate condition in Assumption 3, this term,{d)p

Indeed, the leading term convergesN@0; ) by the CLT. The variance ;. =
Var( j(W; j( T.); o)) is computed via the law of total variance:

jm. = E[Var( ; jX)]+Var(E[ ;] X]):
1. Conditional Variance: Given j = (X)+ (Y ) , the only random term given

Xis (Y ) .ThusVar( ; jX)=E[ 3 oA X)) ?jX]. Substituting the signed
density ratio:

5 . . X _ @;jx) 2 _
E[ sVar(Y jA; X)jX]= P@X) ———— Var(Y jA=aX): (2.46)
oA P (ajXx)
2. Variance of Conditional Expectation: E[ ; j X] = (X; o) i( 1.), where

(X; o) is the conditional marginal effec} (X; ).
Summing these terms yields:
! #

. 2
AP vary jAX) +Vare( (G ): (2.47)

i = EP P(AJX)

SinceE[ 3] <1 by the square-integrability assumption by Assumption 5, the variance is
nite. [

Proof of Theoerem 2.Let 1. denote the truncated tempered policy andbe the target
atomic con guration (the mode of P (ajX)). We aim to bound JE [ (A)] (@ )]

We decompose the difference over the feasible supprt = fa : P(ajX) g
and the infeasible region. Let be the untruncated tempered policy. Using Triangle
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inequality, we show

X
Bas=  r (@@ @ )
az2A
. o X
n@i@ (@ )+ (n@ lla=a )@
2A feas a2A
r Term I: Sng(fothing Error } | Term II:{Iﬁass Shift )

Using the Lipschitz Assumption 7:
j@ (@ )i L mx du(aja):

Therefore, the smoothing error is bounded by the expected Hamming distance. We
bound the expected distanEe, [dy (A; a )] by analyzing the probability mass assigned

to suboptimal con gurations. Let= m‘“:—aﬁp@ < 1 be the ratio of the second-best
probability to the mode probability. For any suboptimal st a, the relative likelihood
under the tempered policy is:

@ _ P@ T
@) P(@) '
Since probabilities sum to 1, we can loosely bound the total mass on all suboptimal

states by summing this worst-case ratio overadhpossible con gurations (ignoring the
denominator normalization for the upper bound):

T(A6=a) jAj
This can be rewritten in exponential form by de ning the “probability gap” log() >

0:

T(A6=2a) jA] exp T

Combining this with the Lipschitz assumption (max distance is d):

Bias L max d JA] exp T

This con rms that the approximation error vanishes exponentially as T ! 0.

We bound the error introduced by truncating the policy support using Assumption 8.
Let (a;x) = E[Y]JA = a;X = x] be the outcome regression function, bounded by
j(@x)] B . The truncation bias is de ned as the absolute difference between the
expectation under the full tempered policy and the truncated policy :

Biasune =JE ([(A;X)] E  [(A;X)]i:

We express this expectation as an integral over the covariate Xpaiete that for
the truncated policy, the weight is set to zero wirefajx) < . We can decompose
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the integral over the feasible regid.,s = X : P(ajx) g and the truncated region
Xtrunc = fX : P (aJX) < g:

Z X
BiaSune = @x)( r(ajx) (ajx)) dP (x)
X a
Z Z X
= " G:)dP(x) + - (a;x)(I T(a;'é) O)}dP(x) :

=0 here

Assuming the renormalization factor Kxeas introduces negligible lower-order error
compared to the complete loss of masXjan. , the dominant bias term comes from the
truncated region.

We focus on the error from the truncated region. By bringing the absolute value inside
the integral (Jensen's inequality) and applying the boundedness of the outgorie ():
Z X
BiaSrunc j(@x) t(ajx)jdP(x) (2.48)
Xm? a
X
B 1 (ajx) dP (x): (2.49)

XtYUnC a
|2 fe—)

The remaining integral is simply the probability measure of the truncated set. By
Assumption 8, the probability mass of the region where propensity scores fall below
decays polynomially:

Z
dP(xX)=Px(P(AJX)< ) ¢

Xtrunc

Substituting this back into the inequality, we obtain the nal bound for the truncation cost:
Biasune B ¢

This con rms that the bias is controlled by the tail behavior of the overlap distribution, as
modeled by the parametezsnd (following the framework of Tsybakov (2004) and Ma
and Wang (2020)).

Summing the two bounds yields the result:

Bias L nde™" +2Bc

Proof of Lemma 1. We aim to minimize the asymptotic order of the MSE, de ned as the
sum of the squared bias and the variance:

MSE() Bias () + Variance():
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From Assumption 8 and the variance bound derived in Theorem 3:
Bias()=0O( ) 9 Bias ?() ?;

Variance() = O N

To nd the optimal , we minimize the rate functioR() = 2 + & ® withrespectto.

Taking the derivative:
d — 21 1 2.
g RO=2 N

Setting the derivative to zero to nd the critical point:
2 21 - — 2

21 Z/Nl
2+1 N 1:

Solving for , we obtain the optimal decay rate:

1

N N 2+1 -
Substituting this back into the MSE yields the minimax convergence rate of (or
N 2z for the Root-MSE). O
Proof of Theorem 3 .We aim to bound the total estimation ertjé\fN j(@). By

the triangle inequality, we decompose this error into three components: the stochastic
estimation error, the truncation bias, and the tempering bias.

v @) jll\j:N {é TN;N)FJ" i ( TN:N{% j(a)ii (2.50)

(1) Stochastic Error (1) Approximation Bias

We rst study bounding the stochastic error via empirical process.'\j,l,\atbe the DML
estimator solving the ef cient score equation. Assuming the nuisance components are
estimated consistently, the stochastic error is dominated by the empirical process of the
ef cient in uence function
X

N

N iCTea) = ( (Z) El @D+opN*?)

A

i=1

where the in uence function depends on the Regularized Riesz Representg): =

- (AX)(Y )+ . To obtain a tight bound, we apply Bernstein's inequality,
which requires bounding both the supremum and the variance.of

We invoke Proposition 2, which establishes the deterministic bounds of the weights.
By Proposition 2, the Riesz representer is uniformly bounded by the inverse truncation
threshold:

. . 1
supj Ty @X)j —:
a;x N
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Assuming bounded outcomgsj B , the in uence function is uniformly bounded by a
sequence M :

) ) C
My :=supj (2)] —:
z N

The variance of the in uence function is determined by the second moment of the Riesz
representer. While the supremum scales With, , the expected variance scales more
favorably under Assumption 8.

1

§o=Var( ) E g (AX)? E 5 AKX

I(P N)

Integrating the inverse propensity score against the deRgi#yX) over the feasible
region implies that the variance scales as the inverse overlap:
, C°

N
N

P . . : :
For the sungy = (Zi), Bernstein's concentration inequality for bounded variables
states that for any t > O:

1 Nt2
P —Sy >t 2ex —_—

N P 2%+ Mgt
We seek the tightest ratg such that this probability remains bounded. The dominating
term in the denominator is the variancg Nl . Setting the exponent to ordéxq(1)

. 5
requires NE  3: r "

— i
N N .
N N n
Checking the higher-order term withiM & :
My tn NN
2 1 - F N '
N N N

ProvidedN  !'1 , thisterm vanishes, con rming that the variance term dominates the
tail behavior. Thus, we obtain the tight stochastic error rate:

. . 1
J/\j;N j(TNJN)JZOp pN—
N

We utilize the bound derived in Theorem 2. The approximation bias consists of the
smoothing cost (dependent o Jland the truncation cost (dependent @r).

Bias C 1exp T +Cy !
N

We choose the decay rate of the temperalyesuch that the exponential term is negligible
compared to the polynomial truncation term (eTg,,/ 1=log N ). Thus, the dominant
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bias term is:
Bias = O( )

Combining the stochastic and bias terms, the total error rate is:

1
Error p——+ :
N n

To minimize the convergence rate, we equate the order of the squared variance and the
squared bias (balancing the trade-off):

1 2
N N
+1 N 1

_1
N N 2+1 -

2
N

Substituting this optimaly back into the error expression:
Rate ( ) = N zr =N zw

This con rms that the estimator converges ta ) in probability at the stated minimax
rate. 0

Proof of Theorem 4.We analyze the asymptotic distribution of the centered and scaled
estimator for thg -th marginal effect. Let the total approximation bias be denoted by
Biasy = j( 7y:y) j(a). We decompose the error into the stochastic component and
the deterministic bias:

Aj;N j(a):(/\j;N i( 1y:y)) tBiasy:

Rearranging terms to isolate the stochastic uctuation:

"IN j(@) Bias y = “jn i)
Multiplying by the scaling factoP N \:
p
Zn = Ny AJ':N iCein)

Step 1: Linearization via Ef cient In uence Function. Under the DML as-
sumptions (consistent nuisance estimation with product o3&k =2 )), the estimator is
asymptotically equivalent to the sample average of the ef cient in uence functjgn
evaluated at the true nuisance parameters but with tuning paramegers, (T

1 X 1
Aj;N j(TN;N):N in (Wi)+o0p pN— ;

i=1 N
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where n (W)= ;(W; o;Tn; ~) E[ j]ando, le_ﬁ is from (2.33). Substituting
this into the expression foryZ
p__
Zy = PWN in (Wi) +0p(2):
i=1
This de nes a triangular array of independent random varialflgs= *‘WI in (W) with
mean zero.

Step 2: Variance Stabilization. We examine the variance of the terms in the sum.
The variance of the in uence function is dominated by the squared Riesz quight
Using Assumption 8, the second moment scales as:

1 1

Var( jn) E[ fy] WI(P N)

z

The variance of the sumyZis:

b\
Var(Zy) = Var(Yin) =N WNVar( in)= N~ Var( jn):
i=1

AsN !1,since Var(  jn) & » the product converges to a strictly positive constant:

NI!ilrn Var(Zy)= 2 >0:

Step 3: Lyapunov Central Limit Theorem. To prove asymptotic normality for the
triangular array (not identically distributed due to change the tuning parameters that leads
to change of variance of regularised Riesz weights), we verify the Lyapunov condition
using the third absolute moment. We must demonstrate that the Lyapunov ratio vanishes
asN !'1: Py .
| 1 E0Yini®l ~0
N (Var(Ze)F2

First, we bound the third moment. Since the Riesz weights are strictly boundied by
(Proposition 2), the in uence function satis ¢sjn j C= . The third moment of the
unscaled in uence function behaves as:

. . . R . 1 1 1
Ei inj®l supj ini Ell nifl — —= 5
N N N
p—

Now, substituting this into the ratio for the scaled variahlg ¥ 4@% iN -

o P~ 15 q 1
E[Yini®1=N  p= El ni®1 N Iz 5 =p=—
i=1 N N+ N N N
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Since the denominat@War(Z  ))*=? converges to a strictly positive constgné )32, the
Lyapunov ratio is dominated by the numerator:

. 1
Ratio pN—:

N

By the Optimal Tuning Rated\ ! 1 , so the ratio converges to zero. Thus, the
Lyapunov condition is satis ed, implying N (©; 29, O

Prgof Sketch of Theorem 5Recall that the simulated estimator solves the linear equation
~(y=0.Sinceisafnein (i.e., ()= =) welgan write the estimator

T
asa sample average of the uncentered simulated sctes: N K

We decompose the total estimation errax TN i ( 7.)) into three distinct com-
ponents:

P_— _ 1 X p__ 1 X _
N(Gn (1)) = pﬁ P (Wi) + | NEr{g\ ] } +p= (7 i)
| = Z } (Il) Nuisance Estimation Error | = {Z }
() Oracle Sampling Process (1) Simulation Process

(2.51)
Term (1) is exactly the sum of the ef cient in uence functions derived in Theorem 4. This
term converges in distribution 88 (0; ) by CLT. Term (l1): Under the DML Assumptions
(cross- tting and product-bias condition), this term converges to zero in probability (Ney-
man Orthogonality). Term (IIl) represents the pure Monte Carlo noise. Conditional on the
dataW, 7 j are mean-zero (by the unbiased simulation condition) and independent
acrosg. Its variance is,\lT Var(™ ) = MiE[Var(]‘W)] . By a secondary CLT applied
to the simulation process, this term convergeN {0; -~ m). By the independence of
the sampling and simulation processes, the variances add linearly:

1
Viotal = +  — sim*

M

2.7.2 Details on the Simulation Study
Data Generating Process (DGP) Details

This appendix provides a complete technical speci cation of the data generating processes
used in the simulation study. The DGP is adapted from Belloni et al. (2017) and extended
to multiple treatments.

General Structure
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Covariates. The p-dimensional covariate vector is drawn from a multivariate normal
distribution: o
X; N(O;); with i = 051K

Treatment Assignment. Each treatment A; (j = 1;:::;d) is assigned independently
(for the independent DGPs) or with pairwise correlation (for the correlated DGPs) via a
logistic model. For each treatmgntwe generate a coef cient vectoy of lengthp with

a decaying structure. L& be ap d matrix with entries drawn independently from

j:B:;j W,

where denotes element-wise multiplication.
The linear predictor for treatment j is

i =Ca X{ i

where G is a scaling factor that controls the strength of confounding. De ne

and let s

2=2\R2
. - (=R

LRrRZ & L7

Here,R% is the desired proportion of variance in the treatment assignment explained by
the covariates.

For each treatment generate an independent uniform variabdje Uniform(0O; 1)

and set
exp( i)

Ai = 1+exp( i)

Inducing Pairwise Correlation (for Correlated DGPs). For the DGP variants
2-Way and Complex, we induce correlation between adjacent treatmentfpais),
(As;Ay), etc., using a Gaussian copula with correlation 0:5 . For each such pair
(2k 1;2k), we generate:
Zik1  N(O;1);
Zik = Zix1 * 1 2"k ik N(O;1);
and then set
Uik1 = (Z 2«1 )i Uik = (Z ik )s

where is the standard normal cumulative distribution function. The remaibjngif d
is odd) are kept independent.
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Outcome Generation. The outcome Y; is generated as
xd N xd
Yi = PAj T i(Ai) ey X7y Aj + 5 i N(0;1);
=1 j=1

where ; are xed baseline treatment effects (drawn once and held constant across repli-
cations), and v is a coef cient vector with v, = 1=k2. The scaling factocy is given

by s

R{ .
I RF S v

Cy =

with RZ set to 0.9 in our simulations.
The interaction term;f(A;) depends on the DGP variant:

» Simple: fi(A;) = 0.
P =
e 2-Way: fin(Aj) = Eglchi;Zkl Aik -

» 3-Way: fini(Ai) = AitAiAiz + Ai1AisAje (the second term included only when
d 6).

P =
» Complex: fini(Ai) = Eglchi;Zkl Aok +AinApAiz + AitAisAss.

True Unconditional Marginal Treatment Effects. For each treatment |, the true
unconditional marginal average treatment effect (ATE) in a given sample is computed by
counterfactual comparison:

1 X h ) i
S YA ) Y VA

j =
i=1

whereYi(“l) (Aij ) anin(“O) (Ai.; ) are the potential outcomes for unitvhen treatment

j issetto 1 or O, respectively, while the other treatménts are xed at their observed
values. Because the DGP is fully known, these potential outcomes can be evaluated
exactly by plugging the corresponding treatment vectors into the outcome equation. The
resulting ; incorporates both the baseline coef cientand the contributions from all
interaction terms that involve treatmgntaveraged over the empirical distribution of the
other treatments.

Summary of DGP Variants

The four DGP variants used in the simulation study are:
» Simple: Independent treatments, no outcome interactions.
» 2-Way: Correlated treatments (adjacent pairs), two-way outcome interactions.

» 3-Way: Independent treatments, three-way outcome interactions.
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» Complex: Correlated treatments (adjacent pairs), two-way and three-way outcome
interactions.

This design allows us to separately examine the impact of treatment dependence (on
propensity score estimation) and outcome interaction complexity (on treatment effect
estimation).

Parameter Settings

In the simulation study, we x the following parameters unless otherwise noted:
* Number of observations: n = 2; 000

« Covariate dimension: p = 10

Number of treatments: d = 6
 Outcome signal strength:R= 0:9
« Propensity score signal strengthZ R 0:5

All simulations are repeated 100 times with different random seeds to obtain stable
performance metrics.
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Extended Simulation Results

Table 2.3: Results Overview (n=2,000, dim_a=6, dim_x =10, R2_A =0.5, R2_y=0.9)

= Linear = NeuralNet
DGP Method RMSE Std.dev. Length Cover RMSE Std.dev. Length Cover
T-DML 0.06 0.64 0.49 1.00 0.11 0.66 0.53 0.95

T-Bench 0.09 0.64 0.35 0.88 0.28 0.73 0.27 0.29
Simple DML-IRM  0.35 0.80 0.36 0.31 0.13 0.66 0.65 0.95
DML-PLR  0.55 0.01 0.2 0.08 0.53 0.05 0.28 0.15

TMLE 0.23 0.72 1.02 0.91 0.18 0.67 0.65 0.86
T-DML 0.10 0.64 0.50 0.98 0.12 0.67 0.54 0.93
T-Bench 0.33 0.64 0.35 0.09 0.37 0.72 0.28 0.22

2-Way DML-IRM  0.37 0.80 0.36 0.35 0.13 0.67 0.65 0.96
DML-PLR  0.85 0.02 0.22 0.00 0.82 0.06 0.28 0.03
TMLE 0.33 0.81 1.06 0.76 0.30 0.78 0.72 0.65

T-DML 0.07 0.70 0.50 0.99 0.12 0.72 0.53 0.93
T-Bench 0.35 0.63 0.35 0.20 0.42 0.73 0.27 0.21
3-Way DML-IRM  0.34 0.83 0.37 0.27 0.13 0.72 0.66 0.96
DML-PLR  0.69 0.02 0.22 0.20 0.67 0.05 0.28 0.25
TMLE 0.24 0.78 1.04 0.91 0.19 0.73 0.67 0.85

T-DML 0.12 0.71 0.50 0.93 0.13 0.73 0.54 0.90

T-Bench 0.66 0.64 0.35 0.02 0.60 0.72 0.28 0.09
Complex DML-IRM  0.34 0.84 0.37 0.36 0.13 0.73 0.65 0.96

DML-PLR 111 0.02 0.22 0.00 1.08 0.06 0.28 0.01

TMLE 0.37 0.87 1.08 0.72 0.36 0.85 0.74 0.58
= Linear3wW =LGBM
DGP Method RMSE Std.dev. Length Cover RMSE Std.dev. Length Cover
T-DML 0.06 0.64 0.50 1.00 0.14 0.65 0.69 0.96
T-Bench 0.10 0.65 0.35 0.84 0.27 0.64 0.18 0.20

Simple DML-IRM  0.34 0.79 0.37 0.33 0.32 0.76 1.34 0.88
DML-PLR  0.55 0.02 0.22 0.09 0.48 0.14 0.38 0.25
TMLE 0.23 0.72 1.01 0.91 0.19 0.62 0.45 0.65

T-DML 0.10 0.65 0.50 0.98 0.16 0.65 0.70 0.88
T-Bench 0.33 0.65 0.35 0.11 0.32 0.63 0.20 0.21
2-Way DML-IRM  0.46 0.80 0.37 0.32 0.37 0.82 1.33 0.84
DML-PLR  0.85 0.02 0.22 0.00 0.70 0.14 0.39 0.25
TMLE 0.32 0.81 1.06 0.76 0.23 0.74 0.52 0.64

T-DML 0.08 0.70 0.50 0.99 0.15 0.71 0.69 0.90

T-Bench 0.27 0.65 0.35 0.34 0.37 0.66 0.18 0.15
3-Way DML-IRM  0.37 0.84 0.37 0.36 0.32 0.81 1.34 0.87

DML-PLR  0.69 0.02 0.22 0.19 0.59 0.14 0.39 0.35

TMLE 0.24 0.78 1.03 0.91 0.20 0.67 0.46 0.63
T-DML 0.12 0.71 0.50 0.91 0.19 0.71 0.70 0.86
T-Bench 0.59 0.65 0.35 0.01 0.48 0.65 0.20 0.11

Complex DML-IRM  0.51 0.85 0.37 0.27 0.38 0.88 1.33 0.83
DML-PLR  1.11 0.02 0.22 0.00 0.92 0.15 0.39 0.14
TMLE 0.37 0.87 1.08 0.71 0.25 0.80 0.53 0.61
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