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Chapter 1

Introduction

Regression models provide a framework for one of the most prominent estimation problems
in mathematical statistics, the prediction of the relationship between a dependent or
response variable Y ∈ R and an independent variable or covariate X ∈ X . The non-
specific structure of this problem leads to a wide field of applications. An important class
of regression models are nonparametric models that avoid specific assumptions on the
relationship between X and Y . A nonparametric regression model with homoscedastic
noise is described by

Y = m(X) + ε,

where m is the so called regression function and ε ∈ R is an error term that is independent
of X. The codomain X of the random variable X is called feature space and usually is
a subset of Rp for p ∈ N. Throughout we will consider X = [0, 1]p. The entries of
X are called features or covariates. In this model, the goal is to estimate the function
m based on a training sample consisting of i.i.d. copies of (X, Y ). There are various
types of estimators in this model, for instance classical smooth estimators such as kernel
estimators, spline estimators or wavelet estimators. There are also non smooth estimators
such as the histogram or regression trees, which are piecewise constant. Modern estimators
that are frequently regarded as machine learning algorithms include neural networks and
tree ensemble methods, such as boosted trees and, in particular, random forests. The
latter are the central estimators considered in this dissertation.

In mathematical statistics, the focus is on statistical guarantees for the performance of
these estimators. Often the performance is analyzed asymptotically in the sample size and
important questions are the consistency and asymptotic distribution of the estimators.
These aspects can both be analyzed pointwise for a fixed x0 ∈ Rp or uniformly on the
whole feature space. Pointwise consistency of an estimator m̂ means that

m(x0)− m̂(x0)
P→ 0,

whereas the stronger uniform consistency means

sup
x0∈X
|m(x0)− m̂(x0)| P→ 0.

Both pointwise and uniform consistency are desirable for any estimator.
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Chapter 1. Introduction

The asymptotic distribution of an estimator is useful for inference because it gives
insight into the quality of a single estimator. Commonly it is used to construct asymp-
totic confidence sets for the regression function, which are a quantitative description of
the quality of the estimator. Pointwise results allow for the construction of confidence
intervals, but uniform results can be used for constructing confidence bands and goodness-
of-fit tests. An asymptotic confidence interval of level 1−β ∈ (0, 1) for m(x0) is a random
interval Cn that satisfies

lim inf
n→∞

P(m(x0) ∈ Cn) ≥ 1− β.

A confidence band Cn(x) is the uniform generalization of a confidence interval. For every
x ∈ X , it is an interval and it satisfies

lim inf
n→∞

P(m(x) ∈ Cn(x), ∀x ∈ X ) ≥ 1− β.

The statistical theory for classical methods is more developed than that of modern ma-
chine learning estimators. This work will address confidence intervals and bands derived
from random forests, which are commonly referred to as machine learning algorithms, but
are still nonparametric regression estimators.

Random forests

Random forests, initially proposed by Breiman (2001), are generally applicable to regres-
sion and classification problems. However, the focus of this thesis is on regression prob-
lems. Before explaining random forests, it is essential to understand regression trees since
random forests aggregate an ensemble of regression trees by averaging. Each regression
tree itself is an estimator of the regression function, which creates a partition of the fea-
ture space and performs a piecewise constant estimation on the partition. Breiman et al.
(1984) provide a comprehensive overview of classification and regression trees (CART).
In the aforementioned book, the authors introduce the CART-split criterion for partition
construction, which is commonly employed in random forests. We call the random forest
variant that utilizes this criterion the classical random forest.

For the averaging of the trees in a random forest to be useful, it is necessary to create
diversity among the trees. Two important aspects lead to this diversity. First, each
regression tree uses its own subset of the training sample. Second, the construction of
the partition for each tree is randomized independently. This randomization and the
aggregation of many trees leads to the name random forest. The partition of the feature
space [0, 1]p created by a randomized regression tree is hierarchical and its structure is
linked to the tree structure. Each tree node corresponds to a set in the hierarchical
partition. The root node of the tree corresponds to the entire feature space, which is
at the top of the hierarchy. The leaf nodes correspond to the sets at the bottom of the
partition hierarchy. The tree is constructed iteratively by splitting each set corresponding
to a current leaf node that does not yet satisfy a termination criterion into two new sets.
The two sets resulting from each split set correspond to the child nodes of the original
node and form new leaves of the tree. The splitting of the sets is usually done orthogonal
to an axis of the feature space. Thus, all the sets are hyperrectangles, also called cells. An
example of a partition and the corresponding tree structure in the case p = 2 can be seen

2
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Figure 1.1: Hierarchical partition of a regression tree with corresponding tree structure.

in Figure 1.1. The first splitting in the figure is done orthogonal to the horizontal axis at
s1, the second splitting is for the left cell orthogonal to the second axis at s2 and so on.
For the trees forming a random forest, the rule for choosing the feature and its splitting
point involves randomness and may also depend on observations from the training sample.
The partitioning method is the central and most complex tuning parameter of a random
forest.

After termination of the tree construction, the partition of the feature space formed
by the leaves of the tree is used for the estimation of m. In a regression tree each
leaf usually contains at least one of the data points. The estimate of the regression
function at an arbitrary point x0 is the average response value of the observations in the
hyperrectangle/leaf that x0 falls into. We recall that each tree only uses a subset of the
training sample for the piecewise constant estimation in the partition.

Let I ⊂ {1, . . . , n} denote an index set of a subsample of the training data. Further,
let An(x0) denote the cell in the final partition of the tree that contains a fixed x0. We
omit the dependence of this set on the data and the randomization for simplicity. The
regression tree estimator at x0 is defined as

m̃n(x0) :=
∑
j∈I

Yj
I{Xj ∈ An(x0)}∑
l∈I I{Xl ∈ An(x0)}

.

The sum in the denominator is equal to the number of observations in I that fall into
the cell An(x0). Thus, the estimator takes the average of all Yi for which the Xi is in the
same cell of the feature space partition as the argument x0. One obtains the final random
forest estimator by averaging multiple regression trees.

A good starting point to discover the literature on random forests is provided in the
review article by Biau and Scornet (2016). In general, the literature covers different
aspects of the method. There are extensions of the original algorithm, such as quantile
regression forests covered by Meinshausen (2006), random survival forests introduced by
Ishwaran et al. (2008), generalized random forests covered by Athey et al. (2019), or neural
random forests by Biau et al. (2019). Alternative data dependent splitting procedures
involving more or less randomness have been studied, for instance, by Zhang et al. (2024).

There are several consistency results for random forests in the literature. Some are
for the standard random forest by Breiman (2001), and others are more general or apply

3



Chapter 1. Introduction

to different types of random forests. Examples are the results by Biau et al. (2008) or
Scornet et al. (2015), who prove consistency of Breiman’s forest in an additive regression
model. Chi et al. (2022) show consistency in a high-dimensional regression model. Scornet
(2016a) analyzes the relationship between random forests and their infinite version, i.e.,
a random forest with infinitely many trees, and links the consistency of the finite forest
to the infinite.

Multiple results in the literature regarding the asymptotic distribution of random
forests provide asymptotic normality, see for example in the work of Mentch and Hooker
(2016), Wager and Athey (2018) or Peng et al. (2022). All these results have in common
that they rely on the interpretation of a random forest as a generalized U-statistic, so
that the Hoeffding-decomposition and the Hájek projection can be utilized to analyze
the asymptotic behavior. Furthermore, in all the results, the variance of the asymptotic
normal distribution is either unknown or described abstractly. Mentch and Hooker (2016),
as well as Peng et al. (2022), provide results that are actually for generalized U-statistics
and are not applied to a specific random forest. Thus, for all the results, there is no formula
that describes the effect of the density of the covariates and the variance of the errors
on the asymptotic variance of the estimator. Nevertheless, the aforementioned results
allow to infer the asymptotic distribution, if an estimator for the asymptotic variance is
provided. This is done, for instance, by Mentch and Hooker (2016) or Wager and Athey
(2018), and more recently by Xu et al. (2024), who introduce an unbiased estimator of the
variance of a random forest in U-statistic form. The estimator is based on the Hoeffding-
decomposition and includes terms of different orders, not just the first order terms, as is
usually done when analyzing the asymptotic distribution without variance estimation.

A substantial amount of literature on random forests deals with purely random forests,
in which the partitions of the trees do not depend on the training sample. A popular
version are centered purely random forests that are characterized by always splitting
each hyperrectangle in its center orthogonal to a random coordinate. Breiman (2004)
introduced centered purely random forests and proved their pointwise consistency. Later
results dealing with this type of random forest are by Biau (2012) or Klusowski (2021) and
give explicit rates for the mean squared error. Note that the three aforementioned articles
on purely random forests do not incorporate subsampling for the individual regression
trees, but instead use the entire training sample for each tree, which is a noteworthy
distinction from our work. The main reason to consider purely random forests is that one
usually faces less technical difficulties when proving statistical guarantees.

This is the reason why we will consider this type of random forest in our work. We
already mentioned the lack of results regarding an explicit limit distribution of any random
forest type. Further there are also no results that allow for the construction of uniform
asymptotic confidence bands that we are aware of. We want to close this gap and prove
both these results for centered purely random forests.

Confidence bands in nonparametric regression

Despite the common tendency to categorize a random forest as a machine learning algo-
rithm, it is a nonparametric regression estimator. This is especially true for purely random
forests, that do not exploit the training data in their partition creation. A substantial
amount of literature exists on the subject of confidence bands for different nonparametric
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density and regression estimators. The literature on density estimation is also relevant
because it shares similar proof techniques with the literature on regression. Most of the
early results in the literature were for the univariate case. One of the first results is by
Smirnov (1950) and gives confidence bands for a probability density based on a histogram
estimator.

Bickel and Rosenblatt (1973) study confidence bands for kernel density estimators.
The article is widely cited and their proof technique has subsequently been applied to
construct confidence bands in density and regression estimation. Giné and Nickl (2010)
investigated confidence bands for general density estimators that adapt to the degree of
smoothness of the density function. Their results can for instance be applied to wavelet
or kernel density estimators.

There are several articles that construct confidence bands in regression models. John-
ston (1982) constructed them for the Nadaraya-Watson kernel estimator, Härdle (1989)
showed asymptotic uniform confidence bands for a wider class of regression estimators,
the M-smoothers. Typically, the confidence bands rely on an undersmoothing of the es-
timator to reduce the bias relative to the stochastic error. An alternative is a direct bias
correction, which is used, for instance, by Eubank and Speckman (1993), who considered
a deterministic, uniform design for local constant regression estimation, and in the article
by Xia (1998), who considered a random design under dependence and used local lin-
ear estimation. There are also bootstrap confidence bands for nonparametric regression,
see for instance Hall (1993), Neumann and Polzehl (1998), Claeskens and Van Keilegom
(2003) or Hall and Horowitz (2013). Sabbah (2014) showed confidence bands for quantile
estimators which is an alternative to a regression model and Birke et al. (2010) proved
confidence bands in an inverse regression model.

The aforementioned articles only considered univariate regression. In the multivariate
case Konakov and Piterbarg (1984) analyzed the asymptotic distribution of the maximal
deviation for the Nadaraya-Watson estimate in a random design setting. Proksch (2016)
proved confidence bands in a multivariate regression model with fixed, deterministic design
for a general class of estimators that includes, for example, local polynomial estimators.
Chao et al. (2017) covered confidence bands for multivariate quantile regression.

Own Contributions

The central contribution of this thesis are explicit asymptotic confidence intervals and
bands for centered purely random forests. Explicit means that one does not need an esti-
mator for the variance of the random forest to get the radius of the confidence intervals or
bands. Instead, the only objects that might be unknown, dependent on the assumptions
in the regression model, and affect the radius are the density of the covariates and the
variance of the errors. If these two quantities are assumed to be unknown in the non-
parametric regression model, they can be estimated independently of the estimation of
the regression function. Knowing the density of the covariates and the variance of the
errors, the radius and the asymptotic variance can be calculated numerically by means
of a Monte Carlo simulation. To the best of our knowledge, there are no explicit results
regarding the asymptotic normal distribution and no uniform confidence bands for any
random forest type in the literature. The explicit form of the results can be useful in
practice because it does not rely on the direct estimation of the variance of the estimator.
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Chapter 1. Introduction

Another noteworthy aspect of the asymptotic confidence bands is the fact that they
do not depend on an extreme value limit distribution. Instead, the quantiles used depend
on the depth of the trees in the random forest. This is advantageous for two reasons.
The first is that we do not need to know the limit distribution and the second is that
the convergence to the limit distribution may be slow and thereby would come with an
additional error term.

As explained above, uniform confidence bands are desirable for inference in practical
applications. Thus, the lack of confidence bands for random forests is a gap in the litera-
ture that is important to fill. The contribution of confidence bands for a simple random
forest type is a first step towards filling this gap. An extension of the results to more
sophisticated, data dependent types of random forests applied in practice can hopefully
be provided by future research.

Our asymptotic results are valid for two specific types of centered purely random
forests. One of them is the classically considered version with uniformly distributed
splitting coordinates, see Breiman (2004). The other type is newly proposed in our work
and is called the Ehrenfest centered purely random forest, because it is based on the
Ehrenfest model for diffusion. The novelty of this algorithm is to link the partition
construction, which is the main tuning parameter of the forest, to the Ehrenfest model.
This new partition construction method leads to better results than the classical case
with uniformly distributed splits. In particular, we can prove that the Ehrenfest centered
purely random forest reaches the minimax optimal rate of the mean squared error in
nonparametric regression problems with Hölder continuous regression functions, which is
not possible for the classical uniform centered purely random forest, see Klusowski (2021).

The uniform confidence band result, or rather the auxiliary results used to prove it,
further allow us to prove uniform convergence of both centered purely random forests. As
far as we are aware, all previous consistency results for random forests are pointwise. In
addition, we construct confidence bands for the histogram regression estimator based on
the same proof technique that we used for the confidence bands for the purely random
forest. We are not aware of a similar result for the histogram estimator in multivariate
regression in the literature, especially one that does not depend on an extreme value limit
distribution.

The pointwise asymptotic normality leading to the confidence intervals can be proved
by using a central limit theorem for generalized incomplete U-statistics by Peng et al.
(2022). However, our results leading to the construction of confidence bands yield the same
asymptotic distribution under less restrictive assumptions. Namely, that the subsample
size rn of the trees can have the same rate as the sample size, which is usually not possible
in the central limit theorems for random forests in the literature.

The uniform results, and in particular the confidence bands, require a more sophis-
ticated proof technique than the pointwise results. One component of the proof that
demanded a novel and more complex approach is the uniform bound for the remainder
terms that emerge from the Hájek projection of a generalized U-statistic.

The dominating term of the asymptotic distribution also requires a uniform proof
technique that handles the distribution of the supremum of an empirical process asymp-
totically. A typical proof technique used for nonparametric regression estimators relies on
the uniform approximation of an empirical process by a Gaussian process and has been
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applied, for instance, by Johnston (1982), Claeskens and Van Keilegom (2003), Proksch
(2016), or Chao et al. (2017). Our proof technique is more direct because, instead of
uniformly approximating the entire process, it approximates the supremum of the empir-
ical process by the supremum of a Gaussian process owing to a result by Chernozhukov
et al. (2014b). This more direct approximation of the supremum has been employed, for
instance, by Patschkowski and Rohde (2019), to construct adaptive confidence bands for
probability densities.

The direct approximation of the supremum by the supremum of a Gaussian process
has a smaller error than the uniform approximation of the entire process, at least with
the uniform approximation results currently available in the literature that we are aware
of. Utilizing the available uniform approximation results, the confidence results in this
thesis would not be possible. The larger error of the Gaussian approximation would con-
tradict the assumptions on the bias term, which we will later call the approximation error.
This prevents the construction of confidence bands based on a classical undersmoothing
assumption.

Substantial parts of this thesis were published in the preprints Neumeyer et al. (2025)
and Neumeyer et al. (2026) which are available on arXiv and have been submitted to peer
reviewed journals.

Structure of the thesis

This dissertation is structured as follows. First, in Chapter 2 some foundations for the rest
of the work are given. These include the nonparametric regression model accompanied
by an introduction of the histogram estimator, a selection of key definitions and relevant
results from the literature. The most important of these is a result for the Gaussian
approximation of the supremum of an empirical process by Chernozhukov et al. (2014b).
Further, the chapter covers an introduction into generalized incomplete U-statistics and
some results regarding the Binomial distribution. Chapter 3 introduces random forest
regression estimators with a focus on centered purely random forests and the connection to
generalized incomplete U-statistics. With these foundations at hand, we derive a bound for
the mean squared error and a pointwise central limit theorem for centered purely random
forests in Chapter 4. Uniform results are addressed in Chapter 5, most notably confidence
band construction and uniform convergence for centered purely random forests, so that
Chapter 4 and Chapter 5 contain the main contributions of the thesis. The confidence
band results are underlined by a simulation study in Chapter 6 that investigates the
empirical performance of the asymptotic confidence bands in a selection of settings. In
Chapter 7, we conclude the thesis with an approach for the extension of the results to a
data dependent centered random forest, a description of the classical proof structure for
confidence bands compared to the proof structure in Chapter 5 and a discussion of future
research.
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Chapter 2

Foundations

The sections in this chapter cover different topics that will all be used throughout the
thesis. In Section 2.1 we introduce the nonparametric regression model and discuss the
approximation-variance tradeoff in nonparametric regression using the histogram estima-
tor as an example. Section 2.2 contains several important results from the literature and
in Section 2.3 we give a brief introduction to U-statistics, including results we will need
in Chapter 4. We conclude the chapter with a collection of results on the moments of
Binomial distributed denominators in Section 2.4.

2.1 The nonparametric regression model
We introduce the nonparametric regression framework which we will consider throughout
the thesis. On some probability space (Ω,A,P) which we will consider throughout, we
observe the training sample Dn = (Xi, Yi)

n
i=1 consisting of n observations which are i.i.d.

copies of the random variable (X, Y ) with X ∈ [0, 1]p and Y ∈ R. The goal is to estimate
the regression function m : [0, 1]p → R with

Y = m(X) + ε (2.1)

for an observation error ε that is independent of X and satisfies E[ε] = 0. We note that
m(x) = E[Y |X = x]. We denote Zi = (Xi, Yi) and Z = (X, Y ) for a generic random
variable with the joint distribution FZ . It holds that (X, ε) = (X, Y − m(X)) which is
a function of Z. We call [0, 1]p the feature space and each x ∈ [0, 1]p is a vector with p
entries called coordinates or features.

Standard estimators are smooth kernel or spline estimators. A relatively simple es-
timator in the above regression model is the histogram estimator. It is not smooth but
piecewise constant and usually other estimators are preferred in practice. Nonetheless it
is of interest for our work because it has some similarities to random forests, for example
the piecewise constancy. Later, we will see that the proof technique that gives us confi-
dence bands for random forests can also be applied to the histogram in a less technical
and complex way.

The histogram estimator uses the cell wise average of the response variables in a grid
of the feature space as a piece-wise constant estimation of m. The spacing of the grid
is usually chosen dependent on n and we will assume that the grid is equidistant. For
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δ−1 ∈ N we consider the grid with edge length δ on [0, 1]p. For x0 ∈ [0, 1]p let Aδ(x0)
be the hypercube, alternatively referred to as a cell, that contains x0. We define the
histogram estimator

m̂H(x0) =
n∑

j=1

Yj
I{Xj ∈ Aδ(x0)}∑n
i=1 I{Xi ∈ Aδ(x0)}

. (2.2)

If there is no observation in Aδ(x0) we define the estimator as zero on this cell. Let

m̂
(m)
H (x0) =

n∑
j=1

m(Xj)
I{Xj ∈ Aδ(x0)}∑n
i=1 I{Xi ∈ Aδ(x0)}

and

m̂
(ε)
H (x0) =

n∑
j=1

εj
I{Xj ∈ Aδ(x0)}∑n
i=1 I{Xi ∈ Aδ(x0)}

.

Using these definitions and (2.1) the error of the estimator can be decomposed as

m̂H(x0)−m(x0) = m̂
(m)
H (x0)−m(x0) + m̂

(ε)
H (x0). (2.3)

We call m̂(m)
H − m the approximation error and m̂

(ε)
H the stochastic error. A similar

decomposition of the error can be done for different regression estimators, for example
kernel estimators and random forests as we will see in Chapter 3. It holds that

m̂
(m)
H (x0) = E

[
m̂H(x0) | (Xj)

n
j=1

]
(2.4)

which illustrates that given the independent observations (Xj)
n
j=1 the approximation error

is indeed caused by the ability of the piecewise constant estimator to approximate m.
Further note that the expectation of the approximation error is the bias of the estimator.
For any A ⊂ Rp let us denote its diameter

d(A) := sup
x1,x2∈A

∥x1 − x2∥, (2.5)

where ∥ · ∥ is the Euclidean norm. Suppose that there exists at least one observation in
Aδ(x0) and that m is α-Hölder continuous for α ∈ (0, 1] and Hölder constant CH . For any
q ≥ 1 we obtain the upper bound

E
[
|m̂(m)

H (x0)−m(x0)|q
]
= E

[∣∣∣ n∑
j=1

(m(Xj)−m(x0))
I{Xj ∈ Aδ(x0)}∑n
i=1 I{Xi ∈ Aδ(x0)}

∣∣∣q]

≤ Cq
HE

[∣∣∣ n∑
j=1

∥Xj − x0∥α
I{Xj ∈ Aδ(x0)}∑n
i=1 I{Xi ∈ Aδ(x0)}

∣∣∣q]
≤ Cq

Hd(Aδ(x0))
qα, (2.6)

which demonstrates that the approximation error profits from a smaller diameter of the
grid cells. Let E[ε2] = σ2 <∞ and assume that the density fX of X is bounded away from
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2.2. Empirical process and supplementary results

zero and from above. For the variance of the stochastic error we will prove in Chapter 5,
within the proof of Theorem 5.10, that

Var
(
m̂

(ε)
H (x0)

)
= Θ(n−1δ−p)

if nδp → ∞. This shows that the stochastic error profits from a larger δ, which is
caused by larger cells leading to more εj being averaged and reducing the variance. The
direct relation between the diameter and δ is d(Aδ(x0)) = δ

√
p. Thus, we face a tradeoff

between the two error parts, where the approximation error decreases and the stochastic
error increases as δ decreases. This phenomenon is common in nonparametric regression
problems. For smooth kernel estimators the tradeoff is in the bandwidth which is a
comparable parameter to δ for the histogram.

2.2 Empirical process and supplementary results
In this section we gather some results from the literature that will be of use throughout
the thesis. The first result by Chernozhukov et al. (2014b) will be important for the proof
of our main results. Before we give the result we need several definitions, starting with
empirical processes.

Definition 2.1 (Empirical process). Let (S,S) be a measurable space and for j = 1, . . . , n
let Zj : (Ω,A,P)→ (S,S) be i.i.d. random variables with distribution P . For a function
class F of measurable functions f : S → R,

Gnf =
1√
n

n∑
j=1

(f(Zj)− E[f(Z1)]), f ∈ F

is an empirical process in its standardized form.

Most results for empirical processes need assumptions on the structure of the func-
tion class F . In our work we will always consider a finite function class that trivially
satisfies the necessary assumptions. Nevertheless, we include the following definitions for
completeness.

Definition 2.2 (Covering and packing number). On an arbitrary semimetric space (T, d),
the covering number N(T, d, ε) is the minimal number of balls Bε(s) = {t ∈ T | d(s, t) <
ε} that covers T . The packing number D(T, d, ε) is the maximum number of points
whose pairwise distance is strictly larger than ε. In the context of empirical processes
the semimetric space is (F , d) for a semimetric d on the function class F . For the balls
Bε(g) = {f ∈ F | d(g, f) < ε} it is not always necessary that g ∈ F but it is sufficient
here.

For any probability measure Q on a measurable space (S,S) we denote Qf :=
∫
fdQ.

Further Lq(Q) denotes the space of all measurable functions with ∥f∥Q,q := (Q|f |q)1/q <
∞ for any q ≥ 1. Let us denote the L2(Q)-semimetric

eQ(f, g) := ∥f − g∥Q,2 =
√
Q(f − g)2.

For a function class F , an envelope is a non-negative function F : S → R with F (x) ≥
supf∈F |f(x)| for all x ∈ S.
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Definition 2.3 (VC type class). On a measurable space (S,S), let F be a class of
measurable functions with a measurable envelope F . Let Q denote the set of all finitely
discrete probability measures on (S,S). The function class F is called VC (Vapnik-
Chervonenkis) type with envelope F if there exist constants A, v > 0 such that

sup
Q∈Q

N(F , eQ, ε∥F∥Q,2) ≤ (A/ε)v for all ε ∈ (0, 1].

The next theorem is Corollary 2.2 by Chernozhukov et al. (2014b). It is used to
approximate the supremum of an empirical process.

Theorem 2.4. Suppose that F is a pointwise measurable function class with envelope F
that is VC type for constants A ≥ e, v ≥ 1. Let P denote the distribution of Z1 from
Definition 2.1 and let GP be a centered Gaussian process indexed in F with

E[GP (f)GP (g)] = P (fg) = E[f(Z1)g(Z1)].

Suppose also that for some b ≥ σ̃ > 0, and ν ∈ [4,∞], we have supf∈F P |f |k ≤ σ̃2bk−2 for
k = 2, 3 and ∥F∥P,ν ≤ b. Let Sn = supf∈F Gnf . Then for every γ ∈ (0, 1) there exists a

random variable S
d
= supf∈F GPf such that

P

(
|Sn − S| > bKn

γ1/2n1/2−1/ν
+

(bσ̃)1/2K
3/4
n

γ1/2n1/4
+

(bσ̃2K2
n)

1/3

γ1/3n1/6

)
≤ C

(
γ +

log n

n

)
where Kn = cv(log n ∨ log(Ab/σ̃)), and c, C > 0 are constants that depend only on ν
(“1/ν” is interpreted as “0” when ν =∞).

The following result by van der Vaart (1998) will be used in Section 2.3. It allows to
prove that the Hájek projection of a U-statistic is the asymptotically leading term if its
variance divided by the variance of the U-statistic converges to one.

Theorem 2.5 (van der Vaart (1998, Theorem 11.2)). Let Sn be spaces of random variables
with finite second moments that satisfy the following two conditions. For all a, b ∈ R and
S1, S2 ∈ Sn it holds that aS1 + bS2 ∈ Sn and a ∈ Sn. Let Tn be random variables and
suppose

Ŝn := argmin
S∈Sn

E
[
(Tn − S)2

]
.

If VarTn/VarŜn → 1 then
Tn − ETn√

VarTn
− Ŝn − EŜn√

VarŜn

P→ 0.

We need the Khintchine inequality below, see for instance Chow and Teicher (1997,
Section 10.3, Theorem 1), to prove the last result of this section.

Theorem 2.6 (Khintchine Inequality). If (Vi)i∈N are i.i.d. random variables with P(V1 =
1) = P(V1 = −1) = 1/2 and ci are any real numbers, then for every q ∈ (0,∞) there exist
positive, finite constants Aq and Bq such that

Aq

(
n∑

i=1

c2i

)1/2

≤ E

[∣∣∣ n∑
i=1

ciVi

∣∣∣q]1/q ≤ Bq

(
n∑

i=1

c2i

)1/2

.
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The Marcinkiewicz-Zygmund inequality below will be employed repeatedly in this
thesis. In particular, we will frequently use an implication of the result which we add as
a second statement of the proposition. The first statement and its proof can be found as
Theorem 2 in Chow and Teicher (1997, Section 10.3).

Proposition 2.7 (Marcinkiewicz-Zygmund Inequality). Let q ∈ [1,∞), for centered and
independent random variables (Xi)

n
i=1 it holds that there exist positive constants Cq,1 and

Cq,2 only dependent on q such that

Cq,1E

( n∑
i=1

X2
i

)q/2
 ≤ E

[∣∣∣ n∑
i=1

Xi

∣∣∣q] ≤ Cq,2E

( n∑
i=1

X2
i

)q/2
 .

Let (Yi)ni=1 be random variables that are independent of (Xi)
n
i=1 but not necessarily inde-

pendent of each other. Assume that E[g(Xi, Yi) | Yi] = 0, then it holds that

E

[∣∣∣ n∑
i=1

g(Xi, Yi)
∣∣∣q] ≤ Cq,2E

( n∑
i=1

g2(Xi, Yi)

)q/2
 . (2.7)

Remark 2.8. If we additionally assume that the (Xi)
n
i=1 are identically distributed and

q ≥ 2 we further have

E

( n∑
i=1

X2
i

)q/2
 ≤ nq/2E [|X1|q] .

Hölder’s inequality yields

n∑
i=1

1 ·X2
i ≤ n1−2/q

(
n∑

i=1

|Xi|q
)2/q

=

(
nq/2−1

n∑
i=1

|Xi|q
)2/q

and thus the above statement follows directly.

Proof of Proposition 2.7. Let Lq denote the space of all random variablesX with E[|X|q] <
∞. Due to the equivalence

Xi ∈ Lq ∀i ∈ [n]⇔
n∑

i=1

Xi ∈ Lq ⇔
(

n∑
i=1

X2
i

)1/2

∈ Lq

we assume that Xi ∈ Lq for all i ∈ [n] for the rest of the proof. Otherwise the assertion
holds trivially since all expectations are equal to infinity. Let X̃i be i.i.d. copies of the
Xi. Further let (Vi)ni=1 be i.i.d. random variables independent of (Xi)

n
i=1 and (X̃i)

n
i=1 with

P(V1 = 1) = P(V1 = −1) = 1/2. We note that

E

[
n∑

i=1

Vi(Xi − X̃i)
∣∣∣ (Vi)ni=1, (Xi)

n
i=1

]
=

n∑
i=1

ViXi
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because E[X̃i] = 0. This statement, Jensen’s inequality for the conditional expectation,
the triangle inequality and the convexity of | · |q for q ≥ 1 yield

E

[∣∣∣ n∑
i=1

ViXi

∣∣∣q] = E

[∣∣∣∣E
[

n∑
i=1

Vi(Xi − X̃i)
∣∣∣ (Vi)ni=1, (Xi)

n
i=1

] ∣∣∣∣q
]

≤ E

[∣∣∣ n∑
i=1

Vi(Xi − X̃i)
∣∣∣q]

≤ 2qE

[(
1

2

∣∣∣ n∑
i=1

ViXi

∣∣∣+ 1

2

∣∣∣ n∑
i=1

ViX̃i

∣∣∣)q]

≤ 2q−1E

[∣∣∣ n∑
i=1

ViXi

∣∣∣q + ∣∣∣ n∑
i=1

ViX̃i

∣∣∣q]

= 2qE

[∣∣∣ n∑
i=1

ViXi

∣∣∣q] . (2.8)

By conditioning on (Xi)
n
i=1 Theorem 2.6 implies

Aq
q

(
n∑

i=1

X2
i

)q/2

≤ E

[∣∣∣ n∑
i=1

ViXi

∣∣∣q ∣∣∣∣ (Xi)
n
i=1

]
≤ Bq

q

(
n∑

i=1

X2
i

)q/2

.

Taking the expectation and using (2.8) we obtain

Aq
qE

( n∑
i=1

X2
i

)q/2
 ≤ E

[∣∣∣ n∑
i=1

Vi(Xi − X̃i)
∣∣∣q]

≤ 2qE

[∣∣∣ n∑
i=1

ViXi

∣∣∣q] ≤ 2qBq
qE

( n∑
i=1

X2
i

)q/2
 . (2.9)

Similar to the calculation in (2.8) we obtain

E

[∣∣∣ n∑
i=1

Xi

∣∣∣q] = E

[∣∣∣∣E
[

n∑
i=1

(Xi − X̃i)
∣∣∣ (Xi)

n
i=1

] ∣∣∣∣q
]

≤ E

[∣∣∣ n∑
i=1

(Xi − X̃i)
∣∣∣q]

≤ 2qE

[∣∣∣ n∑
i=1

Xi

∣∣∣q]

The symmetry of Xi − X̃i implies that (Xi − X̃i)
d
= Vi(Xi − X̃i) for all i ∈ N and hence

we get

E

[∣∣∣ n∑
i=1

Xi

∣∣∣q] ≤ E

[∣∣∣ n∑
i=1

Vi(Xi − X̃i)
∣∣∣q] ≤ 2qE

[∣∣∣ n∑
i=1

Xi

∣∣∣q] .

14



2.3. U-statistics

The above and (2.9) yield

Aq
qE

( n∑
i=1

X2
i

)q/2
 ≤ 2qE

[∣∣∣ n∑
i=1

Xi

∣∣∣q] ≤ 22qBq
qE

( n∑
i=1

X2
i

)q/2


and dividing by 2q the first assertion holds for Cq,1 = Aq/2 and Cq,2 = 2Bq.
It remains to prove the second assertion. Conditioned on (Yi)

n
i=1 the random variables

g(Xi, Yi) are independent and centered. We use the first inequality and get

E

[∣∣∣ n∑
i=1

g(Xi, Yi)
∣∣∣q] = E

[
E

[∣∣∣ n∑
i=1

g(Xi, Yi)
∣∣∣q ∣∣∣∣ (Yi)ni=1

]]

≤ Cq,2E

E
( n∑

i=1

g2(Xi, Yi)

)q/2 ∣∣∣∣ (Yi)ni=1


= Cq,2E

( n∑
i=1

g2(Xi, Yi)

)q/2
 .

2.3 U-statistics
An important concept that is essential for our theory and many proofs in the thesis are
U-statistics. In this section, we will introduce them and also cover some extensions of
the classical case that are necessary for our applications. Peng et al. (2022) previously
considered the same combination of extensions, as they enable the interpretation of a
random forest as a U-statistic. The individual extensions have been introduced in earlier
literature. The proofs of Theorem 2.12 and Theorem 2.13 below can be found in the
aforementioned article. However, they are reproduced here for the sake of completeness
and to allow for a comparison with subsequent proof methods.

Suppose there are i.i.d. random variables Z1, . . . , Zn from distribution FZ . Let ϑ(FZ)
be a parameter of this distribution such that there is a function h that is permutation-
invariant in its r arguments and satisfies

E[h(Z1, . . . , Zr)] = ϑ(FZ).

We use Br,n to denote the set of subsets of {1, . . . , n} with r elements. The U-statistic of
order r

Un,r =

(
n

r

)−1 ∑
{i1,...,ir}∈Br,n

h(Zi1 , . . . , Zir)

=

(
n

r

)−1 ∑
I∈Br,n

h((Zi)i∈I)

is an unbiased estimator for ϑ(FZ) and its theory goes back to Halmos (1946) and Ho-
effding (1948). Under additional assumptions on the class of distributions, the U-statistic
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is the minimum variance unbiased estimator. The function h is the so called kernel of the
U-statistic and r is its order. There is a lot of theory for U-statistics, a good introduction
is the book by Lee (1990).

We will use a more general version of the standard U-statistic. The first generalization
we need is that the order rn depends on the sample size n and rn → ∞. This was
introduced by Frees (1989) and is called infinite order U-statistic. This implies that the
kernel depends on n at least by the number of arguments. If the sample size n is large it
can be computationally infeasible to include all

(
n
rn

)
subsamples in the average. In this

case, one usually uses a smaller number of terms or subsets, respectively. An introduction
to these incomplete U-statistics can be found in Lee (1990, Section 4.3), where different
options to select the included subsets are discussed. Lastly we assume that the kernel
depends on another random variable ω that is independent of the Zi. This additional
randomization will be necessary to get a U-statistic interpretation of a random forest.
For each summand in the U-statistic or for each subset of size rn respectively one uses
an i.i.d. copy of ω. These three generalizations are separate concepts and in principle it
is not required to combine them, but it is nevertheless necessary for our purpose. The
following definition follows Definition 1 by Peng et al. (2022), but the same object under
a different name is for instance used by Mentch and Hooker (2016).

Definition 2.9 (Generalized U-statistic). Let (Zi)
n
i=1 and ωI for I ∈ Brn,n be i.i.d. se-

quences of random variables. Let N ∈ N with N ≤
(
n
rn

)
and for I ∈ Brn,n let ρI be i.i.d.

Bernoulli random variables with P(ρI = 1) = N/
(
n
rn

)
. Assume that all i.i.d. sequences are

independent of each other. Let hn denote a real valued function utilizing rn of the Zi and
one of the ωI . For

N̂ =
∑

I∈Brn,n

ρI (2.10)

a generalized U-statistic is an estimator of the form

Un,rn,N,ω =
1

N̂

∑
I∈Brn,n

ρIhn((Zi)i∈I , ωI). (2.11)

If N <
(
n
rn

)
the generalized U-statistic is incomplete and if N =

(
n
rn

)
the estimator is a

generalized complete U-statistic equal to

Un,rn,ω =
1(
n
rn

) ∑
I∈Brn,n

hn((Zi)i∈I , ωI).

N̂ is the actual number of subsamples that are included in the U-statistic. It is a
random variable with E[N̂ ] = N . This ensures that the random weights sum up to one.
We have

E

[
N̂

N
Un,rn,N,ω

∣∣∣ (Zi)
n
i=1, (ωI)I∈Brn,n

]
=

1

N

∑
I∈Brn,n

E [ρI ]hn((Zi)i∈I , ωI)

=
1(
n
rn

) ∑
I∈Brn,n

hn((Zi)i∈I , ωI) = Un,rn,ω.
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2.3. U-statistics

We use ω to denote a single independent copy of the ωI . Let us denote ϑn := E[Un,rn,ω],
it holds that

E[hn((Zi)
rn
i=1, ω)] = ϑn.

An important result for U-statistics is the Hoeffding-decomposition, first introduced by
Hoeffding (1961). We present the result for generalized complete U-statistics with infinite
order, but it reduces to the classical result without these extensions.

Theorem 2.10 (Hoeffding-decomposition). Suppose Un,rn,ω is a generalized complete U-
statistic of order rn with kernel hn. For j = 1, . . . , rn denote

hn,j(z1, . . . , zj) := E[hn(z1, . . . , zj, Zj+1, . . . , Zrn , ω)]− ϑn (2.12)

then it holds that E[hn,j(Z1, . . . , Zj)] = 0. Further, for j = 1, . . . , rn − 1 let

h(j)n (z1, . . . , zj) = hn,j(z1, . . . , zj)−
j−1∑
l=1

∑
{i1,...,il}∈Bl,j

h(l)n (zi1 , . . . , zil) (2.13)

and

h(rn)n (z1, . . . , zrn , ω) = hn(z1, . . . , zrn , ω)−
rn−1∑
l=1

∑
{i1,...,il}∈Bl,rn

h(l)n (zi1 , . . . , zil). (2.14)

It holds that

H(j)
n =

(
n

j

)−1 ∑
I∈Bn,j

h(j)n ((Zi)i∈I)

and

H(rn)
n,ω =

(
n

rn

)−1 ∑
I∈Bn,rn

h(rn)n ((Zi)i∈I , ωI)

are U-statistics of order j and rn with kernels h(j)n and h(rn)n , respectively, satisfying

Un,rn,ω = ϑn +
rn−1∑
j=1

(
rn
j

)
H(j)

n +H(rn)
n,ω

= ϑn +
rn−1∑
j=1

(
rn
j

)(
n

j

)−1 ∑
I∈Bn,j

h(j)n ((Zi)i∈I)

+

(
n

rn

)−1 ∑
I∈Bn,rn

h(rn)n ((Zi)i∈I , ωI). (2.15)

An important property of the Hoeffding-decomposition is that the kernels h(j)n and
thus the U-statistics H(j)

n are uncorrelated. More precisely it holds that

Cov(h(j1)n ((Zi)i∈I), h
(j2)
n ((Zl)l∈L)) = 0 (2.16)
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Chapter 2. Foundations

if j1 ̸= j2 or if j1 = j2 and I ̸= L. This property includes the kernel h(rn)n , which would
have an additional argument ω. The Hoeffding-decomposition can be especially useful for
analyzing the asymptotic properties of a U-statistic. An important characteristic of the
U-statistic are the variances of the different kernels from above. We define

ζnrn := Var(hn((Zi)
rn
i=1, ω)),

ζnj,ω := Cov(hn(Z1, . . . , Zj, Zj+1, . . . , Zrn , ω1), hn(Z1, . . . , Zj, Z̃j+1, . . . , Z̃rn , ω2))

= Var (E [hn(Z1, . . . , Zrn , ω)|Z1, . . . , Zj])

= Var (hn,j(Z1, . . . , Zj)) (2.17)

for j ∈ [rn], where ω1, ω2 are i.i.d. and the Z̃i are i.i.d. copies of the Zi. Further let

V (j)
n,ω := Var

(
h(j)n (Z1, . . . , Zj)

)
and (2.18)

V (rn)
n := Var

(
h(rn)n ((Zi)

rn
i=1, ω)

)
(2.19)

for h(j)n and h(rn)n from (2.13) and (2.14). We note that we could analogously define Vrn,ω if
we would define a kernel similar to h(rn)n that has no argument ω. With (2.14) and (2.16)
we get a useful relation between these variances. It holds that

ζnrn = Var(hn((Zi)
rn
i=1, ω))

= Var

h(rn)n ((Zi)
rn
i=1, ω)) +

rn−1∑
j=1

∑
I∈Bj,rn

h(j)n ((Zi)i∈I)


= V (rn)

n +
rn−1∑
j=1

(
rn
j

)
V (j)
n,ω. (2.20)

Similarly (2.13) implies

ζnj,ω = V (j)
n,ω +

j−1∑
l=1

(
j

l

)
V (l)
n,ω.

In particular, we have ζn1,ω = V
(1)
n,ω and with (2.20) we obtain

ζnrn = V (rn)
n +

rn−1∑
j=2

(
rn
j

)
V (j)
n,ω + rnζ

n
1,ω ≥ rnζ

n
1,ω (2.21)

because the variances are non-negative. Similarly, but with a slightly more sophisticated
argument for the non-negativity one can prove that

1

l
ζnl,ω ≤

1

j
ζnj,ω

for 1 ≤ l ≤ j ≤ rn. Jensen’s inequality for the conditional expectation directly implies
ζnrn,ω ≤ ζnrn . Applying the covariance property of the kernels from (2.16) to the Hoeffding-
decomposition (2.15) and using the definitions (2.18) and (2.19), we further obtain the
following formula for the variance of a U-statistic

Var(Un,rn,ω) =
rn−1∑
j=1

(
rn
j

)2(
n

j

)−1

V (j)
n,ω +

(
n

rn

)−1

V (rn)
n . (2.22)
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2.3. U-statistics

It is also possible to express the variance through the ζnj,ω. A random variable related to
the U-statistic Un,rn,ω that will be useful for its asymptotic analysis is the so-called Hájek
projection of Un,rn,ω, defined as

Ûn,rn,ω :=
n∑

j=1

E [Un,rn,ω|Zj]− (n− 1)ϑn

=
n∑

j=1

E

(n
rn

)−1 ∑
{i1,...,irn}∈Brn,n

hn(Zi1 , . . . , Zirn , ωI)|Zj

− (n− 1)ϑn

=
n∑

j=1

(
n

rn

)−1 ∑
{i1,...,irn}∈Brn,n

E[hn(Zi1 , . . . , Zirn , ωI)|Zj]− (n− 1)ϑn

=
n∑

j=1

(
n

rn

)−1((
n− 1

rn − 1

)
(hn,1(Zj) + ϑn) +

(
n− 1

rn

)
ϑn

)
− (n− 1)ϑn

=
n∑

j=1

(
n

rn

)−1((
n− 1

rn − 1

)
hn,1(Zj) +

(
n

rn

)
ϑn

)
− (n− 1)ϑn

=
n∑

j=1

(
n

rn

)−1(
n− 1

rn − 1

)
hn,1(Zj) + ϑn

=
rn
n

n∑
j=1

hn,1(Zj) + ϑn. (2.23)

It is called Hájek projection because it is the projection onto a subspace of random
variables of the form

∑n
j=1 gj(Zj). The function hn,1 is centered due to (2.12), and thus

it holds that E[Ûn,rn,ω] = ϑn. Further (2.13) implies that h(1)n = hn,1 and

Ûn,rn,ω = ϑn + rnH
(1)
n ,

where H(1)
n is the U-statistic of order one from the Hoeffding-decomposition. This means,

the Hájek projection consists of the first order terms from the Hoeffding-decomposition.
The Lemma below is useful to bound moments of generalized U-statistics. The result

and the proof are a generalization of an analogue result for standard U-statistics, see Lee
(1990, Section 1.5, Theorem 1). The lemma will be used in the proof of Theorem 2.13
below and later in Chapter 5.

Lemma 2.11. Let Un,rn,ω be a generalized U-statistic with kernel hn(Z1, . . . , Zrn , ω) sat-
isfying E[hn(Z1, . . . , Zrn , ω)] = 0. For q ∈ [2,∞) there exists a constant C such that

E [|Un,rn,ω|q] ≤ C
(rn
n

)q/2
E [|hn(Z1, . . . Zrn , ω)|q] .

The remaining two results in this section are from the article by Peng et al. (2022).
They state asymptotic normality of the complete and incomplete generalized U-statistics.
Notably, the results differ from those presented in the aforementioned article due to the
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Chapter 2. Foundations

inclusion of the additional assumption (2.25). We explain the reason for this disparity
directly after the first theorem. The results and more detailed versions of their proofs are
included here for completeness and to discuss and compare different proof techniques.

Theorem 2.12. Let Z1, . . . , Zn be i.i.d. from FZ and Un,rn,ω be a generalized complete
U-statistic with kernel hn = hn(Z1, . . . , Zrn , ω) such that ζnrn <∞. Suppose that

rn
n

ζnrn
rnζn1,ω

→ 0 and (2.24)

E
[
|hn,1(Z1)|2+δ

]2
nδ(ζn1,ω)

2+δ
→ 0, (2.25)

for some δ > 0. For ϑn = E[hn(Z1, . . . , Zrn , ω)], it holds that

Un,rn,ω − ϑn√
r2nζ

n
1,ω/n

d−→
n→∞

N (0, 1).

The assumption (2.25) is a consequence of the Lyapunov condition that we use to prove
the convergence in distribution of the Hájek projection. Peng et al. (2022) claim in their
proof of Theorem 2.12 that the convergence holds directly with the Lindeberg condition.
However, the kernels hn,1 from the Hájek projection are dependent on n, meaning that the
hn,1(Zj) form a triangular array. Consequently, the Lindeberg condition is not satisfied
without additional assumptions on hn,1. The assumption in (2.25) is sufficient because it
implies the Lyapunov condition. The Lindeberg condition holds if

E
[
hn,1(Z1)

2/ζn1,ωI{hn,1(Z1)
2/ζn1,ω > ε2n}

]
→ 0.

Therefore, an alternative assumption would be that hn,1(Z1)
2/ζn1,ω is dominated by some

integrable function g(z1) and hn,1(z1)
2/(ζn1,ωn) → 0 for every z1. In this case, the domi-

nated convergence theorem yields the Lindeberg condition. In our application in Chapter
4 both options would lead to the same assumption.

The main assumption of this result is

rn
n

ζnrn
rnζn1,ω

=
ζnrn
nζn1,ω

→ 0.

It is formulated this way because ζn1,ω ≤ 1
rn
ζnrn,ω ≤ 1

rn
ζnrn . The assumption depends on

the concrete kernel of the U-statistic. The final theorem in this section covers incomplete
U-statistics and will be applied in Chapter 4.

Theorem 2.13. Let Z1, . . . , Zn be i.i.d. from FZ and Un,rn,N,ω be a generalized incomplete
U-statistic with kernel hn = hn(Z1, . . . , Zrn , ω) such that E[|hn−ϑn|2k]/E[|hn−ϑn|k]2 ≤ C
for k = 2, 3 for some constant C and all rn. Let ϑn = E[hn(Z1, . . . , Zrn , ω)] and assume
that (2.24) and (2.25) from Theorem 2.12 hold for some δ > 0. If N →∞, then

Un,rn,N,ω − ϑn√
r2nζ

n
1,ω/n+ ζnrn/N

d−→
n→∞

N (0, 1).
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2.3. U-statistics

2.3.1 Proofs

We start with the proof of Lemma 2.11, followed by the proofs of Theorem 2.12 and
Theorem 2.13.

2.3.1.1 Proof of Lemma 2.11

We denote [n] := {1, . . . , n} and

Π(n) := {π : [n]→ [n] : π([n]) = [n]}

which is the set of all permutations of {1, . . . , n}. Let nb = ⌊n/rn⌋, we further denote

g(z1, . . . , zn) =
1

nb

nb−1∑
l=0

hn(zlrn+1, . . . , z(l+1)rn , ω{lrn+1,...,(l+1)rn})

By counting the appropriate permutations it can be seen that

nb

∑
π∈Π(n)

g(Zπ(1), . . . , Zπ(n))

=
∑

π∈Π(n)

nb−1∑
l=0

hn(Zπ(lrn+1), . . . , Zπ((l+1)rn), ω{π(lrn+1),...,π((l+1)rn)})

= nbrn!(n− rn)!
∑

I∈Brn,n

hn((Zi)i∈I , ωI).

Hence we can write a generalized U-statistic as

Un,rn,ω =
1

n!

∑
π∈Π(n)

g(Zπ(1), . . . , Zπ(n)).

For any convex function f we can now use

f(Un,rn,ω) = f

 1

n!

∑
π∈Π(n)

g(Zπ(1), . . . , Zπ(n))

 ≤ 1

n!

∑
π∈Π(n)

f
(
g(Zπ(1), . . . , Zπ(n))

)
and thus

E
[
f(Un,rn,ω)

]
≤ E

[
f(g(Z1, . . . , Zn))

]
.

For this inequality we do not need the centered kernel yet. We choose f(ξ) = |ξ|q and
obtain

E [|Un,rn,ω|q] ≤ E [|g(Z1, . . . , Zn)|q]

= E

[∣∣∣∣∣ 1nb

nb−1∑
l=0

hn(Zlrn+1, . . . , Z(l+1)rn , ω{lrn+1,...,(l+1)rn})

∣∣∣∣∣
q]
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=
1

nq
b

E

[∣∣∣∣∣
nb−1∑
l=0

hn(Zlrn+1, . . . , Z(l+1)rn , ω{lrn+1,...,(l+1)rn})

∣∣∣∣∣
q]
.

The terms (
hn(Zlrn+1, . . . Z(l+1)rn , ω{lrn+1,...,(l+1)rn})

)nb−1

l=0

are independent because hn is applied to blocks of independent Zj and the ωI are inde-
pendent as well. We can apply Proposition 2.7 and Remark 2.8 to obtain

E [|Un,rn,ω|q] ≤
1

nq
b

E

[∣∣∣∣∣
nb−1∑
l=0

hn(Zlrn+1, . . . , Z(l+1)rn , ω{lrn+1,...,(l+1)rn})

∣∣∣∣∣
q]

≤ Cq,2
1

nq
b

E

(nb−1∑
l=0

hn(Zlrn+1, . . . Z(l+1)rn , ω{lrn+1,...,(l+1)rn})
2

)q/2


≤ Cq,2
1

n
q/2
b

E [|hn(Z1, . . . Zrn , ω)|q]

= Cq,2
1

(⌊n/rn⌋)q/2
E [|hn(Z1, . . . Zrn , ω)|q]

≤ C
(rn
n

)q/2
E [|hn(Z1, . . . Zrn , ω)|q]

for a suitable constant C. □

2.3.1.2 Proof of Theorem 2.12

This proof is by Peng et al. (2022). It is included in a more detailed version for complete-
ness and for comparison of proof methods. First we consider the Hájek projection Ûn,rn,ω.
We have

Ûn,rn,ω =
rn
n

n∑
j=1

hn,1(Zj) + ϑn.

We want to show asymptotic normality of this term. We keep in mind that hn,1(Zi)
depends on rn since the order of the kernel is not assumed to be fixed. We consider
Ûn,rn,ω − ϑn to get a term with expectation zero. We get

Var(Ûn,rn,ω) = r2nVar

(
1

n

n∑
j=1

hn,1(Zj)

)

=
r2n
n
Var
(
hn,1(Z1)

)
=
r2n
n
ζn1,ω.

Since hn,1(Zi) depends on rn we effectively have a triangular array of random variables.
The random variables in the array are rnhn,1(Zj). Assumption (2.25) implies that the
Lyapunov condition holds for some δ > 0 because

1

(nr2nζ
n
1,ω)

(2+δ)/2

n∑
j=1

E
[
|rnhn,1(Zj)|2+δ

]
=

E
[
|hn,1(Z1)|2+δ

]
nδ/2(ζn1,ω)

(2+δ)/2

n→∞−→ 0.
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2.3. U-statistics

This directly implies

Ûn,rn,ω − ϑn√
r2nζ

n
1,ω/n

=
rn
n

n∑
i=1

hn,1(Zi)
1√

r2nζ
n
1,ω/n

=

∑n
i=1 rnhn,1(Zi)√
r2nζ

n
1,ωn

d→ N (0, 1).

We want to show that

Var(Un,rn,ω)

Var(Ûn,rn,ω)
→ 1.

To get this we need the following two observations. For n ≥ 3 and rn ≥ 2 we obtain(
rn
j

)(
n

j

)−1

=
rn!

j!(rn − j)!
j!(n− j)!

n!
=

rn!

(rn − j)!
(n− j)!
n!

=

j−1∏
i=0

rn − i
n− i

=
rn
n

rn − 1

n− 1

j−1∏
i=2

rn − i
n− i ≤

r2n
n2

as well as (
n

rn

)−1

=
rn!(n− rn)!

n!
=

rn−1∏
i=0

rn − i
n− i

=
rn
n

rn − 1

n− 1

rn−1∏
i=2

rn − i
n− i ≤

r2n
n2
. (2.26)

We use (2.22), together with these observations, V (1)
n,ω = ζn1,ω and (2.20) to get

Var(Un,rn,ω)

Var(Ûn,rn,ω)
=

(
r2n
n
ζn1,ω

)−1
(

rn−1∑
j=1

(
rn
j

)2(
n

j

)−1

V (j)
n,ω +

(
n

rn

)−1

V (rn)
n

)

=

(
r2n
n
V (1)
n,ω

)−1
(
r2nn

−1V (1)
n,ω +

rn−1∑
j=2

(
rn
j

)2(
n

j

)−1

V (j)
n,ω +

(
n

rn

)−1

V (rn)
n

)

= 1 +
n

r2nζ
n
1,ω

(
rn−1∑
j=2

(
rn
j

)2(
n

j

)−1

V (j)
n,ω +

(
n

rn

)−1

V (rn)
n

)

≤ 1 +
n

r2nζ
n
1,ω

r2n
n2

(
rn−1∑
j=2

(
rn
j

)
V (j)
n,ω + V (rn)

n

)

≤ 1 +
1

nζn1,ω
ζnrn = 1 +

rn
n

ζnrn
rnζn1,ω

→ 1. (2.27)

The above calculation further implies Var(Un,rn,ω)/Var(Ûn,rn,ω) ≥ 1 because the remaining
variance terms in the third line are non-negative. Thus, we can apply Theorem 11.2 by
van der Vaart (1998) which is given as Theorem 2.5 to get the claim. □
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2.3.1.3 Proof of Theorem 2.13

Without loss of generality, let ϑn = 0. Within this proof let us denote p = N/
(
n
rn

)
. We

use the following decomposition

Un,rn,N,ω =
1

N̂

∑
I∈Brn,n

ρIhn((Zi)i∈I , ωI)

=
1

N̂

N(
n
rn

) ∑
I∈Brn,n

hn((Zi)i∈I , ωI)

+
1

N̂

∑
I∈Brn,n

(ρI − p)hn((Zi)i∈I , ωI)

=
N

N̂

Un,rn,ω +
1

N

∑
I∈Brn,n

(ρI − p)hn((Zi)i∈I , ωI)


=:

N

N̂
(An +Bn). (2.28)

We note that N/N̂ P→ 1. Using ϑn = 0 we get for the covariance of An and Bn that

Cov(An, Bn) = E

 1

N

∑
I∈Brn,n

(ρI − p)hn((Zi)i∈I , ωI)
1(
n
rn

) ∑
J∈Brn,n

hn((Zi)i∈J , ωJ)


=

1

N

∑
I∈Brn,n

E
[
ρI − p

]
E

hn((Zi)i∈I , ωI)
1(
n
rn

) ∑
J∈Brn,n

hn((Zi)i∈J , ωJ)


= 0.

Using the independence of the ρI we obtain

Var(Bn) =
1

N2

∑
I∈Brn,n

E
[
(ρI − p)2

]
E
[
h2n((Zi)i∈I , ωI)

]
=

1

N2

∑
I∈Brn,n

p(1− p)ζnrn

=
1

N2

(
n

rn

)
p(1− p)ζnrn

=
1

N
(1− p)ζnrn . (2.29)

First let us consider the case p = N/
(
n
rn

)
̸→ 0. Theorem 2.12 yields

An√
r2nζ

n
1,ω/n

d→ N (0, 1), (2.30)
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since (2.24) and (2.25) are also assumed in Theorem 2.13. The fact that p ̸→ 0 and (2.26)
from the proof of Theorem 2.12 imply

n2

r2nN
≤
(
n
rn

)
N

= p−1 = O(1). (2.31)

Using this in conjunction with (2.29) we obtain

E
[

B2
n

r2nζ
n
1,ω/n

]
=

Var(Bn)

r2nζ
n
1,ω/n

=
(1− p)ζnrnn
Nr2nζ

n
1,ω

=
(1− p)n2

r2nN

rn
n

ζnrn
rnζn1,ω

→ 0

due to assumption (2.24). The convergence in L2 implies convergence in distribution and
thus

An +Bn√
r2nζ

n
1,ω/n

d→ N (0, 1)

with Slutsky’s Theorem and (2.30). Again, using (2.31) together with (2.24), we get√
r2nζ

n
1,ω/n√

r2nζ
n
1,ω/n+ ζnrn/N

=
(
1 +

ζnrnn

r2nζ
n
1,ωN

)−1/2

=
(
1 +

n2

r2nN

rn
n

ζnrn
rnζn1,ω

)−1/2

→ 1,

and hence (2.28) and another application of Slutsky’s Theorem yield

Un,rn,N,ω√
r2nζ

n
1,ω/n+ ζnrn/N

=
N

N̂

An +Bn√
r2nζ

n
1,ω/n+ ζnrn/N

d→ N (0, 1).

From here on we consider the case p→ 0. Let us denote the σ-algebra

AZ,ω := σ({Z1, . . . , Zn, (ωI)I∈Brn,n}).

For any fixed t, we define

ϕAn+Bn(t) := E

[
exp

(
it

(
r2nζ

n
1,ω

n
+
ζnrn
N

)−1/2

(An +Bn)

)]

ϕ̂An(t) := exp

(
it

(
r2nζ

n
1,ω

n
+
ζnrn
N

)−1/2

An

)
(2.32)

ϕ̂Bn(t) := E

[
exp

(
it

(
r2nζ

n
1,ω

n
+
ζnrn
N

)−1/2

Bn

) ∣∣∣AZ,ω

]
(2.33)

such that
ϕAn+Bn(t) = E

[
ϕ̂An(t)ϕ̂Bn(t)

]
(2.34)

because An is AZ,ω measurable. We denote

Un,2 =

(
n

rn

)−1 ∑
I∈Brn,n

h2n((Zi)i∈I , ωI),
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which is a complete U-statistic with kernel h2n. Let ε > 0 be arbitrary. When denoting
the moments of hn, we frequently omit its arguments for convenience. Using Chebyshev’s
inequality and Lemma 2.11 (with constant denoted by C1), we get

P
(
|Un,2 − E[h2n]| ≥ εE[h2n]

)
≤ Var (Un,2)

ε2E[h2n]2

≤ C1
rn
n

E
[
(h2n − E[h2n])

2
]

ε2E[h2n]2

≤ C1
rn
n

E[h4n]
ε2E[h2n]2

≤ rn
n

C1C

ε2

for C from the claim. Assumption (2.24) and the fact that ζn1,ω ≤ 1
rn
ζnrn from (2.21)

imply that rn/n→ 0 and thus Un,2/ζ
n
rn

P→ 1. Due to the assumptions in the theorem the
analogue result Un,3/E[|hn|3] P→ 1 holds for

Un,3 :=

(
n

rn

)−1 ∑
I∈Brn,n

|hn((Zi)i∈I , ωI)|3.

We define the set

D := {Un,2/E[h2n] ∈ [1− δ, 1 + δ]} ∩ {Un,3/E[|hn|3] ∈ [1− δ, 1 + δ]}. (2.35)

For any δ, ε > 0 this event holds with probability at least 1− ε, if n is sufficiently large.
We define d̂n,rn,N := ((1− p)Un,2/N)1/2 and consider

Bn/d̂n,rn,N =
1√

N(1− p)Un,2

∑
I∈Brn,n

(ρI − p)hn((Zi)i∈I , ωI)

conditioned on AZ,ω. The remaining random variables are the ρI , thus the term is a sum
of the random variables

Xn,I :=
1√

N(1− p)Un,2

(ρI − p)hn((Zi)i∈I , ωI), (2.36)

that are independent conditioned on AZ,ω. It holds that E[Xn,I | AZ,ω] = 0 and we further
denote

σ2
n,I := E

[
X2

n,I | AZ,ω

]
=

1

N(1− p)Un,2

h2n((Zi)i∈I , ωI)p(1− p)

=
1

Un,2

(
n
rn

)h2n((Zi)i∈I , ωI), (2.37)

such that
Var

(
Bn/d̂n,rn,N | AZ,ω

)
=

∑
I∈Brn,n

σ2
n,I = 1.
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We bound the difference of the characteristic function of Bn/d̂n,rn,N conditional AZ,ω to
the characteristic function of a standard normal distribution. Using that

∣∣∣ n∏
j=1

ξj −
n∏

j=1

ξ̃j

∣∣∣ ≤ n∑
j=1

|ξj − ξ̃j|

for all ξ1, ξ̃1, . . . , ξn, ξ̃n ∈ C with |ξj| ≤ 1 and |ξ̃j| ≤ 1, we obtain∣∣∣E [exp(iuBn/d̂n,rn,N

)
| AZ,ω

]
− e−u2

2

∣∣∣
=
∣∣∣ ∏
I∈Brn,n

E [exp (iuXn,I) | AZ,ω]−
∏

I∈Brn,n

e−
u2σ2

n,I
2

∣∣∣
≤

∑
I∈Brn,n

∣∣∣E [exp (iuXn,I) | AZ,ω]− e−
u2σ2

n,I
2

∣∣∣
≤

∑
I∈Brn,n

∣∣∣E [exp (iuXn,I) | AZ,ω]−
(
1− u2

2
σ2
n,I

) ∣∣∣
+

∑
I∈Brn,n

∣∣∣e−u2σ2
n,I
2 −

(
1− u2

2
σ2
n,I

) ∣∣∣. (2.38)

The Taylor expansion of eit yields

∣∣∣eit − k∑
j=0

(it)j

j!

∣∣∣ ≤ min

{
2|t|k
k!

,
|t|k+1

(k + 1)!

}
. (2.39)

Applying this to the first term from (2.38) for k = 2 and using the definition of Xn,I in
(2.36) we get

∑
I∈Brn,n

∣∣∣∣E [exp (iuXn,I) | AZ,ω]−
(
1− u2

2
σ2
n,I

) ∣∣∣∣
=

∑
I∈Brn,n

∣∣∣∣E [exp (iuXn,I)−
(
1 + iuXn,I −

u2

2
X2

n,I

) ∣∣AZ,ω

] ∣∣∣∣
≤

∑
I∈Brn,n

E
[
min

{
|uXn,I |2,

1

6
|uXn,I |3

} ∣∣AZ,ω

]

≤ |u|
3

6

∑
I∈Brn,n

E
[
|Xn,I |3

∣∣AZ,ω

]
=
|u|3
6

1

(N(1− p)Un,2)3/2

∑
I∈Brn,n

E
[
|ρI − p|3

]
h3n((Zi)i∈I , ωI)

=
|u|3
6

(p(1− p)3 + (1− p)p3)
(N(1− p)Un,2)3/2

∑
I∈Brn,n

h3n((Zi)i∈I , ωI)
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=
|u|3
6

(1− p)2 + p2√
N(1− p)

p

N

(
n

rn

)
Un,3

U
3/2
n,2

=
|u|3
6

(1− p)2 + p2√
N(1− p)

Un,3

U
3/2
n,2

. (2.40)

We proceed with the second term from (2.38). Let X∗ ∼ N (0, 1) be independent of all
the other random variables. With (2.39) and the definition of σ2

n,I in (2.37) we obtain

∑
I∈Brn,n

∣∣∣∣e−u2σ2
n,I
2 −

(
1− u2

2
σ2
n,I

) ∣∣∣∣
=

∑
I∈Brn,n

∣∣∣∣E [exp(iuσn,IX∗)−
(
1 + iuX∗ −

1

2
u2σ2

n,IX
2
∗

) ∣∣AZ,ω

] ∣∣∣∣
≤

∑
I∈Brn,n

E
[
min

{
|uσn,IX∗|2,

1

6
|uσn,IX∗|3

} ∣∣AZ,ω

]

≤ |u|
3

6
E
[
|X∗|3

] ∑
I∈Brn,n

|σn,I |3

≤ |u|
3

6
E
[
|X∗|4

]3/4 ∑
I∈Brn,n

1

U
3/2
n,2

(
n
rn

)3/2h3n((Zi)i∈I , ωI)

= 33/4
|u|3
6

Un,3

U
3/2
n,2

(
n
rn

)1/2 .
Together with (2.38) and (2.40) we obtain on the event D (see (2.35)) that∣∣∣E [exp(iuBn/d̂n,rn,N

) ∣∣∣AZ,ω

]
− e−u2

2

∣∣∣ID
≤ |u|

3

6

Un,3

U
3/2
n,2

(
(1− p)2 + p2√

N(1− p)
+ 33/4

(
n

rn

)−1/2
)
ID

≤ |u|
3

6

1 + δ

(1− δ)3/2
E[|hn|3]

E3/2[|hn|2]

(
(1− p)2 + p2√

N(1− p)
+ 33/4

(
n

rn

)−1/2
)
ID

≤ |u|
3

6

1 + δ

(1− δ)3/2C
3/4

(
(1− p)2 + p2√

N(1− p)
+ 33/4

(
n

rn

)−1/2
)
ID. (2.41)

For

u = t

(
(1− p)ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

)1/2 (
(ζnrn)

−1Un,2

)1/2
we use the definition of ϕ̂Bn(t) from (2.33) to obtain

ϕ̂Bn(t) = E

[
exp

(
it

(
r2nζ

n
1,ω

n
+
ζnrn
N

)−1/2

((1− p)Un,2/N)1/2Bn/d̂n,rn,N

) ∣∣∣AZ,ω

]

28



2.3. U-statistics

= E

[
exp

(
it

(
(1− p)ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

)1/2 (
(ζnrn)

−1Un,2

)1/2
Bn/d̂n,rn,N

) ∣∣∣AZ,ω

]
= E

[
exp

(
iuBn/d̂n,rn,N

) ∣∣AZ,ω

]
.

Noting that |u|ID ≤ |t|
√

(1 + δ) we get with (2.41) that∣∣∣∣ϕ̂Bn(t)− exp

(
−t

2

2

(
(1− p)ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

)
(ζnrn)

−1Un,2

) ∣∣∣∣ID
≤ |t|

3

6

(1 + δ)5/2

(1− δ)3/2C
3/4

(
(1− p)2 + p2√

N(1− p)
+ 33/4

(
n

rn

)−1/2
)
ID ≤ ε. (2.42)

if n is large enough, because N →∞ and p→ 0. Let us denote

ϕB(t) := exp

(
−t

2

2

(
(1− p)ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

))
. (2.43)

The definition of the event D in (2.35) yields∣∣∣∣t22
(

(1− p)ζnrn/N
r2nζ

n
1,ω/n+ ζnrn/N

)
(ζnrn)

−1Un,2 −
t2

2

(
(1− p)ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

)∣∣∣∣ ID ≤ δ
t2

2
.

Since the exponential function is uniformly continuous on any finite interval we conclude
that there exists a δ′ = O(δ), such that∣∣∣∣exp(−t22

(
(1− p) · ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

)
(ζnrn)

−1Un,2

)
− ϕB(t)

∣∣∣∣ ID ≤ δ′.

Combined with (2.42) we get

|ϕ̂Bn(t)− ϕB(t)|ID ≤ (ε+ δ′)ID. (2.44)

We continue with ϕ̂An . Since the assumptions of Theorem 2.12 also hold here, it yields that
An/

√
r2nζ

n
1,ω/n

d→ N (0, 1). The convergence in distribution implies that the correspond-
ing characteristic functions converge uniformly on every bounded set, see for instance
Kallenberg (2021, Theorem 6.3). Thus, for each 0 < K <∞ it holds that

sup
u≤K

∣∣∣E [exp(iuAn/
√
r2nζ

n
1,ω/n

)]
− e−u2

2

∣∣∣→ 0. (2.45)

For

ν :=
r2nζ

n
1,ω/n

r2nζ
n
1,ω/n+ ζnrn/N

≤ 1,

we define ϕA(t) := e−
t2

2
ν . With (2.32), (2.45) and the upper bound for ν we get∣∣∣E [ϕ̂An(t)

]
− ϕA(t)

∣∣∣
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=

∣∣∣∣∣E
[
exp

(
it

(
r2nζ

n
1,ω

n
+
ζnrn
N

)−1/2

An

)]
− ϕA(t)

∣∣∣∣∣
=
∣∣∣E [exp(itν1/2An/

√
r2nζ

n
1,ω/n

)]
− e− t2

2
ν
∣∣∣

≤ sup
u≤t

∣∣∣E [exp(iuAn/
√
r2nζ

n
1,ω/n

)]
− e−u2

2

∣∣∣ ≤ ε, (2.46)

if n is sufficiently large. Recalling the definitions of ϕB in (2.43) and ϕA above we use
(2.34), (2.46), (2.44), P(D) ≥ 1− ε and |eiu| ≤ 1 to obtain

|ϕAn+Bn(t)− ϕA(t)ϕB(t)|
=
∣∣∣E [ϕ̂A(t)ϕ̂Bn(t)

]
− ϕA(t)ϕB(t)

∣∣∣
≤
∣∣∣E [ϕ̂A(t)ϕ̂Bn(t)− ϕ̂A(t)ϕ̂Bn(t)ID

] ∣∣∣
+
∣∣∣E [ϕ̂A(t)ϕ̂Bn(t)ID − ϕ̂A(t)ϕB(t)ID

] ∣∣∣
+
∣∣∣E [ϕ̂A(t)ϕB(t)ID − ϕ̂A(t)ϕB(t)

] ∣∣∣
+
∣∣∣E [ϕ̂A(t)ϕB(t)

]
− ϕA(t)ϕB(t)

∣∣∣
≤ 2P(DC) + E

[
|ϕ̂Bn(t)− ϕB(t)|ID

]
+
∣∣∣E [ϕ̂A(t)

]
− ϕA(t)

∣∣∣
≤ 2ε+ (ε+ δ′) + ε

= 4ε+ δ′. (2.47)

Further we can obtain

ϕA(t)ϕB(t) = exp

(
−t

2

2

r2nζ
n
1,ω/n

r2nζ
n
1,ω/n+ ζnrn/N

)
exp

(
−t

2

2

(
(1− p) · ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

))
= exp

(
−t

2

2

(
r2nζ

n
1,ω/n

r2nζ
n
1,ω/n+ ζnrn/N

+

(
1− N(

n
rn

)) ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

))

= exp

(
−t

2

2

)
exp

(
−t

2

2

(
p

ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

))
→ exp

(
−t

2

2

)
(2.48)

because

p
ζnrn/N

r2nζ
n
1,ω/n+ ζnrn/N

≤ p→ 0.

Combining (2.47) and (2.48) we get that

ϕAn+Bn(t)→ exp

(
−t

2

2

)
,

which completes the proof. □
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2.4 Moments of Binomial denominators
Throughout the work we will need different results for the binomial distribution, especially
for its moments and for moments of terms with a Binomial distributed denominator. These
results are gathered in this section. Throughout the section B will denote a Binomial
random variable. Its parameters will vary and will be stated in the results. The first
lemma is similar to Lemma 4.1 by Györfi et al. (2002). The first statement in the lemma
is a slight variation that gives equality instead of an upper bound.

Lemma 2.14. Let B ∼ Bin(n, p), it holds that

E
[

1

1 +B

]
=

1

(n+ 1)p

(
1− (1− p)n+1

)
≤ 1

(n+ 1)p

and E
[
I{B > 0}

B

]
≤ 2

(n+ 1)p
.

The next lemma gives us bounds for higher moments of this kind.

Lemma 2.15. Let B ∼ Bin(n− 1, p) and let q ∈ N. The following inequalities hold

E
[
(1 +B)−2

]
≥ 1

p2n(n+ 1)

(
1− (n+ 1)p(1− p)n − (1− p)n+1

)
E
[
(1 +B)−q

]
≤ q!

pq
(n− 1)!

(n+ q − 1)!
≤ q!

pqnq
.

The proposition below is used to prove the two results that follow subsequently. It is
given as Theorem 4 in the work by Skorski (2025).

Proposition 2.16. Let B ∼ Bin(n, p) and σ2 = p(1− p). Then for any integer q > 1 we
have

E [(B − np)q]1/q = C(n, p, q)max{k1−k/q(nσ2)k/q : k = 1, . . . , ⌊q/2⌋},
where C(n, p, q) is uniformly bounded by (3e)−1 ≤ C(n, p, q) ≤ (5/2)1/5e1/2.

Remark 2.17. Let np > 1, it holds that

max{k1−k/q(nσ2)k/q : k = 1, . . . , ⌊q/2⌋} ≤ (np)⌊q/2⌋/q max{k1−k/q : k = 1, . . . , ⌊q/2⌋}.

Hence E[(B − np)q] = O((np)q/2) if q is fixed for all n.
The next two lemmas consider the moments of terms like

1

B
− 1

np
.

We need upper bounds for the rate of these moments in n and p because in the proofs of
the main results we will need to replace binomial random variables in the denominator
by their expectation.

Lemma 2.18. Let B ∼ Bin(n, p) such that p−1 = O(n). For any fixed integer q > 1 it
holds that

E
[
I{B > 0}

(
1

B
− 1

np

)q]
= O

(
(np)−3q/2

)
.

31



Chapter 2. Foundations

The last lemma is similar to the above, but instead of the indicator an added positive
term ensures that the denominator is positive.

Lemma 2.19. For any fixed integer q > 1 and h ∈ N with 1 ≤ h ≤ q let B ∼ Bin(n−h, p).
If p−1 = O(n) it holds that

E
[(

1

h+B
− 1

np

)q]
= O

(
(np)−3q/2

)
.

2.4.1 Proofs

We start with the proof of Lemma 2.14, which is from Györfi et al. (2002). We continue
with the proofs of Lemma 2.15, Lemma 2.18 and Lemma 2.19.

2.4.1.1 Proof of Lemma 2.14

Using that p ≤ 1, we obtain the first claim by

E
[

1

1 +B

]
=

n∑
i=0

1

i+ 1

(
n

i

)
pi(1− p)(n−i)

=
n+1∑
i=1

1

i

(
n

i− 1

)
pi−1(1− p)(n+1−i)

=
n+1∑
i=1

1

i

n!

(i− 1)!(n+ 1− i)!p
i−1(1− p)(n+1−i)

=
1

n+ 1

n+1∑
i=1

(n+ 1)!

i!(n+ 1− i)!p
i−1(1− p)(n+1−i)

=
1

(n+ 1)p

n+1∑
i=1

(
n+ 1

i

)
pi(1− p)(n+1−i)

=
1

(n+ 1)p

(
1− (1− p)n+1

)
≤ 1

(n+ 1)p
.

Using the fact that
1

l
≤ 2

1 + l

for every l ∈ N and the first part we obtain

E
[
I{B > 0}

B

]
≤ E

[
2

1 +B

]
=

2

(n+ 1)p

(
1− (1− p)n+1

)
≤ 2

(n+ 1)p
,

which completes the proof. □
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2.4.1.2 Proof of Lemma 2.15

We get the lower bound by

E
[

1

(1 +B)2

]
=

n−1∑
i=0

1

(1 + i)2

(
n− 1

i

)
pi(1− p)n−1−i

≥
n−1∑
i=0

1

(1 + i)(2 + i)

(n− 1)!

i!(n− 1− i)!p
i(1− p)n−1−i

=
1

n(n+ 1)

n−1∑
i=0

(n+ 1)!

(i+ 2)!(n− 1− i)!p
i(1− p)n−1−i

=
1

p2n(n+ 1)

n−1∑
i=0

(
n+ 1

i+ 2

)
pi+2(1− p)n+1−(i+2)

=
1

p2n(n+ 1)

n+1∑
i=2

(
n+ 1

i

)
pi(1− p)n+1−i

=
1

p2n(n+ 1)

(
1− (n+ 1)p(1− p)n − (1− p)n+1

)
.

For the upper bound we have

E
[

1

(1 +B)q

]
=

n−1∑
i=0

1

(1 + i)q

(
n− 1

i

)
pi(1− p)n−1−i

=
n−1∑
i=0

1

(1 + i)q
(n− 1)!

i!(n− 1− i)!p
i(1− p)n−1−i.

For j ≥ 1 we note that

1

1 + i
= 1− i

i+ 1
≤ 1− i

i+ j
=

j

j + i
.

This implies

1

(1 + i)q
=

q∏
j=1

1

(1 + i)
≤

q∏
j=1

j

j + i
=

q∏
j=1

j

q∏
j=1

1

j + i
= q!

i!

(i+ q)!
.

We get

E
[

1

(1 +B)q

]
=

n−1∑
i=0

1

(1 + i)q
(n− 1)!

i!(n− 1− i)!p
i(1− p)n−1−i

≤
n−1∑
i=0

q!i!

(i+ q)!

(n− 1)!

i!(n− 1− i)!p
i(1− p)n−1−i
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=
q!(n− 1)!

pq(n+ q − 1)!

n−1∑
i=0

i!

(i+ q)!

(n+ q − 1)!

(i+ q)!(n+ q − 1− (i+ q))!
pi+q(1− p)n+q−1−(i+q)

=
q!(n− 1)!

pq(n+ q − 1)!

n−1∑
i=0

(
n+ q − 1

i+ q

)
pi+q(1− p)n+q−1−(i+q)

=
q!(n− 1)!

pq(n+ q − 1)!

n+q−1∑
i=q

(
n+ q − 1

i

)
pi(1− p)n+q−1−i

≤ q!(n− 1)!

pq(n+ q − 1)!

=
q!

pq

q−1∏
j=0

1

n+ j

≤ q!

pqnq
.

The second inequality holds due to the binomial theorem and the last inequality is implied
by n+ j ≥ n if j ≥ 0. □

2.4.1.3 Proof of Lemma 2.18

We rewrite the difference
1

B
− 1

np
=
np−B
Bnp

=
np−B
(np)2

+
np−B
Bnp

− np−B
(np)2

=
np−B
(np)2

+
np(np−B)

B(np)2
− B(np−B)

B(np)2

=
np−B
(np)2

+
(np−B)2

B(np)2

=
np−B
(np)2

+
(np−B)2

(np)3
+

(np−B)2

B(np)2
− (np−B)2

(np)3

=
np−B
(np)2

+
(np−B)2

(np)3
+

(np−B)3

B(np)3
. (2.49)

Hence we get

E
[
I{B > 0}

(
1

B
− 1

np

)q]
≲ E

[(
np−B
(np)2

)q]
+ E

[(
(np−B)2

(np)3

)q]
+ E

[
I{B > 0}

(
(np−B)3

B(np)3

)q]
≤ (np)−2qE [(np−B)q] + (np)−3qE

[
(np−B)2q

]
+ (np)−3qE

[
(np−B)3q

]
.

We apply Proposition 2.16 in the case where p−1 = O(n). We obtain

E
[
I{B > 0}

(
1

B
− 1

np

)q]
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≲ (np)−2qE [(np−B)q] + (np)−3qE
[
(np−B)2q

]
+ (np)−3qE

[
(np−B)3q

]
≲ (np)−3q/2 + (np)−2q + (np)−3q/2

≲ (np)−3q/2,

which yields the claim. □

2.4.1.4 Proof of Lemma 2.19

Using (2.49) from the previous proof and replacing B by h+B we get

1

h+B
− 1

np
=
np− h−B

(np)2
+

(np− h−B)2

(np)3
+

(np− h−B)3

(h+B)(np)3

=
(n− h)p−B − (1− p)h

(np)2
+

((n− h)p−B − (1− p)h)2
(np)3

+
((n− h)p−B − (1− p)h)3

(h+B)(np)3
.

Hence

E
[(

1

h+B
− 1

np

)q]
≲ E

[(
(n− h)p−B − (1− p)h

(np)2

)q]
+ E

[(
((n− h)p−B − (1− p)h)2

(np)3

)q]

+ E

[(
((n− h)p−B − (1− p)h)3

(h+B)(np)3

)q]
≤ (np)−2qE [((n− h)p−B − (1− p)h)q] + (np)−3qE

[
((n− h)p−B − (1− p)h)2q

]
+ (np)−3qE

[
((n− h)p−B − (1− p)h)3q

]
≲ (np)−2q (E [((n− h)p−B)q] + hq) + (np)−3q

(
E
[
((n− h)p−B)2q

]
+ h2q

)
+ (np)−3q

(
E
[
((n− h)p−B)3q

]
+ h3q

)
.

With Theorem 4 by Skorski (2025) we get

E
[(

1

h+B
− 1

np

)q]
≲ (np)−2q

(
O
(
((n− h)p)q/2

)
+ hq

)
+ (np)−3q

(
O (((n− h)p)q) + h2q

)
+ (np)−3q

(
O
(
((n− h)p)3q/2

)
+ h3q

)
= O

(
(np)−q3/2

)
,

which completes the proof. □
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Chapter 3

Random forests

In this chapter, we introduce random forests, the central method of our work, in regression
models. First, we provide a clear definition of regression trees, which were previously
sketched in the introduction. This will enable us to provide the essential definition of a
random forest. We will briefly discuss the effect of the number of trees in the random
forest. In Section 3.1, the classical random forest, which employs the CART-split criterion
by Breiman et al. (1984), is introduced. The connection of random forests to U-statistics,
which is highly relevant for our work, is explained in Section 3.2. In the subsequent
Section 3.3, we will introduce centered purely random forests, the random forest version
we will consider throughout. In particular, we cover two specific versions, the well known
uniform centered purely random forest and the newly proposed Ehrenfest centered purely
random forest, and explain their characteristics. Section 3.4 deals with kernel random
forests introduced by Scornet (2016b) and concludes the chapter.

For an explanation of regression trees and an illustration in Figure 1.1, we refer to the
introduction of the thesis. Here, we give the formal definition of randomized regression
trees in the regression model from (2.1). We use the random variable θ, which is indepen-
dent of the training sample Dn, to capture the subsampling and the randomness in the
construction of the partition. This is rather generic, and the form of θ depends on the type
of random partition that is used. Note that there is no standard domain space for θ. In
particular, it is not a real number and is used for several random selections. Let Iθ ⊂ [n]
denote the index set of the subsample selected by θ. The size of the subsamples, which
is a tuning parameter of the random forest, is denoted by rn. Further, let An(x0, θ,Dn)
denote the cell in the final partition of the tree that contains x0. The term∑

j∈Iθ

I{Xj ∈ An(x0, θ,Dn)}

is equal to the number of observations with index in Iθ that fall into this cell. Similar to
the introduction, the tree estimator is defined as

m̃n(x0, θ,Dn) :=
∑
j∈Iθ

Yj
I{Xj ∈ An(x0, θ,Dn)}∑
l∈Iθ I{Xl ∈ An(x0, θ,Dn)}

, (3.1)

which is in line with our intuition for the construction: the estimator calculates the average
of all Yi values for which the Xi falls within the same cell of the feature space partition
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as the argument x0. The tree estimator is structurally similar to kernel estimators, and
the indicator function is similar to a randomized box kernel. If one were to use a single
regression tree outside of a random forest, one would use the entire training sample.

We use N to denote the number of trees in a random forest, which is another tuning
parameter. Let θ1, . . . , θN be i.i.d. copies of θ. We define the random forest estimator,
which aggregates N trees by averaging, as

m̂N,n(x0, (θi)
N
i=1,Dn) :=

1

N

N∑
i=1

m̃n(x0, θi,Dn)

=
1

N

N∑
i=1

∑
j∈Iθi

Yj
I{Xj ∈ An(x0, θi,Dn)}∑
l∈Iθi

I{Xl ∈ An(x0, θi,Dn)}
. (3.2)

This is a rather general form of the random forest estimator. Its variants depend on the
choice of the distribution of θ, which controls the subsampling and the tree construction.
Let Eθ denote the expectation only with respect to θ. Connected to θ and the number of
trees we define

m̂n(x0,Dn) := Eθ[m̃n(x0, θ,Dn)]. (3.3)

By the law of large numbers we get the connection to the number of trees which is

lim
N→∞

m̂N,n(x0, (θi)
N
i=1,Dn) = lim

N→∞

1

N

N∑
i=1

m̃n(x0, θi,Dn)

= Eθ[m̃n(x0, θ,Dn)] = m̂n(x0,Dn).

It holds that

Var
(
m̂N,n(x0, (θi)

N
i=1,Dn)

)
= Var

(
E
[
m̂N,n(x0, (θi)

N
i=1,Dn) | Dn

])
+ E

[
Var

(
m̂N,n(x0, (θi)

N
i=1,Dn) | Dn

)]
= Var (m̂n(x0,Dn)) + E

[
Var

(
1

N

N∑
i=1

m̃n(x0, θi,Dn)
∣∣∣Dn

)]
= Var (m̂n(x0,Dn)) +

1

N
E [Var (m̃n(x0, θ,Dn) | Dn)] .

The expectation of the estimator does not change with increasing N . This suggests that
one would want to choose N as large as possible to minimize the variance. The larger N
is, the closer the random forest is to the “infinite” random forest from (3.3). In practice,
the returns of increasing N may be diminishing, such that a relatively small N can be
sufficient. In the following sections, we will cover different types of random forests that
correspond to different choices for the distribution of θ.

3.1 The original random forest and the CART-split cri-
terion

In the introduction, we previously referenced the classical random forest variant that
employs the CART-split criterion by Breiman et al. (1984) to determine the selection of
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3.1. The original random forest and the CART-split criterion

the cell/hyperrectangle splitting in the construction of a single tree. For completeness,
we will describe this variant in this section because it is widely used and is usually meant
when the forest variant is not further specified. To explain the criterion that is the main
feature of this random forest, we assume that we are constructing a tree on the entire
data set Dn. Further consider a generic cell/hyperrectangle A and denote the number of
independent variables Xi falling into A by #A. A split or cut in A is a pair (j, z), where
j is some integer in {1, . . . , p} corresponding to an axis, and z is the position of the cut
along the j-th coordinate, within the boundaries of A. We use CA to denote the set of all
possible cuts in A. We use the notation Xi = (X

(1)
i , . . . , X

(p)
i ) for the individual features

of one Xi. For any (j, z) ∈ CA the CART-split criterion is given by

Ln(j, z) =
1

#A

n∑
i=1

(Yi − ȲA)2I{Xi ∈ A}

− 1

#A

n∑
i=1

(Yi − ȲAj,<z
I{X(j)

i < z} − ȲAj,≥z
I{X(j)

i ≥ z})2I{Xi ∈ A},

where Aj,<z = {x ∈ A : x(j) < z}, Aj,≥z = {x ∈ A : x(j) ≥ z}, and ȲA (resp. ȲAj,<z
, ȲAj,≥z

)
is the average of the Yi such that Xi belongs to A (resp. Aj,<z, Aj,≥z). If no point is in
a cell we define the average to be 0. For each cell A, the best cut (j∗n, z

∗
n) is selected by

maximizing Ln(j, z) over some setMd ⊂ {1, . . . , p} and CA. In particular, we set

(j∗n, z
∗
n) ∈ argmax

j∈Md,(j,z)∈CA
Ln(j, z).

For two X
(j)
i1

< X
(j)
i2

that are neighbors, i.e. there is no observation Xi3 with X
(j)
i1

<

X
(j)
i3

< X
(j)
i2

, all z ∈ (X
(j)
i1
, X

(j)
i2
) lead to the same value of Ln(j, z). To remove these

ties, the best splitting is always performed centered between X(j)
i1

and X(j)
i2

. The intuition
behind this criterion is to maximize the difference between the variance (of the response
Y ) in the original cell and the variance in the two cells after the cut. In other words,
we want to minimize the variance in the two resulting cells after the cut. This makes
sense since our goal is to use the average of the observations in one final cell of the tree
as the estimator for all x in that cell. The complete random forest algorithm with some
additional tuning parameters is summarized in Algorithm 3.1. The already introduced
tuning parameter rn determines the number of data points that are used to construct
a single tree. The tuning parameter dR is the number of feature space dimensions that
are eligible to be cut by the CART criterion. The tuning parameter sL determines the
maximal number of data points in each leaf of the tree. Using these data points and the
CART criterion, we construct a tree such that the leaves form a partition of [0, 1]p.

We briefly discuss the role of θ in this particular type of random forest. One aspect
to consider is the choice of whether the samples for the individual trees are generated
with or without replacement. It should be noted that while this is not an explicit tuning
parameter, it is determined by the rather abstract distribution of θ. If the subsampling
is done with replacement, the algorithm runs in a bootstrap mode. In such cases, rn
is usually equal to n. If the subsampling is done without replacement, it is common to
select rn < n. The selection of dR also has an impact on the “randomness” of the forest.
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Algorithm 3.1 Random Forest
Input: Training set Dn, number of trees N , rn ∈ [n], dR ∈ [p], sL ∈ [rn] and x0 ∈ [0, 1]p.
1: for j = 1, . . . , N do
2: Select a subsample of size rn with (or without) replacement, uniformly from Dn.
3: For the rest of this iteration only use the selected subsample.
4: Set P = ([0, 1]p), the list containing the cell associated with the root of the tree.
5: Set Pfinal = ∅ an empty list.
6: while P ̸= ∅ do
7: Set A equal to the first entry of P .
8: if A contains less than sL points or if all Xi ∈ A are equal then
9: Remove the cell A from the list P .

10: Pfinal ← (Pfinal, A).
11: else
12: Select uniformly, without replacement, a subsetMd ⊂ [p] with |Md| = dR.
13: Select (j∗n, z

∗
n), the best split in A, by maximizing Ln(j, z) for all j ∈Md.

14: Split the cell A at (j∗n, z
∗
n) and denote the resulting cells by AL and AR.

15: Remove the cell A from the list P .
16: P ← (P , AL, AR).
17: end if
18: end while
19: Select An(x0, θ,Dn) ∈ Pfinal containing x0.
20: Compute m̃n(x0; θj,Dn) at x0 equal to the average of the Yi ∈ An(x0, θ,Dn).
21: end for
22: Compute the random forest estimate m̂N,n(x0; θ1, . . . , θN ,Dn) at the query point x0.
Output: Prediction of the random forest at x0.

Another critical tuning parameter is sL, which denotes the size of the leaves in the trees.
If sL = 1, the trees are called fully grown. Intuitively, single fully grown trees appear to
lack consistency due to their tendency towards overfitting.

Now, we discuss some possible choices for the tuning parameters to develop an intuition
for their effects. Suppose we choose rn = n and do the subsampling without replacement,
this simply means that each tree is constructed on the full data set Dn. If we additionally
choose dR = p, there is no randomness left in the construction of each tree. This implies
that every tree is exactly the same, and therefore the forest is also equal to the trees.
This further implies that there is no advantage in using a forest over a tree in this case.
Intuitively, it is clear that the forest benefits from diversity among the trees. Although
this example is a very special case, it shows some effects of different tuning parameter
selections.

One way to ensure diversity within the trees is to use a subsampling procedure that
guarantees different subsamples such that the trees also differ. Using the bootstrap sub-
sampling with rn = n in expectation, about one third of the data set is not included
in each bootstrap subsample. Using subsampling without replacement, the diversity de-
pends on the choice of rn. The choice of dR can also lead to diversity. A small value leads
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to a greater chance of different cuts of the same cell via the CART-split criterion. The
parameter θ captures both of these aspects.

Example 3.1. We describe a specific tree construction with the CART criterion and
characterize the corresponding distribution of θ. To simplify the example, consider a
tree where the number of splits is fixed and deterministic. Further, the subsamples are
selected with replacement and contain rn = n observations. For i = 1, . . . , n let Ui be i.i.d.
random variables uniformly distributed on {1, . . . , n}. These random variables determine
the subsample. We build all branches of the tree to the exact depth k. Thus, we omit
the tuning parameter sL. When building the tree to exact depth k, we need a total of
2k − 1 splits in total. Let Si for i ∈ {1, . . . 2k − 1} be i.i.d. uniformly distributed on
{M ⊂ {1, . . . , p}, |M | = dR}. The Si determine the subsets of eligible coordinates for the
CART-splits. We can denote θ = ((Uj)

n
j=1, (Si)

2k−1
i=1 ).

In the standard random forest, the tree depth is not deterministic because it depends
on the previous splits in the tree. In the case of subsampling without replacement, the
distributions of the Ui change accordingly.

3.2 Random forests as U-statistics
Before introducing the forest variants that we will mainly consider in our work, we explain
the U-statistics perspective on random forests that we will use for these variants. There are
multiple articles that interpret slightly adjusted random forests as generalized incomplete
U-statistics, see e.g. Mentch and Hooker (2016) or Wager and Athey (2018). This section
is loosely based on the work by Peng et al. (2022). The sample that we consider for the
U-statistic version of a random forest is the training sample from the regression model
(2.1).

For now, let us consider a fixed point x0 at which we want to estimate the regression
function m. To interpret a random forest as a U-statistic, the random forest needs to
use subsampling without replacement and a subsample size rn that is less than n. In
particular, it does not use classical bootstrap subsampling. The randomized regression
trees will be the kernel of the U-statistic applied to different subsets.

The trees from (3.1) and the kernel of a generalized U-statistic are both randomized in
addition to their dependence on the training sample. The randomization of the regression
tree done by θ also includes the subsampling. In Example 3.1 we denoted θ as a pair of
random variables/vectors, where the first entry describes the subsampling and the second
entry describes the randomization in the partition construction. We can do this similarly
in the general case. The partition randomization part is denoted by a random variable ω.
These are the random variables ωI from (2.11) that randomize the kernel of the U-statistic.

We will slightly change the way the subsampling is done in the random forest. To get
a generalized U-statistic as in the definition (2.11), we use Bernoulli random variables ρI
for I ∈ Brn,n with P(ρI = 1) = N/

(
n
rn

)
to select the subsamples to be used in the random

forest. This is a small difference from the original notion of a random forest. Instead of
drawing an independent subsample for each tree, we use the ρI to randomize on which
of the subsamples we will grow a tree. With the original method, the same subsample
may occur more than once, but for typical choices of the tuning parameters this is rather
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unlikely. Therefore, it should not be a drawback that using the same sample twice is
not possible with the U-statistic. Another difference is that the number of trees for the
U-statistic version is random and binomially distributed.

Given a subsample I, we denote the kernel of the random forest U-statistic by

h(T )
n (x0, (Xi, Yi)i∈I , ωI) :=

∑
j∈I

YjI{Xj ∈ An(x0, ωI , (Xi, Yi)i∈I)}∑
l∈I I{Xl ∈ An(x0, ωI , (Xi, Yi)i∈I)}

.

This kernel is a single regression tree and h
(T )
n is symmetric in the (Xi, Yi) since we are

summing over all elements in I. The kernel depends on the fixed x0 ∈ [0, 1]p, but we will
sometimes drop the x0 in the notation of h(T )

n . The random forest is

U
(RF)
n,rn,N,ω(x0) :=

1

N̂

∑
I∈Brn,n

ρIh
(T )
n (x0, (Xi, Yi)i∈I , ωI)

=
1

N̂

∑
I∈Brn,n

ρI
∑
j∈I

YjI{Xj ∈ An(x0, ωI , (Xi, Yi)i∈I)}∑
l∈I I{Xl ∈ An(x0, ωI , (Xi, Yi)i∈I)}

(3.4)

with N̂ from (2.10). Using (3.4), a first approach is to apply Theorem 2.13 to get asymp-
totic normality of the random forest.

Note that in general this estimator will be biased for m(x0). For the parameter ϑn

from the definition of a U-statistic, we have

ϑn(x0) = E[h(T )
n (x0, (Xi, Yi)

rn
i=1, ω)].

This expectation is a function in x0 that should approximate m. The quality of this
approximation depends on the tuning parameters of the random forest.

Despite the similarities between the random forest from the previous section and this
generalized U-statistic they are different objects. The generalized U-statistic version is
a random forest where two equal subsamples are not allowed and the number of trees is
random and binomially distributed.

Based on this perspective on random forests, Theorem 2.13 allows us to prove a point-
wise central limit theorem for a specific random forest. However, the result is rather
abstract and, in particular, does not include the bias. Further, we need to know ζn1,ω and
ζnrn to apply the theorem to a specific case. In general, these problems can be complex,
which is why we will start to tackle them in the case of a simpler version of random forest,
which will be introduced in the next section.

3.3 Centered purely random forests
The version of random forests we want to consider are centered purely random forests
(CPRF). Purely random forests are random forests where the partitions of the trees do
not depend on the training sample. Centered random forests means that each split in the
tree construction is placed in the middle of the splitted cell.

For the tree construction, we perform k ∈ N iterations of splitting, and in each iteration
every existing cell is split. This means that each final cell is the result of k splits, where
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t = 1 t = 2 t = k = 3

Figure 3.1: Centered hierarchical partition of a regression tree for k = 3 in three steps.

k is a tuning that is usually chosen dependent on n. For each split, a feature is randomly
drawn from {1, . . . , p} and the cell is split in the middle orthogonal to that feature. This
implies that the volume of each cell is halved in each step. Thus, the procedure results
in cells that all have a volume of 2−k. An example of a realization of the hierarchical
partition for p = 2 and k = 3 is illustrated in Figure 3.1.

For now we allow different distributions of the feature selection in the partition build-
ing. A possible choice is to draw the feature uniformly because we do not have any
information to favor some features over others. Later, in Section 3.3.3, we will see a
different way to draw the features that favors splits along the longer sides of a cell.

A similar type of random forest than the one we consider was first introduced by
Breiman (2004). In this report the mean squared error of a random forest model is ana-
lyzed. The regression model therein has strong and weak features. The split probabilities
for the strong and weak features are parameters of the algorithm. It is assumed that the
splits of strong features are centered. Biau (2012) shows consistency in this model and
proves bounds on the bias and variance terms. Both of these articles consider the infi-
nite random forest estimator from equation (3.3). Klusowski (2021) improves the mean
squared prediction error over the bound by Biau (2012). Under the assumption that
the probabilities of selecting the feature to be cut are constant for all steps in the tree
construction, he further proves that centered random forests do not achieve the mini-
max optimal rate of n− 2

p+2 , see e.g. Tsybakov (2009), for the mean squared error in a
regression model with Lipschitz continuous function m. He also discusses choosing these
probabilities data dependent on the relevance of the features. This is similar to honest
random forests, which we will consider as an extension in Chapter 7. Moreover, Klusowski
(2021) shows that a uniform distribution over the set of relevant features achieves the best
possible rate for these random forests.

Later in this section, we consider two types of CRPFs based on two different random-
izations of the feature selection for the splits. First, we recall the well-studied CPRF,
which selects features uniformly. Second, we propose the Ehrenfest CPRF, whose nonuni-
form split selection allows for minimax rate optimal estimation of the regression function.
To achieve this, we will need to drop the assumption that the probabilities of selecting a
feature are constant throughout the tree construction. Before discussing the two variants,
we will cover some general characteristics of CPRFs.

The important difference and simplification of (centered) purely random forests com-
pared to classical ones is that the partitions do not depend on the training sample Dn.
Therefore, we can omit Dn in the notation of the cells. In particular, we use Ak(x0, ω)

43



Chapter 3. Random forests

to denote the cell that contains x0 and is the result of the splitting random variable ω.
Indirectly it still depends on n but the index k emphasizes that k is the tuning for the
cell size. Before we give the definition of a CPRF, we note that the definition consists of
two parts, both of which are essential. The first part of the definition deals only with the
partition construction, and the second part defines the estimator based on this partition.

Definition 3.2 (Centered purely random forest (CPRF)). 1. For k ∈ N let t ∈ [k]
and j ∈ {1, . . . , 2t−1}. For p ∈ N the random variables Dt,j ∈ [p] create a centered
hierarchical partition with depth k of the feature space [0, 1]p. Starting with [0, 1]p,
the partition is constructed in k steps, where in each step each cell in the partition is
split into two new cells. For each splitting, a specific coordinate is selected, and the
splitting is performed orthogonally at the midpoint of the interval corresponding to
the coordinate. In the t-th step the (Dt,j)

2t−1

j=1 decide which coordinates are split in
the 2t−1 existing cells. Let ω be a random variable aggregating the information in
the Dt,j, then we denote the final partition as

{A(i)
k (ω) | i ∈ {1, . . . , 2k}}.

For x0 ∈ [0, 1]p let Ak(x0, ω) denote the unique element of the partition with x0 ∈
A

(i)
k (ω). For l ∈ [p], t ∈ [k] let Sl,t(x0, ω) denote the number of splits orthogonal to

the l-th coordinate that were used in the first t steps in the construction of Ak(x0, ω).
They satisfy

∑p
l=1 Sl,t(x0, ω) = t. For t = k we abbreviate Sl,k(x0, ω) = Sl(x0, ω)

and assume that Sl(x1, ω)
d
= Sl(x2, ω) for all l ∈ [p] and x1, x2 ∈ [0, 1]p. We call a

centered purely random forest symmetric if Sl(x0, ω)
d
= S1(x0, ω) for all l ∈ [p].

2. Let rn ∈ N with rn < n, for I ∈ Brn,n let ωI be i.i.d. copies of ω. The centered
purely random forest regression estimator (in U-statistic form, see Definition 2.9
and (3.4)) on the training sample Dn = (Xi, Yi)

n
i=1 is

U
(RF)
n,rn,N,ω(x0) =

1

N̂

∑
I∈Brn,n

ρIh
(T )
n (x0, (Xi, Yi)i∈I , ωI), (3.5)

with kernel

h(T )
n (x0, (Xi, Yi)i∈I , ωI) =

∑
j∈I

YjI{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

.

We define h(T )
n (x0, (Xi, Yi)i∈I , ωI) = 0 if∑

i∈I

I{Xi ∈ Ak(x0, ωI)} = 0.

Remark 3.3. Throughout, we consider centered purely random forests whose (Dt,j)
2t−1

j=1 are
conditionally independent given {Ds,j | s < t, 1 ≤ j ≤ 2s−1} for all t. This means that
given a partition at step t, the subsequent partitioning of its cells is independent of each
other. From here on we will usually use ω instead of the Dt,j to shorten the notation.
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Remark 3.4. The centered splitting implies that the volume of the cells is halved in each
step. In particular, the volume of all cells in the final partition is equal to 2−k. The
average length of the cells along a single coordinate is 2−k/p. Thus, this tuning parameter
has a similar effect as the bandwidth for kernel regression estimators.

Remark 3.5. The exact form of Ak(x0, ω) is determined by S(x0, ω) = (Sl(x0, ω))
p
l=1 and

the order of the splits does not impact the form of the cell. For x ∈ [0, 1]p we denote
x = (x(1), . . . , x(p)). The projection of the cell Ak(x0, ω) on the l-th coordinate is

A
(l)
k (x0, ω) := {ξ ∈ [0, 1] : ∃x ∈ Ak(x0, ω), x

(l) = ξ}. (3.6)

Definition 3.2 implies that this interval has length 2−Sl(x0,ω) and that its endpoints are in
2−Sl(x0,ω)N0. Therefore it holds that

A
(l)
k (x0, ω) = 2−Sl(x0,ω)

(
⌊x(l)0 2Sl(x0,ω)⌋, ⌊x(l)0 2Sl(x0,ω)⌋+ 1

]
. (3.7)

This does not depend on the order of the splits, and thus Ak(x0, ω), the Cartesian product
of the A(l)

k (x0, ω), does not depend on the order of the splits. The choice that the cells
are open at the left endpoint and closed at the right endpoint is arbitrary.

Remark 3.6. A CPRF is not necessarily symmetric, but in the absence of any assumptions
about the features, it is a natural assumption to treat them equally. When the regression
model includes assumptions about the features, for example, having strong and weak
features as considered by Breiman (2004) and Biau (2012), symmetry is not appropriate.
From now on, the random forests studied in this thesis will all be symmetric.

The notation U
(RF)
n,rn,N,ω for the CPRF does not differ from the one in (3.4). We can

keep the shorter notation for convenience because we will only consider the CPRF from
here on. Let us denote

U
(m)
n,rn,N,ω(x0) :=

1

N̂

∑
I∈Brn,n

ρI
∑
j∈I

m(Xj)
I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

(3.8)

and U
(ε)
n,rn,N,ω(x0) :=

1

N̂

∑
I∈Brn,n

ρI
∑
j∈I

εj
I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

, (3.9)

such that we have the decomposition

U
(RF)
n,rn,N,ω(x0) = U

(m)
n,rn,N,ω(x0) + U

(ε)
n,rn,N,ω(x0).

We note that U (m)
n,rn,N,ω and U (ε)

n,rn,N,ω are both generalized incomplete U-statistics. For any
set I ⊂ [n], with |I| = rn and j ∈ I let us further denote

Wj,k(x0, ω, I) :=
I{Xj ∈ Ak(x0, ω)}∑
i∈I I{Xi ∈ Ak(x0, ω)}

.

To simplify the notation we use

Wj,k(x0, I) := Wj,k(x0, ωI , I) and Wj,k(x0, ω) := Wj,k(x0, ω, [rn]). (3.10)
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The kernels of the two U-statistics in (3.8) and (3.9) are

h(m)
n (x0, (Xj)

rn
j=1, ω) =

rn∑
j=1

m(Xj)
I{Xj ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

=
rn∑
j=1

m(Xj)Wj,k(x0, ω)

and

h(ε)n (x0, (Xj, εj)
rn
j=1, ω) =

rn∑
j=1

εj
I{Xj ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

=
rn∑
j=1

εjWj,k(x0, ω). (3.11)

The kernel h(ε)n and thus also U (ε)
n,rn,N,ω have expectation zero due to the independence of

the εj from Xj and ω. We note that the Wj,k(x0, ω, I) are the weights of the observations
in the kernel applied to the subsample I. If there is at least one observation in Ak(x0, ω)
the sum of the weights is equal to one. Otherwise Definition 3.2 yields that their sum is
zero.

Similar to (2.4) we observe that U (m)
n,rn,N,ω is the expectation of U (RF)

n,rn,N,ω(x0) conditioned
on the observations Xj, the ωI and the ρI . We have

E
[
U

(RF)
n,rn,N,ω(x0)

∣∣(Xj)
n
j=1, (ωI)I∈Brn,n , (ρI)I∈Brn,n

]
=

1

N̂

∑
I∈Brn,n

ρI
∑
j∈I

E[Yj | Xj]Wj,k(x0, I)

=
1

N̂

∑
I∈Brn,n

ρI
∑
j∈I

m(Xj)Wj,k(x0, I)

= U
(m)
n,rn,N,ω(x0). (3.12)

In general, this only holds for purely random forests because otherwise the cells depend
on the errors through the Yi. In particular, we do not necessarily have

E
[
ε1

I{X1 ∈ An(x0, ω, (Xi, Yi)
rn
i=1)}∑rn

l=1 I{Xl ∈ An(x0, ω, (Xi, Yi)
rn
i=1)}

∣∣∣ (Xj)
rn
j=1, ω

]
= 0.

Using the terms from (3.8) and (3.9), we can decompose the error of the estimator into
two parts

U
(RF)
n,rn,N,ω(x0)−m(x0) = U

(ε)
n,rn,N,ω(x0) + U

(m)
n,rn,N,ω(x0)−m(x0). (3.13)

Just like for the histogram, we call U (m)
n,rn,N,ω −m the approximation error. The identity

in (3.12) illustrates that this is the part of the error that is due to the estimator’s general
ability to approximate m. We call U (ε)

n,rn,N,ω the stochastic error, but note that there
are alternative names in the literature, see for instance Biau (2012), who uses the term
estimation error.

3.3.1 Characteristics of centered purely random forests

In this section, we introduce three key characteristics of centered purely random forests
that will be important for the results in the following chapters. Furthermore, we discuss
the interactions between these characteristics.
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3.3. Centered purely random forests

3.3.1.1 The diameter of the cells

As we have already seen for the histogram estimator, the diameter of a cell in the partition
is important for the ability of the estimator to approximate the regression function. We
start with some observations that hold for all distributions of the splits. Remark 3.5
explains that the length of the cell Ak(x0, ω) along the l-th coordinate is equal to 2−Sl(x0,ω).
For Ak(x0, ω) we obtain

d(Ak(x0, ω)) =
( p∑

l=1

2−2Sl(x0,ω)
)1/2

.

We are interested in bounds for the diameter and its moments. If q ≤ 2, it holds that
∥ξ∥2/q ≤ ∥ξ∥1 for any ξ ∈ Rp. This implies

d(Ak(x0, ω))
q =

(
p∑

l=1

2−2Sl(x0,ω)

)q/2

≤
p∑

l=1

2−qSl(x0,ω).

Taking the expectation we obtain

E [d(Ak(x0, ω))
q] ≤ E

[
p∑

l=1

2−qSl(x0,ω)

]
= pE

[
2−qS1(x0,ω)

]
. (3.14)

The last equality holds due to the symmetry that implies Sl(x0, ω)
d
= S1(x0, ω) for all l ∈

[p]. Without additional assumptions on the distribution of Sl(x0, ω), Jensen’s inequality
yields a lower bound via

E
[
2−qS1(x0,ω)

]
≥ 2−qE[S1(x0,ω)] = 2−qk/p. (3.15)

Equality in this lower bound holds in the deterministic case Sl(x0, ω) = k/p.
For confidence intervals and bands, we need the stochastic error to be the dominant

term in the error decomposition. We will see that the expected absolute approximation
error depends on the expected diameter, similar to (2.6) for the histogram estimator.
Therefore, it is desirable to have a small diameter close to the optimal rate to get a good
bound for the approximation error.

3.3.1.2 Cell intersections

Another important characteristic of a CPRF is the expected volume of Ak(x0, ω1) ∩
Ak(x0, ω2) for i.i.d. copies ω1 and ω2 of ω. For any A ⊂ Rp we denote the volume of
A by

V(A) :=
∫

1A(x)dx. (3.16)

Further let us denote the expected volume of the intersection

V∩,k := E [V(Ak(x0, ω1) ∩ Ak(x0, ω2))] . (3.17)
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The intersection is not empty because it contains x0. Without loss of generality let
Sl(x0, ω1) ≥ Sl(x0, ω2). In this case, Remark 3.5 implies for A(l)

k from (3.6) that

A
(l)
k (x0, ω1) ∩ A(l)

k (x0, ω2) = A
(l)
k (x0, ω1), (3.18)

and in particular, the diameter of this intersection is the minimum of the diameters. For
the volume of the intersection this yields

V(Ak(x0, ω1) ∩ Ak(x0, ω2)) =

∫
Ak(x0,ω1)∩Ak(x0,ω2)

dx

=

p∏
l=1

∫
A

(l)
k (x0,ω1)∩A(l)

k (x0,ω2)

dx(l)

=

p∏
l=1

min{2−Sl(x0,ω1), 2−Sl(x0,ω2)}

=

p∏
l=1

2−max{Sl(x0,ω1),Sl(x0,ω2)}

= 2−
∑p

l=1 max{Sl(x0,ω1),Sl(x0,ω2)}. (3.19)

Hence, we can write V∩,k as the expectation of (3.19). Note that the expectation of this
does not depend on x0, because Definition 3.2 yields that the distribution of the splits
Sl(x0, ω1) and Sl(x0, ω2) does not depend on x0. The fact that

∑p
l=1 Sl(x0, ω) = k for all

ω implies that

2−2k = 2−
∑p

l=1(Sl(x0,ω1)+Sl(x0,ω2))

≤ 2−
∑p

l=1 max{Sl(x0,ω1),Sl(x0,ω2)}

≤ 2−
∑p

l=1 Sl(x0,ω1)

= 2−k.

Applying the expectation to the above and using (3.19) we obtain

2−2k ≤ V∩,k ≤ 2−k. (3.20)

We note that
p∑

l=1

max{Sl(x0, ω1)Sl(x0, ω2)} = k +
1

2

p∑
l=1

|Sl(x0, ω1)− Sl(x0, ω2)|.

Thus, we get

V∩,k = E
[
2−

∑p
i=1 max{Sl(x0,ω1)Sl(x0,ω2)}

]
= 2−kE

[
2−

1
2

∑p
l=1 |Sl(x0,ω1)−Sl(x0,ω2)|

]
. (3.21)

This can be helpful to prove a better lower bound for V∩,k if we know more about the
distribution of the splits.
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3.3. Centered purely random forests

3.3.1.3 The finest partition of the feature space

For a fixed distribution of the random variable ω we call a subset A ⊂ [0, 1]p of the
feature space undividable, if for all realizations w of ω there exists an x ∈ [0, 1]p with
A ⊂ Ak(x,w). This means that A is a subset of some cell in any partition. We call a
set A maximum undividable if there is no other undividable set Ã ̸= A with A ⊂ Ã. Let
Su denote the set of all maximum undividable sets. Then Su is a partition of the feature
space. This is implied by the following two observations. First, two maximum undividable
sets are always disjoint by definition. Second, every element x in the feature space must be
contained in an undividable subset, since {x} is undividable. For different distributions of
ω, the size of the maximum undividable sets can vary, which directly affects the number
of elements in the partition Su. The partition Su implies an equivalence relation on [0, 1]p.
If x1 and x2 are in the same maximum undividable set, we have

Ak(x1, ω) = Ak(x2, ω)

almost surely. We note that this also implies that every realization of Ak(x, ω) can be
represented as a disjoint union of maximum undividable sets.

Let us denote Nf (k) := |Su| and let Xk ⊂ [0, 1]p with |Xk| = Nf (k) be a set containing
exactly one element in each of the maximum undividable sets. The above explanation
shows that Nf (k) and Xk can depend on the distribution of ω. We do not capture this
in their notation for convenience, so we need to keep this dependence in mind. We are
interested in Nf (k) for the distributions of ω that we consider.

For µl ∈ {0, 2−k, . . . , 1− 2−k+1, 1− 2−k}, let us consider the hypercubes of the form

p∏
l=1

[
µl, µl + 2−k

]
. (3.22)

These hypercubes form a sufficiently fine partition such that each cube cannot be split by
a centered tree of depth k. This is the case because there can be at most k splits in one
direction. The number of cubes is 2kp, which implies that Nf (k) ≤ 2kp for any CPRF. If
we consider a CPRF where all splits are always drawn uniformly from [p], the probability
of splitting one feature k times is greater than zero. Therefore, we have Nf (k) = 2kp for
this type of CPRF.

3.3.1.4 The interaction of the characteristics

The three characteristics of CPRFs that we introduced above affect each other because
they all depend on the same object, which is the distribution of the splits.

We already mentioned that the expected diameter is preferred to be small, because it
directly affects the approximation error. We will see that the variance of the leading term
of the stochastic error U-statistic scales linearly with 22kV∩,k. To construct confidence
intervals and bands we will need that the stochastic error dominates the approximation
error. For this dominance it is necessary that the variance of the stochastic error and
thus V∩,k is large enough. Further, V∩,k is a measure for the similarity of the trees in a
CPRF. If the trees are more similar at some point x0, the intersections of the cells around
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x0 will be larger on average. One would expect a random forest to benefit from having
more diverse trees. This is reflected by the effect of V∩,k on the variance.

For the confidence band results we will need uniform bounds on the approximation
error and different remainder terms. We will see that the supremum over x0 ∈ [0, 1]p will
in fact be a maximum over x0 ∈ Xk. This will allow us to use union bounds in which the
sum has Nf (k) terms. To handle the union bounds, we will exploit that a finite number
of moments of ε exist. In general, the number of existing moments needs to be larger if
Nf (k) is larger. Thus, a smaller Nf (k) leads to weaker assumptions on the errors. To
achieve that Nf (k) < 2kp, one needs that some of 2kp cubes from (3.22) are never split.
In other words, one needs to restrict the diversity of the partitions, which will also lead
to a larger V∩,k.

In summary, we face a trade-off when selecting the distribution of the splits. On the
one hand, distributions with more diverse partitions lead to a smaller variance of the ran-
dom forest, which is generally desirable, and will lead to smaller confidence sets. On the
other hand, less diverse partitions lead to a smaller expected diameter, and thus a smaller
approximation error bound, because their cells are closer to cubes. A smaller approxi-
mation error is helpful for the dominance of the stochastic error and for the construction
of confidence sets. A larger V∩,k will also help this dominance of the stochastic error.
The final advantage of less diverse partitions is a smaller Nf (k), which allows weaker
assumptions on the error moments when proving the confidence band results.

Earlier we mentioned that the expected diameter is an essential part of the bound
for the approximation error. However, we need to note that the effect of the partition
diversity on the approximation error is not fully captured by this bound. We know that
any CPRF estimator is constant on the undividable cells. Consider an approximation of a
continuous function by a function that is piecewise constant on the cells of some grid. As
the grid is refined, the class of piecewise constant functions on the finer grid is a superset
of the class of constant functions on the rougher grid. In the larger function class, we
can always find an approximation that is at least as good as the best approximation from
the smaller class. The estimator for m produced by an algorithm with a larger Nf (k) is
an element of a larger function class than an algorithm with a smaller Nf (k). In other
words, an algorithm with a small number of undividable sets is limited by fewer elements
in the image of its estimated regression function. This effect opposes the effect of the
smaller expected diameter. However, it is not clear whether this effect actually results in
a smaller approximation error. The magnitude of both effects can depend on the shape
of the specific regression function. In general, it is not clear how to improve the bound
for the approximation error uniformly in a Hölder class for the regression functions. Still,
it is important to be aware of both effects, for example when interpreting the results of
simulations.

The two variants of CPRFs, which we will present in the next two sections, will
have a different diversity of their partitions and thus their characteristics will differ. The
Ehrenfest CPRF will restrict the diversity of the cells through the construction algorithm.
Therefore, it will have a smaller approximation error bound, and in Chapter 4 we will
see that it can reach the minimax optimal rate for the mean squared error. The uniform
CPRF will have more diverse partitions. In Chapter 5 we will see that one can still prove
confidence bands for this RF version. However, the assumptions on n, rn and k for the
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confidence band result will be less flexible, because the approximation error bound will
be larger and V∩,k will be smaller. Further, one needs more existing moments of ε for the
confidence band result to hold. A small advantage is that their confidence band radius
is slightly smaller, a nuance that remains ambiguous within the theory. However, this
distinction but will be observed in the simulations in Chapter 6.

3.3.2 The uniform centered purely random forest

The uniform CPRF is characterized and named by the fact that the probability of split-
ting each feature is 1/p. Purely random forest types similar to the uniform CPRF were
already considered in the literature, for instance by Breiman (2004) or Biau (2012). When
constructing the tree, all splits in all steps are drawn independently of each other. More
precisely the Dt,j from Definition 3.2 are i.i.d. and uniformly distributed on [p]. Let
x0 ∈ [0, 1]p be fixed, without loss of generality the cell Ak(x0, ω) is constructed by (Dt,1)

k
t=1.

It then holds that Sl(x0, ω) =
∑k

t=1 I{Dt,1 = l} and thus Sl(x0, ω) ∼ Bin(k, 1/p).
In a multivariate regression model with Lipschitz continuous regression function Klu-

sowski (2021) proves an upper bound of the rate of the mean squared prediction error of
this random forest. The rate does not match the minimax optimal rate for nonparametric
regression and Klusowski (2021) further proves that the rate cannot be improved.

Let us consider the characteristics from Section 3.3.1 for the uniform CPRF. In Sec-
tion 3.3.1.3 we already argued that Nf (k) = 2kp for the uniform CPRF. The binomial
distribution of Sl(x0, ω) can be utilized to derive a bound on the diameter by employing
the moment-generating function of the Binomial distribution. For q ≤ 2 (3.14) yields

E [d(Ak(x0, ω))
q] ≤ pE

[
2−qS1(x0,ω)

]
= pE

[
exp

(
log(2−q)S1(x0, ω)

)]
= p

(
p− 1 + 2−q

p

)k

. (3.23)

The lower bound in (3.15) implies that the minimal rate for any distribution of S1(x0, ω)
is 2−kq/p. Here we have a worse rate because

p− 1 + 2−q

p
≥ 2−q/p. (3.24)

For p = 1 equality holds in (3.24), which is obvious because in this case the splitting is
deterministic. If p ≥ 2, (3.24) can be proved by plugging 2−q ≤ 1 into g(ξ) := p−1+ξ−pξp
and using that g(ξ) ≥ 0 for all ξ ∈ [0, 1]. This holds because g is concave on [0, 1],
g(0) = p− 1 > 0 and g(1) = 0.

We proceed with V∩,k. To get the mean squared error rate Klusowski (2021) proves an
upper bound for the approximation error of centered random forests. One major step in
proving this is to bound a term analogous to V∩,k. This bound relies on Klusowski (2021,
Lemma S.1.) from the supplementary material of the article. We will use this lemma to
bound

E
[
2−

1
2

∑p
l=1 |Sl(x0,ω1)−Sl(x0,ω2)|

]
.

We note that (Sl(x0, ω1))
p
l=1 is multinomial distributed with p trials and probabilities all

equal to 1/p. The same holds for its independent copy (Sl(x0, ω2))
p
l=1. The lemma yields
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that
pp

(47)pkp−1
≤ E

[
2−

1
2

∑p
l=1 |Sl(x0,ω1)−Sl(x0,ω2)|

]
≤ 8ppp/2√

kp−1
.

With (3.21), this implies

2−k pp

(47)pkp−1
≤ V∩,k ≤ 2−k 8

ppp/2√
kp−1

,

and for the rate in k we get

2−kk−(p−1) ≲ V∩,k ≲ 2−kk−(p−1)/2. (3.25)

3.3.3 The Ehrenfest centered purely random forest

We will introduce the following model to get a random forest that has the optimal rate for
the approximation error. To achieve this, the diameter needs to be of the same rate as the
diameter of a hypercube. This is in a sense closer to a histogram than the RF with uniform
distribution for feature selection and the trees are less diverse. This will also imply that
V∩,k is larger due to the reduced diversion in the partitions. As mentioned earlier, the
result by Klusowski (2021) tells us that we cannot improve the error rate if the feature
selection probabilities are equal in each step. Therefore, we will drop this assumption.
Instead, we will use a Markov model and the probabilities for the feature selection will
depend on all previously selected features. A similar idea is used by Mondrian trees as
introduced by Mourtada et al. (2020). For Mondrian trees, the probability of selecting
a feature to split is proportional to the length of the cell in that feature. The Ehrenfest
trees will also lead to higher selection probabilities for features in which the considered
cell is longer.

3.3.3.1 The two-dimensional case

For clarity, we first explain the two-dimensional case where we use the Ehrenfest model, see
for instance Bhattacharya and Waymire (2022, Chapter 11, Example 3). In this model, we
consider two numbered containers, each initially containing B identical balls, and in each
step a uniformly chosen ball from the total of 2B balls is moved from its current container
to the other. The model has the Markov property, because its transition probabilities
depend only on the current state.

We link this model to the partition construction on [0, 1]2. For simplicity, we consider
only the splits for the cell containing a fixed point x0. We start with an Ehrenfest model
in its initial balanced state and use the first k steps to determine the splits for Ak(x0, ω).
In each step, we split feature l if the selected ball leaves container l. For the next step this
decreases the probability of splitting the same feature again and increases the probability
of splitting the other feature. By favoring the feature that has been split less often, this
procedure results in a more balanced number of splits than the uniform selection of a
feature in each step. In practice, one needs to copy the current state of the Ehrenfest
model after each split. The two models will then evolve independently for the two resulting
cells. An illustration of this process can be found in Figure 3.2.
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Container 1 Container 2

◦
◦
◦

◦ ◦
◦

x0

1

2

◦
◦ ◦ ◦

◦
◦ x0

1

2

◦
◦◦

◦◦
◦ x0

1

2

Figure 3.2: First three states of a two-dimensional Ehrenfest model with B = 3 and
corresponding cell construction. The red ball moved in the previous step.

For now we drop the dependence of Sl,t on x0 and ω in the notation for convenience.
Let Bl,t denote the number of balls in container l after t construction steps. The state of
the Ehrenfest model after t steps is described by (B1,t, B2,t). For Dt,j from Definition 3.2
we drop the second index, because we only consider the construction of the cell around
x0. Thus, Dt ∈ {1, 2} is the random variable that determines which coordinate is split
in the t-th step. It holds that Sl,t =

∑t
s=1 I{Ds = l}. For l ∈ {1, 2}, the probability of

selecting a ball in container l and thus splitting feature l is

P(Dt+1 = l | B1,t, B2,t) =
Bl,t

2B
.

We note that it would be sufficient to condition on B1,t because B1,t +B2,t = 2B. In the
case p = 2 it holds that t = S1,t + S2,t. Further, the relation between the number of balls
and the number of splits is

2(S1,t − S2,t) = B2,t −B1,t. (3.26)

We obtain

2S1,t − t = S1,t − S2,t =
B2,t −B1,t

2
=

2B − 2B1,t

2
= B −B1,t, (3.27)
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and analogously 2S2,t − t = B −B2,t. This implies

P(Dt+1 = l | B1,t, B2,t) =
Bl,t

2B
=
B + t− 2Sl,t

2B
=

1

2
+

1

2B
(t− 2Sl,t).

The equation describes how the probability of splitting a feature l decreases in the current
number of its splits in relation to t. The number of balls B is a tuning parameter that
weights the influence of this effect. For B →∞ the probability goes to 1/2. Using (3.27)
we get for the squared diameter after the final step t = k that

d(Ak(x0, ω))
2 = 2−2S1,k + 2−2S2,k

= 2−2S1,k + 2−2(k−S1,k)

= 2−k
(
2−(2S1,k−k) + 22S1,k−k

)
= 2−k

(
2B1,k−B + 2B−B1,k

)
≤ 2−k2B+1, (3.28)

which is O(2−k) if the tuning parameter B does not depend on k.

3.3.3.2 The p-dimensional case

We generalize the two-dimensional model to dimension p. The model has p numbered
containers that each contain B identical balls in the initial state. Still, in each step, a
uniformly chosen ball from the total of pB balls is moved from its current container to
another. We will describe the target container selection later. We keep the connection to
the Ehrenfest model by splitting feature l ∈ [p] if a ball in container l is selected. The
current state of the model after t steps is described by (Bl,t)

p
l=1. We now have Dt ∈ [p],

and for l ∈ [p] the probability of selecting a ball in container l and thus splitting feature
l is

P(Dt+1 = l | (Bl,t)
p
l=1) =

Bl,t

pB
. (3.29)

This implies for l ∈ [p] that

P(Sl,t+1 − Sl,t = j | Bl,t) =


Bl,t

pB
, j = 1,

1− Bl,t

pB
, j = 0,

0, otherwise.

This describes the selection of a ball, but unlike the case of p = 2, the ball has more
than one container to move to. It remains to specify the random selection of this target
container to fully describe the transition of the p-dimensional Ehrenfest model to the next
state.

An important feature of the case p = 2 is the direct connection between (Sl,t)
p
l=1 and

(Bl,t)
p
l=1 in (3.26). We lose this connection for p > 2 because the state of the model is

not solely described by the (Sl,t)
p
l=1 as they are missing the information about the target

containers. A direct consequence of (3.26) was (3.27) which allowed the bound for the
diameter in (3.28). In other words the reason for this bound is that the splitting prob-
ability for a feature is zero if it was split too many times relative to the other features.
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We now explain our choice of the target probabilities which preserves this property in the
p-dimensional case. We use the term "target" so that the probabilities are not confused
with the transition probabilities of the entire model. These transition probabilities de-
scribe the Markovian behavior of the entire model state (Bl,t)

p
l=1 for t ∈ N and are only

implicitly defined by (3.29) and the target probabilities below.
We prohibit the addition of balls to a container if the corresponding feature has already

been split too many times in relation to t/p. How many splits are too many is controlled
by a tuning parameter ∆. Lemma 3.7 below shows that this will lead to a deterministic
bound for Sl,t − t/p similar to the equality in (3.27). The target probability of a ball
leaving container i, for entering container j ̸= i is

ϱ((Sl,t)
p
l=1, j, i) =

I{pSj,t < t+ p∆}∑
l∈{1,...,p}\{i} I{pSl,t < t+ p∆} . (3.30)

The choice in (3.30) implies that we need to choose ∆ > B/p. It is necessary that
ϱ((Sl,t)

p
l=1, j, i) > 0 for at least one j ̸= i. Consider the start of the splitting procedure,

where each container has B balls. Assume that all the balls in containers 2 to p are chosen
in consecutive order and move into container one. At step t = (p − 1)B we then have
Sj,(p−1)B = B for j ∈ {2, . . . , p}. If B ≥ p∆ we have

pSj,t = pSj,(p−1)B = pB ≥ (p− 1)B + p∆ = t+ p∆

and hence ϱ((Sl,t)
p
l=1, j, i) = 0 for all j ̸= i. The model could not continue to operate in

this case.
When we construct an Ehrenfest tree, we start with one p-variate Ehrenfest model in

the first step. When a cell is split, we need two copies of the current state of the model
for the two child cells. From there on, the copies of the model evolve independently.

The lemma below gives us an almost sure bound for |Sj,k − k
p
| that does not depend

on k. This will directly lead to three corollaries with bounds for the three characteristics
introduced in Section 3.3.1.

Lemma 3.7. For the Ehrenfest tree on [0, 1]p with target probabilities given in (3.30) it
almost surely holds that

Sj,k ≤
k

p
+∆+ (p− 1)B =:

k

p
+ C

(1)
∆,B

and Sj,k ≥
k

p
− (p− 1)∆− (p− 1)2B =:

k

p
− C(2)

∆,B.

Proof. Without loss of generality we consider the splits in direction 1. From (3.30) we get
an upper bound for S1,t. We consider the step in which the bound in (3.30) is exceeded.
More precisely let t be such that pS1,t ≥ t+ p∆ and pS1,t−1 < t− 1+ p∆. This still yields
the upper bound

pS1,t = p(S1,t−1 + 1) < t− 1 + p∆+ p = t+ p∆+ (p− 1).

To exceed the threshold in time step t one ball had to leave container 1. Thus there can
be at most pB − 1 balls left in the container. For any s the fraction S1,s/s will be the
largest if all the balls leave the container consecutively. We get

pS1,t+pB−1 = p(S1,t+pB−1) = pS1,t+p
2B−p ≤ t+p∆+(p−1)+p2B−p = t+p∆+p2B−1.
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For s = t+ pB − 1 this is

pS1,s ≤ s+ p∆− pB + p2B = s+ p∆+ (p2 − p)B.

Since t and s were arbitrary and we considered the worst case we get for any t that

S1,t ≤
t

p
+∆+ (p− 1)B

which proves the first claim. Using this we get for any t that

S1,t = t−
p∑

l=2

Sl,t

≥ t− (p− 1)

(
t

p
+∆+ (p− 1)B

)
=
t

p
− (p− 1)∆ + (p− 1)2B.

Remark 3.8. The only thing that the proof of Lemma 3.7 uses about the probabilities
ϱ((Sl,t)

p
l=1, j, i), is that they are zero if pSj,t ≥ t + p∆. Hence Lemma 3.7 holds for any

adjusted probabilities

ϱ((Sl,t)
p
l=1, j, i) = w((Sl,t)

p
l=1, j, i)I{pSj,t < t+ p∆}

with weights w((Sl,t)
p
l=1, j, i) > 0 that satisfy∑
j∈{1,...,p}\{i}

w((Sl,t)
p
l=1, j, i)I{pSj,t < t+ p∆} = 1.

This allows for some flexibility in the distribution of the splits. How different choices of
the w((Sl,t)

p
l=1, j, i) and also of ∆ and B affect the performance remains to be analyzed.

The corollaries below use the above lemma to bound d(Ak(x0, ω)), V∩,k and Nf (k).

Corollary 3.9. For the Ehrenfest tree on [0, 1]p with target probabilities given in (3.30)
it almost surely holds that

d(Ak(x0, ω)) ≤
√
p2C

(1)
∆,B2−k/p = O(2−k/p).

Proof. Lemma 3.7 directly implies an almost sure bound for the diameter. We obtain

d(Ak(x0, ω))
2 =

p∑
l=1

2−2Sl(x0,ω) = 2−2k/p

p∑
l=1

22(k/p−Sl(x0,ω)) ≤ 2−2k/pp22C
(1)
∆,B

and taking the square root this yields the claim. The resulting term is O(2−k/p) because
C

(1)
∆,B does not depend on k.

Corollary 3.10. For the Ehrenfest trees on [0, 1]p with target probabilities given in (3.30)
it holds that

V∩,k ≥ 2−k2−p(C
(1)
∆,B+C

(2)
∆,B)/2 and V∩,k = Θ(2−k).
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Proof. Equation (3.21) gives us

V∩,k = E
[
2−

∑p
i=1 max{Sl(x0,ω1),Sl(x0,ω2)}

]
= 2−kE

[
2−

1
2

∑p
l=1 |Sl(x0,ω1)−Sl(x0,ω2)|

]
.

Lemma 3.7 yields for any ω that

k

p
− C(1)

∆,B ≤ Sl(x0, ω) ≤
k

p
+ C

(2)
∆,B.

Hence
|Sl(x0, ω1)− Sl(x0, ω2)| ≤ C

(1)
∆,B + C

(2)
∆,B

which leads to

V∩,k = 2−kE
[
2−

1
2

∑p
l=1 |Sl(x0,ω1)−Sl(x0,ω2)|

]
≥ 2−k2−p(C

(1)
∆,B+C

(2)
∆,B)/2.

This implies 2−k = O(V∩,k) because the constants do not depend on k and with the bound
V∩,k ≤ 2−k from (3.20) it holds that V∩,k = Θ(2−k).

Corollary 3.11. For the Ehrenfest tree on [0, 1]p with target probabilities given in (3.30)
it holds that Nf (k) = O(2k).
Proof. Lemma 3.7 implies

Sj,k ≤
k

p
+ C

(2)
∆,B

for all l and k. This implies that the size of the undividable sets is larger than or equal to

2−p( k
p
+C

(2)
∆,B) = 2−(k+pC

(2)
∆,B).

This implies for the number of the cells that

Nf (k) ≤ 2(k+pC
(2)
∆,B) = O(2k).

The above results will be used in the proofs of Chapter 4 and Chapter 5.

3.4 Kernel random forests
Kernel random forests (KeRF) introduced by Scornet (2016b) are regression estimators
similar to random forests but they utilize a different structure more similar to kernel
regression estimators such as the Nadaraya-Watson estimator (Nadaraya (1964), Watson
(1964)). Like random forests, they are based on an ensemble of tree-partitions of the
feature space. The primary distinction between these two estimators arises from the
method by which the observations are weighted within the estimation. KeRF can be
employed for the same variants of partition creation as random forests, including both
data dependent and purely random methods. The KeRF estimator corresponding to the
random forest in (3.2) is

m̂K
N,n(x0, (θj)

N
j=1,Dn) :=

∑N
i=1

∑
j∈Iθi

YjI{Xj ∈ An(x0, θi,Dn)}∑N
i=1

∑
j∈Iθi

I{Xj ∈ An(x0, θi,Dn)}
.
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Since we only focus on centered purely random forests in a U-statistic form we will do
the same for the KeRF. For the sake of simplicity, we will limit its consideration to the
complete version, which incorporates all trees. We denote

U (KRF)
n,rn,ω (x0) :=

∑
I∈Brn,n

∑
j∈I YjI{Xj ∈ Ak(x0, ωI)}∑

I∈Brn,n

∑
j∈I I{Xj ∈ Ak(x0, ωI)}

=

∑n
j=1 Yj

∑
I∈Brn,n:j∈I I{Xj ∈ Ak(x0, ωI)}∑n

j=1

∑
I∈Brn,n:j∈I I{Xj ∈ Ak(x0, ωI)}

. (3.31)

It is important to note that this estimator is not a U-statistic, although its numerator and
denominator are both U-statistics. The second representation implies that the estimator
is a weighted average of the Yj with weights∑

I∈Brn,n:j∈I I{Xj ∈ Ak(x0, ωI)}∑
I∈Brn,n

∑
i∈I I{Xi ∈ Ak(x0, ωI)}

=

∑
I∈Brn,n:j∈I I{Xj ∈ Ak(x0, ωI)}∑n

i=1

∑
I∈Brn,n:i∈I I{Xi ∈ Ak(x0, ωI)}

. (3.32)

The analogous weight in the standard random forest is

rn
n

1(
n−1
rn−1

) ∑
I∈Brn,n:j∈I

I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

, (3.33)

since

U (RF)
n,rn,ω(x0) =

n∑
j=1

Yj
rn
n

1(
n−1
rn−1

) ∑
I∈Brn,n:j∈I

I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

.

Their weights are the main difference between the KeRF and the standard random forest.
In the standard RF the trees are all weighted equally in the estimation of m(x0). Thus,
the weights of the Yj in (3.33) itself are an equally weighted average in the trees.

The KeRF is not an average of regression tree estimators. Nonetheless it depends on
the same collection of partitions. The weight of Yj from (3.32) is not weighted equally
in the partitions based on the ωI . Instead, the partition based on ωI is weighted more
heavily if its cell around x0 contains relatively many observations.

Thus, an advantage of the KeRF weights is that the estimator is less sensitive to
cells with few observations, and that cells containing no observations do not affect the
estimator. However, this structure can also lead to disadvantages in the estimation.
Consider a fixed x0 ∈ [0, 1]p and suppose that the Xj are not uniformly distributed. The
fact that the estimator weights partitions more heavily if they contain many observations
means that on average cells around x0 that contain regions of relatively higher density
are relatively more important in the estimation. If the density is larger in the regions of
the feature space that are more distant to x0, the weight of cells with larger diameters is
increased. For a general m, this can lead to a worse approximation error.

A natural question is how much the RF and KeRF estimators differ. Scornet (2016b,
Proposition 3) provides a general upper bound on∣∣∣m̂N,n(x0, (θj)

N
j=1,Dn)

m̂K
N,n(x0, (θj)

N
j=1,Dn)

− 1
∣∣∣, (3.34)
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and analyzes the upper bound for different partition schemes. For centered random forests
with partition depth k, the proposition implies that (3.34) converges to zero for the right
choice of k, for instance k = Θ((log2 n)/3), if the distribution of X is uniform. The bound
can be extended to the case where the density fX of X satisfies 0 < cX ≤ fX ≤ CX , but
in this case the upper bound does not converge to zero. This means that the uniform
assumption is necessary to prove asymptotic equivalence with this bound, but it may still
be possible to prove it with a different technique. In general, this suits the considerations
from above about the possible differences in the weights for a non constant density. KeRF
will reappear in Chapter 5, where we will prove confidence bands for the estimator from
(3.31).

While the focus of Chapter 4 is on CPRFs, the proof techniques should allow for CLTs
for KeRFs. One would have to apply Theorem 2.12 to the numerator of the estimator
and handle the denominator with Slutsky’s theorem. The U-statistic in the numerator
has an even simpler structure than the standard random forest U-statistic.
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Chapter 4

A central limit theorem for centered
purely random forests

In this chapter we will apply the results for generalized incomplete U-statistics, especially
Theorem 2.13, to the U-statistic version of the CPRF from Definition 3.2. Before stating
the results for the asymptotic normal distribution, we include a bound for the mean
squared error of a CPRF and compare the rates of the two variants from Section 3.3.
Following the results, we explain the proof strategy in Section 4.3 and give the detailed
proofs of all results in this chapter in Section 4.4.

From here on we assume that the training sample Dn = (Xi, Yi)
n
i=1 is from the regres-

sion model (2.1) under a few additional assumptions. The first assumption is that the
density fX of X satisfies

cX ≤ fX(x) ≤ CX (4.1)

for all x ∈ [0, 1]p with constants 0 < cX < CX <∞. The second assumption is that m is
Hölder continuous of order α ∈ (0, 1] with Hölder constant CH . Further, we require the
second moments of ε to exist and denote σ2 := Var(ε).

4.1 The mean squared error
For the mean squared prediction error of the complete U-statistic version of the CPRF
we get the following proposition.

Proposition 4.1. Consider a CPRF from Definition 3.2 and suppose 0 < cX ≤ fX ≤ CX ,
E [ε21] <∞, rn < n and m is Hölder continuous of order α ∈ (0, 1]. It then holds that

E
[(
U (RF)
n,rn,ω(x0)−m(x0)

)2]
= O

(
E [d(Ak(x0, ω))

α]2
)
+O((1− cX2−k)rn)

+O
(22kV∩,k

n

)
+O

(2krn
n2

)
.

The first term in the bound corresponds to the approximation error. We already
mentioned that it is controlled by the expected diameter of the cells. The second term
is necessary to bound the part of the approximation error that is caused by empty cells
that contain no observations. The final two terms are associated with the stochastic
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error. To elaborate, the first term corresponds to the first order contributions from the
Hoeffding-decomposition of the stochastic error, while the subsequent term corresponds
to the remaining components of the Hoeffding-decomposition.

We want to compare the MSE with that of a single regression tree. For an appropri-
ate comparison we consider a regression tree estimator for n observations. For a single
regression tree, a purely random partition is less practical than for a random forest.
Nonetheless, we consider a centered purely random tree since this is in line with the
random forest estimator. Similar to (3.1) we consider

m̃n(x0, ω,Dn) =
n∑

j=1

Yj
I{Xj ∈ Ak(x0, ω)}∑n
i=1 I{Xi ∈ Ak(x0, ω)}

.

For the regression tree, the first term in the bound of the MSE in Proposition 4.1 would
be E [d(Ak(x0, ω))

2α], which is larger due to Jensen’s inequality. The underlying cause
of this disparity is that the average diameter of numerous trees is close to the expected
diameter. This illustrates why a random forest has a smaller approximation error than
a regression tree. The assumption rn < n is necessary to ensure that the estimator uses
more than one subsample. In the second term, the exponent rn would be replaced by n.

Lemma 2.15 yields that the stochastic error of the regression tree fulfills

Var

(∑n
j=1 εjI{Xj ∈ Ak(x0, ω)}∑n
i=1 I{Xi ∈ Ak(x0, ω)}

)

= nσ2E

[(
I{X1 ∈ Ak(x0, ω)}

1 +
∑n

i=2 I{Xi ∈ Ak(x0, ω)}

)2
]

≤ CXnσ
22−kE

[(
1

1 +
∑n

i=2 I{Xi ∈ Ak(x0, ω)}

)2
]

≤ CXnσ
22−k2c−2

X

22k

n2

= O
(
2k

n

)
.

Thus, the rate of the stochastic error of the random forest is smaller, if 2kV∩,k = o(1)
and rn/n = o(1). The reason for the smaller stochastic error is, that the random forest
utilizes more observations for the estimation at a fixed x0. On average, the tree uses
nP(X1 ∈ Ak(x0, ω)) observations for the estimation of m(x0), which is the expected
number of observations in Ak(x0, ω). The random forest uses more observations, because
all observations with Xi ∈

⋃
I∈Brn,n

Ak(x0, ωI) affect the estimator at x0. On average this
are more than nP(X1 ∈ Ak(x0, ω)) and the effect is captured by the term 2kV∩,k ≤ 1.
The second term of the stochastic error corresponding to the higher order terms in the
Hoeffding-decomposition lacks a similar interpretation.

In total, the MSE rate of a CPRF is better than that of a comparable regression tree.
The gain in the approximation error depends on the behavior of the diameter. For the
stochastic error, we can conclude that the gain is at most polynomial in k for both CPRF
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types from Section 3.3. This is due to the fact that 2kV∩,k ≲ k−(p−1)/2, as demonstrated
in (3.25). Overall, the ensemble of trees in the random forest has two beneficial effects on
the mean squared error. It allows more observations to be used to estimate m(x0) than
in a single regression tree, and it also reduces the variance of the average diameter of the
cells around x0.

The corollary below shows the MSE rates for the Ehrenfest and uniform CPRF. In par-
ticular, the appropriate choice of k leads to the minimax optimal rate, see e.g. Tsybakov
(2009), for Ehrenfest CPRF. With the (approximately) best choice for k, the uniform
CPRF does not achieve this rate.

Corollary 4.2. Suppose 0 < cX ≤ fX ≤ CX , E [ε21] < ∞, rn < n and that m is Hölder
continuous of order α ∈ (0, 1]. For the Ehrenfest CPRF it holds that

E
[
(U (RF)

n,rn,ω(x0)−m(x0))
2
]
= O(2−2αk/p) +O

(2k
n

)
+O((1− cX2−k)rn).

If k = ⌊log2(ckn
1

(1+2α/p) )⌋ for a constant ck and rn = O(n) satisfies n
1

(1+2α/p) log n = o(rn),
it holds that

E
[
(U (RF)

n,rn,ω(x0)−m(x0))
2
]
= O(n− 2α

2α+p ).

For b(p, α) = (p− 1 + 2−α)/p the uniform CPRF satisfies

E
[(
U (RF)
n,rn,ω(x0)−m(x0)

)2]
= O

(
b(p, α)2k

)
+O((1− cX2−k)rn)

+O
(2kk−(p−1)/2

n

)
+O

(2krn
n2

)
.

For a constant ck and ν = 2 log2 b(p,α)
2 log2 b(p,α)−1

choose k = ⌊log2(ck(n(log2 n)(p−1)/2)1−ν)⌋. If
rn = Θ(nk−(p−1)/2), it holds that

E
[(
U (RF)
n,rn,ω(x0)−m(x0)

)2]
= O

((
n(log2 n)

(p−1)/2
)−ν
)
.

We note that b(p, α) < 1 implies that ν > 0. The bound b(p, α) ≥ 2−α/p from (3.24)
further implies

ν =
2 log2 b(p, α)

2 log2 b(p, α)− 1
≤ −2α/p
−2α/p− 1

=
2α

2α + p
, (4.2)

because g(ξ) = ξ/(ξ − 1) is monotonically decreasing for ξ ∈ (−∞, 1). Therefore, in the
case of p > 1, the rate of the uniform CPRF is worse than the rate of the Ehrenfest
CPRF. In particular, it is not minimax optimal. If m is Lipschitz continuous the rate
of the uniform CPRF matches that of Klusowski (2021, Theorem 2), which cannot be
improved.

Mourtada et al. (2020) proved that Mondrian trees and forests, which are purely ran-
dom, reach the minimax optimal rate over the class of α-Hölder functions for α ∈ (0, 1].
To the best of our knowledge, their result is the first to do so for any purely random
forest. Although the convergence rate is the same for single trees and forests, they dis-
cuss that forests perform better in practice. They attribute this disparity to the smaller
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approximation error of forests compared to single trees. They further prove that Mon-
drian forests benefit from additional smoothness of the regression function, while single
Mondrian trees do not, which explains the disparity in some cases. The approximation
error rate for Ehrenfest trees and forests is also the same due to the almost sure bound
on the diameter. However, it seems possible that a similar result for smoother regression
functions may hold for the Ehrenfest CPRF. A notable difference from our work is that
Mourtada et al. (2020) do not incorporate subsampling for the trees, but instead use the
entire training sample for the estimation performed by each tree.

To reach its optimal rate, the Ehrenfest CPRF only needs that n
1

(1+2α/p) log n = o(rn),
which ensures 2k log n = o(rn) but allows rn = Θ(n). In order to optimize the rate of
the uniform CPRF, it is necessary that rn/n converges to zero at a logarithmic rate.
For rn = Θ(n), the rate of the term corresponding to the higher order terms from the
Hoeffding-decomposition would be larger. This finding indicates that the construction of
confidence intervals for the uniform CPRF based on these specific bounds is not possible
when rn = Θ(n). A smaller choice of rn is eligible, provided that the term corresponding
to the nonempty cells is sufficiently small.

4.2 The central limit theorem
In this section we will finally state the central limit theorem, but first we need several
definitions. Let us denote

px0(ω) := P(X1 ∈ Ak(x0, ω) | ω) and (4.3)
px0 := E[px0(ω)] = P(X1 ∈ Ak(x0, ω)). (4.4)

In general, these terms are functions in x0 as soon as the density is not constant. However,
they are strongly connected with the density and

px0(ω) = P(X1 ∈ Ak(x0, ω) | ω) =
∫
Ak(x0,ω)

fX(x)dx. (4.5)

By construction of the centered trees, it holds that∫
Ak(x0,ω)

dx = 2−k

and thus (4.1) implies

cX2
−k ≤ px0(ω) ≤ CX2

−k and (4.6)
cX2

−k ≤ px0 ≤ CX2
−k. (4.7)

Let us define
Kk(x0, x) = E

[
I{x ∈ Ak(x0, ω)}px0(ω)

−1
]
, (4.8)

which can be seen as a kernel function. We denote its second moment by

Ψk(x0) := E
[
Kk(x0, X1)

2
]
. (4.9)
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Remark 4.3. The term
P(x ∈ Ak(x0, ω))

is related to the above kernel. IfX1 is uniformly distributed, it is equal toKk(x0, x)2
−k and

otherwise it is Θ(Kk(x0, x)2
−k). Scornet (2016b) call this function the connection function

of the infinite random forest. They calculate the function explicitly for a centered RF
with uniform distribution of the split directions. The formula can be found in Proposition
5 of their article, which also includes a graphical representation.

Theorem 4.4. Consider a CPRF from Definition 3.2 and suppose 0 < cX ≤ fX ≤ CX ,
E [ε61] <∞ and m is Hölder continuous of order α ∈ (0, 1]. Under the conditions

rn
n2kV∩,k

→ 0, (4.10)

n

N22kV∩,k
→ 0, (4.11)

2k

rn
log
(
n2−2kV−1

∩,k
)
→ 0, (4.12)

E [d(Ak(x0, ω))
α]2

n

22kV∩,k
→ 0, (4.13)

it holds that √
n

Ψk(x0)

(
U

(RF)
n,rn,N,ω(x0)−m(x0)

)
d→ N (0, σ2). (4.14)

Assumption (4.11) ensures that the number of trees is sufficiently large to reduce the
variance to that of the complete U-statistic case. As previously mentioned in Remark
3.4, the cell size in a CPRF is 2−k, and 2−k/p is comparable to the bandwidth for kernel
regression estimators. The condition in (4.12) is necessary to prevent cells in the tree
partitions that contain no observation. The last assumption in (4.13) is an undersmooth-
ing assumption. An assumption of this type is standard in the theory and necessary for
the dominance of the stochastic error over the approximation error. It implies that the
bandwidth parameter 2−k/p needs to be slightly smaller than the choice that optimizes the
means squared error. Condition (4.10) ensures that the first order terms in the Hoeffding-
decomposition of the stochastic error are asymptotically leading. It is derived from the
condition ζnrn/(nζ

n
1,ω)→ 0 from Theorem 2.13.

Remark 4.5. According to Peng et al. (2022) the condition ζnrn/(nζ
n
1,ω)→ 0 from Theorem

2.13 can be weakened to
rn
n

(
ζnrn
rnζn1,ω

− 1

)
→ 0.

This suggests that the assumption rn/n→ 0 might be circumvented. In order to achieve
this objective, it is necessary that ζnrn(rnζ

n
1,ω)

−1 → 1. For the Ehrenfest CPRF the aux-
iliary results in this chapter allow to prove that ζnrn(rnζ

n
1,ω)

−1 = O(1). Nevertheless the
precision of our results is insufficient to prove the convergence to one due to the lack of
sharpness in several bounds. With V∩,k ≤ 2−k (4.10) implies that

rn
n
≤ rn
n2kV∩,k

→ 0

is a necessary condition.
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If we want to apply Theorem 4.4, for example to get confidence intervals we need to cal-
culate the variance term Ψk(x0). Equation (4.20) below yields that Ψk(x0) = Θ(22kV∩,k)
for every x0. However, it is not always possible to get a closed form solution of this term,
even if the distribution of X is known. It is determined by the distribution of ω and X. If
the distribution of X is known, we can get an arbitrarily close Monte Carlo approximation
of the term by simulating enough copies of X and ω. If the distribution of X is not known
one could either estimate the density of X first, or one could use bootstrap samples to
estimate Ψk(x0).

For the Ehrenfest CPRF and the uniform CPRF we get the corollaries below. Their
proofs are postponed to Section 4.4.1, following the proof of Theorem 4.4.

Corollary 4.6. Consider the Ehrenfest CPRF and suppose 0 < cX ≤ fX ≤ CX , E [ε61] <
∞ and m is Hölder continuous of order α ∈ (0, 1]. Under the assumptions

rn
n
→ 0,

n

N2k
→ 0,

2k

rn
log
(
n2−k

)
→ 0,

and 2−2αk/p n

2k
→ 0,

the convergence in distribution in (4.14) holds. The tuning parameters rn = ⌊n(log n)−1⌋
and k = ⌊log2((log n)n

p
p+2α )⌋ fulfill the assumptions above and imply that the asymptotic

variance in (4.14) satisfies

Ψk(x0)/n = Θ
(
n− 2α

2α+p (log n)
)
.

It is noteworthy that the above choice for 2k exceeds the value presented in Corol-
lary 4.2 by a logarithmic term. This is a required consequence of the undersmoothing
assumption (4.13). The asymptotic variance rate is larger than the optimal MSE rate by
a factor of log n for the same reason. For the optimal MSE rate, it was possible to choose
rn = Θ(n), which is not eligible here due to the first assumption regarding the terms in
the Hoeffding-decomposition. The corollary below gives us the asymptotic distribution of
the uniform CPRF.

Corollary 4.7. Consider the uniform CPRF and suppose 0 < cX ≤ fX ≤ CX , E [ε61] <∞
and m is Hölder continuous of order α ∈ (0, 1]. Under the assumptions

rnk
(p−1)

n
→ 0,

nk(p−1)

N2k
→ 0,

2k

rn
log
(
n2−kk(p−1)

)
→ 0,

and
(
p− 1 + 2−α

p

)2k
nk(p−1)

2k
→ 0,
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the convergence in distribution in (4.14) holds. For ν as in Corollary 4.2 the tuning
parameters k = ⌊log2(ck(n(log2 n)p)1−ν)⌋ and rn = ⌊n(log2 n)−p⌋ fulfill the assumptions
above and imply that the asymptotic variance in (4.14) satisfies

Ψk(x0)/n = O
(
n−ν(log2 n)

p(1/2−ν)+1/2
)
.

Once more, k is larger than in Corollary 4.2. We recall that 0 < ν ≤ 2α
2α+p

, see (4.2),
which yields

p(1/2− ν) + 1/2 ≥ p

(
1/2− 2α

2α + p

)
+ 1/2 ≥ p

(
1/2− 2

2 + p

)
+ 1/2 > 0

for any p ∈ N. Therefore, the logarithmic term in the asymptotic variance rate has a
positive exponent. This implies that the rate is larger than the MSE rate in Corollary
4.2. Further, rn is smaller by (log2 n)

−(p+1)/2 due to the first assumption and the gap
between the lower and upper bound for V∩,k in (3.25).

The upper bound for ν illustrates that the asymptotic variance rate for the uniform
CPRF is larger than the one for the Ehrenfest CPRF in Corollary 4.6. The primary
factor contributing to this discrepancy is the greater approximation error associated with
the fourth assumption. As is the case with the MSE, the assumptions on rn are more
restrictive for the uniform CPRF. This is caused by the disparity in the rate of V∩,k in
comparison to the Ehrenfest case.

4.3 Proof strategy
To prove the central limit theorem, we use the error decomposition of the U-statistic
estimator in (3.13) and treat the two error terms separately. We will prove that the
approximation error converges to zero in probability at a sufficiently fast rate. Simi-
lar bounds are also used when proving consistency of a random forest, see for example
Klusowski (2021, Theorem 1).

For the stochastic error we will apply Theorem 2.13. To use the result we need to
calculate and bound the terms

ζn1,ω(x0) = Var
(
E[h(ε)n (Z1, . . . , Zrn , ω) | Z1]

)
(4.15)

and ζnrn(x0) = Var
(
h(ε)n (x0, Z1, . . . , Zrn , ω)

)
. (4.16)

We note that ζn1,ω(x0) is the variance of h(ε)n,1 from the Hájek projection, see (2.23). From
here on these terms will correspond to the U-statistic U (ε)

n,rn,N,ω even though this is not
denoted through their notation. We point out that they depend on the fixed point x0
at which we consider the estimator. The application of Theorem 2.13 leads to the first
statement in the theorem below. The second statement follows by the connection of ζn1,ω
and ζnrn to Ψk and V∩,k if N is large enough.

Theorem 4.8. For a centered purely random forest suppose that

rn
n2kV∩,k

→ 0, (4.17)
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Chapter 4. A central limit theorem for centered purely random forests

further assume that E [ε61] < ∞ and that 2k ≤ crn for some sufficiently small c > 0. For
the incomplete U-statistic U (ε)

n,rn,N,ω(x0) with ζn1,ω(x0) from (4.15) and ζnrn(x0) from (4.16)
it holds that

U
(ε)
n,rn,N,ω(x0)√

r2nζ
n
1,ω(x0)/n+ ζnrn(x0)/N

d→ N (0, 1).

If the additional conditions 2k = o(rn) and
n

Nrn2kV∩,k
→ 0 (4.18)

are met the convergence is reduced to

U
(ε)
n,rn,N,ω(x0)√
Ψk(x0)/n

d→ N (0, σ2).

In the calculations and bounds for ζn1,ω and ζnrn , the terms Ψk and V∩,k will appear.
We briefly explain the connection of the latter two. From (3.17) we have

V∩,k = E
[∫

Ak(x0,ω1)∩Ak(x0,ω2)

dx

]
,

which is the expected volume of Ak(x0, ω1) ∩ Ak(x0, ω2). It holds that

E [I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)}] = E [E [I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)} | ω1, ω2]]

= E
[∫

Ak(x0,ω1)∩Ak(x0,ω2)

fX(x)dx

]
.

Using the assumptions on the density from (4.1) we have

cXV∩,k ≤ E [I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)}] ≤ CXV∩,k. (4.19)

The bound on px0(ω) in (4.6) yields

Ψk(x0) = E
[
Kk(x0, X1)

2
]

= E
[
E
[
I{X1 ∈ Ak(x0, ω1)}

1

px0(ω1)
| X1

]
E
[
I{X1 ∈ Ak(x0, ω2)}

1

px0(ω2)
| X1

]]
≤ c−2

X 22kE [E [I{X1 ∈ Ak(x0, ω1)} | X1]E [I{X1 ∈ Ak(x0, ω2)} | X1]]

= c−2
X 22kE [E [I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)} | X1]]

= c−2
X 22kE [I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)}] ,

and similarly
Ψk(x0) ≥ C−2

X 22kE [I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)}] .
Together with (4.19) this yields

cX
C2

X

22kV∩,k ≤ Ψk(x0) ≤
CX

c2X
22kV∩,k (4.20)

uniformly in x0 ∈ [0, 1]p. That means for all x0 that Ψk(x0) = Θ(22kV∩,k). For the
Ehrenfest CPRF we know that this has the exact rate 2−k. With these observations we
can prove bounds for ζn1,ω(x0) and ζnrn(x0), which will allow the application of Theorem
2.13.
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4.4 Proofs
This section contains all the proofs in the chapter. First, the proof of Theorem 4.4 and its
corollaries are presented in Section 4.4.1. Next, the proof of Proposition 4.1 and Corollary
4.2 are provided in Section 4.4.2. Subsequently, we prove Theorem 4.8 in Section 4.4.3.
The proofs of Lemma 4.10 and Lemma 4.11 used there can be found in Section 4.4.5.

The proofs of Theorem 4.4 and Proposition 4.1 require the following proposition re-
garding the approximation error, the proof of which is postponed to Section 4.4.4.

Proposition 4.9. Suppose ρI ∼ Ber(N
(
n
rn

)−1
), 0 < cX ≤ fX ≤ CX and m is Hölder

continuous of order α with constant CH . For the absolute approximation error it holds
that

E

[
N̂

N

∣∣U (m)
n,rn,N,ω(x0)−m(x0)

∣∣]
≤ 2√

N
∥m∥∞ + CHE [d(Ak(x0, ω))

α] + |m(x0)|(1− cX2−k)rn .

and for a constant C independent of all parameters and the distributions of all considered
random variables the squared approximation error fulfills

E

[
N̂2

N2
(U

(m)
n,rn,N,ω(x0)−m(x0))

2

]

≤ C

(
1

N
∥m∥2∞ + C2

HE [d(Ak(x0, ω))
α]2 + C2

H

pα(
n
rn

) + |m(x0)|2(1− cX2−k)rn
)
.

In the complete U-statistic case it holds that

E
[
|U (m)

n,rn,ω(x0)−m(x0)|
]
≤ CHE [d(Ak(x0, ω))

α] + |m(x0)|(1− cX2−k)rn

and

E
[
(U (m)

n,rn,ω(x0)−m(x0))
2
]

≤
(
C2

HE [d(Ak(x0, ω))
α]2 + C2

H

pα(
n
rn

) + |m(x0)|2(1− cX2−k)rn
)
.

4.4.1 Proof of Theorem 4.4, Corollary 4.6 and Corollary 4.7

In this section we gather the proof of Theorem 4.4 and its corollaries.

Proof of Theorem 4.4. We use that

U
(RF)
n,rn,N,ω(x0)−m(x0) = U

(ε)
n,rn,N,ω(x0) + U

(m)
n,rn,N,ω(x0)−m(x0).

Condition (4.11) and (4.12) imply

n

Nrn2kV∩,k
=

n

N22kV∩,k
2k

rn
→ 0.
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Together with (4.10) the second statement in Theorem 4.8 yields

U
(ε)
n,rn,N,ω(x0)√
Ψk(x0)/n

d→ N (0, σ2).

With (4.20) we have
(Ψk(x0)/n)

−1/2 = O
(
n1/22−kV−1/2

∩,k
)

Condition (4.12) implies

n2−2kV−1
∩,k(1− cX2−k)2rn → 0.

Thus, Proposition 4.9 yields

E

[
N̂

N
|U (m)

n,rn,N,ω(x0)−m(x0)|
]
(Ψk(x0)/n)

−1/2

= O
(
n1/22−kV−1/2

∩,k N−1/2
)
+O

(
E [d(Ak(x0, ω))

α]n1/22−kV−1/2
∩,k

)
+O

(
n1/22−kV−1/2

∩,k (1− cX2−k)rn
)

→ 0

due to (4.11) and (4.13). The assumption N →∞ implies N̂/N P→ 1 and with Slutsky’s
theorem we obtain

U
(m)
n,rn,N,ω(x0)−m(x0)√

Ψk(x0)/n

P→ 0

which implies the claim.

Proof of Corollary 4.6. The corollary follows directly from Theorem 4.4 by plugging in
d(Ak(x0, ω)) = O(2−k/p) and V∩,k = Θ(2−k) which are the results of Corollary 3.9 and
Corollary 3.10. For the second statement let k = ⌊log2((log n)n

1
(1+2α/p) )⌋ and rn =

⌊n(log n)−1⌋. The undersmoothing assumption holds because

n2−k(1+2α/p) ≲ n
(
(log n)n

1
(1+2α/p)

)−(1+2α/p)

≲ (log n)−1 → 0.

Further the choice for rn yields

2k

rn
log
(
n2−k

)
≲ (log n)2n

1
(1+2α/p)

−1 log
(
n2−k

)
= (log n)2 log

(
n2−k

)
n− 2α

p+2α → 0

and rn = o(n). Lastly (4.20) yields

Ψk(x0)/n = Θ(22kV∩,k/n) = Θ(2k/n) = Θ((log n)n− 2α
2α+p ).
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Proof of Corollary 4.7. The corollary is directly deduced from (3.23) and (3.25), as these
yield

E[d(Ak(x0, ω))
α] ≤ p

(
p− 1 + 2−α

p

)k

and V∩,k ≳ 2−kk−(p−1). For b(p, α) = (p − 1 + 2−α)/p < 1 and ν = 2 log2 b(p,α)
2 log2 b(p,α)−1

as in
Corollary 4.2 choose

k = log2(ck(n(log2 n)
p)1−ν)

= (1− ν) log2(n) + log2(ck(log2 n)
p(1−ν))

= O(log2 n) (4.21)

and rn = Θ(n(log2 n)
−p). This yields

rnk
(p−1)

n
≲ (log2 n)

−1 → 0

as well as

2k

rn
log
(
n2−kk(p−1)

)
≲

(n(log2 n)
p)1−ν

n(log2 n)
−p

log
(
nc−1

k (n(log2 n)
p)ν−1(log2 n)

p−1
)

= n−ν(log2 n)
p(2−ν) log

(
nνc−1

k (log2 n)
pν−1

)
→ 0.

We obtain

b(p, α)2k = (2k)2 log2 b(p,α)

=
(
c
1/(1−ν)
k n(log2 n)

p
)(1−ν)2 log2 b(p,α)

≲ (n logp2 n)
−ν .

which yields

b(p, α)2k
nk(p−1)

2k
≲ (n logp2 n)

−ν n (log2(ck(n(log2 n)
p)1−ν))

p−1

(n(log2 n)
p)1−ν

= (log2 n)
−p ((1− ν) log2 n+ log2(ck(log2 n)

(1−ν)p)
)p−1

≲ (log2 n)
−p ((1− ν) log2 n)p−1

≲ (log2 n)
−1 → 0.

Lastly (4.21), (4.20) and (3.25) yield

Ψk(x0)/n = Θ(22kV∩,k/n)
= O

(
2kk−(p−1)/2/n

)
.

= O
(
(n(log2 n)

p)1−ν(log2 n)
−(p−1)/2/n

)
= O

(
n−ν(log2 n)

p(1−ν)−(p−1)/2
)

= O
(
n−ν(log2 n)

p(1/2−ν)+1/2
)
.
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4.4.2 Proof of Proposition 4.1 and Corollary 4.2

Proof of Proposition 4.1. We use that

E
[(
U (RF)
n,rn,ω(x0)−m(x0)

)2]
= E

[(
U (m)
n,rn,ω(x0)−m(x0)

)2]
+ E

[
U (ε)
n,rn,ω(x0)

2
]
.

In the complete U-statistic case Proposition 4.9 yields

E
[(
U (m)
n,rn,ω(x0)−m(x0)

)2]
= O

(
E [d(Ak(x0, ω))

α]2
)
+O((1− cX2−k)rn) +O

((
n

rn

)−1
)
. (4.22)

For the second term (2.27) implies with Lemma 4.11, Lemma 4.10 and (4.20) that

E
[(
U (ε)
n,rn,ω(x0)

)2]
= Var

(
U (ε)
n,rn,ω(x0)

)
≤ r2n

n
ζn1,ω(x0) +

r2n
n2
ζnrn(x0)

= O
(
1

n
Ψk(x0)

)
+O

(
2krn
n2

)
= O

(
22kV∩,k
n

)
+O

(
2krn
n2

)
. (4.23)

Noting that rn < n implies that

1(
n
rn

) = O
(
1

n

)
= O

(
22kV∩,k
n

)
,

(4.22) and (4.23) yield the claim.

Proof of Corollary 4.2 . For the whole proof we can omit the term with the binomial
coefficient from Proposition 4.1, because

(
n
rn

)
≥ n if rn < n. We use Proposition 4.1,

Corollary 3.9 and Corollary 3.10 to obtain

E
[(
U (RF)
n,rn,ω(x0)−m(x0)

)2]
= O(E [d(Ak(x0, ωI))

α]2) +O((1− cX2−k)rn)

+O
(22kV∩,k

n

)
+O

(2krn
n2

)
= O(2−2αk/p) +O((1− cX2−k)rn) +O

(2k
n

)
because rn/n ≤ 1. If we choose k = ⌊log2(ckn

1
(1+2α/p) )⌋ which implies 2k = Θ(n

1
(1+2α/p) ) we

get

E
[(
U (RF)
n,rn,ω(x0)−m(x0)

)2]
= O(2−2αk/p) +O

(
2k/n

)
+O((1− cX2−k)rn)

= O(n− 2α/p
(1+2α/p) ) +O

(
n

1
(1+2α/p)

−1)+O((1− cXn− 1
(1+2α/p) )rn)
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= O(n− 2α
p+2α )

because

(1− cXn− 1
(1+2α/p) )rnn

2α
p+2α = O

(
exp(−cXrnn− 1

(1+2α/p) + 2α
p+2α

log n)
)
= o(1)

due to the assumption on rn. For the uniform CPRF, Proposition 4.1, (3.23) and (3.25)
yield

E
[(
U (RF)
n,rn,ω(x0)−m(x0)

)2]
= O

((
p− 1 + 2−α

p

)2k
)

+O((1− cX2−k)rn)

+O
(
2kk−(p−1)/2

n

)
+O

(
2krn
n2

)
. (4.24)

Using rn = Θ(nk−(p−1)/2) the last two terms have the same rate. The choice of k implies
k = O(log2 n). Using this, the choice of rn and 2k = ck(n(log2 n)

(p−1)/2)1−ν it holds that

(1− cX2−k)rn = O(exp(−cXrn2−k))

= O
(
exp

(
−cXnk−(p−1)/2c−1

k (n(log2 n)
(p−1)/2)ν−1

))
= O

(
exp

(
−cXc−1

k nν(log2 n)
−(p−1)/2(log2 n)

(p−1)(ν−1)/2
))

= O
(
exp

(
−cXc−1

k nν(log2 n)
(ν−2)(p−1)/2

))
= O

((
n(log2 n)

(p−1)/2
)−ν
)

because ν > 0. Thus, it remains to handle the first and third term in (4.24). Recalling
the definition of b(p, α) and ν we get

b(p, α)2k = 22k log2 b(p,α)

= (2k)2 log2 b(p,α)

=
(
n(log2 n)

(p−1)/2
)(1−ν)2 log2 b(p,α)

=
(
n(log2 n)

(p−1)/2
)−ν

.

For the last term we obtain

2kk−(p−1)/2

n
= n−1(n(log2 n)

(p−1)/2)1−ν
{
log2

(
ck(n(log2 n)

(p−1)/2)1−ν
)}−(p−1)/2

= n−ν
(
(log2 n)

(p−1)/2
)1−ν {

log2
(
ck(n(log2 n)

(p−1)/2)1−ν
)}−(p−1)/2

= n−ν
(
(log2 n)

(p−1)/2
)1−ν {

log2(n
1−ν) + log2

(
ck(log2 n)

(p−1)(1−ν)/2
)}−(p−1)/2

≲ n−ν
(
(log2 n)

(p−1)/2
)1−ν {

log2(n
1−ν)

}−(p−1)/2

≲ n−ν
(
(log2 n)

(p−1)/2
)1−ν {

logp−1
2 (n)

}−1/2

=
(
n(log2 n)

(p−1)/2
)−ν

which completes the proof.
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4.4.3 Proof of Theorem 4.8

The proof of Theorem 4.8 relies on the following two lemmas, which deal with the functions
ζnrn(x0) and ζn1,ω(x0). Their proofs are postponed to Section 4.4.5.

Lemma 4.10. For the ζnrn that corresponds to the incomplete U-statistic U (ε)
n,rn,N,ω(x0) it

holds that

ζnrn(x0) = σ2E
[
I{∑rn

i=1 I{Xi ∈ Ak(x0, ω)} > 0}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

]
≤ σ2 2k+1

(rn + 1)cX
.

Lemma 4.11. We define
λ(h, ξ) := 1− (1− ξ)h. (4.25)

For the ζn1,ω(x0) from (2.17) that corresponds to the incomplete U-statistic U (ε)
n,rn,N,ω(x0) it

holds that

h
(ε)
n,1(Z1) =

ε1
rn

E
[
I{X1 ∈ Ak(x0, ω)}px0(ω)

−1λ(rn, px0(ω))|X1

]
, (4.26)

ζn1,ω(x0) =
σ2

r2n
E
[
I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)}

px0(ω1)px0(ω2)
λ(rn, px0(ω1))λ(rn, px0(ω2))

]
,

ζn1,ω(x0) ≥
σ2

r2n
Ψk(x0)λ(rn, cX2

−k)2,

ζn1,ω(x0) ≤
σ2

r2n
Ψk(x0).

Remark 4.12. If X is uniformly distributed we have px0(ω) = 2−k and therefore

ζn1,ω(x0) = σ2V∩,k
(
2k

rn

)2 (
1− (1− 2−k)rn

)2
.

Proof of Theorem 4.8. We want to apply Theorem 2.13 and therefore need to check its
assumptions. We prove (2.24), (2.25) and the condition on the moments of h(ε)n in this
order. Using the results of Lemma 4.10 and Lemma 4.11 we get

ζnrn(x0)

nζn1,ω(x0)
≤ 1

n

2k+1

(rn + 1)cX
r2nΨ

−1
k (x0)λ(rn, cX2

−k)−2

≤ 2

cX

2krn
n

C2
X

cX
2−2kV−1

∩,kλ(rn, cX2
−k)−2

=
2C2

X

c2X

rn
n2kV∩,k

λ(rn, cX2
−k)−2

because of (4.20). Using the assumption that 2k ≤ crn we get that

λ(rn, cX2
−k)−2 =

(
1− (1− cX2−k)rn

)−2

≤
(
1− (1− cX

crn
)rn
)−2

→ (1− exp(−cX/c))−2
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which implies λ(rn, cX2−k)−2 = O(1). Therefore (2.24) holds with (4.17). We proceed
with (2.25) and first note that (4.26) from Lemma 4.11, (4.6) and λ(rn, px0(ω)) ≤ 1 yield

h
(ε)
n,1(Z1) =

ε1
rn

E
[
I{X1 ∈ Ak(x0, ω)}px0(ω)

−1λ(rn, px0(ω))|X1

]
≤ ε1

2k

cXrn
E [I{X1 ∈ Ak(x0, ω)}|X1] .

For δ = 1 we obtain with the lower bound for ζn1,ω from Lemma 4.11, λ(rn, cX2−k)−1 =
O(1) from above and (4.20) that

E
[
|h(ε)n,1(Z1)|3

]2
n(ζn1,ω)

3
≤ E

[
|ε1|3

]2( 2k

cXrn

)6 E
[
E [I{X1 ∈ Ak(x0, ω)}|X1]

3]2
n
(

σ2

r2n
Ψk(x0)λ(rn, cX2−k)2

)3
≲ 26k

E
[
E [I{X1 ∈ Ak(x0, ω)}|X1]

2]2
n (22kV∩,k)3

=
1

nV∩,k
= O

(
rn

n2kV∩,k

)
→ 0

due to (4.17).
We note that ϑn = E[h(ε)n ] = 0, hence the last condition we need to check is

E
[
|h(ε)n (x0, Z1, . . . , Zrn , ω)|2l

]
E
[
|h(ε)n (x0, Z1, . . . , Zrn , ω)|l

]2 ≤ C

for l = 2, 3 and a constant C. We recall the definition of h(ε)n from (3.11) and the
abbreviated notation of the weights from (3.10) with

h(ε)n (x0, Z1, . . . , Zrn , ω) =
rn∑
j=1

εjWj,k(x0, ω).

We start with l = 2. We use that E[ε1] = 0 and cX2
−k ≤ px0(ω) ≤ CX2

−k, and with the
usual arguments involving the conditional expectation we obtain

E
[
h(ε)n (x0, Z1, . . . , Zrn , ω)

4
]

= E

[( rn∑
j=1

εjWj,k(x0, ω)

)4
]

= E

[
rn∑
j=1

ε4jWj,k(x0, ω)
4

]
+ 3E

[
rn∑
j=1

rn∑
i=1,i ̸=j

ε2jε
2
iWj,k(x0, ω)

2Wi,k(x0, ω)
2

]
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= rnE
[
ε41
]
E

[
I{X1 ∈ Ak(x0, ω)}

(1 +
∑rn

i=2 I{Xi ∈ Ak(x0, ω)})4

]

+ 3rn(rn − 1)σ4E

[
I{X1, X2 ∈ Ak(x0, ω)}

(2 +
∑rn

i=3 I{Xi ∈ Ak(x0, ω)})4

]

≤ rn2
−kCXE

[
ε41
]
E

[(
1 +

rn∑
i=2

I{Xi ∈ Ak(x0, ω)}
)−4

]

+ 3rn(rn − 1)2−2kC2
Xσ

4E

[(
2 +

rn∑
i=3

I{Xi ∈ Ak(x0, ω)}
)−4

]

≤ rn2
−kCX

(
E
[
ε41
]
+ 3rn2

−kCXσ
4
)
E

[(
1 +

rn∑
i=2

I{Xi ∈ Ak(x0, ω)}
)−4

]
≤ r2n2

−2kCX

(
E
[
ε41
]
c+ 3CXσ

4
)
24kc−4

X

24

r4n

= r−2
n 22k

24CX

c4X

(
E
[
ε41
]
c+ 3CXσ

4
)

= O(r−2
n 22k) (4.27)

by using Lemma 2.15. Similarly we obtain

E
[
h(ε)n (x0, Z1, . . . , Zrn , ω)

2
]

= E

[( rn∑
j=1

εjWj,k(x0, ω)

)2
]

= E

[
rn∑
j=1

ε2jW
2
j,k(x0, ω)

]

= σ2rnE

[
I{X1 ∈ Ak(x0, ω)}

(1 +
∑rn

i=2 I{Xi ∈ Ak(x0, ω)})2

]

≥ σ2rncX2
−kE

[
1

(1 +
∑rn

i=2 I{Xi ∈ Ak(x0, ω)})2

]
≥ σ2rncX2

−k22kC−2
X

2

rn(rn + 1)

(
1− (rn + 1)CX2

−k(1− cX2−k)rn − (1− cX2−k)rn+1
)

= σ22cX
C2

X

2k

(rn + 1)

(
1− (rn + 1)CX2

−k(1− cX2−k)rn − (1− cX2−k)rn+1
)
. (4.28)

If 2k/rn is sufficiently small the term in the brackets is larger or equal than a constant.
With (4.27) this leads to

E
[
h
(ε)
n (x0, Z1, . . . , Zrn , ω)

4
]

E
[
h
(ε)
n (x0, Z1, . . . , Zrn , ω)

2
]2 = O

(
r−2
n 22k

(rn + 1)2

22k

)
= O(1).
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We continue with l = 3. With (2.7) and analogue arguments to the first case we get

E
[
h(ε)n (x0, Z1, . . . , Zrn , ω)

6
]

= E

[( rn∑
j=1

εjWj,k(x0, ω)

)6
]

≤ C6,2E

[( rn∑
j=1

ε2jW
2
j,k(x0, ω)

)3
]

= C6,2E

[
rn∑
j=1

rn∑
i=1

rn∑
l=1

ε2jε
2
i ε

2
lWj,k(x0, ω)

2Wi,k(x0, ω)
2Wl,k(x0, ω)

2

]

= C6,2

rn∑
j=1

rn∑
i=1

rn∑
l=1

E
[
ε2jε

2
i ε

2
lWj,k(x0, ω)

2Wi,k(x0, ω)
2Wl,k(x0, ω)

2
]

= C6,2

rn∑
j=1

E
[
ε6jWj,k(x0, ω)

6
]

+ C6,23
rn∑
j=1

rn∑
i=1,i ̸=j

E
[
ε4jε

2
iWj,k(x0, ω)

4Wi,k(x0, ω)
2
]

+ C6,2

rn∑
j=1

rn∑
i=1,i ̸=j

rn∑
l=1,l ̸∈{j,i}

E
[
ε2jε

2
i ε

2
lWj,k(x0, ω)

2Wi,k(x0, ω)
2Wl,k(x0, ω)

2
]

= C6,2rnE
[
ε61
]
E
[
W1,k(x0, ω)

6
]
+ 3rn(rn − 1)E

[
ε41ε

2
2

]
E
[
W1,k(x0, ω)

4W2,k(x0, ω)
2
]

+ C6,2rn(rn − 1)(rn − 2)σ6E
[
W1,k(x0, ω)

2W2,k(x0, ω)
2W3,k(x0, ω)

2
]

≤ C6,2rnE
[
ε61
]
E
[
W1,k(x0, ω)

6
]
+ 3rn(rn − 1)E

[
ε41ε

2
2

]
E
[
W1,k(x0, ω)

4W2,k(x0, ω)
2
]

+ C6,2rn(rn − 1)(rn − 2)σ6E
[
W1,k(x0, ω)

2W2,k(x0, ω)
2W3,k(x0, ω)

2
]

= O(r3n2−3k)E

[(
1 +

rn∑
i=2

I{Xi ∈ Ak(x0, ω)}
)−6

]
= O(r−3

n 23k)

due to Lemma 2.15. With (4.28) we get

E

∣∣∣∣∣
rn∑
j=1

εjWj,k(x0, ω)

∣∣∣∣∣
3
−2

≤ E

( rn∑
j=1

εjWj,k(x0, ω)

)2
−3

= O
(
r3n2

−3k
)
.

Together this yields
E
[
|h(ε)n (x0, Z1, . . . , Zrn , ω)|6

]
E
[
|h(ε)n (x0, Z1, . . . , Zrn , ω)|3

]2 = O(1).

Since all its conditions are met Theorem 2.13 now yields the first claim

U
(ε)
n,rn,N,ω(x0)√

r2nζ
n
1,ω(x0)/n+ ζnrn(x0)/N

d→ N (0, 1).
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For the second statement in Theorem 4.8 it remains to prove that

r2nζ
n
1,ω(x0)/n+ ζnrn(x0)/N

Ψk(x0)/n
→ σ2.

With Lemma 4.10, (4.18) and (4.20) we obtain

nζnrn(x0)

NΨk(x0)
≤ σ2 n2k+1

(rn + 1)cX

C2
X

cXN22kV∩,k
= O

( n

Nrn2kV∩,k

)
→ 0.

Lemma 4.11 yields

r2nζ
n
1,ω(x0)

Ψk(x0)
≤ σ2

and
r2nζ

n
1,ω(x0)

Ψk(x0)
≥ σ2

(
1− (1− cX2−k)rn

)2 → σ2

because 2k = o(rn). Together this implies r2nζn1,ω(x0)Ψ
−1
k (x0) → σ2 and therefore the

second claim of the theorem.

4.4.4 Proof of Proposition 4.9

In order to show this bound we use the beneficial decomposition

N̂

N
(U

(RF)
n,rn,N,ω(x0)−m(x0))

=
1

N

∑
I∈Brn,n

ρI
∑
j∈I

m(Xj)Wj,k(x0, I)−
N̂

N
m(x0)

=
1

N

∑
I∈Brn,n

ρI
∑
j∈I

m(Xj)Wj,k(x0, I)−
1

N

∑
I∈Brn,n

ρIm(x0)

=
1

N

∑
I∈Brn,n

ρI
(∑

j∈I

m(Xj)Wj,k(x0, I)−m(x0)
)

=
∑

I∈Brn,n

(
ρI/N −

(
n

rn

)−1
)(∑

j∈I

m(Xj)Wj,k(x0, I)−m(x0)

)

+

(
n

rn

)−1 ∑
I∈Brn,n

(∑
j∈I

m(Xj)Wj,k(x0, I)−m(x0)

)

=
∑

I∈Brn,n

(
ρI/N −

(
n

rn

)−1
)(∑

j∈I

m(Xj)Wj,k(x0, I)−m(x0)

)

+

(
n

rn

)−1 ∑
I∈Brn,n

∑
j∈I

(m(Xj)−m(x0))Wj,k(x0, I)

+m(x0)

(
n

rn

)−1 ∑
I∈Brn,n

(∑
j∈I

Wj,k(x0, I)− 1

)
.
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We note that Definition 3.2 implies∑
j∈I

Wj,k(x0, I) = I{∃j ∈ I : Xj ∈ Ak(x0, ωI)} ≤ 1. (4.29)

Due to the fact that the ρI are independent of all other random variables and E[ρI/N −(
n
rn

)−1
] = 0 it holds that

E

 ∑
I∈Brn,n

(
ρI/N −

(
n

rn

)−1
)(∑

j∈I

m(Xj)Wj,k(x0, I)−m(x0)

)2
= E

 ∑
I∈Brn,n

(
ρI/N −

(
n

rn

)−1
)2(∑

j∈I

m(Xj)Wj,k(x0, I)−m(x0)
)2)2


=

(
n

rn

)
E

(ρ[rn]
N
−
(
n

rn

)−1
)2
E

(∑
j∈I

m(Xj)Wj,k(x0, I)−m(x0)

)2


≤
(
n
rn

)
N2

Var(ρI)E

(∥m∥∞∑
j∈I

Wj,k(x0, I) + |m(x0)|
)2


≤
(
n
rn

)
N2

N(
n
rn

) (1−N/(n
rn

))
4∥m∥2∞

≤ 1

N
4∥m∥2∞.

For the second term we get

E

∣∣∣ 1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

(
m(Xj)−m(x0)

)
Wj,k(x0, I)

∣∣∣


≤ CHE

 1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α
∑
j∈I

Wj,k(x0, I)


≤ CHE

 1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α


= CHE [d(Ak(x0, ω))

α] .

Noting that the diameter of the p-dimensional hypercube is √p, we further obtain

E

 1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

(m(Xj)−m(x0))Wj,k(x0, I)

2
≤ C2

HE

 1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α
∑
j∈I

Wj,k(x0, I)

2
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≤ C2
HE

 1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α

2
= C2

HVar

 1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α

+ C2
HE [d(Ak(x0, ω))

α]2

= C2
H

1(
n
rn

)Var (d(Ak(x0, ω))
α) + C2

HE [d(Ak(x0, ω))
α]2

≤ C2
H

1(
n
rn

)E [d(Ak(x0, ω))
2α
]
+ C2

HE [d(Ak(x0, ω))
α]2

≤ C2
H

pα(
n
rn

) + C2
HE [d(Ak(x0, ω))

α]2 .

For the third term we get with (4.29)

E

|m(x0)
1(
n
rn

) ∑
I∈Brn,n

(∑
j∈I

Wj,k(x0, I)− 1
)
|


= E

|m(x0)
1(
n
rn

) ∑
I∈Brn,n

(
I{∃j ∈ I : Xj ∈ Ak(x0, ωI)} − 1

)
|


= |m(x0)|E

 1(
n
rn

) ∑
I∈Brn,n

I{∄j ∈ I : Xj ∈ Ak(x0, ωI)}


= |m(x0)|E [I{∄j ∈ {1, . . . rn} : Xj ∈ Ak(x0, ω)}]
= |m(x0)|E [E [I{∄j ∈ {1, . . . rn} : Xj ∈ Ak(x0, ω)} | ω]]
= |m(x0)|E [(1− px0(ω))

rn ]

≤ |m(x0)|(1− cX2−k)rn

and similarly

E

m(x0)
1(
n
rn

) ∑
I∈Brn,n

(∑
j∈I

Wj,k(x0, I)− 1

)2 ≤ |m(x0)|2(1− cX2−k)rn .

Combining the three parts yields the claim. □

4.4.5 Proof of Auxiliary Lemmas

Here we provide the remaining proofs of the auxiliary Lemmas 4.10 and 4.11 that handle
ζnrn and ζn1,ω.

Proof of Lemma 4.10. We start by using the definition and get

ζnrn(x0) = Var(h(ε)n (x0, Z1, . . . , Zrn , ω))
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= Var

(
rn∑
j=1

εjI{Xj ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

)

= E

[
Var

(
rn∑
j=1

εjI{Xj ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

∣∣∣ ω,X1, . . . , Xrn

)]

+Var

(
E

[
rn∑
j=1

εjI{Xj ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

∣∣∣ ω,X1, . . . , Xrn

])

= E

[
rn∑
j=1

(
I{Xj ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

)2

Var (εj | ω,X1, . . . , Xrn)

]

= σ2E

[ ∑rn
j=1 I{Xj ∈ Ak(x0, ω)}

(
∑rn

i=1 I{Xi ∈ Ak(x0, ω)})2

]

= σ2E
[
I{∑rn

i=1 I{Xi ∈ Ak(x0, ω)} > 0}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

]
= σ2E

[
E
[
I{∑rn

i=1 I{Xi ∈ Ak(x0, ω)} > 0}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

∣∣∣ ω]]
≤ σ2E

[
2

(rn + 1)px0(ω)

]
≤ σ2 2k+1

(rn + 1)cX

by using the second part of Lemma 2.14 which is Lemma 4.1 by Györfi et al. (2002) for
the Binomial distribution with parameters rn and px0(ω).

Proof of Lemma 4.11. With (2.17) we have

ζn1,ω(x0) = Var
(
h
(ε)
n,1(Z1)

)
.

For the conditional expectation we obtain

h
(ε)
n,1(Z1) = E

[
h(ε)n (Z1, . . . , Zrn , ω)

∣∣ Z1

]
= E

[
rn∑
j=1

εjI{Xj ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

∣∣∣ Z1

]

= E

[
rn∑
j=2

εjI{Xj ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

∣∣∣ Z1

]
+ ε1E

[
I{X1 ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

∣∣∣ Z1

]
= ε1E

[
I{X1 ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

∣∣∣X1

]
since ε1 is independent of ω,X1, . . . , Xrn as well as ε2, . . . , εrn . With the first part of
Lemma 2.14 we get for the conditional expectation that

E
[

I{X1 ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

∣∣∣X1

]
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= E
[

I{X1 ∈ Ak(x0, ω)}
1 +

∑rn
i=2 I{Xi ∈ Ak(x0, ω)}

∣∣∣X1

]
= E

[
E
[

I{X1 ∈ Ak(x0, ω)}
1 +

∑rn
i=2 I{Xi ∈ Ak(x0, ω)}

∣∣∣X1, ω

] ∣∣∣X1

]
= E

[
I{X1 ∈ Ak(x0, ω)}E

[
1

1 +
∑rn

i=2 I{Xi ∈ Ak(x0, ω)}
∣∣∣ ω] ∣∣∣X1

]
= E

[
I{X1 ∈ Ak(x0, ω)}

1

rnpx0(ω)
λ(rn, px0(ω))

∣∣∣X1

]
and thus

h
(ε)
n,1(Z1) =

ε1
rn

E
[
I{X1 ∈ Ak(x0, ω)}px0(ω)

−1λ(rn, px0(ω)) | X1

]
,

which yields the first claim. Since h(ε)n,1 is centered, we get

ζn1,ω(x0) = Var
(
h
(ε)
n,1(Z1)

)
=
σ2

r2n
E
[
E
[
I{X1 ∈ Ak(x0, ω)}px0(ω)

−1λ(rn, px0(ω)) | X1

]2]
=
σ2

r2n
E
[
I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)}

px0(ω1)px0(ω2)
λ(rn, px0(ω1))λ(rn, px0(ω2))

]
,

and
ζn1,ω(x0) ≤

σ2

r2n
E
[
I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)}

px0(ω1)px0(ω2)

]
=
σ2

r2n
Ψk(x0)

because λ(h, ξ) ≤ 1 and

ζn1,ω(x0) ≥
σ2

r2n
E
[
I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)}

px0(ω1)px0(ω2)

]
λ(rn, cX2

−k)2

=
σ2

r2n
Ψk(x0)λ(rn, cX2

−k)2

because px0(ω) ≥ cX2
−k.
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Chapter 5

Confidence bands for centered purely
random forests

Theorem 4.4 from the previous chapter allows for the construction of pointwise confidence
intervals for the regression function m at a fixed point x0. This chapter is dedicated to
confidence bands, which are a uniform generalization of confidence intervals. We will
construct confidence bands based on the complete U-statistic version U (RF)

n,rn,ω of the CPRF
from Definition 3.2. While the primary focus is on the complete version of the U-statistic,
the extension of the results to the incomplete version U

(RF)
n,rn,N,ω from (3.5) is feasible, see

Corollary 5.5. The results leading to the main confidence band theorem further imply
a uniform consistency result for centered purely random forests and slightly different
versions of the pointwise results from the previous chapter.

These main results are gathered in Section 5.1. In Section 5.2, we will additionally
state a confidence band result for the kernel random forest version of the CPRF from
Section 3.4. The proof technique employed for the latter result differs slightly from the
technique utilized for the random forest result, yet it exploits the same auxiliary results.
As a byproduct of our proof technique, we will include a confidence band result for the
histogram estimator in Section 5.3. This particular result is, to the best of our knowledge,
a new addition to the literature. In Section 5.4, the distribution of the supremum of the
Gaussian process is analyzed, a critical component in the construction of asymptotic
confidence bands. The chapter concludes with an outline of the proof strategy in Section
5.5 and the collection of all proofs in Section 5.6.

As previously mentioned in the introduction, Theorem 2.4 by Chernozhukov et al.
(2014b) is a fundamental component of our proof. It is noteworthy that there exists addi-
tional literature addressing the approximation of the supremum of an empirical process,
for instance, more recently by Giessing (2023). For the proofs in our work, the result by
Chernozhukov et al. (2014b) is sufficient.

In a connected article, Chernozhukov et al. (2014a) illustrate how the approximation by
a Gaussian process can be employed to prove confidence bands for general nonparametric
density estimators, even in the case where the supremum of the empirical process has no
limit distribution. The results on asymptotic confidence bands presented in this chapter
will also not be based on an explicit limit distribution.
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In the introduction we already mentioned that a more classical proof method for confi-
dence bands exists. This method utilizes a uniform approximation of the empirical process
by a Gaussian process, instead of the approximation of the supremum that is sufficient
for constructing confidence bands. This classical proof method will be covered later, in
Section 7.2, alongside an explanation of its shortcomings in comparison to the proof of
this chapter. In particular, it will be demonstrated that the uniform approximation of the
entire empirical process with the current results in the literature has a larger error than
the approximation of the single supremum.

5.1 Main results
In this section we will state the main result that allows us to construct confidence bands
for the regression function. We still consider the regression setting from (2.1) with the
assumption on the density from (4.1) and a Hölder continuous m. We use the definitions
from (4.3), (4.4), (4.8) and (4.9). Let us define the function class

Fk := {fx0,k(x, s) | x0 ∈ [0, 1]p}, (5.1)

where
fx0,k(x, s) := σ−1Ψ

−1/2
k (x0)sKk(x0, x), (5.2)

with
Ψk(x0) = E[Kk(x0, X1)

2]

from (4.9) and Kk from (4.8). In Section 5.4 we will explain that |Fk| = Nf (k) for Nf (k)
from Section 3.3.1.3. Further let H(α,CH) denote the set of all α-Hölder functions with
Hölder constant less or equal to CH .

Theorem 5.1 (Asymptotic confidence band for CPRF). Consider any centered purely
random forest with at most Nf (k) undividable sets defined in Section 3.3.1.3. Let α ∈ (0, 1]
and for some c < 1 assume that

rn/n ≤ c and (5.3)

E [d(Ak(x, ω))
α]2

n(log n)2

22kV∩,k
→ 0. (5.4)

Let qR ∈ 2N and 4 ≤ qG ∈ N be such that

Nf (k)
2/qR

(log n)2

rnV∩,k
→ 0, (5.5)

n2/qG
(log n)5

nV∩,k
→ 0, (5.6)

E
[
|ε1|max{qR,qG}] <∞. (5.7)

Let Sk be a sequence of random variables with Sk
d
= supx0∈[0,1]p |Bkfx0,k|, where Bk is a

sequence of centered Gaussian processes indexed by Fk and with covariance function

Cov(Bk(fx1,k), Bk(fx2,k)) = Ψ
−1/2
k (x1)Ψ

−1/2
k (x2)E [Kk(x1, X1)Kk(x2, X1)] . (5.8)
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Let σ̂ be an estimator of σ with

P
(
|σ̂2 − σ2| > (log n)−2

)
→ 0.

For ck(β) = F−1
Sk

(1− β) := inf{ξ ∈ R : P(Sk ≤ ξ) ≥ 1− β} denote

Cn(x) =
[
U (RF)
n,rn,ω(x)− σ̂ck(β)

√
Ψk(x)

n
, U (RF)

n,rn,ω(x) + σ̂ck(β)

√
Ψk(x)

n

]
. (5.9)

For CH > 0 it holds that

lim inf
n→∞

inf
m∈H(α,CH)

P(m(x) ∈ Cn(x), ∀x ∈ [0, 1]p) ≥ 1− β.

The result provides confidence bands form, but like the confidence intervals in Chapter
4, they depend on the function Ψk. We recall that we can approximate Ψk by Monte Carlo
simulation, if the distribution of X is known, otherwise one could use a bootstrap to
estimate the function. The distribution of ω is more or less known from the partitioning
algorithm and can therefore be used in this approximation. The fact that Ψk is not
constant means that the confidence bands do not have a constant diameter. The main
effect we will see is a smaller than average radius of the confidence band in regions of
the feature space where fX is relatively large. This can be seen from the definitions of
Kk(x0, x) and Ψk(x0) and the observation that px0 is strongly related to fX in the region
around x0. Note that the result holds uniformly for m in the classH(α,CH). This satisfies
the definition of asymptotically honest confidence regions by Li (1989).

A noteworthy aspect of the result is that it does not utilize quantiles of a limit dis-
tribution. Instead, the quantiles ck(β) are those of Sk, the supremum of the Gaussian
process Bk, and thus depend on k. It is common in the literature for confidence bands
to be based on a limit distribution, usually an extreme value distribution, see e.g., Bickel
and Rosenblatt (1973). The structure of our result has two advantages. First, we do not
need to know the limit distribution of Sk. In particular, it is not even necessary that a
limit distribution exists. The second advantage is that using a limit distribution adds
another error term. The application of the Gaussian approximation in Theorem 2.4 will
show that the distribution of Sk is close to the distribution of the leading term of the
uniform stochastic error ∥U (ε)

n,rn,ω∥∞, see (3.9), when appropriately standardized. How-
ever, a potential limit distribution of Sk may be less close to this term, depending on the
convergence rate of Sk.

Before discussing the assumptions in the theorem, various effects on the radius of the
confidence bands, and the estimation of σ, we state two corollaries, for the two types of
CPRFs we introduced in Section 3.3.

Corollary 5.2 (Asymptotic confidence band for the Ehrenfest CPRF). For the Ehrenfest
CPRF let α ∈ (0, 1] and assume that (5.3) holds and that

n(log n)2

2k(1+2α/p)
→ 0.

Further let qR ∈ 2N and 4 ≤ qG ∈ N and be such that

2k(1+2/qR) (log n)
2

rn
→ 0,
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n2/qG
2k(log n)5

n
→ 0,

E
[
|ε1|max{qR,qG}] <∞.

Let σ̂, ck(β) and Cn be as is in Theorem 5.1 for ω distributed according to the Ehrenfest
partition. For CH > 0 it holds that

lim inf
n→∞

inf
m∈H(α,CH)

P(m(x) ∈ Cn(x), ∀x ∈ [0, 1]p) ≥ 1− β.

The corollary for the Ehrenfest CPRF follows directly from Theorem 5.1 by noting that
V∩,k = Θ(2−k), Nf (k) ≲ 2k and using d(Ak(x, ω))

α ≲ 2−αk/p almost surely. If qR and qG are
sufficiently large, the assumptions are satisfied, for instance, by k = ⌊log2((log n)3n

p
p+2α )⌋

and rn = ⌊cn⌋, if c ∈ (0, 1). The choice of k is similar to that in Corollary 4.6, but
rn = Θ(n) is eligible here. This parameter choice implies that the rate of the radius is

ck(β)
√

2k/n = O
(√

log2

(
(log n)3n

p
p+2α

)
(log n)3n− 2α

p+2α

)

= O
(√

(log n)4n− 2α
p+2α

)
,

because ck(β) = O(
√
k), as mentioned later in (5.43). Compared to the asymptotic

standard deviation in Corollary 4.6, this is larger in the logarithmic term. The corollary for
the uniform CPRF below requires slightly stronger assumptions, similar to the pointwise
case.

Corollary 5.3 (Asymptotic confidence band for the uniform CPRF). For the uniform
CPRF let α ∈ (0, 1] and assume that (5.3) holds and that(

p− 1 + 2−α

p

)2k
n(log n)2k(p−1)

2k
→ 0.

Further let qR ∈ 2N and 4 ≤ qG ∈ N be such that

22kp/qR
2kk(p−1)(log n)2

rn
→ 0,

n2/qG
2kk(p−1)(log n)5

n
→ 0,

E
[
|ε1|max{qR,qG}] <∞.

Let σ̂, ck(β) and Cn be as is in Theorem 5.1 for ω distributed according to the uniform
partition. For CH > 0 it holds that

lim inf
n→∞

inf
m∈H(α,CH)

P(m(x) ∈ Cn(x), ∀x ∈ [0, 1]p) ≥ 1− β.

Corollary 5.3 follows directly from Theorem 5.1 by noting that Nf (k) ≤ 2kp and using
the bounds in (3.23) and (3.25) which imply

E[d(Ak(x, ω))
α]2 = O

((
p− 1 + 2−α

p

)2k
)
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and V∩,k ≳ 2−kk−(p−1). If qR and qG are sufficiently large, the assumptions are again
satisfied by a parameter choice similar to the pointwise CLT in Corollary 4.7. For c ∈
(0, 1), we choose rn = ⌊cn⌋ and k = ⌊log2((n(log2 n)p+2)1−ν)⌋ for ν as in Corollary 4.2
with 0 < ν ≤ 2α

2α+p
. We note that rn = Θ(n) is eligible again. This parameter choice,

ck(β) = O(
√
k) and (3.25) imply that the rate of the radius satisfies

ck(β)

√
Ψk(x)

n

= O
(√

k22kV∩,k
n

)

= O
(√

2kk−(p−3)/2

n

)

= O
(√

((log2 n)
p+2)1−ν log2 ((n(log2 n)

p+2)1−ν)−(p−3)/2 n−ν

)
= O

(√
(log2 n)

−ν(p+2)+(p+7)/2n−ν

)
,

which is again larger as in the pointwise case in Corollary 4.7. We note that the bound
for ν implies that the rate is worse than that of the Ehrenfest CPRF.

We continue with the discussion of the assumptions in Theorem 5.1. The two corol-
laries above allow us to consider the assumptions for the two specific CPRF types.

Assumption (5.3) This assumption is not a major restriction at all, and it is important
to note that it allows rn = cn, which is not possible with most asymptotic results from
the literature. This is the maximum possible rate for rn, since it cannot be greater than
n. In the context of data dependent random forests, it is common to employ bootstrap
subsamples of size rn = n. The bootstrap subsampling implies that the number of distinct
observations in the subsample is less than n. Nevertheless, the expectation of the number
of distinct observations remains constant with respect to n. Therefore, the case rn = cn
is highly relevant for random forests.

Contrary to our assumptions, in the literature it is sometimes assumed that rn is
not too large compared to n in order to prove asymptotic normality. See for example
Mentch and Hooker (2016, Theorem 1). This is done to ensure that the first order terms,
i.e. the Hájek projection, dominate in the Hoeffding-decomposition of the U-statistic. In
Theorem 2.13, the assumption

rn
n

ζnrn
rnζn1,ω

→ 0

captures this necessary dominance. In this chapter we use a different proof technique
than in the pointwise case to show that the Hájek projection (or a similar term) is the
leading term. Our more direct proof technique allows us to weaken the assumptions on
the tuning parameter rn with respect to n.

Assumption (5.4) This is an undersmoothing assumption similar to (4.13) in the point-
wise case. The only distinction between the two is the presence of a logarithmic term. It
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is important to note that this assumption involves a single x, which is sufficient to control
the approximation error uniformly. In the proof of the bound for the approximation error
in Section 5.6.10.2 we will exploit that

1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α ≈ E[d(Ak(x0, ω))

α]. (5.10)

The term on the left hand side is an upper bound for a relevant part of the approximation
error. We will utilize that its difference to the expectation on the right hand side of (5.10)
is negligible. The tree construction of the CPRF implies that d(Ak(x1, ω))

d
= d(Ak(x2, ω))

for all x1, x2 ∈ [0, 1]p. Thus,

E

 sup
x0∈[0,1]p

1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α

 ≈ sup
x0∈[0,1]p

E[d(Ak(x0, ω))
α] = E[d(Ak(x0, ω))

α]

will be the relevant term for this part of the approximation error. This explains why the
condition does not depend on the choice of x. In comparison, a single regression tree
estimator lacks the averaging in I and thus, its approximation error bound involves

E

[
sup

x0∈[0,1]p
d(Ak(x0, ω))

α

]
.

This illustrates how the random forest profits from the averaging of many trees and why
its uniform approximation error is smaller than that of a single regression tree with n
observations.

If the diameter has the optimal rate 2−k/p and V∩,k = Θ(2−k), which is the case for
the Ehrenfest forest, the assumption simplifies to

E[d(Ak(x, ω))
α]2
n(log n)2

22kV∩,k
≲ n(log n)22−k(1+2α/p) → 0.

For the uniform CPRF the exponent of 2−k is even smaller, it is effectively

1 + log2

(
p− 1 + 2−α

p

)
instead of (1 + 2α/p) and additionally the logarithmic terms are larger.

This is the only assumption directly depending on p as p affects the diameter and
thereby the bias. To illustrate this interaction, we focus on the Ehrenfest case. For a
finite sample size n let us assume that for some p1 we have that

n(log n)2

2k1(1+2α/p1)
= κ

for some κ > 0. If we have a p2 > p1 and would want the fraction to be equal to the same
κ we need to choose k2 accordingly. We need that

2k1(1+2α/p1) = 2k2(1+2α/p2)
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⇔ k1(1 + 2α/p1) = k2(1 + 2α/p2)

⇔ k2 = k1
p1p2 + 2p2α

p1p2 + 2p1α
.

If we have an appropriate k for p1 = 2 and we want to find a k that meets the assumption
in the same way for p2 = 4 we need to increase k by a factor

p1p2 + 2p2α

p1p2 + 2p1α
=

8 + 8α

8 + 4α
,

which is equal to 4/3 for α = 1.

Assumption (5.5) The reason for this assumption is the necessity to bound the uniform
difference of U (ε)

n,rn,ω to its Hájek projection. In other words, it is required to ensure the
dominance of the first order terms in the Hoeffding-decomposition. These first order terms
can be handled by empirical process theory. Using a higher order approximation for the
distribution of U (ε)

n,rn,ω might circumvent this assumption for confidence band construction,
but it requires a more sophisticated proof technique, possibly involving U-processes.

Without the logarithmic terms, assumption (5.5) means

Nf (k)
2/qR

1

rnV∩,k
→ 0. (5.11)

Note that the assumption implicitly depends on p via Nf (k). Since Nf (k) increases with
p, we need higher moments of the errors for greater p. This is similar to Chao et al. (2017,
Theorem 2), where b1 controls the tails of the errors and needs to be greater for greater
p. If we can choose qR large enough, (5.11) roughly means that rnV∩,k → ∞ is required,
which implies

2k/rn ≤ V−1
∩,kr

−1
n → 0. (5.12)

In particular, this means that a single tree is consistent. Consistency of a single tree triv-
ially implies consistency of the random forest. It is not clear whether the considered forest
is consistent with inconsistent trees. Nonetheless, in the case where both are consistent,
the random forest has the faster convergence rate, as already discussed in Section 4.1.

We note that 2k = O(rn) is necessary anyway, because otherwise the number of empty
cells in a tree partition increases in n. This means that the only relevant case that
contradicts (5.12) is 2k = Θ(rn). Recalling the assumption rn ≤ cn, this allows for most
reasonable choices for rn.

Results in the case 2k = Θ(rn) would be desirable for different types of random forests,
since their construction often leads to a constant number of observations in each cell.
Transferred to the purely random forest case, this corresponds to 2k = Θ(rn). The
discussion above indicates that for results in this regime, it may be necessary to use more
than the first order terms in the Hoeffding-decomposition, since they are not necessarily
dominant in this case. We have already explained why this is more difficult for asymptotic
confidence bands, but for variance estimation of incomplete U-statistics, higher order
terms have already been used by Xu et al. (2024), who also applied their results to
random forests.
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For purely random forests, we cannot control the number of observations in the cells
directly, but only through the tuning parameters k and rn. Therefore, an assumption like
(5.5) is necessary. We will briefly explain how it ensures non-empty cells. Notice that
2k ≤ V−1

∩,k and 2k ≤ Nf (k) directly implies

2k(1+2/qR)(log n)2

rn
≤ Nf (k)

2/qR
(log n)2

rnV∩,k
→ 0.

Hence
log(n(log n)222k) ≲ 22k/qR(log n)2 = o(rn/2

k),

which ensures that

n(log n)2V−1
∩,k(1− cX2−k)2rn ≲ n(log n)222k exp(−2cXrn/2k)→ 0. (5.13)

The term (1 − cX2
−k)2rn corresponds to the probability that a cell is empty, and the

above convergence is necessary so that the union bound of these probabilities is negligible
compared to the asymptotic variance.

Assumption (5.6) Omitting the logarithms, assumption (5.6) simplifies to

V∩,kn1−2/qG →∞.

For both CPRFs, V∩,k has a rate 2−k, at least up to terms polynomial in k. Note that
V∩,k ≤ 2−k requires that n grows at a rate exceeding 2k. We recall that 2−k/p is comparable
to a bandwidth for kernel estimators, which illustrates that (5.6) is similar to standard
assumptions. The exact rate by which n must exceed 2k depends mainly on the existing
moments captured by qG and further on the exact rate of V∩,k and the logarithmic terms
from the assumption.

Assumption (5.7) The last assumption for the noise is fulfilled for all sub-Gaussian
distributions and therefore includes multiple classes of distributions. It is related to the
previous two assumptions. Depending on the existing moments of ε1, these assumptions
control which regimes of tuning parameters can be used, or vice versa, which moments
have to exist in these regimes.

The radius Finally, we discuss the radius of the confidence bands. Besides Ψk, it is
determined by n, σ, and ck(β). The dependence on σ is rather intuitive, as is the typical
dependence on n, which is proportional to n−1/2. The bounds in (4.20) yield Ψk(x) =
Θ(22kV∩,k), which has rate 2k for the Ehrenfest forest. Hence, for the Ehrenfest forest the
radius has rate ck(β)

√
2k/n for a fixed p. In (5.43) we will observe that ck(β) = O(

√
k).

For the uniform CPRF, the rate of V∩,k is smaller by a term polynomial in k. Nonetheless,
we cannot make a clear statement about the relation between the two radii, because the
quantiles ck(β) for the Ehrenfest and uniform CPRF are not the same. In the simulation
study in Chapter 6 we will observe that the uniform CPRF leads to smaller radii, which
is an advantage.
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Throughout our work, we assume that p is fixed. Nevertheless, we want to discuss how
the radii behave for different p. If k is fixed, a greater p implies a smaller V∩,k and thus a
smaller radius of the confidence bands. In the calculations for the Ehrenfest CPRF, this
effect is captured by the lower bound

V∩,k ≥ 2−k2−p(p+1)((∆−B)+pB).

For the uniform CPRF, the bound from (3.25) shows a similar effect. The reason is that
there are more possibilities for the two partitions to differ, leading to a smaller intersection.

Earlier we argued that one would need to increase k for a larger p to satisfy the
assumptions with a similar quality in a finite sample case. This increase in k then increases
the radius of the confidence bands. Because of the overlap of the two effects, we cannot
make a clear statement about the overall effect on the radii.

We have already mentioned that the radius of the confidence bands is directly propor-
tional to the variance of the errors. This leads us to the required estimation of σ when its
value is unknown. However, if the true variance, denoted by σ2, is known, then Theorem
5.1 holds with σ̂ replaced by σ, and no estimator is required. One method of estimating
the variance is to use the residuals of an estimator. The following lemma demonstrates
that a variance estimator based on the residuals of the two random forest variants satisfies
the assumptions of Theorem 5.1.

Lemma 5.4. Assume that E[ε41] <∞ and let

ε̂i := Yi − U (RF)
n,rn,ω(Xi)

and σ̂2 :=
1

n

n∑
i=1

ε̂2i .

There exists a constant C independent of n, k and rn such that

P(|σ̂2 − σ2| > κ) ≤ C

κ

(
E[d(Ak(x, ω))

α]2 +Nf (k)

(
n

rn

)−1

+ (1− cX2−k)rn +
2k

n
+

22k

n2
+ n−1/2

)
. (5.14)

To fulfill the assumption on σ̂ in Theorem 5.1 we need that the right hand side of
(5.14) converges to zero for κ = (log n)−2. For the uniform CPRF (3.23) shows that
E[d(Ak(x, ω))

α] = O(ckp,α) for a constant cp,α < 1. Under the assumptions of Theorem 5.1
we have

(log n)2ckp,α → 0.

For all the other terms from (5.14) we can argue similarly under the assumptions of
Theorem 5.1.

In applying the confidence bands in practice, it is not necessary to use a variance
estimator based on the residuals, despite the fact that it fulfills the assumption from
Theorem 5.1. A noteworthy alternative are estimators that are not based on an estimator
of m, see e.g. Müller et al. (2003) or Shen et al. (2020). The primary advantage of these
estimators is that their quality is not tied to the quality of the estimator of the regression
function. An estimator of this type will be utilized in the simulation study in Chapter 6.
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So far in this chapter we have considered the complete generalized U-statistic. The
following corollary applies to the incomplete generalized U-statistic.

Corollary 5.5. In addition to the assumptions of Theorem 5.1 assume that

N2
f (k)

n(log n)2

N22kV∩,k
→ 0. (5.15)

Consider U (RF)
n,rn,N,ω(x) from equation (2.11) on the event {N̂ > 0}. For

Cn,N(x) =
[
U

(RF)
n,rn,N,ω(x)− σ̂ck(β)

√
Ψk(x)

n
, U

(RF)
n,rn,N,ω(x) + σ̂ck(β)

√
Ψk(x)

n

]

it holds that

lim inf
n→∞

inf
m∈H(α,CH)

P (m(x) ∈ Cn,N(x), ∀x ∈ [0, 1]p) ≥ 1− β.

We only consider the estimator on the event {N̂ > 0} because otherwise we would
use an empty random forest. The corollary shows that the incomplete version of the U-
statistic can still be used to construct confidence bands provided that N is large enough.
The assumption (5.15) on N is similar to its counterpart (4.11) in Theorem 4.4. The
additional N2

f (k)(log n)
2 leads to a stronger assumption, which is necessary because the

result is uniform. The term N2
f (k) is a consequence of the utilized union bound, and

(log n)2 is required because the uniform error is larger than the pointwise error by a
logarithm. For the Ehrenfest forest with independent covariates, the condition simplifies
to

N2
f (k)

n(log n)2

22kV∩,k
1

N
≲

2kn(log n)2

N
→ 0.

In practice, it may not be necessary to select N as large as the condition demands. The
simulations in Chapter 6 will suggest that a smaller N is sufficient in practice.

The collection of auxiliary results leading to Theorem 5.1 implies some more results
not directly related to confidence bands. For a fixed x0, we obtain a different bound for the
mean squared error and asymptotic normality under different assumptions than in Chapter
4. Furthermore, the results used for the confidence bands yield uniform convergence of
the random forest estimator. We present the two pointwise results first, followed by the
uniform convergence result.

Corollary 5.6. Consider a CPRF from Definition 3.2 and suppose 0 < cX ≤ fX ≤ CX ,
E [ε21] < ∞, 2k ≤ rn < n and m is Hölder continuous of order α ∈ (0, 1]. It then holds
that

E
[(
U (RF)
n,rn,ω(x0)−m(x0)

)2]
= O

(
E [d(Ak(x0, ω))

α]2
)
+O((1− cX2−k)rn)

+O
(
22kV∩,k
n

)
+O

(
22k

rnn

)
+O

(
2k

rn

(rn
n

)rn)
. (5.16)
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The result above is similar to Proposition 4.1. We additionally assume that 2k ≤ rn
which is a necessary condition for convergence anyway. The first two terms on the right
hand side of (5.16), which correspond to the approximation error, are the same. The main
difference is a different bound for the stochastic error that is captured in the last three
terms. Compared to Proposition 4.1 the last two terms replace an O(2krn/n2) term. In
the proof of Proposition 4.1, the bound for the stochastic error in (4.23) was

Var
(
U (ε)
n,rn,ω(x0)

)
≤ r2n

n
ζn1,ω(x0) +

r2n
n2
ζnrn(x0) = O

(
22kV∩,k/n

)
+O

(
2krn/n

2
)
. (5.17)

The first term is the same in (5.16) and corresponds to the first order term of the Hoeffding-
decomposition or the Hájek projection, respectively. The second term is a bound for the
variances of the higher order terms from the Hoeffding-decomposition. In this chapter
we use a more direct bound the difference between the stochastic error and its Hájek
projection. We call their difference the projection error, which is further decomposed into
two remainder terms R(1)

n,rn,ω(x0) and R
(2)
n,rn,ω(x0). Lemma 5.18 and Lemma 5.19 provide

bounds for the variances of these terms and lead to the result above. If rn/n < c < 1, the
last term in (4.23) is

O
(
2k

rn

(rn
n

)rn)
= O

(
2k

rn
exp(rn log c)

)
,

which converges to zero faster than the other terms under appropriate assumptions. Thus,
it remains to compare the term O(22k/(rnn)) from (4.23) with O(2krn/n2) from Propo-
sition 4.1. Their difference is reflected by the difference between rn/n and 2k/rn and in
general it depends on rn, which term is smaller. However, in the case rn = Θ(n) the new
result yields the better rate. In particular, it gives a rate for the stochastic error, that
is better than the stochastic error rate of a single regression tree in this case, which was
not the case in Proposition 4.1. When applied to the two specific types of CPRFs, the
same choices for k as in Corollary 4.2 can be employed, but unlike there rn = Θ(n) is a
permissible option in both cases. We proceed with the central limit theorem.

Corollary 5.7. For any fixed x0 assume that rn/n ≤ c for some c < 1 and E[ε21] <∞. If

1

V∩,krn
→ 0, (5.18)

2k

rn
log
(
n2−2kV−1

∩,k
)
→ 0, (5.19)

E
[
d(Ak(x0, ω))

α
]2 n

22kV∩,k
→ 0, (5.20)

it holds that √
n

σ2Ψk(x0)

(
U (RF)
n,rn,ω(x0)−m(x0)

) d→ N (0, 1).

Under the additional assumption

n

N22kV∩,k
→ 0, (5.21)

93



Chapter 5. Confidence bands for centered purely random forests

it holds that √
n

σ2Ψk(x0)

(
U

(RF)
n,rn,N,ω(x0)−m(x0)

)
d→ N (0, 1).

As was the case with the preceding corollary, the present result is compared with
its counterpart, Theorem 4.4. The emphasis of the comparison is placed on the second
assertion, as it relates to the incomplete U-statistic case. The assumptions (5.19), (5.20)
and (5.21) are the same as in Theorem 4.4. Previously, we required E [ε61] < ∞, which
was a consequence of the assumption on the U-statistic kernel in Theorem 2.13. Thus, the
assumption on the moments of the errors is weaker here. In Theorem 4.4 we additionally
assumed that

rn
n2kV∩,k

→ 0, (5.22)

and here we assume that rn/n ≤ c < 1 and V−1
∩,kr

−1
n → 0. The previous assumption implies

that
rn
n
≤ rn
n2kV∩,k

→ 0,

which is more restrictive than rn/n ≤ c < 1. The reason for the difference between (5.18)
and (5.22) are the different bounds for the stochastic error employed in the previous
chapter and here. In the discussion of Corollary 5.6 above we already explained their
differences and the reasons. The bounds in (5.17) and (5.16) differ only for the variance
of the higher order terms of the Hoeffding-decomposition. For the central limit theorem,
dominance of the first order terms in the Hoeffding-decomposition is required. To ensure
this dominance we need (5.22) with the bound in (5.17), as opposed to (5.18) with the
new bound. To put (5.18) into perspective, we note that

V∩,k ≳ 2−kk−(p−1),

for the uniform CPRF and V∩,k = Θ(2−k) for the Ehrenfest CPRF. Thus, it implies

1

V∩,krn
≲

2kk(p−1)

rn
→ 0. (5.23)

In both versions of the central limit theorem we need that

2k

rn
log
(
n2−2kV−1

∩,k
)
≲

2k

rn
log
(
n2−kk(p−1)

)
→ 0,

which already is an assumption on the rate of 2k/rn. The new assumption (5.18), which
leads to (5.23), is only more restrictive in the terms of order k or log n, respectively.
Therefore, one can argue that the collection of assumptions in Corollary 5.7 is less re-
strictive than that in Theorem 4.4, since rn/n < c < 1 is eligible here. In Remark 4.5 we
already discussed that this might be possible, because the main assumption on rn and n
in Theorem 2.13 by Peng et al. (2022) can be weakened. However, this seemed difficult
due to the sharp bounds required throughout several proofs. The last result in this section
is the uniform convergence result for CPRFs below.
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Corollary 5.8 (Uniform convergence of a CPRF). Consider a centered purely random
forest with at most Nf (k) undividable cells. Assume rn/n ≤ c < 1 and rn/k → ∞. Let
ν > 4 with E[|ε1|ν ] <∞. For any qR ∈ N with E[|ε1|qR ] <∞ it holds that

∥U (RF)
n,rn,ω −m∥∞

= OP

(
2k

(
(log n)3/2

n1−1/ν
+
V1/4
∩,k (log n)

5/4

n3/4
+
V1/3
∩,k log n

n2/3

))

+O
(√

22kV∩,kk
n

)
+OP

√ 22k

rnn
Nf (k)

1/qR


+OP

(
E[d(Ak(x, ω))

α] +Nf (k)

(
n

rn

)−1/2
)

+OP(2
k(1− cX2−k)rn).

This result is noteworthy because most convergence results for random forests algo-
rithms in the literature are pointwise. The uniform convergence holds in more regimes
than the ones in which we can construct confidence bands. We mainly need that 2k →∞,
2k/n → 0 and 22k/(rnn) = o(Nf (k)

2/qR) up to logarithmic factors. The latter depends
on the moments of the errors. If all moments exist it suffices that 2k/rn = O(1) and
2k/n → 0 up to logarithms. The last term in the corollary corresponds to the union
bound of the probabilities of empty cells in a regression tree. To ensure that this term
converges to zero, it is sufficient that 2k/rn = o(k−1). Remark 5.21 below shows that this
is a necessary condition.

Note that all but two of the terms are similar to those in Corollary 5.6. The first
term has no counterpart, because it corresponds to the Gaussian approximation of the
supremum. The other terms are slightly different, because this is a uniform result. The
disparities are consequences of union bounds and the

√
k in the first term is caused by

the supremum of Gaussian random variables.
In the context of data dependent forests, where empty cells are typically not permitted,

the last term will not occur and thus 2k = Θ(rn) might be sufficient, as we already
discussed earlier. This suggests the possibility that a random forest consisting of non-
consistent trees can achieve uniform consistency.

5.2 Confidence bands for kernel random forests

In this section we present a confidence band result for the KeRF estimator

U (KRF)
n,rn,ω (x0) =

∑
I∈Brn,n

∑
j∈I YjI{Xj ∈ Ak(x0, ωI)}∑

I∈Brn,n

∑
j∈I I{Xj ∈ Ak(x0, ωI)}

.

from Section 3.4. The different structure of the estimator compared to the random forest
will in general lead to a different Gaussian process in the asymptotic distribution of the
supremum. Let

Ǩk(x0, x) = E [I{x ∈ Ak(x0, ω)}] p−1
x0
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and

Φk(x0) := E
[
Ǩk(x0, X1)

2
]
= E [I{X1 ∈ Ak(x, ω1) ∩ Ak(x, ω2)}] p−2

x0
. (5.24)

Further we define
F̌k := {f̌x0,k(x, s) | x0 ∈ [0, 1]p}

for
f̌x0,k(x, s) := σ−1Φ

−1/2
k (x0)sǨk(x0, x).

Theorem 5.9. Assume that the same conditions as in Theorem 5.1 hold, but with as-
sumption (5.4) and assumption (5.5) replaced by

E

[
sup

x0∈[0,1]p
max

I∈Brn,n

d(Ak(x0, ωI))
α

]2
n(log n)2

22kV∩,k
→ 0 (5.25)

and Nf (k)
2/qR

2k(log n)3

n
→ 0. (5.26)

Let Sk be a sequence of random variables with Sk
d
= supx0∈[0,1]p |Bkf̌x0,k|, where Bk is a

sequence of centered Gaussian processes indexed by F̌k and with covariance function

Cov(Bk(f̌x1,k), Bk(f̌x2,k)) = Φ
−1/2
k (x1)Φ

−1/2
k (x2)E

[
Ǩk(x1, X1)Ǩk(x2, X1)

]
.

For ck(β) = F−1
Sk

(1− β) denote

CKn (x) =

[
U (KRF)
n,rn,ω (x)− σ̂ck(β)

√
Φk(x)

n
, U (KRF)

n,rn,ω (x) + σ̂ck(β)

√
Φk(x)

n

]
.

It holds that

lim inf
n→∞

inf
m∈H(α,CH)

P
(
m(x) ∈ CKn (x), ∀x ∈ [0, 1]p

)
≥ 1− β.

Assumption (5.25) that replaces (5.4) is more restrictive, because we need a bound for
the expectation of the maximum diameter instead of a single diameter. In the proofs, we
will see that the averaging over the ωI in the weights of the standard random forest reduces
the approximation error to the pointwise diameter. Due to the different weight structure
discussed in Section 3.4, this is difficult for the KeRF. In particular, the assumption
implies that with the result above the confidence bands of the KeRF do not work for the
uniform CPRF.

Compared to Theorem 5.1, assumption (5.26) replaces assumption (5.5). The latter
is needed to replace the random denominator in the proof strategy of Theorem 5.1. The
random denominator for the KeRF is different and outside of both sums. We need the new
assumption (5.26) to replace this new denominator with its expectation. This is captured
in the term δn(x0) in the proof. The new assumption is weaker because 2k ≤ V−1

∩,k and
rn ≤ n. For the term δn(x0) we do not need to show that it converges to zero faster than the
asymptotic standard deviation. It suffices to show that it converges at a logarithmic rate,
because the term is multiplied by the other remainder terms. In the proof of Theorem 5.1,
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5.3. Confidence bands for the histogram estimator

the term R
(1)
n,rn,ω is an additive remainder term and therefore needs the faster convergence

to zero.
Further, we observe that the Gaussian processes and the confidence bands differ due

to the replacement of Ψk by Φk in the definition of the function classes. In general,
these functions are not the same because of the different estimator structure. In Section
3.4, we noted that Scornet (2016b) showed that the term in (3.34) converges to zero
for centered random forests when X is uniformly distributed and the depth k satisfies
k = Θ((log2 n)/3). Our results illustrate a similar effect in the asymptotic behavior. The
uniform distribution of X1 implies that

px0(ω) = px0 = 2−k

and thus Ψk = Φk. The equality of the functions means that Gaussian processes in
Theorem 5.1 and Theorem 5.9 are the same.

5.3 Confidence bands for the histogram estimator
We want to add a result for the histogram estimator defined in (2.2). The result is not
directly a corollary of the results for the random forest but one can use the same proof
technique in a less complex case. We note that V(Aδ(x0)) = δp for all x0. Like a regression
tree the estimator is piecewise constant and relies on a partition of the feature space, which
leads to the similarity in the proof. We obtain the following confidence band result.

Theorem 5.10. Let α ∈ (0, 1], consider a histogram regression estimator and assume
that

nδp+2α(log n)→ 0. (5.27)

Further let qR ∈ 2N and 4 ≤ qG ∈ N be such that

log n

δp(1+2/qR)n
→ 0 (5.28)

n2/qG
(log n)5

δpn
→ 0 (5.29)

E
[
|ε1|max{qR,qG}] <∞. (5.30)

Let (Zj)j∈N be i.i.d. standard normal distributed random variables. Let cδ(β) satisfy

P
(

max
j=1,...,δ−p

|Zj| ≤ cδ(β)

)
= 1− β

and let σ̂ be an estimator of σ with

P(|σ̂2 − σ2| > (log n)−2)→ 0.

For px0(δ) = P(X1 ∈ Aδ(x0)) let

Cn(x) =
[
m̂H(x)− σ̂cδ(β)(px(δ)n)−1/2, m̂H(x) + σ̂cδ(β)(px(δ)n)

−1/2
]
.

For CH > 0 it holds that

lim inf
n→∞

inf
m∈H(α,CH)

P(m(x) ∈ Cn(x), ∀x ∈ [0, 1]p) ≥ 1− β.
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The structure of the results is very similar to the random forest confidence bands. For
the histogram the assumptions are less complex. Assumption (5.30) on the moments of
the errors is similar to its counterpart in Theorem 5.1. If enough moments exist, the main
assumptions are up to logarithms that

nδp+2α → 0 and
nδp →∞.

The first assumption is an undersmoothing assumption and the second ensures that the
estimator is smooth enough to be consistent. These are not contradictory, but as p
increases, the assumptions become more restrictive. In the random forest case, this is
the same for 2k and n. If X1 ∼ U [0, 1]p we have px(δ) = δp and hence the radius of the
confidence band is

σcδ(β)(nδ
p)−1/2.

We are not aware of any other confidence band result in the literature for the histogram
estimator in the multivariate or univariate regression case. However, the structure of
the histogram with fixed deterministic cells might imply that the difference in the proof
from the univariate to the multivariate case is minor. The first result for the histogram
is for univariate density estimation by Smirnov (1950). In addition to the the different
estimation problem, this result differs from our result in another crucial aspect. The
asymptotic bands rely on an extreme value distribution that is independent of δ. Instead
our result provides bands that are contingent on δ, similar to the random forest bands
that are dependent on k. Thus, the knowledge of the limit distribution is not necessary,
and the accuracy of the bands does not depend on the rate of convergence to that limit
distribution.

5.4 The distribution of Sk
In this section we will analyze the distribution of Sk

d
= supf∈Fk

|Bkf |. This distribu-
tion and especially its quantiles ck(β) = F−1

Sk
(1 − β) are of interest because (5.9) shows

how they directly affect the radius of the confidence bands in Theorem 5.1. The two
main objects that characterize the distribution of Sk are the function class Fk and the
covariance function of the centered Gaussian process Bkf . The covariance function is of
interest because it directly affects the distribution of the supremum. In one extreme case,
the process consists of uncorrelated and thus independent Gaussian random variables.
Consequently, the distribution of its maximum has heavier tails compared to the case of
positively correlated random variables. Thus, it is evident that the covariance function
affects the distribution and especially its quantiles.

We will first analyze the function class and then we will consider the covariance func-
tion in the case where X is uniformly distributed. The results regarding the covariance
will be of use in Chapter 6, as the same uniformly distributed X will be employed therein.
Especially, the results will be helpful to approximate the distribution of Sk by a Monte
Carlo simulation. Figure 5.1 shows the estimated density of Sk for k = 5 and the densities
of √

n

σ222kV∩,k
∥U (ε)

n,rn,ω∥∞
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Figure 5.1: Estimated densities of standardized ∥U (ε)
n,rn,ω∥∞ for different n and Sk, both

for k = 5.

for k = 5 and different values of n. All densities are estimated by a Gaussian kernel
density estimator with the same bandwidth. The density of ∥U (ε)

n,rn,ω∥∞ is estimated based
on 1 000 copies of the supremum for each n. For Sk, the more efficient simulation described
in Chapter 6 allows to use 100 000 copies of Sk for the density estimation. We observe
that the densities get closer to that of Sk as n increases. We omit to present the exact
values, but the Cramér-von-Mises and Kolmogorov-Smirnov distances of the estimated
densities to the estimated density of Sk both decrease monotonously in n.

5.4.1 The function class Fk

For fx0,k ∈ Fk defined in (5.2) and (5.1) we have

fx0,k(x, s) = σ−1sΨ
−1/2
k (x0)Kk(x0, x) = σ−1sE[Kk(x0, X1)

2]−1/2Kk(x0, x)

with
Kk(x0, x) = E

[
I{x ∈ Ak(x0, ω)}px0(ω)

−1
]
.

This shows that the functions fx0,k in the class Fk only depend on x0 via the cells Ak(x0, ω).
More precisely, x0 only occurs as an argument of Ak within the definition of fx0,k.
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In Section 3.3.1.3 we studied the behavior of the undividable cells of centered purely
random forests. Since there are finitely many of these cells the function class is, in fact,
finite. This is the case because

Ak(x1, ω) = Ak(x2, ω) ∀ω
if x1 and x2 are in the same undividable set. We choose the set Xk such that it contains
exactly one element of each undividable cell. This implies that

Fk = {fx0,k | x0 ∈ [0, 1]p} = {fx0,k | x0 ∈ Xk}
for Xk from Section 3.3.1.3 and especially, this is why |Fk| = Nf (k). For different function
classes that only depend on x0 via the Ak(x0, ω) the same arguments apply. We note that
the function class can equivalently be identified by the set Xk and therefore, the process
Bkfx0,k can be interpreted as a process in Xk.

The finite size of the function class will be used in the main proof. For instance, it can
be used to bound the expectation of Sk which leads to a bound for its quantiles denoted in
Theorem 5.1. Note that (5.43) from the proof of Theorem 5.1 yields that ck(β) = O(

√
k).

5.4.2 The covariance function

In general, the covariance of the Gaussian process is

Cov(Bk(fx1,k), Bk(fx2,k)) = Ψ
−1/2
k (x1)Ψ

−1/2
k (x2)E [Kk(x1, X1)Kk(x2, X1)] .

If X is uniformly distributed, i.e. fX = I[0,1]p , (4.5) and Remark 3.4 imply

px0(ω) =

∫
Ak(x0,ω)

fX(x)dx = V(Ak(x0, ω)) = 2−k

and thus px0 = 2−k. For Kk its definition from (4.8) implies

Kk(x0, x) = E [I{x ∈ Ak(x0, ω)}] 2k

and for Ψk its definition from (4.9) implies

Ψk(x0) = E
[
Kk(x0, X1)

2
]
.

= E [I{X1 ∈ Ak(x0, ω1) ∩ Ak(x0, ω2)}] 22k

= V∩,k22k.
Once more, employing the uniform distribution of X, the covariance is

Cov(Bk(fx1,k), Bk(fx2,k)) = Ψ
−1/2
k (x1)Ψ

−1/2
k (x2)E [Kk(x1, X1)Kk(x2, X1)]

= V−1
∩,kE [I{X1 ∈ Ak(x1, ω1) ∩ Ak(x2, ω2)}]

= V−1
∩,kE [E [I{X1 ∈ Ak(x1, ω1) ∩ Ak(x2, ω2)} | ω1, ω2]]

= V−1
∩,kE [V (Ak(x1, ω1) ∩ Ak(x2, ω2))] . (5.31)

This means the covariance is equal to the expected volume of this intersection divided by
V∩,k and most importantly does not depend on X1. Following Definition 3.2, let Sl(x0, ω)
be the number of splits orthogonal to coordinate l used in the construction of the cell
Ak(x0, ω).
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Lemma 5.11. It holds that

V (Ak(x1, ω1) ∩ Ak(x2, ω2))

= 2−
∑p

l=1 max{Sl(x1,ω1),Sl(x2,ω2)}

×
p∏

l=1

I
{
⌊x(l)1 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋ = ⌊x(l)2 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋

}
.

The lemma implies that the size of the intersection is determined by the maximum
number of cuts per direction, if the intersection is not empty. Further it is not empty if
and only if the l-th components of x1 and x2 are in the same cell of the grid with cell size
2−min(Sl(x1,ω1),Sl(x2,ω2) for all l ∈ {1, . . . .p}. Using the lemma, we can calculate the size of
the intersection based on the number of splits per direction in the partitions created by
ω1 and ω2. This is helpful for the estimation of the covariances. For a fixed x1, x2 we only
need to simulate the number of cuts per direction.

Now we want to identify the positions in the covariance matrix with equal entries.
That means cases for (xi)

4
i=1with

P (X1 ∈ Ak(x1, ω1) ∩ Ak(x2, ω2)) = P (X1 ∈ Ak(x3, ω1) ∩ Ak(x4, ω2)) .

Lemma 5.12. Let Π(p) be the permutations of {1, . . . , p}. It holds that

P (X1 ∈ Ak(x1, ω1) ∩ Ak(x2, ω2)) = P (X1 ∈ Ak(x3, ω1) ∩ Ak(x4, ω2))

⇔ ∃π ∈ Π(p) :
(
max{t ∈ {0, . . . k} : ⌊x(l)1 2t⌋ = ⌊x(l)2 2t⌋}

)p
l=1

=
(
max{t ∈ {0, . . . k} : ⌊x(π(l))3 2t⌋ = ⌊x(π(l))4 2t⌋}

)p
l=1

.

The existence of the permutation in the lemma implies that the covariance is deter-
mined by the order statistic of

Ck(x1, x2) :=
(
max{t ∈ {0, . . . k} : ⌊x(l)1 2t⌋ = ⌊x(l)2 2t⌋}

)p
l=1
∈ {0, . . . , k}p. (5.32)

Let C
(↑)
k (x1, x2) denote the order statistic of the above vector, that is the increasingly

ordered version of Ck(x1, x2). In the unordered vector above each of the entries corresponds
to the finest 2−t-grid on [0, 1] in which both x

(l)
1 and x

(l)
2 are in the same cell. We can

interpret the vector Ck(x1, x2) as the componentwise closeness of x1 and x2 in this grid.
Larger entries imply that they are closer and the maximum closeness is Ck(x0, x0) =
(k, . . . , k).

Let us denote

ΩS := {(t1, . . . , tp) | ti ∈ {0, . . . k}∀i ∈ {1, . . . p}, t1 ≤ t2 ≤ . . . ≤ tp} .
We know that ∣∣ΩS

∣∣ = (k + p

p

)
.

Further, it holds that C
(↑)
k (x1, x2) ∈ ΩS for all x1, x2 ∈ [0, 1]p. Hence there are at most(

k+p
p

)
distinct entries in the covariance matrix. Again this is helpful for the estimation of

the matrix.
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Another implication of these two lemmas is that the volume of the intersection does
not directly depend on x1 and x2 but rather their relation to each other. By relation we
mean the vector

Ck(x1, x2) =
(
max{t ∈ {0, . . . k} : ⌊x(l)1 2t⌋ = ⌊x(l)2 2t⌋}

)p
l=1

.

The splits do not directly depend on x1 and x2 as well. We note that

V (Ak(x1, ω1) ∩ Ak(x2, ω2))

= 2−
∑p

l=1 max{Sl(x1,ω1),Sl(x2,ω2)}

×
p∏

l=1

I
{
⌊x(l)1 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋ = ⌊x(l)2 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋

}
= 2−

∑p
l=1 max{Sl(x1,ω1),Sl(x2,ω2)}

p∏
l=1

I
{
min{Sl(x1, ω1), Sl(x2, ω2)} ≤ C

(l)
k (x1, x2)

}
by the definition of Ck(x1, x2). For any ω let S(ω) = (Sl(ω))

p
l=1

d
= (Sl(x0, ω))

p
l=1. For a

fixed closeness of two points represented by c ∈ {0, . . . k}p we denote

V∩ (c, S(ω1), S(ω2)) := 2−
∑p

l=1 max{Sl(ω1),Sl(ω2)}
p∏

l=1

I {min{Sl(ω1), Sl(ω2)} ≤ cl} . (5.33)

We can use this to make another observation regarding the covariance.

Remark 5.13. We know that for x1 and x2 the covariance of the Gaussian process at these
points is

1

V∩,k
P (X1 ∈ Ak(x1, ω1) ∩ Ak(x2, ω2)) =

1

V∩,k
E [V (Ak(x1, ω1) ∩ Ak(x2, ω2))] .

If the covariance is equal to one we have

E [V (Ak(x1, ω1) ∩ Ak(x2, ω2))] = V∩,k = E [V (Ak(x0, ω1) ∩ Ak(x0, ω2))] .

Let the “relation” between Ck(x1, x2) = c be fixed. The above implies that

E

[
2−

∑p
l=1 max{Sl(ω1),Sl(ω2)}

p∏
l=1

I {min{Sl(ω1), Sl(ω2)} ≤ cl}
]

= E [V∩ (c, S(ω1), S(ω2))]

= E [V (Ak(x1, ω1) ∩ Ak(x2, ω2))]

= E [V (Ak(x0, ω1) ∩ Ak(x0, ω2))]

= E [V∩ ({k}p, S(ω1), S(ω2))]

= E

[
2−

∑p
l=1 max{Sl(ω1),Sl(ω2)}

p∏
l=1

I {min{Sl(ω1), Sl(ω2)} ≤ k}
]

= E
[
2−

∑p
l=1 max{Sl(ω1),Sl(ω2)}

]
.
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5.5. Proof strategy

This implies that

P

(
p⋂

l=1

{min{Sl(ω1), Sl(ω2)} ≤ cl}
)

= 1

and hence
P (min{Sl(ω1), Sl(ω2)} ≤ cl) = 1 ∀l ∈ {1, . . . , p}.

Since ω1 and ω2 are independent we have

P (Sl(ω1) ≤ cl) = 1 ∀l ∈ {1, . . . , p}.

Since the axes are interchangeable in the feature space and in the partitioning algorithm,
there would be a c∗ ≤ k with cl = c∗ for all l ∈ {1, . . . p}. This directly implies that the
RF estimator is constant on all cells in the 2−c∗grid because these cells are never split by
any partition. The limit Gaussian process is a process in the function class

Fk = {fx0,k(x, s) = σ−1V−1/2
∩,k sP (x ∈ Ak(x0, ω)) | x0 ∈ [0, 1]p}.

If we know that the partition never splits certain cells it holds that fx1,k = fx2,k almost
surely if x1 and x2 are in one of these cells. Hence the two points in the feature space
correspond to the same function in the class and it suffices to consider one point in each
cell for the Gaussian process. This makes sense because for fixed k the process is the
limit of a sequence of estimators that are constant on these cells. In other words, the
estimation of the covariance gives as a method to determine the size of the undividable
cells.

5.5 Proof strategy

Similar to Chapter 4, we use the decomposition of the error from (3.13). The important
difference is that we need to handle the terms uniformly in x0. The error can be bounded
by

sup
x0∈[0,1]p

|U (RF)
n,rn,ω(x0)−m(x0)| = ∥U (RF)

n,rn,ω −m∥∞

≤ ∥U (m)
n,rn,ω −m∥∞ + ∥U (ε)

n,rn,ω∥∞.

For the stochastic error we will use a different proof strategy than in Chapter 4 which
is necessary because Theorem 2.13 is pointwise. For

Kk(x0, x) = E
[
I{x ∈ Ak(x0, ω)}px0(ω)

−1
]

from (4.8) let us denote

Û (ε)
n,rn,ω(x0) =

1

n

n∑
j=1

εjKk(x0, Xj). (5.34)
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This definition is based on the Hájek projection from (2.23) of the U-statistic U (ε)
n,rn,ω(x0).

The Hájek projection is

rn
n

n∑
j=1

h
(ε)
n,1(Xj, εj) =

1

n

n∑
j=1

εjE
[
I{Xj ∈ Ak(x0, ω)}px0(ω)

−1λ(rn, px0(ω)) | Xj

]
for

h
(ε)
n,1(x, s) =

s

rn
E
[
I{x ∈ Ak(x0, ω)}px0(ω)

−1λ(rn, px0(ω))
]

from (4.26) in Lemma 4.11. The only difference to (5.34) is the term λ(rn, px0(ω)), see
(4.25), that converges to one uniformly under reasonable assumptions on k and rn. Under
the assumptions in Theorem 5.1, the term Û

(ε)
n,rn,ω is the asymptotically leading term of

U
(ε)
n,rn,ω. We call U (ε)

n,rn,ω − Û (ε)
n,rn,ω the projection error due to its connection to the Hájek

projection. Later we will decompose the projection error into two terms, which we will
call remainder terms. It is similar to the proof of Theorem 2.13 that the Hájek projection
is the leading term, but since we consider the terms uniformly in x0 it is necessary to
handle both, the leading term and the projection error differently.

The idea for the leading term is that Û (ε)
n,rn,ω is close to a Gaussian process in x0 if

n is large enough. Definition 2.1 of the empirical process applied to the observations
(Xj, εj)

n
j=1 and the function class Fk from (5.1) yields

Û (ε)
n,rn,ω(x0) =

1

n

n∑
j=1

εjKk(x0, Xj)

=
σ
√

Ψk(x0)

n

n∑
j=1

σ−1Ψ
−1/2
k (x0)εjKk(x0, Xj)

=

√
σ2Ψk(x0)

n

n∑
j=1

(fx0,k(Xj, εj)− E [fx0,k(X1, ε1)])

=

√
σ2Ψk(x0)

n
Gnfx0,k.

We use Theorem 2.4 by Chernozhukov et al. (2014b) to approximate

sup
f∈Fk

|Gnf | =
√

n

σ2
sup

x0∈[0,1]p
|Ψ−1/2

k (x0)Û
(ε)
n,rn,ω(x0)|

by a sequence of random variables Sk with Sk
d
= supf∈Fk

|Bkf |. Therein Bk is a sequence
of centered Gaussian processes indexed by Fk from Theorem 2.4 that has the covariance
function

Cov(Bk(fx1,k), Bk(fx2,k)) = E[fx1,k(X1, ε1)fx2,k(X1, ε1)]

= Ψ
−1/2
k (x1)Ψ

−1/2
k (x2)σ

−2E[ε1Kk(x1, X1)ε1Kk(x2, X1)]

= Ψ
−1/2
k (x1)Ψ

−1/2
k (x2)E[Kk(x1, X1)Kk(x2, X1)].

In particular, this implies Var(Bk(f)) = 1. The application of Theorem 2.4 leads to the
following theorem, whose proof can be found in Section 5.6.10.1.
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5.5. Proof strategy

Theorem 5.14. Let Bk(f), f ∈ Fk, be a sequence of centered Gaussian processes with
covariance

Cov(Bk(fx1,k), Bk(fx2,k)) = Ψ
−1/2
k (x1)Ψ

−1/2
k (x2)E [Kk(x1, X1)Kk(x2, X1)] .

If ν ∈ [4,∞) and E[|ε1|ν ] < ∞ there exists a sequence of random variables Sk
d
=

supx0∈[0,1]p |Bkfx0,k| such that∣∣∣∣√ n

σ2
sup

x0∈[0,1]p
|Ψ−1/2

k (x0)Û
(ε)
n,rn,ω(x0)| − Sk

∣∣∣∣ = OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
.

Using this direct approximation of the supremum it will not be necessary to approxi-
mate the whole empirical process uniformly. This is an important difference to previous
results in the literature like those by Johnston (1982), Claeskens and Van Keilegom (2003)
or Chao et al. (2017). With the above theorem for the leading term of the asymptotic
distribution of √

n

σ2
∥Ψ−1/2

k U (ε)
n,rn,ω∥∞,

it remains to handle the projection error uniformly in x0. As demonstrated in Section
5.4, the observations concerning the finite size of Fk for analogous terms imply that the
supremum over x0 ∈ [0, 1]p of the projection error is, in fact, a maximum over x0 ∈ Xk.
In particular, the argument implies that for any function g and any realizations (wj)j∈J
of random variables (ωj)j∈J it holds that

sup
x0∈[0,1]p

g
(
(Ak(x0, wj))j∈J , η

)
= max

x0∈Xk

g
(
(Ak(x0, wj))j∈J , η

)
where η can be any arbitrary argument that does not depend on x0. The remainder terms
from the projection error are of the above form. This will allow the utilization of union
bounds in conjunction with bounds of finite moments of the remainder terms, thereby
enabling their uniform handling.

For the approximation error U (m)
n,rn,ω−m we cannot directly use this argument because

m is continuous in x0 and thus, the supremum is not reduced to a maximum. But after
using the Hölder continuity the bound

|m(X1)−m(x0)|I{X1 ∈ Ak(x0, ω)} ≤ CHd(Ak(x0, ω))
α

only depends on x0 via the cell Ak(x0, ω) and allows us to use the same argument. To
bound the uniform approximation error we will use a bound for the expected diameter of
the cells. The averaging over many trees in the random forests leads to

1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α ≈ E[d(Ak(x0, ω))

α].

Hence the expectation of the supremum will be reduced to supremum of the expectation.
These expectations are all the same and we will be able to use a non uniform bound of
the diameter. In the context of a single regression tree, this argument is invalid, implying
the necessity for bounds on the expectation with the supremum inside. In general, these
bounds are of larger magnitude, and as a result, the approximation error is also larger.
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5.6 Proofs

In this section, the proofs of all results in this chapter are given.

5.6.1 Proof of Theorem 5.1

The following proposition is essential for the proof of Theorem 5.1. Its proof is postponed
to Section 5.6.2.

Proposition 5.15. Under the assumptions of Theorem 5.1 let Bk be the sequence of
Gaussian processes defined in equation (5.8). For any ν ≥ 4 with E[|ε1|ν ] < ∞ there
exists a sequence of random variables Sk

d
= supx0∈[0,1]p |Bkfx0,k| with

|√n∥Ψ−1/2
k (U (RF)

n,rn,ω −m)∥∞ − σSk|

= OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
+ oP

(
(log n)−1

)
.

Proof of Theorem 5.1. We lower bound the coverage probability by

P (m(x) ∈ Cn(x), ∀x ∈ [0, 1]p)

= P
(
∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ ≤

σ̂ck(β)√
n

)
= 1− P

(
∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ >

σ̂ck(β)√
n

)
= 1− P

(
∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ > σ

σ̂

σ

ck(β)√
n
, |σ̂/σ − 1| ≤ (log n)−2

)
− P

(
∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ > σ

σ̂

σ

ck(β)√
n
, |σ̂/σ − 1| > (log n)−2

)
≥ 1− P

(
∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ > σ(1− (log n)−2)

ck(β)√
n
, |σ̂/σ − 1| ≤ (log n)−2

)
− P

(
∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ > σ

σ̂

σ

ck(β)√
n
, |σ̂/σ − 1| > (log n)−2

)
≥ 1− P

(
∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ > σ(1− (log n)−2)

ck(β)√
n

)
− P

(
|σ̂/σ − 1| > (log n)−2

)
≥ 1− P

(∣∣√n∥Ψ−1/2
k (U (RF)

n,rn,ω −m)∥∞ − σSk

∣∣+ σSk > σ(1− (log n)−2)ck(β)
)

− P
(
|σ̂ − σ| > σ(log n)−2

)
≥ 1− P

(
σSk > σ(1− (log n)−2)ck(β)− (log n)−1

)
− P

(
|σ̂ − σ| > σ(log n)−2

)
− P

(∣∣√n∥Ψ−1/2
k (U (RF)

n,rn,ω −m)∥∞ − σSk

∣∣ > (log n)−1
)
. (5.35)
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Assumption (5.7) implies E[|ε1|qG ] <∞ for qG ≥ 4, therefore Proposition 5.15 yields

|√n∥Ψ−1/2
k (U (RF)

n,rn,ω −m)∥∞ − σSk|

= OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/qG
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
+ oP

(
(log n)−1

)
.

We argue why these terms are oP((log n)−1). With (5.6) we have

(log n)5/2

V1/2
∩,kn

1/2−1/qG
=
((log n)5
V∩,kn

n2/qG
)1/2
→ 0.

For the second term we have

(log n)9/4

V1/4
∩,kn

1/4
=
((log n)9
V∩,kn

)1/4
=
((log n)5
V∩,kn

n2/qG
)1/4

n−1/(2qG) log n→ 0.

The third term works the same. Hence

P
(
|√n∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ − σSk| > (log n)−1

)
→ 0. (5.36)

Further we have

P
(
|σ̂ − σ| > σ(log n)−2

)
= P

( |σ̂2 − σ2|
σ̂ + σ

> σ(log n)−2

)
≤ P

(
|σ̂2 − σ2| > σ2(log n)−2

)
→ 0 (5.37)

by assumption on σ̂. It remains to handle

1− P
(
σSk > σ(1− (log n)−2)ck(β)− (log n)−1

)
= P

(
σSk ≤ σck(β)− σ(log n)−2ck(β)− (log n)−1

)
= P (Sk ≤ ck(β))− P

(
σck(β)− σ(log n)−2ck(β)− (log n)−1 < σSk ≤ σck(β)

)
= 1− β − P

(
−(log n)−2ck(β)− (log n)−1σ−1 < Sk − ck(β) ≤ 0

)
≥ 1− β − P

(
|Sk − ck(β)| ≤ (log n)−2ck(β) + (log n)−1σ−1

)
. (5.38)

Corollary 2.1. by Chernozhukov et al. (2014a) yields that

sup
ξ∈R

P (|Sk − ξ| ≤ κ) ≤ 4κ

(
E
[
sup
f∈Fk

|Bkf |
]
+ 1

)
.

We apply Corollary 2.2.8. by van der Vaart and Wellner (1996) to bound the above
expectation. Let d be the standard deviation semimetric on Fk that is involved in this
corollary. It holds that

d(fx1,k, fx2,k) := E
[
(Bkfx1,k −Bkfx2,k)

2]1/2
= E

[
(Bkfx1,k)

2 − 2Bkfx1,kBkfx2,k + (Bkfx2,k)
2
]1/2
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= (2− 2E [Bkfx1,kBkfx2,k])
1/2

=
√
2 (1− Cov(Bk(fx1,k), Bk(fx2,k)))

1/2

=
√
2
(
1−Ψ

−1/2
k (x1)Ψ

−1/2
k (x2)E [Kk(x1, X1)Kk(x2, X1)]

)1/2
≤
√
2. (5.39)

The finite size of Fk, that is Nf (k) ≤ 2kp, implies that the packing number from Definition
2.2 is bounded by 2kp for any semimetric. For the semimetric d from above D(Fk, d, ϵ) ≤
Nf (k) ≤ 2kp is also implied by its equality to zero if x1 and x2 are in one undividable cell.
Note that (5.39) further implies that D(Fk, d, ϵ) = 1 if ϵ >

√
2. Using these observations

Corollary 2.2.8. by van der Vaart and Wellner (1996) yields for a universal constant K
that

E
[
sup
f∈Fk

|Bkf |
]
≤ E [|Bkfx0,k|] +K

∫ ∞

0

√
logD(Fk, d, ϵ)dϵ

≤ σ +K

∫ √
2

0

√
log 2kpdϵ

≤ σ +K
√
2
√
pk log 2

≲
√
k. (5.40)

With Chernozhukov et al. (2014a, Theorem 2.1) we obtain

sup
ξ∈R

P(|Sk − ξ| ≤ κ) ≤ 4κ

(
E
[
sup
f∈Fk

|Bkf |
]
+ 1

)
≲ κ
√
k. (5.41)

Using (5.41) we obtain

P
(
|Sk − ck(β)| ≤ (log n)−2ck(β) + (log n)−1σ−1

)
≲
(
(log n)−2ck(β) + (log n)−1σ−1

)√
k.

(5.42)
Thus, we need an upper bound for ck(β). Again using (5.40), yields that

P(Sk ≤ ξ) = 1− P(Sk > ξ) ≥ 1− 1

ξ
E[Sk] ≥ 1− ξ−1C

√
k

for some constant C. We recall that ck(β) = inf{ξ ∈ R : P(Sk ≤ ξ) ≥ 1 − β}. For
ξ = C

√
kβ−1 we get

ck(β) ≤ Cβ−1
√
k ≲
√
k. (5.43)

With (5.3) and (5.5) which implies 2k = o(n) it holds that k = O(log n) and therefore
(5.42) is o(1). Thus (5.38) yields

P
(
σSk ≤ σck(β)− σ(log n)−2ck(β)− (log n)−1

)
≥ 1− β − P

(
|Sk − ck(β)| ≤ (log n)−2ck(β) + (log n)−1σ−1

)
= 1− β − o(1).

Together with (5.35), (5.36) and (5.37) we obtain

lim inf
n→∞

inf
m∈H(α,CH)

P
(
m(x) ∈ Ĉn(x), ∀x ∈ [0, 1]p

)
≥ 1− β.
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5.6.2 Proof of Proposition 5.15

To prove the proposition we use Theorem 5.14 and the auxiliary results below. Their
proofs can be found in Section 5.6.10. We first present the results that handle U (m)

n,rn,ω(x0)−
m(x0). For

U (1)
n,rn,ω(x0) :=

1(
n
rn

) ∑
I∈Brn,n

I{∃j ∈ I : Xj ∈ Ak(x0, ωI)}, (5.44)

we have

U (m)
n,rn,ω(x0)−m(x0) = U (m)

n,rn,ω(x0)−m(x0)U
(1)
n,rn,ω(x0) +m(x0)(U

(1)
n,rn,ω(x0)− 1). (5.45)

The two results below handle both terms from this decomposition. Their proofs are
postponed to Section 5.6.10.2.

Lemma 5.16. For an α-Hölder continuous m : [0, 1]p → R with Hölder constant CH it
holds that

E
[
∥U (m)

n,rn,ω −mU (1)
n,rn,ω∥∞

]
≤ CH

(
E[d(Ak(x, ω))

α] + pα/2Nf (k)

(
n

rn

)−1/2
)

for an arbitrary x ∈ [0, 1]p.

Lemma 5.17. For a bounded m : [0, 1]p → R it holds that

E
[
∥m(U (1)

n,rn,ω − 1)∥∞
]
≤ ∥m∥∞2k(1− cX2−k)rn .

The next results will handle the projection error introduced in Section 5.5. We have

U (ε)
n,rn,ω(x0) =

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

εj
I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

=
rn
n

n∑
j=1

εj
1(

n−1
rn−1

) ∑
I∈Brn,n:j∈I

I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

.

For Û (ε)
n,rn,ω from (5.34) we obtain

U (ε)
n,rn,ω(x0)− Û (ε)

n,rn,ω(x0)

=
1

n

n∑
j=1

εj

 rn(
n−1
rn−1

) ∑
I∈Brn,n:j∈I

I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

−Kk(x0, Xj)


=

1

n

n∑
j=1

εj
rn(
n−1
rn−1

) ∑
I∈Brn,n:j∈I

(
I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

− 1

rnpx0(ωI)
I{Xj ∈ Ak(x0, ωI)}

)

+
1

n

n∑
j=1

εj

 rn(
n−1
rn−1

) ∑
I∈Brn,n:j∈I

1

rnpx0(ωI)
I{Xj ∈ Ak(x0, ωI)} −Kk(x0, Xj)


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=
1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

εjI{Xj ∈ Ak(x0, ωI)}
(

1∑
i∈I I{Xi ∈ Ak(x0, ωI)}

− 1

rnpx0(ωI)

)

+
1

n

n∑
j=1

εj
1(

n−1
rn−1

) ∑
I∈Brn,n:j∈I

(
px0(ωI)

−1I{Xj ∈ Ak(x0, ωI)} −Kk(x0, Xj)
)

=: R(1)
n,rn,ω(x0) +R(2)

n,rn,ω(x0) (5.46)

The lemmas below handle the two remainder terms R(1)
n,rn,ω(x0) and R(2)

n,rn,ω(x0) separately.
Their proofs are again postponed and can be found in Section 5.6.10.3.

Lemma 5.18. Let q ∈ 2N be fixed with q ≤ rn and rn → ∞. Assume that E [|ε1|q] < ∞
and 2k ≤ rn, then there exists a constant C that depends on q but not on n and k such
that

E
[
R(1)

n,rn,ω(x0)
q
]
≤ C

(
22k

rnn

)q/2

.

Lemma 5.19. For R(2)
n,rn,ω(x0) it holds that

E
[
R(2)

n,rn,ω(x0)
2
]
= Var

(
R(2)

n,rn,ω(x0)
)
≤ σ2CX

c2X

2k

rn

(rn
n

)rn
.

Similar to Lemma 5.19, we can prove a corollary that will be used for a another
remainder term that appears in the proof for the KeRF. We will state this corollary
before the proof for the KeRF where it is used. Combining all these results, we are able
to prove the Proposition 5.15.

Proof of Proposition 5.15. Using the reverse triangle inequality we get∣∣∥Ψ−1/2
k Û (ε)

n,rn,ω∥∞ − ∥Ψ
−1/2
k (U (RF)

n,rn,ω −m)∥∞
∣∣

≤ ∥Ψ−1/2
k (Û (ε)

n,rn,ω − (U (RF)
n,rn,ω −m))∥∞

= ∥Ψ−1/2
k (Û (ε)

n,rn,ω − U (ε)
n,rn,ω − U (m)

n,rn,ω +m)∥∞
≤ ∥Ψ−1/2

k (Û (ε)
n,rn,ω − U (ε)

n,rn,ω)∥∞ + ∥Ψ−1/2
k (U (m)

n,rn,ω −m)∥∞
≤ ∥Ψ−1/2

k R(1)
n,rn,ω∥∞ + ∥Ψ−1/2

k R(2)
n,rn,ω∥∞ + ∥Ψ−1/2

k (U (m)
n,rn,ω −m)∥∞

Hence, for the sequence of random variables Sk as defined in the theorem we get

|√n∥Ψ−1/2
k (U (RF)

n,rn,ω −m)∥∞ − σSk|
=
∣∣∣√n(∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ − ∥Ψ−1/2

k Û (ε)
n,rn,ω∥∞ + ∥Ψ−1/2

k Û (ε)
n,rn,ω∥∞

)
− σSk

∣∣∣
≤ √n

∣∣∥Ψ−1/2
k (U (RF)

n,rn,ω −m)∥∞ − ∥Ψ−1/2
k Û (ε)

n,rn,ω∥∞
∣∣+ ∣∣√n∥Ψ−1/2

k Û (ε)
n,rn,ω∥∞ − σSk

∣∣
≤ √n∥Ψ−1/2

k ∥∞
(
∥U (m)

n,rn,ω −m∥∞ + ∥R(1)
n,rn,ω∥∞ + ∥R(2)

n,rn,ω∥∞
)

+ |√n∥Ψ−1/2
k Û (ε)

n,rn,ω∥∞ − σSk|

≲
( n

22kV∩,k

)1/2(
∥U (m)

n,rn,ω −m∥∞ + ∥R(1)
n,rn,ω∥∞ + ∥R(2)

n,rn,ω∥∞
)
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+ |√n∥Ψ−1/2
k Û (ε)

n,rn,ω∥∞ − σSk| (5.47)

because

∥Ψ−1/2
k ∥∞ ≤

(
cX
C2

X

22kV∩,k
)−1/2

owing to (4.20). We omit the constants for a shorter notation. In the rest of the proof we
will show that all terms from (5.47) except the last are oP((log n)−1). For the last term
we apply Theorem 5.14.

For the approximation error we have with (5.45) that

∥U (m)
n,rn,ω −m∥∞ ≤ ∥U (m)

n,rn,ω −mU (1)
n,rn,ω∥∞ + ∥m(U (1)

n,rn,ω − 1)∥∞.

Using Lemma 5.16 we get

P
(
∥U (m)

n,rn,ω −mU (1)
n,rn,ω∥∞ ≥ κ(log n)−1

( n

22kV∩,k

)−1/2
)

≤
(
n(log n)2

κ222kV∩,k

)1/2

E
[
∥U (m)

n,rn,ω −mU (1)
n,rn,ω∥∞

]
≤ CH

(
n(log n)2

κ222kV∩,k

)1/2
(
E[d(Ak(x, ω))

α] + pα/2Nf (k)

(
n

rn

)−1/2
)

(5.48)

for all κ > 0. Assumption (5.4) yields

CH

( n(log n)2
κ222kV∩,k

)1/2E[d(Ak(x, ω))
α]→ 0

for all κ > 0. The fact that E[d(Ak(x, ω))
α] ≥ pα/22−αk/p and V∩,k ≤ 2−k together with

(5.4) imply

pα2−2αk/p n

2k
≤ E[d(Ak(x, ω))

α]2
n(log n)2

22kV∩,k
.

Hence n = o(2k(1+2α/p)). Again using V∩,k ≤ 2−k assumption (5.5) implies with (5.13)
that 2k = o(rn). For the squared second term from (5.48) we obtain with (5.3) that

C2
H

n(log n)2

κ222kV∩,k
p2αNf (k)

2

(
n

rn

)−1

≤ C2
Hp

2α

κ2
n(log n)222kp

(rn
n

)rn
= o
(
2k(2p+2+2α/p)crn

)
= o
(
r(2p+2+2α/p)
n exp(rn log(c))

)
→ 0 (5.49)

because (log n)2 = o(2k) and log(c) < 0. Lemma 5.17 yields

P
(
∥m(U (1)

n,rn,ω − 1)∥∞ ≥ κ(log n)−1
( n

22kV∩,k

)−1/2
)

≤ κ−1

(
n(log n)2

22kV∩,k

)1/2

E
[
∥m(U (1)

n,rn,ω − 1)∥∞
]
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≤ κ−1

(
n(log n)2

22kV∩,k

)1/2

∥m∥∞2k(1− cX2−k)rn

= κ−1

(
n(log n)2

V∩,k

)1/2

∥m∥∞(1− cX2−k)rn → 0

for all κ > 0 with (5.13).
Assumption (5.7) implies that E[|ε1|qR ] < ∞. Hence for every κ > 0 Lemma 5.18

yields

P
(
∥R(1)

n,rn,ω∥∞ ≥ κ(log n)−1
( n

22kV∩,k

)−1/2
)
≤ E

[
∥R(1)

n,rn,ω∥qR∞
]( n(log n)2

κ222kV∩,k

)qR/2

≲
∑
x0∈Xk

E
[
R(1)

n,rn,ω(x0)
qR
](n(log n)2

22kV∩,k

)qR/2

≤ Nf (k)C

(
22k

rnn

)qR/2(
n(log n)2

22kV∩,k

)qR/2

≲ Nf (k)

(
(log n)2

rnV∩,k

)qR/2

→ 0

due to Assumption (5.5). Lemma 5.19 implies with a union bound and by using Nf (k) ≤
2kp and V∩,k ≥ 2−2k that

P
(
∥R(2)

n,rn,ω∥∞ ≥ κ(log n)−1
( n

22kV∩,k

)−1/2
)
≤ E

[
∥R(2)

n,rn,ω∥2∞
] n(log n)2
κ222kV∩,k

≤ n(log n)2

κ222kV∩,k
∑
x0∈Xk

E
[
R(2)

n,rn,ω(x0)
2
]

≤ Nf (k)
σ2CX

c2X

2k

rn

n(log n)2

22kV∩,k

(rn
n

)rn
= Nf (k)

σ2CX

c2Xκ
2

(log n)2

2kV∩,k

(rn
n

)rn−1

≤ σ2CX

c2Xκ
2
2k(p+1)(log n)2crn−1 → 0

with the same argument we already used for (5.49). Applying (5.47) and Theorem 5.14
for any ν ≥ 4 with E[|ε1|ν ] <∞ we end up with∣∣√n∥Ψ−1/2

k (U (RF)
n,rn,ω −m)∥∞ − σSk

∣∣
≲
( n

22kV∩,k

)1/2(
∥U (m)

n,rn,ω −m∥∞ + ∥R(1)
n,rn,ω∥∞ + ∥R(2)

n,rn,ω∥∞
)

+ |√n∥Ψ−1/2
k Û (ε)

n,rn,ω∥∞ − σSk|

= oP
(
(log n)−1

)
+OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
.
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5.6.3 Proof of Lemma 5.4

The estimation error can be bounded by

|σ̂2 − σ2| =
∣∣∣∣ 1n

n∑
i=1

(
ε̂2i − σ2

) ∣∣∣∣
=

∣∣∣∣ 1n
n∑

i=1

((
Yi − U (RF)

n,rn,ω(Xi)
)2 − σ2

) ∣∣∣∣
=

∣∣∣∣ 1n
n∑

i=1

((
m(Xi) + εi − U (RF)

n,rn,ω(Xi)
)2 − σ2

) ∣∣∣∣
=

∣∣∣∣ 1n
n∑

i=1

((
m(Xi)− U (RF)

n,rn,ω(Xi)
)2

+ 2εi
(
m(Xi)− U (RF)

n,rn,ω(Xi)
)
+ ε2i − σ2

) ∣∣∣∣
≤ 1

n

n∑
i=1

(
m(Xi)− U (RF)

n,rn,ω(Xi)
)2

+ 2

∣∣∣∣ 1n
n∑

i=1

εi
(
m(Xi)− U (RF)

n,rn,ω(Xi)
) ∣∣∣∣

+

∣∣∣∣ 1n
n∑

i=1

(
ε2i − σ2

) ∣∣∣∣
=: E1 + 2E2 + E3.

Markov’s inequality implies

P
(
|σ̂2 − σ2| > κ

)
≤ P (E1 > κ/3) + P (E2 > κ/3) + P (E3 > κ/3)

≤ 3

κ
E [E1] +

6

κ
E [E2] +

3

κ
E [E3] . (5.50)

The first expectation is bounded by

E [E1] = E
[(
m(X1)− U (RF)

n,rn,ω(X1)
)2]

= E
[(
m(X1)− U (m)

n,rn,ω(X1)− U (ε)
n,rn,ω(X1)

)2]
≤ 2E

[(
m(X1)− U (m)

n,rn,ω(X1)
)2]

+ 2E
[
U (ε)
n,rn,ω(X1)

2
]
. (5.51)

Using (5.45) we get

E
[(
m(X1)− U (m)

n,rn,ω(X1)
)2]

≲ E
[(
U (m)
n,rn,ω(X1)−m(X1)U

(1)
n,rn,ω(X1)

)2]
+ E

[
m(X1)

2
(
U (1)
n,rn,ω(X1)− 1

)2]
≤ E

[
∥U (m)

n,rn,ω −mU (1)
n,rn,ω∥2∞

]
+ ∥m∥2∞E

[(
U (1)
n,rn,ω(X1)− 1

)2]
. (5.52)

Using the same arguments as in Lemma 5.16, but instead for the expectation of the
squared expression we get

E
[
∥U (m)

n,rn,ω −mU (1)
n,rn,ω∥2∞

]
≤ C2

H

(
E[d(Ak(x, ω))

α]2 + pαNf (k)

(
n

rn

)−1
)
. (5.53)
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With the definition of U (1)
n,rn,ω from (5.44) we get

(
U (1)
n,rn,ω(X1)− 1

)2
=

 1(
n
rn

) ∑
I∈Brn,n

(I{∃j ∈ I : Xj ∈ Ak(X1, ωI)} − 1)

2

=

n− rn
n

1(
n−1
rn

) ∑
I∈Brn,n:1̸∈I

(I{∃j ∈ I : Xj ∈ Ak(X1, ωI)} − 1)

2

≤ 1(
n−1
rn

) ∑
I∈Brn,n:1̸∈I

(I{∃j ∈ I : Xj ∈ Ak(X1, ωI)} − 1)2

=
1(

n−1
rn

) ∑
I∈Brn,n:1̸∈I

I{∄j ∈ I : Xj ∈ Ak(X1, ωI)}.

Thus, with (4.6) we obtain

E
[(
U (1)
n,rn,ω(X1)− 1

)2] ≤ E [I{∄j ∈ {2, . . . , rn + 1} : Xj ∈ Ak(X1, ω)}]
= E [E [I{∄j ∈ {2, . . . , rn + 1} : Xj ∈ Ak(X1, ω)} | X1, ω]]

= E [E [(1− pX1(ω))
rn | X1, ω]]

≤ (1− cX2−k)rn . (5.54)

The equations (5.52), (5.53) and (5.54) yield

E
[(
m(X1)− U (m)

n,rn,ω(X1)
)2]

≲ C2
H

(
E[d(Ak(x, ω))

α]2 + pαNf (k)

(
n

rn

)−1
)

+ ∥m∥2∞(1− cX2−k)rn . (5.55)

We continue with the second term from (5.51), which can be decomposed into

U (ε)
n,rn,ω(X1) =

1(
n
rn

) ∑
I∈Brn,n:1 ̸∈I

∑
j∈I

εj
I{Xj ∈ Ak(X1, ωI)}∑
i∈I I{Xi ∈ Ak(X1, ωI)}

+
1(
n
rn

) ∑
I∈Brn,n:1∈I

∑
j∈I

εj
I{Xj ∈ Ak(X1, ωI)}

1 +
∑

i∈I\{1} I{Xi ∈ Ak(X1, ωI)}

=
n− rn
n

1(
n−1
rn

) ∑
I∈Brn,n:1̸∈I

∑
j∈I

εj
I{Xj ∈ Ak(X1, ωI)}∑
i∈I I{Xi ∈ Ak(X1, ωI)}

+
rn
n

1(
n−1
rn−1

) ∑
I∈Brn,n:1∈I

∑
j∈I

εj
I{Xj ∈ Ak(X1, ωI)}

1 +
∑

i∈I\{1} I{Xi ∈ Ak(X1, ωI)}

=:
n− rn
n

U1 +
rn
n
U2. (5.56)

U1 conditional X1 is a generalized U-statistic analogue to U
(ε)
n−1,rn,ω on the sample with

index set {2, . . . , n}. We apply Lemma 2.11 and Lemma 2.15 with (4.6) to obtain

E
[
U2
1 | X1

]
≤ rn
n− 1

E

(rn+1∑
j=2

εj
I{Xj ∈ Ak(X1, ω)}∑rn+1

i=2 I{Xi ∈ Ak(X1, ω)}

)2 ∣∣∣X1


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≤ σ2 r2n
n− 1

E

[
I{X2 ∈ Ak(X1, ω)}(

1 +
∑rn+1

i=3 I{Xi ∈ Ak(X1, ω)}
)2 ∣∣∣X1

]

= σ2 r2n
n− 1

E

[
E
[
I{X2 ∈ Ak(X1, ω)} | X1, (Xi)

rn+1
i=3 , ω

](
1 +

∑rn+1
i=3 I{Xi ∈ Ak(X1, ω)}

)2 ∣∣∣X1

]

= σ2 r2n
n− 1

E

[
pX1(ω)(

1 +
∑rn+1

i=3 I{Xi ∈ Ak(X1, ω)}
)2 ∣∣∣X1

]

≤ σ2CX
r2n

(n− 1)2k
E

(1 + rn+1∑
i=2

I{Xi ∈ Ak(X1, ω)}
)−2 ∣∣∣X1


≤ σ2CX

r2n
(n− 1)2k

2
22k

c2Xr
2
n

= 2σ2CX

c2X

2k

(n− 1)
. (5.57)

For U2 we use Jensen’s inequality and again Lemma 2.15 with (4.6) to obtain

E
[
U2
2

]
= E

 1(
n−1
rn−1

) ∑
I∈Brn,n:1∈I

∑
j∈I

εj
I{Xj ∈ Ak(X1, ωI)}

1 +
∑

i∈I\{1} I{Xi ∈ Ak(X1, ωI)}

2
≤ E

( rn∑
j=1

εj
I{Xj ∈ Ak(X1, ω)}

1 +
∑rn

i=2 I{Xi ∈ Ak(X1, ω)}

)2


= σ2

rn∑
j=1

E

[(
I{Xj ∈ Ak(X1, ω)}

1 +
∑rn

i=2 I{Xi ∈ Ak(X1, ω)}

)2
]

= σ2(rn − 1)E

[(
I{X2 ∈ Ak(X1, ω)}

2 +
∑rn

i=3 I{Xi ∈ Ak(X1, ω)}

)2
]

+ σ2E

(1 + rn∑
i=2

I{Xi ∈ Ak(X1, ω)}
)−2


≤ σ2(rn − 1)CX2

−kE

(2 + rn∑
i=3

I{Xi ∈ Ak(X1, ω)}
)2


+ σ2E

(1 + rn∑
i=2

I{Xi ∈ Ak(X1, ω)}
)−2


≤ σ2

(
(rn − 1)CX2

−k + 1
)
E

(1 + rn∑
i=2

I{Xi ∈ Ak(X1, ω)}
)−2


≤ 2σ2

(
(rn − 1)CX2

−k + 1
) 22k

c2Xr
2
n

. (5.58)
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Together with (5.56), (5.57) and (5.58) yield

E
[
U (ε)
n,rn,ω(X1)

2
]
≤ 2E

[(
n− rn
n

U1

)2
]
+ 2E

[(rn
n
U2

)2]
≤ 2E

[
E
[
U2
1 | X1

]]
+ 2

(rn
n

)2
E
[
U2
2

]
≤ 4σ2CX

c2X

2k

(n− 1)
+ 4

(
2k

cXn

)2

σ2
(
(rn − 1)CX2

−k + 1
)

= O
(
2k/n

)
+O

(
2krn
n2

)
+O

(
22k

n2

)
= O

(
2k/n

)
+O

(
22k

n2

)
(5.59)

(5.51), (5.55) and (5.59) imply

E [E1] ≤ 2E
[(
m(X1)− U (m)

n,rn,ω(X1)
)2]

+ 2E
[
U (ε)
n,rn,ω(X1)

2
]

= O
(
E[d(Ak(x, ω))

α]2
)
+O

(
Nf (k)

(
n

rn

)−1
)

+O
(
(1− cX2−k)rn

)
+O

(
2k/n

)
+O

(
22k

n2

)
. (5.60)

We proceed with E2.

E [E2] ≤ E

[∣∣∣∣ 1n
n∑

l=1

εl
(
m(Xl)− U (m)

n,rn,ω(Xl)
) ∣∣∣∣
]
+ E

[∣∣∣∣ 1n
n∑

l=1

εlU
(ε)
n,rn,ω(Xl)

∣∣∣∣
]

(5.61)

We use the independence of (m(Xl), U
(m)
n,rn,ω(Xl)) and εl in conjunction with ∥U (m)

n,rn,N,ω∥∞ ≤
∥m∥∞ to obtain

E

[∣∣∣∣ 1n
n∑

l=1

εl
(
m(Xl)− U (m)

n,rn,ω(Xl)
) ∣∣∣∣
]2
≤ E

( 1

n

n∑
l=1

εl
(
m(Xl)− U (m)

n,rn,ω(Xl)
))2


=

1

n
E
[
ε21
(
m(X1)− U (m)

n,rn,ω(X1)
)2]

≤ 1

n
σ24∥m∥2∞. (5.62)

The second part from 5.61) satisfies

E

[∣∣∣∣ 1n
n∑

l=1

εlU
(ε)
n,rn,ω(Xl)

∣∣∣∣
]2
≤ 1

n2
E

( n∑
l=1

εlU
(ε)
n,rn,ω(Xl)

)2


=
1

n
E
[
ε21U

(ε)
n,rn,ω(X1)

2
]
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+
(n− 1)

n
E
[
ε1ε2U

(ε)
n,rn,ω(X1)U

(ε)
n,rn,ω(X2)

]
(5.63)

Using the decomposition from (5.56) we obtain

ε21U
(ε)
n,rn,ω(X1)

2 = ε21

(
n− rn
n

U1 +
rn
n
U2

)2

≤ 2ε21

(
n− rn
n

U1

)2

+ 2ε21

(rn
n
U2

)2
. (5.64)

Analogously to (5.58) we obtain

E
[
ε21U

2
2

]
= E

ε21
 1(

n−1
rn−1

) ∑
I∈Brn,n:1∈I

∑
j∈I

εj
I{Xj ∈ Ak(X1, ωI)}

1 +
∑

i∈I\{1} I{Xi ∈ Ak(X1, ωI)}

2
≤ E

ε21
(

rn∑
j=1

εj
I{Xj ∈ Ak(X1, ω)}

1 +
∑rn

i=2 I{Xi ∈ Ak(X1, ω)}

)2


≤ E
[
ε41
] rn∑

j=1

E

[(
I{Xj ∈ Ak(X1, ω)}

1 +
∑rn

i=2 I{Xi ∈ Ak(X1, ω)}

)2
]

≤ 2E
[
ε41
] (

(rn − 1)CX2
−k + 1

) 22k

c2Xr
2
n

. (5.65)

The independence of U1 and ε1 together with (5.64), (5.65) and (5.57) yield

E
[
ε21U

(ε)
n,rn,ω(X1)

2
]
≤ E

[
2ε21

(
n− rn
n

U1

)2
]
+ E

[
2ε21

(rn
n
U2

)2]
= 2

(
n− rn
n

)2

E
[
ε21
]
E
[
U2
1

]
+ 2

(rn
n

)2
E
[
ε21U

2
2

]
≤ 4

CX

c2X
σ4 2k

(n− 1)
+ 4

CX

c2X
E
[
ε41
] 2krn
n2

+ 4

(
2k

cXn

)2

E
[
ε41
]

= O
(
2k/n

)
. (5.66)

Using that

U (ε)
n,rn,ω(Xl) =

n∑
j=1

εj
1(
n
rn

) ∑
I∈Brn,n:j∈I

I{Xj ∈ Ak(Xl, ωI)}∑
i∈I I{Xi ∈ Ak(Xl, ωI)}

=:
n∑

j=1

εjW̃j(Xl),

where W̃j(Xl) is independent of (εj)
n
j=1 we obtain with the Cauchy-Schwarz inequality

that

E
[
ε1ε2U

(ε)
n,rn,ω(X1)U

(ε)
n,rn,ω(X2)

]
= E

[
ε1ε2

n∑
j=1

εjW̃j(X1)
n∑

i=1

εiW̃i(X2)

]
= E

[
ε21ε

2
2W̃1(X1)W̃2(X2)

]
+ E

[
ε21ε

2
2W̃2(X1)W̃1(X2)

]
= σ4E

[
W̃1(X1)W̃2(X2)

]
+ σ4E

[
W̃2(X1)W̃1(X2)

]
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≤ σ4E
[
W̃1(X1)

2
]
+ σ4E

[
W̃1(X2)

2
]
. (5.67)

We omit the usual step involving the tower rule with the conditional expectation given
ω, and Lemma 2.15 with (4.6) yields

E
[
W̃1(X1)

2
]
= E

 1(
n
rn

) ∑
I∈Brn,n:1∈I

I{X1 ∈ Ak(X1, ωI)}∑
i∈I I{Xi ∈ Ak(X1, ωI)}

2
= E

 1(
n−1
rn−1

) ∑
I∈Brn,n:1∈I

rn
n

1

1 +
∑

i∈I\{1} I{Xi ∈ Ak(X1, ωI)}

2
≤ r2n
n2

E

(1 + rn∑
i=2

I{Xi ∈ Ak(X1, ω)}
)−2


≤ r2n
n2

22k+1

c2Xr
2
n

= 2
22k

c2Xn
2
,

and similarly

E
[
W̃1(X2)

2
]
= E

 1(
n−1
rn−1

) ∑
I∈Brn,n:1∈I

rn
n

I{X1 ∈ Ak(X2, ωI)}
1 +

∑
i∈I\{1} I{Xi ∈ Ak(X2, ωI)}

2
≤ r2n
n2

1(
n−1
rn−1

) ∑
I∈Brn,n:1∈I

E

( I{X1 ∈ Ak(X2, ωI)}
1 +

∑
i∈I\{1} I{Xi ∈ Ak(X2, ωI)}

)2


≤ r2n
n2

E

(1 + rn+1∑
i=3

I{Xi ∈ Ak(X2, ω)}
)−2


≤ 2

22k

c2Xn
2
.

Thus, with (5.67) we have

E
[
ε1ε2U

(ε)
n,rn,ω(X1)U

(ε)
n,rn,ω(X2)

]
≤ σ4E

[
W̃1(X1)

2
]
+ σ4E

[
W̃1(X2)

2
]
≤ 4σ4 22k

c2Xn
2
.

With (5.63) and (5.66) this implies

E

[∣∣∣∣ 1n
n∑

l=1

εlU
(ε)
n,rn,ω(Xl)

∣∣∣∣
]2
≤ 1

n
E
[
ε21U

(ε)
n,rn,ω(X1)

2
]
+

(n− 1)

n
E
[
ε1ε2U

(ε)
n,rn,ω(X1)U

(ε)
n,rn,ω(X2)

]
= O

(
2k

n2

)
+O

(
22k

n2

)
= O

(
22k

n2

)
,
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and hence with (5.61) and (5.62) we have

E [E2] = O
(
n−1/2

)
+O

(
2k/n

)
. (5.68)

The third expectation from (5.50) satisfies

E [E3] = E

[∣∣∣∣ 1n
n∑

i=1

(
ε2i − σ2

) ∣∣∣∣
]
≤ Var

(
1

n

n∑
i=1

ε2i

)1/2

=
1√
n
∥ε1∥24 = O

(
n−1/2

)
.

With (5.50), (5.60) and (5.68) this finally yields

P
(
|σ̂2 − σ2| > κ

)
≤ 3

κ
E [E1] +

6

κ
E [E2] +

3

κ
E [E3]

≤ C

κ

(
E[d(Ak(x, ω))

α]2 +Nf (k)

(
n

rn

)−1

+ (1− cX2−k)rn +
2k

n
+

22k

n2
+ n−1/2

)

for a suitable constant C. □

5.6.4 Proof of Corollary 5.5

We prove the corollary on the event that {N̂ > 0}. The case N̂ = 0 is not of interest as
it corresponds to an empty random forest. We omit the indicator by bounding it by one
whenever possible. The incomplete generalized U-statistic is

U
(RF)
n,rn,N,ω(x0) =

1

N̂

∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I)

with

Wj,k(x0, I) =
I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

from (3.10). We decompose its difference to the complete U-statistic

U
(RF)
n,rn,N,ω(x0)− U (RF)

n,rn,ω(x0)

=
1

N̂

∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I)−
1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

YjWj,k(x0, I)

=
( 1

N̂
− 1

N

) ∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I) (5.69)

+
∑

I∈Brn,n

(ρI
N
− 1(

n
rn

))∑
j∈I

YjWj,k(x0, I). (5.70)

We start with a bound that will be used for both terms. We exploit that the sum of the
Wj,k is either zero or one. In the first case the following bound holds trivially. We recall
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the abbreviated notation Wj,k(x0, ω) for the set [rn] from (3.10). In the second case we
use Jensen’s inequality, Lemma 2.14 and the bound for px0(ω) from (4.6) to obtain

E

( rn∑
j=1

YjWj,k(x0, ω)

)2


≤ E

[
rn∑
j=1

Y 2
j Wj,k(x0, ω)

]

= rnE
[
Y 2
1

I{X1 ∈ Ak(x0, ω)}∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

]
= rnE

[
(m(X1) + ε1)

2I{X1 ∈ Ak(x0, ω)}E
[

1

1 +
∑rn

i=2 I{Xi ∈ Ak(x0, ω)}
∣∣X1, ε1, ω

]]
≤ rn2E

[
(m(X1)

2 + ε21)I{X1 ∈ Ak(x0, ω)}
1

rnpx0(ω)

]
≤ 2c−1

X 2kE
[
(∥m∥2∞ + ε21)I{X1 ∈ Ak(x0, ω)}

]
= 2c−1

X (∥m∥2∞ + σ2). (5.71)

Using that the ρI are i.i.d. and independent of all the other random variables and (5.71)
we get for the second term from (5.69) that

E

 ∑
I∈Brn,n

(
ρI

1

N
− 1(

n
rn

))∑
j∈I

YjWj,k(x0, I)

2
=

∑
I∈Brn,n

E

[(
ρI

1

N
− 1(

n
rn

))2]E
( rn∑

j=1

YjWj,k(x0, ω)

)2


=

(
n

rn

)
1

N2
Var(ρI)2c

−1
X (∥m∥2∞ + σ2)

=

(
n

rn

)
1

N2

N(
n
rn

) (1− N(
n
rn

)) 2c−1
X (∥m∥2∞ + σ2)

≤ 1

N
2c−1

X (∥m∥2∞ + σ2)

= O(N−1). (5.72)

With (5.72) and (5.71) we further obtain

E

 ∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I)

2
≤ 2E

 ∑
I∈Brn,n

(
ρI −

N(
n
rn

))∑
j∈I

YjWj,k(x0, I)

2
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+ 2E

 ∑
I∈Brn,n

N(
n
rn

)∑
j∈I

YjWj,k(x0, I)

2
= 2N2E

 ∑
I∈Brn,n

(
ρI
N
− 1(

n
rn

))∑
j∈I

YjWj,k(x0, I)

2
+ 2N2E

 1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

YjWj,k(x0, I)

2
= O(N) +O(N2). (5.73)

We note that N̂ ∼ Bin(
(
n
rn

)
, N/

(
n
rn

)
). Thus, for the first term from (5.69) we get with the

Cauchy-Schwarz inequality, Lemma 2.18 and (5.73) that

E

I{N̂ > 0}
∣∣∣∣ ( 1

N̂
− 1

N

) ∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I)

∣∣∣∣
2

≤ E

[
I{N̂ > 0}

(
1

N̂
− 1

N

)2
]
E

 ∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I)

2
= O(N−3)O(N2)

= O(N−1)

Together with (5.69) and (5.72) this implies

E
[
I{N̂ > 0}|U (RF)

n,rn,N,ω(x0)− U (RF)
n,rn,ω(x0)|

]
= O(N−1/2).

We obtain

P
(
I{N̂ > 0}√n sup

x0∈[0,1]p
Ψ

−1/2
k (x0)|U (RF)

n,rn,N,ω(x0)− U (RF)
n,rn,ω(x0)| > (log n)−1

)
≤ log nE

[
I{N̂ > 0}√n sup

x0∈[0,1]p
Ψ

−1/2
k (x0)|U (RF)

n,rn,N,ω(x0)− U (RF)
n,rn,ω(x0)|

]
≤ log n

√
n

22kV∩,k
∑
x0∈Xk

E
[
I{N̂ > 0}|U (RF)

n,rn,N,ω(x0)− U (RF)
n,rn,ω(x0)|

]
= O

(
log n

√
n

22kV∩,k
Nf (k)

N1/2

)
→ 0.

Including this in the decomposition in the proof of Proposition 5.15 yields

I{N̂ > 0}|√n∥Ψ−1/2
k (U

(RF)
n,rn,N,ω −m)∥∞ − σSk|

= OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
+ oP

(
(log n)−1

)
.

Using this instead of Proposition 5.15 in the proof of Theorem 5.1 yields the result. □
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5.6.5 Proof of Corollary 5.6

We only consider the stochastic error from

E
[(
U (RF)
n,rn,ω(x0)−m(x0)

)2]
= E

[(
U (m)
n,rn,ω(x0)−m(x0)

)2]
+ E

[
U (ε)
n,rn,ω(x0)

2
]
.

For the approximation error we use Proposition 4.9, as we did in the proof of Proposition
4.1. With (5.34) and the decomposition from (5.46) we have

U (ε)
n,rn,ω(x0) = Û (ε)

n,rn,ω(x0) +R(1)
n,rn,ω(x0) +R(2)

n,rn,ω(x0).

The definition of Kk in (4.8) and (4.20) yield

E
[
Û (ε)
n,rn,ω(x0)

2
]
=

1

n
E
[
ε21Kk(x0, X1)

2
]
=
σ2

n
Ψk(x0) = Θ

(
22kV∩,k/n

)
.

Lemma 5.18 implies that

E
[
R(1)

n,rn,ω(x0)
2
]
= O

(
22k

rnn

)
,

and Lemma 5.19 implies

E
[
R(2)

n,rn,ω(x0)
2
]
= O

(
2k

rn

(rn
n

)rn)
.

Together this yields the claim of the corollary. □

5.6.6 Proof of Corollary 5.7

First, we prove that the leading term

Û (ε)
n,rn,ω(x0) =

1

n

n∑
j=1

εjKk(x0, Xj)

converges in distribution to a normal distribution if it is appropriately standardized. The
definition of Ψk in (4.9) implies

Var (εjKk(x0, Xj)) = σ2Ψ(x0).

We apply the Lindeberg-Feller central limit theorem to Û (ε)
n,rn,ω(x0). Before we prove the

Lindeberg condition we note that (4.6) implies

Kk(x0, X1)
2 = E

[
I{X1 ∈ Ak(x0, ω)}px0(ω)

−1 | X1

]2
≤ E [I{X1 ∈ Ak(x0, ω)} | X1]

2 c−2
X 22k,

and (4.20) yields Ψk(x0) = Θ(22kV∩,k). Using these observations, the dominated conver-
gence theorem yields that

lim
n→∞

1

nσ2Ψk(x0)

n∑
j=1

E
[
ε2jK

2
k(x0, Xj)I

{
ε2jK

2
k(x0, Xj) > κ2nσ2Ψk(x0)

}]
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= lim
n→∞

1

σ2Ψk(x0)
E
[
ε21K

2
k(x0, X1)I

{
σ−2ε21K

2
k(x0, X1)Ψ

−1
k (x0) > κ2n

}]
≲ lim

n→∞

1

22kV∩,k
E
[
ε21E [I{X1 ∈ Ak(x0, ω)} | X1]

2 22k

× I
{
σ−2ε21E [I{X1 ∈ Ak(x0, ω)} | X1]

2 V−1
∩,k > κ2n

} ]
≤ lim

n→∞

1

V∩,k
E
[
ε21E [I{X1 ∈ Ak(x0, ω)} | X1]

2 I
{
ε21 > κ2σ2V∩,kn

}]
= lim

n→∞

1

V∩,k
E
[
E [I{X1 ∈ Ak(x0, ω)} | X1]

2]E [ε21I{ε21 > κ2σ2V∩,kn
}]

= lim
n→∞

E
[
ε21I
{
ε21 > κ2σ2V∩,kn

}]
→ 0,

because nV∩,k → ∞ is implied by (5.18) and E[ε21] < ∞. Thus, the Lindeberg condition
is fulfilled and we obtain √

n

σ2Ψk(x0)
Û (ε)
n,rn,ω(x0)→ N (0, 1). (5.74)

It remains to show that the remainder terms are negligible. We need to prove that all
other terms are oP(

√
22kV∩,k/n) because Ψk(x0) = Θ(22kV∩,k). Proposition 4.9, (5.20)

and (5.19) yield

P
(
|U (m)

n,rn,ω(x0)−m(x0)| > κ
√

22kV∩,k/n
)
≤ E

[
|U (m)

n,rn,ω(x0)−m(x0)|
]√ n

22kV∩,kκ2

≤
√

n

22kV∩,kκ2
CHE [d(Ak(x0, ω))

α]

+

√
n

22kV∩,kκ2
|m(x0)|(1− cX2−k)rn → 0,

(5.75)

for any κ > 0. Using that E[ε21] <∞, Lemma 5.18 and (5.18) imply for any κ > 0 that

P
(
|R(1)

n,rn,ω(x0)| > κ
√
22kV∩,k/n

)
≤ E

[
R(1)

n,rn,ω(x0)
2
] n

22kV∩,kκ2
= O

(
r−1
n V−1

∩,k
)
→ 0. (5.76)

With Lemma 5.19 we obtain

P
(
|R(2)

n,rn,ω(x0)| > κ
√
22kV∩,k/n

)
≤ E

[
R(2)

n,rn,ω(x0)
2
] n

22kV∩,kκ2

≤ σ2CX

c2X

2k

rn

(rn
n

)rn n

22kV∩,kκ2

= O
((rn

n

)rn−1

2−kV−1
∩,k

)
.
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Together (3.20) and (5.18) imply that 2k/rn → 0. Using the assumption rn/n ≤ c < 1
and V∩,k ≥ 2−2k this yields

O
((rn

n

)rn−1

2−kV−1
∩,k

)
= O

(
crn−12k

)
= O (exp ((rn − 1) log c+ k log 2)) = o(1).

In combination with (5.74), (5.75) and (5.76) we obtain√
n

σ2Ψ(x0)

(
U (RF)
n,rn,ω(x0)−m(x0)

) d→ N (0, 1),

which is the first assertion of the corollary. To prove the second assertion, it remains to
show that √

n

22kV∩,k

(
U

(RF)
n,rn,N,ω(x0)− U (RF)

n,rn,ω(x0)
)

P→ 0.

We use the decomposition

U
(RF)
n,rn,N,ω(x0)− U (RF)

n,rn,ω(x0)

=
( 1

N̂
− 1

N

) ∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I) +
∑

I∈Brn,n

(ρI
N
− 1(

n
rn

))∑
j∈I

YjWj,k(x0, I)

from (5.69) in the proof of Corollary 5.5. For the second term, (5.72) from the same proof
yields

E

∣∣∣∣ ∑
I∈Brn,n

(
ρI

1

N
− 1(

n
rn

))∑
j∈I

YjWj,k(x0, I)

∣∣∣∣
 = O(N−1/2),

and thus, (5.21) implies√
n

22kV∩,k
∑

I∈Brn,n

(
ρI
N
− 1(

n
rn

))∑
j∈I

YjWj,k(x0, I)
P→ 0. (5.77)

For the first term from the decomposition we apply the Cauchy-Schwarz inequality and
(5.73) implies

E

∣∣∣∣( 1

N
− N̂

N2

) ∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I)

∣∣∣∣
2

≤ E

[(
1

N
− N̂

N2

)2
]
E

 ∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I)

2
=

1

N4
E
[(
N − N̂

)2]
O(N2)

= O
((

n

rn

)−1
)

= O
(
N−1

)
,
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because N̂ ∼ Bin(
(
n
rn

)
, N/

(
n
rn

)
). Noting that N/N̂ P→ 1, Slutsky’s theorem and (5.21)

yield √
n

22kV∩,k
N

N̂

(
1

N
− N̂

N2

) ∑
I∈Brn,n

ρI
∑
j∈I

YjWj,k(x0, I)
P→ 0.

Together with the decomposition above and (5.77), this proves the second assertion of the
corollary. □

5.6.7 Proof of Corollary 5.8

Using the triangle inequality we have

∥U (RF)
n,rn,ω −m∥∞ ≤ ∥Û (ε)

n,rn,ω∥∞ + ∥Û (ε)
n,rn,ω − U (ε)

n,rn,ω∥∞ + ∥U (m)
n,rn,ω −m∥∞

≤ ∥Ψ1/2
k ∥∞∥Ψ

−1/2
k Û (ε)

n,rn,ω∥∞ + ∥Û (ε)
n,rn,ω − U (ε)

n,rn,ω∥∞ + ∥U (m)
n,rn,ω −m∥∞

≤ ∥Ψ1/2
k ∥∞

√
σ2

n
Sk + ∥Ψ1/2

k ∥∞
∣∣∣∣∥Ψ−1/2

k Û (ε)
n,rn,ω∥∞ −

√
σ2

n
Sk

∣∣∣∣
+ ∥R(1)

n,rn,ω∥∞ + ∥R(2)
n,rn,ω∥∞ + ∥U (m)

n,rn,ω −m∥∞. (5.78)

We handle the terms one by one. We note that (4.20) implies

∥Ψ1/2
k ∥∞ = Θ(2kV1/2

∩,k ). (5.79)

With (5.40) we get

P (Sk > κ) ≤ 1

κ
E [Sk] ≲

1

κ

√
k,

and hence Sk = OP(
√
k). Thus, the first term satisfies

∥Ψ1/2
k ∥∞

√
σ2

n
Sk = O

(√
22kV∩,kk/n

)
. (5.80)

Theorem 5.14 and (5.79) yield

∥Ψ1/2
k ∥∞

∣∣∣∥Ψ−1/2
k Û (ε)

n,rn,ω∥∞ −
√
σ2

n
Sk

∣∣∣
=
√
σ2/n∥Ψ1/2

k ∥∞
∣∣∣√n/σ2∥Ψ−1/2

k Û (ε)
n,rn,ω∥∞ − Sk

∣∣∣
= Θ(n−1/22kV1/2
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(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)

= OP

(
2k

(
(log n)3/2

n1−1/ν
+
V1/4
∩,k (log n)

5/4

n3/4
+
V1/3
∩,k log n

n2/3

))
. (5.81)

Lemma 5.18 yields for qR with E[|ε1|qR ] <∞ that

P
(
∥R(1)

n,rn,ω∥∞ > κ
)
≤
∑
x0∈Xk

1

κqR
E
[(
R(1)

n,rn,ω(x0)
)qR] ≤ Nf (k)

1

κqR
C

(
22k

rnn

)qR/2

.
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For ϵ > 0 let κ > (ϵ/C)−1/qR , we obtain

P

∥R(1)
n,rn,ω∥∞ > κ

√
22k

rnn
Nf (k)

1/qR

 ≤ C
1

κqR
< ϵ,

and subsequently we have

∥R(1)
n,rn,ω∥∞ = OP

√ 22k

rnn
Nf (k)

1/qR

 . (5.82)

With Lemma 5.19, Nf (k) ≤ 2kp, V∩,k ≥ 2−2k and the assumption rn/n ≤ c < 1 we get

P
(
∥R(2)

n,rn,ω∥∞ >
√

22kV∩,kk/n
)

≤ n

22kV∩,kk
E
[
∥R(2)

n,rn,ω∥2∞
]

≤ n

22kV∩,kk
∑
x0∈Xk

E
[
R(2)

n,rn,ω(x0)
2
]

≤ n

22kV∩,kk
Nf (k)

σ2CX

c2X

2k

rn

(rn
n

)rn
≤ σ2CX

c2X
2k(p+1) 1

k
crn−1

=
σ2CX

c2X
exp (k(p+ 1) log 2− log k + (rn − 1) log c)→ 0

because we assumed that rn/k →∞. Hence

∥R(2)
n,rn,ω∥∞ = oP

(√
22kV∩,kk/n

)
(5.83)

which is negligible compared to (5.80). We note that

∥U (m)
n,rn,ω −m∥∞ ≤ ∥U (m)

n,rn,ω −mU (1)
n,rn,ω∥∞ + ∥m(U (1)

n,rn,ω − 1)∥∞.

Let ϵ > 0 be arbitrary and choose κ > CH/ϵ. Lemma 5.16 yields

P

(
∥U (m)

n,rn,ω −mU (1)
n,rn,ω∥∞ > κ

(
E[d(Ak(x, ω))

α] + pα/2Nf (k)

(
n
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)−1/2))

≤
E
[
∥U (m)

n,rn,ω −mU (1)
n,rn,ω∥∞

]
κ
(
E[d(Ak(x, ω))α] + pα/2Nf (k)

(
n
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)−1/2)
≤ CH

κ
< ϵ
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and thus,

∥U (m)
n,rn,ω −mU (1)

n,rn,ω∥∞ = OP

(
E[d(Ak(x, ω))

α] +Nf (k)

(
n

rn

)−1/2
)
. (5.84)

Lemma 5.17 directly implies

∥m(U (1)
n,rn,ω − 1)∥∞ = OP(2

k(1− cX2−k)rn). (5.85)

In conjunction (5.78), (5.80), (5.81), (5.82), (5.83), (5.84) and (5.85) yield

∥U (RF)
n,rn,ω −m∥∞ ≤ ∥Ψ
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∣∣∣∥Ψ−1/2
k Û (ε)
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√
σ2

n
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∣∣∣
+

√
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k ∥∞ + ∥R(1)
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n,rn,ω −m∥∞
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(
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(
(log n)3/2
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+
V1/4
∩,k (log n)

5/4

n3/4
+
V1/3
∩,k log n
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+O
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+OP

√ 22k
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Nf (k)
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+OP

(
E[d(Ak(x, ω))

α] +Nf (k)

(
n

rn

)−1/2
)

+OP(2
k(1− cX2−k)rn),

which completes the proof. □

5.6.8 Proof of Theorem 5.9

The proof strategy is similar to the one for the normal RF. We use the decomposition

U (KRF)
n,rn,ω (x0) =

∑
I∈Brn,n

∑
j∈I m(Xj)I{Xj ∈ Ak(x0, ωI)}∑

I∈Brn,n

∑
j∈I I{Xj ∈ Ak(x0, ωI)}

+

∑
I∈Brn,n

∑
j∈I εjI{Xj ∈ Ak(x0, ωI)}∑

I∈Brn,n

∑
j∈I I{Xj ∈ Ak(x0, ωI)}

=: U (K,m)
n,rn,ω (x0) + U (K,ε)

n,rn,ω(x0). (5.86)

The different structure leads to different but similar proof methods for the approximation
error and the remainder terms. We will need the following corollary, which is similar to
Lemma 5.19 and whose proof can be found in Section 5.6.10.3.

Corollary 5.20. For

R(K)
n,rn,ω(x0) =

1

npx0

n∑
j=1

εj
1(

n−1
rn−1

) ∑
I∈Brn,n:j∈I

(I{Xj ∈ Ak(x0, ωI)} − P(Xj ∈ Ak(x0, ω) | Xj))

it holds that

E
[
R(K)

n,rn,ω(x0)
2
]
≤ σ2

cX

2k

rn

(rn
n

)rn
.
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Proof of Theorem 5.9. We will prove that∣∣√n∥Φ−1/2
k (U (KRF)

n,rn,ω −m)∥∞ − σSk

∣∣
= OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
+ oP

(
(log n)−1

)
.

Then the claim follows directly analogue as in the proof of Theorem 5.1, the only difference
being the different Gaussian process. Let us define

Ǔ (K,ε)
n,rn,ω(x0) =

1

rnpx0

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

εjI{Xj ∈ Ak(x0, ωI)}. (5.87)

This leads to

U (K,ε)
n,rn,ω(x0)− Ǔ (K,ε)
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=
∑

I∈Brn,n

∑
j∈I
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(

1∑
I∈Brn,n

∑
j∈I I{Xj ∈ Ak(x0, ωI)}

− 1(
n
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)
rnpx0

)

= Ǔ (K,ε)
n,rn,ω(x0)

(
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(
n
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)
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1∑
I∈Brn,n

∑
j∈I I{Xj ∈ Ak(x0, ωI)}

− 1

)
= Ǔ (K,ε)

n,rn,ω(x0)δn(x0), (5.88)

for

δn(x0) :=

 1

rn
(
n
rn

)
px0

∑
I∈Brn,n

∑
j∈I

I{Xj ∈ Ak(x0, ωI)}

−1

− 1. (5.89)

Further we denote

Û (K,ε)
n,rn,ω(x0) =

1

npx0

n∑
j=1

εjP(Xj ∈ Ak(x0, ω) | Xj)

and with (5.87) we obtain

Ǔ (K,ε)
n,rn,ω(x0)− Û (K,ε)

n,rn,ω(x0)

=
1

npx0

n∑
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 1(
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
=: R(K)

n,rn,ω(x0). (5.90)

(5.86), (5.88) and (5.90) lead to

U (KRF)
n,rn,ω (x0)−m(x0) = U (K,m)

n,rn,ω (x0)−m(x0) + U (K,ε)
n,rn,ω(x0)

= U (K,m)
n,rn,ω (x0)−m(x0) + Ǔ (ε)

n,rn,ω(x0) (1 + δn(x0))
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n,rn,ω(x0) (1 + δn(x0))
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+ Û (K,ε)
n,rn,ω(x0) (1 + δn(x0)) .

With the same arguments that lead to (4.20) for Ψk, we get for Φk from (5.24) that

cX
C2

X

22kV∩,k ≤ Φk(x0) ≤
CX

c2X
22kV∩,k

holds uniformly in x0. Using this we obtain with the same arguments as in Section 5.6.2
that
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≤ √n
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We will bound these terms one by one. Let

U (K,1)
n,rn,ω(x0) := I {∃I ∈ Brn,n : ∃j ∈ I : Xj ∈ Ak(x0, ωI)} (5.92)

We get the decomposition
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due to (5.25). With (5.92) we have

|U (K,1)
n,rn,ω(x0)− 1| = I
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where the last inequality follows from the proof of Lemma 5.17. Hence
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by (5.13). In conjunction (5.93) and (5.94) yield√
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(
(log n)−1

)
. (5.95)

For δn from (5.89) we will prove that

∥δn∥∞ = oP
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)
.
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we have for κ > 0
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With Lemma 2.11, Proposition 2.16, Remark 2.17 and (4.6) we have
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For the second term from (5.96) we note that
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Hence we obtain
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E

| 1

rn
(
n
rn

)
px0

∑
I∈Brn,n

∑
j∈I

px0(ωI)− 1|2
( κ

2(κ+ 1)

)−2

≲ Nf (k)

(
2k

n

)qR/2

(1 + κ−1)qR +Nf (k)
2k(
n
rn

)(1 + κ−1)2.

This implies

P
(
∥δn∥∞ > κ(log n)−3/2

)
≲ Nf (k)

(
2k

n

)qR/2

(1+(log n)3/2)qR+Nf (k)
2k(
n
rn

)(1+(log n)3/2)2.
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For the first term we have

Nf (k)

(
2k

n

)qR/2

(1 + (log n)3/2)qR ≲ Nf (k)

(
2k(log n)3

n

)qR/2

→ 0

with assumption (5.26) and for the second one we have

Nf (k)
2k(
n
rn

)(1 + (log n)3/2)2 ≲ 2k(p+1)
(rn
n

)rn
(log n)3 → 0

by assumption (5.3). Hence ∥δn∥∞ = oP((log n)
−3/2). This also implies that 1 + ∥δn∥∞ =

O(1). Corollary 5.20 yields with a union bound

P

(
∥R(K)

n,rn,ω∥∞ > κ(log n)−1

√
22k

n
V∩,k

)
≤ κ−2 (log n)

2n

22kV∩,k
∑
x0∈Xk

E
[
R(K)

n,rn,ω(x0)
2
]

≤ Nf (k)
σ2

cXκ2
(log n)2

2kV∩,k

(rn
n

)rn−1

≤ σ2

cXκ2
2k(p+1)(log n)2crn−1 → 0

for all κ > 0 by assumption (5.3). Hence√
n

22kV∩,k
∥R(K)

n,rn,ω∥∞(1 + ∥δn∥∞) =

√
n

22kV∩,k
∥R(K)

n,rn,ω∥∞O(1) = oP
(
(log n)−1

)
. (5.99)

For any ν ≥ 4 with E[|ε1|ν ] <∞ we get analogue to Theorem 5.14 that

|
√

n

σ2
sup

x0∈[0,1]p
|Φ−1/2

k (x0)Û
(K,ε)
n,rn,ω(x0)| − Sk| (1 + ∥δn∥∞)

= OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
. (5.100)

It remains to show that Sk∥δn∥∞ = oP((log n)
−1). Regardless of the Gaussian process

being a different one, we get analogously to equation (5.40) that

P (Sk > κ) ≤ κ−1E

[
sup

x0∈[0,1]p
|Bkf̌x0,k|

]
≲ κ−1

√
k.

This implies Sk = OP(
√
k) and hence

Sk∥δn∥∞ = OP

(√
k
)
oP
(
(log n)−3/2

)
= oP

(
(log n)−1

)
(5.101)

since 2k ≤ n. In total (5.91), (5.95), (5.99), (5.100) and (5.101) yield∣∣√n∥Φ−1/2
k (U (KRF)

n,rn,ω −m)∥∞ − σSk

∣∣
= OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
+ oP

(
(log n)−1

)
and the claim follows with the same arguments as in the proof of Theorem 5.1.
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5.6.9 Proofs for Section 5.4

5.6.9.1 Proof of Lemma 5.11

We start with the case Ak(x1, ω1) ∩ Ak(x2, ω2) ̸= ∅. Thus, there exists x0 ∈ Ak(x1, ω1) ∩
Ak(x2, ω2). Equation (3.19) yields

V (Ak(x1, ω1) ∩ Ak(x2, ω2)) = V (Ak(x0, ω1) ∩ Ak(x0, ω2))

= 2−
∑p

l=1 max{Sl(x0,ω1),Sl(x0,ω2)}

= 2−
∑p

l=1 max{Sl(x1,ω1),Sl(x2,ω2)}.

It remains to prove that

I {Ak(x1, ω1) ∩ Ak(x2, ω2) ̸= ∅}

=

p∏
l=1

I
{
⌊x(l)1 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋ = ⌊x(l)2 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋

}
. (5.102)

For the projections on the coordinatesA(l)
k from (3.6) it holds that

I {Ak(x1, ω1) ∩ Ak(x2, ω2) ̸= ∅} =
p∏

l=1

I
{
A

(l)
k (x1, ω1) ∩ A(l)

k (x2, ω2) ̸= ∅
}
. (5.103)

Similar to (3.18) the exact form of the A(l)
k described in Remark 3.5 implies that

A
(l)
k (x1, ω1) ∩ A(l)

k (x2, ω2) ̸= ∅
⇔
(
A

(l)
k (x1, ω1) ⊂ A

(l)
k (x2, ω2)

)
∨
(
A

(l)
k (x1, ω1) ⊃ A

(l)
k (x2, ω2)

)
.

The form further implies that one interval being a subset of the other is equivalent to
both x

(l)
1 and x

(l)
2 , being in the larger set that is equal to the union. For the union, (3.7)

yields

A
(l)
k (x1, ω1) ∪ A(l)

k (x2, ω2)

= 2−min{Sl(x1,ω1),Sl(x2,ω2)}
[
⌊x(l)1 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋, ⌊x(l)1 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋+ 1

)
.

Together this implies

A
(l)
k (x1, ω1) ∩ A(l)

k (x2, ω2) ̸= ∅
⇔
(
A

(l)
k (x1, ω1) ⊂ A

(l)
k (x2, ω2)

)
∨
(
A

(l)
k (x1, ω1) ⊃ A

(l)
k (x2, ω2)

)
⇔ x

(l)
1 , x

(l)
2 ∈ 2−min{Sl(x1,ω1),Sl(x2,ω2)}

×
[
⌊x(l)1 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋, ⌊x(l)1 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋+ 1

)
⇔ ⌊x(l)1 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋ = ⌊x(l)2 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋.

Plugging this into (5.103) we obtain (5.102). □
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5.6.9.2 Proof of Lemma 5.12

We can assume that(
max{t ∈ {0, . . . k} : ⌊x(l)1 2t⌋ = ⌊x(l)2 2t⌋}

)p
l=1

=
(
max{t ∈ {0, . . . k} : ⌊x(l)3 2t⌋ = ⌊x(l)4 2t⌋}

)p
l=1

without loss of generality because the CPRF is symmetric. For s1, s2 ∈ {0, . . . , k}p we
denote s1 = (s1(l))

p
l=1 and s2 analogously. For S(x, ω) = (Sl(x, ω))

p
l=1 we obtain

P (X1 ∈ Ak(x1, ω1) ∩ Ak(x2, ω2))

= E [V (Ak(x1, ω1) ∩ Ak(x2, ω2))]

= E
[
2−

∑p
l=1 max{Sl(x1,ω1),Sl(x2,ω2)}

×
p∏

l=1

I
{
⌊x(l)1 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋ = ⌊x(l)2 2min{Sl(x1,ω1),Sl(x2,ω2)}⌋

}]
=

∑
s1,s2∈{0,...,k}p

P (S(x1, ω1) = s1, S(x2, ω2) = s2)

× 2−
∑p

l=1 max{s1(l),s2(l)}
p∏

l=1

I
{
⌊x(l)1 2min{s1(l),s2(l)}⌋ = ⌊x(l)2 2min{s1(l),s2(l)}⌋

}
=

∑
s1,s2∈{0,...,k}p

P (S(x3, ω1) = s1, S(x4, ω2) = s2)

× 2−
∑p

l=1 max{s1(l),s2(l)}
p∏

l=1

I
{
⌊x(l)3 2min{s1(l),s2(l)}⌋ = ⌊x(l)4 2min{s1(l),s2(l)}⌋

}
= P (X1 ∈ Ak(x3, ω1) ∩ Ak(x4, ω2))

because for all l ∈ [p] and t ∈ {0, . . . k} we know that

I
{
⌊x(l)1 2t⌋ = ⌊x(l)2 2t⌋

}
= I

{
⌊x(l)1 2t⌋ = ⌊x(l)2 2t⌋

}
and in particular,

I
{
⌊x(l)1 2min{s1(l),s2(l)}⌋ = ⌊x(l)2 2min{s1(l),s2(l)}⌋

}
= I

{
⌊x(l)1 2min{s1(l),s2(l)}⌋ = ⌊x(l)2 2min{s1(l),s2(l)}⌋

}
.□

5.6.10 Proofs of the auxiliary results

In this section we collect the proofs of the auxiliary results that have been used throughout
the chapter so far. We start with the proof of Theorem 5.14, continue with the proofs
for the approximation error results, and conclude the section with the proofs for the
remainder terms that arise from the projection error.
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5.6.10.1 Proof of Theorem 5.14

We want to apply Theorem 2.4. We note that the function class in the theorem is not
dependent on n. However, we can apply the theorem to Fk for every n or k, respectively.
Also the constant in the theorem does not depend on n. This is why we get a sequence of
random variables in the claim of the theorem. Chernozhukov et al. (2014b) also point this
out in their Remark 2.1. We consider the function class Fk from (5.1). To get the claimed
result we need to consider Fk ∪ −Fk. Due to Chernozhukov et al. (2014b, Corollary 2.1)
we consider Fk without loss of generality.

In Section 5.4 we already explained why Fk is finite. Thus, it is pointwise measurable
because the fx0,k are measurable. Now, we prove that Fk is a VC type class satisfying
Definition 2.3. Using the definition of Kk in (4.8) together with the bound for px0(ω) in
(4.6) and Ψk(x0) ≥ cXC

−2
X 22kV∩,k from (4.20) we obtain

sup
x0∈[0,1]p

|fx0,k(x, s)| = sup
x0∈[0,1]p

σ−1|s|Ψ−1/2
k (x0)Kk(x0, x)

≤ σ−1|s|CX

c
1/2
X

2−kV−1/2
∩,k sup

x0∈[0,1]p
E
[
I{x ∈ Ak(x0, ω)}px0(ω)

−1
]

≤ σ−1|s|CX

c
1/2
X

2−kV−1/2
∩,k c−1

X 2k

= σ−1|s|CX

c
3/2
X

V−1/2
∩,k

=: F (x, s). (5.104)

Therefore, Fk is equipped with the measurable envelope F that does not depend on x.
The finite size |Fk| = Nf (k) ≤ 2kp is an upper bound for any covering number of Fk and
thus,

sup
Q∈Q

N(Fk, ∥ · ∥Q,2, κ∥F∥Q,2) ≤ 2kp ≤ 2kp/κ

for all κ ∈ (0, 1], implies that Fk is a VC type class satisfying Definition 2.3 for A = 2kp

and v = 1.
We proceed by verifying the conditions on the moments. With the definitions of Kk

in (4.8) and Ψk in (4.9) we obtain

sup
f∈Fk

P |f |2 = sup
x0∈[0,1]p

σ−2Ψ−1
k (x0)E

[
ε21K

2
k(x0, X1)

]
= sup

x0∈[0,1]p
Ψ−1

k (x0)E
[
K2

k(x0, X1)
]
= 1.

Thus, σ̃ from Theorem 2.4 is equal to 1. For q ≤ ν we denote τq := E[|ε1|q]1/q. The
definitions used above, the lower bound for px0 in (4.7) and Ψk(x0) ≥ cXC

−2
X 22kV∩,k from

(4.20) further yield

sup
f∈Fk

P |f |3 = sup
x0∈[0,1]p

σ−3Ψ
−3/2
k (x0)E

[
|ε1Kk(x0, X1)|3

]
=

E [|ε1|3]
σ3

sup
x0∈[0,1]p

Ψ
−3/2
k (x0)E

[
K2

k(x0, X1)E
[
I{X1 ∈ Ak(x0, ω)}px0(ω)

−1 | X1

]]
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≤ τ 33
σ3

sup
x0∈[0,1]p

Ψ
−3/2
k (x0)E

[
K2

k(x0, X1)
]
c−1
X 2k

=
τ 33
σ3
c−1
X 2k sup

x0∈[0,1]p
Ψ

−1/2
k (x0)

≤ τ 33
σ3
c
−3/2
X CX2

k2−kV−1/2
∩,k

=
τ 33
σ3

CX

c
3/2
X

V−1/2
∩,k .

For the envelope F from (5.104) we obtain

∥F∥P,ν = E [|F (X1, ε1)|ν ]1/ν = σ−1 CX

c
3/2
X

V−1/2
∩,k E [|ε1|ν ]1/ν =

CX

c
3/2
X

τν
σ
V−1/2
∩,k .

We choose b from Theorem 2.4 as

b := V−1/2
∩,k Cb := V−1/2

∩,k
CX

c
3/2
X

max

{
τν
σ
,
τ 33
σ3

}
.

It holds that b ≥ 1 because cX ≤ 1 ≤ CX , V−1/2
∩,k ≥ 2k/2 ≥ 1 and τq ≥ σ due to Jensen’s

inequality. Further we have b = O(V−1/2
∩,k ) because Cb is a constant that only depends on

the distributions of ε1 and X1. We get

sup
f∈Fk∪−Fk

Gnf = sup
f∈Fk

|Gnf |

= sup
x0∈[0,1]p

|Gnσ
−1Ψ

−1/2
k (x0)sKk(x0, x)|

= sup
x0∈[0,1]p

| 1√
σ2n

Ψ
−1/2
k (x0)

n∑
j=1

εjKk(x0, Xj)|

=

√
n

σ2
sup

x0∈[0,1]p
|Ψ−1/2

k (x0)Û
(ε)
n,rn,ω(x0)|.

In summary, the parameters from Theorem 2.4 are σ̃ = 1, b = V−1/2
∩,k Cb, A = 2kp and

v = 1. We use V∩,k ≥ 2−2k from (3.20) and the fact that 2k = o(n) (see (5.12) and (5.3))
to obtain

Kn = cv(log n ∨ log(Ab/σ̃))

= c(log n ∨ log(2kpV−1/2
∩,k Cb))

≤ c(log n ∨ log(2k(p+1)Cb))

≤ c(log n ∨ (p+ 1) log(2kCb))

≤ c(p+ 1)(log n ∨ log(2kCb))

= O(log n).
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Let Bk be the centered Gaussian process defined in the claim. For γ = (log n)−1 Theorem
2.4 yields that there exists a random variable

Sk
d
= sup

f∈Fk∪−Fk

Bkf = sup
f∈Fk

|Bkf | = sup
x0∈[0,1]p

|Bkfx0,k|

such that

P

(∣∣∣ sup
f∈Fk

|Gnf | − Sk

∣∣∣ > bKn(log n)
1/2

n1/2−1/ν
+

(b log n)1/2K
3/4
n

n1/4
+

(bK2
n log n)

1/3

n1/6

)

≤ C

(
(log n)−1 +

log n

n

)
since σ̃ = 1. Hence∣∣∣∣√ n

σ2
sup

x0∈[0,1]p
|Ψ−1/2

k (x0)Û
(ε)
n,rn,ω(x0)| − Sk

∣∣∣∣
=
∣∣∣ sup
f∈Fk

|Gnf | − Sk

∣∣∣
= OP

(
bKn(log n)

1/2

n1/2−1/ν
+

(b log n)1/2K
3/4
n

n1/4
+

(bK2
n log n)

1/3

n1/6

)

= OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
.

since Kn = O((log n)) and b = O(V−1/2
∩,k ). □

5.6.10.2 Proofs of the approximation error results

Proof of Lemma 5.16. With (5.44) we have

U (m)
n,rn,ω(x0)−m(x0)U

(1)
n,rn,ω(x0)

=
1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

(m(Xj)−m(x0))
I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

,

which implies

sup
x0∈[0,1]p

|U (m)
n,rn,ω(x0)−m(x0)U

(1)
n,rn,ω(x0)|

≤ sup
x0∈[0,1]p

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

|m(Xj)−m(x0)|
I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

≤ CH sup
x0∈[0,1]p

1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α

∑
j∈I I{Xj ∈ Ak(x0, ωI)}∑
i∈I I{Xi ∈ Ak(x0, ωI)}

≤ CH sup
x0∈[0,1]p

1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α.
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For the expectation we get

E

 sup
x0∈[0,1]p

1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α


= E

 sup
x0∈[0,1]p

1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α − E[d(Ak(x, ω))

α]

+ E[d(Ak(x, ω))
α].

Using the independence of the ωI we obtain for the latter expectation that

E

 sup
x0∈[0,1]p

1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α − E[d(Ak(x, ω))

α]


≤
∑
x0∈Xk

E

∣∣∣∣ 1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α − E[d(Ak(x, ω))

α]

∣∣∣∣


≤ Nf (k)Var

 1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α

1/2

= Nf (k)
1√(
n
rn

)Var(d(Ak(x0, ω))
α
)1/2

≤ Nf (k)
1√(
n
rn

)E [d(Ak(x0, ω))
2α
]1/2

≤ Nf (k)
pα/2√(

n
rn

) .
This leads to

E

[
sup

x0∈[0,1]p
|U (m)

n,rn,ω(x0)−m(x0)U
(1)
n,rn,ω(x0)|

]

≤ CHE

 sup
x0∈[0,1]p

1(
n
rn

) ∑
I∈Brn,n

d(Ak(x0, ωI))
α


≤ CH

(
E[d(Ak(x, ω))

α] +Nf (k)p
α/2

(
n

rn

)−1/2
)
.

Proof of Lemma 5.17. For any ω, let Xk(ω) denote a set of 2k points, with exactly one
point in each of the partition cells created by omega. That means |Xk(ω)∩Ak(x0, ω)| = 1

for every x0 ∈ [0, 1]p. Using (5.44) for U (1)
n,rn,ω(x0) we obtain

E

[
sup

x0∈[0,1]p
|m(x0)(U

(1)
n,rn,ω(x0)− 1)|

]
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≤ ∥m∥∞E

 sup
x0∈[0,1]p

∣∣∣∣ 1(
n
rn

) ∑
I∈Brn,n

(I{∃j ∈ I : Xj ∈ Ak(x0, ωI)} − 1)

∣∣∣∣


≤ ∥m∥∞E

 1(
n
rn

) ∑
I∈Brn,n

sup
x0∈[0,1]p

I{∄j ∈ I : Xj ∈ Ak(x0, ωI)}


= ∥m∥∞E

[
sup

x0∈[0,1]p
I{∄j ∈ [rn] : Xj ∈ Ak(x0, ω)}

]
= ∥m∥∞E

[
E
[

max
x0∈Xk(ω)

I{∄j ∈ [rn] : Xj ∈ Ak(x0, ω)} | ω
]]

≤ ∥m∥∞E

E
 ∑

x0∈Xk(ω)

I{∄j ∈ [rn] : Xj ∈ Ak(x0, ω)} | ω


= ∥m∥∞E

 ∑
x0∈Xk(ω)

(1− px0(ω))
rn


≤ ∥m∥∞2k(1− cX2−k)rn .

This completes the proof.

Remark 5.21. We note that

E

∣∣∣ 1(
n
rn

) ∑
I∈Brn,n

I{∃j ∈ I : Xj ∈ Ak(x0, ωI)} − 1
∣∣∣


= E

 1(
n
rn

) ∑
I∈Brn,n

I{∄j ∈ I : Xj ∈ Ak(x0, ωI)}


= E [I{∄j ∈ [rn] : Xj ∈ Ak(x0, ω)}]
= E [(1− px0(ω))

rn ]

≥ (1− CX2
−k)rn .

Therefore, the bound in Lemma 5.17 is sharp up to the constant and the union bound.
The bound

2k(1− cX2−k)rn ≲ exp
(
k log 2− cXrn/2k

)
= exp

(
−rn/2k(cX − k2kr−1

n log 2)
)

illustrates that the union bound is negligible as long as k2kr−1
n → 0.

5.6.10.3 Proofs of the remainder results

Proof of Lemma 5.18. We omit x0 in the notation of

hR,n((Xi, εi)i∈I , ωI) :=
∑
j∈I

εjI{Xj ∈ Ak(x0, ωI)}
(

1∑
i∈I I{Xi ∈ Ak(x0, ωI)}

− 1

rnpx0(ωI)

)
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because it is fixed throughout the proof. Then we have

R(1)
n,rn,ω(x0) =

1(
n
rn

) ∑
I∈Brn,n

hR,n((Xi, εi)i∈I , ωI),

which is a generalized U-statistic with centered kernel hR,n. For even q > 0 Lemma 2.11
yields

E
[
R(1)

n,rn,ω(x0)
q
]
≲
(rn
n

)q/2
E [hR,n((Xi, εi)

rn
i=1, ω)

q] . (5.105)

With equation (2.7) and Hölder’s inequality we get

E [hR,n((Xi, εi)
rn
i=1, ω)

q]

= E

[(
rn∑
j=1

εjI{Xj ∈ Ak(x0, ω)}
(

1∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

))q]

≲ E

( rn∑
j=1

ε2jI{Xj ∈ Ak(x0, ω)}
(

1∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

)2
)q/2


=

∑
q1+...+qrn=q/2

(
q/2

q1, . . . , qrn

)

× E

[
rn∏
j=1

ε
2qj
j I{Xj ∈ Ak(x0, ω)}

(
1∑rn

i=1 I{Xi ∈ Ak(x0, ω)}
− 1

rnpx0(ω)

)2qj
]

=
∑

q1+...+qrn=q/2

(
q/2

q1, . . . , qrn

)
E

[
rn∏
j=1

ε
2qj
j

]

× E

[
rn∏
j=1

I{Xj ∈ Ak(x0, ω)}
(

1∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

)2qj
]

≤ E [εq1]
∑

q1+...+qrn=q/2

(
q/2

q1, . . . , qrn

)

× E

[
rn∏
j=1

I{Xj ∈ Ak(x0, ω)}
(

1∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

)2qj
]
, (5.106)

with qj ∈ N0. For any q = (qj)j∈[rn] with
∑rn

j=1 qj = q/2 let Jq>0 := {j ∈ [rn] : qj > 0},
Jq=0 := {j ∈ [rn] : qj = 0} and q̃(q) := |Jq>0|. For the expectation from (5.106) we get
with px0(ω) ≤ CX2

−k (see (4.6)) and q̃(q) ≤ q/2 that

E

[
rn∏
j=1

I{Xj ∈ Ak(x0, ω)}
(

1∑rn
i=1 I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

)2qj
]

= E

 ∏
j∈Jq>0

I{Xj ∈ Ak(x0, ω)}
(

1

q̃(q) +
∑

i∈Jq=0
I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

)2qj

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= E

( 1

q̃(q) +
∑

i∈Jq=0
I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

)q ∏
j∈Jq>0

I{Xj ∈ Ak(x0, ω)}


= E

[(
1

q̃(q) +
∑

i∈Jq=0
I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

)q

× E
[ ∏

j∈Jq>0

I{Xj ∈ Ak(x0, ω)}
∣∣∣ω, (Xi)i∈Jq=0

]]

= E

[(
1

q̃(q) +
∑

i∈Jq=0
I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

)q

px0(ω)
q̃(q)

]

≤ C
q/2
X 2−kq̃(q)E

[(
1

q̃(q) +
∑

i∈Jq=0
I{Xi ∈ Ak(x0, ω)}

− 1

rnpx0(ω)

)q]
. (5.107)

Conditioned on ω, the sum in the expression above is Binomial distributed with parame-
ters rn − q̃(q) and px0(ω). We note that q̃(q) ≤ q/2 and hence we get with Lemma 2.19
that

E

[(
1

q̃(q) +
∑rn

i=q̃(q)+1 I{Xi ∈ Ak(x0, ω)}
− 1

rnpx0(ω)

)q]

= E

[
E

[(
1

q̃(q) +
∑rn

i=q̃(q)+1 I{Xi ∈ Ak(x0, ω)}
− 1

rnpx0(ω)

)q ∣∣∣∣ ω
]]

≲ E
[
(rnpx0(ω))

−q3/2
]

≤ (cXrn2
−k)−q3/2. (5.108)

Combining (5.106), (5.107) and (5.108), we obtain that there exists a constant C, inde-
pendent of parameters involved, such that

E [hR,n((Xi, εi)
rn
i=1, ω)

q]

≤ CE [εq1]C
q/2
X

c
q3/2
X

(
rn2

−k
)−q3/2

∑
q1+...+qrn=q/2

(
q/2

q1, . . . , qrn

)
2−kq̃((qj)j∈[rn]). (5.109)

We note that ∑
q1+...+qrn=q/2

(
q/2

q1, . . . , qrn

)
= rq/2n .

For q̌ ∈ {1, . . . , q/2}, let

N(q̌) =
∑

q1+...+qrn=q/2

(
q/2

q1, . . . , qrn

)
I{|{j ∈ [rn], qj > 0}| = q̌}.

This implies
q/2∑
q̌=1

N(q̌) = rq/2n .
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Using that 0 ≤ q̌ ≤ q/2, we obtain

N(q̌) =
∑

q1+...+qrn=q/2

(
q/2

q1, . . . , qrn

)
I{q̌ = |{j ∈ [rn], qj > 0}|}

=
∑

q1+...+qrn=q/2

(q/2)!

q1! . . . qrn !
I{q̌ = |{j ∈ [rn], qj > 0}|}

≤ (q/2)!

(⌊ q
2q̌
⌋!)q̌

∑
q1+...+qrn=q/2

I{q̌ = |{j ∈ [rn], qj > 0}|}

=
(q/2)!

(⌊ q
2q̌
⌋!)q̌
(
rn
q̌

)
q̌q/2−q̌

=
(q/2)!

(⌊ q
2q̌
⌋!)q̌

rn!

q̌!(rn − q̌)!
q̌q/2−q̌

≤ rq̌n(q/2)!(q/2)
q/2

≤ rq̌n(q/2)
q.

Most importantly this does not depend on the qj. We note that q̃((qj)j∈[rn]) = |{j ∈
[rn], qj > 0}|. Using 2k ≤ rn, we obtain for the sum in (5.109) that∑

q1+...+qrn=q/2

(
q/2

q1, . . . , qrn

)
2−kq̃((qj)j∈[rn])

=

q/2∑
q̌=1

2−q̌k
∑

q1+...+qrn=q/2

(
q/2

q1, . . . , qrn

)
I{q̌ = |{j ∈ [rn], qj > 0}|}

=

q/2∑
q̌=1

2−q̌kN(q̌)

≤
q/2∑
q̌=1

2−q̌krq̌n(q/2)
q

≤ (q/2)q+1
(rn
2k

)q/2
= O

((
rn2

−k
)q/2)

. (5.110)

Using that E [εq1], C
q
X and c−q

X are constants independent of n and k together with (5.110)
and (5.109) we obtain

E [hR,n((Xi, εi)
rn
i=1, ω)

q] = O
(
(rn2

−k)−q
)
.

Thus, with (5.105) we end up with

E
[(
R(1)

n,rn,ω(x0)
)q]

≲
(rn
n

)q/2
E [(hR,n((Xi, εi)

rn
i=1, ω))

q]

≲
(rn
n

)q/2(2k

rn

)q

=

(
22k

nrn

)q/2

.
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Proof of Lemma 5.19. We obtain

E
[
R(2)

n,rn,ω(x0)
2
]

= Var
(
R(2)

n,rn,ω(x0)
)

=
1

n2
Var

 n∑
j=1

εj
1(

n−1
rn−1

) ∑
I∈Brn,n:j∈I

(
px0(ωI)

−1I{Xj ∈ Ak(x0, ωI)} −Kk(x0, Xj)
)

=
σ2

n
Var

 1(
n−1
rn−1

) ∑
I∈Brn,n:1∈I

(
px0(ωI)

−1I{X1 ∈ Ak(x0, ωI)} −Kk(x0, X1)
)

=
σ2

n

1(
n−1
rn−1

)Var (px0(ω)
−1I{X1 ∈ Ak(x0, ω)} −Kk(x0, X1)

)
because

Cov

(
I{X1 ∈ Ak(x0, ω1)}

px0(ω1)
−Kk(x0, X1),

I{X1 ∈ Ak(x0, ω2)}
px0(ω2)

−Kk(x0, X1)

)
= E

[(
I{X1 ∈ Ak(x0, ω1)}

px0(ω1)
−Kk(x0, X1)

)(
I{X1 ∈ Ak(x0, ω2)}

px0(ω2)
−Kk(x0, X1)

)]
= 0.

The latter equality follows by conditioning on X1 and using that

Kk(x0, X1) = E
[
I{X1 ∈ Ak(x0, ω1)}

px0(ω1)

∣∣∣X1

]
in conjunction with the independence of ω1 and ω2. We get

E
[
R(2)

n,rn,ω(x0)
2
]

=
σ2

n

1(
n−1
rn−1

)Var (px0(ω)
−1I{X1 ∈ Ak(x0, ω)} −Kk(x0, X1)

)
=

σ2

κ2n

1(
n−1
rn−1

)E [(px0(ω)
−1I{X1 ∈ Ak(x0, ω)} −Kk(x0, X1)

)2]
=
σ2

n

1(
n−1
rn−1

) (E [px0(ω)
−2I{X1 ∈ Ak(x0, ω)}

]
− E

[
K2

k(x0, X1)
])

≤ σ2

n

1(
n−1
rn−1

)E [px0(ω)
−2I{X1 ∈ Ak(x0, ω)}

]
≤ σ2

n

1(
n−1
rn−1

)c−2
X 22kE [I{X1 ∈ Ak(x0, ω)}]

≤ σ2

n

(rn
n

)rn−1

c−2
X 22kpx0

≤ σ2CX

c2X

2k

n

(rn
n

)rn−1
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=
σ2CX

c2X

2k

rn

(rn
n

)rn
.

This yields the claim.

Proof of Corollary 5.20. The proof of Corollary 5.20 is analogous to that of Lemma 5.19.
In particular, we have

E
[
R(K)

n,rn,ω(x0)
2
]

=
σ2

p2x0
n
Var

 1(
n−1
rn−1

) ∑
I∈Brn,n:j∈I

I{X1 ∈ Ak(x0, ωI)} − P (X1 ∈ Ak(x0, ω) | X1)


=

σ2

p2x0
n

1(
n−1
rn−1

)Var (I{X1 ∈ Ak(x0, ω)} − P (X1 ∈ Ak(x0, ω) | Xj))

≤ σ2

p2x0
n

(rn
n

)rn−1

E[I{X1 ∈ Ak(x0, ω)}]

=
σ2

px0rn

(rn
n

)rn
≤ σ2

cX

2k

rn

(rn
n

)rn
because

Cov
(
I{X1 ∈ Ak(x0, ω1)} − P(X1 ∈ Ak(x0, ω) | X1),

I{X1 ∈ Ak(x0, ω2)} − P(X1 ∈ Ak(x0, ω) | X1) = 0

with the arguments from the previous proof.

5.6.11 Proof of Theorem 5.10

The structure of the proof is similar to the proof for the random forest. More precisely,
the proof is similar to that of Proposition 5.15 in Section 5.6.2. The claim then follows
analogously to Section 5.6.1. We use the decomposition of the estimator and error from
(2.3), that is

m̂H(x0) = m̂
(m)
H (x0) + m̂

(ε)
H (x0)

=
n∑

j=1

m(Xj)
I{Xj ∈ Aδ(x0)}∑n
i=1 I{Xi ∈ Aδ(x0)}

+
n∑

j=1

εj
I{Xj ∈ Aδ(x0)}∑n
i=1 I{Xi ∈ Aδ(x0)}

.

The assumption 0 < cX ≤ fX ≤ CX and V(Aδ(x0)) = δp imply

cXδ
p ≤ px0(δ) ≤ CXδ

p.

For

m̃
(ε)
H (x0) =

1

n

n∑
j=1

εjpx0(δ)
−1I{Xj ∈ Aδ(x0)},
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we have
Var(m̃

(ε)
H (x0)) = σ2px0(δ)

−1n−1 = Θ(n−1δ−p).

First we consider the remainder term

m̂
(ε)
H (x0)− m̃(ε)

H (x0) =
n∑

j=1

εjI{Xj ∈ Aδ(x0)}
(

1∑n
i=1 I{Xi ∈ Aδ(x0)}

− 1

npx0(δ)

)
.

Let q ∈ 2Z. We note that δp = O(n) by (5.29). This allows us to apply Lemma 2.19 and
similar to the proof of Lemma 5.18, but only considering the part for the moments of the
kernel, we get

E
[
|m̂(ε)

H (x0)− m̃(ε)
H (x0)|q

]
= E

[∣∣∣ n∑
j=1

εjI{Xj ∈ Aδ(x0)}
( 1∑n

i=1 I{Xi ∈ Aδ(x0)}
− 1

npx0(δ)

)∣∣∣q]

≲ E

( n∑
j=1

ε2jI{Xj ∈ Aδ(x0)}
(

1∑n
i=1 I{Xi ∈ Aδ(x0)}

− 1

npx0(δ)

)2
)q/2


≲ nq/2E

 q/2∏
j=1

ε2jI{Xj ∈ Aδ(x0)}
(

1∑n
i=1 I{Xi ∈ Aδ(x0)}

− 1

npx0(δ)

)2


≲ nq/2E

 q/2∏
j=1

I{Xj ∈ Aδ(x0)}

E

[(
1

q/2 +
∑n

i=q/2+1 I{Xi ∈ Aδ(x0)}
− 1

npx0(δ)

)q]
≲ (nδp)q/2O

(
(nδp)−3q/2

)
= O

(
(nδp)−q

)
. (5.111)

For the approximation error we have

m̂
(m)
H (x0)−m(x0) =

n∑
j=1

(m(Xj)−m(x0))
I{Xj ∈ Aδ(x0)}∑n
i=1 I{Xi ∈ Aδ(x0)}

+m(x0)(I{∃j ∈ [n] : Xj ∈ Aδ(x0)} − 1). (5.112)

Using the Hölder continuity we get

E

[
sup

x0∈[0,1]p

∣∣∣ n∑
j=1

(m(Xj)−m(x0))
I{Xj ∈ Aδ(x0)}∑n
i=1 I{Xi ∈ Aδ(x0)}

∣∣∣] ≤ CHE

[
sup

x0∈[0,1]p
d(Aδ(x0))

α

]
= CHδ

αpα/2. (5.113)

The number of cells is equal to δ−p. Let Xδ ⊂ [0, 1]p with |Xδ| = δ−p denote at set
containing exactly one element in each cell. We obtain

E

[
sup

x0∈[0,1]p
|m(x0)(I{∃j ∈ [n] : Xj ∈ Aδ(x0)} − 1)|

]
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≤ ∥m∥∞E
[
max
x0∈Xδ

I{∄j ∈ [n] : Xj ∈ Aδ(x0)}
]

≤ ∥m∥∞
∑
x0∈Xδ

E
[
I{∄j ∈ [n] : Xj ∈ Aδ(x0)}

]
= ∥m∥∞

∑
x0∈Xδ

(1− px0(δ))
n

≤ ∥m∥∞δ−p(1− cXδp)n.

Together with (5.112) and (5.113), this yields

E
[
∥m− m̂(m)

H ∥∞
]
≲ CHδ

αpα/2 + ∥m∥∞δ−p(1− cXδp)n. (5.114)

We proceed with the leading term. Let

Fδ := {fx0,δ(x, s) = σ−1spx0(δ)
−1/2I{x ∈ Aδ(x0)}}.

We have
Var(fx0,δ(X1, ε1)) = 1

and
sup

x0∈[0,1]p
E
[
|fx0,δ(X1, ε1)|3

]
≤ E [|ε1|3]

σ3
(cXδ

p)−1/2

as well as

E

[
sup

x0∈[0,1]p
|fx0,δ(X1, ε1)|ν

]1/ν
= E

[
sup

x0∈[0,1]p
|σ−1ε1px0(δ)

−1/2|ν
]1/ν

≤ (cXδ
p)−1/2σ−1E[|ε1|ν ]1/ν .

For b from Theorem 2.4 this yields b ≲ δ−p/2. Further we have |Fδ| = δ−p and hence we
can choose A = δ−p and v = 1 for A and v from the same theorem. We get

Kn = cv(log n ∨ log(Ab/σ̃))

≲ c(log n ∨ log(δ−pδ−p/2))

≤ c(log n ∨ log(δ−p3/2))

≤ c log(n3/2)

= O(log n).

Analogously to Theorem 5.14 we get that∣∣∣∣√ n

σ2
sup

x0∈[0,1]p
|px0(δ)

1/2m̃
(ε)
H (x0)| − Sδ

∣∣∣∣ = OP

(
(log n)3/2

δp/2n1/2−1/qG
+

(log n)5/4

δp/4n1/4
+

log n

δp/6n1/6

)
.

(5.115)
because qG ≥ 4. Here Sδ

d
= supx0∈[0,1]p |Bδfx0,δ| and Bδ is a sequence of centered Gaussian

processes indexed by Fδ and with covariance function

Cov(Bδ(fx1,δ), Bδ(fx2,δ)) = px1(δ)
−1/2px2(δ)

−1/2E [I{X1 ∈ Aδ(x1)}I{X1 ∈ Aδ(x2)}]
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= I{Aδ(x1) = Aδ(x2)}.
That means

Sδ
d
= sup

x0∈[0,1]p
|Bδfx0,δ|

d
= max

j=1,...,δ−p
|Zj|

where the Zj ∼ N (0, 1) and i.i.d.. We get confidence bands with radius

σcδ(β)

√
1

npx(δ)

where cδ(β) satisfies

P
(

max
j=1,...,δ−p

|Zj| ≤ cδ(β)

)
= 1− β.

(5.29) implies that
(log n)5/2

δp/2n1/2−1/qG
=
((log n)5

δpn
n2/qG

)1/2
→ 0.

Similar to the proof of Theorem 5.1, the same argument applied to the other terms in
(5.115) implies that∣∣∣∣√ n

σ2
sup

x0∈[0,1]p
|px0(δ)

1/2m̃
(ε)
H (x0)| − Sδ

∣∣∣∣ = oP((log n)
−1). (5.116)

It remains to show that the remainder and the approximation error are negligible. Similar
to the main proof we need that they are

oP

(
1

n1/2δp/2 log n

)
.

Using a union bound, (5.111) yields

P
(
∥m̂(ε)

H − m̃
(ε)
H ∥∞ ≥ κ

1

n1/2δp/2 log n

)
≤ δ−pE

[
|m̂(ε)

H (x0)− m̃(ε)
H (x0)|qR

]
κ−qR(nδp(log n))qR/2

= O
(
δ−p(

log n

δpn
)qR/2

)
→ 0 (5.117)

due to (5.28). For the approximation error we have with (5.114) that

P
(
∥m− m̂(m)

H ∥∞ ≥ κ
1

n1/2δp/2 log n

)
≤ E

[
∥m− m̂(m)

H ∥∞
]
κ−1(nδp(log n))1/2

= O
(
(δ2αnδp(log n))1/2

)
+O

(
δ−p(1− cXδp)n(nδp(log n))1/2

)
.

The first term is o(1) with (5.27) and for the second term we have

δ−p(1− cXδp)n(nδp(log n))1/2 ≲ exp(−cXnδp)δ−p(nδp(log n))1/2 → 0

because δ−p = oP(n) with (5.28) or (5.29). Combining this with (5.116) and (5.117), the
claim follows analogously to the proof of Theorem 5.1 based on Proposition 5.15. □
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Chapter 6

Simulation study

In this chapter, we present a simulation study to verify our theoretical results in practice.
The complete source code related to this chapter is available, see Rabe (2025). Throughout
the study we use uniformly distributed X. In Section 5.4 we discussed properties of the
Gaussian process that are utilized in this chapter. In particular, we know the covariance
of the Gaussian process for uniformly distributed X from (5.31). It is given by

Cov(Bk(fx1,k), Bk(fx2,k)) = V−1
∩,kE [V (Ak(x1, ω1) ∩ Ak(x2, ω2))] . (6.1)

In Section 6.1 we illustrate and discuss several aspects of the asymptotic confidence bands.
Subsequently, in Section 6.2 we introduce a possible approach to use Bootstrap confidence
bands and compare it to the asymptotic bands for a small sample size. At the end of the
chapter we discuss some limitations of the simulation study in Section 6.3.

6.1 Asymptotic confidence bands
This section deals with the asymptotic confidence bands given by Theorem 5.1. To con-
struct them, we need to know V∩,k, σ, and most importantly, the quantiles of Sk in
addition to the estimator. To estimate the distribution of Sk, we can use the observations
from Section 5.4. First, we can estimate the distinct entries in the covariance matrix of
Bk. Knowing the covariances, we can get the covariance matrix on some grid in [0, 1]p.
Due to computational costs it is not always feasible to use the 2k-grid if kp is too large.
On this grid we simulate the Gaussian process Bk and compute its supremum. Using the
Monte Carlo method, we get an empirical distribution of Sk.

6.1.1 Estimation of the covariance matrix

Lemma 5.11 and Lemma 5.12 provide insights into the estimation of the covariances of
the Gaussian process when X is uniformly distributed. It is not necessary to simulate the
X because of the identity in (5.31). However, it should be noted that this is equivalent
to knowing the density of X.

To estimate the covariance from (6.1), we need to simulate a large number of pairs
of independent vectors containing the number of splits per direction for two different
cells Ak(x1, ω1) and Ak(x2, ω2). Lemma 5.11 allows us to compute the volume of their
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Algorithm 6.1 Covariance Estimation
Input: Number of partitions nP , number of splits k, split distribution of ω.
1: Vcum = {0}(k+p

p )

2: for j = 1, . . . , nP do
3: Simulate S(ω1) ∈ {0, . . . , k}p according to the cell split distribution.
4: Simulate S(ω2) ∈ {0, . . . , k}p according to the cell split distribution.
5: for i = 1, . . . ,

(
k+p
p

)
do

6: Vcum(i) = Vcum(i) + V∩(τ
−1(i), S(ω1), S(ω2))

7: end for
8: end for
9: V̄ = Vcum/nP

10: V̂∩,k = V̄ (τ({k}p))
11: Ĉ = V̄ /V̂∩,k
12: return Ĉ and V̂∩,k
Output: Estimators Ĉ(τ(c)) of Cov(c) for c ∈ ΩS and V̂∩,k of V∩,k.

intersection from the number of splits S(x1, ω1) and S(x2, ω2). Thus, we can estimate the
expected volume, which is equal to the corresponding covariance multiplied by V∩,k. For
x1 = x2 this is already an estimator for V∩,k.

Lemma 5.12 implies that there are only
(
k+p
p

)
distinct covariance values for x1, x2 ∈

[0, 1]p and thus further simplifies the estimation. Precisely, it is sufficient to estimate the
covariance for all possible values of the ordered version of the closeness vector Ck(x1, x2)

of x1 and x2 defined in (5.32). The ordered vectors C
(↑)
k (x1, x2) from Section 5.4.2 are

elements of

ΩS = {(t1, . . . , tp) | ti ∈ {0, . . . k}∀i ∈ {1, . . . , p}, t1 ≤ t2 ≤ . . . ≤ tp} .

Instead of calculating the volume of the intersection for all pairs of x1 and x2 it is sufficient
to do so for all elements of ΩS. From (5.33) we know that this is

V∩ (c, S(ω1), S(ω2)) = 2−(
∑p

l=1 max(Sl(ω1),Sl(ω2)))
p∏

l=1

I {min(Sl(ω1), Sl(ω2)) ≤ cl} .

Algorithm 6.1 describes the estimation of the covariances

Cov(c) :=
1

V∩,k
E [V∩ (c, S(ω1), S(ω2))] , c ∈ ΩS.

To order the elements of ΩS, we use some bijection

τ : ΩS →
{
1, . . . ,

(
k + p

p

)}
.

The algorithm gives estimators Ĉ(τ(c)) for Cov(c) and an estimator for V∩,k. We note
that

V̂∩,k = V̄ (τ({k}p)) ,
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6.1. Asymptotic confidence bands

because we have Ck(x0, x0) = {k}p.
We need to simulate the Gaussian process on an appropriate grid of the feature space.

Thus, we need an estimator of its covariance matrix on this grid. When the covariance
matrix Σ of a Gaussian process on a grid is known, the process can be simulated on that
grid by multiplying the matrix L that satisfies Σ = LLT with a vector that is multivariate
normal distributed with identity covariance matrix.

Above we already explained the estimation of all distinct covariance matrix entries.
Below we describe how these entries are utilized to form the estimator for the covariance
matrix. For some k̃ ≤ k we use an equidistant grid with spacing of length 2−k̃. The grid
is then defined as

Gk̃ := {a2−k̃ + 2−k̃+1 | a ∈ {0, . . . , 2k̃ − 1}}p.
The true covariance matrix on this grid is

Σk̃ :=
1

V∩,k
(E [V (Ak(x1, ω1) ∩ Ak(x2, ω2))])x1,x2∈Gk̃

.

We recall that C(↑)
k (x1, x2) is the order statistic of Ck(x1, x2). The estimator of the covari-

ance matrix on the same grid is

Σ̂k̃ :=
(
Ĉ
(
τ
(
C
(↑)
k (x1, x2)

)))
x1,x2∈Gk̃

.

It remains to discuss how we select k̃ and thereby the grid for the simulation of the
Gaussian process. The observations about the function class in Section 5.4 imply that
the process can be seen as a process in Xk, which is a set that contains one point in
every undividable cell. We know that a 2k-grid would always contain one point in every
undividable cell. However, the use of a covariance matrix on a very fine grid can be
computationally infeasible. As a way out, Remark 5.13 can be used to determine which
grid is fine enough. Since we estimate the covariance for all c ∈ ΩS we can check which
estimated covariance entries are equal to one. If there is a c∗ ∈ {0, . . . , k} with

P (Sl(ω1) ≤ c∗) = 1 ∀l ∈ {1, . . . , p},

the grid with k̃ = c∗ is fine enough because its grid cells are undividable cells (see Section
3.3.1.3). This implies that all points in these cells correspond to the same function in Fk.
Thus, it suffices to simulate the Gaussian process on this grid to estimate the distribution
of the supremum. An equivalent perspective is, that the estimator and the stochastic
error are constant on these cells and thus it is sufficient to check one point in each cell to
calculate the supremum of the stochastic error.

In practice, we can choose k̃ such that the covariance of the Gaussian process at x1
and x2 with Ck(x1, x2) = {k̃}p, which is

1

V∩,k
E
[
V∩

(
{k̃}p, S(ω1), S(ω2)

)]
,

is reasonably close to one. In this case the probability P(Sl(ω1) ≤ k̃) should also be close
to one for every l. With this method we can determine the finest grid spacing that is
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necessary. If this grid is computationally feasible we choose k̃ accordingly. Otherwise, we
can use the method to get an idea how good the best computationally feasible grid is.

It may be the case that the estimated covariance Σ̂k̃ is not positive semidefinite, which
would be necessary for the Cholesky decomposition. Therefore, we slightly adjust the
estimated covariance matrix. The first adjustment we try is to add the identity matrix
multiplied by a small constant to the covariance matrix before computing the Cholesky
decomposition. If this is not sufficient to get a positive semidefinite matrix, we use a
reconstruction of the covariance matrix using only the eigenvalues that are greater than
a small constant. Let Qk̃ denote a matrix with the eigenvectors of Σ̂k̃ as its columns and
let (λi)

2pk̃

i=1 be the corresponding eigenvalues. Let Λϵ be a diagonal matrix with entries
(max{λi, ϵ})2pk̃i=1. We use the Cholesky decomposition of the reconstruction

Σ̂k̃,2 := Qk̃ΛϵQ
T
k̃

of Σ̂k̃ for the simulations of the suprema.

6.1.2 Estimation of σ

To apply the asymptotic confidence bands in practice we need an estimator for σ. There
are different types of estimators in the literature. A standard approach is to use the
residuals

ε̂i := Yi − m̂(Xi),

where m̂ is an estimator of the regression function, and estimate σ2 by

σ̂2 :=
1

n

n∑
i=1

ε̂2i .

Lemma 5.4 shows that an estimator based on the residuals of U (RF)
n,rn,ω fulfills the assump-

tions in Theorem 5.1. It is possible to circumvent the dependence on m by employing an
estimator that is not based on residuals. For instance, Müller et al. (2003) have examined
estimators of this type. Let Kh be a univariate kernel with bandwidth h. We define the
estimator

σ̌2
K =

∑n
j=1

∑j−1
i=1 Kh(∥Xi −Xj∥)(Yi − Yj)2/2∑n
j=1

∑j−1
i=1 Kh(∥Xi −Xj∥)

. (6.2)

The kernel gives the pairs of observations weights that are large if the independent vari-
ables are close to each other in Euclidean distance. The idea behind the estimator is
that

Y1 − Y2 ≈ ε1 − ε2,
if X1 and X2 are close. This is the case because

Y1 − Y2 = m(X1) + ε1 −m(X2)− ε2

and
|m(X1)−m(X2)| ≤ C∥X1 −X2∥α.
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6.1. Asymptotic confidence bands

Further we note that
E
[
(ε1 − ε2)2

]
= 2σ2.

Results for estimators of this type in the univariate case can be found in the work by Müller
et al. (2003) or Shen et al. (2020). The latter work also includes results for product kernels
in the multivariate case. In our applications product kernels performed worse than the
estimator from (6.2). Possible choices for K are the densities of the continuous uniform
distribution on [−1, 1] and the standard normal distribution. In practice the choice of the
bandwidth depends on the sample size and on σ.

6.1.3 Simulation results

In this section we present and discuss the results for the asymptotic confidence bands and
their empirical coverage in a finite sample simulation setting. We want to investigate the
effects suggested by the theory in practice. We want to consider the effects of σ, the error
distribution, the number of trees N , and the dimension p on the empirical coverage of
the confidence bands. We are also interested in whether the asymptotic assumptions can
explain the results for different finite sample parameter combinations. When discussing
the assumptions that include the approximation error we need to keep in mind that our
bound via the expected diameter might not capture the behavior of the approximation
error completely, as we discussed in Section 3.3.1.4.

For all simulations, we use 50 000 simulated pairs of splits to estimate the covariance
matrix entries. We simulate 100 000 suprema of the Gaussian process with the estimated
covariance matrix from Section 6.1.1 to estimate the quantiles of the supremum. Through-
out the simulations, the bandwidth h = n−1/2 and a Gaussian kernel are employed for the
estimation of the standard deviation, as outlined in (6.2), since this choice worked well
in our specific application. With the estimated quantiles, the estimation of V∩,k and the
estimated standard deviation of the errors we are able to compute the confidence band
radius.

The grid on which we evaluate the “supremum” of |U (RF)
n,rn,ω(x0) −m(x0)| is related to

the grid on which we simulate the Gaussian process. The error is evaluated in the corners
of the cells or hyperrectangles, respectively, that are split with probability equal to or
close to zero. We use the grid

G
(sup)

k̃
:=
(
{a2−k̃ − ϵ, a2−k̃ + ϵ | a ∈ {1, . . . , 2k̃ − 1}} ∪ {ϵ, 1− ϵ}

)p
(6.3)

for a small ϵ > 0. The error between a smooth function and a piecewise constant function
is the largest at the jump points of the piecewise function, if the smooth function is
monotone on the corresponding intervals. Thus, the above grid should capture the almost
full uniform error. The fact that at least one grid point is in each almost-undividable cell
ensures that the stochastic error, which needs to be the dominating error for confidence
bands is fully captured.

We start with simulations in the case p = 2. We use the regression function

m(x(1), x(2)) =
1

10
(sin(2πx(1)) + x(2)). (6.4)

153



Chapter 6. Simulation study

Table 6.1: Empirical coverage (top) and average confidence band radius (Rd., bottom)
of 1000 RF confidence bands with k = 5, n = 2000 and rn = 1500 for different error
distributions.
σ RF N Normal Uniform t-dist. 4 df t-dist. 6 df

1− β
.90, .95, .99 .90, .95, .99 .90, .95, .99 .90, .95, .99

0.75

Uni.
50 .656, .782, .941 .679, .816, .954 .617, .755, .911 .606, .752, .924
100 .682, .812, .946 .697, .828, .957 .636, .772, .923 .621, .760, .943

Rd. .228, .243, .272 .228, .243, .273 .228, .242, .272 .228, .243, .272

Ehr.
50 .648, .809, .945 .681, .825, .958 .646, .778, .918 .620, .767, .933
100 .675, .810, .953 .702, .826, .953 .646, .786, .925 .620, .767, .931

Rd. .236, .252, .283 .236, .252, .283 .235, .251, .282 .236, .252, .282

1

Uni.
50 .734, .839, .961 .750, .884, .970 .699, .821, .935 .689, .815, .952
100 .748, .870, .965 .773, .873, .975 .722, .816, .941 .707, .830, .953

Rd. .304, .324, .363 .304, .324, .363 .304, .323, .363 .304, .323, .363

Ehr.
50 .745, .866, .970 .760, .876, .967 .710, .825, .944 .711, .822, .954
100 .754, .866, .966 .770, .885, .971 .724, .824, .942 .701, .831, .952

Rd. .314, .336, .377 .314, .336, .377 .314, .335, .376 .314, .335, .376

1.25

Uni.
50 .777, .871, .969 .789, .910, .975 .735, .841, .945 .738, .842, .956
100 .793, .897, .969 .803, .908, .978 .749, .838, .951 .748, .859, .957

Rd. .380, .404, .454 .380, .405, .454 .379, .404, .454 .380, .404, .454

Ehr.
50 .790, .888, .973 .804, .894, .975 .752, .848, .950 .740, .858, .961
100 .795, .888, .971 .804, .908, .979 .756, .854, .956 .753, .865, .965

Rd. .393, .419, .471 .393, .420, .471 .392, .419, .470 .392, .419, .470

The covariance matrix for both RF types has to be estimated depending on k. The
simulations in Table 6.1 are for k = 5, n = 2000 and rn = 3

4
n = 1500. We consider a

normal, a uniform and two t-distributions for the error distribution. The table shows the
empirical coverage and the average radius of the confidence bands. The only variation in
the radii comes from the estimation of σ. For a fixed error distribution and σ, we use
the same random seed for the training sample generation, to achieve a better comparison.
Thus, the uniform and Ehrenfest CPRFs work on the same data for both values of N .
The independence of the estimation of σ and m explains why σ̂ does not vary with N .

The empirical coverage notably differs from the theoretical coverage. The coverage
of the uniform RF and the Ehrenfest RF are generally similar. There is no clear trend
as to which has better coverage. However, the radius of the confidence bands is larger
for the Ehrenfest forest. This is the case because the variance of the estimator scales
linearly in V∩,k, which is larger in this case. As σ increases, we can see that the coverage
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6.1. Asymptotic confidence bands

increases. The reason for this effect is the increase of the stochastic error in comparison
to the approximation error and bias.

The variation of N has more than one effect. On average, a larger N increases the cov-
erage. This effect is larger for the uniform RF than the Ehrenfest RF. This is explained by
the characteristics of the two algorithms. The uniform CPRF has more diverse partitions,
and thus one would expect it to require a larger N to create this diversity in practice. For
N = 100, the coverage of the uniform CPRF is close to that of the Ehrenfest CPRF across
the entire range of parameters. This is noteworthy because, at first glance, it seems to
contradict the larger approximation error bound. Again, a possible reason could be the
more diverse partitions. In Section 3.3.1.4 we discussed that this can lead to a smaller
approximation error due to the smaller undividable cells, even though the approximation
error bound does not capture this.

The sole condition imposed on the error distribution in Theorem 5.1 is the existence
of a sufficient number of moments. In practical applications, however, disparities in the
empirical coverage of the bands across different error distributions are to be anticipated.
In particular, we would expect Gaussian errors to work well because the corresponding
empirical process will already be closer to a Gaussian process than the empirical processes
for other error distributions.

For the uniform error distribution, the difference in the coverage between N = 50 and
N = 100 is very small, or in some instances even in favor of N = 50. This may suggest
that a smaller number of trees is sufficient if the error distribution has lighter tails and
the outliers are less relevant. The results for the t-distributions show this effect to a lesser
extent. Their coverage improves similarly to that of the normal distribution as N in-
creases. Across the board, the coverage for the uniform distribution is the best, explained
by its compact support. This suggests that an error distribution with a shape similar to
the normal distribution is not necessary due to the asymptotics. The coverage for the
t-distribution with six degrees of freedom is worse than that for the normal distribution,
but the difference is moderate. This suggests that a larger number of moments is helpful,
but a finite number is sufficient, which is in line with the theory.

Figure 6.1 shows the errors of ten uniform CPRF estimators in the case n = 2000,
k = 5 and ε ∼ N (0, 1), which is also covered in Table 6.1. The vertical placement of the
blue dots is equal to m̂(x0)−m(x0) where m̂ is one of the ten estimators. The horizontal
axis corresponds to the test grid of the feature space from (6.3) on which the uniform
error is evaluated. It is important to note that this grid is not equidistant and is a subset
of the two-dimensional set [0, 1]2. Blocks of 32 values on the horizontal axis correspond to
entries in the grid, that have the same first component. The radii of the confidence bands
are shown in red. The 0.99 and 0.95 confidence bands cover nine of these ten estimators,
the 0.9 confidence band covers eight. The plot provides insight into the dispersion of
errors across the width of the confidence bands, demonstrating that errors outside the
bands do not constitute extreme outliers relative to the remaining observations.

In Table 6.2 we showcase the empirical coverage for different values of n and k. For
all results, the error distribution and N are the same and we have rn = 0.75n. The
assumptions in Theorem 5.1 suggest two important effects of n and k. If 2k is large in
relation too n, the distribution of U (ε)

n,rn,ω is not well approximated by the asymptotic in
the theorem. If 2k is small relative to n, the approximation error will be larger. Both
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Figure 6.1: Estimation errors of ten uniform CPRF estimators on a non equidistant test
grid and confidence band radii.

effects can lead to a worse coverage than the theoretical one. In the table we can see
that the best coverage for k = 5 is achieved at n = 1000 (and n = 2000 for the 99%
bands), while in the case of k = 6 the best coverage is achieved at n = 4000. This is in
line with the theory. For the smaller values of n we see a suboptimal coverage for both
values of k. This suggests that these values of n are too small for a good approximation
by the asymptotic distribution. For the largest values of n we get the smallest radii of
the confidence bands, and we can see that this affects the coverage negatively because the
approximation error is larger in comparison to the stochastic error. This effect is more
pronounced for the lower confidence levels. This is the case because the approximation
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Table 6.2: Empirical coverage and average confidence band radius of 1000 RF confidence
bands with ε ∼ N (0, 1), N = 100 and rn = 3

4
n.

n RF k = 5 k = 6

1− β
.90, .95, .99 .90, .95, .99 .90, .95, .99 .90, .95, .99
Coverage Radius Coverage Radius

250
Uni. .676, .778, .916 .859, .915, 1.027 .599, .712, .877 1.280, 1.351, 1.495
Ehr. .668, .781, .909 .889, .949, 1.065 .627, .733, .897 1.333, 1.408, 1.565

500
Uni. .759, .852, .954 .608, .648, .727 .611, .756, .901 .906, .956, 1.058
Ehr. .770, .856, .946 .629, .672, .754 .629, .759, .903 .944, .997, 1.108

1000
Uni. .802, .878, .963 .430, .458, .514 .778, .867, .962 .641, .676, .748
Ehr. .805, .889, .964 .445, .475, .533 .760, .870, .955 .667, .705, .783

2000
Uni. .748, .870, .965 .304, .324, .363 .786, .881, .967 .453, .478, .529
Ehr. .754, .866, .966 .314, .336, .377 .806, .887, .969 .472, .498, .554

4000
Uni. .658, .797, .947 .215, .229, .257 .814, .898, .967 .320, .338, .374
Ehr. .674, .809, .946 .222, .237, .266 .813, .897, .968 .333, .352, .391

8000
Uni. .450, .640, .873 .152, .162, .182 .763, .856, .967 .226, .239, .264
Ehr. .463, .639, .877 .157, .168, .188 .756, .870, .966 .236, .249, .277

error affects the center of the error distribution more than its tails. We can see that the
radii of the bands increase when we compare a fixed k and n with k + 1 and 2n. It holds
that 2k/n = 2k+1/2n and therefore the increase of the radii implies that ck(β) grows faster
than 2kV∩,k ≤ 1 decreases. The reason for this is that one has equally many observations
per cell on average, but more cells in total. Therefore, the maximum stochastic error will
be larger on average.

Table 6.3 shows the results for the histogram confidence bands in the same regression
settings as Table 6.2. The histogram confidence bands are evaluated for two choices of δ
that lead to similar radii than those of the RF confidence bands in Table 6.2 for the same
n. In general, one observes that the histogram confidence bands have a lower coverage.
Figure 6.2 adds a graphical comparison to the random forest confidence bands. In the
subplots on the left, we observe the empirical coverage and the nominal coverage in red.
On the right, the radii are plotted on a logarithmic scale. From top to bottom, the plots
are for 1−β = 0.9, 0.95, 0.99. For all β, we observe that the radii of the two random forest
bands for k = 5 are slightly smaller than the radii of the histogram bands for δ−1 = 5.
At the same time, the empirical coverage for these random forests is larger than that of
the histogram for almost all n. The same observation can be made, when comparing the
random forests for k = 6 and the histogram for δ−1 = 7. This illustrates that the random
forest bands work better throughout.

Figure 6.3 shows the histogram and uniform CPRF estimator of m from (6.4) for
n = 8000, k = 5, δ−1 = 5 for the same parameters as in Table 6.2 and Table 6.3. The
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Figure 6.2: Comparison of CB coverage and radii for 1− β ∈ {0.9, 0.95, 0.99} depending
on n.
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Table 6.3: Empirical coverage and average confidence band radius of 1000 Histogram
confidence bands with ε ∼ N (0, 1).

n δ−1 = 5 δ−1 = 7

1− β
.90, .95, .99 .90, .95, .99 .90, .95, .99 .90, .95, .99
Coverage Radius Coverage Radius

250 .678, .788, .910 .905, .974, 1.117 .324, .405, .562 1.358, 1.450, 1.640

500 .721, .823, .939 .640, .690, .790 .643, .744, .870 .961, 1.026, 1.161

1000 .737, .854, .948 .453, .488, .559 .708, .827, .946 .680, .726, .821

2000 .660, .793, .933 .320, .345, .395 .733, .852, .959 .480, .513, .580

4000 .492, .664, .898 .226, .244, .279 .711, .839, .953 .340, .363, .410

8000 .228, .400, .773 .160, .172, .197 .605, .750, .940 .240, .256, .290

upper right plot shows a histogram estimation on the 2k-grid, illustrating the data used
for both estimators. We note that the scale of this plot is different from the other three.

In Table 6.4 we compare the empirical coverage for two regression models with p = 2
and p = 4 for different values of σ. A graphical representation of the results can be found
in Figure 6.4. Similar to the previous figure it includes the three values of β from top to
bottom. The regression function in the first case is the same as before. In the case of
p = 4 we used

m(x(1), x(2), x(3), x(4)) =
1

10
(sin(2πx(1)) + x(2) + x(3)x(4)).

In Theorem 5.1 the dimension p mainly effects the assumption on the diameter which
controls the approximation error. Further, p affects the value of V∩,k and Nf (k). The
approximation error increases with p, which is standard in multivariate regression prob-
lems due to the curse of dimensionality. The size of σ directly affects the signal to noise
ratio and thus the size of the approximation and the stochastic error. If the noise level
is decreased similarly for p = 2 and p = 4, the empirical coverage decreases faster in the
latter case. This is as expected due to the larger approximation error. We point out that
the confidence band radii are smaller for p = 4. This is due to the effect on V∩,k. When
the empirical coverage is evaluated in a regression model with m = 0, that means one
only considers U (ε)

n,rn,ω, the results are much better and comparable to the case p = 2. This
demonstrates that the effect of the higher dimension can be attributed almost exclusively
to the approximation error.

For all the results where k = 5 and p = 2, we used k̃ = 4. That means, k̃ = 4 was used
to construct the estimated covariance matrix described in Section 6.1.1 and to construct
the test grid from (6.3) on which we evaluated the suprema. Remark 5.13 justifies that
k̃ < k can be sufficient for the simulation of the Gaussian process and the calculation of
the uniform error if the covariance for any x1, x2 with Ck(x1, x2) = (k̃, k̃), see (5.32), is
equal or reasonably close to one for both RF types. For the uniform CPRF the covariance
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Figure 6.3: Data, true values and estimators of m from (6.4).

Table 6.4: Empirical coverage (left) and average confidence band radius (right) of 1000
confidence bands with ε ∼ N (0, σ2), n = 2000, k = 5, N = 50 and rn = 3

4
n.

σ RF p = 2 p = 4

1− β
.90, .95, .99 .90, .95, .99 .90, .95, .99 .90, .95, .99
Coverage Radius Coverage Radius

0.5
Uni. .416, .616, .849 .152, .162, .182 .002, .006, .041 .124, .131, .146
Ehr. .416, .598, .868 .157, .168, .188 .001, .004, .046 .126, .133, .149

0.75
Uni. .656, .782, .941 .228, .243, .272 .065, .116, .359 .186, .197, .219
Ehr. .648, .809, .945 .236, .252, .283 .056, .132, .382 .189, .200, .223

1
Uni. .734, .839, .961 .304, .324, .363 .188, .321, .607 .248, .262, .291
Ehr. .745, .866, .970 .314, .336, .377 .202, .345, .635 .252, .267, .297

1.25
Uni. .777, .871, .969 .380, .404, .454 .320, .469, .747 .310, .328, .364
Ehr. .790, .888, .973 .393, .419, .471 .338, .502, .742 .315, .334, .371
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Figure 6.4: Comparison of CB coverage and radii for 1−β ∈ {0.9, 0.95, 0.99} and p = 2, 4
depending on σ.
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for any x1, x2 with Ck(x1, x2) = (4, 4) it is equal to 0.9965 and for the Ehrenfest CPRF it
is equal to 0.9994. For all the results in the case k = 6 and p = 2 we used k̃ = 5, which
was sufficient for the same reason. In the case k = 5 and p = 4 we used k̃ = 3.

6.2 Bootstrap confidence bands
In practice, especially when confronted with relatively small sample sizes, it may be a
better option to use bootstrap confidence bands. Even though they are not backed up
by our theory we include them in the simulation study. In a bootstrap setting we might
be able to include the bias to get closer to the quantiles of the uniform difference of the
estimator and the regression function. Suppose we have an estimator for the regression
function, possibly for a different, usually smaller, k. Denote this estimator by m̂ and the
corresponding residuals by

ε̂i := Yi − m̂(Xi).

One option would be to use the residual bootstrap, where one simulates multiple bootstrap
random forest estimators

U (BRF)
n,rn,ω (x0) :=

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

Ỹj
I{X̃j ∈ Ak(x0, ωI)}∑
i∈I I{X̃i ∈ Ak(x0, ωI)}

based on X̃j and
Ỹj = m̂(X̃j) + ε̃j.

Here, X̃j ∼ U [0, 1]p are simulated, the ε̃j are drawn from the residuals with replacement.
By simulating enough of these bootstrap random forests we can get an estimator for the
quantiles. Like the regular estimator we can decompose the bootstrap estimator and get

U (BRF)
n,rn,ω (x0)− m̂(x0) =

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

m̂(X̃j)
I{X̃j ∈ Ak(x0, ωI)}∑
i∈I I{X̃i ∈ Ak(x0, ωI)}

− m̂(x0)

+
1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

ε̃j
I{X̃j ∈ Ak(x0, ωI)}∑
i∈I I{X̃i ∈ Ak(x0, ωI)}

≈ 1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

(
m̂(X̃j)− m̂(x0)

) I{X̃j ∈ Ak(x0, ωI)}∑
i∈I I{X̃i ∈ Ak(x0, ωI)}

+
1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

ε̃j
I{X̃j ∈ Ak(x0, ωI)}∑
i∈I I{X̃i ∈ Ak(x0, ωI)}

.

The first term of this is not exactly zero, but both are piecewise constant and their
difference can be rather small. If X̃j is in the undividable cell of x0, it is equal to
zero, because m̂ is constant on this set. If we only have X̃j ∈ Ak(x0, ωI), the term
m̂(X̃j) − m̂(x0) can still be very small. Hence, the residual bootstrap might not help to
include the bias term. Mainly because the original bias is partly induced by approximating
a smooth function by a piece-wise constant function. This is not the case for the bootstrap.
Following this argumentation, it might not be helpful to include m̂ in the bootstrap.
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Table 6.5: Empirical coverage and average confidence band radius of 1000 bootstrap con-
fidence bands with k = 5, n = 250, N = 50 and rn = 187 for different error distributions.

RF Normal Uniform t-dist. 4 df t-dist. 6 df

1− β
.90, .95, .99 .90, .95, .99 .90, .95, .99 .90, .95, .99

Uni. Cov. .932, .976, .996 .948, .981, .998 .933, .973, .996 .928, .966, .994
Rad. 1.09, 1.21, 1.46 1.00, 1.10, 1.28 1.29, 1.49, 1.93 1.19, 1.36, 1.70

Ehr. Cov. .939, .976, .993 .941, .980, .998 .929, .971, .996 .932, .966, .990
Rad. 1.12, 1.24, 1.50 1.04, 1.14, 1.34 1.32, 1.52, 1.96 1.22, 1.38, 1.75

Instead, we can focus on the term U
(ε)
n,rn,ω and approximate its finite sample distribution

by a bootstrap. We use a multiplier bootstrap with

U (ε,B)
n,rn,ω(x0) :=

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

ε̃jvj
I{X̃j ∈ Ak(x0, ωI)}∑
i∈I I{X̃i ∈ Ak(x0, ωI)}

.

where the vj are i.i.d. N (0, 1). The bootstrap can be helpful if n is not large enough
for the asymptotics to apply, or if the distribution of ε1 is not normal, such that the
Gaussian approximation has a larger error. However, it is not helpful to deal with a large
approximation error.

We test the bootstrap in the case n = 250, k = 5, N = 50, ε ∼ N (0, 1) and

m(x1, x2) =
1

10
(sin(2πx1) + x2)

from Table 6.2. We consider the same selection of different error distributions as in
Table 6.1, but we do not consider the same sample sizes. In Table 6.5, we observe that
the empirical coverage exceeds the theoretical coverage in all cases, which goes hand in
hand with larger radii throughout. The larger radii suggest that the sample size is not
large enough for the distribution of Sk to approximate the distribution of ∥U (ε)

n,rn,ω∥∞
well. As these distributions differ primarily due to the projection error and the Gaussian
approximation, both errors can account for the total deviation. It is not clear which effect
is the dominant one.

Nevertheless, the results indicate that the bootstrap confidence bands are robust with
respect to different error distributions, even when the sample size is relatively small.
The confidence band radii for the t-distributions are larger than the radii for the normal
distribution, which meets the expectation. For the uniform distribution, the radii are
smaller, which can be attributed to the bounded support of the distribution. As expected,
and as in the asymptotic case, the confidence bands are wider for the Ehrenfest CPRF
than for the uniform CPRF throughout the error distributions.

6.3 Limitations
The simulation study has a few inherent limitations due to its specific design. Rather
than employing the (incomplete) U-statistic version of the random forest, we use a fixed
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number of trees, resulting in a different estimator than that utilized in the theory. For
this estimator, there is a positive probability that the same subsample is used in two
trees. However, this probability is negligible for the considered n and N . The U-statistic
structure of the theoretical estimator prevents a subsample from being used twice. An-
other limitation is the small selection of two different regression functions for two distinct
values of p. A wider selection of regression functions for more values of p would provide
a better overview of the general performance of the proposed methods.

Since the error can only be evaluated on a finite grid, it will not be captured to its
full extend. Nevertheless, the choice of the grid together with continuity of the regression
function should ensure that this difference is negligible. Further, the number of simulated
confidence bands is of course finite, and a larger number would always lead to a better
picture of performance of the methods. The estimation of σ may influence the results
independently of the random forest estimator of m. However, in our simulations the
estimator performs quite well.

Overall, the results support the theory, but also posses some limitations. We used
a rather small signal to noise ratio and observed a coverage clearly different from the
theoretical coverage for the smallest values of σ, which is even more pronounced for
p = 4, see Table 6.4. This indicates that the approximation error is too large which is
a major drawback of these random forest variants and a consequence of their inflexible
centered structure. Still, our proposed random forest methods outperform the histogram
estimator, for which this effect is even more pronounced. The results for n = 1000 in Table
6.2 suggest that a k greater than five does not solve the problem. It leads to a smaller
approximation error, but the coverage is worse. Nevertheless, the results are valuable,
because they support the theory regarding the asymptotic distribution and the goal of
the theoretical results for the CPRF is to extend them to more sophisticated random
forest methods. If this can be done, these different random forests models can avoid the
approximation error drawback due to their different partitioning algorithms.
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Chapter 7

Discussion

In this final chapter, we discuss several different aspects that provide different perspectives
on the main contributions of the previous chapters. In Section 7.1, we outline the extension
of the confidence band results to honest centered random forests, a version that utilizes
the data for the partition construction. Subsequently, in Section 7.2, we describe the
previously mentioned application of the classical proof structure for confidence bands to
CPRFs. We explain the differences from the proof structure used in Chapter 5, and why
the limitations of that proof and its result lead us to look for a different proof technique.
Finally, in 7.3, we suggest several more possible areas for future research.

7.1 An extension - centered honest random forests

In this section, we discuss how the results from Chapter 5 can be extended to a random
forest type that uses data dependent partitions. We consider a centered random forest
that is honest according to the definition of the term honesty introduced by Wager and
Athey (2018). Their definition of honesty is that in each tree, every observation is used
either to create the partition or to estimate m given the partition, but not both. This
allows us to use a data dependent partition and keep the independence between partition
creation and estimation.

Let (Z̃i)
ñ
i=1 be a sample of i.i.d. copies of (X, Y ) that is independent of (Zi)

n
i=1. This

sample will be used for the construction of the tree partition. The original sample will
be used for the estimation in this partition. In practice, one would do this by splitting
the sample. Intuitively, one would split the sample for each tree. The theory for this is
more complex due to the dependencies between the trees. Therefore, we use the same
split of the training sample for each tree to avoid technical difficulties. It may still be
possible to generalize the results to this version of honest random forests. Honesty is useful
because the random variables used for partitioning and those used for the estimation
are independent. This makes the mathematical analysis much simpler. We retain the
assumption that the trees are built with centered splits.

Similar to honest trees, one can consider a model where the probabilities to split
the features depend on the importance of the features, but are fixed in advance. For
example, these probabilities can be estimated on a different training sample before actually
estimating of the regression function. This means that instead of using the data to choose
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the partitions, it is reduced to an assumption of the random forest model. Models with
such an assumption have been treated in the literature, for example by Breiman (2004),
Biau (2012) and Klusowski (2021).

Let us define
U (HRF)
n,rn,ω (x0) :=

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

YjW
H
j,k(x0, ωI , I)

with

WH
j,k(x0, ω, I) :=

I{Xj ∈ Ak(x0, ω, (Z̃l)
ñ
l=1)}∑

i∈I I{Xi ∈ Ak(x0, ω, (Z̃l)ñl=1)}
,

and WH
j,k(x0, I) := WH

j,k(x0, ωI , I). Similar to the purely random forest we define

U (H,ε)
n,rn,ω(x0) :=

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

εjW
H
j,k(x0, I)

and
U (H,m)
n,rn,ω(x0) :=

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

m(Xj)W
H
j,k(x0, I).

In this section, for simplicity, we will consider the special case where X is uniformly
distributed. The case where 0 < cX ≤ fX ≤ CX works similar to Chapter 5. Let (Žl)

ñ
l=1

be an independent copy of the subsample (Z̃l)
ñ
l=1. We define

Ṽ∩,k(x0) := E
[
V(Ak(x0, ω1, (Z̃l)

ñ
l=1) ∩ Ak(x0, ω2, (Žl)

ñ
l=1))

]
.

This depends on x0 because the data dependence of the partition can lead to hetero-
geneous behavior of the intersections on the feature space. Further we denote V̄∩,k :=
infx0∈[0,1]p Ṽ∩,k(x0) and define

f̃x0,k(x, s) := σ−1Ṽ−1/2
∩,k (x0)sP(x ∈ Ak(x0, ω, (Z̃l)

ñ
l=1)), (7.1)

F̃k := {f̃x0,k | x0 ∈ [0, 1]p}. (7.2)

Conjecture 7.1. Consider an honest centered random forest with at most Nf (k) undi-
vidable sets (see Section 3.3.1.3). Let

Ck,ñ(x0) := E
[
V(Ak(x0, ω1, (Z̃l)

ñ
l=1) ∩ Ak(x0, ω2, (Z̃l)

ñ
l=1))

]
− Ṽ∩,k(x0) and (7.3)

U (H,1)
n,rn,ω(x0) :=

1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

WH
j,k(x0, I). (7.4)

In addition to several technical assumptions on n, rn and k assume that ∥Ck,ñ∥∞ and
∥U (H,m)

n,rn,ω −mU (H,1)
n,rn,ω∥∞ converge to zero (in probability) sufficiently fast. For a Gaussian

process Bk with covariance

Cov(Bkf̃x1,k, Bkf̃x2,k)

= Ṽ−1/2
∩,k (x1)Ṽ−1/2

∩,k (x2)P(X1 ∈ Ak(x1, ω1, (Z̃l)
ñ
l=1) ∩ Ak(x2, ω2, (Žl)

ñ
l=1)) (7.5)
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let Sk
d
= supx0∈[0,1]p |Bkf̃x0,k| and for ck(β) = F−1

Sk
(1− β) denote

Cn(x) =

U (HRF)
n,rn,ω (x)− σck(β)

√
22kṼ∩,k(x)

n
, U (HRF)

n,rn,ω (x) + σck(β)

√
22kṼ∩,k(x)

n

 .
For α ∈ (0, 1] and CH > 0 it holds that

lim inf
n→∞

inf
m∈H(α,CH)

P
(
m(x) ∈ Cn(x), ∀x ∈ [0, 1]p

)
≥ 1− β.

The radius of the confidence bands in the result above depends on the function Ṽ∩,k,
which is similar to the effect of Ψk in Theorem 5.1. In the honest case, the varying radius
is due to the data dependence. If the absolute gradient of m is relatively small in a region,
we would expect the variance of the estimator to be relatively smaller. If we would extend
the above result to the case where fX is not constant, the radius of the confidence band
would depend on the density of X and on the regression function m.

If the dependence of the partitions on the data is suitable, these confidence bands
might be able to work in a high-dimensional regression model with an active dimension
less than the full dimension of the X. If the cells are never or rarely split orthogonal to the
inactive features, the estimator can use most of the splits to generate a useful partition in
the active dimensions. This can lead to a sufficiently small approximation error in higher
dimensions.

A limitation of this type of random forest is that the splits are still centered and thus
the cell size is still constant. This might not be a good property for a data dependent
partition, as it limits the ability of the estimator to use the data to generate a good
partition.

The term Ṽ∩,k(x0) can still be approximated through a Monte Carlo simulation, but
it is more complex because we need the Z̃l for the partition. Even if the distribution of
X is known the partitions also depend on the Y . One can use bootstrap samples of the
entire training sample to estimate Ṽ∩,k(x0).

In Conjecture 7.1 we need that

∥Ck,ñ∥∞ = sup
x0∈[0,1]p

∣∣∣E[V(Ak(x0, ω1, (Z̃l)
ñ
l=1) ∩ Ak(x0, ω2, (Z̃l)

ñ
l=1))

]
− E

[
V(Ak(x0, ω1, (Z̃l)

ñ
l=1) ∩ Ak(x0, ω2, (Žl)

ñ
l=1))

]∣∣∣
converges to zero fast enough. If ñ is large enough, (Z̃l)

ñ
l=1 should reflect almost all of the

information from the model that is useful for building the partition. If the dependence of
the partition construction on the data is well behaved, we would expect Ak(x0, ω, (Z̃l)

ñ
l=1)

to converge in a useful sense. For instance,

∥Ak(x0, ·, (Z̃l)
ñ
l=1)− Ak(x0, ·,Z)∥∞ P→ 0

for ñ→∞, where Z reflects all the information in the model that is useful for partitioning.
In this case, the convergence assumption on ∥Ck,ñ∥∞ is an assumption that ñ is sufficiently
large. Later this assumption will be captured in (7.6).

167



Chapter 7. Discussion

Similar to the purely random case one would need a sufficiently sharp lower bound for
Ṽ∩,k. We note that this needs to be uniform now. It still holds that 2−2k ≤ Ṽ∩,k(x0) ≤ 2−k.
Given a specific data dependent tree construction one can improve this lower bound for
Ṽ∩,k(x0). From (3.21) we know that

Ṽ∩,k(x0)2k = E
[
2−

1
2

∑p
l=1 |Sl(x0,ω1,(Z̃l)

ñ
l=1)−Sl(x0,ω2,(Žl)

ñ
l=1)|
]
.

The number of splits behaves differently for all features in an honest regression tree. For
a fixed feature, the difference between the number of splits depending on two independent
copies of ω, (Z̃l)

ñ
l=1 should still behave similarly. Hence, we should get a comparable lower

bound if ñ is large enough.
Conjecture 7.1 is a first step towards confidence bands for random forests with data

dependent partitions. The centeredness of the splits is a notable limitation. Especially
for data dependent partitions, a selective split placement is desirable to create a useful
partition given the data.

7.1.1 Proof strategy

We will discuss how to generalize the proof strategy from Chapter 5 to this type of random
forest. The goal of data dependent trees is to create partitions that allow for a better
approximation of the regression function. Thus, we expect the data dependence to lead
to a smaller approximation error. The supposed way to decrease the approximation error
is to exploit the structure of the regression function.

The construction of the confidence bands is based on the stochastic error, and the
main part of the proof deals with the stochastic error. We do not want to make explicit
assumptions about the data dependent construction of the partitions. Therefore, we will
only briefly discuss the approximation error. We use the decomposition of the approxi-
mation error in (5.45). Since we are still considering centered random forests with depth
k, the same bound from Lemma 5.17 holds for

m(x0)(U
(H,1)
n,rn,ω(x0)− 1).

If the regression function has bounded first order derivatives we can use the following
bound for the approximation error.

|m(x1)−m(x2)| ≤
p∑

l=1

∥∂lm∥∞|x(l)1 − x(l)2 |

Let al,k(x0, ω, (Z̃l)
ñ
l=1) denote the edge lengths of the cell in direction l. We get for the

remaining part of the approximation error that

|U (H,m)
n,rn,ω(x0)−m(x0)U

(H,1)
n,rn,ω(x0)|

≤ 1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

|m(Xj)−m(x0)|WH
j,k(x0, I)

≤ 1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

p∑
l=1

∥∂lm∥∞|X(l)
j − x(l)0 |WH

j,k(x0, I)
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≤ 1(
n
rn

) ∑
I∈Brn,n

p∑
l=1

∥∂lm∥∞al,k(x0, ωI , (Z̃l)
ñ
l=1)

∑
j∈I

WH
j,k(x0, I)

≤ 1(
n
rn

) ∑
I∈Brn,n

p∑
l=1

∥∂lm∥∞2−Sl(x0,ωI ,(Z̃l)
ñ
l=1).

The goal of the splits in the data dependent partition is to minimize the above term. If we
have features that carry less information about the regression function they should be split
less often. If we have ∥∂lm∥∞ = 0 for some l, it suffices to have Sl(x0, ωI , (Z̃l)

ñ
l=1) = 0. In

general, we assume that the data dependence exploits the structure of the aforementioned
upper bound. It should be noted that this can also be achieved by making assumptions
about the probabilities of splitting the features, as was mentioned at the beginning of this
section.

From here on we will explain the proof strategy for the stochastic error. An important
part of the proof is the approximation of the supremum of a suitable empirical process.
Analogously to Chapter 5, let us define

Û (H,ε)
n,rn,ω(x0) =

2k

n

n∑
j=1

εjP(Xj ∈ Ak(x0, ω, (Z̃l)
ñ
l=1) | Xj).

We only condition the probability on Xj to get an empirical process in a function class,
where the functions have arguments X and ε. We observe that

Var
(
Û (H,ε)
n,rn,ω(x0)

)
=

22k

n
σ2E

[
P(X1 ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | X1)

2
]

=
22k

n
σ2P(X1 ∈ Ak(x0, ω1, (Z̃l)

ñ
l=1) ∩ Ak(x0, ω2, (Žl)

ñ
l=1))

=
22k

n
σ2E

[
V(Ak(x0, ω1, (Z̃l)

ñ
l=1) ∩ Ak(x0, ω2, (Žl)

ñ
l=1))

]
=

22k

n
σ2Ṽ∩,k(x0).

Recall that F̃k from (7.2) is the function class of the f̃x0,k. This implies

sup
f∈F̃k∪−F̃k

Gnf = sup
f∈F̃k

|Gnf |

= sup
x0∈[0,1]p

∣∣Gnσ
−1Ṽ−1/2

∩,k (x0)sP(x ∈ Ak(x0, ω, (Z̃l)
ñ
l=1))

∣∣
= sup

x0∈[0,1]p

∣∣∣ 1√
n

n∑
j=1

σ−1Ṽ−1/2
∩,k (x0)εjP(Xj ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | Xj)

∣∣∣
=

√
n

σ222k
sup

x0∈[0,1]p

∣∣Ṽ−1/2
∩,k (x0)Û

(H,ε)
n,rn,ω(x0)

∣∣.
Using V̄∩,k to lower bound V̄∩,k(x0) we get analogously to Theorem 5.14 that∣∣∣∣√ n

σ222k
sup

x0∈[0,1]p

∣∣Ṽ−1/2
∩,k (x0)Û

(H,ε)
n,rn,ω(x0)

∣∣− Sk

∣∣∣∣
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= OP

(
(log n)3/2

V̄1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V̄1/4
∩,kn

1/4
+

log n

V̄1/6
∩,kn

1/6

)

where Sk
d
= supx0∈[0,1]p |Bkf̃x0,k| and Bk is a Gaussian process with covariance as in (7.5).

In comparison to Chapter 5 there is a difference in the proof for the remainder terms.
Analogous to (5.46) we have

U (H,ε)
n,rn,ω(x0)− Û (H,ε)

n,rn,ω(x0)

=
1(
n
rn

) ∑
I∈Brn,n

∑
j∈I

εj
(
WH

j,k(x0, ωI , I)−
2k

rn
I{Xj ∈ Ak(x0, ωI , (Z̃l)

ñ
l=1)}

)
+

2k

n

n∑
j=1

εj
1(

n−1
rn−1

) ∑
I∈Brn,n:j∈I

×
(
I{Xj ∈ Ak(x0, ωI , (Z̃l)

ñ
l=1)} − P(Xj ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | Xj)

)
=: R(H,1)

n,rn,ω(x0) +R(H,2)
n,rn,ω(x0).

We consider the first remainder term conditioned on (Z̃l)
ñ
l=1. The remaining randomiza-

tion of the cells are the ωI which are still i.i.d. and hence we can apply Lemma 5.18 to
R

(H,1)
n,rn,ω(x0) conditioned on (Z̃l)

ñ
l=1. This yields

E
[
R(H,1)

n,rn,ω(x0)
q
]
= E

[
E
[
R(H,1)

n,rn,ω(x0)
q | (Z̃l)

ñ
l=1

]]
≲

(
22k

rnn

)q/2

.

We need to change how we handle the second remainder term, instead of Lemma 5.19 we
need the lemma below.

Lemma 7.2. For Ck,ñ(x0) defined in (7.3) it holds that

Var(R(H,2)
n,rn,ω(x0)) ≤

2kσ2

rn

(rn
n

)rn
+

22kσ2

n
Ck,ñ(x0).

To proceed analogously to the proof of Proposition 5.15 we need that

P
(
∥Ṽ−1/2

∩,k R(H,2)
n,rn,ω∥∞ ≥ κ(log n)−1

√
22k/n

)
≤
∑
x0∈Xk

P
(
|R(H,2)

n,rn,ω(x0)| ≥ κ(log n)−1
√

22kV̄∩,k/n
)

≤
∑
x0∈Xk

Var(R(H,2)
n,rn,ω(x0))

n(log n)2

κ222kV̄∩,k

≤ Nf (k)
σ2

κ2

(
(log n)2

2kV̄∩,k

(rn
n

)rn−1

+
(log n)2

V̄∩,k
∥Ck,ñ∥∞

)
(7.6)

converges to zero. The first term is similar to Chapter 5. The second is the new condition
already discussed with Conjecture 7.1. It remains to give the proof of Lemma 7.2.
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Proof of Lemma 7.2. It holds that

Var(R(H,2)
n,rn,ω(x0))

=
22k

n2
Var

(
n∑

j=1

εj
1(

n−1
rn−1

) ∑
I∈Brn,n:j∈I

×
(
I{Xj ∈ Ak(x0, ωI , (Z̃l)

ñ
l=1)} − P(Xj ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | Xj)

))

=
22kσ2

n
Var

(
1(

n−1
rn−1

) ∑
I∈Brn,n:j∈I

×
(
I{Xj ∈ Ak(x0, ωI , (Z̃l)

ñ
l=1)} − P(Xj ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | Xj)

))

=
22kσ2

n

1(
n−1
rn−1

)Var(I{X1 ∈ Ak(x0, ωI , (Z̃l)
ñ
l=1)} − P(X1 ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | X1)

)
+

22kσ2

n

1(
n−1
rn−1

)2 ∑
I∈Brn,n:1∈I

∑
J∈Brn,n:1∈J,J ̸=I

× Cov
(
I{X1 ∈ Ak(x0, ωI , (Z̃l)

ñ
l=1)} − P(X1 ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | X1),

I{X1 ∈ Ak(x0, ωJ , (Z̃l)
ñ
l=1)} − P(X1 ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | X1)

)
=

22kσ2

n

1(
n−1
rn−1

) (2−k − ṼA2(x0)
)
+

22kσ2

κ2n
Ck,ñ(x0)

≤ 2kσ2

rn

(rn
n

)rn
+

22kσ2

κ2n
Ck,ñ(x0)

because we observe

Cov
(
I{X1 ∈ Ak(x0, ω1, (Z̃l)

ñ
l=1)} − P(X1 ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | X1),

I{X1 ∈ Ak(x0, ω2, (Z̃l)
ñ
l=1)} − P(X1 ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | X1)

)
= E

[
(I{X1 ∈ Ak(x0, ω1, (Z̃l)

ñ
l=1)} − P(X1 ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | X1))

× (I{X1 ∈ Ak(x0, ω2, (Z̃l)
ñ
l=1)} − P(X1 ∈ Ak(x0, ω, (Z̃l)

ñ
l=1) | X1))

]
= E

[
I{X1 ∈ Ak(x0, ω1, (Z̃l)

ñ
l=1)}I{X1 ∈ Ak(x0, ω2, (Z̃l)

ñ
l=1)}

]
− E

[
I{X1 ∈ Ak(x0, ω1, (Z̃l)

ñ
l=1)}I{X1 ∈ Ak(x0, ω2, (Žl)

ñ
l=1)}

]
= E

[
V(Ak(x0, ω1, (Z̃l)

ñ
l=1) ∩ Ak(x0, ω2, (Z̃l)

ñ
l=1))

]
− Ṽ∩,k(x0)

= Ck,ñ(x0).

7.2 The classical proof structure
In this section, we want to discuss a strategy used in the literature to prove confidence
bands for different nonparametric regression estimators. Many proofs in the literature do
not use a result like the one by Chernozhukov et al. (2014b), instead they use a different
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proof structure where one approximates the empirical process instead of its supremum.
With minor differences, this proof structure is used for several results, e.g., by Johnston
(1982), Härdle (1989), Claeskens and Van Keilegom (2003), and Chao et al. (2017).

Following this proof technique for our method led to unsatisfactory results, which is
why we set out to find an improved technique. To illustrate the differences and limitations,
we will outline the classical proof structure and compare it to the proof structure used
in Chapter 5. In this section, we assume that X is uniformly distributed on [0, 1]p. We
define the classical empirical process

Gn(x, s) :=
1√
n

n∑
j=1

(
I{Xj ≤ x, εj ≤ s} − P(X1 ≤ x, ε1 ≤ s)

)
.

Due to the uniform distribution of X Remark 4.3 implies

Û (ε)
n,rn,ω(x0) =

2k

n

n∑
j=1

εjP(Xj ∈ Ak(x0, ω) | Xj)

= n−1/22k
∫
[0,1]p×R

sP(x ∈ Ak(x0, ω))dGn(x, s).

By comparison, in the new proof we use the representation

Û (ε)
n,rn,ω(x0) =

√
σ222kV∩,k

n
Gnfx0,k.

Theorem 3.2 by Dedecker et al. (2014) yields that there exists a sequence of continuous
centered Gaussian processes B̌n(x, s) that are uniformly close to Gn(x, s). The idea is
that if these processes are uniformly close to each other, then the integrals with respect
to the processes should also be close to each other. An older result of this type, used for
multiple confidence band results in the univariate regression model, is that by Tusnády
(1977). This proof structure is less direct than using the result by Chernozhukov et al.
(2014b). The main step is to show that the integrals are uniformly close. This is done
using integration by parts, such that the difference of the integrals can be bounded by the
integral over the difference of the processes. Results for multivariate integration by parts
can be found in the articles by Ansari (2024) and Zaremba (1968). The proof contains
several more technical steps and leads to the following result.

Proposition 7.3. Let W be a p-variate Brownian sheet, i.e. a Gaussian process W (x)
for x ∈ Rp. There exists a random process Vn(x0) with

Vn(x0)
d
= V−1/2

∩,k σ

∫
[0,1]p

P(x ∈ Ak(x0, ω))dW (x)

that satisfies

sup
x0∈[0,1]p

∣∣∣∣√ n

22kV∩,k
Û (ε)
n,rn,ω(x0)− Vn(x0)

∣∣∣∣
= OP

(
2−kV−1/2

∩,k
)
+ oP

(
V−1/2
∩,k n−u/6(log n)r(κ+(2p+6)/3)

)
(7.7)

for some u < 1 and every κ > 0.
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The proposition provides a bound for the appropriately standardized error of the
Gaussian approximation, which in this case is done uniformly for the entire process. We
want to compare this bound with the bound from Theorem 5.14, which is for the Gaussian
approximation of the supremum instead of the entire process. The bound from Theorem
5.14 in the case where X is uniformly distributed is∣∣∣∣√ n

22kV∩,k
sup

x0∈[0,1]p
|Û (ε)

n,rn,ω(x0)| − σSk

∣∣∣∣ = OP

(
(log n)3/2

V1/2
∩,kn

1/2−1/ν
+

(log n)5/4

V1/4
∩,kn

1/4
+

log n

V1/6
∩,kn

1/6

)
.

(7.8)
It is evident that the first bound is asymptotically larger due to the second term on
the right-hand side and the fact that u < 1. For convergence to zero, we need that
V∩,knu/3 →∞ with the first bound from (7.7), but only V∩,kn1−2/ν →∞ with the bound
in (7.8). Further, it is noteworthy that the assumption V∩,knu/3 → ∞ contradicts the
undersmoothing assumption (5.4) and thus, would prevent the construction of confidence
bands unless one were to use a bias correction.

We briefly discuss the reason for the difference between the bounds. It is important to
point out that the approximation result by Chernozhukov et al. (2014b) only approximates
one random variable. In comparison, the classical result relies on a uniform approximation
of an empirical process. This problem is more difficult than approximating a single random
variable. Chernozhukov et al. (2014b) discuss the differences between the two problems.
The main result that is used for the uniform approximation of the process is Dedecker
et al. (2014, Theorem 3.2). For

G̃n(x, v) = n−1/2

n∑
i=1

(
I{Xi ≤ x, Fε(εi) ≤ v} −

p∏
l=1

xlv

)
,

the result yields that there exists a sequence of Brownian bridges B̃n(x, v) with

sup
(x,v)∈[0,1]p+1

|G̃n(x, v)− B̃n(x, v)| = O(n−1/6(log n)κ+(2(p+1)+4)/3)

almost surely for every κ > 0. This rate carries over to the approximation of the integral
representation of Û (ε)

n,rn,ω(x0). Hence, the lack of a better uniform approximation of an
empirical process is the reason for the weaker result. It is not clear, and beyond the scope
of our work, whether a better approximation is possible.

It remains to be discussed why the classical proof structure was sufficient in the liter-
ature. Johnston (1982) considers univariate regression and assumes that the bandwidth
hn satisfies hn = n−δ for δ < 1

3
. Translated to our case this means V∩,knu/3 → ∞ and

it would work in the univariate case. In the multivariate case, it would contradict the
approximation error assumptions. Claeskens and Van Keilegom (2003) do not need a
similar assumption. The main reason for this is that the uniform approximation of the
bivariate empirical process by a Gaussian process has an approximation error of rate n−1/2

up to logarithms. This is better than Dedecker et al. (2014, Theorem 3.2), but is only
applicable to univariate regression problems. The work done by Chao et al. (2017) is in
a multivariate regression model. Their bandwidth needs to satisfy

n−1/6h−p/2−3p/(b1−2) = O(n−ν)
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for ν > 0 and some constant b1. The condition implies that n−1/3h−p = o(1). When
translated to our method, hp is replaced by 2−k, so it is necessary that n−1/32k = o(1).
However, this would contradict the assumptions required for the bias/approximation er-
ror. It is noteworthy that a different regression estimator can have a smaller bias and
approximation error. For our estimator, the better approximation with the result by
Chernozhukov et al. (2014b) is crucial to prove the confidence band results. A larger
error would contradict the assumptions for the approximation error and thereby prevent
the construction of the confidence bands.

Another drawback of the classical method is that the distribution of the supremum of
the Gaussian approximation is harder to characterize. It is possible that the distribution
of

sup
x0∈[0,1]p

∣∣Vn(x0)∣∣ d
= sup

x0∈[0,1]p

∣∣V−1/2
∩,k σ

∫
[0,1]p

P(x ∈ Ak(x0, ω))dW (x)
∣∣

is related to the distribution of Sk, but the connection is not obvious. In the literature,
convergence to some extreme value distribution is usually used, which is possible with
a continuous kernel instead of the discontinuous probability. In contrast, Theorem 2.4
provides a direct description of the required distribution.

7.2.1 Proof sketch

In the first step of the proof we show that for Γn = [an, bn] with sequences an → −∞ and
bn →∞ such that E[ε1Γn(ε)] = 0 and

U (ε,Γ)
n,rn,ω(x0) = n−1/22k

∫
[0,1]p×R

1Γn(s)sP(x ∈ Ak(x0, ω))dGn(x, s).

it holds that

P
(
∥Û (ε)

n,rn,ω − U (ε,Γ)
n,rn,ω∥∞ > κ

)
≤ 2k

κ
E[|ε1|1ΓC

n
(ε1)].

Using U (ε,Γ)
n,rn,ω(x0) we limit the integral with respect to s to a closed interval which is needed

to apply integration by parts. To prove the above equation one needs to apply Markov’s
inequality to

Û (ε)
n,rn,ω(x0)− U (ε,Γ)

n,rn,ω(x0) =
2k

n

n∑
j=1

εj1ΓC
n
(εj)P(Xj ∈ Ak(x0, ω) | Xj)

and use that the probability therein is bounded by one. In the next step we replace the
empirical process in the integrator by a different process. We know that Fε(εj) ∼ U [0, 1]
and we denote

G̃n(x, v) := n1/2

(
n−1

n∑
i=1

I{Xi ≤ x, Fε(εi) ≤ v} −
p∏

l=1

xlv

)
,

G̃n,1(x) := G̃n(x, 1) = n1/2

(
n−1

n∑
i=1

I{Xi ≤ x} −
p∏

l=1

xl

)
,
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G̃n,2(v) := G̃n(1, v) = n1/2

(
n−1

n∑
i=1

I{Fε(εi) ≤ v} − v
)
.

For U (ε,Γ)
n,rn,ω(x0) it holds that

U (ε,Γ)
n,rn,ω(x0) = n−1/2

∫
[0,1]p×R

1Γn(s)s2
kP(x ∈ Ak(x0, ω))dGn(x, s)

= n−1/2

∫
[0,1]p+1

1Γ̃n
(v)F−1

ε (v)2kP(x ∈ Ak(x0, ω))dG̃n(x, v).

For

G̃∗
n(x, v) := G̃n(x, v)− vG̃n,1(x)−

p∏
l=1

xlG̃n,2(v). (7.9)

we denote

U (ε,∗)
n,rn,ω(x0) := n−1/22k

∫
[0,1]p+1

1Γ̃n
(v)F−1

ε (v)P(x ∈ Ak(x0, ω))dG̃
∗
n(x, v). (7.10)

One can prove that

n1/2
(
U (ε,Γ)
n,rn,ω(x0)− U (ε,∗)

n,rn,ω(x0)
)

=

∫
R
s1Γn(s)dG̃n,2(Fε(s))

∫
[0,1]p

2kP(x ∈ Ak(x0, ω))dFX(x)

=

∫
R
s1Γn(s)dG̃n,2(Fε(s))

= OP(1).

which implies
∥U (ε,Γ)

n,rn,ω − U (ε,∗)
n,rn,ω∥∞ = OP(n

−1/2)

because the term does not depend on x0. In the next step, we further approximate
U

(ε,∗)
n,rn,ω(x0) by “changing” the integrator from G̃∗

n to B̃∗
n. Let B̃n(x, v) be a sequence of

Brownian bridges that fulfills sup(x,v)∈[0,1]p |G̃n(x, v) − B̃n(x, v)| a.s.→ 0. The existence of
these Brownian bridges is guaranteed by Dedecker et al. (2014, Theorem 3.2). We define

B̃∗
n(x, v) = B̃n(x, v)− vB̃n(x, 1)− B̃n(1, v)

p∏
l=1

xl. (7.11)

Further let W ∗
n be a sequence of Brownian sheets with

B̃n(x, v) = W ∗
n(x, v)−W ∗

n(1, 1)v

p∏
l=1

xl.

For

U (ε,1)
n,rn,ω(x0) := n−1/22k

∫
[0,1]p+1

1Γ̃n
(v)F−1

ε (v)P(x ∈ Ak(x0, ω))dB̃
∗
n(x, v) (7.12)
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and U (ε,∗)
n,rn,ω from (7.10) it holds that

∥U (ε,∗)
n,rn,ω − U (ε,1)

n,rn,ω∥∞ = oP
(
n−1/22kn−r/6(log n)r(κ+(2p+6)/3)

)
. (7.13)

This is the main step of the proof where integration by parts is used. To prove this, we
use an auxiliary result. For the process G̃∗

n(x, v) from equation (7.9) and the Gaussian
process B̃∗

n(x, v) from equation (7.11) it holds that

sup
(x,v)∈[0,1]p+1

∣∣∣∣G̃∗
n(x, v)− B̃∗

n(x, v)

[v(1− v)∏p
l=1 xl]

a

∣∣∣∣ = op(n
−u/6(log n)r(κ+(2(p+1)+4)/3)) (7.14)

for every κ > 0 and u, a with u < 1 and a/(1 − u) < 1/2. This can be proved using
Theorem 3.2 by Dedecker et al. (2014). In order to prove the validity of (7.13), it is
necessary to use two different results for multivariate integration by parts. The first
result is by Ansari (2024), while the second is by Zaremba (1968). It is noteworthy that
these results hold under different assumptions and consequently yield different original
formulas. Nevertheless, it can be demonstrated that these formulas can be written in the
same form in our situation. The notation required for the subsequent formulas can be
found in Section 7.2.2. Theorem 7.4 (Theorem 1.1 by Ansari (2024)) yields

n1/2U (ε,∗)
n,rn,ω(x0) =

p+1∑
m=0

(−1)m
∑

I∈Bm,p+1:p+1∈I

∫
[0,1]m

(G̃∗
n)

I(ξ)dgI(ξ)

for g(x, v) = 1Γ̃n
(v)F−1

ε (v)2kP(x ∈ Ak(x0, ω)). It can be applied because G̃∗
n and g are

bounded, right and left continuous, respectively, and of bounded variation. Theorem 7.6,
which is by Zaremba (1968), holds for U (ε,1)

n,rn,ω(x0) since B̃∗
n is continuous and yields

n1/2U (ε,1)
n,rn,ω(x0) =

p+1∑
m=0

(−1)m
∑

I∈Bm,p+1:p+1∈I

∫
[0,1]m

(B̃∗
n)

I(ξ)dgI(ξ).

Thus, the difference of both terms is

n1/2(U (ε,∗)
n,rn,ω(x0)− U (ε,1)

n,rn,ω(x0))

=

p+1∑
m=0

(−1)m
∑

I∈Bm,p+1:p+1∈I

∫
[0,1]m

(
(G̃∗

n)
I(ξ)− (B̃∗

n)
I(ξ)

)
dgI(ξ),

and we obtain

n1/2|U (ε,∗)
n,rn,ω(x0)− U (ε,1)

n,rn,ω(x0)|

≤
p+1∑
m=0

∑
I∈Bm,p+1:p+1∈I

∫
[0,1]m

∣∣(G̃∗
n)

I(ξ)− (B̃∗
n)

I(ξ)
∣∣|dgI(ξ)|.

Using equation (7.14) with δn = n−u/6(log n)u(κ+(2(p+1)+4)/3) we get

n1/2|U (ε,∗)
n,rn,ω(x0)− U (ε,1)

n,rn,ω(x0)|
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≤ o(δn)

p+1∑
m=0

∑
I∈Bm,p+1:p+1∈I

∫
[0,1]m

[
ξp+1(1− ξp+1)

p∏
l=1

ξl

]a
|dgI(ξ)|.

One can prove that all these integrals are O(2k) and hence

|U (ε,∗)
n,rn,ω(x0)− U (ε,1)

n,rn,ω(x0)| = n−1/22ko(n−u/6(log n)u(κ+(2(p+1)+4)/3)).

In the next step we define

U (ε,2)
n,rn,ω(x0) := n−1/2

∫
[0,1]p×R

1Γn(s)s2
kP(x ∈ Ak(x0, ω))dW

∗
n(x, Fε(s))

Similar to one step for the empirical processes it holds that

B̃∗
n(x, v)−W ∗

n(x, v) = (B̃∗
n(x, v)− B̃n(x, v))− (W ∗

n(x, v)− B̃n(x, v))

= −
(
vB̃n(x, 1) + B̃n(1, v)

p∏
l=1

xl

)
−
(
vW ∗

n(1, 1)

p∏
l=1

xl

)
.

and thus, for U (ε,1)
n,rn,ω from (7.12) we have
√
n(U (ε,1)

n,rn,ω(x0)− U (ε,2)
n,rn,ω(x0))

= −
∫
[0,1]p

2kP(x ∈ Ak(x0, ω))dFX(x)

∫
Γn

sdB̃n(1, Fε(s))

= −
∫
Γn

sdB̃n(1, Fε(s))

= OP(1).

This yields
∥U (ε,1)

n,rn,ω − U (ε,2)
n,rn,ω∥∞ = OP(n

−1/2)

because the term does not depend on x0. Let W be a Brownian sheet with p arguments.
Define

U (ε,3)
n,rn,ω(x0) := n−1/2σn

∫
[0,1]p

2kP(x ∈ Ak(x0, ω))dW (x)

with σ2
n = E [ε21Γn(ε)]. Comparing the covariances one can show that U (ε,3)

n,rn,ω
d
= U

(ε,2)
n,rn,ω.

We know that σ2
n → σ2. If one chooses Γn large enough the combination of these steps

and Slutsky’s theorem yield that there exists a random process

Vn(x0)
d
= V−1/2

∩,k σ

∫
[0,1]p

P(x ∈ Ak(x0, ω))dW (x)

with

sup
x0∈[0,1]p

∣∣∣∣√ n

22kV∩,k
Û (ε)
n,rn,ω(x0)− Vn(x0)

∣∣∣∣
= OP

(
2−kV−1/2

∩,k

)
+ oP

(
V−1/2
∩,k n−u/6(log n)u(κ+(2p+6)/3)

)
for u < 1 as above.
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7.2.2 Auxiliary - multivariate integration by parts

In the proof of one of the approximation lemmas we need to use multivariate integration
by parts for discontinuous functions. A formula for this is given in Theorem 1.1 by
Ansari (2024). Before we state the theorem we introduce the necessary notation and
definitions. We consider a hyperrectangle Ξ =

∏d
j=1 Ξj =

∏d
j=1[aj, bj] of dimension d

which in our case is given by Ξ := [0, 1]p+1 with d = p+1. Only in this section we will use
x = (x1, . . . , xd) ∈ Rd instead of x = (x(1), . . . , x(d)) to denote the components of a vector,
to keep the notation clear. For a function f : Ξ→ R and I = {i1, . . . , ik} ⊂ [d],I ̸= ∅ we
define the lower I-marginal fI of a function as

fI(xi1 , . . . , xik) := lim
xj↓aj ,j ̸∈I

f(x1, . . . , xd).

The upper marginal is given by

f I(xi1 , . . . , xik) := lim
xj↑bj ,j ̸∈I

f(x1, . . . , xd).

We further define f∅ := limxj↓aj f(x1, . . . , xd) and f ∅ := limxj↑bj f(x1, . . . , xd). A function
that is continuous on the boundaries of Ξ is called grounded if

lim
xj→aj

f(x1, . . . , xd) = 0 ∀j ∈ [d] and xi ∈ Ξi, i ∈ [d] \ {j}.

This is equivalent to fI(x) = 0 for all x ∈ ΞI :=
∏

j∈I [aj, bj] and I ⊊ [d]. Further, for a
function f : Ξ→ R that is continuous on the boundaries of Ξ, define its survival function
f : Ξ→ R by

f(x) :=
d∑

k=0

∑
I⊆{1,...,d},I={i1,...,ik}

(−1)|I|f I(xi1 , . . . , xik), x = (x1, . . . , xk) ∈ Ξ.

For the rather complex definition of a measure inducing function we refer to Ansari (2024).
If a function h is measure inducing, the measure νh denotes the signed measure induced
by h. Define ψh(g) :=

∫
Ξ
g(x)dνh and

πg(f) :=
∑

I⊂{1,...,d}:I ̸=∅

∫
ΞI

fI(u)dνgI (u) + f∅g∅.

The following result is Theorem 1.1 by Ansari (2024).

Theorem 7.4 (Integration by parts). Let g and h be functions that are continuous on the
boundaries of Ξ and satisfy an additional technical directional continuity condition. Let
g and all its lower marginals be measure inducing. Let h be measure inducing, bounded
and grounded. If g and h have no common discontinuities on the same side of each point,
then ∫

Ξ

g(x)dνh =
∑

I⊂{1,...,p}:I ̸=∅

∫
ΞI

h̄I(u)dνgI (u) + h̄∅g∅.
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The technical conditions, in particular the abstract directional continuity condition
and the assumption that the functions are measure inducing, are satisfied in our applica-
tion. In particular, both functions must be of bounded variation, which is the case. For
more details and the concrete directional continuity condition, we refer to Ansari (2024).

We note that the notationh̄I means the lower marginal of the survival function, i.e.
the bar is “applied” before the index. In general this does not commute. We want to
express the formula more explicitly. We have

h̄I((ξi)i∈I) = lim
ξi↓0,i ̸∈I

h̄(ξ)

= lim
ξi↓0,i ̸∈I

p+1∑
k=0

∑
L⊆{1,...,p+1},L={l1,...,lk}

(−1)|L|hL(ξl1 , . . . , ξlk)

=

p+1∑
k=0

I{L ⊂ I}
∑

L⊆{1,...,p+1},L={l1,...,lk}

(−1)|L|hL(ξl1 , . . . , ξlk)

=

|I|∑
k=0

∑
L⊆I,L={l1,...,lk}

(−1)|L|hL(ξl1 , . . . , ξlk).

This implies∫
Ξ

g(x)dνh

=
∑

I⊂{1,...,p}:I ̸=∅

∫
ΞI

h̄I(u)dνgI (u) + h̄∅g∅

=
∑

I⊂{1,...,p}:I ̸=∅

∫
ΞI

|I|∑
k=0

∑
L⊆I,L={l1,...,lk}

(−1)|L|hL(uL)dνgI (u) + h̄∅g∅

=
∑

I⊂{1,...,p}:I ̸=∅

|I|∑
k=0

∑
L⊆I,L={l1,...,lk}

(−1)|L|
∫
ΞI

hL(uL)dνgI (u) + h̄∅g∅

=
∑

I⊂{1,...,p}:I ̸=∅

∑
L⊆I

(−1)|L|
∫
ΞI

hL(uL)dνgI (u) + h̄∅g∅.

Remark 7.5. For p = 1 we note that

h̄{1}(ξ) = h̄(ξ) =
1∑

k=0

∑
I⊆{1},I={i1}

(−1)|I|hI(ξ)

= h∅(ξ)− h{1}(ξ)
= h(b)− h(ξ),

which implies h̄∅ = h(b)− h(a). Thus, the formula simplifies to∫ b

a

g(x)dνh =

∫ b

a

h̄{1}(u)dνg{1}(u) + h̄∅g∅.
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=

∫ b

a

(h(b)− h(ξ))dg(ξ) + (h(b)− h(a))g(a)

= −
∫ b

a

h(ξ)dg(ξ) + h(b)(g(b)− g(a)) + (h(b)− h(a))g(a)

= −
∫ b

a

h(ξ)dg(ξ) + h(b)g(b)− h(a)g(a),

which one would expect. Zaremba (1968, Proposition 2) provides another formula that
holds under different assumptions. For any function ϕ : [0, 1]d → R denote

∆jφ(x) := φ(x1, . . . xj−1, 1, xj+1, . . . , xd)− φ(x1, . . . xj−1, 0, xj+1, . . . , xd).

The application of multiple ∆j commutes and for J ⊂ [d] we use ∆J to denote the
difference operator in all components j ∈ J .

Theorem 7.6. If over [0, 1]d, one of the functions g(x) and h(x) is of bounded variation
in the sense of Hardy and Krause, and the other is continuous, then the Riemann-Stieltjes
integral ∫

[0,1)d
g(x)dh(x)

exists. Let Bm,d denote the set of subsets of {1, . . . , d} with size m. The integral satisfies∫
[0,1)d

g(x)dh(x) =
d∑

m=0

(−1)m
∑

I∈Bm,d

∆[d]\I
∫
[0,1)m

h(x)dIg(x),

where dI denotes integration with respect to the entries of x with index i ∈ I.

7.3 Outlook
In this section, we discuss possible future research and further extensions of our work.
These topics will be discussed at a superficial level, as any of them could lead to an
extensive discussion. Before beginning this discussion, a brief summary of the results of
our work is provided. In Chapter 4 we proved a central limit theorem for CPRFs, which
allows the construction of confidence intervals. It is noteworthy that the dependence of
the asymptotic variance and the confidence interval radius on the density of X and the
error variance σ2 is known, which to the best of our knowledge is new in the literature.
The main contribution of our work is Theorem 5.1, which provides uniform confidence
bands. While the uniform confidence bands are a novel contribution to the field of random
forests, extending these results to more sophisticated random forest models would be a
significant advancement. Alternative approaches include extending the result to a more
general regression model, or enhancing the result by incorporating additional terms from
the Hoeffding-decomposition.

The proof of Theorem 5.1 relies on the Hájek projection being the dominant term in
the Hoeffding-decomposition. The inclusion of higher order terms could have two main
beneficial effects. First, the assumptions on the tuning parameters may be weaker, and
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second, the finite sample distribution may be better approximated. The quantiles of
Sk, which determine the radius of the confidence band, do not belong to an asymptotic
distribution but depend on k. Higher order terms could lead to a different distribution
whose quantiles might work better in practice. The main difficulty of this extension is
that one would have to apply results for U-processes that are similar to those for empirical
processes. To the best of our knowledge, there are no such results in the literature.

Generalization of the regression model

A way to extend the results is to relax the assumptions in the regression model. For each
part of the regression model, there are ways to relax the assumptions. Starting with the
error distribution, the assumption that a finite number of moments exists is already fairly
mild. Still, it might be possible to reduce the number of existing moments. Another
extension would be to allow heteroscedastic errors. This would change the function class
Fk and the empirical process in our proofs. Including the assumption that the variance
is bounded, the result by Chernozhukov et al. (2014b) might still be applicable in a
similar way. This would affect the radius of the confidence bands in a heterogeneous way.
Furthermore, one would need a consistent estimator of the variance function over the
entire feature space.

Another potential generalization is to consider different classes of eligible regression
functions, for instance with discontinuities. The piecewise constant structure of the ran-
dom forest estimator should, in principle, allow it to handle such discontinuities. Under
appropriate assumptions on the number, placement, and size of the jumps, it may be
possible to obtain results similar to those for continuous functions.

The assumptions on the covariates are already quite general. A density bounded from
above and below is usually required. We can consider a higher dimension of these random
variables. In a high-dimensional regression model, we would need assumptions on the
active dimension or the importance of the different features. If the estimator is also
modified and data dependent in some way, it may be able to handle the high dimension
by mostly using the important features for the partitions. One can use similar proof
techniques from the low-dimensional case on the event that the inactive/unimportant
features are seldom split. The honest random forest from Section 7.1 might be able to
work in a high-dimensional model.

Extension of the random forest algorithm

There are several ways to modify and relax the assumptions on the estimator. One
extension that does not fundamentally change the estimator is to consider a more flexible
number of splits. If we are still considering a CPRF, there is no reason to prefer any
feature in general when choosing the splits. However, after doing k splits per cell, we can
allow a random subset of the cells to be split an additional time. We represent this by
choosing k ∈ Q with (k − ⌊k⌋)2k ∈ N. The latter is the number of cells that will be split
an additional time. In theory we consider the asymptotic behavior of 2k and n, but in
practice the discrete assumption on k may be limiting. For a fixed finite sample size n,
the extension allows a much more flexible choice of 2k/n, which would also be the case in
various nonparametric regression estimators that use a bandwidth. Extending the results
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to this algorithm should be possible since one can use the bounds ⌊k⌋ ≤ k ≤ ⌈k⌉ without
changing the asymptotic behavior.

Staying with purely random forests, one could investigate different splitting rules for
centered purely random forests. The choice of the tuning parameters in the Ehrenfest
forest already leaves room for further research. Alternatively one could consider algo-
rithms that favor splitting cells with larger volumes relative to the distribution of X, if
this distribution is known. This approach might lead to an improved estimation in regions
with more observations on average.

Furthermore, the assumption of centered splits can be dropped. The centeredness can
hurt the ability of the estimator to approximate a function at the fixed cut points. It also
limits the diversity of the trees because the partitions are limited to these fixed cut points.
Since random forests benefit from this diversity, this could also limit the performance. By
omitting the centeredness of the splits, the constant cell size and the structure of the
intersection of two cells are lost. It is not clear whether a similar lower bound holds for
V∩,k holds in general. If it is smaller, then the variance of the leading term is smaller and
thus the remaining terms may no longer be negligible. Still, this would be a desirable
modification of the algorithm to be closer to the standard random forest algorithm.

Finally, one would like to extend the results to random forests with data dependent
partitions. In the most general case, data-dependence is not achieved by honesty and
sample splitting. If the partition is data dependent, the splits should not be centered
and the cell sizes should be variable. Otherwise, the ability of the algorithm to construct
a partition that is useful for the data is limited. Variable partitions allow the use of
small cells when it is useful for approximating the regression function, and large cells for
better estimation when the regression function is nearly constant. Examples of technical
difficulties in this case are the lower bound on V∩,k and the dual use of observations for
partition construction and estimation. In particular, the stochastic error would be harder
to analyze because the errors and the cells lose their independence.

Confidence bands for such a general type of random forest as the one by Breiman
(2001) are very desirable because they are frequently used in applications. A smaller
step in the data dependent direction would be to allow the partitions to depend on the
independent variables. This can be used to avoid empty cells in the partitions, which are
possible for purely random forests and occur more often with finer partitions. We have
already made a first step towards data dependent forests in Section 7.1.
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Appendix A

Formalities

A.1 Abstract

One of the most prominent estimation problems in mathematical statistics, essential for a
wide range of applications, is described by regression models. A popular class of estimators
in regression models are random forests, which are often referred to as machine learning
methods. Random forests are nonparametric estimators that can be applied to regression
and classification problems. In our work, we focus on their application in a nonparametric
multivariate regression model

Y = m(X) + ε,

with regression function m, response Y ∈ R, covariates X ∈ [0, 1]p and errors ε ∈ R
that are independent of X. A random forest averages the estimates of several randomized
regression trees that are based on different subsamples of the training sample. Regression
trees construct a hierarchical partition of the feature space by performing iterative, axis-
aligned splits and use a piecewise constant estimation of the regression function on the cells
in this partition. In practice, random forests appear to be successful, even when applied to
high-dimensional data. The statistical analysis of random forests is challenging, especially
due to the dependence of the tree partitions on the data. Even for the simpler purely
random forests, which omit this dependence, the majority of the literature focuses on
consistency results.

In this thesis, we analyze the asymptotic behavior of centered purely random forests
with a focus on the construction of confidence intervals and bands, which provide quan-
titative information about the quality of an estimator and are thus a desirable tool in
applications. In centered purely random forests, the regression trees perform the splitting
during the partition construction in the center of each cell. We consider two specific types
of centered purely random forests. One of them is the classical type, which selects the
splitting direction uniformly distributed on all p axes, and the other variant, which is the
Ehrenfest centered purely random forest, is newly introduced and its partitioning algo-
rithm is influenced by the Ehrenfest model for diffusion. We prove that this new variant
achieves the minimax optimal convergence rate for Hölder continuous regression functions
m, which is not the case for the classical centered purely random forest variant.

Similar to several articles in the literature, we exploit an interpretation of random
forests as generalized incomplete U-statistics to analyze their asymptotic distribution.
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Important concepts for U-statistics employed in the asymptotic analysis are the Hoeffding-
decomposition and the Hájek projection. First, we prove pointwise asymptotic normality
of centered purely random forests based on results for generalized U-statistics by Peng
et al. (2022), which allows for the construction of asymptotic confidence intervals. These
results are explicit in the sense, that the only possibly unknown objects affecting the
asymptotic variance and the radius of the confidence intervals are the variance of the
errors and the density of the covariates X. To the best of our knowledge, the explicit
form of our results is new among the asymptotic results for random forests in the literature.

The main theorem we prove provides uniform asymptotic confidence bands based on
centered purely random forests. As far as we are aware, this is the first confidence band
result for any random forest type. Since confidence bands are a uniform generalization of
confidence intervals, the proof of this result is substantially different from the pointwise
case and requires more sophisticated techniques for the handling both the dominating and
the remainder terms from the Hoeffding-decomposition. An important component of the
proof is the application of a result by Chernozhukov et al. (2014b), which approximates
the supremum of an empirical process by the supremum of a Gaussian process. This allows
us to approximate and thereby characterize the distribution of the supremum of the Hájek
projection, which is the dominating term from the Hoeffding-decomposition and also an
empirical process. The same proof technique allows us to construct asymptotic confidence
bands for the histogram regression estimator. Further, we obtain a uniform consistency
result for centered purely random forests. A possible direction of future research is to
generalize the results to more sophisticated and data dependent random forests. We
illustrate the theoretical results with a simulation study.

A.2 Zusammenfassung

Eines der bekanntesten Schätzprobleme in der mathematischen Statistik, welches für eine
Vielzahl von Anwendungen essenziell ist, wird durch Regressionsmodelle beschrieben.
Eine verbreitete Klasse von Schätzern in Regressionsmodellen sind Random Forests, die
häufig als Methoden des maschinellen Lernens angesehen werden. Random Forests sind
nichtparametrische Schätzer, die in Regressions- und Klassifikationsproblemen angewen-
det werden können. In dieser Arbeit liegt der Fokus auf ihrer Anwendung in einem
nichtparametrischen multivariaten Regressionsmodell

Y = m(X) + ε,

mit Regressionsfunktionm, abhängiger Variable Y ∈ R, unabhängiger VariableX ∈ [0, 1]p

und Fehlern ε ∈ R, die stochastisch unabhängig von X sind. Ein Random Forest mit-
telt die Schätzungen von vielen randomisierten Regressionsbäumen, die auf verschiedenen
Teilstichproben der Trainingsdaten beruhen. Regressionsbäume konstruieren eine hierar-
chische Partition von [0, 1]p, indem sie iterativ Teilungen (Splits) parallel zu den Achsen
durchführen und eine stückweise konstante Schätzung der Regressionsfunktion auf den
Zellen in dieser Partition verwenden. In der Praxis liefert die Anwendung von Random
Forests oft gute Ergebnisse, selbst bei der Anwendung auf hochdimensionale Daten. Die
statistische Analyse von Random Forests ist eine Herausforderung, insbesondere wenn
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die Partitionen der Regressionsbäume von den Daten abhängen. Selbst für die weniger
komplexen Purely Random Forests, bei denen diese Abhängigkeit wegfällt, konzentriert
sich der Großteil der Literatur auf Konsistenzresultate.

In dieser Arbeit wird das asymptotische Verhalten von Centered Purely Random
Forests analysiert, wobei der Schwerpunkt auf der Konstruktion von Konfidenzintervallen
und -bändern liegt, die quantitative Informationen über die Qualität eines Schätzers liefern
und somit ein nützliches Werkzeug in Anwendungen sind. In Centered Purely Random
Forests teilen die Regressionsbäume die Zellen während der Partitionskonstruktion immer
zentriert. Wir betrachten zwei bestimmte Typen von Centered Purely Random Forests.
Einer davon ist der klassische Typ, der die Richtung der Splits uniform verteilt auf allen p
Achsen wählt, und die andere Variante, der sogenannte Ehrenfest Centered Purely Ran-
dom Forest, wird neu eingeführt und sein Partitionierungsalgorithmus ist angelehnt an
das Ehrenfest Modell für Diffusion. Wir beweisen, dass diese neue Variante die minimax
optimale Konvergenzrate für hölderstetige Regressionsfunktionen m erreicht, was für den
klassischen Centered Purely Random Forest nicht der Fall ist.

Angelehnt an mehrere Artikel aus der Literatur nutzen wir eine Interpretation von
Random Forests als verallgemeinerte unvollständige U-Statistiken, um ihre asymptotische
Verteilung zu analysieren. Wichtige Konzepte für U-Statistiken, die in der asymptotis-
chen Analyse verwendet werden, sind die Hoeffding-Zerlegung und die Hájek Projektion.
Zunächst wird die punktweise asymptotische Normalverteilung von Centered Purely Ran-
dom Forests auf der Grundlage der Resultate für verallgemeinerte U-Statistiken von Peng
et al. (2022) bewiesen, was die Konstruktion von asymptotischen Konfidenzintervallen
ermöglicht. Diese Resultate sind explizit in dem Sinne, dass die einzigen möglicherweise
unbekannten Objekte, die einen Einfluss auf die asymptotische Varianz und den Radius
der Konfidenzintervalle haben, die Varianz der Fehler und die Dichte der Zufallsvariablen
X sind. Unseres Wissens nach ist die explizite Form unserer Ergebnisse eine Neuheit in
der Literatur zum asymptotischen Verhalten von Random Forests.

Das zentrale Theorem, das wir beweisen, liefert gleichmäßige asymptotische Konfi-
denzbänder basierend auf Centered Purely Random Forests. Soweit es uns bekannt ist,
ist dies das erste Konfidenzbandresultat überhaupt für eine Random Forest Variante. Da
Konfidenzbänder eine gleichmäßige Verallgemeinerung von Konfidenzintervallen sind, un-
terscheidet sich der Beweis dieses Theorems wesentlich vom punktweisen Fall und erfordert
komplexere Beweistechniken sowohl für die dominierenden als auch für die vernachlässig-
baren Terme aus der Hoeffding-Zerlegung. Ein wichtiger Bestandteil des Beweises ist die
Anwendung eines Resultats von Chernozhukov et al. (2014b), das erlaubt, das Supre-
mum eines empirischen Prozesses durch das Supremum eines Gauß-Prozesses zu approx-
imieren. Auf diese Weise können wir die Verteilung des Supremums der Hájek Projektion,
die der dominierende Teil der Hoeffding-Zerlegung und zugleich ein empirischer Prozesses
ist, approximieren und damit charakterisieren. Dieselbe Beweistechnik ermöglicht es uns,
asymptotische Konfidenzbänder für den Histogramm Regressionsschätzer zu konstruieren.
Außerdem erhalten wir ein gleichmäßiges Konsistenz Resultat für Centered Purely Ran-
dom Forests. Eine mögliche Richtung zukünftiger Forschung ist die Verallgemeinerung der
Ergebnisse auf komplexere und datenabhängige Random Forests. Wir veranschaulichen
die theoretischen Ergebnisse mit einer Simulationsstudie.
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A.3 Publications related to this dissertation
Extracts of the results of this dissertation have been published in preprints on arXiv, in
collaboration with my supervisors Natalie Neumeyer and Mathias Trabs.

• Neumeyer et al. (2025) covers the confidence band results for centered purely random
forests.

• Neumeyer et al. (2026) covers the confidence band results for the histogram regres-
sion estimator.

Declaration of personal contribution
Chapters 1 to 3 of this dissertation are introductory material and contain few original
results. The novel results in Chapters 3 to 5 are are jointly due to Natalie Neumeyer,
Mathias Trabs and the candidate, where all detailed proofs have been carried out by the
candidate. The simulation study in Chapter 6 has been carried out by the candidate.
Chapter 7, which contains the discussion of extensions and a comparison with a classical
proof method, is due to the candidate. It is planned that the results of the dissertation,
especially those in Chapter 4 and Chapter 5, will lead to a joint publication, co-authored
by Natalie Neumeyer, Mathias Trabs and the candidate.

A.4 Eidesstattliche Versicherung
Hiermit erkläre ich an Eides statt, dass ich die vorliegende Dissertationsschrift selbst
verfasst und keine anderen als die angegebenen Quellen und Hilfsmittel benutzt habe.

Jan Rabe
Hamburg, den 21.03.2025
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