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Chapter 1

Introduction

Regression models provide a framework for one of the most prominent estimation problems
in mathematical statistics, the prediction of the relationship between a dependent or
response variable Y € R and an independent variable or covariate X € X. The non-
specific structure of this problem leads to a wide field of applications. An important class
of regression models are nonparametric models that avoid specific assumptions on the
relationship between X and Y. A nonparametric regression model with homoscedastic
noise is described by

Y =m(X) +e,

where m is the so called regression function and € € R is an error term that is independent
of X. The codomain X of the random variable X is called feature space and usually is
a subset of R? for p € N. Throughout we will consider X = [0,1]’. The entries of
X are called features or covariates. In this model, the goal is to estimate the function
m based on a training sample consisting of i.i.d. copies of (X,Y’). There are various
types of estimators in this model, for instance classical smooth estimators such as kernel
estimators, spline estimators or wavelet estimators. There are also non smooth estimators
such as the histogram or regression trees, which are piecewise constant. Modern estimators
that are frequently regarded as machine learning algorithms include neural networks and
tree ensemble methods, such as boosted trees and, in particular, random forests. The
latter are the central estimators considered in this dissertation.

In mathematical statistics, the focus is on statistical guarantees for the performance of
these estimators. Often the performance is analyzed asymptotically in the sample size and
important questions are the consistency and asymptotic distribution of the estimators.
These aspects can both be analyzed pointwise for a fixed xqg € R? or uniformly on the
whole feature space. Pointwise consistency of an estimator m means that

m(zo) — m(zo) = 0,

whereas the stronger uniform consistency means

. P
sup |m(xq) — m(zo)| — 0.
ToEX

Both pointwise and uniform consistency are desirable for any estimator.
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The asymptotic distribution of an estimator is useful for inference because it gives
insight into the quality of a single estimator. Commonly it is used to construct asymp-
totic confidence sets for the regression function, which are a quantitative description of
the quality of the estimator. Pointwise results allow for the construction of confidence
intervals, but uniform results can be used for constructing confidence bands and goodness-
of-fit tests. An asymptotic confidence interval of level 1 — 5 € (0, 1) for m(x) is a random
interval C,, that satisfies

lim inf P(m(zo) € C,,) > 1 — 6.

n—o0

A confidence band C,(z) is the uniform generalization of a confidence interval. For every
x € X, it is an interval and it satisfies

liminf P(m(z) € C,(x), Ve € X) > 1 — B.
n—oo
The statistical theory for classical methods is more developed than that of modern ma-
chine learning estimators. This work will address confidence intervals and bands derived
from random forests, which are commonly referred to as machine learning algorithms, but
are still nonparametric regression estimators.

Random forests

Random forests, initially proposed by [Breiman| (2001), are generally applicable to regres-
sion and classification problems. However, the focus of this thesis is on regression prob-
lems. Before explaining random forests, it is essential to understand regression trees since
random forests aggregate an ensemble of regression trees by averaging. Each regression
tree itself is an estimator of the regression function, which creates a partition of the fea-
ture space and performs a piecewise constant estimation on the partition. Breiman et al.
(1984) provide a comprehensive overview of classification and regression trees (CART).
In the aforementioned book, the authors introduce the CART-split criterion for partition
construction, which is commonly employed in random forests. We call the random forest
variant that utilizes this criterion the classical random forest.

For the averaging of the trees in a random forest to be useful, it is necessary to create
diversity among the trees. Two important aspects lead to this diversity. First, each
regression tree uses its own subset of the training sample. Second, the construction of
the partition for each tree is randomized independently. This randomization and the
aggregation of many trees leads to the name random forest. The partition of the feature
space [0, 1]P created by a randomized regression tree is hierarchical and its structure is
linked to the tree structure. Each tree node corresponds to a set in the hierarchical
partition. The root node of the tree corresponds to the entire feature space, which is
at the top of the hierarchy. The leaf nodes correspond to the sets at the bottom of the
partition hierarchy. The tree is constructed iteratively by splitting each set corresponding
to a current leaf node that does not yet satisfy a termination criterion into two new sets.
The two sets resulting from each split set correspond to the child nodes of the original
node and form new leaves of the tree. The splitting of the sets is usually done orthogonal
to an axis of the feature space. Thus, all the sets are hyperrectangles, also called cells. An
example of a partition and the corresponding tree structure in the case p = 2 can be seen
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Figure 1.1: Hierarchical partition of a regression tree with corresponding tree structure.

in Figure [I.1} The first splitting in the figure is done orthogonal to the horizontal axis at
s1, the second splitting is for the left cell orthogonal to the second axis at s and so on.
For the trees forming a random forest, the rule for choosing the feature and its splitting
point involves randomness and may also depend on observations from the training sample.
The partitioning method is the central and most complex tuning parameter of a random
forest.

After termination of the tree construction, the partition of the feature space formed
by the leaves of the tree is used for the estimation of m. In a regression tree each
leaf usually contains at least one of the data points. The estimate of the regression
function at an arbitrary point xg is the average response value of the observations in the
hyperrectangle /leaf that z( falls into. We recall that each tree only uses a subset of the
training sample for the piecewise constant estimation in the partition.

Let I C {1,...,n} denote an index set of a subsample of the training data. Further,
let A, (z¢) denote the cell in the final partition of the tree that contains a fixed xy. We
omit the dependence of this set on the data and the randomization for simplicity. The
regression tree estimator at x, is defined as

i (0) = ZY} H{X; € A, (z0)} .
2T X1 € Au(mo))

The sum in the denominator is equal to the number of observations in I that fall into

the cell A, (zg). Thus, the estimator takes the average of all Y; for which the X is in the

same cell of the feature space partition as the argument x5. One obtains the final random

forest estimator by averaging multiple regression trees.

A good starting point to discover the literature on random forests is provided in the
review article by Biau and Scornet| (2016). In general, the literature covers different
aspects of the method. There are extensions of the original algorithm, such as quantile
regression forests covered by Meinshausen| (2006]), random survival forests introduced by
[shwaran et al.| (2008), generalized random forests covered by |Athey et al. (2019)), or neural
random forests by Biau et al| (2019)). Alternative data dependent splitting procedures
involving more or less randomness have been studied, for instance, by |Zhang et al.| (2024).

There are several consistency results for random forests in the literature. Some are
for the standard random forest by Breiman| (2001), and others are more general or apply
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to different types of random forests. Examples are the results by |Biau et al. (2008]) or
Scornet et al.| (2015]), who prove consistency of Breiman’s forest in an additive regression
model. |Chi et al.| (2022) show consistency in a high-dimensional regression model. Scornet
(2016a)) analyzes the relationship between random forests and their infinite version, i.e.,
a random forest with infinitely many trees, and links the consistency of the finite forest
to the infinite.

Multiple results in the literature regarding the asymptotic distribution of random
forests provide asymptotic normality, see for example in the work of [Mentch and Hooker
(2016), Wager and Athey| (2018) or [Peng et al. (2022). All these results have in common
that they rely on the interpretation of a random forest as a generalized U-statistic, so
that the Hoeffding-decomposition and the Hajek projection can be utilized to analyze
the asymptotic behavior. Furthermore, in all the results, the variance of the asymptotic
normal distribution is either unknown or described abstractly. Mentch and Hooker| (2016)),
as well as [Peng et al.| (2022)), provide results that are actually for generalized U-statistics
and are not applied to a specific random forest. Thus, for all the results, there is no formula
that describes the effect of the density of the covariates and the variance of the errors
on the asymptotic variance of the estimator. Nevertheless, the aforementioned results
allow to infer the asymptotic distribution, if an estimator for the asymptotic variance is
provided. This is done, for instance, by [Mentch and Hooker| (2016)) or |Wager and Athey
(2018)), and more recently by |Xu et al. (2024), who introduce an unbiased estimator of the
variance of a random forest in U-statistic form. The estimator is based on the Hoeffding-
decomposition and includes terms of different orders, not just the first order terms, as is
usually done when analyzing the asymptotic distribution without variance estimation.

A substantial amount of literature on random forests deals with purely random forests,
in which the partitions of the trees do not depend on the training sample. A popular
version are centered purely random forests that are characterized by always splitting
each hyperrectangle in its center orthogonal to a random coordinate. Breiman| (2004)
introduced centered purely random forests and proved their pointwise consistency. Later
results dealing with this type of random forest are by Biau| (2012) or Klusowski| (2021)) and
give explicit rates for the mean squared error. Note that the three aforementioned articles
on purely random forests do not incorporate subsampling for the individual regression
trees, but instead use the entire training sample for each tree, which is a noteworthy
distinction from our work. The main reason to consider purely random forests is that one
usually faces less technical difficulties when proving statistical guarantees.

This is the reason why we will consider this type of random forest in our work. We
already mentioned the lack of results regarding an explicit limit distribution of any random
forest type. Further there are also no results that allow for the construction of uniform
asymptotic confidence bands that we are aware of. We want to close this gap and prove
both these results for centered purely random forests.

Confidence bands in nonparametric regression

Despite the common tendency to categorize a random forest as a machine learning algo-
rithm, it is a nonparametric regression estimator. This is especially true for purely random
forests, that do not exploit the training data in their partition creation. A substantial
amount of literature exists on the subject of confidence bands for different nonparametric



density and regression estimators. The literature on density estimation is also relevant
because it shares similar proof techniques with the literature on regression. Most of the
early results in the literature were for the univariate case. One of the first results is by
Smirnov| (1950) and gives confidence bands for a probability density based on a histogram
estimator.

Bickel and Rosenblatt| (1973)) study confidence bands for kernel density estimators.
The article is widely cited and their proof technique has subsequently been applied to
construct confidence bands in density and regression estimation. |Giné and Nickl (2010)
investigated confidence bands for general density estimators that adapt to the degree of
smoothness of the density function. Their results can for instance be applied to wavelet
or kernel density estimators.

There are several articles that construct confidence bands in regression models. |John-
ston, (1982)) constructed them for the Nadaraya-Watson kernel estimator, Hérdle (1989)
showed asymptotic uniform confidence bands for a wider class of regression estimators,
the M-smoothers. Typically, the confidence bands rely on an undersmoothing of the es-
timator to reduce the bias relative to the stochastic error. An alternative is a direct bias
correction, which is used, for instance, by |Eubank and Speckman| (1993)), who considered
a deterministic, uniform design for local constant regression estimation, and in the article
by Xia (1998), who considered a random design under dependence and used local lin-
ear estimation. There are also bootstrap confidence bands for nonparametric regression,
see for instance Hall (1993), Neumann and Polzehl (1998)), Claeskens and Van Keilegom
(2003)) or [Hall and Horowitz (2013). Sabbah| (2014) showed confidence bands for quantile
estimators which is an alternative to a regression model and Birke et al.| (2010)) proved
confidence bands in an inverse regression model.

The aforementioned articles only considered univariate regression. In the multivariate
case Konakov and Piterbarg (1984) analyzed the asymptotic distribution of the maximal
deviation for the Nadaraya-Watson estimate in a random design setting. Proksch| (2016)
proved confidence bands in a multivariate regression model with fixed, deterministic design
for a general class of estimators that includes, for example, local polynomial estimators.
Chao et al.| (2017) covered confidence bands for multivariate quantile regression.

Own Contributions

The central contribution of this thesis are explicit asymptotic confidence intervals and
bands for centered purely random forests. Explicit means that one does not need an esti-
mator for the variance of the random forest to get the radius of the confidence intervals or
bands. Instead, the only objects that might be unknown, dependent on the assumptions
in the regression model, and affect the radius are the density of the covariates and the
variance of the errors. If these two quantities are assumed to be unknown in the non-
parametric regression model, they can be estimated independently of the estimation of
the regression function. Knowing the density of the covariates and the variance of the
errors, the radius and the asymptotic variance can be calculated numerically by means
of a Monte Carlo simulation. To the best of our knowledge, there are no explicit results
regarding the asymptotic normal distribution and no uniform confidence bands for any
random forest type in the literature. The explicit form of the results can be useful in
practice because it does not rely on the direct estimation of the variance of the estimator.
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Another noteworthy aspect of the asymptotic confidence bands is the fact that they
do not depend on an extreme value limit distribution. Instead, the quantiles used depend
on the depth of the trees in the random forest. This is advantageous for two reasons.
The first is that we do not need to know the limit distribution and the second is that
the convergence to the limit distribution may be slow and thereby would come with an
additional error term.

As explained above, uniform confidence bands are desirable for inference in practical
applications. Thus, the lack of confidence bands for random forests is a gap in the litera-
ture that is important to fill. The contribution of confidence bands for a simple random
forest type is a first step towards filling this gap. An extension of the results to more
sophisticated, data dependent types of random forests applied in practice can hopefully
be provided by future research.

Our asymptotic results are valid for two specific types of centered purely random
forests. One of them is the classically considered version with uniformly distributed
splitting coordinates, see |Breiman| (2004)). The other type is newly proposed in our work
and is called the Ehrenfest centered purely random forest, because it is based on the
Ehrenfest model for diffusion. The novelty of this algorithm is to link the partition
construction, which is the main tuning parameter of the forest, to the Ehrenfest model.
This new partition construction method leads to better results than the classical case
with uniformly distributed splits. In particular, we can prove that the Ehrenfest centered
purely random forest reaches the minimax optimal rate of the mean squared error in
nonparametric regression problems with Holder continuous regression functions, which is
not possible for the classical uniform centered purely random forest, see Klusowskil (2021)).

The uniform confidence band result, or rather the auxiliary results used to prove it,
further allow us to prove uniform convergence of both centered purely random forests. As
far as we are aware, all previous consistency results for random forests are pointwise. In
addition, we construct confidence bands for the histogram regression estimator based on
the same proof technique that we used for the confidence bands for the purely random
forest. We are not aware of a similar result for the histogram estimator in multivariate
regression in the literature, especially one that does not depend on an extreme value limit
distribution.

The pointwise asymptotic normality leading to the confidence intervals can be proved
by using a central limit theorem for generalized incomplete U-statistics by [Peng et al.
(2022)). However, our results leading to the construction of confidence bands yield the same
asymptotic distribution under less restrictive assumptions. Namely, that the subsample
size r, of the trees can have the same rate as the sample size, which is usually not possible
in the central limit theorems for random forests in the literature.

The uniform results, and in particular the confidence bands, require a more sophis-
ticated proof technique than the pointwise results. One component of the proof that
demanded a novel and more complex approach is the uniform bound for the remainder
terms that emerge from the Hajek projection of a generalized U-statistic.

The dominating term of the asymptotic distribution also requires a uniform proof
technique that handles the distribution of the supremum of an empirical process asymp-
totically. A typical proof technique used for nonparametric regression estimators relies on
the uniform approximation of an empirical process by a Gaussian process and has been



applied, for instance, by Johnston| (1982), (Claeskens and Van Keilegom| (2003]), |[Proksch
(2016)), or |Chao et al. (2017). Our proof technique is more direct because, instead of
uniformly approximating the entire process, it approximates the supremum of the empir-
ical process by the supremum of a Gaussian process owing to a result by |(Chernozhukov
et al.| (2014b)). This more direct approximation of the supremum has been employed, for
instance, by Patschkowski and Rohde| (2019)), to construct adaptive confidence bands for
probability densities.

The direct approximation of the supremum by the supremum of a Gaussian process
has a smaller error than the uniform approximation of the entire process, at least with
the uniform approximation results currently available in the literature that we are aware
of. Utilizing the available uniform approximation results, the confidence results in this
thesis would not be possible. The larger error of the Gaussian approximation would con-
tradict the assumptions on the bias term, which we will later call the approximation error.
This prevents the construction of confidence bands based on a classical undersmoothing
assumption.

Substantial parts of this thesis were published in the preprints |[Neumeyer et al.| (2025))
and Neumeyer et al.| (2026]) which are available on arXiv and have been submitted to peer
reviewed journals.

Structure of the thesis

This dissertation is structured as follows. First, in Chapter [2|some foundations for the rest
of the work are given. These include the nonparametric regression model accompanied
by an introduction of the histogram estimator, a selection of key definitions and relevant
results from the literature. The most important of these is a result for the Gaussian
approximation of the supremum of an empirical process by |(Chernozhukov et al. (2014b)).
Further, the chapter covers an introduction into generalized incomplete U-statistics and
some results regarding the Binomial distribution. Chapter [ introduces random forest
regression estimators with a focus on centered purely random forests and the connection to
generalized incomplete U-statistics. With these foundations at hand, we derive a bound for
the mean squared error and a pointwise central limit theorem for centered purely random
forests in Chapter [4] Uniform results are addressed in Chapter 5], most notably confidence
band construction and uniform convergence for centered purely random forests, so that
Chapter {4 and Chapter [5| contain the main contributions of the thesis. The confidence
band results are underlined by a simulation study in Chapter [6] that investigates the
empirical performance of the asymptotic confidence bands in a selection of settings. In
Chapter [7| we conclude the thesis with an approach for the extension of the results to a
data dependent centered random forest, a description of the classical proof structure for
confidence bands compared to the proof structure in Chapter [5|and a discussion of future
research.
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Chapter 2

Foundations

The sections in this chapter cover different topics that will all be used throughout the
thesis. In Section we introduce the nonparametric regression model and discuss the
approximation-variance tradeoff in nonparametric regression using the histogram estima-
tor as an example. Section contains several important results from the literature and
in Section we give a brief introduction to U-statistics, including results we will need
in Chapter ] We conclude the chapter with a collection of results on the moments of
Binomial distributed denominators in Section 2.4

2.1 The nonparametric regression model

We introduce the nonparametric regression framework which we will consider throughout
the thesis. On some probability space (£2,.4,P) which we will consider throughout, we
observe the training sample D,, = (X;, Y;)"; consisting of n observations which are i.i.d.
copies of the random variable (X,Y") with X € [0,1]? and Y € R. The goal is to estimate
the regression function m : [0, 1] — R with

Y =m(X)+e (2.1)

for an observation error € that is independent of X and satisfies E[¢] = 0. We note that
m(z) = E[Y|X = z]. We denote Z; = (X;,Y;) and Z = (X,Y) for a generic random
variable with the joint distribution Fy. It holds that (X,e) = (X,Y — m(X)) which is
a function of Z. We call [0, 1]? the feature space and each = € [0, 1]? is a vector with p
entries called coordinates or features.

Standard estimators are smooth kernel or spline estimators. A relatively simple es-
timator in the above regression model is the histogram estimator. It is not smooth but
piecewise constant and usually other estimators are preferred in practice. Nonetheless it
is of interest for our work because it has some similarities to random forests, for example
the piecewise constancy. Later, we will see that the proof technique that gives us confi-
dence bands for random forests can also be applied to the histogram in a less technical
and complex way.

The histogram estimator uses the cell wise average of the response variables in a grid
of the feature space as a piece-wise constant estimation of m. The spacing of the grid
is usually chosen dependent on n and we will assume that the grid is equidistant. For
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6~! € N we consider the grid with edge length § on [0,1]7. For z € [0,1]7 let As(zo)
be the hypercube, alternatively referred to as a cell, that contains zy. We define the
histogram estimator

A ey X € As(ao)}
My (o) = ;Y}Z?:l {X; € As(zo)}

(2.2)

If there is no observation in As(xy) we define the estimator as zero on this cell. Let

. (m) RN (X I{X; € As(x0)}
g (w0) = JZI (X])Z?:l]l{Xi € As(wo)}

and

Using these definitions and ([2.1)) the error of the estimator can be decomposed as

i (20) — m(xzo) = Yy (x0) — m(xo) + 5 (zo). (2.3)
We call mg’”‘) — m the approximation error and mﬁj’ the stochastic error. A similar
decomposition of the error can be done for different regression estimators, for example
kernel estimators and random forests as we will see in Chapter [3] It holds that

i (20) = E [rivgr(z0) | (X;)7y] (2.4)

which illustrates that given the independent observations (X;)7_, the approximation error
is indeed caused by the ability of the piecewise constant estimator to approximate m.
Further note that the expectation of the approximation error is the bias of the estimator.
For any A C RP let us denote its diameter

0(A) := sup |lx; — xo, (2.5)
T1,L2€A
where || - || is the Euclidean norm. Suppose that there exists at least one observation in

As(xo) and that m is a-Holder continuous for a € (0, 1] and Holder constant C'y. For any
q > 1 we obtain the upper bound
q]

n H{X] € Ag(fﬂg)}
| ;m(&-) =m0 e ]

E iy (z0) = m(xo)l’] =

g - o H{X; € As(zo)} |
< CHE ‘;HXJ_:I;OH Z:L:lH{XZ EéA(g(iEg)} ]
< Cfo(As(0))*, (2.6)

which demonstrates that the approximation error profits from a smaller diameter of the
grid cells. Let E[e?] = 0? < oo and assume that the density fx of X is bounded away from

10
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zero and from above. For the variance of the stochastic error we will prove in Chapter [5
within the proof of Theorem [5.10] that

Var (mﬁ? (arg)) =0 5P

if né? — oo. This shows that the stochastic error profits from a larger d, which is
caused by larger cells leading to more ¢; being averaged and reducing the variance. The
direct relation between the diameter and ¢ is 9(As(wo)) = §./p. Thus, we face a tradeoff
between the two error parts, where the approximation error decreases and the stochastic
error increases as ¢ decreases. This phenomenon is common in nonparametric regression
problems. For smooth kernel estimators the tradeoff is in the bandwidth which is a
comparable parameter to ¢ for the histogram.

2.2 Empirical process and supplementary results

In this section we gather some results from the literature that will be of use throughout
the thesis. The first result by (Chernozhukov et al.| (2014b) will be important for the proof
of our main results. Before we give the result we need several definitions, starting with
empirical processes.

Definition 2.1 (Empirical process). Let (S, S) be a measurable space and for j = 1,....n
let Z; : (Q,A,P) — (S,S) be i.i.d. random variables with distribution P. For a function
class F of measurable functions f: S — R,

Gof — %jf;of(zj) _E[f(z)),  feF

is an empirical process in its standardized form.

Most results for empirical processes need assumptions on the structure of the func-
tion class F. In our work we will always consider a finite function class that trivially
satisfies the necessary assumptions. Nevertheless, we include the following definitions for
completeness.

Definition 2.2 (Covering and packing number). On an arbitrary semimetric space (7, d),
the covering number N (T, d, ) is the minimal number of balls B.(s) = {t € T' | d(s,t) <
e} that covers T. The packing number D(T,d,¢) is the maximum number of points
whose pairwise distance is strictly larger than €. In the context of empirical processes
the semimetric space is (F,d) for a semimetric d on the function class F. For the balls
B.(9) = {f € F | d(g,f) < e} it is not always necessary that g € F but it is sufficient
here.

For any probability measure @) on a measurable space (5, S) we denote Qf := [ fdQ.
Further £9(Q) denotes the space of all measurable functions with || f| g, == (Q|f]9)Y4 <
oo for any ¢ > 1. Let us denote the £2(Q)-semimetric

e(f,9) = |If —gllo2 = VQ(f — 9)*

For a function class F, an envelope is a non-negative function F' : S — R with F(z) >
supser |f(z)] for all z € S.

11
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Definition 2.3 (VC type class). On a measurable space (S5,8), let F be a class of
measurable functions with a measurable envelope F'. Let Q denote the set of all finitely
discrete probability measures on (S,S). The function class F is called VC (Vapnik-
Chervonenkis) type with envelope F' if there exist constants A, v > 0 such that

sup N(F,eq,€l|Fllg2) < (A/e)’ for all € € (0, 1].
QeQ

The next theorem is Corollary 2.2 by (Chernozhukov et al.| (2014b)). It is used to
approximate the supremum of an empirical process.

Theorem 2.4. Suppose that F is a pointwise measurable function class with envelope F
that is VC' type for constants A > e,v > 1. Let P denote the distribution of Zy from
Definition [2.1] and let Gp be a centered Gaussian process indexed in F with

E[Gp(f)Gp(9)] = P(fg9) = E[f(Z1)g(Z1)).

Suppose also that for some b > & > 0, and v € [4, 0], we have supfefpmk < G242 for
k=23 and ||F|lp, <b. LetS, = sup;crG,f. Then for every v € (0,1) there exists a

random variable S < supser Gpf such that

bK, (b&) V2K (b52K2)/3 log n
P (lSn -S| > A1/2p1/2=1 /v + ~1/2p1/4 + ~1/3p1/6 <C{v+ n

where K, = cv(logn Vlog(Ab/5)), and ¢,C > 0 are constants that depend only on v
(“1/v” is interpreted as “0” when v = 00).

The following result by van der Vaart| (1998) will be used in Section It allows to
prove that the Hajek projection of a U-statistic is the asymptotically leading term if its
variance divided by the variance of the U-statistic converges to one.

Theorem 2.5 (van der Vaart (1998, Theorem 11.2)). Let S, be spaces of random variables
with finite second moments that satisfy the following two conditions. For all a,b € R and
S1,59 € S, it holds that aS1 + bSs € S, and a € S,,. Let T,, be random wvariables and
suppose )
S, :=argminE [(T,, — 5)?] .
SeSn
If VarTn/VarS'n — 1 then
T,—-ET, S,—ES, 2o
v/ VarTl,, V/ VarS, '

We need the Khintchine inequality below, see for instance (Chow and Teicher (1997,
Section 10.3, Theorem 1), to prove the last result of this section.

Theorem 2.6 (Khintchine Inequality). If (V;);en are i.i.d. random variables with P(V} =
1) =P(V; = —1) = 1/2 and ¢; are any real numbers, then for every q € (0,00) there exist
positive, finite constants A, and B, such that
1/q " 1/2
< B, <Z cf) .

A, (Z cf) <E ‘ Z Vi
i=1 i=1

=1

q

12
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The Marcinkiewicz-Zygmund inequality below will be employed repeatedly in this
thesis. In particular, we will frequently use an implication of the result which we add as
a second statement of the proposition. The first statement and its proof can be found as
Theorem 2 in Chow and Teicher| (1997, Section 10.3).

Proposition 2.7 (Marcinkiewicz-Zygmund Inequality). Let g € [1,00), for centered and
independent random variables (X;)?_, it holds that there exist positive constants Cy,q1 and
Cq2 only dependent on q such that

q

n q/2 n q/2
CyiE (Z X}’) <E < C,.E (Z X3>
=1 i=1

£
i=1

Let (Y;)I, be random variables that are independent of (X;)1; but not necessarily inde-
pendent of each other. Assume that Elg(X;,Y;) | Yi] =0, then it holds that

q

E

n q/2
=1

‘Zg(Xth)
i1

Remark 2.8. If we additionally assume that the (X;)", are identically distributed and
q > 2 we further have

n q/2
E (Z Xf) <nE[1X,]1).
i=1
Holder’s inequality yields
n n 2/q n
Z 1-X2< nl-2/a (Z |Xi|q> — (nq/2—1 Z |Xi|q)
i=1 i=1 i=1

and thus the above statement follows directly.

2/q

Proof of Proposition[2.7]. Let £L? denote the space of all random variables X with E[| X]9] <
oo. Due to the equivalence

n n 1/2
XieﬁqVie[n]@ZXieﬁq@<ZXf> € LI
i=1

=1

we assume that X; € £7 for all i € [n] for the rest of the proof. Otherwise the assertion
holds trivially since all expectations are equal to infinity. Let X; be i.i.d. copies of the

X;. Further let (V;), be i.i.d. random variables independent of (X;)"; and (X;)? ; with
P(V; =1)=P(V; = —1) = 1/2. We note that

E

Z Vi(Xi — XZ) (Vi)iz1, (Xi)?:ll = Z ViX;
=1 i=1

13
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because ]E[XZ] = (. This statement, Jensen’s inequality for the conditional expectation,
the triangle inequality and the convexity of | - |7 for ¢ > 1 yield
q]

q

E E

| SV,
=1

znj Vi(X; — X))
=1

1

=E

(V;)?:lv (Xl)?ll

<E \iwxi—)@)

1< I~ -\
< 2R (ﬂ;vz&- +§(;Vixi> ]
<2'E (imﬁqﬂiv@&q
=1 =1
_ R ‘i‘@gq . (2.8)
=1

By conditioning on (X;); Theorem [2.6[implies

n q/2 n
Af (ZXE) <E||Yvix,
=1 =1

Taking the expectation and using (2.8)) we obtain

n q/2
AIE (Z Xf) <E
i=1

q
M&ml

v - X
=1

1

n q/2
< 21BE (Z X}) . (29)
i=1

q

< 2/E

S,
i=1

Similar to the calculation in (2.8]) we obtain

E ‘in | =E )E i(Xz—Xz‘) (X,);H] ‘1]
<E ‘ i(Xz - X)) q]
< 21F ‘Xn:X q]

The symmetry of X; — X; implies that (X; — Xi) 4 Vi(X; — Xl) for all # € N and hence

we get
> > q] .
i=1 i=1

q q

E <E < 27E

‘ z”: Vi(X; — Xi)
i=1

14
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The above and ((2.9) yield

n a/2 n n a/2
q
ASE <§ :XZ?) <2 || 30X, ] < 2MBIE <§ :xf)
i=1 =1 i=1

and dividing by 2¢ the first assertion holds for C,; = A,/2 and C,» = 2B,
It remains to prove the second assertion. Conditioned on (Y;)?; the random variables
9(X;,Y;) are independent and centered. We use the first inequality and get

q q

E =E|E (Yi)iz,

‘ZQ(Xi,Yz’) ’Zg(Xth)
i=1 1=1

n a/2
< o |E (Zg?()@,m) ‘(Yiﬁ_l
i=1

S q/2
= C,5E (Zf(xhyg)) . O
i=1

2.3 U-statistics

An important concept that is essential for our theory and many proofs in the thesis are
U-statistics. In this section, we will introduce them and also cover some extensions of
the classical case that are necessary for our applications. [Peng et al| (2022) previously
considered the same combination of extensions, as they enable the interpretation of a
random forest as a U-statistic. The individual extensions have been introduced in earlier
literature. The proofs of Theorem and Theorem below can be found in the
aforementioned article. However, they are reproduced here for the sake of completeness
and to allow for a comparison with subsequent proof methods.

Suppose there are i.i.d. random variables 71, ..., Z, from distribution Fy. Let J(Fy)
be a parameter of this distribution such that there is a function h that is permutation-
invariant in its r arguments and satisfies

Eh(Z,...,2Z,)] = O(Fz).

We use B,.,, to denote the set of subsets of {1,...,n} with r elements. The U-statistic of
order r

-1
n
Um—(r) { > hZi. )

B 5eeey ir}GBr’n

is an unbiased estimator for ¥(F) and its theory goes back to Halmos (1946) and Ho-
effding (1948)). Under additional assumptions on the class of distributions, the U-statistic

15
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is the minimum variance unbiased estimator. The function h is the so called kernel of the
U-statistic and r is its order. There is a lot of theory for U-statistics, a good introduction
is the book by [Lee (1990).

We will use a more general version of the standard U-statistic. The first generalization
we need is that the order r, depends on the sample size n and r, — oo. This was
introduced by [Frees| (1989) and is called infinite order U-statistic. This implies that the
kernel depends on n at least by the number of arguments. If the sample size n is large it
can be computationally infeasible to include all (:;) subsamples in the average. In this
case, one usually uses a smaller number of terms or subsets, respectively. An introduction
to these incomplete U-statistics can be found in Lee (1990, Section 4.3), where different
options to select the included subsets are discussed. Lastly we assume that the kernel
depends on another random variable w that is independent of the Z;. This additional
randomization will be necessary to get a U-statistic interpretation of a random forest.
For each summand in the U-statistic or for each subset of size r, respectively one uses
an i.i.d. copy of w. These three generalizations are separate concepts and in principle it
is not required to combine them, but it is nevertheless necessary for our purpose. The
following definition follows Definition 1 by [Peng et al.| (2022), but the same object under
a different name is for instance used by Mentch and Hooker| (2016]).

Definition 2.9 (Generalized U-statistic). Let (Z;)!, and wy for I € B,, ,, be i.i.d. se-
quences of random variables. Let N € N with N < ( ) and for I € B, , let p; be ii.d.

Bernoulli random variables with P(p; = 1) = N/ (r ). Assume that all i.i.d. sequences are
independent of each other. Let A, denote a real valued function utilizing r,, of the Z; and

one of the w;. For R
N= > n (2.10)
IeBrn,n

a generalized U-statistic is an estimator of the form

1
Un,rn,N,w = ﬁ Z p[hn((Zi)iGIawI)' (211)

IEBrn,n

If N < (r”) the generalized U-statistic is incomplete and if N = (f) the estimator is a
generalized complete U-statistic equal to

Un,rn,w

Z h' ZZEIawI)

Tn IeBrn n

N is the actual number of subsamples that are included in the U-statistic. It is a
random variable with E[N] = N. This ensures that the random weights sum up to one.

We have

~

N

1
Z-/TL’I w
N ] ’n,,]\f7

(Zi)iy, (WI)IeBrn,n] = N Z E [pr] hn((Z:)icr, wr)

IeBrn n

E

E h 7, 7,617 WI) Un,rn,w-

IEBrn n

16
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We use w to denote a single independent copy of the w;. Let us denote ¥, := E[U,, 1, w],
it holds that
E[ha((Zi)i2y,w)] = U

An important result for U-statistics is the Hoeffding-decomposition, first introduced by
Hoeffding (1961). We present the result for generalized complete U-statistics with infinite
order, but it reduces to the classical result without these extensions.

Theorem 2.10 (Hoeffding-decomposition). Suppose Uy, ., . is a generalized complete U-
statistic of order r, with kernel h,. For j =1,..., r, denote

hnd(zl, Ce 72,’]') = ]E[hn(zl, Ce ,Zj, Zj+17 ey Zrn,W)] — 1971 (212)

then it holds that E[h,, j(Z1,...,Z;)] = 0. Further, for j=1,...,1, — 1 let

(21, 25) = b (21, . 25) — > P z) (2.13)

=1 {i1,...,iu}€By;
and
hgn)(zla-"van’w) :hn(zl,...,zrn,w)— Z Z hg)<zi17-..,ziz)- (214)
=1 {z'l ..... il}EBl,rn

It holds that

and

—1
n
Hr(:or;) :( ) Z h'gzrn)((Zi)ieI;wI)

IeBn,rn
are U-statistics of order j and r, with kernels h,(f) and h%r"), respectively, satisfying

rn—1

j=1

£ ()0) g e

IGBn,j
~1
n
+ (Tn> Z h,(f”)((ZZ-)Z-e],wI). (215)
I€By
An important property of the Hoeffding-decomposition is that the kernels h,(f ) and
thus the U-statistics HY are uncorrelated. More precisely it holds that

Cov(hV (Zi)ier), R (Zi)ier)) = 0 (2.16)

17
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if j1 # jo or if j; = jo and I # L. This property includes the kernel hg”), which would
have an additional argument w. The Hoeffding-decomposition can be especially useful for
analyzing the asymptotic properties of a U-statistic. An important characteristic of the
U-statistic are the variances of the different kernels from above. We define

¢, o= Var(hn((Z:)i21, ),
CTL = COV(hn<Zl7 .- -,Zj7Zj+1, .- '7ZTn7w1)7hn(Zla .- '7Zj7Zj+17 .- ‘7Z7"n7w2))

J?w

= Var (E [hn(Zh .. -aZrnaw)|Zl> .. ,Zj])

= Var (h,;(Z1,...,Z;)) (2.17)

for j € [r,], where wy,ws are i.i.d. and the Z; are 1.i.d. copies of the Z;. Further let
Vn({z := Var (hg)(Zl, ce Zj)) and (2.18)
V)= Var (B ((Z:)iz,w) (2.19)

for b and Y™ from 1) and 1} We note that we could analogously define V,. , if
we would define a kernel similar to AY™ that has no argument w. With 1) and 1)
we get a useful relation between these variances. It holds that

¢, = Var(hn((Z)i2, w))

= Var hgf")((Zi)g;l,w))—l—Z Z D (Z)ier)
j=1 I€Bj .,
rpn—1 r
_ v 4 (7)‘/”({3_ 2.20
> () (2.20)

j=1

Similarly (2.13]) implies

In particular, we have (7', = Vn(lw and with ([2.20) we obtain

rn—1

ERON (m) V) (P > r (2.21)
" ] ’ b 9
=2

because the variances are non-negative. Similarly, but with a slightly more sophisticated
argument for the non-negativity one can prove that

1 n 1 n
7Cl,w <- 7w
J
for 1 <1 < j <r,. Jensen’s inequality for the conditional expectation directly implies
o <G . Applying the covariance property of the kernels from (2.16) to the Hoeffding-

Tn,wWw —

decomposition (2.15) and using the definitions (2.18) and (2.19), we further obtain the

following formula for the variance of a U-statistic

rn—1 2 -1 —1
Var(Unp,w) = Y (Tj") (?) V9 + (f) V), (2.22)

j=1
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It is also possible to express the variance through the (,. A random variable related to
the U-statistic U, ., ., that will be useful for its asymptotic analysis is the so-called Hajek
projection of U, ., defined as

nrnw:_ZE nrnw’Z (n_l)

~1
n) Z h'n(Zila---inrn7wI)|Zj _(n_l)ﬁn

{il ~~~~~ irn}eBTn,n

> EhaZi- o Ziyy wi)l 2] — (0= 1)0,

{il """ if‘n}EB”un

() (AR RN Gt I R
(” __11) i (Z5) + (n > ﬁn> — (n = 1),

n rn — 1
7=1
Tn “
7=1

It is called Hajek projection because it is the projection onto a subspace of random
variables of the form )7, g;(Z;). The function h, is centered due to , and thus

it holds that E[Un,rmw] = 4,,. Further 3)) implies that Y = hy1 and
Un,rn,w = 7971 + T'nHr(Ll)>

where H\" is the U-statistic of order one from the Hoeffding-decomposition. This means,
the Hajek projection consists of the first order terms from the Hoeffding-decomposition.

The Lemma below is useful to bound moments of generalized U-statistics. The result
and the proof are a generalization of an analogue result for standard U-statistics, see |Lee
(1990, Section 1.5, Theorem 1). The lemma will be used in the proof of Theorem [2.13]
below and later in Chapter

Lemma 2.11. Let U,,, ., be a generalized U-statistic with kernel h,(Z1, ..., Z, ,w) sat-
isfying Elh,(Z1,...,Z,,,w)] = 0. For q € [2,00) there exists a constant C' such that

T\ /2
E(|U,,. |71 <C (ﬂ E(|h.(Z1, ... 2, w)|7].

The remaining two results in this section are from the article by Peng et al. (2022).
They state asymptotic normality of the complete and incomplete generalized U-statistics.
Notably, the results differ from those presented in the aforementioned article due to the
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inclusion of the additional assumption (2.25)). We explain the reason for this disparity
directly after the first theorem. The results and more detailed versions of their proofs are
included here for completeness and to discuss and compare different proof techniques.

Theorem 2.12. Let Z,,...,Z, be i.i.d. from Fz and U,,., . be a generalized complete
U-statistic with kernel hy, = hn(Z1, ..., Z,,,w) such that (. < oo. Suppose that

r, 7

AL | d 2.24
n anfw an ( )

E [|hn1(Z1))*]
(2 — 0, (2.25)

for some 6 > 0. For 9, = E[h,(Z1,...,Z,., ,w)], it holds that

Unr w_ﬁn
Inrpw — Un _d N(0,1).
VTG /n T

The assumption is a consequence of the Lyapunov condition that we use to prove
the convergence in distribution of the Hajek projection. Peng et al.| (2022) claim in their
proof of Theorem that the convergence holds directly with the Lindeberg condition.
However, the kernels h,, ; from the Hajek projection are dependent on 7, meaning that the
hyn1(Z;) form a triangular array. Consequently, the Lindeberg condition is not satisfied
without additional assumptions on h,, ;. The assumption in is sufficient because it
implies the Lyapunov condition. The Lindeberg condition holds if

E [hn1(Z1)?/F I b1 (Z1)? /(T > €70} — 0.

Therefore, an alternative assumption would be that h,1(Z1)?/(}, is dominated by some
integrable function g(z;) and hy,1(21)*/(¢,n) — 0 for every z;. In this case, the domi-
nated convergence theorem yields the Lindeberg condition. In our application in Chapter
both options would lead to the same assumption.
The main assumption of this result is
Tn S _ Sy
n Gy, NGL,

It is formulated this way because (7', < i e S %Cf}n. The assumption depends on

the concrete kernel of the U-statistic. The final theorem in this section covers incomplete
U-statistics and will be applied in Chapter [4]

Theorem 2.13. Let Z,,...,Z, be i.i.d. from Fz and Uy, n. be a generalized incomplete
U-statistic with kernel hy, = hy(Zy, ..., Z,,,w) such that E[|h, —9,**]/E|[|h, —9,|F]> < C
for k = 2,3 for some constant C' and all r,,. Let 9,, = E[h,(Z1,...,Z,, ,w)] and assume
that and from Theorem hold for some 6 > 0. If N — oo, then

Unr w ﬁn
1ol L, 7 (0,1)
VA /n+ G N T

20



2.3. U-statistics

2.3.1 Proofs

We start with the proof of Lemma [2.11], followed by the proofs of Theorem and
Theorem 2.13]

2.3.1.1 Proof of Lemma [2.11]

We denote [n] :={1,...,n} and

which is the set of all permutations of {1,...,n}. Let n, = |[n/r,]|, we further denote
1 np—1
g(zla S 7Zn) = n_b Z hn(zlrn—i—ly sy B4 1) W{lrp 41, (l+1)rn})
1=0

By counting the appropriate permutations it can be seen that

s Z 9(Zr1ys - s Zn(n))

well(n)
np—1
= Z Z P Zn(trns1)s -+ - s Z((1)rn)s Wi (trn 1), (14 1)) })
well(n) =0
= nbrn!<n - Tn)' Z hn((Zi)iela WI)'

IeBrn,n
Hence we can write a generalized U-statistic as
1
Un,rn,w - E Z Q(Zn(1)7 ey Zﬂ(n))
well(n)

For any convex function f we can now use

E[f(Unro)] <E[f(9(Z, .., Za))].

For this inequality we do not need the centered kernel yet. We choose f(§) = [£|? and
obtain
q]

E [|Un,m,w|q] <E Hg(Zla ceey Zn)|q]
nbfl

_b hn(ern+l7 ceey Z(l-l—l)rna W(lrp+1,..., (l—i—l)r,b})
=0

=K
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ny—1

Z hn<ern+17 SRR Z(l—l—l)’r’nv W{lry+1,..., (l+1)7"n})
=0

:—E

nb

q]
The terms
nbfl
(h(Zirs1s - - - 24y rs Wittt (4D} ) ) 1o
are independent because h,, is applied to blocks of independent Z; and the w; are inde-

pendent as well. We can apply Proposition [2.7] and Remark [2.8| to obtain

np—1 q
E HUn,rn,w’ Z h ern+17 ) Z(l—l—l)rna W{lrp+1,..., (l+1)rn}) ]
np—1 q/2
<, Q_E <Z P Zirt1s - - 241y Wirn 41, (l+1)rn})2>
1 q
<042 Hh (Zlv"'ZTnvw)| ]
”b
oo Bl Z1, .. Zy )]
=925 n 1yew-Lpy, W
(In/ra)*?
q/2
go(r—") Elha(Z1, ... Zn,,w)|]
n
for a suitable constant C. O

2.3.1.2 Proof of Theorem [2.12

This proof is by |Peng et al.| (2022). It is included in a more detailed version for complete-
ness and for comparison of proof methods. First we consider the Hajek projection U, ., .

We have
nrnw = Zhnl

We want to show asymptotic normality of this term. We keep in mind that h,1(Z;)
depends on r, since the order of the kernel is not assumed to be fixed. We consider
Unrpw — Uy to get a term with expectation zero. We get

7j=1
7"2
= E”Var(hn’l(Zl))
2
Tn n
- ECLw'

Since hy,1(Z;) depends on 7, we effectively have a triangular array of random variables.
The random variables in the array are r,h,1(Z;). Assumption (2.25) implies that the
Lyapunov condition holds for some § > 0 because

]- E [|hn,1<Zl)|2+6} n—oo

2467 __
j k)
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2.3. U-statistics

This directly implies

Un W n Zh 1 . Z?:l 7anhn,l(Zi) d N

\/T2C1w/n

We want to show that

0,1).
\/r,%dtw/n g e

Var(Uy . w)
—— Tt
Var(U, r,, w)

To get this we need the following two observations. For n > 3 and r,, > 2 we obtain

)\ () B ! Jiln—=3g)!  r! (n—j)!
Jj J N glrn —7)! n! - (ry, -t nl

as well as

! —
T n g N
rn—1 . 2
_r_nrn—ll—[rn—z<r_n (2.26)
nn—140n—i = n? '

We use ([2.22)), together with these observations, Vn(B = (7, and (2.20) to get

) ( o w)_l (“21 (”)2(’})1%52 () )

r2¢p, mn? \ 4 j
n ,w ]:2
1 ., Tn G
<1+ o Tn:1+——:l—>1. (2.27)
n(l,w n Ty 1w

The above calculation further implies Var(U,,, )/ Var( nrnw) = 1 because the remaining
variance terms in the third line are non-negative. Thus, we can apply Theorem 11.2 by
van der Vaart| (1998) which is given as Theorem to get the claim. 0
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Chapter 2. Foundations

2.3.1.3 Proof of Theorem [2.13

Without loss of generality, let ¥,, = 0. Within this proof let us denote p = N/ (TZ) We
use the following decomposition

Z zzefywl)
€B,

hn((Zi)iel, wl)

Un7rn7N7w =

ZIH ZIH

Ie

n

(ﬂl — p)hn((Zi)ier, wr)

M Q“M

)

1
_l’__
N,

UJ

Tn,N

1
Un,rn,w + N Z (PI - p)hn((Zz>lely w[)

IGBrn,n

~ (A, + By). (2.28)

2|2 =] =

We note that N/ N5, Using 1,, = 0 we get for the covariance of A, and B,, that

COV(AmBn):E % Z (pl_p)hn((zi)ielawl) n Z hn((Zi)ieJ>WJ)

IeBrn,n Tn) JeBrn n
1
=N > Elpr = p|E |hu((Zier,wr) m Y mal(Zi)iessws)
I€Brn ™n) JEBr, n
=0.
Using the independence of the p; we obtain
1
Var(B,) = 2 Z E [(pr — p)*]| E [R2((Zi)ier, wr)]
I€Br,n
1
I€Br, n
1 /n
E— 1 — )"
N2 (rn)p( PG,
1
=51 =P, (2.29)

First let us consider the case p = N/ (T’l) +#» 0. Theorem yields

A

VAASIAL

2 N(0,1), (2.30)

24



2.3. U-statistics

since (2.24) and (2.25) are also assumed in Theorem [2.13] The fact that p /4 0 and (2.26)
from the proof of Theorem [2.12] imply

n2 (Tn) 1
<= =p = . .

Using this in conjunction with (2.29)) we obtain

B | _Var(B,) _(1-p)Gn _ (L—p’ry G
r2¢r,/nl o r2¢r,/mo NrACE,

r:N grnqw
due to assumption (2.24]). The convergence in Ly implies convergence in distribution and
thus

A, + B,

\ AT/ n

with Slutsky’s Theorem and ([2.30)). Again, using (2.31]) together with (2.24)), we get

\/TaCTw/ n —1/2 2 no\—1)2
—<1+ Cro ) :(1+ n_tu G, ) — 1,

2 N(0,1)

N PN 1 G
and hence ([2.28)) and another application of Slutsky’s Theorem yield
Un,rn,N,w N An —+ Bn

4 N(0,1).

ViGN N Gt G /N
From here on we consider the case p — 0. Let us denote the o-algebra

AZ,w = U({Zla ceey ZTL? (w[)IEBrn,n})'

For any fixed t, we define
7.2 n n —1/2
exp (it < nfll’w + ﬁ) (A, + By)
n T%an " e
¢a,(t) :=exp (it ( nL + ﬁ) A, (2.32)

T?C{L n —-1/2
exp (z’t (% n Wn) Bn> ) Az,w] (2.33)

Oanip,(t) = E b4, (065, (0)| (2.34)

because A, is Az, measurable. We denote

Una = (:;)1 > h((Zier,wr),

IEBT'n,TL

¢An+Bn (t) =FE

ép, (t) =E

such that
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Chapter 2. Foundations

which is a complete U-statistic with kernel h2. Let € > 0 be arbitrary. When denoting
the moments of h,,, we frequently omit its arguments for convenience. Using Chebyshev’s
inequality and Lemma (with constant denoted by C), we get

Var (U,
P (|Unz = Ellz]| 2 cEll7]) < —SQE([hgﬁ)
I )
S ERP

4
< C n E[hn] < T’_nClO

=T R 2ERR T o 2

for C' from the claim. Assumption (2.24) and the fact that (', < ;L¢P from (2.21)
imply that r,/n — 0 and thus U, /(" % 1. Due to the assumptions in the theorem the
analogue result U, 5/E[|h,[*] = 1 holds for

-1
n
Upg = (%) Z \ho((Z2)icer, wr) .
IEBTTL!”
We define the set
D= {Unyg/E[hi] e[l—-461+4}N {Un73/E[]hn|3] el—461+9]}. (2.35)

For any o, > 0 this event holds with probability at least 1 — ¢, if n is sufficiently large.
We define d, ., n := ((1 — p)U,2/N)*? and consider

Bn/fjn,rn,N = Z (PI - P)hn((Zz’)iel,wl>

1
V N<1 - p)Un,2 I€Br, n

conditioned on Ayz,. The remaining random variables are the p;, thus the term is a sum
of the random variables

1
Xp1 = NIl (pr = p)hu((Zi)ier, wi), (2.36)

that are independent conditioned on Ayz,,. It holds that E[X,, ; | Az.] = 0 and we further
denote

1
N(]- - p)Un,2

1
= h? Zi)iel, Wr), 2.37
Ga () (et ) (2.37)

‘72,1 =E [Xi,l | AZW] = W2 ((Zi)ier, wr)p(1 = p)

such that
Var (Bn/dmmN | Azﬁw> = Z 072171 = 1.

IGB’I'n,TL
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2.3. U-statistics

We bound the difference of the characteristic function of B,/ cfmm ~ conditional Az, to
the characteristic function of a standard normal distribution. Using that

‘Hé}' o | CIEDEREE]
j=1 j=1 Jj=1

for all &,¢1,...,&, & € Cwith || <1 and |§;] < 1, we obtain

2

‘E [exp <iuBn/cfnmmN> | AZM] —e T

= ’ H E[exp (iuX, 1) | Azu] — H e 2
I€Bp, n I€Bp, n
1L20'2 I
< Z ’E[exp (uXnr) | Azwl — 2
1By, n
u?
< Z ’]E[exp (uXnr) | Azw — (1 - 7‘73,1) ‘
1€Bo, n
uto? w2
+ Y e (1—5ﬂ@>y (2.38)

IGB”‘n n
The Taylor expansion of e yields

(it)?

J!

2’t‘k ’t‘k-l—l
{T’ (k+1)! } ' (239

Applying this to the first term from (2.38)) for £ = 2 and using the definition of X, ; in
(12.36]) we get

. u? 2
Z E [exp (1uXyr) | Azw] = | 1= 5001

2
IEBrn,n

|
<.
I M?T
(e}

2
= Z ‘E {exp (tuXnr) — (1 +iuX, — %Xz,z) | .AZM] ‘

IeBrn,n

1
Z E {min {|anJ|2, 6|an71|3} | Az,w}

I1€By, n

IA

E [|Xn,1|3 ’ AZ,w}

IN
N
Ny

IGBrn n
S Z E [lpr — ") B((Z0)ier, 1)
6 (N(l —p)Un,2)3/2 IeB, . n i)i€l
Jul® (p(1 —p) 5
I€B7n n
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_ Juf (1—p)? +p2£(n) Unjs
6 N(1—p) N\ra Un3’/22
3 1 — 2 2 Un

_ JuP (A =p)* +p* Ungs (2.40)

6 /N1-p) U

We proceed with the second term from (2.38)). Let X, ~ N(0,1) be independent of all
the other random variables. With (2.39) and the definition of 7. ; in ([2.37) we obtain

a2 w2
e 2 — 11— ?gnl

1
= Z ’E {exp(z’uan,IX*) - (1 +iuX, — §u202,1X3> | Az,w}

1€By, n

IN

1
Z E {min {]uan,]X*\z, é\uanJX*]S} | Azw]

IeBrn,n

Jul? 3 3
e (X D ol

IeBrn,n

IN

’ 1
< %E UX*!4}3/4 Z Whi((&-)ig,w,)

IeBrn,n 7L72 Tn

_ 3/4|U|3 Uns
o 3/2 /n\1/2°
0 Uny/z (rn)
Together with (2.38) and (2.40)) we obtain on the event D (see (2.35))) that

w2

‘IE [exp (iuBn/canmN> ‘ Az,w] —e z
3 RY) 2 -1/2
< |ul U;z/?; ((1 p)?+p +33/4<n) )HD
6 U, N(1—p) Tn

3 3 )2 2 —1/2
P 140 Bk ((1 P +p +33/4(n) )HD

Ip

=76 =02 \ VNI —p) "
ul> 1494 3/4 (1-p)*+p? 34 M e

< —— —_— ) 2.41

- 6 (1—5)3/20 N(l—p) +3 r Ip ( )

For

_ (1 —p)G. /N 2 "y — 1/2
=t () ()70

we use the definition of ¢p, (t) from (2.33) to obtain

. . . T%Cﬁw " o 1/2 5
05,(1) = E [exp (it (2222 ) (1= p)Una/N)" Bfdur,v | | Az

N
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2.3. U-statistics

. n 1/2
o (t( (1—p)¢ /N ) (@) 0n0) " B, /czn,m,N> | A]

=K

raCte/n+ QL /N
=F [exp (iuBn/cZn’rmN> ‘ Az,w] )

Noting that |u[lp < [t|y/(1 + ) we get with (2.41) that

. t2 1—p)¢* /N B

¢p,(t) —exp | = U= P,/ (Gh) " Un2
2 n

ralw/n + G /N

1 (162 oy ((L=p)? 40> ()
<= 7 ~ -7 - Ip <e. 2.42
— 6 (1—5)3/20 N(1—p) LA D=e (2.42)

Ip

if n is large enough, because N — oo and p — 0. Let us denote

¢p(t) == exp (—ﬁ ( 0= p)C;, /N )) . (2.43)

2 \radlu/n+ ¢ /N

The definition of the event D in ([2.35)) yields

ﬁ( (1—]9) ;Ln/N >(Cn)_1U _ﬁ( (1_]9) ;Ln/N )
2 \r2¢p, /n+Cn/N) o T2 2, /n+ (/N

t2
Ip < 55.

Since the exponential function is uniformly continuous on any finite interval we conclude
that there exists a ¢’ = O(0), such that

t? n /N
o (=5 (=0 ) (@) ) = 0nte)
Combined with we get
|65, (t) — d5(t)|Ip < (¢ + §")Ip. (2.44)

We continue with gg 4, - Since the assumptions of Theorem also hold here, it yields that
An/y[7T2CE, /1 LN (0,1). The convergence in distribution implies that the correspond-

Ip <9¢'.

ing characteristic functions converge uniformly on every bounded set, see for instance
Kallenberg| (2021, Theorem 6.3). Thus, for each 0 < K < oo it holds that

2

sup [E [exp (indo/y/rici /n)] %

u<K

— 0. (2.45)

For

r2(r In
Y — nCl,w/ S 1’
ra(lu/n+ QL /N

we define ¢4(t) := e‘é”. With (2.32)), (2.45) and the upper bound for v we get

}E [CEA” (t)} - ¢A(t)’
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E

e, e\
exp (zt( - —I—N) An || — @a(t)

= ‘E [exp (z’tul/QAn/\/mﬂ — e’é”

E [exp (zuAn/ T%C?w/n)] — e*%

< sup
u<t

<e, (2.46)

if n is sufficiently large. Recalling the definitions of ¢p in (2.43) and ¢4 above we use
(2.34)), (2.46)), (2.44), P(D) > 1 — ¢ and |e™| < 1 to obtain

0415, (8) ~ 6a()05 (1)
= [B[8a)ds } <>¢B<t>\

<[ [84(0)65. ) ~ 6415, (1) |
+[E[0a®)05, (010 — baon®Ip] |
+[E[84006500 = ba)0a(t)] |

+|E] <t>¢B<t>] 6at)on(t)]
< P DC +E ||¢g, (t) — o5(t) IJID] ’E [¢A ] ¢A(t)‘
<2+ (e+d)+
— e+ 6. (2.47)

Further we can obtain
_ * radl/n t* Gr/N
ontt16m(t) = (5 ze B T Jon (5 (00 )
N G SR SO A Y
= exp 2 \r2¢r fn+ ¢ /N (7:) r2¢y,/n+ /N
& t? Gr/N t*
—on(-5) e (-5 (g nim)) oo (-5) e

G /N
7“2(1 w/” + Cﬁn/

Combining (2.47) and (2.48]) we get that

because

<p—=0.
N—p

2
¢a,+B,(t) = exp (—5) ,

which completes the proof. 0]
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2.4 Moments of Binomial denominators

Throughout the work we will need different results for the binomial distribution, especially
for its moments and for moments of terms with a Binomial distributed denominator. These
results are gathered in this section. Throughout the section B will denote a Binomial
random variable. Its parameters will vary and will be stated in the results. The first
lemma is similar to Lemma 4.1 by |Gyorti et al.| (2002). The first statement in the lemma
is a slight variation that gives equality instead of an upper bound.

Lemma 2.14. Let B ~ Bin(n,p), it holds that

1 1 il 1
E[1+B} - (n+1)p (1—(1—p) )S (n+1)p
H{B>0}]< 2

B (n+1)p

and E {

The next lemma gives us bounds for higher moments of this kind.

Lemma 2.15. Let B ~ Bin(n — 1,p) and let ¢ € N. The following inequalities hold

E[(1+B)7] > m (1= (n+1p(—p)" = (1 -p)"*")

| — 1! |
E[1+B) <L (n-D! _
pt(n+q—1) = pind

The proposition below is used to prove the two results that follow subsequently. It is
given as Theorem 4 in the work by |Skorski| (2025)).

Proposition 2.16. Let B ~ Bin(n,p) and 0® = p(1 —p). Then for any integer ¢ > 1 we
have
E[(B —np))"" = C(n,p,q) max{k' 9 (no®)*/* - k= 1,.., [¢/2]},
where C(n, p,q) is uniformly bounded by (3¢)™' < C(n,p,q) < (5/2)Y/%e'/2.
Remark 2.17. Let np > 1, it holds that
max{k' ¥ (ne?)¥ 1 k=1,...,1q/2]} < (np) 9V max{k 1k =1,...,q/2]}.

Hence E[(B — np)1] = O((np)¥/?) if ¢ is fixed for all n.
The next two lemmas consider the moments of terms like
1 1

B np
We need upper bounds for the rate of these moments in n and p because in the proofs of
the main results we will need to replace binomial random variables in the denominator
by their expectation.

Lemma 2.18. Let B ~ Bin(n,p) such that p~* = O(n). For any fived integer ¢ > 1 it
holds that
1 1\¢ s
E|{B>0}(5-— = O ((np)~?).

np
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The last lemma is similar to the above, but instead of the indicator an added positive
term ensures that the denominator is positive.

Lemma 2.19. For any fized integer ¢ > 1 and h € N with 1 < h < q let B ~ Bin(n—h,p).
If p~' = O(n) it holds that

(s3]0

2.4.1 Proofs

We start with the proof of Lemma [2.14] which is from Gyorfi et al| (2002). We continue
with the proofs of Lemma [2.15] Lemma [2.1§ and Lemma [2.19]

2.4.1.1 Proof of Lemma [2.14]

Using that p < 1, we obtain the first claim by

: {HLB} - 2”: i i I <7Z>pi(1 -

i=0
+

1/ n ,
_ - _ \(n+1-19)
zz( -

=1

ntl
_ i—1(1 _ ) (n+1-0)
Z_: (2 —1)! n+1—z)'p (1=p)

1 &= (1) .
— i—1(1 — (n+1—17)
n+1;i!(n+1—i)!p( p)

n+1

i=1

1
= (1= (1 =p)nt!
(n+1)p (1-@=p"")
< 1
~(n+1)p
Using the fact that

1 2

i —

I = 1+1

for every | € N and the first part we obtain

I{B > 0} 2 2
E|l+—2| <E = 1—(1—p)ntt
{ B |- [1+B] CESA
«_ 2
~(n+1)p’
which completes the proof. O
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2.4.1.2 Proof of Lemma [2.15]
We get the lower bound by

o S

=0
n—1
1 (n—1) | e
> ? 1 n 7
T = (L4249l (n -1 _Z')!p( p)
n—1
1 (n+1)! )
n(n+1) ; (i+2)n—1-)" (1=p)
n—1
L nt 1) i _
= i+2(1 _ pynti-(i+2)
p*n(n+1) 4 (i—|—2)p (1-p)
=0
= - 7 i(1 — p)rti—t
pPn(n +1) = ( i )p( P)
1
=5 U- DNn(l — )" — (1 — p)* L) .
p*n(n + 1) (1= (n+1pd-p)"—1-p)"")

For the upper bound we have

e e G K

Ny ! (n—1)!
A ) TR i T (1-»p

For 7 > 1 we note that

This implies

= i: 1 (n— 1) )!pi(l —p)

Q+i)il(n—1—1

= ¢l (n—1)

(i+q)lil(n—1— i)!pi(l _pyniei
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i! (n+q—1)! pHa(1 — p)rta-l=(i+a)
— (i+ ! i+l n+qg—1-(i+q)

n+q—1\ i, +q—1—(i+q)
7 1 n-+q 1Tq
( i+ q )p ( p)

The second inequality holds due to the binomial theorem and the last inequality is implied
by n+j5>nif j >0. U

2.4.1.3 Proof of Lemma [2.1§|

We rewrite the difference
1 1 np— B

B np  Bnp
np— B np—B_np—B
(np)* ~ Bnp  (np)
np — B N np(np — B)  B(np — B)
(np)? B(np)? B(np)?
np— B  (np— B)?
(np)> — B(np)?
np—B  (np—B)* (np—DB)* (np— D)

(np)? (np)? B(np)? (np)?
_np—B (np—B)*  (np—B)®
S T @ B (2.49)

Hence we get

-0 (p)]

<2|(r) | o= [ (Mr) ] el (55
< (np) " [(np — B)] + (np)"E [(np — B)*] + (np)*E [(np — B)™] .
We apply Proposition in the case where p~! = O(n). We obtain

20 (p0)]
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< (np) K [(np — B)Y] + (np) K [(np — B)*'] + (np) " *E [(np — B)*]
< (np) 7392 + (np) ™2 + (np) 2
< (np) 22,

which yields the claim. O

2.4.1.4 Proof of Lemma [2.19]
Using ([2.49) from the previous proof and replacing B by h + B we get

RS np—h—B+ (np — h — B)? N (np —h — B)?
h+B np (np)? (np)? (h+ B)(np)?
_(n=hp-B-(1=ph _((n=hp-B—(1-ph’
(np)? (np)?
((n—h)p—B—(1—p)h)’
(h+ B)(np)? '

Hence

(5]

<E K(n—h)p—B—(l—p)h)q} L E

(((n —h)p—B— (1 —p)h)z)q]

(np)? (np)?
((n—h)p—B—(1—ph)*\
= ( (h+ B)(np)? )

< (np) E [((n — h)p — B — (1 = p)h)] + (np) *E [((n — h)p — B — (1 — p)h)*]
+ (np) E [((n — h)p — B — (1 — p)h)*"]

< (np) (B [((n — h)p — B)"] + h%) + (np) ™ (E [((n — h)p — B)™] + h*?)
+ (np) 3 (E [((n — h)p — B)™] + 1)

With Theorem 4 by Skorski (2025) we get
1 1\?
o5
< (np) 72 (O (((n = h)p)*?) + h?) + (np) > (O (((n — h)p)?) + h*)

()7 (O (((n — W) + 179)
= O ((np)~®7),

which completes the proof. 0
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Chapter 3

Random forests

In this chapter, we introduce random forests, the central method of our work, in regression
models. First, we provide a clear definition of regression trees, which were previously
sketched in the introduction. This will enable us to provide the essential definition of a
random forest. We will briefly discuss the effect of the number of trees in the random
forest. In Section [3.1] the classical random forest, which employs the CART-split criterion
by Breiman et al.| (1984), is introduced. The connection of random forests to U-statistics,
which is highly relevant for our work, is explained in Section In the subsequent
Section we will introduce centered purely random forests, the random forest version
we will consider throughout. In particular, we cover two specific versions, the well known
uniform centered purely random forest and the newly proposed Ehrenfest centered purely
random forest, and explain their characteristics. Section deals with kernel random
forests introduced by [Scornet| (2016b) and concludes the chapter.

For an explanation of regression trees and an illustration in Figure[1.1] we refer to the
introduction of the thesis. Here, we give the formal definition of randomized regression
trees in the regression model from . We use the random variable 8, which is indepen-
dent of the training sample D,,, to capture the subsampling and the randomness in the
construction of the partition. This is rather generic, and the form of # depends on the type
of random partition that is used. Note that there is no standard domain space for 6. In
particular, it is not a real number and is used for several random selections. Let Iy C [n]
denote the index set of the subsample selected by 6. The size of the subsamples, which
is a tuning parameter of the random forest, is denoted by 7,. Further, let A, (zo,0,D,)
denote the cell in the final partition of the tree that contains zy. The term

> X, € An(x0,0,Dn)}

J€ly

is equal to the number of observations with index in Iy that fall into this cell. Similar to
the introduction, the tree estimator is defined as

]I{X] € An<l’0, (9, Dn)}

(20,6, D,) = YV, |
m (l’o ) Z ]ZZEIB ]I{Xl GAn($0797Dn)}

J€Ely

(3.1)

which is in line with our intuition for the construction: the estimator calculates the average
of all Y; values for which the X, falls within the same cell of the feature space partition
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Chapter 3. Random forests

as the argument xy. The tree estimator is structurally similar to kernel estimators, and
the indicator function is similar to a randomized box kernel. If one were to use a single
regression tree outside of a random forest, one would use the entire training sample.

We use N to denote the number of trees in a random forest, which is another tuning
parameter. Let 6,...,0y be i.i.d. copies of #. We define the random forest estimator,
which aggregates N trees by averaging, as

mN,n('r(); (9 )z 17 Zmn 'r07617’D )

1{X; € Ay(0,6;, D)}
N Z 2 Y " en, HXi € Ay(20,6;, Do)} (3:2)

i=1 jely,

This is a rather general form of the random forest estimator. Its variants depend on the
choice of the distribution of 8, which controls the subsampling and the tree construction.
Let Ey denote the expectation only with respect to 6. Connected to 6 and the number of
trees we define

(o, D) = Eg[my(z0, 6, D). (3.3)

By the law of large numbers we get the connection to the number of trees which is

lim mNn('rOa(e )ivla = lim _Zmn ;L'O’H“D )

N—oo N—><x>
- Eﬁ[mn<x07 07 Dn)] - mn(l’o, Dn)
It holds that

Var (m]\ﬂn(:po’ (el)z]ilv Dn))
= Var (E [mN7n($0, (9 = 1, n}) + E [Var (mN,n(x(% (ez)zj\ih Dn) | Dn)]

N
Var ( Z mp 'raniaDn) n)]
=1

= Var (my(zo, Dy)) + NE [Var (m, (20,0, Dy) | Dy)] -

= Var (1, (o, Dy)) +

The expectation of the estimator does not change with increasing N. This suggests that
one would want to choose N as large as possible to minimize the variance. The larger N
is, the closer the random forest is to the “infinite” random forest from (3.3)). In practice,
the returns of increasing N may be diminishing, such that a relatively small N can be
sufficient. In the following sections, we will cover different types of random forests that
correspond to different choices for the distribution of 6.

3.1 The original random forest and the CART-split cri-
terion

In the introduction, we previously referenced the classical random forest variant that
employs the CART-split criterion by Breiman et al.| (1984) to determine the selection of
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3.1. The original random forest and the CART-split criterion

the cell /hyperrectangle splitting in the construction of a single tree. For completeness,
we will describe this variant in this section because it is widely used and is usually meant
when the forest variant is not further specified. To explain the criterion that is the main
feature of this random forest, we assume that we are constructing a tree on the entire
data set D,,. Further consider a generic cell /hyperrectangle A and denote the number of
independent variables X; falling into A by #A. A split or cut in A is a pair (j, z), where
j is some integer in {1,...,p} corresponding to an axis, and z is the position of the cut
along the j-th coordinate, within the boundaries of A. We use C4 to denote the set of all
possible cuts in A. We use the notation X; = (Xi(l), . ,Xfp )) for the individual features
of one X;. For any (j,2) € C4 the CART-split criterion is given by

LG2) = 27 (%~ VaPI{X € 4)
i=1

1 & i} , ) |
N ﬂ Z(Y; B YAJ%<Z]I{XZ‘(]) < Z} - YAj,ZzH{Xi(]) = Z})gﬂ{Xi € A}a
i=1

where Aj . ={z e A:a¥ <2}, Ajs. ={r € A: 2 > 2}, and Yy (resp. Ya,_,Va,..)
is the average of the Y; such that X; belongs to A (resp. A;.., A;>.). If no point is in
a cell we define the average to be 0. For each cell A, the best cut (j¥, z¥) is selected by

n
maximizing L, (j, z) over some set My C {1,...,p} and C4. In particular, we set

(Jr,zr) € argmax  L,(J,2).
JEMa,(j,2)€Ca

For two Xz-(lj) < Xg) that are neighbors, i.e. there is no observation X;, with Xl-(f) <
x9 < Xg), all z € (X(j) X-(j)) lead to the same value of L, (j,2). To remove these

13 1 7 12

ties, the best splitting is always performed centered between Xi(lj ) and XZ-(Qj ). The intuition
behind this criterion is to maximize the difference between the variance (of the response
Y) in the original cell and the variance in the two cells after the cut. In other words,
we want to minimize the variance in the two resulting cells after the cut. This makes
sense since our goal is to use the average of the observations in one final cell of the tree
as the estimator for all x in that cell. The complete random forest algorithm with some
additional tuning parameters is summarized in Algorithm [3.1] The already introduced
tuning parameter r, determines the number of data points that are used to construct
a single tree. The tuning parameter dg is the number of feature space dimensions that
are eligible to be cut by the CART criterion. The tuning parameter s; determines the
maximal number of data points in each leaf of the tree. Using these data points and the
CART criterion, we construct a tree such that the leaves form a partition of [0, 1]7.

We briefly discuss the role of # in this particular type of random forest. One aspect
to consider is the choice of whether the samples for the individual trees are generated
with or without replacement. It should be noted that while this is not an explicit tuning
parameter, it is determined by the rather abstract distribution of 6. If the subsampling
is done with replacement, the algorithm runs in a bootstrap mode. In such cases, r,
is usually equal to n. If the subsampling is done without replacement, it is common to
select r, < n. The selection of dg also has an impact on the “randomness” of the forest.
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Algorithm 3.1 Random Forest

Input: Training set D,,, number of trees N, r,, € [n], dr € [p], s € [rn] and z € [0, 1]7.
1: for j=1,...,N do
2: Select a subsample of size r, with (or without) replacement, uniformly from D,,.

3: For the rest of this iteration only use the selected subsample.

4: Set P = ([0, 1]7), the list containing the cell associated with the root of the tree.
5: Set Prina = 0 an empty list.

6:  while P # () do

7: Set A equal to the first entry of P.

8: if A contains less than sy points or if all X; € A are equal then

9: Remove the cell A from the list P.

10: meal — (meal, A)
11: else
12: Select uniformly, without replacement, a subset M, C [p] with |[My| = dg.
13: Select (j, ), the best split in A, by maximizing L, (j, z) for all j € M,.
14: Split the cell A at (j, 2}) and denote the resulting cells by Ay and Ag.
15: Remove the cell A from the list P.
16: P (P,AL,AR).
17: end if

18: end while

19: Select A, (z9,0,D,) € Ppina containing .

20: Compute m,(xo; 8;,D,) at zo equal to the average of the Y; € A, (x¢,0,D,,).

21: end for

22: Compute the random forest estimate My, (xo; 61, ...,0n,D,) at the query point z.
Output: Prediction of the random forest at xg.

Another critical tuning parameter is sy, which denotes the size of the leaves in the trees.
If s;, = 1, the trees are called fully grown. Intuitively, single fully grown trees appear to
lack consistency due to their tendency towards overfitting.

Now, we discuss some possible choices for the tuning parameters to develop an intuition
for their effects. Suppose we choose r, = n and do the subsampling without replacement,
this simply means that each tree is constructed on the full data set D,,. If we additionally
choose dr = p, there is no randomness left in the construction of each tree. This implies
that every tree is exactly the same, and therefore the forest is also equal to the trees.
This further implies that there is no advantage in using a forest over a tree in this case.
Intuitively, it is clear that the forest benefits from diversity among the trees. Although
this example is a very special case, it shows some effects of different tuning parameter
selections.

One way to ensure diversity within the trees is to use a subsampling procedure that
guarantees different subsamples such that the trees also differ. Using the bootstrap sub-
sampling with r, = n in expectation, about one third of the data set is not included
in each bootstrap subsample. Using subsampling without replacement, the diversity de-
pends on the choice of r,. The choice of dg can also lead to diversity. A small value leads
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3.2. Random forests as U-statistics

to a greater chance of different cuts of the same cell via the CART-split criterion. The
parameter 6 captures both of these aspects.

Example 3.1. We describe a specific tree construction with the CART criterion and
characterize the corresponding distribution of #. To simplify the example, consider a
tree where the number of splits is fixed and deterministic. Further, the subsamples are
selected with replacement and contain r, = n observations. Forz = 1,...,n let U; be i.i.d.
random variables uniformly distributed on {1,...,n}. These random variables determine
the subsample. We build all branches of the tree to the exact depth k. Thus, we omit
the tuning parameter s;. When building the tree to exact depth k, we need a total of
2k — 1 splits in total. Let S; for i € {1,...2% — 1} be i.i.d. uniformly distributed on
{M c{1,...,p},|M| =dg}. The S; determine the subsets of eligible coordinates for the
CART-splits. We can denote 6 = ((U;)"_, (Sz)fifl)

In the standard random forest, the tree depth is not deterministic because it depends
on the previous splits in the tree. In the case of subsampling without replacement, the
distributions of the U; change accordingly.

3.2 Random forests as U-statistics

Before introducing the forest variants that we will mainly consider in our work, we explain
the U-statistics perspective on random forests that we will use for these variants. There are
multiple articles that interpret slightly adjusted random forests as generalized incomplete
U-statistics, see e.g. Mentch and Hooker (2016) or Wager and Athey| (2018). This section
is loosely based on the work by [Peng et al. (2022). The sample that we consider for the
U-statistic version of a random forest is the training sample from the regression model
)

For now, let us consider a fixed point xy at which we want to estimate the regression
function m. To interpret a random forest as a U-statistic, the random forest needs to
use subsampling without replacement and a subsample size r, that is less than n. In
particular, it does not use classical bootstrap subsampling. The randomized regression
trees will be the kernel of the U-statistic applied to different subsets.

The trees from and the kernel of a generalized U-statistic are both randomized in
addition to their dependence on the training sample. The randomization of the regression
tree done by 6 also includes the subsampling. In Example [3.1] we denoted 6 as a pair of
random variables/vectors, where the first entry describes the subsampling and the second
entry describes the randomization in the partition construction. We can do this similarly
in the general case. The partition randomization part is denoted by a random variable w.
These are the random variables w; from that randomize the kernel of the U-statistic.

We will slightly change the way the subsampling is done in the random forest. To get
a generalized U-statistic as in the definition ([2.11f), we use Bernoulli random variables p;
for I € B,, , with P(p; =1) = N/ (TZ) to select the subsamples to be used in the random
forest. This is a small difference from the original notion of a random forest. Instead of
drawing an independent subsample for each tree, we use the p; to randomize on which
of the subsamples we will grow a tree. With the original method, the same subsample
may occur more than once, but for typical choices of the tuning parameters this is rather
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unlikely. Therefore, it should not be a drawback that using the same sample twice is
not possible with the U-statistic. Another difference is that the number of trees for the
U-statistic version is random and binomially distributed.

Given a subsample I, we denote the kernel of the random forest U-statistic by

Y,I{X; € A,(x0,wr, (X, Yi)ier)}
hng)(x()’ (XZ’K)Z Iaw]> = J d n ) ’ iy L4i)ie ‘
) Jze; 2er {Xi € An(wo, wr, (X3, Yi)ier) }

This kernel is a single regression tree and h'') is symmetric in the (X;,Y;) since we are
summing over all elements in I. The kernel depends on the fixed xy € [0, 1]?, but we will

sometimes drop the x( in the notation of hng)_ The random forest is

1
UﬁS?N,w(aj@ S Z prh{ (o, (Xi,Yy)ier, wr)
N B
_ 1 Z o1 Y;I{X; € An(wo,wr, (Xs,Yi)ier)} (3.4)
N Y et LXi € An(zo, wr, (Xi, Yi)ier)}

I€By, n  jeI

with N from 1) Using 1} a first approach is to apply Theorem m to get asymp-
totic normality of the random forest.

Note that in general this estimator will be biased for m(xy). For the parameter ¥,
from the definition of a U-statistic, we have

1971(:130) = ]E[hnT)(ZL‘O, (Xiv YZ):;D w)}

This expectation is a function in xy that should approximate m. The quality of this
approximation depends on the tuning parameters of the random forest.

Despite the similarities between the random forest from the previous section and this
generalized U-statistic they are different objects. The generalized U-statistic version is
a random forest where two equal subsamples are not allowed and the number of trees is
random and binomially distributed.

Based on this perspective on random forests, Theorem [2.13] allows us to prove a point-
wise central limit theorem for a specific random forest. However, the result is rather
abstract and, in particular, does not include the bias. Further, we need to know (7', and
G to apply the theorem to a specific case. In general, these problems can be complex,
which is why we will start to tackle them in the case of a simpler version of random forest,
which will be introduced in the next section.

3.3 Centered purely random forests

The version of random forests we want to consider are centered purely random forests
(CPRF). Purely random forests are random forests where the partitions of the trees do
not depend on the training sample. Centered random forests means that each split in the
tree construction is placed in the middle of the splitted cell.

For the tree construction, we perform k£ € N iterations of splitting, and in each iteration
every existing cell is split. This means that each final cell is the result of k splits, where
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t=1 t=2 t=k=3

Figure 3.1: Centered hierarchical partition of a regression tree for £ = 3 in three steps.

k is a tuning that is usually chosen dependent on n. For each split, a feature is randomly
drawn from {1,...,p} and the cell is split in the middle orthogonal to that feature. This
implies that the volume of each cell is halved in each step. Thus, the procedure results
in cells that all have a volume of 27%. An example of a realization of the hierarchical
partition for p = 2 and k = 3 is illustrated in Figure

For now we allow different distributions of the feature selection in the partition build-
ing. A possible choice is to draw the feature uniformly because we do not have any
information to favor some features over others. Later, in Section [3.3.3] we will see a
different way to draw the features that favors splits along the longer sides of a cell.

A similar type of random forest than the one we consider was first introduced by
Breiman| (2004). In this report the mean squared error of a random forest model is ana-
lyzed. The regression model therein has strong and weak features. The split probabilities
for the strong and weak features are parameters of the algorithm. It is assumed that the
splits of strong features are centered. Biau (2012)) shows consistency in this model and
proves bounds on the bias and variance terms. Both of these articles consider the infi-
nite random forest estimator from equation (3.3). [Klusowski (2021 improves the mean
squared prediction error over the bound by [Biau| (2012). Under the assumption that
the probabilities of selecting the feature to be cut are constant for all steps in the tree
construction, he further proves that centered random forests do not achieve the mini-
max optimal rate of n_P%, see e.g. [Isybakov| (2009), for the mean squared error in a
regression model with Lipschitz continuous function m. He also discusses choosing these
probabilities data dependent on the relevance of the features. This is similar to honest
random forests, which we will consider as an extension in Chapter[7] Moreover, Klusowski
(2021)) shows that a uniform distribution over the set of relevant features achieves the best
possible rate for these random forests.

Later in this section, we consider two types of CRPFs based on two different random-
izations of the feature selection for the splits. First, we recall the well-studied CPRF,
which selects features uniformly. Second, we propose the Ehrenfest CPRF, whose nonuni-
form split selection allows for minimax rate optimal estimation of the regression function.
To achieve this, we will need to drop the assumption that the probabilities of selecting a
feature are constant throughout the tree construction. Before discussing the two variants,
we will cover some general characteristics of CPRFs.

The important difference and simplification of (centered) purely random forests com-
pared to classical ones is that the partitions do not depend on the training sample D,,.
Therefore, we can omit D,, in the notation of the cells. In particular, we use Ay(xg,w)
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to denote the cell that contains zy and is the result of the splitting random variable w.
Indirectly it still depends on n but the index k emphasizes that k is the tuning for the
cell size. Before we give the definition of a CPRF, we note that the definition consists of
two parts, both of which are essential. The first part of the definition deals only with the
partition construction, and the second part defines the estimator based on this partition.

Definition 3.2 (Centered purely random forest (CPRF)). 1. For k& € N let t € [£]
and j € {1,...,2""'}. For p € N the random variables D, ; € [p] create a centered
hierarchical partition with depth k of the feature space [0, 1]P. Starting with [0, 1]?,
the partition is constructed in k steps, where in each step each cell in the partition is
split into two new cells. For each splitting, a specific coordinate is selected, and the
splitting is performed orthogonally at the midpoint of the interval corresponding to
the coordinate. In the ¢-th step the (D J) decide which coordinates are split in
the 271 existing cells. Let w be a random Varlable aggregating the information in
the D, ;, then we denote the final partition as

(A (W) |ie{1,..., 25

For zy € [0, 1P let Aj(zo,w) denote the unique element of the partition with = €
AS) (w). For I € [p], t € [k] let Si4(zo,w) denote the number of splits orthogonal to
the I-th coordinate that were used in the first ¢ steps in the construction of Ag(zg, w).
They satisfy 7, Sii(zo,w) = t. For t = k we abbreviate S;;(zo,w) = Sj(zg,w)
and assume that Sj(x;,w) < Si(z2,w) for all I € [p] and zq, 29 € [0,1]P. We call a
centered purely random forest symmetric if S;(xg,w) L3, (xg,w) for all [ € [p].

2. Let r, € N with r, < n, for I € B, , let w; be i.i.d. copies of w. The centered
purely random forest regression estimator (in U-statistic form, see Definition
and (3.4)) on the training sample D,, = (X;,Y;), is

1
Uﬁi)Nw(xO) =% Z prh" (o, (X3, Yi)ier, wr), (3.5)

]EBrn,n

with kernel

Z Y;I{X; € Ap(zo,wr)}

hD (o, (Xi, Vi) ‘
(2o, (X, Yi)ier, wr) Y oier HXs € Ag(zo, wr)}

jel
We define thT)(xO, (X5, Y)ier,wr) =0 if

ZH{XZ S Ak(l‘o,wI)} =0.

il
Remark 3.3. Throughout, we consider centered purely random forests whose (Dm)?t:_f are
conditionally independent given {D;; | s < t,1 < j < 2°7'} for all {. This means that
given a partition at step ¢, the subsequent partitioning of its cells is independent of each
other. From here on we will usually use w instead of the D, ; to shorten the notation.
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Remark 3.4. The centered splitting implies that the volume of the cells is halved in each
step. In particular, the volume of all cells in the final partition is equal to 27%. The
average length of the cells along a single coordinate is 27%/P. Thus, this tuning parameter
has a similar effect as the bandwidth for kernel regression estimators.

Remark 3.5. The exact form of Ay (zg,w) is determined by S(zo,w) = (Si(zo,w))]-, and
the order of the splits does not impact the form of the cell. For z € [0,1]” we denote
z = (xM, ... 2®). The projection of the cell Ay(zo,w) on the I-th coordinate is

AW (2o, w) := {€ €[0,1] : Tz € Ag(zo,w), 2V = £} (3.6)

Definition implies that this interval has length 2=%1(®0%) and that its endpoints are in
2~ 51(z09)N,. Therefore it holds that

Ag) (20, w) = 2—55(50040)(I_l,(()l)QSZ(ﬂﬁow)J7 I_x(()l)QSl(’Io,W)J + 1}_ (3.7)

This does not depend on the order of the splits, and thus Ay (xo,w), the Cartesian product

of the A,(f)(xo,w), does not depend on the order of the splits. The choice that the cells
are open at the left endpoint and closed at the right endpoint is arbitrary.

Remark 3.6. A CPRF is not necessarily symmetric, but in the absence of any assumptions
about the features, it is a natural assumption to treat them equally. When the regression
model includes assumptions about the features, for example, having strong and weak
features as considered by Breiman| (2004)) and [Biau (2012), symmetry is not appropriate.
From now on, the random forests studied in this thesis will all be symmetric.

The notation Uﬁ?N,w for the CPRF does not differ from the one in 1} We can
keep the shorter notation for convenience because we will only consider the CPRF from

here on. Let us denote

) - 1 ]I{X] S Ak(xmwl)}
Uiraalan) =5 2 12 m) e e L ey O

I€Br, n  jEI

1 I{X; € Ap(wo,wr)}
and e z) = e j ) : 3.9
o, N (%0) N Z pIZ I3 et X, € Ap(zo,wr)} (39

I€By, n  jeI

such that we have the decomposition

UMD (x0) = UT (o) + UL (o)

n,rn,N,w n,rn,N,w

We note that UTEWZZ N and Uffzn ~. are both generalized incomplete U-statistics. For any

set [ C [n], with |I| =r, and j € I let us further denote

{X; € Ax(zo,w)}
> ier H{XG € Ap(zo,w)}

Wi k(xo,w, I) ==

To simplify the notation we use

Wik (zo, 1) == W, p(xo,wr, I) and Wik (zo, w) := W (o, w, [1]). (3.10)
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The kernels of the two U-statistics in (3.8)) and (3.9) are

H{X; € Ax(zo,w)} o
(m) E : J ) . ] )
hn (l’o, J 1w m(X Tnlﬂ{Xi eAk(Z'Q,W)} - E{_l m<X])WJ7k(x07w)
and
c r n ]I{X - Ak xg,
) (w0, (Xj, )5y, w) = E S NTsY EA; o) E eiWik(wo,w).  (3.11)

The kernel A and thus also Ufw N have expectation zero due to the independence of
the €; from X; and w. We note that the W (o, w, I) are the weights of the observations
in the kernel applied to the subsample /. If there is at least one observation in Ay(xg,w)
the sum of the weights is equal to one. Otherwise Definition yields that their sum is
Z€ero.

Similar to we observe that Un v N 18 the expectation of Un . Nw(:z:o) conditioned
on the observations X, the wr and the pr- We have

B [0 (o) (X0t ()t s (o115,
1
= — Z pIZ]EY|X] ]k(xOJ‘[)

N IGBrn n _]EI
1

:N Z Plzm Wi (o, I)

IGBrn n ]EI

= U™ | (x0). (3.12)

n,rn,N,w
In general, this only holds for purely random forests because otherwise the cells depend
on the errors through the Y;. In particular, we do not necessarily have
E ]I{Xl S A (.I(), (Xu}/z ‘ o O
Z ]I{Xl € An('r07 <X27Y } J i e

Using the terms from (3.8) and (3.9), we can decompose the error of the estimator into
two parts

U (20) —m(z) = US) o (wo) + UM o (w0) — m(xo). (3.13)

Just like for the histogram, we call Unr N — m the approximation error. The identity
in (3.12)) illustrates that this is the part of the error that is due to the estimator’s general
ability to approximate m. We call Uffr N the stochastic error, but note that there
are alternative names in the literature, see for instance [Biau (2012)), who uses the term

estimation error.

3.3.1 Characteristics of centered purely random forests

In this section, we introduce three key characteristics of centered purely random forests
that will be important for the results in the following chapters. Furthermore, we discuss
the interactions between these characteristics.
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3.3.1.1 The diameter of the cells

As we have already seen for the histogram estimator, the diameter of a cell in the partition
is important for the ability of the estimator to approximate the regression function. We
start with some observations that hold for all distributions of the splits. Remark
explains that the length of the cell Ay (z¢,w) along the [-th coordinate is equal to 275(z0),

For Ay (zo,w) we obtain
2 1/2
(Al ) = (27 2m) "

=1

We are interested in bounds for the diameter and its moments. If ¢ < 2, it holds that
1€]l2/q < |I€]l1 for any & € RP. This implies

p Q/Q p
D(Ak(x(], w))q — (Z 2—2Sz(mo,w)> < Z 2—qSl(x0,w).
=1 =1

Taking the expectation we obtain

E (A (zo,w))Y <E = pE [27951(r0w)] (3.14)

p
Z 9—451(zo.w)
=1

The last equality holds due to the symmetry that implies S;(xg,w) 4 Si(xg,w) for all [ €
[p]. Without additional assumptions on the distribution of S;(zg,w), Jensen’s inequality
yields a lower bound via

E [27751(0w)] > 9l (mow)] — 9=ak/p, (3.15)

Equality in this lower bound holds in the deterministic case Sj(x,w) = k/p.

For confidence intervals and bands, we need the stochastic error to be the dominant
term in the error decomposition. We will see that the expected absolute approximation
error depends on the expected diameter, similar to for the histogram estimator.
Therefore, it is desirable to have a small diameter close to the optimal rate to get a good
bound for the approximation error.

3.3.1.2 Cell intersections

Another important characteristic of a CPRF is the expected volume of Ay (zg,w;) N
Ak (g, ws) for ii.d. copies wy and wq of w. For any A C RP we denote the volume of
A by

V(A) = / La(z)dz. (3.16)
Further let us denote the expected volume of the intersection

Vo = E[V(Ag(zo, w1) N Ag(xo, w2))] . (3.17)
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The intersection is not empty because it contains xo. Without loss of generality let
Si(zg,w1) > Si(xo,ws2). In this case, Remarkﬁ implies for A,(Cl) from 1) that

AP (w0, w1) N AP (29, wa) = A (w0, w1), (3.18)

and in particular, the diameter of this intersection is the minimum of the diameters. For
the volume of the intersection this yields

V(Ag(zo,wr) N Ag(zo,w2)) = / dx

A (xo,w1)NAg (z0,w2)

dz®

I
=

=1 Ag)(l‘o,wl)ﬂAg) (330,0.)2)

= H min{Q_Sl(xo’“’l), 2—51(900,w2)}

P
— H 9~ max{S;(zo,w1),51(z0,w2)}
— 9= X1y max{Sy(wo.w1), 81 (wo,w2)} (3.19)

Hence, we can write Vn as the expectation of . Note that the expectation of this
does not depend on z(, because Definition yields that the distribution of the splits
Si(zo,wr) and Sj(xg,ws) does not depend on x. The fact that > ) | Si(x,w) = k for all
w implies that

2—2k — 9~ 1 (Si(mo,w1)+Si (z0,w2))
<92 iy max{S;(zo,w1),S1(wo,w2)}
< 9= 21 Si(wo,w1)
=27"

Applying the expectation to the above and using (3.19) we obtain
27 <V <27k (3.20)

We note that

P 12
ZmaX{Sl(xo,wl)Sl(xo,wg)} =k+ 5 Z |S1(zg, w1) — Si(wo,wa).
I=1

=1

Thus, we get

Vo = E [27 T mastSiomnsitmen) | kg [p-3 S ios)-seowl] - (3.21)

This can be helpful to prove a better lower bound for Vn if we know more about the
distribution of the splits.
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3.3.1.3 The finest partition of the feature space

For a fixed distribution of the random variable w we call a subset A C [0,1]” of the
feature space undividable, if for all realizations w of w there exists an x € [0, 1]? with
A C Ag(z,w). This means that A is a subset of some cell in any partition. We call a
set A maximum undividable if there is no other undividable set A # A with A C A. Let
S, denote the set of all maximum undividable sets. Then &, is a partition of the feature
space. This is implied by the following two observations. First, two maximum undividable
sets are always disjoint by definition. Second, every element x in the feature space must be
contained in an undividable subset, since {x} is undividable. For different distributions of
w, the size of the maximum undividable sets can vary, which directly affects the number
of elements in the partition S,. The partition S, implies an equivalence relation on [0, 1]P.
If 1 and x5 are in the same maximum undividable set, we have

Az, w) = Ap(za,w)

almost surely. We note that this also implies that every realization of Ag(z,w) can be
represented as a disjoint union of maximum undividable sets.

Let us denote Ny (k) := |S,| and let A}, C [0, 1]? with |X,| = N¢(k) be a set containing
exactly one element in each of the maximum undividable sets. The above explanation
shows that Ny(k) and A}, can depend on the distribution of w. We do not capture this
in their notation for convenience, so we need to keep this dependence in mind. We are
interested in N¢(k) for the distributions of w that we consider.

For y; € {0,27%,...,1 — 27k 1 — 27%} "let us consider the hypercubes of the form

p

T (s +274] (3.22)

=1

These hypercubes form a sufficiently fine partition such that each cube cannot be split by
a centered tree of depth k. This is the case because there can be at most k splits in one
direction. The number of cubes is 2*?, which implies that N(k) < 2% for any CPRF. If
we consider a CPRF where all splits are always drawn uniformly from [p], the probability
of splitting one feature k times is greater than zero. Therefore, we have N;(k) = 2* for
this type of CPRF.

3.3.1.4 The interaction of the characteristics

The three characteristics of CPRFs that we introduced above affect each other because
they all depend on the same object, which is the distribution of the splits.

We already mentioned that the expected diameter is preferred to be small, because it
directly affects the approximation error. We will see that the variance of the leading term
of the stochastic error U-statistic scales linearly with 22ka7k. To construct confidence
intervals and bands we will need that the stochastic error dominates the approximation
error. For this dominance it is necessary that the variance of the stochastic error and
thus V-, is large enough. Further, Vi is a measure for the similarity of the trees in a
CPREF. If the trees are more similar at some point g, the intersections of the cells around
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xo will be larger on average. One would expect a random forest to benefit from having
more diverse trees. This is reflected by the effect of V-, on the variance.

For the confidence band results we will need uniform bounds on the approximation
error and different remainder terms. We will see that the supremum over zy € [0, 17 will
in fact be a maximum over zy € Xj. This will allow us to use union bounds in which the
sum has Ny(k) terms. To handle the union bounds, we will exploit that a finite number
of moments of ¢ exist. In general, the number of existing moments needs to be larger if
Ny(k) is larger. Thus, a smaller Ny(k) leads to weaker assumptions on the errors. To
achieve that N;(k) < 2", one needs that some of 27 cubes from are never split.
In other words, one needs to restrict the diversity of the partitions, which will also lead
to a larger Vn .

In summary, we face a trade-off when selecting the distribution of the splits. On the
one hand, distributions with more diverse partitions lead to a smaller variance of the ran-
dom forest, which is generally desirable, and will lead to smaller confidence sets. On the
other hand, less diverse partitions lead to a smaller expected diameter, and thus a smaller
approximation error bound, because their cells are closer to cubes. A smaller approxi-
mation error is helpful for the dominance of the stochastic error and for the construction
of confidence sets. A larger Vn; will also help this dominance of the stochastic error.
The final advantage of less diverse partitions is a smaller Ny(k), which allows weaker
assumptions on the error moments when proving the confidence band results.

Earlier we mentioned that the expected diameter is an essential part of the bound
for the approximation error. However, we need to note that the effect of the partition
diversity on the approximation error is not fully captured by this bound. We know that
any CPRF estimator is constant on the undividable cells. Consider an approximation of a
continuous function by a function that is piecewise constant on the cells of some grid. As
the grid is refined, the class of piecewise constant functions on the finer grid is a superset
of the class of constant functions on the rougher grid. In the larger function class, we
can always find an approximation that is at least as good as the best approximation from
the smaller class. The estimator for m produced by an algorithm with a larger N;(k) is
an element of a larger function class than an algorithm with a smaller N¢(k). In other
words, an algorithm with a small number of undividable sets is limited by fewer elements
in the image of its estimated regression function. This effect opposes the effect of the
smaller expected diameter. However, it is not clear whether this effect actually results in
a smaller approximation error. The magnitude of both effects can depend on the shape
of the specific regression function. In general, it is not clear how to improve the bound
for the approximation error uniformly in a Holder class for the regression functions. Still,
it is important to be aware of both effects, for example when interpreting the results of
simulations.

The two variants of CPRFs, which we will present in the next two sections, will
have a different diversity of their partitions and thus their characteristics will differ. The
Ehrenfest CPRF will restrict the diversity of the cells through the construction algorithm.
Therefore, it will have a smaller approximation error bound, and in Chapter |4 we will
see that it can reach the minimax optimal rate for the mean squared error. The uniform
CPRF will have more diverse partitions. In Chapter [5| we will see that one can still prove
confidence bands for this RF version. However, the assumptions on n, r, and k for the
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confidence band result will be less flexible, because the approximation error bound will
be larger and V will be smaller. Further, one needs more existing moments of ¢ for the
confidence band result to hold. A small advantage is that their confidence band radius
is slightly smaller, a nuance that remains ambiguous within the theory. However, this
distinction but will be observed in the simulations in Chapter [6]

3.3.2 The uniform centered purely random forest

The uniform CPRF is characterized and named by the fact that the probability of split-
ting each feature is 1/p. Purely random forest types similar to the uniform CPRF were
already considered in the literature, for instance by Breiman| (2004) or Biau (2012). When
constructing the tree, all splits in all steps are drawn independently of each other. More
precisely the D;; from Definition are i.i.d. and uniformly distributed on [p]. Let
zo € [0, 1]P be fixed, without loss of generality the cell Ay (g, w) is constructed by (D).
It then holds that S;(zo,w) = S_r_, I{D,1 = I} and thus (o, w) ~ Bin(k, 1/p).

In a multivariate regression model with Lipschitz continuous regression function Klu-
sowski (2021)) proves an upper bound of the rate of the mean squared prediction error of
this random forest. The rate does not match the minimax optimal rate for nonparametric
regression and |Klusowski| (2021)) further proves that the rate cannot be improved.

Let us consider the characteristics from Section [3.3.1] for the uniform CPRF. In Sec-
tion we already argued that N;(k) = 2" for the uniform CPRF. The binomial
distribution of Sj(xg,w) can be utilized to derive a bound on the diameter by employing
the moment-generating function of the Binomial distribution. For ¢ < 2 yields

E [0(Ak(zo,w))?] < pE [2*(151(:6070,;)]

(3.23)

p—14—2ﬂ)k
> .

— E [exp (log(27) S, (10,))] = p <

The lower bound in (3.15)) implies that the minimal rate for any distribution of Si(zo,w)
is 27%4/7 Here we have a worse rate because

p—1+271
p

For p = 1 equality holds in , which is obvious because in this case the splitting is
deterministic. If p > 2, can be proved by plugging 277 < 1into g(§) := p—1+&—p&P
and using that g(§) > 0 for all £ € [0,1]. This holds because g is concave on [0, 1],
g(0)=p—1>0and g(1) =0.

We proceed with Vi . To get the mean squared error rate Klusowskil (2021) proves an
upper bound for the approximation error of centered random forests. One major step in
proving this is to bound a term analogous to Vn . This bound relies on |[Klusowski (2021,
Lemma S.1.) from the supplementary material of the article. We will use this lemma to

bound

> 279P, (3.24)

E Qiézle [Si(z0,w1)—Si(zo,w2)| )

We note that (S;(zg,w))]_; is multinomial distributed with p trials and probabilities all
equal to 1/p. The same holds for its independent copy (S;(zo,w2))_;. The lemma yields
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that p
(47;:'# <E [2_% 1 1Si(zo,w1)—Si(zo,w2)| < SPpr -
- -
With (3.21)), this implies
N L 8P
27k < <2
(47)Pkr—1 Vo Lr—1’
and for the rate in k we get
27k~ <Y S 27k l/2 (3.25)

3.3.3 The Ehrenfest centered purely random forest

We will introduce the following model to get a random forest that has the optimal rate for
the approximation error. To achieve this, the diameter needs to be of the same rate as the
diameter of a hypercube. This is in a sense closer to a histogram than the RF with uniform
distribution for feature selection and the trees are less diverse. This will also imply that
Vi is larger due to the reduced diversion in the partitions. As mentioned earlier, the
result by Klusowski| (2021)) tells us that we cannot improve the error rate if the feature
selection probabilities are equal in each step. Therefore, we will drop this assumption.
Instead, we will use a Markov model and the probabilities for the feature selection will
depend on all previously selected features. A similar idea is used by Mondrian trees as
introduced by Mourtada et al.| (2020). For Mondrian trees, the probability of selecting
a feature to split is proportional to the length of the cell in that feature. The Ehrenfest
trees will also lead to higher selection probabilities for features in which the considered
cell is longer.

3.3.3.1 The two-dimensional case

For clarity, we first explain the two-dimensional case where we use the Ehrenfest model, see
for instance Bhattacharya and Waymire (2022, Chapter 11, Example 3). In this model, we
consider two numbered containers, each initially containing B identical balls, and in each
step a uniformly chosen ball from the total of 2B balls is moved from its current container
to the other. The model has the Markov property, because its transition probabilities
depend only on the current state.

We link this model to the partition construction on [0, 1]2. For simplicity, we consider
only the splits for the cell containing a fixed point zy. We start with an Ehrenfest model
in its initial balanced state and use the first k steps to determine the splits for Ay (xg,w).
In each step, we split feature [ if the selected ball leaves container [. For the next step this
decreases the probability of splitting the same feature again and increases the probability
of splitting the other feature. By favoring the feature that has been split less often, this
procedure results in a more balanced number of splits than the uniform selection of a
feature in each step. In practice, one needs to copy the current state of the Ehrenfest
model after each split. The two models will then evolve independently for the two resulting
cells. An illustration of this process can be found in Figure [3.2]

92



3.3. Centered purely random forests

Container 1 Container 2
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Figure 3.2: First three states of a two-dimensional Ehrenfest model with B = 3 and
corresponding cell construction. The red ball moved in the previous step.

For now we drop the dependence of S;; on xy and w in the notation for convenience.
Let B;; denote the number of balls in container [ after ¢ construction steps. The state of
the Ehrenfest model after ¢ steps is described by (B, Bay). For D, ; from Definition
we drop the second index, because we only consider the construction of the cell around
zo. Thus, D; € {1,2} is the random variable that determines which coordinate is split
in the t-th step. It holds that S;; = >.'_, I{D, = I}. For [ € {1,2}, the probability of
selecting a ball in container [ and thus splitting feature [ is

Bu
2B
We note that it would be sufficient to condition on B;; because B;; + By = 2B. In the

case p = 2 it holds that ¢t = S;; + S3;. Further, the relation between the number of balls
and the number of splits is

P(Dt+1 =1 | Bl,taBZt) =

2(S1¢ — S2,¢) = Bay — Buy. (3.26)

We obtain

By;— Biy 2B — 2By,
2 N 2

251, —t =511 — S = =B — By, (3.27)
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and analogously 255, —t = B — By;. This implies

B B+1t—2S 1 1
Mo 2T S (1 —28),).

P(Dyy1 =1 By, Bay) = 2B 2B 2 2B

The equation describes how the probability of splitting a feature [ decreases in the current
number of its splits in relation to t. The number of balls B is a tuning parameter that
weights the influence of this effect. For B — oo the probability goes to 1/2. Using
we get for the squared diameter after the final step t = k that

(A, )P = 272500 49725
— 27251k 4 9=2(k=S1)

— 27’{) (27(231,]@*]?) + 22sl,k7k)
— 2—k (2317;@—3 + 2B—Bl,k)
< 9-hgB+L (3.28)

which is O(27%) if the tuning parameter B does not depend on k.

3.3.3.2 The p-dimensional case

We generalize the two-dimensional model to dimension p. The model has p numbered
containers that each contain B identical balls in the initial state. Still, in each step, a
uniformly chosen ball from the total of pB balls is moved from its current container to
another. We will describe the target container selection later. We keep the connection to
the Ehrenfest model by splitting feature [ € [p] if a ball in container [ is selected. The
current state of the model after ¢ steps is described by (B;;)]_,. We now have D, € [p],
and for [ € [p] the probability of selecting a ball in container [ and thus splitting feature
[is

By
P(Deyr = 1| (Bia)l—y) = B (3.29)
This implies for [ € [p] that
B t .
p%,B j=1
P(Si41 = St =3 | Bie) =q1 -5, =0,
0, otherwise.

This describes the selection of a ball, but unlike the case of p = 2, the ball has more
than one container to move to. It remains to specify the random selection of this target
container to fully describe the transition of the p-dimensional Ehrenfest model to the next
state.

An important feature of the case p = 2 is the direct connection between (S;;)j_, and
(Bit)i_, in (3.26). We lose this connection for p > 2 because the state of the model is
not solely described by the (5;;)}_, as they are missing the information about the target
containers. A direct consequence of (3.26) was (3.27) which allowed the bound for the
diameter in . In other words the reason for this bound is that the splitting prob-
ability for a feature is zero if it was split too many times relative to the other features.
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We now explain our choice of the target probabilities which preserves this property in the
p-dimensional case. We use the term "target" so that the probabilities are not confused
with the transition probabilities of the entire model. These transition probabilities de-
scribe the Markovian behavior of the entire model state (B;;)}_, for t € N and are only
implicitly defined by and the target probabilities below.

We prohibit the addition of balls to a container if the corresponding feature has already
been split too many times in relation to ¢/p. How many splits are too many is controlled
by a tuning parameter A. Lemma [3.7 below shows that this will lead to a deterministic
bound for S;; — t/p similar to the equality in (3.27). The target probability of a ball
leaving container i, for entering container j # i is

o((Siygi) = P2 ST EPR) (3.30)
2ieqn,ppiiy HpSLe <t +pA}
The choice in implies that we need to choose A > B/p. It is necessary that
o((S14)7_y,7,1) > 0 for at least one j # i. Consider the start of the splitting procedure,
where each container has B balls. Assume that all the balls in containers 2 to p are chosen
in consecutive order and move into container one. At step ¢ = (p — 1)B we then have
Sip-np = B for j € {2,...,p}. If B> pA we have

pSit =pSjp-1yp =pB > (p—1)B +pA =t +pA

and hence o((S1¢)/_y, j,4) = 0 for all j # i. The model could not continue to operate in
this case.

When we construct an Ehrenfest tree, we start with one p-variate Ehrenfest model in
the first step. When a cell is split, we need two copies of the current state of the model
for the two child cells. From there on, the copies of the model evolve independently.

k

The lemma below gives us an almost sure bound for |5, — 1—3| that does not depend

on k. This will directly lead to three corollaries with bounds for the three characteristics
introduced in Section B.3.11

Lemma 3.7. For the Ehrenfest tree on [0, 1|P with target probabilities given in it
almost surely holds that

o

k
Sj,k§—+A+(p—1)B::E+C§39

k
and Sik > ]—? —(p-DA—=(p—1)’B= ]_) - C(A2,)B'

ES

Proof. Without loss of generality we consider the splits in direction 1. From (3.30]) we get
an upper bound for S;;. We consider the step in which the bound in (3.30]) is exceeded.
More precisely let ¢ be such that pS;; > t 4+ pA and pS1 ;-1 <t—1+pA. This still yields
the upper bound

pSit=p(Sii1+1) <t—14+pA+p=t+pA+(p—1).

To exceed the threshold in time step ¢ one ball had to leave container 1. Thus there can
be at most pB — 1 balls left in the container. For any s the fraction S /s will be the
largest if all the balls leave the container consecutively. We get

PS1iipp_1 = p(S14+pB—1) = pSy +p*B—p < t+pA+(p—1)+p*B—p = t+pA+p*’B—1.
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For s =t + pB — 1 this is
pSis < s+pA—pB+p°B=s+pA+(p*—p)B.

Since t and s were arbitrary and we considered the worst case we get for any t that
t
S1t < 5—|—A+(p—1)B

which proves the first claim. Using this we get for any ¢ that

P
Sip=1t— Z St
=2

>t—(p—1) <£+A+(p—1)3)

:%—(p—l)AJr(p—l)?B. O

Remark 3.8. The only thing that the proof of Lemma [3.7] uses about the probabilities
o((Si4)7_y,7,1), is that they are zero if pS;; > ¢t + pA. Hence Lemma holds for any
adjusted probabilities

o((Sta)i=y, 3, 1) = w((Sua)izy, 4, 1)U pSje <t + pA}
with weights w((S;+)_,,j,7) > 0 that satisfy
> w((Su)y 4 D){pS;e < t+pA} = 1.
jellpI\{i)

This allows for some flexibility in the distribution of the splits. How different choices of
the w((S;+)7_1, j, i) and also of A and B affect the performance remains to be analyzed.
The corollaries below use the above lemma to bound d(Ay(zo,w)), Vo and Ny(k).

Corollary 3.9. For the Ehrenfest tree on [0, 1]P with target probabilities given in
it almost surely holds that

(1)
O(A(0,w)) < /p20RE2HP = O(27H).
Proof. Lemma [3.7 directly implies an almost sure bound for the diameter. We obtain
- - )
O(Ak(l'(),w))z — Z 2—25’1(%0,&1) — 2—2k/]7 Z 22(k/p—Sl(x0,w)) < 2_2k/pp220A,B
=1 I=1

and taking the square root this yields the claim. The resulting term is O(27%/?) because
C(A{)B does not depend on k. O

Corollary 3.10. For the Ehrenfest trees on [0, 1]P with target probabilities given in
1t holds that N
Vﬂ,k > Q*szp(cA,BJrcA,B)/Q and Vﬂ,k — @(27k)
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Proof. Equation (3.21) gives us
Vo, =E [2— ZlemaX{Sl(xo,w1)751(x0,w2)}] _ o—hR [2—5 5Py 1Si(@own)—Si(zows)l |

Lemma [3.7] yields for any w that
kA

k
; — Al,B S Sl(l'o,CU) S ]; + C(AQ,)B

Hence
[Si(wo, w1) — Silzo,wn)| < CLp + COp

which leads to

Vo = 27K [2—%25;1 |Sz(960»w1)—51(3»‘07w2)\] > 9k (O +CLp)/2
This implies 27% = O(V ) because the constants do not depend on k and with the bound
Var <277 from (3.20)) it holds that Vn = ©(27%). O]

Corollary 3.11. For the Ehrenfest tree on [0, 1]P with target probabilities given in
it holds that N;(k) = O(2F).
Proof. Lemma implies

k
Sjyk < ]—9 + C(AQ’)B

for all [ and k. This implies that the size of the undividable sets is larger than or equal to
o PE+CR) _ - (kpCy)
This implies for the number of the cells that
Ny (k) < 20+705%) — (2%, O

The above results will be used in the proofs of Chapter ] and Chapter [f

3.4 Kernel random forests

Kernel random forests (KeRF) introduced by |Scornet| (2016b) are regression estimators
similar to random forests but they utilize a different structure more similar to kernel
regression estimators such as the Nadaraya-Watson estimator (Nadarayal (1964), Watson
(1964)). Like random forests, they are based on an ensemble of tree-partitions of the
feature space. The primary distinction between these two estimators arises from the
method by which the observations are weighted within the estimation. KeRF can be
employed for the same variants of partition creation as random forests, including both
data dependent and purely random methods. The KeRF estimator corresponding to the

random forest in (3.2) is
B i Zjelgi Yil{X; € An(x0,0i, Dn)}
Sy 10X, € Aro 6 D]

1N (20, (6;)721, Dn) -
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Since we only focus on centered purely random forests in a U-statistic form we will do
the same for the KeRF. For the sake of simplicity, we will limit its consideration to the
complete version, which incorporates all trees. We denote

U(KRF)(JJO) — ZIeBWn Zje[ Y;I{X; € Ag(wo,wr)}
e 1B, 2ujer HXj € Ap(zo, wr)}
B 2 i1 Vi 2ien,, njer HX; € Aw(wo,wr)}
a D i ZIGBrn,n:jGI {X; € Ag(zo,wr)}

It is important to note that this estimator is not a U-statistic, although its numerator and
denominator are both U-statistics. The second representation implies that the estimator
is a weighted average of the Y; with weights

>o1en,, njer HX; € Ax(zo,wr)} > o1eB,, njer HX; € Ax(zo,wr)}

(3.31)

= — : (3.32)
ZIGBrnm et X € Ap(zo,wr)} D001, ZIeBm,n;iej {X; € Ag(wo,wr)}
The analogous weight in the standard random forest is
n 1 H{X; e A ,
In $ X € Ao, i)} (3.33)

n (1:;11) I€By, n:jel Zie[ I{X; € Ak(xo’wI)F

since
n

URE) (1) = Zyjr_n; 3 I{X; € Ax(zo,wr)}

bl k2 71 :
e = () [€B,y nijel 2ier MXi € Ax(wo,wr)}

Their weights are the main difference between the KeRF and the standard random forest.
In the standard RF the trees are all weighted equally in the estimation of m(xy). Thus,
the weights of the Y} in (3.33) itself are an equally weighted average in the trees.

The KeRF is not an average of regression tree estimators. Nonetheless it depends on
the same collection of partitions. The weight of Y from (3.32)) is not weighted equally
in the partitions based on the w;. Instead, the partition based on w; is weighted more
heavily if its cell around x( contains relatively many observations.

Thus, an advantage of the KeRF weights is that the estimator is less sensitive to
cells with few observations, and that cells containing no observations do not affect the
estimator. However, this structure can also lead to disadvantages in the estimation.
Consider a fixed zy € [0, 1]” and suppose that the X; are not uniformly distributed. The
fact that the estimator weights partitions more heavily if they contain many observations
means that on average cells around zy that contain regions of relatively higher density
are relatively more important in the estimation. If the density is larger in the regions of
the feature space that are more distant to xy, the weight of cells with larger diameters is
increased. For a general m, this can lead to a worse approximation error.

A natural question is how much the RF and KeRF estimators differ. [Scornet| (2016b),
Proposition 3) provides a general upper bound on

mN,n(xm (ej)évzlapn) 1
m%,n(‘r()? <ej)§y:1> Dn) ’

(3.34)
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and analyzes the upper bound for different partition schemes. For centered random forests
with partition depth k, the proposition implies that converges to zero for the right
choice of k, for instance k = ©((log, n)/3), if the distribution of X is uniform. The bound
can be extended to the case where the density fx of X satisfies 0 < cx < fx < Cyx, but
in this case the upper bound does not converge to zero. This means that the uniform
assumption is necessary to prove asymptotic equivalence with this bound, but it may still
be possible to prove it with a different technique. In general, this suits the considerations
from above about the possible differences in the weights for a non constant density. KeRF
will reappear in Chapter [5] where we will prove confidence bands for the estimator from
(13.31)).

While the focus of Chapter [4]is on CPRFs, the proof techniques should allow for CLTs
for KeRFs. One would have to apply Theorem to the numerator of the estimator
and handle the denominator with Slutsky’s theorem. The U-statistic in the numerator
has an even simpler structure than the standard random forest U-statistic.
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Chapter 4

A central limit theorem for centered
purely random forests

In this chapter we will apply the results for generalized incomplete U-statistics, especially
Theorem to the U-statistic version of the CPRF from Definition Before stating
the results for the asymptotic normal distribution, we include a bound for the mean
squared error of a CPRF and compare the rates of the two variants from Section [3.3]
Following the results, we explain the proof strategy in Section and give the detailed
proofs of all results in this chapter in Section [4.4]

From here on we assume that the training sample D,, = (X;, Y;)?, is from the regres-
sion model under a few additional assumptions. The first assumption is that the
density fx of X satisfies

Cx S fx<CL’) S CX (41)

for all € [0, 1]P with constants 0 < cx < Cx < co. The second assumption is that m is
Holder continuous of order o € (0, 1] with Holder constant Cy. Further, we require the
second moments of ¢ to exist and denote o2 := Var(e).

4.1 The mean squared error

For the mean squared prediction error of the complete U-statistic version of the CPRF
we get the following proposition.

Proposition 4.1. Consider a CPRF from Definition[3.9 and suppose 0 < cx < fx < Cx,
E[€2] < oo, 1, < n and m is Hélder continuous of order o € (0,1]. It then holds that

E [(U(RF) (20) — m(xo))Z] = O (E[p(Ak(zo,w))T*) + O((1 — ex27%)™)

2k k
2 VmJg) —|—O(2 Tn)'

n n?

The first term in the bound corresponds to the approximation error. We already
mentioned that it is controlled by the expected diameter of the cells. The second term
is necessary to bound the part of the approximation error that is caused by empty cells
that contain no observations. The final two terms are associated with the stochastic

+O(
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Chapter 4. A central limit theorem for centered purely random forests

error. To elaborate, the first term corresponds to the first order contributions from the
Hoeffding-decomposition of the stochastic error, while the subsequent term corresponds
to the remaining components of the Hoeffding-decomposition.

We want to compare the MSE with that of a single regression tree. For an appropri-
ate comparison we consider a regression tree estimator for n observations. For a single
regression tree, a purely random partition is less practical than for a random forest.
Nonetheless, we consider a centered purely random tree since this is in line with the
random forest estimator. Similar to (3.1)) we consider

) vy X € Ag(ao,w)}
M (%o, w, Dn) = ZYJZ?I]I{Xi € Ag(xo,w)}

J=1

For the regression tree, the first term in the bound of the MSE in Proposition would

be E[0(Ax(xo,w))?*], which is larger due to Jensen’s inequality. The underlying cause

of this disparity is that the average diameter of numerous trees is close to the expected

diameter. This illustrates why a random forest has a smaller approximation error than

a regression tree. The assumption r, < n is necessary to ensure that the estimator uses

more than one subsample. In the second term, the exponent r, would be replaced by n.
Lemma yields that the stochastic error of the regression tree fulfills

Var > i1 X € Ag(wo,w)}
Z?:l ]I{XZ c Ak(l‘g, w)}

( {X; € Ag(zo,w)} )2]
1+ Z?:Q H{Xz c Ak(ZL'(),W)}

< Oxno?27"E

= no’E

1 2
(s eamon) ]
22k
< C’Xn022_k20;<2—

n2
k
:@(2_).
n

Thus, the rate of the stochastic error of the random forest is smaller, if 2°Vn; = o(1)
and r,/n = o(1). The reason for the smaller stochastic error is, that the random forest
utilizes more observations for the estimation at a fixed xy. On average, the tree uses
nP(X; € Ag(zo,w)) observations for the estimation of m(x,), which is the expected
number of observations in Ay (zg,w). The random forest uses more observations, because
all observations with X; € (J,. Bov A (o, wy) affect the estimator at zq. On average this

are more than nP(X; € Ag(wo,w)) and the effect is captured by the term 2¥V; < 1.
The second term of the stochastic error corresponding to the higher order terms in the
Hoeftfding-decomposition lacks a similar interpretation.

In total, the MSE rate of a CPRF is better than that of a comparable regression tree.
The gain in the approximation error depends on the behavior of the diameter. For the

stochastic error, we can conclude that the gain is at most polynomial in k for both CPRF
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4.1. The mean squared error

types from Section . This is due to the fact that 2¥V; < k=(=D/2 as demonstrated
in . Overall, the ensemble of trees in the random forest has two beneficial effects on
the mean squared error. It allows more observations to be used to estimate m(zg) than
in a single regression tree, and it also reduces the variance of the average diameter of the
cells around x.

The corollary below shows the MSE rates for the Ehrenfest and uniform CPRF'. In par-
ticular, the appropriate choice of k leads to the minimax optimal rate, see e.g. [Isybakov
(2009), for Ehrenfest CPRF. With the (approximately) best choice for k, the uniform
CPRF does not achieve this rate.

Corollary 4.2. Suppose 0 < cx < fx < Cx, E[e}] < oo, 7, < n and that m is Holder
continuous of order o € (0,1]. For the Ehrenfest CPRF it holds that

E[(U0,(r0) — m(x))”] = O 47) +O(2) + O((1 — ex27)™).

If k= UogQ(ckn(H?la/P) )] for a constant ¢, and r,, = O(n) satisfies n 279 logn = o(ry),
it holds that ,
E[(U(RF) (zo) — m(x0))?] = O(n~ 7).

N, W

For b(p,a) = (p — 14+ 27%)/p the uniform CPRF satisfies

E | (U, (w0) = m(x0))’] = O (b(p,@)™) + O((1 = ex274)™)
Qkk—(P—l)/2) Lo 2k,

21og, b(p,
For a constant ¢, and v = -282%pa)
2log, b(p,a)—1

= O(nk=P=D/2) it holds that

E [(U,ﬁ?w(aﬁo) — m(xo))ﬂ =0 ((n(log2 n)(p_l)/z)fy) )

choose k = |logy(ck(n(logyn)P=D/2)1=v) | [f

We note that b(p,a) < 1 implies that v > 0. The bound b(p, o) > 27%/? from (3.24))
further implies
2log, b(p, ) < —2a/p 2«

v 2log, b(p,a) —1 =~ —2a/p—1  2a+p’

(4.2)

because ¢g(§) = £/(£ — 1) is monotonically decreasing for £ € (—oo,1). Therefore, in the
case of p > 1, the rate of the uniform CPRF is worse than the rate of the Ehrenfest
CPRF. In particular, it is not minimax optimal. If m is Lipschitz continuous the rate
of the uniform CPRF matches that of Klusowskil (2021, Theorem 2), which cannot be
improved.

Mourtada et al.| (2020)) proved that Mondrian trees and forests, which are purely ran-
dom, reach the minimax optimal rate over the class of a-Hélder functions for a € (0, 1].
To the best of our knowledge, their result is the first to do so for any purely random
forest. Although the convergence rate is the same for single trees and forests, they dis-
cuss that forests perform better in practice. They attribute this disparity to the smaller
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Chapter 4. A central limit theorem for centered purely random forests

approximation error of forests compared to single trees. They further prove that Mon-
drian forests benefit from additional smoothness of the regression function, while single
Mondrian trees do not, which explains the disparity in some cases. The approximation
error rate for Ehrenfest trees and forests is also the same due to the almost sure bound
on the diameter. However, it seems possible that a similar result for smoother regression
functions may hold for the Ehrenfest CPRF. A notable difference from our work is that
Mourtada et al.| (2020)) do not incorporate subsampling for the trees, but instead use the
entire training sample for the estimation performed by each tree.

To reach its optimal rate, the Ehrenfest CPRF only needs that n a7 logn = o(ry),
which ensures 2¥logn = o(r,) but allows r, = ©(n). In order to optimize the rate of
the uniform CPRF, it is necessary that r,/n converges to zero at a logarithmic rate.
For r, = ©(n), the rate of the term corresponding to the higher order terms from the
Hoeffding-decomposition would be larger. This finding indicates that the construction of
confidence intervals for the uniform CPRF based on these specific bounds is not possible
when r,, = ©(n). A smaller choice of r, is eligible, provided that the term corresponding
to the nonempty cells is sufficiently small.

4.2 The central limit theorem

In this section we will finally state the central limit theorem, but first we need several
definitions. Let us denote

Do (W) = P(X; € Ap(zo,w) | w) and (4.3)
Do = E[pg, (w)] = P(X; € Ag(xo,w)). (4.4)

In general, these terms are functions in zy as soon as the density is not constant. However,
they are strongly connected with the density and

Do (W) = P(X; € Ap(x0,w) | w) = / fx(z)d. (4.5)

Ay (m() 7w)

By construction of the centered trees, it holds that

/ de = 27F
Ak (zo,w)

cx27F < pyy(w) < Cx27F and (4.6)
ex27" <y, < Cx277,

and thus (4.1)) implies

Let us define
Ky(wo, ) = E [I{z € Ay(xo,w)}pay (W) '] (4.8)

which can be seen as a kernel function. We denote its second moment by

\Ifk(x0> = E[Kk($0,X1)2]. (49)
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4.2. The central limit theorem

Remark 4.3. The term

P(x € Ag(zo,w))
is related to the above kernel. If X is uniformly distributed, it is equal to K} (zo, z)27* and
otherwise it is © (K}, (o, 2)27%). [Scornet, (2016b) call this function the connection function
of the infinite random forest. They calculate the function explicitly for a centered RF
with uniform distribution of the split directions. The formula can be found in Proposition
5 of their article, which also includes a graphical representation.

Theorem 4.4. Consider a CPRF from Definition and suppose 0 < cx < fx < Cy,
E [€9] < oo and m is Hélder continuous of order o € (0,1]. Under the conditions

T'n

RSV — 0, (4.10)
—N227va,k 0, (4.11)
%log (nQ’QkV&i) — 0, (4.12)
E [o(Ay (2o, )] 22%1/% 0, (4.13)
it holds that
% (U (o) = mio) ) 5 N (0,0%). (4.14)

Assumption ensures that the number of trees is sufficiently large to reduce the
variance to that of the complete U-statistic case. As previously mentioned in Remark
, the cell size in a CPRF is 27%, and 27%/? is comparable to the bandwidth for kernel
regression estimators. The condition in is necessary to prevent cells in the tree
partitions that contain no observation. The last assumption in (4.13]) is an undersmooth-
ing assumption. An assumption of this type is standard in the theory and necessary for
the dominance of the stochastic error over the approximation error. It implies that the
bandwidth parameter 2-%/7 needs to be slightly smaller than the choice that optimizes the
means squared error. Condition ensures that the first order terms in the Hoeffding-
decomposition of the stochastic error are asymptotically leading. It is derived from the
condition ¢ /(n¢t,,) — 0 from Theorem m

Remark 4.5. According to Peng et al.| (2022 the condition ¢ /(n¢},) — 0 from Theorem
2.13] can be weakened to .

r

== —1] 0.

)

This suggests that the assumption r,/n — 0 might be circumvented. In order to achieve
this objective, it is necessary that ¢ (r,(},,)~" — 1. For the Ehrenfest CPRF the aux-
iliary results in this chapter allow to prove that ¢ (r,(7,)”" = O(1). Nevertheless the
precision of our results is insufficient to prove the convergence to one due to the lack of

sharpness in several bounds. With V- < 277 (4.10) implies that

is a necessary condition.
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Chapter 4. A central limit theorem for centered purely random forests

If we want to apply Theorem [4.4] for example to get confidence intervals we need to cal-
culate the variance term Wy (xy). Equation below yields that Wy (zy) = ©(22%V ;)
for every xy. However, it is not always possible to get a closed form solution of this term,
even if the distribution of X is known. It is determined by the distribution of w and X. If
the distribution of X is known, we can get an arbitrarily close Monte Carlo approximation
of the term by simulating enough copies of X and w. If the distribution of X is not known
one could either estimate the density of X first, or one could use bootstrap samples to
estimate Wy (zo).

For the Ehrenfest CPRF and the uniform CPRF we get the corollaries below. Their
proofs are postponed to Section [£.4.1], following the proof of Theorem [4.4]

Corollary 4.6. Consider the Ehrenfest CPRF and suppose 0 < cx < fx < Cx, E[8] <
oo and m is Hélder continuous of order a € (0,1]. Under the assumptions
In 0,
n
n
— =0
N2k ’
2k
= log (n27%) — 0,
Tn

—2ak/ 2
and 2 p2k — 0,

the convergence in distribution in holds. The tuning parameters r, = [n(logn)™!]
and k = |log,((logn)ns+2 )| fulfill the assumptions above and imply that the asymptotic

variance in satisfies
U (z)/n =06 (n_ﬁ%ﬁ(log n)) :

It is noteworthy that the above choice for 2¥ exceeds the value presented in Corol-
lary by a logarithmic term. This is a required consequence of the undersmoothing
assumption (4.13]). The asymptotic variance rate is larger than the optimal MSE rate by
a factor of logn for the same reason. For the optimal MSE rate, it was possible to choose
r, = O(n), which is not eligible here due to the first assumption regarding the terms in
the Hoeffding-decomposition. The corollary below gives us the asymptotic distribution of
the uniform CPREF.

Corollary 4.7. Consider the uniform CPRF and suppose 0 < cx < fx < Cx, E[¢%] < oo
and m is Holder continuous of order o € (0,1]. Under the assumptions

/r-nk(pfl)

— 0,

— 142\ %k -1
and (p i ) n — 0,
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4.3. Proof strategy

the convergence in distribution in :4.]4) holds. For v as in Corollary the tuning
parameters k = |logy(c(n(logy n)?)'=)| and r, = [n(logyn)™P| fulfill the assumptions
above and imply that the asymptotic variance in satisfies

Uy (w0)/n = O (07" (logy )P/~ +1/2).

Once more, k is larger than in Corollary . We recall that 0 < v < 22ip’ see ,
which yields

2c0
200+ p

p(l/?—u)+1/22p(1/2— )+1/22p<1/2—%p)+1/2>0

for any p € N. Therefore, the logarithmic term in the asymptotic variance rate has a
positive exponent. This implies that the rate is larger than the MSE rate in Corollary
4.2, Further, 7, is smaller by (log,n)~"*Y/2 due to the first assumption and the gap
between the lower and upper bound for Vq j in (3.25)).

The upper bound for v illustrates that the asymptotic variance rate for the uniform
CPRF is larger than the one for the Ehrenfest CPRF in Corollary 4.6, The primary
factor contributing to this discrepancy is the greater approximation error associated with
the fourth assumption. As is the case with the MSE, the assumptions on r, are more
restrictive for the uniform CPRF. This is caused by the disparity in the rate of Vn in
comparison to the Ehrenfest case.

4.3 Proof strategy

To prove the central limit theorem, we use the error decomposition of the U-statistic
estimator in and treat the two error terms separately. We will prove that the
approximation error converges to zero in probability at a sufficiently fast rate. Simi-
lar bounds are also used when proving consistency of a random forest, see for example
Klusowski (2021}, Theorem 1).

For the stochastic error we will apply Theorem [2.13] To use the result we need to
calculate and bound the terms

(P(z0) = Var (B[R (Zy,..., Z,,,w) | Z1)) (4.15)
and ¢ (xg) = Var (hgf) (z0, Z1, - Zypyyw)) - (4.16)

We note that (7', (o) is the variance of hgf)l from the Hajek projection, see (2.23)). From

here on these terms will correspond to the U-statistic U,(fzn N even though this is not
denoted through their notation. We point out that they depend on the fixed point z
at which we consider the estimator. The application of Theorem leads to the first
statement in the theorem below. The second statement follows by the connection of (7',

and (! to ) and Vn if N is large enough.

Theorem 4.8. For a centered purely random forest suppose that

r

nszm’k , ( )
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Chapter 4. A central limit theorem for centered purely random forests

further assume that E[e$] < oo and that 2% < cr,, for some sufficiently small ¢ > 0. For
the incomplete U-statistic Ué?mN’w(xg) with (7', (zo) from (4.18) and (! (xo) from (4.16
1t holds that

U’r(;r)’n,N,w (:L‘O)
VT3 (o) /n + G () /N

If the additional conditions 2* = o(r,) and
n
N?"anmek

are met the convergence 1s reduced to
U(E)

n,rn,N,w('TO) iN(O,(J])-
Uy (o) /0

In the calculations and bounds for (7', and (!, the terms W}, and V- will appear.
We briefly explain the connection of the latter two. From (3.17) we have

mG =E |:/ dl’:| s
Ak(:ro,wl)ﬁAk(:vo,wz)

which is the expected volume of Ay (g, w1) N Ag(zo,w2). It holds that
E[[{X;, € Ax(zo,w1) N Ax(zo,w2)}] = E[E [I{ X, € Ax(zo,w1) N Ax(zo,w2)} | w1, ws]]

=E [/ fX(:U)d:U] :
Ak(wo,wl)ﬂAk(xo,wg)

Using the assumptions on the density from (4.1)) we have
Cva,k S E [H{Xl € Ak(l'o,wl) M Ak(xo,wz)}] S Cvajk. (419)

The bound on p,,(w) in (4.6)) yields
\Ijk(ifo) =E [Kk(l‘o, X1)2:|

4 N(0,1).

— 0 (4.18)

:E[E[H{Xle/xk(xo,wl)} ! |X1}E{H{X1€Ak(a:0,w2)} ! |X1H

Pao (W) Pao(w2)
< R2¥E[E[I{ X, € Ap(2o,w1)} | X1) E[I{X, € Ap(wo,wa)} | X1]]
= ¢ 2¥E [E [I{ X, € Ap(20,w1) N Ap(20,ws)} | X1]]
= 2" E [[{ X1 € Ap(zo,w1) N Ap(zo,w2)}],
and similarly
(o) > OF22%%E [I{ X, € Ap(zo, w1) N Ag(z0,w2)}] .
Together with this yields

C
XY < W) € 2%V, (4.20)
Cx 7 X 7
uniformly in zy € [0,1]?. That means for all zy that ¥y(zo) = ©(2**V,;). For the
Ehrenfest CPRF we know that this has the exact rate 27%. With these observations we
can prove bounds for (7', (zo) and ¢ (w0), which will allow the application of Theorem

2.13
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4.4 Proofs

This section contains all the proofs in the chapter. First, the proof of Theorem [£.4] and its
corollaries are presented in Section [£.4.1] Next, the proof of Proposition and Corollary
are provided in Section [£.4.2] Subsequently, we prove Theorem in Section [4.4.3
The proofs of Lemma and Lemma used there can be found in Section [4.4.5|
The proofs of Theorem [£.4] and Proposition [4.1] require the following proposition re-
garding the approximation error, the proof of which is postponed to Section [4.4.4]

Proposition 4.9. Suppose p; ~ Ber(N(:;)fl), 0 < cx < fx < Cx and m is Hélder
continuous of order a with constant Cy. For the absolute approximation error it holds
that

N’Unr NW(IO) - m(x0)|]

\/—||m||oo + CHE [0 (Ag(m0,w))*] + [m(z0) (1 — cx27%)"™

and for a constant C' independent of all parameters and the distributions of all considered
random variables the squared approximation error fulfills

~

N?

E N2 (Ufzn:n Nw(x0> - m(x(J))Q]

SC(%WM&+{%EDMAmw»] 67()+hMmMﬂ—aﬂ*W0-

In the complete U-statistic case it holds that

E [|UN7) 0 (20) — m(zo)[] < CHE [0(Ak(wo,w))*] + |m(z0)| (1 — ex27")™
and

E [(Us) o (20) — m(z0))?]

< (C’IZJE P(Ag(x0,w))]* + C% p) + [m(z)[?(1 —cX2'“)T”>.

"
4.4.1 Proof of Theorem [4.4], Corollary [4.6] and Corollary [4.7]

In this section we gather the proof of Theorem and its corollaries.

Proof of Theorem [{.4, We use that
Uniaao(0) = m(@0) = Uy} v, (w0) + UL v (o) = (o)

Condition (4.11]) and (4.12)) imply

n n ok

= — — 0.
Nrn2ka,k N22ka7k Tn
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Chapter 4. A central limit theorem for centered purely random forests

Together with (4.10)) the second statement in Theorem [4.8] yields

U?S,s?zn ,Nw (.170)

d N(0,02).
Gewym 0

With (4.20) we have
(Wi(wo) /)2 = O(n 227V )

Condition (4.12)) implies

n2 V(1 — ex27%)*™ — 0.
Thus, Proposition [4.9] yields

A

N

E | 10 xww0) = m(zo)l| (Pa(wo)/m) /2

= (’)(nl/22’kvrﬁ/2]\f’l/2) + O(E [0(Ag(x0,w))] n1/22’kV_i/2)

n,
+O(n227R Y2 (1 — ex27F)™)
—0

due to (4.11)) and (4.13). The assumption N — oo implies N/N 5 1 and with Slutsky’s
theorem we obtain

U l0) = mi@o) ¢

Uy (xo)/n

which implies the claim. O

Proof of Corollary[4.6. The corollary follows directly from Theorem by plugging in
(A (wo,w)) = O(27%7) and V., = ©(27%) which are the results of Corollary and

Corollary [3.10, For the second statement let k& = UogQ((logn)n@“la/P))j and r, =
|n(logn)~!]. The undersmoothing assumption holds because

1

1 —(14+2a/p)
no~k(+2a/p) <n ((log n)nW) ' < (log n)’ — 0.
Further the choice for r, yields
k 1
= log (n27") < (log n)?n T 2a7m ' log (n27")
= (logn)?*log (nZ’k)n_Pi% — 0
and r, = o(n). Lastly (4.20) yields
Uy (20) /n = O(2%Vn i /n) = O(2" /n) = O((log n)n " 247). 0
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Proof of Corollary[4.7. The corollary is directly deduced from (3.23) and (3.25)), as these
yield

p—1—|—2_°‘>k
p

and Vo 2 278k~ For b(p,a) = (p—1+27%)/p < Ll and v = % as in
Corollary [4.2] choose

E(Au(ro,))*] < p (

k = logy(cx(n(logyn)?)' ™)
= (1 —v)log,(n) + log,(c(logy n)"' =)
= O(log, n) (4.21)
and r, = ©(n(logyn)~?). This yields

k@)
: < (logyn) ™ = 0

as well as
k

2 o (n(logy n)P)' =" _ _ _
| 9—kL(r=1)) < 2 1 Lin(l pyv=1(] p—1
—log (n2-*K00) 5 LB log (e (n(log, ") (o))

—-p
n~"(log, n)P*~") log (n"c; ' (logy )P 1) — 0.

1—

We obtain
b(p, 04)214: _ (Qk)2log2 b(p,a)
(1—v)2logs b(p,a)
- (c,i/(l_”)n(log2 n)p> ’
S (nloghn)™".
which yields
o nk®D _, n (logy (cr(n(logy n)?)=))P

b(p, @) < (nloggn)

2k (n(loggn)P)t=—
= (logyn)™® ((1 — v)logy n + log, (¢ (log, n)(l_”)p))p_l
< (logyn) P (1 — v)logyn)" ™

< (logyn) ™" — 0.
Lastly (4.21)), (4.20) and (3.25)) yield
Wi (xo)/n = O(2"Vnk/n)
=0 (Qkk:_(l’—l)ﬂ/n) .
((n(10g2 n)p)1*1/<10g2 n)*(?*l)/?/n)
(Tf”(log2 n)p(lfl')*(pfl)m)
(n™" (logy n)?M/>¥1/2). -
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4.4.2 Proof of Proposition [4.1] and Corollary [4.2]
Proof of Proposition[{.1. We use that

E [(Ug};}w(xo) - m(aco))Q] —E [(Ué’?ﬁiw(xo) - m(xo)ﬂ +E[US) (z0)?].
In the complete U-statistic case Proposition [1.9] yields
E [(Urgfﬁi’w(xo) — m(xo))z}
=0 (E [D(Ak(xo,w))a]z) +0((1=cx27"™)+ 0 ((n) ) . (4.22)

T'n

For the second term ([2.27)) implies with Lemma [4.11} Lemma and (4.20) that

E (UL, u(00))] = Var(U9), . (x0)
< Doy ) + 22 (a0)

~0 (%\Ifk(xo)) +0 (222”)

lO

3

22kv Qk "
-0 ( nm,k) +0O ( nz ) , (4.23)
Noting that r, < n implies that
LY A 2V
() n no )
(4.22)) and (4.23)) yield the claim. O

Proof of Corollary[{.9 . For the whole proof we can omit the term with the binomial
coefficient from Proposition , because (:;) > n if r, < n. We use Proposition ,
Corollary [3.9] and Corollary to obtain

E (U9, (20) = m(x0))°] = O(E [o(Ax(z, w0)) + O((1 = ex27))
Bty o2
2k

= 027%%P) £ O((1 — ex27")™) + O(=)

n

+O(

because r,/n < 1. If we choose k = Llog2(ckn<1+21w/1)> )| which implies 2% = @(n<1+21a/p>) we
get
E (U0, (20) — m(x))*] = 0@747) + O (2/m) + O((1  ex2™))

NyTn W

— O(n~ T ) 4 O(nT 27 ) + O((1 — cxn 27w )n)
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2a

= O(ni pt2a )

because

_ 1 2a
(1 —cxn G2/ ) mpptza = O (exp(—cxr n-

)) = o(1)

due to the assumption on r,. For the uniform CPRF, Proposition , (3.23) and ([3.25)
yield

E (U, (w0) = m(x0))’] = © ((Iﬂ)%> L O((1 = ex2 M)

p

e (p-1)/2 K
+0 (MT) o) (2n2") . (4.24)

Using r, = ©(nk~~1/2) the last two terms have the same rate. The choice of k implies
k = O(log,n). Using this, the choice of 7, and 2¥ = ¢ (n(log, n)P~1/2)1=" it holds that

(1 —cx27™)™ = Oexp(—cxr,27"))
=0 (exp (—ank_(p_l)/Qc;I(n(logQ n)(p—l)/Q)u—l))
= O (exp (—cxcg 'n” (logy n)~®~D/2(log, n) P~D-1/2))
=0 (exp (—Cxcgln”(logQ n)(V—Q)(p—l)/2))

=0 ((n(logz n)(p_l)/Z)w)

because v > 0. Thus, it remains to handle the first and third term in (4.24). Recalling
the definition of b(p, @) and v we get

b(p, Oé)2k _ 22k10g2 b(p,a)
_ (Qk)ZlogQ b(p,a)

- (n(logg n)(p_l)/Q) (1~v)2log; b(p,a)
= (n(log2 n)(P—l)/Q)—”

For the last term we obtain

w = n_l(n(logQ n)(P—l)/z 1-v {log (Ck(n(log n)(p—l)/z 1_V)}f(p71)/2
7 ((logy n)®~ /2) " {log, (cx(n(log, n)P~1/2)1- u)}*(p 1)/2
V((logg n)P- /2)1 {log2 ) + log, (ck(log )10~ V)/2>}_ —1)/2
<07 ((logy ) %) ™ flogy ()}
<0 ((logym) /%) {logy ™ ()}
= (n(logyn )( 1/2)7
which completes the proof. -
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Chapter 4. A central limit theorem for centered purely random forests

4.4.3 Proof of Theorem 4.8

The proof of Theorem [£.§ relies on the following two lemmas, which deal with the functions
7 (z0) and (7, (o). Their proofs are postponed to Section m

Lemma 4.10. For the (! that corresponds to the incomplete U-statistic UT(L?H’NM(%) it
holds that

I X € A(wg,w)} > 04) _ 5 2%

n _ 2 -
Gulan) =08 | S N e Ao} ) = (et Dex’

Lemma 4.11. We define
AMh, &) :=1—(1 -6 (4.25)

For the (7', (zo) from (2.17) that corresponds to the incomplete U-statistic UT(:Zn,NM('TO) it
holds that

hih(Z1) = E—E [{X1 € Ax(0,0)}Pa0 (@) " A(rn, Pay (@) | X1] | (4.26)

o? H{Xl < Ak<l’0,wl) N Ak(mo,wg)}

(Gulro) = 5E Do (01)Pag (&)

0.2

(@) Z —5 Wr(wo)A(ra, ex 27",

n

0.2

C{L,w@?o) < T—Q\I’k(xo).

n

)‘(rn7pﬂco (w1>))‘(rnvao (WQ)) )

Remark 4.12. If X is uniformly distributed we have p,,(w) = 2% and therefore

k

(Po(0) = 0"V (2—>2 (1-(@—27m)".

T'n

Proof of Theorem [{.8 We want to apply Theorem and therefore need to check its
assumptions. We prove 1' 1) and the condition on the moments of A in this

order. Using the results of Lemma [{.10] and Lemma [£.11] we get

¢ (o) 1 2h+1 2.0,—1 —k\—2
—re - < 12U (2g) A (T, X2
n¢i,(zo) = n(rp +ex " b (@0)A(rm, ex27)

2 2kr, C%
< 2 n 272kV*1A . 27]6 —2
~¢x N cx N,k (7’ » CX )
20% r
= = A ns 2_k -
& n2KVn (o, ex2™)

because of (4.20). Using the assumption that 2* < cr, we get that

-2

Arn,ex27 )72 = (1= (1 —cx27%)™m)

< (1 —(1- C—X)T")_2 — (1 —exp(—cx/c))

Cry
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4.4. Proofs

which implies (7, cx27%)72 = O(1). Therefore (2.24) holds with (4.17). We proceed
with (2.25)) and first note that (4.26)) from Lemma [4.11} (4.6) and A(r,, ps, (w)) < 1 yield
e € -
Iy (Z1) = T—IE [I{X1 € Ap(0, W) }pag (@) M1, Pag () X1 ]
2k

CxTn

<e E[{X; € Ag(zo,w)}| X1].

For § = 1 we obtain with the lower bound for ¢}, from Lemma {411} A(r,, cx27%)~! =
O(1) from above and (4.20) that

['h%)liz)lg)gr <E[le ] < : ) E [E[1{X € Au(ro, )X

n (;’—%\Pk(mo))\(rn cx27k)? )3

E [E[I{X: € Ag(zo,w)}| X1)*]"
n (22ka,k)3

< 26k

1
anJg

r
o — 0
(anmek> -
due to (4.17)).

We note that ,, = E[hgf)] = 0, hence the last condition we need to check is

E [‘hgls)(l'Oa Z17 s 7Z7“n7 w)‘m]

<C

E [|h§f)(xo,zl, . .,Zrn,w)@

for I = 2,3 and a constant C. We recall the definition of A% from |) and the
abbreviated notation of the weights from (3.10)) with

hs)(xo,Zl,... s W 28] 4.k Io,

We start with [ = 2. We use that E[g;] = 0 and cx27% < p,,(w) < Cx27%, and with the
usual arguments involving the conditional expectation we obtain

E [W (w0, Z1, ... Zypyw)*]
_ . A
e (Zé’jo’k(.ﬂjo,W)) ]
L ~7=1

=E Z €?Wj7k(x0, w)?

Lj=1

Tn Tn
Z Z giggwjk(%’W)ZWi,k(fEOM)Q

i=1i=Li#j

+ 3E

5



Chapter 4. A central limit theorem for centered purely random forests

=r,E[e]] E

{X; € Ap(xo,w)} ]
1+ 3, {X € A(ao,w)})!

I{ X, X5 € Aylzo,w)} ]
(24 X7 X € Ax(wo,w)})*

(1 + f;]l{Xi € Ap(o, w)}) _4]
(2 + Z I{X; € Ap(zo. w)}) 4]

+ 3rn(r, — 1)o'E

<r,27*CxE [¢]] E

+3r,(r, — 1)27*C%0'E

1=3
n —4
< 127" Cx (E [e]] + 3rn2 " Cxo™)E (1 +) {X; € Ak(xo,w)}) ]
1=2
< P20 RO (E [¢] e+ 80x0") e oy
= 2 P 2] ¢ 4 30x0")
X
= O(r,?2%%) (4.27)

by using Lemma [2.15 Similarly we obtain

E [0 (20, 21, - - Zrpo )]

n

=E _(iejwj,k(xo,w)f]
=E ZgQWQk (0, w ]

Lj=1

=o’r,E

1{X; € Ax(zo,w)} ]
1+ 30, X, € Ag(ao,w)})’

> O'2TnCX2_kE

1
(14230 {X: € Ak(w, W)})zl

2
—ka2k ~— —k —k\rn —k\rn
Z 0'27’7LCX2 22 CXQm (1 - (Tn + 1)CX2 (1 - CX2 ) - (1 - CX2 ) +1)
o 2CX ok (1 _ (rn n 1)CX27k<1 B CXsz)rn . (1 . szfk)nﬂrl) ) (428)
02 (rn +1)

If 2% /r, is sufficiently small the term in the brackets is larger or equal than a constant.

With (4.27)) this leads to

E |:h/7(15) (3:07 Zb R ZT’n? (.U)4:|

- O(rgQQQkM) = 0(1).

2 2k
E [h@(ago, Zi,... ,Zrn,w)Q} 2
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4.4. Proofs

We continue with [ = 3. With (2.7) and analogue arguments to the first case we get
E 00, Z1, ..., Zy, o w)°]

(iejwj,k(:vo,w)f]
< CpoE (Zg 2 (2o, w )3]

- Oﬁ,ZE 22252 2 2 ]k .’L'(), )QVVi,k(xmw)Qm,k(xva)2

Lj=1 i=1 I=1
= OﬁZZZZE et W, (0, w)* Wik (20, w)* Wik (o, w)?]
j=1 i=1 I=1
= 06,2 Z]E [S?ijk(l'o, M)G}
j=1
+06232 Z E [ee?W; k(0. w) Wik (2o, w)?]
J=1i=1,i#j

+CGQZ Z Z ]k(xm )QI/Vi,k(anwaVl,k(mOaw)Q}

J=11=1i#5 I=1,1¢{j,i}
= Ceor,E [5(13} E [WI k(2o, w) } +3rp(r, — E [63152} |:W17k(x(],w>4W2’k(x0,w>2i|
+ Coarn (T — 1) (1, — 2)0°E [Wl k(0, W) Wa i (70, w) W37}§(J?0,W)2}
< CoornE [€9]) B [Wh (20, w)®] + 37, (ry, — 1DE [165] E [W1 (w0, w)  Wa (0, w)?]
+ C9rn(rn — 1) (rn, — 2)0°E [Wl K (20, W) Wa i (70, w)* Wi (20, w)ﬂ

—6
= O(r}27°ME <1 + Z]I{X € Ap(wg,w)}

= O(r,"2")
due to Lemma [2.15] With (4.28) we get
41 2 ) 07 -3
W (o, w) (Z ;Wi (o, w)) = (9(7’22’3’“).
j=1

Together this yields
E 1n (20, 21, ., Zo )]

- =0(1).
E [|h$f)(xo, T Zrn,w)|3]

Since all its conditions are met Theorem [2.13| now yields the first claim
U’V(L 7n,N. w(l‘o)

V73R u(0) /i + G (o) /N

4 N(0,1).
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Chapter 4. A central limit theorem for centered purely random forests

For the second statement in Theorem [4.8]it remains to prove that

PG a)/n+ G @) /N

\Ifk<l'0)/n
With Lemma (4.18)) and (4.20]) we obtain
n¢ (o) <o nok+1 C% _ < n > N
N\I/k(l’o) (Tn + 1)CX C)(N22kvm’]€ N?“anVm’k
Lemma [£.17] yields
quw(l’o) 0_2
Up(zo)
TQC{Z (o) 2
and > 031 — (1 —cx27M)™) = o
Tl 20 7 Lmex2))
because 28 = o(r,). Together this implies r2(f, (zo) V" (z9) — o? and therefore the
second claim of the theorem. O

4.4.4 Proof of Proposition

In order to show this bound we use the beneficial decomposition

A

N
N(U,SSS?N,WW — m(x))

N
= Z pIZm Wik on)‘Nm(xO)

IGBrn n ]EI

1 1
=N Z plzm Wi k(zo, 1 _N Z prm(xo)
I€Brym  jEI I€Br n
1
=— Z pr Zm Wik $07])—m($0))
IeB,n n jel

= ) (PI/N < )( Xi)Wik(@o, I) — m(%))

_'_ (
IEBrn n ]G[

— Ie; (p]/N — < ) ( > (X)W;p(xo, I) — m@O))
()X ) mie Wasteo

Tn I€By, m j€I
—1
n
+m<z0>( ) 3 (ij,k<x0,z>_1>_
jel

r
n I€Br, n

YWin(wo, 1) — m(%))
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We note that Definition [3.2] implies
> Wiklwo, I) ={Tj € I : X; € Ag(wp,wr)} < 1. (4.29)
jerl
Due to the fact that the p; are independent of all other random variables and E[p;/N —
ny—1 .
()] =0it holds that

Tn

2

E Ie;ﬂ (PI/N_( ) ) (;m Wik(zo, 1) — m(l‘o)>
Bl Y (m/zv— (")) <Zm<xj>wj,k<xo,f>—m<x0>)2)

IEBrn,n je[

(e (- ()

( )

2

<Zm Wk (o, 1) —m(:cg)>

jel

2
= Var(pr)E <]mHooZij xo, 1) + |m(350)’>

jel

< k) oy (=)L) e

1

For the second term we get

[’ > > (m 0))Wj7k(-’ﬂo,f)]

IEBrn n JE€I

< CyE (711) > D(Ak(ﬂfoawf))azwj,k(ﬂfojf)]

< CuE | > D(Ak(wo,wz))“]

(TZ) Ier-n,n
= CHE [D(Ak(l‘g, w))o‘] .
Noting that the diameter of the p-dimensional hypercube is |/p, we further obtain

[( Z >_(m a:o>>wj,k<a:o,f>)]
1
((n) Z Akﬂfo,wl ZVV]kan )]

n/ I€Br, n jel
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Chapter 4. A central limit theorem for centered purely random forests

< CHE

((i) Z D(Ak(xo,wf))a) ]

= 0% Var ((i) > D(Ak(l'o,w[))a) + C4E (A (z0,w))]?

Tn

= Clz_lﬁvar (D(Ak(l'o, W))a) + CIQ{E [D(Ak(l’o, w))a]Q

< 0;%15: [0(Ak(z0,w))*] + CHE [o(Ap(z0,w))*]*
pOé

For the third term we get with (4.29)

E{m(iﬁo)(é) > (Z‘/Vj,k(%af)l)]

< C% + CLE (Ao, w))]> .

I€Br, n jEI

=FE [m(mo) (}L) Z (I{3j € I : X; € Ay(zo,wi)} — 1)]

= |m($0)‘E [% Z H{ﬂj el: Xj € Ak(.l?o,wI)}]
Im(zo)|E[I{Hj € {1,...7.} : X; € Ap(wo,w)}]

= |m(zo)|E[E[I{3j € {1,...7.}: X; € Ag(zo,w)} | wl]

= [m(z0)[E [(1 — pyy(w))™]

< [m(xo)|(1 — ex27F)™

and similarly

E [(m@so) (i) > (Z Wie(zo, 1) — 1)) ] < |m(ao) (1 — ex27F).

I1€By, n \jeI

Combining the three parts yields the claim. 0

4.4.5 Proof of Auxiliary Lemmas

Here we provide the remaining proofs of the auxiliary Lemmas and that handle
G and (T

Proof of Lemma[{.10. We start by using the definition and get

G (wo) = Var(h,(f) (X0, Z1y vy Ly, w))

80



4.4. Proofs

B 5 I{X; € Ag(zo,w)}
W{XZ JM&AW@H)

- 5 ]I{X S Ak .TO
v J- ’ ‘
o (Z " T{X; € Ag(zo,w)}
+ Var (

o gJ]I{X € Ay(xg,w)}
3 el x|

Tn H{XJ € Ak(x(),W)} 2
j; (Zjil H{Xz € Ak(l’o,w)}) Var (gj | vala . ’Xrn)]
_ > {X; € Ap(wo,w)}

_<Zi:1 I{X; € Ap(zo,w)})?
{3 {X; € Ap(xg,w)} >0}
S (X € Ag(wo,w)}
=0’ I i X € Ap(wo,w }>0}
_a]E_E{ S X, € Ag(wo, w) ‘ H

=K

Xlu"'7X1“n ]

=K

= o’E

=o’E

< o’R 2 }
_(Tn + 1)pay (w)
2k+1

=7 (rn + Dex

by using the second part of Lemma which is Lemma 4.1 by (Gyorfi et al.| (2002) for
the Binomial distribution with parameters r,, and p,,(w). O

Proof of Lemma[{.11. With (2.17) we have

(1'w(T0) = Var(ha (Zl))

For the conditional expectation we obtain

h;ﬁ)l(zl)zlﬁz[h@(zl,... Zpww) | Z1]

e SJ]I{X € Ap(zo,w)}
-k Z S X € Ap(zo,w )}‘Z1

i 5 ]I{X € Ak(l'o )} |: ]I{Xl € Ak(l'g
—E J 21| + e - )Z
Z 1 H{Xz S Ak(x()’ )} 1_ ! Z H{X € Ak('r(h !
]I{Xl € Ak(ZL’(),
— ‘X
B lz (X, € Akm, !
since €7 is independent of w, X;,..., X, as well as 9,...,¢,,. With the first part of

Lemma [2.14] we get for the conditional expectation that

£ {zﬂ{)ﬁ; . M
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]I{Xl c Ak(l‘g, ‘X
1+, X, EAk(xo, !
I I[{Xl € Ak(l’o, )
—E|E X X
1+ 30 I{X; € Ap(zo,w)} ) LY ‘ !

=B :H{Xl € Az, w)}E {1 3 H{Xt € Ay (zo, ’ w} ’ Xl}

_E|1x e Ak(azo,w)};))\(rn,pxo(w)) | Xl}

T Do (W

and thus

€ € —
hin(Z1) = B [{X1 € Ax(w0,)}Pag (@)~ Al (@) | X1]
which yields the first claim. Since A 1 18 centered, we get

(o) = Var () (21))

— ZE[E[HX: € Auw0,0)}pay (@) N 2y (@) | X1)’]

n

_ ‘7_2 { X1 € Ap(wo,w1) N Ap(z0, w2) }
= [ Do (@)oo (@2)

2
™

A(rn,pm(wl)»(rn,pxo(w?))] ,

and

I{X; € Ap(xg,wr) ﬂAk(ﬁﬁo,Wz)}} _ o’

it < B [ el

n

because A(h, &) < 1 and

{X, € Ag(xg,wr) N Ag(xg,w2)}
Pz (wl)pmo (WZ)

o?
(1w(mo) > r_2E [ } Arp, cx27F)?
2

g

= T—Q\I’k(xo))\(rn, CXQ*’“)2

because p,,(w) > cx27*.

82



Chapter 5

Confidence bands for centered purely
random forests

Theorem from the previous chapter allows for the construction of pointwise confidence
intervals for the regression function m at a fixed point xy. This chapter is dedicated to
confidence bands, which are a uniform generalization of confidence intervals. We will
construct confidence bands based on the complete U-statistic version Uﬁl:?w of the CPRF
from Definition [3.2] While the primary focus is on the complete version of the U-statistic,
the extension of the results to the incomplete version US}E?NW from is feasible, see
Corollary The results leading to the main confidence band theorem further imply
a uniform consistency result for centered purely random forests and slightly different

versions of the pointwise results from the previous chapter.

These main results are gathered in Section [p.Il In Section [5.2] we will additionally
state a confidence band result for the kernel random forest version of the CPRF from
Section [3.4 The proof technique employed for the latter result differs slightly from the
technique utilized for the random forest result, yet it exploits the same auxiliary results.
As a byproduct of our proof technique, we will include a confidence band result for the
histogram estimator in Section [5.3] This particular result is, to the best of our knowledge,
a new addition to the literature. In Section [5.4] the distribution of the supremum of the
Gaussian process is analyzed, a critical component in the construction of asymptotic
confidence bands. The chapter concludes with an outline of the proof strategy in Section
and the collection of all proofs in Section

As previously mentioned in the introduction, Theorem by |Chernozhukov et al.
(2014b)) is a fundamental component of our proof. It is noteworthy that there exists addi-
tional literature addressing the approximation of the supremum of an empirical process,
for instance, more recently by |Giessing| (2023)). For the proofs in our work, the result by
Chernozhukov et al.| (2014b) is sufficient.

In a connected article, Chernozhukov et al. (2014a)) illustrate how the approximation by
a Gaussian process can be employed to prove confidence bands for general nonparametric
density estimators, even in the case where the supremum of the empirical process has no
limit distribution. The results on asymptotic confidence bands presented in this chapter
will also not be based on an explicit limit distribution.
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Chapter 5. Confidence bands for centered purely random forests

In the introduction we already mentioned that a more classical proof method for confi-
dence bands exists. This method utilizes a uniform approximation of the empirical process
by a Gaussian process, instead of the approximation of the supremum that is sufficient
for constructing confidence bands. This classical proof method will be covered later, in
Section [7.2], alongside an explanation of its shortcomings in comparison to the proof of
this chapter. In particular, it will be demonstrated that the uniform approximation of the
entire empirical process with the current results in the literature has a larger error than
the approximation of the single supremum.

5.1 Main results

In this section we will state the main result that allows us to construct confidence bands
for the regression function. We still consider the regression setting from ({2.1)) with the
assumption on the density from (4.1)) and a Holder continuous m. We use the definitions

from (4.3), (4.4)), (4.8) and (4.9)). Let us define the function class
Fi = {fuor(z,8) | ©o € [0,1]P}, (5.1)
where
frok(x,8) == 0’1\11,;1/2(330)3Kk(x0, x), (5.2)
with
Ui (20) = E[Ky (w0, X1)?]
from (4.9) and K}, from (4.8]). In Section [5.4) we will explain that |F;| = Ns(k) for Ns(k)

from Section [3.3.1.3| Further let H(a, Cy) denote the set of all a-Hélder functions with
Holder constant less or equal to Ch.

Theorem 5.1 (Asymptotic confidence band for CPRF). Consider any centered purely
random forest with at most Ny(k) undividable sets defined in Section|3.3.1.5. Let o € (0, 1]
and for some ¢ < 1 assume that

ra/n <c and (5.3)
ap2 N(logn)?
Let qr € 2N and 4 < qg € N be such that

logn)?
N (e 10BR g 5.5
7 (k) Vs 7 (5.5)

5
2/qc (log n)_ -0 2.6
o , (5.6)
E [|e;[mex{omt6}] < oo, (5.7)

. . d .
Let Sy be a sequence of random variables with S; = SUP,cfo,1]p | Bi. fuo k|, where By is a
sequence of centered Gaussian processes indexed by Fi and with covariance function

Cov(Bi(fur)s Bi(fes i) = Wy 2 (1) Wy 2 () B [Kip (1, X1) K2, X1)] (5.8)
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Let ¢ be an estimator of o with
P (|6* — 0| > (logn)~?) — 0.
For ¢(B) = Fg'(1—B) :=inf{¢ e R: P(Sy < &) > 1 — B} denote

n

For Cy > 0 it holds that
liminf inf P(m(z) € Cy(x), Vo € [0,1]7) > 1 — 5.

n00 meH(aCrr)

The result provides confidence bands for m, but like the confidence intervals in Chapter
[], they depend on the function ¥;. We recall that we can approximate ¥, by Monte Carlo
simulation, if the distribution of X is known, otherwise one could use a bootstrap to
estimate the function. The distribution of w is more or less known from the partitioning
algorithm and can therefore be used in this approximation. The fact that W is not
constant means that the confidence bands do not have a constant diameter. The main
effect we will see is a smaller than average radius of the confidence band in regions of
the feature space where fx is relatively large. This can be seen from the definitions of
Ky (o, ) and Wi (zo) and the observation that p,, is strongly related to fx in the region
around xy. Note that the result holds uniformly for m in the class H(«, Cy). This satisfies
the definition of asymptotically honest confidence regions by |Li (1989).

A noteworthy aspect of the result is that it does not utilize quantiles of a limit dis-
tribution. Instead, the quantiles ¢ (f) are those of Sy, the supremum of the Gaussian
process By, and thus depend on k. It is common in the literature for confidence bands
to be based on a limit distribution, usually an extreme value distribution, see e.g., Bickel
and Rosenblatt (1973)). The structure of our result has two advantages. First, we do not
need to know the limit distribution of S;. In particular, it is not even necessary that a
limit distribution exists. The second advantage is that using a limit distribution adds
another error term. The application of the Gaussian approximation in Theorem will
show that the distribution of Sj is close to the distribution of the leading term of the
uniform stochastic error ||U$2n7w]|oo, see , when appropriately standardized. How-
ever, a potential limit distribution of S; may be less close to this term, depending on the
convergence rate of Sy.

Before discussing the assumptions in the theorem, various effects on the radius of the
confidence bands, and the estimation of o, we state two corollaries, for the two types of
CPRFs we introduced in Section [3.3

Corollary 5.2 (Asymptotic confidence band for the Ehrenfest CPRF). For the Ehrenfest
CPRF let o € (0,1] and assume that holds and that

n(logn)?
ok(it2a/p) 0.

Further let qr € 2N and 4 < qg € N and be such that

2
rn
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k 5
e 2ilgn)
n

Let &, ¢, (B) and C,, be as is in Theorem for w distributed according to the Ehrenfest
partition. For C'yg > 0 1t holds that

liminf inf P(m(x) € Cy(z), Vo € [0,1]7) > 1 — 5.

n—00 meH(a,Cp)
The corollary for the Ehrenfest CPRF follows directly from Theorem[5.1] by noting that
Var = 0(27%), N¢(k) < 2% and using d(Ay(z,w))* < 279%/P almost surely. If gz and g are
sufficiently large, the assumptions are satisfied, for instance, by k = [log,((log n)%ﬁ)J

and 1, = |cn], if ¢ € (0,1). The choice of k is similar to that in Corollary [4.6] but
r, = O(n) is eligible here. This parameter choice implies that the rate of the radius is

Ck(ﬁ)\/m =0 (\/10g2 ((log n)%zﬂﬁ) (log n)3n‘p35a>
—0 (\/(1ogn)4n—pi%a) |

because cx(f) = O(VE), as mentioned later in (5.43). Compared to the asymptotic
standard deviation in Corollary[1.6], this is larger in the logarithmic term. The corollary for
the uniform CPRF below requires slightly stronger assumptions, similar to the pointwise
case.

— 0,

Corollary 5.3 (Asymptotic confidence band for the uniform CPRF). For the uniform
CPRF let a € (0,1] and assume that holds and that

p—1+272\* n(logn)2ke-b
p 2

Further let qr € 2N and 4 < qo € N be such that
281 (log n)?

— 0.

92kp/ar — 0,
Tn
k.(p—1 5
24 28k (log n) Lo,
n

E Ugl‘max{qch}] < 00.

Let &, ck(B) and C, be as is in Theorem for w distributed according to the uniform
partition. For Cy > 0 it holds that

liminf inf P(m(z) € Cy(z), Vo € [0,1]7) > 1 — 5.

n—o0o0 meH(a,Cr)

Corollary [5.3| follows directly from Theorem [5.1| by noting that N;(k) < 2" and using
the bounds in (3.23)) and (3.25)) which imply

Eo(Ax(r,w)F = O ((u>>

p
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and Vayi 2 2=FE==1)_ If g and ¢¢ are sufficiently large, the assumptions are again
satisfied by a parameter choice similar to the pointwise CLT in Corollary 4.7 For ¢ €
(0,1), we choose r, = |cn| and k = |log,((n(logyn)P*?)1=¥)| for v as in Corollary

with 0 < v < 22ip' We note that r, = ©(n) is eligible again. This parameter choice,

cx(B) = O(Vk) and (3.25)) imply that the rate of the radius satisfies

U (z)

n

_of JF Vs
n
ok —(p—3)/2
n

© (\/((logz n)P+2)1 logy ((n(logy n)p+2)t—v) "¢~/ nu)
=0 (\/<10g2 n)’/(p+2)+(p+7)/2nl’> ,

which is again larger as in the pointwise case in Corollary We note that the bound
for v implies that the rate is worse than that of the Ehrenfest CPRF.

We continue with the discussion of the assumptions in Theorem [5.1} The two corol-
laries above allow us to consider the assumptions for the two specific CPRF types.

cr(B)

Assumption This assumption is not a major restriction at all, and it is important
to note that it allows r, = cn, which is not possible with most asymptotic results from
the literature. This is the maximum possible rate for r,, since it cannot be greater than
n. In the context of data dependent random forests, it is common to employ bootstrap
subsamples of size r, = n. The bootstrap subsampling implies that the number of distinct
observations in the subsample is less than n. Nevertheless, the expectation of the number
of distinct observations remains constant with respect to n. Therefore, the case r, = cn
is highly relevant for random forests.

Contrary to our assumptions, in the literature it is sometimes assumed that r, is
not too large compared to n in order to prove asymptotic normality. See for example
Mentch and Hooker| (2016, Theorem 1). This is done to ensure that the first order terms,
i.e. the Hajek projection, dominate in the Hoeffding-decomposition of the U-statistic. In

Theorem [2.13], the assumption

Tn
n Ty =0
captures this necessary dominance. In this chapter we use a different proof technique
than in the pointwise case to show that the Hajek projection (or a similar term) is the
leading term. Our more direct proof technique allows us to weaken the assumptions on
the tuning parameter r,, with respect to n.

Tn

Assumption ([5.4) Thisis an undersmoothing assumption similar to (4.13)) in the point-
wise case. The only distinction between the two is the presence of a logarithmic term. It
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is important to note that this assumption involves a single x, which is sufficient to control
the approximation error uniformly. In the proof of the bound for the approximation error
in Section [5.6.10.2] we will exploit that

ﬁ S 0(Au(mo,wn)® ~ E[p(A(zo,w)°]. (5.10)

IGBrn,n

Tn

The term on the left hand side is an upper bound for a relevant part of the approximation
error. We will utilize that its difference to the expectation on the right hand side of
is negligible. The tree construction of the CPRF implies that d(Ax(z1,w)) < 0(Ag(z2,w))
for all z1, x4 € [0,1]P. Thus,

E | sup L Z 0(Ax(xo,wr))*| = sup E[p(Ak(zo,w))?] = E0(Ak(xo,w))?]

n
xz0€[0,1]P (Tn) 1€By, n x0€[0,1]P

will be the relevant term for this part of the approximation error. This explains why the
condition does not depend on the choice of x. In comparison, a single regression tree
estimator lacks the averaging in I and thus, its approximation error bound involves

E

sup 0(Ax(zo, w))”‘] .

z0€[0,1]P

This illustrates how the random forest profits from the averaging of many trees and why
its uniform approximation error is smaller than that of a single regression tree with n
observations.

If the diameter has the optimal rate 27%/7 and V., = ©(27%), which is the case for
the Ehrenfest forest, the assumption simplifies to

pn(logn)?

E(A(r, )] e

< n(logn)?2-F0+2/p) ),

For the uniform CPRF the exponent of 27% is even smaller, it is effectively

p—1+2a)

1+10g2( ,

instead of (1 4 2a/p) and additionally the logarithmic terms are larger.

This is the only assumption directly depending on p as p affects the diameter and
thereby the bias. To illustrate this interaction, we focus on the Ehrenfest case. For a
finite sample size n let us assume that for some p; we have that

n(logn)*
oki(1+2a/p1)

for some k > 0. If we have a p, > p; and would want the fraction to be equal to the same
k we need to choose ky accordingly. We need that

ok1(14+2a/p1) _ gk2(1+2a/p2)
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< k(14 2a/p1) = ka(1 4+ 2a/po)
p1p2 + 2pacx

S ky =k )
2 1p1p2 +2p«a

If we have an appropriate k for p; = 2 and we want to find a k£ that meets the assumption
in the same way for p, = 4 we need to increase k by a factor

pip2 +2paar - 8+ 8«
pip2 +2pic 8 +4a’

which is equal to 4/3 for a = 1.

Assumption ((5.5) The reason for this assumption is the necessity to bound the uniform
difference of Uy, . to its Hajek projection. In other words, it is required to ensure the

dominance of the first order terms in the Hoeffding-decomposition. These first order terms
can be handled by empirical process theory. Using a higher order approximation for the
distribution of Uffgmw might circumvent this assumption for confidence band construction,
but it requires a more sophisticated proof technique, possibly involving U-processes.

Without the logarithmic terms, assumption ([5.5)) means

1

Note that the assumption implicitly depends on p via Ny(k). Since N(k) increases with
p, we need higher moments of the errors for greater p. This is similar to Chao et al. (2017,
Theorem 2), where b; controls the tails of the errors and needs to be greater for greater
p. If we can choose qr large enough, roughly means that r,V, — oo is required,
which implies

2" frn < Vit — 0. (5.12)

In particular, this means that a single tree is consistent. Consistency of a single tree triv-
ially implies consistency of the random forest. It is not clear whether the considered forest
is consistent with inconsistent trees. Nonetheless, in the case where both are consistent,
the random forest has the faster convergence rate, as already discussed in Section [4.1

We note that 28 = O(r,,) is necessary anyway, because otherwise the number of empty
cells in a tree partition increases in n. This means that the only relevant case that
contradicts (5.12) is 28 = ©(r,,). Recalling the assumption r,, < cn, this allows for most
reasonable choices for r,,.

Results in the case 2% = ©(r,,) would be desirable for different types of random forests,
since their construction often leads to a constant number of observations in each cell.
Transferred to the purely random forest case, this corresponds to 28 = ©O(r,). The
discussion above indicates that for results in this regime, it may be necessary to use more
than the first order terms in the Hoeffding-decomposition, since they are not necessarily
dominant in this case. We have already explained why this is more difficult for asymptotic
confidence bands, but for variance estimation of incomplete U-statistics, higher order
terms have already been used by |Xu et al. (2024), who also applied their results to
random forests.

89



Chapter 5. Confidence bands for centered purely random forests

For purely random forests, we cannot control the number of observations in the cells
directly, but only through the tuning parameters k£ and r,,. Therefore, an assumption like
(5.5)) is necessary. We will briefly explain how it ensures non-empty cells. Notice that
2% <V and 28 < Ng(k) directly implies

k(142 2 2
ok( /QR)(log n) < Nf(k:)Q/‘JR (logn) o
Tn Tnvﬂ,k

Hence
log(n(log n)QQQk) < 22k/q"’~(log n)2 = o(rn/Qk),

which ensures that
n(log n)QV&}C(l —cx27F)? < nlogn)?2% exp(—2cxr,/2F) — 0. (5.13)

The term (1 — cx27%)*" corresponds to the probability that a cell is empty, and the
above convergence is necessary so that the union bound of these probabilities is negligible
compared to the asymptotic variance.

Assumption (5.6) Omitting the logarithms, assumption (5.6)) simplifies to
Vm,kn1’2/qc" — 0.

For both CPRFs, V- has a rate 277, at least up to terms polynomial in k. Note that
Vax < 277 requires that n grows at a rate exceeding 2¥. We recall that 27#/P is comparable
to a bandwidth for kernel estimators, which illustrates that is similar to standard
assumptions. The exact rate by which n must exceed 2* depends mainly on the existing
moments captured by gs and further on the exact rate of Vn; and the logarithmic terms
from the assumption.

Assumption (5.7)) The last assumption for the noise is fulfilled for all sub-Gaussian
distributions and therefore includes multiple classes of distributions. It is related to the
previous two assumptions. Depending on the existing moments of ¢, these assumptions
control which regimes of tuning parameters can be used, or vice versa, which moments
have to exist in these regimes.

The radius Finally, we discuss the radius of the confidence bands. Besides Wy, it is
determined by n, o, and ¢,(f). The dependence on ¢ is rather intuitive, as is the typical
dependence on n, which is proportional to n~%/2. The bounds in yield Uy (z) =
O(2%V 1), which has rate 2* for the Ehrenfest forest. Hence, for the Ehrenfest forest the
radius has rate ¢ (5)+/2%/n for a fixed p. In we will observe that c;(3) = O(Vk).
For the uniform CPRF, the rate of V-, is smaller by a term polynomial in k. Nonetheless,
we cannot make a clear statement about the relation between the two radii, because the
quantiles ¢ (8) for the Ehrenfest and uniform CPRF are not the same. In the simulation
study in Chapter [6] we will observe that the uniform CPRF leads to smaller radii, which
is an advantage.
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Throughout our work, we assume that p is fixed. Nevertheless, we want to discuss how
the radii behave for different p. If k is fixed, a greater p implies a smaller V; and thus a
smaller radius of the confidence bands. In the calculations for the Ehrenfest CPRF, this
effect is captured by the lower bound

mG > 9—ko=p(p+1)((A=B)+pB)

For the uniform CPRF, the bound from (3.25)) shows a similar effect. The reason is that
there are more possibilities for the two partitions to differ, leading to a smaller intersection.

Earlier we argued that one would need to increase k for a larger p to satisfy the
assumptions with a similar quality in a finite sample case. This increase in k£ then increases
the radius of the confidence bands. Because of the overlap of the two effects, we cannot
make a clear statement about the overall effect on the radii.

We have already mentioned that the radius of the confidence bands is directly propor-
tional to the variance of the errors. This leads us to the required estimation of o when its
value is unknown. However, if the true variance, denoted by o2, is known, then Theorem
holds with ¢ replaced by o, and no estimator is required. One method of estimating
the variance is to use the residuals of an estimator. The following lemma demonstrates
that a variance estimator based on the residuals of the two random forest variants satisfies
the assumptions of Theorem [5.1]

Lemma 5.4. Assume that E[e]] < oo and let

&o=Y, - URY (X))

N, T W
n
1
and 6% ;= — E £2.
n-
1=1

There exists a constant C independent of n, k and r, such that

—1
P15~ 0% > ) < (BloCue)) P + Ny (h) ()
2k 22k
F(l—ex2) = n_1/2>. (5.14)

To fulfill the assumption on & in Theorem we need that the right hand side of
converges to zero for k = (logn)™2. For the uniform CPRF (3.23) shows that
E[p(Ak(z,w))?] = O(ck ) for a constant ¢, < 1. Under the assumptions of Theorem
we have

(log n)2c’;7a — 0.

For all the other terms from (5.14)) we can argue similarly under the assumptions of
Theorem (.11

In applying the confidence bands in practice, it is not necessary to use a variance
estimator based on the residuals, despite the fact that it fulfills the assumption from
Theorem A noteworthy alternative are estimators that are not based on an estimator
of m, see e.g. Miiller et al. (2003) or |Shen et al. (2020). The primary advantage of these
estimators is that their quality is not tied to the quality of the estimator of the regression
function. An estimator of this type will be utilized in the simulation study in Chapter [6]
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So far in this chapter we have considered the complete generalized U-statistic. The
following corollary applies to the incomplete generalized U-statistic.

Corollary 5.5. In addition to the assumptions of Theorem[5.1] assume that

n(logn)?

N3 (k) ——=—
f( )N22kvm,k

— 0. (5.15)

Consider U™ () from equation (2.11) on the event {N > 0}. For

n,rn,N,w

V()

R . Uy (x
cmN@>=[Uf$aM@»—wwAB> () ) + oe(B)y) D

n

it holds that

liminf inf P (m(z) € C,n(x), Vo €[0,1]7) > 1—F.

n—00 meH(a,Cp)

We only consider the estimator on the event {N > 0} because otherwise we would
use an empty random forest. The corollary shows that the incomplete version of the U-
statistic can still be used to construct confidence bands provided that N is large enough.
The assumption on N is similar to its counterpart in Theorem . The
additional N%(k;)(log n)? leads to a stronger assumption, which is necessary because the
result is uniform. The term Nf(k‘) is a consequence of the utilized union bound, and
(logn)? is required because the uniform error is larger than the pointwise error by a
logarithm. For the Ehrenfest forest with independent covariates, the condition simplifies
to
nlogn)® 1 _ 2kn(logn)?

N?(k -
7(k) 226y, N~ N

— 0.

In practice, it may not be necessary to select N as large as the condition demands. The
simulations in Chapter [6] will suggest that a smaller N is sufficient in practice.

The collection of auxiliary results leading to Theorem implies some more results
not directly related to confidence bands. For a fixed z(, we obtain a different bound for the
mean squared error and asymptotic normality under different assumptions than in Chapter
M Furthermore, the results used for the confidence bands yield uniform convergence of
the random forest estimator. We present the two pointwise results first, followed by the
uniform convergence result.

Corollary 5.6. Consider a CPRF from Definition[3.9 and suppose 0 < cx < fx < Cyx,
E[e2] < oo, 28 < 7, < n and m is Hélder continuous of order o € (0,1]. It then holds
that

E | (U, (w0) = m(x0))’]| = O (B p(Aklwo, w))*?) + O((1 = ex27))

2% 2%k k .
o) (2 V””“) Lo (2—) o) (2— (*2) ) . (5.16)
n T T \ T
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The result above is similar to Proposition . We additionally assume that 2¥ < r,
which is a necessary condition for convergence anyway. The first two terms on the right
hand side of , which correspond to the approximation error, are the same. The main
difference is a different bound for the stochastic error that is captured in the last three
terms. Compared to Proposition the last two terms replace an O(2%r, /n?) term. In
the proof of Proposition , the bound for the stochastic error in was

2 2
Var(Ur(fzmw(xo)) < %Cﬁw(af;o) + %Cﬁn(:co) =0 (2*Voi/n) + O (25, /n*) . (5.17)

The first term is the same in and corresponds to the first order term of the Hoeffding-
decomposition or the Hajek projection, respectively. The second term is a bound for the
variances of the higher order terms from the Hoeffding-decomposition. In this chapter
we use a more direct bound the difference between the stochastic error and its Hajek
projection. We call their difference the projection error, which is further decomposed into
two remainder terms R,(i;mw(xo) and Rgz«mw(xo). Lemma and Lemma provide
bounds for the variances of these terms and lead to the result above. If r,/n < ¢ < 1, the

last term in (4.23) is
2k Tn 2k
O <— (T—n) ) =0 (— exp(ry logc)) :
T \ N T

which converges to zero faster than the other terms under appropriate assumptions. Thus,
it remains to compare the term O(2% /(r,n)) from (4.23) with O(2*r, /n?) from Propo-
sition [4.1] Their difference is reflected by the difference between 7, /n and 2*/r, and in
general it depends on r,, which term is smaller. However, in the case r, = ©(n) the new
result yields the better rate. In particular, it gives a rate for the stochastic error, that
is better than the stochastic error rate of a single regression tree in this case, which was
not the case in Proposition [£.1, When applied to the two specific types of CPRFs, the
same choices for k as in Corollary can be employed, but unlike there r, = ©(n) is a
permissible option in both cases. We proceed with the central limit theorem.

Corollary 5.7. For any fized x¢ assume that r,/n < ¢ for some ¢ < 1 and Ele3] < co. If

1
—0 5.18
Vﬂ,krn ’ ( )

2k okyy1
. log (n2 vmk) — 0, (5.19)
E[o(A a12_1 5.20
[0( k(LU(),u.J)) } QQkVﬁ,k — 07 ( )

it holds that

— " (URD) (20) — m(zg)) '
0'2\Ifk($0) (Un,rn,w( ) ( )) — N(O, 1)

Under the additional assumption

n
0, 5.21
N22EYV (5:21)
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it holds that
_n (U(RF) (o) — m(:t:o)> 4 N(0, 1),

O'Q\I]k ($0) n,Trn,N,w

As was the case with the preceding corollary, the present result is compared with
its counterpart, Theorem [4.4, The emphasis of the comparison is placed on the second
assertion, as it relates to the incomplete U-statistic case. The assumptions ,
and (5.21)) are the same as in Theorem . Previously, we required E [€8] < oo, which
was a consequence of the assumption on the U-statistic kernel in Theorem [2.13] Thus, the
assumption on the moments of the errors is weaker here. In Theorem [1.4 we additionally

assumed that
T'n

—— 0 5.22
Tl2ka’]g ’ ( )

and here we assume that r,/n < ¢ < 1 and n, vt — 0. The previous assumption implies

that

e

n ~ n2kVq 7
which is more restrictive than 7, /n < ¢ < 1. The reason for the difference between ({5.18)
and are the different bounds for the stochastic error employed in the previous
chapter and here. In the discussion of Corollary [5.6] above we already explained their
differences and the reasons. The bounds in (5.17)) and (5.16|) differ only for the variance
of the higher order terms of the Hoeffding-decomposition. For the central limit theorem,
dominance of the first order terms in the Hoeffding-decomposition is required. To ensure
this dominance we need with the bound in , as opposed to with the
new bound. To put into perspective, we note that

Vﬂ,k Z 2—]€k—(p—1)7
for the uniform CPRF and V; = ©(27%) for the Ehrenfest CPRF. Thus, it implies

k.(p—1)
1 < 25k
Vﬁ,krn ~ 'n

— 0. (5.23)

In both versions of the central limit theorem we need that

ok ok
— log (nQ_QkV&}g) < - log (nQ_kk(p_l)) — 0,

Tn n

which already is an assumption on the rate of 2¥/r,,. The new assumption , which
leads to , is only more restrictive in the terms of order k or logn, respectively.
Therefore, one can argue that the collection of assumptions in Corollary [5.7] is less re-
strictive than that in Theorem [4.4] since 7,,/n < ¢ < 1 is eligible here. In Remark we
already discussed that this might be possible, because the main assumption on r, and n
in Theorem by [Peng et al.| (2022)) can be weakened. However, this seemed difficult
due to the sharp bounds required throughout several proofs. The last result in this section
is the uniform convergence result for CPRFs below.
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Corollary 5.8 (Uniform convergence of a CPRF). Consider a centered purely random
forest with at most N¢(k) undividable cells. Assume r,/n < c <1 and r,/k — oo. Let
v >4 with E[|e1]"] < co. For any qr € N with E[|e;|77] < oo it holds that

U5 = mlloc

N, W

_0 <2k ((logn)3/2 N Vé{,j‘(logn)wL N Vé/,f’ logn))
= Op

ni-1/v n3/4 n2/3

22k 92k
+0 (\/M> +Op | | =Ny (k) an
n Tl

—1/2
+ O (E[O(Ak(x, W) + Ny(k) (”) ) + Op(2F(1 — ex 27Ky,

n

This result is noteworthy because most convergence results for random forests algo-
rithms in the literature are pointwise. The uniform convergence holds in more regimes
than the ones in which we can construct confidence bands. We mainly need that 2% — oo,
2¥/n — 0 and 2% /(r,n) = o(N;(k)*%) up to logarithmic factors. The latter depends
on the moments of the errors. If all moments exist it suffices that 2%/r, = O(1) and
2% /n — 0 up to logarithms. The last term in the corollary corresponds to the union
bound of the probabilities of empty cells in a regression tree. To ensure that this term
converges to zero, it is sufficient that 2% /r,, = o(k~'). Remark below shows that this
is a necessary condition.

Note that all but two of the terms are similar to those in Corollary [5.6l The first
term has no counterpart, because it corresponds to the Gaussian approximation of the
supremum. The other terms are slightly different, because this is a uniform result. The
disparities are consequences of union bounds and the vk in the first term is caused by
the supremum of Gaussian random variables.

In the context of data dependent forests, where empty cells are typically not permitted,
the last term will not occur and thus 2¥ = ©(r,) might be sufficient, as we already
discussed earlier. This suggests the possibility that a random forest consisting of non-
consistent trees can achieve uniform consistency.

5.2 Confidence bands for kernel random forests

In this section we present a confidence band result for the KeRF estimator

B doren,, » 2jer ViI{X; € Aw(wo, wi)}
ZIGBrn,n > ier HX; € Ap(wo,wr)} '
from Section The different structure of the estimator compared to the random forest

will in general lead to a different Gaussian process in the asymptotic distribution of the
supremum. Let

U(KRF) (930)

0,7, W

Ki(0,7) = E [[{z € Ay(wo,w)}] py,
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and
Dy (z0) := E [Ky(m0, X1)?] = E [I{X; € Ap(,wr) N Ap(z,w2)}] py2. (5.24)

Further we define ) )
]:/C = {favo,k('r? S) | o € [07 1]p}
for ) ]
fmo,k(x> S) = Uﬁlq)lzl/Q(wo)SKk(Q?o, .I')

Theorem 5.9. Assume that the same conditions as in Theorem hold, but with as-
sumption and assumption replaced by

2
.| n(logn)?
E a:jeﬁ)%? Ié?g?fna(Ak(xO’”f)) 22k—mG —0 (5.25)
2k (1 3
and J\ff(l<;)2/qRM — 0. (5.26)
n

. : d ; .
Let Sy be a sequence of random variables with S; = SUP,cfo,1]p | Bi. fx k|, where By is a
sequence of centered Gaussian processes indexed by Fi and with covariance function

Cov(Bu(fars): Bie(fanit)) = @ 2 (21) @, V2 (22)E [Ky (w1, X1) Ky (2, X1)] -

For c(8) = Fs_kl(l — B) denote

It holds that

liminf = inf P (m(z) € CY (x), Vo € [0,1]") > 1 - 5.

Assumption that replaces is more restrictive, because we need a bound for
the expectation of the maximum diameter instead of a single diameter. In the proofs, we
will see that the averaging over the wy in the weights of the standard random forest reduces
the approximation error to the pointwise diameter. Due to the different weight structure
discussed in Section [3.4] this is difficult for the KeRF. In particular, the assumption
implies that with the result above the confidence bands of the KeRF do not work for the
uniform CPRF.

Compared to Theorem , assumption ((5.26)) replaces assumption (5.5). The latter
is needed to replace the random denominator in the proof strategy of Theorem [5.1 The
random denominator for the KeRF is different and outside of both sums. We need the new
assumption to replace this new denominator with its expectation. This is captured
in the term 4, (zo) in the proof. The new assumption is weaker because 2F < Va, . and
rn < n. For the term d,,(zo) we do not need to show that it converges to zero faster than the
asymptotic standard deviation. It suffices to show that it converges at a logarithmic rate,
because the term is multiplied by the other remainder terms. In the proof of Theorem [5.1]
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5.3. Confidence bands for the histogram estimator

the term Rﬁi,)«n,w is an additive remainder term and therefore needs the faster convergence
to zero.

Further, we observe that the Gaussian processes and the confidence bands differ due
to the replacement of ¥, by ®, in the definition of the function classes. In general,
these functions are not the same because of the different estimator structure. In Section
3.4 we noted that [Scornet| (2016b)) showed that the term in converges to zero
for centered random forests when X is uniformly distributed and the depth k satisfies
k = O((logyn)/3). Our results illustrate a similar effect in the asymptotic behavior. The
uniform distribution of X implies that

Pao (W) = Day = 27"

and thus ¥, = ®;. The equality of the functions means that Gaussian processes in

Theorem and Theorem [5.9 are the same.

5.3 Confidence bands for the histogram estimator

We want to add a result for the histogram estimator defined in (2.2). The result is not
directly a corollary of the results for the random forest but one can use the same proof
technique in a less complex case. We note that V(As(xg)) = 67 for all xy. Like a regression
tree the estimator is piecewise constant and relies on a partition of the feature space, which
leads to the similarity in the proof. We obtain the following confidence band result.

Theorem 5.10. Let o € (0,1], consider a histogram regression estimator and assume

that
ndPt**(logn) — 0. (5.27)
Further let qg € 2N and 4 < qg € N be such that
logn
R (5.28)
M/ch -0 (5.29)
orn
E [|e;|m{m963] < oo, (5.30)

Let (Z;)jen be i.i.d. standard normal distributed random variables. Let c5(5) satisfy

(o 12 < ) =19
J

=1,...,6~P
and let 6 be an estimator of o with
P(|6* — 0% > (logn)~?) — 0.
For p,,(6) = P(X; € As(xo)) let
Culw) = [ (x) — Ges(B)(po(0)n) ™2 v (2) + G¢5(B) (pa(6)n) /2] .
For Cy > 0 it holds that
liminf inf P(m(x) € Cy(z), Vo € [0,1]7) > 1 — 5.

n—00 meH(a,Cp)
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Chapter 5. Confidence bands for centered purely random forests

The structure of the results is very similar to the random forest confidence bands. For
the histogram the assumptions are less complex. Assumption on the moments of
the errors is similar to its counterpart in Theorem [5.1] If enough moments exist, the main
assumptions are up to logarithms that

noP+2e 0 and

no? — 0.

The first assumption is an undersmoothing assumption and the second ensures that the
estimator is smooth enough to be consistent. These are not contradictory, but as p
increases, the assumptions become more restrictive. In the random forest case, this is
the same for 2¥ and n. If X; ~ U[0,1]? we have p,(d) = 67 and hence the radius of the
confidence band is

ocs(B8)(nd?) 2.

We are not aware of any other confidence band result in the literature for the histogram
estimator in the multivariate or univariate regression case. However, the structure of
the histogram with fixed deterministic cells might imply that the difference in the proof
from the univariate to the multivariate case is minor. The first result for the histogram
is for univariate density estimation by Smirnov (1950). In addition to the the different
estimation problem, this result differs from our result in another crucial aspect. The
asymptotic bands rely on an extreme value distribution that is independent of §. Instead
our result provides bands that are contingent on 9, similar to the random forest bands
that are dependent on k. Thus, the knowledge of the limit distribution is not necessary,
and the accuracy of the bands does not depend on the rate of convergence to that limit
distribution.

5.4 The distribution of S;

In this section we will analyze the distribution of S, = supsez, |Brf|. This distribu-
tion and especially its quantiles c;x(3) = Fg '(1 — j3) are of interest because shows
how they directly affect the radius of the confidence bands in Theorem The two
main objects that characterize the distribution of S, are the function class F; and the
covariance function of the centered Gaussian process By f. The covariance function is of
interest because it directly affects the distribution of the supremum. In one extreme case,
the process consists of uncorrelated and thus independent Gaussian random variables.
Consequently, the distribution of its maximum has heavier tails compared to the case of
positively correlated random variables. Thus, it is evident that the covariance function
affects the distribution and especially its quantiles.

We will first analyze the function class and then we will consider the covariance func-
tion in the case where X is uniformly distributed. The results regarding the covariance
will be of use in Chapter [6] as the same uniformly distributed X will be employed therein.
Especially, the results will be helpful to approximate the distribution of S, by a Monte
Carlo simulation. Figure[5.1|shows the estimated density of Sy for £ = 5 and the densities

of
n
[ y®©
0_222ka & ||Unfrn,w||00
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Figure 5.1: Estimated densities of standardized |]U7(,,€2nw\|oo for different n and Sy, both
for k = 5.

for £ = 5 and different values of n. All densities are estimated by a Gaussian kernel
density estimator with the same bandwidth. The density of ||Uy(f,znu,||C>o is estimated based
on 1000 copies of the supremum for each n. For Sy, the more efficient simulation described
in Chapter [6] allows to use 100000 copies of Sy, for the density estimation. We observe
that the densities get closer to that of S; as n increases. We omit to present the exact
values, but the Cramér-von-Mises and Kolmogorov-Smirnov distances of the estimated

densities to the estimated density of S, both decrease monotonously in n.

5.4.1 The function class F;
For fuox € Fi defined in (5.2) and (5.1) we have
frok(x,8) = a_lswgl/Q(xo)Kk(xo, z) = 0 'SE[Ki (0, X1)?] V2 Ky (20, )

with
Ky(wo, ) = E [{z € Ay(wo,w)}ps,(w) '] .

This shows that the functions f,, x in the class Fj, only depend on zg via the cells Ag(zg,w).
More precisely, zo only occurs as an argument of A, within the definition of f,, .
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Chapter 5. Confidence bands for centered purely random forests

In Section [3.3.1.3| we studied the behavior of the undividable cells of centered purely
random forests. Since there are finitely many of these cells the function class is, in fact,
finite. This is the case because

Ap(x1,w) = Ag(z2,w) Yw

if z; and x5 are in the same undividable set. We choose the set X}, such that it contains
exactly one element of each undividable cell. This implies that

Fio = {faoo | o € (0,17} = { foo | 0 € A}

for &, from Section and especially, this is why |F;| = N¢(k). For different function
classes that only depend on xzq via the Ag(zg,w) the same arguments apply. We note that
the function class can equivalently be identified by the set A} and therefore, the process
By, fzo.x can be interpreted as a process in Xj.

The finite size of the function class will be used in the main proof. For instance, it can
be used to bound the expectation of S, which leads to a bound for its quantiles denoted in

Theorem . Note that (5.43) from the proof of Theorem [5.1| yields that c(8) = O(Vk).

5.4.2 The covariance function
In general, the covariance of the Gaussian process is

Cov(Bi( far b)s Brl(fani)) = Wy 2 (@0) 052 () B (K (w1, X1) K (w5, X)) -
If X is uniformly distributed, i.e. fx = Ijo1p», (4.5) and Remark imply

= x)axr = To,W)) = -k
Pag () = / I = VA0, 0) =2

and thus p,, = 27%. For K}, its definition from implies
Ki(wg,7) = E[[{z € Ag(zo,w)}] 2"
and for Uy, its definition from (4.9) implies
Uy (z0) = E [Ky(wo, X1)*] -
= E[I{X, € Ap(wo,w) N Ag(z0, ws)}] 2%
= V22",
Once more, employing the uniform distribution of X, the covariance is
Cov(Bi(for ). Bi(froi)) = W (20) U (2)B (K1, X0) K2, X))
= Vg}cE {X; € Ap(x1,w1) N A (g, wa) }]
= giE [E[I{X; € Ap(x1,wr) N Ag(x2, ws)} | wi, wo]]
= giE [V (Ag(z1,w1) N A (22, ws))] . (5.31)
This means the covariance is equal to the expected volume of this intersection divided by
Vn and most importantly does not depend on X;. Following Definition [3.2] let S;(zo,w)

be the number of splits orthogonal to coordinate [ used in the construction of the cell
Ak<x07 W) .
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5.4. The distribution of S,

Lemma 5.11. It holds that

A\ (Ak<£ll'1, wl) N Ak(LEQ, UJQ))
— 9 >oP_, max{S;(z1,w1),5(z2,w2)}

p
5 H I { L:L‘gl)Qmin{sl(II’M)7SZ(I2’W2)}J _ ngl)2min{Sz(:v1,w1),Sl(:v2,w2)}J } ‘
=1

The lemma implies that the size of the intersection is determined by the maximum
number of cuts per direction, if the intersection is not empty. Further it is not empty if
and only if the [-th components of x; and x5 are in the same cell of the grid with cell size
2~ min(Su(@rw).Si@2w2) for all [ € {1,....p}. Using the lemma, we can calculate the size of
the intersection based on the number of splits per direction in the partitions created by
w1 and wy. This is helpful for the estimation of the covariances. For a fixed z1, x5 we only
need to simulate the number of cuts per direction.

Now we want to identify the positions in the covariance matrix with equal entries.
That means cases for (z;)i_,with

P (X1 € Ap(z1, w) N Ap(a2,w2)) = P (X1 € Ap(as,wr) N Ag(z, w2)) -

Lemma 5.12. Let I1(p) be the permutations of {1,...,p}. It holds that
P(X; € Ap(z1,w1) N Ag(z9,wq)) =P (X € Ap(x3,w1) N A4, ws))
& 3r e M(p) : (maxft € {0, .k} : [o2] = Lxngq})”

=1

- <max{t € {0,... k) : 2 D2t) = 2Dt J})

p
=1

The existence of the permutation in the lemma implies that the covariance is deter-
mined by the order statistic of

Cy(w1,2) = (macft € {0, k} + |2)2] = |22 J}); e{0,... kY. (5.32)

Let Q:,(j) (x1,22) denote the order statistic of the above vector, that is the increasingly
ordered version of € (z1, z5). In the unordered vector above each of the entries corresponds
to the finest 27*-grid on [0, 1] in which both xgl) and xgl) are in the same cell. We can
interpret the vector € (xq,x2) as the componentwise closeness of z; and x5 in this grid.
Larger entries imply that they are closer and the maximum closeness is € (xg, o) =
(k,.... k).

Let us denote

Qs = {(t,.. . t,) [t € {0, kVie {1,...phti <ty <...<t,}.

i ()

Further, it holds that C,(j) (x1,22) € Qg for all xy,z5 € [0,1]P. Hence there are at most
(k;p ) distinct entries in the covariance matrix. Again this is helpful for the estimation of
the matrix.

We know that
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Chapter 5. Confidence bands for centered purely random forests

Another implication of these two lemmas is that the volume of the intersection does
not directly depend on x; and x5 but rather their relation to each other. By relation we
mean the vector

p
o1, a00) = (max{t e {0,...k}: |2V2t] = (202t J})H .
The splits do not directly depend on z; and z5 as well. We note that

\Y% (Ak<£L‘1, wl) N Ak(mg, (JJQ))
=92~ >ob_, max{S;(z1,w1),5;(z2,w2)}

p
« H I { Ll_gl)2min{51(11,w1);Sz(m2,w2)}J — Lx(zl)2min{Sl($1’W1)’Sl($2’W2)}J }
=1

p
= 97 X max{Simen) St} TT {min{sl(xl, wi), Si(2,w2)} < € (@, m)}
=1

by the definition of €(z1,22). For any w let S(w) = (S;(w))}_; < (Si(zo,w))l_;. For a
fixed closeness of two points represented by ¢ € {0, ... k}? we denote

p
Vi (€, S(wr), S(ws)) =27 2= maxtSiln S} TT T fmin{Sy(wy), Si(w2)} < i} (5.33)
=1

We can use this to make another observation regarding the covariance.

Remark 5.13. We know that for £ and x5 the covariance of the Gaussian process at these
points is

1 1
—P (Xl S Ak(xl,wl) N Ak(JIQ,CUQ)) =—FK [V (Ak(q:l,wl) N Ak(fEQ,WQ))} .
Vok Vok

If the covariance is equal to one we have
E [V (Ak($1, wl) N Ak<l’2, UJQ))] = Vﬂ,k =E [V (Ak(l'o, wl) N Ak<£€0, CUQ))] .

Let the “relation” between €4 (z1,x2) = ¢ be fixed. The above implies that

E

2= 2oy max{Si(w1),Si(w2)} ﬁ I {mm{Sl (wl), S (CUQ)} < Cl}]
Vi (e, S(en). S(wn))]

(A (z1,w1) N Ag (22, ws))]
(Ak(ZL‘(), w1) N Ak (l‘o, WQ))]

=K

p

2 Xim ma{Siwn) 51} TTT {min{ Sy(wy), Sylwn)} < k}]
=1

& {2_25021max{sl(m),sl(wzﬂ} .
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This implies that
p
P (ﬂ {min{Sy(w:), Si(wy)} < cl}) =1
=1
and hence

P (min{S;(w1), Si(w2)} < ¢;) =1Vl e{l,...,p}.

Since w; and wy are independent we have
P(Si(wn) <) =11 € {1,...,p}.

Since the axes are interchangeable in the feature space and in the partitioning algorithm,
there would be a ¢* < k with ¢; = ¢* for all [ € {1,...p}. This directly implies that the
RF estimator is constant on all cells in the 27 grid because these cells are never split by
any partition. The limit Gaussian process is a process in the function class

Fio = {foo (2, 8) = O'_IV;;/QSP (x € Ap(zo,w)) | mo € [0, 1]7}.

If we know that the partition never splits certain cells it holds that f,, x = fs,r almost
surely if x1 and o are in one of these cells. Hence the two points in the feature space
correspond to the same function in the class and it suffices to consider one point in each
cell for the Gaussian process. This makes sense because for fixed k the process is the
limit of a sequence of estimators that are constant on these cells. In other words, the
estimation of the covariance gives as a method to determine the size of the undividable
cells.

5.5 Proof strategy

Similar to Chapter , we use the decomposition of the error from (3.13). The important
difference is that we need to handle the terms uniformly in zy. The error can be bounded
by
sup |USE), (o) — m(wo)| = [|US L — Ml
zo€[0,1]P Y Y
<O o = mlloe + [0S, wlloo-

n,Tn,W

For the stochastic error we will use a different proof strategy than in Chapter [ which
is necessary because Theorem is pointwise. For

Ky (z,2) = E [{ € Az, w)}pa, (w) ']

from (4.8)) let us denote

. 1 —
Uéitzmw(l’(}) = E ZEij(mej)' (534)
j=1
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Chapter 5. Confidence bands for centered purely random forests

This definition is based on the Hajek projection from 1} of the U-statistic Ur(ﬁmw(xo).
The Hajek projection is

T = . (e 1 « _
Y (G e) = — D B [{X € Au(ro,w)}peo () T An: pay (@) | X]
j=1 =1

for
B2 (@, ) = —E [{z € Au(@o,w)}pao (@) " Alrn: pan ()]

n

from (£.26) in Lemma [4.11] The only difference to (5.34)) is the term A(r,, p,(w)), see
(4.25)), that converges to one uniformly under reasonable assumptions on k and 7,. Under

the assumptions in Theorem , the term ﬁ,ﬁnw is the asymptotically leading term of
U,ﬁnw We call Ur(f,zmw — (A]T(f,znw the projection error due to its connection to the Hajek
projection. Later we will decompose the projection error into two terms, which we will
call remainder terms. It is similar to the proof of Theorem that the Hajek projection
is the leading term, but since we consider the terms uniformly in z( it is necessary to
handle both, the leading term and the projection error differently.

The idea for the leading term is that Ur(fznw is close to a Gaussian process in z if
n is large enough. Definition of the empirical process applied to the observations
(Xj,€;)7; and the function class Fj, from yields

. 1 &
). wl@o) = - > eiKi(xo, X;)
j=1

T . -
T i
j=1

— @ Z (fxo,k(Xj7 Ej) —E [f:z:o,k(Xb 51)])

()Q\I/k(élfo)
= — G fro ke
n fo’k

We use Theorem by |Chernozhukov et al. (2014b) to approximate

n - (e
sup (G f| = /5 sup [0, (20) U, L (w0)

feFy z0€[0,1]P

by a sequence of random variables S; with S, 4 supsex, |Brf|. Therein By is a sequence
of centered Gaussian processes indexed by Fj from Theorem that has the covariance
function

Cov(Br(faey k) Br(fes k) = Elfay k(X1,€1) frr (X1, €1))]
= ‘I’;m(wl) k /2($2)U_2E[51Kk($1,X1)€1Kk(932,X1)]
= 0 (1) Uy 2 () B[ K (0, X1) K (2, X7)).

o
v

In particular, this implies Var(By(f)) = 1. The application of Theorem [2.4|leads to the

following theorem, whose proof can be found in Section [5.6.10.1]
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5.5. Proof strategy

Theorem 5.14. Let B(f), f € Fi, be a sequence of centered Gaussian processes with
covariance

Cov(Bi(forn) Br(foan)) = Ui 2 (1) Uy V2 (02) B [K (1, X1) K (22, X))

If v € [4,00) and El|e1]’] < oo there emists a sequence of random variables Sy <
SUPy,elo,1)p | Bi, fuo.e| such that

In _ .
‘ — sup [P, 1/2(%) é?n,w(‘foﬂ — Sk
0% zoel0,1]?

Using this direct approximation of the supremum it will not be necessary to approxi-
mate the whole empirical process uniformly. This is an important difference to previous
results in the literature like those by |Johnston| (1982), |Claeskens and Van Keilegom| (2003))
or (Chao et al. (2017)). With the above theorem for the leading term of the asymptotic

distribution of
n -1/2
Vsl U, e

it remains to handle the projection error uniformly in zy. As demonstrated in Section
.4 the observations concerning the finite size of Fj, for analogous terms imply that the
supremum over xy € [0, 1] of the projection error is, in fact, a maximum over zy € Xj.
In particular, the argument implies that for any function g and any realizations (w;);cs
of random variables (w;);es it holds that

:O]P’< (log n)3/? (logn)®/* logn )
V

%7/]?”1/2—1/1/ Vrl{ljnlﬂ Vé{,fnlm

sup g ((Ar(zo, w;))jes,n) = max g((Ax(zo, w;))jes,7m)
x0€[0,1]P L€y

where 7 can be any arbitrary argument that does not depend on xy. The remainder terms
from the projection error are of the above form. This will allow the utilization of union
bounds in conjunction with bounds of finite moments of the remainder terms, thereby
enabling their uniform handling.

For the approximation error UT(LZQL,W —m we cannot directly use this argument because
m is continuous in xy and thus, the supremum is not reduced to a maximum. But after
using the Holder continuity the bound

|m(X1) — m(zo)|I{ X € Ap(zg,w)} < Cro(Ax(zo,w))®

only depends on zy via the cell Ax(xp,w) and allows us to use the same argument. To
bound the uniform approximation error we will use a bound for the expected diameter of
the cells. The averaging over many trees in the random forests leads to

=Y (A, wn)” ~ B (A (x0.0))].

(TZ) I€Br,,n

Hence the expectation of the supremum will be reduced to supremum of the expectation.
These expectations are all the same and we will be able to use a non uniform bound of
the diameter. In the context of a single regression tree, this argument is invalid, implying
the necessity for bounds on the expectation with the supremum inside. In general, these
bounds are of larger magnitude, and as a result, the approximation error is also larger.
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Chapter 5. Confidence bands for centered purely random forests

5.6 Proofs

In this section, the proofs of all results in this chapter are given.

5.6.1 Proof of Theorem [5.1]

The following proposition is essential for the proof of Theorem [5.1] Its proof is postponed
to Section [(.6.2]

Proposition 5.15. Under the assumptions of Theorem let By be the sequence of
Gaussian processes defined in equation (5.8). For any v > 4 with E[|e1|] < oo there

. . d .
exists a sequence of random variables Sy = sup, c(o 1jp | Bk fuo k| with

VAl 2 UERE) ) —m) | — oSy

log n)3/? log n)>/* logn B
= Op S/zg ) + ( 1%4 ) + 1/6g + op ((logn)™") .
(Ve VR Vil VL VRN

Proof of Theorem[5.1. We lower bound the coverage probability by
P (m(z) € Cn(x), Yz € ]0,1]7)

(H\If‘”(U(RF —m)[|e < "C’“

Mn,Tn W

= 1P (10 D, )l > “C’“w)
= 1= P (19 O~ )l > 025 oo 1] < (o))

— P (IO, — )l > o222 60— 1) > (logn) )

>1- (w VAU > o(1 - <1ogn>2>c’j§), 60— 1] < <1ogn>2)

- (I O8> 02D oo 11> (g )

>1- (H\If_l/?(U,(L Tn)w — )| > (1 — (logn>_2>cli§§)>

RE
N———

—P(|6/0 — 1| > (logn)~?)
>1- <‘\/_||\I’_1/2 n,,,n)w — )|l — 0Sk| + oSy > o(1 - (logn)_Q)ck(/B)>
—P (|6 — o] > o(logn)~?)
>1—P(0Sy > 0(1— (logn))ex(B8) — (logn)™') =P (|6 — o] > o(logn)?)
B (VA 2, — m) e — 08| > (logn) ) (5.35)

0,7, W
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Assumption (5.7)) implies E[|e1]%¢] < oo for q¢ > 4, therefore Proposition m yields

VAl 2 (USSR —m) | — oSy

n,T'n,W

1 3/2 1 5/4 1
= Op <V(ogn) +(ogn) + o ) + op ((logn)™") .

/2 _1/2-1 1/4 _1/4 1/6_1/6
kT /2=1/1c Vm,kn / Vm,kn /

We argue why these terms are op((logn)™!). With (5.6) we have

(B
Vm,kn ’

(logn)®/?

Y21/ ac

For the second term we have

9/4

(logn)”* <(logn)9>1/4 _ <(10gn)5n2/qc

- )1/471_1/(2%) logn — 0.
Vrl{,fnlﬂ Vo Vo kn

The third term works the same. Hence

P(|va)| W, A (UED —m)|e — oSk > (logn) ™) — 0. (5.36)

N, W

Further we have

P(|6 — 0| > o(logn)™?) =P il B o(logn) 2
c+o
<P(|6* — 0% > o*(logn) ) = 0 (5.37)

by assumption on ¢. It remains to handle

1—P (oS, > o(1 — (logn) ?)cx(8) — (logn) ™)
=P (08, < oc(B) — o(logn)*c,(B) — (logn)™")
=P (Sk < c(B) — P (0ck(B) — o(logn) *ck(8) — (logn) ™" < oSy < ock(B))
=1-8-P(—(ogn)*c,(B) — (logn) 'o™" < S — cx(B) < 0)
> 1= B =P (|8 —x(B)] < (logn) “ex(B) + (logn) "o ™). (5.38)

Corollary 2.1. by |Chernozhukov et al.| (2014a) yields that

sup P (S5 — €] < r) < 4 (1@ {sup |ka\] n 1) |
€€R fEF

We apply Corollary 2.2.8. by van der Vaart and Wellner| (1996)) to bound the above
expectation. Let d be the standard deviation semimetric on Fj that is involved in this
corollary. It holds that

1/2

d(f:m,ka fm,k) =K [(Bk‘fm,k - kam,k)Q]
E [(Bifork)” = 2B for 4B foo e + (Bifas)’]

1/2
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= (2 — 2E [Bi fur 4 Bifra i)’
= \/§<1 - COV(Bk’(fm,k)? Bk(fszf)))l/Q

= V2 (1= 0 ) ) B [, X0) Ko, X))
<o (5.39)

The finite size of Fy, that is Ny(k) < 2*7, implies that the packing number from Definition
is bounded by 2*P for any semimetric. For the semimetric d from above D(Fy, d, ) <
Ny(k) < 2" is also implied by its equality to zero if #; and x5 are in one undividable cell.
Note that further implies that D(Fy,d,¢) = 1 if ¢ > +/2. Using these observations
Corollary 2.2.8. by van der Vaart and Wellner| (1996) yields for a universal constant K
that

E [SUP |Bk:f|} < E[| Bk fookl] + K/ V1og D(Fy, d, €)de
0

JFEFk
V2
§0+K/ \/1og 2krde
0
<o+ Kv2y/pklog?2
< V. (5.40)
With (Chernozhukov et al.| (2014a, Theorem 2.1) we obtain
supP(|Sx — & < k) <4k (]E [sup \ka]} + 1) < wVk. (5.41)
¢eR FEF
Using ((5.41)) we obtain

P (S — cx(8)] < (logn)~*ci(B) + (logn) "o ™") S ((logn) *ex(8) + (logn) ~'o™") V.
(5.42)
Thus, we need an upper bound for ¢x(5). Again using ([5.40)), yields that

P(Sy <& =1-P(S;>¢)>1-— %E[Sk] >1-—¢ vk

for some constant C'. We recall that ¢ () = inf{¢ € R: P(Sxy < ¢) > 1— g}. For
£ =CVEkB™" we get
cr(B) < CB~ Wk S V. (5.43)

With (5.3) and (5.5) which implies 28 = o(n) it holds that k¥ = O(logn) and therefore
(5.42) is o(1). Thus (5.38)) yields
P (0Sk < oc(B) — o(logn) *c,(B) — (logn)™")
> 1= =P (ISt — cx(8)| < (logn)cx(8) + (logn)~'o ")
=1-—p5-0(1).
Together with (5.35)), (5.36) and (5.37) we obtain
liminf inf P <m(m) e Co(x), Vo € [0, 1]1’) >1- 8. 0

n—00 meH(a,Cp)
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5.6.2 Proof of Proposition [5.15

To prove the proposition we use Theorem [5.14] and the auxiliary results below. Their
proofs can be found in Section[5.6.10. We first present the results that handle Urgf?i,w(xo) —

m(xg). For

1
U(l) (ilfo) =

N, W

> {Fjel:X; e Aplxo,wn)}, (5.44)

<::L) I€Br, n

we have

U™ (zo) —m(zo) = U (w0) — m(zo)USY), (o) +m(zo) (UL (z9) —1). (5.45)

n,Tn,w T,Tn,wW T, n,wW

The two results below handle both terms from this decomposition. Their proofs are
postponed to Section [5.6.10.2

Lemma 5.16. For an a-Hdélder continuous m : (0,17 — R with Hélder constant Cy it
holds that

~1/2
n
E[JU |, —mUD o] < Ca (E[D(Ak(%w))a] +pa/2Nf<k>( ) )

n

for an arbitrary x € [0, 1]P.
Lemma 5.17. For a bounded m : [0, 1]P — R it holds that

E[lm(US), . = Dllso] < lImlloc2(1 = ex27%)™.

N, W

The next results will handle the projection error introduced in Section We have

E ! {X; € A(zo,wr)}
UL, (o) = m Z Zgjz I{ X, GkAk(xo’wI)}

Tn/) I€Bpy n jEI iel

VS S {X; € Ap(zo,wi)}
Z Z H{XZ c Ak(l'o,wI)}‘

n ](nfl) ]
j=1 rn—1) I€B,, n:jel “=i€l

For Ur(fznw from (5.34) we obtain

US), o(wo) = US), (o)

N, W

1 LSS {X; € Ay(wo,wr)}
= €j n— —Kk(l’(),X)
i\ (B0 repter 2mie HXa € Ai(ao,wr)} ’

_ ! > e T'n 3 | (ZH{XJ' € Ap(zo,wr)} 1 I{X, € Ak(xmwl)})

iel {X; € Ap(wo,wr)} N T'nPao(Wr)

IR T 1
T 225 {X; € Ap(wo,wr)} — Ki(zo, Xj)
n J=1 (’r‘n—l) IEB§:]EI TanO(CUI)
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1 1 1
- Ie;ﬂj;gjﬂ{xj € An(ao,or)} (z e m))
+ = Zej(n ) Z' (Pao (wr) X € Ap(wo,wr)} — Ki(20, X))
R, (o) + RO, (o) (5.46)

The lemmas below handle the two remainder terms Rﬁgmw(xo) and R,(Eln,w(mo) separately.
Their proofs are again postponed and can be found in Section [5.6.10.3|

Lemma 5.18. Let ¢ € 2N be fized with ¢ < r, and r, — 0o0. Assume that E[|e1]?] < 0o
and 28 < r,, then there exists a constant C' that depends on q but not on n and k such
that
22k q/2
(A, <0 (27

r,n

Lemma 5.19. For RY), (o) it holds that

E [R(?), ,(%0)?] = Var (R

N, Th W

n

2 k .
@ a) < TEXE ()

A T
Similar to Lemma [5.19] we can prove a corollary that will be used for a another
remainder term that appears in the proof for the KeRF. We will state this corollary

before the proof for the KeRF where it is used. Combining all these results, we are able
to prove the Proposition [5.15]

Proof of Proposition[5.15. Using the reverse triangle inequality we get

—1/25 —-1/2
19208 oo — 195 2 (ORD)) —m)| |

< H\P POE) = (UED —m))]|w
— v, 1/2(U(5) — U9 U™ 4m)|e

(€)
N,Tn W n,Tn W N,Tn W
€)

1/2 —1/2
<0208 = UE. oo + 102U | —m)]|o
<O PRY. oo + 10, PR, e + 102U, —m) o

Hence, for the sequence of random variables Sy as defined in the theorem we get

1/2
V|2 (UED, — m)]| — oSy
=\\/ﬁ(||\1f“2<v,%iw—m>||oo 1920, wll + 19,209, 1) = oSy
1 2 1/2 4 1/2 4
<\/_“|\Ij / nrnw_ )” —HlII / nrnw”oo‘+|\/_‘|lp / nrnw”oo_o-sk‘
1/2
< \/_H\II / HOO (” nrnw - m”OO + HwalranOO + ”RnranOO)
+|vn ||\1f‘”2

n
< U(m —mllw + [RY N + IRP o
N(WM) (UL = mloo + [BY, Lo + 1B, Llloo)

|OO — USkl
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+ VAl U)o — oSk (5.47)

because o
||\I’l:1/2||oo < <02 QQka k)

owing to . We omit the constants for a shorter notation. In the rest of the proof we
will show that all terms from except the last are op((logn)™!). For the last term
we apply Theorem [5.14}

For the approximation error we have with that

W0, = mllee < N0 = mUD, oo + 1m0 = Dlls

0,7, W nrnw 0,7, W Ty

Using Lemma we get
—1/2
1) -1 n
(H nrnw mUnranOO Z H(logn) <22ka,k> )

1 2\ 1/2
< (M) E U™, —mUY o]

HQQQka,k
n(logn)® \ "* o n\ "
< Cu (e ) (Bpttew)+ v (] (5.43)

for all kK > 0. Assumption (5.4) yields

n(logn)? N
Cﬂ_ﬁzwﬁ ) B (A, )] = 0

for all £ > 0. The fact that E[d(Ag(z,w))] > p*/2272%/? and V., < 27% together with
(-4) imply

ang—2ak/p T « Qn(log n>2
P2 o < ER(Au(e,w)) P

Hence n = o(2F(1+2¢/P)) Again using V., < 27% assumption (5.5) implies with -
that 2F = o(r,). For the squared second term from ([5.48)) we obtaln with . that

-1 2 2a
, n(logn)® ,, 2 T Cup 262kp (Tny\n
CHWP Ny (k) . < n(logn)™2 p(g)
— O(2k(2p+2+2a/p) c'rn)
= o(rZPt#29/P) exp(r, log(c))) — 0 (5.49)

because (logn)? = o(2*) and log(c) < 0. Lemma yields

1 L no\-1/2
P (||m(UT(LM,w — Dl > s(logn) <22kvﬂ7k> )

nilogn 1/2
< <<1g )) E [[Im(UY = 1)]s]

— 22k Vﬂ k ,Tn,wW
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22KV )

1 2\ 1/2
=K1 <%) [0 (1 — ex27F)™ — 0

1 a2\ 1/2
<kt (M) [ 02" (1 — cx27F)™

for all k > 0 with (5.13).
Assumption (5.7) implies that E[|e;|?%] < co. Hence for every x > 0 Lemma [5.1§]

yields
B -1/2 n(logn)? ar/2
P(IRW > k(1 1< n ) <ETNIRW qr] [ A8
(182l > o) () ™) < B DR, ] (g
10gn)2 qr/2
< E[RW ar n(—
S D B[R, o)) ( Garyy

< Ny(k)C (ﬁ)/ (M)/

TnT 22KV

<) (S5) " o

Tnvﬁ,k

due to Assumption (5.5). Lemma implies with a union bound and by using N;(k) <
2k and Vi, > 272% that

P (MRl 2 stomn) ™ () ) <EIELI2) ol

22 = K222V
n(logn)? )
< MUOBT)T N™ 1 R() :
= K222MV Oze;( [ v 0 (20) ]
z &
02Cx 28 n(logn)? /r,\"
< N¢(k — (—”)
< Ny (k) & rn 22Vn, \n
a?Cyx (logn)? /r,\7n—1
ey (2
i )c%(m2 2Vne \n
2
< _020;( 2K+ (Jogn)2c™~1 — 0
— %K?
X

with the same argument we already used for (5.49). Applying (5.47) and Theorem [5.14]
for any v > 4 with E[|e;]"] < oo we end up with

VAl 2 (URD ) — m)lw — oSk

n 1/2
< U™ = mllso + IR oo + 1R, Ll
S (gmy) (08 =il + 1R, olloe + 182, o)
+ Vol 9 208, lleo — 0S|
_ . (logn)®?  (logn)®*  logn
= op ((logn) )—i-(')]p( 17213 10 /4 14 176 176 | -
Vﬂ,kn Vm’kn mGn
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5.6.3 Proof of Lemma [5.4

The estimation error can be bounded by

1 A2 2
|U -0 | o (Ei —0 )
1=1
= [E (i)
1=1
= |23 ((m(X0) 4+ <~ UER,(X0)" ~ 0?) ‘
i=1
= |23 ((m(X0) — U, (X0)° + 252 (m(X,) — UL (X)) + £ — o) ‘
i=1
< % (m(X;) — U,(&F)w i) |- Zgz X;) T(LP}E)W(X.)) ‘
i=1
I~ 2 e
+ n ; (Ei o )
= El + 2E2 -+ E3.

Markov’s inequality implies
P (|6* — 0| > k) <P (Ey > K/3) + P (B > k/3) + P (B3 > k/3)
6 3
< -E[E] + E [Es] + IE? [E3]. (5.50)

w

=

The first expectation is bounded by
E[Ei] = E |[(m(X,) - U, (X1))"]
—E | (m(X1) = UL (X)) = UL, (x1))]
<9E [(m(Xl) - Ugj;zg,w(xl)f] +2E [US) (X,)7] . (5.51)
Using we get
E |(m(X)) - U (X))
SE (U0 (X0) = m(X)UR, L(X0))"] +E [m(x0)? (U2, ,(x1) - 1)7]
<EU), = mUD, 2]+ mlE (00, .(0) - 1)°]. (5.52)

Using the same arguments as in Lemma [5.16, but instead for the expectation of the

squared expression we get

B 105 - mO, 2] < O (E[a(Am,w))aP+paNf<k>(Z)_). 5:)
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With the definition of Ué?n,w from (5.44) we get

1 .
Uh ) -1 =[x Y M3 el:X; e AXiw)) - 1)
(Tn) IEBrn,n
2
n—r, 1 )
= — >, [M3Fjel:X;eAXy,w)}—1)

n ( Tn ) 1€By, n:1¢1

1 .
—~ Y [MIel:X;e X w)}—1)
( Tn ) I€By, n:1€1

1 .
— Y HFjel:X;eA(Xyw)}
( n ) I€By,, n1¢l
Thus, with (4.6) we obtain

B (U800 - )]

N, W

IN

IN

E{#€{2,...,rn+ 1} : X; € Ap(X1,w)}]

EEI{# €{2,....rn+1}: X; € Ap(X1,w)} | X1, w]]
E[E[(1 = px, (W)™ | X1,w]]

(1 —cx27F)m. (5.54)
The equations , and yield

E [(m(xl) - Um,w(xl))z} <0 <E[D(Ak($,W))a]2 + p*Ny(k) (:;) 1)

+ m|A (1 — cx27%)™. (5.55)

We continue with the second term from ([5.51f), which can be decomposed into

U, w(X1) = 1 > ZajZH{XjGAk(X1>wI)}

e (rZ) [€B,, n:1¢1 jel ier HXG € Ap(Xo,wr)}

IN

1 X € Ap(Xy,w
T i DTS e TR Y
(rn) 1€B,, 1€l jel +Zi€1\{1} X € A(Xy wr)}

_ n—umTry n}1 Z Zg] H{XJ ~ Ak(Xl,CL)]>}
n (rn ) I€B,, n1¢I jEI Dier {Xi € Ap(Xy, wi)}

r, 1 H{Xj S Ak(XhWI)}
+ n (n_l) Z 283 L+ ZiGI\{l} [{Xi € Ap(Xy, wr)}

n—1/ I€By, n:l€l jEI

n—ry,

- U+ o, (5.56)
n n

U, conditional X; is a generalized U-statistic analogue to U,(f_)lymw on the sample with
index set {2,...,n}. We apply Lemma and Lemma with (4.6)) to obtain

rn+1 2
n < X, e Ap(Xq,
E[U%‘Xl}é . E Zgi rJ{rlje (X, )} ‘Xl
n—1 Yoty X € Ap(Xy,w)}

=2
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<o thg|  MGEAMGL) Xl]
n—1 (1 + ZT"H {X; € An(Xy,w )})

|t [EIH € 4G} | 0 (X ) ’X]
n—1"] (1+ZT”+1]I{X € Ap(Xy, )})

_ r2 E px, (W) . X1]
n—1 (1+ SHX, € Ap(X1,w)})

1=2

< aZCxﬁE [(1 + Z I{X; € Ak(Xl,w)}> ) X1]

7,2 22k‘
n 2
(- 12 &r

Cx 2F

< o*Cx

(5.57)

For U, we use Jensen’s inequality and again Lemma with (4.6]) to obtain

- [ 1 N ]I{X] EAk(XlawI)} 2
E[U:] =FE ( ) 2 2 JlJFZieI\{l}H{XiEA'“(XI’M)}) ]

Tn 1 IeBrn,n:lel .]EI

H{X; € Ap(Xy,w)} i
J1+2§;211{Xi € Ap(X1,w)}

™ {X; € Ap(X1,w)} i
<1 + > X, € Ak(XhUJ)}>

=o? E
{X, € Ap(X1,w)} 2
(2 +2 s {Xi € Ak(Xl,w>}>

IN
&=

=2

gy ) [(1 + TZnI[{Xi € Ak(Xl,w)}>_ ]

<o?(rn —1)Cx27"E

(2 + TZnH{Xi € Ak(XlaW)}) ]

=3

—|—O’2]E [(1 + TZnH{Xl € Ak<X1,(JJ)}>_ ]

1=2

1=2

<o ((rn—1)Cx27"+1)E [(1 + iH{Xi = Ak(Xl’w)}> _ ]

2k

<207 ((r = 1)Ox27" +1) 5.
X'n

(5.58)
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Together with , and yield
n—r 2
()
n
<2E[E U] X1]] +2 (=) E[vF]

CX ok 2k \? i,

X 2k 22k
=0 (2 /n)+(9< " )+O<n2)
N 22k
=0 (2"/n) +0O <F> (5.59)
(51), (659 and (559) imply

E[B)] < 2 [(m(X)) - U2 (X1))°] + 2 [US, (X))

E[UF) ,(X1)?] <2E

N, W

S ED
2

4 2

L)

= O (E[p(Ap(z,w))"] )+O< n) )+O (1—cx27%)™)

22k
+0(2"/n)+0 (W) : (5.60)
We proceed with FEj.
E[E,) <E Zsl - U (X)) ’ ‘ Zﬁszfrnw (5.61)
We use the independence of (m(X)), Uﬁfﬁi,w (X;)) and ¢; in conjunction with ||U, T) Neolloo <

|m||s to obtain

E ‘%iel (m(X0) — U AX»)\

=1

<E (l e (m(X;) — Uéﬁi,ﬂ%)))

The second part from |5.61]) satisfies

2 2
Zs nor z] <— (ZslUﬁ w z)

1
= nE[ ZUT(LET w<X1)2:|
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(n—1)

E [6 82Unr w(Xl)Uéfzn,w(Xz)] (563>

n

Using the decomposition from (5.56]) we obtain

_ 2 _ 2 2
€2Un7" w(Xl) = 61 (n TnUl + 7ﬁ_n[]2) S 25% (n I Ul) + 25% <r_nU2> . (564)
n n n n

Analogously to (5.58|) we obtain

rn—1) I€By, n:1€l jeI

E [¢]U;] =E |<}

A I{X; € Ap(X1,w)} 2
<E |e] (Z ]1+Zr" {X; € An(X1,w )]’)

I H{X; € Ap(Xy,w)} i
E [51] ;E (1 + Z:;Q KX, € Ak;(Xlaw)}) ]

2k
<2E [e}] ((rn — 1)Cx27" + 1) 3 5. (5.65)
CXTn
The independence of U; and €, together with (5.64)), (5.65)) and (5.57) yield
2
R n—r, Tn 2
E[220) (X))] <E |22 ( . Ul) +E [2& (gUg) }
2
( ) B 0] +2(2) B [203)
Cx , 2 Cx 2, 26 \?
< -
R ey +4C§(E[51] poR (an E [e1]
=0 (2%/n). (5.66)

Using that

nrnw 26] )

Z H{X € Ak(Xl,w[ 28
Z ]I{X € Ak Xl wI J

I€B,,, nijel £=i€l

where TW;(X;) is independent of (¢j)j=; we obtain with the Cauchy-Schwarz inequality
that

E [e162U,7), o(X1)US), (Xo)] =

N, Tn W

516226] (X1) Zez ]

=E [€1€2W1(X1)W2(X2)} +E [5182W2(X1)W1(X2)]

— o'E [W1<X1)W2(X2)] +o'E [Wg(Xl)VVl(Xz)}
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< o'E [Wl (Xl)ﬂ +olE [Wl(Xg)Q] . (5.67)

We omit the usual step involving the tower rule with the conditional expectation given
w, and Lemma with (4.6]) yields

r 2

3 21 1 {X: € Ap(X1,wp)}
. [Wl (%) } - () IGB;JEI 2oier Xi € Ax(Xo, wi)}

1 Tn 1
—E - In
(" 1) IGBEJGI n 1+ en o X € Ap(X,wi)}

IN

-2
r2 il
EE (1+ZH{X1 c Ak(Xl,(JJ)})

i=2
2 62k+1
T2

IN

2 2 2
n chn
22k

=2-—
2 20
cxn

and similarly

1 Z Tn ]I{Xl € Ak(XQ,UJ[)}

E (Wi (X,)?| =E o
[ 1(&2) } LD iy & € Ar(Xz,wr)}

(;1111) 1€By, n:l€l

{X) € Ap(Xa,wr)} :
2 F <1 + 2 iengy X € Ak(XQ’“’f)}>

(m )
rn—1) I€B, n:l€l

—_

IN
Bw | Sﬁw

2 rn+1 -2
< %E (1 +> KX, € Ak(Xg,w)})
=3
2k
<2
cxn

Thus, with (5.67)) we have

2k

E [6182U(E)

N, W

(X)UE), (X)] < o'E [Wl (Xlﬂ +o'E [Wl(xz)Q] < 4o

2 2
cxn

With (5.63) and (5.66|) this implies

E (XU, o(X2)]

n,Tn ,wW n n,Tn ,wW
2k 22k 22k:
o) o () =0 (%)
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and hence with (5.61)) and ([5.62)) we have

E[Ey) =0 (n %)+ 0 (2"/n). (5.68)

The third expectation from ((5.50|) satisfies

< Var ( Zs ) %H&HZ =0 (n71?).

With ((5.50), (5.60) and ((5.68) this finally yields

P (|6 — 0| > k)
3 6 3
< —E[E\]| + —E [Es] + —E [E5]
K Y K

E[E;) =E

%Z(s?—aQ

‘ n
i=1

C 2 n\ & ok 92k 12
< C (Bt 8w(1) +-ert s T
for a suitable constant C. [l

5.6.4 Proof of Corollary

We prove the corollary on the event that {N > 0}. The case N = 0 is not of interest as
it corresponds to an empty random forest. We omit the indicator by bounding it by one
whenever possible. The incomplete generalized U-statistic is

1
U o(@o) = 7 > oY YiWik(wo, )

I€By, n  jEI

with
]I{Xj € Ak(l"(),uq)}
> ier HXs € Ag(zo,wr)}

from ([3.10]). We decompose its difference to the complete U-statistic

Wj7k(x0, I) =

U(RF) (xo) _ [J(RF) (I())

n,rn,N,w n,Tn,w

s pIZWm(m,n—% S S YW 1)

I€Br,n  jel ) 1€By, n j€l

(L8 X W (5.69)

IE€By, m jEI

+ Y (% )Zyw]km (5.70)

IGBrn \n Tn

We start with a bound that will be used for both terms. We exploit that the sum of the
W i is either zero or one. In the first case the following bound holds trivially. We recall
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the abbreviated notation W;j(xo,w) for the set [r,] from (3.10)). In the second case we
use Jensen’s inequality, Lemma and the bound for p,,(w) from (4.6)) to obtain

o 2
E (Z Yjwj,mo,w))
j=1

Z Y}sz,k(fL’m W)]

[ {X; € Ap(xo,w)} }
Yoim X € Ap(zo,w)}

=r,E {(m(Xl) +61)’I{ X, € Ap(zo,w)}E [

<E

=r,E [Yf

1
7S5 0K, € Ao | X“H
< r,2E [(m(Xl)2 +e)I{X; € Ak(xO»W)}Wl(w)}
< 2612V [(|m]|% + e)I{ X, € Ap(o,w)}]
= 2¢i' (|Iml%, + o?). (5.71)

Using that the p; are i.i.d. and independent of all the other random variables and ({5.71])
we get for the second term from ([5.69) that

2

E >, (Pl% - %) > YiWik(o, 1)

1€By, n /) jel

(=)

Tn

Tn 2
= > E E (Zi/jwﬁk(xo,w))
I€By,n j=1

n\ 1 _
= (1) e Vor(on2es (Il + 0%

Tn

- ()% (1 - %) 23 (Im + o)

1, -
< 26! (Il + %)

=O(N ). (5.72)

With (5.72) and (5.71]) we further obtain

2

E([ D o) YiWklzo, 1)

IeBr,n  jel

<2E > (Pl - (—]X)> > YiWik(ao, 1)

I€Br, n /) ) jel
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2

+2R || Y &l Zymkxo,

]EBrn n jGI
2

=2NE || Y ( &) )Zywjkxo,

IeBy, n jel
2

+2N°E (i) > YiWik(xo, 1)

*n/) I€By, n jEI

— O(N) + O(N?).

(5.73)

We note that N ~ Bin((" ) N/(" )) Thus, for the first term from ([5.69) we get with the

Cauchy-Schwarz inequality, Lemma [2.18| and (5.73) that

E ]I{N>O}‘<———) > o0 Y YWk, T) ‘

1€Br, ,n jel

2

<E

1> 0) (5 - ) ] el S 0wt

IeB”"nyn jEI

— O(N?)O(N?)
—O(N7Y)
Together with (5.69)) and (5.72) this implies
E [N > 0HU . (20) = USRS, (w0) | = OV,

n,rn,N,w

We obtain

P(HN > 00 sup W U o) = US> (o)

z0€[0,1]P

<1ognE{H{N>om sup 02| U (o) — U (o o>\]

x0€[0,1]P

(RF) RF
< logn, | -3 E (N > 0HUSy L (w0) = URD, (o)

Q?OEXk
_ / Ny (k)
= (logn QZka,k i/ ) — 0.
Including this in the decomposition in the proof of Proposition yields
N > 0}Vl U (U s = m)loo — oSl

log n)3/2 logn)®/4 logn B
= Op (l/2g ) + ( 1%4 ) + 1/6g + op ((logn) 1) )
Vm’knuzq/u Vm,kn1/4 mGnl/ﬁ

Using this instead of Proposition in the proof of Theorem [.1] yields the result. [
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5.6.5 Proof of Corollary

We only consider the stochastic error from
E |(U8), (x0) = m(0))*| = E [(U) (x0) = m(20))*] + B [UL), o(w0)?]
For the approximation error we use Proposition [£.9] as we did in the proof of Proposition

(.1l With (5.34) and the decomposition from (5.46) we have
U, wl@o) = U (o) + R (o) + R (o).

N, T ,W T,y W

The definition of K in (4.8) and (4.20]) yield

2

E [U(E) (xo)ﬂ = %E [eka(xoa X1)2] = %‘I/k(%) =0 (22kVn,k/”) :

Lemma [5.18] implies that
22k
E [Rn%;n,w<x0)2} =0 (_) 7

()

and Lemma [5.19) implies

n

B[R (s)] = O (2_k (T_n>) .

Together this yields the claim of the corollary. U

5.6.6 Proof of Corollary

First, we prove that the leading term
U(E) (LL’()) = li&ij(]?O X])
0,1, W n 4 ’
7j=1
converges in distribution to a normal distribution if it is appropriately standardized. The
definition of Wy in (4.9) implies
Var (g; Ki (20, X;)) = 0¥ (z).

We apply the Lindeberg-Feller central limit theorem to Uqg,a,)«nw(xo) Before we prove the
Lindeberg condition we note that (4.6]) implies

Ki(20, X1)? = E [I{X; € A(0,)}pao (@)™ | X1]°
< E[{X; € Ap(zo,w)} | X1]* 222",

and (4.20)) yields Wy (zo) = ©(22%V},). Using these observations, the dominated conver-
gence theorem yields that

. 1 -
nh_{{.lom ;E [gszlf(xo,X])]I {83[(13(1'0,)(]) > /€2n02‘11k(x0>}]
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: 1 - _
— nh—>r20 ml@ (1K (z0, X1)I {021 K} (20, X1) U} H(z0) > K*n}]

< lim E[gf]E [I{X) € Ay(wo,w)} | X1]? 22

n—o0 22kvﬂ,k
< T{o 2R [I{X; € Ay(zo,w)} | Xa)*Vrh > /fzn}]

1
E [SE [I{X) € Ay(wo,w)} | X2 T{e} > 20V n}]

= lim LIE [E [I{X; € A(zo,w)} | Xlﬂ E [e]1{e] > *0*Vrn}]

n—oo N,k

= lim E [e]I{e] > k’0*Vn}] — 0,

n—oo

because nV, — oo is implied by (5.18) and E[e?] < oco. Thus, the Lindeberg condition
is fulfilled and we obtain

n 7(€) 1 4
O-QIIIk(ZE()) Un,rn,w(‘ro) — N(07 ) (57 )

It remains to show that the remainder terms are negligible. We need to prove that all

other terms are op(1/22¥V/n) because Wy(xg) = O(2%*V ;). Proposition , (5.20)
and ((5.19) yield

n
P | [UN7) o(w0) = m(xo)| > ky/22Vou/n ) <E UL, (20) — m(xo)l] | [ 5
Ty 22]@]}0 k/€2

n o
<4/ P CrlE [0(Ak (20, w))"]
n —k\Tn
+ /—22kvm7kﬁ2\m(a:0)\(1 —cx277)™ =0,

(5.75)

for any x > 0. Using that E[¢?] < oo, Lemma [5.18[ and (5.18)) imply for any x > 0 that

P (IR, ol > 2/ ) < B[R, o)) g —
N,k

=0 (r,"Vax) =0 (5.76)

With Lemma [5.19] we obtain

P (|R;%zn,w<xo>| > m/z%vm,k/n) <E[RD, o(0)] Zp—
N,k

a’Cy 2F (rn>7“n n

A 22EV kK2

o ()" ).

<
n
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Chapter 5. Confidence bands for centered purely random forests

Together (3.20) and (5.18) imply that 2*/r, — 0. Using the assumption 7,/n < ¢ < 1
and Vo > 272% this yields

O ((T_”)M_l 2’“Vmi) = O (" 12%) = O (exp ((r, — 1) logc + klog 2)) = o(1).

n

In combination with (5.74)), (5.75)) and (5.76)) we obtain

_n rrRE) 20) — m(zg))
o2 (o) (Un,rn,w( ) ( )) — N(0,1),

which is the first assertion of the corollary. To prove the second assertion, it remains to
show that

S (U w0) = U, () 50,

22ka & n,rn,N,w ,Tn W
We use the decomposition

U(RF) (xO) _ U(RF) (xo)

n,rn,N,w 0,1 W
~ (%) X o vWaen+ ¥ (%- )E:YVVMJEO,
IeBrn n j€el ]eBrn,n TTL jel

from (5.69) in the proof of Corollary [.5] For the second term, (5.72) from the same proof
yields

E

> ( () )ZYWW% \ = OV,

1€Br, n n Jel

and thus, (5.21]) implies

PI
TR — Y;W; 5o. D.77
QQka k Z < rn ) ]; o an ( )

For the first term from the decomposition we apply the Cauchy-Schwarz inequality and
(5.73) implies

2

||(5-%) 3 o)

1€By, n jel

<E

(% _ %)1 E | D o) YiWik(zo, 1)

I€Br, n  jEI

- ]\1[4151 [(N - N) 1 O(N?)
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5.6. Proofs

because N ~ Bin((" ) N/(" )) Noting that N/N % 1, Slutsky’s theorem and (5.21

yield
n N 1 N P
VIV R (N_ﬁ> D ey YiWislwo, ) = 0.
Nk I€Bryn  jEI

Together with the decomposition above and ((5.77)), this proves the second assertion of the
corollary. 0

5.6.7 Proof of Corollary

Using the triangle inequality we have

||Unf1{"5w_m” < || narnw||00+ || nrnw wgeznw“OO_’— ||U'r(Ln:nw_m||00
< ||\If”2||oou\r”2 U Moo + 10 = U)o + 1U | —ml|o
1/2 1/2 —1/25 o?
< | ||oo\/ St ||oo'||\1u “ ffwnoo /s

We handle the terms one by one. We note that (4.20) implies
19, = O(25VY)). (5.79)

With ((5.40) we get

1 1
P(Sy > k) < —E[S)] < V&,
K K

and hence S, = Op(v/k). Thus, the first term satisfies

2
Hw,ﬁ”uw/%sk o) (, /z%vmkk/n) . (5.80)
Theorem and ((5.79) yield
2
19l | 10208, o0 = 1/ =-S5
= VW |Vl 19 09, e — Sk

1 1 5/4 1
e e e
’ Vﬁ7kn1/2_1/y mG n1/4 Vﬁ,kznl/6

1/4 5/4 1/3
. [ (logn)®? V7, (logn) Vi logn
= Op (2 ( o T 3/ + . (5.81)

Lemma yields for gr with E[|e;|?%] < oo that

3/2

22k

1 qr/2
P (IR, ulle > ) < 30 0B | (R, u@o)™] < Ny(h) o0 (ﬁ) |
TOEX),
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Chapter 5. Confidence bands for centered purely random forests

For € > 0 let k > (¢/C) /9% we obtain

22k 1
P IR, wllee > Ry [ == Np(k)/%% | < C— <&,
simy /r'nn K‘IqR

and subsequently we have

22k
IR, Moo = Op \/me(k)l/qR : (5.82)

With Lemma Ni(k) <28 Vi > 272% and the assumption r,,/n < ¢ < 1 we get

P (|\R;%zn,w|roo > \/z%vn,kk/n)

E IR, L1%]

[
- QQkaykk

IA
N

=
=y
le
53\/
€

S
=)
%

IN

IN

O-ZCX 2k(p+1)lcrn—1
2
c% k
2C
_Z - X exp (k(p+ 1) log2 — log k + (r,, — 1)log ¢) — 0
X

because we assumed that r, /k — oo. Hence

IR o = o5 (\/Q%uzﬂ,kk/n) (5.83)

which is negligible compared to (5.80). We note that

U = mlle < U = mUY oo + 1m0 = 1)]|oo-

N, W n,r

Let € > 0 be arbitrary and choose k > Cg/e. Lemma yields

~1/2
P (HU&BLM — U e > w(ER(Ax(e,w))*] + 02N (k) (") ))

E [HUm,w - mUé}Bn,me}
~ R(ER(A(,w))] + po2Np(k) (7))

Tn

C
< —<e
K
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and thus,
n\ 12
W) — U, e = O (E[a(Am,w))a] +Nf<k>( ) ) s
Lemma [5.17] directly implies
Im(UY = 1)l = Op(25(1 — ex275)™). (5.85)

In conjunction (5.78)), (5.80), (5.81)), (5.82)), (5.83), (5.84) and ((5.85|) yield

2
IO, = o < 11932 o 195 V202, ol — \/%84

/U 1/2
logn)32 VY (logn)d/4 121/3 logn
yoR <2k((0g”) + “”“( CIDKSN °

ni-1/v n3/4 n2/3

22k k 22
+o<w—%ﬁ>+op N ()

0\ ~1/2
+ Op (]E[D(Ak(x, w))*] + Ny(k) (7’) > + Op(25(1 — cx27F)™m),

which completes the proof. 0

5.6.8 Proof of Theorem [5.9
The proof strategy is similar to the one for the normal RF. We use the decomposition
ZIEBm,n Zje[ m(X;)H{X; € Ap(zo,wr)}
>oren,, » 2ujer X € Ap(zo,wr)}
ZIeBrn,n Zje[ e;{X; € Ax(wo,wr)}

U(KRF) (xo) —

N, W

_I_
ZIGBM n Zje[ {X; € Ap(wo,wr)}
=: U (o) + USRS (o). (5.86)

The different structure leads to different but similar proof methods for the approximation
error and the remainder terms. We will need the following corollary, which is similar to

Lemma and whose proof can be found in Section |5.6.10.3
Corollary 5.20. For

R 253 — > ({X; € Ay(wo,wr)} — P(X; € Ax(0,w) | X))
Pz j=1 (Tn_l) I€By, g€l
it holds that i
2% rrp\T™
E [RE) < 0__ <_’"‘>
[Rn T, w( ) } cx T n
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Proof of Theorem [5.9. We will prove that

‘\/_H(I) 1/2 (KRF) m)Hoo —USk’

nrnw

log n)3/? log n)3/4 logn
= Op S/Qg ) + ( 1g/4 ) + 1/6g +op ((logn)_l) :
Vﬂ’knl/Q—l/u Vﬂ,kn1/4 Vm7kn1/6

Then the claim follows directly analogue as in the proof of Theorem [5.1], the only difference
being the different Gaussian process. Let us define

UME) () = . Z > e {X; € Ay(wo, wi)} (5.87)
npa:o rn 1€By, » jel
This leads to
Uhel (o) = UK, (o)
Z ZEJ']I{XJ' € Ak(xo,w[)} 1 - o 1
IE€By, n jEI ZIeBm,n Zjel H{Xj € Ap(zo,wr)} (rn)rnpxo
- 1
=00 () 1
h ) ZIEBM’” Zje[ I{X; € Ay(wo,wr)}
= U= (0)6n (o), (5.88)

for
1

S(x0) == . ) > Y X € Ap(wo,wn)} | — 1L (5.89)

Pzo I€Br, n jeI

Further we denote

U(K’E) (33'0) =

N, W
o ,_

> e P(X; € Ag(o,w) | X;)
=1

and with (5.87)) we obtain

U8l (o) = U2, (o)

n,Trn,w

n

_ ! Za‘j %1) Z I{X; € Ap(zo,wr)} — P(X; € Ag(zo,w) | Xj)

Py j=1 rn—1/) I€B;, n:jel

- Rn rnw( 0)' (590)

(6:36). (5:38) and (5:90) lead to

USSR (20) — m(zo) = U™ (20) — m(zo) + ULKE), (o)
- Univfnng(xo) m(ZL'()) + Unfr w([Eo) (]' 5n($0))
= U™ (29) — m(wo) + RS, (w0) (1 + 0n(0))
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+ U2 (20) (14 6a(a0)) -

With the same arguments that lead to (4.20) for Wy, we get for @, from ([5.24) that

Cx
C’2 22kak < Dy (z0) < —Q%mG
X

holds uniformly in zy. Using this we obtain with the same arguments as in Section [5.6.2
that

v/ @, P (UEED) )| — oSy
< V(|0 P UE™ —m)]|so + |05 P RE) (14 60) [l + @5 20 5,100

N, T W T, T, W

+ /|| @ PO || — oSy

<*/22kv (U572 = mlloo + IRE) wlloo (1 + [18allo0))

+ |\/_”(I>‘1/2 U5 oo — Sk (1 + [10n]lo0) + oSk[|8n]loo- (5.91)

N, Tn W

We will bound these terms one by one. Let

UED (10):=T{3I € B,,,: 3 €T:X; € Ap(wo,wr)} (5.92)

,Tn,

We get the decomposition

Usild (o) — miwo) = UL (o) — m(ao) gyt (o) + m(ao) (U5, (20) — 1)

N, W N, W

For the first term we obtain

U (w0) — m(xo) U, (o)
| XteBi ., 2oger(m(X;) —m(x0) ) I{X; € Ap(zo, wr)}

- > o1en,,  2jer HXG € Aw(@o,wi)}

ZIEBT-M Zjel (A (o, wr))*{X; € Ag(zo,wr)}
ZIeBTM > et HX; € Ag(wo,wr)}

oo X, € Ap(xo,wr)}
e 3 sthisonr g et
I1€B, n JEBy,, n Luje] J k(To, wy)}

<Cy | max 0(Ak(z,wr))*.

T™n,n

<Cy

This yields

n,r n

o 1 (nllogn)> ' o
/ﬁ; —_—
— 22kvmk

22k
P (HUr(fﬁ"L mUyllse > k(logn) ™! m)

sup  max 0(Ag(zo,wr))” ] —0 (5.93)

zo€[0,1]P I€Bry,n
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due to (5.25). With (5.92)) we have
U (20) — 1| =I{PL € B, : Fj € 1 : X; € Ag(wo,wr)}
=I{VI€ B,,,:#j€l:X; € Ay(zxo,wr)}
=[] Y#jel:X;e Aulzow)}

I€Bmn

= min ]I{EJEI X; EAk(l’o?wI)}

€Brpon

We obtain

E| sup |m($o)(U£f§;1,L($o)—1)|]

zo€[0,1]P

<|ml|<E| sup min I{#jel:X;e Ak(azo,wj)}]

| z0€[0,1]7 I€Br,n

<|mlloE | sup T{Pj € [ra] : X; € Ak(x07w)}]
_:coG[OJ}P
< fmflee2"(1 = ex27F)™

where the last inequality follows from the proof of Lemma [5.17] Hence

22k
’ <||m(U£§;1,L — Dl > r(logn)~ Vm'@)

n

_, ((n(logn)? V2 k —k\rn

by (5.13)). In conjunction (5.93)) and ([5.94) yield

n (K,m)

— -1
2%—1}%” o) = mlloo = op ((logn) ™) .

For ¢,, from ((5.89) we will prove that
H(SnHoo = Op ((10g n)—3/2) :

For g(z) = 1/x and

f(aso)—ﬁ > STHX; € Ao, )}

Pao I€EBy, n jEI

:7“( ) Z Z (I{X; € Ap(wo,wr)} — pay(wr))

Pxo IEBrn n JEI

T, Ll

Pxo I€By, n jeI
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we have for k > 0

P ( sup |6, (o)| > K)
x0€[0,1]P
< 3 P(5u(a0)] > #)

= > P(lg (o) — g(1)] > k)
= 3 Plg(§(a) £ [1 - r 1+ 1)
= 3" P(e(xo) € lg7 M (1 + k). 7M1 - K))
< Y P(leao) 1> 1 - g1+ R)])
+x§kp ( (Tn Do IEBZmn;pmo wI 2(H+ 1)) (596)
because
1 K 1

]_ — -1 1 — ]_ — — —
With Lemma [2.11], Proposition [2.16, Remark and (4.6 we have

_ (rnzlox())q [ &) Ie;ﬂ; ({X; € Ax(zo,wr)} — Pao(wr))
(2) 6”5 |

<(2) ()" B [twan]

< (2_'“)#. (5.97)

n

S S WX, € Aulwo.wn)} — puolen))

r ( )
npxo Tn IeBr n jel

q:|
Tn

> (X € Aul(z0,w)} = Pro(w))

For the second term from ([5.96)) we note that

Z Zpﬂco OJ[ _1_ ! Z (pﬂco(wf)_pxo)'

T'n (rn)pfco I€By, n jE€I ( >px0 IEB

Tr,mn

131



Chapter 5. Confidence bands for centered purely random forests

Hence we obtain

2 2

E ( ) Z prOCUI_l =E

Pao I€By, n jE€I Dao (rn) I€Br, n

< E [p2 (w
<20 [, ()]
1 2

T (TZ)E [E[I{X1 € Ax(z0,w)} | w]']
< 1
Do (:,LL)

2k
< (5.98)

because
COV (pzo (w1)7pa:o (WQ)) = 0

Together (5:96), (5-97) and (5.98) yield

P sup [dn(zo)| > &
zo€[0,1]P

<P SO ST € Ao, wn)} — pao () ‘ "
I0€Xk (Tn)px() IeBrn " ]EI ’ Q(R + 1)
K
+ Z P Z Zp:c WI ‘
o) (Tn)pxo o b 2k + 1)

< Z E |rn;x0( Z Z (I{X,; € Ap(xo,wr)} — Pag(wr)) |77 (2(/4;’:— 1))_R

ToEX) Tn IEBrn n JEI

" B 2 el (s50)

Pzo rep, el

CC()EXk
ok qr/2 ok
s (3) e v (e

This implies

QR/2 2k:
) (14 (log n)*/2)1% 4+ N (k) s (14 (log n)*/?)".

()

k
P (16, > o)) £ Ny (k) (%
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For the first term we have
ok qr/2 9k (] 3\ 9Rr/2
Vi) (2) 7 e ognpy < i) (ZEEE) T
n n

with assumption ([5.26) and for the second one we have
k

by assumption (5.3). Hence ||,]|cc = op((logn)~3/2). This also implies that 14 ||0,]|ec =
O(1). Corollary yields with a union bound

22k log n)?n
(nmemm TW%W%%ZZMMMW}

IoGXk

Tny\rn
Ny (k) (14 (logn)3?)? < Qk(pﬂ)(g) (logn)® =0

2

< Ny L5 QB (1)

cxk? 2°Vh, \n

o2
< —2 P+ (logn)2e¢™"t = 0
CxK

for all k > 0 by assumption ([5.3]). Hence

n —
RS, wlloo (L + [16nllo) = Q%VM|IR§§ZL,N||O<>O(1)=0P ((logn)™) . (5.99)

For any v > 4 with E[|e1|"] < oo we get analogue to Theorem that

QQkV

L - i3
52 s @, (20) U2, (20) | = Sl (1+ (1301 o0)

n,rn . w
zo€0,1] v

_o, (log n)3/? (log n)5/4 logn
Vé’/;nl/2—1/1/ Vé{:nl/“ V%{]Snl/6

(5.100)

It remains to show that Si|d,]lcc = op((logn)™'). Regardless of the Gaussian process
being a different one, we get analogously to equation ([5.40)) that

P (S, > k) <k 'E

zo€[0,1]P

sup |By fmo,k|] <k Wk.

This implies S, = Op(v/k) and hence
Sellonlloe = Op (\/E) op ((logn)™*2) = o0 ((logn)™) (5.101)

since 2% < n. In total (5.91)), (5.95), (5.99), (5.100) and (5.101)) yield
‘\/—Hq) 1/2 (KRF )H —USk’

nrnw

log n)3/2 log n)3/4 logn 3
= Op S/zg ) + ( 1%4 ) + 1/6g + op ((logn) 1)
Vi nue=iy iy

and the claim follows with the same arguments as in the proof of Theorem [5.1] O
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5.6.9 Proofs for Section [5.4]
5.6.9.1 Proof of Lemma [5.11]

We start with the case Ay(x1,wi) N Ag(x2,ws) # 0. Thus, there exists xg € Ag(x1,w1) N
Ap(x9,ws). Equation (3.19) yields

V (Ag(z1,w1) N Ag(z9,w2)) = V (Ag(z0, w1) N Ap (20, w2))
-9~ >0 max{S;(zo,w1),Si(zo,w2)}

=9~ oy max{S, (Uﬁl,wl),Sz(m,wﬂ}'

It remains to prove that
[{Ag(z1,w1) N Ag(z9,w2) # 0}

— H ]I { Lxgl)2min{Sl(Il,wl),sl(xg,wg)}J — I—xgl)2min{Sl(xl,wl),Sl(zg,wg)}J } . (5102)
=1

For the projections on the coordinatesA,(j) from 1) it holds that
H{Ak<$1,wl)ﬂAk(ZE27WQ 7& @} H]I{ xl,wl ﬂA](j)(ZL‘Q,WQ) 7é @} (5103)

Similar to 1} the exact form of the A,(f) described in Remark |3.5| implies that

A](cl)(xlywl) N Ag)(x27w2) 7£ @
& (A,(j)(xl,wl) C A,(f) (acg,wg)) V (A,(f) (x1,w1) D A,(f)(xg,wz)) )

The form further implies that one interval being a subset of the other is equlvalent to
both xll) and x2 , being in the larger set that is equal to the union. For the union,
yields

AI(CZ) (.Tl, wl) U A](gl) (.CCQ, CL)Q)
— 27 min{Sl (1‘1,&)1),5[ (IQ,WQ)} [Lxg-l) 2min{Sl(m1,wl),Sl(:pg,wg)}J 7 Lxg-l) 2min{Sl(m1,wl),Sl(:pg,wg)}J _|_ 1) )

Together this implies

A,(fl)(xl,wl) N A,(Cl) (w9, wq) # 0
= (A,g”(xl,wl) c A,ﬁ’(xz,wz)) v (A,(f)(:cl,wl) 5 A,@(xz,wQ))
N xy)) U] ¢ 9~ min{Si(z1,w1),5 (22,w2)}
% [Lxgl)2min{Sl(ac1,w1),Sl(ac2,w2)}J’ Lxgl)Qmin{Sl(ac1,w1),Sl(ac2,w2)}J + 1)

PN Ll‘gl)Zmin{Sl(:C17W1)7Sl(x27wz)}J _ Lxgl)2min{sl(m1,w1),sl(J:z,wg)}J'

Plugging this into ((5.103) we obtain (5.102)). O

134



5.6. Proofs

5.6.9.2 Proof of Lemma [5.12]
We can assume that

(max{t e {0,...k}: Lxﬁl)TJ = Mg)TJ })f 1
— (max{t € {0,...k} : [2{'2"] = [2{"2']})"_

without loss of generality because the CPRF is symmetric. For sq,s5 € {0,... k}? we
denote s; = (s1(1))]_, and s, analogously. For S(z,w) = (S;(z,w))}_, we obtain

P (X1 € Ap(w1,w1) N Ag(z2, w2))
=E [V (Ax(z1,w1) N Ag(z2,w2))]
) [27 31, max{S;(z1,w1),5) (z2,w2)}

p
5 H i { Lxgl)2min{Sl(x17w1)751(x27w2)}J _ L:Lél)Qmin{Sl(zl,wl),Sl(zg,wz)}J } }
=1

= Z P (S(z1,w1) = s1,5(x2,w2) = 52)

s1,82€{0,...,k}P

X 9~ > max{si(l),s2(l }H]I{ 0 2m1n{sl( ), S2(l)}J _ Ll‘gl)Qmin{sl(l)’SQ(l)}J}
=1

— Z P (S(z3,w1) = s1,5(x4,wq) = 2)

$1,52€40,...,k}P
5 9~ Lh_y max{si (1) s2(1 }ﬁﬂ{ (D gmin{ss (0,52} | — | (D gmin{s1(D)s2()} J}
I=1
=P (X € Ap(zz,w1) N Ag(zg,w2))
because for all I € [p] and ¢ € {0, ...k} we know that
{1202 = [+0'2] } =1{|2{"2] = |o'2']}
and in particular,

I { Lxgl)Qmin{sl(l),SQ(l)}J _ Lxgl)Qmin{sl(l),@(l)}J }

—1 { Lxgl)Qmin{sﬂl),sg(l)}J _ Lxg)Qmm{sl(l)’sz(l)}J } 0

5.6.10 Proofs of the auxiliary results

In this section we collect the proofs of the auxiliary results that have been used throughout
the chapter so far. We start with the proof of Theorem [5.14] continue with the proofs
for the approximation error results, and conclude the section with the proofs for the
remainder terms that arise from the projection error.
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5.6.10.1 Proof of Theorem [5.14]

We want to apply Theorem [2.4, We note that the function class in the theorem is not
dependent on n. However, we can apply the theorem to Fj, for every n or k, respectively.
Also the constant in the theorem does not depend on n. This is why we get a sequence of
random variables in the claim of the theorem. |Chernozhukov et al.| (2014b) also point this
out in their Remark 2.1. We consider the function class F, from (5.1)). To get the claimed
result we need to consider Fj, U —F. Due to Chernozhukov et al.| (2014b|, Corollary 2.1)
we consider Fj without loss of generality.

In Section we already explained why Fy, is finite. Thus, it is pointwise measurable
because the f,,, are measurable. Now, we prove that Fj, is a VC type class satisfying
Definition 2.3 Using the definition of K} in together with the bound for p,,(w) in

(4.6) and Wy (zo) > cxC5*2%%V,,, from (4.20)) we obtain

Sup | fuo(7,8)| = sup o s|W; " (20) K (0, )

x0€[0,1]P zo€[0,1]P
1 Ox gy _
<o 1]5]1—/22 ka;/z sup E [[{z € Ay(zo,w)}pa(w) ']
Cx z0€[0,1]P
C -
< 0_1|s]1—;(22_kvm}€/20;(12k
Cx
1, Cx ,-172
=0 1|3|%Vm,k/
Cx
=: F(z,s). (5.104)

Therefore, Fi is equipped with the measurable envelope F' that does not depend on .
The finite size |Fy| = N;(k) < 2*7 is an upper bound for any covering number of F, and
thus,

5D N(F || lloa #l1Fllg2) < 2 < 2%/

for all k € (0,1], implies that F} is a VC type class satisfying Definition for A = 2
and v = 1.

We proceed by verifying the conditions on the moments. With the definitions of K}
in (4.8) and ¥y, in (4.9) we obtain
sup P|f|* = sup o 2, (20)E [e1K} (w0, X1)]
feFy zo€[0,1]P
= sup U '(20)E [K} (2o, X1)] = 1.

x0€[0,1]P

Thus, ¢ from Theorem is equal to 1. For ¢ < v we denote 7, := E[|¢1|]"/%. The
definitions used above, the lower bound for p,, in (4.7) and Wy (zy) > cxCx*2%*V, . from

(4.20) further yield
sup P|f|> = sup 073\11,;3/2(560)151 [le1 K (o, X1)|°]

J€Fy zo€[0,1]P
_ Eflesf’] ~3/2 2 A -1
== st[lp] U (@0)E [KG (20, X1)E [I{X1 € Ar(z0,w)}pae(w) ™ | X1]]
zo€(0,1]P
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IA
S |Wc,o
0
o
ol
S
-
~
)

8
<
&=
2
&
e
e
—
[
XH
[\)
ol

For the envelope F' from (|5.104]) we obtain

vil/v CX —1/2 vil/v Cx Tyy,—1/2
IFlley = E[IF(Xn, 20l =07 =500 PR [Jer ] = P 2V
Cx

We choose b from Theorem 2.4] as

3

L 1/2 1/2CX Ty T
b=V Cp =V 3/2ma {—,_3}
Cx

It holds that b > 1 because cx < 1 < Cy, Vr{iﬂ > 2k/2 > 1 and 7, > o due to Jensen’s

inequality. Further we have b = O(V, 2/ %) because C} is a constant that only depends on

the distributions of €; and X;. We get

sup an = Sup ’an|

feEFLU—Fp fEF
= sup |Gna_1‘lf,;1/2(a:o)sz(:Bo, x)|

x0€[0,1]P

= sup |

z0€[0,1]7 \/02

n
=1/= sup [T (20)UL) (o).
0% zo€l0,1)P

In summary, the parameters from Theorem are 0 = 1, b =V, Y/ QC’(,, A = 2" and

v=1. We use Vo > 272" from (3.20) and the fact that 2¥ = o(n) (see and .
to obtain

1/2 (zo Z@Kk zo, X;)|
7=1

K,, = cv(logn V log(Ab/5))
= c(logn Vv 1og(2kpv&i/2(]b))
< c(logn V log(2*P+V )
c(logn V (p+ 1) log(2"Cy))
c(p+ 1)(logn V log(27Cy))
O(logn).

IN |/\|
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Chapter 5. Confidence bands for centered purely random forests

Let By, be the centered Gaussian process defined in the claim. For v = (logn)~ Theorem
yields that there exists a random variable

d
S, = sup Bif = sup |ka| = Sup |Bk:fzo,k|

fEFLU—Fp feFk CEoE[O,l]p
such that
p G bK,(logn)/2  (blogn)2K2*  (bK2logn)/3
?SJ%‘ nfl = k’ ni/2—1/v nl/4 nl/6

<C ((logn)_1 + 107%”)

since ¢ = 1. Hence

\\/ sup 102 (@)U L (x0)] — S
o? 20€[0,1]7

[ sup 611

fEF)
_ bK,(logn)2  (blogn)2KY*  (bK2logn)/3
= Op nl/2—1/v nl/4 nl/6

log n)3/2 log n)®/4 logn
=Op ( S/2gl/)21/u . ( 1%4 >1/4 T 1/Gg 16 |
mekn mGn vakn

since K, = O((logn)) and b = O(V;,/*). O
5.6.10.2 Proofs of the approximation error results
Proof of Lemmal[5.16. With (5.44]) we have

Uﬁ?ﬁi,w(ﬂco) —m(zo)USY), (o)

]I{X] c Ak(ﬂfo,wI)}
( 2 2 m(X) = mla)) s e oo}

T/ I1€Bpr,.n jEI

which implies
Sl[lp} | n,rn w([L’o) _m(xO)Uvgrn,w(xON
xo€[0,1]P
1 H{X € Ak(ZEO (.O[)}
< su m(X.:) —m(x J )
a P (n) Z Z| ( j) ( 0>|ZieIH{Xi € Ax(zo,wr)}
aZjeI H{Xj € Ak(l‘o,wl)}
> ier {Xi € Ag(zo,wr)}
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For the expectation we get

E | sup ! Z (A (o, wr))”

()
xoe[O,l]P Tn IGBrnyn

=B | swp o S0 0(Aelro,wn)” — ER(A(r, )] | +ER(A(r, )]

z0€0,1]P (T’Z) 1€Br, n

Using the independence of the w; we obtain for the latter expectation that

E | sup Z (Ag(zo, wr))” — Efo(Ax(z,w))”]

z0€[0,1]P (rn) 1€Br, n

<) E

> o(Au(wo,wr)* — E[p(Ay(x,w))]

()
Tn IEBM,”

1/2

< Ny (k)Var (711) Z (A (o, wr))"
= Ny () —==Var 0(An(ao.))")

()
< Ny () —=E [o(A(an. )]

(%)

p*?
< Ny(k)

This leads to

E| sup U, (20) = m(ao)USL), (x0)l
xoe[o’l]p simy simy
1 e
< CyE | sup E (A (o, wr))

(n)
ZEOE[Ozl] Tn I€B7n7 3
Tn

n\ "2
< Cy (E@(Ak(a:,w»a]+Nf<k>pa/2( ) ) =

Proof of Lemma[5.17 For any w, let Xj(w) denote a set of 2% points, with exactly one
point in each of the partition cells created by omega. That means |Xj(w) N Ag(zo, w)| =1

for every xy € [0, 1]P. Using |} for Ué}r)mw(xg) we obtain

E

(o) (U, () — m]

x0€[0,1]P
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< ||m||ooE | sup
zo€[0,1]P

1
] > ({Fjel:X; € Aplwg,w)} — 1)’
™/ I€Bry,,n

—_

< [lmlocE

— sup I{Bj €1:X; € Ap(zo,wr)}
(,,.n) I€By, n 41306[0,1]17

= ||mHOOE[ sup I{Bj € [rn]: X, € Ak(xo,w)}]

z0€[0,1]P

= ||m\|OOE[E[IOr6112%€>(<w) {#j € [r.] : Xj € Ax(zo,w)} | w]]

< mllB |E | Y K€ [ra]: X; € Ap(zo,w)} |w

20 EX) (w)

= ml<B | Y (1= pe@)”

_xOEXk(w)
< [|m[|2¥(1 — ex277)™.

This completes the proof. n

Remark 5.21. We note that

1
E ‘T Y I el X, € Alwo.wr)} - 1

(Tn) IEBrn,n

— K ﬁ Z {Aj e I:X; € Ap(zo,wr)}

Tn IEBTn n

E[I{#j € [rn] : X; € Ap(z0,w)}]
]E [(1 _pxo(w))rn]
(1—Cx27%)m.

Y

Therefore, the bound in Lemma [5.17] is sharp up to the constant and the union bound.

The bound
2°(1 — cx27")™ Sexp (klog2 — cxrn/2%) = exp (=1, /2"(cx — k2Fr, ' log 2))

illustrates that the union bound is negligible as long as k2Fr 1 — 0.

5.6.10.3 Proofs of the remainder results

Proof of Lemma[5.18 We omit x, in the notation of

hR,n<<Xi75i)i€I’wI) = Zng{Xj < Ak(xo,wﬁ} (Z I 1 : )

jel ]I{XZ S Ak(x(hwf)} - Tnpx()(WI)
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because it is fixed throughout the proof. Then we have

1
Rnlﬂ)"n,w ($0) = ( n )

Z hen((Xi,€i)ier, wr),

IEBrn,n

which is a generalized U-statistic with centered kernel hg,. For even ¢ > 0 Lemma [2.11]
yields
Tn

E (R, o0 < (1) B fhal (X i, 0)7). (5,105

With equation ([2.7) and Hélder’s inequality we get
E [hra((Xi&)i2y, w) )
(& 1 1 !
=K e, I{ X, € Ap(zo,w - —
(Z A w0 )} (Ziilﬂ{Xi € Ap(zo,w)} Tnpxo(w)>) ]

j=1
q/2

Tn ) 1 1 2
<E <Z €]~H{Xj € Ax(zp,w)} (Z:ll I{X; € Ay(zo,w)} - rnpwo(w)) )

j=1

- Z (Qh -q/2 )

Q1+t ar, =q/2 wo

x &

- 2q; ! 1 !
171X € Axlo,w)} (Z:il I{X; € Ag(wo,w)} T"pl‘o(w)) ]

-y (7 el

Q1+ +qr, =q/2 wo

- 1 L
HI[{Xj € Ap(zo,w)} (Ztnlﬂ{Xi € Ap(zo,w)} Tnpxo(w)> ]

j=1 i=

<E[] (qh_q/Q)

q1+,“+qrn:q/2 .. 7q7"n

x E

x &

ﬂ”&e“%w”gﬂﬂméAmmm‘m;wQ1’@w®

with g; € No. For any q = (g;)jefr,) With 320", ¢; = q/2 let Jgso := {j € [ra] : ¢; > 0},
Jg=0 = {Jj € [rn] : ¢ = 0} and G(q) := |Jq=0|. For the expectation from ({5.106|) we get
with pg,(w) < Cx27" (see (4.6))) and G(q) < ¢/2 that

Tn 1 1 24,
E EH{XJ- € Ax(zo,w)} (Z?il {X; € Ap(z0,w)} rnpxo(@) ]
1 1 2q;
) jel;[o]I{Xj € Ap(zo,w)} (g(q) + D sy X € Ax(mo,w)} T Py (w)>
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1 1 q
=K (d(Q) + ZiEquo H{Xl (- Ak(ﬁo,w)} B Tnpxo(w)> H ]I{X] € Ak(l’o,w)}

jEJq>O

1 I
(d(q> + ZiEJq:() ]I{Xl S Ak('xov w)} - T'nDzxqg (w)>
x El [T HX; € Au(ao,w)} w,(XmeJQOH

jEJq>0

=E

: — ! q (w)fi(q)
Q@)+ Liesy, BN € Aulwo, @)} Tapa(@) ) 7

< C;I(/QQ—kd(q)E

| Y
(cj(q) + Ziejq:() {X; € Ap(z0,w)}  TnPaq (w)) ] ’ (5.107)

Conditioned on w, the sum in the expression above is Binomial distributed with parame-
ters r,, — ¢(q) and p,,(w). We note that ¢(q) < ¢/2 and hence we get with Lemma [2.19)
that

E

1 1 !
<c.7<q> Y X € Ao} 7ub <w>> ]

=E |E

1 1\’
((j(q) + 2 i s HXG € Ag(wo,w)}  Tabag (W)) w”

SE [(Tnpwo (w)>7q3/2]
< (exra27F) "B/, (5.108)

Combining (5.106]), (5.107) and (5.108)), we obtain that there exists a constant C, inde-
pendent of parameters involved, such that

E [hR,n((Xi’ 51‘);‘217 w)q]

X @t g, =q/2 rorn

We note that

Z ( q/2 ):Tgl/z'
q1s -5 4,

Q1+...+an=q/2
For g € {1,...,q/2}, let

Vo= X (", )JHuE Ly >0 -a.

Q-+, =q/2 T

This implies
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Using that 0 < ¢ < ¢/2, we obtain

vao- X (" M=l a > o

Q-+t =q/2 weo

- Y AP ag-e e > o)

Q. Fqr, =q/2 "

(a/2)t Y Hg={jelr.qg >0}

<
— (|1 ZL1|Nd

: &Zéf?iq ()
(

q/2)! ! s

Most importantly this does not depend on the g;. We note that ¢((¢;)jer,)) = [{J €
[rn],q; > 0}]. Using 2% < r,,, we obtain for the sum in (5.109) that

Z ( Q/2 >2—k’d((qj)je[m])
qi,---59r,

@t tgr,=q/2

q/2
Sy Y QMWQ >Mq—Hth$%>0H}

- dr,

G=1 q+.+ar,=q/2
q/2
=> 27%N(g)
G=1
q/2

<> 27 (g/2)"
g=1

< (/2 ()"
=0 ((r2)™). (5.110)

Using that E []], C% and ¢, are constants independent of n and k together with ((5.110))
and (5.109) we obtain

E [hR n(Xi,80)in,w)1 ] =0 ((Tn2_k>_q) .
Thus, with (5.105) we end up with

E[(RY, ()]

N

<n>q/ E [(hra((Xp <721, )

G (E) - () :
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Proof of Lemma[5.19. We obtain
E [ i ( 0) }
)

= —Var Z (pxo(wI)_l]I{Xj S Ak(l'o,WI)} — Kk(l'(),Xj))

Tn_l I€By, nij€l

rn—l IeBm nilel

Var ( (pxo(wl)_IH{Xl € Ap(xo,wr)} — Kk(xo,Xl))

—— < Var (pg, (w) 'I{X; € Ag(zo,w)} — Ki(z0, X1))

o (rn_l)

because
Cov (H{Xl ;i’ii’;o’ O} o, Xy, B im‘jl(’zjf)o’ ) X1)>
NG E RN B )

=0.
The latter equality follows by conditioning on X; and using that

{X; € Ap(wo, wi)}
ool V@

Ki(z9, X;) =E {

in conjunction with the independence of w; and wy. We get

E[RP) (70)?]

1;n1w 1
= %ﬁ\/ar (Pro (W) TTH{X, € Ag(0,w)} — (2o, X1))
o 1 _ 2
_Pﬂfﬁﬂmw»m&eﬁmeJMm%D}
21
- %W (B [pay (w) *I{ X € Ap(zo,w)}] — E [K(z0, X1)])
rn—1
21
< T B [P () X € Ap(mo, w)}]
n (rn—l)
o 1
< e PR X € Ay(o,w)}]
n (rn—ll)
o? T\ 1 —262k
<7 ()7
o?Cx 28 /r,\mn—1
= A n (E)
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_ o?COx 2 <rn)rn

2
Cx Th \T

This yields the claim. [
Proof of Corollary[5.20. The proof of Corollary is analogous to that of Lemma [5.19]

In particular, we have

E [RY) ,(%0)?]

n,rn,wW

o 1
= ——Var [ ——~ Z {X;) € Ap(xo,wr)} —P(X) € Ax(zo,w) | X7)

-
el iy
Dz, rn—1) I€B,, nijel

o? 1

<

— Var (I{X; € Ap(zo,w)} —P(X; € Ap(zo,w) | X))
7 (2)" B, € Au(ro.w))
ey

— 2 o (n-1y\
sz” (rn—l)
2
Pz, 1
2 9k
s (™)
Cx Tp n

because
Cov(I{X; € Ap(zo,wr1)} — P(X1 € Ax(zo,w) | X1),
]I{Xl c Ak<l’0,w?)} — P(Xl € Ak(l'Q,W) ’ Xl) =0
with the arguments from the previous proof. n

5.6.11 Proof of Theorem [5.10|

The structure of the proof is similar to the proof for the random forest. More precisely,
the proof is similar to that of Proposition in Section [5.6.2] The claim then follows
analogously to Section |5.6.1, We use the decomposition of the estimator and error from

(2.3)), that is
(

i (20) = 1l (wo) + 11057 (20)
B {X; € As(z0)} a I{X; € As(z0)}
= 2 M) TR € Anta)) T 2 ST 1 € Aan)]

The assumption 0 < cx < fx < Cx and V(As(xp)) = dP imply
cx0P < pg(0) < CxoP.
For
Z €Dz (0) 'I{X; € As(w0)},
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we have
Var(m'? (0)) = 02pa, (6) 0t = O(n~1677).

First we consider the remainder term

~ (& ~ (&€ - 1 1
) (o) — m(H)(xo) = Zst{Xj € As(wo)} (Z?_l I{X; € As(z0)} npzo((S)) '

J=1

Let g € 2Z. We note that 6 = O(n) by (5.29). This allows us to apply Lemma and
similar to the proof of Lemma [5.18] but only considering the part for the moments of the
kernel, we get

E |1 (o) — 3 (20)|7)

- ] NC
=K )ZEJH{XJ < Ad(mO)}(Z?zl {X; € As(zo)} ”pw0(5)> ]

L j=1

. . ) 9\ 4/2
SE (Z e;I{X; € As(zo)} (Z?:l I{X; € As(z0)} npxo(fs)) )

j=1

< ni’E _ﬁezﬂ{X-GA(a: )}( ! S )2
ST T TSI € As(wo)} npe (0)
< n?’E _ﬁ]l{XeA (z0)}| E L oy
~ = 4/2+ 2o X € As(mo)} mpay (6)
S (nd")"20((no?)~97%)
= O((né?)™). (5.111)
For the approximation error we have
i (20) = m(zo) = Y (m(X;) = m(x0)) Zﬂ_{ﬁ{;?ig@}
+m(zo)(I{3j € [n] : X; € As(xo)} — 1). (5.112)

Using the Holder continuity we get

. I{X; € As(z0)}
E | sup m(X;) — m(x = < CHE | sup 0(As(xg))”
zo€[0,1]7 j:l( (%) (0))Zi:1H{Xi€A6($0)} 5 aociop (4s(z0))
= Co°p™/2. (5.113)

The number of cells is equal to 677, Let X5 C [0,1]? with |X5| = 67 denote at set
containing exactly one element in each cell. We obtain

E | sup |m(zo)(I{3j € [n]: X; € As(xo)} — 1)’]

z0€[0,1]P
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< Il | ma I8 € [ X; € Ao}

<lmllw Y E[I{#) € [0]: X; € As(w0)}]

xo GX(;

= [Imlloe D (1= puy(8)"

ToEXs
< mllocd (1 — exd)".

Together with (5.112)) and (5.113)), this yields

Elflm — m$ ] S Crd®p®? + ||m|od P(1 — exd?)". (5.114)
We proceed with the leading term. Let

Fs = {frs(,8) = 07 55 () *I{z € As(wo)}}.

We have
Var(fy,,s(X1,61)) =1
and 5
sp E | fugs(¥n,e0)] < TLEL (0 gm) -2
xz0€[0,1]P o
as well as

1/v

sup |0~ e1pa, (8) 712

zo€[0,1]P xz0€[0,1]P

1/v
E| sup |fx0,5(X1,€1)]”] =K

S (CX(sp)_l/QO-_l]EHgl|V]1/y.

For b from Theorem [2.4] this yields b < 677/2. Further we have |F;| = 672 and hence we
can choose A =77 and v =1 for A and v from the same theorem. We get
K,, = cv(logn V log(Ab/5))
< c(logn V log(67P67P/?))
< c(logn V log(677%/%))
< clog(n®/?)
O(logn).

Analogously to Theorem we get that

3/2 1 5/4 1
In 1/2 - (o) B (logn) (logn) ogn
‘ 02 xosel[lopl]p [P ()™ 1y (20)| = S5 = O <5p/2n1/21/qc 5p/An1/4 5p/61,1/6
(5.115)

d . .
because gz > 4. Here S5 = SUP,cfo,1]p | Bs fro.6] and By is a sequence of centered Gaussian
processes indexed by F5 and with covariance function

Cov(Bs(far6), Bs(frr6)) = 12y (8) 2y (8) T PE [I{ X1 € As(a) JI{X: € As(x2)}]
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= {As(x1) = As(z2) }.

That means

d d
Ss = sup |Bsfus| = max |7
20€[0,1]P =1, 8-P

where the Z; ~ N(0,1) and i.i.d.. We get confidence bands with radius

where ¢5(5) satisfies

.....

(5.29) implies that

5/2

(logn) _ ((logn)® 5/, N2
5p/2n1/2*1/fm_< 5en, n G) — 0.

Similar to the proof of Theorem [5.1] the same argument applied to the other terms in

(5.115)) implies that

]\/ sup  [pan (6)%D (20)] — S
:E()E[Ol]p

It remains to show that the remainder and the approximation error are negligible. Similar
to the main proof we need that they are

1
oF (nl/Q(SP/Q logn) ’

Using a union bound, (5.111)) yields

= op((logn) ™). (5.116)

NE 1
P ()~ o )

< G PR[|ml (x0) — ) (20) 7] K92 (n6” (log n) ) 1/

—0 (5 P(l‘;gn”)%ﬂ) =0 (5.117)

due to ((5.28). For the approximation error we have with (5.114]) that

P (Hm — | > ﬁ%)
< Effjm — i ]~ (e (log n))/*
= O((0*nd*(logn))"?) + O(577(1 — exd?)"(né"(logn))*/?).
The first term is o(1) with and for the second term we have
67P(1 — cx6?)"(né?(logn))/? < exp(—cxnd?)dP(né?(logn))/* = 0

because 6 P = op(n) with (5.28) or (5.29)). Combining this with (5.116|) and (5.117)), the

claim follows analogously to the proof of Theorem [5.1] based on Proposition [5.15] O
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Chapter 6

Simulation study

In this chapter, we present a simulation study to verify our theoretical results in practice.
The complete source code related to this chapter is available, see Rabe| (2025). Throughout
the study we use uniformly distributed X. In Section we discussed properties of the
Gaussian process that are utilized in this chapter. In particular, we know the covariance
of the Gaussian process for uniformly distributed X from . It is given by

Cov(Br(feyk)s Be(faok)) = Vg}CIE [V (Ag(z1,w1) N A2, ws))] . (6.1)

In Section [6.1] we illustrate and discuss several aspects of the asymptotic confidence bands.
Subsequently, in Section we introduce a possible approach to use Bootstrap confidence
bands and compare it to the asymptotic bands for a small sample size. At the end of the
chapter we discuss some limitations of the simulation study in Section [6.3]

6.1 Asymptotic confidence bands

This section deals with the asymptotic confidence bands given by Theorem 5.1} To con-
struct them, we need to know Vnj, o, and most importantly, the quantiles of S; in
addition to the estimator. To estimate the distribution of S;, we can use the observations
from Section [5.4] First, we can estimate the distinct entries in the covariance matrix of
By,. Knowing the covariances, we can get the covariance matrix on some grid in [0, 1]P.
Due to computational costs it is not always feasible to use the 2¥-grid if kp is too large.
On this grid we simulate the Gaussian process By, and compute its supremum. Using the
Monte Carlo method, we get an empirical distribution of Sg.

6.1.1 Estimation of the covariance matrix

Lemma and Lemma provide insights into the estimation of the covariances of
the Gaussian process when X is uniformly distributed. It is not necessary to simulate the
X because of the identity in (5.31)). However, it should be noted that this is equivalent
to knowing the density of X.

To estimate the covariance from (6.1]), we need to simulate a large number of pairs
of independent vectors containing the number of splits per direction for two different
cells Ag(z1,w;) and Ag(z2,wsy). Lemma allows us to compute the volume of their
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Chapter 6. Simulation study

Algorithm 6.1 Covariance Estimation

Input' Number of partitions np, number of splits &, split distribution of w.
Cum _ {O}(ker)

2: for j=1,...,np do

3 Simulate S (wy) € {0,...,k}? according to the cell split distribution.
4 Simulate S (w2) € {0, ..., k}? according to the cell split distribution.
5 fori=1,..., (kp )

6: Veum (i) = chm()+Vm( H(i), S(w1), S(w2))

7

8

9

[t

end for
: end for
: V chm/np
10: Vo = V(r({k}?))
1: C' = V/mG
12: return C and )}m,k
Output: Estimators C(7(c)) of Cov(c) for ¢ € Qg and V. of Vo

intersection from the number of splits S(z1,w;) and S(x2,ws). Thus, we can estimate the
expected volume, which is equal to the corresponding covariance multiplied by V. For
x1 = o this is already an estimator for V.

Lemma [5.12] implies that there are only (k“’) distinct covariance values for z1,xy €
[0,1]” and thus further simplifies the estimation. Precisely, it is sufficient to estimate the
covariance for all possible values of the ordered version of the closeness vector € (x1,x2)
of ;1 and x5 defined in . The ordered vectors (’:,(:)(xl,xg) from Section Iéﬂ

elements of

are

Qs ={(t1,...,tp) | t; €{0,.. . k}Vie {1,....pht1 <ta < ... <t,}.

Instead of calculating the volume of the intersection for all pairs of x; and x5 it is sufficient
to do so for all elements of 2g. From ([5.33)) we know that this is

p
Vi (€, S(wi), S(wy)) = 27 (Bl max(Siten i) TT 1 {min(Si(wr), Si(w2)) < e} -

=1
Algorithm [6.1] describes the estimation of the covariances

1

Cov(c) := Vi

E [Vm (C, S(wl), S(WQ))] , ¢ € Qg.

To order the elements of (g, we use some bijection

7;956{1,...(’“;1’)}.

The algorithm gives estimators C'(7(c)) for Cov(c) and an estimator for Vn . We note

that ) B
Vi =V (T({£}7)),

150



6.1. Asymptotic confidence bands

because we have € (xg,xo) = {k}?.

We need to simulate the Gaussian process on an appropriate grid of the feature space.
Thus, we need an estimator of its covariance matrix on this grid. When the covariance
matrix Y of a Gaussian process on a grid is known, the process can be simulated on that
grid by multiplying the matrix L that satisfies ¥ = LL” with a vector that is multivariate
normal distributed with identity covariance matrix.

Above we already explained the estimation of all distinct covariance matrix entries.
Below we describe how these entries are utilized to form the estimator for the covariance
matrix. For some k < k we use an equidistant grid with spacing of length 27%. The grid
is then defined as i i i

Gp = {a2"+ 27" ac{0,...,2F —1}}7.

The true covariance matrix on this grid is

1

Y= ——
T Vg

(E [V (Ap(x1, wi) N Ag(22,w2))])

;I?1,;B2€Gl~c :

We recall that (’:,(j)(xl, x9) is the order statistic of €4 (x1, z2). The estimator of the covari-
ance matrix on the same grid is

Se= (O ( (@), e,

It remains to discuss how we select k& and thereby the grid for the simulation of the
Gaussian process. The observations about the function class in Section [5.4] imply that
the process can be seen as a process in A}, which is a set that contains one point in
every undividable cell. We know that a 2F-grid would always contain one point in every
undividable cell. However, the use of a covariance matrix on a very fine grid can be
computationally infeasible. As a way out, Remark can be used to determine which
grid is fine enough. Since we estimate the covariance for all ¢ € {2g we can check which
estimated covariance entries are equal to one. If there is a ¢* € {0,...,k} with

P(S)(w) <c")=1Vle{l,...,p},

the grid with k = ¢* is fine enough because its grid cells are undividable cells (see Section
[3.3.1.3). This implies that all points in these cells correspond to the same function in Fy.
Thus, it suffices to simulate the Gaussian process on this grid to estimate the distribution
of the supremum. An equivalent perspective is, that the estimator and the stochastic
error are constant on these cells and thus it is sufficient to check one point in each cell to
calculate the supremum of the stochastic error.

In practice, we can choose k such that the covariance of the Gaussian process at z;
and x, with € (z1, z5) = {k}?, which is

1

S [V (1037, 50). 5(02)) ]

is reasonably close to one. In this case the probability P(S;(w;) < k) should also be close
to one for every [. With this method we can determine the finest grid spacing that is
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Chapter 6. Simulation study

necessary. If this grid is computationally feasible we choose & accordingly. Otherwise, we
can use the method to get an idea how good the best computationally feasible grid is.

It may be the case that the estimated covariance EA],; is not positive semidefinite, which
would be necessary for the Cholesky decomposition. Therefore, we slightly adjust the
estimated covariance matrix. The first adjustment we try is to add the identity matrix
multiplied by a small constant to the covariance matrix before computing the Cholesky
decomposition. If this is not sufficient to get a positive semidefinite matrix, we use a
reconstruction of the covariance matrix using only the eigenvalues that are greater than
a small constant. Let Q)7 denote a matrix with the eigenvectors of ZA],; as its columns and

let ()\z)fikl be the corresponding eigenvalues. Let A be a diagonal matrix with entries

(max{\;, e})2",. We use the Cholesky decomposition of the reconstruction
o T
Vi = QpAQy

of i,; for the simulations of the suprema.

6.1.2 Estimation of o

To apply the asymptotic confidence bands in practice we need an estimator for o. There
are different types of estimators in the literature. A standard approach is to use the

residuals
&= Yi — (X)),

where 711 is an estimator of the regression function, and estimate o2 by

n
1
0'2 = = E 8?.
n -
=1

Lemma shows that an estimator based on the residuals of U,(L%E?w fulfills the assump-

tions in Theorem It is possible to circumvent the dependence on m by employing an
estimator that is not based on residuals. For instance, Miiller et al.| (2003)) have examined
estimators of this type. Let K}, be a univariate kernel with bandwidth h. We define the

estimator .

D1 i a1 Xi — X()(Yi — Y5)?/2
> oim KX — X1
The kernel gives the pairs of observations weights that are large if the independent vari-

ables are close to each other in Euclidean distance. The idea behind the estimator is
that

(6.2)

53 =

}/1—}/2%€1—52,

if X; and X5 are close. This is the case because
Y1 — }/2 = m(Xl) +é1— m(XQ) — &9

and
Im(X1) — m(Xa)| < O X1 — X
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6.1. Asymptotic confidence bands

Further we note that
E [(e) — £2)?] = 20°.

Results for estimators of this type in the univariate case can be found in the work by Miiller
et al. (2003) or|Shen et al.| (2020). The latter work also includes results for product kernels
in the multivariate case. In our applications product kernels performed worse than the
estimator from (6.2)). Possible choices for K are the densities of the continuous uniform
distribution on [—1, 1] and the standard normal distribution. In practice the choice of the
bandwidth depends on the sample size and on o.

6.1.3 Simulation results

In this section we present and discuss the results for the asymptotic confidence bands and
their empirical coverage in a finite sample simulation setting. We want to investigate the
effects suggested by the theory in practice. We want to consider the effects of o, the error
distribution, the number of trees N, and the dimension p on the empirical coverage of
the confidence bands. We are also interested in whether the asymptotic assumptions can
explain the results for different finite sample parameter combinations. When discussing
the assumptions that include the approximation error we need to keep in mind that our
bound via the expected diameter might not capture the behavior of the approximation
error completely, as we discussed in Section [3.3.1.4]

For all simulations, we use 50 000 simulated pairs of splits to estimate the covariance
matrix entries. We simulate 100 000 suprema of the Gaussian process with the estimated
covariance matrix from Section[6.1.1]to estimate the quantiles of the supremum. Through-
out the simulations, the bandwidth h = n~'/2? and a Gaussian kernel are employed for the
estimation of the standard deviation, as outlined in , since this choice worked well
in our specific application. With the estimated quantiles, the estimation of V- and the
estimated standard deviation of the errors we are able to compute the confidence band
radius.

The grid on which we evaluate the “supremum” of ]U,ﬁ?w(xo) — m(xo)| is related to
the grid on which we simulate the Gaussian process. The error is evaluated in the corners
of the cells or hyperrectangles, respectively, that are split with probability equal to or
close to zero. We use the grid

GeP) = ({az—’% a2 Ftrelaefl,.. . 2F 1} Ufel— e})p (6.3)

for a small € > 0. The error between a smooth function and a piecewise constant function
is the largest at the jump points of the piecewise function, if the smooth function is
monotone on the corresponding intervals. Thus, the above grid should capture the almost
full uniform error. The fact that at least one grid point is in each almost-undividable cell
ensures that the stochastic error, which needs to be the dominating error for confidence
bands is fully captured.

We start with simulations in the case p = 2. We use the regression function

1
m(a,a®) = Toin(2ma) + 1), (6.4)
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Chapter 6. Simulation study

Table 6.1: Empirical coverage (top) and average confidence band radius (Rd., bottom)
of 1000 RF confidence bands with k& = 5, n = 2000 and r, = 1500 for different error
distributions.

o RF N Normal Uniform t-dist. 4 df t-dist. 6 df

1-p
90, .95, .99 .90, .95, .99 90, .95, .99 .90, .95, .99

50 656, .782, .941 .679, .816,.954 .617,.755, .911 .606, .752, .924
Uni. 100 .682, .812, .946 .697, .828, 957 .636,.772,.923 .621,.760, .943

0.75 Rd. .228,.243, .272 228, .243, .273 .228, 242, 272 228, .243, 272

50  .648, .809, .945 .681, .825, .958 .646, .778, 918 .620, .767, .933
Ehr. 100 .675, .810,.953 .702, .826, .953 .646, .786, .925 .620, .767, .931

Rd. .236, .252, .283 .236, .252, .283 .235, .251, .282 .236, .252, .282

50  .734, .839, 961 .750, .884, .970 .699, .821, .935 .689, .815, .952
Uni. 100 .748, .870, .965 .773, .873, .975 .722, 816, .941 .707, .830, .953

1 Rd. .304, .324, .363 .304, .324, .363 .304, .323, .363 .304, .323, .363

50 .745, .866, .970 .760, .876, .967 .710, .825, .944 .711, .822, .954
Ehr. 100 .754, .866, .966 .770, .885, .971 .724, .824,.942 .701, .831, .952

Rd. .314, .336, .377 .314, .336, .377 .314, .335, .376 .314, .335, .376

50  .777,.871,.969 .789, .910, .975 .735, .841, .945 .738, .842, .956
Uni. 100 .793,.897, .969 .803, .908, .978 .749, .838, .951 .748, .859, .957

1.25 Rd. .380, .404, .454 380, .405, .454 .379, .404, .454 .380, .404, .454

50  .790, .888, .973 .804, .894, .975 .752, .848, .950 .740, .858, .961
Ehr. 100 .795, .888, .971 .804, .908, .979 .756, .854, .956 .753, .865, .965

Rd. .393, .419, 471 .393, .420, .471 .392, .419, .470 .392, .419, .470

The covariance matrix for both RF types has to be estimated depending on k. The
simulations in Table are for k = 5, n = 2000 and r, = %n = 1500. We consider a
normal, a uniform and two t-distributions for the error distribution. The table shows the
empirical coverage and the average radius of the confidence bands. The only variation in
the radii comes from the estimation of . For a fixed error distribution and o, we use
the same random seed for the training sample generation, to achieve a better comparison.
Thus, the uniform and Ehrenfest CPRFEs work on the same data for both values of N .
The independence of the estimation of o and m explains why & does not vary with N.

The empirical coverage notably differs from the theoretical coverage. The coverage
of the uniform RF and the Ehrenfest RF are generally similar. There is no clear trend
as to which has better coverage. However, the radius of the confidence bands is larger
for the Ehrenfest forest. This is the case because the variance of the estimator scales
linearly in Vn j, which is larger in this case. As o increases, we can see that the coverage
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6.1. Asymptotic confidence bands

increases. The reason for this effect is the increase of the stochastic error in comparison
to the approximation error and bias.

The variation of N has more than one effect. On average, a larger N increases the cov-
erage. This effect is larger for the uniform RF than the Ehrenfest RF. This is explained by
the characteristics of the two algorithms. The uniform CPRF has more diverse partitions,
and thus one would expect it to require a larger N to create this diversity in practice. For
N = 100, the coverage of the uniform CPRF is close to that of the Ehrenfest CPRF across
the entire range of parameters. This is noteworthy because, at first glance, it seems to
contradict the larger approximation error bound. Again, a possible reason could be the
more diverse partitions. In Section we discussed that this can lead to a smaller
approximation error due to the smaller undividable cells, even though the approximation
error bound does not capture this.

The sole condition imposed on the error distribution in Theorem is the existence
of a sufficient number of moments. In practical applications, however, disparities in the
empirical coverage of the bands across different error distributions are to be anticipated.
In particular, we would expect Gaussian errors to work well because the corresponding
empirical process will already be closer to a Gaussian process than the empirical processes
for other error distributions.

For the uniform error distribution, the difference in the coverage between N = 50 and
N = 100 is very small, or in some instances even in favor of N = 50. This may suggest
that a smaller number of trees is sufficient if the error distribution has lighter tails and
the outliers are less relevant. The results for the ¢-distributions show this effect to a lesser
extent. Their coverage improves similarly to that of the normal distribution as N in-
creases. Across the board, the coverage for the uniform distribution is the best, explained
by its compact support. This suggests that an error distribution with a shape similar to
the normal distribution is not necessary due to the asymptotics. The coverage for the
t-distribution with six degrees of freedom is worse than that for the normal distribution,
but the difference is moderate. This suggests that a larger number of moments is helpful,
but a finite number is sufficient, which is in line with the theory.

Figure [6.1] shows the errors of ten uniform CPRF estimators in the case n = 2000,
k=5 and e ~ N(0,1), which is also covered in Table The vertical placement of the
blue dots is equal to m(xg) — m(xg) where m is one of the ten estimators. The horizontal
axis corresponds to the test grid of the feature space from (6.3)) on which the uniform
error is evaluated. It is important to note that this grid is not equidistant and is a subset
of the two-dimensional set [0, 1]2. Blocks of 32 values on the horizontal axis correspond to
entries in the grid, that have the same first component. The radii of the confidence bands
are shown in red. The 0.99 and 0.95 confidence bands cover nine of these ten estimators,
the 0.9 confidence band covers eight. The plot provides insight into the dispersion of
errors across the width of the confidence bands, demonstrating that errors outside the
bands do not constitute extreme outliers relative to the remaining observations.

In Table we showcase the empirical coverage for different values of n and k. For
all results, the error distribution and N are the same and we have 7, = 0.75n. The
assumptions in Theorem suggest two important effects of n and k. If 2% is large in
relation too n, the distribution of Uy, » is not well approximated by the asymptotic in
the theorem. If 2% is small relative to n, the approximation error will be larger. Both
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Figure 6.1: Estimation errors of ten uniform CPRF estimators on a non equidistant test
grid and confidence band radii.

effects can lead to a worse coverage than the theoretical one. In the table we can see
that the best coverage for k = 5 is achieved at n = 1000 (and n = 2000 for the 99%
bands), while in the case of k = 6 the best coverage is achieved at n = 4000. This is in
line with the theory. For the smaller values of n we see a suboptimal coverage for both
values of k. This suggests that these values of n are too small for a good approximation
by the asymptotic distribution. For the largest values of n we get the smallest radii of
the confidence bands, and we can see that this affects the coverage negatively because the
approximation error is larger in comparison to the stochastic error. This effect is more
pronounced for the lower confidence levels. This is the case because the approximation
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6.1. Asymptotic confidence bands

Table 6.2: Empirical coverage and average confidence band radius of 1000 RF confidence

bands with e ~ A(0,1), N =100 and 7, = 3n.

n RF =5 k=6
1-p
.90, .95, .99 .90, .95, .99 .90, .95, .99 .90, .95, .99
Coverage Radius Coverage Radius
950 Uni. .676, .778, .916 .859, .915, 1.027 .599, .712, .877 1.280, 1.351, 1.495
Ehr. .668, .781, .909 .889, .949, 1.065 .627,.733, .897 1.333, 1.408, 1.565
500 Uni. .759, .852,.954 .608, .648, .727 .611, .756, .901  .906, .956, 1.058
Ehr. .770, .856, .946 .629, .672, .754  .629, .759, .903  .944, .997, 1.108
1000 Uni. .802, .878,.963 .430, .458, .514 .778, .867, .962  .641, .676, .748
Ehr. .805, .889, .964 .445, .475, .533  .760, .870, .955  .667, .705, .783
9000 Uni. .748, .870, .965 .304, .324, .363 .786, .881, .967  .453, .478, .529
Ehr. .754, .866, .966 .314, .336, .377 .806, .887,.969  .472, .498, .554
4000 Uni. .658, .797,.947 215, .229, .257 814, .898, .967  .320, .338, .374
Ehr. .674, .809, .946 .222, .237, .266 .813, .897, .968  .333, .352, .391
3000 Uni. .450, .640, .873 .152, .162, .182 .763, .856, .967 .226, .239, .264

Ehr. .463, .639, .877 .157, .168, .188 .756, .870, .966 236, .249, 277

error affects the center of the error distribution more than its tails. We can see that the
radii of the bands increase when we compare a fixed k and n with £+ 1 and 2n. It holds
that 2% /n = 2%71 /2n and therefore the increase of the radii implies that c; () grows faster
than 28V, < 1 decreases. The reason for this is that one has equally many observations
per cell on average, but more cells in total. Therefore, the maximum stochastic error will
be larger on average.

Table 6.3 shows the results for the histogram confidence bands in the same regression
settings as Table 6.2l The histogram confidence bands are evaluated for two choices of
that lead to similar radii than those of the RF confidence bands in Table for the same
n. In general, one observes that the histogram confidence bands have a lower coverage.
Figure adds a graphical comparison to the random forest confidence bands. In the
subplots on the left, we observe the empirical coverage and the nominal coverage in red.
On the right, the radii are plotted on a logarithmic scale. From top to bottom, the plots
are for 1 — 3 =0.9,0.95,0.99. For all 3, we observe that the radii of the two random forest
bands for k = 5 are slightly smaller than the radii of the histogram bands for =1 = 5.
At the same time, the empirical coverage for these random forests is larger than that of
the histogram for almost all n. The same observation can be made, when comparing the
random forests for k¥ = 6 and the histogram for 6! = 7. This illustrates that the random
forest bands work better throughout.

Figure shows the histogram and uniform CPRF estimator of m from (6.4) for
n = 8000, k = 5, ~! = 5 for the same parameters as in Table and Table [6.3l The
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Figure 6.2: Comparison of CB coverage and radii for 1 — 8 € {0.9,0.95,0.99} depending

on n.
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Table 6.3: Empirical coverage and average confidence band radius of 1000 Histogram
confidence bands with e ~ A/(0, 1).

n i l=5 ol=17

1-p
.90, .95, .99 .90, .95, .99 .90, .95, .99 .90, .95, .99
Coverage Radius Coverage Radius

250 .678,.788,.910 .905, .974, 1.117 .324, .405, .562 1.358, 1.450, 1.640
500 .721,.823,.939 .640, .690, .790 .643,.744, .870 .961, 1.026, 1.161
1000 .737, .854, .948 .453, .488, .559 .708, .827, .946  .680, .726, .821
2000 .660,.793,.933 .320, .345, .395 .733, .852,.959  .480, .513, .580
4000 492, .664, .898 .226, .244, .279 711, .839, .953  .340, .363, .410
8000 .228,.400, .773 .160, .172, .197 .605,.750, .940  .240, .256, .290

upper right plot shows a histogram estimation on the 2*-grid, illustrating the data used
for both estimators. We note that the scale of this plot is different from the other three.

In Table [6.4] we compare the empirical coverage for two regression models with p = 2
and p = 4 for different values of o. A graphical representation of the results can be found
in Figure [6.4] Similar to the previous figure it includes the three values of 8 from top to
bottom. The regression function in the first case is the same as before. In the case of
p = 4 we used

m(zM, 2@ 2@ W) = 1—10(sin(27rx(1)) + 2@ 4 2@z ®),

In Theorem the dimension p mainly effects the assumption on the diameter which
controls the approximation error. Further, p affects the value of V; and Ny(k). The
approximation error increases with p, which is standard in multivariate regression prob-
lems due to the curse of dimensionality. The size of o directly affects the signal to noise
ratio and thus the size of the approximation and the stochastic error. If the noise level
is decreased similarly for p = 2 and p = 4, the empirical coverage decreases faster in the
latter case. This is as expected due to the larger approximation error. We point out that
the confidence band radii are smaller for p = 4. This is due to the effect on V. When
the empirical coverage is evaluated in a regression model with m = 0, that means one
only considers Uﬁf,)wn,w, the results are much better and comparable to the case p = 2. This
demonstrates that the effect of the higher dimension can be attributed almost exclusively
to the approximation error.

For all the results where £ = 5 and p = 2, we used k = 4. That means, k = 4 was used
to construct the estimated covariance matrix described in Section [6.1.1] and to construct
the test grid from ((6.3) on which we evaluated the suprema. Remark justifies that
k < k can be sufficient for the simulation of the Gaussian process and the calculation of
the uniform error if the covariance for any 1, 2o with € (21, 25) = (k, k), see , is
equal or reasonably close to one for both RF types. For the uniform CPRF the covariance
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Uniform CPRF

0.2 )
0.1
0
0.0
-1
—0.1
0
0 Histogram 1 0 m 1
0.2
0.1
0.0
—0.1

Figure 6.3: Data, true values and estimators of m from (|6.4]).

Table 6.4: Empirical coverage (left) and average confidence band radius (right) of 1000

confidence bands with e ~ AV(0,0?), n = 2000, k =5, N =50 and r,, = %n.

o RF p=2 p=4
1-p
.90, .95, .99 .90, .95, .99 .90, .95, .99 .90, .95, .99
Coverage Radius Coverage Radius

o5 Uni 416, .616,.849 .152,.162,.182 .002,.006, 041 .124,.131,.146
' Ehr. 416, .598, .868 .157, .168, .188 .001, .004, .046 .126, .133, .149
0.75 Uni. .656, .782, .941 .228, .243, .272 .065, .116, .359 .186, .197, .219
9 Ehr. 648, .809, .945 .236, .252, 283 .056, .132, .382 .189, .200, .223
. Uni .734,.839, 961 .304,.324, 363 .188, 321, .607 .248, 262, 291
Ehr. .745, .866, .970 .314, .336, .377 .202, .345, .635 .252, .267, .297
Lo Unic 777,871,969 380, 404, 454 .320, 469, .T47 310, .328, 364

Ehr. .790, .888, .973 .393, .419, .471 .338, .502, .742 .315, .334, .371
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6.1. Asymptotic confidence bands
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Figure 6.4: Comparison of CB coverage and radii for 1 — 5 € {0.9,0.95,0.99} and p = 2,4
depending on o.
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for any 1, zo with & (21, 29) = (4,4) it is equal to 0.9965 and for the Ehrenfest CPRF it
is equal to 0.9994. For all the results in the case k = 6 and p = 2 we used k = 5, which
was sufficient for the same reason. In the case Kk =5 and p = 4 we used k = 3.

6.2 Bootstrap confidence bands

In practice, especially when confronted with relatively small sample sizes, it may be a
better option to use bootstrap confidence bands. Even though they are not backed up
by our theory we include them in the simulation study. In a bootstrap setting we might
be able to include the bias to get closer to the quantiles of the uniform difference of the
estimator and the regression function. Suppose we have an estimator for the regression
function, possibly for a different, usually smaller, k. Denote this estimator by m and the
corresponding residuals by

g =Y, —m(X;).
One option would be to use the residual bootstrap, where one simulates multiple bootstrap
random forest estimators

U(BRF) Z Z H{Xj ? Ag(zo,wr)}

Tn IEBrn n JEI ’LEI ]I{XZ € Ak(xQ,CUI)}

based on X ; and ) 3
Y, = m(X;) +¢;.
Here, X ; ~ UJ0,1]P are simulated, the £; are drawn from the residuals with replacement.

By simulating enough of these bootstrap random forests we can get an estimator for the
quantiles. Like the regular estimator we can decompose the bootstrap estimator and get

Z > i H{Xﬂ' € Awo,wr)} (o)

(BRF) (IL’(])
]I{)(2 c Ak(ﬂio, w[)}

N, W

IeBrn n jEI el
Y Y H{Xj € Ao, wr)}
( 1E€By, n jel Y i X € Ap(wo,wr)}

Z > (i (o)) X, € Axl(zo,wr)}
rn IE€By, m jEI Zie] {X; € Ap(wo,wr)}
Z Z H{Xj ?Ak(xo,wl)} ‘

IeBrn n jEI Y it HXs € Ag(zo,wr)}

The first term of this is not exactly zero, but both are piecewise constant and their
difference can be rather small. If X'j is in the undividable cell of zy, it is equal to
zero, because m is constant on this set. If we only have Xj € Ag(zo,wy), the term
m(X;) — m(xy) can still be very small. Hence, the residual bootstrap might not help to
include the bias term. Mainly because the original bias is partly induced by approximating
a smooth function by a piece-wise constant function. This is not the case for the bootstrap.
Following this argumentation, it might not be helpful to include m in the bootstrap.
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Table 6.5: Empirical coverage and average confidence band radius of 1000 bootstrap con-
fidence bands with £ = 5, n = 250, N = 50 and r,, = 187 for different error distributions.

RF Normal Uniform t-dist. 4 df t-dist. 6 df
1-p
.90, .95, .99 .90, .95, .99 .90, .95, .99 .90, .95, .99

Cov. .932,.976, .996 .948, .981, .998 .933, .973, .996 .928, .966, .994
Rad. 1.09,1.21,1.46 1.00,1.10,1.28 1.29,1.49,1.93 1.19,1.36, 1.70

Cov. .939, .976, .993 .941, .980, .998 .929, .971, .996 .932, .966, .990
Rad. 1.12,1.24,1.50 1.04,1.14,1.34 1.32,1.52,1.96 1.22,1.38, 1.75

Uni.

Ehr.

Instead, we can focus on the term Ur(fqzn,w and approximate its finite sample distribution
by a bootstrap. We use a multiplier bootstrap with

1 ~ H{Xj € Ap(zo,wr)}
() Z qujz {X; € Ap(zo,wr)}
™/ I1€Br, n jEI el % k\L0, WI

where the v; are i.i.d. N(0,1). The bootstrap can be helpful if n is not large enough
for the asymptotics to apply, or if the distribution of €; is not normal, such that the
Gaussian approximation has a larger error. However, it is not helpful to deal with a large
approximation error.

We test the bootstrap in the case n = 250, k =5, N =50, ¢ ~ N (0,1) and

U(E’f’)w (.130) =

n,r

1, .
m(xy, 22) = 1—O(sm(27rx1) + z2)

from Table [6.21 We consider the same selection of different error distributions as in
Table [6.1] but we do not consider the same sample sizes. In Table [6.5] we observe that
the empirical coverage exceeds the theoretical coverage in all cases, which goes hand in
hand with larger radii throughout. The larger radii suggest that the sample size is not
large enough for the distribution of S; to approximate the distribution of ||U,§E,)«nw||oo
well. As these distributions differ primarily due to the projection error and the Gaussian
approximation, both errors can account for the total deviation. It is not clear which effect
is the dominant one.

Nevertheless, the results indicate that the bootstrap confidence bands are robust with
respect to different error distributions, even when the sample size is relatively small.
The confidence band radii for the t-distributions are larger than the radii for the normal
distribution, which meets the expectation. For the uniform distribution, the radii are
smaller, which can be attributed to the bounded support of the distribution. As expected,
and as in the asymptotic case, the confidence bands are wider for the Ehrenfest CPRF
than for the uniform CPRF throughout the error distributions.

6.3 Limitations

The simulation study has a few inherent limitations due to its specific design. Rather
than employing the (incomplete) U-statistic version of the random forest, we use a fixed
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number of trees, resulting in a different estimator than that utilized in the theory. For
this estimator, there is a positive probability that the same subsample is used in two
trees. However, this probability is negligible for the considered n and N. The U-statistic
structure of the theoretical estimator prevents a subsample from being used twice. An-
other limitation is the small selection of two different regression functions for two distinct
values of p. A wider selection of regression functions for more values of p would provide
a better overview of the general performance of the proposed methods.

Since the error can only be evaluated on a finite grid, it will not be captured to its
full extend. Nevertheless, the choice of the grid together with continuity of the regression
function should ensure that this difference is negligible. Further, the number of simulated
confidence bands is of course finite, and a larger number would always lead to a better
picture of performance of the methods. The estimation of ¢ may influence the results
independently of the random forest estimator of m. However, in our simulations the
estimator performs quite well.

Overall, the results support the theory, but also posses some limitations. We used
a rather small signal to noise ratio and observed a coverage clearly different from the
theoretical coverage for the smallest values of o, which is even more pronounced for
p = 4, see Table [6.4] This indicates that the approximation error is too large which is
a major drawback of these random forest variants and a consequence of their inflexible
centered structure. Still, our proposed random forest methods outperform the histogram
estimator, for which this effect is even more pronounced. The results for n = 1000 in Table
6.2| suggest that a k greater than five does not solve the problem. It leads to a smaller
approximation error, but the coverage is worse. Nevertheless, the results are valuable,
because they support the theory regarding the asymptotic distribution and the goal of
the theoretical results for the CPRF is to extend them to more sophisticated random
forest methods. If this can be done, these different random forests models can avoid the
approximation error drawback due to their different partitioning algorithms.
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Chapter 7

Discussion

In this final chapter, we discuss several different aspects that provide different perspectives
on the main contributions of the previous chapters. In Section[7.I], we outline the extension
of the confidence band results to honest centered random forests, a version that utilizes
the data for the partition construction. Subsequently, in Section we describe the
previously mentioned application of the classical proof structure for confidence bands to
CPRFs. We explain the differences from the proof structure used in Chapter [5, and why
the limitations of that proof and its result lead us to look for a different proof technique.
Finally, in [7.3], we suggest several more possible areas for future research.

7.1 An extension - centered honest random forests

In this section, we discuss how the results from Chapter |5 can be extended to a random
forest type that uses data dependent partitions. We consider a centered random forest
that is honest according to the definition of the term honesty introduced by Wager and
Athey| (2018). Their definition of honesty is that in each tree, every observation is used
either to create the partition or to estimate m given the partition, but not both. This
allows us to use a data dependent partition and keep the independence between partition
creation and estimation.

Let (Z;)7, be a sample of i.i.d. copies of (X,Y) that is independent of (Z;)?_,. This
sample will be used for the construction of the tree partition. The original sample will
be used for the estimation in this partition. In practice, one would do this by splitting
the sample. Intuitively, one would split the sample for each tree. The theory for this is
more complex due to the dependencies between the trees. Therefore, we use the same
split of the training sample for each tree to avoid technical difficulties. It may still be
possible to generalize the results to this version of honest random forests. Honesty is useful
because the random variables used for partitioning and those used for the estimation
are independent. This makes the mathematical analysis much simpler. We retain the
assumption that the trees are built with centered splits.

Similar to honest trees, one can consider a model where the probabilities to split
the features depend on the importance of the features, but are fixed in advance. For
example, these probabilities can be estimated on a different training sample before actually
estimating of the regression function. This means that instead of using the data to choose
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the partitions, it is reduced to an assumption of the random forest model. Models with
such an assumption have been treated in the literature, for example by Breiman| (2004),
Biau (2012) and Klusowski| (2021)).

Let us define
UMD (2 Z > YW/ (o,wr, 1)

IeBrn n J€I

with o
HX. e A Z) "

Wi (o, w, ) := 12X € Aulo,w, l)lfl?} :

Ziel ]I{XZ S Ak($o, W, (Zl)?:1>}

and W/ (zo, I) := W/ (2o, w;s, I). Similar to the purely random forest we define

§ : § :83 ]kx()v

( IGBM n JEI

UHe) (x0) ==

N, ,W

and

US") (o) - Z > m(X)Wk(ro. 1),

In this section, for simplicity, we will consider the special case where X is uniformly
distributed. The case where 0 < cx < fx < Cx works similar to Chapterl Let ( Zl)l 1
be an independent copy of the subsample (Zl)l 1- We define

V(o) i= E [V(Ax(ao,wr, (Z)i) N Aulwo, e, (Z)]1))]

This depends on xy because the data dependence of the partition can lead to hetero-
geneous behavior of the intersections on the feature space. Further we denote Vnj :=
inf,cp0,1» Vn,e(20) and define

fxo’k(a:, s) = 0_1)}&%2(%)8]1)(1' € Ap(zo,w, (Z)1)), (7.1)
Fio i = {Fuor | 0 €[0,1]7}. (7.2)

Conjecture 7.1. Consider an honest centered random forest with at most Ny(k) undi-
vidable sets (see Section . Let

Cr.i (o) [ (Ag (o, wr, Zl)l 1) N Ag (o, wa, (Zl)z 1))} — f/m’k(xo) and (7.3)
1
Uil (o) - Z > Wii(xo. 1 (7.4)
IEB'r‘n n JEI

In addition to several technical assumptions on n, r, and k assume that ||Cy il and

U™ — U1 | converge to zero (in probability) sufficiently fast. For a Gaussian
process By, with covariance

COV(Bk]Exl,ka kaxz,k)
=V ()Y (22)P(X € Aglwy,wr, (Z0)7y) N Ay, wa, (Z0)iy)) (7.5)
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let Sy, < SUD (0,17 | By fao| and for ci(B) = Fg (1 — ) denote

22V () (HRF)

Calz) = [UH) () — oey(8))| 2, UL () + oy(6)

n,Tn,wW

For a € (0,1] and Cy > 0 it holds that

liminf inf  P(m(z) € Cy(x), Vo € [0,1]7) > 1 — 3.

n—00 meH(a,Cy)

The radius of the confidence bands in the result above depends on the function ﬁm,k,
which is similar to the effect of Uy in Theorem [5.1} In the honest case, the varying radius
is due to the data dependence. If the absolute gradient of m is relatively small in a region,
we would expect the variance of the estimator to be relatively smaller. If we would extend
the above result to the case where fx is not constant, the radius of the confidence band
would depend on the density of X and on the regression function m.

If the dependence of the partitions on the data is suitable, these confidence bands
might be able to work in a high-dimensional regression model with an active dimension
less than the full dimension of the X. If the cells are never or rarely split orthogonal to the
inactive features, the estimator can use most of the splits to generate a useful partition in
the active dimensions. This can lead to a sufficiently small approximation error in higher
dimensions.

A limitation of this type of random forest is that the splits are still centered and thus
the cell size is still constant. This might not be a good property for a data dependent
partition, as it limits the ability of the estimator to use the data to generate a good
partition.

The term f}m,k(xo) can still be approximated through a Monte Carlo simulation, but
it is more complex because we need the Z; for the partition. Even if the distribution of
X is known the partitions also depend on the Y. One can use bootstrap samples of the

entire training sample to estimate Vn x(zo).
In Conjecture [7.1] we need that

IChillo = sup |E[V(Ax(zo,wr, (Z1)[-1) N Ag(zo, w2, (Z)]-1))]

z0€[0,1]P

— E[V(Ax(zo, w1, (Z1)]-1) N Ao, w2, (Z)]-1))] ‘

converges to zero fast enough. If 7 is large enough, (Zl)f‘zl should reflect almost all of the
information from the model that is useful for building the partition. If the dependence of
the partition construction on the data is well behaved, we would expect A, (zo,w, (Z),)
to converge in a useful sense. For instance,

1Ak (o, - (Z0)iy) — Ap(T0, -, Z)|loo = 0

for n — oo, where Z reflects all the information in the model that is useful for partitioning.
In this case, the convergence assumption on ||C 7 ||« is an assumption that 7 is sufficiently
large. Later this assumption will be captured in (7.6)).
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Similar to the purely random case one would need a sufficiently sharp lower bound for
Vrx. We note that this needs to be uniform now. It still holds that 2=2% < V- () < 27
Given a specific data dependent tree construction one can improve this lower bound for
f)m’k(xo). From (3.21)) we know that

]}mk(%)gk - [2—%25;1 1St (zo,w1,(Z0)7 1) —Si(wo,w2,(Z)7 )]

The number of splits behaves differently for all features in an honest regression tree. For
a fixed feature, the difference between the number of splits depending on two independent
copies of w, (Zl) ' , should still behave similarly. Hence, we should get a comparable lower
bound if n is large enough.

Conjecture is a first step towards confidence bands for random forests with data
dependent partitions. The centeredness of the splits is a notable limitation. Especially
for data dependent partitions, a selective split placement is desirable to create a useful
partition given the data.

7.1.1 Proof strategy

We will discuss how to generalize the proof strategy from Chapter 5 to this type of random
forest. The goal of data dependent trees is to create partitions that allow for a better
approximation of the regression function. Thus, we expect the data dependence to lead
to a smaller approximation error. The supposed way to decrease the approximation error
is to exploit the structure of the regression function.

The construction of the confidence bands is based on the stochastic error, and the
main part of the proof deals with the stochastic error. We do not want to make explicit
assumptions about the data dependent construction of the partitions. Therefore, we will
only briefly discuss the approximation error. We use the decomposition of the approxi-
mation error in . Since we are still considering centered random forests with depth

k, the same bound from Lemma holds for
m(xo) (U (20) = 1).

0,70 ,W

If the regression function has bounded first order derivatives we can use the following
bound for the approximation error.

P
! !
m(z1) — m(z2)] <Y 1ol — 23]
=1

Let ax(zo,w, (Zl)lﬁ:l) denote the edge lengths of the cell in direction I. We get for the
remaining part of the approximation error that

U (wo) — m(0)Uily:1) (o)|

N, Tp W N,y W

Z D Im(X;) = mi(a) Wi (0, T)

IeBrn n JEI

Z Zle@mnmw — 2 W (2, 1)

rn IE€B,., n j€I 1=1
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S Z Z“almnooalk vo,wr, (Z0)i=1) > Wi(wo, I

rn I€By, »n I=1 Jel

< 5 Sl et

IeBm =1

The goal of the splits in the data dependent partition is to minimize the above term. If we
have features that carry less information about the regression function they should be split
less often. If we have ||9ym)|s = 0 for some I, it suffices to have Sj(zo,wy, (Z),) = 0. In
general, we assume that the data dependence exploits the structure of the aforementioned
upper bound. It should be noted that this can also be achieved by making assumptions
about the probabilities of splitting the features, as was mentioned at the beginning of this
section.

From here on we will explain the proof strategy for the stochastic error. An important
part of the proof is the approximation of the supremum of a suitable empirical process.
Analogously to Chapter [f], let us define

. ok L
U2 () = - Z%’P(Xj € Ap(zo, w, (Z1)i2y) | X5)-

Jj=1

We only condition the probability on X; to get an empirical process in a function class,
where the functions have arguments X and €. We observe that

2% -
Var( o) (20)) = 2—02E[P(X1 € Ap(zo,w, (Z)11) | X1)?]

nr w n
22k

= 70219()(1 € Ax(wo, w1, (Z)1) N Ak(0, wa, (Z1)7-1))
22k - o

= TUQE[V(AIC(%O’ wi, (Z1)izy) N Ag(zo, wa, (Z)11))]
22k: N

= 702]/07;3(%).

Recall that F, from 1) is the function class of the fxo’k. This implies
sup  Gnf = sup |G, f]|

feka ]:k fefk
= sup |G, aile *(20)sP(z € Ap(zo,w, (Z)1))]
zo€[0,1]P
= Sl[t g —Z _IVm k/ (z0)e;P(X; € Ap(wo,w (Zl)?:l) | X;)
xo€ P

_ n H—1/2 7(H,e)
=4/ sup |V 20)Uy 0 (T0)|-
0292k xoe[O,l]Pl N,k ( ) T ( )}

Using Vo to lower bound Vn 1. (7) we get analogously to Theorem m that

‘\/ 5292k sup ‘V 1/2 )UTS,IZEUJ 0)’ — S
zoG
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o ( (log n)3/? (log n)5/4 logn )
=0Op
Vv

S1/2 1 /9—1/0 S1/4 =1/6
m’/]€n1/2 1/ Vm,/knl/4 Vﬂ{kn1/6

where S, 2 SUP,,c[0,1]r | By, fzok\ and By, is a Gaussian process with covariance as in 1}
In comparison to Chapter [f] there is a difference in the proof for the remainder terms.
Analogous to (5.46]) we have

U(Hs ( ) O(H’E) (xo)

- " B
Z Zgj M (zo,wr, 1) — —I{X; € Ag(z0,wr, (Zl)?:ﬂ})
( IeBm n JEI T
€5
Z ! (rz—ll) IeB%:jEI

x ({X; € Ag(zo, wr, (Z1)i2y)} — P(X; € Ap(wo,w, (Z)y) | X;))
= RTY (o) + RUTY, (o).

T, T, W T, T, W

We consider the first remainder term conditioned on (Z;)7,. The remaining randomiza-

tion of the cells are the w; which are still i.i.d. and hence we can apply Lemma [5.18] to
(1 )w(xo) conditioned on (Z;)7,. This yields

B[R, (0] = E [E [RID, (20)" | (Z07L)] S (2—)/

()

We need to change how we handle the second remainder term, instead of Lemma [5.19] we
need the lemma below.

Lemma 7.2. For C7(zo) defined in it holds that

28a2 s\
()~

Tn \M

To proceed analogously to the proof of Proposition we need that

P (V) 2B, o > w(logn) /2% /n)

<Y P ( R, mo>|znaogn)—u/zwﬁ,k/n)

22k0.2

0 Ckﬁ(ﬂ?o) .

Var(R{[72),(20)) <

$()€Xk
logn)?
< Z Var nh:"2)w ))71(—_
= K222,
o? ((logn)? /r,\7—1 (logn)?
<N % (S () Bl 7.6
<M % (G (%)™ + S peal (76)

converges to zero. The first term is similar to Chapter 5 The second is the new condition
already discussed with Conjecture [7.1] It remains to give the proof of Lemma [7.2]
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Proof of Lemma[7.3 1t holds that
Var(RU2) (1))

nr W
22k
= FV&I‘ E €J (n 1) E
rn—1/) I€By,, n:j€l

% (12X € Aueo.wr, (2D} = PG € Aulwo,w, (Z)1) | X5) )

92k 2 1
=— Var<(n 1) Z

rn—1 IEBrn,nijEI

X (H{Xj € Ap(wo,wr, (Z1)[L))} — P(X; € Ap(wo,w, (Z1)1y) | Xj)) )

2%k52 1 5\ 7 \7
— TWV&I(H{Xl & Ak(l’o,a}], (Zl)?:l)} — ]P)(Xl € Ak(l’o,a}, (Zl)?zl) | Xl))
rn—1
222 1
+ n n—1\2 Z Z
(rn—l) 1€By, 1€l JEBy, niled,J£]

x Cov(I{X; € Ao, wy, (Z)1)} = P(Xy € Ap(zo,w, (Z)1) | X1),
{X; € Ax(zo,wy, (Zl)?zl)} —P(X; € Ag(zo,w, (Zl)?:ﬁ | Xl))

22k0.2 1 B _ 22k0.2
— T(n—_l) (2 k - VAQ (:CQ)) + ,:1271 Ckﬁ/(l‘o)
rn—1
2k0.2 T \Tn 22k 2
< (—) + Cr,i(x0)
Tn n 2n

because we observe

Cov(]I{Xl € Ap(zo,wr, (Zl)l: )} —P(X; € Ag(zo,w (Z D) | X)),
H{Xi € Ay, oo, (Z)f)} — P(Xs € Axlaw, o, (Z)1) | X))
= E[(I{X: € Ax(zo, w1, (Z )z~ D} = P(Xy € Ax(zo,w, (Z)1) | X1))
X ({ X € Ag(mo,wa, (Z)iz))} — P(X1 € Ax(0,w, (Z)isy) | X1))]
= E[I{X; € Ax(zo, w1, (Z)]-){ X1 € Ap(xo, w2, (Z1)]1)}
—E[I{X; € Ap(wo, w1, (Z2)[2))Y{ X1 € Axlzo,ws, (Z)1y)}]

= E[V(Ax(zo, w1, (Z0)j=1) N A(wo, w2, (Z1)]21))] — Va(@o
= C,a(o). O

1
n

7.2 The classical proof structure
In this section, we want to discuss a strategy used in the literature to prove confidence

bands for different nonparametric regression estimators. Many proofs in the literature do
not use a result like the one by (Chernozhukov et al. (2014b), instead they use a different

171



Chapter 7. Discussion

proof structure where one approximates the empirical process instead of its supremum.
With minor differences, this proof structure is used for several results, e.g., by |[Johnston
(1982), Hardle (1989), (Claeskens and Van Keilegom! (2003), and |Chao et al.| (2017)).

Following this proof technique for our method led to unsatisfactory results, which is
why we set out to find an improved technique. To illustrate the differences and limitations,
we will outline the classical proof structure and compare it to the proof structure used
in Chapter . In this section, we assume that X is uniformly distributed on [0, 1]7. We
define the classical empirical process

1 n
Gn<x75) = % ; (H{X] < T, Ej < S} - ]P)(Xl <z, < S))
Due to the uniform distribution of X Remark [4.3] implies

2k
nor(T0) = D eP(X; € Ax(zo,w) | X;)

=1
_ n—1/22k/ sP(z € Ay(xo, w))dGn(z, s).
[0,1]P xR

By comparison, in the new proof we use the representation

N 0222kV
Ur(L?n,w('rO) - \/ TMGH.]CCL’O,k'

Theorem 3.2 by Dedecker et al.| (2014) yields that there exists a sequence of continuous
centered Gaussian processes B, (x,s) that are uniformly close to G, (z,s). The idea is
that if these processes are uniformly close to each other, then the integrals with respect
to the processes should also be close to each other. An older result of this type, used for
multiple confidence band results in the univariate regression model, is that by [Tusnady
(1977). This proof structure is less direct than using the result by |Chernozhukov et al.
(2014b). The main step is to show that the integrals are uniformly close. This is done
using integration by parts, such that the difference of the integrals can be bounded by the
integral over the difference of the processes. Results for multivariate integration by parts
can be found in the articles by |Ansari| (2024) and [Zaremba| (1968). The proof contains
several more technical steps and leads to the following result.

Proposition 7.3. Let W be a p-variate Brownian sheet, i.e. a Gaussian process W (x)
for x € RP. There exists a random process Vy,(xy) with

V(o) £ V5,0 / P(z € Ap(xg,w))dW ()
[0,1]»

n (e
A/ QQka kU’r(L,g’mw(xO) - Vn(l'0>

= Op(27V7)%) + 0p (V5,0 /5 (log n) (= (2r+0)/3)) (7.7)

that satisfies

sup
z0€[0,1]P

for some u < 1 and every k > 0.
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The proposition provides a bound for the appropriately standardized error of the
Gaussian approximation, which in this case is done uniformly for the entire process. We
want to compare this bound with the bound from Theorem [5.14] which is for the Gaussian
approximation of the supremum instead of the entire process. The bound from Theorem
in the case where X is uniformly distributed is

o (log n)3/? (logn)>/4 logn
- Vé{snlﬂ_l/” V%{,?n”‘l Vé{:n1/6 '
(7.8)
It is evident that the first bound is asymptotically larger due to the second term on
the right-hand side and the fact that w < 1. For convergence to zero, we need that
Vn, w3 — 0o with the first bound from . but only V- xn'~ 2/v 5 oo with the bound
in . Further, it is noteworthy that the assumption VA kn“/ 3 — oo contradicts the
undersmoothing assumption (j5.4]) and thus, would prevent the construction of confidence
bands unless one were to use a bias correction.

We briefly discuss the reason for the difference between the bounds. It is important to
point out that the approximation result by |Chernozhukov et al. (2014b)) only approximates
one random variable. In comparison, the classical result relies on a uniform approximation
of an empirical process. This problem is more difficult than approximating a single random
variable. |Chernozhukov et al. (2014b) discuss the differences between the two problems.

The main result that is used for the uniform approximation of the process is [Dedecker
et al.| (2014, Theorem 3.2). For

(e)
sup |Uy,, (T oSk
‘ 22k mG xo€[0, 1]p ( 0>|

n

én(m, v) = n~1/? Z (]I{Xi <z F.(&) <v}— wa) ,

i=1 =1
the result yields that there exists a sequence of Brownian bridges B, (z,v) with

sup  |Gu(,0) = Bu(x,0)] = O(n~ /5 (log n)= e +a/3)
(z,v)€[0,1]P+1

almost surely for every k > 0. This rate carries over to the approximation of the integral
representation of U) w(Zo). Hence, the lack of a better uniform approximation of an
empirical process is the reason for the weaker result. It is not clear, and beyond the scope
of our work, whether a better approximation is possible.

It remains to be discussed why the classical proof structure was sufficient in the liter-
ature. Johnston| (1982)) considers univariate regression and assumes that the bandwidth
h,, satisfies h,, = n=% for § < % Translated to our case this means mGn“/ 3 & o0 and
it would work in the univariate case. In the multivariate case, it would contradict the
approximation error assumptions. |Claeskens and Van Keilegom| (2003) do not need a
similar assumption. The main reason for this is that the uniform approximation of the
bivariate empirical process by a Gaussian process has an approximation error of rate n=/2
up to logarithms. This is better than Dedecker et al. (2014, Theorem 3.2), but is only
applicable to univariate regression problems. The work done by |Chao et al| (2017) is in
a multivariate regression model. Their bandwidth needs to satisfy

n~ VSR P/2=30/(=D) — ()
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for v > 0 and some constant b;. The condition implies that n=*/*h™? = o(1). When
translated to our method, h? is replaced by 2%, so it is necessary that n~1/32F = o(1).
However, this would contradict the assumptions required for the bias/approximation er-
ror. It is noteworthy that a different regression estimator can have a smaller bias and
approximation error. For our estimator, the better approximation with the result by
Chernozhukov et al. (2014b|) is crucial to prove the confidence band results. A larger
error would contradict the assumptions for the approximation error and thereby prevent
the construction of the confidence bands.

Another drawback of the classical method is that the distribution of the supremum of
the Gaussian approximation is harder to characterize. It is possible that the distribution

of

d ~1/2

sup  |Vi(zo)| = sup ‘mG/ 0/ P(z € Ag(wo,w))dW ()]
xoe[O,I]P 9006[071]” [Ovl}p

is related to the distribution of S, but the connection is not obvious. In the literature,

convergence to some extreme value distribution is usually used, which is possible with

a continuous kernel instead of the discontinuous probability. In contrast, Theorem

provides a direct description of the required distribution.

7.2.1 Proof sketch

In the first step of the proof we show that for I',, = [a,, b,] with sequences a,, — —o0 and
b, — oo such that Elelr, (¢)] = 0 and

UED, () = n~ /22" / Ir, (8)sP(z € Ag (9, 0))dCn(, 5).
0,1]P xR

it holds that i

- 2
P(1US, o« = U ulloe > k) < —Elleafirg(e1)].

Using UT(fT’E?w(a:o) we limit the integral with respect to s to a closed interval which is needed
to apply integration by parts. To prove the above equation one needs to apply Markov’s
inequality to

n,7n,W

. ok
U(E) (:L‘(]) - U(?’F)UJ(:UO) = E Zgjlf‘g(gj)]P)(Xj € Ak(flﬁo,(JJ) ’ X])
j=1

and use that the probability therein is bounded by one. In the next step we replace the
empirical process in the integrator by a different process. We know that F.(e;) ~ U[0, 1]
and we denote

=1 =1

n p
Gute) = Guta) =0 (13103 <0} [T ).
=1 =1

én(x,v) .= pl/? (n_l Z]I{XZ- <z F.(&) <v}— H:z:lv) ,
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7.2. The classical proof structure

Gao(v) == Gn(1,v) =n! ( -1 Z]I{F gi) <v}— v) .

For U5, (20) it holds that

Uéf;z)w / sZ’“]P’(x € Ap(xo,w))dG,(x, )
]P><]R
_1/2/ I (v T (0)2FP (2 € Ag(zo,w NdG(z,v).
[0,1]P+1
For »
Gr(,0) = G(2,v) = vGpi(2) = [ [ 2:1Gra(v). (7.9)
=1
we denote
Uéili)’w(ffo) = n_l/QQk/ i (v)FZ N (v)P(z € Ap(z0,w))dG% (2, ). (7.10)
[0,1]P+1

One can prove that

nl/Z(U(a,I‘) ( ) U( €,%) ( 0))

n,Tn ,wW n,Tn ,wW

slpn(s)dGn,g(FE(s))/ 2"P(z € Ap(z0,w))dFx ()

/R 0,117
/R sip, (5)dGr.o(F.(s))
Op(1).

which implies
U = Uil = Oe(n™'72)

N,T W n,rn,

because the term does not depend on zy. In the next step, we further approximate
Ufﬁz)w(:co) by “changing” the integrator from G* to B;. Let Bn(aj,v) be a sequence of
Brownian bridges that fulfills sup, ,)c(0.1» |G(x,v) — By(z,v)] 3 0. The existence of
these Brownian bridges is guaranteed by Dedecker et al.| (2014, Theorem 3.2). We define

P
B (x,v) = By(z,v) —vB,(z,1) — Bu(1,0) H:cl. (7.11)
=1
Further let W be a sequence of Brownian sheets with
B p
By (z,0) = W(z,v) H

For

UED () := n_1/22k/ 1 (0)F-H(0)P(z € Ap(o, w))dB(z,v) (7.12)
[0,1]p+1

n,n, €
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and U5, from (7.10) it holds that

N,Tn W n,Tn W

HU ex)  _ 77(8,1) ||OO = op (n—1/22kn—r/6(10g n)r(n+(2p+6)/3)) . (713)

This is the main step of the proof where integration by parts is used. To prove this, we
use an auxiliary result. For the process G;,(z,v) from equation (7.9) and the Gaussian
process B (x,v) from equation (7.11)) it holds that

~* B*
wp  |Galan) = B

- _ Op( —u/6
@wyeopt | [v(1 =) [T o]

(log TL)T (2(p+1)+4)/3)) (7‘14)

for every k > 0 and u,a with v < 1 and a/(1 —wu) < 1/2. This can be proved using
Theorem 3.2 by Dedecker et al| (2014). In order to prove the validity of (7.13), it is
necessary to use two different results for multivariate integration by parts. The first
result is by |Ansari| (2024), while the second is by |Zaremba (1968)). It is noteworthy that
these results hold under different assumptions and consequently yield different original
formulas. Nevertheless, it can be demonstrated that these formulas can be written in the
same form in our situation. The notation required for the subsequent formulas can be

found in Section [7.2.2] Theorem (Theorem 1.1 by |Ansari| (2024)) yields

p+1

PO, () = 3 (—1) /[ LG @@

m=0 I€Bm pi1: p+1e1

for g(z,v) = 15 (V)F- 1 (v)2"P(x € Ag(zo,w)). It can be applied because G* and g are
bounded, right and left continuous, respectlvely, and of bounded variation. Theorem [7.6]
which is by [Zaremba (1968), holds for Ut w(xo) since B’ is continuous and yields

p+1
APUED (m) =3 (- S / (B2 (6)dg'(€).
m=0 I€By pr1:p+1€l [0,1]™

Thus, the difference of both terms is

WU (@0) = UL o)

,Tn,W n,Tn,w

p+1

= Y[ (G - B @) ©)

]EBm’pﬁ,l:p—‘-lEI

and we obtain

1/2|Us* ( )_U(e,l) ($0)|

T, ,W n,7n,W

p+1

<> 2 [ k@ - Byl

m=0 I€Bp py1:p+icl 7
Using equation (7.14) with &, = n=%/6(logn)*(-+Cr+D+4/3) we get

n1/2|U5* ( ) U(sl ( >|

n,Tn W N,Tn W
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p+1 P a
<o(d.)> D /[0 ” [§p+1 — &) H ] g’ (¢

m=0 IEBmJ,_‘_l:p-‘rlEI

One can prove that all these integrals are O(2%) and hence

|U £,%) ( ) U(s 1) ( 0)‘ :n*1/22k0(n*1¢/6(10gn)u( ((P+1)+4)/3)>

T, W T, T, W

In the next step we define
UlEutan) =2 [ 1p (5)52°Be € Au(an, @)V (5, Fo()
[0,1]P xR

Similar to one step for the empirical processes it holds that

By (x,v) = W(z,v) = (B)(z,v) = Bu(z,v)) = (Wyi(z,v) = Ba(z,v))

= — <v]§n(x,1) + Bn(l,v)sz) - (UW;(L 1)H$l> :

=1
and thus, for Uéeri) w from ([7.12]) we have
V(US) ,(x0) = UG, (x0))
_ —/ 2kIP>(a:€Ak(x0,w))dFX(x)/ sdB, (1, F.(s))
[0,1]p

n

:—/F Sdén(17F€(S>)
= 0:(1).

This yields
H U e,1)

nrnw - nranOO

_ OIP’( 1/2)

because the term does not depend on xy. Let W be a Brownian sheet with p arguments.
Define

n,Tn ,wW

U(53 ( ) — nl/QO'n/ 2’“]?(3: S Ak(x(]?w))dw(m)
[0,1]

with 02 = E|e 21p (¢)]. Comparing the covariances one can show that Unif: .- T(fri)w

We know that 02 — o2. If one chooses I',, large enough the combination of these steps
and Slutsky’s theorem yleld that there exists a random process

V(o) £ V5,0 / P(z € Ag(o,w))dW ()

[0,1]»

\/ 2 Uy rn Wl V(o)

< kv 1/2> op (V&iﬂn—u/ﬁ(logn)u(ﬁ+(2p+6)/3)>

with

sup
z0€[0,1]P

for u < 1 as above.
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7.2.2 Auxiliary - multivariate integration by parts

In the proof of one of the approximation lemmas we need to use multivariate integration
by parts for discontinuous functions. A formula for this is given in Theorem 1.1 by
Ansari (2024)). Before we state the theorem we introduce the necessary notation and

definitions. We consider a hyperrectangle = = H;lzl E; = H?:1 laj,b;] of dimension d
which in our case is given by = := [0, 1]P*! with d = p+ 1. Only in this section we will use
r = (x1,...,14) € R? instead of z = (zM, ..., 2(?) to denote the components of a vector,

to keep the notation clear. For a function f:Z — R and I = {iy,...,ix} C [d],] # 0 we
define the lower I-marginal f; of a function as

fr(@i, ..., 2q) = xjﬂig}glf(xl’ cey )

The upper marginal is given by

T .
Tijyeoo, Ty ) = lim T1y. .., 2q)-
f ( 1 k) ijbj,jQIf( 1 d)
We further define fj := limg,, |, f(21,...,24) and .= limg 3, f(21,...,7q4). A function
that is continuous on the boundaries of = is called grounded if
ligl f(x1,...,2q) =0 Vje[dand x; € =i € [d\ {j}
zj—a;
This is equivalent to fr(z) = 0 for all € Z; := [[,,[a;,b;] and I C [d]. Further, for a
function f : Z — R that is continuous on the boundaries of =, define its survival function

f:=2—=Rby

d

flz) =) (=DM, ), o= (x1,...,2%) €

k=0 Ig{l7vd}7[:{zl7vlk}

[

For the rather complex definition of a measure inducing function we refer to Ansari| (2024).
If a function h is measure inducing, the measure 1, denotes the signed measure induced
by h. Define ¢5,(g) := [z g(x)dv), and

IC{1,...,d}:I#0 " =1

= Y /ff<u>dug,<u>+f@g@.

The following result is Theorem 1.1 by |Ansari| (2024)).

Theorem 7.4 (Integration by parts). Let g and h be functions that are continuous on the
boundaries of = and satisfy an additional technical directional continuity condition. Let
g and all its lower marginals be measure inducing. Let h be measure inducing, bounded
and grounded. If g and h have no common discontinuities on the same side of each point,

then
/:g(x>d”h = > / hi(u)dvy, (u) + hogo.

[C{L, )l 40 Y 5
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7.2. The classical proof structure

The technical conditions, in particular the abstract directional continuity condition
and the assumption that the functions are measure inducing, are satisfied in our applica-
tion. In particular, both functions must be of bounded variation, which is the case. For
more details and the concrete directional continuity condition, we refer to |Ansari (2024).

We note that the notationh; means the lower marginal of the survival function, i.e.
the bar is “applied” before the index. In general this does not commute. We want to
express the formula more explicitly. We have

Bl((fi)iel): lim B(f)

£:10,ig1
p+1

= S )
k=0 Lg{l ..... p+1},L={ll ..... lk}
p+1
IZH{LCI} Z <_1)|L|hL<€l17"'7§lk)
k=0 LCA{1,....p+1},L={l1,...,lx }
1]

=2 > MR

k=0 LCI,L={l1,...lx}

This implies

g(x)dvy,

o

I1c{1,....p}:I1#0

I
— \

S~—
=
>
T
e
=
Y
S

+
>
=

S

IC{1,p}:d#0 Y 21 k=0 LCI,L={l1,....l1}

> (—1)|L|/: ¥ (ug)dvg, (u) + hogo

IC{1,....p}:I#0 k=0 LCI,L={ly,....l;;}

= > (-1 L'/: h* (ug)dvy, (u) + hggo.

IC{1,..ph:I#0 LCI

[
(]
(1=

Remark 7.5. For p =1 we note that

hiy(€) Z > (=D

k=0 I1C{1},I={i1}
= W(e) — h(g)
= h(b) — h(¢),

which implies hg = h(b) — h(a). Thus, the formula simplifies to

b b
/mWM:/hmwmmw+w%
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_ / (h(b) — h(€))dg(€) + (h(b) — h(a))g(a)
_ / h(€)dg(€) + h(B)(g(b) — g(a)) + (A(b) — h(a))g(a)
—_ / h(€)dg(€) + h(b)g(b) — h(a)g(a),

which one would expect. Zaremba (1968, Proposition 2) provides another formula that
holds under different assumptions. For any function ¢ : [0, 1] — R denote

No(x) =z, ... 250, L, x40, ., 2a) — @(T1, . 21,0, 2501, ..., Ta).

The application of multiple A7 commutes and for J C [d] we use A’/ to denote the
difference operator in all components j € J.

Theorem 7.6. If over [0,1]%, one of the functions g(z) and h(x) is of bounded variation
in the sense of Hardy and Krause, and the other is continuous, then the Riemann-Stieltjes

integral
| stwina)
(0,1)4

exists. Let B, q denote the set of subsets of {1,...,d} with size m. The integral satisfies

/[Ol)dg(:c)dh(:c)—Z(—l)m 3 A[d]\f/ h(2)dsg(x),

m=0 I€B .4 [0,1)m

where dy denotes integration with respect to the entries of x with index 1 € I.

7.3 Outlook

In this section, we discuss possible future research and further extensions of our work.
These topics will be discussed at a superficial level, as any of them could lead to an
extensive discussion. Before beginning this discussion, a brief summary of the results of
our work is provided. In Chapter 4 we proved a central limit theorem for CPRFs, which
allows the construction of confidence intervals. It is noteworthy that the dependence of
the asymptotic variance and the confidence interval radius on the density of X and the
error variance o2 is known, which to the best of our knowledge is new in the literature.
The main contribution of our work is Theorem [5.1 which provides uniform confidence
bands. While the uniform confidence bands are a novel contribution to the field of random
forests, extending these results to more sophisticated random forest models would be a
significant advancement. Alternative approaches include extending the result to a more
general regression model, or enhancing the result by incorporating additional terms from
the Hoeffding-decomposition.

The proof of Theorem relies on the Hajek projection being the dominant term in
the Hoeffding-decomposition. The inclusion of higher order terms could have two main
beneficial effects. First, the assumptions on the tuning parameters may be weaker, and
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second, the finite sample distribution may be better approximated. The quantiles of
Sy, which determine the radius of the confidence band, do not belong to an asymptotic
distribution but depend on k. Higher order terms could lead to a different distribution
whose quantiles might work better in practice. The main difficulty of this extension is
that one would have to apply results for U-processes that are similar to those for empirical
processes. To the best of our knowledge, there are no such results in the literature.

Generalization of the regression model

A way to extend the results is to relax the assumptions in the regression model. For each
part of the regression model, there are ways to relax the assumptions. Starting with the
error distribution, the assumption that a finite number of moments exists is already fairly
mild. Still, it might be possible to reduce the number of existing moments. Another
extension would be to allow heteroscedastic errors. This would change the function class
Fi. and the empirical process in our proofs. Including the assumption that the variance
is bounded, the result by (Chernozhukov et al.| (2014b) might still be applicable in a
similar way. This would affect the radius of the confidence bands in a heterogeneous way.
Furthermore, one would need a consistent estimator of the variance function over the
entire feature space.

Another potential generalization is to consider different classes of eligible regression
functions, for instance with discontinuities. The piecewise constant structure of the ran-
dom forest estimator should, in principle, allow it to handle such discontinuities. Under
appropriate assumptions on the number, placement, and size of the jumps, it may be
possible to obtain results similar to those for continuous functions.

The assumptions on the covariates are already quite general. A density bounded from
above and below is usually required. We can consider a higher dimension of these random
variables. In a high-dimensional regression model, we would need assumptions on the
active dimension or the importance of the different features. If the estimator is also
modified and data dependent in some way, it may be able to handle the high dimension
by mostly using the important features for the partitions. One can use similar proof
techniques from the low-dimensional case on the event that the inactive/unimportant
features are seldom split. The honest random forest from Section might be able to
work in a high-dimensional model.

Extension of the random forest algorithm

There are several ways to modify and relax the assumptions on the estimator. One
extension that does not fundamentally change the estimator is to consider a more flexible
number of splits. If we are still considering a CPRF, there is no reason to prefer any
feature in general when choosing the splits. However, after doing k splits per cell, we can
allow a random subset of the cells to be split an additional time. We represent this by
choosing k € Q with (k — |k])2¥ € N. The latter is the number of cells that will be split
an additional time. In theory we consider the asymptotic behavior of 2¥ and n, but in
practice the discrete assumption on k£ may be limiting. For a fixed finite sample size n,
the extension allows a much more flexible choice of 2% /n, which would also be the case in
various nonparametric regression estimators that use a bandwidth. Extending the results
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to this algorithm should be possible since one can use the bounds |k] < k < [k] without
changing the asymptotic behavior.

Staying with purely random forests, one could investigate different splitting rules for
centered purely random forests. The choice of the tuning parameters in the Ehrenfest
forest already leaves room for further research. Alternatively one could consider algo-
rithms that favor splitting cells with larger volumes relative to the distribution of X, if
this distribution is known. This approach might lead to an improved estimation in regions
with more observations on average.

Furthermore, the assumption of centered splits can be dropped. The centeredness can
hurt the ability of the estimator to approximate a function at the fixed cut points. It also
limits the diversity of the trees because the partitions are limited to these fixed cut points.
Since random forests benefit from this diversity, this could also limit the performance. By
omitting the centeredness of the splits, the constant cell size and the structure of the
intersection of two cells are lost. It is not clear whether a similar lower bound holds for
Vn i holds in general. If it is smaller, then the variance of the leading term is smaller and
thus the remaining terms may no longer be negligible. Still, this would be a desirable
modification of the algorithm to be closer to the standard random forest algorithm.

Finally, one would like to extend the results to random forests with data dependent
partitions. In the most general case, data-dependence is not achieved by honesty and
sample splitting. If the partition is data dependent, the splits should not be centered
and the cell sizes should be variable. Otherwise, the ability of the algorithm to construct
a partition that is useful for the data is limited. Variable partitions allow the use of
small cells when it is useful for approximating the regression function, and large cells for
better estimation when the regression function is nearly constant. Examples of technical
difficulties in this case are the lower bound on V- and the dual use of observations for
partition construction and estimation. In particular, the stochastic error would be harder
to analyze because the errors and the cells lose their independence.

Confidence bands for such a general type of random forest as the one by [Breiman
(2001)) are very desirable because they are frequently used in applications. A smaller
step in the data dependent direction would be to allow the partitions to depend on the
independent variables. This can be used to avoid empty cells in the partitions, which are
possible for purely random forests and occur more often with finer partitions. We have
already made a first step towards data dependent forests in Section [7.1}
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Appendix A

Formalities

A.1 Abstract

One of the most prominent estimation problems in mathematical statistics, essential for a
wide range of applications, is described by regression models. A popular class of estimators
in regression models are random forests, which are often referred to as machine learning
methods. Random forests are nonparametric estimators that can be applied to regression
and classification problems. In our work, we focus on their application in a nonparametric
multivariate regression model

Y =m(X) +e,

with regression function m, response Y € R, covariates X € [0,1]? and errors ¢ € R
that are independent of X. A random forest averages the estimates of several randomized
regression trees that are based on different subsamples of the training sample. Regression
trees construct a hierarchical partition of the feature space by performing iterative, axis-
aligned splits and use a piecewise constant estimation of the regression function on the cells
in this partition. In practice, random forests appear to be successful, even when applied to
high-dimensional data. The statistical analysis of random forests is challenging, especially
due to the dependence of the tree partitions on the data. Even for the simpler purely
random forests, which omit this dependence, the majority of the literature focuses on
consistency results.

In this thesis, we analyze the asymptotic behavior of centered purely random forests
with a focus on the construction of confidence intervals and bands, which provide quan-
titative information about the quality of an estimator and are thus a desirable tool in
applications. In centered purely random forests, the regression trees perform the splitting
during the partition construction in the center of each cell. We consider two specific types
of centered purely random forests. One of them is the classical type, which selects the
splitting direction uniformly distributed on all p axes, and the other variant, which is the
Ehrenfest centered purely random forest, is newly introduced and its partitioning algo-
rithm is influenced by the Ehrenfest model for diffusion. We prove that this new variant
achieves the minimax optimal convergence rate for Holder continuous regression functions
m, which is not the case for the classical centered purely random forest variant.

Similar to several articles in the literature, we exploit an interpretation of random
forests as generalized incomplete U-statistics to analyze their asymptotic distribution.
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Important concepts for U-statistics employed in the asymptotic analysis are the Hoeffding-
decomposition and the Hajek projection. First, we prove pointwise asymptotic normality
of centered purely random forests based on results for generalized U-statistics by [Peng
et al. (2022), which allows for the construction of asymptotic confidence intervals. These
results are explicit in the sense, that the only possibly unknown objects affecting the
asymptotic variance and the radius of the confidence intervals are the variance of the
errors and the density of the covariates X. To the best of our knowledge, the explicit
form of our results is new among the asymptotic results for random forests in the literature.

The main theorem we prove provides uniform asymptotic confidence bands based on
centered purely random forests. As far as we are aware, this is the first confidence band
result for any random forest type. Since confidence bands are a uniform generalization of
confidence intervals, the proof of this result is substantially different from the pointwise
case and requires more sophisticated techniques for the handling both the dominating and
the remainder terms from the Hoeffding-decomposition. An important component of the
proof is the application of a result by |Chernozhukov et al. (2014b)), which approximates
the supremum of an empirical process by the supremum of a Gaussian process. This allows
us to approximate and thereby characterize the distribution of the supremum of the Hajek
projection, which is the dominating term from the Hoeffding-decomposition and also an
empirical process. The same proof technique allows us to construct asymptotic confidence
bands for the histogram regression estimator. Further, we obtain a uniform consistency
result for centered purely random forests. A possible direction of future research is to
generalize the results to more sophisticated and data dependent random forests. We
illustrate the theoretical results with a simulation study.

A.2 Zusammenfassung

Eines der bekanntesten Schéatzprobleme in der mathematischen Statistik, welches fiir eine
Vielzahl von Anwendungen essenziell ist, wird durch Regressionsmodelle beschrieben.
Eine verbreitete Klasse von Schétzern in Regressionsmodellen sind Random Forests, die
héufig als Methoden des maschinellen Lernens angesehen werden. Random Forests sind
nichtparametrische Schéatzer, die in Regressions- und Klassifikationsproblemen angewen-
det werden koénnen. In dieser Arbeit liegt der Fokus auf ihrer Anwendung in einem
nichtparametrischen multivariaten Regressionsmodell

Y =m(X) +e,

mit Regressionsfunktion m, abhéngiger Variable Y € R, unabhéngiger Variable X € [0, 1]
und Fehlern € € R, die stochastisch unabhéngig von X sind. Ein Random Forest mit-
telt die Schatzungen von vielen randomisierten Regressionsbédumen, die auf verschiedenen
Teilstichproben der Trainingsdaten beruhen. Regressionsbdume konstruieren eine hierar-
chische Partition von [0, 1]?; indem sie iterativ Teilungen (Splits) parallel zu den Achsen
durchfiithren und eine stiickweise konstante Schétzung der Regressionsfunktion auf den
Zellen in dieser Partition verwenden. In der Praxis liefert die Anwendung von Random
Forests oft gute Ergebnisse, selbst bei der Anwendung auf hochdimensionale Daten. Die
statistische Analyse von Random Forests ist eine Herausforderung, insbesondere wenn
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die Partitionen der Regressionshdume von den Daten abhédngen. Selbst fiir die weniger
komplexen Purely Random Forests, bei denen diese Abhéngigkeit wegfillt, konzentriert
sich der Grofsteil der Literatur auf Konsistenzresultate.

In dieser Arbeit wird das asymptotische Verhalten von Centered Purely Random
Forests analysiert, wobei der Schwerpunkt auf der Konstruktion von Konfidenzintervallen
und -bandern liegt, die quantitative Informationen tiber die Qualitéit eines Schétzers liefern
und somit ein niitzliches Werkzeug in Anwendungen sind. In Centered Purely Random
Forests teilen die Regressionsbaume die Zellen wahrend der Partitionskonstruktion immer
zentriert. Wir betrachten zwei bestimmte Typen von Centered Purely Random Forests.
Einer davon ist der klassische Typ, der die Richtung der Splits uniform verteilt auf allen p
Achsen wahlt, und die andere Variante, der sogenannte Ehrenfest Centered Purely Ran-
dom Forest, wird neu eingefiihrt und sein Partitionierungsalgorithmus ist angelehnt an
das Ehrenfest Modell fiir Diffusion. Wir beweisen, dass diese neue Variante die minimax
optimale Konvergenzrate fiir holderstetige Regressionsfunktionen m erreicht, was fiir den
klassischen Centered Purely Random Forest nicht der Fall ist.

Angelehnt an mehrere Artikel aus der Literatur nutzen wir eine Interpretation von
Random Forests als verallgemeinerte unvollstandige U-Statistiken, um ihre asymptotische
Verteilung zu analysieren. Wichtige Konzepte fiir U-Statistiken, die in der asymptotis-
chen Analyse verwendet werden, sind die Hoeffding-Zerlegung und die Hajek Projektion.
Zunachst wird die punktweise asymptotische Normalverteilung von Centered Purely Ran-
dom Forests auf der Grundlage der Resultate fiir verallgemeinerte U-Statistiken von Peng
et al| (2022) bewiesen, was die Konstruktion von asymptotischen Konfidenzintervallen
ermoglicht. Diese Resultate sind explizit in dem Sinne, dass die einzigen moglicherweise
unbekannten Objekte, die einen Einfluss auf die asymptotische Varianz und den Radius
der Konfidenzintervalle haben, die Varianz der Fehler und die Dichte der Zufallsvariablen
X sind. Unseres Wissens nach ist die explizite Form unserer Ergebnisse eine Neuheit in
der Literatur zum asymptotischen Verhalten von Random Forests.

Das zentrale Theorem, das wir beweisen, liefert gleichméfige asymptotische Konfi-
denzbénder basierend auf Centered Purely Random Forests. Soweit es uns bekannt ist,
ist dies das erste Konfidenzbandresultat iiberhaupt fiir eine Random Forest Variante. Da
Konfidenzbénder eine gleichméfige Verallgemeinerung von Konfidenzintervallen sind, un-
terscheidet sich der Beweis dieses Theorems wesentlich vom punktweisen Fall und erfordert
komplexere Beweistechniken sowohl fiir die dominierenden als auch fiir die vernachléssig-
baren Terme aus der Hoeffding-Zerlegung. Ein wichtiger Bestandteil des Beweises ist die
Anwendung eines Resultats von (Chernozhukov et al. (2014b), das erlaubt, das Supre-
mum eines empirischen Prozesses durch das Supremum eines Gaufi-Prozesses zu approx-
imieren. Auf diese Weise konnen wir die Verteilung des Supremums der Hajek Projektion,
die der dominierende Teil der Hoeffding-Zerlegung und zugleich ein empirischer Prozesses
ist, approximieren und damit charakterisieren. Dieselbe Beweistechnik ermoglicht es uns,
asymptotische Konfidenzbander fiir den Histogramm Regressionsschétzer zu konstruieren.
Aufserdem erhalten wir ein gleichméfiges Konsistenz Resultat fiir Centered Purely Ran-
dom Forests. Eine mogliche Richtung zukiinftiger Forschung ist die Verallgemeinerung der
Ergebnisse auf komplexere und datenabhéangige Random Forests. Wir veranschaulichen
die theoretischen Ergebnisse mit einer Simulationsstudie.
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A.3 Publications related to this dissertation

Extracts of the results of this dissertation have been published in preprints on arXiv, in
collaboration with my supervisors Natalie Neumeyer and Mathias Trabs.

e Neumeyer et al.| (2025) covers the confidence band results for centered purely random
forests.

e Neumeyer et al.| (2026]) covers the confidence band results for the histogram regres-
sion estimator.

Declaration of personal contribution

Chapters [I] to [3] of this dissertation are introductory material and contain few original
results. The novel results in Chapters [3] to 5| are are jointly due to Natalie Neumeyer,
Mathias Trabs and the candidate, where all detailed proofs have been carried out by the
candidate. The simulation study in Chapter [6] has been carried out by the candidate.
Chapter [7| which contains the discussion of extensions and a comparison with a classical
proof method, is due to the candidate. It is planned that the results of the dissertation,
especially those in Chapter [4] and Chapter [5] will lead to a joint publication, co-authored
by Natalie Neumeyer, Mathias Trabs and the candidate.

A.4 Eidesstattliche Versicherung

Hiermit erkldare ich an Eides statt, dass ich die vorliegende Dissertationsschrift selbst
verfasst und keine anderen als die angegebenen Quellen und Hilfsmittel benutzt habe.

Jan Rabe
Hamburg, den 21.03.2025
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