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Abstract

The goal of attochemistry is to use the properties of electronic wave packets ex-
cited by an attosecond pulse to manipulate the electronic distribution within a
molecule and control its chemical reactivity. This work focuses on studying the
preparation of an electronic wave packet in a neutral molecule by means of an at-
tosecond X-Ray pulse. The electronic wave packet is expanded in terms of the core-
and valence-excited states of the molecule, which are coherently populated respec-
tively via a one-photon X-Ray absorption and a two-photons impulsive stimulated
X-Ray Raman process. The goal of this work is to analyse the characteristics of
the electronic excitation and their dependence on the pulse polarisation and the
X-Ray excitation edge. Particular attention is posed on the atom-specific proper-
ties of the X-Ray excitation, a goal being the unequivocal demonstration of the
possibility of initially localising the valence wave packet (excited by the X-Ray Ra-
man process) on the specifically pumped atom. The excitation is described within
time-dependent perturbation theory, modelling the X-Ray absorption as a first-order
process and the X-Ray Raman as a second-order process. The electronic structure
of the considered molecules, i.e. Carbonyl sulfide and Oxazole, is described at the
equation-of-motion coupled-cluster level of theory, including an accurate description
of the X-Ray Raman process which avoids the customary truncation of the sum-
over-states characterising second-order perturbative contributions. The evolution of
the intramolecular electronic distribution due to the preparation and propagation
of the electronic wave packet are analysed in terms of the time-dependent electronic
density. In particular, the ’excited’ part of the electronic density is decomposed in
terms of the main perturbative components of the excitation, separating the con-
tributions related to the core-excited and the valence-excited states. In the initial
stages of the time-evolution the contributions relative to the core-excited states,
which are characterised by an atom-specific localised character, play the dominant
role. The atom-specific localisation of the core-excitation can be transferred to the
manifold of valence-excited states via the X-Ray Raman process, provided a suffi-
ciently large number of valence-excited states are included in the wave packet. This
is the case of Oxazole, wherein the possibility of localising the initial 'source’ of the
valence electronic migration around a specific atom of the molecule is shown. This
conditions the subsequent electronic migration, whose spatial distribution depends
also on the pulse polarisation, which controls the symmetry of the states included in
the wave packet. Owing to the ultrafast decay of the core-excited states, on a long
timescale, when the nuclear motion starts to have a sizeable influence, the electronic
dynamics are dominated by the component associated with the valence excitation.
This makes the impulsive stimulated X-Ray Raman technique a valuable tool to
control the chemical reactivity in a neutral molecule.
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Zusammenfassung

Das Ziel der Attochemie ist es, die Eigenschaften elektronischer Wellenpakete, die
durch einen Attosekundenpuls angeregt werden, zu nutzen, um die elektronische
Verteilung in einem Molekiil zu manipulieren und dessen chemische Reaktivitidt zu
steuern. Diese Arbeit konzentriert sich auf der Vorbereitung eines elektronischen
Wellenpakets in einem neutralen Molekiil mittels eines Attosekunden-Rontgenpulses.
Das elektronische Wellenpaket wird in Bezug auf die angeregten Kern- und Valenz-
zustande des Molekiils dargestellt, die jeweils kohédrent durch eine Ein-Photon-
Rontgenabsorption und einen Zwei-Photonen-impulsiven stimulierten Rontgen-
Raman-Prozess besetzt werden. Ziel dieser Arbeit ist es, die Eigenschaften der elek-
tronischen Anregung und ihre Abhéngigkeit von der Polarisierung des Pulses und der
Rontgenanregungskante zu analysieren. Besonderes Augenmerk wird auf die atom-
spezifischen Figenschaften der Rontgenanregung gelegt. Das Ziel ist eine eindeutige
Demonstration der Moglichkeit, das Valenzwellenpaket (das durch den Rontgen-
Raman-Prozess angeregt wird) anfianglich auf dem speziell angeregten Atom zu
lokalisieren. Die Anregung wird im Rahmen der zeitabhéngigen Storungstheorie
beschrieben, wobei die Rontgenabsorption als ein Prozess erster Ordnung und der
Rontgen-Raman-Prozess als ein Prozess zweiter Ordnung simuliert wird. Die elek-
tronische Struktur der betrachteten Molekiile, d.h. Carbonylsulfid und Oxazol, wird
auf dem Niveau der 'equation-of-motion coupled cluster’-Theorie beschrieben, ein-
schlieflich einer genauen Beschreibung des Rontgen-Raman-Prozesses. Dabei wird
das iibliche Abschneiden der Summen iiber Zusténde, die die zweiten Stérungsord-
nung charakterisiert, vermieden. Die zeitabhéngige Elektronendichte aufgrund der
Vorbereitung und Propagation des elektronischen Wellenpakets wird analysiert. Ins-
besondere wird der ,angeregte” Teil der Elektronendichte in Bezug auf die Haupt-
storungkomponenten der Anregung zerlegt, wobei die Beitréige zu den kernangeregten
und den valenzangeregten Zustdnden getrennt werden. In den Anfangsstadien der
Zeitentwicklung dominieren die Beitrage zu den kernangeregten Zusténden, die sich
durch einen atomspezifischen lokalisierten Charakter auszeichnen. Die atomspezi-
fische Lokalisierung der Kernanregung kann durch den Réntgen-Raman-Prozess auf
das Ensemble der valenzangeregten Zustande libertragen werden, vorausgesetzt, dass
eine ausreichend grofe Anzahl von valenzangeregten Zustéinden im Wellenpaket en-
thalten ist. Im Fall von Oxazol wird gezeigt, dass die Moglichkeit besteht, den
anfdnglichen ,Ursprung” der Valenzelektronenmigration um ein spezifisches Atom
des Molekiils zu lokalisieren. Dies beeinflusst die anschlieffende elektronische Mi-
gration, deren raumliche Verteilung auch von der Polarisation des Pulses abhéngt,
die die Symmetrie der im Wellenpaket enthaltenen Zusténde steuert. Aufgrund
des ultraschnellen Zerfalls der kernangeregten Zusténde, wird auf langen Zeitskalen,
wenn die Kernbewegung beginnt einen betréchtlichen Einfluss zu haben, die elek-
tronische Dynamik von der Valenzanregungskomponente dominiert. Dies macht die
impulsive stimulierte Rontgen-Raman-Technik zu einem wertvollen Werkzeug, um
die chemische Reaktivitat in einem neutralen Molekiil zu steuern.
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Units, constants and notation

The system of atomic units (a.u.) is used throughout the derivations presented
in the following, unless otherwise stated. The value of the fundamental constants
and the definition of fundamental quantities used in this work is presented in the
following table:

Fundamental constants

Name Value in a.u. Value in SI Symbol
electron rest mass 1 9.11 x 1073 kg Me
elementary charge 1 1.60 x 107 C e
reduced Planck constant 1 1.05 x 10734 Js h
Coulomb’s constant 1 8.99 x 10 F~'m 1/47eg
fine-structure constant =~ 7.30 x 1073 7.30 x 1073 a
speed of light in vacuum — 1/a ~ 137 3.00 x 10®ms™* c
vacuum permittivity 1/47 8.85 x 10712 Fm™! €0

Derived atomic units

Name Definition Value in SI Symbol
length dregh? /(e*me) 5.30 x 107" m agp
energy n?/a2m. 4.36 x 10718] ~ 27.2¢V  E},
time h/Ey 24.2 x 1078

irradiance E?/ha} 6.44 x 10 Wm~2 I

As a general guideline, in the following the bold-typesetting is used to indicate
vectorial quantities in R?, such as the position vector 7. On the other hand, a
"’hat’ notation is employed to indicate quantum-mechanical operators, for exam-
ple, p indicates the momentum operator or H indicates the Hamiltonian operator.
Throughout this work, the angular frequency w will often be indicated simply as
'frequency’. Additionally, the angular frequency may also be designated as ’energy’,
given that £ = hw with A =1 in a.u..
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Glossary of Abbreviations

1PDM
ADC
AM
CBH

CC
CCSD

CI

CISD
DOF
DOFs
EOM-CC
FWHM
HF

HHG
HOMO
IR
ISRIXS
LUMO
MCTDH
MCTDHF
MO

OCS
QED
RIXS

SD

SOS
SRIXS
STIRAP

TD-CASSCF

TD-CC
TD-CI
TD-DFT

one-particle reduced density matrix

algebraic diagrammatic construction
Auger-Meitner

Cambell-Baker-Hausdorft

coupled-cluster

coupled-cluster singles doubles

configuration interaction

configuration interaction singles doubles

degrees of freedom

degrees of freedom

equation of motion coupled-cluster

Full width at half maximum

Hartree-Fock

high harmonic generation

Highest Occupied Molecular Orbital

infrared

Impulsive Stimulated Resonant Inelastic X-Ray Scattering
Lowest Unoccupied Molecular Orbital
multiconfigurational time-dependent Hartree
multiconfigurational time-dependent Hartree Fock
molecular orbital

carbonyl sulphide

Quantum Electrodynamics

Resonant Inelastic X-Ray Scattering

Slater determinant

sum over intermediate states

Stimulated Resonant Inelastic X-Ray Scattering
Stimulated Raman Adiabatic Passage
time-dependent complete-active-space self-consistent-field
time-dependent coupled-cluster

time-dependent configuration interaction
time-dependent density functional theory

TD-EOM-CC time-dependent equation of motion coupled-cluster
TD-RASSCF time-dependent restricted-active-space self-consistent-field

TDM
TDPT
TDSE
TISE
ucCcC
uv

WP
XANES
XFEL

transition dipole moment

time-dependent perturbation theory
time-dependent Schrédinger equation
time-independent Schrodinger equation
unitary coupled cluster

ultraviolet

wave packet

X-Ray absorption near-edge spectroscopy
X-Ray Free Electron Laser



CHAPTER 1

Introduction

The fundamental interest of chemistry lies in the understanding and control of a
chemical reaction, which can be schematised as a series of steps connecting the
reagents to the products. Each of these steps can be considered as a frame of
the reaction 'movie’; in which the nuclei and electrons play the part of the main
actors. Their motion determines the rupture and formation of the chemical bonds,
transforming reagents into products. In the context of this 'movie’, light can play
different roles. Light can be a ’camera’, by means of which the motion of the electrons
and nuclei can be captured, thereby reconstructing the dynamical path followed by
the chemical reaction. The development of ever shorter light pulses has allowed to
'film’ chemical reactions at an increasingly higher frame rate, which has progressively
reached the characteristic natural timescales of the nuclear and electronic motions,
i.e. the femtosecond (fs) and the attosecond (as), respectively. Light can also play
the role of the ’director’, which starts a chemical reaction and directs it to the desired
products. This role is of fundamental importance in Nature, where it plays a pivotal
function in fundamental processes such as vision and the photosynthesis [1], and for
the field of photochemistry. This work focuses on contributing to the understanding
of the mechanisms underlying the 'director’ role of light in a chemical reaction. An
overview of the progresses in the study and control of the light-induced chemical
dynamics is presented in section 1.1, following the path traced by the progresses
in the generation of ever shorter light pulses towards the as timescale. This work
focuses in particular on studying the excitation of the electronic degrees of freedom
(DOF) in a neutral molecule via an as X-Ray pulse. The X-Ray spectroscopic
processes considered in this work and the characteristics of the electronic excitation
they create in a neutral molecule are discussed in section 1.2. The description of the
electronic excitation and the subsequent electronic dynamics requires an accurate
modelling of the molecule’s electronic structure. In section 1.3 a review of the
theoretical tools available for the description of the ultrafast molecular electronic
dynamics will be presented, contextualising the method used in this work. Finally,
in section 1.4 the research questions guiding the investigation will be formulated and
an outline of the dissertation will be presented.
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1.1 Controlling chemistry with light

1.1.1 Wave packets, short pulses and control

The broad bandwidth of an ultra short light pulse allows the generation of a co-
herent superposition of eigenstates of a quantum system, i.e. a wave packet (WP),
which leads to the spatial redistribution of the system’s DOF. A seminal example
of this process is represented by the preparation and detection of a WP of Rydberg
electronic states in an atomic system |2, 3]. The broad bandwidth of a picosecond
laser pulse enables the coherent excitation of several Rydberg eigenstates, leading
to the formation of a (radially) localised electronic WP. The localisation provides a
bridge towards a ’classical’ description of the WP’s motion, which is understood as
that of a classical particle travelling along a trajectory. As observed experimentally
in [3], the ’classical’ description of the WP’s motion is not always possible. In fact,
due to the differences in the energy spacing of the Rydberg states, the localisation
of the WP during its radial motion collapses and revives periodically, showing the
alternation of the quantum-mechanical and ’classical’ descriptions. As the pulse
duration progressed to the fs limit [4] it became possible to access the timescale
of nuclear motion. In the pioneering studies by Zewail et al. [5, 6], a fs resolved
pump-probe experiment was performed to study the dynamics of a unimolecular
dissociation reaction. Here, the broad bandwidth of the fs pulse allowed to excite a
WP including multiple vibrational levels and to monitor the dissociation reaction as
it proceeded through the transition states connecting the reagents to the products.
The resulting progresses in the understanding of chemical reactions were accompa-
nied by efforts aimed at controlling the yield and distribution of their products. An
active control method consists in the manipulation of the initial coherent superpo-
sition state through the modulation of the amplitudes and phases of the spectral
components of the pulse |7, 8]. The resulting regulation of the reaction channels’
interference can lead to the control of the yield and distribution of the reaction’s
products [9]. The possibility of studying and controlling the chemical reactions at
the fs timescale shed light on the dynamics of the chemical bond connected with
the nuclear motions, establishing the field of femtochemistry [10].

1.1.2 The way towards attochemistry

A new perspective on the control of chemical reactivity was stimulated by Weinkauf
and Schlag’s experiment [11]|, which demonstrated the role of the electronic dynam-
ics in the control of a peptide’s fragmentation. In the experiment, an UV laser pulse
ionised the peptide creating a hole specifically localised in correspondence to an
aromatic amino acid at the C-terminal end. The observation of ions related to the
N-terminal end in the subsequent photofragmentation of the peptide was interpreted
as the result of an efficient migration of the positive charge from the chromophore
at the C-terminal end to the N-terminal end. The charge migration process is a
purely electronic mechanism, which relocates the charge before the motion of the
nuclei can have a significant impact on the dynamics. The nature of this process
was explained by Cederbaum and Zobeley [12], who demonstrated how the initially
localised charge migrates as a consequence of the correlation between the electrons.
Successive theoretical works by Remacle and Levine [13, 14] showed how it is the
localisation of the positive charge along the peptide chain which determines which
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bond will break, demonstrating the possibility of a ’charge directed chemistry’ where
the electronic dynamics play a crucial 'director’ role. This introduced an electronic
timescale to the study of chemical reactions [15] which, owing to the introduction of
as pulses |16, 17|, pushed the study of chemical dynamics to the natural timescale
of the electronic motion. The extremely short duration of the as pulses corresponds
to a broad spectral bandwidth, which can be used to coherently populate several
electronic states in a molecule. This allows to manipulate the electronic dynamics
which are relevant for chemical processes in chemical and biological systems. The
first studies of the electronic dynamics in molecular systems by means of as pulses
considered the simplest molecule, i.e. Hy. In a study by Sansone et al. [18], the
dissociative ionisation of Hy was studied by means of a pulse sequence formed by
an as ultraviolet (UV) pump pulse and an intense infrared (IR) probe pulse. Based
on the results of a previous work by Kling et al. [19], the experiment measured
the intramolecular localisation of the electronic charge distribution as a function of
the as pump-probe delay. On one hand, this established a starting point for the
investigation of the intramolecular electronic dynamics in a molecule by means of
as pulses. On the other hand, both [19] and [18] demonstrate the possibility of con-
trolling the molecular dynamics via the manipulation of the electronic DOF. The
experimental observation of sub-fs electronic dynamics in a larger molecular system
was achieved by Calegari et al. [20], who used an as extreme-UV pulse to launch
an electronic WP in phenylalanine upon its prompt ionisation. The intramolecular
electronic dynamics were reconstructed by monitoring the oscillation of the fragmen-
tation yields, recorded as a function of the delay with respect to a fs visible/near-IR
probe pulse. This work established the possibility of using as pulses to excite com-
plex molecules, manipulating their intramolecular electronic distribution before the
nuclear relaxation takes place. The link connecting the electronic distribution to the
chemical dynamics is the coupling between the electronic and nuclear DOF of the
molecule [21], which creates the possibility of using the initial, purely electronic pro-
cess to influence the nuclear dynamics taking place at a later time [22|. The advent
of the as pulses endowed the researchers with the possibility of manipulating the
initial electronic dynamics within a molecule [23], thus offering a platform for the
control of its chemical reactivity. Based on this idea, intense theoretical [24, 25| and
experimental [26] developments advanced the comprehension of charge migration,
electron-nuclei coupling and their influence on chemical reactivity. This established
the field of ’attochemistry’, which bears the potential of providing deeper insights
on chemical reactions [27] and on the nature of the chemical bond [28].

1.1.3 Attochemistry in neutral molecules

Building on the groundbreaking studies on charge migration, the field of attochem-
istry is also advancing towards the study of the electronic dynamics in neutral
molecules [29], which is relevant for the understanding of fundamental natural pro-
cesses like the photosynthesis [22]. The excitation and control of an electronic WP
in neutral molecules could provide a more gentle way to manipulate the electrons,
affording control of the molecular dynamics while avoiding photofragmentation [27].
A first step in this direction was provided by Matselyukh et al., who performed
an as X-Ray transient absorption experiment to study the migration of the elec-
trons in neutral Silane (SiHy) [30]. In this work, an IR pump pulse launched an
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electronic WP of valence and Rydberg excited states of neutral SiH; while an as
probe pulse was used to reconstruct the subsequent electronic migration. This ex-
periment not only showed the possibility of studying the migration of electrons in
neutral molecules on the as timescale, but also highlighted the consequences of the
electron-nuclei couplings, confirming the possibility of using the electrons as a tool
for the manipulation of the chemical dynamics. This dissertation aims at contribut-
ing to this new direction of attochemistry, by theoretically studying the electronic
dynamics launched in a neutral molecule by an as X-Ray pulse. In the next section,
two X-Ray spectroscopic processes, which can be used to excite a WP in a neutral
molecule, will be described, focusing in particular on the properties of the excitation
they create in the molecular system.

1.2 X-Ray excitation in a neutral molecule

Attosecond pulses in the X-Ray regime can be routinely generated by means of
high harmonic generation (HHG) sources [31]| or at an X-Ray Free Electron Laser
(XFEL) [32]. In this work, the excitation of a neutral molecule with an as X-Ray
pulse is considered to be mediated by two spectroscopic processes: an X-Ray one-
photon absorption and a two-photon stimulated Resonant Inelastic X-Ray Scattering
(RIXS) process.

1.2.1 Core-excited states and X-Ray absorption spectroscopy

The X-Ray one-photon absorption process entails the excitation of the molecular
system from the ground state to the manifold of core-excited states. A one-particle
representation of this process is depicted in panel a) of fig. 1.1, where the example
case of the CO molecule is considered. The absorption of an X-Ray photon promotes
an electron from a core molecular orbital (MO) to an unoccupied MO, determining
the formation of a core-hole. As shown by the red and purple arrows, photons of
different energy promote the core electrons to different unoccupied MOs (the Low-
est Unoccupied Molecular Orbital (LUMO) and the LUMO+1, respectively) below
the ionisation threshold (indicated by the blue line). These transitions can be (ap-
proximately) mapped to resonances in the pre-edge region of the X-Ray absorption
spectrum [33], which is characterised by an atom-specific energy range. This speci-
ficity can be understood by considering that the core MOs lie in an energetically deep
region of the molecular potential which retains its atomic character. This translates
into an atom-specific excitation energy which allows, by appropriately tuning the X-
Ray pulse, to excite the system to C-specific or O-specific core-excited states. This
can be generalised to any molecule, wherein different atoms can be targeted exploit-
ing the differences in their elemental identity and chemical environment. The atomic
specificity of the X-Ray excitation (and in turn of the core-excited states) is the foun-
dation of techniques like X-Ray absorption near-edge spectroscopy (XANES), which
provides atom-specific information on the unoccupied MOs and more in general on
the molecule’s electronic structure and reactivity [33]. The XANES technique is
routinely applied at synchrotrons, where the narrow bandwidth of the X-Ray ra-
diation allows to precisely target core-excited states with atomic specificity. Such
a precise selectivity is not possible when the molecule interacts with an as X-Ray
pulse, which allows, on the other hand, to coherently populate multiple core-excited
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Figure 1.1: Schematic representations of the one-photon X-Ray absorption process. The
representation of the process in the one-particle picture is shown in panel a), where the
electronic structure of carbon monoxide (CO) is represented in terms of MOs of increasing
energy within the molecular potential. The electrons are indicated as full circle, the holes as
hollow circles. The one-photon absorption of two photons of different energy is represented
by the red and purple arrows. The blue line and azure-shaded area represent the ionisation
threshold and the continuum, respectively. The representation of the one-photon X-Ray
absorption process performed with a broad bandwidth as pulse is shown in panel b). The
pulse in the frequency domain is represented by the green Gaussian, with the red and purple
bars corresponding to the frequencies resonant to the excitations from the ground state |1)g)
to the core-excited states |1.,) and |1e,), respectively. The sinusoidal line connecting |, )
and |1c,) represents their coherent superposition.

states. This is shown in the schematic example in panel b) of fig. 1.1, where the
coherent excitation is represented in the context of a three-level system. Here, ow-
ing to the frequencies of both the absorbed photons (purple and red bars within
the green Gaussian pulse bandwidth) being included within the pulse bandwidth,
the system is excited from the ground state [¢,) to a superposition of core-excited
states |1, ) and |i).,). This can be extended to a general system with several core-
excited states, which can be included in the WP exploiting the broad bandwidth of
the as X-Ray pulse. After the core-hole is created, the electronic structure tends
to relax by means of spontaneous processes. While in heavier atoms the radiative
decay is predominant [34], in lighter atoms (such as those constituting the organic
molecules present in biological systems) the decay of the core-holes is dominated by
Auger-Meitner (AM) processes [35, 36, which limits the lifetimes of the core-excited
states to a few fs (e.g. ~ 4 fs for O [37, 38] or ~ 6.5 fs for C [39]). This restricts
the time-window available for time-resolved experiments and the manipulation of
the electronic distribution in a neutral molecule. Conversely, the valence-excited
states are characterised by much longer lifetimes (typically in the order of ps to
ns [40]) and lower excitation energies, which allows them to be directly involved in
naturally-occurring photochemical processes.
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1.2.2 Valence-excited states and stimulated RIXS

The population of the valence-excited states in the X-Ray regime relies on a resonant
Raman scattering process. This process lies at the heart of the RIXS technique [41],
which is a well-established tool for the study of the electronic structure in a variety
of systems in the gas- [42], liquid- [43]| and solid-phase [44]. The RIXS process can
be schematised as a sequence of two steps, represented in panel a) of fig. 1.2 in the
context of a simplified, one-particle picture of the electronic structure. The first
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Figure 1.2: Schematic representation of the RIXS and ISRIXS processes. Panel a) con-
tains a representation in the one-particle picture. The system relaxes to its valence-excited
states as the core-hole generated by the absorption is refilled during a radiative de-excitation
of the electrons from the occupied MOs. The ISRIXS process is represented in panel b).
The green Gaussian represents the pulse in the frequency domain, the red bar representing
the absorbed frequency, the blue and yellow bars the emitted, Stokes frequencies. During
the absorption step (red arrow) the system is excited from the ground state |1pg) to the
core-excited state |1c). In the stimulated emission step the system radiatively relaxes into a
WP (indicated by the sinusoidal line) of valence-excited states |1y, ) (blue arrow) and |1y, )
(yellow arrow).

step, indicated by the red arrow, corresponds to the absorption of a 'pump’ photon,
which excites a core-electron to the LUMO orbital. The second step corresponds to
a spontaneous radiative de-excitation of the system, during which Stokes photons
are emitted as the core-hole is refilled by electrons e.g. from the Highest Occupied
Molecular Orbital (HOMO) (i.e. blue arrow) or the HOMO-1 (i.e. yellow arrow)
orbitals. A typical RIXS measurement relies on narrowband X-Ray radiation (e.g.
from a synchrotron) to pump the system, which subsequently relaxes via the inco-
herent radiation of Stokes photons. The coherent population of the valence-excited
states relies on the nonlinear counterpart of RIXS, i.e. stimulated RIXS [45], wherein
the radiative de-excitation step corresponds to a stimulated emission of Stokes pho-
tons. The practical application of the stimulated RIXS technique has been enabled
by the development of the XFELs, which are capable of delivering short, intense and
coherent X-Ray pulses [46, 47]. The first experimental demonstration of stimulated
RIXS was provided by Weninger et al. [48|, who showed evidence of the effect in
a gaseous neon target excited by fs XFEL pulses. Similar experiments on carbon
monoxide [49] paved the way to the demonstration of stimulated RIXS in molecules
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by O’Neal et al. [50], who detected the population transfer to the valence-excited
states of gaseous nitric oxide mediated by stimulated RIXS. This experiment was
recently extended to the liquid phase by Alexander et al. [51], who reported the
measurement of stimulated RIXS in liquid water. In both [50] and [51], the stim-
ulated RIXS process was driven by an as XFEL pulse [32], which allowed to push
the process to the impulsive limit. The Impulsive Stimulated Resonant Inelastic
X-Ray Scattering (ISRIXS) process is schematised in terms of four stationary states
of a molecule in panel b) of fig. 1.2. Here, the absorption, 'pump’ step (red arrow)
excites the system from the ground state |t),) to a core-excited state |t.), while the
stimulated-emission step (i.e. the 'dump’ step corresponding to the coherent emis-
sion of Stokes photons) leads to the radiative de-excitation from |¢.) to the manifold
of valence-excited states |1,,) (i.e. blue arrow) and |t,,) (i.e yellow arrow). The
energy difference between the pump and Stokes photons corresponds to optical exci-
tation energies associated with the valence-excited states. As shown by the coloured
bars within the pulse, both the pump and Stokes photon energies are contained
within the coherent bandwidth of a single as X-Ray pulse, leading to the coherent
population of the manifold of valence-excited states in a neutral molecule. The im-
pulsive limit is reached as the excitation takes place within the few hundreds of as
of the pulse duration, which is shorter than the timescale of the dynamics within
the manifold of valence-excited states (corresponding to the inverse of their energy
separation). This is a key factor in the study of ultrafast dynamics in molecules,
as the dynamics following the excitation are determined solely by the prepared WP
and are not influenced by external fields.

1.2.3 Characteristics of the ISRIXS wave packet

The characteristics of the WP launched by ISRIXS can be controlled through the
properties of the as X-Ray pulse. For example, tuning the bandwidth of the pulse
allows to regulate how many states are included in the WP, while changing the
pulse polarisation enables the selection of the states according to their symmetry. A
peculiarity of the WP launched by ISRIXS is related to the involvement of electrons
from the core-shells in the excitation process. In fact, by tuning the as X-Ray
pulse to be resonant with the core-excited states associated to different atoms, it
is possible to coherently populate the valence-excited states with atomic specificity
[52]. This corresponds to an accordingly atom-specific dynamical redistribution of
the valence-electrons across the molecule, which should, in principle, be characterised
by an initial localisation on the specific atom interested by the X-Ray excitation.
This property and its applications have been explored in a number of publications
by Mukamel et al. [53, 54, 55]. A pump-probe experiment is simulated in [53],
where a WP of valence-excited states in 5-quinolinol is both pumped and probed
via an ISRIXS process. The 5-quinolinol molecule is formed by two heteroaromatic
rings, with a N and an O located on different rings. Pumping the molecule at the
N K-Edge/O K-Edge results in the excitation of element-specific WPs, which are
initially localised prevalently on the N-bearing/O-bearing ring. The atom-specific
character of ISRIXS as a pump process can also be used to probe the time-evolution
of the WP. That is, the atom-specificity can be used to choose the molecular regions
where the WP is created and probed, consequently providing a temporally and
spatially resolved reconstruction of the intramolecular electronic migration. A work
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by Healion et al. [54] studies the preparation of a WP of valence particle-hole pairs
via ISRIXS in cysteine, focusing on the initial, atom-specific localisation of the WP
and the characteristics of the highly correlated motion of the valence particle-hole
pairs. The WPs corresponding to excitations at the O, N and S K-Edge do not
show clear evidence of an initial localisation around the excited atoms, with only
the hole components of the WPs showing more convincing signs of this property.
The atom-specific character is rather related to the initial distribution of the WP
across the whole molecule and its dynamics, which clearly change depending on
the K-Edge selected for the excitation. More recently Yong et al. [55] simulated an
experiment where the valence-electron dynamics triggered by ISRIXS are monitored
by ultrafast X-Ray diffraction in Oxazole. The Oxazole molecule is a heteroaromatic,
5-membered ring containing N and O. By exciting the molecule at the O K-Edge or
at the N K-Edge with an as X-Ray pulse, an element-specific initial redistribution
of the valence electrons is predicted which is however not clearly localised on the
excited atom. This lack of localisation is attributed to the small dimensions of
the molecule. A recent study by Balbi et al. [56] simulates a WP including both
core-excited and valence-excited states. While the coherent population of the core-
excited states is due to a one-photon X-Ray absorption process, the valence-excited
states are coherently populated via ISRIXS. The study shows the dependence of
the WP’s properties on the level of theory (e.g. basis set, number of included
core-excited states) and on the pulse properties (e.g. polarisation, K-Edge of the
excitation). In particular, the initial localisation is discussed in the context of p-
aminophenol excited at the O K-Edge. Snapshots of the time-dependent difference
density, obtained by subtracting the ground state density from the time-dependent
electronic density, show an initial electronic accumulation on O and more generally
the localisation of the excitation in the region centred on O, which is followed by
long-range electronic migration across the molecule. This work clearly shows the
atom-specific localised characteristics of the X-Ray excitation, but does not discuss
the particular contributions to the localisation coming from the core-excited and the
valence-excited states (i.e. from the ISRIXS process). In conclusion, this brief review
indicates that, especially in smaller systems, the atom-specific initial localisation
of the WP excited via ISRIXS process is yet to be clearly demonstrated. The
investigation of this aspect of the ISRIXS process is one of the goals of this work. The
pursue of this objective relies on a theoretical platform which enables the accurate
description of the time-dependent electronic structure of the molecule. In the next
section, a brief review of various families of time-dependent electronic structure
methods will be presented, providing the context for the theoretical methods used
in this work.
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1.3 Time-dependent electronic structure methods

The experimental studies of the electronic dynamics on the as timescale have been
supported and enabled by the development of a variety of theoretical methods,
which afford an accurate description of the time-dependent electronic structure of
atoms and molecules. The objective of theory is the solution of the time-dependent
Schrodinger equation (TDSE) for many-electron systems interacting with ultrashort
and intense light pulses. Since the exact solution of the TDSE is limited to sys-
tems formed by few electrons (e.g. He or Hs), several approximate methods have
been developed, which describe the electronic correlation within atomic and molec-
ular systems in an increasingly accurate way. A computationally affordable ap-
proach is represented by the time-dependent density functional theory (TD-DFT)
[57], within which the time-dependent many-body wavefunction is mapped to the
time-dependent density. This reduces a many-particle problem to a one-particle
problem, where the electronic correlation is accounted for (mostly in a semiempir-
ical way) via the exchange and correlation functional. Exemplary applications of
this method come from Véniard et al. [58], who applied it to the theoretical study
of the response of atomic clusters of atoms to a strong field, or from Bruner et
al. [59], who demonstrated the capability of TD-DFT to adequately describe the
charge migration process in relatively large molecular systems. Despite its low com-
putational cost, which allows its application to large systems, TD-DFT delivers the
time-dependent electronic density and not the wave function, posing difficulties in
the definition of the observables. Moreover, it is difficult to estimate the accuracy of
the exchange and correlation functional and to systematically improve the descrip-
tion of the electronic correlation. This is allowed by wave function-based methods
such as the time-dependent configuration interaction (TD-CI) approach. Within
TD-CI, the wave function is expanded in terms of Slater determinants (SDs), with
the time-dependence lying in the CI expansion coefficients. The full TD-CI the-
ory stands as a benchmark capable of providing an exact solution of the TDSE.
In practice, due to the combinatorial growth of the computational effort with the
number of electrons and basis functions, the full TD-CI approach can be applied
only to small systems with a moderate number of electrons and basis functions.
The application of the TD-CI approach to larger systems relies on the truncation
of the CI expansion [60]. The first (and most affordable) of the truncated TD-CI
approaches is the TD-CI singles, within which the wave function is expanded in
a basis of SDs formed by the reference determinant (usually corresponding to the
Hartree-Fock (HF) ground state determinant) and singly excited determinants gen-
erated from the reference. This method was applied, for example, to the treatment
of strong-field processes in atomic systems by Greenman et al. [61], to the study
of strong-field ionisation in small molecular systems by Carlstrom et al. [62]| or
to the study of the ultrafast many-electron dynamics in a polyatomic molecule by
Klamroth [63]. Starting from the TD-CI singles, the accuracy of the wave function
ansatz can be improved systematically towards the full TD-CI limit by explicitly
including doubly, triply, etc. excited SDs in the CI expansion [64, 65] or by describ-
ing the effects of their inclusion by means of perturbation theory [65, 66]. A step
ahead with respect to the TD-CI approaches is represented by the family of methods
collectively known as multiconfigurational time-dependent Hartree (MCTDH) [67].
As shown in [68] and references therein, the MCTDH approach provides an excel-
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lent framework for the solution of the TDSE, which can flexibly adapt to systems
formed by bosons, fermions or both type of indistinguishable particles. Based on
the MCTDH method, the multiconfigurational time-dependent Hartree Fock (MCT-
DHF) approach [69] has been developed to describe the dynamics of many-electron
systems. The MCTDHF expansion of the wave function extends the TD-CI ansatz
by considering time-dependent SDs, which inherit their time-dependence from the
one-particle orbitals forming them. This confers great flexibility to the MCTDHF
method, which provides an accurate representation of the wave function with a
reduced number of SDs compared to TD-CI [70]. Being based on a full-CI ex-
pansion, the great accuracy of MCTDHF is associated with a computational cost
which scales exponentially with the number of electrons, thus limiting its application
to small systems. To obviate to this problem, methods such as the time-dependent
complete-active-space self-consistent-field (TD-CASSCF) [71] or the time-dependent
restricted-active-space self-consistent-field (TD-RASSCF) [72] have been developed,
allowing to extend the computational applicability to larger systems, while delivering
a reasonably accurate description. Alternatively, approaches like the time-dependent
multiconfiguration self-consistent field method [73] rely on the truncation of MCT-
DHF’s CI expansion, allowing to systematically improve the quality of the wave func-
tion from the limiting case comprising a single time-dependent SD, corresponding
to the time-dependent Hartree Fock method [74], to the exact MCTDHF solution.
Another valid framework for the calculation of the correlated electronic dynamics is
based on the excitation-class-based algebraic diagrammatic construction (ADC) and
coupled-cluster (CC) methods. The ADC approach [75] provides a series of methods
to accurately calculate excited states in large molecular systems. Examples of the
application of ADC-based methods to time-dependent problems come from Kuleff et
al. [76], who showed its application to the description of multielectron WP dynamics
in large molecules, or from Ruberti et al. [77], who proposed a time-dependent ADC
approach for the Ab Initio simulation of as pump-probe experiments. Within the
CC approach [78], the many-body wave function is parametrized according to an
exponential excitation operator acting on the reference SD. This ansatz makes the
CC methods size-extensive (and size-consistent) at any level of truncation, which is
a quality lacking in analogously truncated-configuration interaction (CI) approaches
[79]. In addition to that, the accurate description of the electronic correlation pro-
vided by CC is accompanied by a favourable polynomial scaling of the computa-
tional costs with the system’s size. The time-dependent coupled-cluster (TD-CC)
approach is based on the introduction of a time-dependent excitation operator in
the CC ansatz [80], which leads to the formulation of equations of motion for the
time-dependent wave function and expressions for the expectation values of the
relevant observables. The TD-CC method can effectively be used for the study
of the valence electron dynamics in molecules as recently showed by Skeidsvoll et
al. [81], who simulated a pump-probe transient absorption experiment involving
lithium fluoride. Following the basic idea of the MCTDHF method, Kvaal proposed
the orbital-adaptive TD-CC approach [82|, which extends the TD-CC method by
considering time-dependent one-particle orbitals. Based on Kvaal’s work, Sato et
al. [83] proposed the time-dependent optimised CC method applying it to the sim-
ulation of intense laser-driven correlated electron dynamics in atoms. Compared to
results obtained via the TD-CASSCF approach, Sato et al. showed the accuracy and
cost-effectiveness of CC-based methods by producing results of comparable quality
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at a lower computational cost [84]. An alternative strategy to the solution of the
TDSE is based on the expansion of the time-dependent wave function in terms of the
eigenstates of the time-independent field-free Hamiltonian, which correspond to the
ground and excited stationary states of the system. Based on this ansatz, the TDSE
reduces to a set of coupled differential equations for the time-dependent coefficients
of the expansion. A suitable approach for the accurate calculation of the stationary
excited states and their properties is the equation of motion coupled-cluster (EOM-
CC) method [85, 86|, within which the stationary excited states are obtained by
applying a linear excitation operator to the CC ground state. The expansion of
the time-dependent wave function in terms of the EOM-CC states lies at the heart
of the time-dependent equation of motion coupled-cluster (TD-EOM-CC) method
[87], which has been applied to a variety of problems. For example, Sonk et al. [87]
applied a TD-EOM-CC approach to the simulation of butadiene’s response to the
interaction with short and intense laser pulses. Similarly, Luppi et al. [88] used
this method to calculate HHG spectra of Hy and Ny. More recently, Skeidsvoll et
al. [89] presented an application to the simulation of as valence pump-core probe
spectra in small molecules, while Balbi et al. [56] studied the electronic dynamics
triggered by an as X-Ray pulse, including a description of the ISRIXS process. The
main drawback of the TD-EOM-CC approach lies in the necessity to perform the
full diagonalization of the time-independent Hamiltonian, which poses a computa-
tional limit to the number of excited states included in the wave function ansatz.
The theoretical platform in this work is based on the TD-EOM-CC ansatz of the
time-dependent wave function. Differently from TD-EOM-CC, the time-dependent
expansion coefficients (i.e. the probability amplitudes) associated to the core-excited
and valence-excited states are here obtained via time-dependent perturbation theory
(TDPT). The reason behind this choice is related to the calculation of the proba-
bility amplitudes associated to the valence-excited states, which are approximated
as second-order perturbative contributions. Within TDPT the calculation of the
second-order perturbative contributions involves the evaluation of a sum over inter-
mediate states (SOS), which characterises also the RIXS transition moments. The
conventional approach to the calculation of the SOS resorts to its truncation to a
manifold of presumably dominant terms. Despite its computational advantages, the
effects of the truncation on the accuracy of the transition moment are difficult to
assess a priori. This problem was addressed by Nanda et al. [90, 91|, who presented
a formally exact reformulation of the RIXS transition moments which avoids the
truncation of the SOS. This allows to avoid the truncation-related inaccuracies and
circumvent the computational challenges related to the diagonalization of a large
Hamiltonian, which might arise from the inclusion of numerous intermediate states
in an accurate, 'truncated’ calculation. In this work, the non-truncated implemen-
tation from Nanda et al. is applied to the calculation of the probability amplitudes
associated to the valence-excited states. This choice is motivated by the formal
exactness of the non-truncated approach and accuracy of the EOM-CC method,
which should translate into a precise description of the valence-excitation and the
intramolecular electronic dynamics. In this sense, the goal of this effort is to offer a
very accurate computational platform for the simulation of the coherent population
of the valence-excited electronic states via ISRIXS in the perturbative regime.
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1.4 QOutline of the dissertation

A pivotal moment of a photochemical reaction is the initial interaction of the system
with the light pulse, during which the necessary energy for the chemical reaction
is deposited into the molecule. It is relatively to this moment that one of the
fundamental questions of chemical reaction dynamics is asked, which Ahmed Zewail,
in his Nobel Prize feature article [92|, formulated as:

How does the energy put into a reactant molecule redistribute among the
different degrees of freedom, and how fast does this happen?

The investigation presented in this work departs from this question, aiming at un-
derstanding how the energy deposited by an as X-Ray pulse in a neutral molecule
distributes among its electronic DOF (represented in terms of the ground, valence-
excited and core-excited states) during the excitation of an electronic WP. In par-
ticular, based on the ideas underlying the field of attochemistry, the goal is to
understand how the excitation of the WP modifies the intramolecular electronic dis-
tribution during and within a few fs after the pulse. Based on these objectives, the
first questions guiding the investigation are formulated as:

Q1: How does the energy distribute among the considered excited states?
How does the excitation modify the electronic distribution within the
molecule during and after a few fs after the pulse?

The answers to Q1 are based on the analysis of the time-dependent difference elec-
tronic density (i.e. obtained by subtracting the ground state density to the time-
dependent electronic density), whose distribution reflects the properties of the ex-
citation and the energy distribution across the electronic states of the molecule. In
particular, the analysis is based on the decomposition of the difference density in
terms of the components of the density matrix, which allows separating the prop-
erties of the excitation related to the core-excited and valence-excited states. The
control of a chemical reaction through the electrons is based on the possibility of
using the properties of the as pulse to manipulate the dynamical electronic distri-
bution within the molecule. This is the basis for the next step in the investigation,
which is concerned with understanding how the pulse polarisation and the atomic-
specificity of the X-Ray excitation influence the dynamical electronic distribution
within the molecule. This goal corresponds to answering the following questions:

Q2: How do the properties of the excitation depend on the pulse polari-
sation and the core-excited states the X-Ray pulse is resonant to? How
15 the dynamical electronic distribution within the molecule conditioned
by these pulse parameters?

The answers to Q2 are based on a systematic study of the dynamics within the
difference density and its components as they vary according to the chosen edge for
the X-Ray excitation and the pulse polarisation. In particular, the dependence on
the former is considered in order to investigate the atom-specific properties of the
WP, with special attention posed on the observation of the initial, atom-specific
localisation of the valence electronic density due to the ISRIXS process. The disser-
tation is structured as follows: the theoretical tools used to conduct the investigation
and the details of their computational implementation are presented in chapters 2
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and 3. The investigation guided by Q1 and Q2 is conducted in the context of two
molecules, carbonyl sulphide (OCS) and Oxazole, which are considered as they are
examples of linear and ring-shaped molecular systems. The results relative to OCS
are presented in chapter 4 while those relative to Oxazole are presented in chap-
ter 5, with separate discussion sections being attached to each chapter. The results
obtained for OCS and Oxazole will be discussed in a more general framework in
chapter 6, where the potential application of each component of the excitation as
a 'platform’ for the manipulation of the electronic dynamics in a neutral molecule
will be assessed, indicating a set of possible outlooks for the project.



14

Chapter 1. Introduction




CHAPTER 2

Theory

This chapter is dedicated to the presentation of the theoretical background necessary
for the simulation of the electronic dynamics in a neutral molecule. The theory
revolves around the solution of the TDSE,

0 3
15, (1) = H|¥(1)), (2.1)

and the study of the properties of the time-dependent state |¥(¢)). In section 2.1,
the fundamentals of the semiclassical theory of light-matter interaction are dis-
cussed, leading to the explicit formulation of the Hamiltonian operator appearing in
eq. (2.1). The focus moves to the description of the molecular electronic structure in
section 2.2, where the fundamentals of the EOM-CC theory are presented, setting
the stage for the practical computation of the molecular properties. The description
of the quantum dynamics of |¥(t)) is presented in section 2.3, where the discussion
is developed in the context of TDPT. The chapter ends with section 2.4, where the
time-dependent electronic density and its perturbative decomposition are discussed,
defining the tools used in the analysis performed in the results’ chapters.
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2.1 Theory of light-matter interaction

2.1.1 The minimal-coupling principle

The description of the combined system formed by the molecule and the radiation
field starts at the classical level. The molecule can be considered as a system of N
nonrelativistic particles, each characterised by a charge g¢, a mass m, a canonical
momentum p¢ and a position r¢ (defined with respect to a three-dimensional coor-
dinate system). The electromagnetic field established by the charged particles and
the radiation is defined by a vector potential A(r,¢) and a scalar potential ¢(r,t),
which describe both the inter-particle and the particle-radiation interactions. Ac-
cording to the principle of minimal coupling |93, 94|, the interacting Hamiltonian
for each particle can be obtained by applying the substitution

Pc — P — qcA(re, 1) (2.2)

in the free-particle Hamiltonian h: = P¢/2m., which replaces the canonical momentum
with the kinematic momentum [93, 95]. This substitution is accompanied by the
transformation

he = he + qed(re,t), (2.3)

which leads to the minimal coupling Hamiltonian for a single particle

— g A 2
he = P BBl | giotrean. (2.4)

Here, it can be seen that the particle’s coupling with the electromagnetic fields relies
entirely on the particle’s electric charge and not on its higher multipole moments,
hence the 'minimal’ definition of the coupling.

2.1.2 Electromagnetic potentials and the Coulomb Gauge

The classical behaviour of the electric field, E(r,t), the magnetic field, B(r,t), and
their interaction with charged particles and currents is described completely by the
Maxwell equations. According to the homogeneous Maxwell equations’, the electric
and magnetic fields are completely determined by the scalar and vector potentials
as specified by

E(r,t)= —% — Vo(r,t), (2.6a)
B(r,t) =V x A(r,t). (2.6b)

The fields E(r,t) and B(r,t) are experimentally measurable physical observables,
which are uniquely determined. The same is not true for the potentials A(r,t) and

In atomic units, the homogeneous Maxwell equations read

dB(r,t)

V X E(r,t) — T

=0 V. B(r,t)=0. (2.5)
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¢(r,t), which bear a certain degree of arbitrariness. In fact, the potentials can be
transformed according to the so-called gauge transformations [96]

o t) = o(m ) = 2 (8’;’”, (2.7a)
A(r,t) = A(r,t) + V f(r.b). (2.7h)

Here, f(7,t) is a smooth and real-valued gauge function. The gauge transformations
do not affect E(r,t) and B(r,t), which, being physical observables, are gauge in-
variant. A suitable gauge choice at the nonrelativistic limit is given by the Coulomb
gauge, which is defined by the condition [93]

V.A(rt)=0. (2.8)

Being vector fields, the electric and magnetic fields can be decomposed into sums of a
zero-curl, longitudinal component (indicated by ) and a zero-divergence, transverse
component (indicated by *). Within the Coulomb gauge, the contributions of A(r, )
and ¢(r,t) to the transverse and longitudinal components of E(r,t) and B(r,t)
separate [93]. This entails writing the components of the electric field as

0A(r,t
Ell(r,t) = =V(r,t) and Et(rt) = —#, (2.9)
while the magnetic field, being purely transverse according to eq. (2.5), is simply
given by eq. (2.6b). The dynamical behaviour of the potentials is determined by
the inhomogeneous Maxwell equations'’. Expressed in terms of the potentials in the
Coulomb gauge, these read [93]

Ag(rt) = —4m Y " qcd(r — re(t)), (2.11)
¢
(A — az%)A(’r, t) =—4ra® Y gl (r.1), (2.12)
¢

where jj(r, t) is the transverse current due to the ¢'* particle. With the choice of
the Coulomb gauge, the scalar potential corresponds to the instantaneous Coulomb
potential, which is given by the solution of Poisson’s eq. (2.11), i.e.

N
4ac
ITn atomic units, the inhomogeneous Maxwell equations read
N
V-E(r,t)=4n Z qco(r —re(t)), (2.10a)
¢
V x B(r,t) = o? OE(r) + 4ma? EN:jg(r,t). (2.10b)
ot

¢
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2.1.3 The semiclassical method

The passage to a quantized description of the molecule-field system entails the con-
version of the classical dynamical variables to quantum operators, which are subject
to the canonical commutation rules [93, 97]. The quantization of both the molecular
and radiation field degrees of freedom (DOFs) leads to the Quantum Electrodynam-
ics (QED) theory. Its rigorousness is counteracted by its computational expense,
which makes the solution of the complete QED problem unfeasible in most cases.
Within QED, all the DOFs are treated at the same level, implying a symmetric
energy exchange between them. If the radiation field is very intense this 'symmetry’
breaks, since any influence of the molecule on the radiation field becomes negligibly
small. The number of photons associated with the quantized radiation field are so
numerous that the radiation field can be treated as a classical, fixed, external agent
acting on the quantized molecular DOFs. This semiclassical treatment affects the
scalar and the vector potential differently in the context of the Coulomb gauge. The
scalar potential, which mediates the intramolecular interactions, takes the form of
the Coulomb operator

o) =Y L, (2.14)

while the vector potential, which describes the radiation field, is treated classically.
The application of the semiclassical treatment is limited by the impossibility of
describing spontaneous decay processes such as fluorescence [93]. Furthermore, the
theory is restricted to a 'microscopic’ level, with its extrapolation limited to a diluted
gas of molecules (i.e. at a pressure of ~ 0.1 mmHg) [98].

2.1.4 The semiclassical Hamiltonian operator

The semiclassical many-particle Hamiltonian operator is obtained by applying the
considerations discussed in sections 2.1.2 and 2.1.3 to the minimal-coupling Hamil-
tonian in eq. (2.4) and by summing the contributions from all the charged particles
of the system. The resulting operator has the form

A =% { P = qcAlr OF q«zs(fz)}, (2.15)

ch

where the position and momentum have become first quantized operators in the
Schrédinger picture and the vector potential is a classical complex-valued field. In-
serting the definition of the Coulomb operator from eq. (2.14) into eq. (2.15) leads
to

N ~9 N ~ 2 A2
A P; qc qcpe - Alre,t) | atA%(re,t)
H{(t) = [— YU ) - . (2.16)
; ng C’Z# |'I‘< — ’I‘g/‘ mc 2m¢
I;n:ﬂ Hi:tr(t)

where f[mol is the molecular Hamiltonian operator, while ﬁint(t) is the interaction
Hamiltonian operator. The explicit time-dependence of Hi,(t) is related to A(r,t),
whose instantaneous value defines a new, effective Hj,(t) at each instant ¢. In
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general, ﬁim(t’ ) and ﬁint(t” ) do not commute at two different instants of time ¢’
and t”. This makes the time-ordering of ¢ and t” important in the development
of the perturbative theory [95]. In eq. (2.16), no additional terms related to the
electronic spin are included, which entails neglecting effects like the level splitting
due to spin-orbit coupling. This is acceptable for the organic molecules considered
in this work, as they contain only light atoms [99].

Molecular Hamiltonian operator

The molecular Hamiltonian operator describes the isolated molecule, which is formed
by N, nuclei and N, electrons (with N = N, + N,). The generic indexes £, ¢ used in
egs. (2.15) and (2.16) contain both the electronic indexes {4, j,...} and the nuclear
indexes {I, J,...}. According to the new indexing convention, F[mol can be written
as

Nn

Pz al ZiZy
_|._
->Y zw = I zzmi E
~—,_/
Te Vee VeN TN VNN
(2.17)
Here, according to the a.u. system, ¢; = —1 and m; = 1, while Z; and m; represent,

the nuclear charge to e ratio (i.e. the atomic number Z) and the nuclear mass to m,
ratio, respectively. The T, term in eq. (2.17) represents the electronic kinetic energy
operator, while the term Ty represents the nuclear kinetic energy operator. The
operator Ve ~ describes the electron-nucleus attraction, while the operators VN ~ and
V.. describe the nucleus-nucleus and the electron-electron repulsion, respectively.

Interaction Hamiltonian operator and dipole approximation

The interaction Hamiltonian operator describes the interaction of the molecule with
the radiation field. The radiation field considered here spans an interval of frequen-
cies characteristic of the X-Ray region of the electromagnetic spectrum. Since the
nuclei are too heavy to undergo substantial oscillation in response to the field [94],
the sum in eq. (2.16) can be limited to the electrons alone. As a consequence, ﬁint(t)
assumes the form

N,
~ . “ A2 ’T‘Z‘,t
Hint(t) = Z |:pz . A(’f’i, t) + % .

%

(2.18)

The X-Ray field interacts particularly with the core-electrons of the molecule, whose
wave functions extend over a region of space much smaller than the X-Ray wave-
length [33]. Thus, at their length scale, the core-electrons effectively ’see’ the radi-
ation field as spatially-uniform. This allows to apply the dipole approximation. To
this end, A(r,t) is expanded around the molecule’s centre of mass, 7.y, retaining
only the lowest-order term, i.e. A(7qy,t) [100]. By setting the centre of mass coin-
cident with the origin of the coordinate system, i.e. A(Tem,t) = A(0,t), the Hip(t)
in the dipole approximation can be written as

ﬁint(t) = Ze: |:ﬁz FA(t) + AT@) :

)

(2.19)
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Here, r.,, = 0 has been omitted to simplify the notation. In addition, the dipole
approximation implies that V X A(t) = 0 determining B(r,t) = 0.

2.1.5 Length frame of light-matter interaction

The semiclassical description of light-matter interaction is not unique; instead there
exist different, equivalent "frames’, which are related by unitary transformations [95].
These can be defined using the operator U as

U(t)) — U |W(t)) H(t) —» UHt)UT, (2.20)

with the transformed |U(¢)) and transformed Hamiltonian operator equally sat-
isfying the TDSE. A particular choice for U corresponds to the Goppert-Mayer
transformation [101]

U = e~ AT, (2.21)

which leads to the length frame of light-matter interaction

W(t))" = U" (1)) HY(t) = Hypor — E*(1) - . (2.22)
Here, HL (t) = E*(t) - j, and i = 3, —#; is the electric dipole operator. In the
following, the theory will be developed in the length frame, since it allows a more
straightforward computational implementation. In order to have a simpler notation,

hereinafter |U) = |U(¢))" and H(t) = HX(t), with the transverse electric field being
indicated simply as E(t).
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2.2 Molecular electronic structure

In this section, the discussion will focus on the description of the stationary states
of the molecule. The stationary states correspond to the energy eigenstates of

A~

H.,,, which are obtained as solutions of the time-independent Schrodinger equa-
tion (TISE), )
Hrnol |wn> = En ‘wn> . (223>

The set of all eigenstates corresponds to an orthonormal basis, which can be used
to represent |U(¢)) and the operators [95]. In the following, the theoretical tools
and approximations involved in the description of the molecular electronic struc-
ture are presented, preparing the ground for the description of the computational
implementation in chapter 3.

2.2.1 Particles in a molecule: focusing on the electrons

The description of a molecular system generally includes both the nuclei and the
electrons, with the electrons being 'kept captive’ in the field generated by the nuclei
and the nuclei being bound to each other by the electrons’ field. Since the electrons
are much lighter than the nuclei, they move much faster when submitted to com-
parable forces. It follows that, to a good degree of approximation, the motion of
the nuclei can be considered to exert an ’adiabatic’ [102] perturbation to the motion
of the electrons. This allows to apply the clamped nuclei approzimation, according
to which the electrons in a molecule are considered to be moving in the field of a
fixed nuclear configuration [103]. Within this approximation, the Ty term of H,g
can be neglected and the Vyn term becomes a constant, leading to the electronic
Hamiltonian

[:[e = Te + ‘A/ee + ‘A/eN- (224)

Here, the VN ~ term is omitted since the addition a constant to ]f[e does not modify
its eigenstates, but merely adds a constant offset to its eigenvalues. Considering H,
in eq. (2.23) leads to the electronic TISE,

]:Ie |¢n>e = EfL |¢n>e . (2'25)

The solutions of eq. (2.25) correspond to the electronic eigenstates of the molecule,
|¢),, which form a complete orthonormal set at a given nuclear configuration
[104]™L. This work focuses specifically on the study of the purely electronic dy-
namics, solving eq. (2.25) at a fixed nuclear configuration corresponding to the equi-
librium nuclear geometry of the electronic ground state. By considering a single,
fixed nuclear geometry, the model neglects the effects of the distribution of nuclear
positions (in particular for the light hydrogen atoms) in the ground-state and subse-
quent nuclear motion upon electronic excitation which can lead to fast decoherence
of the electronic wave packet [105, 106]. Since only [¢),,), and Ef are considered in
this work, in the following sections the notation will be simplified by considering

[Yn) = |1/’n>e and E, = E¢.

HIThis corresponds, in the position-space representation, to electronic wave functions depending
on the position of the electrons and only parametrically on the positions of the nuclei.
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2.2.2 The many-electron state and its properties

The solution of eq. (2.25) and its computational implementation rely on the defini-
tion of the many-electron states, [i,), whose construction and relevant properties
can be elucidated by taking as an example the simple case of a two-electron system.
The construction of a two-electron state starts from the consideration of a generic
system of two identical but distinguishable particles. Each particle is defined within
a one-particle Hilbert space, H', spanned by a one-particle basis, {|x,) |p € [1,v]}.
The states of the two-particle system are defined in a two-particle Hilbert space

H =H' @ H, (2.26)

where ® denotes a tensor product operation. Following eq. (2.26), a basis for H?
can be constructed from product states

1Xp) @ Xa) = [Xps Xa) » (2.27)

with the dimension of H? being equal to v*. In the description provided by eq. (2.27),
particle 1 is in state |x,) while particle 2 is in state |x,). On the other hand, the
interchange of the particles according to the action of the transposition operator
plg, 1.e. R

Pra [Xps Xa) = [Xas Xp) » (2.28)

leads to a new state |x,, Xp), distinct from |y,, x,) for p # ¢, where particle 1 is
in state |x,) and particle 2 is in state |x,). This description is not suitable for
quantum mechanics, wherein identical particles are indistinguishable. This implies
that, upon action of ]512, the state of a two-particle system remains the same up to
a phase factor, which is equal to minus one in the case of the electrons, owing to
their fermionic nature. Accordingly, a state of a two-electron system takes the form
[95] X

|®) = E<|Xp>Xq> — |Xqs Xp))- (2.29)

This follows the antisymmetric prescription of the Pauli exclusion principle [107],
which ensures that no two electrons can occupy the same state. These concepts
can be extended to a N.-electron system by constructing the N.-particle Hilbert
space, H™¢, and extending the definitions for the two-particle case in egs. (2.26)
and (2.27) to the N-particle case. The transposition operator Py, referring to
particles 1 and 2 in the two-particle case, is defined in H"¢ as P,, with the subscript
referring to all possible couples of particles. A permutation operator B, defining
the permutation of any set of n < N, particles, is constructed as an associative
product of P, operators, with its parity corresponding to the odd/even number of
P, operators used for its construction. All the N,! permutation operators for the N,
particles form a permutation group Sy, also called symmetric group [108]. The set
ofall B, €S N, is used to build the antisymmetrization operator

A= ]\}e| Z sgn(P,) Py, (2.30)

. PneSn,

A

where the sign function sgn(P,) assumes a minus/plus one value depending on the
odd/even parity of P,. The operator A projects the elements of H"¢ into its anti-
symmetrized subspace ’Hﬁe, within which the many-electron states are defined. In
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particular, the action of A on the elements of H™’s basis defines the basis elements

of ’Hﬁe as

1 o
|q)> = WAb(quu B 7X7‘> = |pq ‘T>7 (231)

with the prefactor introduced for normalisation purposes. Since the signs of the dif-
ferent terms in eq. (2.31) are determined in the same way as those of a determinant,
|®) is commonly called Slater determinant (SD) [60]. It follows that the basis of
SDs can be used for the expansion of an electronic state

V) = Z Ag |(I)>a ) (2.32)

where the sum runs over the ( v ) elements of the basis.

Ne

Second quantization formalism

The second quantization formalism offers the opportunity to represent the many-
electrons states and operators in a compact notation, providing a more efficient way
for their manipulation. The formalism depends on the orthonormal one-electron
basis {|x,) |[p € [1,v]}, which is used to construct Hy spaces for n = 0,1,...,v
electrons. The ensemble of the so-constructed many-electrons Hilbert spaces can be
used to build the Fock space F 4 as

Fa=EPHz (2.33)
n=0

where @ represents the direct sum operation. The second quantization formalism
is defined within F4, hence offering a flexible representation of the many-electron
states and operators with respect to the number of electrons in the system [94, 109].
The SDs and the operators are represented in terms of the creation and annihilation
operators, é;f, and ¢,. These operators are defined in terms of their action on the SDs
as

lg...ry=lpq...r), (2.34a)
Cplpg...ry=lq...7), (2.34b)

and by their anticommutation relations

{C;Toa 02} ={cp. ¢t =0, {C;Tm Cqf = 3qu (2.35)

which contain all the antisymmetry properties of the electronic states [60]. In par-
ticular, by applying a sequence of creation operators to the vacuum state, |), it is
possible to construct an arbitrary SD [60, 109], i.e.

c;cg...ci]) =|pq...7). (2.36)

The bra state corresponding to the ket in eq. (2.36) is built from the vacuum bra,
(|, which is defined according to (|) = 1. That is,

(ler.cqep=(pgq...7], (2.37)
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where the adjoint relation of the creation and annihilation operators was used [109].
Within the second quantization formalism, also the operators can be represented in
terms of creation and annihilation operators; the electronic Hamiltonian operator
takes the form [109]

A ~ . 1 . YU
H, = Z (p| h|q) c;cq + 3 Z (pq| 0 |rs) Lcj]cscr. (2.38)
pq

pgars

Here, the first term represents the one-electron interactions, with h =T, + KN,
and the second term represents the two-electron interactions, with v = Vee. The
formulation of H, in second quantization is very useful, since a single Hamiltonian
can be used to describe systems containing an arbitrary number of electrons [94].

2.2.3 The first approximation: Hartree-Fock theory

The first approximated solution of the many-electron problem is afforded by the
Hartree-Fock (HF) method. Within HF| the electronic ground state of the molecule,
|y), is approximated as a single, variationally optimized Slater determinant, |®y),
of energy Epp [60]. This corresponds to a description of the many-electron system
in which the electrons with parallel spin are correlated, while those of antiparallel
spin ’see’ the others as a mean field [60]. The Eyp represents an upper limit to
the exact nonrelativistic energy of the electronic ground state, F,, with £, — Exp
corresponding to the correlation energy FE..... The task assigned to post-HF meth-
ods, such as the coupled-cluster (CC) method, is to obtain FE.,. by improving the
description of |1),). A common approach relies on the expansion of [¢,) in the basis
of SDs. For this purpose, it is convenient to change the reference state for the con-
struction of the SDs from the physical vacuum |) to |®¢), which becomes the Fermi
vacuum of the system [109]. The elements of the one-particle basis spanning |Pg)
(generically indicated by the indices p, ¢, r,...) are then divided in two groups: the
hole states (indicated by indices i, j, k, .. .), which correspond to the occupied one-
particle states in |®¢), and the particle states (indicated by the indices a,b,c,...)
which correspond to the unoccupied one-particle states in |®¢). A basis of SDs for
the N.-electron system can be generated in terms of hole-particle excitations from
D), i.e.

D) = cle; |Py) (single excitation), (2.39a)
|q>gj?’) = cleleie; | Do) (double excitation), (2.39Db)

and so on for triply, quadruply, etc. excited determinants. The change of the
reference state affects also H,, which assumes the form [109]

A= [ twlhla) + 32wl 0lisa) = {ispl 0l )] {eheq)

pq ipq

1 (2.40)

+3 > Apal v |rs) {clélesc,} + B
pqrs

Here, the curly braces indicate that the creation and annihilation operators are in

normal order with respect to |®g), i.e. all the éj and ¢, stand to the right of all

¢l and ¢;. The terms highlighted in green in eq. (2.40) form the normal-ordered

Hamultonian, Hy, which corresponds to a ’correlation operator’ adding F.... to

EHF'
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2.2.4 A correlated ground state: coupled-cluster theory

The CC theory provides an accurate description of the electronic correlation in the
ground state of the electronic system. The theory is based on an exponential ansatz
for the ground state [110], i.e.

[1,) = e |®q), (2.41)
where T corresponds to the cluster operator. The cluster operator is expanded as

where T, (for n =1,2,3,...) is a general excitation operator of the form

. 1\2 —
T, = (E> Z tfjbcjlcz ... CiC, (2.43)

ij...ab...

with [Tn, Tm] =0[111]. Forn=1,2,3,... T,, introduces singly-, doubly-, triply-,. . .
excited SDs in the expansion of |¢,) [79]. The various coupled cluster methods are
distinguished by the level of truncation of T with e.g. the coupled-cluster singles
doubles (CCSD) method being characterised by T =T)+Ty. The CCSD excitation

operator, el1*72 can be written as its Taylor expansion, i.e.

e1+2:1+T1+T2+?+T1T2+?+--- (2.44)

where the blue terms are referred to as connected, while the red terms as disconnected
[110]. The expansion in eq. (2.44) can be compared with that of the configuration
interaction singles doubles (CISD) method, where a linear ansatz is obtained by
applying T' = 1+ T} + T} to |®,). The difference between CISD and CCSD lies in
the presence of the disconnected terms, which are responsible for the size-extensivity
of CCSD [79] and allow to ’fold in’ the effects of higher excitations in the CCSD
expansion [85]. The CC approach to the solution of the TISE entails writing [110]

e THyel | Do) = H | D) = Eropr |Po) (2.45)

with i = e TH vel being the non-hermitian, similarity transformed Hamiltonian.
The E.. is obtained by projecting eq. (2.45) onto |®g), i.e

<(D0’ H ‘(I)0> = Ecorra (246)

tab

, ty; -, are obtained by projection onto the excited SDs,

while the cluster amplitudes
ie.

(7| H |@o) = 0. (2.47)

The evaluation of eqs. (2.46) and (2.47) is performed by writing H in terms of the
Cambell-Baker-Hausdorff (CBH) formula

IS N N o 1 N ~ ~
H=Hy + [HN,T} +§HHN7T}T}+

eyl gl e "
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Since the T}, operators commute and Hy contains at most two-electron operators,
the expansion in eq. (2.48) terminates automatically after the quadruple nested
commutator [79]. This causes the CC equations to always have a finite number of
terms, regardless of the level of truncation considered in the expansion of T [79].
This advantage is counteracted by the resulting expression for Ec,, being non-

variational and by H being non-hermitian. Approaches such as the unitary coupled
cluster (UCC) [112, 113| theory tackle this problem by defining the cluster operator
5. On

as S =T — 1T and the similarity transformed Hamiltonian as H = S'H ned
one hand, this leads to a variational energy expression and a hermitian 4. On the

other hand, the CBH expansion of H doesn’t terminate naturally, and it must be
approximately truncated to a determined number of terms.

2.2.5 Excited states: equation of motion coupled-cluster

Based on the accurate description of the ground state within CC theory, the EOM-
CC theory offers a valid platform for the description of the excited electronic states
of the molecule. Within the EOM-CC theory [85, 86| an electronic eigenstate is
defined as

[4) = B"e" o). (2.49)
Here, R is an excitation operator associated to |Z), whose generic form is
R=Ro+Ri+Ry+Ry+ ..., (2.50a)
where
R, = (i>2 2’”: ravchel e (2.50b)
ol ij...ab... ’

Just like the cluster operators in section 2.2.4, also the operators R and T commute
[111]. The ansatz in eq. (2.49) leads to a TISE of the form

HE" |®o) = E,R"|®y), (2.51)

which reduces to the CC case in eq. (2.45) when n = g (with R = Ry = 1). The

non-hermiticity of H entails the association of the same eigenvalue F, with both
right, [%), and left, (L], eigenvectors, with (Z| being defined as

(WE| = (@] Lme T (2.52)
Here, L™ is a de-excitation operator, whose general form is given by
ﬁ:i0+i1+i2+ﬁ3+..., (253&)
with
- 1N2 b i
L,= <9) N el o (2.53b)
ab...ij...

The two sets of left and right eigenvectors are not orthogonal among themselves
but rather they satisfy the property of biorthogonality, i.e. ()Z|2) = §,,/, which
allows to define an expression for the energy of the form [85]

E, = (L H |[YF). (2.54)
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2.3 Wave-packet preparation and dynamics

2.3.1 Quantum dynamics and the interaction picture

The evolution of a state vector from an initial time ¢y to a final time ¢ is governed
by the time-evolution operator U(t, ) according to [95]

(1)) = U(t, to) [¥(to)) - (2.55)

Investigating the system’s time-evolution is strictly connected with the derivation
of an explicit form of U(t,ty), which can be obtained by solving the TDSE

D - o
iUt to) = HOU (¢, to), (2.56)

where H(t) = H,+HE,. The first step towards the solution of eq. (2.56) corresponds

to the expansion of |¥(%y)) in terms of the eigenstates of H., i.e.

(W (to)) = Zan(t0> |thn) (2.57)

where a, (o) is the probability amplitude related to an eigenstate [¢),) at to. The
characteristics of the solution of eq. (2.56) vary according to the properties of the
electric field E(t), which is considered to have the form of a (short) pulse of light.
In correspondence to the pulse being ’off” or 'on’, two cases are considered [95]:

1) E(t) = 0, which makes H(t) = H, and U(t,ty) = e"f<(t=t) In such case
(U(t) = anlto)e P (i) (2.58)
with the time-evolution corresponding solely to a phase modulation.

2) E(t) # 0, with the H(t)’s not commuting at different times. In this case, the
form of U(t,ty) is not trivial and

(U(1) =Y an(t)e 0 [, (2.59)

n

Here, the time-dependence associated with H, (i.e. the phase modulation) is
accompanied by the time-dependence of the probability amplitudes.

By comparing eqs. (2.58) and (2.59) it appears evident that the time-evolution given
by a,(t) is due solely to the interaction with the radiation field, which enables the
transitions between the stationary states of the system [97]. The specific study of
this time-dependence is facilitated by switching from the Schrodinger picture to the
interaction picture, which is defined according to the transformation

B(8)), =

U(t)), (2.60)

where the subscript I indicates the interaction picture. In applying the interaction
picture to eq. (2.59), it is convenient to choose an initial phase shift, e=*Erto  for
each |¢,,) in the Schrodinger picture [95], such that

(T(); =D an(t) [thn) . (2.61)
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Switching to the interaction picture leads also to a different form of the TDSE, i.e.

9 . . X
ZEUI(t, to) = Hiz ;(0)Ur(t, %), (2.62)

L (t)e= et and Uy(t, to) = etU(t, to)e "', From the
comparison between eq. (2.62) and eq. (2.56), it is evident how in the interaction
picture the system’s time-evolution is solely due to the interaction Hamiltonian
operator.

7L _ SiHet L
where Hiy ;(t) = e'<'H,

2.3.2 Characteristics of the processes and states involved

A schematic representation of the excitation processes considered in this work is
shown in fig. 2.1, which serves as a ’visual guide’ the reader can refer to while going
through the equations presented in the following sections. The one-photon X-Ray
absorption process is represented in panel a), while the two-photon ISRIXS process
is represented in panel b). The consideration of these processes limits the basis of

a) b)
[e)

[¥9) [¥5)

Figure 2.1: Schematic representation of the considered resonant excitation processes.
Panel a) refers to a resonant one-photon absorption process, with the ground state indicated
by [1g), the core-excited states by |1.) and the pulse in the frequency domain by E(w).
Panel b) refers to the two-photon Stimulated Resonant Inelastic X-Ray Scattering (SRIXS)
process, where |1,) corresponds to the valence-excited states while E(wy) and E(wq) refer to
the pump’ and ‘dump’ interactions with the pulse, respectively. The states |{y,) correspond
to the complete set of eigenstates of ]:Ie, with the different shading (less pronounced in
correspondence to the |1).) manifold) indicating the relative contribution of the intermediate
states to the two-photon process.

eigenstates of H,, used for the expansion of |¥(t)), to the following set of bound
states: the ground state |¢,), the valence-excited states [¢,) (populated through
SRIXS) and the core-excited states [¢.) (populated through a one-photon X-Ray
absorption process). The focus on the resonant excitation processes leaves out pho-
toionisation processes involving the valence- and core-electrons, which can likewise
take place when the molecule interacts with an intense X-Ray pulse. In particular,
the core-shell photoionisation plays a prominent role at X-Ray frequencies. In fact,
while the central frequency of the pulse might be below the ionisation edge of the
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selected element, the same frequency might correspond to the above-edge region
of another element (e.g. the energy region below the O K-Edge is still above the
C K-Edge). Neglecting the photoionisation processes is approximately justified by
the resonant enhancement, which should make the resonant excitation competitive
with the photoionisation. The relaxation of the electronic structure following the
excitation — associated with spontaneous processes like X-Ray fluorescence or the
AM decay — is not treated explicitly in this work, but rather phenomenologically by
applying the transformation

r,
B, = B, i (2.63)

Here, T, corresponds to the decay rate of the generic state [1,,), which is inversely
proportional to its lifetime 7,, ~ #/r,. The application of the transformation in
eq. (2.63) makes the time-evolution of the system non-unitary.

2.3.3 Perturbative theory

The perturbative ansatz assumes that the interaction with the pulse determines only
a small perturbation of the system [97|. Accordingly, the excitation is represented
in terms of perturbative 'corrections’ to a time-independent zero order, which corre-
sponds to the unperturbed system. In this context, upon consideration of the initial
condition Uj(t, tg)|;—, = 1, the perturbative solution of eq. (2.62) is given by a series
expansion of UI(t, to), i.e.

Ur(t, to) ~ ﬂ—z‘/ dt' HE, (¢)+ (i) / dt’ / dt" HE, () HE () +. .., (2.64)
to
which is commonly known as Dyson series. Here, the time-ordering ¢t > t' > t” >
- >t applies. Considering the system in its ground state |1¢,) at to (i.e. |U(tg)); =
[1y) With a,(ty) = 6,y), allows to write

[W(t); = Ur(t,to) vhy) = an (W] Ui(t, t0) 1) - (2.65)

The comparison between eq. (2.61) and eq. (2.65) indicates that (1,,| Us(t, to) [1bg)
corresponds to the probability amplitude a,(t). Following the perturbative ansatz,
the probability amplitudes are approximated in terms of an expansion of the form

n(t) & Oy +alV (t) +aP(t) + ..., (2.66)

where the superscripts indicate amplitudes of the first order, second order and so
on. Combining the expansion of Uy(t,ty) in eq. (2.64) with egs. (2.65) and (2.66),
the explicit form of the perturbative corrections in eq. (2.66) can be obtained. In
particular,

aO(t) = / 0t (] () ) (2.67a)
and
0= Cor Y [ [l B0 ) (il 105 2570

with the index m in eq. (2.67b) running over the whole spectrum of H,.
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Core-excited states

The one-photon processes are associated to the first order contribution in eq. (2.67a),
which corresponds to considering a.(t) &~ a'” (). The derivation of the final form'v
of aM(t) starts from eq. (2.67a) and leads to

t
aD(t) =i / dt’e“wcri%“’E(t’)e (el 1 |1g) - (2.68)

to

Here, wey = we —wy, = B, — E,", € is the pulse polarisation and E(t) its amplitude.
I'. corresponds to the decay rate associated to the core-excited states, with I'y being
set to zero according to the non-decaying nature of the ground state. The electric
field E(t) in eq. (2.68) is substituted with its Fourier transform,

E(t) = \/LQ_W /000 dw(E(w)e™ + E*(w)e™™"), (2.69)

leading to the expression

LA . ey . .
(1)(25) — / d (E( ) i(weg+w—i=£ )t +E*( ) Z(wcg—w—%f)t> . (2 70)
CLC 1 W w)e w)e € ,UJC . .

to V 27T 0 I

Here, F(w) = |B(w)[e™“) (with ¢(w) being the spectral phase of each frequency
component) and ft.; = (Y| fr]1hy). The time-integral in eq. (2.70) is evaluated in
the limit of ¢ty — —oo, which allows to remove the tp-dependence and simplify the
final expression. The convergence of the integral is ensured by the transformation
in eq. (2.63), which effectively introduces a e'! factor, ensuring that the integrand
equals to 0 in the limit g — —oo [114]. Performing the time-integral leads to

W 1 oo ei(wcg—i-w—i%)t ei(wcg—w—i%)t
*
aV(t) = —— / dw(E(w)—,Fc + B () )e ey (271)
V2 Jo Weg +W— 15 Weg — W — 15
one-photon emission one-photon absorption

where the two addends are associated with the one-photon emission and one-photon
absorption processes, respectively. Since no excited state is initially populated, the
one-photon emission term can be neglected, leading to the final expression

. .T
ez(wcg —w—i=)t

1 oo
W(t) = — dyw————F" “ Meg- 2.72
)= o= | e e (2.72)

2

VOnly the most relevant passages are reported here, with the complete derivation being available
in section A.1

VThe switch of notation to the angular frequency is done to have a more compact notation, and
it’s justified by E, = w, in a.u.
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Valence-excited states

A Raman process like ISRIXS is associated to a second order contribution in eq. (2.66),
which corresponds to considering a,(t) ~ al? (t). The derivation of the final expres-
sion for al’)(t) (presented in its full version in section A.2) starts from eq. (2.67b),

leading to the intermediate expression

1 > >
0 =52 3 [ [ )€ )

I

E(W)E(w")eiweote'+w=iT)t

X
[ (Wing + w” — 112) (Wyg + W' + " — z%)J

+

vV
two-photon emission
Ly

E* (W’)E* (w//)ei(wvgfw’fw”fiT)t
F'U +

et I

~
two-photon absorption

B (&) B(w!)eitens '+ 45

\(wmg N ZFT’")(wvg — Wt w - z%)/

—
Raman

B(w) B (u)e =" 13 )1

(wmg —w’ — i) (W + W — W — ZFQ—”)J

_|_

vV
Raman

Here, the two-photon emission term is neglected according to the same reason justi-
fying the exclusion of the one-photon emission term in eq. (2.71). The two-photon
absorption term can also be neglected, considering that w,4 lies in the UV-Vis region
of the electromagnetic spectrum in a generic organic molecule. Since both w’ and
w” correspond to X-Ray frequencies, the denominator of the two-photon absorption
term will always be very large. This allows to neglect the contribution of this term
in eq. (2.73). A change of notation is performed in the Raman terms by renaming
the "absorbed’ frequencies (i.e. w’ or w” preceded by a ’—’ sign) as 'pump’ (w,) and
the ’emitted’ frequencies (i.e. w’ or w” preceded by '+’ sign) as ’dump’ (wy). This
leads to the final expression

i(Wyg—wptwq—i I )t
(2) / dwp/ dwd - E*(w,) E(wg) %
27r w“]

— Wp T Wq — 15"

(2.74)

€p - Pom)(€d - Hmg) | (€d - from)(€p - Hmg)
X Z ( 0 = )

Wing + Wa — e 5 Wing — Wp — 15
The term highlighted in green establishes the resonance condition w,, = w, — wy,
which involves the ground and the valence-excited states, but not the intermediate
states. This suggests that the excitation (i.e. 'pump’) and de-excitation (i.e. 'dump’)
are not separate processes, but rather they are part of a single, non-separable scat-
tering event [41]. The virtual nature of the intermediate state is also reflected by
the structure of the transition moment (highlighted in blue). This is expressed in
terms of a SOS, which formally includes the whole spectrum of H,. The denomina-
tor within the SOS determines a resonant enhancement of the transition moment at
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particular frequencies. In the present case, these frequencies cover a range charac-
teristic of the X-Ray absorption spectrum at a given edge of the molecule.

Ground state

The ground state’s probability amplitude up to second order is given by
ag(t) =~ 1+ aéz) (t), (2.75)

where the first contribution corresponds to the zeroth perturbative order while a§2) (t)
is given by

1 © o0 ei(wd_w[))t
2 _ *
CLE] )(t) = %/0 dwp/o demE (wp)E(wd) X

(€ Pgm)(€p - ,um.(1>)‘

Wmg — Wp — Z.Fm

(2.76)

Jr

% Z (€p * Hhgm)(€d " Pmg)

D
Wing + wq — 27’

2

m

The resonance condition w, = wy (imposed by the 'green’ prefactor) indicates the

relation of af) (t) with an ’elastic’ process, with the excitation and de-excitation
starting from and leading back to the ground state. This is also shown in the
transition moment (indicated in blue) where both the initial and final states of the
Raman process coincide with the ground state.

2.3.4 Perturbative representation of the density operator

Having obtained the perturbative expressions for the probability amplitudes in
the interaction picture, it is now possible to perturbatively expand |¥(¢)) in the
Schrodinger picture as

[U(1)) ~ (1+a@ (1)) [ig) + > al ()e 5" [y,)
+ 3 aP (e T ) (2.77)

The substitution of eq. (2.77) in the definition of density operator,

plt) = [ (8) ()], (2.78)

yields the perturbative expansion of the matrix elements, p,,/(t), of p(t), i.e.
1 2
Prn (1) 2 Sty + i (£) + s (£) + . (2.79)

Here, the perturbative order of each term is given by the sum of the orders of the
probability amplitudes used to construct them. For example,

Pag(t) = 1+ 2Re{a(g2) )} + af) (t)af) ) =1+ pfg) () + p(g‘;) (t). (2.80)

Since the probability amplitudes have been approximated considering terms up to
second order, the perturbative expansion in eq. (2.79) contains all the terms only
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up to second order. Accordingly, the populations of the ground state, py,(t), and of
the core-excited states, p..(t), are approximated as

Pgg(t) = 1+ pg) (t)=1+2 Re{aéz)(t)}, (2.81a)
pec(t) = pl2) () = oV (t)al (t) e (2.81b)

The populations of the valence-excited states, p,,(t), are neglected since their leading
perturbative contribution is of fourth order. Similar considerations apply also to the
coherences. In fact, only the coherences between the ground state and the excited
states, i.e. pgy(t) and py,(t), and between the core-excited states, p..(t), contain
contributions up to second order. Their perturbative expansions are given by

Peg(l) = pg) (t) = agl)(t)e_i%gte_%t, (2.82a)
pug(t) ~ P2 (1) = alD (t)e "ol 5, (2.82D)

(2.82¢)

These expressions show how the coherences oscillate at a frequency proportional
to the energy separation of the states and, just like the populations in eq. (2.81b),
decay as an effect of spontaneous decay processes (with a rate depending on the
type of excited states involved).
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2.4 The time-dependent electronic density

The time-evolution of the electronic density is strictly related to the characteristics of
the WP. The changes of the intramolecular distribution of the electronic density over
time provide fundamental information on the changes in the molecule’s structure and
reactivity. This section aims at presenting the expression for the time-dependent
difference electronic density, its decomposition in terms of perturbative components
and their physical interpretation. This will serve as a basis for the analysis performed
in the results chapters.

2.4.1 Position-spin representation

The study of the electronic density requires the representation of the density operator
in a suitable basis. Here, this basis is constructed in terms of the orthonormal
bases of eigenstates of two compatible operators: the position operator, 7, and the
operator S., which represents the projection of the electron’s spin along the z-axis
[95]. The basis of # corresponds to the infinite set of position eigenstates |r), with
the corresponding eigenvalue being the position vector . It must be noted that
the introduction of the position representation defines also the algebraic form of the
momentum operator as p = —iV. The basis of S, for a single electron is formed
by two eigenstates, |}/2) and |—1/2), corresponding to the eigenvalues s, = 1 and
S, = —%, respectively. Starting from the bases of 7 and S., the position-spin basis
can be constructed as

r) @ |s.) = |r,s.) = |@), (2.83)

where = {7, s,}. The position-spin basis can be used to expand e.g. a one-electron
state |x), leading to its position-spin representation

0= [ dwle) @], 280

where (x|x) = x(«) is the one-electron wave function (i.e. the spin orbital) and

Jde=3%, [dr.

2.4.2 Time-dependent electronic density in real space

The expansion of the density operator in the basis of eigenstates of H, reads
pt) = Z Pt () [0n) (W |- (2.85)

The density operator can be represented in the position-spin basis relative to a
N.-electron system, leading to the time-dependent N_-electron density matrix

A, gy
p(T1, X2, ..., TN X, Ty, ..., Ty L) =

= ann/(t) <.’E1,$2, ..., LN,

Un) (U |, @, ..y ). (2.86)

The diagonal elements of eq. (2.86) correspond to the time-dependent N.-electron
spin-electronic density. This density contains information on the time-dependent
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probability of finding an electron in the space-spin volume element dx; at a;, while
another electron is located in dxs at @, and so on. This provides the full infor-
mation on the time-evolution of the correlated electronic system. For the purposes
of a three-dimensional spatial visualisation, this study relies on the time-dependent
one-electron reduced density matrix, p(xi;@);t), whose explicit expression can be
obtained by taking the trace of eq. (2.86) with respect to the space-spin coordinates
of N-1 electrons, i.e.

p(xy;x;t) =
= me/(t) Ne/de...dwNe (X1, X9, ..., 2N,

’

¢n> <wn’|w/17 T2, .- - 7mNe> .

nn

v (@)
(2.87)
Here, 4™ (x1; ) is the time-independent one-electron reduced density matrix, com-
monly referred to as 1IPDM, relative to the eigenstates of H, corresponding to the
n and n’ indexes. The 1PDM can be expanded in the basis of one-electron spin

orbitals, {|x,)}, leading to the more compact expression

px; x'; t) ann Z’ypq Xp(@)x; (). (2.88)

nn’

Here, 7;(;“ corresponds to the 1PDM in the spin orbitals basis¥! and the subscripts of
the space-spin coordinates have been removed to simplify the notation. The diago-
nal elements of p(x; '; ), i.e. p(x;x,t) = p(x,t), correspond to the time-dependent
one-electron spin-electronic density. This density contains information on the time-
dependent probability of finding an electron in da; at @, independently of where the
other electrons are. For the purpose of the three-dimensional visualisation, it is nec-
essary to average p(x,t) over the spin coordinates. This leads to the time-dependent
one-electron spin-less electronic density (i.e. the time-dependent electronic density)

= Zp(w) = ann vaq (1), (2.90)
S. nn’

where ¢,(r) corresponds to the spatial component of x, ().

2.4.3 Populations, coherences and corresponding densities

In order to make the notation more compact and intuitive, the expression for the
time-dependent electronic density in eq. (2.90) is written as

p(’l‘,t) = ann’(t)pnn/<r)> (2'91)

nn'

with pnw (1) = 32, qu ¢p(r)@;(r). The expression in eq. (2.91) shows a direct
connection between the populations and the state densities (pp,(t) and p,,(7), re-
spectively) and between the coherences and the transition densities (pn.(t) and

VIThe notation of fy;m follows the same convention as pp, (t) = an(t)a’, (t), as it is shown more
detail in section 2.3.4, with its expression in second quantization being given by

Yo = (| Ehp ) - (2.89)
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P (7), respectively). The state density allows to visualise the electronic proba-
bility distribution characteristic of each eigenstate of H.. At every point in space
Pun(T) > 0 and the integral over all space must be equal to the number of electrons
N, [115], i.e.

/drpm(r) = N.. (2.92)

The transition density describes the changes in the electronic density due to the
transition between two eigenstates of H.. It can be both positively- and negatively-
valued, with its spatial integral

/drpm/(r) = 0. (2.93)

Within a transition density, the electronic transition is visualised as the migration of
the electronic density from regions where p,,/(r) < 0 to regions where py,/(r) > 0.

2.4.4 The difference density and its perturbative components

The perturbative treatment of the excitation imposes the populations of the excited
states to be negligibly small compared to that of the ground state, which is approx-
imately equal to one at all times. Correspondingly, the contribution of the ground
state density to p(r,t) plays a dominant role, such that p(r,t) = pye(r). This ef-
fectively "hides’ the changes in p(7,t) caused by the excitation, whose study is the
main focus of this work. For this reason, the time-dependent difference density,

pa(r,t) = p(r,t) — pee(r), (2.94)

is considered in the following. The construction of pa(r,t) is based on eq. (2.91),
where the populations and the coherences act as time-dependent 'weights’ for the
corresponding state and transition densities. According to the perturbative expan-
sion of the density operator presented in section 2.3.4, only few populations and
coherences ’survive’ the truncation of the expansion up to second order. This allows
to decompose pa(7,t) in terms of four components, i.e.

each containing different information on the excitation and the electronic dynam-
ics. The pey(7,t) component corresponds to the coherences established between the
ground state and the core-excited states, which modulate the contributions of the
corresponding transition densities to pa(r,t) according to

prlrot) = 3 2Re{ply (O}l (2.96)

The py4(r,t) component corresponds to the coherences established between the
ground state and the valence-excited states. Its expression is similar to that for

peg(r,t) in eq. (2.96), i.e

Pug(T. ) ZZRe{pvg £)} pug(T). (2.97)
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On the other hand, the p.-(7,t) component is characterised by the expression

pec( ZRe{pcc }pcc( ), (2.98)

d>c

which shows its relation to the coherences established between the core-excited
states. The contribution to pa(r,t) corresponding to the populations is given by
Age(r,t), which is constructed according to

chc (r,t) + p32) (r,t) chc )pee(T) + 052 (D)pgg().  (2.99)

Here, the first term (in the following referred to as pg.(r,t)) corresponds to the
total population of the core-excited states. The second term corresponds to the
depopulation of the ground state, with p§2g) (t) being accordingly characterised by a
negative sign.
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CHAPTER 3

Implementation

3.1 Implementation within EOM-CC theory

The expressions presented in sections 2.3 and 2.4, defining the probability amplitudes
of the WP and the time-dependent electronic density, depend on molecular proper-
ties such as the (dipole and RIXS) transition moments and the IPDMs. Evaluating
these expressions requires the approximation of the molecular properties within a
quantum chemical framework, which in this work corresponds to the EOM-CC the-
ory. The implementation within EOM-CC theory entails the substitution of the bras
and kets in the expressions in sections 2.3 and 2.4, with the corresponding left bras
and right kets from EOM-CC theory, i.e.

(@n] = (0] W) — [VE), (3.1)

with (L] and [¢2) satisfying the biorthonormality condition,

(W [} = G- (3.2)

The non-hermitian nature of EOM-CC theory creates challenges in the unambiguous
definition of the molecular properties, which are related to the normalisation of
the EOM-CC bras and kets. These aspects of the implementation are discussed
in sections 3.1.1-3.1.3. The discussion in section 3.1.4 proposes a procedure to
obtain unambiguously defined transition properties from the EOM-CC transition
properties. In section 3.1.5 the procedure outlined in section 3.1.4 is applied to
the specific cases of the transition dipole moments, RIXS moments and 1PDMs.
Finally, the protocol followed by the quantum chemical calculation is described in
section 3.1.6.
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3.1.1 Relation between EOM-CC bras and kets

The biorthonormality condition in eq. (3.2) is accompanied by the lack of orthonor-
mality between the right bras and kets and between the left bras and kets, i.e.

(PR|EY #1 (Vh|wl) # 1. (3.3)

From the comparison of eq. (3.2) and eq. (3.3) follows that (%] and (4| can be
linked as

(x| = (& | Nu, (3.4)

where NV, represents a normalisation constant. Projecting both sides of eq. (3.4) on
|41) | while considering eq. (3.2), leads to

(V[0 = Ny (9 |i) = 1, (3.5)
from which it follows that 1
Plugging eq. (3.6) into eq. (3.4) yields
Uy
W= &0

which explicitly defines the relation between (%] and (F|.

3.1.2 EOM-CC definition of state properties

The expectation value of an arbitrary linear operator, @, relative to a given eigen-
state — here called ’state property’ — is defined within EOM-CC [85] as

The definition in eq. (3.8) contains both the right ket and the left bra relative to

the same eigenstate. This ensures the correct normalisation and the unambiguous

definition of state properties within EOM-CC. In fact, substituting <¢Tﬂ in eq. (3.8)

with its definition from eq. (3.7) results into
R R R

o= g5 D)

(nln) VA NRVATH TS

where both the bra and ket sides of the expression are correctly normalised.

(3.9)

3.1.3 EOM-CC definition of transition properties

The matrix element of O relative to two different eigenstates of index n and n’ —
here called ’transition property’ — can be defined within EOM-CC [85] either as
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The substitution of the left bras in eq. (3.10) with their respective definitions ac-
cording to eq. (3.7) leads to

W A [vE)
Oneny = O , 3.11
SRR /(G0 (3112)

VWERE) ™ WERWE)

The comparison between egs. (3.11a) and (3.11b) shows how the bras and kets are

normalised differently in the two expressions, generally making O, # O} ..

This indicates that the definition of the transition properties as in eq. (3.10) is
ambiguous within EOM-CC theory. On the other hand, the definition of ’squared’

transition properties [85], i.e.
’Onn’|2 = On%n’on’en; (312)

is unambiguous within the EOM-CC framework. In fact, substituting eqs. (3.11a)
and (3.11b) in eq. (3.12), while aptly redistributing the normalisation factors, leads

to
(¥ A [V5) (Vn o )
VEE)  WEWE) JWEIOE) — /(WE[WE)

where all the bras and kets are correctly normalised.

1O |2 = (3.13)

3.1.4 Transition properties from EOM-CC properties

The definition of O,,,,s in terms of the corresponding EOM-CC transition properties
starts from its definition as a generic complex object, i.e.

O = (10| O [) = |Op €. (3.14)
Here, |O,,/| can be obtained straightforwardly by taking the square root of |O,|*
which, as shown in the previous section, is well-defined within EOM-CC theory. The
phase factor €=’ can be obtained by considering that the orthonormal (1),| and

|thn) can be written in terms of EOM-CC eigenkets as

: LA L))
On = (U] O |[thyr) = < O = . (3.15)
VT VI

Considering the definition in eq. (3.7), eq. (3.15) can be rewritten as

VEE)
where the factor highlighted in blue corresponds to a positive, real number. It follows

that the phase factor e!®»» associated to O, corresponds to the phase factor e/®ne’
associated to O,._,, i.e.

. . O /
eld)nn/ — ez(;sn(—n/ — nen

= . 3.17
|On<—n” ( )
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3.1.5 Transition moments and 1PDMs

The following subsections outline the computational procedures followed to obtain
O, in the specific cases of the transition dipole moments, RIXS moments and
1PDMs.

Transition dipole moments

The transition dipole moments (TDMs) g, and gy, ., are defined within EOM-
CC by considering 0= L in eq. (3.10). The quantum chemical calculation returns
both g, and p,/., as real-valued, three-dimensional vectors. Each component
of |pny| is obtained by taking the square root of the component-wise product of

Hon—n/ and Hn/n, 1.€.

™| = V| 2 = e s ' en, (3.18)

where the index a runs over the x, y and z components of the vectors. The vector
of phase factors, ¢/®n’ is obtained via eq. (3.17) by performing an element-wise
quotient of the vectors g, and |t /|- The components of e'®nn' can be either
plus/minus one — owing to the real-valued nature of p,.,, — or zero, when the
corresponding components of p,. ,» are zero. Each component of w,, is calculated
by multiplying the corresponding components of |ft,,,/| and e'®=n' i.e.

e = || e (3.19)

with o = tnn-

State and transition 1PDMs

A state IPDM, ~,7, is defined according to eq. (3.8) by considering 0= ¢éy. Being
a state property, a state 1IPDM is well-defined within EOM-CC theory and is re-
turned by the quantum chemical calculation as a real-valued, symmetric matrix (in
accordance with the properties of state 1IPDMs discussed in chapter B). The tran-
sition 1PDMs returned by the EOM-CC quantum chemical calculation correspond
to

éé

/\T A
CqCp

n%n _ <2/)L 2[)R> and nen _ <wL ¢R> (320)

Here, the same notational convention introduced for 7;(;“ in section 2.4 is followed.

Both 'y’“_” and ’y” <" are returned as real-valued, squared matrices and used to
obtain [} ”” | according to

| = g2 = e v (3.21)

The phase factor in eq. (3.14), e , , is also represented as a matrix, which has the

n<n’ n’ <—n

same dimension of v, =" and ~,, Each element of ¢r is calculated according

to eq. (3.17) as an element wise quotient of 'ym_” and |y nen| - The quotient can

nen' heing real-valued — or zero, if the corre-

be either plus/minus one — owing to v,

sponding element of ”ym_"

obtained as

equals zero. The transition 1PDM ’yg;/ can thereby be

o = | ”"\*ez%q : (3.22)
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The 7;}(;” is obtained from ~;*

" based on the properties of the IPDMs (discussed more
in detail in chapter B), according to which (7;};")* = 76%". Both 752/ and wg;” are
utilised together with the canonical HF MOs — returned as real-valued volume data
by the quantum chemical calculation — in the spatial rendering of p(r,t) according

to eq. (2.90).

’Non-truncated’ RIXS transition moments

The RIXS transition moments correspond to tensors of the form

beg(wpa Wd) _ Z <<¢k| ﬂa Wn) <¢n| /:Lb ’¢g> + <¢k| ﬂb |1/}n> Wn\ ﬂa W}g) )7 (323)

~ wng—wp—i% wng+wd—i%

where k € {v,g} and the indices a,b run over the x, y and z components of the
dipole operator. A ’truncated’ approach to the calculation of eq. (3.23) curtails the
sum-over-states to a manifold of presumably dominant terms, which are evaluated
by calculating all the TDMs involving the considered intermediate states. This ap-
proach is often exploited in the simulation of RIXS spectra, see e.g. [116, 117]. While
the truncated’” method is computationally convenient, it is difficult to evaluate a
priori the loss of accuracy connected with the truncation. The methods described in
90, 91] used in this work reformulate M*(w,, wy) in a closed form using damped re-
sponse theory [118; 119] and EOM-CC theory. This avoids the explicit specification
of the intermediate states, formally including all their contributions and avoiding
the accuracy losses connected with the truncation [91]. Drawbacks of this solution
include a more complicated implementation and the impossibility of choosing state-
specific decay rates, %", which are substituted by the non-state-specific damping
term 7. The definition of eq. (3.23) within EOM-CC theory can be divided in two
cases: whenever k=g, M¢(w,, wq) becomes

Ll i R L1 g R L p R L| 5 R
M) = 37 (L0 ) QORI ) | (145 (i o )

Wpg — Wp — 1Y Wng +wWq + 1y

). (3.24)

n

Here, both the right ket and left bra relative to the ground state and all the inter-
mediate states are present, ensuring — similarly to the case of the state properties
discussed in section 3.1.2 — the correct normalisation of all the bras and kets involved.
Whenever k=v, Mflf’ (wp,wq) becomes a transition property and is accordingly de-

fined within EOM-CC either as

ve B (7] fra [ (O b)) @] [0 (Wl fta g
My * (wp, wa) _; < Wng — Wp — 1Y + Wng + Wa + 7Y )

(3.25)

or

(g | faw [1077) (] fra [0 N (Vg fra [¥7) <w{:mbw5>>_

Wng — Wp + 17y Wng +Wq — 1Y

M (wpywa) = ) (

n

(3.26)
In egs. (3.25) and (3.26), the correct normalisation is solely limited to the bras and
kets of the intermediate states, but not to those relative to the ground and valence-
excited states. M (wp, wq), M2y ?(wp,wa) and M " (wy, wq) are returned by the
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quantum chemical calculation as 3x3 matrices evaluated at each point of the (same)
frequency grid defined by w, and wy. The absolute value of the RIXS moment,
| M7 (wy, wq), is calculated as

M2 ()] = IV (s 00) 2 = M5 0, wa) * M (@ w0). (3:27)

Based on the definition in eq. (3.17), the phase factor, e (w,,wy), is defined as
a 3x3 matrix at each point of the frequency grid. The elements of e*as (wp, wa)
are defined according to eq. (3.17), setting them to zero should the corresponding
elements of |M?,Y(w,, wq)| be zero. Finally, MY (w,,wq) is obtained as

M (wp,wa) = | M3 (wp, wa)| * eiub (wWp, wa), (3.28)

with M (wp, wq) = MY (wp, wa).

a

3.1.6 Computational details

All the quantum chemical calculations are performed using a developer version of
the Q-Chem 6.1 software package [120], modified to output both 7;‘;“" and .~ "
The ground state equilibrium geometries of OCS and Oxazole are optimised at the
CCSD/aug-cc-pvdz level of theory. The calculations of the respective electronic
structures are performed at the fc-CVS-EOM-EE-CCSD/6-311+G* level of theory.
The electronic structure calculation follows a 3-step protocol: a restricted HF cal-
culation is followed by a ground-state CCSD calculation (i.e. T="T —|—T2), with the
final step being a fc-CVS-EOM-EE-CCSD calculation [121]. In order to assemble the
time-dependent electronic density correctly it is necessary to obtain all the necessary
quantities from a single calculation. This is needed since each HF molecular orbital
and EOM-CC state is determined up to a +1 factor, which changes arbitrarily be-
tween different instances of the same calculation. Assembling the electronic density
with the output of a single calculation instance ensures the consistent compensation
of the +1 factors and the reproducibility of the results. A detailed description of
the calculation parameters can be found at [122], where sample Qchem input files
are available.

3.2 Numerical implementation

3.2.1 Description of the light pulse

The electric field amplitude F(w) = |E(w)|e’™ is implemented considering the
phase ¢(w) = 0 for every value of w and

(w—wf)2

|E(w)| = Epe™ 7 . (3.29)

Here, |E(w)| corresponds to the Fourier transform of the time-domain Gaussian
pulse

|E(t)| = Eo\/geﬁtz cos (wyt). (3.30)
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Here, wy is the carrier frequency, the parameter 3 is related to the pulse bandwidth
Av (i.e. Full width at half maximum (FWHM) of |E(w)|?) and the pulse duration
At (i.e. FWHM of |E(t)|?) according to

Ay = 2w _ V202 and At — |22 (3.31)
2m s 15}

respectively. In this work, a bandwidth Aw = 8 ¢V/h (corresponding to a pulse
duration At &~ 230 as) has been considered. This follows from the need to include
a large number of excited states in the WP prepared in OCS and Oxazole. Pulses
of similar duration/bandwidth in the water window might soon become available at
HHG-based [31, 123| and XFEL facilities [32]. The parameter Ej in eq. (3.30) is
related to the pulse irradiance, I, according to

EQ =\ 2[0(/60. (332)

For all the calculations performed in this work, I was limited to 10'® W/em2. This
value for [ is easily achievable at XFEL facilities and allows to safely remain in the
perturbative regime, fitting the requirements of the theory. The polarisation vectors
are expressed according to the Jones formalism [124]|. The linear polarisation options
tested in this thesis correspond to the following vectors:

1 0 1 1
e =10, e =10}, e*=—|0 (3.33)
0 1 V2 1
The circularly polarised options are defined in the xy-plane as
1 1
1 1
et = — 1 el = — | —i|, (3.34)

V2 o V2 |0

where €ft=v represents the right-handed circular polarisation while e*#v the left-
handed circular polarisation.

3.2.2 Numerical integration

The computation of the integrals in the expressions for a((;l)(t) in eq. (2.72), P (t)

in eq. (2.74) and a§2) (t) in eq. (2.76) poses some challenges when performed numer-
ically on a frequency grid. The calculation of the integral for al’ (¢) in eq. (2.72) is
computationally defined on a one-dimensional frequency array. The convergence of
the integral is ensured by the I'</2-dependent term in the denominator, which makes
the integrand finite especially in the frequency region where w ~ wcy. In this region,
the integrand undergoes a fast oscillation, whose width is inversely proportional to
I'.. The adequate sampling of this oscillation requires the grid step size, Aw, to be
small enough to satisfy Aw ~ I'¢/2; potentially making the integration computation-
ally challenging. In the calculation of eq. (2.72), the values of Aw corresponding
to the considered I'. allow a computationally affordable numerical integration. The

following values of ', (the same for all the core-excited states at a given edge) are
considered in this work: 0.005 a.u. (0.140 eV) at the Oxygen K-Edge [37], 0.0049
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u. (0.132 eV) at the Nitrogen K-Edge [39] and 0.0039 a.u. (0.105 eV) at the Sulfur
L1-Edge [125] I. Challenges similar to those faced in the one-dimensional integral
in eq. (2.72) are present in the solution of the two-dimensional integrals associated
with ag,z)(t) in eq. (2.74) and al? (t) in eq. (2.76). The respective double integrals
are numerically defined on a two-dimensional frequency grid, which is schematically
represented in fig. 3.1. Here, the red line represents the points of the grid at which
the resonance condition wy, — w, + wy = 0 is satisfied, with £ € {v,g}. On the
other hand, the blue strip corresponds to the points of the frequency grid where the
size of the grid steps Aw, and Awgy should be small enough to capture the rapid
oscillation of the integrand. It is at this point that computational challenges arise
in the numerical calculation of the double integrals. In fact, in the case of al? (t)

| | wp
Wkg

Figure 3.1: Frequency grid partitioning for numerical integration. In the grey areas the
integration is performed numerically, while in the blue strip the analytical formulation is
applied. The red line corresponds to points where wyy = wy, —wq s satisfied. The green line
corresponds to the ’strip element’, the orange double arrow to the strip’s half width 0.

in eq. (2.74), satisfying the condition Aw, = Awy ~ I'v/2 — with I', < I, owing to
the longer lifetime of the valence-excited states compared to the core-excited states
— requires a very dense frequency grid. The dimension of this grid quickly makes
the numerical integration very demanding from a computational standpoint. The
problem is even bigger in the case of a) (t) in eq. (2.76). In fact, due to I'y = 0,
the integrand diverges for values of w, and wy such that wy — w, ~ 0, which corre-
spond to the blue strip in fig. 3.1 A possible solution to this problem relies on the
approximated calculation of

(2) wkg—wp+wd i5)t
ay’(t) = hm—/ dwp/ dwd = feg(Wp, Wa). (3.35)

r—0 27 wp+wd—z—

Here, fio(wp,wa) = E*(wp)E(wa)€p€a - Myy(wp, wq), with k& € {v, g}, and I" corre-
sponds to a generic decay rate. The proposed solution entails solving the integral in

THere, the value of I'. at the Sulfur L2-Edge has been adopted, in relation to the difficulty of
finding the L1-Edge value in the literature
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eq. (3.35) in a different way in the two regions of the frequency grid represented by
the grey areas and the blue strip in fig. 3.1. This corresponds to the formulation of

a,(f) (t) in terms of two contributions, i.e.

al? (1) = al (t) + a3 (¢). (3.36)

The a}’(t) contribution derives from the grey areas of the frequency grid, which
correspond to values of w, and wy such that wy, — w, +wg < 0 or > 0. In these
areas, the integrand in eq. (3.35) is slowly oscillating, which allows the numerical
calculation of the double integral on a computationally affordable grid. On the
other hand, the a7 (t) contribution corresponds to the blue strip of the frequency
grid, where the numerical integration of eq. (3.35) is very demanding/unfeasible.
Here, the numerical implementation relies on an analytical approximation based on
the division of the strip into discrete ’strip elements’ of length 2. An example of
strip element is pictorially represented by the green vertical segment in fig. 3.1. Each
strip element corresponds to a one-dimensional frequency domain, along which the
integral in eq. (3.35) is approximated in terms of a truncated Taylor expansion as

wo+9d i ws—wo—iz)t
a5 () = lim iy f(w) ~

I'—0 wo—6 Ws —Wo — 15

~ f(w0)<i7T + 2iSi(5t)> + f’(wo)QSin 5t.

(3.37)

Here, ap¢(t) corresponds to the contribution of each strip element to af(t). In
eq. (3.37), wo represents the centre of the strip element, ws the points of the fre-
quency grid belonging to the strip element, while f(ws) corresponds to the values of
frg(wWp, wa) evaluated on the strip element. The summation of the a}*(¢) contribu-
tions from all the strip elements leads to an approximate value of a (t). Finally, the
summation of af (t) to a) (t) affords an approximate value of a,(f) (t). An in-depth
discussion and the complete derivation' of the solution for a;(¢) in eq. (3.37) is

contained in chapter C, while more details on its practical implementation can be
found at [122] M.

Developed in close collaboration with Stasis Chuchurka, whose contribution has been funda-
mental in the conception of the idea and its theoretical development.

HIThe great help from Dr. Mads Jakobsen with the optimisation and parallelisation of the im-
plementation is gratefully acknowledged.
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CHAPTER 4

Wave packet in OCS

The OCS molecule is characterised by the linear structure shown in the
inset, where O, C and S are bound through double bonds. The cylindrical
symmetry of the molecule is described by the Cy,, point group, with the
Oy axis coinciding with the molecular axis containing O, C and S . The
first seven valence-excited states of OCS, together with the corresponding
transition energies w,,, are listed on the left side of table 4.1. The energy
range spanned by the w,,’s is comparable with the 8 eV of the pulse band-
width, thereby allowing the coherent population of several valence-excited
states. Each valence-excited state is labelled according to an irreducible
representation of the C,, point group, whose character table is shown on
the right side of table 4.1. In accordance with the (dipole and Raman)
selection rules, each irreducible representation is associated with one or
more of the considered pulse polarisations. This suggests the possibility of using
the pulse polarisation to control the symmetry and number of the valence-excited
states included in the WP. The presence of atoms of three different elements allows
investigating how the element-specific X-Ray excitation affects the WP preparation
and dynamics. The flexibility of the computational implementation allows simulat-
ing the excitation at any edge of O, C or S. This study focuses on excitations at the
O K-Edge and at the S L1-Edge, considering the central frequency of the pulse, wy,
resonant to the 1s — 7* transition. At the considered level of theory, wy is equal
to 535.63 eV at the O K-Edge and to 229.74 ¢V at the S L1-Edge. The consid-
ered core-excited states are listed in table 4.2. To give a measure of the number of
core-excited states included within the bandwidth, the transition energies dwo and
dwg are calculated relatively to the 1s — 7* transition (which corresponds to the
1¥+ — 1°1,/1°I1, transition). The comparison between the dwg and dwo columns
shows that more core-excited states are potentially included when the excitation at
the S L1-Edge is considered. Just like for the valence-excited states, the variation of

ITn this work, the C rotation axis coincides with the z-axis of the three-dimensional Cartesian
system.
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[Y0)  wog (V)

13- 5.72 Coov ‘ E 202 000, ‘ €
1Ay D7 >t 1 e 1| xF, 2, Cxy', xz*t

111, 7.21 _ 1

7 b 1 1 | Cxy
2% 8.22 y
I |2 2cos® ... 0 x*, Cxy*, xz*1

211, 8.43 A 5 o9 2 0 R
N 0.10 cos o x', xz

311, 9.18

Table 4.1: Transition energies of the considered valence-excited states (left) and character
table of the Cwoy point group (right). The transition energies are referred to the ground state
1XT. Each irreducible representation in the character table is associated with a pulse polar-
isation, in accordance with the selection rules associated with the Csop point group. The *
superscript indicates dipole-allowed transitions, the  superscript indicates Raman-allowed
transitions. Both the right-handed and left-handed circular polarisations are indicated as
Cuxy.

) dws (V) bwo (V) | [)  dwg (V) dwo (V)
13+ 0.99 2.87 1411, 11, 0 0
2¢% " 2.33 4.98 2°11,, 2°11, 3.76 5.21
3T 2.68 5.69 3°11,, 311, 5.24 6.79
4+ 5.26 6.26 4°11,, 4°11, 10.01 10.00
5¢0 T 6.80 8.34 511, 5°II, 10.74 13.57

Table 4.2: Detuning of the core-excited states’ transition energies from the 1s — w*
transition at the S L1-Edge (dws’ column) and at the O K-Edge (dwo’ column). The
core-excited states are labelled according to the irreducible representations of the Cuoy point
group, with the superscript ¢ standing for core-excited.

the pulse polarisation allows — by means of the dipole selection rules — to select the
symmetry of the core-excited states included in the WP. Since the Y *-symmetric
states distribute over a smaller energy range than the II-symmetric states, also the
number of core-excited states included in the WP can be tuned via the polarisation.
In the following, the electronic WP launched in neutral OCS by an as X-Ray pulse
is studied, with the aim of answering the questions formulated in section 1.4. The
properties of the WP are studied in terms of the electronic difference density and
the decomposition into its components presented in section 2.4. In particular, the
structure of each density component will be discussed more in-depth, connecting it
with the characteristics of the excitation. The variation of each density component
with respect to the pulse polarisation and resonant frequency (i.e. S L1-Edge vs O
K-Edge) is furthermore examined.
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4.1 Difference density pa(r,t)

4.1.1 x polarisation

Snapshots of pa(r,t), relative to a pulse linearly polarised along the x-axis, are
shown in fig. 4.1. At 400 as, as the pulse has almost completely faded, pa(r,t) ap-

O 400 as 800 as 2000 as 5
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400 as 800 as 2000 as o
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Figure 4.1: Snapshots of pa(r,t) relative to the excitation considering a pulse linearly
polarised along the x-axis. The upper panel is relative to the excitation at the O K-FEdge,
the lower panel to the excitation at the S L1-Edge. The axes orientation is illustrated in
the lower left corner.

pears polarised towards O or S (i.e. the pumped atoms) depending on the molecule
being pumped at the O K-Edge or S L1-Edge, respectively. In particular, positively-
valued regions of pa(r,t) are localised around O, S and C. pa(7,t) appears sym-
metric with respect to the o,, plane but not with respect to the o,, plane. The
snapshots at 800 as and 2000 as show the evolution of pa(r,t) in time, which is
characterized by progressive disappearance of the positively-valued regions in favour
of the negatively-valued ones.
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4.1.2 z polarisation

Snapshots of pa(r,t), relative to a pulse linearly polarised along the z-axis, are
shown in fig. 4.2. Similarly to the x-polarised case, pa(7,t) is positively-valued

O 400 as 800 as 2000 as o

& © @

400 as 800 as 2000 as o

Figure 4.2: Snapshots of pa(r,t) relative to the excitation considering a pulse linearly
polarised along the z-axis. The upper panel is relative to the excitation at the O K-Fdge,
the lower panel to the excitation at the S L1-Edge. The azes orientation is illustrated in
the lower left corner.

around the pumped atoms. The negatively-valued regions grow with time, reaching
eventually — especially for the excitation at the S L1-Edge — a distribution similar
to that found at 2000 as in the x-polarised case. The comparison of the upper and
lower panels shows a smaller spatial extent of the negative regions of pa(r,t) at
the O K-Edge compared to the S L1-Edge. Unlike the x-polarised case, pa(r,t) is
characterised by a cylindrical symmetry around the z-axis, consistently with the X+
symmetry of the states involved in the WP (c.f. tables 4.1 and 4.2).
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4.1.3 xz polarisation

Snapshots of pa(7,t), relative to a pulse linearly polarised at a 45 degrees angle in
the o, plane, are shown in fig. 4.3. As in the x- and z-polarised cases, the positively-
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Figure 4.3: Snapshots of pa(r,t) relative to the excitation considering a pulse linearly
polarised at a 45 degrees angle in the o, plane. The upper panel is relative to the excitation
at the O K-Edge, the lower panel to the excitation at the S L1-Edge. The azes orientation
18 illustrated in the lower left corner.

valued parts of pa(7,t), except those around the pumped atoms, are progressively
offset by the negatively-valued parts. The symmetry properties of pa(r,t) at the O
K-Edge resemble closely those obtained in the x-polarised case (c.f. fig. 4.1-upper
panel). On the other hand, at the S L1-Edge, particularly at 400 as, pa (7, t) presents
symmetry properties lying in between those of the x-polarised and z-polarised cases,
with the characteristics proper of the z-polarised case prevailing at 800 as and 2000
as.
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4.1.4 Rxy and Lxy polarisations

Snapshots of pa (7, t), relative to the excitation with a right-handed (Rxy) and a left-
handed (Lxy) circularly polarised pulse are shown in figs. 4.4 and 4.5, respectively.
The properties of pa(7,t)’s structure and time evolution appears very similar in

O 400 as 800 as 2000 as <
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Figure 4.4: Snapshots of pa(r,t) relative to the excitation with a right-handed, circularly
polarised pulse in the o,y plane. The upper panel is relative to the excitation at the O K-
Edge, the lower panel to the excitation at the S L1-Edge. The axes orientation is illustrated
in the lower left corner.

the two cases. Similarly to other polarisation cases, pa(7,t) is positively-valued
in correspondence to the pumped atom, with the positively-valued region on C
gradually disappearing in favour of negatively-valued regions. With the exclusion
of the region localised on the pumped atom, pa(r,t) shows a cylindrical symmetry
with respect to the Cy, axis. This is evident in the negatively-valued regions and
the positively-valued regions at C where, especially in the 400 as snapshot at the O
K-Edge, the positively-valued region presents a ring-like shape.
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Figure 4.5: Snapshots of pa(r,t) relative to the excitation with a left-handed, circularly
polarised pulse in the oy plane. The upper panel is relative to the excitation at the O K-
Edge, the lower panel to the excitation at the S L1-Edge. The axes orientation is illustrated

in the lower left corner.
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4.2 p(r,t) component

The characteristics of p.,(7,t)’s spatial distribution are directly connected to the
properties of the transition density p.,(7), i.e.

Peg(T) =D 426,(1)y(r), (4.1)

and in particular to the structure of the transition 1PDM, 7% = (| éé, [4.). Two

40 40 1.0
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Figure 4.6: Transition 1PDM 9, relative to ¢ = 1°I1,, expanded in the basis of canonical
MOs. The left panel corresponds to the O K-Edge excitation, the right panel to the S L1-
Edge excitation. The range p, g=0-15 represents the hole MOs while the range p, q=0-40
the particle MOs (limited to 40 from the 74 generated through the 6-311+G* basis). The
green lines divide the matrices in hole-hole, particle-hole and particle-particle subspaces.

examples of 7,7 are shown in fig. 4.6, where the excitations at the O K-Edge and S
L1-Edge relative to ¢ = 1°lI, are compared. Here, 779 are represented in the basis
of canonical MOs, which are grouped in terms of their hole or particle nature by
the green lines. The main non-zero matrix elements are found in the particle-hole
subspace in the lower-right quadrants, with the 'p’ rows representing the hole MOs
while the 'q’ columns the particle MOs. In both cases, only a single 'p’ row contains
non-zero elements: at the O K-Edge (left) p=1, corresponding to an electron being
annihilated in the O 1s MO, while at the S L1-Edge (right) p=3, corresponding
to an electron being annihilated in the S 2s MO. On the other hand, multiple ’q’
columns show non-zero elements, in correspondence to the particle MOs in which
the electron is ’created’. In the construction of p.,(r) via eq. (4.1), 754 acts as a
filter’” which allows only certain MOs to participate in the ¢,(7)¢,(r) products. In
this particular case, the ¢,(r)s correspond to the core MOs, which are characterised
by a very tight atom-specific spatial localisation; the ¢,(r)s correspond to MOs
from the valence-shells of the electronic structure, which are generally delocalised
over the whole molecule and characterised by a specific symmetry (which depends
on the irreducible representation they are basis for). The inclusion of the core MOs
in the ¢,(r)¢,(r) products determines the atom-specific localisation properties of
peg(r). Conversely, owing to the total symmetric nature of the ¢,(r)s, the ¢,(r)s
determine the symmetry of the ¢,(r)¢p,(r) products, which is directly inherited by
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peg(T). Therefore, the properties of the pulse (i.e. the edge selected for the excitation
and polarisation) control directly the localisation and symmetry characteristics of
the p.y(r)s which, through the mediation of the ,08,) (t) coherences, participate in the

construction of the p.,(r,t) component.

4.2.1 x polarisation

The time-evolution of p.,(r,t), relative to an excitation with a pulse linearly po-
larised along the x-axis, is illustrated in fig. 4.7. In line with the high oscillation
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Figure 4.7: Snapshots of peg(r,t) relative to the excitation considering a pulse linearly
polarised along the x-axis. The upper panel is relative to the excitation at the O K-FEdge,
the lower panel to the excitation at the S L1-Edge. The axes orientation is illustrated in
the lower left corner.

frequency of p%) (t), due to w,, being in the X-Ray domain, p.,(r,t) oscillates with
a period of &~ 8 as at the O K-Edge and &~ 20 as at the S L1-Edge. Consistently
with the polarisation alignment, p.,(7,t) oscillates along the x-axis in both cases.
The shape of p.4(r,t) differs between the two edges, resembling that of a p, atomic
orbital at the O K-Edge and that of a d,. atomic orbital at the S L1-Edge. This is
consistent with the I, symmetry (c.f. table 4.2) of the core-excited states selected
via the pulse polarisation.
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4.2.2 z polarisation

The time-evolution of p.,(r,t), relative to an excitation with a pulse linearly po-
larised along the z-axis, is shown in fig. 4.8. The properties of p.,(r,t) reflect the
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Figure 4.8: Snapshots of pey(r,t) relative to the excitation considering a pulse linearly
polarised along the z-axis. The upper panel is relative to the excitation at the O K-FEdge,
the lower panel to the excitation at the S L1-Edge. The azes orientation is illustrated in
the lower left corner.

YT symmetry of the core-excited states selected via the z-polarised pulse. Accord-
ingly, pey(7,t) is symmetric with respect to the z-axis, resembling the shape of a p,
atomic orbital at the O K-Edge and that of a d.» atomic orbital at the S L1-Edge.
Also the oscillation direction is related to the polarization choice, with pey(r,t) os-
cillating along the z-axis with a period of ~ 8 as at the O K-Edge and ~ 18 as at
the S L1-Edge.
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4.2.3 xz polarisation

The time-evolution of p.4(r,t), relative to the excitation with a pulse linearly po-
larised at 45 degrees in the o,, plane, is shown in fig. 4.9. At the O K-Edge, the
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Figure 4.9: Snapshots of p.q(r,t) relative to the excitation considering a pulse linearly
polarised at a 45 degrees angle in the o, plane. The upper panel is relative to the excitation
at the O K-Edge, the lower panel to the excitation at the S L1-Edge. The azes orientation
18 illustrated in the lower left corner.

oscillation of pg,4(r,t) is very similar to the x-polarised case in fig. 4.7. This indi-
cates a substantial contribution of the II,-symmetric states, which outweighs that
from the Y t-symmetric states. At the S L1-Edge, the characteristics of pey(r,?)
are similar, symmetry-wise, to the z-polarised case in fig. 4.8. However, unlike the
z-polarised case, the oscillation of p.,(r,t) unfolds along an axis 'tilted’ in the o,
plane. This is indicative of a more balanced ratio of contributions to p.,(r,t) from
the IT, and X1 core-excited states compared to the excitation at the O K-Edge.
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4.2.4 Rxy and Lxy polarisations

The time-evolution of p.,(r,t), relative to the excitation with a right-handed and
left-handed circularly polarised pulse, is illustrated in figs. 4.10 and 4.11. The former

O 400 as 402 as 404 as o
= R 8
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e P .

Figure 4.10: Snapshots of peg(r,t) relative to the O K-Edge excitation, considering a
right-handed (upper panel) and left-handed (lower panel) circularly polarised pulse in the
0zy plane. The azes orientation is illustrated in the lower left corner.

is relative to the excitation at the O K-Edge while the latter to the excitation at
the S L1-Edge. In both cases, p.4(r,t) has the form of a p orbital revolving around
the z-axis in the o,, plane. The switch from the excitation at the O K-Edge to
that at the S L1-Edge, simply changes the localisation of p.,(7,t) from O to S. The
different handedness of the polarisation is reflected in the opposite rotation direction
of pey(r,t), which can be intuitively seen by comparing the upper and lower panels
of figs. 4.10 and 4.11.
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Figure 4.11: Snapshots of peg(r,t) relative to the S L1-Edge excitation, considering a
right-handed (upper panel) and left-handed (lower panel) circularly polarised pulse in the
ozy plane. The azes orientation is illustrated in the lower left corner.



62 Chapter 4. Wave packet in OCS

4.3 A.(r,t) component

The time-evolution of the Ay (7,t) component is directly related to the relative
importance of the ps.(r,t) and ,0229)(1“,15) terms in eq. (2.99). As the populations
of the core-excited states exponentially decay over time, the ,05729)(1“,75) term be-
comes progressively dominant over the ps.(r,t) term. This is directly reflected in
the time-evolution of A.,(r,t), which progressively assumes the distribution of the
(negatively-valued) ground state density py,(7). When the magnitudes of pg.(r,1)
and péQg)(r,t) are comparable at the beginning of the time-evolution, the spatial
distribution of A4 (r,t) assumes characteristics related to the structure of the dif-
ference 1IPDM, A% =~ — 429, Two examples of A7? are shown in fig. 4.12, where
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Figure 4.12: Difference density matrices, Apg for ¢ = 1°Il,, expanded in the basis of
canonical MOs. The left panel corresponds to an excitation at the O K-edge, the right
panel to an excitation at the S L1-Edge. The division of the molecular orbitals in terms of
the particle-hole formalism is indicated by the green lines, as in fig. 4.6.

the left matrix is relative to an excitation at the O K-Edge, while the right matrix
to an excitation at the S L1-Edge. In correspondence to p=q=1 at the O K-Edge
and p=q=3 at the S L1-Edge, the matrices present coefficients equal to -1. These
coefficients correspond to the O 1s MO at the O K-Edge and to the S 2s MO at the S
L1-Edge, which translates into 'core-holes’ being present in the corresponding differ-
ence density Ay (1) = pee(r) — pyg(r). The positive coefficients in the upper-right
quadrant of A% (i.e. the particle-particle quadrant), correspond to the positively-
valued parts of A.,(7), which represent the spatial region the core-electron is excited
to. Therefore, when the contributions from the two terms forming A.,(r, ) are of
comparable magnitude at the beginning of the time-evolution, the distribution of
Acy(r,t) provides a spatial visualisation of the incoherent part of the core-excitation.
On the other hand, the time-evolution of A.,(7,t) provides a spatial visualisation
of the core-excited states’ decay.

IThe core-hole cannot be seen in the snapshots of A.,(r,t) shown in the following. This is due
to the choice of volume grid which has been geared towards the rendering of the density over the
whole molecule, and it’s too coarse to show the tightly localised core-hole.
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4.3.1 x polarisation

The time-evolution of the populations, relative to the excitation with a pulse linearly
polarised along the x-axis, is shown in fig. 4.13. The comparison of the populations
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Figure 4.13: Populations of the density matriz as a function of time relative to the
excitation with a pulse linearly polarised along the x-axis. The upper panel is relative to
the O K-Edge excitation, the lower panel to the S L1-Edge excitation.

of the core-excited states shows that, both at the O K-Edge and the S L1-Edge,
the main contribution to p?.(t) (i.e. the sum of the core-excited states’ popula-
tions) comes from the 1°II, state. This is due to the pulse central frequency being
resonant to the 1%+ — 1¢II, transition; this makes it detuned relative to higher
°Il, states, the detuning being more pronounced at the O K-Edge than at the S
L1-Edge (vide table 4.2). The comparison between p?.(t) and ,05129)(25) (shown as

—pégg) (t) for an easier comparison) shows the former decaying at a rate I'., while

the latter remains constant. Accordingly, as time progresses, pg? (r,t) gradually
‘outweighs’ pf.(r,t) in the contribution to A.y(r,t). This is directly reflected in
the time-evolution of A, (r,t), snapshots of which are shown in fig. 4.14. At 400
as the contributions from the p?.(r,t) and pgzg)('r,t) terms are comparable, with
Acy(r,t) showing both positively-valued and negatively-valued regions. During the
subsequent time-evolution, represented by the 1000 as and 2000 as snapshots, the
ps.(r,t) term decays, leaving way to the gradual prevalence of the pgg)(r,t) term.
This translates into A, (7, t) progressively assuming the shape of the negatively val-
ued ground state density. Comparing the 400 as snapshots relative to the excitation
at different edges (i.e. upper and lower panel of fig. 4.14) a certain degree of atomic
specificity emerges, with the positively-valued regions of A, (7,t) being polarised
towards the CO moiety at the O K-Edge and towards the CS moiety at the S L1-
Edge. The symmetry of A, (r,t) reflects that of both the ground state 1" and the
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Figure 4.14: Snapshots of Acq(r,t) relative to the excitation with a pulse linearly polarised
along the x-axis. The upper panel is relative to the excitation at the O K-Edge, the lower

panel to the excitation at the S L1-Edge. The azes orientation is illustrated in the lower
left corner.

IT,-symmetric core-excited states. In particular, in the 400 as snapshots, due the
positively-valued regions, A, (r,t) results polarised along the x-axis and symmetric
with respect to a 5 rotation about the z-axis, as typical of the II,-symmetric state
densities. On the other hand, as the contribution from the ground state prevails,
the symmetry of A, (r,t) becomes coincident with the ¥+ symmetry of the ground
state density.
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4.3.2 z polarisation

The time-evolution of the populations, relative to the excitation with a pulse linearly
polarised along the z-axis, is shown in fig. 4.15. From the comparison between the
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Figure 4.15: Populations of the density matriz as a function of time relative to the
excitation considering a pulse polarised along the z-axis. The upper panel is relative to the
O K-FEdge excitation, the lower panel to the S L1-Edge excitation.

two panels, it emerges how the populations at the S L1-Edge are about one order of
magnitude bigger than at the O K-Edge. The main cause of this can be traced to
the detuning shown in table 4.2, which, being larger at the O K-Edge than at the S
L1-Edge, determine smaller populations of the “XT states in the former case than in
the latter. The time-evolution of A.4(r,t) is shown in fig. 4.16, where a behaviour
similar to the x-polarised case is found. The smaller spatial extension of A, (7, 1)
at the O K-Edge compared to the S L1-Edge, reflects the relative magnitude of the
populations shown in fig. 4.15. The atom-specific localisation of A, (7, t) is evident
particularly in the 400 as snapshot, where positively-valued regions of A.,(r,t) are
present in correspondence to the pumped atom. The X" symmetry of the core-
excited states is reflected in the spatial distribution of A 4(r,t), which is symmetric
with respect to the z-axis.
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Figure 4.16: Snapshots of A.y(r,t) relative to the excitation considering a pulse linearly
polarised along the z-axis. The upper panel is relative to the excitation at the O K-FEdge,
the lower panel to the excitation at the S L1-Edge. The azes orientation is illustrated in
the lower left corner.
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4.3.3 xz polarisation

The time-evolution of the populations, relative to the excitation with a pulse linearly
polarised at 45 degrees in the o,, plane, is shown in fig. 4.17. Since the polarisation
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Figure 4.17: Populations of the density matriz as a function of time, relative to the
excitation considering a pulse linearly polarised at a 45 degrees angle in the o, plane.
The upper panel is relative to the O K-Edge excitation, the lower panel to the S L1-Edge
excitation.

vector has components along both the x-axis and z-axis, both Y T-symmetric and
I1,-symmetric states are populated in the excitation. At the O K-Edge, ps.(t) is
dominated by the population of the 1°II, state; at the S L1-Edge, the dominant
populations of the 13" and 1°II, are of comparable magnitude, although with a
bigger contribution from the former. The distribution of the populations is reflected
in the properties of A, (r,t), snapshots of which are shown in fig. 4.18. In the 400 as
snapshot at the O K-Edge, the domination of the 1°II, state population is reflected
in the close similarity to the x-polarised case shown in the upper panel of fig. 4.14.
The distribution of the populations at the S L1-Edge is reflected in the relative 400
as snapshot, where the positively-valued regions of A.,(r,t) are characterised by a
distribution very similar to the z-polarised case shown in the lower panel of fig. 4.16.
Additionally, the positively-valued regions are slightly elongated along the x-axis
(similar to the x-polarised case in the lower panel of fig. 4.14), which is indicative
of the contribution from the II,-symmetric states.
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Figure 4.18: Snapshots of Acy(r,t) relative to the excitation considering a pulse linearly
polarised at a 45 degrees angle in the o, plane. The upper panel is relative to the excitation
at the O K-FEdge, the lower panel to the excitation at the S L1-Edge. The azes orientation
is illustrated in the lower left corner.
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4.3.4 Rxy and Lxy polarisations

The populations and A.,(r, t) obtained considering a Rxy-polarised pulse are equiv-
alent to those obtained considering a Lxy-polarised pulse. Therefore, only the results
relative to the Rxy polarisation will be discussed here. As shown in fig. 4.19, states
of both II, and II, symmetry are populated. Given their energy degeneracy, the
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Figure 4.19: Populations of the density matriz as a function of time, relative to the
excitation with a right-handed, circularly polarised pulse. The upper panel is relative to the
O K-Edge excitation, the lower panel to the S L1-Edge excitation.

populations of the II,-symmetric and II,-symmetric states coincide, with a distribu-
tion among the manifold of core-excited states corresponding to that obtained in the
x-polarised case (c.f. fig. 4.13). The characteristics of A.,(7,t) can be understood as
resulting from the sum of those obtained in the x-polarised case (c.f. fig. 4.14) and
those obtained in the y-polarised case, which corresponds to the x-polarised case
rotated by 90 degrees. This makes A, (7,t) symmetric with respect to the z-axis,
as shown in particular in the 400 as snapshot of fig. 4.20.
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Figure 4.20: Snapshots of Acy(r,t) relative to the excitation considering a right-handed,
circularly polarised pulse. The upper panel is relative to the excitation at the O K-FEdge,
the lower panel to the excitation at the S L1-Edge. The azes orientation is illustrated in
the lower left corner.
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4.4  py(r,t) component

The spatial characteristics of the p,,(7,t) component are encoded in the proper-
ties of the transition 1IPDM, ¢ = (i, élé, [¢,), an example of which (relative to

the valence-excited state 1A,2_,2) is shown in fig. 4.21. Similarly to 79 shown in
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Figure 4.21: Transition density matriz vpg for v = 1A,2_y2, expanded in the basis of
canonical MOs. The green lines divide the molecular orbitals according to the particle-hole
formalism, as in fig. 4.6.

fig. 4.6, the non-zero elements of 7,4 are found in the particle-hole subspace in the
lower right corner. Unlike in 79, both the hole MOs (indicated by the 'p’ index)
and the particle MOs (indicated by the 'q’ index) are 'located’ in the valence shells
of the electronic structure, which are atom-unspecific and generally delocalised over
the whole molecule. Therefore, differently from the p.4(r,t) component, the transi-
tion densities used to build p,4(r,t) don’t carry the atom-specific properties typical
of an X-Ray excitation. Within p,,(r,t), these properties are ’encoded’ in the in-
terference pattern of the coherences p,,(t) built via ISRIXS. On the other hand,
the ¢,(r)p(r) products 'filtered out’ through ~¢ present a symmetry proper of
the considered valence-excited state, which is reflected in the spatial distribution
of the corresponding transition densities, p,,(7). Accordingly, the symmetry of the
valence-excited states, whose inclusion in the WP is controlled via the pulse polari-
sation, is directly reflected in p,,(r,t)’s spatial distribution.
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4.4.1 x polarisation

A pulse polarised along the x-axis allows the excitation of coherences relative to
A2 p-symmetric and XT-symmetric valence-excited states. The time-evolution of
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Figure 4.22: Time-evolution of 2Re{pyq(t)} relative to an excitation with a pulse linearly
polarised along the x-axis. Each curve corresponds to a different valence-excited state. The
upper panel is relative to the excitation at the O K-Edge, the lower panel to the excitation
at the S L1-Edge. The yellow Gaussian corresponds to the time-domain pulse envelope,
whose intensity scale is not shown.

the coherences is shown in fig. 4.22 where, both at the O K-Edge and S L1-Edge,
the coherence relative to the 1A,2_,» state prevails. The comparison between the
upper and lower panels shows a difference in the relative amplitude of the 2X" and
2A,2_,2 coherences: while 2X% prevails over 2A,2_,2 at the O K-Edge, at the S
L1-Edge their amplitudes are very similar. The construction of p,,(r,t) is based
on the combination of the coherences shown in fig. 4.22 with the respective transi-
tion densities. As discussed in section 3.1, both the coherences and the transition
densities are determined up to a +1 factor, which changes from one calculation to
the other. This can be seen in fig. 4.23, where the upper and lower panels compare
the same transition densities obtained in the calculations at the O K-Edge and S
L1-Edge. Here, it is evident how the transition densities are the same up to a +1
factor. The correct construction of p,,(r,t), which is immune from the £1 factor,
entails combining the coherences and the transition densities relative to the same
calculation. Thus, in the present example, p,,(7,t) is constructed considering the
coherences and transition densities from the upper panels of figs. 4.22 and 4.23 at
the O K-Edge and the same quantities from the lower panels of figs. 4.22 and 4.23
at the S L1-Edge. As anticipated in this section’s introduction, the symmetry of
the transition densities reflects that of the corresponding valence-excited states. In
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Figure 4.23: Transition densities relative to the transition between the ground state 1XT
and the valence-excited states 10,y _ 2 (left), 25T (centre) and 22,y _,2 (right). The upper
panel is relative to the O K-FEdge calculation, the lower panel to the S L1-FEdge calculation.
The azes orientation is illustrated in the lower left corner. Blue is positive, red is negative,
with the colour scale being the same for all the plots.

particular, the transition densities relative to the A y_,» states are symmetric with
respect to both the o,. and oy, planes, resembling the shape of a d,2_,» orbital
on each atom. On the other hand, the transition density relative to the 2X" state
reflects the cylindrical symmetry characteristic of the ¥ irreducible representa-
tion. Due to the prevalence of the 1A,,_,2 coherence both at the O K-Edge and
S L1-Edge, the time-evolution of p,,(r,t) is dominated by the oscillation of the
1¥* — 1A,2_,» transition density. The changes in p,,(r,t) due to the interfer-
ence of its components can be seen at particular moments in time, at which the
amplitude of the involved coherences is comparable. The time-evolution of p,,(r, )
relative to the excitation at the O K-Edge is shown in the upper panel of fig. 4.24.
At 425 as, the interference of the components is destructive along the x-axis and
constructive along the y-axis, resulting in p,,(r,t) lying in the o,, plane. Here,
the positively-valued regions accumulate mostly on S, while the negatively-valued
regions mostly on C and O. The spatial effects of interference are reversed at 1150
as. Here, p,4(7,t) lies in the o,, plane, with the negatively-valued regions accumu-
lating predominantly on S and the positively-valued regions around C and O. At
2650 as the distribution of the positively- and negatively-valued regions is similar
to that found at 1150 as. However, the spatial pattern of constructive and destruc-
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Figure 4.24: Snapshots of pyg(r,t) relative to a pulse linearly polarised along the -

azis. The upper panel is relative to the excitation at the O K-Fdge, the lower panel to the
excitation at the S L1-Edge. The axes orientation is illustrated in the lower left corner.

&

tive interference is different, with p,4(r,t) now lying in the o, plane. The spatial
effects of interference on p,,(r,t) follow a similar pattern when OCS is excited at
the S L1-Edge. Some examples are illustrated in the snapshots in the lower panel of
fig. 4.24, which correspond to time-points at which the amplitudes of the coherences
in the lower panel of fig. 4.22 are comparable. Similarly to the O-K Edge case, the
interference of p,q(r,t)’s components manifests as a variation of spatial orientation
— between the 0., and o, planes — and the distribution of the positively-valued and
negatively-valued regions between S and the CO moiety.
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4.4.2 z polarisation

Due to the selection rules, when a pulse linearly polarised along the z-axis is con-
sidered, only transitions to ¥ T-symmetric valence-excited states are allowed. In the
present case, owing to the limited pulse bandwidth, only the coherence relative to
the 2X7 state is excited. Consequently, as shown in fig. 4.25, the time-evolution of
pug(r, 1) trivially corresponds to the oscillation of the 1X% — 2X* transition density
illustrated in fig. 4.23.

O 500 as 750 as

Figure 4.25: Snapshots of pyg(r,t) relative to a pulse linearly polarised along the z-
axis. The upper panel is relative to the excitation at the O K-Edge, the lower panel to the
excitation at the S L1-Edge. The axes orientation is illustrated in the lower left corner.
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4.4.3 xz polarisation

The coherences excited by a pulse linearly polarised at 45 degrees in the o,, plane
are shown in fig. 4.26. The selection rules associated to this polarisation allow
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Figure 4.26: Time-evolution of 2Re{pyy(t)} relative to an excitation with a pulse lin-
early polarised at 45 degrees in o,,. FEach curve corresponds to a different valence-excited
state. The upper panel is relative to the excitation at the O K-Edge, the lower panel to the
excitation at the S L1-Edge. The yellow Gaussian corresponds to the time-domain pulse
envelope, whose intensity scale is not shown.

the coherent population not only of A,2_,2- and X -symmetric states, as in the x-
and z-polarised cases, but also of Il,-symmetric states. The initial stages of the
time-evolution correspond to the 'preparation’ of the WP, which coincides with the
initial build-up of the coherences during the pulse. In fig. 4.26, the preparation
phase corresponds to the first 200 as leading up to 0, during which p,4(r,t) grows in
size without moving — in accordance with the discussion by Brummer and Shapiro
in [114] - leading to the initial electronic redistribution shown in the snapshots in
fig. 4.27. Here, both at the O K-Edge (left) and S L1-Edge (right) positively-valued
regions are localised on all atoms, with a slight polarisation towards O at the O
K-Edge and a more pronounced polarisation towards S at the S L1-Edge. In both
cases, pyg(r,t) is symmetric with respect to the o, plane but not with respect to the
oy.. This is due to the contribution of the transition densities associated with the II,
states, which, unlike those associated to the A 2_,» and XF states, are symmetric
only with respect to the o,, plane. As the pulse wanes, the motion of the WP
is released, triggering complex electronic dynamics across the molecule. At the O
K-Edge, the time-evolution of p,,(r,t) is largely determined by the oscillation of
the 1A,2_,» transition density, as already suggested by the dominant character of
the respective coherence in fig. 4.26. Despite this, during particular periods of the
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Figure 4.27: Snapshots of the initial redistribution of pye(r,t) at 0 as resulting from the
static build-up during the previous 100 as. The left panel is relative to the excitation at
the O K-FEdge, the right panel to the excitation at the S L1-Edge. The axes orientation is
shown in the lower left corner.

time-evolution (where the coherences have comparable amplitudes) the electronic
migration takes place between C and S, manifesting as the positively-valued regions
of pug(r,t) move between the atoms similarly to a classical 'current’. This process is
shown in fig. 4.28 at two different moments of the time-evolution. The interatomic
migration unfolds as the lobes oriented along the x-axis on one atom connect with
those oriented along the y-axis on the next atom, while preserving the symmetry
with respect to o,, but not with respect to o,,. The migration does not extend to

O 1060 as 2050 as &

Figure 4.28: Snapshots of pye(r,t) showing the electronic migration between C and S;
the snapshots are relative to the excitation at the O K-Fdge with a pulse linearly polarised
at 45 degrees in 05,. The axes orientation is shown in the lower left corner.

the O, around which p,4(r,t) oscillates as the 13" — 1A,2_ 2 transition density in
fig. 4.23. This is due to the characteristics of the transition densities involved, in
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Figure 4.29: Transition densities relative to the transitions between the ground state 15T
and the 111, 211, and 311, valence-excited states. The transition densities are relative to
the calculation at the O K-Edge. The distribution in the o, plane is shown (as indicated
in lower left corner), owing to the transition densities being symmetric with respect to oy .

particular those related to the II, states. As shown in fig. 4.29, the II,-symmetric
transition densities possess negatively- or positively-valued regions between C and S
but not between C and O, with the latter being ’isolated’ from the CS moiety. The
excitation at the S L1-Edge prepares 1A,2_,2» and II, coherences with comparable
amplitudes. This leads to electronic dynamics — characterised by a mechanism
similar to that shown in fig. 4.28 — unfolding over the whole duration of p,,(r,t)’s
time-evolution. In particular, a cyclic motion across the o,. plane can take place,
as shown in the snapshots in fig. 4.30. Here, at 2310 as the electrons migrate from
C to S on the right side of o,., subsequently migrating through o,. and then back
to C at 2445 as. The cyclic motion proceeds in the opposite direction through o,
until the migration from C to S repeats, as shown in the 2780 as snapshot.

2310 as 2445 as 2780 as A

Figure 4.30: Snapshots of pye(r,t) showing the cyclic migration between C and S triggered
by an excitation at the S L1-Edge with a pulse linearly polarised at 45 degrees in o.,. As
indicated in the lower left corner, the electronic motion in the o, plane is shown.
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4.4.4 Rxy and Lxy polarisations

The coherences excited considering a Rxy-polarised pulse are shown in fig. 4.31.
Since the consideration of a Lxy-polarised pulse leads to the same results, only the
right-handed case is discussed. Besides the excitation of the coherence relative to

0 o
L ANANNANY
AL |

Time (fs)

Figure 4.31: Time-evolution of 2Re{p,q(t)} relative to an excitation with a right-handed,
circularly polarised pulse. FEach curve corresponds to a different valence-excited state. The
upper panel is relative to the excitation at the O K-Edge, the lower panel to the excitation
at the S L1-Edge. The yellow Gaussian corresponds to the time-domain pulse envelope,
whose intensity scale is not shown.

the 2X7 state, also the coherence associated to the 1X~ state is excited. This is due
to the R, rotation function forming the basis for the >~ irreducible representation of
the C, group. Despite this, a dipole transition to a >~ -symmetric state is forbidden
by the selection rules. This translates into the transition density associated to the
1¥~ coherence corresponding to the zero density (i.e. zero-valued everywhere). As
a consequence, only the 2X component contributes to p,,(7,t), which behaves
similarly to the z-polarised case.
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4.5 p.s(r,t) component

The pew(r,t) component to pa(r,t) is constructed by considering the coherences
established between the core-excited states, p.«(t), and the respective transition
densities, p.~ (7). The spatial information carried by the transition densities is en-
coded in the transition 1PDM fy;g/ = (Y| élé, 1), an example of which is shown
in fig. 4.32. The only prominent non-zero coefficients are present in particle-particle
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Figure 4.32: Transition density matriz 'y;gl for ¢ = 1°I1, and ¢ = 211, expanded in
the basis of canonical MOs. The green lines divide the molecular orbitals according to the
particle-hole formalism as in fig. 4.6.

part located in the upper-right quadrant of the matrix. This contrasts with e.g. 79,
which presents non-zero coefficients only in the particle-hole part of the matrix. In
Vg the particle MOs can be considered as the "destination’ of the core-excitation, fol-
lowing the annihilation of an electron in a core hole MO. In this sense, fy;g' describes
the transition between these ’destination’ particle MOs, providing information on
the differences between the spatial regions the core-electron is excited to, character-

istic of each of the involved core-excited states.
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4.5.1 x polarisation

The main p.-(t) coherences excited between the core-excited states, considering
a pulse linearly polarised along the x-axis, are shown in fig. 4.33. In compliance
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Figure 4.33: Time-evolution of 2 Re{p.(t)} relative to the excitation with a pulse linearly
polarised along the x-axis. FEach curve corresponds to a different couple of core-excited
states. The upper panel is relative to the excitation at the O K-Edge, the lower panel to the
excitation at the S L1-Edge. The yellow Gaussian corresponds to the time-domain pulse
envelope, whose intensity scale is not shown.

with the selection rules, only coherences between II,-symmetric states are excited,
with those involving the 1¢II, state being dominant. This is consistent with the
distribution of the populations among the II,-symmetric states shown in fig. 4.13,
which is also reflected in the exponential decay of the coherences. The dominant
coherence corresponds to ¢ = 1°II, and ¢ = 2°I1,, with its preponderance being
more marked at the S L1-Edge than at the O K-Edge. As shown in fig. 4.34,
the symmetry of the II,-symmetric states is reflected in that of p..(7,t), which
is accordingly oriented along the x-axis. The snapshots relative to the excitation
at the O K-Edge represent the oscillation of p.(7,t) driven by the 1°II, — 21,
coherence. At 400 as and 1200 as the positively-valued region is concentrated on
C, while the negatively-valued region is of smaller magnitude and located on S. At
800 as the positively-valued region localises mostly on O (with some traces on S),
while the negatively-valued regions is mostly located on C. Also at the S L1-Edge
the 1°I1, — 2¢II, coherence drives the main oscillation of p..(7,t). However, owing
to the atom-specific characteristics of the core-excitation reflected in the transition
density, the oscillation involves mainly C and S, with a very small, positively-valued
contribution being present on O at 1100 as. As a reflection of the smaller energy
difference between the 1°II, and 2°II, states at the S L1-Edge (c.f. table 4.2), the
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oscillation period is longer than at the O K-Edge.
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Figure 4.34: Snapshots of p. (r,t) relative to the excitation with a pulse linearly polarised
along the x-axis. The upper panel is relative to the excitation at the O K-FEdge, the lower

panel to the excitation at the S L1-FEdge. The azes orientation is illustrated in the lower
left corner.
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4.5.2 z polarisation

The main coherences excited between the core-excited states, considering a pulse
linearly polarised along the z-axis, are shown in fig. 4.35. At the O K-Edge, the most
prominent coherence is relative to the 1°X* — 2°%% transition. The same is valid
at the S L1-Edge, where also the coherence relative to the 1°X% — 3¢X* transition
plays a prominent role. The snapshots shown in fig. 4.36 represent the main features
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Figure 4.35: Time-evolution of 2 Re{p.c(t)} relative to the excitation with a pulse linearly
polarised along the z-axis. Fach curve corresponds to a different couple of core-excited
states. The upper panel is relative to the excitation at the O K-Edge, the lower panel to the
excitation at the S L1-Edge. The yellow Gaussian corresponds to the time-domain pulse
envelope, whose intensity scale is not shown.

pee (T, t)’s time evolution. The X1 symmetry of the involved states is reflected in
the cylindrical symmetry of p..(r,t) around the z-axis. The comparison of the 200
as snapshots in the upper and lower panels indicates that, in the initial stages of the
time evolution, a slight polarisation of p.(7,t) towards O (when exciting at the O
K-Edge) or S (when exciting at the S L1-Edge) is present. At later moments of time,
the spatial distribution and oscillation of p..(r,t) around O resembles that of a p,
atomic orbital. This can be seen by comparing the region around O in the 1000 as
and 1950 as snapshots at the O K-Edge, and in the 1750 as and 2500 as snapshots
at the S L1-Edge. On the other hand, the characteristics of p.(r,t) around C and
S can be mapped to those of a d,2 atomic orbital centred on C, superimposing with
a p,-shaped density centred on S.
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Figure 4.36: Snapshots of pee (7, t) relative to the excitation with a pulse linearly polarised
along the z-axis. The upper panel is relative to the excitation at the O K-Edge, the lower
panel to the excitation at the S L1-Edge. The azes orientation is illustrated in the lower
left corner.



4.5. pee(r,t) component 85

4.5.3 xz polarisation

The main coherences, p.-(t), excited by a pulse linearly polarised at 45 degrees in
the o,, plane, are shown in fig. 4.35. Both at the O K-Edge and at the S L1-Edge
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Figure 4.37: Time-evolution of 2Re{pc (t)} relative to an excitation with a pulse linearly
polarised at 45 degrees in the xz plane. Fach curve corresponds to a different couple of core-
excited states. The upper panel is relative to the excitation at the O K-FEdge, the lower panel
to the excitation at the S L1-Edge. The yellow Gaussian corresponds to the time-domain
pulse envelope, whose intensity scale is not shown.

the dominant coherences involve core-excited states of different symmetry, with the
1°I1, core-excited state playing a prominent role. The comparison between the two
panels shows how the same coherences (e.g. 1°XT — 1°I1,) present very different
oscillation frequencies. This directly reflects the different energy gaps between the
111, states and the Y T-symmetric states for excitations at the O K-Edge or S L1-
Edge (vide table 4.2). At the O K-Edge, the 1°¥" — 1¢II, and 2°%" — 1°II,
coherences are dominant and correspond to the transition densities shown in the
left and central panels of fig. 4.38. Here, the transition densities are shown in the
04 plane, given their symmetry with respect to the o, plane. As can be seen in the
400 as and 1450 as snapshots in the upper panel of fig. 4.39, at the O K-Edge the
time-evolution of p..(7,t) corresponds to the oscillation between the 1°%T — 1°11,
and 2°XT — 1°II, transition densities. The interference between the dominant
transition densities manifests e.g. at 700 as, where the respective coherences have
about the same amplitude and sign. Considering the excitation at the S L1-Edge, the
behaviour of the coherences in fig. 4.37 is dominated by the 1°%% — 1¢II, term, with
the evolution of p..(r,t) — shown in the lower panel of fig. 4.39 — being accordingly
dominated by the corresponding transition density (shown in the rightmost panel
of fig. 4.38). Complying with the behaviour of the dominant coherence, p..(7,t)
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O 1°5F = 1°T1, 2%+ 5 1°TI, 1°5F = 1°T1,
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Figure 4.38: Transition densities corresponding to the transition between the states 1°%T
and 1°T1, (left and right) and between the states 2°X and 1°I1, (centre). The left and
central panels are relative to the O K-Edge calculation, the right panel to the S L1-Edge
calculation. The axes orientation is illustrated in the lower left corner. Blue is positive,
red is negative.

oscillates with a long period between the negatively-signed (i.e. 250 as snapshot)
and positively-signed (i.e. 2000 as snapshot) 1°2" — 1°II, transition density. The
1000 as snapshot is relative to an instant at which the dominant 1°%* — 1°¢II,
coherence is roughly zero and the effects due to the interference between all the other
coherences emerge. Here, the spatial distribution of p.(7,t) is similar (especially
on O and C) to that found in the 700 as snapshot at the O K-Edge.
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Figure 4.39: Snapshots of pe (7, t) relative to the excitation with a pulse linearly polarised
at 45 degrees in the xz plane. The upper panel is relative to the excitation at the O K-Edge,
the lower panel to the excitation at the S L1-Edge. The azes orientation is illustrated in

the lower left corner.
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4.5.4 Rxy and Lxy polarisations

Considering a Rxy or a Lxy polarised pulse leads to the excitation of coherences
between II,-symmetric states and between °Il,-symmetric states. The time evo-
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Figure 4.40: Snapshots of peo (7, t) relative to the excitation relative to an excitation with
a right-handed, circularly polarised pulse. The upper panel is relative to the excitation at
the O K-Edge, the lower panel to the excitation at the S L1-Edge. The axes orientation is
illustrated in the lower left corner.

lution of the two groups of coherences is perfectly coincident and is similar to the
x-polarised case in fig. 4.33. The handedness of the polarisation does not lead to
qualitative differences in the excited coherences, which allows to limit the analysis
to the Rxy case. The similarities to the x-polarised case are limited to the oscil-
lation of per(r,t), which mimics that shown in fig. 4.34. Unlike in the x-polarised
case, pe(r,t) presents a cylindrical symmetry with respect to the z-axis, which is
connected to the involvement of both “II,- and “II,-symmetric states in its construc-
tion. The difference between the “II, and °II, states lies in the orientation of the
respective transition densities: while the “II, transition densities are oriented along
the x-axis, those relative to the °II, states are oriented along the y-axis. p..(7,?)
is constructed through the equal contribution of “II, and °Il, transition densities,
whose in-phase combination mediated by the coherences leads to the cylindrical
symmetry of pe(r,t).
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4.6 Summary and discussion

The characteristics of pa(r,t)’s dynamics reflect the perturbative hierarchy of the
density matrix components, with the first order component p.,(r,t) and the sec-
ond order component A, (7,t) playing the dominant role. The regions of pa(r,1)
centred on the pumped atoms are dominated by p.4(r,t). This component extends
over a region tightly localised around the pumped atom and is characterised by
a very fast oscillation with a period of few as. The distribution of pa(r,t) over
the rest of the molecule is dominated by A.y(7,t). This corresponds to the ’inco-
herent’ contribution, which would be present also in the case an excitation with
incoherent radiation was considered. Its time-evolution reflects the spontaneous de-
cay of the core-excited states, which manifests as the progressive prevalence of the
negatively-valued regions over the positively-valued ones. In particular, the initial
distribution of the positively-valued regions (shown in the 400 as snapshots) is al-
ways found to be polarised towards (and in many cases localised on) the pumped
atom. The structures of p.,(r,t) and A.4(r,t) provide a spatial visualisation of the
dominant core-excitation mechanism: the X-Ray pulse deposits its energy locally
to the pumped atom, exciting the electrons from the core to the valence shells of
the electronic structure in a (spatially) ’vertical’ way. This results in the creation
of a superposition of core particle-hole density pairs localised around the pumped
atom. The p.y4(r,t) and A,y (r,t) components create only a substantially local mod-
ification of the electronic distribution over time, which changes its localisation and
spatial symmetry/orientation in correspondence to the selected excitation edge and
the pulse polarisation, respectively. The changes in the electronic distribution as-
sociated to the core-excitation are supported by the p..(r,t) component, whose
contribution to pa(r,t) is 'buried” under those of the dominant components. The
electronic dynamics supported by p..(r,t) are relative to the 'particle’ part of the
superposition of core particle-hole density pairs created by the core excitation. In
the examined cases, the electronic dynamics correspond to the oscillation of few (of-
ten a single) transition densities, owing to the dominant nature of the corresponding
coherences. The dynamics within p..(7,t) reflect directly the atom-specificity and
symmetry properties of the core-excited states, which can be tuned by acting on the
pulse’s central frequency and polarisation.

The electronic dynamics within the p,,(7,t) component correspond to those of
the particle-hole pairs 'located’ in the valence-shells of the electronic structure. Sim-
ilarly to pe(7,t), also the contribution of p,,(r,t) to pa(r,t) is 'buried’ under the
dominant contributions from p.,(r,t) and A, (7,t). This indicates that a smaller
portion of the pulse energy is used for the valence-excitation compared to the core-
excitation. However, owing to the absence of short-lived core-holes in the structure
of pyy(r,t), its lifetime is much longer than that of the core-excited states’ com-
ponents. This makes p,,(7,t)’s contribution to pa(r,t) the dominant one on a
timescale longer than the core-holes’ lifetimes. In most polarisation cases, the WP
includes only few valence-excited states, whose symmetry depends on the pulse po-
larisation. In these cases, the dynamic evolution of p,,(r,t) is dominated by the
oscillation of a single coherence/transition density and the effects of the interfer-
ence process can be observed only in certain precise moments of the time-evolution.
Here, the constructive and destructive interference of the transition densities de-
termines the formation of regions of electronic accumulation/decumulation. The
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localisation of these regions over time depends on the spatial characteristics of the
transition densities and the relative amplitudes and phases of the coherences. In
particular, the properties of the coherences ’encode’ the atom-specific character of
the ISRIXS excitation. This can be seen especially in the xz-polarised case, where
several coherences with comparable amplitudes are excited, involving multiple tran-
sition densities in the interference process. The atom-specific properties manifest
already during the 'preparation’ stage, where exciting at the O K-Edge or S L1-Edge
produces different initial electronic distributions. In particular, the accumulation of
the positively-valued regions is slightly polarised towards the pumped atom, with the
effect being more pronounced at the S L1-Edge. The participation of many coher-
ences/transition densities in the interference process allows visualising the electronic
migration in a ’classical’ way, likening it to a ’fluid’ flowing between the atoms. This
is particularly evident at the S L1-Edge, where many coherences with a comparable
amplitude are excited. The symmetry of the electronic migration and the limita-
tion of its interatomic character to the CS moiety result from the properties of the
transition densities involved in the interference. This suggests that the spatial char-
acteristics of the interfering transition densities play a crucial role in determining
the spatial pathway followed by the electronic migration. These results suggest that
the inclusion of many (comparably populated) valence-excited states in the WP is
necessary to support the intramolecular electronic migration and to test the WP’s
atom-specific properties, such as the initial localisation. Based on this hypothesis,
in the next chapter the analysis applied to OCS will be extended to the ring-shaped
molecule Oxazole, which presents a larger number of low-lying valence-excited states
compared to OCS.



CHAPTER 5

Wave packet in Oxazole

Oxazole is a heterocyclic aromatic molecule con-
taining H, N, C and O atoms. The molecule
presents a planar structure with a symmetry de-
scribed by the Cy point group. The plane of
the molecule corresponds to the plane o', ac-
cording to which the symmetry of the molecule
is defined. As shown in the character table on
the right side of table 5.1, the states are classi-
fied according to two irreducible representations:
the A’ irreducible representation, whose states
are symmetric with respect to o, and the A”
irreducible representation, whose states are an-
tisymmetric with respect to o,. The choice of
Oxazole was motivated by the interest in the electronic dynamics in heterocyclic
aromatic molecules [126] and by its peculiar electronic structure, which allows in-
cluding a larger number of valence-excited states in the WP compared to OCS. In
fact, as shown on the left side of table 5.1, Oxazole presents 20 valence-excited states
within an energy interval of about 9 eV. This allows to include more valence-excited
states (i.e. 20 vs 7) within the 8 €V of the pulse bandwidth compared to OCS. The
selection rules associated with the ISRIXS process allow, by varying the orientation
of the pulse polarisation with respect to oy, to control the symmetry of the states
included in the WP. This is shown in more detail on the right side of table 5.1, where
each irreducible representation is associated with a pulse polarisation. In particu-
lar, it is interesting to notice how the Raman selection rules allow to populate A’
valence-excited states in all polarisation cases, while A” valence-excited states only
in the xz-polarised case.

Tn this work, the molecule is aligned such that o, coincides with Ogy-
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[P0)  wg (V) | Jth)  wig (eV)

2A 6.76 1A” 6.78
3A 7.42 24" 6.97
4A’ 8.18 34" 7.57
5A 8.31 4A" 7.90
6A’ 8.80 5A" 8.06 A’
TA 8.99 6A” 8.41 A"
8A 9.23 TA" 8.57
94’ 9.33 84" 8.76
104 9.48 94" 8.82
11A 9.68 104" 9.45

Table 5.1: Transition energies of the considered valence-excited states (left) and character
table of the Cy point group (right). The transition energies in the left table are referred to
the ground state 1A’. Each irreducible representation in the character table is associated
with a pulse polarisation, in accordance with the selection rules defined in the Cy point
group. The superscripts * and T indicate dipole-allowed and Raman-allowed transitions,
respectively. Both the right-handed and left-handed circular polarisations are indicated as
Cury.

*

Just like the valence-excited states, also a larger number of core-excited states
than OCS is included within the 8 eV-broad bandwidth. The considered core-excited
states are listed in table 5.2. In this work, only the excitations at the O K-Edge
and N K-Edge are studied, given that the broad pulse bandwidth does not allow
to specifically target excitations at the K-Edge of the different C atoms [127]. The
pulse’s central frequency, wy, is set resonant to the 14" — 1¢A” transition (i.e. the
1s — 7* line), with wy = 400.87 eV at the N K-Edge and wy = 536.99 €V at the O K-
Edge, at the considered level of theory. The dwy and dwp columns show the energy
differences between 1°A” and the other core-excited states. These energy differences
correspond to the detuning of the core-excitation energies from the 1s — 7* line at
the N K-Edge and O K-Edge, respectively. The A’ states are all comprised within a
~ 9 eV energy interval, while the A”-symmetric states are distributed over a much
bigger energy interval. This allows, by varying the pulse polarisation, to greatly
affect the number of core-excited states included in the WP. In fact, as shown in
the left side of table 5.1, changing the polarisation orientation between parallel (i.e.
along x) or perpendicular (i.e. along z) to oy, allows to selectively excite A" or A”
core-excited states.
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[he)  Own (€V) dwo (eV) | [te)  dwy (V) dwo (eV)
1°A 3.12 2.17 1¢A” 0 0
20 A 3.86 3.11 2¢A” 2.96 3.33
A 4.10 3.30 3cA” 4.26 3.80
4c A 4.14 3.68 4cA” 0.47 4.99
5e Al 4.62 4.00 5¢A” 6.10 2.67
6cA’ 5.01 4.35 6cA” 8.03 8.08
TeA 6.21 5.18 TcA” 10.08 8.75
8 A’ 6.42 5.74 8 A" 16.45 17.13
9c A’ 6.84 5.83 9cA” 17.15 17.37
10¢A’ 7.46 6.47 10¢A” 18.06 19.29
114 7.64 6.97 11¢A” 18.71 19.55
12¢ A 7.78 7.59 12¢A” 19.62 22.64
13°A’ 8.13 7.7 13¢A” 21.13 23.79
14¢ A’ 8.70 8.05 14¢A” 21.52 24.00
15°A’ 9.12 8.89 15¢A” 22.65 24.16

Table 5.2: FEnergy difference between the core-excited states and the 1°A” core-excited
state at the N K-Edge (dwy’ column) and at the O K-Edge ("dwo’ column). The core-
excited states are labelled according to the irreducible representations of the Cs point group,
with the superscript © standing for core-excited.

In this study, the analysis scheme of pa(7,t) developed for OCS is applied to
Oxazole, considering the same 8 eV pulse bandwidth. In particular, a more detailed
analysis of the preparation of the p,,(7,t) component is presented, with the aim of
improving the investigation of its initial, atom-specific localisation due to ISRIXS.
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5.1 Difference density pa(r,t)

5.1.1 x polarisation

Snapshots of the time-evolution of pa(7,t), relative to the excitation with a pulse
linearly polarised along the x-axis, are shown in fig. 5.1. Here, a similar behaviour
of pa(r,t) as that encountered in OCS is present: right after the pulse has faded,
a region of positive density localised on the pumped atom is present. In the rest
of the molecule, negatively-valued regions of pa(r,t) prevail, with this prevalence
becoming progressively more extensive with time, as shown in the 1000 as and 2000
as snapshots.
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Figure 5.1: Snapshots of pa(r,t) relative to the excitation with a pulse linearly polarised
along the z-axis. The upper panel is relative to the excitation at the O K-FEdge, the lower
panel to the excitation at the N K-Edge. The orientation of the axes is illustrated in the
lower left corner.
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5.1.2 z polarisation

Snapshots of the time-evolution of pa(7,t), relative to the excitation with a pulse
linearly polarised along the z-axis, are shown in fig. 5.2. At 400 as, positively-valued
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Figure 5.2: Snapshots of pa(r,t) relative to the excitation considering a pulse linearly
polarised along the z-axis. The upper panel is relative to the excitation at the O K-FEdge,
the lower panel to the excitation at the N K-Fdge. The orientation of the azxes is illustrated
in the lower left corner.

regions are localised on O and N depending on the molecule being excited at the
O K-Edge or N K-Edge, respectively; the symmetry of these regions appears to be
antisymmetric with respect to o5, contrary to the same regions in the x-polarised
case in fig. 5.1. Differently from the same snapshots in fig. 5.1, the positively-valued
regions extend to the C atoms neighbouring the pumped atoms. In particular, at
the O K-Edge additional positively-valued regions are present on C1 and C2, while
at the N K-Edge an additional positively-valued lobe is present on C1. As time
progresses through the 1000 as and 2000 as snapshots, the positively-valued regions
on the C atoms disappear in favour of negatively-valued regions, with only the
positively-valued regions on the pumped atom being still present at 2000 as.
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5.1.3 xz polarisation

The time-evolution of pa(7,t), relative to the excitation with a pulse linearly po-
larised at 45 degrees in the o,, plane, is illustrated in fig. 5.3. This polarisation
mixes the contributions from the x-polarised and z-polarised cases shown in figs. 5.1
and 5.2. In particular, at 400 as the contribution of the z-polarised case is made
evident by the presence of a faint positively-valued region on C1 at the O K-edge
and a much more-pronounced positively-valued region on the same atom at the N
K-Edge. The participation of the x-polarised contribution is evident in the 400 as
and 1000 as snapshots at the O K-Edge, where the positively-valued region on O
is ’tilted” in the o0,, plane. The same is not true in the N K-Edge case, where
the positively-valued regions centred on N are very similar to those found in the
lower panel of fig. 5.2. As in the other polarisation cases analysed so far, as time
progresses, pa(r,t) becomes progressively dominated by negatively-valued regions.
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Figure 5.3: Snapshots of pa(r,t) relative to the excitation considering a pulse linearly
polarised at 45 degrees in the o, plane. The upper panel is relative to the excitation at the
O K-Edge, the lower panel to the excitation at the N K-Edge. The orientation of the axes
is illustrated in the lower left corner.
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5.1.4 Rxy and Lxy polarisations

Snapshots illustrating the time-evolution of pa(7,t), relative to the excitation con-
sidering a right-handed, circularly polarised pulse in the o,, plane, are shown in
fig. 5.4. Here, only the right-handed case is shown since the left-handed case leads
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Figure 5.4: Snapshots of pa(r,t) relative to the excitation with a right-handed, circularly
polarised pulse in the oy plane. The upper panel is relative to the excitation at the O
K-Edge, the lower panel to the excitation at the N K-Edge. The orientation of the axes is
tllustrated in the lower left corner.

to very similar results. At 400 as the positively-valued regions of pa(r,t) are found
only on O or N depending on the excitation being at the O K-Edge or N K-Edge, re-
spectively. The characteristics of pa(7,t) are very similar to those of the x-polarised
case in fig. 5.1, with no positively-valued regions found on the neighbouring C atoms
(as in the z-polarised and xz-polarised cases in figs. 5.2 and 5.3). Just like in the
other polarisation cases, as time progresses through the 1000 as and 2000 as snap-
shots, pa(r,t) becomes progressively dominated by negatively-valued regions.
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5.2  pe(r,t) component

Owing to the characteristics of the transition densities p.,(r) associated to the coher-
ences peg(t), peg(r,t) shows an edge-dependent localisation either on O or N. Given
the straightforward explanation of the element-specific localisation, this section will
be dedicated to the analysis of the symmetry characteristics of p.,(r,t) and their
dependence on the pulse polarisation.

5.2.1 x polarisation

The snapshots in fig. 5.5 illustrate the oscillation of p., (7, t) relative to the excitation
with a pulse linearly polarised along the x-axis. p.,(7,t) is symmetric with respect to
the o,, plane (i.e. coinciding with the o}, plane) consistently with the A" symmetry
of the core-excited states involved. Consequently, the oscillation of p.,(r,t) takes
place along the x-axis, with a period of ~ 8 as at the O K-Edge and ~ 10 as at the
N K-Edge.
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Figure 5.5: Snapshots of peg(r,t) relative to the excitation considering a pulse linearly
polarised along the z-axis. The upper panel is relative to the excitation at the O K-Edge,
the lower panel to the excitation at the N K-Edge. The orientation of the azes is illustrated
in the lower left corner.
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5.2.2 1z polarisation

The snapshots in fig. 5.6 illustrate the oscillation of p.,(7, ), relative to the excitation
with a pulse linearly polarised along the z-axis. Here, p.,(7,t) shows the same
oscillations periods at the respective edges as those characterising the x-polarised
case in fig. 5.5. The crucial difference resides in the antisymmetry of p.,(7,t) with
respect to the o, plane, in accordance with the A” symmetry of the core-excited
states involved. As a consequence, the corresponding oscillation of p.,(r,t) takes
place along the z-axis.
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Figure 5.6: Snapshots of pey(r,t) relative to the excitation considering a pulse linearly
polarised along the z-axis. The upper panel is relative to the excitation at the O K-Fdge,
the lower panel to the excitation at the N K-Edge. The orientation of the azes is illustrated
in the lower left corner.
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5.2.3 xz polarisation

The time-evolution of p.4(r,t), considering a pulse linearly polarised at 45 degrees
in the o,. plane, is represented in fig. 5.7. Here, both at the O K-Edge and at
the N K-Edge, pc,(7,t) undergoes a rotational motion around the y-axis, with the
handedness of the rotation being the same at both edges. The rotational motion
can be seen as deriving from the combination of the A’-symmetric and the A”-
symmetric components with the appropriate relative phase, which results in the
rotation of p.,(r,t) about the y-axis in the o,, plane.
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Figure 5.7: Snapshots of pa(r,t) relative to the excitation with a pulse linearly polarised
at 45 degrees in the oy, plane. The upper panel is relative to the excitation at the O K-
Edge, the lower panel to the excitation at the N K-Edge. The orientation of the axes is
illustrated in the lower left corner.



5.2. peg(r,t) component 101

5.2.4 Rxy and Lxy polarisations

The time-evolution of p.,4(r,t), considering a right-handed, circularly polarised pulse
in the o, plane, is represented by the snapshots in fig. 5.8. Here, p.,(7,t) is shown
in the o,, plane since, consistently with the handedness of the circular polarisation,
its time-evolution corresponds to a rotational motion about the z-axis. The spatial
distribution of pg4(r,t) is symmetric with respect to the o,, plane, in accordance
with the A’ symmetry of the core-excited states involved. The characteristics of
peg(T,t), obtained by considering a left-handed, circular polarisation, coincide with
those shown in fig. 5.8 for the right-handed case, the sole difference being the left-
handed rotation of p.,(r,t) in the o, plane.
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Figure 5.8: Snapshots of pa(r,t) relative to the excitation with a right-handed, circularly
polarised pulse in the ozy plane. The upper panel is relative to the excitation at the O
K-FEdge, the lower panel to the excitation at the N K-Edge. The orientation of the azes is
illustrated in the lower left corner.
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5.3 A(r,t) component

5.3.1 x polarisation

The most prominent populations of the core-excited states, excited by means of a
pulse linearly polarised along the x-axis, are shown as dashed curves in fig. 5.9. In
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Figure 5.9: Most prominent populations relative to an excitation with a pulse linearly
polarised along the z-axis. The dashed lines indicate the populations of the single core-
excited states, the green solid line the total population of the core-excited states, while the
red solid line the (opposite of) ground state depopulation. The upper panel is relative to
the excitation at the O K-Edge, the lower panel to the excitation at the N K-Edge.

accordance to the selection rules, only A’-symmetric core-excited states are popu-
lated. Apart from the 6°A’ state, different states are populated at the two edges,
with the 5¢A’ state showing the largest population at the O K-Edge and the 8°A’
state showing the largest population at the N K-Edge. The green and red solid
curves in fig. 5.9 represent the sum of the populations of the core-excited states,
ps., and the (opposite of the) depopulation of the ground state, —,0529), respectively.
The shape of both curves is indicative of the detuning of the excitation energies
associated with the A’-symmetric states with respect to the 1s — 7* transition. As
shown in table 5.2, such detuning are bigger at the N K-Edge than at the O K-Edge,
which is reflected in the shapes of the p°. and —péQg) curves. The time-evolution of
Acy(r,t), corresponding to the populations shown in fig. 5.9, is shown in fig. 5.10.
At 400 as a positively-valued region of A (7, 1) is localised on O or N, depending
on the excitation being at the O K-Edge or N K-Edge. The regions disappear as
time progresses through the 1000 as and 2000 as snapshots, which show the grad-
ual prevalence of the negatively-valued regions. As shown in fig. 5.9, this is due to
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the decay of p?. and the consequent prevalence of —péZQ), which leads eventually to
Agy(r,t) = —pgg(r).
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Figure 5.10: Snapshots of Aqg(r,t) relative to the excitation considering a pulse linearly
polarised along the x-axis. The upper panel is relative to the excitation at the O K-FEdge,
the lower panel to the excitation at the N K-Fdge. The orientation of the axes is illustrated
in the lower left corner.

Advantage of the non-truncated implementation

The comparison between pfg) and p?. allows to showcase the advantages of the non-

truncated implementation. In the perturbative model applied in this work, the
depopulation of the ground state corresponds to the total })opulation of the core-
2

excited states, i.e. | ,05(7?| = |ps.|. The expression for pf]g depends on a second

order probability amplitude, aéz) (), whose calculation involves the evaluation of a
SOS. On the other hand, each term composing p;. is obtained as a product of first
order probability amplitudes, atV (), whose calculation ’simply’ involves a transition
dipole moment. Within a ’truncated’ approach, the SOS would be truncated in
terms of the manifold of considered core-excited states and built in terms of the
same transition dipole moments involved in the calculation of p?.. In this context,
| ngg)| = |ps.| by construction at every level of truncation. However, how can it be
established a priori, within the given set of pulse parameters, how many core-excited
states need to be considered to obtain ‘converged’, quantitatively correct values for
| pgg) | and |pZ.|? The non-truncated’ approach to the calculation of the SOS solves
this problem by formally including all the intermediate states; this allows to obtain
the 'converged’ result for every set of pulse parameters. Two examples are shown in
fig. 5.11, where — pg,) and pg, (in the interaction picture) are compared in the context
of two excitations considering pulses with a bandwidth of 8 eV and 5 eV. The relative
contribution to pJ. from each core-excited state is shown by the respective coloured
bar in the stack present in each plot. In both cases, —pgq) provides the ’converged’
limit, giving a quantitative reference as to how many core-excited states to include
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Figure 5.11: Comparison between —pg,) and p;. in the interaction picture relative to the

excitation at the O K-Edge with o pulse linearly polarised along the z-azxis. The upper panel
is relative to a pulse bandwidth of 8 eV, the lower panel to a pulse bandwidth of 5 eV. The
full bars correspond to ps., with the coloured blocks representing the relative contributions
from each core-excited state.

in the description to satisfy |p§29)| = |p.| for every set of pulse parameters. On
one hand, this allows to understand how many core-excited states are necessary to
completely describe the core-excitation within the given set of pulse parameters.
On the other hand, this result implies that the values obtained for pgf,) and p%),
which depend on the non-truncated calculation of the SOS, are 'converged’ within
the given set of pulse parameters. This allows to avoid lengthy convergence studies
while consistently obtaining an accurate description of the ISRIXS process across
different systems.
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5.3.2 1z polarisation

The most prominent populations of the core-excited states, excited by means of
a pulse linearly polarised along the z-axis, are shown as dashed curves in fig. 5.12.
Here, in compliance with the selection rules, only A”-symmetric states are populated.
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Figure 5.12: Most prominent populations relative to an excitation with a pulse linearly
polarised along the z-axis. The dashed lines indicate the populations of the single core-
excited state, the green solid line the total population of the core-excited states while the red
solid line the (opposite of) ground state depopulation. The upper panel is relative to the
excitation at the O K-Fdge, the lower panel to the excitation at the N K-Fdge.

Since the central frequency of the pulse is set resonant to the 1s — 7* line, the total
population of the core-excited states is dominated, both at the O K-Edge and N K-
Edge, by the 1°A” state. The small population of the other levels is due both to the
large detuning of their excitation energies from the 1s — 7* line and to the smaller
transition dipole moments associated to them. The time-evolution of A.,(r,?),
corresponding to the populations in fig. 5.12, is represented by the snapshots shown
in fig. 5.13. At 400 as positively-valued regions form in correspondence to O at the
O K-Edge and N at the N K-Edge. In addition to that, positively-valued regions
are also present on C2 and C1 at the O K-Edge and on C1 at the N K-Edge.
This explains the presence of the same regions in pa(r,t) in fig. 5.2 and indicates
a smaller degree of localisation on the pumped atom than the x-polarised case in
fig. 5.10. The time-evolution continues as in the x-polarised case, i.e. the negatively-
valued regions progressively prevail on the positively-valued regions, with A.4(r,?)
eventually coinciding with —p,,(r).



106 Chapter 5. Wave packet in Oxazole

O 400 as 1000 as 2000 as \9/6

® . . e ©
® o A ¢ o ¥ |
0 0 o .
o
I,’\
N 400 as 1000 as 2000 as N

® ° @3@

Figure 5.13: Snapshots of Aqq(r,t) relative to the excitation with a pulse linearly polarised
along the z-axis. The upper panel is relative to the excitation at the O K-Edge, the lower
panel to the excitation at the N K-Edge. The orientation of the axes is illustrated in the
lower left corner.
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5.3.3 xz polarisation

The most prominent populations of the core-excited states, excited by means of
a pulse linearly polarised at 45 degree in the o,, plane, are shown as dashed and
dash-dotted curves in fig. 5.14. Both at the O K-Edge and at the N K-Edge, the
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Figure 5.14: Most prominent populations relative to an excitation with a pulse linearly
polarised at 45 degrees in the oy, plane. The dashed lines indicate the populations of the
A’-symmetric core-excited states, the dash-dotted lines indicate the populations of the A”-
symmetric core-excited states, the green solid line the total population of the core-excited
states while the red solid line the (opposite of) ground state depopulation. The upper panel
is relative to the excitation at the O K-Edge, the lower panel to the excitation at the N
K-FEdge.

largest population is associated to the 1°A” state. While at the N K-Edge the
population of the 1°A” state dominates over the other populations, at the O K-
Edge the distribution of the populations between the A’-symmetric and the A”-
symmetric states is more balanced. The distribution of the populations is reflected
in the characteristics of Ay(r,t), snapshots of which are shown in fig. 5.15. In
the 400 as snapshot at the O K-Edge, the positively-valued region of A.,(r,?) is
localised solely on O. This distribution resembles that of the analogous snapshot
in the x-polarised case in fig. 5.10, indicating the prevalence of the A’-symmetric
contributions to Ay (7,t). On the other hand, in the 400 as snapshot at the N K-
Edge, A.y(r,t) shows positively-valued regions in correspondence of both the N and
C1 atoms, consistently with the characteristics of the A”-symmetric contributions
to Acy(r,t) (shown in the z-polarised case in fig. 5.12) and the dominant role of the
1¢A” state’s population shown in fig. 5.14. The subsequent time-evolution, described
by the 1000 as and 2000 as snapshots, takes place similarly to the x-polarised and
z-polarised cases analysed in the previous sections.
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Figure 5.15: Snapshots of Aqq(r,t) relative to the excitation with a pulse linearly polarised
at 45 degrees in the o, plane The upper panel is relative to the excitation at the O K-Edge,
the lower panel to the excitation at the N K-Fdge. The orientation of the axes is illustrated
in the lower left corner.
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5.3.4 Rxy and Lxy polarisations

The most prominent populations of the core-excited states, excited by means of a
right-handed, circularly polarised pulse in the o,, plane, are shown as dashed curves
in fig. 5.16. Only the right-handed case will be discussed here since the results
obtained in the left-handed case are exactly the same. Since the pulse polarisation
is parallel to o,, only A’-symmetric states are excited. As can be seen in fig. 5.17,

x10~4

———— 2CA/
———— 5CA/
—— 7CA/
———— 8CA/
- pgc

(2)

——— 3CA/
6CA/
- 8CA/
-—-= 11°A’
— P

— _,@
Pgg

Time (fs)

Figure 5.16: Most prominent populations as a function of time relative to an excitation
with a right-handed, circularly polarised pulse in the oy, plane. The dashed lines indicate
the populations of the single core-excited states, the green solid line corresponds to the total
population of the core-excited states while the red solid line to the (opposite of) ground
state depopulation. The upper panel is relative to the excitation at the O K-Edge, the lower
panel to the excitation at the N K-Edge.

this leads A, (7, %) to possess similar properties to those relative to the x-polarised
case in fig. 5.10. In fact, at 400 as the positively-valued region of A.,(r,t) is very
localised on the pumped atom, with A.,(7,t) being negatively-valued in the rest of
the molecule. Finally, as time progresses through the 1000 as and 2000 as snapshots,
Acy(r,t) behaves very similarly to the other polarisation cases considered so far.
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Figure 5.17: Snapshots of Aqy4(r,t) relative to the excitation considering a right-handed,
circularly polarised pulse in the oy, plane. The upper panel is relative to the excitation at
the O K-FEdge, the lower panel to the excitation at the N K-Edge. The orientation of the
azes 1s llustrated in the lower left corner.
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5.4  pyy(r,t) component

The first part of each analysis conducted in this section focuses on the WP prepa-
ration. As discussed in the xz-polarized case of OCS, the preparation corresponds
to the creation of an initial intramolecular electronic redistribution, which grows
statically in size while the pulse intensity builds up. As the pulse reaches its peak
intensity and begins to fade, the WP motion is released, triggering the electronic
migration across the molecule. The first part focuses on the analysis of the time-
point marking the end of the WP preparation and the beginning of its motion. This
time-point corresponds to the photochemically ’activated’ state of the molecule —
which is analogous to the 'reagent’ time-point proposed by Tremblay et al. [128,
129] — whose properties depend on those of the pulse and determine the character-
istics of the subsequent electronic dynamics. The analysis of the ’activated’ state
point is also important for the investigation of the ISRIXS process. In fact, it is
at this time-point that, if present, the initial atom-specific electronic localisation
induced by ISRIXS should be observed. The second part of the analyses focuses on
the electronic migration following the WP preparation, on its dependence on the
characteristics of the ’activated’ state and on the pulse parameters.
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5.4.1 x polarisation

The excitation at the O K-Edge with a pulse polarised along the x-axis prepares the
coherences p,,(t) shown in the left panel of fig. 5.18. According to the selection rules,
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Figure 5.18: Preparation of 2Re{pyy(t)} during the pulse (left) relative to the excitation
at the O K-Edge with a pulse linearly polarised along the x-axis. The right panel shows the
imiatial electronic distribution prepared during the excitation.

only coherences relative to A’-symmetric valence-excited states are excited. In par-
ticular, the coherences 3A’, 6A" and 7A’ provide the most prominent contributions.
The preparation of the coherences takes place as the pulse intensity progressively
builds up, determining the static growth of p,,(r,t) until about 0 as. At this point,
pug(T,t) presents the spatial distribution displayed in the right panel of fig. 5.18.
Here, the positively-valued regions are mainly localised on O, N and C1, with traces
also on C2. As the pulse fades, the electronic migration is released following a mech-
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Figure 5.19: Snapshots of pyg(r,t) relative to the excitation at the O K-Edge with a
pulse linearly polarised along the z-axis. The snapshots illustrate the clockwise electronic
migration in the time period comprised between 400 as and 830 as.

anism seemingly including three 'modes’: the oscillation of the regions centred on O
and N, a clockwise rotation and an anticlockwise rotation. The rotational motion is
observed as positively-valued regions of p,,(r,t) accumulate alternatively on C1, C2
or C3. An example of clockwise migration is shown in fig. 5.19, where the positively-
valued region on C1 at 400 as moves on C3 at 630 as and subsequently on C2 at 830
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as. The clockwise rotation prevails during the first 1400 as of the time-evolution,
during which it is accompanied by the in-phase oscillation of the regions localised
on N and O. As the oscillation of these regions becomes progressively out-of-phase,
Pug(T,t) accumulates on C3 from which it moves alternatively towards C1 and C2
until about 1960 as. This suggests a 'competition’ between the clockwise and an-
ticlockwise modes, with the latter prevailing until about 2500 as. An example of
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Figure 5.20: Snapshots of pugy(r,t) relative to the excitation at the O K-Edge with a pulse
linearly polarised along the z-axis. The snapshots illustrate the anticlockwise rotational
motion between 2150 as and 2500 as

anticlockwise migration is shown in fig. 5.20 where, after having departed from C2
at 1960 as, pyq(r,t) migrates to C3 at 2150 as, to C1 at 2280 as and back to C2 at
2500 as. After 2500 as, the electronic dynamics are characterised by the competition
between the clockwise and anticlockwise modes, with positively-valued regions oscil-
lating between C1 and C2. Meanwhile, the regions centred on O and N resume their
in-phase oscillation, which is accompanied by a renewed prevalence of the clockwise
rotational mode between about 3300 as and 3630 as. The excitation at the N K-
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Figure 5.21: Preparation of 2Re{pyq(t)} during the pulse (left) relative to the excitation
at the N K-Edge with a pulse linearly polarised along the z-axis. The right panel shows the
wnitial electronic distribution prepared during the excitation.

Edge leads to a different coherent population of the valence-excited states compared
to the O K-Edge case. In fact, as shown in the left panel of fig. 5.21, the main
contributions come from the 114" and 9A’ valence-excited states. The preparation
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of the coherences during the pulse build-up, leads, as shown in the right panel of
fig. 5.21, to the initial accumulation of p,,(7,t) on N, with some trace being present
also on O. This is the starting point of the electronic motion, which is released as
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Figure 5.22: Snapshots of pyg(r,t) relative to the excitation at the N K-Edge with a pulse
linearly polarised along the z-axis. The snapshots illustrate the clockwise circular electronic
migration taking place between about 3240 as and 3700 as.

the pulse fades. The electronic motion unfolds mostly in terms of the oscillation
of the regions on N and O, whose oscillation is out-of-phase during the first 2500
as of pyy(T,t)’s time-evolution. During the same period — besides some faint hints
during the first 680 as — no circular electronic migration is established across the
molecule. On the other hand, the migration manifests as an oscillation between
couples of C atoms centred on C3. After 2500 as, the oscillation of the regions on
N and O gradually becomes in-phase. This coincides with the establishment of a
clockwise circular migration starting from about 3000 as. This clockwise motion is
represented in fig. 5.22, where a positively-valued region departs from C3 at 3240
as, quickly reaching C2 at about 3330 as, C1 at 3540 as and eventually returning
to C3 at 3700 as.
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5.4.2 1z polarisation

The coherences p,,(t) excited at the O K-Edge by a pulse polarised along the z-
axis are shown in the left panel of fig. 5.23. In accordance with the selection rules,
only A’-symmetric valence-excited states are coherently populated, with the most
prominent contributions being associated with the 3A’, 6A’ and 2A’ valence-excited
states. As the pulse grows in intensity, the coherences go through an oscillation
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Figure 5.23: Preparation of 2Re{pyq(t)} during the pulse (left) relative to the excitation
at the O K-Edge with a pulse linearly polarised along the z-axis. The right panel shows
a snapshot of pyg(r,t) corresponding to the ‘early’ phase of the coherences preparation,
preceding the pulse intensity peak at 0 as.

centred at about 0 as. This leads to an ’early’ build-up of the electronic density —
until about 25 as before the pulse’s peak intensity — to the configuration shown in
the right panel of fig. 5.23. Here, the excitation appears to be centred mostly on
O, with positively-valued regions accumulating both on O and N. The oscillation of
the coherences around 0 as leads to a change in the electronic distribution within
pug(r,t), which at about 120 as assumes a configuration similar to that shown
in fig. 5.18 for the x-polarised case. From this point, the electronic dynamics are
characterised by the relative oscillation of the regions centred on N and O and by the
alternation of clockwise and anticlockwise motions. The clockwise rotational motion
prevails until about 1560 as, manifesting as a circulation of positively-valued regions
of pyy(r,t) across the C atoms. An example of this is shown in fig. 5.24, where the
positively-valued region on C3 at 800 as moves in a clockwise direction on C2 at
980 as, on C1 at 1140 as and returns on C3 at 1300 as. As the clockwise migration
proceeds, the electronic density shows a tendency to accumulate on C3, which is
accompanied by the inversion of the migration to an anticlockwise direction until
about 2700 as. An example of anticlockwise migration is shown in fig. 5.25, which
starts from C1 at 1930 as, moving to C2 at 2150 as, to C3 at 2285 as and back to C1
at 2460 as. The snapshot at 2460 as shows also a smaller accumulation of electronic
density on C2, which preludes the renewed prevalence of the clockwise migration in
the rest of the examined dynamics.
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Figure 5.24: Snapshots of pyg(r,t) relative to the excitation at the O K-Edge with a
pulse linearly polarised along the z-axis. The snapshots illustrate the clockwise migration
of pug(r,t) in the time-interval comprised between 800 as and 1300 as.
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Figure 5.25: Snapshots of pug(r,t) relative to the excitation at the O K-Edge with a pulse
linearly polarised along the z-axis. The snapshots illustrate the anticlockwise migration of
Pug(T,t) in the time-interval comprised between 1930 as and 2460 as.
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The coherences p,4(t) relative to the excitation at the N K-Edge are shown in
the left panel of fig. 5.26, where the main contributions come from the 34", 6A" and
11 A’ valence-excited states. As for the excitation at the O K-Edge, the coherences
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Figure 5.26: Preparation of 2Re{pyy(t)} during the pulse (left) relative to the excitation
at the N K-FEdge with a pulse linearly polarised along the z-axis. The right panel shows
a snapshot of pyg(r,t) corresponding to the ’early’ phase of the coherences preparation,
preceding the pulse intensity peak at 0 as.

go through an oscillation around 0 as; the ’early’ build-up of the coherences — until
about 25 as before the pulse peak intensity at 0 as — corresponds to an initial
accumulation of electronic density mostly on N and C1, as shown in the right panel
of fig. 5.26. Following the oscillation around 0 as, p,,(7,t) builds up until about 150
as to the configuration shown in the corresponding snapshot in fig. 5.27. Here, large
positively-valued regions localise especially on N and C2, with smaller regions being
present also on O and C1. Starting from 150 as, the electronic migration unfolds in a
clockwise direction, which is accompanied by the oscillation of the regions centred on
N and O. The clockwise migration, illustrated in the snapshots in fig. 5.27, continues
until about 750 as.
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Figure 5.27: Snapshots of pyg(r,t) relative to the excitation at the N K-Edge with a pulse
linearly polarised along the z-axis. The snapshots illustrate the clockwise migration in the
time-interval comprised between 150 as and 750 as.

After this moment, until about 2070 as, the electronic density starts an oscillation
which, as illustrated in the snapshots shown in fig. 5.28, takes place between C3 and
the other C atoms. This suggests that a 'competition’ is established between the
clockwise and anticlockwise 'modes’, with neither mode prevailing on the other.
Accordingly, the electronic migration does not unfold as a circular motion in the
subsequent moments, but rather according to oscillations between pairs of C atoms.
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Figure 5.28: Snapshots of pue(r,t) relative to the excitation at the N K-Edge with a pulse
linearly polarised along the z-axis. The snapshots illustrate the oscillation between C3 and
the other C' atoms in the time interval comprised between 1570 as and 2070 as.
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5.4.3 xz polarisation

The coherences prepared by a pulse polarised at 45 degrees in the o,, plane and
relative to the excitation at the O K-Edge are shown in the left panel of fig. 5.29.
In compliance with the selection rules, coherences relative to both A’-symmetric
and A”-symmetric valence-excited states are excited. The main contributions come
from the 3A’, 6A" and 2A’ valence-excited states, with the contributions from the
A" valence-excited states being negligible. As in the z-polarised case, the coherences
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Figure 5.29: Preparation of 2Re{p,q(t)} during the pulse (left) relative to the excitation
at the O K-Edge with a pulse linearly polarised at 45 degrees in the o., plane. The right
panel shows a snapshot of pyy(r,t) corresponding to the initial build-up of the coherences
during their preparation, which precedes the pulse peak intensity at 0 as.

undergo an oscillation centred at about 0 as, which determines an initial build-up
of pug(r,t) until about 100 as before the pulse peak intensity at 0 as. As shown
in the right panel of fig. 5.29, this initial build-up takes place mainly around O,
with a small, positively-valued trace being present also on C1. After undergoing an
oscillation across 0 as, the configuration of p,,(r,t) becomes similar to that shown
in fig. 5.18 for the x-polarised case. Owing to the dominant contributions of the
A’-symmetric valence-excited states, after the initial oscillation around 0 as, the
electronic dynamics unfold similarly to the x- and z-polarised cases: the phased
and dephased relative oscillation of the regions centred on N and O is accompa-
nied by electronic motion in an alternatively clockwise and anticlockwise direction.
Contrary to the O K-Edge case, the excitation at the N K-Edge leads to more promi-
nent contributions from the A”-symmetric states, as can be seen in the left panel
of fig. 5.30. Here, in addition to the contributions from the 3A’, 6A4’, 11A" and 2A’
states, prominent contributions come also from the 1A4” and 6A” states. Similarly
to the O K-Edge, the coherences go through an oscillation centred at about 0 as.
This determines an early build-up of p,4(r,t) to the configuration shown in the right
panel of fig. 5.30. Here, the excitation is localised especially on regions centred on N
and C1. The contribution of the A”-symmetric states is particularly noticeable on
N, where p,4(7,t) is antisymmetric with respect to o,,. As the coherences oscillate
through 0 as, a new configuration of p,,(r,t) is reached — with positively-valued re-
gions localised especially on N and C2, with traces also on O — which is the starting
point of the electronic dynamics. These develop according to mechanisms similar to
those encountered in the previous polarisation cases: the oscillation of the regions
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Figure 5.30: Preparation of 2Re{pyg(t)} during the pulse (left) relative to the excitation at
the N K-FEdge with a pulse linearly polarised at 45 degrees in the o, plane. The right panel
shows a snapshot of pug(T,t) relative to the initial build-up of the coherences, preceding the
pulse peak intensity at 0 as.

centred on N and O is accompanied by the alternation of clockwise or anticlockwise
electronic circulations, which often ’compete’ with each other determining momen-
tary oscillations between couples of C atoms before one of the two 'modes’ prevails.
An instance of anticlockwise migration is pictorially represented in fig. 5.31. Here,
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Figure 5.31: Snapshots of puy(r,t) relative to the excitation at the N K-Edge with a pulse
linearly polarised at 45 degrees in the o, plane. The snapshots illustrate the anticlockwise
magration in the time-interval comprised between 2030 as and 2560 as.

the positively-valued region on C3 at 2030 as transfers to C1 and then quickly to
C2, as shown in the 2380 as snapshot. Another quick transfer between C2 and C3
concludes the circular migration, with the electronic density accumulating on C3 at
2560 as. An interesting feature of the dynamics is the motion of the electronic den-
sity between the two sides of the o, plane. This motion manifests as a 'rotation’
of the lobes centred on each atom about the x-axis, an example of which can be
observed in the evolution of p,,(r,t) around N across the snapshots in fig. 5.31.
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5.4.4 Rxy polarisation

The coherences p,,(t), prepared by a right-handed, circularly polarised pulse in the
o4y plane and relative to the excitation at the O K-Edge, are shown in the left
panel of fig. 5.32. Consistently with the selection rules, only coherences relative to
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Figure 5.32: Preparation of 2Re{pyy(t)} during the pulse (left) relative to the excitation
at the O K-Edge with a right-handed, circularly polarised pulse in the o4y plane. The right
panel shows the initial electronic distribution prepared during the excitation.

A’-symmetric states are excited, with the 3A’, 64" and 2A’ valence-excited states
providing the main contributions. The WP preparation proceeds until about 0 as,
determining the initial electronic distribution shown in the right panel of fig. 5.32.
Here, the electronic density accumulates particularly on O, with a smaller positively-
valued region being present also on N. From the configuration at 0 as, the electronic
dynamics unfold initially in an anticlockwise direction, as shown in the snapshots
in fig. 5.33. Here, a small accumulation on C2 at 140 as precedes, as shown in
the 250 as snapshot, a quick passage through C3 towards N. The anticlockwise
migration continues towards C1, where the density accumulates briefly at around
400 as, before returning at 550 as to a configuration similar to the initial one at 0
as. In the following, the electronic dynamics are characterised by the ’competition’
between the clockwise and anticlockwise rotational modes; this leads to the periodic
alternation of the electronic migration’s direction, which is accompanied by the
progressive de- and rephasing of the oscillation of the regions centred on N and O.



5.4. pyg(r,t) component 123

O 140 as 250 as
A

6 )
3 @4 l
@

/rl/
PN
550 as 400 as o
IN4
o®

@ ‘ e ©
@ -0

Figure 5.33: Snapshots of pyg(r,t) relative to the excitation at the O K-Edge with a right-
handed, circularly polarised pulse in the oy plane. The snapshots illustrate the initial,
anticlockwise intramolecular electronic migration — started at 0 as — unfolding in the time-
interval between 140 as and 550 as.
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The excitation at the N K-Edge is characterised, as shown in the left panel of
fig. 5.34, by prominent contributions from the 84’ 9A’, 114", 6A" and 7A’ valence-
excited states.
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Figure 5.34: Preparation of 2Re{pyy(t)} during the pulse (left) relative to the excitation
at the N K-Edge with a right-handed, circularly polarised pulse in the oy plane. The right
panel shows the initial electronic distribution prepared during the excitation.

The preparation stage corresponds to the static growth of p,,(r,t) until about
0 as to the configuration shown in the right panel of fig. 5.34. Oppositely to the
excitation at the O K-Edge in fig. 5.32, the electronic density accumulates mostly
on N, with some traces of positively-valued density being present also on O. The
subsequent electronic dynamics proceed initially through an oscillation involving N,
C1, O and C2; this leads to the progressive accumulation of electronic density on C2,
which has its peak at about 700 as. From this point, the electronic dynamics follow
the anticlockwise pathway described in the snapshots in fig. 5.35. Here, at 1000 as
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Figure 5.35: Snapshots of pye(r,t) relative to the excitation at the N K-Edge with a
right-handed, circularly polarised pulse in the o, plane. The snapshots illustrate the anti-
clockwise intramolecular migration of pyq(r,t) in the time-interval comprised between 1000
as and 1500 as.
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the electronic density accumulates on C3, before moving across N towards C1 and
then rapidly to C2, as shown in the 1150 as snapshot. At about 1500 as the circular
migration reaches C3, where p,,(7,t) presents a bigger dimension compared to the
1000 as snapshot. The tendency of the electronic density to accumulate on C3 is
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the main feature of the subsequent dynamics, which continue in an anticlockwise
direction until about 2000 as. At this point, an oscillation centred on C3 starts, with
an alternative accumulation of the electronic density on C2 and (mostly) on C1. As
in the other cases, the circular migration of the electronic density is accompanied
by the relative oscillation of the regions centred on O and N.

5.4.5 Lxy polarisation

The coherences p,,(t), prepared by a left-handed, circularly polarised pulse in the
0y plane and relative to the excitation at the O K-Edge, are shown in the left panel
of fig. 5.36. The components associated to the 34", 6A’, 8A" and 2A’ valence-excited
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Figure 5.36: Preparation of 2Re{pyq(t)} during the pulse (left) relative to the excitation
at the O K-Edge with a left-handed, circularly polarised pulse in the o4y plane. The right
panel shows the initial electronic distribution prepared during the excitation.

states provide the most prominent contributions to p,,(r,t). The preparation of the
coherences proceeds until about 0 as and is associated with the progressive initial
accumulation of the electronic density on O. This is shown in the right panel of
fig. 5.36, where the biggest positively-valued region is centred on O, with a little
trace being present also on N. From this point, the electronic dynamics proceed first
as an oscillation along an arc comprised between O and C3. This is illustrated in
fig. 5.37 where, following a fast transfer between O and N via C1, the migration
proceeds towards C3 via N — which exchange the electronic density as shown in the
250 as snapshot — subsequently inverting its direction and migrating back towards
O through C1, where the electronic density transiently accumulates at 400 as. After
reaching O, the electronic migration inverts again its direction, with the electronic
density migrating back to C3, where the density accumulates at around 650 as.
From this point, the electronic migration unfolds according to oscillations between
couples of C atoms and the relative oscillation of the regions centred on N and O,
without the prevalence of a clockwise or anticlockwise rotation. In particular, the
competition between the rotational 'modes’ leads to the transient accumulation of
density mostly on one single C atom — changing with time as the migration proceeds
— which acts as the centre of the oscillation with respect to the other C atoms.
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Figure 5.37: Snapshots of pyy(r,t) relative to the excitation at the O K-Edge with a left-
handed, circularly polarised pulse in the 0.y plane. The snapshots illustrate the oscillation

along the ’arc’ including between O, C1, N and C3, unfolding in the time-interval between
250 as and 650 as.

The preparation of the WP considering the excitation at the N K-Edge is de-
scribed in fig. 5.38. The left panel shows how the main contributions are associated
with the 8A4’, 6A" and 9A’ valence-excited states. As shown in the right panel of
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Figure 5.38: Preparation of 2Re{pyy(t)} during the pulse (left) relative to the excitation
at the N K-Edge with a left-handed, circularly polarised pulse in the o4y plane. The right
panel shows the initial electronic distribution prepared during the excitation.

fig. 5.38, the preparation of the coherences corresponds to the initial accumulation
of the electronic density on N (with some traces also on O) until about 0 as. As the
pulse fades, the electronic density departs from N, proceeding until about 700 as in
a clockwise direction. The first step of this migration — represented in the 130 as
in fig. 5.39 — corresponds to the motion towards C2, where the density arrives after
a fast passage through C3. The motion proceeds towards C1 at about 340 as, C3
at about 570 as eventually reaching C2 at about 690 as. From this moment, the
density shows a tendency to accumulate especially on C3 and oscillate alternatively
with respect to C2 and (especially) to C1. As in all the other cases, the migration
across the C atoms is accompanied by the relative oscillation of the regions centred
on N and O.
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Figure 5.39: Snapshots of pyg(r,t) relative to the excitation at the N K-Edge with a left-
handed, circularly polarised pulse in the oz, plane. The snapshots illustrate the clockwise
electronic migration unfolding in the first 690 as, which started from N at 0 as.
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5.5 p.(r,t) component

5.5.1 x polarisation

The most prominent coherences, excited with a pulse linearly polarised along the
x-axis, are shown in fig. 5.40. At the O K-Edge, the dominant coherences are those
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Figure 5.40: Time-evolution of 2 Re{p. (1)} relative to the excitation with a pulse linearly
polarised along the x-axis. The upper panel is relative to the excitation at the O K-FEdge,
the lower panel to the excitation at the N K-FEdge. The yellow Gaussian corresponds to the
time-domain pulse envelope, whose intensity scale is not shown.

relative to the 24" — 5°A’ and 5°A’ — T7¢A’ transitions, with the 2°A" — T¢A’
coherence playing a smaller role. The corresponding time-evolution of p..(7,t) is
described in the snapshots shown in the upper panel of fig. 5.41; here, only the
density distribution in the o,, plane is shown, owing to the symmetric distribu-
tion with respect to the same plane. The 200 as snapshot in fig. 5.41 is relative
to the end of the p..(t) preparation, which roughly corresponds to the peak of the
coherences’ linear growth in fig. 5.40. A complex distribution of positively-valued
and negatively-valued regions spreads over all the atoms, with a concentration of
negatively-valued density localising in particular in the region between C3 and N.
Given the domination of the 2°A" — 5°A" and 5°A’ — T7°A’ coherences, the time-
evolution of p..(r,t) corresponds to the oscillation of the configuration found at 200
as. As time progresses, the p.-(r,t) progressively fades’ reflecting the exponential
decay of the coherences. In addition to this general trend, the 1000 as and 3000 as
snapshots show examples relative to particular moments in the interference pattern
of the coherences in the upper panel of fig. 5.40. For example, the 1000 as snapshot
corresponds to an instant where the amplitude of the 2°A” — 7¢A’ coherence is big-
ger than the other coherences. This allows to see the structure of the 2¢A” — 7¢A’
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Figure 5.41: Snapshots of pe«(r,t) relative to the excitation with a linearly polarised
pulse along the z-axis. The upper panel is relative to the excitation at the O K-Edge, the
lower panel to the excitation at the N K-Edge. The orientation of the axes is illustrated in
the lower left corner.

contribution to p..(r,t) which, as seen in the upper panel of fig. 5.41, concerns
mainly the region including C2, O and C1. Similar characteristics are found in the
3000 as snapshot, which corresponds to an instant where all the involved coherences
interfere with the same amplitude. Compared to the 1000 as snapshot, positively-
valued regions form in particular between C1 and O and in the region above C2,
where a negatively-valued region at 1000 as is replaced by a small positively-valued
region. Considering the excitation at the N K-Edge, the most prominent coherences
are shown in the lower panel of fig. 5.40. All the coherences are relative to transi-
tions involving the 8°A’ core-excited state, with the amplitude of the 6°A’ — 8<A’
coherence being the biggest. Accordingly, the preparation stage is dominated by
the 6°A" — 8°A’ coherence, culminating into the distribution of p.«(7,t) shown in
the 150 as snapshot in the lower panel of fig. 5.41. At this point, the density is
distributed across the whole molecule, with a slight polarisation towards the re-
gion around N, C3 and C2. Similarly to the 200 as snapshot at the O K-Edge, a
complex distribution of negatively- and positively-valued regions is present. The
time-evolution of p..(7,t) is strongly influenced by the 6°A" — 8°A’ component,
with the contributions corresponding to the other coherences emerging only at some
particular moments. One of these moments is captured in the 700 as snapshot,
which corresponds to a point in the time-evolution at which the 64’ — 8°A’ coher-
ence equals zero. Here, the distribution of p..(7,t) shows positively-valued regions
localised predominantly around C1 and C3, with a relatively pronounced negatively-
valued region located on N. On the other hand, the 1400 as snapshot corresponds
to an instant at which only the 6°A"” — 8°A’ coherence is non-zero. This allows to
appreciate the characteristics of the associated transition density, whose distribution
includes negatively-valued regions localised on O, N and extending over C2 and C3.
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5.5.2 z polarisation

The time-evolution of the main coherences p..(t), excited by a pulse linearly po-
larised along the z-axis, is shown in fig. 5.42. Consistently with the related pop-
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Figure 5.42: Time-evolution of 2Re{p.x (t)} corresponding to the excitation with a pulse
linearly polarised along the z-axis. The upper panel is relative to the excitation at the O K-
Edge, the lower panel to the excitation at the N K-Edge. The yellow Gaussian corresponds
to the time-domain pulse envelope, whose intensity scale is not shown.

ulations shown in fig. 5.13, both at the O K-Edge and N K-Edge, the dominant
contributions involve the 1°A” core-excited state. At the O K-Edge, the dominant
coherence corresponds to the 1°A” — 6°A” transition, which interferes with the
coherence relative to the 1°A” — 5°A” transition. The corresponding transition
densities (shown in fig. 5.43) are symmetric with respect to the o,, plane, con-
sistently with the fact that the two states involved in the transition belong to the
same irreducible representation. The 1°A” — 5°A” transition density spreads mostly
over C2 and C3, with a (positively-valued) region being present also on O. On the
other hand, the 1°A” — 6°A” transition density involves mostly O and C1, with
positively-valued traces on N and C2 and negatively-valued traces on C3. Some
exemplary snapshots of the time-evolution of p..(7,t), relative to the excitation at
the O K-Edge, are shown in the upper panel of fig. 5.44. At 300 as the 1°A” — 5¢A”
and 1°A” — 6°A” coherences have opposite signs (vide fig. 5.42) with the ampli-
tude of the former smaller than that of the latter. This corresponds to the density
distribution shown in fig. 5.44, with positively-valued regions on C1 and C2 and a
negatively-valued region on O. At 380 as the amplitudes of the 1°A” — 6°A” and
1¢A” — 5°A” coherences are comparable, which allows the emergence of the contri-
bution from the 1°A” — 5°A” component. Correspondingly, especially on C2 and
C3, pee(r,t) assumes a distribution similar to the (opposite of) the 1°A” — 5°A”
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Figure 5.43: Transition densities p.o(r) associated to the 1°A” — 5°A” transition (left)
and to the 1°A” — 6°A” transition (right), relative to the calculation at the O K-Edge.
Blue is positive, red is negative. The orientation of the axes is illustrated in the lower left
corner.

transition density in fig. 5.43. At 700 as the 1°A” — 6°A” and the 1°A” — 5°A”
coherences combine with the same signs, determining (in the corresponding snap-
shot in fig. 5.44) the formation of negatively-valued regions on C2, C3 and O and
of positively-valued regions on C1 and N. Considering the excitation at the N K-
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Figure 5.44: Snapshots of pe«(r,t) relative to the excitation with a linearly polarised
pulse along the z-axis. The upper panel is relative to the excitation at the O K-Edge, the
lower panel to the excitation at the N K-Edge. The orientation of the axes is illustrated in
the lower left corner.

Edge, the domination of the 1°A” — 2¢A” coherence (shown in the lower panel of
fig. 5.42), translates in the oscillation of p..(r,t) between the distributions at 700
as and 1400 as snapshots in the lower panel of fig. 5.44. Here, together with the
lobes centred on the atoms, the oscillation involves especially the interatomic region
between C3 and N, with smaller contributions from the interatomic regions between
O and C3 and between O and C2. The 1050 as snapshot corresponds to a moment
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where the 1°A” — 2°A” coherence goes through zero. This allows the contribution
from the 1°A” — 6°A” component to transiently emerge, which determines a brief
localisation of p.«(7,t) on N.

5.5.3 xz polarisation

The time-evolution of the p.«(t) coherences, excited by a pulse linearly polarised at
45 degrees in the o, plane, is shown in fig. 5.45. At the O K-Edge, the dominant co-
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Figure 5.45: Time-evolution of 2 Re{p. ()} relative to the excitation with a pulse linearly
polarised at 45 degrees in the o, plane. The upper panel is relative to the excitation at
the O K-Edge, the lower panel to the excitation at the N K-FEdge. The yellow Gaussian
represents the time-domain pulse envelope, whose intensity scale is not shown.

herences correspond to transitions between A’-symmetric and A”-symmetric states,
with the 5°A" — 1°A” coherence showing the biggest amplitude. Owing to the dif-
ferent symmetry of the core-excited states involved, the corresponding transition
densities are asymmetric with respect to the o,, plane. As shown in the snapshots
in fig. 5.46, this characteristic allows for a migrative motion of p..(7,t) between
the two sides of 0,,. At 500 as the asymmetric distribution of the positively-valued
regions between the two sides of o, is evident on all the atoms. In particular, at C1
the positively-valued region is larger above o,,, with the opposite happening on C2
and N. The time-evolution of p..(7,t) shown in the 900 as and 1480 as snapshots
corresponds to the oscillation of positively- and negatively-valued regions between
the two sides of o,,. Since the density is asymmetric with respect to o, this
oscillatory motion produces a time-dependent asymmetric distribution of p.. (7, t)
between the two sides of 0,,, i.e. an electronic migration of p..(r,t) across the oy,
plane. The clearest evidence of this migration can be observed on C1, where at
900 as a portion of positively-valued density accumulates below o, subsequently
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migrating above the plane as shown in the 1480 as snapshot. At the N K-Edge,
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q}@
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Figure 5.46: Snapshots of pee (7, t) relative to the excitation at the O K-Edge with a pulse

linearly polarised at 45 degrees in the o, plane. The orientation of the axes is illustrated
in the lower left corner.

coherences relative to transitions between states of both the same symmetry (i.e.
A”) and different symmetry play a prominent role, as it is shown in the lower panel
of fig. 5.45. This entails that p..(r,t) is built from transition densities which are
both symmetric (i.e. when the excitation involves states of the same symmetry) and
asymmetric with respect to the o,, plane. The similar amplitude of the coherences
in fig. 5.45, together with the higher number of ’asymmetric’ coherences, leads the
time-evolution of p.(r,t) to be similar to the O K-Edge case: the oscillation of the
density entails its migration between the two sides of the o,, plane. This can be
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Figure 5.47: Snapshots of per (7, t) relative to the excitation at the N K-Edge with a pulse
linearly polarised at 45 degrees in the o, plane. The orientation of the azes is illustrated
in the lower left corner.

seen in the exemplary snapshots collected in fig. 5.47. The oscillation of the lobes on
C3 and N leads to a small difference of the distribution of p..(r,t) between the two
sides of 0,,. As at the O K-Edge, the migration of p..(r,t) across o, is particularly
evident at C1. Here, at 2600 as a positively-valued region is localised below o,
which migrates above o, at 2900 as and eventually returns below o, at 3200 as.
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5.5.4 Rxy and Lxy polarisations

The time-evolution of the coherences p.(t), relative to the excitation at the O K-
Edge with a right- and left-handed circularly polarised pulse, is shown in fig. 5.48.
While the most prominent coherences are the same for both polarisations, differences
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Figure 5.48: Time-evolution of 2Re{p.(t)} relative to the excitation at the O K-Edge
with a Rzy-polarised (upper panel) and Lzy-polarised (lower panel) pulse in the o4y plane.
The yellow Gaussian represents the time-domain pulse envelope, whose intensity scale is
not shown.

between the two cases emerge already in the preparation stage. In fact, the compar-
ison between the two panels in the time interval between 0 as and 200 as, shows how
the initial phases of the p.-(t) coherences differ. This leads to different interference
patterns over time, which are directly reflected in the properties of p..(r,t). Snap-
shots of p..(r,t)’s time-evolution are shown in fig. 5.49, where the lower and upper
panels correspond to the excitation with a right-handed and left-handed circularly
polarised pulse, respectively. Consistently with the A’-symmetry of the states in-
volved, peo(r,t) is symmetric with respect to the o,, plane. The preparation of
peer (T, t) culminates at about 180 as, at which its distribution over the o,, plane
results similar between the Rxy- and Lxy-polarised cases. In particular, it can be
seen that p.-(7,t) distributes over the whole molecule, showing a 'gap’ between C3
and N. The differences imposed during the preparation of the coherences become
more evident in the subsequent time-evolution. In fact, p..(7,t) shows different
properties in the exemplary snapshots at 700 as and 1800 as, corresponding to the
differences in the interference of the coherences shown in fig. 5.48. At 700 as, the
distribution of p.(r,t) is more localised on C2 and O in the Rxy-polarised case
(upper panel), while it spreads also on C3 and C1 in the Lxy-polarised case. Simi-
larly, at 1800 as differences emerge in the distributions of p..(r,t) especially in the



5.5. pec(r,t) component 135

O 180 as 700 as 1800 as &
€ I

@} e @
s i ‘2€ |
@ c.8 o

®

O 180 as 700 as 1800 as ’\?,%
C o
' e e 6

Ve wée o e ° I;

z

Figure 5.49: Snapshots of peo(r,t) relative to the excitation at the O K-Edge with a
right-handed (upper panel) and left-handed (lower panel), circularly polarised pulse in the
Oy plane. Since pee(r,t) is symmetric with respect to o4y, its distribution in the o4y plane
(as indicated by the azes orientation in the lower left corner).

region including C1, O and C2. The time-evolution of the coherences p..(t), relative
to the excitation at the N K-Edge with a right- and left-handed circularly polarised
pulse, is shown in fig. 5.50. Compared to the excitation at the O K-Edge, a smaller
number of coherences is excited, with the main differences between the Rxy- and
Lxy-polarised cases residing in the initial phase of the coherences associated with
the 34’ — 8°A” and 6°A’ — 8°A’ transitions. The preparation of p..(r,t) termi-
nates at about 150 as, with a distribution of the density which is similar in the Rxy-
and Lxy-polarised cases, as shown in the 150 as snapshot in fig. 5.51. Compared to
the 180 as snapshots in fig. 5.49, a slight polarisation towards N can be noticed in
fig. 5.51 which counteracts the slight polarisation towards O found in fig. 5.49. The
subsequent time-evolution of p..(r,t) prosecutes in slightly different ways in the
Rxy- and Lxy-polarised cases, consistently with the differences in the interference
patterns of the respective coherences. For example, in the snapshots of p..(r,t) at
1000 as, differences emerge in the distributions of the positively-valued regions at
C3 and C1. Similarly, slight differences emerge also at 1600 as, where the positively-
and negatively-valued regions of p.. (7, t) show slightly different distributions around
N, C3 and C1.
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Figure 5.50: Time-evolution of 2Re{p.(t)} relative to the excitation at the N K-Edge
with a Rxy-polarised (upper panel) and Lzy-polarised (lower panel) pulse in the o4y plane.
The yellow Gaussian corresponds to the time-domain pulse envelope, whose intensity scale
is mot shown.
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0zy plane. The orientation of the axes is illustrated in the lower left corner.
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5.6 Summary and discussion

The structure and time-evolution of pa(r,t) is dominated by the p.4(r,t) and
Acy(r,t) components, reflecting the same hierarchy found in OCS. The region of
pa(r,t) centred on the pumped atom is dominated by p.,(r,t); its localisation re-
flects the atom-specificity of the X-Ray excitation, while its spatial orientation and
symmetry depend on the pulse polarisation. In particular, in the x-polarised case
A’ core-excited states are selected, with p.4(r,t) being symmetric with respect to
the o,, plane; conversely, in the z-polarised case A” core-excited states are selected,
making p.,(r,t) antisymmetric with respect to o,,. In the xz-polarised case, the
A’- and A”-symmetric contributions mix with similar weights and a 7/2 relative
phase, leading to the rotation of p.,(r,t) about the y-axis in the o,, plane. On the
other hand, the rotational motion in the o,, plane observed in the circularly po-
larised cases follows from the corresponding rotation of the polarisation vector. As
for OCS, the distribution of pa(r,t) over the rest of the molecule is dominated by
Acy(r,t); its time-evolution reflects the decay of the core-excited states’ population,
which manifests as the gradual prevalence of the negatively-valued regions on the
positively-valued ones. For every choice of pulse polarisation, the positively-valued
region is mostly localised on the pumped atom, extending to the neighbouring C
atoms when A”-symmetric core-excited states are selectively populated. This could
be due to differences in the spatial properties of the core-excitation, which could
be more localised in the case of A’-symmetric core-excited states than in the case
of A”-symmetric ones. The characteristics of p.,(r,t) and A.y(7,t) and their domi-
nant role within pa (7, t) corroborate the conclusions on the nature of the excitation
reached in the OCS study. That is, the energy from the X-Ray pulse is deposited lo-
cally on the pumped atom by specifically exciting the corresponding core-electrons.
The excitation proceeds ’vertically’, creating a superposition of core particle-hole
density pairs specifically localised on a region centred on the pumped atom. This
does not lead to an extensive modification of the intramolecular electronic distri-
bution, which remains substantially limited to the region centred on the pumped
atom.

The dominant components of the excitation represented by p.4(r,t) and A, (7, t)
'hide’ the contributions of the p.(7,t) and p,4(r,t) components, which conversely
support the electronic motion across the molecule. The characteristics of p.. (7, t)
are closely related to the selected excitation edge and the pulse polarisation. The
atomic-specificity of the core-excitation manifests as differences in the excited co-
herences and in the spatial characteristics of the corresponding transition densities.
The pulse polarisation is crucially involved in controlling the spatial characteristics
of the electronic migration supported by p.. (7, t). If the polarisation only allows ex-
citations between the A’- or the A”-symmetric states, the electronic motion unfolds
symmetrically with respect to the o,, plane. On the other hand, when excitations
between core-excited states of different symmetry are allowed, the electronic mo-
tion can also take place between the two sides of o,,. The results relative to the
circularly polarised pulses also show how the information about the handedness of
the polarisation is ’encoded’ in the excited coherences. In fact, as the handedness
of the polarisation changes, coherences relative to the same core-excited states are
prepared with different initial amplitudes and relative phases. These differences are
directly translated in the interference pattern of the coherences/transition densities,
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leading to polarisation-handedness-dependent differences in the electronic distribu-
tion within p.« (7, t) over time. Despite its potential to support the electronic motion
across the molecule, the few-fs lifetime of the core-excited states limits the time-
window during which p.«(7,t) can affect the intramolecular electronic distribution.

This limitation does not affect the p,,(r,t) component, which is characterised by
a much longer lifetime. The first step of the analysis of p,, (7, t) focused on its prepa-
ration, during which the initial electronic localisation on the pumped atom (due to
the ISRIXS process) should take place. This is verified in the circularly polarised
cases, wherein p,,(7,t) accumulates particularly on O or N, in correspondence to
excitations at the O K-Edge or at the N K-Edge, respectively. This observation
demonstrates this feature of the ISRIXS process in a relatively small molecule like
Oxazole, contrasting the results obtained in previous studies by Mukamel et al. [54,
55| in similarly small molecules. In particular, this observation contrasts the re-
sults from Yong et al. [55], who didn’t observe an initial, atom-specific localisation
of pyg(r,t) in Oxazole. This result could be ascribed to the broader bandwidth
used here (i.e. compared to the 6.8 eV bandwidth used in [55]) but also to the
higher accuracy of the 'mon-truncated” EOM-CC implementation, which allows a
precise description of the preparation process and the molecular electronic struc-
ture. Compared to the ’truncated” EOM-CC description from Balbi et al. [56],
the results presented in this analysis clarify the origin of the initial, atom-specific
localisation of the excitation and its effects on pa (7, t)’s distribution, separating the
contributions involving the core-excited and the valence-excited states. The degree
of localisation within p,4(r,t) present in the Rxy and Lxy cases is not systemati-
cally observed across all the examined cases. This indicates that disposing of many
valence-excited states potentially includable in the WP is only a necessary condition
for the initial localisation. The other conditions could be related to the properties of
the coherences — which regulate the interference process and ’encode’ the atom- and
polarisation-specific information — but also to the characteristic (system-specific)
spatial distribution of the transition densities involved in the interference. The elec-
tronic dynamics in p,,(7, t) behave akin to clockwise and anticlockwise ring currents,
which often ’compete’ with each other limiting the electronic dynamics to oscilla-
tions between couples of atoms. This behaviour is consistent with that observed in
specialised works on ring-shaped molecules [128, 129, 130, wherein the ring currents
corresponding to the valence electronic dynamics are fully characterised in terms of
the electronic and electronic flux densities. According to these works, the circula-
tion of the clockwise and anticlockwise ring currents is regulated by the presence
of ’source’ and ’sink’ sites, whose position across the molecule is not necessarily
fixed in time. A similar mechanism might be regulating the valence electronic mo-
tion in p,4(7,t), with these sites being hypothetically located particularly on the
electron-rich N and O. Accordingly, the relative oscillation of the respective regions
of pyg(r,t) might be linked with the 'regulation’ of the circular electronic migration,
with the ISRIXS process configuring itself as a valuable tool to selectively localise
the initial ’source’ of the migration.
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Conclusions and outlook

The study of the excitation in OCS and Oxazole has shown how, in the perturbative
regime, the energy deposited by the X-Ray pulse in the molecules is predominantly
used for the coherent population of the core-excited states. The structure of the
Peg(r,t) and Agy(r,t) components is indicative of how the energy from the X-Ray
pulse is deposited locally to the pumped atom, ’vertically’ exciting the electrons from
the core-shells to the valence-shells of the electronic structure. This corresponds to
the creation of a superposition of core particle-hole density pairs localised around the
pumped atom. The electronic dynamics connected to pe,(r,t) and A.y(r,t) are lim-
ited to the region in the immediate neighbourhood of the pumped atom, thus not de-
termining extensive modifications of the intramolecular electronic distribution. The
electronic motion connected with the coherent population of the core-excited states
is supported by the p..(7,t) component, which corresponds to the migration of the
‘particle’ part of the core-excitation in the valence-shells of the electronic structure.
This indicates that the valence shells represent a molecule-wide "platform’ enabling
the electronic migration across the molecules, with the core-excitation representing
an atom-specific "access’ to this 'platform’. The dependence of p..(7,t) on the pulse
properties (i.e. polarisation and selected excitation edge) indicates that it is possible
(in principle) to use the coherent population of the core-excited states to manipu-
late the electronic distribution and its dynamics in a neutral molecule. However,
this possibility is crucially limited to only few fs, owing to the ultrashort lifetime
of the core-excited states. In the considered organic molecules, the short lifetime of
the core-excited states is mainly due to the (resonant) AM process, which transfers
the properties of the WP of core-excited states to the manifold of valence-ionised
states [131]. This was shown experimentally e.g. by Li et al. [132], who measured a
time-dependent modulation in the emission of the AM electrons in nitric oxide; this
modulation corresponds to the interference of the AM decay pathways connecting
the core-excited to the valence-ionised states. The study of the WP launched in
the manifold of valence-ionised states via the AM process might be an interesting
new direction for the project, which could make use of Qchem’s capabilities in the
calculation of AM spectra at the EOM-CC level of theory [133, 134]. Of particular
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interest could be the study of the charge migration, the localisation of its starting
point and its dependence on the characteristics of the core-excitation.

While the majority of the pulse energy deposited in the neutral molecule is used
for the core-excitation, a smaller portion is used for the coherent population of the
valence-excited states via ISRIXS. The valence-excitation leads to the creation of
particle-hole pairs within the valence shells of the electronic structure; this is the
key feature supporting the molecule-wide electronic motion observed in pyq(r,t).
Compared to the core-excitation, the time-window available for the electronic mo-
tion supported by the valence-excitation is much longer. The longer lifetime of the
valence-excited states leads, within few fs, to the variation of the hierarchy of the
contributions to pa(r,t). In fact, p,,(r,t) progressively becomes the dominant con-
tribution to pa(r,t) as it outlives the (initially dominant) components relative to
the core-excitation. Since on a longer timescale the nuclear dynamics start to play a
significant role [135, 136], the possibility of manipulating p,, (7, t) via the pulse prop-
erties is of fundamental importance to enable the control of the molecular dynamics.
This possibility is demonstrated in the OCS and Oxazole examples, where the dy-
namics within p,,(7,t) change as the pulse polarisation and the excitation edge are
varied. In particular, the edge-dependence confirms the capability to transfer the
atomic specificity of the core-excitation to the manifold of valence-excited states via
the ISRIXS technique. Particularly in the Oxazole example, this can also translate
into the initial localisation of p,4(r,t) on the pumped atom, which indicates the
possibility of transferring the localised character of the core-excitation — shown in
peg(r,t) and Agy(7,t) — to the manifold of valence-excited states. In principle, this
allows to control the localisation of the initial 'source’ of the electronic migration,
opening to the possibility of controlling where the electronic density preferentially
accumulates at later times. Similarly to the concept of 'charge directed reactivity’
in an ionised molecule [13, 14], this could enable a fine control over the bonding
structure of the neutral molecule and its dynamics. This perspective motivates the
extension of this investigation to a wider variety of linear conjugated or ring-shaped
systems, with the aim of further researching the conditions — regulating the in-
terference of the coherences/transition densities — supporting the initial electronic
localisation within p,,(7,t) and its systematic presence across different systems.
The nature of the electronic migration, its dependence on the initial ’source’ site
and on the variation of the pulse parameters should also be explored more in depth.
In particular, following the example of specialised works like [128, 129, 130], the
description of the electronic migration should include, together with the electronic
density, also the current density. The information provided by the current density
might be similar to that shown during certain periods of p,,(7,t)’s time-evolution,
where a ’classical’ visualisation of the intramolecular electronic migration emerged.
During these periods, the electronic migration showed characteristics similar to those
of a current flowing through a conductor, which can be likened to a molecular "wire’
in the case of the linear OCS or a ’coil’ in the case of the ring-shaped Oxazole.
This induces to consider a more detailed study of the electronic migration impor-
tant not only for attochemistry but also for the fields of molecular electronics and
optoelectronics [137, 138, 139, 140]. The study of the dependence of the electronic
migration on the pulse properties can be extended to a wider variety of pulse types,
exploiting the flexibility of the code [122]. Possible candidate pulse-types include
chirped [141], two-colour or realistic XFEL pulses. The latter option suggests a
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further extension of the computational implementation to the calculation of exper-
imental observables; this would enable the simulation of pump-probe experiments
to reconstruct the coherent electronic motion. In particular, owing to the recent
progresses in full X-Ray as pump-probe experiments at XFELs [142], X-Ray ob-
servables are desirable in order to obtain a spatial- and time-resolved reconstruction
of the electronic dynamics. Possible observables include X-Ray diffraction [55], IS-
RIXS [53], ultrafast X-Ray scattering [143, 144], X-Ray transient absorption [145]
or quantum-beat AM spectroscopy [146]. The analysis of the p,,(7,t) component
showed how the valence-excitation represents the best platform for the manipula-
tion of the electronic density in a neutral molecule on a relatively long timescale. It
is therefore necessary to develop strategies to maximise the portion of pulse energy
used for the valence-excitation, minimising that used for the core-excitation. Within
the present perturbative model, a possible strategy relies on the optimisation of the
pulse parameters (e.g. using a chirped or a two-colour pulse) to maximise the coher-
ent population of the valence-excited states. On the other hand, this issue can be
tackled by considering the Stimulated Raman Adiabatic Passage (STIRAP) process
[147, 148|. In principle, the STIRAP process allows depositing the energy from the
pulse specifically in the manifold of valence-excited states, avoiding the population
of the core-excited states. The high pulse irradiance required for the implementa-
tion of STIRAP is not suitable for the perturbative model presented here, requiring
the adoption of a non-perturbative theory for its simulation. For this purpose, a
solution closely related to this work could be based on the TD-EOM-CC approach,
which would make use of the same set of EOM-CC electronic eigenstates used in
the present perturbative model while allowing the treatment of a non-perturbative
excitation.

This work is specifically focused on the study of the purely electronic excitation
and dynamics, with the nuclei kept frozen in the equilibrium configuration of the
electronic ground state. The presented model is limited to a single ground-state
configuration of the nuclei. Furthermore, the model neglects the nuclear dynamics
upon electronic excitation. Both of these effects would result in a loss of electronic
coherence [136, 105, 106] and are thus are not treated within the presented model.
These effects are particularly important to take into account for molecules con-
taining Hydrogen. The considered case of Oxazole containing Hydrogen therefore
overestimates the electronic coherence in the wave packet. A complete description
of the excitation and the subsequent molecular dynamics requires the explicit inclu-
sion of the nuclear DOF in the model; this implies the computational challenge of
coherently propagating nuclear WPs on multiple electronic states [149]. The study
of the preparation of the vibronic WP, its decoherence due to the electron-nuclei
coupling [136, 105] and the role of the conical intersections in the control of the
chemical dynamics [150, 151]| can provide a more realistic simulation of the pho-
tochemical reaction. This challenging development could lead to the creation of a
valid platform for the accurate modelling of the chemical dynamics triggered by a
perturbative X-Ray excitation in a neutral molecule, supporting the theoretical and
experimental development of the attochemistry field in this exciting new direction.
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APPENDIX A

Perturbative theory

In this appendix, the complete derivations of the probability amplitudes associated
with the WP expansion are presented. The derivation relative to probability ampli-
tudes associated to the core-excited states, a((;l)(t), is presented in section A.1. On

the other hand, the derivation relative to probability amplitudes associated to the

valence-excited and ground states, al’) (t) and aéQ) (t), is presented in section A.2.

A.1 Core-excited states

The derivation starts from the expression in eq. (2.67a)

a0 (1) = —i / 0t (] FIE (1) (1) (A1)

to
Applying the definition HE, ,(t) = eilwn =i IL ()= i@n =13 Jeads to
(1) [t i(Weg—i—SL)t! Ly
a,’(t) = _Z/ dt'e" oo™ 20 (| Higy (1) |77Z)g> ) (A.2)
to

where wey = we, —wy and I',y = I'c — I'y. Since by definition of ground state I'y = 0,
['.; = I. in the following. The substitution in eq. (A.2) of the definition of HE, (¢)
from eq. (2.22) leads to

t
oD (t) = i / R o VI (A.3)

to

Here, poy = (Y| ft|1py) and the vector field E(t') is written as the product of its
amplitude F(t') and its polarisation €. The Fourier transform of E(t'), i.e.

E(t) = \/% /000 dw(E(w)e™ + E*(w)e™ ™), (A.4)
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is introduced in eq. (A.3) yielding

. t o]
(1) _ ! / / i(wcg_i&)t/ [/ iwt! * —iwt’ i| .
a,’(t) = dt'e 2 dw(E(w)e™" + E*(w)e € [y, (A.Da

0

which after reorganising the terms leads to

Lar e .
(1) — / < i(weg+w— 1—) * (wcg_w_lTC)t> )
a.’(t) =1 dw( E(w)e +F € pey. (A.5b

Q to V21 Jo () (w)e g ( )

At this point, the time-integral in eq. (A.5b) is evaluated in the limit ¢, — —oo
yielding

Oy = 1 e'ﬂcg/oodx
ag’(t) to_lgloo\/% w

ei(WQg+w7i%)tl t ei(wcg*wfi%)t/ ‘
x <E(w)—rc + B (w) - ) (A.6)
wcg_’_w_Z? Weg —W — 1571

which, since the to-dependent terms tend to 0 in the limit ty — —oo [114], corre-
sponds to

. .T . T
() t(wegtw—i=£)t t(Weg—w—i=£)t
€ U e g 2 (& 9 2
aV(t) = \/_9 do( Bw) ——— + B'W)———p ), (A7)
2m Weg +w — 15 Weg — W — 15
A ~~ > ~
one-photon emission one-photon absorption

Finally, considering only the ’one-photon absorption’ term in eq. (A.7) leads to the
final expression

z(wcq w—ilte )t

00 = = [ e e e (A5)

A.2 Valence-excited and ground states

The derivation starts from the insertion in eq. (2.67b), i.e
t t R R
o) = (<23 [t [t ] ) ) (0l B @) [0 (A9
m to to

of the definition HE, ,(t) = i3 L ()= i@n=3)t while considering T'y = 0.

int
This leads to the expression

Z/ dt/ i(wWom —1

SO (| HE () [tom) X

x / 08" (o] FEE, (1) 1y) mo=i 5 (A 10)

to
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The substitution of the definition of HZE

(1) from eq. (2.22), with E(t) = E(t)e,
leads to

t
. -Tom 4/ ~
20 = = 3 [ e ) (B (e ) )
m Yto

t’
g / dt" (G| (—E(&")€" - 1) [ihg) €m0 (A11a)

to

which, upon introducing of the compact notation for the dipole moments, becomes

t
aS;Q) (t) =— Z/ dt! ¢t (wom =it )t,E(t,)e’ * Pym X
m Yto
v ; Ry
X / At"E(t")€" - prpge’@ms = (A11D)
to

The introduction of the Fourier expansion of the E(t') and E(t") from eq. (A.4),
together with some trivial algebraic passages, leads to

1 oo o0
(2) _ / "
ay? (t) = 27r2m:/0 dw/o dw" x

t
% / dt/ [E(w,)ei(w”m_‘_w/_i Fu2m )tl + E* (w/)ei(wvm—w/_i szm )t/i| 6/ . /Jmm % (A12)
to

t/
% / dt" [E(w//)ei(wmg+w”—iFTm)t” + E* (w//)ei(wmg—w”—iFTm)t”} e - ong-

to

The evaluation of the innermost time-integral with respect to ¢”, in the limit ¢, —
—00, leads to the expression

1 o0 o0
(2) _ / "
a,” (t) = - Em /0 dw /0 dw" x

t
% / dt, [E(w/)ei(w"m"'w,_irva)t/ + E*(w/)ei(wvm—w/_il“gm)t/} 6, < Py X (A13)

to
ot (wmgtw” =it )t ot (wmg—w" =it )t!
« [E(w”), - +E*(w”), - }6” Mg,
(Wmg + W —172) Wy — W —i72)
mg 2 mg 2

which, upon multiplication of the two couples of terms enclosed in squared brackets,
can be written as

1 0 00 t
(2) _ = / "ner " /
a,” (t) = o Em /0 dw/o dw" (€ - phym) (€ umg)/ dt’ x

to

E(E(W" ei(w”9+w/+‘”“*i%)t/ E NE(wW” ei(wvg*w’er”fi%’)t’ (A 14)
L +E(W)E(w + .
|: ( ) ( )i(wmg+w//_iFTm> ( ) ( )Z'<wmg—|—w//_l'%)
ei(Wug‘f’w’_w//_iFT”)t’ ei(wvg—w/—w//—i%’)t’
+ E(w/)E* (w//) . " Ty + E* (W/)E* (w//) . " T ] )
H(wpng — w" — i) i(Wng — W — iCm)
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where w,g = Wy + Wiy and I'y = 'y, + I'y,. Performing the four time-integrals in
eq. (A.14) in the limit ¢; — —oo leads to

(2) " "
2WZ/ dw/ dw" (€' fhom ) (€" - png) X

E(w,)E<w ) l(wvg+w er 77:1171))7&

X +
[ (Wig + W — 112) (g + W' + w” — 112)
N >
two-phot;; emission
E’*(w')E*( //) i(wog—w'—w" —i L)t
- +
\(wmg — W” Zr—m)(wyg - w/ — (A)” — Z%)l (A15)

two-photon absorption
. o 1n_ Ty
E*(WI>E(CU”) (wyg—w'+w" =i =2 )t

(@ + " — 15wy — o + 0" — %)

J/

-~

Raman
s
\(wmg - w// Zr—m)(wy‘q + w/ _ CL)” o Z%)/ 9
R:;nqan

which, when considering only the 'Raman’ terms, reduces to

1 > =
a(t) = 5 ;/ @ [ ) € )

Ty

E*(WI)E<LU//) i(wyg—w'+w” —i=2)t
X

[(wmg 4w — i) (wyg — w4 W — i)

E(W) B (o

(Wing — w" ZFT’”

(A.16)

)ez(wvngw’fw"fi%’)t
Il

As a next step, in correspondence to w’ and w” being preceded by a — or + sign,
these terms are substituted by w, or wy, respectively. This leads to the expression

1 o0 oo
aq(}2)(t) = gg/o dwp/o dwq X

i(wog—wptwa—i T2 )t . .
<[ B () By S o) (€ bomg) | (A17)
Wyg — Wp + Wq — 175" Wmg + Wag — 173+
(wog+wg— wp—z—)t ( .
€ % €4 MUm)(E *Mm )
B (@) B () el
Wyg + Wg — wp—17 Wing — Wp —27

which, upon gathering the terms with respect to the common factor, leads to the
final expression

el (Wog—wpFwqg— 1F—)t
(2) / dwy, / dwd 5 X
27r —wp +wg — 15

> E*(wp)E(wd) Z (( ' ﬂvm)( llfmg) + ( Nvm)( /J'mg)>

Wing + wg — i1 Wing — Wy —zr—m

(A.18)

The expression for a )(t) is obtained from eq. (A.18) by considering v = g.



APPENDIX B

Properties of the 1PDM

The aim of this section is to discuss the properties of the state and transition 1IPDM.
The general definition of a 1IPDM W%L' in second quantization is given by

In the case of a state IPDM n = n’ in eq. (B.1), which leads the 1IPDM to behave
upon conjugate transposition as

()T = ((Wnl €5 [a))' = (] (E56)" on) = (Wul €Ly 1thn) = 73y (B.2)

It follows that, when the state 1IPDM is real, the matrix is symmetric. A similar
analysis can be extended to the transition density matrix fyg;', ie.

(g )T = (w] 5 [0u)T = (Wl (€20)T W) = (Wl Eeq [ow) = 7" (B.3)

From this it follows that, in the case of a real transition 1PDM, the matrix is
symmetric under simultaneous state- and orbital-index swap. On the other hand,
differently from the state 1PDM, a transition 1PDM is not symmetric, i.e. Vggl #*

’
nn
’}/qp '
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APPENDIX C

Analytical form of second order
integral on strip element

The derivation starts from the definition of the double integral in eq. (3.35) over the
domain of frequencies corresponding to the ’strip element’, i.e.
wo+48 ei(

az*(t) = lim dws————— f(ws). (C.1)

=0 wo—0 Wg — Wy — 15

Here, w, runs over the strip element, while wy corresponds to the centre of the
element, which divides it in two parts of width 6. The f(ws) factor represents the
values of fi,(wp, wq) evaluated on the points of the frequency grid corresponding to
the strip element. The limit in eq. (C.1) can be written as

aye (t) = (hm egt> (lim /W0+5 deLWO)tTf(ws)» (C.2)

I'—0 I'—0 wo—3 Ws — Wo — 25
=1

which, upon insertion of the Taylor expansion of f(ws) at wy up to first order, is
approximated as

wo+0 eilws—wo)t

aze(t) ~ S = lim dws————=[f(wo) + f'(wo)(ws — wo)]. (C.3)

=0 Jwo—s Ws —Wo — 15

Taking the limit in the second term leads to
wo+6 ei(ws—wo)t wo+6 ei(ws—wo)t
S = f(wo) lim dws—————5 +f’(w0)/ dws——— (ws —wyp), (C.4)
I'—0 wo—0 Wg — Wy — /Li wp—6 Ws — Wo
which upon simplification in the second term becomes

wo+0 eilws—wo)t wo+4 )
S = f(wp) lim dws—————— + f'(wp) / duw et @s w0t (C.5)

=0 wo—0 Ws — W — 7’5 0—9
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At this point, the limits of integration can be shifted in order to obtain the simpler
form

é twst o 4
S = flwo)lim [ dws——— + f'(wo) [ dwse™, (C.6)
I'—0 -5 u}s —_ ’Lg _5
S Sp

where two different components, S4 and Sp, are highlighted for the purposes of their
separate discussion in the following sections.

C.1 S, component

The solution of the integral makes use of the following equality

PL% dx% = Fim f(0) + p.v. dm@, (C.7)

where p.v. symbolises the Cauchy principal value. The definition in eq. (C.7) can
be applied to the S, component of eq. (C.6) to obtain

8 eiwst 6 iwst

Sa = f(wo) lim dws—= = f(wp) <i7r + p.. dwse
I'—0 s Wg — Zg _5

), (C.8)

Ws

Applying the explicit definition of the Cauchy principal value in eq. (C.8) leads to

Sa = f(wo) [’m + lim </—§ %emt + /j %ewstﬂ, (C.9)

I'—0 -5 ws ws

which is further developed according to the following passages:

r
_ [ : 2 dws twst ’ dws wst _
Sa = flwp) _z7r+%li% (/_5 w—se +/g o e )] = (C.10a)
_f< )_. NNt ( —0 dws Z'wst_i_ 5dws iwst)] . (C 10b)
= f(wo _Zﬂ' 1ﬂ1_>r% L e - e = .
i 5 §
. . . d<_w5) —iwst dws twst _
= f(wo) _z7r+%1g(1)<—/F —” e —k/F w—se ﬂ = (C.10c)
2 2
i 5 5
_ : : dws —twst dws iwst o
= f(wo) _z7r+%1ir(1]<—/g w—se +/§ o e )] = (C.10d)
5
— [ : de iwst —iwst
= flwo) [im + lim : G )] (C.10¢)
considering sinwst = 6“’2—;“ and taking the limit leads to
. [0 sin wgt
Sa = flwo) (m +2i [ dw, ” ) (C.11)
0 S

At this point, the integration variable is changed from w;, to wst, leading to

sin wgt )) (C.12)

ot
Sa = f(wo) (m +2 / d(w,t)
J 0

-~~~

Si(6t)

S
/

where Si(dt) represents the Sine integral.
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C.2 Sp component
The integral can be trivially solved as

, 0 : . it gmidt ., 2sindt
S = /() / Qo = f(wn) S = )

_5 it

eiét _671'615

T has been used.

where the definition sin 6t =

C.3 Final expression of the integral

By assembling the results from eqs. (C.12) and (C.13) in eq. (C.6), the final expres-
sion for S is obtained, i.e.

2 sin 0t
t )

S =Sa+ 85 = flwo) (m + 2@81(&)) + F(wo) (C.14)

which, according to eq. (C.3), corresponds to the approximate evaluation of a;°(¢).



