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ABSTRACT

The nature of the electroweak phase transition (EWPT) in the early Universe plays a
central role in connecting particle physics with cosmology. In the Standard Model (SM),
the EWPT is a smooth crossover, forbidding electroweak baryogenesis and yielding no
observable gravitational-wave (GW) signal. In contrast, many SM extensions allow for
a strong first-order EWPT, opening the possibility of explaining the baryon asymmetry
and generating stochastic GW backgrounds.

This thesis investigates the EWPT in Beyond the SM (BSM) scenarios, focusing on the
challenge of reliably determining thermodynamic observables by reducing the remain-
ing theoretical uncertainties. To address this, different perturbative approaches are con-
trasted, in particular conventional four-dimensional (4D) finite-temperature methods
and a dimensionally reduced three-dimensional (3D) effective field theory (EFT) frame-

work exploiting the separation of thermal scales.

In the complex singlet extension of the SM (cxSM) featuring a strong first-order EWPT,
we employ residual gauge and scale dependence as a diagnostic tool to quantify theoret-
ical uncertainties, showing that the 3D EFT framework yields more robust predictions

within the regime of validity of the EFT expansion.

In the 3D EFT framework, we derive the renormalization group evolution of the effec-
tive couplings for the 3D EFT of the Standard Model Effective Field Theory (SMEFT),
systematically incorporating higher-dimensional operators. This enables consistent re-
summation of logarithmic corrections and paves the way for more precise perturbative

calculations and lattice simulations of the EWPT.

Furthermore, we develop a systematic framework to incorporate one-loop corrections
into the nucleating bubble wall equation of motion, thereby enhancing the accuracy and

reliability of bubble wall velocity calculations.

Overall, this thesis advances the precision program for EWPT studies by systematically
addressing theoretical uncertainties, improving perturbative frameworks, and refining
GW predictions. These developments are crucial for interpreting future observations,
particularly from experiments such as LISA, and for using GWs as a probe of new physics

in the early Universe.
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ZUSAMMENFASSUNG

Die Natur des elektroschwachen Phaseniibergangs (EWPT) im frithen Universum
spielt eine zentrale Rolle bei der Verbindung von Teilchenphysik und Kosmologie.
Im Standardmodell (SM) verlauft der EWPT als kontinuierlicher Crossover, was elek-
troschwache Baryogenese ausschlieft und keine beobachtbaren Gravitationswellen
(GW) zur Folge hat. Im Gegensatz dazu ermdglichen viele SM-Erweiterungen einen
starken Phaseniibergang erster Ordnung, wodurch sich die Mdglichkeit ergibt, die
Baryonenasymmetrie zu erkliren und wodurch stochastische GW-Hintergriinde

erzeugt werden konnen.

Diese Arbeit untersucht den EWPT in Szenarien jenseits des SM (BSM) und konzentriert
sich auf die Herausforderung, thermodynamische Observablen durch eine Verbesserung
der theoretischen Unsicherheiten zuverlassig zu bestimmen. Dazu werden verschiedene
perturbative Ansatze verglichen, insbesondere konventionelle vierdimensionale (4D)
Methoden bei endlicher Temperatur und eine dimensionsreduzierte dreidimensionale

(3D) effektive Feldtheorie (EFT), die die Trennung thermischer Skalen ausnutzt.

In der komplexen Singulett-Erweiterung des SM (cxSM) mit starkem Phasentibergang
erster Ordnung verwenden wir die verbleibende Eich- und Skalenabhangigkeit als
diagnostisches Werkzeug zur Quantifizierung theoretischer Unsicherheiten. Dabei
zeigt sich, dass der 3D EFT-Rahmen innerhalb des Giiltigkeitsbereichs der EFT-
Anwendung robustere Vorhersagen liefert. Im Rahmen der 3D EFT leiten wir die
Renormierungsgruppenevolution der effektiven Kopplungen fiir die 3D EFT der
Standardmodell-Effektiven Feldtheorie (SMEFT) her und beriicksichtigen dabei in
systematischer Weise hoherdimensionale Operatoren. Dies ermdoglicht eine konsis-
tente Resummation logarithmischer Korrekturen und ebnet den Weg fiir prazisere
perturbative Rechnungen und Gitter-Simulationen des EWPT. Dariiber hinaus en-
twickeln wir ein systematisches Rahmenwerk, um Ein-Schleifen-Korrekturen in die
Bewegungsgleichung der Begrenzungsfliche der gebrochenen Phase einzubeziehen
und so die Genauigkeit und Zuverlassigkeit der Berechnung der Geschwindigkeit der

Begrenzungsflache zu erhéhen.

Insgesamt tragt diese Arbeit zum Prézisionsprogramm fiir EWPT-Studien bei, indem sie
theoretische Unsicherheiten systematisch untersucht, perturbative Methoden verbessert
und GW-Vorhersagen verfeinert. Diese Entwicklungen sind entscheidend fiir die Inter-
pretation zukiinftiger experimenteller Ergebnisse, insbesondere von Experimenten wie

LISA, und fiir die Nutzung von GWs fiir die Suche neuer Physik im frithen Universum.
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CONVENTIONS

We work in natural units, h = ¢ = kp = 1, unless specified otherwise, with all dimen-

sionful quantities expressed in powers of energy (eV), where 1eV = 1.602 x 10719].

The mostly-minus Minkowski metric is used,
77;11/ - dlag(+7 ERE) _)7 d52 - dt2 — df2

Greek indices are spacetime, a = (ao, @), with Lorentz-invariant inner product
a-b=a'b, = a’’ — @ - b; Latin indices are spatial, @ - b = 5ijaibj. Repeated indices are

summed over their full range.

The d’Alembertian is O = 9% = 9,0" = 07 — V2 A Wick rotation is performed as
t — —itp, after which 9> — —(9%.

1,243

Dirac matrices satisfy {v*,7”} = 2n*, with v* = 1791?43 and Feynman slash nota-

tion p = 7" p,,.
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| - INTRODUCTION

We have to continually be jumping off cliffs

and developing our wings on the way down.

— Kurt Vonnegut

The Standard Model (SM) of particle physics is far from the final word on fundamental
interactions: it neither explains the observed matter-antimatter asymmetry nor pro-
vides a candidate for dark matter, among other shortcomings. Many extensions of the
SM predict a strong first-order electroweak phase transition (EWPT) in the early Uni-
verse — a dramatic event in which the Higgs field acquired its vacuum expectation value
(vev) through the nucleation and expansion of broken-phase bubbles, and a cornerstone
of electroweak baryogenesis scenarios [5-8]. At the same time, gravitational waves
(GWs) have recently been observed across several frequency ranges [9, 10], opening
an entirely new observational window into the cosmos. The electroweak epoch is oth-
erwise largely inaccessible: while collider experiments can probe the particle physics
of the electroweak scale directly, they cannot reconstruct the cosmological dynamics
of the transition itself. The early Universe was opaque to electromagnetic radiation at
those temperatures, and neutrinos remained in thermal equilibrium well below the elec-
troweak scale, making GWs a unique cosmological messenger from that era. A strong
first-order EWPT (SFOEWPT) would have generated a stochastic GW background ac-
cessible to upcoming detectors, providing a direct probe of physics beyond the Standard
Model (BSM) complementing what can be learned at colliders [11-13]. The intersection
of these two frontiers — BSM model building and GW cosmology — defines the central
question of this thesis: what does it take to turn the electroweak phase transition into a

precision test of new physics?

To appreciate the challenge, imagine the moment when the Laser Interferometer Space

Antenna (LISA) or another future GW detector reports a stochastic signal potentially
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originating from the early Universe. The immediate task would be to determine what
such a signal reveals about particle physics and its implications for the evolution of
the early Universe. Answering this question requires a precise theoretical framework
capable of linking an observed GW spectrum back to its microscopic origin in a BSM

model — a highly non-trivial challenge.

The EWPT has been studied for several decades, beginning with the formulation of the
Standard Model (SM) and the Brout-Englert-Higgs (BEH) mechanism in the 1960s and
1970s [14-19]. Meanwhile, the framework for finite-temperature field theory [20-23]
was established and it was realized that the EWPT could be first-order in some exten-
sions of the SM, providing the conditions necessary for electroweak baryogenesis [5, ¢].
However, it was not initially clear whether the phase transition within the SM itself was
first-order or a smooth crossover. Non-perturbative lattice simulations played a crucial
role in addressing this question, indicating that for Higgs masses above m;,, 2 70 GeV
the transition is not first-order but a smooth crossover [24, 25]. This picture was ulti-
mately confirmed with the discovery of a Higgs boson at m;, ~ 125 GeV in 2012, well
within the crossover regime [26, 27]. At the same time, theorists began to explore the
possibility that a first-order EWPT in BSM scenarios could generate a stochastic GW
background [2&, 29]. The interplay between particle physics, cosmology, and thermo-

dynamics has remained at the core of these investigations.

Yet despite decades of progress, and with LISA expected to become operational within
the next decade [30, 31], theoretical predictions for GW signals from the EWPT remain
tar from the level of precision required for meaningful interpretation [32-34]. The pre-
diction of a GW signal involves a multi-step pipeline: from specifying the particle con-
tent of the theory, to determining the finite-temperature effective potential, to charac-
terizing the phase transition, and finally to modeling bubble nucleation, expansion, and
the resulting GW spectrum. Each step introduces its own uncertainties, which propagate

and compound along the chain, making the overall prediction intrinsically challenging.

In recent years, there has been a surge of progress toward improving this situation,
driven by advances in thermal field theory, resummation techniques, dimensional re-
duction, and increasingly refined treatments of phase transition dynamics and GW pro-
duction mechanisms [35-44]. These developments have significantly improved the re-
liability of predictions. Nevertheless, theoretical uncertainties still remain substantial,
and many questions are still unanswered, underscoring the need for further precision

studies.



3 | - INTRODUCTION

Bridging the gap between particle physics models and observable GW signals requires
controlling a sequence of theoretical ingredients, each of which introduces its own
sources of uncertainty. Even at the level of equilibrium thermodynamics, different
perturbative approaches can lead to quantitatively different predictions. In particular, a
central issue is the reliability of perturbation theory in a thermal environment, where
the presence of multiple scales at play and infrared (IR) divergences can lead to poor
perturbative convergence [23, 45, 46]. Closely tied to this is the question of theoretical
consistency. Perturbative calculations of the phase transition observables are affected
by residual scale dependence and gauge dependence, which are inverstigated in
Section II1.2, and which can obscure physical interpretations if not carefully addressed.
In particular, in Section II1.2.2, we present a general result for the /i-expansion of the
effective potential and discuss differences among commonly employed gauge-fixing
conditions, highlighting the importance of tracking gauge dependence in perturbative
calculations. In Chapter V, we use these dependencies as diagnostic tools to assess
the robustness of different perturbative methods across the parameter space of the

phenomenologically motivated complex singlet extension of the SM (cxSM).

A particularly powerful framework for addressing the multi-scale nature of thermal field
theory is dimensional reduction (DR), introduced in Section III.4. Originally developed
in the context of high-temperature Quantum Chromodynamics (QCD) [47, 48], it pro-
vides a systematic effective field theory (EFT) description in which hard modes at the
temperature scale are integrated out, yielding a three-dimensional (3D) theory that cap-
tures the relevant IR physics [49, 50]. This approach has since been successfully applied
to the EWPT, where it allows for a controlled treatment of low-energy modes [24, 51].
Understanding the renormalization group (RG) running of the effective parameters in
the 3D EFT, which is studied in Chapter IV, is crucial for achieving reliable predictions,
as it controls the scale dependence and resums large logarithms that can arise from scale
hierarchies. In addition to improving the convergence of perturbative expansions, 3D
EFT paves the way for lattice simulations, a central tool for studies of the EWPT in the
non-perturbative regime, since the RG running discussed in Chapter IV is essential for

connecting lattice results to continuum predictions.

Beyond equilibrium properties, the dynamics of the phase transition introduces further
challenges. The generation of GW depends sensitively on quantities such as the bub-
ble nucleation rate and the expansion of the broken-phase bubbles through the plasma.
In particular, the bubble wall velocity is governed by out-of-equilibrium interactions

between the wall and the surrounding medium [52-56]. In Chapter VI, we develop a
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framework to incorporate one-loop corrections to the wall equation of motion, provid-

ing a more accurate description of the bubble dynamics.

Taken together, these considerations highlight that predicting GW signals from the
EWPT is not controlled by a single calculation, but by a chain of interconnected
theoretical inputs — and that the central question is not merely whether a signal
exists, but whether theoretical predictions are precise enough to interpret it. The work
presented in this thesis is motivated by the same moment it prepares for: a potential
detection of GWs by LISA, together with the challenge of separating a cosmological
stochastic GW signal from astrophysical foregrounds — a task that demands precise
theoretical predictions of the spectral shape and is essential for extracting meaningful
BSM physics.

Following the introduction, in Chapter II, we review the foundations of the SM and mod-
ern cosmology, before discussing the open problems that motivate the search for BSM
physics. In Chapter III, the theoretical tools used throughout the thesis are examined:
thermal field theory, effective potentials, nucleation, DR, and their connection to GW
observables are developed and discussed in detail. In Chapter IV, the renormalization-
group running in the 3D EFT of the SM and the Standard Model Effective Field Theory
(SMEFT) is studied, establishing the precision infrastructure required for reliable calcu-
lations. Perturbative methods for the EWPT in the cxSM are applied and compared in
Chapter V, where their uncertainties are quantified through residual scale and gauge
dependence. We further examine the bubble wall velocity, systematically incorporating
one-loop corrections to the wall equation of motion in Chapter VI. Finally, in Chap-
ter VII, the main results are summarized and future directions outlined. The appendices
contain supporting technical material: Appendix A collects counterterms and beta func-
tions for the 3D EFT including the contributions from the higher dimensional operators,
Appendix B provides beta functions for the ¢xSM, and Appendix C outlines the deriva-

tion of the propagators in a homogeneous background.



[ - CURRENT STATUS
OF PARTICLE PHYSICS AND COSMOLOGY

The story so far:
In the beginning the Universe was created.
This has made a lot of people very angry

and been widely regarded as a bad move.

— Douglas Adams,
The Restaurant at the End of the Universe

This chapter provides a broad review of the theoretical and observational foundations
of the modern understanding of particle physics and cosmology on which the rest of
the thesis builds. We begin by introducing the SM of particle physics in Section IL1,
covering its electroweak and strong gauge structure, field content, the BEH mecha-
nism of electroweak symmetry breaking, as well as subtleties of physical predictions
within the quantum field theory (QFT) framework and experimental evidence support-
ing the SM. Following that, we turn to the discussion of the standard cosmological model
in Section II.2, including Friedmann-Lemaitre—Robertson-Walker (FLRW) cosmology,
the ACDM model (characterized by the cosmological constant A, cold dark matter, and
ordinary matter), the energy budget of the Universe and its thermal history, GWs and
main observational pillars backing the ACDM model. The chapter closes with a review
of the unresolved questions in particle physics and cosmology that motivate the search
for extensions beyond the current framework in Section I1.3 and an overview of BSM

extensions most relevant to this thesis in Section II.4.

The material presented here is largely based on the lecture notes by David Tong [57, 58],
the books by Mark Thomson [59], Scott Dodelson [60] and Daniel Baumann [61] and on

personal notes on the SM and cosmology compiled during the author’s studies.
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II.1 The Standard Model of particle physics

The SM of particle physics is a relativistic QFT built on the principle of local gauge
invariance. It provides a unified description of the electromagnetic, weak and strong
interactions of all known elementary particles, and has stood up to decades of exper-
imental scrutiny with remarkable precision. The SM is arguably the most successful
scientific theory ever constructed, with some predictions, such as the anomalous mag-

netic moment of the electron, confirmed at the level of parts per billion [62].

The structure of the SM is not derived from first principles but is instead fixed by ex-
perimental input. The choice of gauge symmetry group, the number of matter fields
and their representations and the number of fermion generations are all empirical facts
inferred from experimental observations: the SU(3). color symmetry is established by
deep inelastic scattering and jet physics [63, 64], the chiral SU(2);, structure reflects
the observed maximal parity violation of the weak interaction [65, 66] and the U(1)y
hypercharges are fixed by the measured electric charges. The existence of exactly three
fermion generations is supported by the measurement of the Z-boson invisible width,
which constrains the number of active light neutrino species [67]. The scalar sector,
containing a single SU(2), doublet, is the minimal prescription consistent with the ob-
served electroweak symmetry breaking pattern and the discovery of a Higgs boson at
the Large Hadron Collider (LHC) [26, 27].

Therefore, the construction of the SM relies on three ingredients: the identification of a
gauge symmetry group, the assignment of matter fields to representations of that group
and the postulate of a scalar sector, whose vacuum structure spontaneously breaks the
electroweak symmetry, generating the masses of gauge bosons and fermions. In the

remainder of this section, we describe each of these ingredients in detail.

II.1.1 Gauge structure and field content

The guiding principle behind the formulation of the SM is gauge invariance: the require-
ment that the Lagrangian is invariant under local (i.e. spacetime-dependent) symmetry
transformations of the fields. Once one specifies a gauge group and assigns how matter
fields transform under it (which is equivalent to choosing the representations), the form

of the interactions is essentially fixed by the constraint of gauge invariance.
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The SM is built on the gauge group
Gsm = SU(3)e x SU(2)p x U(L)y,

where the subscripts label color (c), left-handed weak isospin (L) and weak hypercharge
(Y). Each symmetry factor is associated with a distinct force: SU(3). governs the strong
interaction, SU(2), encodes the weak interaction and U(1)y describes a hypercharge
force that mixes with SU(2), to produce electromagnetism after electroweak symmetry

breaking.

The key idea of local gauge invariance is that the symmetry transformations are different
at each spacetime point, unlike global transformations. For a field ¢ charged under an

Abelian group with the charge ¢, the transformation takes the form

() — (),

where «(z) is an arbitrary real function of the spacetime coordinates. For the non-

Abelian groups the transformation generalizes to

Y(@) — Ul)(r), Ulx) = exp(i0"(2)T"),

where, T are the generators of the group, and 6%(x) are independent spacetime-

dependent parameters.

The ordinary derivative 0,3 is not covariant under these local transformations, since the
spacetime dependence of the transformation parameters introduces extra terms. Restor-
ing gauge invariance therefore requires the introduction of one gauge field for each
generator of Gsy with the corresponding gauge transformation: eight gluon fields G
(@ =1,...,8) for SU(3)., three weak gauge fields W¢ (¢ = 1,2, 3) for SU(2)., and a
single hypercharge gauge field B,, for U(1)y. For instance, under a U(1)y transforma-

tion with local parameter (), the hypercharge gauge field transforms as
1
Bu(x) — Bu(z) + g Ouo(z)

with ¢’ being the U(1)y gauge coupling. This exactly cancels the extra term generated

in 0,7 and restores covariance.

Hence, the existence of the gauge fields that mediate the three fundamental forces within

the SM is a direct consequence of imposing local gauge symmetry.

(2.1)

(2.2)

(2.3)

(2.4)
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The full SM Lagrangian decomposes as
Lsm = Lym + L + Luiges + Lyukawa 5

where each term denotes the Yang-Mills gauge, fermion, Higgs, and Yukawa sectors,

respectively. We describe each contribution in turn.

Yang-Mills sector

The dynamics of the gauge fields are governed by the Yang—-Mills Lagrangian [68], whose

form is uniquely fixed by local gauge invariance,
1 a a pv 1 a a pv 1 pv
ﬁYM - —ZGW/G _ZWNVW —ZBW,B y
where the field-strength tensors are defined as

G, = 0,G% — 0,GS + g, [ Gh G,
Wi, = 0.Wg — 9,Wy + g™ WiWy
B, = 9,B, —9,B,.

The couplings g, g and ¢’ correspond to SU(3)., SU(2)., and U(1)y, respectively, and
fabe, g2 are the structure constants of SU(3) and SU(2), respectively.

A crucial distinction arises between the Abelian and non-Abelian parts of the Yang—Mills
Lagrangian. The U(1)y field strength B, is linear in the gauge field, just like in electro-
dynamics. By contrast, the non-Abelian field strengths contain terms quadratic in the
gauge fields — the terms oc f%¢ and o £%°¢ in Eq. (2.7). This results in cubic and quar-
tic self-interactions among the gauge bosons. In other words, gluons scatter off other
gluons, and the W bosons interact among themselves. This is fundamentally different
from electrodynamics, where photons do not self-interact at tree level, and it is responsi-
ble for the distinctive properties of the strong and weak interactions, such as asymptotic
freedom, confinement and the rich non-perturbative structure of non-Abelian gauge the-
ories. Moreover, the self-interacting nature of non-Abelian gauge bosons, which them-
selves carry charge under the gauge group, enforces a universal coupling constant, in
contrast to the Abelian case where the neutral gauge boson imposes no such constraint

on the charge assignments of matter fields.
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Fermionic sector

The matter content of the SM consists of three generations of chiral fermions — quarks
and leptons — whose interactions are entirely determined by their gauge quantum num-
bers. Under SU(3). x SU(2)r, x U(1)y, the fermion fields of the i-th family (i = 1, 2, 3)

transform as

where the three entries in each bracket denote the representation under SU(3)., the
representation under SU(2),, and the U(1)y hypercharge, respectively. Here 3 is the
fundamental triplet of SU(3)., 2 is the fundamental doublet of SU(2), and 1 denotes
a singlet (invariant under the corresponding group). The three families correspond to
(u,d, ve,e), (¢,s,v,, 1) and (t,b, v;, T) (grouped into the left- and right-handed multi-

plets above), all with identical gauge quantum numbers but vastly different masses.

We emphasize that the SM is a chiral gauge theory: the left- and right-handed fermions
carry different quantum numbers. Only the left-handed fields form SU(2);, doublets —
and hence interact with the weak gauge bosons — while the right-handed fields are
singlets and do not. This is a direct consequence of the experimentally observed maximal

parity violation of the weak interaction [66].

The most striking feature of the SM fermion content is that it is free of gauge anomalies.
The hypercharge assignments of the matter fields are not a free choice but are fixed by
experiment; remarkably, they conspire to cancel all gauge anomalies exactly, generation
by generation [69]. The cancellation of the Witten SU(2) anomaly further requires an
even number of SU(2), doublets [70], thereby enforcing that quarks and leptons appear

in complete generations.

The fermionic kinetic and gauge-interaction terms read
£F = Z &f le ¢f )
f

where the sum runs over all chiral fermion fields f € {Q%, u%, d%, L}, ek} for each

(2.8)

(2.9)
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generation ¢ = 1,2, 3, and the full SM covariant derivative is
. Lot L.
D, = 0,—igT G} - ngWM —ig'YB,,

where T4 = \*/2 and 0%/2 are the generators of SU(3), and SU(2); in the funda-
mental representations, respectively, with A* the Gell-Mann matrices and ¢ the Pauli
matrices; Y is the hypercharge of the field on which D, acts. For matter fields that
are uncharged under certain gauge groups, the corresponding terms in the covariant

derivative are simply absent.

Scalar sector

The final ingredient of the SM field content is a single complex scalar field ¢, Higgs field,
transforming as a doublet under SU(2), and carrying hypercharge Y = 1/2,

¢+
¢ = <¢0> ~ (1,2, 1).

The Higgs sector of the SM Lagrangian can be written as
Liiggs = (Du@)'(D"®) — Vo (@),

with the covariant derivative as defined in Eq. (2.10). The most general renormalizable
(with operators up to mass-dimension four) scalar potential V5(®P) consistent with Gy

depends only on the SU(2) - and U(1)y-invariant combination ®®, it takes the form
Vo(®) = 1 (®T®) + M (0T0)?,

with two real parameters: the mass parameter y; and the quartic self-coupling .
Vacuum stability of the potential requires \;, > 0, whereas the sign of x7 is the de-
cisive input: for 7 > 0 the scalar potential has a unique minimum at the origin while
for /L%l < 0, which is needed to describe nature, V|, develops degenerate minima at
OTd = —p2/(2),), and the electroweak symmetry is spontaneously broken. It is the
shape of the scalar potential and how it evolves as the Universe cools down that is the

primary focus of this thesis.

(2.10)

(2.11)

(2.12)

(2.13)
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II.1.2 Electroweak symmetry breaking

Within the SM, where u? < 0, the electroweak symmetry SU(2)1, x U(1)y is preserved
by the SM Lagrangian, but is spontaneously broken by the Higgs condensate — the vev
(®T®) = —pu2 /(2)\1). The Higgs potential of Eq. (2.13) is minimized on a continuous set
of field values related by gauge transformations. Within our choice of notation, the vev
of the Higgs field takes the form

1 (o0 2
<<I>>=—( ) vew = | —E ~ 246 GeV

VEw

which spontaneously breaks the electroweak gauge symmetry down to the unbroken
electromagnetic subgroup U (1), with the generator given by Q = T3 + Y [71, 72],
with Ty = 03 /2.

Expanding around the vacuum configuration,

o i)
5 (e + h(z) +iG(x)) )

the field h(x) describes the physical Higgs boson, while the three would-be Goldstone
bosons G*0(x) are the excitations of the Higgs doublet along the directions of the broken

generators.

Gauge boson masses

The gauge boson masses arise from the kinetic term D,®'D#® expanded around the
vev of the Higgs field. Substituting Eq. (2.14), one finds non-zero mass terms for three

linear combinations of the gauge fields.

In the mass eigenbasis, these correspond to the charged W+ bosons and the neutral Z

boson, given by

oo e, (P < (st —smow) (WE)
V2 A, sinfy,  cos by B,

where the weak mixing angle 0y is defined by tanfy, = ¢'/g. The resulting gauge

(2.14)

(2.15)

(2.16)
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boson masses are

M
MW:gUEW7 MZ:UE_W\/QQ_I_.QQ: ul ) MA:O
2 2 cos Oy

The photon A, remains exactly massless: the U(1)em subgroup is left unbroken by the

non-zero Higgs vev.

The three broken generators of SU(2);, x U(1)y, which would produce three massless
Goldstone bosons G+ for the case of a broken global symmetry, are absorbed as the

longitudinal polarization degrees of freedom of the W= and Z bosons.

The ratio p = M3, /(M2 cos® Oy) = 1 at tree level is a direct consequence of the doublet
structure of the Higgs field and electroweak symmetry breaking pattern. While the re-
sulting prediction receives higher-order corrections, it remains one of the most precisely

tested predictions of the SM.

Higgs boson

The remaining degree of freedom within the Higgs doublet corresponds to the physical

Higgs boson h which acquires its mass during the electroweak symmetry breaking,
M}P = =243 = 2 vy -

In addition to interaction with the gauge bosons, generated by the kinetic term
DM@TD“Q), the scalar potential 1}, expanded around the vev, further generates
self-interactions of the physical Higgs boson:

M} M} M}
VoD 5t h?+ - h? 4+ - ht
02 T o TR,

The trilinear A, = 3M7 /v and the quartic Higgs coupling at the tree level are both
determined by M), and v (or alternatively by u2 and \;) alone.

I1.1.3 Yukawa sector

The Higgs doublet plays one further crucial role in the SM. A Dirac mass term for
fermions, which is of the form m&{zb]f%, is explicitly forbidden by gauge invariance, since

the left- and right-handed fermions are charged differently under SU(2);, and Uy (1).

(2.17)

(2.18)

(2.19)
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The resolution to generate masses for elementary fermions is to couple them to the Higgs

doublet through Yukawa interactions, which are gauge-invariant by construction,
Lyawa = —Y1Q1 dufy — YIQ, @d% — YL ®e’ + hec.

where ® = i02®* is the conjugate Higgs doublet (with hypercharge Y = —1/2, re-

quired to give mass to up-type quarks), and Y %€ are 3 x 3 complex matrices in fermion

generation space. Once the Higgs acquires its vev, Yukawa interactions generate mass

terms for the fermions,
f_ )
7\413 - == Yij .

V2
The physical fermion masses are obtained by biunitary diagonalization of the mass ma-
trix M/, using independent unitary rotations U g and U ]]; of the left- and right-handed
fields.

This rotation, however, leads to non-diagonal couplings of the fermions in the mass
eigenbasis to the charged gauge bosons. For quarks, this mismatch results in the
Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix Vexy = (U¥)TUY, which is
responsible for flavor-changing charged-current interactions and is parametrized by

three mixing angles and a charge-parity (CP)-violating phase.

It is worth noting that since the SM contains only left-handed neutrinos, the Yukawa sec-
tor does not provide a recipe to generate masses for them and neutrinos remain exactly

massless within the SM.

II.1.4 Quantum Chromodynamics

Quantum chromodynamics (QCD) is described by the SU(3). gauge sector of the SM

and determines the strong interaction between quarks and gluons.

As in any interacting QFT, couplings are scale dependent: quantum loop corrections
modify the interactions, so that the effective interaction strength depends on the char-

acteristic energy scale y of a process.

Within the SM, QCD, like the weak SU (2), interaction, is an asymptotically free theory:
the strong coupling g, decreases at high energies and becomes weakly coupled in the
ultravioltet (UV) regime [19, 73]. This is a direct consequence of the non-Abelian nature

of the SU(3). gauge group and matter content coupled to it.

(2.20)

(2.21)
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The crucial phenomenological difference between QCD and the electroweak interaction
is that the color gauge symmetry is not spontaneously broken: gluons remain massless,

and the SU(3). remains unbroken at all energy scales.

Confinement and hadronization

The IR counterpart of asymptotic freedom is confinement. At energy scales around
Agcp ~ 200MeV [74] the strong gauge coupling becomes non-perturbative. Since
SU (3). remains unbroken, physical asymptotic states must be gauge-invariant color sin-
glets. As a result, isolated quarks and gluons, which carry color charge, never appear in
the low-energy spectrum. For instance, quarks are always confined within bound states
called hadrons. The most familiar examples are mesons, which are quark-antiquark pairs
qq (e.g. pions, kaons), and baryons, which are three-quark states qqq (e.g. protons, neu-

trons).

Although QCD does not directly drive the EWPT, it enters crucially in precision EWPT
calculations. In particular, g5 and the top quark Yukawa coupling y; enter essential loop

corrections to the Higgs scalar potential.

II.1.5 From the Lagrangian to physical predictions

The SM Lagrangian constructed in the preceding sections is a classical object. In order
to take into account the quantum nature of fundamental physics and extract physical
predictions, such as cross sections and decay rates, we need to quantize the theory. The
modern approach is the path integral formalism: rather than quantizing fields as op-
erators, one sums over all field configurations weighted by the phase €**l¥l, encoding
the quantum interference between different configurations of the fields. The action is

defined as
St = [ d'aciel,

where ¢ collectively denotes all fields. The correlation functions of the fields, which

enter physical observables, are determined using the generating functional

200 = / Dy exp {iS[go] i / d4xJ<x><p(x)},

where J are external sources coupled to the fields.

(2.22)

(2.23)
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In practice, the path integral is often evaluated perturbatively as an expansion in the cou-
pling constants, where the resulting terms are represented diagrammatically by Feyn-
man diagrams. This formulation of vacuum (7" = 0) QFT is used extensively throughout
this thesis; the QFT framework at finite temperature, which underlies the treatment of

the scalar potential at 7" # 0, is developed in Chapter III.

Gauge fixing and quantization of vector fields

Quantizing gauge theories requires additional care: in the Lagrange formalism, a Lorentz
vector field A, has four components, but a massless spin-1 particle has only two physical

transverse polarizations.

One of the unphysical degrees of freedom is removed by the equations of motion — for
an on-shell massless vector the transversality condition eliminates one polarization —
while the remaining one is pure gauge redundancy. It is this last unphysical degree of

freedom that must be removed by gauge fixing to avoid overcounting in the path integral.

The standard resolution is to impose a gauge-fixing condition, which removes the re-
dundant degree of freedom, by adding terms explicitly breaking gauge invariance to the
Lagrangian. For instance, in the case of an Abelian gauge field, one may add the covari-

ant gauge-fixing term

1

Lo = —5

(0.4")7

to the Lagrangian, where the gauge parameter ¢ labels a family of gauges. In non-Abelian
theories, gauge fixing also introduces Faddeev—-Popov ghost fields: unphysical fields
which are required to preserve the consistency of the perturbative expansion. Explicit

gauge-fixing terms for the SM gauge groups are introduced in Chapter III.

Physical observables are independent of the gauge-fixing condition and the value of ¢, a
fact that provides an important consistency check on perturbative calculations. Unphys-
ical gauge dependencies of intermediate quantities play an important role throughout
this thesis, as we shall see when discussing gauge dependence in the context of phase

transitions in Chapter V.

(2.24)
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Divergences, regularization and renormalization

Loop corrections in QFT involve integrals over the momenta of virtual particles that
generically diverge in the UV, a manifestation of the sensitivity of local QFTs to arbi-

trarily short distances.

To make sense of these infinities, one first regularizes the theory, rendering the diver-
gent integrals mathematically well-defined. Next, the divergences are absorbed into a

redefinition of the Lagrangian parameters of the theory — renormalizing the theory.

The common choice for perturbative regularization, used throughout this thesis, is the

dimensional regularization, where the theory is continued to
d=4—4—2¢

spacetime dimensions, so that divergences appear as poles in 1/e.

The bare Lagrangian is then split into renormalized quantities and counterterms,
Liare = Leen(m, N, g,...) + L(6Z,0m?,6),6g,...),

where the counterterms ensure that physical observables are finite order by order in
perturbation theory. Renormalization is far more than a prescription for removing in-
finities: it defines the precise relationship between the parameters of the Lagrangian
and measurable quantities — physical masses, scattering cross sections, decay widths —
and introduces a residual dependence on the renormalization scale p, governed by the
renormalization group equations (RGEs). The scale dependence of physical predictions
provides a measure of the truncation error of the perturbative expansion within a cal-
culation. This becomes particularly relevant for the discussion of the perturbative de-
scription of the EWPT.

It is useful to note two complementary viewpoints on renormalizability. In the tradi-
tional sense, the SM is a renormalizable theory: all operators have mass dimension < 4,
so a finite set of counterterms suffices to absorb all divergences. From an EFT perspec-
tive, however, one may view the SM as the leading part of an EFT valid below some
cutoff A (at the latest Mp = (87G)~1/2 ~ 2.43 x 10'® GeV, beyond which gravitational
effects become non-negligible). Higher-dimensional operators suppressed by powers of
1/A then encode possible new physics at higher scale. They are not pathological for

calculations but simply parametrize our ignorance of shorter-distance dynamics.

(2.25)

(2.26)
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This EFT viewpoint is central to the SMEFT framework discussed in Section II.4 and to
the DR procedure employed in Chapters III and IV.

I1.1.6 The SM as a complete theory: parameter count

With the gauge, fermionic, scalar and Yukawa sectors all in place, the SM is fully spec-
ified as a renormalizable QFT by 19 free parameters. Three of these are the gauge cou-
plings ¢/, g and g, associated with U(1)y, SU(2),, and SU(3). respectively. Two param-
eters lie within the Higgs potential: the mass parameter ;7 and the quartic self-coupling
Ap, (or equivalently the Higgs boson mass my, and the vev vgw). Nine encode the fermion
masses through the Yukawa sector: six quark masses (1., mgq, me, ms, mp, m;) and three
charged-lepton masses (m.,m,, m,). Four describe quark mixing: the three CKM an-

gles 015, 013, 025 and the CP-violating phase 6.

The nineteenth one is the QCD vacuum angle #, which multiplies the topological
term AGG allowed in the QCD Lagrangian. The extremely small experimental bound
0] < 10710 [75] constitutes the strong CP problem [76].

None of these 19 numbers is predicted by the theory. They are empirical inputs, fixed by
experiment and otherwise unconstrained by the symmetry structure. The fact that 19
parameters suffice to describe particle physics to extraordinary precision across a vast
range of energies and processes stands as the SM’s central achievement, and is what

makes the open questions of Section II.3 so pervasive.

II.1.7 Experimental successes

The SM’s 19 parameters, once fixed by measurements, turn the Lagrangian from a def-
inition into a predictive tool. The history of experimental particle physics is largely a
history of those predictions being confirmed. The successes are far too numerous to
catalogue; they span five decades of experiments and range from proving the existence
of particles predicted before their discovery to agreement with precision measurements
at the level of parts per billion. We highlight three that are most directly connected to
the topic of this thesis.

- Higgs boson discovery

The discovery of a Higgs boson by ATLAS and CMS at the LHC in July 2012 [26,
], with mass m;, = 125.11 + 0.11GeV [77], was the capstone of the SM. It
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confirmed that the BEH mechanism of Section 11.1.2 is the correct description of
electroweak symmetry breaking, and that the vev vgw ~ 246 GeV is a physical,
observable quantity. Subsequent measurements of Higgs coupling strengths in the
vy, L4*, WWH, bb, 7T~ and w1~ channels are all consistent with SM predic-
tions at the O(10%) level [78, 79], confirming that the discovered boson couples
to other particles in proportion to their masses, exactly as the Yukawa sector of
Section II.1.1 requires. The one aspect of the Higgs potential that is not yet di-
rectly measured is its self-couplings. Current LHC constraints on the trilinear
coupling A, from hh production permit O(1) deviations from the SM value [ 78,

], with even larger deviations allowed for the quartic Higgs self-coupling. Thus,
the precise shape of the scalar potential — and hence the character of the EWPT —
remains an open experimental question. This is particularly relevant in extended
Higgs sectors, where additional scalar fields can significantly modify the shape of

the potential.

- Electroweak precision tests

The electroweak sector has been probed with extraordinary precision at LEP, SLD
and the Tevatron, even before the discovery of the Higgs boson. The Z-boson
lineshape, its partial decay widths, the W' mass, and the weak mixing angle 0y
all agree with SM predictions at the per-mille level [67, 74]. Perhaps most strik-
ingly, the quantum corrections test the loop structure of the electroweak theory:
they probe virtual effects of particles too heavy to be produced directly, and their
agreement with data confirms that the perturbative expansion is under control.
The consistency of these precision tests places stringent constraints on any exten-
sions of the SM.

« Prediction and discovery of the top quark

Long before it was observed directly, the existence and approximate mass of the
top quark could already be inferred from electroweak radiative corrections. Pre-
cision measurements of the Z-boson properties at LEP and SLD are sensitive to
virtual top-quark contributions. Global fits to these observables in the early 1990s
predicted a heavy top quark with m; ~ 170 GeV [21, 82].

This prediction was confirmed with the discovery of the top quark by the CDF
and DO collaborations at the Tevatron in 1995 [¢1, 82]. The agreement between
the indirectly predicted mass and the directly measured value remains one of the

clearest demonstrations that the loop structure of the SM has correctly described
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physics well above the energy scales directly probed by experiments at that time.

The large top Yukawa coupling makes the top quark the dominant fermionic con-
tributor to radiative corrections of the Higgs scalar potential, playing a central
role in determining the shape of the scalar potential and hence the nature of the
EWPT.

II.2 The standard cosmological model

The SM of particle physics describes the fundamental constituents of matter and their
interactions, but its most dramatic consequences are not found in laboratory experi-
ments — they played out in the first fractions of a second after the Big Bang. At those
early times, the Universe was a hot, dense thermal plasma at temperatures far exceeding
those achievable at any collider, with all SM degrees of freedom thermally populated
and in equilibrium. The evolution of this plasma — how symmetries broke, how parti-
cles fell out of equilibrium, how the baryon asymmetry was generated — is governed by
the same Lagrangian reviewed in the preceding section, now determining the physics at
finite temperature. Connecting particle physics to observable predictions in this way re-
quires a cosmological framework: a description of how the Universe expands, cools, and
evolves. Yet the standard cosmological model, to which we now turn, does not merely
provide this backdrop — it also poses its own profound open questions, including the na-
ture of dark matter and dark energy, the origin of the baryon asymmetry of the Universe

(BAU) and the mechanism behind the initial conditions of the hot Big Bang.

The standard cosmological model, also known as the ACDM, provides a remarkably
successful description of the evolution and large-scale structure of the Universe. It rests
on two empirical pillars: the cosmological principle, which states that the Universe is
homogeneous and isotropic on sufficiently large scales, and general relativity (GR) as
the theory of spacetime dynamics. Within this framework, the Universe is found to be
spatially flat, dominated at late times by a cosmological constant A and cold dark matter,
and to have originated in a hot, dense initial state — the Big Bang. In this section, we
review the key elements of the standard cosmological model that are relevant to the

physics of phase transitions and GW production studied in subsequent chapters.
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I1.2.1 FLRW universe and Friedmann equations

In the general theory of relativity, the geometry of spacetime is encoded in the met-
ric tensor g,,, which enters the invariant line element ds® = Guv dztdz” and deter-
mines how distances and time intervals are measured. The metric generalizes the flat
Minkowski line element ds? = dt? — d7? of special relativity to curved spacetimes, and

its dynamics are governed by the Einstein field equations,

T
G = 7
Pl
where G, = R, — %g,ﬂ,R is the Einstein tensor, with R, the Ricci tensor and

R = g"”R,, the Ricci scalar, Mp; = (87G)~1/2 ~ 2.43 x 10'® GeV is the reduced Planck
mass, and 7}, is the energy-momentum tensor of the matter and radiation fields in the

Universe.

Specifying the metric is therefore equivalent to specifying the gravitational background

in which all other physics takes place.

The cosmological principle — homogeneity and isotropy of the Universe on large
scales — uniquely constrains the metric to the FLRW form, parametrized by a single
time-dependent scale factor a(t) and a spatial curvature parameter £ € {—1,0,+1}.
Observations of the cosmic microwave background (CMB) by the Planck satellite
constrain the spatial curvature to be consistent with zero at the sub-percent level [3],

hence, setting £ = 0 henceforth, the flat FLRW line element reads
ds* = dt* — a*(t) [dr® + r* (d6” + sin®0 d¢?)] ,

where t and (r, 0, ¢) are the time and spatial comoving spherical coordinates. All physi-
cal distances scale with a(t): a comoving separation Ar corresponds to a proper distance
d, = a(t)Ar; the evolution of the scale factor a(t) is governed by the Einstein field equa-
tions Eq. (2.27).

Assuming the cosmic energy-momentum tensor takes the perfect-fluid form,

T = diag(p, p, p, p), where p is the energy density and p is the pressure, the

(2.27)

(2.28)
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(0,0) and trace components of the field equations yield the two Friedmann equations,

_a P
HQZ_:?Q’
a 3Msp,
: a 1
H+H=-=——_ 3

where the Hubble rate H = G/a measures the rate of cosmic expansion, and dots denote
derivatives with respect to t. The stress-energy tensor conservation law, V,T*" = 0,

leads to the continuity equation
p+3H(p+p) =0.

Together these equations completely determine the expansion once the content of the
Universe together with the equation of state w = p/p is specified for each component.
The equation of state w takes characteristic values depending on the dominant form of
energy: w = 0 for pressureless (cold, m, > T') matter, w = 1/3 for radiation (including
all relativistic species m,, < I') and w = —1 for a cosmological constant A. Integrating
Eq. (2.30) gives

p oc a~30+w),

4

so that radiation energy density drops as p, & a4, matter as p,, < a2, and py = const.

The spatially flat Universe must have a total energy density equal to the critical density,
Pec = 3M§1Hg )

with H being the present time value of the Hubble rate.

The Friedmann equations Eq. (2.29) can be conveniently expressed in terms of the density
parameters for each species ¢, which parametrize the energy budget of the Universe,

defined as the ratio of its present-day energy density p; o to the critical density,

Q, = Pi,0
Pe

with the flatness condition reading ) . Q; = 1. Eq. (2.29) then becomes
H*(2) = Hy[Q- (14 2)* + Qu(1 + 2)° + Q]

where z = ag/a — 1 is the cosmological redshift. This expression encapsulates the full

expansion history of the Universe: first, at large 2z (early times) radiation dominated,

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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then, at intermediate values of z matter dominated, and finally starting from z ~ 0.4 the

cosmological constant started to drive accelerated expansion.

Current observations give {2, ~ 0.69, €2,,, ~ 0.31 (of which 2, ~ 0.05 is baryonic) and

Q, ~ 9 x 1075, consistent with {y = 1 [¢3]. The Hubble constant is measured to be
Hy = 100hkms 'Mpc™, h =~ 0.674,

although a statistically significant tension between early-Universe (CMB-based,
h ~ 0.674) and late-Universe (distance-ladder-based, h ~ 0.730) measurements of H,

currently remains unresolved [84, 85].

The EWPT occurs at temperatures around the electroweak scale, 7' ~ 100 GeV, corre-

sponding to z ~ 10'°, deep in the radiation-dominated epoch when H? ~ p,/(3M3).

I1.2.2 Energy content of the Universe

The energy budget of the Universe is shared among four qualitatively distinct compo-
nents: radiation, baryonic matter, dark matter and dark energy (cosmological constant).
Their relative abundances change with time due to the different scalings of Eq. (2.31), as
established in Section 11.2.1. We briefly review each component with emphasis on the
properties relevant to the early, radiation-dominated Universe where the EWPT takes

place.

Radiation

In the early Universe, when temperatures exceeded the rest masses of the elementary
particles, all SM degrees of freedom were relativistic and in thermal equilibrium. The
energy density of a gas of non-interacting relativistic species in thermal equilibrium at

temperature 7" is

where ¢.(T) is the effective number of relativistic degrees of freedom,

g(T) = > gi(%>4+g 3 gi(%)4.

bosons fermions

(2.35)

(2.36)

(2.37)
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Here g; counts internal degrees of freedom (spin, color, charge conjugate states), 7; is
the temperature of species i, and the factor 7/8 arises from Fermi-Dirac versus Bose-
Einstein statistics for fermions and bosons, respectively. At T > m; ~ 172.5GeV [86],
all SM particles are relativistic and ¢.(7") = 106.75. As the Universe cools and succes-
sive species become non-relativistic, they transfer their entropy to the thermal bath and
g« decreases stepwise; by the time of neutrino decoupling (7" ~ 3 MeV) only photons
and neutrinos remain relativistic, giving g, ~ 3.36 and today g. ~ 2 (photons only).
The present-day radiation density is negligible, 2, ~ 9 x 107°, but radiation domi-
nated the expansion history for all 7' 2 1eV and is the sole relevant component at the

temperatures of interest for electroweak baryogenesis and phase transitions.

Similarly, the entropy density and pressure of the radiation bath are

272 p
= —— Uxs T T37 r = = s
s =75 9us(T) pr=73
where ¢.s(7) is the effective number of entropy degrees of freedom, defined analogously
to Eq. (2.37) but with T2 rather than 7). Away from decoupling transitions ¢, ~ g..

3

The total comoving entropy S = sa” is conserved in the absence of entropy production,

which allows one to track the temperature as a function of scale factor: 7" g;}/ SaL,

Baryonic matter

Baryonic matter (quarks, gluons and their bound states) accounts for only €2, ~ 0.05
of the total energy density today [83]. At temperatures above the QCD confinement
scale (1" 2 200 MeV) the baryonic component exists as a quark—gluon plasma embedded
within a large radiation bath. Below confinement, quarks and gluons are bound into
hadrons, whose subsequent annihilations and decays leave only the lightest baryons
(protons and neutrons), with a small relic abundance set by the BAU. The baryon-to-
photon ratio,
nBE”Bn;V”B:@’x 10710,

is one of the key observational inputs for Big Bang nucleosynthesis (BBN) [83] and a
quantity that any successful mechanism of baryogenesis must reproduce. The origin of

ng # 0 — the BAU — remains an open question, and the EWPT is a promising setting

for its generation, see Section I1.3.

(2.38)

(2.39)
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Dark matter

A wide range of independent observations — galactic rotation curves, gravitational lens-
ing, cluster mass reconstructions, CMB power spectra and large-scale structure sur-
veys — point to the existence of a non-luminous, non-baryonic matter component [87,

]. This dark matter contributes {2py ~ 0.26 and clusters gravitationally in the same
way as ordinary matter, with equation of state w = 0 and energy density diluting as
pom o< a~3. The SM contains no viable dark matter candidate; its identity remains one of

the outstanding open problems of fundamental physics, discussed further in Section I1.3.

Dark energy and the cosmological constant

The accelerated expansion of the Universe, first established by Type Ia supernova ob-
servations in 1998 [89, 90], is attributed to dark energy. In the simplest realization, dark
energy is a cosmological constant A in Einstein’s equations, corresponding to vacuum
energy density

PA = MI?IAv

with equation of state w = —1. The observed value, p,lx/z’L ~ 2.3 x 1072 eV, is some 120

orders of magnitude smaller than the naive QFT estimate from summing up zero-point
energies of all SM fields, which constitutes the cosmological constant problem. The
ACDM model simply takes A as a free parameter fit to data, and 2, ~ 0.69 accounts for
the largest share of the present-day energy budget and drives the accelerated expansion
at present day. For the physics of the early Universe and the electroweak epoch, dark
energy is entirely negligible.

I1.2.3 Thermal history

Starting from an extremely hot, dense initial state, the Universe cooled as it expanded,
and a sequence of phase transitions and decoupling events shaped the matter and radia-
tion content observed today. The key epochs in chronological (decreasing-temperature)

order are:

« Inflation (7}, ~7): Prior to the hot Big Bang, the Universe is believed to have
undergone a period of accelerated, quasi-exponential expansion driven by one or

more inflaton fields [91-93]. Inclusion of the inflation stage resolves the horizon

(2.40)
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Figure 2.1: The phase diagram of the SM with the varied mass of the Higgs boson.
A first-order phase transition occurs for m;, < 72 GeV, while for the observed value
my, =~ 125 GeV lies in the crossover region. The blobs represent the lattice simulation
points, while the solid line is a fit between them. Figure adapted from [94].

and flatness problems and seeds the nearly scale-invariant adiabatic perturbations
observed in the CMB. At the end of inflation, reheating converts inflaton energy
into SM radiation, with reheating temperatures ranging from ~ 10> GeV down

to O(MeV) depending on the inflation model.

- Electroweak epoch (I' ~ 100GeV): Above this scale, the symmetry
SU(2)r, x U(l)y is restored with () = 0. As the Universe cools, the
symmetry breaks down to U(1).y, the Higgs condensate forms and the W/Z
bosons and fermions acquire mass. In the SM with m; ~ 125GeV, this is a

smooth crossover rather than a first-order transition, as shown in Fig. 2.1.

+ QCD confinement (1" ~ 150 MeV): Near Tocp ~ 150 MeV, quarks and gluons
hadronize into color-neutral states. The effective relativistic degrees of freedom
drop sharply (9. ~ 52 — 17), and subsequent hadron-antihadron annihilation

leaves a small baryon excess set by 7.

 Neutrino decoupling and e*e™ annihilation (7' ~ 3 MeV): Neutrinos remain

in equilibrium until I, ~ G275 falls below the Universe expansion rate H, at
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T, d4ec =~ 3MeV. Later, around 7" ~ 0.5MeV, ete™ annihilation heats photons
relative to decoupled neutrinos, giving T, /T, = (4/11)}/%, where T, denotes the
CMB photon temperature.

- Big Bang nucleosynthesis (0.05MeV < 7' < 2MeV): Neutrons freeze out at
T ~ 0.8 MeV, setting the neutron-to-proton ratio n/p ~ 1/6. As the temper-
ature drops further to 7" ~ 0.07 MeV, light nuclei such as D, 3He, *He and "Li
are synthesized. The predicted primordial abundances agree well with observa-
tions, providing an early test of a radiation-dominated expansion [95, 96]. In this
context, the effective number of relativistic neutrino species, Neg ~ 3, is also ex-
perimentally tested, since changes in N ¢ would alter the expansion rate and hence

the light-element abundances.

- Matter-radiation equality (7" ~ (.75 eV): Equality between matter p,, and ra-
diation p, energy densities occurs around 1 + 2zeq =~ 2,,,/€, ~ 3400. Expansion
changes from radiation domination (¢ o t/?) to matter domination (a o t%/3),

enabling efficient structure formation in the Universe.

- Recombination and last scattering (I’ ~ 0.26eV =~ 3000K): At
T ~ 3000K =~ 0.26¢€V, electrons and protons combine into neutral hydro-
gen. The photon mean free path rises sharply, photons decouple, and the CMB
free-streams to us from the last-scattering surface. Precision CMB anisotropy

measurements constrain primordial perturbations and ACDM parameters [33].

« Matter-A equality (7}, ~ 3.8 K): At late times, the matter and dark-energy den-
sities become comparable, p,,, ~ pa, with 1 + 2,4 >~ (Q4/Q,,)"/% ~ 1.3. Beyond
this point, the cosmological constant dominates the expansion and drives acceler-

ated growth of the scale factor.

« Today (7', ~ 2.7K): The present-day Universe is in the dark energy dominated
era, with approximate energy fractions 2, ~ 0.69, 2, ~ 0.31 and Q, ~ 9 x 107°.
Structures formed during the matter domination epoch continue evolving, while
accelerated expansion suppresses further growth on the largest scales. Today, we
can measure imprints of the early Universe through electromagnetic waves (up to

the CMB last-scattering surface), GWs and primordial magnetic fields.
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I1.2.4 Gravitational waves

GWs are the propagating perturbations of the metric tensor g,,, — predicted by Einstein’s
GR and first directly detected by the LIGO collaboration in 2015 [9]. They carry infor-
mation about their sources that is entirely inaccessible to electromagnetic observations,
making them a qualitatively new window on the Universe. In this section we review
how GWs emerge from GR, characterize their properties and survey the cosmological

sources of them.

Gravitational waves in linearized general relativity

The starting point is the linearization of GR around flat Minkowski spacetime. Writing
Guv = Muw + hyw with |k, | < 1, the Einstein field equations to first order in h,,, give

the wave equation for the trace-reversed perturbation }_LW = hy — %nw,h,

in the Lorenz gauge 9"h,,, = 0, where O = §,0" and T}, is the energy-momentum of
the GW source. In vacuum, Eq. (2.41) reduces to DBW = 0, a massless wave equation
admitting solutions h,, o €,,e**" with k%k, = 0 (waves propagating at the speed of

light) and €, being the polarization tensor.

The counting of physical degrees of freedom follows the same logic as in electromag-
netism, and it is instructive to run both arguments in parallel. The vector potential A,
carries 4 components. Imposing the gauge-fixing condition, in particular, the Lorenz
gauge 0" A, = 0 removes one degree of freedom, while fixing the residual gauge free-
dom A, — A, + 0,a, with Oa = 0 in vacuum, eliminates one more. The result is
4 — 1 — 1 = 2 physical, transverse polarizations. The gravitational perturbation h,,,
is a symmetric tensor with 10 independent components. Imposing the Lorenz gauge
d”h,,, = 0 imposes 4 conditions, reducing the count to 6, and fixing the residual gauge

freedom l_z#,, — l_zw, + 0,& + 0,€, with O* = 0 in vacuum removes 4 further compo-

nents, leaving 10 — 4 — 4 = 2 physical degrees of freedom.

It is convenient to work in the transverse-traceless (TT) gauge, where hO® = 0, bt = 0,
&’h;; = 0 such that h,, = h,,. For a wave travelling in the Z direction, in TT-gauge, a

perturbation takes the form

(2.41)
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0 0 0 O
0 h h 0
hg = N * cos(w(t — 2)),
0 hy —hy 0O
0 O 0 0

with two independent polarization amplitudes i (plus) and A (cross). Both polariza-
tions act by stretching space in one transverse direction while simultaneously squeezing
it in the other, producing a time-varying quadrupolar distortion. It is this oscillating de-
formation of proper distances between freely falling test masses that interferometric

detectors measure as the dimensionless strain.

As in electromagnetism, gravitational radiation is sourced by time-varying multipoles,
however, due to mass-energy conservation and universality of gravity, dipole radiation
is absent in GR. Hence, the leading GW emission is quadrupolar: spherically symmetric

configurations do not radiate, while non-spherical accelerated motion does.

Astrophysical and cosmological sources of gravitational waves

GW sources span a wide range of frequencies, physical mechanisms and cosmological
epochs. Compact-binary systems (inspiralling and merging pairs of black holes and neu-
tron stars) radiate in the LIGO/Virgo/KAGRA band around 10-10% Hz and account for
all confirmed individual detections to date [9]. At nanohertz frequencies, pulsar-timing
arrays have reported evidence for a stochastic GW background [10, 97, 98], although its

physical source is not yet understood.

At much lower frequencies, inflationary tensor perturbations would imprint a nearly
scale-invariant stochastic GW background, potentially observable as B-mode polariza-
tion of the CMB [¢3]. Cosmic-string and domain-wall networks, formed in symmetry-
breaking transitions in the early Universe, can produce both individual burst events and
a broad-band stochastic background [99]. First-order phase transitions in the early Uni-
verse generate a stochastic GW background whose peak frequency is set by the Hubble
rate at the time of the transition. For electroweak-scale transitions at 7' ~ 100 GeV, this
peak falls squarely in the mHz band targeted by the LISA space-based observatory [30,

, 101]. The prediction of this signal and its sensitivity to the microphysics of the
transition is a central topic of this thesis. Together, these sources make the stochastic
GW background a unique multi-messenger probe of the Universe, spanning energies

and epochs inaccessible to any electromagnetic observatory.

(2.42)
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I1.2.5 Observational pillars

The success of the standard cosmological model rests on the consistency of multiple in-
dependent observational probes spanning very different stages of the Universe and phys-
ical processes. Together, these measurements support a spatially flat, expanding Uni-
verse whose dynamics is well described by the ACDM parameter set. Non-exhaustively,

the main observational pillars validating this framework include:

« Cosmic microwave background

The CMB provides a high-precision snapshot of the Universe at recombination. Its
blackbody spectrum, acoustic peak structure and polarization anisotropies con-
strain the baryon density, matter density, scalar perturbation amplitude, opti-
cal depth and spatial curvature. In particular, CMB data from Planck show that
the Universe is very close to spatially flat and are fully consistent with the six-

parameter ACDM framework [83].

- Big Bang nucleosynthesis

BBN predicts primordial abundances of light elements (D, *He, “He, "Li) from
weak-interaction freeze-out and nuclear reaction networks in the early Universe.
The observed abundances, especially deuterium and helium, broadly agree with
the BBN predictions for the baryon density inferred from the CMB, providing a
powerful cross-check between MeV- and eV-era cosmology and constraining the
effective number of relativistic species to be close to N.g =~ 3, consistent with

three light neutrino degrees of freedom within the SM [95, 96].

- Type Ia supernovae

Type la supernovae serve as standardisable candles: their peak luminosity can be
calibrated from the shape and decline rate of their light curves, providing distance
measurements across vast cosmological scales. Observations of high-redshift su-
pernovae by the Supernova Cosmology Project revealed that the expansion of the
Universe is accelerating [39, 90], providing the first direct evidence for a non-zero
cosmological constant A. Combined with CMB and baryon acoustic oscillations
data, Type Ia supernovae measurements tightly constrain the dark energy equa-
tion of state and provide an independent determination of €2,,, and {2, consistent
with the flat ACDM framework.
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II.3 Open questions and motivations for new physics

Despite the extraordinary success of the SM and ACDM, both frameworks are evidently
incomplete. A number of open questions remain, ranging from purely theoretical conun-
drums to problems with direct observational consequences. These limitations suggest
that the current frameworks are barely an effective descriptions of a more fundamental

theory and motivate the exploration of physics beyond the SM.

Many such issues have been discussed extensively in the literature [74], including the
origin of neutrino masses, the nature of dark matter, the BAU, the hierarchy problem
associated with the Higgs sector, inflation in the early Universe, the flavor puzzle, the
strong CP problem of QCD and the absence of a quantum description of gravity. We

briefly review those that are most directly relevant to the subject of this thesis.

 Gravity as a quantum theory

GRis a classical field theory, while the SM is a quantum theory. No experimentally
established, UV-complete quantum theory of gravity is currently known. Pertur-
bative quantization of Einstein gravity is non-renormalizable, indicating that GR
could only be interpreted as an EFT valid below the Planck scale Mp). Understand-
ing how gravity is consistently unified with quantum mechanics remains one of

the deepest open problems in fundamental physics.

o Dark matter

The SM contains no viable dark matter candidate, and the cosmological evidence
reviewed in Section II.2 requires one. This strongly motivates new physics beyond
the SM.

Among the most extensively studied candidates are weakly interacting massive
particles (WIMPs) [102], whose relic abundance can naturally arise from thermal
freeze-out in the early Universe via interactions at the electroweak scale, moti-
vating decades of direct detection, indirect detection and collider searches. Other
well-motivated candidates include axions and axion-like particles (ALPs) [103],
originally proposed to resolve the strong CP problem, sterile neutrinos arising
in extensions of the neutrino sector [104], and primordial black holes formed in
the early Universe [105]. Alternative production mechanisms, such as freeze-in
or non-thermal scenarios, further broaden the landscape of possibilities. Despite

an extensive experimental program spanning underground detectors, gamma-ray
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telescopes and collider searches, no dark matter particle has yet been conclusively
identified, making the nature of dark matter one of the outstanding open problems

of fundamental physics (see e.g. [87, 106] for reviews).

The Higgs mass hierarchy problem

The Higgs mass parameter p2 in the SM receives quantum corrections that are
quadratically sensitive to high-energy scales. In other words, any heavy state
coupled to the Higgs contributes a correction proportional to the square of its
mass, potentially driving the electroweak scale far above the measured value
vpw =~ 246 GeV. Explaining why the Higgs mass remains so light in the presence
of potentially huge UV scales, such as the Planck scale Mp;, without invoking
extreme cancellations between bare parameters and radiative corrections is
the core of the hierarchy problem. This apparent fine-tuning motivates new
mechanisms that stabilize the Higgs mass, such as symmetry-based protection
(e.g. supersymmetry), compositeness, or the existence of new weak-scale states

that cancel or soften the large quantum contributions.

In addition, the measured Higgs mass, m;, ~ 125 GeV, is striking from a theoreti-
cal perspective. It lies in a range where the SM vacuum is neither obviously stable
nor catastrophically unstable [107], a near-critical situation that can be viewed
as an additional fine-tuning within the Higgs sector [108, 109]. This coincidence

highlights another puzzling feature of the scalar sector within the SM.

At the same time, precision measurements of Higgs couplings at the LHC are in-
creasingly constraining simple extensions of the SM. Reconciling the observed
Higgs properties with the need for a SFOEWPT, necessary for mechanisms such
as electroweak baryogenesis, is a key motivation for the extended scalar sectors
explored in this thesis. These extensions can provide additional contributions to
the scalar potential, enhancing the strength of the transition while remaining con-

sistent with current experimental data.

Baryon asymmetry of the Universe

The Universe exhibits a pronounced matter—antimatter asymmetry quantified by
the baryon-to-photon ratio (defined in Eq. (2.39)) as determined from measure-
ments of the CMB and the BBN.

Any successful dynamical mechanism for generating the BAU must satisfy the

three Sakharov conditions [5]:
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- Baryon-number violation: processes that can change the net baryon num-

ber;

- C and CP violation: interactions that distinguish between particles and

antiparticles, allowing an imbalance to develop;

— Out of thermal equilibrium: conditions under which forward and reverse

reactions do not cancel, so that asymmetries generated are not washed out.

The SM, with the measured Higgs mass, cannot generate the observed matter-
antimatter asymmetry. Electroweak symmetry breaking proceeds through a
smooth crossover rather than a first-order phase transition, and the amount of

CP violation in the CKM sector is far too small to produce a significant BAU.

In extensions of the SM, a first-order EWPT can naturally provide the required
departure from thermal equilibrium. During such a transition, bubbles of the
broken phase nucleate and expand within the surrounding symmetric plasma
(see comprehensive discussion in Chapter I1I). CP-violating interactions with the
advancing bubble walls generate chiral charge asymmetries, which are partially
converted into baryon number by sphaleron processes in front of the wall. If
sphalerons are sufficiently suppressed inside the broken phase the generated

asymmetry can survive to late times.

Baryon-number violation in this context is provided by nonperturbative sphaleron
transitions [6, 110, 111], while additional sources of CP violation arise from Be-
yond the SM interactions. Because the EWPT in the SM is a smooth crossover, this
mechanism cannot operate efficiently, motivating extensions of the scalar sector

capable of producing a SFOEWPT, which is the focus of this thesis.

II.4 Beyond the Standard Model

The open problems surveyed in Section 11.3 call for new physics beyond the SM. The
landscape of BSM constructions is vast: it includes supersymmetry, composite Higgs
models, extra dimensions, grand-unified theories, neutrino-mass frameworks, axion and
dark-sector models and extensions of the scalar sector. Instead of attempting to compre-
hensively survey all of them, we focus here on the class of extensions most directly rel-
evant to this thesis — those that modify the structure of the Higgs potential and thereby
affect the character of the EWPT.
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The reason for this focus is straightforward. In the SM with m;, ~ 125 GeV, the EWPT is
a smooth crossover (see Fig. 2.1): there is no potential barrier between the symmetric and
broken-phase minima, hence no nucleation of bubbles and no departure from thermal
equilibrium occurs that is strong enough to generate the BAU. Both electroweak baryo-
genesis and a detectable stochastic GW signal require instead a first-order transition,
driven by a barrier in the finite-temperature scalar potential. The most straightforward
way to generate such a barrier is to extend the scalar sector. Additional scalar degrees of
freedom could contribute new cubic or quartic terms to the effective potential, reshape
the thermal mass corrections, open new field directions for nucleation or induce a two-
step transition — all of which can trigger a first-order EWPT in regions of parameter

space compatible with current collider search bounds.

Extended Higgs sector

The simplest BSM extensions of the scalar sector are obtained by augmenting the SM
with additional scalar fields that carry no new gauge charges but modify the shape of

the finite-temperature scalar Higgs potential.

Adding a real or complex gauge singlet is the most minimal option: the singlet couples to
the SM only through a portal interaction ®'®S", which can generate a tree-level barrier
between the symmetric and broken phases and strengthen the electroweak transition
while remaining compatible with collider bounds across sizable regions of parameter
space [112-114]. Two Higgs doublet models (2HDMs) provide a richer vacuum struc-
ture: the enlarged scalar spectrum introduces additional sources of CP violation, a more
intricate pattern of phase transitions and additional charged and neutral Higgs states
that are directly testable at colliders [115-119]. Scalar triplet extensions, such as those
arising in the Georgi-Machacek model or in left-right symmetric frameworks, can also
yield strong first-order transitions but are constrained by precision electroweak mea-

surements through their effect on the p parameter [120, 121].

A qualitatively distinct class of models are those with classical conformal symmetry,
in which the scalar potential contains no dimensionful (e.g. mass) parameters at tree
level, and electroweak symmetry breaking is instead triggered directly by radiative cor-
rections. The absence of a tree-level mass term naturally suppresses the Higgs mass
relative to a UV cutoff, and the loop-induced barrier generically produces a strong first-
order transition, making these models particularly motivated targets for GW observato-

ries [122-124].



[1 = CURRENT STATUS OF PARTICLE PHYSICS AND COSMOLOGY 34

Across all these extensions, the common thread is that the scalar sector controls both
the strength of the EWPT and the spectrum of new states accessible at colliders, making
extended Higgs sectors a natural link between terrestrial experimental searches for new

particles and GW probes such as LISA.

The SMEFT as a model-independent framework

Complementary to explicit BSM models, new heavy physics can be encoded in a model-
independent way through the Standard Model Effective Field Theory (SMEFT). If new
degrees of freedom are present at some high scale A > vgw, they can be integrated out,
leaving their imprint as a tower of higher-dimensional operators built from SM fields

and consistent with the SM gauge symmetries,

) (6)
() S (6
0" + Z A2 O+

C

(5
A

Lsmerr = Lom + Z

i

The Wilson coefficients cz(-d) encode the details of the BSM physics, while the operator
basis is fixed entirely by the SM field content and symmetries. This description assumes
the new physics couples to the SM through a linear representation of the Higgs doublet;
more general non-linear realizations are captured by the Higgs Effective Field Theory

(HEFT) [125, 126)].

The only dimension-five operator is the Weinberg operator (CiDTL)2 /A, which violates
lepton number and generates Majorana neutrino masses upon electroweak symmetry

breaking.

Among the bosonic dimension-six operators, the scalar sector plays a central role in
electroweak symmetry breaking and its thermal history. The ¢° class contains the single

operator

Oy = (910)*,

which modifies the Higgs potential directly, shifting the trilinear and quartic self-
couplings away from their SM values and may introduce a tree-level barrier between
the symmetric and broken phases that can turn the electroweak crossover into a genuine
first-order transition [11, 127]. The ¢*D? class contributes two further operators, which

in the Warsaw basis [125] read

Opn = (TO)D(OTD),  Oyp = (®TDH®)'(OTD,®),

(2.43)

(2.44)

(2.45)
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which modify the Higgs kinetic term and the W-Z mass relation respectively, feed-
ing into the electroweak precision parameters while simultaneously affecting the scalar

potential via loop corrections.

Going beyond the scalar sector alone, two-fermion operators of the 1)2¢? class also leave

their mark on the phase transition. The top-quark Yukawa modifier,
O = (B0 (Q3 du3) + hec.,

alters the top—Higgs interaction, and, crucially, enters the loop corrections to the finite-

temperature scalar potential, which governs the EWPT.

Remarkably, moderately positive values of ¢4, consistent with current experimental
bounds, are sufficient to drive a strong first-order transition even in the complete ab-
sence of Oy [37]. This broadens the class of operators in the SMEFT relevant to the
EWPT well beyond the scalar sector.

The SMEFT therefore provides a systematic bridge between precision measurements and
the cosmological EWPT discussed in this thesis, making it possible to translate collider

bounds directly into constraints on the thermal evolution of the Universe, see e.g. [129-

.

(2.46)
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The mathematician plays a game in which he
himself invents the rules while the physicist plays
a game in which the rules are provided by Nature,

but as time goes on it becomes increasingly
evident that the rules which the mathematician
finds interesting are the same as those

which Nature has chosen.

— Paul Dirac

This chapter presents the theoretical framework underlying the study of the EWPT. We
begin in Section III.1 with a brief review of QFT at finite temperature, introducing the
imaginary-time formalism and the basic structure of thermal correlation functions. We
then turn to the effective action and effective potential in Section III.2, which provide
the central tools for describing symmetry breaking and phase transitions, including a

discussion of their renormalization-scale and gauge dependence.

In Section I11.3, we discuss false-vacuum decay and bubble nucleation, followed by the
dynamics of bubble expansion and friction effects in the plasma. We then introduce the
DR approach in Section III.4, emphasizing the relevant thermal scales and the breakdown
of perturbation theory at high temperature, and motivating the construction of effective
three-dimensional descriptions. In Section II1.5, we connect these microscopic consid-
erations to macroscopic thermodynamic observables, before turning in Section II1.6 to

their implications for GW signals from cosmological phase transitions.
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[II.1 Quantum field theory at finite temperature

The EWPT takes place at finite temperature 7 ~ (100 GeV), where the hot plasma
of the early Universe acts as a thermal bath — a regime not captured by the vacuum
formulation of Section II.1. The appropriate framework is thermal field theory, which
generalizes the path-integral formulation of vacuum QFT to systems at finite tempera-

ture T = 1//3, where thermal equilibrium is assumed.

In vacuum QFT the generating functional in Minkowski space is given by

7101 = [0 exp{zsm wif d4xJ<x>¢<x>} ,

where S[¢] = [ d*zL(¢,D,¢) is the Minkowski action extending over all of R*!. The
connected functional W[.J| = —ilog Z[.J] generates all connected n-point correlation

functions, which enter the determination of physical observables.

At finite temperature, the central object is instead the thermal partition function
Z="Tr [e‘ﬁH } ,

which is the canonical partition function, describing a system in thermal equilibrium at
fixed temperature 7" = 1//3. From it the Helmholtz free energy F' = —T'log Z and all

thermodynamic observables follow, as discussed in Section IIL5.

III.1.1 The imaginary-time formalism

The connection between Egs. (3.1) and (3.2) becomes transparent after the Wick rotation
t — —itp: the Boltzmann weight e~ is then formally the Euclidean time-evolution
operator e~teH evaluated at tp = B. The trace in Eq. (3.2) identifies the field configu-
ration at tp = 0 with that at g = (3, rendering the imaginary-time direction periodic.

This compactification is the core idea of the imaginary-time formalism (ITF):
R* — SExR?, tg €10, ],

where S é is a circle of circumference § = 1/T'; in the limit 7" — 0 the circle decompact-

ifies, recovering the vacuum theory.
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The thermal partition function thereby admits the path-integral representation

zZ= / Do exp{~Sild]}
#(0,%)=¢(8,%)

with the Fuclidean action

_ / "ty / & Lo, 0,9)

where L is obtained from the Minkowski Lagrangian under ¢ — —itz. Bosonic fields
satisfy periodic boundary conditions ¢(0,%) = ¢(f, Z), while fermionic fields satisfy
antiperiodic conditions ¥ (0,Z) = —¢ (S, %), the sign arising from the trace over the

fermionic Fock space.

Matsubara frequencies

The periodic (or antiperiodic) boundary conditions in ¢y discretize the Fourier decom-

position of fields in the imaginary-time direction:
tE; -7 Z / ezwntE—l-zkx 7
n=—oo

with the boundary conditions constraining the allowed frequencies to the discrete set:

2mnT (bosons),
Wy = n ez,
(2n+ 1)7T  (fermions),

which are called Matsubara frequencies. Hence, integration over the energy component
is replaced by a discrete sum over the allowed Matsubara frequencies, while the momen-

tum integrals over the three spatial directions remain continuous:

/ Z/ d3k

This replacement is the single most important computational rule in the imaginary-time
formalism, appearing in calculations of loop diagrams, i.e. in the perturbative expansion

of the generating functional.

In vacuum, the scalar propagator (two-point function) for a free real scalar of mass m,

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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after the Wick rotation, takes the form:

. 1
A (kpo, k) = - .
sl ) k2 o+ K2+ m?

At finite temperature, the compactification Eq. (3.3) discretizes the continuous Euclidean
energy kg o to the Matsubara frequencies w,, of Eq. (3.7), giving the thermal propagator

- 1
Awp, k) = ———— .
w2 + k2 4+ m?

The thermal propagator Eq. (3.10) can be rewritten as

n—_ 1 2
n

Ao(wn, k)=

which makes manifest that finite-temperature field theory in imaginary time can be
viewed as a theory of an infinite tower of three-dimensional (3D) modes, each with an
effective Matsubara mass m,,. The bosonic zero mode (n = 0, wy = 0, my = m) is the
lightest, while all higher modes acquire thermal masses m,, 2o ~ 27nT" and decouple at

high temperature. This hierarchy underlies the DR discussed in Section I1I.4.

Real-time formalism

An alternative formulation of finite-temperature field theory is the real-time
(Schwinger-Keldysh or closed-time-path) formalism, in which the time variable
remains real and the integration contour is deformed accordingly. In thermal equi-
librium, the Kubo-Martin-Schwinger (KMS) condition is imposed on the contour,
recovering the equilibrium real-time formalism discussed in [152, ]. More generally,
the same framework accommodates non-equilibrium initial states where KMS relation
need not hold, giving access to time-dependent quantities such as spectral functions,
transport coefficients, and out-of-equilibrium dynamics. However, throughout this
thesis we work in the static limit, where all relevant quantities — the effective potential,
thermal masses, and phase-transition parameters — are independent of external
frequencies. In this limit the I'TF is the most natural and efficient choice, and we do not

employ the real-time formalism further.

(3.10)

(3.11)
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Figure 3.1: One-loop diagrams contributing to the Higgs thermal self-energy.
III.1.2 Thermal correlation functions

Similarly to the vacuum case, the correlation functions at finite temperature receive loop
corrections, computed perturbatively from the generating functional. In momentum

space, the two-point function A(w,,, k), which takes the form of Eq. (3.10) in case of a

free theory, receives loop corrections

AN wn, k) = w2 + k2 +m® + H(w,, k)
where I1(w,, k) is the thermal self-energy, in direct analogy with the Dyson equation at
zero temperature [ 134]. The self-energy I encodes both quantum corrections containing
the UV divergences (absorbed into counterterms as in Eq. (2.26)) and genuine thermal

corrections that modify the dispersion relation of the quasi-particle excitations.

In general, finite temperature does not alter the UV structure of the theory: the short-
distance divergences L < 1/T are unaffected by thermal effects and remain identical to
those at 7" = 0. As a result, renormalization can be carried out using the same 7" = 0,

temperature-independent counterterms.

The Higgs thermal self-energy

As a concrete illustration of the imaginary-time formalism, we compute the one-loop
self-energy of the Higgs field / in the ITF in the high-temperature limit. This calcu-
lation is relevant for the thermal mass that enters the high-temperature expansion of
the effective potential, as will be discussed in Section III.2, and connects with the DR

procedure described in Section II1.4.

The relevant one-loop diagrams are shown in Fig. 3.1; neglecting contributions from the

light fermions, these are: the scalar, the top quark and the gauge-boson loops.

(3.12)
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In the ITF, the contribution from the quartic scalar coupling A, arising from loops of

the Higgs and Goldstone bosons, is given by

Y = 6\, T
" Z/ w2+p + M2’

where w,, = 2mn/T" are the bosonic Matsubara frequencies for the loop momentum. Per-

forming the Matsubara sum via contour integration [132] and focusing on the thermal

3
o d’p np(E,)

part, we obtain

where E, = \/p? + M} and np(E,) = 1/(ef/T — 1) is the Bose-Einstein distribution.
In the high-temperature limit 7" > M, the dominant contribution arises from hard

momenta p ~ T, for which the mass can be neglected, £, ~ p. The integral then

3
M) d’p np(p)
1 _6>\h/(27r)3 p

reduces to

which can be evaluated exactly using

/ d*p np(p) T?
(27)3 p 127
yielding
T2  N\T?
I T2 gy LT A
h 0y =75

Including the top quark and gauge boson contributions analogously, the full leading-

order thermal correction to the Higgs self-energy in the high-temperature limit is
1
I,(T) = 5 (24X, + 9g° + 3" + 12y7) T7,

where we neglected the subleading contributions from other fermions.

This result shows that the Higgs boson acquires an effective thermal mass from its in-
teractions with the plasma, M} ,(T) = M} + I1,(T)), which modifies its propagation
and plays a crucial role in the dynamics of the EWPT, discussed in Section III.2.

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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III.2 Effective action and effective potential

The central objects for studying the thermodynamics of the EWPT are the effective action
I'[¢] and the effective potential V (¢, T'). These generalize the classical action and the
scalar potential, respectively, to include quantum and thermal loop corrections. The
shape of V (¢, T') as a function of the background field ¢ and temperature 7" encodes the
vacuum structure of the theory at finite temperature, thereby determining the nature of

the phase transition.

The 1PI effective action

Starting at zero temperature, the generating functional coupled to an external source
J(z) is given by Eq. (3.1); the connected generating functional W|J| = —ilog Z[.J] gen-
erates all connected correlation functions in the theory. The classical field

o) = 5 = (ol

is the vev of ¢ in the presence of the source. Inverting ¢. = 0W /J§.J to express J as a
functional of ¢, defines the one-particle irreducible (1PI) effective action as the Legendre

transform of W[J] [135, 136],

ro) =W - [ dted(@)6.(o)
By construction, I'[¢,] is the generating functional of 1PI diagrams and satisfies

o))
Sol) )

Setting J = 0 selects the physical vacuum as the field configuration that extremises the

effective action.

The effective action encodes the full quantum dynamics of the theory through its func-
tional derivatives, which generate 1PI correlation functions. As a result, evaluating the
effective action at tree level, i.e. treating it as a classical action without further loop cor-
rections, already incorporates all quantum effects and yields a systematic description of

the underlying theory.

In the following, we drop the subscript ¢ and simply write ¢ for the classical field where

(3.19)

(3.20)

(3.21)
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it appears as the argument of I" or V.

The effective action I'[¢] is a non-local functional of the background field ¢(z), but it

admits a derivative expansion,

rww=/ﬁ%[—vwo+1zwxm¢aw»+~-,

2
where V' (¢) is the effective potential and Z(¢) is a field-strength renormalization. Un-
der the assumption of homogeneity of the background field ¢, the effective potential
becomes a density of the effective action; it is the quantum-corrected generalization of
the classical potential V;(¢) and encodes the vacuum structure of the theory. The phys-

ical vacua of the theory are then simply determined by

dV(9)

7 — O,
d¢ @ = Pmin

which provides a convenient route to determining the vacuum structure and the char-

acter of phase transitions.

The loop expansion of the effective potential

A convenient method to evaluate I'[¢] and V' (¢) is to employ the background field
method [136, 137], in which one splits the scalar field into a classical background ¢ and
a quantum fluctuation 7, and performs the path integral over 7 to obtain the effective

action as a functional of ¢,
Sto -+l = Sl6] + 5 [ d'ana) [0 — m¥(@)] n(a) + OGP

where m?(¢) = d*Vy(¢)/dp? is the background-field-dependent mass. For brevity,
only the scalar contribution is shown; the full calculation includes all fields of the
theory, each contributing an analogous term with its corresponding background-
field-dependent mass. Performing the Gaussian path integral over 7-fields yields the

one-loop contribution to the effective action,

Iy[¢] = %‘Trlog[—a2 —m*(9)] .

For a constant background field, Eq. (3.25) reduces to a trace over momentum eigenstates.

(3.22)

(3.23)

(3.24)

(3.25)
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Writing out the momentum integral after a Wick rotation to Euclidean momenta yields:

Vio) = 5 [ ook oglk + m(0)].

which is UV divergent. By employing the dimensional regularisation scheme, the diver-
gence is isolated as a pole in € = (4 — d) /2,

mi(¢) [ 1 m*(¢) 3
e 642 {_E + log e + O(e)| ,
where the 1 /€ pole is absorbed into an appropriate counterterm of the tree-level potential
in the MS renormalization scheme and 4 is the renormalization scale. The finite part is
the one-loop correction to the effective potential, commonly referred to as the Coleman-

Weinberg potential [135, 136].

Throughout this thesis, we denote the tree-level scalar potential as Vj, the one-loop
contribution as V}, and the two-loop contribution as V5, so that the loop expansion of

the effective potential reads

V() = Vo(9) + Va(6) + Val() + -+~

We can relate the calculation performed via the Gaussian path integral to a Feynman
diagrammatic expansion by noting that the one-loop effective potential is given by the
sum of all 1PI vacuum diagrams with background-field-dependent masses. Specifically,
for the simple theory which only includes a scalar field with Vo(¢) = p3¢*/2 + Xs¢* /4,

we can rewrite Eq. (3.26) as:
Vi(¢) = 1/ 'k (K3, + 15+ 3Xp0°] = ii/ ki [ 3N\
o ] (2m) L T Ko oL 2n ) @m)*t \kp+p3 )

which corresponds to the sum of all one-loop vacuum diagrams with n insertions of the

quartic interaction with the background field, see Fig. 3.2, matching the diagrammatic

expansion.

There exists a complementary method to evaluate the effective potential, which re-
lates its first field derivative to tadpole diagrams — 1PI diagrams with a single exter-
nal background-field leg [138, 139]. Since the tadpole involves fewer propagators and
vertices than the full set of 1PI vacuum diagrams that enter direct computations of the

effective potential, this approach significantly simplifies higher-loop calculations.

(3.26)

(3.27)

(3.28)

(3.29)
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Figure 3.2: One-loop vacuum diagrams contributing to the effective potential, represent-
ing the expansion of Eq. (3.29). Each diagram corresponds to a term in the expansion,
with n insertions of the quartic interaction between the background ( ) and fluc-
tuation fields.

In the full theory, the one-loop effective potential is obtained by summing over contribu-

tions from all fields (see Eq. (3.27)), each with its own background-field-dependent mass

m?2(¢). In the MS renormalization scheme, this results in the general expression:

1

2
i 4 m; (¢)
Vi(o, p) = ; o2 (¢) {bgT - Ci‘| ,
where the sum runs over all field-dependent mass eigenstates. The factors n; are
n; = d — 1 for gauge fields, n, = —4N., for Dirac fermions, n, = —2 for ghosts, and
n; = 1 for scalar fields; ¢; = 3/2 for scalars and fermions and ¢; = 5/6 for gauge
bosons [45, 140]. The residual y-dependence is governed by the renormalization group

equations, as discussed in Section II1.2.1.

Higher-loop contributions to the effective potential may be computed analogously by
retaining higher-order terms in the 7-expansion and evaluating the path integral pertur-
batively. This corresponds to summing all 1PI vacuum diagrams with background-field-

dependent masses, which can be done using standard Feynman diagram techniques.

Finite-temperature effective potential

At non-zero temperature 7', the Euclidean time direction is compactified on a circle of
circumference f = 1/T and the fields acquire (anti)periodic boundary conditions, as
established in Section III.1. As a consequence, the zero-temperature momentum integral
in Eq. (3.26) is replaced by the thermal sum-integral of Eq. (3.8), leading to the finite-

temperature one-loop effective potential

T — Bk .
Vl(gzﬁ,T):E _Z /(27?)3 log[wi+k2+m2(¢) ,

(3.30)

(3.31)
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where w,, = 2mnT for bosons and w,, = (2n+ 1)77T" for fermions. The infinite sum over
Matsubara frequencies w,, can be performed using the standard techniques of contour
integration; this yields a decomposition of the effective potential into a zero-temperature

part (see Eq. (3.30)) and a thermal contribution,
Vi(¢, T, ) = Vi, )" =0 + Vi(g, T)'7°,

with
2

4
Vi(o, T)"70 = 2T_7r2 an JB/F<m%(2¢)) :

. . T40 . . . . ..
We have conveniently written V] 70 in terms of the dimensionless bosonic and fermionic

thermal functions [45, 1,
Jp(y?) = / dx 2 10g<1 — e’va“’Q) ;
0

o0
Jr(y?) = —/ dx * log(l +e Vv ”‘"2”2) :
0

for bosons and fermions, respectively. The sign differences between the two thermal
J-functions trace back to the (anti)periodic boundary conditions on the Euclidean cir-
cle. Ghost fields, which are Grassmann-valued but satisfy bosonic boundary conditions,
contribute with the same Jp function as gauge bosons, but with a negative sign due to

their Grassmann nature.

In the high-temperature limit, where y> = m?/T? < 1, the thermal J-functions can be

expanded as

4 2
N T2 T3 4
Je(y”) Ty gy +O0(y"),
Tt 12
2 . T 9 4
Jr(y?) 50 T o1 Y + O(y")

Notably, only the bosonic function Jp contains a cubic term o< y* = (m;(¢)/T)? in
the high-temperature expansion, reflecting the fact that only bosonic fields possess zero
Matsubara modes, which do not acquire thermal masses and can therefore give rise to
non-analytic contributions to the effective potential [21, 136]. It is this cubic term that
can generate a potential barrier in the Higgs potential capable of driving a first-order
EWPT [45, 140, 141].

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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The complete one-loop effective potential at finite temperature is

Vg, T, p) = Vo) + Vig, )™= + Vi, T)7°.

III.2.1 Renormalization scale dependence

At finite loop order, the effective potential inherits a spurious dependence on the regular-
ization scheme and associated renormalization parameters. For instance, in dimensional
regularization with the MS scheme, this appears as a dependence on the scale j, which
is a consequence of truncating the perturbative expansion. There is both an explicit de-
pendence on p and an implicit scale dependence through the running of the couplings
and the fields. The full y-dependence of the perturbatively evaluated effective potential
is governed by the RGE,

%,
= - ; =0,
(au 7¢¢+6 )

which simply expresses the fact that dV' /du = 0 if all loop orders are taken into account.
This equation shows that the explicit scale dependence of the effective potential cancels
against the respective contributions from the scale dependence of the couplings g; and

the field ¢, expressed in terms of the beta functions 3; and the anomalous dimension +.

Equation (3.38) holds order by order in perturbation theory. For instance, the explicit
scale dependence of the one-loop potential is canceled by the running of parameters

and fields (which enters at one loop, i.e. at O(%)) in the tree-level potential:

0 0
M%Vl = (’71¢a¢ Bi’la_gi) Vo,

where v, and f3;; are the one-loop anomalous dimension and beta functions, respec-
tively. The inclusion of the running of couplings and fields can therefore serve as a
consistency check for the loop-improved potential. If one includes the running of param-
eters also in the one-loop effective potential, the residual, uncanceled scale dependence

will be of two-loop order, i.e.

(M% —h’Yl¢ 90 +hBiq 81) (Vo +hV1) = OR?),

where we explicitly write out the powers of & to indicate the respective loop orders for

each term. This residual scale dependence propagates to predictions for physical ob-

(3.37)

(3.38)

(3.39)

(3.40)
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servables derived from the loop-improved potential, providing an estimate of the size of
missing higher-loop terms. Comparing the yi-dependence of the prediction of an observ-
able at successive loop orders therefore serves as an important indicator of the validity

of the perturbative expansion when truncated at a given loop order.

As an aside, we note that the potential may contain scale-dependent, but field-
independent terms (cosmological constant or vacuum energy terms) whose running is
not canceled by using loop-improved couplings. Such scale dependencies can be dealt
with by including the running of a vacuum energy term in Eq. (3.38) (see Ref. [142]).
Since field-independent terms do not affect the vacuum structure of the theory, we do

not include the running of the vacuum energy in the analyses of this thesis.

There is an additional scale dependence of the effective potential: it depends on the
initial scale y;, at which it is first determined before evolving it to another scale p. This

additional scale dependence is governed by the RGE-like equation [143]

0 0
uma—V(qﬁ, Mins 1) = YO =~

V y Miny )
. 9 (¢, Hin, 1)

where vy is the anomalous dimension of the scalar field. This equation states that the de-
pendence of V' as a function of ¢ on the initial scale 1;, can be compensated by a rescaling
of the field ¢ according to its anomalous dimension. Importantly, at an extremum of the
potential where 0V /0¢ = 0, the right-hand side vanishes identically, so the value of
the potential at its extrema is independent of 1i;,. Away from extrema, however, V' does
carry [,-dependence, which is analogous to the gauge-parameter dependence discussed

below — both are unphysical artifacts that cancel in physical observables.

II1.2.2 Gauge dependence

The effective action Eq. (3.20) is defined in the presence of a non-zero external source
J, which breaks the Ward-Takahashi identity [144], the quantum analog of Noether’s
conservation theorem. As a consequence, in gauge theories such as the SM, the effec-
tive action and the effective potential derived from it are intrinsically gauge-dependent

quantities.

The gauge dependence is governed by the Nielsen identity [145], which, for the effective

potential, takes the form

9

a¢v(¢7 £)7

0
58_§V(¢’§) = C(¢,¢)

(3.41)

(3.42)
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where ¢ represents a set of gauge-fixing parameters. Equation (3.42) follows from the
BRST invariance [144, 145] of the effective action and holds to all orders in perturbation
theory. The functions C'(¢, &) are correlation functions involving the ghost fields and
the gauge-fixing function, and can be determined order-by-order in perturbation the-
ory independently of V' [146, 147]. Eq. (3.42) can be viewed as the leading term in the

derivative expansion of the more general Nielsen identity for I'[¢] [146].

The Nielsen identity shows that the effective potential is gauge-independent at its ex-

tremal points Py,
9,
23

The field value at the extremum, however, is gauge-dependent:

f V(¢min7€) = 0

8quin
3

= C(¢min7 f) )

which is not problematic, since ¢, is not a physical, gauge-invariant observable.

Away from the extrema, Eq. (3.42) shows that the gauge dependence can be expressed
in terms of field redefinitions governed by the functions C(¢, £).

This can also be understood from the fact that gauge transformations correspond to
a special case of field redefinitions; as a consequence of the general invariance under
such redefinitions, the values of the potential at the extrema are gauge-independent (see

Fig. 3.3).

Since the values of the effective potential at its stationary points are gauge-independent,
any physical observable that depends solely on these values inherits this property. For
instance, the critical temperature 7., defined as the temperature at which two local min-

ima become degenerate (see Section IIL.5 for a precise definition), is gauge-independent.

Because Eq. (3.42) holds to all orders in perturbation theory, it requires careful treatment
if a calculation is truncated at finite loop order. The interplay between gauge fixing and
the loop expansion is therefore not merely a formal concern but has concrete conse-
quences for the reliability of perturbative phase-transition calculations. Schematically,

at one-loop order, we have

0 0
8_£V1 = Cl(¢7 5)%%7

"We denote the extremal points of the effective potential by ¢y, as minimum points are of the most
interest for the phase transition phenomenology. However, Eq. (3.43) applies to any stationary point,
including the local maxima.

(3.43)

(3.44)

(3.45)
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Figure 3.3: Illustration of the gauge dependence of the effective potential, adapted
from [148]. The effective potential values at the extrema are gauge-independent, but
the field values at which the extrema occur are gauge-dependent.

where we indicate the respective loop orders by the subscripts. Notice that the r.h.s. of
Eq. (3.45) vanishes at the extremal points of the tree-level potential, ¢, which does not
coincide with the extremal points of the one-loop potential. This lies at the heart of the

so-called i -expansion [144, ], which we explore in this section.

In order to systematically implement the i-expansion, we need to determine the effec-
tive potential and its minima order-by-order in a loop expansion, where we use /i as an

expansion parameter:

V(¢) = Vo(¢) +hVi(e) + 1 Va(9) + OR),
Gmin = G0 +hP1 + 1> o + OR?).

Inserting the minimum field expansion in the effective potential yields

Vmin = V (¢min)

= Vo(do) +h (Vl + ¢1%—‘$) (¢0)

2 Vo oVi  ¢1 0*V
+h (%+¢28_¢+¢18_¢+?0¢2)<¢0)

+ O(1?).

Note that we can write the expressions within brackets in closed form for any loop order

L. For this we write

V{(¢min) = Volgo) +AVY + - 4 BEVE L ORI

(3.46)

(3.47)

(3.48)
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and find

1 L L
L)(¢o) = Z P_L!<p1 N -pL> H(bzk

{pr} k=1

., (3.49)
XZ OPLV (Zm D —n)
n=0
L .
where Z{pL} = Zpl 0 sz EPRRE ZpL 0 P = ijl p; and 6(a,b) = d4p is a
Kronecker-delta which extracts the terms of correct loop order from the summations
over products of different field and potential derivative powers.
The minimum ¢, is simply determined via the vanishing of the first field derivative of
the effective potential,
av
% = 0. (3.50)
¢ $=0Pmin
We can use this to determine the loop corrected field minima ¢, from each term V(%) It
turns out that ¢, can be recursively defined via lower loop-order field solutions exclu-
sively, namely via an inhomogeneous nonlinear recurrence relation of the form
or = @(L;pr1, ..., 61), (3.51)
where fixing ¢ by minimizing Vj(¢) serves as a boundary condition. For this we note
that Eq. (3.49) is linear in ¢/, (it only appears as a term ¢ (), so we can easily solve for
it. The result is
L-1
1 1 L
- Di
o1 Vi {Z}PL 1'<P1--~PL—1) g¢k
pr-t (3.52)
L -1
x Z(81+PL—1Vn)5<Zm pm,L TL)],
n=0 m=1
and we note again that the product only depends on the fields up to order L — 1. For
instance, the first few terms read
v
o= (~3 )
0
(3.53)

(VW v
o= (5 + e~ v ) @)
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where we denote field derivatives by a prime for brevity. The complexity of the re-
currence relation Eq. (3.51) suggests that it is virtually impossible to find a closed-form
solution for ¢ solely in terms of derivatives of the potential. Nevertheless, Eq. (3.52)

can be used to determine ¢, in a straightforward, algorithmic manner.

Inserting these field solutions into Eq. (3.47) and applying the tree-level minimum con-
dition V{(¢g) = 0 yields
2 (V)2
Vinin = Vo(@o) +hVi(¢o) +1° { Vo = 50 | (o)
0
vivp - (WP VT R)°
Vo212 6(%)?

+ 1 <V3 — ) (¢0) + O(*).
Curiously, the number of terms appearing at each loop order in Eq. (3.54), which is the
result of the fi-expansion around the tree-level minimum, {1,1,2,4,11,27,68,158... },

does not appear to be a known sequence in the literature [149].

The Nielsen identity of Eq. (3.42) guarantees that V,,;, is gauge-independent, so each
term in Eq. (3.54) must individually be gauge-independent as well. This means that the
gauge dependence of the two-loop effective potential at the minimum is fully governed

by field derivatives of the one-loop and tree-level expressions, i.e.

OV o (Viovi 1 (VI ovy
8_5(%’5) = (V_o” 5 2 (V_o”) 9¢ >(¢0>§)-

This pattern persists at any loop order: the gauge dependence of the L-loop effective
potential V}, at the minimum is fully determined by field derivatives of contributions
at (L — 1)-loop order and below. This can be seen by extracting two crucial terms in
Eq. (3.49), namely the ones where n = 0,k = L (the Kronecker-delta then only allows
(pr =1L,p1=...pp.1 =0)orp, =0)andn = L (only p; = --- = p;, = 0 is non-
vanishing). The former term is ¢,V (¢o) and vanishes due to the definition of ¢ as the

tree-level minimum. Therefore, we can write Eq. (3.49) as

VI (¢0) =Vi(o)

(3.54)

(3.55)

(3.56)
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where, crucially, we see that only the first term is of loop-order L. Applying the Nielsen
identity (and shifting L — L + 1), we find

OV 11(¢o) 0

S

=i

1 k=1

L

Z (05 V) <Zm Do I — )]

This equation expresses the gauge dependence of V1 ; entirely in terms of lower-order
quantities — the fields ¢,,<;, and loop potentials V,,<;, — evaluated at the tree-level min-

imum.

A second consequence is the cancellation of IR divergences related to the presence of
the massless Goldstone bosons (i.e. in Landau gauge) at each power in £, allowing one

to extract said divergences at (L + 1)-loop order from L-loop results [150].

Gauge-independent results are obtained by determining the minimum of the effective
potential order by order in perturbation theory: at each loop order, the dependence on
the gauge-fixing parameters cancels in accordance with Eq. (3.42). By contrast, naively
minimizing the n-loop improved potential numerically leaves an uncanceled gauge de-

pendence in V (¢pmin ).

The h-expansion is, however, inherently perturbative, and its reliability deteriorates
whenever loop contributions are parametrically enhanced — for instance, in the high-
temperature regime (see Section II1.4.2) or if the potential barrier is radiatively gener-
ated [146]. In both cases, higher-order corrections become parametrically of a similar
order to the lower-order ones, and hence the /i-expansion can deviate significantly from
a direct minimization [148]. The perturbative expansion must therefore be reorganized

accordingly, for instance as an expansion in the gauge coupling (see Section I11.4.2).

Gauge-fixing conditions

We now turn to the choice of gauge-fixing condition, which plays an important role both
in the practical implementation of the ii-expansion and in the reliability of perturbative

phase-transition calculations more generally.

The general gauge-fixing Lagrangian [151], summed over all gauge group generators a,

(3.57)
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reads

Logg = — Z 22% (WAZ + i£§gat?kéi¢k)2,

a

where g, is the gauge coupling, ¢, are the representation matrices, £, £§ and ¢; are the
gauge-fixing parameters and ¢, are the scalar field components. The common gauge-

fixing choices are:

« Fermi gauge: £ = 0. In this gauge, ghost fields are background-field inde-
pendent, but the calculations are complicated by the fact that the cross-terms be-
tween gauge and scalar fields in the kinetic Lagrangian are not canceled, leading
to scalar—vector propagator mixing for £ # 0. Massless Goldstone bosons also

lead to IR divergences in this gauge, which must be dealt with appropriately, see
e.g. [152, 153].

« Standard thd-gauge: g5 = @min, Where ¢y, is the tree-level vev, and &7 = &F.
This choice cancels scalar-vector mixing at the tree-level minimum ¢ = ¢,;,, but

not away from it.

» Background R]gkgd-gauge: ¢ = ¢, where ¢ is the dynamical background field,
and & = &5. It has the advantage of cancelling the scalar-vector propagator
mixing for all field values ¢, which significantly simplifies the effective potential
beyond tree level. However, employing a different gauge-fixing condition for each
value of ¢ should be approached with caution [144], also see the further discussion

below.

- Landau gauge: special case of both the Fermi and R¢-gauge families, with
& = & = 0. The gauge propagators become purely transverse, ghost masses
vanish, and there is no scalar-vector kinetic mixing. This choice of gauge-fixing
parameters is RG invariant and is often regarded as the preferred choice for
high-loop calculations, e.g. [154]. Similar to the Fermi gauge, massless Goldstone

bosons lead to IR divergences in Landau gauge.

- Unitary gauge: & = £ — oo. In this gauge, Goldstone bosons and ghosts
decouple from the other degrees of freedom; however, the perturbative expansion

must be reorganized [21, , ].

The two gauge-fixing parameters £f and £ run independently under the RG at one-loop

order in four space-time dimensions; consequently, any relation between them is not pre-

(3.58)



1l - THEORETICAL FRAMEWORK 56

served under RG evolution, with the sole exception of the fixed point £ = £ = 0. How-
ever, since the tree-level potential ) is independent of &, the running of the gauge-fixing
parameters first affects the effective potential at two-loop order, through ¢ 0V, /0¢. We

therefore treat £{ and & as fixed, scale-independent parameters throughout.

Within the SM, after electroweak symmetry breaking, it is natural to express the gauge-
fixing in the mass eigenstate basis. The massive W+ and Z bosons each develop a mixing
term with their respective Goldstone bosons G* and G°. Denoting the gauge-fixing

functions as
Gu= = Wit F g oG,
Gy = "2, — 5T oC,
gA == a'uA;m

where g, = /g% + ¢'%, the gauge-fixing Lagrangian takes the form

1 LA R
fynggwf 2€1Zgz 25{1@"

Lo =
Since the gauge group SU(2);, x U(1)y has rank two, the gauge-fixing Lagrangian
Eq. (3.58) is not invariant under transformations of the gauge-group index a; therefore,
the gauge-fixing condition depends on the choice of basis for the generators [151]. In
the SM, the natural choice is the mass eigenstate basis {Wi, Z, A}, which is related to
the SU(2), x U(1)y eigenstate basis {IW1%3 B} by the rotation with mixing angle 6y .
Writing the gauge fixing in the mass eigenstate basis, as in Eq. (3.60), ensures that the
Goldstone masses and propagator poles are aligned with the physical spectrum, which

simplifies the calculations.

Using Eq. (3.60) as the gauge-fixing condition, we obtain the gauge-dependent mass
eigenvalues of vectors, Goldstone bosons, and ghosts. The physical vector degrees of

freedom have background-field-dependent mass eigenvalues:

2 12

g ¢
M2, =<~
w 47

2 12\ 42
M§:<g +4g )9257

with ¢ being the background field along the physical Higgs direction in the SM. On the

other hand, the unphysical degrees of freedom of the vector bosons mix with Goldstone

(3.59)

(3.60)

(3.61)
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modes and their mass eigenvalues read (for compactness, we introduce the subscript
V =A{W,Z2}):

1 ¢ b
My, =3 Mé+2M35 §/'8Y & Mg, | ME — AM, (£¥_g_b Yf;f) :
(3.62)
¢
Mg, = szfa &,

where Mg = pij + Ap@?, M2, is the ghost mass eigenvalue and My, are the two mass
eigenvalues of the mixed vector-Goldstone degrees of freedom. Then, for the gauge-
fixing choices discussed above and used in the perturbative calculations in Chapter V,

we have

Fermi gauge (¢} = ¢V, &) = 0):
1
My, =3 (Mé + Mgy ME — 4Mx2/§1V> , M? =0; (3.63)

Background Rzkgd-gauge & = 55/ =¢v, (/B = ¢):

My = ME+E"My, Mj =¢&"My, M2, =¢" Mg (3.64)

Standard thd-gauge & =& =¢v, é = Omin):

1 min — ¥min
My, =5 (Mg + 2M3,§V¢ + MG\/Mg — 4M€,§V—¢ 0 ) ,

¢ ¢ (3.65)
2 174 2 gbmin .
Mcv :é' MV ¢ )
- Landau gauge (£} = & = 0):
My = Mg, My =0, M2 =0. (3.66)

Background vs standard R¢-gauges

We now compare the two R variants introduced above — the background Rzkgd—gauge

and the standard thd—gauge.
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The background-field gauge Rzkgd is widely used in the phase-transition literature,
e.g. [44, 157, 158], because it eliminates the scalar-vector propagator mixing for any
value of the background field ¢, which simplifies the loop calculations of the effective
potential considerably. However, it has a conceptual peculiarity: the gauge-fixing
condition itself depends on the value of the background field through ¢ = ¢. This
means that as ¢ is varied across field space to trace out the effective potential, the
theory is being gauge-fixed differently for each field value. In other words, V(¢;) and
V(¢2) are computed for two distinct gauge conditions, making a direct comparison

std

between different field-space points formally inconsistent. In the standard gauge R;*,

by contrast, the gauge-fixing is anchored to the fixed tree-level vev ¢ = Gpyin.

We examine whether the effective potential in both variants correctly reproduces the 1PI
n-point functions at zero external momentum. As introduced in Eq. (3.20), the effective
action I'[¢] is a generating functional for 1PI diagrams, and hence the field derivatives
of the effective potential at the minimum ¢ = ¢y, correspond to the zero-momentum

1PI n-point functions,

d"V(¢)
dg"

=T (p =+ =p,=0),
¢=%min
where I'™) denotes the 1PI scalar n-point function evaluated at vanishing external mo-
menta. We compare field derivatives of V' at the minimum with direct perturbative 1PI
calculations in the MS scheme, noting that the standard diagrammatic calculation of the
n-point functions is performed at ¢ = ¢, Where the gauge-fixing condition coincides

in both R, variants.

First, we check that the first field derivative of the effective potential at the minimum,
which corresponds to the tadpole diagram, is correctly generated by the effective poten-
tial evaluated in both R?d and Rzkgd. At one-loop order, the effective potential is given by
Eq. (3.30), summing over all background-field-dependent mass eigenvalues of the theory,

including the gauge-dependent vector, scalar and ghost modes given in Eq. (3.62).

We find that both thd and Rzkgd agree with the direct perturbative computation of the

tadpole (1-point function) at one-loop order [144],

Rstd Rbkgd

v,

$=¢min

(3.67)

(3.68)
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where the blob represents all one-loop contributions to the Higgs tadpole diagram. At
two-loop order, the first derivative — corresponding to the tadpole — of the effective
potential in the Rzkgd—gauge disagrees with the perturbative calculation, while the thd—

gauge continues to yield agreement with it.

Moving to the second field derivative, which corresponds to the self-energy diagram, the
situation changes. The two gauge choices yield different results starting from the one-
loop order, and the equivalence with the direct diagrammatic computation is recovered

only in the standard R?d—gauge,

2V v
1 _ o 1
d¢2 o . # d¢2 )
¢=¢min p==0 ®=¢min

where the diagram evaluated is the proper (1PI) one-loop self-energy at zero momentum

in R¢-gauge, without tadpole insertions.

In R?d, the mixing between Goldstone and vector bosons is properly accounted for

through the propagator mixing included in the effective potential, even though no such

mixing appears in the perturbative propagators at ¢ = ¢n,. The Goldstone and vector
std

R
boson sector contribution to V] * is related to the perturbative Higgs self-energy at zero

momentum by

-
d ‘/vlv{Z+7W+7Z77W77Z7W}
d 2
¢ @=Pmin
W*/Z GF /GO W*/Z
B o S () S ‘
G\:I;/C/;O G;/é() Wi/Z p?=0

The contribution from the first diagram on the right-hand side of (3.70) is absent in V)
computed in R]gkgd, since in that gauge the Goldstone—vector mixing vanishes for all field

values.

This can also be understood diagrammatically: taking field derivatives and then insert-
ing the vev corresponds to attaching zero-momentum external scalar lines to the vacuum
diagrams contained in V. Only V; in R?d-gauge contains diagrams with mixed vector—
Goldstone propagators, which can be attached to the external scalar lines to generate
the first diagram on the right-hand side of (3.70).

(3.69)

(3.70)
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It is then clear that at one-loop order, both gauge choices give the same tadpole — no
mixing diagram of this type exists on the perturbative side — while they differ for the
self-energy and higher n-point functions, owing to mixing diagrams such as the first
one in (3.70). It may seem counterintuitive that no propagator mixing appears in the
perturbative calculation, yet such mixing must be present in the effective potential to
reproduce the correct 1PI functions.

In order to further isolate contributions in (3.70), we note that a subtlety arises: 8;1/1?;}
and 5’;\/1{%{227} diverge in the limit ¢ — @, since Mé — 0 and the expression contains
terms proportional to 1/M2. However, these divergences cancel between the Gold-
stone and the unphysical scalar gauge boson modes (V. and V_), which contribute with
opposite signs, so that the total sum in (3.70) of them is finite. One can introduce a

counterterm that cancels the divergence in each contribution individually:

1 (§v M) v My,
5V+ = —dy. = 422 Mév 1 —log 112 = )

This allows the Goldstone and vector boson contributions to be kept separate and un-

ambiguously matched to individual perturbative diagrams. In full detail, this becomes

-
d ‘/L{Z+’W+} 6
7 +ow,/z,
¢:¢min
WF/Z GT/G°
il et g
e oo =0
and
:F
dQVR?d W /Z
( 1{Z_W_.,ZW} oz > . @
d 2 —/4— )
¢ @=0¢min Wi/Z p2=0

Rstd
where V] {EZ_ w_ 7wy contains the contributions from both physical and unphysical vec-

tor boson modes.

The mismatch persists for higher n-point functions at one loop (e.g. 3-point functions,
known in the literature as the trilinear Higgs coupling [159, 160]). In the Rzkgd-gauge,
Goldstone contributions to the effective potential fail to reproduce the corresponding

perturbative diagrams, whereas the Rz}d—gauge correctly accounts for all mixing effects

(3.71)

(3.72)

(3.73)
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and yields agreement with the perturbative calculation in R¢-gauge. Similarly, the con-
tribution from the ghost modes in the effective potential matches the corresponding
ghost diagram in the perturbative calculation of the self-energy at zero momentum only

in the R¢‘-gauge.

III.3 False vacuum decay and nucleation rate

During the EWPT governed by the effective action and potential introduced in the pre-
vious section, the Higgs field evolves from the symmetric phase (¢ = 0) to the broken

phase (¢ = vgw), as reviewed in Section I11.2.

If the transition is first order, the symmetric phase can persist as a metastable false vac-
uum below the critical temperature. In this case, the conversion to the true, broken-
phase vacuum does not occur homogeneously throughout space. Instead, it proceeds
via the stochastic nucleation of bubbles of the broken phase within the surrounding

thermal plasma of the symmetric phase.

The central quantity governing this process is the false-vacuum decay rate per unit vol-
ume, 7, which controls how rapidly bubbles are nucleated, when the transition com-
pletes, and ultimately determines the resulting GW signal discussed in Section IIL.6. In
this section, we develop the theoretical framework for computing 7, beginning with vac-
uum decay at zero temperature and subsequently extending the analysis to the finite-

temperature transitions relevant for the EWPT in the early Universe.

We also discuss the subsequent evolution of nucleated bubbles, focusing in particular
on the dynamics of the bubble walls as they expand through the surrounding plasma.
The bubble wall velocity is determined by a competition between the driving force from
the vacuum energy difference and the friction exerted by interactions with the thermal
plasma. This interplay is crucial for determining the efficiency of energy transfer to the

plasma and, consequently, the characteristics of the resulting GW signal.

II1.3.1 Bubble nucleation

The formalism for false-vacuum decay in QFT is inspired by the well-known quantum-
mechanical problem of barrier penetration (see e.g. [161] for a pedagogical review). In

quantum mechanics, consider a potential V' (¢) with a local minimum at ¢; — the false
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vacuum — separated from a deeper minimum by a barrier, and let g2 be the point on the
far side of the barrier where V' (¢g2) = V(¢1). The tunneling amplitude for a particle of
unit mass starting at rest at ¢; is given in the semi-classical Wentzel-Kramers—Brillouin

(WKB) approximation by

7~ exp (—2 /q2 dg /2(V(q) — V(ql))) :

q1

This expression can be recast in a path-integral interpretation: the tunneling amplitude

is dominated by the classical trajectory ¢,(¢g) in imaginary time tg = it, along which

o= [ a3 (8 v

is extremised (0.5g[q] = 0) subject to the boundary conditions

the Fuclidean action,

I

i.e. the trajectory starts and ends at the false-vacuum minimum ¢;, making a round trip
through the barrier. The Euclidean equations of motion are time-reversal invariant, so
the solution is symmetric, ¢,(tg) = ¢»(—tg), reaching the turning point ¢, at ty = 0.
Then the tunneling rate is controlled by 7 ~ e 5#[®l exactly reproducing the semi-
classical Eq. (3.74) above. The Wick rotation ¢ — —itp effectively corresponds to in-
verting the potential, V' — —V: a barrier in Minkowski space becomes a valley in
Euclidean space, and the classically forbidden tunneling trajectory becomes an allowed

classical path in Euclidean time.

In QFT, this picture generalizes directly. The false-vacuum decay rate is dominated by
classical solutions of the Euclidean equations of motion, i.e. field configurations that
extremise Sg, subject to boundary conditions. These are the instantons [162, 163]: so-
lutions localised in Euclidean spacetime, existing only over a finite extent in both space
and Euclidean time. The localization is a direct consequence of the finite-action require-

ment: non-localized solutions are suppressed in the path integral.

The relevant instanton for vacuum decay is the bounce solution ¢y: the field configura-
tion that starts from the false vacuum, crosses the barrier and reaches the true-vacuum
side, then returns — making a round trip in field space in ty € [—o0, 00|, hence the name.

In the inverted-potential picture discussed above, this corresponds to a particle rolling

(3.74)

(3.75)

(3.76)



63 Il - THEORETICAL FRAMEWORK

off the local maximum at ¢py, sliding through the valley toward ¢y, and climbing back
up to ¢py by time-reversal symmetry. The instanton is the dominant saddle-point con-
tribution to the path integral, and its bounce action B = Sg|¢s] controls the exponential
suppression of the tunneling rate. Evaluating the path integral semiclassically around
the bounce gives

v =Ae ",

where the prefactor A arises from integrating over fluctuations around the bounce and

represents higher-order corrections to the false-vacuum decay rate [162-164].

Vacuum decay at 7' = 0

At zero temperature the Euclidean time ¢ is uncompactified, running from —oo to +-o0.
It can be shown [165] that among all field configurations satisfying the boundary condi-
tions, the one that minimizes the Euclidean action — and hence dominates the path inte-
gral — is O(4)-symmetric, depending only on the radial coordinate p = 1/t% + 72; any
angular variation costs kinetic energy without aiding tunneling, so the optimal bounce

is spherically symmetric in four-dimensional Euclidean space.

Then, the decay rate per unit volume is given by Eq. (3.77), with B being the Euclidean
action evaluated on the O(4)-symmetric bounce solution ¢;. Exploiting the O(4) sym-
metry, the angular integration over the unit three-sphere can be performed analytically,

reducing the O(4)-symmetric Euclidean action S, to a one-dimensional radial integral,

?

o 2
B = Sy[p] = 27T2/0 dp p° [% <%> + Vo(os) — Vo(orv)

where the subtraction of Vj(¢ry) ensures convergence of the integral as ¢, — ¢py at

p — 00. The bounce profile then satisfies

Py 3doy _ Vo oy
dp>  pdp 99’ dp

:07 ¢b<p_>oo):¢FV>

p=0

which follows from extremising the Euclidean action §5,[¢y] = 0. Note that the bound-
ary condition at p = 0 only fixes the first derivative to vanish (regularity at the origin) —
the central field value ¢y = ¢,(0) is itself a free parameter, determined by requiring that
the solution reaches ¢ry at infinity. In general, ¢ lies on the true-vacuum side of the

barrier, but need not coincide with ¢ry.

(3.77)

(3.78)

(3.79)
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At one-loop order, the prefactor A is obtained by evaluating the Gaussian path integral
over fluctuations 7 = ¢—¢;, around the bounce. Expanding Sy [¢,+17] to second order and

integrating over 7 yields a ratio of functional determinants of the fluctuation operator

M = —9% + Vj(¢), evaluated on the bounce and on the false-vacuum background
respectively,
(5 st
21 ) | det M|¢ppvy] ’

where det’ denotes the functional determinant with zero modes excluded.

The spectrum of M [¢y] contains three distinct types of eigenvalues. First, there is one
negative mode: a radially symmetric deformation that shrinks or expands the bubble,
corresponding to the unstable direction in field space. It produces an imaginary contri-
bution to the vacuum energy, which is the field-theory signature of metastability [163].
Second, the bulk of the spectrum consists of strictly positive modes, encoding stable
fluctuations around the bubble wall; these contribute a well-defined real factor to the
functional determinant. Third, there are four zero modes, one per Euclidean spacetime
direction, arising from the translational invariance of the bounce. They require special
treatment via collective coordinates: each zero mode is replaced by an integration over
the corresponding component of the bounce center z,, contributing a Jacobian factor of
\/S4/27. The four zero modes together yield the (S;/27)? factor in Eq. (3.80), while
integrating over all bounce positions in Euclidean spacetime produces a factor of the

spacetime volume, making 7 the natural volume-independent quantity [162].

The physical interpretation of the bounce becomes clear upon Wick-rotating back to
Minkowski time ¢ = —itg. The slice tg = 0 of the bounce profile, ¢,(p) |tE=0 = ¢p(|2]),
describes the field configuration of the critical bubble at the moment of nucleation: a
spherical region of the broken phase embedded in the false vacuum, with a smooth in-
terpolating wall profile. For ¢ > 0, the field inside the bubble is no longer constrained by
the Euclidean equations of motion but instead evolves classically, rolling down toward

¢1v and driving the bubble to expand.

Nucleation at 7" # 0

At finite temperature, the Euclidean time direction is compactified on a circle of circum-
ference 5 = 1/T, and the false-vacuum decay rate is dominated by the periodic instanton

that minimizes the action subject to this compactification [166, 167]. The character of

(3.80)
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Figure 3.4: Contour plots of the bounce solution in the (¥, ¢ ) plane at increasing temper-
atures, from left to right, adopted from [167]. Far left: T = 0. A single O(4)-symmetric
instanton with circular contours; the Euclidean time direction is uncompactified. Center
left: low T'. Euclidean time is compactified on a circle of circumference J3; the bounce
radius R < f3 so the instanton fits comfortably within one period and retains its O(4)
shape. The dominant configuration is a periodic array of identical O(4) instantons. Cen-
ter right: intermediate T'. As T increases,  shrinks toward the instanton size R; periodic
images overlap and the contours deform — the bounce no longer has exact O(4) symme-
try and the action interpolates between S, and S5/7". Far right: high T. At § < R, the
bounce becomes independent of ¢ ; and reduces to an O(3)-symmetric three-dimensional
instanton; the contours are vertical lines. The tunneling rate is controlled by e~/

the dominant saddle depends on the ratio of the bounce radius R to the thermal length
B, as illustrated in Fig. 3.4.

« At low temperatures, § > R: the bounce fits within a single thermal period and re-

tains its O(4) shape. The rate is still controlled by S,, with corrections suppressed
by 671/(TR)_

« At intermediate temperatures,  ~ R: periodic images of the bounce begin to
overlap, the O(4) symmetry is broken, and the bounce action interpolates between
S, and S3/T (defined below in Eq. (3.82)).

« At high temperature, < R: the bounce can no longer vary in the ¢ g direction and
becomes independent of Euclidean time, acquiring O(3) symmetry in the three

spatial directions [167, 168]. The decay rate per unit volume is given by Eq. (3.77)
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with the bounce action
Sz

BT: T

(3.81)

where the factor of 1/7 arises from integrating over the compactified Euclidean

time.

The 3D Euclidean action,

00 1 d 2

Sg[(bb] = 47’(’/ drr? [5 (%) + V(¢b, T) — V((/J)Fv, T) , (382)
0

is the direct analog of Eq. (3.78) with V;(¢) — V(¢,T), the temperature-

dependent scalar potential. The bounce profile ¢,(r) satisfies Eq. (3.79) with the

replacements 3/p — 2/r and Vy(¢) — V (¢, T), reflecting the three-dimensional

geometry.

Physically, the high-7" bounce describes thermal activation: thermal fluctuations
drive the field over the barrier rather than through it [167, 168]. This is in contrast
to the 7' = 0 regime, which is governed by quantum tunneling. The crossover
between the two regimes occurs at 7' ~ 1/R. For electroweak-scale transitions
the relevant temperatures satisfy 7' > 1/ R, placing the system firmly in the O(3)

regime, which we adopt throughout.

The thermal prefactor naturally splits into a statistical and a dynamical part [169-

1,
AT = Adyn : Astat . (383)

The statistical part is obtained analogously to Eq. (3.80), by evaluating the Gaus-
sian path integral over fluctuations around the O(3)-symmetric bounce. The rel-

evant fluctuation operator is now three-dimensional,
Mg =-V*+ V" (¢, T), (3.84)
and the statistical prefactor takes the form

S3 3/2
Astat =
27T

Compared to Eq. (3.80), two differences arise. First, since the bounce is uniform

—-1/2

det’ M|y
det M [¢FV]

(3.85)

in tg, there are only three translational zero modes — one per spatial direction —
each contributing \/Ss/27T, yielding the factor (S5/27T)3/2. Second, the Eu-
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clidean time direction no longer produces a zero mode; instead, integration over

the thermal circle of circumference 5 = 1/7 contributes the overall factor of 7.

The dynamical prefactor A4y, encodes the response of the thermal plasma to the
nucleating bubble and requires a real-time computation in the presence of a ther-
mal bath [168, 170, 172]. At leading order (LO) it is set by the growth rate w_ of
the unstable mode of M, which controls how rapidly the critical bubble expands

after nucleation.

Solving for the bounce

The bounce equation Eq. (3.79) is a nonlinear boundary-value problem that generally
has no closed-form solution and must be solved numerically. The standard approach is
the shooting method: one guesses an initial field value ¢y = ¢;,(0) at the bubble center
(with éb(O) = () and integrates the equation of motion outward in p, then iterates ¢,

until the boundary condition ¢;,(p — 00) — ¢py is satisfied.

The iteration has a simple physical interpretation in the mechanical analogy: mapping
p — tand V) — —V}, Eq. (3.79) describes a particle rolling down the inverted potential
—V;(¢) subject to a d-dimensional friction term —(d — 1)¢/p. A starting value too close
to the true-vacuum side causes the particle to overshoot — it gains enough energy to roll
past the false vacuum and to infinity; starting too close to the barrier maximum results in
an undershoot — the particle stalls before reaching ¢gy. The unique bounce solution lies
between these two regimes and is found by bisection. This procedure is implemented in

several public codes, including FindBounce [173] and CosmoTransitions [174].

A practical complication of the shooting method arises near the origin p — 0, where
the friction term ~ (d — 1)¢/p becomes singular. Numerical integration in this region
therefore requires special care to ensure stability and accuracy. The method also be-
comes challenging in the thin-wall limit, where the two minima are nearly degenerate
(Vo(¢ry) = Vo(¢rv)). In this regime, the bubble wall becomes parametrically thin com-
pared to the bubble radius, and the bounce profile develops a steep, localised transition
region that demands very fine step sizes to resolve reliably. In theories with multiple
scalar fields, the problem is further complicated by the need to determine a trajectory in
a multi-dimensional field space. The shooting direction is then promoted to a vector, and
naive generalizations of the single-field method typically suffer from poor convergence.

In practice, this necessitates more sophisticated approaches, such as path-deformation
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methods, in which an initial field-space path is iteratively deformed toward the true
bounce solution. These techniques are numerically non-trivial and can be computation-

ally expensive.

A conceptually distinct reformulation is provided by the tunneling-potential
method [175, ]. Instead of solving for the bounce profile ¢,(p) as a function
of the radial coordinate, one introduces a function V;(¢) = V(¢) — gbz /2, referred to as

the tunneling potential. This quantity satisfies the differential equation
d(V/)? = (d = 1) (V'V} = 2(V = V)V/") ,

where primes denote derivatives with respect to ¢ and d is the number of Eu-
clidean dimensions. The tunneling potential is subject to the boundary conditions
Vi(grv) = V(orv) and Vi(¢g) = V(¢o), where ¢y denotes the release point of the

bounce.

Once V; is known, the bounce action can be expressed directly as an integral over field

space,

— 1)4-1(21)d/2 [P0 _ td/?
Sufo = LI [, VT

P(d/2+1) v/t

thereby completely eliminating the need to solve for the radial profile.

Crucially, the tunneling-potential method reformulates the problem as a minimization,
rather than searching for the saddle-point of the Euclidean action. This provides a more
stable numerical problem, avoids the singular friction term of the radial differential equa-
tion, and makes the geometry of the tunneling path explicit. The tunneling-potential
equation Eq. (3.86) is effectively a first-order equation for V}/, and can be solved numer-
ically with appropriate boundary conditions. In multi-field theories, the method can be
combined with a parametrization of the path in field space, reducing the problem to a
one-dimensional evolution along the path. While this avoids the direct difficulties of
multi-dimensional shooting, it still requires determining the optimal tunneling trajec-
tory, which remains numerically non-trivial. This method has been implemented in the

publicly available software ELENA [177].

I11.3.2 Wall propagation and friction

Once a bubble has nucleated, it expands outward into the surrounding symmetric-phase

plasma. The equation of motion for the bubble profile configuration of the scalar field ¢

(3.86)

(3.87)
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in the plasma frame takes the general form

O +V'(6,T) = Fl4],

a prime denotes differentiation with respect to the field, V' = 0,V, and F|[¢] is the
friction force exerted by the thermal plasma on the moving wall, whose form is deter-
mined by the microphysics of particle-wall interactions. Well after nucleation, when
the bubble radius greatly exceeds the wall thickness L,, ~ mgl, the wall can be treated

as planar and the profile ¢ as depending only on the coordinate z normal to the wall.

The friction has several physical origins [178, 179]. First, particles acquire a position-
2

7

dependent mass m;(¢(z)) as they traverse the wall. This pushes them away from their
equilibrium states and generates a back-reaction on the wall. Second, particles whose
kinetic energy is insufficient to surpass the mass barrier are reflected, transferring mo-
mentum directly to the wall. Third, at large wall Lorentz factors 7, > 1, particles
changing mass rapidly inside the wall can radiate (transition radiation), providing an

additional drag.

To describe this out-of-equilibrium dynamics, the distribution function of each species ¢
is split into an equilibrium part and a small deviation J f; sourced by the moving bubble
wall. The equilibrium piece resulting in the driving pressure is accounted for by V;
the deviation 0 f;, which generates the friction, is governed by a linearised Boltzmann
equation with elastic collision terms [178, 180, 181]. The collision terms, characterized
by a thermal interaction rate I';, oppose the displacement from equilibrium and drive
the system back toward local equilibrium. The out-of-equilibrium deviations back-react

on the wall, resulting in the friction term in Eq. (3.88), explicitly written as

_ dm?(¢) [ dp 1 L
Fol=-3 ) [0,

where the sum runs over all particle species i in the plasma, E, = /p? + m?2(¢) is the
local quasi-particle energy, and ¢ f; is the out-of-equilibrium deviation of the distribution

function. The total friction pressure exerted on the wall is pgic = — [ dzF[$(2)]0,¢(2).

A widely used simplification is to approximate the full Boltzmann result by a constant

friction coefficient 1), in which case

Flo] = —nu - 09,

(3.88)

(3.89)

(3.90)
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where u* is the plasma four-velocity. Two parameterisations of 77 are commonly used.

The first treats it as a genuine constant,
n = (1. = const.,

where T, is the critical temperature, setting the natural mass scale, and ( absorbs the

model-dependent microphysics. This choice is used in the majority of large-scale hy-

drodynamical simulations [182-184]. The second is field- and temperature-dependent,
—2
- ¢
T)=x==
(0. T) = X7

which arises naturally in models where the plasma particle masses scale with the scalar
vev as m; o ¢ [185, 186], so that friction vanishes in the symmetric phase and grows
with the condensate. In both cases ( and y are dimensionless constants of order unity
that are in principle computable from the microphysics but are often treated as free
parameters. The two parameterisations have been found to differ quantitatively rather

than qualitatively in their effect on the wall velocity [184, 187].

Terminal velocity

The wall reaches terminal velocity v,, when the driving pressure equals the friction:

Ap = Dfric »

where Ap = V(¢py,T) — V(érv,T) > 0 is the thermodynamic driving force. In prin-
ciple, the full thermodynamic pressure of the system also receives a field-independent
contribution from the plasma radiation, p ~ 7. In the uniform-temperature, planar-
wall approximation used here this piece is identical on both sides of the interface and
therefore cancels in Ap; in a more complete treatment that accounts for the tempera-
ture variation across the wall and the hydrodynamic backreaction from the fluid, this

cancellation no longer holds and such contributions must be included explicitly.

Equation Eq. (3.93) together with the bubble-profile equation in the wall rest frame,

_835 + V/(Q_b, T) = -7:[5] ) lim a = (bFV; lim 5 = QSTV;

Z——00 Z—r+00

must be solved self-consistently for v,, (which appears in the friction term) and ¢(z).

(3.91)

(3.92)

(3.93)

(3.94)
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Deflagrations, detonations, and hybrids

The wall velocity also determines how the latent heat is distributed between the bubble
interior and the surrounding plasma. The hydrodynamic solutions admit qualitatively
distinct modes depending on v,, relative to the speed of sound ¢, and the Chapman-
Jouguet velocity vy [182, 188]. The speed of sound ¢, = 1/+/3 is the equation-of-state
result for a relativistic ideal gas, a good approximation for the electroweak plasma where

most of the SM degrees of freedom are light relative to the temperature.

o Deflagrations (v, < cs): the wall moves subsonically. The latent heat released at
the wall drives a compression (shock) wave ahead of the bubble, which reheats
the plasma in front and reduces the local pressure difference driving the wall. The

shock front and the wall are spatially separated.

« Detonations (v,, > vy): the wall is supersonic and outruns any perturbation it
generates. The plasma ahead remains undisturbed until the wall arrives; behind
it, a rarefaction wave develops. The minimum detonation speed is the Chapman—
Jouguet velocity v, at which the trailing rarefaction wave exactly keeps pace with

the wall.

« Hybrids (cs < v,, < vy): an intermediate regime that combines a leading com-
pression shock ahead of the wall with a trailing rarefaction behind, continuously

interpolating between the two limiting cases.

The efficiency with which latent heat is converted into bulk plasma motion, and hence
into GWs, depends sensitively on v,, [188]. The efficiency factors entering the GW spec-

trum are discussed in Section I11.6.

Loop corrections to the bubble wall profile

The framework developed above treats the driving force at the level of the effective
potential V, including thermal corrections. At high temperature, however, the correct
starting point is to first integrate out the leading thermal fluctuations driving the phase
transition — the DR approach described in the next Section II1.4. Working within this
EFT, one can then systematically compute loop corrections to the scalar equation of mo-
tion in the inhomogeneous bubble-wall background, capturing how thermal fluctuations
modify both the wall profile ¢(z) and the terminal wall velocity v,,. This is the approach
pursued in Chapter VI.
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II.4 Effective theory at high temperature

The thermal field theory introduced in Section III.1 provides a framework for studying
the EWPT, but applying it directly in perturbation theory runs into immediate difficul-
ties. For simplicity, in this chapter we illustrate the main points through the example
of a scalar-gauge theory with gauge coupling g, and for brevity we assume A ~ g¢?; the

arguments generalize straightforwardly to the full SM and its extensions.

For a phase transition to occur, the thermal mass correction of the nucleating scalar field,
I ~ ¢g*T? (see Section II.1), must bring the effective thermal mass close to zero near
the transition temperature: m2 = m? + Iy = 0, implying m? ~ Il ~ ¢*T"?. In other
words, the leading thermal corrections are not small compared to the tree-level poten-
tial — they are of the same order and drive the transition. The loop expansion diverges
near the phase transition, and perturbation theory must be reorganized. This section
describes the hierarchy of scales at play at high temperature, the resulting breakdown
and the systematic solution based on EFT techniques, provided by the DR [49, 50, 189]

— the framework underpinning the calculations in Chapters IV to VL.

III.4.1 Thermal scales at high temperature

The discussion here assumes the high-temperature regime, 7' > m;,, for all particle
masses m; in the theory, so that no zero-temperature mass scales intervene the scales
described and the thermal effects dominate. The generalization beyond this limit follows
along the same lines, with heavy particles whose masses are comparable to or exceed

the relevant thermal scales integrated out at the appropriate scale.

In the high-temperature limit, a weakly coupled gauge theory with ¢ < 1 develops a

hierarchy of well-separated momentum scales, each playing a distinct dynamical role:

- Hard scale, k ~ 7T": The typical momentum of thermal particles. The non-zero
bosonic Matsubara frequencies w,, = 27nT (n # 0) and all fermionic frequencies
Wy, = (2n+ 1)7T occur at this scale. In the high-temperature regime, hard modes
are weakly coupled (see below) and can be treated perturbatively; they are the

main source of leading thermal corrections to masses and couplings.

« Soft scale, & ~ ¢gT": The thermal state breaks Lorentz invariance, distinguishing
the temporal direction from the spatial ones. As a result, the temporal com-

ponents of gauge fields A, acquire a Debye screening mass mp ~ g¢71' from
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hard-mode loop corrections to their self-energy. Soft modes are parametrically
lighter than the hard scale and are classical in the sense that occupation numbers
~T/k~1/g> 1.

« Ultrasoft scale, k ~ ¢*T": The scale of magnetostatic screening is set by the spa-
tial gauge-field coupling, g>T'. In contrast to the Debye mass, the magnetic mass is
intrinsically non-perturbative: there exists no IR-safe perturbative expansion for
purely magnetic correlators beyond O(g%). The reason the ultrasoft scale is non-
perturbative is Linde’s Infrared Problem [23]: at finite temperature, Bose-Einstein
statistics enhances loop integrals: for a bosonic mode of energy £ in a thermal

bath at temperature T, the effective loop-expansion parameter is not g* but rather

2 <t g*T

g — ¢*np(E,T) = % ~ %

For hard modes with £ ~ 7T this is simply g* /7, and perturbation theory is valid.
For soft modes with £/ ~ ¢T, the effective coupling grows to g°T/(¢T') = g, which
is still small, so perturbation theory remains tractable at this scale — though only
after the resummation of the zero modes discussed in Section II1.4.2. At the ultra-
soft scale, E ~ ¢°T, the effective coupling saturates to ¢°T"/(¢*T) = O(1): the
spatial gauge-boson zero-modes become genuinely strongly coupled regardless of
how small g is. IR divergences from these modes appear in the free energy at
four-loop order and are not removed by any finite-order resummation [23, 190];
the ultrasoft scale therefore sets a fundamental non-perturbative limit for the per-

turbative approach.

The scalar thermal mass m32. = m? + Iz is a sum of the zero-temperature mass squared

and the thermal self-energy; depending on the model and the pattern of symmetry break-
ing, these two contributions can cancel to any degree, placing m?2 anywhere from the

soft scale down to the ultrasoft scale, see Sections IV.2 and V.1 for explicit examples.

A distinct case of this cancellation occurs for radiatively generated potential barriers,
where m2 ~ ¢3T?, placing the scalar at an intermediate supersoft scale k ~ ¢3/>T
between the soft and ultrasoft scales [171]; this example is discussed in Chapter [V. The
full scale hierarchy ¢°T < ¢*?T < gT < T is illustrated in Fig. 3.5, together with

the relevant dynamical degrees of freedom at each scale.

(3.95)
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UVA
{Au, ¢, 9}
hard ~ ol
{Ai7 AO) ¢}
soft ~gT' ~mp
semisoft ~ g%>2T
ultrasoft  ~ ¢2T
IR non-perturbative regime

Figure 3.5: The EFT describing the phase transition is constructed by sequentially inte-
grating out modes at each scale, starting from the hard modes at k ~ 77" (via the DR)
down to the scale where nucleation occurs. Between scales, the effective couplings are
evolved using the appropriate RGE.

III.4.2 Breakdown of perturbation theory

2 ~ ¢*T? places the

The scale hierarchy of Section 111.4.1 reveals that the condition m
scalar zero mode below the hard scale, where the loop expansion is marginal and where
the Linde problem signals a complete failure at the ultrasoft scale. In the effective po-
tential construction, discussed in Section I11.2, this hierarchy is not respected, and three
distinct problems arise if perturbation theory is applied naively near the phase transi-

tion.

Infrared problem and daisy resummation

The breakdown of the perturbative expansion at high temperature is most evident for the

bosonic zero Matsubara mode (wy = 0). Near the phase transition, where m? ~ ¢?T?,
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thermal corrections to the propagator of the soft modes lead to IR divergences, signaling

a breakdown of the perturbative expansion and the need for its reorganization.

In the calculation of the effective potential, this manifests itself through daisy dia-
grams [21]: ring insertions of the one-loop self-energy into the zero-mode propagator,
as shown in Fig. 3.6. An N-petal daisy consists of the zero-mode (wy, = 0) propagator
running around the inner loop, with N non-zero Matsubara w,o o 7" mode loops

(petals) attached at vertices of coupling A ~ g*:

S

where the right bracket is the hard-mode (non-zero Matsubara) contribution to the self-

N

VN0<92

energy. In the high-temperature limit (retaining only the leading 7 piece) the hard-

mode sum-integral evaluates to

Bk 1 T2
Y / ~ 1

w2—|—/€2

consistent with the self-energy computation of Eq. (3.17). The zero-mode integral scales

as T [ d®p/(2m)® (p? + m?)™ ~ m32NT, so the full N-petal contribution is

r(25) (o ().

In the proximity of the phase transition, where g>7%/m? ~ 1, diagrams with any number

of petals are contributing at the same order. Furthermore, for N > 2, it is IR divergent
(in the limit m> — 0). Both issues can be cured by resumming all daisy insertions,

effectively replacing the bare mass by the thermally corrected mass:
m? — m*(T) = m?* + Up(T),

where I17(T) ~ ¢?T? is the one-loop thermal self-energy, which leads to the IR safe

result m37T.

Physically, resumming the soft modes corresponds to the screening effects in a thermal
plasma — Debye screening. Computationally, this means that in order to go beyond the
leading O(g?) order contributions to the thermal effective potential (originating from

loops of hard modes), the daisy diagrams that contribute at O(g*) order must be re-

(3.96)

(3.97)

(3.98)

(3.99)
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Figure 3.6: Daisy diagrams entering the effective potential at high temperature. The
inner loop is the bosonic zero Matsubara mode, while the blue petals are non-zero Mat-
subara modes that generate the thermal self-energy ;. Resumming all daisy insertions
effectively replaces the bare mass by the thermally corrected mass m? = m? + Ily.

summed. Two standard prescriptions implement this resummation in the effective po-
tential Eq. (3.37):

» Arnold-Espinosa (AE) [45]: only the zero Matsubara modes are resummed in
Eq. (3.31), adding to V' the contribution

VEE(6.T) =~ S [0, T) — mi(6)]
where the sum runs over bosonic species, including temporal components of the
gauge field, with n; degrees of freedom and field-dependent mass m?(¢), and
m? = mZ+11; 7(T). This prescription cleanly isolates the IR-sensitive zero modes
responsible for the breakdown of perturbation theory and avoids double counting;
however, it does not resum thermal effects in non-zero Matsubara modes, which

can limit its accuracy away from the strict high-temperature regime.

« Parwani [191]: the thermal self-energy is substituted into all Matsubara modes,
replacing m? — m? + II; 7(T) everywhere in the one-loop potential Eq. (3.31). It
preserves the correct low-temperature limit, e.g. [192]. On the other hand, it mixes
perturbative orders and can lead to double counting of higher-order contributions

and generate spurious linear terms in the effective potential [40, 193],

(3.100)
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Daisy resummation captures non-analytic effects, ~ T'(m?(¢) + I11(T))>/?, which gen-
erate the ¢3-type terms potentially inducing a radiative barrier. Without resummation,
such IR-sensitive effects are missed, and the effective potential may not capture the cor-

rect phase structure evolution.

Despite restoring a perturbative description, both prescriptions are heuristic fixes: they
improve the IR behavior but introduce inconsistencies at higher loop orders and do not
systematically resum the full tower of sub-leading corrections; daisy resummation be-

comes even more cumbersome at higher loop orders, see e.g. [40, 194].

Scale and gauge dependence at high temperature

The scale dependence of the effective potential, discussed in Section I11.2.1, is well un-
der control at zero temperature: the explicit pi-dependence of the one-loop 7' = 0 po-
tential exactly cancels the running of the tree-level parameters, leaving only a two-loop
(i.e. O(g")) residual dependence. At high temperature, however, this cancellation breaks

down in a fundamental way [46].

Near a phase transition m? ~ ¢g>T?, the one-loop thermal effective potential contains a
leading thermal correction
HT¢2 ~ g2T2¢2 )

whose renormalization-scale dependence is
d 2 42 12
M HT(b ~ g T ¢ ;
dp

where we dropped a factor of 1/(4)? for brevity. This contribution is parametrically of
the same order as the scale dependence of the tree-level mass term m?2¢? (cf. Eq. (3.39)).
However, unlike the zero-temperature case, it is not canceled by an explicit scale depen-
dence in the one-loop potential; the latter is insensitive to the temperature and therefore

cannot compensate for the running of [, [46].

The one-loop daisy-resummed effective potential, Eqs. (3.37) and (3.100), is therefore
scale-dependent at O(g*), which results in a significant uncertainty for physical predic-
tions, see Chapter V. Only a complete O(g*) calculation — requiring two-loop contribu-
tions — can render the effective potential scale-independent at this order. This break-
down is a direct consequence of the misalignment between the loop expansion and the

coupling expansion at high temperature. With the power counting m? ~ Il ~ ¢*T"?

(3.101)

(3.102)
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that is appropriate near the transition, the thermal effective potential organizes as a se-

ries in g, rather than as a fixed loop expansion.

A related breakdown concerns gauge invariance. As established in Section I11.2.2, the
Nielsen identity guarantees that V' is gauge-independent at its extrema provided the
loop expansion is carried out consistently order by order. The /-expansion implements
this by expanding all field-dependent quantities around the tree-level minimum ¢,: at
each order in /i the right-hand side of Eq. (3.45) vanishes at ¢, and gauge independence

is maintained.

At high temperature, however, this scheme fails already at LO. The thermal self-energy
I ~ ¢?T? is formally a one-loop correction, but near the phase transition it is of the
same size as the tree-level mass term. The one-loop correction therefore shifts the field
minimum by an amount comparable to ¢ itself. The /i-expansion, which treats the one-
loop shift as a small perturbation around the tree-level minimum, is no longer valid — the

expansion parameter is not small, and successive orders do not improve the convergence.

The situation is worsened once daisy resummation is applied: resumming the zero-mode
self-energy inserts I1; directly into the propagator, so the resummed propagator mixes
contributions from formally different loop orders. This explicit mixing of loop orders

breaks the i-counting on which the Nielsen identity relies [148].

Bubble nucleation and double-counting

A less-appreciated but equally fundamental inconsistency of the direct perturbative ap-

proach concerns the bubble nucleation rate and the bounce action Br, see Section IIL.3.

The standard prescription promotes the tree-level potential in the bounce equation,
Egs. (3.79) and (3.82), by the replacement Vo — V' (¢, T'), so that the vacuum structure
and the barrier are thermally corrected [167, 168]. While this prescription may seem jus-
tified, it suffers from several independent problems [32]. First, V' generically develops a
non-zero imaginary part in the region between the two phases, which must be discarded
by hand when computing the bounce. Second, the bounce, evaluated using the effective
potential, which is gauge-dependent, as discussed in the previous subsubsection, ends
up being gauge-dependent as well, which is unphysical since the nucleation rate is a

physical observable.

Third, the prescription double-counts fluctuations. Computing V' (¢, T') amounts to in-

tegrating over all field fluctuations: every momentum mode of every field, including
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the scalar ¢ itself. The bounce solution Eq. (3.79), however, is an inhomogeneous back-
ground with spatial dependence on scales set by the bubble wall width ~ 1/mg. Using
V in place of V| promotes ¢ to a spatially dependent degree of freedom that was already
formally integrated out. The same fluctuations are therefore counted twice: once inside
V, and again in the functional determinant of the prefactor Az, Eq. (3.85), which is com-

puted by integrating over fluctuations of the scalar field around the bounce background.

This also causes a breakdown of the derivative expansion, Eq. (6.34): since V' includes
the scalar mode at mass m,, which is the same scale as the bounce profile gradient,
higher-derivative terms in the expansion of the effective action are not suppressed and

the expansion does not converge [32].

The resolution is to exploit the UV/IR separation that underlies any well-defined nucle-
ation rate [169, 195]: UV physics shapes the barrier, while IR modes perform the actual
tunnelling. In case of thermally driven phase transitions, this separation is physically
transparent — hard modes at k ~ 77’, which generate LO thermal masses, cubic terms,
and other corrections to the free energy, shape the barrier. The nucleation itself is an IR

process, driven by low-energy fluctuations ~ m.

II1.4.3 Dimensional reduction

The presence of well-separated thermal scales allows one to utilize the powerful machin-
ery of EFT to systematically reorganize the perturbative expansion and resolve the issues
described above. In this way, UV physics is encoded in Wilson coefficients, and the IR

dynamics relevant for the phase transition is described by a low-energy theory [47, 49,

, 189].

DR gets its name from the fact that, after integrating out the non-zero Matsubara modes,
the thermal theory is effectively reduced to a three-dimensional (3D) Euclidean EFT for
the bosonic zero modes. Concretely, the resulting theory contains the spatial compo-
nents of gauge fields A;, the temporal components A, which behave as adjoint scalars
with Debye masses mp ~ ¢7’, and the scalar zero modes, with all masses and couplings
promoted to temperature-dependent Wilson coefficients. For the SM and the SMEFT,
the explicit form of the 3D Lagrangian is given in Eq. (4.1).

In practice, the EFT construction may involve several threshold matchings. If a model
contains particles whose zero-temperature masses are parametrically larger than the

relevant thermal scales, these degrees of freedom are integrated out at the appropriate
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matching scale. One then performs the DR at the hard scale ;1 ~ 7T, integrating out the
non-zero Matsubara modes. In gauge theories, this is followed by a further soft matching
at u ~ mp ~ g7 tointegrate out Debye-screened temporal gauge fields. Which EFT one
ultimately uses depends on the characteristic nucleation scale: the matching is carried

out down to the scale relevant for the dynamics of interest.

After matching, the EFT couplings are evolved with the appropriate RGEs to resum large
logarithms (e.g. log(71"/my), log(7T /mp)); this running is essential for reducing resid-
ual matching-scale dependence. In particular, evolving the couplings from the matching
scale down to the characteristic dynamical scale of the process is crucial for obtaining re-
liable predictions, as it ensures that the EFT parameters are evaluated at the scale where
the relevant physics takes place. In Chapter [V, we derive these RGEs for the 3D EFT of
the SM and the SMEFT including higher-dimensional operators.

Conceptually, this construction resolves several issues of the direct thermal expansion at
once [32, 46, 114]. First, the perturbative series is reorganized as an expansion in pow-
ers of g, which systematically controls scale dependence order by order. Second, the
leading thermal corrections to V' are captured in EFT Wilson coefficients, so the loop
expansion in the EFT is no longer destabilized by parametrically large contributions,
and the fi-expansion becomes effective again. Third, for bubble nucleation, UV and IR
physics are cleanly separated: UV (hard) modes shape EFT parameters, while IR modes
are kept dynamical in the bounce problem, avoiding double-counting. Systematic im-
provements are then straightforward: one includes higher-order matching corrections
for EFT couplings and computes additional loop corrections in the prefactor around the

EFT bounce.

Another major advantage of the DR is that the resulting 3D EFT is ideally suited for lat-
tice simulations. After integrating out non-static modes, one is left with a purely bosonic
3D Euclidean theory. This setup cleanly isolates the long-distance non-perturbative
dynamics of the phase transition and enables precise first-principles determinations of
thermodynamic observables that can be directly compared with perturbative EFT pre-

dictions [51, , ].

The 3D EFT is, in general, non-renormalizable: it contains higher-dimensional operators
suppressed by powers of the heavy scales that have been integrated out, parametrically
(m/7wT)™ for the DR. Their numerical impact provides a direct validity check of the EFT
truncation: if these operators induce sizable shifts in physical observables, the truncation

of the EFT operator series is not reliable. This is particularly relevant for SFOEWPTs,
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which often lie close to the edge of EFT applicability; in such cases, retaining higher-
dimensional operators can be essential for quantitatively accurate predictions [36, 38].
The role of higher-dimensional operators in the 3D EFT for EWPT predictions in the
cxSM is studied in Section V.5.

Explicit matching

In the dimensional-reduction step, matching is performed by equating soft (w,, = 0) 1PI
Green’s functions of the full four-dimensional (4D) theory and the 3D EFT for bosonic
zero modes at the hard scale [50]. Since the 3D EFT is intended to describe long-distance
physics, the matching is performed in an expansion in external momenta, p; < 77"
Schematically, for an n-point function this reads

GiD({pi}; W, = ())’ = GiD({pi}) :

pr~mT

The 3D EFT describes the long-distance, time-independent sector of bosonic zero modes;
non-static Matsubara modes are integrated out, and their effects are encoded in Wilson

coefficients. Order by order in g, this yields schematic relations,

mip = 0+ #0772 + #g'm® + 49" 1% +0(¢°),

tree

1-loop 2-loop

Asp = )‘|_|T +#g'T + 0(96) 9

tree 1-loop

gap = ¢°T +#g*T + O(¢°) .
L
tree 1-loop
Here, with underbraces we indicate which loop order contributes to the matching while
overbraces show the respective coupling order, assuming the m? ~ ¢*T?, A\ ~ g scaling.
Expressions of the form #¢" denote dimensionless factors at O(g"), which generally

depend on the scalar self-couplings and gauge charges.

In particular, the thermal mass contribution I1; ~ ¢?T? (which for the SM Higgs field
reads as given in Eq. (3.18)) appears directly in m3,, so the ad-hoc daisy resummation re-
quired in the direct 4D approach is automatically encoded in the EFT parameters through

matching [32, 49, 50]. Note that in three dimensions, scalar quartic couplings and gauge

(3.103)

(3.104)
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couplings carry mass dimension one, while scalar and gauge fields have mass dimension

one-half, which explains the overall factors of 7" in the matching relations.

Other scales are integrated out analogously: at each threshold, one computes the rele-
vant Green’s functions in both the theory above and the EFT below the matching scale,
and equates them in the appropriate kinematic regime. In practice, this involves expand-
ing the Green’s functions in the momentum region relevant for the EFT (e.g. p < ftmatch)s

and absorbing any differences into Wilson coefficients of the EFT.

The matching procedure outlined above has been implemented algorithmically in the
public package DRalgo [197], which automates the DR for generic BSM models. DRalgo
computes two-loop thermal masses and super-renormalizable effective couplings in the
3D EFT, together with the associated RGEs; it also supports the matching of sextic scalar

renormalizable operators.

Effective potential in the 3D EFT

After separating UV physics through matching, one can compute thermodynamic ob-
servables perturbatively within the EFT itself: constructing the effective potential and
solving for bounce solutions, as outlined in Sections III.2 and III.3, now using the 3D

effective theory.

For the effective potential, calculated within the 3D EFT, we can schematically write [32]:

V(¢7 T) = TVSD(gb?)D) |¢3D:¢/\/Ta

where V' is the 4D effective potential computed in the full theory, Egs. (3.31) and (3.100),
while V3P is the effective potential computed within the 3D EFT employing similar tech-
niques as described in Section II1.2. At LO, the 3D field is simply related to the 4D field
by ¢sp = ¢/ /T however, at higher orders, momentum-dependent thermal corrections
modify the relation, and these effects are systematically incorporated through the 3D
EFT matching.

Because the loop expansions in both the 4D and 3D theories are truncated in practice,
Eq. (3.105) holds only up to the order at which both expansions are consistently matched.
The tree-level potential of the dimensionally reduced theory already contains the effects
of hard modes through matching. Loop corrections computed within the 3D EFT then

encode the soft (zero-mode) fluctuations. In this way, the separation between hard and

(3.105)
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soft physics is explicit, and the cubic term associated with daisy resummation is repro-
duced by soft loops in the EFT.

As discussed above, beyond O(g?), the 4D one-loop approach is incomplete: for full
O(g") accuracy, one must include both two-loop matching for the EFT Wilson coeffi-
cients and a two-loop computation of V3" within the 3D EFT. Truncating the matching
relations and/or the 3D potential at lower loop orders can lead to significant residual

scale dependence in the computed observables, as explored in Chapter V.

III.5 Macroscopic thermodynamic observables

The nucleation and percolation of bubbles are described by a small number of macro-
scopic thermodynamic parameters that encode the dynamics of the phase transition and
ultimately determine the strength and spectral shape of the GW signal. This section
bridges the field-theoretic description — centered on the effective potential and the nu-
cleation rate introduced in Sections II1.2 and I11.3 — and the macroscopic thermodynamic

observables that characterize the transition.

Free energy, pressure, and the effective potential

The partition function of the thermal system encodes all thermodynamic information;
its logarithm yields the free-energy density, which in the background-field method is
identified with the effective potential V' (¢, T). The thermodynamic pressure in each
(i)

phase, labeled by the field value at the local minimum ¢_; , is therefore

pI(T) ==V (¢ T)

In the dimensionally reduced 3D EFT (see Section I11.4), temperature enters only through
the effective couplings and V3" has mass dimension three. The corresponding pressure

acquires an additional factor of 7',
$O) = 1V (),

reflecting the DR from four to three dimensions.

(3.106)

(3.107)
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In both cases the energy density follows from p = —p + T'0p/0T. For the 4D potential,

o) =V (60, T) =197 (63, 7).

while for the 3D EFT approach with V' = TV3D,

; dv3P s
O (T — _772 ( (z)>'
p ( ) dT ¢mln
All observables below are derived from the pressure difference between the false-vacuum

and true-vacuum phases,
Ap(T) = p™(T) = p™(T) = V(¢ T) = V(e T) -

Throughout, AX = X®) — X(T) denotes the difference of any quantity X evaluated

in the false and true vacuum phases, respectively.

Thermodynamic observables

« Critical temperature 7. The critical temperature is the temperature at which

the two phases are degenerate in pressure,
p™N(T) = p™(T,) — Ap(T.)=0.

Above T, the symmetric phase is the global minimum; below it the broken phase
is energetically preferred. For a first-order transition a barrier separates the two
minima at 7, and the system remains trapped in the metastable false vacuum until

thermal fluctuations drive nucleation at T,, < 7.

- Latent heat L.. The latent heat is the discontinuity in energy density between

the two phases at the critical temperature,

_p AV

dAp
L.=A =T, — .
P T

.~ “° 4T

Y

Te

Te
where AV = —Ap. L. quantifies the energy released when the Universe transi-
tions from the false to the true vacuum: a large latent heat signals a strong first-

order transition and is a prerequisite for both efficient baryogenesis and an ob-

servable GW amplitude.

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)
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+ Nucleation temperature 7;,. The false-vacuum phase persists below 7. as long

as the probability to nucleate a bubble within a Hubble volume during a Hubble
time remains small, i.e. 7(T") < H*(T). The nucleation temperature is defined as
the temperature at which, on average, one bubble nucleates per Hubble volume

per Hubble time [166, 198],

T HT)* ™

n

where, during the radiation-dominated era, the Hubble rate is given by
H? = praa/(3M32), with prg = (72/30) g.T* (see Section 11.2.1). Since S3(T")/T
varies slowly near 7, Eq. (3.113) reduces approximately to a parametric

condition [30, ],

S3<T")z141+ln Ar (1 —1In B/IH ,
T, T4 100 GeV 100

where Ay is the nucleation prefactor, defined in Section II.3. A large separation

T, > T, signals strong supercooling: the Universe remains trapped in the false

vacuum well below 7, allowing substantial vacuum energy to accumulate.

Percolation temperature 7). Even after 7,,, the transition of the Universe is not
instantaneous: bubbles must grow and merge before the whole Hubble volume
converts into the true vacuum. The percolation temperature T,, < T), is defined as

the temperature at which the fraction of space in the new phase reaches ~ 34% [34,
B

4 Te dT ~(T)
—H(T,)? — L R(T,. T ~ 0.34
3 ( P) /:,;p T H(T>4R( p ) 03 9

where R(T},,T) = v, (1—T/1,)/H(T) is the radius of a bubble at 7}, nucleated at
temperature 7. This corresponds to the probability P;(7,) = e "3 = 71% that

a random point of space is still in the false vacuum. The extended volume double

counts the overlapping regions of the bubbles, which is removed by exponentiat-

ing it [34].
Similarly to the nucleation case, this condition can be approximated [30],

Sy(T)) Ay T, B8/H
~ 131+ 1In( o2 ) — 41 —4In( 255 ) + 310w,
7, ~Ei 7 "\T00Gev) ~ "\ 00 ) TE

For strong first-order transitions with moderate supercooling — the typical regime

(3.113)

(3.114)

(3.115)

(3.116)
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for electroweak baryogenesis — 7}, and 7,, differ by only a few percent. The bulk
of the GW signal is generated around 7},, so GW observables are conventionally

evaluated at the percolation temperature [200, 201].

« Transition strength «o. The transition strength « is the ratio of the released vac-

uum energy density — quantified by the trace anomaly difference — to the radia-

tion density, evaluated at 7}, [34, ]. In the 4D description,
A6O T dAV
o= ., O ANI=AV - (3.117)
Prad T, 4 dT

where A0 = (Ap — 3Ap)/4 is the trace of the energy-momentum tensor differ-
ence. In the 3D EFT, using Eqs. (3.107) and (3.109), the same quantity reads [36]

, (3.118)
Tp

1 /37 T2 dAV3P
_ A 3D~
O ( AV T )

where AV3P = V3P (gpy) — V3P(pry). A large « signals a strong first-order

transition and typically drives an enhanced GW signal.

« Inverse duration 3/H. The inverse duration characterizes how rapidly the nu-

cleation rate changes with time, which sets the typical bubble size. One defines

B .d(Ss
E‘Tﬁ<T)

A large 5/ H corresponds to a rapid transition producing many small bubbles; a

(3.119)

Ty

small 5/H implies a prolonged transition with a few large bubbles. The mean

bubble separation is given by [30]

8 1/3
( Wﬁ) v, 0 = max (v, ¢s) , (3.120)

R, ~

where v is the velocity of the outermost fluid disturbance: the bubble wall for
detonations (v,, > c¢;) and the leading shock front for deflagrations (v,, < c;,
where the shock propagates at c;). R, sets the characteristic length scale entering

both the peak frequency and amplitude of the GW spectrum [30, 202].

« Sphaleron suppression parameter £. The ratio of the Higgs vev to temperature,

orv(T)
T )

&(T) = (3.121)
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where ¢r1v(T') is the vev in the broken phase, is directly relevant to electroweak
baryogenesis. For the baryon asymmetry produced during the transition to sur-
vive, sphaleron processes (transitions over the electroweak energy barrier that vi-
olate baryon number conservation) must be sufficiently suppressed in the broken
phase immediately after the wall passes. The baryon number preservation condi-
tion requires the sphaleron rate to be exponentially suppressed, which translates

into [6, 111]
¢TV(Tn) >

., 1.

Note that £ is not a gauge-invariant quantity beyond tree level: the position of
the broken minimum of the loop-corrected V' depends on the gauge parameter
away from the stationary points, see the discussion in Section II.2. The condi-
tion Eq. (3.122) should therefore be understood as an order-of-magnitude crite-
rion, with a gauge-independent formulation requiring a more careful treatment,
for example via the 3D EFT framework where the vev is computed from the gauge-

independent 3D potential [142].

The parameter set (o, 5/H, T,, v,) constitutes the complete macroscopic input to the
GW signal templates described in Section II1.6. The sensitivity of the GW predictions
to the perturbative calculation of the thermodynamic observables is a central subject of

this thesis.

III.6 Gravitational wave predictions from phase transitions

A cosmological first-order phase transition is a violent, spatially inhomogeneous event:
bubbles nucleate, expand, collide, and stir the surrounding plasma. Each stage of this
process sources a stochastic GW background that is imprinted on the GW radiation
content of the Universe and can, in principle, be detected by space-based interferome-
ters such as LISA [30, 34, ]. The GW signal from the EWPT is characterized by its
spectral shape Qew(f)h?, peak frequency fyeu, and peak amplitude Qgw peach?, all of
which are functions of the macroscopic transition parameters («, 3/H,T,, v,,) defined

in Section II1.5.

(3.122)
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Sources of gravitational radiation

Three physically distinct mechanisms contribute to the GW background from a first-

order phase transition [30, ]:

« Bubble wall collisions. As expanding bubble walls collide, the gradient energy
stored in the scalar field is converted into GWs. This mechanism dominates only
in the runaway regime (v,, — 1, 7, — 00), where plasma friction is insufficient
to establish a terminal velocity. For EWPT scenarios with moderate a, friction

prevents runaway, strongly suppressing this contribution.

« Sound waves. After bubble walls reach their terminal velocity and begin to over-
lap, the energy deposited in the plasma drives long-lived acoustic oscillations that
propagate through the fluid. These sound waves persist after the transition and
act as a long-duration source of GWs, making them the dominant contribution for

non-runaway transitions with o < O(1) [182, 202].

« MHD turbulence. A fraction of the kinetic energy deposited in the plasma even-
tually cascades into magnetohydrodynamic (MHD) turbulence, driven by the vor-
tical motion generated at bubble collisions and by the fluid shear behind sound
fronts [203]. For transitions of weak to intermediate strength (o < 0.1), the tur-
bulent contribution is subdominant relative to sound waves [204]. Its spectral
shape and the fraction of kinetic energy converted to turbulent motion remain
incompletely characterized by current simulations [31], introducing an additional

free parameter if included.

Sound wave spectrum

In this thesis we focus on the sound-wave contribution as the dominant GW source for
non-runaway EWPTs, using it as a probe of the theoretical uncertainties arising from

the perturbative calculation of the thermodynamic parameters.

The spectral energy density of GWs from sound waves, expressed as a fraction of the

critical energy density, is well approximated by the broken power law [30, 202, 205]

;e ; 7/2
QSV;’N h2 ~ eal h2 ’
aw(/f) GW peak (fpeak) <4+3(f/fpeak)2>

(3.123)
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where the spectral shape < f? at f < fpeax and < f~* at f > foea, as found in

numerical simulations of acoustic motions in the plasma. The peak frequency today is

f 26 uH ! L < e )1/6
ea. z >< b
peak HE2 2R, \100Gev ) \100

where R, is the mean bubble separation at percolation, g. is the effective number
of relativistic degrees of freedom, and 7, is the plasma temperature immediately
after the transition. The latter accounts for reheating by the released latent heat:

T, = T,(1 + a)¥* =~ T, for moderate .

The peak amplitude is given by

0 2o~ 41x107RH, [1- ! w0\ (100
GW ,peak ~ = wddx 1+ 2TSWH* 1+ s )

where the factor in parentheses encodes the finite duration of the sound-wave source:

the acoustic phase shuts off when shocks form, at a time 7y, ~ R./U + after the tran-

sition, where U; = +/3ake/4(1 + ) is the root-mean-square four-velocity of the

plasma [206].

The efficiency factor kg, quantifies the fraction of the released vacuum energy that is
converted into bulk kinetic energy of the plasma. It is determined from numerical hy-
drodynamic fits as a function of o and v,, [188]; in the detonation regime it reads ap-

proximately
a

0.7340.083/a + o’

Rew(Q) =

valid at v,, ~ 1. The sound-wave spectrum, Egs. (3.123) and (3.125), is the formula used
in Chapter V to compute the GW signal from the EWPT in the singlet extension of the
SM.

More recent analyses have proposed improved spectral templates for the sound-wave
contribution that go beyond the single broken power law of Eq. (3.123). In particular,
accounting for the finite thickness of the sound shells and their eventual collision leads to

a double broken power law, with a second spectral break appearing at frequencies above
the peak [31].

(3.124)

(3.125)

(3.126)
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Uncertainties in gravitational wave predictions

The GW spectrum predicted from a first-order EWPT carries uncertainties from two

broad classes of sources.

On the particle-physics side, the transition parameters («, 5/ H, T,) are derived from the
effective potential and nucleation rate, both computed perturbatively. The dominant
uncertainties are renormalization-scale and gauge dependence of the effective potential,
which in the 4D daisy-resummed approach propagate to orders-of-magnitude uncer-
tainty in the GW peak amplitude. The dimensionally reduced 3D approach reduced
the uncertainties by pushing the predictions to higher perturbative orders [32]; the RG
equations governing the 3D EFT are studied in Chapter I'V. An additional, irreducible un-
certainty arises from the non-perturbativity of the magnetic gauge-boson sector at the
ultrasoft scale ¢?T" [23, ], which no finite perturbative order can remove and which
sets a fundamental floor on the precision of any perturbative GW prediction. The im-
pact of renormalization-scale dependence, gauge dependence, and the high-temperature

expansion on GW observables in the cxSM is the central subject of Chapter V.

On the cosmological and hydrodynamic side, the spectral profile, Eq. (3.123), and its nor-
malization are calibrated against numerical simulations in a simplified setup [182, 202],
and the sound-wave lifetime 7, and efliciency factor kg, carry their own uncertain-
ties [31, , ]. Most directly, the bubble wall velocity, v,,, determination requires
solving the full Boltzmann problem in the bubble background, with current estimates
carrying O(1) uncertainties [207]. The loop-corrected wall velocity and its uncertainty

are studied in Chapter V1.
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Everything flows.

— Heraclitus

The 3D EFT, even when restricted to SM fields alone, is highly predictive: not only does it
meticulously capture the IR dynamics of the SM at high temperature (see Section II1.4),
but it also serves as a universal description of a broad class of UV extensions. In the
LO truncation of the m;,/T expansion (considering only super-renormalizable scalar
interactions), the electroweak sector of this EFT has been simulated on the lattice [24,

, ], with the conclusion that the SM cannot realize a EWPT strong enough to
source observable GWs. The situation changes once higher-order terms in the m;, /T
expansion are retained. These manifest as higher-dimensional operators in the 3D EFT,
and recent studies [3, 35, 36, 38, ] have demonstrated that their impact is essential to

capture strong phase transitions.

Precise knowledge of the RG evolution of the 3D EFT coefficients is fundamental both in
perturbative calculations (addressing the renormalization scale dependence from which
other 4D methods suffer [3, 32] (also see Chapter V)) and in the study of the 3D theory
in the lattice simulations [49, 208]. The computation of such RGE constitutes the main
objective of the present chapter. Namely, these results pave the way for the future inclu-
sion of effective parameters (in particular, Higgs sextic interactions) in lattice studies of
EWPTs. Results presented in this chapter are also of a direct use in the DR computations,
as IR divergences arising from the matching procedure must be consistently reproduced
by the UV divergences we compute within the EFT. Furthermore, these results are also

relevant for the study of critical phenomena through ¢ expansion [211-213].
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IV.1 Dimensionally reduced EFT of the SM and the SMEFT

We are interested in the dynamics of the nucleating field that takes place below the hard
scale, characterized by the temperature 7', and where only SM fields matter. It is de-
scribed by a dimensionally reduced theory (see Section I11.4 for the detailed discussion),
where temperature enters the theory only through Wilson coefficients. Considering, for
simplicity, only the SU(2), part of the SM for now (the contributions from the U(1)y
coupling g4 can be found in Appendix A), the 3D EFT Lagrangian can be written as:

1
Lsp = Wi W/+ (Dr®)1(D, @) + mi| @[ + X[ @[ + o] @[°

+ C¢8|q)|8 + C¢2W2|(I)|2WI W,,IS

+ c;i)D2|<1>| O]®|? + c¢4D2(<I>TDT<I>)T<I>TDT<I> + % ,|®*(D,®) D,

+ S (DIWDIV) + S WEWE + Mg WW)? + Al @ PV
+ owg (WoWg)* + comg |2 (W Wy)?

+ oy | VW) + o (@701 @) (@707 @) (W W)

+ iy | R POVIWY) + o |0 (00! @) (@0 @) (W W)

+ cfz,E)WQD2|<I>| (D,WIY(D,WI) + ¢@ 1K (D17 D @) (W D, WE)

¢2W2D2€

782 ® (=1 D )(DW >ul+, Dwape [D*(@)® + & D20] W

+ 7w DY (W)W @ + DA W)W @l D -

H 2D?

in which we explicitly show operators up to mass dimension four and where the ellipses
stand for terms with higher-dimensional operators. As before, ® represents the Higgs
doublet, W denotes the SU(2),, gauge boson with coupling g3 and W is its temporal
component. Note that among dimension-four operators, we only consider those con-
taining fewer than four gauge fields, since operators involving more gauge fields are
suppressed in the DR procedure by extra powers of the gauge coupling. In addition, we
omit formally present operators of fractional dimensions, e.g. |®|*(®o!®)W{; they are
not generated in DR, as diagrams with an odd number of external momentumless W)

fields result in vanishing contribution.

Finally, it is also worth commenting that we ignored gluon operators in the 3D EFT be-
cause they cannot arise from tree-level matching in DR, though they could add small
corrections to the RG results presented below. Operators in gray in Eq. (4.1) are redun-

dant, which can be removed with a proper field redefinition [36], discussed below.
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IV.2 Possible realizations of the first-order EWPT within the SMEFT

For a first-order phase transition to occur within the SMEFT, the effective scalar poten-
tial must develop a structure with two local minima separated by a barrier. The form and
origin of the broken minimum and the barrier depend on the size and hierarchy of the
3D Wilson coefficients of Eq. (4.1). The barrier can arise in qualitatively different ways,
each with its own power-counting scheme, scale hierarchy, and domain of perturba-
tive validity. Three qualitatively distinct realizations of a first-order EWPT are possible
within the SMEFT: a tree-level barrier, a radiatively generated barrier and radiative sym-
metry breaking via the Coleman-Weinberg mechanism [135]. All three mechanisms can
in principle be realized within the Higgs sector of the SMEFT for appropriate choices of
Wilson coefficients (see Section I1.4 for an overview of the SMEFT framework and the
role of the Higgs-sector operators in the EWPT), and the corresponding regions of the

SMEFT parameter space remain compatible with current experimental constraints [214].

For the power-counting analysis, it is convenient to assign scalings with respect to the
gauge coupling g (treated as a small parameter, g < 1) to all components of the 3D EFT
potential, and demand that the terms contributing to the shape of the potential resulting

in the first-order EWPT are of the same order.

We further assume that the theory in Eq. (4.1) is a result of the DR of the SMEFT and the
latter is itself an effective description of generic BSM physics, characterized by an UV

gauge coupling g and valid up to scales A = T

The SMEFT couplings (see Section I1.4), denoted with a bar in this chapter, are matched to
the effective couplings of Eq. (4.1) via [36]. Parametrically, the leading matching relations

for the Higgs-only operators are:

m ~ i, + 917,
)\3 ~ AhT + E¢6T3,
9~ 9T,

T2
Cyps ~ T2E¢6 ~ §4F’
T
g A4’

T
= ~2
C¢4D2 ~ TC¢4D2 ~ g F,

C¢8 ~ T35¢8 ~

where we assumed the following power counting for non-renormalizable 4D terms [215]:

(4.2)
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Coo ~ G /N2 Cpape ~ GEJN% Chae ~ GPg? /A% Ces ~ §°/A*. In addition, one can
consider an additional (1/167%) suppression factor for ¢ y2 under the assumption of

a weakly-coupled completion of the SMEFT, as this coeflicient is only generated at one
loop [216].

The question of which barrier type is realized is thus determined, via these matching
relations, by the underlying parameter values in the SMEFT. In the following subsections

we describe each of the possible realizations in turn.

We parametrize the Higgs doublet as & = (G*, \/LE(¢+ h+iGO))T (see Section I1.1.2 for
details), where ¢ is the background field value, with symmetry breaking studied along

this direction.

IV.2.1 Tree-level barrier

The simplest way to generate a potential barrier is to have one already present at the
tree level in the 3D scalar potential. This requires simultaneously m2 > 0, A3 < 0, and

cgs > 0, so that the scalar potential
A Cp6
3 g2 M3 a4 Y90 6
#+ 2o+ L
develops a local maximum between the symmetric minimum at ¢ = 0 and a broken

minimum at ¢ # 0.

For all three terms in Eq. (4.3) to contribute at the same order, one demands
mip* ~ |As]¢* ~ cge¢®. Combining this with the perturbativity requirement
V > ¢T3 [23] and the validity of the high-T" expansion m3 < T?, one obtains the

power-counting scheme for the tree-level barrier [36, 214]:

mg ~ 92T27 )‘3 ~ 92T7 C¢6 ~ 927
which is the standard power-counting regime underlying many studies of the EWPT
with a dimension-six Higgs operator in the the SMEFT [35, 38].

Hence, the Higgs-field nucleation occurs at the soft scale, m3 ~ ¢7', and the full set of

operators in Eq. (4.1) is dynamically relevant.

Translating back to the 4D theory through Eq. (4.2) gives A3 ~ ¢* and ¢4 ~ ¢*/T%,

where ¢y is the Wilson coefficient of the dimension-six operator O, = (®1®)? of the

(4.4)
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SMEFT Lagrangian (see Eq. (2.43) and Section 11.4). Combined with ¢y ~ §*T?/A?
from Eq. (4.2), this yields the following parametric relation between the BSM and SM
couplings:

o A

g ~9g T
Given this, we can establish the scalings of the effective couplings in Eq. (4.1); for in-
stance, the octic Higgs effective coupling parametrically is cgs ~ ¢*/A." This establishes
that the dimension-four operators in Eq. (4.1) feature an additional numerical suppres-
sion beyond the 1/7 scaling from EFT counting alone. It is therefore consistent to re-

strict our calculations to a single insertion of operators with mass dimension four.

IV.2.2 Radiatively generated barrier

If m? is parametrically smaller than the gauge-boson mass, given by ~ ¢3¢, a hierarchy
of scales develops within the 3D EFT, which can lead to the formation of the loop-induced

barrier. The cubic term, originating from loops of gauge field, acts as the barrier, giving

rise to the LO scalar potential [214, , ]:
m?2 93 )\3
Vie) = 1842 93 43 4 23 44
(6) = Bhgt = gy g,
in which, in contrast to the tree-level barrier, the quartic coupling must be positive for
stability.
The scale hierarchy,

m§ ~ PT? < g;fgzﬁQ ~ ¢*T* < (7T)?,

is essential: it guarantees that the gauge-boson contribution can be computed perturba-
tively and that the expansion of the nucleation EFT is well-behaved. The power-counting

scheme consistent with Eq. (4.7) is:

m% ~ ¢*T?, A3 ~ ¢°T.

When the Wilson coefficient c4s is large enough to contribute at the same order as the

gauge-boson cubic term, an additional ¢° term enters the LO scalar potential that gov-

"The c4s term could also be generated by Eiﬁ, which parametrically is ~ g* /7.

(4.5)

(4.6)

(4.7)

(4.8)
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erns the nucleation,

m3 gs A3 Co
Bt Bt Dt s
167 4

Vi) =2 -

in which case A3 is allowed to be negative, for positive c4s. This leads to the following
relation between the BSM and the SM couplings:
A
~2 1544
Crucially, the Higgs-field dynamics is at the supersoft scale ms ~ ¢>/>T [217, 218], hence
the relevant dynamical degrees of freedom consist of the scalar field ® and spatial vector
W, modes, as temporal vector modes W, are heavy (~ ¢7’) and are integrated out; the
dimensionally reduced theory describing the nucleation is of the form of Eq. (4.1), but

without operators containing temporal components of the gauge fields.

IV.2.3 Radiative symmetry breaking

A third qualitatively distinct possibility is radiative symmetry breaking via the Coleman-
Weinberg mechanism [135]: the tree-level 7' = 0 potential contains no spontaneous

symmetry breaking, but a broken minimum is generated entirely by loop corrections.

At zero temperature this requires the quartic coupling to be very small, A ~ g [146, 219],
so that gauge-boson loop corrections dominate and drive symmetry breaking; this hap-
pens, for instance, within classically conformal models where such a suppressed quartic

arises naturally [122, 220].

At finite temperature the radiative symmetry breaking scenario is more involved [217,

]. Since the gauge bosons have masses of order the hard scale 77, they cannot be
integrated out within the standard high-7" expansion, and they have to be systematically
integrated out together with the thermal fluctuations; in this hierarchy, the Higgs field

nucleation occurs at the soft scale [214].

We note that the RG equations derived in this chapter are relevant to all barrier types dis-
cussed above, as they govern the scale dependence of the Wilson coefficients of Eq. (4.1)
at and below the soft scale and are a necessary input for any precise perturbative or

lattice calculation of phase-transition observables.

(4.10)
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IV.3 Counterterms and beta functions

The main goal of this chapter is to renormalize the dimensionally reduced theory of
Eq. (4.1) at the leading, two-loop order.

We work in dimensional regularization (dimReg) with spacetime dimension d = 3 — 2e.

Working in 3D simplifies the calculations, compared to the 4D case. In particular:

+ There are no logarithmic divergences at one loop, and therefore neither sub-
divergences nor double poles in two-loop diagrams. Therefore, integrals can be

IR regulated with a simple mass term, even in the presence of gauge fields.

« In 3D, the only divergent integral is

/ d*q dPr 1
(2m)% (2m)% (¢* + m3)(r? + m3)((q + 7)* + m3)

1 1 3D 1
— — (1 - +0
dimReg 6472€ + 1672 < o8 my + mg + Mg " 2) + 00,

with p3p being the renormalization scale. The general form of this integral in d

dimensions can be found in Ref. [222].

« Contrary to the 4D case, the number of relevant redundant operators is signif-
icantly reduced (see Eq. (4.1)): all others that exist in 4D, e.g. D*®'D?® and
D, WT,{S((I)TE)OJ ®), are of higher energy dimension in 3D.

« In contrast to the 4D case, gauge and quartic couplings are dimensionful. This,
together with the topological restriction £ = —2 + > (i — 2)n; — where n;
stands for the valence of a given vertex ¢ and E is the number of external legs —

significantly constrains the relevant diagrams contributing to the renormalization.

The last point is particularly useful to renormalize cys and cyoyy2, since the number of
two-loop diagrams with eight external legs is prohibitively large. For instance, ignoring
W, interactions, the topological constraint restricts the possible combinations of cou-
plings entering the RG equations of c4s (with exactly one insertion of c4p2, cys, Ch212)
to: cyecys, c¢4ch§6, c¢4D2c¢ag§, Cos )\g, Cpt D2 )\§C¢s, c¢4ng§/\3, c¢4ch¢sg§)\3, c¢4ng§)\g,
Cgsgs, Co1D203Ce0, Co1D2Ce0g3As, Corp2sAs, Corp2G3 A3, Corw2Coo Asds, Corw2ASgs,

CorwaA2g3 CormeAags, CorwzAags and cyep2g8; representative diagrams are shown

(4.11)
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Figure 4.1: Example diagrams for the renormalization of cs. blobs represent ef-
fective operators of dimension four of Eq. (4.1), while black dots stand for renormalizable
gauge, quartic and sextic scalar couplings.

in Fig. 4.1. However, only the first two combinations result in the correct energy

dimension, hence contributing to the ¢,s running.’

Taking into account these considerations, we proceed by generating Feynman rules
with FeynRules [223] and performing a suitable rotation to Euclidean space. Subse-
quently, we evaluate two-loop n-point off-shell functions employing the background-
field method [137], using FeynArts [224] and FeynCalc [225], and expand the relevant
two-loop integrals in the UV region, yielding the integrals of the form of Eq. (4.11).

Tree-level barrier

As discussed in Section 1V.2, in case of the tree-level barrier presence, the nucleation of
the scalar Higgs field occurs at the soft scale, where dynamical degrees of freedom are
{®,W,;, Wy}, hence all of the operators in Eq. (4.1) are relevant for the renormalization.
The calculation of the counterterms, as outlined above, results in the following two-loop

counterterms in Feynman gauge in the MS subtraction scheme:

®This argument can be further refined in fewer words. The coefficient ¢,z can be only renormalized
by loops involving effective operators, so either including cys itself, c44 p= or cg2yy2. The last one comes
necessarily with powers of gs, as it includes a gauge boson in the loop, which increases the total energy
dimension. We therefore end up with only cgscge and cga p2 ciﬁ.
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. 3
0 Zy = 2cs2w2g3 + e (595 — 8s) — e (593 - 2>\3)

1 2
- QC;Q)WQDQ )\¢2W02 + 40((1,2)W3D2 9§
_ 39
I'om3 = —16% — 993 A3 + 1203 — 1295\ o2 + 6A§2W3
(4.12)
—m3 [18C¢QW2 g+ c;?DQ (995 — 24X3)
@ (32 60 —e) )
- C¢4D2 593 - 3] — C¢2W2D2 ¢2W02
+m% | —24cgenag? + 1260 — — 12
D O2W g3 ¢2W02D2 ¢2W2 ¢>2W2D2g3 )
where we have factored out I, ' = 647%¢ — the two-loop MS e-pole of Eq. (4.11). For
brevity, we only explicitly show counterterms associated with the Higgs mass operator
and the Higgs field-strength renormalization; the rest of the counterterms are given in
Appendix A.
We proceed by canonically normalizing the kinetic terms of the scalar and gauge fields
and removing the redundant operators (’);?DQ, O(2W2 D2 and O©) 522 D2 (see Eq. (4.1)), by
redefining ® — & — (), ®(01®) + r(;QWQDchWO WL W= Wl +r ¢2W2D2|<I>|2W({.
This results in the following shifts for the counterterms:
dmy = dm3 — 6Zym3
Sm'E = 6m3, — 6 Zy,m7, ,
Nz = OAgewg — (02 + 02w, ) Agawwz + mior ;JWQDQ + mDarfj;WQDQ :
(5)\ 4 - 5Aw4 - 25ZW0)\W4
(SC;)G = (5C¢6 - 3(SZ¢C¢6 - 2>\35T¢>4D2 , (413)

50;21/‘/4 = 5C¢2w4 — (5Z¢ + 252W0)C¢2W4 + 2)\¢2W25T¢2W2D2 + 4>\W45T¢2W2D2 ,

(562%1/2 = 6c¢4w2 (2024 + (5ZWO)C¢4W2 + 4)\357’¢2W02D2 + 2)\¢2W0257”¢QW3D2 ,
0c s = 0cShys — (2075 + 6 2w )iz

5CW6 = Ocys — 35ZWOCW6 ,
dc ((¢,14)/Dz = 509(1)14D2 + 5T¢4D2 )

6c? = 5¢@

¢4D2 ¢4D2 9



IV — RUNNING IN THE 3D EFT OF THE SM AND THE SMEFT 100

5c¢8 = 0Cgs — 3C¢65T¢4D2 ,

5C¢2W2 = (5C¢2w2 s
(1)

5C¢6W2 = 5C¢6W2 + 20¢4W2§TLQW2D2 + 6c¢6(5r;‘§)W02D2 ,
562)26)121/02 - 5Céﬁ)w2 + 205;4)1/‘/2 6T¢2W2D2 )

5@ _ s (0.2)
QS2W02D2 ¢2W02D2 )

in which we only kept counterterms with up to one insertion of dimension-four opera-

tors.

Following these shifts, the running of the MS parameters is determined simply by [226]:
d
B. = 167r2,u—c = 64r2edc,
dp

and for the effective couplings under scope, reads:

39
Pmz = 167 g3 — 99323 + 12X3 — 1293}“1’2"‘/02 + 6>\3’2W02

—mj {206¢2wzg3 + c((bﬁDQ (1493 — 32)\3) — ¢4)D2 (393 8>\3)
2
— 8C¢2W2D2 )\¢2W02 + 4C;Q)W()2D2g§:|

+m3, [ 24C¢2W2g3 + 1262)2)W2D2 < )\¢2W2> — 120232)W2D293:| ;

The first line of 3,7 in Eq. (4.15) is the exact running of the mass parameter, m3, if we
were to truncate the 3D Lagrangian in Eq. (4.1) to only include super-renormalizable
operators [49], while the rest of the running is triggered by the presence of other ef-
fective couplings, corresponding to the higher-dimensional operators. The quartic, A3,
and the sextic, cys, scalar operators get renormalized starting with the inclusion of the

dimension-three operators.

The remaining beta functions for the effective couplings are provided in Appendix A,

for conciseness.

We remark that, in the physical basis, none of the effective couplings in the class c1p2,

nor Cgeyyzp: run at the two-loop level with up to one insertion of the dimension-four

(4.14)

(4.15)
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operators. This can be understood as a consequence of the topology of the relevant di-
agrams (which are themselves a consequence of the energy dimensions of the effective
coefficients) that result in divergent contributions, relevant for renormalization, propor-
tional to p? (p — external momentum for the relevant process), which, in our choice
of basis, will always be captured by redundant operators that are reduced to higher-

dimensional operators.

As a cross-check, we have verified that the running of mg, A3, €46, and cys in Eq. (4.15),
neglecting operators with derivatives, precisely reproduces the logarithmic dependence,
log(u3p), of the two-loop effective potential, V2 (see Section 111.2), explicitly showing

the better control of the renormalization-scale dependence allowed by the derived RGEs.

The significance of the running of the effective parameters can be estimated based on
the power counting introduced in Section IV.2; in case of the tree-level barrier presence,

the running of the effective couplings is parametrically given by:

dlogm3 5
dlog pisp

Olog A3 Olog cys 0log cys )
alog,ugp 8log H3D alog H3D

Olog g3 51
0 IOg 3D g A .

T
+93K7

It indicates that the LO m? running — triggered by the super-renormalizable operators —

is parametrically of the same order as the quartic, sextic and octic running,.

To illustrate how these couplings run, we estimate the values of the Wilson coefficients
according to Eq. (4.2) and assume g = 0.1, A = 1 TeV and 7' = 100 GeV. Moreover, for
simplicity, through this section, we assume that A j2y2 = g2 /4, which holds up to higher-
order corrections [49]. We numerically solve the coupled RG equations and present the

benchmark running from the hard scale (277") down to ps3p in Fig. 4.2.

As evident from Fig. 4.2, the effective operators trigger the running of A3, cys, result-
ing in changes of their values at the level of ten percent, while the correction due to
next-to-leading order (NLO) m3 running is on a percent level. Notably, for the chosen
benchmark points, c4s changes significantly, flipping its sign as it evolves towards small
scales; the running of cys is additionally enhanced by large numerical values in its beta
function compared to the estimate in Eq. (4.16). Although we present only two reference

benchmark points, we find that this behavior is universal within the parameter space cor-

(4.16)
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Figure 4.2: Running of the effective couplings m3, X3, cg and cg from

the hard scale 277 down to pusp. We assume T = 100GeV, and
. . 1 2

take  the  effective  couplings  {m3, m}, A3, Ay, cgs, 02)4)]32, cfbeQ, Cesy 93}

to be {100,100, —4, 0.01,0.04, 10~*, 104,109, 2} (solid) and

{95,100, —3.5,0.01,0.035,107%,107%, —107%,2} (dashed) with all values given in
GeV at the hard scale, with the rest of effective coupling taken to be zero.

responding to tree-level barrier nucleation, except for cases where tree-level-enhanced

dimension-four operators are present.

Next, we assess the numerical relevance of the NLO correction to the running of the mass
parameter, m% In Fig. 4.3, we plot the relative correction to the m% beta function from the

effective couplings, by defining 5~ — super-renormalizable part of m3 running — and
3
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m}, =100 GeV?, g5 = 2GeV, Aya = 0.01 GeV,

Con = 0.04,c0 = 100GV 0D = 1071 Gev .
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Figure 4.3: Relative correction to the mZ beta function from the effective operators. The
black dashed line denotes the parameter values for which two minima of the scalar po-
tential are degenerate.

Bf;ggo — full two-loop running of m3 — per Eq. (4.15). The black dashed line represents the
values of the parameters for which two local minima of the potential become degenerate
in energy (this corresponds to 7" being the critical temperature); therefore, below this
line, the broken minimum is the global minimum of the scalar potential. The relative
correction to the m3 running is small (typically on a percent level) for the wide range of
parameter space; however, in the vicinity of the region given by A3 = —3¢2/8 (taking
Ag2wz = g3 /4 as discussed above), where the LO running vanishes, i.e. where TI;% =0),

corrections from the effective operators to the beta function become dominant.

Radiatively generated barrier

For sufficiently large gauge coupling within the dimensionally reduced theory, a barrier

can be radiatively generated, which enables a SFOEWPT.

In this scenario, the nucleation of the scalar Higgs field occurs below the soft scale [214,
218]; consequently, the relevant dynamical degrees of freedom are {®, W;} and the di-

mensionally reduced theory describing the nucleation is of the form of Eq. (4.1), but



IV — RUNNING IN THE 3D EFT OF THE SM AND THE SMEFT 104

without dynamical temporal components of the gauge fields (namely, only operators of
the first three lines of Eq. (4.1) are relevant). Following the same steps as in the case of
a tree-level barrier, we determine the counterterms for the theory under scope, which

read:

3
Iy 5Z¢ = 20¢2W2g3 + céBDQ (5g3 — 8)\3) — C¢4)D2 <§g§ — 2>\3) ,

I'om3 = ——g5 — 9933 + 1223 (4.17)

16
2 2 D (g2 @ (3.2

In order to canonically normalize the fields and remove the redundant operator, we per-

form the shifts between the counterterms

dmy = 6m3 — 6 Zyms3,
6)\/ — 5)\3 - 25Z¢)\3 5714741)2 9
5C¢6 = (5C¢,6 — 3(SZ¢C¢6 — 2)\357“

¢4D2 )
6C¢4D2 - 5C¢4D2 2(SZ¢C¢4D2 + 5T¢4D2 s (418)
5c¢4D2 = 6c¢4D2 — 25Z¢c¢4D2 ,
(5c¢s = 0cCgs — 40ZyC4 — 30(,5657“;?2)/32 ,
(SC:Z)QWQ = (5C¢2w2 - 5Z¢C¢2w2 - 5ZWC¢2W2 .
and compute the corresponding beta functions for the effective couplings, by employing
Eq. (4.14), which results in:
51
Bz = 16 — 9933 + 12)] (4.19)

+m3 <(z>4)D2 ( 14g3 + 32)\3) + C¢>4)D2 (393 8/\3) — 20c52w2g5

The full set of counterterms and beta functions for the dimensionally reduced theory

below the soft scale is presented in Appendix A.

We estimate the size of the running of effective couplings, employing the power counting
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relevant for the radiatively generated barrier scenario (see Section IV.2), which reads:

dlogm3 1
dlog psp

(9log )\3 2
dlog psp

Olog cys 0log cys 3
810gp3D 810g H3D

Olog g3 551
0 log 3D g A ’

T
+ g3.5K :

)

and notice that in the case of the radiatively generated barrier, the running of A3 and
Cqs, triggered by operators beyond the super-renormalizable ones, is parametrically sup-
pressed with respect to the LO running of m3, in contrast to the case of the tree-level
barrier (see Eq. (4.16)). The NLO running becomes less significant, once cys is not as-

sumed to be enhanced.

IV.4 Impact on the scalar potential

Next, we investigate the impact of the running of the effective parameters on the shape
of the scalar potential and the predictions for the phase-transition phenomenology. Fo-
cusing on the case of the tree-level barrier, we compare the scalar potential with and
without the inclusion of the running of the effective parameters, as well as the shift
in the position of the broken minimum and the potential difference between two local

minima.

In Fig. 4.4, the shape of the scalar potential is shown with and without the inclusion of
the running of the effective parameters. As evident from the figure, contributions from
the effective couplings can substantially alter the shape of the scalar potential and shift
the position of the broken minimum. The main difference between including only the
LO mass running and the NLO running with effective operators arises from the run-
ning of the quartic and sextic scalar couplings, A3 and cgs, respectively; additional terms
in the mass parameter running have only a minor effect on the scalar potential. It is
worth recalling that the inclusion of the running to the scalar potential can be seen as

resumming higher effective potential loops.

We further investigate the impact of the running by studying the shift in the broken

minimum field value v = @y;,. This is a key parameter, since the ratio { = v/T" charac-

(4.20)
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Figure 4.4: Scalar potential V' (¢) without running, with LO running, and with NLO
running of the effective couplings. Parameters run from 277" down to ¢7', with g = 0.1
and 7" = 100 GeV.

terizes the baryon washout during the baryogenesis at the first-order EWPT [148], also

see discussion in Section III.5.

In Fig. 4.5, the shift in this quantity caused by including the running of the effective
parameters is illustrated. The left (right) panel shows the shift when only the LO running
of the mass parameter (NLO running of all operators) is taken into account. Including
the NLO running of the effective parameters can alter the broken field value by tens of
percent, while the LO running (where only m2 runs) produces a much smaller shift, at
the few-percent level. The difference between LO and NLO running becomes even more

prominent with the increase of the effective couplings, e.g. ¢4 p2.

As before, the black-dashed line in Fig. 4.5 represents the parameter values for which
the broken and unbroken minima are degenerate. Below this line, the broken minimum
becomes the global minimum, and it is within this region that the nucleation occurs;

hence, it is of the main interest to the EWPT phenomenology. In this region, the LO
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Figure 4.5: Relative change of the position of the broken minimum of the scalar potential
(v) with the inclusion of the LO mass parameter running only (left) and NLO running of
the effective parameters (right). Parameters run from 277" down to g7, with ¢ = 0.1 and
T = 100 GeV. Gray regions represent the parameter space where the broken minimum
is absent in case no running is included. The black-dashed line denotes the parameter
values for which two minima of the potential are degenerate in the absence of RG run-
ning.

running can only lead to a few percent shift to the broken minimum value, while the
NLO running of the effective couplings could result in changes on the order of tens of

percent, specifically for large values of the sextic coupling cgs.

Similarly, the NLO correction to the running of the effective parameters affects the dif-
ference in the potential values between two local minima, which in turn determines the
strength of the EWPT. In Fig. 4.6, we present the relative change in the potential dif-
ference AV between the unbroken and broken minima when comparing the inclusion
of LO and NLO running of the effective parameters. As can be seen from the figure,
the potential difference can change by up to tens of percent, depending on the specific
parameter point, therefore modifying the strength of the EWPT. The blue diagonal re-
gion simply points to the values of the couplings where AV© crosses zero value, while
AV = AVMO holds in the dark red region. We note that for points where two local
minima are of similar depth, the NLO corrections lift the broken minima, while for points
where the broken minimum is significantly deeper than the unbroken, NLO corrections

deepen it, resulting in stronger EWPTs.

For completeness, in Fig. 4.7, we present the effect of the running of the effective param-

eters on the nucleation temperature 7,, and the strength of the EWPT «, see Section I11.5
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Figure 4.6: Relative shift of the potential difference AV between unbroken and broken
minima between cases of inclusion of LO and NLO running of the effective parameters.
Parameters run from 277" down to g7, with ¢ = 0.1 and 7" = 100 GeV. The gray region
represents the parameter space where the broken minimum is absent in case the NLO
running is included.

for definitions. For this purpose, we perform LO DR of the SMEFT [36], schematically
depicted in Eq. (4.2), taking ¢’ = 0 and assuming the presence of the Cye, Cyap2, Cys
couplings in the UV at A = 1TeV with sizes according to Eq. (4.2). We obtain 7}, by

employing FindBounce [173] for the calculation of the bounce action Eq. (3.82).

As outlined above, the inclusion of the NLO running of the effective parameters in the 3D
EFT changes the EWPT strength as much as LO running (around 5-10% for the example
in scope). To illustrate dependence on the specific values of the BSM couplings, we also
show the case where E((;)DQ is taken negative (dashed line in Fig. 4.7). It should be noted
that the precise value of the shift of the EWPT strength with the inclusion of the NLO

running is highly sensitive to the precise values of the beyond-SM couplings.
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Figure 4.7: Nucleation temperature (left) and phase-transition strength « (right) deter-
mined without and with the running of the effective parameters from the hard thermal

scale 277" down to mg scale. The dashed line with NLO running corresponds to taking

A

sip2 tO be negative.

IV.5 Discussion and relevance for lattice simulations

In this chapter, we have computed the leading corrections to the RG running of Wilson
coefficients up to energy dimension four in the 3D EFT that describes the static high-

temperature limit of BSM theories with heavy new physics.

The computation, which involves evaluating two-loop diagrams with up to eight ex-
ternal legs, is considerably simplified by the energy scaling of parameters in 3D, the
absence of sub-divergences, and the small number of divergent integrals in dimensional

regularization.

We remark that just including the renormalizable sextic scalar interaction — which has
not been addressed before — triggers running of the quartic and sextic operators at the

leading, two-loop order.

To briefly explore phenomenological implications, we focus on two cases of Higgs-field
nucleation: one occurring at the soft scale, where the temporal vector modes are dy-
namical, and one below the soft scale, where the temporal vector modes are integrated
out. In the first case, a reference example of which is the tree-level nucleation, where
the enhanced sextic Higgs coupling triggers the EWPT, we have found that the NLO
beta function for m3 typically modifies the LO result at the percent level, though the
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correction can become arbitrarily large near A\3 ~ —0.375¢%, where the LO running
vanishes. The impact on the scalar potential is even more pronounced (essentially, be-
cause the running of four-, six- and eight-Higgs scalar operators is parametrically of
the same order as the LO running of mg) For instance, while the relative shift of the
broken minimum due to super-renormalizable running is at the percent level, including
the NLO running increases this by more than an order of magnitude. The shift on the
energy difference between the broken and unbroken minima can also be modified by up
to tens of percent, compared to the LO running, resulting in a change in the strength of

the EWPT.

In the second case — nucleation below the soft scale, for example, via a radiatively gen-
erated barrier — we find that the beyond-super-renormalizable running is subleading,

reflected in smaller modifications of the potential.

The counterterms for the effective operators presented in this chapter (presented in full
in Appendix A) are also of direct use for future lattice simulations of the 3D EFT. In
lattice simulation, counterterms are essential for relating lattice and continuum param-
eters [227]. Beyond our MS running, divergences in the lattice regularization scheme
need to be studied when extending the 3D EFT. In the super-renormalizable case present
in the literature [227, ], only the mass counterterm is linearly divergent (in the lat-
tice regularization). However, we find that considering the renormalizable interaction
cy6 results in a one-loop linearly divergent counterterm for the Higgs quartic (absent in
dimensional regularization), SN = —12Xc4s, where X = 0.252731 /a with a the lat-
tice spacing. When accounting for higher-dimensional operators, the situation becomes
more complex and as such, the full analysis of these divergences on the lattice is left
for future work. We highlight that even the inclusion of the c4 operator on the lattice
will enable non-perturbative studies of the phase transitions with a tree-level barrier,
which are currently inaccessible with the super-renormalizable 3D EFT (for SMEFT-like

theories).

Altogether, the results presented in this chapter enable more accurate determinations
of cosmological phase-transition parameters — and consequently of the resulting GW
spectra — both within perturbation theory and in lattice simulations. In certain regions

of parameter space, these corrections become quantitatively indispensable.

A natural direction for future work is the identification and analysis of UV completions
that match onto the SMEFT featuring a SFOEWPT, with the goal of characterizing the

underlying microscopic theories that can generate the effective couplings required to
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realize the phase-transition patterns studied in this chapter.

The analysis of the running of the effective couplings in the dimensionally reduced EFT
can be further extended by incorporating BSM particles within the EFT framework. For
example, the inclusion of an additional singlet scalar (discussed in Chapter V) would
allow for a richer thermal phase transition phenomenology; within the parameter space
where the beyond-super-renormalizable operators are phenomenologically relevant, the
running of the effective couplings can be expected to have a more significant impact on

the EWPT phenomenology.
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V - PERTURBATIVE DESCRIPTION
OF THE EWPT IN THE CXSM

Everything is vague to a degree you do not

realize till you have tried to make it precise.

— Bertrand Russell

While non-perturbative methods and lattice field theory provide reliable and precise de-
scriptions of phase transitions, their computational cost prohibits comprehensive scans
over large parameter spaces of BSM theories. This necessitates the development of re-
liable perturbative methods for detailed studies of phase transition dynamics and their
phenomenological consequences. The perturbative approaches developed in the liter-
ature can be divided into two main categories — see Chapter III for the discussion of
the theoretical framework and methods employed in this chapter — the traditional 4D
approach and the dimensionally reduced 3D approach.

The 4D approach incorporates temperature and quantum corrections to the effective po-
tential in the UV theory, typically employing thermal resummation techniques such as
daisy resummation to improve the IR behavior [140]. Common resummation prescrip-
tions include the Arnold-Espinosa approach [45], where only Matsubara zero modes are
resummed, and the Parwani approach [191], where all bosonic modes receive thermal
corrections (see Section II1.4.2). The “tadpole resummation” prescription systematically
accounts for daisy and superdaisy diagrams by computing thermal masses from the gap
equation [39, 40, , ]. Additional recent developments include a method for con-
structing a resummed effective potential without the high-temperature expansion [230]

and Optimized Perturbation Theory to reduce renormalization scale dependence [231].

The 4D approach offers a relatively simple implementation of the one-loop effective po-

tential that captures leading thermal corrections and provides qualitatively correct de-
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scriptions of phase transitions in many SM extensions. However, the 4D approach suffers
from poor perturbative behavior at high temperature, leading to substantial renormaliza-
tion scale and residual gauge dependencies in the predictions for physical observables.

It also exhibits IR divergences and an unsystematic treatment of thermal fluctuations in

transition rate calculations [41, 44], resulting in large theoretical uncertainties in pre-
dictions for GW signals from SFOEWPTs [32, 42, 43, 232].
The dimensionally reduced 3D approach [47, 189] systematically integrates out heavy

modes to obtain a low-energy EFT in three spatial dimensions that captures the rele-
vant IR dynamics of the phase transition — the construction of the 3D EFT is discussed
in detail in Section I11.4. Well-defined in the high-temperature limit, this method pro-
vides more accurate predictions than the 4D approach if the transition temperature is

comparable to or larger than the masses of the scalar fields undergoing phase transition.

Both the 4D and 3D approaches exhibit residual gauge dependence in predictions for
physical phase transition observables. The fi-expansion [148], which systematically
expands physical quantities in powers of a loop-counting parameter, ensures gauge-
independent results order by order in perturbation theory. At one-loop level in the 4D
approach, the fi-expansion eliminates gauge dependence but yields results that often
deviate substantially from more accurate predictions in many models [148]. Beyond
one-loop accuracy, consistent implementation with thermal resummation procedures is

required to obtain gauge-independent formulations at finite temperature [44, 233, 234].

In this chapter, we investigate the EWPT in the cxSM, which is particularly relevant
given the absence of clear new physics signals at the LHC, as the cxSM can accom-
modate a SFOEWPT without producing detectable signatures at current or future LHC
runs [255]. This makes GW probes of the SFOEWPT especially important, requiring
precise predictions for transition parameters under rigorous theoretical control. While
previous studies have examined the cxSM using the 4D approach [236-241] and the
3D approach [114], a comprehensive comparison of perturbative methods across the
SFOEWPT parameter space and GW detection prospects remains to be performed. We
determine the parameter space regions potentially observable by LISA, with empha-
sis on theoretical uncertainties: residual gauge dependence, and renormalization- and
matching-scale dependencies. We compare the 4D and 3D approaches to assess their
respective limitations in capturing transition dynamics, and test the validity of the 3D

approach by including higher-dimensional operators in the EFT Lagrangian.
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V.1 Possible realizations of the first-order EWPT within the ¢cxSM

The model used for studying the phase transition dynamics in this chapter is the SM
with an additional complex scalar gauge singlet (cxSM). The cxSM is one of the simplest
SM extensions that can realize a SFOEWPT. This leads to a variety of phenomenologi-
cally interesting signatures, such as GW signals produced in the early Universe which
would potentially be accessible at near-future space-based GW observatories. Moreover,
the cxSM can include a stable neutral particle that could serve as a viable dark matter

candidate. However, we will not discuss this feature in our analysis below.

The Lagrangian density of the model in Minkowski space can be written as
Lesm = Lsm + L,

where Lgy is the SM Lagrangian — introduced in Section I1.1 — and Ls is the Lagrangian
for the singlet field S. Since only the doublet ® is charged under the SU(2), x U(1)y

gauge groups, the gauge and fermionic sectors of the cxSM are identical to the SM.

The scalar sector of the ¢cxSM consists of the doublet ® with hypercharge Y = 1/2 and

a complex gauge singlet S,

P = ¢ S—i(qb +5+iA)
C\ Hnth+ict) )T T V2 ’

where we expanded the real part of the neutral component of ® and the real part of the

singlet field S around the background-field configurations ¢;, and ¢;, respectively.

In this chapter, we focus on a specific subclass of the ¢xSM in which a global U (1) sym-
metry is imposed on the gauge singlet S [242]. Then, the scalar part of the Lagrangian
is given by
Lo+ Ls =D, D'D — 15 DT — \,(d70)?
1 1 1
+10"S? = SIS = LS8N = SIS,

see Section 1.1 for the definition of the covariant derivative and gauge sector of the SM.

If S does not obtain a vev, the global U(1) symmetry is conserved.

(5.1)

(5.2)

(5.3)
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The tree-level scalar potential as a function of the background fields ¢} and ¢, reads
Vo(&n; 6s) = u_i¢2 + “—§¢2 gt M gagn s
0 hy Ps 2 h 4 s 4 h 8 h'¥'s 16 s*

This also serves as the lowest-order version of the effective potential at zero temperature.
As explained in Section I11.4.1, the scalar potential is modified by zero-temperature and
thermal loop corrections, leading to a temperature dependence of the vacuum structure.
The thermal evolution of the cxSM scalar-field configuration can follow two qualita-
tively distinct patterns depending on the model parameters [236, 242]. At sufficiently
high temperatures the electroweak symmetry is restored and the effective potential has
a unique minimum at the symmetric point (¢, ¢s) = (0,0). As the Universe cools,
either a one-step transition occurs directly from the symmetric phase to an electroweak-
breaking minimum, or a two-step transition proceeds via an intermediate phase in which
a singlet condensate ¢ min 7 0 develops first, followed by the EWPT at a lower tempera-
ture. In both cases, the final electroweak-breaking vacuum could in principle be a mixed
state (dn min; @s.min) With both fields acquiring vevs. In the U(1)-symmetric model, how-
ever, a non-zero singlet vev at zero temperature spontaneously breaks the global U(1),
producing a massless Goldstone boson, which is phenomenologically disfavored [242].
We therefore exclude this possibility by requiring ¢smin(7” = 0) = 0, and focus on
the two-step realization, which is the primary mechanism for a SFOEWPT in the U(1)-

symmetric cxSM [236].

It is known that, unlike in the SM, as a consequence of the additional singlet the phase
evolution of the cxSM can exhibit a SFOEWPT in certain regions of parameter space. In
our study, we ensure that the tree-level potential is bounded from below by choosing
A > 0, Ay > 0and \ys > —2vAn ). In order to accommodate a SFOEWPT, we
concentrate on positive values for the portal coupling, A\ys > 0 [236]. Moreover, we

demand that only the Higgs field h has a non-zero vev at zero temperature:
¢h,min<T = O) = vpw ~ 246 GCV, ¢s,min(T = 0) =0.

Allowing for a non-zero singlet vev ¢, i, at finite temperature, the cxSM exhibits an
EWPT of the form (0, ¢s min(7)) — (@nmin(T),0), where ¢y, min is the vev of the Higgs
field (visualized in Fig. 5.1)."

In total, the cxSM has six scalar degrees of freedom: a CP-even scalar & from the real

'We find that direct minimization of the loop-improved effective potential can result in a small un-
physical non-zero Higgs vev in the high-temperature phase. This is further discussed in Section I11.2.2.

(5.4)
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Ps
(0, @smin(T)) I

P
o~ R

(¢h,min (T)7 O)

Figure 5.1: The pattern of a possible SFOEWPT in the cxSM model explored in this
chapter. The arrow points in the direction of decreasing temperature.

part of the neutral component of ® that can be identified with the detected Higgs boson
at 125 GeV, three would-be Goldstone bosons G + from the CP-odd and the charged
components of @, and two scalar degrees of freedom s and A from the real and imaginary
parts of the singlet field S, respectively. As indicated above, we consider the case where
at zero temperature only the Higgs field / has a vev, whereas the vev of the singlet
field vanishes. At finite temperature we study first-order EWPTs from a U (1)-symmetry
breaking phase in which the singlet field has a non-zero vev ¢, mi, into an electroweak
symmetry breaking phase with a non-zero Higgs vev ¢, min. We therefore consider the
two background fields ¢, and ¢,: if both ¢, # 0 and ¢, # 0, the two CP-even fields &
and s mix with each other, whereas the would-be Goldstone fields G, and G* and the
other component of the singlet field A are mass eigenstates. The field-dependent mass

matrix of the CP-even states h and s is given by

2 >\ 9¢§ >\ SQS d)s
.7\{2 — (H’Zh 3)\h¢h h4 - 2h
S )‘hs ¢h ¢5 Hg 3As (bg >\hs ¢2 :
5 5 h

The field-dependent mass of A is given by

2 2 2

M /\sgb )\hsgbh

7\12 — s °rs _ern
A 5 + 1 + 1

and for the would-be Goldstone bosons in the Landau gauge, we have

s ®?
ME,, = 1+ dgh + 22

Here, it should be noted that the Goldstone boson masses also receive contributions from

(5.6)

(5.7)

(5.8)



V - PERTURBATIVE DESCRIPTION OF THE EWPT IN THE CXSM 118

the gauge-fixing, which we do not display here. As addional scalar does not alter the
gauge structure of the theory, the gauge-fixing contributions to the Goldstone and gauge

boson masses are the same as in the SM Section II1.2.2.

The cxSM has three free parameters in addition to the SM ones. We choose to treat the
singlet mass m, the singlet quartic coupling )¢ and the portal coupling A\ as free pa-
rameters. For the SM sector, we use the Higgs boson mass m, the top quark mass m;,
the gauge boson masses my and my, and the Fermi constant Gy as input parameters.
Their numerical values are given in Section V.2, where we also show the tree-level re-
lations between those input parameters and the Lagrangian parameters. We note that
in notation in this chapter, a lowercase m,, refers to the physical mass of the particle p,

whereas an uppercase ), refers to the field-dependent tree-level mass parameter.

The phenomenology of the cxSM at zero temperature differs from the SM by the presence
of the degenerate states s and A, which are stable due to the unbroken U (1) symmetry at
zero temperature. In principle, they can be dark matter candidates, but dark matter direct
detection experiments and searches for the invisible decay of the 125 GeV Higgs boson
(which are possible in the cxSM if the decays h — ss and h — AA are kinematically
allowed) exclude this possibility except for the s-channel resonance region with dark
matter masses of my ~ 62.5 GeV [117, 236] or for heavy masses of m, = 2 TeV [243]. It
has to be noted, that the constraints from direct detection experiments can be avoided by
considering a softly-broken U (1)-symmetry in which the state A acts as pseudo-Nambu-
Goldstone dark matter candidate in the presence of a non-zero vev ¢, min [244]. However,
this version of the cxSM is not able to realize a SFOEWPT [245]. In our discussion,
focusing on the description of a SFOEWPT in the early Universe, we do not treat the
singlet states as possible dark matter candidates. Consequently, we do not limit the
discussion to the parameter regions that would be consistent with experimental limits
from (among others) direct detection experiments. We thus assume that the states s and
A are not stable on cosmological timescales, either due to tiny Z,-breaking couplings
facilitating the decays of s and A into SM particles, or due to the presence of an extended

dark sector with particles lighter than s and A into which the latter can decay.

In such a situation, and assuming m,; > 62.5 GeV such that the presence of s and A
does not give rise to exotic or invisible decays of the 125 GeV Higgs boson h, the cxSM
is very challenging to experimentally distinguish from the SM. The possibility of realiz-
ing a SFOEWPT in this model has consequently been called a nightmare scenario [113],

especially since the modifications of the Higgs sector giving rise to the phase transition
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would not lead to detectable traces at the LHC [235]. However, in the upcoming decade,
the LISA experiment is expected to be launched. LISA is sensitive to GWs in the fre-
quency band that coincides with the peak frequencies of primordial GW backgrounds
produced during an EWPT. Hence, LISA will offer a new and potentially unique window
to test the EWPT in the U(1)-symmetric cxSM. It is therefore vital to provide accurate
predictions for the parameters characterizing the transition with a precision that makes
it possible to determine the parameter space regions that predict potentially detectable
GW signals.

V.2 Relations between physical observables and Langrange parameters

In this section, we provide details about the relations between the physical parame-
ters and those parameters entering the Lagrangian and calculations of the thermody-
namic observables describing the EWPT. Explicit relations are given at the one-loop
level. These relations depend on the renormalization scheme used, for which we discuss

two, most commonly used, options here: the MS and 0S prescription.

We study the dynamics of EWPT using the effective potential, which is defined in terms

of the Lagrangian parameters

P[Z = {#}21’ )\ha ,uga g, g/7 Yt, )\57 /\hs} .

In order to define a scheme yielding sensible input values for those parameters we use

their relation to the following set of input parameters
PI = {GF7 M, Mg, Mz, MW, My, )\57 )\hs} )

where G’z and the physical masses my,, ms, mz, myy, m; are in principle (i.e. if an appro-
priate singlet state is detected) directly accessible in measurements. Since for the cxSM
there are too few physical masses to determine all parameters of the theory from them,
we use the portal coupling )\, and the quartic coupling A of the singlet as free input

parameters (at the certain scale).

(5.9)

(5.10)
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The tree-level relations for the two parameter sets are

2 _ miy,
Viw
2 _ 2
g% = 4z _ mw7
VEw
2 _ oM
Yy = UT’
Ew (5.11)
2 M
h 2 Y
2
m
Ap = —2
Pl
2
2 2 UVbw Ahs
=2
/’LS S 2 Y
where
L (5.12)
Vpw = : .
EwW \/5 GF
The numerical input values we use in our analysis are
{mw,mz, myp, m;} = {80.379, 91.1876, 125.1, 172.5} GeV, (5.13)
5.13
Gp = 1.1663787 x 107> GeV .
The above relations undergo modifications when working beyond the tree-level approx-
imation and will depend on the renormalization scheme used. We identify the physical
input masses as the pole masses of the theory — the propagator poles of the two-point
functions of the corresponding particles. According to the renormalization prescription
(RP) used to define the counterterms of the theory, the poles will appear at different
values of masses ml(»RP), i.e. from
P () 5
we get
®P)) 2 2 (RP) /2 2
<mi > = mi,pole + Zz (p = mi,pole) (515)
and identify m; poe With the physical input masses m;. The self-energies consist of two
parts
S 0) = Slaper(7) + S (), (5.16)
where ng;z)per are the (real parts of the) “proper” 1PI-irreducible self-energy contribu-
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tions, and Ez('izl are the tadpole contributions. The (non-)appearance of the latter is
dictated by the choice of the tadpole scheme. Now, in order to define the correct val-
ues of Lagrangian parameters at a given loop order according to some renormalization
prescription RP, we simply replace the masses in (5.11) by the values which follow from

(5.15) and adjust the vev according to the scheme of choice.

We study two different RP options, namely the MS scheme and the “on-shell like” 0S
scheme as originally mentioned in [219] and as used, e.g. in the phase transition tool
BSMPT [246] and further explained in [247]. Other appearances of this scheme are,

e.g.in [42] (called, somewhat confusingly, MS scheme there), or in a varied form in [245].

V.2.1 MS scheme

In the MS scheme, we have

o 2 VS MS
(mz( )> (1) = mi + Ez(',lorczpef(m?’ )+ Z’(’tad) (m 1)

where 1 is the renormalization scale. Note that the tadpole contributions are also renor-
malized in the MS scheme here, so their finite remainders enter in our calculation. Ex-

plicitly, the MS one-loop relations for (5.11) read

2 4 2 0° MS) /2
9" = —5— |my 1_UT + Xy (myy) |

EW
2m v
Yy = Q_t [mt (1 2EW) 2Z§MS)( t)} )
VEw VEw
1 MS
i = = [mh + 200 md)]
1 Sv?
=g ot (1= 22 ) 4 50 )|
205w EW
2
2 =2 (o2 + S - B (1 20w
2 EW

in which Yy and Y7 are the transverse parts of the vector boson self-energies. For the

top self-energy, we use
Ee(me) = Bs(my) + Xy (me),

following the decomposition

S5(p) = mpEs(p®) + pEo(0%) + prsZa(p?).

(5.17)

(5.18)

(5.19)

(5.20)
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Concerning the vev, we choose to work in the so-called (G g, my,, mz)-scheme. We
write the radiative vev shift as
MS
vy _ S5 (md) g

2 = 2 2
Vgw myy g

which follows from the relation vgwy = 2my /g. The gauge coupling can, in turn, be

expressed as
2

V2
and be experimentally accessed by measuring the Fermi coupling G’ in muon decay.

One-loop corrections to muon decay in the MS scheme yield

6> _ R (md) 2P 0) g oo (1 my miy
— = 3 — 4ln—2—|— —ﬁ—Q ln—2+6 .
g? myy, 1672 myy 2mz —my, my,

Note that the expressions in Eq. (5.18) are renormalization scale dependent. This de-
pendence is fully governed by the beta functions of the respective couplings, except
for Eq. (5.18). The reason is that we do not make use of a relation of \;; to a physical
observable, as we do for the other parameters. Thence, A\, is directly used as an input
parameter and does not have a one-loop relation to the other parameters of the theory,
so its running is not included in Eq. (5.18). Apart from that, we explicitly checked that
the scale dependence in Eq. (5.18) exactly reproduces the running as expected from the

known beta functions of the theory. We list those in Appendix B.

V.2.2 OS scheme

In the OS-like scheme (denoted OS in what follows) — after the MS renormalization of
VI=0 — one uses renormalization conditions on the effective potential in order to fix a
finite counterterm contribution to the potential, Vr, such that the minima and scalar

masses of the potential do not get shifted away from their tree-level values, viz.

0
— (V= + Ver) =0,
0 di=(p:)
9 a; (W + Ver) =0.
Pi ¢j di=(¢:)

’Inserting this into (5.18) yields the results presented in [249].

(5.21)

(5.22)

(5.23)

(5.24)
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This can be useful for simplifying the scanning procedure over large ranges of input
values for masses [246]. Note, though, that not all field combinations in (5.24) yield in-
dependent or non-trivial equations, so only a subset of fields will contribute here. The
relevant ones are the tadpole equation for the field ¢ (because the vev for this compo-
nent is non-zero) and the mass equations for ¢ and s. All mixed derivatives of ¢ and s
vanish, and the equations involving derivatives with respect to the Goldstone fields are
not independent from the rest, which can be seen by virtue of the corresponding Ward
identities, e.g. in [250]. Lastly, the tadpole equation for the scalar field s is fulfilled triv-
ially in the parameter setup we study, where ¢, min = 0 and does not receive radiative

corrections.

The counterterm potential for the cxSM reads

1
Ver = 6 @1 + 07, (0TD)? + 5<m§|5|2.

We only need to adjust the three counterterms in (5.25) in order to keep my, mg and
®h,min at their tree-level values. This is why no other counterterms are taken into account

explicitly. From (5.24) we then get

21/,1T=0
oV —
B 5
a¢5 br=vEW,¢s=0

51”21 _ (azvlTo B 3 8V1T0) ’
8@5% VEwW aQSh $r=VEW,$s=0

2 VIO =0
SAp = —— L2
"0y (”EW 062 0on )

oy = —2

Oh=vEW,0s=0

Knowing that field derivatives of the effective potential correspond to 1PI n-point func-

tions at zero momentum, we can identify

321/1T:0 0) 0)
0¢§ o6t ¢s,proper \ />
32‘/1T:0 _ 0) )
0 opmumpimo T
0V1T:0 _ T(NTS)
O ¢n=vEw,9s=0 o

where T}, are the tadpole diagrams of ¢,,. Moreover, the trilinear Higgs coupling in this

(5.25)

(5.26a)

(5.27a)
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model times the zero-momentum Higgs propagator is

3
o3 D, (0° = 0) = e
and we can write 3 gyT=0
- MS
_U_ a; = Eq(bh,t)ad<0)‘
EW h
Using this, (5.26) can be written as
ou? = —25§(0),
MS MS
(5/11]21 = Zfb,prszera)) + Eé,ta(i(()) ’
2 MS I s
6/\h = T o (E((b,prz)per(o) + ngb,ta()i«)) :
VEw

This might seem counterintuitive because, despite canceling the one-loop tadpoles in

(5.24) via Vcr, tadpole contributions still appear explicitly in (5.30).

At this point, we are able to compare the two different renormalization prescriptions,

i.e. we compare (5.18) with (5.30). For 2 we find
()™ = () = 25 () — £57(0),

so the two prescriptions merely differ in the momentum of the self-energies. Notice,
though, that the differences for )\;, can not be expressed in such a simple manner. No-
tably, the corrections in the OS scheme are gauge-dependent despite the inclusion of
tadpole contributions, because the self-energies can only be gauge-independent at the
poles. The gauge dependence of Lagrangian parameters in the OS scheme propagates
to the gauge dependence of the predictions for physical observables, even for the case
where the /i-expansion (presented in Section I11.2.2) of the effective potential is applied.
Another major difference is that in the MS scheme also the gauge and Yukawa couplings
receive radiative shifts from their relations to the physical input quantities, while in the
OS scheme only pg, p% and A, do. Lastly, both schemes introduce a renormalization
scale dependence. However, in the analysis where the OS scheme is implemented, the

renormalization scale is fixed to vgw and is not run to the thermal scale.

(5.28)

(5.29)

(5.30)

(5.31)
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V.3 Thermodynamic parameters

In this section, we will discuss the scale and gauge dependence of critical temperature
T, and latent heat L., defined in Section 1115, for the EWPT predicted in the cxSM using

the following set of approaches:

« the 4D approach with the effective potential at one-loop order, including the AE-
type daisy resummation of Eq. (3.100) (unless stated otherwise) and two different
sets of relations between physical input and Lagrangian parameters at the one-
loop level: MS and OS-like scheme (denoted (/)VS), see Section V.2 for details. We

evaluate the effective potential as

V4D(¢h7 ¢S7 Ta <2 g) = %(¢h7 ¢S) + ‘/1T:0(¢h7 ¢S? 1, g)
+ KT#O(Qbh? ¢S> T7 5) + ‘/daisy(¢h7 ¢s7 Ta 6)7

where we construct the one-loop temperature-dependent potential using
Eq. (3.37), and add the contribution from daisy resummed diagrams employ-
ing Eq. (3.100). For the latter, we only use the LO thermal screening masses. In
the MS scheme, we use one-loop improved Lagrangian parameters (Eq. (5.18))
in each part of the effective potential Eq. (5.32). In the OS scheme, a UV-finite
counterterm piece Vcr is added to the potential, which shifts the parameters
such that the first and second derivatives of the potential V4" in the tree-level
minimum (¢, ¢s) = (Vrw, 0) are the same as the ones of the tree-level potential
V. This ensures that the scalar vevs and masses derived from V4P remain at
their tree-level values within the OS prescription based on the effective potential,
which, however, does not account for momentum-dependent radiative corrections

(see Eq. (5.24) for details).

« the 3D approach based on the high-temperature EFT using the DR (see Sec-

tion I11.4 for details) and MS relations.” In this case, we evaluate the effective

3To apply the OS scheme in the 4D approach, one makes use of the fact that the effective potential can
be separated into a 7' = 0 part (first line on the right-hand side of Eq. (5.32)) and a part that explicitly
depends on the temperature (second line of Eq. (5.32)). The counterterm potential is then defined using
only the T' = 0 part of the potential. In the 3D EFT approach, the explicit temperature dependence enters
into all terms of the potential from the matching conditions of the effective potential parameters, such
that one cannot split the potential into a 7' = 0 part and a part that explicitly depends on 7. We therefore
do not apply an OS scheme in the 3D approach.

(5.32)
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potential up to two-loop order within the effective theory

V3D(¢ha Cbs M3D, 5) = %3D(¢h7 Cbs) + ‘/13D(¢h7 ¢87 5) + ‘/YZSD(tha ¢s7 M3D, 5)

For simplicity, we do not indicate that the fields are three dimensional explicitly in
this chapter, but it is understood whenever the fields appear in the 3D EFT expres-
sions. The temperature dependence of the potential arises implicitly through the
effective couplings (see Section I11.4). The DR for the SM with an additional singlet
was studied extensively in the past [196, 249, 251], and the matching relations that
are relevant in this chapter can be found in [114, 251]. For illustration, here we

explicitly give the leading one-loop matching conditions for the mass parameters,

1
[ sp = Hj, + ET2 (3™ + 997 + 12¢2 + 24X, + 2\ps)

1
M§,3D = p2+ ETQ (As + Ans)

where the O(T?) terms coincide with the leading finite-temperature corrections
to the classical scalar potential in the high-temperature expansion. We explore
the impact of the matching accuracy on thermodynamic observables and the de-

scription of the EWPT in the cxSM in detail below.

The dependence on the hard matching scale p (see Fig. 5.2 for a schematic depic-
tion of the matching procedure) also arises implicitly through the effective cou-
plings of the theory, whereas the dependence on the ultrasoft scale psp is ex-
plicit in V3. Unless specified otherwise, in the 3D approach we apply full O(g*)
matching, asumming 2, 2 ~ ¢*T? \p, As, Ans ~ g* scaling; we work in the
regime where the phase transition occurs below the soft scale, with the hard and

soft modes integrated out.

In this section, we use a reference parameter point with the singlet mass fixed to
ms = 100GeV and the singlet self-coupling fixed to Ay = 1, while varying the
remaining free parameter of the cxSM in the range \,s € [1,1.3]. In this parameter
range, we find a thermodynamic behavior compatible with the strong EWPT. For larger
values of the portal coupling A\, (with the other parameters kept fixed), we find that
the low-temperature global minimum is not the electroweak-breaking one, preventing
the onset of an EWPT during the evolution of the Universe. On the contrary, for
smaller values of )\, there is no strong EWPT. We further analyze parameter planes

in which A, is kept fixed and both m, and A\, are varied in Section V.4.3, including

(5.33)

(5.34)
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Figure 5.2: Illustration of the procedure for systematically integrating out relevant ther-
mal scales within the DR approach used in this chapter in 3D approach. Starting from
the initial scale (1 ~ my), Lagrangian parameters — determined from physical input
parameters (see Section V.2) — are evolved to the hard scale (i ~ 71"), where the full

theory is matched to the dimensionally reduced EFT. The effective couplings are then

evolved to the soft scale (S ~ mp), where temporal vector modes are subsequently

integrated out, yielding the final EFT used to compute thermodynamic observables at
the ultrasoft scale, characterized by the gauge coupling (13p ~ g¢3,). Beta functions
relevant for the running of the couplings in the full theory and the EFT are given in
Appendix B.

a phenomenological discussion of the resulting GW signals and the experimental
prospects for their detection at future experiments. In the remainder of this section,
unless specified otherwise (i.e. when using the /i-expansion), we directly minimize the

real part of the effective potential to determine the relevant thermodynamic quantities.

V.3.1 Renormalization scale dependence

We first investigate the scale dependence in the predictions for the critical temperature
T, and latent heat L. using the different approaches discussed above. In the left plot of
Fig. 5.3 we show with the solid lines the predictions for 7, as a function of A\ using
the 4D approach in the MS scheme and the OS scheme with the orange and red lines,
respectively, and using the 3D approach with the blue line. The colored shaded bands
around these lines result from a variation of the renormalization and matching scale
by a factor of 2 around the central values /LI(\)TS = 7T, and ,u(;OVS — vpw in the MS and the
OS scheme, respectively. These results were obtained from the effective potential in the
Landau gauge, and the determination of the degenerate minima was carried out by nu-

merically minimizing the loop-improved potential (without applying the h-expansion).

“The imaginary part of the effective potential is related to the decay rate of the homogeneous
state [252].
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Figure 5.3: Critical temperature (left) and latent heat (right) for ms; = 100 GeV, A\, = 1,
Ans € [1, 1.3] determined by direct potential minimization in the Landau gauge. For the
4D approaches, the shaded bands around the solid lines are obtained from a variation of
the renormalization scale by a factor of 2, with the central value being fixed at y = 7T’

and ;& = vgw for MS and OS renormalization schemes, respectively (see text for details).
For the 3D approach, the shaded band results from a variation of the hard matching scale
by a factor of two around the central value p = 77"

The direct numerical minimization of the two-loop effective potential can run into spuri-
ous logarithmic divergence originating from the triple Higgs sunset diagram [253]. This
feature is not problematic for the present investigation, since, for the case of a strong
first-order phase transition, the divergence does not occur near the local minima in field

space.

The widths of the bands illustrate the theoretical uncertainties related to the renormal-
ization scale dependence. Across the entire )\, range, we find that the renormalization
scale dependence is significantly reduced in the 3D approach compared to the 4D ap-

proaches.

While the orange and the red bands representing the 4D approaches overlap over the
whole range of )\, shown, their slopes slightly differ. The MS scheme predicts smaller
values of T at the upper end of the \;;-range, and the OS scheme predicts smaller values
of T, at the lower end of the \js-range. This difference results from the different origins
of the scale dependence. In the MS scheme, it is determined by the one-loop RGE running
of the couplings, while for the 0S scheme, it results from the scale dependence of the

one-loop OS counterterms (which does not necessarily coincide with the RGE running).’

SFor the 4D-MS approach, our findings agree with the ones reported in Ref. [236].
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Additionally, differences between the two schemes arise due to the different choices for
the central scales 1. The MS approach uses a variable central scale g = 77, while
the OS one has its central scale fixed at o = vgpw. Therefore, a stronger parametric
dependence for the former approach becomes visible, especially in the parameter regions
where 7, changes quickly. Compared to the blue band representing the 3D approach,
we observe that it lies below the other two bands, only showing an overlap with the
other bands at the smallest values of \;; shown. This discrepancy between the 3D and
the 4D approaches suggests that a scale variation with a factor of two might not be
sufficient for a robust estimation of the theory uncertainty related to missing higher-
order contributions in the perturbative expansion, and instead a wider scale variation or
other ways to estimate the theoretical uncertainties should be considered. In addition, it
should be taken into account that the 3D approach suffers from an additional theoretical
uncertainty from the truncation of the high-7" EFT at dimension four, which is discussed

in detail in Section V.5.

In the right plot of Fig. 5.3, we show the predictions for the latent heat L. defined in
Eq. (3.112) using the three approaches, where the definitions of the solid lines and the
colored bands are as in the left plot of Fig. 5.3. For the latent heat, we find a better
agreement between the 4D and the 3D approaches compared to the predictions for the
critical temperature 7. As for 7, the smallest theoretical uncertainty from the scale
variation is found using the dimensionally reduced EFT. For the strongest transitions at
the upper end of the depicted \,s-range, the blue band for the 3D approach lies entirely
above the red band corresponding to the 4D-0S approach, but it still overlaps with the
orange band corresponding to the 4D-MS approach. This suggests that in particular for
the 4D-0S approach the renormalization scale variation by a factor of 2 does not fully

capture the theory uncertainty from missing higher orders.

As discussed in Section I11.2.1, the renormalization scale dependence in the 4D approach
has different origins. The effective potential exhibits both an explicit scale dependence
and an implicit scale dependence from the RGE running of the couplings and fields. In or-
der to investigate the main sources of the uncertainty stemming from the scale variation,
we show in the left plot Fig. 5.4 the predictions for 7, in the 4D-MS approach with the
RGE running effects included in different parts of the effective potential. As before, the
solid lines show the predictions for the central choice 1 = 77T, while the shaded bands
indicate the uncertainty in 7, from a variation of ;1 by a factor of 2. When including no
RGE running at all (yellow), we find a sizable impact of the scale variation which can be

attributed solely to the explicit scale dependencies in V;=". As expected from Eq. (3.38),
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Figure 5.4: Scale-dependence of the critical temperature when using the MS input
scheme in different settings: including the RGE running of Lagrangian parameters in
different parts of the effective potential in the 4D approach (left) and using different
matching orders in the 3D approach (right).

including the running only in the tree-level part almost completely cancels out the scale
dependencies, which gives rise to the very small black uncertainty band. However, this
should not be interpreted as an indication of small theory uncertainty, since the po-
tential size of missing higher-order corrections is largely encoded in the RG-improved
one-loop contributions. As such, the apparent insensitivity to the renormalization scale
in this setup does not provide a reliable estimate of the theory uncertainty from the

two-loop corrections or of the behavior of the perturbative expansion.

Including the running also in the zero-temperature one-loop piece of the effective po-
tential V;' = leads to a slightly larger uncertainty band (brown). Since the one-loop RGE
running included in V=" is formally of two-loop order, this dependence on y can be
used as an estimate for missing higher-order corrections in the 7" = 0 part of the poten-
tial. The main scale dependence, however, comes from the inclusion of the parameter
running in the thermal part of the effective potential, which dominates for higher tem-
peratures (orange, showing the full result, which is the same as in the left plot of Fig. 5.3).
This is apparent by the scale variation becoming more pronounced in this case, despite
the scale dependence of V' =° being canceled. Moreover, as a consequence of the grow-
ing temperature corrections with increasing temperature, the orange band width grows
in size for higher temperatures, while the opposite is true for the case where no running

effects are included (yellow).
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As discussed in Section II1.4, in the 3D approach the theory uncertainty from missing
higher orders can be estimated from the dependence on the hard matching scale . (the
dependence on the renormalization scale y3p is discussed below). In the right plot of
Fig. 5.4 we show the scale dependence of the predictions for the critical temperature at
different matching orders in the dimensionally reduced EFT. As before, the solid lines
indicate the predictions for 7, with the scale set to the central choice y = 7¢, and the
shaded bands indicate the uncertainty originating from a variation of the matching scale
by a factor of 2. For the sake of separating uncertainties originating from various sources,
we keep the effective potential at two-loop order for all matching orders. We observe
that a matching at the leading O(g?) accuracy (violet) gives rise to a significant scale
dependence and a large theory uncertainty which surpasses the uncertainty from the
renormalization scale dependence in the 4D approach shown in the left plot of Fig. 5.4.
The scale dependence in the 3D approach is reduced at the lower end of the 7, values
depicted in the plot if a matching at the full one-loop level is carried out (magenta),
which contains the corrections of O(g?) and partially accounts for corrections of O(g?)
(see Eq. (3.104)).° However, for the largest values of T, shown in the plot, the dependence
on the hard matching scale is barely reduced at one-loop matching accuracy. The blue
band indicates the results when including two-loop contributions and a matching at full
NLO O(g*) is carried out. This is the same result as in the left plot of Fig. 5.3. We see that
the NLO matching reduces the scale dependence over the whole range of \;; by a factor
of about five. Notably, only at O(g*) matching accuracy the scale dependence in the
3D approach is smaller than the renormalization scale dependence in the 4D approach
shown in the left plot of Fig. 5.4. This demonstrates the necessity of working at O(g?)

matching accuracy in order to reduce theory uncertainties within the DR approach.

In addition to the dependence on the hard matching scale i, the effective potential in the
3D EFT shows a dependence on the renormalization scale j13p. As shown in Eq. (5.33), in
3D the explicit dependence on the renormalization scale enters only at the two-loop level,
whereas the dependence in the tree-level and one-loop pieces of the effective potential
is only implicit via the RGE running of the parameters. Specifically for the cxSM, we

can write

VAP = VPP (i s.ap (130)) + Vi (i s 50 (13D)) + Vo' (11305 1115 5 (H3p) )

where the explicit y3p-dependence appears in V;*”, and the RGE running of the mass

®Qur one-loop results within the 3D EFT framework are in agreement with those presented in
Ref. [114].

(5.35)
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parameters /i, 55, and 2 4, gives rise to the y3p-dependence in V3PP and V7.

The dependence of the critical temperature 7, on the renormalization scale p3p (for
fixed p) within the EFT is shown in Fig. 5.5 for the tree-level, one-loop and the two-
loop effective potential, where we vary the scale around a central value j3p = g2,
where g3p is the SU(2) charge of the effective theory. The dependence on the EFT
scale p3p is of far smaller magnitude than the one on the hard matching scale p (see
the discussion above), even if only the tree-level potential is used. In order for the p3p-
variation to be visible at all in Fig. 5.5, we therefore show a variation around the central
value by a factor of ten, in contrast to the factor of two for the p-variation, and we narrow
down the shown range for the portal coupling \;;. The explicit renormalization scale
dependence in V;*P cancels the implicit scale dependence of the couplings ,u%h?) p and
/@3 p in the tree-level VP, while the residual uncanceled scale-dependence comes from
including the running of couplings in V3P and V;3P. In agreement with this expectation,
we find that the renormalization scale dependence cancels to a large degree at the two-
loop level (blue), while the results merely receive an overall shift but no reduction of
the scale dependence when comparing the predictions at tree-level (green) and one-loop
level (purple). Moreover, the overlap of the three different bands suggests a good loop

convergence within the EFT.

Finally, the effective potential in the 3D EFT depends on a third soft scale x5, which
appears at the intermediate step of integrating out temporal components of the gauge
fields. We find that the residual dependence on ;55%, which appears as the scale of in-
tegrating out temporal vectors (see Fig. 5.2), is quantitatively insignificant across the

parameter space investigated in this chapter.

Next, we compare the different approaches for computing the parameters characterizing
the thermodynamics of bubble nucleation and the onset of the SFOEWPTs. In particu-
lar, we are interested in the renormalization scale dependence and the gauge dependence
in the predictions for the parameters 7T}, 3/H and « (see Section II1.5 for definitions),
in comparing the 4D approaches and the dimensionally reduced 3D EFT. In the 4D ap-
proach, we substitute V;, — V*P of Eq. (5.32) in the bounce equation, Eq. (3.82), to
compute Bp in the temperature range in which the false and the true vacua coexist.
In the 3D approach, we calculate the nucleation rates (and observables which depend
on those) by solving the bounce equation at LO. In addition, by substituting the loop-
improved potential of Eq. (5.33) in the bounce determination, V5 — V3P, we estimate

the impact of higher-order corrections.
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Figure 5.5: Variation of 7, with the 3D renormalization scale p3p € [1/10, 1040] for
different loop orders within the 3D approach.

In Fig. 5.6, we illustrate the renormalization scale dependence of the percolation temper-
ature 7, (left plot), the inverse of the duration of the phase transition 5/ H (middle plot)
and the strength of the phase transition « (right plot) calculated within the different ap-
proaches. As for the critical temperature, the scale dependence is considerably reduced
in the 3D approach (blue) as compared to the 4D ones (4D-MS in orange and 4D-0S in
red) for all three parameters. We also observe that the 4D-MS prediction aligns more
closely with the 3D-MS prediction, while the 4D-0S approach predicts larger values of
T, (and consequently smaller values of o) for the largest values of \;,. Here, one should
take into account the different choices for the central values s in the MS and the oS
schemes, as discussed above. For the 3D approach, we show both results using the tree-
level (green) and the loop-improved (blue) potential in the computation of the bounce
action. The predictions using the loop-improved potential agree very well with the ones
using the tree-level potential. This confirms that the loop corrections do not lead to a
significant shift in the predictions for the parameters characterizing the phase transition,
even though we note that using the loop-corrected potential in Eq. (3.82) is not a fully

consistent loop improvement of the bounce action, as discussed in Section I1I.4.2.
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Figure 5.6: Scale-dependence of the percolation temperature 7}, (top left), phase transi-
tion duration 3/H (top right) and strength « (bottom) determined for m; = 100 GeV,
As = 1, Aps € [1,1.2] by direct potential minimization in the Landau gauge. The bands
represent the renormalization scale variation around the central values at y© = 771" for
the MS and ;. = v for the OS renormalization schemes, respectively. For the 3D ap-
proach, the variance of the matching scale is shown.

V.3.2 Gauge dependence

Next, we compare the different methods in terms of the residual gauge-dependence of
the results. For this, we adopt the same gauge-fixing condition as in Eq. (3.60), which
carries over directly since the gauge structure of the cxSM is identical to that of the SM.
The gauge-dependent mass eigenstates of the cxSM in different gauges follow Eq. (3.62),

)\hss2

with the only change being taking M2 = 13 + \,¢7 + 7]
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Figure 5.7: Two-loop ghost-ghost—scalar prototype diagrams that appear in the effective
potential in R-gauge, but are absent in the Landau gauge. See Section III.2 for the
details of the calculation of the loop-improved potential and Section I11.2.2 for the gauge-
dependent mass eigenvalues used in their evaluation.

In our chapter, we will employ the background R¢-gauge and take all €% = ¢, except
where explicitly mentioned otherwise, which allows us to analyze the numerical impact

of residual gauge dependence by continuously varying the gauge-fixing parameter €.

Within the 3D EFT approach, we calculate the effective potential of the dimension-
ally reduced theory in R¢-gauge up to two-loop order. Compared to the algorithmi-
cally generated effective potential in DRalgo [197], which is computed in the Landau
gauge, the two-loop potential in R¢-gauge contains additional diagrams, namely ghost—
ghost—scalar vacuum prototype graphs (see Fig. 5.7), and the mass eigenvalues of vectors,
Goldstone scalars and ghosts are altered (see Eq. (3.62) for details). After incorporating
the contributions from these additional diagrams and the 2¢.-dependent masses, we ex-
plicitly checked that the expression for the potential evaluated in R-gauge becomes
gauge independent in the /-expansion (see Section II1.2.2) at the tree-level minima and
that it reproduces the potential in the Landau gauge in the £ — 0 limit. This serves as a
highly non-trivial check of the newly introduced contributions to the potential and the

intricate gauge cancellations at the two-loop level.

To estimate the theoretical uncertainty in the EWPT observables arising from resid-
ual gauge-parameter dependence, we need to define a reasonable variation range for
€. An upper bound follows from requiring perturbativity, which schematically yields
€] < 1/g ~ 10 beyond which the loop expansion breaks down; it was also shown
in [158] that taking larger values of the gauge-fixing parameter can lead to spurious
Landau poles. We have therefore chosen the range ¢ € [—10, 10] for the Fermi and
background R, gauges and £ € [0, 10] for the standard R gauge (see the discussion
below).

We begin by showing the gauge variation of 7 for different loop orders of the effective
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Figure 5.8: Critical temperature 7, determined for m, = 100 GeV, A\; = 1, A\ps € [1,1.2]
for different loop orders within the 3D approach. The bands represent variations of the
gauge-fixing parameter { € [—10,10] in R¢-gauge. Dashed lines represent the gauge-
independent determination of 7 in the /i-expansion.

potential in the 3D approach with O(g*) matching accuracy (see Section I11.4 for details)
in Fig. 5.8. The solid lines indicate the predictions for { = 0, which corresponds to the
Landau gauge, and the shaded uncertainty bands show the variation of 7. when varying
¢ between -10 and 10. The result for the tree-level potential (green) is only visible as
a solid line because it does not depend on £. We find that the gauge dependence is
reduced by more than a factor of three at two-loop order (blue) compared to the one-
loop potential (purple). The reduction of the theory uncertainty from the residual gauge
dependence strongly resembles the reduction of the scale-dependence when including
higher loop orders of the effective potential as shown in Fig. 5.5. This behavior can be
understood via the Nielsen identity Eq. (3.43). For the gauge-dependent results shown in
(n)

Fig. 5.8, we determine the n-loop minimum ¢, ;. of the potential via direct minimization

of the n-loop potential, i.e.,

0
L Vot Vit 4 V)

9 m =0.

| ¢min

(5.36)
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Inserting this into the Nielsen identity for the all-order potential yields,

ég(VerlJr...)

o€ =C(,6) 57 (Vayr + Vo +..)

0
d¢

o) )

Rearranging terms, we find for the order of the gauge dependence of the n-loop potential:

6(%(%+V1+---+Vn)

0 0
= (C(¢’£)8_¢ - 8_5) (VnJrl + Vn+2 + .. )

o) o

= Ohr™).

Thus, the residual gauge dependence of the effective potential is of the order of "',
i.e. the order of the missing higher-order terms in the potential. As a consequence,
the residual gauge dependence of thermodynamic quantities such as 7, decreases with

increasing loop order, as demonstrated by our results in Fig. 5.8.

As discussed in Section II1.2.2, a gauge-independent prediction for the critical tempera-
ture can be achieved by applying the /i-expansion. We indicate the predictions for 7. us-
ing the h-expansion considering the different loop orders with the dashed lines in Fig. 5.8.
Both at one- and two-loop order, we find that the gauge-independent /i-expansion results
lie within the shaded uncertainty bands and are thus captured by the gauge variation in
the direct minimization procedure. We also find that the gauge-independent predictions

lie close to the Landau-gauge results shown as solid lines.

Next, we compare the different approaches defined at the beginning of this section
(4D-MS; 4D-0S; 3D-MS at two-loop level with O(g*) matching) in terms of the nu-
merical impact of the residual gauge-dependence on the predictions for the critical tem-
perature 7, and the latent heat L.. This is depicted in Fig. 5.9 for T, (left plot) and L.
(right plot), with the solid lines showing the result for ¢ = 0, and the shaded bands
indicate the theoretical uncertainty from the £-variation as discussed above. Moreover,
the dashed lines show the predictions for the manifestly gauge-independent calculation,
as determined using the h-expansion about the tree-level minima of the effective po-

tential. For the cxSM, we have to minimize along two field directions ¢, and ¢;; the

(5.37)

(5.38)
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Figure 5.9: Critical temperature (left) and latent heat (right) determined for
ms = 100 GeV, \s = 1, Ay € [1,1.3]. The bands represent variations of the gauge-fixing
parameter £ € [—10, 10] in R-gauge. Dashed lines represent the gauge-independent ap-
proach based on the expansion around the tree-level minimum.

corresponding ii-expansion of the potential values at the extremum then reads

V(th,mirn qbs,min) - ‘/O(th,Oa ¢s,0) + h ‘/l(th,O: ¢s,0>

1 1
Ve {821/ 8. V)2
( " S VI Ve) = GVl | %oV (O

+0(R%),
Dh,0:9s,0

+(3,V0) (96.V1)" = 2(05,05,V0) (95, V1) (05, 11) )

generalizing Eq. (3.54) and where all quantities are evaluated at the tree-level minimum

On = Pno and ¢, = @4 .

We note that in the 4D-OS approach the finite counterterms are gauge-dependent (see
Section V.2); hence, it is not possible to perform an /i-expansion leading to a gauge-
independent prediction. As already visible in Fig. 5.8, we find good agreement between
the gauge-independent results and the gauge-dependent results based on the direct po-
tential minimization in the 3D case (blue). On the contrary, there is a significant de-
viation between the gauge-independent results based on the /i-expansion and the ones
from direct numerical minimization of the loop-corrected potential in the 4D approach,
irrespective of whether the MS or the 0S prescription is used. The gauge-independent
predictions for 7, deviate by more than 50% from the results where no /i-expansion is

applied, and the gauge-independent predictions for L./T} ~ 2.5-4 deviate by a fac-

(5.39)
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Figure 5.10: Gauge-parameter induced variation of the critical temperature for Fermi,
standard and background R¢-gauges (see Section II1.2.2 for definitions). The left panel
shows 7, determined by minimizing the 4D effective potential with daisy resummations
and input parameters determined in the MS scheme. The right panel shows 7T}, in differ-
ent gauges within the 3D-MS approach at one-loop order. For the background R, and
Fermi gauges, the { € [—10, 10] variation is shown. In the standard R¢-gauge, ¢ is set to
the tree-level minimum ¢y, o, and the gauge-fixing parameter is varied within ¢ € [0, 10].
The solid and dashed lines correspond to results obtained in the Landau gauge and using
a gauge-independent approach via the fi-expansion, respectively.

tor of a few across the parameter space shown on the plot. The primary source of
these large discrepancies in the 4D approaches is that the tree-level minimum is sig-
nificantly shifted by leading thermal loop corrections. Furthermore, in the 4D approach,
the method to extract gauge-independent daisy resummation contributions, following
Ref. [148], is somewhat ad hoc, relying on evaluating different parts of the potential at
different field values. In light of the scale-dependence analysis in Section V.3.1, our re-
sults suggest that the inherent theoretical uncertainties of the 4D approach at one-loop
level are captured by neither a scale variation of about a factor of two, nor by the rather
large £ variation applied here. On the contrary, the proximity of the gauge-independent
and the Landau gauge result in the 3D approach once again indicates a good perturbative

behavior of the effective potential.

We proceed by exploring differences in the choice of the gauge-fixing condition. A com-
parison between the critical temperature determined by direct minimization of the ef-
fective potential in the Fermi, background R; and standard R, gauges, defined in Sec-
tion 111.2.2, is presented in Fig. 5.10 for the 4D-MS (left plot) and 3D-MS (right plot)

approaches. For a better comparison between the 3D and the 4D approaches, we use
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here the one-loop effective potential in the 3D approach which is at the same loop order
as the effective potential in the 4D approach. For the background R, and Fermi gauges,
we show uncertainty bands using a {-variation in the range £ € [—10, 10]. In the stan-
dard Re¢-gauge, ¢ is set to the tree-level minimum ®n.0, and the gauge-fixing parameter
is varied using only positive values of ¢ within the range £ € [0, 10], see the discussion
below. The variation of the gauge-fixing parameter £ € [—10, 10] in Fermi gauge results
in a larger uncertainty in the 7,.-determination in both the 4D and 3D approaches as
compared to the background R¢-gauge, but the qualitative results are similar. However,
we find that positive £ values give rise to lower critical temperatures in Fermi gauge,

while the opposite is true in the R¢-gauges.

For the standard R¢-gauge, we use ¢ = @10 in the gauge-fixing condition, thus assign-
ing the local electroweak symmetry-breaking minimum with positive value of ¢y, as
the physical minimum. This gauge fixing explicitly breaks the ¢, = —¢;, symmetry of
the effective potential, which is preserved in the other gauges. As a consequence, in the
standard R¢-gauge the two electroweak symmetry breaking minima at +¢j, and at —¢y,
are not degenerate anymore, whereas their degeneracy is preserved in the other gauges.
For negative ¢-values, we find that the minimum at ¢, = 0 and ¢;, < 0 becomes the
global minimum at low temperatures. By tracing the different phases of the potential at
finite temperature and computing the probabilities for an EWPT from the vacuum with
(Gmin,s 7 0, Gminp, = 0) into the vacua with (Pmins = 0, min, 7 0), one finds that the
transition rates are larger for a transition into the vacuum corresponding to the global
minimum with ¢, , < 0. However, this contradicts the choice of setting gg = ¢po >0
in the gauge-fixing conditions, as discussed above. Due to this inconsistency in the stan-
dard R¢-gauge, we discard these points with negative {-values as unphysical, and limit
the variation of the gauge-fixing parameter in this gauge to positive values £ € [0, 10]
where the minimum with ¢, 5, > 0 is the global minimum of the potential at 7" = 0./
We have verified that upon performing an /i-expansion in the standard R¢-gauge, we
obtain gauge-independent results that agree with the results from other gauges after an

h-expansion.

The results for the gauge-independent determination of 7, via an fi-expansion (see
Eq. (5.39)) are shown by dashed lines in Fig. 5.10. As a consequence of the /i-expansion,
the results are independent of both the gauge-fixing parameter and the gauge-fixing

’Since £ = 0 is the lower limit of the {-variation in the standard R¢-gauge, the solid lines indicating
the predictions in the Landau gauge coincide with the lower edge of the uncertainty bands of the standard
R¢-gauge.
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condition. As already discussed above, the application of the ii-expansion in the 3D
EFT gives rise to a result that lies within the uncertainty bands from the §-variation
using the gauge-dependent numerical minimization of the loop potential. Hence, the
3D approach complemented with the /i-expansion provides a numerically precise and
gauge-independent prediction for the critical temperature. On the contrary, in the 4D
approach the application of the /-expansion at one-loop level gives rise to a result
that is gauge-independent but shows large deviations from the results using the direct
minimization of the loop potential, and only the gauge-dependent results (without

h-expansion) are in agreement with the predictions of the 3D EFT.

Interestingly, we find that the loop corrections in some gauge-fixing setups can quali-
tatively change the vacuum structure depicted in Fig. 5.1. For large {-values, the high
temperature phase can develop a small non-zero value ¢, min of the Higgs condensate
at the minimum in addition to a non-vanishing singlet vev ¢, nin. This is analogous
to the electroweak symmetry non-restoration at high temperature, a phenomenon that
recently gained interest [39, 254-259]. For instance, in the background R, gauge, for
Ms = A = 1,m, = 100 GeV at T' = T, this happens for £ > 7 in the 4D-MS approach.
We find non-vanishing Higgs vevs in the high-T" phase, both in R; and Fermi gauges,
while the vacuum structure with ¢y, min = 0 in the high-7" phase is preserved in the Lan-
dau gauge. In addition, the high-temperature phase does not develop a vev for the Higgs
field if the i-expansion is performed. Hence, we regard the occurrence of non-vanishing
Higgs vevs in the high-T" phase as an unphysical artifact of the direct minimization of
the effective potential that can arise in certain gauges if the vacuum structure of the

potential is not analyzed in a strictly gauge-independent way:.

Next, we analyze the gauge dependence of T),, 5/ H and «, which is shown in Fig. 5.11.
The results are similar to the ones we observed for the scale dependence, with the 3D EFT
result exhibiting a substantially smaller gauge dependence in all three parameters. One
can therefore expect that the predictions for the GW signals will be significantly less af-
fected by theoretical uncertainties in the dimensionally reduced EFT compared to the 4D
approaches. In particular, the 4D-0S approach exhibits a notably larger dependence on
the gauge-fixing parameter compared to the 4D-MS and the 3D approaches. The larger
uncertainty from the gauge dependence using the oS prescription can be attributed to
additional uncanceled gauge dependencies in the finite counterterms added to the poten-
tial, which are derived from taking derivatives of the one-loop piece of the potential with
respect to the fields (see the discussion above). As for the renormalization scale varia-

tion, we show (within the 3D EFT approach) results from the tree-level bounce (which
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Figure 5.11: Gauge-parameter dependence of the percolation temperature 7}, (top
left), phase transition duration §/H (top right) and strength « (bottom) for
ms = 100GeV, Ay = 1,5 € [1,1.2] in Re-gauge. The bands indicate the gauge pa-
rameter variation of £ € [—10, 10].

are inherently gauge-independent) as well as from the bounce calculation, where the
tree-level potential is replaced by the effective potential. This substitution introduces a
gauge dependence of the nucleation observables, but we observe that the resulting shifts
are of only moderate magnitude. Similar to what we observed for 7, and L., we observe
a gauge dependence reduction when transitioning from the one-loop to the two-loop

effective potential.
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V.4 Gravitational wave predictions

GWs produced during a cosmological first-order phase transition might provide a crucial
probe of early Universe dynamics in the future [30, 100]. Among the primary mecha-
nisms generating these signals, sound waves in the plasma play a dominant role in our
model, which does not exhibit strongly supercooled phase transitions, rendering GW
production from runaway bubble collisions irrelevant. An additional source of GW pro-
duction is magnetohydrodynamic turbulence in the plasma. Its contribution to the GW
signal in an EWPT with weak or intermediate strength of & < 0.1 (see Fig. 5.15 below) is
subdominant compared to the sound wave contribution [204]. Moreover, the resulting
spectral shape of the GW signal caused by the turbulence depends on the fraction of en-
ergy converted into turbulent motion in the plasma, which has not yet been determined
robustly in numerical simulations and would have to be treated as an additional free
parameter [31]. Therefore, we do not include this contribution in our analysis in order
to keep the analysis focused on the theory uncertainty resulting from the perturbative

description of the SFOEWPT.

V.4.1 Spectral density

In the same manner as in the previous sections, the impact of the uncertainties from the
perturbative description of the SFOEWPT on the predicted GW signals can be estimated
by analyzing the gauge and scale dependence of the predicted GW spectra. The details
of the calculation of the GW spectrum are described in Section II1.6, and, for this chapter,

we use the sound wave contribution to the GW spectrum as given in Eq. (3.123).

Scale dependence

In the left plot of Fig. 5.12 we show the predicted GW signals using the different ap-
proaches introduced in Section V.3, where the shaded bands indicate the theoretical un-
certainty resulting from a variation of the renormalization scale in the 4D approaches
and the hard matching scale in the 3D approach. The solid line indicates the prediction
for the central scale choices as shown on top of the plots. All results shown are obtained
using the Landau gauge, and we show two predictions for the 3D-MS approach using
the tree-level effective potential (green) or the two-loop level potential (blue) for the de-

termination of the bounce solution. The differences between these two predictions are
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Figure 5.12: GW spectrum for my; = 85GeV, \; = A5 = 1 evaluated in the Landau
gauge. The bands indicate the renormalization scale variation around the central value
p = 7T and = v for the MS and OS renormalization schemes, respectively. For
the 3D approach, the variance of the hard matching scale is shown. In the left panel,
we compare the 4D and 3D approaches, and the right panel shows the predictions for
different matching orders in the 3D approach.

found to be within the uncertainty resulting from the scale variation. In line with the
observations from Section V.3.1, we find that the scale dependence of the predicted GW
signals is significantly smaller using the dimensionally reduced EFT compared to the 4D
approaches. While the 4D-MS approach predicts a GW signal that within its uncertain-
ties is in agreement with the predictions from the 3D EFT, the 4D-0S approach predicts
a GW signal with a peak amplitude that is roughly three orders of magnitude smaller,
and the peak frequencies differ by roughly an order of magnitude.

The discrepancy between the OS and the MS results mainly arises from the small
parameter shifts between the physical input and Lagrangian parameters using OS vs.
MS relations together with the strong parametric dependence of the GW spectra (see
e.g. Refs. [13, ]). While this discrepancy between the different renormalization
prescriptions appears alarming at the level of individual benchmark points, it is
important to note that GW predictions from SFOEWPTs are in many cases extremely
sensitive to the underlying model parameters. As a result, when comparing broader
regions of parameter space with the goal of identifying regions of parameter space that
allow for potentially detectable GW signals, the differences between the approaches are
less severe, since the parametric dependence of the GW signal tends to dominate over

the scheme-related discrepancies (see Section V.4.3 for further discussion).
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Figure 5.13: Gauge-parameter variation of ¢ € [—10,10] in the GW spectrum for
ms = 85GeV, Ay = A5 = 1 in R¢-gauge. In the left panel, we compare the 4D and
3D approaches. The right panel shows a comparison of including different loop orders
of the effective potential in the 3D approach for the bounce calculation.

In the right plot of Fig. 5.12 we show the relevance of the matching order within the
3D approach. As in the left plot, the shaded uncertainty bands result from a variation
of the matching scale, while the solid lines indicate the predictions for the central scale
choice, and all results were obtained in the Landau gauge. The violet, magenta and
green bands belong to O(g?), one-loop and O(g*) matching accuracy, respectively. In
line with the predictions for 7, at different matching orders as shown in Fig. 5.4, we
observe a significant reduction of the scale dependence at O(g*) matching accuracy
also for the GW signal, whereas a matching at lower accuracy does not improve the
theoretical uncertainty from the scale dependence compared to the 4D approach. This

once again indicates the importance of the full O(g*) matching in the DR approach.

Gauge dependence

We now turn to the residual gauge dependence in the predictions for the GW signal.
Within the 3D approach, the bounce can be determined without the spurious insertion of
the loop-improved effective potential by simply using the 3D tree-level potential, which
yields inherently gauge-independent results. Nevertheless, we can assess the residual
gauge dependence by studying the impact of substituting the loop-improved potential
within the dimensionally reduced theory to determine the bounce action and varying

the gauge-fixing parameter . In the left plot of Fig. 5.13 we show the predictions for
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the GW signal using the different approaches (the colors are defined as in the left plot of
Fig. 5.12). We here used the background R.-gauge in all cases, and the shown uncertainty
bands arise from a variation of the gauge fixing parameter in the interval £ € [—10, 10],
while the solid lines indicate the predictions in the Landau gauge with § = 0. In a similar
fashion to the scale dependence discussed above, also the residual gauge dependence is
significantly reduced using the 3D approach compared to the 4D approach. The gauge-
dependent 3D result using the two-loop level potential for the computation of the bounce
solution is very close to the inherently gauge-independent result using the tree-level
potential. The largest theory uncertainty from the residual gauge dependence is again
observed for the 4D-OS approach.

We further scrutinize the residual gauge dependence in the dimensionally reduced EFT
by showing in the right plot of Fig. 5.13 the predicted GW signals using the tree-level
(green), one-loop level (purple) and two-loop level (blue) effective potentials for the com-
putation of the bounce solutions. It is interesting to note that only the GW signal pre-
dicted using the two-loop level potential shows a very mild gauge dependence, whereas
the gauge dependence of the GW signal predicted using the one-loop level potential is
substantially more pronounced. Moreover, as already visible in the left plot of Fig. 5.13,
the results using the two-loop level potential are in good agreement with those obtained
using the tree-level potential. This comparison demonstrates that the numerical impact
of using the two-loop-corrected potential is small and the induced gauge dependence
remains very mild. Therefore, in the following phenomenological discussion in Sec-
tion V.4.3, we use the gauge-independent tree-level potential in the 3D approach, where
loop corrections are accounted for in the EFT by integrating out the dominant thermal

fluctuations, providing a fully consistent computation of the bounce action.

V.4.2 Dependence on the bubble wall velocity

Although this chapter primarily focuses on the determination of thermodynamic pa-
rameters and the resulting GW signal, it is important to emphasize the role of a precise

determination of the bubble wall velocity v,, in reliable GW predictions.

In Fig. 5.14, we illustrate the impact of varying the bubble wall velocity on the predicted
GW spectrum, using the 3D-MS framework with a tree-level potential for the bounce
calculation. As evident from the figure, the predicted GW signal is highly sensitive to

the value of v,,, with variations in v,, leading to significant changes in both the peak
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Figure 5.14: The impact of variation of the bubble wall velocity on the predicted GW

signal for using the 3D-MS approach with the tree-level potential for the bounce calcu-
lation for my, = 85 GeV, A\, = A\, = 1.

amplitude and moderate shifts in the peak frequency of the GW spectrum. For the spe-
cific benchmark point under scope, the highest predicted GW signal originating from

the sound waves corresponds to the bubble wall velocity v,, >~ 0.7.

The precise determination of the bubble wall velocity is a complex task that goes beyond
the scope of this chapter (see Section I11.3.2 for detailed discussion and Chapter VI for the
impact of the loop corrections to the determination of the bubble wall velocity), while

here we simply show the impact of varying v,, on the predicted GW signal.

V.4.3 Peak signal strengths in the (mg, \;;)-plane

In this section, we will identify and analyze more broadly the parameter space regions
of the cxSM that can realize a SFOEWPT, and we quantify the theoretical uncertainty
of the peak amplitude of the predicted GW signals. As was discussed in Section V.1,
the cxSM has three independent BSM parameters: the singlet mass my, the singlet self-
coupling \,, and the portal coupling \;,s. While before we fixed m and A; and showed
the predictions for the parameters describing the SFOEWPT as a function of A, we now

scan parameter planes with varying m, and A,,, while Ay = 1 is kept fixed.
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In the left column of Fig. 5.15, we show the (mg, A,5) parameter plane for Ay, = 1, and
the three different plots correspond to the three different methods employed in the pre-
vious sections: 4D-OS (top), 4D-MS (middle) and 3D-MS (bottom). The color coding
in these plots is as follows: The light-gray region indicates either weak EWPTs with
Gminh (L) /Te < 0.5 or no first-order EWPT at all. The dark-gray region indicates where
the minimum giving rise to the singlet vev is the global minimum through the whole
thermal evolution of the Universe (down to 7" = 0), such that no EWPT can occur. The
black region indicates a vacuum trapping [259], where the electroweak vacuum cor-
responds to the global minimum at zero temperature, but the conditions for the onset
of an EWPT are never satisfied during the thermal history, and the Universe remains
trapped in the false minimum in which only the singlet field has a vev.” Finally, the
colored region indicates SFOEWPTs with ¢pin 1(7%.)/T.. > 0.5, where the color coding
shows the value of the peak amplitude of the GW signal produced during the transition.
Comparing the three plots, we find that the overall shape and structure of the regions in
parameter space where a first-order EWPT is predicted to be very similar for the different
approaches. Also, the possible range of the peak amplitudes Qw peach” that we find are
similar. The fact that the regions of parameter space predicting the strongest first-order
EWPTs and the corresponding range of peak amplitudes for the GW signal remain very
similar across the different approaches, despite the large discrepancies observed at the
level of individual parameter points as shown in Fig. 5.12 and Fig. 5.13, is as mentioned
above a consequence of the strong parametric sensitivity of the GW predictions, which
dominates over the scheme-dependent differences if it is projected to parameter space

regions of the cxSM.

A common feature across all approaches is that parameter points exhibiting the strongest
GW signals lie near the vacuum trapping region (upper left edges of the colored regions).
In this region along the diagonal, the peak amplitudes are the largest for lighter singlet
masses mg, whereas the percolation temperature grows with increasing singlet mass,
rendering a weaker signal prediction for larger values of m,. This fact can be used to
define an upper bound on the singlet mass in the sense that the perturbative descrip-
tion of SFOEWPTs would break down for larger values of m,. By requiring that the
scalar couplings remain perturbative at the hard scale, we require the four-point ver-
tex contributions to stay below 4m. This condition leads to the perturbativity bounds

As(pp = 7T) < 8w and A\;(u = 7T) < 8n/3, which in turn determine the upper

8Such a region can become viable and feature a SFOEWPT once seeded phase transitions from topo-
logical defects, such as from domain walls or cosmic strings (e.g. generated when the singlet field obtains
a vev [260]) are considered. We do not include this possibility in our discussion.
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Figure 5.15: GW signal peak strength (left) and the corresponding scale variation ratio
of Eq. (5.40) (right) for the 4D-MS, 4D-0S and 3D-MS approaches in the Landau gauge.
The dark gray region represents points for which no EWPT occurs, the light gray region
represents points without a strong first-order EWPT (with ¢mins(7%)/T. < 1/2) and
the black region represents points with vacuum trapping. The vertical dashed line at
ms = 62.5 GeV indicates the region where the invisible Higgs decay channel opens.
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limits on the singlet couplings at the input scale m . Thence, the upper limit on the
singlet mass beyond which a SFOEWPT no longer occurs for values of \;,s and A, that
are sufficiently small is approximately at 500-550 GeV (in agreement with the findings
of Ref. [113]).

While for brevity, we show here only parameter planes with A kept fixed, we also inves-
tigated the modifications to the parameter regions predicting a SFOEWPT for different
values of \;. When varying the quartic singlet coupling )\, we find qualitatively similar
features across all approaches considered. As \; increases, with the singlet mass held
fixed, the parameter region giving rise to a strong GW signal is shifted toward higher
values of \;;. Conversely, for fixed \;s, the mass range yielding a strong signal becomes
narrower as \s decreases. Moreover, we find that the parameter region with a SFOEWPT

extends to even larger mass and coupling values beyond the ranges shown in the plots.’

We leave a comprehensive phenomenological study of the parameter space regions
suitable for GW signals that may be detectable with LISA considering the full

three-dimensional parameter space of the cxSM for future work.

After having compared the different approaches for predicting the GW signals against
each other, we now want to estimate the theoretical uncertainty of the GW predictions
using either of the methods. In order to quantify the scale uncertainties in the predictions

for the peak amplitudes of the GW signals, we introduce the ratio

m _ QGW,peaLk(,u = 2,UO)
QGW,peak QGW,peak(/J’ e H’O/2) !

where the central value 1 is chosen to be equal to v for the OS and to 7T for the MS
scheme. In the right plots of Fig. 5.15 we show the values of this ratio for the parameter
space regions predicting a SFOEWPT (as defined in the left plots) across the different
approaches. The regions with colored points do not coincide exactly between the left
and the right plot in each row, because the ratio Rgcw,peak can only be determined if both
scale choices 1 = 29 and p = po/2 predict a SFOEWPT. We also note that in the
3D-MS case, we determine the bounce action using the tree-level potential within the
EFT. We have checked that the renormalization scale uncertainty (in this case, due to
variation of the matching scale) would remain almost unchanged if the loop improved

potential were taken instead. The right plots of Fig. 5.15 show that, going from top

° A parameter region with large portal couplings and larger singlet masses was explored in Ref. [253]
in a different version of the singlet extension of the SM, where the singlet has a vev at zero temperature
and thus mixes with the SM-like Higgs boson.

(5.40)
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Figure 5.16: Uncertainty in the GW peak strength due to gauge-fixing parameter varia-
tion, quantified by Eq. (5.41), in the 4D-MS (left) and 4D-OS (right) schemes.

to bottom, i.e. from 4D-0S over 4D-MS to 3D-MS, the scale dependence of the peak
amplitudes of the GW signals are significantly reduced, as already apparent from the
previous sections. The scale uncertainties of the {)gw peax are most pronounced in the
4D-0S peak regions, especially at the upper left edge of the region shown where it can
be as large as four orders of magnitude. This significant scale dependence in the 4D-0S
approach is problematic since it is most severe in parameter space regions where the
GW signals could be strong enough for detection by LISA. On the other hand, exploiting
the hierarchies between thermal scales and using the DR approach leads to a greatly
reduced uncertainty in the GW peak amplitude due to the scale variation, which is at

most of one order of magnitude as is visible in the bottom right plot of Fig. 5.15.

Similarly, we assess the shift in the GW peak signal due to the variation of the gauge-
fixing parameter. We do not show the gauge dependence of the 3D approach, because
as discussed before, calculating the bounce action using the tree-level potential is the
power-counting accurate approach here, and this is inherently gauge-independent.
From our checks of individual parameter space points (see e.g. Fig. 5.13), it is clear,
though, that the gauge dependence is small in the 3D approach even when including
the loop-improved potential. To quantify the impact of residual gauge dependence in

the 4D approach, we define for the ratio

3 _ QGW,peak<§ = 10)
Dewpenk QGW,peak(f = _1O> ‘

In the left plot of Fig. 5.16 we show with the color coding the values of RgGw using the
peak

(5.41)
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4D-MS potential, in the same parameter plane that was already shown in Fig. 5.15. One
can observe that the variation of the gauge-fixing parameter leads to a change in the peak
amplitude by approximately one order of magnitude across the entire parameter space
giving rise to a SFOEWPT. This can be compared to the results using the 4D-0S approach
that is shown in the right plot of Fig. 5.16. We observe a substantially stronger variation
in the RgGW’peak values using the OS scheme, where the variation typically reaches at least
two orders of magnitude and can rise to four orders of magnitude in the region predicting
the strongest GW signals. As a result, the question of whether a parameter point of the
cxSM predicts a GW signal that might be detectable with LISA can be answered less
reliably using the 4D-08 approach. In the following, we present a more detailed analysis

of the detectability of the GW signals with LISA in terms of the signal-to-noise ratio.

V.4.4 LISA SNR

If the SFOEWPT occurs at temperatures around 100 GeV, the resulting GW signal is
expected to fall within the sensitivity range of the LISA interferometer. The detectability
of such a signal can be quantified by computing the Signal-to-Noise Ratio (SNR). It can

= (Qaw(Nh?\*
SNR = ——— ] d
\/T/_oo (ae) o
where Q.ns(f)h? is the nominal sensitivity of LISA to GW signals [261], and we assume

the duration of the observations to be 7 = 4 years. Roughly speaking, if SNR 2> 1, the
GW signal is classified as detectable."

be computed as [30]:

Figure 5.17 presents the predicted SNRs at LISA determined using the various approaches
discussed in Section V.3 for the parameter points with m, = 100 GeV and varying cou-
pling A\,s. The colors represent the different approaches as in Fig. 5.6, and their the-
ory uncertainties from the residual scale dependence (left plot) and gauge dependence

(right plot) are indicated with the colored bands (see the discussion in Section V.3.1).

A5 already mentioned before, we do not consider astrophysical foregrounds in our analysis. While
we adopt a SNR threshold of 1 to assess detectability, it is worth noting that a threshold of O(10) is often
used in a Bayesian statistical interpretation of potential signals (see also the discussion in Ref. [261]). The
precise choice of the SNR threshold is of minor concern here, as the focus of this work is not on the
absolute detectability of a signal, but rather on comparing the SNR predictions obtained from different
computational approaches and assessing the associated theoretical uncertainties. As we will show, these
uncertainties stemming from the perturbative description of the phase transition reach two orders of
magnitude or more, depending on the method used, such that using the condition SNR 2 10 instead of 1
would not alter our conclusions.

(5.42)
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Figure 5.17: Predicted Signal-to-Noise Ratio (SNR) at LISA for m; = 100 GeV, )\ = 1,
Ans € [1,1.2] and its renormalization scale (left) and gauge (right) dependencies.

We observe that the theory uncertainties are greatly reduced using the 3D-MS approach
compared to the 4D approaches. Focusing on the 4D-approaches, we observe that the
4D-0S approach shows a more pronounced uncertainty from both the scale- and the
gauge-dependence compared to the 4D-MS approach. Moreover, we observe an over-
all shift between the predicted SNRs from the approaches using the MS scheme and
the 4D-OS approach. The shift between the two results can be attributed to the differ-
ent choices of central renormalization/matching scales (1 = 77" in the MS scheme and
i = v in the 0S scheme), differences in the RGE running of the parameters, and missing
momentum-dependent contributions in the OS scheme in the relations to the physical
parameters (see Section V.2), as was discussed in more detail in relation to the differ-
ences in the prediction for the critical temperature 7, in Section V.3.1. This shift is so
large that the uncertainty band of the 4D-0S approach does not overlap with the re-
sults from the 4D-MS approach in most parts of the displayed range of the coupling Ay,
potentially indicating a poor behavior of the perturbative expansion at the considered

one-loop level.

In Fig. 5.18 we show the SNR values at LISA for A\, = 1 computed using the 3D-MS
approach in the (mg, Aps) plane. Compared to Fig. 5.15 and Fig. 5.16, the ranges for the
singlet mass and the portal coupling in Fig. 5.17 are reduced to zoom into the region
where high SNR values are predicted, and we only show the points predicting a GW
signal with SNR > 104, Despite the sizable theoretical uncertainties in the predicted

SNRs across the different approaches, see the discussion above, the regions of the pa-
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Figure 5.18: The absolute values of the SNR at LISA for A\, = 1 obtained in the 3D-MS
approach. We limit the heatmap scale at SNR = 10? to emphasize variations in lower-
SNR regions, and only show points with SNR > 1074

rameter space yielding SNR > 1 remain similar as a result of the extreme sensitivity of
the strength of the GW signals on the model parameters m;, A; and \,s. Consequently,
we display in this plot only the results obtained using the 3D approach. As one can
expect already from Fig. 5.15, the parameter region where SNR > 1 occupies only a
rather restricted area in parameter space. Nevertheless, a detection of a GW signal at
LISA consistent with a SFOEWPT would not, by itself, allow for a precise reconstruction
of the underlying model parameters due to the visible approximate flat direction in the
predicted SNRs, where a decrease in the SNR caused by larger singlet masses m, can
be compensated to a large extent by an increase in the portal coupling \;,. In particu-
lar, this degeneracy implies that the singlet mass cannot be tightly constrained from an

experimental observation of a GW signal alone.

V.5 Validity of the EFT approach

The validity of the high-temperature EFT, which formally breaks down if my, s /(77T") 2 1,
can be investigated through the impact of including higher-dimensional operators in the
EFT on the obtained results. To assess the validity of truncating the EFT expansion at

dimension-four operators, we perform the matching of dimension-six scalar operators
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in the cxSM in the Landau gauge with the help of DRalgo [197]. Parametrically
appearing at O(¢°) in the matching, they appear in the EFT tree-level potential as:

VPP D s (DTD)? + chage (BTD)2|S|? + chaa ®TO[S|* + 415, (5.43)

and the Wilson coefficients read:

Che = % (3¢"° +9¢"g* + 99" g* + 9¢° + 2 (—336y, + A}, + 960)})) ,
Chig2 = %Ahs (Ans(As + Ans) + 12X, + 4817) o
Ch2gt = 152(24 As (BAZ 4 6 Ans + 2 (Ans + 6M1))

o= oD (4.

We use this subset of dimension-six operators to assess the validity of the EFT expansion.
For this purpose, we do not take into account the gauge-dependence of these matching
relations [36, 38], further operators at this order which include derivatives [35, ]
or corrections to the RGE running from the higher-dimensional operators, studied in

Chapter IV.

It should be noted that in the dimensionally reduced theory, scalar fields have mass
dimension 1/2, hence the Wilson coefficients in Eq. (5.44) are dimensionless (see Sec-
tion 111.4). However, in this chapter, we refer to them as dimension-six operators, as

they correspond to operators with mass dimension six in 4D.

Significant effects from these operators on thermodynamic observables and ultimately
the GW signal indicate the failure of the truncation of the effective theory, i.e. the failure

of the high-temperature expansion.

In the left plot of Fig. 5.19, we show how the inclusion of dimension-six operators in
the EFT Lagrangian (turquoise) changes the predictions for the critical temperature 7,
compared to the ones when truncating the EFT Lagrangian at dimension four (blue).
For comparison, we also show the prediction using the 4D-MS approach (orange), and
in all cases the bands around the solid lines show the theory uncertainty from the scale
dependence. The comparison between the turquoise and the blue bands reveals that for
higher temperatures adding higher-dimensional operators barely changes the thermo-
dynamic observables, justifying the truncation of the high-temperature EFT Lagrangian
in these regions. However, the difference between the turquoise and the blue bands

becomes prominent for higher portal couplings, which correspond to lower critical tem-
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Figure 5.19: Critical (left) and percolation (right) temperatures determined within the
4D approach in the MS scheme as well as in the 3D approach in the MS scheme with and
without the dimension-six operators of Eq. (5.43) in the Landau gauge for m, = 100 GeV,
As = 1. The bands represent the renormalization scale uncertainty, as before. Note that
the parameter ranges differ between the two plots.

peratures. This indicates a breakdown of the high-temperature expansion in this regime.
Notably, this issue arises precisely where the accuracy of the GW predictions is most crit-
ical, since the strength of the signal increases with decreasing transition temperature.
We expect the 4D approach at low temperatures to more accurately describe the phase
structure, because (apart from the, in this parameter region, small contribution from the
AE-type resummation of daisy diagrams) it does not rely on high-temperature expan-
sion. In agreement with this expectation, we observe that adding dimension-six terms
to the EFT Lagrangian puts the predicted critical temperature closer to the one obtained

within the 4D method for low temperatures.

In the right plot of Fig. 5.19 we show the predictions for the percolation temperature 7)),
with the definition of the different bands as in the left plot discussed above. In contrast to
the critical temperature, the impact of dimension-six operators on the percolation (and
nucleation) temperature is significantly less significant, even for the parameter points
predicting the lowest values of percolation temperature. A similar behavior was previ-

ously observed for phase transitions in the SMEFT [32, 36].

The thermodynamic observable that changes most significantly under the inclusion of
the dimension-six operators in the high-7" EFT is the phase transition strength a defined
in Eq. (3.117). Figure 5.20 illustrates the modifications of the phase transition strength
(left plot) and the peak amplitude of the GW signal (right plot), which we respectively
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Figure 5.20: Variation ratio of Eq. (5.45) for the phase transition strength a(7},) (left)
and the GW peak strength ()gwpeak (right) obtained from the inclusion of dimension-six
operators within the 3D approach. Note that the same colors correspond to different
ranges in the two plots.
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The parameter space region predicting the strongest GW signals corresponds to the re-
gion of the lowest percolation temperatures, which in the (mg, Ans) plane is located at
the lower left corner of the banana-shaped band of points predicting a SFOEWPT (see
Fig. 5.15).

The plots of Fig. 5.20 demonstrate that this is precisely the region where the truncation
of the EFT Lagrangian becomes uncertain, as in this region the ratio R4™° reaches values
of about two (yellow points in the left plot). Accordingly, the peak amplitude of the GW
signal given in Eq. (3.125), which for o < 1 depends approximately quadratically on «,
is also significantly altered. For these points, the inclusion of dimension-six operators
give rise to an increase in the peak amplitudes by up to an order of magnitude, as is

visible in the right plot of Fig. 5.20.

We checked that for both the strength o and the peak amplitude Qgw pear the inclusion
of dimension-six operators brings the predictions for these observables closer to the
ones calculated within the 4D-MS approach. This observation could be interpreted as
a hint that an accurate description of the phase transition just requires the inclusion of
higher-dimensional operators beyond the renormalizable ones, instead of an indication

of a complete breakdown of the high-7" EFT framework. In this view, dimension-six

(5.45)
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operators act as leading corrections that effectively capture relevant physics missing
from the EFT truncated at dimension four. However, without systematically including
and assessing the impact of operators of even higher dimension (such as dimension-eight
terms), whose effects are expected to be smaller but not necessarily negligible, it is not
possible to definitively conclude whether the observed improvement in agreement with
the 4D-MS approach genuinely reflects increased predictive power, or instead indicates

the onset of the breakdown of the EFT expansion.

V.6 Discussion

In this chapter, we presented a comprehensive study of the dynamics of the EWPT and
the associated theory uncertainties of the predictions for physical observables charac-
terizing the transitions in the cxSM, the SM extended by a complex gauge singlet scalar
field. We focused on a scenario in which SFOEWPTs are realized in such a way that
the singlet field has a non-vanishing vev before the transition and a vanishing vev after
the transition. This is the simplest realization of a SFOEWPT that, if the singlet mass is
larger than twice the Higgs boson mass, is expected to leave no detectable traces at the
LHC. In order to investigate the robustness and precision of the perturbative description
of the SFOEWPT, we compared a set of commonly used approaches. This set consists of
two different input schemes in the 4D approach, the MS and the OS scheme, and of the
3D or high-temperature EFT approach, in which heavy modes are systematically inte-
grated out, leading to an EFT in three spatial dimensions that captures the IR dynamics

of the transition.

We presented an analysis of uncertainty bands arising from both residual scale and gauge
dependence, affecting the predictions for thermodynamic observables, such as the crit-
ical temperature and latent heat, as well as the predicted GW signals and the corre-
sponding SNRs at LISA. We showed that the uncertainties from the residual scale and
gauge dependence are significantly reduced in the 3D approach. Moreover, focusing on
the 4D approaches, we found that the gauge-parameter dependence in the OS scheme
is enhanced compared to the one in the MS scheme. We showed how with increasing
loop order of the effective potential in the 3D approach (up to the full two-loop effective
potential in ¢ gauge) the gauge dependence and the associated theory uncertainty is
reduced order by order, and we discussed in detail how this follows from the the gauge-

parameter dependence of the effective potential governed by the Nielsen identity.
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In both the 4D and the dimensionally reduced 3D frameworks, we obtained gauge-
independent results for the quantities characterizing the phase transition and the result-
ing GW signals by applying the /-expansion. In the 4D approach, we observed that the
gauge-independent results at the considered one-loop level exhibit significant numeri-
cal deviations from the gauge-dependent result where one directly minimizes the loop-
corrected effective potential, indicating the need for higher-loop corrections to achieve a
gauge-independent result with sufficient numerical precision. On the other hand, in the
3D EFT, the gauge-independent results obtained by making use of the /i-expansion are
in excellent numerical agreement with those derived from a direct minimization of the
loop-corrected potential in a gauge-dependent way. As a result, using the /i-expansion,
one-loop MS relations between the model parameters, the DR with NLO matching, in-
tegrating out hard and soft scales, and the effective potential at the two-loop level, we
achieved a gauge-independent and numerically precise description of SFOEWPTs in the
cxSM. As the main remaining theoretical uncertainty in the parameter space regions pre-
dicting detectable GW signals at LISA, we identified the impact of higher-dimensional

operators in the dimensionally reduced EFT, see the discussion below.

Despite the sizable uncertainties associated to the different approaches used to describe
the phase transition dynamics, the parameter regions where SFOEWPTs occur remain
similar. This is a result of the large parametric dependence of the transition strengths
on the model parameters of the cxSM. While a SFOEWPT can be accommodated over
wide parameter regions of the singlet mass and couplings, generating a GW signal that
is potentially detectable with LISA, requires a significant amount of fine-tuning among
the cxSM parameters m, \,s and A\;. Regarding the occurrence of a SFOEWPT, using
the perturbativity limit on scalar couplings, we obtained an upper bound on the singlet

mass of m, <

~Y

500-550 GeV. For larger masses of the singlet state, the coupling values
that would be required to realize a SFOEWPT fall outside of the perturbative regime,
such that non-perturbative (lattice) computations would be required to study whether

the cxSM allows for a SFOEWPT and an associated GW signal in reach of LISA.

Although the parameter space regions predicting potentially detectable GW signals are
largely consistent across the different approaches, within these parameter regions the
magnitude of the predicted GW signals can vary by several orders of magnitude, depend-
ing on the specific perturbative framework employed. In particular, the 4D approach
using the OS scheme predicts significantly smaller SNRs, typically by about two orders
of magnitude, compared to the MS scheme. Moreover, the 4D-0S approach is subject to

considerably larger theoretical uncertainties. A variation of the renormalization scale
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by a factor of two can induce changes in the predicted SNRs of up to four orders of mag-
nitude. On the other hand, the 4D approach using the MS scheme yields SNRs that are in
fairly good agreement with those obtained in the dimensionally reduced 3D approach.
The differences between these two approaches are smaller than the intrinsic theoretical
uncertainties from the residual scale and gauge dependence associated with the 4D-MS
approach, which are at the level of about one order of magnitude. Ultimately, the 3D EFT
approach offers the most stable predictions in this regard. When employing NLO match-
ing at O(g"), the residual scale dependence in the SNRs is reduced by about one order
of magnitude. In combination with the fact that the 3D approach can be combined with
the hi-expansion to remove residual gauge dependence without discarding numerically
important contributions, the application of the high-T" EFT is therefore in most parts of
the parameter space the most reliable and precise framework to study SFOEWPTs in the
cxSM.

However, the 3D EFT approach is subject to an additional intrinsic theory uncertainty
from truncating the EFT at finite operator dimension. To assess this uncertainty, we
compared results including only renormalizable/dimension-four operators with those
also incorporating dimension-six operators. At high temperature, both types of results
agree well, indicating a reliable behavior of the EFT. However, for lower temperatures,
particularly below 7, < 80 GeV, the dimension-six operators noticeably affect the crit-
ical temperature and enhance the predicted strength of the phase transition and GW
signals. We found that the impact on the critical temperature is more pronounced than
on the percolation temperature. Nevertheless, the effects on the GW signals (which are
computed at percolation) remain sizable. Specifically, we observed changes in the tran-
sition strength « of up to 100% and shifts in the GW peak amplitude by up to an order
of magnitude. Since stronger GW signals correlate with lower transition temperatures,
these effects become relevant precisely where the prospects for a GW detection with
LISA are best. Interestingly, the inclusion of dimension-six operators brings the pre-
dictions of the 3D approach closer to the results obtained using the 4D-MS approach,
which may be more reliable in this regime since it relies to a much lesser extent on the
high-T" expansion. Still, since we included only a subset of all possible dimension-six
operators, and since higher-dimensional terms are not considered with which the be-
havior of the EFT could be further checked, it remains unclear whether this signals a
genuine improvement or merely a breakdown of the EFT. We leave a dedicated study in

this direction for future work.

In addition to this study of the thermodynamic observables of the cxSM, we also dis-
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cussed many of the technical details. This includes a demonstration of the cancellation
of the scale dependence by including the RGE evolution of the couplings in the 4D-MS
approach; the reduction of the scale dependence with increasing matching order in the
3D EFT; a comparison of the results from a direct minimization of the effective poten-
tial compared to the gauge-independent results using the /i-expansion, showing good
agreement between the two types of results only in the 3D approach; a comparison of
different gauge-fixing choices (R, and Fermi gauges); and the reduction of explicit scale

and gauge dependence when including higher loop orders of the effective potential.
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VI - BUBBLE WALL DYNAMICS
WITH LOOP CORRECTIONS

The career of a young theoretical physicist
consists of treating the harmonic oscillator in

ever-increasing levels of abstraction.

— Sidney Coleman

In this chapter, we focus on calculating the terminal velocity of the bubbles: the wall
speed. This is a difficult quantity to calculate, and the calculations usually require both
dealing with kinetic theory and hydrodynamics (see Section I11.3.2). It is common in
these calculations to approximate the scalar potential — that enters the calculations —
as the effective potential (similar to an ad-hoc substitution of the effective potential in
the bounce calculation, as discussed in Section II1.4.2). This procedure, while reasonable
as a first approximation, is heuristic. And one invariably has to deal with taking roots
of negative squared masses that appear. These strange terms come from classical fluc-
tuations, and so can in principle be handled numerically. For example, in the case of

nucleation rates such fluctuations give rise to functional determinants.

We systematically add one-loop classical fluctuations to the wall speed calculations; thus
extending partial derivative-expansion results [262], which, as we show, inadequately
describe the loop corrections in the bubble background. The result is analogous to in-
corporating fluctuations around the bounce for nucleation-rate determination [163]. We
both provide a general framework for these calculations, give specific examples and dis-
cuss the setup for more complicated cases, realized in realistic models, when the mul-
tifield, hydrodynamic and non-constant friction effects are included. We also compare
our results with the effective potential approximation, showing that the latter can lead

to significant deviations from the more complete result.
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VI.1 Classical fluctuations and Langevin dynamics

Our goal is to describe the motion of bubble walls during first-order phase transitions.
We will assume throughout this chapter that a high-temperature expansion is appli-
cable. That is, the typical mass of the Higgs field is smaller than the temperature:
my ~ ¢g*T < T. Here g represents a generic coupling, which is assumed to be
small: ¢ < 1. Given these assumptions, the width of the bubble wall is of order
Ly, ~ m; ' > T~ As such, we can integrate out the quantum fluctuations that occur
on length scales L ~ T~!. This is then reflected in the fact that our effective mass
parameters and couplings implicitly depend on the temperature through matching
relations [49, ], following discussion in Section II.4. Schematically, these matching

relations are of the form

m? — m? 4+ #¢*T?,  ¢* — ¢* + #g*logT, ...

Another effect is that quantum fluctuations — or equivalently plasma particles — will
resist the motion of any external scalar field or fluid flow. In general such dissipative
effects are rather complicated. So in this chapter, we assume that the collision rates are
large enough for a Chapman-Enskog expansion — which formalizes the hydrodynamic
limit — to be applicable,’ and that we can incorporate the dissipation effectively in a

friction-parameter 7 (following Section I11.3.2):
0=V~ H'(6,0) —nu- 09,

where u* is the fluid velocity. H (¢, 0) is a Hamiltonian, which includes both the scalar
tree-level potential V' (¢) and interactions with other fields Hi, (¢, 6); interacting fields

are collectively denoted here as 6.

We can conveniently split the scalar field into the background field configuration (bubble
profile) ¢ and fluctuation qu ¢ = ¢+ qg, where, on average, the fluctuations vanish

<QA5> = 0 and the thermally averaged background configuration satisfies <g_i>> = ¢.

The remaining physics is purely classical — in the statistical mechanics sense — and

fluctuations occur on length scales L ~ (¢°T)~!. An elegant way to incorporate such

'We should mention that this assumption is by no means necessary for this chapter, but the resulting
formulas are simpler.
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fluctuations is to introduce noise via the fluctuations-dissipation theorem [264, 265]:

¢ = V2 — H'(¢,0) — nu-9¢ + ((Z,1), (6.3)

where we require the noise, (7, t), to satisfy

(C(2)¢(a")) = 29T (@ — '), {¢(x)) =0. (6.4)

A sanity-check of this setup is to consider the free (V' = m?¢, Hy,; = 0) scalar-field

propagator in the plasma frame (1 = 1). In the momentum space, we have

¢ = —E* —n¢ + ((k, 1),

N (6.5)
E? =k +m?*

The solution can be split into an homogenous solution and an inhomogenous solution.
The homogenous solution simply correspons to the decay, so we focus on the part pro-
portional to the noise. By using variations of parameters one finds the particular solution

to be:

(ﬁp(lg, t) = é /Ot dse” (571 gin (g(s — t)) C(k,s), 66)

W= 4(122 +m2) _ 772’
where we have assumed that 4(k2 + m?) — 5% > 0.

After averaging over the noise we then find for late times ¢ > n~!:

- T

<¢(E, t)¢(k7,t)> — 5O+ ')m. 6.7)

Note that the Langevin setup is by no means necessary. For example, explicit averaging
over initial states [266] is also possible. Both setups are straightforward to evaluate

numerically, and can as such be compared against the result of the next sections.

Given equation (6.3) we can find the wall speed by working in the wall frame where
gz'ﬁ = (. To be specific, we choose the wall to be in the z direction. We first consider
the wall speed to be constant for simplicity and so omit any hydrodynamic effects. The
result can be generalized to include hydrodynamic effects as discussed in Section VIL.5.

Then we can, to the LO, omit the noise and solve for the scalar field by enforcing that it
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reaches the true, and respectively the false, vacuum at z = F-o0:

eompp = —8350(2) + VI(EO(Z)) + Woazao(z) =0,
lim ¢,(2) = ¢rv, Zgr_nooao(z) = Prv,

Z—00

where the friction term comes with the Lorentz-factor wy = 1y,,v,, after the boost to the

frame of the moving bubble.

This equation can be solved numerically by shooting (or, in some cases, analytically, see
example in Section VI.4). This then provides a value for wy, v,, and a bubble profile ¢, ()
for the given 1 and V'(¢).

Given a LO value for the wall speed and a bubble profile, we can then find corrections in
a perturbative manner. Later in this chapter, we will add one-loop corrections explicitly,
but for illustrative purposes imagine that our equations of motion are augmented by
some small term ¢gQ2(z). Then, we can expand our original equation of motion around

the LO field
Q_bo(z) — Q_bo(z) + 951(2)7 Wy — wWo + gws.

Consequently, the leading O(g) corrections obey the equation
eomyo = (—35 + w0, + V’/@o(Z)) 61(2) + Q(dg(2), 2) + w1020 (2).

This is just an inhomogeneous ordinary differential equation that can be solved via the
Green function formalism, in this case of the operator (—9? + wod. + V" (¢,(z)). This

means that we can directly find ¢,(z) as:

Fi(z) = — / 02'Go(z. 2') [Bol2). #) + wr0.Bo()]

However, note that a solution does not generally exist due to the presence of the zero
mode 5:)(2) As such, we need to use the Fredholm alternative, which specifies that a

solution only exists if

[0 Gy (), )
[ d2/(0.9(") 26

W1 = )

where we have made the operator self-adjoint by the shift ¢, (z) — ¢, (z)e*0/2,

As such, the NLO wall speed can be found via Eq. (6.12) without having to explicitly

(6.8)

(6.10)

(6.11)

(6.12)
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solve the equation of motion Eq. (6.10).”

V1.2 Propagators in inhomogeneous backgrounds

In this section, we evaluate the Higgs field propagator in the inhomogeneous background
bubble-wall profile;’ the propagator is simply the correlator of the field’s fluctuations ngS
For other particles — Goldstones, other scalars, and vectors — the result follows in exactly

the same manner.

In Appendix C, we present pedagogical details on how to find the propagator in homo-
geneous backgrounds, which provides useful intuition for the techniques used in this

section.

We assume that each field is thermalized in a Langevin setup. However, we stress that
this assumption is not required; and the result without damping [266], for example,

follows after setting the damping to zero in the end.

In this section, we treat the wall speed — and friction — as a constant, thus neglecting
hydrodynamic effects. This is just to save ink, and we discuss the full result with non-
constant friction coefficients, hydrodynamics backreactions and the determination of

multifield propagators in Section VI.5.

Given the assumptions listed above, the Higgs propagator is the Green’s function of the

operator

Lud = (=02 = V3 +wnd. + V'(64(2)) 6,

where wy = 77,V |}, evaluated through Eq. (6.8). As it stands, this operator is not

self-adjoint, so it is useful to perform the change of basis I 23ng5:

The Higgs propagator G(Z, §) = { $(Z,t)(7,t) ) satisfies the equation
ggs propag q

LuG(&,5) = 8@ - ).

2For the example given in the Section V1.4, we numerically solved Eq. (6.10) to verify that Eqgs. (6.11)
and (6.12) hold.

3See [267] for an alternative way to find the Green’s function.

“For other particles, the only modification of the equation will be in the function W (z).

(6.13)

(6.14)

(6.15)
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We can further use the cylindrical symmetry of Ly to write
G(Z,7) = / kY e I (kp) T (kp ) Gir(2, 2), (6.16)
where Gi(z, 2') obeys the equation
(02 — k* — W (2))Gp(z,7) = =26(z — 7). (6.17)
We now have but to find a one-dimensional Green’s function for each value of k£ by

solving Eq. (6.17).

To find the solution of (6.17), we solve the homogeneous equation for z < 2’ and z > 2/
separately, and then match the two solutions at z = 2’ by imposing the appropriate
jump conditions. To solve the homogeneous equations, we first consider the asymptotic
behavior of the solutions to find two independent homogeneous solutions G and G,

of the equation.

The asymptotic behavior of the solutions is

z— —00: Gy ~ exp [Z\/W(—OO)] , G ~exp [—z\/m} :
z—00: Gy ~exp [—z\/m} , Gp ~ exp [Z\/W} :

(6.18)

These give us the hint that in order to facilitate a well-behaved numerical solution it is

auspicious to define
Gr = A(NTk(2)V™(2), Gy = A7 () Hi(2)¥7 (2),

. (6.19)
T</>(2) = exp [i/o VE2+W(s)+ F(s)ds| .

for z < 2’ and z > 2’ respectively. The full solutions can now be found by solving the
following equations numerically:
w’ F’
T/ + 2K+ W(2) + F(2) T, + L+ py peym =0

2\/k* +W(2) + F(2) (6.20)
with 7} (—o0) = 0 and Ti(—o0) = 1,

"o 2 z z 4 W/(Z) + F,(Z) ¥ =
HY —2\/k*+W(z) + F(z) H, + 20 /K2 + W(2) + F(2) Hy+ F(z) By =0 (6.21)

with H;(c0) = 0 and Hi(oc0) = 1.
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Here we have introduced an auxiliary function F'(z) such that F'(z) + W (z) > 0 for all
z and F(z) — 0 as z — %o0; this is just to simplify the numerical evaluations, and the

final result is, of course, independent of F'(z).

Finally, given T} (z) and Hj(z), following the standard jumping conditions at z = 2/, the
full propagator takes the form:

Cilz ) = [V T W(20)Ti(o0)|  0(z — 2)T(2) W () Hy(2) 2 (2)
+0(2" — 2)Ti(2) U< (2) Hy(2) 0~ (2]

The single point propagator, the quantity necessary to calculate one-loop corrections to

the bubble (see Section V1.3), is then simply given by

G7,7) = / dRkG(2, 2).
0

- 4
In practice, one can only solve equation Eq. (6.17) for so many £, and, moreover, handling

UV-divergences numerically is troublesome, hence, we split the integral of Eq. (6.23) as

follows:

ArG(Z, X)

/ dkkGEee(z, 2)

0

1 kmax
+/ dkk [Gi(z, 2) — Gi*(z, 2)] —i—/ dkk [Gi(z,2) — GY*®(z,2)]
0 1

+/ dkk [Gi(z,2) — GY*®(z,2)] +/ dkk [GY*® (2, 2) — Gi*(2, 2)]
Kmax 1

where GI*¢ is a free propagator of a scalar particle with the mass m? = W (oo) and
for the first integral in Eq. (6.24) the dimensional regularization was employed for UV
regularization, leading to effective-potential-like result —M.

The WKB approximation (see Section VI.2.2), which is applicable for large k values,
is introduced to accelerate the numerical convergence. The total integral, as it should

be, does not depend on the arbitrary cut-off k.. The split around (the exact value is

arbitrary) k = 1 is necessary since the WKB terms diverge as k — 0

(6.22)

(6.23)

(6.24)



VI - BUBBLE WALL DYNAMICS WITH LOOP CORRECTIONS 170

VI1.2.1 Handling zero-modes

Contrary to other particles, for Higgs and Goldstone propagators hit an additional ob-
stacle due to the presence of zero-modes. Take, for example, the Higgs case, where
W(z) = V"(¢y(2)) + %2). The zero mode is then 0.¢,(z)e**0/2; the presence of zero
modes is an artifact of the broken symmetry of the equation of motion by the background

solution. A normal eigenfunction expansion then implies that

. 2) aza P e—zw0/2az/$ o e_zlw0/2
Gk(zaz>:ﬁ 0() qu 0( )

Ny = / dsO,py(s)% e

+ ...,

The zero-mode term vanishes in the integral over £ if we use dimensional regularization,
but small k values are still troublesome numerically. To deal with this snag we subtract
0 from (6.24):

9 _ 2 - Kmax 00
0=——0.9y( 2ezw0/dkk1 = ——0.y(2)?e 7 U +/ } dkk™".
N(i) 0( ) N¢ 0 ) 0 k?max

We then explicitly add the first term to equation (6.24) for each k, while the second term

effectively gives %0250(2)26’“0 log kmax-

The procedure is the same for Goldstone modes; for example, for a complex scalar where
W(z2) = ¢o(2)"'V'(¢y(2)) + w—ﬁ the zero mode is e *“°/2¢(z), and the procedure is
identical to the Higgs case.

VI1.2.2 The WKB approximation

As motivated above, it is useful to know the behavior of the propagator for very large k
values. The way out is to use a WKB approximation in that regime. In particular, con-
sider the equation (for our application, we will apply this to the homogeneous Eq. (6.17)

for the solutions G,j/ ”):

8§(I)k = AQ(Z)(I)k,
A%(2) = K + W (2).

(6.25)

(6.26)

(6.27)
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If k > W(z) the z-dependence of W(z) is just a minor inconvenience. This justifies the
ansatz

P, = exp(e 1Sy + S +€S;...), (6.28)

where we have re-scaled 0, — €0, to keep track of derivatives acting on W (z). Follow-

ing this, the solution is

So(2) = + /0 s A(s),

1
Si(z) = —5 log |A(2)| + const (6.29)
2AA" — 3(A')?
Sa(z) = /ds YE

These considerations imply that for G,:/ ~, expanding for large k, we find

L

e . (6.30)

1
log G,j/> ~ + [k:z + o dsW(s)} + log

Similar expansion can be made with the functions that appeared in our ansatz Eq. (6.19):

U</>(2) = exp {i /02 V2 + W(s)ds} A exp [j:kz + i OZ dsW(s)} . (6.31)

Lastly, after imposing the boundary conditions, we find the asymptotic expansion for 7},
and Hj:

. Wi(z) = W(-00)
e Ak? ’ (6.32)
W(z) — W(oo) '
Hk: ~1-— 172

VI.2.3 Derivative expansion

An analytic approximation to the propagator (derivative expansion) can be obtained
under the assumption that the field-dependent mass is large: 9> < M?(z). To derive a

derivative expansion recall the equation of motion for the propagator:

[—ag W2 L W) G ) = 6%(F - 7). (6.33)
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Then, following [268], one can set 7 = & + ¥ and solve for GG in powers of 0. Subse-

quently, one finds

o 1 1 ) 1
105

77
T 3076872 (2)1172 1228872 W (2)92
3
W (2))?

1 3
T 20482 W (2772 Ce s W ()0 ()
9

4
" 2560721V (2)5/2 IW(z)....

(0. W (2))"* (0. W (2))? 92W (2)

The effect of adding further-order terms within the derivative expansion is presented in
Section V1.4 for a real-scalar model. As we will see, the derivative expansion does not
capture the full one-loop correction to the wall speed, and in some cases, it can even give
the wrong sign for the correction. This is due to the fact that the derivative expansion is

an expansion in 92 /W (z), which is not necessarily small in the bubble-wall background.

VL3 One-loop corrections to the wall equation of motion

Once all relevant propagators are known we can use Eq. (6.3) to find corrections to the

background-field’s equation of motion:

1 9H. (,6)

L_”Q__ ;_ /__1 mey
o=V —n¢ V(ﬁb) QGHV (¢) Gaiej 39¢89j RIEERE

2 =0

where 0 stands for a set of fluctuating fields interacting with the scalar field ¢;
Gy, = (0:0;)-Green’s function, correlator of these fluctuating fields. Note here
that there could be nonvanishing off-diagonal terms, for example, Goldstones-vectors

mixing.
To connect with the previous section’s notation,

02 H}, (3(2),9)
96:00;

- 1 — 1
B(2), 2) = 5Culz, V" (B(2)) + 5Goo, (2 2) .
=0
Once the single-point Green’s function in the inhomogeneous background (outlined in
Section VI.2) has been determined for all fluctuating fields coupled to the scalar field ¢,
we apply Eq. (6.12) and Eq. (6.36) to compute the one-loop correction to the wall speed.

(6.34)

(6.35)

(6.36)
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V1.4 Applications

In this section, we apply the formalism described in previous sections to the specific
examples and show how the results compare to the naive calculations with the derivative

expansion.

VI1.4.1 A real-scalar model

We proceed by considering a real singlet scalar field in 3 dimensions with the given

tree-level potential . . .
_too Loz L4

where we have already introduced dimensionless parameters =,y and made a specific
normalization of the field. This potential could, for example, arise after the DR. The
potential possesses a non-trivial, symmetry-breaking vacuum state ¢, = —Vl_}fyy“ in

addition to the symmetric ¢ = 0.

For this specific potential, namely, which includes quadratic, cubic and quartic terms, we

find that the solution to the LO equation of motion Eq. (6.8) can be found analytically in

do(2) = % (1 + tanh <Liw)) :

\/_ 8xy++/1—16zy—1
T

Lw: )
Yy

terms of the tanh anzatz:

with

and the wall speed is given by

(~242y + VT = T6ay + 1) /- vty T
32xy :

Wy =

We have also verified that the numerical solution found by shooting matches the ana-

lytical solution. Note that wall-speed scales as 1! for large friction parameters.

Figure 6.1 presents the Green’s function for the real singlet, computed as outlined
in Section VI.2 together with the effective potential approximation. The effective
potential approximation corresponds to using the LO derivative expansion, resulting

in G(z) = __Vzvﬂ(z); as W(z) may become negative, there are two options to get

(6.37)

(6.38)

(6.39)

(6.40)
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x = 0.05,y = Ypua(z) = 0.542

x = 0.01,y = ynua(zr) = 0.747
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-15  -10 -5 0 5 10 15

Figure 6.1: One point Higgs Green’s function, for z = 0.01 (top left), z = 0.05 (top right)
and x = 0.5 (bottom) evaluated at the nucleation mass value.

real-valued Green'’s function: taking a real part of the square root Re [\/W (z)] or an

absolute value of W (z).

All plots presented are evaluated at the nucleation mass parameter y = y,, for the
given coupling . In other words, Sy(, ¥y = Ynua) ~ 130, where the bounce is calculated

at the LO, using results from [269].

Figure Fig. 6.2 shows w = nv,7, for the potential given by Eq. (6.37); in terms of
Eq. (6.12) one then finds Q(¢(2), z) = :Gy(2)V"(¢(z)). As expected, the corrections
get bigger for stronger coupling, in the end reaching the region of failure of the pertur-
bative expansion, at most at  ~ 0.24, at which point the perturbative expansion for

the effective action breaks down [270]. The full one-loop correction to the wall speed is
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Yy = ynucl(x) y= ynucl(x)
1.0 : ; 0 ‘ ;
— tree-level
0.8+ = 1-loop (full)
=201
— 1-loop (eff. pot., Abs)
§
0.6 — 1-loop (eff. pot., R) S
3 X g0
3
0.4F q3
— 1-loop (full)
-601
0.2 — 1-loop (eff. pot., Abs)
— 1-loop (eff. pot., )
0.0 L I L | _80 i I : I
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
z T

Yy = ynucl(x)vn =1

0.8
tree-level

— 1-loop (full)

0.6 1
— 1-loop (eff. pot., Abs)
— 1-loop (eff. pot., R)

= 0.4f
0.2F
0.0

0.1 0.2 0.3 0.4 0.5

xr

Figure 6.2: Velocity factor w = nv,y., (top left), relative correction to the velocity factor
evaluated at tree-level (top right) and bubble-wall speed for = 1 (bottom). Negative
corrections indicate the fact that loop corrections decrease the wall speed. For the effec-
tive potential approximation, both choices for the square root are shown.

about two times larger than the correction resulting from using the effective potential

approximation for the whole parameter range in the model explored; both slow down

the bubble.

For completeness, in Fig. 6.3 we present the numerically evaluated Higgs propagator
alongside the LO, as well as the NLO and NNLO derivative expansions for the real-scalar

model discussd in this section.

The derivative expansion is valid only at large distances from the bubble wall; thus, in-

corporating higher-order terms does not lead to the convergence to the complete prop-
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x = 0.01,y = ynua(zr) = 0.747 x = 0.05,y = Ypua(z) = 0.542
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Figure 6.3: Higher derivative expansion of Higgs Green’s function terms together with
the full numerically evaluated propagator. A real part of Green’s function is taken for
the derivative expansion, omitting the spurious imaginary part.

agator in the bubble background, which is essential for accurately determining bubble

profile and speed corrections.

This highlights, that the derivative expansion, while being a useful tool for analytical
calculations, is not sufficient to capture the full dynamics of the bubble wall, especially
in the region close to the wall where the field gradients are significant. Therefore, con-
sistent treatment of the loop corrections, presented in this chapter, is essential for accu-

rately determining the bubble profile and speed corrections.
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VI1.4.2 Radiative barriers

A radiative barrier arises when (classical) one-loop corrections overpower the tree-level
potential to generate a barrier; the case of radiatively generated barriers is also discussed
in Section IV.3 in the context of RG running within the 3D EFT. As an example consider

an additional scalar  1:
1 1 1
H(p0) = V(O) + Lg% V() = 2id? + A"

A barrier can then be generated if the field-dependent mass of 1) dominates the Higgs

mass:
gp” > V"(¢) ~ m®.

In this case, the "heavy” scalar ¢ can be integrated out, and a barrier can be generated:

V(9) =+ V(9) — 1p-(26)2

Crucially, this construction is not valid when ¢ ~ 0 — in the unbroken phase. Conse-

quently, if we wish to find the wall speed consistently we have to modify our procedure.

In essence, we want to accommodate a barrier when ¢ > 0, while simultaneously
capturing the right dynamics of ¢ around ¢ ~ 0. The easiest way to accomplish
this is to add and subtract the effective-potential contribution from ¢ — that is
—g20(2) & (Wu(@))
adding the full contribution from the 1) propagator.

— to the equation of motion of the background field while

The one-loop correction then becomes

QE(:).2) = 5Cn (= IBEE + 75(:) (Gontzr2) = |- (W(@) ) )

and the LO potential, which enters the LO equation of motion Eq. (6.8), becomes

1

1 T Vi
127 '

VL0(¢) = V(¢) 4

(Wu(9))?, Wy = g36" +

We want to stress two things here. First, we have included the 7, term in W, because
the 1 field is in general damped. Second, there is no reason to suspect that Gy (2, 2) ap-

proaches the normal effective-potential result when z — —o0. See for example Fig. 6.4.

The argument for vector bosons is identical.

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)
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Figure 6.4: "Heavy” scalar Green’s function Gy (2) for A = 0.01, g, = 1 (top left),
A = 0.05, gy = 1 (top right) and A\ = 0.1, g, = 1 (bottom) evaluated at the nucleation
mass value. The v-field damping is set to zero 1, = 0.

Both of these effects can significantly reduce the wall speed by lowering the effective la-
tent heat. For example, the transition becomes second-order when (17,7, v )* ~ m?/\.
This implies that radiative barriers can not give rise to runaway bubbles (v,, — 1).
Though it should be stressed that our assumptions break down for large enough wall

speeds, so this statement should be taken with a grain of salt.

The fact that the scalar equation of motion can differ from the effective-potential pre-
diction at lim, , ., is not a surprise, and it is a direct consequence of the fact that the
effective potential approximation is only valid for homogeneous field configurations. In
the case of radiative barriers, the field-dependent mass of the "heavy” scalar 1) becomes

small around ¢ ~ 0 (in the unbroken phase), which leads to significant deviations from
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the effective-potential prediction in this region. This is also important for hydrodynamic
considerations [53-56, , , , ]; for example, by giving a different prediction

for the latent heat.

VL5 Hydrodynamic considerations

Consider again the operator
Lid = (=02 = V2 + wo(2)0: + V"(@0(2))) 6,

now with a z-dependent wy, as occurs if we solve the full hydrodynamic equations.

A first approximation is to incorporate wy(z) without adding the b dependence of the
wall speed and temperature. In this case, we can make this operator self-adjoint with
the shift gg e 2l ‘*’O(S)ds(ﬁ:

~ - e w1

The results in Section V1.2 are the same after defining W (z) = V”(EO(Z))jLw—g —10.wo(2).

172
Note also that the new Higgs zero-mode is e~z o «0(9)ds9 g ().

Finally, to find corrections to the LO wall speed we simply use e~ Jo “0()459_ ¢ (z) in

place of e7**0(2)9, ¢ () in equation (6.12).

General equations of motion
Next, we can consider the most general equation of motion
(=) + V'(9,0) + F'(9,0:6,6) = 0,

where, for example, § might represent the fluid velocity or the temperature. After we

expand around a LO solution, ¢ = ¢ + gE, we then get

029(2) + 04 [V'(,0) + F(¢,0:6,0)],_5 (=) = 0.

Here F' might be a local friction term as in Section V1.3, but F' could also come from

the solution of a Boltzmann equation [178], and would then, in general, be a non-local

(6.46)

(6.47)

(6.48)

(6.49)
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function of ¢. In taking the ¢ derivative we have to take into account the ¢ dependence
of 0; for example, a field-dependent damping coefficient or the temperature. All in all,
this ensures that 0,¢ is a zero-mode of the above operator. The propagator can then be

found as usual if we can evaluate 00/0¢.

One-loop hydrodynamic backreactions

We can further consider the one-loop hydrodynamic backreactions. To analyze one-loop

hydrodynamic correction, first, we need the hydrodynamic equations in the wall frame:°

wvw’yi = const,

1
§(az¢)2 —V +wv?~? = const,

where the enthalpy is of the form w = 3aT* — T97V. If we omit the second-term we

can then solve for v,, and 7" to the first order in ngS:

v+ 1

1
6 —
! 4aT3v2

aT* v v

[V’@o)ﬁg — &508”2] . 0T =— [V’@O)é B 8Z$082<5]

Adding these corrections to the Higgs equation of motion we find

Lud = (=02 = V4 + wod. + V"(30)) 6+ [0u0u, w0000 + budr V()] 6
— [0 8o, w00 + b0V (dg)] D26

This operator can now be made self-adjoint as in the previous sub-section, and propaga-
tors for 7'(z), vy(2), and ¢(z) can be found using the results in Section V1.2. Note that ¢
propagators will also enter the conservation of the energy-momentum tensor in various

places.

Multifield propagators

Finally, we investigate the case of multiple background fields. The procedure to find
multifield propagators numerically readily follows from the single-field case that we

have delineated in Section VI.2 of this chapter. Consider, for example, an equation of the

®We here neglect the bulk and shear viscosity. If these are present we would also expect velocity and
temperature fluctuations.

(6.50)

(6.51)

(6.52)
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form
|~ V2000, + w0, (2)0: + Mg, (2)| G, (T = 7) = 80,0,6% (& = ),

where 6;, 6; runs over all relevant fields; w9, (z) and M?(z)g,, are friction- and mass-

matrices respectively.

The linear z-derivative terms can be removed by the shift

1 1=z 1 2
Geigj — {6§ fo “Ge 2 fo w}

0,0;

This brings the equation of motion to the form:
—V26,0, + Weie]—(z)] Go,0, (T — 1) = 00,0,0°(Z — 1)),

where
1

_1lrz 2 2 1 1 rz
ngej (Z) =€ 2 fO v |:M929J (Z> + Zweiej - §azw9i9j €2 fo .
To find the propagators one can follow the same steps as before. Numerically, it is the
simplest to first rotate to an eigenbasis of Wj,s,(—00), evolve the equations to z = 0,
rotate to an eigenbasis of W9, (o0), and then evolve the system to z = co. We note that
an additional complication arises if mixing with vector fields is present, in which case

non-trivial momentum dependence of mass matrix perplexes the calculation.

VL6 Summary

In this chapter, we examined how loop corrections influence the equation of motion for
the nucleating scalar field during a first-order phase transition, with particular attention
to their effect on the bubble wall velocity. First, we calculated the correlator of nucleating
scalar field fluctuations in an inhomogeneous background; then, we determined how

these fluctuations affect the bubble profile and the velocity of the bubble wall.

To illustrate these calculations, we examined a case involving a nucleating real scalar
field. Our results indicate that one-loop corrections reduce the wall speed, with cor-
rections reaching up to several tens of percent compared to the tree-level velocity, and
the largest effects appearing near the limits of perturbativity. The effective potential ap-
proximation — the LO term in the derivative expansion — underestimates this decrease

by about a factor of two, while including higher-order terms does not resolve the dis-

(6.53)

(6.54)

(6.55)

(6.56)
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crepancy. This demonstrates the breakdown of the expansion’s validity for describing
the bubble.

Furthermore, in the case of radiatively generated barriers, the full propagator calculation
deviates from the effective-potential approximation in the unbroken phase, where the
field-dependent mass of the heavy scalar becomes small. Beyond its effect on the wall
profile, this deviation modifies the latent heat, which enters the hydrodynamic equations
governing bubble expansion. Accounting for these corrections is therefore important
for reliable predictions of the wall speed and GW signals in scenarios with radiatively

generated barriers.

We have also introduced a framework capable of addressing more complex situations, in-
cluding non-constant fluid velocities, multifield propagators, and hydrodynamical back-
reactions. Therefore, the findings of this chapter can be applied to future research in
more realistic settings, incorporating extended particle content and hydrodynamical ef-

fects.
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VII = CONCLUSIONS

One never notices what has been done;

one can only see what remains to be done.

— Maria Sklodowska Curie

The EWPT sits at the intersection of particle physics and cosmology. If it proceeded as
a strong first-order transition in the early Universe, it could produce a stochastic GW
background accessible to upcoming GW detectors. Turning this into a genuine test of
BSM physics requires translating model parameters into reliable GW spectra with con-
trolled theoretical uncertainties. The chain from a BSM model to a GW signal passes
through finite-temperature field theory, phase transition thermodynamics, bubble dy-
namics and GW production — and at every link, theoretical uncertainties accumulate.

This thesis is a program to identify, quantify, and reduce those uncertainties.

The first step in this program is the diagnosis of gauge-fixing artifacts in perturbative
calculations. In Section I11.2.2, we presented a general result for the /i-expansion of the
effective potential and used it to organize the calculation consistently order by order,
highlighting that finite-order truncations can induce sizable spurious gauge dependence
in intermediate quantities. This makes gauge-parameter variation, together with resid-

ual scale dependence, useful quantitative diagnostic tools of perturbative reliability.

With the problem diagnosed, the next task is to build the infrastructure for precise cal-
culations. In Chapter IV, we derived the full set of two-loop RGEs for all Wilson coeffi-
cients up to energy dimension four in the 3D EFT describing the high-temperature limit
of BSM theories with heavy new physics encoded in the SMEFT Lagrangian. Before
this work, the running of higher-dimensional operators in the 3D EFT was unknown,
and keeping only the leading super-renormalizable running left a significant gap in the
precision toolkit. We showed that the running induced by beyond-super-renormalizable

operators can be parametrically of the same order as the nominal leading-order running,
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resulting in prominent shifts in predictions of thermodynamic parameters and GW spec-
tra. Notably, even the renormalizable sextic scalar couplings already triggers running of
the quartic coupling, an effect absent in purely super-renormalizable theories and not
accounted for in earlier analyses. Beyond perturbation theory, the counterterms com-
puted in Chapter IV provide essential input for future lattice simulations of the 3D EFT
with higher-dimensional operators, enabling non-perturbative studies that are currently

inaccessible within the purely super-renormalizable theory.

Having established the theoretical machinery, Chapter V subjected it to a systematic
stress test in the phenomenologically well-motivated cxSM. This model may realize a
SFOEWPT with no direct LHC signatures, making GWs potentially the only accessible
probe. We compared various perturbative approaches — 4D calculations within MS and
OS schemes and the 3D EFT approach with different matching orders — across the full
GW-relevant parameter space, using residual scale and gauge dependence as quantita-

tive indicators of theoretical reliability. The results are instructive.

The 4D approach performs poorly, with residual scale uncertainties of orders of magni-
tude in the predicted GW peak strength and significant gauge-fixing artifacts, particu-

larly in the OS scheme commonly employed in phenomenological studies.

The 3D EFT approach with NLO matching provides the most stable and consistent de-
scription: the scale dependence in the LISA SNR is reduced by about one order of magni-
tude relative to LO matching, and the /i-expansion yields results in excellent numerical
agreement with direct minimization of the two-loop potential, validating the approach.
The inclusion of the leading beyond-super-renormalizable operators in the 3D EFT shifts
the transition strength a by up to 100% and the GW peak amplitude by up to an order of
magnitude in the part of parameter space where LISA prospects are best — precisely the
regime where the EFT truncation uncertainty, rather than gauge or scale dependence,
is the dominant remaining theoretical error. This finding points directly back to the
importance of the RGEs derived in Chapter IV, and underscores that a complete pre-
cision program for the EWPT requires the systematic inclusion of higher-dimensional

operators.

Even with a perfectly controlled perturbative calculation of the thermodynamic transi-
tion parameters, there remains one crucial input to the GW spectrum that is undeter-
mined: the bubble wall velocity. The wall speed plays a key role in GW predictions
through the efficiency parameter and the overall energy budget, yet it is often computed

using the effective-potential approximation, which treats the bubble as evolving in a
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homogeneous background. As Chapter VI demonstrates, this heuristic approximation
can lead to substantial shortcomings. Within the high-temperature expansion, we have
developed a systematic one-loop approach to fluctuations in the inhomogeneous bubble
background. This yields corrections to the wall equation of motion that are absent in
the effective potential approach. These effects are particularly pronounced in scenar-
ios where the barrier is generated radiatively; here, loop corrections may lead to phase
transitions that do not produce runaway bubbles. The formalism is broadly applicable
and can readily be extended to more complex scenarios, including multiple scalar fields,

general friction forces and one-loop hydrodynamic backreactions.

Together, these contributions amount to a qualitative advance in the precision toolkit
for EWPT predictions, establishing gauge-fixing and scale dependence as quantitative
diagnostics and deriving the means to address them. The two-loop RGEs derived in
Chapter IV provide, for the first time, a complete running framework for the 3D EFT of
the SM and the SMEFT, including the effects of higher-dimensional operators. Applied
to the cxSM, this precision machinery provides the first quantified comparison of per-
turbative approaches across the full GW-relevant parameter space, showing that the 3D
EFT framework is the natural framework to systematically control residual gauge and
scale dependence, and that the inclusion of higher-dimensional operators is essential
for the strong EWPT. By incorporating one-loop corrections to the bubble wall veloc-
ity in an inhomogeneous background, the thesis extends the precision program beyond

equilibrium thermodynamics into the non-equilibrium dynamics of bubble propagation.

This thesis paves the way for a range of follow-up precision studies of the EWPT. The
loop-correction framework for the bubble wall velocity, developed here in full generality,
is ready to be deployed in concrete GW-relevant BSM models, delivering more accurate
wall speeds and, consequently, more reliable GW spectra. Furthermore, the two-loop
RGEs derived in Chapter IV enable a systematic inclusion of higher-dimensional opera-
tors across phenomenologically interesting BSM scenarios, with the running of effective
parameters in the 3D EFT now under full theoretical control. Subsequently, the coun-
terterms computed here unlock non-perturbative lattice studies in regimes previously

beyond reach, allowing perturbative predictions to be put to a direct test.

As LISA moves from design to data, the question may no longer be whether a GW signal
from the EWPT is detectable, but whether our theoretical predictions are precise enough
to extract BSM physics from such a signal. The work presented in this thesis is a step

toward making that extraction possible.
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A - COUNTERTERMS AND BETA FUNCTIONS
FOR 3D EFT OF THE SM(EFT)

In this appendix, we display explicitly the counterterms and beta functions for the 3D
EFT of the SM and the SMEFT, determined as explained in Chapter IV, both for the

theory valid at and below the soft scale.

A.1 Results at the soft scale

At the soft scale, the dimensionally reduced theory contains both the Higgs-field scalar
®, spatial W; and temporal vector W, components, with the full operator content of

Eq. (4.1). The parameter and field-strength counterterms are:
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with ;' = 6472¢ being the two-loop MS e-pole of Eq. (4.11).
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Then, after performing the field redefinitions that remove redundant operators and
canonically normalize the fields (see Eq. (4.13)), we obtain the following beta functions

for the parameters of the theory:
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A.2 Results below the soft scale

Below the soft scale, the dimensionally reduced theory is given by Eq. (4.1) with only the

operators including ® and W; being relevant. We find the parameter and field-strength

counterterms of the theory to be
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léc;)Dz =0,

15 ¢4D2 = —86¢6 <4C$;1)D2 - C((f)24)D2) 9

_[2_150(1521/]/2 = 0,

where we have factored out I, ' = 647%¢ — the two-loop MS e-pole of Eq. (4.11).

(A3)
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Then, following the shifts to remove the redundant operator and to canonically normal-
ize the fields (see Eq. (4.18)), we find the following beta functions for the parameters of
the theory:

51
167

+m2 {c;?DQ (— 1463 + 32X3) + e (303 — 8Xs) — 20ch2yp2 gg] :

Bz = 5 — 99523 + 12)3

39
Brg = —Cg2my2 <7g§ + 76g§)\3> + Cys (—18g§ + 96)\3)
+ e (128c40m3 + 393 — 52g3Xs + 25673)

17
+ c;i)D2 (—320¢6m§ — Egg + Qgg)\g — 60)@)) ,

1
Beys = Cos { — 1682293 + c;)DQ (—84g3 + 1888);3) Ad)
+cpe (1803 — 448)3) + 204%6}

- 306¢8 (gg — 8)\3) s

ﬁcd)s = 120¢6 <296C<(;4)D20¢6 — 710((;4)D2C¢6 + 88C¢8> R

n =0
ﬂ; y =0

sy =0
ﬁcfb ), =0,
/BC¢2w2 = 07

28 \
g§ = —§C¢2w2g3 .
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A.3 Inclusion of the U(1)y

For completeness, we also calculate the contributions to the two-loop counterterms con-
sidering the extension of Eq. (4.1) to include a U(1)y gauge symmetry with charge g;.
The following operators are added to the tree-dimensional theory of Eq. (4.1), below the

soft scale:

1
Lsp D 7 BrsBrs + co232| @12 By Byrs + coewp (@' @YWL B, . (A.5)

The counterterms in Eq. (4.12) receive the following additional contributions:

_ 2 5 1
I, 15Z¢ = —§C¢2B29§2 - 2C¢>2W39§,93 - gcé)?ngéz - 602524)ng§2 )

_ 4
1,10 2w = §C¢2WBQ§,93 — dcgryagy

- 4
12 1523 = 4C¢2WBgég3 - §C¢232g;32 - 12C¢2B29§ s

_ 5 9
Iy'om} = 1—695,4 + 39595 — 395 A3
+m?2|6¢ 2 + 6¢ ! g3 + 3g2c) +§ 2.2)
3 ¢232g3 ¢2WB.9393 g3 $2D2 293 #2D2 | (A6)

_ 9 13 13
IQ 16)\3 = C(z)QBQ (§g:/34 -+ 79;,29% — 24gé2/\3> + 7C¢2w2g:/329§

+ Co2W B (69:/;)393 -+ 49:/39;’ — 24gég3)\3) + 60(2569;;2
15 23
+ e (95 + 20593 — 1495 N) + ¢ (6934 + 0595~ 4932A3> ’
;' 0cs = cyo |54 54 g+ 336 g2 — 20 g2] + 100,02
2 0Cg6 = Cg6 | 0473 Cy2p2 + O4Cy2wBY393 + 99C gy — - Cy1p293 + 10cys g5,

in which we only list those that receive nonzero contributions at the considered accuracy.
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B - BETA FUNCTIONS IN THE CXSM

This appendix collects the one-loop beta functions for the cxSM used in the analysis in
Chapter V within the 4D theory and dimensionally reduced 3D EFT valid at and below

the soft scale.

Beta functions in the 4D theory

The beta functions in the 4D theory, defined as 3; = 16m%udc; /dyu read

19¢%
BgQ = - 3 )
419/4
Bg’Q = 3
9y4 992 17g/2
=t (O + Ty 8
3 2 2 2 12 1 2
w = gt (Bt 4yi = 39" = 67) + SAnlis;
9 4 3 2 12 3 14 )\2
By, = % n 949 Z —6y! A (1297 — 9% = 39) + 24} + 7,

Buz = 2Mnstty + AAspr3,
Ba, = BAs + 2,

9 3
Ban.e = s <2)\s — 592 - 59/2 + 6yt2 + 2Mps + 12)\h) ,

where only the top-quark Yukawa coupling is retained. The results have been cross-

checked against DRalgo [197].

The one-loop beta functions are gauge-independent; however, they become gauge-
dependent at two loops. The gauge fixing parameters also run, starting from one loop.

Two-loop beta functions for the SM in a generalized gauge are available in [151].

(B.1)
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Beta functions in the 3D EFT at the soft scale

Following DR, the scalar mass parameters of the soft 3D EFT run with the renormaliza-

tion scale p$. The one-loop beta functions, obtained as outlined in Chapter IV, read

2,s0ft T 1693D 16 gSD _I_ gg&D g3D -

3D,soft 5 14, soft 39 4 soft 9 12 soft 2 soft 3>\soft ( 12 soft 2 soft 2,soft
h,3D

h,3D\ 93D + 395D ) + 12>‘h,3D

1
2,soft 2,s0ft  soft soft soft 2,soft
+ Z>\h873D —693p" Apwzsp T 426z a0 (/\hQGg,SD - 695,317)

3 1
2 soft 2,soft 2 soft
+ §>‘h2wg,3D + 5)‘11233,313 + 3>‘h2WoBo,3D )
3D,soft | 2,soft 2,soft soft /2 soft 2,soft
2a0 = >‘s,3D + >‘hs,3D — Mhis3D <93D +395p )
2,soft \ soft 2,soft 2,soft
— 1295 /\32W02,3D + /\5233,30 + 3)\32W02,3D :
soft soft soft soft soft soft :
Here )‘hQGg,SD’ )\h2W02,3D’ )\h2B§,3D’ AL21Wo Bo 3D )‘52Wg,3D’ and )‘5233,31) are the quartic

couplings with the temporal components of the gauge fields generated by DR. The run-
ning of the Debye masses m?, is omitted, as it first receives corrections at O(g®) [49].

The results are in agreement with those from DRalgo.

Note that we do not include effects of the higher-dimensional operators in the running

in analyses in Chapter V, hence only the mass parameters run.

Beta functions in the 3D EFT below the soft scale

After integrating out the temporal gauge-boson components at the soft scale, the scalar

mass parameters of the 3D EFT valid below the soft scale run as

5 51 9
3D _ Mo Y4 o2 2
5%217313 = 1690 ~ 1 93 + 393093D
1
— 3\n3p (9:/320 + 39?2>D) + 12)‘}%,31) + Z—l)‘is,w ;
B35 = —Anssp (9:/)3:) + 39§D) + A§,3D + A}QLS,SD .

'u‘sA,SD

(B.2)

(B.3)
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C - PROPAGATORS IN A HOMOGENEOUS
BACKGROUND

While Section V1.2 focused on determining the propagator in an inhomogeneous back-
ground, it is instructive to review the corresponding derivation in a homogeneous back-

ground. This exercise also builds intuition for the techniques used in Section VI.2.

First, consider the massless case. In three dimensions, the two-point function (propaga-

tor) satisfies

but it is useful to rederive this result in cylindrical coordinates, since the same strategy

generalizes to the inhomogeneous case where the background field depends on 2.

In cylindrical coordinates, we write

V2 =2+ p'9,(pd,) + p 202,

597 — ) = 47”5@ )36 — ¢z — ),

To emphasize the z dependence, we represent the remaining delta functions as

6= ) = 3 @)

m=—00

;1)5(,0 —p) = /000 dkk Jo(kp)Jo(kp').

motivated by the fact that these are eigenfunctions of p='9,(pd,) + p~>0; with eigen-

value k2.

(C.2)

(C.3)

(C.4)
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We then use the ansatz
G(7,7) = / Akl 3" Gz, 2™ @) I () S () (5)

which, upon substitution into the Laplacian, yields k? from the radial and angular deriva-

tives.

Assuming the propagator equation holds independently for each m and k, we obtain the

following equation for Gy:
(02 — K*)G), = —20(2 — 2) (C.6)

This is solved by treating the regions z < 2’ and z > 2’ separately, where the delta

function vanishes.

Gy = AS(2)e®™ + B<(¢)e ™,

(C.7)
Gy = A7 (e + B~ (2)e .
Requiring bounded solutions as z — +oo implies B<(2') = A~ (2') = 0.
The final step is to impose boundary conditions at z = z/. The propagator must be
continuous at z = 2/, while its derivative must be discontinuous to reproduce the delta
function. This gives
A<(Z/)ez’k _ B>(Z/>efz’k7 (C )
.8
kA< (2)e** — kB> (2)e *F = —2.
Solving these conditions yields the Green’s function in k space,
G, = ke M=, (C.9)

For an inhomogeneous background, the steps are analogous (see Section V1.2), but the
equation for GG, has explicit coordinate dependence and must be solved numerically in

each domain.
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Combining the results above, we obtain

G(Z,7) = / dk Y e g (k) T (Rp e M = e (C.10)

where the last equality uses the identities

, , 1
S O 1 () ) = - ofuwk), €1

where w? = p?+ p'? — 2pp’ cos(¢ — ¢') is the relative transverse distance, together with

L/T dk Jo(wk)e M= = (C.12)
0

17—yl

So far we have treated a massless theory. The same steps apply to a massive theory:

[W—mﬂQﬁ@:ﬂW@—m. (C.13)

Following the same procedure, we find

—rm

- 1 k
6 = g [

k —VE2+m?2|z—2'| _ €
(wk)e 4mr

: (C.14)

where r = |7 — g.

Importantly, the propagator diverges when & — 1, equivalently » — 0. Physically,
this is the same UV divergence that appears in loop calculations (see, e.g., Chapter V).
To treat it, it is convenient to use dimensional regularization in d = 3 — 2¢, where the

propagator takes the form

G(Z,§) = . (C.15)

dim_ch (277-)%_5

Expanding for small r gives

Y€,y 1—2€, ,2¢ (_l)
GET) = e’ m T p Tl (€ — 5 m
7

dimReg 87T3/2 e—0 47

+ O (e). (C.16)

Finally, it is instructive to see how this divergence appears in cylindrical coordinates.
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In d = 3 — 2¢ dimensions, Eq. (C.14) becomes

J_e(kw) (2627r61w3/2 (%)_%4‘6 e|zz’|<\/m>>

G(Z,7) = / dk ,
( y) dimReg k (l{?2 + m2)

which in the limit w — 0 and z — 2’ gives

225—27T5—1k1—25 k
G(z,7) = /dk S | —
dimReg I (]_ — E) v k2 + m2 ¢—0 A/ k2 + m2

As expected, the divergence appears in the large-£ limit, corresponding to short-distance
behavior. In fact, the integral above is the one-loop bubble integral in momentum space
after the angular integrations are performed. Given this large-k behavior, in inhomo-
geneous backgrounds (discussed in Section VI.2) one can isolate the divergence by in-
troducing a cutoff k.x: evaluate the integral numerically for k < Ky, treat &k > kyax

analytically, and handle the divergence in dimensional regularization.

(C.17)

(C.18)
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