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Abstract

The discovery of the Higgs boson completed the particle content of the Standard Model (SM),
but it also reinforced the need to understand some of the caveats of the model, such as the baryon
asymmetry of the universe and to look for possible solutions like Beyond Standard Model (BSM)
models that modify the scalar sector of the SM. In particular, extended Higgs sectors can modify
collider observables and the thermal history of the early Universe, thereby opening the possibility
of a strong �rst-order electroweak phase transition and an associated stochastic gravitational-
wave signal. This thesis investigates these connections by focusing on the scalar potential as
the common origin of Higgs self-interactions, di-Higgs production, electroweak phase-transition
dynamics, and gravitational-wave phenomenology.

The main phenomenological analysis is performed in the most general real singlet extension of
the Standard Model without an imposed Z2 symmetry. Firstly, di-Higgs production is studied at
the High-Luminosity Large Hadron Collider and at a future 1 TeV e+ e� collider, with particular
emphasis on the sensitivity to BSM trilinear scalar couplings and on the importance of using
the full production cross section rather than simpli�ed resonant approximations. A central part
of the thesis is devoted to higher-order corrections to trilinear scalar couplings. A fully on-shell
renormalisation scheme is constructed for the non Z2 symmetric real singlet model for the �rst
time, allowing renormalisation-scale-independent predictions for the loop-corrected couplings
relevant to di-Higgs production. The one-loop analysis shows that radiative corrections can
be sizeable and can alter Higgs-pair production rates in a phenomenologically relevant way,
demonstrating that higher-order e�ects are indispensable for a realistic interpretation of Higgs
self-interactions in extended scalar sectors.

The cosmological implications of the model are then investigated through a dedicated imple-
mentation in BSMPT. By studying the one-loop �nite-temperature e�ective potential, di�erent
thermal histories are studied, and scenarios featuring a strong �rst-order electroweak phase tran-
sition are identi�ed. For those scenarios the corresponding stochastic gravitational-wave spectra
are evaluated, with particular attention to their observability at LISA. Combining these results
with the collider analysis shows that collider signatures and gravitational-wave signals provide
genuinely complementary probes of extended Higgs sectors.

Finally, the thesis extends the study of Higgs self-interactions to two-loop order in the CP-
conserving Two-Higgs-Doublet Model. In the alignment limit, a consistent on-shell treatment of
the parameter controlling departures from exact alignment is developed, and the two-loop cor-
rections to the trilinear couplings are computed using both diagrammatic and e�ective-potential
methods. Overall, this thesis shows that a coherent understanding of extended Higgs sectors
requires combining collider phenomenology, higher-order quantum corrections, phase-transition
dynamics, and gravitational-wave signals, and that such an approach is essential for providing
reliable answers to open questions in particle physics and cosmology.
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Zusammenfassung

Die Entdeckung des Higgs-Bosons vervollst•andigte den Teilcheninhalt des Standardmodells (SM),
machte jedoch zugleich deutlich, dass einige seiner o�enen Probleme, wie etwa die Baryonasym-
metrie des Universums, weiterhin ungel•ost sind und nach m•oglichen Erkl•arungen im Rahmen
von Modellen jenseits des Standardmodells (BSM) gesucht werden muss, die den skalaren Sek-
tor des SM erweitern. Insbesondere k•onnen erweiterte Higgs-Sektoren sowohl Observablen an
Kollidern als auch die thermische Geschichte des fr•uhen Universums ver•andern und damit
die M•oglichkeit eines starken elektroschwachen Phasen•ubergangs erster Ordnung sowie eines
damit verbundenen stochastischen Gravitationswellensignals er•o�nen. In dieser Dissertation
werden diese Zusammenh•ange untersucht, wobei das skalare Potential als gemeinsamer Ursprung
von Higgs-Selbstwechselwirkungen, Di-Higgs-Produktion, der Dynamik des elektroschwachen
Phasen•ubergangs und der Ph•anomenologie von Gravitationswellen im Mittelpunkt steht.

Die ph•anomenologische Hauptanalyse wird im allgemeinsten reellen Singulettmodell des Stan-
dardmodells ohne auferlegte Z2-Symmetrie durchgef•uhrt. Zun•achst wird die Di-Higgs-Produktion
am High-Luminosity Large Hadron Collider sowie an einem zuk•unftigen 1 TeV-e+ e� -Kollider
untersucht, mit besonderem Augenmerk auf die Sensitivit•at gegen•uber trilinearen skalaren BSM-
Kopplungen sowie auf die Bedeutung der vollst•andigen Produktionswirkungsquerschnitte im
Vergleich zu vereinfachten resonanten N•aherungen. Ein zentraler Teil der Dissertation ist
h•oheren Ordnungen in den Korrekturen der trilinearen skalaren Kopplungen gewidmet. F•ur das
reelle Singulettmodell ohne Z2-Symmetrie wird erstmals ein vollst•andig On-Shell-renormiertes
Schema konstruiert, das von der Renormierungsskala unabh•angige Vorhersagen f•ur die schleifenko-
rrigierten Kopplungen erm•oglicht, die f•ur die Di-Higgs-Produktion relevant sind. Die Ein-
Schleifen-Analyse zeigt, dass diese Strahlungskorrekturen gro� sein k•onnen und die Higgs-
Paarproduktionsraten in ph•anomenologisch relevanter Weise ver•andern, was verdeutlicht, dass
h•ohere Ordnungen f•ur eine realistische Interpretation von Higgs-Selbstwechselwirkungen in er-
weiterten skalaren Sektoren unverzichtbar sind.

Die kosmologischen Implikationen des Modells werden anschlie�end mithilfe einer speziellen Im-
plementierung in BSMPT untersucht. Durch die Analyse des e�ektiven Potentials bei endlicher
Temperatur auf Ein-Schleifen-Niveau werden verschiedene thermische Entwicklungen untersucht
und Szenarien mit einem starken elektroschwachen Phasen•ubergang erster Ordnung identi-
�ziert. F•ur diese Szenarien werden die entsprechenden stochastischen Gravitationswellenspek-
tren berechnet, wobei besonderes Augenmerk auf ihre Nachweisbarkeit mit LISA gelegt wird. Die
Kombination dieser Resultate mit der Kollidersanalyse zeigt, dass Kollidersignaturen und Grav-
itationswellensignale tats•achlich komplement•are Sonden erweiterter Higgs-Sektoren darstellen.

Abschlie�end erweitert die Dissertation die Untersuchung von Higgs-Selbstwechselwirkungen auf
Zwei-Schleifen-Ordnung im CP-erhaltenden Zwei-Higgs-Dublett-Modell. Im Alignment-Limes
wird eine konsistente On-Shell-Behandlung des Parameters entwickelt, der Abweichungen vom
exakten Alignment kontrolliert, und die Zwei-Schleifen-Korrekturen der trilinearen Kopplun-
gen werden sowohl mit diagrammatischen Methoden als auch mithilfe des e�ektiven Poten-
tials berechnet. Insgesamt zeigt diese Dissertation, dass ein koh•arentes Verst•andnis erweiterter
Higgs-Sektoren die Kombination aus Kollierph•anomenologie, h•oheren Quantenkorrekturen, der
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Dynamik von Phasen•uberg•angen und Gravitationswellensignalen erfordert und dass ein solcher
Ansatz wesentlich ist, um verl•assliche Antworten auf o�ene Fragen der Teilchenphysik und Kos-
mologie zu liefern.
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Chapter 1

Introduction

>Ya me va a querer?

{ Abuela Maripaz

The discovery in 2012 of a scalar particle with a mass around 125 GeV by the ATLAS and
CMS collaborations [1{3] at the Large Hadron Collider (LHC) marked a turning point
in particle physics, establishing the Brout-Englert-Higgs (BEH) mechanism [4{8] as the
origin of electroweak symmetry breaking (EWSB) and completing the particle content
of the Standard Model (SM) [1{6]. Since then, increasingly precise measurements of the
properties of the observed Higgs boson have shown remarkable agreement with the SM
expectations. At present, the couplings of the 125 GeV Higgs boson to gauge bosons
and third-generation fermions are known with a precision at the level of roughly 10{20%,
and no conclusive evidence for additional scalar states has yet emerged. Nevertheless,
the present experimental accuracy still leaves substantial room for physics beyond the
Standard Model (BSM), in particular in the scalar sector, where sizeable deviations may
still be realised consistently with all current data [9{14].

In spite of its extraordinary phenomenological success, the Standard Model cannot be
regarded as a complete description of Nature. It does not explain several fundamental
observations, including the origin of the baryon asymmetry of the Universe (BAU) [15{23],
the nature of dark matter [24{27], the neutrino masses [28{34], or the hierarchy of phys-
ical scales. Among these open questions, the origin of the BAU is especially compelling
because it points directly towards new dynamics in the early Universe. A particularly
attractive framework is electroweak baryogenesis [16{23], in which the asymmetry is gen-
erated during the electroweak phase transition (EWPT) [16, 17, 21, 23]. For this mech-
anism to work, the three Sakharov conditions must be satis�ed, including a departure
from thermal equilibrium [15]. In electroweak baryogenesis, this requires the EWPT to
proceed as a strong �rst-order electroweak phase transition (SFOEWPT), during which
bubbles of the broken-symmetry phase nucleate and expand within the surrounding sym-
metric phase [35{42]. This highly violent event in the early Universe can also give rise
to a stochastic gravitational-wave (GW) background [43{48]. However, within the SM
for the measured Higgs-boson mass, the electroweak transition is known to be a smooth
crossover rather than �rst order, so that the SM fails to explain the BAU through this
mechanism [49].

1



2 Chapter 1. Introduction

This provides a strong motivation for considering theories with extended Higgs sectors.
Such models can modify the scalar potential both at zero and �nite temperature, open-
ing the possibility of a SFOEWPT and thereby o�ering a route towards electroweak
baryogenesis [21, 23, 35{42]. At the same time, extended scalar sectors can lead to rich
collider phenomenology through modi�ed Higgs couplings, additional scalar states, ad-
ditional scalar couplings, and non-trivial vacuum structures. They therefore provide a
particularly appealing and well motivated class of BSM theories in which collider physics,
early-Universe cosmology and GW signals become deeply intertwined. A central theme
of this thesis is precisely to explore this interplay.

An especially interesting window to the scalar potential is provided by the trilinear Higgs
couplings. In the SM, the trilinear self-coupling of the observed Higgs boson, �hhh , which
experimental determination is still loosely constrained. It directly probes the shape of
the Higgs potential away from the electroweak vacuum and is therefore closely related to
the dynamics of the EWPT [50{57]. It is customary to quantify deviations from its SM
prediction through the modi�er � � � � hhh =� SM;(0)

hhh , where � SM;(0)
hhh is the tree level SM

prediction for the coupling. Current direct limits from di-Higgs searches still allow broad
ranges for this quantity [9,10], and future improvements are expected at the HL-LHC and
at possible future lepton colliders [58{63]. In BSM scalar theories, not only �hhh but also
genuinely new trilinear couplings can appear, and measuring them would be essential for
reconstructing the scalar potential realised in Nature [55,59,64{69].

A remarkable feature of extended scalar sectors is that their trilinear couplings can receive
very large radiative corrections. This is particularly well known in scenarios with sizeable
di�erences between BSM mass scales, where so-called mass-splitting e�ects �rst arise at
loop level and can induce corrections to Higgs self-couplings of several hundred percent,
even in situations where other couplings of the observed Higgs boson remain close to
their SM values [70{91]. Explicit two-loop studies have furthermore shown that these
large BSM e�ects are compatible with perturbative convergence in the relevant parameter
regions [92{97]. The same mechanism can also generate large corrections to BSM trilinear
scalar couplings [98,99]. This makes higher-order calculations indispensable for a reliable
phenomenological interpretation of extended Higgs sectors.

Experimentally, the most direct access to the trilinear Higgs couplings is through Higgs-
pair production. At hadron colliders, the dominant channel is gluon fusion, gg ! hh,
while at high-energy e+ e� colliders the channels e+ e� ! Zhh and e + e� ! � ��hh become
available [60{62, 100{104]. In all these processes, the diagrams involving trilinear Higgs
couplings interfere with the other contributions, and the sign and size of this interference
can dramatically alter the total and di�erential cross sections. In the SM, the interference
is destructive in gg ! hh, resulting in a very small production rate. This also implies
that BSM deviations in the Higgs self-coupling can induce large changes in the di-Higgs
production cross section, making it a particularly sensitive probe of new scalar dynamics.
A central line of investigation of this thesis is to exploit this sensitivity in order to test
extended Higgs sectors at present and future colliders.

The simplest non-minimal scalar extension of the SM is obtained by adding a real singlet
�eld. In this thesis, particular emphasis is put on the most general real singlet extension of
the SM, denoted RxSM, in which no additional Z2 symmetry is imposed [105{111]. After
electroweak symmetry breaking, the model contains two physical CP-even Higgs bosons,
one of which is identi�ed with the observed 125 GeV state while the second, have assigned



3

to be heavier. The absence of a Z2 symmetry allows linear and cubic singlet interactions
and enlarges the parameter space compared to the symmetric variants of the model. These
additional degrees of freedom can have important consequences both for the shape of the
scalar potential and for the size of the trilinear scalar couplings. The RxSM without a
Z2 symmetry is known to be one of the most minimal Higgs-sector extensions capable of
realising a SFOEWPT, and the simplest one in which this may occur already through
a one-step transition [35]. Previous studies have shown that a �rst-order transition in
this setup favors relatively light extra Higgs states, below the TeV scale, which makes the
model particularly attractive from the point of view of collider searches [23,37,40,108,112].

The dynamics of the electroweak transition and the related phenomenology in singlet mod-
els, and in the RxSM in particular, have been studied intensively in the literature. The
occurrence of a �rst-order transition, the possible production of GW, and the associated
collider signatures have been analysed from di�erent perspectives [37,38,112{125]. Like-
wise, resonant and non-resonant di-Higgs phenomenology in the RxSM and related mod-
els have received growing attention at hadron, e+ e� , and muon colliders [108, 126{130].
However, a recurring lesson from these studies is that no single observable is su�cient
to cover the full parameter space of phenomenologically viable scenarios, especially once
thermal-history considerations are imposed.

This thesis is devoted to a systematic exploration of these questions, with particular em-
phasis on the interplay between collider observables, radiative corrections, and the thermal
history of the scalar potential. The �rst part of the thesis reviews the current status of
particle physics and the main shortcomings of the SM, and introduces the cosmological
framework needed to discuss the thermal history of the Universe, the BAU, electroweak
phase transitions, and the generation of stochastic GW backgrounds. This is followed by
an introduction to the extended Higgs sectors that constitute the main theoretical frame-
work of this work: the general real singlet extension of the SM and the CP-conserving
Two-Higgs-Doublet Model (2HDM) [131{135]. Particular attention is paid to the role of
loop corrections and to the methods used to compute them, both in the e�ective-potential
and in the diagrammatic approach.

The central phenomenological part of the thesis begins in Chapter 5 with an analysis of
di-Higgs production in the RxSM at the HL-LHC and at a future 1 TeV e + e� collider.
The focus there is on the sensitivity to the BSM trilinear coupling � hhH through resonant
heavy-Higgs exchange, and on the impact of including the full set of contributing diagrams
rather than relying on simpli�ed resonant approximations [108,136{140]. The aim of this
chapter is to assess the importance of computing the full di-Higgs production cross section
in a simple BSM scenario, rather than considering only the resonant contribution, as is
commonly done in phenomenological studies of such models. A further objective is to
understand how this approximation may a�ect the extraction of a possible BSM trilinear
scalar coupling.

As discussed above, trilinear scalar couplings can receive sizeable radiative corrections
in BSM models with extended scalar sectors, and these corrections can in turn have an
important impact on di-Higgs production cross sections. Chapter 6 presents a detailed
one-loop analysis of the trilinear scalar couplings in the RxSM. For this purpose, a fully
on-shell renormalisation scheme is constructed for the model for the �rst time, allowing
renormalisation-scale independent predictions for the loop-corrected couplings relevant
to di-Higgs production. These couplings are then used to evaluate the impact of one-
loop BSM e�ects on Higgs-pair production at the HL-LHC and at high-energy e+ e�
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colliders [89, 99, 141, 142]. The goal of this chapter is thus to determine how large the
impact of the one-loop corrections to the trilinear scalar couplings can be on di-Higgs
production cross sections in a simple BSM model.

All the e�orts devoted in this thesis to investigating precise experimental features of BSM
models are ultimately motivated by the goal of addressing the BAU problem through the
identi�cation of experimental signatures of scenarios capable of realising a SFOEWPT.
Chapter 7 therefore explores the thermal history of a simple BSM model such as the
RxSM, with the aim of understanding the di�erent cosmological scenarios that may arise
within the model. Using a dedicated implementation of the model into the public code
BSMPTv3 [83,85,91], the one-loop �nite-temperature e�ective potential is studied in order
to classify the di�erent thermal histories of the model and to identify scenarios with a
SFOEWPT. The associated stochastic GW spectra and signal-to-noise ratios at future
space-based interferometers, in particular LISA [48,143{145], are then evaluated. One of
the main objectives of this part of the thesis is to study, for the �rst time in the RxSM,
the GW signal from the phase transition simultaneously with the collider signatures at
the HL-LHC and at future e + e� colliders, using in the collider analysis the full di-Higgs
cross sections and including the relevant one-loop corrections to the trilinear scalar cou-
plings. This makes it possible to assess, in a uni�ed way, the complementarity between
cosmological and collider probes of the model.

Finally, the thesis pushes the study of extended Higgs sectors one step further in per-
turbative precision by considering two-loop corrections in the 2HDM. In that part, the
trilinear couplings � hhh and � hhH are studied in the alignment limit, with particular em-
phasis on the consistent renormalisation of the parameter controlling the departure from
exact alignment. A correct on-shell treatment of this issue is developed, and the two-loop
corrections are computed simultaneously using both the diagrammatic and the e�ective-
potential approaches, providing a non-trivial cross-check of the calculation. Their impact
on di-Higgs production at the HL-LHC is then investigated. This �nal step places the
phenomenological study of extended Higgs sectors in a broader precision context and il-
lustrates how the program developed throughout the thesis can be extended to yet higher
perturbative orders.

Overall, the purpose of this thesis is to investigate how BSM models with extended Higgs
sectors can address open questions in particle physics and cosmology, and how they can
be tested through a combination of collider and early-Universe observables. The emphasis
is placed on the scalar potential as the common origin of these phenomena: it determines
Higgs self-interactions, shapes di-Higgs production rates and distributions, governs the
dynamics of the electroweak phase transition, and controls the production of cosmological
relics such as GW. By combining tree-level analyses, one-loop and two-loop calculations,
collider phenomenology, and �nite-temperature �eld theory, this thesis aims to provide a
coherent and quantitative picture of how the Higgs sector may o�er clues towards physics
beyond the SM.



Chapter 2

State of the art of Particle Physics

Nunca digas nunca jam�as.

{ Aita

Particle physics aims to explain and understand the smaller bricks of our universe and
their behaviour using a framework that allows us to make precise predictions of di�erent
phenomena in nature. To do so it identi�es the fundamental degrees of freedom of nature
and the principles governing their interactions, from laboratory energies up to the condi-
tions of the early Universe. Over the past decades this programme has converged into a
remarkably successful theoretical framework: the Standard Model (SM), a renormalisable
quantum �eld theory based on local gauge symmetries. The SM provides a uni�ed de-
scription of strong, weak, and electromagnetic interactions and has been tested with high
precision across a wide range of experiments, culminating in the discovery of the Higgs
boson in 2012.

Despite this success, the SM is still incomplete. For example it does not explain the
origin of the electroweak scale, the nature of dark matter, the observed matter{antimatter
asymmetry, or the pattern of fermion masses and mixings, and it does not incorporate
quantum gravity. These shortcomings motivate the exploration of physics beyond the SM,
often through extensions of the Higgs sector. Such extensions are particularly compelling
because they can simultaneously modify collider observables and alter the thermal history
of the Universe, potentially enabling a strongly �rst-order electroweak phase transition
and an observable stochastic gravitational-wave background.

This chapter provides the necessary context for the rest of the thesis. We begin with a
concise review of the theoretical foundations of the SM, emphasising the gauge principle,
the path-integral formulation, and the role of renormalisation. We then summarise the
structure of QCD and the electroweak theory, and discuss electroweak symmetry break-
ing via the Higgs mechanism. Having established the SM framework, we highlight its
main phenomenological and conceptual limitations, focusing on the open problems most
relevant to the themes of this thesis. Finally, we review the current experimental sta-
tus of Higgs physics at the LHC and outline the prospects for future measurements that
motivate the study of extended scalar sectors pursued in the subsequent chapters.1

1A large part of this chapter is based on the book [146] and on personal notes from QFT and advanced
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2.1 The Standard Model

The Standard Model of particle physics is the result of many years of theoretical and
experimental e�orts and successes in understanding the fundamental building blocks of
matter and how they interact. Its origin was in the pursuit of a consistent theory able to
unify special relativity and the quantum theory representing the nature of our universe.

The �rst major breakthrough in this direction were the works of the late 1940s on quantum
electrodynamics (QED). A local U(1) gauge theory which describes electromagnetic in-
teractions with really high precision. The renormalizability and predictive power of QED
established gauge symmetry as a powerful tool to organize fundamental �eld-theoretic
models.

By the 1950s and 1960s, key experimental features of the weak interaction|such as parity
violation in beta decay and the existence of the neutrino|had been established, and the
e�ective V �A description was in place. A fully uni�ed and renormalisable framework,
however, had to wait for the electroweak theory of Glashow, Weinberg, and Salam, which
predicts the W � and Z mediators. They demonstrated that the electromagnetic and the
weak interactions could be uni�ed into a common gauge theory, which symmetry group
was SU(2)L � U(1) Y . Yet this uni�cation was not complete: gauge invariance implies
no explicit mass terms for the weak gauge bosons, which contradicted the masses of the
these bosons from an experimental viewpoint.

This problem was solved by the BEH mechanism, developed independently in 1964 [4{8].
The Higgs mechanism allows to give mass to gauge bosons by applying a spontaneous
symmetry breaking to a gauge theory with scalar �elds. This also explains the fermion
mass generation via Yukawa interactions and therefore completing theoretically the elec-
troweak sector.

At the same time, the strong interaction was being understood thanks to the development
of quantum chromodynamics (QCD), a non-Abelian gauge theory, which symmetry group
is the SU(3)C . The discovery of asymptotic freedom and the gluon discovered at DESY in
1979, predicted by QCD, gave it the status of the correct theory for the strong interactions,
explaining the con�nement of quarks at low energies with their behaviour as nearly free
particles at high energies.

By the mid 70's these various results conclude into a uni�ed theoretical picture for strong,
weak and electromagnetic interactions, what is known today as the Standard Model. In
subsequent decades its predictions have been con�rmed with great accuracy, including
the discoveries of the W and Z bosons, the top quark, and most recently, the Higgs boson
in 2012.

Despite its extraordinary success, the Standard Model is known to be an e�ective theory
valid up to a certain energy scale. It still leaves fundamental questions without an answer,
including the origin of the electroweak scale, the nature of dark matter, and the mechanism
responsible for the matter{antimatter asymmetry of the Universe. These open problems
motivate the study of physics beyond the Standard Model.

QFT courses at the Instituto de F��sica Te�orica de Madrid (IFT).
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2.1.1 Quantum Field Theory and the Path Integral Formalism

A theoretical formulation of the Standard Model as a consistent quantum �eld theory
requires a quantization procedure capable of handling relativistic �elds, internal symme-
tries, and gauge redundancies in a systematic way. In quantum �eld theory, physical
models are organized in terms of a Lagrangian density, which encodes the particle con-
tent, the interactions, and symmetries of the theory. The reason for using a Lagrangian
formulation is that, in practical calculations, quantum �eld theory is most naturally for-
mulated within the path integral approach. In this framework, the Lagrangian serves as
the fundamental building block from which all quantum information of the theory can be
extracted through the generating functional.

In the path integral formulation of quantum �eld theory, quantum amplitudes are ob-
tained by summing over all possible �eld con�gurations connecting given initial and �-
nal states and each con�guration is weighted by the exponential of the classical action.
Schematically, the transition amplitude between two �eld con�gurations can be written
as

A �
Z

D� i exp(iS[� i ]) ; (2.1)

where S[� i ] =
R

d4x L(� i ) represents the classical action and the functional integration
runs over all �eld con�gurations consistent with the boundary conditions and D� i denotes
the functional integration measure, that is, the integration over all �eld con�gurations
� i (x) consistent with the prescribed boundary conditions. This formulation provides a
direct link between the classical dynamics represented by the Lagrangian and the quantum
theory.

In practice, it is convenient to introduce external sources in order to systematically extract
physical information from the theory. For a generic set of �elds f� i g, this is achieved by
de�ning the generating functional

Z[J] =
Z

D� i exp
�
i
Z

d4x (L(� i ) + J i (x) � i (x))
�

; (2.2)

where Ji (x) are classical source �elds coupled to the quantum �elds. The generating
functional encodes the full quantum dynamics of the theory and serves as the central
object from which all correlation functions can be derived. Correlation functions, also
known as Green's functions, describe the quantum correlations between �eld excitations
at di�erent spacetime points and constitute the basic building blocks of perturbative
quantum �eld theory. They are obtained by functional di�erentiation of Z[J] with respect
to the sources,

h0jT f� i 1 (x 1) � � � � i n (x n )gj0i =
1

Z[0]
� nZ[J]

i n �J i 1 (x 1) � � � �J i n (x n )

�
�
�
�
J=0

; (2.3)

where T denotes time ordering. The time-ordering prescription ensures a causal de-
scription of quantum propagation by arranging �eld operators according to their time
coordinates, with later times appearing to the left. This is essential for consistency with
relativistic causality and for establishing the connection between Green's functions and
physically measurable quantities.

The path integral formulation is especially well suited for gauge theories. In the presence
of a local gauge symmetry, the naive functional integral overcounts physically equivalent
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�eld con�gurations related by gauge transformations. This redundancy must be properly
removed in order to de�ne the quantum theory consistently, a procedure that will be
discussed in the following in the context of gauge �xing and ghost �elds. The standard
procedure to address this issue is gauge �xing, implemented through the Faddeev{Popov
method. By inserting a suitable identity into the path integral, one introduces a gauge-
�xing condition together with additional ghost �elds that compensate for the Jacobian
arising from the change of variables. These ghost �elds are unphysical but play a crucial
role in preserving unitarity and gauge invariance at the quantum level.

Beyond tree level, the path integral formalism provides the natural framework for com-
puting loop corrections, renormalization group e�ects, and e�ective actions. In particular,
the e�ective potential, obtained by integrating out quantum 
uctuations around a back-
ground �eld con�guration, plays a central role in the study of symmetry breaking and
phase transitions. At �nite temperature, the extension of the path integral to imaginary
time allows for a uni�ed description of thermal e�ects in quantum �eld theory.

For these reasons, the path integral formalism underlies the theoretical tools employed
throughout this thesis, from the description of gauge theories in the Standard Model
to the analysis of extended scalar sectors and electroweak phase transitions beyond it.
Having established this formal framework and the technical language of quantum �eld
theory, we can now proceed to identify and discuss the fundamental building blocks of
the Standard Model, namely its gauge structure, �eld content, and symmetry-breaking
mechanism.

2.1.2 QCD

Quantum Chromodynamics (QCD) is the quantum �eld theory describing the strong
interaction, one of the four fundamental interactions of nature. It governs the dynamics
of quarks and gluons and is formulated as a non-Abelian gauge theory based on the
local symmetry group SU(3)C . Together with the electroweak theory, QCD forms the
theoretical foundation of the Standard Model of particle physics.

Gauge structure and �eld content

The fundamental degrees of freedom of QCD consist of quark �elds, which transform
under the fundamental representation of the color gauge group SU(3)C , and gluon �elds,
which transform under the adjoint representation. The local gauge invariance uniquely
�xes the interaction structure of the theory.

The QCD Lagrangian is given by

L QCD = �
1
4

Ga
�� Ga �� +

X

f

�q f (i
 � D � � m f ) qf ; (2.4)

where the sum runs over all quark 
avors f , m f denotes the quark masses, and the gluon
�eld strength tensor is de�ned as

Ga
�� = @� Ga

� � @� Ga
� + g sf abcGb

� Gc
� : (2.5)

Here, gs is the strong coupling constant and fabc are the structure constants of the SU(3)C
algebra. The covariant derivative acting on quark �elds reads

D � = @� � ig sTaGa
� ; (2.6)
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with T a the generators of the fundamental representation.

A characteristic feature of QCD, in contrast to Abelian gauge theories such as quantum
electrodynamics, is the presence of gluon self-interactions. These arise directly from
the non-Abelian gauge structure and play a central role in determining the qualitative
behavior of the theory.

Renormalization and asymptotic freedom

The renormalization properties of QCD reveal one of its most remarkable features: asymp-
totic freedom. The running of the strong coupling constant is governed by the renormal-
ization group equation

�
dgs

d�
= �(g s) ; (2.7)

where, at one-loop order, the beta function is given by

�(g s) = �
g3

s

16� 2

�
11 �

2
3

nf

�
; (2.8)

with n f denoting the number of active quark 
avors. The negative sign of the beta
function implies that the strong coupling decreases at high energies, rendering the theory
weakly coupled in the ultraviolet regime.

The discovery of asymptotic freedom provided a crucial theoretical justi�cation for the
parton model and established QCD as the correct description of strong interactions at
high energies [147, 148]. It also allows for precise perturbative predictions in processes
involving large momentum transfers, such as those probed at modern collider experiments.

Infrared dynamics and con�nement

In the infrared regime, the running coupling becomes large and perturbation theory ceases
to be applicable. This strongly coupled regime is associated with the phenomenon of color
con�nement, according to which colored states such as quarks and gluons do not appear
as free asymptotic particles. Instead, only color-singlet bound states, known as hadrons,
are observed experimentally.

While con�nement is a well-established empirical fact, a complete analytic derivation
from �rst principles remains an open problem. Non-perturbative methods, including
lattice gauge theory, have provided compelling numerical evidence for con�nement and
have enabled quantitative studies of hadronic properties. From a theoretical standpoint,
con�nement highlights the intrinsically non-perturbative nature of QCD at low energies
and represents one of the most profound challenges in quantum �eld theory.

Role of QCD within the Standard Model

Within the Standard Model, QCD is responsible for the dominant contributions to hadron-
collider observables and provides the theoretical framework for understanding strong-
interaction backgrounds. While it does not directly participate in electroweak symmetry
breaking, QCD e�ects enter precision predictions through radiative corrections and signif-
icantly impact the interpretation of experimental data. Moreover, in the limit of vanishing
quark masses the QCD Lagrangian exhibits an approximate chiral symmetry, under which
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explicit fermion mass terms are forbidden; in the Standard Model such masses arise in-
stead from Yukawa interactions after electroweak symmetry breaking.

In the context of physics beyond the Standard Model without new particles with colour
charge, QCD remains unmodi�ed at the energy scales relevant for electroweak symmetry
breaking. Consequently, extensions of the scalar sector primarily a�ect the electroweak
interactions, while the strong sector serves as a robust and well-tested component of the
theoretical framework. For this reason, the following sections will focus on the electroweak
theory and the Higgs mechanism, which are central to the models and phenomena inves-
tigated in this thesis.

2.1.3 Electroweak Sector

The electroweak sector of the Standard Model provides a uni�ed quantum �eld theoretical
description of electromagnetic and weak interactions. This uni�cation is realized through
a non-Abelian gauge theory based on the local symmetry group

SU(2)L � U(1) Y ; (2.9)

and constitutes one of the central conceptual achievements of modern particle physics.
The electroweak theory successfully explains a wide range of phenomena, from beta decay
to precision collider observables, and its structure is deeply intertwined with the mecha-
nism of spontaneous symmetry breaking.

Gauge structure and �eld content

The gauge sector of the electroweak theory consists of four gauge �elds: three SU(2)L

gauge bosons Wa
� (a = 1; 2; 3) associated with the weak isospin symmetry, and one U(1)Y

gauge boson B� corresponding to weak hypercharge. The dynamics of these �elds are
governed by the �eld strength tensors

W a
�� = @� W a

� � @� W a
� + g � abcW b

� W c
� ; (2.10)

B �� = @� B � � @� B � ; (2.11)

where g and g0 denote the SU(2)L and U(1)Y gauge couplings, respectively.

The pure gauge part of the electroweak Lagrangian is given by

L gauge
EW = �

1
4

W a
�� W a �� �

1
4

B �� B �� : (2.12)

Fermions are assigned to representations of the gauge group according to their chirality.
Left-handed fermions transform as doublets under SU(2)L , while right-handed fermions
are singlets. For example, the leptonic �elds are arranged as

L L =
�

� L

`L

�
; `R ; (2.13)

with analogous assignments for quarks. This chiral structure leads to maximal parity
violation in weak interactions, a de�ning experimental signature of the electroweak force.

Gauge invariance uniquely �xes the interaction structure through the covariant derivative

D � = @� � ig
� a

2
W a

� � ig 0Y
2

B � ; (2.14)

where � a are the Pauli matrices and Y denotes the weak hypercharge.
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Renormalization and theoretical consistency

A crucial requirement for the viability of any quantum �eld theory is renormalizability. In
the electroweak theory, explicit mass terms for gauge bosons would violate gauge invari-
ance and spoil renormalizability. The introduction of spontaneous symmetry breaking
via the Higgs mechanism allows gauge bosons to acquire masses while preserving the
renormalizable structure of the theory.

The proof of renormalizability of spontaneously broken non-Abelian gauge theories, estab-
lished by 't Hooft and Veltman, represented a major theoretical breakthrough and �rmly
established the electroweak theory as a consistent quantum �eld theory [149]. Gauge �x-
ing and the introduction of Faddeev{Popov ghost �elds [150] are essential ingredients in
this construction and ensure the unitarity and gauge independence of physical observables.

Infrared behavior and symmetry breaking

In contrast to QCD, the electroweak theory does not exhibit con�nement. Instead, its
infrared behavior is dominated by spontaneous symmetry breaking, which generates a
mass gap for the weak gauge bosons. The breaking of

SU(2)L � U(1) Y �! U(1) em (2.15)

leads to the emergence of massive W� and Z bosons, while the photon remains massless.

The presence of massive gauge bosons suppresses infrared divergences and allows for a
well-de�ned perturbative expansion at energies above the electroweak scale. At energies
well below the weak scale, the heavy gauge bosons can be integrated out, yielding e�ective
four-fermion interactions such as those originally described by Fermi theory.

Charged and neutral currents

The electroweak theory predicts both charged-current and neutral-current interactions.
Charged currents are mediated by the W� bosons and induce transitions between mem-
bers of the same SU(2)L doublet. Neutral currents, mediated by the Z boson, were a
striking prediction of the electroweak theory and their experimental discovery in the 1970s
provided decisive con�rmation of the uni�ed framework.

The precise structure of these interactions is �xed by the gauge symmetry and has been
tested with high precision at collider and low-energy experiments, forming one of the
strongest empirical pillars of the Standard Model.

Role of the electroweak sector within the Standard Model

Within the Standard Model, the electroweak sector plays a central role in connecting the
gauge structure to the mechanism of mass generation. While QCD governs the strong
dynamics of quarks and gluons, electroweak interactions �x the chiral structure of the
fermions and their gauge couplings, and they determine how fermion masses arise through
Yukawa interactions once electroweak symmetry is broken. In theories beyond the Stan-
dard Model, the details of this connection can be altered, depending on the choice of
�eld content and symmetry structure (for instance through extended scalar sectors, ad-
ditional gauge symmetries, or vector-like fermions), even though the low-energy theory
must reproduce the observed electroweak phenomenology.
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Moreover, the electroweak sector provides the theoretical framework in which extensions
of the scalar sector are naturally embedded. Modi�cations of electroweak symmetry-
breaking dynamics, such as those studied in singlet extensions or multi-Higgs-doublet
models, can a�ect electroweak precision observables and play a crucial role in the phe-
nomenology explored in this thesis.

2.1.4 Higgs Sector and Electroweak Symmetry Breaking

The BEH sector provides the mechanism by which the electroweak gauge symmetry is
spontaneously broken, generating masses for gauge bosons and fermions while preserv-
ing gauge invariance and renormalizability. The central idea is that the Lagrangian is
fully symmetric under SU(2)L � U(1) Y , but the ground state (vacuum) is not. This phe-
nomenon, known as spontaneous symmetry breaking (SSB), was developed in the context
of gauge theories in the 1960s [4{6,8] and forms a cornerstone of the Standard Model.

Scalar �eld content and Higgs potential

The Standard Model contains one complex scalar doublet transforming under SU(2)L

with hypercharge Y� = 1,

�(x) =
�

� + (x)
� 0(x)

�
; � � (2; 1) : (2.16)

The most general renormalizable, gauge-invariant scalar potential is

V (�) = �� 2 � y� + � (� y�) 2 ; � > 0 ; (2.17)

with real parameters � 2 and �. The sign choice � 2 > 0 triggers a non-trivial vacuum
structure: the potential is minimized for �eld con�gurations satisfying

� y� =
� 2

2�
�

v2

2
: (2.18)

The parameter v is identi�ed with the electroweak vacuum expectation value (vev), �xed
experimentally through the Fermi constant (GF ), v ' 246 GeV.

Spontaneous symmetry breaking and vacuum choice

The set of minima of V (�) forms a continuous manifold related by gauge transformations.
Choosing one speci�c vacuum corresponds to selecting a gauge orbit representative, and
does not imply that the underlying gauge symmetry is explicitly broken. A convenient
choice is

h�i =
1

p
2

�
0
v

�
: (2.19)

This vacuum breaks the electroweak gauge group as

SU(2)L � U(1) Y �! U(1) em ; (2.20)

leaving the electromagnetic subgroup unbroken. In other words, the vacuum is invariant
under the generator of electric charge Q = T3 + Y=2, while it is not invariant under the
remaining three broken generators.
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It is important to emphasize the distinction between global and gauge SSB. For a global
continuous symmetry, Goldstone's theorem implies the presence of massless physical
scalars. In a gauge theory, the would-be Goldstone modes are gauge artifacts: they can be
removed by a gauge transformation, and their degrees of freedom reappear as longitudinal
polarizations of massive gauge bosons. This is the essence of the Higgs mechanism [4{6,8].

Spectrum after symmetry breaking: degrees of freedom

Before symmetry breaking, the scalar doublet contains four real degrees of freedom. Ex-
panding around the vacuum,

�(x) =
1

p
2

�
� + (x)

v + h(x) + i� 0(x)

�
; (2.21)

we identify one real scalar �eld h (the physical Higgs boson) and three real �elds �� ; � 0

corresponding to would-be Goldstone modes.

The gauge kinetic term (D� �) y(D � �) generates mass terms for the gauge bosons once �
acquires a vev. De�ning the charged �elds

W �
� =

1
p

2

�
W 1

� � iW 2
�

�
; (2.22)

and the neutral mass eigenstates

�
Z �

A �

�
=

�
cos �W � sin � W

sin � W cos �W

� �
W 3

�
B �

�
; tan � W =

g0

g
; (2.23)

one obtains the tree-level gauge boson masses

mW =
1
2

gv; mZ =
1
2

p
g2 + g 02v; mA = 0: (2.24)

The Higgs boson mass follows from the curvature of the potential at the minimum,

m2
h = 2�v 2 : (2.25)

The degrees-of-freedom counting provides an intuitive picture. Before SSB, we have:

ˆ 4 scalar d.o.f. from �,

ˆ 4 gauge bosons, each with 2 transverse polarizations ) 8 gauge d.o.f.

After SSB:

ˆ 1 physical scalar (h),

ˆ W � and Z become massive and each acquire a longitudinal mode (3 polarizations),

ˆ the photon remains massless (2 polarizations).

The three Goldstone d.o.f. are precisely \eaten" to provide the longitudinal polarizations
of W � and Z.
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Yukawa interactions and fermion masses

Gauge invariance also allows Yukawa interactions between � and fermions, schematically

L Y = �y d �QL � d R � y u �QL ~� u R � y ` �L L � ` R + h:c:; ~� = i� 2� � : (2.26)

After SSB, these interactions generate fermion masses mf = y f v=
p

2 and predict Higgs-
fermion couplings proportional to the fermion masses. This structure explains why
fermion masses are not arbitrary parameters in the Lagrangian but arise from gauge-
invariant interactions with the Higgs �eld.

Gauge �xing and R � gauges

Beyond tree level, quantization requires �xing the gauge to remove redundancies from
gauge-equivalent �eld con�gurations. After SSB, the kinetic term (D � �) y(D � �) contains
mixing terms between gauge bosons and Goldstone �elds, e.g. of the form mW W� @� �,
which complicates perturbation theory. A convenient and widely used class of renormal-
izable gauges is provided by the R� gauge-�xing functions,

F � = @� W �
� � i� W mW � � ; (2.27)

F Z = @� Z � � � Z mZ � 0 ; (2.28)

F A = @� A � ; (2.29)

leading to the gauge-�xing Lagrangian

L GF = �
1

� W
F + F � �

1
2� Z

(F Z )2 �
1

2� A
(F A )2: (2.30)

This choice cancels gauge{Goldstone mixing and yields propagators suitable for loop
calculations. In R� gauges, the Goldstone �elds acquire gauge-dependent masses,

m2
� � = � W m2

W ; m2
� 0 = � Z m2

Z : (2.31)

Although unphysical, these masses are essential for maintaining a renormalizable pertur-
bative expansion.

Faddeev{Popov ghosts and their role

Gauge �xing introduces an overcounting of gauge-equivalent �eld con�gurations in the
path integral. The Faddeev{Popov procedure [150] resolves this by introducing ghost
�elds c and �c. Ghosts are Lorentz scalars but obey fermionic (Grassmann) statistics and
therefore cannot appear as external physical states.

In a broken gauge theory, ghosts couple not only to the gauge �elds but also to the scalar
sector, and in R� gauges they acquire gauge-dependent masses analogous to the Goldstone
masses,

m2
cW

= � W m2
W ; m2

cZ
= � Z m2

Z : (2.32)

While ghosts do not correspond to observable particles, they are indispensable: they en-
sure the cancellation of unphysical polarization contributions and guarantee the gauge
independence and unitarity of physical S-matrix elements. This structure is a key ingre-
dient in the proof of renormalizability of the electroweak theory [149].
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2.2 Limitations of the Standard Model

Despite its remarkable success in describing a vast range of experimental data, the Stan-
dard Model (SM) is widely regarded as an incomplete theory. While it provides a con-
sistent and predictive quantum �eld theoretical framework for strong, weak and electro-
magnetic interactions, it fails to address several fundamental questions concerning the
structure of matter, the origin of mass scales, and the evolution of the early Universe.
These shortcomings strongly motivate the existence of new physics beyond the Standard
Model (BSM).

In this section we discuss the main theoretical and phenomenological limitations of the SM
and highlight the open problems that are particularly relevant for extensions of the scalar
sector, electroweak phase transition dynamics, and gravitational-wave phenomenology.

Dark matter

A wealth of astrophysical and cosmological observations provides compelling evidence for
the existence of dark matter (DM), which constitutes approximately 25% of the energy
density of the Universe [151]. These observations include galactic rotation curves [152],
gravitational lensing [153], large-scale structure formation, and precise measurements of
the cosmic microwave background [151].

The Standard Model, however, does not contain a viable dark matter candidate. While
neutrinos are electrically neutral and weakly interacting, their small masses render them
relativistic at the time of structure formation, excluding them as the dominant component
of cold dark matter [154].

This strongly motivates the existence of new stable or long-lived particles beyond the
SM. Many BSM scenarios introduce dark matter candidates whose stability is ensured by
discrete symmetries. In particular, scalar extensions of the Higgs sector often naturally
accommodate dark matter candidates, for example through singlet scalars stabilised by a
Z2 symmetry [155, 156]. These scenarios tightly connect dark matter phenomenology to
electroweak symmetry breaking and Higgs physics.

Baryon asymmetry of the Universe

One of the most striking failures of the Standard Model is its inability to explain the
observed matter{antimatter asymmetry of the Universe. The baryon asymmetry is con-
ventionally expressed in terms of the baryon-to-photon ratio,

� B =
nB � n �B

n

' 6 � 10 �10 ; (2.33)

as inferred from Big Bang nucleosynthesis and cosmic microwave background measure-
ments [151,157].

Any successful explanation of this asymmetry must be a dynamical mechanism it can
not be an initial condition of the universe. And to do so any possible explanation must
satisfy the Sakharov conditions: baryon number violation, C and CP violation, and a
departure from thermal equilibrium [15]. While the SM contains baryon number violating
sphaleron processes [158] and CP violation through the CKM matrix, these ingredients
are insu�cient in practice [159, 160]. In particular, the electroweak phase transition in
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the SM is a smooth crossover for mh ' 125 GeV [49, 161], preventing the necessary
out-of-equilibrium dynamics at the time of the EWPT.

Electroweak baryogenesis provides an appealing framework in which the baryon asym-
metry is generated at the electroweak scale [16, 17, 21]. However, its realisation requires
a strongly �rst-order electroweak phase transition, sources of C violation and additional
sources of CP violation, both of which necessitate physics beyond the SM. Extensions of
the scalar sector can modify the �nite-temperature e�ective potential, render the phase
transition �rst order, and thereby play a crucial role in addressing the baryon asymmetry
problem [19,37].

Neutrino masses and 
avor structure

Neutrino oscillation experiments have conclusively demonstrated that neutrinos possess
non-zero masses and mix between 
avour eigenstates [162,163]. In the Standard Model,
neutrinos are exactly massless, as no neutrino mass term is present in the Lagrangian.

The simplest extension involves higher-dimensional operators, such as the Weinberg op-
erator [164],

L 5 =
c��

�
( �L c

�
~� � )( ~� yL � ) + h:c:; (2.34)

which generates Majorana masses after electroweak symmetry breaking. The origin of
this operator and the scale � point towards new degrees of freedom and potentially high-
energy dynamics, such as seesaw mechanisms [28{31].

More broadly, the 
avour structure of the SM remains unexplained. The theory contains
three generations of fermions with hierarchical masses and mixing angles spanning many
orders of magnitude. Understanding the origin of this structure constitutes one of the
major open problems in particle physics.

The strong CP problem

The QCD Lagrangian allows for a CP-violating term proportional to

L � = �
g2

s

32� 2 Ga
��

~Ga �� : (2.35)

However, the parameter � appearing in the Lagrangian is not itself directly physical, since
chiral rephasings of the quark �elds shift � and simultaneously a�ect the phase of the quark
mass matrix. The observable CP-violating parameter is the invariant combination

�� = � + arg det M q ; (2.36)

where Mq denotes the quark mass matrix. Experimental bounds on the neutron electric
dipole moment require this e�ective parameter to be extremely small, �� . 10 �10 [165,166].
The absence of a natural explanation for why �� is so tiny constitutes the strong CP
problem [167].

Proposed solutions typically involve extending the SM, most notably through the Peccei{
Quinn mechanism [168, 169], which predicts the existence of a light pseudoscalar ax-
ion [170, 171]. Axions are also well-motivated dark matter candidates, illustrating how
di�erent open problems of the SM may be interconnected [172{174].
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Gravity and the ultraviolet completion of the Standard Model

The Standard Model does not include gravity, and its quantisation within the frame-
work of perturbative quantum �eld theory is not possible in a renormalisable way. At
energies approaching the Planck scale, gravitational interactions are expected to become
important, requiring a more fundamental ultraviolet completion.

Moreover, the observed value of the cosmological constant is many orders of magnitude
smaller than naive quantum �eld theory estimates, posing an extreme naturalness prob-
lem. While this issue extends beyond particle physics, it highlights the limitations of the
SM as a complete description of nature [175].

Vacuum stability and the structure of the Higgs potential

Another fundamental question concerns the stability of the electroweak vacuum. Renor-
malisation group analyses of the SM reveal that the Higgs quartic coupling �(�) decreases
with increasing energy scale and may turn negative at scales far above the electroweak
scale, depending sensitively on the values of the Higgs and top masses [176,177].

If �(�) becomes negative, the e�ective Higgs potential develops a deeper minimum at
large �eld values, implying that the electroweak vacuum is only metastable [177, 178].
Current data suggest that the SM lies close to the boundary between absolute stability
and metastability [177]. Although a metastable vacuum is phenomenologically acceptable
if its lifetime exceeds the age of the Universe, the proximity to instability is theoretically
intriguing [176].

This behaviour suggests that additional degrees of freedom may modify the running of
� and stabilise the Higgs potential at high energies. Scalar extensions of the SM are
particularly e�ective in this regard, as additional bosonic states can contribute positively
to the beta function of �, thereby altering the vacuum structure. As a result, vacuum
stability considerations provide strong motivation for extending the Higgs sector [179,180].

The hierarchy problem and the stability of the electroweak scale

A central conceptual issue of the SM is the apparent instability of the electroweak scale
under radiative corrections. The Higgs mass parameter �2 in the scalar potential receives
quantum corrections that are sensitive to the ultraviolet (UV) completion of the theory.
Schematically, at one loop one �nds contributions of the form

�m 2
h �

1
16� 2

�
6� +

9
4

g2 +
3
4

g02� 6y 2
t

�
� 2 + � � � ; (2.37)

where � denotes a UV cuto�, � is the quartic Higgs self-coupling, and y t the top Yukawa
coupling [181]. If the SM is assumed to remain valid up to very high scales (e.g. a
grand-uni�ed or Planck scale), the physical Higgs mass requires an enormous cancellation
between the bare parameter and the radiative corrections. This tension is commonly
referred to as the hierarchy problem or naturalness problem [182].

While naturalness is not an experimental inconsistency, it strongly motivates scenarios
that protect the Higgs mass parameter from large corrections (e.g. supersymmetry, com-
positeness, extra dimensions), as well as more minimal extensions of the scalar sector in
which the electroweak scale can be stabilised or its origin can be dynamically connected
to other phenomena.
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2.3 Experimental Status

High-energy collider experiments play a central role in testing the SM and in understand-
ing how to solve the limitations of the SM. By comparing precise theoretical predictions
with experimental measurements, colliders allow us to study the SM over a wide range
of energy scales and to search for deviations that may point to new physics beyond the
SM. In this context, the absence of signi�cant discrepancies is also highly informative,
as it constrains viable extensions of the SM and guides us in the construction of consis-
tent BSM scenarios. In this section, we review the current experimental status of these
searches, focusing on the latest collider measurements related to the Higgs sector. Before
speaking about the measurements, we have to introduce the most powerful collider that
exists until today and the one that has given the most accurate measurements of the
Higgs sector, the LHC.

2.3.1 The Large Hadron Collider

The Large Hadron Collider (LHC) at CERN is currently the most powerful particle accel-
erator in operation and constitutes the primary experimental facility for testing the SM
at the highest available energies. It is a proton{proton collider with a design center-of-
mass energy of

p
s = 14 TeV, it has operated in several runs with increasing luminosity

and energy since its �rst collisions in 2010. The LHC has done precision measurements
of SM processes as well as direct searches for BSM physics, and between them the most
important achievement is the discovery of the Higgs boson in 2012 by the ATLAS and
CMS collaborations simultaneously.

The LHC hosts several experiments, among which ATLAS and CMS are the two general-
purpose detectors designed to explore a broad range of physics topics, including Higgs
physics, electroweak measurements, top-quark physics, and searches for BSM physics.
Despite employing di�erent detector technologies and design philosophies, ATLAS and
CMS achieve comparable performance and provide independent and complementary mea-
surements, which is crucial for the robustness of the results.

The LHC accelerates two counter-rotating proton beams in a 27 km circular tunnel us-
ing superconducting dipole magnets operating at cryogenic temperatures. Protons are
injected through a chain of pre-accelerators and brought into collision at four interaction
points, two of which host the ATLAS and CMS detectors. The collider performance is
characterized by the instantaneous and integrated luminosity, with the latter determining
the total size of the data sample available for physics analyses.

Following the successful completion of Run 2, the LHC is currently operating in Run 3,
with increased collision energy and improved detector performance. In the longer term,
the High-Luminosity LHC (HL-LHC) upgrade aims to deliver an integrated luminosity
of approximately 3 ab�1 , enabling high-precision measurements of Higgs couplings and
signi�cantly extending the sensitivity to rare processes and new physics scenarios [100,
183].

The ATLAS detector

ATLAS is a multi-purpose detector with a forward{backward symmetric cylindrical geom-
etry and nearly full solid-angle coverage around the interaction point. Its design empha-
sizes a large volume and robust tracking and calorimetry systems. From the interaction
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point outwards, ATLAS consists of an inner tracking detector immersed in a solenoidal
magnetic �eld, electromagnetic and hadronic calorimeters for energy measurements, and
a muon spectrometer embedded in a large toroidal magnetic �eld system.

The inner detector provides precise reconstruction of charged-particle trajectories and
interaction vertices, which is essential for identifying heavy-
avor jets and leptons. The
calorimeter system allows accurate measurements of electrons, photons, and jets over a
wide kinematic range, while the muon spectrometer o�ers high-resolution muon momen-
tum measurements. This combination enables ATLAS to perform precision measurements
of Higgs production and decay modes, as well as searches for resonances and deviations
from Standard Model predictions [184,185].

The CMS detector

CMS follows a more compact design centered around a high-�eld superconducting solenoid
providing a magnetic �eld of 3.8 T. Within this magnetic �eld volume are located the
silicon pixel and strip trackers, the electromagnetic calorimeter based on lead tungstate
crystals, and the hadronic calorimeter. Outside the solenoid, a muon system based on gas-
ionization detectors provides e�cient muon identi�cation and momentum measurements.

The strong magnetic �eld and high-granularity tracking system give CMS excellent mo-
mentum resolution for charged particles, particularly at high transverse momentum.
The electromagnetic calorimeter achieves outstanding energy resolution for electrons and
photons, which is especially advantageous for Higgs measurements in channels such as
H ! 

. CMS has produced a wide range of precision measurements and searches
that closely mirror those of ATLAS, providing crucial cross-checks and combined re-
sults [186,187].

Complementarity and combined results

The parallel operation of ATLAS and CMS is a de�ning strength of the LHC physics
program. Independent analyses using di�erent detector technologies reduce systematic
uncertainties and increase con�dence in experimental discoveries. Many of the most
important results, including Higgs property measurements and limits on new physics
scenarios, are obtained through statistical combinations of ATLAS and CMS data, leading
to signi�cantly improved precision.

In the context of Higgs physics, the combined measurements of production cross sections,
decay rates, and coupling modi�ers provide the most stringent tests of the Standard Model
Higgs sector to date. These results serve as essential inputs for constraining extensions
of the scalar sector and motivate the detailed phenomenological studies presented in this
thesis.

2.3.2 Current measurements

We focus on experimental measurements in the Higgs sector of the Standard Model. With
the discovery of the Higgs boson in 2012, the particle content of the Standard Model was
completed. However, this does not imply that the Standard Model itself is complete.
Several Higgs couplings have not yet been measured experimentally, such as the Higgs
coupling to muons, the charm Yukawa coupling, or the Higgs self-coupling. In particu-
lar, the lack of a direct measurement of the Higgs self-interaction means that the shape
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of the Higgs potential remains largely unknown. Nevertheless, all Higgs measurements
performed at the LHC to date are in agreement with the Standard Model predictions.

As an illustration, in �g. 2.1 we show the latest CMS results [14] for the main Higgs
boson production and decay modes. These results are presented using the signal strength
framework. In this approach, the measured cross section times branching ratio is normal-
ized to the corresponding Standard Model prediction. Consequently, a signal strength
value � = 1 indicates perfect agreement with the Standard Model. Inspecting the re-
sults shown in �g. 2.1, one observes that all measured signal strengths are compatible
with unity within uncertainties, and no signi�cant deviation from the Standard Model is
found.

Figure 2.1: Results obtained by CMS [14] for the Higgs production and decay rates.

Deviations from the Standard Model can also be probed using the � framework. In
this approach, coupling modi�ers � i are introduced, rescaling the Higgs couplings with
respect to their Standard Model values. By computing Higgs production and decay pro-
cesses while allowing selected �i parameters to vary and comparing the predictions with
experimental measurements, constraints on possible deviations from the Standard Model
are obtained. The Standard Model limit is recovered for all � i = 1. In �g. 2.2, we present
the latest results from CMS [14] and ATLAS [188]. All measured coupling modi�ers are
found to be consistent with the Standard Model within current uncertainties.

Some coupling modi�ers are not included in �g. 2.2. Among them are the quartic coupling
between two Higgs bosons and two vector bosons, usually denoted as �2V , and the Higgs
self-coupling modi�er, which is the main focus of this thesis. The latter is commonly
denoted as �� or � 3. Sensitivity to � � arises from EW precision observables, single-Higgs
and double-Higgs production. In single-Higgs processes, the trilinear coupling contributes
through loop e�ects at next-to-leading order, whereas in double-Higgs production it enters
already at leading order and provides the dominant sensitivity.
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Figure 2.2: Experimental limits of the SM-like Higgs boson modi�ers. Left: Results
obtained by CMS [14]. Right: Results obtained by ATLAS [188].

To date, double-Higgs production has not been observed experimentally, and therefore
the Higgs self-coupling has not been measured. Current constraints on �� from Run 2
of the LHC are obtained by comparing theoretical predictions for Higgs-pair production,
allowing � � to vary, with the experimental upper limits on the corresponding cross section.
The resulting bounds are �1:4 < � � < 7:8 for CMS [10] and �1:2 < � � < 7:2 for
ATLAS [9]. These limits are illustrated in �g. 2.3 for both experiments.

The large uncertainties in the current determination of � � make it one of the most promis-
ing observables for probing extensions of the scalar sector, motivating the detailed phe-
nomenological studies presented in the following chapters.

2.3.3 Future prospects: HL-LHC

Despite the remarkable success of the LHC program, the precision of many Higgs-sector
measurements is still limited by statistical and systematic uncertainties. In particular,
several Higgs couplings remain poorly constrained or entirely unmeasured, with the Higgs
self-coupling representing one of the most prominent open targets. Addressing these
limitations requires a substantial increase in luminosity, which will be provided by the
High-Luminosity Large Hadron Collider (HL-LHC).

The HL-LHC constitutes the next major upgrade of the LHC and is designed to extend its
physics reach by delivering an integrated luminosity of up to 3 ab�1 at a center-of-mass
energy of

p
s = 14 TeV while in the LHC Run 2it was obtained an integrated luminosity

of 140 fb�1 at a center-of-mass energy of
p

s = 13 TeV. In the context of the Higgs
sector, the HL-LHC is expected to reduce the uncertainties on most Higgs couplings to
the percent level and to provide meaningful improvements to the constraints on the Higgs
self-coupling through measurements of double-Higgs production.
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Figure 2.3: Experimental limits of the � � modi�er. Left: Results obtained by CMS [10].
Right: Results obtained by ATLAS [9].

In �g. 2.4, the projected combined sensitivity of the CMS and ATLAS experiments to the
Higgs self-coupling modi�er � � at the HL-LHC is shown [63]. The projected limits are
0:5 < � � < 1:7 for a 95% C.L. which represent a signi�cant improvement with respect to
current constraints.

This limit is obtained assuming a value of � � = 1 as an hypothesis and this a�ects to the
obtained limits. In [63] the authors also present how this limit depend on the realized
value of � � and these results are shown in �g. 2.5. This is particularly helpful for the
BSM scenarios studied in this thesis, in which �� typically deviates from its SM value. It
should also be kept in mind that, as soon as a non-zero BSM coupling enters the di-Higgs
production calculation, the applicability of these limits could be a�ected.
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Figure 2.4: Future prospects for experimental limits of the � � modi�er at the HL-LHC
by combining the CMS and ATLAS prospects [63].

Figure 2.5: Future prospects for experimental limits of the � � modi�er at the HL-LHC
by combining the CMS and ATLAS prospects assuming di�erent values of �� [63].
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Chapter 3

Early Universe and �nite
temperature

Aprovecha ahora que est�an aqu��
para no arrepentirte cuando falten.

{ Ama

The previous chapter established the Standard Model as a remarkably successful quan-
tum �eld theory of particle interactions and outlined the key open problems that motivate
physics beyond it. Several of these shortcomings are intrinsically cosmological: the nature
of dark matter, the origin of the baryon asymmetry, and the possibility that new degrees
of freedom modify the thermal evolution of the early Universe. In this sense, collider
measurements and precision tests constrain the microphysics, but the Universe itself pro-
vides an additional, complementary arena in which the same microscopic ingredients are
at work. To connect extensions of the Higgs sector to phenomena such as electroweak
baryogenesis and stochastic gravitational-wave production, one must embed the particle-
physics model into a dynamical cosmological background and specify the thermal history
in which phase transitions and out-of-equilibrium processes take place.

This chapter therefore introduces the cosmological standard model, �CDM, which o�ers
an e�ective description of the Universe on large scales based on homogeneity and isotropy,
General Relativity, and a present-day energy budget dominated by cold dark matter and
a cosmological constant. Within this framework, the expansion rate links cosmological
evolution to microscopic physics through the energy density of the plasma, while �nite-
temperature quantum �eld theory provides the tools to describe symmetry breaking and
phase transitions in an expanding spacetime. After reviewing the Friedmann{Lemâ�tre{
Robertson{Walker geometry and the Friedmann equations, we summarise the sequence
of cosmological epochs that structure the thermal history. This sets the stage for the
subsequent discussion of the baryon asymmetry, the electroweak phase transition dynam-
ics that form the central focus of this thesis and, ultimately, for the computation of the
stochastic GW background generated during the PT.

25
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3.1 The Cosmological Standard Model

The cosmological standard model, commonly referred to as �CDM, provides an e�ective
description of the Universe on large scales. For the construction of the model, three basic
assumptions are made. Firstly, the Universe at large-scales is homogenous and isotropic,
secondly it assumes General Relativity as the theory of gravity on cosmological scales, and
lastly it assumes a matter-energy budget dominated today by cold dark matter (CDM)
and a cosmological constant �, with ordinary (baryonic) matter and radiation composing
subdominant fractions. Within this framework, early-Universe dynamics is governed by
thermal quantum �eld theory in an expanding background and the thermal history can be
organized into a sequence of epochs characterized by the dominant component of the cos-
mic energy density. Modern high-precision cosmological observations|most notably the
cosmic microwave background (CMB) anisotropies|pin down the parameters of �CDM
at the percent level [151].

In General Relativity to describe an speci�c space-time, like ours, we need to de�ne a
metric. The metric that describes an expanding homogeneous and isotropic Universe is
the Friedmann{Lemâ�tre{Robertson{Walker (FLRW) metric [189,190],

ds2 = �dt 2 + a 2(t)
�

dr2

1 � kr 2 + r 2 �
d� 2 + sin 2 �; d' 2�

�
; (3.1)

where a(t) is the scale factor, which encodes the expansion of the Universe, and k =
0; �1 denotes the spatial curvature corresponding to 
at, closed, or open geometries,
respectively.

To now understand how this kind of Universe behaves we need to solve the Einstein's
equation for the FLRW metric. When we solve this equation assuming that the Universe
is a perfect 
uid, with an equation of state p = w�, we obtain the Friedmann equations
[191,192],

H 2(t) �
�

_a
a

� 2

=
8�G

3
�(t) �

k
a2(t)

; (3.2)

•a
a

= �
4�G

3
[�(t) + 3p(t)] ; (3.3)

where H(t) is the Hubble parameter, and �(t) and p(t) are the total energy density and
pressure of the cosmic 
uid, respectively. The �rst Friedmann equation relates the ex-
pansion rate of the Universe, encoded in the Hubble parameter H = _a=a, to the total
energy density � and the spatial curvature k [189{193]. It therefore determines whether
the Universe is expanding or contracting and �xes the relation between the expansion
rate and the microscopic particle content through �(T ) [191,194]. The second Friedmann
equation describes the acceleration or deceleration of the expansion and shows explicitly
that not only energy density but also pressure contributes to the gravitational dynam-
ics [191{193]. In particular, components with su�ciently negative pressure can drive
accelerated expansion [193,194].

Together with the energy{momentum conservation equation [191,193],

_� + 3H(� + p) = 0; ; (3.4)

the Friedmann equations determine how di�erent components of the cosmic plasma di-
lute with the expansion and thereby de�ne the sequence of radiation-dominated, matter-
dominated, and dark-energy-dominated epochs that structure the thermal history of the
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Universe [191,193,194]. The conservation equation implies a simple scaling of the energy
density with the scale factor [191,193,194],

� / a �3(1+w) ; : (3.5)

In particular, relativistic species (w = 1=3) scale as

� rad / a �4 ; (3.6)

non-relativistic matter (w = 0) as
� m / a �3 ; (3.7)

and a cosmological constant (w = �1) remains constant,

� � = const. (3.8)

These distinct scaling behaviors describe the radiation-dominated (RD), matter-dominated
(MD), and dark-energy-dominated (�-dominated) epochs, which structure the thermal
and dynamical history of the Universe and provide the cosmological backdrop for early-
Universe phenomena such as phase transitions and baryogenesis [191,194].

After in
ation and reheating (which we do not discuss in detail here), the Universe rapidly
enters a radiation-dominated (RD) epoch [191]. During this phase, the expansion rate is
high and the cosmic plasma is close to thermal equilibrium [191,194]. As the temperature
decreases, a sequence of physical processes takes place, including particle annihilations,
decouplings, and phase transitions [191]. One of the most important of these is the
electroweak phase transition, which occurs at temperatures of order T � 100 GeV and
marks the breaking of the electroweak gauge symmetry [195]. This epoch is of particular
interest, as it provides a potential setting for the generation of the baryon asymmetry of
the Universe [17,21,49,196].

At much later times, when the energy density of non-relativistic matter exceeds that of
radiation, the Universe enters a matter-dominated (MD) era [191, 194]. This transition
enables the growth of cosmological structures through gravitational instability [193,194].
Eventually, at redshift z ' 1100, electrons and protons combine to form neutral hydrogen
during recombination, and photons decouple from the plasma [193, 197]. These photons
constitute the Cosmic Microwave Background (CMB), observed today as an almost perfect
blac-kbody spectrum with small anisotropies [193,197].

The CMB encodes precise information about the early Universe and, in particular, pro-
vides stringent constraints on the baryon density. As a result, it allows for an accu-
rate determination of the baryon-to-photon ratio, which quanti�es the observed matter{
antimatter asymmetry and serves as a key benchmark to reproduce for any baryogenesis
mechanism [151]. The striking mismatch between this observed value and the prediction
of the SM lies at the heart of the baryon asymmetry problem, which we discuss in detail
in the following.

3.2 Baryon Asymmetry of the Universe

One of the most discussed open problems of particle physics and cosmology is the origin of
the baryon asymmetry of the Universe (BAU) [21,22,198]. Observations indicate that the
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present Universe is dominated by matter, with only a small abundance of antimatter [22].
This asymmetry is conventionally quanti�ed by the baryon-to-photon ratio,

� B �
nB � n �B

n

; (3.9)

[22,151,198] whose value has been measured experimentally in two independent ways.

3.2.1 Experimental measurements

Firstly it can be determined from the CMB. Temperature and polarization anisotropies
of the CMB are sensitive to the baryon content of the Universe [151,197]. In particular,
the relative heights and positions of the acoustic peaks in the CMB power spectrum
depend on the baryon density through its e�ect on the photon{baryon plasma before
the recombination [151,197]. These observations allow for a precise determination of the
baryon density parameter [151,197],


 bh2; (3.10)

where 
 b is the baryon energy density in units of the critical density and h is the reduced
Hubble parameter [191]. Once 
bh2 is known, it can be converted into the baryon-
to-photon ratio [151, 191]. The parameter 
 bh2 �xes the present baryon mass density
� b [191],

� b = 
 b� crit ; (3.11)

where �crit denotes the critical energy density of the Universe, de�ned as the density for
which the spatial geometry is 
at and from which the baryon number density nB follows
dividing by the proton mass. On the other hand, the present photon number density
n
 is determined by the measured CMB temperature, TCMB ' 2:725 K, assuming a
blackbody spectrum. Since both quantities are known with high precision, their ratio can
be computed reliably. Using the Planck measurement of 
bh2, one �nds

� CMB
B ' 6:1 � 10 �10 ; (3.12)

with percent-level uncertainty [151]. This value re
ects the baryon asymmetry frozen in
at early times and conserved during the expansion of the Universe.

Secondly, an independent determination of �B is obtained from Big Bang nucleosynthesis.
In order of decreasing temperature, nuclear reactions in the hot primordial plasma during
the �rst few minutes after the Big Bang led to the synthesis of light nuclei, with deuterium
forming �rst, followed by helium and lithium.The predicted abundances of these elements
depend sensitively on the baryon density, which controls the nuclear reaction rates and
the expansion rate of the Universe at that epoch.

By comparing theoretical BBN predictions with observed primordial abundances, most
notably the deuterium, one can infer the baryon-to-photon ratio. Remarkably, this pro-
cedure yields a value of �B fully consistent with the CMB determination,

� BBN
B ' � CMB

B ; (3.13)

within uncertainties [199]. This agreement provides a powerful cross-check of the hot Big
Bang picture and demonstrates that the baryon asymmetry was already established well
before the onset of nucleosynthesis.



3.2. Baryon Asymmetry of the Universe 29

The existence of a non-zero �B implies that baryon number was dynamically generated in
the early Universe, because any kind on initial baryon asymmetry would be washed out by
in
ation. In the following we summarize the general requirements that a theory need to
ful�l for generating the BAU dynamically, which are known as the Sakharov conditions.
And we will brie
y review the main theoretical scenarios, with particular emphasis on
electroweak baryogenesis.

3.2.2 Sakharov conditions

Any viable mechanism for generating the baryon asymmetry of the Universe must satisfy
a set of necessary criteria formulated by Sakharov in 1967 [15]. These general conditions
apply independently of the energy scale or the speci�c particle physics model under con-
sideration. They provide a framework for understanding why baryogenesis is non-trivial
and serve as a guiding principle for the construction of baryogenesis scenarios.

The three Sakharov conditions are:

1. Baryon number violation,

2. Violation of charge conjugation (C) and charge{parity (CP) symmetries,

3. Departure from thermal equilibrium.

In the following, we brie
y discuss the physical meaning of each condition and explain
why all three are necessary for the generation of the baryon asymmetry.

Baryon number violation

The �rst condition requires that the baryon number (B) is not an exact symmetry of
the fundamental theory. If the baryon number was strictly conserved, any initial baryon
asymmetry would be preserved, but it would be impossible to dynamically generate a net
baryon excess starting from a baryon-symmetric initial state.

In the Standard Model, the baryon number is an accidental global symmetry at the
classical level, but it is violated non-perturbatively through electroweak sphaleron pro-
cesses [16,158]. These transitions change baryon and lepton numbers according to

�B = �L = 3 ; (3.14)

while conserving B�L. As a result, sphalerons provide a realization of the baryon number
violation and play a central role in several baryogenesis scenarios.

C and CP violation

The second Sakharov condition requires the violation of charge conjugation (C) and
charge{parity (CP) symmetries. If C and CP were exact symmetries, processes pro-
ducing baryons would occur at the same rate as those producing antibaryons, washing
out any kind of asymmetry generated by another process.

While the Standard Model violates C maximally through its chiral gauge structure and
contains sources of CP violation in the quark sector via the Cabibbo{Kobayashi{Maskawa
(CKM) [200] matrix, these e�ects are quantitatively insu�cient for successful baryogenesis
[159,160]. In particular, the amount of CP violation induced by the CKM phase is strongly
suppressed in baryon-number-violating processes and leads to an asymmetry many orders
of magnitude smaller than the observed value [159,160,201,202].
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Departure from thermal equilibrium

The third Sakharov condition requires a departure from thermal equilibrium. In a Uni-
verse in thermal equilibrium, any baryon-producing process is exactly compensated by its
inverse process, leading to no net asymmetry even in the presence of baryon number and
CP violation.

A departure from equilibrium can be achieved in several ways, such as the out-of-equilibrium
decay of heavy particles in the early Universe or during a �rst-order phase transition. In
the context of electroweak baryogenesis, this condition is ful�lled by the dynamics of
the expanding bubble walls of the broken phase during a �rst-order electroweak phase
transition.

3.2.3 Theoretical mechanisms for generating the BAU

The Sakharov conditions are individually necessary but not su�cient to explain the ob-
served baryon asymmetry of the Universe. Only their simultaneous realization allows
for its dynamical generation. In the following, we brie
y review the main theoretical
frameworks proposed to satisfy these conditions and to account for the observed baryon
asymmetry. We will put particular emphasis on electroweak baryogenesis, which is the
mechanism considered in the phenomenological studies presented in this thesis.

GUT baryogenesis

One of the earliest proposals for baryogenesis arises in the context of Grand Uni�ed
Theories (GUTs). In these theories, the baryon number is not an exact symmetry and
can be violated through the out-of-equilibrium decays of heavy gauge or scalar bosons at
very high temperatures, typically close to the GUT scale, T � 1015{1016 GeV [191].

Although GUT baryogenesis is theoretically appealing, it su�ers from severe phenomeno-
logical challenges. Such as the rapid proton decay, the fact that the generated baryon
asymmetry can be washed out by sphaleron processes if B � L is not conserved, and the
required energy scales are far beyond direct experimental reach.

A�eck{Dine baryogenesis

A�eck{Dine baryogenesis exploits the existence of 
at directions in the scalar potential
of supersymmetric theories [203]. During in
ation, scalar �elds carrying the baryon or
lepton number can acquire large vacuum expectation values along these 
at directions. As
the Universe cools and supersymmetry-breaking e�ects become relevant, the scalar con-
densate evolves dynamically and can generate a net baryon asymmetry through coherent
oscillations.

This mechanism naturally produces large asymmetries and operates at relatively high
temperatures. However, it relies on speci�c properties of supersymmetric models and is
sensitive to details of the scalar potential and in
ationary dynamics.

Leptogenesis

Leptogenesis provides a well-motivated explanation of the baryon asymmetry by linking
it to the origin of neutrino masses [204]. In this framework, a lepton asymmetry is
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�rst generated and later is converted into a baryon asymmetry by electroweak sphaleron
processes, which violate B + L but conserve B � L.

In its simplest realization, leptogenesis occurs via the out-of-equilibrium decays of heavy
right-handed Majorana neutrinos [205], as predicted by the seesaw mechanism [28,29,204].
CP-violating decay asymmetries generate a net lepton number, while the expansion of the
Universe provides the required departure from equilibrium. Sphaleron transitions then
partially convert the lepton asymmetry into a baryon asymmetry before the electroweak
phase transition.

Leptogenesis is theoretically attractive because it connects cosmology, neutrino physics,
and the Standard Model in a minimal way. Its main problem is that it typically operates at
very high energy scales, well above those accessible at current or foreseeable experiments,
making direct tests challenging.

Electroweak baryogenesis

Electroweak baryogenesis is one of the most studied mechanisms to explain the observed
baryon asymmetry of the Universe. It exploits the dynamics of the electroweak phase
transition to generate the asymmetry during the symmetry-breaking, at temperatures of
order T � 100 GeV. As a result, it operates at experimentally accessible energy scales
and can be directly linked to extensions of the Standard Model scalar sector.

Within the electroweak theory, baryon number violation is provided by sphaleron pro-
cesses. A departure from thermal equilibrium can be realized if the electroweak phase
transition is of �rst order, proceeding through the nucleation and expansion of bubbles
of the broken phase within the symmetric plasma.

In this picture, expanding bubble walls separate regions of phases of the EW vacuum pre-
serving or breaking the symmetry. In the presence of additional sources of CP violation,
interactions of particles with the bubble walls generate CP-asymmetric charge densities
in front of the wall. These asymmetries bias sphaleron transitions in the symmetric phase
and lead to the production of a net baryon asymmetry. The generated asymmetry can
then be preserved if sphaleron processes are su�ciently suppressed inside the broken
phase. Otherwise the asymmetry is washed out.

The suppression of sphaleron transitions inside of the broken phase imposes a quantitative
condition on the strength of the electroweak phase transition. The requirement for a suf-
�ciently SFOEWPT is imposing that the sphaleron transitions are su�ciently suppressed
inside the bubble walls in order to avoid the washout of the asymmetry and a commonly
used criterion for this purpose is

v(Tn )
Tn

& 1; (3.15)

where v(Tn ) denotes the Higgs vacuum expectation value at the nucleation temperature
Tn , which is the temperature at which the probability of nucleating at least one critical
bubble of the true vacuum within one Hubble volume becomes of order unity. In the
Standard Model this condition is not satis�ed for the measured Higgs boson mass, which
is o big to accommodate a FOEWPT and give rise to a smooth crossover for the EWPT.
Consequently, extensions of the scalar sector are required to realize a SFOEWPT if they
want to be compatible with an electroweak baryogenesis scenario.
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3.2.4 Failure of the SM and the need of BSM physics

Electroweak baryogenesis is an attractive framework because it operates at the electroweak
scale and relies on SM dynamics such as sphaleron-induced baryon number violation.
However, despite satisfying the �rst two Sakharov conditions at a qualitative level (al-
though not enough CP violation), the SM fails quantitatively to generate the observed
baryon asymmetry of the Universe. This failure can be traced to two fundamental short-
comings: the nature of the electroweak phase transition and the insu�ciency of CP vio-
lation.

In the SM, the nature of the electroweak phase transition is governed mainly by the Higgs
potential at �nite temperature. Non-perturbative lattice studies have demonstrated that,
for a Higgs boson mass above approximately 70{80 GeV, the electroweak phase transition
is not �rst order but rather a smooth crossover [49,196]. Given the experimentally mea-
sured Higgs mass of mh ' 125 GeV, the SM electroweak phase transition is �rmly in the
crossover regime.

As a consequence, there is no departure from thermal equilibrium associated with bub-
ble nucleation, and sphaleron transitions remain active throughout the transition. Any
baryon asymmetry that might be generated would therefore be e�ciently erased.

The second major obstacle for electroweak baryogenesis in the SM is the smallness of
CP violation. The only source of CP violation in the SM resides in the complex phase
of the CKM matrix. While this phase successfully accounts for CP-violating phenomena
observed in the quark sector, its impact on baryogenesis is extremely suppressed.

Quantitatively, CP-violating e�ects in the SM relevant for baryogenesis are proportional
to the Jarlskog invariant and involve products of quark Yukawa couplings. This leads
to an enormous suppression of the baryon asymmetry, yielding estimates many orders of
magnitude below the observed value,

� SM
B � 10 �20 � 10 �18 ; (3.16)

to be compared with the experimental value �B ' 6 � 10 �10 .

Taken together, the absence of a �rst-order electroweak phase transition and the insuf-
�ciency of CP violation render electroweak baryogenesis ine�ective in the SM. These
shortcomings are robust and persist even when higher-order corrections are taken into
account. As a result, the SM cannot account for the observed baryon asymmetry of the
Universe through electroweak dynamics alone.

The failure of the SM to realize electroweak baryogenesis provides strong motivation for
extensions of the scalar sector and the introduction of new sources of CP violation. Ad-
ditional scalar degrees of freedom can strengthen the electroweak phase transition, while
new complex couplings can enhance CP-violating e�ects. Such extensions can simultane-
ously address the baryon asymmetry problem and lead to testable signatures at colliders
and in gravitational wave observables. In this thesis we are going to focus on how to ful�l
the third Sakharov condition and for this we are going to focus on the electroweak phase
transition.
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3.3 Electroweak Phase Transition

3.3.1 E�ective potential calculations

The study of cosmological phase transitions relies on the �nite-temperature e�ective po-
tential, which encodes the thermodynamic properties of the quantum �eld theory. In
thermal �eld theory, calculations are performed in Euclidean spacetime, obtained by a
Wick rotation of the time coordinate, t ! �i� [206, 207]. At �nite temperature, the
partition function is given by Z = Tr e ��H , with � = 1=T . In the imaginary-time for-
malism, this trace is represented as a path integral over �eld con�gurations evolving in
Euclidean time from � = 0 to � = �. The trace requires the �nal �eld con�guration to
be identi�ed with the initial one, which makes the Euclidean time direction compact. As
a result, bosonic �elds satisfy periodic boundary conditions and fermionic �elds antiperi-
odic boundary conditions in the Euclidean time direction, giving rise to a discrete set of
frequencies known as Matsubara modes.

For bosonic and fermionic �elds, the Matsubara frequencies are given by

! n =

(
2�nT ; bosons;

(2n + 1)�T ; fermions;
(3.17)

and the corresponding �eld-dependent Matsubara masses read

m2
n (�; T ) = m 2(�) + ! 2

n : (3.18)

Meaning that we have a tower of states depending on n. A well-known di�culty arises from
the bosonic zero Matsubara mode (n = 0). When the tree-level bosonic mass becomes
small or vanishes, since the zero bosonic mode is not dressed by temperature corrections it
leads to infrared (IR) divergences in the perturbative expansion [208]. Moreover, higher-
order daisy (or ring) diagrams involving this mode become parametrically of the same size
as the one-loop contribution, leading to a breakdown of the perturbation theory. Therefore
the e�ective potential can not be constructed in a straightforward way because the theory
would have uncured IR divergences. There are two main approaches to compute the �nite-
temperature e�ective potential curing the IR problem: the so-called four-dimensional
approach and the dimensional reduction approach.

Four-dimensional approach

In the four-dimensional formulation of thermal �eld theory, the �nite-temperature e�ec-
tive potential is computed using the original four-dimensional theory by summing over all
Matsubara modes. The separation of scales is implicit and governed by the Matsubara
frequencies for bosonic �elds. In this thesis, we work at the one-loop level for the �nite-
temperature e�ective potential. Within the four-dimensional approach, this leads to the
following expression for the e�ective potential:

Ve� (�; T ) = V tree(�) + V CW (�) + V CT (�) + V T (�; T ); (3.19)

where Vtree(�) is the tree-level potential, V CW (�) is the one-loop Coleman{Weinberg con-
tribution [209], VCT (�) is the counterterm to renormalize the V CW (�) term and it's def-
inition depends on the renormalisation scheme choice. And �nally VT (�; T ) denotes the
�nite-temperature correction.
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Modes with non-zero Matsubara frequencies, !n 6= 0, have typical energies of order �T and
are referred to as hard modes. Their contribution to the e�ective potential is perturbative
and is captured by the one-loop thermal functions.

The bosonic zero Matsubara modes, !0 = 0, correspond to soft modes with characteristic
momenta of order gT or smaller. When the �eld-dependent bosonic masses become small,
these modes generate infrared divergences in perturbation theory. In particular, higher-
order daisy (ring) diagrams scale as

V (L)
daisy � g 2L�2 T4 ; (3.20)

where L is the loop order of the diagram. These contributions become parametrically of
the same order as the one-loop term, signaling a breakdown of naive perturbation theory.

To cure it, the contribution of the soft bosonic modes is reorganized by resumming ther-
mal self-energy insertions in the propagators. Thermal resummation is commonly imple-
mented by dressing bosonic propagators with leading thermal self-energies (Debye masses)
� b(T ) � g 2T2. Basically we are dressing the bosonic mass to avoid the IR divergence.
There are di�erent ways of dressing the mass and of introducing it in the potential, which
correspond to di�erent resummation schemes.

In the Parwani scheme [210], one performs the replacement of the bosonic zero-modes

m2
b(�) �! m 2

b;e� (�; T ) � m 2
b(�) + � b(T ) (3.21)

everywhere in the one-loop e�ective potential, i.e. both in the Coleman{Weinberg and
thermal pieces. Schematically,

Ve� (�; T )
�
�
�
Parwani

= VCW
�
m2 ! m 2

e�

�
+ VT

�
m2 ! m 2

e�

�
: (3.22)

This cures the leading IR divergences, but it also introduces a partial resummation of
higher-loop e�ects in all thermal and zero-temperature terms. As a result, Parwani dress-
ing typically mixes perturbative orders and may induce overcounting, since higher-order
contributions are included without consistently adding the corresponding higher-loop di-
agrams and counterterms [211].

In the Arnold{Espinosa (AE) scheme [211], one resums only the IR-sensitive part asso-
ciated with the bosonic zero modes, which are the mass cubic terms m3b(�). In practice,
this corresponds to substitute the tree level mass in the cubic terms by the dressed mass
o to keeping the standard one-loop potential with tree-level masses and adding a term
that counteracts the cubic terms which is know as daisy or ring contribution.

Ve� (�; T )
�
�
�
AE

= V tree(�) + V CW (�) + V T (�; T ) + V daisy(�; T ) ; (3.23)

with

Vdaisy(�; T ) = �
T

12�

X

b

nb

h�
m2

b(�) + � b(T )
� 3=2

�
�
m2

b(�)
� 3=2

i
; (3.24)

where the sum runs over bosonic degrees of freedom (typically including longitudinal
gauge modes and scalars) and nb are their multiplicities [211,212]. Eq. (3.24) is precisely
the resummation of the daisy diagrams that correct the cubic bosonic term responsible
for the leading IR divergences.
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The AE scheme is often more convenient for phenomenological studies at �xed pertur-
bative order because it preserves the loop counting more transparently: only the subset
of diagrams that is parametrically enhanced in the IR is resummed, while the remaining
contributions are kept at the intended loop order [211]. In contrast, Parwani dressing
e�ectively resums parts of higher-loop contributions in a non-uniform way across the po-
tential, which can complicate comparisons between di�erent truncations (e.g. when adding
explicit two-loop corrections) and may lead to scheme-dependent shifts in the phase tran-
sition properties. For these reasons, the AE (daisy-improved) potential is a standard
default choice in many modern analyses and reviews [48,213{215].

Three-dimensional e�ective �eld theory approach

Dimensional reduction (DR) provides a systematic way of exploiting the thermal scale
hierarchy by constructing a sequence of e�ective theories for the static (!n = 0) sector
[216{220]. At high temperature, bosonic theories exhibit the parametric separation

�T � gT � g 2T; (3.25)

where �T is the hard scale set by non-zero Matsubara modes, gT is the so-called electric
(Debye) scale, and g2T is the so-called magnetic scale (non-perturbative in non-Abelian
gauge sectors).

The �rst step in DR is to integrate out the hard modes, i.e. all non-zero Matsubara fre-
quencies !n 6= 0 (and typically also heavy fermionic modes which have no zero mode).
This is performed perturbatively by matching static (! n = 0) n-point functions (or
the static 1PI e�ective action) between the full four-dimensional theory and a three-
dimensional EFT [218, 219]. The resulting three-dimensional Lagrangian contains only
bosonic zero modes and has temperature-dependent parameters:

L 3d =
1
4

F a
ij F a

ij +
1
2

(D i �) y(D i �) +
1
2

m2
3(T ) � y� + � 3(T )(� y�) 2 + � � � ; (3.26)

where the ellipsis denotes higher-dimensional operators suppressed by powers of 1=(�T ),
and additional �elds (e.g. extra scalars) are included as required by the underlying BSM
model.

The matching yields explicit power counting for the 3D parameters. For instance, for a
generic weakly-coupled theory one �nds parametrically

g2
3 � g 2T; m2

3(T ) � g 2T2; � 3(T ) � � T; (3.27)

where � is an arbitrary 4-dimensional coupling and with analogous relations for addi-
tional scalar self-couplings and portal couplings. In gauge theories one must also treat
the temporal gauge �eld components Aa

0 (which do have a bosonic zero mode): after
integrating out hard modes, Aa

0 becomes an adjoint scalar with a Debye mass m2D � g 2T2

in the intermediate 3D theory [218{220]. If one integrates out this electric scale, one
obtains a purely magnetostatic 3D gauge theory at the g2T scale, which is intrinsically
non-perturbative in non-Abelian sectors.

The key point for phase-transition studies is that the infrared-sensitive bosonic zero modes
are treated within the three-dimensional theory, while the hard sector has been integrated
out consistently in perturbation theory. In particular, the thermal mass corrections that
are introduced by hand in 4D resummation schemes arise automatically through the
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matching, i.e. the 3D mass parameters are thermal masses by construction. Therefore,
the resummation of daisy diagrams is not an additional prescription but a consequence of
the EFT construction, which reorganizes the perturbative expansion in a gauge-consistent
manner at the order of matching [49,196,218,219].

Within the DR framework, the thermodynamics relevant for the phase transition (e.g.
the e�ective potential or, more generally, the free energy di�erence between phases) is
computed in the 3D EFT. This separates the treatment of hard and soft physics and
improves perturbative control over the IR sector. The main limitation is that DR relies on
a high-temperature expansion when matching the hard modes; consequently, the accuracy
may deteriorate if some BSM degrees of freedom have masses comparable to or larger than
�T in the temperature range of interest, enhancing the impact of higher-dimensional
operators neglected in the truncated 3D EFT [49,196,220]. This can for example happen
in the 2HDM or the RxSM which are studied later in this thesis in this kind of scenario
where the models have heavier scales.

3.3.2 Electroweak Phase Transition dynamics

Once we have de�ned the temperature dependent e�ective potential we can use it to
understand the electroweak phase transition of our speci�c model. As has been discussed
before, we are interested in the realization of a FOEWPT to ful�l the third Sakharov
condition. However, FOEWPTs by themselves are not su�cient to explain the origin of
the BAU | they must be a strong FOEWPT (SFOEWPT). We consider a FOEWPT to
be strong if the suppression of the sphaleron transitions [158] in the broken-phase vacuum
is large enough to avoid the wash-out of the generated baryon asymmetry

� sph(vn ; Tn ) < H(T n ); (3.28)

this leads to the following condition

� n �
vn

Tn
& 1; (3.29)

where vn � v(T n ). Thus, the �rst step to determine whether we have an SFOEWPT is to
compute Tn , which is the temperature at which the tunnelling decay rate from the false
to the EW minima per Hubble volume matches the Hubble rate

�(T n )
H 4(Tn )

!= 1 ; (3.30)

where the tunnelling decay rate is given by [221]

�(T ) = A(T ) e �S E (T ) : (3.31)

In this expression, A(T ) is a temperature-dependent prefactor (discussed below) and
SE (T ) is the Euclidean action (expressed in terms of the Euclidean time � ),

SE (T ) =
Z

d�d3x
�

1
2

(@� �)(@� �) + V (�; � )
�

: (3.32)

In �nite-temperature �eld theory, the Euclidean time evolution replaces the T evolution,
and there are periodic boundary conditions for this coordinate, i.e. � 2 [0; 1

T ]. Thus, by
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integrating over this coordinate and performing a change of variables to spatial spherical

coordinates, with � =
q P

i�3 x2
i , one can obtain a three-dimensional action that is known

as the bounce action [222,223]

S3(T ) = 4�
Z 1

0
d� � 2

"
1
2

�
d�
d�

� 2

+ V (�; T )

#

; (3.33)

in terms of which the tunnelling decay rate is expressed as

�(T ) = A(T ) e �S 3 (T )=T : (3.34)

In this equation, the prefactor A(T ) can be computed, following Ref. [224], as

A(T ) = T 4
�

S3(T )
2�T

� 3=2

: (3.35)

Imposing that, far from the true vacuum bubble, the false vacuum remains una�ected
by the phase transition, and that the transition occurs at � = 0 as boundary conditions
to solve the equations of motion of the bounce action, one can �nd the bounce solution
for the �elds � B , which describes a bubble of the true vacuum nucleating and expanding
within the false vacuum.

With the computed bounce solution one can calculate the transition rate for di�erent
temperatures and thereby determine the nucleation temperature. The problem is that
one has to trace the real and the false vacua for di�erent temperatures because the
potential is a thermodynamic quantity, and so are the minima obtained by solving the
equations of motion. Since this cannot be done analytically, one resorts to use numerical
methods to solve the bounce action each time.

The idea is to compute the di�erent vacua for each temperature, then compute the tun-
nelling rates and check the nucleation condition. Doing this by hand is really an im-
possible task therefore there have been di�erent e�orts from the community to create
codes that allow to do this in an automatic way. Some of these codes are public such as
CosmoTransitions [225] or BSMPT [83,85,91]. In this thesis we have used the public tool
BSMPTv3 [91]. In comparison to earlier versions [83,85], v3 additionally allows the compu-
tation of the background spectrum of stochastic GWs produced during the SFOEWPT
and features improved numerical stability.

3.3.3 Stochastic GW background

The nucleation of the bubbles during a SFOEWPT would have been a very violent event in
the early Universe, giving rise to a stochastic background of primordial GWs that could
potentially be detectable nowadays. In this section we brie
y review the computation
of the spectrum of GWs created during the SFOEWPT and verify whether it would
be observable in a future GW observatory, such as the space-based GW interferometer
LISA [48, 143]. However, since GWs are a macroscopic phenomenon, the �rst step is to
characterize the phase transition dynamics at the thermodynamical level [46].

There are four main macroscopic parameters that characterise the GW spectrum gener-
ated during a phase transition. The �rst of them is the transition temperature, T � , at
which the transition takes place. In the literature, two temperatures are usually used:
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the �rst is the nucleation temperature T n , which was de�ned in the previous section.
However, we use here instead the more appropriate percolation temperature Tp, which
represents the temperature at which at least 29% of the Universe has tunnelled to the
true vacuum. At this fraction of the false vacuum, a macroscopic cluster of true vacuum
bubbles has formed, irreversibly driving the system to the true vacuum phase [226]. This
choice is motivated by the nature of the phenomena that give rise to the GW background,
which will be discussed below [46]. Once the transition temperature has been de�ned, a
second parameter, �, measures the strength of the phase transition,

� =
30

g� � 2T4
�

�
V (� f ) � V (� t ) �

T
4

�
@V (�f )

@T
�

@V (�t )
@T

��

T =T �

; (3.36)

where g� is the e�ective number of relativistic degrees of freedom and is a function of T
and � t and � f are the true and false phases respectively (the false phase being the one
where the transition begins and the true phase the one where it �nishes) [46, 227]. The
third parameter characterizing the phase transition is the inverse duration of the phase
transition in units of the Hubble rate H � at the moment of the transition,

�
H �

= T �
d

dT

�
S3(T )

T

� �
�
�
�
�
T�

: (3.37)

In this case, H� is the Hubble parameter in a radiation-dominated Universe, i.e.

H � � T 2
�

s
g� � 2

90fM 2
Pl

; (3.38)

where fM Pl is the reduced Planck mass which is de�ned asfM Pl � M Plp
8�

. Finally, the
last parameter to be computed is the wall velocity, vw . There exist several approaches to
compute the bubble dynamics [228{232], however, all of them su�er from large theoretical
uncertainties (for a general discussion of theoretical uncertainties in studies of EWPT
dynamics, see e.g. Ref. [233]) that can have a considerable impact on �nal results for
the produced GW spectrum. In several studies of SFOEWPT in models with extended
Higgs sectors [114, 234, 235], the value has been shown to be typically within the range
of vw 2 [0:2; 1]. In this work, we will assume for the �rst approach that the bubble wall
velocity is equal to 0:95, which is a pessimistic choice for the observability of the GW
spectrum. Later, in section 7.2.3, we will study the dependence of the observability of
the GW signal on the velocity of the bubble wall.

Once the phase transition is characterized the GW spectrum can be computed. First of
all there are three main sources during the SFOEWPT [46, 48] that can produce a GW
signal. First, there are collisions of the bubbles: this happens when bubbles of the true
vacuum nucleate and expand into the false vacuum, until they collide with each other
generating GWs [236, 237]. Secondly, the dynamics of the EWPT can create pressure
waves in the plasma around the bubble walls, which act like sound waves and propagate
leading to a GW signal, this source is known as sound waves [238{240]. Finally, the sound
waves induce magnetohydrodynamical turbulence in this plasma. The plasma is then far
from equilibrium during the SFOEWPT and, similarly to how turbulence in 
uids can
generate waves, GWs are generated by turbulence after sound-wave decay [45,241]. The
total GW spectrum can be described as

h2
 GW (f ) = h 2
 col(f ) + h 2
 SW (f ) + h 2
 turb (f ) ; (3.39)
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where

h2
 GW (f ) �
h2

� c

@�GW

@ log f
; (3.40)

� GW being the energy density of the stochastic background of GWs, h the reduced Hubble
constant, and f denotes the frequency of the GWs [242].

To understand which contribution is more relevant for the total spectrum we need to know
if we have runaway bubble walls. There are di�erent criteria to determine if a benchmark
point exhibits runaway bubble wall like the B•odecker-Moore criterion [243] or [244]. In
the scenarios studied in this thesis we did not �nd runaway bubble walls. Therefore, the
energy stored in the scalar �eld is negligible and the main sources of gravitational waves
are related to the 
uid dynamics, namely sound waves and plasma turbulence. On the
other hand, for these scenarios, collisions can be neglected in 
GW .

We can express the spectrum of each type of source in terms of its peak amplitude
(
 peak) and peak frequency (fpeak), which leads to the following expression for the total
GW spectrum [46,48,91],

h2
 GW (f ) � h 2
 peak
SW
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(f=f peak

turb )3

(1 + f=f peak
turb )11=3(1 + 8�f=H � )

!

; (3.41)

where the �rst and second terms correspond to the contributions from sound waves and
magnetohydrodynamic turbulence, respectively [48,239,240].

The peak amplitudes are given by [46,48],

h2
 peak
SW = 2:65 � 10 �6

�
H �

�

� �
� sw�
1 + �

� 2 �
100
g�

� 1=3

vw ; (3.42)

h2
 peak
turb = 3:35 � 10 �4

�
H �

�

� �
� turb �
1 + �

� 3=2 �
100
g�

� 1=3

vw ; (3.43)

where H� is the Hubble parameter at the time of GW production, � �1 characterizes
the duration of the phase transition, g� is the e�ective number of relativistic degrees of
freedom, and vw is the bubble wall velocity.

The peak frequencies redshifted to today are given by [46,48],

f peak
SW = 1:9 � 10 �5 Hz

1
vw

�
�

H �

� �
T�

100 GeV

� � g�

100

� 1=6
; (3.44)

f peak
turb = 2:7 � 10 �5 Hz

1
vw

�
�

H �

� �
T�

100 GeV

� � g�

100

� 1=6
; (3.45)

where T� denotes the temperature at which the GWs are predominantly generated (typ-
ically close to the percolation temperature).

The e�ciency factors � i in eq. (3.43) quantify the fraction of the released vacuum energy
that is converted into a given source of gravitational waves. For non-runaway walls, the
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dominant channel is sound waves, with e�ciency [48,227]

� sw '
�

0:73 + 0:083
p

� + �
: (3.46)

The turbulence e�ciency factor is commonly taken as a �xed fraction of the sound-wave
e�ciency [46,48],

� turb ' � � sw; � ' 0:05{0:1; (3.47)

re
ecting the partial conversion of bulk 
uid motion into turbulent 
ows.

Observability of GWs

After having derived the power spectrum of the GW background, we can compare it
with the sensitivity of di�erent planned GW observatories to test if this signal could be
detected. If we check the characteristic frequency range of the potential signals coming
from a SFOEWPT, they lie within the frequency range of the future GW observatory
LISA. Therefore, in this work, we have focused on this observatory. To determine whether
the signal is observable, we compare the power spectrum of the signal with the sensitivity
of LISA. To do so, we de�ne a signal-to-noise ratio (SNR) following Ref. [48],

SNR =

s

�
Z f max

f min

df
�

h2
 GW (f )
h2
 sens(f )

� 2

; (3.48)

where � is the data-taking time of LISA and h 2
 sens [48] is the nominal sensitivity of
LISA to stochastic sources like phase transitions. Throughout this work, we have made
the conservative assumption of a data-taking period of three years.



Chapter 4

Extended Higgs sectors

S�e bueno.

{ Aita

In the previous chapters, we have outlined the two main theoretical pillars that motivate
the present work. On the one hand, we reviewed the current status of particle physics
and emphasised that, despite its extraordinary experimental success, the SM cannot be
regarded as a complete description of fundamental interactions. In particular, it does not
provide a satisfactory explanation for the origin of the baryon asymmetry of the Universe.
On the other hand, we discussed the thermal history of the early Universe and showed that
cosmology o�ers a natural arena in which such shortcomings become especially relevant.

These considerations motivate the study of simple extensions of the scalar sector of the
SM. Extended Higgs sectors provide a particularly well-motivated and economical frame-
work in which to investigate whether new scalar degrees of freedom can modify the elec-
troweak phase transition, enhance Higgs self-interactions, and open new phenomenological
scenarios at colliders. From this perspective, they constitute a natural class of models with
which to explore possible solutions to the problems discussed in the previous chapters,
while remaining close enough to the SM to allow for precise and testable predictions.

In this chapter we focus on two representative and widely studied examples: the real
singlet extension of the SM and the Two Higgs Doublet Model. These models illustrate
two di�erent ways of enlarging the Higgs sector. The former extends the scalar content
through an additional gauge-singlet degree of freedom, while the latter introduces a second
electroweak doublet, leading to a richer spectrum and interaction structure. Despite their
relative simplicity, both frameworks can give rise to sizeable modi�cations of the scalar
potential, non-trivial vacuum structures, and strong departures from the SM expectations
for Higgs self-couplings and �nite-temperature dynamics.

A further reason why these models are particularly relevant for this thesis is that the
observables of interest are not controlled exclusively by tree-level e�ects. In extended
scalar sectors, loop corrections can be numerically important and, in some regions of
parameter space, even qualitatively alter the predictions obtained at leading order. This
is especially true for trilinear Higgs couplings and for the e�ective potential governing
the phase transition. A consistent analysis therefore requires not only a de�nition of

41
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the models and their allowed parameter space, but also a careful treatment of radiative
corrections and renormalisation.

First, we introduce the structure of the extended Higgs sectors that will be studied
throughout this thesis, together with the main theoretical consistency conditions and
experimental constraints that shape their viable parameter space. Second, we present
the loop framework that will later be used to compute radiative corrections to scalar
self-couplings, both from the e�ective-potential and diagrammatic points of view. This
will provide the theoretical basis for the phenomenological and cosmological analyses
developed in the following chapters.

4.1 The Real Singlet extension of the Standard Model

4.1.1 The model

The real singlet extension of the SM is one of the simplest extensions of the SM that can
be constructed, and it has several di�erent versions. In this thesis, it is consider the most
general real singlet extension of the SM, which is denoted as RxSM [23,107,108,245,246].
This model adds a real singlet S to the Higgs sector of the SM, and unlike other singlet
extension variants (like the Z2 symmetric version or the one with a spontaneously broken
Z2 symmetry), does not contain any Z2 symmetry of the Lagrangian. After EWSB, the
SM-like doublet � and the singlet S can be expanded as

� =
1

p
2

� p
2G+

v + � + iG 0

�
; S = s + v S; (4.1)

where s is the new scalar �eld and vS is the singlet vev, while � is the CP-even component
of the doublet, G0 (G � ) is the neutral (charged) would-be Goldstone boson, and v is the
EW (or SM) vev. The scalar potential of the RxSM reads, at the tree level,

V (�; S) = � 2(� y�) +
�
2

(� y�) 2 + � SH (� y�)S +
� SH

2
(� y�)S 2 +

M 2
S

2
S2 +

� S

3
S3 +

� S

2
S4:

(4.2)

Since no Z2 symmetry has been imposed on the model, there would in principle be terms
linear and cubic in the singlet �eld. However, the RxSM o�ers the freedom to rede�ne
the singlet vev vS to absorb one of these terms [40], which has been used here to remove
the linear (tadpole) term. Furthermore, since the singlet S is real, CP-violation cannot
be included in the scalar potential of the RxSM (like in the case for the SM), so that all
the parameters in eq. (4.2) are real.

Taking into account the two mass parameters and �ve couplings in the Lagrangian, as
well as the vevs of the doublet and the singlet, the model contains nine free parameters,
without taking into account the measurement of the 125 GeV Higgs boson and it's width.
This number can be reduced to seven using the minimisation conditions of the potential
(i.e. the tadpole equations),

@V
@�

�
�
�
�
�=0;s=0

= t � = 0;
@V
@s

�
�
�
�
�=0;s=0

= t S = 0; (4.3)
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which lead to two relations among the Lagrangian parameters
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Next, expanding the potential using the de�nitions from eq. (4.1), the mass matrix can
be computed as
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where

M 2
� = � 2 +

3�v 2

2
+ � SH vS +
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2
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M 2
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S +
� SH v2

2
+ 2v S(� S + 3� SvS) ;

M 2
�s = (� SH + � SH vS)v : (4.6)

The CP-even gauge eigenstates can be rewritten in terms of mass eigenstates h and H
through a mixing matrix R � , de�ned by,

�
�
s

�
= R �

�
h
H

�
=

�
cos � � sin �
sin � cos �

� �
h
H

�
: (4.7)

For the rest of this thesis, it will assumed that h corresponds to the detected Higgs boson
with a mass around 125 GeV, while H is a BSM Higgs boson, assumed to be always
heavier than h, as we want to allow the decay H ! hh in the studies in chapters 5, 6, 7
and 8. After the diagonalisation of the mass matrix, the CP-even scalar mass eigenvalues
and corresponding mixing angle � are found to be

m2
h = M 2

� cos2 � + M 2
s sin2 � + M 2

�s sin 2� ;

m2
H = M 2

� sin2 � + M 2
s cos2 � � M 2

�s sin 2� ;

tan 2� =
2M 2

�s

M 2
� � M 2

s
: (4.8)

For the renormalisation of the RxSM Higgs sector, it is especially helpful to employ
quantities de�ned in terms of the following nine parameters if we also consider the tadpole
parameters

m2
h ; m2

H ; �; v; v S; � S; � SH ; t � ; ts; (4.9)

which we will refer to as \mass basis". Among these parameters, mh ' 125 GeV and
v ' 246 GeV, are �xed, i.e., one is left with �ve free BSM parameters.

Therefore, the Lagrangian mass parameters and quartic couplings can be reexpressed in
terms of mh , mH , �, and the tadpole parameters t � and tS. While t � = t S = 0 in
the minimum of the potential, it is useful to keep the dependence on these parameters
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for the sake of properly including tadpole counterterms in our radiative calculations, see
section 6.1. It is found
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where the shorthand notations cx � cos x and s x � sin x.

Finally, using the relations of eq. (4.10), the following expressions can be obtained at
the tree level for the trilinear Higgs couplings in the mass basis (keeping once again the
parametric dependence on the tadpoles),

� hhh =
1

4v2v2
S

n
� 3v S

�
� SH v3 + 3(t � � m 2

hv)vS
�

c� + 3v S
�
� SH v3 � t � vS + m 2

hvvS
�

c3�

+ 2v 2 �
�6t S + 3� SH v2 + 6m 2

hvS � 2� Sv2
S

�
s3

�

o
;

� hhH =
1

4v2v2
S

s�

n
� 2v S

�
� SH v3 � 3t � vS + (2m 2

h + m 2
H )vvS

�

� 2v S[3� SH v3 � 3t � vS + (2m 2
h + m 2

H )vvS]c2�

+ v 2 �
�6t S + 3� SH v2 + 2v S

�
2m2

h + m 2
H � � SvS

��
s2�

o
;

� hHH =
1

4v2v2
S

c�

n
2vS

�
� SH v3 � 3t � vS + (m 2

h + 2m 2
H )vvS

�

� 2v S[3� SH v3 � 3t � vS + (m 2
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+ v 2 �
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�
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� HHH =
1

8v2v2
S

n
3v2 �

�6t S + 3� SH v2 + 6m 2
H vS � 2� Sv2

S

�
c�

+ v 2[�6t S + 3� SH v2 + 6m 2
H vS � 2� Sv2

S]c3� (4.11)

+ 12vS
�
� SH v3 + t � vS � m 2

H vvS +
�
� SH v3 � t � vS + m 2

H vvS
�

c2�
�

s�

o
:

4.1.2 Theoretical and experimental constraints

This section brie
y summarizes the various theoretical and experimental constraints on
the RxSM that have to be considered in its analysis. It should be noted that constraints
arising from di-Higgs measurements at the LHC are not mentioned at this stage, but are
instead a central part of the later phenomenological investigations in section 6.3.

Boundedness from below and vacuum stability.

First, on the theoretical side, it has to be ensured that boundedness-from-below of the
potential is ful�lled. For the scalar potential to be bounded from below, the quartic
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couplings must be positive in all �eld directions. To ensure this, one has to demand that
the determinant of the Hessian matrix of the potential is positive, which leads to

� > 0; � S > 0; and � SH > �2
p

� � S : (4.12)

These boundedness-from-below conditions are necessary to avoid runaway directions at
large �eld values. However, they are not su�cient to guarantee that the electroweak
vacuum is the global minimum: additional (deeper) minima can exist, in which case
the EW one may be only metastable. The issue of metastability is already present in
the SM, where the running Higgs quartic can become negative at high scales. State-
of-the-art analyses of SM vacuum stability and its RG improvement can be found in
[106, 177, 247{250]. In models with extended scalar sectors, analogous considerations
apply, and vacuum metastability can provide additional bounds that are complementary
to collider constraints. A conservative practical criterion is to require that the electroweak
vacuum is either the global minimum or su�ciently long-lived on cosmological timescales.
In semiclassical tunnelling, the vacuum decay probability is controlled by the bounce
action [251], and metastability requirements can be implemented by requiring that the
bounce action remains above the approximate critical value used in the literature [252].

Perturbative unitarity. The S-matrix must be unitary, implying that the partial-
wave amplitudes for 2 ! 2 scattering processes remain within the perturbative regime. A
classic illustration is longitudinal gauge-boson scattering in the SM, which yields an upper
bound on the Higgs mass from unitarity considerations [253,254]. To ensure perturbative
unitarity in the RxSM, one can compute the scalar 2 ! 2 scattering amplitude matrix
in the high-energy limit, using results from [255], and demand that the eigenvalues are
below 1.

Perturbativity. Closely related to unitarity is the requirement that the quartic cou-
plings remain within a range where perturbation theory is reliable. A common working
criterion is to demand that all j� i j are su�ciently smaller than 4�, and that loop-corrected
observables do not exhibit signs of a breakdown of the perturbative expansion. To ensure
it, we require that [23,116]

�
2

;
� S

2
;

j� SH j
2

< 4�: (4.13)

Experimental measurements. Finally, one has to check compatibility with experi-
mental measurements. To do so, it has to be considered on the one hand constraints
from direct Higgs-boson searches at colliders. The exclusion limits at the 95% C.L. of
all relevant BSM Higgs boson searches (including Run 2 data from the LHC) are in-
cluded in the public code HiggsBounds v.6 [256{261], which is included in the public
code HiggsTools [261]. For a parameter point in a particular model, HiggsBounds de-
termines on the basis of expected limits which is the most sensitive channel to test each
BSM Higgs boson. Then, based on this most sensitive channel, HiggsBounds determines
whether the point is allowed or not at the 95% CL. As input HiggsBounds requires some
speci�c predictions from the model, like branching ratios or Higgs-boson couplings.

Any model beyond the SM has to accommodate a Higgs boson with mass and signal
strengths as they were measured at the LHC. For the parameter points used, the com-
patibility of the CP-even scalar h with a mass of 125:09 GeV with the measurements of
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signal strengths at the LHC is tested with the code HiggsSignals v.3 [261{264], which
is included in the code HiggsTools. The code provides a statistical �2 for the h125 pre-
dictions of a given model in comparison to the measurements of the Higgs-boson signal
rates and masses from the LHC. Speci�cally, we demand that �2h125 ;RxSM � � 2

h125 ;SM < 6:3
(with � 2

h125 ;SM = 159:7).

4.2 The Two Higgs Doublet model

4.2.1 The model

The Two Higgs Doublet Model (2HDM) is one of the most widely studied extensions of
the SM scalar sector. It enlarges the �eld content of the SM by adding a second complex
scalar doublet under SU(2)L with hypercharge Y = 1, so that the scalar sector contains
two doublets � 1 and � 2. After EWSB, three degrees of freedom are eaten by the gauge
bosons and �ve physical scalar states remain: two neutral CP-even scalars h and H, one
neutral CP-odd scalar A, and a charged pair H� . Throughout this thesis we adopt the
convention mh < m H and identify h with the observed Higgs boson at mh ' 125 GeV.

The most general renormalisable 2HDM contains many parameters and, if both doublets
couple to the same fermion species, it generically induces 
avour-changing neutral currents
(FCNCs) at tree level. This is a large problem since FCNC are severely constrained
experimentally [132, 265]. A standard way to forbid tree-level FCNCs is to impose a
discrete Z2 symmetry such that each fermion type couples to only one of the doublets
(the Paschos{Glashow{Weinberg condition) [266,267]. A convenient choice is

� 1 ! � 1; � 2 ! �� 2; (4.14)

which can be softly broken by a dimension-two term like m2
12 (� y

1� 2 + � y
2� 1). Depending

on the Z2 charge assignments of the fermions, four Yukawa types (Type I, II, lepton-
speci�c/Type III, and 
ipped/Type IV) arise; we adopt the common convention in which
� 2 couples to up-type quarks.

This section is focused on the CP-conserving 2HDM, where all parameters in the scalar
potential are taken real [131{133, 268]. The most general tree-level renormalisable Z2-
symmetric potential with soft breaking is:

V = m 2
11 (� y

1� 1) + m 2
22 (� y

2� 2) � m 2
12 (� y

1� 2 + � y
2� 1) +

� 1

2
(� y

1� 1)2 +
� 2

2
(� y

2� 2)2

+ � 3(� y
1� 1)(� y

2� 2) + � 4(� y
1� 2)(� y

2� 1) +
� 5

2

h
(� y

1� 2)2 + (� y
2� 1)2

i
: (4.15)

After EWSB the doublets can be parametrised as

� 1 =

 
� +

1
1p
2

(v1 + � 1 + i� 1)

!

; � 2 =

 
� +

2
1p
2

(v2 + � 2 + i� 2)

!

; (4.16)

with vevs v1 and v2 satisfying

v2 � v 2
1 + v 2

2 ' (246 GeV) 2; tan � � t � �
v2

v1
: (4.17)
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The gauge eigenstates mix to de�ne the mass eigenstates. In the neutral CP-even sector
to de�ne the mass eigenstates one introduces a mixing angle �,

�
� 1

� 2

�
=

�
cos � � sin �
sin � cos �

� �
H
h

�
; (4.18)

while in the CP-odd and charged sectors the rotation is de�ned by �,
�

� 1

� 2

�
=

�
cos � � sin �
sin � cos �

� �
G0

A

�
;

�
� �

1
� �

2

�
=

�
cos � � sin �
sin � cos �

� �
G�

H �

�
; (4.19)

where G0 and G� are the would-be Goldstone bosons. It is often convenient to use

sx � sin x; c x � cos x; s ��� � sin(� � �); c ��� � cos(� � �): (4.20)

The minimisation of the tree-level potential �xes two combinations of parameters via the
tadpole conditions. At the loop level tadpoles play an important role in renormalisation.

A convenient parameter set, known as the physical basis, is given by the masses, mixing
angles, and vev,

c��� ; t � ; v; mh ; mH ; mA ; mH � ; m2
12; (4.21)

where mh ; mH ; mA ; mH � denote the masses of h; H; A; H� , respectively. The m2
12 param-

eter is usually repleced by:

M 2 �
m2

12

s� c�
; (4.22)

which is particularly useful when discussing decoupling properties.

In the 2HDM the heavy Higgs masses can be written schematically as

m2
' = M 2 + � ' v2 + O(v 4=M 2); ' = H; A; H � ; (4.23)

where � ' denotes a suitable linear combination of quartic couplings. If M2 � � ' v2,
the heavy states decouple in the sense of the decoupling theorem [269] and low-energy
observables approach their SM values. In contrast, if M2 � � ' v2, non-decoupling e�ects
can occur and lead to sizeable radiative corrections even for heavy additional scalars [72].
A particularly important limit is the alignment limit, c ��� ! 0, in which the light state
h has SM-like couplings [70].

The neutral Higgs couplings to fermions can be written compactly in terms of Yukawa
coupling modi�ers � h;H;A

f ,

L Y = �
X

f=u;d;`

mf

v

h
� h

f
�f f h + � H

f
�f f H + � A

f
�f i
 5f A

i

�

p
2

v

�
�u (� d VCKM md PR ) d H + + � ` �� m ` PR ` H + + h.c.

�
; (4.24)

where VCKM is the CKM matrix and P R;L = (1 � 
 5)=2. The modi�ers are given by

� h
f = s ��� + � f c��� ; � H

f = c ��� � � f s��� ; � A
u = �i � u ; � A

d;` = i � d;` ; (4.25)

with � f depending on the Yukawa type [132,268]:
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� u � d � `

Type I cot � cot � cot �
Type II cot � � tan � � tan �

Type III (lepton-speci�c) cot � cot � � tan �
Type IV (
ipped) cot � � tan � cot �

In the CP-conserving case the possible trilinear couplings can be expressed in terms of
the physical parameters as:

� hhh =
1
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m2
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��� +

�
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h � 2M 2�
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���
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(4.26)
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+ 2c ��� cot 2�
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� HH + H � =
1
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H + 2m 2
H � � 2M 2�

� 2s ��� cot 2�
�
m2

H � M 2�	
: (4.33)

These couplings illustrate that, in the alignment limit, � hhh approaches its SM value while
several BSM trilinear couplings remain non-zero and can therefore enter loop observables.

4.2.2 Theoretical and experimental constraints in the 2HDM

This section summarizes the set of theoretical consistency requirements and experimental
bounds that de�ne the viable parameter space of the CP-conserving 2HDM with a softly
broken Z2 symmetry. Again di-Higgs constrains are not considered at this stage.

Boundedness from below and vacuum stability. As in the RxSM a necessary
condition for a consistent scalar theory is that the potential is bounded from below (at
large �eld values). For the CP-conserving 2HDM with a softly broken Z2 symmetry, this
requirement translates into a set of inequalities among the quartic couplings ensuring that
no �eld direction exists along which V ! �1. In the convention of eq. (4.15), a set of
su�cient conditions is

� 1 > 0; � 2 > 0;

� 3 > �
p

� 1� 2;

� 3 + � 4 � j� 5j > �
p

� 1� 2 : (4.34)
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In the case of the 2HDM even if the potential is bounded from below, it can admit multiple
extrema, including charge-breaking and CP-breaking stationary points. A phenomeno-
logically viable parameter point must feature an electroweak vacuum with the correct
pattern of symmetry breaking, and one typically imposes that this vacuum is the global
minimum (or, more conservatively, that it is su�ciently long-lived).

For the 2HDM, an e�cient tree-level test for whether the electroweak stationary point
is the global minimum can be formulated in terms of the potential parameters; a widely
used condition and its phenomenological implementation are discussed in [270].

Perturbative unitarity. For the 2HDM this yields bounds on combinations of the
quartic couplings of the scalar potential, preventing the appearance of unphysically large
scattering amplitudes. Widely used tree-level unitarity conditions (in the high-energy
limit) can be found in [271{273] and subsequent re�nements, including the role of higher-
order e�ects [274, 275] and RG-improvement [276{278]. In numerical analyses, these
constraints become particularly relevant in regions with non-decoupling e�ects, where
heavy Higgs masses are enhanced by large quartic couplings rather than by a large soft-
breaking scale.

Perturbativity. Closely related to unitarity is the requirement that the quartic cou-
plings remain within a range where perturbation theory is reliable. A common working
criterion is to demand that all quartic couplings of the 2HDM potential satisfy

j� i j < 4�; i = 1; : : : ; 5: (4.35)

Choice of soft-breaking scale and large-tan � behaviour. The soft-breaking pa-
rameter m2

12 (or equivalently M 2 = m 2
12=(s� c� )) controls decoupling properties and can

have a signi�cant impact on radiative corrections. In particular, in scenarios close to
alignment and at large tan �, an inappropriate choice of m2

12 may induce very large loop
corrections to Higgs self-couplings or destabilise perturbativity. These e�ects and their
impact on � hhh at one and two loops have been studied extensively [71,72,93].

Electroweak precision tests and custodial symmetry. Electroweak precision tests
are performed by checking the know as � parameter [279] which gives information about
the status of the custodial symmetry since at tree level this symmetry �xes the value of �
to the unity. The � parameter is de�ned as the ratio between the neutral and the charged
currents in a model. At tree level this is commonly expressed as

� �
m2

W

m2
Z cos2 � W

; (4.36)

whose experimental value is consistent with � ' 1 to very high accuracy (see, e.g., the
PDG review [280]). At the loop level one would have to compute the loop improved neutral
and charged currents [279]. For a general scalar sector containing n scalar multiplets �i

with weak isospin Ii , hypercharge Yi , and vacuum expectation values vi for the neutral
components, the tree-level value can be written as

� =

P n
i=1

�
I i (I i + 1) � 1

4Y 2
i

�
v2

iP n
i=1

1
2Y 2

i v2
i

: (4.37)
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Since the 2HDM contains only SU(2)L doublets with I = 1
2 and Y = 1, one has I(I +

1) = 3
4 Y 2, and therefore � = 1 holds automatically at tree level. Loop-level corrections

(often described in terms of oblique parameters) can nevertheless constrain mass splittings
among the additional Higgs states, as discussed below.

Beyond the tree-level statement � = 1, precision observables constrain loop-induced e�ects
of the extended scalar spectrum. These constraints are frequently phrased in terms of
the oblique parameters (S; T; U) [281,282], where T is particularly sensitive to custodial-
symmetry breaking mass splittings among (H; A; H� ). At leading order one has � � 1 '
� emT [281], so precision constraints on T translate directly into restrictions on scalar mass
spectra. As a result, electroweak precision data often enforce approximate degeneracies
such as mH � ' m A (or analogous relations) in sizable parts of the viable parameter space.

To ensure that the studied scenarios ful�l the EW precision measurements one can con-
front parameter points with the global electroweak precision �ts, using as input the stan-
dard experimental determinations compiled in [280]. For the 2HDM, dedicated treatments
of electroweak precision observables (including improved higher-order predictions for �)
can be found in [283] and are useful to assess the impact of two-loop corrections in regions
with sizeable scalar mass splittings.

Direct searches and Higgs signal strengths. Finally as in the RxSM the experi-
mental constraints have to be taken into account. Collider searches for additional Higgs
bosons (H, A, H � ) provide strong and complementary constraints, with the most relevant
channels depending on the mass spectrum and Yukawa type. In addition, the observed
Higgs boson at 125 GeV exhibits couplings close to the SM expectation, which constrains
mixing and favours the alignment limit.

In practice, direct search limits can be tested using HiggsBounds [256{258, 260] and the
compatibility with Higgs rate measurements using HiggsSignals [262{264]. Both are
distributed and maintained within the uni�ed framework HiggsTools [261].

4.3 Relevant limits in extended scalar sectors

Extended scalar sectors often contain several parametric regimes with distinct phenomeno-
logical implications. Among the most important are the alignment limit, the decoupling
limit, and the non-decoupling regime. In this section, these limits are discussed in gen-
eral terms, using the singlet extension of the Standard Model as a simple illustrative
example [248,284,285].

4.3.1 Alignment limit

The alignment limit is the regime in which one of the neutral scalar mass eigenstates
is aligned with the direction of the EW vacuum expectation value in �eld space. As a
result, this state has SM-like couplings to gauge bosons and fermions and also the same
observables than the SM. In extended scalar sectors, this means that the observed Higgs
boson behaves as the SM Higgs boson, independently of whether additional scalar states
are light or heavy [284,285].

This can be understood most directly in the scalar basis before diagonalisation. After
electroweak symmetry breaking, the scalar �elds mix, and the mass eigenstates are ob-
tained through an orthogonal transformation. Alignment corresponds to the situation
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in which the state pointing along the EW VEV direction remains an eigenstate of the
full mass matrix. In that case, its couplings to the SM particles coincide, with the SM
predictions [284,285].

A simple example is provided by the RxSM, where the physical �eld states are obtained
through eq. (4.7) which read as [248]:

�
�
s

�
=

�
cos � � sin �
sin � cos �

� �
h
H

�
: (4.38)

where � is the singlet-doublet mixing angle. If h is identi�ed with the observed Higgs
boson, the alignment limit corresponds to

� ! 0; (4.39)

so that h becomes purely doublet-like and therefore couples to fermions and gauge bosons
exactly as in the SM. In this simple case, alignment is equivalent to suppressed singlet-
doublet mixing. More generally, in multi-scalar models such as two-Higgs-doublet mod-
els [284,285].

An important point is that alignment does not require the additional scalar states to
be heavy. It is therefore possible to realise approximate alignment even in the pres-
ence of relatively light extra scalars, provided the mixing with the SM-like direction is
su�ciently suppressed [284, 285]. This possibility is phenomenologically relevant, since
current Higgs signal strength measurements already favour a near-aligned Higgs boson,
while still allowing for observable e�ects from an extended scalar sector in other channels
or observables [14,248,286].

4.3.2 Decoupling limit

The decoupling limit is the regime in which the additional states become much heavier
than the electroweak scale and their e�ects on low-energy observables are suppressed [70,
269,285]. In this limit, the low-energy theory reduces e�ectively to the SM, up to correc-
tions suppressed by inverse powers of the heavy mass scale. According to the Appelquist{
Carazzone decoupling theorem, heavy degrees of freedom decouple from low-energy ob-
servables, up to renormalisation e�ects and corrections suppressed by inverse powers of
the heavy mass [269].

Decoupling occurs when the masses of the extra states are controlled by a scale M satis-
fying

M 2 � v 2; (4.40)

with v the electroweak vacuum expectation value, and when the couplings of the heavy
states do not grow in such a way as to compensate the mass suppression in any case limited
by perturbativity and perturbative unitarity [70,72,269]. In this case, integrating out the
heavy �elds generates only small corrections to Higgs couplings and other electroweak
observables, typically scaling as powers of v2=M 2 [70,269].

This can be applied to extended Higgs sector by showing how heavy states can increase
their masses. In general terms, if the mass of an additional scalar is of the form

m2
� � M 2 + � � v2; (4.41)



52 Chapter 4. Extended Higgs sectors

to decouple the heavy state one has to increase its mass m2� by increasing the scale M2

while maintaining the coupling of the state to the rest of the Higgs sector �� small [70,72].
If one applies this to a simple scenario like the singlet extension, the decoupling limit is
reached when the singlet-like state becomes heavy while its mixing with the doublet
remains small [248]. Schematically, if the singlet mass parameter is much larger than the
electroweak scale, the mixing angle behaves as

� �
v

M
; (4.42)

or more generally as a quantity suppressed by the ratio of electroweak to heavy scales.
Consequently, the couplings of the observed Higgs boson approach their SM values, and
the direct impact of the heavy singlet on low-energy Higgs phenomenology becomes neg-
ligible [70,248].

Alignment also emerges automatically in the decoupling limit. This is because when the
non-SM scalar states are su�ciently heavy, the o�-diagonal entries of the scalar mass
matrix induce only a small admixture of heavy states in the SM-like Higgs boson [70,
284, 285]. It is therefore useful to distinguish between alignment with decoupling and
alignment without decoupling. The former corresponds to the case where SM-like Higgs
couplings arise because the extra scalars are heavy, whereas the latter occurs when the
scalar sector is arranged in such a way that the SM-like state decouples from the BSM
ones even though the additional states remain comparatively light [284,285].

Phenomenologically, the decoupling limit implies that deviations in Higgs couplings, trilin-
ear scalar couplings, and electroweak precision observables become progressively smaller
as the heavy mass scale increases [70, 72, 269]. In this regime, direct production of the
new scalars is also suppressed kinematically, which makes the extended scalar sector in-
creasingly di�cult to probe at colliders [70,248].

4.3.3 Non-decoupling e�ects

Non-decoupling refers to the situation in which heavy scalar states do not become irrel-
evant, even when their masses are increased [71, 72, 93]. This typically occurs when the
masses of the extra scalars are generated predominantly through electroweak symmetry
breaking itself, rather than by an independent large mass scale. In that case, the couplings
of the heavy states to the Higgs sector can grow with the heavy mass, and this growth
can compensate the expected suppression from propagators or loop factors [71,72].

In general terms, if the mass of an additional scalar is of the form

m2
� � M 2 + � � v2; (4.43)

the decoupling behaviour depends on which term dominates. If M2 � � � v2, the heavy
mass originates mainly from a scale unrelated to electroweak symmetry breaking, and the
scalar typically decouples, de�ned before as the decoupling limit [70,269]. By contrast, if

M 2 . � � v2; (4.44)

the heavy scalar mass is tied to the electroweak vacuum structure itself, and sizeable non-
decoupling e�ects may arise [71,72]. In such cases, loop corrections to Higgs couplings or
to the �nite-temperature e�ective potential can remain important even for comparatively
large scalar masses and perturbative regimes of the parameter space [72,93].
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Non-decoupling e�ects are particularly relevant in studies of Higgs self-interactions. In
many extended scalar sectors, loop corrections to the trilinear Higgs couplings can grow
with the masses of the additional scalars if these masses originate mainly from symmetry
breaking [71, 72, 93]. This implies that heavy states may still induce sizeable deviations
from the SM prediction for the Higgs self-coupling, even when their direct production
is challenging [72, 93]. Similarly, in �nite-temperature analyses, non-decoupling scalar
contributions can have a substantial impact on the shape of the e�ective potential and
therefore on the nature of the electroweak phase transition.

It is therefore important to stress that the presence of heavy extra scalars does not
automatically imply SM-like phenomenology. Whether the heavy states decouple or not
depends on the parametric origin of their masses and couplings. This distinction plays a
central role in the interpretation of both collider signatures and cosmological predictions
in extended scalar sectors [72,93,269].

4.4 Loop corrections in extended Higgs sectors

Up to this point, the discussion has largely focused on the tree-level structure of the
models. One might naively expect that the leading phenomenology is already captured
at tree level, with loop e�ects providing only small quantitative re�nements. In extended
scalar sectors, however, radiative corrections can be numerically sizeable and may even
qualitatively alter key predictions. It was �rst shown in the 2HDM that loop contributions
to trilinear Higgs couplings can be very large, with one-loop corrections reaching O(100%)
[71,72]. These studies have been re�ned later at the one-loop level obtaining corrections
of O(1000%) [138], at the two-loop level reaching O(2000%) [87, 93, 94] and in further
more studies for any model with an extended scalar sector [73, 76, 78, 89, 287{289]. All
the e�ects observed in these studies were for scenarios that where still inside of the
perturbative regime.

Many of the key observables that probe extended Higgs sectors are loop sensitive. Ex-
amples include Higgs trilinear self-couplings (relevant for di-Higgs production [138]) or
the �nite-temperature e�ective potential governing phase transition dynamics, both stud-
ied in this thesis. Consequently, a consistent comparison between model predictions and
experimental data requires a controlled treatment of radiative corrections.

A useful way to understand why radiative e�ects can become so large in extended scalar
sectors is to recall that heavy new scalars do not always decouple in a simple manner. In
these extensions of the SM one can �nd large couplings due to splittings in the mass scales
of the BSM particles, therefore, the tree-level scalar potential is not su�cient to properly
capture the interactions among the particles. This e�ect is often called mass-splitting
e�ect and enters the radiative correction through the quartic couplings of the form

m2
� = M 2 + ghh�� v2 ! g hh�� /

m2
� � M 2

v2 ; (4.45)

where m� denotes the physical mass of the BSM scalar �, v is the electroweak vacuum
expectation value, and M represents an intrinsic BSM mass scale from the Lagrangian not
generated by electroweak symmetry breaking. Importantly, the appearance of large radia-
tive corrections in this scenario does not necessarily indicate a breakdown of perturbation
theory; rather, it re
ects a well-de�ned class of heavy-scalar contributions that appear
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�rst only at loop level. This interpretation is supported by explicit higher-order com-
putations, which typically exhibit the expected perturbative behaviour in the parameter
regions where the theory remains unitary and perturbative [71,72,93{96].

In this thesis we are going to focus on the radiative corrections to the trilinear scalar
couplings of BSM models with extended scalar sectors. To do so, �rstly we have to de�ne
what we understand as trilinear scalar coupling. In this thesis we de�ne the trilinear
scalar coupling as an e�ective coupling extracted from the Lagrangian as

� ijk =
@3V

@hi @hj @hk

�
�
�
�
min

; (4.46)

and therefore it dose not have any momentum dependence. Radiative corrections to
this couplings can be computed either diagrammatically, by evaluating the relevant one-
particle-irreducible (1PI) three-point functions at zero external momentum, or alterna-
tively from the (loop-improved) e�ective potential.

4.4.1 E�ective potential approach

The n-loop e�ective potential V (n)
ef f (�) encodes the quantum-corrected vacuum structure

of the theory and provides a compact way to access Higgs masses and self-couplings
at zero external momentum, which is an approximation, especially for the masses. In
this approach, the trilinear Higgs coupling at n-loop level is obtained by expanding V(n)

ef f
around the electroweak vacuum and taking derivatives with respect to the physical Higgs
direction (at the n-loop level),

� (n)
ijk =

@3V (n)
ef f

@hi @hj @hk

�
�
�
�
�
�
min

; (4.47)

with the derivatives evaluated at the loop-corrected minimum and where i; j; k make
reference to the di�erent Higgs bosons in a model with an extended Higgs sector. The
resulting quantity corresponds to the hi hj hk vertex in the zero-momentum limit and
captures the non-decoupling e�ects of heavy scalars in many extended Higgs sectors up
to the n loops. In phenomenological applications, this method is particularly convenient
because it reduces signi�cantly the complexity of the computation of �h i h j hk . The e�ective
potential is constructed adding to the tree level potential (V (0) ) the loop corrected piece
(V (n) ) and the counterterm potential (� CT V ):

V (n)
ef f = V (0) + V (n) + � CT V: (4.48)

The loop corrected piece contains all the bubble diagrams that can be constructed at
certain loop level. At the one-loop level this have been deeply studied [290] and one can
use the supertrace formula [290] in theMS scheme to compute it:

V (1) (�) =
X

i

(�1) 2si ni

64� 2 m4
i (�)

�
ln

�
m2

i (�)
Q2

�
� c i

�
; (4.49)

where the sum runs over all particle species contributing to the one-loop e�ective potential.
For each particle i, si denotes its spin, ni the corresponding number of degrees of freedom,
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and m2
i (�) the �eld-dependent squared mass evaluated. The factor (�1) 2si accounts for

the relative minus sign between fermionic and bosonic contributions. Furthermore, Q is
the renormalisation scale, and ci is a scheme-dependent constant, whose value depends on
the regularisation and renormalisation prescription adopted. In the MS scheme (which is
assumed to compute the e�ective potential), the constants ci take the values

ci =

8
><

>:

3
2

; for scalars and fermions;

5
6

; for gauge bosons:
(4.50)

The counterterm potential will depend on the counterterms of the parameters of the
potential (x i ) following:

� CT V = � CT x i
@V(0)

@xi
; (4.51)

where �CT x i are the counterterm of each parameters and they depend on the choice of
the renormalisation, where the standard choice is theMS scheme assumed in eq. (4.49).

4.4.2 Diagrammatic approach

A complementary determination of Higgs self-interactions is provided by the diagram-
matic approach, which allows, in case is needed (not in our case), to do a full momentum-
dependent computation. The diagrammatic computation allows us to compute the loop-
corrected three point function with the full momentum dependence

�̂ (n)
h i ;h j ;hk

(p2
1; p2

2; p2
3) ; (4.52)

where the external momenta satisfy p1 +p 2 +p 3 = 0 and. Then if we want to extract from
this function the trilinear scalar coupling as an e�ective coupling we have to evaluate the
three point function at zero external momenta

�̂ (n)
ijk � � �̂ (n)

h i ;h j ;hk
(0; 0; 0): (4.53)

At a given loop order, �̂ ijk is obtained by summing all 1PI Feynman diagrams contributing

to the ijk vertex (� (n)
gen� ijk ), adding the corrections to the external legs (�(n)

wfr � ijk ), the
vertex counterterm contribution (� CT � ijk ) and �nally the sub-loop renormalisation term

(� (n)
sub� ijk ) composed by all the Feynman diagrams with a topological structure of (n � 1)-

loop or less but where counterterms are attached either in the propagators or in the
vertices:

�̂ (n)
ijk = � �̂ (n)

h i ;h j ;hk
(0; 0; 0) = � (0)

ijk + � (n)
gen� ijk + � (n)

wfr � ijk + � CT � ijk + � (n)
sub� ijk =

= hi

hj

hk

+ hi

hj

hk

+
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+ hi

hj

hk

+ hi

hj

hk

; (4.54)

where for simplicity only one-loop diagrams have been shown. The tadpole contributions
are included in the vertex corrections in case that they are attached to the vertex or in
the external leg corrections in case they are attached to the propagators. Now the only
missing piece are the di�erent counterterms for the parameters of the model that arise
from the renormalisation scheme.

4.4.3 Renormalisation schemes

Loop calculations in renormalisable quantum �eld theories require the introduction of
counterterms to absorb ultraviolet (UV) divergences and to relate the parameters ap-
pearing in the Lagrangian to physical observables. Concretely, one splits bare parameters
and �elds into renormalised quantities and counterterms, e.g.

xB = x̂ + � CT x; � 0 =
�

1 +
1
2

�Z �

�
�̂; (4.55)

where x̂ denotes a generic renormalised parameter (masses, couplings, mixing angles, . . . ),
� CT x the corresponding counterterm, and �Z� the �eld renormalisation constant for the
�eld �. While the cancellation of UV divergencies uniquely �xes the divergent parts of the
counterterms, their �nite parts remain undetermined. The prescription used to �x these
�nite parts de�nes the renormalisation scheme. Choosing a scheme is therefore essential
to obtain unambiguous numerical predictions for loop-corrected masses and couplings
such as the trilinear scalar couplings.

In practice, one has the choice of using renormalisation scheme and at in�nite-loop the
physical observables are independent of this choice. Di�erent schemes are related by �nite
parameter rede�nitions and agree up to higher-order corrections, but the residual scheme
dependence at �xed order provides a useful estimate of theoretical uncertainties from
unknown higher-order contributions.

MS scheme. In the modi�ed minimal subtraction scheme, counterterms remove only
the UV-divergent part so that

� CT
MSx = x (n) jdiv ; (4.56)

with no additional �nite renormalisation imposed. Since the counterterm only absorbs the
divergent part of the loop corrected function there is still a �nite contribution coming from
the loop corrections that depend on the renormalisation scale � (introduced in dimensional
regularisation to keep the couplings dimensionally consistent) and as a consequence,MS
parameters are running quantities:

x̂ � x̂(�); �
d

d�
x̂(�) = � x ; (4.57)
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and physical observables computed at �nite order retain a residual dependence on the
renormalisation scale �, which is compensated (up to higher orders) when including the
running parameters at lower orders and that also decreases when higher perturbative
orders are included. TheMS scheme is particularly convenient for renormalisation-group
improvement and for matching calculations, and it often leads to compact expressions
for counterterms. In extended Higgs sectors, however, purelyMS de�nitions of masses or
mixing angles can sometimes lead to arti�cially large loop corrections or gauge-sensitive
intermediate quantities.

On-shell scheme. In the on-shell (OS) scheme, counterterms are �xed by requiring that
selected quantities coincide with physical observable-like quantities. For a scalar �eld h,
OS conditions are typically imposed on the renormalised two-point function such that the
position of the pole and its residue match the physical mass and canonical normalisation:

�̂ h(p2)
�
�
p2=m 2

h
= 0; (4.58)

d
dp2 �̂ h(p2)

�
�
�
�
p2=m 2

h

= 0; (4.59)

where �̂ h denotes the renormalised self-energy. Analogous conditions can be formulated
for gauge bosons and fermions. In this way, OS renormalisation ties the input parameters
directly to measured masses and couplings and often leads to stable numerical predictions
for collider observables. In models with mixing, OS schemes require additional conditions
to renormalise mixing angles and o�-diagonal �eld renormalisation constants, which can
be de�ned, for instance, from on-shell transitions or from suitable renormalised vertices,
the OS scheme is then not uniquely de�ned. The OS scheme is therefore related with phe-
nomenological applications, although it may become technically more challenging when
many parameters and mixing structures are present. Finally another advance with re-
spect to MS scheme is that e�ective couplings like the trilinear scalar couplings computed
following a full OS scheme will not depend on the renormalisation scale.
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Chapter 5

Di-Higgs production at future
colliders

No me importa lo que hagas;
solo quiero que seas feliz.

{ Ama

In this chapter we present the �rst results of this thesis, focusing on di-Higgs production as
a direct probe of the scalar potential in the real singlet extension of the Standard Model.
Higgs-pair production constitutes one of the most promising channels through which
information on trilinear Higgs couplings may be accessed experimentally, and it therefore
provides a unique link between collider phenomenology and the underlying structure of
the scalar sector. In the class of scenarios considered here, this connection is particularly
relevant because the same extended scalar dynamics that can strengthen the electroweak
phase transition may also induce sizeable modi�cations in Higgs self-interactions and in
the production of Higgs-boson pairs at colliders.

A central aspect of this analysis is that the di-Higgs signal cannot, in general, be described
reliably by considering only the heavy-resonance contribution. In the real singlet model,
the full process receives contributions from the heavy-Higgs-mediated resonant diagram,
the Standard-Model-like light-Higgs triangle diagram, and the box diagram, together with
the corresponding interference e�ects among them. As will be shown in this chapter,
these interference terms can substantially distort both the total rate and, even more
importantly, the shape of the invariant-mass distribution of the Higgs pair. A consistent
phenomenological interpretation therefore requires the inclusion of the complete set of
diagrams rather than a simpli�ed resonant approximation.

With this motivation, we analyse Higgs-pair production at the HL-LHC in a benchmark
region of the parameter space that is favourable for a strong �rst-order electroweak phase
transition and compatible with current theoretical and experimental constraints. We
�rst study the total production rate and assess the extent to which deviations from the
Standard Model prediction may become observable. We then turn to the di�erential
invariant-mass distribution, which provides more detailed information on the interplay
between resonant and non-resonant contributions and on the sensitivity to the beyond-

59
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the-Standard-Model trilinear coupling � hhH . Particular emphasis is placed on the com-
parison between the full calculation and the approximation in which only the resonant
contribution is retained, since this di�erence has important consequences for the inter-
pretation of present and future experimental searches.

5.1 Benchmark Plane and Points

After applying the minimization conditions the RxSM has seven free parameters: �S,
� SH ; � S; � SH ; �; v and v S. Fixing the SM-like Higgs mass mh and the SM VEV v
to their phenomenological values mh � 125 GeV and v � 246 GeV, we are left with
�ve free parameters, � S, � SH ; � S; �; and v S. The aim in this section is to de�ne a
benchmark plane with only two degrees of freedom which features a SFOEWPT, and
which maximizes the di-Higgs production cross section at the LHC. The authors of [108]
scanned the RxSM parameter space and kept points exhibiting a SFOEWPT. Out of
these they selected eleven points that maximize the di-Higgs production cross section
at the LHC, �(pp ! H ! hh). We have used these results from [108] to de�ne our
2-dimensional benchmark plane.

Out of the eleven points provided in [108] we use eight points which all have vS > 30 GeV .1

These points are shown in table 5.1.2 They approximately ful�ll the numerical conditions 3

� SH =
�16000

vS
;

� = 0:36 ;

� S = �560
p

2� S ; (5.1)

leaving the singlet vev vS and the parameter � S as our free parameters, so that we arrive
at a two-dimensional benchmark plane that features a SFOEWPT. The appearance of
\restricted allowed intervals" for the Lagrangian parameters that can be observed in
table 5.1 is just a consequence of the requirement of a SFOEWPT as demanded in [108].

All points of the de�ned benchmark plane are within the range of parameters that were
found to feature a FOEWPT, see our analysis below. Calculating the values of �SH , �
and � S from the values of � S and vS in table 5.1 we �nd a maximum deviation of 7%
for � SH , 6% for � and 30% for � S w.r.t. the values given in table 5.1. We can use the
relations of section 4.1.1 to translate the relations in eq. (5.1) into the mass basis. This
allows us to take into account the experimental and theoretical constraints as described
in the previous subsection. The plane is shown in the upper left plot of �g. 5.1, where
the red stars indicate the eight benchmark points, and the blue points are allowed by

1We have checked that the remaining three points exhibit a very similar phenomenology (see our
analysis below) as the eight chosen points.

2We have checked that these eight points also lead to a FOEWPT using the more updated calculation
implemented in BSMPTv3 [83, 85, 91]. This code uses the one-loop corrected e�ective potential including
thermal masses. While lattice simulations allow to complete the incomplete perturbative approach [211,
215, 291, 292], they are computationally demanding preventing an easy investigation of arbitrary BSM
models. For lattice treatments of the e�ective potential, see e.g. [293{296], for lattice simulations of
gravitational waves, see e.g. [239]. The code DRalgo [297] provides an algorithm for the construction of
an e�ective, dimensionally reduced, high-temperature �eld theory for generic models, allowing to better
describe infrared e�ects [208] that can only be treated properly by lattice simulations [298].

3For the four points with v S < 30 GeV the deviations from our three conditions exceed the few-percent
level.
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Benchmark vS [GeV] � � SH [GeV] � SH � S
~[GeV] � S � � � hhH [GeV]

B1 60.9 0.34 -245 2.65 -361 0.260 1.42 123
B2 59.6 0.34 -284 3.26 -397 0.380 1.40 153
B3 54.6 0.34 -321 3.80 -214 0.080 1.41 167
B4 47.4 0.36 -354 4.63 -607 0.435 1.47 187
B5 40.7 0.36 -372 5.17 -618 0.410 1.47 182
B6 40.5 0.38 -422 5.85 -151 0.040 1.48 207
B7 36.4 0.36 -449 7.36 -424 0.140 1.43 236
B8 32.9 0.34 -488 8.98 -542 0.265 1.41 266

Table 5.1: Values of vS, �, � SH , � SH , � S, � S, � � , and � hhH of the reference benchmark
points from [108].

all constraints. The gray points are excluded by HiggsBounds, which found them to
be incompatible with a 2020 ATLAS search for a resonance of a heavy Higgs boson,
which decays into two Z bosons and ultimately into four leptons [299]. This experimental
result was not yet available when [108] was published. We also show the projection of
the allowed/excluded regions (blue/grey) in the � hhH -� � plane in the upper right plot of
�g. 5.1. It can be seen how almost the entire plane lies in the area de�ned by the points
of [108], which ensures the SFOEWPT in our plane. One can observe that four reference
points are outside the plane, because of their smaller or larger value of �� . However,
this does not constitute a problem, since the points are outside our benchmark plane by
a maximum of 2% in � � . (In [108] a favorable value of �� � 1:5 is found to ensure the
SFOEWPT, in agreement with our benchmark plane.) Finally, in the lower plot of �g. 5.1
we show a zoom into the allowed regions in the �hhH -� � plane.



62 Chapter 5. Di-Higgs production at future colliders

Figure 5.1: The benchmark plane with the experimentally excluded region in grey, the
allowed region in blue and the points used to de�ne the plane in red (see text). Upper left:
the prediction in the plane vS-� S. Upper right: the projection of the benchmark plane
in the � hhH -� � plane. Lower plot: the �nal allowed benchmark plane in the � hhH -� �

projection.
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In the following we brie
y analyze the basic phenomenological features of our benchmark
plane. In �g. 5.2 we show the prediction for mH in the vS-� S plane (left) and in the
� hhH -� � plane (right). It can be seen that the mass of the heavy Higgs boson is inversely
proportional to the singlet vev. This is an e�ect of the de�nition of the benchmark plane,
not a feature of the model. The allowed range of mH in our plane is [458; 660] GeV . One
can also see that �hhH increases with the heavy Higgs-boson mass. Overall, we �nd that
in our benchmark plane the product of (sin � � � hhH ) is approximately constant (within
a few percent). In the calculation of gg ! H ! hh in the limit of large m H one thus
�nds a suppression with increasing mH , and in the limit m H ! 1 the amplitude for this
process goes to zero.

Figure 5.2: The prediction of the heavy Higgs mass mH in our benchmark scenario. Left:
in the vS-� S plane, right: in the � hhH -� � plane.

In �g. 5.3 we show the prediction of the cosine of the mixing angle � in the vS-� S plane
(left) and in the � hhH -� � plane (right). The cosine tends to 1 for small values of vS, but
cos � = 1 is never reached, which is again an artifact of our benchmark plane. This is
consistent since in the alignment limit the SM is recovered, in which no SFOEWPT is
found, whereas it is ensured in our benchmark plane by construction. Similarly, �� = 1
is never reached by construction.

Figure 5.3: The prediction of the mixing angle in the second benchmark plane. Left: in
the vS � � S plane. Right: in the � hhH � � � plane.
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5.2 HL-LHC Analysis

In this chapter, we �rst brie
y review the set-up for the calculation of pp ! hh. We
show the results for the cross section in an speci�c benchmark plane favorable for a
SFOEWPT and analyze whether di�erences w.r.t. the SM predictions will be observable.
Finally, we analyze the sensitivity to the heavy Higgs-boson resonance and its THC, �hhH .
The corresponding analysis for high-energy e+ e� colliders is presented in the subsequent
section 6.3.2.

5.2.1 Calculation of gg ! hh

Standard Model Higgs-pair production has not been observed yet at the LHC, and there-
fore di-Higgs production constitutes an interesting window to test new physics in future
experiments such as the HL-LHC. The main production channel at the (HL-)LHC is gluon
fusion. In the SM at leading order (LO), two diagrams contribute to the process: the
box diagram (shown by the lower diagram in �g. 5.4), which is given by a heavy quark
loop with two Yukawa couplings, and the triangle diagram (shown by the upper right
diagram in �g. 5.4), which is given by a heavy quark loop with a Yukawa coupling and
the THC � hhh .4 In the RxSM, an additional diagram contributes: the triangle diagram
in which a heavy Higgs boson is propagating in the s-channel (shown by the upper left
diagram in �g. 5.4). It depends on the Yukawa coupling of the heavy Higgs boson and
on the BSM THC � hhH . The box and the light Higgs triangle diagram are known as the
\continuum" or the non-resonant part, while the heavy Higgs triangle diagram is called
the \resonant" part (even in the case of mH < 2m h). It should be noted that in the SM
there is a destructive interference between the triangle and the box diagram.5

Figure 5.4: Leading-order diagrams contributing to the di-Higgs production process at the
(HL-)LHC.The red and blue dots indicate the trilinear scalar couplings � hhh and � hhH ,
respectively. Left: light triangle diagram; centre: box diagram; right: heavy triangle
diagram.

For our analysis we calculate the total production cross section as well as the di�erential
cross section with respect to the invariant mass of the two light Higgs bosons, mhh .
For both calculations the code HPAIR [137] has been used, adapted to the RxSM. The
original Fortran code HPAIR was written to calculate the production cross sections of two
neutral Higgs bosons through gluon fusion in the SM and in the Minimal Supersymmetric
Extension of the SM (MSSM). In the meantime, it has been extended to other models
[64, 69, 137, 300{302]. For our project, we extended the code to include the RxSM. The
computation can be performed either at LO or next-to-leading order (NLO) in QCD. In
the LO case, the calculation takes into account the top and bottom quark loops with full
mass dependence, whereas in the NLO case the heavy top quark mass limit (HTL) is

4We only display top-quark loops as in the SM the contributions from bottom-loops are very small.
5 In principle, also the weak-boson fusion process can contribute. However, within the SM it is sup-

pressed w.r.t. gluon fusion by more than a factor of 10 [100]. The contribution of the heavy Higgs-boson,
involving � hhH , receives an additional reduction due to the suppressed W W H coupling.
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used. In this limit, the contributions of all quarks are neglected, except for the top quark,
which is assumed to be in�nitely heavy. The computation of the NLO QCD corrections
in the HTL including the full top-quark mass e�ects at LO leads to a K-factor, i.e. the
ratio of the NLO over the LO cross section, of approximately 2 in the SM [137] and also
in other BSM extensions, as found in [64,69,137,300{302].6 This value approximates the
results of the K-factor of the inclusive cross section including the �nite top-mass e�ects
at NLO QCD, very well as shown in [303{307] for the SM and [307, 308] for the 2HDM.
The QCD corrections are not a�ected by Higgs mixings, so they can be taken over to the
RxSM case.

The code also provides the calculation of di�erential cross sections with respect to the
invariant Higgs-pair mass, mhh , both at LO and in the HTL. However, as has been shown
in [309] in the context of non-linear e�ective �eld theory, mass e�ects can be signi�cant in
the mhh distributions. Since for BSM models there are no results available for distributions
at NLO QCD including the full mass dependence, we will stick to LO distributions in the
following. Although we are aware that NLO corrections are important, we do not want
to present results for distributions that could be signi�cantly distorted by mass e�ects,
and hence chose to make this compromise. Since not all calculations necessary for our
analysis can be performed at NLO, we consistently use LO QCD everywhere.

5.2.2 Analysis of the total cross section

In �g. 5.5 we show the results for the di-Higgs production cross section in the RxSM at
LO. We have veri�ed numerically that the results at NLO QCD are larger by a factor
� 2. From now on, we concentrate on the LO result (keeping in mind the NLO factor).
All cross section calculations are done for

p
s = 14 TeV. The corresponding SM cross

section is obtained with our RxSM version of HPAIR setting the mixing angle � = 0, i.e.
in the SM limit. Numerically, we �nd

� LO
SM (pp ! hh) = 19:76 fb ; � NLO

SM (pp ! hh) = 38:24 fb : (5.2)

In a �rst step, we compare the results of the RxSM with the SM model ones at the
HL-LHC and analyze whether the cross sections of both models can be distinguished
experimentally. To do so we de�ne the statistical signi�cance of the RxSM cross section
w.r.t. the SM. To calculate the uncertainty of the cross section measurement at the HL-
LHC we take the anticipated signi�cance of the SM di-Higgs production cross section at
the HL-LHC [183], which has been found to be sSM = 4:5�. This signi�cance is rescaled
to the cross section of the RxSM (as the number of expected events will be di�erent).
Since we are dealing with a Gaussian distribution, the uncertainty scales as the square
root of the number of events, or in this case of the cross section. The uncertainty �� RxSM

hh
on the cross section in the RxSM can then be obtained as,7

�� RxSM
hh =

� SM
hh

sSM

s
� SM

hh

� RxSM
hh

; (5.3)

6 In our calculations performed for this work we con�rmed a K-factor of � 2 for the RxSM, see the
next subsection.

7Since, as discussed above, also in the RxSM the K-factor is � 2 as in the SM, we can safely assume
that the NLO QCD corrections, that are not taken into account (see the discussion above), rescale all
cross sections and the corresponding uncertainties in the same way.
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and the signi�cance of the deviation of the total RxSM di-Higgs production from the SM
prediction is de�ned as,

�s =
� RxSM

hh � � SM
hh

�� RxSM
hh

: (5.4)

With this de�nition of the signi�cance we are scaling the SM analysis, which properly takes
into account the background at the HL-LHC, to the cross section of the RxSM. While this
is an approximation, e.g. not taking into account the possibility of a resonant structure, it
should capture the main SM background e�ects. There are previous works that do a more
detailed analysis of the impact of the backgrounds in the RxSM, see [108, 126, 310{312],
but this goes beyond the scope of our analysis.

In �g. 5.5 we show the � hhH -� � benchmark plane as de�ned in the previous section. In
the left plot we display as color coding the total cross section of the di-Higgs production
in the RxSM and we mark in red when the value of the cross-section in the RxSM is
approximately equal to the SM, which we de�ne through the right plot, where we show as
color coding the signi�cance of the deviation from the SM, i.e. �s as de�ned in eq. (5.4),
where red points have j�s < 0:1j. For values of � hhH

<� 200 GeV we �nd larger RxSM
cross section values than in the SM, whereas for larger �hhH values they are smaller.
However, this is not a general feature, but an artifact of our benchmark plane. The �gure
shows that the cross-section of the process is inversely proportional to the THC �hhH .
Here it is important to keep in mind that � hhH increases with mH . However, as argued
in the section where the benchmark plane is de�ned, an overall suppression of the heavy
Higgs-boson contribution is expected with increasing �hhH due to the fact that in our
benchmark plane we �nd that the product of (sin � � � hhH ) is approximately constant.
Finally, as can be observed in the right plot of �g. 5.5, we �nd that for the smallest
allowed values of �hhH in our benchmark plane the cross section of the RxSM deviates
by more than 5 � from the SM prediction, i.e. from the cross section measurement alone
a di�erence could be observed. For most parts of the parameter space, however, this
di�erence is big enough to be signi�cant.

Figure 5.5: The � hhH -� � benchmark plane. Left: total cross section of the process
gg ! hh for the HL-LHC in the RxSM. The red mark on the colorbar corresponds to
� RxSM

hh = � SM
hh . The red colored points are de�ned via the right plot (see text). Right:

the signi�cance of the cross section of the process gg ! hh in the RxSM w.r.t. the SM.
The red mark on the colorbar corresponds to �s = 0, and the red points have j�sj < 0:1.

In the region where � SM
hh � � RxSM

hh , i.e. the region marked in red in the right plot of
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�g. 5.5, the RxSM is not in the alignment limit, but the various BSM e�ects cancel each
other. W.r.t. the SM one has � � � 1:45, i.e. the destructive interference of the box
diagram and the h s-channel contribution is enhanced, leading to a smaller cross section.
This, however, is compensated by the resonant H exchange contribution, leading to an
accidental numerical cancellation of both e�ects.

Resonant di-Higgs-boson searches at ATLAS [9, 13] and CMS [14, 313] so far take into
account only the resonant diagram, but neglect possible e�ects from the two continuum
diagrams, which will be discussed further in section 5.2.3. Here, in �g. 5.6, we show the
total cross section in the RxSM for the case that the continuum diagrams are (incorrectly)
not taken into account. It can be observed that this cross section is lower than the SM
result by � 30% for small values of � hhH and by up to � % for large values of � hhH .
These numbers di�er substantially from the complete calculation taking into account all
diagrams, as shown in �g. 5.5. This demonstrates already at the level of the full cross
section that the experimental \approximation" of neglecting the continuum diagrams may
not be adequate in all cases. This di�erence in the computation of the cross section makes
it complicated to compare the results of this work with results of previous works. These
analyse the background further, but apply a di�erent approach in the computation of the
signal, as e.g. done in [108].

Figure 5.6: The cross section of the process gg ! hh for the HL-LHC in the RxSM only
taking into account the heavy Higgs boson triangle diagram, shown in the plane �hhH -� � .

5.2.3 Analysis of m hh

De�nitions and Benchmark Points

Experimental di-Higgs analyses not only rely on the total cross section, but also build
substantially on di�erential distributions like the di�erential invariant mass distribution
of the di-Higgs system, mhh (which we evaluate, as discussed above, also with the code
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HPAIR). This will be particularly interesting in parameter regions where �s > 5, i.e.
the measurement of the total cross section is su�cient to distinguish the RxSM from
the SM and one could extract information of the � hhH coupling from the di�erential
distributions. And it can be particularly relevant in parameter regions with �s < 5
i.e. the measurement of the total cross section is not su�cient to distinguish the RxSM
from the SM. To facilitate our analysis, we are going to focus on eight benchmark points
distributed over the plane. They have been selected to explore parameter regions with
di�erent values of the BSM Higgs-boson mass, di�erent couplings and also di�erent values
of the statistical signi�cance of the total cross section with respect to the SM. The eight
benchmark points that we have de�ned are shown in �g. 5.7, with their input parameters
and other relevant quantities given in table 5.2. In our analysis we will group these
benchmark points according to the di�erences between �RxSM

hh and � SM
hh in each point.

Speci�cally, we de�ne

ˆ Region 1: �s > 5 ,

ˆ Region 2: 5 > �s > 1 ,

ˆ Region 3: 1 > �s .

Figure 5.7: The � hhH -� � plane with the eight benchmark points marked. For details, see
table 5.2.

Before we present our mhh analysis, we discuss the impact of the experimental uncertain-
ties, see [64]. In �g. 5.8 we show the theoretical prediction for the mhh distribution in
black for the benchmark point P1, as given in table 5.2. It has a dip for low values of the
invariant mass, mhh � 290 GeV. This is caused by a negative interference between the
box and the light Higgs-boson triangle diagrams. In the SM with � � � 1 this interference
occurs at mhh � 250 GeV. In P1 we have � � � 1:5, and the negative interference is
shifted to mhh � 290 GeV. The second important e�ect is the peak-dip structure ob-
served around the resonance of the heavy Higgs boson, mhh = m H � 460 GeV. This
peak-dip structure is due to the interference of the heavy Higgs-boson triangle and the
two non-resonant diagrams, see the discussion in [64] and references therein. The sign
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Id m H � v S � S � hhH � � � H � RxSM
hh �s R

[GeV] [GeV] [GeV] [GeV] [fb]

P1 459.2 0.178 46.3 0.445 177 1.47 2.07 38.1 6.4 318
P2 464.9 0.176 46.3 0.225 172 1.46 2.07 35.3 5.3 293
P3 469.4 0.174 47.4 0.000 157 1.43 2.02 31.7 3.9 255
P4 529.8 0.153 41.9 0.000 187 1.43 2.38 21.7 0.7 156
P5 577.5 0.139 37.5 0.390 221 1.45 2.72 18.0 -0.2 126
P6 531.7 0.152 40.8 0.225 197 1.45 2.46 22.1 0.8 165
P7 642.9 0.125 34.2 0.055 241 1.44 2.99 15.1 -0.8 89
P8 657.9 0.122 33.1 0.390 256 1.44 3.00 15.3 -0.8 93

Table 5.2: Benchmark points: identi�er, heavy Higgs mass, mixing angle, singlet vev, b4,
� hhH coupling, � � modi�er, heavy Higgs decay width, di-Higgs production cross section
at the HL-LHC, �s, and the R parameter de�ned in eq. (5.5), see text.

of the couplings entering the heavy Higgs-boson resonance diagram, Yt � � hhH , where Yt

is the top Yukawa coupling of the heavy Higgs boson, determines whether one �nds a
peak-dip structure (as in our case), or a dip-peak structure.

Figure 5.8: Di�erential cross section of the process pp ! hh at the HL-LHC with
p

s =
14 GeV as a function of mhh for the point P1, see table 5.2; black: theoretical curve,
blue: smeared curve with 15% of smearing, red: smeared and binned curve with 15% of
smearing and a bin size of 50 GeV.

The �rst experimental uncertainty that has to be taken into account is the uncertainty
in the mhh measurement, labeled as \smearing". Here we follow the procedure of [64],
where each point in mhh is smeared out out as a Gaussian distribution in mhh . We
represent each point in mhh as a Gaussian distribution with a full width half maximum
(FWHM) of a percentage (p) of the corresponding value of mhh , see [64] for details, where
it was argued that the percentage (p) value to perform a realistic analysis is 15%. The
e�ect of smearing on a distribution can be seen in the blue curve in �g. 5.8. It can
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be observed how the distribution is smoothened out and does not exhibit a pronounced
peak-dip structure anymore, which will make it more di�cult to identify the resonance
contribution. The second e�ect to be taken into account is that the detector does not
have an in�nite resolution in m hh . Instead, the data will be given in bins of 50 GeV width,
see again the discussion in [64]. Taking this into account on top of the smearing results
in the red curve shown in �g. 5.8. Indentifying the resonance contribution becomes even
more di�cult taking the �nite resolution in m hh into account.

One main objective of our analysis is the question whether we can distinguish the RxSM
from the SM via the mhh distributions, i.e. whether the e�ect of the heavy Higgs-boson
resonance can be detected. To this end, we de�ne a theoretical parameter, R, to compare
quantitatively the di�erence between the RxSM and the SM distributions for the di�erent
benchmark points. Following [64], we de�ne R as,

R =
P

i jN R
i � N C

i j
q P

i N C
i

; (5.5)

where NR
i is the number of events of the RxSM distribution, and NC

i is the number of
events of the SM distribution in bin i. The window in which the bins are counted is
de�ned by [64],

jN R � N C j > bin size � 20 GeV ; (5.6)

i.e., the sum over i in eq. (5.5) runs over all the bins that ful�ll the condition in eq. (5.6).
With this choice we focus on the region in which there are sizeable di�erences between
the two distributions, i.e. around the resonance. It is important to emphasize that R is
a theoretical measure to compare the two distributions with each other. To determine
whether via an mhh distribution the measurement the value of the THC � hhH can be
performed, a full experimental analysis is required, which is beyond the scope of this.

Complete Calculation

In this subsection we present our results for the calculation of the di�erential cross section
based on the full set of LO diagrams. In the next subsection we highlight the di�erences
w.r.t. the calculation taking into account only the resonant heavy Higgs-boson diagram,
as done by the experimental collaborations to obtain their exclusion limits.

Region 1

In the �rst region with �s > 5 one could observe indications of BSM physics via the total
cross-section measurement alone. Two benchmark points, P1 and P2 lie in Region 1. In
�g. 5.9 we show the mhh distributions for a smearing of 15% and a bin size of 50 GeV, as
discussed in the previous subsection. Compared are the results for the SM (red dashed
line), benchmark point P1 (red) and P2 (blue). One can observe that the \original" dip-
peak structure, as e.g. visible in �g. 5.8, is not visible anymore, an e�ect of the smearing
and binning. On the other hand, a pronounced peak w.r.t. the SM is visible around
mhh � 460 GeV, which corresponds to a good approximation to the values of mH in P1
and P2. The values found for R according to eq. (5.5) and (5.6) are R � 300 (see also
table 5.2), where we have indicated in �g. 5.9, which bins are taken into account in the
respective evaluation. While R is not representing a true experimental signi�cance, the
values are relatively high, giving rise to the expectation that the RxSM and the SM can
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Figure 5.9: Di�erential cross section of the process pp ! hh at the HL-LHC as a function
of mhh for the SM (red dashed line) and for two RxSM benchmark points: P1 (red) and
P2 (blue) see table 5.2. Results are shown for a smearing of 15% and a bin size of 50 GeV.
The bins that have been used to calculate the R values are indicated by gray vertical lines.

be distinguished not only via a measurement of the total cross section, but also via a
measurement of the mhh distributions.

Region 2

In the second region the di�erence in the total di-Higgs production cross section between
the RxSM and the SM is 5 > �s > 1, i.e. the total cross section measurement would
exhibit a signi�cant deviation although it would not be statistically distinguishable from
the SM. However, as discussed above, this is due to the cancellation of several BSM e�ects,
as we will demonstrate here. In �g. 5.10 we show the mhh distributions of the benchmark
point in region 2, P3 (orange) see table 5.2. As before, they are compared to the SM
distribution (dashed red), and a smearing of 15% and a bin size of 50 GeV have been
applied. As for region 1, it can be observed how the dip-peak structure is washed out,
leaving resonance peaks around the values of mH , with m H � 470 GeV for P3 (see also
table 5.2), where we have indicated in �g. 5.10, which bins are taken into account in the
respective evaluation. Most importantly, all three RxSM distributions di�er substantially
from the SM mhh distribution where the di�erential cross section is large. The values
of R found for P3 is � 250. These large value give rise to the hope that while the total
cross section does not allow to distinguish the RxSM from the SM, such a distinction may
be possible via the measurement of the mhh distribution in comparison with the theory
prediction for the SM.

Region 3

In the third region the di�erence in the total di-Higgs production cross section between the
RxSM and the SM is 1 > �s, i.e. the total cross section in the RxSM is e�ectively identical
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Figure 5.10: Di�erential cross section of the process pp ! hh at the HL-LHC as a function
of mhh for the SM (red dashed line) and for three RxSM benchmark point in region 2:
P3 (orange) , see table 5.2. Results are shown for a smearing of 15% and a bin size of
50 GeV. The bins that have been used to calculate the R values are indicated with gray
lines.

to the SM prediction. In �g. 5.11 we show the mhh distributions of the benchmark points
P4 (cyan) and P5 (green) in region 3 and in �g. 5.12 the benchmark points P6 (pink), P7
(purple) and P8 (black), see table 5.2. As before, they are compared to the SM distribution
(dashed red), and a smearing of 15% and a bin size of 50 GeV have been applied. From
the original peak-dip structure only a broadly smeared out \resonance peak" remains,
again centered around the respective values of the heavy Higgs-boson mass. However,
in contrast to regions 1 and 2, the di�erences w.r.t. the SM mhh distribution around
mH , i.e. where the di�erential cross section is relatively large, appears much smaller than
in the regions 1 and 2. Correspondingly, relatively smaller R values are found between
� [90; 150] (see also table 5.2), where again we have indicated in �g. 5.11 and �g. 5.12,
which bins are taken into account in the respective evaluation. While these values still
appear substantial, a more realistic experimental analysis will be needed to determine
whether in region 3 the mhh measurement at the HL-LHC will be able to distinguish the
RxSM from the SM.

Pure Heavy Resonant Contribution

In view of recent improvements in the experimental sensitivity to resonant di-Higgs pro-
duction (see, e.g., [9,313]) it is crucial that the experimental limits (and possibly eventually
also the experimental measurements) are presented in a way that they can be correctly
confronted with theoretical predictions in di�erent models. The resonant limits that have
been presented by ATLAS [9] and CMS [313] so far were obtained assuming that only one
heavy resonance is contributing to the cross section, neglecting the non-resonant contri-
butions. In [138] it was demonstrated for benchmark points in the 2HDM that the current
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Figure 5.11: Di�erential cross section of the process pp ! hh at the HL-LHC as a function
of mhh for the SM (red dashed line) and for three RxSM benchmark points in region 2:
P4 (cyan) and P6 (pink) , see table 5.2. Results are shown for a smearing of 15% and a
bin size of 50 GeV. The bins that have been used to calculate the R values are indicated
with gray lines.

experimental procedure may not yield reliable resonant di-Higgs exclusion limits. In this
subsection we compare the mhh distributions of the full calculation, as presented in the
previous subsection, with the distributions obtained neglecting the non-resonant contri-
butions, i.e. mhh distributions of the type employed by the experimental collaborations
to obtain their current exclusion bounds. The comparison is shown for one benchmark
point in each region.

In �g. 5.13 we show the di�erential cross section of the process pp ! hh at the HL-
LHC as a function of mhh for the SM (red dashed line), compared to the distributions in
P1 (region 1, upper plot), P3 (region 2, middle plot) and P7 (region 3, lower plot), see
table 5.2. Orange (blue) lines show the result of the full calculation (taking into account
only the resonant diagram). For all three depicted benchmark points the pure resonant
mhh distribution exhibits, as expected, a clear peak structure around the respective mhh =
mH value. The correct mhh distributions, i.e. taking correctly into account the resonant
contribution, the non-resonant diagrams, as well as all interference contributions, have
a substantially broader structure. For mhh

>� mH the mhh distributions are somewhat
enhanced w.r.t. the pure resonant result. However, substantially larger e�ects of the
correct full calculation are found for mhh

<� mH . In P1 (region 1) the resonant peak is
somewhat broadened to smaller mhh values. For P3 (region 2) the peak is broadened
already over several bins towards smaller mhh values, where the e�ect becomes most
pronounced for P7 (region 3). As argued in [138], it is plausible to conclude that such
(realisticly) broadened peak structures, deviating strongly from the clear peak structure
of the pure resonant contribution, could not be identi�ed by the current design of the
experimental searches. Conversely, applying a pure resonant mhh distribution to the
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Figure 5.12: Di�erential cross section of the process pp ! hh at the HL-LHC as a function
of mhh for the SM (red dashed line) and for three RxSM benchmark points in region 3:
P5 (green), P7 (purple) and P8 (black), see table 5.2. Results are shown for a smearing
of 15% and a bin size of 50 GeV. The bins that have been used to calculate the R values
are indicated with gray lines.

experimental analysis could lead to an erroneous exclusion of a parameter point, which
in reality produces a substantially broadened mhh \peak structure".

5.3 ILC1000 Results

In this section we present our results for the di-Higgs production at future high-energy
e+ e� colliders. We consider the double Higgs-strahlung channel, i.e. e+ e� ! Zhh, which
is the dominant production channel of two SM-like Higgs bosons up to a center-of-mass
energy slightly above 1 TeV. The Feynman diagrams that contribute to this process at
tree level are shown in �g. 5.14. In particular, our study focuses on the e�ects induced
by the two upper diagrams, since these are the ones containing the triple Higgs couplings
� hhh (upper left) and � hhH (upper right diagram).

Similarly to the previous HL-LHC study, we employ the di�erential cross section distri-
butions of the invariant mass of the �nal state Higgs-boson pair, mhh , to study the e�ects
of the two THCs involved in the cross section prediction. The contributions proportional
to � hhh enter via a non-resonant diagram, similar to the SM case. Correspondingly, the
largest e�ects of � hhh are expected at low values of mhh , close to the kinematic threshold.
On the other hand, the contributions proportional to the BSM THC, � hhH , enter via a
(potentially) resonant diagram mediated by the heavy Higgs boson H. Therefore, the
sensitivity to � hhH could be accessed by detecting a resonance structure in the invariant
mass distribution around mhh = m H .
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Figure 5.13: Di�erential cross section of the process pp ! hh at the HL-LHC as a function
of mhh for the SM (red dashed line), compared to the distributions in P1 (region 1, upper
plot), P3 (region 2, middle plot) and P7 (region 3, lower plot), see table 5.2. Orange
(blue) lines show the result of the full calculation (taking into account only the resonant
diagram).

5.3.1 Calculation of e + e� ! Zhh

We compute the unpolarized cross section for the double Higgs-strahlung process at the
tree-level with the help of the public code Madgraph5aMC v3.5.7 [141]. The input model
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Figure 5.14: Generic Feynman diagrams contributing to the double Higgs-strahlung pro-
cess e+ e� ! Zhh in the RxSM.

�le of the RxSM required by Madgraph was obtained with the Mathematica package
SARAH-4.15 [314]. We compute the cross section for the ILC operating at a center-
of-mass energy of

p
s = 1000 GeV (ILC1000) [139, 315, 316]. The choice for the large

center-of-mass energy is due to the large values of mH in our selected benchmark points,
see table 5.2. In this work we assume an integrated luminosity of 8 ab�1 , as projected for
the ILC1000 [139] (neglecting the possibility of polarized beams).8

Using our computational setup, we obtain a prediction for �(e + e� ! Zhh) of 0.12 fb
in the SM for a center-of-mass energy of 1 TeV. At

p
s = 500 GeV we �nd �(e + e� !

Zhh) = 0:16 fb. For this center-of-mass energy it is expected to have a discovery of the di-
Higgs-strahlung process at the 8� level for an integrated luminosity of 4 ab�1 (combining
several polarization runs), corresponding to an experimental uncertainty of 16.8% [317].
Applying a simple scaling with the number of events, this yields a relative uncertainty
of the cross section at

p
s = 1000 GeV of � 10% for an integrated luminosity of 8 ab �1 ,

which corresponds to a signi�cance of close to 13�.

5.3.2 Analysis of the total cross section

In �g. 5.15 we show the prediction of �(e + e� ! Zhh) in the RxSM in the � hhH -� � bench-
mark plane, see section 5.1. It ranges from � 0:16 fb for smaller �� and larger � hhH , up
to � 0:19 fb for larger � � and smaller � hhH . This means an increase of the RxSM pre-

8For
p

s = 1000 GeV the cross sections of e+ e� ! Zhh and e + e� ! � ��hh are roughly of the same
size [140]. Nevertheless, including the weak-boson fusion process (and possibly combining it with the
Higgs-strahlung process), in view of the fact that the m hh distributions are very di�erent, is beyond the
scope of our work and we focus on the Zhh �nal state.
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diction in our benchmark plane between � 33% up to � 60% w.r.t. the SM. Another
observation can be made for the contribution of the heavy Higgs-boson resonance. The
size of the H-resonance contribution becomes smaller with increasing �hhH . The reason
behind is the fact that in our benchmark plane the product of (sin �� hhH ) is approxi-
mately constant. Larger � hhH , however, corresponds to larger mH , leading to an overall
suppression of �(e+ e� ! ZH) � BR(H ! hh) for larger � hhH , as can be seen in the
blue curves in �g. 5.16 and 5.17 below. On the other hand, the cross section leaving out
the H-resonance contribution remains nearly constant over the plane, as can be observed
in the green curves in �g. 5.16 and 5.17, below. In combination with the corresponding
interference e�ects, the overall contribution of the heavy Higgs-boson resonance to the
total cross section decreases with increasing �hhH , leading to smaller �(e + e� ! Zhh) for
larger � hhH as observed in �g. 5.15. A more detailed analysis of the THC dependencies
will be given in the next subsection. But it is interesting to note that a parameter space
of the RxSM that was identi�ed to yield a strong FOEWPT and is favorable for the
di-Higgs production at the LHC [108] yields possibly detectable deviations from the SM
also at e+ e� colliders.

Figure 5.15: � � -� hhH plane as a function of the total cross section for the process e+ e� ! Zhh
at the ILC1000 in our benchmark plane.

While we also comment on the e�ects of �hhh on the total and the di�erential cross sections
in the next subsection, a major focus of this work is to study the potential sensitivity of
the ILC1000 to the THC, � hhH , via an analysis of the H resonance structure. In order to
take into account in more detail the experimental analyses (i.e. detector e�ects, cuts, etc.)
we focus on the main light Higgs-boson decay channel, h ! b�b, which in the SM has a BR
of � 0:58. Consequently, the main experimental signature is given by four b-quark jets
together with a Z boson. Therefore, following a similar strategy as in [65], we estimate
the expected number of events with four b jets and one Z boson, denoted by�N, that
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could be detected at the ILC1000 with the following expression:

�N = N �
�
BR(h ! b �b)

� 2 � A � � 4
b ; (5.7)

where N is the inclusive number of Zhh events predicted by the RxSM, as calculated
above. We assume a conservative b-tagging e�ciency of �b = 80% for each �nal b-jet. We
also assume the SM prediction for the h ! b�b branching ratio (in good agreement with
the LHC measurements). A is our estimation of the detector acceptance after applying
the following pre-selection cuts to detect the �nal 4b + Z events (see [65] for details):

pZ
T > 20 GeV; pb

T > 20 GeV; j� bj < 2; �R bb > 0:4 ; (5.8)

where pZ
T and pb

T are the transverse momenta of the Z boson and each of the b quarks,
respectively, �b is the pseudo-rapidity of each of the b quarks, and �Rbb is the angular

separation between two b quarks de�ned by �R ij =
q

(� i � � j )2 + (� i � � j )2, with �
being the azimuthal angle. We compute the acceptance A by simulating the process
e+ e� ! Zhh with the subsequent decay h ! b �b with and without the cuts de�ned in
eq. (6.38) in MadGraph at the parton level. Therefore, the acceptance is given by the
ratio of the predicted 4b + Z events with and without cuts. The obtained values of the
acceptances A for the studied BPs are given in table 5.3.

P1 P2 P3 P4 P5 P6 P7 P8
A 0.696 0.695 0.697 0.698 0.699 0.698 0.698 0.699

Table 5.3: Detector acceptances at the ILC1000 (see text) for the benchmark points
de�ned in Tab. 5.2.

To evaluate the potential sensitivity to the H resonant peak, and therefore to � hhH , of
the ILC1000 we again use the \theoretical estimator" R de�ned in 5.5. Analogously to
the HL-LHC case, �N R

i and �N C
i denote the expected events, as de�ned in 5.7, in the ith

bin from the purely resonant diagrams (the one mediated by H and proportional to � hhH )
and the non-resonant ones, respectively.9 In contrast to the HL-LHC, in the case of the
ILC1000 we de�ne the signal region such that the di�erence between the resonant and
non-resonant number of expected events is at least two, i.e.,

j �N R
i � �N C

i j > 2: (5.9)

Here it should be kept in mind that, similar to the HL-LHC case, the \theoretical estima-
tor" R gives an idea of how prominent the H resonance peak is relative to the continuum
contributions from the non-resonant diagrams. Large values of R indicate more accessible
H resonance peaks at the ILC1000, which implies higher chances of obtaining potential
experimental information about the � hhH coupling. As in the case of the HL-LHC, R
does not correspond to a true \experimental signi�cance".

5.3.3 Analysis of m hh

In this subsection we analyze the di�erential mhh distributions for the eight benchmark
points as de�ned in Tab. 5.2 at the ILC1000. In Fig. 5.16 and Fig. 5.17, we present the

9Note that the de�nition of �N C slightly di�ers from the one used in the HL-LHC analysis, where the
SM curve was employed for NC . However, this has a minor numerical impact.
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results for P1{P4 and P5{P8, respectively. In each plot the red curve corresponds to
the full RxSM prediction (� RxSM ), whereas the green and and the blue curves show,
respectively, the results leaving out the resonant H diagram (�NoH ) and taking into
account the resonant H diagram only (� H). For comparison, the green curve indicates
the SM result (� SM ). The values for the total cross sections are given in the legends, as
well as the values of mH , � � and � hhH for each benchmark point. The binning of 6:7 GeV
is chosen according to 5.9.

Figure 5.16: Di�erential cross section of the process e+ e� ! Zhh at the ILC1000 as
a function of mhh for the SM, for the pure heavy Higgs resonant contribution (blue),
for the non-resonant contributions (green), and for the full RxSM calculation (red) for
benchmark points P1, P2, P3, and P4.

Each benchmark point yields the same qualitative features, but di�ers in the location
of the resonance structure, determined by the respective mH value, the \height" of the
resonance, determined by sin � � �hhH and mH , where the same holds for �H . For the
two RxSM cross sections involving the h exchange (�RxSM , � NoH ) � � plays a signi�cant
role. The e�ects of � � � 1:45 are best visible in the comparison of � SM and � NoH . As
expected (and also observed in [65]), the enhancement w.r.t. the SM is most pronounced
for small mhh and leads to an enhancement of the di�erential cross section prediction
(corresponding to an enhanced total cross section, as known for �� > 1 in the e+ e� ! Zhh
channel). This e�ect is nearly identical for all eight benchmark points, as the value of � �
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varies only slightly over the whole benchmark plane.

Figure 5.17: mhh distribution for benchmark points P5 - P8, with the color coding as in
Fig. 5.16.

The di�erential cross section that would be given by the pure resonance contribution is
shown by the blue curves in Figs. 5.16 and (5.17). One can observe that this cross section is
largest for smaller � hhH . As discussed above, this is due to the fact that in our benchmark
plane larger � hhH corresponds to larger mH , while (sin � � � hhH ) remains approximately
constant, leading to an overall suppression of the heavy Higgs-boson resonant contribution
for larger � hhH . Taking into account the interference with the non-resonant diagrams,
this yields a peak-dip structure around mhh = m H as clearly visible in the red curves.
However, corresponding to the size of the H-resonance contribution, also the peak-dip
structure is strongest for smaller � hhH , which can be seen best in the R values: for each
of the points we have evaluated the R value according to 5.5, which are summarized in
Tab. 5.4. For an easier comparison, we also repeat in that table the values of mH and � hhH

for each benchmark point. It can be observed that within our benchmark plane (which is
favored by the phenomenology of a strong FOEWPT) smaller values of �hhH lead (to a
good approximation) to a stronger \signal" of the resonant H contribution and thus to a
larger R value { in agreement with our discussion above. The overall substantially lower
values of R as compared to the HL-LHC result on the one hand from a more realistic
set-up including cuts etc., and on the other hand from the overall lower number of events
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at the e+ e� collider.

P1 P2 P3 P4 P5 P6 P7 P8
R 31.58 29.52 24.09 19.67 14.27 16.68 6.16 7.35

mH [GeV] 461.9 470.8 469.4 530.9 575.1 529.6 642.5 656.1
� hhH 0.36 0.35 0.33 0.38 0.45 0.40 0.49 0.52

Table 5.4: Values of the sensitivity R for the eight benchmark points, see Tab. 5.2.

5.4 Discussion of the results

In this chapter we have analyzed the impact of triple Higgs couplings on the production
cross section of two � 125 GeV Higgs bosons at the HL-LHC and the ILC1000. We have
chosen the Higgs singlet extension of the SM without Z2 symmetry, the RxSM, as an
example framework. We have focused on a benchmark plane that is phenomenologically
favored, as it yields a strong FOEWPT in the early Universe (based on the original
analysis of [108]), a key ingredient to ful�ll one of the three Sakharov conditions required
for EW baryogenesis to explain the baryon asymmetry of the Universe. We have ensured
that the plane under consideration is in agreement with all theoretical and experimental
constraints. By the requirement of the FOEWPT the benchmark plane is not in the
alignment limit. The main idea of our work is to analyze the e�ect of the THC, encoded
in � � � � hhh =� SM , which is found to be � � � 1:45, i.e. far away from the SM value.
The second focus is on the impact of the BSM THC �hhH , which enters via a heavy
Higgs-boson exchange with the subsequent decay H ! hh, in the di-Higgs production
cross section both at the HL-LHC and at the ILC.

For the HL-LHC we calculated �(gg ! hh) as well as d�(gg ! hh)=dm hh with the help of
the code HPAIR, adapted to the RxSM. Within our phenomenologically favored benchmark
plane the total cross section can deviate by more than 3� from the SM cross section. In
other parts of the benchmark plane the total cross section would remain experimentally
indistinguishable from the SM prediction. Since we are away from the alignment limit,
this equality between the RxSM and the SM results is due to (accidental) cancellations
of the two BSM e�ects stemming from � � > 1 and from the contribution of the heavy
Higgs-boson resonance, inducing a dependence on �hhH .

This e�ect becomes better visible in the second part of the HL-LHC analysis, focusing on
the mhh distributions. These have been evaluated for eight benchmark points, distributed
over our benchmark plane. For those we take into account a 15% detector smearing and
a 50 GeV binning in mhh . The eight benchmark points are compared with the SM
expectation. A simple \theoretical signi�cance", R, is employed (as de�ned and used
in an 2HDM HL-LHC analysis in [64]) that allows us to estimate the \visibility" of the
H-resonance peak w.r.t. the SM expectation. While this does not constitute a realistic
experimental signi�cance, this estimator allows to compare di�erent benchmark points
with each other (as well as collider energy and luminosity options). The large values
found for R in our eight benchmark points, spanning the whole plane favored by the
FOEWPT, give rise to the hope that also in a realistic experimental analysis a clear sign
of the H-resonance peak can be observed, giving access to the BSM THC �hhH .

In the �nal step of our HL-LHC analysis in the RxSM we compare the mhh distributions
evaluated solely from the resonance diagram, but neglecting the two continuum diagrams
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with the results from the full calculation (i.e. taking into account all contributing dia-
grams and in particular the corresponding interferences). This approach of neglecting
the continuum diagrams is currently taken by the experimental collaborations, ATLAS
and CMS, to obtain their results for resonant di-Higgs production. In the context of
the 2HDM, in [138] it was demonstrated that this approach can lead to the erroneous
exclusion of parameter points. In our RxSM analysis, comparing the mhh distributions
either neglecting or including the continuum diagrams, we �nd (as expected) strong and
relevant di�erences between the two types of distributions. In particular, in the full cal-
culation the \resonance peak" is substantially broadened. This sheds severe doubts that
the current experimental data from resonant di-Higgs production at the LHC can readily
be applied to our phenomenologically favored benchmark plane in the RxSM.

The analysis of the RxSM benchmark plane featuring a strong FOEWPT was subse-
quently extended to future e+ e� colliders. As a particular example we focused on the
ILC with a center-of-mass energy of

p
s = 1000 GeV, the ILC1000. As an integrated

luminosity we assume 8 ab�1 . The center-of-mass energy is required since our benchmark
points have mH values that yield a resonant contribution (and thus possibly access to
� hhH ) only for

p
s >� 600 GeV (depending on mH ), making the ILC1000 the preferred

option. Also for the ILC1000 we calculated the mhh distributions for the eight bench-
mark points, evaluating the \theory estimator" R adapted to the e + e� case (following a
corresponding 2HDM analysis in [66]). In this case also experimental cuts were included
to take into account detector e�ciencies etc. (again following [66]). We �nd that for
the eight benchmark points, to a good approximation, smaller values of �hhH lead to a
stronger \signal" of the resonant H-exchange contribution and thus to a larger R value.
Overall substantially lower values of R as compared to the HL-LHC result are found.
This results on the one hand from a more realistic set-up including cuts etc., and on the
other hand from the overall lower number of events at the e+ e� collider. Nevertheless,
as in the HL-LHC case this gives rise to the hope that also in a realistic experimental
analysis a clear sign of the H-resonance peak can be observed, giving access to the BSM
THC � hhH at the ILC1000.

Overall, we conclude from this chapter that within the RxSM, depending on the values of
the underlying Lagrangian parameters, a sizable resonant H contribution to the di-Higgs
production cross section of two SM-like Higgs bosons can leave possibly visible e�ects in
the mhh distribution. This applies to the HL-LHC or to a future e + e� collider (taking
the ILC1000 as a concrete example). This would pave the way for a �rst determination
of a BSM THC, a step that is crucial for the reconstruction of the Higgs potential of the
underlying BSM model.
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One-loop corrections to the
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In the previous chapter, we investigated di-Higgs production as a probe of the extended
scalar sector in the RxSM. That analysis showed that the process is directly sensitive to
the trilinear Higgs couplings � hhh and � hhH , and that their interplay with resonant and
non-resonant contributions can have a signi�cant impact on both total rates and invariant-
mass distributions. However, the discussion there relied on a leading-order treatment of
these couplings.

As already discussed earlier in this thesis, such an approximation is not always su�cient
in BSM scalar theories. A characteristic feature of extended Higgs sectors is that radiative
corrections to Higgs self-couplings can be very large, in some cases even exceeding the
corresponding tree-level deviations from the Standard Model. This is particularly rele-
vant in scenarios with sizeable scalar interactions or non-decoupling e�ects, where loop
contributions can substantially modify the phenomenological predictions. It is therefore
necessary to go beyond the tree-level description and to compute the one-loop corrections
to the trilinear Higgs couplings entering di-Higgs production.

The aim of this chapter is precisely to carry out this programme for the RxSM without
an imposed Z2 symmetry. To this end, we construct a complete on-shell renormalisation
scheme for the scalar sector of the model and use it to derive one-loop predictions for
the couplings � hhh and � hhH . A central point is that, to the best of our knowledge,
this constitutes the �rst complete on-shell renormalisation scheme de�ned for the non-
Z2-symmetric RxSM. In contrast to the Z 2-symmetric case, the general model contains
additional Lagrangian trilinear couplings, and these cannot be fully renormalised through
the usual on-shell conditions based only on one- and two-point functions.

For this reason, the construction of a complete on-shell setup requires going beyond the
standard treatment used in simpler extended scalar models. In particular, we impose

83
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on-shell renormalisation conditions on scalar three-point functions in order to �x the
counterterms associated with the Z2-breaking trilinear couplings of the scalar potential.
This step is essential for completing the renormalisation scheme and for obtaining a fully
scale-independent prediction for the one-loop-corrected trilinear Higgs couplings. In this
sense, the use of on-shell conditions at the level of scalar three-point functions is one of
the key theoretical developments of this chapter.

The chapter is organised as follows. We �rst present the calculational setup and the com-
plete set of renormalisation conditions entering our on-shell scheme, including tadpoles,
masses, �eld renormalisation constants, mixing angle and vacuum expectation values.
We then turn to the renormalisation of the Z 2-breaking trilinear parameters of the scalar
potential, for which the new three-point on-shell conditions are introduced. After estab-
lishing the full renormalisation framework, we compute the one-loop-corrected trilinear
Higgs couplings and analyse their numerical impact across the parameter space of the
model. Finally, we study the phenomenological implications of these loop corrections for
di-Higgs production, thereby extending the previous chapter to a level where the large
radiative e�ects characteristic of BSM scalar models are consistently taken into account.

6.1 Calculational setup and on-shell renormalisation of the
RxSM

In this chapter, we describe a setup to obtain one-loop predictions for the trilinear scalar
couplings that enter in the calculation of the di-Higgs production cross-section, namely
� hhh and � hhH , with a complete on-shell (OS) renormalisation of the RxSM.

Following the discussion in section 4.1.1, and taking into account the tadpole parameters,
the RxSM contains nine parameters, in the mass basis, given by,

m2
h ; m2

H ; v; �; v S; � S; � SH ; t � ; tS ; (6.1)

As can be seen from eq. (4.11), all nine parameters enter the tree-level expressions of �hhh

and � hhH , i.e. a calculation at the one-loop level requires a renormalisation of all of them.

To �x our notation, in the rest of this section, for a given parameter x, we denote its bare
value as xB and its counterterm as �CT x. The tree-level value of x is denoted as x(0) and
its one-loop renormalised value as x̂(1) . Lastly, � (1) x corresponds to the genuine (possibly
divergent) one-loop correction to x, i.e. �(1) x � x̂ (1) � x (0) � � (1)

CT x.

In the following, we begin with the renormalisation of the tadpoles, as the choice of
treatment of the tadpoles a�ects all subsequent steps. Next, we will discuss the renormal-
isation of the CP-even scalar masses and mixing angles, which relate to scalar two-point
functions, before turning to the case of the VEVs. Finally, we will go beyond standard
works on the renormalisation of extended Higgs sectors, and we will consider the renor-
malisation of the Lagrangian trilinear couplings � S and � SH as a necessary ingredient for
the calculation of the one-loop corrections to the trilinear Higgs couplings.

6.1.1 Tadpole renormalisation

We employ in this work the standard tadpole scheme [318] (sometimes also referred to
as \parameter-renormalised tadpole scheme") and de�ne the tadpole counterterm via an
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OS prescription. At one loop, the tadpole equations take the form

t̂ (1)
i = t (0)

i + � (1) t i + � (1)
CT t i = 0 for i = �; S : (6.2)

Our scheme choice for the tadpoles results in

� (1)
CT t i = �� (1) t i for i = �; S : (6.3)

This implies that the relations between parameters dictated by the tree-level tadpole
equations t(0)

i = 0 remain valid at the one-loop level, and the values of the VEVs at the
minima of the tree-level and one-loop corrected potentials coincide. As a side remark,
we note that for scenarios with heavy BSM scalars but very small values of the singlet
VEV, unphysical enhancements can occur in the standard tadpole scheme, as pointed
out in [319]. However, we will not consider such scenarios in our phenomenological
investigations.

Finally, while the tadpole parameters t� and tS and their corresponding counterterms are
de�ned in the gauge eigenstate basis, the diagrammatic calculation of one-loop corrections
to the tadpoles is most conveniently performed in the mass basis, i.e. �(1) th and � (1) tH .
Therefore we need to perform the rotation

� (1)
CT t � = sin � � (1) tH � cos � � (1) th ;

� (1)
CT tS = � cos � � (1) tH � sin � � (1) th : (6.4)

6.1.2 Two-point function renormalisation

In our work, we renormalise the two-point scalar functions on shell, following Refs. [72,80].
The �rst step is to renormalise the scalar �elds, which are de�ned in the mass basis in
eq. (4.7), by introducing the �eld renormalisation constant matrix

p
Z that leads, at the

one-loop order, to

 
hB

HB

!

=
p

Z

 
ĥ

Ĥ

!

=

0

@
1 + 1

2 � (1)
CT Zhh

1
2 � (1)

CT ZhH

1
2 � (1)

CT ZHh 1 + 1
2 � (1)

CT ZHH

1

A

 
ĥ

Ĥ

!

; (6.5)

where ĥ (hB ) and Ĥ (H B ) are the renormalised (bare) CP-even scalar �elds. For the
renormalisation of the two-point function � this yields,

�̂(p 2) =

 
�̂ hh (p2) �̂ hH (p2)

�̂ Hh (p2) �̂ HH (p2)

!

= i
p

Z
y
[p212�2 � M̂ 2

� + � �;0 (p2) � � CT M 2
� ]

p
Z

� i[p 212�2 � M̂ 2
� + �̂ � (p2)] ; (6.6)

where in the second line we have only kept terms of one-loop order (hence the \�"). In
this equation, �̂ � (p2) denotes the 2 � 2 symmetric matrix of renormalised self-energies,
de�ned as

�̂ � (p2) �
�

�̂ hh (p2) �̂ hH (p2)
�̂ Hh (p2) �̂ HH (p2)

�
; (6.7)

while M̂ 2
� is the renormalised mass matrix. The renormalisation conditions in the OS

scheme are as follows:
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1. The mixing of particles with the same quantum numbers vanishes at p2 = m 2
h;H , so

that
Re[�̂ hH (m2

h)] = Re[ �̂ Hh (m2
H )] = 0: (6.8)

2. The mass parameters m2
h;H are de�ned as being the real parts of the poles of the

renormalised propagatorĜ� (p2) (the inverse of the two-point function). This implies
that

Re[�̂ hh (m2
h)] = Re[ �̂ HH (m2

H )] = 0: (6.9)

3. The physical �elds are properly normalised through �xing the residue of the prop-
agator at its pole to i. This gives

Re

"
@̂� hh (p2)

@p2

�
�
�
�
p2=m 2

h

#

= Re

"
@̂� HH (p2)

@p2

�
�
�
�
p2=m 2

H

#

= 0: (6.10)

From eq. (6.9) the mass counterterms can be derived as

� (1)
CT m2

h = Re[� hh (m2
h)] ;

� (1)
CT m2

H = Re[� HH (m2
H )] : (6.11)

In turn from eq. (6.8) and eq. (6.10) we can obtain the �eld counterterms

� (1)
CT Zhh = �Re

�
@�hh (p2)

@p2

�

p2=m 2
h

;

� (1)
CT ZHH = �Re

�
@�HH (p2)

@p2

�

p2=m 2
H

;

� (1)
CT ZhH =

Re[� hH (m2
H )]

m2
h � m 2

H
;

� (1)
CT ZHh =

Re[� Hh (m2
h)]

m2
H � m 2

h
: (6.12)

6.1.3 Mixing angle renormalisation

In order to renormalise the mixing angle, we choose in this work to use the KOSY scheme
[72,74]. The idea behind this scheme is to renormalise the rotation matrix by temporarily
switching to the gauge basis, performing a renormalisation transformation of the �elds
(in the gauge basis) and of the mixing angle, and then relating this to the renormalisation
of the �elds in the mass basis | c.f. eq. (6.5). We begin with

�
hB

HB

�
= R T

� 0

�
sB

� B

�
! R T

� CT � RT
�̂

�
sB

� B

�
= R T

� CT � RT
�̂

p
Z �;s

�
ŝ
�̂

�
=

= R T
� CT � RT

�̂

p
Z �;s R�̂ RT

�̂

�
ŝ
�̂

�
= R T

� CT � RT
�̂

p
Z �;s R�̂

�
ĥ
Ĥ

�
=

p
~Z

�
ĥ
Ĥ

�
: (6.13)

Expanding in the mass basis the WFR matrix RT
�̂

p
Z �;s R�̂ and the counterterm rotation

matrix R T
� CT � , and then equating this equation to eq. (6.5), we obtain
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p
~Z =R T

� CT � RT
�̂

p
Z �;s R�̂ = R T

� CT �

0

@1 + � (1)
CT Zhh

2 � CT ChH

� CT CHh 1 + � (1)
CT ZHH

2

1

A �

�

0

@ 1 + � (1)
CT Zhh

2 � (1)
CT ChH � � (1)

CT �

� (1)
CT CHh + � (1)

CT � 1 + � (1)
CT ZHH

2

1

A �
p

Z ; (6.14)

where �(1)
CT ChH and � (1)

CT CHh come from the expansion of the o�-diagonal terms of the
WFR matrix R T

�̂

p
Z �;s R�̂ . In the second line of the equation above, we have again only

kept terms of one-loop order. We can observe that the diagonal terms are identical, while
for the non-diagonal terms we �nd,

� (1)
CT ChH � � (1)

CT � =
� (1)

CT ZhH

2
;

� (1)
CT CHh + � (1)

CT � =
� (1)

CT ZHh

2
: (6.15)

To extract an expression for �(1)
CT � from the equations above, at least one more relation

between �(1)
CT ChH and � (1)

CT CHh is necessary. Di�erent choices for this have been discussed
in the literature: while earlier works [72] imposed that the matrix Z �;s be symmetric |

thus leading to � (1)
CT ChH = � (1)

CT CHh | subsequent work [74] demonstrated that this choice
can lead to gauge dependences in renormalised mixing angles. Moreover, these works
showed that one can instead use the additional degree of freedom from keeping �(1)

CT ChH

and � (1)
CT CHh non equal to absorb the gauge dependence. It should however be noted that

this issue of gauge dependences only occurs in the renormalisation of extended CP-odd
scalar sector, see [74]. Because the RxSM only extends the CP-even scalar sector, but
not the CP-odd one, we do not require separate �(1)

CT ChH 6= �(1)
CT CHh , and we can simply

impose that

� (1)
CT ChH = � (1)

CT CHh � � (1)
CT C : (6.16)

Using the expressions of the �eld strength counter terms �(1)
CT ZhH and � (1)

CT ZHh from
eq. (6.12), the following expression can �nally be obtained for the mixing angle coun-
terterm

� (1)
CT � =

1
2(m2

H � m 2
h)

Re[� hH (m2
h) + � hH (m2

H )] : (6.17)

6.1.4 Renormalisation of the VEVs

Electroweak VEV

Since the electroweak sector of the RxSM is identical to the SM one, we use the same pro-
cedure to renormalise the EW VEV as in the SM. Following the convention in anyH3 [89]
(which we will use below for the calculation of trilinear scalar couplings), we relate the
EW VEV to the W- and Z-boson masses as well as �EM (in the Thompson limit),

v2 =
m2

W

�� EM

�
1 �

m2
W

m2
Z

�
: (6.18)
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It follows that the EW VEV counterterm can be expressed, like in the SM, as (see also
[74])

� (1)
CT v
v

=
1
2

"
� (1)

CT m2
W

m2
W

+
c2

w

s2
w

 
� (1)

CT m2
Z

m2
Z

�
� (1)

CT m2
W

m2
W

!

�
� (1)

CT � EM

� EM

#

: (6.19)

where sw and cw are the sine and cosine of the weak mixing angle. Adopting an OS
renormalisation of the EW input parameters, we have

� (1)
CT m2

V = Re
�
� T

V V (p2 = m 2
V )

�
; for V = W; Z ; (6.20)

where � T
V V (p2) is the transverse part of the one-loop gauge boson self-energy, de�ned

through the standard decomposition � ��
V V (p2) = (g �� �p � p� =p2) � T

V V (p2) + p � p� =p2 � L
V V (p2).

Moreover,

� (1)
CT � EM =

1
2

� 

 (p2 = 0) +
2sw

cw

� T

Z (p2 = 0)

m2
Z

; (6.21)

where � 

 is de�ned from the (one-loop) photon self-energy as ���

 (p2) = (p 2g�� �
p� p� )� 

 (p2). Combining all these expressions, we obtain

� (1)
CT v
v

=
1
2

"
s2

w � c 2
w

s2
W

Re
�
� T

W W (m2
W )

�

m2
W

+
c2

w

s2
w

Re
�
� T

ZZ (m2
Z )

�

m2
Z

� � 

 (0) �
2sw

cw

� T

Z (0)

m2
Z

#

:

(6.22)

Singlet VEV

The one-loop RGE of the singlet VEV can be shown to vanish in the RxSM, which implies
that the corresponding counterterm, �CT vS, contains no UV divergence. A theoretical
understanding for this can be obtained from, e.g., [320], where it was shown that, when
the Lagrangian is invariant under a rigid gauge transformation of the �eld that acquires
a VEV, the counterterm of said VEV can at most contain UV-�nite contributions. This
is precisely the case for the SU(2)L gauge singlet S in the RxSM. Consequently, �(1)

CT vS

is UV-�nite and, we choose (as we work in the standard tadpole scheme) to set the �nite
part of this counterterm to zero, i.e.

� (1)
CT vS = 0 : (6.23)

6.1.5 Diagrammatic calculation of trilinear scalar couplings

Before we turn to the last part of our renormalisation procedure, we have to remember
the approach that we are following in this chapter to compute the corrections to the
trilinear Higgs couplings. We perform a full one-loop diagrammatric calculations of both
� hhh and � hhH , employing the public code anyH3 [89, 99]. We note that, throughout
this chapter, we compute predictions for the trilinear scalar couplings with all external
momenta set to zero, given that these momentum-independent quantities are passed as
modi�ed couplings to HPAIR1 [64, 69, 137, 300{302] to calculate total cross-sections and

1HPAIR is the code that we use to perform the di-Higgs production cross-section computations in the
HL-LHC and is introduced in Sec. 5.
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di�erential distributions for di-Higgs production. 2 The di�erent contributions to the
renormalised trilinear Higgs couplings at the one-loop level, which we denotê� (1)

ijk (where

i; j; k = h or H), can be divided between the tree level contribution � (0)
ijk , the one-loop one-

particle-irreducible (1PI) vertex correction diagrams � (1)
gen� ijk , the external-leg corrections

� (1)
wfr � ijk , and the one-loop counterterm �(1)

CT � ijk . Diagrams with insertions of one-loop
tadpoles do not appear in our setup, because we employ an OS renormalisation of tadpoles
(as discussed in section 6.1.1). The di�erent contributions can be represented in terms of
Feynman diagrams as

�̂ (1)
ijk = � �̂ (1)

h i ;h j ;hk
(0; 0; 0) = � (0)

ijk + � (1)
gen� ijk + � (1)

wfr � ijk + � (1)
CT � ijk =

= hi

hj

hk

+ hi

hj

hk

+ hi

hj

hk

+

+ hi

hj

hk

+ hi

hj

hk

+ hi

hj

hk

; (6.24)

where �̂ ijk (p2
1; p2

2; p2
3) denotes the renormalised scalar three-point function for external

states ijk, evaluated for external momenta p2
1, p2

2 and p2
3 (here all taken to zero) respec-

tively. Furthermore, � (0)
ijk corresponds to the �rst diagram, � (1)

gen� ijk to the second and

third ones (�rst line), � (1)
wfr � ijk to the fourth and �fth diagrams (second line), and � (1)

CT � ijk

to the last diagram. In the above diagrams the solid lines do not only indicate fermions,
but serve to represent any possible particle of the RxSM | scalar, fermion, gauge boson
or ghost.

The counterterms �CT � ijk can be computed in terms of the counterterms for each of the
parameters on which the couplings depend, as

� (1)
CT � ijk =

X

x

� (1)
CT x

@�(0)
ijk

@x
; (6.25)

where x 2 fm 2
h ; m2

H ; v; �; � S; � SH ; t � ; tSg.

2The impact of the momentum dependence in � hhh and � hhH on the total di-Higgs cross-section and
corresponding distributions is investigated in [99] in the context of various models, including a 2HDM.
The e�ect on distribution shapes is found to be typically moderate [98], while modi�cations of the total
cross-sections can reach up to O(20%) | this is to a large extent due to the modi�cation of the height of
the resonant peak from the H scalar.
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6.1.6 Renormalisation of the Z 2-breaking couplings

At this point, we have already summarised the OS3 conditions that are commonly used for
singlet extensions of the SM (or similarly for the 2HDM). However, two more parameters
still need to be renormalised, namely the Lagrangian trilinear couplings �S and � SH .
These two additional degrees of freedom constitute a signi�cant di�erence with the case
of the Z2-symmetric singlet extension of the SM, in which a complete OS renormalisation
of the model can be de�ned exclusively in terms of one- and two-point functions. In
contrast, in the RxSM, we have now exhausted the scalar two-point functions that could
be use to de�ne OS renormalisation conditions. While anMS renormalisation of � S

and � SH is in principle an option (and this is what is generally done in studies of the
RxSM [74, 97]), this would leave a renormalisation scale dependence in our results for
�̂ (1)

hhh and �̂ (1)
hhH . Such a renormalisation scale dependence could of course be mitigated

by including the renormalisation group running of the MS couplings in our setup. We
prefer, however, to avoid this entirely by de�ning OS renormalisation conditions for � S

and � SH in terms of scalar three-point functions, which constitutes one of the main new
theoretical aspects of this paper.4

The main objective of this calculation is to obtain the leading BSM contributions to the
di-Higgs production process at NLO, which only involves the �rst two out of the four
trilinear scalar couplings that exist in the RxSM, namely � hhh , � hhH , � hHH and � HHH .
Therefore, we can use the two trilinear Higgs couplings that do not enter in the di-Higgs
production process, i.e. �hHH and � HHH , in order to de�ne two on-shell renormalisation
conditions for � S and � SH . We choose to impose

�̂ (1)
hHH

!= � (0)
hHH ; (6.26)

�̂ (1)
HHH

!= � (0)
HHH : (6.27)

The two renormalised couplings can be expanded as

�̂ (1)
hHH = � (0)

hHH + � (1)
gen� hHH + � (1)

wfr � hHH + � (1)
CT;m 2

'
� hHH + � (1)

CT;v � hHH + � (1)
CT;t '

� hHH +

+ � (1)
CT;� � hHH + � (1)

CT � S
@�(0)

hHH

@�S
+ � (1)

CT � SH
@�(0)

hHH

@�SH

!= � (0)
hHH ;

�̂ (1)
HHH = � (0)

HHH + � (1)
gen� HHH + � (1)

wfr � HHH + � (1)
CT;m 2

'
� HHH + � (1)

CT;v � HHH + � (1)
CT;t '

� HHH +

+ � (1)
CT;� � HHH + � (1)

CT � S
@�(0)

HHH

@�S
+ � (1)

CT � SH
@�(0)

HHH

@�SH

!= � (0)
HHH ; (6.28)

where �(1)
CT;x � ijk � � (1)

CT x
@�(0)

ijk
@x represents the contribution to the total one-loop counterterm

for the coupling � ijk that comes from the parameter x. Furthermore, we have used

� (1)
CT;m 2

'
� ijk and � (1)

CT;t '
� ijk as shorthand notations for the sum of all the contributions

3We note that among our chosen renormalisation conditions, all are OS conditions except the one for
the singlet VEV v S . Given that v S does not require any renormalisation in the RxSM (even the UV
divergence of its counterterm vanishes), we will thus refer to our overall renormalisation scheme as an OS
scheme, although this constitutes a slight abuse of naming concerning vS .

4Di�erent options for the renormalisation of Lagrangian trilinear couplings were discussed e.g. in the
context of the MSSM in [321].



6.1. Calculational setup and on-shell renormalisation of the RxSM 91

from mass and tadpole counterterms, respectively. The tree level parts on both sides of
the equalities cancel with each other, and then we can rewrite the above equations as

� (1)
gen+wfr � hHH +

X

x2fm 2
' ;v;t ' ;�g

� (1)
CT;x � hHH + � (1)

CT � S
@�(0)

hHH

@�S
+ � (1)

CT � SH
@�(0)

hHH

@�SH
= 0 ;

� (1)
gen+wfr � HHH +

X

x2fm 2
' ;v;t ' ;�g

� (1)
CT;x � HHH + � (1)

CT � S
@�(0)

HHH

@�S
+ � (1)

CT � SH
@�(0)

HHH

@�SH
= 0 :

(6.29)

We thus have a system of two equations with two unknowns, �(1)
CT � S and � (1)

CT � SH , which
we can solve to obtain our on-shell counterterms. These read

� (1)
CT � S =

@�(0)
HHH

@�SH
(� (1)

gen+wfr � hHH +
P

x � (1)
CT;x � hHH ) � @�(0)

hHH
@�SH

(� (1)
gen+wfr � HHH +

P
x � (1)

CT;x � HHH )

@�(0)
hHH

@�SH

@�(0)
HHH

@�S
� @�(0)

hHH
@�S

@�(0)
HHH

@�SH

;

� (1)
CT � SH =

@�(0)
hHH

@�S
(� (1)

gen+wfr � HHH +
P

x � (1)
CT;x � HHH ) � @�(0)

HHH
@�S

(� (1)
gen+wfr � hHH +

P
x � (1)

CT;x � hHH )

@�(0)
hHH

@�SH

@�(0)
HHH

@�S
� @�(0)

hHH
@�S

@�(0)
HHH

@�SH

:

(6.30)

As a �nal remark, it should be noted that eqs. (6.26) and (6.27) are of course not the
only possible choices of renormalisation conditions that could be employed for �S and
� SH . In principle, we could have imposed similar conditions on �hhh and � hhH . With
such a choice, the BSM corrections to the di-Higgs production processes gg ! hh and
e+ e� ! Zhh, investigated in section 6.3, would be entirely absorbed into the �nite parts
of the counterterms � (1)

CT � S and � (1)
CT � SH . In turn, the investigation of these processes

would be identical to the analysis with tree-level couplings in [246].

6.1.7 Dependence on the renormalisation scale Q

Having now determined a complete set of counterterms, we can compute the one-loop
corrections to � hhh and � hhH in our OS scheme.5 A powerful check of the consistency of
our scheme de�nition is o�ered by the renormalisation scale independence of our results,
as these should only depend on OS-renormalised quantities that are, by de�nition, scale
independent. To check this we have considered two benchmark points from [246], which
are given in table 6.1.

mh [GeV] mH [GeV] cos � v S [GeV] � S [GeV] � SH [GeV]

BPI 125.1 327.0 0.974 60.9 �361:0 �245:0
BPII 125.1 511.0 0.986 40.7 �618:0 �372:0

Table 6.1: Two benchmark points of the RxSM, taken from [246].

We have computed the dependence of each of the contributions entering the calculation
of both couplings, as well as their sum, on the renormalisation scale Q, in the range

5The schemes.yml implementation of our OS scheme for use in anyH3 can be provided upon request.
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Q 2 [m t ; 1500 GeV]. The results are shown in �g. 6.1, where the blue lines show our full
one-loop results for �hhh and � hhH (for the other colors: see caption). One can observe
that they are independent of Q, as expected. (Numerically, this holds up to Python's
working accuracy.)

Figure 6.1: Individual contributions | see eq. (6.24) | and total one-loop results for
� hhh and � hhH , using the OS renormalisation scheme de�ned in section 6.1. Upper row:
results for BP1 from table 6.1; bottom row: results for BP2 from table 6.1; left column:
results for � hhh ; right column: results for � hhH . The colour coding is as follows: the
blue line is the full one-loop result �̂ (1)

ijk , the orange line is the tree-level contribution � (0)
ijk ,

the green curve corresponds to the one-loop 1PI contributions �(1)
gen� ijk , the red curve

represents the external-leg corrections �(1)
wfr � ijk , the purple curve is the contribution from

the mass renormalisation �(1)
CT;m 2

h (;m 2
H ) � ijk , the brown curve is the contribution from the

renormalisation of � S and � SH � (1)
CT;� S (;� SH ) � ijk , the pink curve shows the contribution

from the renormalisation of the EW VEV � (1)
CT;v � ijk , and �nally the grey curve is the

contribution from the � counterterm � (1)
CT;� � ijk .
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6.2 One-loop corrections to � ijk

In this section, we investigate the numerical results for the trilinear Higgs couplings �hhh

and � hhH that can be obtained at one loop with the OS renormalisation scheme de�ned
in the previous section. The scalar sector of the RxSM contains �ve free parameters,
namely mH , � v S, � S, and � SH . To explore this �ve-dimensional parameter space, we
perform parameter scans employing the following scan ranges

mH 2 [260; 1000] GeV;

cos � 2 [0:95; 1];

vS 2 [1; 800] GeV;

� S 2 [�1000; 1000] GeV;

� SH 2 [�1000; 0] GeV: (6.31)

We note that we choose as lower bound for the heavy Higgs mass mH > 260 GeV in order
to allow kinematically the decay channel of a heavy Higgs boson into two light ones, i.e.
H ! hh. We do not start right at the threshold of this decay to avoid numerical insta-
bilities in the calculation of the di-Higgs cross-section (see section 6.3). The requirement
of � SH to be negative comes from the theoretical constraint of boundedness-from-below
of the potential, as discussed in section 4.1.1.

6.2.1 Corrections to � �

We begin with the case of the trilinear Higgs coupling of the detected Higgs boson, �hhh .
We present our results in terms of the coupling modi�er � � , which is de�ned as the value
of the coupling divided by its prediction in the SM at tree level,

� � =
� hhh

� SM;(0)
hhh

: (6.32)

In �g. 6.2, we show as colour coding the one-loop predictions of �� (which we denote
� (1)

� to indicate the loop order) for our scan points. These results are presented in the
fcos �; v Sg plane (left panel) as well as in the fcos �; mH g plane (right panel). At �rst,
we �nd that for most of the parameter space of the RxSM the one-loop corrected values
of � � are positive with an overall range of � (1)

� 2 [0:91; 6:5], which is still fully allowed by
the latest experimental constraints on � � [9,10]. We also observe that the large values of
� � (red and orange points) are correlated with small values of the singlet VEV, vS, and
large values of the heavy Higgs mass mH , as well as with values of cos � close to 1 (i.e.
near the alignment limit). The reason being that in these regions of the parameter space
the one-loop corrections are enhanced due to large quartic coupling �SH . From eq. (4.10)
one can see that �SH is inversely proportional to vS and at the same time grows with
mH .

Next, in order to understand the origin of BSM deviations in � � , between tree-level e�ects
or one-loop corrections, we investigate separately the size of the one-loop corrections to
� � . We therefore show in �g. 6.3 the di�erence between the one-loop and tree-level values
of � � , i.e. � (1)

� � � (0)
� . The results are shown, as above, in the two planes: fcos �; vSg (left

panel) and fcos �; m H g (right panel). We �nd the possible range of � (0)
� 2 [0:97; 2:3] and

� (1)
� � � (0)

� 2 [�0:26; 5:49], where large positive values of the latter are strongly correlated
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Figure 6.2: Parameter scan results in the RxSM, using the ranges given in eq. (6.31). The
colour coding indicates �(1)

� . Left : results in the fcos �; v Sg plane; right: results in the
fcos �; m H g plane.

Figure 6.3: Di�erence between the one-loop and tree-level values of �� , for the same
RxSM parameter scan points as in �g. 6.2. Left : results in the fcos �; vSg plane; right:
results in the fcos �; m H g plane.

with the values of � (1)
� shown in �g. 6.2. This indicates that, while BSM deviations are

possible already at the tree level, the largest BSM deviations arise from loop corrections.
By comparing �g. 6.2 and �g. 6.3, we �nd that for the points with the largest deviations
from the SM, i.e. � (1)

� 2 [3; 6:5], found in the region with small vS, large mH and closer
to the alignment limit, the deviation is predominantly due to loop corrections, while the
tree-level value is close to the SM, i.e. �(0)

� � 1. On the other hand for those points

with smaller BSM deviations, i.e. � (1)
� 2 [0:91; 3] (light blue points in �g. 6.2), which are

also further away from the alignment limit cos � 2 [0:975; 0:990], the largest part of the
deviation arises already at the tree-level.

6.2.2 Corrections to � hhH

We turn in this section to the BSM trilinear Higgs coupling involved in di-Higgs produc-
tion, � hhH . In �g. 6.4 we present as colour coding the one-loop values of̂� (1)

hhH for the
RxSM scan points, in the fcos �; v Sg plane (left) and in the fcos �; m H g plane (right).
The two main di�erences compared to the case of �hhh is the existence of points with large



6.2. One-loop corrections to �ijk 95

negative predictions, reaching even larger absolute values than the points with positive
predictions. For points close to the alignment limit, i.e. cos � 2 [0:995; 1], large negative
values of �̂ (1)

hhH only occur for points with small6 singlet VEVs, vS . 20 GeV and heavy
Higgs masses, mH & 750 GeV. On the other hand, for points further from the alignment
limit, i.e. cos � 2 [0:975; 0:995], signi�cant positive (red points) and negative (blue points)
values of�̂ (1)

hhH are possible, depending on the values of vS and mH . Smaller (larger) values

of both vS and mH correlate with positive (negative) �̂ (1)
hhH .

Figure 6.4: Results for�̂ (1)
hhH of our RxSM parameter scan. Left : results in the fcos �; vSg

plane; right: results in the fcos �; m H g plane.

As in the previous section, it is important to understand whether this behaviour stems
from tree- or loop-level e�ects. In �g. 6.5 we present the di�erence between the one-loop
and tree-level values of �hhH for our scan points in the same two planes as the previous
�gures. It should be kept in mind that � (0)

hhH = 0 in the alignment limit. One can observe
that in the region of parameter space closer to the alignment limit and for small values
of vS and large values of mH , the large results for �̂ (1)

hhH (in absolute values) arise for
the most part from radiative corrections driven by large values of �SH . Inversely, for
the points farther from the alignment limit as well as for vS & 200 GeV, the tree-level
contribution to � hhH dominates and loop e�ects are moderate.

As a general conclusion, we �nd that the largest loop corrections occur for points close
to the alignment limit, i.e. cos � 2 [0:99; 1].

6While it is known that the standard tadpole scheme can su�er from numerical instabilities stemming
from terms � t S =vS (see e.g. eq. (4.10)), as pointed out in [319], we have checked that no such instability
occurs for the points considered in this study.
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Figure 6.5: Di�erence between the one-loop and tree-level values of �hhH for our RxSM
parameter scan. Left : results in the fcos �; vSg plane; right: results in the fcos �; m H g
plane.
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6.3 Predictions for di-Higgs production

In this section we turn to the investigation of the phenomenological implications for di-
Higgs production of the potentially large loop corrections in the trilinear Higgs couplings
found in the previous section. For this purpose, we consider two possible collider settings,
namely the HL-LHC and a e+ e� collider with centre-of-mass energy of 1 TeV. As a
concrete example, we use the speci�cs for the ILC [139].

6.3.1 HL-LHC

To compute the di-Higgs production at the HL-LHC, we employ a modi�ed version of
HPAIR [64, 69, 137, 300{302], which was already used in [246]. In this code, the three
leading-order (LO) diagrams contributing to the gg ! hh process, shown in �g. 6.6, as
well as the interference between them, are taken into account. The code also computes the
NLO QCD corrections for the total cross-section, but not for the di�erential distributions.
In order to consistently provide results for the total cross-section and the di�erential
distributions at the same order, we present results for both at LO in QCD only. However,
one should remember that these predictions are modi�ed by a QCD K factor close to 2.
HPAIR takes as inputs the trilinear Higgs couplings �hhh and � hhH , so that by providing
one-loop corrected versions of these two couplings, we obtain a prediction for the di-Higgs
cross-section (and di�erential distributions) including leading NLO BSM contributions.
When comparing results in the RxSM with the SM, one should have in mind that the LO
value for the total di-Higgs production cross-section in the SM is �SM

hh = 19:76 fb [69].

Figure 6.6: Leading-order diagrams contributing to the di-Higgs production process at the
(HL-)LHC.The red and blue dots indicate the trilinear scalar couplings � hhh and � hhH ,
respectively.

Total cross-section

Our predictions for the total di-Higgs production cross-section, including one-loop correc-
tions to the trilinear Higgs couplings, for the RxSM scan points are shown in the colour
coding of �g. 6.7, for our two benchmark plane projections, the fcos �; v Sg plane (left)
and the fcos �; v Sg plane (right). In �g. 6.7, one can see that there is a region, indicated
by red points, exhibiting a large enhancement of the cross-section �RxSM

hh � 7:5 � SM
hh . This

region is located for small values of the heavy Higgs mass, mH . 300 GeV. We also see
that this enhancement increases for values of the mixing angles further away from the
alignment limit and that there is not a clear correlation with the value of the singlet
VEV. The fact that the large cross-section values found for these points depend only on
mH , but not on changes in the trilinear Higgs couplings, which vary substantially over
this part of the parameter space | see �gs. 6.2 to 6.5 | indicates that this e�ect origi-
nates from the s-channel heavy Higgs-boson exchange already at the tree-level. There is
a second region with smaller but still signi�cant enhancements of the cross-section with
respect to the SM, with values reaching �RxSM

hh � 4:5 � SM
hh . This region is found for small

values of vS . 50 GeV, large values of mH ' 850 GeV, and close to the alignment limit
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cos � > 0:99. However, we can also observe for this same region points (in purple) with a
decrease in the cross-section w.r.t. the SM, with values as low as �RxSM

hh � 0:5 � SM
hh . The

second region with signi�cant deviations (both increases and decreases) in the di-Higgs
cross-section corresponds exactly to the region for which we observed large deviations in
� � in �g. 6.2, which were due to loop contributions. The change in the behaviour of the
cross-section, encompassing increase and decrease w.r.t. �SM

hh is well known from the SM
with a free � hhh (see e.g. [100,322] and references therein), due to the negative interference
of the h-exchange contribution and the box diagram, see �g. 6.6. Values smaller than the
SM are found for 1 � � �

<� 3:5, whereas larger values are found for �� >� 3:5, with a
minimum around � � � 2:5.

Figure 6.7: Predictions for � RxSM
hh in our RxSM parameter scan. Left : results in the

fcos �; v Sg plane; right: results in the fcos �; m H g plane.

In �g. 6.8 we present for our RxSM scan points the ratio between the total di-Higgs
production cross-section including one-loop corrections to the trilinear Higgs couplings,
which we denote �RxSM

hh (�̂ (1)
ijk ), and the same cross-section using the tree-level values,

� RxSM
hh (� (0)

ijk ). As for the previous �gures, the value of the ratio is given by the colour
coding of the points and shown for the fcos �; vSg plane (left panel) and the fcos �; m H g
plane (right panel). From �g. 6.7 we concluded that the large deviations from the SM in
the cross-section close to the alignment limit is a loop-induced e�ect and this is indeed
con�rmed by �g. 6.8 as the same pattern of deviations can be observed in the ratio
� RxSM

hh (�̂ (1)
ijk )=� RxSM

hh (� (0)
ijk ). For the region where we observe the largest deviations from

the SM, further from the alignment limit (cos � 2 [0:975; 0:99]), we concluded that this
is a tree-level e�ect coming from the propagator of the heavy Higgs boson, and �g. 6.8
also supports this conclusion, as the ratio �RxSM

hh (�̂ (1)
ijk )=� RxSM

hh (� (0)
ijk ) remains close to 1 for

these points.

Di�erential cross-section

The objective of this section is to investigate the impact of the loop corrections to the tri-
linear Higgs couplings on the di�erential di-Higgs production cross-section. For this anal-
ysis, we have selected six di�erent benchmark points, de�ned in table 6.2, corresponding
to di�erent phenomenological scenarios. We begin by calculating with HPAIR theoretical
predictions for the di-Higgs invariant mass distributions for the process gg ! hh, com-
paring the results using tree-level or one-loop corrected trilinear couplings. In a second
step, we determine for these benchmark points whether the di-Higgs process could be ob-
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Figure 6.8: The ratio between the total cross-section for di-Higgs production at the (HL-
)LHC including one-loop corrections to the trilinear Higgs couplings and using the tree-
level value for the points from our parameter scan in the RxSM. Left : Results in the
fcos �; v Sg plane; right: results in the fcos �; m H g plane.

served at the HL-LHC, taking into account di�erent experimental uncertainties. In order
to obtain quantitative results, incorporating also the possibility of statistical 
uctuations
in experimental signals, we de�ne a statistical signi�cance for the RxSM deviation from
the expected SM result. In order to include experimental e�ects in our analysis, we start
by multiplying our cross-section results by the luminosity L to compute the number of
events. We use here the value of L = 6 ab�1 , obtained by combining the luminosities
expected to be collected by ATLAS and CMS at the end of the HL-LHC. Next, following
the procedure in [323], we take into account the decays of the Higgs bosons, choosing the
channel with the largest branching ratio, h ! b �b. We furthermore take into account the
corresponding detector e�ciencies, following [324]. The latter are given by the product
of � = � TOT � SR, where �TOT is the e�ciency factor of the pre-selection of the events, and
� SR is the e�ciency of the reconstruction of the b�b pairs. The total number of events is
then given by,

N = �(gg ! hh) � L �
�
BR(h ! b �b)

� 2 � � TOT � � SR : (6.33)

Additionally, we have to take into account the smearing and binning of the distributions,
which estimate, respectively, the experimental error in the measurement of the four-
bottom invariant mass mb�bb�b and the �nite resolution in m b�bb�b of the detector (see e.g.
Refs. [64, 246]). We employ, as was done in Refs. [64, 246], experimentally motivated
values of 15% for the smearing and 50 GeV for the binning.

One aim of this analysis is to investigate whether there is a realistic chance to distinguish
experimentally the di-Higgs distributions in the RxSM, using either tree-level or one-loop
trilinear scalar couplings, from the SM. In addition to the experimental e�ects discussed
above, we also include here the statistical uncertainty. For the discrimination of the
RxSM (the considered hypothesis to be tested) from the SM (the null hypothesis), we
de�ne a statistical signi�cance following [325]. We de�ne our signal and background event
numbers for each bin (labelled by the index i) respectively as

si = N RxSM
i � N SM

i ;

bi = N SM
i ; (6.34)
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BP mH cos � v S � S � SH � (0)
� � (1)

� � (0)
hhH �̂ (1)

hhH
[GeV] [GeV] [GeV] [GeV] [GeV] [GeV]

1 659.4 0.9999 56.1 �880 �880 1.01 3.02 96.3 �119:7
2 777.6 1.0000 44.7 �931 �931 1.00 4.87 2.2 �303:6
3 594.5 0.9987 110.7 146 �931 1.08 1.41 127.6 181.9
4 891.1 0.9957 37.0 �993 �993 1.62 3.28 543.2 131.2
5 411.4 0.9878 92.6 �605 �380 1.29 1.31 153.9 165.1
6 625.6 0.9976 96.4 �851 �826 1.14 1.46 163.5 263.8

Table 6.2: De�nitions of the RxSM benchmark points for the study of di-Higgs produc-
tion, in terms of the �ve free BSM parameters of the model (mH ; cos �; v S; � S and
� SH ). Additionally, for each benchmark point, tree-level and one-loop predictions for
the trilinear self-coupling modi�er � � as well as for the BSM trilinear coupling � hHH are
included. We note that the numbers in this table are rounded; the actual input values to
10 digits, necessary to reproduce the quoted results for the trilinear scalar couplings, are
provided in the ancillary �le BPs.csv.

where NRxSM(SM)
i is the number of events in the RxSM (SM) in bin i. Assuming Poisson

statistics for the distributions, we can use a likelihood ratio method to de�ne a statistical
signi�cance [325]

Z =

s
X

i

2
�
(si + b i ) log

�
1 +

si

bi

�
� s i

�
; (6.35)

summing over all the bins of the distribution. The results for the signi�cances for the
RxSM distributions calculated with tree-level and one-loop trilinear scalar couplings are
denoted as Z(0) and Z (1) , respectively.

In �gs. 6.9 and 6.10, we show the results for the theoretical distributions and the distri-
butions including the experimental e�ects discussed above for the six benchmark points
of table 6.2. The blue (red) curves show results using the tree-level (one-loop corrected)
trilinear Higgs couplings; the black dashed line shows the corresponding SM result.7 In
the left column we show the distributions without experimental uncertainties; the distri-
butions in the right columns give the number of di-Higgs events in the b�b �nal state, taking
into account smearing, binning and the experimental e�ciencies as discussed above. The
error bars indicate Poisson statistical uncertainties in each bin for the signal.

In �g. 6.9, we observe that for BP1 (upper row) the theoretical RxSM distribution with
tree-level trilinear scalar couplings (blue curve) is essentially indistinguishable from the
SM value for almost the entire range of mhh . At the level of the theoretical curves, only
a resonance in the RxSM, for mhh = m H , yields a visible peak-dip structure. After
experimental e�ects are included, the resonance is too small to be distinguished from
the SM, which results in a signi�cance Z(0) = 0:1. When including loop calculations,
the value of � � is increased to �(1)

� ' 3, while the value of � hhH e�ectively switches

7We note that for the SM we employ the tree-level value of � � = 1, as the use of an e�ective trilinear
coupling is known not to be a good approximation in the SM [326]. The main reason for this is that
momentum e�ects are signi�cant for � � ' 1, while they can be safely neglected for points with BSM
deviations in � � (see e.g. the discussion in Ref. [89]). Nevertheless, we emphasise that the SM distributions
obtained with � (0)

� = 1 or � (1)
� ' 0:94 are extremely similar, and once experimental e�ects are included,

they are undistinguishable.
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Figure 6.9: Di�erential m hh di-Higgs production cross-section distributions; blue (red)
curves show results using the tree-level (one-loop corrected) trilinear Higgs couplings;
the black dashed line shows the corresponding SM result. Left: Distribution without
experimental uncertainties; right: distribution of the number of di-Higgs events in the b�b
�nal state, taking into account smearing, binning and the experimental e�ciencies (see
text). Error bars indicate Poisson statistical uncertainties in each bin. Top: Results for
BP1; centre: results for BP2; bottom: results for BP3 from table 6.2.

sign. While the former leads to an important modi�cation of the interference pattern
for low values of mhh =mb�bb�b, the latter switches the dip-peak structure to a peak-dip
structure. However, after taking into account the experimental uncertainties, this has no
visible e�ect in the distributions due to the very narrow width of the resonance structure.
The inclusion of the one-loop e�ects, particularly in � hhh , results in a signi�cance of
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Figure 6.10: Di�erential m hh di-Higgs production cross-section distributions; line styles
and colour coding as in �g. 6.9. Top: Results for BP4; centre: results for BP5; bottom:
results for BP6 from table 6.2.

Z (1) = 9:4. BP1 is therefore an example scenario for which an analysis using tree-level
trilinear scalar couplings would not have allowed distinguishing the RxSM from the SM,
while the inclusion of one-loop corrections renders this possible.

BP2 is another example in which one would not expect to be able to distinguish the RxSM
from the SM in an analysis using only tree-level trilinear couplings. Indeed, for BP2
� (0)

� ' 1 and � (0)
hhH ' 0, leading to total and di�erential cross-sections essentially identical

to those of the SM. However, when taking into account the one-loop corrections in̂� (1)
ijk ,

we �nd � (1)
� � 4:9 and � (1)

hhH � �300 GeV. Using these values, one can already distinguish
the RxSM from the SM at the level of the total cross-section, as �RxSM

hh is increased by
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� 100% compared to � SM
hh | unlike in BP1, where � RxSM

hh decreased by � 50%. This

increase in �RxSM
hh is due to the one-loop value of �(1)

� . This can be understood well at
the level of di�erential distribution: indeed the interference pattern for such large values
of � � yields a large peak for low values of mhh =mb�bb�b, which results in an increase of the
total cross-section. On the other hand, the resonance structure of the heavy Higgs boson
remains unobservable, also including the one-loop corrections to �hhH . The signi�cance
at the one-loop level between the RxSM and the SM is found to be Z(1) = 21:2.

In BP3, the radiative corrections to the trilinear scalar couplings are moderate. In the
case of a tree-level analysis, we are in a similar situation as with BP1, with no deviation
in � � and a resonance that is relatively suppressed by experimental e�ects. This leads to
a signi�cance of Z(0) = 1:2. At the one-loop level, we have a small correction to �hhh ,
yielding � (1)

� = 1:4, which modi�es slightly the interference for low values of mhh =mb�bb�b.
Nevertheless, the value of �� is still close to 1, and therefore we only observe a dip in
the distribution around m hh � 280 GeV, but no peak (unlike e.g. BP2). The modest
correction to � hhH yields a slightly larger resonance peak with respect to the tree-level
case. Combining these two e�ects, we �nd an increase in signi�cance to Z(1) = 3:2. This
remains insu�cient to conclude that both curves can be distinguished, but it provides
an indication of new physics, which we do not observe at tree level. Possible future
improvements in experimental analysis techniques may o�er the chance to further improve
the signi�cance for scenarios like BP3.

In BP4, with � (0)
� = 1:6 there is already a large deviation from the SM in the theoretical

distributions employing tree-level trilinear scalar couplings, and this deviation persists
even after considering the e�ects of smearing and binning, leading to Z(0) = 4:5, which
provides signi�cant indications of new physics. However, the resonance occurs at large
masses, and thus once statistical errors are taken into account, the peak in the di�eren-
tial distribution in the RxSM cannot be distinguished from the continuum (i.e. the SM
distribution). After including one-loop corrected trilinear scalar couplings, the resonant
peak is not modi�ed signi�cantly. However the large loop corrections to � hhh , leading to
� (1)

� = 3:3, have a strong impact on the interference pattern at low values of mhh =mb�bb�b.
This yields a large enhancement just above threshold and a dip around � 375 GeV. This
results in a large deviation from the SM distribution that is not erased by experimental
e�ects, giving a signi�cance of Z (1) = 10:7. On the other hand, the increase in �� does
not have a signi�cant impact on the total cross-section because the contributions from
the peak and the dip cancel each other out. An analysis at the level of di�erential dis-
tributions (and including one-loop corrections to � hhh ) is therefore required to be able to
distinguish the RxSM from the SM in BP4.

Turning next to BP5, the tree-level and one-loop distributions are very similar to each
other, and, once experimental uncertainties are taken into account, the two would not be
distinguishable from each other. BP5 features a small deviation in �(0)

� ' � (1)
� � 1:3, which

causes a slight decrease in the di�erential cross-section for low values of mhh =mb�bb�b. At
the same time, there is also a very large resonant peak allowing to di�erentiate the RxSM
from the SM no matter the order at which the analysis is performed, with signi�cances of
Z (0) ' Z (1) � 16. This is due to a combination of a non-negligible value of the trilinear
Higgs coupling, � (0)

hhH � � (1)
hhH � 150 GeV, and of the low value of the BSM Higgs mass,

mH � 400 GeV, which enhances the interference with the non-resonant contributions.
As a general observation from our parameter scans, we �nd that, for points with a large
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resonant peak, found in the range 350 GeV . mH . 500 GeV, there are no signi�cant
corrections to � hhH . Consequently, for this type of scenarios, the one-loop corrections in
the RxSM do not enhance the sensitivity to the BSM trilinear Higgs coupling.

Finally, our last scenario, BP6, is similar to BP3 in terms of the trilinear scalar couplings
and total di-Higgs cross-sections at tree level and one loop, as well as of the statistical
signi�cances. On the other hand, BP6 features a larger resonant peak at the tree level,
which is somewhat suppressed by loop corrections to �� . The dip for low values of mhh

due to the deviation of � � also pushes down the continuum distribution in the invariant
mass region around the resonant peak, therefore the resonant peak is also a�ected by this
interference. To better understand to what extent the resonant peak and, consequently,
� hhH can be resolved experimentally, we have de�ned a statistical signi�cance, which
we denote Zpeak, for discriminating the resonant peak (the signal hypothesis) from the
continuum (the null hypothesis, � hhH = 0) for BP5 and BP6. For BP5, we �nd for
the peak signi�cance Z(0)

peak = 17:5 and Z (1)
peak = 18:4. In both cases, we can distinguish

the resonant peak from the continuum, and therefore, we have sensitivity to the �hhH

coupling. However, as discussed above, the one-loop corrections do not enhance the
signi�cance. In the case of BP6, we �nd Z(0)

peak = 1:5 and Z (1)
peak = 1:2. In this case, the

resonant peak cannot be resolved from the continuum in either case, and the negative
one-loop corrections to �hhH reduce Zpeak. All signi�cances are summarised in table 6.3
for our benchmark points.

BP � (0)
� � (1)

� � (0)
hhH �̂ (1)

hhH � RxSM
hh (� (0)

ijk ) � RxSM
hh (�̂ (1)

ijk ) Z (0) Z (1) Z (0)
peak Z (1)

peak
[GeV] [GeV] [fb] [fb]

1 1.0 3.0 96.3 �119:7 19.6 9.8 0.1 9.4 0.0 0.0
2 1.0 4.9 2.2 �303:6 19.8 38.1 0.0 21.2 0.0 0.0
3 1.1 1.4 127.6 181.9 19.4 15.4 1.2 3.2 0.0 0.0
4 1.6 3.3 543.2 131.2 11.5 11.4 4.5 10.7 0.0 0.0
5 1.3 1.3 153.9 165.1 54.2 57.5 16.2 17.4 17.5 18.4
6 1.1 1.5 163.5 263.8 18.4 15.4 1.6 3.9 1.5 1.2

Table 6.3: Predictions for � � and � hhH at tree level and one loop, for the total di-Higgs
production cross-section at the (HL-)LHC using tree-level or one-loop trilinear couplings,
statistical signi�cances to distinguish the di-Higgs invariant mass di�erential distributions
(with tree-level or one-loop trilinear couplings) from the SM and statistical signi�cances to
distinguish the di-Higgs invariant mass di�erential distributions resonant peak (with tree-
level or one-loop trilinear couplings) from the continuous distribution, for the benchmark
points de�ned in table 6.2.

6.3.2 e+ e� colliders

In this section, we present our results for di-Higgs production at future high-energy e+ e�

colliders. We consider the di-Higgs-strahlung channel e+ e� ! Zhh, which is the dominant
production channel of two SM-like Higgs bosons up to centre-of-mass energies slightly
above 1 TeV. The contributing Feynman diagrams are shown in �g. 6.11. Similarly to
the HL-LHC study, we investigate the impact of loop corrections to the trilinear Higgs
couplings on the total and di�erential cross-sections and the experimental sensitivity to
possible deviations from the SM. Contributions involving � hhh arise due to a non-resonant
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diagram, shown as the upper right diagram in �g. 6.11. Consequently, the strongest
e�ects of BSM modi�cations of � hhh are expected at low values of mhh , close to the
kinematic threshold. On the other hand, the contributions proportional to � hhH come
from a (potentially) resonant diagram (lower left diagram in �g. 6.11) mediated by the
heavy Higgs boson H. This contribution is expected to have the largest e�ect around
mhh = m H . Consequently, the loop corrections to the two trilinear Higgs couplings will
have a di�erent impact for di�erent values of m hh . This makes it crucial to accurately
measure the di�erential distributions over the whole allowed range.

Figure 6.11: Example diagrams contributing to the e+ e� ! Zhh process at high-energy
e+ e� colliders. The red and blue dots represent, respectively, the trilinear scalar couplings
� hhh and � hhH .

Calculation of e + e� ! Zhh

We compute the leading-order unpolarised e+ e� ! Zhh production cross-section, which
we denote �Zhh , using the public code Madgraph5aMC v3.5.7 [141]. The input UFO model
�les for the RxSM required by Madgraph were obtained with the Mathematica package
SARAH-4.15 [314, 327{330]. We compute the cross-section for future e+ e� collider at
a centre-of-mass energy of

p
s = 1000 GeV, where we take as a concrete example the

ILC1000 [139,315,316]. We choose a high centre-of-mass energy due to the large masses
of our heavy Higgs boson. In this work, we assume an integrated luminosity of 8 ab�1 ,
as projected for the ILC1000 [139]. After computing the unpolarised cross-section we
can apply a simple correction factor following [98] to take into account polarised beams
as possible at the ILC1000. The optimised polarisation of ILC1000 is an opposite sign
polarisation of 80% for electrons and 30% for positrons giving as a result:

�(�80%; +30%) ' 1:476 � unpol ; (6.36)

�(+80%; �30%) ' 1:004 � unpol : (6.37)

With our calculational setup, we obtain for the SM di-Higgs production cross-sections
of � SM

Zhh ' 0:236 fb for
p

s = 500 GeV and � SM
Zhh ' 0:177 fb for

p
s = 1 TeV for the

(�80%; +30%) polarisation. The observation of the di-Higgs-strahlung process at
p

s =
500 GeV is expected at the 8� level for an integrated luminosity of 4 ab�1 (combining
several polarisation runs), corresponding to a relative experimental uncertainty of 16.8%
on � SM

Zhh obtained in Ref. [317], and which was recently improved to 12.8% in Refs. [62,331].
Applying a simple scaling of the number of events, this yields a relative uncertainty of the
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cross-section at
p

s = 1000 GeV of � 10% for an integrated luminosity of 8 ab �1 , which
corresponds to a discovery signi�cance of close to 13�.

Total cross-section

Our predictions for the total di-Higgs production cross-section in the RxSM at
p

s =
1 TeV including one-loop corrections to the trilinear Higgs couplings, which we denote
� RxSM

Zhh (�̂ (1)
ijk ), are shown in the colour coding of �g. 6.12. Results are projected in two

di�erent planes: in the left panel in the fcos �; v Sg plane, and in the right panel in the
fcos �; m H g plane. We �nd �rst that values of the total cross-section up to six times
larger than the SM result, � RxSM

Zhh � 6� SM
Zhh , are possible. This would clearly allow to

distinguish the corresponding parameter points from the SM. The largest enhancement
of � RxSM

Zhh with respect to the SM occurs in the same parameter region as for the gg ! hh
process, namely in the region of low values of vS, high values of mH , and close to the
alignment limit. This is due to the large corrections to � � at the one-loop level. However,
comparing �g. 6.2 and �g. 6.12, one can observe a continuous enhancement of �RxSM

Zhh with
� � | in contrast to what was found for the gg ! hh process in �g. 6.7. This can be
explained by the monotonous increase of the e+ e� ! Zhh cross-section with � � , which
is unlike the gg ! hh cross-section that is non-monotonous, with a minimum around
� � � 2:5. The total di-Higgs production cross-section of e+ e� ! Zhh is therefore more
sensitive to small changes of �� than that one of gg ! hh.

Figure 6.12: Total cross-section for the di-Higgs production process e+ e� ! Zhh atp
s = 1 TeV including one-loop corrections to the trilinear scalar couplings for the RxSM

scan points. Left : Results in the fcos �; v Sg plane; right: results in the fcos �; m H g plane.

In �g. 6.12 we can also �nd points with smaller deviations from the SM, with � RxSM
Zhh �

3� SM
Zhh , and that are further from the alignment limit and are not correlated with the loop

corrections to � � . In order to understand the behaviour of these points, we present in
�g. 6.13 the ratio between � RxSM

Zhh (�̂ (1)
ijk ) and the same cross-section using the tree-level

values of the trilinear Higgs couplings, �RxSM
Zhh (� (0)

ijk ). The ratio is indicated by the colour
coding, shown for the fcos �; v Sg plane (left panel) and the fcos �; m H g plane (right
panel). As can be seen from �g. 6.13, the large enhancement of �RxSM

Zhh for points near

the alignment limit arises from � (1)
� . On the other hand, for the points with a smaller

increase, i.e. �RxSM
Zhh � 3� SM

Zhh , the increase in the cross-section stems from tree-level e�ects,

e.g. from the heavy Higgs-boson resonance contribution, as �RxSM
Zhh (�̂ (1)

ijk )=� RxSM
Zhh (� (0)

ijk ) is
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close to unity.

Figure 6.13: � RxSM
Zhh (�̂ (1)

ijk )=� RxSM
Zhh (� (0)

ijk ) (see text). Left : Results in the fcos �; v Sg plane;
right: results in the fcos �; m H g plane.

Di�erential cross-section

In this subsection, we analyse the di�erential di-Higgs production cross-sections with
respect to mhh for the six benchmark points de�ned in table 6.2 at an e+ e� collider ofp

s = 1 TeV, using additionally polarised beams. As in our study for the HL-LHC case,
we want to take into account experimental uncertainties, although in the case of e+ e�

colliders the events are much cleaner than in pp collisions. For this reason, we present
in this subsection distributions taking into account the Higgs-boson decays and applying
realistic experimental cuts.

We estimate the experimental uncertainties a�ecting the di�erential cross-section distri-
butions, following a similar scheme as for the study of the HL-LHC case. Firstly, we
consider the decay channel of the SM-like Higgs boson to b�b by multiplying the di�er-
ential cross-section by BR2(h ! b �b) as well as by the e�ciency of the detector in the
reconstruction of the b-jets. This e�ciency is de�ned in a di�erent way than that at the
HL-LHC, and we follow [98]: we decompose it into the b-tagging e�ciency of each b-jet,
which we assume to be �b = 80%, and the acceptance A of the detector. We estimate
this acceptance by applying the following pre-selection cuts to detect the �nal 4b + Z
events [98],

Eb > 20 GeV; j� bj < 2:5; j� Z j < 2:5; y bb > 0:0010 ; (6.38)

where Eb is the energy of the b-jets, �b=Z is the pseudo-rapidity of the b=Z respectively
and ybb is the di�erence in the pseudo-rapidity of the b-jets, which represents the distance
between two b-jets. In order to estimate the acceptance A, we simulate the e+ e� !
Zhh ! Zb �bb�b process with and without the cuts of eq. (6.38) with MadGraph at the
parton level. We obtain A as the ratio of events with and without cuts. Taking also into
account the luminosity L = 8 ab �1 , we can de�ne the number of events N as

N = �(e + e� ! Zhh) � L �
�
BR(h ! b �b)

� 2 � A � � 4
b: (6.39)

Next, we de�ne the statistical signi�cance very similar as for the HL-LHC case in eq. (6.35).
We calculated the signi�cances for both polarisations, denoted as Z�+ for eq. (6.36) and



108 Chapter 6. One-loop corrections to the trilinear Higgs coupling

Z+� for eq. (6.37). The luminosity assumed for each polarisation is 40% of the total
luminosity, i.e. L �+ = L +� = 0:4 � 8 ab �1 = 3:2 ab�1 . The overall signi�cance is then

obtained as Z :=
q

Z 2
�+ + Z 2

+� . The results for the signi�cances are calculated with tree-

level and one-loop trilinear scalar couplings, which we denote respectively Z(0) and Z (1) .
The results for the six benchmark points are summarised in table 6.5. The corresponding
results for the di�erential distributions are presented in �gs. 6.17 to 6.19. Considering
the Higgs decaying into b�b, the red (green) curves show the distributions for �RxSM

Zhh using

� (0)
ijk (�̂ (1)

ijk ), the blue (orange) curves show the distributions for �RxSM
H;Zhh , i.e. only taking

into account the heavy Higgs resonance diagram, using �(0)
ijk (�̂ (1)

ijk ), and the yellow curves
show the corresponding SM distribution for � SM

Zhh .

BP � (0)
� � (1)

� � (0)
hhH � (1)

hhH � RxSM
Zhh (� (0)

ijk ) � RxSM
Zhh (�̂ (1)

ijk ) Z (0) Z (1) Z (0)
peak Z (1)

peak
[GeV] [GeV] [fb] [fb]

1 1.01 3.02 96.30 �119:70 0.061 0.125 0.00 6.98 0.00 0.38
2 0.99 4.86 2.30 �303:60 0.060 0.224 0.00 23.98 0.00 0.95
3 1.07 1.41 127.60 181.90 0.064 0.073 1.84 2.29 1.77 2.11
4 1.61 3.27 543.20 131.20 0.078 0.136 0.00 9.90 0.00 0.32
5 1.30 1.30 153.90 165.10 0.100 0.103 18.88 19.80 18.07 18.88
6 1.10 1.50 163.5 263.8 0.066 0.077 3.40 4.44 3.60 0.71

Table 6.4: Predictions for � � and � hhH at tree level and one loop, for the total
Zhh ! Zb �bb�b production cross-section at a 1 TeV e+ e� collider using tree-level or one-
loop trilinear couplings and statistical signi�cances to distinguish the di-Higgs invariant
mass di�erential distributions (with tree-level or one-loop trilinear couplings) from the
SM, or from the case �hhH = 0, for the benchmark points de�ned in table 6.2.

BP � RxSM
Zhh (� (0)

ijk ) � RxSM
Zhh (�̂ (1)

ijk ) Z (0) Z (1) Z (0)
peak Z (1)

peak
[fb] [fb]

1 0.061 0.125 0.00 6.98 0.00 0.38
2 0.060 0.224 0.00 23.98 0.00 0.95
3 0.064 0.073 1.84 2.29 1.77 2.11
4 0.078 0.136 0.00 9.90 0.00 0.32
5 0.100 0.103 18.88 19.80 18.07 18.88
6 0.066 0.077 3.40 4.44 3.60 4.71

Table 6.5: Predictions for � � and � hhH at tree level and one loop, for the total Zhh
production cross-section for the (�80%; +30%) polarisation, considering decay h ! b �b]
at a 1 TeV e+ e� collider using tree-level or one-loop trilinear couplings and statistical
signi�cances to distinguish the di-Higgs invariant mass di�erential distributions (with
tree-level or one-loop trilinear couplings) from the SM, or from the case �hhH = 0, for the
benchmark points de�ned in table 6.2.

In �g. 6.17, we observe that for BP1 and BP2 the RxSM distribution with tree-level
trilinear scalar couplings (red curve) is practically indistinguishable from the SM distri-
butions (yellow curves). In terms of the statistical signi�cance (see table 6.5), BP1 and
BP2 both have Z(0) = 0:0, meaning that a di�erence in the number of events cannot be
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detected. On the other hand, when we consider the distributions with one-loop trilinear
scalar couplings (green curves) and compare them with the SM ones (yellow curves), we
�nd that there is a large enhancement for the RxSM case due to the large loop corrections
to � � . We �nd values of Z (1) = 6:98 and Z (1) = 23:98 for BP1 and BP2, respectively,
which means that these points can be distinguished from the SM when including one-loop
corrections to the trilinear scalar couplings.

Turning next to BP3 and BP4, as shown in �g. 6.18, the RxSM distributions using
tree-level trilinear scalar couplings (red curves) look slightly di�erent from the SM curve
(yellow curve), whether it is the resonance in BP3 or the non-renosant contributions in
BP4. However, when we compute the signi�cances we �nd that for BP3 it is small,
whereas for BP4 it is equal to zero, mainly due to the small di�erence in the number of
events after taking into account the Higgs-boson decays and the cuts. For BP3 we do not
�nd large loop corrections for the trilinear scalar couplings and therefore when we consider
them in the calculation of the cross-section (green curve), we do not observe an important
improvement in the signi�cance comparing it to other BP's values, see table 6.5. For BP4
there is a positive correction of O(100%) in �� , which causes a general enhancement of
the distribution with respect to the SM one. In turn, the statistical signi�cance including
one-loop corrections increases from Z(0) = 0:00 to Z (1) = 9:90. Consequently, one can
distinguish the result of the RxSM from the SM one for BP4 provided that we take into
account one-loop corrections to the trilinear scalar couplings.

Finally, for BP5 and BP6, as shown in �g. 6.19, the RxSM distributions using tree-level
trilinear scalar couplings (red curve) can already clearly be distinguished from the SM
distributions (yellow curves), because of the resonance peak structure from the heavy
Higgs boson. For the BP5 we have a signi�cance using tree-level trilinear scalar couplings
of Z (0) = 18:88, which means that we have evidence of new physics, while for BP6 since the
resonance is smaller the signi�cance is only Z(0) = 3:40. For these benchmark points when
considering one-loop corrected trilinear scalar couplings we can see that the distributions
(green curves) are not signi�cantly modi�ed because the loop corrections are not very
large. However, we can see that taking into account the loop corrections still does improve
slightly the signi�cances for discriminating the RxSM distributions from the SM ones. We
have also evaluated for all the benchmark points Z(0)

peak and Z (1)
peak, de�ned analogously to

the HL-LHC case | see section 6.3.1. The results are shown the rightmost two columns
in table 6.5. While for BP1-4 the sensitivity is small to distinguish the resonant peaks, the
numbers for BP5 and BP6 indicate that the main part of the signi�cance to distinguish
the RxSM from the SM in in these scenarios originates from the resonance peak, and not
from the continuum. For these two benchmark points the statistical signi�cance indicates
that the resonance peak structure can possibly be distinguished from the continuum,
which may enable a measurement of �hhH , see [323].

6.4 Discussion of the results

In this chapter, we explored the phenomenology of di-Higgs production in the general
Higgs singlet extension of the SM, the RxSM, at the HL-LHC and a possible future
high-energy e+ e� collider. In particular, we investigated the impact of the radiative
corrections to the trilinear scalar couplings � hhh and � hhH , which are relevant for the
di-Higgs processes. At the technical level, we computed the loop-corrected trilinear scalar
couplings using anyH3, and used these as inputs for calculations of di-Higgs cross-sections
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Figure 6.14: Di�erential polarised di-Higgs production cross-section distributions as a
function of the di-Higgs invariant mass mhh for ILC1000. Top: Results for BP1; bottom:
Results for BP2 from table 6.2. We plot the RxSM result using one-loop trilinear scalar
couplings (green curve), the RxSM result using tree-level scalar couplings (red), the con-
tribution of the diagram with H in the s-channel using one-loop trilinear scalar couplings
(blue curve), the contribution of the diagram with H in the s-channel using tree-level
trilinear scalar couplings (orange curve) and the SM result (yellow curve). Values for
�̂ (1)

hhH are shown in GeV.
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Figure 6.15: Di�erential polarised di-Higgs production cross-section distributions as a
function of the di-Higgs invariant mass mhh for ILC1000. Top: Results for BP3; bottom:
Results for BP4 from table 6.2. We plot the RxSM result using one-loop trilinear scalar
couplings (green curve), the RxSM result using tree-level scalar couplings (red), the con-
tribution of the diagram with H in the s-channel using one-loop trilinear scalar couplings
(blue curve), the contribution of the diagram with H in the s-channel using tree-level
trilinear scalar couplings (orange curve) and the SM result (yellow curve). Values for
�̂ (1)

hhH are shown in GeV.
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Figure 6.16: Di�erential polarised di-Higgs production cross-section distributions as a
function of the di-Higgs invariant mass mhh for ILC1000. Top: Results for BP5; bottom:
Results for BP6 from table 6.2. We plot the RxSM result using one-loop trilinear scalar
couplings (green curve), the RxSM result using tree-level scalar couplings (red), the con-
tribution of the diagram with H in the s-channel using one-loop trilinear scalar couplings
(blue curve), the contribution of the diagram with H in the s-channel using tree-level
trilinear scalar couplings (orange curve) and the SM result (yellow curve). Values for
�̂ (1)

hhH are shown in GeV.
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Figure 6.17: Di�erential polarised di-Higgs production cross-section distributions as a
function of the di-Higgs invariant mass mhh for ILC1000. Top: Results for BP1; bottom:
Results for BP2 from table 6.2. We plot the RxSM result using one-loop trilinear scalar
couplings (green curve), the RxSM result using tree-level scalar couplings (red), the con-
tribution of the diagram with H in the s-channel using one-loop trilinear scalar couplings
(blue curve), the contribution of the diagram with H in the s-channel using tree-level
trilinear scalar couplings (orange curve) and the SM result (yellow curve). Values for
�̂ (1)

hhH are shown in GeV.



114 Chapter 6. One-loop corrections to the trilinear Higgs coupling

Figure 6.18: Di�erential polarised di-Higgs production cross-section distributions as a
function of the di-Higgs invariant mass mhh for ILC1000. Top: Results for BP3; bottom:
Results for BP4 from table 6.2. We plot the RxSM result using one-loop trilinear scalar
couplings (green curve), the RxSM result using tree-level scalar couplings (red), the con-
tribution of the diagram with H in the s-channel using one-loop trilinear scalar couplings
(blue curve), the contribution of the diagram with H in the s-channel using tree-level
trilinear scalar couplings (orange curve) and the SM result (yellow curve). Values for
�̂ (1)

hhH are shown in GeV.
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Figure 6.19: Di�erential polarised di-Higgs production cross-section distributions as a
function of the di-Higgs invariant mass mhh for ILC1000. Top: Results for BP5; bottom:
Results for BP6 from table 6.2. We plot the RxSM result using one-loop trilinear scalar
couplings (green curve), the RxSM result using tree-level scalar couplings (red), the con-
tribution of the diagram with H in the s-channel using one-loop trilinear scalar couplings
(blue curve), the contribution of the diagram with H in the s-channel using tree-level
trilinear scalar couplings (orange curve) and the SM result (yellow curve). Values for
�̂ (1)

hhH are shown in GeV.
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and distributions with HPAIR (for gg ! hh) and Madgraph5 aMC (for e+ e� ! Zhh). We
devised, for the �rst time, a complete set of on-shell renormalisation conditions for all the
parameters of the RxSM scalar sector, including for the Z2-breaking Lagrangian trilinear
couplings � SH and � S that were so far renormalisedMS in the existing literature.

We performed an extensive scan of the RxSM parameter space and determined the possible
values of �hhh , � hhH , � RxSM

hh and � RxSM
Zhh that can be realised for points allowed by state-

of-the-art theoretical and experimental constraints. For � hhh , we �nd that enhancements
up to � � ' 6 are possible in the region where cos � & 0:998, mH 2 [800; 900] GeV and
vS . 50 GeV. In the same region of parameter space �hhH can receive large negative
corrections that can even 
ip its sign. For this parameter region, the concurrent increase
of � hhh and decrease of �hhH both contribute to enhancing � RxSM

hh , where values up to
� RxSM

hh � 4:5 � SM
hh were found. We also compared the magnitude of the enhancements in

� RxSM
hh achievable from tree-level or one-loop modi�cations of the trilinear scalar couplings:

while e�ects are possible already at the tree level, the largest e�ects arise from radiative
corrections.

We next investigated the impact of the loop corrections to the trilinear scalar couplings
on the di-Higgs invariant mass distributions. We devised six benchmark scenarios, repre-
sentative of the RxSM parameter space, and we quanti�ed the ability to distinguish these
scenarios from the SM experimentally, using the statistical signi�cance de�ned in [323].
In particular, we showed that for a number of these scenarios (BPs 1, 2 and 4), only
an analysis with one-loop trilinear couplings would allow discriminating the RxSM from
the SM. Conversely, we found that for some scenarios with resonant contributions for
low mH (like BP5), the inclusion of loop-corrections in �̂ (1)

ijk has a smaller impact on the
distributions and the conclusions that can be drawn from them.

We performed similar studies of the total and di�erential cross-sections for the process
e+ e� ! Zhh at a high-energy e + e� collider. The largest enhancements of the cross-
section are found for the same regions of the parameter space as for the di-Higgs process
at the HL-LHC, and values up to � RxSM

Zhh � 4 � SM
Zhh can be attained. For the six bench-

mark points we have evaluated the di�erential mhh distributions. We �nd that the loop
corrections to the trilinear scalar couplings can signi�cantly enhance the signi�cance for
distinguishing the RxSM from the SM. The resonance peak structure, on the other hand,
only contributes signi�cantly in two of the benchmark points. In that case the statisti-
cal signi�cance indicates that the resonance peak structure can possibly be distinguished
from the continuum, which may enable a measurement of �hhH .

Our results demonstrate the crucial importance of including, whenever possible, higher-
order BSM corrections to analyses of di-Higgs production, in order to draw reliable con-
clusions from the comparison of experimental data with theoretical predictions. This
provides further motivation for the automation of di-Higgs precision calculations, see [99]
for recent advancements. Additionally, we concentrated in this work on corrections to
trilinear scalar couplings, as these are known (see e.g. [87]) to be the dominant source
of BSM corrections to di-Higgs productions. However, for scenarios with total and di�er-
ential cross-sections undistinguishable from the SM ones, the investigation of corrections
to other Higgs couplings entering the process (e.g. Higgs-top or Higgs-Z interactions)
becomes relevant. Finally, this work has been focused on probes of RxSM scenarios
at high-energy colliders. A next important step is to include into the investigation the
dynamics of the EWPT and possible production of cosmological relics of a SFOEWPT.
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SFOEWPT and GW signals

>Ya no vas a volver a casa nunca?

{ Ibontxu

The previous two chapters were devoted to the collider phenomenology of the RxSM.
We �rst showed that di-Higgs production provides a direct probe of the scalar potential
through the trilinear Higgs couplings, and that a reliable description of the process requires
the complete treatment of resonant and non-resonant contributions, together with their
interference. We then demonstrated that, in beyond-the-Standard-Model scalar theories,
one-loop corrections to these couplings can be sizeable and may substantially modify the
conclusions drawn from a tree-level analysis. Together, these results established a detailed
picture of how the extended scalar sector of the RxSM can manifest itself at colliders.

We now shift the emphasis of the discussion towards the cosmological dynamics of the
model. In particular, we devote a more detailed analysis to the electroweak phase tran-
sition, which constitutes one of the main theoretical motivations for considering scalar
extensions of the Standard Model in the �rst place. The central question is whether the
thermal evolution of the RxSM can give rise to a strong �rst-order electroweak phase
transition, and if so, which regions of the RxSM's parameter space realise this possibility.

Addressing this question is important not only from a theoretical perspective, but also
from a phenomenological one. A SFOEWPT may leave observable signatures today
through a stochastic background of gravitational waves (SBGW). At the same time, the
same scalar dynamics responsible for the transition can also a�ect collider observables, in
particular di-Higgs production. This opens the possibility of testing the model through a
genuinely complementary strategy, combining information from the early Universe with
measurements at high-energy colliders.

A central aspect of this chapter is that, it presents for the �rst time in the RxSM a simul-
taneous analysis of these complementary probes: the gravitational-wave signal generated
by the phase transition, the prospects at the HL-LHC, and the sensitivity of future high-
energy e+ e� colliders. Moreover, the collider part of this study is not based on simpli�ed
estimates, but on a complete calculation of the di-Higgs production cross sections, includ-
ing the full set of relevant diagrams and the one-loop corrections to the trilinear Higgs
couplings discussed in the previous chapter. In this way, the cosmological and collider
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analyses are treated on the same footing and connected through a consistent description
of the scalar sector.

In this chapter we therefore analyse the one-loop �nite-temperature e�ective potential of
the RxSM, classify the di�erent thermal histories that can arise, and identify the regions
of parameter space in which a strong �rst-order electroweak phase transition occurs. We
then investigate the associated gravitational-wave spectra and assess their observability,
before confronting the same scenarios with the prospects from di-Higgs production at the
HL-LHC and at future e + e� colliders. The goal is thus to provide a uni�ed view of how
the RxSM can be explored through the interplay between cosmological observables and
collider signatures.

7.1 Thermodynamics of the RxSM

In this chapter, we review the theoretical setup used to investigate the thermal evolution
in the early-Universe of RxSM scenarios. We �rst introduce the one-loop temperature-
dependent e�ective potential in the RxSM before discussing how we compute the thermal
dynamics of the electroweak potential. Finally, we explain our calculation of the stochastic
GW background produced in scenarios with a SFOEWPT. For all these steps, we have
used the code BSMPTv3 [83,85,91], in which we implemented the general RxSM.

7.1.1 E�ective potential

The �rst step in order to study the thermodynamics of an extended Higgs sector is to
compute the temperature-dependent e�ective potential. In this work, we have used a
perturbative 4D approach, where the potential is expanded as

V (1)
e� (�; T ) = V (0) (�) + V (1)

CW (�) + V (1)
CT (�) + V (1)

T (�; T ) + V (1)
daisy (�; T ) : (7.1)

Here V(0) is the tree-level potential, V(1)
CW is the one-loop e�ective (or Coleman-Weinberg [332])

potential at T = 0 (calculated in the MS scheme), V(1)
CT denotes a one-loop counter term

(CT) potential (also de�ned at T = 0), while the temperature-dependent parts of the
potential are given by the one-loop thermal corrections term V(1)

T and a resummation

term V (1)
daisy (discussed below). The notation � is used to denote collectively the scalar

�eld degrees of freedom of the RxSM.

The Coleman-Weinberg potential can be computed straightforwardly in the MS scheme
using the supertrace formula [290], it reads

V (1)
CW (�) =

X

i

(�1) 2si ni

64� 2 m4
i (�)

�
ln

�
m2

i (�)
Q2

�
� c i

�
; (7.2)

where i runs over the particle content | scalars, fermions, and gauge bosons | of the
model (we note that we work here in the Landau gauge, so that ghosts do not contribute
to V (1)

CW , nor its �eld derivatives), and Q is the renormalisation scale. The constants
ci are 3=2 for scalars and fermions, and 5=6 for gauge bosons (as we use here theMS
scheme). For the rest of this work we choose to take Q = v, unless otherwise speci�ed.
Although one could in principle use the MS scheme result, we choose instead to convert
our expressions to the more convenient and physically-motivated OS-like scheme de�ned
in Refs. [83,85,91]. To do so, we add a �nite shift to our e�ective potential, corresponding
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to a �nite conversion of the parameters entering the tree-level potential. This counterterm
potential is de�ned as

V (1)
CT (�) =

X

i

@V(0)

@xi
� (1)

CT x i +
X

j

(� j + v j )� (1)
CT t j ; (7.3)

where i runs over the parameters of the Lagrangian and j over the scalar particles of the
RxSM. The idea of this OS-like scheme is to maintain the location of the minimum of
Ve� at T = 0 as well as the e�ective-potential masses of all the scalars (also at T = 0) to
their tree-level values | hence the \OS-like" name of the scheme. In terms of derivatives
of the potential, this means that we impose that the �rst and second derivatives of the
zero-temperature e�ective potential should be equal to the tree-level ones, from which we
obtain the following renormalisation conditions

@� i V
(1)

CT (�)j h�i T =0
= �@ � i V

(1)
CW (�)j h�i T =0

; (7.4)

@� i @� j V (1)
CT (�)j h�i T =0

= �@ � i @� j V (1)
CW (�)j h�i T =0

; (7.5)

where i and j run over the scalar degrees of freedom. By applying these conditions to
the case of the RxSM, one can see that there are not su�ciently many conditions to
de�ne a unique set of counterterms and that three additional degrees of freedom remain.
Following the original notation of this scheme in [83], we call these degrees of freedom
t1; t2; t3, and absorb them into the counterterms (although in the end, we set them to 0).
Finally, we obtain the following set of counterterms

� (1)
CT � 2 = 0 ;

� (1)
CT M 2

S = 0 ;

� (1)
CT � S =

1
v3

S

�
3v2

2
HG0G0 �

v2

2
Hhh +

vvs

2
Hhs + v 2

SHss � 3v SNs

�
;

� (1)
CT � SH =

Hhh � 3H G0G0

vS
+

Hhs

v
;

� (1)
CT � =

HG0G0 � H hh

v2 ;

� (1)
CT � S =

1
v4

S

�
�3v 2

4
HG0G0 +

v2

4
Hhh �

v2
S

2
Hss + v SNs

�
;

� (1)
CT � SH =

3HG0G0 � H hh

v2
S

�
2Hhs

vvS
;

� (1)
CT tG0 = �N G0 ;

� (1)
CT tG+ = �N G+ ;

� (1)
CT tG� = �N G� ;

� (1)
CT th = H G0G0 v � N h ;

� (1)
CT ts = 0 ; (7.6)

where N� i and H� i � j are the �rst and second derivatives of the CW potential evaluated
at the minimum of the potential, i.e.

N � i =
@V(1)

CW

@�i

�
�
�
�
�
h�i T =0

; and H� i � j =
@2V (1)

CW

@�i @�j

�
�
�
�
�
h�i T =0

: (7.7)
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Turning next to the temperature-dependent corrections, the one-loop thermal potential
[333,334] is given by

V (1)
T (�; T ) =

X

i

ni T4

2� 2 J�

�
m2

i (�)
T2

�
; (7.8)

where i runs again over the particle content of the model, and J� are the fermionic and
bosonic thermal integrals, respectively, and are de�ned as:

J� (x) = �
Z 1

0
dz z2 log

h
1 � exp

�
�

p
z2 + x

�i
: (7.9)

Finally, we have to solve the IR-divergence problem that arises due to the massless bosonic
zero Matsubara modes of �nite-temperature �eld theory and the infrared pole of the
propagator of these modes. To solve this problem, there are di�erent ways of resumming
relevant higher-order e�ects in order to dress the propagator of the zero-modes and avoid
the pole divergence. The minimal set of higher-order diagrams that must be resummed
has been shown to be those known as Daisy diagrams.

There are di�erent methods that one can follow to resum these diagrams. In this work,
we have followed the Arnold-Espinosa resummation method [211] to disentangle the UV
physics from the IR one. In this method, the mass of the zero Matsubara modes is shifted
by the thermal mass and, therefore, substitute the propagator of the zero mode with a
dressed propagator, avoiding the divergence of the pole. This leads to a contribution to
the potential with the following structure,

V (1)
daisy (�; T ) = �

X

i

T
12�

Tr
n

[m2
i (� i ) + � 2

i (T )]
3
2 � [m 2

i (� i )]
3
2

o
; (7.10)

where i runs over the di�erent bosonic degrees of freedom, and �2i (T ) is the squared
thermal mass of the boson �i , generated by the thermal potential. The hard thermal
masses for the scalars and the longitudinal bosonic �elds are de�ned as:

� � (T ) = T 2
�

3g2
2 + g 2

1

16
+

�
2

+
� SH

12
+

y2
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4

�
; (7.11)

� S(T ) = T 2
�

� SH

3
+ � S

�
; (7.12)

� WL (T ) =
11
6

g2
2 T2; (7.13)

� B L (T ) =
11
6

g2
1 T2: (7.14)

7.1.2 Phase transition dynamics

Employing eq. (7.1) we can compute the thermal evolution of the Higgs potential in order
to study the dynamics of the EWPT. Two main ways in which the EWPT could have
occurred can be distinguished. On the one hand, it could have proceeded as a second-
order phase transition or a cross-over, meaning that the transition from the false vacuum
to the EW one is smooth and there is no associated energy gap. On the other hand,
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the EWPT could have happened as a �rst-order phase transition. In the latter case,
which we denote as FOEWPT, during the thermal evolution of the potential a barrier
forms between the false and the EW minima. The only way to transition is through
quantum tunnelling, leading to an energy gap in the transition. This event occurs nearly
simultaneously at di�erent points in the Universe as it expands, creating bubbles of the
EW vacuum that nucleate and then expand in the background of the false vacuum. The
temperature at which this transition occurs is called the nucleation temperature Tn , at
which the tunnelling decay rate from the false to the EW minima per Hubble volume
matches the Hubble rate.

7.2 Phenomenological implications

In this section, we investigate the dynamics of the EWPT in the RxSM employing the
theoretical framework described in the previous section. Numerical computations are
performed with the public code BSMPTv3 [91].

7.2.1 Di�erent thermal histories

We begin by investigating the di�erent possible thermal histories in the RxSM (a similar
analysis in the 2HDM can be found in [56]). By scanning of the parameter space of the
RxSM, we �nd six di�erent scenarios, which we label from A to F (similar to [56]), and
which we illustrate in �g. 7.1 for selected points listed in table 7.1.

Id m H [GeV] cos � � S [GeV] � SH [GeV] vS [GeV]

A 342.8 0.9999 �1000 �100 110
B 288.5 0.9949 �900 �54 149
C 285.5 0.9891 �900 �87 125
D 290.7 0.9881 �900 �93 120
E 463.9 0.9955 �24 �992 332
F 600.1 0.9800 �300 �1406 280

Table 7.1: RxSM benchmark points for the investigation of the di�erent thermal histories
of the Universe in �g. 7.1.

For each scenario, we trace in �g. 7.1 the evolution of the EW and singlet minima as a
function of the temperature in order to understand its speci�c dynamics.

The blue and orange lines in �g. 7.1 correspond respectively the tracing of the minima
of the EW doublet and of the singlet. The parts of the line in solid style indicate the
path that the Universe actually follows, i.e. at the temperature where a change from
dashed to solid is found, a phase transition takes place. The �rst scenario (top left, A)
is a second-order PT. The second case (top middle, B) is a weak �rst-order PT, where a
�rst-order phase transition occurs along the EW direction while the transition along the
singlet �eld direction is continuous. In case B, the �rst-order PT along the EW direction
is so weak | in the sense that the discontinuity in the evolution of the Higgs VEV is so
small | that this scenario cannot be phenomenologically distinguished from a second-
order PT. The third scenario (top right, C) is a multi-step-�rst order PT : speci�cally the
PT occurs in two steps, starting with a �rst-order PT along the singlet direction at higher
temperature, followed by another �rst-order phase transition where both VEVs experience
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Figure 7.1: The tracing of the di�erent minima of the potential with respect to the
temperature for six di�erent thermal histories. In blue we show the minima of the EW
doublet and in orange the minima of the singlet �eld. The solid lines represent the path
that the Universe follows. The red dashed line indicates the critical temperature Tc.

a discontinuity. The latter transition corresponds to the EWPT. The fourth scenario
(bottom left, D) is the low singlet VEV �rst-order PT, where the EWPT occurs as a
one-step transition with discontinuities along the EW and singlet directions concurrently.
We name the �fth scenario (bottom middle, E) high singlet VEV �rst-order PT. This
scenario is similar to case D, but with the di�erence that the minimum of the singlet
VEV at the moment of the transition is positive. We will see that this leads to weaker
transitions than in case D. Finally, the last possible history that we �nd (bottom right,
F) is vacuum trapping [56]. In this scenario, the barrier between the symmetric and EW
minima is so large that the tunnelling time is longer than the age of the Universe, meaning
that one remains trapped in the symmetric phase. We note that we de�ne here vacuum
trapping in terms of the computed tunnelling rate, which is compared to the age of the
Universe, rather than in terms of some threshold value of the bounce action.

7.2.2 SFOEWPT

As a �rst step to search for SFOEWPT scenarios in the RxSM, we perform a parameter
scan in the �ve-dimensional parameter space of the model. We begin by checking theo-
retical and experimental constraints as outlined in section 4.1.2, and afterwards compute
the EWPT dynamics for the allowed points. The scan ranges are as follows,

mH 2 [260; 1000] GeV;

cos � 2 [0:95; 1];

vS 2 [30; 300] GeV;

� S 2 [�1000; 1000] GeV;

� SH 2 [�1000; 0] GeV: (7.15)

We choose as lower bound mH > 260 GeV in order to allow the decay channel H ! hh
and enable a complementary analysis of di-Higgs production (including resonant contri-
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butions from H) for the scan points | see section 7.3. The requirement of � SH to be
negative comes from the theoretical constraint of boundedness-from-below of the tree-level
potential.

In �g. 7.2 we present as colour coding the ratio �n � v n=Tn in the planes fcos �; m H g (top
left), fcos �; v Sg (top right), f� S; � SH g (bottom left) and fm H ; vSg (bottom right). Our
�rst �nding is to con�rm the existence of points exhibiting a SFOEWPT, with � n > 1,
in the scanned region. From the top row in �g. 7.2 we can see that the strongest phase
transitions occur further from the alignment limit (cos � = 1), while the weaker ones
are closer to it. Another important observation is that we do not �nd points for large
positive values of �S. Indeed, for points with large positive values of �S, the symmetric
minimum of the NLO potential at T = 0 is deeper than the EW minimum and therefore
the EW vacuum is not stable at NLO. We note that for the potential at NLO, we only
check whether the EW minimum is deeper than the minimum of the origin of the poten-
tial. Further minima away from the origin of the potential may appear; however, these
minima are not reliable because the renormalization scheme is de�ned in the vicinity of
the electroweak vacuum expectation value. When moving far from this minimum, the
renormalization scheme ceases to be trustworthy.

Figure 7.2: Results for �n � v n=Tn for the points from our RxSM parameter scan. Top
left : fcos �; m H g plane; top right: fcos �; v Sg plane; bottom left : f� S; � SH g plane; bottom
right: fm H ; vSg plane.

One can also see from �g. 7.2 that the strongest phase transitions (i.e. with �n > 2)
arise in two distinct regions of the parameter space: a �rst region with vS . 150 GeV,
mH . 400 GeV, � SH & �600 GeV and � S & �300 GeV; and a second region for
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vS & 150 GeV, mH & 400 GeV and � SH . �500 GeV. The second region spans the
entire range �1000 GeV < � S . 0 GeV that is populated by allowed points, although the
largest values of �n are reached for points with � S & �600 GeV.

Investigating the two regions in more detail, one �nds that the �rst region with low v S

corresponds to case D in terms of the possible thermal histories of the Universe shown in
�g. 7.1, while the second region with larger vS corresponds to case E.

7.2.3 GW signal at LISA

In the following, we focus on the two regions of parameter space found in the previous
section that feature the strongest FOEWPT, and we investigate whether they can give
rise to GW spectra observable at LISA. Investigating scenarios with �ve free parameters is
however complicated, because of the interplay between e�ects from di�erent parameters.
Instead, we choose to de�ne, for each region, sets of three phenomenological relations
between the RxSM parameters that maximise �n , and can then study two-dimensional
benchmark planes.

Benchmark plane 1

We begin by considering the region with low values of vS and mH . Using the results from
the �ve-dimensional scan in the previous section, we �nd that the following conditions
maximise �n in this region

� S = �900 GeV ;

� SH = (5662:9 cos � � 5688:4) GeV ;

vS = (4239:5 cos � � 4067:6) GeV : (7.16)

We are then left with only two free parameters, over which we scan with the ranges1

mH 2 [260; 1000] GeV ;

cos � 2 [0:975; 1] : (7.17)

In �g. 7.3 we present the results of the scan in this benchmark plane. The colour coding
shows the value of �n for the points allowed by the experimental and theoretical con-
straints. The region shaded in light blue is excluded by perturbative unitarity. It is
important to note that the fact that perturbative unitarity excludes points farther away
from the alignment limit is not a general feature of the RxSM, but is only an artefact
of the considered plane. We indicate in grey the region where the tree-level potential is
stable while at the one-loop level the EW vacuum is unstable (at T = 0). Finally, we
show in light red the parameter region that is excluded by the direct search of a heavy
BSM Higgs boson decaying into a pair of Z bosons in the l+ l � l+ l � and l+ l � � �� channels
by ATLAS [299].

In �g. 7.3 we can see that in the allowed parameter region three di�erent thermal histories
are possible. Following the labels in �g. 7.1, we name the corresponding regions B, C
and D. First, in region B (dark purple) we �nd weak �rst-order phase transitions: these
transitions are of �rst order because there is a small discontinuous transition in the EW

1We note that no point allowed by HiggsSignals was found below cos � = 0:975, hence the lower
bound quoted here.
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Figure 7.3: Parameter scan results in the RxSM for benchmark plane 1. The colour
coding shows the ratio �n = v n=Tn . The di�erent thermal histories are labeled following
�g. 7.1. We indicate in light blue the region excluded by perturbative unitarity, in grey
the region excluded by the stability of the EW vacuum at NLO and in light red the region
excluded by direct searches for heavy Higgs bosons in [299]. We note that in region B
0 < � n < 1.

doublet direction, and the nucleation condition of eq. (3.30) is ful�lled. However, these
points are not interesting for phenomenology because the phase transition is too weak.
Next, regions C and D exhibit SFOEWPT | the di�erence between the two regions
is that region C features multi-step phase transitions, starting with a weak �rst-order
phase transition followed by the EW phase transition occuring as a SFOEWPT, while in
region D the phase transitions occur in one step. We can observe that the behaviour of
� n at the boundary between both regions is smooth. This is because in region C for the
calculation of � n we consider the second step of the two-step phase transition, which is
the step during which there is tunnelling in the EW doublet direction. Taken separately,
this transition corresponds exactly to the single-step transition in region D. A similar
continuous behaviour of �n is, however, not found at the boundary between regions B
and C. The reason is that at some moment the two branches for positive values of the
singlet �eld in region C in �g. 7.1 connect, and the corresponding phase remains deeper
than the negative phase. As a consequence, there is then no tunnelling to the negative
phase of the singlet �eld, meaning that the second step of the phase transition of region
C never occurs, and thus there is no SFOEWPT.

In �g. 7.4 we restrict our attention to the part of benchmark plane 1 where we �nd a
SFOEWPT. In the left and right plots the colour coding represents, respectively, Tn (in
GeV) and the SNR at LISA for a bubble wall velocity of vw = 0:95 and 3 years observation
time.2 From the right plot, we �nd that there is a large region of the parameter space

2The shape of the shown areas in both plots is slightly di�erent, because the calculation of the SNR
fails for a few points.
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for which SNR > 10, i.e. where we �nd a stochastic GW background detectable at LISA.
This result is obtained for vw = 0:95, which as will be discussed in section 7.2.3 is the
most pessimistic assumption. Turning next to the left plot of �g. 7.4, we can see that for
the points that are observable at LISA Tn is relatively low, Tn . 70 GeV | while the
percolation temperature for these same points can be computed to be even signi�cantly
lower, Tp . 60 GeV. We can conclude from this that the high GW signals found in
benchmark plane 1 are directly related to low values of Tp.

Figure 7.4: Parameter scan results in the RxSM for the points with a SFOEWPT in
the benchmark plane 1. Left : Tn (in GeV); right: SNR at LISA (assuming 3 years of
observations) for vw = 0:95, where the region delimited in red represents the observable
region (i.e. SNR > 10).

An important characteristic of the SFOEWPT in this benchmark plane (in regions C and
D) is that the transition along the singlet �eld direction starts from a negative value of
vS. To better visualise this, we display in �g. 7.5 the temperature-dependent e�ective
potential at the nucleation temperature, Ve� (Tn ), for a speci�c benchmark point with
an observable SNR > 10 and Tn = 68 GeV taken from benchmark plane 1. Because of
the negative value of the singlet VEV at the moment of the transition, there is a large
di�erence between the initial and �nal values of v S. Another important e�ect of the
negative initial value of the singlet VEV is that it delays the phase transition, thereby
lowering the nucleation temperature. This can be observed in the illustration of case D
in �g. 7.1: one sees that at high temperatures the initial singlet phase is far from the �nal
phase and gradually approaches as the temperature decreases. Starting from a larger
negative vS therefore yields a lower Tn , and in turn a stronger phase transition.

Benchmark plane 2

We now consider the second region, with high values of vS and mH , and we de�ne a two-
dimensional benchmark plane accordingly. Based on the results from the �ve-dimensional
scan in section 7.2.2, we �x the following conditions

cos � = 0:98 ;

� S = �300 GeV ;

vS = 280 GeV : (7.18)
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Figure 7.5: Temperature-dependent one-loop e�ective potential at the nucleation temper-
ature, Ve� (Tn ), for a benchmark point featuring a SFOEWPT with a thermal history of
type D (from �g. 7.1). The BP is de�ned by m H = 262 GeV, c� = 0:9915, vS = 139 GeV,
� S = �833 GeV, � SH = �72 GeV, and we obtain T n = 68 GeV as well as a SNR > 10.
� 0 denotes the CP-even neutral component of the Higgs doublet.

in order to maximise the strength of the SFOEWPT. For the remaining free RxSM pa-
rameters, we scan over the following ranges

mH 2 [260; 1000] GeV ;

� SH 2 [�2000; �1000] GeV : (7.19)

Scan results for this second benchmark plane are shown in �g. 7.6. The colour coding
represents the ratio �n for the points allowed by experimental and theoretical constraints.
The pink region indicates vacuum trapping, while the grey region corresponds to points
for which the potential is stable at tree level but not at NLO (at T = 0). The region
highlighted in red is excluded by the combination of searches of heavy resonances decaying
into bosonic and leptonic �nal states by ATLAS [335]. Finally, the orange region is
excluded by direct searches by CMS of a heavy BSM Higgs boson decaying into two
lighter Higgs bosons in the � �b�b channel [336].

In �g. 7.6 we can observe that in the allowed parameter space of benchmark plane 2 points
with a phase transition only feature one type of thermal history, namely case E. Following
the labelling in �g. 7.1, we name the corresponding part of the benchmark plane region
E. With this thermal history, the EWPT is of �rst order, however, the initial value of v S

at the time of the transition is positive. This leads to weaker phase transitions. From
�g. 7.6 we also �nd that the range of m H for which a SFOEWPT occurs in benchmark
plane 2, namely mH 2 [550; 950] GeV, is signi�cantly larger than in the case of the
benchmark plane 1, where it was mH 2 [250; 320] GeV. Additionally, the strength of the
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phase transitions increases for lower values of mH and larger absolute values of �SH up to
a maximum value of �n & 4, where vacuum trapping occurs. This is the same behaviour
as was observed for the 2HDM in Refs. [56, 57]. The explanation for this phenomenon
is that the strength of the phase transition grows with the potential barrier between the
minima, until the size of the barrier is such that tunnelling cannot happen, leading to the
vacuum being trapped in the symmetric minimum.

Figure 7.6: Parameter scan results in the RxSM for benchmark plane 2. The colour coding
shows the ratio �n . The di�erent thermal histories are labelled following �g. 7.1. The
pink region indicates vacuum trapping, while the grey region is excluded by the stability
of the potential at NLO. Regions ruled out by experimental searches are shown in red for
the region excluded by direct searches of a heavy Higgs boson in [335], and in orange for
the region excluded by direct searches of two SM-like Higgs bosons in [336].

We concentrate in �g. 7.7 on the region of the benchmark plane 2 featuring a SFOEWPT.
In the left plot the colour coding indicates Tn , while in the right plot it represents the SNR
at LISA, calculated for a bubble wall velocity of vw = 0:95 and three years of observation
time. At �rst, we observe from the right plot that for v w = 0:95 no point reaches an SNR
larger than 10, even though points at the boundary with the vacuum trapping region
are close, with SNR � 8. The observability of these points depends on the uncertainty
coming from vw , which will be discussed in section 7.2.3, as well as on the threshold value
of the SNR that one de�nes as observable. From the left plot, we �nd that, like in the
case of the benchmark plane 1, the strongest phase transitions occur for low values of
Tn � 60 GeV.

Figure 7.8 provides an illustration of the temperature-dependent e�ective potential eval-
uated at the nucleation temperature Ve� (Tn ) for a point with a SFOEWPT selected from
benchmark plane 2 with a SNR = 4:5 and Tn = 64 GeV. In this scenario, the singlet �eld
direction does not play an important role at the time of the transition, and the di�erence
between the initial and �nal phases of the singlet VEV is relatively small. On the other
hand, the EW doublet direction is the most important one as the tunnelling distance can
be seen to be much larger. We can therefore distinguish the situation in benchmark plane
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Figure 7.7: Parameter scan results for the points with a SFOEWPT in benchmark plane
2. Left : Tn (in GeV); right: SNR at LISA for v w = 0:95 and three years of observation
time.

2, where the EW doublet direction plays the most important role in the transition, with
that of benchmark plane 1, where it is the singlet �eld direction. This �nding also helps
understand the behaviour, similar to that of the 2HDM [56], observed for the transition
between SFOEWPT and vacuum trapping in �g. 7.6. Indeed, in the 2HDM, the EWPT
is driven by the EW VEV, like in our benchmark plane 2. On the contrary, in benchmark
plane 1 the singlet phase plays a more important role and we observe di�erent dynamics
of the EWPT compared to the 2HDM.

vw dependence

The objective of this section is to estimate from a qualitative point of view the uncertainty
in the computation of the stochastic GW background due to the bubble wall velocity.
There have been several investigations of the best way to estimate the velocity of the
wall [234, 235], however all of them are associated with large uncertainties, which are
propagated to the predictions of GW spectra and in turn to the signal-to-noise ratios.
This is illustrated in �g. 7.9, where we show the SNR at LISA (solid lines) after three
years of data taking with respect to vw for the benchmark points BPI, BPII, BPIII and
BPIV from table 7.2, which are representative examples of di�erent values of the SNR,
while the red dashed line indicates the observability threshold, SNR = 10. As a �rst
observation, the behaviour of the curves for the di�erent BPs demonstrates that the
assumption of using vw � 1 is in each case nearly the most pessimistic choice possible,
whereas a maximum is reached in all four BPs for vw � 0:7. We �nd that any point that
is observable at vw � 1 is also observable for vw & 0:2, with this lower value corresponding
to phase transitions with a large degree of supercooling [337]. Next, for points that are
close to be observable | i.e. with 6 . SNR . 10 | for v w = 1, we obtain an observable
SNR for 0:3 . v w . 0:9. If for v w = 1 1 . SNR . 6, then the SNR could be observable
for some range of values of vw . Finally, when we obtain a value of SNR . 1 for v w � 1,
the signal is not observable for any value of vw .

Lastly, in �g. 7.10 the colour coding indicates the SNR at LISA after 3 years of data taking
and using now a bubble wall velocity of vw = 0:6, in benchmark planes 1 (left) and 2
(right). In benchmark plane 1, while the parameter region producing an observable signal
has only grown moderately compared to the case of vw = 0:95 (c.f. �g. 7.4), the maximal
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