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Abstract

Ultracold atomic gases provide versatile platforms for exploring quantum many-
body (MB) phenomena, while offering an unprecedented level of control of the ex-
ternal geometry, inter-atomic interactions and number of particles. In particular,
several fundamental aspects of quantum MB physics such as collective excitations,
correlation effects in both the ground state and non-equilibrium dynamics, as well as
dimensional crossovers and quantum phase transitions, can be cleanly induced and
observed in the laboratory. From the theoretical side, understanding these phenom-
ena and novel correlated phases of matter beyond the standard Mean-Field (MF)
approach, is a formidable task.

The present cumulative thesis aims to contribute to the understanding of the in u-
ence of quantum uctuations in weakly interacting bosonic mixtures, by studying
the recently discovered self-bound quantum droplets in one spatial dimension (1D).
They are studied in terms of their ground state con gurations and in terms of their
dynamical response following a quench. To this end, a combination of numerical
and analytical techniques is employed. The time-dependent MB Schrédinger equa-
tion is numerically solved utilizing the sophisticated ab-initio method: Multi-Layer
Multi-Con guration Time-Dependent Hartree Method for Atomic Mixtures (ML-
MCTDHX). Moreover, the perturbative Bogoliubov theory is employed to derive
analytical results. Finally, effective models which provide qualitative and quantita-
tive insights into the observed phenomenology are derived and their predictions are
compared to suitable numerical simulations.

The rst part of this thesis is focused on exact numerical simulations of the ground
state and non-equilibrium quantum dynamics of 1D two-component bosonic mix-
tures, using the ML-MCTDHX approach, in regimes slightly outside the formal va-
lidity region of the standard Lee-Huang-Yang (LHY) theory for quantum droplets.
Namely, a weak harmonic trap is imposed to emulate usual experimental conditions
and test the robustness of droplet con gurations beyond at geometries. Indeed,
droplet con gurations are revealed to persist in both homonuclear and heteronu-
clear settings, while characteristic patterns are found in higher-order observables
such as their two-body correlation functions and inter-component entanglement.
Quenches of the position and frequency of the harmonic trap result in a dipole mo-
tion independent of the system parameters and an interaction-dependent breath-
ing mode respectively. The latter leads to delocalization characterized by enhanced
inter-component entanglement and long-range two-body intra-component correla-
tions, as well as correlation-induced dephasing for species selective quenches. More-
over, droplet con gurations of the bath were found to persist also in highly particle
imbalanced mixtures, while their phenomenology was shown to be adequately ex-
plained by an effective model derived within the context of the LHY theory. Interest-
ingly, this particle imbalanced setting exhibits droplet to soliton transitions, while it
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indicates a strong connection between the phenomenology of quantum droplets and
that of few interacting impurities.

The second part of this thesis is devoted on the analytical derivation, and subse-
guent study, of the equations of motion for multi-component 1D droplets, which
are valid across the entire MF stability regime. Motivated by the robustness of the
LHY phenomenology, in regimes where the theory is not formally valid as dis-
cussed in the rst part of this thesis, the perturbative Bogoliubov theory for 1D
bosonic mixtures was applied, while focusing on requiring minimal assumptions.
This allowed the derivation of the LHY energy and generalized extended Gross-
Pitaevskii Equations (eGPEs) for quantum droplets consisting of two, three, and
four components. The original eGPEs for two-component droplets were shown to
be obtained from these new exact equations as the rst order approximation at the
edges of the MF stability regime. For repulsive interactions a previously unseen
early onset of phase-separation was found to occur for both homonuclear and het-
eronuclear two-component mixtures. The investigation was thereafter concentrated
on three-component particle imbalanced settings, revealing a multitude of mixed
droplet con gurations characterized also by distinct elementary excitation spectra.









Zusammenfassung

Ultrakalte atomare Gase bieten vielseitige Plattformen zur Erforschung quanten-
mechanischer Vielteilchenphdnomene (MB) und erméglichen dabei ein bislang unerre-
ichtes Maf an Kontrolle Gber die auf3ere Geometrie, die zwischenatomaren Wechsel-
wirkungen und die Teilchenzahl. Insbesondere lassen sich mehrere grundlegende
Aspekte der quantenmechanischen Vielteilchenphysik — wie kollektive Anregun-
gen, Korrelationseffekte sowohl im Grundzustand als auch in Nichtgleichgewichts-
dynamiken, sowie dimensionsabhangige Ubergange und Quantenphaseniibergange
— im Labor sauber erzeugen und beobachten. Auf theoretischer Seite stellt das Ver-
stéandnis dieser Phdanomene und neuartiger korrelierter Materiezustande jenseits des
Standard-Mean-Field-(MF)-Ansatzes eine anspruchsvolle Aufgabe dar.

Die vorliegende kumulative Dissertation zielt darauf ab, zum Verstandnis des Ein-
usses quantenmechanischer Fluktuationen in schwach wechselwirkenden bosonis-
chen Mischungen beizutragen, indem die kirzlich entdeckten selbstgebundenen
Quantentropfchen in einer rAumlichen Dimension (1D) untersucht werden. Sie wer-
den sowohl hinsichtlich ihrer Grundzustandskon gurationen als auch beziglich
ihrer dynamischen Antwort nach einem Quench analysiert. Zu diesem Zweck wird
eine Kombination numerischer und analytischer Methoden eingesetzt. Die zeitab-
hangige Vielteilchen-Schrodinger-Gleichung wird numerisch mithilfe der hochen-
twickelten ab-initio-Methode Multi-Layer Multi-Con guration Time-Dependent Hartree
for Atomic Mixtures (ML-MCTDHX) gel6st. Dartber hinaus wird die perturbative
Bogoliubov-Theorie verwendet, um analytische Ergebnisse abzuleiten. Schliel3lich
werden effektive Modelle entwickelt, die qualitative und quantitative Einblicke in
die beobachtete Phanomenologie liefern, und deren Vorhersagen werden mit geeigneten
numerischen Simulationen verglichen.

Der erste Teil dieser Dissertation konzentriert sich auf exakte numerische Simula-
tionen des Grundzustands und der Nichtgleichgewichts-Quantendynamik von 1D-
Zweikomponenten-Bosonenmischungen mithilfe des ML-MCTDHX-Ansatzes, in Bere-
ichen, die leicht auRerhalb des formalen Gultigkeitsbereichs der Standard-Lee-Huang-
Yang-(LHY)-Theorie fur Quantentropfchen liegen. Es wird insbesondere eine schwache
harmonische Falle eingefiihrt, um typische experimentelle Bedingungen zu emulieren
und die Robustheit von Tropfchenkon gurationen jenseits acher Geometrien zu
testen. Tatsachlich zeigt sich, dass Trépfchenkon gurationen sowohl in homonuk-
learen als auch in heteronuklearen Systemen bestehen bleiben, wéahrend charakter-
istische Muster in héhergeordneten Observablen wie Zwei -Teilchen - Korrelations-
funktionen und der Verschréankung zwischen den Komponenten auftreten. Quenches
der Position bzw. Frequenz der harmonischen Falle flihren zu einer Dipolbewegung,
die unabhéangig von den Systemparametern ist, bzw. zu einem wechselwirkungsab-
hangigen Atmungsmodus. Letzterer fuhrt zu einer Delokalisierung, die sich durch
verstarkte interkomponentielle Verschrankung und langreichweitige Zwei - Teilchen

- Intra - Komponenten - Korrelationen auszeichnet, sowie zu korrelationsinduziertem



Dephasing bei komponentenselektiven Quenches. Zudem wurde festgestellt, dass
Tropfchenkon gurationen des Bades auch in stark teilchenungleichgewichtigen Mis-
chungen bestehen bleiben, wéhrend ihre Phdnomenologie durch ein innerhalb der
LHY-Theorie abgeleitetes effektives Modell hinreichend erklart werden kann. Inter-
essanterweise zeigt dieses Szenario mit Teilchen-Ungleichgewicht Ubergénge von
Tropfchen zu Solitonen, was auf eine enge Verbindung zwischen der Phanomenolo-
gie von Quantentrépfchen und der von wenigen wechselwirkenden Verunreinigun-
gen hinweist.

Der zweite Teil dieser Dissertation widmet sich der analytischen Herleitung und
anschlieBenden Untersuchung der Bewegungsgleichungen fir mehrkomponentige
1D-Trépfchen, die im gesamten MF - Stabilitéatsbereich guiltig sind. Motiviert durch

die Robustheit der LHY-Phdnomenologie in Bereichen, in denen die Theorie formal
nicht giltig ist — wie im ersten Teil diskutiert — wurde die perturbative Bogoli-

ubov - Theorie fur 1D - bosonische Mischungen angewandt, wobei der Fokus auf
minimalen Annahmen lag. Dies ermdglichte die Herleitung der LHY-Energie und
verallgemeinerter erweiterter Gross - Pitaevskii - Gleichungen (eGPESs) fur Quanten-
tropfchen bestehend aus zwei, drei und vier Komponenten. Es wurde gezeigt, dass

die urspriinglichen eGPEs fur zweikomponentige Tropfchen als erste Ordnungsnéherung
dieser neuen exakten Gleichungen an den Randern des MF - Stabilitatsbereichs er-
halten werden. Fir repulsive Wechselwirkungen wurde ein zuvor nicht beobachteter,
frihzeitiger Beginn der Phasentrennung festgestellt, der sowohl bei homonuklearen

als auch bei heteronuklearen Zweikomponenten-Mischungen auftritt. Die Unter-
suchung konzentrierte sich anschlief3end auf dreikomponentige, teilchenungleichgewichtige
Systeme, in denen eine Vielzahl gemischter Tropfchenkon gurationen mit jeweils
unterschiedlichen Spektren elementarer Anregungen aufgedeckt wurde.
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Chapter 1

Introduction

Ultracold bosonic gases have become the paradigmatic engineered quantum sys-
tem, ever since the rst realization of Bose-Einstein Condensate (BEC) [1-3], which
was soon followed by the direct observation of Fermi degeneracy [4, 5]. These
pioneering achievements, along with subsequent successes, were the culmination
of the constantly improving techniques for loading [6—18], cooling [19-22], imag-
ing [23, 24] and controlling atomic gases, leading to the establishment of the eld
of ultracold quantum gases [25, 26]. These advances in experimental techniques
have made it possible to control a plethora of parameters, resulting in pristine con-
gurations [27-30]. One patrticularly key aspect is the capability to precisely tune
both the sign and the strength of interparticle interactions by exploiting magnetic,
optical or con nement-induced Fano-Feshbach resonances [31-35]. Interatomic in-
teractions enable the development of entanglement in the system leading to novel
inherently quantum phases, as well as playing a crucial role in the formation of few-
body bound states [36, 37], recombination processes [38], Cooper pairing [39], and
super uidity [40, 41].

Utilizing optical techniques, arbitrary potential landscapes can be designed and
even dynamically controlled in a time-dependent manner [25, 30, 42]. Such op-
tical potentials have enabled, for instance, the observation of the super uid—Mott
insulator transition in a Bose gas [43, 44] in optical lattices [45]. In addition, they
also provide access to few-body physics [46-50], by controlling the atom number
con ned in them, along with optical tweezers and arrays [51, 52] which can con-
ne single atoms or molecular states [53, 54]. This level of control has provided, for
example, access to the study of complex discrete geometries such as those exhibit-
ing topological phases [55-57]. Moreovetr, the use of arti cial dimensions stemming
from internal states of single atoms can also be achieved [58-62], granting further
access to genuinely discrete degrees of freedom. Finally, different trapping frequen-
cies along each of the three spatial dimensions can be generated, enabling highly
anisotropic con gurations, where the atoms are kinematically constrained in two or
one spatial direction [63-65]. Thus, low dimensional ultracold quantum systems can
be realized, giving rise to novel phases and further enabling the emergence of strong
correlations [66—68].
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As the eld continued to rapidly evolve and mature, the rst realizations of single

- component BECs were quickly followed by explorations of systems composed of
multiple atomic elements or internal states. These mixtures opened the door to a far
richer landscape of interactions, phases, and dynamical phenomena than could be
accessed with a single component alone [69]. In particular, bose-bose mixtures [70—
74] and bose-fermi [75] mixtures have been realized. Fermionic mixtures of differ-
ent spin states have enabled the observation of the BEC-BCS crossover in Fermi
gases [76, 77]. These signi cant advantages lead to the establishment of a multitude
of intriguing phenomena such as the development of phase separation in repulsively
interacting components [78-80], the emergence of solitonic [81-89] and vortex [90—
92] states, including exotic con gurations such as Peregrine [93] or symbiotic soli-
tons [94]. At the same time, questions such as the impact of intercomponent entan-
glement [95-102] and bound state formation [103—-110] became increasingly relevant
in the study of these mixtures. Moreover, dipolar quantum gases involving magnetic
atoms can be realized enabling, for example, the study [111, 112] of exotic phases of
matter such as droplets [113] and supersolids [114]. Additionally, electrically po-
larized settings using Rydberg [115, 116] or molecular states [117, 118], featuring
enhanced long-range interactions, have been observed [119].

The above - mentioned characteristics make systems of ultracold atoms powerful
guantum many-body platforms for simulating diverse physical phenomena. Indeed,
various systems inspired from the elds of condensed matter physics [29, 120], high
energy physics [121-124], or quantum information and computation theory [53, 125—
128] can be emulated in the laboratory. Beyond the ideal quantum gas limit, inter-
actions between the atoms give rise to correlated quantum many-body states, which
can be designed and experimentally prepared [29], allowing us to probe novel phe-
nomena and even new phases of matter. Developing a deeper understanding of
these correlated quantum systems is of central importance, both from the perspec-
tive of fundamental research and in the pursuit of applications relying on engineered
guantum properties [27-29]. From the theoretical side, many of the phenomena oc-
curring in ultracold atomic gases can be described by the so-called Mean-Field (MF)
approximation [or the Hartree-Fock approach for fermions], which entirely neglects
the correlations present in the system [25, 26]. In spite of its simplicity, the MF ap-
proach is often adequate in describing observables at the single-particle level includ-
ing, for instance, non-linear excitations in the form of solitary waves and vortices [83,
85], although it obviously cannot predict higher order observables such as correla-
tion functions [44, 129-131]. However, there are cases where the MF approach fails
even for the lower-order observables and the system exhibits not only quantitative
differences but also a qualitatively distinct behavior.

These cases usually refer to the strong interaction regime where correlation effects
are enhanced. An early characteristic example is the Tonks-Girardeau gas, which oc-
curs for strongly repulsive interactions in one-dimensional (1D) single-component
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gases [67, 132, 133]. In this interaction regime, bosons behave similarly to fermions
in their spatial pro le (not in their momentum space representation however [134]),
preferring to minimize their spatial overlap. This phenomenon was later extended to
the strongly attractive case, realizing the so called super-Tonks-Girardeau phase [68,
135]. Prototypical examples of correlated many-body states naturally emerging even
in weakly interacting gases are quasiparticles such as polarons [136—138] and macro-
scopic structures such as self-bound quantum droplets [113, 139-142]. The experi-
mental observation of Bose [143—-147] and Fermi polarons [148-150] highlighted the
important role of correlations in these systems, spawning signi cant theoretical in-
terest [151, 152] in the investigation of correlation effects in the stationary [153—-157]
as well as the out-of-equilibrium quantum dynamics [158-161] of quasiparticles.

On the other hand, self-bound quantum droplets, which constitute the main focus of
this thesis and are addressed with various approaches in [IE1-IE4], have in particu-
lar gained a lot of interest, as they were quickly found to host a wide range of novel
phenomenology [141, 142]. Interestingly, quantum droplets were rst predicted
to emerge in two-component bosonic mixtures, with contact interactions in three-
dimensions [139] and soon extended to the corresponding 2D and 1D systems [162].
However, they were essentially simultaneously and independently discovered ex-
perimentally in a single-component dipolar gas of dysprosium ( 64Dy) atoms [113].
In both settings the formation of quantum droplets stems from a conceptually simi-
lar mechanism, albeit the underlying systems have signi cant differences. Namely,
droplet states manifest when quantum uctuations, accounted to rst order by the
Lee-Huang-Yang (LHY) correction term [163], stabilize the system against wave col-
lapse originating from mean- eld interaction effects [139, 164]. In both contact inter-
acting and dipolar gases in 3D this is owed to the repulsive nature of the LHY contri-
bution, allowing the system to remain stable in parametric regions where attractive
interactions would lead the system to collapse within the MF framework [25]. In the
case of contact interacting bosonic mixtures, this instability refers to the so-called MF
collapse, occurring when the intercomponent attraction overcomes the intracompo-
nent repulsion [25, 139]. Instead, for dipolar bosonic gases, the instability refers
to the roton instability which occurs when the long range dipolar attraction over-
comes the short-range repulsion between the atoms [25, 113, 165]. It is important
to emphasize that, although the phenomenology is conceptually similar, the LHY
correction is not identical in each case [139, 164]. In addition, the differences in the
underlying instability mechanisms have profound consequences such as the emer-
gence of supersolid or more involved mixed states in dipolar gases, owing to the
interplay between the length-scales of the con nement and the long-range dipolar
interaction [114, 119, 140].

For completeness, it is worth to mention that droplet states can also emerge in two-
component mixtures involving dipolar gases [166, 167]. Additionally, theoretical
studies have proposed droplet structures emerging in Bose-Fermi mixtures, both
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with [168] and without spin-orbit coupling [169, 170]. Interestingly, other theoretical
works, aiming to explore beyond standard MF phenomenology, have also suggested
that droplet states may occur in the presence of three-body interactions [171, 172].
Overall, quantum droplets and related LHY structures have emerged as rather gen-
eral and ubiquitous states in the eld of weakly interacting bosonic gases, which
manifest quantum uctuations at macroscopic systems.

Focusing on short-range interacting bosonic mixtures, experimental observation of
quantum droplets soon followed their theoretical proposal [173-175]. Quantum
droplets were con rmed to exhibit features of a dilute liquid - like state [139]. A
characteristic feature, associated with their presence, is the development of a at-top
(FT) pro le in their spatial density con guration. In three dimensions, this quantum
liquid character can be understood in terms of their surface tension [139, 176] and in-
compressibility [177]. However, further study of 3D droplets, and in particular their
dynamical response, is hindered by their three-body losses, which crucially reduces
their lifetime [139, 178]. These three-body losses are expected to be signi cantly sup-
pressed in one-dimensional systems [162, 179—-182]. Hence, one-dimensional con g-
urations, which are the main focus of this thesis, provide an ideal setting to explore
long lived and stable quantum droplets.

The majority of early investigations on quantum droplets were focused on study-
ing them, within the perturbative LHY treatment, via the corresponding coupled
set of extended Gross-Pitaevskii equations (eGPESs) for each component [139, 141,
142]. Moreover, itis common to impose a xed ratio condition between the densities
of the two components determined by their intracomponent interaction strengths.
The reason for this condition is twofold. Namely under this condition, 3D droplets
tend to be more stable [139, 183], while the two-component setting reduces to an
effective single-component description simplifying their treatment. In [IE1, IE2], we
aim to provide further insight on both the genuinely two-component nature of 1D
guantum droplets and on the beyond MF features of quantum droplets. To this end,
the two-component mixture is investigated with an ab-initio many-body method,
namely the Multi-Layer Multi-Con guration Time-Dependent Hartree Method for
Atomic Mixtures (ML-MCTDHX). In addition, intercomponent imbalance violating
the xed density ratio condition is imposed with respect to the interaction strengths,
the mass ratio between the atoms in each component, and the number of particles
in each component. We note also that, at the time, the LHY treatment and resulting
eGPEs for heteronuclear 1D droplets had not been reported in the literature, mak-
ing them addressable only via ab-initio methods [184]. The correlation properties of
guantum droplets are investigated for a wide range of system parameters. Further-
more, it is shown that the emergence of quantum droplets remains robust, in-spite
of quantitative differences, also under harmonic con nement where the LHY theory

is not formally valid. Moreover, their dynamical response to quenches of the exter-
nal geometry is demonstrated. Finally, intriguing phases where droplet and soliton
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structures can coexist are unveiled in the presence of signi cant particle imbalance.

The effective single-component description has also been studied from an ab-initio
perspective [184-186] in order to benchmark the LHY approach, nding excellent
qualitative agreement and some quantitative differences especially for increasing
interaction strength. The genuine two-component nature of quantum droplets has
been addressed by employing mass imbalance in 3D systems [175, 187, 188] and in
1D systems with an ab-initio treatment [184], as well as by exploiting different in-
tracomponent interactions and particle numbers within the 1D LHY approach [189—
191]. Interestingly, an 1D system of strongly interacting lattice trapped bosonic mix-
tures, was shown to also host symmetric and particle imbalanced droplets, using the
density matrix renormalization group (DMRG) method [192, 193]. In all cases, the
1D droplet structures were shown to be remarkably stable under the violation of the
xed density ratio condition as well as under con nement. In 3D, quantum droplets

in particle imbalanced con gurations were also explored [183, 194—-196] within the
context of the LHY theory. A somewhat extended stability region was found beyond
the threshold of xed density ratio condition, characterized also by mixed droplet-
gas phases. However, the 3D system was con rmed to be primarily robust and stable
when this condition is satis ed, in sharp contrast to its 1D counterpart.

These signi cant differences between the 3D and 1D quantum droplets demand fur-
ther attention. In [IE3] we analytically explore 1D weakly interacting mixtures, aim-
ing to derive the LHY correction for the most general system. In particular, the initial
derivation of the LHY correction for the 1D system was strongly motivated by the
early observations regarding 3D quantum droplets [139, 162]. However, a funda-
mental difference between the 3D and 1D settings becomes evident from the fact that
the LHY correction is repulsive in the former systems and attractive in the latter. As a
result, while 3D quantum droplets emerge only just outside the attractive MF stabil-
ity threshold, where the repulsive quantum uctuations can stabilize the collapsing
gas, in 1D this restriction is found to be unnecessary and droplet states are found to
exist throughout the MF stability regime. Removing this assumption yields quanti-
tative corrections from the original derivation in the effective single-component de-
scription, and qualitative differences in the presence of intercomponent imbalance
giving rise to mixed droplet phases and an early onset of phase separation. More-
over, the derivation of the LHY correction is extended to three- and four-component
1D mixtures, the latter being the maximum number of components which allow an
analytic derivation in the general case. Three- and four-component 1D mixtures
are also shown to feature droplet ground state con gurations, focusing primarily in
the cases where the multi-component systems can be reduced to an effective single-
component description. The three-component mixture was further studied in [IE4]
with respect to particle imbalanced con gurations and the elementary excitations
they can host. Several regimes in terms of the ground state droplet con gurations
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and the excitation spectrum, inaccessible by lower component mixtures, were iden-
ti ed indicating the rich and largely still unexplored phenomenology of genuinely
multi-component 1D droplets.

It is worth noting, that three-component 3D mixtures were also addressed in [197,
198] revealing distinct phases from the 1D case, such as mixed stability regimes, fur-
ther highlighting the strong dependence of these many-body states on the dimen-
sionality. The case of a single impurity immersed in a two-component droplet was
also studied [199-202]. For the 1D case, the system was studied within a self consis-
tent LHY and Frohlich Hamiltonian framework, emphasizing the role of quasipar-
ticles in droplet environments [202]. Moreover, early indications for a modi cation
of the phase separation regime due to the quantum uctuations captured by the
LHY term, also referred to as bubble formation, were also found for the 3D two-
component system [203]. However, due to the repulsive nature of all interaction
strengths as well as the LHY term, the system required external con nement from
a harmonic trap, making its treatment within the LHY framework formally invalid.
Finally, the study of mixed phases in quantum droplets is rapidly receiving signif-
icant interest for example in terms of their coexistence with nonlinear soliton [204,
205] and vortex [206—210] states.

1.1 Objectives Of This Thesis

In this cumulative thesis, our main goal is to theoretically study one dimensional
multi-component bosonic mixtures under the impact of quantum uctuations, par-
ticularly in the regime of attractive inter-component interactions, where quantum
droplet states are known to emerge. This is examined with two methods. First an
ab-initio many-body method is employed to study the ground state and the dynami-
cal response of the system following quenches of the external geometry. This allows
for the characterization of higher-order observables, such as one- and two-body cor-
relation functions or the entanglement entropy between the components of the mix-
ture. Furthermore, insights on the formation and subsequent behavior of quantum
droplets are drawn in the presence of harmonic con nement, where exact analytical
treatments are lacking. Additionally, a transition between the mesoscopic regime
and the few-body limit is realized on one of the two-components, evincing droplet
to soliton transitions, as well as intriguing connections between droplet and polaron
physics. Secondly, an analytical treatment based on the LHY framework is utilized
to derive exact perturbative results for 1D bosonic mixtures of two, three, and four
components, valid for both attractive and repulsive intercomponent interactions. Ef-
fective models, based on the LHY framework, are also derived to characterize the
transition from particle balanced to highly particle imbalanced mixtures from the
macroscopic perspective in both two- and three-component mixtures. In particular,
we aim to:
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« examine the existence and stability of quantum droplets in 1D harmonically
trapped two-component bosonic mixtures.

 characterize the corresponding structures from many-body observables, such
as their one- and two-body coherence functions.

« exploitthese measures to monitor transitions, such as between droplet-like and
soliton-like many body states.

« revisit and extend the LHY theory with the aim of restricting it to 1D settings
under minimal assumptions.

* derive generalized LHY corrections for multi-component 1D mixtures, beyond
the attractive edge of the MF stability region and the two-component mixture.

« explore the transition from a balanced droplet, to heavily particle imbalanced
con gurations in two- and three-component mixtures.

 extract and characterize the excitation spectrum and phases of droplets in three-
component mixtures

The rst three of these goals and the two-component case of the sixth goal are
achieved by utilizing the Multi-Layer Multi-Con guration Time-Dependent Hartree
method for atomic mixtures (ML-MCTDHX). This is an ab-initio variational method
for tackling the ground state and importantly out-of-equilibrium dynamics of multi-
component systems of bosons, fermions, or distinguishable degrees of freedom [Sec. 2.3.1].
The remaining goals rely on the application of the perturbative Bogoliubov the-
ory to 1D mixtures, in order to analytically derive the energy corrections stemming
from quantum uctuations in the system and the corresponding extended Gross-
Pitaevskii equations [Sec. 2.2.3]. These are subsequently solved with imaginary
propagation, using either a nite-difference or a split operator approach to handle
the kinetic terms, or with a Newton method.






Chapter 2

Theoretical Framework

2.1 Quantum Gases

Quantum gases refer to ensembles of neutral atoms cooled down to ultra-low tem-
peratures near absolute zero (usually of the order of nanokelvin). In this regime,
often termed quantum degeneracy regime, the thermal de Broglie wavelength be-
comes comparable to or larger than the other length scales of the system. Hence,
thermal effects are almost completely suppressed and the atomic ensemble exhibits
macroscopic phase coherence and quantum correlations. Cooling, con ning, and
controlling the atoms to this ultra-cold regime requires a combination of techniques
relying on optical and magnetic effects.

In the following, we brie y present the main aspects of the experimental techniques
employed to prepare ultra-cold quantum gasses in precisely tailored potentials and
tune their interactions [25, 30, 119]. First we address the strongly interconnected
topics of cooling and trapping neutral atoms, utilizing lasers and magnetic elds.
Moreover, we highlight the ability to control the internal states of the atoms in the
ensemble. Then we discuss the main elements of scattering theory at low energies,
illustrating how the scattering length emerges as the crucial factor, which can be
tuned via external magnetic elds.

The combination of all these techniques enables the realization of settings featuring
mixtures of atomic species, either of the same element in different internal states, or
of different elements, in effectively 1D geometries [50, 211]. At the same time, the
population of atoms in each component of the mixture, as well as the strength and

sign of their intra- and inter-component interactions, can be precisely tuned. These
settings will be the starting point for the works included in this thesis.

2.1.1 Cooling and Trapping the Atoms

2.1.1.1 Laser Cooling

To cool atomic gases to the mikrokelvin temperatures, the most widely used tech-
nique is laser cooling, also known as Doppler-cooling, or "Optical Molasses" [19—
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22]. A simple description of this method can be given by considering the atom in
a simple two-level system, with a transition energy —hwg, and velocity v, experienc-
ing monochromatic radiation of frequency w and wave vector k. In the frame of
the atom, the frequency is shifted by the Doppler effect, resulting in the effective fre-
quency wo= w kv. Ifthe laser is red-detuned (w < wg) the atoms moving towards
the laser will see the light as closer to resonant and will have a larger probability to
absorb photons, while those moving away from the laser will have a reduced prob-
ability. The absorption of the photon transfers momentum hk, while the subsequent
spontaneous emission, returning the atom in the ground state, emits a photon with
momentum hkin a random direction. The net result of this emission and absorption
sequence is an average force along the direction ofk or equivalently v. Adding
a second, counter-propagating beam, (or three orthogonal pairs of counter propa-
gating beams along each axis) results in a total force proportional to v, resembling
a friction force, which reduces the kinetic energy and hence the temperature of the
atoms.

Similar to friction however, this method also introduces heating in the system via the
spontaneous emission, which imparts a recoil momentum to the atom at a random
direction. Due to the nite lifetime t of the excited-state, the lowest temperature that
can be reached with this method is the Doppler temperature Tp = % [12]. The
internal structure of real atoms is of course more complex than the simple two-level
system considered here. The rich internal spectrum of the atoms can either increase
the minimum temperatures reached [212-215], or even reduce it in some cases [13,
216-220] owing to polarization effects usually referred to as Sisyphus cooling[12,
216, 221]. Thus a more realistic cooling procedure requires re-pumping schemes [7,
8, 215, 222-233] to additional levels known as sub-Doppler cooling. In addition,
for tight optical lattices or optical tweezers a different technique, exploiting the well
resolved motional states, known as Raman sideband cooling can be employed [126,
234-238].

During the cooling process, the atoms remain in a gas phase. The target quantum
degenerate phase is also gaseous in many cases, although liquid- or solid-like phases
can also occur. In any case, a con ning mechanism is required to trap the thermal
cloud during the cooling process and in many cases to hold and manipulate the re-
sulting ultracold quantum ensemble. The most widely used con ning con guration

is the Magneto-Optical Trap (MOT) [6—-18]. As its name suggests, it combines mag-
netic and optical effects to simultaneously cool and con ne the atoms. The magnetic
part of its operation relies on the Zeeman effect, which causes a spatially dependent
shift to the atomic energy levels in the presence of a (usually weak) magnetic eld
gradient. The Zeeman effect creates a trapping potential experienced by the atoms,
however it is usually rather shallow. To enhance the trapping effect, the MOT com-
bines the magnetic Zeeman effect with the optical means, namely the radiation pres-
sure already discussed in the context of cooling. The Zeeman shift further enhances
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the preferential absorption of (red-detuned) photons propagating opposite to the ve-
locity of the atoms, resulting in an approximately harmonic potential experienced by
the atoms while also cooling them via the Doppler effect. As in the case of laser cool-
ing, pairs of counter-propagating beams along each axis are combined to realize a
3D MOT, as well as pairs of quadrupole coils in the plane orthogonal to the direction
of the thermal atomic beam. Moreover, a single near resonant laser beam directed
opposite to the propagation direction of the thermal atomic beam, combined with a
linearly decreasing magnetic eld B = By bxalong the same direction can be em-
ployed to initially slow the atoms and facilitate capture in the MOT [20, 239]. This
con guration is called the Zeeman slower, where the Zeeman shift compensates for
the reducing Doppler shift as the atoms lose their velocity improving ef ciency.

2.1.1.2 Trapping Techniques

Magnetic traps were integral in the rst realizations of BEC [1-3, 119, 240-243].
However, they are also burdened by certain challenges and limitations. These lim-
itations can often be counterbalanced, at least in part, by various smart solutions
making the study and development of magnetic traps a paradigmatic case-study in
problem solving. One important limitation is on the maximum densities they are
able to effectively con ne, owing to the outward pressure stemming from the spon-
taneous emission from the atoms. For high enough densities, this pressure can bal-
ance the trapping force preventing further density increase. One way to overcome
thisissue, called dark spontaneous-force optical trap (SPOT), is to pump atoms in the
center of the MOT to a so called dark state, which suppresses the outward radiation
pressure [244, 245]. A more foundational limitation, is that only atoms possessing a
permanent magnetic dipole moment ( m) can be trapped in a static, spatially depen-
dent, magnetic eld B(r). Most atoms exhibit relatively weak magnetic dipole mo-
ments, which in combination with the dif culty in creating strong magnetic elds,
results in rather shallow trap con gurations. However, certain atomic species such
as Dy or Er posses appreciable magnetic dipole moments making them ideal for
magnetic trapping.

A further limitation, stems from the magnetic Earnshaw's theorem stating that a lo-
cal maximum of the magnetic eld cannot be created in free space using only static
magnetic elds. Considering a magnetic eld along the z-axis B(r) = B,2, an atom
with magnetic dipole moment m=  nmpgF/h, where mg the Bohr magneton, g the
gyromagnetic moment, and F the total angular momentum of the atom, experiences
an energy contribution Hg = nB(r) = nmggF,B;/h from its interaction with the
magnetic eld. This means that only states with gF , > 0 can be con ned by a min-
imum in the magnetic eld, hence termed low- eld seeking states, while high- eld
seeking states (g < 0) are expelled from the trap [246]. Compounding the issue,
if the minimum of the magnetic eld at the trap centeris B = 0, then the atom can
undergo a so-called Majorana spin- ip, transforming into a high- eld seeking state
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and becoming expelled from the trap [242, 247]. The most common magnetic trap
con guration is the quadrupole trap, which indeed creates a magnetic eld which
vanishes at the center, making it vulnerable to Majorana spin- ip loses. To mitigate
these losses, a common strategy is to "plug the hole" using a repulsive optical poten-
tial at the center of the trap to prevent the atoms from reaching the problematic low-
eld region. Another solution is to implement an loffe-Pritchard trap or its many
variances [241, 248-251], which produces a non-vanishing magnetic eld minimum
at the trap center. Finally, another solution is to combat the magnetic Earnshaw's
theorem directly, by employing time-dependent magnetic elds [1, 252].

An exciting advancement in recent years has been the staggering improvement in
laser technology, and correspondingly in the optical techniques, which can be em-
ployed to produce highly versatile and controllable optical potential landscapes. The
main building blocks of these optical dipole traps are again the two level system
and the external eld it responds to, which is now the electric eld inducing an AC
Stark shift to the atom, similar to the magnetic elds causing a Zeeman shift in the
magnetic traps. Subject to a laser beam with intensity prole 1(r) and frequency w,
the atom in a two-level system with transition frequency wg and natural linewidth
g = 1/t experience an optical dipole potential V u gl(r)/ (w wp), which is re-
pulsive for blue detuning ( w > wp) and attractive for red detuning ( w < wp) [12,
253, 254]. For realistic atoms, which have a more complex structure, the potential
also depends on the polarization and the magnetic quantum number of the ground
state. The main advantages of optical dipole traps stem from the ability to construct
high intensity, shapeable beams allowing for a nearly arbitrary spatial pro le of the
intensity 1(r). Importantly, the heating owed to the dissipative radiation pressure
is proportional to I1(r)/ (w  wg)?, hence it can be strongly suppressed by tuning
the laser to a large detuning, at the cost of requiring higher intensity to realize deep
trapping potentials. For this reason the name Far Off-Resonance Trap (FORT) is of-
ten used.

Shaping the laser intensity in the vicinity of the atomic cloud enables an excep-
tional tunability of the potential experienced by the atoms. This precise shaping is
achieved by combining multiple lasers and utilizing advanced optical devices called
spatial light modulators (SLMs). These devices include intensity SLMs, namely Dig-
ital Micromirror Devices (DMDs), Acousto- and Electro-Optic De ectors (AODs and
EODs), and acoustic-optic modulators (AOMs) which are used to shape the spatial
pro le of the laser intensity, as well as phase SLMs which allow for the local modi -
cation of the phase of the laser beam such as Liquid Crystal on Silicon SLMs (LCOS-
SLM) [255-265]. These techniques, along with various other advancements, have
also enabled the creation of a variety of highly tunable potential landscapes, most
notably optical lattices and optical tweezers.

Optical lattices are, in essence, arti cial crystals formed by the interference of two
(or more) counter-propagating laser beams. In contrast to the naturally occurring
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crystals in solids, they can be constructed to be defect free, easily tunable, and im-
portantly to posses long coherence time allowing for the direct observation of the
transport of atoms (or excitations) operating as a direct analog to the electrons in
solids. The simplest implementation consists of a one-dimensional lattice generated
by a retro-re ected laser beam resulting in a standing wave potential. However,
more complex settings corresponding to cubic, square, triangular geometries as well
as supper-latices and quasi-crystals can also be obtained by adjusting the relative
angles of multiple beams [27, 266, 267]. Atoms in optical lattices can be directly
mapped to various Hubbard models (bosonic or fermionic) making them one of the
rst templates for quantum simulations of condensed matter models. For exam-
ple they led to the realization of the super uid—Mott insulator transition for bosons

as well as the study of fermionic Mott insulators [43, 44, 268—-278]. Moreover, the
advances in quantum gas microscopy have enabled single-site detection and manip-
ulation of atoms allowing the direct observation of local observables and correlation
functions. Thus, they provide unprecedented access to the study of strongly corre-
lated systems, synthetic elds, and topological models both in the ground state and
with regards to their out-of-equilibrium many-body dynamics [269, 279].

Optical tweezers, on the other hand, are essentially tightly focused optical dipole
traps which are able to trap single atoms and cool them very close to their motional
ground state [51, 52, 126, 280-291]. Once loaded with atoms, arrays or grids of op-
tical tweezers can be rearranged dynamically, allowing for highly exible and pro-
grammable con gurations in all three dimensions, making them a promising plat-
form for quantum simulations of discrete systems. Indeed, combining optical tweez-
ers with Rydberg excitations of the atoms, which provide strong and controllable
long range interactions to couple the individual atoms, has enabled the realization
of various spin Hamiltonians [53, 54, 120, 292-321]. Such systems can be highly
relevant both for fundamental research, such as, in quantum magnetism and criti-
cal dynamics [322—-327], as well as in technological applications including quantum
sensors and neutral-atom quantum computers [127, 328-330].

2.1.1.3 Evaporative Cooling

These advancements in the magnetic and optical trapping of atoms have lead to ex-
perimental con gurations capable of con ning suf ciently high densities of atoms,
which as mentioned was one of the main limitations of a MOT. However, still lower
temperatures than those achieved by Doppler cooling (usually being of the order
of 100nK) are required to achieve quantum degeneracy. The nal step in this pro-
cess, which brings the Doppler-cooled trapped atomic gas to temperatures of the
order of 100nK where quantum degeneracy usually sets in, is called evaporative
cooling [331-334]. The main idea behind evaporative cooling consists of selectively
expelling the most energetic atoms from the thermal (Boltzmann) distribution. Sub-
sequently, the remaining atoms are allowed to equilibrate, effectively re-normalizing
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their distribution at a lower temperature. The key to ef cient evaporating cooling is

to balance the evaporation rate, the elastic collision rate, and the trap loss rate. The
goal is to ensure that, the elastic collision rate doesn't decrease with each evapora-
tion sequence, thus preventing the evaporation from slowing down, and resulting in
the so-called runaway evaporation regime. The exact implementation of the method
crucially depends on the trap geometry and type. Namely, in a magnetic trap a
radio-frequency (RF) pulse is usually applied. If the frequency of this pulse is close
to the Zeeman-shifted transition frequency of the most energetic atoms, it can cause
those atoms to spin- ip and thus to be expelled from the trap [1, 3, 90-92, 335-342].
Meanwhile, in optical dipole traps, the laser intensity can be reduced, decreasing
the depth of the potential experienced by the atoms, until the most energetic atoms
can escape or tunnel out of the trap. Finally, a particular bene t of optical dipole
traps is that, unlike magnetic traps, it is possible to cool simultaneously different
spin projections of the atomic ensemble [343-348].

As we have already alluded to throughout this brief description of the cooling and
trapping process, a central tool in many of the steps is the ability to couple the in-
ternal spin states of the atoms and drive transitions between them. Considering a
two-level quantum system driven by a near-resonant eld, the probability of nding

the system in either of the two states oscillates at the so-called Rabi frequency [349-
354]. The probability of an atom initially prepared at the gr%wte, to be found
occupying the excited state at time t is Pe(t) = W%Aszsinz( W%2‘+ th) [30, 352]. This
phenomenon of coherent population transfer between the two-state is called Rabi

oscillation or Rabi opping. In practice Rabi oscillations become dumped owing to
various decoherence mechanisms, especially if the excited state has a relatively small
lifetime.

A more stable way of inducing transitions between the two levels is to employ two-
photon processes known as Raman transitions, which employ an additional eld
to couple the two long lived states via an intermediate off-resonant excited state.
This results in a tunable effective Rabi frequency Wet W WRr1WRo/ D, where Wgj is
the respective single-photon Rabi frequencies and D is the detuning with respect to
the intermediate state [126, 355-359]. Rabi oscillations and Raman transitions are
used in a wide range of applications, from the cooling of the atoms, as mentioned
already, to atom interferometry and spectroscopy [355, 356]. One application, which
is particularly relevant for the works included in this thesis [IE1-IE4], is the ability
to engineer mixtures of different hyper ne states with controllable particle number
ratios. Namely, the atomic gas can rst be prepared in a single hyper ne state, such
as a low- eld seeking state in a MOT. Then the gas can be loaded in an optical dipole
trap shaped in a desirable geometry. Finally, a microwave Raman transition can be
used to transfer part of the atoms to a different hyper ne state, thus creating a mix-
ture of the two states. The percentage of atoms transferred to the target hyper ne
state can be precisely controlled via the duration of the laser pulses. This can result
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in particle balanced mixtures, with equal number of particles occupying the two or

more hyper ne levels. But it can also produce highly particle imbalanced mixtures,

consisting a small fraction of the atoms occupying the second (or additional) hyper-
ne level(s) acting as impurities, or anything in-between [89, 173, 174, 183].

2.1.2 Interactions Between the Atoms

Some key aspects of quantum degeneracy, such as the formation of BECs or Fermi
liquids, are evident even for systems of non-interacting particles. However, the in-
terparticle interactions are integral for the development of collective excitations in
the quantum gas, as well as for the emergence of correlated phases such as Mott
insulating states, quantum droplets, few-particle bound states, quantum magnetism
and much more [25-29, 50, 85, 142, 360]. In the following we brie y discus the main
aspects of scattering theory concerning the interactions between neutral unpolarized
atoms.

2.1.2.1 Scattering Length

Let us consider two neutral atoms in free space interacting via a central potential.

The motion of the particle can be separated to the center of mass motion and the
relative motion characterized by energy E = % with mbeing the reduced mass and
k the relative momentum of the two atoms. The interaction properties of the system
are captured by the relative motion, which is described by the relative Schrodinger

equation [25, 26, 361]:

@ 2d I(1+12)
- Z= 4
dr2  rdr r2

¥ ;Tvint(f) Yia(r) = K2Y g (r), (2.1)

where Y (r) the radial wavefunction, | the angular momentum, and Vi, (r) the cen-
tral interaction potential depending only on the distance r between the two atoms.
Due to the exchange symmetry of the atoms, only even values of | enter the equation
for bosonic particles and only odd values of | for fermions.

As mentioned, our focus is on neutral unpolarized bosonic atoms at low tempera-
tures. This regime is speci ed by the assumptions that the atoms interact via the
short-range van der Waals potential, | is even, and the relative momentum kis small
(since the individual momenta must also be small) [83, 362—364]. To make these more
concrete, the van der Walls interaction is characterized by a repulsive core, usually
modeled by an in nite barrier or by a sharply diverging one  p Ciof r'2for r < rq
and an attractive rapidly decaying tail u  Ce/ r® for r > ro. Focusing onr > ro, the
characteristic length scale of the system is given by rc = ( %)1’4, which is usually
much larger that the location of the minimum of the interaction potential ( ro) for
atoms with weak magnetic dipole moments and no induced electric dipole. This al-
lows us to ignore the details of the inner core and approximate the wavefunction by
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its asymptotic value, which for | = 0, called the s-wave interaction, is given by [365]:
f' o l .
Yko(r) ! Fsm [kr + dy(K)]. (2.2)

Essentially, all the information regarding the scattering process becomes imprinted
only in the phase shift dy(k), which the wavefunction accumulated during the inter-
action between the atoms at short interatomic distances.

Finally, our last assumption is that the temperature is suf ciently small such that
the relative momentum k is small compared to the momentum scale given by the
characteristic length scale of the system 1/r¢, i.e. k r¢ 1. In this limit, the relative
energy of the atoms (ﬁ2k2/2 m) is much smaller than the centrifugal potential barrier,
which is created by the combination of the van der Waals interaction and the an-
gular momentum terms ( %1'(3':21)). Hence, the tunneling probability is heavily sup-
pressed and the contribution ofchigher angular momentum states to the total cross-
section vanishes, since these states cannot experience the van der Waals interaction.
In particular, it can be shown that the cross section in the limit we are interested

in becomes limy ¢Sj=¢g = 8p a, with the scattering length a= limy gtan dy(k)/ k
or Yyo(r) fro w Hence, the interactions between ultracold bosonic atoms
(neglecting dipolar interactions) are dominated by the s-wave regime, which can be
fully characterized by a single parameter, namely the scattering length a[35, 40, 365—

368].

2.1.2.2 Contact Pseudopotential

Working with the van der Waals potential in the treatment of many-body atomic

systems is challenging, therefore it is common to replace it with a so-called contact
pseudopotential. As discussed in the previous section, the s-wave regime can be
fully characterized via the scattering length a, meaning that it is insensitive to the
details of the interaction potential at short distances. As such, one can extent the
asymptotic wavefunction to all interparticle distances, subject to the Bethe-Peierls
condition [rrf(ig((rr))]o! ¥oo % [369]. The contact pseudopotential is an arti cial po-
tential, assumed to be valid at all interatomic distances, which results in the same

s-wave scattering length as the actual van der Waals interaction, while being more
practical to work with. Such a pseudopotential is the Fermi-Huang pseudopoten-

tial [370, 371]:
_ 2pRa
T m

v(r) d(3)(r)1?r(r ), 2.3)

where d®(r) is the 3D Dirac delta function, while the regularization operator ﬂ—”r(r )
is chosen to lift the divergence at small distances. It is worth noting that, although

the contact pseudopotential reproduces the correct scattering length, it can be shown
that it only supports a single bound state with energy % while the actual van
der Waals potential can in general support many two-body bound states [372]. This
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single bound state is usually associated with the least bound state of the van der
Waals potential, which tends to be the most relevant state in most cases. Note nally,
that the scattering length can take also negative values (in-spite of what the term
"length" might suggest), in which case it describes an overall attractive interaction
between the atoms.

This thesis is focused in 1D systems, where the asymptotic wavefunction takes the
form Y(x) = sin(k(jxj ap)),where ap is the corresponding 1D scattering length
Yo,k o
Yi(x)

and the Bethe-Peierls condition becomes
pseudopotential, hence, is [373-376]:

- 1 ;
= 3. Anappropriate contact

2

V(x) = d(x). (2.4)

Mgy p
This form of the potential suggests, somewhat counterintuitively, that positive scat-
tering lengths correspond to attraction and negative ones to repulsion, while the
non-interacting limit is found for a;p ! ¥ . Moreover, this 1D contact pseudopo-
tential supports a single two-body bound state, which emerges only for attractive in-
teractions a;p > 0[103]. To avoid confusion, it is often more convenient to de ne the
strength of the interaction as the multiplicative factors in front of the delta-functions
in the contact pseudopotentials, i.e. gzp = J’f]i‘ and gip = m}f—; for the 3D and 1D
cases respectively. With these de nitions we can refer consistently to repulsive [at-
tractive] interactions having positive [negative] interaction strengths. Furthermore,
a larger absolute value of the interaction strength corresponds to stronger interac-
tions (either repulsive or attractive) and a smaller one to weaker interactions.

Although nature insists on being genuinely 3D, regardless of how inconsiderate that
is to computational scientists, it is possible to experimentally realize arti cial ef-
fectively low-dimensional settings, termed quasi-low dimensional systems. This is
usually accomplished by con ning the atomic gas in a highly anisotropic harmonic
oscillator, effectively freezing the dynamics of the atoms in the strongly con ned di-
mensions. As a result, such con gurations allow the low dimensional properties to
emerge along the weakly con ned direction (or directions for quasi-2D systems [103,
374, 377-383]). In particular, considering a system with high trapping frequency w-
along two strongly con ned directions, the remaining weakly con ned transverse
direction constitutes a quasi-1D system with effective scattering length [384—391]:

a a h? h? 2
ap = — 1+ z(1/2)— , or = = , 2.5
b 2a ( )a? dip Mmp MRy 2+ z(1/2) (2:5)
q | -
where a = o~ the oscillator length along the strongly con ned directions and

z(1/2) 1.4603 the Riemann zeta function [392]. Note that, this form of the po-
tential suggests that the effective 1D interaction is relatively weakly attractive for
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al ¥ . Moreover, it features a resonance around the critical value of the 3D scat-
tering length a; = % with large repulsive 1D interactions for a/ aq (eg.
Tonks-Girardeau regime [67, 393]) and strongly attractive 1D interactions for a' ag
(eg. super-Tonks-Girardeau regime [68, 135]). As such, the value of the quasi-1D
effective interaction strength can be controlled via tuning either the oscillator length

or the 3D scattering length [67, 394-398].

2.1.2.3 Fano-Feshbach Resonances

In realistic atomic gasses, depending on the internal state of the atoms involved (eg.
singlet, triplet, etc.), there can be multiple different potentials active. This fact does
not invalidate our previous discussion, since most of these potentials exhibit van
der Waals tails at large relative distances, however, they asymptotically tend to a
nite energy E, caused by the total spin of the atoms [28, 35, 366]. By convention,
the nomenclature employed to describe the resulting phenomenology classi es the
potentials with asymptotic energy below the collision energy E as "open channels"
(E > Eg) and accordingly as "closed channels" those with energy above the colli-
sion energy (E < E;). The terms “open” and “closed” refer to the fact that, from a
classical perspective, these channels are energetically accessible and inaccessible, re-
spectively. However, quantum-mechanically, the hyper ne interactions, in general,
couple all those interaction potentials [366, 399]. Since those potentials are differenti-
ated by the total spin of the states involved, their asymptotic energy can be Zeeman-
shifted by applying external magnetic elds. At certain values of the magnetic eld
Bes: the energies of the bound states of a closed channel can (almost) coincide with
the collision energy E, causing the atoms to resonantly couple with the two-body
bound state of this closed channel. This resonant coupling has a profound effect on
the 3D scattering length, which in the vicinity of such a resonance responds as [33,

34
DB

a(B) ag 1 B Bu (2.6)

where ayg is the value of the scattering length far from the resonance (without com-
ing close to a different resonance), DB is the width of the resonance, and B is the
value of the magnetic eld. Utilizing this mechanism, known as a Fano-Feshbach
resonance [399-402], the scattering length can be tuned from the non-interacting
limit at B = DB+ Byes to the strongly interacting regime when B Bres and to
any value in between. This extraordinary controllability of microscopic interactions

is one of the cornerstones of the advances in the eld of ultracold atoms [23, 31, 33,
34, 403-406]. It is worth mentioning, that Feshbach resonances can also be realized
with optical elds [407].
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2.2 Analytical Approaches

Let us consider a macroscopic ensemble ofN 1 neutral bosonic atoms of mass
m. The atoms are assumed to be cooled to temperatures close to absolute zero. Un-
der this assumption the system may be described accurately by a wavefunction. In
contrast, at nite temperatures the systems should generally be considered as occu-
pying a thermal ensemble, which would require a description in terms of a density
matrix. Moreover, we assume that the interatomic interactions can be approximated
by a contact pseudopotential. As discussed in the previous section, this assump-
tion is consistent with the assumption of zero temperature, when considering atoms,
which have no inherent magnetic dipole moment and are not subject to polarizing
electric elds. These assumptions may appear at rst glance to be very restrictive.
However, as already discussed, they are not only readily realizable to an excellent
approximation in experiments, but they are also suf ciently broad to produce a the-
oretical framework featuring rich phenomenology.

In particular, below we shall show, how the celebrated Gross-Pitaevskii equation
(GPE) can be derived by further neglecting quantum uctuations in the system. Re-
call that thermal uctuations have also been neglected through the assumption of
zero temperature [25, 26, 83]. The GPE, in spite of its simplicity, already provides a
fairly accurate description of such ultracold bosonic gases in a wide range of con-
ditions in terms of the interatomic interaction strength and the external geometry
imposed on the system. This highly successful treatment, providing a fairly simple
description of the interacting bosonic gas, is also called Mean-Field Theory or Mean-
Field Approximation (MF). Interestingly, the MF treatment provides a description of
the bosonic cloud in terms of a non-linear quantum uid. This non-linearity gives
rise to intriguing dynamical behaviors including various collective excitation modes
as well as the emergence of localized solitonic excitations with topological character
such as kinks in 1D, or vortices in higher dimensions [83]. In particular, 1D systems
can also host stable bright solitons in the presence of attraction.

Subsequently, we shall take one more step in increasing complexity and accuracy,
to illustrate how the quantum uctuations of the system can be re-introduced per-
turbatively within the Bogoliubov theory framework [50, 139, 141, 142, 371]. This
approach allows us to analytically derive the rst-order correction to the MF energy
of the system known as Lee-Huang-Yang (LHY) energy, as well as the correspond-
ing extended Gross-Pitaevskii equation (eGPE). Aside from providing a quantitative
correction to the energy derived within the simpler MF approximation, the LHY
correction was recently found to lead to remarkable qualitatively different phases
under certain conditions. Namely, the quantum uctuations lead to the formation
of quantum droplets, which are liquid-like self-bound structures, in contrast to the
gas-like structures predicted within the MF approximation. Quantum droplets have
garnered wide interest, as they directly manifest the impact of quantum uctuations
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not only in their dynamical behavior, but strikingly also in their ground state density
con gurations [113, 183].

The main conditions, under which quantum droplets (or related structures such as
LHY supersolids [140]) emerge, can be summarized by the requirement that the en-
ergy due to the "averaged", "classical”, or "direct” interatomic interactions has the
opposite sign compared to the LHY energy accounting for the quantum uctuations.
Under this condition, the competition between those two contributions results in the
energy minimum being shifted to nite density values, thus giving rise to liquid-like
self-bound con gurations as opposed to a gas phase. Note that, the terms "classical"
or "direct" interatomic interactions are used here to emphasize that they can be un-
derstood as classical forces of electromagnetic nature acting between the atoms. This
is in contrast to the LHY term, which manifests the impact of quantum uctuations
and cannot be directly associated with any classical force, even though in practice, it
results in an additional non-linear interaction term. Although not strictly necessary,

if conditions can be engineered, such that, these "averaged" "classical" interatomic
interactions are suf ciently weak causing their energy contribution to become com-
parable to the perturbative LHY energy, then quantum droplets become more pro-
nounced and more easily observable. Such conditions are exemplary realized in
two-component 3D bosonic gases, when their contact intercomponent interaction
strength is tuned slightly past the attractive edge of the MF stability threshold. In
this case, the "averaged" interatomic interactions provide a small negative energy
contribution, while the LHY energy is positive and has comparable magnitude [139,
183]. A similar scenario occurs in the case of dipolar bosons (occupying singular or
multiple components), where the combination of contact and dipolar interactions is
tuned towards small attraction to compete the positive LHY energy [140]. It is worth
noting that this setting can host not only quantum droplets, but also supersolid and
more complex mixed structures, owing to the long-range nature of the dipolar in-
teractions and their interplay with the external con nement [114]. Finally, as we
shall emphasize below and in the works included in this thesis [IE1-IE4], quantum
droplets may be present throughout the MF stability regime in single- and multi-
component bosonic mixtures in 1D, where the positive energy stemming from the
("averaged") interatomic interaction(s) competes with the negative LHY energy.

below we present all the relevant theory by employing the simpler case of a single-

component 1D gas of bosonic atoms featuring contact interaction, while the case of
multi-component bosonic mixtures can be found in [IE3]. In Fig. 2.1 we also present

schematic representations of harmonically con ned bosonic mixtures consisting of

one [Fig. 2.1(a)], two [Fig. 2.1(b)] or three [Fig. 2.1(c)] components. It is evident that
the complexity of the system quickly increases upon increasing the number of com-

ponents, hence below we restrict our analysis to the less involved single-component
system. We shall also address brie y the 3D case, which served as a crucial motiva-
tion to the original formulation of the droplet theory, in order to emphasize certain
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FIGURE 2.1: Schematic representation of a harmonically con ned
atomic mixture consisting of (a) a single component (b) two compo-
nents (c) three components.

key differences to the 1D setting.

2.2.1 The Many-Body Problem

Let us start making the above discussion more concrete, by writing the many-body
Hamiltonian for N identical bosonic atoms in 1D in the low energy regime, where
their scattering properties are dominated by the s-wave contact interaction [25, 26,
50]:

Ry y
B %ielﬂixiz-'- ielV(Xi)-l- ggj d(Xi XJ) (27)

Here Xx; corresponds to the position of the i th boson, mis the common mass of each
atom, V (x;) represents the external potential experienced by the bosons, g quanti es
the interatomic interaction strength, "his Plank's reduced constant, and Dirac's delta
function is given by d.

In principle one could solve the resulting many-body Schrddinger equation:
HjYi = EjYi, (2.8)

to derive not only the ground state of the system, but also the entire excitation spec-
trum and corresponding eigenstates of the system. However, this is not possible to
do analytically in all but the simplest cases. Advanced numerical methods can, in
some cases, simulate the ground state or even a few low-lying states for fairly large
systems, consisting e.g. ofuptoN 100 particles. We will discuss one such numer-
ical approach in more detail in Sec. 2.3. For now we only mention that the dif culty
in solving the Schrédinger equation for large systems stems from the so-called "curse
of dimensionality".

To understand the "curse of dimensionality”, let us attempt to construct a basis in
which we aim to solve the many-body Schrodinger equation, for a system described
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by the Hamiltonina of Eq. (2.7), and consisting of N bosonic atoms. A fairly natu-
ral choice would be to use the eigenstates of the single particle problem, given by
the single-particle Hamiltonian hg = %ﬂ“—; + V(x), which results in the single-
particle Schrodinger equation hgjf xi = ef . The single-particle states jf (i are
often referred to as orbitals in this context. Then a many-body basis state can be
written as jii = C~) jni i, where jn; i describes a con guration with n;_particles
occupying the singll(e—particle state jf i and N = § n;., for each i numbering the
many-body basis states. One problem appearing allr(eady is the fact that the single-
particle Hamiltonian has an in nite number of single-particle eigenstates. However,
one can circumvent this issue by truncating the problem and keeping only a suf -
ciently large number of eigenstates, which we set as K. Even with this truncation,
however, another, not so easily addressed, issue remains. The number of many-
body basis states derived from the single-particle eigenstates, is given by the com-
binatorial problem of distributing N indistinguishable bosons in K single-particle
states, i.e. imax = % If the atoms were distinguishable, then the number of
many-body basis states required would scale exponentially as K N. The bosonic
exchange symmetry reduces somewhat the number of required many-body basis
states, but in most cases the scaling remains close to exponential for practical pur-
poses. This exponential (or almost exponential) growth in the required number of
many-body basis states, or equivalently in the number of "dimensions" of the many-
body Hilbert space, is what is referred to as the "curse of dimensionality". The
direct consequence of this exponential scaling is that, when attempting to numer-
ically solve either larger (increasing N) or more correlated systems (increasing K),
the computation time and memory required increase very rapidly. This increase in
the required resources, eventually, makes such a numerical solution impractical or
even impossible to obtain. Moreover, during the out-of-equilibrium dynamics of the
system, correlations tend to increase over time requiring an increasing number ( K)

of single-particle states to be considered.

2.2.2 Mean-Field Approach

As mentioned, in Sec. 2.3 we will discuss an advanced numerical method for circum-
venting the "curse of dimensionality”, when the physics of the problem in question
allows for an accurate low-dimensional treatment in some basis. However, the sim-
plest way to avoid the "curse of dimensionality" is given by the MF approximation.
Under this approximation we reduce the exponentially large dimension of the many-
body Hilbert space to exactly one! Namely, we assume that there exists an orbital
jF i such that the many-body ground state jYi can be expressed to a good accuracy

as a product state [25, 26]:
N

~

jYi=QJFi;. (2.9)
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Here jF i, describes the particle i occupying the orbital jFi. Hence the MF Ansatz of
Eq. (2.9) assumes that allN particles occupy a single orbital jFi. Note also that, both
the many-body ground state jYi and the MF orbital are assumed to be normalized
tounity hYjYi = hFjFi = 1.

The MF approximation is arguably a rather extreme approximation. However, there
are several subtle ideas and physical intuition to justify and motivate such an as-
sumption. First, the main physical intuition stems from the physics of the BEC of
a non-interacting ensemble of atoms in 3D. In the case of a non-interacting system
of particles in 3D, it is well known that at zero temperature, the atoms will all con-
dense to a single energy level corresponding to the ground state of the single-particle
problem jf oi . The idea concerning the MF approximation is then that, if we start in-
creasing the interaction strength to a non-zero, but suf ciently small value, we can
expect that the condensate will not rapidly deplete. Instead, we imagine that its ini-
tial many-body state at zero interaction, in which all particles occupy the ground
state of the single-particle problem |f oi, will gradually shift towards the state in
which all particles occupy the MF orbital jFi. In reality, some depletion of the con-
densate is expected to occur. However, to a rather good accuracy we may ignore
this depletion, as long as the number of "condensed" particles is much larger than
the number of particles which "escape” the condensate. A second argument in fa-
vor of the usefulness MF approximation, stems from the variational principle. It
states that the ground state energy of a system is always smaller than the expecta-
tion value of its Hamiltonian calculated at any arbitrary state, i.e. Egs h Y(] Hqu ,
where jYY can be an arbitrary many-body state acting as a trial function. Hence, the
MF Ansatz provides a comparatively easy way to derive a reasonable trial function,
which can be used to obtain an upper bound estimate for the exact ground state en-
ergy of the many-body system. Comparisons with experimental measurements, or
with numerical calculations using advanced numerical methods, have shown that
the MF approximation results in decent estimations for observables such as the en-
ergy and the single-particle density (r(x) = hxj TrN 1(jYihYj)jxi = jF(x)j?) of the
many-body state, under certain conditions [25, 50, 83].

Substituting the MF Ansatz of Eq. (2.9) to the many-body Schrédinger equation gov-
erned by the Hamiltonian (2.7), we obtain the expectation value:
" #

YA 2 2
WiHjYi = N dx 2 00 iF (0j2 + ('\lzl)ng(x)j4 . (210

2m X

It is customary to work with wavefunctions normalized to the particle humber in-
stead of unity i.e. F(x)! NF (x). Moreover, since we have already assumed
that the total number of particles is large enough to ignore any depletion, we also
usually approximate N 1 Nie. N 1. Note that so far the orbital F(x) has
really been just a placeholder. We have only assumed that such an orbital exists and
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we have provided some physical arguments that it can provide a decent approxi-
mation to the true solution. In particular, it is important to emphasize here that the
MF orbital has no connection to the eigenstates of the single-particle problem, which
we discussed before. The MF orbital jFi is a state of the Hilbert space spanned by
the eigenstatesjf (i of the single particle problem and in this sense we identify it
as a valid single-particle state or orbital. However, in general, it can correspond to
an arbitrary superposition of these eigenstates jFi = § acjf «i and it should not be

k
confused with eg. the ground state of the single-particle problem jf oi.

To determine the desired MF wavefunction we exploit the variational principle. In
Eq.(2.10), we have essentially calculated the expectation value of the many-body
Hamiltonian (or the average energy) for an arbitrary many-body state, character-
ized by all the particles occupying a single orbital. For instance, we could substi-
tute F in Eq.(2.10) with one of the single-particle eigenstates (or really any func-
tion of our choosing as long as it satis es the boundary conditions) and calculate
the resulting average energy of the corresponding system. Note, that in deriving
g.(2.10), we have implicitly assumed that the boundary conditions are such that
ﬂ—“X[F 1171—';]dx = 0, which is true for most boundary conditions commonly employed
in physical systems. In this context, we de ne the MF orbital as the wavefunction
which minimizes the many-body energy functional:
" #

z 2
eF) = o o PO ygires SRt ey

2m  qx

R
for a xed number of particles N =  dxjF (x)j2. This is achieved if the variation
dE mdN = 0 with respectto F vanishes to rst order, resulting in the celebrated
GP equation [25, 26]:

R PPF (x)

om 2 T VIR giF (X)j?F (x) = nF (x), (2.12)

where the Lagrange multiplier mis the chemical potential of the system (m= .’”1—5).
Solving the GP equation we can derive the MF wavefunction/orbital and the MF
energy, which as mentioned serves as an (upper bound) approximation for the exact
many-body energy.

2.2.2.1 The 3D Case

The MF energy functional and the resulting GP equation can readily be generalized
to the 3D case. We simply replace the spatial coordinate x and the spatial derivative
.ﬂ—ﬂ(, with the 3D position vector r and the 3D gradient r respectively. With that, the
energy functional becomes [25, 26]:
_ z ﬁz . .2 . .2 0. .4#
E(F)= dr %jl’ F(Nj+ V(NjF(r)jc+ EjF(r)j : (2.13)
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resulting in the corresponding 3D GP equation:

2

2ﬁmr 2F(r)+ V(NF () + giF (Nj?F (r) = nF (1), (2.14)

where g now represents the 3D interaction strength as discussed in Sec. 2.1.2.

It can be shown [408] that for attractive interactions (even extremely small) the MF
energy of the 3D system in free space diverges to ¥ as the width of the density
tends to zero. In the presence of an isotropic harmonic potential, for very weak at-

traction and small particle number, the density of the 3D system quickly becomes

highly localized at the center. This results in a metastable state featuring nite

density width, as the kinetic energy tries to balance the attractive interaction en-

ergy. However, this metastable state vanishes at a critical number of atoms given by
Nerja/ ano  0.575, whereathe 3D scattering length and a,, the oscillator length of
the trap [25, 83]. When the number of atoms in the system exceeds the critical num-
ber of atoms the system is said to collapse, since it cannot support any long lived
states with nite density width.

Recently, it was shown that in multi-component systems it is possible to exploit
gquantum uctuations in order to arrest this collapse [139, 197]. For a symmetric
two - component mixture, the MF approximation results in a GP equation identical
to the one of the single-component case except that the interaction strength has to
be replaced by dg = g+ gag. Here g is the intra-component interaction strength
(identical for both components) and gag is the inter-component interaction strength.
Thus from a MF perspective, if the interactions are tuned such that the effective in-
teraction gag < g) dg < 0, the two-component mixture is expected to collapse,
just as the single-component system collapses forg < 0. The main idea, originally
proposed in [139], is based on the fact that quantum uctuations, accounted to rst
order in perturbation theory, result in an additional positive/repulsive term in the
energy functional, known as the Lee-Huang-Yang (LHY) energy. Note that, an im-
portant complication is that the LHY energy becomes imaginary when dg < 0, so
its value at dg = 0, which scales as(gn)®? in 3D, is usually used instead, under
the assumption that the unstable modes do not meaningfully contribute. The result
of the competition, between the attractive MF interaction term and the LHY term,
accounting for quantum uctuations, is that the mixture minimizes its energy at a
state with nite density and density-width even in the absence of external con ne-
ment. As a result, the system does not collapse as predicted by the MF theory, but
arranges into a self-bound con guration exhibiting a nite size. These self-bound
structures, manifesting directly the impact of quantum uctuations, are called quan-
tum droplets. In the next section, we will address in detail the 1D case, and we will
show that quantum droplet structures are always supported in the repulsive regime
(or more generally the MF stability regime), even for the single-component system,
owing to the LHY energy being negative. The case of two-component 1D mixtures
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close to the limit dg 0 was addressed originally in [162], while the case of two- or
higher-component mixtures at arbitrary interaction strengths within the MF stability
regime was addressed in [IE3].

Finally, let us mention that, to obtain the time-dependent GP equation we augment
the functional as:

z

SF(rol=  drdt ifE (r,) T Y

It

E mF (2.15)

where Eyg = %jr F (r)j2 + V(NjF (nj*+ %jF (r)j*is the MF energy density which
enters into the time-independent functional of Eq. 2.13. The resulting time-dependent
GP equationiis:

IF(r,t) _ B2

—r °F(r,t) + V(N)F(r,t)+ giF (r,0)j?F (r,1). (2.16)

ih it 2m

Note that, the solutions ( F (r, 0)) of the time-independent GPE correspond to station-
ary solutions of the time-dependent GPE, with a time-dependent phase given by the
chemical potential F (r,t) = e ™PE(r, 0).

2.2.3 Bogoliubov Theory

As mentioned already, albeit highly successful, the MF approximation is a rather
simplistic one, reducing the genuinely many-body problem to one concerning only
a single orbital. In order to take into account the impact of quantum uctuations
involving the contributions from higher orbitals, one can employ the perturbative
Bogoliubov theory. In this perturbative treatment, the MF approximation emerges
as the zeroth-order contribution to the energy of the system, while the rst-order
correction is given by the LHY energy. In Sec. 2.2.3.1 we provide a general descrip-
tion of the Bogoliubov transformation. Then in Sec. 2.2.3.2, we apply it to the case
of an 1D single-component bosonic gas, deriving the MF and LHY contributions.
Finally, in Sec. 2.2.3.3 and Sec. 2.2.3.4 we derive the corresponding eGPE and the Bo-
goliubov de Gennes (BdG) equations respectively, which describe the ground state
and dynamical properties of the system under the in uence of quantum uctations.
As mentioned, the same methods are used in [IE3] and [IE4] in order to derive the
LHY correction for multi-component 1D bosonic mixtures and the corresponding
BdG equations for the three-component case.

2.2.3.1 The Bogoliubov Transformation

We consider a set of bosonic operators AT = (&', 4), satisfying the bosonic com-
mutation conditions [4,a"] = 1 and[4 4] = [&',4"] = 0. We want to de ne a new
set of bosonic operators BT = (BT, B) as a linear combination of the bosonic op-
erators in A, i.e. A = UB, such that the commutation conditions [6, BT] = 1and
[b,b] = [bf,b'] = 0 hold. It is instructive to calculate explicitly the transformation
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matrix U, for this simple case, to illustrate the properties it must satisfy in order to
preserve the bosonic commutation relations.
! reo! R !
a U1 U b Upib+ ugobt
A= UB | 2 = 11 U2 o = 110 12‘1 2.17)
a Uz1 U22 b Ux1b+ uxb

Sincea is the adjoined of awe can readily see from Eq. (2.17) thatu,, = up := vand
U,, = Uz = U. Itis easy to see that the commutation relations [4 8] = [&",4"] = 0
are satis ed trivially if [b,b] = [b',b'] = 0. Instead, for the commutation relations
[4a7 = 1 and [b,bf] = 1 to be simultaneously satis ed, we obtain an additional
constraint on the elements of the transformation matrix U, namely

|

u= 1V with detu=1, ju® jvi®= L. (2.18)

u \

It is important to note that the inverse matrix: U = 6 U', meaning

vV u
that U is not a unitary matrix, and hence the Bogoliubov transformation is not a,
0o 1
10
and UT the transpose matrix of U holds. Mathematically, Wis called a nonsingular,
skew-symmetric matrix and the above property de nes U as a symplectic matrix.
However, for our purposes it is more useful to express this condition in the following
equivalent formulation:

unitary transformation. Instead, the property UTWU = U, with W =

ucu' = G, (2.19)

where I
1 0

G=[A A= AAT (ADHTAT)T = o 1 (2.20)
is the Bosonic metric [409]. This property is a direct consequence of the requirement
that both A and B correspond to sets of bosonic creation and annihilation operators.
Furthermore, it does not depend on the exact form of U or on the number of bosonic

elds we consider.

Indeed, we can generalize the above treatment to an arbitrary set of n bosonic oper-
ators AT =(al, &, .., & ,&, &, ,..., &), and de ne a Bogoliubov transformation

, PPN Ay & a - M N
A = UB, with B" = (bl, b}, ..., b} ,by, by, ,.., by)and U = N M , Where
M,N aren n matrices. Then, if we demand that both A and B satisfy bosonic com-
mutation relations, we can write them compagtly in matrix form, using the Bosonic

] [ 0 ) : . .
metric,as G = [A,AT] = [B,B'] = 8 | , where I, is the n-dimensional iden-
n

tity matrix. We can then show explicitly, using the de nition of the Bosonic metric,
given in Eq. (2.20), that the property of Eq. (2.19) holds for the arbitrary Bogoliubov
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transformation:

G=[A,AT]:= AAT ((AHTAT)T = uBBTUT ((BTUN)T(UB))T
=uBB'UT uB"N™B")TUT = U[B,B"UT
=uGcu™.

Hence, demanding that Eq. (2.19) holds is equivalent to imposing that the Bogoli-
ubov transformation preserves the commutation relations of the set of bosonic op-
erators, without having to explicitly derive the constraints on the elements of the
transformation matrix U.

As a nal step, we explicate how the Bogoliubov transformation can be used to di-
agonalize an operator written in bilinear form in terms of the arbitrary set of bosonic
operators A. Namely, we consider H = ATHA, where H is an One-Body-Operator
written in second quantization form in terms of the operators &, & and H is the cor-
responding matrix representation. It is important to note that the Bogoliubov trans-
formation matrix U is not unique (see e.g. Eq. (2.18)), therefore we can exploit the
remaining degrees of freedom (after the constraints required to preserve the bosonic
symmetry have been applied) to impose additional constraints.

First, we can write
H= ATHA = B'UTHUB = B'"GU GHUB.

Then we can demand that the Bogoliubov transformation diagonalizes H in term of
the bilinear form with respectto B, i.e.

GU IGHU=D ( U GHU = GD, (2.21)

where D is a diagonal matrix. Explicitly then, we demand that the Bogoliubov trans-
formation matrix diagonalizes the matrix Hg = GH,asU HgU = GD. If we now
calculate the eigenvalues of H g by solving the characteristic equation

det(GH 11,,)=0, (2.22)
we can write D = diag(l 1,....,1 n, | n+1,..., | 2n). Then the operator H can be writ-
ten as:

. Do . .
H=BDB=§ Ibb Inibb" =40 1.)BB &1, (2.23)
i=1 i=1 i=1

where in the last step we have used the commutation relation [&, BlT] = 1. In this
sense,hg = &{L;Il; is the eigenvalue of H corresponding to the quasi-particle
vacuum in terms of the bosonic quasi-particle operators (f)i, f),*),while hi=1; | n4i
are the eigenvalues corresponding to the quasi-particle excitations.
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2.2.3.2 Derivation of the Lee-Huang-Yang Energy in 1D

The Hamiltonian density for a single component bosonic gas in a periodic box of
length L, with contact interactions between the bosons V(x,x9% = gd(x x9, where
g is the 1D interaction strength, can be written in second quantization form as [25,
26]:

R q2
2m fx2
Here Y (x) [YT(x)] is the bosonic eld operator annihilating [creating] a boson at
position X, and m the mass of the bosons. Note thatH = hxj H (x) jx34 results in the
many-body Hamiltonian of (2.7) for V(x) = 0.

H(x) = YT(x) Y (x) + g\?*(x)\?T(x)\?(x)\?(x). (2.24)

To proceed we transform to the momentum space, by writing the eld operator as:

kx
— 5, (2.25)

@

A 1 .
F(x)= %[30"'

> Qo
I

0

where & (él) the bosonic operator annihilating (creating) a boson with momentum k.
Substituting the Ansatz of Eq. (2.25) into the Hamiltonian density (Eq. (2.24)), keep-
ing terms up to bilinear order in the bosonic operators at nite momentum ( &g0),
and integrating over the length of the box, we obtain the Hamiltonian:

Z
H= H(Xdx= gégégéoéw
" 2L #
o PR 9 atas 5.8 afat afa afs 2.26
8 S oA o BHAA T RRAET |+ 43)A (2.26)
ko <M
+ O(&).

In this formulation, the MF approximation is realized by taking into account only the

zeroth order terms in the momentum excitations. Namely, we set 8 = N, where

N the number of particles, and neglect all higher terms. Hence the Hamiltonian
~ 2 2

reduces to the MF energy for a uniform gas H(® = Eye = 9° = 19" = 97L where

n= % the density of the uniform bosonic gas. This energy captures the contribution
of the interparticle interaction at the MF level. To obtain the usual GP equation in
this approach we de ne the energy functional

Z
E(F)= (Esp(F)+ Evr(F))dx,

where the single particle energy density

. fF R qF 2 o
Ese(F) = ihF ﬁ-'- 2m X + V(X) JF]
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is the energy functional which produces the single particle time dependent Schrédinger

equation, and

_ Ewe _ g’
Evr(F) = . - o

is the MF energy density. Finally, a variational treatment with respectto F , results
in the time-dependent 1D GP equation:
F _ R PF TEwe . _ P PF

A = +VOOF + SEF = ool

It 2m x2 + V(X)F + gjFj°F, (2.27)

in agreement with the GP equation we derived in Sec. 2.2.2.

To obtain the higher order correction we have to take into account the depletion of

the condensate due to quantum uctuations, by setting the particle number N =

oo+ doda ) &8l = N? 2N Aa,g08 &+ O(&). Then substituting into

the Hamiltonian of Eq. (2.26) we obtain:
gN2 . R%K?

Ad + alal, (2.28)
2L K& 0 2m

0

Qo

gN
2L |

(o)

To employ the techniques discussed in Sec. 2.2.3.1 towards the calculation of the
1st order correction to the energy, known as LHY energy, we rst have to rewrite
Eq. (2.28) in bilinear form. To this end, one has to notice that we can identify the
operators creating a boson with positive and negative momentum as two different
bosonic operators, i.e. & = & and & = & , since[&,a",] = O for every k 6 0.
With that we can write the set of operators AT = (&f,a",, 4,4 x). However, since
the Hamiltonian of Eq. (2.28) only includes terms that preserve the total momentum
[i.e. there are no terms p &34y, etc.], we can reduce the matrix dimensions by half
and use the set of operators F T = ( éﬂ: a ) instead of A. Note that the reduced pet

. : : " 1 0
of operators satis es the bosonic commutation condition G =[F,F1] = 1
We can now write the Hamiltonian of Eq. (2.28) in bilinear form as:
. N2 h2k?
=3 FfHr+ &5 8 T4 gn (2.29)
k>0 2L k>0 2m
with the hamiltonian matrix
) !
R2K
H= an 97 0N
gn  Gmton

Note that the sums in Eq. (2.29) are now over positive momenta. As shown in
Sec. 2.2.3.1 we can diagonalize the Hamiltonian of Eq. (2.29), by solving the char-
acteristic equation (Eqg. (2.22)):

det(GH e(k)I;) = 0)
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R%k2 R?K2
Soton e S gn ek +(gn)?’=0)
RPk2 2 _h%K?
2_ [ [
e(k)c = > + 2 o gn,

which is called the Bogoliubov dispersion relation. Then using Eqg. (2.23) and col-
lecting the constant terms in Eq. (2.29), we nd that the ground state energy corre-
sponding to the quasi-particle vacuum is:

"L R2k2
Eo = 92 +8 el —— on. (2.30)
k>0

2.2.3.3 Closed Forms and Extended Gross-Pitaevskii Equation

We now move to explicitly calculate the sum in Eq. (2.30) and to write the ground
state energy including the LHY correction in closed form. Tog{ns end, we substitute
the sum with an integral over k according to & ¢! 2';) o dk resulting in the
energy density:

Z 2 2
_E_gn 2 1 “*¥ h°k
The integral can be calculated analytically by setting hk = & mgny) hdk= P mgndy;,

then

2 32 +y 2
g-gn®,  mgn® e XY gy
_gn* 2 mgnd '
S 2 3ph

where the de nite integral with respectto yis simply 4/3.

Note that already at the single species level, the ground state energy (including the
LHY correction) predicts a liquid-like state with saturation density ns = p252’ which
is the density that minimizes the energy per particle = = 3. However, this density
is in general signi catly smaller than the usual density in 1D BECs [63], and typically

predicts a very dilute liquid spread over a large length scale.

Having found the ground state energy including the LHY correction, we can also
derive the corresponding extended Gross-Pitaevskii equation (eGPE) as:

p—_
LY RRY E, . RPRY o me ..
Nt = ampe ' - ampe T OYVIY R VY (2.33)

Note that the usual GP equation, corresponding to the MF approximation, is de-

rived in the exact same way, by simply neglecting the rst order c[5>rrect|on to the

3
ground state energy density, i.e. the LHY correction E yy = +%3n An inter-

esting consequence of taking into account the LHY correction is that the attractive
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regime (g < 0) becomes unstable even in one dimension. Indeed, while at the MF
limit the usual GP equation allows for bright-soliton stationary solutions in one di-
mension, within the LHY approach, the ground state energy obtains an imaginary
part for g < 0 and no stationary solutions exist [i.e. every solution would decay with
lifetime t  h/ Im(E_qy)]. Of course, bright solitons do indeed occur in attractive
1D systems [83], which suggests that the LHY treatment is not appropriate for the
attractive regime. Indeed, a basic assumption, in the derivation of the LHY energy, is
that the qu&n&;m uctuations emerge on top of a uniform density distribution such
that F % = const, when neglecting quantum uctuations. This assumption
is justi ed when treating the repulsive system in free space, where indeed the MF
solution corresponds to a uniform density under periodic boundary conditions. At
the mean eld level, an external potential can be introduced under the so called Lo-
cal Density Approximation (LDA). LDA assumes that the external potential varies
slowly enough in space, such that at each point it can be considered as an effectively
constant shift to the energy corresponding to the uniform density. Thus, under this
assumption, the non-uniform case is addressed, by assuming that at each point in
space the MF energy maintains its free space form, but with a space dependent den-
sity. This situation becomes more complicated when treating the system within the
LHY theory, since we cannot as easily assume that the quasi-particle vacuum en-
ergy experiences only a local shift in the presence of an external potential. Similarly,
when the MF solution takes a soliton form, the assumption of a uniform zeroth-
order solution is violated and we cannot assume that the eGPE of Eq. (2.33) holds.
Extending the above-described LHY treatment to arbitrary external geometries and
zeroth-order density con gurations is a highly desirable, but far from trivial theo-
retical challenge, that remains open.

2.2.3.4 Bogoliubov de Gennes Equations

One important question is the ability to distinguish droplets from other MF con gu-
rations, especially when the saturation density of the droplet is either too high or too
low rendering the observation of the FT pro le somewhat impractical. The inelastic
collisions of quantum droplets [177, 180] can be a useful probe, although aside from
being more involved to realize experimentally, the inelasticity is also more signi -
cantdeep inthe FT regime. A useful measure, which can be experimentally accessed,
is the low-amplitude excitation spectrum of 1D droplet con gurations. In particular,

1D solitons do not support any discrete modes but only continuum excitations [83,
85], hence the observation of discrete droplet modes in the low-amplitude excita-
tion spectrum could serve as a valuable probe in the effects of quantum uctuations
in the bosonic system. Moreover, differences in the spectrum of quantum droplets
depending on the dimensionality can offer signi cant insights in the dimensional
crossover, which has a crucial impact on the development of correlations [139, 162,
182].
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Let Y be a stationary solution of the eGPE of Eq. (2.33) corresponding to chemical
potential m Our aim is to determine the response of the system following a per-
turbation by a low amplitude excitation. The perturbation can be described by the
following ansatz:

Y = e ™Y + e(ad" + be ™Y, (2.34a)
(2.34b)

where a= a(x) and b = b(x) are arbitrary (smooth) space depended complex func-
tions and w is an in-general complex phase.

Working to order O(e) the derivative terms become:

d v h - i
Iﬁ?eﬁ 0 = (m ﬁW)aéWt + ( m+ ﬁW )b e w t e Im, (235a)
e=
RPd®Y R Pa,, b i im
mde T o™ Zm pES T ope® C (2:350)

The density dependent terms have a somewhat more complicated form. Using the
fact that the general form of these terms stem from the derivative %Y, we can write
the impact of the perturbation to rst order in the perturbation  O(e) in the general
form:

d fE(M) TEdY 2E df

= =2 + L — 2.36
de 9n e=0 fnde e=0 qn2de eon’ ( )

where i = ¥ %is the particle density associated with the perturbed solution of our
ansatz. Hence, we only need to calculate the derivatives:

ZZ o:aéwt_}_beiwt’

e=

% O=(Y a+ Yb)d"'+(Y b +Ya)e ™, (2.37)
e=
°E _ pmi

m- Y PR

Collecting all the terms and separating the terms p €%t and p e Wt we arrive
at a coupled system of two eigenvalue equations for the two amplitudes and the
common phase w.

n I#
3 R? 92 3 mg3pf mg3 )
hwa= m+ 2m e 2gn pﬁ a g 2p —  Y~h,
" ) o I - p 7! (2.38)
hwb= m iﬂ—+ 2gn 3 mg3pﬁ b+ ¢ 3 mgj Y 2a

2m qx2
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Setting the amplitude vector u = ('a,b) we can write the above equations in matrix
form as Au = hwu, with the so-called stability matrix A:

0 p = p = 1
R a2 3 mgn 3 m
M onge 200 TR 9 s Y
A= 3p F , # 3p men . (239)
g —ﬁ%zp =Y m ompe ™t 2gn —ph

By solving the resulting eigenvalue problem, we can derive the energy spectrum and
corresponding eigenmodes of the elementary small-amplitude excitations on top of
the stationary solution Y. Eigenmodes associated with complex eigenvalues corre-
spond to dynamical instabilities of said solutions, while real eigenvalues describe
stable excitation modes available to the system following a weak perturbation.

2.3 Numerical Approach

The MF approach and the beyond MF, LHY theory, have proven to be extremely suc-
cessful in describing the physics of weakly interacting ultracold bosonic mixtures.
Some analytical approaches have also been successful in addressing the opposite, so
called universality limit, of very strong interactions [28, 50]. However, these analyt-
ical methods face many challenges in extending their validity beyond these limits,
to arbitrary interaction strengths, as well as to various external geometries, parti-
cle numbers, dimensions, and compositions of the atomic mixture. For this reason,
highly sophisticated computational methods have been developed aiming to explore
the ground state properties and out-of-equilibrium guantum dynamics of a wide va-
riety of many-body systems. We cannot provide a comprehensive review of all such
methods, nor of the wide range of beyond MF physics they have unveiled [410].
Instead, we will simply mention a few of them, namely the exact diagonalization
or con guration interaction approach [411-414], Monte Carlo methods [415, 416],
density matrix renormalization group methods (DMRG) [417-420], eld-theoretical
approaches [421-423], and variational methods [424].

In the following, we focus on the Multi-Layer Multi-Con guration Time-Dependent
Hartree method for atomic mixtures (ML-MCTDHX), which is a variational approach
capable of treating both the ground state and the dynamics of nite size systems of
bosons, fermions and atomic mixtures thereof [425-428]. This method is based on
the Multi-Layer Multi-Con guration Time-Dependent Hartree method (ML-MCTDH),
which was designed as a wavepacket dynamical approach to handle molecular dy-
namics of distinguishable particles in the context of quantum chemistry. The key
idea is to rely on sequential spectral decomposition steps to ef ciently capture corre-
lations between the various degrees of freedom [429-431]. Recently, a re-interpretation
of the ML-MCTDH method in the context of tree tensor networks was also proposed,
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FIGURE 2.2: (a) Schematic representation of the ML-MCTDHX ansatz
for a two-component bosonic mixture. (b) Visualizations of the phys-
ical context expressed at each layer of the ansatz.

highlighting how it can serve as a clear extension and generalization of matrix-
product-state methods (eg. DMRG) [432—-436]. To extend the methodology to in-
distinguishable bosons, MCTDHB was proposed [437-440]. It takes into account
the exchange symmetry of the bosons, both at the level of the wavefunction Ansatz
and at the level of the resulting equations of motion, and it has been successfully
applied to various bosonic systems [441-446]. MCTDHB was subsequently further
extended into the ML-MCTDHX, which is exible enough to handle both bosonic
and fermionic permutation symmetry as well as mixtures of arbitrary species in
all spatial dimensions and internal degrees of freedom (including eg. spin com-
ponents), by utilizing the multilayer scheme [447, 448]. Below, we provide further
details into the ML-MCTDHX, which is used in [IE1, IE2] to address two-component
mixtures, primarily consisting of two bosonic components, but also a Bose-Fermi
mixture in [IE2]. It it worth noting, however, that the ML-MCTDHX has also been
applied to atomic systems in harmonic traps [80, 449] and lattices [448, 450], different
spatial dimensions [428], polaron dynamics [451, 452], as well as for spinor compo-
nents [447, 453]. Finally, the predictions of ML-MCTDHX have been benchmarked
against various approaches including for two harmonically trapped particles [454],
for systems hosting impurities [455, 456], and for spin-chain settings [457].

2.3.1 Many-body Wavefunction Ansatz for Binary Mixtures

ML-MCTDHX is a variational method for solving the time-dependent many-body
Schrédinger equation of atomic mixtures [425-428]. As with ML-MCTDH, the total
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many-body wavefunction is sequentially expanded with respect to time-dependent
and variationally optimized basis states, such that they capture the important cor-
relation effects, while using a computationally manageable basis size. In principle,
the system still resides in an in nite-dimensional Hilbert space, which - even af-
ter truncated - scales exponentially with the system size, as mentioned in Sec. 2.2.1.
However, depending on the inherent properties of the system it is possible that, at
each time step, there exists a basis in which the expansion coef cients of the system
fall rapidly resulting in only a small number of basis states having a non-negligible
occupation. It turns out that this is indeed the case for many systems of interest,
and as a result, variationally optimizing the time-dependent basis states allows the
ML-MCTDHX to numerically determine such a basis at each time step. Thus, ML-
MCTDHX requires a reduced number of basis states compared to expansions rely-
ing on a time-independent basis. This idea can also be linked to the notion of a
co-moving basis. At each timestep the system occupies a certain subspace of the to-
tal Hilbert space, hence to track its dynamics only this subspace needs to be spanned
by our basis set. Assuming that this subspace is always a small enough fraction of
the total Hilbert space, a dynamically optimized basis of numerically tractable size
can track the dynamics of the system without losing information. Finally, the multi-
layer ansatz allows us to ef ciently account for intra and interspecies correlations
when simulating the dynamics of atomic mixtures.

Focusing on a two-component mixture, the total Hilbert space is HAB = HA HBE,
with HS® representing the Hilbert space in which the s species resides. In general,
the s species can correspond to bosons, fermions, or distinguishable particles. For
simplicity, we restrict this brief presentation to bosonic atoms. In order to ef ciently
account for the interspecies correlations, the total many-body wavefunction jY (t)i
is expressed in a truncated Schmidt decomposition [96, 99] of rank M:

q____

M
YOI =&  1@iYRijYE)i. (2.40)
=1

=~

The Schmidt weights | ((t), assumed to be in decreasing order, are referred to as
the natural species populations of the k-th species function jY{(t)i of the s species.
Note that f Y} g is an orthonormal set of N*-body wavefunction residing in  H*® and
spanning a subspace within it. The system is entangled [95, 100, 458, 459] when (t)
is non-zero for more than one values of k, meaning that the many-body state cannot
be expressed as a direct product of two states in HA and H respectively.

In turn, each species function jY(t)i is expanded in terms of the bosonic num-
ber statesjn$*, n3*,..,n3ti j ndi. The bosonic number states, are constructed
based on allowing the particles to occupy mg time-dependent single-particle func-

tions (SPFs)jf is;k(t)i, with time-dependent weights  Ap:(t) and N°® = &;™ nis;k the
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number of bosons in speciess. Explicitly, this expansion is given by:

jYRi = & Ags(t)jnii. (2.41)

ngjNs

The SPFsjf is;k(t)i evolve in the single-particle Hilbert space spanned by the time-
independent (primitive) basis fj r}‘;sigj"ﬂl. Namely:

jEek@)i = 2;1 Ccalri. (2.42)
j=1

The latter can correspond eg. to an 1D grid in real space, or in a combination of
continuous and discrete variables corresponding to spatial, momentum, or spin de-
grees of freedom in one or more spatial dimensions. Finally, a further ML-MCTDH
expansion of the SPFs can in general be employed if one needs to capture complex
geometries or inter-particle interactions which strongly couple the primitive degrees
of freedom. See also Fig. 2.2(a) for a schematic representation of the many-body
wavefuntion ansatz, illustrated as a tree-diagram. In Fig. 2.2(b) we also include
corresponding schematics at each layer, in order to highlight the physical context
represented by the respective layer.

The ML-MCTDHX many-body wavefuntion ansatz is then inserted into a varia-
tional principle, such as the Lagrangian [460], McLachlan [461] or the Dirac - Frenkel [462,
463], yielding the ML-MCTDHX equations of motion [425-428]. For bosonic mix-
tures, these refer to a set of M2 ordinary (linear) differential equations of motion

for the Schmidt coef cients | (t), coupled to a set of M[(NAJ’NTA”) + (NB+N”;B+ H
non-linear integrodifferential equations for the species functions, and mpa + mg non-
linear integrodifferential equations for the SPFs.

Concluding, let us mention explicitly that in the limit M = ma = mg = 1 the ML-
MCTDHX ansatz reduces to the MF one discussed in Sec. 2.2.2, and the equations
of motion become the (coupled set of) Gross-Pitaevskii equation(s). Systematically
increasing the parameters M, mg, and M until the observables of interest converge
up to the desired numerical accuracy, allows us to determine the convergence of the
ML-MCTDHX simulations. Of course, increasing the number of basis functions of
the ML-MCTDHX method also increases the computational cost of the correspond-
ing many-body simulations and at some point it becomes prohibitive. Finally, let
us note that, unlike the MF approximation, the LHY theory does not emerge as a
clear limit of the ML-MCTDHX ansatz. Instead, the LHY theory constitutes an in-
termediate model, between the single-orbital approximation of the MF ansatz and
the full many-body treatment of the ML-MCTDHX. Namely, the LHY theory cap-
tures the energy of the underlying many-body state, as well as the corresponding
single-particle density of each species, but only up to the accuracy of the second
order perturbative treatment.
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Chapter 3

Outline of Scienti ¢ contributions

Self-bound quantum droplets [113, 139-142] are correlated quantum many-body
(MB) phases of matter [29], manifesting the existence of quantum correlations in
macroscopic mixtures, represented to rst order by the Lee-Huang-Yang (LHY) cor-
rection term [163]. Interestingly, the impact of quantum correlations in quantum
droplets is evident already at single-particle observables, such as the energy or the
particle density. Moreover, in three dimensions (3D), quantum correlations stabilize
the system against collapse stemming from mean- eld (MF) effects [139-142].

These correlated macroscopic structures have been realized [173-175, 183] in contact
interacting bosonic mixtures in three-dimensions, as well as in dipolar gases [113,
114, 119, 166, 167] and mixtures thereof [140, 141], indicating the ubiquitous na-
ture of the main phenomenology. Focusing on short-range interactions, several ex-
periments have addressed droplet dynamical formation [183, 464], the droplet to

a gaseous BEC crossover [174, 465, 466] and their collisional properties [177], with
their self-evaporation and three-body recombination [173-175, 183] constituting the
main experimental challenges. These challenges are signi cantly suppressed in one
dimension (1D), where the droplet lifetime is expected to be prolonged [181, 182]
and correlation effects are usually enhanced [162, 176, 178-180, 184, 189, 190, 467].

In the following outlined works, we aim to provide further insights on the correla-
tion properties of 1D bosonic mixtures. We begin by investigating the ground state
and dynamical properties of a harmonically trapped two-component bosonic mix-
ture [IE1, IE2], utilizing the ab-initio many-body ML-MCTDHX method, which is
able to capture LHY and beyond-LHY correlations present in the system. Hence,
we aim to benchmark and validate the perturbative predictions of the LHY theory,
while also being able to characterize higher-order observables such as the entangle-
ment content between the two-components and the two-body correlations within
the same component. Moreover, we are able to further our investigations to regimes
outside the formal assumptions of the LHY theory, namely in terms of the external
con nement, the interatomic interaction strengths, and the number of atoms in each
component. Surprisingly, the persistence of the LHY phenomenology was veri ed
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even in regimes where formally it would be expected to fail, while however, signi -
cant quantitative deviations remain evident.

Armed with these observations and the intuition developed through this  ab-initio
numerical treatment, we revisited the LHY theory in 1D [IE3]. The original deriva-
tion [162], motivated by the idea of utilizing quantum uctuations to stabilize the
mixture against MF collapse in 3D, focused explicitly in the attractive edge of the
MF regime. However, we found that such an assumption is unnecessary in 1D and
guantum droplets were shown persist throughout the MF stability regime. Indeed,
since in 1D bosonic systems the contribution of quantum correlations is attractive,
self-bound droplets can emerge in free space for any interaction strength within the
MF stability regime. This is in sharp contrast to the 3D case, where the contribu-
tion of quantum correlations is repulsive, thus quantum droplets emerge only past
the attractive stability threshold [139]. Moreover, we provided a derivation of the
LHY energy and the resulting eGPEs, valid throughout the MF stability regime, for
two-, three-, and four-component mixtures. The latter was shown to be the highest
number of components for which an analytical derivation is possible in the general
case. Finally, the three-component case was studied in more detail [IE4], focusing in
the case of particle imbalanced droplets and investigating the resulting ground state
con gurations and the supported elementary excitations.

3.1 Ab-Initio Many-Body One-Dimensional Binary Quantum
Droplets in a Harmonic Trap

3.1.1 Correlated Dynamics of Quantum Droplets in a One-Dimensional
Harmonic Trap

As mentioned, the lifetime of quantum droplets is expected to be increased in 1D [181,
182] and especially in heteronuclear mixtures [175], where correlation effects should
also be more pronounced owing to the mixed character of the system. In [IE1] we
contributed one of the early explorations in the impact of of correlations in heteronu-
clear mixtures and the resulting droplet con gurations. In particular, due to the
lack of a corresponding closed form eGPEs the heteronuclear setting had not been
extensively studied [176-178, 184]. Moreover, few works had addressed homonu-
clear mixtures with non-perturbative approaches to unveil beyond-LHY physics in
free space [184-186] and later in lattice settings [192, 468]. A non-perturbative in-
vestigation of 1D harmonically trapped droplets was presented, addressing the im-
pact of correlations in stationary and out-of-equilibrium droplet con gurations, in
the realistic scenario where trap effects are not neglected [173-175, 183]. For the
non-perturbative treatment, we relied on the multi-layer multi-con guration time-
dependent Hartree method for atomic mixtures (ML-MCTDHX) [425-427], while
comparing our results with the common MF approach [25], as well as with the pre-
dictions of the eGPEs [162].
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First, we showcased that signatures of the characteristic FT density pro le of quan-
tum droplets are observed in symmetric homonuclear mixtures for weak attrac-
tion or higher atom numbers. This effect is not present in the predictions of the
eGPE [184, 469]. Moreover, for larger attraction the many-body con guration transi-
tions from a FT to a Gaussian-shaped density pro le, as in the case of free space [184,
186]. Finally, similar structures were observed also for interaction or mass imbal-
anced bosonic mixtures. Namely, the more strongly repulsive or the heavier com-
ponent also exhibits FT signatures for reduced intercomponent attraction, while the
two-components are spatially mixed. In all cases, the correlation pattern of droplets
reveals an anti-bunching behavior reducing the probability of simultaneously nd-
ing two bosons of the same species at the same spatial location. Instead, bosons
belonging in different components are weakly spatially correlated. We interpret this
correlation pattern to be an important higher-order observable characterizing the
droplet con gurations, which is also found to persist in free-space [184] and in lat-
tice settings [468].

Subsequently, a quench of the trap frequency was employed to probe the breathing
dynamics of the droplet. Suf ciently large quench amplitudes cause higher-lying
motional excitation modes to build-upon the homonuclear droplet bulk, while si-
multaneously part of the density tails becomes expelled. This process is reminiscent
of the self-evaporation mechanism appearing in 3D [183, 464]. This self-evaporation
mechanism, is absent in 1D free-space [179, 184], illustrating that the interplay with
the external con nement can crucially effect the dynamical response of quantum
droplets. The onset of this unstable dynamics was found to be accompanied by an
increase in intercomponent entanglement and the emergence of long-range correla-
tions in the two-body intracomponent density. Moreover, we provided analytical es-
timations within the LHY theory [180], along with numerical estimations, for the re-
sulting breathing frequency. The breathing frequency appears to approach the ideal
gas limit for large attraction, while it features a decreasing tendency as the droplet
transitions towards the FT regime, similarly to its behavior in free space [184—186].
Turning our attention to the dynamics of heteronuclear mixtures, we found that a
species selective quench can lead to a pronounced correlation driven dephasing.
The mechanism behind this dephasing appears to be the competition between the
bound nature of the system, which favors the two components oscillating in-phase,
and the different trapping frequencies applied to each component, which seeds dif-
fering breathing frequencies for each component.

Finally, the harmonic con nement permitted us to also excite the dipole mode of
droplets, which is absent in free space. Indeed, sudden displacements of the trap
position leads to coherent oscillations of the center of mass of the droplet con gura-
tion, which were found to be insensitive to the interaction strengths. In addition, we
employed a species selective quench protocol, where either only the harmonic trap
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applied to one of the components was shifted or both harmonic traps were simul-
taneously shifted in opposite directions. For weak attractions these quenches give
rise to irregular dipole patterns characterized by intercomponent collisions, leading
to energy transfer between the components. Conversely, strongly attractive droplets
preferentially maximized their overlap even at the cost of residing further than the
minimum of their respective external potentials.

3.1.2 Particle Imbalanced One-Dimensional Quantum Droplets

Within the framework of the LHY theory [139], the particle density of two - com-
ponent droplet con gurations is described by a coupled set of eGPEs. Imposing
a xed density ratio condition, which is determined by the ratio of the intracom-
ponent interaction strengths, the genuinely two-component system can be further
reduced to an effective single-component one [139, 162]. Moreover, this ratio con-
dition corresponds to the optimal stability regime for quantum droplets in 3D [178,
183]. As such, the majority of studies on quantum droplet studies tend to focus in
this regime. Our previous theoretical investigation [IE1] inadvertently explored de-
viations from this regime, in 1D, by employing mass or interaction inter-component
imbalance, without explicitly xing the density ratio. A similar approach was taken
also to address genuinely two-component droplet con gurations in free-space [184].
Meanwhile, in experimental works, such a precise control of the particle ratio is
challenging, hence the effects of deviations from this optimal condition are naturally
probed [175, 183]. Overall, these studies provided evidence that quantum droplets
can also remain stable when this xed density ratio condition is weakly violated.
From the theoretical side, this was studied explicitly for mass balanced con gura-
tions within the LHY theory in 3D [194-196]. However, these works also showed,
that 3D droplet con gurations indeed, become unstable when this xed density ra-
tio condition is signi cantly violated. In 1D, particle imbalanced con gurations were
addressed for strongly interacting bosonic mixtures in a lattice geometry [193] focus-
ing on many-body bound state formation and within LHY theory in a ring geome-
try [190] addressing rotational properties.

In [IE2] we considered a harmonically trapped two-component bosonic mixture, fea-
turing weak short-range interactions. We focused primarily on large particle differ-
ences and we addressed the complex interplay between particle, interaction and
mass imbalance on the droplet formation. We use the terms majority component for
the component, which consists of a larger number of particles, and minority com-
ponent for the other less populated component. Our approach allows us to follow
a multi-pronged approach to explore the particle imbalanced setting both from the
macroscopic and the few-body limit. Namely, to address the former we construct an
effective analytical model at the limit of large particle imbalance based on the LHY
theory. Meanwhile, we treat the case were the minority component is reduced to the
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few-body limit using the ML-MCTDHX [50, 425-427, 470] method, which accounts
also for beyond LHY effects.

In particular, we derived an effective reduced set of equations in free-space based
on the full system of eGPEs [162, 189]. We use this model to obtain analytical in-
sights into the possibility of droplet states emerging and on the crucial role of the
particle imbalance and the interaction strengths on the resulting con gurations. For
instance, our model predicts that in the limit of large particle imbalance the sys-
tem approximately decouples into a con guration consisting of a quantum droplet
for the majority component and a localized bright-soliton structure for the minor-
ity one. Moreover, our effective model suggests that deviations from the decoupled
limit are driven primarily by the intracomponent repulsion between the minority
atoms. These results were also veri ed by ab-initio ML-MCTDHX simulations, while
also allowing us to explore the impact of increasing interaction strengths as well as
addressing more massive impurities. In both cases this increase results in enhanced
spatial modulations of the density pro le of the majority component at the overlap
region with the minority component, while the former maintains signatures of a FT
droplet pro le. Interestingly, the phenomenology derived for macroscopic con g-
urations is found to persist for the most part, even when the minority component
is occupied by as few as two or four atoms. Finally, we considered the case of few
fermionic minority atoms immersed in the bosonic majority component. In this case,
the phenomenology described above vanishes resulting in con gurations with delo-
calized fermionic density overlapping with the majority bosonic component, which
no longer features FT signatures. This result offers additional support for the crucial
role of the bosonic quantum uctuations also within the minority component, in the
development of the above described droplet phenomenology.

Our results highlight the surprising effectiveness of the LHY-theory in capturing the
genuinely many-body behavior of binary bosonic mixtures even far from its formal
validity region. Moreover, our ndings illustrate the ability of the LHY-theory to
adequately capture the behavior of the system even when the minority component
is pushed to the few-body limit. In this limit the minority component operates es-
sentially as few interacting impurities emersed in the bosonic bath of the majority
component. Thus, the persistence of LHY-based phenomenology indicates a strong
connection between quantum droplets and the physics of weakly coupled impurities
(e.g. polarons and especially bi-, tri-polarons, etc.).

3.2 Lee-Huang-Yang Theory of Multi-component
Bosonic Mixtures in One Dimension

As mentioned, quantum droplets have signi cantly distinct features in 1D, as com-
pared to 3D and also 2D, which crucially affects their phenomenology. In particular,



44 Chapter 3. Outline of Scienti ¢ contributions

guantum uctuations as captured by the LHY correction exhibits a strong depen-
dence on the dimensionality of the system [182, 471, 472]. This is in sharp contrast
to the simpler MF approach, which only differs in the kinetic term regardless of
the dimensionality or more generally the external geometry [25, 26]. Namely, the
LHY term is attractive [162] in 1D, while it is repulsive in 3D [139], which crucially
changes the droplet parametric region and its resulting phenomenology. One cru-
cial difference between the 3D and 1D settings, already evident at the MF level, is
that the 3D bosonic gas experiences collapse in the regime where the average inter-
action becomes attractive (eg.gag + P 0a0g < O for binary mixtures), meaning that
the energy minimum of the system diverges to ¥ . In contrast, the 1D system can
support localized bright-soliton solutions in the attractive regime [83, 85, 94]. Let
us note however, that although collapse does not explicitly occur in the 1D system,
upon increasing attraction the bright-soliton solutions become progressively more
localized. For a realistic quasi-1D system, the system is well described by the 1D
approximation as long as the length scale of the gas in the strongly con ned (trans-
verse) directions is much smaller than the length scales in the weakly con ned (lon-
gitudinal) direction. Hence, as the 1D attraction increases in the quasi-1D system,
the width of the con guration will eventually become comparable to the transverse
length scale, thus exposing the genuinely 3D nature of the system and rendering
the 1D description invalid. Note however, that this 1D "collapse" does not coincide
with the explicit 3D collapse, since due to the con nement induced Feshbach reso-
nance the strongly attractive quasi-1D regime corresponds to the weakly repulsive
3Dregime (agp &) [390].

The repulsive contribution of the LHY correction in the 3D bosonic mixture places
the droplet parametric region in the regime of overall attractive average interaction,
where the system collapses within the MF approximation. In this case, the repulsive
LHY term competes with the overall attraction resulting in the liquid-like self-bound
guantum droplet con gurations, while arresting the MF collapse. It's worth men-
tioning, however, that in this attractive regime the LHY energy term becomes com-
plex with the real part being positive. This imaginary energy component suggests
that the standard LHY theory is not formally valid in this regime, and a different ap-
proach should be taken for a fully consistent description of this case. Nevertheless,
the standard approach [26, 139, 168, 198] is to simply x the LHY energy to its value
at the attractive stability edge and assume that it is a good approximation also in the
vicinity of the edge. Alternatively, some works simply neglect the imaginary part
and consider the energy correction term to have the value of the real part of the LHY
energy [175, 197]. Indeed, this approach has proven extremely effective, leading to
the experimental observation of quantum droplets as predicted by the LHY theory
in both contact interacting [173-175, 183], and in dipolar gases [113, 114, 119, 166,
167]. The latter are owed to a somewhat different mechanism. However, the repul-
sive energy contribution of the LHY term remains a crucial factor. Finally, let us note
that the LHY correction is present also in 3D atomic gases within the MF stability
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regime where the overall interaction is repulsive [25, 26, 203]. However, since it only
contributes an additional perturbatively small repulsive correction, it only provides

a small quantitative correction without signi cantly altering the phenomenology.
There are two main reasons for this. Firstly, the opposite signs of the MF and LHY
terms directly result in the existence of an energy minimum at nite density, which
gives the resulting structures their liquid-like and self-bound character. Secondly, at
the edge of the attractive MF stability regime, the average MF interaction, as de ned
above, becomes zero. Hence, in the vicinity of this edge, the average MF interac-
tion can be also considered to be perturbatively small and comparable to the LHY
contribution, thus enhancing impact of the LHY correction. One exception, where
the LHY correction can qualitatively impact the repulsive regimes is the possibility
of sustaining bubble con gurations close to the repulsive edge of the MF stability,
although, further study is required at this regime [203].

Early studies on 1D quantum droplets [162, 180, 185, 186] were motivated by their 3D
counterparts and hence also focused on the attractive edge of the stability region and
on the corresponding approximation of the LHY energy. In [IE3] we focus explicitly
on the 1D system and we revisit the derivation of the LHY energy, with the aim of
clarifying the required assumptions and emphasize the unique droplet phenomenol-
ogy available in the 1D system. Concretely, the 1D geometry i) does not feature MF
collapse in the standard 3D sense, ii) hosts stable bright-soliton con gurations [83,
85, 94] at the overall attractive regime iii) hosts a droplet regime (once beyond MF
corrections are taken into account) which coincides with the MF stability regime.
Moreover, within the MF perspective, multi-component mixtures undergo phase
separation at the repulsive edge of the MF stability regime (eg. gas > P 0Oa0s for
binary mixtures). As we will discuss below, we nd that once extended to be valid
throughout the MF stability regime, the LHY terms leads to an early onset of phase
separation, which occurs also within the MF stability regime for genuinely multi-
component settings. Interestingly, these differences suggest that 1D platforms could
host more stable, controllable and enriched quantum droplet phases throughout the
MF stability regime and not just at the attractive edge, especially in multicomponent
settings [IE2, 190, 193, 194, 196, 197]. Hence, in [IE3] we provide a more general
framework which accurately captures the LHY correction across the MF stability re-
gion for both homonuclear and heteronuclear mixtures in 1D free-space. Moreover,
we extend the LHY framework to three- and four-component mixtures in 1D, while
again ensuring it is valid throughout the MF stability regime, with the aim of un-
veiling novel self-bound structures. Previous efforts related to three-component 1D
droplets considered a single impurity in the third component [199, 200, 202, 473] or
assumed only MF coupling between the droplet and the impurities [474, 475].

In particular, we employed the perturbative Bogoliubov approach (see also Sec. 2.2.3)
to derive the LHY energy and the corresponding extended Gross-Pitaevskii equatios
for two-, three- and four-component 1D bosonic mixtures. Whenever possible, we
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provided exact closed form formulas for the LHY energy and for the resulting non-
linear terms of the eGPESs. The original treatment for two-component settings [162],
naturally emerges as a limiting case, when the interaction strengths are xed at the
attractive threshold of the MF stability regime. As mentioned, our approach remains
valid throughout the 1D MF stability regime, encompassing both attractive and re-
pulsive interspecies interactions. For symmetric two-component mixtures, our ap-
proach provides guantitative corrections to the predictions of the approximate one,
which generally underestimates (overestimates) the droplet width (density maxi-
mum). Signi cant qualitative differences emerge when considering weakly coupled
or repulsively coupled genuinely two-component mixtures. Namely, weakly cou-
pled con gurations become mixed, while in the approximate framework they al-
ways tend to maximize their overlap. Moreover, in the repulsive side of the MF sta-
bility regime we found an early onset of phase-separation for both homonuclear and
heteronuclear mixtures. This is absent within the approximate framework, where
again droplets prefer to maximize their overlap. The reason for these deviations is
that the approximate framework consistently overestimates the impact of the LHY
energy, which we nd takes its minimum (negative) value at the MF stability thresh-
olds (both the attractive and the repulsive one).

Next, we focused on higher-component mixtures where we provided exact closed
form expressions for the LHY energies and the respective eGPEs of a three-component
mixture with either three or two identical components. Note that the calculation for
the general three-component was also provided and it can be solved numerically, in-
spite of the lack of a closed form expression. For the symmetric three-component 1D
mixture, quantum droplet con gurations are supported throughout the MF stability
regime similar to the two-component case. For the case of two identical compo-
nents, we found that intriguing mixed con gurations emerge upon tuning the in-
terspecies coupling. Such con gurations will be further studied in [IE4]. In general
the three-component droplet setting introduced in [IE3] offers a broad range of pos-
sibilities for future investigations in stable mixed droplet phases, which are absent
in lower-component settings. Additionally, we derived a closed form expression for
the LHY energy and interaction terms for the fully symmetric four-component mix-
ture, which is the highest-component mixture for which the Bogoliubov modes may
be determined analytically in the general case. Again the symmetric four-component
mixture supports droplet con gurations throughout the MF stability regime. Fi-
nally, we note that throughout [IE3] we attempted to present the derivations in a
detailed and structured manner, in the interest of providing a useful entry point for
researchers interested in the rapidly expanding eld of quantum droplets.
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3.3 Three-Component Particle Imbalanced One - dimensional
Quantum Droplets

As mentioned already, recent studies have addressed two-component droplet sys-
tems, where one component is occupied by a reduced number of particles compared
to the majority component both in 3D [194-196] and in 1D [IE2, 191, 193, 476]. These
studies have, rst of all, demonstrated the enhanced persistence of droplet con g-
urations in 1D, as compared to the 3D case. In the latter case, more stable droplet
con gurations emerge when a xed density ratio between the two-components, de-
termined by their interaction, is strictly imposed [139, 178, 183]. In addition, they
have unveiled several intriguing mixed con gurations which exhibit unique droplet
phenomenology both within the LHY theory framework [191, 476] and by employ-
ing ab-initio approaches [IE2, 193]. Moreover, these works hint at an interesting link
between the physics of quantum droplets and that of interacting ("dressed") impuri-
ties or polarons.

The two-component setting, however, faces some challenges, stemming from the
large differences in the length scales exhibited by the two-components in the 1D par-
ticle imbalanced regime. In the works mentioned above this limitation was counter-
balanced by including external geometries, namely a ring [476], a harmonic trap [IE2,
191], or an optical lattice [193]. However, the LHY theory is not formally valid in the
presence of external con nement, which signi cantly impedes the interpretation of
the observed phenomenology.

In [IE4] we focused on 1D three-component bosonic mixtures with contact interac-
tions in free space, by employing the LHY framework derived in [IE3]. Let us note
that a similar framework has been derived for the 3D case as well [197, 198]. In this
context, one of the three components is considered to be the minority component
hosting a signi cantly smaller number of particles. In contrast to the two-component
case, the three-component mixture allows for the two majority components to form
a signi cantly more strongly self-bound droplet. As such, it results in higher parti-
cle densities and hence in smaller length scales for the droplet bath, which is cou-
pled to the third, minority, component. Thus we can overcome the challenges men-
tioned above, without relying in an external con nement and we are able to study
the particle-imbalanced droplet setting within a fully consistent LHY framework.

By tuning the intercomponent coupling strength or the ratio of the numbers of atoms,
the system transitions between regimes where either the majority or the minority
components exhibit a higher degree of localization. An intermediate regime, where
all components are in con gurations with comparable spatial extents and unity nor-
malized densities, is also identi ed. Monitoring the chemical potentials of the sys-
tem throughout these transitions, we are able to characterize both strongly and
weakly self-bound con gurations emerging in the ground state of three-component
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particle-imbalanced droplets. Depending on the interplay between the particle num-
ber and the strength of the intercomponent interaction between the minority com-
ponent and the majority ones, both strongly and weakly self-bound con gurations
can occur in either the minority localization regime or in the intermediate regime of
similar localization-degree for all components. These transitions were realized by
employing a newton method with analytically derived phase conditions. Further-
more, we derived and solved the Bogoliubov-de-Gennes (BdG) equations for the
1D three-component mixture to obtain the spectrum of low-amplitude excitations
emerging on top of the ground-state density across the aforementioned transitions,
and to further characterize the system. Let us note, that this measure is directly ac-
cessible in relevant experiments in 1D. The different localization regimes were found
to exhibit also clearly distinguishable spectra regarding the low-amplitude excita-
tions they support. In particular, when all three components feature a similar degree
of localization, their excitations spectrum exhibits pairs of low-amplitude excitation
modes, while this degeneracy is lifted as the minority component localizes further.
This transition is also characterized by most of the paired modes crossing above
the particle-emission threshold, before the non-degenerate ones cross the particle-
emission threshold from above, and becoming available to the system. Moreover, the
regime where the majority components exhibit larger widths was found to possess
a rather rich low-amplitude excitation spectrum, suggesting that it has the potential
of hosting a variety of intriguing dynamical regimes.

Finally, similar to the process curried out in [IE2], we derived a sequence of effec-
tive models based on the assumption that the third component hosts a much smaller
number of particles than the two majority components. Meanwhile, all three com-
ponents are assumed to be occupied by a macroscopic number of particles, such that
the LHY approach remains formally valid. First, the fully decoupled limit was de-
rived, where the majority components form a two-component droplet unperturbed
by the presence of the minority component, while the minority component experi-
ences an effective potential created by the droplet bath. Unlike the MF picture [474]
however, within the LHY theory, quantum uctuations play an important role in
this model, affecting the system at the intra-component and at the inter-component
level. Namely, at the intracomponent level, both the minority component and the
majority components experience their respective LHY corrections, appearing as an
additional non-linear term in the eGPEs. Moreover, at the inter-component level,
the effective potential created by the droplet bath, which the minority component
experiences, is modi ed by the presence of quantum uctuations. In this regime,
the ground state of the majority components has the analytical droplet solution [139,
162]. Meanwhile, the ground state of the minority component can be approximated
with a Thomas-Fermi pro le, modi ed by the in uence of quantum uctuations
compared to the usual MF Thomas-Fermi limit [25]. This simple model was found
to be reasonably accurate for weak inter-component coupling, allowing us to ob-
tain useful analytical insights regarding the beyond MF effects in the behavior of
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the particle-imbalanced three-component mixture in 1D. Finally, we can further im-
prove our model by re-introducing the direct intra-component coupling terms in our
model, thus including also the back-action of the minority component to the droplet
bath. The predictions of this model where found to be in very good agreement with
the results obtained from the full numerical treatment of the exact three-component
eGPES, for both weak and larger values of the inter-component coupling strength.
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