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Abstract

This thesis addresses computational methods for Compton camera imaging in nuclear
decommissioning applications, combining advances in forward modeling with the devel-
opment of efficient sampling algorithms for Bayesian uncertainty quantification.

Compton cameras are promising devices for localizing radioactive contaminations with-
out collimation, exploiting the geometry of Compton scattering to provide spatial infor-
mation about gamma-ray sources. However, translating the well-established physics of
gamma-ray interactions into computationally tractable forward models for practical cam-
era geometries presents significant challenges. For cameras with large scintillation detec-
tors, forward models based on first-order scattering processes in the detectors produce
unreliable reconstructions. We develop corrected forward models that include second-
order scatter corrections, bidirectional detector geometries, and multi-nuclide imaging
capabilities. These corrections are shown to be efficiently computable and to improve
image reconstruction results in experiments with both simulated and real measurement
data from nuclear decommissioning environments.

The image reconstruction task constitutes a linear inverse problem, which we address
within the Bayesian framework. While maximum a posteriori estimation can be com-
puted using established convex optimization methods, full uncertainty quantification
requires sampling from high-dimensional posterior distributions. For this purpose, we
study Langevin Monte Carlo algorithms, which simulate stochastic processes driven by
the gradient of the log-posterior and Brownian motion. The non-smooth potentials aris-
ing from total variation regularization and domain constraints in imaging applications
pose theoretical and algorithmic challenges for these methods.

We provide a unified treatment of convergence theory for several variants of Langevin
sampling algorithms. Our contributions include unified convergence results for explicit
and semi-implicit schemes, new convergence proofs for proximal Langevin samplers, a
rigorous comparison of convergence behavior across different proximal discretizations,
and a new optimality result for mirrored Langevin sampling. The latter provides a pre-
conditioning strategy particularly suited for inverse problems with Poisson-distributed
data. Finally, we demonstrate the effectiveness of these sampling methods for practical
uncertainty quantification in Compton camera imaging.
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Zusammenfassung

Diese Arbeit befasst sich mit Berechnungsmethoden fiir die Bildgebung mit Compton-
Kameras in Anwendungen zum Riickbau kerntechnischer Anlagen und kombiniert dabei
Fortschritte in der Vorwértsmodellierung mit der Entwicklung effizienter Sampling-
Algorithmen fiir die Bayessche Unsicherheitsquantifizierung.

Compton-Kameras sind Gerédte zur Lokalisierung radioaktiver Kontaminationen ohne
Kollimation. Sie nutzen die geometrischen Eigenschaften der Compton-Streuung, um
rdumliche Informationen iiber Gammastrahlenquellen zu liefern. Die Umsetzung der
Physik der Gammastrahlenwechselwirkungen in rechnerisch handhabbare Vorwértsmod-
elle fir praktische Kamerageometrien stellt jedoch eine grofle Herausforderung dar.
Bei Kameras mit grofien Szintillationsdetektoren liefern Vorwértsmodelle, die auf Stre-
uprozessen erster Ordnung in den Detektoren basieren, unzuverlédssige Rekonstruktio-
nen. Wir entwickeln korrigierte Vorwértsmodelle, die Korrekturen fiir Streuprozesse
zweiter Ordnung, bidirektionale Detektorgeometrien und Multinuklid-Bildgebung en-
thalten. Diese Korrekturen erweisen sich als effizient berechenbar und verbessern die
Ergebnisse der Bildrekonstruktion in Experimenten mit simulierten und realen Mess-
daten aus kerntechnischen Umgebungen.

Die Bildrekonstruktion stellt ein lineares inverses Problem dar, das wir im Rahmen des
Bayes’schen Ansatzes behandeln. Wahrend die maximale a-posteriori-Schéitzung mit
Hilfe etablierter konvexer Optimierungsmethoden berechnet werden kann, erfordert eine
vollstandige Quantifizierung der Unsicherheit eine Stichprobenentnahme aus hochdimen-
sionalen a-posteriori-Verteilungen. Zu diesem Zweck untersuchen wir Langevin-Monte-
Carlo-Algorithmen, die stochastische Prozesse simulieren, die durch einen Potentialterm
und die Brownsche Bewegung angetrieben werden. Die nicht glatten Potenziale, die sich
aus der Regularisierung mit totaler Variation und den Nebenbedingungen in Bildge-
bungsanwendungen ergeben, stellen diese Methoden vor theoretische und algorithmische
Herausforderungen.

Fiir mehrere Varianten von Langevin-Sampling-Algorithmen demonstrieren wir eine ein-
heitliche Konvergenz-Theorie. Unsere Beitrige umfassen einheitliche Konvergenzergeb-
nisse fiir explizite und semi-implizite Algorithmen, neue Konvergenzbeweise fiir proxi-
male Langevin-Sampler, einen Vergleich des Konvergenzverhaltens verschiedener prox-
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imaler Diskretisierungen und ein neues Optimalitdtsresultat fiir gespiegeltes Langevin-
Sampling. Letzteres fithrt zu einer Sampling-Strategie, die sich besonders fiir inverse
Probleme mit Poisson-verteilten Daten eignet. Schliefilich demonstrieren wir die Wirk-
samkeit dieser Sampling-Methoden fiir die praktische Unsicherheitsquantifizierung in der
Compton-Kamera-Bildgebung.
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Introduction

1.1. Radiation Imaging in Nuclear Applications

Background. In March 2011, an undersea megathrust earthquake, the Tohoku earth-
quake, occurred 72 km off the Japanese Oshika peninsula. The resulting tsunami waves
flooded large areas of the Japanese coast and, in doing so, destroyed the electrical grids
and many backup energy sources of the Fukushima Daiichi Nuclear Power Plant. De-
spite the immediate shutdown of the power station, the cooling system of the reactor
elements failed, causing a core meltdown and the second nuclear energy accident in his-
tory rated at the maximum severity by the International Nuclear Event Scale (the other
being the Chernobyl accident in 1986). In the aftermath of the disaster, international
anti-nuclear power movements gained momentum and several governments re-examined
older and high-risk nuclear power plants. The German government even revised its re-
cent decision to extend the operating life of German nuclear power plants, abandoning
this energy source entirely in 2023'. This leaves Germany with the considerable and
unique task of decommissioning approximately thirty shut-down nuclear power plants.
While all nuclear power stations must be decommissioned after their finite operational
lifetime, the scale of the German project places special demands on efficiency and the
technologies used.

In the process of decommissioning a power plant, one of the largest challenges consists
in correctly separating harmless, recyclable building materials from radioactively con-
taminated or activated waste. As most of the power stations have been operated for
several decades, some contaminations in the infrastructure, e.g. in pumps, pipework or
ventilation ducts, are unavoidable. Additionally, leakages and spillings allow radioac-
tive material to disperse in liquids and through that in porous building material like

!Despite ongoing political debate on this matter, several plants are already in advanced stages of
decommissioning. For the sake of motivating this thesis, we can safely assume that all nuclear power
plants are decommissioned at some point in the future.



Chapter 1. Introduction

concrete. In the course of the contaminations’ radioactive decay, the emitted ionizing
radiation will in turn have activated other lighter-weight materials, leading to secondary
contaminations and resulting in potentially complex contamination situations. Finding
and quantifying all relevant contaminations is crucial for guaranteeing workers’ safety
and materials’ recyclability and is hence a legal requirement in the release measurement
process.

Different measurement techniques are able to assess the various types of penetrating
radiation [13, 101, 113]: Alpha and beta contamination monitoring is performed using
proportional counters or scintillation detectors, while neutron detection is important for
identifying the presence of fissile materials and assessing neutron activation in struc-
tural components. For gamma radiation, the most penetrating type in decommissioning
environments, several techniques are available: Ionization chambers or Geiger-Miiller
counters can detect the existence of contaminations and devices are available in small
enough size to be carried around easily, but they lack spectrometric accuracy. Precise
gamma spectrometry is carried out using scintillation or semiconductor detectors. By
measuring counts and gamma energies, these devices can help identify radionuclides and
quantify the activity within a predefined field of view. This technique can, however,
hardly provide spatial information on the activity source. Placing a collimating material
like lead in front of the detector can mitigate this issue, but severely reduces the count
rate and in turn increases measurement time.

Compton Cameras. For the joint task of spectrometry and spatial activity recon-
struction in the gamma-ray range, Compton cameras are promising measurement de-
vices. They consist of multiple, electronically coupled scintillation or semiconductor
detectors. By exploiting the inherent geometry of photon interactions, they are able to
provide geometrical information without any collimation.

The concept of a Compton camera was proposed in the 1970s, in two different scientific
communities at roughly the same time, namely in astronomical imaging [194] and in
clinical diagnosis and therapy [206]. As the requirements of these two applications vary
slightly in terms of camera size and energy ranges, both fields developed the imaging
system further in the following decades, improving on models and algorithms for the
image reconstruction. The third prominent application of Compton cameras arises in
nuclear research and energy facilities due to their end of lifespan or critical incidents. In
such applications, requirements lie between the existing work in astronomy and medicine,
so that the technology can successfully borrow from the developments in either fields.
The underlying principle remains the same and is successfully employed in all three fields
of application: The source of an unknown gamma emitter within a certain energy range
has to be localized, be it in astronomical far field and with higher gamma-ray energies,
or in closer distance in a power plant or biological sample and more moderate energy
ranges.



1.2. Inverse Problems

The cameras inherit their name from the Compton scattering effect of gamma pho-
tons. When gamma rays penetrate a scintillation detector, the photons interact with
the detector material either through absorption or scattering. For gamma spectroscopy
with uncoupled detectors, the absorption is the relevant interaction type in the detector,
since the absorbed energy fingerprint provides information about the source nuclide. By
matching absorbed energy to known radionuclides, contamination material can be iden-
tified, while photon scattering presents mainly a source of noise’. A Compton camera,
however, explicitly uses Compton scattered photons for the source localization task by
combining several, coupled scintillation detectors. When photons are scattered in a first
detector, they may enter another detector and interact again. The interactions happen
within a short time interval, allowing to relate interactions in two different detectors to
another. The detectors still only measure the energy, but one now obtains geometri-
cal information by a relation between energy loss and scattering angle characteristic to
Compton scattering. Since any measurement provides two approximate interaction po-
sitions and a scattering angle, the source is not determined exactly. The source position
can only be backtracked to the surface of a cone, whose parameters are distorted from
measurement noise. This makes the source localization task an inverse problem.

1.2. Inverse Problems

Background. Inverse problems are concerned with reconstructing unknown causes
of observed measurement data, using the knowledge about the physical relationship
between cause and data. Mathematically, the relationship between unobserved cause f
and measurement g in Banach spaces can be formulated by the operator equation P(f) =
g. The forward model P describes our knowledge about the physical measurement
system. Within this thesis, we only consider linear inverse problems, i.e., linear operators
P and write Pf = ¢g. The terminology “inverse” problem suggests that there exists a
corresponding forward, or direct problem, which is typically the reverse direction of
obtaining data ¢ from a known cause f. This directon consists in carrying out the
measurement, or simulating it in a suitable computational setup.

The distinction between direct and inverse problem corresponds to the well-posedness of
retrieving either side of the equation: Inverse problems are often ill-posed, as in not well-
posed. In the sense of Hadamard, the problem P(f) = g is called well-posed if it allows
for a unique solution f* for all suitable data instances g, and if this solution f* depends
continuously on g. Inverse problems are usually ill-posed, while the corresponding direct
problem is often well-posed. The notion of existence and uniqueness of solutions is
hereby usually less problematic, as we can guarantee both by softening our definition of
a solution: The generalized inverse Ptg does not solve the equation exactly, but satisfies
the existence and uniqueness properties. The instability due to the non-existence of a

2With the reservation that, for some nuclides, the characteristic Compton edge may also be used for
characterization.
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continuous P!, however, is often unavoidable. Since measurement data g is subject
to noise in most applications, this instability is the major challenge in the solution
of inverse problems. It makes the numerical solution of the inverse problem difficult
for any straightforward solver of the operator equation, even given exact data g. The
solution approach typically consists in regularizing the problem by imposing additional
constraints or prior information about f.

One possible way to formalize the regularization and the noise in the measurement
data is Bayesian inference. If we know the statistical distribution of the noise in
the observation g, we can formulate a likelihood distribution with density piike(g| f)-
Trying to solve for f naively requires maximizing the likelihood to compute an esti-
mate f = arg max s plike(g | f) of the solution. Even in simple cases with, e.g., a log-
concave likelihood, the ill-posedness of P leads to ill-conditioning of this optimization
problem. Standard optimization problems may fail, converge slowly, or produce ar-
tifacts in estimates of f . For regularization, additional information on f is incorpo-
rated by formulating our statistical knowledge about f (independent of any measure-
ment at hand) in a prior distribution ppier (f). By Bayes’ law, assuming all densities
exist, the posterior distribution of f after making a measurement ¢ has the density
Ppost (f | ) X piike(g | f) pprior (f). The posterior is the solution of the inference problem,
and needs to be inspected for downstream tasks like point estimate and confidence region
estimation. This pipeline poses two main methodical questions. We need to formulate
the “correct” densities pike and pprior, and we need algorithmical tools to inspect the
high-dimensional posterior. The former are modeling problems which require study of
the physical reconstruction problem at hand—the first, applied part of this thesis covers
these for Compton camera imaging. The latter questions will be studied in the second,
algorithmical part of this work on posterior sampling algorithms.

Posterior sampling algorithms. We study a class of efficient sampling algorithms
based on Langevin diffusion that are applicable to general log-concave target distribu-
tions. For a target density exp(—V (z))/Z with a convex potential V', these methods
take inspiration from statistical physics. They simulate a stochastic process driven by
both the force term VV and random fluctuations induced by Brownian motion. These
simulations have led to efficient Monte Carlo sampling algorithms, whose convergence
properties to smooth targets scale well to high-dimensional applications. Bayesian imag-
ing posteriors are notoriously high-dimensional, but often contain non-smooth potentials
and other problem constraints, which raises several theoretical and algorithmical ques-
tions. Under non-smoothness of V| standard convergence results are not applicable.
Due to the unbounded domain of the heat kernel, the Brownian motion makes sampling
from bounded domains particularly challenging from a theoretical perspective. In order
to still employ Langevin-based samplers, several extended sampling schemes have been
proposed in recent literature. Implicit discretizations of the Langevin diffusion process
are aimed at guaranteeing convergence properties for non-smooth potentials, and precon-
ditioning and mirroring methods are employed in order to constrain samples to subsets
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of the state space. Convergence and optimality results on these algorithms are, however,
still limited.

1.3. Overview and Contributions

This thesis focuses on advancing the two topics outlined above: Compton camera mod-
eling and posterior sampling algorithms for Bayesian imaging. We now give an overview
of its structure and list the main contributions.

Overview. Compton camera imaging in nuclear decommisioning poses a typical, linear
imaging inverse problem. Concretely, f in the explanations about inverse problems is an
activity map of radioactive contaminations in space. The measurement g is acquired by
a Compton camera that is placed near the contaminations. Once we know the camera
geometry and the imaged region in space, we can formulate the forward model based on
our knowledge about the interaction of gamma rays with the camera’s detectors. The
fundamental physical laws governing interactions between gamma rays and matter will
be reviewed in Chapter 2.

In practice, these laws have to be translated into computationally tractable forward mod-
els for practical camera geometries. This requires several simplifications since, knowing
f, computing Pf is not simple, as gamma rays interact with the camera in convoluted
ways. Most studies either approximate P f in simulations or stick to a simple, first-order
approximation of P and subsume all remaining, unexplained measurements as “noise”.
For the large-detector geometries considered in this work, first-order models produce
unreliable reconstructions. Therefore, we dedicate Chapter 3 to several extensions and
corrections of the usual first-order model. We develop higher-order scatter corrections
that account for multiple scattering events within large detectors—effects that are typ-
ically neglected in the literature. Additionally, we extend the modeling framework to
bidirectional camera geometries and multi-nuclide imaging scenarios, the latter of which
has been previously demonstrated on simulated data.

Once we decide on a model formulation, this defines the likelihood distribution pjjge-
In Chapter 4, we explain other typical considerations going into Bayesian inference
for image reconstruction problems like prior distributions and other, typical likelihood
densities. The two distributions together define the Bayesian posterior, which is used for
downstream inference tasks. We introduce two broad classes of algorithms needed for
inference on the posterior, specifically, variational optimization methods for maximum
a posteriori (MAP) estimation and Monte Carlo methods for posterior sampling.

Chapter 5 is the first of two chapters in this work combining the modeling efforts with
algorithmical inference. The different forward models and their viability for image re-
construction in decommissioning are tested on the problem of MAP computation, using
established convex optimization algorithms.
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The algorithmical part of this thesis covers the design of efficient sampling algorithms
for general, log-concave posteriors in Chapter 6 through Chapter 8. The challenges we
address—non-smooth potentials from total variation regularization, domain constraints,
and convergence guarantees for high-dimensional distributions—are however directly
motivated by imaging applications and essential for Compton camera imaging. We
study algorithms that are based on Langevin diffusion, requiring us to cover the basics
of diffusion processes and their connections to optimization in Wasserstein space in
Chapter 6.

The sampling algorithms are time discretizations of stochastic differential equations.
Similar to convex optimization based on gradient flows, this leads to a number of possible
schemes based on the chosen discretization. In Chapter 7 we give an overview of possible
Langevin diffusion discretizations schemes. This covers various combinations of explicit
and implicit discretizations and novel schemes based on primal-dual discretization and
mirroring techniques. We provide new insights on the comparison between explicit,
implicit and smoothing-based discretization for non-smooth target densities. We end
the chapter by covering practical aspects on sampling under domain constraints and the
treatment of errors in proximal schemes.

In Chapter 8, we revisit the various different schemes once more, with a focus on the
ergodicity and convergence guarantees. The chapter makes new contributions to the
convergence analysis of Langevin sampling algorithms for non-smooth targets and for
mirrored sampling.

In Chapter 9, we circle back to practical imaging problems and apply Langevin sam-
pling algorithms to Compton camera imaging. The experiments confirm our theoretical
findings on both the new forward models and the efficient algorithm design for high-
dimensional sampling.

We conclude the thesis in Chapter 10, where we review the results and discuss remaining
open questions and potential future research directions.

Contributions. The primary contributions of this thesis are:

e We develop corrected forward models for Compton cameras with large scintillation
detectors. This includes second-order scatter corrections and bidirectional detector
geometries in combination with multi-nuclide imaging. We explain the specific
challenges of such detector setups due to limited spatial and energy resolution
and show our model corrections are efficiently computable and improve image
reconstruction results.

o We employ convex optimization methods to reconstruct activity distributions with
the developed Compton camera imaging models. Experiments are carried out with
simulated and real measurements from typical nuclear decommissioning environ-
ments.
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e We unify and generalize convergence theory for several variants of Langevin sam-
pling algorithms. As part of this, we

unify existing convergence results for the unadjusted Langevin algorithm and
a proximal, semi-implicit variant;

give a new convergence proof for a second proximal Langevin sampler;

compare the convergence behaviour of three different proximal schemes, ob-
taining a novel, clear ranking of convergence speed between the three in the
simplified Gaussian target setting;

review a recently proposed primal-dual Langevin sampler, and compare it to
the purely primal schemes;

provide a new optimality result for the convergence of mirrored Langevin
sampling, which provides a preconditioning strategy for inverse problems with
Poisson distributed data.

These contributions significantly extend the current literature on convergence of
Langevin sampling algorithms, particularly in the case of non-smooth or domain-
constraint targets.

o We demonstrate the effectiveness of the mirrored Langevin schemes for practical
uncertainty quantification by applying the sampler to Compton camera imaging.






Physical Principles of Gamma
Emission Imaging

The measurements of a Compton camera in nuclear decommissioning are triggered by
energy depositions in the camera’s scintillation detectors. Each of these energy depo-
sitions is caused by an interaction between gamma rays from radioactive sources and
the scintillation material that the detector consists of. In this chapter, we review the
decay schemes of radioactive nuclides. We describe the kinematics of the predominant
interactions between photons and detector in the low gamma energy region—Compton
scattering, photoelectric absorption and electron-positron pair production. Afterwards,
we review how they are exploited by a suitable detector setup in a Compton camera
in order to reconstruct the source distribution. The discussions in this chapter are all
based on the textbook [113], decay data are taken from standard tables on radioactive
nuclei [21-23].

2.1. Gamma Ray Spectra of Radioisotopes

Gamma radiation is produced when excited nuclei transition to lower energy nuclear
states. In decommissioning of power stations, the excited states are present as contam-
inations in the environment, i.e., on or in walls, pipes, ventilation shafts, etc. in the
buildings. They are typically daughter nuclides in the decay chain of the original ra-
dioactive fuel, or of secondarily activated elements. The decay scheme of the common
gamma-ray source Cobalt-60 is depicted in Fig. 2.1. In Compton camera imaging, we
aim to measure the 1.17 MeV and 1.33 MeV gamma rays that are emitted in the decay.

Within this work, we concentrate on four radioisotopes that are commonly present in
power plants and important to detect in decommissioning work, listed in Table 2.1. In
each of the four nuclides, a primary decay (such as 5~ or electron capture) leads to
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Figure 2.1.: The 8~ and v decay scheme of Cobalt-60. Source: Wikimedia Commons.

the formation of an excited state in the daughter nucleus. This excited state decays
to the ground state, emitting gamma radiation at fixed, characteristic lines. The num-
ber and values of characteristic emission energies vary between radioisotopes. In simple
cases, like Caesium-137, there is only a single emission energy at 662 keV. Barium-133
and Europium-152 have more complicated decay schemes, with Europium-152 emitting
at several dozen characteristic levels, of which approximately seven are realistically de-
tectable. In Table 2.1, we list the four radioisotopes considered in this work, along with
their prominent emission lines.

Table 2.1.: Emission lines of standard radioisotopes in nuclear decommissioning.

Isotope List of prominent emission lines rounded to keV
Caesium-137 662
Cobalt-60 1173, 1332

Barium-133 81, 276, 303, 356, 384
Europium-152 40, 122, 244, 344, 778, 1098, 1408

The detection of these emission lines with a Compton camera is possible due to several
types of interactions that take place between gamma rays and the detector material
inside the camera. We next go through the kinematics of these interactions.

2.2. Interactions between Gamma Rays and Matter

We start by describing the three types of interactions and their relative predominance
depending on the photon energy level and detector material.

Compton Scattering. Compton scattering occurs when a gamma photon transfers
part of its energy to an electron in an inelastic collision, see Fig. 2.2.

10



2.2. Interactions between Gamma Rays and Matter

[N

Figure 2.2.: Sketch of a Compton scattering event: Compton scattering is incoherent,
meaning the photon  transfers a part of its energy to the electron as kinetic
energy. The new photon v/ changes direction and has energy E’ given by
(2.2).

The photon is inelastically scattered in a different direction, and the electron receives
kinetic energy. Key to this interaction is the relation between the change in the photon’s
wavelength and the scattering angle through the Compton equation:

h

MmeC

N =\ =

(1 — cosf). (2.1)

Here, ) is the wavelength of the incoming photon, X' is the wavelength after scattering.
On the right side h is Planck’s constant, m. an electron’s mass at rest, ¢ the speed of
light, and @ is the scattering angle of the photon relative to its original direction. By
the Compton wavelength relation A = hc/E, the energy of the scattered photon is:

y E

F = 2.2
1+ -L£5(1—cosb)’ 22)

mec?

where F is the energy of the incident gamma photon, and E’ is the energy of the scattered
photon. The remaining energy is transferred to the electron as kinetic energy. Assuming
the electron is at rest, due to energy conservation this is given as

Eelectron =F— E,- (2-3)

Note that this directly implies physical limits on the transferred energy. From —1 <
cosf <1, (2.2) and (2.3) imply the bounds

mec2+2F

2E2
0 < Eelectron < M2 2E "

EmeC2 S El S E,
(2.4)

In the extreme case of forward scattering 6 = 0, close to no energy is transferred to the
electron, while the two other bounds correspond to the maximum possible energy loss
for backscattering (6 = ).

11
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Figure 2.3.: Differential cross sections of Compton scattering. The left plot shows 300

for # € [0°,180°] and can be interpreted as the scatter probability in a

certain direction per unit solid angle. The right plot shows %(0), i.e., the

probability of a given scatter angle 6. Both plots are vertically mirrored to
indicate the symmetry in the azimuthal angle . We plot the differential
cross sections for different incident energies E£. Note that while a scatter
process within a unit solid angle is most likely around # =~ 0°, the most
likely scatter angles are around 20° — 50° for typical gamma ray energies
between 50keV and 2 MeV.

Given a single, unpolarized photon that undergoes Compton scattering, not all scatter-
ing angles 0 are equally likely, see Fig. 2.3. The angular distribution is described by
the differential cross section of Compton scattering. In simplified terms, the Compton
scattering cross section ¢ can be understood as an effective area that quantifies the
probability of a photon interacting with a single electron. The differential cross section,
doCS . e . . . .

Ja—» describes how the probability of scattering varies with angle and is expressed per
unit solid angle d2. The Compton scattering differential cross section was derived by
Klein and Nishina in 1929 [111]. It is given by

dacs(e) _ ﬁ (E’>2 (E+E' _Sin29>, (2.5)

dQ 2 \FE E F

where E’ depends on 6 and is given by (2.2). Further, r. denotes the classical electron
radius 7. = e?/(4megmec?), where e is the elementary charge and ¢ the permittivity
constant of vacuum. df2 = sin § dp df is a differential solid angle element in the direction
of the azimuthal angle ¢ and polar angle 0 relative to the direction of the incident
photon.

12
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Note that the right side of (2.5) does not depend on ¢, this implies that the process is
symmetric around the incident axis': Just as the energy of the scattered photon (2.2),
the Klein—Nishina differential cross section only depends on the scattering angle 6 and
not the azimuthal direction ¢ of the new photon after scattering. By integrating (2.5)
over all azimuthal angles ¢, we obtain the differential cross section for a given scattering
angle 0 as

CS CS
d‘(’i - (0) = 2”d§9 (6) sin 6. (2.6)
Integrating again over all angles 6 between 0 and 7, the total cross section is
2(1+a)?  log(l+2a) <1 1—|—a) 1+ 3a
CS 2
=2 - — — 2.7
7 e <a2(1 + 2a) * o 2 a? (1+2a)?)’ 27)

where a = E/(mec?) is normalized energy. For simulation of Compton scattering effects,
the cross section is used to quantify the decrease in intensity. Given it quantifies the
probability of interaction with a single electron, the linear attenuation coefficient xS of

Compton scattering is
1 = neo®S, (2.8)

where n. is the electron density in the interacting material.

Photoelectric Absorption. In photoelectric absorption events, incident photons lose
their complete energy to an electron in the attenuating medium. The photon is absorbed,
and the photoelectron is ejected from one of the atom’s inner shells, see Fig. 2.4. By
energy conservation, the energy of the photoelectron is given by the difference between
the energy E of the incident photon and the binding energy Ey, of the electron in the
atom, i.e.,

Eelectron = E — Ey,. (2-9)

In the process, the vacant shell position is rapidly filled by an outer-shell electron,
releasing a characteristic X-ray photon of energy Ey, which may interact again. This
cascade typically continues until the incident photon’s full energy is converted to kinetic
energy of a large number of freed electrons.

To quantify the expected number of photons absorbed in a medium, we can also give an
approximation for the linear attenuation coefficient—or, equivalently, the cross section—
of photoelectric absorption. A closed formula does not exist, however, for photons of

'This is actually only true for unpolarized incident photons. For polarized photons, the total cross
section 0% does not change, but the differential cross section has to account for the polarization—
azimuthal angles ¢ that are approximately perpendicular to the axis of polarization are then more
likely. In emission imaging, polarization only has an effect on multiply scattered interactions since
the initially emitted photons are unpolarized. The study [53] systematically analyzed the data and
reconstruction errors due to polarization and came to the conclusion that they are negligible in
Compton camera image reconstruction. We are going to ignore polarization in the modeling part of
this thesis.

13
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Figure 2.4.: Left: Sketch of a photoelectric absorption event. Right: Sketch of a pair
production event.

energy F in interacting material with atomic number Z, it is often approximated by
pPE o Z° ) B35, (2.10)

or other, more accurate empirical approximations [99]. Note that the cross section
exhibits discontinuous jumps (absorption edges) when the photon energy surpasses the
binding energies of inner shell electrons, as absorption from these shells becomes energet-
ically possible, see Fig. 2.5. For simulation, it is typically easier to rely on experimentally
obtained values, which can be imported from a database such as XCOM [26], allowing
to interpolate the cross section at queried energy values.

Pair Production. Pair production occurs when a high-energy gamma photon (with
energy greater than 1.022 MeV) interacts with the electromagnetic field of a nucleus or
an electron, creating an electron-positron pair. The photon’s energy is converted into
the rest mass of the electron and positron of 511keV each, any excess energy is shared
between the two particles as kinetic energy, see Fig. 2.4.

The electron and positron typically lose their energy rapidly through annihilation of
the positron and secondary interaction of the electron. Since pair production requires
photons with energies above the 1.022 MeV threshold, the attenuation coefficent pP* for
pair production is zero at energies F below the threshold and fairly small for energies
slightly above the threshold, so we will also be able to neglect pair production in some of
the modeling steps for the Compton camera. The attenuation values are also available
in public databases [26]. This interaction type becomes more prevalent above a few MeV
and is therefore relevant in high-energy gamma-ray imaging or nuclear medicine (e.g. in
positron emission tomography).

Combining the interaction types. Neglecting other types of interaction in the
gamma energy range [50keV, 2 MeV], the attenuation coefficient for Compton scattering,
photoelectric absorption and pair production combined is simply the sum of the three
individual coefficients:

Mlin — /’LCS + MPE + MPP' (211)
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Figure 2.5.: Mass attenuation coefficients p™** = no/p of the scintillation material
CeBrs for Compton scattering, photoelectric absorption and pair produc-
tion in the range 1keV to 10 MeV.

mass

= u™ /p in order
to compare the attenuation properties of materials, where p is the mass density of the
interacting material. Figure Fig. 2.5 shows the three attenuation coefficients (normalized
by density) for different energy levels in a Cerium Bromide compound, a scintillation
detector material.

Alternatively, one often also uses the mass attenuation coefficient

Knowing the attenuation coefficients of all three types of interactions allows to determine
the number of scattered and absorbed photons in the transport of radiation through
material. Suppose that a monochromatic beam of photons with initial intensity Iy travels
through a material of thickness z. Then for a small travelled length dz, the decay dI in
beam intensity is proportional to the probability of an interaction, and hence the linear
attenuation coefficient. It therefore holds

df li
— =—u"l. 2.12
Lo (2.12)
If the attenuation coefficient is homogeneous along the whole travelled path of length z,
integrating (2.12) becomes the Beer-Lambert law for exponential attenuation of beam
intensity )

I = Iyexp(—neo'™z). (2.13)

For polychromatic beams or inhomogeneous materials, the relation can be generalized
by averaging the attenuation coefficient over the present photon energy levels and the
local particle densities and cross sections along the travelled path.
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2.3. Scintillation Coincidence Measurements

Scintillation detectors are among the most widely used instruments for detecting gamma
radiation in nuclear imaging and experimental physics. By exploiting the interactions
covered in the previous section, they are able to convert incoming high-energy photons
into visible light, which can then be transformed into an electrical signal for further
processing. We now outline the operating principle of scintillation detectors and show
how these detectors can be arranged to detect coincidence events for Compton camera
imaging.

Scintillation and Signal Generation. When a gamma photon enters a scintillation
material, such as CeBrs, Nal, or LYSO, it interacts primarily through photoelectric
absorption, Compton scattering, or, at sufficiently high energies, pair production. These
interactions deposit energy in the medium, exciting atoms or molecules. As the material
de-excites, it emits scintillation light, a cascade of lower-energy (visible or near-visible)
photons.

This light is collected by a photodetector, commonly a photomultiplier tube, which
converts the incoming photons into an electrical pulse. The process involves photoelectric
emission at the photocathode followed by electron amplification, resulting in a current
pulse whose total charge @ is, ideally, proportional to the number of scintillation photons
and thus to the original gamma photon energy.

Pulse Charge and Energy Calibration. The output of a scintillation detector is a
voltage or current pulse that rises quickly and then decays over a characteristic timescale.
By integrating the light intensity I over a whole pulse, one obtains the charge of pulse
value )

Q x / Thsht (1) dt

The total light intensity is, in turn, approximately proportional to the energy deposited
in the scintillator by the incident photon. Hence, measuring () provides a means of
estimating the photon’s energy loss AE that was deposited in the scintillation detector.

Converting () back to AF requires calibration. To determine the correspondence be-
tween measured pulse charge and gamma-ray energy, known radioactive sources with few
discrete emission lines (e.g., 137Cs at 662 keV, 2Na at 511 keV and 1274 keV) can be used.
For each calibration source, the measured pulse height spectrum exhibits peaks around
the source’s emission energies. By identifying these peaks and assigning them to their
known energies, the calibration function AE = f(Q) can be constructed. Unfortunately,
proportionality between deposited energy and pulse charge is an idealized relationship.
In reality, light output in a scintillation detector can vary quite considerably over the
gamma energy range [214]. As a remedy, an extended calibration function can be fitted,
e.g., a quadratic f(Q) = c2Q?+c1Q+co or another interpolating model. The complexity
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Figure 2.6.: Emission spectrum of a 3"Cs source measured by a CeBrs detector, which
could be used for calibrating the scintillation detector.

of the calibration is, however, severely limited by the amount of calibration peaks that
can be identified in practice (a linear model requires two characteristic emission lines, a
quadratic three, and so on). For instance, when calibrating with a standard Caesium-137
source, see Fig. 2.6, there is a single characteristic line at 662 keV, and one needs to find
at least one other characteristic energy of environmental background sources, like the
1460 keV line of Potassium-40 or the Tellurium-208 line at 2615 keV.

Several other difficulties may arise in this calibration process:

« Background and Compton continua: Scattered photons and photons from
other environmental sources contribute to a background spectrum, especially be-
low photopeaks, which may obscure weaker peaks or complicate peak fitting. In
Fig. 2.6, the background is visible as the flatter plateaus of activity around the
strong Caesium-137 and Potassium-40 peaks.

¢ Resolution effects: Due to statistical fluctuations in scintillation light production
and photodetection, the energy resolution is finite, typically described by the full
width at half maximum (FWHM) of a photopeak. This leads to broadened peaks,
visible as well in Fig. 2.6, and complicates precise peak location and identification.

e Dependence of f on environmental variables: Even accounting for nonlinear-
ity, the relationship AE = f(Q) is an idealized one, assuming constant detector and
environment properties. For Compton cameras in nuclear decommissioning, this
means that detectors have to be recalibrated, typically before every measurement.
For instance, components of scintillation detectors, like the photomultiplier tube
or the electronics, may be temperature-dependent. Since the photomultiplier tube
receives thermal energy from the light pulses, it can exhibit calibration instability
during the measurement itself. This is particularly true for longer measurements
(several minutes or hours) and larger detectors, in which case the calibration has
to account for time dependency, fitting instead a model AE = f(Q,t), where t is
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t+ At

Figure 2.7.: Left: Sketch of a true coincidence event with scattering at S in detector
Dy and subsequent absorption at A in another detector Ds. Right: Sketch
of an accidentally observed coincidence event. If there are two unrelated
energy depositions at S; and Sy in quick succession (i.e. t + At < ¢), this
triggers a coincidence measurement. These accidental coincidences present
a major source of noise in Compton camera imaging with large scintillation
detectors or high total gamma activity.

the time at which a pulse @ is recorded. Without accounting for time dependency,
the peaks in a spectrum like Fig. 2.6 will be further broadened and may become
even harder to locate and identify.

Since accurate energy measurements are the basis for reliable image reconstruction in
Compton cameras, an accurate and robust calibration process is vital in practice.

Coincidence Measurements. In Compton camera imaging, it is crucial to identify
interactions that originate from the same incident photon—so-called coincidence events.
These events occur when two or more detectors simultaneously register interactions,
such as a gamma photon undergoing Compton scattering in one detector and then being
absorbed in another.

Coincidence detection systems rely on precise timing electronics to compare signal ar-
rival times from multiple detectors. If the time difference At between signals from two
detectors lies below a coincidence threshold 9§, typically in the nanosecond range, the
event is registered as a coincidence.

Accidental coincidences, where unrelated events happen to fall within the coincidence
window, represent a significant source of noise, see Fig. 2.7. The rate of such events
increases with the activity of the source and the width § of the coincidence window.
Therefore, optimizing § and employing appropriate energy thresholds are critical for
ensuring measurement fidelity and reducing model errors in downstream imaging tasks.
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Compton Camera Design and
Likelihood Modeling

The idea to replace single, collimated detectors in clinical [206] or astronomical [194]
applications with a type of “electronic collimation” has inspired numerous works on
Compton cameras in the second half of the last century. In medical applications, the
developments led to compact cameras with detector sizes of a few centimeters and high
spatial resolution [78, 196, 198, 143, 65, 218]. The typical energies lie at the low end of
the gamma spectrum (50 keV to 2 MeV). Efforts towards in-vivo imaging of radiotracers
have been made in the past years [151, 152, 114, 81, 183, 184]. In the astronomical
applications, cameras were developed at much larger size. They typically operate at
higher energies (mostly above 1 MeV) and at lower count rates, a prominent example
is the Imaging Compton Telescope (COMPTEL) aboard the NASA’s Compton Gamma
Ray Observatory at the end of the last century [193]. The mathematical principle of
both imaging methods is identical. The third prominent application of Compton cameras
comes from nuclear research and energy facilities [126, 92, 189, 209, 124], particularly
in decommissioning scenarios following their operational lifespan or after incidents. For
the exploration of unknown radiation sources in such environments, the same principle
can be employed.

The measurement regime in nuclear decommissioning applications sits in the gap between
medical and astrophysics applications: The cameras are typically medium sized and
image sources in a couple meters distance in the low- to medium gamma-ray range.
For decommissioning activities with unclear contamination situations, the cameras are
particularly attractive since nuclide identification and localization can be carried out,
potentially even in a joint reconstruction without the need to manually identify nuclides
in the spectroscopy [222]. In the present chapter, we develop the forward model of the
Compton camera image reconstruction problem for monolithic cameras aimed at nuclear
decommissioning applications. After reviewing the standard conical Radon transform
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Figure 3.1.: On the left, the relative positions of the seven cylindrical detectors in the
camera are shown. The center detector in blue is a CeBrg crystal detector,
the six outer green detectors are PV'T plastic scintillators. The right shows
the whole camera with encasing and electronics attached at the back.

model, we develop several critical extensions for practical decommissioning scenarios:
corrections for second-order scattering in large detectors and a bidirectional model for
cameras without predetermined scatterer-absorber assignments. In Chapter 5, we also
consider polyenergetic imaging capabilities with these cameras. These extensions address
significant sources of model error that are typically neglected in the literature. For
extensive overviews of typical models and reconstruction algorithms for Compton camera
imaging, we refer to [135, 83].

3.1. Camera Design and Experimental Setup

We start by explaining the geometry of the camera that acquired the measurement data
used in this thesis.

By a “detector”, we refer to a volume of fixed position which registers photon interac-
tions with a certain energy resolution, but without spatial resolution. This distinguishes
the camera from Compton camera models with pixelated or voxelated detectors, which
provide more accurate estimates of photon interaction locations. By analyzing the light
distribution, thin plate scintillation detectors can typically achieve spatial resolution up
to a few millimeters [92]. In contrast, we use large cylindrical, monolithic detectors
of 7.6cm in both height and diameter. Not requiring spatial resolution makes detec-
tor setups cheaper. The large size further maximizes sensitivity and yields photon count
several orders of magnitude larger than thin plates, but increases the volume of potential
interaction locations by approximately three orders of magnitude.

Most of the measurements we acquire stem from a camera consisting of seven cylindrical
detectors. The setup is shown in Fig. 3.1 and is called RSL7 (Radiation Source Loca-
tor) in the following. The six outer scintillation detectors are polyvinyltoluene (PVT)
plastic scintillation detectors. These are placed on a circle of radius 12.5 cm around the
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center CeBrs detector, an established Compton camera material which has been tested
in decommissioning applications before [92].

The six outer PVT detectors have small absorption cross section and lower energy res-
olution, so coincidences between any two of these are discarded. We only process coin-
cidences between any one PVT detector and the central CeBrs detector. The detector
geometry is similar to an earlier ring shaped design in [143]. Many other Compton cam-
eras have scatterer detectors placed in front of the absorbers, requiring the camera to
roughly face contaminations for reliable reconstruction. In contrast, the present setup
has scatterers around the absorber, allowing in theory a larger 27 field of view—half a
sphere, since the front and the back of the camera produce indistinguishable data due
to the camera’s symmetry.

A second, simplistic setup, RSL2, consists of a single pair of CeBrs detectors placed
next to each other. The detectors are cylindrical, but slightly smaller with 5.1 cm di-
ameter and width. This setup has the minimum possible spatial detector resolution of
a Compton camera, as the two detectors are spatially unresolved and act as one voxel
each. This limited data space prohibits two-dimensional reconstruction. The purpose of
this minimal setup is to test the viability of a bidirectional Compton camera, as both
detectors serve as scatterer and absorber at the same time, which is typically avioded
due to the additional uncertainty in the model, see Section 3.4.

The measurements of both RSL7 and RSL2 are registered by electronics at the back of
the photomultiplier tube. The CoP value is converted to energy values in keV by manual
calibration using small calibration sources like Caesium-137. In the case of RSL7, the
calibration source is first attached to the center CeBrs detector, which is calibrated using
its absorption lines. After that, the source is attached to each of the PVT scintillators,
and the coincidence spectrum of PVT and CeBrj is used for calibration of the plastic
detectors.

3.2. Modeling the Detector Pair Response

The data acquired by the modeled cameras consists of coincidental energy depositions:
If, within short time, it registers two interactions in different detectors, it triggers a
write-out of the energy values into a list of events. Each coincidence measurement is
therefore a tuple (i4,ip, Fa, Ep), where 1 < i4,ip < K are indices of detectors in
which the respective energy values 0 < F 4, Ep < FEnax are deposited. Modeling the
forward operator consists of formulating the likelihood of each measurement tuple given
a detector setup and a spatial activity distribution.

Single scattering likelihood for fixed interaction points. The simplest type of
coincidence is triggered by a Compton scattering event in the first detector, followed by
an absorption event in the second. For such an event, assume that scattering takes place
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in the detector D;, C R? at some unknown point x, and absorption in D;, C R? at
y, also unknown'. We further assume for now monochromatic radiation by an isotropic
source at point s € R? with emission energy FEy. The source activity at position s is
given by the activity distribution f : R® — [0, 00). The task of the inverse problem will
be to recover f on a suitable submanifold @ C R3. In the more complicated scenario of
multi-nuclide imaging, f also depends on the radioisotope n € N (detaild in Chapter 5)
in a predefined nuclide library A/, in which case we recover |N| different activity maps
at once.

In the simplest case of complete absorption, the full remaining photon energy is de-
posited in D;,, implying Fp = Ey — E4. For any single photon emitted at s, several
physical factors influence the probability of such a coincidence. Neglecting some influ-
ences like refraction as well as attenuation and scattering outside of the detector, the
most important factors in the likelihood are:

e The probability that the photon is emitted in the direction of a small volume
element dx around x. Assume that dx is a cube of side length hyx around the
center point x, with the coordinate axes normal to its faces. Since hx < [|s — x|,
in a far field approximation the solid angle element subtended by the cube dx at
s, denoted Qg_,ax is h2||s — x|[1]|]s — x||3°. Hence the probability of the photon
being emitted towards dx is

K2 s — x|l
R 3.1
pr 3-1)

e The probability that the photon reaches dx without interacting with matter on
the trajectory between s and x. Assume for now that there is no other attenuating
material between the source and D 4. Then we only have to consider the probability
of interaction of the photon between the entry point to the detector and x. If
the length that the photon travels inside the detector is [; and the total linear
attenuation coefficient of the detector D;, at photon energy Ejy is pa(Ep), then
the probability that the photon reaches dx is

1 —exp(—lipa(Ep)). (3:2)

e The probability that the photon is Compton scattered in dx. Modeling dx as a
cube as before, the mean length travelled by the photon inside the cube is in the
far field approximation given by hy||s — x||2||s — x||7!. Hence the probability that
the photon is Compton scattered in dx is

Is —xll2 cs )
—hyxi———— E . 3.3
€Xp ( HS_XHIMA ( 0) ( )

'Note that the measurements neither tell us whether a measurement came from scattering or absorption,
nor the order of measurements. We make an implicit model assumption here that the chronological
event sequence was “emission at s” — “interaction in D;,” — “interaction in D;,”. One contribution
of this work is to consider the order s = D;, — D;, as well, see Section 3.4.

22



3.2. Modeling the Detector Pair Response

e The probability that the photon scatters in the direction of the absorber, i.e.,
towards the volume element dy around y, conditioned on a scatter event taking
place. For the scattering angle, denote m — Z(s,x,y) =: 6. It is related to the
photon’s energy loss E4 via (2.2). The probability can be computed as

Oxay do©S
AoCS L dQ (6)-

(3.4)

Here d€)x_.qy is the solid angle element subtended by dy at x and the differen-
tial and total cross sections for Compton scattering are defined in (2.5), (2.7).
Assuming again dy is a small cube, in a far field approximation as before we have

o _ M=yl
x—=dy = T .3 -
I — i3

e The probability that the photon reaches dy without interacting between x and
y. The detectors attenuate the photon propagation between x and y. Assuming
the photon’s trajectory has length lo in the scattering detector with total linear
attenuation u4 and length /3 in the absorption detector with attenuation up before
hitting y, this probability is given by

(1 — exp(—lapa(Eo — Ea)))(1 — exp(=lzup(Eo — Ea))). (3.5)
e The probability that the photon is absorbed in dy, which is given by

[x—yll2 pr )
exp | —hy——— Ey—F . 3.6
p( y”x_yHll’LB ( 0 A) ( )

Having formulated the random factors influencing the measurement, we can now give
the expected number of counts for a given pair of points x,y and energy F 4. Note that
the measured energy depends on the source position s via the cosine of the scattering
angle cos(f). To obtain the rate of counts with the same energy, we therefore integrate
the probabilities above over the locus of all s giving the same value cos(#). This set is a

cone surface
(x-8)"(y-x)

x=sllly — x|l

C(x,y,cos(f)) = {S = cos(@)} , (3.7)

see also Fig. 3.2. This shows that the forward model is the following conical Radon
transform of f [65]

RO f(x,y, Ba) = Ca(x, y, Ea) / £(s)C1 (s, x) dS(s). (3.8)

seC(x,y,cos(0))

Here dS(s) is a surface element on the cone C(x,y,cos(f)). Ci(s,x) is the product of the
physical factors (3.1) — (3.3) depending on the source position and Cy(x,y, E4) gathers
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Figure 3.2.: The figure shows a simplified coincidence, with Compton scattering at x
and absorption at y. The locus of possible sources s—and therefore the
integration domain of the forward model—is a cone opening with vertex
x, central axis x —y and opening angle 6 depending on the measurement
energy.

the remaining factors defined in (3.4) — (3.6) that depend on the scattering angle (resp.
the corresponding energy). The scattering angle cos(6) is related to E 4 via the Compton
formula (2.2), which can be rearranged to

1 1

0=1-me - — —
COS mC(EO_EA EO

) = \N(Ey — Ea, Eo). (3.9)
If Ey is fixed, we will write A(E4) as well. For a visualization of the integration locus,
see the cone in Fig. 3.2.

The cone transform in the literature. Since detector geometries and measurement
setups vary in applications, the forward model in Compton camera imaging is typically
a modification of the cone transform (3.8)—for instance, we will need to integrate (3.8)
again in order to account for detectors without spatial resolution. While additional mod-
eling steps complicate analytical inversion, the cone transform itself is well-understood
theoretically. One typical approach is to derive filtered backprojection formulas, the first
work in this direction being [65]. The first results were impractical, since the operator is
inverted from only a subset of the data with cone axes all aligned in parallel, and weight
functions C7,Cy are omitted in several simplifications. The results were improved in
[17], albeit only for one-dimensional activity maps f. Later on, the works [146, 136, 137,
144, 200, 116, 117, 201] discovered several further relations between (weighted) cone
transforms and Fourier and Radon transforms in order to close the gap between theoret-
ical inversion and data from real measurements. Closely related to the backprojection
approaches, in another line of works [18, 164, 207, 91] the spectral decomposition of
the cone transform was related to spherical harmonics, so that inversion can be reached
via truncated expansions. For an overview and further generalizations, we refer to [203,
202].

Analytical inversion formulas are rarely used on real data, due to issues like spatial
and energetic resolution, high noise levels and background radiation. In most works
mentioned above, simplifying assumptions were made on the detector geometry and
availability of data which are not satisfied in practice. Practical reconstructions usually
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3.2. Modeling the Detector Pair Response

discretize the forward operator P, leading to a finite dimensional linear system and
iterative solution algorithms. This is also the approach taken by the present work, as
we found analytical formulas incapable of reconstructing from real data.

Modeling the unidirectional detector count rate. In practical measurements, we
have to consider both spatial and energetic uncertainty in the detector. In this work,
we consider the extreme case of maximal spatial uncertainty, where we do not have the
interaction locations x,y given. Rather, the camera consists of detector volumes and
we only know the interactions took place somewhere in the D;,, D;, C R3 involved in a
coincidence event.

For the forward model, this implies that the probability of an event anywhere in the
detector pair is the expectation of (3.8) over all possible pairs of interaction points in
the two detector volumes:

P f iy, ip Ea) = / / RO f(x,y, E4) dy dx, (3.10)
DiA DiB

where we assume a uniform sensitivity of either detector.”

Note that the scattering angle varies for different pairs of interaction points in the detec-
tor pair, so that Pf (ia,iB,E4) is not an integral over a cone surface anymore. Rather,
the integration locus is a union of cones with the same opening angles, but varying vertex
points in D;, and varying central axes.

Due to energetic uncertainty, this model is additionally convolved with a kernel h4
describing the energy resolution of the scintillation material in detector D;,. Let us
distinguish between the measurement E4 and the actual energy deposition E4. The
expected number of counts for which D;, measures an energy value E4 is

P(l)f(iAa ’L.Ba EA) = hA('v EA) * / / Rgl)f(xa Yy, ) dy dX7 (311)
Di, JDig

where % denotes convolution in the energy dimension with a kernel h 4. Here h A(E As°)
can be interpreted as a probability density function for the measured energy given the
true energy E4 that the scattered photon loses in the detector. Equivalently, A Al EQ)
is the density function for the true energy loss when the detector measured E4. The
probability distribution described by h A(EA, -) is often assumed to be Gaussian with

standard deviation equal to a constant multiple of Eil/ 2, see [113, chap. 10. iv], so

- 1 (EA — EA)2
ha(Ea,E4q) = ——=exp <—~ , (3.12)
23 E g 2n3Ea

2In the case of known, non-uniform sensitvities, the integrals would reveive additional weights
wa(x)wp(y)-
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where 14 is a constant characteristic to the detector material. Since the convolution
with a Gaussian kernel has severe effects on the model’s ill-posedness, a good energetic
resolution is vital for reliable source reconstruction. Geometrically, the convolution in
energy means a convolution over different cone opening angles.

Before moving on, we also remark that we formulated the operators R((;l) and P such that
they depend on the energy E4. Assuming full absorption, this is of course equivalent to
parametrizing it depending on Ep = Ep— E4. Due to the energy uncertainty (3.12), the
forward model P changes depending on whether we use energy values from D;, or D;,,
since the two detectors might have different energy resolution. When reconstructing
from only the fully absorbed events of a measurement, it is therefore important to rely
on the energy values from the more accurate detector. In a setup with multiple cheaper
PVT detectors and a few better resolved scintillation detectors from a crystal like CeBrs,
we have npyT > 7ceBr; and should therefore opt for the CeBrs energy measurements.

3.3. Poisson Statistics

In photonic imaging modalities like Compton camera imaging, the measurements typi-
cally stem from charge-coupled device (CCD) cameras, which read out single measure-
ment events. The detectors of the Compton cameras we consider are instances of such
CCD cameras. By the very nature of this quantized measurement of photons, the result-
ing data ¢ is an element of a countable data space. Apart from background and read-out
errors, the quantization may present a main source of noise in many such modalities,
e.g., positron emission tomography (PET), single photon emission computed tomogra-
phy (SPECT), phase retrieval or Compton camera imaging.

For CCD cameras, the noise process can be modelled as follows, see [94]: Given an
instance of the unknown f, there is a spatial photon density function A(f) € L*(M),
where M C R? is the measurement manifold, for instance the outer product of detector
volumes®. In the context of Compton cameras, A(f) can be approximated by the cone
transform model (3.2). During a measurement, denote by zi,...,zy the interaction
locations (for instance a tuple z = (x,y) in Compton camera model) where photons
were measured in N events. Due to the mutual independence of radioactive decay and
photon interaction in M, it can be shown that the measure S = >, d,, is a Poisson
point process on M. For any detector volume © C M, the random variable S(O) is
Poisson distributed with parameter A = [g A(f)(z) dm, we write S(©) ~ Pois(\). It
has probability mass function

e M \k
k!

3For the simplicity of demonstrating of how Poisson statistics emerge in the measurement, we neglect po-
tential time and energy measurement dimensions. The model can be extended to higher-dimensional
data spaces.
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The discretization from A(f) to the forward model A(f) happens since detectors have
finite spatial resolution. M is written as the union M = U;»Izl M, where counts within
a single M; are binned together. M; are unresolved voxels or volumes within the detector
setup, and the expected number of counts in such a detector voxel is given by

/ A(f)(z)dz = A;(f),

where A; is the j-th row of the discretized model matrix A. The number of counts in
a measurement voxel or bin is precisely the measurement of the inverse problem. Since
the counts in the different voxels are independent of each other, this shows that the
probability density of observing some data g given f is given by

I o= Ai(N) A (£)9
Plike(g | f) = H e g"](f)g
5

J=1

(3.13)

This is the likelihood density of an inverse problem with Poisson data—we will use the
likelihood distribution in the Bayesian formulation of image reconstruction problems.
From now on, we also denote the independent outer product of Possion distributions in
its usual vector notation g ~ Pois(A(f)). The frequently required negative log-likelihood
can be computed to be

J
—log pike(g | f) = Z A;(f) — gjlog A;(f) + const.
7=1
= i Ai(f)—gj +gjlog ( 95 ) + const., (3.14)
= A;j(f)

j=1

where constant terms do not depend on f. The expression in the second line is fre-
quently referred to as Kullback—Leibler (KL) divergence, since it is a special case of this
divergence of two outer products of Poisson distributions with coordinate-wise means g
and A(f). We will properly define the KL divergence of probability distributions in a
later section.

A special property of the one-dimensional Poisson distribution is that it depends on
only the single parameter A. It has mean and variance A, so the signal-to-noise ratio
(SNR) of a Poisson distribution is v/A. In Fig. 3.3, we see how this affects measurement
design: In this scintillation detector measurement, we have \; = A;(f) with a linear
model A; in every energy bin j. We plot two measurements from two differently scaled
versions of A;, created by taking a long and a short measurement of the same source. It
is clearly visible that the data from a long measurement time has better SNR, than the
short measurements, where some weaker peaks in the spectrum become indistinguishable
from the inherent statistical variance of the counts.
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Figure 3.3.: A standard example of discrete-natured data: We show a spectroscopic
measurement of a radioactive Cobalt-60 source with characteristic peaks
at £Y = 1.17MeV and E5 = 1.33MeV, left is the full measurement and
right a random 0.5% of the counts. The pure data consists of single counts,
which are then binned into energy intervals on the horizontal axis. By na-
ture of radioactive decay, the count in each bin is Poisson-distributed. Since
the signal-to-noise-ratio of a Poisson distribution with mean \ grows as v/\,
longer measurements (left) with larger mean counts are less noisy then short
measurements (right).

3.4. Model Extension to Bidirectional Compton Cameras

So far, we always assumed that we can determine the chronological order of the two
registered interactions. In other words, given two interaction points, x and y, we knew
that scattering took place at x and absorption took place at y. Therefore, we knew the
scattering angle and, consequently, the integration cone. For many Compton camera
geometries, this is true in practice—at least approximately—as several design factors
influence the likelihood of one direction over the other. For example, cameras may
be collimated or shielded around one detector. As we have seen in Fig. 2.3, forward
scattering with small scattering angles 6 is much more likely than backward scattering
with 6 > 90° in certain energy regions. Thus, the orientation of a detector pair towards
the source region can strongly influence the count rates. The detector material choice
also plays a role. Certain detectors, such as polymerized scintillators like PVT, mostly
scatter gamma radiation and rarely absorb it due to their low Z-value, see (2.10). We
will call such setups, in which the coincidence direction is always certain, unidirectional
geometries.

Design and count rate considerations. Unidirectional designs, while providing di-
rectional certainty, inherently limit the total count rate by restricting scatter angles or
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Figure 3.4.: In bidirectional Compton cameras, the chronological order and type of in-
teractions are generally unknown. The forward model therefore generally
consists of a weighted sum of two conical Radon transforms, a source on
either of these cones could have caused a given measurement. In the sum,
the cones are weighted by their respective probabilities C; and Cb, so that
the directionality of the coincidence might become more or less ambiguous.

requiring specific material choices. By accepting the directional ambiguity in bidirec-
tional geometries, detectors can be placed relative to each other with more degrees of
freedom and collimation is unnecessary. This can increase the field of view and count
rates, potentially improving the signal-to-noise ratio given the Poisson statistics of the
measurements.

Modified forward model. The extension to bidirectional Compton cameras natu-
rally changes the forward model. Consider again a coincidence of events in the Compton
camera triggering some measurement output tuple (i4,ip, F4, Eg) . In the bidirectional
setup, we can (usually) not distinguish, neither from the data nor from the detector
setup, whether a given coincidence was triggered by a scattering event in D;, and an
absorption in D;, or vice versa. Since both alternatives are possible, the forward model
has to account for this additional uncertainty.

If E4 was lost in a scattering event, then the Compton angle is given by cos(8) =
A Eog—E4, Ep) as before in (3.9). Note that this is only possible if Ey4 is a valid energy loss
of a Compton scattering event. It needs to satisfy the bounds E4 < 2E3/(mec? + 2Ep),
otherwise we would have A(Ey — Ea, Ep) ¢ [—1,1], see also (2.4). The corresponding
integration surface is the cone with vertex x, axis y — x and angle 6(E4). As before, the
expected count rate for given interaction points x,y is Rgl)f(x, y, E4), defined in (3.8).
If the situation was reversed, then the interaction at y with energy deposition Ep had
to be a Compton scattering, if E'p is a valid energy out of a Compton scattering. In that
case, the angle was given by cos(f) = A(Ey — Ep, Ey) and the cone has vertex y and
opens towards the flipped axis y — x. By the way we formulated the forward model, the
corresponding expected counts are given by Rgl) f(y,x, Ep). Since we are still assuming
monochromatic gamma rays and a full absorption event, we can replace Eg = Eg — E4
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and obtain the modified, bidirectional forward model

Rl()ll)f(xv Yy, EA) = 1[O,Emax} (EA)Rgl)f(Xa Yy, EA)

+ 10 g (Bo — EA)RY f(y.x, By — Ea), (3.15)
where Fp.x = #ﬁi% is the largest possible energy loss in a Compton scattering
event with initial photon energy Ej, corresponding to full backscattering with = 180°.
We will henceforth call Rl(ali) a biconical Radon transform. Note that the sum of the
two unidirectional cone transforms is weighted. Due to the energy-dependent likelihood
terms and indicator weights in 72((;1) , some scattering energies are more likely than others
(see Fig. 2.3), and some are impossible. Depending on the geometry and energy of
a measurement tuple, it can be very ambiguous, or have one unlikely and one likely
direction.

The considerations of positional and energy resolution are unchanged by the bidirec-
tional model. The possible pairs of interaction points cover a whole detector pair in our
case of no spatial resolution, implying an integral over the outer product of the volumes
D;,,D;,. Regarding energy uncertainty, it is still advisable to use the energy mea-
surement E from the detector with better energy resolution, i.e., the one with smaller
constant 7 in the model (3.12). Assuming we pick Ey4, the expected count rate under
this model is given by

PO fin,ip, Ea) = ha( Ea) # / / RO f(x,y, ) dy dx. (3.16)
DiA DiB

The bidirectional model is a natural generalization of the formulations for unidirec-
tional cameras with certain event sequence. To our knowledge, the bidirectional model
presented here is novel. Standard approaches attempt “event sequence reconstruction”
before source reconstruction, typically choosing the most likely direction or discarding
ambiguous events [125]. Our model Péil) naturally accounts for both directional prob-
abilities in the forward model itself, which from an information-theoretic perspective
should reduce model error compared to pre-selection approaches by utilizing all avail-
able information.

3.5. Higher-Order Scatter Correction

A challenge in Compton camera image reconstruction for nuclear decommissioning ap-
plications is the significant level of noise in the measured data. Some of this noise is
inherently unavoidable, for instance, coincidences that are caused by background radia-
tion*. Even apart from the background, several types of events caused by the source’s

4Where “background” here not only refers to the natural background, but also to other radioisotopes
in the power plant that are not reconstructed.
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Figure 3.5.: Sketch of a multiply scattered coincidence event.

gamma photons are not covered by the forward model (3.11), but may trigger coincidence
measurements.

To understand these events, we go back to the formulation of the forward model, specifi-
cally the attenuation factors (3.5) between the scattering and the absorption point in the
idealized coincidence model. The first attenuation factor quantifies the number of pho-
tons that interacts again in the same detector after the first scattering event. Nothing
prevents photons from scattering a second time, and due to the factor ls this becomes
more likely with increasing detector size. The double-scattered photon may still exit the
first detector and cause a coincidence by interacting in another detector, see the sketch
in Fig. 3.5. The same principle holds for interactions in the second detector. If the first
interaction in the second detector is not an absorption, but a second scattering, then
the resulting photon may interact again, which is also not reflected by (3.11). Unfortu-
nately for the model, the spatial and time resolution of detectors may not be sufficient
to distinguish two scattering events in a single detector voxel. If this is the case, the
output F4 in Fig. 3.5 can be expected to be approximately

Eqs=AFE1 4+ AFEs, (317)

where AFE; is the energy deposited in the scattering at x;. Coincidences of this kind
induce model errors, since the energy E4 now does not correspond to a correct cone
opening angle to locate s.

The relative frequency of multiply scattered events among all recorded coincidences
depends on multiple factors. With increasing size of the detectors, multiple interactions
become more likely. Since the attenuation due to Compton scattering is the product of
electron density and total cross section (see 2.7), it also depends on the detector material
and the photon energy Fy. For a fixed camera design, a digital twin of the detector setup
and source points can be created in a Monte Carlo simulation toolbox like GEANT4 [1,
4, 5] or FLUKA [79, 31] in order to simulate measurement data. Simulated data allows
to track each photon interaction separately, so the multiplicity of interactions within a
detector can be examined, see Fig. 3.6. With FLUKA simulations for a camera setup like
RSL7, we see that multiple scattering is—in both detectors—more common than single
scattering.

The forward model (3.11) ignores modeling the data contribution of multiple scattered
photons. We develop a higher-order scatter correction [42] that extends the standard
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Figure 3.6.: We show coincidence data of a single detector pair in RSL7 from a simulated
137Cs source with perfect energy resolution and no background, figure from
[42]. Left: coincidences grouped by number of scattering events in the first
detector. Middle: coincidences grouped by number of interactions in both
detectors. Right: Energy deposited in the second detector by fully absorbed
photons, showing the model error. For single scattering events, the minimum
possible absorbed energy would physically be at least 184 keV corresponding
to a scattering angle of 180°, indicated by the red line. The fact that there
are many counts around and below the red line indicates a mismatch due to
multiple scattering.

single-scatter model to account for double Compton scattering events in the first detec-
tor. Twice scattered events allow the same considerations to describe the likelihood of
a measurement as the ones in (3.1) — (3.6) for the single scattering model. The nec-
essary changes are additional terms to describe the probability of scattering a second
time, and keeping track of the relation between the three energy depositions. Suppose
the three interactions take place at x;,x9 and y as in Fig. 3.5. The scattering angles
are 61 and 6» and the photon between scattering events has energy F1 = Ey — AFj,
after the second scattering Fy = E1 — AFE5. The energy registered in the scatterer
D;, is Eqx = AE; + AFE>. We then assume complete absorption at y € D;,, so that
Ep = Es = Ey — E4. Since the first measured energy F4 is the sum of both energy
depositions during the scattering events, we do not have access to the intermediate en-
ergy E; or the individual angles 61, 603. Applying the Compton formula (3.9) twice and
summing up gives the relation

cos B + cos Oy = MN(E1, E) + AN(E2, B1) = 2 — mec? (1 - 1) (3.18)

Ey  Ey
between the two scattering angles and the measured energies, meaning we have access to
the value cosf; + cosfy. Geometrically, the energies and interaction positions are now
related via two cones. We have s € C(x1, x2, A(E1, Fy)) with the intermediate energy F1,
and x1 € C(x2,¥,A(E2, F1)). The expected count rate at absorption energy Fp = Eo,
for which the last two interaction positions were xs,y is therefore a double integral over
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both cone surfaces and all possible intermediate energies E; € (E2, Ep):

0

E
R f(x2,y, Ea) = Ca(x2,y, Ea) /E C1(x1,x2, E1)-
0

—FE4 n/C(XQ,y,)\(EU_EA,El))
Cl (S, Xl)f(S) dS(S) dS(Xl) dE1
(3.19)

/C(x1 ,%x2,A(E1,Ep))

The new factor C'; models the differential cross section of the first scattering event, atten-
uation in D;, between x; and x2 and the probability to scatter again at x2, formulated
in a similar way as the factors (3.4), (3.5) and (3.3).

In order to formulate the likelihood of measurement tuples (ia,ip, Ea, EB), the last
steps are now the same as in Section 3.2. We integrate the sum of first and second
order over the spatial and the energy uncertainty. The spatial uncertainty covers, in our
unresolved case, all points (x2,y) € D;, x D;,. This leads to the integral

/ / R f(x,y, Ea)dy dx. (3.20)
D;, JDip

Assuming for simplicity the same energy uncertainty model (3.12) for single and double
depositions, the model correction for double scattering with uncertain energy measure-
ments is

POf(iin Ba) = hat-Ea)s [ [ RO pecyyayax. (321
D;, JDiy

Alternatively, we can again use the measured energy Epg if the detector energy resolution
suggests that this is the more accurate value, replacing h4 by hp.

Note that we can generalize the double scattering correction to the bidirectional case as
well. To the terms in (3.15), we simply add the double scattering model in both possible
event directions. The only detail that changes for the correction term is the maximum
energy Fnax deposited in the first detector, as this is now the energy loss corresponding
to two consecutive 180° backscattering events.

To obtain the corrected model, by linearity of integration and convolution, we can com-
pute P and P separately and obtain the corrected forward model P1) + P2 for
multiply scattered data. The correction significantly reduces the model mismatch be-
tween realistic data and the forward model. To show that, we reconsider the example
from Fig. 3.6, i.e., a single Caesium-137 point source in a simulated PVT-CeBrs detector
pair with perfect energy resolution. In Fig. 3.7, we show an overlay of the simulated
spectrum, and the predicted spectra of the analytical forward models with first order
PW)f(ig,ip,-), and second order corrected PP f(i4,ip, ).

As a final comment on scatter corrected models before moving on, we point out that
PO 4P improves over P only in the number of scattering events in the first detector.
As the middle pane of Fig. 3.6 shows, multiple depositions can of course also happen
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Figure 3.7.: Figure from [42]. For the simulated Caesium-137 point source from Fig. 3.6,
we compare the modeled detector response of the single-scattering model
PO f (left) with the double-scattering model (P + P))f (right). Since
the largest amount of photons scatters either once or twice in the PVT
scatter detector, the double scattering model shows good agreement with
the simulated spectrum of energy measurements in the CeBrs detector.

in the second detector. However, we expect the resulting model error to be smaller
overall. Assume a photon scatters in D;,, depositing E4, and then interacts multiple
times in D;,, the last event being an absorption. Then the overall deposited energy will
be Ep = Ey — E4, independent of the number of interactions in D;,. The estimated
scattering angle is not affected, and the source still lies on a cone surface with opening
angle O(E4) and vertex at x. The cone axis x — y receives a slight model error, since a
corrected model would need to account for the skewed probability distribution in points
y being the first interaction point of multiple interactions in D;,,. This error is assumed
to be small and seems to have a minor effect in comparisons with practical simulation
studies.

3.6. Model Errors

Apart from bidirectionality and multiple scattering events, there are multiple persisting
error sources that degrade the measurements in Compton camera imaging.

Coincidences of more than two detectors The idea that coincidences are triggered
whenever two detectors register energy depositions within short time can be generalized
to more than two detectors. Depending on the detector geometry and photon energy,
these interactions can be fairly common. Factors that promote coincidences with three
or more interactions in different detectors are a high photon energy and small detectors
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with large Compton scattering attenuation compared to photoelectric absorption. In
higher energy regions 2-20 MeV, these interactions have been explicitly considered in
the reconstruction in order to increase event rates [170, 154]. A detailed formulation
of the modified analytical model for triplet interactions can be found in [181]. A nice
property of triplet interactions is the fact that unknown source energies can, in theory, be
reconstructed exactly from three interactions, as three interaction points and the first two
scatter energy depositions uniquely determine Fy via the Compton formula. In practice,
this ability is limited by resolution of positions and energy. The main shortcoming
of triplet interactions is the bidirectionality problem. Instead of two possible event
sequences, there are six possible paths, complexifying the forward model considerably.
In [125], the authors aim to track the sequence of such interactions by extracting the
most likely of the six paths from the photon path probabilities in the forward model. In
simulation studies for the RSL7 camera, we found that triplet interactions make up a
negligible amount below 0.5% of total events, so the electronics of the camera were set
up to discard such events.

Doppler Broadening Another main source of errors that we have not mentioned
in the modeling is Doppler broadening. Strictly speaking, the Compton formula gives
the energy of the photon after the interaction. By energy conservation, the electron
receives the difference AFE as kinetic energy. The model that a camera then measures
AFE, however, is based on the assumption that the electron had no momentum before the
interaction, which is not true in practice. Modeling the additional uncertainty generally
broadens the peak of observed energies further by convolving with another nonlinear
kernel in the energy. The relevance of this additional modeling step has been described
in different ways in the literature. While [80] states that “modeling [Doppler broadening]
can play a decisive role”; [53] concludes that “neither Doppler broadening nor polariza-
tion had any significant effect on the sensitivity of the camera”. A simple approximate
modeling choice can be to increase the energy resolution constant n [91].

Wrongly Triggered Coincidences In studies with the measurement system de-
scribed in Section 3.1, a major source of errors are wrongly triggered coincidences, see
Fig. 2.7. These measurements are especially prominent in high-activity environments, a
common situation in power plants. When there is large background radiation, typically
a stream of low-energy (10-80keV) depositions is recorded in plastic scintillators, orders
of magnitude more frequent than the total coincidence rate. For RSL7 measurements, a
common type of measurement then consists of a complete or near-complete absorption
in a CeBrs detector and some time-coincidental but unrelated low-energy interaction
in a second detector. Due to energy uncertainty, the measurement is indistinguishable
from a true coincidence with complete absorption after a small-angle scattering event.
These wrongly triggered coincidences significantly reduce the signal-to-noise ratio. Re-
liable reconstruction was only possible after discarding all events from certain regions
of the measurement space. For instance, for Caesium-137, discarding scatter detector
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depositions lower than 50keV reduces the de-facto field of view of the camera to a cone
with 69.5° half opening angle around the camera’s symmetry axis. This represents a
fundamental limitation of the current hardware that future detector designs with better
spatial or temporal resolution could mitigate.

3.7. Summary of Forward Models

In this chapter, we developed several forward models for the monochromatic Compton
camera imaging problem. We saw that photons’ interaction paths in the camera can
be assumed mostly independent and their measurement probability proportional to the
emission activity, leading to linear forward models. For the setups considered in this
work, the data models are of the form

= / k(z,s)f(s)ds. (3.22)
Q

Here, g(z) is the expected number of photopeak counts in the data bin z = (ia,ip, E4)
gathering spatial bins i 4, ip for both detectors and an energy measurement bin £ 4. The
integration domain 2 C R is the area of emission activity. For the kernel k, we proposed
three different choices, varying in model complexity and based on requirements of the
camera setup.

Unidirectional single scattering model. The simplest model is the single scattering
model P given in (3.11). It accounts for photopeak counts of photons that are scattered
once in a detector D;, with energy deposition E4 and then absorbed in another detector
D;,. Correcting for the spatial uncertainty in unresolved detectors and an energy noise
model (3.12), the integration kernel is given by

KW (ia,ip, Ba,s) = ha(, Ea) x k" (ia, i, ,s)

];;(1)(Z.A7iBaEA7 / / C S X yaEA)(S( (37X7Y) - /\(EA)) dy dx,
with constants (3.1) — (3.6) gathered in C(s,x,y, E4) = Ca(x,y, E4)C1(s,x). We fur-
ther denoted

(x—s)"(y —x)
Ix = slllly — x|

o(s,x,y) =

for the cosine of the angle spanned by the interaction points and )\(E '4) for the scattering
angle implied by the deposited energy via Compton’s formula, see (3.9).

Bidirectional model. The second model we presented addresses camera setups with
multiple absorption detectors, in which we cannot tell the nature of interactions from a
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measurement tuple (i4,ip, E4). The single scattering, bidirectional kernel is

k](g?(iAviBa Ej,s) =ha(-,Ex) * kl(n)(ZA,Z& ,8)
B Giavin, Eass) = [ [ (Culs.xy, BEa)é(o(s.x.y) = M(E))
+ Cbi(s7 Y, X, EO - EA)é(O-(S’ y, X) - )‘(EO - EA))) dy dx.

We account for the fact that only certain energy ranges are valid Compton scattering an-
2E?2

gles by setting Chi(s,x,y, F4) = 1[07Emax](EA)C’(s,x,y, E4), where Epay = T 9E,

Double scattering corrected model. The final proposed model extension accounts
for double scattering in the scatter detector, a prominent effect for monolithic detectors
and moderate gamma ray energies. The measurement is again a tuple z = (ig,ip, F4),
where E 4 is the total energy loss of two subsequent scattering events in the same detector
D;,. Due to mutual independence of events, the correction is additive, meaning the
corrected, unidirectional model is defined by the kernel

L2 — () 4 12
where the model correction k(2 is

K (ia,ip, Ea,s) = ha(, Ea) x k®(ia,ip,-,s)

k(2)(iA7tiEAJ /// 0(2) S X17X27Y7E17EA)5(U(S7X17X2) - )\(ElvEO))
-0(o(x1,%2,y) — N(Eo — Ea, Eo)) d(y, x2,%1, E1),

with A as in (3.9) and the weight
C@(s,x1,%2,y, B1, Ea) = Co(x2,y, E4)C1(x1, %2, E1)C1 (s, %1),

see (3.20). The integration domain D = [Ey — EA,EO] x D;, x D;, x D;, covers all
intermediate energies Fq and interaction locations x1,x9 and y.

In a similar way to the above, it is straightforward to formulate a scatter-corrected
kernel kg) + k](j) for bidirectional cameras, which we omit here. The forward models
developed in this chapter—particularly the bidirectional formulation and higher-order
scatter corrections—address significant limitations of standard Compton camera mod-
els for decommissioning applications. These extensions are validated experimentally in
Chapter 5, where we demonstrate improved reconstruction quality compared to first-
order unidirectional models.
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Bayesian Modeling and
Computation

In this chapter, we cover the preliminaries on Bayesian inference and collect necessary
tools for its application to imaging inverse problems. In older literature on inverse
problems, the reconstruction task was usually approached with a strong focus on the
true solution. Within this framework, a successful method would be an efficient and
stable algorithm that retrieves this deterministic ground truth or a close approximation
to it. The Bayesian viewpoint reframes this concept of a solution by treating only the
observed data as a fixed instantiation and all unknown quantities in the problem as
random variables. The measurement errors are not subsumed into an unknown noise
term, but rather combined with the forward model to form a conditional likelihood
distribution with density pjke(y |2) for the measured data y. The unknown quantity
x that we wish to recover has a marginal distribution with density pprior (), which is
available before the measurement and thus referred to as the prior distribution. Upon
making a measurement y, the distribution of the unknown x changes by conditioning on
y. The resulting measure ppos; is called the posterior distribution. We assume from now
on that our problem is finite dimensional, meaning € R?, y € R™ for some d,m > 1
and all involved densities exist and are understood with respect to the Lebesgue measure.
Then, by Bayes’ law, the posterior density' is given by

poos () = P2 12) Poin (2), (a.)

where pey is the marginal density of the data y. Upon fixing a measurement y, the
marginal probability pey (y) in the denominator is a constant and hence often abbreviated

!Note that we will, in common abuse of notation, use the same symbol for a probability measure and
its density with respect to the Lebesgue measure, whenever the latter exists. Within the present
chapter, we will stick to the letter p.
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as Z = pev (y) in the following. Since ppost is a probability density, Z is given by

Z = [ pisey 1) pprior (3) di. (4.2)

In many applications, particularly in imaging, the integral in (4.2) is high-dimensional
and hence intractable. This becomes important when designing inference or sampling
algorithms for ppest: For given x, we typically do not have access to density values
Ppost (x| y) but rather only a constant multiple.

By definition, the posterior ppest is the solution of the Bayesian inverse problem and
gathers all our information about the unknown z. For practical downstream tasks,
one can then use the posterior to extract this information. A standard task in inverse
problems is for example to compute the instance x that is most likely under ppost, leading
to the maximum a posteriori (MAP) estimate

TMAP = arg max ppost (T | y). (4.3)
X

We will frequently use that MAP computation for posteriors corresponds to variational
minimization in the following way. The negative logarithm is monotonic, so

xpap = argmin {— log plike (v | ) — 10g pprior ()} - (4.4)
X

This is a standard formulation encountered in the (variational) regularization of stan-
dard inverse problems A(z) = y + . For instance, if the negative log-likelihood is
simply a quadratic weighted by some observation noise variance o and we set V(x) =
—log pprior (), then this is equivalent to a standard regularized least squares problem

) 1
oviar = argmin { o5 [A(2) = gl + V()| (15)

We frequently re-encounter this connection later on in this work, it is commonly viewed as
the bridge between the more classical variational approach and the Bayesian perspective
on inverse problems.

We now move to the practical instantiation of Bayesian models by reviewing typical
choices for prior distributions in Section 4.1, with a focus on imaging applications. We
have already defined the likelihood for Poisson data in Chapter 3, and give context and
more examples in Section 4.2. We then review typical quantities and computational
tasks that arise in Bayesian inference in Section 4.3. We then introduce two classes of
typical algorithms that are employed for Bayesian inference with high-dimensional, log-
concave posteriors. This includes convex optimization methods for MAP estimation in
Section 4.4 and the basics of posterior sampling based on Markov chains in Section 4.5.
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4.1. Modeling Image Priors

Following the natural order of acquiring information in Bayesian inference, we start by
first reviewing typical imaging prior distributions, which encode our knowledge about
the unknown before making any measurement. Especially in imaging applications, the
understanding of how a likely image may look is often a qualitative one, so that the
translation of that information into a quantitative prior density function is a very difficult
problem on its own. In some applications, datasets of typical reconstructions from past
experiments exist. For instance, the availability of many natural images led researchers
to craft more refined distributions that closely match pixel statistics [98]. Another
example is magnetic resonance imaging (MRI), where large image datasets significantly
accelerated the development of efficient, specialized machine learning algorithms for
reconstruction and uncertainty quantification in medical contexts [112].

When no quantitative prior data is available, crafting priors often comes down to for-
mulating energy functionals that penalize unwanted or unlikely features. We will review
some of the most common approaches for that in the following.

Incorporating Hard Constraints. In many applications, the underlying physical
experiments puts strict constraints on the reconstructed unknown. For instance, X-ray
attenuation coefficients in computerized tomography (CT) and activity of a radionuclide
in emission imaging can only take positive values, so it is important to encode a hard
constraint to the positive orthant into the prior pprior () in these applications.

If the constraint is encoded by = € C, then this can be incorporated into the prior
knowledge simply by multiplying the remaining prior density p(x) with an indicator
like

Pprior (z) o< 1e(z)p(z), (4.6)

where 1¢(x) = 1 whenever x € C and 1¢(x) = 0 otherwise. Note that this requires
renormalization of the prior density, if [, p(x)dz < 1.

Gibbs Priors. Most of the typical prior distributions used for solving inverse problems
fall into the class of Gibbs distributions. These are general measures with a density

pprior () oc exp (—=BV (z)), (4.7)

where V(x) is a general potential function and 5 a constant. Due to their origin in
statistical mechanics, where V (z) is the energy of a system in state x and 8 = (kgT)~!
is the inverse product of Boltzmann constant and thermodynamical temperature, they
are sometimes also called Boltzmann distributions. In the context of prior distributions,
T controls the distribution’s entropy and the potential V' is designed such that V(z) is
small for likely instances of the unknown x, i.e., the mass of the prior concentrates in
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regions of small energy. Making a connection to variational regularization, we will see
that BV can be interpreted as a regularization or penalty functional.

By convention, hard constraints can formally be interpreted as Gibbs priors: By allowing
infinite energy V : R? — R := R U {00}, we can let V = V + x¢, where x(z) = 0 if
x € C and x(x) = oo otherwise, we arrive” at priors of the form (4.6).

One of the simplest Gibbs priors arises from choosing a quadratic V. Suppose we have
a prior estimate of the mean m and covariance matrix C of z, then one could choose

V(z) = %(m —m)'C~ Yz —m),

which corresponds (with 8 = 1) to choosing a Gaussian prior pprior = N(m, C'). Assuming
Gaussian priors is a common modeling assumption in inverse problems due to their simple
structure. In particular, for linear forward models and a Gaussian prior and independent
Gaussian noise, we can compute the posterior distribution in closed form, see [106, Thm
3.7].

Example 4.1: Gaussian Prior for Linear Inverse Problems

Suppose we want to solve the linear inverse problem y = Az + ¢, with a known
matrix A and Gaussian observation noise ¢ ~ N(mg,C:). Suppose that x is
mutually independent of ¢ and follows a Gaussian prior x ~ N(my, Cy). Then the
posterior of z is the following Gaussian:

Ppost = N(mpOStu Cpost)’
Mpost = Mg + OxAT(ACxAT + Ca)il(y — Am, — me)a
Chost = Cop — Co AT (AC, AT + C.)71AC,. (4.10)

Sparsity-Promoting Priors In signal processing and imaging applications, there is
often an emphasis on enforcing sparsity in solutions to inverse problems. The under-
lying motivation is that ill-conditioned problems can be regularized by assuming that
their solution can be approximated as a linear combination of only few elements of a
suitable pre-defined basis or dictionary. This idea is intimately connected with the field
of compressed sensing [48, 47, 72]. A well-motivated energy in the sense of Gibbs priors
to recover sparse solutions would be the ¢°-“norm”

llzllo = #{i € {1,...,d} : z; # 0},

which counts the number of non-zero entries in x. Sparsity in a basis or frame D
could be modeled by energies depending on ||D”z|o, where the rows D; of D are the

2Upon adopting the convention exp(—oc) = 0, which allows to write exp(— x.) = 1c. We will frequently
employ this convention in the context of densities in this work.
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basis elements. Note that the ¢°-norm is not a norm on R? since it is not absolutely
homogencous: [|az|lg = ||z|o # a|/z|jo for a # 1 and 0 # = € R The °-norm cannot
be used directly for prior modeling, due to the violated homogeneity, exp(—g3|| D -||o) ¢
L'(R?) is not a valid density. Even though the posterior might still have a well-defined
density, computational tasks involving the ¢’-norm are often demanding due to the
functional’s non-convexity. A common way around this problem is to relax the ¢°-norm
by the more convenient /!-norm. This is motivated by popular results from optimization
and compressed sensing, which state that under certain conditions on the forward model,
solutions of £°- and ¢'-regularized problems coincide, preserving sparsity [48, 47, 72]. The
resulting priors have densities of the form

d
ppvior () o< exp (=D allr) = exp | =83 |D] x| | . (4.11)
j=1

Note that the density above is technically only a density of a probability measure if the
columns D; span the whole R¢. If this is not the case, Pprior is called an improper prior
and may still be used—since the object of interest is the posterior, we only need that
Ppost € L'(R?) which can often still be guaranteed even for rank-deficient bases D [106,
Thm 3.10].

Group Sparsity. If we want to penalize or enforce sparsity of whole groups of pa-
rameters at once, it sometimes makes sense to consider group ¢!-norms as potentials.
Suppose that D™ 2 has some physically motivated structure that lets us regroup its co-
ordinates as DTz € R™>*™2_ If we want to impose sparsity of whole blocks of size m;,
we can consider priors of the form

m2
Pprior (IE) X exp <_/8HDTmHP,1) = €xp _/8 Z”(DT{I:)]“I? ) (412)
7=1

where ||(DTz),|, is the £P-norm of the j-th column (D7z); € R™ of DTz. The exponent
p controls the shape of the prior in the within-group subspace, a standard choice is
p=2.

Total Variation Priors for Imaging A special type of ¢! or group ¢! type priors are
those based on total variation, a popular regularization energy in imaging applications.
Assume that the unknown x € RY is (a vectorized version of) the discretization of a
function u € U = L*(Q), for some compact domain 2 C R2. The function u represents
the unknown as an image at arbitrary spatial resolution. The total variation (TV) of u
is defined by

TV(u) = sup /Q udivpdex, (4.13)

PeC (Q;RY)
llelloo <1
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where C§°(£2; RY) is the space of R%-valued smooth test functions of compact support on
Q). This functional was popularized as a regularization objective for image recovery in
the Rudin—-Osher-Fatemi (ROF) model named after the authors of [182]. For recovering
u from a noisy version f of the image, the ROF model proposed to solve the optimization
problem

arg min {;”U - fH%Q(Q) + )\TV(u)} , (4.14)

u€BV(Q)
where BV(Q) = {u € L(Q) : TV(u) < oo} is the space of bounded variation and A > 0
a regularization parameter. Minimizing the total variation promotes sparse gradients in
the image u, a prominent sought-for feature in many imaging applications which cannot
be realized with smooth regularization. Inspecting (4.14), we can use the connection
(4.4) between variational minimization and MAP estimation: It is immediately clear
that the ROF model coincides (up to discretization of the domain) with MAP estimation
for a Gibbs prior of the form exp(—ATV(u)). In computational practice, the image u
is discretized on a grid of pixel values stored in x, which requires discretizing the total
variation functional as well. For a standard gray-scale image x with pixel values x; ;
with rows 1 < ¢ < dj, columns 1 < j < do, there are two typical variants. The first is
the isotropic total variation

dy da

TVi(z) => Y \/($i+1,j =2 j)? + (Tij41 — Tij)? (4.15)
i=1j=1

and the second the anisotropic total variation

di do

TVa(x) =D D |ziv1y — @ij| + |wijr1 — zigl, (4.16)
i=1 j=1

with Neumann boundary conditions wherever indices of the finite differences are outside
the image boundary. The corresponding Gibbs priors are simply exp(—ATV;(z)) and
exp(—ATV,(x)), respectively, where the ROF regularization parameter A = ( can as
usual be interpreted as inverse temperature. Defining the basis D as a finite difference
operator, we also see that TV; leads to a special case of a group £-¢! sparsity prior (4.12),
whereas TV, gives an ¢! prior (4.11). We note here that the two variants differ mostly
in the recovery of corners and curved edges. Variational minimization of anisotropic TV
leads to sharper corners in images, while the isotropic form tends to smooth out corners,
see [41, 63] for more details.

Total Generalized Variation The idea of enforcing sparse gradients under total
variation priors can be expanded to higher-order sparsity. Like the TV functional, total
generalized variation (TGV) allows for discontinuous edges in images, but it generalizes
TV in that it also employs higher-order derivatives. Acting as a penalty also on higher
order image gradients, TGV-based MAP estimates avoid the typical staircasing effects of
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TV in smooth but non-constant regions of images [35, 36]. For the spatially continuous
formulation in terms of higher order derivatives, we refer to [35]. In a discretized setting,
the second order TGV functional is usually defined as the infimal convolution

TGVZ(z) = inf J2(z,v), (4.17)
veER2d
J2(2,v) = a1||Va — v|21 + ao||Evl|2,1-

Here 2 € R? is an image with d pixels, while v is in the corresponding space R? x R? =
R?¢ of (discretized) vertical and horizontal gradients of z. ag,a; > 0 are regularization
parameters. V = (V,,V,) : RY — R is a (forward discretized) gradient operator as
in the case of TV, and E : R?*¢ — R4 is a symmetrized (backward discretized) gradient
operator that acts as second order derivative, see [36] for more details on the discretiza-
tion and implementation. When constructing a TGV-based prior, it was proposed in
experiments in [43] to expand the state variable to # = (x,v) € R? x R?? and set

Pprior (T) o exp(—Jg(a:, v)).

Of the joint posterior in ppost(x, v | y), one is then interested in properties of the marginal
Jr2a ppost(z,v | y) dv.

Hierarchical Priors. Another popular class of priors that have been proposed to
construct refined prior models and enforce sparsity are hierarchical models. The idea
consists in adding an additional latent set of parameters 6 ~ pyyper to the model, with a
hyperprior ppyper controlling the prior. The likelihood remains unchanged, but the prior
may depend on € in that p(z,0) = pprior (T ]6) phyper (8). One then recovers the joint
posterior

plike(y ’ :IZ) pprior (x | 9) phyper (9)
x,0 = .
pPOSt( ‘ y) Dev (y)

Hierarchical priors have been proposed for sparse reconstruction in [205, 220]. Consider
for example a Gaussian prior of the form

1
Pprior (2] 0) o< exp (—QxTDBgDTx> ,

where By = diag(61,...,0y). If D is a finite difference operator, this can be interpreted
as a kind of TV prior based on ¢?-norms and with spatial variability in the tempera-
ture/regularization strength. By imposing suitable hyperpriors on 6, it was shown that
images with sparse gradients can be reconstructed using this model [45, 46, 88, 132].
Formally, the TGV approach (4.17) can also be viewed as a hierarchical prior, with a
group sparsity hyperprior on the approximate gradients v. The hierarchical approach
is computationally more demanding than direct priors without hyperparameters, since
one has to solve for the unknown x and the hyperparameter 6. Special properties like
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conjugacy of the hyperprior can help alleviate some of the additional costs [86, chap.
2.

4.2. Likelihood Modeling

When formulating the forward model for Compton camera imaging in the last chap-
ter, we already discussed the Poisson statistics of CCD camera measurements as well
as further error or noise sources in the data. The Poisson model defined the likelihood
density for the measured data, which can be used for Bayesian inference. In this sec-
tion, we cover further aspects of likelihood modeling, particularly approximations to the
Poisson model and other, typical models in imaging applications. As a simplification,
the forward operator A will be assumed deterministic and known, ignoring epistemic
uncertainty. Accordingly, we define an “ideal” or “clean” measurement y°*" = A(x)
after conditioning on an image x. Whenever we know the cause x, the formulation of
y°lea® comes down to describing the physical system which behaves according to known
laws like Maxwell’s equations. As we saw in the last chapter on Compton cameras, this
picture is often an idealized one and we will comment later on how to deal with uncertain
parameters in A.

Independent additive noise. In CCD modeling, we saw that data is typically of
discrete nature due to the quantization of events. In practice, it is often sufficient to
assume that both " and any noisy instantiation y are elements of an uncountable,
continuous space, for instance '@ y € R™. In the majority of inverse problems litera-
ture, the measured data is understood to be an additively corrupted version of the clean
data

y = yclean + ¢,

where, in the simplest case, the noise ¢ is assumed mutually independent of x and hence
also of @™ From an information-theoretic perspective, this is equivalent to saying
that the conditional entropy of y given z is completely determined by the entropy in e.
If £ has a known distribution with density ppoise (€), then the likelihood can simply be
given as

Plike (y | :E) = Pnoise (y - yclean) = Pnoise (y - A(:L')) .

Example 4.2: Independent Gaussian Noise

Assume that ¢ € R™ is additive und mutually independent of the unknown z. If
e follows a normal distribution ppeise = N(m, C'), the likelihood obeys

prely|2) o exp (=5 (v = Ala) = m)C (g - Alz) ~m)).
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Due to the simple structure of normal distributions, Gaussian noise is a particularly
appealing model and common in inverse problems [106]. This is further justified by the
central limit theorem, which shows that the sum of multiple independent noise sources
may be well approximated by a normal distribution in practice. A Gaussian noise model
is fully characterized by its first two moments.

Independent multiplicative noise. Similar to additive perturbations, another ex-
ample that directly yields a likelihood through the noise distribution is multiplicative
noise. Suppose € ~ proise and Yy are real-valued, and ¢ is mutually independent of x.
If the corrupted data is measured as

y — (1 + E)ydean c ]R,

then, due to p(e| ) = pnoise (€), the likelihood is given by

Plike(y‘x) = Ap(y|$a5) Pnoise (5) de

_ /]R(S(y — (14 2)A(2)) puoise () de

. (y_l)
pnmse A LU) .

A typical application of multiplicative noise models is speckle noise in radar or other
coherent light imaging [208]. In this case of higher dimensional data like an image with
independent, multiplicative noise in every component, the likelihood density just follows
by using the density above and taking the outer product over all components (e.g.,
pixels).

General additive noise. In the case where there is no simple dependence of y on
y°a through some noise variable e that is mutually independent of z, the likelihood
may become more involved. Write again y = y°°*" 4+ ¢ but assume that ¢ € R™ may
depend on z, i.e., there is a conditional noise density pnoise (€| ). If we have access to
this conditional density, then the likelihood is

pia(w]2) = [ p(u]2,€) proie (€] 2) d2 = puse (v = Alx) | 7).

Poisson likelihood approximations. While the Poisson likelihood (3.13) is the nat-
ural choice for photon counting applications, it can be computationally advantageous to
approximate it with simpler models in certain regimes. We briefly discuss two common
approximations and their validity conditions.

For large count values, the Poisson distribution can be well approximated by a Gaus-
sian distribution. Specifically, when \; = A;(f) > 1 for all measurement bins j, the
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approximation Pois();) ~ N(A;, Aj) becomes accurate. Under this approximation, the
likelihood takes the form

J

A ()2
Plike(y | ) ~ H v ( )eXp (—W). (4.18)

This approximation is particularly useful when count rates are high, as in long measure-
ment times or strong sources. The resulting optimization and sampling problems often
become easier to analyze due to the smoothness of the Gaussian likelihood, though one
must account for the heteroscedastic (signal-dependent) noise variance.

A related technique for stabilizing the variance is the Anscombe transform [9], which ap-

proximately normalizes Poisson data. The transform §; = 2,/y; + 3/8 converts Poisson-
distributed observations to approximately Gaussian with constant variance, allowing the
use of standard inverse problem techniques designed for homoscedastic Gaussian noise.
After reconstruction, an inverse transform can be applied if needed.

In our Compton camera experiments (Chapter 5), count rates vary significantly across
energy bins, with some bins having very low counts while others may have hundreds
of counts. Therefore, we use the full Poisson likelihood (3.13) rather than Gaussian
approximations, ensuring accurate modeling in all measurement regimes.

Additional Likelihood Parameters. For the sake of simplicity, we assume through-
out most of this work that the forward model A is deterministic. Note, however, that A
may also depend on unknown parameters v in practical applications. The likelihood can
be adapted to reflect this model uncertainty, instead of pjke(y|x), one then considers
Plike(y | z,7y). This introduces an additional prior distribution p(7y) which depends on
the available information about the forward model. The joint estimation of image x and
parameter « is a common strategy in Bayesian imaging problems, a standard exemplary
task is the estimation of unknown measurement noise levels [168, 88]. Similar ideas have
been discussed for various other application-specific unknown parameters, e.g., blur ker-
nels in blind image deconvolution [221], estimating uncertain or unknown scan angles in
CT [175, 176], magnetic resonance imaging with unknown fieldmap inhomogeneity [3],
error correction in magnetic particle imaging [34], scan position estimation in ptycho-
graphic phase retrieval [215], and speed of sound variability in photoacoustic tomography
[204]. Although we do not explicitly use such a model, we note here that such an ap-
proach could be an option to correct some of the discussed model errors in Compton
camera image reconstruction. For example, the measurement data that we consider
usually required to recalibrate the detectors before measurement. For practical and ef-
ficient measurement routines, this step needs to be automated, requiring a calibration
correction before or jointly with the reconstruction step. This could be achieved with a
proper Bayesian model for the calibration parameters. We also refer to the discussion
of modeling errors in the context of Bayesian inverse problems in [106, chap. 5.8].
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4.3. Bayesian Estimation and Inference

For a given Bayesian posterior, we typically do not work directly with the recovered
distribution or density. In practice, one is instead interested in questions about specific
properties of the posterior in order to solve downstream tasks. We already defined the
MAP estimate (4.3) as such a quantity: For imaging applications, a MAP estimate
allows a quick visual glance at a “typical” (actually, the most typical in the sense of
density) reconstruction under this posterior.

Point estimates. The MAP estimate is only one example of a point estimate, i.e., a
single instance of the unknown x with a predefined property under the posterior. The
other prevalent point estimate in Bayesian imaging inverse problems is the conditional
mean (CM) estimate

von = Ble|y] = [ 2 ppos(e]y) do. (4.19)

The CM estimate is a special case of an estimator resulting from the Bayes cost method:
Suppose that & is some point estimate and ) (xz, %) a cost function. Then the general
Bayes estimator for the cost v is the estimator

Ty = argmin By, [ (2, 2)]. (4.20)

By inspecting the optimality condition for x, it is easy to see that the CM results from
choosing a squared error cost ¢(x,%) = ||z — #||3. This justifies the term minimum
mean squared error (MMSE) which is frequently used equivalently to CM. The MAP
is related to, but technically not a real Bayes cost estimator. It arises in the limit of
certain estimators: If we set

%(x,j)_{ 0 if ||z — &[lec < &

1 otherwise,

and define x5 = xy,, then xyap = lims_oxs5. Perceptively, the conditional mean is
often similar to the MAP estimate for unimodal target distributions. Qualitative differ-
ences arise, for instance, in examples with gradient sparsity, where the CM tends to be
“smoother” than the MAP, see [139, chap. 6] for detailed discussions about the relation
of these estimators. Fig. 4.1 shows an example of a CM estimate in a simulated image
deblurring problem.

Spread estimates. Apart from point estimates, practicioners may also be interested
in higher order moments, for instance to examine variances or standard deviations.
The inherent problem of the high dimensionality of imaging applications is the difficult
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visualization. If we reconstruct a di-by-de image, then the full posterior covariance
matrix

Chont = El(x = can)(w = ae)” 9] = [ (@ = can)(@ = aca)” ppos (@[ 9)dw (4.21)

has d2d% entries and is difficult to visualize entirely. Imaging studies therefore often
report just the diagonal of Cles, i.e., the marginal variance of each pixel under the
posterior, see Fig. 4.1. Another example of spread estimate of single pixel values or
regions of pixels are credible regions. For a pixel 4, consider the posterior marginal

pfaost(xi ly) = /}RUF1 Ppost (@ | y) dxy -+ doj_1 dwiyq - - - dag.

Then, for a value 0 < o < 1, a credible set is C, C R such that x; has probability 1 — «
to fall in C,, i.e., C, has to satisfy

[ hoslaslp)dai = 1-a. (4.22)

For a single pixel, one is often interested in intervals C, = [a(a),b(c)], for example
centered around the mean of the marginal pfmst( -|y). For multiple pixels, this can easily
be generalized by integrating the corresponding marginal in all selected pixels in (4.22),
see [8, 155] for recent applications in image recovery. More generally, we may want to
estimate the probability of a certain set C' under the posterior, i.e., estimate the value
of general integrals of the form

[ pooss(ar ) da. (4.23)
C

A standard example for such a task is when we want to compute the probability of
some estimator ¢ : R — R exceeding a threshold t—say, a maximum permitted to-
tal radioactivity in Compton imaging—under the posterior. This leads to the above
formulation (4.23) with C' = ~1([t, 00)).

Model Selection Another task, related to hyperpriors or hyperparameters in likeli-
hoods is Bayesian model selection, see [177, chap. 7]. Frequently, not only the image
x is unknown, but we may also be unsure about aspects in the prior or the likelihood.
Suppose now, however, that there is not a continuous set of parameters describing this
uncertainty, but rather only a few models M;, from which we want to select one that
best fits reality based on the measurements. Making these models explicit in Bayes’ law,
we see that the posterior changes depending on the modeling assumption

_ plike(y | €, MZ) Pprior (.’L’ ‘ Mz) )
Pev (y ‘ Mz)

ppost(w ‘ Y, Mz)
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s
(a) Conditional mean (b) Pixelwise posterior variance

Figure 4.1.: Visualization of first (conditional mean) and second moment (log-variance
of the pixelwise marginal distributions) of a posterior distribution in a
simulated, TGV-regularized image deblurring problem. Images from [43],
computed with the primal-dual Langevin sampling method laid out in Sec-
tion 7.3.

Without ground truth available, a quantity that allows to compare two models M;, M;
is the Bayes factor
Pev (y | M)
B(M;, M) = ————.

' ’ Pev (y | M)
The factor B(M;, M;) can be viewed as a likelihood ratio, telling us that model M;
should be preferred if B(M;, M;) > 1 and M, should be chosen if B(M;, M;) <
1. Since evaluating the evidence values in the definition of B(M;, M;) amounts to
computing high-dimensional integrals, computing the Bayes factor is computationally
challenging in imaging applications. For computational approaches we refer to [61], and
[44] for a recent approach using nested sampling in imaging applications.

4.4. MAP Computation and Convex Optimization

Due to both the relative simplicity and the ubiquity within classical inverse problems
literature, MAP computation (4.3) and, equivalently, variational regularization (4.4) are
the de facto standard in the solution of a wide variety of imaging inverse problems [52,
25, 11]. Since many of the theoretical techniques are intimately related to the theory
developed in this thesis, we review some relevant computational and algorithmic aspects
here. Suppose therefore that we have a standard posterior with negative log-density
V(z) = —logppost(|y) = —log piike(y | ) — log pprior () and we want to solve the
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optimization problem
min V(x). 4.24
min V() (124
A central assumption in many applications is log-concavity of this posterior, i.e., con-
vexity of the optimization problem (4.24).

The log-concavity assumption is restrictive in the sense that it limits our choice of prior
model, but the resulting structure of the posterior allows to use the rich suite of con-
vex optimization algorithms in order to recover the MAP estimate. We will also see
in later sections that it is a standard assumption in the convergence analysis of the
sampling algorithms that this thesis is concerned with. Broadly speaking, the relevant
convex optimization algorithms for imaging can be distinguished into two classes: Gra-
dient methods, which can be seen as discretizations of a gradient flow, and saddle point
methods, which arise from the concept of convex duality. We now give a brief overview
of some relevant methods from either class and refer to [52] for details in the imaging
context.

Gradient methods. These algorithms are first-order optimization algorithms that
arise from discretizing the gradient flow of V, i.e., the ordinary differential equation
(ODE)

Ty = —=VV(xy), (4.25)

where #; denotes the time derivative dz;/dt and we assume for simplicity that V' is
differentiable. By standard stability theory of ODEs, the dynamics are asymptotically
stable if V' is w-strongly convex with w > 0, in which case z; converges to the unique
minimizer x* of V. Further, we can easily obtain stability and convergence rates by
assuming xy, #; both solve (4.25) with different initializations and computing

12 < - _ & >
2dt Tt — Ty, Ty — Tt
= —<VV(IL't) — VV(JNZ‘t), Tt — .'1~Z‘t>

< —wll@y — &°. (4.26)

[

The quantity in the second line is the symmetrized Bregman distance D?}'m(a:t,ijt) =
Dy (z¢, Z¢) + Dy (&4, x), where the Bregman distance Dy itself is defined by

DY? (x, o) = V() — V(20) — (po, © — o) Va,xg € RY, py € OV () (4.27)

for any general, convex V. If the subgradient pg is unique or irrelevant, we may drop
it and denote the Bregman distance simply by Dy (z,x0). For the inequality in the
third line above, we used the standard quadratic lower bound DY™ (z,%) > w||z — ||
for w-strongly convex functionals, see [20, chap. 18]. From the above inequality, an
application of Gronwall’s inequality then gives the contraction rate

e — | < [lwo — Zolle™". (4.28)
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By inserting the stationary solution %y = #, = z*, we obtain the convergence result.
The most straightforward gradient method that can be derived from (4.25) by a forward
Euler discretization is gradient descent, characterized by the update

2D = () _ gV (2™), (4.29)

where 7 > 0 is a chosen step size. Under the additional assumption of L-Lipschitz
continuity of VV and a step size restriction like 7 < L1, gradient descent converges to
2* and recovers the linear convergence behaviour of the gradient flow, i.e., ||z —2*|| =
O(e™"") for some constant .

As Section 4.1 already showed, typical sparsity-promoting log-densities V' in imaging
applications are not differentiable. When V is convex but non-differentiable, the gra-
dient flow (4.25) can be generalized to a subgradient flow @, € —9V(z;). Indeed,
in the stronlgy convex case, the computations (4.26) — (4.28) hold in the same way
since the bound on the symmetric Bregman divergence is independent of the subgra-
dient. Similar generalizations hold in the convex case. However, the convergence of
discretized gradient—or subgradient—descent with fixed step sizes 7 breaks down for
non-differentiable V' due to the non-existence and thus violated Lipschitz-continuity of
VV. This can be mitigated, e.g., by choosing a decreasing sequence of step sizes (7, )n>1,
see [29]. This is a common technique also known in momentum-based and stochastic
variants of gradient descent. As an alternative that is central to this thesis, we may
employ a backward discretization of the subgradient flow instead. The implicit update
() ¢ 20 — 7YV (2("+D) leads to proximal gradient descent

2 = proxf, (™), (4.30)

where the proximal mapping or proximal operator is defined by

1

prox7, (z) = arg min {V(a}) b — 3312} . (4.31)
F€R4 2T

Note that convergence results usually do not depend on the step size 7, but the difficulty

of solving (4.31) to evaluate the proximal mapping becomes as hard as the original

optimization problem as 7 grows large.

Since V' = —log ppost is @ sum of likelihood and prior log-densities, we can often employ
splitting methods crafted for objectives of the form V = F 4+ G. We only mention
forward-backward methods here for now and will go into more detail later. If F' is
differentiable, but G is potentially not, the forward-backward method for solving (4.24)
takes the form

"D = proxF (2™ — 7V F (™). (4.32)

We refer to [20, 161] for theoretical insights on this algorithm and [52] for applications
in imaging.
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Acceleration of gradient methods. In order to speed up the convergence of gradient
methods, there are two common techniques to modify the ODE (4.25). The first consists
in introducing second-order derivatives, solving instead

ft + ’y(t)xt = —VV(SCt),

with a damping parameter y(t). The nature of the acceleration can be understood by
interpreting x; as the physical location of a particle. Instead of solving the overdamped
transport (4.25), the particle is assigned a (time-dependent) mass, which may enable
the position to converge faster to a local minimum. The literature often speaks of
“momentum”-based algorithms due to this analogy. These momentum-based algorithms
were first introduced in [157], the ODE interpretation stems from [199]. Since they only
use first-order information just like gradient descent, these methods are particularly use-
ful in the training of neural networks. The other type of acceleration that is particularly
relevant to this work are forms of preconditioning. The idea here is to replace (4.25)
by

l"t = —P(l’t)VV($t), (433)

where P : R? — R%*? is a matrix vector field, P(x) positive definite at least in a neigh-
bourhood of z*. The multiplication by P(z) can be understood as a change of geometry
of the state space and leads to many relevant optimization procedures, like Newton’s
method, Quasi-Newton methods or the conjugate gradient method. This includes also
methods based on mirror functions [156], which have gained considerable interest in sam-
pling and optimization in machine learning recently. Given some convex mirror function
h : R4 — R, the idea is to map iterates z(™ to a different space via the mirror map Vh
and run gradient descent in this “mirrored” space. The update is given by

2D = VR (Vh(z™) — 7V V (™). (4.34)

Typically, is it assumed that h is of Legendre type, i.e. strictly convex, differentiable
on € = int(dom(h)) and gradient diverging to infinity at the domain’s boundary:
limg_y00|| VA(zg)|| = 00 for any (zg)r C Qp with zp — & € 0Qy, see [180, chap. 26]. A
basic choice satisfying these properties is h(z) = &|z[|3 with Q, = RY, which recovers
classical gradient descent as a special case of mirror descent. If the assumptions are
satisfied, then Vh* o VA = Id and thus also (V2h)~! = V2h* o Vh, where V? denotes
the Hessian matrix and (V2h)~! the inverse matrix. This shows that, up to a first
order Taylor expansion of the mirror map, mirror descent coincides with preconditioned

gradient descent

2 = VR*(VA(z™) — 7V (2(™))
~ VI (Vh(z™)) = 7V2R* (Vh(z™) YV (™)
_ :L,(n) _ TVQh(x(n))_1VV(.T(n)), (4.35)
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since the last line coincides with a forward discretization of (4.33). We refer to [213]
for further exploration of this connection between mirror descent and preconditioned
gradient descent. We will give more geometrical intuition of mirror descent and other
mirrored algorithms later. For now, we only mention that the mirror function can be
chosen to enforce specific constraints in the optimization problem. If we know, for
instance, that dom (V') C Ri, Le. 27 > 0 for all j, there are two typical choices for h:

o The first is a logarithmic barrier, also referred to as Burg’s entropy, h(x) =
—>jlog(x;), with mirror map (Vh(z)); = —a:j_l and ), = RZ. The mirror
map coincides with its inverse (Vh)~! = Vh* and the preconditioning matrix in
terms of (4.35) is diagonal with j-th entry xj_Q.

e The second one is the negative entropy® h(z) = >, zjlog(w;) — x; with mirror
map (Vh(z)); = log(x;) and 5, = R%. The inverse mirror map is given by
(Vh*(y)); = exp(y;), hence this mirror function typically leads to multiplicative
updates that naturally preserve positivity. The Hessian preconditioning is diagonal
with j-th entry x;l.

In [19], it was shown that for standard likelihood functions in imaging with positivity
constraints, these two mirror functions can lead to stable and convergent optimization
algorithms.

Saddle point methods. For non-smooth objectives of a specific splitting form, the
class of primal-dual hybrid gradient (PDHG) methods has proved efficient to solve com-
pute MAP estimates, or generally solve (4.24). Suppose the posterior has a density of
the form

ppost(x) X exp(—F(Kx) - G<x))7 (4'36)

where K : R? — R™ is a linear operator, F : R™ — R, G : R — R are both convex
and lower semi-continuous but not necessarily differentiable. We also denote the full
potential by F o K + G = V : R?* — R. Then it may help to reformulate the MAP
optimization problem to a saddle point problem like

min H(x) = min {G(:U) + mix{(Kx, y) — F*(y)}}
= min max S(z,y), (4.37)
with S(z,y) = G(z) + (Kz,y) — F*(y). Here F* denotes the convex conjugate of F

F*(y) = Sl;p{@c, y) — F(z)}.

3There are two typical definitions of the negative entropy, the other being h(z) = Zj xjlog(z;). Since

the Bregman divergence D, and the Hessian V?h are invariant to adding affine functions, this does
not matter too much.

55



Chapter 4. Bayesian Modeling and Computation

Under mild assumptions on G and F™*, one can prove existence of a saddle point (z*, y*)
(see section 19 in [20] for details) the primal part «* of which is a solution to the original
problem (4.24). Consequently, instead of minimizing H directly, one can employ primal-
dual type algorithms to solve the saddle point problem (4.37). For the context of imaging
inverse problems, we refer to [52] for an overview.

The primal-dual optimization method (primal descent and dual ascent with overrelax-
ation in the primal variable) for (4.37) takes the form

y(n+1) = Prox, p+ (y(”) + UKCEén))
2+ = prox_ (x(n) 7 KTy<n+1)) (4.38)
xén+1) _ l'(nJrl) + e(x(nJrl) o m(n))’

with given step sizes 7,0, overrelaxation parameter ¢ and an initial guess (x(o),y(o)).
By convention, it is set 95((90) = 29, For convergence theory of the scheme (4.38) and

possible accelerations we refer to [51, 52].

EM-type methods Due to its relevance for our work, we recall one other optimization
algorithm frequently used to solve (4.24) in photonic imaging inverse problems. As we
will see, the maximum likelihood expectation maximization (MLEM) algorithm and
variants of it could also be interpreted as preconditioned gradient methods, but are
usually statistically motivated due to their origin [71]. Suppose that we measure data
y € R? from y ~ Pois(Azx) for some linear forward model A, giving the likelihood
Plike in (3.14). If we simply want to compute the maximum likelihood estimate (MLE)
without imposing any regularizing prior, we solve (4.24) with V' = — log pjixe. The MLEM
algorithm can be can be derived as a special case of the expectation maximization (EM)
algorithm [71] via introducing the latent variable z;; ~ Pois(A;;jx;), giving y; = >, 2ij.
In this special case, the E-step and M-step of the EM iteration can be solved in closed
form and combined into the single update

(”) m
(n+1) _ Tj Aijyi
x; = g — (4.39)
’ aj ot Aikﬂb‘](C )

where a; = (A*1); = >/ A;;. By understanding vector division and multiplication
coordinate-wise in this context, this can be written in its common, more compact form

(n)
(1) _ T (Y )
x A*lA (Ax(”) . (4.40)

For the detailed derivation of the update, we refer to [195], in which EM was first applied
to imaging with Poisson distributed data. The more interesting perspective on MLEM
for our work is the one as a (preconditioned or mirrored) gradient method, see, e.g.
[28]. For a linear inverse problem with Poisson observations, the negative log-likelihood
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V = —log piike Was given in (3.14). Its gradient can be written as

VV(z) = A1 — A < Ax) (4.41)

Note that by introducing a step size parameter 7 = 1, (4.40) can be reformulated to

(n)
(n+1) (n)y % k1 px Y ))
=z T (A 1-A (Am(”) ,

=2 — 7(V2h(2™)) 7V V (™). (4.42)

This shows that MLEM can also be understood as an instance of preconditioned gradient
descent, or, via approximation (4.35), as a first-order approximation of mirror descent
with 7 = 1. The preconditioning is induced by the weighted negative entropy mirror

function
d

Z (xjlog(x;) — x;), (4.43)

with the gradient (Vh(z)); = a; log(xj) and Hessian

V2h(z) = diag (‘“ . “d> . (4.44)
1 Tq

This mirror function is a standard choice to enforce positivity of iterates, and indeed,
the preservation of positivity in MLEM is a main feature leading to its popularity in
photonic imaging problems, since emission cannot take negative values. Having made
this connection to gradient methods, it is easy to add regularizers to MLEM in a similar
way as we add a regularization to the likelihood in variational regularization (4.4). The
continuous-time limit 7 — 0 of (4.42) is the preconditioned gradient flow

= —(V2h(z)) " VV (), (4.45)

Now, instead of setting V' as the negative log-likelihood, we simply use the negative
log-density of the posterior V' = —log ppost in order to derive numerical schemes. Since
the inverse Hessian (V2h(z))~! is diagonal and simple to evaluate, the preconditioning
adds only little computational cost. For instance, if we impose a TV prior pprior o<
exp(—FTV(:)) on a photonic imaging problem with linear forward model, set V =
—log ppost and discretize (4.45) by a forward-backward method (with the preconditioner
evaluated explicitly), this leads to a scheme of the form

{ 2+ = 2 A*( x(n)) )

pn+1) — (n+3) %p(nﬂ)

where p(»t1) ¢ 8TV(J;("+1)). Here, the forward step is a standard EM-step and the
backward step amounts to evaluating a (weighted) proximal mapping for the TV func-
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tional. This iteration is known as EM-TV and was proposed and analyzed in [190-192].
In a similar way, we can come up with other regularized modifications of the MLEM
algorithm using any of the other Gibbs priors discussed in Section 4.1.

4.5. Posterior Sampling and Markov Chains

While MAP computation for log-concave measures can draw from the decades of research
in convex optimization, we saw in Section 4.3 that the quantities we need to compute
for practical downstream tasks go beyond MAP estimates. A common property of many
of the estimators is their representation as an integral with respect to the posterior of
the form

/ ) H (z) ppost(z | y) dz, (4.47)
R:

where H is a general functional or mapping defined on supp(ppost(-|y)) € RY. For
example, for computing CM, we need to evaluate (4.47) with H = Id. For posterior
covariance, we set H(x) = (r — zcom)(z — zom)?. In the context of extreme value
probabilities, we discussed integrals of the form (4.23), which coincide with (4.47) for
H = 1¢ with a suitable set C. This shows that many tasks in Bayesian inference (apart
from MAP computation) come down to finding an efficient quadrature or integration
method for (4.47). For the following standard discussions, see, e.g., [106, chap. 3.6].

Monte Carlo Integration. Since the integral is high-dimensional and we may not
have access to the posterior density ppost(-|y) because of its unknown normalization
constant, the standard method is Monte Carlo integration. Assuming that xq,...,zn
are samples drawn from the posterior ppost, it approximates

N
/]R H(@) ppose (x| ) dar = i{; Hiz)). (4.48)

If the samples x; are independently drawn from ppost (- | ), it is a standard result that the
approximation (4.48) converges as N — o0, in the sense that the expected error decreases
as O(N 7%) This is a rather slow convergence, which means that good approximations
of estimators require N to be large. Nevertheless, Monte Carlo integration is often used,
since it exempts from the need to compute the density’s normalization constant and is
therefore the single fastest method in inference computations.

Markov Chains. The Monte Carlo integration shifts the focus to the sample gener-
ation, as the central question is now how to efficiently generate (and potentially store)
T1,...,2xN for large N. The standard in high-dimensional problems uses Markov chains.
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By a Markov chain, we refer to a sequence (X (”))n of random variables, generated by a
transition kernel P : R? x B(R?) — [0, 1] with the property

P[[| XD € A] = P[0 | XD ¢ A] = P(X™), A). (4.49)

By definition, P(-, A) has to be measureable for any A ¢ R? and P(X,-) should be
a probability measure over R, not necessarily equipped with a Lebesgue density. The
first equality above ensures the Markov property, saying that, conditioned on a current
state X (™) the next state X (™1 ig mutually independent of any past state. The second
equality ensures time homogeneity in the sense that the distribution of any state can be
described by the transition kernel. Note that we will use the following, common notation
and definitions:

o If X" ~ 4™ for some probability measure u(™, we use the notation p("+) =
1™ P to denote the distribution change under a step along the Markov chain.

e A measure y is an invariant or stationary measure of the Markov chain if y = Ppu.

« We define the k-step transition kernel by P*)(X, A) = P[I'| X("tk) ¢ A], which
does not depend on n by (4.49).

o The chain is called irreducible with respect to u if for all A € B(R?) with u(A) > 0
and all z € R, there is some k such that P*)(z, A) > 0.

e An irreducible chain is called periodic if there is some k& > 2 and some sets
{A1,..., Ag}, A; C R? disjoint and nonempty such that P(xj, Aji1 (modk)) = 1
for all z; € A;. A chain is called aperiodic if it is not periodic.

The following result justifies the use of Markov chains when generating samples for
Monte Carlo integration, see [106, Prop. 3.11]. The resulting framework of employing
Markov chain samplers in order to estimate (4.47) is called Markov chain Monte Carlo
(MCMC).

Lemma 4.3: Convergence of MCMC

Let (X;); be an irreducible, aperiodic Markov chain with transition kernel P and
invariant measure u. Then, for all x € R and B € B(R?), it holds

lim PN (2, B) = u(B),

N—oo

and if H : RY — R is pu-integrable, it holds

1

N
J&@MN;H(X(@) = /RdH(a:),u(da:). (4.50)
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The algorithmically challenging part of MCMC is the design of a suitable Markov chain
that guarantees rapid convergence in (4.50). This design question for the special case
1= ppost (- | ¥) is the main focus of the remaining chapter.

Metropolis—Hastings Correction Our goal is to sample from a posterior ppost (- | ¥)
by simulating a Markov chain, hence one of the basic requirements as per Lemma 4.3
will be that p* = ppost(- |y) is the Markov chain’s stationary distribution. As we will
see, this is not satisfied by many of the chains that we will consider throughout this
thesis. In several of our results, we will show that the stationary distribution is “close”
to the posterior in some metric, but for some applications it is vital that the samples
follow (at least asymptotically) the correct distribution. A way to guarantee this is by
modifying the transition kernel using Metropolis—Hastings correction. Suppose we are
given a Markov chain with transition kernel of the form

P(x,A):/Bk(ac,y)dy, (4.51)

where we have access to the closed form transition density k : RY x R* — R. In order to
guarantee p* is stationary, it can be shown that the following detailed balance condition
is sufficient

e (@)k(z, y) = (Y)k(z,y). (4.52)

Whenever the so-called proposal kernel P from (4.51) does not satisfy (4.52), we can use
the corrected kernel

k(z,y) = a(z,y)k(z,y),

i k)
o) = min {1 i (2)k (2, ) -

The corrected kernel P(x, A) = [, k(x,y) dy satisfies detailed balance (4.52) and thus
has the correct stationary distribution. Algorithmically, it can be implemented by a
simple accept-reject step. The Metropolis—Hastings corrected scheme draws samples by
alternating the proposal step P and this accept-reject step. Given sample X (") at the
n-th step of the algorithm, X ("*1) is generated as follows:

1. Draw a candidate Y ~ P(X (™ .)
Compute the acceptance ratio a(X (n) Y).
Draw r ~ Unif([0, 1]) uniformly distributed between 0 and 1.

Ll

Ifr <o(X (n) Y'), accept the candidate, set X (n+1) — Y. Otherwise reject and set
X+l — x(n),

Note that a main feature of the correction factor « is its independence of any normaliza-
tion constants of u*, allowing the technique to be applied on high-dimensional Bayesian
posteriors. The main disadvantages of Metropolis—Hastings correction are typically its
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computational inefficiency and the difficult tuning of the candidate distribution. If the
proposal is designed such that acceptance ratio is too low, the algorithm will be sta-
tionary for many steps before jumping to the next sample. Conversely, an acceptance
ratio close to one often indicates that the proposal distribution itself makes inefficiently
small jumps around the state space. The optimal acceptance rate has been computed for
very simple proposals like a random walk (optimal acceptance rate ~~ 0.234, see [85]) or
an unadjusted Langevin proposal step (optimal rate ~ 0.574, see [178]), this can allow
tuning hyperparameters to make the correction as efficient as possible.
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Experiments: MAP Estimation in
Compton Camera Imaging

In this chapter, we apply the optimization routines outlined in Section 4.4 for MAP
computation to the Compton camera image reconstruction problem. This allows us to
evaluate the suitability of the developed forward models on data from simulation studies
and lab measurements. The resulting imaging problems are ill-posed and underdeter-
mined, requiring us to impose prior distributions on the solution space.

5.1. Model Matrix Computation

We formulated the forward model as a linear integral operator (3.22) between Banach
spaces. For practical implementation of the model, we describe now how to discretize
the image and data spaces and compute the corresponding forward model matrix.

Discretization of data and reconstruction spaces. When computing the recon-
struction, the source activity is discretized, meaning we approximate f by

N
f(s) = fwi(s), (5.1)
=1

where {¢;,7 = 1,..., N} are appropriately normalized basis functions, and f; the co-
efficients we aim to reconstruct. The basis functions have compact, disjoint support,
and 2 = U;jsupp(¢;) is the area in which we reconstruct the activity distribution. In
practical decommissioning applications {2 should cover the region of emission activity of
the imaged nuclides in order to avoid background effects. Within this work, we restrict
ourselves to simple surfaces for the activity distribution. Assuming two-dimensional,
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Chapter 5. Experiments: MAP Estimation in Compton Camera Imaging

rectangular areas and choosing v; as pixel basis functions allows to make use of image
priors. The corresponding measurement can be thought of as an area on the floor or
a wall in the decommissioning building, covering most simple geometries in realisitic
experiments.

Inserting (5.1) into the forward model projects the data space to the span of point spread
functions

g(z) = Z fi(Pi;)(2)
J
:;fj/ﬂzl)j(s)k:(z,s) ds

due to linearity of the forward model.

List-mode versus bin-mode reconstruction. Due to finite spatial resolution, the
space of possible data z = (i4,ip, F4) is already partly discretized, as we integrated the
count rates over detector volumes in Eq. (3.10) and only register detector indices i4,ip
instead of exact positions. With this detector binning, the data g consists of np lists of
energy measurements, where np is the number of detector pairs in the camera.

In this work, we choose a bin mode approach in which the energy F 4 is also discretized.
Since the accuracy of an energy measurement depends on the energy itself, see (3.12),
the binning is not chosen uniformly, but rather with increasing bin sizes as E4 grows.
According to model (3.12), the energy windows should be chosen of size O(v/E4). The
binning Eniw = Fg < E1 < -++ < Ep = Fypax determines the dimensionality of the
discretized inverse problem: After energy binning, the data of a monochromatic source
has npL elements. The discretized inverse problem reads

g=Pf, (5.2)

with ¢ € R"L, f € RN. The matrix P is computed by estimating the point
spread function within one detector pair and energy bin, i.e., by approximating
P, j = Py;((ia)s, (iB)i, (Ea);). Various computational methods for the forward model
are discussed below.

For completeness, let us mention that in detector setups with good spatial and energy
resolution, the data dimension npL can exceed 10° bins, yielding computation of P
prohibitive. In this case, if the measurements are a list of K events and K < npL, it
may be benefitial to reconstruct in so-called list mode. In list mode, the data space is
kept continuous and one instead estimates the values Py, j = P1;((ia)k, (iB)k, (Ea)k) for
each event k = 1,..., K. Upon proper normalization by the measurement system’s total
sensitivity, optimization algorithms like MLEM can be modified to list-mode variants,
which allow significant speed-up in the low-count case. List-mode MLEM was developed
for PET, as it is a similarly underdetermined imaging application with list data [16,

64



5.1. Model Matrix Computation

163, 50]. For Compton cameras with good spatial resolution (pairs of interaction points
with corresponding energy measurements), list-mode algorithms have successfully been
employed in reconstruction [219, 80].

Due to the limited number of pairs in decently sized systems with monolithic detectors,
the bin mode is more efficient in our case [103]. With the CeBrs detectors we employ,
the energy resolution allows separation of the spectra into roughly L ~ 50 — 100 bins
depending on the maximum energy range. In the RSL7 setup, there are np = 6 scatterer-
absorber pairs. This leads to a data space with 300 — 600 total bins. It is important to
note that this makes the imaging problem g = Pf underdetermined, as the sought-for
image resolution can be orders of magnitude higher depending on the geometry of the
measurement.

Analytic, Monte Carlo and learned methods. There are several different ways to
compute the entries of the discrete forward model F; ;. Inspecting the unidirectional, un-
corrected forward model derived in Section 3.2, it appears straightforward to estimate the
integral via standard quadrature methods. This is what we refer to as analytic models.
Building this type of forward model has been explored in [219, 145, 135]. The computa-
tionally expensive part of the pipeline is the calculation of the weights C1, Cs, since they
involve several terms like attenuation, scatter probabilities and differential cross sections
that all depend on the geometry and materials in the system. At moderate resolutions of
10* — 10° pixels or point spread functions and quadrature over approximately 10 pairs
of interaction points (x,y) in a detector pair, these are computable in a few seconds on
a standard CPU.

The main complications of the analytic approach in our experiments were the resulting
large model errors. This was the main motivation of the second order corrected model
R((;Z). Since Rg) involves an additional integration over intermediate energies E7, the
resulting quadrature becomes more costly. Considering approximately 102 intermediate
energies—equal to the numbers of interaction points in each detector—the evaluation of
the forward model becomes 102 times more costly. In experiments, we found that going
lower than 50 energy values or interaction points in turn resulted in larger discretization
errors in the forward model computation. For monochromatic sources with a single value
of Ey, the computational cost of the corrected model is still manageable by efficient
implementation using parallelization. As we will see in the next section, however, the
computational cost also grows quadratically in the number of emission lines, deeming
the correction approach impractical for applications with larger nuclide libraries.

An orthogonal approach to analytic matrix computation is the estimation via ray-tracing
Monte Carlo. For Compton cameras, this computation has been proposed in [218]. The
approach consists in building a digital twin of the camera in a Monte Carlo toolbox
like FLUKA or GEANT4, and estimating each point spread function by simulating them
one by one. The Monte Carlo computation of the model matrix is much more costly
than quadrature-based analytic approaches. However, by its nature, model errors are
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only caused by differences between digital twin and real camera, and are typically much
smaller than in analytic approaches. If the pixel space remains identical across measure-
ments, Monte Carlo weights can be precomputed once on a larger cluster and therefore
be preferred over analytic approaches. Therefore, the approach is widespread for setups
with static pixel spaces, e.g., in astronomical Compton telescopes [223] where the pixel
space remains static in the far field. In near field applications like our decommissioning
approach, the geometry changes between measurements, requiring in theory to recom-
pute the model between measurements. We refer to [145] for a comparison between
Monte Carlo simulated and analytic estimation of point spread functions in Compton
cameras.

A third, more recent approach is to deploy a hybrid pipeline using Monte Carlo simu-
lations and deep learning methods. Even in a changing measurement geometry in near
field, Monte Carlo simulations can be precomputed on a three-dimensional grid and
stored in binned format. When the measurement geometry changes, the problem of
building the forward model is a question of correctly interpolating between the point
spread functions on precomputed grid points, a problem well-suited for deep learning
methods [10]. The forward model is continuous in the point position, so operator learn-
ing techniques [115] can offer a way to learn parametrized representations of the point
spread function. The feasibility of reconstruction from simulated data using learned
forward models for the RSL7 camera was explored in [38].

Polyenergetic imaging. One further complication in the forward model is the simul-
taneous existence of multiple source energies Ey. In practice, we want to reconstruct the
activity of a given nuclide from a predefined library. An example of a monochromatic
nuclide in decommissioning is Caesium-137, see Table 2.1. However, most nuclides emit
photons at several energy levels E(l),l =1,...,L. Further, in realistic scenarios, several
nuclides are present in the imaged environment at the same time. Robust polyenergetic
imaging with Compton cameras is a challenging task which requires accurate forward
models and careful reconstruction [148].

The reason for this challenge is mainly that different source emission lines may influence
each other and can not be reconstructed separately. For a Cobalt-60 source, measured
data has two photopeaks corresponding to the prominent emission lines 1173 keV and
1332 keV. The two energies have approximately equal emission probabilities in a nucleus
decay (99.88% and 100%, see the decay scheme Fig. 2.1). The data at the smaller peak
experiences energy leakage from the higher emission line by incomplete absorption or a
third energy loss outside the detectors. This is visible in Fig. 5.1—the displayed spectrum
is the sum of scatter energy and absorber energy from all coincidence events. The peak
at the lower emission line 1170 keV receives almost twice as many counts as the higher
line around 1332keV. This large difference is not attributed to inconsistencies in the
camera’s sensitivity, but rather stems from incomplete absorptions of higher emission
line photons.
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Figure 5.1.: Visualization of the energy leakage phenomenon in measurements of nuclides
with multiple emission lines, here Cobalt-60 as an example. The histogram
shows the values AF; + AFs, i.e., the energy depositions in scatterer and
absorber detector added up for each coincidence (the shape resembles a
spectroscopic measurement with a single detector, but the underlying dis-
tribution of this sum spectrum is different). The data stems from an RSL7
lab measurement of a %°Co line source, see also the second row of Fig. 5.9.

In order to explain the leakage correction in the forward model, consider for a moment
that the counts from different emission lines were independent from each other, i.e.,
separable in the data space. Assume we are reconstructing the source activity of nuclides
(ny,...,ny), each n,, with emission lines Ej"' ... EJ"™™. Then we reconstruct M

images f = (fM, ..., fM) one for each nuclid, from g = Pf, where

Pl’l
Pl,n1

PM,l

PMny

Here each block P™ is of size npL x N, where np is the number of detector pairs, L the
number of energy bins, N the number of pixels in a reconstructed image. The number
of nonzero blocks is Z%:1 Tum, Where n,, is the number of emission peaks for nuclide n,,
and M the total number of nuclides.

The data g is assembled by extracting from all counts the fully absorbed ones at the
lines Ej" ’l, by filtering for the sum of the two deposited energies in each measured event.
In this simplified case, the images can be computed independently from each other. The
error of this approach can be seen in the assembly of the data: By extracting counts
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with E4 + Ep ~ Ej’ ! for some emission line E" ’l, we are including partial deposition
events from other nuclides with emission lines higher than Eml This leakage acts very
similar to “background” noise, but varies strongly across the energy spectrum and is
typically not well represented by a single beckground correction parameter [148]. The

corrected, polyenergetic forward model would therefore be

1,1 1,1
1 .. QM
P+Q=P+ ; ) : : (5.4)
Qi\/[,nM o Q%,HM

Here QZ” is the total leakage of the nuclide ny to the emission line Ey" ! This can be
computed as Q? Qk 1 SRR Qk R where Q;nl’.l is the leakage of the emission line

Eg 4 of n; to the emission line Ean L of nuclide n,,. The computation of the blocks in
@ is very similar to the blocks in P outlined in the modeling section. The only change
is that we do not consider probabilities of absorption in the second detector, but rather
a second scattering with the energy loss corresponding to the measured energy value.
Since leakage always occurs from higher to lower emission lines, approximately half of
the terms Qk ! have zero contribution. Still, the number of correction terms @ grows
quadratically in the number of total emission lines, significantly increasing the total
computational effort. For the total 15 emission lines of the four nuclides in Table 2.1,
we need to compute 15 blocks in P for complete absorption at the emission lines, and
15 - 14/2 = 105 leakage correction blocks in @), so the total computational effort is
approximately 120 times the cost of a monochromatic model.

5.2. Choice of Optimization Routine

Assume now we placed the Compton camera in a measurement geometry and decided
for a discretization of image domain and data space.

Likelihood formulation. Having fixed the geometry, we can compute the forward
model P. Due to Poisson statistics of radioactive decay, the negative log-likelihood is
given by

<

~log pue(g | £) = S (PF); - g7 10g((P),) + const. (5.5)
7j=1

Ideally, we have access to a background measurement or estimate b taken with the camera
in a similar environment. In that case, the background-corrected likelihood is

J
—log pre(g| £) = S(PF); +b; — g510g (PF); +b;) + const. (5.6)
7j=1
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As background radiation levels can contribute significantly to the total counts and
thereby distort measurements, a good estimate is vital for accurate reconstruction.

Maximum likelihood estimation. In a simple, non-Bayesian setting, we can try to
reconstruct the radiation map f given ¢g by minimizing (5.5) or (5.6), respectively. For
this, we employ the standard bin-mode MLEM iteration

(n)
(n—i—l) — f * g >
/ il <Pf(n)_|_b ’ (5.7)

with an initial guess f(0).

Choice of prior distribution. The imaging problem Pf = g with the camera setups
in this work is ill-posed and underdetermined. In order to incorporate more information
about the solution and regularize the reconstruction, we impose a prior pprior (f) on the
image. In realistic decommissioning situations, emission activity is distributed either
as larger spots or around cracks or holes in the walls. Contaminations are typically
several months or years old and have dispersed, especially so for secondary activations.
Due to the broad class of potential emission distributions, we select pprior to be fairly
non-restrictive, penalizing only strong variations in the emission distribution by setting
pprior (f) o< exp(—ATV(f)) with a pre-selected temperature A > 0. Given the Poisson
distributed nature of measurement data g, the Bayesian posterior has negative log-
density

—1og ppost (f | 9) = —10g pprior (f) — 10g prike(g | f) + const.
J
= ATV(f) + > (Pf); +bj — gjlog (Pf); +bj) +const.  (5.8)
j=1

Maximum-a-posteriori estimation. MAP estimation corresponds to minimizing
(5.8), a convex variational optimization problem. We employ the following damped
variant of the EM-TV algorithm given in (4.46)

ntl ORI
Joe) = £*1A (qu(")) | () (5.9)
FO) = (1 —w) ™ 4w <f(n+§) _ ):L];*l p(n+1)) ,

where p("t1) e OTV(f ("“)). The implicit second half step can be realized by solving
the weighted total variation denoising problem

£ = angmin {117~ (4D + (1= @O ATV, (310
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with a coordinate-wise weight w(™ = if(’;} to the norm. Computationally, we estimate

this inner step by running a fixed number of steps of accelerated proximal gradient de-
scent on the dual formulation of (5.10), adapted from [52, Example 4.8]. This variant of
the EM-TV algorithm relates the intermediate EM iterate with the previous TV denoised
iterate via a convex combination with the damping parameter w. It was proposed in
[192], which proved monotone descent of the objective and superior numerical behaviour
of the damped modification.

5.3. Simulation and Measurement Setup

Most of our experiments focus on the the RSL7 prototype camera shown in Fig. 3.1, or
a digital twin of the camera in simulations. The reconstruction area is a I x [ square on
a wall, with [ = 2m or [ = 4m in most of the two-dimensional results. The camera is
placed at a distance of Az in the range of 1-10m, such that the detector cylinder caps
are parallel to the wall and the camera centered relative to the square.

We reconstruct the source distributions at 64 x 64 resolution. The low resolution is
not due to computational restrictions, but rather practical requirements and the limited
angular resolution of the camera: Depending on the energy level and signal-to-noise ratio,
prototype experiments showed that a lower limit for the possible angular resolution in
simpler, one-dimensional experiments was at least 3°. If 2Az = [, meaning the image
area covers a 90° field of view, a 64 x 64 resolution implies that the best resolved pixels at
the center of the image cover 1.8°; which is already smaller than the achievable resolution
by the camera.

The expected spatial resolution matches with what we can expect in terms of data res-
olution: The energy space is discretized into L = 90 energy bins covering the interval
[Emin, FPmax] = [50keV,2000keV]. The bins are not of uniform width, but rather con-
trolled by the resolution of the camera—around energy F, the width of a bin is 2n4VE,
two standard deviations of the energy measurements under the noise model (3.12). Given
a nuclide of interest, we discard all bins above the maximum emission energy, e.g., if
we only reconstruct %°Co, all bins above 1332keV are discarded as they can only detect
background noise, leaving 72 bins. Since we are interested in coincidence events only, the
measurements carrying information about the source are usually focused on a narrow
band of bins, making the relevant scatter data concentrated on a small subset of the 90
bins. This gives an effective data dimensionality < npL = 6-90 = 540 in the monochro-
matic case. This fact shows the limitation of image resolution without accurate prior
knowledge: The image size of 642 ~ 4 - 10% pixels makes the problem underdetermined
by 1-2 orders of magnitude and is hence already an optimistic choice.

Simulated ray-tracing Monte Carlo data allows us to distinguish counts by the number
of depositions in the scatter detector, giving a decomposition of the data of the form

g=g"+g?+..
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where ¢( is the binned data from all counts that scattered exactly i times in the scat-
ter detector. When referring to “clean data”, we mean simulated measurements with
exact energy values in each count, no background radiation and no Poisson statistics'.
Contrary to that, for simulated, “noisy” data, we distort the counts in a number of
post-processing steps. First, Poisson count statistics are simulated by drawing the total
number of decay events from a Poisson distribution. To the resulting list of measured
events, energy noise is added to each count in a second step according to the noise
model (3.12). Finally, the counts are randomly mixed with a background spectrum of
equal measurement time which was measured by the real, physical RSL7 camera in a
lab environment.

5.4. Results

In this section, we present results ordered from simple to more complex experiments: We
start with a validation experiment for the single scatter model (3.8) with single scattered,
simulated data. By “simulated”, we mean synthetic measurement data generated by ray-
tracing Monte Carlo simulation.

Single scatter model. We solve the discretized problem (5.2), where P = P(1) is
the quadrature approximation of the single scatter model PU . Multiple scattering
correction is not considered in the forward model for now, and the problem is simplified
by reconstructing from the single scatter data only, meaning we solve

gV = py.

We reconstruct activity distributions of the approximately monochromatic source nuclide
Caesium-137, which means we also do not correct for energy leakage between multiple
peaks or nuclides.

Figure 5.2 shows that in the case of clean measurements, maximum likelihood estimation
for this model can reconstruct the positions of point sources from their single scatter
data. For the experiment displayed in the figure, we chose Caesium-137 sources with
activities of 1 MBq with a simulated scan time of 10 minutes at distance Az = 1m,
leading to 10* — 10° count events per source, depending on the source position. In order
to compute the reconstructions, we ran 10* iterations of MLEM (5.7).

As Fig. 5.3 shows, however, the MLE reconstructions become distinctively worse if mea-
sured energy values are distorted like real scintillation measurements due to varying light
output, Poisson statistics and background noise. The presence of multiple point sources
at once further makes distinction less reliable. In order to stabilize the reconstruction,

!By this, we mean simulating exactly an expected number of decays and taking the resulting events as
data. This does not result in the exact data due to Monte Carlo approximation errors, but disregards
the additional fluctuation in counts due to Poisson decay statistics.
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Figure 5.2.: MLE reconstructions of point sources from clean, single scattered data with
no Poisson statistics, no background and no energy measurement noise.
From left to right, we simulate a single, two and three 1 MBq Caesium-
137 point sources (positions indicated in blue) present at the same time.

we correct for background radiation” and compute a regularized MAP estimate using
10* iterations of the damped EM-TV algorithm (5.9) from [192]. The second row of
Fig. 5.3 shows that this improves source identification and location estimation. With
several sources at once and background noise present, however, the separation becomes
susceptible to errors due to the low spatial resolution of the camera.

Multiple scatter correction. The restriction to single scatter data is unrealistic
in practice. In Fig. 5.2 and Fig. 5.3, the snythetic data is filtered to contain only ¢(!),
counts scattered exactly once in the scatter detector. In real applications without spatial
resolution in the detectors, we cannot make the distinction between g(*) and ¢(,i > 2
and have to reconstruct from all registered counts with any kind of deposition in the
scatterer. As Fig. 3.6 shows, multiply scattered data can make up a majority of the
counted events. The first row of Fig. 5.4 shows reconstructions from solving

gV 4+ ¢® = pOf,
for the activity distribution f.

These subfigures show how reconstruction quality can suffer even by adding only the
second scattering effects when we use the single scattering model P(!) from (3.11). The
model mismatch leads to incorrectly located point sources, already in the simplest case

2In the synthetic data experiments, background counts are generated by adding counts of a lab back-
ground measurement. The lab measurement covered 30 minutes, so 10 minutes are simulated by
randomly sampling a third of the counts and adding them to the simulated data. In order to test
realistic background correction, we again sample from the longer measurement so that errors and
correction follow the same statistics but are not identical.
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Figure 5.3.: MLEM and EMTYV reconstructions of point sources from single scattered
data. From left to right, we simulate a single, two and three Caesium-
137 point sources (1 MBq each, positions indicated in blue) present at the
same time. The data is distorted by adding background radiation, Poisson
statistics and energy measurment noise according to (3.12). Top row: MLE
reconstructions. Bottom row: MAP estimates with a TV prior. With prior
information, the position estimation and total activity gets reconstructed
more accurately.

of a single source. Due to the large number of multiply scattered events, they present a
major difficulty in the reconstruction.

Due to this model incapacity, we developed the double scattering corrected model P() 4+
P® in in (3.21). The second row of Fig. 5.4 shows reconstructions of

gD 4 g® = (PO 4 pO)y g,

using the corrected model. For one and two point sources, the correction improves the
reconstructed source positions substantially. With more than two sources and varying
intensities, the model substantially improves over the uncorrected model, but artifacts
due to background and Poisson noise are still clearly visible.
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Figure 5.4.: EMTV reconstructions of point sources from noisy data ¢tV 4+ ¢@. From
left to right, we simulate a single, two and three Caesium-137 point sources
(1 MBq each, positions in blue) present at the same time. Top row: MAP
reconstructions using the model P from (3.11). Bottom row: MAP esti-
mates with the corrected model P() +P2) (3.21). Both rows use the same
TV prior.

Empirical evidence from Monte Carlo simulations (see Fig. 3.6) showed that most of the
registered counts undergo either single or double scattering. Higher order terms may be
rare enough to view them as noise in the reconstruction problem. We test this hypothesis
in further reconstructions in Fig. 5.5, where we reconstruct from the full data, solving

g 4¢P 4. =g = (PO 4 POy,

The reconstructions show increased artifacts compared to those of Fig. 5.4, likely due to
higher-order scattered data acting as noise. For a single or two point sources, however,
the reconstructed locations are still reliable in the present example.

The results show that for correcting second-order scattering in the data, the extended
model P + P®) is a promising correction for more accurace reconstruction. This
is particularly true for cameras with large detectors, where multiple scattering is the
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Figure 5.5.: EMTYV reconstructions of point sources’ full noisy data g = >, g, We
simulate a single, two and three Caesium-137 point sources (1 MBq each,
positions in blue) present at the same time. Top row: MAP reconstructions
using the uncorrected model P from (3.11). Bottom row: MAP estimates
from the corrected model P 4 P?) from (3.21). Both rows use the same
TV prior.

rule rather the exception compared to single scattering. The additional integral in the

(2)

second order model R¢ results in increased computational time, which is also the reason

why potential analytical models like 7?,((;3), ... for even higher-order scattering become
difficult to compute. In simple activation scenarios, however, the higher-order terms can

be viewed as an additional noise term, still allowing successful reconstruction.

Source geometries beyond point sources. The tests so far only targeted point
sources - we now give results on simulated sources with more complex distributions
of emission activity. The prevalent distribution of sources in practice spans line sources
(e.g., around cracks and seals in building components) and area sources (e.g., contamina-
tion on walls, floors, or equipment surfaces). We therefore employ the same unrestrictive,
log-concave total variation prior. Figure 5.6 shows MAP reconstructions of simulated
Caesium-137 line and area sources at different positions and orientations in the field of
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Figure 5.6.: MAP reconstructions of Caesium-137 line and area sources from noisy data
without background. Top row: Vertical, diagonal, and offset line sources.
Bottom row: Square area sources (0.4 x 0.4m) in the center of the field of
view and offset to the side, and an L-shaped area. Each source has a total
activity of 1 MBq uniformly distributed over its extent, with data acquired
over 600 seconds. All reconstructions use the scatter corrected model with
EMTYV and the same TV prior.

view. The top row demonstrates reconstruction of linear source geometries with verti-
cal, diagonal, and offset orientations. The bottom row shows area source reconstructions
including two rectangular regions of different sizes and an L-shaped area. Similar to the
reconstructions of point sources, the reconstruction truthfully recovers the position of
sources that lie central in the field of view. For lines and areas offset to the side, scat-
tering and background effects in the data skew the spectra, resulting in reconstructions
that overestimate the angle of sources from the center of the camera. The TV prior
effectively promotes the assumed uniform activity distribution.

Lab measurements. Moving from simulated measurement data to real measurements
with the camera RSL7, we employ the scatter-corrected model to reconstruct measure-
ments of Caesium-137 point sources taken in a lab setting. A 612kBq Caesium-137
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Figure 5.7.: MAP estimates of three Caesium-137 point source (0.61 MBq) lab measure-
ments. The true positions of the sources are marked in blue, they are shifted
from the camera’s central axis by 0°, 22° and 39°, respectively. Positions
in the center of the camera’s field of view can be reconstructed reliably.
Towards the boundary of the image plane, the signal-to-noise ratio reduces
and the spatial errors increase at the same angular resolution.

source was mounted in different (x,y) positions on a wall 1m from the camera. We
show three MAP reconstructions in Fig. 5.7. The measurements show that there are
discrepancies between real data and simulated data from the same point source loca-
tion. Nevertheless, the location and source activity can be reliably reconstructed if the
point source lies centrally in the field of view, with artifacts and activity error becoming
larger for angles > 30° from the camera’s symmetry axis. The remaining model mis-
match is likely due to more scattering effects with the camera’s housing and stand for
sources towards the boundary of the field of view. Additionally, the signal-to-noise ratio
is higher in the center due to the smaller distance to the camera and thus higher number
of counts. In total, 14 measurements were taken, the full set of data is evaluated and
discussed in more detail in Appendix A.

Leakage correction for a single nuclide. The next addition to the forward model
to test is the energy leakage model (5.4). In the simplest case, we reconstruct the
activity of a single nuclide with multiple emission lines, like any of the nuclides apart
from Caesium-137 in Table 2.1. For Cobalt-60, we already saw the leakage effect from
its higher emission line at 1332keV to the lower at 1173keV in Fig. 5.1. The forward
models for fully absorbed photon coincidences are P''™ and P332 (PL! and P!? in
the notation of (5.3)). Correcting this with a leakage term Qy' gives the full model
P + @ defined in (5.4). Figure 5.8 compares MAP reconstructions of simulated Cobalt-
60 point sources with and without leakage correction in the forward model. Cobalt-60 is
a rather simple polyenergetic nuclide with only two emission lines, so the effect is rather
small here and mostly confined to small artifacts on the image’s boundary, which are
successfully removed with the corrected model. The total activity also receives a slight
correction from including () into the model.
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Figure 5.8.: Reconstructions of point sources from simulated Cobalt-60 data. From left
to right, we simulated one, two and three point sources, 10 MBq each, posi-
tions in green. Top row: reconstructions without energy leakage correction.
Bottom row: reconstructions with energy leakage correction.

We use the same model to compute MAP estimates from real measurements of Cobalt-
60 sources with the RSL7 camera. In Fig. 5.9, we see reconstructions from a simplified
line source at 2m distance from the camera and small area sources at 4m distance, all
taken in a lab environment. All reconstructions truthfully recover the position of the
test source up to small shifts of 10-20 cm.

Leakage correction for polyenergetic reconstruction. Beyond single nuclides,
realistic decommissioning scenarios typically involve multiple nuclides present simulta-
neously in the environment. Results on simultaneous reconstruction at various energy
levels have been presented in [148]. In contrast, we group emission lines by nuclide, since
this reduces the image space dimension, and because the activity by nuclide is ultimately
the quantity of interest in decommissioning assuming the nuclide library is exhaustive.
We solve for f = (f1,..., fu), a list of emission images of M different nuclides. The
damped EM-TV algorithm has to be modified to correctly regularize the images, the
new regularization term is J(f) = >_,,, Am TV(fm). The scalar parameters \,, steer the
regularization nuclide-wise based on prior knowledge about individual nuclides. The TV
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Figure 5.9.: Reconstructions of different types of sources from measured Cobalt-60 data
in a lab environment. The top left source is a 1 m line source at distance
2m from the camera, created by placing 5 point sources (17.6 MBq each,
so total 88 MBq) at 25 cm distances in a straight line. The top right and
bottom row sources are small areas of contamination, created by forming a
0.3 x 0.3 m square of sources, the center shifted by 0, 0.5 and 1m from the
camera’s central axis, respectively.
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denoising step (5.10) becomes

(nt1) _ L () N )y g2 \
fr " = argmin g Sl fm = (@fm 2+ (L= @) )y +wATV(fm) 0y (5.11)

m

where fézf +32) is the m-th part of f (n+3) after the regular first half step.

To test the polyenergetic forward model from (5.4), we reconstruct from combined mea-
surement data by simulating sources and mixing the spectra together. In a first experi-
ment, we consider a Caesium-137 (662 keV) line source and a Cobalt-60 (1173 keV and
1332 keV) point source which overlap spatially. The polyenergetic model reconstructs
separate activity images for each nuclide, accounting for energy leakage from higher to
lower emission lines across the full spectrum. Figure 5.10 shows that the model suc-
cessfully separates and localizes both nuclide types from the mixed data, demonstrating
the capability to handle realistic multi-nuclide scenarios essential for practical decom-
missioning applications.

The limits of this type of reconstruction become visible in the second row of Fig. 5.10.
When emission spectra of different nuclides influence each other too strongly, the re-
construction becomes challenging. A mixture of Europium-152 and Cobalt-60 serves
as an example of this difficulty, since Europium-152 has dominant peaks around 1086
keV, 1112 keV and 1408 keV, which all lie close to the Cobalt-60 peaks at 1173 keV and
1332 keV. These neighboring emission lines interact significantly through incomplete ab-
sorption, especially in the case of poor detector calibration where the energy resolution
is insufficient to reliably separate the peaks. When multiple nuclides with overlapping
spectral features are present, the leakage correction model must account for cross-talk
between all emission lines, which can amplify uncertainties and make source separation
more difficult.

Bidirectional setups. In the course of determining a viable camera setup for nuclear
decommissioning, Caesium-137 point source data measurements were conducted using
the RSL2 camera, which consists of two 2 inch CeBrs detectors, see Fig. 5.11.

The idea behind using a bidirectional setup is to allow for more flexibility in the camera
design. The PVT scintillation detectors in RSL7 have the advantage of mostly scattering,
as their photoelectric absorption cross section is very small due to the low average atomic
number Z. At the same time, this however means their energy resolution is limited,
resulting in a higher constant 74 steering the energy uncertainty in (3.12) [113]. By using
multiple CeBrs detectors in a single camera, the energy resolution could be improved,
while potentially also increasing the total number of counts. This comes at the cost of
additional uncertainty since we cannot track the order of interactions, so we have to use
the bidirectional model Section 3.4. As described in (3.15), the forward model accounts
for coincidences in both possible interaction sequences, with the probability of each
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direction determined by the energy-dependent scattering cross sections and geometric
factors.

The bidirectional model was implemented using the same quadrature approximation
approach as the other models in this experimental section, with numerical integration
over detector volumes and convolution with the energy resolution kernel (3.12). Due
to the minimal spatial information provided by only two detectors, the prototype RSL2
camera permits only one-dimensional reconstruction of the source distribution. The
reconstruction results are therefore presented as angular profiles from —90° to 90°, rather
than the two-dimensional images shown in previous experiments.

A total of 10 Caesium-137 measurements were acquired on a semicircle around the cen-
trally positioned camera. The first measurement placed the source at the center of the
field of view, such that both scatter angles in the bidirectional model are identical. Sub-
sequently, the source was moved in —10° increments down to —90°, taking a 20 minute
measurement at each position, resulting in 10 measurements spanning the camera’s
field of view. An additional 20 minute natural background measurement without the
Caesium-137 source was taken for background correction in the EM-TV reconstruction
algorithm. The resulting sum spectrum (sum of both detector values for each measured
coincidence) of the background is shown in Fig. 5.11.

Reconstruction results for ¥7Cs point sources at —10, —40 and —90° are displayed in
Fig. 5.12, showing fitted data alongside the corresponding angular reconstructions. The
results for all 10 angles can be found in the appendix. The reconstructions can deter-
mine the angle of the incoming radiation, even when there is a major contribution of
natural background in each spectrum. The reconstructions tend to have high variance
due to the limited spatial resolution. For sources at the border of the field of view,
reconstruction becomes less accurate. The reason for this is likely shadowing between
the two detectors: The analytical forward model so far only takes into account a generic
damping factor when one detector blocks the view of a source from another detector. In
reality, the scattering and absorption scene will be much more complex due to interac-
tions between gamma rays and the camera housing and electronics. Such a correction
could be measured and integrated into the forward model or avoided entirely by using
measured or simulated forward models.

81



Chapter 5. Experiments: MAP Estimation in Compton Camera Imaging

-1 1 %104
Apee = 2.26 MBq Aree = 3.04 MBq
0.5 ) 05| & 4
- g ,
0 o} &
2
0.5 & 0.5
1
1 1
-1 0 1 -1 0 10

Experiment 1: Cs-137

Experiment 1: Co-60

-1 -1 1
Avee = 2.30 MBq Avee = 1.98 MBq Apee = 1.92 MBq
05 * 0.5 050 e
£ "

0 1 . 0 L) 0 Ty ¥
0.5 S 0.5 0.5

1 1 1

-1 0 1 -1 0 1 0

Experiment 2: Eu-152

Experiment 2: Cs-137

Experiment 2: Co-60

Figure 5.10.: Simultaneous MAP reconstructions of multiple nuclides in the same image
plane, simulated by mixing data from different nuclides and background.
Top row: A 37Cs line source (662 keV) together with a °Co point source
(1173 keV and 1332 keV). The polyenergetic forward model (5.4) success-
fully separates both nuclides, since the two nuclides are well-separated in
the data space. Bottom row: Three-nuclide reconstruction with ®?Eu (8
emission lines from 122-1408 keV), 137Cs (662 keV), and Co (1173 keV
and 1332 keV) sources. The spectral overlap between 1524 and %9Co peaks

makes accurate reconstruction very challenging.
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Figure 5.11.: A measurement setup with RSL2. Left: The simple setup with only two
detectors has a symmetry plane through the middle, so we can only recon-
struct a one-dimensional activity distribution, here indicated by the black
line. R is chosen as 2m in our experiment, while the detectors are 2 inches
in height and diameter (figure not to scale). Right: A 20 minute natural
background measurement (used as correction in the reconstruction) mea-
sured with RSL2 in a lab setting. Some natural background peaks are
visible, e.g., at 1460keV from *°K or at 609keV, 1120keV and 1760 keV
from 2'Bi.
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Figure 5.12.: Reconstructions of point sources from lab-measured data acquired with
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RSL2. From top to bottom, the ground truth positions of the source were
located at —10°, —40° and —80°, taking a 20 minute measurement each.
The left shows the data g (black solid, all measured energies in one detector
for coincidences around the 37Cs 662 keV peak), the background spectrum
(blue, dotted) and the fitted data Af™ (red, dashed). The right shows
the reconstruction f**¢ (red) and the ground truth position of the source
(vertical green).



Sampling as an Optimization
Problem

We now transition to the algorithmical problem introduced in Section 4.5: Given a
posterior or general target distribution p*, how do we efficiently draw samples from
it in order to solve inference tasks? Upon choosing a suitable state space and loss
functional, the problem of sampling from a given distribution can be reformulated as
an optimization problem. This approach has inspired important theoretical insights, in
particular to sampling algorithms based on Langevin diffusion [216, 73]. We will discuss
this connection here and outline how it helps analyzing the algorithms.

Given some target p*, the task is to draw i.i.d. samples X, Xo,... from p*. Generally,
it is difficult to generate samples from the density function of u* alone—particularly
so since the density is high-dimensional and thus only known up to its normalization
constant (4.2). Hence, sampling methods are focused on finding a way to sample from a
tractable proxy. Suppose an algorithmic approach produces X; ~ i, where ji allows for
easy sampling. Then the challenge lies in guaranteeing that [ is the target, or at least
[~ p* in a suitable metric. Constructing i can thus be formulated as the optimization
problem

fi = argmin D(p [ p1*), (6.1)
peP(RY)

where P(R?) is the set of probability measures over the state space R¢, and D(-|| u*)
is an objective functional attaining its global minimum at pu = p*. In practice, instead
of solving (6.1) over the entire space P(IR?), opting for a specific inference method may
restrict the solution to a subclass M C P(R?), e.g. a parametric family of distributions
as in variational inference [30]. An important subset of P(R?) will be the set of absolutely
continuous measures p € Poc(R?) := {u € P(R?) : u < Leb}, where Leb denotes the
Lebesgue measure on R?. With a slight abuse of notation, we will use x for the measure
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and the associated density: For Borel sets Q € B(R?), we write () and for € RY,
we denote p(z) for the (Lebesgue) density %(m) of measures j € Pae(RY).

The remaining chapter is organized as follows: In order to analyze the optimization prob-
lem (6.1), we first suitably constrain the state space and equip it with the Wasserstein
metric in Section 6.1. In Section 6.2, we discuss various choices of objective functionals,
which lead to different optimization dynamics. The kind of optimization procedures
that we are interested in in this work can be interpreted as discretizations of gradi-
ent flows in Wasserstein space, so we properly define the latter in Section 6.3. The
gradient flows manifest as parabolic partial differential equations (PDEs)—continuity
equations which are solved by the density function. For a particular choice of objec-
tive, the Kullback—Leibler divergence, we derive the concrete PDE and review typical
assumptions that lead to convergence in Section 6.4. Intimately connected to the PDE is
the particle implementation via a diffusion stochastic differential equation (SDE), which
then leads to implementable sampling algorithms. We therefore cover some basics on
diffusion SDEs in Section 6.5. We end the chapter by showing in Section 6.6 that the
Kullback—Leibler divergence objective leads to overdamped Langevin diffusion as the
corresponding SDE.

6.1. Metric Structure of the State Space

In order to provide the optimization problem (6.1) with structure, the state space has to
be equipped with a metric. A well-understood and useful choice are Wasserstein spaces,
motivated by optimal transport.

Definition 6.1: Wasserstein Space

The p-Wasserstein distance with p € [1,00) is defined by

- . - 1/p
Wyl p) = _inf (B zyerllle = 2117) (6.2)

where T'(p, 1) is the set of all couplings of u and f, i.e.,

T, i) = {7r e PRIxRY) : p= /]Rd 7(-,)dz and g = m(z,-) da:} .
(6.3)

If we define, for p € [1,00), the set of distributions with finite p-th moment by

R4

PR = {u e PR ¢ [ ol (o) } € PR, (6.4

then (P,(R%), W,) becomes a metric space, called the p-Wasserstein space. The
subset of measures with a Lebesgue density is P ac(R?) = Pp(R?) N Pac(RY).
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We are particularly interested in p = 2 due to the rich structure' of the space P, and the
connections to continuum mechanics and the diffusion equations from which our sampling
methods later arise. Further, we point out here that Wasserstein distances have their
origin in optimal transport, where they correspond to the total cost of transporting mass
between two measures. The (Kantorovich) optimal transport problem with the standard
fP-norm cost is to find the optimal transport plan (instantiated by a coupling m) that
attains the infimum in (6.2). Since fP-norms are lower semicontinuous, it is easy to show
the existence of an optimal transport plan for (6.2). We will need the following classical
result by Brenier [37], which ensures uniqueness and shows that the optimal plan has a
particularly simple structure, induced by an optimal transport map.

Theorem 6.2: Brenier’s Theorem

Let 1 € Paac(RY), i € Po(R?). Then the optimal transport plan is unique. It
is induced by an optimal transport map, denoted 7}, .z, such that the coupling
7 = (Id, Tysp)ppr € I'(p, o) attains the infimum in (6.2) as a minimum. The
map is further characterized by being the gradient 7),_,5; = V¢ of some convex
function ¢ : R — R, which is called the Kantorovich potential.

For details and applications of optimal transport we refer to the books [211, 187].

6.2. Choosing the Sampling Objective

There are various possible choices for D in (6.1) that lead to practical algorithms for
inference. A standard option (and the one we focus on most in this work) is the Kullback—
Leibler (KL) divergence (or relative entropy) of p with respect to the target u*. For any
p € P(R?) which is absolutely continuous w.r.t. u*, denoted p < p*, it is given by

Do) = [ 1og (5@ utda). (6:5)

Here i‘f* denotes the Radon-Nikodym derivative of u w.r.t. p*. If u, u* € Pue(RY), we

use the equivalent form

p(z)
w*(z)

The definition can be extended to all of P(RY) by setting Dxr, (1 || 1*) = oo when pu & p*.
The KL divergence satisfies Dgp,(p || 1*) > 0 for all 4 € P(R?) and attains its unique
global minimum zero at g = p*. Since the minimization of KL divergence leads to
diffusion equations and thus Langevin sampling algorithms, we will comment on it in

more detail below. The KL divergence is sometimes (mis-)interpreted as a distance

Dirull ) = [ tog (420 (o) d (6.6

I This will be justified when we examine the Riemannian structure of P2 in Section 6.3
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Figure 6.1.: The difference between fitting a Gaussian 1 = N(m, 02) with the forward KL
divergence Dkr,(p* || ) and the reverse KL divergence Dk, (i || 1*). Fitting
a Gaussian with the forward KL reduces to computing maximum likelihood
estimates for (m, o) under the target p* and results in a distribution with
mode-covering, large variance. The reverse KL divergence tends to concen-
trate its mass in one of the modes of the multi-modal target p* (here chosen
as a Gaussian mixture with two modes). While the difference between the
estimates in this case is dramatic, the imaging posteriors modeled in this
work are usually log-concave, making the two versions more similar.

between p and p*, despite not being a metric since it satisfies neither symmetry nor
the triangle inequality. Indeed, one can also minimize Dy, (u* || p) instead, leading
to different algorithms. In variational inference, when p* is potentially complex and
is approximated by some simple uni-modal u (e.g. a Gaussian), the two variants are
referred to as mode-seeking (for Dk, (i || p*), also called reverse KL) and mode-covering
(for Dy, (1" || i), also forward KL) fitting [30], see Fig. 6.1.

There are further options for choosing D in (6.1). For instance, it was shown in [59] that
Stein variational gradient descent, a sampling method due to [134], can be interpreted
as a gradient flow of the chi-squared divergence in 2-Wasserstein space. The chi-squared
divergence is defined by

Dol = [, (@) =1) da) = Van, | ). (6.7)
if 4 < p* and Dy2(u || u*) = oo otherwise. Note that the second equality followed from
B[] = 1.

The chi-squared divergence, KL divergence (both forward and reverse) and multiple other
relevant functionals of distributions are all instances of f-divergences, defined by

Dyl = [ 1 (j:) i (da). (6.8)
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If f is convex and satisfies f(1) = 0, Jensen’s inequality implies that Dy(u || p*) > 0.
When it comes to devising a sampling algorithm for high-dimensional Bayesian posteri-
ors, the KL divergence (6.6) has a favourable property among this class, as was shown
in [54].

Theorem 6.3: KL divergence for scaled targets

Assume f : (0,00) — R is continuously differentiable with f(1) = 0. The KL
divergence, corresponding to the choice f(x) = xlogz, is the only f-divergence for
which the quantity Dy (s || *) —Ds(pe || cp*) is independent of p for any ¢ € (0, 00)
and any u* € P(RY).

This directly implies that the first variation (in p) of the KL divergence is independent
of constant scalings of p*. This property makes the KL divergence a logical choice when
constructing first-order algorithms for sampling from p* with unknown normalization
constant Z as in (4.2).

6.3. Wasserstein Gradient Flows

In order to understand how sampling connects to problems of the form (6.1), we have
to refer to several connected works from PDE and optimal transport research.

The main insight is due to Jordan, Kinderlehrer and Otto in the late twentieth century
[104]. The authors were interested in analyzing the Fokker—Planck equation, i.e. the
mean-field limit of certain diffusion processes. They recognized that the evolution of a
density satisfying this Fokker—Planck PDE can be understood as following the gradient
flow of the KL divergence in the space (P2(RY), Ws). In a subsequent work by Otto,
this idea was generalized to the porous medium equation and the Riemannian geometry
underlying the gradient flow was analyzed further [160]. Since these PDEs are used
to model a variety of diffusion processes in physical and biological systems, the works
sparked renewed interest in gradient flows and the Riemannian geometry of Wasserstein
spaces. A comprehensive treatment of gradient flows in general metric spaces, with
a particular focus on Wasserstein spaces, can be found in [7]. We will also employ
notation and ideas from [188], but cover only the basic facts necessary to understand
the convergence behaviour of the KL divergence and its connections to Langevin Monte
Carlo sampling.

We consider the following general problem

arg min F(u), (6.9)
peP2(R9)

with a penalty F, e.g., the KL divergence (6.6). When discussing ways to compute MAP
estimates (4.3) by minimizing a convex function F(z) in Euclidean space, we already
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encountered gradient flows of the form
Ty = =VV(xy).
Transferring this to (6.9), one can indeed also simulate a gradient flow, formally
i = Vo, Flju)" (6.10)

Herein, Vyy, is the gradient in the metric Wy in P2(RY). In order to understand these
flows, we need to make precise both how curves of measures can be characterized by
their time-dependent dynamics, and the Wasserstein gradient of the functional F, as
well as transfer the concept of convexity to the new geometry.

The following result [7, chap. 8] provides the concept of continuity equations for curves
¢ in Wasserstein space.

Theorem 6.4: Continuity equation for curves in P

Let (p1t)ie(o,r) be an absolutely continuous curve in (P2(R%), Ws). Then there
exists a time-dependent Borel-measurable velocity field v, : R — R? with
Vel p2(may < |1'|(f) for almost every t € (0,7) so that p; solves (in a weak
sense) the continuity equation

0

St Ve (u) =0 in R? x (0,T). (6.11)
Conversely, if an absolutely continuous (fi¢)e(o,7) solves (6.11) for some velocity
field vy with [Jv][2(,,me) € LY((0,7)), then |u/|(t) < [vell L2y mey, Where |p|
denotes the metric derivative of p.

This shows that any such curve (Mt)te(o,T) is entirely characterized by the corresponding
velocity fields (v¢)se(o,r), With vy € L2 (u; R%). For any t, the field v; can be interpreted
as a tangent vector to Po(R%) at py. Note that the same continuity equation also arises
in optimal transport, since vy gives rise to the Benamou—Brenier formula [24] for the
Wasserstein distance:

Theorem 6.5: Wasserstein distance, Benamou—Brenier formula

Let y, i € P2(R%). Then it holds

Ht,Ut

! 9
W2(u, i) = min {/O o0y O < i+ - (o) = 0}, (6.12)

where the minimum is taken over all curves (fi¢)e(o,1) With po = p and py = fi
and corresponding Borel velocity fields. The unique curve (Mt)te[o,l} attaining the
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6.3. Wasserstein Gradient Flows

minimum is the Wasserstein geodesic joining p and fi, it can also be given as
Mt = (tId + (1 - t)Tﬂ%ﬂ)#uv te [Oa 1]5

where T),_,; is the optimal transport map from Theorem 6.2.

The transport along Wasserstein geodesics also plays a role when defining Wasserstein
gradients of functionals in (P(R?),Ws). Perturbations to p are understood as acting
along geodesics and hence as elements in the tangent space to P2 at u. Due to Theo-
rem 6.4, the tangent space can be identified with the quotient space of L?(u; RY) by all
divergence-free vector fields, which forms a Hilbert space when equipped with the natu-
ral inner product (-,)2(,,ge)- This structure allows to define the Wasserstein gradient
via a Taylor expansion: Vy, F(u) is the vector field satisfying

F((Ad +e0)yp) = F(p) +e(Vmp F (1), 0) 2 (ra) + 0() (6.13)
for all displacement vector fields ¢ and € — 0.

For many relevant functionals, we can characterize this vector field by computing the
first variation ‘g—f :R? — R of F at p. The first variation can be understood” as a local
potential describing the change of F when perturbing p and is defined as the unique (up

to additive constants) functional for which

(x)d—?(m) dz, (6.14)

d
—F(p+ex)|._, = 5

de Rd X

for any perturbation x with [ x(z)dz = 0 such that F is finite at u + ey € Po(R%) at
least for € € [0,e0]. The Wasserstein gradient is then the unique velocity field v (up to
additive, divergence-free fields) satisfying

0F
[ 5 @V - ) ) = (0.0) gy, (6.15)
which due to integration by parts implies Vi, F () = V%. Note that the gradient on

%: eliminates additive constants in the first variation.

The above results allow us to rigorously define the Wasserstein gradient flow (WGF)
from (6.10). The curve pu; is understood to follow the gradient flow if it satisfies the
continuity equation

Fria Ve (e Vwp F(pe)) = 0. (6.16)

2We are (deliberately) not rigorous here. Formally, the first variation is an element of the cotangent
space of Ps (Rd) at p, which acts on the velocity fields in the tangent space. Due to the Riesz
representation theorem, the cotangent space can be identified with the tangent space, allowing us to
identify the first variation with a functional on R¢. For details, see [7, chap. 8-10].
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Using the first variation, we can give an explicit form of the Wasserstein gradient for some
classes of important energy functionals. In our analysis of sampling algorithms, we will
be particularly interested in potential energies and a a specific internal energy functional.
For potential energies, the Wasserstein gradient can be computed as follows.

Example 6.6: Wasserstein gradient of potential energies

Let V : RY — (—o0, 00| be proper, lower semicontinuous with V(z) > —a — 8| z||?
for some a, 3 > 0. The potential energy of p € Po(R?) with respect to V is

Eviw = [ V(n(dr). (6:17)

The functional &y is proper and lower semicontinuous. By linearity of the integral,
(6.14) directly gives the first variation at any measure p as 55%/ = V. Hence, the
Wasserstein gradient is given by Vi, v (u) = VV for all p.

Note that we recover standard gradient flows in Euclidean space as a special case:

The WGF for &y is the continuity equation

0

Hpit(@) =V (ue(2)VV(2)). (6.18)

Interpreted in a weak sense with a concentrated initialization po = 9, this simple
transport equation has the solution y; = d,,, where x; satisfies the ODE

d
a$t == —VV(:L't)

Another example of typical objectives in Wasserstein space are internal energies. The
entropy of a distribution is a special case of such an internal energy.

Example 6.7: Wasserstein gradient of the negative entropy

Define an internal energy functional by

Jra p(z) log(p(z)) dz if p < Leb,
_ 1
H(p) { 00 otherwise. (6.19)
Then H(u) is the negative entropy of u, and H is a proper and lower semicontin-
uous functional. Using that %(x logz) = 1+ log x, we see that the first variation
of H at p is ‘% =1+ log pr. The Wasserstein gradient is Vyy, H(n) = V log p.

Consequently, the gradient flow with respect to H is the heat equation Oy = Apy.

In Euclidean gradient flows, an important property to prove convergence to the minimizer
is (strong) convexity of the objective functional, see our discussions in Section 4.4. In
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the Riemannian structure of Po(RRY), this translates to convexity along geodesics, first
introduced in [147].

Definition 6.8: Geodesic convexity

Let F : Po(R%) — (—o00, oc] be proper and lower semicontinuous. For a € R, we
say that F is w-geodesically convex if for all pg, u1 € P2(R%), it holds

wt(1 —t)

5 Wi (o, 1) VE€[0,1]  (6.20)

Fu) < (1 —)F (o) + tF (1) —

where (Mt)te(o,l) is the geodesic joining pg and p.

As for gradient flows in Euclidean space, we can exploit (strong) convexity to prove
convergence rates of the WGF. A central tool to see this is the evolution variational
inequality (EVI). For the WGF, it takes the following form [7, chap. 11]:

Lemma 6.9: Evolution variational inequality

Let F : P2(RY) — (—o00, 0] be w-strongly geodesically convex, w > 0. Assume
that ()10 solves the WGF (6.16) of F. Then for every i € Po(R?) and every
t > 0, it holds

1d N . w .
5 g Ve (s ) < F() = Flue) = 505 (s ). (6.21)

Note that the EVI actually characterizes the WGF entirely, i.e. requiring that u; satisfies
EVI for all ¢, i also ensures that it solves (6.16). Since Vyy,F does not appear in the
EVI, this actually provides a different way to characterize (or define) the WGF. From
the EVI, we can directly deduce uniqueness and a convergence rate: Since F is strongly
convex, it has a unique minimizer p*. Choosing two solutions pg,vs, t,s > 0 of the
gradient flow, (6.21) holds for both, with i = vs and i = p; respectively. Summing up
the two equations gives
d. o d. o 2
V2 (e vs) + T Wa (e, vs) < =205 (e, ). (6.22)
Along t = s, it directly follows W3 (us, ) < —2wW3(1y,14). Gronwall’s inequality
then implies
Wha(pt, ve) < e”“"Wa(o, o) (6.23)

from which, if w > 0, we can deduce uniqueness of the gradient flow solution (by setting
1o = 1p) as well as asymptotic stability and convergence to the stationary minimizer p*
(by setting vy = p*).
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Since the requirement of strong geodesic convexity is quite restrictive, there is a growing
amount of literature that aims at guaranteeing the convergence of the gradient flow under
weaker conditions. A standard argument is the following: By the chain rule, (6.16), and
integration by parts, it holds

d OF
3 ) = /MV (1w, F(e)) dz = = Vo, F (1) | 72 ety < O (6.24)

This shows that F(u;) decreases along iy at all times t. Let now F* = min, F(u). If
F satisfies a functional inequality of the form

IV F () 22 ey > 2(F (1) = F*) Vi € Po(RY), (6.25)

for some w > 0. This condition (6.25) appears similarly in Euclidean optimization,
where it is typically called Polyak-t.ojasiewicz inequality [172] and is implied by strong
convexity. Together with (6.24) and Gronwall’s Lemma, we obtain

Flue) — F* < e 2N F (o) — F*). (6.26)

This implies convergence in objective value, which is generally weaker than the ergodic
convergence result (6.23) that followed from EVI.

At the end of this section, we want to point out that the perspective on WGF's presented
here is certainly incomplete to a large extent—since our main focus lied on deriving the
gradient flow as a continuity equation and on concrete ways to compute the Wasserstein
gradient for functionals like internal and potential energies. Indeed, the main novel
technique of the seminal work [104] was to derive the WGF as a minimizing movement
scheme, i.e., as the continuous-time limit of a sequence of iterated minimization problems.
The curve p; in (6.16) is derived as the limit of (usk)) k>0 defined by

) € argmin { 70 + W)} (6.27)
where 7 > 0 is a time step size. The iteration (6.27) is typically called JKO scheme after
the authors of [104] and we refer to [7, chap. 11} and [104, 188] for details. For objective
functionals like the reverse KL divergence, employing the iteration (6.27) numerically
may appear tempting, but is generally intractable due to the need to compute the Wh-
proximal operator of H. However, the scheme is the basis for a line of more numerically
focused works that aim to solve (6.16) by approximating the updates of (6.27), e.g. [171,
186, 127, 55].

6.4. The Gradient Flow of the Kullback-Leibler Divergence

We now focus on the problem of minimizing (6.6) (and will refer to it simply as KL
divergence), setting F = Dk, (- || #*) in the discussions on gradient flows from the pre-
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vious section. From now on, we assume that p* < Leb is a fixed target with Lebesgue
density p*(x) = exp(—=V(x))/Z for V : R? — R which is lower semicontinuous and
convex (equivalently, we say u* is log-concave). For any p < p*, we can decompose the
KL divergence as

Dxu(p | p*) = /Rdu(:r) log (:%) da (6.28a)
= [ n@)og(u(e)) do+ [ Vi) do (6.28D)

R R
=H(p) + Ev(p), (6.28¢)

i.e., it is the sum of an internal energy (negative entropy) and a potential energy. The
Wasserstein gradient of the KL divergence is therefore

Y, Dku (]l 1*) = Viog ji+ VV = Vlog Mﬂ (6.29)
and the WGF of Dy, (- || #*) is characterized by the continuity equation (6.16)
Oy = V - (MtVIOg Zt> = V- (uVlog 1) + Apy. (6.30)

The fact that we are writing £t for the Radon-Nikodym derivative will actually be
justified later, where we show that u; has a smooth Lebesgue density for ¢ > 0, so that
e << p* holds for ¢ > 0. Given the WGF for the KL divergence, we are interested in its
convergence properties and thus in convexity. It can easily be checked that the convexity
of V translates to geodesic convexity of £ defined in (6.17): Let u; be a geodesic joining
w, i € Po(R?), then

Eu) = [ V@) (1= 1d+ 1T, 00 (do)

- /}R V(1= D)7+ #T(2) Ju(d)
< (1= )& (p) + t&y ().

In the same way, w-strong convexity of V' implies w-strong geodesic convexity of &y .

For internal energies of the form [ f(u(z))dz with f convex and f(0) = 0, the situation
is slightly more complicated. Essentially, one needs that the curvature of f around
x = 0 is sufficiently large, but decays for larger x where f may not be “too convex”.
a sufficient (but not necessary) condition can be stated as s — f(e”*)e® being convex
and non-increasing for s € (0,00). We omit the proof here, it can be found in [7, Prop.
9.3.9]. Fortunately, the condition is met by the choice f(x) = zlogz, guaranteeing that
the negative entropy functional H defined in (6.19) is geodesically convex. As sums of
(strongly) geodesically convex functions are again (strongly) geodesically convex, this
proves the following auxiliary result [7, sec. 9.4].
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Lemma 6.10: Geodesic convexity of KL divergence

The KL divergence Dk, (- || 1*) is w-convex along geodesics in (Po(RY), Wy) if and
only if p* is w-strongly log-concave.

If the target p* is strongly log-concave, we can employ EVI as in Lemma 6.9 and the
arguments following it to deduce convergence.

If p* is not strongly log-concave, the gradient flow may still converge to a global mini-
mizer if a gradient domination condition akin to the Polyak-FLojasiewicz inequality (6.25)
is satisfied. Since Dk, (p* || ) = 0 is the unique global minimum of the KL divergence,
the condition takes the form

2
> 2w Dk (1 || 1*) Y € Po(RY). (6.31)

Fl(u] ) = V1o (4
L2 (w;R4)

M*

The quantity FI(u || *) is the Fisher information of 1 (with respect to p*). Upon slightly
rewriting the above condition (6.31), we see that it can be guaranteed for all u if we
assume that p* satisfies a certain functional inequality called a log-Sobolev inequality
[89]. In order to state the latter, we define the following, generalized entropy functional

Ent,,(f) = Ep[flog(f)] — Eu[f]log(EL[f]). (6.32)
We then say u* satisfies the log-Sobolev inequality with constant Cpgr > 0 if
Enty-(f?) < 2C1s1 B [IIV 7], (LSI)

for all smooth f : R? — R. We gather these derivations in the following result.

Theorem 6.11: Gradient flow of KL: Ergodicity under (LSI)

Suppose that p* satisfies (LSI) with Cpgy > 0. Then, if y; denotes the solution
of the Wasserstein gradient flow (6.30) of KL divergence with respect to p* with
initialization pg, we have

Dt (pue | %) < exp (—24Crdy) Dice(po || 17).

Proof. For f = +/u/p*, we have E,«[f?] = 1 and hence by the definition (6.32)

Ent,(f?) = E,- U;* log (;)] =E, {log (Zf*ﬂ = Dxr(p || 1).
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* 2 *
1
\Y% (,u) = -, ‘Vlog <M>
p 4 7
Thus, if p* satisfies the log-Sobolev inequality, then the gradient domination condition
(6.31) is true with w = Cﬂsll and, by (6.26), we have exponential decay of the objective

along the gradient flow. The statement of the theorem is precisely (6.26) with w = ESII
and]—":DKL(- ||;L*) L]

Further, we have

2

*

7
7

1 1
By (V7] = 4Ew[ = Pl "),

Note that strong convexity implies the log-Sobolev inequality [211, Thm. 21.2], this is
also known as the Bakry-Emery criterion due to [14]. The converse is not true: The
log-Sobolev inequality is actually weaker than convexity and is, e.g., still satisfied by
bounded perturbations of log-concave distributions by the Holley—Stroock perturbation
principle [95]. Beyond (LSI), there is a large amount of research trying to identify weak,
practically verifyable conditions on p* that guarantee convergence of the gradient flow
and its discretizations, see, e.g., [128, 210, 217, 153, 60].

Since we are going to return to this topic later in the context of mirror methods, we
mention one other, even weaker functional inequality that implies exponential decay in a
divergence measure with respect to p*, namely, the Poincaré inequality®. The following
standard derivation has been used, e.g., in [128, 58, 67]. Recall that the chi-squared
divergence is given by D, (u || u*) = Vary«(dp/dp*), whenever u < p*. Suppose now
that u; solves the WGF of KL divergence with initial distribution pg. Similar to (6.24),
we can compute the dissipation in chi-squared divergence to be

d1 * Lt
angz’(MtHM ) = /M*atﬂtdl‘
= /%V . (,utVIOg (%)) dx
I 1
= —/V (lﬁ) eV log (Mi> dx
I 1

:—EMUV<f)2] (6.33)

As before, we would like to upper bound the final term by the negative chi-squared
divergence for all u;, in order to derive convergence using Gronwall’s inequality. The
necessary inequality is implied if p* satisfies the Poincaré inequality, i.e., if we have

Vary[f] < Cpi By |9/, (P1)

3Strictly speaking, the Poincaré inequality is only weaker than (LSI) for log-concave measures, which
are, however, the only target measures we care about in this work.
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for all smooth f : R — R and some constant Cp; > 0. We state the implied convergence
result in the following theorem:.

Theorem 6.12: Gradient flow of KL: Ergodicity under (PI)

Suppose that p* satisfies (PI) with Cpr > 0. Then, if yu; denotes the solution
of the Wasserstein gradient flow (6.30) of KL divergence with respect to pu* with
initialization pg, we have

D (e | 1), Dya (e | 1°) < exp (=2 Cpf ) Doz | 1.

Proof. Using (6.33) and setting f = p;/p* in (PI), we immediately have

d

7 Dx (e || %) < =205 Dya (e || 1),

and therefore by Gronwall’s inequality

Dy (pue | 1) < exp (—2Cp't) Dya o || 1°). (6.34)

This proves ergodicity in chi-squared divergence, which however also implies the same in
KL divergence: By Jensen’s inequality for the concave function log(z) and the standard
logarithm inequality log(1 4+ z) < z, we know that

2 X
Dkw(p || pn*) < log ( Z*Ew;dx> = log (1 + Dy (p | u*)) < Dya(p | 1)

Therefore, if we replace D,a2(p || #*) by Dkr(p || #*) on the left side of (6.34), the
inequality still holds. O

Before moving on, we mention that for log-concave distributions, the Poincaré inequality
is strictly weaker than the log-Sobolev inequality, since (LSI) implies (PI) with the same
constant. A proof of this statement, together with a family of functional inequalities
that continuously interpolate between the two can be found in [121]. It has recently
been shown that the latter, interpolated inequalities can be used to analyze the gradient
flows of KL divergence in more general metrics called Rényi divergences [60].

6.5. Diffusion Processes

While (6.16) gives a theoretical way to implement a solution algorithm for the optimiza-
tion problem (6.1), it is not very practical in applications. The Wasserstein gradient flow
is a high-dimensional PDE and, as we saw, the velocity fields characterizing Wasserstein
gradients may also not be easily computable even if we know the correct density at
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some time t. Instead, one can often rely on the intimate connection between PDEs at
distribution level and SDEs at the particle level. In order to analyze this connection, we
have to recall some basics on stochastic diffusion processes. The discussions are based
on the books [166, 15].

Diffusion processes are Markov processes with an almost surely continuous sample path.
They can be characterized by a drift and a diffusion coefficient. As is common in the
field of machine learning applications, we take the perspective of Ito stochastic calculus.
This means we call (X;):>0 a diffusion process if it is given by

t t
X, = Xo + / b(X,,s)ds + / (X, 5) AW, (6.35)
0 0

with drift field b : [0,00) x R? — R? and noise coefficient o : [0,00) x R — R¥**. Here,
W, denotes standard Brownian motion in R*. We will also call £(¢,z) = 1o(t, z)o(t,2)T
the diffusion coefficient® and again refer to the parameter ¢ as time. Equivalently, we
will say that X; satisfies the following Ito SDE:

dXt = b(Xt,t) dt + O'(Xt,t) th, (636)

Since we are mostly interested in time-homogeneous processes, we may drop the coeffi-
cients’ time dependencies and just use b(X;), o(X;), X(X}), or o, X for constant diffusion.
When considering solutions (X¢);>o of such SDEs, we will denote the distribution of X;
at time t > 0 by u; = Law(X}).

The following is a standard existence and uniqueness result on the solutions to the SDE
(6.36) [102, chap. 4]:

Theorem 6.13: SDE - existence and uniqueness of solutions

Assume that Xo ~ po € P2(R?) and X, is independent of W;. Assume further
that the drift and noise coefficient satisfy a Lipschitz condition

oz, t) =b(y, OV llo (@, ) =a(y. )|l < Clz—yl vt € [0,00), z,y € R? (6.37)
and a linear growth condition
Io(z, )| V llo(z, )|r < C(L+|l2]]) V(¢ 2) € [0,00) x R? (6.38)

with some constants C € R.

The proof is similar to typical Picard iteration arguments known from the solution theory
of ordinary differential equations. While these assumptions are sufficient, they are not
necessary and can be weakened further. For example, we will deal with SDEs where the

4Note that sometimes o is also called diffusion coefficient. In order to avoid confusion, we will call &
the noise coefficient instead.
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drift b = —VV is the negative gradient of a strongly convex potential V. Such a b may
violate both conditions (6.37), (6.38) if V' grows too rapidly. However, a unique strong
solution in [0, c0) still exists if we replace (6.37) by a local (in ) Lipschitz condition and
(6.38) by a monotonicity condition in the drift and linear growth in the noise coefficient,
ie.

z'b(z,t) V o (z,t)|[F < O+ ), (6.39)

see [142, chap. 3] for details. In this work, we will only consider SDEs that possess a
unique strong solution.

Assume from now on that drift and diffusion coefficient are time-homogeneous, meaning
b(X¢),2(X}) are independent of ¢. The diffusion process X; given in (6.35) is a Markov
process. This means that it can be characterized by a family of Markov semigroup
operators (P;)¢>0.

Definition 6.14: Markov semigroup and generator

The Markov semigroup operators P, are given by

(Pf)(@) = [ TPt dy), (6.40)
where P(t,z,dy) = P[I'| X; € dy| is the standard Markov transition function.
The family (P;):>0 satisfies the standard semigroup properties Py = I and P15 =
P, o P; for all t,s > 0. We define the generator of X; as

Lf = lim Ptf_f.

t—0 t

(6.41)

Considering the semigroup property and (6.41), we can formally write P, = el A
similar relation can be deduced for the (formal) L2-adjoints of P, and £. We define the
adjoint semigroup P} as an operator on distributions over the state space by

(P u)(Q) = /}R P(tr, Q)u(ds), Qe BRY, (6.42)

giving the relation (P, f, u) = (f, P;u). The corresponding L?-adjoint £* of the generator
with (Lf, ) = (f, L*u) then satisfies the formal relationship P = e'*". Assume now
that X ~ p is some initialization of the Markov process and let py = P;p. Then we
obtain the following time derivative

Oy dP* d

= g = @ =L () = L(P) = Lo (6.43)
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The partlal differential equation 88‘? L* iy is also called the forward Kolmogorov equa-
tion”, and for diffusion processes typically the Fokker—Planck equation. Diffusion pro-
cesses of the form (6.35) form a special class since their generator £ can be shown to be

the following partial differential operator

82
L= Zb]a + Z . (6.44)

J=1

The formal computations above leading to the Fokker—Planck equation can be made
rigorous in the following way, we refer to [166, chap. 2-4] for details.

Theorem 6.15: Fokker—Planck equation

Consider a diffusion process X; given by (6.35), with b, o sufficiently smooth. If
Xo ~ p, then the density of the distribution p; = Law(X}) solves the initial value
problem of the Fokker—Planck equation

O _ Z 0y P s
= oz, (bjpue) + = 02,01 jRHE)\T), (6.45)

[0 = p.

For a constant (in space) diffusion coefficient ¥ € R%*¢, the Fokker-Planck equa-
tion is frequently written in the simple form

O

50 =V (b + EVe). (6.46)

Apart from the Fokker—Planck equation, the other important computational tool for
us when dealing with SDEs will be a type of chain rule for stochastic calculus. The
following result is called Ito’s Lemma or Ito’s formula (presented here for vector-valued,
time-homogeneous processes).

Theorem 6.16: Ito’s formula

Suppose (X)¢>0 satisfies the Ito SDE

dXt = b(Xt) dt + J(Xt) th

5The “forward” stems from the fact that a similar equation, the backward Kolmogorov equation, holds
for the generator £. Although the derivation is analogous, it is not particularly relevant for our work,
so we omit it here.
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Let f € C?’(RY), ie., f : RY — R is twice continuously differentiable. Then
f(X:) satisfies the Ito SDE

df (X)) = <b(Xt)TVf(Xt,t) + %tr(J(Xt)TV2 f(Xt)a(Xt))> dt
+ (X)) TV F(Xy) dW,.

For vector-valued maps f : R? — R™, this result can simply be extended by applying
the formula componentwise to f;, j =1,...,m.

6.6. Langevin Diffusion

As already mentioned, we are interested in the case when the drift b is the negative gra-
dient of a potential V', which we will from now on assume proper and strongly convex,
unless stated otherwise. The reason for that now becomes clear in connection with the
derivations of Section 6.3. If we set b = —VV and ¥ = I in (6.46), it coincides with the
WGF (6.30) for the KL divergence Dkp,(- || 1*) with respect to the target pu* oc e=V. This
connection justifies the derivations on WGFs ex post facto: Given the task to sample
from the measure p*, the perspective of optimization in Wasserstein space showed that
the continuity equation (6.30) converges to p* under certain assumptions on V. Due
to the gradient flow structure, the dynamics are in a sense optimal in the Wasserstein
geometry, but solving the high-dimensional PDE is computationally prohibitive. The-
orem 6.15 now justifies that instead of solving the PDE, one can equivalently simulate
the diffusion process by solving the SDE (6.36). This SDE is still high-dimensional, but
a solver only has to keep track of a single particle, instead of the density on the whole
space. If the SDE solver is exact and the resulting Markov chain ergodic and reversible,
the particle’s distribution will converge to u* as t — oo and we can accept the generated
particle positions as representative samples from p*.

In this special case b = —VV, ¢ = v/2I (so that X = I), the SDE (6.36) is typically
referred to as overdamped Langevin diffusion. It is given by

dX, = —VV(X;) dt +V2dW,. (6.47)

The name Langevin diffusion goes back to Langevin’s use of Brownian motion to describe
the movement of a particle that is subject to deterministic and stochastic forces [120].
The complete Langevin equation with damping parameter v > 0 is the second order

SDE
dQXt dXt th
m —

= g~ V(X + VksT — (6.48)
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where m is the particle’s mass and kT = 7! the thermal energy that we have already
seen in Chapter 4 on Bayesian modeling. The “overdamped” setting v > m yields
(6.47). While we will concentrate on the overdamped case, it is worth pointing out
that several works have employed the general case for the construction of sampling
algorithms. Recall that in optimization, accelerated gradient descent methods can be
understood as discretizations of a second order modification of the gradient flow [199]. In
a similar spirit, the (underdamped) Langevin equation can be used to deploy accelerated
Langevin sampling algorithms, as a line of recent works has explored [57, 140, 49, 226,
227, 159].

Example 6.17: Ornstein-Uhlenbeck process

A simple special case of a Langevin diffusion is the Ornstein-Uhlenbeck process.
Let p* = N(m,C) be a normal distribution with mean m € R? and covariance
C 0. Then the target density obeys pu*(z) o exp(—V(z)) with V(z) = 3(z —
m)TC~1(z —m).

The Langevin diffusion process for this target is given by

dX; = —C7Y(X; —m) dt + V2dW, (6.49)
and its corresponding Fokker—Planck equation is

0 _

% =V - (—pu(@)C0 Yz — m)) + Apy. (6.50)
Both equations can be solved in closed form. The SDE solution, for instance, can
be derived by variation of parameters: Setting Y; = Xtetc_1 and using the Ito
formula shows dY; = e!C™'C~1udt + /2!~ dW,, which can simply be solved
for Y; by taking the Ito integral on both sides. It follows that X; is distributed as

1
X, L m+e 7 (Xo —m) +C2 (I - e—ztc’l) 27, Z~N(0,I)

meaning that, conditioned on Xy, the Gaussian p; converges to N(m, C') as t — 0.
Likewise, one could solve the Fokker—Planck PDE analytically and arrive at the
same result for p;, for instance by taking the Fourier transform and using the
method of characteristics as was done in a similar linear drift case in [43].

We want to close this section by reiterating on the convergence of overdamped Langevin
diffusion processes. By making the connection to Wasserstein gradient flows, we auto-
matically inherited the convergence theory that we discussed in the context of WGFs
in Section 6.3. For instance, we there saw that strong convexity of V' implies the EVI
or weaker functional inequalities, which can be used to derive convergence rates of the
measure /i to the invariant p* o e”". When approaching convergence analysis from
the SDE side and a particle level, we can actually derive equivalent rates in Wasserstein
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distance without ever using the Fokker—Planck equation. Since the technique will reap-
pear in our analysis of other types of Langevin dynamics and their discretizations, it is
beneficial for the understanding of later sections to demonstrate it in continuous time
as well.

Theorem 6.18: Overdamped Langevin: Convergence by coupling

Suppose V' is w-strongly convex and (X¢):>0 solves (6.47) with some initial distri-
bution Xg ~ g € P2(R?). Then we have

Wa (g, 1) < e Wa (o, ).

Proof. We will employ a coupling argument. Two processes Xq, X, are called coupled if
both solve (6.47) with the same Brownian motion W4, i.e. they solve the joint SDE

ax,\  (VV(Xy) aw,
<dXt> = (vvo?t) V2w, |-
Let X4, Xt be coupled ~With Xo ~ pp and Xo ~ fig. Using Theorem 6.15, the joint
distribution 7; of (Xy, X;) satisfies the Fokker—Planck equation

0 -

% = Vo VV(2)) + Vi - (VV(2) + (Ve + Vi) - (Vo + Vi) (6.51)
Crucially, this holds with a flexible initial value 7yg, since the joint equation holds for any
coupling 79 with marginals o and fig. We can now rewrite this using (V. + Vz) - (V +
Vi) = Agys by a coordinate change (z, %) — (x4 2,z —Z). For any distance function of
the form d(x,Z) = p(||z — Z||), we directly see A,yzd(x,Z) = 0. Using this and the joint

Fokker—Planck equation, we can show a contraction in Wasserstein distance as follows.
We start by estimating

1d )
5& (m,j)wnt[Hx - xHQ]

1d ) )
= 57 [l = #lPn(dz,da)

- ;/Hx — 55”2 (Ve (VV (2)) + Vi - (i VV(Z)) + Apgzny] dzdz

—— [@=9) (VW (@) - YV (@)m(dz,d2)
< ~wE(g gy [z — 2|7,
where we used the quadratic lower bound of the symmetric Bregman distance

(x — %) (VV(z) = VV (%)) > w|z — &>
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Note that we already used this bound when we sketched the convergence rate proof of
Euclidean gradient flow—indeed, the computation here is a straightforward generaliza-
tion of (4.26). Applying now Gronwall’s lemma, we obtain
~12 —2 ~112
E llz = 2]%] < e™*" B zymn, [z — 2[17).

xvi)Nnt ~10 [

The left side is bounded from below by W3 (u, fiz) by definition. By taking the infimum
over all couplings 79 with marginals pg and jig on the right hand side, we obtain

W (e, fir) < e Wa(uo, fio)-

In particular, if we choose the process X; to be initialized at the target distribution as
[lo = [+, then the distribution of X, is stationary at fiy = p*. By the above, we obtain
the convergence result

W (g, 1) < e Wa (o, ™).
O

We will next move to time discretizations and introduce Langevin Monte Carlo sampling
algorithms.
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Langevin Monte Carlo:
Algorithms

The previous two chapters showed that simulating (6.47) provides a fast way to ap-
proximate a target distribution p* o e~V on particle level. Bringing this to an actu-
ally implementable algorithm comes down to discretizing the SDE in time. Some of
the possible discretizations are straightforward, the simplest being a standard forward
Fuler-Maruyama scheme. The latter leads to the most important of Langevin Monte
Carlo algorithms, the unadjusted Langevin algorithm (ULA).

Section 7.1 reviews possible direct discretizations of the SDE (6.47), ULA being only
one example of such a method. For non-smooth potentials V', there are several popular
schemes which make use of proximal mappings and all differ slightly, depending on the
chosen splitting and order of time-discretized steps. We devote Section 7.2 to the direct
comparison of these in a simplified setting of Gaussian targets. In this special case, we
exactly know the distribution of the algorithms at each step and at equilibrium, and can
prove that certain implicit discretizations consistently achieve smaller non-asymptotic
and asymptotic bias than a popular smoothing-based iteration. We then move to more
non-standard schemes. Section 7.3 introduces a more recently proposed sampling strat-
egy based on a primal-dual splitting, and Section 7.4 explains how to transfer the strat-
egy of mirroring or preconditioning to gradient-based sampling methods. Sections 7.5
and 7.6 discuss further practical aspects of Langevin sampling needed for experimen-
tal results, namely sampling from constraint domains without mirrored schemes and
proximal sampling in the case where proximal mappings are available only inexactly.
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7.1. Overdamped Langevin Schemes and Source of Bias

Similarly as different time discretizations of ODEs may lead to a variety of different op-
timization algorithms, there is a vast literature on sampling algorithms that arise from
time discretizations of (6.47). Many common ideas from convex optimization translate
to log-concave sampling tasks: Explicit discretizations require gradient evaluations [179]
and introduce growth conditions and step size constraints [68, 74, 216, 69, 75, 210],
while implicit schemes lead to proximal methods [167, 217, 73, 185, 186]. More complex
discretizations like mid- or multipoint schemes potentially achieve higher order consis-
tency, but come at the cost of increased computational effort [169, 109]. For highly
anisotropic potentials, techniques like preconditioning or mirror maps can be employed
to accelerate the algorithms [97, 58, 225, 2, 122, 130]. A review of the entire field is
beyond the scope of this work, so we will go into detail on some aspects that are relevant
for imaging inverse problems. In particular, we are going to put emphasis on algorithms
for non-smooth and constrained potentials due to the nature of the considered imaging
priors and likelihoods.

Forward Euler—-Maruyama and unadjusted Langevin algorithm. A standard
discretization method for Ito SDEs is the Euler—-Maruyama scheme. With a time step
size T > 0, discretizing (6.47) generates the Markov chain (X (n))nzo defined by

XD = X0 4 rVlog p(X ™) + V27D (0D L N(0, 1) (ULA)

with some given initialization X(® ~ (9. The iteration is typically called unadjusted
Langevin algorithm (ULA). In what follows, we will often denote the distribution at the
n-th step X of the Markov chain by (™).

A major challenge in the analysis of Langevin Monte Carlo algorithms like ULA lies in
bounding the discretization error, i.e., guaranteeing that ,u(”) /A lnr in a suitable metric,
where p; is the distribution of the continuous time Markov process. While the situation
is fairly well-understood for ULA (see for example [69], we will go into more detail later),
we are also interested in other time discretizations of (6.47). In order to understand the
nature of these discretizations, we again take the perspective of Wasserstein gradient
flows. ULA can indeed be understood as a splitting scheme of the gradient flow of KL
divergence [216] if we write it as two half steps

X+3) = x(0) _ ryy(x ()

X(n+1) _ X(n-&—%) + /27_5(71-1-1), E(n—l—l) N N(O,I)
The objective functional decomposes to Dy, (i || p*) = Ev () + H(w) as in (6.28). Ac-
cording to Example 6.6, the gradient descent step to X (+3) can be understood as an

explicit forward step with respect to the energy &y. Since adding a Gaussian random
variable implements the heat kernel, the second half step to X 1) actually corresponds
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to an exact solution of the heat equation or the gradient flow of H along a time step
of length 7, see Example 6.7. This shows that ULA is a scheme alternating first-order
discretized forward steps and exact time steps to solve the WGF' of the KL divergence.
We now want to formalize this splitting idea with exact and first-order discretized steps
and consider both explicit/forward and implicit/backward discretizations. Consider the
following nomenclature.

o Forward (F) will denote a forward in time discretization of a WGF (6.16). For a
Euclidean gradient flow of a functional f : R¢ — R, a forward step corresponds to
approximating z(t+7)—x(t) =~ 7&(t) = —7VV (x(t)). We already saw in (4.29) that
this generates updates of the form 21 = 2" — 7YV (2() = (Id — 7VV)(z™).
By considering the equivalent variational formulation

1
2™+ = argmin {V(:v(")) +(VV (™), z — ™) + — |z — x(n)‘2} 5 (7.2)
zeR? 27

we can define the analogue for an objective F in Wasserstein space by

n : n 6‘F n n 1 n
") = argmin {f(u( )+ <5(N( DN )> + W3 (1, ))}-
HEP2(RY) H L2(R4) 2T
(7.3)

By our discussions in Section 6.3, the equivalent in Wasserstein space of a direct
update on particle level is the transport of a measure under a suitable L? velocity
field. Indeed, rigorously deriving the optimality condition of (7.3) (see [7, chap.
11]) yields p™*D = (Id — 7V, F (™)) 2. Note the additional dependence of
the Wasserstein gradient on the density p(™ due to the Riemannian structure of
Pa (Rd). This dependence vanishes in the special case 7 = &y where Vyy, F = VV,
since the pointwise nature of the potential energy does not encode any particle
interaction. In that case, a forward step can be implemented at particle level by
X+ = x() _ 79V (X ™), so we recover the standard forward Euler scheme for
Euclidean gradient flows. For this special case, we will informally use the notation
Fi(z) =2 —1VV(x).

o Backward (B) denotes a backward in time discretized step of the gradient flow.
This corresponds to the implicit approximation x(t + 7) — z(t) = 72(t + 7) =
—7VV(2(t + 7)), and hence the update (1) = (Id + 7VV)~"1z(™ where the
inverse of Id + 7VV is well-defined due to the convexity of V' [20, chap. 23]. As
we already saw in our brief discussion of gradient methods for optimization, this
leads to the proximal update

1
2 = prox], (z() = arg min {V(:U) + |z — 2™ IIQ} : (7.4)
z€R4 27
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where prox{; is the proximal operator. In Wasserstein space, we equivalently define
backward steps by

n . 1 n
p0F) = argmin {F () + 5 WE (™)}, (7.5)
HEP2(RY) T
The resulting transport is implicitly given as (Id—{—TVWQJ:(,u("H)))#M(”‘H) =™,

As before, for potential energies the update can be carried out particle-wise, i.e. if
F ==&y and X ~ 1™ then X1 = prox7,(X™) = (Id + 7VV) (X ™) has
distribution X"+ ~ (1) To contrast forward and backward steps, we will
sometimes also denote Bf, = proxj,.

e By flow, we denote the exact solution of the Wasserstein gradient flow along one
time step of length 7. Since gradient flows are time-homogeneous, this corresponds
to assigning u("t1) = 1, where (14¢) 1[0, 18 the solution to the initial value problem

{@Mt =V (ueVw, F(e)), (7.6)

po = ™.

In the special case F = H, the flow step can be carried out exactly on particle-level.
In that case, (7.6) is the unconstrained heat equation, so py = ,u(”) implies

1
(n+1) _ _ - —n.n2
PO = e = 8 s exp (| 47), (77)
where * denotes a convolution of the densities. The particle equivalent of this

convolution with a heat kernel is adding a zero mean Gaussian random variable
XD = flow, (X™) = XM 4 \/27¢ with £ ~ N(0,I).

To summarize, while forward and backward steps are easy when F = &y, this does not
hold in the case F = H. There is no closed form representation of discretized forward or
backward steps of the heat kernel unless the density has a particularly simple structure,
e.g., a Gaussian. Some works implement restricted Gaussian oracles, which are backward
steps of H applied to Dirac point masses, in order to construct consistent sampling
schemes, but this is typically computationally costly [186, 127, 55, 131]. Conversely,
the WGF of negative entropy H can easily be solved exactly at particle level, but for
potential energies £y, exact steps are usually intractable.

Source of bias of Langevin sampling algorithms. The type of steps applied to a
splitting and their order influences the convergence behaviour. We demonstrate this on
the simpler case of a forward-backward scheme in Euclidean space.
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Example 7.1: Forward-backward scheme in Euclidean optimization

Consider the Euclidean gradient flow #; = —VV(x;) in R?, where we assume
V = F+G with F convex and differentiable on R? and G convex, proper and lower
semi-continuous. The forward-backward optimization scheme for this objective
reads

23 — () _ va(x(n))
() = proxg(a:("Jr%)).

A standard result from convex optimization states that alternating forward and
backward steps keep stationary points of the objective fixed [161, sec. 4]: Let
(™ € R? such that 0 € 9V (z) = Vf(z(™) + dg(z™). Writing out the op-
timality condition of the second half step shows that 21 is the unique point
satisfying

(n) _ (n)y _ ,.(n+1) (n+3) _ .(n+1)
x TV (") -z _r"e - c 8g(x(n+1)).
T T

Since Vf(z(™) € —dg(x(™) due to the stationarity, this is solved by z("+1) = z(")
so (™ is a fixed point of the iteration.

The identical argument can be made for discretizations of Wasserstein gradient flows
[216, appdx. F]. For instance, a convergent forward-backward discretization of the
WGF of KL divergence would be
p(2) = (Id — 7VV) ™) 79)
. 1 .
p(+D) = arg min, e p, (R4 {’H(,u) + W3 (u, M(n+2))} ’

with a forward step in &y and a backward step in H.

Unlike the forward-backward scheme, other combinations like a forward-forward or a
forward-flow scheme are generally not convergent. As [216] pointed out, this perspective
gives an explanation why Langevin algorithms like (ULA) are typically biased. The
Markov chain possesses a unique stationary distribution due to its ergodicity (this will
be shown rigorously in Chapter 8), but this stationary distribution must necessarily
be different from the target pu* o e~". A convergent discretization would need to
balance forward and backward steps. As a potential solution, [216] also proposes such
a symmetrized Langevin Monte Carlo scheme as an alternative to (ULA). We will
now give an overview of several other discretization schemes that can be applied to the

Wasserstein gradient flow for sampling from p* oc eV,

Flow-Backward. For settings in which it is more efficient to evaluate proxj, than VV/,
it has been proposed to replace the forward step F{, in ULA by a backward step B,
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see [167, 27] where this was introduced as proximal unadjusted Langevin algorithm, or
P-ULA'. This leads to the scheme

XD = (flou; 0 BY)(X™)
— prox (X)) + vare™), ¢~ N(0, ). (Bfiow)

Similarly, one could extract samples after every backward step. This is the same iteration
up to initialization, but since it has been proposed in the literature as well [217, 93],
we will briefly compare the two versions later on for practical reasons and state here
both;

XD = (BY, o flows,) (X™)
= prox, (X +V2re ) £ ~N(0, D). (flowB)

Crucially, the (Bflow) or (flowB) schemes can be employed even when V' is non-smooth,
since proxj, is well-defined for any convex V. While (ULA) can be seen as a sampling
equivalent of gradient descent, these methods are closely related to the proximal point
method for optimization [161].

Splitting schemes with two potential terms. Since we are interested in Bayesian
posterior targets whose log-density is the sum of log-likelihood and prior log-density,
we will frequently encounter situations where the target is of the form p* o e~V with
V = F + G. Since & = Ep + &g, the KL objective decomposes to three terms, and we
aim to optimize

arg}fnin Dxr(p | p*) = Ep(n) + Ea(p) + H(p). (7.10)

Often, F' and G are functionals with different structural properties, for instance F' might
be smooth while G is not, as we saw in Sections 4.1 and 4.2 when discussing typical
likelihood and prior models in imaging inverse problems. As is common in (Euclidean)
optimization [212, 62, 224, 70], it appears natural to consider three-operator splittings
for sampling in order to solve (7.10). With the nomenclature from above, we will consider
the following two algorithms.

Forward-Flow-Backward. Assume that V = F+ G, where F' is convex and differen-

tiable and G is convex. Then the update formula of the forward-flow-backward (FflowB)
Langevin sampling algorithm is given by
X = (B o flow 0 Fy)(X ™)

= prox (X — 7VE(X™) 4 27Dy ¢ ~ N(0,1). (FflowB)

!Several of the algorithms that we introduce here have been referred to as a “proximal Langevin
algorithm”. Due to the ambiguity that this umbrella term has developed, we will be explicit about
the type and order of discretization steps and use these to distinguish different algorithms.
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This algorithm (and stochastic variants of it) was introduced in [185, 186]. It follows
earlier works [217] (which omitted the forward step, essentially doing a flowB scheme)
[73], where a similar, up to initialization equivalent iteration was considered.

Forward-Backward-Flow. The forward-backward-flow (FBflow) algorithm is suited
for the same composite potential V = F + G, with F' convex and differentiable and G
convex. Compared to FflowB, the proximal step and the diffusion step are exchanged,
yielding the following iteration update:

XU = (flowy, 0 B o F) (X ™)
= prox&(X™ — 7VE(X ™)) 4 V2reHD e ~ N(0, I). (FBflow)

Other forward-backward based splitting schemes. Naturally, there are four more
possible combinations of F, B and flow steps for splittings of the form V = F + G
which we have not formally introduced now. Indeed, the variant that could be called
BF flow in our notation was suggested in [73] for non-smooth potentials. However, again
each permutation of the three steps results in the iteration being equivalent (up to
initialization) to either (FflowB) or (FBflow) and taking an intermediate iterate. For
instance, computing BF flow amounts to running (F/flowB) but extracting the samples
after each flow-step instead. We are therefore going to present convergence analysis
exclusively for (FflowB) and (FBflow). Practically, choosing between the two algorithms
can change samples in a qualitative way. For instance, whenever G is a sparsity-enforcing
potential of a prior, the proximal points of G tend to be likely samples under that prior,
simply by definition of the proximal mapping. In contrast, after a diffusion step, sample
images can look slightly “noisy”. These differences naturally become weaker as 7 shrinks
to zero and the algorithms approximate the same continuous time dynamics.

Smoothing-based iterations. As we saw, the non-smoothness of a potential term
can be mitigated by employing an implicit discretization, resulting in updates involving
a proximal operator. For potentials of the form V = F + G, another method featuring
proximal operators that is frequently encountered in the literature is the Moreau—Yosida
unadjusted Langevin algorithm (MYULA). The proximal mapping in MYULA | however,
does not arise from a backward step of the WGF. Indeed, MYULA is not a discretization
of the WGF for the target p* o exp(—V') at all, but rather ULA applied to a modified
target. The idea is to separate differentiable terms in F' and non-differentiable terms in
G, and then approximate G by a differentiable regularization G ~ G. The modified
target pu* o< exp(—V?) = exp(—F — G*) has a smooth density, so ULA can be applied
to u*. A suitable type of regularization is the Moreau-Yosida envelope defined by

GMa) =gt { 31l + Glw) | (7.11)
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Since G is convex and the quadratic strongly convex, the infimum is always uniquely
attained and the Moreau-Yosida envelope is differentiable everywhere with VG (x) =
+(z — proxp(z)), see [20, chap. 12]. Hence, the MYULA iteration with smoothing
parameter A > 0 and step size 7 > 0 is given by

T

X = (1 - X)X(”) —7VE(X™) +

T

S proxg (X ™) 4 V2ret D, g~ N(0, 1)

(MYULA)
Proving convergence of the algorithm comes down to using the triangle inequality and
proving two separate bounds. Firstly, one employs a ULA convergence result to show
that (™ ~ p? for large enough n. Since VG is A\~ !-Lipschitz continuous, this typically
requires small enough 0 < 7 < A. Secondly, one needs to prove that the approximation
error due to smoothing can also be controlled, i.e. p* ~ p* in some metric for small
enough A\. We will omit the details on this second step here and refer to [76] for details.
Eventually, the additional approximation error due to smoothing can be mitigated just as
any of the standard discretization errors of Langevin samplers, by combining MYULA
with a Metropolis—Hastings correction kernel, which was explored in the recent work
[66].

7.2. Analytical Comparisons for Gaussian Targets

So far, we have presented theoretical arguments on why sampling algorithms based on
Langevin diffusion (6.47) may be useful in general, and worked out several different
discretization schemes for said SDE. Both the smoothing based (MYULA) and methods
based on backward discretizations like (FBflow) were introduced in the literature around
a similar time and serve a similar purpose, namely, expanding on ULA by using proximal
mappings that are able to handle non-smooth log-densities. This leaves us now with
multiple different algorithms for the same task and an obvious question:

If we want to sample from a target with non-smooth density, which of the different
proxzimal Langevin sampling algorithms should we choose?

Even in the simple case where V' is not split up into smooth and non-smooth term, there
are three different proximal schemes, (Bflow), (flowB) and, setting f = 0 (MYULA).
Unfortunately, the stationary distributions of the Markov chains are usually not avail-
able in closed form, and the theoretical guarantees for Langevin sampling algorithms
not sharp. Thus, comparing the different algorithms can either be done via (i) numeri-
cal examples, forming empirical evidence on their comparison, or (ii) computations for
simple cases, in which we know the stationary distributions exactly. While (i) has been
done to some extent, e.g. for (MYULA) and (FflowB) in [123, 84], these works did not
provide a clear answer on whether one of the algorithms may be preferable.

In this section, we attempt to form a more complete picture using (ii). The main
exception to the inaccessibility of the stationary is made by Gaussian targets p* =
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N(m, C). As the target’s potential is the quadratic function V(z) = £ (z —m)TC~(z —
m), the overdamped Langevin SDE (6.47) reduces to an Ornstein-Uhlenbeck process,
see Example 6.17. When discretizing this diffusion process in time, the forward and
backward steps of the methods in Section 7.1 are affine-linear, allowing us to derive
the densities of the Markov chains’ states and equilibria in closed form. This is long
known for (ULA) [162, 216] and was used for (flowB) in [217], for more complex implicit
discretizations of overdamped Langevin diffusion [169, 109] and for simplified score-based
methods in a recent paper [100].

For the rest of the section, we set pu* = N(m, (') and consider various discretizations of
the corresponding overdamped Langevin SDE

dX; = —C7 X, —m) dt + V2dW,.

The states of ULA applied to this special case are characterized as follows [216].

Lemma 7.2: ULA for Ornstein—Uhlenbeck processes

(n) (n)

For the Gaussian target p* = N(m,C), the state Xy, ~ pyra after n steps of

(ULA) with initialization X[(Joﬁ A N%JOIZ A obeys
n d n _1 n 1
XGa—m £ AQLA () (XL —m) V(T A ()72 (AL ()26, (T12)
where Aypa(r) = I — 7C~! and ¢ ~ N(0,1) is independent of X[(JOI}A. If the

step size 7 satisfies 0 < 7 < 2Apin(C), then lim, o Ao (7) = 0 and we obtain
convergence to the stationary distribution as n — oc:

X0 b om 4 V2r (I — A3y (7)) 28 (7.13)

The stationary distribution of ULA is hence

it = N (m,20(I = A a()7) = N (m o - ;c—l)—l) L (114

Since (I — %C"l)_1 > I, the stationary distribution is, compared to the target,
overdispersed. The overdispersion error is largest in the direction of vy, the
eigenvector of C' belonging to Apin(C).

Proof. The potential gradient is VV () = C~1(z — m). A single update of (ULA),
shifted by m, gives
X m = Xy~ rOVCEGh) = VB

= (I =707 (X{a —m) + Vare .
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Figure 7.1.: Stationary densities of (ULA), (MYULA), (flowB) and (Bfiow) applied to
a Gaussian target. For a one-dimensional Gaussian target with m = 0 and
C =1, we plot the stationary densities of the different algorithms considered
in this section. For (MY ULA), the smoothing parameter was set to A = 1.57
for visualization purpose, note that convergence theory requires A > 7 and
in the present Gaussian special case, (MYULA) and (Bflow) coincide for
A=T.

Denote Aypa(7) := (I — 7C~1). Unrolling the above update for n steps, one obtains

n—1
X[(JTBA —m= %LA(T)(XL(JOL)A —m)+ Ver Z A%LA(T)g(nik)
k=0

n—1 2
LAY AT(XSy —m) +V2r <Z A%kLA<r>> ¢

k=0
= AP A () (XPa —m) +V2r(I — Afp A (7)) 3 (1 — A2, (7))

[N

£,

with & ~ N(0,I), where we have used the summation rule for independent Gaussian
distributions in the second line. If 0 < 7 < 2Ayin(C), we can bound the operator
norm || Aupa (7)|| < 1, so that we immediately obtain the convergence result (7.13). The

remaining statements follow from computing 27(1 — A o(7))™! = C(I — ZC~') and
recognizing that the matrix (/ — 3 ~1) is positive definite due to the step size condition
T < 2>\min(C ) O

The comparison between the stationary distribution of (ULA) and a one-dimensional
Gaussian target is visualized in Fig. 7.1 and its asymptotic bias in Fig. 7.2.

A similar computation for zero mean Gaussians was carried out for the implicit vari-
ant (flowB) in [217]. We generalize this computation to arbitrary Gaussians and both
(flowB) and (Bflow). The respective stationary densities and biases are also visualized
in Figs. 7.1 and 7.2
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Figure 7.2.: Asymptotic bias in KL divergence of (ULA), (MYULA), (flowB) and
(Bfiow) applied to a Gaussian target. For a one-dimensional Gaussian tar-
get with m = 0 and C' = 1, we plot the KL divergence of the respective
stationary distributions from the target p*. As in Fig. 7.1, the (MYULA)
smoothing parameter was set to A = 1.57 for visualization purpose.

Lemma 7.3: (Bflow) for Ornstein—Uhlenbeck processes

For the Gaussian target pu* = N(m,C), the state X}gf) ~ u](gnf) after n steps of

(Bflow) with initialization X]g)} ~ Mg) ])c obeys
Xpgf —m £ ABp(r)(Xg) —m) + V(I = ARy(7) "2 (I = AR(r))2€,  (T.15)

where Ap¢(7) = (I + 7C~1)~1 and £ ~ N(0,1) is independent of Xg?. For all
7> 0, it holds lim,, ;o A%f(T) =0, so, as n — oo, the state converges to

X5Y S m+ V2r(I - A (1)) 3¢ (7.16)

The stationary distribution is thus

,usgt?t =N (m, 27 (I — A%f(r))fl) =N (m,C(I+ TC Y2 (I + 2071)71
(7.17)
It holds (I+7C~1)2(I+ZC~1)~! = I, so the stationary distribution is, compared
to the target with covariance C, overdispersed in every direction in space.

Proof. For the potential VV( ) = &(z—m)TC~(x—m), the proximal mapping is given
by prox},(z) = (I + 7C )7} a + 7C~'m). An update step of (Bflow) can thus be
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rewritten as
X](;}H) —m = prox{,(X](;)) —m+ \/Ef(”ﬂ)
= (I +7C7 Y)Y (XG] —m) + V2rem D,

Denote Ag¢(7) == (I +7C~1)~1. By the same steps as in the proof of Lemma 7.2,

n—1
X5 —m = AR (r)(XS) —m) +v2r Y Al (r)enh)
k=0

n—1 2
£ A y(7)(XG) —m) +V2r (Z A%’;m) ;
k=0
= AR (T) (XS} —m) + V2r(I — AR (7)) "3 (1 — AF}())3¢,

with £ ~ N(0,I). Since C is positive definite, we have lim,,_, Agy = 0. A simple
computation shows that the stationary covariance is

2r(I = Ay (r) ™ = O +rC7 (T + 5077

This makes the stationary distribution overdispersed, since (I +7C~1)?(I+ ZC~1)~! =

—1342rC—1
I+7C Srr0-T = 1.

O

Lemma 7.4: (flowB) for Ornstein—Uhlenbeck processes

For the Gaussian target p* = N(m, (), the state X}%) ~ ,u(%) after n steps of

(flowB) with initialization XJ([%) ~ ugc(g obeys
n d n _1 n 1
X —m L A (r) (XY —m) +V2r Agp (1) (I~ A (7)) "3 (I - A3y (7)) 3¢, (7.18)

where Asp(7) = Apy(1) = (I + 7O~ 1)1 and ¢ ~ N(0,I) independent of Xj(c%).
The state converges in distribution as

XU b m V27 Asp(r)(I — Ag(r)) 3¢ (7.19)
The stationary distribution is given by
st = N (m, 27 A% (1)(I — A%p(r)) ™)) =N (m o + ;0—1)—1> o (7.20)

Compared to the target p*, the stationary distribution is underdispersed in all
directions.
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Proof. The proof is almost identical to that of Lemma 7.3. The difference between the
two algorithms is that the update is

X,(%H) —m=(+ chl)fl(X](c%) —m+ @g(nﬂ)),
i.e., the diffusion ¢V is also multiplied by Asp(7), giving an additional factor of
A?B(T) in the covariance of the states and the stationary distribution. Crucially, this

additional factor makes the stationary distribution underdispersed, while that of (Bflow)
was overdispersed. ]

Deriving the closed form of the stationary distributions allows to quantify the bias and
compare the different iterations. The following Lemma is (in a slightly modified ver-
sion) due to [217], who showed that (flowB) has a smaller bias than (ULA) in relative

entropy.

Lemma 7.5: (ULA) vs. (lowB) for Gaussian targets

Denote the eigenvalues of C as 0 < ¢ < --+ < ¢q. If 0 < 7 < 2¢1, then both

(ULA) and (flowB) converge to the respective stationary distributions p§%% and

gt reported in (7.14) and (7.20). Tt holds

-1
sta T
DiL (B Il 1*) ——+Z<1—4> +10g<1—20>
J

for (ULA) and

-1
Z)KL(#SMt || :U’ -3 + Z (1 + ) + log (1 + 20)
J

for (flowB). Tt holds Dk (478" | 1) < Dxr(uiiia || #*) for all 7> 0.

Before we prove the result, note that the bias values that we report here differ from
the ones in [217], since the author derived the reverse values Dgr(p* || %%, ) and
Dxr(p* || ,u,smt) instead. The main conclusion here, namely, that the implicit scheme
(flowB) has consistently smaller bias than the explicit algorithm ULA, remains un-
changed.

Proof. We can use the following identity for the KL divergence of two Gaussian distri-
butions: If 1 = N(my,C1) and po = N(ma, Cz) in RY, it holds

1 _ _ det Yo
Dt | 2) = 5 (15 (S5150) + (1 = 12)725" = o) — d o log S 52 ) - (721)
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Since the Ornstein-Uhlenbeck processes in Lemmas 7.2 and 7.4 in the values from (7.14)
and (7.20) proves the first two statements. Consider the function f(z) = 1 +logz. By
Taylor expanding log(1 + ¢) and log(1 — €) around 1, it is easy to see that it obeys the
functional inequality f(1 —e) > f(1 + 5) for all e € (0,1). Applying this inequality
to 0 < e = 5~ < 1forall j =1,...,d proves the desired result Dxr (75" || 1*) <

2¢;
stat

Dir(pita I 1no). 0

The result Lemma 7.5 compared explicit and implicit schemes and showed that implicit
steps may be advantageous—at least when ignoring practical factors like the compu-
tational difference between evaluating gradients and proximal mappings. We are now
specifically interested in a comparison between the three simplest proximal schemes
(Bflow), (flowB) and (MYULA) with F' = 0. For Gaussian targets, we will show that
we have the following two inequalities

Du (5" 117 < Dxw(pisg' | 17) < Doy || 17). (7.22)

Here, the second inequality holds if and only if the smoothing parameter A of (MYULA)
is chosen as the minimum value A\ = 7, which results in (MYULA) and (Bflow) being
identical. This partly answers the central question from the beginning of the section: At
least for Gaussian targets, (flowB) achieves a smaller bias than (Bflow) or (MYULA).
We will further prove that, if all algorithms are initialized with a fixed Xy, it holds

Dxr(uly | 18Y) < Dxu(phd | 185 < Drw(ugpy || 1553, (7.23)

where equality again holds if and only if A = 7. To summarize, for Gaussian targets,
implicit discretizations converge faster to their respective equilibrium states and achieve
smaller bias than smoothing-based MYULA. Additionally, extracting the samples after
each backward step instead of after the diffusion step further reduces the bias.

In order to prove (7.22) and (7.23), we first derive the stationary distribution of
(MYULA). Since it coincides with (ULA) applied to a modified target, we can just use
Lemma 7.2. For a visualization of the stationary distribution and the asymptotic bias
for variable 7, see Figs. 7.1 and 7.2

Lemma 7.6: MYULA for Ornstein—Uhlenbeck processes

For the Gaussian target p* = N(m,C), the distribution ul(\;f%( after n steps of

(MYULA) with G = V and F = 0, conditioned on a fixed XUy ~ 1y, is

iy = N (m+ Ay (7 ) (Xfry = m), 20(1 = Ay (7, 1)1 = Ay (7, 1) )
(7.24)
where Ayy (7,0) = T — 7C71H(I + AC~ 1) 7L Under the typical MYULA step size
assumption 7 < A, we have lim,,_,oc AYy(7,A) = 0 and the chain converges to its
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stationary distribution
PR = N (m, 20(1 = Ry (1, 0) )

N <m O(I + AC1Y? (I T ;)01)_1> . (7.25)

This stationary distribution is, like (Bflow), overdispersed compared to the target.

Proof. Notice that the Moreau-Yosida envelope of V(z) = 4(z — m)TC~1(z — m) is
given by

%(m )T+ A (@ —m),

From there, one can apply Lemma 7.2, to obtain both statements (7.24) and (7.25). The
overdispersion follows from noting

VA (z) =

ci(1+ )\071)2 - ci(1+ Tc;1)2
1+ (A=3)e' — 143!

Z Cj (726)

for all A > 7, with equality if and only if A = 7. The values in this chain of inequalities
are the eigenvalues of the covariance matrices of pgfy (left), ug3 (middle) and 4*,
respectively. In Lemma 7.3, we already established the second inequality, showing that
(Bflow) exhibits overdispersion compared to the target. The first inequality shows that
the effect is even stronger for MYULA. O

We are now able to derive the main result of this section.

Theorem 7.7: MYULA vs. implicit schemes for Gaussian targets

Assume that (flowB), (Bflow) and (MYULA) are applied to the target p* =
N(m, C) with the same step size 7 (and A > 7 for MYULA). Then

Diu (5" 1 17) < Dxw(pisg | 17) < Druliaiy | 17),

with equality in the second comparison if and only if A = 7.
Assuming further that all three algorithms are initialized with the same X(©) we

have

D || 178 < Dt (s | 5) < Dicw (i | 5.

Proof. From Lemma 7.5, we know the bias of (flowB) is

d d 7 _\ 7! T _
DKL(ILLStat H /j, = —5 =+ Z (1 + 50] 1) + log (1 + 50] 1) s (727)
7j=1
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Using formula (7.21) for the KL divergence of Gaussians, we have

d & —1—70_1)2 (1+7c;h)?
DKL(,MSMt | %) 5t Z B — log % ) (7.28)
2 j=1 1 + b ] 1 + §Cj
as well as
4 (1+Agh)? (1+ Xc;h)?
D (piy || 1) — — log ( P ) , (7.29)
z—: (A — 2);1 1"’()‘_5)0]'1

From inequality (7.26) comparing the eigenvalues of the stationary covariances of (Bflow)
and (MYULA), we obtain

(1+ )\0_1)2 - (1+ Tc;1)2

1+ (A=3)¢;' = 1+5¢'

Using that f(x) = x — logx is monotonically increasing for = > 1, this immediately
gives Dxr(uit' || 1) < Du(pfy | #*) with equality if and only if A = 7. For the first
inequality, Subtract (7.27) from (7.28) and obtain

(1+ 7051)2 —

Dxr(ug? || 1*) — Drr (7' || 1¥) —
1+ gcj

I
.M&

— log ((1 + ch_l)Q)

<
Il
—_

|
P[\?&

ch_l — 2log (1 + ch_l)

o -
l‘

>

9

where we have used that log(1 + z) < x for all z > 0 in the last line.

For the second part of the theorem, we again employ formula (7.21) to obtain

sta’ d n n n
DKL(MfB | 15 ) = 3 + tr(I — A?B(T)) + STAffB(T)S — log det(I — A}B(T))

d

= 5T AR (1)s = Y (a3 +log(1 - a2)),

=1

where s := C_%(I + %Cil)%(X(O) —m)and a; = (1+ ch_l)*l < 1 are the eigenvalues
of Arg(7). Noticing that Asp(7) = Ag¢(7) and employing the same formula, we get

d

Dic (g || 1f5") = 87 (1 +7C AT () (1 + 707 Y)s = 3 (" + log(1 - aF"))
j=1
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Since I —|— 7C~1 and Asp are symmetric and commute, this implies DKL(,LL;n) |78 >
Dk (,u I usmt) For the states of (MYULA), we similarly get

d
Dru (e || 1358 = sT A%y =3 (83 + 1og(1 = 127)
7j=1
_ et
where s as before and b; = Hl(i/\iz_)? < 1 are the eigenvalues of Ayy(7, ). It can
j

easily be seen that a; < b; for all A > 7, with equality if and only if A = 7. This
implies STA%%(T)S < sT A% (,)\)s. Finally, the function f(z) = x — logz is monoton-
ically decreasing for x € (0 1) so f(1— a?") < f(1- b?"), proving the last statement

DKL(M | ufg") < DKL(MMY | LREE)- O

While this shows that implicit discretizations are more effective than applying ULA to a
smoothed density in the Gaussian case, we want to mention that simple generalizations of
this statement to more general classes of distributions are unlikely and would be difficult
to prove due to the intractability of the stationary distribution. Indeed, the paper [179]
which originally introduced ULA as an MCMC method, commented on the inconsistent
convergence behaviour of ULA for distributions with different tails as being “not very
appealing”. As the arguments made there extend to the proximal algorithms up to some
extent, this could be an explanation for why earlier experimental comparisons of MYULA
and implicit algorithms [84, 123] did not conclude that either version is favourable.

7.3. Primal-Dual Langevin Schemes

Throughout the last sections, we have repeatedly exploited the intimate connections
between convex optimization and log-concave sampling. The parallels between the two
fields have inspired relevant advancements in the analysis of some of the sampling algo-
rithms that we already considered [216, 73]. It hence appears logical to try and translate
more of the available proof techniques and algorithms from optimization to sampling
problems. In the context of MAP computation in Section 4.4, we already discussed the
PDHG algorithm (4.38) as a solver whenever the posterior log-density is of the form
(4.36)
Ppost (T | y) o< exp(—F(Kz) — G(x)).

The optimization routine is particularly relevant for imaging, since this structure is
applicable to a broad class of posteriors that arise in imaging inverse problems. For
instance, a typical splitting in imaging would be with a negative log-likelihood subsumed
in G, a finite difference operator in K and an ¢!- or group ¢*-norm for F, leading to one of
the TV priors we discussed earlier. This could, however, be reversed with F'o K encoding
the log-likelihood and G the prior log-density, this depends entirely on the structure and
properties of the chosen model’s log-densities. Due to this flexibility in the optimization
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approach, a primal-dual type sampler might also be a promising algorithmic candidate
for the task of generating samples from these posteriors.

Just as ULA is often interpreted as a gradient descent with additional diffusion term, it
appears natural to take a similar perspective on the primal-dual method (4.38) and add
a diffusion step at some point in the iteration to construct a sampling algorithm. This
could, for instance, lead to an iterative sampler with the following update

£ ~ N(0, I)

Y+ = prox, ;. (Y () + aKXén))

X (tl) — prong(X(”) — KTy (D) 4\ /2rgnt])
Xe(”‘i‘l) _ X(n—H) + Q(X(n—l-l) - X(n))_

(ULPDA)

This algorithm was first proposed under the name unadjusted Langevin primal-dual
algorithm (ULPDA) in [155] without further convergence analysis. It has since been
mentioned in [90, 123], first analytic results were proposed in [43].

The major difference between the previous methods and (ULPDA) is the algorithm’s
continuous time limit. The convergence theory of ULA depended strongly on the fact
that the target p* is the invariant distribution of overdamped Langevin diffusion (6.47),
and that overdamped Langevin diffusion can be understood as realizing the Wasserstein
gradient flow of the KL divergence, see Chapter 6. For (ULPDA), large parts of this the-
oretical preparation unfortunately become unusable, because we have neither a gradient
flow structure, nor a direct relationship between the algorithm’s continuous time limit
and the target. To see that, let us derive these limiting dynamics. As there are two step
sizes 7,0 in the algorithm that can both be understood as time steps, we assume they
are coupled by lim;, 0 Z = A where 0 < A < oo is some constant. Taking both step
sizes to zero, the formal limiting Markov process (X, Y;) satisfies not the overdamped
Langevin diffusion SDE (6.47), but rather the stochastic inclusion

dX, € —(0G(X;) + KTY;) dt + v2dW; (7.30)
dY; € —A(0F*(Y}) — KX;) dt, '
which we can write in a joint variable Z; = (X;,Y}) as
dz; € _APD(Zt) dt + Bpp dW;. (731)

Here we denoted the primal-dual coefficients

ME Xy + qr)

_ (V2L
Bpp ._< 0d>'

APD(Zt) — {(_pt + KT}/t > T pe € 6G(Xt),qt € 8F*()/t)},
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There are two main differences between overdamped Langevin diffusion (6.47) and the
primal-dual dynamics (7.31) that are relevant in the analysis. Firstly, the diffusion
coefficient Xpp = %BPDB%;D is only positive semi-definite, in this context sometimes also
called degenerate, with an m-dimensional null space. Standard existence and uniqueness
analysis for kinetic Fokker—Planck equations with positive definite diffusion coefficient
thus do not hold anymore. Secondly, the drift coefficient can not be understood as
the gradient of any forcing potential, so in particular, the inclusion (7.30) can not be
understood as realizing the particle dynamics of a Wasserstein gradient flow. We will
reconsider this algorithm’s theoretical behaviour in more detail later. We only point out
for now that, similar to MYULA, the modified continuous time limit introduces a new
stationary distribution £ which depends on the ratio A = Z of the algorithm’s step
sizes [43].

7.4. Mirror Langevin Sampling

Another class of sampling algorithms based on Langevin diffusion that recently gained
popularity in imaging applications are mirrored methods. We already introduced mir-
ror descent (4.34) for optimization, in which the mirror map Vh, induced by a mirror
function or Bregman generator h, maps iterates to the mirrored space. In its continuous
time limit, we saw in (4.35) that mirrored iterations can be understood as a discretized
instance of preconditioned gradient flow

i = —P(x2)VV (2),

with a preconditioner P(x) = (V2h(z))~! induced by a mirror map h. These dynamics
are known as a mirror flow or a Hessian Riemannian gradient flow. The “Rieman-
nian” is due to the fact that the inner product (u,v)g2p(y) = (VZh(z)u,v) induced by
the Hessian endows €, := int(dom(h)) with a Riemannian structure, if h is of Legen-
dre type®. Since the gradient Vgzj(,)V (2) under the Riemannian metric is uniquely
defined by (Vy2p,)V(2),0)v2p@m) = (VV(2),0) for all o, it follows immediately that
Vezn@) V() = (V2h(x)) "' VV (z), where V denotes the gradient in the Euclidean geom-
etry. The gradient flow on the Riemannian manifold hence coincides with the precondi-
tioned gradient flow in Euclidean space. In convex optimization, these well-established
concepts explain the convergence behaviour of mirrored and preconditioned methods,
since these methods often require convexity and smoothness relative to A in order to
converge [6, 174, 19, 138, 141].

The Riemannian viewpoint is a central concept in the growing literature aimed at trans-
ferring mirror concepts to gradient flows in Wasserstein space and sampling [97, 58, 225,

2Note that this and many of the following explanations on the Riemannian structure of mirroring also
hold for a general Riemannian metric, i.e., a general P : RY — Si, where Si C R4 is the convex
cone of symmetrix positive definite matrices. For practical, algorithmic reasons that become clear
later, we will mostly focus on the mirror case P = (V?h) ™ .

125



Chapter 7. Langevin Monte Carlo: Algorithms

2, 122, 130, 173, 32]. Two equivalent approaches easily explain how to derive a diffu-
sion analogue of the mirror optimization dynamics. The first arises by considering the
continuity equation. The Liouville equation for the preconditioned gradient flow is

e =V - (uPVV), (7.32)

i.e., the velocity field is vi(z) = —P(xz)VV (x) for all . We saw in Section 6.3 that this
can be understood as a Wasserstein gradient flow of a potential energy, since VV =
Vi, v (1) for all p € Py(R?). The change of geometry through P = (V2h)~! can
be understood as a locally linear transformation of the velocity field Vi, Ey () for the
objective £y. As in Section 6.3, we can therefore simply consider general continuity
equations by replacing &, with general objectives F on the Wasserstein space. For
instance, for the KL divergence objective F(u) = Dk (|| 1) with p* o< exp(—V), this
results in the diffusion equation

i = V - (uth log l‘f)
=V (uP(VV + V), (7.33)

with P = (V2h)~! as before in the mirror case. The above is hence the Fokker—Planck
equation for mirrored Langevin dynamics, from which we can derive a particle imple-
mentaion. The other, equivalent derivation of this PDE is via the Riemannian geometry
viewpoint from above. Recall that the Hessian P~!(z) = V2h(z) induces the inner
product (-, -)y2p(z) and thereby the norm ||-|y2p(,) at every point x. This induced Rie-
mannian structure is equipped with the geodesic distance dj defined by

1 1/2
N . 2
(e, ) = int ([ OB dt) (7.34)

where the infimum is taken over all continuously differentiable curves v : [0,1] — R?
with v(0) = x, v(1) = . The geodesic distance allows to define generalized Wasserstein
distances over the Riemannian manifold (9, d) via

Wiplei) = _inf (Egsyrldnla, 7). (7.35)
mel (p,ft)

Note that all these definitions are consistent with the Euclidean case whenever we
set h = |-||3. As before, the Riemannian (Wasserstein) gradients can be expressed
as a preconditioned version of the Euclidean (Wasserstein) gradient via the relation
Vi, F = (V2h)~'Vw, F. For the KL objective, this results in the same continuity
equation (7.33) as before. This shows that the Riemannian Wasserstein W, o-gradient
flow over the manifold coincides with the preconditioned gradient flow in Wasserstein
space over R%*—we have derived the same equivalence between preconditioning and
change of metric as is common in Euclidean optimization. We also mention that, de-
pending on the definition of h, the computation of Wj, » may be cumbersome if there is
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no closed form available for dj,. It can, however, be shown that )/V}QL’2 agrees up to second
order with the so-called Bregman-Wasserstein distance, a Wasserstein distance with the
Bregman divergence cost Dy (+,-). This has motivated studies of Bregman-Wasserstein
spaces and their gradient flows [105].

A lot more can be said about the Riemannian structure, Wasserstein distances and
duality concepts in the context of mirror maps. We refer to recent works [32, 173, 105]
on this topic. For our purposes, the Fokker—Planck equation is sufficient to derive mirror
Langevin sampling: The particle implementation of (7.33) is the SDE

dX; = (V- P)(X) — P(X)VV (X)) dt + 1/2P(X;) AW, (7.36)

where we again abbreviated P(x) = (V2h(x))~!. Note that (7.36) is also known as
Riemannian Langevin dynamics for a general Riemannian metric P : R? — Sjl_ [87].
Since P is everywhere symmetric and positive definite, we denote by \/P(z) the unique
symmetric positive definite square root of P(x) for the sake of well-definedness. In
distribution p; of X;, it however does not make a difference which square root is chosen,
since p is fully determined by the diffusion coefficient P in the Fokker—Planck equation
(7.33). The case in which the Riemannian metric is induced by a Legendre type mirror
function h is particularly interesting, since it allows to rewrite the above SDE in a
particularly simple way. For P = (V2h)™!, the divergence term is given by

V- (V2h(X0) ™) = (V2h(X,) " diag (VPA(X,)(V2h(X,)TY),  (7.37)

where the third derivative V3h(X;) : R¥*? — R4 acts as a tensor and we used diag
to denote that we extract the diagonal of the matrix argument as a vector. If we now
set Xy = Vh*(Y;), or equivalently Y; = Vh(X}), by the Ito formula Theorem 6.16, X4, Y;
satisfy the coupled equations

{ X = V' (Y) (7.38)

dY; = —VV(X,) + V2V2h(X,) dW,.

These mirror Langevin dynamics have been proposed in [225] and are a special case of the
already longer known Riemannian Langevin dynamics [87, 165]. A time discretization
of the SDE leads to the iteration

X+ _ gp (Vh(X(n)) B TVV(X(n)) + 2Tv2h(X(n))£(n+1)) 7 €(n+1) ~ N(0, 1),

(MLA)
which is known as mirror Langevin algorithm (MLA). Importantly for sampling ap-
plications, this discretization via the inverse mirror map Vh* is advantageous when-
ever the mirror function implicitly enforces a constraint on the state variable X;. Say,
for instance, we wish to enforce positivity along the sampling iteration, since for in-
stance dom(V) = ]Ri, and therefore consider the negative entropy mirror function

h(z) = >, xjlog(x;) — x; with Q) = R¢. Then (Vh*(z)); = exp(z;), so the dis-
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cretized scheme (MLA) always produces positive values X (") This greatly increases
interpretability when iterates of the chain are extracted as representative samples of the
target distribution. While the continuous time dynamics (7.36) with P(z) = (V2h(z))™!
automatically confine the state X; to €2, this would not be true for a forward discretiza-
tion of (7.36), since the increments of W; are supported on the whole of RY,

7.5. Sampling under Domain Constraints

A typical, practical difficulty in imaging problems are hard constraints to the image’s
values. The most common instance is a non-negativity constraint, which typically ap-
pears in photonic imaging setups, where the reconstructed object could be an emission
intensity, an attenuation coefficient, a density, or some other physical quantity that is
by nature required non-negative. Other constraints may come up, e.g., in computa-
tional photography, where values are limited by both a minimum and maximum channel
exposure.

Sampling methods based on overdamped Langevin diffusion are, by definition of the
diffusion process, not well-suited for encoding hard constraints in the state variable.
The diffusion SDE

dX; = —VV(X,) dt + V2dW,,

is only well-defined for V differentiable in R¢. In Appendix C, we also discuss the
fact that “typically”, the density u; of a diffusion process X; is positive everywhere
at all times ¢ > 0, since the Gaussian increments of the Brownian motion term are
supported everywhere. Standard and overdamped Langevin make no exception to that
rule [166, chap. 6]. As [84] recently showed, replacing VV by a singular selection
of the subdifferential OV is possible. It however still requires the subgradient to be
finite everywhere on R?, preventing us from encoding hard constraints by adding a
characteristic function to V. Note that this distinguishes diffusion dynamics from typical
first-order optimization algorithms based on the Euclidean gradient flow & = —VV ()
for an objective V. If V is convex with dom(V) = C C R? a convex set, we can simply
extend V(z) = oo for x ¢ C, preserving convexity, and consider the subgradient flow
& € —0V (x), which is still well-defined and convergent.

For sampling dynamics, the way to incorporate state constraints is typically to drastically
change the considered diffusion equation. One possible technique that we already covered
in Section 7.4 is via a mirror map h, resulting in diffusion processes that are constrained
to the Riemannian manifold C = int(dom(h)).

The second common technique that we now briefly review does not change the geometry

of the state space, relying instead on reflected diffusion processes. Suppose we wish to
constrain the states to a closed, convex set C C R?. Instead of the Brownian motion
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7.5. Sampling under Domain Constraints

with drift, one considers a process reflected at the boundary 9C, solving the SDE
dX; = —VV(X;) dt +V2dW; — v L(dt). (7.39)

Here, 14 is a unit outer normal vector to the boundary 9C, and L is a measure supported
on {t >0 : X; € dC}. The additional drift v;,L(dt) can be understood to “reflect” the
process X; back to dC whenever the Brownian motion term would drive X; outside of 0C.
Reflected diffusion processes are closely related to the Skorokhod problem [197], which
aims to decompose a given stochastic process into a reflected process and a regulatory
process (the term —1;L(dt) in the example above).

The authors of [39, 40] proposed to use (7.39) for constrained sampling. Suppose V :
C — R, and the target is given by pu*(z) x exp(=V (z))xc(z), where xc(z) = 1 whenever
x € C and x¢(z) = 0. Then the target’s invariance under the reflected SDE is inherited
from overdamped Langevin diffusion. Under similar regularity assumptions on VV as
in the unconstrained case, the density u; of Xy solves the Fokker-Planck equation, now
with homogeneous Neumann boundary conditions

e — . (yVV) + Ay in C,
V,utnzo on 8C,

where n is a normal vector to the boundary C. The target p* is the invariant solution of
the PDE. As proposed in [39, 40], the reflected process can be discretized by projecting
samples onto the boundary of C at the end of every step. This leads to the following
iterative scheme

with ¢t ~ N(0, I;) independent in every step, where Il¢ is the orthogonal projection
onto JC. By carefully estimating the bounds between continuous-time process and the
discretization, the authors of [40] are able to derive a polynomial bound on the Markov
chain’s mixing time in total variation distance.

Note that for any 7 > 0, the projection operator can be written as a proximal operator
e = prox, of the characteristic function x.. This shows that (7.40) with potential V'
is a special case of the algorithm (FflowB) with potential V' 4 x.. In Section 8.2, we
will discuss that this exposes a theoretical gap on the convergence of proximal sampling
schemes. While (F flowB) is only known to converge for finite potentials, it does converge
in the special case G = x, due to its relation to (7.40) and reflected diffusion processes.
The results on (7.40) act as a motivation to use (FflowB) for more general potentials G.
We stress that this is a promising direction of future research on non-smooth sampling.

We finally mention recent contributions [149, 110], which build on the idea of reflected

Langevin dynamics to develop efficient sampling methods tailored for low-photon imag-
ing problems with non-negativity constraints. Similar to the situation in this thesis,
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these works assume Bayesian posterior targets of the form
p* o< exp(—=(F + G))xpa, -

While the basic setup of the reflected SDE follows the same general principle as in
(7.39) with V' = F + G, the work [149] combines the ideas of reflected diffusion with
Moreau—Yosida regularization for non-smooth potential terms G. This is analogous to
the derivation of (MYULA) as an alternative to (ULA) for non-smooth potentials. In the
time-discretization, instead of projecting at the end of every step, the authors propose to
“reflect” the sample at the boundary. When the constraint is the non-negative orthant
C = Rio, a reflection at zero simply amounts to taking the component-wise absolute
value®. The reflected MYULA iteration then takes the form

X+ = |xO) — VA (@) + V2re)|
N

)\prox)c‘;(X(")) + V27D | (7.41)

= ‘(1 - ;)X(") —TVE(X™) +

where V* = F + G* and G* is the MoreauYosida regularization of G with parameter
A, cf. Section 7.1. In [110], the authors combine the previous works with ideas to in-
corporate data-driven priors to Langevin sampling algorithms. As a comparable version
of reflected MYULA for data-driven priors, they replace the proximal mapping of G
with a trained denoiser, resulting in a plug-and-play approach. From an experimental
viewpoint, these works show that the reflected diffusion approach can provide a theoret-
ical framework allowing to adhere to hard non-negativity constraints in imaging inverse
problems.

7.6. Proximal Operators in Practice

In practical imaging inverse problems, the posterior often involves non-smooth prior
terms, such as total variation or sparsity-promoting penalties. The non-smoothness
poses challenges for sampling methods based on Langevin dynamics, which traditionally
rely on differentiable potentials. Let us assume again that the target is of the form

p(x) ocexp (= F(x) — G(x))

with a smooth potential F' and a possibly non-differentiable potential G. As we estab-
lished in Section 7.1, partly implicit schemes like (FBflow) or (FflowB) can overcome
the non-smoothness problem, since they do not require gradients of the potential G, but
its proximal operator prox., which may be available in the non-smooth case.

5In the small step size limit 7 — 0, there is no large difference between reflection (like (7.41)) or
projection onto the boundary (as in (7.40)). Practically, the projection may lead to a positive mass
of the boundary JC while the reflection slightly underestimates the mass in the neighbourhood of 9C.
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In cases where prox.; is available, this can be very effective. For example, it is simple to
derive the proximal mapping of G = «f|-||; as

(prox(.y, (z)); = max{|z;| — a7, 0} sign(z;).

This allows to replace (ULA) by (FflowB) with comparable iteration cost in cases where
the non-smooth term is an ¢'-norm or the ¢!-norm of an invertible frame. A practical
limitation arises, however, when proxf, does not have a closed form and must be com-
puted numerically, for instance via iterative convex solvers. A standard example of such
a potential G relevant to imaging is isotropic total variation (4.15). The solution of

. 1
proxty () = arg min{TV(y) + o[} — y|[*}
Yy

has no accessible, closed form and requires iterative computation on its own [41, 52]. In
such cases, each sample update of a proximal Langevin scheme like (FflowB) requires
an inner iteration, and only has access to an approximation of the proximal point. The
resulting scheme is no longer a direct discretization of any SDE and raises the question
of how such inexactness impacts convergence to the target distribution u*.

By results in [77], the additional bias due to inexactness in proximal points can be
controlled, if the inexactness error is of a special type and bounded. Inexact proximal
steps can be formalized via the e-subdifferential of G: given =,y € R? and € > 0, we say
that y is an e-approximate proximal point of z if

1
—(z—y) € %:G(y).
Here, 0.G(y) denotes the e-subdifferential defined by
0:G(z) = {p € R" : G(y) = G(2) + (p,y — z) — &},

which generalizes the standard subdifferential as the case ¢ = 0. This yields an iteration
rule of the form

X0+ . prox? (X(”) — TVF(X™) + \/ﬂﬁ("“)) : (7.42)

By definition of this type of inexact proximal point, the approximation error £ can be
controlled in practice by bounding the duality gap in convex solvers. The error incurs a
bias in the stationary distribution of the Markov chain, which [77] quantify. Importantly,
under strong convexity of F' and bounded errors ¢, the additional bias in the sampling
distribution remains bounded and can be separated from the bias to the finite step size 7.
If errors €, and step sizes 7, are allowed to change over the course of the iteration, there
are configurations of the algorithm in which 7, — 0 and &, — 0 such that the inexact
scheme asymptotically recovers the exact target u*. Moreover, the convergence analysis
of (FflowB) with exact proximal points from [186] is recovered in the case € = 0.
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In a broad sense, the results of [77] play an important role in the practical implementation
of Langevin schemes for imaging, as they act as the justification to use proximal schemes
even in the case where we have to evaluate proximal mappings with an approximate,
inner solver. On a more detailed level, the guarantees on inexact (FflowB) offer control
over the regularizing effect of a non-smooth prior potential. If the proximal point is
computed via gradient descent on the dual problem and the diffused image is used as
a warm start at each iteration, using a lower accuracy e for proximal points can be
checked to be equivalent to reducing the proximal step size, and hence to increasing
the prior distribution’s temperature. This directly results in a trade-off of accuracy
and computational cost at each iteration. Figure 7.3 shows this effect on the example
of a simple image denoising task with a regularizing TV Gibbs prior. For the lowest
accuracy, computing a rough approximation of the TV proximal points is very cheap,
but has almost no regularizing effect. Increasing the accuracy requires more iterations,
but approximates better the true posterior mean for the chosen prior temperature. In
practice, the necessary accuracy for a fixed temperature should therefore be calibrated
by comparing with very accurate or Metropolis—Hastings corrected samples for a few
iterations, in order not to artificially reduce the prior’s strength.

132



7.6. Proximal Operators in Practice

1.0

0.0

0.6

0.4

(d) Sample mean, € = 10°  (e) Sample mean, £ = 1072  (f) Sample mean, & = 10~4
-0.6

-0.8
-1.0
-1.2

-1.4

-1.6

-1.8

(¢) Logarithm of pixelwise (h) Logarithm of pixelwise (i) Logarithm of pixelwise
sample variance, & = 10° sample variance, § = 1072  sample variance, & = 10~*

Figure 7.3.: TV-denoising of an image (a) corrupted by pixelwise independent Gaussian
noise (b). A close approximation of the MMSE, computed with a long-
running, Metropolis—Hastings corrected Markov chain is shown in (c). We
show MMSE estimates (d-f) and logarithm of pixelwise standard deviation
(g-i) of 10* samples for different proximal accuracy levels € = Cpé.
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Langevin Monte Carlo:
Ergodicity and Convergence
Analysis

In this section, we derive stability and convergence results for different Langevin sampling
variants. By “stability”, we usually mean ergodicity and specifically geometric ergodicity,
for other possible notions of Markov chain stability see [150]. By “convergence”, we refer
to the distance between the samples’ and/or stationary distributions of any algorithm
to the target u*. As we discussed in Section 7.1, u* and the stationary distribution of
Langevin Monte Carlo do not coincide due to the unbalanced discretization.

Some arguments are repetitive for the different algorithms, so we start by giving a the
simplest coupling-based convergence proof of ULA in Section 8.1. The section unveils
conceptual parallels—firstly, between sampling and optimization from a convex analysis
viewpoint, and secondly, between sampling algorithms in discrete time and their con-
tinuous time limits. We then revisit these ideas for the more complex algorithms: In
Section 8.2, we see that ergodicity statements are easily generalized from ULA to other
discretizations of overdamped Langevin diffusion, employing typical convex analysis ar-
guments. For the (FflowB) algorithm, we analyze an existing convergence proof from the
literature and its assumptions and limitations in detail. We then modify the argument
slightly to obtain a new convergence result for (FBflow). In Section 8.3, we introduce
a recent primal-dual Langevin sampling method and analyze the bias induced by the
partial dualization of the potential. We then move to mirror Langevin sampling in Sec-
tion 8.4, where we again generalize the ergodicity result, since the mirror map changes
the underlying geometry of the state space. Here, we use recent theory on the optimal-
ity of preconditioners in order to motivate sampling schemes for imaging problems with
Poisson data.
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8.1. Unadjusted Langevin Algorithm

A simple, yet versatile tool to prove convergence results for the Langevin diffusion process
and its discretizations is the synchronous coupling method. Using that, ergodicity can
be proven by considering two processes or chains with the same stochastic input. It
is a standard argument for the analysis of Markov chains and stochastic stability [133,
150] and more recently also diffusion PDE research [82] and has proven efficient in
the ergodicity and convergence analysis of various Langevin sampling algorithms. For
Langevin diffusion based sampling, the relevant techniques were developed over a series
of works that concentrated on ULA with a strongly convex potential [68, 69, 74, 75].
These arguments were subsequently extended to projection-based variants of ULA for
distributions over constrained sets [39, 40|, mirror-type methods [2] and recently on a
primal-dual type method [43] and the FflowB algorithm [84]. We already demonstrated
its use for overdamped Langevin diffusion in continuous time in Theorem 6.18. It turns
out that these arguments can be transferred to the time discretized setting without many
changes, leading to “typical” estimates and techniques known from convex analysis.

Theorem 8.1: ULA: geometric ergodicity by coupling

Suppose V is w-strongly convex, differentiable and V'V is L-Lipschitz continuous.
Let (X (n))ne]No be generated by (ULA) with some initialization X(©) ~ (%) and
step size T < % Then ULA has a stationary distribution, denoted as before by

8t | and the distributions (™ of X (™) satisfy

Wa (™, i) < a(r)" Wa (), uily), (8.1)

where ¢(7) = max{1 — wr, LT — 1}.

Proof. Most of the computations below are similar to Lemma 1 in [68], where it was
then used to prove convergence of ULA. Let us consider two instances of ULA with the
same stochastic input, i.e. (X ("))nzo and (X (n))nzo defined by initial values X(© and
X©) and the coupled update
0 ~ N0, 1),
X0 = X _ 7y (X)) 4 \/2rentD),
X0 = X0 _ 29y (XM) 4 v2rety,

We now compute
||X(n+1) o X(n+1)H2

= |X™ — vV (X™) - X 4 77V (X))
=[x — X2 = 2r DY™(X™, X)) 4 72| vV (X ™)) — vV (XM))2,
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Using (B.13) to lower bound the symmetric Bregman divergence, we obtain

HX(nJrl) - X(nJrl)HZ

21wl 5 2 -
< _ (n) _ wn2 e (n)y _ (n) 2.
< (1= T2 IO = X (7= ) IVVEE) - VYD)

Ifr< ﬁ, we can use (B.11) and (B.7) in that order to upper bound the second term:

X () _ g2 < (1 B z:o:i e (T B Liw)) X — g2

= (1 - Tw)?|X™ - X"

Conversely, if 7 > ﬁ, then we use (B.10) and (B.9) in that order and obtain

||X(n+1) . X(n+1)||2 < <1 B 21wl n 12+ (T B 2 )> HX(n) _ XnHQ
L+w L+w

= (1L —1)?|X™ — X" |2,

Note that 7 < ﬁ is equivalent to 1 — 7w > 7L — 1, so the factor in front of the norm
can unifyingly be written as ¢(7)2, where ¢(7) = max{1 — w7, LT — 1}.

| XD — X D)2 < g(7)?) X ) — X2
By unrolling that inequality over n iterations, we obtain
X — XO < gy X O - PP,

Since w < L, it is easy to see that ¢(7) > 0. The step size condition 7 < % is equivalent to
q(7) < 1, in which case the Markov chain is ergodic due to the right hand side converging
to zero. Taking expectations, the left hand side is lower bounded by WQ(ILL(H),/:L(n))
by definition of the Wasserstein distance. On the right hand side, we proceed as in
Theorem 6.18: Since the inequality holds for any initialization of X(© and X(©, they
hold in particular for the specific coupling for which the joint distribution of (X 0, x (0))
realizes the infimum in the definition of the Wasserstein distance. Taking the square
root, we have
Wa(u™, 5™ < q(r)"Wa(u®@, 5©).

Now, as in the continuous time case, we assume that (9 = LRt s initialized at the

stationary distribution of the Markov chain. This implies that it remains stationary

throughout the iteration, so g™ = pat for all n > 1, proving the statement. O

Since this ergodicity proof technique for ULA is central to several of the methods we
consider, it is helpful to put it into context by comparing it to gradient descent in
the optimization case, and to overdamped Langevin diffusion as the continuous time
equivalent:
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e The proof shows that the coupling technique essentially allows us to transfer typical
inequalities from optimization, like a descent lemma or the stronger, lower bound
(B.13) on the symmetric Bregman divergence, to the sampling case. This “transfer”
is possible whenever we prove stability (or, in Markov chain terms, ergodicity) in
a transport distance based on a norm that only depends on the difference of the
coupled states, just like the Wasserstein distance. Whenever this is the case, the
stochastic terms of the coupled ULA iterations cancel out as in the beginning of
the proof above. The differences are then equal to the differences of two parallel
instances of gradient descent. Indeed, the computations from there are exactly the
same computations that we would have carried out in a stability proof of gradient
descent on the functional V.

e The other type of conceptual transferability of the coupling method connects the
continuous time and discrete time regimes. The central argument to remove the
influence of diffusion terms is essentially the same in both: In discrete time, the
additive stochastic term got cancelled out by considering the difference X — X of
coupled iterations. In continuous time, the diffusion in two coupled processes only
acts in the dimension X + X, so making the transport distance depend only on
the orthogonal difference equally cancelled out the diffusion term in the proof of
Theorem 6.18.

While the last proof stressed the similarities in the concepts of stability of ULA and
overdamped Langevin diffusion, the discretized time case is to some extent harder: The
stability argument only results in ergodicity, and not convergence to the target p*.
Theorem 8.1 proves a rate that allows to compute the number of iterations needed before
the samples’ distribution is close to the stationary distribution p§t% of the Markov
chain. Since we actually aim to generate samples from p* o eV, it remains to bound

the distance between p5%% and p* (or between (™ and p* directly).

In order to complete that missing step, we can again draw parallels to the optimization
case: Just as we would be able to prove a consistency result that bounds the error
of gradient descent compared to the gradient flow &, = —VV(x;), we can bound the
error that arises from discretizing the SDE Xt = —-VV(Xy) + \/§Wt While forward
Euler for ODEs is a first order method, in the SDE case, the discretization error will
be of order O(T%) at every time step. Due to the unbalanced discretization eluded
to in Section 7.1, the errors accumulate and generate a bias between the stationary
distributions in continuous and discrete time. As before, the proof can be based on a
synchronous coupling argument, this time between continuous and discrete time regimes.
We mostly follow the proof of [68], but mention that there are other routes leading to
slightly different bounds of the bias in potentially different distance metrics, see, e.g.,
[74, 73, 56, 210, 60].
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Theorem 8.2: ULA: Wasserstein bias by coupling

Suppose V is w-strongly convex, differentiable and VV is L-Lipschitz continuous.
Let 7 < %, then by Theorem 8.1, ULA is geometrically ergodic. Then, the

distributions (™ generated by ULA satisfy

C (r*L2d)* (1 — q(r)")
1—q(7) ’

with ¢(7) as in Theorem 8.1 and C' = 14/2/3. In the limit n — oo, the stationary

pitar satisfies

Wa ('™, 1*) < q(m)"Wa (1O, 1*) + (8.2)

ot CL(rd)2 if0 <7< 2,
Wa(piiiia, 1*) < { Ir 1, Lt (8.3)
027[/7_ (Td)2 1fm§7-<z

Proof. The standard way to couple the time discretized Markov chain produced by ULA
with a diffusion process in continuous time is by understanding the Markov chain as a
time continuous object, where we are only interested in the states at times n7, n € INg.
Suppose (X;)¢>0 solves the overdamped Langevin diffusion (6.47) with X ~ p*. By
integrating the SDE over [t,t + 7] for any ¢,7 > 0, it holds

t+1
Xeir = X — VV(Xs)ds + V2(Wir — W),
t
and, since the process was initialized at the statilonary solution, X; ~ p* for all times
t > 0. We now set t, = n7 and €0t = +73(Wy, .r — Wi, ) ~ N(0,I). Let now
(X (n))nelNo be generated by (ULA) with this stochastic input (£("),cn. For ease of
notation, fix now some n € Ny and write ¢ instead of t,. It follows

1 Xer — X0

t+7 ~ ~
VV(X,)ds — X TVV(X(”))‘

|-
t

< | = X0 — 7 (vV (x) - vV (E™)| + /t T vx) - vV(x,) ds.

For the first term, we can use the same type of descent lemma that we derived in the
proof of the ergodicity result Theorem 8.1, and obtain

HXt — XM _ r(VV(X) — VV(X<">))H < q(T)HXt - XWH.
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Taking a weighted L2-norm on both sides, this implies

1
(B[IXs - — XHD)2)

2

~ 1 t+1

< q(r) (B - X))+ (B[ (9V00) - YY) asl?)
For the second term, we use Jensen’s inequality and Lipschitz continuity of VV to bound

1 1

T o) 2 t4T ) 3

(B0 [ (v - v asi?l) < (rBI9VEn) - IVOn) s
t+71 %
< <7L2 / E[[| X, — X,|?] ds)
t

For any s > t, we plug in the integrated SDE X; — X, = [’ VV(X,) dr — vV2(W, — W).

Using the triangle inequality, Jensen’s inequality and the fact that E[|Ws—W;||?] = s—t,
we obtain the bound

9 t+71 9 %
<7L [ ENX - X 1ds)

5 t+1 s 9 % 9 t+7 9 %
< (TL / E[|| [ VV(X,)dr|| ]ds) + (27L / E[|Ws — Wi || ]ds)
t t

< <T43LQ IE[HVV(XQW) T (rfar)®

In the last step, we have additionally employed the fact that X; is stationary in distribu-
tion and we therefore know E[|VV (X,)|?] = E[||VV(X})||?] for all € [t,t + 7]. Since
VV is Lipschitz continuous, we can bound this term by E[||VV (X;)||?] < dL. Using the
step size condition 7 < 207!, the bound eventually reduces to

1 1
t+1 2 1 35 1 1
<TL2/ B[ X: — X.||?] ds)2 < <3T4L3d> o+ (rPa1?)? <o ()’
t

where C' = 1+ /2/3. After plugging this bound in, we proceed as in the ergodicity
result. The nonasymptotic bound is iterated over n steps, giving

N

(BlX, — £9)21)* < gr) (B[ X0 - XO)* + 0 (124) nfqm'f
k=0

C (r3L3d) 2 (1

< q(ry (E[1X% - XO3)F +

By definition of the Wasserstein distance, the left side is lower bounded by W (u*, ugt?t, )

for all n, since X; and X (™ are stationary in distribution. The inequality holds for any

140



8.2. Methods Based on Proximal Steps

joint distribution of (Xo, X (0)) with marginals p* and p(9, respectively. In particular,

it holds for the coupling that realizes the Wasserstein distance, leading to the first
statement (8.2). Considering the limit n — oo and plugging in the definition of ¢(7)
leads to the second inequality (8.3). O

We close this section by mentioning that there are several more relevant results on the
convergence behaviour of ULA. For instance, we have seen in Section 6.3 that w-strong
convexity of the potential V is sufficient, but not necessary to guarantee convergence of
overdamped Langevin diffusion. This extends to the discretized time setting of ULA,
which may also converge under the assumption that V satisfies the weaker log-Sobolev
inequality and has a Lipschitz-continuous gradient. Convergence in KL divergence under
this weaker set of assumption was shown in [210] and recently extended to general Rényi
divergences in [60].

8.2. Methods Based on Proximal Steps

Having gone through the central arguments on the example of ULA, it is now easy to
show ergodicity for several other discretization schemes. We start this section by proving
geometric ergodicity of (FflowB) and (FBflow) using a coupling argument. Afterwards,
for the (biased) convergence of these algorithms to the target p*, we however illustrate
a different proof strategy due to [73]. The authors there derived a convergence proof
for (ULA) slightly differing from the one we presented in the last section, and extended
the argument to the (FflowB) algorithm. As a main contribution of this section, we will
show that some of the arguments can be transferred in order to prove convergence of the
(FB/flow) method. Interestingly, although the two convergence proofs do differ to some
extent, the asymptotic bounds on the Wass?rstein biases of both methods coincide up
to order 7 (the leading order is, as before, 72).

Theorem 8.3: (FflowB) and (FBflow): geometric ergodicity

Suppose V = F +G : R = R, where F : R? - R is wp-strongly convex, has
Ly p-Lipschitz continuous gradient VF, and G : R¢ — R is proper, lower semi-
continuous and convex, but potentially not differentiable. Note that we explicitly
allow G to take inifinite value. Assume the step size condition 7 < ﬁ holds for
both (FflowB) and (FBflow). Then both algorithms are geometrically ergodic in
the sense that

n sta n 0 sta’
Wa (gl 1535) < qr (7)" Wals ., 1)

0
Wau) . 188) < ar(7)" Wa (il . 1558 ),
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where ug})B denotes the distribution of (FflowB) after n steps, M%t?fg denotes the

stationary distribution, and analogous notation is used for (FBflow) with ‘FBf".
Similar to Theorem 8.1, we have defined qp(7) = max{1 — w7, Lyp7 — 1}.

Proof. Consider two synchronously coupled instances of (FflowB), i.e., (X (n))nE]NO and
(X (n))nelNo defined by initial values X(© and X(® and the coupled update

¢~ N(0, 1),
XM+ = prox?, (X(”) — rVF(X™) + \/Eeg(”“)) ,
X0 = proxf, (X'(") —rVV(X™) 4 \/Zé(”ﬂ)) )

Since G is convex, its proximal mapping proxg is firmly non-expansive for all 7 > 0, see
[20, chap. 23]. In particular, we have

v 2 T o (n+2
X+ = D2 = fproxf, (X(3)) — proxg, (X)) 12
< ”X(n-‘r%) _ X(n—i—%)HQ
=X —7VF(X™) - X 4 v F(XM))2, (8.4)

where we denoted X("+3) = x( — TVF(X™) + 2rpu*+D | The exact same term
was the one that we bounded in the ergodicity proof of ULA in Theorem 8.1, with F'
taking the place of V' under identitical assumptions. We can therefore copy the steps

and obtain ) .
XD — KD < g2 X — X7,

From there, the steps to geometric ergodicity are equivalent to the proof of Theorem 8.1.

For (FBflow), the proof is almost identical. The only difference appears in (8.4): Af-
ter coupling two iterations, the stochastic terms cancel out right away by considering
the difference X (nt1) _ X (”Hz. We then use firm non-expansivity to upper bound
||prox&(X("+§)) - proxTa(X(”+§)) |2 upon setting X3 = X — 7V F(X™) and end
up with the same term as in (8.4). From there, we carry on as before. O

As in the case of ULA, the convergence proofs require a little more work, since one needs
to bound the SDE discretization error. The proof we present now is not directly based on
a synchronous coupling like the ergodicity result, but rather focused on the perspective
of viewing sampling as an optimization problem that we presented in Chapter 6. From
this point of view, convergence with a bounded bias can be shown by quantifying the
decay of the objective functional (the KL divergence with respect to p*) along iterations.
We loosely sketch the proof idea here for ULA, before going through the details on the
more compliated example of (FflowB). Recall that we can separate the KL objective
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into inner and potential energy as

DxL(p || 1) = H(p) + Ev (u).

Writing ULA again as two half-steps

X+ = x _ ryy(x™)

XD — x(n+g) 4 Vorem+) o glntl) N(0, 1),
now helps to derive bounds. Since the first half step u(™ — ,u("+%) is a gradient descent
step, it is easy to show that it reduces the potential energy &£, by a standard descent
lemma. Likewise, the diffusion step M(’”%) — ,u(”“) increases the entropy. This together
gives a certain decay of the objective in every full step. The “error”, i.e., the loss in
entropy due to the gradient step or vice versa, is shown to remain bounded, resulting in
a bounded bias over the course of the iteration.

We now give the complete result for (FflowB).

Theorem 8.4: (FflowB): Wasserstein bias

Suppose V = F+G : R?* = R, where F is wp-strongly convex, differentiable and
VF' is Lyp-Lipschitz continuous. Suppose further G is convex and Lg-Lipschitz-
continuous. Now assume that (FflowB) generates samples with distributions
(1) e, , Where the step size obeys 7 < ﬁ. Then it holds

W3 (™, 1) < (1 — wpr)" W3 (1, %) + Cr,

with a constant C' = %(Lv pd+ LZ%). In particular, in the limit n — oo, we have

Wa(piiigh, 1) < (CT)7. (8.6)

In order to state the proof, we collect several auxiliary results. The first is due to [73,
Lemma 4] and quantifies the decrease in potential £f in a forward step.

Lemma 8.5: Potential decrease in a gradient step

Assume F is wp-strongly convex, differentiable and VF' is Ly p-Lipschitz contin-
uous. Let 7 < ﬁ and p,v € Py(R?), and denote further g = (Id — TV EF) .
Then it holds

27(Ep(p) — Er(v)) <(L —wpm)Wi(u,v) — W3 (p,v)
=71 = yLyr) Ex[| VU (X)|?].
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The next result regards the increase in entropy in every diffusion step [73, Lemma 5]

Lemma 8.6: Entropy increase in a diffusion step

Let p,v € Po(RY) with H(v) < co. For a fixed 7 > 0, denote by /i the solution
of the heat flow at time 7 with initial condition p at time zero, see (7.7) for the
density of fi. Then it holds

2T(H(ﬂ) - H(V)) < WQZ(:uﬂ V) - W22(:a7 V)'

For every diffusion step, we can further bound the corresponding change in potential
energy [73, Lemma 3.

Lemma 8.7: Potential increase in a diffusion step

Suppose F is differentiable and VF is Ly p-Lipschitz continuous. For u € Pa(R%)
and 7 > 0, denote by /i the solution of the heat flow after a time step of length 7
with initial condition u, exactly as in Lemma 8.6. Then

Er(f) — Er(p) < Lypdr.

Eventually, we control the potential energy £¢ in every backward step [73, Lemma 29].

Lemma 8.8: Potential decrease in a proximal step

Suppose G is convex and Lg-Lipschitz continuous. Let p, v € P2(R?) and denote
ft = (prox(;)4p. Then it holds

2r(E6 (1) — Ea(v)) < W (,v) — Wi, v) + 207>,

With these auxiliary results, assembling the proof of Theorem 8.4 reduces to applying
the lemmata at the correct intermediate steps of the algorithm, see [73].

Proof of Theorem 8.4. For ease of notation, write the iteration (FflowB) as three sub-
steps, i.e.,

X045 = x) _pyy(x ™),
X+8) = x(3) 4 \/2re gD L N(0, 1)
X0+ = proxr (X)),
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The corresponding distributions at intermediate steps are also denoted as u(”), ,u,(”+%),
etc. We first show the following, nonasymptotic result, see [73, Lemma 30]:

2r Dicr, () || 1) < (1—wpr)W3 (™, 1) = W3 (Y, %) 4272 (Ly pd+LE). (8.8)

This follows from combining the four auxiliary results. We use Lemma 8.5 with g = p(®
and v = p* to obtain

27 (Ep (nH9)) — Ep(p*)) < (1 — wpr)WE (U™, 1) — WR (U 3), 1),
We apply Lemma 8.6 with y = ,u(’”%), v =pu* and get
2 (H (")) — H(p*)) < W3 (), 1) = W (™), ).
(n+3)

For Lemma 8.7, setting u = u as well gives

2T(5F(u(n+%)) - SF(,U,(HJF%))) < 2vad7’2.
And eventually, we set u = ,u("‘%), v = p* in Lemma 8.8 to obtain
20 (Ea(n)) = Ea(i™)) < WE (), %) = WE (D, ) + 2287

The central inequality (8.8)~ follows from adding up the last four inequalities and using
Dkr(p* || w*) = 0. Denote C' = 2(Lypd + LZ,). Since the KL divergence is nonnegative,
we can bound the left side of (8.8) by zero and iterate the inequality over n steps to
obtain

n—1

W3 (™, %) < (1= wpr) Wi, %) + O72 37 (1 —wpr)*
k=0
< (1= wpr)"Wi (', p*) + Cr,
where C' = w}lé is the constant in the theorem’s statement. O

While we just bounded the KL divergence terms in the proof by zero, note that it would
be possible to keep them in the iterated inequality, use convexity of KL in order to bound
the ergodic averages and hence obtain convergence results in KL divergence from the
target as well. Since these computations are not central to our work, we do not carry
out the detailed computations here and refer instead to [73].

We continue by extending the theory to the slightly different (FBflow) algorithm. As
should be clear from the previous computations, several of the auxiliary results can be
recycled when adjusting their order accordingly. The central convergence result is the
following.
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Theorem 8.9: (FBflow): Wasserstein bias

Suppose V = F + G : R? - R, where F is wp-strongly convex, differentiable
and VF is Lyp-Lipschitz continuous. Suppose further G is convex and L¢-
Lipschitz-continuous. For a step size 7 < Lv%p’ let (FBflow) generate samples

with distributions (u(™),en,. Then it holds

Wa(uiial, 1*) < (C1)? + O(7)

where C' = %(LZG + dLvr) is the same constant as in Theorem 8.4. After n
iterations, by applying the triangle inequality and Theorem 8.3, we obtain

* n sta’ l
Wa (™, 1*) < (1 — wpr)"Wa(u, i) + ()2 + O(r).

Since the order of the intermediate steps is modified compared to (FflowB), we have to
prove a simple auxiliary result on the entropy change under a gradient descent step.

Lemma 8.10: Entropy decrease in a gradient step

Suppose F' is wp-strongly convex, differentiable and VF' is Ly p-Lipschitz contin-
wous. Let pu € P2(R?) and define i = (Id — 7V F) gu, where 7 < ﬁ. Then it
holds

dlog(l1 — 7Lyrp) < H(p) — H(f) < dlog(l — Twp) < 0.

Proof. Denote T'=1d — 7V F. The negative differential entropy of ji can be computed
by plugging in the pushforward’s density

H(@) = [ log(a(@)i(da)

= [ <det5§?<y>>) wdy),

where we used that T is invertible since 7 < L%}w. Due to the strong convexity of F' and
Lipschitz continuity of VF, we know that all eigenvalues of DT(y) lie in the interval
[l —7Lyr,1 — Twp]. This implies

(1 —7Lyr)? < det(DT(y)) < (1 — Twp)?.
For the negative entropy of [i, we therefore obtain the bounds

H(p) = H(p) — Ey~pllogdet(DT(Y))]
€ [H(p) — dlog(l — rwr), H(p) — dlog(l — 7Lyr)].
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This is equivalent to the first two inequalities in the statement. Since Twp < 7Lyp < 1,
we obtain log(1 — 7wp) < 0. O

With this additional result, we are able to prove the convergence result for Theo-
rem 8.9.

Proof of Theorem 8.9. We start by deriving a central “descent” inequality that is com-
parable to the one in the proof of Theorem 8.4. For n > 1, it takes the form

1 * n—=x n * n+2 *
27 Dy, ("8 || 1) < WE("3)) — wpr Wi (™, ) = Wi (3 )
+272L% — 2rdlog(1 — TLvp), (8.9)

where we denoted as before u("+%), j € {1,2,3} for the distribution of intermediate
iterates, now in the following order:

X3 = x0) _ gy (x ™),
X3 = prox(X ),
XD = X (43) 4 \arettl) et N(0, )

As before, the above inequality is the sum of four of the auxiliary results. We start with
Lemma 8.5 for = p(™ and v = p*, giving

27 (Ep(p"F3)) — Ep (i) < (1 —wpr)W (™, 1) — W2 (), 1),
Secondly, we apply Lemma 8.6 with p = ,u("*%), v=pu"
27 (H (™) — H(i*)) < W33, 1) = W3 (™, ).
Next, we set u = ,u(”Jr%), v = u* in Lemma 8.8 to obtain
27(Eq(n"3)) — Ea () S WH(FS), p*) — WE (3D ) + 2L 72,

Note that we do not use Lemma 8.7 this time, but rather have to employ Lemma 8.10
due to the changed order of steps. Setting p = p(™, its first inequality gives

2r(H(u" %)) — H(u™)) < —2rdlog(1 — 7Lyr).

We obtain (8.9) by summing up the last four inequalities. The KL divergence on the
left side is bounded below by zero. Iterating the inequality over n steps gives

W (30, 1) < WD), ) —wrr Y- WE(u®), 1) + 2n7 (712 - dlog(1 — 7Lyr)) .
k=1
(8.11)
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Since the left side can again be bounded by zero, this inequality would already be suf-
ficient to at least obtain a finite bound on the ergodic average of the squared distances
% S W3 (p®), ). In order to obtain a bound on the bias of the stationary distribu-
tion, we use the Markov chain’s geometric ergodicity: By the reverse triangle inequality
and Theorem 8.3, we know that

Wa(u®), %) > Wa (psiale, 1) — Wa(u®, pstay)
> Wh (i3, 1) = ar (1) W (i © ),MSFtﬁtf)

where now ¢p(7) = 1 — wpT, since we assumed 7 < Lép < wp+2va‘ After taking the
square in the last inequality, we obtain

Wi (1, 1) = Ws (s, 17) + ar (1) W5 (1), 135)
— 2qp (1) Wa (1O, 1S Wa (15, 1)
1
> (1 e ) RS ) = ar () W) i)
> (1- qF< > ) W3 (it 1) — ar (D) WE (), i3i3)-
Here, in the second step, we used a special case of Young’s inequality, 2a3 < ca? +c~ 12

for all ¢ > 0, and set ¢ = (1 + qp(7)7%). We can plug this in the iterated inequality
(8.11) and obtain

3

) 1) — wpTWi (1 ,M%tﬁ}

win

n
wrpTWs (1387, 1) > (1 = qr(T)*) < W3 (1 (
k=1
+2n1 (TL%; —dlog(1 — TLVF)) .
We now upper bound the geometrical sum by its series limit on the left, noting again

qr(7) =1 —wpr. For n > 1+ [(wpT)™!], we divide the inequality by nwpr — 1 and
obtain

sta’ * 1 2 % n sta’
WH gy i) < g (W), 27) = (1= wrr — (L= wopr) ™ YW, i)
2nt 9
pp— (TLG —dlog(1 — TLVF)) .

Note that the left side does not depend on n. On the right side, the expression in the
first line converges to zero in the limit n — co. The second line converges to
i 2 _ — 2
7Lz —dlog(l — 7Lyr)) = C1 + O(17),
Wwp

where C' = %(L% + dLyr). By taking the limit n — oo and a square root of the
inequality, we obtain the desired statement. O
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Having completed the convergence proofs for (FflowB) and (FBflow), we want to remark
that the assumption that G is Lipschitz continuous' in Theorems 8.4 and 8.9 is rather
restrictive and not strictly necessary. In at least two works, the statement of Theorem 8.4
due to Durmus et al. has been modified to cover more general potentials:

o In [84], the authors noted that the only time the Lipschitz continuity assumption
is used is in the auxiliary result Lemma 8.8. They show the latter essentially still
holds if G is convex and grows at most quadratically, i.e., there exist o, 8 > 0 such
that

IG@)| < a+Ble|®, Vo eR?

Under this assumption, the bound in Lemma 8.8 becomes
27(Eq (1) — Ec(v)) < Wi (n,v) = W3(,v) +77°,

where the constant v > 0 depends on the growth of G. After replacing 2L2G by ~
in the bias bounds in Theorem 8.4 and Theorem 8.9, the statements still hold.

o In [186], the use of Lemma 8.8 was avoided in the first place. Instead of limiting the

growth of G in order to bound the quantity QT(Eg(M(”+§)) —&a(p*)), the authors
employ convex duality and bound the quantity

27 (Eg- (V"H3)) — Ege (1)),

. C . 2 (n+2) .
with pushforward distributions p(t3) = P 3#u* and v* = ¢*, p*. The mappings
Y € L?*(p; R?) can formally be understood as convex dual variables generating
pushforward distributions v of a synthetic dual iterate. Instead of bounding the

KL divergence as in the central inequality (8.8) in the proof of Theorem 8.4, one
then obtains decay in a duality gap arising from the generalized Lagrangian

L(p, ) =H(p) + Er(p) — Ec (Vi) + Ex,y ) () (X V)

where m = (T}« ,,¢)4p*. The main conceptual work of [186] goes into proving
a saddle point theorem for £, which is similar in spirit to duality results known
from Euclidean optimization. The assumptions on G are relaxed in that an ergodic
convergence result can be derived if V' € Sllo’i (R?) and the elements of G have
finite variance under p*. This precludes G from attaining infinite values, but
significantly relaxes the growth assumptions. Improved guarantees hold if G is

differentiable and VG Lipschitz continuous.

Up to some extent, these generalizations are still disappointingly restrictive. From the
perspective of both Euclidean optimization and Theorem 8.3, one would hope that con-
vexity of G, and even potentially a weaker setting where supp(G) C RY, is sufficient to

! Alternatively, in a related paper [185], the authors employed a very similar assumption ||0°G(z)|| < C,
where C' > 0 is a constant independent of z. Here, 3°G(z) is the subgradient of G at = with minimal
norm, i.e., 3°G(z) := arg min,c 56, {IPll}, which is well-defined due to the convexity of 9G ().

149



Chapter 8. Langevin Monte Carlo: Ergodicity and Convergence Analysis

obtain convergence. Even though the latter case poses new questions on the limiting
SDE, the Markov chain is certainly still geometrically ergodic by Theorem 8.3. Sim-
ilarly, in continuous time, if F' is strongly convex or satisfies a log-Sobolev inequality,
a convex G : R? — R is sufficient to guarantee convergence of the continuous time
overdamped Langevin diffusion. On the other hand, it is not surprising that the proofs
of Theorems 8.4 and 8.9 and those in [73, 186, 84] do not extend the general case of
convex GG. The whole proof technique hinges on the exact order of inequalities for the
forward-, diffusion- and backward steps and is therefore laid out to require some form
of Lemma 8.8. The latter cannot hold in the general, convex case and requires a bound
on the growth of G—consider for example the characteristic function G = x, of a com-
pact, convex set C C R to see immediately that the lemma would fail and the KL
objective would be infinite at every intermediate step ,u(’”%). But this indicates exactly
the conceptual blind spot of the theory: For G = x., the proximal mapping proxq is
simply the projection II¢. In this special case, (FflowB) reduces to projected Langevin
Monte Carlo. For this algorithm, it is perfectly possible to derive convergence proofs
[39, 40]. Since the theory of sampling from more general posterior distributions and con-
straint domains is very relevant in applications, this is a promising direction of future
research.

8.3. Primal-Dual Langevin Sampling

We now assume that the target density is of the form
p(z) oc exp(—F(Kz) — G(x)), (8.12)

where F : R™ — R and G : R? — R are general convex, but potentially non-smooth
potentials and K : R¢ — R™ a linear operator. In particular, V = F o K + G is
convex, so u* is assumed to be log-concave. As was already eluded to, this particular
structure covers wide ranges of the possible priors and likelihoods that are relevant in
imaging inverse problems, see Section 4.4. Just as we did for (ULA) and the forward-
backward variants (FflowB) and (FBflow), we would now like to provide further analysis
on the behaviour of the primal-dual sampling method (ULPDA). As before, this entails
proving geometric ergodicity and bounding the bias between continuous and discrete time
dynamics. However, as we saw, the continuous time dynamics (7.30) do not coincide
with (6.47). As we will show next, the stationary state of the new diffusion equation is
also not the target distribution. This implies that a quantitative bound on discretization
errors does not yet give any bound between the sample distribution and the target.

We start by proving that the continuous time dynamics are contractive, implying that
there exists a stationary state. Although we are dealing with a new SDE now, it turns out
that the same idea as in the proof of Theorem 6.18 for overdamped Langevin diffusion
can be revisited when proving asymptotic stability. A closer inspection of the proof
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reveals that the necessary inequality in the calculation of the energy dissipation was
(x —2,VV(z) — VV(3)) > w|z — ||,

i.e., strong monotonicity of the drift coefficient VV. In the remaining computations, V'
is never used directly, hence it is easy to generalize the proof to any diffusion SDE with
a strongly monotone drift coefficient [43, Sec. 3]. Consider therefore now (Z;);>o which
satisfies a general stochastic differential inclusion

47, € —A(Z,) dt + B(Z;) AW, (8.13)

Here W, is Brownian motion in R* for some k£ > 1 and B : R% — R%**. We assume the
drift A to be a set-valued operator A : R — 2B In order to speak meaningfully about
existence and uniqueness in law of solutions to such inclusions, A has to satisfy typical
regularity assumptions, i.e., have a closed graph and convex images, as well as satisfy
a growth condition similar to the one we gave for SDEs in Theorem 6.13, see [107, 12].
Similarly to Kolmogorov’s equations for SDEs, we also obtain solutions by continuous
selection to the generalized Fokker—Planck equation with set-valued coefficients, i.e., the
density m; of Z; in (8.13) satisfies

0
% =V, (wm + 2()Vom), we A2), (8.14)
where ¥(z) = 1B(2)B(2)T. For further details on stochastic inclusions, we also refer

to the comprehensive treatment [108]. For us, the relevant property of A to guarantee
asymptotic stability is strong monotonicity. We call A monotone if

(w—w,z—%) >0, Yw € A(z),w € A(2).
Further, A is w-strongly monotone if the following stronger condition is satisfied:
(w— 1w,z — 2) > w|z— 2|% Vw € A(z),w € A(Z).

Under strong monotonicity of the drift, we have the following result.

Theorem 8.11: Stability of diffusion with strongly monotone drift

Let A : R? — 2R be a set-valued, w-strongly monotone drift, B : R% — R**
a noise coeffient such that (8.13) admits a solution that is unique in law for any
initialization Zp ~ mp. Then the dynamics (8.13) are contractive in the sense
that, if (Z;):>0 and (Zt)tzo are two solutions with initializations mo, 79 € Pa(RY),
respectively, then Z; ~ 7y, Z;, ~ 7, satisfy

WQ(TFta 7‘:‘-t) S e_WtWQ (7707 7}0)
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stat

In particular, there is a unique stationary solution 75*3* and lim;_, ., 7 = 7%t for

any 7o € Po(RY).

Proof. The proof is due to [43, Lemma 3.5%], the main idea similar to the proof of The-
orem 6.18. We recognize that, if Z; and Z; both solve (8.13) with the same Brownian
motion, then the coupled process (Z;, Z;) ~ II; solves

(32) e @EZZD dt + (ggﬁ) AW, (8.15)

initilized at any coupling IIy € I'(mp, 7). Similarly, the joint measure II; solves the
generalized Fokker—Planck equation

o1l

e V. (wm) + Ve (0IL) 4+ (V,+Vz) - (2(2,2) (V. + V), we A(z), 0 € A(Z),

(8.16)

where the diffusion coefficient is given by

S(z.2) = L (BEHBET B)BE)!
2 \B(A)B(x)T B(E)B(E)T)

By a change of variable, we write V, + Vz = V,;z. For any w € A(z),w € A(Z), we
have

1 d .
2 dt ]E(Z,Z)NHt[HZ - ZHZ]
1 d ) .
— 5 [ 12— 2Pz, d2)
Jllz = 2P (V2 (1) + T - @10) + (V242) - (3(T42)110) d=d2

_1
2
_ —/((2—2) cw+ (5 — 2) @) T, (dz, d3)
< —wE( g,z — 2]
Gronwall’s Lemma gives
Ee 5oz = 217 € e B sy [ll2 — 2117

and hence
Wa(my, ) < e B, o, [z — Z[).

Since this inequality holds for all IIy, we can take the infimum over all couplings of 7, 7o
on the right hand side and obtain the statement. O
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For the primal-dual dynamics (7.31), the corresponding Fokker—Planck equation is

% =V, - (wm) + Agmy, w € App(2). (8.17)
Proving the existence of a stationary solution and convergence to it now reduces to
simply checking w-strong monotonicity of the drift coefficent App. This can be ensured
by assuming strong convexity of G and F* and by suitably changing the metric of
the joint primal-dual space. In the context of primal-dual methods, denote from now
on by (x,%), = a{x,Z) a weighted inner product on R¢ or R™. On the joint space
RY x R™ = R4 we want to assign different weights to primal and dual variables,
i.e., consider the inner product (z,Z2)qp = a(x,Z) + b(y, ), for all 2,2z € R4 where
z = (z,y) and Z = (%, 7). By ||/lo on R? or R™ and by |-||o, on R**™, we denote the
induced weighted norms. Equivalently, we can define weighted 2-Wasserstein distances.
For all 7,7 € Po(R¥™), denote

N . 12 1)1/2
Toolm ) i= | inf (B spenlle = 2150]) (8.18)
The equivalence of norms on R4 implies equivalence of all Tap with a,b > 0. Suppose
now G is wg-strongly convex and F™* is wp«-strongly convex. Due to the different weights
in the off-diagonal terms K*y and MKz of the primal-dual drift App, we move to the
weighted inner product (-,-); y-1. Let now z,Z € Z, and w € App(z), @ € App(2).
Then there exist p € 0G(x) and ¢ € OF*(y) such that w = (p + KTy, \(¢ — Kz)), and
analogously, W = (p + K7§,\(§ — K&)) for some p € OG(#) and § € OF*(¢). To check
strong monotonicity, it is then simple to compute

(w—,2—Z); y-1 = (u—T,z—T) + AN(v—0,y — J)r1
+(KT(y—§),x — &) = ME(z — &),y — §)r
:<U—1~L,.%'—.53>+<U—17,y—g>
> welle — &||* + wpely — 1|

> min{wg, \wp= |z — 2||i>\,1.

This shows that App is w-strongly monotone in the weighed metric if we set w =
min{wg, Awp+}. In view of Theorem 8.11, this computation justifies the following result
[43, Thm 3.4].

Theorem 8.12: Convergence of primal-dual dynamics

Suppose G is wg-strongly convex and F™* is wp«-strongly convex. Then (7.31) has
a unique stationary measure ) € Po(R™), where we make the dependence on
the step size ratio A explicit. Let (Z;)¢>0 solve (7.31) with some initial distribution
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Zy ~ my € Po(RT™). Then
Tia-1(me, mny) < e T -1 (mo, ),

with w = min{wg, \wp-}.

From the sampling perspective, we are mainly interested in the z-marginal of 7y, i.e.
the measure p(y) € Py (R?) with density poy () = [y, 7 (z,y) dy.

Unfortunately, it generally holds () # p*. Heuristically, this can be seen as a con-
sequence of the dualization with a finite A, contrasted with the primal limit A = oo.
Due to the presence of the diffusion, the joint process (X, Y;) does not converge to a
state which is concentrated at the dual optimality condition Y; € 0F (K X;). Impor-
tantly, this contrasts what one might be used to from primal-dual optimization dynam-
ics, where this joint convergence to the optimal, concentrated state in both primal and
dual variable is explicitly designed. Assuming for a moment that F' is differentiable, a
concentration of the form Y; = VF(K X;) would generate a singular joint distribution
m = (Id, VF o K)4pu for the marginal X; ~ p;. A main contribution of [43] were the
following two results. The first shows that the concentration is not possible for general
F,Gif A < o0.

Theorem 8.13: Hypoellipticity of primal-dual diffusion

Assume that G € C®(RY), F* € C*°(R™) and that m < d and K has full rank
m. Then the generator Lpp = —A%D(z)vz + A, satisfies Hormander’s condition,
see Lemma C.3. This implies that every solution to (8.17) is C°°((0, 00) x R¥+™)-
smooth. In particular, the stationary distribution 7 also has a C°°(R¥+™)-
smooth Lebesgue density.

This result is somewhat negative, as it implies that the ideal joint measure (Id, VF o
K)ypy can generally not occur when simulating the joint dynamics. For the proof,
we refer to [43]. In defense of the primal-dual dynamics, the second result shows that
the concentrated dynamics are reached in the limit A — oo, where we formally recover
overdamped Langevin diffusion.

Theorem 8.14: Large A limit of primal-dual diffusion

Assume that G is wg-strongly convex, F* is wps-strongly convex and F' € C3(R™)
satisfies certain, further regularity assumptions®. Assume further that (Z;):>0
solves (7.31), with concentrated initialization Yy = VF(KXy). Then, if A >
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wq/wr+, the primal marginal p; of 7 in (8.17) obeys the bound
Wa(pat, 1) < (CLAWa(po, 1*) + Ca (X)) €74 + Ca(X)

with constants C1(A) = 1+ O(A"1/2) and Cy(\) = CA~Y/2 + O(A~3/2) with some
constant C' > 0 as A — oo. In particular, the stationary primal marginal sy
satisfies

Wa(pnys 1) < C1(A).

“These additional assumptions guarantee that the concentration manifold Y = VF (K X) in the
joint space R4T™ has a certain regularity, such that the pushforward of primal, overdamped
Langevin diffusion to this manifold has coefficients with a bounded variance. We refer to [43,
Thm 3.11] for details.

For the proof, we again refer to [43]. With the latter result, it is possible to argue that
the additional bias from the partial dualization can be controlled by choosing A large
enough. This effect is also visualized in Fig. 8.1, where the convergence behaviour of the
primal-dual diffusion dynamics is validated in the simple example of a one-dimensional
Gaussian target.

From here, we can proceed as in the theoretical considerations of other Langevin sam-
pling algorithms: We need to prove (geometrical) ergodicity in order to guarantee the
convergence of the iterates’ primal marginal distribution ;™ to the stationary limit
(7,7, which depends on the primal step size 7 and the step size ratio A. Afterwards, we
need to bound the discretization bias between 1 7y and the continuous time stationary
t(x)- We now state the corresponding theorems from [43] and, without going into details,
discuss some main proof aspects.

Theorem 8.15: (ULPDA): geometric ergodicity

Let (XM, Y™),cn, and (X™ Y (™) . be coupled iterations, generated by
(ULPDA) with the same stochastic inputs (£(™),cn. Denote the joint and primal
marginal distributions by (X, V™) ~ 7(") and X ~ 4™ respectively.
In a first scenario, assume that = 1 and 70L? < 1, where L = ||K|. Then it
holds

Wa(u™, i) < Ty joa (r @, 70),

In the second case, we assume G and F* are wg- and wg+-strongly convex, re-
spectively. Suppose the extrapolation parameter 6 is chosen such that

max{ (14 2weT) ™!, (1 + 2wp-0) 1} <0 < 1,
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Dual Y

Dual Y

Target

Primal X Primal X

Figure 8.1.: Approximation of u* = exp(—V') for a quadratic V' by primal-dual diffu-
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sion (7.30). The top left subfigure shows the primal, dual and joint target.
Diffusion results, generated by (ULPDA) for A = 1 (top right), A = 10 (bot-
tom left) and A = 100 (bottom right) are shown. The center scatter plot
shows pairs (X", Y™), the background color indicates the mass of the con-
centrated, joint target 7* (zero is blue, the mass is concentrated on the white
line). We also show the marginal densities of primal and dual targets p* and
v* = (0f o K)xp* (dashed red), the stationary marginals p*, v* of primal-
dual diffusion (black solid) and drawn samples (grey histograms). With

increasing A, the joint distribution of samples concentrates more around the
target.
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and further §o7L% < 1. Then with the constant \ = f:;:’ﬁ; A, it holds

Wg(u(”),ﬂ(")) < gN/27*175\_1(7T(0)’7}(0))_

The ergodicity theorem is again very similar in nature to the ergodicity results Theo-
rem 8.1 for (ULA) and Theorem 8.3 for the forward-backward type samplers. After con-
sidering a (pseudo-)metric that only depends on the difference of iterates”, the stochastic
input to the coupled Markov chains cancel out. From there, the argument consists of
computations that could equally be used to prove stability of a primal-dual optimiza-
tion algorithm. Unfortunately, we here only obtain the Wasserstein contraction to a
stationary distribution of the Markov chain in the strongly convex case.

With a coupling argument similar to the proof of Theorem 8.2, the discretization errors
can also be bounded. This is summarized by the following convergence result.

Theorem 8.16: (ULPDA): Wasserstein bias to time continuous limit

Suppose that F,G are wp- and wg-strongly convex, respectively, differentiable
and VF, VG are Lyp- and Lyg-Lipschitz continuous, respectively. Let the pa-
rameters 7, o, 0 satisfy the previous assumption §70L? < 1 and

max{(1+ wgr) ™', (1 +wpo) 1} <6 <1,

and suppose further that the primal-dual drift coefficient has finite variance
EZNWW[HAPD(ZHP]. Let now (X, Y () be generated by (ULPDA) with joint

and primal marginal distributions 7(™) and p(™). Then it holds
Wa (™, i) < 02T, 500 (7, 7(n)) + Cs(7,0),

Ny l4wgT
where A = = JWF*U)\ and

1

Cs(1,0) = m

((dLgwg! + 6dL2 (1 +20%) Lyr) /27 + O(7%)) .

If we assume that 6 is chosen as small as possible, then 1 — 6 = min{wg, wp-A}7+
O(1?), so Cs(7,0) = O(t'/?) as 7 — 0. In particular, for this choice of 8, the

primal marginal 7(, - of the Markov chain’s stationary distribution () ;) obeys

Wa(piamys () < Cs(r,0) = O(1/2).

2In the primal-dual case, we do not choose the norm of the difference, but rather a sum of symmetric
Bregman divergences with respect to G and F™.
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Combining both Theorems 8.14 and 8.16, we obtain the following result that relates
primal samples X (™ and target distribution.

Corollary 8.17: (ULPDA): Wasserstein bias to target

Suppose all assumptions from Theorems 8.14 and 8.16 hold, and we choose the

smallest admissible extrapolation parameter, which is § = ﬁ for large enough

A. Then, as A\ — co and 7 — 0, there is a constant C' > 0 such that

Wa (™, %) < 02T, 31 (7O 7)) + C(r2 + A712) 4 O3 4 A73/2),

8.4. Mirror Langevin Sampling

In Section 7.4, we introduced the Riemannian Langevin dynamics

dX, = (V- P)(X,) — P(X,)VV(X,)) dt + \/2P(X,) dW;. (8.19)

This SDE was derived as the particle equivalent of its Fokker—Planck equation, the
Riemannian Wasserstein gradient flow of the KL divergence with respect to u*,

Oy = V - (Mtpv log Z’J) . (8.20)

Recall that in the case P = (V2h)~!, where the Riemannian metric on €, = int(dom(h))
is induced by a mirror function h : R* — R of Legendre type, we have the equivalent
and more convenient form

X, = Vh*(Y))
dY, = —VV(X,) 4+ /2V2h(X,) dW;.

with a dual variable Y;. A forward in time discretization gives the mirror Langevin
algorithm

0D ~ N(0, 1)
XD = yp (Vh(X(")) —TVV(XM) 4 ,/27V2h(X (™) §<n+1>) . (MLA)

For the convergence analysis of this method, we again take a step back and analyze the
ergodicity of the continuous time dynamics before asking questions about the behaviour
of the discretized scheme.

For overdamped Langevin diffusion, we saw in Section 6.4 that a standard gradient
domination condition comparable to the ones in convex optimization leads to the log-
Sobolev inequality (LSI) for the target distribution. By a very similar computation, we
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could however also employ the Poincaré inequality (PI) to derive exponential decay in
some divergence measure. Recall that the Poincaré inequality takes the form

Var: [f] < Cer By [ V£]2].

and we proved in Theorem 6.12 that it implies decay in chi-squared divergence, and
thereby also in the objective KL divergence

Dict, (e | 1), Do (e[| 1) < exp (—2C1t) Dya o || 1),

if uy is the distribution of overdamped Langevin diffusion. Moving back to the mirror
case, it is easy to see that the proof of Theorem 6.12 simply transfers to preconditioned
geometries if we slightly modify the Poincaré inequality. Following [67], we say that pu*
satisfies the Riemannian Poincaré inequality

Var,:[f] < Crp1 By [VFTPY ], (RPI)

for all smooth f : R — R, where P : R? — Si induces the Riemannian metric.
The same inequality was introduced in the special case P = (V2h)~! in [58] under the
name mirror Poincaré inequality. Note that (RPI) is a generalization of (PI), since
the standard Poincaré inequality is recovered in the Euclidean setting P = I, which
corresponds to the mirror map h = 1||-||>. Under (RPI), the ergodicity in chi-squared
divergence simply generalizes to the Riemannian case, see [67, Prop. 1].

Theorem 8.18: Ergodicity of mirror Langevin dynamics

Let p* satisfy (RPI) with Crpr > 0. Suppose (pt)i>0 solves the Fokker—Planck
equation of Riemannian Langevin dynamics (7.33). Then it holds

Dict (e || 1), Dya (e || 17) < exp (=2Cit) Dya(pao || 1°):

Proof. The following proof can be found in [58, 67] and is an immediate generalization of
the proof of Theorem 6.12. Similar to (6.33), we compute the dissipation in chi-squared
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divergence as

d1 * Mt

Gz Dl ) = [ Mo ar
- [y (utPVlog (‘”)) dz

I t
= —/V <“:> w PV log <,u:> dx
I I
T
f 1

> —Crpr Dz (e || 1),

—E,

where we used (RPI) with f = p;/p* in the last step. By Gronwall’s inequality, we
obtain the statement in chi-squared divergence. The statement in KL divergence follows
again from Dky, < log(l +D,2) < D,e. O

The obvious question that arises from this ergodicity result is the dependence of the rate
constant Crpr on the choice of P, or equivalently in the mirror case, the choice of h.
In particular, in order to guarantee fast convergence for a given target p*, we want to
choose P such that Crpy becomes as small as possible [67, 129]. Making this dependence
Crp1 = Crp1(p*, P) explicit, this leads to the optimization problem

in C, * P 8.21
win re1(p*, P), (8.21)

where we set P = {P : R? — 8¢ | E,+[tr(P)] = tr(Cov,+)} as the class of possible
metrics as in [67]. The constraint E,«[tr(P)] = tr(Cov,) acts as a normalization so
that a simple time rescaling of the diffusion Poincaré together with P +— aP becomes
inadmissible. The constraint implies the lower bound Crpi(u*, P) > 1, as can be seen
by setting f(z) = x; in (RPI) and summing the inequality over all ¢ = 1,...,d. Note
that a different constraint was chosen in [129], leading to potentially different optimal
metrics.

As a central contribution of [67], the authors showed that an optimal metric P* that
solves (8.21) with C'(u*, P*) = 1 exists under mild regularity assumptions on p*. Further,
they characterized the solution in that if C(u*, P*) = 1, then P* is a Stein kernel,
meaning it satisfies the relationship

Exep [f(X)(X —m)] = Exp [P*(X)Vf(X)],

for all smooth f : RY — R, with m = Ex.,+[X] the mean of u*. In this case, it directly
follows that the Riemannian Langevin dynamics (8.19) take the form

dX; = —(Xt — m) dt + +/2P* (Xt) dW;. (822)
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In particular, the preconditioned dynamics with the optimal metric do not directly
depend on the potential gradient VV anymore. The linear drift shows that relative to
the new geometry induced by the preconditioning, the potential acts like a quadratic
with strong convexity constant 1, which matches the convergence rate implied by the
the optimal Poincaré constant.

Importantly for our work on imaging problems with Poisson distributed data, the work
[67] gave two results that allow a more refined characterization of the optimal metric
P* in special cases. The first case concerns targets that are moment measures. An
optimal metric P* with Crpr(p*, P*) = 1 exists if the target p* is a moment measure,
ie, p* = (Vy)y(e ¥ Leb), where Leb is the Lebesgue measure. If that is the case,
then

P* () = V2p((Ve) (@) = (V2") " (a),

where ¢* denotes the convex conjugate of ¢. Note, this shows that for moment measures,
the optimal metric is actually also induced by a mirror map. The optimal mirror function
h that achieves the fastest possible convergence rate C'(u*, (V2h)™!) = 1 is simply h =
©*. The other possible characterization proved in [67, Prop. 2] is in the special case
where p* is an outer product of multiple marginal measures:

Lemma 8.19: Optimal preconditioner for separable targets

Assume p* = pf ®@---@u} € Po(RY), where pf € Po(R%) and d = Y, d;. Assume
that there are optimal metrics P} : RY — Sil which each solve (8.21) for uf,
respectively, with C'(u}, P) = 1 for all I. Then the block-diagonal metric

Pl*(x[l]) 0
P(z) =
0 Pr ()

solves (8.21) for p* with C(u*, P*) = 1. Here we denoted z|; € R% for those

coordinates of = that have distribution p;. Further, for any marginal with d; = 1,
mean m; € R and connected support on R, one has the closed-form expression

1 o¢]
Pz :7/ t —my )y (de).
l( [”) ,u';((x[l]) m[l]( l)ul( )

The authors of [67] give several examples of optimal metrics for different, typical distri-
butions like Gaussians or Poisson distributions. We now state a further example, which
allows us to derive optimal convergence rates of posterior sampling in certain Poisson
imaging problems, and connect the Riemannian Langevin dynamics back to mirrored
methods and the MLEM optimization methods that we introduced in Section 4.4. The
proof is possible via both of the above characterizations, i.e., via moment measures, and
as an outer product.
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Corollary 8.20: Optimal preconditioning for gamma distributions

Suppose p* = pi @ --- ® p is an outer product of one-dimensional gamma distri-
butions p; = Gamma(a; , Aj), with shape and rate parameters o, A; > 0. Then,
the optimal metric that solves (8.21) is given by

P*(z) = diag (ii, e ij) .

This metric is induced by a mirror function, i.e., P* = (V2h)~! with h the
weighted negative entropy function

hx) = Aj(x;log(z;) — ;). (8.23)
j=1

Proof. By Lemma 8.19, the optimal metric P* is diagonal with j-th entry P given by

() = [ (=)

P*m:*i/ t—m7)p;(de).

J\&j w (@5) Ja, 35

Since all marginals are analogous, we drop the index j from here in order to keep notation
simple. A gamma distribution Gamma(a, \) with shape o and rate A\ has density

A% aflef/\x o xaflef)\x
I'(a)

and mean §. Since normalizing constants in the density cancel in the above formula,

plugging these terms in gives diagonal entries

S <1 /oo(u/)\)ae_“ du— = /oo(u/)\)a_le_“ dt)

_ A_l_axl—ae)\x (F(O& + 1’ )\J;) — O[F(Oé, )\I‘)) .

In the last line, we introduced the incomplete gamma function I'(s,v) == [ u*~te " du.
By partial integration, it is easy to prove the following recurrence relation

[(s+ 1,v) = sT'(s,v) + vie

of the incomplete gamma function. Using this with s = « and v = Az, we find

l—a Ax o «Q a—1_—At —1l—a,  l—-a_ Az a _Ax L
x%e / t_X e M dt = A x %M (A\x)%e =5
T
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This proves the first part of the statement. The second part can be seen by simply
differentiating h. It holds 0, h(x) = A;jlog(z;), so the Hessian V?h(z;) is a diagonal
matrix with j-th diagonal entry )\jxj_l. This shows P* = (V2h)~L. O

Note that the proof would have led to the same optimal metric via the strategy of
moment measures. As is shown in [64], any probability measure with mean zero that is
not supported on a lower-dimensional subspace of R? is a moment measure of a suitable,
strictly convex ¢. By shifting u* by its mean m = § to have mean zero, the resulting
measure with density v = p*(- + m) can be seen to be a moment measure of

d
Z i exXp ( > — XTjMmy.
j=1 J

This shows that the optimal mirror function for sampling v is ¢*(z) = 37, Aj(z; +
m;j)(log(xj +m;) —1). After translating the mirror function back by the negative mean
—m, we obtain the same metric as before.

The relevance of this result for imaging problems becomes clear if we recall that gamma
distributions are conjugate to Poisson distributions, and thus naturally come up in prob-
lems with Poisson observation data. Assume we have measured data y that follows the
observation model

y ~ Pois(Azx),

with some sought-for signal z and a diagonal matrix A = diag(aq1, ..., aqq). For diagonal
A, the Poisson likelihood density (3.13) for a given observation y is given by

d d

e 4T J a T o
piike( | y) = H = Dl [[ e . (8.24)
j=1 j=1

Interpreting the right side as an unnormalized density function of x shows that all x;
are mutually independent and marginally follow gamma distributions ; ~ Gamma(y; +
1,aj;). In view of Corollary 8.20, this means that the optimal preconditioning for sam-
pling this distribution is reached by the weighted negative entropy mirror function

T) = Z ajj(zjlog(z;) — z;), (8.25)

which is precisely (8.23) with A\; = a;j;. We can also verify the optimal diffusion equation
(8.22): Suppose that u* = plike(- | y), then p* o« exp(—V) with

x) = Zajja;j — y; log(z;).
J
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1005 Squared ¢2
X Burg
"’.“ .- NE
100 | -.'~._..... wNE
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Figure 8.2.: Mirror Langevin dynamics for a gamma distribution and various mirror
function choices. The horizontal axis shows SDE time ¢, the vertical axis the
Wasserstein distance from the target distribution Wh(p, 1), approximated
by samples drawn with mirror Langevin algorithm. p* is a highly anisotropic
posterior in d = 2 dimensions. “Squared £2” refers to overdamped Langevin
diffusion, implemented via (FflowB). “Burg”, “NE” and “wNE” correspond
to Burg’s entropy, negative entropy and weighted negative entropy. The
latter is proven to be theoretically optimal, which reflects in the numerical
experiment.

The potential’s gradient has j-th entry 9,V (x) = a;; — f’% From the mirror function

(8.25), we get the inverse Hessian
(V2h)~Y(z) = diag(aplan, .. aziza),

the divergence of which has j-th entry (V- (V2h)™1);(z) = aj_jl. Therefore, the mirrored
Langevin dynamics SDE simplifies to

X, = (V- (V2h) ™) (X0) = (V2h) " (X) YV (X)) ) dE + \/2(V2R) 1 (X,) AW,
(g e
= —(Xt—m) dt"‘“Q%th,

where a = (ai1,...,aq4q)", vector division and multiplication is understood componen-
twise and the mean of the target distribution is m = % with 1 a vector of constant
ones.

We validate the improved convergence behaviour numerically by simulating mirrored
Langevin dynamics on a target distribution induced by the likelihood from a Poisson
observation model. For that, assume A to be an ill-conditioned forward model, A =

diag(a11, ..., aqdq) with aj; nd- Unif(1, 50) randomly drawn and known. We then draw
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y ~ Pois(Az*) for some initially chosen, true value z* € R? and try to solve the Poisson
denoising problem by recovering x from the noisy observation y. We run this experiment
once in a small dimensional example d = 2 (where we simply set A = diag(1,50)), since
this allows us to compute estimates of the Wasserstein distances between finite sample
distributions and the true distribution of z. In Fig. 8.2, we visualize the resulting
Wasserstein distances from the true distribution for several instances of preconditioned
Langevin diffusion. We compare four different, typical mirror functions:

1. A squared (*-norm h(x) = §|]:UH2 Since the Hessian V?h is simply the scaled
identity matrix, this leads to overdamped Langevin diffusion. The constant

-1

d

yj +1

B=d|> “r (8.26)
j=1 "jj

effectively leads to a time rescaling and a “fair” comparison with other mirror func-
tions, since the scalar weight ensures that the weighted Euclidean metric satisfies
the constraint IE,« [tr(P)] = tr(Cov,+) that we optimized the Riemannian Poincaré
constant over. We ensure positivity of the samples by including an extra projection
step onto RY_ for a small € > 0, meaning we are effectively running (FflowB) with
an additional characteristic potential XRd_-

2. The weighted negative entropy hVNF(z) = > =1 ajj(x;log(x;) — ), which we
showed to be theoretically optimal. We also test the more common, unweighted
version hANE(z) = gNE j=1(xjlog(z;j)—z;). The weighted version already satisfies
the constraint 3, for the unweighted one we can compute that we need to set

-1

d d
y; +1 y; +1

e () (s
=1 % =1 %

3. We also test Burg’s entropy h®We(z) = —pBurs > ;log(z;). A simple computation
of both side of the constraint ¥ shows that we need to normalize with constant

-1

d d
s _ Zyj+1+(yj+1)2 S U
T a2. — as.
j=1 73 j=1 “ij

+1
2

In a second scenario, we set d = N2 and denoise a high-dimensional image. Figure 8.3
shows that for the computation of moment estimates like the sample mean, it also makes
a practical difference which preconditioning we choose.

The above denoising scenario is very simplified, since we discarded the prior distribution
Pprior Of  and assumed a perfectly determined denoising setting with diagonal A. As
we saw in (8.24), this results in an outer product of gamma distributions. In particu-
lar, Langevin dynamics are actually not necessary for sampling, as it would be faster
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(a) Ground truth a* (b) Observation y

(¢) Exact MMSE (d) MMSE, #2-squared (e) MMSE, wNE mirror

Figure 8.3.: For a simple denoising setup y ~ Pois(Az) with diagonal A, we show a
ground truth image z* (a) which is used to generate y (b). The (unregu-
larized) distribution of z implied by the likelihood is an outer product of
gamma distributions with known mean (MMSE, c¢) and variance. We sam-
ple from this distribution using mirror Langevin dynamics. At T' =5 after
5 - 10 sampling steps, we obtain two different sample mean estimates: (d)
with the ¢2-squared mirror (PSNR=11.29dB to MMSE and (e) with the
weighted negative entropy (PSNR=31.08 dB to MMSE).

to directly sample the coordinate-wise gamma distributions marginally. However, the
optimality result serves as an algorithmic motivation for more general distributions of
x: Even if the target does not factorize as a coordinate-wise outer product due to the
presence of pprior Or a non-diagonal A, the weighted negative entropy still ensures pos-
itivity and may be an effective preconditioner. Importantly, recall that we showed in
Section 4.4 that this same idea leads from the MLEM optimization routine to regularized
variants like EM-TV.
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For reconstruction problems with Poisson data y ~ Pois(Az) and more general A €
R™*4 the likelihood is

M (AT) (A
prike(z]9) = [ © (4);

j=1 y]'

m
H yje Ax)

If we now also add prior information again in the form of a Gibbs prior, see (4.7), the
resulting target is the posterior

m
17 (x) = ppost (2 [ Y) < prike(2 | Y) pprior () < exp(— H J¥em Wi (8.27)

with a prior potential R. Finding the optimal metric for sampling p* is now not as simple
as in the diagonal, non-regularized case. We can neither apply Lemma 8.19, nor is there
an obvious way to write it as a moment measure of some . We do, however, know a few
key facts. If the above distribution of x is non-degenerate with a Lebesgue density (e.g.,
if the prior is non-degenerate and A has full column rank), it is—after translation by its
mean—also a moment measure of some strictly convex function ¢ [64]. This implies that
there exists some optimal mirror function h = * that achieves Crpr(p*, (VZh)~1) = 1.
In general, the weighted negative entropy mirror is now sub-optimal in terms of the
Riemannian Poincaré constant. It could, however, still lead to fast schemes and is again
well-motivated from the optimization viewpoint: As we saw in Section 4.4, algorithms
like MLEM or EM-TV can be interpreted as preconditioned gradient methods, where
the preconditioner is the inverse Hessian of

d
= > (A"1);(x;log(x)) — ;) (8.28)
7=1

see (4.43). This mirror function is another instance of (8.23) with A\; = (4*1); and is
a direct generalization of (8.25) for non-diagonal A. In other works focused on inverse
problems with Poisson data, it was proposed to replace the weights (A*1); by general
weights or potentially even update them dynamically along the iteration [33, 28]. The
presence of the prior additionally modifies the geometry of the posterior—whenever it has
a strong effect, for example, if the prior is very concentrated compared to the likelihood
distribution, this may result in a larger Crpr. On the other hand, the experiments
also indicate that (8.28) is a good mirror function choice for the posterior whenever the
noise level is small, i.e., whenever the prior density tends to have smaller variation and
larger uncertainty than the likelihood. We conjecture that the Riemannian Poincaré
inequality is satisfied by (8.28) with a bounded, “small” constant Crp; for more general,
sufficiently regular A and R. Equally, under certain regularity assumptions on A like
diagonal dominance, it appears intuitive that the Riemannian Poincaré inequality may
hold with the mirror function (8.25). Proving these results is beyond the scope of this
thesis and will be left for future work.
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(a) MAP (b) MMSE, #2-squared (¢) MMSE, wNE mirror

Figure 8.4.: For the same denoising setup y ~ Pois(Az) with known diagonal A and
a (Huber-smoothed) TV prior, we sample from the posterior of x using
mirror Langevin dynamics. The ground truth and noisy data are shown in
Fig. 8.3. The MMSE estimate is not available exactly, we show as a rough
visual approximation the MAP estimate (a) which was obtained via gradient
descent. Mirror Langevin sampling yields the shown sample mean estimates
at T = 5 after 5- 10* steps with ¢2-squared mirror (b) and with weighted
negative entropy mirror (c).

Before moving on, we also show empirical evidence for the general case from two numer-
ical experiments that suggest that the weighted negative entropy function (8.28) may
be a good mirror function choice. Firstly, Fig. 8.4 shows the same denoising experiment
as Fig. 8.3, but with an isotropic total variation Gibbs prior applied. Since the mirror
Langevin update requires log u* to be smooth, we smooth the TV regularization term
(4.15) in this experiment by replacing the outer £!-norm with its Moreau—Yosida enve-
lope, leading to so-called Huberized total variation. The scalar temperature 8 of the
potential is pre-selected by hand. As the resulting sample mean estimates after 5 - 10
sampling steps show, the additional TV term does not change the fact the the anisotropy
is much better handled by weighted negative entropy preconditioner.

In the second experiment, we also modify the forward model A and replace the denoising
setup with a deblurring task. Instead of a diagonal matrix, A is now the product of the
former diagonal matrix with entries of varying magnitude, and a uniform blur kernel.
This design implies that the likelihood does not factorize as an outer product and is
still highly anisotropic. Moving to non-diagonal A requires us to replace (8.25) by
its generalization (8.28). As before, the imposed prior is a Huberized isotropic total
variation Gibbs prior with a pre-selected temperature. The results still exhibit similar
behaviour as in the simpler denoising applications, as reflected by the moment estimates
shown in Fig. 8.5.

Before moving on, we briefly outline what is known about the convergence of the time
discretized sampling scheme (MLA) that arises from the mirror Langevin dynamics.
Expectably, the convergence behaviour now depends on both the potential V' in the
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(c) MAP (d) MMSE, #2-squared (e) MMSE, wNE mirror

Figure 8.5.: We consider a deblurring setup y ~ Pois(Ax), where A = UD, with U
a uniform blur matrix and D a diagonal matrix with entries of varying
magnitude. Due to the blur kernel, reconstruction from data y (b) is ill-
posed. For a (Huber-smoothed) TV prior, we sample from the posterior of
x using mirror Langevin dynamics. For reference, the MAP is shown in (c).
Mirror Langevin sampling yields the sample mean estimates at T = 5 after
5-10% steps with £2-squared mirror (d) and with weighted negative entropy
mirror (e).

target and the chosen mirror function h. As for other Langevin sampling methods,
typical assumptions are strong convexity and a smooth Lipschitz gradient, however, as
is common for mirror descent in optimization, these properties have to be understood
relative to the mirror function h:

e The potential V is called w-strongly convex relative to h if
(VV(z) — VV(2), Vh(z) — Vh(Z)) > w||Vh(z) — VA(E)|?, (8.29)

for all =,z € Q. Via the substitution z = Vh(z),Z = Vh(Z), this is equivalent
to saying that VV o VA* is w-strongly monotone, which can be understood as V'

being strongly convex along geodesics on the Riemannian manifold induced by the
metric (V2h)~L.
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e The gradient VV is L-Lipschitz continuous relative to h if
IVV(2) = VV(2)|| < L||Vh(z) — V()| (8.30)

for all z,x € €. This is equivalent to saying VV o Vh* is L-Lipschitz continuous.

Unfortunately, these two conditions do not seem sufficient to derive convergence results
just yet, since it is in general not enough that the mirror map h is of Legendre type. In
[130], the ergodicity proof of (MLA) employs the following, third condition:

o We say that h satisfies a modified self-concordance condition with parameter o > 0,
if 2 +— \/(V2h*)~1(x) is a-Lipschitz continuous on R? in the Hilvert-Schmidt norm.
This is equivalent to requiring

H\/v%(gc) —/V2h(z)

< a|Vh(z) — VR(z)]], (8.31)
HS

for all z, & € Qy, where ||-||gs denotes the Hilbert-Schmidt norm.

The modified self-concordance condition replaced the similar self-concordance conditions
in the earlier works [225, 2]. Under the three assumptions above, we have the following
ergodicity result, see [130, Thm. 3.1].

Theorem 8.21: (MLA): Wasserstein bias

Assume that V is w-strongly convex relative to h, differentiable with VV' L-
Lipschitz continuous relative to h, and h satisfies modified self-concordance with
« < w. Then there exists a maximum step size Tmax and a constant C' > 0, such
that the distributions x(™ generated by (MLA) with 7 < Tyay satisfy the bound

Wha (™, 1) < vV2e= @y o (0@ 1) + Ors.

Here W}, o, defined in (7.35), denotes the Wasserstein distance on the Riemannian
manifold induced by the metric (V2h)~1.

For the full proof, we refer to [130]. It reveals the reason why the third condition on
modified self-concordance is assumed. While the weaker Riemannian Poincaré inequality
gives ergodicity of the continuous time regime in chi-squared and KL divergence, see
Theorem 8.18, the w-strong convexity and a-self-concordance condition together ensure
that this also holds in Wasserstein distance, with rate w — . The three assumptions
together then guarantee that the discrete time algorithm is also ergodic, by a proof that
is again based on the now familiar synchronous coupling technique.
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Uncertainty Quantification in
Compton Camera Imaging

In this chapter, we apply the sampling algorithms studied in the last chapters to the
Compton camera imaging problem. In Chapter 5, we have seen that the Compton
imaging forward models developed in this work are suitable for MAP estimation in
practical nuclear decommissioning scenarios. Given a gamma ray measurement, MAP
estimation gives a single estimate of the most likely contamination situation under the
posterior.

In practice, however, more complex questions on the structure of the posterior may arise,
which cannot be answered by a single point estimate. For example, practitioners may
require estimates of the probability that a given nuclide is present in an environment,
or the probability that radioactivity exceeds certain thresholds. These questions lead to
Bayesian inference tasks like credible set estimation and model selection, introduced in
Section 4.3. In order to solve these tasks, algorithms have to go beyond point estimation
and draw representative samples from the posterior distribution.

9.1. Algorithmic Setup

Likelihood. We work with the Compton imaging forward models summarized in Sec-
tion 3.7. Assume that we have a bin-mode discretized version of the operator P, pre-
computed as in Section 5.1. Given such a matrix P, the Poisson statistics of the data
imply that the negative log-likelihood [ is given by

I(f) = —log prixe(g | f) =

J

(Pf)j +b; —gjlog ((Pf); + bj) + const. (9.1)

J
=1
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Since the models P are all linear, [ is a convex function. The data g is, as before, ei-
ther simulated by ray-tracing Monte Carlo or acquired with a physical camera in lab
settings. Any simulated data is synthetically corrupted by adding lab-measured back-
ground radiation. The background correction b is sampled from the same background
measurements, ensuring that the corruption and correction data are not identical, but
follow the same distribution.

Prior distribution. If we impose a log-concave prior distribution on the reconstructed
activity image, the Bayesian posteriors we aim to sample from are log-concave. In Chap-
ter 5, we exploited this to apply convex optimization algorithms on MAP computation
problems. Due to the broad range of possible sources, we choose a non-restrictive Gibbs
distribution with total variation energy and preselected temperature \ as image prior.
This defines the posterior

—1og ppost (f | g) = ATV(f) +1(f).

In Chapter 6 through Chapter 8, we developed extensive theory and practical insights
on Langevin algorithms for log-concave sampling. Among these results, our new devel-
opments on optimal mirror Langevin sampling for problems with Poisson data are now
particularly relevant.

Choice of mirror maps. In Section 8.4, we saw that in simplified Poisson data set-
tings, the weighted negative entropy mirror map reaches optimal Poincaré constant. This
ensures rapid convergence of mirrored samplers for these target distributions. Experi-
ments confirmed this theoretical finding: with simpler image denoising and deblurring
tasks, the weighted negative entropy achieved significant convergence speed-up if the
posterior distribution is very anisotropic. Due to the Poisson nature of the data, this
makes the mirrored schemes interesting for the Compton imaging problems considered
in this work. By construction, the imaging problem in Compton cameras yields highly
anisotropic Bayesian posteriors: As the activity map is usually sparse, the posterior
variance is very small in regions of low activity. In highly active regions, however, the
activity can span several orders of magnitude in the kBq to MBq regime, making the
sampling problem highly ill-conditioned.

In order to test mirrored samplers on the Compton imaging problem, we run (MLA),
the time-discretization of the mirrored Langevin dynamics (7.38). The sampler takes an
initial guess X(© and is implemented with a dual variable Y™ giving the update

"~ N(0, 1)
y ) — wp(x™)) — rv (l(X(”) )+ /\TV'Y(X(”))> + /27 V2R(X (W) H)
X(n+1) — VAh* (Y(n+1)>
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where £ are mutually independent. As the total variation functional is non-smooth,
we replace it by the regularized Huber-TV functional, which is obtained by replacing
the ¢! norm in the definition TV(z) = ||Dx||2,1 by its Moreau envelope. This is a very
similar strategy to the aforementioned Moreau-Yosida variants of unadjusted Langevin
sampling—implicit variants based on backward steps are not directly applicable here
due to the mirrored nature of the sampler. The values X (") are extracted as represen-
tative samples and used for downstream computations like posterior mean and variance
estimation.

We employ two different mirror maps: we test the squared £2-norm as a mirror function
1
h(z) = =||z||?,
() = 5 il

which reduces to the unmirrored special case of unadjusted Langevin diffusion. Positivity
of samples is ensured by inserting an additional projection after the second step which
maps Y (™1 to the positive orthant. This ensures that VI(X™) is well-defined and
makes the iteration coincide with (FflowB) via adding an indicator on the positive
orthant to the potential. The time rescaling coefficient 5 from Eq. (8.26) is absorbed
into the step size 7 of the sampler.

The second mirror map that we test is the weighted negative entropy

d
h(z) = (P*1);(z;log(z;) — x;),
j=1

where P is the Compton imaging forward model. This mirror map ensures that sam-
ples stay in the positive orthant and greatly improved convergence speed in our earlier
experiments on image denoising and deblurring.

MCMC diagnostics. To assess the convergence quality of the samplers, we employ
standard MCMC diagnostics. For a stationary Markov chain (X (n))n207 the autocorrela-
tion function (ACF) at lag k measures the correlation between samples k steps apart:

_ Cov(X(M) X (n+k))
ACF (k) = Var (XY

For independent samples, ACF(k) = 0 for all k£ > 0; correlated MCMC samples exhibit
positive autocorrelation that decays with lag. For better mixing, a rapid decay is prefer-
able. The integrated autocorrelation time (IACT) 7ine = 1 + 23 72 ACF(k) quantifies
how many MCMC steps are equivalent to one independent sample. In practical experi-
ments, the infinite sum is truncated. The effective sample size ESS = N/7in, where N
is the total number of samples, estimates the equivalent number of independent samples
obtained from the chain. Higher ESS indicates better mixing; for equal computational
budget, a sampler with higher ESS produces more accurate Monte Carlo estimates.
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Figure 9.1.: Comparison of mirror functions for likelihood-only sampling from simulated
Caesium-137 data. Top row: MLE reconstruction (left) and conditional
mean estimates using the ¢2-squared mirror (center) and weighted negative
entropy mirror (right). Bottom row: Logarithm of the pixelwise standard
deviation. The ¢?-squared sampler shows artifacts from incomplete conver-
gence, while the WNE sampler produces clean estimates matching the MLE.

9.2. Results

In this section, we present sampling results for the Compton camera imaging problem.
Similar to Chapter 5, we focus on the RSL7 camera setup and reconstruct distributions
from simulated and real measurements of the nuclides listed in Table 2.1. The experi-
ments are designed to validate the sampling algorithms and demonstrate their capability

to provide uncertainty estimates beyond point reconstructions.

Mirror function comparison Before evaluating experiments of varying difficulty,
we validate our hypothesis on the mirror function choice, see Figs. 9.1 and 9.3. We
reconstruct simple simulated Caesium-137 point sources at 1 m distance from the RSL7
camera, using clean data without energy noise or background radiation and the single
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(a) Likelihood-only sampling (b) TV-regularized posterior

Figure 9.2.: Mean autocorrelation function (ACF) across all pixels for the £?-squared
mirror and weighted negative entropy (WNE) mirror. Left: Likelihood-
only sampling. Right: TV-regularized posterior sampling. The ACF for
the WNE mirror decays significantly faster, indicating better mixing. The
corresponding estimations of the effective sample sizes (ESS) for 10* samples
are reported in the legends.

scattering forward model P = P(). First, we run the Langevin sampler to draw samples
from the likelihood distribution, without imposing a prior. From these samples, we
estimate the conditional mean IE[f | g] and the pixelwise standard deviation ,/Var(f;|g)
via Monte Carlo integration.

We compare the weighted negative entropy mirror to the standard ¢?-squared mirror
by running both samplers for 10° iterations each. In order to create a fair comparison,
the largest possible step sizes guaranteeing ergodicity are used for both samplers. Con-
vergence quality is assessed both visually, through the estimated mean and standard
deviation images, and quantitatively through MCMC diagnostics.

For the likelihood-only experiment, the weighted negative entropy mirror achieves sub-
stantially faster convergence than the ¢?-squared mirror. This is evident in both the
visual quality of the estimates and the diagnostic metrics. When comparing the esti-
mated mean and log-standard deviation images, the ¢>-squared sampler exhibits visible
artifacts from incomplete convergence, whereas the mirrored sampler produces clean es-
timates that closely match the MLE reconstruction (Fig. 9.1). The ACF curves (for the
first 10* samples) in Fig. 9.2 quantify this difference: the WNE mirror’'s ACF decays
rapidly to zero, while the £2-squared mirror retains significant autocorrelation even at
large lags. Adding a TV prior does not fundamentally change this convergence behav-
ior: experiments on the regularized posterior confirm that the weighted negative entropy
mirror maintains its advantage over the standard ¢?-squared geometry (Fig. 9.3).
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Figure 9.3.: Comparison of mirror functions for TV-regularized posterior sampling. Top
row: MAP reconstruction (left) and posterior mean estimates using the
¢%-squared mirror (center) and weighted negative entropy mirror (right).
Bottom row: Logarithm of the pixelwise posterior standard deviation. The
convergence advantage of the WNE mirror persists when adding the TV
prior, confirming that the mirror geometry remains beneficial for the regu-
larized problem.

Single scattering model We employ (MLA) with WNE mirror for all further exper-
iments. In the simplest case, we have clean, simulated point source data. Figure 9.4
shows the estimated conditional mean and logarithmic standard deviation in such a set-
ting with Caesium-137 sources. The moments are estimated from 10° samples each.
The largest stable step size 7 for this mirror function and forward model is tuned by
hand once and kept constant across experiments with the same forward model. The
means successfully localize the source positions, resembling the MLE reconstructions
from Chapter 5. The logarithmic standard deviation images reveal the spatial structure
of uncertainty across several orders of magnitude. For multiple point sources, the stan-
dard deviation maps show increased uncertainty in regions between sources, where the
overlapping point spread functions make separation more difficult.
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Figure 9.4.: Conditional mean and pixelwise standard deviation for Caesium-137 point
source reconstructions from simulated data, using only the likelihood distri-
bution without prior regularization. Top row: Conditional mean estimates
for one, two, and three point sources. Bottom row: Logarithm of the pixel-
wise standard deviation. The mean estimates successfully localize the source
positions, while the standard deviation maps reveal the spatial structure of
uncertainty.

Next, we consider noisy data subject to Poisson statistics, noisy energy measurements
and background radiation. As demonstrated in Chapter 5, reconstructions without reg-
ularization are not effective here. We impose a total variation prior on the reconstructed
activity, sampling from the posterior distribution ppost(f|g) o< exp(=ATV(f) — I(f))
with temperature A > 0. This allows us to stabilize the point estimates and quantify
how prior assumptions affect the uncertainty estimates.

Figure 9.5 shows the posterior mean and logarithmic standard deviation when incorpo-
rating the TV prior. The effect of regularization is clearly visible: The posterior mean
and standard deviation estimates are sharply localized in areas around the true source
positions, suppressing diffuse activity visible in likelihood-only reconstructions. Just as
with MAP estimates, however, the reconstructions do show uncertainty in larger re-
gions around true source positions due to the camera’s limited spatial resolution. In the
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Figure 9.5.: Posterior mean and pixelwise standard deviation for Caesium-137 point
source reconstructions with total variation prior. Top row: Posterior mean
estimates for one, two, and three point sources. Bottom row: Logarithm of
the pixelwise posterior standard deviation. Compared to the likelihood-only
reconstruction in Fig. 9.4, the TV prior more clearly demarcates source es-
timates given the inherent uncertainty of the camera.

single source experiment, the log-variance map exposes an artifact, likely due to noise
or background radiation, which could go unnoticed in the MMSE estimate. The results
demonstrate that the sampling framework naturally incorporates prior information, pro-
viding uncertainty estimates that reflect both data constraints and prior assumptions.

Double scatter correction. In Chapter 5, we demonstrated that the scatter-
corrected forward model P 4+ P substantially improves MAP reconstruction from
data containing multiply scattered photons. We repeat this experiment in the sampling
setting. Figure 9.6 shows posterior mean estimates from double scattered data g(t) 4 ¢(2)
with background radiation. The uncorrected model P() either produces mislocalized
sources or completely diverges for the same algorithmic configuration. The scatter-
corrected model PN 4+ P2 however, accurately recovers the true source positions.
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The improvement is consistent with the MAP results from Fig. 5.4, confirming that the
scatter correction transfers directly to the framework of uncertainty quantification.

Full spectrum reconstruction. Finally, we reconstruct from the full measured spec-
trum g = ¢ + ¢® + ..., which includes all scattering orders. As in Chapter 5, we use
the scatter-corrected model P 4+ P2 and treat higher-order scattering as noise. Fig-
ure 9.7 shows the posterior mean and log standard deviation. Compared to the double
scatter case, artifacts appear due to the unmodeled higher-order terms. The increased
uncertainty is attributed to the fact that the extra counts are not explainable by the
forward model. Nevertheless, source positions are visibly recovered.

Caesium-137 lab measurements. We apply the sampling framework to real
Caesium-137 point source measurements from the RSL7 camera, the same data used
for MAP estimation in Chapter 5. Figure 9.8 shows posterior mean and log standard
deviation for three source positions at varying distances from the camera center. The
full set of measurements is evaluated in Appendix A. The generated variance maps
reveal more information about the structural uncertainty of reconstructions with this
Compton camera: As the images clearly show, measurements in central regions of the
FOV reconstruct source positions reliably, but exhibit increased spatial uncertainty for
the same prior. This could be attributed to a larger sensitivity to angular changes
in this area. On the border of the FOV, the reconstructed variance maps are more
localized, but tend to have a structured spatial bias with respect to the true source
position, which could be due to modeling errors and secondary scattering effects in real
lab environments.

Cobalt-60 simulations and measurements—Ileakage corrected model. For
polyenergetic nuclides like Cobalt-60, the energy-leakage-corrected forward model from
Section 5.1 is necessary to account for incomplete absorption of higher emission lines.
In Chapter 5, we demonstrated that the leakage correction improves MAP reconstruc-
tions by removing boundary artifacts caused by unmodeled counts. Figure 9.9 shows
posterior mean and log standard deviation estimates from simulated Cobalt-60 point
sources using the corrected model. The posterior means successfully localize the source
positions, consistent with the MAP results from Fig. 5.8. The log standard deviation
maps reveal that uncertainty is concentrated around the true source locations, although
artifacts appear for strong contaminations and multiple sources.

We extend the analysis to real Cobalt-60 measurements from the RSL7 camera, using
the same lab data as in Fig. 5.9. Figure 9.10 shows posterior mean and log standard
deviation for the line source and three area sources. The posterior means recover the
source positions consistently with the MAP reconstructions from Chapter 5. The log
standard deviation maps reveal the spatial structure of uncertainty in these extended
source configurations. For the line source, the uncertainty is distributed along the source
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extent, reflecting the elongated geometry. For area sources closer to the camera axis,
the variance is more concentrated, while sources at the edge of the field of view exhibit
increased spatial uncertainty. These results demonstrate that the sampling framework
with energy leakage correction transfers successfully from simulated to real measurement

scenarios.
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Figure 9.6.: Posterior estimates from double scattered data g™ + ¢ with background.
Top two rows: MMSE reconstruction and log standard deviation using the
uncorrected single scatter model P() (the large values indicate divergence
of the algorithm due to the mismatch between model and data). Bottom
two rows: Reconstruction with the scatter-corrected model P1) + P2 Ag
with MAP estimation (Fig. 5.4), the corrected model substantially impro]x%é
source localization.
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Figure 9.7.: Posterior mean (top) and log standard deviation (bottom) from full spec-

trum data g = ¢V +¢g@ 4. ..

using the scatter-corrected model P(1) + P(2),

Compared to the double scatter case (Fig. 9.6), slight artifacts appear due
to higher-order scattering acting as noise, but source localization remains

reliable.
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Figure 9.8.: Posterior mean (top) and log standard deviation (bottom) from real
Caesium-137 point source (0.61 MBq) measurements at three positions. The
true source positions are marked in blue. Consistent with MAP estimates
(Fig. 5.7), central positions yield reliable localization while uncertainty in-
creases towards the field of view boundary.
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Figure 9.9.: Posterior mean (top) and log standard deviation (bottom) from simulated
Cobalt-60 data using the energy leakage corrected forward model. From
left to right: one, two and three point sources, 10 MBq each, true positions
indicated in green.
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Figure 9.10.: Posterior mean (left) and log standard deviation (right) from measured
Cobalt-60 data using the energy leakage corrected forward model. The
sources are equal to Fig. 5.9: a 1 m line and three 0.3 x 0.3 m area sources.
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Conclusion and Open Questions

In this thesis, we have contributed new theory and empirical insights on two broad
aspects of image reconstruction: Compton camera imaging for nuclear decommissioning
applications, and Langevin sampling algorithms for Bayesian uncertainty quantification
in imaging inverse problems.

Compton Camera modeling and reconstruction. For the problem of reconstruct-
ing contamination activity maps from Compton camera measurements, we formulated
the forward model as a linear integral operator based on a conical Radon transform.
We showed that the standard single scattering model is computationally convenient and
reviewed the literature on its theoretical properties. However, we identified key model
errors that prohibit direct application to real-world measurement data from nuclear de-
commissioning environments.

For cameras with few, large scintillation detectors, Monte Carlo simulations showed
that over 50% of measurements can stem from event sequences with multiple Compton
scattering interactions in the first detector. We saw that the resulting model mismatch is
large enough to prohibit reliable source reconstruction. We developed a model correction
that includes second order scattering, covering a large amount of the multiple scattering
events.

We gave two further model extensions, enabling bidirectional camera geometries and
multi-nuclide imaging capabilities. These model corrections were shown to be efficiently
computable and are promising extensions to the forward model for future camera devel-
opment. For bidirectional camera geometries, our current setup represents a minimalistic
prototype. A proper large-scale bidirectional camera system could significantly improve
reconstruction quality by exploiting geometric information from multiple viewing an-
gles. The sampling framework developed in this thesis could contribute to this direction
through Optimal Experimental Design: with representative samples from the posterior
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distribution, one could systematically evaluate different camera configurations and de-
termine optimal detector placements for specific imaging tasks.

Using established convex optimization methods, we demonstrated that MAP estimation
with the developed forward models yields reliable activity reconstructions in practical
scenarios. Our experiments employed the fully scattered data at realistic activity levels,
perturbed by natural background radiation, noisy energy measurements from imperfect
detectors, and the standard Poisson statistics underlying radioactive decay. The exper-
iments validated the modeling approach across different source configurations, energy
ranges, and measurement conditions, establishing the viability of the corrected models
for real-world decommissioning scenarios.

Our experiments focused on a Compton camera with fairly limited spatial resolution
within a detector, as the scintillators are assumed to be non-pixelated. This leaves
just six pairs of possible interaction “locations”, each distributed in a detector volume
of roughly 350cm?. The resulting data space is small and the image reconstruction
problem (depending on the spatial resolution of the detector material) is moderately to
severely underdetermined. Considering this, the forward models and algorithms devel-
oped in this work are able to obtain good estimates of source activity maps. However,
the spatial uncertainty in the reconstruction is necessarily large, as can be seen from
the reconstructed variance maps. Pixelated detectors and cameras with smaller and
more detectors could lead to improved reconstruction quality and the ability to reliably

reconstruct complex contamination scenarios.

The forward models developed in this work follow a physics-based approach, incor-
porating known scattering physics through analytical or numerical computation. An
alternative direction is to explore hybrid or learned forward models. A parallel line of
work started investigating approaches where the system matrix could be learned from
Monte Carlo simulations and then generated for new camera geometries without re-
running expensive simulations or numerical integration [38]. Such learned models could
potentially capture complex detector effects that are difficult to model analytically, while
maintaining the necessary computational efficiency.

Another major open direction arises from the fact that the image spaces were chosen
to be simple and planar in the present work. In nuclear decommissioning, the contami-
nated surfaces around the camera take the form of arbitrary combinations of, say, walls,
pipework, or barrels. The geometries can quickly get complex enough that proper radio-
logical exploration is only possible from multiple camera viewpoints. In such a scenario,
the pipeline should consist of a surface reconstruction process using, e.g., point cloud
processing, followed by a joint reconstruction process from multiple camera viewpoints.
Such an approach would require recomputation of the forward model per viewpoint and
quantification of the remaining uncertainty in a given geometry, making the analytical
models and UQ approaches from this work promising.
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Langevin sampling algorithms. For uncertainty quantification in imaging inverse
problems, we provided a unified treatment of Langevin Monte Carlo algorithms. These
methods simulate stochastic processes driven by gradient information and Brownian
motion, enabling efficient sampling from high-dimensional posterior distributions. The
non-smooth potentials arising from total variation regularization and the domain con-
straints common in imaging applications pose theoretical and algorithmic challenges that
we addressed through several contributions.

We unified existing convergence results for the unadjusted Langevin algorithm and its
semi-implicit proximal variants, provided new convergence proofs for these proximal
schemes, and established a rigorous comparison of convergence behavior across different
discretization strategies. For the simplified setting of Gaussian targets, we obtained a
clear ranking of convergence speeds among the proximal schemes.

The coupling-based convergence proofs developed in this thesis reveal a deep connection
between convex optimization and log-concave sampling. This relationship suggests that
other optimization algorithms could be transformed into sampling methods. For exam-
ple, other splitting methods like ADMM, which have proven highly effective for convex
imaging problems, may yield efficient sampling schemes when appropriately stochas-
ticized. The theoretical framework established here provides tools for analyzing such
extensions.

We provided a new optimality result for mirrored Langevin sampling with the weighted
negative entropy mirror map. We proved that this choice achieves optimal Poincaré con-
stant for posteriors arising from diagonal, linear forward models and Poisson-distributed
data. This justifies a preconditioning strategy particularly suited to imaging problems
with photon-counting measurements. The practical effectiveness of the mirrored ap-
proach was demonstrated in several experiments, where we showed that the mirrored
sampler achieved faster convergence than standard schemes.

A promising direction for efficient sampling algorithms is the combination of learned
methods with the rigorous foundations of log-concave sampling. The prior distributions
imposed on the image space within this work are all model-based Gibbs priors. Plug-and-
Play methods, which replace proximal operators with learned denoisers, have achieved
remarkable success in optimization-based image reconstruction. Extending these ideas
to sampling would require careful theoretical analysis to ensure that the resulting al-
gorithms still target the correct posterior distribution, but could potentially combine
the expressiveness of learned priors with the uncertainty quantification capabilities of
Bayesian inference.
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Additional Reconstruction
Results

In this appendix chapter, we collect additional reconstruction results from various
simualted and real measurements.

Cs-137 point source measurements with RSL7. Here we give the full results
from a set of RSL7 measurements that was taken with a Caesium-137 source in a lab
setting at Hochschule Zittau-Gorlitz mid 2023. In the course of the measurements, the
camera was mounted on a stand 1m away (in z-direction) from an x — y—wall with
multiple holes to insert lab sources. A 612kBq Caesium-137 source was mounted in
different (x,y) positions on the wall. For each position, two measurements of 10 minutes
measurement time each were taken. The measurement positions were all centered in
x-direction and shifted relative to the camera on the y-axis by 0, 10,20, 30,40, 50 and
80cm. This resulted in 14 separate measurements to test the spatial resolution of the
camera and the ability of different forward models to reconstrct the locations of point
sources. Results of this study led to development of the double scatter corrected model
(3.19) for this work.

Figure A.1 and Fig. A.2 show MAP estimates, posterior means (MMSE) and log standard
deviations for the point sources, all computed with the double scatter corrected model
PM) 4 PO 1t is clearly visible that there is a structural bias between position estimates
in the center of the camera’s FOV. This effect was visible throughout most experiments
with the prototype. Partly, the qualitative differences in the middle can be explained
due to different statistics since a central location is closer to the camera. While the
y = 0 location measurements provided 6.8-103 counts around the photopeak on average,
the y = 80 position only resulted in 5.2 - 103 events. The model does account for this
difference, but the SNR is lower at the border of the FOV due to the Poisson statistics.
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Appendix A. Additional Reconstruction Results

In the middle, the counts are further more evenly distributed among the detector pairs,
so that there are meaningful energy spectra from each spatial bin of the camera—for
shifted positions, the scatterer detector further away from it rarely measures valid counts
since it is “shadowed” by the detectors partly blocking its field of view.

Apart from different signal-to-noise ratio, a major reason for additional reconstruction
errors in real measurements are remaining components in the setup that are not ac-
counted for in the forward model. The aluminium coating of detectors, the housing of
the camera and the stand, walls, floor and ceiling in the room all scatter the source, cre-
ating potential secondary radiation. Further factors laid out in Section 2.3 can lead to
model errors, “fake” events not stemming from real photon coincidences and calibration
issues due to inaccurate calibration or temperature shift in the photomultipler during
measurements.

192



y = 0cm

Ave = 0.68 MBq Avee = 0.63 MBq
0.5
Y 0 x
0.5
1
0 -1 0
-1
Ave = 0.65 MBq Avee = 0.58 MBq
0.5
]
- 0 %
0.5
1
0 -1 0
1
Ave = 0.65 MBq Avee = 0.57 MBq
0.5
3 0 b |
0.5
1
0 -1 0
1
Avee = 0.68 MBq Avee = 0.63 MBq
0.5
a 0 xh
0.5
1
0 -1 0

MAP

MMSE

log std

Figure A.1.: MAP, posterior mean (MMSE) and log standard deviation for Caesium-

137 point source lab measurements.

From top to bottom, the source is

positioned 0, 10, 20 and 30 cm shifted from the camera center. True source
positions marked in blue.
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Figure A.2.: MAP, posterior mean (MMSE) and log standard deviation for Caesium-
137 point source lab measurements. From top to bottom, the source is
positioned 40, 50 and 80 cm shifted from the camera center. True source
positions marked in blue.

194



Convex Analysis

In this section, we will recall some basic results from convex analysis that we frequently
need throughout this work. The most relevant of these results are functional inequalities
of convex functions and their Bregman divergences, those can be found in [20, chap. 18].
In the following, let X be a general Banach space with dual space X*. We state the
results in their general form, although we will mostly be interested in the case X = RY,
in which case X'* is identified with R? as well and both spaces are equipped with the
Fuclidean inner product and norm.

Convexity. A functional V : X — R is convex if
V(te+ (1 —t)Z) <tV(z)+ (1 —t)V(Z), (B.1)

for all t € [0,1] and z,Z € X. Similarly, we call V strictly convex if (B.1) is satisfied as
a strict inequality for all ¢ € (0,1) and x # &, and w-strongly convex if, for all ¢ € [0, 1]
and z,T € C, we have the stronger inequality

wt(1 —t)

Vit + (1= )3) <tV () + (1= V(@) +

=112
[z — Z[l%, (B.2)
with w > 0. As usual, w-strong convexity implies strict convexity and strict convexity
implies convexity. The functional V' is called {—/strictly/w-strongly} concave if its neg-
ative —V is {—/strictly /w-strongly} convex, respectively. Frequently, we also refer to a
probability distribution p as log-concave, this means its negative log-density V' = —logp
is convex.
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Appendix B. Convex Analysis

Subdifferential. Let V : X — R be convex. We call V subdifferentiable at x € X if
there exists p € X'* with

G()>G(z)+ (p,T — z)x, Vi e X, (B.3)

where we use the standard notation (g, u)y = q(u) for all ¢ € X*,u € X. If a p exists
that satisfies (B.3), it is called subgradient of V' at z, denoted p € 0V (x), where OV (x)
is the subdifferential

oV(z)={peX*: G(Z) > G(x)+ (p,z —x)x VT € X}. (B.4)

Note that the subgradient of V at x is unique if V' is Fréchet-differentiable at x. If that
is the case, the subdifferential is OV () = {VV (z)}.

Bregman divergences. For any z,&# € X and any p € 9V (&), we can define the
Bregman divergence Dy (which is also called Bregman distance, although it is not a
metric on X) by i

Dy (z,2) =V (x) - V(Z) — o,z — T)x. (B.5)

If the subgradient p is unique or irrelevant, we may drop it and denote the Bregman
distance simply by Dy (z,Z). We also define the symmetrized Bregman divergence

DYP (2, %) = DY, (2, %) + DY, (#,2) = (p — p, v — &), (B.6)

where p € 0V (x),p € OV (Z). When p,p are unique or do not matter, we will denote
this also by DY™ (, 7).

Bregman divergence bounds. Throughout this document, we frequently use upper
and lower bounds of the Bregman divergences under certain assumptions on V. The
first of these assumptions is w-strong convexity (B.2). Under (B.2) with w > 0, for all
z,T € X it holds

w - -

ol — #% < Dy (z, ) (B.7)

The second relevant assumption is the existence of a globally L-Lipschitz continuous
gradient of V, i.e. V is Fréchet-differentiable and there is an L > 0 such that VV
satisfies

IVV(z) = VV(Z)||x+ < Ll — Z[|x- (B.8)

By convex duality, V satisfies (B.8) if and only if V* is L~ !-strongly convex. The
Lipschitz gradient property (B.8) turns out to be equivalent to the following upper
bound on the Bregman distance for all z,% € X

L
Dy(z,7) < e =&k Va3 €X. (B.9)
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Two similar bounds can be derived by using the identity D?/(:c,fu) = D{-(p,p) for all
p € OV (z) and p € 9V (). By invoking convex duality, we can apply (B.7) and (B.9) to
V* and obtain, under the Lipschitz gradient assumption

1
5 IVV(@) - VV(2)|%- < Dv(z, i), (B.10)
and under the w-strong convexity assumption, for all p € OV (z) and p € OV (%)

1
D 7)< —|lp— pl%-. B.11
vz, T) < 2wllp Pllx (B.11)

Similar bounds for the symmetric Bregman divergence can be obtained by combining
the bounds from above and using symmetry in x,Z. Assuming V is w-strongly convex,
it directly follows from (B.7) that

wllz - #} < D™ (z,2). (B.12)

If V is both w-strongly convex and has an L-Lipschitz gradient, we also have the following
lower bound due to [158, Thm. 2.1.12]:

wlL
w+ L

~ 1 ~ sym ~
lz — 2|5 + A NAAC VV()|%- < DY™(x, 7). (B.13)

197






Hypoellipticity

An important concept in the study of the properties of Fokker—Planck equations is the
smoothness of the solution. Suppose for simplicity that we study (6.46) with no drift
b = 0 and constant isotropic diffusion ¥ = al. The resulting PDE is simply a heat
equation

Ot = aApuy,

which we know has regularizing properties: Even if ug is only measurable, the solution py
is C'°°-smooth for all ¢ > 0. This well-known property, which is shared by elliptic PDEs
with sufficiently smooth coefficients, is typically called hypoellipticity in a generalizing
manner.

Definition C.1: Hypoellipticity

Let £ be given by (6.44) with smooth coefficients. If, for every open set 2 and
every distribution u on Q, Lu € C*°(Q) implies u € C*(Q), then L is called
hypoelliptic.

Naturally, every elliptic equation is hypoelliptic, and equally any operator of the form
—0; + L, where L is the generator of a diffusion process with smooth coefficients and
uniformly positive definite diffusion coefficient (this is sometimes called parabolic hy-
poellipticity and includes the heat equation). The latter case includes the heat equation
example above.

The purpose of this subsection is to state a weaker result due to Hérmander [96], which
shows that the uniform positive definiteness is not necessary. We follow [15, chap. 1.12]
and [166, chap. 6]. In order to state the result, we need the definition of the commutator
operation and Lie algebras spanned by smooth vector fields.

199



Appendix C. Hypoellipticity

Definition C.2: Commutator

For two vector fields A, B on RY, the Lie bracket or commutator [A, B] is the
vector field on R? defined by

A, B)(x) = DB(2)A(z) — DA(x)B(x),

with the derivative matrices (DA); j(x) = 0;A4;(x).

Lemma C.3: Hormander’s hypoellipticity criterion

Assume that the generator £ of a diffusion process with state space R? has C*-
smooth coefficients and can be written in the form

n
L=Ay+ Z A?
j=1
with first-order differential operators Ay, ..., A,. Interpreting the differential op-
erators as vector fields, define a collection of vector fields Ay by

Ag={4; :j=1,...,n}, A=A, U{[4A, 4] : Ac A,j=0,...,n}.

If the vector spaces Ay(z) = span ({A(z) : A € Ag}) satisfy Upso Ax(z) = R?
for every x € R?, then L is said to satisfy the parabolic Hormander condition. In
that case, 0y — £ and 0; — L* are both hypoelliptic, hence any process generated
by £ has C°°-smooth transition probability. In particular, any solution to the
Fokker-Planck equation d;p = L*p is C*°((0, 00) x R%)-smooth.

Note that this formulation is the parabolic form and the statement can be generalized
slightly further when ignoring time dimensions, see the discussions in [15, chap. 1.12].
The stated parabolic form will later allow us to directly apply the result to the diffusion
processes considered in this work: Consider the diffusion process generator (6.44) and
assume that b is smooth and ¥ = %diag(o%, ...,03) constant. Then £ is in the correct
form for Lemma C.3 with

Ay = —b(z)'V,,

1 .
A]:ﬁo']axj, j:].,,d

Proving the smoothness of the solution will then reduce to showing that A span R.
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