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Abstract

The Schwarz perimeter inequality states that rearranging the horizontal slices of a set into a body of revolution
decreases its perimeter. In the first part of this thesis, a full characterization of the equality cases of the
Schwarz perimeter inequality is given. Moreover, we prove that the Schwarz perimeter inequality applies for
prescribed mean curvature functionals with measure data whenever the considered measure satisfies certain
monotonicity and isoperimetric properties.

In the second part of this thesis, we consider Massari’s well-known regularity theorem from 1975, which states
that if a set A C R™ has a variational mean curvature in L? for some p > n, then 9*A4 is a C1 submanifold
with o = %. We show that every C1® set admits a variational mean curvature in L? for p < }f—z, and prove
the existence of counterexamples for the case p > }f—z We show that Massari’s regularity theorem remains

true for o = Z;;TT’ which is the optimal relation. For this purpose, we transfer the parametric problem into a

non-parametric one, which we treat via methods of non-parametric partial regularity theory.

Zusammenfassung

Die Schwarzungleichung besagt, dass der Perimeter einer Menge A C R"™ grofler ist als der Perimeter der
entsprechenden Schwarzsymmetrisierung A*. Letztere entsteht durch Neuanordnung der horizontalen Schnitte
von A zu einem Rotationskorper. Im ersten Teil dieser Arbeit wird eine vollstdndige Charakterisierung des
Gleichheitsfalls der Schwarzungleichung hergeleitet. Zudem wird eine Verallgemeinerung der Schwarzungle-
ichung fiir Funktionale mit vorgeschriebener mittlerer Kriimmung bewiesen. Dabei sind die betrachteten
Krimmungen Mafle, welche bestimmte isoperimetrische Bedingungen und Monotonieeigenschaften erfiillen.
Im zweiten Teil betrachten wir den bekannten Regularitatssatz von Massari von 1975, der besagt, dass der
reduzierte Rand 9*A einer Menge A C R™ eine C1'*-Untermannigfaltigkeit mit o = b+ ist, wenn A eine
variationelle mittlere Kriimmung in L? hat und p > n gilt. Wir zeigen, dass auch jede C1'**-Menge eine
entsprechende Kriimmung in L? fir alle p < %f—g besitzt und fithren Gegenbeispiele fiir den Fall p > ﬁ—g
an. Zudem beweisen wir, dass Massaris Regularitatstheorem in einer verbesserten und optimalen Version mit
o= ];_TT{ gilt. Dazu wird das parametrische Problem in ein nichtparametrisches tiberfithrt und Methoden der

partiellen Regularitatstheorie angewandt.

Declaration of contributions

During the research phase of this thesis, four papers |79} 78, (82} 80] were written by the author in collaboration
with Thomas Schmidt. The contributions to all of these papers were shared equally.
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dimensional or convex sets and necessary adaptions for proving the non-convex higher dimensional case
(which is treated in full detail in [82]) are pointed out.

Chapter |§| presents the results of the published paper [80].
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Chapter 1

Introduction

Curvatures are an essential tool to describe natural phenomena from tiny cell structure to massive black
holes. As a notion in the field of differential geometry, it is defined on regular C? manifolds. The variational
mean curvature is an L' function that aims to describe the curvature of the boundary of less regular sets.
This generalization can further be extended to measures as curvatures. In this thesis, we introduce these
concepts, answer open questions, and extend existing results.

We first consider the Schwarz symmetrization, a tool to find minimizers of geometric problems that involve
the perimeter and which is closely connected to prescribed mean curvature problems. We characterize the
equality cases of the Schwarz perimeter inequality and generalize this type of inequality to more general
prescribed mean curvature functionals with measures as curvatures. In the second part of this thesis, we
introduce variational mean curvatures for sets, show integrability results for variational mean curvatures of
Che regular sets and prove the limit case of Massari’s regularity theorem.

Schwarz symmetrization

The Schwarz symmetrization is a volume preserving symmetrization technique for sets which reduces the
perimeter. These techniques are often used to find minimizers of perimeter-involving functionals. An early
instance is the proof of the isoperimetric inequality by H. A. Schwarz in [83]. The Schwarz symmetrization
of a measurable set A C R" is defined as

) nil

1
A* = {aﬁ eR"” : |7| < (|Axn
Wn—1

where 7 := (21,...,7,_1) € R"L.

4 (A"):

Figure 1.1: The Schwarz symmetrization

In particular, A* is the body of revolution such that the horizontal ¢-slice (A*); is the (n—1)-dimensional
ball with volume equal to |A;| for all ¢ € R. The Schwarz (perimeter) inequality then reads

P(A*) < P(A), (1.1)

where P(A) € [0, 00] denotes the perimeter of A.
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Regarding the application to finding minimizing sets, it is important to know when a set A satisfies P(A4) =
P(A*). The best possible outcome for A is to obtain rigidity, i.e., if only shifted copies of A* satisfy equality
in . This is not always satisfied. Indeed, there are many examples demonstrating the existence of com-
pensation effects allowing for equality in the Schwarz inequality for sets which are not bodies of revolution,
see Figure [I.2] for a basic instance in dimension 2.

A A*

Figure 1.2: A set which does not satisfy rigidity with respect to the Schwarz symmetrization

A first rigidity result was shown for the Steiner symmetrization in [18, Theorem 1.3], which can be seen
as the one-dimensional version of the Schwarz symmetrization. In particular, the Steiner symmetrization
of Ais the set A% := {& € R" : 2|z1| < |A(s,, . 2|}, and the Steiner (perimeter) inequality then reads
P(A%) < P(A). Hence, instead of (n—1)-dimensional balls, one uses centered lines as rearranged slices. Results
for higher dimensional symmetrizations, including the Schwarz symmetrization, were then obtained in [7],
such as the fact that P(A) = P(A*) implies that the slices A; are (n—1)-dimensional balls for £!-a.e. t € R.
Further rigidity results for the Steiner symmetrization have been established in [14] with the introduction
of essential connectedness, and even an equality characterization of the Steiner inequality was achieved. The
proof crucially exploits the advantages of rearranging lines. Refinements of the characterization result for the
higher dimensional symmetrization have not yet been addressed. In fact, a difficulty of the higher dimensional
case is the handling of the pathological horizontal parts, which simplifies for the one-dimensional Steiner
symmetrization due to the fact that the projection of these parts onto the (n—1)-dimensional hyperspaces
has vanishing Lebesgue measure. This is shown to be false for higher dimensional symmetrizations, see |7,
Remark 3.2]. For more insight into symmetrizations, we refer to the survey [13] giving the state of the art
from 2019.

As the first main result of this thesis, we give a full characterization of the equality cases in the Schwarz
perimeter inequality, see Theorem m During the research, the paper [26] appeared, which covers rigidity
results for the Schwarz symmetrization via a direct approach and not via a characterization, as it is given
here. The characterization result specifically works for Schwarz symmetrization, exploiting that equality in
implies that slices are (n—1)-dimensional balls. In particular, the set A can be fully described by the
radius and center function of these balls, i.e.,

1
n—1

1
rads : R — [0,00],t +— <|At|> )
Wn

cny: R o R g {c if rad 4 (£) € (0,00) and |4, ABI3} ()] =0,
0 otherwise,

where B’I;;j t)(c) denotes the (n—1)-dimensional ball of radius rad 4 (t) and center ¢ € R"~1. In this case, we
say that A is a stack of balls with radius function rad4 and center function cen 4. Once observing that, if A is
a set of finite perimeter and finite volume, rad 4 and ceny are BV functions, the crucial simplification we use
for further investigation is that single-variable BV functions are much easier to analyze than multivariable
ones, due to the existence of one-sided limits at each point for good representatives. Therefore, we are able
to prove that only certain compensation effects of the singular parts of rad4 and ceny can lead to equality in
, which is the following main result of Section

Theorem (Theorem Characterization of the equality cases in the Schwarz inequality). Let A C R™ be
a set of finite perimeter and finite volume and let I C R open. Then the following statements are equivalent:

i) P(A* R"! x I) =P(4,R""! x I)



ii) The set A is a stack of balls in I and |Dcena| < |D°rada| holds on I N {rad; > 0}.

Here, D°rad4 denotes the singular part of the derivative measure Drad 4. To prove the full characterization
result, we split the analysis into two parts. The first part considers the portion of A where the approximate
lower limit rad; of the radius function is not vanishing, which ensures that both the radius and the center
function are locally of bounded variation. With this regularity at hand, we can then derive explicit formulas
for the perimeter of A*, as well as for the perimeter of A in the special case when the center function has
only one non-constant component. In fact, we can reduce the further analysis to this case by the Steiner
symmetrization. In the second part, we consider sets on which rad; vanishes. Then the behavior of the center
function is negligible since the set A has no significant mass on slices with height ¢ in {rad, = 0}, except for

the case when radj (t) > 0. This jump then implies that A has perimeter ’B"m;j(t)’ on R"1 x {t}.
A

At this point, we want to mention that the barycenter function for general Steiner symmetrization (including
the Schwarz symmetrization) has been introduced in |7] and that the regularity has been investigated under
the general assumption that rad4 > 0 and that A has no horizontal parts, resulting in the neglection of the
jump and Cantor parts of cen 4.

As mentioned before, an extension of the Schwarz inequality is achieved for generalized prescribed mean
curvature functionals of the form
A P(A) + p(A)

where A is a set of finite perimeter and finite volume in R™ and p is a signed Radon measure (not necessarily
absolutely continuous with respect to £™). For this functional to be well-defined, we have to specify the
representative of A, on which pu is evaluated. To this end, we define

P(A) := P(A) + i (AY) — i (A™), (1.2)

where p4 are two mutually singular non-negative Radon measures on R” and A' in the measure-theoretic
interior, whereas A7 is the measure-theoretic closure. With a result of 73], we ensure that P is well-defined
and lower semicontinuous with respect to L! convergence if both measures p, and p_ satisfy some isoperi-
metric conditions with constant ¢ € [0, 1] (see Section. As it turns out, this is not enough to conclude a
generalized Schwarz inequality for P, which is the reason for the additional radial monotonicity assumption
of the form

w(B*) < u(B) for all bounded Borel sets B C R", where p =y — p_ . (1.3)

The the main result of Section [3.3]is the following theorem.

Theorem (Theorem Generalized Schwarz inequality). Let p—, pi be two mutually singular and non-
negative Radon measures on R™ satisfying and the small-volume isoperimetric condition with constant
1. Then

P(A") < P(4) (1.4)

holds true for all sets A C R™ of finite perimeter and finite volume.

The result might seem immediate in view of the imposed monotonicity condition. However, the subtlety of
(1.4) is in the transition from (A)* to (A*)! and from (A*)* to (A*)*, which creates overlaps which may
be measured by u, see Figure for a simple but decisive case.

A ()" (A)* (A1) (A7)

Figure 1.3: Difference of (AT)* and (A*)T, and (A!)* and (A*)!, respectively

Nonetheless, it is possible to show (1.4)) by an analysis of the specified measures satisfying the radial mono-
tonicity condition via disintegration. Heuristically, (1.3)) forces u to behave like £*~1 on every hypersurface
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H; = R"! x {t}, t € R. In particular, it implies p+ = f¥(L" "' @ uY) for certain normalized pushforwards
uY of pg with respect to the projection of R™ onto the last component and for densities f* which satisfy
corresponding radial monotonicity conditions. Since pY are non-negative Radon measures, pi+ = ud® + T
can be split into the discrete parts pd®, where u4®(H;) > 0 (which can only hold for at most countable
many ¢ € R), and the remaining part p*# with no atomic behavior in the vertical component. As Figure
indicates, it can be shown that p5* vanish on the (n — 1)-dimensional set [(A*)TA(AT)*]U [(AY)*A(A*)],
and ,uiis can be investigated separately on each hypersurface H; such that uY({t}) > 0. In fact, via the
imposed isoperimetric condition on p4, we show that the measure of [(AT)*A(A*)*] U [(4*)'A(AY)*] on
each hypersurface is compensated by the perimeter loss P(A) — P(A*).

A more direct approach is also possible for reduced functionals of the form
P_(A) = P(A) —j_(A*)  and  Py(A) = P(A) + 14 (4)

via suitable approximation theorems that fail in the case of signed Radon measures .

Considering measures which only satisfy isoperimetric conditions with constant ¢ strictly smaller than 1
prevents compensation effects of the perimeter and the measures (on hypersurfaces). Hence, equality in the
generalized Schwarz inequality even transfers to the standard Schwarz inequality in these cases. With this at
hand, we are able to state characterization and rigidity results also for the generalized case:

Corollary (Corollary Equality case of the Schwarz inequality for functionals with measure data). Let
i and p— be two mutually singular and non-negative Radon measures on R™ which both satisfy (L.3)) and
the small-volume isoperimetric condition on R™ with constant ¢ < 1. Then

P(A*) =P(A) implies P(A*) =P(4)

for all sets A C R™ of finite perimeter and finite volume. In this case, A is a stack of balls with |Deena| <
|D*rad 4| on {rad, > 0}.

As an application of the generalized Schwarz symmetrization results, we present three geometric obstacle
problems for functionals of the form

P_[A] = P(A) — u_(AY) in Aro:={AecBR") : |A|+P(4)<oc,C ACO} (1.5)

in dimensions n = 2 and n = 3, where the subset relations are understood up to negligible sets. In fact,
the well-known obstacle problem for the perimeter is extended by rewarding sets with large p_-measure. We
then specialize the planar problem to measures of the form pu_ = 2fH!'[L R x {t} for some t € R and radially
decreasing functions f = f(-,t) € C(R) N LY(R) with values in [0, 1]. We solve this problem for rectangles
and discs as obstacles, where we reduce the latter to the case where f is a constant 6 € [0, 1], due to the
additional expense this problem requires. Depending on the height ¢ and the weights f and 6, the resulting
minimizer Ay, can be shown to have the shape as in Figures[I.4)and [I.5] which can be found later in Figures
.13l and with some more details.

0

I Amin

sptu

Figure 1.4: Obstacle problem with rectangles as obstacles in R?
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Figure 1.5: Obstacle problem with discs as obstacles in R?

In the three-dimensional case, we only consider balls as obstacles and measures of the form p_ = 20H2_ R?x {t}
with 6 € [0,1], which gives minimizing sets of the form of Figures and Due to the considerable in-
crease of complexity in higher dimensions, we further reduce the analysis to |t| <  and neglect the uniqueness
investigation in this case.

I Amin

Figure 1.6: Obstacle problem with balls as obstacles in R?

For solving the described obstacle problems, we reduce to bodies of revolution as competitors by applying the
generalized Schwarz inequality and the characterization of the equality cases. In turn, we have to consider only
(n—1)-dimensional balls of some radius s to be measured via p_. Naturally, the minimizing set connects this
ball and the obstacle via area-minimizing surfaces, i.e., lines in the two-dimensional case, and catenoid surfaces
in the three-dimensional case, which can be shown by a transition of the parametric to a non-parametric
obstacle problem. With this at hand, Euler’s equation gives the exact dependence of s and f.

Variational mean curvature

If the boundary OF of some set E C R" is an (n—1)-dimensional oriented C? submanifold in R™, then
the mean curvature of OF is the continuous function +divvg. In [63], the author observes the following
connection, see also Section If E is the minimizer of the prescribed mean curvature functional

Fu(F) = P(F)—/Fde

among all measurable sets F C R", where H € C°(R") N L'(R"), then -5 H|sp is in fact the mean
curvature of OF. As a generalization, the variational mean curvature of a measurable set A C R"™ is defined
as any function H € L!(R™) such that A is a minimizer of Fy among all measurable sets, see Definition
Consequently, variational mean curvatures are merely defined on the ambient space R™ without suitable
restriction to dA. One can even find infinitely many variational mean curvatures for A, see Remark [£.2] This
freedom of choice is limited, since the variational mean curvature cannot be arbitrarily good regarding its
integrability. Indeed, if x € 0*A is a non-C™! point of the reduced boundary 9*A of A, every variational
mean curvature of A will blow up close to x. If this blow up is LP-controlled, the following theorem provides

conclusions regarding the regularity of 0*A.

Theorem (Theorem Massari’s regularity theorem, global version). For a set A CR"™ of finite perimeter
and with variational mean curvature H € LP(Q) for p € (n,o0], the following properties hold true.



6 CHAPTER 1. INTRODUCTION

i) The set 0*A is relatively open in OA.

ii) The set 0*A is an (n—1)-dimensional C* manifold for o = p4_p" if p < oo and for a = i if p = oc.

iii) It holds H*(0A\O*A) = 0 for all s € (n — 8,n].

This is the famous regularity theorem of Massari, developed in the Italian sources |63, Teorema 5.1, Teorema
5.2], |64, Teorema 3.1, Teorema 3.2] and restated in |50, Theorem 3.6] in an English version. Later we will
state the theorem for local variational mean curvatures — the exact notion can be found in Definition [£.1]—
but for simplicity, we only present the global version here. Although the regularity analysis for the variational
mean curvature was further developed, see for instance [85], Massari’s conjecture from [50], stating that the
optimal Holder exponent for the theorem converges to 1 as p — oo, could not be confirmed until recently.
In the author’s Master thesis, it is shown that the exponent can be lifted to all o < qopt = I;_TZL’ see [81]

Theorem 3.3]. Corresponding counterexamples from [81, Section 4] show the failure of the C1“ regularity
conclusion for all & > a,pt and therefore confirm the optimality of the exponent and also Massari’s conjecture.

Variational mean curvatures for C1® sets

Given Massari’s regularity theorem, it becomes natural to ask whether one can find ’good’ curvatures for
regular sets. This matter has only been partially addressed in the literature. For instance, in [9] and [8|
Theorem 2.1], it is shown that every set of finite perimeter in R™ has a variational mean curvature in L*(R").
This statement cannot be improved in general as there exist examples of sets of finite perimeter with no
(local) variational mean curvature in LP for all p > 1, see [50, Example 2.4, Example 2.5]. A fact that has
not yet been stated in the literature but which might be known to experts is that every Cl! set admits
a variational mean curvature in L°°(IR™). This is a straightforward special case of Theorem [5.8] The main
result of Chapter [5|is the following theorem on local variational mean curvatures for the intermediate Ch®
cases:

Theorem (Theorem Integrability of variational mean curvatures of C1'* sets). Let A C R™ be a bounded
open C set with a € (0,1). We assume either that A is convex or that n = 2 and A is connected. Then,
for every ball B C R™ with A € B, there exists a local variational mean curvature H of A in B with

HelP(B) foralpe {0, 1 i a) . (1.6)
—

In a first approach, we state Theorem [5.8] which is a non-optimal subcase of the main result that only
yields LP regularity for all p < ﬁ (and the corresponding L result for C1! sets mentioned before). The
advantage of Theorem is that it holds for general C*® sets A. The proof of this version exploits the strong
connection between variational mean curvatures and (the divergence of) the unit normal of a set. Indeed, the
motivation of the generalized curvatures carries over in the sense that the divergence of suitable extensions
of the weak unit normal of JA is a variational mean curvature. Exploiting this and known trace results leads
to the aforementioned subresult.

After deriving this first approach, the remainder of this chapter is dedicated to finding and estimating the
best variational mean curvature. To this end, we use Barozzi’s level set construction of variational mean
curvatures for sets of finite perimeter from [§]. This curvature has optimal integrability properties among all
variational mean curvatures, improving the result from the predecessor paper [9]. The construction uses the
existence of nested subsets C4 » of a bounded set A with constant variational mean curvature A > 0, i.e., the
minimizers of

Fr(F) :=P(F)— \F|

among all measurable subsets F' of A. In particular, it holds Ca,x € Caxye for all e > 0 and (J,.(Cax = A.
With this, the Barozzi curvature can be defined as

HA(CC) = inf{)\ X EC’A’A7 A€ Q>0} .

In fact, for a.e. A > 1, the boundaries of the sets C4,\ of constant curvature A represent the level set
{H4 = A} of Hy as well as the constant mean curvature surfaces with curvature ﬁ)\ and outer obstacle
A. It is essential to know the shape of C4 ) in order to estimate H4 from both sides. In general, this turns



Figure 1.7: The set C4,» in a cube A

out to be quite technical. Similar to the analysis of Cheeger sets in the predecessor paper [58], the source
|60, Theorem 2.3] verifies that C4  is the union of balls of radius § in A if A is a two-dimensional Jordan
domain without necks of radius § and with [9A] = 0. Hence, H blows up at non-C*! points, connecting the
integrability of variational mean curvatures to the regularity of the corresponding set once more, compare
Figure

In higher dimensions there exist constant mean curvature surfaces besides the sphere and the sets C4 ) are

not necessarily the union of balls of corresponding radius ”T_l in A anymore. It is known that C4 ) always

contains all balls of radius § in A, see [86, Lemma 2.4]. In Proposition we show an improved version

of this result for the radius 25 instead of %. Since (the boundaries of) balls of radius 7 > 0 in R™ have
classical mean curvature ”T_l, the improved version fills a gap between the interpretation of the classical and
the variational mean curvature.

Returning to the proof of the main statement of this section, the level-set construction of the Barozzi curvature

leads to -
/ |HA|pdx:p/ )\p71|A\CA7>\|dt+C2
A C1

for two positive constants c;, ca. As previously mentioned, the union Ag y of balls in A with radius "T’l isa
subset of C4 x, hence it is left to analyze the behavior of |[A\Ag x| as A — co. To this end, a shift-enlargement

result is presented, which claims that if a ball B no1 (y) is in a C1® set A, then a new ball of radius Z—:i is

still contained in A and its Hausdorff distance to B% (y) is at most d :=c A~ Toa ¢ for some ¢ > 0,all A>1
and all € € (07 %)\] With this we show that the set Ap xye\Ap—c is contained in the d-neighborhood of

0Ag . If 0Ag » behaves well, this leads to an upper bound of the derivative %|AB,)\| by ¢ Afﬁ, which in
turn leads to the integrability of H in A as stated.

In order to verify the shift-enlargement result and the good behavior of 9Ag », we restrict the main statement
of this chapter to either convex or two-dimensional sets. We can then show that Ap  is a C! set for large A,
which eventually gives that the volume of the §-neighborhood of 0Ag y is bounded suitably. This regularity
result for Ap ) is not necessarily satisfied for higher dimensional non-convex C1'® sets A, which leads to
additional technicalities for the shift-enlargement result. In particular, the shifting direction at non-C! points
x € OAg,\ cannot be chosen as the inner unit normal —v4 , (z) anymore. Instead, it has to lie in the convex
cone of the inner unit normals —vg(z) of balls B in A with radius 5% such that # € 0B. The volume of
the d-parallel set of A can then be controlled by known results on the behavior of level sets of the distance
function, see [56, Corollary 2]. A paper which covers the general case is in preparation, see [82].
Later in this chapter, we will derive counterexamples which show that the relation p = i<

1o in the main
theorem is optimal:

Theorem (Theorems and Counterexample to C1® sets with good curvatures). For all a € (0,1)
and all € > 0 there exists a bounded, open and connected C1 set A C R™ with no local variational mean
curvature in LP(B) for all p > }J_r—g + € and for all open balls B C R™ with A € B.

Note that it is still open whether the limits case p = % can be reached in (|1.6]).

In the proof of the previous theorem we introduce sets that have countably many C®-points on the boundary.
In the two-dimensional case, we combine countably many scalings of the supergraph of x + |z|'T to find
a corresponding C1'® set A with pathological Barozzi curvature, see Figure The latter can be estimated
from below straightforwardly via the aforementioned result from [60] which gives Ca x = Ap, ) for large A.
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Cax

Figure 1.8: Two-dimensional counterexample to C1'® sets with L? curvature

In the higher dimensional case, an (n—1)-dimensional hypercube is partitioned into infinitely many subcubes.
On such a subcube with center a, we define functions which essentially behave like the C1 functions |z —
a|'*®. We then analyze the behavior of the Barozzi curvature on the supergraph A of this function. Only the
subset relation Ap x C C4 ) is available in this case and in general, the behavior of C4  is hard to control.
Hence, we put some effort into ensuring that the construction of A eventually gives Ag x = Ca x as in the
two-dimensional case, see Proposition To this end, we reduce the investigation to the supergraph of the
function z +— |z|'* (or a bounded variant of it) and consider a minimizer C4 \ of F) among measurable
subsets of A. According to the Schwarz and Steiner inequality, we may assume that C4 » satisfies good
symmetry properties. Further (partially rather technical) arguments eventually lead to a smooth horizontal
graph parametrization u of dC4  in a small cylinder B2~ x (0,00) with u(z) > |z|'*®. Since the latter
ensures a positive distance of the graph of u and the outer obstacle boundary 0A, we can then derive the
Euler equation which results in Gaph[u] = dAp » in B! x (0,00) and this finally leads to C4 x = Ap x.

Partial regularity for non-parametric variational integrals

The predominant open question concerning Massari’s regularity is if the theorem applies for a = aopt = IITT?
as well. This is in fact the case, but the proof uses another strategy than [81], which reaches out for partial
regularity results for local minimizers for variational integrals, see [80]. In particular, we leave the parametric
framework in this chapter and translate the local minimization of the functional 7y among admissible sets

for some H € LP(R™), n € N>s, p € (n,00) into a non-parametric minimization problem of the form

w(z) _
Glw] ::/ \/1+|Vw|2—/ H(z,t)dtdz,
14 0

considering functions w € WH2(V), where V is an open and bounded subset of R"~! and H € LP(R") is a
(slight) modification of H. If the set A C R™ has variational mean curvature H, i.e., locally minimizes Fp,
we may apply Massari’s regularity theorem on A and find local graph representations u : V' — R of 9*A. If
chosen suitably, those functions then locally minimize G among functions w € WL2(V). Due to the lack of
continuity of H, it is not possible to determine the Euler equation of G, so we are forced to use variational
methods of partial regularity. During the transition from the parametric to the non-parametric setting, the
perimeter converts into the area functional with integrand fg : R"~! — [0,00), z — +/1 + |2|2, which has
good properties, in principle. In fact, the function fg satisfies local uniform ellipticity, which, combined with
the a priori assumption that v € C*(V) from the application of Massari’s regularity theorem, leads to partial
regularity results for minimizers of the corresponding functional.

Throughout this chapter we generalize the partial regularity analysis to more general functionals. In order
to avoid too many technical details in this introduction, we present the following special case of our main
result.

Theorem (Corollary Partial regularity for variational integrands with LP-Holder zero-order integrands).
Let u € Wh(V,RY) be a local minimizer of the functional

Flu] = /V fDw)—g(- wyde,  we WH(V,RY),



where the first-order integrand f € C2 (RNX(”*I)) s of at most quadratic growth and locally elliptic, and the
zero-order integrand g : V x RN — R is a Carathéodory function that satisfies

lg(x,y) — g(z,9)| < T(z)ly — gj|ﬂ forallz € V and all y,j € RN

for a non-negative function T' € LI (V) and parameters 3 € (0,1] and p € ("T_l,oo], Then w is in

loc

CL% (Vieg, RN) for some open set Vg €V that satisfies |V \Vig| = 0 and for

loc
Bp—(n—=1) .
oo d @ Up<oo,
5 ifp=o0and f <1,
and any a € (0,1) if p=o00 and § = 1.

The regularity analysis is based on the integral characterization of Holder continuity by Campanato, which
states that a suitable behavior of the excess ® := fBT(w) |Du — (Du)s|? dy essentially translates to the
Holder continuity of Du. We will estimate ® via the intertwined A-harmonic approximation and Caccioppoli
inequality strategy introduced by [33] and refined in |29, |27} [28} |30, 31} 32, |75} [76L [25| 24} |19} 49, [48]. During
this, a special interest lies in finding the sharp dependencies between «, p and 3 in the case of the previous
theorem, and between «, p, ¢ and § in case of the generalized Settings and 3] of Chapter [6]

Results in this direction can be found, for instance, in 71} 45| 54, [72]. In [71, Theorem III], Phillips considers

the special scalar case f(z) = %\z| and g(x,7y) = y® and derives full cles regularity for minimizers of the
corresponding functional, which is reproduced by our result in the case I' € L°°. The example 71}, p. 5]
even shows that this result is sharp. In [45, Theorem 2.1], the authors generalize Phillips’ result to a more
general non-scalar setting with specific first-order integrand. This framework still addresses full regularity
and assumes [' € L°°, but in the subsequent remark, a generalization is predicted for the case I' € LP and
for T' in the Morrey-Holder space LP*. This is even more generalized by our result considering the exact
configuration of f and g. The special case I' € L.>°, however, has been lifted to partial regularity results with
optimal Hoélder exponent % in |54, Theorem 1] and |72, Theorem 1.1]. Partial regularity results for I' in

LP* as in Theorem have been addressed in [74, Corollary 3.3] in the context of almost-minimizers in
BV, but the maximal Holder exponent does not exceed g and additional assumptions have been imposed on
u.

In order to apply the non-parametric theory to Massari’s regularity theorem, we a priori apply the same
statement, which provides C! regularity for the minimizer u of the variational integral G. This ensures that
u € WH_ as assumed in the aforementioned theorem, as well as V' = Vi such that no additional singularities
appear when transitioning the non-parametric framework back to the parametric framework. Hence, we can
restate Massari’s regularity theorem in the following optimal version, which includes the case of the limit
exponent.

Theorem (Theorem Optimal Massari’s regularity theorem, global version). For a set A C R™ of finite
perimeter and with variational mean curvature H € LP(R™) for p € (n, o], the following properties hold true.

i) The set 0*A is relatively open in OA.

ii) The set 0*A is an (n—1)-dimensional C** manifold for o = ’;TT if p < oo and for all a € (0,1) if
p = 00.

iii) It holds H*(DA\O*A) = 0 for all s € (n — 8,n].

Due to the counterexamples of [81, Section 4], the theorem cannot be further improved, which leads to the
conclusion that our non-parametric results are also optimal to some extent.
It is apparent that the relation between the integrability of variational mean curvature and the C1* regularity
in the optimal version of Massari’s regularity theorem and the main result of Chapter [5| do not match. In
particular, it holds that

p—n p-—1 a+n  a+1

= < — = d = >
p+1 p+1 “ o M= 0 T 1-a

an PI for all & € (0,1) and p € (n,00).
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The values ap = an(p) in (0,1) and py = pm(@) in (n,00) are chosen such that the optimal relation of
Massari’s regularity theorem (with respect to p and «, respectively) holds true, whereas the values oy = a;(p)
in (0,1) and p; = pr(a) in (1,00) are such that the optimal relation in the integrability theorem is satisfied.
This, however, is not a contradiction, since any C1® set on which the integrability result for the variational
mean curvature applies leads to a variational mean curvature in L? for all p < p;. This, by the improved
Massari’s theorem, leads to a C1% regularity for all 3 < %(1—04) < a, and the latter is a priori satisfied.
The relation of p and « is formally the same if n = 1 (which is never the case since we consider at least
two-dimensional sets) and drifts further apart for larger dimension.

Structure

This thesis is structured as follows. In Chapter[2] notation as well as general assumptions are given and overall
preliminaries on BV functions and measure theory are presented. We point out that specific preliminaries
are available in the corresponding sections. We will mostly renounce giving proofs of standard theorems
throughout these parts. However, some selected proofs are carried out.

In Chapter [3] we introduce the Schwarz symmetrization and extend the existing theory by the announced
characterization of the equality cases in the Schwarz perimeter inequality. Afterwards, the generalized Schwarz
inequality for perimeter functionals with measure data together with some rigidity results and model cases
are presented.

All results of the second part of this thesis are connected to variational mean curvatures. Thus, this subject
is treated separately in Chapter [4] where we primarily collect known results, but also show new ones.
Building on this, we prove LP-integrability of Barozzi’s variational mean curvature for planar and convex
Ch® sets for all p € [1, %) and present corresponding counterexamples for p > %J_r—g in Chapter

Finally, in Chapter [] we visit the non-parametric partial regularity theory, which we apply to the parametric
case of variational mean curvatures in order to find the optimal Holder exponent for Massari’s regularity
theorem.



Chapter 2

Preliminaries

In this chapter, we set general notation and assumptions and give some preliminary results on measure theory
and BV functions.

2.1 Notation and overall assumption

2.1.1 Overall assumption

Throughout this thesis, we set n, N € IN and assume that §2 is an open subset of R™. We additionally assume
n > 2 throughout the Chapters [3] {6} if not stated otherwise.

2.1.2 Notation

Vectors and sets

For some = € R", the (n—1)-dimensional vector (z1,...,z,—1) is abbreviated by Z. For ¢ € {1,...,n}, we
write T for (x1,...,%_1,Tis1,--.,Tn) € R?~L If additionally 7 > 0, the open ball of radius r and center x
in R™ is denoted by B,.(z). In some cases, the dimension of the ball will be emphasized by using the notation
B"(z). We abbreviate B,.(z) N R"~! x (0,00) by B,(z)* and B,(z) N R""! x (—00,0) by B,(x)~. Instead
of Bg")(O), we write B{"™. The cylinder B"~Y(Z) x (x,, — r,@, + 7) of radius and height r with center x is
denoted by C..(z). For some k € {1,...,n— 1} and z € R¥, we denote the z-slice {y € R" % : (y,z) € A} of
A CR™ by A,. For some « € [0,1], the (Borel) set of all density-« points with respect to A C R™ is denoted
by A“. The measure-theoretic closure R™\A° is denoted AT and we write 9°A for the essential boundary
AT\A'. We write H;", and H;, for the half spaces {x € R" : z-v >t} and {zx € R" : z-v < t}. In
the special case v = e,, we put Hti = ern, respectively. The hypersurfaces 8Ht‘fy = OH,, are denoted
by H;, and for v = e,, we set H; := H;,. For a set A C R"™ and € > 0, we denote the e-neighborhood
{z € R™: dist(z, A) < e} of A by (A). and the inner e-parallel set {x € A : dist(z,R™"\A) > ¢} by [4]..

Measures

The n-dimensional Lebesgue measure is denoted by £™. For some L"-measurable set A C R", we may write
|A] instead of L£™(A). The volume |B}| of the n-dimensional unit ball is abbreviated by w,. For s € [0, c0),
the s-dimensional Hausdorff measure is labeled H*® and for s < 0, we identify H® = H°. For some Borel set
B C R", we denote by B(B) the Borel-o algebra of B. By M™ we denote the o-algebra of all L*-measurable
subsets of R™. The total variation measure of some (vector-valued signed) Radon measure p is denoted by
|¢£|. For a measure u on R™ and some u-measurable set A C R™, we write ul A for the restriction of 1 on A.

Functions and spaces

For every function space H, the notation H(Q2) = H(£, R) is used throughout this thesis. Moreover, we write
Hioe (2, RY) and Hy,(2) for the localized function spaces, i.e., the set of all functions u : © — RY with
u € H(K,RYN) for all compact subsets K C €. For N = 1 and a certain representative of u, we write u_ for

11
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the negative part of w and u4 for its positive part. We say that a sequence of sets (Ag)x converges to the set A

in L%loc) if 1 4, convergesto 14 in L%IOC). For t € R and v € R", we denote the hyperplane {z € R" : z-v =t}

1

e (€2, R™) and some measurable set F' C Q of finite volume, we write

][ . 0, if |[F| =0
wdz =
P ﬁfFudx, else.

We call the function which maps = € Q2 to lim,~ o fB ()N u(y) dy in case the limit exists, and to 0 otherwise

by H,. For some u € L

the mean-value representative of u. If F' = B,.(z), we abbreviate f,, udz with (u),,,. The function 7; for
i € {1,...,n} denotes the projection of R™ onto its i-th component. For some u :  — R, we write Sub[u, {2
for the subgraph {(z,¢) € QxR : 2 € Q and ¢t < u(x)} of u over Q. In case the domain Q of u is well-known,
we will only write Sub[u] instead of Sb[u, Q]. Similarly, we write Siplu] = Swplu, Q] for the supergraph and
Gaph[u] = Gaphlu, Q] for the graph of u over (.

2.2 BV functions and sets of finite perimeter

As an extension of Sobolev functions, BV functions unite several advantages. Since they have Radon mea-
sures as derivatives, a version of the divergence theorem can still be applied. Moreover, the derivative even
handles jumps or Cantor like parts. The compactness theorem and lower semicontinuity results allow for
good existence results based on the direct method of calculus of variations. The strong connection to sets
of finite perimeter makes it possible to easily change perspective between analytical and geometric measure
theory perspectives.

For more background in this theory, we refer to the most common references |3} 47, (62} 38]. The source [62]
mainly covers sets of finite perimeter, whereas [3] has deep insight into BV theory. The books [47} |38 cover
both aspects compactly.

2.2.1 BV functions
In this section, we define BV functions and present useful results.

Definition 2.1 (Derivative measures, the space BV and variations). For a € N}, the weak a-th par-
tial derivative measure of a locally integrable function u € LL _(Q,RY) is the Radon measure y €
RMoc (2, RY) if

k
/ u-0%dx = (—1)27’:1 & / p-dp holds for all test functions pE ngt(Q,]RN) . (2.1)
Q Q
In this case, we denote u = D%u.
For k € {1,...,n}, we write D®u = Dyu and call this measure the k-th (weak) partial derivative
measure of u.
Moreover, we denote Du := (Dju,...,D,u) and call this the (weak) derivative measure of u.

The variation of u is defined as

cpt

Var(u, 2) := sup{

/u'divgod:v s € CLL(Q, RN with sup|p| < 1} .
Q Q

The set BV(Q,RY) is defined as all L!(Q, RY)-functions u with |Du|(Q) < oo. In this case, u is called a
function of bounded variation in 2. The BV-norm of u is defined by

lullBv o,y = [[ullL@ry) + [Dul().
Remark 2.2. i) Weak derivative measures are well-defined, unique and locally determined.

ii) For a = eg, k € {1,...,n}, a mollification argument shows that (2.1]) is equivalent to

k
/ ud%dr = (—1)27::1 & / ¢-du  for all test functions 0 e Wy™(Q,RY).
Q Q
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iii) The space BV(Q, R") equipped with || - llBv(Q,rY) is @ normed space.

iv) The inclusions C'(Q, RN) C WL (Q,RN) C BVioe(Q, RN) hold true and the derivative of a function

u € Wlloi (2, RY) coincides with its derivative measure in the following sense: If y is the derivative

measure of u, then there holds u = DuLl™ on €2, where Du € L%OC(Q, R™ ) is the weak derivative of u

in the Sobolev sense. Throughout this thesis, we identify Du with the Radon measure DuL™ on ().

In what follows, we collect results concerning functions of bounded variations including computation rules as
well as structural results.

Lemma 2.3 (Product rule for BV functions). For v € BV)o.(2) and f € Wlloso(Q), the product fu is in
BV16c(Q) with derivative measure
D(fu) = f'u L7 + f Du.

Proof. According to Remark 2.2 and the definition of derivative measures, it holds

/Quf ptufe dx:/ﬂqu dx:*/ﬂfs@dDU(x),

for all p € CZ5;(€2), which concludes the claim. O

Lemma 2.4 (Extended BV function). Let u € BVi.(22, RY) and
v:V-oR, z—ulxy,...,xn)

for an open set V.C Q x R* and k € N. Then v € BVio(V,RY) with D;v = Dyu® L* for alli € {1,...,n}
and Djv =0 forie {n+1,...,n+k} on V.

Proof. Let p € CL (V,RY), then

cpt

dip - v(z)de = dip(y,2) - u(z)dzdy = — o(y,2) - dDsu(z)dy = — | @(y,2) - dDju® L")
, L, fd, I

holds for all i € {1,...,n}. The other case is derived straightforwardly by the divergence theorem. O
The following proposition shows the connection of variation and BV functions.

Proposition 2.5 (BV functions and the variation). For u € LL _(Q,RY), the following statements are
equivalent

i) u € BVipe(Q,RY) and |Dul(R2) < oo
ii) Var(u,Q) < oo
and in this case, it holds
Var(u, Q) = |Du|(9) .
The following lower semicontinuity result is the basis of existence results in BV due to the direct method of
calculus of variations. We will use it mainly for the perimeter.
1

loc

(Q,RYN) and (uy)y is a sequence that converges to u in Ll (Q,RY),

Proposition 2.6 (Lower semicontinuity). The variation is lower semicontinuous with respect to the L
convergence. In particular, if u is in L
then

Var(u, Q) < likrr_l)'gf Var(ug, Q).
If additionally uj, € BV(L,RY) for all k € N with liminfy_ . |Dug|(Q) < oo, then u € BV(Q,RY) and the
previous lower semicontinuity transfers to the derivative measures.

In order to be able to transfer properties from smooth functions to BV functions, we need the following
theorem.
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Definition 2.7 (Strict convergence). Let u, up € BV(Q,RYM) for all &k € IN. We say that wu, strictly
converges to u in BV(Q2, RY), if

U — U in L'(Q,RY) and [Dug|(2) — |Dul(€2) as k — oo.

Theorem 2.8 (Smooth approximation). For any u € BV(Q,RY), there erists a sequence (uj)pen of
C>®(Q,RYN) functions, such that uy, — u strictly in BV(Q,RN).

Definition 2.9 (Mollification of a Radon measure). Let n € C>*°(R™) be a non-negative function with
support in the unit ball and [, ndz = 1. Denote 7c(x) := e "n(c'z) for all z € R™ and € > 0. The
ne-mollification of the measure u € RM(2, RY) is the function p., defined by

pe(x) == ne * p(z) == /Qng(:r —y)du(y) for all x € [, := {x € Q: dist(R"\Q,z) > e} .

Throughout this thesis, we consider 7 to be fixed and call . the mollification of u.
Lemma 2.10 (Properties of mollification of measures). Let 1 € RM(Q,RY) and u € BV(Q,RY).

i) For alle > 0, the mollification p. is in C([Q, RN )NL*((Q)e, RY) and satisfies [, |pe| dz < |p|((B)-)
for all B € B([Q)¢).

ii) It holds that
D(uc) = (Du). a.e. on [Q). and /B ID(ue)|dz < [Dul|((B).)

for all B € B([Q):) and all e > 0.

iii) The functions u. converge to u strictly in BV(K,RY) for all open sets K € Q with |Du|(0K) = 0 as
e\, 0.

Remark 2.11. The strict convergence of the previous lemma can be lifted to area-strict convergence. In fact,
for all u € BV(2, RY), it holds
lim |(£7, Dug)|([2) = [(£", Du)|()

and

lim (27, Duo)|(B) < |(£”, Du)|(B) .

holds for all Borel sets B € . Indeed, by the definition of mollification, we find (£",Du.) = (L?,Du.) =
(L™, Du), which, by Lemma gives

limsup [(£", Due)|(B) < limsup |(£", Du)|((B):) = |(£", Du)|(B).
e\o e\.0

By an exhaustion argument, this leads to limsup. o [(£", Duc)|([]c) < [(£™, Du)|(€2). On the other hand,
for all ¢ € C! (Q, B?H), we have

cpt

lim ¢ -d(Dug, L") = lim— [ div (P)u. dx+/ Pny1de = —/ div (P)u dx+/ Pny1de = /g0~d(Du, L")
N0 Jal. N0 Jia). 1. Q Q Q

by the L -convergence of u. to u. Since CL , (€2, BY™") is dense in C2_, (22, Bf™"), the Riesz-Markov theorem

loc cpt cpt
implies

liminf |(£", Du.)|([]e) = lim inf sup / ¢-d(Dug, L") : ¢ € CL (19, BI )
N0 eN\.0 [Q].

> sup {/ @ -dDu, L") : p € Cépt (Q,B’f“)}
Q

= (L",Du)|(2).
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We conclude with collecting standard results of BV theory.

Theorem 2.12 (Compactness theorem). We consider Q C R™ as a bounded open set such that the Rellich-
Kondrachov compactness theorem applies on Q (for instance, this holds true if Q is a Lipschitz domain).
Then BV (Q,RY) is compactly embedded in L' (2, RY).

Lemma 2.13 (Constancy theorem). Let u € BV(R") with Diu =0 for some i € {1,...,n}. Then u;(t) =
w(T1,. .o, T 1, Tig 1, ., Ty) 48 constant a.e. on R for L' t-a.e. T € R L.

Definition 2.14 (Approximate jump points). A function v € L{ (€2, RY) has the approximate jump

point 2 € Q if there exists a direction v € OB; and y # z € R” such that

lim |lu —y|dw =0 = lim lu — z| dw.

™0 JB, (2)nH]}, ™0 JB, (zp)nH],
The triplet (y, z, ) can be identified with (z,y, —v) and is uniquely determined up to this relation. We denote
this triplet by (u™(z),u™(x), v (2)).

Definition 2.15 (Decomposition of derivatives of BV functions). For any u € BV},.(£2, R"), we denote by
D%u the absolutely continuous part of Du with respect to £ . This is called the absolutely continuous
part of u. In some cases, we identify the measure D*u with its density with respect to the n-dimensional
Lebesgue measure. Moreover, we write D*u for the singular part of Du with respect to L™ €2, which is called
singular part of u. The measure D/u := D%ul_J,, is called jump part of u, where J, denotes the set of
approximate jump points of u. Furthermore, Du := D*ul_Q\J,, is the Cantor part of u. By Du, we denote
the diffusive part D%u + D°u of wu.

Theorem 2.16 (Decomposition of derivatives of BV functions). Let u € BVioc(Q, RY). Then D%, Du and
Diu are mutually singular measures and it holds

Du = D% + D*u = D% + D?u + Du.
Moreover, Du < H"1 holds on Q. For all o-finite sets T C Q with respect to H"™1, it holds |Du|(T) =
|DYul|(T). There exists an L™-negligible Borel set C' € B(Q) with Du = Dul C.
Definition 2.17 (Approximate limits). Let u : 2 — R be a measurable scalar function. Then
ut(z):=sup{te R: ze{u>t}T}, z€Q
is called approximate upper limit of u. The approximate lower limit of wu is therefore defined
u (z) ==sup{t eR: z € {u>t}'}, z€Q.

Unlike most references, we write u* and u™ instead of vV and u” for the approximate upper and lower
limit, respectively. Since the approximate upper and lower limits correspond H"~!-a.e. with the approximate
jumps, this does not lead to ambiguity in notation.

Remark 2.18. For sets A C R" of finite perimeter, it holds
(]lA)jL =14+ and (]lA)i =14.

Lemma 2.19. For u € L} _(Q), the pointwise representatives u™, u™, as well as the mean-value and the

Lebesgue representative of u, coincide L™-a.e. on Q. If uw is in BV(Q), then the functions even coincide

H " L-a.e. on Q\J,.

Proposition 2.20 (Chain rule for BV functions). Let u € BV(Q) and ¢ : R — R a Lipschitz function. If
either |2 < oo or ¢(0) =0, then ¢ o u € BV(Q) with

D(p o) = ¢ (u")Du + (p(u*) — p(u™ ), H" 'L, |

where u* is the mean-value representative of u. If ¢ : RN — R™, m € N, is a C* Lipschitz function and
u € BVioe(Q,RY), then v ou is in BVie(Q, R™) with

D(pou) = (Dpou®) -Du+ (pul) — ™)) vIH"1LI,.
The following lemma is a simplified version of [3, Remark 3.93].

Lemma 2.21 (Derivatives of BV functions on level sets). If u € BV(2,R"™), then |Du| vanishes on the set
{u* = 0}\Ju, where u* denotes the mean-value representative of .
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2.2.2 Single-variable BV functions

As mentioned in the introduction, the analysis of the Schwarz inequality simplifies in comparison to the lower
dimensional Steiner symmetrizations, due to the fact that the symmetrized set A* is a body of revolution.
Hence, it can be represented solely by the radius function of A. Moreover, equality in the Schwarz perimeter
inequality enforces A to be a stack of balls, i.e., £L1-a.e. slice of A is an (n—1)-dimensional ball with center
defined by the center function of A. It turns out that both of these functions are single-variable BV functions.
As such, they have good representatives, which simplifies the analysis as they have one-sided limits at each
point.

In this section, we discuss properties of single-variable BV functions.

Definition 2.22 (Pointwise variation). Let I = (a,b) with a < b in [~00, 0], and let u : I — RY. The
pointwise variation of « in [ is defined as

k—1
pVar(u,I) := sup {Z [u(tivr) —u(t;)] : k€ Nso, a <ty <to < <t < b} .
i=1

For an open set 2 C R, the pointwise variation of u in I is defined as

pVar(u, Q) = Z pVar(u, Q) ,

keJ
where (Q)kes is the family of connected components of Q. For 2 € B(R), we define
pVar(u, Q) = inf{pVar(u,U) : U open with Q CU}.
Lemma 2.23 (Pointwise variation and variation). Let I be an open set in R. For allu € LL (I, R") it holds

Var(u, I) < pVar(u,I) .

Theorem 2.24 (Good representatives). Let I C R be the open interval (a,b) for a < b € [—o0,00] and let
u € BV(I,RY).

i) There exists a representative & of u such that

pVar(u, I) = Varg(u, I) = |Du|(I) .

ii) Any such representative @ is a (pointwise) convexr combination from u* and u”, where
u'(t) == c+Du((a,t)) and u"(t) := ¢+ Du((a,t])

for all t € I and for a certain constant c € RN (essentially c = @(a+)).

iii) It holds that J, = {t € I : |Du|({t}) > 0}, and each representative @ is continuous on I\J,. Moreover,
a(t—) = u'(t) € {ut(t),u= (1)} and a(t+) =u"(t) € {ut(t),u(t)} foralltel.
In particular, u® is left continuous and u” is right continuous and, for N =1, it holds
ut (t) = max{u’(t),u"(t)} and w(t) = min{u’(t),u"(t)} foralltel.

In this case, ut is upper semicontinuous and u~ is lower semicontinuous.

iv) For arbitrary N € N, the jump set J,, is at most countable and for each t € J,, we have
Dul({t}) = D7ul({t}) = [u(t) — u" ()] = [u™ () = u™ (1)}

Definition 2.25 (Good representative). For I and u as in Theorem we call 4 a good representative
of u. More specifically, we call u’ the left-continuous representative of u and u” the right-continuous
representative of u.
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Remark 2.26. According to the previous theorem, good representatives of single-variable BV functions are
regulated functions. As such, we can approximate these functions uniformly by pure jump functions on
compact intervals.

Lemma 2.27 (Product rule). Let I be an open interval and let u,v be two functions in BV(I)NL*>(I). Then
the product uv is in BV(I) with D(uv) = u*Dv + v"Du.

A similar version of this result (for general bounded functions in BV(£2)) can be found, for instance, in [3|
Example 3.97]. For the convenience of the reader, we carry out the proof for this form of the statement.

Proof. In order to apply the chain rule for BV functions, we first record that ¢ — (u(t),v(¢)) is a function in
BV(I,R?) with derivative measure (Du, Dv). Now, the function ¢ : [~ R, R]> — R defined by p(z) = 2 23 is
a C! Lipschitz function with Lipschitz constant v/2R for all R > 0. Setting R := max {||u|r (1), vllLe )}
we can apply Proposition to obtain p o (u,v) = uv € BVjoc(I) with

D(uv) = (Dy)((u",v")) - D(u,v) + DI (uv) = v*Du+uDo+ Y (wv) () — (uv)'(j), (2.2)

J€Jun

where u* and v* denote the mean-value representative of u and v, respectively. We observe J,, C J, U J,
and, if we consider good representatives for u and v, we obtain

(wo)"(j) = (wo)’(j) =
+) +u(=)v(+) —u(G—)v(i-) (2.3)

for all j € Jy,, where we exploited that wv is continuous on I\(J, UJ,) C I\J,, and therefore coincides
with all good representatives on this set. Combining ([2.2)), (2-3) and the equalities u* = u* and v* = v" on
I\(J, U J,), we conclude D(uv) = u*Dv + v"Du on I with

ID(uv)|(I) < [ullLee (1) [Do|(I) + [[v]lLoe (1) [Dul(I) < oo
Together with the fact that uwv is in L°°(I), we obtain wv € BV(I), which proves the claim. O

Theorem 2.28 (Decomposition of single-variable BV functions). Let I = (a,b) for a < b in R. For all
u € BV(I,RY), there exist u®,u, v/ € BV(I,RY), uniquely defined up to addition of a constant, such that
the following properties hold true:

i) u=u*+u/ +u® holds a.e. on I,

i) u® € WhH(I,RY) is an absolutely continuous function with density D%u,
iii) w’ is a pure jump function, that is, Diu? = Du? with jumps J,, and jump height Du({j}) for all j € J.,
iv) u® is a Cantor function, that is, a BV function with Du® = Du® and Du® = Du.

In fact, it holds
Du = D% + D?u + D = Du® + D’ + Du® onI.

Remark 2.29. In the situation of Theorem we additionally assume in the following that D7« = 0 on 1.
Then there exists a decomposition of u into the functions u®, u® and u’/ = 0 that satisfy the properties of
Theorem

Indeed, considering any decomposition of u as in the Theorem we find Du/ = 0 and therefore v’/ = ¢
in I for some constant ¢ € RY according to Lemma Since the decomposition is invariant under the
addition of corresponding constants to u’, u¢ and u®, we can choose uf,,, = 0, u.,, = u® and ul,, = c+u?,
which satisfy the properties of Theorem [2:28]

Similarly, if D°u = 0 or D*u = 0 holds on I, we can choose a decomposition of v with u¢ = 0 and u® = 0,
respectively.
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Lemma 2.30 (Positive decomposition). Let I = (a,b) for a < b in R and let u be a function in BV(I)NC°(I)
that satisfies uw > € on I for some ¢ > 0. For all t € I there exists a neighborhood I := (t — §,t +6) C I
with 6 > 0 and a decomposition of u in I} into u? =0 and positive and continuous functions u® and u® that
satisfy the properties from Theorem on If.

Proof. In the following, we consider a good representative of u. By Theorem [2.28] we find for all ¢ € I some
§ > 0 such that I? is contained in I and such that [D®u|(I?) < § and |[D°u|(I{) < 5. Furthermore, there
exists a decomposition u = u® +u¢ on I for continuous functions u® and u¢ with

u®(s) = ¢+ D%((t — 6,5)) and u(s) =é+Du((t—4,s)) forallseI? and c+é=u((t—0)4+),

according to Theorems and and Remark Since u((t — §)+) > € by the assumptions on u, we
i

can set c =¢ = m and still consider all properties of Theorem [2.28/on I, including

u®(s) = = — |D%|((t — d,5)) >0 and u®(s) = = — |ID|((t — 6,8)) >0 for all s € I?

N ™
N ™

where we exploited the initial choice of §. O

It is clear that we need fixed representatives in order to take limits in the classical sense. Since we will show
that any representative of the center function is BV, we need a suitable notion for limit in this case.

Definition 2.31 (Almost everywhere (one-sided) limit). Let / C R be open and let u : I — RY be
measurable. The a.e. taken limit of u at ¢t € I is € R if there exists a negligible subset N of I such
that
lim  wu(s)==z.

I\N>s—t
In this case, we say that the a.e. taken limit exists and write u, e, (t) = .
The a.e. taken right or left limit of u is z if the same property as above holds true with the additional
assumption that s is strictly greater or smaller than ¢, respectively. We will write u, . (t+) = x for the a.e.
taken right and left limit.

Remark 2.32. Almost everywhere (one-sided) limits are well-defined for measurable functions, which are
identified under null set changes.

Moreover, the existence of an a.e. taken limit of a function u at ¢ is equivalent to the following: For all € > 0,
there exists some § > 0 and a negligible set N C I such that |u(s) —u(s')| < e for all s,s" € (t —d,t + J)\ V.

In the following, we collect some properties of a.e. taken limits, which are needed in Section [3.2.1]

Lemma 2.33 (Properties of a.e. taken limits). Let u : I — RY be a measurable function on the open set
ICR, andlett e 1.

i) Both ug.. (t—) and uq.. (t+) ezist and equal x € RY if and only if u,... (t) = x.
ii) If ug.e (t) exists in RN for some t € I, then there exists § > 0 with u € L=((t — 6,t + ), RY).

iii) Foru € LL _(I), the following holds true for all t in I and x € R™:

loc

im u*(s) =u*(t) ==z,

Ug.e. (t) =z if and only if Il .
S5—

where u* denotes the mean-value representative of u. In fact, the backwards implication applies for all
representatives of u. The same equivalence holds true for the a.e. taken one-sided limits.

iv) If both wg.e. (t—) and uq. (t+) exist for some t € I, then it holds

t+r

. 1
}1{r(1) - u(s)ds = i(ua,e, (t—) + uq.e. (t4)) -
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Proof. Showingis a straightforward application of the fact that the one-sided (standard) limits of a function
f exist at ¢t with the same value if and only if the (standard) limit of f at ¢ exists.

Property [ii)| follows from Remark

We now prove the first implicatio and assume u, . (t) = z. In fact, for every £ > 0 there exists some
0 > 0 such that |u(s) — 2| < € for a.e. s € (t — d,t + 0). Hence, applying the imposed property on the
mean-value representative u* of u, we obtain

t+r t+r
|u*(t) — x| = lim][ uds —x <lim][ lu—z|ds <e.
™0 Ji_, ™0 Ji
Similarly, it holds
s+r
lim |u*(s) — z| < lim lim lu—z|ds<e.
s—t s=tr\0 Jo_,

The other implication follows from the definition.
We turn to the proof of and assume that use (t+) exist. As in Remark there exists for every
e € (0,dist(91,t)) some ¢ > 0 such that

[u(s) — uae (t—)| < e for a.e. s € (t —0,t).
Hence, for r € (0, ), we obtain

1/: u(s) ds — Ug.e. (t—)’ < 1/; |u(s) — tae (t—)| ds < e,

T Jit—r T Jt—r

such that lim,\ o % ftt_r u(8)ds = tg.. (t—) follows. The analogous estimate holds true for u, . (t4). There-
fore, we conclude

lim t+ru(s) ds = lim — ( /t tru(s) ds + /t t+ru(5) ds) = 1(ua_e. (t=) + e (t4)) . O

™0 Ji_, N0 27 2

For one-dimensional restrictions of BV functions, we can also obtain suitable properties, compare |3, Theorem
3.107, Theorem 3.108, Remark 3.109].

Definition 2.34 (One-dimensional restrictions). Let u € BV(Q,RY), v € 9B; and € R". By Q,, we
denote the set {t € R: z+tv € Q}, and by Q, we denote the orthogonal projection of 2 onto v*. We define
the (v, x)-restriction of u as

Up g Qg — RN, t — u(z + tv).

Proposition 2.35 (Properties of one-dimensional restrictions). Let u € BV(Q) and v € 0B1. Then u, 4 is
in BV(Q, ,) for L"-a.e. x € R™ and the pointwise defined function (@), is a good representative of u, .,

- Y
where U 1= L%

. Moreover, it holds
() )(®) = [ Dial @) 1)
Q,

and the same formula remains true when replacing Du with the absolutely continuous parts, jump or Cantor
parts of u and u, .. Furthermore, it holds that (u, .)*(t) € {u™(x,t),u* (x,t)} for all t € Q,, and for a.ec.
r €,

2.2.3 Sets of finite perimeter

The perimeter of a set is a measure for its boundary, even if it contains pathological parts.

Definition 2.36 (Perimeter). Let A € M". The perimeter of A in () is defined as

P(A,Q) := Var(14,Q).
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If P(A,9) < oo, the set A is called a set of finite perimeter in Q. If O = R™, we just say that A is a
set of finite perimeter and write P(A) = P(A,R™). The set A is called a set of locally finite perimeter
(in Q) if P(A, K) < oo for every open and bounded set K in R™ or Q, respectively. If B is a general (not
necessarily open) Borel set in R™, and A has finite perimeter in an open neighborhood of B, we define

P(A, B) = [D14|(B).

Remark 2.37. i) The perimeter is well-defined with respect to the choice of representative of A. In par-
ticular, if A, F € M™ and [(AAF) N Q| =0, then P(A,Q) = P(F, Q).

ii) The previous analysis of the variation applies to the perimeter according to the definition. In particular,
the perimeter is lower semicontinuous with respect to LllOC convergence.

iili) The operator P(A4, -) is a non-negative Borel measure on (2, B(2)) for all sets A of locally finite
perimeter in 2.

iv) For Lipschitz sets A C R", we have P(A,Q) = H* 1(0AN Q).
v) If H""1(0A) < oo for a measurable set A C R™, then P(A) < oo.
vi) The perimeter is invariant under translation and rotation (in both arguments).

Lemma 2.38 (Properties of the perimeter). Let A, F € M"™ be sets of finite perimeter in 2. Then the
following hold true:

i) P(A4,Q) =P(R™\A4,Q),
ii) ANF and AUF are sets of finite perimeter in Q with

P(AUF,Q)+P(ANF,Q) <P(A,Q)+P(F,Q).

Lemma 2.39 (Sets of finite perimeter in R). A set I C R is of finite perimeter if and only if there exist
ke Ny and t) <ty < -+ < top in [—00,00| such that I = Ule(tgi,htgi) except for a null set. In this case,
it holds 0*I = {tl, N 7t2k}\{—00, OO}

Approximation theorems allow for the transfer of results for more regular sets to sets of finite perimeter, as
we will see, for instance, in the proof of Proposition [3.71

Theorem 2.40 (Smooth approximation). For every bounded set A C R™ of finite perimeter, there exists a
sequence (Ag)ren of bounded, open and smooth sets in R™ such that Ay converges to A in L' as k — oo,
P(Ay, B) converges to P(A, B) for all B € B(R"™) with P(A,0B) =0, and 8Ay, converges to 0A with respect
to the Hausdorff distance as for some representative of A as k — oc.

Theorem 2.41 (Coarea formula). Let u € BVio.(Q) with Var(u,Q) < co. For L!-a.e. t € R, the super level
sets {u >t} are sets of finite perimeter and it holds that

IDu|(B) = /R P({u>1},B)dt  and  Du(B)= /R DIjyory (B) dt

for all B € B().

As mentioned in the introduction, the isoperimetric inequality can be proven via symmetrization techniques,
which we will introduce and analyze in Section [3.1

Theorem 2.42 (Isoperimetric inequality). Let A be a set of finite perimeter. Then either |R™\ A| < oo or
|A| < co. In the latter case, it holds that

n

(n"wn) 7T |A] < P(A)7T .

Equality in the previous inequality is equivalent to |AAB| =0 for some ball B C R"™.
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Definition 2.43 (Reduced boundary). For a set A € M™, the (weak outer) unit normal is defined by

I/A(aj) (= — lim w
0 P4, B, (2))

for all z € R™ such that the right-hand side is defined. Moreover, the reduced boundary of A is defined as
A :={x€Qa: |va(z)| =1},
where 24 denotes the largest open set such that A has locally finite perimeter in Q4.
Remark 2.44. i) The weak unit normal is a Borel function on 24, and 9*A is a Borel set.
ii) If A is Lipschitz, then H"~1(9*AADA) vanishes.

iii) The reduced boundary is a subset of the topological boundary. In fact, 9*A is invariant under null
set changes of A. However, we can always find the best possible representative A' for the topological
boundary of a set A of locally finite perimeter in the following sense: for all representatives A of A, it
holds 9*A = 0A' C 0A.

The following structure theorems of De Giorgi and Federer are important for the analysis of sets of finite
perimeter.

Theorem 2.45 (De Giorgi’s structure theorem). For every set A € M™ of locally finite perimeter in €Q,

the reduced boundary of A is countably (n—1)-rectifiable and lim,~ o % =1 for all x € 0*A.

Moreover, it holds
P(A,-)=H"'L0*A and ~ DIs=—-vsH" 'LO*A on B(Q).

Theorem 2.46 (Divergence theorem). For a set A € M™ of locally finite perimeter in £, it holds

/divgodm:/ 0 -vadH" !
A 8*A

for all ¢ € WHLHQ,R™) N CY (2, R™).

cpt

Theorem 2.47 (Federer’s structure theorem). For every set A C R™ of locally finite perimeter in Q, it holds
QNI*A=0NA? =Q0N54A

up to H" '-null sets.

Remark 2.48. For a set A C R"™ of finite perimeter, we have
P(A,H;)=0 and H" Y(0°ANH;) =0

for all but countably many ¢ € R. Indeed, otherwise, the perimeter would sum up to infinity by Theorem

247
Lemma 2.49 (Perimeter of unions and intersections). For sets A, F' in M™ of finite perimeter, it holds
IMAUF) = (*ANF°)U (0 FNAY)U{va =vp} and O(ANF)= (FANFYU(FFNA")U{va =vr}

up to H"~t-null sets, where {va = vr} = {z € *ANO*F : va(x) = vp(x)}. In fact, we have vanp = va = vp
on {va =vr},

P(AUF,B)=P(A,F'NB) +P(F,A°NB) + H" '({va =vr} N B),

and
P(ANF,B)=P(A,F' N B) +P(F,A'NB) + H" *({va = vr} N B)

for all B € B(R™). In the special case F C A, it holds vp = va on 0"F N O*A.
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The perimeter decreases under intersection with convex sets and in some cases, this might be even strict. We
will use this fact to find unique minimizers of perimeter functionals. The proof relies on |62, Exercise 15.13,
Exercise 15.14, Proposition 19.22].

Lemma 2.50 (Perimeter of convex sets). Let C' be a convex set in R™ and let A C R™ a set of finite perimeter
and finite volume. Then it holds
P(CNA)<P(A). (2.4)

If, moreover, P(A,R™"\C) > 0, then the inequality in (2.4) is strict.
Proof. We first prove ([2.4) as a strict inequality in the special case, where C is the half-space H := {z € R" :
v-ax >t} with generating vector v € dB; and constant ¢ € R. According to Remark OH coincides
with 0*H, and v = —vyg = vgn\ g on OH.
Now we show P(AN H,0H) < P(AN H, H) for all sets A C R™ of finite perimeter and finite volume with
P(A, H) > 0, and therefore |[AN H| > 0.
To this end, for r > 0, let ¢ be an auxiliary function in Cg5; ([0, 00), [0,1]) with ¢ =1 on [0,7] and ¢ =0 on
[r +1,00), such that |¢’| <2 on [r,r + 1] and ¢’ =0 on [0,7] U [r + 1,00]. Then, the function

U: R" — By, 7 o(jz|)v
is C* with support in B,41. By construction, div ¥(x) vanishes at = 0, and equals @’(|x|)% elsewhere.
Applying Theorem provides

x .

/ (p'(|x|)—ydx:/ div ¥ dx
ANH |z| ANH

:/ \I/-I/AdeHn_l(l‘)

O*(ANH)

= / U vang dHn_l(CC) + / V-vang dHn_l(x) .
O*(ANH)NH O(ANH)NOH

According to Lemma and Theorem [2.47] we have 0 (ANH)NOH = {vang = vy} with vang = vg =va
on this set. Thus, we obtain

/ pllah i o)+ [ e o= [ Wi di ).
O (ANH)NOH ANH |z 8 (ANH)NH
Applying the assumptions on ¢, we derive
H'HO(ANH)NOHNB,) < / v vanm dH" " (@) + HTHO(AN H) N (Br1\By))
O*(ANH)NHNB,

+2[ANHN (Brst\By).

Exploiting the fact that A has finite perimeter and finite volume, we take the limit of both sides as r — oo
and obtain

H YO (A N H) N OH) < / U ans AH (@) (2.5)

O(ANH)NH

The claim follows from the observation v # vsny on some set I' C 9*(ANH)NH with positive H"~!-measure.
Indeed, if this is not the case, we can w.l.o.g. assume v = e, and obtain D1 gsng = e, H* 'L AN H. Hence,
Lemma implies that 1 4~z () is only depending on the value of z,, for a.e. # € R"~!. By Fubini’s theorem
and [ANH| € (0,00), there exists some set I € M?! with |I| > 0 and 1 4~y (x) =1 for all z € R"~! x I, which
therefore implies the contradiction |ANH| = oo by Fubini again. Thus, v-vgng < lonaset ' C 0 ANH)NH
of positive H"~'-measure, and turns into

P(ANH,0H) =H"" Y0 ANH)NOH) < H" Y (0ANH)NH)=P(ANH,H).
Hence, we showed the claimed estimate. Now, Lemma [2.:49] implies in this case

P(H,AYY + H" '({va =vg}) =P(ANH,0H) <P(ANH,H) =P(A,H). (2.6)
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In the following, we will apply the shown inequality for the half space R™\ H. In fact, this and Lemma

once again implies

A H) +P(H, A" + H" ' ({vanm = vu})
A H) +P(R™H, A") + H" ' ({va = v})
A, H)+P(A,R"\H)

for sets A chosen as in the theorem. Note that for C' = H follows from for sets A of finite perimeter
and finite volume with P(A4, R™\ H) = 0 analogously.

We now turn to the case of general convex sets C. Since |0C| = 0, we may assume w.l.o.g. that C is closed.
According to [12, Proposition 7.5.6 (a)], C is a countable intersection of closed half-spaces {H;, Hs,...}. In
particular, H (k) := ﬂf:l H; converges to C in LllOC such that the lower semicontinuity of the perimeter along
with the first part of the proof yield

P(ANC) < liminf P(AN H(K)) < P(4).

If we additionally assume P(A4,R™\C) > 0, we find ¢ € IN such that P(A,R"\H;) > 0 since, otherwise,
P(A,R™\C) = limy_,o, P(A4, Ule R™\ H;) = 0. Hence, we even deduce from the first part of the proof that
P(ANH(k)) <P(ANH;) <P(4)
for all £ > 7 in IN, which concludes the claim to the full extent. O

The perimeter coincides with the area functional, making it possible to transfer results from parametric to
non-parametric settings and vice versa.

Definition 2.51 (Area functional). The area functional on € is defined as the operator
AG™ - BV(Q) = [0,00]; w = |(£", Du)|(€) .

In Section [3:1.2] we will introduce the area functional for surfaces of revolution, and show similar properties
as in the following proposition, which can be found, for instance, in [67, Teorema 1.10] and [47, Theorem
14.6).

Proposition 2.52 (Perimeter-area-functional relation). Let u € Li (). The subgraph Sbu of u is a set of

loc

finite perimeter in K x R for all compact sets K C Q if and only if u € BVioc(Q). In this case, it holds
P(Sbu, B x R) = AFu = sup{/udiv (@) + pns1da: @ € CL (B, R"), sup|yp| < 1}
B B

for all open sets B C Q.

Throughout the argumentation in Chapter [3} we will need the following variant of the previous theorem. The
proof is based on the proof of [47, Theorem 14.6].

Proposition 2.53 (Perimeter-area-functional relation on the positive half space). Let u € L (2,0, 00)).
It holds

P(Subu, © x (0,00)) = sup {/ udiv (@) + Lyysoyeny1de: @ € Cipt(Q,lR"H), sup || < 1} .
Q Q

The subgraph Stbu of u is a set of finite perimeter in Q x (0,00) if and only if u is a BVioc(Q) function with
[Du|(2) + [{u > 0}] < co. In this case, it holds

P(Sibu, @ x (0,00)) = | (10, £", Du)| () .
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Remark 2.54. If u € BVioc(£2, [0,00)) with [Du|(Q) + [{u > 0}| < oo, then it holds
P(Sibu, B x (0,00)) = |(£™,Du)|[(BN{ut > 0}) = [(£",Du)[(BN{u" >0})  forall B € B(R™\J.).

Indeed, if we define the set L := {ut = 0}\J,, Proposition m (transferred to general Borel sets in ) and
Lemma imply
P(Sibu, B x (0,00)) = |(1y+>0y L™, Du)|(B)

(
(L7, Du)|(B\L) + [(Ly+ 503 £", Du)|(L)
(
(

N

L™, Du)|(B N {u™ > 0}) + [Du|(L)
L™, Du)|(B N {ut > 0})
— P(Sbu, (BN {ut > 0}) x (0,00)) .

The claim follows from P(Sbu, (B N {u™ > 0}) x (0,00)) < P(Sbu, B x (0,00)) and by observing that
H* 1 (({ut > 0}A{u" > 0})\J,) = 0 holds by Lemma while taking into account Theorem

Proof of Proposition[2.53 We first treat the special case of u being a bounded function and consider ¢ €

Clpe (2, R™1) with supg, [¢] < 1. For & > 0 we choose 7. € CL,((0,00), [0,1]) with n. =1 on (g, supg u) and

In.| < 2 on (0,00). We then define the vector field ®(z,t) := @(z)n.(t) for (z,t) € Q x (0,00), which has
compact support in © x (0,00) and satisfies |®| < 1. We conclude

u(x) u(z)
P(Sbu, © x (0,00)) >/ div@dz:/diva(m)/ Ne(t) dtdx—i—/ apnﬂ(x)/ nL(t)dtdz.
Qx(0,00)NSubu Q 0 Q 0

We record that f"(T) (t)dt converges to u(z) in L°(Q) and that fu(T) L)dt =1 if u(x) > e. If u(x) €

(0,¢], the construction of 7. gives fo @) [n(¢)] dt < 2. In particular, it holds u(x nL(t)dt — Lyysoy(z) as
e\, 0 for a.e. z € Q. The dominated convergence theorem yields

P(Sbu, Q x (0,00)) > / divou + pni1lysoy do.
Q
Now, if P(Subu, Q x (0,00)) is finite, we conclude
oo > P(Subu, © x (0, 00))
> sup { [ wdiv (7)+ Lusmppnsadrs 9 € Cly(@ R, sup ol < 1]
Q

> max {|{u > 0}|, Var(u, Q)} ,
which implies the claimed properties of u by Proposition [2.5] Furthermore, the equality

sup {/QUdIV( ) + ]l{u>0}90n+1 dz : pe Ccpt( Rn+1)7 Slfllp ‘@' < 1} = {(]l{u>0}£n7Du)‘(Q) (27)

follows from the definition of vector-valued Radon measures, the Riesz-Markov representation theorem and
the density of Cl () in C2,;(2). We hence conclude P(Subu,Q x (0,00)) > ‘(]l{u>0}£”,Du)|(Q).

cpt
In order to show the other inequality, we assume w.l.o.g. that 2 is bounded and that

sup {/ udiv (P) + Lyysoyonprde: @ € Ccpt( SR, Slglzp|(p‘ < 1} < 00.
Q

As before, we find u € BVjoe(2) with [Du|(2) < co and |[{u > 0}| < oo, as well as the equality (2.7)). Then
we consider the mollifications u. in C*([2].) for all € > 0 which, according to Lemma [2.10] converge to u
strictly in BV(Q) as € \, 0. As 8*Sibu. = Guphu. is an (n—1)-dimensional C* submanifold in R"*!, one
finds
P(Sbu., K x (6,00)) = H" ! (Gaphu. N (K x (6,00)))
= [(Tgu. 563 £", Due ) |(K)

=sup{ [ e @)+ L sann do soeccpt<K,1Rn+1>,sup|¢|<1}
K K
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forall 0 > 0, K € Q, and for all € > 0 such that K C [Q)].. Since Stbu, — Sibu in L]1OC can be concluded from
the corresponding LllOC convergence of u. to u, the lower semicontinuity of the perimeter implies

P(Sbu, Q x (0,00)) = g% P(Sbu, Q x (8, 00))
< 1ign\i(1)1f hgl\i(l)lfP(Subu87 [Q]e x (9,00)) (2.8)

= lim inf liminf | (Ly, 5 £" Due)[([9e) -

As {u. > 4} is open for all €,6 > 0, we may use Lemma in order to estimate

|(Lgu>5y L™, Due) [([2e) = [(£7, Due) |([Qe N {ue > 63) + [Due|([2)\{ue > 63)
= |(£", Du). ([ ﬂ{ue > 0}) + [Due([9]e \{ue > 6})
< (L™, Du)| (N {ue > 6}) + |(£™, Du)| (2\[:) (2.9)

+ [Dul(Q\{ue > 0}) + [Dul (Q\[€]¢)
= |(L{u.>61 L7, D) () + |(£", Du) | (2\[e) + [Du| (2\[2e) -

Since 2 is a bounded set, it holds |(L£™, Du)|(2) 4+ |Du|(2) < oo, hence

lim (£, Du)|(\[9) + [Dul(2\[92.) = 0 (2.10)

follows. For each null sequence (gx)ken, there exists kg € IN such that for all k¥ € N>y, it holds
[{ue, > 61\ {u>0}| <4,

since ue, — w in Li () as k — oo and || < oo. Hence,

loc

|(Lgu., >y £™, Du)|[(Q) < |(Lusoynfue, >3 L™ D) [(Q) + | (Lju., 51\ fus0y £, 0) ()

(Ly>01 £, Du)| () + 6 (2.11)

<|

<|

follows by the triangle inequality for all k& € N>y, . Together, (2.8), (2.9), (2.10), and (2.11)) yield
P(Sibu, 2 x (0,00)) < |(Lgu>0y L™, Du)[(2) + 9.

Taking into account the arbitrariness of d, we established P(Subu, 2 x (0,00)) < [(T{,>01£", Du)|(£2).

If w is unbounded, we can define the cut-off function wuy := min{u k} for all k£ € IN and repeat the argument
for all uj. We directly record uy — w and Sbuy — Sbu in Ll as k — oo and {u > 0} = {uy > 0}.
Furthermore, once finding u € BV, (Q2) with |Dul(Q) < oo, it follows |D(u — ux)|(2) — 0 as k — co. With
this, we conclude the claim in full generality. O

2.2.4 Traces

Traces are an important tool to handle the behavior of BV functions on lower dimensional sets.

Proposition 2.55 (Trace operator existence). If Q C R™ is an open set with bounded Lipschitz boundary,
there exists a bounded linear and strictly continuous operator

Trg : BV(Q,RY) — L1 (0Q, RY; 1" 1)
such that for all u € BV(Q,RY), it holds
1

|lu — Trou(z)|dy — 0 asr\,0 (2.12)
1Br| Jons, (z)

for H" t-a.e. x € 0.
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Remark 2.56. If Q is an open Lipschitz set with possibly unbounded boundary and u € BV(B,RY) for all
bounded open sets B C 2, we can still find a function Trou such that holds for H"* l-a.e. z € 99.
This is because for every x € 0f2, we can find some bounded Lipschitz set 2, with Q, "N = QNN for some
neighborhood N of z. In this case, Trqu is in the space L{ (99, RY;H"1).

loc

Definition 2.57 (Trace operator). For  as in Proposition or Remark we call Trg the (inner)
trace operator on 2. For a function v which is in BV(B, RY) for all bounded and open sets B C §, we call

Trou the (inner) trace of u in Q2. For sets A C R™ of finite perimeter and finite volume in Q, we abbreviate
TI‘Q]IA by TIQA

Remark 2.58. i) Traces of BV functions coincide with traces of W' functions and therefore, they also
coincide with restrictions of continuous functions on the corresponding boundary.

ii) Let € be an open set with bounded Lipschitz boundary and let F), A be subsets of R™ of finite perimeter
and finite volume in Q that satisfy F' C A. Then TroF < TrqA on 0f2. Indeed, since H”_I(Q%Aaﬂ),
it holds

1 1
TroA(z) = 2 lim — T4(y)dy > 2 lim — 1p(y)dy = TroF(z).
(=) ™0 [Br| JB, (2)n0 ) ™0 [Br| JB, ()00 ) (=)

Proposition 2.59 (Trace coincides with jumps). For Q as in Propositz'on it holds

[Du|(0€) = /69 | Trqu — Trrm\qu| dH™ 1 (z) and P(A,00) = /8 [Trola — Tar\ﬁllA| dH™ 1 (z)

Q
for all u € BV(R™,RY) and sets of finite perimeter and finite volume A C R™.

The surjectivity of the trace operator is a well-known fact due to [42, Teorema 1.II]. The following theorem
can be found in this form in [47, Proposition 2.15].

Theorem 2.60 (Trace operator surjectivity). Let ¢ € L*(H; H" 1) such that there exists a representative
of © with compact support. Then there exists for every § > 0 a Sobolev function u € WY (H,;") satisfying the
properties

i) Tr HIU= @,
i) [p luldz <6 [y, ol dHmt,
iii) ij |[Duldz < (1+9) th lo| dH™—L.
We will need a special version of surjectivity for perimeters with small volume as follows.

Proposition 2.61 (Surjectivity of the trace operator). Lett € R and T+, T~ be two H"~'-finite and bounded
sets in B(Hy). For every € > 0 there exists a set A € M™ of finite perimeter and volume in (0,€) such that

1) TI‘HerA = ]1T+ s TI‘H;A = ]le ,
ii) P(A, H,) = H" Y (TTAT™),
iii) P(A, H;") < H* Y (T*)+¢, P(A,H ) <H" Y T") +e,

where H;" and H; are the open half spaces {x € R™ : x, > 0} and {x € R" : z,, < 0}, respectively.

Proof. We first choose ¢ € (0, 1) small enough such that the estimates %H"_I(T*') <H"YT*)+e and
SH"1(T*) < ¢ are satisfied. By applying Theorem to ¢ = 1pt, we find u € WH(H,") with trace ¢
and

/H+ | dz < PHNTY)  and /H+ IDujdz < (1+ 82YH" 1 (T+) | (2.13)
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H,
T+

Figure 2.1: Surjectivity of the trace operator

In order to define the set A, we choose a suitable superlevel set of u. Applying the coarea formula from

Theorem and taking into account (2.13)) yields

/1 P({u > s}, H;")ds < / P({u > s}, H,")ds = / Du|dz < (1+6*)H" 1 (TT).
5 R -

t

Hence, there exists s € (4,1) such that P({u > s}, H, ) < % H=YHTT) < H*1(T*) + . We now define
the set ~
A= A;:r(TJr) = {u>s}NH;"

satisfying the corresponding perimeter estimate in The first inequality of (2.13]) gives
~ 1 52

|A] = {u>s}NH| < f/ lu| de < —H""HTT) < SH"HTT) <&,
S Ht+ S

where the choice of s was exploited. We now show that A" has trace T+ in H; . Indeed, for H" !-a.e. z € Hy,
it holds

1 / 1 1
— [ i =1y (2)[dy = — Ly (1) dy + — Ly () dy
™ Ju A g ™ Jun{u>s} HOATY ™ JU\{u>s} g

<i/ \“—]1:”(5”)\+|U—]1T+(9C)|dy_)0
™ Ju s 1-s

as 7\, 0, where we abbreviated U := B,.(z) N H,” and exploited the fact that the trace of u on H," is TT. We
can now choose A%, _ (1'~) analogously and finally define the set of finite perimeter A by A2 (T +)UA§I, (T7).

t t t
By construction, we conclude |4] < ¢, as well asand Finally, propertyfollows from and Proposition
2.59] O

2.3 Measure theory

In this section, we give some specific results in measure theory. For further details in the general topic, we
refer the reader to [3, |62]. We will first give a result from [14, Lemma 3.7], giving a characterization of a
measure estimate.

Lemma 2.62. Let p,v € RM,.(R™, RY). For all B € B(R"), it holds
2|ul(B) < |p+v|[(B) + |n—v|(B) for all B € B(R").

Equality in the previous inequality for all B € B(R"™) is equivalent to the existence of a Borel function
f:R™ — [-1,1] such that

v(B) = / fdu
B
is satisfied for all bounded sets B € B(R™).

Remark 2.63. According to the regularity of Radon measures, this lemma remains true in the following
localized version: Let B be open in R™ and p, v € RMjo.(B, RY). Then there exists some function f : R" —
[—1,1] such that v = fu holds on B(B) if and only if

20u[(B") = |p+v|(B") + | — v|(B’) holds for all open sets B’ C B.
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2.3.1 Disintegration

In Section we will extend the Schwarz perimeter inequality to functionals of the form with measures
1 = 4 — pi— that satisfy the isoperimetric conditions from Section [2.3.4] as well as the radial monotonicity
assumptions of the form . The crucial step for this result is the characterization of such measures
as generalized product measures, which is introduced in the following. Indeed, the radial monotonicity of
1 implies that it is absolutely continuous with respect to the Hausdorff measure. This property enforces
p to act like the (n—1)-dimensional Hausdorff measure only on horizontal parts in R™, i.e., it vanishes
on (n—1)-dimensional sets without horizontal parts. Via the disintegration theory, we can write p as a
generalized product of weighted Hausdorff measures and its pushforward m,4,u on R. This fact decisively
allows controlling z on the sets (A*)'A(A!)* and (A*)*TA(A1)*, respectively, via the imposed isoperimetric
conditions on u. For more information about disintegration theory, we refer to 3] Chapter 2.5].

Definition 2.64 (u-measurable functions). Let x be a non-negative Radon measure on  and U C RY open.
The map f : © — RM(U,R") is u-measurable if for every open set V C U, the function Q — RN, z —
(f(x))(V) is p-measurable.

Lemma 2.65 (u-measurability of integrals). Let U, f and u be as in Definition|2.64} If f is p-measurable,
then

=Rz [ o) ds@))
is p-measurable for every bounded Borel function g : 2 x V — R.

Lemma 2.66 (Disintegration). Let u be a non-negative Radon measure on R"™ with p(R" 1 x K) < oo for all
compact sets K C R. For mpgp-a.e. t € R, there exists a Radon measure pig on R with ,tut(IR”*I) =1
such that

R — RM(R" %, [0, 00]), t + pm s

is Tpup-measurable and such that
w(B) = / o, (Be) d(p g0 (1) holds true for all B € B(R"). (2.14)
R

Furthermore, for every f € LY(R™; ) the following properties hold true:
i) f(-,t) is in L\(R"™ Y pwye) for mpyp-a.e. t € R,
i) t = [poos f(@,t) dumg(x) s in LN(R, mppp),
iii)
[ tau@ = [ [ e dum @) anpn). (2.15)

Definition 2.67 (Disintegration). Let u be a non-negative Radon measure on R™ such that u(R" "1 x K) < oo
for all compact sets K C R. We say that u can be disintegrated if (2.14) holds true. In this case, we write

M= HHt @ Tnpf.

Definition 2.68 (Vertical parts). Let p be a non-negative Radon measure on R™. The measure
= 5
k=1

is called the vertical part of p, where py, = m,4(ulL(—k,k)") is the pushforward of the restriction of p
onto (—k, k)™, and ”’“ is identified with 0 if ui(R) = 0.

Remark 2.69. i) For p as in the definition, the measures u; are finite measures for all k € IN. Since
WV R) =0, 2%% <> hey 5% = 1, the measure 4V is even a finite Radon measure.
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ii) We could also define ;v as Y o, tk% if u(R) > 0 for any positive sequence (tx)ren € £*. However,
we are mainly interested in finding a suitable one-dimensional reference measure of the pushforward.

iii) In Section we want to apply Lemma for general Radon measures p on R™ and for ;v instead
of 4 pt.
To this end, we define the restrictions v := L. B%; ™" x R for all R > 0. The probability measures Z/I}{%,t
from Lemma exist for all t € R\Ng, where Ng is a 7, 4 vi-null set. Setting Z/IIit =0forallt € Ng,

we find
pLBE ' xR=v= I/I}ft ® Tp v

for all R > 0.

In the following, we show vjf , @ 7 4 < firr, @ " for all R > 0, where figr ¢ is defined as the measure

Doy Vi L (B~ "\B}Z}) for all t € R. To this end, we argue by contradiction and assume that there
exists a Borel set B € B(R™) with

fn: @ pY(B)=0 and V{it ® Wn#I/R(B) >0.

We find k € N with vff, @ m, 4v7(B) > 0, where B = B(k) := ((B} '\B}Z|) x R) N B. The definition
of fiyr: yields Z/I]th(Bt) =0 for pV-a.e. t € R. From m,40° < pV for all s > 0 it follows that I/I]th(Bt)
vanishes for ﬂn#zxk—a.e. t € R. We conclude

0< Vﬁt ® Tayuv™(B) = v*(B) < u(B) = v*(B) = I/I]th ® T u™(B) =0,

which is a contradiction. Finally, vff, @ m, 4™ < finr, ® pV follows from the fact that the considered
measures are Radon measures.

We showed p < fip ¢ ®@uY such that we find a Radon-Nikodym density f : R" — R with u = f ¢ ouV.

Note that in this setting we cannot hope for the corresponding lower dimensional Radon measures
pl = f(-,t) fig,: to be probability measures.

iv) If we additionally assume local finiteness of 7, 4 as in Lemma we obtain pV < Tnpph <K pV, which
gives a Radon-Nikodym density f: R — R with m, 4 = fp", leading to o = pim, @ (f wV) = pleouY
with pff = f(t) un, for pV-ae. t € R.

Definition 2.70 (Disintegration into vertical and horizontal parts). Let x4 be a non-negative Radon measure
on R™ and p!! a non-negative Radon measure on R"~! for all ¢+ € R. We say that u can be disintegrated
into the horizontal part u? and the vertical part pV if it holds

w(B) = / p(By) dpY (t) holds true for all B € B(R"),
R
and in this case, we write u = pl @ uV.

2.3.2 Box and Hausdorff dimension

In Section [3:2.1] we need to estimate the Hausdorff dimension of a Cartesian product of certain sets, in
order to show the BV regularity of the center function of Definition [3.9} Since the Hausdorff measure does
not behave as simple as the Lebesgue measure when it comes to products, we introduce the box-counting
dimension from [88] as an auxiliary tool to bound the Hausdorff dimension of such sets. The results of this
section can be derived from [88] Corollary 2, Theorem 3, Proposition 4] and they are stated in the terminology
of this thesis in [39, Chapter 3, Product formula 7.3].

Definition 2.71 (Box-counting dimension). Let A € M™ and

k
N4(0) := min{k elN: AC UE[;(J}Z‘) for some x; € R", i = 1,...,k:}
i=1
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for 6 > 0. The box-counting dimension of A is the number

)

Definition [2.71] can be reformulated equivalently using closed cubes instead of balls, which inspires the name
of this notion.

dimp(A) := limsup
5N0

Lemma 2.72 (Box-counting dimension for smooth manifolds). Let M C R™ be a bounded smooth k-
dimensional submanifold of R™ for some k € {1,...,n}. Then dimg(M) = k.

Proposition 2.73 (Hausdorff dimension of products). For A € B(R¥) and B € B(R" %) with k € {1,...,n—
1}, it holds

2.3.3 Minkowski content

In the following, we introduce the Minkowski content, which will be used in Section [5.2.4]in order to estimate
the variational mean curvature of C1* sets. The statements of this section can be found in [3| Definition
2.100, Theorem 2.104, Theorem 2.106].

Definition 2.74 (Minkowski content). Let K C R™ be a closed set and k € {1,...,n — 1}. If it exists, we
call the limit

K
Mik"(K) := lim %
PNO WP

the k-dimensional Minkowski content of K.

Remark 2.75. In general, the box-counting dimension and the Minkowski content are connected via the
tos (10!

equality dimg A = limsups. g fTJ)) for all A € M™, according to [39, Proposition 3.2].

Indeed, if A has finite and positive k-dimensional Minkowski content, then it holds

A
dimg A = lim su —log (‘éli)i‘) + 1og(6k) =
5AT IR T 10g(0) log(0)

In good cases, the Minkowski content coincides with the k-dimensional Hausdorff measure, which makes it a
useful tool to handle surface areas.

Theorem 2.76. Let K C R™ be a countably rectifiable compact set and let k € {1,...,n—1}. If there exists
A > 0 such that
HE(K N B,(z)) > \p* forallze K, pe (0,1),

then Mik" (K) = H*(K).

Remark 2.77. With the theorem at hand, one can easily show that Mik"(K) = H*(K) for a k-dimensional
compact set K in R™, which can be locally represented as the graph of a Lipschitz function defined on
an open subset of R* and with values in R”~*. Indeed, according to the compactness of K, we find some
uniform bound C > 1 and some py > 0 such that for each z € K, there exists a Lipschitz function f with
Lipschitz constant in [0,C] and which is the (rotated and shifted) graph representation of K near z on
[— %ﬁpm %ﬁpo]k with values in [— ﬁpm ﬁpo]nfk. For those x, the fact that Hausdorff measures do
not increase under projection gives

ety P (S R

k
for all p € (0, pp). Hence, for A = (#) min{pk, 1}, the condition from Theorem [2.76|is satisfied.

n
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2.3.4 Isoperimetric conditions

This section is based on [73], which considers isoperimetric conditions on non-negative Radon measures. These
conditions, imposed on p— and p4, provide lower semicontinuity results with respect to the convergence in
L! for (localized) functionals of the form

P(A) :=P(A) + py (A") —p_(AT), Aec{FeM": P(F)+|F| <o},

as well as existence results of corresponding geometric minimization problems. We use these results throughout
the proof of the generalized Schwarz inequality for functionals of the form P in Section 3.3

The functional P is a generalization of the prescribed mean curvature functional of Massari-type from |63} 64],
see Sectionfd] In the variational sense, minimizers of P have generalized mean curvature measure p := fi4—p_.
We will see that measures which satisfy the (small-volume) isoperimetric condition are at least (n—1)-
dimensional, i.e., they are absolutely continuous with respect to the (n—1)-dimensional Hausdorff measure,
such that P(A) becomes invariant under null set changes of A. The standard examples for measures 4
which satisfy isoperimetric conditions are weighted (n—1)-dimensional Hausdorff measures restricted to (hy-
per)surfaces.

To understand the connection of the isoperimetric condition and the lower semicontinuity of the functional
P, we look at the following example: If we consider the reduced functional P_(-) := P(-) — pu—((-)") with
0 # spt(u—) € (—=1,1)"7' x {0}, then the sequence of sets Ay = (=1,1)""! x (=1, %), k € IN, converge
to A :=( in L' and it holds limsup,,_, . p—((Ax)*) = p—(R™) > 0 = p_((). Strict inequality appears also
when considering the lower semicontinuity of the perimeter, i.e., it holds P(A) = 0 < liminfy_, . P(Ax).
Without any connection between p— and the perimeter, the functional P_ is not lower semicontinuous.
The same effect applies for functionals of the form Py (-) := P(-) + u4((-)'), taking for instance A =
(11" (-1,-1) U (£1)) and A= (~L1)"

It turns out that imposing the small-volume isoperimetric condition with constant 1 on both p_ and py
provides a sharp compensation effect between p and the perimeter in the limit, hence giving the desired
lower semicontinuity result. For a similar approach of this theory from the non-parametric perspective, we
refer to [57].

Definition 2.78 (Isoperimetric conditions). Let p be a non-negative Radon measure on 2 and C' > 0. Then
we say that

i) p satisfies the (strong) isoperimetric condition in Q with constant C if

w(AT) < CP(A) for all A € M"™ such that A C Q and |A| < o0,

ii) p satisfies the small-volume isoperimetric condition in Q with constant C if

for all € > 0 we find 6 > 0 with  u(AT) < CP(A)+¢ for all A € M™ such that |A| < §and A C Q.

In the following, we collect some auxiliary results for measures satisfying isoperimetric conditions, before
stating the main semicontinuity result.

Proposition 2.79 (Properties of measures with isoperimetric condition). Let p,v be non-negative Radon
measures on Q) which satisfy the small-volume isoperimetric condition with constant C' > 0. Then the following
properties are satisfied.

i) The value (A1) is finite for all sets of finite volume and finite perimeter A C ).
ii) The measure p is absolutely continuous with respect to H"~1 on B({2)

iii) If it holds p L v with dist(spty, sptr) > 0, then p+ v satisfies the small-volume isoperimetric condition
with constant C'.

Property i) of the previous proposition can be found in 73| Lemma 3.3], ii) in |73, Lemma 3.2] and iii) in
[73, Proposition 7.4].
The model case for measures satisfying isoperimetric inequalities are Hausdorff measures restricted to hy-
perplanes. Indeed, due to the decrease of the perimeter under intersection with half-spaces, one even obtain
strong isoperimetric conditions. The following two lemmas can be derived by applying 73, Proposition 8.1]
on suitable measures.
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Lemma 2.80 (Model case for isoperimetric condition). The measure 20H"~1_ B x {t} satisfies the strong
isoperimetric condition in R™ with constant > 0 for allt € R and all B € B(R"™1).

Lemma 2.81. Let § > 0,t € R, B € BR" ') and f € LL (R ! x {t}, H" L B x {t}). If the small-

loc

volume isoperimetric condition with constant 0 holds for fH" 1L B x {t}, then f < 20 is verified H" '-a.e.
on B x {t}.

The next statement summarizes the aforementioned lower semicontinuity results from |73 Theorem 4.1(c),
Theorem 9.1(c)].

Theorem 2.82 (Global and local lower semicontinuity under isoperimetric conditions). In what follows, we
consider the functional

P(A;Q) i= P(A,Q) + py (A1) — (A7),

where A C R™ is a set of finite perimeter in Q € B(R™) with min{u (A), u_(AT)} < oo, and both py and
— are non-negative Radon measures on ). Then the following properties are satisfied.

i) Global version: If Q = R™ and both uy and u_ satisfy the small-volume isoperimetric condition with
constant 1, then

P(4;R") < likm inf P(Ag; R™) for all sets Ay, A as above with A, — A in L' as k — cc.

ii) Local version: If Q # R"™ and if the following properties are satisfied:
a) Q is a set of locally finite perimeter,
b) p-(R™M\QY) = 0= py (R™\QY),

¢) piy and the Radon measure p—(-) +P(Q, -) both satisfy the small-volume isoperimetric condition
in R™ with constant 1,

then it holds

min{p_ (A1), uy (AN} < 00 and  P(4;0Y < likmian(Ak;Ql)

for all sets Ax, A € M™ with P(Ar N Q) +P(ANQ) < o0 for allk € N, Ay, — A in L1(Q) as k — o0
and with min{u_(A}), uy(AL)} < oo for all k € IN.

In Section [3.3.5 we consider obstacle problems as model cases for the generalized Schwarz perimeter inequal-
ity. The following existence result from [73, Theorem 5.1] will be essential.

Theorem 2.83 (Existence for obstacle problems). Let p_, uy be two non-negative Radon measures which
both satisfy the small-volume isoperimetric condition in R™ with constant 1. We consider the inner and outer
obstacles I C O in M™ such that either u_(O7T) is finite or u_ satisfies the strong isoperimetric condition
with constant C' < 1. Then there exists a minimizer of the functional

P(A) = P(A) + i (A") — p_(A*)

among sets A € B(R™) of finite perimeter and finite volume wit 1 C A C O if there exists at least one set
satisfying these assumptions.

*Here, the subset relations should be understood as a relation which holds true up to £™-null sets.



Chapter 3

Schwarz symmetrization results

In this chapter, we present a characterization of the equality case of the Schwarz perimeter inequality.
Moreover, a generalization of the inequality to prescribed mean curvature functionals with measure data
is given.

We use some results of the current part later in Chapter in order to analyze sharp counterexamples to
the integrability result for variational mean curvatures of C® sets in higher dimensions.

At this point, we remind the reader that, if not otherwise stated, we assume n > 2 from now on.

3.1 Symmetrization techniques and auxiliary results

In this section, we introduce different symmetrization techniques, collect the specific preliminaries for Sections
and [3.3] and present some auxiliary results.

3.1.1 Symmetrization

In many contexts, geometric optimization problems can be solved via symmetrization techniques. We are
particularly interested in the Steiner and Schwarz symmetrization of sets, which are both volume-preserving.
For more information about other symmetrization techniques and the current state of the art, we refer to the
survey [13] from 2019. For information about the Steiner and Schwarz symmetrization, we refer to [18| 7} |14]
and |62} Section 19.2].

Definition 3.1 (Steiner and Schwarz symmetrization). Let A € M™ and i € {1,...,n}. The Steiner
symmetrization of A with respect to the :-th component is the set

ASi = {m eR": 2z < ’{t eER: (v, -, Ti—1,t,Tix1,-.-,Ty) € A}|}

We put A := A5 and call this the Steiner symmetrization of A.

Moreover, the set
1
1 n—1
A* = {x eR" : |Z| < ( |Aln|) }
Wn—1

is called the Schwarz symmetrization of A.

Remark 3.2. i) If a set is Borel or Lebesgue measurable, then the Steiner and the Schwarz symmetrizations
are likewise Borel or Lebesgue measurable.

We sketch the proof of this only for the Schwarz symmetrization (the argument for the Steiner sym-
metrization is analogous) and concentrate on showing the claim for Borel sets since the proof simplifies
for measurable sets.

Indeed, the argument for Borel sets B € B(IR™) requires more work since the fact that ¢ — |By| is
a Borel function on R (and not only measurable) is not covered by Fubini’s theorem. To show this

33
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Figure 3.1: Illustration of the Schwarz symmetrization

property, we consider w.l.o.g. bounded sets in [—R, R]™ for some R > 0 and define the set systems

Q:= {Q C [-R,R]": Q is a rectangle with Q = H[ak,bk] for some ay, br€[—-R, R), k € {1, .. ,n}} )
k=1
X :={B C[-R,R]": t— |B;| is a Borel function on R} .

The following properties hold true:

a) Q is a generator of B([—R, R|"),
b) for Q1, Q2 € Q, the intersection Q1 N Q2 is in Q,

c) QC X,

d) X is a Dynkin system on [—R, R]" (i.e., [-R, R|" € X and X is closed under complements in

[-R, R]™ and under countable disjoint unions).

If a set system is closed under intersections, its generated Dynkin system coincides with its generated o-
algebra. Hence, by a) and b), the Dynkin system generated by Q is equal to B([— R, R]™). The properties
¢) and d) then imply B([-R, R]|") C X, hence showing that ¢ — |By| is a Borel function for every Borel
set. The remaining argument is straightforward.

ii) According to Fubini’s theorem, the symmetrization techniques are volume preserving. Moreover, for
A, F € M™, it holds |A*AF*| < |AAF).

iii) Let t e R, i € {1,...,n — 1} and A € M" with A; = B""!(z) for some z € R""! and r > 0. Then,
(A5), =B Yoy, .., 2 1,0,Zi01,- s Zn1), (A%)y=B""1 and (A4%), = (((A%))%1),.
The following notion characterizes a necessary condition for equality in the Schwarz inequality.

Definition 3.3 (Stack of balls). Let I C R be a Borel set and A C R"™ a measurable set. The set A is called
a stack of balls in I if there exist two measurable functions r : I — [0,00) and ¢ : I — R"~! such that it
holds

|AtAB:(;)1(c(t))| =0 forae. tel.
In this case, the function r is called the radius function and c is called the center function of A in I. In
the special case I = R, we call A a stack of balls.
Remark 3.4. If A is a stack of balls in some Borel set I C R", then the radius and center function r and ¢
are uniquely defined on I N {r > 0} up to null sets.
The following theorem is proven in [7, Theorem 1.1] for the Steiner symmetrization of any dimension.

Theorem 3.5 (Steiner and Schwarz inequality). Let A € M™ be a set of finite perimeter and finite volume
and leti € {1,...,n}.
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i) For all Borel sets By € B(R*™!), By € B(R"™), we have the Steiner inequality

P(A%,B; x R x By) < P(A,B; xR x By).

If equality in the previous inequality holds true, then, for L' '-a.e. (x1,..., i 1,Tiy1,.--,Tn) € By X
By, the one-dimensional slice {t € R : (z1,...,%i—1,t,Tit1,...,%,) € A} is a line segment up to an
LY -null set.

i) For all B € B(R), we have the Schwarz inequality
P(A*,R"' x B) < P(A,R"! x B). (3.1)
If equality in the previous inequality holds true, then A is a stack of balls in B.

The Schwarz inequality is usually stated for open sets B only. The open version of the Schwarz inequality
can be directly transferred to the Borel version, thanks to the Radon measure property of the perimeter.
However, we want to apply the result in the equality case on general Borel sets B, which is why we revisit the
proof based on [62, Theorem 19.11]. This version is already stated in |14, Theorem A] and (70, Theorem 5.9]
for the case of Steiner symmetrization of dimension 1, but with reference to statements which only consider
equality on all of R™ or to the indirect proof via spherical symmetrization. We focus on the parts of the proof
which differ from the case B = R.

In order to prove this version, we need to apply the following slice theorems, which provide the basis for
analyzing the behavior of symmetrizations with respect to the perimeter. The statements can be found in [7]
Theorem 2.4] and [62, Theorem 18.11, Exercise 18.15] as improved versions of [89], see also |18, Theorem G].

Definition 3.6 (Volume function). For a measurable set A C R", the function
wlg : R — [0,00], t — |A4]
is called the volume function of A.

Theorem 3.7 (Slice theorem). Let A C R™ be a set of finite perimeter and k € {1,...,n — 1}. Then there
exists an L F-null set N C R"™* such that the following properties hold true.

i) For all y € R""F\N, the slice A, is a set of finite perimeter.
ii) For all y € R""F\N, it holds 0*(A,) = (0*A), up to an H*~L-null set.
iii) For all y € R""F\N, it holds
Vi(w,y) = va, (@) 75 (2,y)| # 0
for HE 1-a.e. x € 0*"(Ay) N (0*A),, where Dﬁ(m, y) = (Va(®,Y)i)ie(1,... .k} -

Theorem 3.8 (Slice theorem for (n—1)-dimensional slices). Let A C R™ be a set of finite perimeter and
define ¥ := {:B € 0*A: va(z) € {—ep, en}}, Then the following properties hold true.

i) If A is additionally a set of finite volume and H" 1(X) = 0, then wla € Wlloi(IR) and, for L'-a.e.
t € R, it holds that

Y R CNR))
oy == [ AT ),

where Ua(y,t) = (va(y, 1) k)k=1,...n—1 -
ii) The equality

t
/ gdH"_l(gc):/gdH"_l(x)—i—// 7&(3}, ) dy dt
%A 5 R J(9*A), |VA(y7t)|

holds true for all Borel functions g : R™ — [0, o0].
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Proof of Theorem . The proof is divided into Step [1} which involves the introduction of some notation
and collecting some properties, and the main proof, which is Steps[2] to [7]

Step 1: We first define
Yy = {m € 0"A : vy(x) € {—en,en}} and pa(t):=P(A;) forteR.

According to Theorem the set A; is of finite perimeter with pa(t) = H""2((9*A);) for Ll-a.e. t in R.
Moreover, vl € Wlloi (R) whenever H"1(X4) = 0 by Theorem
The first three steps of the main proof can be carried out analogously to the corresponding steps of the proof
of [62, Theorem 19.11], hence we only collect the results at this point.

Step 2: The estimate

/ \/pA(t)2 +wly(t)° dt <P(A,R"! x B)
B

holds for all open sets B C R such that H"~1(X4 N (Rt x B)) = 0, with equality if and only if (v(-, 1))
is H"2-a.e. constant on (9*A), for a.e. t € B. In the case of equality, we have

(V;Z)ln = l(iA():A)Q =c  H" 2-ae. on (9*A),

for some ¢ = ¢(t) € R.
Step 3: If wly € WHI(R™), then A* is a set of finite perimeter in R™.

Step 4: If A is an open, bounded and polyhedral set (see Definition [3.23]) such that H"~1(X4) = 0, then A*
is a set of finite perimeter with

P(A*,R"! x B) :/ \/pA* ()2 +wl(t)2dt, P(A*,R"'x B) <P(A4,R"! x B)
B

and
2P(A,R" ! x B)[P(A,R"' x B) —P(A*,R"' x B)] > (/ Vpa(t)? — pa-(t)? dt)
B

for all open sets B C R.

Step 5: Conclusion of the theorem for open sets B C R.

In this step, the main adaptions to the original source occur. For arbitrary bounded sets A C R”™ of finite
perimeter, we apply the approximation result of the later Theorem to obtain a sequence (Ag)gen of
bounded polyhedral sets with

A, — A inL'R"), and P(Ax, F) —»P(A,F) ask — oo
whenever F' € B(R"™) satisfies P(A4, 0F) = 0. Since we can slightly rotate the sets, we can even assume that

H*1($a,) = 0 for all k € IN, compare [62, Exercise 15.10, Exercise 17.3]. By Remark Ap — A* in
LY(R™) holds true as well. With

/|V01A(t)—v01,4k(t)|dt:/ ]|At\—|(Ak)t|\dt</ LA A(AR) | dE = [AAAL — 0 as k — oo,
R R R

we even find a subsequence (without relabeling) such that, additionally to the other properties, wla, — vlg
a.e. on R. For those points, the approximation transfers to

n—2
n—1
VOlAk) — (TL — 1)wn_1 <

n—1
pa; = (n — 1)Wn—1 < VOIA> = pa~* a.e.on R.

n—1 n—1
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Now, for all open sets B C R™ with P(A, R"~! x B) = 0, by the lower semicontinuity of the perimeter and
Step [4}, we obtain

P(A,R"* x B) = Jim P(Ax, R" ' x B) > lim inf P( LRI X B) > P(AY,R" ' x B).

For a general open set B, we can approximate the set by an increasing sequence (By)gen of open sets with
By € B, By € By for all £ € N and (J,cy Br = B. We take a suitable choice of (By)¢en, so that we can
assume P(A,R"~! x 9By) = 0 for all £ € N and conclude

P(A4,R"! x B) = Jim P(A,R"! x By)
= Jim lim P(A,R" 1'% By)

{—00 k—o0

hmlnfhmlan( R x By) (3.2)

l—oo0 k—oo
> Jim P(A*, R" ! x By)
=P(A*,R"' x B).
This confirms (3.1) for open sets B C R. Since P(A4, -) is a Radon measure, the Schwarz inequality for all
Borel sets B C R follows from the regularity of Radon measures.

In the remainder of the proof, we treat the equality case of (3.1)). If equality in (3.2)) is attained, we consider
a suitable subsequence of (By)een that satisfies

hmlnfhmlan(AZ,IR” Y'x By) = hm hmlan(AZ,IR" 1'% By)

{—oo k— {— 00

such that, for each h € IN, we find ¢, € IN with
1
> > limsup P(A, R"™! x By) — P(Af,R"! x By)
k—oco

for all ¢ > ¢),. Taking into account the results of Step [4 and the convergence of A; with respect to the
perimeter on R”~! x By, we conclude

2
2 P}EA) > lim sup (/ \/PAk(t)Q —pa; (1) dt) for large €. (3.3)
By

k—o0

According to Fatou’s lemma, it follows

2P |
(4) > lim sup (/ \/pA,c — pA* t)2 dt) > </ liminf {/pa, (t)2 —pa: (t)? dt) - = for large £.
h k— o0 By B k—o0 h

The inequality follows from the integrability of lim infz_, s \/m and the convergence |B;/AB| — 0 as
¢ — oco. Indeed, the former can be verified by Step [d] and

2 2
(/ hklggf\/mk —pa; )th> < liminf (/}R\/pm(t)zmz(f)%t)

<liminf 2P(A) (P(Ax) — P(4})

< 2P(4) (P(A) — lim inf P(A7))
< 2P(A) (P(A) — P(4%)) < o0

Since h in (3.3)) is arbitrary, we thus come out with

2
lim sup lim sup (/ \/pAk(t)Q _pAZ(t)z dt) =0.
B,

£— 00 k—oo
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Hence, for £L'-a.e. t € B, we have

0 =liminf |pa, (t) — pas(t)] = liminf pa, (t) — limsuppax(t) = iminf pa, (t) — pa«(t),
k— o0 k k—oc0 k k—o0

k—o0
where we applied the convergence of pa: to pa- almost everywhere on R from the beginning of this step.
With the observations from Step [I] and from this step so far, it follows
pa(t) =P(A:) <liminf P((Ag):) = liminf pa, (t) < pa«(t)
k—oo k—oo
for Ll-a.e. t € B. Since A7 = B! for some r > 0, the isoperimetric inequality implies that A; is H"1-
equivalent to an (n—1)-dimensional ball.

Step 6: Conclusion for bounded Borel sets B.
For a bounded Borel set B C B(R), there exist open sets By such that

|BeAB] =0, P(AR"™ x By) - P(A,R"" x B) and P(A",R""' x B;) — P(A",R""" x B)

as { — oo. As in Step [5, we find for each ¢ € IN an increasing sequence of open sets (Bjf)ren Wwith
Uren B,‘; = By and P(A,@B,l;) = 0 for all k,¢ € IN. By taking a diagonal sequence, we additionally assume
P(A, 0By¢) = 0 and again find

P(A,R" ! x B) = Jim P(A,R™! x By)
= lim lim P(A4;,R""! x By)

l—o00 k—o0

> lim inf Tim inf P( R x By)

l—oo k—
> lim P(A*,R""! x By)
{—00
=P(A*,R"! x B)
for a sequence of sets Aj of finite perimeter that approximate A, as in the previous step. The conclusion
follows as in Step

Step 7: We show the theorem in full generality.

Let B C R"™ be an arbitrary Borel set. In case of equality, we can evaluate the perimeter on the open intervals
(—k, k) with length 2k for all k € IN, and on the exterior of these sets. By the Schwarz inequality on both of
these partitions, we get

P(A,R"! x (BNB})) =P(A*,R" x (BNB})).
Hence, A; has the required shape for £'-a.e. t € BN B}. By increasing the radius k, the claim follows. [

The Schwarz symmetrization of A € M™ is by definition a body of revolution, which can be described by a
profile curve, which we call the radius function. In the case of equality, Theorem implies also the existence
of a center function to describe A, representing the dislocation of the (n—1)-dimensional slice balls.

Definition 3.9 (Radius and center function for general sets). Let A C R™ be a measurable set. The function

1
1 T
radg : R — [0,00], t — <w At|)

n—1

is called the radius function of A. The center function of A is the function ceny : R — R" ! defined by

cena(t) i z ifrada(t) < oo and |4, ABL !, (2)] = 0 for some 2 € R" ™!,
0 otherwise.
Remark 3.10. i) We draw attention to the fact that, if A is a stack of balls, then the radius and center

functions of A from Definitions B.3] and coincide a.e. on R. Since the latter is defined for more
general sets, we may always consider this definition in the remainder of this thesis.
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ii) If A € M™ has infinite volume and finite perimeter, then, according to Theorem R™\ A is a set
of finite volume, which implies radg»\4 < oo a.e. on R and therefore rad4 = oo a.e. on R. Hence,
in the further analysis we will often assume that A € M™" is a set of finite volume, which implies
rady € L"~1(R), since

1= [t = [ i 00 = s a7

In the equality case of the Schwarz inequality, we can describe A solely via its radius and center function. As a
crucial result, we show that both of these functions are of bounded variation on {r~ > 0}, hence the existence
of good representatives is ensured. This simplifies the analysis in comparison with Steiner symmetrizations
of dimension in {2,n — 2}. In fact, a characterization of the equality cases of the one-dimensional Steiner
symmetrization is given in [14] Theorem 1.9] and a paper on the higher dimensional case was announced but
has not appeared.

Definition 3.11 (Rigidity). Let A € M™ and B € B(R). We say that rigidity is satisfied for A in B if
for all sets F' € M™ with radp = rad4 on B and with

P(F*,R"' x B) =P(F,R"! x B),
there exists * € R"~! x {0} such that [(FA(z + A)) N (R"~! x B)| = 0.

Rigidity results are important for ensuring uniqueness of minimizers of perimeter involving optimization
problems. There are, however, examples showing that rigidity fails in simple cases due to compensation
effects of the singular part of the radius and the center function.

Ezample 3.12. Let
A:=DBr"1 x[~1,00uBy~* x [0,1].

Then rigidity is not satisfied for A in R, as can be seen by defining the set F := B}~ !(e;) x[—1,0JUBZ~* x [0, 1].

In |18, Theorem 1.3}, a rigidity result for the one-dimensional Steiner symmetrization was given — a break-
through after the slice characterization of the equality cases in |22, Teorema II] (see [21} p. 191-192] for an
English translation), which was restated in Theorem

Rigidity results for higher dimensional cases are analyzed in |7, Theorem 1.2] under the additional assumption
that there exists no flat boundary part of A and that the corresponding slices of A have positive volume.
The analysis is based on the introduction of the (bary)center function. During the preparation of this thesis,
[26] was published, covering a full analysis of rigidity for the Schwarz symmetrization, see Theorem 1.3 in
the reference. However, a full characterization of the equality cases of the Schwarz inequality is not given.

3.1.2 The area functional for surfaces of revolution

In the following, we introduce the area functional for surfaces of revolution and prove corresponding results
based on [67].

Definition 3.13 (Area functional for surfaces of revolution). Let I C R be an open set. The area functional
for (n—1)-dimensional surfaces of revolutions in R"~! x I is defined as

/

el = sup{ [0 = EL s gnp € D). o Pl < 1) for r € L (1 0.00).
I -

where, in the case n = 2, we identify 70 := T>0y-

Proposition 3.14 (Properties of the area functional for surfaces of revolution). Let I C R be an open set
and 7 € L' *(I,[0,00)). The following properties are satisfied.

loc

i) It holds that A%;[r] < oo if and only if r*~" € BViec(I) with [Dr*~'(I) < oo and r™~* € L(I). In
this case, the following equality holds true

1
ol = | (e

n—1

D) 0.
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i) For r"~' € Wyl(I), it holds

7] / 21+ (r)2dt.

iii) If A%V [r] < oo then there exists a representative of v such that the one-sided limits exist at each t € I,
and r € BVioc({r~ > 0}) NL>(I).

iv) If {r > 0} is a set of finite length and r"~! € BV(I), then A', Y[r] < oo. The backward implication holds
true in the case n = 2.

Ezample 3.15. For n > 2, there exists r € Li,.(I) with A%[r] < co and r ¢ BV(I). Indeed, take for instance
I =(-1,1) and r(t) = |tsin (1)| € L>°(I). Then r"~' € W(I) and the corresponding body of revolution
in R™ has area functional

mibl = [ - [

()
tsin | —
I t

Proof of Proposition[3.14 We first prove statement [i)| and consider some non-negative r € LIOC(I ) with
1 e BVioe(I), [Dr"H(I) < oo, and "2 € L'(I). Then, for ¢q, ¢ in CL (1) with [[(¢o, ©)|lLe(r,r2) < 1,
we estimate

/
/(,007"”72 o P 7Anfl dt‘ —
I n—1

for all n > 2, but r ¢ BVjo.(—1,1).

— n— n— 1 n—
/cpor" 2dt—|—/ L4 T dD(r 1)(t)‘ < |lr 2||L1(I)+ﬁ|D(r HII) < .
I I -

n —

Hence, A}Y;[r] is finite by definition. If, on the other hand, it holds A7Y;[r] < oo, we find

HTn_QHLl(I) = Sup{/‘ﬁ’f‘” 2dt: p e Ccpt( ) H‘)OHL“’(I) S 1} < I;YI(T) < o0

and

1 n— SO/ n— rev
V) s { [t € D, el < 1) € AT ) < oo,

The equality follows from the Riesz-Markov representation theorem, which gives

1
(7“”‘2517 nlD(r"_l)) ‘(I) = sup {/«por”‘QdH/(pl dD(r" 1) = o, € Cope(1), sup |(wo, )| < 1},
I n 1

the density of C3(I) in C2,,(I) and the definition of derivative measure.

Statement . follows from [i)| by the chain rule for Sobolev functions, and the definition of vector-valued
measures.

Property can be concluded from the first observation, Theorem and Proposition locally applied
for ¢(t) = |t|ﬁ The essential boundedness of r follows from the definition of good representatives and
IDr|(1) < oo,

The first part of. iv)| follows from L"~!({r > 0}) € L"2({r > 0}) and [i)| In the case n = 2, Lj;~0} =1° €
LY(I) is equivalent to |{r > 0}| < co. Hence, r is a BVj,.(I) function with |Dr|(I) < oo. The latter implies
r € LY(I) by Theorem [2.24 O

Definition 3.16 (Body of revolution). Let r : I — [0, 00) be a function on some open set I C R. Then we
call R? := {(z,t) e R" ! x I : |z| < r(t)} the body of revolution with profile curve r on I.
Remark 3.17. The body of revolution R is measurable, whenever r is measurable.

The next statement can be found in a more general form, but with some slightly different viewpoint in [7]
Proposition 3.4].



3.1. SYMMETRIZATION TECHNIQUES AND AUXILIARY RESULTS 41

Proposition 3.18 (Perimeter-area relation for bodies of revolution). For an open set I C R and some
r€ L }(I,]0,00)), it holds

loc

PR, R"™ % I) = (n — Dwn—1 A7 [r].

Example 3.19. In the following, we consider n = 3 and define the set R with profile curve r(t) :=
Yoo %]l[ﬁ’%). Clearly, r,7? € L>(R), and r? is even BV(R) as a jump function with converging jump
heights. However, since the harmonic series is diverging to oo, we find r ¢ BVj,.(—¢,¢) for all € > 0. By
Propositions and the set R is a set of finite perimeter and finite volume.

The following proof is based on [67, Teorema 1.10], compare also [47, Theorem 14.6].

Proof of Proposition[3.18 First, we notice that for n = 2, the body of revolution is a rotation of the reflected
subgraph of r, intersected with Hg’ on I. Thus, in this case, we apply Proposition and obtain that if R}
is a set of finite perimeter, then r is in BVlOC( ) with |Dr|(I) < oo and |[{r > 0}| < oo, which, in particular,
implies r € BV(I) according to Theorem On the other hand, if A}[r] < oo, then Proposition [3.14 m.
implies r € BV(I) and |{r > 0}| < co. We can therefore assume that r is a good representative with existing
one-sided limits at each point. Proposition [2.53| gives

PR, RxI)= P(Sup[— ], I x (—00,0)) + P(Sbr, I x (0,00)) + P(Sbr N Sp[—r], I x {0})
=247 [r] + P(Sibr N Sp[—r], I x {0}).

The claim follows from the fact that the set 9*(Sbr N Sp[—7]) N (I x {0}) is an H!-null set. Indeed, by
Lemma and since I x (—00,0) C Subr, it holds vgp, = ex on 0*Subr N (I x {0}) and vgp, = —ez on
O*Swp[—r]N (I x {0}). Hence, taking into account the symmetry of Subr and Sib[—r], the same statement gives
0% (Sbr N Sp[—7r]) NI x {0} C {ez = —ea} = 0 up to H -null sets.

In the following, we consider the case n > 3. Let @, ¢ € CL () and 7 € Ccpt((O, 00)) such that both
sup; |(wo, ¢)| and sup g o |n| are bounded from above by 1. Then the vector field V,, defined by

Vy: R x T R, (2,8) (<mma>| n(la])e m)

is in CL (R"~! x I,R™) with
]RfllleIVn(x,t) < (Euog) I sup|(<p0, 9) <1
and
div Vy(@,t) = n'(lel)po(®) + n(lz) {‘Po(t)n@z - 80/(75)} for all (z,t) € R" ! x I.

We now consider some function 7z € Cl;((0,00)) with SUP(0,00) [7k| < 1, mp = 1 on the interval [£.k],me =0
on [k +2,00), [n},| <2k on (0, £] and |n,| <1 on [k, 00). According to Fubini’s theorem, it follows

[ llaheo®dzo + [ (i) o0 a1
B 'xI REN(R?=1\B? ™' xI)

/’ (1)) got) d(z, 1) =
RrN(R"—1x1I)

k

k” 5 |spt<p0| + ‘R" R”_l\Bzfl) X Sptcpo)H

<2kz:2 |spt<po|+/ \Br(t) \By ! dt — 0 as k — oo,
sptyo

where the latter term vanishes in the limit since sptypy € I and r € Li"_'(I) by assumption. Similarly, we
estimate

n—2 n—2

[ el [0 =2 0 ata
RrN\(B} ™' xI) |z

/ B! \dt+/ /()] 1B \By Y dt — 0
sptyo spty
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and

n—2

ne(lz]) [goo(w

|z —w’(t)} d(z,t)| < ‘Bgfl‘ [(n—2)k8pt<p0| +/spw|¢(t)dt] =0

/R:fn(B’;l ><I)
k

as k — oo. By definition of the perimeter, the inequality P(R?,R"~! x I) > fR,,Lm(]R,L,IX[) divV,, d(z,t) is
satisfied for all k € IN. In total, we obtain

— . n—2
PR}, R x 1) > hmmf/ M (12]) 00 (£) + (| z]) {wo(t) - @'(t)} d(, t)
R2N(R?—1xT) ||

k—oo

n—2
_ / po) =2 () d(t).
RrA(R™—1x1I) ||

Applying Fubini’s theorem provides

—2
PR, R x ) > // wo(t)ﬁT‘ _ (B dadt = (n— D /rH(t)gpo(t) _
T Bjj(;)l T

Since @y, ¢ were chosen arbitrarily, it follows P(R, R"™" x I) > (n — 1)wp, 1 A% [r].

To show the remaining estimate, we assume w.l.o.g. A[r] < oo, which implies "~ € BVioe(I) N L>(T)
by Proposition Let (ex)rew be a null sequence and consider the mollifications (r"~1)., € C®([I].,) N

L*°([I]¢,)- We define the bounded functions sy := ((7””*1)516)ﬁ on [I], for all K € IN and, using Lemma
Azl = [

[2.10] estimate
n—1y\/
(Szz7 (sp ))‘ dt
[I]s n — 1

s 5 N Gl A
</ |SZ —(rn* )Ek| dt+/ <(7n” )Ek’ _1k) dt
(1] [1]e n

n—1\/
g/ ’82_2 - (rn72>8k| dt+/ (TnQa ) )
[1]. (1. n—1/_

< /m S22 = (7m2),, | dt + A ]

dt

for fixed ¢ > 0 and k € IN large enough such that ¢, < €. By the convergence of s; to r in L*(I) and the
convergence of both 572 and (r"2)., to 7"~2 in L'(I) (where we exploit the essential boundedness of r),
we obtain

lim sup A, [s4] < AT [r].

k—oo

Next, we notice

|(RYARY) N (R™ x [1].)] :/

Br ' ABE M dt = wn / Pt — st — 0
e

(1]
as k — oo. We conclude

PR, R™ ! x [I].) < likmian(R" R"1 x [I].) < limsup(n — Vw1 A [sk] < (0 — Dwn 1 AR [r],
— 00 ) € )

Sk ?
k—o0

where we applied that
P(RI,R" x ) < (n — D1 A8

holds for functions s : I — R such that s"~! € C>°(I), which can be shown by applying the area formula. [
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3.1.3 Approximation results

In this section, we collect auxiliary non-standard approximation results for BV functions and sets of finite
perimeter.

The first result attempts to suitably control the jump part of the radius and center function of a stack of
balls. To this end, we prove some approximation result for the corresponding BV functions as well as for the
corresponding sets of finite perimeter.

Proposition 3.20 (Approximation by functions with finitely many jumps). We consider an open set I C R
and a set A CR™ of finite perimeter in R" 1 x I with |AN(R"~! x I)| < co. Moreover, we assume that A is
a stack of balls in I with radius function r € BV(I) and center function ¢ € BV(I,R"™1) such that r= > § for
some & > 0 on I. Then, for any fized decomposition of r and ¢ as in Theorem[2.28, there exist two sequences
(ri)kew € BV(I) and (cg)rew € BV(I,R™Y), such that J,, U J., is a finite set and such that there exist
decompositions of Ty, and cy that satisfy

Jre CJp,\ Dirl J,, =Dirg, =71, T =71°,

Je, T e, Dicl J,, =Dicy, cp =c, cf, = c°,
for all k € N, where J,., Iy, Jc and J., denote the jump set of the corresponding function on I. Furthermore,
the sequences satisfy

1 . ; 1
Ir — 1|+ e — ekl < % L'-ae onl and D77 (T -\Tr,) + D7l (T N\, ) < z

for all k € IN. For sets Ay, defined as the stack of balls in I with radius function r and center function cy,
1t holds

Ay — A in 'R xI)  and P(ALR" I xI)—=PA R xI) ask— .

Proof. According to Theorem we can decompose r and c¢ into the absolutely continuous part %, c®, the
Cantor part ¢, c¢, and the jump part 77, ¢/, respectively. Each decomposition is uniquely defined up to a
constant and the jump part has at most countably many jumps on I. Indeed, otherwise, the jump heights
would sum up to infinity, in contradiction with r and ¢ being BV. With the notation from the aforementioned
theorem, we have

o0
Z " (Jryi) — ]r i)| < o0 and Z " (Jeym) — Cé(jcm)l <00,
m=1

where J, NI = {jr1,7r2,... } and J. NI = {jc.1, Je.2,- - - }. Thus, for every k € IN there exists k, ko in IN with

= (s : 1 = (s 1
Z " (Jri) 77"Z(‘7r,i)| < % and Z <" (Je,m) — (]c m)| < 57 ok’ (3.4)

i=k; m=ko

and by removing the jumps j,; and jc, for ¢ > kj and m > ko, respectively, we find pure jump functions

(o] o0
7:% =7/ — Z [Tr(jm’) - Tz(jTyi)]-ﬂ[jr,i;OO] and = Z Jc m) — ¢ (]c M)M[Jc ,00]
ik m—Fo
on I with finitely many jumps J; = {jr1,...,jrrs} and Jz = {je1, ..., jek, }- Moreover, the construction
k k

yields
Tr(jr,i) - 7"5(.7.7“,1') = (fi)r(jm') - (Fi)z(jr,i) and " (Jrom) — Ce(jr,m) = (%)T(JT,m) - (%)Z(jr,m)
forall i € {1,...,k$} and for all m € {1,...,ko}, and

o0 oo
, . ) 1
Sup |Tj - le + SUP ‘CJ | Z " (Jri) — M(]m’)l + Z " (Je,m) — CZ(Jc,m)l < %

i=kg m=kg
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Finally, we define ‘ ‘
TR =10+ ¢+ 7 and  cpi=c"+ 47

and obtain rk' = F,;, cfc = 6*,7C and the stated properties of the first part of the claim.
In order to ensure that Ay is well-defined, we consider k£ > 0 large enough such that < § and therefore
rr > 0 on I. Then we obtain

1 n—1
kel S [At k)t| S 4Wn—1 | T - S t
(ABA] < LA+ (400 < 2onea (0 + ) <2710

for all t € I. By the dominated convergence theorem which we can apply due to the volume restriction of A,
Fubini’s theorem and the uniform convergence of r; and ¢y, we conclude

lim [AAA = lim /|(AAAk)t|dt:/klim I(AAAR)| dt = 0.
— 00 —o0 Jr [ k—oo

In order to show the last property of the claimed proposition, we observe that Propositions [3.18] and [3.14]
and the assumptions on A imply r € L°°(I), which, combined with 0 < [D?r|(I) — [Dir|(I) < 7, gives

[ID7 (r = HIA) = DI " HID)| = (n = )| =2 [DIr | (1) = 7" 2D | (1)
< (n=1) (r" 2| D7kl (1) = [DI)D)] + [r 72 =" 72Dl (1) (3.5

n— n—3 . 1
<=1 (I3 + (=2 (A + el n)" D7D 1

by Proposition and the Lipschitz continuity of ¢ — ¢"~2 on [0, ||| e sy + 1] with Lipschitz constant
(n—2)1+|r HLOO(I )"~3 in the case n > 2. Similarly, we find

|ID(r~H)I(1) = D"~ HI(AD)] = [[(n = V)r =D |(1) — [(n — 1)r"~*Der|(I)]

» 3.6
<(n—1)n-2)(1+|rlLemn)" S\Dcr\(—r)% (39

and, taking into account that |((n — 1)#"=2LY, D(7"~1)|(1) = [, /I(n — 1)F*=2(t)[2+ [De(F*~1)(¢)[? dt
holds for 7 = r and 7 = rg,

(= 1r =221, D)D) = |((n = D228 D ()| (1)
<=1 [ [T D0 - IO D OP|ae (37)
< (0= 1) = 2)(1+ ) "L Do) ¢

holds for a.e. t € I. Moreover, we observe A* N (R"™! x I) = R} and A} N (R"~' x I) = R} . Propositions
B:14] and [3:18] imply
P(A*, R x 1)

Wn—1

= [((n = )r" 2L, D(r"1)|(1)
= [((n = Dr 2L, D~ )|
+ DI (" )|( ) — D7 (ry~ )|(I)+|Dc( "_1)|( ) = [D(ry; )|(1)
+‘ PR 2[:1 Da n— |( _‘ n2£1 Da )’
for all k € IN. Together with , and , we conclude

P(A* R x I)

Wn—1

* n—1
= Jim (0= Dr 2, D) (1) = i DD,

k—oo Wn—1

where Proposition [3.1§] gives the last equality. O
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Remark 3.21. i) In the context of Proposition we may additionally assume |D’c| < |[D’r| on J. In
this case, we ensure |D7¢x| < |Drg| on J,, U J,, for the approximations by potentially adding more
jumps to rg. Indeed, during the choice of kj and ko in , we can w.l.o.g. consider kj € IN large
enough such that each j.; is contained in {j,; : i € ]Ngks} for alli € {1,...,ko}. Then |Dicg| < [DIry|
follows from the fact that D’r and D’c coincide with D’rj, and D’cy on J,, and J.,, respectively.

ii) As in Proposition we can show that, if I C R is open, any function u € BV(I,R") can be
approximated by functions u, € BV(I,RY) with only finitely many jumps such that J,, C J.,
Diul(Ju\Ju,) < %, |u— ug| < ¢ on I, and such that u® = uf and u® = u hold for a certain
choice of decomp051t10n of u and uy.

In the following, we collect approximation results from [62} [77) [53, [87]. The pathological parts of sets are
those of ’horizontal boundary’ when dealing with symmetrizations. A fruitful approach to deal with such
regions is to obtain the corresponding results for polyhedral sets, then transfer this to arbitrary sets of finite
perimeter via the following theorem.

Definition 3.22 (Piecewise affine function). A continuous function u :  — R¥ is called piecewise affine

if there exist finitely many open Lipschitz subsets g, ..., of Q such that |Q\ Ule Q;] =0 and u|gq, is an
affine function for all s € {1,...,k}.

Definition 3.23 (Polyhedral set). A set A C R™ is called a polyhedral set if for each = € JA, there exists
a radius 7 > 0 and a piecewise affine function u : B*~1(Z) — R such that

Cr(x) N 0A = Gaph[u] and Cr(x) N A = Sib[u]
up to rotation.

Remark 3.24. Clearly, a polyhedral set A is also Lipschitz, and the union 9A\9*A of the edges of A is an
H™~L_null set. Moreover, the unit normal of A is locally constant H"” '-a.e. on 9*A.

Theorem 3.25 (Approximation by polyhedral sets). Let A be a bounded set of finite perimeter and finite
volume in R™. There exists a representative of A and a sequence of bounded open polyhedral sets A C R"™,
k € IN of finite perimeter such that

Ap — A in LY(R"™), P(Ag) — P(A), disty(04,0A;) — 0 as k — oo,

where disty denotes the Hausdorff distance. Furthermore, it holds that P(Ay, B) — P(A, B) for all Borel sets
B € B(R™) with P(A,0B) =0

In [62, Remark 13.13], a proof of the previous result for the convergence in L' and with respect to the
perimeter is sketched. In order to derive limy_, sup{dist(z,0A) : x € 0A;} = 0 as well, one can exploit
the fact that smooth functions and their gradient can be approximated locally uniformly by piecewise affine
functions, see, for instance, [34, Chapter X Proposition 2.1].

For the proof of a generalized version of the Schwarz inequality, we need to overcome horizontal boundary
parts of even smooth sets. The following theorem from |77, Theorem 1.1] provides an approximation which
contains a positive distance to the original set in order to be able to rotate horizontal boundary parts which
may arise during a second approximation by polyhedral sets.

Theorem 3.26 (Approximation by compactly contained smooth sets). Let A C R™ be a bounded open set
with H"~1(0A) = P(A). Then there exists a sequence of smooth open sets A, € A with P(A) — P(A),
Ay — Ain L', and 0Ay, — OA with respect to the Hausdorff distance as k — oo.

Remark 3.27. We can reformulate Theorem [3:26 with a strict exterior instead of a strict inner approximation,
i.e., such that the sets Ay in the theorem are bounded and satisfy A € A.

To this end, we apply Theorem on Bap\A for R > 0 large enough such that A @ Br and find a
strict interior approximation of Bar\A by smooth and bounded sets (Ap)ren in L' and with respect to the
perimeter. Furthermore, dA; converges to 9(B2r\A) with respect to the Hausdorff distance. We observe that
A € Bg\A,, for all k € N, and that B\ A converges to A in L' as k — oo. Now, by the choice of R, we
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find kg € IN such that dist(@flk,@BR) > % holds for all £ € N>y, , hence BR\Ak is a smooth and bounded
set for all k > kg. By the lower semicontinuity of the perimeter, we have

P(Bag\A,Br) 4+ P(B2r\A, R"\Bg) < lim inf P(A;, Bgr) + lim inf P(A;, R"\Bpg)
< lim inf P(Ay)
= P(B2r\A)
- P(BQR\Aa BR) + P(BQR\A7 Rn\ER) 5

which leads to the convergence of PA(BR\/LC) = P(A;,Br) to P(4) and of P(A;, R"\Bg) to P(Bag) as
k — oo. We finally define Ay, := Br\ A1k, to obtain the claimed properties for Ay.

As a continuation of the previous result, the following theorem from [53| Theorem 1.8] allows for the conclusion
of the generalized Schwarz inequality for sets without pathological boundary portion.

Theorem 3.28 (Approximation of non-pathological sets). Let A C R"™ be a bounded set of finite perimeter.
It holds that H"1(0AN AY) = 0 if and only if there exist smooth open sets A, € A, k € N, with A, — A in
LY(R™) and P(Ag) — P(A) as k — co.

Remark 3.29. For A as in the previous theorem, we show that H"~1(9A N A°) = 0 holds if and only if there
exist bounded smooth open sets Ay, k € IN, with A € Ay, for allk € N, Ay — Ain L}(R") and P(A4;) — P(A)
as k — oo.

Indeed, if H"~1(8A N A%) = 0 holds true, we can use a similar approach as in Remark [3.27] - and consider
the strict inner approximation (Ay)ren of Bag\A for R > 0 large enough such that A € By from Theorem
This is possible since H"~}(0(Bar\A) N (Bar\A)!) = 0 follows from the assumption on A. We find
some 7 € (R,2R) such that P(Ay,dB,) = 0 for all k € N and consider the sets B,.\A; which contain A
compactly and approximate it with respect to the L!-convergence. As in Remark we can now conclude
that BT\Ak converges to A with respect to the perimeter. In order to ensure that we can choose suitable
smooth approximations, we apply Theorem to BT\Ak for all £ € IN. Since the theorem ensures the
convergence of the boundaries with respect to the Hausdorff distance, we find a diagonal sequence that
approximates A from the exterior as claimed.

The argument for the other implication is similar.

Finally, the result of [87, Teorema 2| allows an approximation of general sets of finite perimeter by sets
without pathological boundary parts.

Theorem 3.30 (Approximation by non-pathological sets). Let A C R™ be a set of finite perimeter and finite
and positive volume. Then there exist sets Ay C A, k € N such that A, N AY =0 and

A — A inLYR™), P(A\Ax) —0 and 0A;, — A with respect to the Hausdorff distance as k — oc.

Remark 3.31. Let A be a bounded set of finite perimeter. Then there exist bounded sets Ay C R"™, k € N,
with A C Ay and 0A, N AL = ) for all k € IN such that Ay — A, P(A\Ax) — 0 and 9A;, — OA with respect
to the Hausdorff measure as k — oo.

Indeed, taking into account F¥ = (R™\F)! for all measurable sets ' C R"™, we can repeat the argumentation
of Remark [3.27 to obtain the claim.

3.1.4 Auxiliary results

In this section, we show further auxiliary results for this chapter.
The following intuitive result on the Hausdorff dimension of extended graphs may be known to experts, but
no statement was found by the author in the literature, hence we here give details of the proof.

Definition 3.32 (Extended graph). For u € BV((a,b), RY) for a < b in [~00, ], the extended graph of
u is defined as the set

Dy o= {(tu' (1) : t e (a,b)}u | [} x {u' () + (" (j) —u'(5) - s € [0,1]}] .

J€Ju
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Lemma 3.33 (Hausdorff dimension of extended graphs). Let u € BV((a,b), RY) for some numbers a < b in
[—00,00]. The Hausdorff dimension of the extended graph of u is equal to 1, and it holds

M (Tu) = |(£1, Du)|((a, D).

Proof. The proof is divided into several steps, where the level of regularity for u is weakened iteratively. If
not otherwise stated, we will always consider the representative (-)¢ from Theorem m

Step 1: Show the claim for all u € C1((a,b), RN):
In this case, the function v : (a,b) — (a,b) x RV, ¢ — (¢,u(t)) is a C* curve with image T',,, which leads to

H' (T, 1 ((a,5) x RV)) = [Dol((a, b)) = |(£", Du)|((a,b)).

Step 2: Show the claim for all u € BV((a,b), RY) with |D’u|((a,b)) = 0:

We consider ¢ < d in (a,b) and note that u is a continuous function. Hence, we find suitable approximations
ur, € C®((e,d),RNY) N C%[e,d], RY) of u, such that uy converges to u uniformly and with respect to the
strict and area-strict convergence in BV((c, d), RY), and such that

tim inf | (£, Duy)|([e.d]) < (€1, Do)l (fe, ]

is satisfied according to Remark [2.11] The uniform convergence transfers to the extended graphs. In particular,
Ly, N ([e,d] x RY) converges to T'y, N ([e,d] x RY) with respect to the Hausdorff distance as k — oo. Since
L, N ([e,d] x RY) and T', N ([e,d] x RY) are connected and compact sets, we can apply Golab’s theore
which yields H*(T', N (e, d] x RY)) < liminfy_ oo H (T, N ([c,d] x RY)). Additionally, for v defined as in
Step 1, it holds by the continuity of u that |[v(t) — v(s)| < HY(Ty N ((s,t) x RY)) for all s < ¢ in (a,b) and
with this we conclude pVar(v, (¢,d)) < H'(I'y N ([¢,d] x RY)). Finally, with the result of the first step, we
estimate

(£, Du)|((¢,d)) = |Dv|((c, d))
= pVar(v, (¢,d))
<SHN Ty N (e, d) x RY))
< liminf #' (T, 0 ([e,d] x RY)) (3:8)
= lim inf [(£*, Duy)|([e, d])
< (21, Du)|([e, d]) -

Again, we use the continuity of u to deduce |(£!,Du)|({c,d}) = 0, which leads to equality in the above
inequality. In order to transfer this result to the whole interval (a, b), we use a standard exhaustion argument,
which yields

H' (T N (a,b) = ;%Hl(ru Nla+eb—¢]) = g%ml,Du)\([aH,b—e)] = [(£",Du)|((a,b)),

confirming the claim in the general case.

Step 3: Show the claim for u € BV((a,b), RY) with only finitely many jumps:
In this case, we can consider finitely many connected components I, ..., I of (a,b)\J, and obtain the claim
on each [;, instead of (a,b) as in Step 2. For the jumps, we consider j € J,, and obtain

HY (w0 ({7} x BY)) = Ju(j+) — u(i=)] = (L', Du)l({5}).

By adding up, the claim follows.

Step 4: Show the claim for all u € BV((a,b), RY):

With Remark we can approximate u by functions uj with finitely many jumps such that it holds
u® = uf, u® =uf, Ju, C Ju, |u—ug| < % and |DIu|(J,\Ju,) < % for all £ € IN. In fact, u, approximates u

*Golab’s theorem can be found, for instance, in |40, Theorem 3.18].
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uniformly and area-strict in BV((a,b), R™), such that the same strategy as in Step 2 applies. Indeed, since
Ju = Jy is a countable set and the jumps coincide with the distance of the one-sided limits of v, we can verify

k—1
pVar(v, (¢,d)) = sup {Z [v(tig1) —v(ts)|: k€ Nxo, t1 <to <--- <t in (c d)\JU} ,
i=1

which leads to |Dv|((e,d)) < HY(TN((c,d) x RY)) and to for all ¢ < d in (a, b) as before. Furthermore,
for all ¢ < d in (a,b)\J, it holds |(£*,Du)|((c,d)) = |(L*,Du)|([c,d]). With this, we find H* (T, N [c,d]) =
|(£', Du)|([c,d]) for all ¢ < d in (a,b)\J,. The claim follows by a exhaustion argument with respect to the
interval (a,b), which works in this case as well since J,, is countable. O

Lemma 3.34 (Basic regularity of the radius function). Let I be an open set in R and let A C R™ be a set of
finite perimeter and finite volume in R"~! x I. Then rad4 is a measurable function on I and I‘adj; and rad
both are representatives of rad 4 such that the one-sided limits exist at each point in I and it holds

rad () := max{rad 4 (t+),rad 4 (t—)} and  rad,(t) := min{rad4 (t+),rad(t—)} foralltel.

In particular, rad is lower semicontinuous on I and {rad; > 0} NI is an open set. Moreover, the radius
function of A is in BViec({rad, > 0} N 1I) NL>(1).

Proof. With the definition of the Schwarz symmetrization and Fubini’s theorem, it holds (R"~! x I) N A* =
(Rt x1)n Ri.q, up to null sets for each representative of rad 4. The Schwarz inequality implies that Rf; |
is a set of finite perimeter in R"~! x I. By Proposition the function rad” ™" is in BVee(I) N L(1) with
|Drad”~*|(I) < co. Hence, we find representatives (rad’y T)* of rad’; ', such that the one-sided limits exist
at each point in I and by Theorem [2.24] they coincide with the jumps as claimed. Then, by definition of
the approximate limits, we obtain Iadi = ((I‘adff(l)i)ﬁ, which gives representatives of rad 4 with existing
one-sided limits at each point in I. In fact, (radf‘_l)_ is a lower semicontinuous function, which transfers
also to rad’, thus follows the openness of {rad, > 0}. With rad4 € L°°(I) and Proposition we conclude
rad 4 € BVipe({(rad’y 1)~ > 0}) = BViee({rad; > 0}). O

Lemma 3.35. Let A C R™ be a set of locally finite perimeter. Moreover, letr : I — [0,00) andc: I — R""!
be two regulated functions defined on the open interval I, i.e., for every t € I, the one-sided limits r(t£) and
c(tt) exist. If A is a stack of balls in I with radius function r and center function c, then it holds

TrH;]lA = ]lB;L(:i)(c(tf))X{t} and TrH:r 14 = ]lB?(_ti)(C(t+))><{t}
for allt € I. In particular, it holds

P(A,Hy) = [BIG L (c(tH) ABIG Y (e(t-)].
Remark 3.36. For an open interval I C R and a set A C R” of finite perimeter in R"~! x I, Lemma m
implies that rad4 is a regulated function on I. Moreover, cens« = 0 on I, which, according to the previous
lemma, leads to
* n—1 —1
P(A™, Hy) = ’BrL(t—s—)AB;L(t—)|
forallt € I.

Proof. Throughout the proof, we abbreviate B := Bf@i)(c(t—)) if r(t—) > 0 and B := {c(t—)} if (t—) = 0.

Let z € (R""'\B) x {t} and choose some € > 0 such that dist(x, B) > 3¢. By the one-sided continuity of r
and ¢, we find 6 > 0 such that

lr(t—) —r(s)| <e and le(t—) —c(s)| < e for all s € (t —6,t). (3.9)

For R < min{d,e}, we show Br(z) N AN H; = (). Indeed, for each y = (7,y,) € Br(z) N AN H, , it holds
dist(y, B) > 0 by the choice of R. For p € B on the line between c¢(t—) and 7 (i.e., p is the nearest point of
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0B to 7), we estimate

dist(y, B) = [p — 7
= le(t=) =yl = |p — c(t-)]
= le(t=) =g —r(t-)
< let=) = clyn)| + le(yn) = 7| — r(t—)
<e+r(yn) —rt—) < 2e,

where we use that the shape of A is stack of balls. This is a contradiction to the choice of ¢, hence Bg(x) N
ANH; =10.
We conclude that, for p < R, it holds

][ ]lAdy: 0.
B, (z)NH,

With this, the case r(t—) = 0 is proven.

Figure 3.2: Ilustration of the proof of Lemma m

If r(¢—) > 0, we find for each z € B x {t} some £ > 0 such that dist(z,0B) > 3e. Again, we choose § > 0
such that (3.9) is satisfied. For R < min{d, e}, we observe

[v = (e(vn), vn)| <0 =2| +[2 = c(t=)[ + |e(t=) — c(vp)| S e +7(t=) = 3e + & <r(vn)
for all v € Br(z) N H; . Thus, for all p < R, it holds

][ ]lAdy:1.
B,(2)NH,

Since OB x {t} is an H" l-null set, we proved TrH_]lA = 1. The proof of Tr +]lA = ]an( L et {0}
t+

works analogously, and the perimeter equality follows from Proposition [2.59] O

The following result can be found for the one-dimensional Steiner symmetrization in Corollary 3.4]. For
the Schwarz symmetrization, we refer to Lemma 3.1].

Lemma 3.37. Let I be an open set in R and let A C R™ be a set of finite perimeter and finite volume in
R"~! x I. Then, it holds

* Bl —=n—1
B 1@ C((A)"): € Bz  and Bnmdj(t) C((A)"): C Bty  foralltel,

where we identify Eg_l := {0}.
Remark 3.38. Let A and I be as in Lemma [3.37] Then, by the symmetry of A*, it holds that

=n—1

* 71 *
(AM)Y); € {B 2By (t)} and  ((A")*) € {Bw(t),Bw(ﬂ} for all t € 1.

In general, we can neither verify that ((A*)'), = B ! mor ((A)Y), = E:;;;l(t) holds for all ¢ € R. Similarly,

no

((A*)T), = B:;dl(t) and ((A*)1); = §:a;£(t) cannot be expected to hold for all ¢ € I, compare the following

example.
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Ezample 3.39. Let I = (—%,1) and A = A* := (—1,1) x I, then (A'), = (—1,1) and (4T), = [-1,1] for all
t € I. For the same I, we define
1

A= Aim Umdg (0, mdz0) < {1} with wdg(0) = 1 o

tel

It holds rad ; € W' (I), and since rad 5 is decreasing on

’4
and rad 5 (e_%) =1 — p for small p > 0, we conclude
~ e 1
‘me/” 2]0 1<i>logtd e r
= < —0 as p\, 0
|Qpl 4p? p?

for Q, = (=p,p)* + (1,0).

Hence, the slice (A1)g is the open interval (—1,1). Similarly, if we define A = A* via rad 4 (1) == 1 — @ as

b\»—‘

Figure 3.3: The sets Aand A

before, we can verify (A1) = [—1,1].

Proof of Lemma[3.37 We first notice that rad4 is a regulated function on I according to Lemma [3.34] Let

telandzeB 1(t) W.Lo.g., we assume rad ; () = rad 4 (t—) and define the value ¢ := 3dist (x OB 1(t))

such that, by Lemma [3.34] there exists some § > 0 with |z| < rad(s) — ¢ for all s € (t —§,t +6) C I. By
this choice, it follows B2~ (a:)\B:;}l(s) = for all s € (t —4,t + §). Fubini’s theorem yields

‘Bmm{e 5}(],‘ t)\A | = |Bmm{£ 5}(3; t \R | =0,

which leads to (z,t) € (A*)L.
In order to prove the other relation, we consider x € ]R"_l\EI.;:i(t). Then, for ¢ as before, there exists § > 0
such that |z| > rad;(s) + ¢ for all s € (t — 4,¢). For p < min{e, d} it follows

1
[By(@,8) N A < [By(a,1) N H| = Jwnp”
which implies = ¢ A*.
Forz € BIadJr(t)7 we find for € := Ldist (m oB (t)> some § > 0 satisfying |z| < rad’(s)—¢, for all s € (¢,t+0)
such that [B,(z,t) N A*| > 1|B,(z,1)] follows for all p € (0, min{e, §}). This implies z € (A*)*.

Finally, for x € R~ 1\Bmd+ and € as before, there exists § > 0 with |z| > rad{(s)+¢ for all s € (t—6,t+0).
Hence, Buinge,s3 (2, 1) C ]R"\A* holds up to a null set. O

Lemma 3.40. Let A C R"™ be a set of finite perimeter. Moreover, let s <t in R and consider two open sets
B;, B; in R~ L. The equalities

(AY), = (AY), =B,  and  (A%), = (A}), = B,

up to L7 t-null sets, imply
|BsABy| < P(A,R™! x (s,1)).

Proof. Let 7 be the projection to R"~!, defined by n(z) = T for # € R". Since the Hausdorff measure
decreases under projections, it holds

H L (0°A x (R™L x (5,1)))) < H* (04 x (R"™ x (s,1))) = P(A, R x (s,1)).

Therefore, it is left to show
|(BsAB)\m(0"A x (R"™* x (s,1)))| = 0.

We argue for the latter by contradiction and assume that we find some set F € M"~! with F C B,AB,,
0 < |F|, and 0*AN (F x (s,t)) = 0. Then, the De Giorgi structure theorem implies

IDL|(F x (s,t)) = P(A, F x (s,)) = 0.
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In the following, we assume w.l.o.g. [F'N (B;\Bs)| > 0. By the regularity of Radon measures, we find an open
set F' D F which satisfies P(A, F' x (s,t)) < |F N (B{\Bs)|. By Propositionm the function t — 1 4(z,t) is
in BV((s,t)) for a.e. z € R"! with

Dpla(F x (5,t) =Dl g - en(F x (s,1)) = /ﬁ]lA(x,t—) — T a(x,s+)dz. (3.10)

By Remark 2.18 and Theorem [2.24] it holds
1 (.’t, ) = (]lA(xa ))7 < ]lA(iL’, ) < (]]-A(l', ))+ =14+ (1’, )

for a.e. z € R"! and every good representative of 1 4. Together with the assumptions on A and -7 we

conclude D ILA(F X (s,t)) = |F N By| — |F N Bs| = |F N (B\Bs)| > |F N (B;\Bs)|, which contradicts the
assumptions on F. O

Lemma 3.41. For every set A C R"™ of finite perimeter and finite volume, there exists a sequence (Rg)ken
of positive numbers with Ry — oo and

[(ANBR)"T),| = [((A) )]
as k — oo for every t € R.

Proof. Since A is a set of finite perimeter and finite volume we can consider a sequence (Ry)ren of positive
numbers with R — oo as k — oo such that H" (AT NdBg,) — 0 as k — oco. Indeed, the formula for radial
integration applied on 1 4+ gives co > |A| = [(¥ H" (AT N9BR)dR and therefore lim, o [~ H" (AT N
OBR)dR = 0. The latter implies the existence of the sequence (Ry)ren as stated. In the following, we show
that |((A\Bg,)"):| — 0 uniformly in ¢t € R as k — oo.

To this end, we observe that

H""(8(A\Br,)) = P(A\Bg,) < P(A4,R™\Bg,) + H" 1(A* N0BR,) =0  ask— oo
holds by Lemma [2:49] Theorem [2.:47] the choice of Ry and the assumptions on A. Hence, for every € > 0, we

find kg € IN large enough so that
€

H" 1 (0%(A\Bg,)) < 3 (3.11)
is verified for all £ € IN>;,. We now argue that this implies
|((A\Bg,) )| < 2¢ forallt € R and all £k € N>, . (3.12)

Indeed, if we assume that we have

2¢ < |((A\Br,)")e| = | (9 (A\Br,))e| + [((A\Br,)"):

9

then the choice of k implies |((A\BRk)1)t‘ > €. Since 0o > |A\Bpg,| = [7_ |[(A\Bg,)s|ds, we find some

s € R\{t} such that
[(A\BR,) )| < 5

W.lLo.g. we assume s < ¢t and conclude as in the proof of Lemma [3.40] that the choice of k¢ and s implies

P(A\Br,, R"™" x (5,1) > |(A\Br,))e| = [(A\Br,) )| > e = 5 = 5,

in contradiction to (3.11). Hence, we have (3.12)). By Lemma Proposition and Theorem we

can estimate
(A9, = (AP B, = 03 = T, 0
< <v01A+ (t) — VO](AﬂBRk)+(t))+
= (I(4%)ul = (AN B l) "
< (J((A\BR) )™ -
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Together with (3.12)), we conclude |((A*)*),| — |(((ANBg,)*)"),| < 2¢ independently of ¢ and for all k €
IN>.,. By the arbitrariness of ¢, we find

i (AN Br)") ), = (4,
for all t € R. =

Lemma 3.42. For a set A C R™ of finite perimeter, the estimate
/ P(A;, F)dt <P(AF x K)
K

holds true for all compact sets K C R and open sets ' C R™L.

The proof is analogous to the one in [62, Proposition 14.5] but as the frameworks are not the exactly same,
we provide the proof for the altered statement.

Proof. We first note that, according to Theorem the slices A; are sets of finite perimeter for a.e. t € R.
Moreover, since for the mollification (14)c of 1 4, it holds that

R
/ / [La(z,t) — (La)e(z,t)|dxdt — 0 as e \,0
-RJBg

for all R > 0, we conclude (for a subsequence, which we will denote as the original sequence) that (14)(-,t) —

La(-,t)in Li, (R"!) for L'-a.e. t € R. Taking now some vector field ® € CL(F,R"~") with supga1 [®| <

1, the convergence transfers to (14)c (-, t)div ®(-), leading to

/ div ® dx
Ay

for a.e. t € R. An application of Lemma [2.10] and the lemma of Fatou yields

/P(At,F)dt:/ sup{/ div ® dz
K K FNA,

/hminf/ IV (1a)o(z, 8)] dadt
K P

N0
< liminf |D(14)e|(F x K
iminf [D(1Ly)c| (F x )

= gli%/p [Vi(1a)e(z,t)  @(z)] da < 1i£n\i(§1f/F V(1 a)e(z,t)] da

P eC!

cpt

(F,R™1) with sup|®| < 1} dt
F

VA

< limi 7
hin\lglfP(A (Fx K).)

P(A,F x K),

which proves the claim. O

3.2 Characterization of the equality cases in the Schwarz inequal-
ity
In this section, we derive the full characterization of the equality cases in the Schwarz inequality. According

to Theorem we know that if a set A C R™ of finite perimeter satisfies P(A*) = P(A), then A is a stack
of balls. In turn, the analysis of the radius and center function of A is crucial for showing the main result.

3.2.1 Regularity of the radius and center function

In Section we saw that the radius function rads of a set of finite perimeter A is locally of bounded
variation in {rad; > 0}. The purpose of this section is to show that if A is a stack of balls, then the center
function ceny is in BV as well.
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Notation. For all F C R*, k € IN and I C R, we abbreviate
Fr==FnRF!'x1I).

If £ > 2, then we write
F'={(z,5t) e RFZxRxR: (x,t,5) € F}

for the set that exchanges the positions of the last two components.

Proposition 3.43 (The perimeter formula for Schwarz symmetrizations). Let A C R™ be a set of finite
perimeter and finite volume. Then, the function

PR X R R, (2,6) /(5 (02— [o2)s

is in BVioc(D) for the open set D := {(x,t) € R"2 x R : rad;(t) > |z|}. Moreover, for I € B({rad; > 0})
and F € B(R"™?), it holds

* n—1 1 n—1 n—1
P(A*, F x R x I)=2|(L" ', Dp)|(DN(F x I)) + | > \(BW( OB ) N (F x R)|. (3.13)
JEdeAﬁI
The corresponding statement for the Steiner symmetrization can be found in |14, Corollary 3.4].
Remark 3.44. We draw attention to the fact that, with the assumptions and the notation from the previous

proposition, D7 p(D) does not fully measure *A* N (R"~! X Jq,) because of the definition of D.

Proof of Proposition|3.45. First, we record that the essential boundedness and the lower semicontinuity of
rad4 from Lemma transfers to p on all of R™~!.
The subgraph of p over R"~! coincides with (A*)’ UR™ up to null sets, where we set R* := R*¥~! x (—00,0)

for all k € Ns. Indeed, for Ll-a.e. t € R, it holds (A* UR™"), = B" 1( Y R"™!, which correlates to the

corresponding (rotated) slice of Sbp. According to Proposition [2.53] we find p € BVi,c(D) with [Dp|(D) < oo
and [{p > 0}| < oc. Moreover, p is continuous on R™~? x (I\Jpa, ) since J, C (D)j,, . Now, let

={(z,5,t) ER"ZxRxR: s < p(x,t)} = Sblp|

and
S_:={(z,5,t) ER"ZXxRxR: s> —p(x,t)} = Sp[—p|

denote the rotated sub and supergraph of p and —p, respectively. Then, we can identify
A*=8_nNS;
up to null sets. This gives
P(A*,R" ! x I) = P(A*,R""2 x (0,00) x I) + P(A*,R"?2
=P(S4,R"? x (0,00) x I) + P(S_,R"?

(—00,0) x I) +P(A*,R"? x {0} x I)
(—00,0) x I) + P(A*,R"? x {0} x I)

for all Borel sets I C {rad; > 0}.

In the following, we show P(A* , R"~2 x {0} x I) = 0 by arguing for n = 2 and n > 2 separately.

For n = 2 and all € > 0, we define the set I. := I N {rad; > ¢}, such that {0} x I. C (A*)! follows by the
definition of A*. Hence, we have P(A*, {0} x I.) = H*(9*A* N ({0} x I.)) = 0, and by sending ¢ to 0, the
same holds true for I instead of I. in the two-dimensional case.

In the case n > 2, we argue by contradiction and assume P(A*, R"~2 x {0} x I) > 0. The invariance of the
perimeter under rotation gives P(T'A*, T[R"~2 x {0} x I]) > 0 for all rotations T  that leave the n-th axis fixed,
i.e., with T'(0,¢) = (0,t) for all ¢ € R. For such rotations, the definition of the Schwarz symmetrization gives
TA* = A*, and therefore, P(A*, T[R"~2 x {0} x I]) > 0 holds for all those T'. In fact, we find infinitely many
rotations 7' # T that satisfy T[R"~2 x {0} x I]NT[R""2 x {0} x I] = {0} x I, which is an H"~!-negligible
set. We therefore conclude

> P(AL TR x {0} x I]) = Y P(A*R"?x {0} x I) =
k=1 k=1
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for any rotations T; chosen as described with T} # T; for k # i in IN, in contradiction to the choice of A.
According to Remark [2:54) and the definition of D, it follows

(A", R"™! 5 (I\Jsa,)) = P(S1, R"72 x (0,00) X (I\Jua)) + P(S—, R x (=00,0) x (I\Ja))
= P(Sthp, "2 x (I\Jsa)) X (0, 00))+P(Sp[—p], R" 2 x (I\Jat,)) X (—00,0))  (3.14)
=2/(L" 1, Dp) (D1, ) »

where we crucially exploited the continuity of p on R"™2 x I\Jpq,, compare Remark
Now, for j € Jpa, N1, it holds

P(A*,Rn_l % {]}) — Hn—l((a*A*) ) |Bn 1 \Bn 1

i (3.15)

HoL

according to Lemmam Together, (3.14]) and (3.15)) yield (3.13)) in the special case F' = R"~2. The argument
for arbitrary sets F' € B(R"~2) works analogously. O

Lemma 3.45. We consider A, I, p and D as in Proposition[3.]3 Then the equations
i) [Dep|(Dr) = =5 D (rady )] (1),
) 3jermnnt Bt ) 2B ()| = @na[D? (diHI(D),
i) P(A%, R x 1) = 2/(£71, D) (Dy) + w1y [D* (s )| (1),
iv) 2/(L"1,D%)|(Dr) = (n — Dwy—1rady~?|(£", Drad a)[ (1)
hold true.

Remark 3.46. Lemma3.45(implies P(A*, R" ' xT) = (n—1)w,_11ad’ " 2|(L", D%ad a)|(I)+wn_1|D* (rad’y ) |(T)
for sets A of finite perimeter and finite volume and for Borel sets I C {rad; > 0}, which is also a consequence
of |7, Proposition 3.4], compare also |26, Corollary 2.4].

Proof of Lemma[3.45 For showing[i)| we first apply Proposition to obtain

Dcp _ (07p7n) (ﬁn—2 ® DCIEdA) ,

where 7(z,t) = rad; () for all (x,t) € R"~? x I. Fubini’s theorem yields

IDp|(Dy) = gwﬁ © [Derad ) (Dr)

_ / 20 4(2m2 o [Dradal)(a, 1)
Dy

da d|DCrad 4| (2) .

Br:d ) |13|2

We draw attention to the fact that in the case n = 2, the computation above simplifies since p = rad;, hence
D¢p = D°rad 4. In the general case, a suitable substitution gives

1
Dp|(D;) = / rad )" "2 d|Drad 4| ( —dx 3.16
| |( ) I( A) | |( ) B?’Z m ( )
We now show via an inductive argument that the latter integral equals mw,,_3 = (ngl)wn_l. To this end, we
record that ) b1
We+1 (317)

xr =
1|22 2
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follows for k = 1 and k = 2 by standard integration methods. We assume that (3.17) holds true for all
ke{1,2,...,n— 3}, where we consider n > 5 from now on. With Fubini’s theorem, we determine

1 1
/ ﬁdx:/ ——— dydv
R LA S SRV P TR

-5
:/ VISR Cae [
B% B;L—AL 1_|Z‘2

—3 -5
Lwn,g/ 1-— |v|2n dv
2 B%
1

n—3

n—>5
wn,327r/t 1—¢2 dt
0

n—3 (' .
= TWp—3 5 s 2 ds
0

= TWn—-3 -

Hence, by another application of the chain rule for BV functions, (3.16]) can be rewritten as

Wn—1 o Wn—1

/I (n— 1)(rad7)" 2 d Do (1) = =1 IDe(rad?y )| (7).

[Dpl(Dy) = >

The analysis of the jump parts gives

S B AB = Y )™ () — ()" )

JE€Jwa , NI JE€Jma NI
=wpr oy DY (mdiH|({5})
jEdeAﬂI
= wy—1[D (rady )| (1)

Therefore, the estimate for the perimeter of the symmetrization is verified by Proposition To show
we apply Proposition [3.1§ to obtain

wn-1]((n = Drady LY, D(ad}y )| (1) = P(A", R"™! x 1) = 2|(£"71, Dp)|(Dr) + wp—1|D*(rad}y™)|(1) -
In particular, applying Theorem [2.16] yields
wa—1 |((n = Drady2 LY, D (rad’y )| (1) = 2[(£"7, D) (Dr)
and since rad 4 € BVyo(I), we can further apply Proposition and obtain
(n = Dw,—y1ady?|(£", Dada)|(1) = 2/(£L"1, Dp)|(Dr) - B

Our next goal is to conclude the announced regularity result for the center function and to find a perimeter
formula for general stacks of balls similar to the one in Proposition [3.43] that involves the center function.
The following remark derives this formula for the special case n = 3 and with rad 4, cen4 in C?.

Remark 3.47. Let
A:={(y,t) eR* xR : |y — cen(t)| < rad(t)}

be a set of finite perimeter, where both cen(t) = (0,¢(t)) : R — R? and rad : R — [0, 00) are C! functions on
R. For any open set I C {rad > 0}, we define the bijective C! function

F:0,2m) x I — (0A)1, (¥,t) — (rad(t) sin®}, rad(t) cos & + ¢(t), 1) .
Hence, the transformation formula and Fubini’s theorem give
P(A,R? x I) = H?*(DAN (R? x I))
= H*(F([0,27) x I))

. (3.18)
:/rad(t)/ V14 [¢/(t) cos ¥ + rad’ ()[2 d9 dt .
I 0
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We define the functions é(y,t) := ¢(t) for all (y,t) € R x I and p(y,t) := /(rad(¥)? — y2)+ for (y,t) € R x I.
For the set D := {p > 0}, it holds D, = (—rad(t), (t)) for all t € I, Wthh ylelds

(£, D(p £ &)|(Dr) = \/1+ID y,t) £ ey, 1) d(y, 1)
rad(t 2 / 2 /
\/md o T <(t>)>2 Ifd;? )20 ) Iﬁid((tz)rad_(t; ya

L d @) e 4 gwp RO
cosﬂ\/ o502 T (cosD)? + (c(t)? £ 2¢ (t)m dd dt

/md/

_ /rad(t) VIT10(0) cos 9 £ e ()2 d9 dt.
I

ol ,\,H

[NE]

Hence,
[(£2,D(p + &)(Dr) +[(£%,D(p — &)[(Dr) = P(A, R x I)
follows by (3.18) and symmetry properties.
Theorem 3.48 (Regularity of radius and center functions). Let A C R™ be a stack of balls which has finite

perimeter and finite volume. Then the following properties hold true.
i) The radius function rada of A is in BViec({rad; > 0}) NL>*°(R).

ii) The center function cens of A is in BVioec({rad, > 0}, R" 1) N L2

loc

({rady > 0}, R™1).

ili) If ceng = cep—1 on some open set that contains I € B({rad; > 0}) and for a function ¢ : {rad; > 0} —
R, then it holds that

P(A,FxRxI)= (L1, D+ p)(DN(FxI))+|(L"1,D(é— p)) (DN (F xI))

+ Z |(ngj(j+)(oenl4<j+))AB?adA(J )(OenA(j_))) N(F xR,
jeint
for all F € B(R"2), where we identify é(x,t) = c(t) for all (x,t) € D, define J == Jua, U Jan,,
consider good representatives of rada and cena, and define the function p as in Proposition[3.43

(3.19)

The main result of this theorem is the regularity of the center function. To ensure this, we must show that
cen 4 is indeed a regulated function on {r~ > 0}. Then, the continuous part and the jump part of the center
function can be treated separately. Lemma [3.35] gives the summability of the jumps of cens, whereas, for
continuous center functions, we argue similar to the proof of Proposition Then, as in Proposition [3.20
the approximation of cen4 by functions with countably many jumps gives the claim in full generality.

The formula will be crucial in the proof of Proposition where we consider the cases of equality of
the Schwarz inequality on the non-vanishing radius parts. Thanks to the one-dimensional Steiner inequality,
we will be able to reduce the general case to center functions that vary in only one variable.

Since the center function can become pathological when the radius approaches 0, we cannot extend the
regularity of ceny from the previous proposition to larger sets. The following example from |7, Example 4.2]

illustrates that the given regularity is optimal.
Ezample 3.49. We consider the set
1
- (,0)’ <t2} )
t
According to Remark and Lemma [3.35] we obtain
P(A) = P(A,R? x (—1,1)) + P(A,R? x {—1,1})

1 27
)
:/ t2/ \/1+‘—COS2’ + 2t
1 Jo t

1
<2w/ 2+ 14283 dt + 2w,_1 < 0.
—1

A= {(x,t) ER?*x (—1,1):

2
dvdt + 2wy,
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Furthermore, the center function ceny = (O, %) is not even locally integrable on (—1, 1), but it is in the space
BVIOC((_17 1)\{0}7 RQ) = Bvloc({mdz > 0}’ ]RQ)

Figure 3.4: The surface of the set A in Example

The following example shows that the regularity analysis of the radius function also cannot be improved.

Example 3.50. Consider the bounded body of revolution

A=RY,

where the radius function r = rads of A is defined as Y -, %]l( -y The function 7 is in L*(R) and

L
2k'2k—1

Figure 3.5: The set ANR? x (,1) in Example m
vanishes at the origin. However, since each jump at i has height %, it is not a BV function in any neighborhood
of 0. Nonetheless, we record r € BVio({r~ > 0}), |A| < 7 and

P(A)—Zﬂ'io:i%—1 ST < 00
- k:1k2 E\2k—1 2k '

Note that any stack of balls with radius function r and a center function which is a.e. constant on each

interval (i, T1—1) has the same perimeter as A.

In the case of Steiner symmetrizations in arbitrary dimension, the regularity of the barycenter function is
only shown to be GBV on the sets {rad; > &} for a.e. § > 0 according to [14, Theorem 1.7]. Certainly, for
n = 2, it holds A% = A*, and therefore, the regularity can be lifted in this case. In general, the behavior of
barycenter functions of Steiner symmetrizations at infinity might not have a direct effect on the perimeter,
compare Remark 3.5], whereas the center functions for Schwarz symmetrizations do. This fact will be
exploited in Step 1 of the following theorem, showing that cen4 is in fact a regulated function.

Proof of Theorem[3.]8 The first statement concerning the regularity of the radius function is covered by
Lemma Turning to the center function, we notice cena(t) = :FAt xdx]l{mdzx)} for L'-ae. t € R,
showing the measurability of cen. The remaining proof is divided into four steps.
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Step 1: Show that ceny is a regulated function on {rad, > 0}:

Let t € {rad, > 0}. By the regularity of rada, the set {rad, > 0} is open and the one-sided limits of rad},
exist at t as positive values. In fact, for all sequences (t;)rew with ¢, /'t as k — oo and all € € (0,1ad (¢t—)),
there exists ko € IN such that |rad (t—) — rad, (t)| < € for all k > k.

We now assume that the a.e. taken left limit of cen 4 does not exist at ¢ and record that for every representative
ceny of ceny and every null set N C R, there exists a sequence t; ¢ in R\ such that ceny4(t;) does not
converge in R"~1 as k — oo. Since A is a set of finite perimeter, H"~1(9*AN H;) vanishes for all but countably
many ¢t € R. By Lemma [3.35] for a fixed representative of cena, we can consider a null set N C R such that

A'NH, = ATNH, —B’I;dl( (cena(s)) x {s}
holds except for H"!-negligible sets for all s € R\N. In particular, there exists a sequence (si)ren in R

with s, /' t as k — oo and some € > 0 such that for all ky € IN, there exists k,¢ € N5, which satisfy the
following properties:

i) sg,s; € R\N,
i) [rad (t—) — rad (s;)] <,
iii) |cena(sk) — cena(s;)| > 3e.

In the following, we assume w.l.o.g. s; > s, such that Lemma [3.40] and the definition of N imply

(3ce1)\B" ! >0

n—1 n—1 n—1 n—1
P(A,R x(sk,si))>‘B 1 )(oenA(sk))ABmd;(si)(oenA(si))’>‘B s

rad 7 (sk rad ;] (t—)—e

for all k,i € INsy,. In particular, the perimeter of A sums up to oo, in contradiction to the assumptions.
Hence, the a.e. taken left limit of cen, at ¢ exists in R"~!. By an analogous argument, this transfers to the
a.e. taken right limit as well. Lemma m particularly implies ceny € LS ({rad; > 0}, R"™') and that the
mean-value representative of cen, is a regulated function on {rad, > 0}.

From now on, we only consider the mean-value representative of cen 4.

Step 2: Show that the function b := Y, (cena (t+) —cena (t—)) L1 o) is in BV(L,R" 1) for all I € {rad > 0}:
Since we showed that ceny is a regulated function, there exist at most countably many points ¢ € {rad}; > 0}
with cen (t+) # cena(t—). By Step 1, h is a pure jump function, hence

pVar(h,I) < Z|oen,4 t4) — ceny (t—)].
tel

Taking into account Lemma and Proposition it is left to show >, [cena(t+) — cena(t—)| < oo for
all I € {rad; > 0}. To this end, we exploit the lower semicontinuity of rad; to find ¢ > 0 with I C {rad; > ¢}
and define

Ji={tel: cenp(t+) # ceny(t—)} and 57 = |cena(j+) — cena(j—)| forall j € J. (3.20)

Then, Lemma [3.35| implies

00 >P(A)> ) P(AH) =)

jel jed

B ) (nalGH)AB - (cena (=) (3.21)

We further define the set of jumps that are smaller than € by J. := {j € J: sj < €}. In order to estimate
the total variation of the jumps of ceny in J., we consider the case where rad (j+) > rad, (j—) and derive

By (maGAH)ABLL ! (ema(i-))| > [Biy! | (ema(G+)\BL L (ena(i-))|

and therefore

n—1 . n—1 . >‘ n—1 . n—1 ’ )
(B (maG+)ABI  (na=)| > [Big! o (sie)\BIg! (3.22)
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for all j € J , where we used suitable translations and rotations in the final step. By symmetry, remains
true in the case rad’; (j+) < rad; (j—). We continue with computing the volume of B?~!(se;)\B?~! for 7,5 > 0
in general. Clearly, if s > 2r, the considered balls are disjoint, hence |B?‘1(sel)\B;’_1‘ = ‘B?*‘ follows. If,
on the other hand, s < 2r, it holds

€ B (se;) B! if and only if sep —x € B" (se;) NBrTL,
In particular, we have x; € (s — r,7), and by symmetry, we obtain
‘B:f—l(sel) N B’,’f‘l‘ - 2‘]3;}—1 N [(gr) X ]R"—ﬂ ‘
(G ] o n () e

compare Figure [3.6] Hence, we can estimate

(3.23)

)

Figure 3.6: Illustration of the argument of equation (3.23)

n—1 - n—1 . >‘ n—1 _ﬁ 873 n—2 ‘
B s (Al H)ABL - (cenaly ))’ Bt m[( 2’2)“R }

z 2
- / ‘B”_ dt
b/ (df ()2~
J

wn-21/ (ad (7))

|
—
K ’0‘
|
~
[~}
i
[
jol
~

n—2
s2
> 8o || (addf (7)) — 2
n—2
53
> SjWn—2 g2 — Z
n—2

for all j € J.. Now, (3.21)) yields

n—2
a3\ 7 B _ . .
00 > wy_ze (4) St 30 B naGH)ABL  enaGio))].
jeJ. JEINI.

In particular, ) jes. Sj is finite. Furthermore, J \J¢ is a finite set, since otherwise, the right hand side of (3.21])
sum would equal infinity and create a contradiction. Thus, > i S is indeed finite.

Step 3: Show that (3.19) holds under the special assumption ceng = ce,—1:
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We first consider the special case F' = R"~2 and assume w.l.o.g. that I € {rad}; > 0} is an open set. By the
previous analysis, we obtained that c is a regulated function in L{% ({rad; > 0}) and that the jumps of ¢ in

I sum up finitely. This step is divided into further substeps considering different numbers of jumps.

Step 3.1): Show the claim if ¢ is continuous on I:
Similar to the proof of Proposition we denote

S, :=Sble+pN(DxR), S_:=8Sp[é—p N(DxR) (3.24)

and identify
ANDxR)=5.NnS5_, (A USble)N(D xR) =S5, (A USpl)N(D xR)=5_ 305
A'NSple] N (D x R) = S, NSwpld, A'NSb[eN(D x R) =S5_ NSbld. (8.25)

As we have to take into account the center function, we replace the sets R} from the proof of Proposition
[3:43] with the sub and supergraph of ¢, which is the main difficulty of this step.
In order to conclude the perimeter formula as in Proposition [3.43] we record

9Sb[¢] = 9Sw[d] = Gaph[¢],  Sb[d C ST and  Swp[d C St (3.26)
by the continuity of c¢. Moreover, we can show
SL 2O (DxR)N(A)' 2 (D x R) N Gaph[d] . (3.27)

Indeed, (D x R)NSL 2 (D x R) N (A")! follows from (3.25]) and the other subset relation comes from the

fact that for (z,t,c(t)) € (D x R) N Gaphle], we find |z| < rad(¢) and (A'); D B;}(t)(oenA(t)) for all
A

t € {rad; > 0}, which can be proven analogously to the proof of Lemma due to the continuity of the
center function. Hence, by (3.25)), (3.26)), (3.27) and by taking into account the openness of Sip[¢] and D, we
obtain

(0"S,.)N (D x R) = (0*SL) NSp[é] N (D x R) = (0*A") N Sp[é] N (D x R)

and similarly for S_ instead of Sy.

Moreover, P(A’, (D x R) N Gaph[¢]) = 0 follows from (3.27). We record by Proposition that ¢+ p €

BVloc (D]) With

oo > P(A', D;xR) = P(A',Sb[¢] N (D;xR)) + P(A", Sp[é] N (DjxR)) + P(A’, Gaph[é] N (D xR))

=P(S_,D; xR)+P(S+,D; xR) (3.28)
= (£, D(E+ p)|(Dg) + (L1, D& = p)|(D;)

for each set I € B(I). Since p € BVoe(D), we find ¢ € BVoe(Dy), which implies the claimed regularity for c.

Furthermore, for ¢ € I'\Jpq,, the continuity of cen, implies 0A N Hy = aBgEj(t)(oenA (t)) x {t}, which leads
to

AN ((R"MD) x R)N(R" x I\Jpa,) C{(z,t,8) ER" ' x I xR: s=c(t), |z| =rad;(t)} = G.
The set G is in fact the image of the Lipschitz map
g: OB 2 xT; —R", (z,y) — (2y3,7),

where I'y is the extended graph of the function f € BV(Z,R?) N L*°(I,R?), defined by f(t) := (c(t),rad; (t))

and where 7 denotes (y1, y2). Now, Proposition and Lemmas and imply
dimy(G) = dimy(g(OBT 2 x T'y)) < dimy (0BT 2 x T'y)

d
dimp (9B} ~2) + dimy ()
n

VAN/AN

[\
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This gives
P(AR" ! x N\Jpa,) = P(A/,DI\deA xR).

We continue with applying (3.28]) for I=1 \Jd, and Lemma , which yields
P(A,R"™ 5 1) = [(£"71, D+ p)|(Dpg, )+ (L7275 D@E = p) (D)

+ > Bt (na())ABL L (ena(h))] -
jeinl

Formula (3.19) then follows from Theorem [2.16]

Step 3.ii): Show the claim if ¢ has only finitely many jumps in I:
For such a function, we can apply the previous step on the open set I\J. and apply Lemma onto the
remaining part.

Step 3.iii): Show the claim if ¢ has countably many jumps in I:

Since we do not have suitable regularity of ¢ at hand, we cannot apply Proposition [3.20] directly, but we
will argue similarly. According to Step 2, the pure jump function h := 7, _ (cena(t+) — cena(t—)) L o) is
in BV(I, R"~!). Moreover, by Step 1, the function ceny — h is continuous on I. Thus, transferring this to
the (n—1)-th component, we can decompose ¢ into a continuous function ceony and a pure jump function
¢;j = h with countably many summable jumps on I. In order to handle c;, we rewrite the set J from by

{j1,72,...}. Then, by Step 1, it holds ¢; = > ;= | (c(jr+) — (k=) 00) and Yooy le(Get) — c(in—)| < oo.
As in the proof of Proposition we can find for every k € IN, some ky € IN, such that

3 leliit) - il < =

'Lk()

In particular, the function cj := ceont + Zfil(c(jﬂr) —¢(ji—))1j,,00) has only finitely many jumps on I, and
satisfies |c — ¢x| < £ on I. Now, we define the sets

A = Ay U B! o) (en1en(t) x {1}
tel

and find Ay — A in L}(R") as k — oo by dominated convergence as in the proof of Proposition In
particular, the lower semicontinuity of the perimeter gives

P(A,R" x 1)< likmian(Ak,IR”_l xI). (3.29)

In order to ensure that the perimeter of Aj converges, we define another sequence of sets that converge to A
in R"~! x I but which only differ from A by finitely many shifted sections. To this end, we choose for every
£ >k in IN some ¢y € IN, such that we have

oo

S lelit) - eim)l < 5

i=Lo+ko

For cf := cx + > imko ey (€(it) = €(§i=))1}j; 00y, it holds |e — c| < 1 and therefore, we conclude

Af — Ap in LY(R") as £ — oo, where Af:= Ap\r U U BmdA(t)(en ek () x {t}.
tel

If, for simplicity of notation, we further assume ji,+1 < Jro+2 < -+ < Jro+0o—1 in the following, we obtain that
the set (Ae)m(]koﬂ MO%H) is a shift of Alﬂ(jk0+7 Jkg4ii1) 0o the (n—1)-th direction for all i € {1,..., 4y —2}.
Analogously, the sets (Af )In(=c0 00,jkg +1) Ad (AL )m(]kOHO 1,00) are shifts of Ao kg 1) and Ammo“o 1,00)>
respectively.
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By Lemma [3.35] it holds

4 n—1 . n—1 n—1
P(Akv R X {jko-ﬁ-l |B jk0+7+)ABmd;(ij+i7)’

n 1 . ) n—1 . -
< | md;(jko+i+)( (Jk0+1+)en71)ABmd (]kOJﬂ_)( (JkoJrZ )enfl)}
= P(A,R"" % {jrg+i})

for alli e {1,...,¢y — 1}. Hence, we find

lo—1

P(Aian_l X I) = P(Aan_l X (I\{jkoJrl? s 7jko+fo*1})) + Z P(Aian_l X {jk0+i})

gt (3.30)

P(A,R™ ! x I)

by the translation invariance of the perimeter. Now, the lower semicontinuity of the perimeter, (3.29), and

(3-30) give
P(A,R"! x I) < limsup P(Ag, R"™! x I) < limsup thnlIlfP(A R xI)<PAR" ' x1I).

k—oo k—oo

By Step 3.ii), we have ¢ € BV, (I) for all k& € IN, such that Step 2 implies ¢ € BV}o.(I). Furthermore, the
summability of (P(A4,R™™! x {jx}))ken, the construction of ¢;, and Theorem m give

P(AR" ' xI)= Jim P(A,,R"™ x 1)
= ("1, D(e+ p))|(Dr) + (L™, D(e = p)|(Dr)
+ lim Y [(Bhg ) (emaGH)ABL L (ena (i)

=(L" 1, D(c+ p))|(Dr) + (L™, D(e — p)|(Dr)

|
+ 3 B s (cenaGH)ABIT! - (cena(i-)))
jeinl

)

where we abbreviate Jj, := Jpa, U {j1, .- Jjk, }- The claim follows for F' = R"~2 and for arbitrary Borel sets
I € B({rad; > 0}) due to the regularity of Radon measures.

Finally, for open sets ' C R"~2, the argumentation for Step 3 is analogous and the formula can be transferred
to general Borel sets in R"~2 via the regularity of Radon measures.

Step 4: Show ceny € BVjoc({rad;; > 0}, R"71):

We argue via contradiction. If cens ¢ BVioc({rad, > 0},R"~'), then we find some i € {1,...,n — 1} such
that (cena); ¢ BViec({rad, > 0}). W.lo.g., we may assume ¢ = n — 1. According to Remark 3.2 and
Theorem the set A := (((A4)51))%"—2 satisfies the assumptions of the theorem with rad 4 = rad and
cen; = (ceng)p—1€n—1. By the previous argument, we find (ceng),—1 € BVige({rad, > 0}), in contradlctlon
to the assumption. O

Remark 3.51. Let A C R"™ be a set of finite volume and a stack of balls in R such that A* is a set of
finite perimeter. In particular, Lemma applies for rad 4. Assume further that A has finite perimeter in
R* ! x {rad}; > 0}. If rad} (t+) = rad{(¢) > O for some ¢ € R, then the a.e. taken right limit of cen4 exists
at t.

Indeed, in this framework, there exist € > 0 and 6 > 0 such that (¢,¢ + 0) is a subset of {rad, > ¢} and
with this, we can repeat Step 1 from the previous proof, which implies the claim. In particular, cens has a
bounded and regulated representative on the interval [¢,¢ + ¢].

Analogously, ceny has a bounded and regulated representative on the interval [t — ¢,¢] for some § > 0 if
rad (=) = rad () > 0.

The theorem can be localized as follows.

Corollary 3.52 (Localized radius and center regularity). Let A C R"™ be a set of finite perimeter and finite
volume. Moreover, we assume that A is a stack of balls in some open set O C R. Then the following properties
hold true.
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i) The radius function rada of A is in BViec({rad, > 0}) NL*°({rad; > 0}).
ii) The center function ceny of A is in BVige({rad; > 0} N O, R" 1) N L2 ({rad; > 0} N O,R"71).

loc

ili) If cena = cenp—1 on some open set that contains I € B({rad; > 0} N O) and for a function c: {rad; >
0} NO — R, then

P(A,F xR xI)=|(L" 1, D¢+ p)|[(DN(F x 1))+ (L1, D(é — p)|(D N (F x I))

+ Z |(Bg;j(jﬂ(OenA(J"i‘))Angj(j_)(OBDA(j—))) N(F x R)
jeint

(3.31)

)

for F € B(R"2), where we identify é(z,t) = c(t) for all (z,t) € D, define J = Jpa, U Jan, N O,
consider good representatives of rads and cena, and define the function p as in Proposition[3.73

Proof. For every connected and compactly contained open set K € O, Lemma [2.49] and the fact that rad4 €
L>®(R) give that A := AN(R"~'NK) is a set of finite perimeter and finite volume. Moreover, cen ; = cen|x
holds by definition, therefore we verify cens € BVjoc(KN{rad; > 0}, R"~1)NL>*({rad; > 0}NK) by Theorem
.48

For all I € B({rad; > 0} N K) and F € B(R"?), we have

P(A,F xRxI)=P(AFxRxI)

according to Lemma [2.49] which, together with Theorem [3:48 and considering the identification of the radius
and center functions of A and A on K, concludes the claim. Taking into account the regularity of Radon
measures, we conclude the statement in full generality by an exhaustion argument. O

3.2.2 The non-vanishing radius part

In this section, we give a characterization of the equality cases in the Schwarz inequality on the non-vanishing
radius part {rad; > 0}.

Proposition 3.53 (Equality characterization on the non-vanishing radius part). Let A be a set of finite
perimeter and finite volume and I C {rad; > 0} an open set.

i) If A satisfies equality in the Schwarz inequality on I, i.e., if
P(A*, R" ! x I) =P(A,R" ! xI), (3.32)

then A is a stack of balls in I with radius function rads € BVioe({rad; > 0}) N L>°({rad; > 0}) and
center function ceny € BVioe(I, R 1) N L (I, R"~1). Moreover, it holds

loc

[Dfceny| < [Drad 4] and D%eny =0 onI. (3.33)

it) If A is a stack of balls in I, thentad 4 € BV oc({rad; > 0})NL>({rad; > 0}) and cena € BV oo (I, R"~1)N
L2 (I, R"1). Moreover, in this case, (3.33)) implies (3.32)).

Remark 3.54. Due to the mutual singularity of the jump and the Cantor part of BV functions according to
Theorem |D%cen 4| < |Dfrad 4| is equivalent to |D7cena| < |Dtad4| and [Dcen 4| < |DCrad 4.

The proposition is comparable to [14, Theorem 1.9] with similarities in the proof. In particular, for showing
property i)l an application of Theorem leads to via Lemma and via the strict convexity of the
area functional for the Cantor part and for the absolutely continuous part of the radius and center function,
respectively. The same strategy is also used in the aforementioned reference.

For showing property we control the Cantor part of both radius and center function via pure step functions,
which has parallels to the proof of |26, Proposition 3.4]. In the reference, this method is used to construct
a stack of balls E which violates rigidity in the case Dradg # 0. To this end, it is w.l.o.g. assumed that
radg is a pure Cantor function, i.e., that Dradp = D¢radg holds true. Here, we can only reduce the argument
to continuous radius and center functions since the behavior of Drad4 (and not only of Dwly as in [26]) is
crucial for ensuring (up to some small €) for the approximations.
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Proof of Proposition[3.53. We first prove the regularity statement in both cases. To this end, we record that
if is satisfied, Theorem implies A is a stack of balls on I. Thus, we can apply Corollary in
both cases to conclude that the radius and center functions are in fact regular, as stated. If not otherwise
indicated, we consider the mean-value representatives of rad4 and cen, in the following.

Proof of statement
We first consider the jump parts of the radius and center function. For ¢ € I, Theorem applies to

B = {t} and B = I\{t} and therefore, (3.32)) gives
P(A*, R" ! x {t}) =P(A,R"! x {t}).
Applying Lemma provides

n— 1 n—1 n—1
Bl B By, ABL

rad (1)

rad 4 (t+) ‘

= (Bt (cena(t=) BT o (cena(t+))|

<t>‘ -

n—1 n—1
= 1B <t>(stel)ABmd;<t>’

for s; := |cena (t+) — cena(t—)|, where the latter equality follows by symmetry. Furthermore, we can verify

‘Bn ! (Stel)AB Bﬁdj(t yABL ! (ste1)\B" (3.34)

n—1
‘Bmd;(t)

(t) a(t+) ‘ mﬁ t)

by elementary geometric considerations. Now, if s; > rad¥(¢) — rad:‘(t), there exists € > 0 such that (s; —
d+rad,(t))er ¢ Bmd+(t) holds for all § € [0,¢). In particular, B"™

which gives

i )(stel)\E:;%(t) is a non-empty open set,

=n—1
0< ‘Brad (t )(Stel)\BIadJrA(t)‘ = ‘ od = (t)(stel)\Blad+(t)‘
in contradiction to (3.34). Hence,
D7 cen s |({t}) = Jena(t+) — cena(t=)] < frada (t+) — rada(t—)| = [DPrad 4 |({t})
can be verified by Theorem Since Jem, is at most countable, we find [Dicen4| < [D’rad4| on 1.
We now turn to the analysis of the absolutely continuous part and the Cantor part. For this, we assume
without loss of generality I € {rad; > 0}, such that, by the lower semicontinuity of rad 4, there exists € > 0

with I C {rad; > ¢}. Similar to the proof of Theorem we first consider the special case ceng = ce,_1
on I. Applying Proposition [3.43] and Theorem [3.48] gives

(L1, Dp) (DN (F x E)) =P(A*, F x R x E\J)
=P(A, F xR x E\J) (3.35)
=(£"1 D+ p) (DN (F x E)) +[(£"1,D(é = p))|(DN (F x E))
for all Borel sets F' € B(R""2) and E € B(I), where we used the notation from Theorem [3.48| i.e., we define

p(z,t) = \/((Iﬁd;‘(t))2 —1212)4, J = Jrds UJenss é(z,t) := c(t) for (x,t) € R""2 x I, and D := {p > 0}.
The equality transfers in general to all Borel sets B € B(Dy) instead of DN (F x E). Hence, Proposition 2.52]
and Theorem give

2¢/1 + |Dep|2L" " Y(B) = \/1 + |Daé + Dep|2L" "1 (B) + /1 + |De¢ — Dap|2L"1(B) (3.36)
for Borel sets B € B(Dy). It follows

2¢/1+ [Dep|2 = /1 + [De¢ 4 Dap|?2 4+ /1 + |Da¢ — Dep|? L' *-a.e. on Dy.

Now, the strict convexity of ¢ — /1 + [t|2 on R applied to the convex combination D%p = %(D“é +D%) +
3(D%¢ — D“p) leads to

|D%| = D% + D%| = |D% —D%|  L" '-a.e. on Dy,
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and thus, D% = 0 on Dj. Finally, by the definition of ¢, we obtain D%¢ = e,,_1D%c as functions, such that
D% =0 on I follows.

From , Proposition and Theorem we conclude
2[D%|(B) = |D¢ + D°p[(B) + |D“¢ — D°p|(B) (3.37)
for Borel sets B € B(Dy). In particular, an application of Lemmam gives
D¢ = gD on Dy, (3.38)

for a Borel function g : R"~! — [-1,1].
Since we chose € > 0 such that I C {rad; > e}, we define for all § € (0,¢) the C' Lipschitz function

flz,s) :=+/s2 — |z on By 7?2 x R\[—¢,¢].
Then p(z,t) = (f or)(z,t) belongs to BVie.(B 2 x I), where 7(z,t) := (z,1ad 4(t)), and it holds
Dp=D(for)=Vfr)DrL" ' + (f(r*) — f(r7 ), H 2L T,

according to Proposition [2.:20] where 7* denotes the mean-value representative of r. By Theorem [2.16] we
conclude D¢p = V f(r*)D¢r. Since Lemma gives

£t 0 L 0
0o £t 0
Dr = . . ) . on R"™2 x {rad; > 0}
0 0 ... L' ?2®Drady

and r*(z, 5) = (z,1ad% (¢)) for all z € R"2 and s € {rad; > 0}, we find

0,7n— _ _
Dop— O 2 g ped,  onBI 2 x I
P
For all Borel sets L C Bg’_2 and K C I, we can exploit the decreasing behavior of s — ﬁ for all z € Bg_Q
to obtain -
c c
DEI(E X K) < s | D1 () (3.39)
Furthermore, another application of Lemma [2.4] and Theorem yields
Dé=e, 1L ?®Dc  and D =e, 1L ?®@D% onBy ?xI. (3.40)
Together, (3.38), (3.39) and (3.40) lead to
c _ ca c € c
LI IDFel(K) = Dl K) < [D°pI(L % ) & =g |1 [P () (3.41)
for all L € B(B}™!) and K € B(I). Hence, |D°|(K) < ﬁ\DcmdA\(K) holds for all K € B(I). Since

0 € (0,¢) was arbitrary, statement [i)| holds in the special case ceny = ce,—1.
In order to transfer this result to general center functions, we observe that, by Remark [3.2] and the Steiner
inequality of Theorem every component (ceny);, ¢ € {1,...,n — 1}, satisfies

|D(cen4)i| < |Drad 4| onI.

In particular, it holds |D¢cens| < |D¢rada| on I, which implies the existence of some density function
f: I — R* ! with D°ceny = f|D¢rad 4| on I. Now, for v € 9B} ™!, we consider some rotation R € O(n — 1)
with RTe,_; = v. In fact, R is chosen such that the (n—1)-th column is v. We extend this rotation to a
matrix R in O(n) with n-th row and column e,,. Since A is a stack of balls, we obtain

RA= Byl (Rena(t)) x {t} ~ and  (RA)* = A*
teR
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up to negligible sets. The invariance of the perimeter under rotation yields
P((RA)",R" ' xI)=P(RAR" ' x1I).
According to the previous analysis, it holds
v £1[D%rd | = [(RFD 0 l)n—1| = |(RDcens) 1] = [D(Reema)a1| < [Drca|  on 1.

In particular, for a countable dense subset X C 8B?_1, there exists a |D¢rad 4|-null set N C I with |v- f| <1
on I\N for all v € . As for every k € R"~! with |x| > 1 there exists v € X with |v- x| > 1, it follows |f| < 1
on I\N and therefore |D¢en | < |D¢rad 4| on 1.

Proof of statement

For the second implication, we again assume that I € {rad; > 0} is an open interval such that I C {rad™ > ¢}
for some € € (0,1).

As before, we consider the jumps J := Jen, U Ja, and obtain

B"™ 1 AB” 1

1B L (cena (t4) AB L, (cena(t=))] = |B™}, (e1|Deenal({t})) A AB™ ! t)’ = | rd’ (1) t)|

rad 4 (t+) rad 5 (t—) rad ¥ (£)
for all ¢ € J, since assumption (3-33)) implies [Doena|({t}) < |Drada|({t}) = rad’(t) — rad;(¢), which gives

Bnradl(t) - B" ! (61|DoenA|({t})). Hence, Lemma |3.35| yields

P(A,R"! x J) =P(A*,R""* x J).

It is left to show the claim for sets A which satisfy the additional requirement that J is a finite set. Indeed,
if this claim is given, Remark gives a sequence (Ag)ren of stacks of balls such that the radius and the
center functions of Ay have only finitely many jumps and such that it holds |D7ceny, | < |D/rady, | on I and
limy—, 0o P(Af, R"! x I) = P(A*,R"~! x I). Then, the lower semicontinuity of the perimeter implies

P(A, R x 1)< likmian(Ak,]R"_l x I) = lim inf P( LRI X I) =P(AN R < 1),

and with the Schwarz inequality of Theorem [3.5] equality follows.

To carry out the proof for radius and center functions with finitely many jumps, we observe that the open
set I\J is a finite union of open intervals. Since we have already shown equality on J, we can further restrict
the analysis to sets with continuous radius and center functions on the interval I = (a,b) with a < b in R.
By considering a slightly smaller interval, we can also assume ceny4 and rad 4 to be uniformly continuous on
1. Furthermore, we can reduce the following argument to the case where rad4 can be decomposed into the
positive functions rad% and rad$ from Theorem [2.28 Indeed, according to Lemma [2.30} we find for all ¢ € T
an interval I? := (t — 0, + &) C I such that we can decompose rad 4 into radf4 = 0 and the positive functions
rady and rad9 that satisfy the properties of Theorem on I?. If we find

P(A*,R"! x B) =P(A,R""! x B),

for B = I?, this equality transfers to all Borel subsets B of I? according to Theorem Since we can
exhaust I by countably many neighborhoods of the form If, we can conclude via the o-additivity of
the perimeter with respect to the second component.

Hence, it is left to show in the case where I C {rad, > €} is an open interval such that rads and
cen 4 are uniformly continuous on I and there exists a decomposition of rad 4 into the positive and uniformly
continuous functions rad% and rad¢.

To this end, we will approximate the Cantor parts of rad4 and ceny suitably by jump functions on I.
Considering the continuous representative of cens, we find by Theorem [2:24]

pVar(cens, I) = [Deena|(I) = [D°ceny|(I)  and  pVar(rad$, ) = |DradS|(I) = [D°radu|(I).  (3.42)

Thus, by the definition of pointwise variation, we find for every § € (0,¢) a partitiona =t < to < --- <t =b
of I such that, for the functions

Cs = ZCGDA [tl,t1+1) and rs = Zradil(ti)]l[ti,tHl) ’
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the following properties are satisfied:

|oen 4 (ti41) — cena(t;)] < 0, loeng —es) <6 on I, |Deeny|(I) — 6 < |Des|(I) < |Deeng|(1),
radfy (ti41) — radf (£:)] <0, rad% —rs| <& onl, [Dada|(l)—3d < [Drs|(I) < |Drady|(1)
for all i € {1,...,k — 1}. By the uniform continuity of rad on I, we can assume

max {|(rad%)™ (z) — (rad%)™(y)| : 2,y € [tistisa], me{l,...,n—1}} <6 forallie {1,...,k—1}. (3.43)
In the following, we estimate the jumps of ¢s which exceed the jumps of r5. To this end, let
= |Dcs|({t;}) — |Drs|({t;}) forie{2,...,k—1} and Jio={ie{2,...;k—1}: s; > 0}.
Since it holds that
[Des|({ti}) = [cena(ti) — cena(ti—1)| = [Deena((ti-1,t:))| < [Deena|((ti-1,t:)),

and similarly for rs and rad$, we can exploit the assumption |[Deeny| < |D°rad 4| on I to estimate

Y si= Y Desl({t:}) — IDrs|({t:})

t;€J4 t;€J4
< ) [Deenal((ti1, i) — [Drs|({t:})
ti€dy (3.44)
< Y Dradgy|((ti1, 1)) — [Drs|({t:})
ti€Jy

< [Drady[(I) — |Drs|(1) < 6

We now define the set
As = U Brada (t)+r5(t) cs(t)) x {t},

tel
which is the stack of balls with radius function rad% + rs and center function cs. Since cs and 75 are pure
jump functions with only finitely many jumps, we can verify

P(As,R" ! x I) = P(As, R x (I\{ta, ..., ts_1})) + Z ]BradA(t (t:)ABL ! 1 1)(081114(%71))’ < 00

by Lemma As As "R x (t;,t;41) is a shift of AN R™ 1 x (t;,ti11), we have that
P(As, R"1 X (i, tip1)) = P(AL, R x (ti,ti11)) (3.45)
holds true for all ¢ € {1,...,k — 1}. This implies
P(As, R"! x 1) —P( SR =P(As, R" ! x {to, ... ti 1)) — P(AL R x {to, ..., t; 1})

= Z ‘BZ)EA(t ) ))ABZ\dj(t (OenA(ti—l))‘ ’Bgdj(t )ABn \ (tie 1)|

- EJ: ’Bgdj(t ))ABn 1( 1)(oen,4(ti,1))’ |B71;dj(t )ABZadj(tl 1)|
1€ 4

= Z |BmdA(t (Joena (t;) — cen g (t;— 1)\61)ABmdA(t | |BxadA(t)ABgf;j(t,;_1)|'
’LEJ+

To closer investigate the final sum, we assume w.l.o.g. rad4(¢;) < rada(t;—1). Since |oena(t;) — cena(t;—1)| <
d<e<rad,(t )forallzeJ+,weﬁnd

P(As, R x {t:}) — P(A3,R™ x {1,}) —2|BrddAt)<|oenA<t> cenatiot)le)\BIS )|

‘BmdA(tl 1)+sl\ rad»A(tl 1)
= Wn-1 [(radA( i )+ SZ) - I‘adA(tifl)n_l]

< K(n) (ldallf=t +1) s

(3.46)
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for some constant K (n) > 0, which only depends on n, where we applied the Lipschitz continuity of s +— s"~1

on bounded sets [0, R] with Lipschitz constant (n — 1)R"~2 for all R > 0.

B?I,fl

rada (ti—1)

anl

rad A (ti—1)

Figure 3.7: Illustration of estimate (|3.46|)

Hence, (3.44), (3.45)) and (3.46) give

P(As, R x 1) = P(A;,R" x 1) < K(n) (a7 %)) +1) 6,

which yields [P(A45, R x {¢,}) — P(43, R"~1 x {#,})] — 0 as 5 \, 0.
Since r5 and c¢s approximate the radius and the center function uniformly in I, Fubini’s theorem ensures that
As converges to A in LY(R"~! x I), compare the proof of Proposition The lower semicontinuity of the
perimeter and the perimeter convergence from the previous step yield

P(A,R"! x I) < liminf P(As5,R""! x I) = liminf P(A%, R x I).
[ 5\0

By the Schwarz inequality, is remains to show that liminfs\ o P(A%, R x I) < P(A*,R"~! x I).
To this end, we apply Lemma [3.45] to find
0o > P(A;, R x I)
= wn—1 [((n = 1) (adg +75)" 2L, D ((rdh +75)" ™)) | (1) + wp—1 [D*((1ad +75)"H)|(1)
=wp—1(n = 1)(radf +75)" " [(L1,Drada) | (1) + wn—1|D*((rad +75)"~1)[(])

and

PA*R"™ % 1) = wny | ((n = Drady LY, D (rad ;™)) [ (1) + w—1[D* (rad )| (7)
= wp—1(n — Drady [ (£, D"rada) | (1) + wn—1|D* (ady™)[(1) .

The uniform convergence of rad% + rs to rad4 on I and the finiteness of ’(El, D“radA)’ (I) imply

lim (rad?y +75)" 7 [(£1, Drad a) | (1) = rady [ (£1, D) | (7).
In order to verify
limsup P(A},R"™ x I) < P(A*,R"! x I),
5N\.0
we must show

lim sup [D*((rad +75)"~1)|(1) < [D(rad’}™H)|(1) . (3.47)
N
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To this end, we first record that (rad%)™ is in WH(1) N L*°(1) and that (rad$)™ is in BV(1) N L*°(I) with

pure Cantor derivative for all m € {1,...,n — 1}. We obtain
D*((1ada)" ") = D((rad +1ad)" ")
n—1
n—1
= D¢ rad® n—l—-m rad€ )™
g_j( )y ] .
n—1 n—1
=% (")) DGy
m=1
by Lemma Analogously, we find
n—1
s n—1\ _ 1s n—1 —1— n
Dty ) =0 | 30 (7 i ]
"= (3.49)

- mZ:l <nn—1 1> (18, )"~ 1D ()™

By the definition of rs, the increasing behavior of ¢ — ¢™ on [0, c0) for all m € IN, the positivity of rad% and

the formula (3.49)), we obtain

k—2|n—-1

(ot ) = 32 57 (") ) () — )"
Ilc 11 n—1 n—1
<X 3 (")) ) ) ) = (o)

Now, |(rad$)™(tit1) — (rad%)™(t:)| < |D(rad%)™|(t;, tix1) holds for all m € {1,...,n — 1} and all ¢ €
{1,...,k — 1} according to Theorem which, together with Proposition and the positivity of rad%
on I, leads to

[D° (o 4 7)) »> (n_ 1) (1 (41))" "~ D (1adl%)™ | (8 1)
;_1 :L—l n—1
= Z ( - )(rad?q(twrl))”_l m [(Iadc )m 1 |Drad H (tz7tz+1

We further exploit (3.43)) and the positivity of rad and rad, and apply Proposition to verify

k—1 [n—1
D" (ot + 7)) (1) < Y [Z (" 1) ==y | D 10

i=1 Lm=1
k—1n—1 n—1
#0303 (") bty D] )
i=1 m=1
k—1|n—1 n—1
<3| ("t D 0 t) e
k—1|n—1 n—1
=303 () D) )+ 0.
i=1 |m=1

where c is the constant Y ! (- 1)m||rad HLOO(I) |Drad| (I). Together with (3.48)), we obtain

k—1
|D*((rad$ +75)" )] (1) < Y [D(rada)" | (t, tis1) + ¢

i=1

= [D*((rada)" )| (1) + ¢4,
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which confirms (3.47) and therefore proves the claim. O

3.2.3 The vanishing radius part

This section is dedicated to the characterization of the Schwarz inequality on the vanishing radius part
{rad, = 0}. We will see that, on this part, the perimeter of the symmetrization A* coincides with the
perimeter of A, regardless of the behavior of the center function. The proof of the following proposition is
based on the proof of the corresponding result for the Steiner symmetrization in |14, Proposition 3.8].

Proposition 3.55. Let A C R"™ be a set of finite volume and O C R open. We assume that A is a stack of
balls in O, that A has finite perimeter in R"~! x ({rad; > 0} N O) and that its symmetrization A* has finite
perimeter in R"~! x O. Then it holds that

PAR" x ) =PA R xI)= > w, 1(rdf(j)" "
j€{d}>0}NI1

for all I € B{rad; =0} NO).

OANR ! x {rad; = 0} AR x {rad; =0

Figure 3.8: Illustration of Proposition m

Remark 3.56. With this result, and with Lemma at hand, we can confirm [7, Proposition 3.5] in the
case k = n — 1, which states the equivalence of the properties

i) H ({2 € 0"A* : va-(2) = +e,}) =0
i) ad’}! € WHL(R)
iii) P(A*,R"! x I) = 0 for all negligible sets I € B(R)

for all sets A C R™ of finite perimeter and finite volume. In particular, the horizontal boundary parts of
A* (and, according to |7, Proposition 3.6], therefore of A) are created by the singular parts of the radius
function.

To show the equivalence, we record that Fubini’s theorem and |A*| < oo give rad4 € L"~1(R). Furthermore,
rad” ! is in BV(R) with |D1‘adfffl\(R < oo, according to Propositions @l and Applying Lemma
Proposition and Theorem gives that iii) implies |D®rad 4|({rad; > 0}) = 0 and that rady4 is
continuous on R. In particular, the equalities vl = wl; on R and 0 = |D¢wl|({rad; > 0}) = |[Dwl4|(R)
follow from Lemma So we find wn,lradﬁf1 =wly € WHEHR).

On the other hand, wls € WH1(R) implies [D*rad 4| = 0 and radj = rad; on R, which, by Lemma and
Proposition implies iii).

Property i) implies ii) and iii) by Theorem (3.8

To show that properties iii) and ii) imply i), we use the same strategy as in [7] and notice that, according to
Theorem there exists a null set N C R such that for all t € R\N, it holds H"~2(9*(A;)A(9*A*)s) = 0
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and va-(z,t) & {—en,e,} for H* 2-a.e. z € 9*(A}) N (0*A%);. In the two-dimensional case, we even have
vas(z,t) ¢ {—en,en} for all t € R\N and all z € 9%(A}) = (9*A*),, such that iii) gives

H' ({2 € 0"A% 1 van(2) = £ep}) <H' 1 (0"A* N (R" x N)) =P(A*,R"! x N) =0.

If n > 2, it holds 0%(A}) = 8B:’a;j () forall t € R\N, where we interpret the latter expression as the empty
set if rad 4 (t) = 0. By H"2(0%(A;)A(9*A*);) = 0, the continuity of rad4 and the symmetry of A*, we find

8Bg;j(t)A(8*A*)t C {0} for all t € R\N. As in the two-dimensional case, we conclude

H'" ' ({2 € 04" : vau(2) = Len ) KHY (AN (R x N)) + H* ({0} x R) = P(A*, R"' x N) =0
with property iii).

Proof of Proposition[3.55. It suffices to show the claim for the case O = R, since the assumptions of the
theorem transfer to AN (R"~! x O') for all open intervals O’ € O such that the general case follows by an
exhaustion argument. We treat the special case I = {rad, = 0} first. Throughout this proof, we mainly work
with the volume function wly = wlg+ = wn,lrad271 instead of the radius function as, by Propositions
and this is a function in BV(R) N L>®(RR). Hence, the set {wl} > 0} NI = {rad] >0} NI C {rad =
0 <rad} } is at most countable. Applying Theorem on wl4 provides

/Oo P({wls > t})dt = [Dwl4|(R) < oo, (3.50)
0

hence we find a null set N C [0, 00) with P({wla > t}) < oo for all ¢ € [0,00)\N. Next, we argue that for all
d > 0, there exists € € (0,0)\NN with

P({VO]A > E}) <

M M|

To this end, assume that there exists 6 > 0 such that for all € € (0,0)\ N, it holds P({wla > €}) > g. This

leads to s
e 0
/ P({vo1A>t})dt>/ —dt = o0,
0 ot
in contradiction to (3.50). Thus, we find a decreasing null sequence (g )ren such that
(exP({wla > ex}))rew € [0, 00)

is a null sequence as well. In particular, for all k¥ € IN, the set {wls > €} is a union of finitely many disjoint
intervals except for a null set, according to Lemma Hence, for all t € 9*{wl > e}, there exists &; > 0
such that either (t—d;,t) C {wla > e} and (¢,t+0;) C {wla < ex}T or such that (§;,t+3;) C {wls > ex}!
and (t — d;,t) C {wls < ex}+. The upper semicontinuity of volj implies vol; (t) > &, which leads to the
existence of a one-sided limit of cens at ¢ by Remark [3.51] for every good representative of cen 4. In fact, cen
is bounded in (¢ — 0y, ¢ + ;) N {wla > e }*. With this, we argue that

A= AN (Rn71 X {VOIA > 5k})
is a set of finite perimeter, since

O*Ar, C (0*AN (R x {wly >0}))U (Bréllummumm x 0wl > er})
holds for all R > sup {\oenA(s)| t 8 € Ureofvolasepy (= 0ty 0+ 6¢) N {wly > 5k}1}, By Fubini’s theorem, we
further obtain

|(AAAk)ﬂ(IR"*1><K)|:/ |A| dt < x| K| — 0 as k — oo
K\{wla>er}

1

ive, and the lower semicontinuity of

for all compact sets K C RR. Therefore, we have A, — A as k — oo in L
the perimeter gives

P(A) < likmian(Ak) = likmian(Ak,]R"_l x 0*{wlg > ex}) + P(A,R" x {wla > e}, (3.51)
— 00 — 00
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where the last equality follows from Lemma[2.49)and the definition of Ay, as intersection of sets. In particular,
A'is a set of finite perimeter. For all t € {woly > &, }!, we find vl (¢) > e, since wl (¢) € {wl (t+),wl;(t—)}
and since {wl4 > ¢, }! is a finite union of open intervals with pairwise positive distance. Taking into account
the openness of {wl > €4}, we find

{wly >0} = [ J{wl > e} C [ J{wla > e} € [J{wly > ex} C {wl; >0}
k=1 k=1 k=1

With this, (3.51)) reads
P(A) < likmian(Ak,]R”’1 x 0*wla > er}) + P(A, R x {wl; > 0}),

which can be rewritten as

P(A,R"* x {wl; =0}) < likmian(Ak,R"_l x 0*{wla > e }). (3.52)
—00

To further analyze the right-hand side, we record that, for every ¢ € 0*{wla > 1} N {wl; > 0}, there exists
some § > 0 such that wly (s) = 0 holds for either L'-a.e. s € (t —6,t) or L'-a.e. s € (t,t + &) by the
previous analysis. For the remaining argument, we assume w.l.o.g. that wola, (t—) = wl; (¢) and conclude

that wl, = 0on (t—0,t) and wl,, > ej on (t,t+7) for some § > 0. According to the previous observations,
the limit ceng(t4) = ceng, (t+) exists for every good representative of cens, and by Lemma we find
Trp+ Ay = 1gn— (cena (t4)) and Tr, - Ay = 0. This gives

rd ) (t+)
P(Ap, R™ ! x 0%wla > ex}) = Y P(Ay, Hy)
ted*{wola>ey}
= > B (ea(t)l (3.53)

ted*{wola>ey}

= ) wli(y).

tea*{volA>€k}
For every t € R with wl () = 0 and vl (t) > &, we find t € 0*{wly > £4}, which yields

{wol; =0} NJr, € | J{wly =0} no{wla > e} © | J{wly =0} N {wlf > e} = {wly =0} N T, -
k=1 k=1

With this, we conclude

lim > vl (t) = > ol (t). (3.54)

k—oo
te{wl =0}No*{vola>ey} te{wol =0}NJso1 ,

Furthermore, the structure of {wolg > ¢;} gives

0wl > e} N{wly >0} = 9wl > e} N {wl} > e} N {wl; >0} C {0 < wl; <er}, (3.55)
which leads to
. + _ — _ . _
Jim. tez; wl{(t) -l (t) = lim |Dvly|(Ex) =0 (3.56)
k

for
Ej := 0wl > e} N{wl; >0} N Jwl,

as [Dwlyg|(R) < co. We further denote

F = (0"{wla > ex} N {woly > 0})\Jsol, ,
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and estimate

> wli(t) = Y wli(t)+ > wli()

ted*{wla>er }N{wl, >0} teEy teFy,
< D [oli () — vl () e + Y ek
teE) teF
< > [l () — wly ()] + > £k
teE) ted*{wla>ep }N{wl; >0}
<Y [wlf () = ol (B)] + P({wla > ex})ex
teEy

where we applied (3.55) and the fact that wl} = wl, holds on Fj. With this, along with the choice of
(ex)ken, (3.52), (3.53), (3.54) and (3.56]), we obtain
P(A,R"! x {wl; =0}) < > vl (t) .
te{wl, =0}NJwi ,
Taking into account Lemma and Theorem we finally conclude
P(A,R"! x {wl; =0}) < > wl (1)
te{wl;=0}NJ o,

=P(A*R"" x ({wl; =0} NJw1,))

< P(A*,R" x {wl; =0})

<P(A,R" ! x {wl; =0}).

Hence, we obtain equality, and by the relation between wl 4 and rad 4, the claim is proven for the special case
I ={rad, = 0}.

It remains to show the claim for I € B({wl,; = 0}). According to the previously shown equality, it holds
P(A*,R"! x ({wl; = 0}\Jwi,)) = 0. By Lemma Remark and Theorem we have

> wlfi(t) =P(A* R"' x I) <P(AR" ' xI)  and
tel

> wli(t) =PAL R x {rad; = 0}\]) <P(A,R"™" x {rad; = 0}\I).
te{rad , =0}\I

In fact, these inequalities turn out to be equalities according to the special cases already proven, which
concludes the proof. O

3.2.4 The main theorem

We are now able to bring the previous results together and state the main theorem of this section.

Theorem 3.57 (Characterization of the equality cases in the Schwarz inequality). Let A C R™ be a set of
finite perimeter and finite volume and let I C R open. Then the following are equivalent:

i) P(A*, R" ! xI)=P(A,R"! x 1)
ii) The set A is a stack of balls in I and |Dcena| < |D°rada| holds on I N {rad; > 0}.
Proof. According to the Schwarz inequality of Theorem statement [i)| is equivalent to
P(AYR" ' x (IN{rad; > 0})) =P(A4,R"* x (IN{rad, > 0})) (3.57)

nd
) P(A*,R™ ! x (IN{rad; = 0})) = P(A,R"* x (IN{rad; =0})). (3.58)

Since (3.58)) is always satisfied according to Proposition m it is left to show the equivalence of and
(3:57), which is exactly the statement of Proposition [3.53] where we use that {rad; > 0} is an open set. [
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From the main theorem, we can reproduce the rigidity result for Schwarz symmetrizations of [26, Theorem
1.3], see also 7, Theorem 1.2].

Corollary 3.58 (Rigidity of the Schwarz inequality). Let A C R™ be a set of finite volume and finite
perimeter. Then the following statements are equivalent:

i) The set {rad; > 0} is an interval and rada € Wh! ({rad; > 0}).

loc

ii) For every set ACR" of finite perimeter with rad; = rad4 on R that attains equality in the Schwarz
perimeter inequality, i.e.,

P(A") =P(4),
there exists some x € R~ with A = A* 4 (z,0).

Proof. For rovmg l = I we consider the set A satisfying equality in the Schwarz inequality, and apply
Theorem It follows that A is a stack of balls with [Dcen ;| < [D®rad 4| = 0 on {rady > 0}. Since the latter
set is an interval, Lemma-glves that cen ; is constant on {rad; > 0}. Now, |[ANR" ! x {rad; = 0}| =0
holds by Fubini’s theorem. It follows that A = A* + (cen 4, 0) holds up to a negligible set, where we identified
cen ; with the corresponding constant.

In order to prove the other 1mphcat10n we assume that statement [ii)| . holds true and that either {rad, > 0}
is not an interval or rad 4 ¢ Wloc({radA > 0}).

In the first case, there exists t € {rad; = 0} with [AN (R"™! x (—o00,t))| # 0 and |[AN (R"™! x (¢,00))| # 0.
Then we define the set

A= (A+ (71,0)) (—00,t) U (A + (22,0)) (£,00) for any x1, 29 € R™ 1.

It holds that rad ; = rad4 and P(A) = P(A), according to Proposition and the invariance of the perimeter
with respect to translations. Since 7 and x5 were arbitrary, we found a contradiction to

In the case where the radius function is not a Sobolev function, we can apply Lemma [3:34] to conclude
rady € BVioo({rad; > 0}). If [D/rads| # 0, we can define cen := (rad;(j) — rad (j))1 (oo jye1 for some
J € Jwda, N{rad; > 0} and obtain a contradiction by Lemma for A defined as the stack of balls with
radius function rad 4 and center function cen, i.e.,

A= Brg (en(t) x {t}.

teR

In the case where rad 4 is continuous, i.e., the singular part only consists of the Cantor part, we define the
non-constant and purely singular BV function ¢ := Arad§ for some A € (0,1] on {rad; > 0} and define the
set A as the stack of balls with radius function rad 4 and center function cey, i.e.,

U BmdA(t) t)er) x {t}.

teER

We record A* = A* by definition and |A| = |A| by Fubini’s theorem. Now, we have to ensure that A is a set
of finite perimeter.

To this end, we consider the continuous representatives of rad4 and ¢ and record that C := (rada,c) is a
2-dimensional curve of finite variation on all open intervals I € {rad, > 0}. Hence, we can parametrize C' by
arc length into a curve C' on some bounded interval / € R such that the image of C on I coincides with the
image of C on I. In particular, [DC|((a,b)) = pVar(C, (a,b)) = (b — a) holds for all (a,b) C I, which implies
that C' is a Lipschitz function with Lipschitz constant 1 on I and with |DC|(I) = |I|. We further define the
function

g:Ix 0B = R", (t,z) — Co(t)er + (CL(t)x, 1),

which satisfies g(I x 9B ') = (§A); by the continuity of rad 4 and cen ; = Arade;. Since rad4 € L (R) by
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Lemma [3:34] we find

< |Co(t) — Co(s)| + [Cr(t)x — Cr(s)y| + [t — 5|
<2/t —s| + |C’1(t)x - C’l(s)x| + |C’1(S)x - C’l(s)y|
<2|t—s\+|t—s\+sqp|é’1|\x—y|

i

lg(t,2) —g(s, )

< (3+ [[rada Lo r) ) (£, 2) = (5,9)]
for all (s,y) and (¢,z) in I x 9B? L. With this and the area formula, we conclude
P(A,R™™ x 1) < HL(9A)1) = M (g(] x 9B} ™)) < (3+ o all e )"~ 1"~ x 0B ) < 0.
By the boundedness of rad4 and cen 7, Lemma implies that the set A; is of finite perimeter and finite

volume. Furthermore, A is a stack of balls such that the properties of Theorem are satisfied, which
leads to

P(A,R"! x I) = P(/L,]R”‘l x I) - P((/L)*,IR"‘l x 1) =P(4 R xI).

Since I € {rad, > 0} was chosen arbitrarily, we conclude that A is a set of finite perimeter in all of
R x {rad > 0} with

P(A,R"! x {rad} > 0}) = P(A*,R"* x {rad; > 0}) < 00. (3.59)
With this, we are able to apply Proposition which gives
P(A,R" ! x {rad; = 0}) = P(A*,R""! x {rad; = 0}) = P(A*,R""! x {rad; = 0}) < 00. (3.60)

Together, (3.59), (3.60) and the fact that cen ; is not constant are a contradiction to which proves the
claim. O

3.3 Generalized Schwarz inequality for functionals with measure
data

The main goal of this section is to generalize the Schwarz perimeter inequality and to analyze the equality
cases for functionals of this generalized form.

3.3.1 The measure data functional

In the following, we introduce the measure data functional P and the assumptions which we will impose.

Notation. Let p_, py be two non-negative Radon measures on R", such that either p_(R™) or py(R™) is
finite. We then define the functional

Prucus [A] 7= P(A) + py (AT — p (A7)
for sets A C R"™ of finite perimeter. In most cases, we will abbreviate
P=Pu_ P_ =P, o0, and Py ="Pou, -
In order to ensure lower semicontinuity of the functional P, we will often require p— and py to satisfy some
isoperimetric conditions from Section Furthermore, we assume that the measures are mutually singular

and that they satisfy the monotonicity condition

ty(B*) — pu_(B*) < pg(B) — u—(B) for all bounded sets B € B(R"). (3.61)
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3.3.2 Measure characterization

To generalize the Schwarz inequality to the functional P,_ ., it is essential to understand the behavior of
the corresponding measures p_ and py on (A)*A(A*)! and (AT)*A(A*)T, respectively. To this end, we
decompose the measures into a discrete and a regular part via the disintegration theory introduced in Section

231
We begin with showing that (3.61) can be reformulated as follows.

Lemma 3.59. Let p_, uy be two mutually singular and non-negative Radon measures on R™. Then (3.61)
18 equivalent to

i (B*) < py(B) and  p_(B) < p_(B*) for all B € B(R™). (3.62)

Proof. Clearly (3.62) implies (3.61). In order to show the other implication, we first consider R > 0 and
define v := py — p— L. Bg. Then (3.61) holds for all B € B(Bg) and there exists a Borel set N C Bg such

that p_ | Br = pu— L N and pu4(N) = 0. With (3.61)), the estimate
i (N*) < p(N*) < (V) = —p_(N)

follows, which implies p_(N) < p—(N*) = p_(N* N N) < p_(N) and p4(N*) = 0. Hence, we obtain
p—(NAN*) =0 = |v|(NAN*). For B € B(Bg), we conclude

—p_(B*) = —u_(B* N N) = —u_(B* N N*) < —u_((BAN)*) = (BN N)*) < u(BNN) = —u_(B)

according to (3.61), and the previous inequality confirms p_(B) < p—(B*). Exploiting the finiteness of p_
on N, the inequality

14 (B*) = ju_(N) = 12 (B* UN*) = u_(N*) < w((BUN)*) < u(BUN) = pu-(B) — pi_(N)

implies p4(B*) < p4(B). Therefore, we proved for all bounded sets B € B(R™). In order to transfer
this to unbounded sets B € B(R"), we first notice | Jz- (B N Bgr)* = B*. Hence, the continuity of measures
gives

p(B) = lim p (BOBR)") < lim py (BN Br) = p+(B)

and
p—(B*) = Rlim p—((BNBR)*) > Rlim u—(BNBg)=p-(B),

which completes the proof. O

Proposition 3.60 (Disintegration of measures that satisfy the monotonicity condition). Let p be a non-
negative Radon measure in R™. With the notation introduced in Section [2.3.1), the following holds true. If
either u(B) < p(B*) for all B € B(R™) or pu(B*) < w(B) for all B € B(R™), there exists a non-negative
Borel function f € Li _(R™ LY @ uV) with u= f(L" @ uV) for pV as in Definition .

loc

Proof. By the Radon-Nikodym theorem, we have to show u < £~ ® uV. Since Tt <K uV, it suffices to
show plBr < L" ' ®@m,4(uLBg) for all R > 0. If we consider the monotonicity condition pu(B) < p(B*), we
can w.l.o.g. assume p = pul_Bp for some R > 0. In the case of u(B*) < u(B), the corresponding monotonicity
condition for pl- Bg holds true only for Borel sets B C Bpy.

However, we first assume that ;(B) < p(B*) holds true for all Borel sets B in R™ and that p is a finite measure
supported in Bg. In this case, we can apply Lemma and conclude that, for 7,4 p-a.e. t € R, there exists
a Radon measure pi! on R"~! such that the map R — RM(R"~1,[0,0]), t — pl is (m,)4p-measurable, and
that

w(B) = /]R,u?(Bt) d(7n ) (1) holds for all B € B(R"),

as well as (2.15)) for all f € LY(R"; u).

Since Cgpt is separable on open sets, we find for each k£ € IN a countable and dense subset {¢k. 1, ¢k2,... } of

_ 1
{i e 0L 01D el < |
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Then we define
r,i(t) ::/ Pri dpsy’
Rn—l

and

. . o 1
S(t) := limsupsup g ;(t) = lim sup sup {u?(B) : Be BR"1\{0}), |B| < wn_lkn—l}

k—oo 1€N k—o0

for t € R, where the latter equality follows from the Riesz-Markov representation theorem. We can split
pil into its absolutely continuous part p¢ with respect to £7~! and singular part p$. In particular, there
exists a density g : R"~! — [0, 00) with u® = g£" 1. By the assumptions on p, we even find g € L'(R"1).
Furthermore, there exists a negligible set N C R"~! with pl!lL N = puf such that we can rewrite

S(0) = timsup sup { ¢ (B) + WE(V\(0)) 5 B € BRINOD), Bl < w1 oy | = (R0,

By the ,4p-measurability of ¢ — pf' and Lemma [2.65| the functions S and gx; are m,4p-measurable.
In the following, we show 7, 4pu({S > 0}) = 0 by contradiction. If we assume m,,u({S > 0}) > 0, we find
some ¢ > 0 such that the 7,4 p-measurable set {S > d} has 7, 4p-measure equal to some A > 0. Hence, we

can apply Lusin’s theorem on R, obtaining compact sets Ey; C {S > 6} with m, xpu({S > 6}\Ey ;) < 2k+++1
and ng\Em continuous for all 7,k € IN. We then define the compact set F := ﬂk ieN Pr.i that satisfies

R E) = T t({S > ) — magu([S > S\E) > A~ 3 (Z ;) -2 (3.63)
k=1

Since E C {S > 0}, we can fix ¢ > 0 and find for each ¢t € E some k = k(t) € N3, and ¢ = i(t) € IN with
9k,i(t) > 0, where k. is chosen such that é < €. Note that the dependencies might depend on the exact
choice of €,k and . By the continuity of gr; on E, there exists some v = y(t) > 0 with g ;(s) > ¢ for all
s € I,(t)NE, where we define I, (t) := [t —,1+~]. Considering the fine cover C := {I1,(,)(t) : k €N, t € E}
of E, we can apply the covering theorem of Vitali and Besicovitch, which can be found, for instance, in [3|
Theorem 2.19]. With this, we find countably many disjoint intervals (I;);en € C with

Tnplt E\Ulj =0.
j=1

By the preliminary assumptions imposed on p and the compactness of F, there exists ¢ € IN with
¢
Tnpit | £\ U I; | <e. (3.64)
j=1

In the following, we denote [;(t) = I; if there exists some £ € N such that I; = I1,)(t), indicating the
middle of I;. With this, we define the following Borel function

Ore),i)(x), if s € I;(t) for some t € R, j € {1,...,0}

o: R xR —[0,1], (z,5) —
0, else.

Exploiting the choice of ¢y ;, we find spty € (R"1\{0}) x R. In particular, there exists 7 € (0,¢) such that
(B! x R) N'spty = 0. Moreover, by the definition of k., it holds
’{x cR" 1 p(z,s) > 0}| < ‘sptapk(t)yi(t)’ < wp_1e™ 1, for all s € I(t), j € {1,...,¢}.

It follows
({(z,5) eER" ' xR : p(z,5) >0} UB' ' xR))" CBL ' x R. (3.65)
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By (3.64)), we have

¢ ¢
Tnpit (E) < mppp | EN Ulj + T pt E\UIj <Z7Tn#M(Eij)+E.
j=1 j=1 j=1

Since gp(4),it) > 0 on E N I;(t), the estimate

4
1
Tnpp (B <3 Z/ Ir(t)i(t) (8) Ay p(s) +e = SZ/ /ni1 Pr(ty,i() At A pp(s) + €

is verified. Thus, the definition of ¢ and (2.15)) yield

R (B)< 5 [ pduta) e,

As 0 < p < 1, we conclude

T (E) < $lfip > 0)) +
< Sl > 0} U (B~ X R)) — 2u({0} x R) +
<%u(B§E_1xR)—%u({O}xRH—e—N) as e\, 0,

where we applied @ and the imposed monotonicity assumption on p. Since we achieved a contradiction to
the initial observation (3.63), we find that it holds S(t) = y (R"~*\{0}) = 0 for 7, 4 pu-a.e. t € R. In particular,
we have p < (L7 4 6y) @ mp 4. With the monotonicity condition p({0} x R) < p(({0} x R)*) = pu(0) =0,
we confirm the claim in this case.

Now, we show the claim for a non-negative Radon measure p that satisfies u(B*) < p(B) for all B € B(R™).
To this end, we again consider the restriction pl Bg, which, for simplicity, we denote by u. In fact, we
consider a finite Radon measure p that satisfies pu(B*) < u(B) for all B € B(Br) and argue similar as above
with the slight difference of carrying out a sort of complementary symmetrlzatlon For every measurable set
F C B, ', there exists some radius r = r(R, |F|) € (0, £) with |F| = [Bj "\B%_L|. It holds

2

(B vF) U (B M\BEZY)) 1" = By X

for all measurable sets I C (—R, R). The monotonicity condition on u then yields

(B ) < (B VF) w BB ) < 1) <o (B VF) x 1) + e (B \BRZ) x 1)
which implies
pw(F xI)<p (B "\ByL) xI). (3.66)

As before, we choose countable dense subsets {¢g 1, ¥k 2, ...} of

_ 1
{o et (my01): ool < wnras |

Then the functions gi; and S are as previously defined, and we obtain S(t) = uf (B%_l), where pf again
2

denotes the singular part of u!. Analogously, while assuming |[{S > 0}| > 0, we can repeat the contradiction
argument from before and define the set £ with 7,4 u(E) > 0, while ensuring £ C (=R, R) in this case, and
show

mageh () < 5l > 0)) + ¢
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The estimate (3.66) applied for F' = {pg),i) > 0} and I = I;(¢) for all j € {1,..., ¢}, where |F| < wy_1e"!
is satisfied, gives then

Wn#ﬂ(E) 6M(Bn 1\BR r(R,wnp—1e™"1) ( R’R)> Te

Since r(R,w,_16""1) — R as ¢ \, 0, we conclude the contradiction Tnpt (E) = 0, as before. It follows
uLBg <L Tn4M, Which transfers to p < L1 @ VY without restriction. O

Remark 3.61. The proof of the previous theorem works analogously if we merely impose (A1) < u((A1)*)
for all measurable sets A C R"™. Indeed, the same construction of ¢ even gives

{(z,t) eER"™ xR : @(x,t) >0 U B ' xR)* C (({(z,t) e R" P xR : p(x,t) >0} U (B! x R))")*
CBEr!'xR

instead of . We can then exploit the compactness of E and conclude p < (£ + §p) ® T4 ft in the
same way.

In this case, we cannot remove the additional Dirac measure as before, since ({0} x R)™ = () in all dimensions.
In order to control the additional Dirac portion on the n-th axis, we consider a Borel set B = AT, and
compute

p(BU {0} x [-R.R) < limp ([BU ([=e.e" " x [-R.B)]") < (B7U ({0} x [-R. R])
for all R > 0, where we take the closed symmetrization B* of B defined in Definition Thus, we obtain
#(B\({0} x [-R, B])) < s (B\({0} x [-R. R]))

Letting R — oo yields that i := pul. R""!'\{0} x R satisfies the monotonicity condition with the slight
difference that we take the closed symmetrization. However, by the previous analysis, u does not record the
difference between B* and B* away from {0} x R since

M(B;\( {0}><]R //E)B Flaz,t)dadpY (1) = 0.

rd g (t)

Hence, neglecting the Dirac portion of p on the middle axis still gives a measure which satisfies the mono-

tonicity condition.

A similar analysis shows that if ((A)*) < p(A') holds for all measurable sets A C R”, then p < L" 1 @uV.

Indeed, instead of (3.66) we can show u(F! x I) < ((B" 1\B 1) x I) first for all for all open, and then

also for all Borel sets I C (—R, R), where F' and r are as in the proof. This follows as before together with

the observation ((By '\F) x I)1 = (B’ "\F'*) x I'if I is an open interval and with the regularity of Radon
2 2

measures. Taking into account the openness of {©y()ir) > 0}, we then find p < L1 ® Tppp as in the
proof of the previous proposition.

Proposition 3.62 (Characterization of the monotonicity condition). Let u be a non-negative Radon measure
in R™ and p = f(L" ' @ uV) for some pV -measurable and non-negative Borel function f € LL (R™ L' ' ®
wY). Then the following properties hold true.

loc

i) The condition pu(B) < u(B*) for all B € B(R™) is equivalent to the existence of a p" -negligible set
N C R with

fly,t) < f(x,t) for L -a.e. x,y € R*Y with |z| < |y| and all t € R\N .

ii) The condition u(B*) < u(B) for all B € B(R™) is equivalent to the existence of a " -negligible set
N C R with

flz,t) < fy,t) for L7 -a.e. x,y € R™Y with |z| < |y| and all t € R\N .
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Proof. We will only prove the first statement, since the second one can be shown analogously. First, we
assume that the monotonicity condition on p is satisfied, fix s > 0, and notice ({f > s}*); = B;;d{lb L (1) for
all t € R. Exploiting that |(A*)¢| = |A:| holds for all measurable sets A C R™ and all t € R by definition, we
obtain
/ Flo,t) do < / Fot) do (3.67)
({f>s}*):

{f>s}e
for all ¢ € R. We compute with Fubini’s theorem

[ t@odwado=[  fendetow)w s> ).
R J{f>s} {f>s}

Applying the monotonicity condition of p on the Borel set {f > s} yields

[ seowaro<uis>= [ jeodeteMen=[ [ jeoddde.
R J{f>s} {f>s}* R J({f>s}*)e
Together with (3.67)), this verifies

/ f(z,t)de = / f(z,t)dx for uV-a.e. t € R.
{f>shs {F>s3)e

In fact, for every s > 0, we find a corresponding pV-null set N, C R such that it holds {f > s}; = rdd{1f> L)

up to negligible sets for all ¢ € N;. We choose a dense subset Q := {q1,¢2,...} of [0,00) and define the
pV-null set N :=J;2, N,. For t € R\, we obtain

U I'ad{f>qk}(t) = ]R'nil\{f = O}t

up to negligible sets, where S := (Jro, {f > qk}tAB”Iad”> L)

f(x) < f(y) and argue by contradiction. The density of Q yields the existence of some ¢ € @ with f(z) <

-1 1 . .. K
q < f(y), and therefore, y € {f > ¢}: N "Iad{ NG, and x ¢ Bgd{f RO contradiction to the assumption.

The equality {f =0}, = R"~1\ U, B " ad{f> OB to null sets provides the previous argument for almost
qk

For z,y € FE with |z| < |y|, we now assume

every x,y € R" L.
On the other hand, if f satisfies the monotonicity condition and B € B(IR"), then we exploit once again
|B;| = |(B*)¢| and compute

/Btfxtdxd,u, //B)t (z,t)dzdp (t) = p(B*),

which shows the claim. O

With this characterization of the monotonicity condition at hand, we are able to decompose both measures,
p— and pq into the discrete and the regular part with respect to the Schwarz symmetrization. We then
analyze the difference of (A*) and (A1)*, respectively the difference of (A*)! and (A!)*, observing that the
crucial parts are those with horizontal mass.

Definition 3.63 (Discrete and regular measure parts). Let p be a non-negative Radon measure on R". We
call the sets
dis, :={t € R: pulL H; # 0} and reg,, := R\dis,

the discrete and the regular set of p. Furthermore, we define the discrete and the regular part of u by

Hdis = Z nl Hy and freg = pLR™ T x reg,, ,

tedis,

respectively.
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Remark 3.64. i) Both the discrete and regular parts of p are non-negative Radon measures. Since p is
by assumption a Radon measure, the discrete set of p is at most countable. Moreover, it holds that
W= pdis + Hreg -

ii) The relevant properties which we impose on the measure g, i.e., the isoperimetric and the monotonicity
conditions, transfer to the discrete and regular part. The isoperimetric condition especially transfers
with the same constant. The monotonicity condition transfers due to the definition of Schwarz sym-
metrization giving (BN (R"~! x §))* = B*N (R"~! x S) for all measurable sets B C R"™ and S C R.

iii) If p is equal to f(L"~t@uV) for some Borel function f € L (R"™; £" 1®u"), then ul_ H; # 0 for some
t € R if and only if ¥ ({t}) > 0. In particular, g corresponds to the Dirac portions of 1V and equals
SL 1 @ (pY Ldisy)). It then holds that pwg = f(£"' @ (1Y Lreg,,)) vanishes on every set R"~ x T
with T"C R countable.

Despite the fact that the isoperimetric condition implies absolute continuity with respect to the Hausdorff
measure, we show in the following two lemmas that this follows also from the monotonicity condition.

Lemma 3.65 (Dimension of the regular part). Let p be a non-negative Radon measure on R™ satisfying
either u(B*) < u(B) or w(B) < u(B*) for all Borel sets B C R™. Then jiweg vanishes on every H"~'-o-finite
Borel set.

Proof. 1t is enough to show fie(B) = 0 for every Borel set B C R" with H"~!(B) < co. With Proposition
and Remark we find a non-negative Borel function f such that e = f(£"' @ (uVLreg,)). The

niteness of H"~1(B) yields an at most countable set T := {t € R : H"~ (B, x {t}) > 0}. Moreover, since
H"1(By x {t}) = |By| for all t € R and pV (T Nreg,) = 0, it holds that

B = [ [ tensado= [ [ fenaado=o

as claimed. O

Lemma 3.66 (Absolute continuity with respect to the Hausdorff measure). Let p be a non-negative Radon
measure on R™ satisfying either u(B*) < u(B) or u(B) < u(B*) for all Borel sets B C R™. Then it holds
p < H L

Proof. We consider a Borel set B with vanishing (n—1)-Hausdorff measure. It holds that |B;| = H"~(B; x
{t}) =0 for all ¢t € R. Therefore, an application Proposition yields

w(B) = /R [ redndn¥) =0

as claimed. ]

It is left to show that pin is indeed the part of i which behaves well with respect to the choice of representation
of the Schwarz symmetrization. To this end, we show a subset relation with the following notion of closed
Schwarz symmetrization.

Definition 3.67 (Closed Schwarz symmetrization). For A € M™, the closed Schwarz symmetrization
of A is defined as the set 7
A :={x e R": |7| <rada(zn)} .

Lemma 3.68 (Subset relation of symmetrized representatives). Let A CR™ be a set of finite perimeter and
finite volume. Then it holds

(A9t C(AhH)* and (AN* C (A9,

For the proof, we use the identification of measure-theoretic interior and exterior via more general sets, rather
than balls. We however only need the following equality via cylinders.

Lemma 3.69. Let A € M", then the following equalities hold true
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i) AO:{xGIR": limp\omz()},

2wpn—1p"

i) Al = {mE]R": lim o A0C@] _ 1} ,

2wn71pn
i) 994 = R™\(A° U A1).

Proof. We only show the first two equalities, since then the last one follows by definition. For all p > 0 and
z € R", it holds B,(z) C C,(z) € B, 5,(z). Hence,

|ANB,(z)| wn g|Amcp(ac)\<IAﬂBﬂp(rcMﬁ”wn
Wpp"  2wp_q 2wy 1 p" wn(V2p)" 2wn_1

)

which shows the first equality by definition. The second follows from (R™\A)" = A*. O

Proof of Lemma[3.68 We first consider the case of bounded sets A C R™ such that A € Bg for some R > 0.
Let t € R, In what follows, we consider a big portion of A close to the t-slice of A'. Let ¢ be an arbitrary
number in (0, 1). According to Lemma 3.69|, it holds (A'), C {z € R"~' : liminf, o 140G, () e} C

2wp_1p"

(A™);. In particular, we find pg = po(g) > 0 with

A t
Hx crr—t. ANG(@ D) 1_5}‘ > vl (1) — ¢
2wn—1pn
for all p € (0,pp). Since we assumed that A is bounded in the first n—1 components, we can apply the

covering theorem of Besicovitch (see [3] Theorem 2.18]) to find some universal constant m € IN, which only

[ANC, ((=,1))

depends on n, and a countable set {x1, o, ...} of points in {x eR L T > - 6} such that

{xG]R"_lz w >1—5} C DBZ‘l(xk) = F

2wn—1pn k=1
and such that for every - € R"~!, there exist at most m different points zy,, ..., zx,, with z € B}~ (zy,) for
all - € {1,...,m}. Using again the boundedness assumption on A, we find that the cover F' is also bounded

and has finite volume. Now, the identification (Jy—; C,((zk,t)) = F x (t — p,t + p) =: F, yields
IAVIES)PA(CRMVI
k=1

We notice that every point in F), lies in at most m different cylinders C,((x,,t)) by construction. Taking
into account the choice of py, we estimate

EAAI < S lCy((wr )] < em|E,| = 2m|Flp. (3.68)
k=1

For the final part of the reasoning, we define the sets

I={se(t—pt+p):|AsNF| > (1—+me)|F|}
Ji=(t—p,t+p\I.

We record |I| > (1 — y/me)2p since otherwise, the definition yields |I| < (1 —\/me)2p and |J| = 2p — |I| >
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vme2p, and the estimate (3.68)) results in the following contradiction:
|Fp| —me|Fp| < |Fp| — [Fp\A| = [AN F|

t+p
= / |As N F|ds
t—p

:/\ASHF\ds+/|ASﬂF|ds
I J
< [1F1= 1P\l ds + 1711 - vime) P
I
= 11+ 1= V) Fl = [ 1F\Aas
<2p(1—me)|F| ~ [ IF\A,]ds.
I

where we applied Fubini’s theorem in the second step. The estimate

1Ay > [AsNF| > (1 — Vme)|F| > (1 — v/me)(wolai(t) —)  forall s € I

now follows by the definition of F’ and I. Thus,

Bt C (A%, forr=r(e) = ((1 = vme)(wla: (t) = E)>nl forallse .

Wn—1

Together with the volume estimate for I, this yields

[A* N Cp((,1))] Bt NBy ()]
2w, 1p" B2

\%

(1 —+/me) —1—ymeasp\,0 for all z € B!,

Since ¢ was chosen arbitrarily small and r — rad 41 (¢) as € \, 0, we find ((A!)*); C ((A*)!);. Since ¢ is also
arbitrary, we showed the first claim for sets which are bounded.
In order to transfer the result to unbounded sets, we compute

(A = J@Brna)h) c | J(BrnA) € (41

ReN ReEN

In the remaining proof, we show (A*)* C (AT)* for bounded sets A € Bgr. By the definition of closed
Schwarz symmetrization, it suffices to show [((4*)T),] < |(A");] for all ¢ € (—R,R). We record that
(B! x (=R, R))\A is a set of finite perimeter and finite volume. We denote by s the radius function

1

for the complement of A in By ' x (=R, R), i.e., s(t) := rad(B;i”lx(—R,R))\A(t) = (R"' —rada(t)" 1) ™",

According to Lemma [3.34] we find representatives of s and rad 4 such that the one-sided limits exist at each
1

point in R. Furthermore, we observe s* = (R"~! — (rad})"~!) ™" on (—R, R). Applying Lemmaa gives

(B x (=R, R)\A") )| = [(BE " x (=R, R)\((A) )|
= By "\B"

dd+(t) ’

n—1
=B

= (B x (=R, R)\A)))e] .

and with the shown subset relation, we conclude
(A )l = B \BE\((A7) )]
= By "\((BE " x (=R, R)\A)")" )|
< [BE \(BE ' x (~R,R)\A)")|
= (AT
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for all ¢ € R. Hence follows the claim in the bounded case.
For proving the result for unbounded sets, we apply Lemma and consider a sequence (Ry)ien of positive
numbers with R, — oo as k — oo such that

Jim [(((ANBgr))Y),| = [((AM)7F),] forall t € R.
With the corresponding estimate for bounded sets, we obtain
((A4")),] = Jim [(((ANBA))Y),| < Jim |(ANBg,)*),| < [(4%)
for all ¢ € R, which proves the claim. O

Lemma 3.70 (Behavior of the regular part). Let u be a non-negative Radon measure on R™ satisfying either
w(B*) < u(B) or u(B) < u(B*) for all Borel sets B C R™. For all sets A C R™ of finite perimeter and finite
volume, it holds that

reg (AT)*) = preg ((A)T) = g (A")1) = g ((A1)") .

Proof. We first notice that, according to the Schwarz inequality, the difference (A*)*TA(A*)! = 9%A*) is
an H"!-finite set. Therefore, Lemma implies fireg((A*)T) = pireg((A*)'). According to Lemma m
we know fireg ((A*)") < pireg ((A1)*) and pieg ((A1)*) < pireg((A*)1). Also, the set (AT)*\(AT)* is in general
negligible with respect to p by Proposition Indeed, for f as in the statement, it holds

pla\a) = [

Thus, it remains to Show fiweg ((A7)*) < fireg ((A)*). To this end, we exploit the finiteness of 9*A under H"~*
to obtain |(0*A)¢| = 0 for all but countably many ¢ € R. Since the Schwarz symmetrization does not see
H" Lnegligible sets, the structure theorem of Federer implies (AT)* = (A U 9*A)* C (AY)* U (R™ 1 x T)
for the countable set T := {t € R : |(0*A){| > 0}. According to Remark the regular part (i vanishes
on R"! x T. Hence, the remaining estimate is shown. O

fz,t)dzdu¥(t) =0.
)

t

3.3.3 The generalized Schwarz inequality

We are now able to prove the Schwarz inequality for measure data functionals. Since we have already shown
that the regular part of the corresponding measure is indeed well-behaved, we first concentrate on the discrete
part, which lives on horizontal hyperplanes. The assumptions on the measures yield suitable compensation
of the increase of the measures while changing the representatives of the symmetrized sets by the decrease
of the perimeter.

Proposition 3.71 (The generalized Schwarz inequality on hyperplanes). Let p_, py be two mutually singular
and non-negative Radon measures on R™ with p_ (R™\ Hy) + p+ (R"\H;) = 0 for some t € R. If both u_ and
W+ satisfy the small-volume isoperimetric condition with constant 1 and the monotonicity condition (3.61]),
then

POA*, Hy) + i (A1) = o (A")) < P(A, Hy) + iy (AY) — i (A7)
holds for all sets A CR™ of finite volume and finite perimeter in a neighborhood of Hy.

The proof is divided four steps, relaxing the assumptions on A iteratively. First, we will show that smooth
bounded sets with no boundary part on H, are well-behaved, thanks to Lemma[3.68] compare Figure [[.3] We
then transfer this result to bounded sets of finite perimeter without boundary portion on H; via Theorem
and the lower semicontinuity result, which we gain from the isoperimetric conditions for the measures p
and p—. The most crucial step is then to relax the additional assumptions on A, only assuming boundedness.
We therefore exploit Proposition constructing approximating sets of A, which satisfy the assumptions
of the previous step and shift the crucial boundary part into its interior or exterior, respectively. The final
step transfers the result to unbounded sets by a standard exhaustion argument.
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Proof. 1t suffices to consider sets A C R"™ of finite volume and finite perimeter in R™. We then find at most
countably many ¢ > 0 with P(4,R"~! x {t —¢,t 4+ £}) > 0. In fact, we find a null sequence (¢ )ren with
P(A, R x {t — e, t +ex}) = 0. If we show

P(A* R (b=, tter)) e (A7) = ((A")F) < P(A R x (t—ep, tter)) g (A1) —u— (A7) (3.69)

for all k£ € IN, then the regularity of Radon measures implies the claim. Thus, we fix any € > 0 which satisfies
P(A,R" ! x {t —e,t +¢}) = 0 and define I := (t — ,t + ¢). The proof of ([3.69) is divided into four steps,
considering different levels of regularity of A.

Step 1: Show the claim for smooth and bounded sets A which satisfy H"~1(0A N H;) = 0:
In this case, we record |[(A*AAT),| = [(A);| = 0, which, by the definition of the (closed) Schwarz sym-
metrization and Lemma [3.68] gives

(AN); = (A"); = (AT)7 2 (A 2(4); 2 (A"}

up to negligible sets. Equality follows in the subset relation above. Now, the monotonicity condition ([3.62)
follows from Lemma [3.59] and, together with Lemma this gives

Ho(A) (A1) = p (A7) and ap(AY) 3 s (AD)") = e (A1)
Together with the standard Schwarz inequality, Theorem we obtain ([3.69).

Step 2: Show the claim for bounded sets A which satisfy P(A, Hy) = 0:

According to Theorem we find a sequence of bounded and smooth sets (A )ren which converge to A in
L' and which satisfy limg_.., P (Ak, B) = P(A, B) for all B € B(R") with P(4,0B) = 0. We can further shift
every Ay, vertically, such that P(Ay, H;) = 0. Indeed, since P(Ay + (0,6), H;) = P(Ay, H;_s) = 0 holds for all
but countably many § € R, there exists a null sequence 0y, with P(Ay, H;) = 0 and |P(Ay, Hi) (Ak, Hi)| <
% for Ay := Ay, + (0,6;). It is then possible to verify the same suitable properties for the sequence (Ag)ken.
In particular, we have A, — A in L! as k — oo and

Jim P(Ay, HY) = lim P(Ay, HiZ 5 ) = P(A, HY).
In fact, the convergence 14, — 14 is strict in BV(Hti) as k — oo. Applying Proposition provides the
convergence of Tr+14, to Try =14 in LY(Hy, H" ') as k — oo. Since
1a1nmH, < TTHti]lA < La+nm,

is always satisfied up to an H" l-negligible set, we can apply P(4, H;) = 0 and P(A, H;) = 0 and obtain
equality above when A is replaced by Ag. Hence, it holds that

0= lim [ Tryta, = oy Lallbs ey = lim [(ATAAL),| = Tim |(A'AAL),.

Exploiting once again the absolute continuity of p+ with respect to the H" 1L Hy, it follows
Jim po (A7) =p- (A7) and  limopg(A)) = pe(AD).
Applying Step 1 yields
lim sup P(4F, R"~ P D)+ g (A1) = - (A1) < < limsup P(Ay, R™* x U ) g (Ay) — p-(AF)
=P(AR" xI)+ py(AY) —p_(A1).
To complete Step 2, it is left to show the lower semicontinuity of
P(-11): M" — [—00,00], F s P(FR™™ x 1) 4 o (FY) — i (F)

with respect to L' convergence, since |[A*AA%| < JAAAg| — 0 as k — oo is satisfied by Remark |3.2) . Indeed,
by Proposition [2.79)and Lemma [2.80} the measure P(R" ! x I, - )+pu_(-) = H" 1L R " I x {t—e,t+e}+pu_
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satisfies the small-volume isoperimetric condition on R™ with constant 1. Moreover, ui (R"™ x (R\I)) +
p— (Rt x (R\I)) = 0, hence Theorem and the boundedness of A give the lower semicontinuity of
P(-;I) and therefore, Step 2 is completed.

Step 3: Show the claim for bounded sets A:

By the absolute continuity of x4 with respect to H* 'L H; = L' ® §; and Proposition we find Borel
functions fy € Ll (R™ £L"! ® ¢;) such that puy = fr(L"!' ® §;) and both functions, fi(-,t) and f_(-,t)
are radial and f_(-,?) is additionally decreasing, whereas f, (-,t) is increasing. In particular, we find some
R € [0,00] with p— = p_LB% " x {t} and py = pyp L(R"1\B% ') x {t}, where we exploited that y_ and
iy are mutually singular.

By Lemma m it holds that 0*AN H; C {va = *e,}, which leads to the following decomposition of the
trace via Proposition In particular, applying the statement twice, we find for each k¥ € IN some sets

O € BR™! x I) satisfying
i) |CF| < L, P(CF) < o0,
ii) TrHi]lC,j - ]l{uA:en}mB;;*lx{t} ’ Trﬁr;]lck+ = ]l{uA:—en}mB;flx{t}v
) Ty Lo =T ,—eynme-npyxtn s oy Loy = Luazenme-1y )« ey 20d
iv) P(C}f,R"\H,;) + P(C; ,R"\H,) < H" ' (0*"AN H;) + +.

The sets C,j' form small sets, which have complementary trace of A in H;, whereas C; has the same trace
of A in Hy. Moreover, they are chosen such that the construction Ay, := (AUC)\C, for all k € IN neglects
the portion of 9*A in R""'\B"% ! x {t} and includes 9*A in B, * x {t} in its measure-theoretic interior, see
Figure [3.9

N N N
I I I

Tt .

gptp_;_ ; Sptu—

Figure 3.9: Construction of the auxiliary approximate sets Ag

Formally, we use [i)| to observe that each Ay is a set of finite perimeter with A, — A in L! as k — oo and
show in the following that

ApNHy = AfnH = (A'n (R IN\BE ' x {t})u (AT n(BE ! x {t})) (3.70)

holds up to H"!-negligible sets.

1
Since Federer’s structure theorem ensures A' U A° U A2 = R™ except for H"!-null sets, and since we know
that A2 N H, C {va = %e,} up to H" l-negligible sets, it suffices to show the following properties:

v) If z € A' N Hy, then z € A},

vi) if x € AN Hy, then z € AY,

vii) if z € A7 N {va = +e,} N (BL ! x {t}), then z € AL,

viii) if € A2 N {va = Fe,} N (R N\B% ! x {t}), then z € A,

where we understand these statements for H" !-a.e. z in the corresponding sets.
To ShOW and it suffices to record that the trace assumptionsi|ii)|and on CifF imply z € (C;H)°N(Cy)°
in both cases. For z as in we assume w.l.o.g. va(z) = e, and obtain by Lemma and Proposition
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that z is in (AN H; )z. Moreover, the choice of Cy yields z € (C,j')% (CF NH;)zN N(C;,)°. The density
of Ay at x is hence estimated by
ANH 0B@)| | N H 0B.(a)

AN Be()] 1
liminf ————— > liminf + =_
N0 B, | ™0 B | |B,-| 2

and therefore, we find z € A}.
For z as in we again assume w.l.0.g. v4(z) = e, and obtain similarly as before that z is in

(ANH; )2 N (Co)2N(Cy NH)EN(CHY N (AAH] ).

Thus, we conclude

A, NB, ANB, C;F nB, C; NANB,
o A OB @] AN B, ()] | O 0B, @) |G (@)
™0 |BT| ™0 ‘Br| |BT| |Br|
1 C, NH, NB,
= limsup - — 1 ! (z)] =
7\,0 2 |Br|

and with this, we find z € AY.
We have shown that P(Ay, H;) = H"~1(9*A; N H;) = 0, such that Lemma implies

P(Ap, R" ' x1) = P(Ag, R x I\ {t}) < P(A,R" ' x I\{t}) +P(C, , R" ' x I\{t}) +P(C;F ,R" ™t x I\ {t}) .

By property we conclude
1
P(Ag, R x I) < P(A, R x 1)+ e

Furthermore, and the choice of B’;{l imply
p—(Af) = p_(AT) and pe (AL = py (AY) for all k € IN.
All together, we find
P(A R™ 1) 4 s (A1) — (A7) < liminf P(AEL R x 1) + iy (49)") — o ((45)°)
< nznsupmk,m* X 1) + g (AL) — - (A7)
—00

— (AR X ) 4 iy (AY) — (A7),

where we applied the result and the lower semicontinuity of P(-,I) from Step 2.

Step 4: Show the claim for unbounded sets A:

If A is an unbounded set of finite perimeter and finite volume in R"™, we apply Remark and find that
(Bg N A)* converges to A* in L' as R — oo. Hence, we can use the lower semicontinuity of P(-; 1), Step 3
and the regularity of Radon measures to obtain

P(A% R x ) + i ((A%)) = p_((4%)")
<lminf P((Br, 1 A) R 1) 4 iy (B, 1 A))Y) = i (B, 01 4))*)

<limsupP(Bg, NA,R"! x I) + puy (Br, N A)Y) — pu_((Br, NA)T) (3.71)
k—o00

=limsup P(Br, N A, R x I) + py (A') — u_(A™)
k—oo

for all sequences (Ry)ien of positive numbers that satisfy Ry — oo as k — oo. Since A has finite perimeter
and finite volume, we can consider a specific sequence (Ry)ren of positive numbers that satisfies Ry — 00
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as k — oo and H" (AT N (R"! x I)NIBR,) < 1. Indeed, the existence of such a sequence falls out of the
formula for radial integration applied on 1 4+~(gn-1x 1), Which gives

0o > [AN (R x 1)) :/ H (AT N (R x I)NIBR)dR.
0

For such a sequence, we obtain
P(Bgr,NA,R" ' xI) < P(A,Bg, N(R" 1 xI)+H" HATN(R" xI)NIBg,) — P(A,R" ! xI) (3.72)
as k — oo by Lemma Finally, and yield
P(A*, R 5 1) + i ((A%)Y) = po (A7) S PR x 1) + g (AY) — p(A"),
which shows the claim in full generality. O

Example 3.72. We cannot lift this statement to the case of non-mutually singular measures p_, p. Indeed,
take for instance the set A :=[0,1]>U[~1,0]? in R?, p_ = py = 2H" 1L Hy. According to the definition of
Schwarz symmetrization and Lemma both measures satisfy and the small-volume isoperimetric
condition with constant 1. Since A* :%—0.5,0.5) x [=1,1]) U ((=1,1) x {0}), it holds that pu_((A*)T) =
p—((A*)1). Together with p_(A*) =4 and py (A!) = 0, we obtain

P(A*) =P(A*) =6 >4 =P(A) —4=P(A).

In fact, the compensation effect of the perimeter and the measures py and p—, which we exploit in the proof,
is no longer fulfilled.

Theorem 3.73 (Generalized Schwarz inequality). Let p_, py be two mutually singular and non-negative
Radon measures on R™ satisfying (3.61)) and the small-volume isoperimetric condition with constant 1. Then

P(A*) < P(A4)
holds true for all sets A C R"™ of finite perimeter and finite volume.

Proof. We first denote the Borel sets dis := dis,, Udis,_ and reg := reg, Nreg, . By Lemma the
condition (3.62) applies for u_ and uy separately, such that the Schwarz inequality and Lemma yield

P(A*,R"™ % reg) + (k4 )ree ((A")) = (1) ((A")T)
P(A*, R"™! x reg) + (i )reg ((A1)*) = (1= )rg (AT)")
P(A R x reg) + (p4 )reg(A') = (1= )reg (AT).

N

Since the set dis is at most countable, and Proposition [3.71] applies for each ¢t € R with p+ | Hy, we conclude
the generalized Schwarz inequality for P. O

In the following, we present another approach of the proof of Theorem for functionals of the reduced
form P_ and P, avoiding the extensive characterization of the corresponding measures of Section The
proof uses various approximation results, which eventually reduce the argument to polyhedral sets without flat
boundary parts, compare the proof of Theorem 3.5) which was based on |62, Theorem 19.11]. It seems difficult
to apply this approach to the general functional P, since the argument is based on an outer approximation
argument for P_ and an inner one for P, compare Step 3 of the proof of Proposition [3.71

Theorem 3.74 (Generalized Schwarz inequality for the reduced functional). Let p_, p4 be two non-negative
Radon measures on R™ satisfying (3.61)) and the small-volume isoperimetric condition with constant 1. Then

P_(A*) <P_(A)  and  Po(A*) < Pi(A) (3.73)

hold true for all sets A CR™ of finite perimeter and finite volume.
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We first confirm (3.73)) for simple polyhedral sets without horizontal boundary parts, before transferring the
result iteratively to smooth sets, sets without pathological boundary parts (i.e. without points of density 0
on the boundary), and finally to general measurable sets by approximation results from Section

Proof. The proof in divided into several steps.

Step 1: Show for bounded open polyhedral sets A with {v4 = e, } = 0:

Since A is polyhedral, the boundary of A is Lipschitz. Thus, A' = A, AT = A and A = 0*A up to an H"!-
null set. Hence, we may write 0A instead of 0*A throughout this step. Applying the definition of Schwarz
symmetrization provides

= UBul x{t}  and = UBlar x {1}

teER teR

Step i): Show rad = rad 4 is continuous on R:
The volume function wly, and therefore rad 4, is lower semicontinuous, since Fubini’s theorem, Remark [2.1§]
and Fatou’s lemma imply

wly(t) = |A¢] = /]Rni1 14,(x)dx
:/ 1a((z,t))de
]R,"_l
— [ @) (@) de
Rn—l

</Rn 1liminf(]l,q)_((:r7s))dav

s—t

< lim inf (14) ((z,s))dz =liminfwl(¢).

5=t Jpn-1 s—t

The same argument shows that wvol 4+ is upper semicontinuous, which transfers to rad;. By Theorem it
holds that

[(AT)e] = |[Ael = [(0A):|

“H(04): x {t})
=H""YOAN Hy)

= / Ly, dH™!
0A

1
/{ . }nH AR+ // Hﬁ 2 9) H"_2(z)ds
vA==XIeEn

= H"  ({vy = +e,) N H)
=0

for all t € R. Since A is assumed to be open, we have rad+ > rad4 and, by the previous observation, even
rad—+ = 1ad4 on R. Thus, rad4 = 1ad is continuous on R.

Step [1]ii): Show that rad A is locally LlprhltZ continuous on {rad4 > 0}:
According to Theorem [3.8 wl4 is in VVIOC (R) with

7a(z,1)]

vol'y () = —/(G*A) waln(z) dH"2(2) (3.74)

for a.e. t € R. Since A is assumed to be bounded, it even is in WH1(R) N L*°(R). We now show Lipschitz
continuity of vl 4 in order to transfer the property to rad4 on {rad4 > 0} with the previous step. To this end,
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we show the uniform boundedness of wl’y via (3.74). We claim that H"~2((9*A);) is bounded uniformly for
a.e. t € R. Indeed, by Theorem

H"2((97A),) = H"2(9"(Ar) = P(Ay)

holds for a.e. t € R. Since {v4 = *e,} = 0, we can represent A by finitely many rotated images of affine
functions f1,..., fx, defined on open and bounded Lipschitz sets Fi, ..., Fj in R®»~! with values in R". In
particular, we find R > 0 such that 94 N (R"~! x I) C Ule T;f;(B% % x I) holds for all I C R, where
Ty,..., Ty are a suitable rotations. For all compact sets I C R, Lemma [3.42] and a standard estimate of the
Hausdorfl measure in relation to Lipschitz functions give

/P(At) dt SP(AR™™ x I) = H" (@ANR"! x 1)
I
k
< Hn_l (U Tifi(B%_l X I))
=1

k
<Y HYH(TL®BE X))

i=1

k
<) Lip(fi)" Byt x 1|
=1

<.

Thus, P(A;) = H" 2(9%A) is bounded by the constant C for a.e. t € R. Furthermore, v4 can only attain
finitely many values such that there exists § > 0 with |v4 & e,| > § on A, which implies wl’y is in L>°(R)
by (3.74]). By the definition of the radius function, it follows that rad4 is locally Lipschitz continuous on
{rad4 > 0}.

Step iii): Show that for all ¢ € {rads > 0} there exists &, > 0 such that 9A* NR"™! x (t — &4, t + &) is
locally the rotated graph of a Lipschitz function:

Let t € {rad4 > 0}. Then there exists ¢; > 0 such that rad4 > ¢; on the open interval (t — &;,t + &;). We
show that 9A* N (R"~! x (t — &4, t + &;)) is Lipschitz near (x,t) for all z € 6B"mgj(t). Since A* is a body of
revolution, we may assume w.l.o.g. that z = rads(t)e,,_1 € R™ 1. In this case, A* is the rotated subgraph
Suby,—1[p] of p: B271(Z,t) — R; (v, s) — ()2 — |y'|? near (z,t) (this is well-defined since rad 4 > &; and
T = 0). The Lipschitz continuity of rad4 transfers to p such that 0A* is Lipschitz near (z,t) with

QA NR ! x (t—ent+e)= |J 9B, x{s}
sE(t—e¢,t+ey)

up to H" !-negligible sets for all ¢ € {rad4 > 0}. In particular, this regularity implies that
Ny = [(A* N (AN U (RM\AY) N (R™MN\AN)] N (R x (t —ep,t +e4))

is an H™ l-null set.

Step [I}iv): Conclusion:

First, we notice that A has at most finitely many connected components, since it is a bounded polyhedral
set. Together with the continuity of rad 4, it follows that {rad4 > 0} is a union of finitely many disjoint
open intervals ((a;, b;))i=1,.. k- According to the previous step, we find for each ¢ € (a;, b;) some ¢, > 0 with
OA* N (R"! x (t — &4,t + &¢)) Lipschitz. Exploiting again the continuity of rad4 and the fact that we can
write {rad4 > 0} as a countable union of such subintervals with center t;, it follows

9] k
(AT \A) U [(A)NAT] € [(A)° n AT U [RMA%) N (RMAT)] € [ Ny, U {0} x {ai, bi)

j=1 i=1
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where we applied Lemma and where N;; are the H"-negligible sets defined as in the previous step. In
particular, we have
HH(AT)\(A)T)=0 and  H"'((A")"\A*) =0.
Finally, Theorem [3.5] the monotonicity conditions imposed on p— and gy, and Lemma [3.60] give
P_(A*) = P(A") — j_((A*)) < P(A") — pu_((AT)") < P(A) — p_(A¥) = P_(A)

and

P (A7) = P(A") + 4 (A1) < P(A") + iy (A1)7) < P(A) + i (A1) = Py (A).
Since the remaining proof is similar for P,., we from now on mainly consider proving the Schwarz inequality
only for P_.

Step 2: Show (3.73)) for bounded smooth sets: ~
By Remark we can approximate A by smooth and bounded sets (Ag)ren that compactly contain A

with respect to the perimeter, the L' convergence and such that dA;, — dA with respect to the Hausdorff
distance as k — oo. By Theorem we can further approximate each A in L' and with respect to the
perimeter by polyhedral sets (A¥);cy such that 9AF — DA}, with respect to the Hausdorff distance as i — co.
By applying a diagonal argument, we find a sequence (Ay)ren of bounded polyhedral sets with A € Ay, for
all k£ € IN that approximates A in L' and with respect to the perimeter. Clearly, there exist at most finitely
many hyperplanes H in R" such that A N H is not an H" '-null set. Hence, for each k € IN, there exists
a rotation T with A € T Ay and H" Y (T Ay N {R"! x {t} : t € R}) = 0 for all t € R. Since the rotations
can be chosen without effecting the converging properties, we can further assume {v4, = *e,} = 0 for all
k € IN. Taking into account Step [1} the lower semicontinuity of the functional P_ from Theorem and
the positivity of pu_, we conclude

P_(A%) < liminf P(A]) — i ((A7)") < lininf P(Ay) — i (A7) < P(A) = (4%) = P_(4).

An analogous argument with inner approximation by Theorem applies to Py. Hence, we showed (3.73))
for arbitrary bounded smooth sets.

Step 3: Show (3.73) for bounded sets A of finite perimeter with H"~1(A° N JA) = 0:

By Remark can approximate A with H""1(A°NJA) = 0 by bounded smooth sets Ay in L' and with
respect to the perimeter such that A € Ay for all £k € IN. As in Step [2, we obtain for the functional
P_ for all bounded sets of finite perimeter with H"~*(A4° N dA) = 0.

With Theorem we can approximate bounded sets A with H"~1(A' N @A) = 0 by bounded smooth sets
Ay in L' and with respect to the perimeter such that A, € A for all & € IN. Then the same argument as
before gives the Schwarz inequality for P4 on A.

Step 4: Show for bounded sets of finite perimeter:

According to Theorem [3.30} we can approximate general bounded sets of finite perimeter A by subsets Ay, of
finite perimeter with H"~1(9A4, N AY) =0 for all k € N and P(A\Ay) — 0. In particular, we have A} — A*
in L! such that the lower semicontinuity of P_ from Theorem and the results of Step |3| imply

P(A4%) = P(A%) — ju((A)) < liminf P(A7) — i ((AD)") < lminf P(A) — (A7) (3.75)
Since p_ satisfies the small-volume isoperimetric condition with constant 1, we have
0< p—(AT) — p_(A) < p—((A\AR)T) < P(A\Ar) -0  ask — 0. (3.76)

Furthermore, by Lemma it holds P(A) — P(Ax) < P(A\Ag) — 0 as k — oo, which, together with (3.75)

and ([3.76) gives P_(A4*) < P_(A).
We obtain the corresponding inequality for the functional P, by applying Remark 3.31] instead of Theorem

B30
Hence, we showed (3.73) for general bounded sets of finite perimeter.

Step 5: Show (3.73)) for unbounded sets of finite perimeter and finite volume:
As in the proof of Proposition [3.71] we derive

P_(A*) < limsupP(Bgr N A) — u_(A™).

R—o0

Applying Lemma yields P_(A*) < P_(A). The argumentation for P, instead of P_ is analogous. [
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3.3.4 Equality case analysis

In this section, we present characterizations of the equality cases of the generalized Schwarz inequality,
similar to Theorem To this end, it is necessary to ensure that the measures p_ and gy do not fully
compensate for P(A) — P(A4*). In fact, the constant in the small-volume isoperimetric condition must be
strictly smaller than 1, see Example [3.75] or the corresponding hyperplanes must be excluded from the
equality characterization.

Ezample 3.75. We consider the set A := B?" ™! (—2¢1) x (0,1) UB" *(2e1) x (—1,0] and the measure py =
—U—- = 72Hn71LH0.

A+ (A*)+

sptu—

A+
Figure 3.10: Illustration of an equality case for P without full rigidity

It holds that A* = By x (—1,1) and that u_ satisfies the small-volume isoperimetric condition with constant
1 by Lemma Moreover,

P(A) =P(A) = p_(A") = P(A) — dwp1 = P(A") = 2w,y = P(A") — p_((A")F) = P(4"),
although rigidity is not satisfied in this case.

Lemma 3.76 (Equality cases of the Schwarz inequality for functionals with measure data on the regular
part). Let py and p— be two mutually singular and non-negative Radon measures on R™ which both satisfy
(13.61) and the small-volume isoperimetric condition in R™ with constant 1. If a set A C R™ of finite perimeter
and finite volume satisfies P(A*) = P(A), then P(A*, R" ! xreg) = P(A,R" ! x1eg) for reg := reg, Nreg, .
In particular, Theorem[3.57 can be applied for all open sets I C reg.
Proof. Remark [3.64] Lemmas [3.70] and and the Schwarz inequality yield
P(A*, R"™ x 1eg) + (k4 )reg ((A")1) = (1= )re ((A*)T)
< P(A" R x 1eg) + (11 )rog(A1) = (1) (A7) (3.77)
SP(A R X 1eg) + (p4 )reg (A1) — (- )reg(AT)

and by Proposition [3.71] we also obtain
P(AS R x dis) + (g )ais((A")') = (=) ais (A7) S PAR"™ x dis) + (p )ais(A) — (1-)ais (A™)

for dis := dis,,_ Udis,,, . By Theorem |3.73] we obtain equality in every step of (3.77) and conclude P(A*, R ! x
reg) = P(A,R"! x reg). O

Notation. In the following, we introduce for a Radon measure 1 on R™ the set

. - d|p|l Hy
22._ )¢ A —_— 22 .
dis;; { ceR:H TR, >0

Theorem 3.77 (Equality characterization of the Schwarz inequality on the discrete set). Let py and pu—
be two mutually singular and non-negative Radon measures on R™ which both satisfy and the small-
volume isoperimetric condition in R™ with constant 1. If a set A CR"™ of finite perimeter and finite volume
satisfies P(A*) = P(A), then

P(A*,IR"*I X (]R\dis?2 )) = P(A,IR”*I X (R\dis>2 )) .

Mg tp— Mgt

In particular, Theorem can be applied for all open sets I C disffﬂL_,
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Proof. According to Lemma we directly obtain P(A*, R"~! x reg) = P(A4, R"~! x 1eg) if P(A*) = P(A).
Since reg = R up to a countable set, Theorem gives that A is a stack of balls. Hence, we can apply
Proposition which yields P(A*, R"! x {rad; = 0}) = P(4,R"* x {rad; = 0}). It is therefore left to
show

P(A*, Hy) = P(A, Hy)

for every ¢ in the countable set dis N {rad); > 0}\disff +u_- Applying Theorem provides rady €

BVio({rad; > 0}) and ceny € BVipe({rad; > 0}, R"~!). With these preliminary thoughts at hand, we
. _ . . L H, L a,
fix t € disN {rad; > O}\dlsif_HL and define the Borel functions f} := % and f_ := %,

which satisfy fy + f_ < 2 for H" l-a.e. point in H;. For the remaining proof, we assume w.l.o.g. that

r¥(t) = r(t+) and r—(t) = r(t—), and abbreviate B := Bg;j(H)(oenA(t—k)) and B_ := B’I;;j(t_)(cenA(t—)).

In order to determine the perimeter and the measure of A* and A on H; with respect to p4 and p_, we
apply the structure theorems of De Giorgi and Federer in combination with Lemma [3.37] to derive

P(A*, Hy) = H"™(09(A%) 1 Hy) = (AN (A )] = B | — B | (3.78)

A
and

(A7) = (Bl x (1) amd (A9 = we (B x (1) . (379)
Another application of the structure theorem of Federer and Lemma |3.35| yields

(0*'A); =ByAB_  and (A');=B,NB_

up to H" '-negligible sets. In particular, the structure theorem of De Giorgi and Lemma and Proposition

[2.79] respectively, give
P(A, H,) = (0°4),] = |B, AB._| (3.80)

and
p—(A%) = p—((B4+ UB_) x {t}) and pr(AY) = pe (B NB2) x {t}). (3.81)
In the following, we argue by contraposition and assume P(A, H;) > P(A*, H;). The formulas and
yield
P(A, Hy) — P(A", Hy) = [BA\Bo| + [BA\B-| — B, \Bl oo
— [B_\B4| + B4| — [Bs N B_| — |B4| + |B_| (3:2)
=2|B_\B4]|.

From the assumption P(A4*) = P(A), Lemmas and Proposition
71} we obtain equality of P on every horizontal hyperplane, i.e.,

P(A*, Hy) 1 (A%)) = (A)*) = P(A, H) +p5 (A —p_ (A7), .
which, together with (3.79)) and (3.81)) and (3.82), implies
0 < 2[B_\By| = pa (Bl o) > {t}) = 1= ((Bpa o) * {13)
—p (B NB_) x {t}) + p—((B4 UB_) x {t}).

Then, Lemma and the definition of fi yield Figure 3.11: Illustration of the
overlap of B_ and By

0 <2[B\Bi| < pg (B x {t}) — p— (B4 x {t}) — p ((B+ NB_) x {t}) + p— ((BL UB-) x {t})
= p+ ((B-\By) x {t}) + u—((B-\B+) x {t})

:/ f++f_dHn71.
(B-\By)x{t}

Finally, the assumption f+ f_ < 2 on H; gives the contradiction, and hence P(A*, H;) = P(A, H;) holds. O
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A complete characterization of the equality cases in the Schwarz inequality for measure data functionals
requires distinguishing certain cases, where A has weight on H; such that f_ + f; = 2, following the notation
of the previous proof. We can avoid this by assuming that the isoperimetric inequality is satisfied only for
some constant C' < 1.

Corollary 3.78 (Characterization of the equality cases in the Schwarz inequality for functionals with measure
data). Let py and p_ be two mutually singular and non-negative Radon measures on R™ which both satisfy
(3-61) and the small-volume isoperimetric condition in R™ with constant C < 1. Then

P(A*) = P(A) implies  P(A*) =P(A)

for all sets A C R™ of finite perimeter and finite volume. In this case, A is a stack of balls with |Deeny| <
[Drada| on {rad}; > 0}.

The other direction is not true in general, since the measure p = py — p— might still decrease under
symmetrization.

Ezample 3.79. Let A = [-2,—-1] x [-1,1], p— = H'L[-1,1] x {0} and p; = 0. Then the small-volume
isoperimetric condition is satisfied with constant § by Lemma It further holds that P(A*) = P(A) but
we have strict inequality in

P(A*) = P(A) — 1 < P(A) = P(A).

Proof of Corollary[3.78 According to Theorem it suffices to show disff 4p. = 0if py and g both
satisfy the small-volume isoperimetric condition with constant strictly smaller than 1. To this end, we consider

t € dis,, +,_ and denote the Borel functions

d(u) L H, d(u )L H,
= — d = .
= G-y, ™ I-=@eirw

Both functions f_ and f; are in Li (R"™! x {t}; H" 'L Hy), and py = frH" 'L H; as well as p_ =

f-H" 1L H; hold true on H;. The assumptions on 4 and p_ and Lemma lead to f_(z)+f1(z) < 2C < 2

for H" 1-a.e. x € H,. Hence, we found dis=?

Al = () and therefore proved the claim. O

Combining Proposition [3.55| and Corollaries and gives the following criterion of rigidity.

Corollary 3.80 (Rigidity criterion). Let py and p— be two mutually singular and non-negative Radon
measures on R™ which both satisfy (3.61) and the small-volume isoperimetric condition in R™ with constant
C < 1. Let ACR" be a set of finite perimeter and finite volume for which {rady > 0} is an open interval
and rad; € Wh({rady > 0}). Then rigidity is satisfied for A with respect to the functional P. In particular,
the equality P(F*) = P(F) for a set F C R™ with radp = rad4 on R implies the existence of some x € R"~!
with F' = A* + (x,0).

Rigidity can hold true for a set which does not satisfy the assumptions given in the previous corollary.
Ezample 3.81. Let r < R in (0,00) and A := (B% x (0,2)) U (B2 x (—2,0)).

The set A equals its symmetrization and is indeed the unique minimizer

of the functional P among all sets that have the volume function wly,
where

pr =0 and  p_:=H"'LBL x {1} +H"LB2 x {~1}.

In fact, A satisfies an extreme form of rigidity with respect to the
functional P, since the measure p_ holds A in place. Nonetheless, rad 4
is not a Sobolev function in this situation. Similarly, we can take the
set A := B% x (1,2)UB2 x (=2, —1) and still obtain the extreme rigidity
condition with {rad; > 0} not being an interval. If we define

pr=0 and  p_:=2H"'LBE x {1} +2H" LB x {-1},

Figure 3.12: Illustration of
A and p

we further obtain rigidity for A without p_ satisfying the small-volume
isoperimetric condition with constant strictly smaller than 1, according

to Lemmas [2.80 and 2811
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3.3.5 Model cases for the generalized Schwarz inequality

This section is devoted to the application of the so far accumulated results to model cases in the form of
obstacle problems. Due to the extensive computation, we restrict the analysis to functionals of the form P_.
We consider two different planar problems, one with squares as obstacles and non-constant density function of
p— with respect to the Hausdorff measure, and another with discs as obstacles and constant density function.
The last case is the three-dimensional version of the latter. The general form of the problems is as follows.
For two Borel sets 1,0 C R™, with I C O up to null sets, we consider the admissible set

AP :=={A€BMR"): I C AC O up to negligible sets, |A| + P(A) < co} .

The corresponding measure is then defined on some hypersurface of the form H; so that dis, = {t}. Depending
on the shape of the obstacles and the location of ¢, the corresponding minimization problem takes different

forms, see Figures [3.13] [3-15] and [3.16]

We first consider the planar obstacle problems, starting with the square obstacles.

Notation. Let 0 < r < s and t € R. We denote the convex hull of [—r, —r]? and {(—s,t), (s,t)} by K(r,s,t).
Moreover, if [t| < r, we denote by s%(t) the unique value s in [r, 00) which satisfies

1 s—1r n s$—7r
2|1 /r=t)2+(-—12 Jor+t)2+(s—71)?
for some non-negative function f # 0 in L!(RR, [0, 1])NC°(R, [0, 1]), which is radial decreasing (i.e., f(z) > f(y)

for all z,y € R with |z| < |yl).
In the case of |¢t| > r and 2f(0) > 1 — m7 we denote by s%(t) the unique value s in (0, 00) which

f(s) = (3.83)

satisfies
14— 51 ifs>o,
(s—r)2+(|t[+7)?
2f(s) =11 ifs=r, (3.84)
14+ —L__ ifs<r.

(s=r)2+([t|-r)*
Remark 3.82. The uniqueness of the value s’ (t) can be obtained by the strict monotonicity of the functions
on the right-hand side of (3.83)) and ([3.84)), and the monotonicity assumption on f.

Theorem 3.83 (The planar obstacle problem with squares as obstacles). Let r < R in (0,00) and let f €
LY(R, [0,1])NCO(R, [0, 1]) be radial decreasing. Fort € (—R, R), we define the measure pu_ = 2fyH'L R x {t}
with the density function

fi(s,7) == {0 (AR for (s,7) € R?.

fls) ifr=t,
Then there exists a unique minimizer Amin of the functional P_ in the admissible class A? with the obstacles
I :=[-r,r]? and O := [—R, R|?. In particular, if either |t| > r and 2f(0) > 1 — ——L—— or |t| <7 and

f(r) >0, then
Apin = K (r, min{s}(t), R}, t).

If |t| > r and 2f(0) < 1 — m or |t| <r and f(r) =0, then Amin equals the inner obstacle I.

We first show the following auxiliary result about one-dimensional BV minimizers.
Lemma 3.84. Let a,b,t,s,7, R € R with a <t <b and u € BV((a,b)).
i) If u(a+) =1 and u(b—) = R, then the estimate
|(£", Duo)|((a, b)) < [(L', Du)|((a, b))

holds true, where

b:;(x—a) if  x€(a,b).

Moreover, equality in the previous inequality holds true if and only if u = uyg.

ug(z) ==+
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I K(r,s,t)

Spti_

Figure 3.13: Obstacle problem with rectangles in R? and different values of ¢

ii) If u(a+) =r, u(b—) = R and u*(t) = s. Then the estimate
(L1, Dug)|((a, b)) < [(L', Du)|((a, b))

holds true, where

e e
o) = {R+t1§_f (e=b) ifwe(th).

Moreover, equality in the previous inequality holds true if and only if u = uyg.

Proof. We will only prove since [i)| can be shown analogously. Let 1 be a non-negative Radon measure on

I with |(£',Du)| < p on B(I). Then either u(t—) = s or u(t+) = s by Theorem We continue the proof

by assuming u(t—) = s and denote the two-dimensional Borel function %}’Pu) by f. The estimate

|(£Y, Du)|((a, 1)) = /( > /( o= /(  vafidus /(  vadadn = ((@.0) + Du((a 1)

follows from the Cauchy-Schwarz inequality for all unit vectors v € R2. We now specify v = % and

obtain £1((a,t)) =t — a and Du((a,t)) = s — r by Theorem exploiting the assumptions imposed on .
Hence, the previous estimate becomes

(L1, Du)l((a, 1) > |(t — a,s — 7)) =/( ) V1wl dz.

Having equality in the Cauchy-Schwarz inequality above is equivalent to the existence of some A € R\{0}
with v = Af holding u-a.e. on (a,t). This can be written as

LY =~(t - a)u and Du = (s —r)p for some v € R\{0},

which gives Du = #=££! = Dug. Another application of Theorem [2.24] together with u(a—) = ug(a—)
yields u = ug on (a,t). We continue with considering the interval [t,6) and first obtain Du([t,)) to equal
u(b—) —u(t—) = R — s. Again, we can show

(L%, Du)|([t, b)) > v1L([t,5)) + vaDu([t, b))

for each unit vector v € R2. This time, we specify v = % and obtain

|<£1,Du>|<[tyb>>>/[tb) 1+ [l do

The equality case characterization can be concluded analogously. O

Proof of Theorem [3.83, We start with some observations on y_. According to Lemma [2.80] y— satisfies the
small-volume isoperimetric condition with constant 1. Moreover, the given assumptions on f imply that p_
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satisfies the monotonicity condition pu_(B) < p_(B*) for all Borel sets B C R2. The finiteness of y_ on OF
ensures the existence of a minimizer A = A, in AIO by Theorem m

We first consider the case [t| < r in the following. If f(r) = 0, the monotonicity of f implies f = 0 on
[~R,—7]U|[r, R], such that A minimizes the perimeter in A9. Since I is convex, Lemma implies that in
this case, the inner obstacle minimizes P_.

Thus, we assume in the following that f(r) > 0. By Theorem [3.73] it holds that P_(A*) < P_(A) and
by definition of the Schwarz inequality, we have A* € A¢ such that A* is a minimizer of the functional
as well. The symmetrization has the advantage that we can represent it as body of revolution RfadA with
rady € BV(R) and with r < rad a.e. on (—r,7) and rad4 < R a.e. on (—R, R), compare Proposition
By Lemma we have ((A*)*), = rad{(¢), hence the definition of x_ yields

(A7) = e (K (1), 0)7) = o (A0 K (rrd§(2), 1)) -

Since K (r,rad{(t),t) is convex and A* N K (r,1ad{(#),?) is in AY, Lemma implies

P_(A*) = P(A") — p—((A")T)
=P(A") — p—((A" N K (r,rad (t),1))")
>PUV0KUmﬁ()D—uJUVOKMMMW%mﬂ

= P_(A" N K(r,rad (1), 1)),

) > 0. Now, we exploit the choice of A* as a minimizer of P_,
which implies P (A* N K(r, rad"'( ) t)) > P_(A*), and it therefore holds that |A*\K (r,rad{(t),t)| = 0. In
R?y up to null sets, where

+ -7 .
r 4 713(1;‘_9 (x+7r) ifxe(—rt)
_ +
(@)= qr4 " Ifi‘t‘(t)(x—r) if x € (¢,7) forz e R.
0 else

In particular, rad4 < v holds a.e. on R.

Every radius function w € BV(R) that satisfies r < w on (—r,7), w <y on R and w*(¢) = rad} (¢) generates
a body of revolution in the class of admissible sets such that we can restate the minimization problem in the
following way:

RZ,, minimizes P_ among {R:w€BV(R), rl(_, ) <w<vyae onR, wh(t)=rad}(t)}. (3.85)
With Propositions and we rewrite the functional for such sets as
wt (1)
P (RS = PR — 20 ()" 1 H) =2/(2 D)) 2 [ pae.
Hence yields the non-parametric minimization problem in the form
rads minimizes {|(£',Dw)|(R) : w € BV(R), w(t) = rad{(¢), r1(_, ) <w <y ae. on R} .
Since the assumption 71 (_,,) < w < implies

((£1, Dw) [ (R\(=7,7)) = 2r = |(£", Drad ) | (R\ (=7, 7))

we can apply Lemma obtaining rad4 =~ on R. It is left to show the equality rad} (t) = min{s}(t), R},
ie, A* = K(r, min{s; t), R}, t). For fixed s € [r, R], we compute

P,(K(r,s,t)):4r+2[\/(r—t)2+(s—r)2+\/(r+t)2+(s—r)2} —4/Osfdx,
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compare Figure The latter can be verified as convex in s and to have a critical point at s = s%(¢).
Moreover, P_(K(r, s,t)) is strictly decreasing if s < s’;(¢) and strictly increasing if s > s’ (t), since f(r) > 0.
Hence, A* equals the set K (r,min{s’(t), R},?). Applying Theorem W provides

P(A*,R*\H,) = P(A, R\ H,).
Then, Theorem [3.57] implies
ANRX (t,00) = A*NRx(t, 00)+(x,0) and ANR X (—o0,t) = A*NRx (—00,t)+(y,0) for z,y € R.

The inner obstacle condition gives [—r,7] C (A*), + (y,0) and [—r,r] C (A*), + (2,0) for all z € (—r,7),
which yields = y = 0 and therefore, A = A* = K (r, min{s%(?), R}, ).

We continue with the case [t| > r. We can argue as in the first part of the proof, showing A* = A =
K(r,xadf{(t),t) if rad}{(t) > 0 or A = I if rad () = 0. In order to specify the cases, we compute

254+ 2r +2¢/(s— )2+ (Jt|] +7)2 —4 [; fdx ifs>r,
P_[K(r,s,t)] = 6r+2[t| —4 [ fdx ifs=r,
254+ 2r +4r+2\/(s —r)2+ (t| —r)2 =4[] fdz ifse[0,r),

compare agaln Figure [3 We record that the right hand side is convex in s by the monotonicity of f. If

2f(0) > m, then s = sf(t) is a critical point of the function above, and for s < sf( ), the

functional P_[K(r, s, )] is strictly decreasing, whereas P_[K (r, s, )] is strictly increasing for s > s%(t). This
yields in fact rad¥ () = min{s}(t), R}, as above. If 2f(0) < 1 — ————, then P_[K(r,s,1)] is strictly

ii 24(|t]=r)?
increasing for all s > 0, giving rad} () = 0 and A = I by Lemma O

In the following, we deepen the planar model case analysis and consider discs as obstacles. The argument for
the shape of the minimizing set essentially carries over, but the convex hull sets get more subtle such that
a simplification ensures the reasoning not getting too extensive. In fact, we assume that f is constant from
now on.

Notation. Let r,s > 0 and t € R. The two-dimensional convex hull of B2 U {(—s,t),(s,t)} is denoted by
C(r,s,t).
Moreover, if (s,t) ¢ B2 and |t| < r, then we set

, ‘ Vr2—b? r
S — p = — i [ p— — 2042 42 .
Py = Py (r,t) := arccos (Sgn(s b) . €[0,7) with b o (rs t\/ s2+t2—r )6 (0,7], (3.86)
72
pi = pp(r,t) := arccos (sgn(s—a)ra> €[0,7) with a:= 2—|—t2 (rs + 1tV 82+t2—r2) (0,7]. (3.87)
T

If (s,t) ¢ B2 with [t| > 7, we define

N )
p® = p°(r,t) := arccos (sgn(s—c) re > €[0,7) with c¢:= 2—|—t2 (7“8 + |t]V s2+t2—r2> (0,7]. (3.88)

r

The interpretation of the quantities is as follows: If |¢| < r, then dC(r, s, t) consists of two circular arcs and
two symmetric corners at (+£s,t), each created by lines extending the circle smoothly. The upper lines meet
(0,t) + (1,0)R with the angle pf, and the lower lines meet the affine subspace with the angle p§. The vectors
(b,sgn(s — b)vr2 —b?) and (a,—sgn(s — a)Vr? — a?) are the unique points with positive first coordinate,
where the disc and the upper and lower lines meet, respectively.

In the case |t| > r, there is only one line (reflected by the middle axis) extending the circle and meeting
(0,%) + (1,0)R with angle p°.

Remark 3.85. In order to suitably define s’ (t) in this case, we need the following properties:

i) The set C(r,s,t) has C! boundary except for the points {(—s,t), (s,t)} for all r,s > 0, t € R.
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Figure 3.14: Illustration of the set C(r, s,t) for different ¢ and s

ii) If |t| < r, the functions cos(ps), cos(pj) are defined for s € [v/r?2 — ¢2, 00). Furthermore, both functions
are continuous on the corresponding domain, and are even C! on (vr2 —t2,00)\{r}. If |t| > r, the
same is true for cos(p®), defined for s € [0, c0).

Indeed, b = s is satisfied if and only if s = r and ¢t < 0 or s = v/r?2 — t2 and, similarly, a = s holds if
and only if s =7 and ¢ > 0 or s = /7?2 — ¢2. In particular, if ¢t € (—r,r), then a = b = s is equivalent
to s = /72 —t2, and in this case, we have cos(p) + cos(p}) = 0.

Furthermore, ¢ = s is equivalent to s = r independently of the sign of .

ili) All three of the functions cos(pf), cos(p;), and cos(p®) are strictly increasing with respect to s.

To see this, we consider first the case |t| < r and assume w.l.o.g. that ¢ > 0. Then we can compute

db 2sr ( N 2)+ r y 1
— =—————|rs— s —r — | r— St———
ds (s2 +t2)2 52 4 2 Vet —12
_ r 2 /2 12 2 apn2 ( 2 2 2 )1/2 2 _ 2]
= (s2+t2)2 o {rt s+t r stre + (tv/ s+t r rs)syvsc+t r

for all s € (vVr?2 —t2,00)\{r}. We exploit the fact that ¢ < r implies v's? + ¢ — r? < s, which gives

db T 9

— < [rstt—r+t—rsx/32+t2—r2]<0.
ds (82 4+12)2/s2 + 12 — 12 ( A )

Hence, b is strictly decreasing on (v/r? —¢2,00). Furthermore, as b = s if s = Vr2 — 2, we have

sgn(s — b) > 0 for all s > (vr? —t2,00), which implies that cos(p?) = sgn(s — b)ivﬁfb2 is increasing

with respect to s.

Still in the case t € (0,7), the derivative

% T (21 t2)2,/7;2 ET—] [Strz + (T(tQ =)~ st/ 41— r2> Vet £ T2] ’ (3.89)

together with the fact that v/s2 +t2 —r2 <t if s <r, gives

da r
T {str2+ r—s)t? —rs? \/m}
& mrapvarae o (-9t

> " {str2 —rs?\/s2 +12 — 7’2]
(s2 +12)2y/52 + £2 — 12

r

>
(82 +t2)2‘/82 +t2 —r2

[str(r —s)] > 0.
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If s > r, (3.89) and v/s2 + 2 — 72 > t yield

da r 9 9 9
— < [str + ((r—s)t*—rs \/52—1—152—7‘2}
ds  (s24+t2)2Vs2 + 12 — 12 ( ) )

< EraRETES T [str? = rs?t 4 (r = )2/ 4+ 2 =17
s N )
B (52 +12)2 T2+t2 5(r =) [St”rtz\/m} <0.
5 Ve 112 — g2
Hence, a is strictly increasing on (V72 —12,r) and strictly decreasing on (r,00). According to the

analysis in [ii)| it holds that sgn(s — a) = 1 if and only if s > r and sgn(s — a) = —1 if and only if s < 7.
) VrZ—aZ

Thus, cos(p]) = sgu(s —a is strictly increasing with respect to s.

For ¢, we argue analogously that it is strictly increasing on (0,7) and strictly decreasing on (r,o0),
which implies that cos(p®) is strictly increasing in s by

iv) For f = f(s) € {cos(ps,), cos(p}),cos(p®)}, it holds that f(s) — 1 as s — oo.

v) It holds that cos(p°) = —T-

Notation. Let t € R, R > r > 0 and 0 € (0,1). If |¢{| < r, then we denote by sj(¢) the unique value s €

(Vr? — 12, 00) with cos pf +cos p, = 260. If |t| > rand 6 > 1 — 377> the notion sj (t) represents the unique value
in s € (0,00) with cos p® = 26 — 1. In some contexts, we will abbreviate Cy := C(r, min{sj(t), vV R? — t?},1).
We furthermore define the function

—sgn(s—c)Vr2—c?

% dz + 2\/(5 —¢)? + (|t] +sgn(s — ) Vr? — c2)2 — 27tr
—x

froi(s) :==2s(1—20) + 2/

—r T
for s € [0, 00), where ¢ is defined as in (3.88)).

Theorem 3.86 (The planar obstacle problem with discs as obstacles). Let r < R in (0,00] and 0 € (0,1).
For t € (—R, R), we define the measure pu_ = 20H'_R x {t}. Then there exists a minimizer Ami, of the
functional P_ in the admissible class AS with the obstacles I := B2 and O := B%. In particular,

i) if [t| <, then Amin = Cy and the minimizer is unique,

ii) if [t| >r and 6 < 1 — 3ty then Amin = B2 and the minimizer is unique,
i) if |t| >r and 6 > 1 — 37y then Amin € {Cy,B2}. In fact, if

<0, then Cy uniquely minimizes P_ ,
fro.t (min {Sg(t), vV R? — t2}> =0, then both Cy and B, minimize P_,

>0, then B, uniquely minimizes P_ .

If § =1 and R < oo, then the preceding applies with Cy replaced by C’(r, VR? — 12, t). If =1 and R = oo,
no minimizer exists in any case. Moreover, if = 0, then B2 is the unique minimizer of P_ in .AIO,

Proof. We first notice that, according to the isoperimetric inequality, the inner obstacle B2 is the unique
minimizer of P_ if § = 0. In the general case, we observe that the measure pu_ satisfies the small-volume
isoperimetric inequality with constant # according to Lemma [2:80] By the definition of Schwarz symmetriza-
tion, we also confirm that p_ satisfies the monotonicity condition . Furthermore, if R < co or 0 < 1,
Theorem [2.83 ensures the existence of a minimizer A of P_. By Theorem [3.73] and the symmetry of the
obstacles, we can further conclude that A* is a minimizer as well. In the following, we consider the case
6 € (0,1] and R < oo and distinguish between the absolute values of ¢.

Case |t| < r: Since A* € A9, Lemma implies ((4*)%); = (—1ad}(¢),rad};(¢)) up to Ll-null sets with
rad(t) € [Vr2 — 2,V R2 — t2]. We then consider the convex set C := C(r,rad{(y),t) and obtain pu_(A*) =
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Spti—

Figure 3.15: Obstacle problem with discs in R? and different ¢

1—(C) by definition. Together with Lemma this implies A* C C. By the symmetry of C', we can rewrite
the set as Rfadc and observe radg: < rada < radc a.e. on R with rad4 = radc = 0 on R\(—r, 7). Propositions
and ensure that the radius function rad4 is in BV(R). In fact, for every w € BV(R) satisfying
radp: < w < rade a.e. on R, we obtain R2 € A¢ with

P_(R2) = 2/(£", Dw)|(R) — 46]uw* (¢)] .

Similar to the proof of Theorem [3.83] we reduce the minimization problem to the following non-parametric
one:

rads  minimizes {|(.cl, Dw)|(R) : w € BV(R), radpz < w < radgz , w (1) = md;(t)} .

In the following, we define

r 2
bie (de+(t)—t wd (1) +t2—r2) € (0,7]
rad’ ()7 + 12 4 Ve
T 2
a=————5— (rradi(t) + t\/rad’ (¢) +t277"2> € (0,7].
rad(£)° + 2 < 0+ 0y o}

We obtain —sgn(rad’;(t) — a)Vr2 —a2? < t < sgn(rad’;(t) — b)v/r2 — b2 by the monotonicity analysis from
Remark Furthermore, a and b are the unique positive values such that the lower and upper contact
points of 9B2 and 9C are (b, sgn(rad (t)—b)v/rZ — b?) and (+a, —sgn(rad} (t) —a)v/r2 — a?), respectively. An
application of Lemmathen gives A* = C. In fact, rad | = rad} is C! and equals radc on R\ (—sgn(rad () —
a)V'r? — a2, sgn(rad’| (t) —b)v/r2 — b?). At this point, we can argue for A = A* = C as in the proof of Theorem
[3:83] where we exploit the symmetry of the obstacles, Theorem [3.77 and Theorem [3.57]

In order to fully show the claim in this case, we have to prove rad} (¢) = min{s}(¢), vR2 — #2}. To this end, we
first assume V72 — ¢2 < rad; (t) < v/R2 — t2 and compute the Euler equation. From the previous argument,

we know that rad4 minimizes {|(£1, Dw)|(R) — 20w™(t) : w € BV(R), radgz < w < mdB%}7 which gives

= % » ’ (El, DI‘adA—i-TDLp) ’ <<—sgn(r‘ad§(t)—a)\/ r2—q2, sgn(radz (t)-b)v r2—b2)) —20(rad 4 + )T (t)

/sgn(radx (t)—b)Vr2—0b2

0

! !
AP qr— 200(t)
—sgn(wd} (t)—a)vr?—a? /1 + (rad)y)?

for all ¢ € CL,(( — sgn(radf(t) — a)v/r? — a?,sgn(rad(t) — b)Vr? — b?)), where we used the fact hat A =
C implies rad4 € WHL(R). This implies that rad/, is constant on (—sgn(rad{(t) — a)v/r? —a2,t) and on
(t,sgn(rad; (t) — b)v/r2 — b2), compare Figure In the following, we denote the values of the derivative of
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the radius function on those intervals by rad, and rad,. We continue the previous computation with

t sg;n(radX(t)—b)\/rQ—b2 rad
0= / / b ' dz — 20¢p(t)

ey .
—sgn(rad (t)—a)VrZ—aZ \/ 1 + 1+ (Iadb)z

B rad,, - rady, -
_<\/1+(mda)2 Ny 29> ©(t)

for all ¢ € CL, (( — sgn(rad;(t) — a)v/r? — a2, sgn(rad; (t) — b)v/r2 — b%)). Hence, it holds

rada _ radb
VIt (mda)? /1 (ad,)2

In order to connect this with the introduced notation, we notice that

=20.

o = 3 . V=R = sgn(rai() - )Y

z=—sgn(rad (t)—a)Vri—a?
and

w=sgn(rad  (t)—b)vrI—b2
results in

sgn(rad’ (1) — a)@ + sgn(rad (£) — b)ﬁ _9
In fact, we have
cos pzadx(t) + cos pfdx(t) =20,

which implies rad | () = sj(¢).
We now consider the case rad{(t) = vVR2 — t2 and only take variations from the left side into account, i.e.,
for 0> ¢ € CL((— sgn(radf (t) — )\/7"2 —a?,Vr? = b?)), we determine

rad,, rad,,
0< <\/1 T i) —29) o(1)

and

+ +
cos p?d"‘(t) + cos pumdA(t) < 20

as before. By the monotonicity of the left term from Remark[3.85 we conclude rad | (t) = min{s}(t), VR2 — t2}
also in this case.

For rad’| (t) = v/r2 — #2, we can argue A = B2 by Lemma and obtain rad 4 (z) = /(r? — 22) 1. Hence, for
each 0 < p € Ccpt((—r, 7)), it holds that

s dz — 20p(t) = 1/ pdx —20p(t).

—r \/1+ rJr

We now choose 0 < ¢ € Cl;(t —e,t +¢) for some small £ > 0 such that ¢ has a maximum at ¢ with positive
value, which leads to 0 < 2e¢(t) — 20(t). Hence, we have 0 < L& — 6, which is a contradiction to 6 > 0 as

e\, 0.

Case |t| > r: As before, we record that A* is also a minimizer and first consider the case rad}(t) €
(0,vVR2 —12). Moreover, we have A C C := C(r,rad}(¢),t) again and conclude analogously that

rad 4 minimizes {|(£1, Dw)|(R) : w € BV(R), radp2 < w < radp:, wt(t) = radX(t)} .
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We define the unique positive value

r

= s (PO + ey ) e )
A

such that (£c, —sgn(rad’j(t) — ¢)v/rZ — ¢2) are the contact points of OC and B2, compare Figure The
relation A* C C implies rad 4 (t—) = rad{ () if t > 0 and rad 4 (t+) = rad{(¢) if t < 0. In both cases, Lemma
implies A* = C and therefore rad4 is in WL (R\{¢}) with only one jump at ¢ from rad{(¢) to 0, as
illustrated in Figure As before, we obtain A = A* = C. It is left to determine the exact value of rad’; ()
in this case.

To this end, we assume w.l.o.g. t > 0. Computing the first variation yields

0= % (£, Drad 4 + 7D)| (<fsgn(radj;(t) — oV &, tD —20(rad 4 + T0) (1)
7=0
= % ‘(El,DIadA + TD@)’ ((—sgn(r‘adz(t) —o)Vr? — cQ,t)) +(1—20)(rada + 7) " (2)
=0

20)p(t—)

t / @/
_ / ——A _dz+(1-
—sgn(radt(t)—C)m 1+ (radA)2

for ¢ := w]l(fsgn(ladz(t)fc)m,t) for all ¢ € C! (( —sgn(rad (t) —e)Vr?2 — 2, %)) Again, we notice that
rad/; is constantly rad. = sgn(rad (¢) — ¢) 7”20"32 on (—sgn(rad(t) — ¢)v/r2 — c2,t), hence

ORI R VI

COS
P v/1 + rad?

follows. By the monotonicity of cos p®, it follows rad’; (t) = sj(t).
We continue with considering the limit cases. If rad{(t) = 0, Lemma implies A = B2. If rad{(t) =
v R2 — 2, taking the one-sided variation yields with the same reasoning

cos p“’d:(t) <20-1,

hence follows sj(t) > VR — t2 = rad } (¢) in this case.
We have proven that the only competitors are Cp and B2. If, moreover, 6 is in {0, % — —] and Iadj(t) > 0,
then Remark [3.85] implies

cospmdx(t) > cosp? = —|:;T >20-1,

in contradiction to the previous analysis. In the remaining case, one has to check whether the functional P_
is minimized by Cp or B2, i.e., the relation of

P_(B?)=2mr  and

2

—sgn(s—c)VrZ—c2
P_(Cy) =2s(1 —29)+2/ 2+ (Jt| —sgn(r — s)Vr2 —c2)”,

where s = min{sj(t), V' R? — t2}, which gives the claim in this case.
It remains to consider the case R = oo and 6 € (0,1]. If § < 1, we can argue the claim analogous to the case
R < 0. If § =1 and [t| < r, the existence theory for minimizers fails, and we conclude from the other cases
that

P_(C(r,s1,t)) > P_(C(r,sa,t)) for all sy < sp in (V72 — ¢2,00) (3.90)
if [t| < r. In fact, for every minimizer A of the problem, Lemma Proposition and Theorem
imply that A* is a minimizer in (— ||rad | (w), [[rada|r(wr)) X (=7, 7). With the previous analysis, we find
A* = C(r,s,t) for some s € (\/ r2 — 2, oo), which is a contradiction to .
If # =1 and [t| > r, we record that f,1,.(s) is decreasing for large s and that f,1+(s) — —27r as s — oo.
In particular, P_(C(r,s1,t)) > P_(C(r,sz2,t)) holds for large s; < sg and with this, we can argue the
non-existence of a minimizer as before. O
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We proceed with a three-dimensional obstacle problem with balls as obstacles. Due to the higher dimension,
the argument becomes even more subtle, which motivates a restriction of the analysis to the case of |t| < r
and only state the general shape of the minimizers. As usual, we start by introducing some notation.

Theorem 3.87 (The three-dimensional obstacle problem with balls as obstacles). Let r < R in (0, 00],
te(—rr),0€0,1], I =B3, O=B% and u_ = 20H?_R? x {t}. In the special case =1 and R = 0o, no
minimizer of P_ exist in AP. If 0 = 0, then the ball B} is the unique minimizer of the obstacle problem. In
any other case, every minimizer Amin of P— in A9 satisfies the following properties:

There exist some s € (\/r2 —t2,V/R? — tg], a € (—rt), b e (t,r), ar,az € (0,00) and P1, 52 € R such that

N if € R\(a,b)

Apin = R3 | where w(zx) = { o1 cosh I;I’Bl , ifz € (a1
g cosh % , ifz € (t,b)
and the following properties hold true:
i) s =y cosh (t ﬁl) = @y cosh (t ﬁ2),
ii) 20s = ay sinh (t ﬁl) — g sinh (t;fz) or s =vVR?2 -2,
iii) OR2 is C* away from R? x {t}.
I Amin
Josptp | v = —

Figure 3.16: Obstacle problem with balls in R?

Remark 3.88. With respect to the assumptlonb and notation from the previous theorem, we have 6 € (0,1)
for all s,a,b, a1, asg, B1, B2 such that andMare satisfied. Furthermore, § — 1 corresponds to = fl — 00

and = 62 — Q.
To show this, we assume w.l.o.g. t > 0 and rearrange the formulas in [i)] and [ii)] to obtain
a1 sinh ( ﬁl) — g sinh (if"’) sinh (—tfﬁl) sinh (—F@)
0= = - . (3.91)

% o fe (s (52))° 21 (s (52))°

Taking the behavior of sinh into account, the right term is increasing with respect to =51 and decreasing

ar
t—B2
a

. The strict decreasing behavior of x — v/r? — 22 on [0,r] and property |iii)| give

b— t—
ogcosh( 52):\/r2—b2<\/r2—t2<s:a2cosh< ﬁz).
(6]

Qg

with respect to

Now, the fact that a cosh (%) is strictly decreasing on (—o0, 8] and strictly increasing on [, c0) for all
a > 0and 8 € R implies G5 > t.
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In the following, we make a case distinction with respect to s.

If V1?2 —a? < s, we can show (31 < t as before. Hence, in this case, it holds that % <0< %7 leading to
6 € (0,1) according to and the behavior of sinh.

If s < vr?2 —a? and 31 < t, the conclusion follows as in the previous case.

In the remaining case s < V72 — a? and 31 > t > a, property implies

cucosh(x_ﬂl)—d N —
aq

d
0> — =
dx r=a r

dz

r=a

and therefore, a > 0. The regularity assumptions at a give

- — 2 2
\/r2—a2:a1cosh<a ﬁl):al\/1+(sjnh<a ﬁl)) —_— 14_%7
r2—a

aq aq

which can be reformulated as ay; = r — % Analogously, we can show as = r — §7 which, together with
0 < a < b, implies ag < a1. Property [i)| yields

cosh <t — ﬂl) < cosh <t52)
a1 (65)

and exploiting B >t and (1 > t leads to % < % We obtain

sinh (tﬂQ> < sinh (t — ﬂl) .
(65 a7

Finally 6 € (0,1) follows from formula (5.7) and the corresponding monotonicity analysis of the right-hand
side in this case as well.

In order to keep the proof of Theorem [3.87] organized, we present the following lemma, which gives the first
variation of the corresponding non-parametric obstacle problem in the most relevant cases.

Lemma 3.89 (First variations of the functional in the proof of Theorem [3.87). Let r1 < 7o, t € (r1,72),
0 €[0,1], a € (r1,t] and b € [t,r2) with a < b. We consider 1 and by in L>=((ry,72)) N CH((r1,72)) and a
function u € CH((r1,r2)\{t}) N BVioe((r1,72)) that satisfies Y1 < u < g on (ri,r2). If u minimizes

Sy (W] — O () among w € {v € BVioe((r1,72)), ¥1 < v <4}, (3.92)

with value in R, then the following properties hold true.

) If 1 <u <y on (a,b) and u™(t) = ut(t), then
b w
0= /a eV 1+ (u)? + @’\/TW dz — 200p(t)u(t)
holds for all ¢ € CL,((a,b)).

i) If 1 <u < on (a,b) and u(t—) = u= (t) < ut(t) = u(t+), then

b uu
0= /a o1+ (W) + @’\/TW da + u(t+)(t+) — u(t—)e(t—) — 20p(t+)u(t+)
holds for all p € C'((a,b)\{t}) NBV((a,b)) with spt(¢) C (a,b).
iii) If 1 <u <o on (a,t) # 0 and 1 (t) < u(t—) =u (t) < ut(t) < Pa2(t), then
0= /a 1+ W)? + 90'7@ da — u(t—)e(t-)

holds for all p € Ct((a,r2)\{t}) NBV((a,r2)) with spt(y) C (a,t].
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iv) Ifu=1y1 on (r1,t) and u(t—) =u= (t) < ut(¢t), then

19
0% [ oIr 0P + ¢ ar i (0ete-)

holds for all non-negative p € C*((r1,m2)\{t}) NBV((r1,72)) with spt(p) C (r1,1].

v) If u =11 on (r1,72), then

/ orJ1+ ()2 + ¢ (%) dz — 200(t)n (¢)

holds for all non-negative ¢ € CL((r1,72)).

Proof. We first notice that, according to Proposition w minimizes

(et 30| ) = [ woyiE s s CHOEZLTOR gy

among all w € {v € C*((—r,r)\{t}) N BVioe((—r,7)), 11 < v < 1h2}, where we consider a good representative
of w. By the assumptions on wu, it is easy to check that, for every interval K C (—r,r) with ¢t € K, u also

/K w1 E @R dr + 0 g(“’_“)) — o(wt (1)’ (3.93)

among w = u + ¢ for all ¢ € C}Y(K\{t}) N BV(K) with spt(¢) € K and 11 < w < 15 on K. With this at
hand, we turn to the individual statements of the Lemma.
We first consider u and ¢ as in [i)| and record that

(u+79) (1) = (u+79) " (t) = u(t) + 7o(t)

holds for all 7 € R by the continuity of the functions. Since 11 < u < 19 on (a,b), we can consider the
two-sided variation of (3.93]) with K = (a,b) and compute
d

’ u+T 2 ((u+Tp)~ ()2
0= s _0/ (u+ 1)1+ (W + 792 dx + ((ut70)" () 5 (ut mo) ()] _ O((u+ Tp) T (t))?
u+ 1)/ + (W + 792 dz — 20 (t)u(t)

=0

z/go\/l—l— oy

dz — 20p(t)u(t) -

\/+()

This proves the first case.
We now take u and ¢ as in|ii)|and observe that there exists some € > 0 such that

(ut79)7(t) = ult+) +ro(t+)  and  (u+79)" (1) = u(t—) + ro(t—)

holds for all 7 € (—¢,¢). With this, we find

b 2 ((u+T0)" 2
0= % B / (u + 7-%0) /1 + (u/ + T(p/)Q dz + ((u + T@)—’_(t)) 5 (( + 90) (t)) _ 9<(u + T(p)+(t))2
[ s, o uu d (u(t+)+e(t+))* —(u(t=)+To(t-))?
— / oV 1+Ww)2 + ¢ \/ﬁ dx + 1 T—o[ 5 —0(u(t+)+1o(t+))?
/ o1+ W)+ \/ﬁ dz + u(t+)p(t+) — u(t—)p(t—) — 20p(t+)u(t+) .
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To show we first observe that, according to the assumptions on u and ¢, there exists ¢ > 0 such that
1 < u+T7p < Py holds on (rq,re) for all 7 € (—¢,e). With this at hand, we repeat the argument of the case
where (3.93)) is applied to K = (a, ] this time.

The proof and is similar to the proof of [i)] where we consider one-sided variations rather than
two-sided. O

Similar to the planar case, we need the following additional result from [65, Teorema 2] to ensure that the
minimizer is manageable.

Theorem 3.90 (Regularity of perimeter minimizers of obstacle problems). Let A C R"™ be a set of finite
perimeter and let I C Q an open set with C' boundary in Q. If A is a local perimeter minimizer in  among
sets in A]}{n, i.e., if for all measurable sets F € A]}{n with AANF € , it holds P(A,Q) < P(F,Q), then there
exists a neighborhood of OI N ) such that O*A is of class C' in this neighborhood.

Proof of Theorem[3.87. As in the proof of Theorem we argue that = 0 implies that B3 is the unique
minimizer of P_ in A%, and that p_ satisfies the small-volume isoperimetric condition with constant 1 and
the monotonicity condition . Furthermore, Theorem implies the existence of a minimizer A € .A?
of PLif R<ooorf<l.

We continue the analysis first for the case R < oo. By the symmetry of the obstacles and Theorem the
symmetrization A* is in the admissible class, and also minimizes the functional P_. Furthermore, Lemma
3.37| implies ((4*)7); =B up to an £2-null set with rad (¢) € [Vr? — 2, VR? — 2.

2
rad ¥ (£)

We argue that 9(A*)\ (B3 U H,) is analytic and that 9(A*)\H; is C1, i.e., property fiii)|is satisfied.

Indeed, A* not only minimizes P_ but also the localized version of the inner obstacle problem, i.e., A* locally
minimizes the perimeter in  := B%N(R? x (¢, 00)) with inner obstacle B2. In particular, for every measurable
set FF C R? with FAA* € Q and B2 C F, we find pu_(F*) = pu_((A*)T) and therefore P(A*,Q) < P(F,Q)
follows from P_(A*) < P_(F). Theorem then implies that A* has C! boundary in a neighborhood of
OB3N(R? x (t,00)), which is contained in Q2. Analogously, we argue that A* has C! boundary in a neighborhood
of OB3 N (R? x (—00,t)). We further obtain that A* is locally perimeter minimizing away from the obstacles
and R? x_{t}. Applying the well-known regularity theorem for local perimeter minimizers, i.e., the later
Theorem leads to 9(A*) being analytic in B\ (B3 U H;). According to Lemmam A* is a subset of the

set C, defined as the convex hull of B3 U (Bid+(t) x {t}), and we find that radps < rad4 < radg holds a.e. on
A
R. Hence, there exists at most one contact point of radj and radgs in (=R, R) (at ¢ if rad}y (t) = VR? —12),

which implies that O(A*) is even analytic in R*\ (B2 U H;) by the previous analysis.

We have rad4 = 0 on R\(—7,7), rads = radps near {—r,7} and radc € BVioc((—7,7)). Together with Propo-
sitions and [3.18] we conclude rad 4 € BVioe((—7, 7)) and

A* =R}y, minimizes P_ in {R?U tw € BVige((—7,7)), radps < w < IadB%} .

Since every function w in the admissible class is also in L*°((—r,r)), we can apply Proposition and
Lemma to write
P_(R}) = P(R}) — 20H*((R}) 1)) = 2m A5\, [w] — 20m(w™ (1))

—r,r)

Hence, the non-parametric formulation of the obstacle problem is as follows

rady  minimizes AZY_, [w] — O(wt(t))* in {w € BViee((—7,7)) @ radps < w < I‘adB%} . (3.99)

In the sequel, we show that we can find unique contact points of d(A*) and OB2.

Since 9(A*) is analytic in R*\(B3 U H;), we find 71 < 72 in [t,r) with rad4 = radps on [r2,7), rad{ (11+) =
radps (71) and rads # radgs on (¢,71), where the latter might be empty if 71 = ¢. Hence, by exploiting the
regularity of 9(A*) on R*\H,, it holds that F := (A* N (R? x (71, 72))) UB2 locally minimizes the perimeter

3
in Ag?, which, by the isoperimetric inequality, gives F' = B2. In particular, we can choose 71 = 75 in the first
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place. By repeating the same argument for 71 < 72 in (—r,¢], we conclude the existence of unique contact
points —r < a < t < b < r such that rad{ () > radps(z) for all # € (a,b) and rad}(z) = radps(z) for all
z € (—r,7)\(a,b). Note that if rad’} (£) = v/r2 — {2, then we obtain a = b = t.

We now consider the case a < t and argue that rad4(x) = o cosh (%) holds on (a,t) for some a; > 0

and 0, € R.

Since A* is C! in R*\H; and A C C, we find some neighborhood N of B2 N (R? x (a, b)) such that va # +e;
on OA N (N\H;). Hence, rad4 is C* on (a,a + €) for some € > 0. Since 9(A*) is analytic in R?\ (B3 U Hy),
rad4 is even smooth on (a,a + ¢). Furthermore, rad4 locally minimizes A%Y among rads + ¢ with
¢ € Cli((a,a+¢)). As in the proof of Lemma “l, we can show that

— Aradl
0= / Py L () \/1+7

holds for all ¢ € Ccpt((a, a + ¢€)). Exploiting the derived regularity of the radius function, the integration by
parts formula and the fundamental lemma of calculus of variation, we obtain

!/ "
0= 1—|—(radf4)2—< I‘adArad ) + (rad’y)? — mady a4 on (a,a+¢).

V1 + (rad 1+(rad )2 \/W?’

Rearranging the terms yields

3,(a,a+¢)

rad’j rad 4 = 1 4 (rad’y)? on (a,a+¢).
Since rad4 > 0 on (—r,r), we can conclude

rad’y / L
A dy = ——rad .
1+( 1;‘)2 A 1A A on (a,CL+€)

Thus, the separation of variables method leads to

rad 4

o= 1+ (rad’y)? = cosh sinh " (tad’y ) on (a,a +¢) for some a; > 0.
1

Rewriting this to

1= I‘adlA(I) = ioq COSf171 <r3-dA(l'))
sinh cosh ™ (md%l(m)) dx (e3]

gives rad4(x) =
that rad 4 is smooth in a neighborhood of a + ¢ by a similar argument as before which exploits the regularity
analysis of 9(A*) in R3\(B? U H,;). Hence, the supremum of values @ € (a,t), such that rad4 is smooth
on (a,a) and not smooth in any neighborhood of @, is equal to t, and the previous argumentation yields

rad4(x) = oy cosh (”‘;151) for all z € (a,t).

7531) for some a3 > 0 and 1 € R for all z € (a,a + £). This, however, implies

Analogously, we can conclude rad 4 (z) = a3 cosh (7“;52) on (t,b) for some ag > 0 and B2 € Rif b > ¢. In
particular, rad4 € C'((—r,r)\{t}) with only one possible jump at .

With the general structure of the radius function at hand, we can show rad¥ () = rad; (t) > v/r2 — {2 via the
following case distinction and the corresponding contradiction arguments.

Case 1: V12 — 2 < rad, (t) < rad (1) < VRZ — t2:
In this case, we have a < t < b and rad} < radgz on (a,b)\{t} by the regularity analysis of rad 4. We assume
w.lo.g. rad | (t) = rad o (t+) and rad; (t) = rad 4(t—). In this framework, Lemma “H iii)| yields

0—/ /14 (rad’y) \/Hidx—radA(t—)cp(t—)
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for all ¢ € CY((a,r)\{t}) NBV((a,r)) with spt(¢) C (a,t]. The derived structure of rad4 and the integration
by parts formula give

_ i rad 4 ' /
0= 8071 + ¢ ajrady do — rad 4 (t—)(t—)

= aqrad’y () p(t—) — rad A (t—)p(t—)

e, {sinh (t ;161) — cosh ('5 ;lﬁl)] :

Since ¢(t—) € R can be chosen arbitrarily, it follows

sinh (t—&) = cosh (t_ﬁl) ,
a1 (651

which is a contradiction to |sinh| < cosh on R.

Case 2: V72 — 12 = rad; (t) < rad | (t) < VRZ — %

As in the previous case, we assume w.l.o.g. rad (t) = rad4(t—). We have rads = radps on (—r,t) such that

Lemma yields

; I‘astrang _
@y /1 + (rady;)? F ——————"—=dz — p(t—)radg; ()
r rad,
-
= /_Tcp(ac)ﬁ \/ 2—z2dx — p(t—)Vr? — 2

for non-negative test functions ¢ € C((—r,r)\{t}) N BV((—r,7)) with spt(p) C (—r,t]. The integration by
parts formula leads to

) t
Oé;/ go(x)x/rQ—xde—ga(t—)<:+l> r2—t2.

Since for every £ > 0 we can find a non-negative test function ¢ € C*((a,b)\{t}) "BV((a,b)) with p(t—) =1

and 2 f 2)V/r? — 22 dz < e, the previous inequality becomes 0 < — (£ + 1) v/r? — ¢2, which is a contra-
diction to the choice of ¢ in (—r, 7).

Case 3: rad4 = radgs on (—7r,7):
Here, Lemma m and the integration by parts formula yield

2 T
0< ;/ o(x)Vr? —a2de — 20p(t)V/r? — 2

for non-negative test functions ¢ € Cl ((—r,r)). We again conclude 0 < —26+v/r2 — {2, in contradiction to
the choice of § and t.

Hence, we have shown /72 — ¢2 < rad; (t) = rad ; (t) and therefore verified property
It is left to show the property fii)} To this end, we assume rad4(t) < vV R? —¢2 and determine the Euler
equation once more by Lemma [3.89 ' )b which gives

07/ or/1+ (rad’,) ’\/T‘j:‘i 2w — 20p(t)rad 4 ()

for all ¢ € Cl;((a,b)). The structure of rad4 and the integration by parts formula lead to

¢ rad 4 b rad 4
0= / p_—+ ¢'arrady da + / © + ¢’ agrad’y dz — 20¢p(t)rad 4 (1)
a 1 t

— aymad)y (£)p(t) — agmad’y (H)p(t) — 20p(t)rada (1)
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It follows

0 = oy sinh <t_61> — g sinh (t _62) — 20rad 4 (1)

(6751 (5]
and therefore, [ii)| is satisfied.

Finally, the symmetry of the obstacles, Theorem and Theorem imply A* = A, which proves the
claim in the case R < co.

If R = o0 and 0 < 1, the existence theory from Theorem [2.83still applies and by Remark [3.88] we find some
s € (0, 00) which satisfies The same argument as before leads to the claimed shape of A, in particular, A
is a bounded set of finite perimeter and therefore admissible.

In the case R = oo and 6 = 1, the existence theory fails. In particular, the previous analysis yields
P_(A(s—1)) > P_(A(s)) (3.95)

for all s > v/r2 —t2 + 1, where A(s) is a minimizer of the corresponding obstacle problem from the previous
analysis with § = 1, outer obstacle O = B‘?/i and with rad () (t) = s. According to Lemma

s2 —t27

Proposition and Theorem A* is in Bf wd |, X (—7>7) for every minimizer A of the unbounded

3
obstacle problem. Hence, A* is a bounded set and therefore, A* minimizes P_ in the admissible class AE? for
R > 0 large enough. In particular, the previous analysis applies and gives the existence of some s > 0 such
that A(s) is a minimizer of the unbounded obstacle problem as well, which contradicts (3.95) and Remark
19,38 O



Chapter 4

Variational mean curvatures

In this chapter, we introduce variational mean curvatures, give interesting and useful results and discuss the
connection to the main topics of this thesis.

4.1 Motivation, definition, and regularity theorem

Variational mean curvatures generalize the classical mean curvature (which is defined on C? manifolds) to
(boundaries of) sets of finite perimeter. They were first introduced in [63] and [64] together with the following
motivation.

Let A C R™ be a C? set and assume there exists a continuous function H € C(R™) N L'(R™) such that A
minimizes the Massari functional

.7:H:/\/l"—>(—oo,oo],FHP(F)—/FHda:, (4.1)

then —5 H|s4 is the mean curvature of 9A.

Indeed, according to the regularity of A, we can represent A near any point of JA as subgraph of some
u € C?(B"~1) with values in (—r,r), possibly rotating and translating A. By Proposition the function
u minimizes

v(x)
/ \/1+\Vv|2da:—/ Hdzz/ \/1+\Vv|2—/ / H(z,t)dtdz
By Sub] ] P e

v,BP 1

among functions v = u + ¢ with values in (—r,7) and ¢ € CL(Bf~"). With this, we can compute the Euler

equation explicitly, using also the continuity of H. The equation yields
V() - Vu(x)

T TE VP

Since u is C?, we can rewrite the outer unit normal v4 of A at (z,u(x)) € B?~! x (—r,r) as

0 H(z,u(z))dx for all o € CL (B 1).

cpt

(Va(@).=1) g
V(o)

obtain v
diVI/A:diV7u:—H(-,U(‘)) on B!

V14 |Vl
where we identify v4(x) with va(x, u(z)).
The definition of variational mean curvatures merely omits the regularity assumptions on A and H.

Definition 4.1 (Variational mean curvatures). Let A C R™ be a set of finite perimeter in 2. The function
H € LY(Q) is called a (local) variational mean curvature of A in €2, if A locally minimizes the functional
Fit i M" — (—00,00], F — P(F,Q) — H dz,

FnQ
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ie., if FiH(A) < F2(F) for all F € M™ with FAA € Q.
If @ = R™ and A globally minimizes the functional Fgy = fgn from (4.1)), i.e., if

Fu(A) < Fu(F) for all FF € M",
then we call H € L'(R") a (global) variational mean curvature of A.

In contrast to the classical mean curvature, the variational mean curvature is defined on the ambient space
and, as it is an L' function, there is no suitable restriction onto lower dimensional sets.

The following remark collects some well-known results about variational mean curvatures. The existence
result is the main statement of [9], ii) follows from the definition and iii) can be found, for instance, in [50,
Remark 2.2].

Remark 4.2. Let A be a set of finite perimeter in R™.
i) There exists a global variational mean curvature of A.

ii) If H € LY(R") is a global variational mean curvature of A, then H|q is a local variational mean
curvature of A in Q.

iii) For every global variational mean curvature H € L'(R"), and for every ® € L!(R") with ® > 0 a.e. on
A and ® < 0 a.e. on R™\ A, the function H 4+ ® is also a global variational mean curvature of A.

Hence, for all sets A C R™ of finite perimeter, there exist infinitely many variational mean curvatures, which
may not include much information about A. In |63} 64], the author proved a remarkable theorem connecting
the LP-integrability of variational mean curvatures of sets A and the C*® regularity of the reduced boundary
0*A. The theorem was restated in the survey [50, Theorem 3.6], where it was conjectured in Remark 3.6 that
the optimal Holder exponent oppt converges to 1 as p — oo, improving the original exponent, which has limit
%. In [81, Theorem 3.3], this is confirmed by showing that the theorem holds for all & < aopy = I;)_T?, and
counterexamples to o > apt have been established, leaving open whether the limit exponent aqp is attained
or not.

Before we present the regularity theorem for sets with variational mean curvature in LP, we give the well-
known regularity theorem for local perimeter minimizers, which was first stated in |20, Teorema VI] (see
also [21}, p. 262]) and refined (with respect to the dimension of the singularity set) in |66, Teorema 6.5], |84}
Theorem 6.1.1, Theorem 6.2.1] and |41, Theorem 1].

Theorem 4.3 (De Giorgi-Miranda-Simons-Federer regularity theorem). Let A be a set with vanishing local
variational mean curvature in §2, i.e., it holds

P(A,Q) <P(F,Q) for every measurable set F C R"™ with FAA € Q).

Then 0*ANQ is a relatively open (n—1)-dimensional analytic manifold in dA*NQ and H*((DAN\O*A)NQ) = 0
holds for all s € (n — 8,n].

The aforementioned regularity theorem from [64, Teorema 3.1, Teorema 3.2] lifts the previous result to sets
with well-behaved curvatures, while losing a substantial part of the regularity. We directly state the version
with the refined exponent from [81, Theorem 3.3].

Theorem 4.4 (Massari’s regularity theorem). For a set A C R™ of finite perimeter in Q and with local
variational mean curvature H € LP(Q2) in Q for p € (n, 0], the following properties hold true.

i) The set 9*ANQ is relatively open in QAT N Q.

ii) The set 9*ANQ is an (n—1)-dimensional CY* manifold for all o € (0, Izj)_T?) if p < oo and for all
a€(0,1) if p=oo.

iii) It holds H*((0AN\O*A) N Q) =0 for all s € (n — 8,n].
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It can be shown that the dimension of the singularities as well as the bound on p are optimal. Indeed, there
exist sets with variational mean curvature in L? for p < n having singularities, see [50, Example 2.2] for the
case p < n and [51, Section 2] for the case p = n. Moreover, the Simons cone is the standard example of a
set with vanishing mean curvature and a singularity point in R®, which shows optimality for the Hausdorff
dimension n — 8 of the singularity set, see |11, Theorem A].

In the 2-dimensional case, having a variational mean curvature in L° implies C1'! regularity of the boundary
of the corresponding set according to [81, Proposition 3.6], but [50, Remark 3.6] gives an example of a three-
dimensional set, which is of class C1* for all a € (0,1), but not of class C1!, and Which has a variational

mean curvature in L°°. In Chapter |§|, we show that the theorem remains valid for o = p 7. Considering the
counterexamples |81, Theorem 4.2, Theorem 4.3] for the case a > & Massari’s regularlty theorem is then

optimal in all its parameters.

s

4.2 Constructions of variational mean curvatures

As Massari’s regularity theorem suggests, finding variational mean curvatures with good integrability can
reveal relevant regularity properties. Therefore, we present two ways of constructing variational mean cur-
vatures for sets. The first was derived in [8] as an improved version of the construction in [9]. The Barozzi
curvature turns out to be optimal with respect to its integrability, and can therefore be used to present
sharp counterexamples similar to [81, Theorem 4.3]. Since the construction works with sets of constant mean
curvatures, the exact shape of the curvature remains unknown up to some special cases, see Section
The second construction is a callback to the motivation of variational mean curvatures, showing that the
divergence of (an extension of) the unit normal can sometimes result in a variational mean curvature. The
advantage of this divergence curvature is that the resulting functions are explicit compared to the Barozzi
curvature. We give a version of this construction based on the generalized normal trace, which, to our
knowledge, was never before stated and which is more general than the known variants.

4.2.1 Barozzi’s curvature
In the following, we present the construction from [8 Section 2] and the corresponding properties.

Definition 4.5 (Sets of constant curvature). Let A C R™ be a set of finite perimeter and f4 € L'(A) an
a.e. strictly positive function on A. For A € [0, 00), we call any minimizer of

f{A:{FGM": FQA}H(—O0,00],FHP(F)—)\/fAd.Z‘
F

a set of fj-constant mean curvature A in A and denote it by Cf{‘/\

If A is additionally a set of finite volume, we abbreviate F := F; and call it a constant mean curvature
functional. Moreover, we write C4, instead of 6114, , and call this a set of constant (variational) mean
curvature A in A.

Remark 4.6. Let AC F C IR” be two sets of finite perimeter and f € L(F) an a.e. strictly positive function
on F'. Then, for all A > 0, C A Y C 7. 18 a minimizer of ]—"f among subsets of F' of finite perimeter.
Indeed, by the previous definition and Lemma 2 it holds

Fl(Cha0eha) ~ Fl(Chy) = P4 k) PR A [,
AN
P(Cfx,\)_P(C,{x,\me;A)_)‘ fdz
’ ’ ’ CAA\CE s
= ]'—,( (Cfm) - ff (C,{x,,\ n C{r,,\)
<0.

In order to define the Barozzi curvature, we need to ensure that it is well-defined, regardless of the choice of
the minimizers Cf{‘A
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Lemma 4.7. For all choices of A, fa and X as in Definition [{.5, there exist sets of fa-constant mean
curvature X in A. Furthermore, for all 0 < X\ <=, it holds

ek,

=0 and ﬂ A\C}J;“,‘/\ =0
AEQ>0

for all choices of Cff)\ and Cfl?v'

The first statement of the following remark can be found in [8, Remark 2.4].
Remark 4.8. We consider A, f4 and X as in Definition [L.5]

i) The sets Cﬁf‘;fr and Cﬁ"‘{, defined by

oo o0
Fat ! fa— !
chsT =1 Chnr and  Cy3 = U Coiny
k=1 ) k=1

for any sequences (vki) rew € R that satisfy v, A and 7; N\ A as k — oo, are well-defined except
for null sets according to Lemma and they minimize F /{A among measurable subsets of A.

1

: fa fa,x
Indeed, since CA + converges to CA7/\ in L,

Vi
perimeter and estimate

as k — oo, we can use the lower semicontinuity of the

FACERT) < 1imian(Cf“‘ :(:) — i / fada < liminf P(F) — 7;5/ fadz = FlA(F)
? k—oo A,’Yk CfA n k—oo F

A
for all measurable sets F' C A.

ii) The set Cf;A)’f is sometimes called the maximal minimizer of F )J\CA in A and CIQAA’_ is called the minimal
minimizer of .7-'{“ in A, compare [60]. By Lemma it holds CI{‘A{ C Cf{‘)\ - CI{‘A/{JF up to null sets for
every choice of Ci;”*A and for all A > 0.

iii) Since A — [ cfa fadz is increasing and bounded, it is continuous except for countably many values
AN

A > 0. Hence, Cf{,‘/ﬁ = Cf;"‘,y = Cﬁ’j‘{ holds true up to a null set for all but countably many A > 0.

Definition 4.9 (Barozzi curvature). Let A C R™ be a set of finite perimeter. We call a measurable function
H :R"™ — R a Barozzi curvature of A if there exists a function f4 € L'(IR"), which is a.e. strictly positive
on A, and a.e. strictly negative on R™\ A, and there exists a fixed choice of Cf(‘/\ and C. /2, forall A € Q-o,

R™\A,A
such that H = Hf(‘ ((Cﬁﬁ,C&f{‘A’)\))\eQw), where

inf {Mfa(2): 2 €ClY A EQme)  iweA,

HfA CfA ’C*fA
A ((C4 sup{)\fA(a:) cx € c]g,{fA,A, A€ Q>0} if v € R"\A.

]R"\A,)\))\GQ>O) R"— R,z

If A is additionally of finite volume, then we write H4 for any Barozzi curvature H};“‘ ((C}{("A, Cﬂgf‘{‘A A)AeQ>o)

with the function fa =14 + flgn\ 4 for some f € LY(R™\A) that is a.e. negative on R™\ A.
Remark 4.10. Let A and f4 be as in the previous definition.

i) According to Lemma and Remark a Barozzi curvature is measurable and a.e. invariant under
the exact choice of CI{‘A/\ and CI@{K‘A \» Tespectively. Instead of HfA((Cf‘A/\, C]g"J;I\L‘A_)\)AGQ>O)7 we therefore

only write H IQA. In particular, H4 is well-defined on A if A has finite volume.

ii) According to the definition, it holds H{* = —H&f{‘ ', on R™.
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iii) The function H 1{(‘ is a.e. non-negative on A and a.e. non-positive on R™\ A.
iv) The Barozzi curvature depends on the choice of f4, see the next simple example.

Ezample 4.11. Let A be the two-dimensional unit ball B. For a measurable set F' C A, we choose s € [0, 1]
such that |F| = ws? holds true. The estimates

1 1
P(F) = \MF|>PB?) - \B? =(2—-Xs)ts and P(F)— )\/ Tl dr > P(B?) — )\/ —dx = (1-)\)27s
P B

2 |2

follow for all A > 0 by symmetry and by the isoperimetric inequality. A monotonicity analysis of the right-
1

hand sides of the inequalities give that C4» is the empty set if A € (0,2) and equal to A if A > 2 and that C A‘)\
is the empty set if A € (0,1) and equal to A if A > 1. By definition, it follows H4 = 2 on A and Hﬁ;(az) = ﬁ
for a.e. x € A, where f is a function in L*(IR?) which is a.e. negative on R?\B? and equal to ﬁ on B2.

In [8, Remark 2.1, Theorem 2.1, Theorem 3.1, Theorem 3.2], the following properties are shown.
Theorem 4.12 (Properties of the Barozzi curvature). Let A be a set of finite perimeter in R™.
i) Every Barozzi curvature of A is a global variational mean curvature of A in L1(R").

ii) For all global variational mean curvatures G € L1(R™) of A, it holds
P(A) = [[H|11a) < [|GllL1(a) and P(A) = [[H||Lyrm\4) < IGllLr e a)
where H is a Barozzi curvature of A.

iii) If A has additionally finite volume, Hy € 1P(A) for some p € (1,00), and Ha ¢ LI(A) for all ¢ >
) If y s p € (1,00), a>p,
then
G ¢1Li(A) forallg>p and IHallLeay < IGlleca)

hold true for all variational mean curvatures G € L*(R™) with ||Ha — G||p1(4) > 0.

For sets A of finite perimeter and finite volume, the Barozzi curvature H4 has the best possible integrability
among all variational mean curvatures. Hence, in view of Theorem [£:4] it indicates the best regularity results
for the reduced boundary of A. Indeed, in [81], this is exploited in order to obtain optimality of cpy in every
dimension. In Chapter [5| we will use this LP-optimality to show that any C1'* set admits a variational mean
curvature in LP, along with corresponding counterexamples. In order to connect the global Barozzi curvature
result with the regularity result for local curvatures, we need the following lemmas, which can be found in
[81, Lemma 2.5].

Lemma 4.13 (Curvature composition). Let A C R™ be a set of finite perimeter. For all local variational
mean curvatures Hy, Hy of A in Q, the composition H := Hy 1 nq + Ho Tova is a local variational mean
curvature of A in §.

Remark 4.14. From the previous lemma, Remark [£.2) and Theorem [£.12] we conclude that, if A C R" is a set
of finite perimeter and f € L'(IR™) is a function which is a.e. strictly positive on A and a.e. strictly negative
on R™\ A, then the function

H(z) — Hi o(x) ifzeAnQ,
—Hg!,(x) ifzeQ\A

is a local variational mean curvature of A in .

Lemma 4.15 (Local to global curvatures). Let A C R™ be a bounded set of finite perimeter with A € €.
Moreover, let H € LY(Q) be a local variational mean curvature of A in Q and G € LY(R™) a global variational
mean curvature of A. Then the function

Hl,4+ GI[]Rn,\A

18 a global variational mean curvature of A.
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4.2.2 Divergence curvature

We now give some brief results about normal traces, which we use to define the divergence curvature. The first
existence result in this direction is [b, Theorem 1.2]. The slightly more general result which appears in our
analysis can be found in the unpublished paper [6, Theorem 3.5]. In 73| Section 2], a compact introduction
is given. Further references in this direction are |15} (17} |16, |2].

Definition 4.16 (Normal traces). Let A C R™ be a set of finite perimeter in 2. Assume that V € L*(Q, R™)
has distributional divergence divV in L!(Q). The normal trace of V on 8*A N € is defined as the
distribution

cpt

ulr vV : CX (Q)—>R,<p»—>/<pdivV—|—V-V<pda:.
A

The following result is can be found in [73, Lemma 2.24, Definition 2.25].

Proposition 4.17 (Normal trace). Let A C R™ be a set of finite perimeter in  and let V € L>*°(Q, R")
with distributional divergence div V in LY(Q). Then there ezists a function in L>°(QN0*A; H" 1), which we
denote by V e v 4, such that it holds

|V e vallLe @ anamn-1) < |V @rry and (dIraV,p) = Vevy <de”_1(x) for all p € CZ () .
A

Definition 4.18 (Generalized normal trace). In the situation of Proposition the density V ev 4 is called
the generalized normal trace of V on 9*A N Q.

Remark 4.19. If the set A from the previous proposition is of finite volume and if £ = R"™, then a suitable

approximation of ¢ implies

/ pdivV +V - -Vepdx = VevypdH" () for all p € C*°(R"™) that satisfies sup ||+ |Vp| < 0.
A a*A R»

Definition 4.20 (Divergence curvature). Let A C R" be a set of finite perimeter in Q and let V' € L*(2, R").
We call H € L'(Q) a V-divergence curvature of A in € if the following properties are satisfied:

i) Ve Le(QRY) with ||V~ @rm < 1,

ii) V has distributional divergence divV in L(£2) such that V e v4 =1 on 9*A N Q except for H™ L-null
sets,

ili) H =divV in Q.
We call H € L}(Q) a divergence curvature of A in 2 if there exists V € L*(Q,R") such that H is a
V-divergence curvature of A in .

Lemma 4.21. Let A C R"™ be a set of finite perimeter. If V € LY(Q, R™) satisfies either

i) there exist a relatively closed H" *-null set T C Q such that V.€ WHH(Q,R") N C(Q\I',R") is an
extension of va in Q with supq |V| < 1,

or

ii) A is a Lipschitz set in Q and V. € WUHL(Q,R") is a subunit extension of va in Q, i.e., it holds
VL rry <1 and TraV =wva on 0ANQ,

then divV is a V-divergence curvature of A in €.

Proof. To argue for i)} we first assume that V is additionally in C*°(£2, R™) and apply the product rule for
BV functions, Lemma [2.3] on each component, showing that 14V is in BV}6¢(£2, R™) and that

div(1a V) =1adivV L g -V -vaH" ' L(0*AN Q)
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is satisfied by Theorem [2.:45] With this, we find

<nTrAV,<p>:/go]lAdiVV—i—]lAV-chdx:/gadiv(]lAV)+]lAV~chdx+ V-vapdH" Y (2),
Q Q %A

for all ¢ € CZp(€2). By the definition of the weak derivative measure, the previous equality leads to V ev, =
V.va = |val? = 1 on 9*A N Q. For general V€ WHI(Q,R") N C(Q\I',R"), we find for each § > 0
some open neighborhood Nj of T' with H"~!(Ns) < & by the definition of the Hausdorff measure. Now, we
consider the mollifications V; in C*°([Q}].), which converge to V uniformly in [©2].\Ns as ¢ \, 0. Furthermore,
divV. — divV in L}([Q].) and V. — V in L1 ([Q], R™) as e \, 0. With this and the first part of this argument,

we conclude

/‘P]lAdiVV+]1AV'V(Pd$:/ V-vapdH" Hz) + lim Ve vapdH" H(2).
Q 9*A\Nj eNO0 Jo*ANN;

The latter term is estimated by

<H T N Vel @,mm @l @) < OllellLe (o) »

/ Ve vapdH" ()
O*ANN;

which leads to Vevy =V -v4 =1 on 0*"ANQ except for K™ 1-null sets.
The case [ii)| can be shown straightforwardly by the trace definition for Sobolev functions. O

In (10} p. 152-153], |51, Lemma 1.3], [50, Proposition 4.1], and [81}, Proposition 4.1], slightly different versions
of the following statement have been presented. These results are covered by our statement according to

Lemma [4.21]

Proposition 4.22 (Divergence curvature). For a set A C R"™ of finite perimeter in Q, any divergence
curvature of A in € is a local variational mean curvature of A in .

The following proof is based on [81, Proposition 4.1].

Proof. Let divV be a V-divergence curvature of A in 2 as in Definition We further consider a test set
F C R™ with finite perimeter in  and FAA € Q and choose a bounded open set Q' € Q2 with FAA € .
According to the assumptions on V' and Proposition there exists a function V evp in L= (9*FNQ; H™ 1)
with [V e vg||pe(9+pna;nn-1) < 1 such that ilrpV =V e vp H*LL(0*F N Q). Clearly, we have equality
Vevs=Vevron dFN((Q\Q)=04AN(Q\Q). Now, for ¢ € C2,(Q,[0,1]) with ¢ =1 on €' it holds

cpt

]—“(?ivv(A):P(A,Q\Q’)—/ (1—<p)dideas+P(A,Q’)—/ edivVde

AN(Q\Q) ANQ
= PRI - / (1-¢)divV = Ve -Vdr+H"HIANQY) - / VevspdH" (z)
FA(Q\) oA
=P(F,Q\Q’)—/ (1—90)divV—V<p~Vd:c—/ VevpodH" !(z)
FO(Q\Q) O FN(Q\Q)

+HLOANQY) — / VevydH" (z)
I*ANQY

by the definition of normal trace. The two latter terms are the only ones which depend on A, and they can
be estimated as

H O ANQY) — / VevsdH" (z) = / 1—VevsdH" Hz)=0< / 1—VevpdH" ()
*ANQY *ANQY O*FNQY
by exploiting |V evp| <1 on Q and Vevy =1 on §*A N K. Similar arguments as before yield

F2 0 (4) < P(F.Q) - /

(1—¢)divV —Vep-Vdz - / VevppdH" ' (z) = Fif, v (F),
FN(Q\Q')

O*FNS2

which concludes the claim. O
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Remarkably, the reversed statement is also true to some extent. The proof is part of the argument of |73,
Theorem 8.2].

Proposition 4.23. Let A C R"™ be a set of finite perimeter and H € LY(R"™) a Barozzi curvature of A.
Then there exists a vector field V- € L>®(R",R™) with ||V |pe@mrrr) < 1, V @va =1 on %A, and with
distributional divergence H .

4.3 Sets of constant variational mean curvature

In order to apply the results of Section to general C1® sets, we collect some information about sets of
constant curvature, as they are the basis of the Barozzi curvature definition.

We first recall [60, Theorem 2.3], characterizing sets of constant curvature in certain planar situations, which
is based on the analysis of planar Cheeger sets in [58|.

Definition 4.24 (No necks). Let A C R™ and r > 0. We call A a set with no necks of radius r if for all
balls B, (x1), Br(z2) C A with a1, o € A, there exists a curve ¢ : [0,1] — A with ¢(0) = z; and ¢(1) = 22
such that B,(c(t)) C A for all ¢ € [0,1]. If there exists no such curve, then A is called set with necks of
radius r.

Remark 4.25. A set A C R™ has no necks of radius > 0 if and only if A\(J0A), is path-connected.
This can be easily seen from the fact that a ball of radius r is in A if and only if the center is in A\(9A),.

Theorem 4.26 (Rolling ball). Let A C R? be a Jordan domain (i.e., a region, which is bounded by an
injective curve from OB? to R?) such that OA is a null set. There exists k > 0 such that if A has no neck of
radius % for some A > K, then

U {B%(x) Lz €A Bi(r)C A}
is a set of constant variational mean curvature A in A, i.e., it minimizes F) among measurable subsets of A.

Remark 4.27. The value k can be identified as the Cheeger constant of A, that is, the minimizer of the

fraction % among subsets F' of A of finite perimeter. It is the largest value in [0, c0) such that () minimizes
1o

There is no such identification for higher dimensional sets. However, it can be shown that the union of all

balls in A of a certain radius is a subset of each C4 y, see the following result from [86, Lemma 2.4].

Proposition 4.28 (Minimizers contain balls). Let A C R™ be a set of finite perimeter and finite volume
and let 7 > 0. For all A > ™ and all balls B, (x) C A with x € A, the set Cax UB,(x) is a set of constant
variational mean curvature X in A. If X > 2, then B.(z) C Cax.

With the previous proposition at hand, we are able to take a closer look at Massari’s regularity theorem. In
particular, apart from the optimality analysis of the parameters and a reverse formulation of the theorem,
one could also wonder whether there exist weaker results for p < n. For p < n the answer is still fully open.
In the special case p = n, De Giorgi conjectured that Massari’s regularity theorem still holds true when
replacing the C1® regularity with bilipschitz regularity (i.e., that the boundary of a set with local variational
mean curvature in L™ is locally parametrizable by a bilipschitz map, defined on an (n—1)-dimensional ball
except for singularities of dimension at most n — 8). In |51, Theorem 1.1, Theorem 1.2], weak density results
in this direction have been achieved, which were improved by [69, Theorem 0.1], where it is shown that, if
n < 7, sets with variational mean curvatures in L™ are C% regular for all a € (0, 1). Finally, in [4, Theorem
4.10, Theorem 5.2], this result has been lifted to all dimensions with possible singularities of dimension at
most n — 8, and, for n = 2, the De Giorgi conjecture has been confirmed.

Similar to [81, Theorem 4.3], we can draw a link between C%® sets and having variational mean curvature
in LP.

Ezample 4.29. Let n > 2, a € (0,1) and define the set

1
A= {CCERnil X [071] : |f‘a < |JL‘7L|}UB\/1+7(<O,1+O[>> .
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Then 9*A = 9A\{0} is of class C»® and not C%P for all 3 > «a. Furthermore, for all balls B C R™ with
A € B, there exists a local variational mean curvature H of A in B in LP(B) for all p € [1,n) such that

p—n
a>1+—p+1.

R

por=s w sy ol »Rn1

1/al Ty
Tno1

+
Figure 4.1: Counterexample to Massari-type regularity for Holder continuous sets
According to Lemma it suffices to investigate the integrability of H4 on A and Hp\ 4 on B. By Propo-
sition and the construction of A and B, Hp\ 4 is bounded, such that it is left to consider Ha in A. In

order to estimate Barozzi’s optimal variational mean curvature, we notice that for x € A, the unique ball
that is fully included in A and that has contact points with 0A at height x,, has radius

1 2-¢ 2 2 1 2-¢
Ta, = <xn“ ) +ay > —ap” (4.2)
@ @

1 2—a
Rx, = <O,:En + al'na )

for all =, € (0,e) with small € > 0 fixed, compare Figure Hence, Proposition gives that for a.e.
x, € (0,¢), it holds Hy < ;*~ on A, = B"; L. We can then apply Fubini’s theorem and the estimate (4.2))

zh/
n \? 1 noi4pa—2)
— dxngc/ Tn © dzy,
T2n 0

/ |HA|p de </
AN[0,e]™ 0

for ¢ :=w,_1 (g)p. The latter term is finite if and only if & > 1 + ;%.

and center

to obtain

n—1
B
n

Since a ball of radius r > 0 in R™ has constant mean curvature "T_l, the question arises of whether Proposition
even holds true when replacing 7 with "T_l The following result applies the strategy of the proof of |86,
Lemma 2.4], replacing the constant variational mean curvature % by a divergence curvature.

Lemma 4.30. Let A C R"™ be a set of finite perimeter and finite volume and let r > 0. For all X > an,
there exists § = 0(r, A) > 0 such that for all balls B, (z) in A with w,r™ — |B,.(x) NCa x| < 6, the ball B,(x)
is a subset of Ca x except for null sets.
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Proof. In order to prove the claim, we first compute for s € [0,7] and z € R", the difference

P(B,(z)) — P(Bs(z)) = nw, (r" ! — ") = nw, /T(n —1)t"2dt = /B " n-1 dy. (4.3)

\B; () |z —yl

n—1

|F N B, ()] < ¢ implies

1

1 B ~1

Sp = <|F0BT(:1:)|> € <n)\ ,r} for all z € R" and F C A in M".
Wn

In particular, sp is chosen such that any ball of this radius has volume |F N B,.(z)|. Now, Lemma [2.38] gives

FA(F UB,(2)) — FA(F) = P(By(x) UF) — P(F) — AlB,(2)\F|
P(B,(2) UF) - P(F) — A[B, (x)\B. ()|
P

(Br(2)) = P(Br(z) N F) = A[Br(2)\Bs . (7)]

for all F* C A of finite perimeter. Taking into account the isoperimetric inequality and (4.3)), it follows

N

FA(F UB,(2)) = FA(F) < P(B,(2)) = P(B,, (2)) = A[B,(2)\Bs . (2)]
_ / ( 2= L 4y — \|B,(2)\B., ()

B, (2)\Bsj (2) |z =yl

< (” i A) Bo(2)\Bay ()]

SF

The last term is either negative, or B,.(x) is a subset of F' already, i.e., it holds sz = r. Thus, replacing F' by
a minimizer C4  of Fy, we conclude the corresponding subset relation. O

Proposition 4.31 (Improved sets of constant curvature contain balls). Let A C R™ be a set of finite
perimeter and finite volume, r > 0 and \ > ”T_l If A has no necks of radius v and if Ca x already contains
at least one ball of radius r, then Ca x contains all balls of radius r in A.

Proof. We first choose ¢ as in Lemma Since B,.(z) C A, there exists for all y € A a curve ¢: [0,1] — A
connecting x and y such that B,.(c(t)) C A for all ¢ € (0,1). Exploiting the continuity of ¢, we find for each
t € [0,1] and € > 0 some v = ~(¢,€) > 0 such that for all s1,s9 € (t —7,t+ ), it holds |c(s1) — ¢(s2)] < €.
By the compactness of ¢([0,1]), we find a finite cover of [0, 1] by these intervals. Making £ > 0 small enough
such that |B,| — |B,(z1) N By (22)| < d holds for all z;, zo € R™ with |z; — 22| < €, we can apply Lemma
finitely many times to ensure B, (y) C Ca . O

Remark 4.32. i) We can lift the previous proposition up to the case A = 2= under some additional

assumptions. In particular, if we additionally assume that A has no necks of radius r and that there
exists a ball of radius r that is contained in the maximal minimizer Cj‘ y (defined in Remark 7 then

the set C; , contains all balls in A of radius r.

ii) Under some additional assumptions, we can also ensure that all balls in A of radius r = ”Tfl are in
C4 - In particular, if there exists a decreasing null sequence (¢j)ren and € A with B, (z) CC
if A has no necks of radius r + ¢, for all k € N, and if for each ball B, (y) C A, we find some yj,
with B,4c, (yx) C A such that |B,(y)AByye, (yr)| — 0 as k — oo, then

AN
€A

U{Brie®): y€ A Brye,(y) CA}CC,,  forallke N,

In fact, the imposed assumptions on A give

U {Br(y): y€ A B,(y) C A} = U U {Brie, () y € A, By (y) € A} C Can-
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iii) If A from the proposition is additionally open, we can choose r small enough such that we find a ball
of radius r = 2 in the set A. According to Proposition this ball is contained in C4 x. Hence,
Proposition applies and also ensures that the balls B are in C4  for 7 = "T_lr = "T_l (under the
certain assumptions on A as in |i)[and .

iv) It can be shown that the no-neck assumption, and the assumption that a suitable ball in C4  is found,
is necessary, see |59, Example 4.1, Example 4.5] and [55, Section 6].

Ezxample 4.33. In order to see why the assumptions of Remark ii) are necessary, we define the two-
dimensional set

11
A:=ByU [0,2} X [—2, 2]

and consider

A(@):=BU |J Bui((t0)
te(0,1+a)

for all a € [O, %], see Figure

Figure 4.2: Counterexample of the limit case of the improved minimizers contain balls lemma

We record that, according to Theorem the union of balls A (%) of radius i in A minimizes F, among

all measurable subsets of A, where we used the fact that By C C4 y for all A > 2 by Proposition which
gives 4 > k. Furthermore, since

1
Fa(A(a)) = P(A(a)) — 4[A(a)| = P(A()) + 2(b — a) — 4| A(b)| — 4 ((b - 0)24> = F1(A(D))
holds for all a € [0,2] and all b € [a, 3], we cannot conclude that every set of constant mean curvature 4 in
A contains all balls of radius % in A.

It might be important to obtain some results for sets of constant mean curvatures in unbounded sets as well,
hence the following statement for the complement of bounded sets is given.

Lemma 4.34. Let E C R" be a bounded set of finite perimeter. There exists a function f € LY(R™), which
is a.e. positive on R"\E such that for all A > 1, Lemma and Proposition apply for R™\E instead
of A and CIJ;,I\EJ\ instead of Ca,x.

Proof. 1t suffices to show that Lemma applies in this case, as the proof of Proposition remains the
same.

First, we show that for suitable balls B O FE, the set Cﬁ;n\ 5 contains the complement of B. To this

end, we choose R > 0 large enough such that dist(E,0Bg) > 2r. According to Remark there exists
a global variational mean curvature H € L!(R™) of R™\Bg, which is a.e. positive on R"\Bg. We define
f=2H1gmg, + 1p,\g. For all test sets F* C R™\Bp of finite perimeter, we estimate

P(Bg) — P(F) < / Hdz. (4.4)
(R"\Br)\F

We now show, that for all A > 1, the set R"\Bg is in CBJ;L\ g - Indeed, according to the construction and
Lemma [2.38) it holds

FL(R™\Bg) — F{(F) = P(R"\Bg) — P(F) — )\/ fda < / H—\fdx
(RM\Br)\F (RM\Bg)\F
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for all FF C R™\Bp of finite perimeter. The last term is either strictly negative, or F' = R™\Bpg. Clearly, for

F replaced by C]ﬁn\BR y» the latter holds true and the claim follows by Remark for all A > 1.

By the choice of R, it is left to show B,.(y) C C]{{n\E , for all y € R™\ E such that B,.(y) € Br\E. Analogously
to the proof of Lemma we consider F' C R™\ E of finite perimeter and define § > 0 and sg € (%,r}

as in the aforementioned proof such that |B,| — |B,(y)\F| < 0 implies

FlFUB) ~ F{(F) < PEUB@) ~PE) A [ e
<P(B.(y)) - P(F N Bo(y) — B (y)\F|

< (”‘ o A) Bu(y)\F.

SF

t follows B, C Cipn an the choice o we conclude the claim.
It foll B, (y) Cf\E)\ d by the choi f B, lude the clai O

There are regularity statements for sets of constant variational mean curvature in A. The particular case
in which we are interested is the behavior near 0A if A is regular. The following theorem has been stated
in many versions throughout the literature. The statements i) and ii) were originally shown for perimeter
minimizers in A with volume constraints in [52, Theorem 2], which can be transferred to minimizers of F) in
A straightforwardly. Then, iii) follows from the first observation of this chapter. Statement iv) is [35 Teor.
1.1].

Theorem 4.35 (Regularity of sets of constant curvature). Let A C R™ be a bounded set of class C' and
let A > 0. The set Cax of constant mean curvature A in A has a representative that satisfies the following
properties.

i) The set 0*CaxN A is an (n—1)-dimensional analytic manifold.

ii) The Hausdorff dimension of the singularity set (0Cax\0*Ca,x) N A is at most n — 8.

)
iii) The set 0*Cax N A has classical constant mean curvature —2
)

n—1-°

v

There ezists a neighborhood N of DA such that N N9Ca,y is of class C'.



Chapter 5

Variational mean curvatures of C1:¢
sets

In this chapter, we prove that all sets A of class C1* with a € (0, 1] have a variational mean curvature H in
L? for p depending on «. We first consider an approach via the divergence curvature, introduced in Section
This will not provide the optimal result concerning the dependency of the corresponding Holder and
the integrability exponent. Thus, we make use of the optimality of Barozzi’s curvature from Section [4.2.1
According to the construction, we need to consider sets C4  of constant variational mean curvature A in A,
which are strongly connected to the union of balls of radius an in A, see Section Hence, we will first
investigate those unions in order to analyze Barozzi curvatures suitably. Later in Section we will give
counterexamples to underpin the optimality of the statement. The main result, however, is only stated for
either convex or planar sets, and leaves open the limit case.

5.1 Approach via trace theory

We start the analysis by giving a rather simple trace theory approach, using the divergence curvature. Apart
from the case a = 1, this does not lead to the optimal integrability exponent. However, this method affirms
the idea of requiring good properties of curvature of C1'% sets.

5.1.1 Preliminaries

In the following, we collect some helpful results from trace theory for Sobolev functions, which can be found,
for instance, in [61, Chapter 18] and [23, Chapter 3.2].

Definition 5.1 (Trace space for Sobolev functions). Let A C R™ be an open C! set such that dA is compact.
Let also p € [1,00) and s € (0,1). For a function u € LP(0A, H" 1), we define the W*P (9 A)-norm of u by

lu(z) —uw(y)|” e n— v
[ullwer (o) = llullLr04,20-1) + {/M /zm WdH Yy)dH" ()

and the fractional Sobolev space W*P(9A) as the set of functions in LP(9A, H" 1) with finite W*?(9A)-
norm.

Remark 5.2. The space (W*P(0A),|| - |lws»@a)) is a Banach space, where s,p and A are defined as in the
previous definition.

Lemma 5.3. For an open set A C R™ of class C! with compact boundary, o € (0,1) and p € {1, ﬁ), it
holds that C%*(DA) C W' #P(9A).

123
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Proof. For u € C%®(9A) the compactness of JA implies u € LP(9A). Furthermore, we have

p
[ [ Mt e gyare < [ [ ooy ae g ae @
aA JoA |33—2/| oA Joa

for some constant C' > 0. Since JA is bounded, we can ensure that the right side of the integral is finite if
ap—n+2—p>—(n—1), which is exactly the case for p < ﬁ O

The following theorem identifies fractional Sobolev functions and traces and it can be found in [61, Theorem
18.34] and in |23, Proposition 3.31].

Theorem 5.4 (Characterization of trace functions). Let A C R™ be an open set of class C! with compact
boundary set and let p € (1,00). It holds that

W5 P(9A,RY) = TryWHP (A, RY).

In order to transfer this concept to variational mean curvatures of C'® functions, we make use of the
divergence curvature, introduced in Section via the following results from [81, Lemma 3.1, Lemma 3.2].

Lemma 5.5 (Holder continuity of the unit normal). Let a € (0,1), u € C'(A) with ||Vl e(arn) < 00.
Then it holds that

u € CH(A) if and only if Vs € CO*(Grphu, R"T) .

Lemma 5.6 (Good graph representation of C1® sets). Let f € CL@(A) with o € (0,1], supy |V f| < 0o and
Hbélder constant C. For all xog € Gaphf, we find a constant R > 0 such that for all x € Cr(xo) N Gaphf, there
exists a rotation T with Tx = x such that Cg(z) N TGaphf is the graph of a C1'® function on Br(T) which
has vanishing gradient at T and has Holder constant in [0, KC] for some constant K > 0 only depending on
a.

Remark 5.7. By following the proofs of [81, Lemma 3.1, Lemma 3.2], it is easy to show that it holds K < 16
in every case.

5.1.2 Integrability of variational mean curvatures for C1® sets
We are now prepared to show the existence of a variational mean curvature for every C1® function.

Theorem 5.8 (Weak integrability for variational mean curvatures of C1® sets). Let A be a bounded open
CL set for some a € (0,1]. If a« < 1 and p € [1, ﬁ), then there exists a local variational mean curvature
of A in R™ which is in LP(R™). If a = 1, then A has a local variational mean curvature in R™ which is in
L (R™).

Remark 5.9. We can refine the result from the previous theorem as follows: For o € (0,1) and A as in the

theorem, there exists a local variational mean curvature of A in B, which is in LP(B) for all p € [1, ﬁ)

and for all balls B C R™ with A € B.

In the theorem, the variational mean curvature depends on the choice of p, however, we can apply Theorem
to ensure that the Barozzi curvature has optimal integrability on A among all global variational mean
curvatures of A. In particular, if A is a bounded open C1“ set with o < 1, then the previous statement

implies Hy € LP(A) for all p € [1, ﬁ), since we can convert every local variational mean curvature of A

to a global one, while only changing the values outside A by Lemma Furthermore, for every open ball
B C R™ with A € B, the set B\A is of class C"* such that the same argument implies Hp\ 4 € LP(B\A)

for all p € [ YT ) Finally, Remark [4.14] yields the existence of a local variational mean curvature of A in

LP(B) for all p € [17 ﬂ)
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Proof. We first consider a@ < 1. Since dA is compact and can be locally represented by subgraphs of C1:®
functions, we can apply the Lemmas and Theorem [5.4] to record

va € CO%A,R") C W3 P(QA,R") = TraW'P (A, R") = Trga aWP(R™\ 4, R") .

'l-a

for p € {1 #) Hence, we find Sobolev vector fields v; € WHP(A,R") and vy € WHP(R™\ 4, R") both

having trace v4 on 9A. Since A is C!, the function v, defined as v; on A and as vy on R™\4, is in
whp (R™,R™) and has inner and outer trace v4 on OA. We further define the truncation

=
TR — R, g o LT
x, else,

which is a Lipschitz continuous vector field. By the chain rule for Sobolev functions, it holds that V :=T ow
is in WHP(R™, R™). In the following, we show that TraV = w4 = Trgm\ 4V holds on A. The Lipschitz
continuity of T' gives

[V(z) —va(y)l = T (v(z)) = T(va(y))| < Lip(T)|v(z) — va(y)|

for all z € R™ and y € JA. Since v has inner and outer trace v4 on JA, the same follows for V' by definition.
Now, Lemma and Proposition show that divV € LP(RR") is a local variational mean curvature of A
in R™.

For a = 1, we find v4 € C11(JA) as above. In this case, Kirszbraun’s theorem ensures the existence of a
Lipschitz continuous extension v of v4 defined on R™. Then V defined as before is in W1 >°(R" R") and
together, Lemma and Proposition imply again that divV € L*®°(R"™) is a local variational mean
curvature of A in R™. O

5.2 Approach via Barozzi’s curvature

5.2.1 Preliminary and auxiliary results
We now collect the results required to prove a stronger version of Theorem

Definition 5.10 (Free rolling). A set A C R" satisfies the free rolling condition for the radius r > 0
if A\(OA), is path-connected and for every x € 0A, there exists a closed ball B of radius r in A with z € B.

Remark 5.11. i) If A C R™ is a closed set such that A\(JA), is path-connected, then A satisfies the free
rolling condition if and only if for every z € A there exists a closed ball B C A of radius r with x € B.

ii) By Remark A\(OA), being path-connected is equivalent to A having no necks of radius r. Hence,
every set that satisfies the free rolling condition has no neck of the corresponding radius.

iii) Not every set that has no neck of radius r > 0 satisfies the free rolling condition for the radius r. A
simple instance is the square.

The following theorem can be found in a stronger version in [90, Theorem 1].

Theorem 5.12 (Free rolling characterization). Let A C R™ be a path-connected, non-empty and compact set
and let rog > 0. Then the following statements are equivalent:

i) A and R™\ A both satisfy the free rolling conditions for all radii v € (0,1),

ii) OA is an (n—1)-dimensional C* manifold and v4 € CO1(OA,R™) has Lipschitz constant %
The following Lemma is a technical inequality, which we will apply later in Section [5.2.3
Lemma 5.13. For 0 <t <r < R the following inequality is satisfied

VR P —R— (VP —P—r)<RE_TT_ (5.1)

(2 = )%
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Proof. We first notice that 6 — 56 3 is increasing on (0, s) for all s > 0. Hence, we conclude
2

s2-02

\/RQ—thRf( 7t2—7’ / / dsd&v —62dfds

// d9ds
//(32—t2 dfds

R 2
Rt R —
</ 73(1 _Rt27rsa
- (2 = )3

which proves the claim. O

Remark 5.14. We later apply the inequality from the previous lemma for values which additionally satisfy
t < %r and R < %r. In this case, we can verify v/r2 — 2 > %r, such that (5.1) turns into

2\ 4 72 (5.2)

3
V2R (Vi -r) <> (5> BT gl
r
Definition 5.15. Let A C R™ and let A > 0. We call the open set

Ap ::U{B%(x):xeR ,B%(x) QA}
the union of balls with curvature A\ in A.

Lemma 5.16 (Convergence of the union of balls with respect to the Hausdorff distance). Let A CR"™ be a
measurable, open and bounded set. Then

0Ap )\ — 0A with respect to the Hausdorff distance as X\ — oo.

Proof. Let € > 0. We divide the proof in two parts.

Step 1: Show sup,cga, | dist(x, 0A) < € for some A; > 0:
For A; > 2=, we obtain

A\(0A4): € | J{Bs(z) : x € A\(94).} C Apx, C A.

This implies 9Ag x, C (0A). and SUD,epAp 5, dist(z,0A) < e

Step 2: Show sup,cp4 dist(x, 0Ag.»,) < € for some Ag:

We first exploit the openness and boundedness of A to obtain that Ag, — A in L! as A — oco. The
compactness of A implies the existence of finitely many z1, ...,z € 0A such that 0A C B := Ule Be (z:).
Furthermore, the openness of A ensures |[B¢ (z;) N A| > 0 for all ¢ € {1,..., k}. Taking into account the first
observation of this step, it holds [B¢ (z;) N A x| — [Bs (2;) N A| > 0 such that for each i € {1,...,k} we find
Az, > 0 with [Bg (i) N A a,, | > 0. For A2 := max{A,,..., Az, }, we even find [Bg (2;) N Ap »,| > 0 for all
i €{l,...,k}. Since Ap ), C A, there exists some y; € B¢ (z;) N 0Ap », for all i € IN, which implies

sup dist(z, dApx,) < sup dist(z,0Ap »,) < €
r€OA rEB

Taking into account Agy C Ap., C A for all 0 < A < v, we have disty(0A4,04) < ¢ for all A >
max{)\l,)\g}. O
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5.2.2 Properties of the union of balls in two dimensions

The main purpose of this section is to prove the following crucial properties for the union of balls of curvature
A > 0 in a two-dimensional C!-set.

Proposition 5.17 (Properties of the union of balls inside planar C! sets). Let A C R? be an open, bounded
and connected set of class C*. Then there exists \* > 0 such that the following properties are satisfied for all
A > A%

i) The set Ap » is of class C1,
ii) it holds P(Ap ) < P(A),

iii) for all x € OAp N A, there exists y € A such that there exists a connected component of 8B§ (y)\OA,
which contains x and this component is a subset of 0Ag » N A.

We will use this result later in Sections [5.2.3] and [5.2.4] to conclude properties of the Barozzi curvature in the
two-dimensional case. In higher dimensions, no result of this kind is known so far.
The proof of Proposition [5.17]is divided into several subresults.

Lemma 5.18. Let A C R? be an open and connected set of class C' with compact boundary. Then there
exists \* > 0 such that for all A > X*, the set A has no necks of radius %

Proof. We first assume that A is connected and consider a (possibly unbounded) set A of class C! with
compact boundary.
To show the claim, we first choose a suitable cover of 9A. According to the compactness and the regularity of
0A, we find a finite set {z1,...,2} C 0A of boundary points such that for each i € {1,...,k}, there exists
some d; > 0, a rotation T € O(2), an open neighborhood of the form N; := x; + T[(—d;,0;) X (—3d;, 36;)],
and a C! function f; : (—6;,8;) — (—0;,6;) with f;(0) = f/(0) = 0 such that AN N; is the (possibly rotated
and translated) supergraph of f; and 04 € N := Ule N;. Furthermore, we can even assume that f; is C! in
a neighborhood of [—§;,d;] for all i € {1,...,k}. To be able to refer to adjacent neighborhoods, we assume
that (0A) N N;” C 9A is covered by N; and N;;; and that (0A) N N;” C A is covered by N;_; and N; for
all i € {1, ey k— 1}, where Nz+ = x; + T[(O,(L) X (7351‘7 351)] and Ni_ = x; + T[(*(Z,O) X (7351', 361)]
In what follows, we fix §p > 0 small enough such that o < min{di,...,dx} and such that (0A)ss5, € N. We
further assume that § € (0,dg) is bounded from above by the Lebesgue number of the open cover Ny, ..., Ny
of the compact set (0A4)a5,. Moreover, by the assumptions on IV;, we can make ¢ small enough such that for
all i € {1,...,k}, there exists a ball of radius § in the set AN (0A)a2s, N N; N Nyj1.
min{4,1}
2

We now consider two balls B,.(y) and B,.(z) of some radius r € (O, ) in A and show the existence of

a curve that connects y and z such that every ball with radius r and center on the curve is contained in A.
Since dist(ON, (0A4)as,) > 0, it suffices to consider balls B,.(y) C NN(9A)2s5,NA and B,.(z) C NN(JA)25,NA
and show that they satisfy the previously given condition. Indeed, if B, (y) is not a subset of AN N, then
we can consider the nearest point projection p € 9A of y on JA and shift B, (y) along v4(p) until it is fully
contained in AN (0A)as, N N, which is possible by the choice of . This shift can be realized by a curve that
satisfies the previous conditions and since we can reparametrize and compose two curves Cq, Cy on [0, 1]
with C1(1) = C5(0) that satisfy B, (C;(t)) C A for all t € [0,1] and ¢ € {1,2} to a curve C parametrized
over [0,1] that connects C1(0) and Cy(1) and satisfies B,.(C(t)) C A for all ¢ € [0, 1], it suffices to consider
B, (y) S NN (0A)25, N A and B,(2) € NN (0A)25, N A in what follows.

Since 2r is smaller than the Lebesgue number of the open cover Ni,..., Ny of (0A)ss,, we observe that
B,(z) € N; and B,(y) € N; for some 7,5 € {1,...,k}. We now assume w.l.o.g. i < j and make a case
distinction.

We first treat the case i = j and show that A N N; has no necks of any radius for all i € {1,...,k}. To this
end, we assume that it holds N; = (—d;,d;) x (—36;,30;) and construct the curve C' which first connects z
with (z1,26;), then (21, 26;) with (y1,20;), and finally (y;,24;) with y via three straight lines. Reparametrizing
the curve, we can ensure that C' is defined on [0, 1] and by ¢ < §;, we find B,.(C(t)) C ANN; for all ¢t € [0,1].
In the case i + 1 = j, we make use of the case i = j and of the fact that for all ¢ € {1,...,k} there exists a

ball with center a and radius r inside A N (0A)25, N N; N Nit1, to find a curve Cy parametrized over [0, %}
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36; :

Figure 5.1: No small necks in C' sets

which connects z and a such that B,(C1(t)) € ANN; for all ¢t € [0,4]. With the same argumentation, we
find a curve Cy parametrized over [%, 1] which connects a and y and satisfies B,.(C5(t)) € AN Ny for all

te [%, 1]. Hence, the curve
i 1
C(t) : {01(?5) ift € [07 21} ,

connects z and y and satisfies B,.(C(t)) C A for all ¢ € [0, 1].
The case i + 1 < j follows from repeating the previous argument iteratively.
With this, the claim is proven for sets A such that 0A has only one connected component, where we choose

> 2

min{d,1} "
If the boundary of A is not connected, we can conclude from its regularity that there exists at most finitely
many connected components of JA. Indeed, if we have infinitely many connected components I'y,T's, ... of

0A, then we could construct a sequence (zx)rew € 0A with xp € 'y, for all k£ € IN. Since 0A is compact, we
find a converging subsequence with limit € 0A, which we also denote by (zx)ren. By construction, we find
infinitely many subsets of distinct connected components in every neighborhood of z, in contradiction to the
regularity of dA. Thus, we may assume that I'y,..., 'y are the connected components of JA.

Since A is connected, we find open and connected C! sets A1, ..., Aj, with 9A; =T'; for alli € {1,...,k} and
such that A = A7\ U?:z A;. In the following, we denote F} = A; and F; = R?\ A4, for all i € {2,...,k}. As
shown in the first part of the proof, for every i € {1,...,k} there exists Af > 0 such that F; has no necks of
radius % for all A > A\7. We further define

2
v :=min{dist(T';,T';) : ¢t #j € {1,...,k}} >0 and )\*>max{, *1‘,...7A,*€}.
Y

We now obtain by Remark that Fi\(aFi)% has at most one path-connected component for all i €
{1,...,k} and for all A > A\*. Since } < %, we have dist((@Fi)%, (8Fj)%) >0 for all i # j in {1,...,k} such
that A\(0A)1 = ﬂle F;\(OF})1 is path-connected as well for all A > A*. Together with Remark we
have shown the claim. O

We introduce a new notion, which is similar to the no-neck notion, but prevents bottlenecks which formally
fulfill the no-neck condition by allowing balls to approach from the other side, see Figure [5.2]
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Definition 5.19 (Spike). A two-dimensional set A C R? is said to have no spike of reach r > 0 if for all
open balls Dy # D5 of radius r in A, we find another open ball D3 of radius r in A with D; N Dy C Ds.

\V4
/\

A set with no necks but spikes A set with neck and spike of some radius
A set with neck and no spike of some radius A set with no neck and spike of some radius

Figure 5.2: Connection between spikes and necks

Lemma 5.20. Let A C R? be a bounded open set of class Ct. Then there exists \* > 0 such that for all
A > X*, the set A has no spikes of reach %

Proof. If the claim is not true, we could find a bounded open C! set A C R? such that for all k¥ € IN, we find
a radius rp € (0, %), and two different balls Dy, , Dy, of radius r in A such that there exists no open ball of
radius 7 in A which contains Ekl N EkQ. We choose x;, € Ekl N EkQ arbitrarily, constructing a sequence in
the compact set A. Thus, there exists z € A such that z; — 2 as k — co (where we possibly restrict to a
subsequence, which we denote by (xj)ren again).

Since Bs,, () is not contained in A for all ¥ € IN, we conclude 25
dist(zy, 0A) < 3ry, such that it follows A

dist(z,04) < klirgo |z — x| + dist(zy, 0A) < klingo |z — x| + % =0. Ghoco
In particular, z € 9A and we find ,6 > 0 and some C! function
f:(—e,e) — (=6,0) such that A — z is the rotated supergraph of f in
(—g,e) x (—24,26). In the remaining proof, we assume w.l.o.g. x = 0.
Taking k large enough such that 2max {|z — )|, 1} < min{e, &}, it
holds that Dy, U Dy, € N and, in particular, Dy, N Dy, @ N for
N := ANT|[(—e,e) x (=6,0)], where we applied the first observation Y J S
and chose the corresponding rotation 7. Since dA is C!, it holds that
p = dist(Dg, N Dg,, 0A) > 0. We assume w.l.o.g. that T = I and find
that

Figure 5.3: No spikes in C! sets
(Di, N Dg,)pU{y € R x (—26,26) : y1 = 21, y2 > 2o for some z € Dy, U Dy, }

is a subset of A. This implies the existence of a suitable ball of radius r; in A which contains Ekl N 5k2, in
contradiction to the choice of Dy, and Dx,. O
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Lemma 5.21. Let A C R? be an open set and let A > 0. For all x € 0Ag » there exists a ball with radius %
in A which contains x in the boundary. If A has no spike of reach % for some A > 0 and © € 0Ag,\, then
there exists at most one ball B with radius % in A with x € 0B.

Proof. For z € dAp \\U{0B1(y) : Bi(y) C A} we record that B.(z) N Apx # 0 # B(z)\Ap,» holds
for all e > 0. By the definition of Ag ), we find for each ¢ > 0 some y. € A, such that B%(yg) CcC A
and B.(z) N B1(y:) # 0 # Bo(2)\By1 (ye). Since [z — y.| < €+ 1, there exists a converging subsequence
of (ye)eso (which we also denote by (y.)eso) with limit y in A as € \, 0. By construction, it holds that
B%(y) C Ueso B%(ye) C Ag, ). For any choice of z, € GB%(yE) N B.(z) we find

dist(x,(“)B%(y)) < Eh{r(l) |z — x| + dist(z., 0B1(y)) = 0.

Hence z € 9B1 (y), in contradiction to the choice of z, and therefore existence is proven.
To show uniqueness, we assume = € 0Ap ) and z € 3B%(y) N BB%(Z) for z # y € A, which contradicts the
assumption of A having no spike of reach %, and the definition of Agp ). O

Lemma 5.22. Let A C R? be an open set and let X > 0. If DA x N AN IB1(y) # 0 for some B1(y) C A,
then OAN OB (y) has at least two elements.

Proof. Let x € 0Agx N AN B4 (y) for some ball B1(y) € A.

If 0AN 3B%(y) = (), then B%(y) € A such that we find slight translations of the ball containing x, which
gives € Ap ».

Hence, it is left to exclude that dA N 9B 1

IB1(y) = {z} for some z € R?. Let r := { and assume w.l.o.g. y = 0 and z = (0, —r). We now consider
0 < & < min {%, V2 — V27 dist(z, 8A)} and obtain B.(z) C R X (—00,0). According to the assumptions, it
holds that B, \B.(z) @ A. Hence, there exists ¢ € (0,¢) such that

(y) only contains one element. To this end, we assume 9A N

N i= (By15\B.(2)) UB, C A.

Figure 5.4: Contradiction to having one contact point only

We continue with a case distinction with respect to the sign of zs.

Case: x5 > 0:
We show that x is in the ball B,.((0,min{xs,d})). This ball is a subset of N and therefore of A since ¢ < 3.
If 29 < 6, it holds that |(0, min{xzs,d}) — x| = |z1| < r. If § < 22, we compute

(0, min{ez, 6}) — | = \/23 + (22— 8)2 < Ja] =1,
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such that the claim follows in both cases, as a contradiction is produced.

Case: x5 < 0:

To show = € Ap  in this case, we first observe that 0B.(z) N JB, contains two points which we denote by v
and w such that v; < 0 < w;. We assume w.l.o.g. that z; > 0, i.e., z is contained in the arc of 9B, between
w and (r,0). Since € < g, we find B.(2) C B,.(v) and B.(z) C B, (w). Moreover, for ¢ being the unique point

in 0Bs N 0B,.(w)\B,(v), it holds that ¢; > 0. With wy = e4/1 — (%)2, we can compute that the tangent

of 0B, at w has slope 1/%, which is strictly smaller than 1 for € < /2 — v/27. The tangent of

0B, (w) has the same slope at 0, leading to ca < ¢; by convexity of the ball B,.(w). It follows
lc— (02 =(r—c)?+c3<(r—c)?+c3=r2+2c(co— 1) <r?+2c2(6 —7) <1’

In particular, (r,0) € B,(c). Since |¢ — (—r,0)| > r holds by the positivity of ¢;, this shows that the arc of B,
between w and (r,0), which contains x by assumption, is contained in B,.(¢). Furthermore, by construction we
have w € 9B, (c). Since € < r, we can conclude B, (¢)NB.(z) C B, (z) by elementary geometric considerations.
Hence, we have z € B,.(¢c) C N C A, which contradicts the assumption x € 9Ag . O

Lemma 5.23. Let A C R? be a bounded and connected open set of class C' such that OA is the union of
its connected components I'1,...,Tx. Moreover, let X\ > 0 be large enough such that r := % is strictly smaller
than %min{dist(l“i, Ij):i#j5€{l,...,k}}. If A has no necks of radius v and no spikes of reach r, then the

following properties are satisfied.

i) For all x € Ap N A, there exists a ball D C R? of radius r such that the relatively open connected
component of 0D\OA containing x is a connected component of 0Ap \\OA.

ii) The set Ag ) is CL.
iii) It holds that P(Ap,x) < P(A).

Remark 5.24. For bounded sets A C R™ and A > 0, it holds P(C4,5) < P(A)—A|A\Ca. x| < P(A) by definition
of Ca,. However, since our domains are not necessarily Jordan domains, we cannot directly apply Theorem

to conclude Ay = Ca .

Proof. We will first prove property [i)l Let € 0Ag » N A. According to Lemmas and there exists a
unique ball B, (y) in A with z € 9B, (y), and 0B, (y) N JA contains at least two elements. Since 9B, (y) N 0A
is compact, the connected component T' of 9B,.(y)\0A containing x is relatively open in dB,(y) and it is a
subset of A by construction. It remains to show I' C 9Ag ).

To this end, we denote by v, w € JA the geometric boundary of I’
and assume w.l.o.g. y =0, v = (—7,0) and 25 < 0. According to
the choice of A and r, the points v and w belong to one connected
component I'; of A, where i € {1,...,k}. It holds that wy < 0,
since otherwise, we could shift B,.(y) in any direction v with v €
(8BT\T) and find x € Ap,) similar to the proof of Lemma@
In order to argue by contradiction we choose € I' arbitrarily
and assume Z € Agp . Then we find another ball B,(7) in A
containing z. Hence, by the no neck assumption, there exists a
curve C : [0,1] — A with C(0) = g and C(1) = y and B,.(C(t)) C
A for all ¢t € [0,1]. Furthermore, by the choice of z, it holds that
x ¢ B.(C(t)) for all t € [0,1]. Since dist(x, {v,w}) < 2r, this
means that the curve C' does not cross the line between v and
z nor the line between w and z. In particular, we showed that
C([0,1]) and the straight lines connecting § and  and  and y
are fully contained in A and together enclose either v or w, leading

to a contradiction of the observation v, w € T';.
In order to prove we make a case distinction.
If x € 9Ag » N A then there exists I' as in [i)| including , which gives that dAg » is C! at .

A

Figure 5.5: Contradiction argument
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If x € 0Ap,» N OA, we notice that there exists some

unique ball D of radius » with z € dD. If moreover A r
equals 0Ag , in a neighborhood of z, the regularity of B,.((0,7))
A transfers to Agp .

The other case is more delicate, however, we ensure
in the following that 0Ap x has a graph representa-
tion close to z by Lemma [5.21] and the regularity of A
0A. To this end, we assume w.l.o.g. that there ex-
ists a supergraph representation of A near x = 0 in
the neighborhood (—¢,¢) x (—¢,r) via the C! func-
tion f : (—e,e) — (—¢,r) with f(0) = 0 = f/(0) for
some ¢ € (0,%), and that D = B,((0,7)). The as-
sumptions give f(s) < r — v/r? — s2 with equality at
s =0. As f/(0) = 0, we can additionally assume that
f only attains values in (—%, i) In particular, for all
(s,t) € AgaN((—¢,e) x (—&,7)), it holds that ¢t > —=<.
With this setup, we now show that there exists § >
0 such that for every s € (—%,%) the value t :=
min {7 € [-¢,7] : (s,7) € DA} satisfies (s,t + ) €
Ag y for all § € (0,0].

By Lemma [5.21] we find another ball B, (y) in A with (s, t) € B, (y) and by the choice of f and & we have

Figure 5.6: Contradiction for Ag  having
a graph parametrization

B.(1) N ((—&,€) x R) C (—&,¢) x (—i,oo) . (5.3)

It remains to show that (s,¢+ ) is contained in the lower half of 9B,.(y), i.e., that ¢ < ya —~ holds for some
v > 0 independent of the exact choice of s. To this end, we set v :=  and make another case distinction
with respect to the value of ys.

Case: yo < —5:

If t > y» — v holds in this case, then we have (s,2y> —t) € 0B,(y) C A with 2yo —¢t < yo +7 < —%, in
contradiction to (5.3).

Case: yo > —35:

To treat this case, we again assume ¢ > yo — v and record that since (s,t) is between Gaphf and the lower
part of OB,((0,r)), we find —¢ <t <r—vr? —s? < s < £. Hence, we have y» <t +7 < 3¢ and with this
we can conclude |y;| > 2¢: Indeed, if |y;| < 2¢, we find 0 € (y; — r,y1 + ) with (0,7) € OB, (y), where

3 3
T:y2—\/r27yf<157\/r2—(2€)2<1572€<—i

follows from the choice of ¢ and is a contradiction to (5.3).
From now on, we assume w.l.o.g. y13 > 0 (in fact, y1 > 2¢ > s+ ¢ by the previous analysis) and apply
€ <y; — s < r to estimate

—\/7"2—( —(s+5))2<§5— r2—(r—5)2—§5— rs—i<§5— 4—}5<—E
b2 - 2 TR 2) Ta VTSV 1

This is a contradiction to (5.3)). We conclude the existence of § as claimed.
From this, we finally derive that Agp,  indeed has a graph representation in some neighborhood of the form

(—€,&) x (—£,%), where & > 0 is chosen small enough such that [f| < $ and > — \/r2— ()2 < £ on
(—£,€). The existence of this graph representation g of Ap x between f and r — /72 — (- )2 enforces it to

be differentiable at z1 = 0 with ¢’(0) = f’(0) = 0. With the arbitrariness of = and the first step of this proof,
we conclude that g is differentiable on all of (—¢,&).

We now estimate the derivative of g close to 0 in order to show that ¢’ is continuous at 0. To this end, we fix
£€ (0,min{%,%}) and 6 € (0, min{Z, £}) such that [r = V2= 22| + |f(2)| + |f'(z)| <& forall z € (—4,6).
In order to bound |¢'| on (=4, d), we make another case distinction and consider w.lo.g. s € (0,4).
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If g(s) = f(s), then the previous analysis implies |¢'(s)| = |f/(s)| < &.
If g(s) > f(s), then ¢g(8) = y1 — /72 — (y2 — §)? for some y € By, and all § in a neighborhood of s according
to property [i)] The same property implies that the arc of 9B, (y)\0A which contains (s, g(s)) is a connected
component of Ap x\0A. Since we chose 9 such that the line from (s, g(s)) to (s,s — Vr2 — s2) is contained
in Ag », there exist points v in [0,s) and w € (s,0) with g(-) =y1 — /72 — (y2 — -)? on [v,w), g(v) = f(v)
and ¢'(v) = j:’(v)- Since |¢'(v)| = |f'(v)] < & implies |y2 — v| < % < ré < r— 0, we can estimate
lg'| < \/#7;;3)2 on (v,w) and therefore at s. By letting £ and § converge to 0, we conclude that ¢’ is
continuous at 0.

It is left to show To this end, we consider the contraction

2y
1z =yl

K, : ]RQ\Br(y) — 0B, (y), z— 1 +y

for y € R2 We notice that there are at most

countably many connected components Zq,Zs,... of A
0Ap A\OA, which are all relatively open arcs of balls
B, (y1),Br(y2), ... according to [i)l We further argue
that we can find a connected component %; of A\Z;
such that 3; U (9B, (y;)\Z;) is a C! submanifold.
Indeed, by the shape of =; we have that =;\=; contains
exactly two points a # b, which are both elements the
boundary of A. Since |a — b| < 2r, the choice of A\ im-
plies that both a and b are contained in one connected
component A of OA. Hence, A\Z; has two connected
components A; and Ag with relative boundary {a, b}.
Since a and b are C! contact points of dB,.(y;) and A
(as B, (y;) C A), we find that A; U (0B, (y;)\E;) is a C*
submanifold for one j € {1,2} and we denote X, := A;.
Having ¥; leads to Z; C K, %; such that it follows Figure 5.7: Projection argument

P(Ag) = H'(Ap.))

= H' (0Ap A NOA) + > H'(Z:)

=1

<H' (DA ANOA) + > H (K, %)

i=1

<HNO0Ap A NOA) + > H' (D))
=1

=H'(0A).
Together with the regularity of A, we conclude P(Ag ) < P(A4). O

Proof of Proposition[5.17. According to Lemmas and we find \* > 0 such that for all A > \*, the
set A has no necks of radius % and no spikes of reach % Furthermore, since A is C! regular, its boundary has

at most finitely many connected components. Hence, we can make A\* large enough such that )% < %dist(l“, f)
holds for all connected components I # I" of 0A. For A > \*, Lemma implies the claim. O

5.2.3 Behavior of the union of balls in C1® sets

In the following, we argue that the union of balls Ag ) in C1* sets A can be controlled with respect to .
This enables us to estimate the derivative of A — |Ag | in the proof of Theorem Note that we assume
that A is connected, but its boundary may have different connected components, which is necessary in order
to construct the corresponding Barozzi curvature on the complement of A as well.
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Proposition 5.25 (Control of rolling balls in C1* sets). Let f € CH*(R"1) for some o € (0,1) with Hélder
constant C' > 0 of Vf. Then there exists \* > 0 such that for all A > \* and € € (0, %)\] it holds that

B,(0) C SpfN[-3r,3r]" and (0,—r)¢€ Gaphf imply B, ((0,re —r+0)) C Spf N [-3r3r]"

for all § € [%(BCr)ﬁs,r}, where r == "1 and r, = 3=1.

B, (0,7 —r+0)

Figure 5.8: Control of balls in C1'% sets

Proof. In order to approach the proof, we first estimate

re—r=(n-—1) <>\()\8_€)) < g(n - 1)% < ﬁsrz. (5.4)

By the choice of ¢, this leads to r. —r < %r. Hence, r. < %7’ and r. — 7+ +r. < 3r for all 6 < r, which

ensures B,_((0,r. —r +¢)) C [-3r,3r|". The assumptions from the proposition translate to

flz) < —y/r? — |z|? on [—r,7] and f(0) = —r.
We have to show
fl@)<re—r4+d6—/r2—|z|? for all x € [—r., 7]
for any § € [%(SCr)ﬁe,r].

To this end, we make A* large enough to ensure (SCT)ﬁ < %r. We distinguish two cases.

Case: |z| < (SCr)ﬁ:
We can apply Lemma in the specific case of Remark since the choice of A* ensures |z| < 2r in the
current case. Together with (5.4]), we estimate

Te =T 9
VI ol = V2= Ta = Bl = < g

(3Cr)Tome <6.

N ©

9
[o%e < Slof*e <

Now, for § as above, the previous estimate, together with the initial assumption, yield

fl@) <—=vr2—|zP<re—r+6—/r2 —|z|?,

showing the claim for this case.

Case: (SCr)ﬁ < z] < ree
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Since f(z) < —/r2 — |z|? for all € (—r,r) with equality for z = 0, it follows V f(x) = 0. Thus, the Holder
condition on V f implies

fa)+7=f(z) = f(0) <[f(z) = f(0)] < sup |V flla] < sup [Vf —VF(0)llz] < Cla]'+. (5:5)

anl anl

| J|

|I‘17¢1

Furthermore, we can reformulate the lower bound of the case distinction to C' < , which yields C|z|'* <

3r
%. Now, since 1c + /72 — |x|? < 2r. < 3r, we conclude
2
Clz|**e < S =re — /12— |z|2. (5.6)
re + /12 — |x|?
The combination of (5.5) and (5.6|) leads to
fl@) S Cla'™™ =7 <re =1 — /12 — a2,
which proves the claim. 0

The previous proposition shows that if the boundary of a suitably small ball in some C*® set A has at least
one contact point x with dA, then a slightly larger ball which is shifted in the direction —v4(z) is in A as
well. The specific d-shift dependence will later lead to the optimal relation of |Ap x_c|, |AB a+e| and |Ap al-
As we have seen in the previous section for the two-dimensional case, if a ball has multiple contact points
with 0A, we find some arc of the ball contained in A. In this case, one can improve the previous proposition
in the sense that one can shift the ball not only in the normal direction of the contact point, but also in the
normal direction of every point of the aforementioned arc.

The proof of this result exploits the advantages of considering sets in only two dimensions, which cannot
be extended to higher dimensions. It is for this reason that we eventually we concentrate on convex sets in
higher dimensions.

Proposition 5.26 (Control of rolling balls in two-dimensional C1¢ sets). Let f € CL2(R) for some a € (0,1)
with Hélder constant C > 0 of Vf. Then there exists \* > 0 such that for all A > \* and € € (O, %)\] it holds

that
B,(0) C SpfN[-3r3r]* and (a,—V1r%—a?),(b,—V/r2 —b2) € Gaphf N 0B, (0),
for some —r <a <0<b<r, imply
By, (0,re — 7 4+8) € Spf N [-3r3  forall 5 € |3 (3(320)) 75 v

where r := % and r. 1=

1
A—e’

Proof. In the following, we consider A* large enough such that for all A > A* it holds that

o 3 2
rive < 1 (2¢C) " T== . (5.7)
Since the graph of f and the boundary of B,.(0) are both C!, it holds that a,b € (—r,r) and we can define
the C! function
f(x) if z ¢ (a,b),
—Vr?2 —z? ifzx € (a,b).

We now show that g is in C1*(R) and that the Hélder constant of Vg is bounded from above by 32C. To
this end, we assume w.l.o.g. |a|] < [b|. Since f(a) > f(0) < f(b), the function f attains a local minimum for
some t € (a,b). Hence, as a critical point, we verified f/(¢t) = 0. Since f and g have the same derivative at b,
we find

g:R— [—3r,3r],x»—>{

b

s = B = 1)~ ()] < C— 11 < Clo— ol < 2%
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A

Figure 5.9: Control of balls in two-dimensional C1'* sets

Rewriting the previous estimate yields

bITY < 029/ r2 — b2 < C2°7. (5.8)

Hence, the distance between the contact points and (0, —r) decreases as r \, 0. Applying (5.7) and (5.8)), we
obtain the estimate

r? r2 r? r? 8

19" (x)] = 5 < 5 < 7 < 7=
(r?—a2)% (12— p2) (Tz_(cwﬁf :

for all z € [a, b]. Thus, ¢’ is Lipschitz continuous on (a, b) with Hélder constant %. In particular, for z,y € [a,b]
we have |z — y| < 2b which leads to

8

8
l9'(2) = g'()| < —lw = y|' Yz —y|* < ;21’%1’&\:& —y|* < 16C|x —y|*,

where we used the estimate (5.8) in the last step. If z,y € [—3r, 3r]\[a, b], the Holder continuity of f transfers
to g. For « € [a,b] and y > b, it holds that

9" (y) — —g'(2)]
|f'(y) = /()] +g'(b) — ¢’ ()]
Cly —b)* +16C(b— x)“
160((y -0+ (- x)o‘))
32C(y — x)“.

19" (y) — ¢'(x)] < g'(b)] +1g'(b)

VAN

The same estimate can be achieved for x < a and y € [a, b]. Hence, g € C*([—3r, 3r]) with Hélder constant
32C of Vg. We now apply Proposition [5.25] on g instead of f, which gives

B,.((0,7. —r+6)) € Spg N [~3r,3r)*> C Spf N [-3r,3r]?. O
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Proposition 5.27. Let A C R? be an open, bounded and connected C1® set for some o € (0,1). Then there
exist constants C > 0 and \* > 0 such that for all A > \* and € € (0, %)\] , it holds that

AB7)\\AB7)\_5 Q (8AB,A)5 and AB7)\\AB7)\_5 Q (8AB,)\_5)5, where 6 = O)\7%€.
The constant C' > 0 only depends on a and A.

Remark 5.28. Proposition [5.27] remains true if A is not connected.

Indeed, if A is a bounded open C1'* set which is not connected, the regularity and boundedness imply that
there exist finitely many connected components A1, ..., A, of A which are each open and bounded C® sets
that satisfy dist(A;, A;) > 0 for all i # j. Hence, Ap y is a disjoint union of (A4;)p x with i € {1,...,k} for all
A > 0 and dist((4;)B,x, (4;)B,x) > 0 for all i # j. Since Proposition applies for all A;, it applies for A.

Proof. We first set A\* large enough such that Propositions and apply.

By the boundedness and regularity of A, we can cover A by finitely many open rectangles Ni, ..., Ny such
that for each i € {1,...,k}, the set AN N, is the rotated and shifted supergraph of some C*® function f;
with Holder constant C; > 0 of V f;. Furthermore, we can make all N; slightly smaller, while maintaining
the covering property, but ensuring that each f; is indeed C® on some open neighborhood of N; and that
the Lipschitz constant of f; on N; is bounded by 1 (in order to restrict the domain and still maintain the
graph representation property). As in the proof of Lemma we find vy > 0 such that (0A),, is covered
by Ni,...,Ni as well. We then make v € (0,7y) smaller than the Lebesgue number of this covering such
that for each « € 0A, there exists i € {1,...,k} with B,(z) C N;. Applying Lemma and Remark
ensures the existence of some R € (0,7) such that for each z € 9A, we find some rotation T, € O(2) and
some CL® function f, on [—R, R] such that (T,(A — z)) N [-R, R]? is the supergraph of f, on [-R, R].
The Holder constant of V f,; then has the upper bound Ciyax := 16 max{C;, i € {1,...,k}} and it holds that
f2(0) = f2(0) =0, i.e., T,(—va(x)) = e for the exterior unit normal v4(z) of A at x. Moreover, the Lipschitz
constant of each f, is still bounded by 1 for all x € JA.

We now consider rg < %R small enough such that Cpax2' Tt < 7 for all r € (0,70), and set A* > %

In order to prove the claim for this \*, we abbreviate r = % and r. = /\#76 For z € Ap x\AB r_e, We obtain

dist(z,0A4) < r. according to the definition of Ap y_. as the union of all balls of radius 7. in A. By the
compactness of dAg », there exists p € A\ with dist(z,04g,x) = |z — p|.

The C! regularity of 9Ag ) from Proposition

ensures that

Z=p—- tVAB,/\(p) (59)
holds for some t € (0,7.) C (0,2r). The same
proposition yields the existence of some ball
B,(y) € A such that p € 0B,(y) and of two
contact points a,b of 9B, (y) and A such that
the arc of 0B, (y)\Agp,x contains p and is either a
subset of ANOJAg ) or 0ANJAg . In the latter
case, the proof reduces to the case a = p = b.

In the general case we consider the parametriza-
tion of JA near a via f, and assume w.l.o.g.
ANI[-R,R? = Splf,) and a; < b;. Accord-
ing to the intermediate value theorem, there ex-
ists x1 € [a1,b1] with va(z) = VB, (y) (p), where
29 = f,(x1), such that there exists a C1'® super-
graph representation f, of A in some rotated and
shifted rectangle of the form [—3r, 3r]%. In partic-
ular, it holds (7}, (A — z)) N [-3r, 3r]? = Sp[f.].
We have to ensure that B,(T.(y — x)) is contained in Swp|[f.] N [-3r,3r]? in order to apply Proposition
Since B,.(y) C A4, it remains to show B,.(T,(y — z)) C [~3r,3r]2. To this end, we exploit that it holds

Figure 5.10: Projection argument
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f2(0) = f-(0) = 0 and estimate

|fe(s) = fo(t)| < ?urf IV falls —t| = ?urf IV fo = Vfo(0)] |s — t| < Crnax|s — t|' T (5.10)
s,t s,t

for all s < ¢ in [=3r,3r] such that 0 € [s,t]. Since |a; — 1] < |a; — b1 < 2r, it follows |s,| < 2r for
Sa = (T'(a — x))1. This, the choice of ¢, and (5.10) yield

|fe(sa)| = | f2(5a) — f2(0)] < Cinax(2r)T < 7.

Now, as a € 0B,.(y), we find (sq4, f(s4)) € 9B, (T(y—2)) and by the previous estimate we have B,. (T, (y—z)) C
R x [—3r,3r]. By construction, there exists (0, s) in B,(T,(y — x)) for some s € [—3r, 3r], which finally leads
to B, (T (y — z)) C [-3r,3r]2.

We now set C' := %(i’)(SQCmLX))ﬁ and § := Criac.

An application of Proposition gives B, (T(y — z) + (0,7 — r +6)) C Swp[f.] N [-3r,3r]?. Since
To(—vB,(y)(p) = Te(—va(x)) = e, we obtain B, (y — (re — 7 + 0)vp,(y)(p)) € A. Taking into account
VB, (y)(P) = Vag,(p), this yields p — Tva, ,(p) € Apa_c for all 7 € (0,2r. + 0). Since holds for
some ¢t € (0,r.), we conclude |z — p| < § and dist(z, Ag,x—.) < 0. This finally yields z € (0Ag,\)s and
S (814]37,\,5)5. O

In order to prove the corresponding statement for convex higher dimensional sets, we need the following
lemma, which is the higher dimensional version of Proposition [5.17] for convex sets.

Lemma 5.29. Let A C R" be an open, bounded and convex C1® set for a € (0,1). Then there exists some
A* > 0 such that for all A > X\*, it holds that

i) Ag,\ is convez,

11 P(AB’,\) < P(A),

iii) for all x € 0Ag x, we find some unique ball B C A of radius ”T_l with x € B,

1v

)
)
)
) Apx is a Cl set.

Proof. Since A is convex, the convex hull of two balls By, By of radius "T_l in A, is also in A, and therefore in

Ag, . Hence, for two points x,y € Ap \, we find balls B; and Bs in A with radius as above and with z € B,
and y € Bs, such that the convex combination is also in Ag . It follows that Ag  is a convex set.

With [i)| at hand, property |[ii)| follows from Lemma m

To show we consider x € 0Agp . By definition, we find for each € > 0 some ball Ban(yE) C A with

Be(x) N Banl(yE) # 0. As y. € A for all € > 0, there exists a subsequence (y., )xenw and some y € A with
Ye, — y and e — 0 as k — oo. Furthermore, for each k € IN, we find some z; € B.(z) N Banl(yEk). The
openness of Ap » gives Banl (y) € Ap.x and

dist(z, B, (y)) < |z — x| + dist(z, B, (y)) < |z —ap| + |y — ye, | = 0 as k — oo.

Hence, = € 6Bn%1 (y). We now assume that z is in the boundary of two balls By, Bs in A of radius "Tfl with
2 € 0B1 N0B,. Since the convex hull of By and Bs is a subset of Ag y, it either holds z € A \ or By = By,
which proves the claimed uniqueness.

To prove we want to apply the free rolling theorem. To this end, we show that Ap , as well as R™\ Ap
both satisfy the free rolling condition with respect to the radius ”T_l We record that the boundedness and the
convexity of Ap , imply that both Ap )y and R™\Ap_ ) have no neck of any radius, which is equivalent to the
fact that A \\(90Ag,x), and (R™\Ag,x)\(0Ag ), are path-connected for all p > 0 according to Remark
Furthermore, the convexity of Ag x yields that for every z € 0Ap x, we find a closed half-space H C R™\ Ap
with € OH and thus find some closed ball B C H of any radius with = € B. The free rolling condition is
also satisfied for Ap \ by In particular, |i)| from Theorem is satisfied such that [ii)| follows and ensures
that Ag,) is a set of class C1 O

*In fact, the Lipschitz continuity of the unit normal even implies that Ap j is Ch@ for all a € (0, 1), according to Lemma
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Proposition 5.30. Let A C R" be an open, bounded and conver CY* set for a € (0,1). Then there exists
some X* > 0 such that for all A > \* and all € € (0, %)\} , it holds that

A \AB—c C (04B)\)s and A \\Apr—c C (0AB—c)s, where § == CA™Tae
for some C > 0 depending only on o and A.

Remark 5.31. Proposition [5.30] remains true if A is a finite union of bounded and convex sets A1, ..., A of
class C1* such that dist(4;, A;) > 0 for all i # j, compare Remark

Proof. The proof is divided into three steps.

Step 1: Choice of \*: y
As in the proof of Proposition [5.27, we pick 7o > 0 and a constant C' > 0 such that for all z € dA, we find
some CL'@ function f, on [—2rg, 4r¢]"~! with Im(f,) C (—2r0,470), |V f+(0)| = 0 = f(0) and

(To(A — ) N [=2r¢,4r0]" = S f N [—2r0, 470)"

for a suitable rotation T, € O(n). We then make A* large enough such that Proposition applies and
such that \* > 2= holds true.

Step 2: Show that for all A > X*, all € € (0, 3] and all € Ap ., there exists a point p € 0Ap x which
satisfies p = & +tva, ,_(z) for t = |z — p| = dist(p, 04 r—c) < 4

Let x € 0Ag r_¢. If z is also in the boundary of A, the relation Ag x»_. C A x C A gives z € 0Ag ), which
implies the claim of this step for p = x trivially.

If = is in the interior of A, we use that Ag x_. C Ag ) and that Ag ) is a convex set of class C! by Lemma
to find the unique point p € 0Ap \ with p = 2 +tva, ,__(x) for some ¢ > 0. The convexity of Ag y_. implies

A a—e C Hy @ T which yields that x is the nearest point projection of p in HO’VAB,A—E(I) + x, and

0.vap \_.
therefore also in 0Ap . Hence, it holds t = dist(p, 0Ap r—¢).
It is left to show dist(p, 0Ap a—c) < 6 for ¢ as in Proposition
To this end, we consider the case dist(p, 0Ap r—c) = dist(p, Ag x—c) > 0 and apply Lemma in order to
find some unique ball B%(y) C Awithp e 8BnT4(y). According to the definition of Ag , there exists a

contact point z € 8BnT4(y) N JA. Now, we can apply Step 1 to find a suitable supergraph representation
near z, which enables an application of Proposition to find

n—1 n-1
Bno (y—fSVBnAl(y)(Z))QBT;_; <y—()\€— \ +6> uBnAl(y)(z))QA.

Hence, we conclude B% (y — (K:i - "T_l + 5) VBnT—l(y)(Z)) C Ap e and

dist(p, A .a—e) < dist (p,BnAl (y - SI/BTL;l(y)(z)>) < disty <Bn>\1(y),Bn>\1 (y - 51/]371;1@)(2))) =9.

Step 3: Conclusion:

Let z € A z\AB . By Lemma we find some x € 0Ap y_. as the nearest point projection of z in
0AB—c. In particular, z — 2 = dist(z,0AB x—c))Va, ,_. (z). We find p € 9Ap x as in Step 2 such that z is
on the straight line from z to p. Hence, we obtain

max {dist(z, 0Ag ), dist(x, 0Apr—c)} < |z —p| < ¢

such that z € (aAB,A)g n (814]3,)\_5)5 follows. ]

Remark 5.32. Note that the previous proof only applies the convexity of the union of balls with curvature
A from Lemma [5.29] during Step 2 for the choice of the existence of the point p. This can be overcome, if,
instead of assuming A to be convex, we directly assume the existence of A* such that Ap ) is C! for all A > \*
and such that for each 2 € 9Ap x_., there exists a point p € 9Ap x with p = x + dist(p, 0ABr—c)Vap ,_. (2)
for all € € (07 %)\}
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For the following argument to work as well, we have to additionally assume that A has no necks of radius in
(0,25:1], P(Ag,x) < P(A) (or that (P(Apx))x>a+ is uniformly bounded for some A* > 0) and that the same
assumptions hold true for B\ A instead of A, for some ball B C R™ which compactly contains A. In fact,
one still has to show that, for all € 0Ap,,, there exists a (not necessarily unique) ball B not (y) in A with

T C 8B$ (y), which works as in the two-dimensional case in the proof of Lemma

5.2.4 Integrability of variational mean curvatures for C1* sets
In this section, we state and prove the main result of this chapter.

Theorem 5.33 (Integrability of variational mean curvatures of C1® sets). Let A C R™ be a bounded open
CL set with o € (0,1). Moreover, assume either that A is convex or that n = 2 and A is connected. Then, for
every ball B C R™ with A € B, there exists a local variational mean curvature H of A in B with H € L?(B)
forallp e [0 1+0‘)

'l—a

Proof. We derive this main statement by using the Barozzi curvature, which gives the best integrability
according to Theorem @ To this end, we recall that by C4 » we denote the set of constant mean curvature
A > 0 in A according to Definition i.e., the minimizer of P(-) — A| - | among measurable subsets of A.
According to Remark it is left to show H € L?(B), where

H(x)— HA(x) ifre A,
o —Hp\a(z) ifz€ B\A

and H4 and Hp\ 4 are the Barozzi curvatures from Definition E We first show H € LP(A). By definition,
it holds H(z) =inf{\ € Q=0 : © € Cax} > 0 for all z € A, which leads to A\Ca x C {Ha > A} C A\C4,, for
all A > 0. With this and Fubini’s theorem, we estimate

/ HA(x)pdx:/ HA(x)pdx—F/ Hy(x)P dx
A A\Car- Can
< / Ha(z)? dx + / (AP dx
A\Can- Cann

Ha(x)
/ / AL dNde + |A](AF)
A\CA e (5.11)

< / N g oy (N) dAd + [A|(V)?

/Apl/ (0.Ha () (A) dz dA + [A](X)?
<»p / AP ANC A | dA + | A (A7)
)\*

for some A\* > 0, which will be determined later. We want to bound |A\Ca | from above suitably.
According to Propositions[4.28] [£.31] Remark [1.32] and Lemma [5.18]in the two-dimensional case, and the fact
that A is convex in the higher dimensional cases, we find A* > 0 large enough such that it holds

Ap . CCan for all A > \*. (5.12)

Now, Propositions and imply that we can enlarge A* such that
Ap\\Ap—c C (04B.2)s and Apic\Apx C (04825 (5.13)
are satisfied for all A > \*, ¢ € (O, %)\] and for § = d(e) = O\ Tose. Indeed, to formally derive the

second formula of , we apply the corresponding propositions to X := \+e. Since € € (0, %5\], we find

Agsi\Ags5_ . C (8AB )5 for 5=C(\)~ T4 . Moreover, it holds & < &, such that the second formula in (5.13)
follows.
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We make \* large enough such that
Ag,y is of class C! and P(Ap ) < P(4),

which is possible due to Proposition [5.17 and Lemma [5.29] respectively. In combination with Remark [2.77]
this gives

. |(3AB A)p| -1
lim ————== =H""*(0A =P(A <P(4).
lim == (0Ag )) (AB,) (4)
Hence, we can fix g9 = £o(A) small enough, such that we have
|(8AB7,\)5(5)] < |(8AB7)\)25(5)| < 66(6)13(14) for all € € (0,80) . (514)

For such € and A > \*, we estimate
S\ — —2— Sy — 2
|[ABA| = [ABa—c| = [ABA\AB | K CA T=o¢ and |AB Ave| — [AB Al = [AB A+ \AB A | K CA " T=o¢,

where we applied (5.13), (5.14) and set C' := 6CP(A). To conclude that A — |Ap | is locally Lipschitz
continuous on (A\*,00), we consider s < ¢ in (A*,00). We then cover [s,t] by k-many open intervals of the
form (A\; — e, i +&;) with s = A < Ay < -+ < Ay =t and with g; > 0 such that

2
L= [N, Aj+€) NN =g A 70 and - max{|Apx| = [ABx | [ABxtel — [AB A [} S CA; 776
holds for all e € (0,&;), ¢ € {1,...,k} and j € {1,...,k — 1}. With sg := s, s := t, and s; € I; for all
i€{l,...,k—1} we estimate

k
|AB¢| - |AB,S| = Z ‘AB,si

i=1

T (5= A+ A —sio1) < 05T [t ).

- |AB,)\i

+ |AB,/\1

k
- |AB;3i—1 ‘ <C Z )‘;
=1

Hence, A — |Ap_,| is locally Lipschitz continuous on (A*,00), i.e., it is in W2 ((A*, 00)) with

loc
d Sy 2 *
5|AB’)‘| <CA 1= for a.e. A € (A", 00).

Now, the fundamental theorem of calculus for Sobolev functions implies
> d - [ 2 S Y
A\Ap Al = 141~ Anal = [ Tl ldy<C [ a7 Peay = ea
PR A

where we exploited the fact that |Ag | — |A| as v — oo and possibly change the constant C during the

steps. This, together with (5.11]) and (5.12)), implies
/ Ha(e) dz < p/ AP A\ Ap A dA + [A| (V)P < é/ AR 4 14] (007
A A A

and the latter is finite if and only if p < if—g It is left to show Hp\ 4 € LP(B\A). In the convex case, we
find some v > 0 such that Cp\4,, = B\A, since A is convex and A € B. Hence, according to Proposition
Hp\ 4 is in this case bounded on B\A. Finally, in the planar case, B\A is equivalent to an open and
connected C1® set, such that the previous reasoning applies to H B\4, resulting in H € LP(B). O

Remark 5.34. 1) According to Remarks and Theorem remains true (with analogous proof)
if A is either a finite union of convex C1'® sets with positive distance, or a two-dimensional bounded
and open CH® set.

ii) The previous theorem remains true for A C R™, n > 3 and balls B such that the assumptions mentioned
in Remark still apply on A and B\A.

iii) If only A satisfies the assumptions of Remark (and not necessarily B\A), then there exists a local

14+«

variational mean curvature of A in R™ in L”(A) for all p € [1, ).

iv) The general higher dimensional case is more delicate to handle since we cannot guarantee that the union
of balls with curvature X in A are of class C'. Controlling the shift of those balls is more subtle and
requires extra attention since a corresponding result to Proposition [5.26] has yet to be proven, where
the shift direction at non-C! points x € dAg , is in the convex cone of the inner unit normals —vg(x)
of balls B in A with radius ”T_l such that « € OB. A result of this kind is in progress.
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5.3 Sharp counterexamples

In this section, we construct sharp counterexamples which show that the choice p = H‘“ is optimal to some
extent. In particular, in the two-dimensional case, we find bounded and connected C1 a sets, such that the
Barozzi curvature of such a set is not in LP(A) for all p > 12 According to Theorem it follows that
those sets do not have any variational mean curvatures in LP(A) for any p > 2. Still, the hmlt case p = 112
remains open. In the higher dimensional case, we also construct bounded and Connected Ch sets such that
the Barozzi curvature has similar integrability properties as in the two-dimensional case. Those sets are not
convex, but one can show that Theorem [5.33| essentially carries over in this case, compare Remark

Theorem 5.35 (Two-dimensional counterexample to C1® sets with good curvatures). For all o € (0,1)
and all € > 0 there exists a bounded, open and connected CLe set A C R2 with no local variational mean
curvature in LP(B) for all p > ﬂ'—g + ¢ and all open sets B C R? with A € B.

Proof. In order to construct the set A we assume w.l.o.g. ¢ < ﬁ and fix the parameters

fp =k O, Lp=2 4, L= lim L (5.15)

for k € IN. Moreover, we define the C'® function

) if t € [0y, —10k) ,
a 1+« .
uk(t) — |t‘1+ -2 (%Kk) ift [_%Ek’ %Ek] ’ (5 16)
1+« . 1 .
— (b —t) ift e (§€ka€k] ,
0 otherwise,

on R. We then define the function

)= uk(t — Ly + L)
k=1

on R. In the following, we show that u is a C*® function on R. Indeed,
the fact that u is in C1®((Lg — 2¢, L)) with uniform Hélder constant Figure 5.11: The function
2(1+ ) of ' on (Ly — 2y, Ly) for all k € W is straightforward. ug

With this, we can directly conclude the Holder continuity of v on (0, L) with uniform Hélder constant 4(1+a)
of v/, since for s < ¢ in (0,L) with s € (Ly—1,Lg] and t € (L;, L;11] for some i > k in IN, we know that
s < Ly < L; < t and that u'(Lg) = v'(L;) = 0. Hence, we estimate

’u’(t) — u’(s)| < ‘u'(t) — u’(Li)‘ + |u’(Lk) — u’(s)| <2(1+a)((t— L)+ (L —5)*) <41+ a)(t — s)*

By the shape of u and the continuity at L, we conclude v € C1*(R) with uniform Hélder constant 4(1 + ).

Figure 5.12: Two-dimensional counterexample construction
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For a constant K > 0 to be fixed later, we define an open, bounded C*® Jordan domain A, such that
AN[-K,L+ K] x[-2,K] =Spun[-K,L+ K] x [-2, K] and 0A is locally C* away from [0, L] x [—2,0].
The set is of finite perimeter by construction as a bounded C' set.

We now continue by estimating the Barozzi curvature H 4 from Definition[4.9] To this end, we apply Theorem
obtaining that for X large enough, the union of balls Ag y with curvature A in A coincides with the set
Ca,x of constant curvature A in A. We use this and Definition [£.9] to estimate Ha(z) > X for all z € A\Ag ».
Thus, we analyze the set Ap ) in the following.

For better readability, we denote the supergraph of uy + 2“’5,?0‘ by A and analyze first the union of balls in
this set, before transferring the results to A. We now consider some ball B,, ,(0,t) with the lower pole height
5=t — 1}, and such that there exists exactly two contact points {(Jc, xH‘O‘) , (—m, ac1+a)} of 0B, (0,t) and

Grph[uy, + 2794, 7] with 2 € (0, 24;).

Figure 5.13: Estimate of the Barozzi curvature in the cup Ay

With these conditions, it holds

rl-o 2
_ 2
Tk,s (1 T a) +x
and
xlfoz
s=glt — (\/1+(1+a)2x2a71> .
14+«
Since V1 +a <1+ £ for all a > 0, we further estimate
1—
s> 70[3:1“".

2

)Ha implies x < %Ek. Since z < %ﬂk <ty =1, we further bound

Ths < V(1+a)2+ 127 < CsTa

for some constant C > 0. Hence, 7 s < CE};“ — 0 as k — oo and therefore, we can make K large enough
such that for all k € IN, every ball of the form B,, _(Lj — £t — 27, T*) as above is in A.

In particular, s < 1’7‘3‘ (%Ek

In the following, we estimate the Barozzi curvature on ( — sﬁ,sﬁ) x {s} € Ap\(Ag)p, 1 from below by

Tk,s
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% for all s € {0, 1o (%Ek)Ha}. With the estimates above and Fubini’s theorem we compute

1 1+a

Hy(x)|P dz > / Hy, (2)|P do
[iwrasy e (3 7o) )
1

(3¢ 1 P
> E 25 THa ds
Tk,s
1 1+o<
1 1-p(l—oa)
T+a ds.
CP

The integrals on the right hand side are unbounded for all p > 2+“ . For p < 2+3 we have

/A |Ha(x)[P de > ézgllc—l)(l—a)-&-l_t,_a

I

1—p(l—a)+l4a

— é k-7 1—(la)e
k=

—

~ —p(l—a)
where C := 21’(1*“)*1*“W (1_7“) e ! The latter term of the previous estimate is finite if
and only if p < 1+0‘ + ¢ by (b.15)). Hence, according to Theorem all global variational mean curvatures

of A are not in LP(A) for p > 12 + . By Lemma we conclude the theorem. O

In the higher dimensional case, Theorem [4.26] does not anymore apply. To still be able to control the Barozzi
curvature, we must argue that the set of constant variational mean curvature \ in some specific C® set
corresponds to the union of balls with curvature A in this set.

Proposition 5.36. Letn > 2, a € (0,1) and

1
A={zeR": [7)"T* <2, <1}UB" (0,1+).

Vit oz 1+«
Then A is a CY% set and it holds that
Ag a 18 a minimizer of Fa

among measurable subsets of A for all A > \* := nﬁ

Remark 5.37. Note that this means that we can set C4 x = Ag, in the construction of the Barozzi curvature
according to Remark [£.10]
Proof. Checking the regularity of A is straightforward. The other statement is proven in several steps.

Step 1: Show A # Ca x 2 Ap,y for any minimizer C4 x of Fy:
If A minimizes F) from Definition we can choose 0 < h < 1 arbitrarily and show that the cut-off set

F=F(h):=AnR"! x (h,o0))

is in fact a better minimizer. Indeed, both sets A and F', are bodies of revolution with rad4(t) = tTHs for
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t € (0,1) and radp = rad o1 (;,,00) on R. Applying Propositions and gives

1 1
m(ﬂm) —FA(F)) = CEm— [P(A) — P(F) — AJA\F|]
— A% rad ] — AT rad ] — W'A\F'

h h
= [ w201+ oty ()20t = ()~ i [ w0 (57)
h
nil/o rad”y 1 (¢) dt

h h
:/O radz_z(t)\/l—f—(rad%(t))th—/O rad’y (t)rad’y "2 (¢) dt —

h A
= [ w20 [y G (02 - a0 - 2 st .

In the following, we use the identification

1
\/1—|—x2=x+2——|—(9(x73) as ¢ — 00,
x

which holds since

1 1 1 1
(o 1) V) =B .

= lim - =5.
v—00 2z e=00 g4 +V14+a2 a—odr4 4 V/1+22 8

Taking into account rad’, (t) — oo as t \, 0, we obtain

v
(TL - l)wn_l

h

——rada(t) + (’)(rad’A(t)_?’)} dt

h
_ l+a, _o A 1 Ba_
= [ a2 |~ - 2 o) | at.
[ w0 |5 St o)
Hence, for h small enough, we can ensure m(]ﬁ(zﬁl) — .7-',\(F)) > 0 and therefore A # Ca .

In order to show the subset relation, we first notice that A has no necks of any radius such that Propositions
4.28] |4.31| and Remark [4.32[ give Ag x C Cy » for all A > n,/1+ m Indeed, the choice of A in the claim

n—1

is such that a ball of radius *1= is contained in C4 ) by the first proposition, and the second statement then
implies that Ag y is a subset of C4 » while exploiting that there exists no necks of any radius in A.

Step 2: Show that if C4 ) minimizes F) among measurable subsets of A, then the Schwarz symmetrization
(Ca,x)* is also a minimizer:
Indeed, by Theorem [3.5] and Remark we find

FA(Can)) < Fa(Can)
and since A itself is a body of revolution, (Ca,x)* C A remains an admissible test set.
In the following, we assume that C4 x = (C4,1)* is a body of revolution.

Step 3: Show that 0C4 » N A is analytic with mean curvature in ﬁ up to singularities at most in {0} x R,
and the radius function radc,, , is in Wy} ({radc, , > 0}) N L<(R) N C°(R):

According to Theorem 0Ca. is C! near DA and is even analytic in A with curvature ﬁ up to a set
S C 0Ca,» of Hausdorff dimension at most n — 8. Furthermore, applying Lemma provides radc, , €
BVioc({rad¢, | > 0}) NL*(R). In order to prove that rade, , is continuous, we argue by contraposition and

assume that there exists a jump ¢ € R with IadérA A(lf) > radg, A(12). Then, the symmetry assumption and
Lemma [3:37] imply ’ ’

G := (Bnl B! ) X {t} COCan-

ladgA,A(t) radc’AA(t)
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In fact, for every € G, the curvature of 0C4 ) at z is vanishing, which contradicts the dimension of the
singularity set S. Similarly, if radc, , has non-vanishing Cantor part concentrated on C' C R\{0}, then

n—1
U MBral % {ttcs,
teC

contradicting the dimension of S, as before. Hence, radc, , € Whl({rad; . > 0}). In the same way, we

loc CAQ\
conclude S C {0} x R. We want to mention that we cannot conclude rade, , € C'({radc, , > 0}) in the same
way due to the possible existence of other parametrizations (i.e., I“adéA , could be unbounded at some point).

Step 4: Show that radc, , is not constant with positive value on an open interval:

If the radius function rade, , would be equal to some C' > 0 on an open interval (a,b) # 0, then the curvature
analysis of Step 3 implies that C' = "T’l Furthermore, setting @ := min{t > 0 : radc, , = C on (a,b)}, we
conclude from Step 3 and the shape of A that rad4(a) > rade,, , (@) and rad4(b) > radc, , (b). It follows that
rade, , is analytic on an open neighborhood N of [a,b]. This analyticity on N together with the constancy
on (a,b) gives rade¢, , = C on N, which leads to a contradiction to the choice of a.

Step 5: Show that if 0 ¢ C4 », then there exists a minimizer C of F, among measurable subsets of A such
that rade is increasing on some interval (to, 1) € (0, 1) with

I‘adc(to) =0, I'adc(tl) = IadA(tl) and rade > 0 on (to,tl) .

We define
5o :=inf{t € R : rad¢, , (t) > 0},

which is in (0,1) by Steps 1 and 2 and since 0 ¢ C4, 5. We furthermore define
sy =max {t > so : radc, , <rtad4 on (so,t)} =min{t > s¢: radc, , (t) =rada(t)},

which exists according to Steps 1 and 2. In the following, we apply the Steiner symmetrization with respect
to the n-th component on Ca » N (R"~! x (0, 1)) and its reflection on Hy,. In particular, we define

C:=[CaxNR" ! x [s1,00)] US, where
C:= [CA’A N (]R’“1 X (0,51))] — 81€p,
- \S
S = [(C U (—C)) N (]R”_1 x (0, —81)) + s1€, .

With Theorem one can check that
C*=CCA, ICax =|C], P(C) <P(Ca,)-

The set C can be interpreted as the graphification of C4 » from [47, Theorem 14.8], compare Figure
Hence, C is also a minimizer of F. By the definition of Steiner symmetrization, it holds that rad¢ is increasing
on (0, s1) and therefore, we redefine

to:=1inf{t € R: rade(t) > 0} > so and t :=max{t > tg: rade < rad4 on (to,t)} = s1,
which satisfy the properties from the claim.
In the following, we assume w.l.o.g. C4x =C.

Step 6: Conclusion in the case 0 ¢ Ca x:
According to Steps 3 and 4, we can define the bijective horizontal graph parametrization

. n—1 —1
u: Btllia — [to, t1], z — I“ach,A(‘xD

I+a
tl

analysis of Step 3, gives that for every = € X\{(0,%)}, at least one of u and v is analytic in a suitable
neighborhood of  and (0, x,) € R"™!, respectively, where

v:R"2 xR — (0,00), (y,8) — \/(I“ddc,;,k(s)2 — [y

of X:=9Ca N (B"_ll x [0,%1] |. Since 0 ¢ C4 x, we have ¢ty > 0, which, in combination with the regularity
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Figure 5.14: Tllustration of the Steiner symmetrization argument

Indeed, with suitable rotation and translation, one can show that v gives a graph representation of 9C4 ) in
the corresponding neighborhood.

If v is analytic in some neighborhood of (0,%), then radc, , is smooth in some neighborhood of ¢ and the
mean curvature of the graph of v at (0,v(0,¢),t) is the value

Nl

n—1

1 ,V< Vu(0,t) )_ 1 n—2 radg,, | (t)

14+ |Vu(0,1)|? T n-—1 rade,, , (£), /1 + Iadch A(t)2 (1+ radéA’A(t)2)

Since rotating and shifting does not change the curvature, we find the previous value to be equal to ﬁ,
which leads to

wjw

() = oy (10, L (007) = (14, 02)

for all (z,t) € X near which v is analytic. Since radc, , is increasing, rad;, , (t) = 0 implies radg, | (t) = 0,
i.e., radc, , can only have saddles and no extreme points in (to,?1), which leads to

n—2
A

rach,A (t) =

at those saddle points. Hence, we define

-2
to := min {tl,min{mchA = n)\}} > to,

which leads to rad;, . > 0 for each ¢ € (tg,t2) such that v is analytic in some neighborhood of (0,). Later,
we will show that ¢, = ¢; in the first place. By the definition of u and the inverse function theorem, it follows
that u is C2 on B" ' \{0}. Furthermore, by defining

1+a

ts

N :=Bj "\B} ! x (r1t* RUTY)
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1
for some 0 < r < R < t;** and applying Proposition and Lemma we obtain
F(Can) = F (Spu)

:/ V1+|Vul?2dz — ASpu N N|

B N\Bp !

V14 |Vul2dz — A|N| + A|Stbu N N

B \Br !

= V1+ Va2 + dudz — A(|BE \B ! rt T +|N))

Bz_l\B?_l
R
= (n—l)wn_l/ s"? [1/1+|u’|2—|—)\u] ds — A (BE \Br et +|N|)

with the definition %(|z|) = u(z) for all z € B! . We continue with computing the Euler equation, which
t 1+a

Il
— S—

2
is possible since SpuN N € A (i.e., small variations of u in N still satisfy the outer obstacle condition). For

any ¢ € CL.((r, R)), it holds that
fd
0 :/ —| 2 {,/1 + @+ to'|2 +)\(u+tgo)] ds
» dtli=o0
!, !

R —
_ (A
/ﬂ " 2 ¥
r

1+ |u'|?
R —/ !
n—2 u n—2
= — | s — | +s Al pds.
~/7‘ w[ ( \/1+|u’|2> ]SO

+ | ds

Hence, it holds that

li
— N —
(“) _ "2 " L) forallse (nR).

—
u

To solve this, we substitute 1) := —%——_ and obtain the linear ODE
’ Vit 2’

which yields the unique solution
A

n—ls

for some ¢ € R. Since radc, , # 0 on (to,?2), the horizontal representation @ has locally bounded nonnegative

U(s) = es "+

a1
derivative on (0, ty'e ) Assuming ¢ # 0, this would lead to |¢/| > 1 near 0. However, this is a contradiction
to the construction of v, thus, ¢ vanishes and 1) becomes ﬁs. We obtain

O R S
\/1—¢(3)2 \/(n—1)2752

2 1
u(s) =C — <n;1> — 52 forallsG(O,tQH“)

for some C' > 0. We now show that the previous investigation also works for ¢; instead of ¢, which proves
the claim since u then describes a ball of radius "T_l until it touches the boundary of A, which is exactly

which implies
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0Ag A N N. To this end, we assume t2 < t; such that rachA(tQ) = "T_Q Then, radc, , equals the smooth
function t \/("7*1)2 +(C — )2 on (tg, t2).

Now, if, on the one hand, radc, , is not smooth in a neighborhood of f, then the investigation in the

beginning of this step implies that u is smooth on B" 7! for some ¢ > 0. We can therefore repeat Step 7
ty T 4
on B"'  \{0} and find that rade, , is in fact smooth at ¢ in contradiction to the assumption.
ty T e
On the other hand, if rad¢,, , is smooth in a neighborhood of ¢5, then rad’CA , Is strictly positive on an interval
of the form (to,ts + €) for some ¢ > 0. In particular, we have radc, , # 52 on (f2,t1), such that we can

repeat Step 7 up to this point even in B" 7' \{0} and conclude that w is in fact the graph parametrization
I+a

1

of the part of the unique ball of radius ";1 in A which equals 0Ag » N A.

Step T: Conclusion in the case 0 € C4 x:

As in Step 1 we can show that rade, , is not equal to rad4 on some interval (0,¢), where ¢ > 0. Hence, we
may assume that {radc, , < rada} N (0,¢) is a countable union of disjoint intervals for all € > 0. For some
€ > 0 to be fixed later, we assume that there exists a < b such that (a,b) C {rad¢, , < rada} N (0,¢) and
{a,b} C {rad¢c, , =r1ads}. As in Step 4, we can use the gaphification argument for sq =0 and s, := max{t >
0:1ade, , (t) <rada(t)} C (0,1) to find that we can assume w.l.o.g. rad;, | > 0 on (a,b). We can then repeat

Step 6 for tg =a, t1 =b=1ty, r = a™= and R = bﬁ, where we possibly made € smaller in order to satisfy
t1 = to. We again find

A —
C52777, + s = U (5)

1T VIO

for some ¢ € R and for all s € (r, R). For s € {r, R}, it holds @'(s) = (1 4+ «)s®, such that it follows

1 a
082—n+ A s = ( +Oé)8

n—1 V14 (1+a)2s2e

and therefore, we have

= U+ a)s _ A s | s"2 (5.18)
1+ (14 a)2s2e n—1

for s € {r, R}. We can make ¢ small enough such that the right hand side of is strictly increasing as a
function of s on (0, 514%1), which leads a contradiction as r < R < eTr=. Hence, we find that rade, , <radg

n (0,¢). With this, we can repeat Step 5 and Step 6 as before. In particular, we find (t,t;) C (0,1) as in
the claim of Step 5 and conclude Ca,x = Ap  analogously. Thus, 0 ¢ C4 x, which is a contradiction to the
main assumption of this step. O

In the following, we give a version of the counterexample of Theorem [5.35] for higher dimensions, which
satisfies the relaxed assumptions mentioned in Remark [5.32] such that Theorem [5.33] still applies according
to Remark [£.341

Theorem 5.38 (Higher dimensional counterexample to C1® sets with good curvature). For all a € (0,1)
and all € > 0, there exists a C1* set A C R™, n > 2, which satisfies the properties from Remark but

has no local variational mean curvature in R™ which is in LP(A) for all p > i—g +e.

Proof. Let (si)rew € R be a dyadic sequence, in particular, a decreasing nonnegative sequence satisfying
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oo oo
—1—e(l—a) n—1
l=s1>2s>... E sy =00 E s 00
1 Z S22 ) k ’ k < ’ Q2 | Q3| Qs | @5
k=1 k=1
Qe Q@
and for every i € IN, there exists some k; € INg such that s; = 2~ ki, Q1

We define the (n—1)-dimensional open cubes Qj, := (—8k,s%)" L

of side length 2s,. According to the assumptions of (si)ren, the
sum of the volumes of (Qg)ren finite. In particular, there exists
an integer ¢ in (n — 1)IN, which is large enough such that

|Qk| <2t
2 Q

We now show that there exist z; € R”! for all ¥ € IN such that
the cubes defined by Qy := zx + Q) are mutually disjoint and
Upe Qi € Q, where Q :== [ — Qﬁﬂﬁ]"*l.

To this end, we make a construction as follows. For k € INg, let i, € INg be the unique number with s;, = 2k
and s;, 11 > 2" if existent and 0 else. For the following, we assume w.l.o.g. that 5 > 0 for all k € IN.
According to the choice of ¢, it holds that 220:1 1Qi] < 32, 1Qi < 2 = |Q|. Since the side length of
QN (0,00)" ! is even, we find that the disjoint union

Figure 5.15: Cube construction

U{y—l—(—l,l)”_l:yeSo} with So={yeQ:ye(1+2Z)forie{l,...,n—1}}

equals @ except for a null set. Hence, we find different centers x; € Sy with Q; C @ for all i € {1,...,i0}.
For k= 1, it holds 0, 4 104] < |Q\ UL, @

union

n—1 %0
U{y+(—;;> :yesl} with Slzz{yEQ\UQi:wE(;JrZ) forie{l,--~7n—1}}
i=1

equals Q\J;2, Qi except for a null set. Hence, we can find different z; € S; with Q; C Q for all ¢ €
{io+1,...,41}.

Repeating this process iteratively gives countably many mutually disjoint cubes @Q; of side length 2s; in @
for all ¢ € IN, see also Figure [5.15

We now define the functions uy on R, similar to (5.16), by

, and the choice of the sequence (s;);en gives that the disjoint

—(Sk +t)1+a ift e [—sk,—%sk) s

|t|1+a—2(%8k)1+a ift e [—%Sk,%sk] ,
uk(t) = 1+« . 1

—(sg — t) ifte (§Sk,5k] ,

0 otherwise,

and finally set

u(w) = un(le — o).
k=1

Now, u is a C! function on R"71, and, as u = ug(|(+) — zx|) on Qk, we find that u is C on every cube
Q. and on R\, oy @k with uniform Holder constant 2(1 + ) of Vu. Similar to the proof of Theorem
we can show that v’ is Holder continuous on R™'\|J, oy @ with Holder constant 4(1 + «). In order
to check that u is a C™® function on all of R"~!, we fix z € 0 (UkelN Qk) By the definition of u, we have
u(z) = 0 = Vu(z). For each value h > 0 and direction v € dB} ™', it either holds Vu(x + hv) = 0 or
z + hv € Qg for some k € IN. In the latter case we can compute

|Vu(z) — Vu(z + hv)| = |Vu(z + hv)| = |up(|z + hv — zi])] .
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Since x ¢ Qy, it holds that z — x, ¢ Q. Thus, we can exploit that u), is Holder continuous on the closure of
Qy with Hélder constant 2(1 + «), that dist(z + hv — x, 0Qk) < h, and that uj, = 0 on JQ%, to estimate

|[Vu(z) — Vu(z + hv)| < 2(1 + a)h®.
As in the proof of Theorem we choose an open C* set U C R"™! x [0, 00) such that

A={re2Q: ulz) <z, <0}UU

is an open bounded and connected C® set without necks of any radius in (O7 "771] and which satisfies

Ap =U U (AN (Swplu])s,r) for A large enough. The set U exists since u = 0 on R™\Q.
In the following, we argue that we can locally apply Proposition[5.36] Exploiting the assumptions on U, we can
make A* large enough such that Ag y = UU (AN (Sp[u])p,) and therefore Qf = (Qk x (0,00)) NU C Ag 5

for all A > A* and k € IN. Thus, each @, N C4 ) then locally minimizes ]—"/\ in @ = (Qr x (—00,0)) N A.
Now we can repeat the proof of Proposition on Q exploiting that Qk C Ay CCa by Proposmon
and Remark - As we chose A* in Pr0p081t10n merely to ensure Cx 75 0, we find Qr NCax =
Qk N Ag, for each £ € IN and for all A > A\*.

Since @, NCa,y is the body of revolution with profile curve uy, we can use the corresponding estimates from
the last part of the proof of Theorem to find

o i ()™ o=
Alz T > Wnpo1 s1Fa s>
/ HA@)Pdz > w0, 1S / "
A 1”0 Tk,s

The integrals on the right-hand side are all infinite if p > ”+a . For p < "+a , there exists a constant C' > 0

with -
/ Ha(@)Pdz > ¢S sy pime)tiee
A

k=1

1+o<
n—1-p(l—a)
T+a ds.

such that, by the choice of s, Hq ¢ LP(A) for all p > i*"‘ + . We conclude that there exists no local
variational mean curvature in L? with Theorem and Lemma .15

It is left to show that A satisfies the requirements of Remark[5.32] For that, we choose A* as before. According
to Theorem Cayis C' near OA. By the shape of A and since Cax = A, each x € 0Cy y is in some
(relatively open) spherical cap, which is a subset of 9C4 \ N A. Taking into account that 9Ca  A0A C
Uren @k x (—00,0), we can make A\* slightly larger such that for all ¢ € (O, %)\] and all x € 9Ap r_., we find

some p € DAp ) with p = 2 + dist(p, 0AB rx—c)Va, ,_. (). Furthermore, by definition, we have
P(Can) —P(A) < =A[A\Can| <0

Hence, Remark applies for A. O



Chapter 6

The limit exponent of Massari’s
regularity theorem via partial
regularity for variational integrals

In this chapter, which is based on [80], we show that Theorem |4.4| applies also in the limit case a = ’;Trf,
hence proving the theorem in maximal generality. To achieve this, we transform the parametric problem of
minimizing the functional ]-"2 among admissible sets into a non-parametric problem. In the latter, we search

for a minimizer of the variational integral

Flw] ::/V[f(Dw)Jrg(',w)] dx (6.1)

among corresponding Sobolev functions w € Wllo’i(V), where V' is an open set in R"~!. Depending on the

exact properties of f and g, we will continue with some partial regularity results for minimizers of IF, which
can then be transferred to Massari’s regularity theorem. It turns out that we can identify an even more
general version of the non-parametric problem, which admits partial regularity results.

6.1 Transfer to the non-parametric problem

In the following, we make the aforementioned transfer of the parametric problem into a non-parametric one
precise.

Proposition 6.1 (Transfer of the partial regularity). Let p € (n,00). For all sets A C R"™ of finite perimeter
in  and local variational mean curvature H € LP(Q) in Q, the following properties are satisfied.

i) For all a € 0*A N Q, the set A can be represented in a neighborhood of a in 2 as the rotated and
translated subgraph of some function u, € C1(V) for some open set V.= V(a) C R"~L. Furthermore,
the image of u, is compactly contained in (0, R) and V x (0, R) is compactly contained in Q@ for some
R = R(a) > 0.

ii) The function H = TanoHy — Tg\aH_ is a local variational mean curvature of A in Q and it is
additionally in LP(Q).

iii) For all a € 0*A, the corresponding function u, minimizes the functional

Glul = [

among functions w € WL2(V).

H(x,t)dt| dz

V1+ |[Vw(z)]? —

/min{max{w(m) ,0},R}
0

152
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iv) All regularity results which apply for minimizers of G in general transfer to A, i.e., for all & € (0,1], it
holds that if ug € Cl’a(V) for all a € 0*A, then Theorem applies for A with a = &.

loc

Remark 6.2. In the zero-order term of the functional G, the upper integral bound min{max{w(z),0}, R} is
chosen in order to ensure that the variational mean curvature only affects the neighborhood V' x [0, R], where
the parametrization u, describes A suitably.

Proof. Property [i)| follows directly from Theorem |4.4

For it suffices to notice that H < H on ANQ, H < H on Q\A and |H| < |H| on Q to conclude H € LP(Q)
and that H is a variational mean curvature of A in Q according to Remark

In order to proveliii), we assume w.l.o.g. that ANV x [0, R] = Sbu, NV x [0, R], hence, neglecting the rotation
and translation from fi)} Now, for any function ¢ € CL (V') with w(V') € [0, R], where w := u + ¢, we define
the test set A, == (A\(V x [0, R])) U (Sbw N (V x [0, R])), which itself is a set of finite perimeter in €2 and
satisfies AAA, € ().

LW
/\‘/\ |
0! An(V x[0,R]) : ol :
v spt()

Figure 6.1: Illustration of the argument of the proof of Proposition

It then follows that fg [4] < fg [A,], by the definition of variational mean curvature. This gives

P(Sblug], V x (0, R)) — / fdz = P(A,V x (0, R)) — / fd:
Sub[ua]N (V' % (0,R)) AN(V x(0,R))
< P(4,,V x (0,R)) —/ fdz
A,N(VX(0,R))
— P(Sb[uw],V x (0,R)) —/ fd: .
Sb[w]N(V x (0,R))

An application of Proposition and Fubini’s theorem yields Glu,] < Glw].
We now turn to functions n € W0’2(V) such that u, + n has values in [¢, R — ¢] a.e. on V for any positive
value € € (0, infy {uq, R—u,}). Then there exists a sequence (ny,)xen of functions in CL (V') which converges

cpt
R - g], with

to n in WH2(V) and a.e. on V. Let now C be any function in C'(R) with values only in [£ 5

3
bounded derivative and which equals the identity on [2{7 R - %] We conclude

[ta + 1 — Clua +n)[fy1.20v) =/ [ttg + 1 — Clug + n&]|* + Vg + V) — VCOug + nx] | do
14
< /V = ml? + [V = Vi + (Vg + Vil + sup [C7] [V + Vig)])? Ly ymer\[2,r-2]} 42

<l = mellRyre vy + / (IVua + Vil + sup |C'| [Vug + Vi) da — 0,
{In—ne|>1e}

as k — oo, which follows from the assumptions on C and the convergence of (n;)ren. Hence, the sequence
of functions ¢y = C(ug + M) — tua € Clp (V) converges to n in WH?(V) and a.e. on V, and it satisfies
(uq + 1) (V) € [0, R]. Exploiting the first observation, the Lipschitz continuity of the area functional and
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the Lemma of Fatou yields

Glug) < limsup Glu, + @k)

k—o0
val@)+on() _
glimsup/ \/1+|Vua—|—chk|2dx—/ liminf/ H(z,t)dtdx
k—oo JV v k=oo Jo

ua(@)+n(@) _
</ \/1+|Vua—|—Vn|2dx—// H(x,t)dtdz = Glu, + 7).
\4 vV Jo

It remains to show that u, minimizes the functional among arbitrary functions w € W}Lf(V). To this end,

we choose € as before, ensuring that u,(V,) C [e, R — €]. It can be shown that the truncation
C:Vy—[e,R—¢], x — min{max{w(z),e}, R — &}

is in W}2(V) and that V(e = Vwl, g (w) holds a.e. on V. Now we exploit property from which it
follows that H is non-negative on V x [0,e] € A and non-positive on V' x [R — ¢, R] C Q\ A. With this, we

conclude
~ — C(x) _
Cua] g@[c}z/ J1+ [VO() —/ (1) dt dz
1% 0
min{max{w(z),0},R} _
</ \/1+|Vw(x)|—/
\%4 0

H(z,t)dtdz = Glw].

This proves property in full generality.
Finally, is a consequence of Theorem and the properties and O

With the previous proposition in mind, we investigate variational integrals in the generalized version IF of G
in order to achieve the limit case of Massari’s regularity theorem. We first notice that the first-order term
fa(z) == /14 |z]? of G is smooth and has linear growth. Moreover, the underlying PDE is not uniformly-
in-z elliptic, but is still locally-uniformly-in-z elliptic. However, one can easily prove that such a constant
exists, whenever one assumes z to be in a bounded set on which the constant strongly depends on. It is
convenient that we already know from Proposition that u, is C! in V, and is therefore bounded. For the
zero-order term gg(z,y) = foy H(x,t)1}0,5(y) dt, it is apparent that, according to the Holder inequality, a
sort of LP-Holder continuity of the form

i o
g6(00) ~ 960D < [ |H(, 0l dt < ( / H(x,t>|p) y— g

is satisfied for all y < y € R.

6.2 Preliminaries, notation, assumptions and settings

In the following, we introduce some preliminaries, notation and assumptions which only apply for this part
of the thesis.

6.2.1 Generalities

Recall that the transfer of the non-parametric prescribed mean curvature problem to the parametric problem
from the previous section reduces the dimension of the framework by 1. We thus introduce the reduced
dimension m := n — 1 € IN and the general open and bounded set V' C R™. Throughout this chapter, we

write u* for the Lebesgue representative of a function u € L] (V,RY).
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6.2.2 Results on the properties of the zero and first-order terms — Morrey
spaces, growth conditions and quasiconvexity

In every considered setting of this chapter, the xz-dependency of the zero order term g is regulated by a Morrey
function. Morrey functions have certain integrability and growth control, which enable suitable excess bounds
for minimizers. For further reference, see [43| Chapter III].

Definition 6.3 (Morrey spaces). Let U C R™ be an open set. For p € [1,00) and A € [0,00), the LP*
Morrey norm of some h € LP(U) is defined as

1
[RllLea @y = <r>%1,ler7"1)‘ b h|pdz> ,
and the corresponding Morrey space is defined as the set
LPAU) :={h € LP(U) : ||hllLor) < o0}
Remark 6.4. For bounded open sets U C R™, p € [1,00), the following relations are satisfied.
i) LP™(U) = L>*(U) and LP* = {0} for all A > m,
ii) LPpm=a(U) C L+~ *(U) for all ¢ < min {1, g}p, and all a,b in [0, m],
i) LP(U) = LPO(U) C L& % (U) for all ¢ € [1, p].

Moreover, in the situation of the LP™~% Morrey norm is controlled by m, p, ¢, diam(U) and the L&™~?
Morrey norm of the corresponding function.
The argument for showing property [i)| uses the differentiation theorem of Lebesgue, which states that for
each h € LP(U) and a.e. x € U, it holds that

lim |h(z) — h|Pdz =0 and lim |h|Pdz = |h(x)|P .
7'\0 BT(ZE) T‘\O BT(I)

The boundedness of U and definition of Morrey norm now implies that h is essentially bounded if and only
if ||A||lp.m 1y < 0o. Furthermore, for A > m it holds that

Pz = oo, if h(z) #0
) 0, ifh(z)=0.

For the second relation, we apply the Holder inequality with exponents % and p’%q, which yields

1 1 ’
S [ e B @l E ([ b
" JUnB,.(2) rm UNB,(z)

a
1-1 Py_m :
<wm | re |h|Pdz
UNB,(x)

1—4 Py ,i
< Wm, P (sz @ ||hH€p,mfa(U)) !

1-2
Swm ? Hh”Lp,m—a(U)

forall z € U and r < 1. If » > 1, we find rab=e r™ and since U is bounded, it suffices to consider radii
. . m
%(U), which gives the claimed relation with the additional factor (%I(U)) . Property iii) follows

from ii) with @ =m and b = “r.

r <
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We briefly introduce the quadratic growth condition, which we will impose on f together with quasiconvexity
to conclude useful properties. We recommend |36, [37, 146, |44] as references for the quasiconvexity notion,
where the latter two also concern the general p-growth condition.

Definition 6.5 (Quadratic growth). We say that a function h € C°(R™) has at most quadratic growth
if it holds that
|h(2)]

zER™,|z|—0o0 |Z|2

Remark 6.6. A continuous function A : R™ — R has at most quadratic growth if and only if there exists a

constant ¢ > 0 such that |h(z)| < c(1 + |2]?) holds for all z € R™.
2
To see this, we notice that the backwards implication can be concluded from lim|,|_, % = c. For the

other implication, due to the local boundedness of h, we conclude VILZ(IZQ)I < ¢ for all z € R™\B; and some

constant ¢ > 0. As h is also bounded on B; by some constant ¢, we find |h(2)| < ¢(1+ |2]?) for ¢ = max{c, ¢}.

Convexity of an integrand implies weak lower semicontinuity of the corresponding variational integral. In an
attempt to find a weaker notion of the former, which is even equivalent to the latter, Morrey introduced the
term quasiconvexity in [68]. In many cases, it turns out that strict quasiconvexity is indeed the correct notion
to characterize lower semicontinuous variational integrals, which makes it a crucial constraint for partial
regularity theory.

Definition 6.7 ((2-strict) quasiconvexity). Let h: RV*™ — R be a continuous function. Then h is called

i) quasiconvex if

cpt

h(z) < ][ h(z+Dyg)dz  for all z € RV*™ and ¢ € C,(B1,RY),
B,

ii) 2-strictly quasiconvex if for all s > 0, there exists a constant c(s) > 0 such that

h(z) + c(s)][ |Dy|? dz < h(z+ Dyp)dx for all z € BY*™(0) and ¢ € CZ,(B1,RY).

cpt
B1 Bl
We call ¢(s) the quasiconvexity constant of h with respect to the bound s.

In the following, we collect some properties associated with quasiconvexity. Remark [6.8] is well-known and
simple to see, thus we provide a proof. Lemmas [6.9] and can be found, for instance, in |46, Proposition
5.2, Lemma 5.2], and |1, Lemma II.3]. Lemma is proven analogously to [46, Proposition 5.2] with some
minor adjustments.

Remark 6.8. i) A 2-strictly quasiconvex function is quasiconvex.
ii) A convex function h € CO(RN*™) is quasiconvex.

iii) If h € C°(RY*™) has at most quadratic growth, then quasiconvexity of h is equivalent to

h(z) < ][ h(z+Dyp)de  forall z € RN*™ and p € Wy (B, RY).
B

iv) If h € CO(RV*™) has at most quadratic growth, then 2-strict quasiconvexity of & is equivalent to the
existence of some constant c(s) for every s > 0 such that it holds

hz) +<(s)

Dp|? dz < ][ h(z+ Dyp)dz for all z. € RV*™ and ¢ € Wy?(By, RY).
Bi

B

Showing [i)| is straightforward. For one uses the Hahn-Banach separation theorem to conclude h(z +
Dy) > h(z) + A - Dy for some A € R *™. Integrating this inequality and applying the divergence theorem
concludes the claim. The argument for is analogous to the following proof of where we employ

that for every ¢ € Wi?(By, RN), we can find a sequence (¢p)rew of functions in C2o:(B1, RY) which has
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limit ¢ in W%2(B;). By the growth condition on h, we can then find a uniform upper bound in L'(B;) of
(|h(z + Dyg)|)ken. Furthermore, we find a subsequence (¢, )rew of (¢r)ken such that liminfy o fBl h(z+
Dyy) dz = limy_ JCBI h(z+Dyy, ) dz and such that ¢y, converges to ¢ a.e. on By as £ — co. The dominated
convergence theorem and the convergence in WH?(By) yield

h(z) < Zlim h(z+ Dypy,) dx — Zlim c(s)][ Dy, |2 da
— 00 Bl — 00 Bl

= ][ lim h(z 4+ Dyy, ) dz fc(s)][ |Dyp|? dz
Bl Bl

L—o00

_ ]{3 h(z + Do) da — C(s)f D[ da

B1
for all z € RV*™ and s > 0, where the last equality follows from the continuity of h.

Lemma 6.9. For a quasiconvex function h € CY(R™) of at most quadratic growth with constant ¢, there
exists a constant ¢, only depending on ¢ and m, such that

|Dh(2)| < c(1+]z]) forall z € R™.

Lemma 6.10. Consider a function h € C*(R™), which has at most quadratic growth with constant ¢ and
additionally satisfies
IDR(2)| < &(1+ |z]) for some & >0 and all z € R™.

Then, for each r > 0, there exists a constant ¢ > 0, which depends on ¢, ¢, r > 0 and supg, |D2h| such that

it holds
|h(z +ty) — h(z) — tDh(2) - y|

12
forallz€ B, y€¢ R™ and t > 0.

|Dh(z + ty) — Dh(z)]
t

< clyl? and

< clyl

Lemma 6.11 (Legendre-Hadamard condition). Let h € C2(RN*™) be a 2-strictly quasiconver function.
Then it holds

2¢(K)|22[¢]2 < D?*h(€)¢T - 2T for all z € R™, ¢ € RN and € € BRX™,
where ¢(K) is the quasiconvezity constant of h with respect to the bound K > 0.

Proof. Unsing the 2-strict quasiconvexity of h, we find that for each affine function v : B; — R with Du = ¢,
it holds that

/ h(Du) dz < / h(Du + tDy) — ¢(K) t*[Dp|>dz for all € C5(By, R"Y) and all t € R.
B1 Bl

In fact, the smooth function ¥ : R — R, t — fBl h(Du + tDyp) — ¢(K) t2|Dp|? dz attains its minimum at
t =0 with ¥/(0) = 0 and ¥”(0) > 0. The last inequality translates to
0< / D?h(Du)Dy - Dy — 2¢(K) [Dy|* da .
B;

This yields
n N n N 2
d? d d d
< S i —— | — 2¢(K — .
’ /Bl i%:jl jél [( da; j dag,e h) © dz, 77 day W] “l );; (dxi %) dr

Now, we insert the specific functions @(z) := n(x)sin(7z - )¢ and $(z) := n(z) cos(rz - x)¢ for some 7 € R

and n € CZ5;(B1), which have derivatives

dixi@(if) = <dii 77) (x)sin(1z - z)¢; + Tn(x)2; cos(Tz - )¢
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and

o 0r(0) = () (@) eostr ) = (o) sin(rs- )G

respectively. With the dominated convergence theorem, we obtain

1
0 < lim 7/ D2h(Du)D¢-D@—ZC(K)|D¢|2dx+/ D?h(Du)D¢ - D¢ — 2¢(K)|Dg|* d

T—00 T B

d? 1 d d
= Kddh) © (g e ) 69
B i, k 15,4=1 Tij Ok, T L Tk

—2¢(K ZXN:(T

=1 j=1
n N

d? n N
= Z dezgdﬁfkeh) (& ZszCJC£:| —2¢( );;nzzizcjg du

By i,k=1j,0=1

2
W n) G +n’2C dn

= [ [DPhECET - ¢~ eI o
By

Since 7 was chosen arbitrarily in CZ5, (B 1), the previous inequality implies the claimed estimate. O

Lemma 6.12 (Concave upper bound). Let h : [0,00) — [0,00) be a bounded function which satisfies
limy o h(t) = 0 = h(0). Then there exists a non-decreasing function heone in the set

Cp :={p :[0,00) — [0,00)| ¢ is concave and ¢ > h}
of concave upper bounds of h, such that lim~ o heonc(t) = 0 = heonc(0) and supjg o) heone = SUP[g o0) P-

Proof. 'We first notice that the constant function S := supyy ) h is a concave upper bound of h. Hence, we
can define the function hconc(t) := inf{p(t) : ¢ € Cp}, t € [0,00). Checking that hcone € Cp, and that h < S
is straightforward due to the first observation. It follows from the assumptions on h that for every ¢ > 0
there exists some § > 0 such that h([0,]) C [0,€]. Thus, we can construct a function which is equal to C
on [0, 00] and whose graph connects (0,¢) and (4, C) by a line. This function is in C}, and therefore ensures
limy~ o Aconc(t) = 0 = hconc(0). It remains to show that Aconc is non-decreasing. To this end, we consider

s <tin [0,00), A € (0,1] and define r := @ The concavity of hgone implies

Micone () + (1 = A hcone($) < heone (A 4+ (1 — A)s) = heonc(t) -

Taking the limit of the previous inequality as A — 0 gives hconc(8) < hconc(t) as claimed. O

6.2.3 Results on the partial regularity proof strategy — Caccioppoli inequal-
ity, A-harmonic approximation, excess estimate and Campanato’s Holder
space characterization

The approach of partial regularity theory via A-harmonic approximation can be divided into four main steps,
which fit to the order of the following results and, in fact, to the whole division of the remaining sections. First,
the Caccioppoli inequality controls the excess of minimizers by perturbed mean integrals of the minimizer
itself. Then, the approximate A-harmonicity of the minimizer is observed, which gives significant control of
its mean. In the third part, the previous steps are used to provide a suitable excess control on small balls.
Finally, Campanato’s characterization of Holder continuity together with a suitable choice of the regularity
set give partial regularity.

The later stated Caccioppoli inequality substantiates our regularity analysis and is based on the following
lemma, which allows for the extrapolation of certain estimates of scalar functions. This can be found, for
instance, in [46, Lemma 6.1].
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Lemma 6.13 (Iteration lemma). For 0 < r < R, we consider a bounded function u : [r, R] — [0,00). If u
satisfies

u(p1) < ( ; + e+ du(p2)

a
+
p2—=p1)*  (p2—p1)
for all py < pg in[r,R], s>t>0,d€[0,1) and a,b,c > 0, then there exists a constant C > 0, which only

depends on s and d, such that

u(r)<C<(RfT)S+(RET)t+C> .

Harmonic functions naturally appear with high regularity. By extending this notion to second order PDEs
related to a bilinear form A, one still obtains smooth approximation results for almost- A-harmonic functions
together with controlled perturbations. This fact is decisively used in order to receive a suitable excess
estimate. For more information, including the proof of the following lemma (in generalized form), we refer to
[75, Lemma 6.8].

Definition 6.14 (A-harmonic function). For a bilinear form A on RV*™ satisfying
al¢l?lz)? < A(¢z",¢zT) and  |A] < e (6.2)

for constants ci,co > 0 and all z € R™ and ¢ € RY, we say that h € WH2(V,R") is an A-harmonic
function on V if it holds that

/ ADh,Dp)dz =0  for all o € W5 (V,RY).
14

Lemma 6.15 (A-harmonic approximation). Let A be as in Definition p >0 and xg € R™. There exists
a constant ¢ = c¢(n, N, c1,c2) such that for all € > 0, there exists 6 > 0, which depends only on n, N, cq,co
and €, such that, whenever v € WH2(B,(zo), RY) and s € (0,1] satisfy

][ |Dv|? dz < s? and < 05 |D@|lLee (B, (20), RN xm)
B,,(.”co)

][ A(Dv,Dyp) dz
Bp(fo)

forall ¢ € Wé’w(Bp(xo), RY), then there exists an A-harmonic function h € C®(B,(zo), RY) with
v —sh
p

sup |Dh|+p sup |D?h|<c and ][
By (wo)

By (z0) By (zo
2 2

‘d$<82€.

The following statement provides the optimal connection between integral oscillation controls (i.e. excess
estimates) and Holder continuity. It can be found for instance in [46, Theorem 2.9] in a slightly more general
version concerning the corresponding domain.

Theorem 6.16 (Campanato’s characterization of Holder continuity). Let V. C R™ be a bounded open

Lipschitz set, p € [1,00), u € LP(V) and X € (m,m + p]. Then u* is in CO’%(V) if and only if it is in the
(p, A)-Campanato space on'V, i.e., if

sup p’A/ U — (u)z,p[Pdy < o0.
zeV,p>0 B,(x)

In most references, the characterization is used in the following localized reformulation.

Corollary 6.17 (Integral characterization of Holder continuity). For some p € [1,00), a € (0,1] and u €
LP(V), it holds that u* € CO*(V) if and only if for allU € V, there exists a constant ¢ > 0 such that for all

loc

xz €U and p > 0 with B,(z) C U, we have
][ Ju— () pl"dy < cp.
B, (z)

Proof. We first consider u* € CIOO’?(V). For U as in the statement, we find a bounded open Lipschitz set
U C R™, which satisfies U € U € V. Applying Theorem gives that the claim holds on U and, in
particular, on U.

For the other implication, we consider x € V' and a bounded open Lipschitz neighborhood U € V' of z. Then
Theorem implies u* € C%*(U). O



160 CHAPTER 6. THE LIMIT EXPONENT OF MASSARI’S REGULARITY THEOREM

6.2.4 Overall assumptions and settings

In what follows, we set up general assumptions and settings which are valid for this chapter if not otherwise
stated.

Generalities:

Since we first determine regularity of the minimizer locally on balls, we consider some arbitrary ball B, (xo),
which is compactly contained in V' and with radius r € (0, 1].

For a number p € [1,m), we abbreviate the Sobolev exponent mm—f; by p*, and if p € (1, 00), we denote by p’
for the conjugate exponent ﬁ. For p € [m, 00), we use p* to denote an arbitrarily large number in (p, o).
Throughout this chapter, we write ¢, with & € IN when working with specific positive constants, and ¢ when
working with general positive constants that might change throughout the computation.

First-order integrand: In each setting, we will impose certain properties on the first-order integrand. In each
of these cases, we assume the function f to be in C2(R¥*™) and of at most quadratic growth. Furthermore,
for each C' > 0, we find some bounded function w : [0, 00) — [0, 00) that satisfies lim\ o w(t) = 0 = w(0) and
ID2f(A) — D2f(B)|? < w(]A — B|?) for all A, B € RV*™ with |A] < C and |B| < C + 1. We denote by Uc
the non-decreasing concave upper bound of w, i.e., Uc satisfies the properties proven in Lemma [6.12] and

|D?f(A) —D*f(B)| < VUc(|A—BJ?)  forall A, B € RV*™ with |4] < C and |B| < C +1.

Zero-order integrand: We assume g : V x RY — R to be a Carathéodory function which satisfies the
Morrey-Holder condition

lg(z,y) — g(z, )| <T(@)(L+ |yl + 7)) Ply—§|°  forallz €V, y,5€RY (6.3)

with respect to the second component and some 8 € (0,1], g € [3,2*).
The function I': In general, we assume that I" is a non-negative function on V. Before we can further set
up the conditions for I', we introduce the exponents

B 27* ’7 9% q B 2’7 9
PE\B) = M TG Ty

for 5 and ¢ as before. We assume

re LSﬁ,mHﬁ((?*B)a*ﬁ)(V), where « € (0,1), (6.4)

and denote
Ig:= HFHLSB,WL*SHB#»SQ(Q—B)&(V)

in the case m > 3. If m < 2, we assuma € (0, %] N (0,1) and ¢ € [B,00). Then, we consider 2* as
number which is large enough that sg is arbitrarily close to 1 for some smallness conditions introduced later.

Minimizers: In all statements of this chapter, we consider v € W12(V,RY) a local minimizer of the
functional I from (6.1)), i.e., it holds that |F[u]| < co and, for all z € V', we find some radius r > 0 such that
the ball B,.(x) is compactly contained in V" and

Fg, (2)[u] < Fg, (z)w] for all w € W}l’Q(BT(x), RN) , where Fg (5)[w] := / f(Dw)+g(-,w)dz.
B, (z)

Settings: In the following, we present three different settings, which all eventually yield partial regularity. The
first setting is the most standard in the partial regularity theory. During the application to Massari’s regularity
theorem, we a priori know much about the local minimizer u, which leads to a simplified reformulation of
the setting.

*In fact, for a > %, the assumption for I' reads as I" € {0} by Remark such that the functional IF degenerates to only
depend on the first-order terms, allowing for an easier access, see, for instance, |36, Theorem 2].
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Setting 1. Whenever we refer to Setting[I} we additionally assume that f is 2-strictly quasiconvex. Further-
more, depending on the value of ¢, we impose

T e Lo(V) (6.5)
if ¢ > min{2,m} and fix § € (O, W} N (0,1). In the other case ¢ < min{2, m}, we consider

[ € Loam—saat2o(y) (6.6)

Sqq—m

for some § € (0, T) N (0,1). Accordingly, we abbreviate I'q := ||T'||sq.m—sqa+25(yy if ¢ < min{2,m} and
Lg:= |||

Lea(v) if ¢ > min{2,m}.

Setting 2. Here, we also consider f 2-strictly quasiconvex and additionally assume that the local minimizer u
is essentially bounded on V, i.e., u € L°(V,R"). This restriction allows for the weakening of the conditions
on g and T, respectively. In particular, instead of ¢ € [3,2*), we allow for ¢ € [8,00) and we drop the

assumptions (6.5) and (6.6).

Setting 3. This setting is applied for the functional G from Section We assume u € WH(V, RY) and
set [[ullwi.eo == [lul|w1.(v,rv). As we impose further restrictions on u, we can consider ¢ and I' as in Setting
In order to capture the local convexity of the area functional, we assume that for every K > 0, there exists
a constant ¢(K) > 0 such that

D2f(2)¢- € > c(K)|E[*  for all z € BR*™ and £ € RV*™. (6.7)
In fact, D?f is positive definite on RV*™_ i.e., f is convex and therefore, by Remark quasiconvex.

6.3 Caccioppoli inequality, approximate A-harmonicity and excess
estimate

6.3.1 Caccioppoli inequalities

Caccioppoli inequalities are a crucial tool for the partial regularity analysis of minimizers of variational
integrals. They are sometimes referred to as reverse Poincaré inequalities, as they estimate the L2-norm of
Du from above by the L2 norm of u and some perturbation terms. However, in this case, we obtain some L2~
term in the upper bound, which can be controlled later via the Sobolev inequality.

Lemma 6.18 (Caccioppoli inequality for Setting . In the situation of Setting |1}, there exists, for every
C >0, a constanf| ¢ > 0 such that
v |2
dr + f
Bro (IU)

][ |Dv]?dz < ¢ ][ —
Brg (z0) Big (z0) |70

holds for all € € (0,1], ¢ € RY and & € RN*™ with |¢]| + |¢| < C, where v(x) = u(x) — ( — &x for allx € V.

Proof. First, we fix p; < po in (%",ro). In order to simplify the notation, we set F} := B, (zo) and F; :=
B,,(z0) and choose some cut-off function n € CZ (R™) with vales in [0, 1], spt(n) € Fh, n = 1 in F}, and
|Dn| < pffpl. Moreover, we define the functions ¢, := nv and @9 := (1 —n)v in WH2(B,, (o), RY). Since ¢;
has vanishing boundary values on 0F5, we can apply Remark and the 2-strict quasiconvexity of f with
constant ¢; with respect to the bound C' to deduce

2
¥

2" 2 7’2 min{a,0}
dx> A

v

To

v z
dz+e¢ (][
Bro(xﬂ)

8

To c7-78

& |D<m2dm=c1f D1 (pay + o) 2dy
B

Fy

< . J(D1(p2y + x0) + &) — f(§)dy (6.8)

=1 f(Dp1+&) — f(§)dz.

Fy

TThe constant ¢ depends on m, N, 3, q, I'g,I'q,C, the function f, and the exact value of 2* in the case m < 2.
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With v = @1 on F} C F5, we conclude

c1 ; |Dv|? dz < ; f(Dp1 + &) — f(§)dx. (6.9)

By the definition of 1, ws and v, it holds that

Flu] = Flu—¢1] = [ f(Du) = f(Du = De1) + g(2,u) — g(z,u+¢1) do

Fy

= /. fDu) = fDv+¢§—=D(v =) + g(x,u) — g(z,u+¢1)da

= /. J(Du) — f(Dp2 + &) + gz, u) — g(z,u+ 1) dx.

With this, 7 and po = 0 on F}, we conclude

e [ DoPdr< [ f(Du—Dps)— (6 dr
P Fy

= Flu] = Flu — ¢1] + i f(Du —Dea) = f(Du) + f(Dpz + &) — f(£) du

+/F29(x,u4rs01) —g(z,u)dz (6.10)

— Flu] - Flu— 1] + /F TP D)~ JD) (D +6) — ()

+/ glx,u+ 1) —g(z,u)de.
Fa

It is left to estimate the terms on the right-hand side suitably. For the first term, we make use of the fact
that u is a local minimizer and that u — ¢ is in Wé’z(FQ, RY), hence is an admissible test function such that

Flu] — Flu — ¢1] <0 (6.11)

holds. The second term can be controlled by known methods of the partial regularity theory. For the second
term, we take Lemma [6.9] into account, in order to apply Lemma which leads to

/ f(Du— D) — F(Du) + f(Dips +€) — F(€) da
FQ\F]
- /F D= Dis) — (D) + DFEDs + F(Dis +€) = F(©) = DFEDpada
- /F TP+ E=Dpa) —£(©) = f(D+) 4 DIEDps + 1(Dps +€) ~ DIEDps s
1
- / (Do + € — D) — £(6) — DF(€)[Dv — Diga] — / [Df(€ + tDv) — Df(€)| Dot
Fo\Fy 0
+ F(Dgs +£) — F(€) — DF(€)Dps da
1
) /FQ\F1 |Dv — Dy ? +/() t|Dv|? dt + |Dypy|* dz
<C2/ |Dv — Dips|? + |Dv|? 4 [Dyps|* dz
Fz\Fl

for the corresponding constant co = ¢ > 0 from Lemma Taking into account the definition of o, it
follows

v
P2 — P1

2
dz. (6.12)

[ Du-Dp) 1D+ Dgs 4O - fOar <3es [ Dofans
Fo\Fy o\ Fy By (z0)
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It is left to estimate the last part, which is connected to the zero-order integrand g, and which is therefore
the crucial part. To this end, we apply the imposed Morrey-Hélder condition (6.3)) and the definition of ¢,
which together give

r(1+|u\+\u+<p1|)(fﬁ|<p1\ﬁdx</ L1 +2)ul + [v))Pv|? de. (6.13)
Iy

/FQg(x’uJ“/’l)—g(x,u)dxg/

F>
Since |¢] + |€] is bounded by C, we find another constant cs > 0 which satisfies
/ (1 + 2Ju| + v])7 P v]? dz < / (1 +2C + 2Jv| + |[v]) T P||? dz < 03/ T/ +TvPdz. (6.14)
Fy Fy Fy

To estimate the latter integral, we take a closer look at the terms of the integrand. In fact, for the first term,
if ¢ < min{2,m}, we apply Young’s inequality with the exponents % and s, to obtain

q 2% 2%
/ I‘|U|qu:/ (rdT) 2 dx</ — dx—i—réqq/ % dx</ — dx—i—rgqq/ Iede.
Fy Fy To B |To Fy F |70 Brg (z0)
Now, by (6.6), we conclude
ot
/ rwam/ = dz + Tiory 20 (6.15)
Fy Fy |70

If ¢ > min{2, m}, we are in the situation of (6.5)). Since 2* > ¢ by assumption, Young’s inequality remains
applicable. Moreover, since rg < 1 and 26 < s,¢ — m in this case, it follows

/ [w]? dx </
F, By (z0)
similar to before.

* * /
For estimating the second term in (6.14) we use the Holder inequality with exponents % and (%) = sg,
which yields

-
dz + Diorg 20 (6.16)

To

5
/ L) dz < (/ v|? dat) </ res dx) . (6.17)
P P Fa

We first cover the case m € {1,2}. To this end, we extend the right-hand side of (6.17) and then apply
B

Young’s inequality with the exponents % and ﬁ, ie.,
1
9* T 28 —CmtLmtp s %
dx e 2y 2 I'*¢ dx
Py
2 ﬁ
2 . 8 —L (m—2Zm-2 Bl
<erg =" 2 / lv*" da +e A, 525 (m—Fm—2) / '8 da
BTO (wO) Bro (ivo)

B Bm—LBm—
/ TP de < |ezrg™ =™ ﬁ( v
F2 F2
2% 2 5 —L(m—lm—Q) 55(22—5)
de | +e78r, " % / * da
By (z0)

for some ¢4 > 0. Employing (6.4) gives

/ Tlo|? de < cqerd ][
Fy Brg (z0)

Since m < 2, we find Q%m + 2 > m and furthermore

B (2 2

2—5<2*m+2_m>+(2—ﬁ)5ﬂ(m_ﬁsﬁ):m

v

2% % ——ay
2% 2
8 2
_ B —sE-(m—ZFm-2) — +s5(2— sg(2—5)
d:c) fe A, 27 2 (FﬁT‘Sn spbtsn( ma) s .
To
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for all positive choices of 2*, which yields

/ Do) dz < cyery ][
Fy Brg (z0)
=cq €Ty’ <]l
Bro (:’70)

In order to estimate (6.17]) in the case m > 3, we again apply Young’s inequality with the same exponents
as before, but expanding differently leads to

B 1 2 2
3 . 2* s . 2% EPIeR)
/ Dlv|Pdz < leé (/ |v|? da:) ] [sg (/ Fsﬁdx> B] <e (/ lv]? dx) e T (/ Fsﬁdx> ’ .
F2 F2 F2 F2 F2

Exploiting the Morrey condition (6.4) again and noting that ﬁ(m — Bs3) = m by the definition of 2%,

2
*

2% 2 2
v _ 8~z (m—Zm-2) —s50+s5(2— Y ey
dm) +e A, 0 2 (I‘g o' sof+an( B)a> s

To

v

To

2
2% 2% 5
dz +e72-8 r6”+2°‘

we obtain

242
/ F|v|ﬁ dz < C4€7’6n2 + ][
Fp By (z0)
<eq |ery ][
BTO(JJ())

for some ¢4 > 0 as in the case m < 2. Combining the estimates (6.13), (6.14), (6.15)), (6.16) and (6.18])

provides
dz + erg’ ][
BTO (3:0)

for all choices of ¢ and m. Together with (6.10]), (6.11), and (6.12]), we conclude
v 7
/ |Dv|? d + /
Fo\Fy By (z0) P2~ P1

+er f
0 ( Bro(xﬂ)

In order to ensure the constant cg to be in (0, 1), we use the Widman’s hole filling trick, which adds the term
Co fFl |Dv|? dz on both sides of the equation (i.e., filling the hole on the right-hand side). This leads to

2
|Dv|?dx < C7/ |Dv|? dz +/ dz —|—/
By Fy Bro(xo) P2 —p1 BTO(WU)

2* bxa
v __B_ 2min{a,d
+erg’ ZZ dzx + ¢ 2—67“6”+ min{a,d}
By (z0)

70
with c; = 15:’% < 1. Hence, we are able to apply Lemma with R = 1o and r = 3, which states the

existence of some ¢ > 0 such that the claimed statement is satisfied. O

v

2
2% 2% 5
dl‘) + 67%(1_‘5 ran_sﬁﬁ+5ﬁ(2_ﬁ)a)55(2—ﬁ)
To

.k (6.18)
d:zc) +ep rot2e

v

To

2

2" v 2* 2% 5 (a6}
— £ m+2min{a,
dx +e Ay,

To To

/ g(x7u+@l)_g($,u)d$<C5 /
Fy

F>

2

|Dv|?dz < cg + dz

Fy

To

v

N |
da +e T6n+2 min{«,8} )
To

o
dx

To

In the following, we prove the Caccioppoli inequality for Setting [2] i.e., a priori bounded minimizers u, and
released conditions on IT'. In fact, as we do no longer assume ([6.5) or , additionally the definition of ¢ is
obsolete. Hence, min{c, 6} is replaced by « in the reformulation.
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Lemma 6.19 (Caccioppoli inequality for Setting . In the situation of Setting @ there exists, for every
C>0,a constanﬁ ¢ > 0 such that
v |2
dx +¢ ][
B"”() (Zo)

][ Dv?dz < c ][ —
Brg (w0) By (z0) 170

holds for all € € (0,1], ¢ € RY and & € RN*™ with |¢]| + |¢] < C, where v(x) :=u(x) — ( — &x for allx € V.

Proof. As in the proof of Lemma, we derive the inequality and continue with estimating the first
and second term as in and (6.12), respectively. In order to estimate the third term of , we first
notice that, by definition, the function v is uniformly bounded by a constant K > 0 on B,,(z¢). In fact,
we can estimate |[v|? < K97%|v|?, such that, instead of and (6.14), the Morrey-Holder condition
yields

v

To

2
2" 2%
dx +e” 255 20
€ 0

/ gz, u+ 1) — g(z,u)da < Cg/ L|v]? dz
F2 F2

for some constant c3. We continue with deriving the estimate ([6.18]) and conclude the claim as in the proof
of Lemma [6.18] 0

It is left to prove the Caccioppoli inequality in the case of Setting [3, where u € W°(V) is assumed, hence
the relaxed conditions on I" from Setting [2] apply and f only satisfies the local ellipticity condition (6.7)).

Lemma 6.20 (Caccioppoli inequality for Setting . In the situation of Setting @ there exists, for every
C>0,a constamﬁ ¢ > 0 such that

][ |Dv*dz < ¢ ][
B%o(fro) By (z0)

holds for all e € (0,1], ¢ € RY and & € RV*™ with |¢| + |¢| < C, where v(z) := u(x) — ( — €x for allz € V.

Proof. We argue as in the proof of Lemma but instead of deriving equation via the 2-strict
quasiconvexity of f, we use the local ellipticity condition (6.7) to conclude

11
a \Dv|2dx:cl/ / / t|Dv|? dsdt dz
2 Jr rJo Jo

1 1
g/ / / tD?f (¢ + stDv)Dv - Dvdsdt dz
F1 JO 0

v 2
dr + ¢ <][
Bro(mo)

To To

for the bound ¢; = ¢(K) from with respect to the bound
K o= sup{ & + tDo(e)| : £ € [0,1], € Byy (20)} < lullwr~ +C.

Now, by definition, it holds that ¢; = v on Fy and according to the local ellipticity, D2 f(£ + st Dv)Dv - Dv
remains non-negative on Fy\Fy. It follows

1 1
a |Dv|? dz < / / / tD?f(€ 4+ st Dy )Dyy - Dy dsdt da
2 F F> JO 0

1
— [ [ tDs(e+tDe)Der - DFOD dids
Fy JO

= [ f(€+Dp1)— f(§) —Df(§)Dyp1 dx

I3

= [ [(§+Dg1) - f(§)dx,

Fy

¥The constant ¢ has the same dependencies as in Lemma , where Ty is replaced by ||u||LQQ(BTO(x0)7RN).
$The constant ¢ has the same dependencies as in Lemma , where ||u||Loo(B7.0(IO)’]RN) is replaced by ||u||y1,00 -
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where the last equality follows from the divergence theorem and ¢; € W(l)’z(Fg,]RN ). With this, we can
conclude the claim as in the proof of Lemma [6.19] where the application of Lemma is possible since
quasiconvexity follows from the local ellipticity condition by Remark O

6.3.2 Approximate A-harmonicity

The following lemma provides the basis to apply Lemma on A = D?f(¢). We want to mention that
Hu||32* can be crucially estimated by the value ® via the Sobolev inequality later in Section such that
control parameter ¢ as in the Caccioppoli inequalities can be avoided.

Lemma 6.21 (Approximate A-harmonicity for Setting. In the case of Setting there exists a constanﬂ
¢ > 0 for every C > 0 such that
<c ][
BTO (ZEO)

holds true for all o € W™ (B, (z0), RY), ¢ € RN and € € RN*™ with |£] + |¢| < C, where v(x) is defined
as u(z) — ¢ —&x for allz € V and @ := (o) |Dv|?dax.
ro (To

2
v

o d.T+ \/UC(‘I’)@-F(I)—FTS ||D<pHL°°(BTO(£E0)7]RN><m)

][ D?f(¢)Dv - Dpdx
By (z0)

Proof. We first prove the claim for functions ¢ that satisfy ||D<,0||Loc(BTO(IO)’RNXM) < 1. Similar to the proof
of Lemma [6.18] we rewrite the left-hand side of the equation as three different terms and estimate each term
suitably. We first notice that, since p € W>(B,, (z0), RY) with vanishing boundary values, it holds that

lellLee (B, (z0)RY) < T0, (6.19)
and fBTO(QfO) Dy dz = 0 since Trp, (x)% = 0 on 9B, (o). With this, we rewrite
f  DA@De-Dpds= {  D'fQDu: Dy~ D(Du)-Dy+ DS(E) Dpda
Bry (wo) Brg (z0)
+f, DI De g [fDu DR~ fOW] dr (5.20)
B,,.0 xo
+r()_a][ f(Du) — f(Du — riDyp) dz .
By (z0)

To estimate the first term on the right-hand side of the equation, we rewrite

/ D@Dy Dg=Df(Dw) D+ DJ(6) Dy de
1
= ][ / D2f(§)Dv-D(p—sz(é—Ft(Du—f))(Du—ﬁ)-D<pdtd:z:
BTO(I()) 0

1
= ][ / D?f(¢)Dv - Dp — D?f (£ + tDv)Dv - Dy dt d
B,-O(JE()) 0

1 1
Bl Jo oo 1}/0 D?f(¢)Dv - Dp — D?f (£ + tDv)Dv - Do dt d
7o ro (Zo)N v|<

1
+—/ D?f(&)Dv - Dy — Df(Du) - Dy + Df(€) - Dpdtda.
1Brol /B, (zo)n{|Du|>1}

Since |€| is bounded by C, we can apply the definition of U¢, together with the fact that it is non-decreasing,
and estimate

1
1 / D?f(&) Dv - Dy — Df(¢€ + tDv)Dv - Dpdt da < ][ VUc(|Dou]2)| Do dx .
B,«O(wo)

1Bro| JB,, (zo)n{IDv<1} Jo

IThe constant ¢ depends on n, N, 3, q, I'g, Iy, fand C.
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Now applying the Cauchy-Schwarz inequality provides us with

1

1By | By (z0)N{|Dv|<1} o (o)

1
/ D?f(&) Dv - Dy — D?f(¢ + tDv)Dov - D dt da < \/][ Uc(|Dv|?)dz @,
B

which, together with Jensen’s inequality, yields

1
/ D2f(£) Dv - D — D2(¢ + tDv)Dov - Dpdt dz < /U () B .
Bro| JB,, (z0)n{|Dv|<1}

By Lemma [6.9] we obtain

L / D?f(¢)Dv - Dy — Df(Du) - Dy + Df(€) - D
1Bro| JB,, (zo)n{|Dv]>1}

K
< 7][ sup [D?f[[Du| + ¢1(2 + |Du| + [¢]) dz
‘Bro| B, (z0)N{|Dv|>1} ngm

<][ sup |D?f||Dv|? + 2¢1(1 4+ C)|Dv|* dz

BTO (3'0) Bg xm

<cd

with c¢; being the constant from the corresponding Lemma. Together, we have
][ D2f(€) Dv - Dy — Df(Du) - Dy + Df(€) - Dpda < c (<1>+ Ve (@) <1>) . (6.21)
0 (EO)
In order to estimate the second term of (6.20)), we similarly rewrite

][ . DIDW Dt [ (Du— D) — f(Dw] da

_ ][ ][ D f(Du) + Df(Du — tDy)] - Do dt da
o (%o

o 1
= ][ / tD?f(Du — st Dyp)Dy - Dpds dt dz
1Bro| JB,, (zo)n{|Dv|<1} 0

g
][ [Df(Du) + Df(Du — tDyp)] - Dpdtdx .
Brol /B, (zo)n{|Du[>1}

We further estimate

1 ré 1
—/ ][ / tD?f(Du — st Dyp)Dy - Dpds dt da
1Bro| JB,, (zo)n{Doj<1} Jo  Jo

sup \D2f|][ ][ / t|De|? dsdtdx = cr§ .
BNXT” (o)

As before, we use Lemma [6.9] which yields

o
][ [Df(Du) +Df(Du — tDyp)] - Dpdtdz
|BT0| (20)N{[Dv|>1}

ro
<G / ][ 2+ [Du| + |Du — tDg|] - D] dt dz
Brol JB,, (zo)n{IDul>1}

o
gcl][ ][ 3+ 2C + 2|Dv| dtdx
Bry(z0)n{Dv>1} Jo

<cd.
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Together, we obtain
][ Df(Du) - Dy + 15 ® [f(Du — r&Dy) — f(Du)] de < c(r§ + @) (6.22)
Bro (xO)

For the third term, we exploit the local minimality of u, i.e., Fp, () [u] < Fg, (z0) [u — r§¢], which can be
rewritten as

rgo‘][ f(Du) — f(Du — r§Dyp) dz < rgo‘][ glx,u—rie) —g(x,u)dx.
Brg (z0) Brg (z0)

Using the Morrey-Holder conditions (6.3 and (6.19) yields
ro_a][ f(Du) — f(Du —r§Dey) dz < 7'0_0‘][ (1 +2Ju| + 750) T P (rg )T da
By (z0) By (z0)
<ry® ][ (1+2C + 2]yt r{ 7T da
By (z0)
<rg® ][ 2(1+ C + [o))?Pr§ T de
Brg (z0)

- crg“a)ﬁ—a][ (14 o] da.
Bro(lo)

Since ro < 1 and Lssmtss(2=Fa—ssf(y) C LLm+(2=Fe=B(V) according to Remark the condition (6.4))

gives

][ Idz < cr(()Q_B)a_ﬁ. (6.23)
Brg (z0)
As in the proof of Lemma specifically, equations (6.15)) and (6.16)) on B, (xg) instead of F, we can
estimate .
][ [T dz < ][ —| dxterd. (6.24)
By (z0) B (z0) 170

Together, the previous inequalities give

o
7«0—&][ f(Du) — f(Du — r$Dy) dr < cré”a)’g*o‘][ — | da 4 op{TOITeEB e
By (z0) By (z0) |70
Exploiting o < % and 79 < 1 yields
ot
Ty ¢ ][ f(Du) — f(Du — riDy) dx < ¢ ][ —| dx+rg (6.25)
Brg (20) B (o) |70

We now put together (6.20)), (6.21)), (6.22) and (6.25)) to obtain

][ D?*f(¢)Dv - Dpda <c ][ dz + Uk (P)® + @ + 7§
BTO (3:0) Bro (o)

The lower bound estimation is analogous with the slight difference that, instead of (6.20]), the reformulation
of the left-hand side is

][ D2f(&)Dv - Dpdx = ][ D2f(&)Dv - Dy — Df(Du) - Dy +Df(¢) - Do da
By (z0) By (x0)

2

To

4 ][ Df(Du) - Dg + 5 [f(Du + rgDy) — f(Du)] dz
B (20)

+r§”][ f(Du) — f(Du+ riDyp) dz .
B,«O(wo)

The claimed estimate for general functions p € W1 (B, (7o), RY) with K := ID@llLos (B, (20), RN xm) POSSi-
bly not bounded by 1 follows by inserting + in the derived formula. O



6.3. CACCIOPPOLI INEQ., APPROXIMATE A-HARMONICITY AND EXCESS ESTIMATE 169

We show the corresponding Lemma for the remaining settings.

Lemma 6.22 (Approximate A-harmonicity for Setting [2| or Setting . In the case of Settmg@ or Setting
@ there ewists a constanm c > 0 for every C > 0 such that

<c {\/ Uc ()P + @ + 7"3} D@l (B, (o), RN xm)

][ D?f(¢)Dv - Dpdx
Bro (:”0)

holds true for all p € WH2°(B, (z0), RY), ¢ € RY and &€ € RN*™ with |¢| + |¢| < C, where v(z) is defined
asu(z) —C—&x forallz €V and @ = JCBT ) |Dv|? da.

0 (x()

Proof. The proof is analogous to the proof of Lemma where Lemma [6.9] remains applicable in Setting [3]
since the local ellipticity of f implies its quasiconvexity. Moreover, in both settings, we replace the estimate

2 by

]l [0]T dzr < (g vy + C)° ]l Ide,
B (z0 Brg (o)

which can be estimated from above by {17278 4 in (6.23]). Hence, ([6.25) turns into
TO_O‘][ f(Du) — f(Du — riDy) dx < cr,
By (zo)
and the proof of the claim follows as in Lemma [6.21 O

6.3.3 Excess estimates

We now have all required tools to derive the crucial estimates for the quadratic excess, which are essential in
order to apply Campanato’s characterization of Holder continuity, i.e., Corollary for Du.

Definition 6.23 (Quadratic excess for Du). Let x € V and r > 0 such that B, (z) C V. Then the quadratic
excess (of Du in B,.(z)) is defined as

O(z,7) = ]{3 ( )|Du— (D), |* d.
r(

We furthermore abbreviate ®(zg,r) by ®(r) and ®(xg,r0) by .

Remark 6.24. i) For all £ € RV*™ it holds that ® < 5 (o) |Du — £|% da.
)

ii) For all p € (0, ], it holds that @(p) < ()" @,

To show i)} we define the auxiliary convex function ¥ : RN*™ — [0,00), £ — 5 ( |Du — €| do and notice
70

CE())
that there exists at least one local minimum of W. Since

D=2 { IRCEE

the only critical point, and therefore the global minimizer is (Du)g, r,. For proving we rewrite the left-hand
side and apply i)} which gives

|BT0‘

5 IDu — (D) gy |2 dz < (ro) .
| p| By (z0) P

B(p) = f  Du= (Du)sy,do <
BP(ZO)

I'The constant ¢ depends on m, N, 8,¢,Ts, llullgoo (v,rvy f and C.
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Lemma 6.25 (First excess estimate). We consider Setling Setting or Setting @ For every k €
(min{d, o}, 1) in the case of Setting and k € (, 1) in the case of Settings and@ and for every constant
C >0, there e:cis some X € (0,1), € > 0 and ¢ > 0, such that

ro+®<e and |(Dt)ag,ro| + |(W)ag,re| < C (6.26)
imply _
B(Arg) < AP + cp2mintoed
in the case of Setting[1] and
D(Arg) < NP + cr2™
in the case of the other settings.

Proof. W.lo.g., we assume ® > 0 and § > « if we consider Setting [2] and [3] Moreover, we use the following
abbreviations

& = (Du)gg.ro » C = (W)zg,ro 5 A= sz(f) , v(z) =u(r+x9) —(—&x forall z € B, .

The shift in the argument of v has technical reasons and does not have significant effect since x — u(z + xg)
still locally minimizes the functional w — fV—xo Ff(Dw) + g(z 4+ z¢, w) dz suitably, and the corresponding
zero-order term still satisfies .

In order to apply Lemma[6.15 on A, we have to ensure that the corresponding assumptions are satisfied via
Lemmas [6.21| and [6.22} The upper bound of |A| in Definition is realized by SUpgN m ID2f|. Since in
both Settings|l|and [2[ f is assumed to be 2-strictly quasiconvex, the second assumption in is ensured by
Lemma In Setting the boundedness of |[¢| by C and the local ellipticity give the required estimate.

Since ® is assumed to be controlled, it remains to show | f;; A(Dv,Dy)dz
o

< 5AS||DQO||LOQ(BP7]RN><m) for

suitable 64 > 0, s € (0,1] and for all ¢ € W™ (B,,, RY), in order to fit the premises of Lemma To
this end, we apply Lemmas and which yields

o*
<cl][ dz + VUK (P)P +  + 1§
B

Since (v)o,r, = 5 (o) u(z) —x — (dor =& f;  wdx =0, the Sobolev inequality in the case m > 3 yields
70 70

2 =
][ dzr<c ][ |Dv|?dx .
B B,

In the case m = 2, we find p € [1,2) with p* = 2*, then the Sobolev and the Hélder inequalities imply

2
][ dz < crg 27 / |Dov|? da < crg ][ |Dv|? da =c ][ |Dv|? da
B B, B, B,

1

In the case m = 1, the Sobolev embedding implies v € C%2(B,,, RY) with

wp ) —v)

a£yeByy A/ |T — Y|

Furthermore, since (v)g -, = 0, we find y € B,, with v(y), which leads to the estimate

2% 9% 27 2
][ de <rg? sup |v(z) —v)* <cry 2 / |Dv|? dz =c ][ |Dv|? dz .
B z€Br, By, By

**All constants depend on m, N, 3,q,I'3,C,x and f in all settings. The number & additionally depends on « and the choice
Uc. In the case of Setting [I] all values also depend on I'q, which is replaced by [ullyco (v, gy and by [lullyy1,00 in the other
settings, respectively.

To

”DQOHLOO(B,,.O(xo),]RNXm) . (6.27)

][ A(Dv,Dyp)dz
B,

70

v

To

0

2*
2% 2 2z
v

To

70 0

< C||Dv||L2(BTO,RNX’HL) .

v

To

70
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Hence, in all cases, (6.27)) turns into
(6.28)

][ A(D’U, D(p) dz| < C1 |:(I)27 —+ \/UK(q))(I) + o+ ’I“g:| ||D(pHLoo(BT0(:L.D)7RN><7n) .
Br,
In the following, we consider €4 € (0, 1] to be fixed later and the corresponding d4 from Lemma Then

we define s := v/® + %%7“8‘, such that (6.28) turns into

2*—1 1
< |:C1 <\/L{K(@) + \/6+ b2 ) + 2§A:| S ||DSD||LO<>(BT0(1:0),IRNX7H.) .
2%—1

) < 304, which

][ A(Dv,Dy)dx
B

0

Due to ([6.26)), we can make ¢ € (0,s) small enough such that ¢, (w/L{K(@) + VO + @

yields
A(Dv, D) dz| < 045 [DepllLee B, (20) RN xm)

B,
for all ¢ € W(l)’oc(BTO,IRN ). Thus, we can finally apply Lemma which ensures the existence of some
A-harmonic function h € C*(B,,, R") and some constant co > 0, which satisfy

—sh
sup |Dh| 4 ro sup |D?h| < co and ][ v ‘ dr < s%c4. (6.29)
ro Brg Brg o
2 2 2
Now, for A € (0, 1] and £4 := A™** it holds that
2 2 2

v — sDh(0)x — sh(0) dz < 2 ][ v —sh dr+ 25 sup h(z) — h(0) — Dh(0)x .
4m)\m+2 B To IGBQ)\TO 2)\7’10

AT 0 T
2

\%E;2)\7"0

Since the mean value inequality produces the bound
|h(x) — h(0) — DR(0)z| < sup |D2h|(2Mr0)? < 4caA?rg

Baarg

for all € Baar,, by (6.29) we obtain

— sDh(0)x — sh(0) |
][ v = sDh(0)a S()‘ dm<c(%+)\2)52<c/\252. (6.30)
Baarg AT A
Since (6.29) implies |h(z) — h(0)| < cro for all z € Bro, the triangle inequality yields
|h(0)* < c ][ |n)?de + 12 | < % ][ |v — sh|? dx + ][ lv|da | +crd.
Brg s Brg Brg
2 2 2
Now, the second inequality of (6.29), €4 < 1 and the Poincaré inequality guarantee
h(0)* <c (5,47"3 + 720 + 7“8) ,
which, together with (6.26)) and the choice of €, gives ® < v/® < s, hence,
(6.31)

RO < erd.

In fact, we can bound |£ + sDh(0)| + |¢ + sh(0)| by a constant cz. According to Lemmas and 6.19] we

can then find another constant c4 > 0, such that the corresponding estimates are satisfied for all e¢ € (0, 1]
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instead of €, and for the function v := v — sDh(0)x — sh(0) instead of v. Combined with Remark we

obtain
2 2% = 2% {5,a}
~ ~ 2% ~ A 2 min{J,a
D(Arp) <][ |D3|2dx <cy ][ — | dz+ec ][ dz +][ — der%
Barg Baarg ATo Baxrg ATo Baarg ATo 5?

The definition of © and the triangle inequality yield

2
O(Arg) <c ][ dz+ec [ A% ][
Baxrg B 0

2 min{J,a 2 2*
# O o (SO a5 (A4 pongoy ] ~

e -5 >\’l"0 )\To
C

o
dx

v

To

)\7"0

o I =
dz 4+ A2 ][
B

To

70

The latter can be estimated with (6.26)), (6.30), (6.31) and the Sobolev inequality or Poincaré and Holder
inequalities, respectively. This results in

" * B . K ok
B(Arg) < c |:)\2S2 HecATFM 2R L AT DT e T (Arg)?mintied 4 oA 22 4 A2 } :

With ® < s?, we can sum up some terms and obtain

f - __8_ .
d(\rg) < cs [()\2 FecA T2 T2 g2 ) +el” " ()\ro)2mm{‘5’“}} )

Finally, we fix the parameters. To this end, we choose A, ¢ and ¢ in that order small enough such that
6esA2 < AP, BesecA TN and 6egs® IATTTE <A

Exploiting the choice of s, in particular, that s? < 2 (<I> + %r%"‘) <2 (@ + %rg min{é’a}>, we find

1 -2 i min{d,x
(I)()\To) < 5)\2#;82 +C55027ﬁ ()\TO)Qmm{é,a} < )\2/{(1) + CTS {4, }
Taking into account the choice of § in case of Setting [2] and [3] the claim is proven. O

The previous Lemma prepares the following main excess estimate, which uses a standard induction argument.

Lemma 6.26 (Second excess estimate). We consider Setting or[d For every k € (min{é,a},1) and
C > 0, there exist valueﬁﬁj € € (0,1] and ¢ > 0 such that, whenever

7o+ P < e and [(4) zg.ro | + (DU gy 1| < C (6.32)

are satisfied, then it holds that

2K
@(p)@[(p) <I>+p2mi“{av6}] for all p € (0,7o].
T

In the cases of Settmgs@ and@ the statement remains valid with the only difference that min{d, o} is replaced
by a.

Tt The constants both depend on m, N, 8, q, I'g,Tq,k,C and f. The value € additionally depends on « and the exact choice of
Uc. If Settings or are considered, I'q is replaced by ||ul|co(y,gnvy and by [[ullw1,cc, respectively.
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Proof. We again consider § > « for Settings [2] and [3] Since x is chosen as in Lemma [6.25] we can find A, eg
and cg accordingly, where C' in Lemma [6.25|is replaced by 4C'. Furthermore, we can make ¢ € (0,eg) small
enough such that the smallness assumption (6.32)) implies

ro+ e ™M Lo < ep (6.33)
min{,8}
v (‘f o w\(/filgmm{mé}) <c, (6.34)
ﬁ ro (VEE +2C) < C, (6.35)
for the specific constants ¢1 := yzmmrasr—es and cg from the Poincaré inequality for p = 1 on balls, which
only depends on n. Now, we claim that
@(Akro) < NkED 4 cl(Akro)Qmin{o"‘s} for all k € INg . (6.36)

Once (6.36]) is established, we find for every p € (0,7¢] an integer k € Wy such that MNetleg < p < Mg,
which, together with (6.33)) and (6.36]), implies

p
< ATmD(NFrg)

<A™ (/\2knq> _i_cl()\k,ro)Qmin{a,zi})

D(p) < (Akro ) " B(\erg)

< )\—m—ZR max{l,cl} ()\Z(k—&-l)nq) + ()\k+1r0)2min{a,6})

2K
c <<p> (I)+p2min{a75}> )
To

Thus, it is left to show (6.36]) via induction. To this end, we extend the claim by

N

Nerg + ®(Nro) < ep, (6.37)
(D) gy ey | < 2C, (6.38)
|(u)$0,)\k’r‘0| < 20 (639)

(6.32)) and the choice of . The estimate (6.36)) follows straightforwardly in this case. Now, for the main step
in this proof, we assume that (6.36)—(6.39) hold true for all k& € {0,...,ko}. Since with (6.37)—(6.39) the
requirements of Lemma [6.25| with A\*r( instead of 7o (and still with 4C instead of C') are satisfied, we find

for all k£ € INy. For k = 0, the inequalities (6.37)), (6.38) and (6.39) follow from the smallness assumption

(I)(/\k°+l7“o) < /\QA(I)(/\ICOTO) _|_CE(/\kor0)2min{a,5}.
Together with (6.36) and the definition of ¢1, we conclude
(I)()\k0+17“0) < )\2n(k0+1)q)(,r,0) +c (/\koro)2 min{a,d})\Qn + CE()\kOTQ)Q min{c,0}

K min{« )\2H
< A’ (kOJrl)(I)(TO) + CEO"COTO)2 oo} <>\2 min{a,6} _ )2k + 1)

_ )\2%(1604-1)(1)(7.0) + Cl()\k0+1r0)2min{a,6} ,

which gives (6.36) for £ = ko + 1. Inequality (6.37)) for kK = ko + 1 then follows with A < 1 and (6.33)). To
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show (6.38]), we apply the Cauchy-Schwarz inequality and equation (6.36)) for all k£ € {0,...,ko} and obtain

‘(Du)ffg7)\k0+l Du Zo 7’0 Z | Du xo Ak+lpg — (Du)mo,)\kro‘

][ |Du— (Du) IO’/\kTO| dx
Byk+1,, (o)

k=0
. ko
SN N e () )
k=0
\/5 \/a’rg]in{a,é}

< +

)\m (1 _ )\f'i) )\m (1 _ )\mln{a 6})

Taking (6.34)) and (6.32)), we conclude the claimed estimate. Showing (6.39) for k = ko + 1 takes a similar
approach. In particular, applying the Poincaré inequality and (6.38) for k£ € {0, ..., ko} provides

’(u)xo,kkl)*lro - ( IO,TO <A Z |u 930 Ak?“o' dz

< cz)\*mZ)\kro][ |Du| dz
k=0

B)\kro (ZE())

ko
<A ™S Mg ][ Dt — (D) xtrg | + | (D) ey | da

B)\kro (Io)

ko
<A™ Mg (1 [®(Nerg) + 20>
k=0

—m

1—-A

TQ(\/E“F 20) .

<C2

The claim can be concluded with (6.35) and (6.32). O

6.4 Partial regularity theorems for variational integrals

In this section, we state and prove the partial regularity of the minimizer u in all three settings and transfer
these results to more specific frameworks.

Theorem 6.27 (Partial regularity of local minimizers of ). Let all overall assumptions from Sectz’onm
hold true. If Settings[1], [3 or[3 apply, then it holds that

V\Vial =0 and  u € CLY (Vieg, RY),
where we define the open set Vigg := {x € V : liminf,« o ®(z,r) = 0, lim sup,~_o | (Du)zr| + |(1)e,r| < 00}
Remark 6.28. The Theorem remains true if we assume u € Wllo’i(V, RY) and replace |F[u]| < co by g(-,u) €

LL (V) and replace the conditions (6.4)), and (6.5)) with local Morrey spaces instead of the global ones.

loc
During the proof, we first show the weaker property u € Ch™in{edt (V. RN). In fact, as this implies
that v and Du are essentially bounded, Setting [2| applies. Hence, we are able to further lift this result
t0 u € CL% (Vieg, RY).

loc
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Proof. We first record that, for every function w € L¥ (V,RY), it holds lim,~ o fBT(w) |w —w(z)P dx = 0 for

loc
a.e. € V. As the latter holds for our minimizer u with p € [1, 2], we conclude |V'\ V| = 0.
For proving the stated regularity of u, we set to be § any number larger than « in the case of Setting [2]
and [3] respectively, such that min{e,d} = . With this is mind, we choose zg € Vie;. By definition, we can
define C := 1+ limsup, o [(Du)xy,r| + [(2)z,,+| € R and furthermore choose € € (0, 1] from Lemma for

K = M and C as just defined. According to the definitions of Vi, and C, there exists 7o € (0, %}
such that Ba,,(x0) is compactly contained in V' and such that

ro + 2M®(xg, 2r9) < € and [(Dw) gy ol + (W) zo,r| < C. (6.40)

In order to be able to apply Lemma [6.26] on a neighborhood of x(, we exploit the continuity of the function
z = |(Du) g ro| + [ (W) | to choose some 71 € (0, 7] such that

(D) g,re| + (W) g | < C for all x € By, (x0) . (6.41)

For extending the first estimate of (6.40), we apply Remark which yields
O(z,79) < / Dy — (D) oy 20 |2 dz < 2™ ® (0, 2770) -

Brg ()

Thus, with (6.40) we have
ro+ ®(z,r) < e for all x € By, (x0) . (6.42)

Together with (6.41]), we are in the position to apply Lemma to obtain

1+min{a,é}

r 2min{a,0}

9 ) r ? . °

d(x,r)<c ((T ) O(x, 1)+ 71 ) for all x € B, (x0) and all r € (0, 7] (6.43)
0

Since a < 1, we can refine the previous inequality to
1—min{c,0} .
r . _ .
@(iC,?") <c < 1+min{a’5}5 + 1) 712 min{c,5} <c (7'0 len{a,é}g + 1) 7'2 min{ca,d} 7
To

where we exploited (6.42) once again. Finally, we can apply Corollary to obtain that (Du)* belongs to
gomin{ed} (B (z0), RN*™) which implies u* € Cmin{end} (B, (20), RY). By the choice of zq, we conclude

loc loc
that u* € Cllo’?m{a’é}(Vreg, RY), which proves the claim for Settings [2 and
In the exceptional case of Setting we have to rule out the possibility that u* € Cllo’i(Vmg, IE{N)\Cllo’ZY (Vieg, RY).

First, we notice that the previous property still implies u € L (V, RY). By slightly restricting V' to a smaller

loc

domain, u satisfies all assumptions of Setting |2} which leads to u* € Cll(f(Vreg,IRN ) (first in the restricted

domain, and on V by an exhaustion argument), which completes the proof. O

Corollary 6.29 (Partial regularity for variational integrands with LP-Holder zero-order integrands). We

consider the Settings @ or@ with the slight adjustment that, instead of (6.4]), (6.5) and , we merely

P

assume I' € Lj .

Then the local minimizer u of F satisfies u € Cl’a(Vmg,IRN), where Viee 1s defined as in Theorem and

(V) for some p € %, oo|. Moreover, we assume p > Sq if m > 2 in the case of Setting|1|

loc
Beom i < 0o
a=d0eBp YP
25,  ifp=o0,8<1,

and any a € (0,1) if p=o00 and = 1.

Proof. We argue that the original conditions for I" from Theorem [6.27] are satisfied. To this end, we first
consider the case p < oo and n > 3. The assumptions on p ensure sg = WZ’M < % < p and then

Remarkimplies I € L2(V) C L#™m=58 % (V) = Leomto(2-00-)(V) for o = L2 Similarly, if n < 2,
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2* can be chosen large enough such that p > sg, which is possible due to the choice p > %
T € Lesmtss(2=8)a=8) (V) follows in this case as well.
In the case of Setting |1} p > s, implies ' € LP(V) C L%™ %% (V) C Loa™m~%4+2 (V) with Remark

where we consider 0 > 0 small enough (which exists since p > Tg > m).

> 1. Hence,

In any case, we are in the situation of Theoremw1th o= é B which leads to the corresponding claim.

Ifp=ocand f <1, Remarksays Lo°(V) = L™ (V) for all s € [1,00). Hence, T' € Lsm=s((2=0a=8)(}/)

and I' € Leam=3a4+29 (V) for a = % and suitable 6 > 0. As s was chosen arbitrarily, i.e., it can be replaced

17L . .
with sg and s,, respectively, Theorem |6.27| implies u € C, 277 (V, RY) in this case.
We turn to the remaining case p = co and § = 1. Since condition ([6.3)) weakens as 3 decreases, we can apply

the previous reasoning for oo = 265 with 3 € (0,1) being arbitrary close to 1, which results in u € Cllog‘(V RY)

for all @ € (0,1). O

The following functional is much more similar to G, but has more general zero-order integrands H, which
become more concrete in the very last statement of this subsection.

Corollary 6.30 (Partial regularity for functionals of the form G with generalized H). We consider Settings
@ or@ with N = 1, where we define the zero-order term of F in (6.1)) by

Y
—/ H(x,t)dt forallz €V andy € R
0

for H € Li, (V x R) satisfying [, ||H(x, -)|}.

considering a local minimizer v € WY2(V) of I, it holds that u € Cll(;?(Vreg), where Vieg is defined as in
Theorem [6-27 and where

s—17

dz < oo for some s € (1,00] and p € (mS oo}. Stall

s—1—ms

T, Ups<oo
o= 1—;, ifp<s=o0
v_l .
pel ifs<p=oc.

In the special case p = s = oo, it holds that u € Cloc( Vieg) for all o € (0,1).

Proof. As in the previous proof, we show that the conditions of Corollary [6.29 on ¢ are satisfied. For this,
we use the Holder inequality, which gives the estimate

Yy
/H(w,t)dt‘ ly— 9|
g

Thus, we set ¢ = 8 = == € (0,1] (where we identify =1 =1if s = 00) and I'(z) = ||H(, - )||Lsw), Which
is in LP(V) by assumptlon Moreover, p > follows from the choice of p, which implies p > sg = s, as
in the prev10ub proof in the case of Setting [1] i Now, we are in the situation of Corollary [6.29] which implies
U € CL% (Vig) With

s

< H @, )|

l9(z,y) — g(x,9)| = L*(R) -

1 ms
&pm_Sflff .
= ST if p,s < o
o= 1—% ifp<s=o0
s—1
ﬁzi_ﬂ, if s <p=o0,
and any a € (0,1) if s = p = 0. O

We conclude with the final version of the partial regularity result, which we will then apply to Massari’s
regularity theorem.

Corollary 6.31 (Partial regularity for functionals of the form G). We consider Settings @ or @ with
N =1, where we define the zero-order term of F by

Yy
—/ H(x,t)dt forallz €V andy € R
0
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for H € L?(V x R), p € (m+1,00|. In this case, a local minimizer u € WY2(V) of T is in the space
cb (Vieg), where Vieg is defined as in Theoremm and

loc

_ 1
a:% if p< oo and a€(0,1) arbitrary if p=oco.
p

Proof. The described situation matches Corollary @ with p = s. In particular, p > % is equivalent to

q_ms B
p > m+ 1 in this case. Since > T = P I()Tf 1), the conclusion follows from the application of the previous

result. O

6.5 The limit exponent of Massari’s regularity theorem

We now apply the results of this chapter to the original parametric problem.

Theorem 6.32 (The limit exponent of Massari’s regularity theorem). For a set A CR" of finite perimeter
in Q with local variational mean curvature H € LP(QY) in Q for p € (n,00], the following properties hold true:

i) The set 9*A N is relatively open in AL N Q.
ii) The set 9*ANKQ is an (n—1)-dimensional C** manifold for o = —1 if p < oo and for all a € (0,1) if
p=
iii) It holds H*((0A\G*A) N Q) = 0 for all s € (n — 8,n|, where we identify H* = H° for s < 0.

Proof. According to Theoremnand Proposmon it suffices to show that every local minimizer v € C!(V)
of the functional G is in C10C (V), where G is defined as

/\/1—|—|Vw e - / [ ane(@) Hy (2, 1) — Loy a@) H(2,)] 1.5 () dt da

for all w € WL2(V) and V and R as in Proposition To this end, we show that fg : R"™! - R, z —
\/1+ |z|? satisfies the assumptions on the first-order integrand f of Setting |3} Clearly, fg € C?*(R"!) has
at most quadratic growth. For positive definiteness of D? fg, we compute

€2+ 1) — (-8 1P

I1+[P) 202,
ST 1+ 1P

Difa(z) €€ = =
Jel) & e == Lpyt ENFDE

for all z,£ € R"~!, where 2z ® z denotes the dyadic product [z;2;]i j=1,... n. This leads to with ¢(K) :=

o ;{2) . Furthermore, as u € C}(V) € Wh(V), we are in the situation of Settingwith m =n—1, and
+ 2

p—n

may apply Corollary |6.31} We find u € C o (Vieg) with

loc

View = {x ev: hm\lnf@(x ,7) =0, limsup |(Du) | + [(W)zr] < oo} .
N0

Since w is in C'(V), it follows that each x € V is an (L?-)Lebesgue point of u and Du. In particular, Vi, =V
and the claim follows from Proposition [6.1] O

Remark 6.33. According to [81, Section 4], there exists counterexamples to Marssari’s regularity theorem for
a> L +n Hence, Theorem is optimal with respect to o and this optimality transfers to Corollary -
by Proposition
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