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Zusammenfassung

Konforme Feldtheorien (CFTs) und supersymmetrische Feldtheorien stellen spezielle
Klassen von Quantenfeldtheorien dar, deren Anwendungen von kritischen Phänomenen
und Confinement bis hin zur Quantengravitation im Rahmen der Holographie reichen.
Ihre großen Symmetriegruppen machen sie zu idealen Testklassen für theoretische En-
twicklungen und ermöglichen den Einsatz mächtiger und eleganter Methoden. Zu den
erfolgreichsten Ansätzen zählen dabei der konforme Bootstrap und die Integrabilität.

In dieser Arbeit unternehmen wir Schritte, diese zwei Methoden über ihre herkömm-
lichen Anwendungsbereiche hinaus zu erweitern, indem wir die konforme Symmetrie
durch endliche Temperatureffekte brechen und die Supersymmetrie durch Orbifold-
Konstruktionen reduzieren. Für Spin-Ketten, die aus N = 2-superkonformen Feldthe-
orien hervorgehen, welche durch Orbifold-Projektionen der N = 4-Super-Yang–Mills-
Theorie in vier Dimensionen gewonnen werden, verallgemeinern wir den Koordinaten-
Bethe-Ansatz durch die Einbeziehung von Fernwechselwirkungs-Korrekturen.

Im Rahmen des konformen Bootstraps entwickeln wir nach dem Brechen der konfor-
men Symmetrie durch die Formulierung der CFT auf einem d-dimensionalen Zylinder
ein analytisches Framework auf Basis von Dispersionsrelationen. Wir wenden diese
Methode auf verschiedene Theorien an, darunter große-N -CFTs in vier Dimensio-
nen. Darüber hinaus kombinieren wir diesen analytischen Ansatz mit bestehenden
numerischen Bootstrap-Methoden bei endlicher Temperatur, um neue thermische Ko-
rrelationsfunktionen in der dreidimensionalen Ising-CFT zu berechnen.



Abstract

Conformal field theories (CFTs) and supersymmetric field theories constitute special
classes of quantum field theories with applications ranging from critical phenomena and
confinement to quantum gravity via holography. Their large symmetry groups make
them ideal testing grounds for theoretical developments, enabling the use of powerful
and elegant methods. Among these, conformal bootstrap and integrability have proven
particularly successful.

In this thesis, we take steps toward extending these methods beyond their con-
ventional domains by breaking conformal symmetry through finite temperature effects
and reducing supersymmetry via orbifolding. For spin chains arising from N = 2 su-
perconformal field theories obtained by orbifolding N = 4 super Yang–Mills theory in
four dimensions, we generalize the coordinate Bethe ansatz by incorporating long-range
corrections.

On the conformal bootstrap side, after breaking conformality by placing the CFT
on a d-dimensional cylinder, we develop an analytic framework based on dispersion
relations. We apply this method to several theories, including large-N CFTs in four
dimensions. Furthermore, we combine this analytic approach with existing numerical
bootstrap techniques at finite temperature to compute new thermal correlation func-
tions in the three-dimensional Ising CFT.
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Chapter 1

Introduction

From a bird’s-eye view, fundamental theoretical physics seeks to understand the basic
forces of nature and the interactions they govern. In the modern picture, four fun-
damental interactions are known: electromagnetism, the weak interaction, the strong
interaction, and gravity. Ever since Maxwell unified electricity and magnetism within
a single theory of electromagnetism [5], physicists have been led by the conviction that
a deeper understanding of the laws of nature may be achieved by revealing how these
apparently distinct interactions arise from a more unified framework. The pursuit of
such unification has therefore become one of the central themes of modern physics.

However, this picture is only a simplified one. The development of modern physics
has been shaped by a sequence of profound unifications, each of which transformed
our understanding of nature. Among the most striking achievements of the twentieth
century were the development of quantum mechanics and relativity [6–8]. One of
the key insights that contributed to the emergence of quantum mechanics was the
unification of wave and particle concepts [9, 10]. This new framework radically changed
the classical view of nature as fundamentally deterministic and opened the way to
a deeper understanding of the microscopic world [11, 12]. Relativity, on the other
hand, revolutionized our conception of space and time by showing that they are not
independent entities but rather aspects of a single underlying structure: spacetime.

Immediately after these two great discoveries, Dirac succeeded in combining the prin-
ciples of special relativity with those of quantum mechanics [13]. The result of this
synthesis is quantum field theory (QFT), one of the most precise and comprehensive
frameworks currently available for describing physical phenomena. The second half of
the twentieth century was marked by the explorations that became possible within the
framework of QFT. Remarkably, QFT provides a common language for a vast range of
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subjects, from condensed matter and statistical physics to high-energy physics. More-
over, if gravity is set aside, the remaining three interactions, namely electromagnetism,
the weak interaction, and the strong interaction, are all successfully described within
the framework of QFT. More specifically, they are understood as gauge theories, and
their unification into the Standard Model stands as one of the great achievements of
modern physics, providing an extraordinarily successful description of the subatomic
world [14–16].

Yet, despite the extraordinary success of QFT and the Standard Model, one fundamen-
tal problem remains open: the construction of a consistent quantum theory of gravity,
indicating that an even deeper conceptual framework is required. Among the proposed
approaches, string theory stands out as one of the most elegant and potentially far-
reaching. In this framework, gravity emerges naturally within a quantum-consistent
setting, offering a compelling route toward unification. For this reason, it has long
been regarded as one of the leading candidates for a unified description of all fun-
damental interactions [17–19]. However, it remains an open question whether string
theory provides the correct description of quantum gravity for our nature.

A key insight underlying these developments is that physical theories are most natu-
rally understood in terms of the symmetries that govern them. This perspective, first
made precise in the seminal work of Emmy Noether [20], establishes a deep connection
between continuous symmetries and conservation laws. In modern physics, symmetry
principles play a central role in organizing our understanding of quantum field theories
and in enabling powerful computational techniques.

Despite the significant progress in our understanding of fundamental interactions, quan-
tum field theories remain notoriously difficult to analyze in general. In practice, exact
or controlled results can typically be obtained only in the presence of a large amount of
symmetry. Among the various possibilities, two types of symmetries play a particularly
important role in simplifying the study of quantum field theories: supersymmetry and
conformal symmetry.

Conformal field theories (CFTs) play a central role in contemporary theoretical physics,
with applications ranging from critical phenomena to string theory, and, via the holo-
graphic correspondence, to quantum gravity. One of the main reasons for their impor-
tance is the combination of this broad range of applications with a rich set of powerful
methods that exploit conformal symmetry [21–24]. The large symmetry group under-
lying CFTs allows for the use of a wide variety of techniques, including renormalization
group (RG) methods, integrability, conformal bootstrap, Monte Carlo simulations, and
tensor network approaches. In two dimensions, the infinite-dimensional Virasoro sym-
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metry further enhances this structure, enabling the exact computation of a large class
of physical observables.

Supersymmetric quantum field theories play an equally central role in modern theoreti-
cal physics, providing a powerful framework in which non-perturbative aspects of QFT
can be studied with remarkable precision. In particular, theories with extended su-
persymmetry, such as N = 4 supersymmetric Yang–Mills (SYM) theory, have become
paradigmatic examples due to their exceptional degree of symmetry and mathematical
structure. A key reason for their importance lies in the wide array of exact techniques
that supersymmetry makes available [25, 26]. These include supersymmetric localiza-
tion [27], which enables the exact computation of certain observables; integrability [28],
which allows for the determination of spectra and correlation functions; electromagnetic
duality [29], which relates strongly and weakly coupled regimes; and various 4d/2d cor-
respondences [30], which connect four-dimensional gauge theories to two-dimensional
conformal field theories. Together, these methods provide deep insights into the non-
perturbative dynamics of quantum field theories and continue to play a central role in
the study of strongly coupled systems.

High-energy theoretical physics has benefited greatly over the last fifty years from the
presence of these two symmetries. A paradigmatic example in which the superconfor-
mal symmetry group plays a crucial role is the AdS/CFT correspondence [31, 32]. The
AdS/CFT correspondence provides a powerful framework for studying strongly cou-
pled gauge theories through their dual weakly coupled gravitational descriptions, while
simultaneously offering deep insights into the nature of quantum gravity. As a concrete
realization of gauge/gravity duality, it relates maximally supersymmetric Yang–Mills
theory in four dimensions to Type IIB superstring theory in ten-dimensional spacetime.
Over the past three decades, the rich structure of superconformal symmetry, together
with a variety of powerful theoretical techniques, has enabled detailed investigations of
this correspondence, leading to numerous non-trivial checks and a deeper understanding
of its underlying principles.

At the same time, this reliance on symmetry presents a fundamental limitation. Al-
though superconformal field theories (SCFTs) provide a remarkable testing ground for
many of our modern theoretical ideas, they are not, in their most symmetric form, di-
rectly realized in nature. In particular, when compared with experimental observations,
such highly symmetric models are often too idealized to capture the full complexity of
physical systems. To make closer contact with reality, it is therefore necessary to con-
sider theories in which these symmetries are partially or completely broken.

At the same time, the powerful techniques developed for studying highly symmetric
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theories remain extremely valuable. A central challenge is therefore to understand how
these methods can be extended beyond the superconformal setting. In practice, this
involves systematically breaking supersymmetry and conformal symmetry and carefully
tracking how physical observables and theoretical structures are modified under such
deformations. In this way, one aims to retain as much analytical control as possible
while moving toward more realistic models of fundamental interactions [33–35].

There are many established techniques to break these symmetry groups. Among them,
the most studied approaches include adding operators to the Lagrangian to deform
the theory, keeping a symmetric Lagrangian but choosing a non-symmetric vacuum
(spontaneous breaking) [35, 36], or considering cases where quantum effects (anomalies)
break these symmetries. In this thesis, we use orbifolding to break supersymmetry,
which involves projecting the R-symmetry group to a smaller group using a discrete
group, and we place the CFT on a d-dimensional manifold that is not conformally
equivalent to flat space in order to introduce a scale.

Both of these deformations are well motivated and give rise to long-term research
programs. For the breaking of supersymmetry, orbifolding provides access to a large
portion of the theory space of N = 2 SCFTs. In this case, we focus on the diagonaliza-
tion of the Hamiltonian, which corresponds to computing the anomalous dimensions of
all single-trace operators at one loop. This problem, in the context of N = 4 SYM, was
solved using the coordinate Bethe ansatz (CBA) technique [37], and we extend this
method so that it applies to marginally deformed orbifold theories. We expect that
it can be applied to other N = 2 orbifold cases and further extended to incorporate
N = 1 orbifolds.

For the breaking of conformality, placing the theory on a d-dimensional manifold pro-
vides the simplest setup in which we can develop finite-temperature bootstrap tech-
niques [38] and compute additional one-point functions. By developing these tech-
niques, we move closer to addressing more complicated and physically relevant cases,
such as S1×Sd−1, for which we also have some preliminary results. We hope that these
explorations will guide us toward formulating CFTs in a way that is less dependent on
the special features of flat space and will allow us to probe phenomena such as phase
transitions and hydrodynamics.

To provide a detailed account of how we implement these ideas, namely the breaking
of these symmetries and the development of techniques to address the resulting novel
features, we summarize the structure of the thesis as follows.
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1.1 Summary of Thesis

In this thesis, we begin by reviewing the background material necessary to present our
contributions to the literature. We then turn to the two main chapters, which consider
the breaking of supersymmetry and conformal symmetry, respectively.

Background. Chapter 2 is divided into three sections, covering the three main top-
ics of this thesis: supersymmetry, conformal symmetry and thermodynamics. The
discussion of these topics is self-contained but not exhaustive.

In Section 2.1, we review the background material necessary to study supersymmetric
quantum field theories and briefly introduceN = 4 SYM. Since we focus on integrability
as the primary example of a technique that depends on the presence of supersymmetry,
we briefly present spin chains arising from N = 4 SYM. We then review the orbifolding
procedure to break supersymmetry and arrive at the theories that are the focus of this
thesis.

In Section 2.2, we cover the basics of conformal symmetry and describe the main
techniques essential for this work. The discussion of CFT includes the main tools such
as the operator product expansion, radial quantization, and aspects of the analytic
conformal bootstrap.

Lastly, in Section 2.3, we cover the basics of thermodynamics, in particular the Mat-
subara formalism. This provides the necessary framework for breaking conformality by
introducing temperature, and for discussing the fundamental aspects of the dynamics
that play an essential role.

Spin Chains Arising from N = 2 SCFTs Chapter 3 considers an N = 2 SCFT
obtained by systematically breaking the supersymmetry of N = 4 SYM, and develops
a long-range generalization of the CBA for this setup.

In Section 3.1, we introduce the novel properties of the marginally deformed Z2 orbifold
of N = 4 SYM.

In Section 3.2, we focus on a subsector of the spin-chain model arising from this SCFT
and present the limitations of the CBA in this context.

In Section 3.3, we introduce the long-range Bethe ansatz and solve the three-magnon
problem. We demonstrate that, by imposing additional permutation symmetry con-
straints, we are able to find a family of solutions with manifest permutation symmetry.
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In Section 3.4, we introduce the long-range ansatz for the four-magnon problem and
generalize the solution to this sector.

In Section 3.5, since the symmetry constraints used for the three-magnon solution
turn out to be insufficient to fully constrain the four-magnon solution, we explore the
connection between solutions with different numbers of magnons and derive a physical
limiting procedure to further constrain the solution.

In Section 3.6, we apply the conditions derived from the limiting procedure to the special
solution of the four-magnon problem and obtain a particular family of solutions.

In Section 3.7, we apply the Yang operator formalism to the special solutions of the
three- and four-magnon problems and demonstrate the manifest permutation symmetry
in detail.

In Section 3.8, we impose periodic boundary conditions on the two- and four-magnon
solutions and show that the long-range solution developed in this thesis is compatible
with these boundary conditions.

Conformal Field Theory at Finite Temperature In Chapter 4, we change gears
and consider the breaking of conformal symmetry by placing it on a d-dimensional
cylinder.

In Section 4.1, we introduce the finite-temperature setup and consider the most funda-
mental aspects of CFTs on d-dimensional cylinders.

In Section 4.2, we present the analytic structure of the correlators at finite temperature
and construct a dispersion relation with it. After obtaining the main analytic bootstrap
results, we apply them to various examples like GFF models and the O(N) model.

In Section 4.3, we apply the dispersion relation technique developed in the previous
section to holographic setups. In this case, the holographic setup brings new challenges
like OPE coefficients with poles and we overcome these challenges in the framework we
developed previously.

In Section 4.4, we combine the results of the analytic bootstrap with the sum rules de-
rived from the KMS condition. In this way, we are able to compute thermal correlation
functions for the 3d Ising model.
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Chapter 2

Background

QFTs are a central part of our current understanding of physics. Although there are
several ways to formulate a QFT, these theories remain notoriously difficult to study.
Their symmetries provide one of the most powerful tools for organizing their structure.
In special cases where the symmetry algebra is especially large, one can derive strong
constraints and obtain detailed information about the properties of the theory.

In this thesis, we focus on two important examples of such extended symmetry algebras:
supersymmetry and conformal symmetry. Both profoundly reshape our perspective
on QFTs and enable the development of powerful and far-reaching methods for their
analysis. Therefore, in this chapter, we review the basic features that characterize these
two special classes of QFTs and briefly discuss some of the powerful tools that emerge
in the presence of these symmetries. This review is not intended to be exhaustive and
is largely guided by the existing literature; further details can be found in [39–43].

First, we consider the supersymmetry algebra and its representations. We then focus
on maximally supersymmetric Yang–Mills theory in four dimensions to demonstrate
how integrable spin chains arise in this context. Before turning to conformal symme-
try, we review the orbifolding procedure, which partially breaks supersymmetry and
yields theories with reduced supersymmetry. Next, we review the conformal symme-
try algebra and its representations. We focus on the radial quantization picture, which
makes many features of conformal symmetry, such as the state-operator correspondence
manifest. We conclude this part by discussing aspects of the conformal bootstrap, both
from numerical and analytical perspectives, to set the stage for the breaking of confor-
mality by temperature. Finally, we review various aspects of interacting QFTs at finite
temperature.
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2.1 Supersymmetric Field Theory

Even though supersymmetry has not yet been observed experimentally, it remains a
powerful framework for the rigorous study of non-perturbative phenomena in quantum
field theory. Remarkably, supersymmetry constrains the dynamics of a quantum field
theory so strongly that certain strongly coupled regimes become exactly computable.
This does not imply, however, that supersymmetric quantum field theories are devoid
of interesting phenomena. On the contrary, they provide an important class of toy
models that allow us to explore regimes of quantum field theory where analytic control
would otherwise be very limited.

A particularly celebrated example is the study of confinement. Although a first-
principles understanding of confinement in QCD remains out of reach, there exist
supersymmetric gauge theories closely related to QCD in which confinement can be
demonstrated analytically. A prominent example is the celebrated Seiberg-Witten so-
lution of N = 2 supersymmetric gauge theories [44, 45].

Another remarkable achievement of supersymmetry is the deep and unexpected connec-
tions it has revealed between quantum field theory and various areas of mathematics.
Unlike many other areas of physics, supersymmetric quantum field theories can often
be studied with a high degree of mathematical rigor, which has led to several striking
contributions to mathematics. Among the most celebrated examples is the develop-
ment of new perspectives on Morse theory and index theorems following the seminal
work of Witten [46]. In this work, rather than merely uncovering an interesting rela-
tionship between physics and mathematics, Witten introduced a new analytic method
for proving and understanding Morse theory, now known as the Witten deformation of
the de Rham complex. Conversely, ideas from index theory have also led to important
physical insights; for instance, they play a central role in the understanding of quantum
anomalies [47].

In this section, we briefly review the supersymmetry algebra and some of its basic
consequences. We then focus on maximally supersymmetric Yang–Mills theory in four
dimensions to illustrate one of the powerful tools made possible by supersymmetry in
this context. Later in this thesis, we reduce the amount of supersymmetry and adapt
this tool to study theories with less supersymmetry.
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2.1.1 Supersymmetry Group

To define the supersymmetry group (more precisely, the super-Poincaré algebra) in a
simple manner, we consider the Lorentzian analogue of the rotation group, given by
SO(1, d − 1).1 Combining this group with the translations (2.2.9) yields the Poincaré
group, which serves as the symmetry group of a relativistic quantum field theory.

To study spinor representations in this setting, we must consider the double cover of
the Lorentz group. In four dimensions, for example, we have

SO(1, 3) ∼= Spin(1, 3)/Z2 . (2.1.1)

At the level of Lie algebras, this can be expressed as

so(1, 3) ∼= su(2)⊕ su(2) , (2.1.2)

such that the spinor generators decompose into left-handed and right-handed compo-
nents, corresponding to the two su(2) factors.2

The Lorentzian signature slightly modifies the commutation relations between the sym-
metry generators.3 In particular, the Lorentzian version uses the Minkowski metric

ηµν = diag(+1,−1, · · · ,−1) . (2.1.3)

In this case, the Poincaré algebra is defined in terms of the commutation relations,

[Mµν , Pρ] = i (ηνρPµ − ηµρPν) , (2.1.4)

[Mµν ,Mρσ] = i (ηνρMµσ − ηµρMνσ + ηµσMνρ − ηνσMµρ) . (2.1.5)

A natural question to ask is whether we can extend this symmetry algebra by gener-
ators that have non-trivial commutation relations with the generators of the Poincaré
algebra. It was proven in [48] that under certain physical assumptions such as non-
trivial scattering and a finite number of particle types below any fixed energy, the
symmetry algebra of an interacting relativistic quantum field theory in spacetime di-
mension greater than two factorizes into a direct product of the Poincaré algebra and
an internal symmetry algebra (Poincaré × Internal). Crucially, the Coleman-Mandula

1The Euclidean rotation group will be discussed in Section 2.2.
2Here we refer to the chirality of the spinor generators. Below, when discussing massless represen-

tations of the Lorentz group, we will treat chirality and helicity as equivalent. This equivalence does
not hold for massive representations.

3Recall that the Euclidean version of these generators appeared in (2.2.16).
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theorem concerns a QFT with a mass gap.4 Indeed, when there is no mass gap in
the IR, the Poincaré symmetry can be extended, and this is the focus of Section 2.2.
Another important loophole of the Coleman-Mandula theorem is that it assumes the
symmetry generators form a Lie algebra. Supersymmetry is possible because of this
loophole, since it is characterized by a Z2-graded Lie algebra.

This structure is achieved by adding a left-handed Weyl spinor Qα and its right-handed
counterpart, where α = 1, 2 in four dimensions, exactly because of the relation given
in (2.1.2). These generators are called supercharges. In this case, the generators satisfy
the anti-commutation relation,5

{Qα, Q̄α̇} = 2σµ
αα̇Pµ , (2.1.6)

where σµ
αα̇ is a component of the gamma matrices that generate the Clifford algebra.

Combined with the commutation relations given in (2.1.4) and (2.1.5), the supersym-
metry algebra consists of

[Mµν , Qα] = (σµν) β
α Qβ [Qα, Pµ] = {Qα, Qβ} = 0 , (2.1.7)

together with the right-handed version of these commutation and anti-commutation
relations. Like the Poincaré algebra, all internal symmetries must also commute with
the supercharges, with one exception. The R-symmetry generators commute with the
Poincaré algebra generators, but they do not commute with the supercharges6,

[R,Qα] = −Qα , [R, Q̄α̇] = Q̄α̇ . (2.1.8)

This completes the review of the supersymmetry algebra. By taking the supercharges
into account, we obtain a QFT that remains invariant under the exchange of bosons
and fermions. Schematically, we can summarize this as

Q |fermion⟩ = |boson⟩ , Q |boson⟩ = |fermion⟩ . (2.1.9)

We now turn to the classification of the states of a supersymmetric field theory. Since
our interest lies in superconformal field theories, we restrict our attention to massless

4More precisely, the Coleman–Mandula theorem relies on a collection of assumptions about the
existence of a non-trivial relativistic S-matrix, the analyticity and non-degeneracy of scattering am-
plitudes, and the structure of the particle spectrum, in particular that there are only finitely many
particle species below any fixed mass.

5This anti-commutation relation is very powerful. Already at this level it implies that the energy
of any state in a supersymmetric theory is necessarily positive, ⟨ϕ|P0|ϕ⟩ ≥ 0.

6Note that these are the commutation relations for U(1) R-symmetry. For extended supersymmetry,
the R-symmetry group must also be extended and the commutation relations adjusted accordingly.
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representations. Because the symmetry algebra under consideration is non-compact, it
does not admit finite-dimensional unitary representations. Consequently, the analysis
of particle states is performed by first working in a convenient reference frame and
subsequently generating the full set of states by applying Lorentz transformations.

To determine the massless representations of the supersymmetry algebra, we choose
the momentum of the state to be

pµ = (E, 0, 0, E). (2.1.10)

We fix a reference frame for arbitrary E ∈ R. This corresponds to a null momentum
vector and therefore describes a massless particle. This is simply a convenient choice
of frame, since any null momentum can be brought to this form by an appropriate
Lorentz transformation. The subgroup of the Lorentz group that leaves this momentum
invariant is the little group, which in this case reduces to SO(2), generated by M12.

With this choice of momentum, the essential supersymmetry algebra anti-commutation
relation given in (2.1.6) simplifies to

{Qα, Q̄α̇} = 4E

(
1 0

0 0

)
αα̇

. (2.1.11)

This suggests that we can interpret the operators Q1 and Q̄1̇ as fermionic annihilation
and creation operators and use them to build the states of the theory. Depending on
the number of supercharges a = 1, · · · ,N , we can start with a Clifford vacuum,

|λ⟩
Q̄1

1̇−→ |λ+
1

2
⟩

Q̄2
1̇−→ · · ·

Q̄N
1̇−−→ |λ+

N
2
⟩ , (2.1.12)

where the increase by 1
2

refers to the helicity charge arising from the commutation
relation between M12 and the supercharges given in (2.1.7). Since helicity is flipped by
CPT, we must always include both |λ⟩ and |−λ⟩ states in order to construct a physical
theory. Therefore, when we count the number of states, we add the CPT conjugates
when necessary and obtain

n = 2N ×
{
1 if the multiplet is CPT complete
2 if the CPT conjugate has to be added

. (2.1.13)

All states with a given helicity in (2.1.12) that are related to each other constitute a
supersymmetric multiplet. In four dimensions, allowing for all possible helicities, the
different multiplets are summarized in Table 2.1.7

7We restrict to helicity ≤ 1 because we are interested in renormalizable interacting quantum field
theories in four dimensions. Such theories cannot consistently contain massless particles with spin
greater than one. More generally, interacting massless particles with spin s > 1 cannot exist in a local
QFT unless the theory includes gravity [49].
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N = 1 N = 1 N = 2 N = 2 N = 3 N = 4

λ ≤ 1 vector chiral vector hyper vector vector
1 1 0 1 0 1 1
1/2 1 1 2 1+1 3+1 4
0 0 1+1 1+1 2+2 3+3 6
−1/2 1 1 2 1+1 1+3 4
−1 1 0 1 0 1 1

Total # 2× 2 2× 2 2× 4 2× 4 2× 8 16

Table 2.1: All possible massless supersymmetry multiplets in four dimensions with
numbers of massless states as a function of N and helicity λ ≤ 1.

A very convenient way of organizing supersymmetric multiplets is through the N = 1

superspace formalism. In four spacetime dimensions, the superspace coordinates are
obtained by extending the ordinary spacetime coordinates as

xµ → (xµ, θα, θ̄α̇), α, α̇ = 1, 2. (2.1.14)

Here θα and θ̄α̇ are Grassmann coordinates. They commute with the Minkowski coor-
dinates xµ but anticommute among themselves,

θαθβ = −θβθα, θαθ̄β̇ = −θ̄β̇θα. (2.1.15)

In superspace the supercharges appearing in (2.1.6) can be represented as differential
operators acting on both the spacetime and Grassmann coordinates. Using these co-
ordinates, the component fields of a supersymmetric multiplet can be combined into a
single object called a superfield.

The most general superfield in N = 1 superspace has the expansion

Φ(x, θ, θ̄) = ϕ(x) + θψ(x) + θ̄χ̄(x) + θ2F (x) + θ̄2G(x)

+ θσµθ̄ Aµ(x) + θ2θ̄ λ̄(x) + θ̄2θ ρ(x) + θ2θ̄2D(x). (2.1.16)

The component fields appearing with an even number of Grassmann coordinates, such
as ϕ, Aµ, and D, are bosonic fields transforming in various representations of the
Poincaré group. The remaining components are fermionic fields transforming in spinor
representations of the Poincaré group. By imposing additional constraints on a su-
perfield, one can obtain superfields with fewer component fields, and therefore shorter
supersymmetric multiplets.
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Before concluding the discussion of the superspace formalism, we note that supersym-
metric Lagrangians can be constructed by integrating over the Grassmann coordinates
of superspace, ∫

d2θ, d2θ̄ K(Φi, Φ̄ī),

∫
d2θ W(Φi). (2.1.17)

The first expression corresponds to an integral over the entire Grassmann superspace.
It generates the kinetic terms of the theory and may also produce non-renormalizable
interaction terms containing derivatives. The function K(Φi, Φ̄ī) is known as the Kähler
potential.

Renormalizable, non-derivative interaction terms arise instead from integrating over
half of the Grassmann coordinates, as in the second expression. This produces holo-
morphic terms determined by the function W(Φi), which is called the superpotential.
The superpotential plays a central role in characterizing the interactions of a super-
symmetric theory.

Superconformal symmetry. Supersymmetry can be consistently combined with
conformal symmetry, leading to an enlarged symmetry algebra known as the super-
conformal algebra.8 In addition to the generators of the conformal algebra, it contains
the supersymmetry generators Q together with the conformal supercharges S, result-
ing in twice as many fermionic generators. Operators in a superconformal field theory
organize into representations of this algebra, known as superconformal multiplets.

These multiplets are built from a superconformal primary operator, defined as an opera-
tor annihilated by the special conformal generators Kµ and the conformal supercharges
S. The remaining operators in the multiplet are obtained by acting with the super-
symmetry generators Q and the translation generators Pµ. From the point of view
of the conformal algebra, a superconformal multiplet decomposes into several confor-
mal multiplets that are related to each other through the action of the supersymmetry
generators [43, 50, 51].9

Once the possible multiplets for different supersymmetry groups, listed in Table 2.1,
and their superfield representations are established, one can construct Lagrangians from
the restricted set of terms allowed by supersymmetry, namely the Kähler potential and
the superpotential. From this analysis one finds that the Lagrangian N = 4 theory

8This point will become clear after Section 2.2.
9Depending on the representation, additional shortening conditions may arise, leading to shorter

or protected multiplets.
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is unique up to the choice of gauge group. It is widely believed that there are no
other interacting four-dimensional quantum field theories with N = 4 supersymmetry
besides N = 4 SYM. Moreover, N = 4 SYM is conformally invariant since its beta
function vanishes, a property ensured by the large amount of supersymmetry present
in the theory.

The situation is considerably more complicated for N = 2 theories, as the landscape of
possible theories becomes very vast. In [52], the building blocks of Lagrangian SCFTs in
four dimensions were classified. According to this classification, each Lagrangian SCFT
can be represented by a quiver diagram consisting of nodes, boxes, and lines connecting
them. These elements correspond to gauge groups, flavor groups, and hypermultiplets
transforming in representations of these groups, respectively.

In addition, these SCFTs can be deformed by terms of the form mQQ̃10, which break
conformal symmetry while preserving N = 2 supersymmetry; such deformations are
referred to as mass deformations. The only marginal deformations they admit arise
from the conformal multiplet containing the operator tr(ϕ2).

According to this classification, orbifold theories span a large portion of the landscape
of Lagrangian N = 2 SCFTs. They are also connected to many other theories in the
N = 2 landscape through various deformations, of which we have only mentioned a
small subset, namely mass deformations and marginal deformations. For this reason,
after demonstrating the powerful techniques of integrability applied to N = 4 SYM in
the next section, we will turn our attention to orbifold theories. We will then explore
the fate of these integrability techniques as supersymmetry is reduced from N = 4 to
N = 2 via orbifolding and as we move along the conformal manifold (a subsector of
the landscape) through marginal deformations.

2.1.2 N = 4 Super Yang–Mills

One of the most symmetric quantum field theories in four dimensions is maximally
supersymmetric Yang–Mills theory, which possesses four independent sets of super-
charges.11 The field content of N = 4 SYM consists of a gauge field Aµ, six real scalar
fields ϕi, and four Majorana fermions ψ, all transforming in the adjoint representation
of the gauge group. The action is

10Here, Q and Q̃ refer to distinct hypermultiplets in conjugate representations of the gauge group.
11In four dimensions, N = 4 supersymmetry corresponds to 16 real Poincaré supercharges. Since

the theory is also superconformal, it contains an additional set of 16 conformal supercharges, yielding
a total of 32 fermionic generators that form the superconformal algebra.
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SN=4 =
1

g2YM

∫
d4x tr

[
−1

2
FµνF

µν −DµϕiD
µϕi

+ iψΓµDµψ + ψΓi[ϕi, ψ] +
1

2
[ϕi, ϕj][ϕi, ϕj]

]
(2.1.18)

where the field strength Fµν and the covariant derivatives Dµ are defined in the usual
way:

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ] ,

Dµϕi = ∂µϕi − i[Aµ, ϕi] , Dµψ = ∂µψ − i[Aµ, ψ] .
(2.1.19)

This theory is also manifestly conformally invariant. The theory also enjoys an su(4)R ≃
so(6) R-symmetry under which the six scalars transform in the vector representation.
As shown in Table 2.1, theN = 4 supersymmetry algebra admits a single short massless
representation, namely the vector multiplet. No other multiplets are allowed, imply-
ing that the theory is uniquely determined up to the choice of gauge group G. All
fields transform in the adjoint representation of G, and gauge-invariant local compos-
ite operators can be constructed by taking traces of products of fields that transform
covariantly under the gauge group, e.g. O = tr(ϕ1ϕ2F

2 . . .). In addition to such single-
trace operators, one can also form multi-trace operators by taking products of traces,
for example tr(ϕ1ϕ2) tr(ϕ3ϕ4).

In the superspace formalism, the superpotential of this theory can be written as

W =
i g

3!
ϵijk Tr

(
ΦiΦjΦk

)
. (2.1.20)

Here Φi denote the N = 1 chiral multiplets obtained by expressing the N = 4 vector
multiplet in N = 1 superspace. These chiral multiplets contain the complex scalar
fields

X ≡ Φ1(x, θ = 0) = ϕ1 + iϕ2 , Y ≡ Φ2(x, θ = 0) = ϕ3 + iϕ4

Z ≡ Φ3(x, θ = 0) = ϕ5 + iϕ6 . (2.1.21)

The six real scalar fields ϕi can be interpreted as parametrizing the transverse directions
of type IIB string theory, in which N = 4 SYM arises as the low-energy effective theory
on a stack of N coincident D3-branes. Here, N denotes the rank of the gauge group G.
From this perspective, the action (2.1.18) can be obtained via dimensional reduction
of ten-dimensional N = 1 SYM to four dimensions.

An alternative realization of N = 4 SYM arises from considering type IIB string theory
on AdS5×S5. In this setup, the gauge theory is defined on the conformal boundary of
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AdS5, leading to the celebrated AdS/CFT correspondence [31]. This perspective will
play a central role in this thesis, and a more detailed discussion will be presented in
Section 4.3.1.

N = 4 SYM with ’t Hooft coupling λ = g2YMN is weakly coupled when λ ≪ 1. The
limit N → ∞ is known as the ’t Hooft (or planar) limit, in which gYM → 0 and
N → ∞ while the ’t Hooft coupling λ is kept fixed [53]. In this limit only planar
Feynman diagrams contribute to correlation functions. As a consequence, interactions
that lead to the splitting and joining of traces are suppressed. It is therefore sufficient
to consider operators with a fixed number of traces, such as single-trace operators.

Taking the planar limit significantly reduces the combinatorial complexity of Feynman
diagrams, changing their growth from factorial to exponential. As a result, the radius
of convergence of the perturbative series becomes finite. This regime will be the main
focus of Section 3.12

Spectral problem. As discussed above, we work in the limit gYM → 0 and N →∞.
In this regime the spectral problem consists of determining the spectrum of conformal
dimensions ∆ of local operators. The difference ∆ − ∆(0) between the full conformal
dimension and the classical one is referred to as the anomalous dimension.

For concreteness, let us consider single-trace operators in the SU(2) sector with classical
conformal dimension ∆(0) = L. These operators span a vector space generated by
operators of the form

O = ΨS tr[ϕs1 . . . ϕsL ] , (2.1.22)

where si =↑, ↓, S = s1, · · · , sL and we identify ϕ↑ = X and ϕ↓ = Y . Because of the
cyclicity of the trace, the coefficient ΨS must be invariant under cyclic permutations,

Ψ{s1,s2,...,sL} = Ψ{sL,s1,s2,...,sL−1}. (2.1.23)

It is therefore natural to view Ψ as a vector in the tensor product space
⊗

L C2 = C2L ,
since each index si can take two possible values.

12On the other hand, the limit λ→∞ corresponds to the strongly coupled regime of N = 4 SYM,
which is dual to a classical string theory on AdS5×S5. In this picture the string worldsheet theory is
weakly coupled. Corrections in 1

λ correspond to α′ corrections on the string side, while corrections in
1
N correspond to string loop effects. Various integrability techniques can be applied in these regimes;
for a review see [54]. Additionally, unlike QCD, N = 4 SYM is not a confining theory. However, in
the planar limit and when placed on a finite volume it exhibits confinement-like behavior [55, 56].
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One can then compute the two-point function of two such operators to one-loop order
using dimensional regularization. The result takes the form [57, 58]

⟨O1(x)Ō2(y)⟩ϵ = L 4Lg2L

[
πϵµ2ϵΓ(1− ϵ)
[(x− y)2]1−ϵ

]L
× ⟨Ψ2|1− g2

(
1

ϵ
+ 1 + γE + log(π|x− y|2)

)
H|Ψ1⟩+ g2O(ϵ) +O(g4) . (2.1.24)

Here the inner product ⟨Ψ2|Ψ1⟩ = (ΨS
2 )

†ΨS
1 is the standard inner product on C2L , and

we have introduced the coupling constant g2 = λ/16π2. The operator H appearing in
(2.1.24) is given by

H = 2
L∑
i=1

(1− Pi,i+1) , (2.1.25)

where Pi,i+1 denotes the operator that permutes two neighboring spins,

(Pi,i+1Ψ){s1,...,sL} = Ψ{s1,...,si−1,si+1,si,si+2,...,sL} . (2.1.26)

The Hamiltonian H is therefore identified with that of the celebrated Heisenberg XXX
spin chain [59].

Heisenberg spin chain. This is a one-dimensional lattice model used to describe
magnetization in one-dimensional metals. Unlike the Ising lattice model (2.2.3), which
we study in this thesis, the Heisenberg chain is a quantum mechanical model. The
Hamiltonian given in (2.1.25) possesses SU(2) symmetry, and its spectral problem
can be elegantly solved using various techniques. One technique that is central to
understanding the integrability of the model is the coordinate Bethe ansatz. This will
also be the main technique that we generalize in Section 3. To demonstrate how the
spectral problem of the XXX model can be solved using the CBA, we begin with an
ansatz. We define

|Ψ(p1, · · · , pM)⟩ =
∑

x1<···<xM

∑
σ∈SM

Aσ e
i
∑

i pixi |x1, · · · , xM⟩ , (2.1.27)

where, analogously to Ψs1···sL , the state |x1, · · · , xM⟩ denotes the positions of the ↑
spins in a sea of ↓ spins,

|x1, · · · , xM⟩ ∈ ⊗LC2 . (2.1.28)
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Since the spin chain is SU(2) symmetric, there is no distinction between choosing ↑ or
↓ as the excited state. Additionally, in (2.1.27), the coefficients Aσ are functions of the
momentum variables called scattering coefficients, and SM is the symmetric group on
M elements, where M counts the number of magnons.

For a single excitation, S1 consists only of the identity element, and A1 becomes an
overall coefficient for the state |Ψ(p)⟩. Therefore, solving the eigenvalue equation

H |Ψ(p)⟩ = E(p) |Ψ(p)⟩ , (2.1.29)

yields the dispersion relation of the model,

E(p) = 4 sin2
(p
2

)
. (2.1.30)

Moreover, due to the additive structure of the energy spectrum—manifest from the
nearest-neighbour form of the Hamiltonian—we find that

H |Ψ(p1, · · · , pM)⟩ =
(

M∑
i=1

E(pi)

)
|Ψ(p1, · · · , pM)⟩ , (2.1.31)

which reflects the factorization of scattering. The corresponding Bethe wavefunction is
given in (2.1.27), where the amplitudes factorize into two-body scattering matrices,

A(σ) =
∏
i<j

Sσ(i)σ(j) , (2.1.32)

with

Sij = −
1 + ei(pi+pj) − 2eipj

1 + ei(pi+pj) − 2eipi
. (2.1.33)

In expressing the permutation σ ∈ SM in terms of elementary transpositions, it is useful
to keep in mind its decomposition into a product of two-cycles,

σ = (ijk · · · ) =
∏
i<j

(ij) . (2.1.34)

Here, the decomposition of a permutation (i.e. an element of the symmetric group) into
transpositions is not unique. Nevertheless, for any such decomposition, the correspond-
ing composition of two-body scattering factors Sij yields the same result. This property
follows from the associativity of successive permutations of adjacent momentum states
and is encoded in the Yang–Baxter equation (YBE),

(23)(13)(12) = (12)(13)(23) , (2.1.35)
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which can be interpreted as the equivalence of different sequences of pairwise scatter-
ing processes. This equivalence can be represented diagrammatically, where different
orderings of pairwise scattering processes lead to the same final configuration,

|p1⟩

|p1⟩|p3⟩

|p3⟩
|p2⟩

|p2⟩

=

|p1⟩

|p1⟩|p3⟩

|p3⟩
|p2⟩

|p2⟩

. (2.1.36)

Finally, after obtaining the solution for the open, infinite chain as described above, one
can additionally impose boundary conditions and solve them in order to determine the
allowed momenta (or spectrum) of the spin chain. The simplest and most common
boundary conditions are the periodic ones, which are also the natural boundary condi-
tions for the single-trace operators of N = 4 SYM, as demonstrated in (2.1.23). The
periodic boundary conditions lead to the Bethe equations for a fixed spin-chain length
L,

eipiL =
∏
j ̸=i

Sij , ∀i ∈ {1, · · · ,M} . (2.1.37)

Solving these highly nonlinear equations then determines the allowed states of the
Hilbert space for the specified boundary conditions. Therefore, by knowing the two-
body scattering matrix (2.1.33) and the dispersion relation of the model (2.1.30), we
obtain a complete diagonalization of the model.13 Additionally, thanks to the con-
nection between integrable spin chains and N = 4 SYM, this result determines the
one-loop anomalous dimensions of the single-trace operators belonging to the SU(2)
sector (2.1.22).

A complementary and more algebraic approach to the coordinate Bethe ansatz (CBA)
is the algebraic Bethe ansatz (ABA), which is based on encoding the scattering data
of the model into an R-matrix that acts on two adjacent spin states. This perspective
arises from interpreting the one-dimensional spin chain and its time evolution (i.e. a
(1 + 1)-dimensional system) as a two-dimensional classical statistical model, in which
Boltzmann weights are assigned to vertices or faces of a lattice. In this framework, the

13At this stage it is far from obvious that the resulting solution provides a complete set of states. To
verify this, one must ensure that the solutions of (2.1.37) generate all highest-weight states of ⊗LC2

viewed as a representation of SU(2). The SU(2) raising and lowering operators then generate the
remaining states in each multiplet. This is indeed the case for the solutions of the Bethe equations,
and a proof is given in [60].
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associativity condition depicted in (2.1.36) is expressed in terms of these R-matrices
and corresponds to the Yang–Baxter equation. By imposing appropriate boundary
conditions, the spin chain can be realized as a representation of a quantum group [61].

2.1.3 Orbifolding

In this section, we will break the supersymmetry group of N = 4 down to N = 2 by
orbifolding. This procedure retains a large part of the properties of N = 4 SYM and
allows us to test AdS/CFT or integrability in a much more involved setting. Here, we
consider the simplest form of orbifolding which is to quotient the symmetry groups of
the SCFT with a ZL discrete group. A full treatment for all possible discrete groups is
given in [62–67].

1

2

3

L

Figure 2.1: The quiver diagram of a circular quiver theory obtained by orbifolding
N = 4 SYM by the group ZL. Each node corresponds to an N = 2 vector multiplet
transforming in the adjoint representation of SU(N), a subgroup of the gauge group.
The links between neighboring nodes represent N = 2 hypermultiplets transforming in
the bifundamental representation of SU(Ni)×SU(Ni+1) which is also a subgroup of the
gauge group. For the special case L = 2, an additional SU(2) symmetry appears, acting
on the pair of hypermultiplets connecting the two gauge nodes.

On the field theory side, the ZL orbifold projection can be implemented on four-
dimensional N = 4 SYM with gauge group SU(LN). This procedure produces an
N = 2 superconformal gauge theory with gauge group SU(N)L. The matter content
of the resulting theory is naturally encoded in the quiver diagram shown in Figure 2.1.
The gauge couplings associated with the different nodes are taken to be identical,
gYM,i = gYM.
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From the string theory perspective, the dual background is obtained by performing an
orbifold identification on the S5 factor. Concretely, the ZL action acts on the complex
embedding coordinates of the flat space C3 ⊃ S5 according to

ΓL : (X, Y, Z) 7→
(
e

2πi
L X, e−

2πi
L Y, Z

)
, (2.1.38)

where these transverse coordinates correspond to the complex scalar fields defined in
(2.1.21). The fixed-point set of this ZL action forms a six-dimensional submanifold
given by AdS5 × S1. In the neighbourhood of this locus, the geometry locally takes
the form AdS5 × S1 × C2/ZL. Consequently, the full orbifold space AdS5 × S5/ZL can
be interpreted as the near-horizon limit of a stack of D3-branes placed at the singular
point of the locally flat orbifold geometry R1,5 × C2/ZL.14

In addition to the breaking of the R-symmetry group described in the string theory
language, from the perspective of the flat orbifold geometry, the breaking of the gauge
group is implemented through the LN × LN projection matrix

γ =


1 0 0 · · ·
0 e

2πi
L 1 0 · · ·

0 0 e2
2πi
L 1 · · ·

...
...

... . . .

 , (2.1.39)

together with the identification of each field with its orbifold image:

Z ∼ γZγ−1 , X ∼ −γXγ−1 , Y ∼ −γY γ−1 . (2.1.40)

After performing these projections for the R-symmetry group and the gauge group,
we obtain an N = 2 elliptic quiver gauge theory with gauge group SU(N)L, whose
superpotential is given by

WN=2 orb. = i g
L∑

n=1

(
Q̃(n)Φ(n)Q(n) −Q(n)Φ(n+1)Q̃(n)

)
, (2.1.41)

where Q̃(n) and Q(n) are hypermultiplets, while the Φ(n) are N = 2 chiral multiplets. As
shown in [62], the orbifolding procedure produces theories in which all gauge couplings
are equal and coincide with the Yang–Mills coupling constant of the parent N = 4

SYM theory. This point in parameter space is known as the orbifold point.

These orbifold theories are known to be integrable in the planar limit [71, 72]. As in
the case of N = 4 SYM, the coordinate Bethe ansatz is sufficient to diagonalize the

14A detailed discussion of the twisted and untwisted sectors of these orbifold theories, as well as
recent developments, can be found in [68–70].
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Hamiltonian of the spin chains arising from the one-loop mixing matrix. Although the
Hilbert space of the spin chain consists of two copies of that of N = 4 SYM and loses its
simple tensor-product structure due to the orbifold projection, the dispersion relation
(2.1.30) and the scattering coefficients (2.1.33) remain unchanged. The corresponding
Bethe equations were studied in [71, 73–75], the associated Y -system in [76], and the
thermodynamic Bethe ansatz in [77, 78]. More recently, the hexagon formalism has
been generalized to these theories [69, 79].

A natural next step in exploring the landscape of N = 2 theories is to consider their
marginal deformations and investigate the SCFTs that arise in the vicinity of these
orbifold points. Such marginal deformations preserve the structural form of the super-
potential (2.1.41), while allowing the coupling constants to become independent. The
resulting superpotential takes the form

WN=2m.orb. = i
L∑

n=1

(
gn Q̃(n)Φ(n)Q(n) − gn+1Q(n)Φ(n+1)Q̃(n)

)
. (2.1.42)

These models, together with their highly non-trivial AdS duals, provide a valuable
framework for extending the AdS/CFT correspondence beyond the realm of maximally
supersymmetric theories. In particular, they offer a setting in which to study theories
with reduced supersymmetry that are not directly connected to N = 4 SYM. The
investigation of such models from this perspective was initiated in [80, 81].

A central question in this program concerns the fate of integrability in this more general
setting. While the rational integrable structures present in N = 4 SYM and at the
orbifold point are known to break down under these deformations, it has been conjec-
tured that a form of elliptic integrability may emerge instead. This perspective was put
forward in [82], and our contribution to this line of research is presented in Section 3.
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2.2 Conformal Field Theory

A useful way to think about a UV-complete QFT is in terms of the RG flow between
the ultraviolet (UV) and infrared (IR) regimes. More precisely, one may regard a QFT
as an RG flow connecting two CFTs: one describing the UV fixed point and the other
the IR fixed point,

CFTUV
QFT−−→ CFTIR . (2.2.1)

A simple and particularly instructive example of an RG flow is provided by the three-
dimensional ϕ4 theory, defined by the Euclidean action

S =

∫
d3x

(
1

2
(∂ϕ)2 +

1

2
m2ϕ2 +

1

4!
gϕ4

)
. (2.2.2)

At very high energies, this theory reduces to the free scalar theory. In the IR, for a
special value of the ratio g2

m2 ,15 the theory flows to an interacting CFT.

Another route to the same interacting IR CFT is provided by the three-dimensional
Ising lattice model in the UV. This is a classical lattice model with partition function

ZIsing =
∑
{si}

exp

−J∑
⟨i,j⟩

sisj

 , (2.2.3)

where i, j label lattice sites and the notation ⟨i, j⟩ indicates that the sum runs only
over nearest-neighbour pairs. The variables si take the values ±1 on each lattice site.
At the critical coupling, this model flows in the IR to the same interacting CFT that
arises from the ϕ4 theory. We will refer to this interacting CFT as the Ising CFT.
This means that the two theories defined in (2.2.2) and (2.2.3) belong to the same
universality class.

More generally, theories with very different UV behaviour can flow to the same IR
fixed point and therefore belong to the same universality class. Studying such IR CFTs
allows us to uncover features that are common to physical systems arising in very
different settings and across a wide range of energy scales. To study these CFTs in
greater detail, we begin by taking a closer look at the symmetries that characterize
them.

15This value lies between two other IR regimes. If m2 is large and positive, the IR theory is massive
and preserves the Z2 symmetry. If m2 is negative, the IR theory is again massive, but the Z2 symmetry
is spontaneously broken.
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2.2.1 Conformal Symmetry Group

Every local QFT possesses a stress-energy tensor satisfying the conservation equation

∂µT
µν = 0 , (2.2.4)

at the operator level. In the presence of additional operator insertions, this conservation
equation implies Ward identities for the correlation functions of the theory,

∂µ⟨T µν(x)O1(x1) · · · On(xn)⟩ = −
∑
i

δ(x− xi)∂νi ⟨O1(x1) · · · On(xn)⟩ . (2.2.5)

In addition to the conservation law (2.2.4), one may consider local diffeomorphisms
generated by vector fields ϵ = ϵµ(x)∂µ. These give rise to currents of the form

ϵνT
µν , (2.2.6)

whose conservation requires

∂µ (ϵνT
µν) = 0 . (2.2.7)

This implies the condition

(∂µϵν + ∂νϵµ)T
µν = 0 , (2.2.8)

which is satisfied by the vector fields

pµ = ∂µ (2.2.9)

mµν = xν∂µ − xµ∂ν , (2.2.10)

corresponding to translations and rotations, respectively.

Furthermore, if the action of the QFT is invariant under infinitesimal local rescalings of
the metric, known as Weyl transformations, g → e2δω(x)g, then the stress-energy tensor
additionally satisfies the tracelessness condition

T µ
µ = 0 . (2.2.11)

This allows the Killing equation to be relaxed to

∂µϵν + ∂νϵµ = f(x)δµν , (2.2.12)
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where f(x) is a scalar function. In this case, in addition to translations and rotations,
the action is also invariant under scalings16 and special conformal transformations,

d = xµ∂µ , (2.2.13)

kµ = 2xµ(x
ρ∂ρ)− x2∂µ . (2.2.14)

Taken together, these local diffeomorphism invariances can be promoted to spacetime
symmetry generators by defining the corresponding charges Pµ, Mµν , D, and Kµ,

Q(Σ) = −
∫
Σ

ϵν(x)T
µν(x) . (2.2.15)

Conformal symmetry algebra. These generators form the conformal symmetry
algebra, characterized by the commutation relations

[Mµν , Pρ] = δνρPµ − δµρPν , [Mµν , Kρ] = δνρKµ − δµρKν ,

[Mµν ,Mρσ] = δνρMµσ − δµρMνσ + δµσMνρ − δνσMµρ , (2.2.16)

[D,Pµ] = Pµ , [D,Kµ] = −Kµ , [Kµ, Pν ] = 2δµνD − 2Mµν .

From these commutation relations, we see that the generators Mµν span the rotation
algebra so(d),17 while the translation and special conformal generators transform as
vectors under its action. Taken together, all generators furnish the algebra so(d+1, 1).

Using the algebra in (2.2.16), we classify CFT operators according to representations
of the conformal group. Representations of the rotation subgroup are labeled by the
spin quantum numbers of the operators, which determine how they transform under
rotations. In the presence of dilatation invariance generated by (2.2.13), one must also
specify the scaling dimension of each operator. We therefore diagonalize the action of
the dilatation generator on operators inserted at the origin,

[D,O(0)] = ∆O(0) . (2.2.17)

In this framework, the translation generators act as raising operators, while the special
conformal generators act as lowering operators. Primary operators are defined as those

16A natural question at this stage is whether scale invariance implies conformal invariance. This
question is still the subject of active research. In two and four dimensions, it has been shown that
Lorentz invariance and unitarity are sufficient to imply that scale invariance enhances to conformal
invariance [83–85]. Later on, it was also shown that unitarity is indeed a necessary condition [86].
However, in other dimensions, the necessary and sufficient conditions remain unknown.

17In the previous section we considered the Lorentzian version of this algebra given in (2.1.4) and
(2.1.5).
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annihilated by all special conformal generators, corresponding to highest weight states
with respect to the dilatation operator,

[Kµ,O(0)] = 0 . (2.2.18)

The action of translations then generates the descendant operators, which are obtained
from the primary operators as

[D,Pµ1 · · ·PµnO(0)] = (∆ + n)Pµ1 · · ·PµnO(0) . (2.2.19)

Having established the symmetry algebra of the CFT and the structure of its repre-
sentations, we now examine how this symmetry algebra constrains the operators and
states of the theory.

2.2.2 Radial Quantization

A particularly direct way to characterize a QFT is through the path integral formu-
lation. However, a path integral can be interpreted in terms of different notions of
time evolution and, correspondingly, different Hilbert spaces. We refer to each such
interpretation of the path integral as a distinct quantization of the same theory. Con-
cretely, one chooses a time direction and defines states on hypersurfaces orthogonal to
the corresponding time evolution. In a rotationally invariant Euclidean theory on Rd,
for example, any direction may be chosen as time, and the resulting quantizations are
equivalent.

Although different quantizations of a given theory correspond to different Hilbert spaces
and different sets of operators, the action of the symmetry generators on the Hilbert
space and on the operators of the theory remains the same.18 This is why symmetries
provide one of the most powerful organizational principles in QFT.

For scale-invariant theories, a natural way to foliate flat d-dimensional spacetime is
by spheres centered at the origin, with the evolution of states from smaller spheres
to larger spheres generated by the dilatation operator. This construction is known as
radial quantization,

ds2Rd = e2τds2R×Sd−1 , (2.2.20)

18In general, the way local operators transform under symmetries is insensitive to IR effects such
as spontaneous symmetry breaking or finite temperature. This observation will form the basis of our
study of CFTs at finite temperature.

36



where, for x⃗ ∈ Rd, the radial coordinate is defined by |x⃗| = eτ . This implies that time
evolution on the cylinder R× Sd−1 is generated by the dilatation operator,

Hrad =
D

R
, (2.2.21)

where Hrad is the Hamiltonian and R is the radius of the (d− 1)-dimensional sphere.

To define the vacuum state in radial quantization, we consider the path integral over
the interior of a sphere B with no operator insertions. The state |0⟩ is then defined
on the boundary ∂B of this sphere. Similarly, by inserting operators inside B, we can
prepare states of the form O |0⟩.
Conversely, eigenstates of the dilatation operator can be interpreted through a cutting-
and-gluing procedure along spheres, which allows one to construct local operators from
the corresponding states. Combining these two viewpoints, we associate local operators
with eigenstates of the dilatation operator D in radial quantization. This relation is
known as the state–operator correspondence in a CFT.19

In choosing a quantization and defining the states and operators of the system, we
require a positive-definite inner product. In Lorentzian signature, the existence of such
an inner product is closely tied to unitarity, which requires conserved charges, such as
the Hamiltonian in (2.2.21), to be represented by Hermitian operators. Since Hermitian
operators generate unitary transformations, both time evolution and symmetry trans-
formations preserve probabilities. Upon analytic continuation to Euclidean signature,
this requirement of unitarity is replaced by the condition known as reflection positivity.

Multiplets of conformal symmetry. Using the state–operator correspondence to-
gether with the appropriate notion of a positive-definite inner product in Euclidean
CFT, one can show that the spectrum of states consists entirely of primary and de-
scendant states/operators.20 We may therefore describe a generic conformal multiplet
in terms of its conformal primary, defined in (2.2.18), with the remaining operators in
the multiplet generated by the descendants defined in (2.2.19):

A∆
j,j̄ = span ({Pµ1 · · ·PµnO}) . (2.2.22)

Operator-product expansion. Finally, combining the state–operator correspon-
dence with the description of operators in terms of primaries and descendants, we

19In Section 4.1.1, we will consider different quantizations of the d-dimensional cylinder and use
them to illuminate various aspects of thermal CFTs.

20This is also related to the requirement that the partition function on S1 × Sd−1 be finite, a
statement sometimes referred to as the spectral theorem [39].
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arrive at the operator-product expansion (OPE) for two scalar operators O1 and O2,21

O1(x⃗)×O2(0) =
∑

O3∈O1×O2

fO1O2O3

cO3

|x⃗|∆O3
−∆O2

−∆O1
−Jxµ1 · · ·xµJ

Oµ1···µJ
3 . (2.2.23)

Here, fO1O2O3 denotes the coefficient appearing in the three-point function, while cO
denotes the coefficient of the two-point function. These coefficients will be defined more
precisely in the following section.

2.2.3 Towards a Non-Perturbative Formulation of CFT

A striking consequence of conformal symmetry is that the form of all two- and three-
point functions in a CFT is completely fixed,

⟨O1(x)O2(0)⟩ =
c12

|x|∆1+∆2
, (2.2.24)

⟨O1(x)O2(y)O3(0)⟩ =
fO1O2O3

|x− y|∆1+∆2−∆3|x|∆1+∆3−∆2|y|∆2+∆3−∆1
. (2.2.25)

Furthermore, higher-point functions can be decomposed into two- and three-point func-
tions by means of the OPE (2.2.23). This observation leads to the important idea that
a CFT can be specified by a reduced set of data, known as the CFT data,

⟨O1(x1) · · · On(xn)⟩, ∀n ⇆ {∆O, fO1O2O3} . (2.2.26)

This viewpoint suggests that a CFT may, in principle, be defined non-perturbatively
entirely in terms of this data without needing a Lagrangian description. This idea was
first explored in [93–95] and is called conformal bootstrap. However, several conceptual
questions remain open. For instance, it is not yet fully understood under what condi-
tions a consistent set of CFT data uniquely determines a CFT. Moreover, additional
information associated with extended operators, such as line or surface operators, may
also play an essential role in characterizing the full theory. Finally, placing a CFT on
geometries other than flat space imposes further constraints on correlation functions,
potentially yielding new insights into the structure of the theory. This last point will
be one of the main themes explored in Section 4.

To illustrate how conformal data characterizes a CFT, we consider the four-point func-
tion of four identical scalar operators,

⟨ϕ(x1)ϕ(x2)ϕ(x3)ϕ(x4)⟩ . (2.2.27)

21If these operators carry spin the OPE can still be derived, however it would have a much more
complicated tensor structure [87–92].
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Using the OPE in (2.2.23), we can decompose this correlation function by choosing a
particular OPE channel,

⟨ϕ(x1)ϕ(x2) ϕ(x3)ϕ(x4)⟩ =
1

|x1 − x2|2∆ϕ |x3 − x4|2∆ϕ

∑
O

f 2
ϕϕO g∆O,JO(u, v) , (2.2.28)

where the sum runs over all primary operators O of the theory, x2ij ≡ |xi − xj|2 and
conformal blocks g∆O,JO are defined in terms of two cross-ratios,

u =
x212x

2
34

x213x
2
24

, v =
x214x

2
23

x213x
2
24

. (2.2.29)

Here, we assume the canonical normalization of two-point functions,

⟨Oa(x)Ob(0)⟩ =
δab
|x|2∆Oa

. (2.2.30)

The conformal blocks encode the contributions of a primary operator O and all of its
descendants. They depend on particular combinations of the relative distances between
the operator insertions, such as x12, x23, and so on, determined by the chosen OPE
channel, and they incorporate the contraction of all spacetime indices appearing in the
OPE (2.2.23).

Conformal blocks. Conformal blocks can be computed elegantly using the Casimir
operators of the conformal group [96]. For example, in four dimensions they take the
form

g
(4d)
∆,ℓ (u, v) =

zz̄

z − z̄ (k∆+ℓ(z)k∆−ℓ−2(z̄)− k∆−ℓ−2(z)k∆+ℓ(z̄)) , (2.2.31)

kβ(x) ≡ xβ/2 2F1

(
β

2
,
β

2
, β, x

)
. (2.2.32)

In any spacetime dimension, conformal blocks depend on two independent conformal
cross-ratios,22 which may be denoted by u, v as given in (2.2.29) or, equivalently, by
z, z̄.23

u = zz̄ , v = (1− z)(1− z̄) . (2.2.33)

22The four insertion points of the operators give rise to four independent coordinates, but conformal
symmetry reduces the dependence to two independent variables. One way to see this is to use conformal
transformations to place one operator at the origin, xµ

1 = (0, · · · , 0), and another at infinity.
23In Euclidean signature, z and z̄ are complex conjugates of one another, whereas after suitable

analytic continuations to Lorentzian signature they become independent complex variables.
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The different ways of applying the OPE to the four-point function (2.2.27) give rise to
different OPEs. The key idea is that the same correlation function can be decomposed
by first fusing different pairs of operators. For example, one may first apply the OPE
to the operators at x1 and x2, and independently to those at x3 and x4. This yields an
expansion in terms of intermediate operators Oi that propagate between the two pairs.
Alternatively, one may first fuse the operators at x1 and x4, and those at x2 and x3,
leading to a different decomposition of the same four-point function.

Although these decompositions correspond to different choices of OPE channels, they
must describe the same physical correlation function. Therefore, the sums over interme-
diate operators appearing in the two expansions must agree. This consistency condition
is known as crossing symmetry. Diagrammatically, it corresponds to exchanging the
order in which the operators are fused, or equivalently exchanging the operators in-
serted at different spacetime points. The resulting equality between different OPE
decompositions can be represented schematically as

∑
i

1

2

Oi

3

4

=
∑
i

1 4

Oi

2 3

. (2.2.34)

Crossing symmetry therefore imposes highly non-trivial constraints on the spectrum of
operators and on their OPE coefficients through the associativity of the OPE,24︷ ︸︸ ︷︷ ︸︸ ︷

O1O2O3 =

︷ ︸︸ ︷
O1

︷ ︸︸ ︷
O2O3 . (2.2.35)

In practice, the equality between different OPE channels translates into a set of func-
tional equations for the conformal blocks appearing in the decomposition of the four-
point function. The systematic study of these constraints, without relying on a La-
grangian description of the theory, forms the basis of the modern conformal bootstrap
program, which was revitalized by the numerical approach to bounding operator di-
mensions and OPE coefficients [97].

To illustrate the core idea of the numerical conformal bootstrap, we use unitarity and
reflection positivity. These imply that the three-point function coefficients fϕϕO are real,
and therefore that the coefficients f 2

ϕϕO appearing in the OPE decomposition (2.2.28)
are positive. The basic strategy of the numerical conformal bootstrap is to combine

24This is in spirit very similar to the associativity condition formulated in (2.1.36).
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the positivity property with crossing symmetry in order to derive rigorous constraints
on the CFT data. Writing the crossing equation in the form∑

O

f 2
ϕϕO F∆,ℓ(u, v) = 0 , (2.2.36)

with

F∆,ℓ(u, v) ≡ v∆ϕg∆,ℓ(u, v)− u∆ϕg∆,ℓ(v, u) , (2.2.37)

one sees that crossing symmetry imposes a non-trivial linear relation among the con-
formal blocks appearing in the ϕ × ϕ OPE. Because unitarity implies f 2

ϕϕO ≥ 0, the
crossing equation becomes a positivity constraint on the allowed spectrum of operator
dimensions and OPE coefficients. Then we can apply linear functionals to (2.2.36). If
one can construct a functional that acts positively on all contributions compatible with
a hypothetical spectrum, while yielding a negative value on the identity contribution,
one arrives at a contradiction and thereby rules out the assumed spectrum. In this
way, crossing symmetry and unitarity are translated into rigorous constraints on the
admissible CFT data, providing a powerful non-perturbative framework for conformal
field theory. These bounds can be pushed to remarkably high precision, effectively
amounting to a direct numerical determination of the CFT data. Indeed, following its
modern revival, the numerical conformal bootstrap developed rapidly, incorporating
spinning correlators and leading to striking results, beginning with the discovery of
the three-dimensional Ising island [98–101]. Moreover, this program continues to be
systematically refined and extended [102, 103].

An additional important structural consequence of crossing symmetry emerges from
studying the limit z → 0 of the four-point crossing equation. In this limit, the conformal
blocks behave as g∆,ℓ(u, v) ∼ (zz̄)∆/2,25 so the direct-channel expansion is dominated by
the operator of smallest dimension appearing in the OPE, namely the identity. However,
after crossing, (z, z̄) → (1− z, 1− z̄), each conformal block behaves as z2∆ϕ log z, and
any finite sum of such terms vanishes as z → 0. Therefore, the crossing equation
cannot be satisfied by a finite number of primary operators, implying that the ϕ × ϕ
OPE must contain an infinite tower of primaries. More precisely, the crossed-channel
sum reproduces the identity contribution through the collective effect of operators with
increasingly large scaling dimensions, and one can show that the dominant contributions
come from operators with ∆ ∼ 1/

√
z as z → 0 [104]. This phenomenon, sometimes

referred to as large-∆ dominance, highlights the fact that crossing symmetry relates
25This behaviour is manifest in the four-dimensional conformal blocks given in (2.2.32), but it also

holds in any spacetime dimension.
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x

1

Figure 2.2: The analytic structure of the function f(x) given in (2.2.39).

low-dimension operators in one channel to the asymptotic large-dimension spectrum
in the crossed channel. It also plays a crucial role in the finite-temperature bootstrap
explored in Section 4.

2.2.4 Dispersion Relations in Analytic Bootstrap

Since one of the main topics of this thesis is the extension of analytic bootstrap meth-
ods based on dispersion relations to the thermal setting, we now take a closer look
at the role these relations play in the conformal bootstrap. Dispersion relations are
non-perturbative formulas that relate the ultraviolet and infrared behaviour of an ob-
servable, and they have wide-ranging applications in linear response theory, QFT scat-
tering amplitudes, and conformal correlators. The term derives from the seminal work
of Froissart and Gribov [105, 106].

In the context of CFTs, dispersion relations appear in two main ways: in the inversion
formula [107], and in the Polyakov bootstrap in Mellin space [108–110]. In both sce-
narios, they establish a direct connection between the known analytic structure of the
correlator under consideration and the associated CFT data.26

Inversion formula. When we consider the OPE decomposition of a four-point func-
tion, as in (2.2.28), we find that it takes the general form

G(z, z̄) =
∑
∆,J

a∆,JG∆,J(z, z̄) , (2.2.38)

where G∆,J(z, z̄) = (zz̄)
∆−J

2 g∆,J(z, z̄), and g∆,J(z, z̄) denotes the conformal block in-
troduced in (2.2.28). Each contribution a∆,JG∆,J(z, z̄) corresponds to the exchange
of a primary operator with quantum numbers ∆, J and its descendants between the

26For a comprehensive review see [111].
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four external operators. The central insight of the inversion formula is that the OPE
coefficients a∆,J are not arbitrary. Rather, they depend on the spin J and the scaling
dimension ∆ in such a way as to reproduce the analytic structure of the correlator.

Following [107], one can illustrate the basic idea of the inversion formula in a simple
setting. Consider a function expanded as a power series,

f(x) =
∞∑
j=1

fjx
j . (2.2.39)

Assume that it is analytic in the complex plane except for a branch cut along the real
axis for x > 1, and that it satisfies f(x)/x→ 0 as x→∞. By Cauchy’s theorem, the
coefficients fj can be written as

fj =
1

2πi

∮
dx

x
x−jf(x) . (2.2.40)

By deforming the contour so that it wraps around the branch cut, and using the
asymptotic condition at infinity, this becomes

fj =
1

2π

∫ ∞

1

dx

x
x−j Disc f(x) . (2.2.41)

Here,

Disc f(x) = −i
(
f(x+ i0)− f(x− i0)

)
. (2.2.42)

This shows that the coefficients are determined entirely by the discontinuity of the
function, and that they are analytic in j for Re(j) ≥ 1.

An analogous structure appears in conformal field theory when one considers the de-
composition in (2.2.38), or more generally the decomposition into conformal partial
waves [112],

G(z, z̄) = δ12δ34 +
∞∑
J=0

∫
d∆

2πi
c(J,∆)FJ,∆(z, z̄) . (2.2.43)

Here c(J,∆) is a spectral function encoding the OPE data. Using the orthogonality of
the functions FJ,∆, one can invert this decomposition and obtain

c(J,∆) = N (J,∆)

∫
d2z µ(z, z̄)FJ,∆(z, z̄)G(z, z̄) . (2.2.44)

This expresses the OPE data directly in terms of the analytic structure of the correlator.
So far, all of this has been formulated in Euclidean signature. To pass to Lorentzian
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signature, one must change the parametrization [113] and replace the discontinuity by
the double-discontinuity,

dDisc [G(z, z̄)] = GEucl(z, z̄)−
1

2
G⟲(z, z̄)−

1

2
G⟳(z, z̄) . (2.2.45)

Here GEucl(z, z̄) is the Euclidean correlator, while the other terms correspond to the
two possible analytic continuations around the branch point z̄ = 1. With these two
modifications, one arrives at the Lorentzian inversion formula [107].

Polyakov bootstrap. In the modern formulation of the Polyakov bootstrap, one
considers Mellin amplitudes in order to express the four-point function in terms of
Witten diagrams [108–110, 114]. This makes it possible to expand the correlator in
crossing-symmetric building blocks, and the bootstrap conditions can then be system-
atically recast in terms of this expansion.

To illustrate the central idea, we begin by performing the Mellin transform of the
four-point function (2.2.27),

G(u, v) =

∫ i∞

−i∞

ds dt

(4πi)2
u

s
2v

t
2
−∆ϕM(s, t)µ(s, t) , (2.2.46)

where the parameters u, v are defined in (2.2.33), and the measure factor µ is given by

µ(s, t) = Γ2
(
∆ϕ −

s

2

)
Γ2

(
∆ϕ −

t

2

)
Γ2
(
∆ϕ −

u

2

)
, (2.2.47)

with

s+ t+ u = 4∆ϕ . (2.2.48)

Here, M(s, t) is called the Mellin amplitude. The double poles in the measure factor
correspond to the contributions of double-twist operators with dimensions ∆ = 2∆ϕ +

2n+J . In a generic interacting CFT without supersymmetry, however, the spectrum is
not expected to consist of exact towers of double-twist operators with integer spacing.
Instead, these poles must combine with the Mellin amplitude in such a way that the
naive double-twist contributions are cancelled and replaced by the physical spectrum.
These cancellation conditions lie at the heart of the Polyakov bootstrap.

In order to make this structure manifest, and to clarify the role played by the dispersion
relation, it is convenient to replace the Mandelstam variables in (2.2.48) by a new set
of parameters,

s = 2s1 +
4∆ϕ

3
, t = 2s2 +

4∆ϕ

3
, u = 2s3 +

4∆ϕ

3
, (2.2.49)
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M(s, t) =
∑
∆,J

∆, J
+ ∆, J + ∆, J +

Figure 2.3: We can expand the Mellin amplitude in a basis of crossing symmetric AdS
exchange Witten diagrams which include the contact diagrams. Each of these diagrams
is crossing symmetric on their own.

so that s1+s2+s3 = 0. In this parametrization, crossing symmetry becomes invariance
under permutations of the si. The Mellin amplitude can then be written in the form
of a dispersion relation,

M(s1, s2) =M(0, 0) +
1

π

∫ ∞

σ

ds′1
s′1
A(s′1; s+2 (s′1, a))H2(s

′
1; s1, s2, s3) , (2.2.50)

where

H2(s; s1, s2, s3) =

(
s1

s− s1
+

s2
s− s2

+
s3

s− s3

)
, (2.2.51)

is a manifestly crossing-symmetric kernel. The lower limit σ marks the point at which
the sequence of poles in the Mellin variable s1 begins. The quantity A(s1; s2) denotes
the s-channel discontinuity of the Mellin amplitude. In this language, the cancellation
of the tower of double-twist operators is encoded in the Polyakov conditions,

M

(
s1 =

∆ϕ

3
+ p, s2

)
= 0 , (2.2.52)

∂s1M

(
s1 =

∆ϕ

3
+ p, s2

)
= 0 , (2.2.53)

for all positive integers p. The validity of these conditions in this context was established
in [115].

Moreover, imposing the Polyakov conditions (2.2.52) and (2.2.53) leads to an expan-
sion of the Mellin amplitude in a basis of crossing-symmetric AdS exchange Witten
diagrams, illustrated in Figure 2.3, together with contact diagrams. The crossing-
symmetric dispersion relation in (2.2.50) fixes this basis.

As these two examples of analytic bootstrap illustrate, dispersion relations are crucial
for systematically understanding the structure of four-point functions and have led to
many illuminating connections, such as that between Mellin amplitudes and contact
Witten diagrams. These techniques have been used to bootstrap various theories in the
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ϵ-expansion [108–110, 114], leading to a deeper understanding of distinct theories as
well as of their large-∆ behaviour. In Section 4, we will develop analogous techniques
for CFTs at finite temperature and demonstrate that, although conformal symmetry is
broken, similarly powerful methods can still be applied.
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2.3 Thermodynamics

In this section, we adopt a statistical–mechanical perspective on quantum field theo-
ries and focus on macroscopic thermodynamic quantities such as temperature, energy
density, and entropy. Depending on the thermal regime under consideration, the ap-
propriate field-theoretic tools may vary significantly. Before turning to these methods
in detail, we first review the basic concepts and quantities of thermodynamics that will
be used throughout this discussion.

In equilibrium statistical mechanics, the microcanonical ensemble provides the appro-
priate description of an isolated system with fixed energy, particle number, and volume.
These are the natural thermodynamic variables of the microcanonical ensemble, while
quantities such as temperature are derived from them.

The canonical ensemble describes a system in thermal contact with a heat reservoir,
so that the temperature, particle number, and volume are fixed, while energy may be
exchanged with the reservoir.

Finally, the grand canonical ensemble corresponds to the situation in which both en-
ergy and particles can be exchanged with the environment, while the temperature and
volume remain fixed.27

Using the time-evolution operator introduced in Section 2.2.2, together with the total
particle number operator N , one can define the density operator as

ρ = exp (−β (H − µN + · · · )) , (2.3.1)

where β = 1
T

acts as a Lagrange multiplier enforcing the average-energy constraint,
and µ denotes the chemical potential. From this density operator, we define the grand
canonical partition function by

Z = Tr(ρ) . (2.3.2)

The partition function provides a unified framework from which thermodynamic quan-
tities can be derived. In particular,

P =
∂(T lnZ)

∂V
, N =

∂(T lnZ)

∂µ
, S =

∂(T lnZ)

∂T
, (2.3.3)

27In relativistic quantum systems, where particle creation and annihilation occur naturally, the
grand canonical ensemble provides the most natural description.
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yield the pressure, particle number, and entropy, respectively. Combining these rela-
tions, the internal energy may be written as

E = −PV + TS + µN . (2.3.4)

A detailed discussion of the thermodynamic quantities introduced above, and of their
treatment within quantum field theory, can be found in [33, 116, 117]. Several com-
plementary frameworks have been developed for studying quantum field theories at
finite temperature, each suited to different physical questions. Prominent examples
include the thermofield double formalism, the Matsubara (imaginary-time) formalism,
and the Schwinger–Keldysh formalism. In this work, we will primarily employ the Mat-
subara formalism, which provides a particularly convenient framework for computing
equilibrium thermodynamic quantities.

2.3.1 Matsubara Formalism

We consider the imaginary-time formalism, as originally introduced in [38], with τ = it,

O(τ, x) = eτHO(x)e−τH , (2.3.5)

where H is the appropriate time-evolution operator. The spectral decomposition of a
thermal correlator in the canonical ensemble is given by

⟨O1(τ1, x1) · · · On(τn, xn)⟩β =
Tr
[
ρO1(τ1, x1) · · · On(τn, xn)

]
Tr[ρ]

(2.3.6)

=

∑
α ⟨εα|e−βεαO1(x1) · · · On(xn)|εα⟩∑

α ⟨εα|e−βεα |εα⟩
. (2.3.7)

Combining the imaginary-time formalism with the density operator ρ = e−βH , we
obtain

⟨O1(τ1, x1) · · · On(τn, xn)⟩β =
Tr
[
e−βH+τ1HO1(x1)e

−H(τ1−τ2) · · · On(xn)e
−τnH

]
Tr[ρ]

.

(2.3.8)

Cyclicity of the trace implies that the correlation functions must satisfy a periodicity
relation. In the case of two-point functions, which will be the focus of Section 4, this
periodicity relation is known as the Kubo–Martin–Schwinger (KMS) condition [118],

⟨O1(τ, x)O2(0, 0)⟩β = ⟨O1(τ + β, x)O2(0, 0)⟩β . (2.3.9)
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Therefore, the UV divergence arising from coincident operators, ⟨O1(0, 0)O2(0, 0)⟩β, is
repeated at each τ = nβ for all n ∈ Z. Importantly, when one considers the momentum-
space correlation function, one finds that it also has poles at discrete purely imaginary
frequencies separated by integer multiples of 2πT , known as Matsubara poles. These
two closely related observations provide the heuristic justification for interpreting the
temperature entering the correlation functions through the density matrix ρ geometri-
cally, namely as arising from an S1 factor in spacetime.

2.3.2 Interacting QFTs at Finite Temperature

Using the imaginary-time formalism, we consider a generic interacting QFT. As dis-
cussed at the beginning of this section, the partition function is given by

Zβ =

∫
[ϕ]eS0+SI , (2.3.10)

where S0 denotes the free part of the action, containing at most quadratic terms and
corresponding to the ideal-gas contribution. On the other hand, SI denotes the inter-
acting part of the action. Expanding the partition function in powers of the interaction
term allows us to separate the ideal-gas contribution from the interacting corrections,

lnZ = ln

(∫
[ϕ]eS0

)
+ ln

(
1 +

1∫
[ϕ]eS0

∞∑
i=1

1

i!

∫
[ϕ]eS0Si

I

)
. (2.3.11)

This separation is particularly useful for weakly interacting theories. In that case, one
can further expand both contributions in terms of bubble diagrams and compute the
partition function order by order [33]. Similarly, the same techniques can be used to
compute thermal correlation functions. When we consider vector models with interac-
tion g(ϕiϕi)

2 (given in (2.2.2) for N = 1) in 4−ϵ dimensions, the theory becomes weakly
coupled. Therefore, the thermal correlation functions can be computed perturbatively
for small g.

The Feynman rules. We first present the Feynman rules for the theory at the
Wilson–Fisher fixed point

g⋆
(4π)2

=
3ε

N + 8
+O(ε2) . (2.3.12)
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Using the geometric interpretation of temperature and viewing the time direction as
compactified, as explained in Section 2.3.1, the scalar propagator takes the form28

i j

= δij
Γ(d/2− 1)

4πd/2

∞∑
m=−∞

1

((τ −m)2 + x2)d/2−1
, (2.3.13)

while the insertion of a vertex gives rise to the following integral and index contractions:

i

j

k

l

= −λ⋆
4!

(
δijδkl + δikδjl + δilδjk

) ∫
dd−1x

∫ 1

0

dτ . (2.3.14)

The correlator. We now compute the thermal correlator ⟨ϕ(0)ϕ(τ, x) ⟩β. The oper-
ator is normalized so that the zero-temperature correlator takes the form,

⟨ϕ(0)ϕ(τ) ⟩ = 1

τ 2∆ϕ
. (2.3.15)

We therefore write the interacting part of the correlator as

g(τ, x)− gfree(τ, x) =
1

nϕ

Z−2
ϕ

(
+O(λ2)

)
, (2.3.16)

where nϕ is the normalization constant ensuring (2.3.15), while the diagram is built
from unnormalized fields. The factor Zϕ is the usual wave-function renormalization
constant; however, at this order in λ, the operator does not renormalize:

Z−2
ϕ = 1 +O(λ2) . (2.3.17)

For our calculation, we only need the leading term in the normalization constant, which
is simply

1

nϕ

= 4π2 +O(ε) . (2.3.18)

After manipulating the integrals, we obtain,

=
λ⋆(N + 2)

576π2

∞∑
n=−∞

[
1

ε
+ 12 logA− log 2 +

1

2
log[(n+ z)(n+ z̄)] +O(ε)

]
,

(2.3.19)
where A = 1.282427 . . . is the Glaisher–Kinkelin constant, and we have introduced the
coordinates z = τ + ix for simplicity. It is worth noting that the correlator contains

28A very straightforward way to see this is to take the propagator in momentum-space then transform
to position-space as it is Rd and apply Poisson resummation [3].
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only transcendental terms of homogeneous weight 1. To conclude, note that the con-
tributions computed explicitly here do not exhaust the full O(ε) correction. Since the
theory lives in d = 4 − ε, there is an additional contribution at order ε coming from
the free propagator. This results in the following OPE coefficients,

a[ϕϕ]0,J>0
= 2ζ(2 + J)− 2εζ ′(2 + J) +O(ε2) . (2.3.20)

The details of this computation can be found in [3]. This example illustrates the basic
properties of thermal correlators discussed in this section. Later, we will reproduce this
result using the analytic bootstrap method developed in this thesis.

One of the main motivations for computing a correlator in a weakly coupled theory
is to show that finite-temperature calculations do not introduce any additional ultra-
violet divergences associated with high momenta or very short distances. Any such
divergences are the same as those already present at zero temperature, so the regu-
larization and renormalization required at T = 0 remain sufficient for T > 0, up to
the additional zeta-function regularization needed to implement the method of images.
There are three ways to see this [33]. First, if one could explicitly construct the full set
of Hamiltonian eigenstates with energies ES, then the partition function would simply
be

Z =
∑
S

e−βES , (2.3.21)

and there would be no source of new thermal divergences. Second, one can start from
the real-time transition amplitude and obtain the thermodynamic partition function
by analytic continuation to imaginary time, which does not generate new ultraviolet
problems. Third, in perturbation theory, each loop contains a frequency sum that can
be separated into a zero-temperature contour integral and a finite-temperature contri-
bution. The zero-temperature part is the one that can generate the usual quadratic
or logarithmic ultraviolet divergences, whereas the thermal part is exponentially sup-
pressed at large frequencies. In other words, finite temperature does not modify the
very short-distance behaviour of the theory.

This concludes our review of supersymmetry, conformal field theory, and thermal quan-
tum field theory. In the next two chapters, we turn to the main theme of this thesis: the
controlled breaking of these symmetries and the extent to which the powerful methods
these symmetries underpin can be generalized to less symmetric settings.
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Chapter 3

Spin Chains Arising From N = 2

SCFTs

The connection between one-dimensional spin-chain models and supersymmetric gauge
theories was first established in the seminal work [37] for maximally supersymmetric
SU(N) gauge theory in four dimensions. This observation led to the realisation that
N = 4 SYM is very likely an integrable quantum field theory, and placing this statement
on a firm mathematical footing remains an important and active direction of research.
Over the past two decades, integrability has proved to be an extremely powerful tool,
enabling the computation of a wide range of physical quantities, including anomalous
dimensions and Wilson line expectation values. These developments were reviewed in
Section 2.1.2.

In the case of N = 4 SYM, translating the physical observables of interest into the lan-
guage of spin chains leads to a drastic simplification of the problem, since the resulting
models are well-known rational integrable spin chains that admit exact solutions via
the Bethe ansatz. As the amount of supersymmetry is reduced, however, establishing
and exploring this correspondence becomes less straightforward and increasingly com-
putationally challenging [119, 120]. Nevertheless, the connection remains fruitful even
in the absence of integrability, both for the underlying quantum field theories and for
the associated spin-chain models.

The next natural step beyond N = 4 SYM involves its orbifolds, which, at the orb-
ifold point of the conformal manifold, lead to integrable superconformal field theories
(SCFTs) [71]. Further marginal deformations away from this point give rise to quiver
SCFTs, which span a significant portion of the landscape of Lagrangian SCFTs with
known gravity duals [63, 64]. In this work, we focus on the simplest such N = 2
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SCFT: the marginally deformed Z2 orbifold of N = 4 SYM, which has been the sub-
ject of extensive study [42, 80–82, 121–134]. This theory interpolates between the Z2

orbifold of N = 4 SYM—an integrable theory with a well-understood AdS dual—and
N = 2 superconformal QCD (SCQCD), conjectured to be dual to a non-critical string
theory [80] (see also [135]).

As will become clear from the example we consider, spin-chain models associated with
SCFTs possessing less than maximal supersymmetry begin to exhibit a variety of novel
features that have not been systematically studied in the existing literature. Con-
sequently, a careful analysis of these models and a thorough understanding of their
fundamental properties are necessary before addressing the question of whether they
are integrable, and in what precise sense such integrability may hold. Also, recent
developments have uncovered hidden structures [82, 136] indicating that it may belong
to a novel class of integrable systems governed by a dynamical Yang–Baxter equation
(DYBE) [137, 138], specifically of the type studied in [139–141].

In this thesis, we study the fundamental properties of a simple example that captures
the essential intricacies of N = 2 SCFTs. As explained in Section 2.1, the landscape of
N = 2 theories was elegantly classified in [52]. Within this classification, orbifolds of
N = 4 SYM, together with their marginal deformations, occupy a large region of the
landscape. Moreover, it was shown that such orbifolds preserve integrability essentially
in the same sense as the parent N = 4 SYM theory [71].

Orbifold theories therefore provide a particularly suitable testing ground. Since the
orbifold point is integrable, one can begin with a Bethe ansatz solution and then, by
marginally deforming the theory away from this point, track how the Bethe ansatz,
and more generally the integrable structure deforms. To implement this strategy, we
consider the simplest possible orbifold construction, namely the Z2 orbifold of N = 4

SYM. This chapter is primarily based on the work [1, 2].

3.1 Introduction to Z2 Orbifold of N = 4 SYM

In this section, we introduce the details of the N = 2 SCFT under study and the
corresponding spin-chain models. We review the relevant literature and set up the
spectral problem.
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3.1.1 The Gauge Theory

Building on the discussion of orbifolding given in Section 2.1.3, the Z2 orbifold of
N = 4 SYM has SU(N)1 × SU(N)2 gauge group and SU(2)R × U(1)r R-symmetry.
The field content is captured by the quiver diagram depicted in Figure 3.1 and includes
two bifundamental hypermultiplets as well as two adjoint N = 2 vector multiplets.
Following the notation of [1, 82], these fields descend from the three complex scalars of
N = 4 in the following manner (2.1.40),

X →
(

Q12

Q21

)
, Y →

(
Q̃12

Q̃21

)
, Z →

(
ϕ1

ϕ2

)
. (3.1.1)

The scalars ϕ1 and ϕ2 transform in the adjoint representation of one of the SU(N)i=1,2

gauge groups, respectively. The two hypermultiplets include the bifundamental scalars
Q12,

¯̃Q12 and Q21,
¯̃Q21, where the first index refers to the gauge node for which the field

is in the fundamental representation, and the second index refers to the gauge node for
which the scalar field is in the anti-fundamental representation. Marginally deforming
away from the orbifold point with the parameter κ = g2/g1 gives a theory with two
distinct coupling constants as given in (2.1.41),

WZ2 = ig1tr2
(
Q̃21ϕ1Q12 −Q21ϕ1Q̃12

)
− ig2tr1

(
Q12ϕ2Q̃21 − Q̃12ϕ2Q21

)
, (3.1.2)

with the parameter κ ∈ [0, 1]. In addition to the SU(2)R × U(1)r R-symmetry, this
theory has an extra SU(2)L global symmetry such that the adjoint scalars ϕi are singlets
under the SU(2)L symmetry, while Qij and Q̃ij are bifundamentals forming two SU(2)L
doublets [81],

QÎ =

(
Q12

Q̃12

)
, Q̃Î =

(
Q̃21

Q21 .

)
(3.1.3)

This is a special feature of the Z2 orbifold theory and this global symmetry is no longer
present when we consider Zk orbifolds with k > 2. The Z2 orbifold point theory (at
κ = 1) has a well understood AdS5 × S5/Z2 gravity dual [63, 64, 80]. Because this is
a Z2 orbifold, there is only one marginal deformation which allows us to explore the
real two-dimensional conformal manifold of the g1 ̸= g2 exactly marginal YM couplings
which are given inside the superpotential (3.1.2).

Also, the theory interpolates between the orbifold point theory for κ = 1 and the N = 2

superconformal QCD (SCQCD) with the U(Nf ) = U(2N) flavor symmetry for κ = 0

[80]. The study of this theory after marginal deformation was initiated in [80, 81] where
a complete one-loop hamiltonian for the scalar operators of the theory was computed.
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ϕ1

g1

ϕ2

g2

Q12

Q21

Q̃12

Q̃21

Figure 3.1: The Z2 orbifold theory with SU(N)1 × SU(N)2.

In the interpolating N = 2 theory, the breaking of the mother SU(4)R is such that
there are three distinct SU(2) subsectors which we can read off from the one-loop
Hamiltonian. These subsectors are named with respect to their N = 4 origins as given
in (3.1.1), namely the XY -subsector, the XZ-subsector and the Y Z-subsector. In
the XY -subsector the SU(2) symmetry is unbroken and it coincides with the SU(2)R
symmetry. On the other hand, the XZ- and Y Z- sectors are described by the same spin
chain and for them the SU(2) is broken and it coincides with the SU(2)R symmetry
that is broken through the orbifolding process. Here, we will present these different
subsectors in the following section after passing to the spin chain picture and then focus
on the subsector that exhibits the breaking of the R-symmetry most severely.

3.1.2 The Spin Chain

A number of the novel features of N = 2 SCFT spin chains that we aim to highlight
in this thesis are already captured by the Z2 orbifold of N = 4 SYM. To construct the
Hilbert space of the spin chain for this theory, we consider single-trace operators built
from two of the three complex scalar fields introduced in (3.1.1).

The fact that these fields are in different representations of the gauge group restricts
the allowed single-trace operators in the planar limit and gives rise to a dynamical spin
chain model [82]. More explicitly the color contraction rules for the bifundamental Qij

for ij ∈ {12, 21}, which are in the □i × □̄j representation of the SU(N)1 × SU(N)2
gauge group, strictly prohibit having the following configurations inside the single trace
operators:

tr (· · ·����XXXXQ12Q12 · · · ) , tr (· · ·����XXXXQ21Q21 · · · ) , tr (· · ·����XXXXQ12ϕ1 · · · ) , tr (· · ·����XXXXϕ1Q21 · · · ) ,
tr (· · ·����XXXXϕ2Q12 · · · ) , tr (· · ·����XXXXQ21ϕ2 · · · ) , tr (· · ·���HHHϕ2ϕ1 · · · ) , tr (· · ·���HHHϕ1ϕ2 · · · ) . (3.1.4)
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Moreover, because of the color contraction rules, single-trace operators can only include
an even number of bifundamental fields and the bifundamental fields, Q12, Q21, Q̃12,
and Q̃21 should always appear in an alternating fashion with or without ϕ’s in between.
Examples of the possible configurations include,

tr1
(
ϕL
1

)
, tr

(
ϕL−A
1 Q12ϕ

A
2Q21

)
, tr

(
ϕL−A−B−C
1 Q12ϕ

A
2Q21ϕ

B
1 Q12ϕ

C
2 Q21

)
, (3.1.5)

additionally, we could have

tr1 (Q12Q21Q12 · · ·Q12) , tr1
(
Q12Q̃21Q̃12 · · ·Q12

)
. (3.1.6)

In terms of the spin chain picture this spoils the tensor product structure of the Hilbert
space. And implicitly adds non-local effects into the model. Before going into the details
of the specific spin chain models, we introduce the distinct SU(2)-like subsectors of this
theory by looking at the scalar one-loop Hamiltonian [81].

The XY-sector. This is the sector which includes all the (holomorphic) bifunda-
mental fields. To derive the Hamiltonian, let us start by considering the ϕi F-terms:

Fϕ1 = g1(Q12Q̃21 − Q̃12Q21) , Fϕ2 = g2(Q21Q̃12 − Q̃21Q12) (3.1.7)

After taking out an overall factor of g1g2 and defining κ = g2/g1, we find the Hamilto-
nian:

Hℓ,ℓ+1 =



Q12Q21 Q12Q̃21 Q̃12Q21 Q̃12Q̃21 Q21Q12 Q21Q̃12 Q̃21Q12 Q̃21Q̃12

Q12Q21 0 0 0 0 0 0 0 0

Q12Q̃21 0 1/κ −1/κ 0 0 0 0 0

Q̃12Q21 0 −1/κ 1/κ 0 0 0 0 0

Q̃12Q̃21 0 0 0 0 0 0 0 0

Q21Q12 0 0 0 0 0 0 0 0

Q21Q̃12 0 0 0 0 0 κ −κ 0

Q̃21Q12 0 0 0 0 0 −κ κ 0

Q̃21Q̃12 0 0 0 0 0 0 0 0


. (3.1.8)

Here, the indices ℓ and ℓ + 1 label nearest-neighbour sites along the spin chain. De-
spite the presence of four elementary fields, the resulting Hilbert space is only eight-
dimensional rather than sixteen-dimensional, as one might naively expect. This re-
duction arises from the constraints imposed by color contraction rules. A systematic
way to account for this restricted structure—initiated in [82] and further developed
in [136]—is to exploit the N = 4 origin of the theory and encode the N = 2 color
structure into a single overall index taking values in {1, 2}.
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Concretely, a state such as |XYXY Y X · · ·⟩ in the N = 4 description decomposes into
two distinct states in the N = 2 picture, namely

|Q12Q̃21Q12Q̃21Q̃12Q21 · · ·⟩ and |Q21Q̃12Q21Q̃12Q̃21Q12 · · ·⟩ . (3.1.9)

These two states are related by exchanging the gauge groups. In the XY formulation,
the specific chain under consideration is uniquely fixed by specifying the gauge group
to the left of a given site, that is, by the first index of the bifundamental field at that
site. Without loss of generality, we choose this reference to be the first site of the chain.

Similarly, the action of the Hamiltonian decomposes into the action of two distinct
Hamiltonians when expressed in the XY basis. Which of the two blocks is realised
depends, once again, on the choice of gauge group to the left of the first site on which
the Hamiltonian acts. We denote these two Hamiltonians by H1 and H2, with

H1 =


0 0 0 0

0 κ−1 −κ−1 0

0 −κ−1 κ−1 0

0 0 0 0

 and H2 =


0 0 0 0

0 κ −κ 0

0 −κ κ 0

0 0 0 0

 , in the basis


XX

XY

Y X

Y Y


i=1,2

(3.1.10)

where the notation is that H1 acts on the basis labelled by i = 1 in the representation
□1 × □1 of the color group, while H2 acts on the basis with i = 2 in the representa-
tion □2 × □2. Given that the XY -sector consists solely of bifundamental fields, the
gauge group necessarily alternates at consecutive sites along the chain, independently
of whether the field at a given site is an X or a Y . As a consequence, the Hamiltonian
in this sector alternates between H1 and H2. For example, if we fix the gauge group
to the left of the first site to be the first one, then H1 acts on odd–even sites, while H2

acts on even–odd sites.

It is also possible to describe the XY -sector of the interpolating theory as an alternat-
ing XXX-model Hamiltonian. This model was studied in detail in [82] and the one-
and two-magnon problems were solved by using contact terms in center-of-mass limit.
Furthermore, the idea of the dynamical basis which we demonstrated above is further
developed in [136], both for the Hilbert space of operators and the symmetry generators
that act on them, using the algebroid/groupoid structures.

With these in mind, we turn our attention to the other distinct SU(2)-like spin chain
arising from the scalar sector of the Z2 orbifold of N = 4 SYM. This model will be the
main focus of this chapter.
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XZ-sector. In this sector we will consider operators composed of the bifundamental
field X and the adjoint field Z. To find the Hamiltonian we will need the Q̃ij F-terms:

FQ̃12
= i(g2ϕ2Q21 − g1Q21ϕ1) , FQ̃21

= i(g1ϕ1Q12 − g2Q12ϕ2) (3.1.11)

As in the previous case, the basis the Hamiltonian acts upon is not the sixteen-
dimensional two-site tensor product space of a four-dimensional vector space with
the basis vectors {|ϕ1⟩ , |ϕ2⟩ , |Q12⟩ , |Q21⟩}. But it has to be projected to an eight-
dimensional one according to the color contraction rules. The projection is required
for any spin chain length and cannot be avoided. As discussed in [136], these four-
dimensional basis vectors can be organized into two doublet representations,( |ϕ1⟩

|Q12⟩

)
Z2←→

( |ϕ2⟩
|Q21⟩

)
, (3.1.12)

which are related to each other by the Z2 transformation of the quiver under the
exchange of color indices 1↔ 2. We can construct the spin chain states for any length
by starting with one of these doublets and substituting the other whenever a |Qij⟩ state
is used. For example, spin chain states with length two can be written in the basis,

|ϕ1ϕ1⟩
|ϕ1Q12⟩
|Q12ϕ2⟩
|Q12Q21⟩

 Z2←→


|ϕ2ϕ2⟩
|ϕ2Q21⟩
|Q21ϕ1⟩
|Q21Q12⟩

 . (3.1.13)

As usual, to study the spectral problem of this spin chain we first consider infinitely
long open spin chains. The two (degenerate) vacua constructed by the adjoint scalars
of the theory are1

|vac⟩i = |· · ·ϕiϕiϕi · · ·⟩ , for i = 1, 2 . (3.1.14)

On these vacua, we have two types of magnon excitations, given by Q12 and Q21.
Although spin chain states with any number of magnons are allowed, only the ones
with a even number of magnons admit periodic boundary conditions. For example,

|ϕ1
a1
a2
ϕ1

a2
a3
· · ·ϕ1

aL−1
a1
⟩ ←→ tr

(
ϕ1

L
)
, (3.1.15)

1N = 2 SCFTs have two types of BPS operators which could be used as vacua around which
we study the n-magnon problem. These are operators either with ∆ = ±r with r being the U(1)r
symmetry charge or ∆ = 2R with R being the SU(2)R symmetry Cartan eigenvalue. In this work, we
consider the vacua with ∆ = ±r which we also refer to as ϕ-vacua. In [82] the study of the Q-vacuum
was pursued.
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|ϕ1
a1
a2
Qa2

12 ā1
ϕ2

ā1
ā2
· · ·ϕ2

āL−1
āL ⟩ ←→ (cannot be closed) , (3.1.16)

|ϕ1
a1
a2
Qa2

12 ā1
ϕ2

ā1
ā2
· · ·Q21

āL−1
a1
⟩ ←→ tr

(
ϕ1Q12ϕ

L−4
2 Q21

)
. (3.1.17)

The Hamiltonian of the “broken SU(2) sector” is of nearest-neighbor2 type and can be
taken from [81],

H =
∑
l

Hl,l+1 , (3.1.18)

where

Hℓ,ℓ+1 =



ϕ1ϕ1 ϕ1Q12 Q12ϕ2 Q12Q21 ϕ2ϕ2 ϕ2Q21 Q21ϕ1 Q21Q12

ϕ1ϕ1 0 0 0 0 0 0 0 0

ϕ1Q12 0 1/κ −1 0 0 0 0 0

Q12ϕ2 0 −1 κ 0 0 0 0 0

Q12Q21 0 0 0 0 0 0 0 0

ϕ2ϕ2 0 0 0 0 0 0 0 0

ϕ2Q21 0 0 0 0 0 κ −1 0

Q21ϕ1 0 0 0 0 0 −1 1/κ 0

Q21Q12 0 0 0 0 0 0 0 0


. (3.1.19)

By organizing the two-site basis vectors into two subsets that are related to each other
under the exchange of color indices i, j of the fundamental fields, ϕi and Qij, we bring
the Hamiltonian to a block diagonal form. Under the exchange of color indices, together
with inverting κ to 1/κ, we can map these two blocks of the Hamiltonian to each other.
This Z2 symmetry of the Hamiltonian corresponds to the Z2 symmetry of the quiver
diagram in Figure 3.1. More explicitly, the transformation,

Z2 :

(
ϕ1

Q12

)
↔
(
ϕ2

Q21

)
together with κ↔ 1/κ , (3.1.20)

leaves the Hamiltonian invariant,

[Z2,H] = 0 . (3.1.21)

This will play a crucial role when we start constructing eigenvectors. Additionally, we
can also express this Hamiltonian in the form given in (3.1.10).

2Although the form of the Hamiltonian as a sum over two-site Hamiltonian densities suggests
nearest neighbor interactions, the restricted form of the Hilbert space brings highly non-local effects
which we explore by using a long-range ansatz in the following section.
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Each one of the blocks we see inside the Hamiltonian resembles a Temperley-Lieb
Hamiltonian with quantum parameter κ or 1

κ
. However, since the basis of the Hilbert

space is highly non-trivial, this model is not equivalent to two copies of the Temperley-
Lieb model. The constraints coming from the color contraction rules, together with the
Z2 symmetry, make this model a dynamical spin chain model [82]. Nevertheless, taking
κ→ 1 reduces the Hamiltonian given in (3.1.19) to two copies of the Heisenberg XXX
model,3 which is integrable as discovered by [71]. This limit corresponds to the orbifold
point limit from the gauge theory side. Our solution must recover the eigenvalues and
eigenvectors of these two XXX models as we take the κ→ 1 limit. We will show that
this is indeed the case.

In addition to the Z2 symmetry, the fact that the Hamiltonian (3.1.18) is the sum of
infinite local Hamiltonian densities implies that the overall Hamiltonian commutes with
the operator that shifts all positions by one site

[eiP ,H] = 0 , (3.1.22)

Note that the permutation operators that we need to define the shift operator,

eiP = · · ·PN,N−1PN−1,N−2 · · ·P21P1,0P0,−1 · · ·P−N,−N−1 · · · (3.1.23)

are also defined in the dynamical basis,

P 1
ij =



ϕ1ϕ1 ϕ1Q12 Q12ϕ2 Q12Q21

ϕ1ϕ1 1 0 0 0

ϕ1Q12 0 0 1 0

Q12ϕ2 0 1 0 0

Q12Q21 0 0 0 1

 , P 2
ij =



ϕ2ϕ2 ϕ2Q21 Q21ϕ1 Q21Q12

ϕ2ϕ2 1 0 0 0

ϕ2Q21 0 0 1 0

Q21ϕ1 0 1 0 0

Q21Q12 0 0 0 1

 .(3.1.24)

Another important symmetry of the XXX spin chain is parity. In this context, parity
is defined according to keeping the color indices of the adjoint scalars ϕi and reflecting
the position coordinates. However, we observe that this operator only commutes with
the action of the Hamiltonian for states which have an even number of Q’s, therefore
we conclude that the parity is broken,

[H,P ] ̸= 0 . (3.1.25)

Later on we will show that we can recover the action of parity by combining it with Z2

operator,

[(Z2)
M P ,H] = 0 , (3.1.26)

3We can also obtain the Heisenberg XXX model for open infinite spin chains by taking the quantum
parameter of a Temperley-Lieb model to 1.
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where M is the total number of magnons. In the following section, we present the CBA
method and various ways to generalize the CBA in the cases that it fails to capture
the dynamical nature of the spin chains. We also analyze the implications of these
symmetries in more detail for different numbers of magnons.

In developing a method to solve the spectral problem for the XZ-sector, we focus on
open infinite spin chains. Incorporating boundary conditions into such systems within
the CBA framework is a challenging task, and it lies outside our scope; our present aim
is to connect to gauge theory for an odd number of excitations. Notably, closed spin
chain states with periodic or twisted boundary conditions correspond to single-trace
operators of scalar fields. In this model, spin chain states can only be closed for an even
number of excitations. As a result, the discussion of closed boundary conditions and
the associated Bethe equations is done in [2] and it is the subject of Section 3.8, where
we will apply the methods described in this thesis to states with four magnons and solve
periodicity relations for long-range Bethe ansatz solution. Furthermore, open boundary
conditions also correspond to operators on the gauge theory side, but addressing this
requires the inclusion of flavor branes in the theory [142, 143], a topic that will not be
explored here.

3.2 Coordinate Bethe Ansatz

We begin by considering the spectral problem and solving it for a fixed number of
excitations using the CBA. We show that starting from the three-magnon problem,
this approach is no longer sufficient to solve the system.

One-magnon problem. We consider one excited state in a sea of ϕ’s. Depending
on the color indices we start with, we have two distinct one-magnon states. The CBA
for one-magnon is given by the state,

|Ψ(p)⟩12 =
∞∑

l=−∞

eipl |. . . ϕ1ϕ1Q12(l)ϕ2ϕ2 . . .⟩ , (3.2.1)

|Ψ(p)⟩21 =
∞∑

l=−∞

eipl |. . . ϕ2ϕ2Q21(l)ϕ1ϕ1 . . .⟩ , (3.2.2)

where the fields Q12 and Q21 sit in position l. We represent the position vector using the
coordinate of the magnon. Each position state is dressed with a plane wave factor, and
we sum over all possible positions that the excited state can occupy to construct the
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CBA for the one-magnon state. To differentiate between the two types of momentum
states, we assign two color indices to the momentum space states: the first index
corresponds to the color of the ϕ states at the far left of the spin chain, while the
second index corresponds to the color of the ϕ states at the far right of the position
states of the spin chain.

We derive the dispersion relation of the model by solving the eigenvalue equation,

H |Ψ(p)⟩ij = E(p) |Ψ(p)⟩ij , for ij ∈ {12, 21} . (3.2.3)

The dispersion relation is identical for both states,

E1(p) =

(√
κ− 1√

κ

)2

+ 4 sin2
(p
2

)
. (3.2.4)

The agreement between the dispersion relations of two states is a consequence of a Z2

symmetry of the Hamiltonian (3.1.20). This operator maps distinct one-magnon states
to each other,

Z2 |Ψ(p)⟩ij = |Ψ(p)⟩ji , for ij ∈ {12, 21} . (3.2.5)

It is also worth mentioning that the dispersion relation (3.2.4) coincides with the
dispersion relation of a Heisenberg XXZ spin chain with the anisotropy parameter,
∆ = (κ+ 1/κ) /2. Indeed, when we take κ→ 1, the mass gap closes and we obtain the
dispersion relation for the Heisenberg XXX model. At the orbifold point, we obtain two
copies of the Heisenberg XXX model, which is integrable for infinite open spin chains.

Another important transformation in the context of spin chains is parity, P , which
reverses the ordering of the states of our chain (supplemented in our case with the
transformation Q12 ↔ Q21 for consistency in the color indices)

P |Ψ(p)⟩12 =
∞∑

l=−∞

eiplP |· · ·ϕ1Q12(l)ϕ2 · · ·⟩

=
∞∑

l=−∞

eipl |· · ·ϕ2Q21(−l)ϕ1 · · ·⟩

= |Ψ(−p)⟩21 . (3.2.6)

At first glance, the parity of the model seems broken due to the distinction between the
magnons, Q12 and Q21.4 However, by employing the Z2 symmetry of the Hamiltonian,

4Here the breaking of the parity can be seen in the fact that parity maps the distinct one-magnon
states to each other instead of just reversing the sign of the momentum parameter.
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we observe that the operator given in (3.1.26) takes the role of parity operator,

Z2P |Ψ(p)⟩ij = |Ψ(−p)⟩ij . (3.2.7)

This is a property of our spin chains which we will use to characterize the three-magnon
solution better. We first consider the two-magnon eigenvalue problem.

Two-magnon problem. We proceed by solving the eigenvalue problem for two-
magnon spin chain states,

H |Ψ(p1, p2)⟩ = E2(p1, p2) |Ψ(p1, p2)⟩ . (3.2.8)

The eigenvalue of the two-magnon states is given by summing over the one-magnon
energy eigenvalue,5 (3.2.4) for the independent momentum variables,

E2(p1, p2) = E1(p1) + E1(p2) . (3.2.9)

The CBA for two magnons is given by summing over all possible configurations of the
magnons with a fixed ordering. Depending on the order of the magnons on the spin
chain we can have two distinct eigenvectors,

· · ·ϕ1Q12ϕ2 · · ·ϕ2Q21ϕ1 · · · , · · ·ϕ2Q21ϕ1 · · ·ϕ1Q12ϕ2 · · · .

As with the one-magnon eigenvectors, these two configurations are labeled by the color
indices of ϕ states at the far left and far right of the spin chain. According to those color
indices, two magnons, Qij, always appear with opposite color indices. We introduce a
wave function for each state in position space, incorporating the two possible ways the
magnons can carry the momentum, p1 and p2. Initially, the CBA for two excited states
takes the form

|Ψ(p1, p2)⟩ii =
∑
l1<l2

ψii(p1, p2; l1, l2) |Qij(l1), Qji(l2)⟩ , (3.2.10)

such that the wave function under a particular choice of normalization is expressed as

ψii(p1, p2; l1, l2) = (eil1p1+il2p2 + Sii(p1, p2)e
il1p2+il2p1) , (3.2.11)

for i ∈ {1, 2}. The first coefficient of the weighted sum of plane waves is set to one for
simplicity, while the second one is the scattering coefficient. This coefficient is fixed by

5The additive energy is a consequence of having a nearest-neighbor Hamiltonian and the require-
ment that asymptotically two magnon states are given by two one-magnon states. It is equivalent to
⟨l1, l2|H − E2|Ψ(p1, p2)⟩ii = 0 for l1 < l2.
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demanding that the wave function be a solution of the eigenvalue problem (3.2.8) when
the two excitations are adjacent,

⟨l1, l1 + 1|H − E2|Ψ(p1, p2)⟩ii = 0 , (3.2.12)

for i ∈ {1, 2} separately. Remaining equations that capture the eigenvalue problem for
the non-interacting configurations, ⟨l1, l2|H − E2|Ψ(p1, p2)⟩ii vanish, for all l1 < l2 − 1

because of additive energy (3.2.9). Furthermore, the eigenvalue problem projected onto
the interacting magnons state, (3.2.12) is given by

Sκ(p1, p2) = −
1 + eip1+ip2 − 2κeip2

1 + eip1+ip2 − 2κeip1
, (3.2.13)

such that the scattering coefficients of the two eigenvectors are related to each other
by κ→ 1/κ transformation,

S11 = Sκ(p1, p2) , (3.2.14)

whereas

S22 = S1/κ(p1, p2) . (3.2.15)

This is a consequence of the Z2 symmetry (3.1.20). Notably, the distinction between
the eigenstates of this model and those of two copies of the Heisenberg XXZ spin
chain becomes evident only at the two-magnon level. For an XXZ spin chain with
anisotropy parameter ∆ = 1

2

(
κ+ 1

κ

)
, the two-magnon scattering coefficients take the

form S 1
2(κ+

1
κ)
(p1, p2) in terms of (3.2.13). Here, we observe that the parameter (κ +

1/κ)/2, extracted from the dispersion relation (3.2.4), splits into two components, each
of which parametrizes the scattering coefficients. This splitting highlights the unique
features of the model and underscores the role of Z2 symmetry in differentiating it
from the Heisenberg XXZ spin chain. Additionally, taking the orbifold limit would
make the distinct scattering coefficients (3.2.14) and (3.2.15) coincide and we would
obtain the result for two copies of the Heisenberg XXX chain as anticipated. Other
than κ = ±1 and κ = 0, the scattering coefficients also coincide under the kinematic
limit, p1 + p2 = π,

Sκ(p1, π − p1) = S1/κ(p1, π − p1) , (3.2.16)

for arbitrary p1 and κ. This turns out to be crucial for the three-magnon CBA with
contact terms, which is presented in Appendix A in [1].

Furthermore, the parity operator acts by reversing the sign of the momentum variables
and does not need to be combined with the Z2 operator. This phenomenon is deeply
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connected with the fact that two magnon states, as well as all other states with an even
number of excitations, admit periodic boundary conditions. Since the states at the far
left and far right of the spin chain agree, we observe,

P |Ψ(p1, p2)⟩ii = Sii(p1, p2) |Ψ(−p1,−p2)⟩ii . (3.2.17)

The periodic boundary conditions imply the following Bethe equations, which were
analyzed in [81],

eipaL = Sii(pa, pb) for a, b, i = 1, 2 and a ̸= b , (3.2.18)

we will discuss them in detail in Section 3.8. Here, as a preparation for the next section,
we take a detour to consider deforming the two-body CBA. We insert contact terms to
the wave function which only play a role when the magnons are interacting, [82, 144],

|Φ(p1, p2)⟩11 =
∑
l1<l2

(
(A12 +D12 δ(l2, l1 + 1)) eip1l1+ip2l2

+ (A21 +D21 δ(l2, l1 + 1)) eip2l1+ip1l2
)
|l1, l2⟩11 . (3.2.19)

As scattering coefficients, contact terms are functions of momentum variables. The
eigenvalue problem imposes the following relations among scattering coefficients and
contact terms,

A21

A12

= Sκ(p1, p2) , D21 = −eip2−ip1D12 . (3.2.20)

Since the contact terms only become non-trivial for l2 = l1 + 1, we observe that the
relation given above implies that the contribution from the contact terms vanishes.
Although we can generalize the idea of the contact terms by replacing Dijδ(l2, l1 + 1)

with an infinite sum
∑

nD
n
ijδ(l2, l1 + n), the solution of the eigenvalue problem would

still wash out the contact term contributions. Therefore, we state that the two-magnon
eigenvector cannot be generalized by the contribution of the contact terms. This point
was considered in depth in Appendix A of [1].

How CBA fails for the three-magnon problem. The eigenvalue problem for
three magnons is a natural extension of the two-magnon case. We consider the eigen-
value problem,

H |Ψ(p1, p2, p3)⟩ = E3(p1, p2, p3) |Ψ(p1, p2, p3)⟩ , (3.2.21)
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such that the eigenvalue of the three-magnon state is the sum of the energy eigenvalues
for each momentum variable,

E3(p1, p2, p3) = E1(p1) + E1(p2) + E1(p3) . (3.2.22)

The natural extension of the CBA to states with three excitations should naively have
the following form,

|φ(p1, p2, p3)⟩12 =
∑

l1<l2<l3

φ12(p1, p2, p3; l1, l2, l3) |l1, l2, l3⟩12 , (3.2.23)

φ12(p1, p2, p3; l1, l2, l3) =

(∑
σ∈S3

Aσ e
ipσ(1)l1+ipσ(2)l2+ipσ(3)l3

)
. (3.2.24)

Here, the wave function includes a sum over all elements of the symmetric group,
S3.6 The group elements can be represented as the possible permutations of the three
momentum parameters. As in the case of one and two magnons, the momentum space
vector is labeled by the indices of the ϕ states at the leftmost end of the spin chain,
while the second index corresponds to the color of the ϕ states at the rightmost end of
the spin chain. This is enough to fully characterize the color structure of the magnons,
as the Q12 and Q21 states are arranged in alternating order. Additionally, there exists
another state, |φ(p1, p2, p3)⟩21, corresponding to the image of the state given in (3.2.23)
under the action of Z2.

By using the CBA given in (3.2.23) we attempt to solve the three-magnon eigenvalue
problem. We observe that the eigenvalue problem is immediately satisfied for well-
separated magnons,

⟨l1, l2, l3|H − E3|φ(p1, p2, p3)⟩ = 0 , for all l2 − l1 > 1, l3 − l2 > 1 . (3.2.25)

When two or more magnons are next to each other, we obtain a finite set of linear equa-
tions for the scattering coefficients Aσ. Here we consider the configurations that have
only two interacting magnons and the third one is far away. For this ansatz (3.2.23), the
equations associated with the configurations with three interacting magnons are a lin-
ear combination of the former. This is a feature of the CBA with factorized scattering
coefficients. The two-magnon interacting equations fully fix the three-magnon scatter-
ing coefficients as products of two-magnon scattering coefficients. As a consequence,
the three-magnon interacting equation does not add any new piece of information.

6In this article we denote the permutation σ ∈ S3 that maps σ(1) = i, σ(2) = j and σ(3) = k as the
string (ijk). This notation differs from the cyclic notation, so it is important to avoid any confusion
between the two. Composition of permutations is defined by the rule (τσ)(i) = τ(σ(i)).
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Depending on whether the pair of interacting magnons is located at the left or right of
the third one,

· · ·ϕ1Q12Q21ϕ1 · · ·ϕ1Q12ϕ2 · · · , · · ·ϕ1Q12ϕ2 · · ·ϕ2Q21Q12ϕ2 · · · ,

the equations we obtain are different,

⟨l1, l1 + 1, l3|H − E3|φ(p1, p2, p3)⟩12 = eil1(p1+p2+p3)

×
∑

ij∈{12,13,23}

(Ajika(pi, pj, κ) + Aijka(pj, pi, κ)) e
i(l3−l1)pk , (3.2.26)

⟨l1, l3 − 1, l3|H − E3|φ(p1, p2, p3)⟩12 = eil3(p1+p2+p3)

×
∑

ij∈{12,13,23}

(
Akjia(pi, pj, κ

−1) + Akija(pj, pi, κ
−1)
)
ei(l1−l3)(pi+pj) , (3.2.27)

The function

a(p1, p2, κ) = 1 + eip1+ip2 − 2κeip1 , (3.2.28)

is the denominator of the scattering coefficient given in (3.2.13). We assume that the
scattering coefficients are independent of the coordinates of the magnons, meaning that
each of the three terms of the sums in the previous equations has to separately vanish.
We write these six equations in the matrix form,

a(p3, p2; 1/κ) a(p2, p3; 1/κ) 0 0 0 0

a(p2, p1;κ) 0 a(p1, p2;κ) 0 0 0

0 a(p3, p1;κ) 0 0 a(p1, p3;κ) 0

0 0 a(p3, p1; 1/κ) a(p1, p3;κ) 0 0

0 0 0 a(p3, p2;κ) 0 a(p2, p3;κ)

0 0 0 0 a(p2, p1; 1/κ) a(p1, p2; 1/κ)





A123

A132

A213

A231

A312

A321


= 0 .

(3.2.29)

We can check that the determinant of the matrix of coefficients does not vanish, imply-
ing that only the trivial solution exists. Therefore, the CBA given in (3.2.23) fails to
provide a solution for the eigenvectors of the three-body eigenvalue problem, (3.2.21),
(3.2.22) and (3.2.23).

We can understand the failure of the CBA from a different perspective. On one hand,
solving the equations (3.2.26) implies that the scattering coefficients have to fulfill the
relations

A213

A123

= Sκ(p1, p2) ,
A312

A132

= Sκ(p1, p3) ,
A321

A231

= Sκ(p2, p3) . (3.2.30)
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On the other hand, we obtain the following relations between the scattering coefficients
when we only solve (3.2.27),

A321

A312

= S1/κ(p1, p2) ,
A231

A213

= S1/κ(p1, p3) ,
A132

A123

= S1/κ(p2, p3) .

(3.2.31)

When we combine these results, the failure of the CBA can be mapped to the fact that
the scattering coefficients of the CBA do not fulfill the YBE

Sκ(p2, p3)S1/κ(p1, p3)Sκ(p1, p2) ̸= S1/κ(p1, p2)Sκ(p1, p3)S1/κ(p2, p3) . (3.2.32)

This observation was initially made in [81]. It becomes evident that this issue recurs
for all higher numbers of magnons due to the permutation symmetric, factorizable
nature of the CBA. It is clear that as long as we use a permutationally symmetric form
for the eigenvector ansatz, the YBE will arise. The goal of this thesis is to present
a systematic way to upgrade the factorization of the scattering coefficients which do
not satisfy YBE so that they satisfy a form of YBE which resembles dynamical Yang–
Baxter equation (DYBE) [137]. We will clarify this point of view further when we look
for the special solution of the three-magnon problem and impose additional conditions
to make the connection more precise in Section 3.3.2. Additionally, as detailly discussed
in [1] adding finitely many contact terms does not resolve this problem.

To address this, in the next section, we introduce position-dependent corrections for
every configuration in position space. Starting with the most general ansatz that pre-
serves shift symmetry, we construct eigenvectors for the spectral problem with arbitrary
momenta and κ ∈ [0, 1]. Furthermore, leveraging the symmetries of the model allows
us to constrain the general form of the solution and investigate the spectrum of the
spin chain model.

3.3 Three-Body Long-Range Solution

In this section, we develop a new technique to solve the three-magnon eigenvalue prob-
lem given in (3.2.21). As demonstrated in the previous section, CBA is not sufficient
to diagonalize the Hamiltonian in the three-magnon sector. We therefore start from
the most general ansatz for the wave function, including infinitely many long-range
corrections, and progressively constrain this ansatz using the symmetries of the spin
chain under study.
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Figure 3.2: The position-dependent corrections Dn,m
σ are labeled by two integers, the

distances between the three magnons, and thus naturally live on a two-dimensional
lattice. They are also labeled by the permutations σ.

Generalizing the CBA with position-dependent terms, we introduce an ansatz with an
infinite number of corrections,

|Ψ(p1, p2, p3)⟩12 =
∑

l1<l2<l3

Ψ(p1, p2, p3; l1, l2, l3) |l1, l2, l3⟩12 , (3.3.1)

with

Ψ(p1, p2, p3; l1, l2, l3) =

(∑
σ∈S3

(
Aσ +Dl2−l1−1,l3−l2−1

σ

)
eip⃗σ ·⃗l

)
. (3.3.2)

We label all the scattering coefficients and the position-dependent corrections by per-
mutations, σ, according to the order of the momentum variables that appear in the
plane wave contributions. In this ansatz, we require the position-dependent corrections
to be functions of the momenta, the parameter κ, and the distance between the exci-
tations. Therefore, our ansatz includes infinitely many undetermined coefficients for
each permutation which can be enumerated on a two-dimensional lattice for each per-
mutation, together with six scattering coefficients Aσ. Since we consider infinite open
spin chains without specifying boundary conditions, the corresponding two-dimensional
lattice is Z≥0 × Z≥0, which is depicted in Figure 3.2. Notice also that the scattering
coefficients can always be absorbed into the definition of the position-dependent cor-
rections. We have instead decided to separate them and set the coefficients D0,0

σ = 0

to make the connection with the case of two magnons clearer. Additionally, the trans-
lational invariance of the wave function is equivalent to vanishing total momenta as it
happens for the usual CBA, since the position-dependent corrections only depend on
the relative distance.
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When we substitute the ansatz (3.3.2) into the eigenvalue problem (3.2.21), we find
three distinct classes of equations based on the relative positions of the excitations. As
discussed in Section 3.2, these correspond to the cases where all the magnons are well
separated, where only two magnons are interacting, and where all three magnons are
interacting simultaneously. Unlike the usual CBA equations, the configurations where
the magnons are well separated do not vanish immediately but instead provide an
important constraint on the position-dependent coefficients, Dn,m

σ . Consequently, the
separation of the three-magnon dispersion relation into the sum of three independent
one-magnon dispersion relations (3.2.22) does not naturally arise from this particular
ansatz. We therefore demand the eigenvalue to have an additive form and obtain a
family of solutions for the eigenvector with the position-dependent corrections.

When the magnons are well separated, the eigenvalue problem is given as

γ(n,m) = ⟨l1, l2, l3|H − E3|Ψ(p)⟩12 = 0 , (3.3.3)

where n = l2 − l1 − 1 > 0 and m = l3 − l2 − 1 > 0. The explicit form of these
non-interacting equations given by the wave function is, (3.3.2),

γ(n,m) =

(
3κ+

3

κ
− E3

)
Ψ(p1, p2, p3; l1, l2, l3)−Ψ(p1, p2, p3; l1 ± 1, l2, l3)

−Ψ(p1, p2, p3; l1, l2 ± 1, l3)−Ψ(p1, p2, p3; l1, l2, l3 ± 1) . (3.3.4)

It is useful to separate the coefficients that accompany the plane waves to distinguish
the position dependence arising from the position-dependent corrections from that of
the plane waves. Thus, the non-interacting equations (3.3.4) split as

γ(n,m) =
∑
σ∈S3

γσ(p1, p2, p3, n,m) ei(n+1)(pσ(2)+pσ(3))+i(m+1)pσ(3) , (3.3.5)

where we omit the overall plane wave contribution, exp(il1(p1 + p2 + p3)). The term
associated with the identity permutation takes the form

γ123(n,m) = −eip1Dn−1,m
123 − e−ip1Dn+1,m

123 − e−ip3Dn,m−1
123

+ε3D
n,m
123 − eip3Dn,m+1

123 − eip2Dn+1,m−1
123 − e−ip2Dn−1,m+1

123 . (3.3.6)

The remaining terms can be obtained from this expression by permuting the labels of
the position-dependent corrections and momenta. In addition, we have introduced the
symbol

ε3 = 3

(
κ+

1

κ

)
− E3 =

3∑
j=1

(
eipj + e−ipj

)
, (3.3.7)
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which is closely related to the total energy of the three-magnon state, as it will appear
at several points in our computations.

Similarly to the eigenvalue equations coming from the CBA, we impose that each γσ
vanishes independently of the plane wave contributions. Therefore, for each permuta-
tion, we obtain a relation between the coefficients Dn,m

σ with shifted position coordi-
nates. These relations will be the base of the permutation symmetries of our solution.

When only two magnons are interacting, we obtain the two-magnon interaction equa-
tions. Then we must distinguish whether the interacting pair is positioned to the left
or right of the third magnon. For the case where the pair of interacting magnons is on
the left of the spin chain, we have

βl(m) = ⟨l1, l1 + 1, l3|H − E3|Ψ(p1, p2, p3)⟩12 = 0 , (3.3.8)

for all m = l3 − l2 − 1 > 0. In terms of the wave functions the projection of the
eigenvalue problem to the position space takes the following form,

βl(m) =

(
κ+

3

κ
− E3

)
Ψ(p1, p2, p3; l1, l1 + 1, l3)−Ψ(p1, p2, p3; l1 − 1, l1 + 1, l3)

−Ψ(p1, p2, p3; l1, l1 + 2, l3)−Ψ(p1, p2, p3; l1, l1 + 1, l3 ± 1) .

(3.3.9)

For the case where the pair of interacting magnons is on the right, we have

βr(n) = ⟨l1, l3 − 1, l3|H − E3|Ψ(p1, p2, p3)⟩12 = 0 , (3.3.10)

for all n = l2 − l1 − 1 > 0. Similarly to the previous case, this expression takes the
form,

βr(n) =

(
3κ+

1

κ
− E3

)
Ψ(p1, p2, p3; l1, l3 − 1, l3)−Ψ(p1, p2, p3; l1 ± 1, l3 − 1, l3)

−Ψ(p1, p2, p3; l1, l3 − 2, l3)−Ψ(p1, p2, p3; l1, l3 − 1, l3 + 1) .

(3.3.11)

When we compare the left two-magnon interacting equations to the right, we can
observe that they are related by the Z2 symmetry (3.1.20). Recall that the action of Z2

symmetry exchanges κ with 1
κ

as well as Q12 with Q21. Looking at the pair of interacting
magnons, the Z2 action would map the left two-magnon interacting pair to a right pair,
but with the third magnon in the wrong position. By combining Z2 transformation with
the action of parity operator, we can explicitly obtain (3.3.10) from (3.3.8) and vice
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versa. This is closely related to the observation about the restored parity invariance
of one-magnon states, (3.2.7). After presenting all the equations, we will come back to
this point.

We now follow the same steps as for the non-interacting equations. We substitute
the ansatz (3.3.2), decompose these equations into separate terms distinguished by the
plane wave factors, and require that each term vanishes independently. In contrast to
the non-interacting equations, one of the relative distances between magnons is set to
zero, which implies that these equations can be split into three contributions instead
of six. In particular, we have

βl(m) =βl,(12)(m)ei(m+2)p3 + βl,(13)(m)ei(m+2)p2 + βl,(23)(m)ei(m+2)p1 , (3.3.12)

where we omit the overall plane wave contribution, exp(il1(p1 + p2 + p3)) and the first
coefficient in the sum is given as

βl,(12)(m) =A123 a(p2, p1, κ) + A213 a(p1, p2, κ)

− e−ip3
(
eip1D0,m−1

213 + eip2D0,m−1
123

)
− eip3

(
eip1D0,m+1

213 + eip2D0,m+1
123

)
− e−ip1−ip2

(
e2ip1D1,m

213 + e2ip2D1,m
123

)
−
(
e2ip1D1,m−1

213 + e2ip2D1,m−1
123

)
+ (ε3 − 2κ)

(
eip1D0,m

213 + eip2D0,m
123

)
, (3.3.13)

where the function a(p1, p2, κ) = 1 + eip1+ip2 − 2κeip1 is defined in equation (3.2.28).
Here we label our equations using (ij) ∈ {(12), (13), (23)}, as we only have to keep track
of these transpositions. The remaining expressions coming from the left two-magnon
interacting equation can be obtained by permuting the labels of momentum variables
as well as the undetermined coefficients. Concerning these transpositions, both the
scattering coefficients and the position-dependent corrections contribute in pairs.

Similarly, the two-magnon interacting equation from the right splits as

βr(n) =βr,(12)(n)e
i(p1+p2)(n+1) + βr,(13)(n)e

i(p1+p3)(n+1) + βr,(23)(n)e
i(p2+p3)(n+1) ,

(3.3.14)

with

βr,(12)(n) =A312 a(p2, p1, κ
−1) + A321 a(p1, p2, κ

−1)

− eip3
(
eip1Dn−1,0

321 + eip2Dn−1,0
312

)
− e−ip3

(
eip1Dn+1,0

321 + eip2Dn+1,0
312

)
−
(
e2ip1Dn,1

321 + e2ip2Dn,1
312

)
− e−ip1−ip2

(
e2ip1Dn−1,1

321 + e2ip2Dn−1,1
312

)
+
(
ε3 − 2κ−1

) (
eip1Dn,0

321 + eip2Dn,0
312

)
, (3.3.15)

where we omit the overall plane wave contribution as before. Compared to the two-
body interacting equations derived from the usual CBA, given in (3.2.30) and (3.2.31),
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these equations are corrected by the contributions of the position-dependent correc-
tions. In contrast with the case of the CBA with contact terms, discussed in detail
in Appendix A in [1], this infinite tower of corrections cannot be fully washed out.
This strongly indicates that the failure of the YBE (3.2.32), which originates from the
two-magnon interacting equations of CBA given in (3.2.29), will not be an obstruc-
tion to obtaining a solution. Because of the additional degrees of freedom in the form
of position-dependent corrections, these two-magnon interacting equations βr and βl
admit non-trivial solutions for the scattering coefficients and the position-dependent
corrections.

In the case where the three magnons are next to each other, we have an expression that
is free of position variables,

α = ⟨l1, l1 + 1, l1 + 2|H − E3|Ψ(p1, p2, p3)⟩12 = 0 , (3.3.16)

where

⟨l1, l1 + 1, l1 + 2|H − E3|Ψ(p1, p2, p3)⟩12 =
(
κ+

1

κ
− E3

)
Ψ(p1, p2, p3; l1, l1 + 1, l1 + 2)

−Ψ(p1, p2, p3; l1 − 1, l1 + 1, l1 + 2)−Ψ(p1, p2, p3; l1, l1 + 1, l1 + 3) . (3.3.17)

The explicit form of the three-magnon interacting equation up to an overall plane wave
contribution, exp(il1(p1 + p2 + p3)), is given by

α(p1, p2, p3) =
∑
σ∈S3

[
(κ+

1

κ
− E3 − eipσ(3) − e−ipσ(1))Aσ

− e−ipσ(1)D1,0
σ − eipσ(3)D0,1

σ

]
ei(pσ(2)+2pσ(3)) . (3.3.18)

This equation completes the list of the equations that are coming from the eigenvalue
problem.

Because we are working with open infinitely long spin chains, these three types of equa-
tions imply an infinite-dimensional linear system of equations. Since the interacting
equations mix the position-dependent corrections with different permutations, we have
a single highly interwoven system of equations. To reveal the underlying structure, we
pay close attention to the symmetries of the spin chain model. After analyzing the
consequences of parity and Z2 symmetry, we solve the eigenvalue problem in a specific
order to capture the residual permutation symmetry of our long-range ansatz.

Parity and Z2 symmetry. We study the conditions imposed on the long-range
ansatz for it to satisfy the analogous parity relation with the one-magnon eigenstate
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(3.2.7). Although we only discuss the equations coming from the eigenvalue problem
for one of the two possible three-magnon states, |Ψ(p1, p2, p3)⟩12, the Z2 conjugate of
this state exists, and it satisfies the eigenvalue equation (3.2.21),

Z2 |Ψ(p1, p2, p3)⟩12 = |Ψ(p1, p2, p3)⟩21 . (3.3.19)

This implies that the entire wave function of the eigenvector, |Ψ(p1, p2, p3)⟩21 should
be the κ→ 1/κ version of the wave functions of the state, |Ψ(p1, p2, p3)⟩12, as given in
(3.3.1). Indeed, this can be realized by looking at the eigenvalue problem for the three-
magnon state whose magnons appear in the order Q21Q12Q21. We observe that the form
of the non-interacting equations is the same for both sets of position-dependent correc-
tions because the expressions given in (3.3.6) do not include explicit dependence on the
κ parameter. Additionally, the three-magnon interacting equation given in (3.3.18) is
invariant under the κ→ 1/κ transformation, therefore the coefficients of the eigenstate
|Ψ(p1, p2, p3)⟩21 also satisfy the same three-magnon interacting equation. However, the
two-magnon interacting equations (3.3.13) and (3.3.15) significantly change under the
Z2 transformation. Hence, both scattering coefficients and the position-dependent cor-
rections of the Z2 pair state have the form,

⟨l1, l2, l3|Ψ(p1, p2, p3)⟩21 =
∑
σ∈S3

(
Aσ(p, 1/κ) +Dl2−l1−1,l3−l2−1

σ (p, 1/κ)
)
eip⃗σ ·⃗l . (3.3.20)

Therefore, finding a solution for the |Ψ⟩12 state automatically gives a solution for the
|Ψ⟩21 state. Moreover, when we consider the action of the parity, we obtain

P |Ψ(p1, p2, p3)⟩12

=
∑

−l3<−l2<−l1

(∑
σ∈S3

(
Aσ(p, κ) +Dl2−l1−1,l3−l2−1

σ (p, κ)
)
eip⃗σ ·⃗l

)
|−l3,−l2,−l1⟩21 .

(3.3.21)

Although the state that is obtained by the action of the parity operator is not necessar-
ily an eigenvector of the Hamiltonian, we can consider a parity-like operator as for the
one-magnon state, (3.2.7) using the action of Z2. The Z2P symmetry only maps mo-
mentum variables p→ −p while leaving the color indices invariant as in (3.2.7) if there
exists a three-magnon eigenstate whose wave function includes the scattering coeffi-
cients Âσ(p, κ) and position-dependent corrections D̂n,m

σ (p, κ) such that the coefficients
of the initial eigenstate |Ψ⟩12 satisfy the following relations,

Aσ(p, κ) = eiφ(p,κ)Âσr(−p, 1/κ) , Dn,m
σ (p, κ) = eiφ(p,κ)D̂m,n

σr (−p, 1/κ) , (3.3.22)
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Equations Undetermined coefficients
Minimum Separation α = 0, βl,(ij)(1) = 0, βr,(ij)(1) = 0 Aσ, D1,0

σ , D0,1
σ , D2,0

σ , D1,1
σ , D0,2

σ

γσ(n,m) = 0 Dn,m
σ for n,m ≥ 2

All Separation βl,(ij)(m+ 1)− βl,(ij)(m) = 0 Dn,m
σ for m ≥ 2 and n = 0, 1

βr,(ij)(n+ 1)− βr,(ij)(n) = 0 Dn,m
σ for m = 0, 1 and n ≥ 2

Table 3.1: Summary of the method, we list the equations coming from the eigenvalue
problem and the undetermined coefficients that appear in these equations.

where for σ = (ijk) the reflection of the permutation index is denoted by σr = (kji).
We explicitly show the existence of two eigenvectors that satisfy these relations in
Section 3.3.2. The overall phase factor eiφ(p,κ) is incorporated into these relations to
avoid over-restricting the solution space for the coefficients of the three-magnon state.
If the two eigenvectors whose coefficients satisfy the given relations (3.3.22) coincide,
then we obtain,

Z2P |Ψ(p1, p2, p3)⟩12 = eiφ(p,κ) |Ψ(−p1,−p2,−p3)⟩12 . (3.3.23)

Furthermore, applying parity twice should give us back the original state, so the phase
has to satisfy eiφ(p,κ)eiφ(−p,κ−1) = 1. We conclude the discussion on the symmetries of
the model by emphasizing that the operator (Z2)

M P successfully replaces the role of
the parity operator for any number M of Q’s on a spin chain. Under the conditions
given in (3.3.22), the solution of the long-range three-magnon state is consistent with
the symmetry which was given in (3.2.7).

3.3.1 The Most General Solution

Our strategy to solve these equations is depicted in Table 3.1 and is as follows. We
separate the expressions coming from the eigenvalue problem into two classes. The first
class of equations consists of the minimum separation equations and does not involve
any free position variables, and we use them to obtain the scattering coefficients of
the model. Therefore, the first class includes the interacting equations with minimum
separation, listed as

α(p1, p2, p3) = 0 , βl,(ij)(1) = 0 , βr,(ij)(1) = 0 , (3.3.24)

for all transpositions of S3, denoted as (ij), which are referring to the pieces of the
two-magnon interacting equations as presented in (3.3.12) and (3.3.14). These seven
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equations are mainly used to determine the scattering coefficients, Aσ, up to an overall
normalization which is unspecified in the form of the coefficient A123. Together with
the five scattering coefficients, we should fix at least two of the position-dependent
corrections to ensure that all seven equations are solved.

The remaining equations constitute the second class of equations. They give us re-
currence relations for the position-dependent corrections, Dn,m

σ . We can separate the
eigenvalue problem for position-dependent corrections from the scattering coefficients
by considering the difference of two successive two-body equations. Thus, for n,m ≥ 1,
we will solve the equations

γσ(n,m) = 0 , βl,(ij)(n+ 1)− βl,(ij)(n) = 0 , βr,(ij)(n+ 1)− βr,(ij)(n) = 0 ,

(3.3.25)

such that σ ∈ S3 and (ij) are the distinct permutations. These equations, together
with (3.3.24), span the infinite linear system of equations for the scattering coefficients
and the corrections. By dividing the set of two-magnon interacting equations into two
subsets, which we refer to as the first and second class, we achieve an upper-triangular
form for the infinite-dimensional system of equations which include all the two-magnon
interacting eigenvalue equations and this will simplify the process of solving the two-
magnon interacting equations drastically.

In the following we show that the solution of the position-dependent corrections coming
from the minimum separation expressions is the initial conditions for the recursion
relations in the second class. Furthermore, the relations coming from the two-body
interacting equations are the initial conditions of the non-interacting type equations.
Therefore, we start solving the eigenvalue problem from the non-interacting equations.
After acquiring the most general set of position-dependent corrections that solve the
non-interacting equations, we move on to the two-body interacting recurrence relations
and incorporate these relations into the non-interacting ones. Finally, we present the
most general way to solve the minimum separation equations before taking advantage
of the large set of undetermined coefficients and obtaining distinct subfamilies of the
three-magnon eigenvectors, which admit interesting physical interpretations.

Solving the non-interacting equations. We start from the non-interacting equa-
tions, which we solve via the generating function method. We introduce a complex two-
variable function whose Taylor expansion around (0, 0) gives us the position-dependent
corrections for each permutation,

Gσ(x, y) =
∞∑

n,m=0

Dn,m
σ (p1, p2, p3;κ)x

nym . (3.3.26)
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The non-interacting equations, γσ(n,m) = 0, can then be used to manipulate the initial
form of the generating function. First, we refine the position-dependent corrections to
get rid of a universal factor in all eigenvalue problem expressions,

D̃n,m
σ = e−inpσ(1)+impσ(3)Dn,m

σ . (3.3.27)

The solution of the non-interacting equations for each permutation is encoded in the
closed form of the generating function,

Gσ(e
−ipσ(1)x, eipσ(3)y) = g1,σ(x) + g3,σ(y)−

e−iPx2yD̃0,1
σ + eiPxy2D̃1,0

σ

Q3(x, y)

+
eiPy2

(
1 + e−iPx

)
Q3(x, y)

g1,σ(x) +
e−iPx2

(
1 + eiPy

)
Q3(x, y)

g3,σ(y)

− xy
(
1 + e−iPx

)
Q3(x, y)

g2,σ(x)−
xy
(
1 + eiPy

)
Q3(x, y)

g4,σ(y) , (3.3.28)

The scaled variables transform the coefficients of generating function from Dσ into
D̃σ. Additionally, after the scaling, the denominator Q3(x, y) which is a third-order
polynomial of two variables includes only two coefficients, ε3 as given in (3.3.7) and
exponential of total momentum, eiP ,

Q3(x, y) = ε3xy − e−iPx2 − eiPy2 − x− y − x2y − y2x . (3.3.29)

Vanishing of this polynomial defines an elliptic curve which we use to understand the
solution of the non-interacting equations better.7 The functions gi,σ are generating
functions that consist of a particular subset of position-dependent corrections. These
are not fixed by the non-interacting equations and they are defined as follows,

g1,σ(x) =
∞∑
n=1

D̃n,0
σ xn , (3.3.30)

g2,σ(x) =
∞∑
n=1

D̃n,1
σ xn , (3.3.31)

g3,σ(y) =
∞∑

m=1

D̃0,m
σ ym , (3.3.32)

g4,σ(y) =
∞∑

m=1

D̃1,m
σ ym . (3.3.33)

7This can be checked by bringing it into its Weierstrass form, which has non-vanishing discriminant
and J-invariant for generic values of ε3 and eiP .
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Figure 3.3: Imposing non-interacting recurrence relations gives us all position-
dependent corrections colored with orange, in terms of the rest. The analyticity condi-
tion further gives the solution of the position-dependent corrections. Depending on the
choice of parametrization either g2,σ or g4,σ, colored in blue and green respectively, is
given by analyticity.

Thus, solving the non-interacting equations reduces the number of undetermined coef-
ficients from a two-dimensional lattice parameterized by positive integers Z>0×Z>0, to
the boundaries {0, 1}×Z>0 and Z>0×{0, 1} of that lattice for each permutation. This is
depicted in Figure 3.3. We should also stress that the scaling of the position-dependent
corrections, given in (3.3.27), together with the re-scaling of the variables x and y,
allows us to write the generating functions Gσ only in terms of energy ε3 and total
momentum eiP . Consequently, the resulting form of the generating function (3.5.33)
is exactly the same for each permutation, up to the four undetermined one-variable
generating functions, gi,σ. This implies that it is symmetric in terms of permutations
of the indices.

At first glance, the form of the generating function (3.5.33) implies that all one-variable
generating functions defined in (3.3.30)-(3.3.33) are undetermined. The rest of the
position-dependent corrections for n,m ≥ 2 can be obtained by taking the derivatives
with respect to the generating function,

D̃n,m
σ = lim

x,y→0

1

n!m!
∂(n)x ∂(m)

y Gσ(e
−ipσ(1)x, eipσ(3)y) . (3.3.34)

After closer inspection, we observe that the functions (3.3.30)-(3.3.33) cannot be com-
pletely independent. The analyticity of the generating function (3.5.33) is not guaran-
teed for four independent functions, gi,σ. Equivalently, we observe that the limit that
appears in equation (3.3.34) does not exist from every direction on the complex plane
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for four independent one-variable generating functions. As a consequence, we must
require that the numerator of the generating function given in (3.5.33) vanishes on the
algebraic curve defined by Q3(x, y) = 0; that is8[

y(1 + e−iPx)
(
eiPyg1,σ(x)− xg2,σ(x)

)
+ x(1 + eiPy)

(
e−iPxg3,σ(y)− yg4,σ(y)

)
− xy

(
e−iPxD̃0,1

σ + eiPyD̃1,0
σ

) ]
Q3(x,y)=0

= 0 . (3.3.35)

Once we ensure that this condition of the elliptic curve that includes the origin, (x, y) =
(0, 0) is satisfied, under the assumption that one-variable generating functions also have
positive radius of convergence, the limit (3.3.34) exists on a disc around (0, 0) and we
can extract the position-dependent corrections. The convergence of the one-variable
generating functions is an independent discussion, since they are not determined at this
point. To explicitly state the analyticity condition over the four one-variable generating
functions given in (3.3.30)-(3.3.33) we factorize the elliptic curve as follows. Here, p
denotes the dependence on the momentum variables, pi all together. The functions ρ±
parametrize the two different sheets of the elliptic curve on the complex plane. We
explicitly show the dependence of ρ± on the momentum variables because we want to
make use of the property,

Q3(x, y) = (x− ρ+(y, p))(x− ρ−(y, p)) = (y − ρ+(x,−p))(y − ρ−(x,−p)) , (3.3.36)

which is the consequence of the relation, Q3(x, y) =
[
Q(y, x)

]
pi→−pi

for all momentum

variables. Employing the symmetric form of the non-interacting equations, we will
obtain a highly symmetric solution of the two-magnon interacting equations. Since
we are only interested in the Taylor expansion around the origin, we only consider the
relation coming from the curve ρ+, as the curve (ρ−(y, p), y) does not contain the origin.9

Hence, we can derive an explicit relation from the analyticity condition, (3.3.35),10

g4,σ(y) =
ρ+(y, p)

eiPy
g3,σ(y) +

1 + e−iPρ+(y, p)

1 + eiPy

[
eiPy

ρ+(y, p)
g1,σ(ρ+(y, p))− g2,σ(ρ+(y, p))

]
8We do not need to impose a stronger condition on the numerator because the denominator Q3(x, y)

only generates a simple pole at (0, 0).
9This statement is highly dependent on which branch we choose. For −π <

∑
i pi < π we use the

positive branch of the square root. Essentially, it is sufficient to consider one of the curves (ρ±(y, p), y)
depending on the choice of the branch and this can be checked by comparing the analyticity relation,
(3.3.35) to the existence of the limit conditions for any n,m given in (3.3.34).

10When we restate this equation in terms of position-dependent corrections, we can see that each co-
efficient of the Taylor expansion in y is a linear combination of the non-interacting equations γσ(n,m).
Thus, the analyticity condition (3.3.35) is not a spurious equation, but it captures a linear combination
of the non-interacting equations that are not naively captured in Gσ(x, y).
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−e
−iPρ+(y, p)

1 + eiPy
D̃0,1

σ −
eiPy

1 + eiPy
D̃1,0

σ . (3.3.37)

This expression reduces the number of undetermined position-dependent corrections
given in the form of four one-variable generating functions, (3.3.30)-(3.3.33) by one for
each permutation. Provided the one-variable generating functions are holomorphic, the
final form of the generating function is holomorphic around (0, 0) , given as

Gγ
σ(e

−ipσ(1)x, eipσ(3)y) = −e
−iPxy(x− ρ+(y, p))D̃0,1

σ

Q3(x, y)

+
ε3xy − e−iPx2 − x− y − x2y

Q3(x, y)
g1,σ(x)−

xy2
(
1 + eiPρ+(y, p)

−1
)

Q3(x, y)
g1,σ(ρ+(y, p))

+
ε3xy − eiPy2 − x− y − y2x− e−iPxρ+(y, p)

(
1 + eiPy

)
Q3(x, y)

g3,σ(y)

− xy
(
1 + e−iPx

)
Q3(x, y)

g2,σ(x) +
xy
(
1 + e−iPρ+(y, p)

)
Q3(x, y)

g2,σ(ρ+(y, p)) . (3.3.38)

Here we use the superscript γ to distinguish the generating function which satisfies
the analyticity condition, and therefore solves all the non-interacting equations coming
from the eigenvalue problem. On the other hand, by using the second parametrization
given in (3.3.36), we could write the analyticity relation as

g2,σ(x) =
ρ+(x,−p)
e−iPx

g1,σ(x) +
1 + eiPρ+(x,−p)

1 + e−iPx

[
e−iPx

ρ+(x,−p)
g3,σ(ρ+(x,−p))− g4,σ(ρ+(x,−p))

]
− e−iPx

1 + e−iPx
D̃0,1

σ −
eiPρ+(x,−p)
(1 + e−iPx)

D̃1,0
σ . (3.3.39)

Then, the form of the generating function after imposing the analyticity condition
would slightly differ, but it is equivalent to the one presented in (3.3.38),

Gγ
σ(e

−ipσ(1)x, eipσ(3)y) = −e
iPxy (y − ρ+(x,−p)) D̃1,0

σ

Q3(x, y)

+
ε3xy − e−iPx2 − x− y − x2y − eiPρ+(x,−p)y

(
1 + e−iPx

)
Q3(x, y)

g1,σ(x)

+
ε3xy − eiPy2 − x− y − y2x

Q3(x, y)
g3,σ(y)−

x2y
(
1 + e−iPρ+(x,−p)−1

)
Q3(x, y)

g3,σ(ρ+(x,−p))

− xy
(
1 + eiPy

)
Q3(x, y)

g4,σ(y) +
xy
(
1 + eiPρ+(x,−p)

)
Q3(x, y)

g4,σ(ρ+(x,−p)) , (3.3.40)
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This is exactly the parity transform of the (3.3.38). Since we are only solving the non-
interacting equations which do not have any explicit κ dependence, the action of parity,
as given in (3.3.21), transforms to the following map at the level of generating functions,
{Dn,m

σ , x, y, p} ↔ {Dm,n
σ , y, x,−p}. However, solving the interacting equations breaks

this property, resulting in the overall solution of the long-range Bethe ansatz lacking
parity symmetry. Similarly, the two parametrizations of the elliptic curve given in
(3.3.36) are a result of this relation. Furthermore, this is a subset of the operations
in which we need to map the left two-magnon interacting equations to the right two-
magnon interacting equations. This is given in (3.3.48). In addition to the κ → 1/κ

transformation, we also do not see the reflection of the permutations, as the generating
functions that solve the non-interacting equations are invariant under the permutation
of momentum indices.

The resulting form of the generating function, (3.3.38) and (3.3.40) will be altered
once more when we solve the two-magnon interacting equations. At this point, the
solution of any position-dependent corrections, Dn,m

σ for n,m ≥ 2 are given as a linear
combination of undetermined coefficients, encoded in gi,σ for i = 1, 2, 3 or i = 1, 3, 4

and the factors in front of the undetermined position-dependent corrections are only
powers and linear combinations of eiP and ε3. Furthermore, the generating function
satisfies a very simple partial differential equation which remains to be explored

∂2x∂
2
y (Q3(x, y)G

γ
σ(x, y)) = 0 . (3.3.41)

for each permutation, σ.

Solving the two-magnon interacting equations. We move on to solve the two-
body interacting equations given in the form of difference equations,

βl,(ij)(m+ 1)− βl,(ij)(m) = 0 , (3.3.42)

βr,(ij)(n+ 1)− βr,(ij)(n) = 0 , (3.3.43)

for all n,m ≥ 1 and all transpositions of S3. Using the method of generating functions,
these difference equations are transformed into equations involving the generating func-
tions for the undetermined position-dependent coefficients encoded in gi,σ. We can re-
cast all three of the two-magnon interacting recursion relations from the left, (3.3.42),
into the following expression

(
eip1g3,213(y) + eip2g3,123(y)

)(
2κ− ε3 +

1

y
+ y

)
+
(
eip1g4,213(y) + eip2g4,123(y)

) (
1 + eiPy

)
= C12(y) , (3.3.44)
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such that the position-dependent corrections that are left out of the one-variable gen-
erating functions are absorbed into the following function

C12(y) =
(
eip1D̃0,1

213 + eip2D̃0,1
123

)
− yeiP

(
eip1D̃1,0

213 + eip2D̃1,0
123

)
+

y

1− eip3y
[(
eip1D̃0,2

213 + eip2D̃0,2
123

)
+
(
eip1D̃1,1

213 + eip2D̃1,1
123

)
+eiP

(
eip1D̃1,0

213 + eip2D̃1,0
123

)
− (ε3 − 2κ)

(
eip1D̃0,1

213 + eip2D̃0,1
123

)]
.

(3.3.45)

These terms will be determined by the minimum separation equations, (3.3.24). The
rest of the relations coming from (3.3.42) can be obtained by permuting the indices of
this expression.

Similarly, the two-body interacting equations from the right (3.3.43), give us the fol-
lowing relation between the generating functions(

eip1g1,321(x) + eip2g1,312(x)
)(2

κ
− ε3 +

1

x
+ x

)
+
(
eip1g2,321(x) + eip2g2,312(x)

) (
1 + e−iPx

)
= C̃12(x) . (3.3.46)

Here, we absorbed the position-dependent coefficients which do not fit into one of the
one-variable generating functions into the following functions,

C̃12(x) =
(
eip1D̃1,0

321 + eip2D̃1,0
312

)
− xe−iP

(
eip1D̃0,1

321 + eip2D̃0,1
312

)
+

x

1− e−ip3x

[ (
eip1D̃2,0

321 + eip2D̃2,0
312

)
− (ε3 −

2

κ
)
(
eip1D̃1,0

321 + eip2D̃1,0
312

)
+
(
eip1D̃1,1

321 + eip2D̃1,1
312

)
+ e−iP

(
eip1D̃0,1

321 + eip2D̃0,1
312

) ]
. (3.3.47)

From (3.3.46) and (3.3.47), the remaining expressions can be easily obtained by per-
muting the indices as usual. The functions given in (3.3.45) and (3.3.47) contain
the position-dependent corrections that appear in the minimum separation equations,
(3.3.24). In particular, the expressions inside the square brackets in (3.3.45) and
(3.3.47) include exactly the same linear combination of position dependent corrections
as βl,(12)(1) and βr,(12)(1) respectively, except for the contributions coming from the
scattering coefficients. Consequently, we interpret the minimum separation equations
as specifying the initial conditions for the two-magnon interacting equations.

Note that we can map the two-body interacting equations from the left configuration
to the right, and vice versa, using the given transformation

{p, x, y, κ,Dn,m
ijk } ↔ {−p, y, x, κ−1, Dm,n

kji } . (3.3.48)
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This is reminiscent of the symmetry Z2P as discussed in the beginning of this section.
As we pointed out in this section, under this set of transformations the non-interacting
equations and the three-magnon equations stay invariant and the left and right two-
magnon interacting equations transform to each other.

Combining the analyticity condition with the two-magnon interacting equations allows
us to obtain half of the one-variable generating functions, which were introduced in
(3.3.30)-(3.3.33). The expressions of these generating functions capture the underly-
ing permutation symmetry structure of the spin chain model. After considering the
symmetry relations of the two-magnon interacting equations given in (3.3.48), we con-
clude the right two-magnon equation which is presented in (3.3.46) should be combined
with the analyticity condition for the generating function G312 with the (x, ρ+(x,−p))
parametrization of the elliptic curve. This particular choice of parametrization gives
us the analyticity condition as written in (3.3.39). The solutions are given as,

g1,312(x) =
x
(
e−ip2C̃12(x) + e−iPxD̃0,1

312 + eiPρ+(x,−p)D̃1,0
312

)
h̃12(x, p)

− eip1−ip2(1 + 2x/κ− ε3x+ x2)

h̃12(x, p)
g1,321(x)−

eip1−ip2x(1 + e−iPx)

h̃12(x, p)
g2,321(x)

− x2(1 + e−iP/ρ+(x,−p))
h̃12(x, p)

g3,312(ρ+(x,−p)) +
x(1 + eiPρ+(x,−p))

h̃12(x, p)
g4,312(ρ+(x,−p)) ,

(3.3.49)

and,11

g2,312(x) =
e−ip2eiPρ+(x,−p)C̃12(x)

h̃12(x,−p)
− eip1−ip2(eiP + x)ρ+(x,−p)

h̃12(x, p)
g2,321(x)

− (1 + x2 + 2x/κ− ε3x)
h̃12(x,−p)

(
xD̃0,1

312 + e2iPρ+(x,−p)D̃1,0
312

(eiP + x)
+
eip1−ip2eiPρ+(x,−p)

x
g1,321(x)

− 1 + eiPρ+(x,−p)
1 + e−iPx

(
e−iPx

ρ+(x,−p)
g3,312(ρ+(x,−p))− g4,312(ρ+(x,−p))

))
. (3.3.50)

Although the expressions look complicated, it is remarkable that they admit a compact
form in terms of the one-variable generating functions. These expressions are given
in terms of relatively simple functions and they are analytic around the origin, under

11Note that ρ+(x,−p) factor which appears in the denominator always cancels with an overall factor
ρ+(x,−p) coming from g3,σ as well as 1

x factor in front of g1,σ. This is a consequence of taking D̃0,0
σ

equal to zero. Therefore, the expression given in (3.3.50) is analytic around x = 0.
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gi,312(x) gi,231(x) gi,123(x) i = 1, 2

gi,213(y) gi,132(y) gi,321(y) i = 3, 4

{
p, x, y, κ,Dn,m

ijk

}
⇄

{
−p, y, x, 1

κ
, Dm,n

kji

}

Figure 3.4: We collect the solutions of the one-variable generating functions coming
from the analyticity conditions and two-magnon interacting equations for each permu-
tation. The ones that appear on the same horizontal line are related to each other under
the permutation of position-dependent corrections and momentum variables. The ones
which appear on the same vertical line are related to each other by changing the labels of
position-dependent corrections and changing the parameters according to the prescrip-
tion in the middle. These relations are also given in Figure 3.5.

the assumption that the undetermined functions g3,312 and g4,312 are also analytic. The
function which appears in the denominator is given as

h̃12(x, p) = 1 + 2x/κ− ε3x+ xρ+(x,−p) + eiPρ+(x,−p) + x2 . (3.3.51)

The rest of the right two-magnon interacting equations can be obtained by permuting
the indices to the right,

gi,312(x) −→ gi,231(x) −→ gi,123(x) , for i = 1, 2 . (3.3.52)

The relationship between the generating functions, connected through index rotation,
reveals how the components of permutation symmetry manifest. For each one of these
one-variable generating functions gi,σ, obtaining the solution from the equations (3.3.49)
and (3.3.50) requires mapping the indices of momentum variables and the position-
dependent corrections accordingly, (312)→ σ.12

Similarly, we combine the left two-magnon interacting equations with the analytic-
ity condition for the remaining set of permutations. We choose to use the second
parametrization of the elliptic curve given as (ρ+(y, p), y) together with the equation
for the one-variable generating function (3.3.37). This will allow us to organize the
solutions of the remaining two-magnon interacting equations in terms of Z2P transfor-
mation of the ones which appear in (3.3.52), as depicted in Figure 3.4. From those, we

12If we encounter Cij or C̃ij for i > j after mapping the indices, then we have to exchange the order
of indices just for those functions.
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obtain,

g3,213(y) =
y
(
e−ip1C12(y) + eiPyD̃1,0

213 + e−iPρ+(y, p)D̃
0,1
213

)
h12(y, p)

− eip2−ip1(1 + 2yκ− ε3y + y2)

h12(y, p)
g3,123(y)−

eip2−ip1y(1 + eiPy)

h12(y, p)
g4,123(y)

− y2(1 + eiP/ρ+(y, p))

h12(y, p)
g1,213(ρ+(y, p)) +

y(1 + e−iPρ+(y, p))

h12(y, p)
g2,213(ρ+(y, p)) ,

(3.3.53)

and

g4,213(y) =
e−ip1e−iPρ+(y, p)C12(y)

h12(y, p)
− eip2−ip1(e−iP + y)ρ+(y, p)

h12(y, p)
g4,123(y)

− 1 + y2 + 2yκ− ε3y
h12(y, p)

(
yD̃1,0

213 + e−2iPρ+(y, p)D̃
0,1
213

e−iP + y
+
eip2−ip1e−iPρ+(y, p)

y
g3,123(y)

− 1 + e−iPρ+(y, p)

1 + eiPy

(
eiPy

ρ+(y, p)
g1,213(ρ+(y, p))− g2,213(ρ+(y, p))

))
, (3.3.54)

such that the denominator is given as

h12(y, p) = 1 + 2κy − ε3y + y2 + ρ+(y, p)
(
e−iP + y

)
. (3.3.55)

And we can get the expressions for the solution of one-variable generating functions by
permuting the indices of the expressions, (3.3.53) and (3.3.54),

gi,213(y) −→ gi,132(y) −→ gi,321(y) , for i = 3, 4 . (3.3.56)

Note that the expressions for the functions gi,σ do not spoil the analytical properties of
the overall generating function (3.3.38) at the origin because the denominator does not
vanish for the chosen ranges of the momentum parameters. Therefore, we can insert
the solution of the one-variable generating functions which are listed in (3.3.52) and
(3.3.56) into the corresponding generating functions of the form (3.5.33) and obtain a
final form of the generating functions for each permutation which solve the second class
of equations. As depicted in Figure 3.4, the final form of the solution of the second class
of equations coming from the eigenvalue problem, (3.3.25), admits a symmetric solution
which is exactly the relation observed between the right and the left two-magnon inter-
acting functions, (3.3.48). However, this means that the particular relations between
the coefficients (Aσ + Dσ) which are labeled by the different permutations are not as
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straightforward as the usual CBA solution of rational or trigonometric models. In-
stead, we observe that the six permutations are divided into two sets. Each of the even
(odd) permutations can be described by a common form for the one-variable generat-
ing functions, and the odd (even) permutations are obtained from reflections together
with the transformations given in (3.3.48)13. Hence, this division can be described in
a unique way, such that knowing the solution of the one-variable generating function
for one permutation is enough to generate all. The resulting form of the underlying
permutation symmetry can be seen in Figure 3.5.

At this point, we can count the number of unknown coefficients in terms of the one-
variable generating functions. After solving the non-interacting equations we obtain the
generating function, (3.5.33) which has four undetermined one-variable functions for
each of the six permutations. Furthermore, the analyticity condition given in (3.3.37)
brings six relations. Finally, the recurrence relations coming from the two-body inter-
acting equations, (3.3.42) and (3.3.43) bring six more relations. Combining all these
relations reduces the number of one-variable functions from twenty-four to twelve.

After solving the minimum separation equations and using them as the initial conditions
that determine the functions, Cij and C̃ij from equations (3.3.45) and (3.3.47) we end
up with a generating function which encodes all the position-dependent corrections
that solve the three-magnon eigenvalue problem. The position-dependent corrections
can be extracted from the final form of the generating functions either by expanding
them in series or using Cauchy’s integral formula,

Dn,m
σ = −

∮
dxdy

4π2

Gσ(x, y)

xn+1ym+1
. (3.3.57)

We proceed to discuss the solution of the minimum separation equations which com-
pletes the solution of the three-magnon relation.

Solving the equations for minimum separation. The last piece of the solution
of the three-magnon eigenvalue problem is obtained by solving the equations given in
(3.3.24). These expressions contain the scattering coefficients as well as the position-
dependent corrections with the shortest separation of magnons. The two-body inter-
acting equations, when the third magnon is just one ϕ state away, are given by the
following expressions and their permutations. We write the equations,

βl,(ij)(1) = 0 , and βr,(ij)(1) = 0 , (3.3.58)

13The terms even and odd permutations refer to the number of non-trivial transpositions we need
to map (123) to any permutation (ijk). For example we map (123) to (213) by only one transposition
(12) therefore (213) is an odd permutation.
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Dn,m
123

Dn,m
213

Dn,m
231

Dn,m
321

Dn,m
132

Dn,m
312

even permutations

odd permutations

odd permutations

even permutations

reflections

Figure 3.5: We organize the permutations of position-dependent corrections accord-
ing to the order of scattering events. Starting from the identity permutation, (123) we
permute the indices by transpositions and we represent these transpositions by black ar-
rows. In this case the relations between the position-dependent corrections as organized
in (3.3.56) and (3.3.52) come together and the distinction between two sets is separated
by colors. These particular transformations also appear in Figure 3.4.

by isolating one of the scattering coefficients. The following equations correspond to
the solution of the two-body interacting equations for which the interacting pair of
magnons are on the left of the third magnon, separated by one ϕ. Already from the
first set of equations we can explicitly observe how the relations (3.2.30) coming from
the CBA are corrected,

A213 = Sκ(p1, p2)A123 +
1

a(p1, p2, κ)

[(
eip1D̃0,2

213 + eip2D̃0,2
123

)
+
(
eip1D̃1,1

213 + eip2D̃1,1
123

)
− (ε3 − 2κ)

(
eip1D̃0,1

213 + eip2D̃0,1
123

)
+ eiP

(
eip1D̃1,0

213 + D̃1,0
123

)]
, (3.3.59)

A312 = Sκ(p1, p3)A132 +
1

a(p1, p3, κ)

[(
eip1D̃0,2

312 + eip3D̃0,2
132

)
+
(
eip1D̃1,1

312 + eip3D̃1,1
132

)
− (ε3 − 2κ)

(
eip1D̃0,1

312 + eip3D̃0,1
132

)
+ eiP

(
eip1D̃1,0

312 + D̃1,0
132

)]
, (3.3.60)

AL
321 = Sκ(p2, p3)A231 +

1

a(p2, p3, κ)

[(
eip2D̃0,2

321 + eip3D̃0,2
231

)
+
(
eip2D̃1,1

321 + eip3D̃1,1
231

)
− (ε3 − 2κ)

(
eip2D̃0,1

321 + eip3D̃0,1
231

)
+ eiP

(
eip2D̃1,0

321 + D̃1,0
231

)]
. (3.3.61)

Here, the function, a(p1, p2, κ) = 1+eip1+ip2−2κeip1 is the denominator of the scattering
coefficient given in (3.2.13). Furthermore, independently, we also solve the right two-
body interacting equations. Notice that these two sets of equations include the same
scattering coefficients and position-dependent corrections but paired in two different
ways. Under the assumption that AL

321 is different from AR
321 we obtain,

A132 = S1/κ(p2, p3)A123 +
1

a(p2, p3, κ−1)

[(
eip2D̃2,0

132 + eip3D̃2,0
123

)
+
(
eip2D̃1,1

132 + eip3D̃1,1
123

)
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−
(
ε3 − 2κ−1

) (
eip2D̃1,0

132 + eip3D̃1,0
123

)
+ e−iP

(
eip2D̃0,1

132 + eip3D̃0,1
123

)]
, (3.3.62)

A231 = S1/κ(p1, p3)A213 +
1

a(p1, p3, κ−1)

[(
eip1D̃2,0

231 + eip3D̃2,0
213

)
+
(
eip1D̃1,1

231 + eip3D̃1,1
213

)
−
(
ε3 − 2κ−1

) (
eip1D̃1,0

231 + eip3D̃1,0
213

)
+ e−iP

(
eip1D̃0,1

231 + eip3D̃0,1
213

)]
, (3.3.63)

AR
321 = S1/κ(p1, p2)A312 +

1

a(p1, p2, κ−1)

[(
eip1D̃2,0

321 + eip2D̃2,0
312

)
+
(
eip1D̃1,1

321 + eip2D̃1,1
312

)
−
(
ε3 − 2κ−1

) (
eip1D̃1,0

321 + eip2D̃1,0
312

)
+ e−iP

(
eip1D̃0,1

321 + eip2D̃0,1
312

)]
. (3.3.64)

We specifically labeled the scattering coefficientsA321 coming from the left and the right
equations as AL

321 and AR
321 to emphasize that at least one of the position-dependent

corrections in these equations must solve the equation,

AL
321 = AR

321 , (3.3.65)

for the two sets of equations to become compatible. It is important to realize that a
YBE is hidden in this particular equation. More explicitly, the above equation can be
brought into the form,

AL
321

A231

A231

A213

A213

A123

A123 =
AR

321

A312

A312

A132

A132

A123

A123 . (3.3.66)

Since the two-magnon interacting equations are deformed in a non-trivial way, we can
find solutions to this equation. However, this is not the only YBE that arises in the
solution of the long-range ansatz. We obtain a tower of modified YBEs for the position-
dependent corrections for any configuration once we impose special conditions and
reduce to more constrained subclasses of the solution. We will postpone the discussion
on this topic until we revisit the three-magnon state from the context of Yang operators
in Section 3.7.

Finally, the three-body interacting equation brings one more constraint on the closest
position-dependent corrections,

α(p1, p2, p3) = 0 . (3.3.67)

In the usual integrable spin chains which admit CBA, solving the two-magnon in-
teracting equations automatically solves the three-magnon equation. However, after
substituting the solutions (3.3.59)-(3.3.65) into α(p1, p2, p3), it does not vanish in our
case. Since in both equations (3.3.65) and (3.3.67) the position-dependent corrections
D1,0

σ , D0,1
σ , D2,0

σ , D0,2
σ , D1,1

σ , for all σ ∈ S3, appear, we can just use them to solve for
any two of these coefficients. This would be a highly non-symmetric way of solving
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these equations, but it would also be the most general way to obtain a solution of the
long-range ansatz. Here, we avoid giving the most general solution explicitly because
we think that it does not offer any particular insight. Solving these equations in a S3-
symmetric way in its whole generality is beyond our reach. Even more importantly, we
do not want to restrict ourselves by looking for a fully manifest permutation symmetry,
as it might be broken, twisted, or deformed. Instead, in the next section we present a
special subset of three-magnon solutions for which we impose extra conditions to solve
the eigenvalue problem fully and symmetrically.

3.3.2 Special Solution for the Three-Body Problem

In this section, we present an example of a special solution to the three-magnon prob-
lem contained in the general solution presented in the previous section. Rather than
determining the scattering coefficients Aσ through the equations (3.3.24), we fix the
scattering coefficients of the long-range ansatz according to the scattering coefficients
that arise from the usual CBA, in particular, we use either (3.2.30) or (3.2.31), and
use the position-dependent corrections to compensate for our choices. Starting from
the form of the generating function (3.5.33), we ensure that the position-dependent
corrections obtained in this section already satisfy the non-interacting equations pro-
vided the one-variable generating functions fulfill the analyticity condition (3.3.35).
Furthermore, all undetermined position-dependent corrections in the previous section,
are fixed to achieve solutions with factorized scattering coefficients. The existence of
this solution and similar special solutions discussed in [1], makes the connection be-
tween the Temperley-Lieb model and our dynamical spin chain clearer, as it allows
us to explicitly identify the corrections required for the scattering coefficients for each
magnon configuration.

We also consider starting from the scattering coefficients of the XXX model and com-
pute the explicit corrections needed to solve this model. This particular solution not
only indicates yet another direct connection between our model and the XXX model,
but also enables comparison between two possible ways to obtain the dynamical spin
chain model. Furthermore, in all of these special solutions, it is easy to see that the
corrections always come with overall (κ − κ−1) factors which imply that the orbifold
point limit, κ → 1 takes us back to the CBA for the Z2 orbifold of N = 4 SYM.
Although these particular choices we present in the next three subsections, explicitly
break the combination of parity and Z2 symmetry, we can easily obtain a solution that
is invariant under the Z2P operator by combining these solutions we present.

Motivation Coming from Felder’s Dynamical R-matrix:
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Figure 3.6: We demonstrate the idea behind inserting position-dependent corrections
and ‘correcting’ the YBE. While doing so we still want to explicitly have the scattering
coefficients of the two-magnon eigenstates. Additionally, change in the color from one
scattering event to the other reminds us of the action of the coassociators given in
(3.7.37).

Apart from choosing the scattering coefficients that factorize, the additional conditions
we present in the section to constrain the solution for the position-dependent corrections
are motivated by obtaining a generalized form of factorized scattering coefficients which
are modified by the position-dependent corrections. To achieve this we are inspired by
the R-matrix that satisfies DYBE and admits a non-trivial coassociator in its quantum
group [139]. If we lift the co-associativity of the underlying Hopf algebra structure, some
or all of the scattering processes would be affected by the existence of a coassociator.
Schematically, we expect the scattering processes to have a form like

S12(p, λ)((p1 ⊗ p2)⊗ p3) = Sκ(p1, p2)((p2 ⊗ p1)⊗ p3) , (3.3.68)

such that Sij is representing a scattering operator and Sκ(p1, p2) is the scattering coef-
ficient, moreover for exchanging the last two momenta we expect to have,

Φ−1
123S23(p, λ)Φ123((p1 ⊗ p2)⊗ p3)

= S23(p, λ− 2ηh(1))(p1 ⊗ (p2 ⊗ p3)) = S1/κ(p2, p3)(p1 ⊗ (p2 ⊗ p3)) . (3.3.69)

Although we have not yet been able to define a scattering operator (or a R-matrix)
which demonstrated exactly these properties, we impose the factorization of scattering
coefficients and partial factorization of the position-dependent corrections to achieve a
similar structure to (3.7.38) and (3.3.69) as also depicted in Figure 3.6.
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Sκ solution. For the first special solution, we consider scattering coefficients that are
factorized in terms of Sκ(p1, p2), given in (3.2.14). Choosing this form for the scattering
coefficients implies a preference for the left-interacting equations of the naive CBA, as
given in (3.2.30),

A213

A123

= Sκ(p1, p2) ,
A312

A132

= Sκ(p1, p3) ,
A321

A231

= Sκ(p2, p3) , (3.3.70)

A132

A123

= Sκ(p2, p3) ,
A231

A213

= Sκ(p1, p3) ,
A321

A312

= Sκ(p1, p2) . (3.3.71)

The scattering coefficients (3.3.70) make the scattering factors disappear from the left
two-magnon interacting equations, βl(1), but the scattering coefficients (3.3.71) do not
simplify the ones from the right, βr(1).

Before solving the equations (3.3.24), we impose additional relations between the
position-dependent corrections inspired by the CBA. In particular, for any n,m ≥ 0,
we fix

D̃n,m
213 = Sκ(p1, p2)D̃

n,m
123 , (3.3.72)

D̃n,m
312 = Sκ(p1, p3)D̃

n,m
132 , (3.3.73)

D̃n,m
321 = Sκ(p2, p3)D̃

n,m
231 . (3.3.74)

This implies that the position-dependent corrections are related by the appropriate
scattering coefficients, Sκ, if their indices are related by a transposition of the first
two indices, ijk and jik. The fact that now the position-dependent corrections are
partially-factorized helps uncover the physics of this problem. In addition, we also fix
the normalization of the state by setting

A123 = 1 . (3.3.75)

Then, we first consider the three-magnon interacting equation, given in (3.3.18). We
take advantage of the observation that the scattering coefficients and the position-
dependent corrections share the same label and thus have a common exponential of
momenta factor, such as eipi+2ipj . This allows us to choose the following expressions
for the position-dependent corrections in (3.3.18),(

D̃0,1
123 + D̃1,0

123

)
= 2

(
κ− 1

κ

)
, (3.3.76)(

D̃0,1
132 + D̃1,0

132

)
= 2

(
κ− 1

κ

)
Sκ(p2, p3) , (3.3.77)(

D̃0,1
231 + D̃1,0

231

)
= 2

(
κ− 1

κ

)
Sκ(p1, p3)Sκ(p1, p2) , (3.3.78)
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which gives us the solution of the three-magnon interacting equation. We obtain the
same structure of scattering coefficients as one might infer from the naive CBA. How-
ever, it is important to emphasize that there is no intrinsic reason to justify this choice
of coefficients beyond inspiration from the CBA and the fact that they satisfy the three-
magnon interacting equation (3.3.18). Before moving to the two-magnon interacting
equations for the shortest separation, we fix all the remaining freedom unconstrained
by (3.3.18) by choosing

D̃1,1
σ = 0 , D̃1,0

σ = D̃0,1
σ . (3.3.79)

The two-body interacting equations from the left can be used to fix the coefficients
D0,2

σ ,

D̃0,2
123 =

(
κ− 1

κ

)(
ε3 − eiP − 2κ

)
, (3.3.80)

D̃0,2
132 = Sκ(p2, p3)

(
κ− 1

κ

)(
ε3 − eiP − 2κ

)
, (3.3.81)

D̃0,2
231 = Sκ(p1, p3)Sκ(p1, p2)

(
κ− 1

κ

)(
ε3 − eiP − 2κ

)
. (3.3.82)

Similarly, the two-body interacting equations from the right can be used to fix the
coefficients D2,0

σ . These equations give us the same structure with scattering coefficients
as in D0,2

σ , but with a more involved overall factor.

D̃2,0
123 =

1− κ2
κ2

f20(p3) , (3.3.83)

D̃2,0
132 =

1− κ2
κ2

Sκ(p2, p3)f20(p2) , (3.3.84)

D̃2,0
231 =

1− κ2
κ2

Sκ(p1, p3)Sκ(p1, p2)f20(p1) , (3.3.85)

such that

f20(p3) =

[
e−ip3

(
ε3 + eiP + e−iP − 2κ

)
− κ

(
3ε3 − 2eip3 + e−iP − 4κ− 2

κ

)]
.

(3.3.86)

The reason why the solutions for the two-body interacting equations from the right are
more complicated is that we fix the freedom of our coefficients using Sκ factors, which
are suited for solving the structure of the two-body interacting equations from the left
but not for the two-body interacting equations from the right.

We have now extracted all the information we can from the minimum separation equa-
tions, and we proceed to consider the second class of equations. As in the previous
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section, they are solved by imposing all the recurrence relations to the generating func-
tion (3.5.33) and ensuring analyticity. This last step can be performed by computing
the resulting form of the functions, (3.3.45) and (3.3.47) under the special choices we
made in this subsection. Using (3.3.72), we get(

eip1D̃n,m
213 + eip2D̃n,m

123

)
= ω(p1, p2, κ)D̃

n,m
123 , (3.3.87)

where we define

ω(p1, p2, κ) =
(eip2 − eip1)(1 + eip1+ip2)

1 + eip1+ip2 − 2κeip1
. (3.3.88)

We combine this piece of observation with the resulting form of the functions which
are defined in (3.3.45),

C12(y) =

(
κ− 1

κ

)(
1− yeiP

)
ω(p1, p2, κ) , (3.3.89)

and (3.3.47),

C̃12(x) =

(
κ− 1

κ

)(
1− x(ε3 − 2

κ
− xe−ip3e−iP + f20(p3)

κ
)

1− e−ip3x

)
Sκ(p2, p3)Sκ(p1, p3)ω(p1, p2, κ) .

(3.3.90)

The common form of these expressions including factorized scattering coefficients and
the permutation relations derived in Section 3.3 and depicted in Figure 3.4 are enough
to show that the factorization will continue to hold for higher position-dependent cor-
rections. In addition to the factorized scattering coefficients, we will observe the cor-
rections which are related to each other as observed in Section 3.3. Hence, for any
n,m ≥ 1, we have

Dn,m
123 = f(p1, p2, p3;n,m;κ) , (3.3.91)

Dn,m
132 = Sκ(p2, p3)f(p1, p3, p2;n,m;κ) , (3.3.92)

Dn,m
213 = Sκ(p1, p2)f(p2, p1, p3;n,m;κ) , (3.3.93)

Dn,m
231 = Sκ(p1, p3)Sκ(p1, p2)f(p2, p3, p1;n,m;κ) , (3.3.94)

Dn,m
312 = Sκ(p1, p3)Sκ(p2, p3)f(p3, p1, p2;n,m;κ) , (3.3.95)

Dn,m
321 = Sκ(p2, p3)Sκ(p1, p3)Sκ(p1, p2)f(p3, p2, p1;n,m;κ) , (3.3.96)

such that f(p1, p2, p3;n,m;κ) is defined from the final form of the generating function
G123(x, y),

f(p1, p2, p3;n,m, κ) = −
∮
Σ

dxdy

4π2

G123(x, y)

xn+1ym+1
, (3.3.97)
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where Σ is a small ball around the origin. The function G123(x, y) evaluated for the
special solution is given in Appendix B in [1]. By introducing this function f we want
to emphasize that the position-dependent coefficients are related by an appropriate
permutation of the momentum labels and an appropriate scattering coefficient, which
is neither assumed on the ansatz (3.3.2) nor expected from the lack of permutation
symmetry between the excitations. More importantly, we observe that the special
choices we made starting from (3.3.70) to (3.3.74) enhanced the permutation symmetry
which is depicted in Figure 3.5 to the full S3, which we will analyze using Yang operators
in the next section. Under these choices of scattering coefficients and the position-
dependent corrections for the shortest separation, we obtain a solution of the three-
magnon state that satisfies the eigenvalue problem (3.2.21). We are still left with three
one-variable generating functions that codify many undetermined coefficients. We can
absorb undetermined coefficients into g2,123, g2,132 and g2,231, then setting all these
coefficients to zero would give us a non-trivial solution with the structure laid down
in equations (3.3.91)-(3.3.96). In Appendix B in [1], we elaborate on the details of
combining the special solution of the minimum separation equations with the second
class of equations. We label this solution as |ξ(p1, p2, p3)⟩κ and it has the following
form,

|ξ(p1, p2, p3)⟩κ =
∑

l1<l2<l3

(∑
σ∈S3

Aσ

(
1 + f(pσ(1), pσ(2), pσ(3);n,m;κ)

)
eip⃗σ ·⃗l

)
|l1, l2, l3⟩

(3.3.98)

Here, the separation between the scattering coefficients and position-dependent cor-
rections becomes clearer. We can interpret the terms accompanying the plane wave
corrections as explicit modifications to the plane wave basis. It is important to note
that this eigenvector, by itself, does not remain invariant under the operator Z2P .
However, by combining it with the special solution presented in the next section, we
obtain states that satisfy the relations given in (3.3.22).

Similarly, special solutions with factorized scattering coefficients in terms of S1/κ or
Sκ=1 were discussed in detail in [1].

3.4 Four-Body Long-Range Solution

In this section, we apply the long-range Bethe ansatz technique developed in Section 3.3
to the four-magnon problem. We begin by identifying the recursion relations arising
from the eigenvalue equation and encoding them in generating functions. The details of
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this procedure are presented in [2] and are omitted here in order to keep the discussion
concise. Following the steps outlined in the previous section, we then analyse the
specific features of the four-magnon case and further develop the long-range Bethe
ansatz formalism in light of the insights obtained.

The four-magnon eigenvalue problem is given by

H |Ψ(p1, p2, p3, p4)⟩ii = E4(p1, p2, p3, p4) |Ψ(p1, p2, p3, p4)⟩ii , (3.4.1)

for two configurations labeled by i ∈ {1, 2}, which denote the color indices of the ϕ’s
in the left and right of the spin chain states. We restrict our search to solutions with
the additive energy property,

E4(p1, p2, p3, p4) =
4∑

i=1

E(pi) , (3.4.2)

with the dispersion relation given in (3.2.4). For the open infinitely long spin chains,
the long-range Bethe ansatz is given as

|Ψ(p1, p2, p3, p4)⟩11 =
∑

l1<l2<l3<l4

Ψ(l1, l2, l3, l4) |Q12(l1), Q21(l2), Q12(l3), Q21(l4)⟩ ,

(3.4.3)

Ψ(l1, l2, l3, l4) =
∑
σ∈S4

(
Aσ +Dl2−l1−1,l3−l2−1,l4−l3−1

σ

)
eip⃗σ ·⃗l , (3.4.4)

such that

eip⃗σ ·⃗l = ei(pσ(1)l1+pσ(2)l2+pσ(3)l3+pσ(4)l4) , (3.4.5)

together with the Z2 conjugate state, |Ψ(p1, p2, p3, p4)⟩22, whose wave function is the
same up to the κ→ κ−1 transformation. In this setup, each wave function as defined in
(3.4.4) consists of a sum over all permutations of four positions l⃗ and four momenta p⃗,
denoted by using the symmetric group on four elements, S4.14 As in the three-magnon
problem given in Section 3.3, we separate the scattering coefficients from the position-
dependent corrections and adopt a general form that represents the Fourier transform of
a function on a lattice. This approach allows us to project the four-magnon eigenvalue
problem onto position space and obtain recursion relations for the position-dependent
corrections while keeping the contributions from the scattering coefficients distinct.

14In this article, when we need to refer to a specific permutation σ ∈ S4 that maps σ(1) = i,
σ(2) = j, σ(3) = k and σ(4) = l, we will denote it as the string (ijkl). This notation differs from the
cyclic notation, so it is important to avoid any confusion between the two.
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We identify five types of equations that require solutions in terms of the scattering co-
efficients and position-dependent corrections. The shift symmetry of the wave function
coming from (3.1.22) makes it convenient to switch from the position coordinates to
the distance between the magnons to simplify the notation,

n = l2 − l1 − 1 , m = l3 − l2 − 1 , r = l4 − l3 − 1 . (3.4.6)

These five types of equations correspond to all possible configurations of four magnons
relative to each other. When all magnons are well separated, we obtain the non-
interacting equations. If two magnons are adjacent and the remaining two are far
apart, we get two-magnon interacting equations, this category includes three distinct
cases depending on which pair is interacting. When there are two adjacent pairs that are
separated from each other, we refer to them as two two-magnon interacting equations.
If three magnons are clustered together and the fourth is far apart, the result is three-
magnon interacting equations. Finally, when all four magnons are adjacent, we have
four-magnon interacting equations. These are listed as:

non-interacting n,m, r > 0 δijkl(n,m, r)

two-magnon interaction n,m > 0, r = 0 γr,ij(n,m)

m, r > 0, n = 0 γl,ij(m, r)

n, r > 0,m = 0 γm,ij(n, r)

two two-magnon interaction m > 0, n, r = 0 γrl,ij(m)

three-magnon interaction n > 0,m, r = 0 βr,i(n)

r > 0,m, n = 0 βl,i(r)

four-magnon interaction n,m, r = 0 α

Here, we explicitly compute the eigenvalue equation for the non-interacting case and
define the necessary quantities during the process.

Non-interacting equations. We start by looking at the non-interacting equations,
resulting from the well-separated magnons,

δ(n,m, r) =e−il1P4 ⟨l1, l2, l3, l4|H − E4|Ψ(p1, p2, p3, p4)⟩12

=e−il1P4

[ (
4κ+ 4κ−1 − E4

)
Ψ(l1, l2, l3, l4)−Ψ(l1 ± 1, l2, l3, l4)

−Ψ(l1, l2 ± 1, l3, l4)−Ψ(l1, l2, l3 ± 1, l4)−Ψ(l1, l2, l3, l4 ± 1)

]
, (3.4.7)
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such that all the relative distances are positive integers n,m, r > 0 and total momentum
is given in (3.4.11). The notation ±1 indicates that we have to include the term with +1

and −1 shifts of the position, as writing all the terms will clutter our equations. After
substituting (3.4.4), we distinguish the plane wave contributions from the position-
dependent corrections to keep track of the permutations of momenta,

δ(n,m, r) =
∑
σ∈S4

δσ(n,m, r)e
in(pσ(2)+pσ(3)+pσ(4))+im(pσ(3)+pσ(4))+irpσ(4) . (3.4.8)

Then, to solve the non-interacting equations coming from the four-magnon eigenvalue
problem, we require each δσ to vanish separately for any n,m, r > 0. We explicitly give
one of these expressions, as the rest can be obtained by permuting the indices of the
momentum variables.

δ1234(n,m, r) = ei(3p4+2p3+p2)
(
ε4D

n,m,r
1234 − e−ip4Dn,m,r−1

1234 − eip4Dn,m,r+1
1234 − e−ip3Dn,m−1,r+1

1234

−eip3Dn,m+1,r−1
1234 − e−ip2Dn−1,m+1,r

1234 − eip2Dn+1,m−1,r
1234 − e−ip1Dn+1,m,r

1234 − eip1Dn−1,m,r
1234

)
,

(3.4.9)

where we introduced a parameter which is related to the total energy as

ε4 = 4κ−1 + 4κ− E4 =
4∑

i=1

eipi + e−ipi , (3.4.10)

and we denote the total momentum as

eiP4 = exp

(
i

4∑
i=1

pi

)
. (3.4.11)

By scaling the position-dependent corrections, we can acquire a form of the non-
interacting equations that only depends on the parameters ε4 and the exponential
of the total momentum.

D̃n,m,r
σ = e−inpσ(1)+im(pσ(3)+pσ(4))+irpσ(4)Dn,m,r

σ . (3.4.12)

Under this transformation, we obtain,

δ1234(n,m, r) = ei(p2+2p3+3p4)
(
ε4D̃

n,m,r
1234 − D̃n,m,r−1

1234 − D̃n,m,r+1
1234 − D̃n,m−1,r+1

1234

−D̃n,m+1,r−1
1234 − e−iP4D̃n−1,m+1,r

1234 − eiP4D̃n+1,m−1,r
1234 − D̃n+1,m,r

1234 − D̃n−1,m,r
1234

)
. (3.4.13)

It is crucial to keep in mind that there are other ways to scale position-dependent correc-
tions which would still reduce the momentum-dependent coefficients of the eigenvalue
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problem to depend only on the total momentum and the total energy. As these other
scalings are of the form Ẽn,m,r

σ = e−αimP4D̃n,m,r
σ , for α ∈ R, these scaled position-

dependent corrections would change the position of the eiP4 and e−iP4 factors in the
non-interacting eigenvalue equations but this would still give us a similar solution.
A similar scaling transformation was used in the long-range Bethe ansatz for three-
magnon states. In that case, there is only one way to reduce the coefficients of the
non-interacting expression, which is to depend solely on the total momentum and total
energy. For four-magnon states, it is not surprising to find distinct ways to perform
this scaling, reflecting the increased complexity of the system. These scaling choices are
reminiscent of the isometries of the three-dimensional lattice that encodes the position-
dependent corrections for each permutation, σ. Furthermore, each scaling transforms
the wave function into two distinct pieces. Under the scaling of the position-dependent
correction given in (3.4.12) the general structure of the wave function transforms to

|Ψ(p1, p2, p3, p4)⟩11 =
∑

l1<l2<l3<l4

∑
σ∈S4

(
Aσe

ip⃗σ ·⃗l

+ eipσ(2)+2ipσ(3)+3ipσ(4)D̃n,m,r
σ eil2P4

)
|l1, l2, l3, l4⟩11 .

The scaling Ẽσ also transforms the wave function into a similar form. In particular, the
scaling from Dσ to D̃σ isolates all position-dependent corrections into a separate wave
function in the center-of-mass limit, along with the scattering coefficient contributions,
which remain in the CBA form. This approach significantly simplifies the long-range
Bethe ansatz. Therefore, after presenting the eigenvalue equations, we consistently use
the scaled position-dependent corrections D̃σ throughout the following sections as was
the case for three-magnon position-dependent corrections in the previous section.

The rest of the equations can be derived in a similar way. By exploring the relationships
between these equations, shaped by the symmetries of the model, we will uncover special
families of solutions.

Parity and Z2 symmetry. The two discrete symmetries of the Hamiltonian (3.1.19),
Z2 and parity,15 given in (3.1.21) and (3.1.26) play a crucial role in characterizing the
spectrum of the model. Here we analyze the action of these two operators on the four-
magnon long-range Bethe ansatz states and present the effect of these operators on the
eigenvalue equations presented in this section.

15Since we are considering the four-magnon problem (M = 4), the operator ZM
2 P given in (3.1.26)

reduces to the parity operator.
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As given in (3.1.20), the Z2 operator maps two distinct momentum states to each other,

Z2 |Ψ(p1, p2, p3, p4)⟩11 = |Ψ(p1, p2, p3, p4)⟩22 . (3.4.14)

This implies that the wave function of the state |Ψ⟩22 should be the κ→ κ−1 version of
the state |Ψ⟩11 and, more explicitly, we obtain the following relations on the scattering
coefficients and the position-dependent corrections,

Aσ(p, κ
−1) = Âσ(p, κ) , Dn,m,r

σ (p, κ−1) = D̂n,m,r
σ (p, κ) , (3.4.15)

where Aσ(p, κ) and Dn,m,r
σ (p, κ) are the coefficients associated with the state |Ψ⟩11

and Âσ(p, κ) and D̂n,m,r
σ (p, κ) are the coefficients of state |Ψ⟩22. We observe that the

transformation κ → κ−1 leaves the form of the non-interacting equations (3.4.9) and
the three-magnon interacting equations, invariant

δ(n,m, r)
κ→κ−1

−−−−→ δ(n,m, r)with Dσ(p,κ−1) (3.4.16)

βl(r)(n)
κ→κ−1

−−−−→ βl(r)(n)with Dσ(p,κ−1) (3.4.17)

which was also the case for the three-magnon problem. On the other hand, the co-
efficients of the two-magnon interacting equations, and the four-magnon interacting
equation depend on κ in a way which is not symmetric under κ→ κ−1, therefore they
change under the Z2 transformation.

The action of parity cannot only reverse the order of the states by li → −li. To follow
the color contraction rules, additionally, we replace Q12 with Q21 while preserving the
color indices of ϕ’s in the reflection process. This is a particular definition of the parity,
as preserving the color indices of Q12 and Q21 while changing the colors of ϕ’s in the
reflection process would mix with the action of the Z2 operator. Then, the action of
parity on the momentum states is given by

P |Ψ(p1, p2, p3, p4)⟩11 =
∑

l1<l2<l3<l4

Ψ(l1, l2, l3, l4) |−l4,−l3,−l2,−l1⟩11 (3.4.18)

=
∑

l1<l2<l3<l4

∑
σ∈S4

(
Aσ(p⃗, κ) +Dl2−l1−1,l3−l2−1,l4−l3−1

σ (p⃗, κ)
)
eip⃗σ ·⃗l |−l4,−l3,−l2,−l1⟩11 ,

(3.4.19)

where p⃗σ = (pσ(1), pσ(2), pσ(3), pσ(4)). If, for every element σ = (ijkl) ∈ S4, we introduced
the reflected element of the symmetric group σr = (lkji), and we inverted the ordering
of the position variables, −li = x5−i, the parity transform of the four-magnon long-
range Bethe ansatz (3.4.4) is written as

P |Ψ(p1, p2, p3, p4)⟩11 =
∑

l1<l2<l3<l4

Ψ(l1, l2, l3, l4) |−l4,−l3,−l2,−l1⟩11 (3.4.20)
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=
∑

x1<x2<x3<x4

∑
σ∈S4

(
Aσ(p⃗, κ) +Dx4−x3−1,x3−x2−1,x2−x1−1

σ (p⃗, κ)
)
e−ip⃗σr ·x⃗ |x1, x2, x3, x4⟩11 .

(3.4.21)

Then, we conclude that the four-magnon eigenstate is parity invariant

P |Ψ(p1, p2, p3, p4)⟩11 = eiφ(p,κ) |Ψ(−p1,−p2,−p3,−p4)⟩11 . (3.4.22)

if the following conditions are satisfied by the scattering coefficients and the position-
dependent corrections,

eiφ(p⃗,κ)Aσr(−p⃗, κ) = Aσ(p⃗, κ) , (3.4.23)

eiφ(p,κ)Dn,m,r
σr (−p⃗, κ) = Dr,m,n

σ (p⃗, κ) . (3.4.24)

Here, eφ(p⃗,κ) is a phase factor that is defined with respect to the scattering coefficients
and the position-dependent corrections. The action of parity can be summarized in
terms of a map defined by the scattering coefficients and the position-dependent cor-
rections,

{p1, p2, p3, p4, κ, Aσ, D
n,m,r
σ } → {−p1,−p2,−p3,−p4, κ, Aσr , Dr,m,n

σr } . (3.4.25)

This formulation of the parity transformation does not explicitly account for how the
dependence of the scattering coefficients and position-dependent corrections on mo-
mentum variables changes when the momentum variables are flipped in sign, as it is
given in (3.4.23) and (3.4.24). Until we obtain the explicit solution for the position-
dependent corrections, we use this transformation as a guiding principle, expecting the
generating functions to stay invariant under it. This ensures that the overall solution
satisfies (3.4.22), allowing us to determine the eigenvalues of the parity operator from
the explicit form of the position-dependent corrections. From the parity transformation
map, we observe that the scaled position-dependent corrections transform as follows:

D̃n,m,r
σ → e−imP4D̃r,m,n

σr . (3.4.26)

Furthermore, under the parity transformation, the left and right two-magnon inter-
acting equations transform to each other, as well as the left and right three-magnon
interacting equations,

γl,34(m, r)↔ γr,12(r,m) (3.4.27)

βl,4(r)↔ βr,1(r) (3.4.28)
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Additionally, the four-magnon interacting equation preserves its form, while the two
two-magnon interacting equations and the non-interacting equations get mapped to
another equation of the same type with altered permutation indices,

δσ(n,m, r)↔ δσr(r,m, n) (3.4.29)

γrl,34(m)↔ γrl,12(m) (3.4.30)

α↔ α (3.4.31)

The relations between the scattering coefficients and the position-dependent corrections
derived from the action of the Z2 and parity transformations will help us constrain the
generating functions and obtain the special solution for the eigenvectors.

3.4.1 The Most General Solution

After deriving the eigenvalue equations in position space, and highlighting the symme-
tries of the Hamiltonian underlying these expressions, we proceed to solve the eigenvalue
problem. The initial step is to interpret these relations as recursion relations and re-
formulate the problem within the framework of generating functions. From the outset,
it becomes evident that for the states of an open, infinite spin chain, the eigenvalue
problem alone does not fully constrain the position-dependent corrections, leaving a
significant number of degrees of freedom undetermined. Consequently, the generating
functions will inherently encode this freedom. In this section, we systematically reduce
these additional degrees of freedom by leveraging the symmetries of the model and
insights drawn from the two-magnon CBA eigenstates. Then, in Section 3.8 we further
impose periodic boundary conditions.

Solving the non-interacting equations. We define a generating function of three
complex variables that encodes the position-dependent corrections for each permutation
in its expansion around the origin,

Gσ(x, y, z) =
∞∑

n,m,r=0

Dn,m,r
σ xnymzr . (3.4.32)

We should keep in mind that the position-dependent corrections, Dn,m,r
σ for all σ ∈ S4

are functions of momentum variables (p1, p2, p3, p4) and κ. These position-dependent
corrections come from the |Ψ⟩11 states, meaning that the Z2 conjugate states, |Ψ⟩22,
would contain the κ→ κ−1 transformed version of these Dn,m,r

σ . Although we focus on
the solution of the former, the latter follows exactly the same procedure and can be
obtained by κ→ κ−1. Since the scaling of the position-dependent corrections (3.4.12)
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simplifies the eigenvalue equations drastically, we use the generating function with the
scaled position-dependent corrections. This one is related to the initial definition of
the generating function (3.4.32) as

G̃σ(x, y, z) = Gσ(e
−ipσ(1)x, eipσ(3)+ipσ(4)y, eipσ(4)z) . (3.4.33)

Additionally, by combining the parity transformation on the wave function given in
(3.4.25) with the parity transformation on the variables of the generating function,

{x, y, z} ↔ {z, eiP4y, x} , (3.4.34)

where the rescaling of y is a consequence of the observation (3.4.26), the transformation
of the generating function under the action of parity becomes,

G̃σ(x, y, z)→ G̃σr(z, y, x) . (3.4.35)

This is consistent with the rest of our formalism. By applying the parity transformation
at the level of the generating function, one can verify whether the solution respects
parity invariance. Indeed, we demonstrate later that this is the case.

We start solving the eigenvalue problem in terms of generating functions starting from
the non-interacting equations given in (3.4.13). We impose the vanishing of the non-
interacting equations,

δσ(n,m, r) = 0 for n,m, r > 0 , (3.4.36)

and obtain the following form of the scaled generating function,

G̃σ(x, y, z) =
Fσ(x, y, z)

Q4(x, y, z)
, (3.4.37)

where the denominator is given by the polynomial,

Q4(x, y, z) = ε4xyz − e−iP4x2z − eiP4y2z − xy − yz − xy2 − xz2 − x2yz − xyz2 ,
(3.4.38)

and the numerator takes the form,

Fσ(x, y, z) =
(
Q4(x, y, z) + xz2 + xyz2

)
G̃σ(x, y, 0)− (1 + y)xyz∂zG̃σ(x, y, 0)

+
(
Q4(x, y, z) + eiP4y2z + xy2

)
G̃σ(x, 0, z)− (z + e−iP4x)xyz∂yG̃σ(x, 0, z)

+
(
Q4(x, y, z) + e−iP4x2z + x2yz

)
G̃σ(0, y, z)− (1 + eiP4y)xyz∂xG̃σ(0, y, z)

−(ε4xyz − e−iP4x2z − xy − yz − x2yz)G̃σ(x, 0, 0)
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+xyz∂zG̃σ(x, 0, 0) + e−iP4x2yz∂yG̃σ(x, 0, 0)

−
(
ε4xyz − eiP4y2z − xy − yz − xy2

)
G̃σ(0, y, 0)

+(1 + y)xyz∂zG̃σ(0, y, 0) + (eiP4y + 1)xyz∂xG̃σ(0, y, 0)

−
(
ε4xyz − xy − yz − xz2 − xyz2

)
G̃σ(0, 0, z)

+xyz2∂yG̃σ(0, 0, z) + xyz∂xG̃σ(0, 0, z) + (ε4xyz − xy − yz)D̃0,0,0
σ

−xyz
(
D̃0,0,1

σ + D̃1,0,0
σ

)
. (3.4.39)

We keep the contribution of D̃0,0,0 for completeness but we will choose conventions
where this vanishes. Here, we use ∂zG̃σ(x, y, 0) as shorthand notation for

[
∂zGσ(x, y, z)

]
z=0

,
and similarly for the other derivatives. After imposing the non-interacting equations
on the initial form of the generating function (3.4.32), we observe that the num-
ber of unknown position-dependent corrections is reduced to those encoded in six
two-variable generating functions: Gσ(x, y, 0), Gσ(x, 0, z), Gσ(0, y, z), ∂zGσ(x, y, 0),
∂yGσ(x, 0, z), and ∂xGσ(0, y, z) in addition to nine single-variable generating functions
such as Gσ(x, 0, 0), Gσ(0, y, 0), Gσ(0, 0, z), among others. Because the numerator of
the generating function consists of the sum of functions that depend at most on two of
the three variables weighted with coefficients that are at most linear in the remaining
variables (e.g. G̃σ(x, y, 0) is multiplied by a polynomial that is at most linear in z,
while ∂xG̃σ(0, 0, z) is multiplied by a polynomial that is at most linear in x and y), it
fulfills the differential equation

∂2x∂
2
y∂

2
z

(
Fσ(x, y, z)

)
= 0 , (3.4.40)

and interacting equations can also be interpreted as differential equations. Before deriv-
ing the relations between generating functions coming from the interacting equations we
point out that a simple counting of the position-dependent corrections which are fixed
by the non-interacting equations reveals the number of undetermined two-variable gen-
erating functions. It turns out that the undetermined position-dependent corrections
counted in terms of two-variable generating functions should be four rather than six.
This implies that the generating function given in (3.4.39) does not know about a set
of non-interacting equations encoded by two of these two-variable generating functions.
Furthermore, we observe that the generating function given in (3.4.37) is not analytic
around the origin, contradicting our initial assumption (3.4.32) and undermining the
entire purpose of extracting position-dependent corrections from the generating func-
tion. These two observations lead us to eliminate the spurious two-variable generating
functions by imposing analyticity at the origin, allowing us to obtain the final form of
the generating function that incorporates the solution to all non-interacting equations,
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(3.4.9). At first glance, this may seem somewhat artificial; however, we find that there
is a natural way to impose the analyticity constraints, and these additional constraints
correspond to the non-interacting eigenvalue equations that are missing from (3.4.39).

Analyticity. To complete the derivation of a generating function that includes the
position-dependent corrections solving the non-interacting equations (3.4.9), we impose
analyticity at the point (x, y, z) = (0, 0, 0). More precisely, we examine the generating
function defined in (3.4.37) and eliminate the poles at the origin by solving a system
of equations. The coefficients that accompany inverse powers in the expansion of the
generating function are linear combinations of undetermined, position-dependent cor-
rections. They form a system of equations that turns out to be a subset of the original
non-interacting equations (3.4.9), which confirms the consistency of the approach and
leads to the final form of the non-interacting generating function. Instead of canceling
the poles one by one, we impose analyticity conditions altogether as follows. We start
by identifying the curve defined by the vanishing of the polynomial in the denominator
(3.4.38). As a first step, we factorize the elliptic curve appearing in the denominator,

Q4(x, y, z) = (z − z+(x, y))(z − z−(x, y)) , (3.4.41)

where

z±(x, y) =
ε4xy −

(
e−iP4x2 + y

)
(1 + eiP4y)

2x(1 + y)
∓
√(

ε4xy − (e−iP4x2 + y) (1 + eiP4y)

2x(1 + y)

)2

− y .

(3.4.42)

Demanding analyticity of G̃σ(x, y, z) at the origin is equivalent to demanding the nu-
merator of G̃σ(x, y, z), (3.4.39), to vanish at the points where the curve Q4(x, y, z)

given in (3.4.38) vanishes around the origin. In contrast to the three-magnon case an-
alyzed in [1], here both the z+ curve and the z− curve contain the (x, y, z) = (0, 0, 0)

point, however, this point is a branch point for both of them. When we assume that
−π < Arg(x) < π, and similarly for y, z, and the total momentum, eiP4 , then z+ admits
the origin as a limit point and we can expand around the origin.16 However, demanding
analyticity at z = z+(x, y) alone,

Fσ(x, y, z+(x, y)) = 0 , (3.4.43)
16Similarly, the z+ curve is ill-defined for x = 0 when we approach the origin from the outside of

the range −π < Arg(x) < π for complex variables x, y, z and eiP4 . Here we assume that we are in
the positive cone of the three-dimensional complex space and −π < P4 < π. Note that a similar
analysis can be done for the rest of the complex space and we can choose appropriate curves to ensure
analyticity as well. For simplicity here we present only one.
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is not enough to ensure analyticity around the origin. On the other hand, demanding
that the numerator vanishes on the curve z = z−(x, y) together with the first analyticity
condition given above would force all the position-dependent corrections, Dn,m,r

σ to
vanish for n,m, r ≥ 1 because these two conditions would cancel the entire denominator
of the generating function, Q4(x, y, z) and when incorporating the interacting equations
into our solution, this would lead to an inconsistency.

A natural way to complete the analyticity conditions is to demand that the resulting
generating function is invariant under parity transformation, (3.4.25) together with
(3.4.34). This condition leads us to consider,

z±(x, y)
P−→ x±(y, z) , (3.4.44)

such that x± is coming from another factorization of the elliptic curve,

Q4(x, y, z) = (x− x+(y, z))(x− x−(y, z)) . (3.4.45)

Exactly as in the case of z±, the origin is a branch point of x±, and only x+ admits a
well-defined limit around it. We observe that together with (3.4.43), imposing

Fσ(x+(y, z), y, z) = 0 , (3.4.46)

determines two of the two-variable generating functions and removes all poles near the
origin, while still yielding a non-trivial denominator. The resulting generating function
is also parity invariant. To achieve this, we first solve the condition (3.4.43) by fixing
the ∂zG̃σ(x, y, 0) component of the generating function. Next, we solve the second
condition (3.4.46) to obtain the two-variable function ∂xG̃σ(0, y, z). Substituting these
into the non-interacting ansatz gives the final form of the generating function.

In what follows, we turn to the relations between the generating functions that arise
from the interacting eigenvalue equations. When we combine the solutions of the
interaction and non-interacting equations given in this section, we choose to first solve
the interacting equations and then impose the analyticity conditions given in (3.4.43)
and (3.4.46) on the numerator of the generating function, which already includes the
solution to the interacting equations. This approach does not alter the final result, and
it ensures the analyticity of the full generating function.

Interaction equations in terms of generating functions. The generating func-
tion (3.4.37), together with the analyticity conditions (3.4.43) and (3.4.46), codifies the
position-dependent corrections that solve the non-interacting equation (3.4.39). As in
the three-magnon case, the non-interacting equations fix almost all position-dependent
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corrections. The remaining undetermined position-dependent corrections lie on the
boundaries of the three-dimensional lattice and they are encoded in the two-variable
and one-variable generating functions that appear in (3.4.39). This is the analogue
of the three-magnon solution which has the boundary position-dependent corrections
unfixed after solving the three-magnon non-interacting equations as depicted in Fig-
ure 3.3. Therefore, the interacting eigenvalue equations will be constraints on these
two-variable generating functions and the nine single-variable generating functions.

As for the non-interacting equations, we first transform the recursion relations coming
from the interacting equations to relations between generating functions, and then
we solve these relations in the context of the special solution by imposing additional
constraints in the next section. Note that the interacting eigenvalue equations for the
minimum separation of the magnons,

α , βl(1) , βr(1) , γl(1, 1) , γm(1, 1) , γr(1, 1) , γlr(1) ,

(3.4.47)
play a key role throughout the solution. Therefore, it is worth noting that they appear
as initial conditions for the relations of generating functions, which we present in this
section as was also the case for the three-magnon problem. Furthermore, we explicitly
solve these equations at the beginning of Section 3.4.2 under additional assumptions
on the scattering coefficients and position-dependent corrections. This results in a
remarkably simple form of the position-dependent corrections, which remains valid
even for configurations with larger magnon separations as we construct the special
solution.

To complete the set of relations between the generating functions of the four-magnon
problem, we also transform the interacting equations into the generating function for-
malism. An example of this transformation is given as

F γl,34(x, y) =
∞∑

n,m=0

γl,34(n+ 1,m+ 1)xnym = 0 . (3.4.48)

And similarly we compute all these expressions for all permutations and distinct cases
of interacting eigenvalue equations. We denote this set of relations as

{F γl,ij(y, z), F γm,ij(x, z), F γr,ij(x, y), F βl,i(z), F γlr,ij(y), F βr,i(x)}. (3.4.49)

As discussed in this section, under the action of Z2 the coefficients in front of the
generating functions stay invariant. We conclude that the scattering coefficients and the
position-dependent corrections of the |Ψ⟩22 state have to satisfy the same equations. On
the other hand, under the parity transformation, the expression for the three-magnon
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from the left transforms to the three-magnon from the right, and the expression for the
two two-magnon interaction stays invariant.

Here, we completed the derivation of the relations between the pieces of the generating
function (3.4.37) which are not fixed by the non-interacting equations. Combining all
of these equations and obtaining the final form of the generating function is straight-
forward, as all of these relations are linear in terms of the one- and two-variable gener-
ating functions. However, there are infinitely many undetermined position-dependent
corrections after combining all the pieces and the final form is not very illuminating.
Therefore, instead of blindly trying to simplify our solution, we use this freedom to our
advantage and impose additional conditions inspired by the CBA to obtain a simple
solution.

3.4.2 Special Solution for the Four-Body Problem

In this section, we present a special solution to the four-magnon eigenvalue problem
in the same spirit as Section 3.3.2. As the complexity of the system of linear equa-
tions increases from the three-magnons to the four-magnons, solving all the relations
derived from the interacting equations leaves a large number of undetermined coeffi-
cients behind. Instead, we impose additional conditions, similar to those used in the
three-magnon problem in Section 3.3.2, to obtain a solution with significantly fewer
undetermined degrees of freedom.17 However, even with these special conditions, not
all position-dependent corrections are fully determined. We will utilize this remain-
ing freedom in Section 3.5 to establish the connection between solutions with different
numbers of magnons.

To obtain the special solution, we impose the factorization of scattering coefficients,
consistent with the two-magnon solution (3.2.10),

Ajikl

Aijkl

=
Akjil

Akijl

=
Aklji

Aklij

= Sκ(pi, pj) , (3.4.50)

for any permutation, Aσ such that σ = (ijkl) ∈ S4. Additionally, to enforce invariance
under a subgroup of the permutation group, we constrain the position-dependent cor-
rections by a partial factorizability condition. For the middle two permutation indices
of all position-dependent corrections, we impose the following relation,

D̃n,m,r
ikjl = Sκ(pj, pk)D̃

n,m,r
ijkl , (3.4.51)

17We draw inspiration from dynamical Felder-like setups [139] and choose these additional con-
straints to establish factorizability. Details of the reasoning are given in Section 3.3.2.
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for all Dσ, with σ = (ijkl) ∈ S4. Under these conditions, we first solve the eigen-
value equations with minimum separation as given in (3.4.47) and obtain the position-
dependent corrections for the lowest separation explicitly. Then, we move on and solve
the rest of the eigenvalue equations in terms of generating functions. We only solve for
the pieces of the generating function, (3.4.39) which are not fixed by the non-interacting
equations and impose the analyticity condition only at the end to simplify the expres-
sions for the generating functions. Nevertheless, the final form of the solution describes
a true eigenstate which can be checked independently.

Special solution for the minimum separation. Among the eigenvalue equations
arising from the four-magnon problem, the one corresponding to the minimum sepa-
ration of magnons, given in (3.4.47), plays a distinctive role. As in the three-magnon
case, these equations serve as initial conditions for solving a system of differential equa-
tions. We solve the minimum separation equations by making special choices designed
to render the remaining equations as permutationally symmetric as possible. These
equations effectively determine the behavior of all position-dependent corrections, as
they appear in the generating function relations in isolation from other contributions.
Moreover, the role of these equations as initial values is not merely an analogy: the
eigenvalue equations can be interpreted directly as difference equations and then trans-
formed into differential equations via generating functions. Therefore, we will see that
also in Section 3.6 when we are able to write a solution to the four-magnon problem
based on the three-magnon solution we will do it by matching that solution to the solu-
tion of the minimum separation equations, especially the coefficients D̃1,0,0

σ and D̃0,0,1
σ ,

and this will be enough to fully fix the position-dependent corrections.

Starting with the eigenvalue equations at minimum separation, given in (3.4.47), we im-
pose the special conditions from (3.4.50) and (3.4.51) to identify the position-dependent
corrections within these expressions. In doing so, we set some of these corrections to
zero, simplifying the solution. As a result, the solution we present is not unique; how-
ever, it retains key features of the spin chain model. These properties include the
vanishing of position-dependent corrections at the orbifold point (κ = 1), and the
preservation of parity invariance, as specified in (3.4.23), (3.4.24), and (3.4.25).

As a first step, we use the four-magnon interacting equation to illustrate how the
expressions can be simplified under the special conditions (3.4.50) and (3.4.51), leading
to a special solution. The four-magnon interacting equation is given as

α =
∑

(ijkl)∈S4

ei(pj+pk+3pl)ω(pj, pk;κ)
[ (
κ− κ−1

)
Aijkl+

(
ε4 − 4κ− 2κ−1

)
D̃0,0,0

ijkl −D̃1,0,0
ijkl −D̃0,0,1

ijkl

]
,

(3.4.52)
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such that

ω(pj, pk;κ) =
(eipj − eipk) (1 + eipj+ipk)

1 + eipj+ipk − 2κeipj
. (3.4.53)

To obtain this form, we make use of the following identity for the scattering coefficients
which are factorized in terms of Sκs,∑

(ijkl)∈S4

ei(pj+2pk+3pl)(e−ipja(pj, pi, κ) + e−ipla(pl, pk, κ))Aijkl = 0 , (3.4.54)

which vanishes because the sum can be re-arranged by using (3.4.50) and the definition
of the scattering coefficient Sκ, (3.2.14). Secondly, the partial factorization (3.4.51) can
be used to reduce the sum over all the permutations to a sum over only half of them.
In this case, the summand, which includes the scattering coefficient, also simplifies and
gives us an overall (κ− κ−1) factor,∑

i,l∈{1,2,3,4}

ei(pj+pk+3pl)
[
a(pk, pj, κ

−1)Aijkl + a(pj, pk, κ
−1)Aikjl

]
= −

∑
i,l∈{1,2,3,4}

ei(pj+pk+3pl)
2 (κ− κ−1) (eipj − eipk) (1 + eipj+ipk)

1 + eipj+ipk − 2κeipj
Aijkl ,

(3.4.55)

where the underlined indices indicate that, between (jk) and (kj), only the terms
with j < k are included. The (κ− κ−1) factor plays a crucial role, as it ensures that
all position-dependent corrections vanish in the limit κ → 1, leaving only the CBA
solution at the orbifold point. Similarly, for the rest of the four-magnon interacting
equation, we make use of the partial factorizability property (3.4.51) and obtain,

−
∑

i,l∈{1,2,3,4}

ei(pj+pk+3pl)
(
eipk + Sκ(pj, pk)e

ipj
) (
D̃1,0,0

ijkl + D̃0,0,1
ijkl

)
=

∑
i,l∈{1,2,3,4}

ei(pj+pk+3pl)
(eipj − eipk) (1 + eipj+ipk)

1 + eipj+ipk − 2κeipj

(
D̃1,0,0

ijkl + D̃0,0,1
ijkl

)
.

(3.4.56)

Therefore, we combine the final form of the sum over the permutations of scattering
coefficients (3.4.55) with the sum over the position-dependent corrections (3.4.56) and
obtain (3.4.52). Finally, we conclude that, for any permutation σ, a simple relation
between the scattering coefficients and the position-dependent corrections of the lowest
separation makes the four-magnon interacting equation vanish,

D̃1,0,0
σ = D̃0,0,1

σ =
(
κ− κ−1

)
Aσ , (3.4.57)
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which is very similar to the special solution of the three magnon problem given in [1].
Note that taking D0,0,0 = 0 is reasonable for open infinite spin chains, as we can always
redefine the position-dependent corrections and the scattering coefficients in the long-
range Bethe ansatz (3.4.4) by shifting all of them with an expression that does not
depend on position variables.

Moving our attention to solving the three-magnon interaction and two two-magnon
interacting equations with minimum separation, imposing our assumptions, gives us
the following solution,

D̃0,0,2
σ =

(
κ− κ−1

) (
2eipσ(4) + ε4 − 2κ− 2κ−1

)
Aσ , (3.4.58)

D̃2,0,0
σ =

(
κ− κ−1

) (
2e−ipσ(1) + ε4 − 2κ− 2κ−1

)
Aσ , (3.4.59)

D̃1,1,0
σ = −eiP4

(
κ− κ−1

)
Aσ , D̃0,1,1

σ = −
(
κ− κ−1

)
Aσ , (3.4.60)

provided that we fix D̃0,1,0
ijkl = D̃1,0,1

ijkl = 0. Finally, the solution of the minimum separa-
tion two-magnon interacting equations is given as

D̃0,1,2
σ = −

(
2eipσ(4) + 2ε4 − 4κ− 2κ−1

) (
κ− κ−1

)
Aσ , (3.4.61)

D̃1,0,2
σ = D̃2,0,1

σ =

(
e−ipσ(1)+ipσ(4) +

e−iP4

2

(
1− eiP4

)2)(
κ− κ−1

)
Aσ , (3.4.62)

D̃2,1,0
σ = −eiP4

(
2e−ipσ(1) + 2ε4 − 4κ− 2κ−1

) (
κ− κ−1

)
Aσ , (3.4.63)

provided that we fix D̃0,2,0
ijkl = D̃1,1,1

ijkl = 0. This completes the solution of the eigenvalue
equations with minimum separation. An immediate question we can ask about these
position-dependent corrections is whether or not they satisfy the conditions given in
(3.4.23) and (3.4.24) for the overall wave function to be parity invariant. The answer is
yes, but when we apply the parity transformation map (3.4.25) we should keep in mind
that the scaled position-dependent corrections bring extra factors of eiP4 , as emphasized
in (3.4.26).

In solving the minimum separation equations, we made specific choices, such as setting
D̃0,1,0

σ = 0. Alternatively, one could choose D̃0,1,0
σ = (κ − κ−1)Aσ, analogous to the

position-dependent corrections in (3.4.57). This choice would shift the remaining coef-
ficients by a factor of (κ− κ−1)Aσ. For example, instead of (3.4.58), we would obtain,
D̃0,0,2

σ = (κ−κ−1)(2eipσ(4) − 1+ ε4− 2κ− 2κ−1)Aσ. At this point, we see no compelling
reason to prefer one choice over the other, and therefore proceed with a representative
option. A more natural prescription for fixing these position-dependent corrections
may emerge by refining the solution to the eigenvalue equation with periodic boundary
conditions, as discussed in Section 3.8, particularly for long spin chains. We leave this
to future work.
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Special solution for all position-dependent corrections. After fixing the min-
imum separation position-dependent coefficients, we focus on fixing the undetermined
pieces of the generating functions by substituting the special solution above and using
the partial factorization of the position-dependent corrections, (3.4.51) which can be
rewritten in terms of the generating function as

G̃ikjl(x, y, z) = Sκ(pj, pk)G̃ijkl(x, y, z) . (3.4.64)

This relation between generating functions reduces the number of distinct generating
functions from twenty-four to twelve. Then, we calculate three two-variable generating
functions for each permutation σ ∈ S4 by solving the two-magnon interacting equations
F γl,ij(y, z), F γm,ij(x, z), F γr,ij(x, y) as they were listed in (3.4.49). The solution of the
two-magnon interacting equations is given as follows,(
y(1− ε4z + z2 + 2κz + y) + z2

)
G̃σ(0, y, z) = −yz

(
1 + eiP4y

)
∂xG̃σ(0, y, z)− 2yz

(
κ− κ−1

)
Aσ

+ y(1− ε4z + y + 2κz)G̃σ(0, y, 0) + yz
(
1 + eiP4y

)
∂xG̃σ(0, y, 0) + yz(1 + y)∂zG̃σ(0, y, 0)

+
(
y
(
1− ε4z + z2 + 2κz

)
+ z2

)
G̃σ(0, 0, z) + yz2∂yG̃σ(0, 0, z) + yz∂xG̃σ(0, 0, z) .

(3.4.65)

We choose to express G̃(0, y, z) in terms of ∂xG̃(0, y, z), so that G̃(0, y, z) is thereby
determined, while ∂xG̃(0, y, z) remains to be fixed. Here we omit the constraints coming
from the analyticity condition (3.4.43) and (3.4.46) to simplify the expressions. At this
stage, the solution of the generating function looks like it has poles around the origin,
once we divide by the polynomial factor that appears on the left-hand side of (3.4.65).
These are again spurious poles coming from the two-magnon interacting equations that
are not counted yet. Similar to the non-interacting equations we impose analyticity by
fixing one of the single-variable generating functions on the curve, which is coming from
the vanishing of the polynomial factor in the denominator of G̃σ(0, y, z), that passes
through the origin. We can impose each of these analyticity conditions at the end when
we assemble everything. Similarly, we solve two more two-variable generating functions
from the rest of the two-magnon interacting equations,

(κ(xz(−ε4 + x+ z) + x+ z) + 2xz) G̃σ(x, 0, z) = −κxz(e−iP4x+ z)∂yGσ(x, 0, z)

+ (κ(xz(−ε4 + z) + x+ z) + 2xz) G̃σ(0, 0, z) + κxz2∂yG̃σ(0, 0, z) + κxz∂xG̃σ(0, 0, z)

+ (κ(xz(−ε4 + x) + x+ z) + 2xz) G̃σ(x, 0, 0) + e−iP4κx2z∂yG̃σ(x, 0, 0) + κxz∂zG̃σ(x, 0, 0)

− 2xzκ (κ− κ−1)Aσ

(
1− e−ipσ(1)x− eipσ(4)z

)(
1− e−ipσ(1)x

) (
1− eipσ(4)z

) . (3.4.66)

We highlight these factors because they will play a crucial role in the following sections.
The rest of the two-magnon interacting equations are solved,(
(x2 + eiP4y)(eiP4y + 1)− eiP4xy(ε4 − 2κ)

)
G̃σ(x, y, 0) = −eiP4xy(1 + y)∂zG̃σ(x, y, 0)
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− 2eiP4xy(κ− κ−1)Aσ + eiP4y
(
1 + eiP4y − ε4x+ 2κx

)
G̃σ(0, y, 0)

+ eiP4xy
(
(1 + y)∂zG̃σ(0, y, 0) +

(
1 + eiP4y

)
∂xG̃σ(0, y, 0)

)
+
(
x2 − eiP4xy(ε4 − 2κ− x− x−1)

)
G̃σ(x, 0, 0) + x2y∂yG̃σ(x, 0, 0) + eiP4xy∂zG̃σ(x, 0, 0) .

(3.4.67)

Furthermore, we solve eigenvalue equations coming from the two two-magnon interact-
ing equation F γlr,ij(y) as well as the three-magnon interacting equations F βl,i(z) and
F βr,i(x) in terms of generating functions. In this case, the partial factorization property
alone is not enough to get rid of the sum over permutation indices, therefore we choose
to solve for each permutation separately to obtain the most symmetric solution. To
demonstrate the strategy we focus on the left three-magnon interacting expression,

F βl,a(z) =
∑

(ijk)∈S3

F
βl,a

ijk (z) , (3.4.68)

such that (ijka) ∈ S4 and, instead of finding the general solution of F βl,a(z) = 0, we
find the solution of F βl,a

ijk (z) = 0 and check if the resulting solution in terms of the
one-variable generating function satisfies the partial factorization (3.4.51). In this case,
we obtain,

G̃σ(0, 0, z) = −
z∂xG̃σ(0, 0, z) + z2∂yG̃σ(0, 0, z)− 2z (κ− κ−1)Aσ/

(
1− eipσ(4)z

)
1− (ε4 − 2κ− 2κ−1)z + z2

.

(3.4.69)

Similarly, the solution of the three-magnon interaction from the right and the two-two
magnon interacting equations give

G̃σ(x, 0, 0) = −
x∂zG̃σ(x, 0, 0) + x2e−iP4∂yG̃σ(x, 0, 0)− 2x (κ− κ−1)Aσ/

(
1− e−ipσ(1)x

)
1− (ε4 − 2κ−1 − 2κ)x+ x2

,

(3.4.70)

G̃σ(0, y, 0) =
1

ε4 − 4κ

(
(1 + y)∂zG̃σ(0, y, 0) + (1 + eiP4y)∂xG̃σ(0, y, 0)− 2

(
κ− κ−1

)
Aσ

)
.

(3.4.71)

At this point, we have solved all the interacting equations. The last step remaining is
to impose the analyticity conditions (3.4.43) and (3.4.46) and substitute all the two-
variable and one-variable generating functions into the generating function (3.4.37).
Nevertheless, this final form of the special solution still has undetermined position-
dependent corrections. Since the expressions from each of the pieces of the generating
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function are very involved, we summarize the solution by color coding the pieces of the
non-interacting generating function according to the stage we find the solution. When
we bring everything together, we obtain

Q4(x, y, z)Gσ(x, y, z) =
(
Q4(x, y, z) + xz2 + xyz2

)
G̃σ(x, y, 0)− (1 + y)xyz∂zG̃σ(x, y, 0)

+
(
Q4(x, y, z) + eiP4y2z + xy2

)
G̃σ(x, 0, z)− (z + e−iP4x)xyz∂yG̃σ(x, 0, z)

+
(
Q4(x, y, z) + e−iP4x2z + x2yz

)
G̃σ(0, y, z)− (1 + eiP4y)xyz∂xG̃σ(0, y, z)

−(ε4xyz − e−iP4x2z − xy − yz − x2yz)G̃σ(x, 0, 0)

+xyz∂zG̃σ(x, 0, 0) + e−iP4x2yz∂yG̃σ(x, 0, 0)

−
(
ε4xyz − eiP4y2z − xy − yz − xy2

)
G̃σ(0, y, 0)

+(1 + y)xyz∂zG̃σ(0, y, 0) + (eiP4y + 1)xyz∂xG̃σ(0, y, 0)

−
(
ε4xyz − xy − yz − xz2 − xyz2

)
G̃σ(0, 0, z)

+xyz2∂yG̃σ(0, 0, z) + xyz∂xG̃σ(0, 0, z)

−xyz
(
D̃0,0,1

σ + D̃1,0,0
σ

)
. (3.4.72)

For clarity, we color-code the components of the generating function based on how
they are fixed. The blue two-variable terms are determined in this section using the
two-magnon interacting equations (3.4.65), (3.4.66), and (3.4.67). The purple one-
variable terms are fixed by the three-magnon interacting equations (3.4.69), (3.4.70),
and (3.4.71). The orange derivative terms are fixed by imposing analyticity on the two-
variable generating functions obtained from two-magnon interactions. This is done in
a parity-invariant way and is explained in detail in Section 3.6. The green two-variable
derivative terms are then fixed by the analyticity conditions (3.4.43) and (3.4.46),
as shown in Appendix B in [2], equations B.5 and B.7. The red position-dependent
correction is determined from the minimum separation equations and given in (3.4.57).
When solved in this order, the remaining undetermined coefficients appear only in the
underlined generating functions. These are fully fixed in Section 3.6, although in a
different order than presented here.

Counting of undetermined coefficients. After imposing the recursion relations
derived from the non-interacting equations (3.4.13), we find that there are six two-
variable generating functions and nine one-variable generating functions that are not
fixed, the latter being contained in the former. Imposing the analyticity condition
reduces the number of undetermined two-variable generating functions to four, which
agrees with the counting of the non-interacting equations as recurrence relations.
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Eq. Type Two-variable One-variable
Initial Freedom Non-Interacting 6 9

Constraint Analy. Non-Int. 2 0

Two-Magnon Int. 3 0

Two-M. Analy.+Parity 0 4

Three-Magnon 0 3

Final Freedom 1 2

Table 3.2: We list the counting of the position-dependent corrections starting from im-
plementing the non-interacting recursion relations to the generating function (3.4.32).
Non-interacting equations give the initial freedom as given in (3.4.39). Then analyticity
conditions on this form of the generating function (3.4.43) and (3.4.46) bring the first
set of constraints. Two-magnon interacting equations solved with additional constraints
result in (3.4.65), (3.4.66) and (3.4.67). Ensuring the analyticity of these expressions in
a parity-invariant way brings four more constraints. Finally, solving the three-magnon
interacting equations gives (3.4.69), (3.4.70), and (3.4.71). Here, we step-by-step count
the constraints coming from the interacting equations and analyticity conditions. In the
three-magnon problem, the generating function was a two-variable quantity and the spe-
cial solution was leaving a one-variable function many freedom, in parallel four-magnon
problem is a three-variable function, and after the special solution, we are left with a
two-variable function.

Then, the special solution fixes three out of four two-variable generating functions and
leaves us with only one two-variable generating function, ∂yG̃(x, 0, z) which we will
use to connect the solution of the four-magnon problem with three-magnons. Note
that the solution of analyticity conditions given in (3.4.43) and (3.4.46), does not fix
the one-variable generating functions which lie on the boundary of these two-variable
ones, however the additional analyticity conditions coming from the special two-magnon
solution above fix three of the single-variable pieces, additionally imposing parity fixes
one more. Then, incorporating the three-magnon interacting equations and two-two
magnon interacting equations fixes three one-variable generating functions and we are
left with two one-variable generating functions as listed in Table 3.2. Recall that the
generating function of the three-magnon problem was a two-variable quantity and the
special solution was leaving a one-variable function many freedom, in parallel four-
magnon problem is a three-variable function and after the special solution, we are
left with a two-variable function. And the two single-variable functions which remain
undetermined are the boundaries of this one two-variable function.
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After investigating the relation between the eigenvectors with different numbers of
excitations we constrain this solution further and get rid of all the leftover freedom.

Permutation symmetry is restored. The main idea behind finding the special
solution described in this section is to express the position-dependent corrections solely
in terms of permutations of momentum variables, for fixed magnon separations (i.e.,
fixed values of n,m, r). In other words, we seek a single function that captures all such
corrections, where the only difference between them is the ordering of the momentum
variables according to the corresponding permutation label:

Dn,m,r
1234 ←→ f(p1, p2, p3, p4), (3.4.73)

Dn,m,r
2134 ←→ f(p2, p1, p3, p4). (3.4.74)

To achieve this, we start with the generating functions which include the scaled position-
dependent corrections. These forms of generating function only include the factors of
total energy, total momentum, and κ which are invariant under the permutation of
indices. This way all dependence on permutation of momenta is absorbed into the
scaled position-dependent corrections. Then we construct generating functions that
depend on a single permutation index, using initial conditions given in (3.4.57) and
solutions to the two-variable components such as those in (3.4.65). By either setting
all undetermined parts of the generating function to zero or assuming they are analytic
functions around the origin, which have the same permutational symmetry, we reduce
the full set of twenty-four generating functions G̃σ(x, y, z), each encoding a distinct
position-dependent correction, to a single unified generating function,

G̃σ(x, y, z) −→ G̃(pσ(1), pσ(2), pσ(3), pσ(4), κ;x, y, z) . (3.4.75)

This way by permuting the order of momentum variables that we input to the gen-
erating function we are able to obtain the position-dependent corrections for distinct
permutation labels σ. This implies that the position-dependent corrections admit a
unifying description among the permutations of the indices,

Dn,m,r
σ = (κ− κ−1)Aσf(p⃗σ;n,m, r, κ) =

∮
B

dxdydz

(2πi)3
G(p⃗σ, κ;x, y, z)

xn+1ym+1zr+1
. (3.4.76)

To emphasize this point better we use the Yang operator formalism and analyze the
coefficients that accompany the plane waves with respect to the permutation indices
after fully constraining the solution.
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3.5 From M + 1-Magnons to M -Magnons

In this section, we investigate the relation between eigenstates of the Hamiltonian with
different numbers of excitations. Our goal is to develop a systematic method that starts
from an M +1-magnon eigenstate and yields the corresponding M -magnon eigenstate.
This method must operate directly on the CBA and its long-range generalization, while
also accommodating the structure of our model—where the M = 1, 2 magnon problems
are solved by the CBA, and the M ≥ 3 magnon problems require the long-range Bethe
ansatz.

In conventional integrable models solvable by the CBA, the factorization in terms of
two-magnon scattering amplitudes provides strong evidence for underlying integrability.
However, in the case of the Hamiltonian (3.1.19), only the M = 1, 2 magnon sectors
admit standard CBA solutions; for M ≥ 3, position-dependent corrections must be
incorporated. To bridge the gap between these cases, we introduce a limiting procedure
that averages over all possible positions of a chosen magnon in an (M + 1)-magnon
eigenstate. Physically, this amounts to ‘smearing’ one magnon, which we show yields
the corresponding M -magnon eigenstate.

We demonstrate that, under suitable assumptions detailed below, this limit establishes
a concrete relation between eigenstates with successive magnon numbers. As we will
see, this approach not only clarifies the recursive structure of the wave functions but
also allows us to constrain all previously undetermined position-dependent corrections
in the solution constructed in Section 3.4.2.

3.5.1 The Case of the Coordinate Bethe Ansatz

To explain the method, we begin by applying it to a generic three-magnon eigenstate
expressed in standard CBA form. For an integrable model such as the Heisenberg XXX
or XXZ spin chain, the two-magnon wave function takes the form

Ψ(p1, p2, l1, l2) = A
(2)
12 e

ip1l1+ip2l2 + A
(2)
21 e

ip2l1+ip1l2 , (3.5.1)

defined up to an overall normalization,

|Ψ(p1, p2)⟩ = C
∑
l1<l2

Ψ(p1, p2, l1, l2)|l1, l2⟩ , (3.5.2)

that can be chosen such that A(2)
12 = 1. Similarly, the three-magnon wave function takes

the form,

Ψ(p1, p2, p3, l1, l2, l3) =
∑
σ∈S3

A(3)
σ eipσ(1)l1+ipσ(2)l2+ipσ(3)l3 . (3.5.3)
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In integrable models, the three-magnon scattering coefficients A(3)
α factorize into prod-

ucts of two-magnon coefficients A(2)
σ as

A(3)
σ =

∏
αi

A(2)
αi
, (3.5.4)

where we have decomposed the permutation σ into a product of transpositions σ =

α1α2α3. Although this decomposition is not unique, the YBE guarantees consistency
among the possible decompositions.

To smear the magnon at position l3, we average the wave function over all possible
positions it can occupy, normalized by the total number of positions:

lim
N→∞

1

N

N∑
m=0

Ψ(p1, p2, p3;n,m) = lim
N→∞

(∑
σ∈S3

A(3)
σ ei(n+1)(pσ(2)+pσ(3))+ipσ(3)

1

N

N∑
m=0

eipσ(3)m

)
.

(3.5.5)

To ‘localize’ the smeared magnon, we scale its momentum as p3 = 2π p̄3
N

. In this limit,
the magnon becomes stationary at p̄3 = 0, and the summation yields:

lim
N→∞

1

N

N∑
m=0

Ψ(p1, p2, p3;n,m) =
i

2π

(
A

(3)
123e

i(n+1)p2 + A
(3)
213e

i(n+1)p1
) 1− e2πip̄3

p̄3
. (3.5.6)

Here, the exponential factor ei(n+2)pσ(3) appearing in front of the scattering coefficients
A

(3)
σ simplifies to unity when σ(3) = 3 , and vanishes for σ(3) = 1, 2 as we take N →∞

limit due to

lim
N→∞

1

N

1− eipσ(3)N

1− eipσ(3)
= 0 , for σ(3) = 1, 2 , (3.5.7)

as neither p1 nor p2 is localized at zero. Thus, by subsequently taking the limit p̄3 → 0

, we recover the two-magnon wave function (after removing the center-of-mass phase):

lim
p̄3→0

lim
N→∞

1

N

N∑
m=0

Ψ̃(p1, p2, p3;n,m) = A
(3)
123e

i(n+1)p2 + A
(3)
213e

i(n+1)p1 . (3.5.8)

This demonstrates that the two-magnon eigenstate can be recovered from the three-
magnon eigenstate via the smearing limit. Crucially, this construction relies on the
integrability of the model, which ensures that the three-magnon scattering coefficients
factorize according to (3.5.4). For instance, assuming the normalization A123 = 1, we
obtain:

A
(3)
123 = A

(2)
12 = 1 , A

(3)
213 = A

(2)
21 . (3.5.9)
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We emphasize that this smearing procedure applies to any CBA solution with M + 1

magnons (for M ≥ 1), and yields the corresponding M -magnon solution. In par-
ticular, smearing a magnon in the two-magnon eigenstate recovers the corresponding
one-magnon eigenstate, up to a normalization factor determined by the original wave
function. In the following, we apply the same strategy to the long-range Bethe ansatz.

3.5.2 From Three-Magnon to Two-Magnon in Long-Range Bethe Ansatz

In this section, we test the relation between the two-magnon CBA solution and the
three-magnon long-range Bethe ansatz solution of our Hamiltonian. We particularly
focus on the special solution with factorized Sκ scattering coefficients given in Section
3.3.2 for the states with the magnons in the Q12Q21Q12 order. We refer to the particular
wave function coming from that special solution Ψ(p1, p2, p3; l1, l2, l3). Recall that the
long-range Bethe ansatz is given as

Ψ(p1, p2, p3;l1, l2, l3) =
∑
σ∈S3

(
Aσ +Dl2−l1−1,l3−l2−1

σ

)
eip⃗

3
σ ·⃗l 3 (3.5.10)

= eil1
∑3

i pi
∑
σ∈S3

(Aσ +Dn,m
σ ) ei(n+1)(pσ(2)+pσ(3))+i(m+1)pσ(3) , (3.5.11)

for simplicity, we replace the position of magnons with the separation between them,
n = l2 − l1 − 1 and m = l3 − l2 − 1. Following the same steps given for the CBA, we
sum over all possible positions that the magnon at l3 can take

lim
N→∞

1

N

N∑
l3=l2+1

Ψ(p1, p2, p3, l1, l2, l3)

= eil1P3 lim
N→∞

∑
σ∈S3

ei(n+1)(pσ(2)+pσ(3))
1

N

N∑
m=0

(Aσ +Dn,m
σ ) ei(m+1)pσ(3) .

(3.5.12)

After scaling one of the momentum variables as p3 = p̄3/N and localizing the limit of
the sum of the wave functions at p̄3 → 0, we obtain,

lim
p̄3→0

lim
N→∞

1

N

N∑
l3=l2+1

Ψ(p1, p2, p3, l1, l2, l3) = Ψ11(p1, p2, l1, l2)

+ lim
p̄3→0

lim
N→∞

1

N
eil2P3

∑
σ∈S3

ei(pσ(3)−pσ(1))

N∑
m=0

D̃n,m
σ , (3.5.13)
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by using the result (3.5.8), such that the two-magnon wave function, Ψ11(p1, p2, l1, l2) is
the two-magnon eigenstate of our model with Sκ scattering coefficients given in (3.2.13)
and D̃ is the scaled position-dependent correction for three magnons as defined in
(3.3.27). Since the contribution of the scattering coefficients after smearing directly
gives the wave function of the two-magnon CBA solution Ψ11(p1, p2, l1, l2), we expect
the contribution with the position-dependent corrections to vanish. To show this, we
strictly focus on that part of the computation. Crucially, we know the N → ∞ limit
for the sum of the position-dependent corrections can be written as

lim
N→∞

N∑
m=0

D̃n,m
σ =

∞∑
m=0

D̃n,m
σ =

1

n!

∂nG̃σ(x, 1)

∂xn

∣∣∣∣∣
x=0

, (3.5.14)

such that G̃σ(x, y) = Gσ

(
e−ipσ(1)x, eipσ(3)y

)
is the three-magnon generating function

which encodes the Sκ special solution of the three-magnon problem as it is given in
Appendix B of [1] and it is summarized in Appendix A of [2] here. For each integer n,

the coefficients ∂nG̃σ(x,1)
∂xn

∣∣∣∣∣
x=0

are a function of total energy, ε3 and total momentum, P3

as well as κ,

G̃σ(x, 1) = [Fσ(x) +Hσ(x)] /
[
κeip3

(
−ε3 eiP3x+ e2iP3 + eiP3x2 + 2eiP3x+ eiP3 + x2

)(
−ε3 κx+ κ+ κx2 + 2x

) (
−ε3 κρ+ + κ+ κρ2+ + 2ρ+

)
(eiP3 − 2κρ+ + 1)(

eip1Sκ(p1, p2) + eip2
)
(Sκ(p1, p2)Sκ(p2, p3) + Sκ(p1, p3))

]
,

(3.5.15)

such that the function Hσ(x) includes only part of the generating function which is
not fixed by the initial assumptions of the three-magnon special solution and we set it
to zero previously,

Hσ(x) =− κeip3x2(1 + e−iP3x)
(
ρ+(2− ε3 κ) + κ+ κρ2+

) (
eip1Sκ(p1, p2) + eip2

)
(Sκ(p1, p2)Sκ(p2, p3) + Sκ(p1, p3))(e

iP3(κ− 2y) + κx)(eiP3y − 2κρ+ + 1)∂yGσ(x, 0)

+κeip3ρ2+(1 + e−iP3ρ+)
(
x(2− ε3 κ) + κ+ κx2

) (
eip1Sκ(p1, p2) + eip2

)
(Sκ(p1, p2)Sκ(p2, p3) + Sκ(p1, p3))(e

iP3y − 2κx+ 1)(eiP3(κ− 2y) + κρ+)∂yGσ(ρ+, 0) ,

(3.5.16)

and Fσ(x) represents the rest of the numerator of the three-magnon special solution
of the generating function which is a polynomial in variable x and its coefficients are
parametrized by momentum variables and κ. It is explicitly given in the Mathematica
file fourmagnon.np attached to [2]. Additionally, we adopt the shorthand notation for
the expression,

ρ+ = ρ+(1) =

√
−eiP3 (eiP3 (−ε3 2 + 4ε3 + 4eiP3 + 4) + 4) + (ε3 − 2)eiP3

2(eiP3 + 1)
, (3.5.17)
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which is coming from the factorization of the three-magnon curve that we used to ensure
the analyticity of the generating function. If we assume that G(0,1)

σ (x, 0) is an analytic

function around x = 0 and does not have a pole at x = ρ+ then ∂nG̃σ(x,1)
∂xn

∣∣∣∣∣
x=0

exists for

each positive integer, and it is parametrized by nothing but momentum variables and
κ. This is not affected by scaling one of the momentum variables as p3 = p̄3

N
. Therefore

we conclude that for any positive integer n

lim
N→∞

N∑
m=0

D̃n,m
σ = finite (3.5.18)

and since scaling the finite sum
∑N

m=0 D̃
n,m
σ with a positive integer cannot cause a

blow-up in the limit,

lim
N→∞

1

N

N∑
m=0

D̃n,m
σ = 0 . (3.5.19)

Thus, when the third magnon is smeared, the effect of position-dependent corrections is
washed off. Similarly, when we smear the first magnon instead of the last one, meaning
the Q12 magnon at l1, we should start from the special solution of the three-magnon
problem with the scattering coefficients factorized in terms of S1/κ factors that were
also computed in Section 5.2 of [1]. Then, the smearing process gives us the wave
function of the eigenstate of the two-magnon problem with the magnons Q21Q12 and
S1/κ as its scattering coefficient.

The case of the four-magnon long-range Bethe ansatz is more intricate. Unlike in the
three-to-two magnon reduction, where the position-dependent corrections vanish in the
smearing limit, here we require that they do not vanish. Instead, they must reduce
consistently to the position-dependent corrections of the three-magnon problem. This
will ensure compatibility of the long-range structure across different magnon sectors
and provide a stringent consistency check of our results.

3.5.3 From Four-Magnon to Three-Magnon in Long-Range Bethe Ansatz

We now turn to the smearing procedure applied to the special solution of the four-
magnon problem, as presented in Section 3.4.2. Here we derive the requirements of
smearing a magnon in a four-magnon eigenstate and recovering the corresponding spe-
cial solution of the three-magnon problem with the correct factorized scattering coeffi-
cients. For all M ≥ 3, the construction of eigenstates in our model necessarily involves
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position-dependent corrections. It is therefore essential to show that these corrections
do not generically vanish under smearing—contrary to the behavior observed in the
reduction from three-to-two magnons. Establishing this point further supports the ex-
istence of a family of M -magnon eigenstate solutions connected via smearing. This
transition from the four- to the three-magnon state completes the web of relations
among eigenstates in our model.

Moreover, we will demonstrate that these relations among eigenstates with differing
numbers of excitations impose nontrivial constraints on the position-dependent correc-
tions—constraints that are not manifest in either the general or special solutions of
the eigenvalue problem alone. These additional conditions refine the structure of the
allowed solutions and enhance our understanding of the solution space. Importantly,
they lay the groundwork for a systematic extension of the long-range Bethe ansatz to
an arbitrary number of magnons—a direction we pursue in forthcoming work.

We now focus on the special solution of the four-magnon long-range Bethe ansatz
introduced in Section 3.4.2. The corresponding wave function for an open infinite spin
chain is conveniently expressed in terms of the coordinate l1 and the relative separations
(n,m, r) and takes the following form:

Ψ(p1, p2, p3, p4; l1, l2, l3, l4)

= eil1P4

∑
σ∈S4

(Aσ +Dn,m,r
σ ) ei(n+1)(pσ(2)+pσ(3)+pσ(4))+i(m+1)(pσ(3)+pσ(4))+i(r+1)pσ(4) .

(3.5.20)

To implement the smearing of the fourth magnon, located at l4, we sum over all possible
values it can take while keeping the remaining coordinates fixed. This results in the
following expression:

lim
N→∞

1

N

N∑
l4=l3+1

Ψ(p1, p2, p3, p4; l1, l2, l3, l4)

= eil1P4 lim
N→∞

1

N

∑
σ∈S4

eip⃗·n⃗

(
N∑
r=0

Aσ e
i(r+1)pσ(4) +

N∑
r=0

Dn,m,r
σ ei(r+1)pσ(4)

)
.

(3.5.21)

Here, p⃗ · n⃗ denotes the plane wave contributions which are not directly related to
smearing, p⃗ · n⃗ = (n + 1)(pσ(2) + pσ(3) + pσ(4)) + (m + 1)(pσ(3) + pσ(4)). Using the
generalized version of the result in (3.5.8), we extend the smearing procedure from the
four-magnon wave function to the three-magnon wave function, where the scattering
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coefficients factorize in terms of Sκ. This allows us to derive the scattering coefficients
for the three-magnon long-range Bethe ansatz special solution directly from those of
the four-magnon case. To obtain the special solution for the three-magnon problem,
we take the following limit

lim
p̄4→0

lim
N→∞

1

N

N∑
l4=l3+1

Ψ11(p1, p2, p3, p4, l1, l2, l3, l4)
!
= Ψ12(p1, p2, p3, l1, l2, l3) , (3.5.22)

for p̄4 = p4/N . This implies a corresponding matching condition between the position-
dependent corrections of the four- and three-magnon solutions:

lim
p̄4→0

eil1
∑4

i pi lim
N→∞

1

N

∑
σ∈S4

eip⃗·n⃗
N∑
r=0

Dn,m,r
σ ei(r+1)pσ(4) = eil1

∑3
i pi
∑
σ∈S3

eip⃗·n⃗Dn,m
σ . (3.5.23)

Since both the three- and four-magnon position-dependent corrections admit factor-
ized representations—see equation (3.4.76)—we expect this limit to hold separately for
each permutation. Therefore, similarly to the three-magnon case given in the previous
section, first we focus on the infinite sum of position-dependent corrections, and we
express this in terms of the four-magnon generating function which encodes the special
solution of the four-magnon eigenvalue problem as in (3.4.72),

lim
N→∞

N∑
r=0

D̃n,m,r
σ =

∞∑
r=0

D̃n,m,r
σ =

1

n! m!

∂n∂mG̃
(4)
σ (x, y, 1)

∂xn∂ym

∣∣∣∣∣
x,y=0

. (3.5.24)

To avoid confusion, we label the generating functions G̃(M) to indicate the total number
M of magnons in the corresponding spin chain. A crucial observation is that taking the
limit z → 1 at the level of the generating function corresponds exactly to performing
the infinite sum over the relative position r. This connection will play a key role in the
forthcoming analysis.

Since analyticity around the origin was ensured in Section 3.4 by imposing the condi-
tions (3.4.43) and (3.4.46), the generating function encoding the four-magnon eigen-
value problem (3.4.1) admits a convergent Taylor expansion around z = 0. Conse-
quently, if the limit z → 1 were nonsingular, the situation would mirror that of the
three-magnon case described in the previous section, and the left-hand side of (3.5.23)
would vanish. However, this would result in a CBA-type three-magnon wave function
that fails to solve the three-magnon eigenvalue problem.

Consequently, the four-magnon generating function must necessarily develop poles at
z = 1 as the momentum variable localizes at p̄ = 0. More precisely, we expect the total
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smearing process to diverge in the absence of the 1/N prefactor,

G̃(4)
σ (x, y, z)→∞ as z → 1, p̄4 → 0 . (3.5.25)

We expect this divergence to occur in a controlled way: when we scale the partial
sum by the factor 1

N
and smear the magnon, this cancels the divergence and allows

us to recover the correct three-magnon position-dependent coefficients. An asymptotic
behavior consistent with this expectation is given by

G̃(4)
σ (x, y, z) ∼ 1

1− eipσ(4)z
G̃(3)

σ (x, y) , z → 1 , (3.5.26)

which produces the desired divergence for permutations with σ(4) = 4 when we localize
p4 → 0. For permutations with σ(4) ̸= 4, no divergence occurs as z → 1 unless
pσ(4) = 2nπ for some integer n.

This structure ensures that, during the smearing and localization process, a large sub-
set of permutations is suppressed, leaving only those of the form σ = (ijk4), which
correspond precisely to the permutations relevant for the three-magnon problem.

If we assume that the four-magnon generating function has the form given above, indeed

lim
N→∞

1

N

N∑
r=0

D̃n,m,r
σ = lim

N→∞

1

N

N∑
r=0

1

n!m!r!

∂n∂m∂rG̃
(4)
σ (x, y, z)

∂xn∂ym∂zr

∣∣∣∣∣
x,y,z=0

∼ 1

n!m!

∂n∂mG̃
(3)
σ (x, y)

∂xn∂ym

∣∣∣∣∣
x,y=0

lim
N→∞

1

N

N∑
r=0

1

r!

∂r(zr)

∂zr

∣∣∣∣∣
z=0

=
1

n!m!

∂n∂mG̃
(3)
σ (x, y)

∂xn∂ym
.

(3.5.27)

In the remainder of this section, we analyze the special solution of the four-magnon
eigenvalue problem and demonstrate, step by step, how the three-magnon position-
dependent corrections emerge. We begin by examining the transition between the
total energy and total momentum coefficients. Next, we show that the characteristic
polynomial appearing in the denominator of the generating function—arising from the
solution of the non-interacting equations (3.4.38)—reduces to its three-magnon coun-
terpart. This allows us to identify the precise relations between the four-magnon and
three-magnon special solutions which solve the non-interacting equations. After that,
we refine relations between the solutions that also solve the two-magnon interacting
equations. Finally, we show that the analyticity conditions and the solution of the
lowest separation position-dependent corrections are compatible.

Under the scaling p4 = p̄4
N

, the total energy (3.4.10) and total momentum become

ε4 = ε3 + ei
p̄4
N + e−i

p̄4
N , (3.5.28)
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eiP4 = eiP3ei
p̄4
N , (3.5.29)

such that the four-magnon total energy and total momentum reduce to their three-
magnon subtotals in the limit N →∞. This is enough to show that the denominator
of the four-magnon generating function reduces to the three-magnon expression as
N →∞,

lim
N→∞

Q4(x, y, 1) = Q3(x, y) , (3.5.30)

where Q3(x, y) is given in (3.3.29). Then, to show that the special solution of the
four-magnon problem has the form given in (3.5.26), first we point out that the pieces
of the special solution coming from the middle two-magnon interacting equations as
given in (3.4.66) and the three-magnon interacting equations from the left as they are
given in (3.4.69), explicitly contain factors of the form

(
1− eipσ(4)z

)−1. In the limit
p4 = p̄4/N → 0 as N → ∞, these factors reduce precisely to the expected (1 − z)−1

form for permutations of the type σ = (ijk4). After identifying evidence for a potential
divergence in the four-magnon generating function, we explicitly construct the addi-
tional conditions necessary to recover, exactly, the three-magnon generating function
that encodes the special solution of the three-magnon problem. We begin by recall-
ing the form of the generating function that satisfies the four-magnon non-interacting
equations, as given in (3.4.37) and (3.4.39). We then substitute the contributions from
the special solution, specifically the expressions in (3.4.67), (3.4.66), and (3.4.65), along
with the remaining components in (3.4.69), (3.4.70), and (3.4.71). Finally, we impose
the analyticity conditions given in (3.4.43) and (3.4.46) to arrive at the final form of
the generating function, implicitly defined in (3.4.72).

To simplify the comparison between the four-magnon and three-magnon solutions, we
focus on the structure of the generating function G(4)

σ (x, y, z). If we disregard the terms
independent of the variable z in (3.4.39), we can write

F (4)
σ (x, y, z) ⊃

(
Q4(x, y, z) + eiP4y2z + xy2

)
G̃σ(x, 0, z)− (z + e−iP4x)xyz∂yG̃σ(x, 0, z)

+
(
Q4(x, y, z) + e−iP4x2z + x2yz

)
G̃σ(0, y, z)− (1 + eiP4y)xyz∂xG̃σ(0, y, z)

−
(
ε4xyz − xy − yz − xz2 − xyz2

)
G̃σ(0, 0, z) + xyz2∂yG̃σ(0, 0, z) + xyz∂xG̃σ(0, 0, z) .

(3.5.31)

where ⊃ indicates the terms contained in F except for those independent of the variable
z, and we have added a label to F to indicate the number of magnons. We are not
interested in the terms independent of the variable z because they contribute only finite
coefficients to the infinite sum over position-dependent terms, and thus will disappear
in the N →∞ limit due to the 1/N factor. The terms that depend on the variable z are
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potentially divergent in the limit p4 = p̄4/N → 0 and z → 1, and thus play a crucial role
in recovering the position-dependent corrections of the three-magnon special solution.

Since we know the exact transformation of the denominator, as given in (3.5.30), we
refine our expectation given in (3.5.26) to

F
(4)
ijk4(x, y, z) ∼

(
1− eip4z

)−1
F

(3)
ijk (x, y) , (3.5.32)

for (ijk) ∈ S3 and we compare with the three-magnon generating function which in-
cludes the position-dependent corrections that solve the three-magnon non-interacting
equations as given in (3.3.40). Although the three-magnon special solution is presented
in Section 3.3.2 and even more in detail in [1], to easily discuss the asymptotic relation
given in (3.5.32) we look at the numerator of the three-magnon generating function
which solves the non-interacting equations,

F
(3)
ijk (x, y) =

(
Q3(x, y) + eiPy2

(
1 + e−iPx

))
G̃

(3)
ijk(x, 0) +

(
Q3(x, y) + e−iPx2

(
1 + eiPy

))
G̃

(3)
ijk(0, y)

− xy
(
1 + e−iPx

)
∂yG̃

(3)
ijk(x, 0)− xy

(
1 + eiPy

)
∂xG̃

(3)
ijk(0, y) + xy

(
D̃0,1

ijk + D̃1,0
ijk

)
.

(3.5.33)

By using the transitions between the total energy and total momentum variables and
the transition between the denominators of the generating function, we observe that
the factors that accompany the distinct pieces of the generating function in the above
expressions one-to-one match under the p̄4 → 0 as N → ∞ limit. Therefore, we can
refine our expectation from the connection between the generating function even further
than (3.5.32) and get the following relations under the smearing limit,

G̃
(4)
ijk4(x, 0, z) ∼

(
1− eip4z

)−1
G̃

(3)
ijk(x, 0) , (3.5.34)

G̃
(4)
ijk4(0, y, z) ∼

(
1− eip4z

)−1
G̃

(3)
ijk(0, y) , (3.5.35)

∂yG̃
(4)
ijk4(x, 0, z) ∼

(
1− eip4z

)−1
∂yG̃

(3)
ijk(x, 0) , (3.5.36)

∂xG̃
(4)
ijk4(0, y, z) ∼

(
1− eip4z

)−1
∂xG̃

(3)
ijk(0, y) , (3.5.37)

furthermore, to be consistent with the asymptotic behavior given above, we expect,

−
(
ε4xyz − xy − yz − xz2 − xyz2

)
G̃

(4)
ijk4(0, 0, z)

+ xyz
(
∂xG̃

(4)
ijk4(0, 0, z) + z∂yG̃

(4)
ijk4(0, 0, z)

)
∼
(
1− eip4z

)−1
2xy(κ− κ−1)A

(3)
ijk ,

(3.5.38)

which we can deduce only by comparing the four-magnon generating function (3.5.31)
to the three-magnon one (3.5.33). Intuitively, this implies the following relation between
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the single-variable generating functions coming from the four-magnon problem and the
single position-dependent corrections of the three-magnon problem,

G̃
(4)
ijk4(0, 0, z) ∼ finite , (3.5.39)

∂xG̃
(4)
ijk4(0, 0, z) ∼

(
1− eip4z

)−1
D1,0

σ , (3.5.40)

∂yG̃
(4)
ijk4(0, 0, z) ∼

(
1− eip4z

)−1
D0,1

σ , (3.5.41)

as z → 1 such that G̃(4)
ijk4(0, 0, z) does not blow up as z → 1 and once we combine

it with 1/N we observe that under the smearing limit, this piece vanishes. This is in
complete agreement with the fact that D̃0,0 = 0 in our conventions. Up to this point,
we have only considered the conditions imposed by the non-interacting equations. Now
we take the special solution of the pieces of the generating function given in Section
3.3.2 and explicitly show what happens to these pieces of the generating function under
the smearing procedure to match the special solution of the pieces of the three-magnon
special solution. We will show that obtaining the three-magnon special solution under
smearing imposes additional constraints on the special solution of the four-magnon
problem. First, we focus on the special solution given in (3.4.65) and (3.4.66) and
isolate the pieces that may diverge under the smearing

G̃
(4)
ijk4(0, y, z) ⊃ −

yz
(
1 + eiP4y

)
∂xG̃

(4)
ijk4(0, y, z)

y(1− ε4z + z2 + 2κz + y) + z2

+
(y (1− ε4z + z2 + 2κz) + z2) G̃

(4)
ijk4(0, 0, z) + yz2∂yG̃

(4)
ijk4(0, 0, z) + yz∂xG̃

(4)
ijk4(0, 0, z)

y(1− ε4z + z2 + 2κz + y) + z2
.

(3.5.42)

G̃
(4)
ijk4(x, 0, z) ⊃ −

κxz(e−iP4x+ z)∂yG
(4)
ijk4(x, 0, z)

κ(xz(−ε4 + x+ z) + x+ z) + 2xz
−

2xz
(
κ2 − 1

)
A

(4)
ijk4

(
1− e−ipix− eip4z

)
h(x, z)

κ(xz(−ε4 + x+ z) + x+ z) + 2xz

+
(κ(xz(−ε4 + z) + x+ z) + 2xz) G̃

(4)
ijk4(0, 0, z) + κxz2∂yG̃

(4)
ijk4(0, 0, z) + κxz∂xG̃

(4)
ijk4(0, 0, z)

κ(xz(−ε4 + x+ z) + x+ z) + 2xz
,

(3.5.43)

The condition (3.5.38) is satisfied, by taking into account the special solution of the
G̃σ(0, 0, z) given in (3.4.69) in the following way,

∂xG̃
(4)
ijk4(0, 0, z) + z∂yG̃

(4)
ijk4(0, 0, z) ∼

2 (κ− κ−1)A
(4)
ijk4

1− eip4z (3.5.44)

which implies that in the smearing procedure G̃σ(0, 0, z) ∼ 0 as z → 1 and N → ∞.
The asymptotic behavior above is absolutely necessary to establish the connection
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between the four-magnon and three-magnon solutions, and therefore it is the first extra
condition we derived between the pieces of the generating function in addition to the
special solution. Note that this asymptotic relation suggests,

∂xG̃
(4)
ijk4(0, 0, z) + z∂yG̃

(4)
ijk4(0, 0, z) =

2 (κ− κ−1)A
(4)
ijk4f1(z)

1− eip4z + f2(z) (3.5.45)

such that as z → 1 these two unknown functions should behave as f1(z)→ 1 and f2(z)
stays finite. Then, we use this to refine the special solution of two-magnon interacting
equations under the smearing limit and obtain the following behavior,

G̃
(4)
ijk4(0, y, z) ∼ −

(
1 + eiP4y

)
∂xG̃

(4)
ijk4(0, y, z)

2κ− ε3 + y + y−1
+

2 (κ− κ−1)A
(4)
ijkl

2κ− ε3 + y + y−1
. (3.5.46)

Similarly, we obtain,

G̃
(4)
ijk4(x, 0, z) ∼ −

(1 + e−iP4x)∂yG
(4)
ijk4(x, 0, z)

2κ−1 − ε3 + x+ x−1
+

2 (κ− κ−1)A
(4)
ijk4

(2κ−1 − ε3 + x+ x−1) (1− e−ipix)(1− eip4z) .

(3.5.47)

Comparing these asymptotic expressions to the special solution of the three-magnon
interacting equations, we conclude that the initial expectation given in (3.5.36) should
be refined as

∂yG̃
(4)
ijk4(x, 0, z) ∼

(
1− eip4z

)−1
∂yG̃

(3)
ijk(x, 0) +

2 (κ− κ−1)A
(4)
ijk4 + (1− e−ipix)cijk(x)

(1 + e−iPx) (1− e−ipix)(1− eip4z)
(3.5.48)

Remarkably, once this piece of generating function behaves as given above, in addi-
tion to the behavior assumed in (3.5.44), we conclude by the two-magnon interacting
equations that the rest of the two-variable generating functions should indeed behave
as

G̃
(4)
ijk4(x, 0, z) ∼

(
1− eip4z

)−1
G̃

(3)
ijk(x, 0) (3.5.49)

G̃
(4)
ijk4(0, y, z) ∼

(
1− eip4z

)−1
G̃

(3)
ijk(0, y) (3.5.50)

∂xG̃
(4)
ijk4(0, y, z) ∼

(
1− eip4z

)−1
∂xG̃

(3)
ijk(0, y) (3.5.51)

Since the three-magnon special solution does not fix the piece of the generating function
∂yG̃

(3)
ijk(x, 0) and four-magnon special solution also does not fix ∂yG̃

(4)
ijkl(x, 0, z), the extra

factor that appears in the asymptotic relation between these pieces does not contradict
the initial expectation.
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The only thing left to complete the comparison and establish the limit given in (3.5.22)
is to show that the analyticity conditions are compatible and the solution of the lowest
separation scattering coefficients is compatible. As we explained in Section 3.3 and at
the end of the special solution given in Section 3.4, we can impose the analyticity con-
ditions (3.4.43) and (3.4.46) after inserting the solution of the two-magnon interacting
equations into the generating function which includes the solution of non-interacting
equations as in (3.4.39). Additionally, the same strategy was followed to obtain the
special solution of the three-magnon solution which was presented in Appendix B of [1].
Then, the comparison between the analyticity conditions boils down to pointing out
that the first analyticity condition given in (3.4.43) does not depend on the variable z.
Therefore, even if we impose it on the generating function, under the smearing limit it
will not have any effect on the result for smearing the magnon from the right. At this
point, we are left with the second analyticity condition as given in (3.4.46), where we
observe that

lim
N→∞

x
(4)
± (y, z) = ρ

(3)
± (y) (3.5.52)

for ρ(3)± (y) given in (3.3.36). This shows that the analyticity condition is consistent un-
der the smearing limit and the relation we obtain about pieces of generating function by
solving (3.4.46) will boil down to the relation coming from the analyticity condition of
three-magnon solution. Finally, due to the factorized form of the scattering coefficients,
we immediately see

A
(4)
ijk4 = A

(3)
ijk (3.5.53)

which implies that

D1,0,0
ijk4 = D0,0,1

ijk4 = D1,0
ijk = D0,1

ijk . (3.5.54)

Even inside the set of position-dependent corrections that are involved in minimum
separation equations, these two pairs of position-dependent corrections play a distin-
guished role. Since the pair, D̃1,0,0

σ and D̃0,0,1
σ is the only position-dependent corrections

involved in four-magnon interacting equations and the pair D̃1,0
σ and D̃0,1

σ is involved in
three-magnon interacting equations, we are able to solve them in the most symmetric
way possible while setting the initial values of the eigenvalue problem. Since they are
also the only pair independently appearing in the generating function which solves the
non-interacting equations such as (3.4.39), their symmetric solution plays a crucial role
in the solution of the rest of the position-dependent corrections. Therefore it makes
sense to have such a connection between the four and three-magnon solutions, more
precisely it makes sense to be able to connect a four-magnon solution to another special
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three-magnon solution and equations (3.5.53) and (3.5.54) are the necessary conditions
which ensure that the initial conditions of these two eigenvalue problems match. It
is certainly not a sufficient condition for smearing limit to work. For the rest of the
position-dependent corrections, we can only write a direct relation under the smearing
limit, once the conditions given above are satisfied,

lim
p̄4→0

lim
N→∞

1

N

N∑
r=0

D̃n,m,r
ijk4 = D̃n,m

ijk (3.5.55)

and

lim
p̄4→0

lim
N→∞

1

N

N∑
r=0

D̃n,m,r
ijkl = 0 for l ̸= 4 (3.5.56)

which leads us to conclude (3.5.22).

Additionally, we can perform the smearing limit from the four-magnon solution to the
three-magnon solution from the left as well. In this case, the limit would take the
following form,

lim
p̄1→0

lim
N→∞

1

N

l2−1∑
l1=−N

Ψ11(p1, p2, p3, p4, l1, l2, l3, l4) = Ψ21(p2, p3, p4, l2, l3, l4) , (3.5.57)

which would correspond to the asymptotic behaviour,

G̃(4)
σ (x, y, z) ∼ 1

1− e−ipσ(1)x
H̃(3)

σ (y, z) , x→ 1 , (3.5.58)

for the solution of the three-magnon problem for the configuration Q21Q12Q21 given
in Appendix A.2 of [2]. This limit would correspond to looking at asymptotics of the
generating function as x → 1 together with N → ∞ and we would pick up the poles
of the type

(
1− eipσ(1)x

)−1 as it can be seen from the special solution given in Section
3.3.2. Note that the three-magnon solution we obtain under the smearing limit would
correspond to an eigenstate with overall color indices, |Ψ⟩21 and the position states
would be the Z2 conjugates of the ones we obtain for smearing limit from the right in
this section. However, scattering coefficients would still factorize in terms of Sκ since
we started with the four-magnon solution which only has Sκs. Nevertheless, we know
that this is another special solution which is the Z2 conjugate of the solution given in
Section 5.2 of [1].

Moreover, we could also perform a ‘double’ smearing limit by taking the separation
between the second and the third magnon to infinity,

lim
p̄4→0

lim
p̄3→0

lim
N→∞

1

N

N∑
l3=l2+1

Ψ11(p1, p2, p3, p4, l1, l2, l3, l3 + 1) = Ψ11(p1, p2, l1, l2) . (3.5.59)
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Then, we are left with the two-magnon solution since we do not have any poles of type
(1 − y)−1 in the special solution as y → 1. This observation makes the y → 1 limit
very similar to the case of smearing the three-magnon to the two-magnon solution and
the position-dependent corrections vanish under this limit and we are left with the
two-magnon solution.

3.6 Further Constraining the Four-Magnon Solution

In this section, inspired by the smearing limit, we further constrain the solution we
constructed in Section 3.4.2 using the special three-magnon solution obtained in Section
3.3.2. The final form of the four-magnon solution we obtain here both solves the
eigenvalue equations obtained in Section 3.4 and reduces to the three-magnon solution
under the smearing procedure, but we do not claim this solution to be unique because
it depends on the particular solution we chose for minimum separation equations given
in Section 3.4.2.

In Section 3.4.2, we followed a specific order to solve the eigenvalue equations and an-
alyticity conditions. However, for the purposes of this section, it is more convenient to
change this order. This allows us to construct a solution that both satisfies the rela-
tions between generating functions—derived in Section 3.4.2—and explicitly depends
on the three-magnon solution. Our strategy begins with the two-magnon interacting
equations, starting from (3.4.71). We incorporate the asymptotic behavior introduced
in (3.5.59), and use the remaining freedom from Section 3.4.2 to fix certain single-
variable functions. We then verify that the resulting solution agrees with the one in
Section 3.4.2, at leading orders in the Taylor expansion.

Next, we express the two-variable generating functions in terms of the single-variable
generating functions obtained from the three-magnon solution. In this construction, we
ensure that all interacting equations of the four-magnon problem are satisfied: (3.4.69),
(3.4.70), (3.4.71), as well as (3.4.65), (3.4.66), and (3.4.67). We also impose analyticity
on the two-magnon interacting equations to determine the remaining single-variable
generating functions. Finally, we complete the solution by imposing analyticity condi-
tions on the full three-variable generating function.

Let us start by considering the smearing of two magnons in a four-magnon eigenstate.
From (3.5.59), we know that the generating functions do not have any poles at y →
1. Also, the initial conditions discussed in Section 3.4.2 are compatible with setting
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D̃0,1,0
ijkl = 0. Thus, we have the freedom to fix the single-variable generating function,

G
(4)
ijkl(0, y, 0) = 0 . (3.6.1)

Then, the two two-magnon interacting equation (3.4.71) implies,

(1 + y)∂zG̃
(4)
ijkl(0, y, 0) + (1 + eiP4y)∂xG̃

(4)
ijkl(0, y, 0) = 2

(
κ− κ−1

)
Aijkl , (3.6.2)

which can be solved by taking

∂zG̃
(4)
ijkl(0, y, 0) =

(κ− κ−1)Aijkl

1 + y
, ∂xG̃

(4)
ijkl(0, y, 0) =

(κ− κ−1)Aijkl

1 + eiP4y
. (3.6.3)

This is a simple and parity invariant (under the maps (3.4.25) and (3.4.34)) solution of
the single-variable generating functions which depend on y. In addition, if we expand
these expressions around the origin, we get

∂zG̃
(4)
ijkl(0, y, 0) = D̃0,0,1

ijkl + D̃0,1,1
ijkl y +O(y2) = (κ− κ−1)Aijkl − (κ− κ−1)Aijkl y +O(y2) ,

(3.6.4)

∂xG̃
(4)
ijkl(0, y, 0) = D̃1,0,0

ijkl + D̃1,1,0
ijkl y +O(y2) = (κ− κ−1)Aijkl − eiP4(κ− κ−1)Aijkl y +O(y2) ,

(3.6.5)

which exactly match the position-dependent coefficients computed using the minimum
separation equations, see equations (3.4.57) and (3.4.60). We use this solution and com-
bine it with the one-variable generating functions given in (3.4.69) and (3.4.70) and con-
sider refining the solution of the generating functions G̃ijkl(0, y, z) and ∂xG̃ijkl(0, y, z).
From the asymptotic behavior of these generating functions under the smearing limit,
given in (3.5.50) and (3.5.51), we expect to have

G̃
(4)
ijkl(0, y, z) =

G̃
(3)
ijk(0, y)f1(y)

(1− eiplz) f2(y, z)
+ f3(y, z) , (3.6.6)

∂xG̃
(4)
ijkl(0, y, z) =

∂xG̃
(3)
ijk(0, y)

(1− eiplz) + f4(y, z) . (3.6.7)

Using the solution of the single-variable generating functions obtained in the previ-
ous step, we can substitute this ansatz into the special solution of the two-magnon
interacting equation given in (3.4.65) and observe,

G̃
(3)
ijk(0, y)f1(y)

(1− eiplz) f2(y, z)
+ f3(y, z)
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=− yz
(
1 + eiP4y

)
(y(1− ε4z + z2 + 2κz + y) + z2)

(
∂xG̃

(3)
ijk(0, y)

(1− eiplz) + f4(y, z)

)

+
z (1− eiplz) (z − 2κ−1y) G̃

(4)
ijkl(0, 0, z) + 2yz(κ− κ−1)Aijkl

(1− eiplz) (y(1− ε4z + z2 + 2κz + y) + z2)
,

(3.6.8)

where we reduce the one-variable dependence on z to G̃
(4)
ijkl(0, 0, z) by using (3.4.69).

The fact that the pieces of the three-magnon generating function G(3) have to satisfy
the two-magnon eigenvalue equations of the three-magnon problem, given in (3.3.44)
ensures that (3.6.8) is satisfied by taking

f1(y) = 2κ− ε3 + y + y−1 , (3.6.9)

f2(y, z) = z + z−1 + yz−1 + zy−1 + 2κ− ε4 , (3.6.10)

f3(y, z) =
(zy−1 − 2κ−1) G̃

(4)
ijkl(0, 0, z) + f̃3(y, z)

z + z−1 + yz−1 + zy−1 + 2κ− ε4
, (3.6.11)

also,

f4(y, z) = −
f̃3(y, z)

1 + eiP4y
. (3.6.12)

Note that for both two-variable generating functions given above, there is a common
two-variable function, f̃3(y, z) which cancels inside the two-magnon interacting equa-
tion (3.6.8). Therefore, this function does not play a role in two-magnon interacting
equations, but it contributes to the non-interacting generating function (3.4.39). We
will use this extra freedom at the end of this section to fix the analyticity of the non-
interacting generating function. To explicitly show the effect of the expressions given in
equations (3.6.9)-(3.6.12), we plug these solutions into (3.6.8) and observe that thanks
to the three-magnon solution which satisfies (3.3.44), the two-magnon interacting equa-
tions of the four-magnon problem are also satisfied. This implies that the two-variable
generating functions can be written in terms of the initial conditions and the three-
magnon solution,

G̃
(4)
ijkl(0, y, z) =

G̃
(3)
ijk(0, y)yz (2κ− ε3 + y + y−1)

(1− eiplz) (y(1− ε4z + z2 + 2κz + y) + z2)

+
z (z − 2κ−1y) G̃

(4)
ijkl(0, 0, z) + f̃3(y, z)

y(1− ε4z + z2 + 2κz + y) + z2
, (3.6.13)

∂xG̃
(4)
ijkl(0, y, z) =

∂xG̃
(3)
ijk(0, y)

1− eiplz − f̃3(y, z)

1 + eiP4y
, (3.6.14)
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which is a consistent solution of the four-magnon eigenvalue equations. At this point
we can impose the analyticity condition on G̃

(4)
ijkl(0, y, z) by demanding that the nu-

merator of this two-variable function vanish at the curve, coming from one of the two
factors in f2(y, z) = 0.18 This way we ensure that the two-variable generating function
G̃

(4)
ijkl(0, y, z) is analytic and we can expand it around the origin to extract the position-

dependent corrections. This step should not be confused with the analyticity of the
whole generating function G̃(4)

ijkl(x, y, z) as discussed in Section 3.4 which we will impose
in Appendix B in [2]. We demonstrate how to impose the analyticity condition for a
two-variable function in the following way. The curve, we obtain from f2(y, z) = 0 that
passes through the origin is given as

y+(z) =
1

2

(
ε4z − z2 − 2κz − 1 +

√
(−ε4z + z2 + 2κz + 1)2 − 4z2

)
, (3.6.15)

then we ensure analyticity by solving[ (
y(1− ε4z + z2 + 2κz + y) + z2

)
G̃

(4)
ijkl(0, y, z)

]
y→y+(z)

= 0 , (3.6.16)

which gives us

G̃ijkl(0, 0, z) = −
y+(z)G

(3)
ijk(0, y+(z)) (−ε3 + y+(z) + 2κ+ y+(z)

−1)− (1− eiplz) f̃3(y+(z), z)
(1− zeipl) (z − 2κ−1y+(z))

.

(3.6.17)

In this case, the asymptotic relations given in (3.5.39)-(3.5.41) are satisfied because,
as z → 1 and N → ∞, the f2(y, z) given in (3.6.10) reduces to (2κ− ε3 + y + y−1).
Therefore, although the (1− zeipl) in the denominator goes to zero under the smearing
limit, the numerator of the final expression (3.6.17) has a zero in the smearing limit and
these two factors cancel, and we are left with a finite quantity, as predicted in (3.5.39).

Furthermore, we can now repeat this process for the smearing from the left, given in
(3.5.57). In that case, smearing a magnon from left starting from the stateQ12Q21Q12Q21

results in the three-magnon special solution with Sκ scattering coefficients with the or-
dering Q21Q12Q21. This solution is given in [1] and it has the same form as the solution
given in Appendix B in [2] apart from the swapped constant functions between two-
magnon interacting equations. Repeating the same steps as before, we find

G̃
(4)
ijkl(x, y, 0) =

H̃
(3)
jkl(y, 0)e

iP4xy (2κ− ε3 + y−1 + y)

(1− e−ipix) g(x, y)
+
x
(
x− 2eiP4κ−1y

)
G̃

(4)
ijkl(x, 0, 0) + g̃3(x, y)

g(x, y)
,

(3.6.18)

18How to impose analyticity condition on two-variable generating functions also detailly explained
in Part I, [1].
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∂zG̃
(4)
ijkl(x, y, 0) =

(1 + e−iP4y)∂zH̃
(3)
jkl(y, 0)

(1 + y) (1− e−ipix)
− g̃3(x, y)

eiP4xy(1 + y)
, (3.6.19)

where

g(x, y) = (x2 + eiP4y)(eiP4y + 1)− eiP4xy(ε4 − 2κ) . (3.6.20)

Additionally, we use G̃(4)
ijkl(x, 0, 0) to insert the unfixed single-variable equations and

demand analyticity of the two-variable generating function G̃(4)
ijkl(x, y, 0). For the curve,

ỹ+(x) that passes through the origin defined by g(x, y) = 0,

ỹ+(x) = e−iP4y+(x) (3.6.21)

as it is given in (3.6.15), we obtain,

G̃
(4)
ijkl(x, 0, 0) = −

H̃
(3)
jkl(ỹ+(x), 0)e

iP4 ỹ+(x) (2κ− ε3 + ỹ+(x)
−1 + ỹ+(x))− (1− e−ipix) g̃3(x, y+(x))

(1− e−ipix) (x− 2eiP4κ−1ỹ+(x))
.

(3.6.22)

Similar to the previous case, we leave g̃3(x, y) free to use it to ensure the analyticity
of the non-interacting generating function. The final step is to repeat this process for
G

(4)
ijkl(x, 0, z). Since this piece plays a role in both smearing from the left and smearing

from the right, we use an ansatz that would accommodate both of these cases and we
start with

G̃
(4)
ijkl(x, 0, z) =

G̃
(3)
ijk(x, 0)h1(x)

(1− eiplz)h2(x, z)
+

H̃
(3)
jkl(0, z)h1(z)

(1− e−ipix)h2(x, z)
+ h3(x, z) , (3.6.23)

∂yG̃
(4)
ijkl(x, 0, z) =

(1 + e−iP4x)∂yG̃
(3)
ijk(x, 0)

(1− eiplz) (z + e−iP4x)
+

(1 + eiP4z)∂yH̃
(3)
jkl(0, z)

(1− e−ipix) (z + e−iP4x)
+ h4(x, z) .

(3.6.24)

Imposing what we know about three-magnon interacting equations reduces the solution
of the two-magnon special solution to a combination of two, two-magnon interacting
equations of the three-magnon problem. We conclude that we can fix the undetermined
expressions in (3.6.23) and (3.6.24) to the following forms

h1(x) = 2κ−1 − ε3 + x+ x−1 , (3.6.25)

h2(x, z) = x+ z + x−1 + z−1 + 2κ−1 − ε4 , (3.6.26)
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h3(x, z) =
x−1 − 2κ

h2(x, z)
G̃

(4)
ijkl(0, 0, z) +

z−1 − 2κ

h2(x, z)
G̃

(4)
ijkl(x, 0, 0) , (3.6.27)

where both G̃
(4)
ijkl(x, 0, 0) and G̃

(4)
ijkl(0, 0, z) are given in terms of the initial conditions

D̃1,0 and D̃0,1 of the three magnon problem in (3.6.17) and (3.6.22) and analyticity
conditions. Consequently, we obtain

h4(x, z) = −
cijk(x) (1− e−ipix) + cjkl(z) (1− eiplz)− 2Aijkl (κ− κ−1)

(1− e−ipix)(1− eiplz)(z + e−iP4x)
, (3.6.28)

and the function cjkl(z) is defined as

c123(x) =
(κ− κ−1)x

(x− eip1) (x− eip2) (x− eip3) (κ− 2κxε3 + x(κx+ 2))

(
ei(p1+p2) − 2κx+ 1

eip3(κ− κ−1)

+eiP
[
x+ x

(
eip1 − 2κ

) (
eip2 − 2κ

)
− 2κ

]
+x
(
eip1 + eip2 − 2κ

) (
ei(p1+p2) − 2κx+ 1

))
.

(3.6.29)

As in the previous cases, the analyticity of the two-magnon interacting equations is
satisfied by fixing the leftover freedom with respect to the curve h1(x, z) = 0 and
e−iP4x+ z = 0 that passes through the origin. Since previously we used all the single-
variable generating functions to fix the analytic structure of two-magnon interaction
from left and right, now we use the undetermined pieces of the three-magnon solution
(in our conventions they are ∂yG̃

(3)
ijk(x, 0) and ∂yH̃

(3)
jkl(0, z)). After this step, all the

pieces of the generating functions are fixed by the three-magnon solution and the only
thing left to do is to ensure the analyticity of non-interacting equations in which we
bring all parts together (3.5.33).

We can assemble the four-magnon solution before imposing the non-interacting analyt-
icity conditions as19

G̃
(4)
ijkl(x, y, z) =

A
(4)
ijkl

A
(3)
ijk

r1 G̃
(3)
ijk(x, 0) + r2 G̃

(3)
ijk(0, y) + r3 ∂yG̃

(3)
ijk(x, 0) + r4 ∂xG̃

(3)
ijk(0, y) + xyz cijk(x)

Q4(x, y, z)(1− eiplz)

+
A

(4)
ijkl

A
(3)
jkl

r5 H̃
(3)
jkl(y, 0) + r6 H̃

(3)
jkl(0, z) + r7 ∂zH̃

(3)
jkl(y, 0) + r8 ∂yH̃

(3)
jkl(0, z) + xyz cjkl(z)

Q4(x, y, z)(1− e−ipix)

+
2xyzA

(4)
ijkl

(
κ− κ−1

) (
1− eiplz − e−ipix

)
Q4(x, y, z)(1− eiplz)(1− e−ipix)

+
Cijkl(x, y, z)

Q4(x, y, z)
.

(3.6.30)

19Notice that we do not need to compute the value of the one-variable generating functions
∂yG̃

(4)
ijkl(x, 0, 0), ∂zG̃

(4)
ijkl(x, 0, 0), ∂xG̃

(4)
ijkl(0, 0, z) and ∂yG̃

(4)
ijkl(0, 0, z), as they can be expressed in terms

of G̃(4)
ijkl(x, 0, 0) and G̃

(4)
ijkl(0, 0, z) using equations (3.4.69) and (3.4.70).
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In this expression for the four-magnon generating function, the functions G̃σ and
H̃σ are the generating functions of the three magnon long-range corrections for the
configurations Q12Q21Q12 and Q21Q12Q21 respectively, related to each other by Z2 plus
parity. Moreover, cσ(x) is given in (3.6.29) and is also a function of only three magnon
data. The expression (3.6.30) is naturally divided into four parts according to their
poles:

• The part with (1− eiplz)Q4(x, y, z) in the denominator corresponds to the three
magnon configurationQ12Q21Q12 which captures the asymptotic behavior (3.5.26)
(the smearing limit from the right).

• The part with (1−e−ipix)Q4(x, y, z) in the denominator corresponds to the config-
uration Q21Q12Q21 which gives us the asymptotic behavior (3.5.58) (the smearing
limit from the left).

• The part with (1− e−ipix)(1− eiplz)Q4(x, y, z) has a very simple numerator given
directly with factorized scattering coefficients. The numerator of this part is
precisely such that upon taking the limits z → 1 or x → 1 it combines with the
Q12Q21Q12 or Q21Q12Q21 parts respectively.

• Lastly, the part with only Q4(x, y, z) disappears upon taking either the z → 1

or x→ 1 limits, but is nonetheless needed to satisfy the four magnon eigenvalue
equations. This part differs from the ones above as it is given in terms of the three
magnon pieces but evaluated on specific curves (3.4.42), (3.6.15), and (3.6.21).
The coefficient Cijkl(x, y, z) is given in Appendix B in [2] where we also spell out
the evaluation procedure.

Lastly, the factors ri refer to the rational functions which are a combination of simple
polynomial factors computed throughout this section,

r1 =

(
Q4(x, y, z) + eiP4y2z + xy2

)
(2κ−1 − ε3 + x+ x−1)

x+ z + x−1 + z−1 + 2κ−1 − ε4
, (3.6.31)

r2 =

(
Q4(x, y, z) + e−iP4x2z + x2yz

)
(2κ− ε3 + y + y−1)

z + z−1 + yz−1 + zy−1 + 2κ− ε4
, (3.6.32)

r5 =
eiP4xy (Q4(x, y, z) + xz2 + xyz2) (2κ− ε3 + y + y−1)

(x2 + eiP4y)(eiP4y + 1)− eiP4xy(ε4 − 2κ)
, (3.6.33)

r6 =

(
Q4(x, y, z) + eiP4y2z + xy2

)
(2κ−1 − ε3 + z + z−1)

x+ z + x−1 + z−1 + 2κ−1 − ε4
, (3.6.34)

r3 = −xyz(1 + e−iP4x) , r4 = −xyz(1 + eiP4y) , (3.6.35)
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r7 = −xyz(1 + e−iP4y) , r8 = −xyz(1 + eiP4z) . (3.6.36)

Then we can expand the generating function given above and obtain the solution of the
four-magnon position-dependent corrections. After imposing the analyticity condition
as described in Appendix B in [2] we extract the position-dependent corrections D̃n,m,r

up to n+m+r = 8 and check that they satisfy the eigenvalue equations given in Section
3.4 independently. Although the connection between the four-magnon solution and the
three-magnon solution is rather implicit we are able to determine each four-magnon
position-dependent correction from the three-magnon solution and define the common
function that gives all position-dependent corrections,

Dn,m,r
σ = (κ− κ−1)Aσf(p⃗σ;n,m, r, κ) =

∮
B

dxdydz

(2πi)3
G

(4)
σ (x, y, z)

xn+1ym+1zr+1
. (3.6.37)

This final form of the solution still possesses the permutational symmetry highlighted
at the end of Section 3.3.2 and to point this out further we use the Yang operator
formalism in the following section before completing our analysis on the four-magnon
solution for open infinite states.

3.7 Yang Operator Formalism

To reveal the structure of the special solutions that we present in Section 3.3.2 and
Section 3.6, we use the Yang operator formalism [145]. If a quantum many-body
system of N particles has N linearly independent local conserved charges, the CBA
provides a universal form for the wave function. This form decomposes into plane wave
contributions modulated by scattering coefficients. Implicitly, this structure precludes
any intrinsically three-body events and diffraction. In this case, the Yang operator
formalism is used to reveal the consequences of the large number of conserved charges,
for a detailed review see [60].

We consider a quantum many-body problem that admits N conserved charges for N -
bodies. For a kinematic domain characterized by the positions of the magnons l1 <
· · · < lN , the solution of the Schrödinger equation reads

Ψ(l1, · · · , lN) =
∑
σ∈SN

Aσ(p1, · · · , pN)eip⃗σ ·⃗l , (3.7.1)

such that the coefficients are labeled by the permutation indices. We can generalize
this wave function to any kinematic domain by specifying the order of the magnons
using τ ∈ SN . This means that, with respect to the initial set of coordinates, the
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following wave function is the solution of the stationary Schrödinger equations for
lτ(1) < · · · < lτ(N),

Ψ(l1, · · · , lN |τ) =
∑
σ∈SN

Aτ |σ(p1, · · · , pN)eip⃗σ ·⃗lτ . (3.7.2)

In other words, we identify the N magnons with their coordinates and permute them
by changing the form of the incoming plane wave

eip1l1+···+pN lN −→ eip1lτ(1)+···+pN lτ(N) . (3.7.3)

We encode the scattering coefficients of the wave function for a fixed permutation of
momenta, σ, within any kinematic domain labeled by τ into a column vector formed
by the coefficients accompanying the plane wave contributions,

Φ(σ) = {Aτ |σ, ∀τ ∈ SN} . (3.7.4)

We can further combine these columns into an N !×N ! matrix such that the rows and
columns of this matrix would implicitly encode the permutational symmetry structure
of the model. To make this structure more explicit, the Yang operator is defined as the
map that relates two vectors in different permutations of momenta

Φ(αjσ) = Yj(αj)Φ(σ) , (3.7.5)

for any transposition αj ∈ SN and any permutation σ ∈ SN . For an integrable system
that admits a non-diffracting solution to the Schrödinger equation, the coefficients of
the wave function satisfy the following relations

Aτ |αjσ = A(pτ(j), pτ(j+1))Aτ |σ , (3.7.6)

Aαjτ |αjσ = B(pτ(j), pτ(j+1))Aτ |σ . (3.7.7)

Here, αj ∈ SN are the transpositions which exchange the jth element with (j + 1)th.
In this case, the Yang operators include the reflection coefficients on the diagonal and
the transmission coefficients on the off-diagonal,

Yj(αj) = A(pτ(j), pτ(j+1))1+B(pτ(j), pτ(j+1))π(αj) , (3.7.8)

where 1 is the identity matrix for an N !-dimensional vector space, and the π(αj) is
an N !-dimensional faithful representation of the transposition αj. Note that once we
specify the representation of the symmetric group and compute the Yang operator for
the transpositions for (j, j+1), we can generate all other permutations by applying the
Yang operators successively. Furthermore, they obey the YBE,

Yj(p2, p3)Yj+1(p1, p3)Yj(p1, p2) = Yj+1(p1, p2)Yj(p1, p3)Yj+1(p2, p3) . (3.7.9)
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We conclude by highlighting that the Yang operators are a powerful tool for quanti-
fying the degree of permutational symmetry in a model. In the general form of the
wave function (3.7.2), the plane wave contributions are the only components that re-
main symmetric under the transformation p⃗σ · l⃗↔ p⃗ · l⃗σ−1 . Therefore, when comparing
scattering coefficients across different regimes, we express them in a plane wave basis
and use the Yang operators to capture the effects of permuting momenta and positions.
We investigate whether the Yang operators, given as Yj(p, q), admit a consistent defi-
nition for any j and for any pair of momenta (p, q). Additionally, we examine potential
relationships among the diagonal and off-diagonal entries of the operator. In the same
spirit, to analyze our long-range solution, we define a Yang operator for our solution
which is more involved than this one.

The Yang operators of our model. We start by computing the Yang operator for
the wave function of two magnons, as given in (3.2.11). Recall that the two-magnon
problem is solved by CBA and has a wave function of the form (3.7.1). Therefore,
applying the Yang operator formalism is straightforward. We identify the magnons
by their positions, considering the excitation Q12 located at l1 and the excitation Q21

located at l2. This implies that the kinematic domain l1 < l2 corresponds to the wave
function associated with the state |Ψ(p1, p2)⟩11, while the kinematic domain l2 < l1
corresponds to the wave function associated with the state |Ψ(p1, p2)⟩22. We can express
both wave functions together as(⟨l1, l2|Ψ(p1, p2)⟩11

⟨l2, l1|Ψ(p1, p2)⟩22

)
=

(
1 Sκ(p1, p2)

S1/κ(p1, p2) 1

)(
exp(ip1l1 + ip2l2)

exp(ip2l1 + ip1l2)

)
. (3.7.10)

Here, the vectors of coefficients are given by the first and the second columns of the
2× 2 matrix on the right-hand side of the equation,

Φ(12) =

(
1

S1/κ(p1, p2)

)
, Φ(21) =

(
Sκ(p1, p2)

1

)
. (3.7.11)

The definition (3.7.5) of the Yang operator implies that

Φ(21) = Y1(p1, p2)Φ(12) , Φ(12) = Y1(p2, p1)Φ(21) . (3.7.12)

Therefore, the resulting Yang operator takes the form

Yj(p1, p2) =

(
Sκ(p1, p2) 0

0 S1/κ(p2, p1)

)
, (3.7.13)

and Y1(p1, p2)
−1 = Y1(p2, p1). As anticipated, the transmission coefficients vanish,

indicating that the model permits only the reflection of magnons.
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Let us consider now the case of an arbitrary number of magnons. If the magnon
associated to the position lj is Q12, then Yj(p1, p2) has the above form. The Yang
operator for the excitations (j+1, j+2) follows a similar behavior, with κ replaced by
1/κ. This substitution arises because the Hamiltonian’s action on sites (j + 1, j + 2)

mirrors its action on (j, j + 1) under the transformation κ → 1/κ. Consequently, the
Yang operator is expected to take the following form

Yj+1(p1, p2) =

(
S1/κ(p1, p2) 0

0 Sκ(p2, p1)

)
. (3.7.14)

Then, the YBE for the Yang operators, (3.7.9), is not satisfied, as it suffers from the
same mismatch as (3.2.32)

Yj+1(p1, p2)Yj(p1, p3)Yj+1(p2, p3) ̸= Yj(p2, p3)Yj+1(p1, p3)Yj(p1, p2) . (3.7.15)

Instead of directly generalizing the Yang operators to many-body solutions we explicitly
define the new form of the Yang operators for the long-range ansatz solution of the
three-magnon problem.

The Yang operators of the long-range solution. As discussed at the end of the
previous section, directly generalizing the Yang operators to an arbitrary number of
excitations is not feasible. This limitation is expected, as the constraints imposed by
the color contraction rules significantly reduce the dimensionality of the column vectors
Φ(σ). For the three-magnon problem, these vectors reduce from being six-dimensional
(for all τ ∈ S3) to just two-dimensional, as only two kinematic domains are allowed for
each configuration, QijQjiQij, which arises from exchanging the first and last magnons,

l1 < l2 < l3 and l3 < l2 < l1 . (3.7.16)

Moreover, the kinematic domains for the configurations Q12Q21Q12 and Q21Q12Q21 are
separated because they include different numbers of Q12 and Q21.

When we explicitly derive the Yang operators for the long-range ansatz (3.3.2), we
realize that Yang operators need to incorporate the additional position dependence on
the coefficients in addition to the change of dimensions of Φ(σ),

Aτ |σ(p1, p2, p3; l2 − l1, l3 − l2) = Aσ(p1, p2, p3) +Dnτ ,mτ
σ (p1, p2, p3) , (3.7.17)

where nτ = lτ(2) − lτ(1) − 1 and mτ = lτ(3) − lτ(2) − 1.

To construct the Yang operator, we first write the plane wave basis for the case of three
magnons as

v =
(
exp(ip1l1 + ip2l2 + ip3l3) · · · exp(ip3l1 + ip2l2 + ip1l3)

)t
. (3.7.18)
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This is the set of plane waves that define a basis of a vector space in which we can define
a representation of S3. This would be the natural choice for defining the three-magnon
Φ(τ) vectors with respect to CBA solution. Here, we take this as a starting point and
later on observe that it can be altered. Then, the matrix that contains the coefficients
of the wave function is given as(⟨l1, l2, l3|Ψ(p1, p2, p3)⟩12

⟨l3, l2, l1|Ψ(p1, p2, p3)⟩12

)
=
(
Φ(123) · · · Φ(321)

)
v , (3.7.19)

where

Φ(σ) =

(
Aσ(κ) +Dn,m

σ (κ)

Aσr(κ) +Dm,n
σr (κ)

)
. (3.7.20)

Here σr is the permutation σ read backwards. From these expressions, the definition
(3.7.5) of the Yang operator gives us

Y n,m
j (pτ(j), pτ(j+1), pk) =

 Aσ(κ)+Dn,m
σ (κ)

Aαjσ(κ)+Dn,m
αjσ

(κ)
0

0
Aσr (κ)+Dm,n

σr (κ)

Aαj+1σ
r(κ)+Dm,n

αj+1σ
r (κ)

,

 (3.7.21)

where k is the third index, which labels the momentum parameter for k ̸= τ(j) and
k ̸= τ(j +1). Additionally, we can define the Z2 conjugate Yang operator by using the
vector, by looking at the Z2 conjugate configurations,(⟨l1, l2, l3|Ψ(p1, p2, p3)⟩21

⟨l3, l2, l1|Ψ(p1, p2, p3)⟩21

)
=
(
Φ̃(123) · · · Φ̃(321)

)
v , (3.7.22)

where

Φ̃(σ) =

(
Aσ(1/κ) +Dn,m

σ (1/κ)

Aσr(1/κ) +Dm,n
σr (1/κ)

)
. (3.7.23)

Note that the above form of the Yang operators comes only from the initial form of the
long-range Bethe ansatz and it does not know anything about our special solution yet,
therefore at this stage we cannot conclude about the fate of permutational symmetry.
We can address this issue only after we insert the special solution. When we input the
Sκ solution presented in Section 3.3.2 by substituting the solutions (3.3.91)-(3.3.96), it
reduces to

Y n,m
j (p1, p2, p3) =

(
Sκ(p1, p2)

1+f(p2,p1,p3;n,m;κ)
1+f(p1,p2,p3;n,m;κ)

0

0 Sκ(p2, p1)
1+f(p3,p1,p2;m,n;κ)
1+f(p3,p2,p1;m,n;κ)

)
. (3.7.24)

Note that if we used the other special solution for the S1/κ or the Sκ=1 solutions pre-
sented in [1] with the corresponding f function the form of the Yang operator would
still be the same.
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Additionally, as in the two-magnon solution (3.7.13), we do not have transmission
coefficients, which is expected. Secondly, we observe that the factors that appear on
the diagonals have completely opposite order for both momenta and position variables,
which is also consistent with both our two-magnon solution and the Yang operators
that were presented in beginning of Section 3.7. Crucially, the form of the factors
ensures that

Y n,m
j (p1, p2, p3)Y

n,m
j (p2, p1, p3) = 1 , (3.7.25)

which is how unitarity appears at the level of Yang operators. Finally, we point out that
since f is a known function given in (3.3.97), the form of the Yang operators admits a
common description for any j and any permutation of the labels. We believe that, by
changing the plane-wave basis to a modified version like

(
1 + f̃(pσ(1), pσ(2), pσ(3);n,m;κ)

)
eipσ(1)l1+ipσ(2)l2+ipσ(3)l3 ,20 we may derive a Yang operator satisfying the YBE solely in
terms of the scattering coefficients, Sκ. The physical relevance of this basis change,
however, requires further investigation.

An infinite tower of modified Yang-Baxter equations. At this point, it is easy
to check that the following identity holds for any n,m ≥ 0

Y n,m
j (p2, p3, p1)Y

n,m
j+1 (p1, p3, p2)Y

n,m
j (p1, p2, p3)

= Y n,m
j+1 (p1, p2, p3)Y

n,m
j (p1, p3, p2)Y

n,m
j+1 (p2, p3, p1) , (3.7.26)

which can be identified as an infinite tower of modified YBEs. Although each factor
of Yang operator takes all three momenta as input, the order in which the momentum
variables enter specifies the particular ‘scattering process’ that takes place. It is crucial
to highlight that the modified YBEs are not factorized only in terms of two-magnon
scattering coefficients which means that we are learning extra information about the
exchange of momenta in the level of three magnons.21 The tower of modified YBEs is
a direct consequence of the special solutions of the long-range ansatz, given in Section
3.3.2. The fact that there is a common description of the Yang operators for permu-
tations with any two indices is a highly non-trivial feature of this model which was
revealed by special solutions. This was revealed by establishing the relations between
the solution of the second class of equations in Section 3.3 and further developed by

20Note that we do not yet know the explicit coordinate transformation which would define f̃ . It
should be related to f which is given in (3.3.97) but at the same time it should be symmetric under
the transformation p⃗σ · l⃗↔ p⃗ · l⃗σ−1 .

21This reminds the authors of the coassociator defined in (3.7.37), and we would like to explore this
point of view further in the future.
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choosing symmetric solutions to the minimum separation equations in Section 3.3.2.
In Figure 3.6 we present the tower of modified YBEs together with the inconsistency
of the naive three-magnon CBA.

The Yang operators for the four-magnon long-range solution. Similarly, we
would have expected to have kinematic domains l⃗τ = (lτ(1), lτ(2), lτ(3), lτ(4)) for each τ ∈
S4 for the four-magnon problem, but the color contractions only allow for τ ∈ S2×S2.
Specifically, only the following four kinematic domains are allowed

l1 < l2 < l3 < l4 , l1 < l4 < l3 < l2 , l3 < l2 < l1 < l4 , l3 < l4 < l1 < l2 . (3.7.27)

The second difference is the presence of position-dependent corrections. In the presence
of these corrections, the permutation labels for momentum and position variables take
the following roles

Aτ |σ(p⃗; l⃗) = Aσ(p⃗) +Dnτ ,mτ ,rτ
σ (p⃗) , (3.7.28)

where nτ = lτ(2) − lτ(1) − 1, mτ = lτ(3) − lτ(2) − 1 and rτ = lτ(4) − lτ(3) − 1. Therefore,
the column vector Φ(σ) takes the form,

Φn,m,r(σ0) =


A1234|σ0

A1432|σ1

A3214|σ2

A3412|σ3

 =


Aσ0(p⃗) +Dn,m,r

σ0
(p⃗)

Aσ1(p⃗) +Dr+m+n+2,−2−r,−2−m
σ1

(p⃗)

Aσ2(p⃗) +D−2−m,−2−n,r+m+n+2
σ2

(p⃗)

Aσ3(p⃗) +Dr,−4−r−m−n,n
σ3

(p⃗)

 , (3.7.29)

such that for the given permutation σ0 = (ijkl) the rest of the labels are defined as

σ1 = (ilkj) , σ2 = (kjil) , σ3 = (klij) , (3.7.30)

related to the kinematic domains given in (3.7.27). The Yang operator Y1, which is
associated to the transposition α1 = (12) and relates the vector Φ((1234)) to the vector
Φ((2134)) as

Φn,m,r((2134)) = Y n,m,r
1 (p⃗)Φn,m,r((1234)) , (3.7.31)

can be computed for the solution discussed in the previous section by substituting the
explicit expressions of the column vectors Φ for the long-range Bethe ansatz and using
(3.6.37),

Sκ(p1, p2) (1 + (κ− κ−1)f(p⃗2134, n,m, r, κ))

Sκ(p1, p2)Sκ(p1, p3)Sκ(p1, p4)Sκ(p3, p4) (1 + (κ− κ−1)f(p⃗2431, nτ1 ,mτ1 , rτ1 , κ))

Sκ(p1, p3)Sκ(p2, p3) (1 + (κ− κ−1)f(p⃗3124, nτ2 ,mτ2 , rτ2 , κ))

Sκ(p1, p2)Sκ(p1, p3)Sκ(p2, p3)Sκ(p1, p4)Sκ(p2, p4) (1 + (κ− κ−1)f(p⃗3421, nτ3 ,mτ3 , rτ3 , κ))


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= Y n,m,r
1 (p⃗)


(1 + (κ− κ−1)f(p⃗, n,m, r, κ))

Sκ(p2, p3)Sκ(p2, p4)Sκ(p3, p4) (1 + (κ− κ−1)f(p⃗1432, nτ1 ,mτ1 , rτ1 , κ))

Sκ(p1, p2)Sκ(p1, p3)Sκ(p2, p3) (1 + (κ− κ−1)f(p⃗3214, nτ2 ,mτ2 , rτ2 , κ))

Sκ(p1, p3)Sκ(p2, p3)Sκ(p1, p4)Sκ(p2, p4) (1 + (κ− κ−1)f(p⃗3412, nτ3 ,mτ3 , rτ3 , κ))


(3.7.32)

where the momentum and position variables with no labels refer to identity permutation
(1234) and the permutation labels on the position variables, τi refer to the different
kinematic domains listed in the same order in (3.7.29). In this case the Yang operator
is given as

Y n,m,r
1 (p⃗) = Sκ(p1, p2)·diag

(
1 + (κ− κ−1)f(p⃗2134, l⃗)

1 + (κ− κ−1)f(p⃗, l⃗)
,

Sκ(p1, p3)Sκ(p1, p4)

Sκ(p2, p3)Sκ(p2, p4)

1 + (κ− κ−1)f(p⃗2431, l⃗τ1)

1 + (κ− κ−1)f(p⃗1432), l⃗τ1))
,

1

Sκ(p1, p2)2
1 + (κ− κ−1)f(p⃗3124, l⃗τ2)

1 + (κ− κ−1)f(p⃗3214), l⃗τ2))
,
1 + (κ− κ−1)f(p⃗3421, l⃗τ3)

1 + (κ− κ−1)f(p⃗3412), l⃗τ3))

)
.

(3.7.33)

Note that apart from an overall factor of Sκ(p1, p2) the Yang operator includes addi-
tional factors of scattering coefficients which are related to the relative position of the
permutation indices that are being permuted. In the case of three magnons as given
in (3.7.24) we only had Sκ and S−1

κ , however in the case of four-magnon these factors
are more subtle. We can repeat this computation for all possible permutations and we
conclude that the Yang operator that relates the permutation σ to the permutation
αjσ has to have the form.

Y n,m,r
j (p⃗σ0) = diag

(
Aαjσ0

Aσ0

1 + (κ− κ−1)f(p⃗αjσ0 , l⃗)

1 + (κ− κ−1)f(p⃗σ0 , l⃗)
,
Aαjσ1

Aσ1

1 + (κ− κ−1)f(p⃗αjσ1 , l⃗τ1)

1 + (κ− κ−1)f(p⃗σ1 , l⃗τ1)
, · · ·

)
,

(3.7.34)

such that starting from σ0 = (ijkl) the rest of the permutations read as (3.7.30). The
transposition αn is defined as nth and (n + 1)th integers that are given inside index
σ0 = (ijkl). Then it acts on any permutation by exchanging the positions of those two
integers.22 It is straightforward to check that this Yang operator fulfills

Y n,m,r
j (p⃗αj

)Y n,m,r
j (p⃗) = 1 , (3.7.35)

22In the example (3.7.33), σ0 = (1234) and Yang operator Y1(p⃗) has the index 1. Therefore, the
corresponding transposition is α1 = (12). Then the Yang operator acts on Φ(σ0) and exchanges the
permutation indices 1 with 2 in each row. This is achieved by having the diagonal factors given in
(3.7.33).
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and the modified23 YBE reads,

Y n,m,r
j (p⃗αjαj+1

)Y n,m,r
j+1 (p⃗αj

)Y n,m,r
j (p⃗) = Y n,m,r

j+1 (p⃗αj+1αj
)Y n,m,r

j (p⃗αj+1
)Y n,m,r

j+1 (p⃗) . (3.7.36)

Indeed, this modified form of the Yang–Baxter equation holds for all choices of n, m, and
r, thereby giving rise to an infinite tower of modified Yang–Baxter equations, analogous
to the case of the three-magnon solution. The Yang operators corresponding to the
special three-magnon solution are given in (3.7.24), and they satisfy the associated
three-magnon modified Yang–Baxter equations as presented in (3.7.26). Furthermore,
since the explicit relation between the three- and four-magnon solutions is established in
Section 3.6, the Yang operators for the four-magnon problem are completely determined
by the special three-magnon solution.

In light of Sections 3.5 and 3.6, we observe that once the relative position of the magnon
located at either end of the spin chain is fixed, the remaining three magnons exhibit
behavior identical to that of a purely three-magnon state. This correspondence is
explicitly visible in the final form of the generating function given in (3.6.30). Since we
do not have control over the large-separation behavior, as emphasized at the beginning
of this section, this observation is meaningful either when one of the relative distances
is fixed, or when an average is taken over all possible relative configurations, as carried
out in Section 3.5. Consequently, the Yang operators for the four-magnon problem are
directly related to those of the three-magnon problem.

In [1], we interpreted the form of the Yang operators (3.7.24) heuristically as a combi-
nation of scattering coefficients and coassociators. Drawing inspiration from the elliptic
quantum groups which admit R-matrices that satisfy DYBE, coassociators govern the
co-associativity of the co-product,

φijk : (vi⊗̃vj)⊗̃vk → vi⊗̃(vj⊗̃vk) . (3.7.37)

We believe that our solution at the level of a CBA-like solution exhibits this behavior.
To demonstrate the analogy, we think of a scattering operator that acts as

S12(p, λ)((p1 ⊗ p2)⊗ p3) = Sκ(p1, p2)((p2 ⊗ p1)⊗ p3) , (3.7.38)

the modified YBE should take the following form,

φ321 S23(p, λ) φ
−1
231 S13(p, λ) φ213 S12(p, λ) = S12(p, λ) φ312 S13(p, λ) φ

−1
132 S23(p, λ) φ123 ,

(3.7.39)

23Here, the Yang–Baxter equation involving only the scattering coefficients Sκ is modified by the
presence of position-dependent coefficients in two ways: first, by the introduction of κ dependence,
and second, by position dependence. When we take κ → 1 or n,m, r → 0 the modified YBE reduces
to YBE with only Sκs.
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acting on a configuration ((p1⊗p2)⊗p3) from left to right. With respect to this analogy,
the form of the four-magnon Yang operator given in (3.7.34) should include the contri-
butions of scattering coefficients and four-site coassociator φijkl which is a combination
of φijk⊗1 or 1⊗φjkl. It would be very interesting to make this interpretation concrete
and have a definition of scattering operators (equivalently R-matrix) and coassociators
in our context.

Finally, the existence of a Yang operator for the four-magnon problem demonstrates
that contrary to the naive expectation that color contractions would break permu-
tational symmetry, such symmetry remains present in our solution. This tower of
modified YBEs is implicitly related to the one obtained in the three-magnon problem
because the generating function is fully determined by the three-magnon solutions and
analyticity condition over them as given in (3.6.30).

3.8 Periodic Boundary Conditions

In this section, we introduce periodic boundary conditions into the spin chain model.
The spectrum of these finite-length spin chains corresponds to the single-trace opera-
tors of the interpolating theory. From the gauge theory perspective, it is known that
operators with generalized traces—introduced in [81]—belong to either the untwisted
or twisted sectors, which correspond to the Z2-even and Z2-odd states of the spin chain,
respectively. We define the single-trace operators of the interpolating theory by relating
them to their counterparts in N = 4 SYM. Using the orbifold projection dictionary
for the scalar fields provided in (3.1.1), along with the projection matrix γ defined
in (2.1.39), the twisted and untwisted operators map to the single-trace operators of
N = 4 SYM as follows:

Tr (Z · · ·ZXZ · · ·ZX)→ Tr (ϕ · · ·ϕQϕ · · ·ϕQ) , (3.8.1)

Tr (γZ · · ·ZXZ · · ·ZX)→ Tr (γϕ · · ·ϕQϕ · · ·ϕQ) . (3.8.2)

Furthermore, a generalized single-trace operator can be decomposed into a sum of
two distinct traces, depending on how the representations of the gauge group factors
SU(N)1×SU(N)2 are contracted. In particular, the overall trace can be expressed as:

Tr (ϕ · · ·ϕQϕ · · ·ϕQ) = tr1 (ϕ1 · · ·ϕ1Q12ϕ2 · · ·ϕ2Q21) + tr2 (ϕ2 · · ·ϕ2Q21ϕ1 · · ·ϕ1Q12) .

(3.8.3)
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This operator belongs to the untwisted sector, where tri denotes the trace over the
SU(N)i gauge group. Similarly,

Tr (γϕ · · ·ϕQϕ · · ·ϕQ) = tr1 (ϕ1 · · ·ϕ1Q12ϕ2 · · ·ϕ2Q21)− tr2 (ϕ2 · · ·ϕ2Q21ϕ1 · · ·ϕ1Q12) ,

(3.8.4)

is an operator from the twisted sector and equivalently it corresponds to a Z2-odd
operator.

To compute the eigenvalues of these states in the spin chain picture, first, we add the
periodic boundary conditions to the Hamiltonian (3.1.18),

H =
L∑
i=1

Hi,i+1 , HL,L+1 = HL,1 . (3.8.5)

Due to the color contraction rules that govern the states, the Hilbert space is restricted
to spin chains containing an even number of Q12 and Q21 excitations. In the following
subsections, we present solutions for the eigenstates of the Hamiltonian (3.8.5) in the
two-magnon case—previously studied in [81]—and in the four-magnon case, which we
examined in earlier sections. To implement periodic boundary conditions, we consider
finite spin chain states of the form:

(Q12(l1)Q21(l2))11 = (ϕ1 · · ·ϕ1Q12ϕ2 · · ·ϕ2Q21ϕ1 · · ·ϕ1)11 ,

(Q21(l1)Q12(l2))22 = (ϕ2 · · ·ϕ2Q21ϕ1 · · ·ϕ1Q12ϕ2 · · ·ϕ2)22 , (3.8.6)

for 1 ≤ l1 < l2 ≤ L such that by using parenthesis ( · · · )ii we distinguish between
the closed finite states and the open infinite states, denoted by |· · ·⟩ii and keep track
of the corresponding trace tri by using the overall color labels. Similarly, for the four
magnons, we have the states in position space,

(Q12(l1)Q21(l2)Q12(l3)Q21(l4))11 , and (Q21(l1)Q12(l2)Q21(l3)Q12(l4))22 , (3.8.7)

for 1 ≤ l1 < l2 < l3 < l4 ≤ L. In addition to the finite length, the periodic boundary
conditions imply

(Qij(l1)Qji(l2))ii ≡ (Qji(l2)Qij(l1 + L))jj , (3.8.8)

(Qij(l1)Qji(l2)Qij(l3)Qji(l4))ii ≡ (Qji(l2)Qij(l3)Qji(l4)Qij(l1 + L))jj , (3.8.9)

for i, j ∈ {1, 2}, which holds both for twisted and untwisted states. Note that the pe-
riodicity condition transforms a state with overall color structure ( · · · )11 into ( · · · )22,
and vice versa. Moreover, when the beginning and end of a closed finite-position state
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do not match in terms of ϕ and Q fields, the action of the Hamiltonian (3.8.5) induces
a transformation of the overall color structure. For example:

HL1(Q12 · · ·Q21 · · ·ϕ1)11 = κ−1(Q12 · · ·Q21 · · ·ϕ1)11 − (ϕ2 · · ·Q21 · · ·Q12)22 , (3.8.10)

where HL1 is the Hamiltonian density (3.1.19) acting on the last and the first elements
of the state. As a result, the momentum eigenstates must incorporate both color
structures. Since the states are given in terms of closed chains, we can sum over states
with distinct color indices—an operation that is not possible for open infinite states.
The momentum eigenstate for a length L state with 2M magnons is defined as

|Ψ(p⃗)⟩L,± =
∑

l1<···<l2M

ψ11(p⃗, l⃗)(Q12(l1) · · ·Q21(l2M))11

+ T±(p⃗, κ)
∑

l1<···<l2M

ψ22(p⃗, l⃗)(Q21(l1) · · ·Q12(l2M))22 , (3.8.11)

such that T±(p⃗, κ) is the relative normalization factor between the Z2 conjugate wave
functions ψ11 and ψ22 which depends on 2M momentum variables and κ and it proves to
be essential to the solution. This factor may vary depending on if the state is untwisted
|Ψ(p⃗)⟩L,+ or twisted |Ψ(p⃗)⟩L,−. These distinct states act as follows under the action of
the Z2 under a particular normalization,

Z2 |Ψ(p⃗)⟩L,± = ± |Ψ(p⃗)⟩L,± . (3.8.12)

For the two-magnon case, the wave function is expressed in the CBA form, incorporating
the scattering coefficients given in equations (3.2.14) and (3.2.15). The Bethe equations
are then solved to determine the two momenta, and thus the spectrum. In contrast,
for the four-magnon case, we adopt a different approach due to the more involved form
of the wave function. Similarly to the wave functions of open infinite states (3.4.4), we
start with a long-range Bethe ansatz,

ψii(n,m, r, s) =
∑
σ∈S4

(Aσ +Dn,m,r,s
σ ) eip⃗σ ·⃗l , (3.8.13)

such that n = l2 − l1 − 1, m = l3 − l2 − 1, r = l4 − l3 − 1 and the distance between
the first and the last magnon is denoted by an additional positive integer variable,
s = l1 + L − l4 − 1. Also in (3.8.13), we omit the momentum variables for simplicity
and change the usual notation of the wave function in terms of li ∈ {0, 1, · · · , L − 1}
to distances between magnons to make the connection between the distinct position-
dependent corrections more apparent. Note that this way we also omit the difference
between the configurations {l1, l2, l3, l4} and {l1 + a, l2 + a, l3 + a, l4 + a} for a ∈ Z as
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this distinction disappears under the vanishing of total momentum condition P4 = 0.
In contrast to the open infinite long-range Bethe ansatz given in (3.4.4), the position-
dependent corrections for the closed spin chains are finitely many, and they are enu-
merated by four integers instead of three. However, this additional variable is fixed in
terms of the other three variables and total length,

s = L− 4− n−m− r . (3.8.14)

Here, we analyze the position-dependent corrections for closed spin chains separately
from those of the open infinite chains, whose special solutions were presented in Section
3.4.2 and Section 3.6. Despite their differences, we adopt the same strategy for closed
and open boundary conditions: deriving the position-dependent corrections while en-
suring that the solution respects the permutation symmetry of the wave function. Along
the way, we highlight the connections we observe between the eigenvalue problems of
closed finite and open infinite spin chains.

Although the analytic form of the position-dependent corrections obtained after impos-
ing periodicity differs significantly from the open infinite case (3.4.76), it retains key
structural features—such as the overall (κ−κ−1)Aσ factor and the partial factorization
property (3.4.51). Notably, as the length of the spin chain increases, the similarities
between the closed finite and open infinite position-dependent corrections become more
pronounced. This observation suggests a deeper interplay between the open infinite and
closed finite solutions, which we aim to further elucidate through the development of an
appropriate rapidity parametrization. Establishing such a parametrization is expected
to clarify the role of boundary conditions in models governed by a long-range Bethe
ansatz.

A direct connection between the open infinite and closed finite solutions has not yet been
established within the framework of the long-range Bethe ansatz. Nevertheless, the
shared structural features of their position-dependent corrections suggest that a deeper
relationship remains to be uncovered. At the level of position-dependent corrections
we expect to have a relation between the open-infinite and closed-finite coefficients as

D̃n,m,r,s ∝ c1D̃
n,m,r + c2D̃

m,r,n + c3D̃
r,n,m + · · · (3.8.15)

such that ci are coefficients in terms of momenta and κ. Once this map is understood,
with an appropriate truncation procedure, the generating function of the closed finite
chain, currently a polynomial in four complex variables, should be related to the open
infinite generating function via the transformation,

tL−4G
(x
t
,
y

t
,
z

t

)
−→ G(x, y, z, t) , (3.8.16)
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such that

Gσ(x, y, z, t) =
L−4∑

n,m,r=0
n+m+r<L−4

Dn,m,r,L−4−n−m−r
σ xnymzrtL−4−n−m−r . (3.8.17)

However, truncating the sum over relative distances alone does not yield a meaningful
solution for (un)twisted boundary conditions without introducing a suitable boundary
term, the precise form of which remains to be discovered.

In the following subsections we consider the eigenvalue problem of the two- and four-
magnons separately and present our results. We solve the four-magnon problem for
short lengths, L = 4, 5, 6 and obtain the corresponding position-dependent corrections.

3.8.1 Finite Length Two-Magnon Solution

In this section, we impose periodic boundary conditions on the two-magnon problem.
The CBA solution was originally studied in [81]; here, we combine the two distinct
CBA solutions corresponding to the two possible orderings of the magnons, as given
in (3.2.10), since the periodic boundary conditions mix these two states (3.8.10). To
fully account for this mixing, we include a relative normalization factor, as the overall
normalization of the wave functions depends on the parameter κ. We then derive
the Bethe equations from the periodicity condition, which also explicitly depends on κ.
After solving the Bethe equations, we compare the resulting eigenvalues and eigenstates
with brute-force diagonalization of the spin chain Hamiltonian for L = 4, 5, 6, and find
complete agreement.

To impose periodic boundary conditions, we consider the momentum state for a generic
two-magnon spin chain,

|Ψ(p1, p2)⟩L,± = (ψ(p1, p2))11 + T±(p1, p2, κ)(ψ(p1, p2))22 . (3.8.18)

In this case, the periodic boundary conditions on wave functions imply,

ψ11(p1, p2; l2, l1 + L) = T±(p1, p2, κ)ψ22(p1, p2; l1, l2) , (3.8.19)

which leads to the following Bethe equations,

e−ip1L = T±(p1, p2, κ)S1/κ(p1, p2) , (3.8.20)

Sκ(p1, p2) = T±(p1, p2, κ)e
ip2L . (3.8.21)
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Due to the color structure of the spin chain states, the scattering coefficients in the
Bethe equations exhibit distinct dependencies on the κ factor. This difference distin-
guishes (3.8.20) and (3.8.21) from the Bethe equations of the Heisenberg XXZ model,
which is characterized by an anisotropy parameter (κ+ κ−1)/2 while sharing the same
dispersion relation as the present model. The κ-structure of the scattering coefficients
implies that the Bethe equations determine the momentum variables along with a non-
trivial relative normalization factor (T ̸= 1), while still satisfying the vanishing total
momentum condition,

p1 + p2 = 2πm . (3.8.22)

As we want both momenta p1 and p2 to be in the first Brillouin zone p ∈ (−π, π], we
set m = 0 from now on and focus on the case p = p1 = −p2. We observe that for
L > 2 and E2 ̸= 0, we can obtain the solution of the momentum variables analytically
for any length L. However, the E2 = 0 cases require special attention, since for L = 2

it corresponds to a Q-vacuum state (a bound state derived from the ϕ-vacuum), and
for L > 2 we obtain a descendant of the vacuum state. To validate our results, we
compare the spectrum of the two-magnon states with numerical diagonalization of the
Hamiltonian (3.1.19) for short closed spin chains (L = 4, 5, 6), finding perfect agreement
up to an overall normalization factor.

Solving the two-magnon Bethe equations. For the spin chains with length L > 2,
the Bethe equations (3.8.20) and (3.8.21), together with the total momentum condition
(3.8.22), provide the following solution for the relative normalization factor,

T±(p, κ) ≡ T±(p,−p, κ) = ±
κ− eip
1− κeip (3.8.23)

which obeys the property T (p, κ) = (T (p, κ−1))
−1 and, for the untwisted states, the

remaining Bethe equation takes the following form,

e−ipL = e−ip (3.8.24)

and this equation is solved for

p =
2nπ

L− 1
, (3.8.25)

whereas for the twisted states the remaining Bethe equation takes the form,

e−ipL = e−ip+iπ , (3.8.26)
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Figure 3.7: For length L = 100, the spectrum of the untwisted states for κ =

0.3, 0.5, 0.7 where E2 denotes the energy eigenvalues.

and it is solved for

p =
(2n+ 1)π

L− 1
, (3.8.27)

for n ∈ Z with L−1
2

> n > 0 since the states |Ψ(p,−p)⟩L,± and |Ψ(−p, p)⟩L,± are the
same up to a proportionality factor. Note that the solution p = 0 and p = π make the
wave function vanish, therefore we do not consider them as valid solutions.

At this point, we should perform a counting of states to check if we are finding the
complete spectrum. On the one hand, if we ignore for a moment the color contractions,
the counting of states is the same as for the two copies of the XXZ spin chain, which
is ⌊L

2
⌋ for the case of two excitations and zero total momentum for each copy. Taking

into account the color contractions, we naively would guess that we have 2⌊L
2
⌋ states.

However, for even L we have the state with total momentum p1 + p2 = 0 created
from (ϕ

L−2
2

1 Q12ϕ
L−2
2

2 Q21)11, which maps into itself under Z2. This implies that we have
to subtract one state from the naive counting for even values of L. Taking this into
account, we have L− 1 states both for even and odd values of L. On the other hand,
for even values of L both (3.8.25) and (3.8.27) have L−2

2
solutions. In contrast, for odd

values of L the equation (3.8.25) has L−3
2

and the equation (3.8.27) has L−1
2

. Thus, in
total, we have L− 2 solutions both for even and odd values of L. This means that we
are missing exactly one solution for every value of L for untwisted and twisted states.
Apart from these two states, the distribution of eigenvalues for each of these eigenstates
for L = 100 is given in Figure 3.7.
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Vacuum solution and descendants. Notice that, among the momenta (3.8.25)
and (3.8.27), we are missing the state that corresponds to the Q−vacuum of the model
for L = 2. This means that the missing solution is a descendant of the Q−vacuum
(or the Q−vacuum itself for L = 2). Therefore, we first use the vanishing of the total
momentum, p1 = −p2 and plug this relation into the total energy to find the solution
of the momentum variables,

E2(p,−p) = 2κ+ 2κ−1 − 2eip − 2e−ip = 0 . (3.8.28)

This equation has two solutions,

p = ±i log(κ) , (3.8.29)

which correspond to a bound state of the two magnons, as it gives

S1/κ(i log(κ),−i log(κ)) = 0 . (3.8.30)

In this case, the previous form of the relative normalization coming from the Bethe
equations is not valid, therefore we directly use the periodicity relation (3.8.19) to
define the relative normalization such that fixing eip = κ gives

T (p, κ) =
ψ11(p,−p, 2, L+ 1)

ψ22(p,−p, 1, 2)
=

1

κL − κL−2
(1− eip/κ) . (3.8.31)

If we consider this zero as a divergence of ψ22(p,−p, 1, 2), we can extract the following
two solutions, which correspond to the Z2 even and Z2 odd states

|Ψ(−i log (κ) , i log (κ)⟩L=2,+ = (Q12(1)Q21(2))11 + (Q21(1)Q12(2))22 , (3.8.32)

and

|Ψ(−i log (κ) , i log (κ)⟩L=2,− = (Q12(1)Q21(2))11 − (Q21(1)Q12(2))22 . (3.8.33)

The twisted L = 2 state, as given above, does not correspond to a non-trivial single-
trace operator because the trace over the two components cancels out. Specifically,
tr1(Q12Q21)− tr2(Q21Q12) = 0. For L = 2, it is trivial to check that indeed the action
of the Hamiltonian on these two states gives zero eigenvalue. Furthermore, the single-
trace operator which corresponds to the Z2 odd state does not exist because under the
tracing the two distinct states cancel each other for L > 2. An example of a less trivial
check is the L = 4 solution. For the untwisted sector, it is given as

|Ψ(−p, p)⟩4,+ =κ2(Q12(0)Q21(1))11 + κ2(Q12(1)Q21(2))11 + κ2(Q12(2)Q21(3))11
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+ κ(Q12(0)Q21(2))11 + κ(Q12(1)Q21(3))11 + (Q12(0)Q21(3))11
+ (Q21(0)Q12(1))22 + (Q21(1)Q12(2))22 + (Q21(2)Q12(3))22
+ κ(Q21(0)Q12(2))22 + κ(Q21(1)Q12(3))22 + κ2(Q21(0)Q12(3))22 .

(3.8.34)

This solution for the zero-energy eigenstate, along with its L = 5, 6 analogs, agrees with
the numerical diagonalization of the Hamiltonian (3.8.5). Therefore, the momentum
p = i log(κ), together with the momenta (3.8.25) and (3.8.27), give us the full spectrum
for M = 2.

3.8.2 Finite Length Four-Magnon Solution

We now turn to the momentum state for a generic four-magnon spin chain with long-
range Bethe ansatz, and impose periodic boundary conditions,

|Ψ(p1, p2, p3, p4)⟩L,± = (Ψ(p1, p2, p3, p4))11 + T±(p, κ)(Ψ(p1, p2, p3, p4))22 . (3.8.35)

In this case, the periodic boundary conditions imply,

ψ11(n,m, r, s) = T±(p, κ)ψ22(m, r, s, n) , (3.8.36)

such that the wave functions are defined in (3.8.13) and the relative normalization fac-
tor initially is a function of the four momenta and κ. Due to the contributions from
the position-dependent corrections, only omitting plane wave corrections and obtaining
Bethe-like equations do not capture the solution of the periodic boundary conditions.
The underlying reason is that the position-dependent corrections imply a subtle modifi-
cation of the plane wave basis, as we discussed using the Yang operators in Section 3.7.
Consequently, simply omitting the plane wave factors without altering the position-
dependent corrections and reducing the periodicity relations to Bethe-like equations
does not yield a solution. We plan to report on a more systematic approach for solving
the periodic boundary conditions once the appropriate coordinate transformations and
the rapidity structure of the model are fully understood.

Now, we focus on the periodicity conditions at the level of wave functions. By using
the general property of the relative normalization factor, T (p, κ) = (T (p, κ−1))

−1 in
addition to (3.8.36), we conclude that the model is 2L periodic both in untwisted and
twisted sectors,

ψii(n,m, r, s) = ψii(r, s, n,m) , (3.8.37)
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for i ∈ {1, 2}, which will play an important role in our solution, since it gives a relation
between the wave functions with the same color indices. To impose the periodic bound-
ary conditions, we follow an experimental route and discover how to solve the eigenvalue
problem for the long-range Bethe ansatz while keeping the permutationally symmetric
form of the solution. We focus on short chains (L = 4, 5, 6) and we compute the action
of the Hamiltonian on the momentum states, (H− E4) |Ψ(p1, p2, p3, p4)⟩L. Since the
action of the Hamiltonian mixes the Z2 conjugate states as demonstrated in (3.8.10), we
distinguish between the eigenvalue equations coming from (H− E4) |Ψ(p1, p2, p3, p4)⟩L
which involve both of the Z2 conjugate contributions and those which do not, by refer-
ring to the former as boundary eigenvalue equations and to the latter as bulk eigenvalue
equations. We observe that, by combining the bulk eigenvalue equations with the
eigenvalue equations for open infinite states as presented in Section 3.4 we are able to
determine the position-dependent corrections analytically as a function of momenta and
κ for each distinct separation of magnons.24 To make use of the eigenvalue equations
coming from the open infinite case we transform those position-dependent corrections
of the open infinite states to closed ones by

D̃n,m,r
σ → D̃n,m,r,L−4−n−m−r

σ . (3.8.38)

Then, by solving the combined set of bulk equations and the open-infinite equations
for short separation using the procedure we demonstrated in Section 3.4.2, we ob-
tain a solution for the position-dependent corrections. Then, we compute the relative
normalization factor from one of the boundary eigenvalue equations and impose all pe-
riodicity relations as given in (3.8.37) to ensure that all boundary eigenvalue equations
are solved. Imposing these relations for all wave functions, we numerically solve for
momentum variables for fixed values of κ and obtain eigenstates of the closed Hamil-
tonian (3.8.5). To improve the numerical accuracy of our solution we fix one of the
wave functions (for example ψii(0, 0, 0, L−4)) to have only constant position-dependent
corrections which are very similar to having a CBA type wave function. This improves
the numerical accuracy of the solution significantly. Finally, we check our solution
against brute-force diagonalization of the Hamiltonian for L = 5, 6. Up to an overall
normalization factor, we obtain agreement.

L = 4. As in the case of zero-energy two-magnon states given in Section 3.8.1, the
four-magnon states for L = 4 correspond to the Q-vacuum of the model. Unlike the
rest of the four-magnon states with finite length, this state does not include non-trivial

24The fact that we can fully fix the form of position-dependent corrections once we impose boundary
conditions without leftover freedom was a claim of [1] and here we confirm that this is the case.
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position-dependent corrections since four magnons can only be next to each other.25

Therefore, we obtain the solution by using the periodicity relation (3.8.36), and choose
the relative normalization to be defined as,

T±(p, κ) = ±
ψ(0, 0, 0, 1)11
ψ(0, 0, 0, 1)22

. (3.8.39)

The relative normalization factor given for the descendants of the vacuum in the two-
magnon problem, (3.8.31) also has the same description. Here, the wave function in the
numerator is coming from the state (l1, l2, l3, l4) = (1, 2, 3, 4) whereas the wave function
in the denominator is coming from (l1, l2, l3, l4) = (0, 1, 2, 3). Nevertheless, under the
vanishing total momentum, these are the same wave functions up to κ → κ−1. In
addition to the vanishing total momentum condition, we impose the vanishing of the
total energy (3.4.2)

E4(p1, p2, p3,−p1 − p2 − p3) = 0 . (3.8.40)

Moreover, the L = 4 state corresponds to a bound state solution from the perspective
of the ϕ vacuum. Therefore, we select two distinct scattering coefficients and solve for
the momentum configurations that cause them to vanish:

Sκ(p1, p2) = 0 , S1/κ(p2, p3) = 0 . (3.8.41)

Note that these choices are not unique, but the other solutions are related to each
other by permutation of momentum indices. Under these conditions, we obtain the
eigenvectors,

|Ψ(p1, p2, p3, p4)⟩L=4,± = N (κ)
[
(Q12Q21Q12Q21)11 ± (Q21Q12Q21Q12)22

]
, (3.8.42)

for the momentum variables,

p1 = −i log
(

3κ

κ2 + 2

)
, p2 = i log

(
κ(1 + 2κ2)

κ2 + 2

)
, p3 = i log

(
3κ

2κ2 + 1

)
.

(3.8.43)

and the overall normalization,

N (κ) = −2 (κ2 + 2) (4κ4 + 9κ2 + 5)

9κ4
. (3.8.44)

As in the two-magnon case, the Z2-odd state vanishes when we map the spin chain
states to the single-trace operators. In the following sections, we continue our search
for the eigenstates in the long-range Bethe ansatz formalism and omit the overall factors
of the normalization, as they are not relevant to our discussion.

25In principle, this state contains the position-dependent corrections denoted as D0,0,0 but they do
not play any crucial role and they can be absorbed into the definition of scattering coefficients.
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L = 5. The momentum states for the L = 5 spin chains take the form,

|Ψ(p1, p2, p3, p4)⟩L=5,± = (Ψ(p1, p2, p3, p4))11 + T±(p1, p2, p3, p4, κ)(Ψ(p1, p2, p3, p4))22 .
(3.8.45)

As there are five distinct position states for each color index, we can write

(Ψ(p1, p2, p3, p4))11 =
1∑

n,m,r=0
m+n+r ≤1

ψ11(n,m, r, 1− n−m− r)(ϕ(i))11 . (3.8.46)

Here, we use the short-hand notation, (ϕ(j))11 to refer to the length five position state
which is characterized by the ϕi state in the jth position, for example, (ϕ(2))11 =

(Q12ϕ2Q21Q12Q21)11. The eigenvalue problem for each of these position-space states
takes a distinct form, which we label by αi and α̃i

(H− E4) |Ψ(p1, p2, p3, p4)⟩L=5 =
5∑

i=1

αi(ϕ(i))11 +
5∑

i=1

α̃i(ϕ(i))22 . (3.8.47)

Here, the distinct eigenvalue expressions correspond to permuted versions of the four-
magnon interacting equation. This can be seen by taking the open infinite four-magnon
interacting equation (3.4.52) and applying the transformation (3.8.38). After this trans-
formation, the resulting expressions can be rewritten in terms of the wave functions of
the L = 5 closed-chain states,

αc =
(
2κ−1 − E4

)
ψ11(0, 0, 0, 1)− ψ11(1, 0, 0, 0)− ψ11(0, 0, 1, 0) . (3.8.48)

Then, by applying the periodicity condition given in (3.8.36), we reproduce all the
eigenvalue equations that arise in (3.8.47). As a consequence of the Z2 symmetry,
the eigenvalue equations transform to their conjugates αi ↔ α̃i. Explicitly, these
expressions are given by

α1 =
(
2κ−1 − E4

)
ψ11(0, 0, 0, 1)− ψ11(1, 0, 0, 0)− T±(p, κ)ψ22(0, 0, 0, 1) = 0 , (3.8.49)

α2 = (2κ− E4)ψ11(1, 0, 0, 0)− ψ11(0, 0, 0, 1)− ψ11(0, 1, 0, 0) = 0 , (3.8.50)

α3 =
(
2κ−1 − E4

)
ψ11(0, 1, 0, 0)− ψ11(1, 0, 0, 0)− ψ11(0, 0, 1, 0) = 0 , (3.8.51)

α4 = (2κ− E4)ψ11(0, 0, 1, 0)− ψ11(0, 1, 0, 0)− ψ11(0, 0, 0, 1) = 0 , (3.8.52)

α5 =
(
2κ−1 − E4

)
ψ11(0, 0, 0, 1)− ψ11(0, 0, 0, 1)− T±(p, κ)ψ22(0, 0, 0, 1) = 0 . (3.8.53)

As an intermediate step, we check whether taking the four distinct wave functions
ψ11(n,m, r, s) as unknowns and solving the bulk equations {α2, α3, α4} is sufficient to
obtain the correct solution. For the E4 = 0 state we obtain(

ψ11(1, 0, 0, 0)

ψ11(0, 0, 0, 1)
,
ψ11(0, 1, 0, 0)

ψ11(0, 0, 0, 1)
,
ψ11(0, 0, 1, 0)

ψ11(0, 0, 0, 1)

)
=
(
κ−1, 1, κ−1

)
, (3.8.54)
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which agrees with the result obtained from brute-force diagonalization. Since in this
check we only solve for the bulk equations, this provides a nontrivial check of our
method. The same approach produces the correct result for E4 = 2κ+ 2κ−1 as well.

Remarkably, if we also include the four-magnon interacting equation from the open
infinite case, as given in (3.8.48), we find that the tentative solution obtained in (3.8.54)
ensures the vanishing of the open infinite expression as well. This observation suggests
a deeper connection between the open infinite case and the closed periodic boundary
conditions, which we will uncover step by step in the following sections.

Then, by imposing the factorization of the scattering coefficients, (3.4.50) and 2L peri-
odicity relation (3.8.37) we bring all the bulk eigenvalue equations (α2, α3, α4, α̃2, α̃3, α̃4)
into a similar form to the special four-magnon interacting equation (3.4.52), for exam-
ple26

α2 =
∑

ijkl∈S4

ei(2pj+2pk+4pl)

(
e−ipj−ipk (κ−1 − κ) (eipj − eipk) (1 + eipj+ipk)

2

a(pj, pk, κ)
Aijkl

+
(
2κ− E4 − e−ipia(pi, pl, κ

−1)
)
eipkD1,0,0,0

ijkl − e−ipj+ipkD0,1,0,0
ijkl

−eipi+pk−iP4D0,0,0,1
ijkl + e−i(pj+pk)a(pk, pj, κ

−1)D0,0,1,0
ijkl

)
, (3.8.55)

such that scattering coefficients are always accompanied by a factor κ − κ−1. This
ensures that the position-dependent corrections vanish at the orbifold point. We also
observe that the factor (eipj − eipk) (1 + eipj+ipk) /a(pj, pk, κ) is reminiscent of a solution
of position-dependent corrections which satisfies partial factorization (3.4.51). Addi-
tionally, we can always solve the linear equations for each permutation label σ separately
and obtain a solution of the position-dependent corrections with a common description
for each permutation. The analytical solution of these position-dependent corrections
is given in the Mathematica file attached to our paper [2] since the expressions are
highly complicated and do not offer additional insight beyond the features described
here.

Next, we obtain the solution of the relative normalization factor from the boundary
eigenvalue equation α1 given in (3.8.49),

T±(p, κ) =
(2κ−1 − E4)ψ11(0, 0, 0, 1)− ψ11(1, 0, 0, 0)

ψ22(0, 0, 0, 1)
. (3.8.56)

26Note that to obtain this particular form of the four-magnon interacting equations αi we need to
use the 2L periodicity equations (3.8.37) and replace the wave functions with their permuted versions
if necessary.
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While we obtain a different solution from the boundary eigenvalue equation α5, given in
(3.8.53), both results reduce to the same expression under the 2L periodicity conditions.
The distinction between the relative normalization factor for the Z2 even and odd states
comes into play when we fix the eigenvalue to specific values.27 Therefore, by imposing

ψ11(0, 1, 0, 0) = ψ11(0, 0, 0, 1) , ψ11(1, 0, 0, 0) = ψ11(0, 0, 1, 0) , (3.8.57)

together with vanishing total momentum and total energy we can solve for the mo-
mentum variables and obtain the spectrum of the model. However, with (3.8.57), we
could only match the result of the brute-force diagonalization to 2 digits.28 To improve
the accuracy, we leave one of the equations {αc, α2, α3, α4} out. This leaves us with
an undetermined position-dependent correction which we choose to be D0,0,0,1

σ with-
out loss of generality. Then we assume that for any permutation σ the undetermined
position-dependent correction D0,0,0,1

σ is a constant and we solve the periodicity rela-
tions, total energy and total momentum conditions to fix the four momenta and D0,0,0,1

σ .
We include an additional relation between the wave functions,

ψ11(1, 0, 0, 0)

ψ11(0, 0, 0, 1)
= κ−1 , (3.8.60)

which is coming from the observation (3.8.54). This way, we obtain the solution of the
momentum variables which matches the brute-force diagonalization to 7 digits. Addi-
tionally, this solution requires the D0,0,0,1

σ to be 0.0852016 −0.103424i which effectively
sets the wave function ψ11(0, 0, 0, 1) to be a CBA-like solution shifted by a constant
scattering coefficient. The results for two distinct values of κ and both twisted and
untwisted states of L = 5, normalized such that ψ11(0, 0, 0, 1) = 1, are given in Table
3.3. The solution of the momentum variables for E4 = 0 and κ = 0.7 is given as

{p1 = 0.327198 − 2.38999i , p2 = −3.05876 + 0.639858i , p3 = 1.90333 + 1.128i} ,
(3.8.61)

27In the case of L = 5, zero energy (E4 = 0) gives the Z2 even state and E4 = 2κ+ 2κ−1 gives the
Z2 odd state.

28Note that we compute the relative error by

Relative Error =
∣∣∣∣xnumerical − xanalytical

xanalytical

∣∣∣∣ , (3.8.58)

then one can compute the number of significant digits as

Correct Digits ≈ − log10 (Relative Error) . (3.8.59)
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E4 κ ψ11(0, 0, 0, 1) ψ11(1, 0, 0, 0) ψ11(0, 1, 0, 0) ψ11(0, 0, 1, 0) Tψ22(0, 0, 0, 1)

0 0.7 1. 1.42857 1. 1.42857 1.

0 0.4 1. 2.5 1. 2.5 1.
2κ+ 2κ−1 0.7 1. −0.7 1. −0.7 1.

2κ+ 2κ−1 0.4 1. -0.4 1. -0.4 1.

Table 3.3: Numerical Solution for the periodicity relations between the position states.

while for E4 = 2κ+ 2κ−1, it is given as,

{p1 = −1.36434 i , p2 = 3.14159 − 0.176988i, p3 = 1.35999i} , (3.8.62)

in this case, we obtain the relative normalization factor from Tψ22(2, 3, 4, 5), while the
rest of the wave functions can be calculated by using Z2 conjugation. The exact result
coming from the brute-force diagonalization for the E4 = 0 untwisted state is

|Ψ(p1, p2, p3, p4)⟩L=5,+ = (ϕ(1))11 + κ−1(ϕ(2))11 + (ϕ(3))11 + κ−1(ϕ(4))11 + (ϕ(5))11
+ κ−1(ϕ(1))22 + (ϕ(2))22 + κ−1(ϕ(3))22 + (ϕ(4))22 + κ−1(ϕ(5))22 ,

(3.8.63)

and for κ = 0.7, κ−1 ≈ 1.42857 which is the result we obtain from the numerical
solution. Similarly, the eigenstate for the eigenvalue E4 = 2κ + 2κ−1 is the twisted
state of L = 5 and it is given as

|Ψ(p1, p2, p3, p4)⟩L=5,− = (ϕ(1))11 − κ(ϕ(2))11 + (ϕ(3))11 − κ(ϕ(4))11 + (ϕ(5))11
− κ(ϕ(1))22 + (ϕ(2))22 − κ(ϕ(3))22 + (ϕ(4))22 − κ(ϕ(5))22 .

(3.8.64)

These two states are the only states that correspond to single-trace operators for L = 5,
and we obtain them using the long-range Bethe ansatz and this computation can be
performed for any 0 < κ < 1. However, solving the periodic boundary conditions
within this framework is methodologically demanding and not readily tractable. A key
source of this complexity is the necessity of working with momentum variables instead
of rapidities, which leads to highly intricate wave function expressions. Nevertheless,
this solution shows that the long-range Bethe ansatz is compatible with the periodic
boundary conditions and it gives the spectrum of the Hamiltonian. We perform the
same method for L = 6 to gain more insight into the problem.

L = 6. We compute the eigenvectors of the L = 6 closed spin chains by applying the
method we outlined for L = 5. The momentum states for the L = 6 spin chains take
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the form as expected,

|Ψ(p1, p2, p3, p4)⟩L=6,± = (Ψ(p1, p2, p3, p4))11 + T±(p1, p2, p3, p4, κ)(Ψ(p1, p2, p3, p4))22
(3.8.65)

such that there are fifteen distinct position states for each color index, denoted as

(Ψ(p1, p2, p3, p4))11 =
2∑

n,m,r=0

ψ11(p⃗, n,m, r, 2− n−m− r)(ϕ(i)ϕ(j))11 . (3.8.66)

The eigenvalue problem brings variations of four-magnon interacting equations (3.4.52),

(H− E4) |Ψ(p1, p2, p3, p4)⟩L=6 =
15∑
i=1

αij(ϕ(i)ϕ(j))11 +
15∑
i=1

α̃ij(ϕ(i)ϕ(j))22 . (3.8.67)

As in the L = 5 case, we use the short-hand notation, (ϕ(i)ϕ(j))11 to refer to the
length-six position state which is characterized by the ϕi state in the ith and jth
positions. Depending on the configuration of the ϕ fields, the eigenvalue equations are
a variation of the four-magnon interaction (above symbolically we denoted all with αij),
the three-magnon interaction or the two two-magnon interacting equations. We refer
to the states that have different types of fields at the beginning and the end of the spin
chain state as boundary eigenvalue equations, and these are

{α12, α56, β13, β46, β15, β26, γ14, γ36} , (3.8.68)

while the bulk eigenvalue equations are listed as

{α16, α23, α34, α45, β24, β35, γ25} . (3.8.69)

In addition to these equations, we also use the eigenvalue equations coming from the
open infinite states which we transform under the map (3.8.38) which are listed as

{αc, βc
l (1), β

c
r(1), γ

c
rl(1)} . (3.8.70)

First, we observe that two of the distinct eigenvalue equations match,

α16 = αc , (3.8.71)

which supports the expectation that, as we increase the length of the periodic chain,
the closed finite and open infinite problems look more and more alike, and the special
solution given in Section 3.4.2 becomes more relevant. Then, we combine the bulk
eigenvalue equations with the open infinite eigenvalue equations and bring all of them
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to a form similar to (3.8.55), which means that the scattering coefficients for each
permutation are accompanied by a factor of κ − κ−1 and ω(pσ(2), pσ(3)) as defined in
(3.4.53). To achieve this form we used the 2L periodicity relations (3.8.37) when it is
necessary. This way, we obtain as many equations as the number of distinct position-
dependent corrections,

{α16 = αc, α23, α34, α45, β24, β35, γ25, β
c
l (1), β

c
r(1), γ

c
rl(1)} . (3.8.72)

First, to check that this set of equations is indeed compatible with the brute-force
diagonalization, we solve the linear set of equations generated by these equations by
taking the wave functions as unknowns. Then, for E4 = 0, normalised such that
ψ11(0, 0, 0, 2) = 1, we obtain,

{ψ11(0, 0, 1, 1), ψ11(0, 0, 2, 0), ψ11(0, 1, 0, 1), ψ11(0, 1, 1, 0), ψ11(0, 2, 0, 0), ψ11(1, 0, 0, 1),

ψ11(1, 0, 1, 0), ψ11(1, 1, 0, 0), ψ11(2, 0, 0, 0), ψ11(0, 0, 0, 2), ψ11(0, 0, 1, 1), ψ11(0, 1, 0, 1),

ψ11(1, 0, 0, 1)} =
{
1

κ
,
1

κ2
, 1,

1

κ
, 1,

1

κ
,
1

κ2
,
1

κ
,
1

κ2
, 1,

1

κ
, 1,

1

κ

}
. (3.8.73)

This perfectly agrees with the brute-force diagonalization. We solve for the distinct
position-dependent corrections as a function of momenta and κ.29 Therefore, we obtain
the analytic description of the position-dependent corrections and they exhibit the same
properties as the special function and the L = 5 solution. Finally, we impose the 2L
periodicity conditions,

ψ11(0, 0, 0, 2) = ψ11(0, 2, 0, 0) , ψ11(0, 0, 2, 0) = ψ11(2, 0, 0, 0) , (3.8.74)

ψ11(1, 1, 0, 0) = ψ11(0, 0, 1, 1) , ψ11(0, 1, 1, 0) = ψ11(1, 0, 0, 1) . (3.8.75)

Together with the E4 = 0 condition and the vanishing total momentum condition, we
obtain the solution

{p1 = −0.0218877i, p2 = 0.501353i , p3 = −0.501353i , p4 = 0.0218877i } (3.8.76)

which correctly matches the brute-force diagonalization with a relative error of 0.05.
The same can be done for the twisted state with E4 = 2κ+ 2

κ
. We think it is possible to

29In order to reduce the complexity of the analytic part of the computation, we transform the
position-dependent corrections to scaled position-dependent corrections as given in (3.4.12) and also
impose the partial factorization (3.4.51) from the beginning. Note that due to the extra factors of
ω(pσ(2), pσ(3)) we deduce that the partial factorization is manifest in the solution even if we do not
impose it by hand. However, imposing it from the beginning of the analytical computation simplifies
the expressions drastically and both the scaling of the position-dependent corrections and the partial
factorization condition prove to be computationally useful for closed finite spin chains.
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improve the numerics further by following the same technique as L = 5 and choosing to
prioritize what we learn from (3.8.73). However, we postpone this to future work and
hope to gain a deeper understanding of the parameter space before attempting to solve
this problem analytically. For now, we take this as a proof of concept for long-range
Bethe ansatz and move on to discover the connection between the solutions of various
numbers of excitations.
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Chapter 4

Conformal Field Theory at Finite
Temperature

In this chapter, we study conformal field theories placed on a d-dimensional cylinder. As
explained via the Matsubara formalism in Section 2.3.1, such backgrounds naturally
correspond to CFTs at finite temperature. From the perspective of the conformal
bootstrap where a CFT is defined non-perturbatively by its CFT data (2.2.26), this
setting is considered to answer a natural and intriguing question: how does the CFT
data depend on the underlying d-dimensional geometry? More specifically, can one
formulate and solve bootstrap consistency conditions for CFTs defined on manifolds
other than flat d-dimensional space-time? Another motivation, closely related to the
main theme of this thesis, is to generalize the bootstrap techniques developed for CFTs
on flat space which rely heavily on the highly restrictive nature of conformal symmetry
to systems with reduced symmetry.

The CFT on S1
β × Rd−1 has several novel features compared to the flat space case and

we then proceed to develop an analytic bootstrap framework. We focus on the analytic
structure of thermal correlators and derive the associated dispersion relation, which
forms the basis of the analytic bootstrap approach. We further uncover a remarkable
connection between this dispersion relation and the momentum space OPE. We subse-
quently apply this formalism to holographic setups, highlighting several striking ways
in which holographic theories deviate from their non-holographic counterparts. There,
we discuss the implications of the presence of a black brane or a black hole in the dual
gravitational EFT. Finally, we turn to the three-dimensional Ising model, where we for-
mulate a numerical bootstrap framework and explore the interplay between numerical
and analytic bootstrap approaches. This chapter is primarily based on the work [3, 4].
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4.1 Turning on the Temperature

When a CFT is placed on S1
β × Rd−1, a scale is introduced through the circumference

of the thermal circle, β, and a substantial part of the conformal symmetry (as given
in (2.2.16)) is explicitly broken. While an SO(d− 1) rotational symmetry in the non-
compact directions and the discrete symmetry τ → −τ along the thermal circle remain
intact, dilatations and special conformal transformations are no longer preserved. As a
consequence, CFT operators other than the identity may acquire nontrivial one-point
functions.1

According to the spectral decomposition given in (2.3.6), these new one-point functions
can in principle be determined by the zero temperature data by using the thermal
density matrix ρ = e−βH ,

⟨O1(x1)⟩β =

∑
α ⟨εα|e−βεαO1(x1)|εα⟩∑

α ⟨εα|e−βεα|εα⟩
. (4.1.1)

However, in practice it is extremely hard to know the entire spectrum and determine the
one-point functions from the weighted sum over the three point-functions. Therefore,
we remain agnostic to these relations and consider the thermal one-point functions as
an addition to the CFT-data that needs to be determined.

Since these one-point functions are still constrained by the residual symmetries of the
CFT on the cylinder, translation invariance along both the compact and non-compact
directions implies that they cannot depend on spacetime coordinates. In particular,

⟨P µOµ1···µJ (τ, x)⟩β = ∂µ⟨Oµ1···µJ (0, 0)⟩β = 0 . (4.1.2)

Moreover, invariance under SO(d − 1) ⊕ Z2 ≃ O(d − 1) implies that only symmet-
ric traceless operators with even spin J can acquire non-trivial one-point functions.
Consequently, we are left with

⟨Oµ1···µJ (τ, x)⟩β =
bO
β∆O

(eµ1 · · · eµJ − traces) , (4.1.3)

where ∆O is the scaling dimension of the operator O, eµ denotes the unit vector along
the compact direction, and bO is a constant.

Combining this result with the OPE (2.2.23) of two identical scalar operators, we obtain

⟨ϕ(x⃗)ϕ(0)⟩β =
∑

O∈ϕ×ϕ

fϕϕO
cO
|x⃗|∆O−2∆ϕ−Jxµ1 · · · xµJ

⟨Oµ1···µJ ⟩β , (4.1.4)

1At zero temperature, only the identity operator acquires a non-trivial one-point function whose
contribution can be seen in (2.2.24).
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=
∑

O∈ϕ×ϕ

aO
β∆O
|x⃗|∆O−2∆ϕC

(ν)
J

(
τ

|x⃗|

)
, (4.1.5)

where we have defined
aO =

fϕϕO bO
cO

, (4.1.6)

and C
(ν)
J are Gegenbauer polynomials with ν = d−2

2
. Crucially, on the d-dimensional

cylinder the OPE converges only for |x⃗| < β. This restriction follows from the ultravi-
olet divergence of correlation functions when the two operators coincide, together with
the periodicity of thermal correlators along the compact direction,

⟨ϕ(τ, r)ϕ(0)⟩β = ⟨ϕ(τ + β, r)ϕ(0)⟩β , (4.1.7)

which is known as the KMS relation as it was given in (2.3.9). Here we have defined
|x⃗|2 − τ 2 = r2 and used the SO(d − 1) symmetry to express the correlator solely in
terms of τ and r. In addition, thermal correlators obey a reflection property along the
compact direction,

⟨ϕ(τ, r)ϕ(0)⟩β = ⟨ϕ(−τ, r)ϕ(0)⟩β , (4.1.8)

which holds independently of whether the CFT is parity invariant under x⃗ → −x⃗.
Combining the invariance under reflection with the KMS condition leads to a funda-
mental set of sum rules for CFTs at finite temperature [146, 147]. In particular, these
two properties imply

⟨ϕ
(
β
2
+ τ, r

)
ϕ(0)⟩β = ⟨ϕ

(
β
2
− τ, r

)
ϕ(0)⟩β . (4.1.9)

This relation shows that, at the KMS-invariant point τ = β
2
, all odd derivatives of the

correlator with respect to τ must vanish. More precisely,

∂2l+1

∂τ 2l+1

∂n

∂rn
⟨ϕ(τ, r)ϕ(0)⟩β

∣∣∣∣
τ=β

2
, r=0

= 0 , for all l, n ∈ N . (4.1.10)

These conditions can be interpreted as an infinite system of linear equations for the
thermal one-point functions, obtained by inserting the zero-temperature CFT data
(2.2.26). These sum rules were first derived in [146] and subsequently applied in [147–
149] to extract OPE coefficients in various contexts. In Section 4.4, we will study these
relations in detail and further develop them, as they constitute one of the two main
approaches used in this thesis to determine OPE coefficients at finite temperature.

Note that the two-point function in (4.1.5) simplifies dramatically in the limit r = 0,

⟨ϕ(τ)ϕ(0)⟩β =
1

τ 2∆ϕ

∑
∆

a∆

(
τ

β

)∆

, a∆ =
∑

O:∆O=∆

aO C
(ν)
J (1) . (4.1.11)

167



However, in this limit the dependence on the spin quantum numbers is lost. When
several operators share the same scaling dimension but carry different spins, the coeffi-
cient a∆ becomes degenerate. This situation frequently arises in perturbative regimes
or in highly symmetric models.

By contrast, in strongly interacting theories, where little or no degeneracy is typically
present, the r = 0 limit is often sufficient to extract a substantial amount of finite-
temperature data.

4.1.1 Hamiltonian Formalism

Up to now, we have introduced the thermal correlators without committing to a par-
ticular quantization. Following the approach introduced in Section 2.2.2, we mainly
consider quantization on Rd−1 slices and interpret the S1 factor as the Euclidean time
direction. This point of view is valid for |x| < β and leads to the operator product
expansion representation given in (4.1.5).

Within this framework, one can define the Hamiltonian and momentum operators by
analyzing the broken Ward identities associated with dilatations and boosts [150]. Since
treating a compact direction as time explicitly breaks dilatation and boost symmetries,
the resulting action of the dilatation operator becomes equivalent to time translations.
In particular, the Hamiltonian is given by

H = − 1

β
D− E0 , (4.1.12)

where E0 denotes a non-trivial Casimir energy. Starting from this interpretation, one
can derive the operatorial expressions for the Hamiltonian and momentum operators,

H = −
∫

Rd−1

dd−1x

(
T 00(x⃗) +

d− 1

d

bT
βd

)
, P i = i

∫
Rd−1

dd−1xT 0i(x⃗) , (4.1.13)

where x⃗ = (τ, x1, . . . , xd−1), and the thermal expectation value of the energy density is
given by

⟨T 00⟩β =
d− 1

d

bT
βd

. (4.1.14)

Additionally, the Hamiltonian can be interpreted as the Hamiltonian of the (d − 1)

dimensional interacting QFT [146, 151]. From this perspective the thermal mass of the
CFT at finite temperature,

⟨ϕ(τ, r)ϕ(0, 0)⟩β = ⟨ϕ(0)2⟩β +O(e−mthr) (4.1.15)
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is directly related to the mass gap of the (d − 1)-dimensional theory by using the
operators defined in (4.1.13),

⟨ϕ(τ, r)ϕ(0, 0)⟩β = ⟨0|ϕ(0)eiτH−rP 1

ϕ(0)|0⟩ , (4.1.16)

where we used the (d − 1)-dimensional rotational symmetry and |0⟩ = |0⟩Rd−1 is the
ground state in the radial quantization. Combining this expression with the definition
(4.1.15), we conclude that the thermal mass is given by the lowest eigenvalue of the
momentum operator.

This primary perspective can be related to a secondary point of view coming from
the radial quantization of the flat space given in (2.2.20), by compactifying the time
direction R and obtaining S1 × Sd−1 then taking the radius of the (d− 1) dimensional
sphere to infinity [146]. However, it is very hard to perform computations in this
setting, therefore we omit discussing this setup until Section 4.3.5.

Another alternative description is obtained by quantizing the theory on S1×Rd−2 slices
and taking R as the time direction. This third point of view is closely connected to
the second one. In this picture, the states live on (d − 1)-dimensional slices, with
one direction compactified. In the Kaluza–Klein (KK) compactification formalism, the
momentum generator in the S1 direction, PKK , becomes a global U(1) symmetry with
a discrete spectrum. One can then define the momentum and Hamiltonian operators
as

HKK =

∫ β

0

dτ

∫
Rd−2

dd−2x

(
−T 11(x⃗)− bT

d

1

βd

)
(4.1.17)

PKK =

∫ β

0

dτ

∫
Rd−2

dd−2x
(
−iT 10(x⃗)

)
. (4.1.18)

We can easily compare these operators to those given in (4.1.13). Moreover, since these
charges are conserved, they can be used to define the correlator at any point on the
d-dimensional cylinder. This is precisely why they provide an alternative formulation
of thermal correlation functions away from the OPE convergence regime.

Explicitly, for any x⃗ = (τ, x1, · · · , xd), we may use the SO(d− 1) rotational invariance
to restrict to x⃗′ = (τ, x1, 0, · · · , 0) and describe the correlator

⟨ϕ(x⃗′), ϕ(0)⟩β = ⟨0|ϕ(0)e−HKKx1+iτPKKϕ(0)|0⟩ (4.1.19)

such that |0⟩ = |0⟩S1×Rd−2 is the ground state. Similar to the expression given in
(4.1.16), HKK is Hermitian and bounded from below, and its appearance leads to an
exponential suppression at large distances which is quantified by thermal mass (4.1.15).

169



We will return to the KK formulation of thermal correlators when analyzing the analytic
structure of the thermal correlator across the entire d-dimensional cylinder. Before
discussing the different bootstrap frameworks in detail, it is important to introduce
two toy models that can be solved exactly. These models will therefore serve as testing
grounds for the various bootstrap approaches.

4.1.2 Interlude on Generalized Free Fields

The simplest theory we can put on a d-dimensional cylinder is the generalized free
scalar theory. This theory features a fundamental scalar field ϕ of scaling dimension
∆ϕ, satisfying the equation of motion

□
d
2
−∆ϕ ϕ = 0. (4.1.20)

The theory is non-local unless ∆ϕ = d/2 − 1, which corresponds to the standard free
scalar field theory. The OPE expansion of two fundamental fields can be schematically
represented as follows

ϕ× ϕ = 1+ [ϕϕ]n,J , (4.1.21)

where [ϕϕ]n,J denotes the double-twist operators, of the form ϕ□n∂µ1 · · · ∂µJ
ϕ, with

conformal dimension ∆ = 2∆ϕ + 2n+ J .

This theory is one of the few exactly solvable models at finite temperature and it is
well studied for any spacetime dimension [146, 152] thanks to the possibility to employ
the method of images. Since it is non-interacting, the thermal two-point function is
given by the method of images over the free propagator:

gGFF(τ, x) = ⟨ϕ(τ, x)ϕ(0, 0)⟩β =
∞∑

m=−∞

1

[(τ +m)2 + x2]∆ϕ
. (4.1.22)

When restricted to zero spatial coordinates this infinite sum can be recognized as a
linear combination of Hurwitz ζ-functions2,

gGFF(τ) =
∞∑

m=−∞

1

|τ +m|2∆ϕ
= ζH(2∆ϕ, τ) + ζH(2∆ϕ, 1− τ) . (4.1.24)

2The Hurwitz ζ-function is defined as

ζH(s, a) =

∞∑
n=0

1

(n+ a)s
. (4.1.23)
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More concretly, let us consider the GFF theory with ∆ϕ = 1,

⟨ϕ(τ)ϕ(0)⟩β =
π2

β2
csc2

(
πτ

β

)
. (4.1.25)

This two-point function is particularly interesting since it also corresponds to the two-
point functions of a four-dimensional fundamental free scalar φ4d

⟨ϕ(τ)ϕ(0)⟩β = lim
r→0
⟨φ4d(τ, r)φ4d(0, 0)⟩β . (4.1.26)

The two-point function (4.1.25) also corresponds to the restriction to r = 0 of the
energy-energy two-point function ⟨ϵ(τ, r)ϵ(0, 0)⟩β in the critical two-dimensional Ising
model

⟨ϕ(τ)ϕ(0)⟩β = lim
r→0
⟨ϵ(τ, r)ϵ(0, 0)⟩β . (4.1.27)

Another special case is given by the GFF with ∆ϕ = 2. In this scenario, the two-point
function reduces to

⟨ϕ(τ)ϕ(0)⟩β =
π4

3β4

(
2 + cos

(
2πτ

β

))
csc4

(
π

β
τ

)
. (4.1.28)

Similarly to the previous example, this case can also be interpreted as the restriction
of the two-point function of a six-dimensional fundamental free scalar φ6d,

⟨φ6d(τ, r)φ6d(0)⟩β =
π

4β2r3

[
β coth

(
π(r − iτ)

β

)
+ β coth

(
π(r + iτ)

β

)
+

πr csch2

(
π(r − iτ)

β

)
+ πr csch2

(
π(r + iτ)

β

)]
. (4.1.29)

These particular examples and GFF theories in general represent an optimal play-
ground to test the equation (4.1.9) and its various different formulations since the OPE
coefficients a∆ can be easily extracted from the exact solution (4.1.22). It will be also
the base of the analytic bootstrap framework we will develop in Section 4.2.

4.1.3 Interlude on 2d CFTs on Cylinder

It is particularly instructive to test our finite temperature bootstrap methods in the case
of Virasoro primaries in two spacetime dimensions. In two dimensions, the two-point
functions of identical Virasoro primaries can be computed exactly as a consequence of
the conformal map between the plane and the cylinder because the conformal symmetry
remains unbroken. For this reason, two-dimensional CFTs provide an ideal setting to
test our finite-temperature bootstrap methods and verify their consistency.
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Moreover, since the conformal map is anomalous, the only non-vanishing thermal one-
point functions arise from operators in the Virasoro vacuum module, which are sensitive
to conformal anomalies. In particular, for a primary operator of conformal weights
(h, h̄), we have

⟨ϕ(τ, r)ϕ(0, 0)⟩β =

(
π

β

)h+h̄

csch
(
π

β
(τ + ir)

)
csch̄

(
π

β
(τ − ir)

)
. (4.1.30)

We then simplify the setup by considering the case of a scalar primary such that
h = h̄ = ∆ϕ/2. The operators that contribute to the OPE of this correlator are such
that ∆ ≥ J , with ∆ ∈ 2N and J ∈ 2N. In the following, for simplicity, we focus on the
cases in which ∆ϕ = 1.

It is useful to notice that the thermal blocks defined in general dimension in (4.1.5) are
not well-defined for d = 2. This is due to the fact that the OPE coefficients contain
a factor Γ(ν), which is diverging when ν = 0, i.e., d = 2. On the other hand, the
blocks contain the Gegenbauer polynomial C(0)

J (η) which is zero and compensates the
infinity of the OPE coefficient. Therefore, it is convenient to redefine the blocks and
OPE coefficients such that

f̃∆,J(τ, r) = lim
ν→0

J !

(ν)J
(τ + ir)

∆
2
−∆ϕ(τ − ir)∆

2
−∆ϕC

(ν)
J

(
τ√

τ 2 + r2

)
, (4.1.31)

and
aO =

fϕϕObO
2JcO

. (4.1.32)

By using this OPE we can extract the OPE coefficients from the thermal correlator
given in (4.1.30). For example, for ∆ϕ = 1, we obtain the OPE coefficients,

aJ = −2J+1LiJ(−1) . (4.1.33)

Equipped with the basic understanding of the finite temperature correlators and two
essential examples of such theories we move on to develop an analytic bootstrap frame-
work to compute one-point functions that arise with temperature.
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4.2 Analytic Structure and Setting up the Analytic Bootstrap

In this section, we establish an analytic bootstrap framework for CFTs at finite temper-
ature. Throughout, we focus on the two-point function of identical scalar operators and
exploit the analytic structure of this correlator. To investigate the analyticity proper-
ties of the thermal correlator, we begin by denoting the finite-temperature two-point
function of identical scalars as

g(τ, x) = ⟨ϕ(τ, x)ϕ(0, 0)⟩β , (4.2.1)

where we use the shorthand notation x = |x⃗| for the spatial dependence. An important
part of this work focuses on the study of these correlators at zero spatial coordinates
as given in (4.1.11), in which case we write

g(τ) = g(τ, 0) . (4.2.2)

When the spatial dependence is preserved, it is convenient to use the variables

z = τ + ix , z̄ = τ − ix . (4.2.3)

For compactness, we often write g(z, z̄) = g(τ, x) similar to the parametrization used
for the zero temperature four-point function given in (2.2.27) and the parameters in
(2.2.33). In the same spirit, another useful change of variables is given by

r2 = zz̄ , w2 =
z

z̄
. (4.2.4)

Both sets of variables are frequent in the literature and reminiscent of four-point func-
tions at zero temperature. In the z, z̄ parametrization, OPE given in (4.1.5) can be
written as

g(z, z̄) =
∑
O

aO f∆,J(z, z̄) , (4.2.5)

where the regime of convergence is
√
zz̄ =

√
τ 2 + x⃗2 < β. The thermal blocks f∆,J(z, z̄)

which are explicitly given in (4.1.5) are the leading contribution of the conformal blocks
at zero temperature (2.2.32) under the heavy-heavy-light-light limit. This limit is
obtained by taking two out of four external scalar operators to have large scaling
dimensions compared to the other two and it is related to the Eigenstate Thermalization
Hypothesis (ETH) introduced in [153]. Later on we discuss this point of view in more
detail in the context of holography in Section 4.3.

For the rest of this section, we set β = 1 without loss of generality. Then we can rewrite
the periodicity condition as stated in (4.1.9) in terms of the complex coordinates (4.2.3),

g(z, z̄) = g(1− z̄, 1− z) . (4.2.6)
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Each side of this equation can be expanded into thermal blocks following (4.2.5). In the
following, we call the left-hand side the s-channel and the right-hand side t-channel,
by analogy to crossing symmetry at zero temperature as depicted in (2.2.34). The
strength of the KMS relation is that it holds outside of the OPE regime, and using it
to reconstruct full correlators is the main goal of the thermal bootstrap program.

Note also that as a result of the reflection positivity and the hermiticity, the correlator
at finite temperature is real, which results in the relations

g(z, z̄) = g(z̄, z) ←→ g(r, w) = g(r, w−1) , (4.2.7)

and that discrete symmetry imposes

g(z, z̄) = g(−z,−z̄) ←→ g(r, w) = g(r,−w) . (4.2.8)

Beyond the basic properties of the thermal correlator listed above, there exists a set of
bootstrap axioms that will serve as our guiding principles. In deriving the dispersion
relations, we will assume throughout that these consistency conditions are satisfied.
After obtaining the dispersion relations for the cases r = 0 and r ̸= 0, we will return
to these assumptions and explicitly verify their validity. An important question is
whether these conditions are also satisfied by holographic correlators; this issue will be
addressed in Section 4.3.

Consistency conditions. In order to reconstruct the full correlator including the
out of OPE regime we can use the following conditions:

1. KMS condition. A fundamental property of thermal two-point functions is the
KMS condition (4.2.6).

2. Analytic structure. The analytic structure of thermal two-point functions must
match the ones described in Section 4.2.1 and 4.2.2 and illustrated in Figure 4.1
and Figure 4.2. In particular, the arc terms must have vanishing discontinuity.

3. Consistency with the OPE. The thermal two-point function must be consistent
with the operator product expansion as given in (4.1.5). The dispersion relation
is expected to reproduce the correct OPE spectrum up to low-spin operators,
which would then be encoded in garcs. Additionally, garcs can include low spin
corrections to the OPE coefficients of all operators.

4. Regge boundedness. In the variables (r, w), the thermal two-point function is
expected to be polynomially bounded in the Regge limit

g(r, w) ≤ wJ0 as w →∞ , r fixed. (4.2.9)
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Here, J0 is expected to be the low spin cutoff for the arc contributions.

5. Clustering at large distances. At large spatial separation, the two-point function
must satisfy the clustering condition which was introduced in (4.1.15),

g(z, z̄)
x→∞−−−→ ⟨ϕ⟩2β. (4.2.10)

In general, for theories without an enhanced symmetry structure,3 the expected
behavior is an exponential decay as given in (4.1.15),

g(z, z̄)
(z,z̄)→(i∞,−i∞)−−−−−−−−−→ ⟨ϕ⟩2β +O(eimth(z−z̄)), (4.2.11)

where mth ∝ 1/β is the thermal mass.

With these conditions in place, we are ready to formulate the analytical bootstrap
framework.

4.2.1 Case r = 0

In this section, we derive a novel dispersion relation for thermal correlators at zero
spatial separation and discuss how these correlators can be reconstructed using an
expansion in generalized free field correlators. We show that the zero spatial distance
limit, r = 0, introduces several interesting features. In this limit, the correlator g(τ)
depends solely on the Euclidean time coordinate, rendering the problem effectively
one-dimensional.

In this case, the OPE (4.1.11) is convergent everywhere on the thermal circle for τ ∈ R.
Upon analytic continuation in τ , this property is no longer manifest; however, we
demonstrate that the convergence persists in the analytically continued correlator.

Analytic structure in the complex τ -plane. When we consider g(τ) as a function
of the complex variable τ ∈ C, the analytic structure is strongly constrained by the
KMS condition: the function has simple poles on the real axis located at4

τ = nβ , n ∈ Z . (4.2.12)
3A simple counterexample is the 4d free scalar theory, where the correlator between fundamental

scalars decays as a power law: g(τ, x) ∼ 1/x.
4Note that there are other ways to fix the analytic structure as we analytically continue to complex

τ . A compelling way would be considering the light-cone singularities that are present when r ̸= 0

and choosing the cuts to extend in both directions. This would leave us with a strip of analyticity.
We can see that this is equivalent to our case by taking r = ϵ very small and computing the dispersion
relation in this case and then take ϵ→ 0.
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τ
τ

τ ′

τ

Figure 4.1: Left panel: Analytic structure in the complex τ -plane of the thermal two-
point function at zero spatial separation, g(τ). Right panel: The contours considered
to compute the correlation function in τ via a dispersion relation.

Branch cuts might additionally be present. To determine this, we focus on the region
|τ | < β, where we can expand the two-point function using the OPE (4.1.11). As
mentioned in Section 4.1, this system is effectively one-dimensional and the OPE is
not sensitive to the spin of the operators. The branching points in (4.2.12) would
depend on the conformal dimensions of the operators present in the OPE. Because of
periodicity (τ ∼ τ + nβ) and time reversal (τ ∼ −τ), such branch cuts cannot be
placed in arbitrary directions but are forced to lie along the imaginary time direction,
as shown in Fig. 4.1. It should also be noticed that if such branch cuts exist, they must
extend all the way to infinity.

Dispersion relation. Knowledge of the analytic structure in the complex τ -plane
allows us to write an explicit formula for g(τ) in terms of the discontinuity along the
branch cuts. To do this, we compute the correlation function around a point τ by using
the Cauchy integral formula

g(τ) =
1

2πi

∮
C
dτ ′

g(τ ′)

τ ′ − τ . (4.2.13)

The next step is to deform the contour C. We must consider two contributions: the
first comes from the infinite set of discontinuities along the cuts, while the second one
arises from the arcs at |τ | → ∞. We denote the latter as garcs(τ), and the two-point
function becomes

g(τ) = gdr(τ) + garcs(τ) , (4.2.14)

with

gdr(τ) =
∞∑

m=−∞

∫ 0

−i∞

dτ ′

2πi

Disc g(τ ′)

τ ′ +m− τ . (4.2.15)
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Here the sum runs over all the locations of the poles, automatically encoding the KMS
condition. Note that (4.2.15) is independent of d, the number of spacetime dimensions.

Arc contributions. In the following, we discuss the arc contributions in the disper-
sion relation (4.2.15), and show that they correspond at most to a constant.

The starting point is to notice that gdr(τ) captures the whole analytic structure of the
full correlator g(τ), which implies that garcs(τ) has to be an entire function. Similarly,
gdr(τ) is periodic by construction and thus

garcs(τ) = garcs(1− τ) . (4.2.16)

We now have to discuss the boundedness of the function garcs(τ). On the real axis,
the absence of finite poles and the periodicity ensure that the function is bounded.
Hence, we only need to focus on the behavior in the upper complex τ -plane; the lower
counterpart would be analogous.

Boundedness conditions. First of all, we prove that the function g(τ) is bounded as
|τ | → ∞. This can be shown by adapting one of the arguments in [146]. We can quan-
tize the thermal theory by identifying spatial slices Rd−2×S1

β on the thermal geometry
Rd−1×S1

β, where the quantum states are defined; the time variable is represented by the
missing spatial direction. This point of view was introduced in (4.1.17) and (4.1.18).
The circle compactification is now interpreted as a Kaluza–Klein compactification. The
two-point function can be rewritten as

g(τ) = ⟨ϕ(τ)ϕ(0)⟩β = ⟨Ψ|eiτPKK|Ψ⟩ , (4.2.17)

where |Ψ⟩ = ϕ(0)|0⟩Rd−2×S1
β
. The complex time evolution operator can be rewritten in

terms of two operators V and U defined as

V = e− Im(τ)PKK , U = eiRe(τ)PKK , eiτPKK = V
1
2UV

1
2 . (4.2.18)

Observe that V is a positive Hermitian operator while U is a unitary operator. By
Cauchy–Schwarz inequality we have

|g(τ)|2 ≤ ⟨Ψ|V 1
2V

1
2 |Ψ⟩⟨Ψ|V 1

2U †UV
1
2 |Ψ⟩ = ⟨Ψ|V |Ψ⟩2 . (4.2.19)

Therefore we have
|g(τ)| ≤ |g(i Im(τ))| . (4.2.20)

This equation shows that the problem of bounding the function g(τ) throughout the
upper half of the complex τ -plane can be reduced to bounding it along the imaginary
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axis, that is, to bounding the real-time correlator. The real-time correlator is free of
poles at finite real time and is bounded at infinity by the clustering decomposition of
the correlator in the limit |t| → ∞.

Using a similar argument, but employing the spectral decomposition (2.3.7) as discussed
in Section 2.3.1, one can show that the correlator is bounded in the complex τ -plane
by its values on the real axis [154],

|g(τ)| ≥ |g(τ + iη)| , τ, η ∈ R , (4.2.21)

which will also be useful in the holographic setup in Section 4.3.

Given the absence of finite poles on the imaginary axis, we conclude that g(τ) is
bounded by a constant on the imaginary axis and then on the entire upper complex
τ -plane. Secondly, we need to discuss the boundedness of the function gdr(τ) in the up-
per complex τ -plane. By construction, this function is polynomially bounded. Hence,
we conclude that garcs(τ) is at least polynomially bounded, but for the purposes of our
discussion it is enough to say

|garcs(τ)| < Ce|τ | , |τ | → ∞ , (4.2.22)

for any constant real number C, which is a weaker assumption than the polynomial
bound.

We conclude that the function garcs(τ) is entire, periodic on the real axis, and surely
exponentially bounded as in (4.2.22). As shown in [3], these conditions lead to the
conclusion

garcs(τ) = κ , κ ∈ R . (4.2.23)

A formula for g(τ ). We can now combine the insights we collected throughout this
section to derive a formula for g(τ) that is manifestly KMS invariant. Our strategy
is to insert the OPE (4.1.11) in the dispersion relation (4.2.15) and to commute the
discontinuity with the sum. Following the same arguments we used to understand
the arc contributions (4.2.23), this procedure misses at most a constant which can be
reabsorbed in κ. We then compute the discontinuity of single thermal blocks and find

DiscIm(τ)<0 τ
∆−2∆ϕ = τ∆−2∆ϕe

3
2
πi(∆−2∆ϕ)

[
1− e−2πi(∆−2∆ϕ)

]
, (4.2.24)

where the overall phase reflects the fact that we are parametrizing a contour surrounding
the lower imaginary axis. From this formula, one can immediately conclude that all
∆−2∆ϕ = 2n for n ∈ Z contributions vanish. If we only focus on the

[
1− e−2πi(∆−2∆ϕ)

]
factor in (4.2.24), it looks like the odd integers ∆−2∆ϕ = 2n+1 also do not contribute.
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However, we should keep in mind that for odd integers the integral in (4.2.15) diverges
and when we carefully regularize the vanishing of the discontinuity with the divergence
of the integral we conclude that they contribute as derivatives of delta functions.

Resumming the discontinuities for each operator that makes a non-vanishing contribu-
tion to the dispersion relation, we obtain an alternative expansion for the correlator:

g(τ) =
∑
∆

a∆

[
ζH(2∆ϕ −∆, τ) + ζH(2∆ϕ −∆, 1− τ)

]
+ κ , (4.2.25)

where in each term we find a kernel written in terms of Hurwitz ζ-functions multiplied
by the OPE coefficients a∆ that encode the dynamical information. The dependence
on β can be reintroduced by dimensional analysis, in that case it is also straightforward
to check that the limit β →∞ gives the correct zero-temperature correlator. A similar
equation appeared before in [155], where it was employed in the study of holographic
correlators through a different setup: in our work, this formula is derived by inverting
operators via dispersion relation.

In the rest of this section, we discuss the implications of (4.2.25). This expression is
powerful, as KMS invariance is built in term by term, as opposed to the thermal block
expansion (4.1.11). Furthermore, we note that (4.2.25) can be suggestively interpreted
as an infinite sum over two-point functions of fundamental scalars in GFF, which is
given in (4.1.24).

More explicitly, we conclude that thermal two-point functions at zero spatial separation
admit an expansion in terms of GFF correlators, with coefficients given by the thermal
OPE data.5 At zero temperature, a similar structure was proposed for one-dimensional
systems initially in [156] and later on in [157], in which solutions to the crossing equation
are expressed in terms of extremal solutions — minimal solutions that individually
satisfy crossing. In the same spirit, (4.2.25) implies that GFF correlators form a basis
for thermal two-point functions.

This formulation can be made immediately useful in perturbative settings or in cases
where the spectrum is protected by additional symmetries (for instance free or super-
symmetric theories). The kernel gGFF(τ,∆) vanishes identically when ∆−2∆ϕ ∈ 2Z>0,
leading to considerable simplifications in favorable circumstances. For example, for
GFFs as described in Section 4.1.2, the double-twist operators [ϕϕ]n,J do not con-
tribute in a generalized free field theory, and the correlator g(τ) is fully reconstructed

5Note that correlators produced with the dispersion relation can escape this statement if they are
not consistent with the boundedness condition discussed in this section. The arc contributions are
non-trivial in this case which will be the case for holographic setups.
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by the term corresponding to the identity operator. In a general interacting theory,
the double-twist operators acquire anomalous dimensions, and in principle their contri-
bution needs to be considered. Nonetheless, a classical result from analytic conformal
bootstrap [39, 158–160] gives

∆ = 2∆ϕ + 2n+ J + γ , γ ∼ O

(
1

J

)
as J →∞ . (4.2.26)

This means that in the large spin limit, the OPE spectrum approaches that of a gen-
eralized free field. Therefore the double-twist operators do not contribute to the dis-
continuity, since

DiscIm(τ)<0 τ
∆−2∆ϕ ∝ 1

J
. (4.2.27)

Clearly, this conclusion is correct only if a∆ does not grow as J in the large spin
limit. This behavior is theory dependent. The simplest setting in which one can
explicitly illustrate the dispersion relation (4.2.15) and see the generalized free field
(GFF) approximation at work in the r = 0 limit is the GFF theory itself.

GFF in τ -plane. We first test (4.2.25). Odd-spin double-twist operators do not
contribute to the discontinuity due to parity symmetry; using the identity

ζH(−2n, τ) + ζH(−2n, 1− τ) = 0 , ∀n ∈ Z>0 , (4.2.28)

we conclude that even-spin double-twist operators do not contribute as well, since
GFF is non-interacting and anomalous dimensions do not arise. We conclude that the
identity operator is the only operator contributing to the discontinuity. The formula
(4.2.25) becomes

g(τ) = ζH(2∆ϕ, τ) + ζH(2∆ϕ, 1− τ) , (4.2.29)

matching the known result from (4.1.22). A remarkable general observation about the
r = 0 limit is that, due to the simplified structure of the OPE in (4.1.11), the entire
spectrum of a non-trivial interacting theory collapses into a collection of double-twist
families, mirroring the structure found in GFF theory.

The 2d ∆ϕ = 1 in complex τ -plane. As the second example we consider the 2d

Virasoro correlator. Here, we would like to use (4.2.25) to compute the correlator in
the complex τ -plane. All the operators in the OPE, being the operators in the vacuum
module, have dimensions ∆ = 2 + N, and since odd-spin operators do not contribute,
all the dimensions corresponding to non-zero one-point functions are associated with
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Figure 4.2: Left panel: Analytic structure of a thermal correlator in the complex
w-plane. Right panel: Contours used in the derivation of the dispersion relation.

even conformal dimensions. As a consequence of (4.2.28), we find that only the identity
operator contributes to the correlator. This leads straightforwardly to

g(τ) = ζH(2, τ) + ζH(2, 1− τ) + κ = π2 csc2(πτ) + κ , (4.2.30)

which perfectly matches the exact result in (4.1.30) with κ = 0. Later on we will
detailly consider the O(N) model as an example in Section 4.2.4. And consider the
Fourier transform of the KMS invariant thermal blocks given in (4.2.25) in Section
4.2.3, but for now we move on to the general case of r ̸= 0.

4.2.2 Case r ̸= 0

We now extend our analysis of the previous section to the case in which the spatial
distance between the two external operators is kept non-vanishing. We first review the
derivation of the dispersion relation presented in [152] and discuss the arc contributions.
We then lay out our strategy for reconstructing correlators, using the OPE and a set
of consistency conditions. This is applied through two different methods: the first one
is numerical and relies on the form of the large-spin expansion for OPE coefficients.
The second one is analytical, where correlators are obtained through promoting the
dispersion relation of [152] to a version that is KMS invariant by construction.

For non-zero spatial coordinates, a dispersion relation was already derived in [152]; we
review here the derivation from the analytic structure and the formula.

Analytic structure in the w-plane. The procedure to compute the dispersion re-
lation is similar to the one described above for the case of the τ -plane, but using the
analytic structure in the complex w-plane. It was argued in [146] that the correspond-
ing analytic structure is the one depicted in Fig. 4.2. This particular structure can
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be extracted from the thermal conformal blocks which are explicitly given in (4.1.5).
However, to argue that there are no singularities apart from the poles and the cuts that
may appear on the real w axis depending on the spectrum of the theory we need the
KK formalism presented in Section 4.1.1 to extend this to the entire complex w-plane.
Here, we review the argument. Firstly, the convergence of the s-channel OPE is enough
to ensure analyticity in the annulus

r < |w| < 1

r
, (4.2.31)

this region is also highlighted in the Right Panel of Figure 4.4. To ensure analyticity in
a larger region we consider the KK picture (4.1.19) in a similar but more general way
than (4.2.20) and rewrite the thermal correlator as

g(z, z̄) = ⟨Ψ|e−HKKx1+iτPKK |Ψ⟩
= ⟨Ψ|e i

2
(HKK+PKK)z− i

2
(HKK−PKK)z̄|Ψ⟩ (4.2.32)

Here, both operators HKK and PKK are hermitian. By using the following definitions
we can separate the correlator into a combination of a unitary and hermitian operator
respectively,

U = e
i
2
(HKK+PKK)Re(z)− i

2
(HKK−PKK)Re(z̄) (4.2.33)

V = e−
1
2
(HKK+PKK)Im(z)+ 1

2
(HKK−PKK)Im(z̄) . (4.2.34)

Then we can bound the correlator by using Cauchy-Schwarz inequality,

| ⟨Ψ|V 1/2UV 1/2|Ψ⟩ | ≤ ⟨Ψ|V 1/2V 1/2|Ψ⟩1/2 ⟨Ψ|V 1/2U †UV 1/2|Ψ⟩1/2

= ⟨Ψ|V |Ψ⟩ . (4.2.35)

To argue that the correlator is indeed bounded and there are no additional poles on
the w-plane we need the operators HKK ± PKK to be bounded from below. Although
this is the case in flat space, the positivity of these operators for any discrete eigenvalue
of PKK is not obvious. In [146], the authors claim that for sufficiently large quantized
momentum, the spectrum of HKK approaches the flat space one, thus the assumption
of the operator HKK±PKK being positive for all momenta is physically reasonable. We
also use this assumption to ensure boundedness of the correlator and fix the analytic
structure of the correlator on w-plane to the one given in Figure 4.2.

Dispersion relation. As always, the starting point is to consider the two-point func-
tion at a generic point w and make use of Cauchy’s formula to rewrite it as a contour
integration:

g(r, w) =

∮
C

dw′

2πi

g(r, w′)

w′ − w . (4.2.36)
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We can then deform the contour to go around the cuts: this turns into an integral over
the discontinuity of g(r, w), and dropping the arcs we obtain6

gdr(r, w) =

∫ r

0

dw′

2πi

w2(1− w′4)

w′(w′ − w)(w′ + w)(1− w2w′2)
Disc g(r, w′) . (4.2.37)

The full correlator is then in principle given by7

g(r, w) = gdr(r, w) + garcs(r, w) , (4.2.38)

where garcs(r, w) comes from the contribution of the integral in the limit |w| → ∞.

Inserting OPE. After deriving the dispersion relation as above to attempt to com-
pute the correlator we insert the t-channel of the OPE (4.2.5) in the dispersion relation
(4.2.37) and commute the discontinuity with the sum:

DiscRe(z̄)>0 g(z, z̄) =
∑
O

aO DiscRe(z̄)>0 f∆,J(1− z, 1− z̄) . (4.2.39)

Similarly to what we already discussed in Section 4.2.1, the blocks do not contribute
when ∆ − 2∆ϕ ∈ 2Z>0, and in favorable settings the correlator can be reconstructed
from a finite number of contributions. This happens because the thermal blocks behave
schematically near z̄ = 1 as

f∆,J(1− z, 1− z̄) ∼
∆ϕ−(∆−J)/2∑

k=1

1

(1− z̄)k + regular , (4.2.40)

while the discontinuity vanishes for integer powers (the regular terms):

DiscRe(z̄)>0(1− z̄)α = 0 , α ∈ Z>0 . (4.2.41)

For the blocks that survive the discontinuity, the following identity holds both when
α ∈ Z<0 or when α is not an integer:

DiscRe(z̄)>0(1− z̄)α = 2i sin(απ) (z̄ − 1)αΘ(Re(z̄)− 1) , α /∈ Z>0 . (4.2.42)
6The precise derivation involves making use of the reality and parity conditions given in (4.2.7) and

(4.2.8) to combine the contours into one expression. The steps are in one-to-one agreement with the
derivation provided in [161, 162] for the defect case, which shares the same analytic structure, apart
from the fact that parity has to be imposed. Note that, in Eq. (5.5) of [152], there is an additional
term with a residue. We do not keep track of this term here, as its main purpose is to reconstruct the
identity contribution.

7It should be emphasized at this point that the dispersion relation (4.2.37) is fully equivalent to the
Lorentzian inversion formula of [146] (see Section 5.2 of [152] for details). The fact that it relates the
discontinuity of the correlator to itself simply provides a shortcut to calculating the OPE coefficients
individually.
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OPE and out-of-OPE contributions. At zero temperature, the procedure de-
scribed above typically already reproduces the correlator up to the arc contributions.
An additional obstacle is introduced at finite temperature, which stems from the fact
that the OPE is not convergent everywhere. Compared to the complex τ -plane case, the
prescription to exchange the discontinuity operation with the OPE expansion requires
additional consideration. This can be seen directly from (4.2.37), since the integral
runs over w ∈ (0, r), with r =

√
x2 + τ 2, and the OPE only converges for r < 1. One

can indeed verify that the function gdr(r, w) is in this case not KMS invariant. This
discrepancy can be understood by employing the Lorentzian inversion formula of [146],
which returns a function a(∆, J), whose poles correspond to the OPE coefficients of
our correlator of interest. As already identified in [146],8 we need to distinguish two
types of contributions:

⋆ OPE contributions. This type of contribution schematically appears in the inver-
sion formula through integrals of the following form:∫ ∞

1

dz̄
z̄
z̄∆ϕ−h̄−m Disc(1− z̄)c ∼ J−c−1 + . . . , (4.2.43)

where h̄ = (∆ + J)/2 and m ∈ Z≥0. This highlights the fact that contributions
from the OPE region to the coefficients are polynomially suppressed in the spin
J ;

⋆ Out-of-OPE contributions. This type of contribution is schematically represented
instead as integrals of the form∫ ∞

2

dz̄
z̄
z̄∆ϕ−h̄−mf(z̄) ∼ 2−J + . . . . (4.2.44)

In this case, we learn instead that the out-of-OPE region encodes terms that
are exponentially suppressed in the spin J . These terms are missing from the
Lorentzian inversion formula, and similarly they are not captured by the disper-
sion relation (4.2.37).

This analysis suggests that the thermal correlator g(z, z̄) can be split into two parts,
each associated to one type of contribution:

g(z, z̄) = gOPE(z, z̄) + gout-of-OPE(z, z̄) , (4.2.45)

where gOPE(τ, x) can be identified with the dispersion relation and its arc completion.
8See Section 6 for additional detail.
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Consistency conditions. We now discuss the consistency conditions that can be
imposed on the correlator in order to reconstruct the function gout-of-OPE(z, z̄):

1. KMS condition. A fundamental property of thermal two-point functions is the
KMS condition (4.2.6);

2. Analytic structure. The analytic structure of thermal two-point functions must
match the one described above and illustrated in Fig. 4.2. In particular, the arc
terms must have vanishing discontinuity;

3. Consistency with the OPE. The thermal two-point function must be consistent
with the operator product expansion. The dispersion relation is expected to
reproduce the correct OPE spectrum up to low-spin operators, which would then
be encoded in garcs;

4. Regge boundedness. In the variables (r, w), the thermal two-point function is
expected to be polynomially bounded in the Regge limit

w →∞ , r fixed; (4.2.46)

5. Clustering at large distances. At large spatial separation, the two-point function
must satisfy the clustering condition

g(z, z̄)
x→∞−−−→ ⟨ϕ⟩2β. (4.2.47)

The precise approach to this asymptotic value depends on the theory. In general,
for theories without an extensive symmetry structure,9 the expected behavior is
an exponential decay

g(z, z̄)
x→∞−−−→ ⟨ϕ⟩2β +O(e−mthx), (4.2.48)

where mth ∝ 1/β is the thermal mass.

A numerical approach. Our first approach to reconstruct gout-of-OPE(z, z̄) is based
on the fact that the corrections in spin are organised into a set of exponential corrections
to the large-spin expansion of the OPE coefficients:10

aO = a
(dr)
O

(
1 +

∞∑
n=1

cn
nJ

)
. (4.2.49)

9A simple counterexample is the 4d free scalar theory, where the correlator between fundamental
scalars decays as a power law: g(τ, x) ∼ 1/x.

10Strictly speaking, (4.2.49) is reliable for the spin of the operator being large enough. This is
discussed in further detail in this section when we discuss arc contributions. For the sake of the
discussion, we ignore the arc contributions here.
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where c1 = 1 and the blue term is the contribution to aO given by the dispersion
relation applied to the t-channel expansion, and contained in gOPE(z, z̄). a

(dr)
O has at

most a polynomial dependence on J . The red terms instead are part of gout-of-OPE(z, z̄)

and they encode the exponential dependence on J . Intriguingly enough this expansion
is reminiscent of expansion of one-point functions in terms of polylogarithms [163, 164].
Each exponential correction in the spin comes with an unknown coefficient cn to be
fixed.

These coefficients can be fixed numerically by requiring that the candidate correlator
satisfies KMS invariance

gcand(z, z̄)
!
= gcand(1− z, 1− z̄) . (4.2.50)

In practice, this procedure requires truncating the sum over exponential corrections to
a finite order nmax. One can then solve for a finite number of coefficients cn numerically
and verify the stability and convergence of the procedure by varying nmax.

In the free theory we know that the only operator contained in the arcs is the identity
operator: its one-point function is simply the normalization of the scalar field ϕ and
we can decide to unit-normalize its zero-temperature two-point functions so that a1 =

1. Even after adding this contribution by hand, the function is not KMS invariant.
According to the discussion above, the ansatz for the correlator is

g(z, z̄) = gdr(z, z̄) +
1

zz̄
+

∞∑
n=1

cng
(n)
comp.(z, z̄) , (4.2.51)

where the first term is simply the outcome of the dispersion relation, the second term
the identity operator contribution, which in this case is the only term in the arcs, and
the last term should be the contribution to the thermal OPE coefficients coming from
the region out of the OPE regime. The Ansatz for this contribution is given by

aO = a
(dr)
O

(
1 +

∞∑
n=0

cn
nJ

)
. (4.2.52)

In the free scalar case, the only operators in the OPE are the higher-spin currents
[ϕϕ]0,J : the compensation at any order in n, i.e., in 1/nJ , can be computed directly by
summing over all the operators. As a result we have

g(n)comp. =
n2 (n2 + zz̄)

(n2 − z2) (n2 − z̄2) . (4.2.53)

In order to impose KMS, we need to truncate the Ansatz 4.2.51 to some nmax and
numerically find the coefficients cn by expanding the correlator both around z, z̄ ∼ 0 and
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Table 4.1: Results for the first coefficients ck for the corrections in spin for the case
∆ϕ = 1, obtained from the KMS condition.

nmax 2 3 4 5 10 Exact results
c2 0.614 0.486 0.501 0.500 0.500 1/2 = 0.5

c3 - 0.384 0.172 0.232 0.222 2/9 = 0.222 . . .

c4 - - 0.323 0.017 0.125 1/8 = 0.125

2 3 4 5 10 15 20 25 30

2
25

1
8

2
9

1
2

c2

c3

c4

c5

Figure 4.3: Coefficients of the first five corrections of Eq. (4.2.51) as a function of
nmax. Notice that when nmax increases, the corrections stabilize rather quickly to the
values that correctly re-establish KMS invariance of the corrected correlator.

z, z̄ ∼ 1. The value of nmax can be then modified to verify the stability of the solutions
explicitly. In this specific case, by considering nmax large enough it is possible to notice
that all the coefficients are rational (as expected from the analytic solution) and the
exact value can be determined with the function Rationalize in Mathematica.

For the sake of clarity we show in Table 4.1 and Fig. 4.3 the evolution of the solutions
for the first coefficients imposing KMS while varying the number of corrections nmax.
We observe a very fast convergence, in particular for the first corrections. The reader
can already notice a clear pattern, which is confirmed also from higher coefficients. In
particular,

cn =
2

n2
. (4.2.54)

In fact, this fixes the OPE coefficients to be a[ϕϕ]0,J = 2ζ(2 + J), in perfect agreement
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Im x

Re x

τ

w

Figure 4.4: Left panel: Illustration of the analytic structure of the thermal two-point
function in the complex x-plane, following [165]. The different planes represent integer
shifts in τ . The lines crossing the end points of the cuts show the lightcone τ 2 = (ix)2.
Right panel: The blue-shaded annulus (with the solid contours) represents the region
of convergence of the OPE in the s-channel in the w-plane, as shown in [146]. The
orange-shaded annulus (with the dashed contours) schematically depicts how the region
of convergence of the OPE shifts with one image. This illustrates how (4.2.56) captures
the full correlator by starting with one OPE region (in this case the t-channel) and
summing over its images.

with the exact results. The same analysis can be carried out for the O(N) model in 4−ϵ
dimensions as well. However, for theories with much more complicated spectra, such
computations quickly become intractable, necessitating a more powerful approach.

The generalized method of images. The numerical method discussed above is
conceptually straightforward, but it can become technically challenging when many
operators contribute to the dispersion relation. For this reason, it is useful to explore
an alternative approach and impose KMS invariance explicitly, starting directly from
the output of the dispersion relation. To motivate this, let us recall the dispersion
relation in the complex τ -plane (4.2.15). In that case, each operator in the OPE
contributes via a KMS-invariant function, constructed by summing over all its thermal
images. Figure 4.4 shows that this is also the case in the complex x-plane.

One might wonder whether a similar construction can be generalized to the case of
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non-zero spatial distance. The key observation is that any non-periodic function f(τ)

can be used to build a function f̃(τ) periodic by construction

f̃(τ) =
∞∑

m=−∞

f(τ −m) , (4.2.55)

and, conversely, any periodic function admits such a decomposition through Poisson
resummation. This suggests a natural Ansatz for the correlator: since gdr(τ, x) is not
KMS-invariant, periodicity can be reinstated by construction as follows11

g(z, z̄) =
1

2

∞∑
m=−∞

gdr(z −m, z̄ −m) + garcs(z, z̄) . (4.2.56)

We refer to (4.2.56) as the generalized method of images. This conjecture can be seen
to satisfy most of the consistency requirements listed in Section 4.2:

1. KMS condition. This condition is automatically satisfied by construction in
(4.2.56), as the sum over images ensures periodicity;

2. Analytic structure. This requirement is also satisfied, since each image is built
out of the dispersion relation, which by definition implements the correct analytic
behavior;

3. Consistency with the OPE. In equation (4.2.44), we showed that the image terms
contribute only 1/nJ corrections to the thermal OPE coefficients, and thus (4.2.56)
is consistent with the OPE structure by construction. In the right panel of Figure
4.4 we show the OPE contribution (blue shaded region) and the same contribu-
tion shifted by one unit of β (orange shaded region), which therefore is an out
of OPE contribution in the sense of (4.2.45). The figure provides a pictorial
demonstration of the mechanism underlying the generalized method of images;

4. Regge boundedness. This assumption plays a crucial role in the dispersion relation.
In fact one has that for the term m = 0 in the Regge limit the result of the
dispersion relation is polynomially bounded. If m ̸= 0, this is less trivial to
conclude since under z → z −m and z̄ → z̄ −m we have

r → r̃ =
√
r2 −mz −mz̄ +m2 , (4.2.57)

11The factor 1/2 comes from the fact that by summing in m ∈ Z we are over-counting the images,
since when we computed the dispersion relation we already used the symmetry w → −w.
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and therefore for w → ∞ and r fixed for m ̸= 0 we have r̃ → ∞ in the images.
Nonetheless the images of the dispersion relation can be defined by considering
(4.2.37) and making the change of variable z → z −m and z̄ → z̄ −m. One can
notice that if the integral is polynomially bounded for m = 0 this is also the case
for m ̸= 0. Therefore every g(O)(z −m, z̄ −m) is bounded and thus we expect
the full sum over the generalized images to converge;

5. Clustering at large distances. This condition is not automatically built into
(4.2.56), and must be checked on a case-by-case basis. If the sum over images does
not reproduce the correct large-distance behavior, the term garcs must compensate
for it.

One may now insert the OPE inside (4.2.56) to produce a formula in the gist of (4.2.25).
We then obtain the following convenient expression:

g(z, z̄) =
1

2

∑
O

aO

∞∑
m=−∞

f∆,J(z +m, z̄ +m) + garcs(z, z̄) , (4.2.58)

i.e., the correlator can be reconstructed by summing the thermal blocks over images.

Arc contributions. In the case of the complex τ -plane, we were able to show that
the arc terms are given at most by a constant. When spatial separation is non-zero, we
need to distinguish between the arcs of the dispersion relation, i.e. the function garcs in
(4.2.38) , and the arcs after generalized images defined in (4.2.56). In this Section we
bound the piece with arc contributions. Here we should expect operators of low spin
J < J∗ to appear in garcs(τ, x):

garcs(τ, x) =
∑
∆

∑
J<J⋆

a
(arcs)
O

(
x2 + τ 2

)∆
2
−∆ϕ C

(ν)
J

(
τ√

x2 + τ 2

)
=
∑
J<J⋆

FJ(τ, x)C
(ν)
J

(
τ√

x2 + τ 2

)
, (4.2.59)

where J∗ is an assumption in practical cases. If the generalized method of images
suggested in this section produces the correct clustering decomposition behavior at
large distances, then we must have

lim
x→∞

garcs(τ, x) = 0 ⇒ lim
x→∞

FJ(τ, x) = 0 , (4.2.60)

as given in [152]. However the only function FJ(τ, x) satisfying this property with garcs

being KMS invariant is FJ(τ, x) = 0. To see this, use τ → τ +m and the limit m→∞
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Table 4.2: Thermal OPE coefficients in the 4d free scalar theory extracted by expand-
ing the exact correlator, using the dispersion relation (DR), which is shown to match
the result of the Lorentzian inversion formula (LIF), and generalized method of images
(GMI). Only even-spin operators contribute.

O a
(exact)
O = a

(GMI)
O a

(DR)
O

1 1 0

[ϕϕ]0,J 2ζ(2 + J) 2

while considering (4.2.60). Clearly, this argument fails in cases where the generalized
images do not exhibit the correct behavior as x → ∞. The contribution from garcs is
therefore theory-dependent and must be analyzed on a case-by-case basis.

The argument presented above supports the uniqueness of the function garcs within the
given framework. Specifically, for any candidate function that satisfies the axioms of
the thermal bootstrap — most notably, the correct clustering decomposition of the
correlator — the reasoning can be repeated to confirm that no additional contributions
are required. While this does not amount to a full uniqueness theorem for the thermal
bootstrap in the sense of [150, 152], as it relies on prior knowledge of the correlator’s
discontinuity, it does imply that the generalized method of images may omit, at most,
a uniquely determined and well-characterized function. As such, the correlator remains
unambiguous within this approach.

After discussing the main intricate details of the generalized method of images, we can
now apply it to the simplest examples in order to gain intuition about the construction
and demonstrate the power of this approach.

GFF in r ̸= 0 case. For simplicity, we focus on the 4d free scalar theory, with
∆ϕ = 1. We first perform the sum over the images to obtain

1

2

∞∑
m=−∞

gdr(z −m, z̄ −m) = − π

(z − z̄) [cot (πz)− cot (πz̄)] . (4.2.61)

This expression already encodes the correct clustering behaviour at infinite distance,
hence we conclude that the sum over images already solves the thermal bootstrap
problem without any arc correction.

One may ask whether the usual method of images, Eq. (4.1.22), coincides with the
generalized method of images, Eq. (4.2.61): the two methods can be shown to be
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equivalent, since in the case of GFF, the dispersion relation can be reshaped into the
sum over the images of the free propagator, by using the relation

∞∑
m=−∞

1

(z −m+ n)∆ϕ(z̄ −m+ n)∆ϕ
=

∞∑
m=−∞

1

(z −m)∆ϕ(z̄ −m)∆ϕ
, (4.2.62)

for any integer n, by a simple change of summation variable.

Virasoro primaries with ∆ϕ = 1 in r ̸= 0 case. In two spacetime dimensions,
operators with twist zero, i.e., ∆ = J , contribute to the discontinuity in the dispersion
relation (4.2.37). The contribution of each single block is

g
(J)
dr (z, z̄) = 21−JaJ

(1 + zz̄)(1− zz̄)J
zz̄ (1− z2) (1− z̄2) . (4.2.63)

In order to sum over all these contributions, we need the thermal OPE coefficients aJ
given in (4.1.33). In this case, we have access to the exact result and in particular12

aJ = −2J+1LiJ(−1) . (4.2.64)

Summing over all the contributions, we conclude that

gdr(z, z̄) =
2π (1− z2z̄2)

zz̄ (1− z2) (1− z̄2) csc(πzz̄) . (4.2.65)

This expression can be expanded in blocks as usual, from which we find that a1 = 0

while all the other OPE coefficients organize in the following sequence:

a∆,J = −4Li∆−J
2
(−1) , (4.2.66)

which can be verified to be the correct large-spin behavior of all the OPE coefficients
that can be extracted from (4.1.30).

In order to reproduce (4.1.30), our prescription would be to sum over all the images
of the output of the dispersion relation. Here for simplicity we limit ourselves to two
limits (z = z̄ and z = −z̄) and show that they correspond to the expectation (4.1.30).

The first case corresponds to the limit in which the two operators are placed on the
same thermal circle, i.e., at zero spatial separation. It is easy to show that only the
sum of images over the identity block gives a non-zero result, we get

g(z, z) = π2 csc2(πz) , (4.2.67)
12Notice that all twists appear in the thermal block expansion of (4.1.30) for ∆ϕ = 1. Using our

dispersion relation, we only need one family (∆ = J) to reconstruct them all.
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Table 4.3: Thermal OPE coefficients in the 2d Virasoro primary (∆ϕ = 1) two-
point function extracted by expanding the exact correlator, using the dispersion relation
(DR), and generalized method of images (GMI). Only even-spin operators in the vacuum
module contribute.

O a
(exact)
O = a

(GMI)
O a

(DR)
O

1 1 0

O∆,J 4 Li∆−J
2
(−1)Li∆+J

2
(−1) −4 Li∆−J

2
(−1)

which matches (4.2.30).

The other limit is z = −z̄ = ix, which corresponds to the case in which the time
distance is zero but the spatial distance is finite. In this case, we have

g(ix,−ix) =
∞∑

m=−∞

gdr(m+ ix,m− ix)

=
1

2

∞∑
m=−∞

(
1

x2 + (m− 1)2
+

1

x2 + (m+ 1)2

)

−
∑
∆≥2

2∆Li∆(−1)
∞∑

m=−∞

(
(m− 1)∆

x2 + (m− 1)2
+

(m+ 1)∆

x2 + (m+ 1)2

)
, (4.2.68)

where we already neglected terms which are zero after analytic continuation. We find

g(ix,−ix) = π2csch2(πx) , (4.2.69)

which matches (4.1.30) when h = h̄ = 1/2 and z̄ → −z = −ix.

4.2.3 Momentum Space

A complementary approach to implementing the generalized method of images for the
dispersion relation in position space is to transition to a momentum-space descrip-
tion. In this context, it is natural to ask whether an analogue of the operator product
expansion exists in momentum space.13 It turns out that the notion of the OPE in
momentum space is closely tied to the dispersion relation in position space.

13Related questions for zero-temperature four-point functions are discussed in [166–168].
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OPE in momentum space. The main obstacle to translating the OPE expansion
into momentum space is that the OPE converges only within a finite region determined
by the size of the thermal circle, specifically τ 2 + x2 < β2. As a result, the Fourier
transform does not commute with the OPE. Nevertheless, the concept of OPE can
still be applied in the regime of large momenta, which corresponds to small distances.
In fact, a well-defined OPE has been shown to exist in momentum space in the limit
ω →∞, with ξ = |⃗k|/ω held fixed [169].

Only in this limit can one claim that the two-point function in momentum space is
approximated by its OPE

g(ω, k) = ⟨ϕ(ω, k)ϕ(−ω,−k)⟩β ω→∞∼
∑
O

aOf̃∆,J(ωn, k) , (4.2.70)

where f̃∆,J represents the Fourier transform of the thermal OPE block. The blocks
have been determined in [165]:

f̃∆,J(ωn, k) =

J/2∑
j=0

c
(ν)
J,j

2β−π
d
2Γ(β+)

Γ(α)

2F1

(
β−, 1− β−; 1− β+; k+iωn

2k

)
kβ−(k + iωn)β+

+O(e−k) , (4.2.71)

where we denote k = |⃗k| and ωn = 2πn are the Matsubara modes. We also define

j̃ =
J

2
− j, ∆̃ =

∆

2
−∆ϕ , α = j̃ − ∆̃ , β± =

d

2
+ ∆̃± j̃ , (4.2.72)

and
c
(ν)
J,j = (−1)j Γ(J − j + ν)

Γ(ν) j! (J − 2j)!
2J−2j . (4.2.73)

Notice that all the blocks corresponding to the operators [ϕϕ]n,J with dimensions ∆ =

2∆ϕ+2n+J do not appear in the momentum space OPE, and these are the operators
which also do not contribute to the dispersion relation as given in (4.2.41).

In general, up to exponentially suppressed corrections at small momenta, the momen-
tum space correlator can be transformed back to position space by performing an inverse
Fourier transform in flat space, followed by a Poisson resummation to lift the result to
the thermal manifold:

gpert(τ, x) =
∞∑

m=−∞

1

(2π)d

∫
Rd

dω dd−1k⃗ g(ω, k⃗) ei(τ+m)ω+ik⃗·x⃗ . (4.2.74)

This final expression for the two-point function closely resembles the generalized method
of images introduced in (4.2.56). For the GFF and Virasoro primaries considered in
4.2.2, we compute the corresponding momentum-space thermal blocks and compare
them to the dispersion relation results computed previously.
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GFF in momentum space. We compute the contributions of the momentum space
conformal blocks to the momentum space correlator by using (4.2.70). Out of all the
operators that are contributing to the OPE (4.1.21), only the identity operator has a
non-zero contribution in momentum space:

f̃0,0(ωn, k⃗) =
4π2

(k2 + ω2
n)

. (4.2.75)

In particular, exponential corrections e−k are not present, since the theory is free.
As a check, we transform the 4d momentum-space correlator back to position space,
expecting to recover the exact known result. To do so we perform the four-dimensional
inverse Fourier transformation on flat space R4, followed by a Poisson resummation to
recover the result on S1

β × R3. The result is

g(τ, x) =
π

2x
[coth(π(x+ iτ)) + coth(π(x− iτ))] , (4.2.76)

which coincides with (4.2.61) when translated into z, z̄ coordinates.

Virasoro primary with ∆ϕ = 1 in momentum space. In momentum space,
the only non-trivial contributions come from the identity operator and the operators
obeying the condition ∆ = J . In this case, the Fourier thermal blocks read

f̃0,0(ωn, k) = −
1

2
π
[
log
(
k2 + ω2

n

)
+ 2γE − 2 log 2

]
, (4.2.77)

f̃∆,∆(ωn, k) = 2∆−1πΓ(∆)
1

(k + iωn)∆
. (4.2.78)

Summing over all these contributions by inserting the correct OPE coefficients only
gives us the momentum space OPE contributions:

g̃OPE(ωn, k) = −2f̃0,0(ωn, k)− 2
∞∑

∆=2

Li−1(∆)f̃∆,∆(ωn, k) . (4.2.79)

We can perform the sum over all twist-zero operators above. The sum over these
operators diverges, nonetheless it is possible to perform the Borel transformations and
Laplace transform back the result: this procedure results in a regularization of the sum
over the twist zero operators.

We conclude that the momentum space OPE contribution of the two-point function is
given by

g̃OPE(ωn, k) = π
[
log
(
k2 + ω2

n

)
+ 2γE − 2 log 2 + 1

]
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− i(k + 2πin)

4
ψ(1)

(
1− n
2

+
ik

4π

)
− i(−k + 2πin)

4
ψ(1)

(
1− n
2
− ik

4π

)
. (4.2.80)

On the other hand, the Fourier transform of the full thermal two-point function given
in (4.1.30) is

g̃(ωn, k) = −π
[
ψ(0)

(
1 + n

2
− ik

4π

)
+ ψ(0)

(
1 + n

2
+
ik

4π

)]
, (4.2.81)

which also appears in [170]. While (4.2.80) does not capture the non-perturbative
corrections at small k, those are captured by the Fourier transform of the generalized
method of images in (4.2.81). In contrast, the momentum-space thermal blocks clearly
miss these contributions, as expected.

In the theories that admit a perturbative expansion in terms of a small parameter (cou-
pling constant, dimensional regularization parameter ε etc.), we find perfect agreement
between the Fourier transform of the momentum-space OPE and the result obtained
from the dispersion relation. This agreement holds not only at the level of the full
correlator, but also block by block. This is not surprising, given that the momentum-
space correlator can itself be expressed in terms of the discontinuity of the position
space correlator (see equation (4.5) in [165]).

The distinctive feature of perturbative correlators is the fact that terms of the form
e−k cannot appear: any such contribution would originate from diagrams that behave
as exponentials of momenta, which would violate locality in quantum field theory. As
a consequence, there are non-analytic corrections to the OPE in momentum space,
explaining the exact match between the momentum-space OPE and the full correlator
reconstructed via the generalized method of images.

When the correlator is considered at the non-perturbative level, corrections of the type
e−k may appear either throughf resummations of diagrams or as renormalon/instanton
corrections. These contributions do not allow us to have a full control over the mo-
mentum space OPE of the correlator, as shown explicitly above for correlators in two
dimensions.

Nonetheless, we emphasize that the exact knowledge of the correlator provided by
the generalized method of images offers a constructive way to compute the exponential
corrections to the OPE blocks. As previously noted, the method of images applied to the
inversion of each block g(O)

dr (r, w) can be interpreted as a KMS-symmetric inversion of
the contribution from the operatorO. In perturbation theory, this quantity coincides —
upon Fourier transformation — with the momentum-space OPE block associated with
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O. This observation naturally suggests a non-perturbative extension: we propose that
the Fourier transform of (4.2.56), applied to a single block, defines the momentum-space
OPE block associated with the operator O beyond perturbation theory. Explicitly, this
leads to the following non-perturbative definition of the momentum-space OPE block:

f̃∆,J(ωn, k⃗) =

∫ 1

0

dτ eiωnτ

∫
Rd−1

dd−1x⃗ eik⃗·x⃗

(
1

2

∞∑
m=−∞

g
(O)
dr (τ −m,x) + g(O)

arcs(τ, x)

)
,

(4.2.82)
where g(O)

arcs(τ, x) is the contribution of garcs of the operator O (JO < J⋆), ωn = 2πn, and
where f̃∆,J is not defined as the Fourier transform of the thermal block in the original
OPE, but matches it in perturbative theories.

Momentum space and the τ -plane. In (4.2.25), we showed that thermal two-
point functions at zero spatial separation can be decomposed into generalized free field
correlators. In this way, the correlator admits a block decomposition where each block
is individually KMS invariant. This structure is particularly convenient, as it allows us
to perform a discrete Fourier transform of each block separately.

Consider the block associated with an operator of conformal dimension ∆

g(∆)(τ) = a∆

[
ζH(2∆ϕ −∆, τ) + ζH(2∆ϕ −∆, 1− τ)

]
. (4.2.83)

The discrete Fourier transform of this function yields

g̃(∆)
n = a∆

π sec
[
π(2∆ϕ−∆)

2

]
Γ(2∆ϕ −∆)

|ωn|2∆ϕ−∆−1 . (4.2.84)

Summing over all contributions, we obtain an expression for the generic Fourier mode

g̃n =
∑
∆

g̃(∆)
n = π

∑
∆

a∆
sec
[
π(2∆ϕ−∆)

2

]
Γ(2∆ϕ −∆)

|ωn|2∆ϕ−∆−1 . (4.2.85)

This equation is the exact analog of (4.2.82) in the case where the correlator is evaluated
at zero spatial separation. Indeed, the Fourier coefficients computed here correspond
precisely to the spatial-momentum (k⃗) integral of the momentum-space OPE blocks
defined in (4.2.82). This procedure showcases the power of (4.2.25) and its equivalent
form (4.2.82), as it allows for the straightforward computation of observables — such as
the low-frequency contribution to thermal correlators — that were previously difficult
to access.
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Interestingly, if we perform the Fourier transform along the shifted imaginary τ direc-
tion, corresponding to real time, the Fourier transform is not discrete. Concretely we
perform the Fourier transform in t, where τ = 1/2 + it (see Eq. (4.2) of [171]). In this
case, the result for a block associated with conformal dimension ∆ corresponds to the
two-sided Wightman correlator, given by:

g̃(∆)(ω) =
π a∆

Γ(2∆ϕ −∆)

[
coth

( |ω|
2

)
+

ω

|ω|

]
|ω|2∆ϕ−∆−1e−

ω
2 . (4.2.86)

This expression differs from the thermal (Matsubara) case due to the absence of peri-
odicity in imaginary time. From this form we can extract the imaginary part of the
retarded Green function in frequency space for each operator contributing to the ther-
mal two-point function. It would be interesting to understand the connection of this
formula with the quasi-normal modes in holographic theories, as discussed in [171].
Note that in the limit |ω| → ∞, (4.2.86) reproduces the known OPE limit [169, 171]

g̃(∆)(ω) ∼ a∆e
−ω

2 |ω|2∆ϕ−∆−1 . (4.2.87)

It would be interesting to extend this formula for the two-point functions at non-zero
spatial separation to obtain the Fourier transform g̃(ω, k).

4.2.4 Application: O(N) Model

In this section, we begin with a brief introduction to the O(N) model, which plays a
central role in the study of critical phenomena and has been realized experimentally
in a variety of physical systems. A more comprehensive review can be found in [117,
172–174]. We then apply the dispersion relation techniques developed in the previous
sections to the O(N) model, both in the ϵ-expansion and in the large-N expansion.

In their seminal work, Wilson and Fisher [175] investigated three-dimensional critical
phenomena by studying the scalar λϕ4 field theory defined in d = 4 − ϵ dimensions.
Remarkably, for ϵ ≪ 1, the renormalization-group flow of this theory can be analyzed
perturbatively using Feynman-diagram techniques, leading to the existence of a non-
trivial fixed point known as the Wilson–Fisher fixed point [176–178]. The critical
exponents computed within the ϵ-expansion and subsequently extrapolated to three
dimensions exhibit very good agreement with experimental results.14

14See [179] for a comprehensive treatment of applications and experimental realizations of O(N)

models. While experimental studies have primarily focused on leading critical exponents, such as
η = 2∆ϕ − (d − 2) and ν = 1

d−∆ϕ2
, more systematic determinations of larger sets of conformal data

have been carried out both in 4− ϵ dimensions [98, 180–183] and in the large-N expansion [184, 185].
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The generalization of the λϕ4 theory to a vector model with global O(N) symmetry
has also proven to be highly fruitful. Owing to universality, such theories are realized
in a wide range of phenomenological settings. Beyond statistical spin models, the
N = 1 Ising case—which we study in detail in Section 4.4—describes second-order
phase transitions in uniaxial antiferromagnets, liquid–gas transitions in atomic and
simple molecular fluids at the critical point of the phase diagram, and phase transitions
in binary fluid mixtures.

The N = 2 theory captures the λ-line in helium, as well as phase transitions in XY fer-
romagnets and in the statistical XY model, while the N = 3 theory describes isotropic
magnets and the statistical Heisenberg model. Beyond these finite-N cases, one may
also study the O(N) model in the large-N expansion. In this limit, the singlet sector
has been proposed to admit a dual description in terms of a higher-spin Vasiliev theory
[186, 187].

In what follows, we first focus on the Landau–Ginzburg realization and the ϵ-expansion,
and subsequently turn to the large-N expansion.

The O(N) model can be defined starting from the Ginzburg–Landau action

A =

∫
ddx

[
1

2
(∂µϕi)

2 +
λ

4!
(ϕiϕi)

2

]
, (4.2.88)

where i = 1, . . . , N , and the upper critical dimension is d = 4. In practice, this means
that one possible definition of the O(N) fixed point is as the infrared fixed point of the
Lagrangian in (4.2.88) for dimensions in the range 2 < d < 4. In d = 4, the only fixed
point is the free theory, corresponding to λ = 0, whereas in d = 4−ε the Wilson–Fisher
fixed point appears at [188]

λ

4π2
=

3

N + 8
ϵ+O(ϵ2) . (4.2.89)

For d < 4, the interaction term in the Lagrangian (4.2.88) is a relevant operator and
triggers an RG flow away from the free theory. For ϵ ≪ 1, the theory can be studied
perturbatively. However, far from d = 4 (that is, for ϵ ∼ 1), the theory becomes
strongly coupled, and in general it is very difficult to predict either zero-temperature
or finite-temperature observables in the physical dimension d = 3.15 In the following,
we focus on the ϵ-expansion and defer the study of strongly coupled three-dimensional
theories to Section 4.4.

15For N = 1, 2, 3, numerical bootstrap results are available in [148, 189].
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A major simplification arises in the limit N →∞, where the action (4.2.88) becomes

A =

∫
d3x

[
1

2
(∂µϕi)

2 +
1

2
σ(ϕiϕi)−

σ2

4λ

]
, (4.2.90)

with σ the Hubbard–Stratonovich field. The critical point is located at λ→∞, so the
last term is suppressed at large N . This theory is free and massive, with ⟨σ⟩β playing
the role of an effective mass. To compute the effective thermal mass we consider the
path integral formalism [185, 190, 191], the partition function after integrating out the
ϕ field takes the following form,

Z[σ] =

∫
Dσe−N

2
log det(−∂2+σ) (4.2.91)

F(σ) = 1

2
V (R2)

∞∑
n=−∞

∫
d2p

(2π)2
log

((
2πn

β

)2

+ p2 + σ

)
(4.2.92)

where F(σ) = − 1
β
logZ[σ], then we compute

dF(σ)
dσ

= −V2
4π

log

(
2 sinh

β
√
σ

2

)
(4.2.93)

by extremizing F we can find the one-point function of σ at the critical point given as

⟨σ⟩β = m2
th = β−2

[
2 log

(
1 +
√
5

2

)]2
+O

(
N−1

)
. (4.2.94)

and conclude that

F3d large N = −V2β−24

5

ζ(3)

2π
=

4

5
Ffree . (4.2.95)

Both the O(N) model in the ϵ-expansion and in the large-N expansion contain towers
of double-twist operators,

[ϕϕ]n, J = ϕ□n∂µ1 · · · ∂µJ
ϕ , ∆ = 2∆ϕ + 2n+ J + γ, (4.2.96)

whose anomalous dimensions γ receive corrections at order ϵ or 1/N . In addition, in
the large-N expansion, the presence of the Hubbard–Stratonovich field leads to a tower
of scalar operators,

σm; , ∆ = 2m+O

(
1

N

)
. (4.2.97)

By using the spectra of these two realizations of the O(N) model as input, we compute
thermal two-point functions via dispersion relations.
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Dispersion relation applied to ε-expansion. Here, we bootstrap the two-point
function ⟨ϕϕ⟩β at first order in the parameter ε. This operator does not receive an
anomalous contribution at this order and the scaling dimension corresponds to the free
point

∆ϕ = 1− ε

2
+O(ε2) . (4.2.98)

One can perform an ε-counting of the two and three-point functions to convince our-
selves that the only operators relevant at first order are the identity 1, the higher-spin
currents [ϕϕ]0,J and the operator [ϕϕ]1,J .16 The latter classically corresponds to ϕ∂J□ϕ:
at the free point, i.e., the d = 4, equation of motion makes them zero vectors in the
Hilbert space of the theory. Nonetheless the equations of motion for the O(N) model
give ϕ∂J□ϕ ∼ λϕ∂Jϕ3 ∼ εϕ∂Jϕ3, recalling that the critical value of the quartic cou-
pling is proportional to ε. Because of equations of motion, operators of the type [ϕϕ]n,J
for n > 1 will only appear at higher order in ε.

The last ingredient that we need to consider is the anomalous dimension. Due to the
fact that OPE coefficients for [ϕϕ]1,J start at order O(ε), we only need to consider the
corrections to the operators of [ϕϕ]0,J . In fact, only the operator ϕ2 (corresponding
to [ϕϕ]0,0) receives an anomalous contribution at this order, meaning that most of the
terms in (4.2.25) and (4.2.56) will simply vanish [172, 173].

Note that it is also possible to calculate the correlator directly through Feynman dia-
grams. We performed this analysis in Appendix B of [3] to compare with our bootstrap
result.

The complex τ -plane in ϵ-expansion. We first test (4.2.25). Due to the ε-counting
above, the two-point function in complex τ -plane consists of only two contributions:

g(τ) = g(1)(τ) + g(ϕ
2)(τ) . (4.2.99)

The identity contribution is simple and is again given by

g(1)(τ) = ζH (2− ε, τ) + ζH (2− ε, 1− τ) . (4.2.100)

The contribution of ϕ2 is new and corresponds to

g(ϕ
2)(τ) = ζH (−γϕ2 , τ)+ζH (−γϕ2 , 1− τ) = −a(0)2 γϕ2 log

[
csc(πτ)

2

]
+O(ε2) , (4.2.101)

where a(0)2 corresponds to the coefficient a2, i.e., a∆ with ∆ = 2, in the 4d free theory,
while γϕ2 refers to the anomalous dimension of the operator ϕ2 at first order in ε, which

16See for instance Section 2.1 of [192] for a detailed counting.
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is known to be [117, 172]

γϕ2 = ε
N + 2

N + 8
. (4.2.102)

The correlator obtained differs from the free correlator in d = 4− ε as

g(τ)− gfree(τ) = −a(0)2 γϕ2 log

[
csc(πτ)

2

]
+O(ε2) . (4.2.103)

This matches exactly the diagrammatic computation presented in Appendix D in [3]
up to a constant which should be considered as arcs.

Non-zero spatial separation in ϵ-expansion. Equation (4.2.61) already presents
the contribution of the identity block to gdr for any value of ∆ϕ and any spacetime
dimension. Separating the first order in ε, we have

g
(1)
dr =

(zz̄ + 1)

(z2 − 1) (z̄2 − 1)
log

[
(z − 1)(z̄ − 1)

zz̄

]
+

1

(z + 1) (z̄ + 1)

[
tanh−1(z) + tanh−1(z̄)

]
.

(4.2.104)

The only new contributions come from ϕ2. The calculation of the discontinuity is
straightforward:

Disc[ϕ2] = iπ γϕ2 zz̄Θ(Re(z̄)− 1) . (4.2.105)

The integration against the kernel is again non-trivial but can be performed, as in the
free case, switching to (w, r) coordinates and expanding order by order in r, from which
we can guess the full closed form. The result is

g
(ϕ2)
dr =

1

2
a
(0)

ϕ2 γϕ2

[
log(1− z2) + log(1− z̄2)

]
, (4.2.106)

where a(0)ϕ2 is the thermal OPE coefficient at order O(ε0). We can expand these results
in thermal blocks, and obtain the OPE coefficients given in Table 4.4.

Let us further observe that by solving the KMS condition (4.2.6), one also finds that

a
(0)

ϕ2 =
2ε

ε− γϕ2

. (4.2.107)

This equation is, however, not consistent with the previous findings: a(0)ϕ2 is a free theory
quantity that should not depend on γϕ2 . We interpret this result as a consequence of
the fact that contributions to ϕ2 appear in the arcs, and therefore it has to be treated
separately.
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Table 4.4: Thermal OPE coefficients in the OPE between the two fundamental scalars
in the free theory computed by expanding the exact correlators in blocks, using the dis-
persion relation (DR), generalized method of images (GMI), which matches the results
of the Lorentzian inversion formula (LIF) by computing the discontinuity in the OPE.
In the latter cases the only contribution to the discontinuity is given by the identity con-
tribution. It is taken for granted that J ∈ 2N: odd spin operators have zero one-point
functions. The operator ϕ2 is not included but it is discussed in the main text.

O a
(exact)
O = a

(GMI)
O a

(DR)
O

1 1 0

[ϕϕ]0,J>2 −2ζ ′(2 + J)− 1
J
a
(0)

ϕ2 γϕ2ζ(J) − 1
J
a
(0)

ϕ2 γϕ2

[ϕϕ]1,J
1

J+2
ζ(2 + J)a

(0)

ϕ2 γϕ2
1

J+2
a
(0)

ϕ2 γϕ2

The generalized method of images in ϵ-expansion. We can now perform the
sum over images of the dispersion relation as prescribed in (4.2.56). We are only
interested in g(τ)−gfree(τ) since the free part can be exactly solved in 4−ε dimensions.
We perform the sum:

1

2

∞∑
m=−∞

g
(ϕ2)
dr (z −m, z̄ −m) =

a
(0)

ϕ2

4
γϕ2

∞∑
m=−∞

[
log(1− (z −m)2) + log(1− (z̄ −m)2)

]
,

(4.2.108)
which is strictly speaking divergent on the real axis. It can however be obtained as a
result of an analytic continuation. By using the fact that

log(1 + (x−m)) = − ∂

∂s

1

(1 + x−m)s

∣∣∣∣
s→0

, (4.2.109)

we find that the following sum can be regularized via (Hurwitz) ζ-function regulariza-
tion, and the real part reads

∞∑
m=−∞

log(1 + (x−m)) = − log

[
csc(πx)

2

]
. (4.2.110)

Using this result, it is easy to show that the sum (4.2.108) gives the exact same corre-
lator which perfectly agrees with the Feynman-diagram computation in [3], apart from
a constant

g(z, z̄)− gfree(z, z̄) =
1

2

∞∑
m=−∞

g
(ϕ2)
dr (z −m, z̄ −m) = −1

2
a
(0)

ϕ2 γϕ2 log

[
csc(πz) csc(πz̄)

4

]
.

(4.2.111)
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This constant can be understood as the contribution of the arc coming from the block
of ϕ2 and cannot be constrained by KMS, as it corresponds to a constant term.

The momentum space interpretation in ϵ-expansion. Similarly to the disper-
sion relation, at the order O(ε0) only the identity operator has a non-vanishing contri-
bution. At the order O(ε), it was computed in [165] that both the identity and the ϕ2

operators contribute:

f̃0,0(ωn, k) = 4∆ϕπ2− ε
2

(
1

Γ (∆ϕ)

)
1

(k2 + ω2
n)

∆ϕ
, (4.2.112)

f̃2+γϕ2 ,0
(ωn, k) = 42∆ϕ+γϕ2π2− ε

2

(
Γ (2∆ϕ + γϕ2)

Γ
(
−1

2
γϕ2

) )
1

(k2 + ω2
n)

2∆ϕ+γϕ2
. (4.2.113)

Therefore the inverse Fourier transform back to position space gives the contribution

f0,0(τ, x) =
π

2x
[coth(π(x+ iτ)) + coth(π(x− iτ))]

+
ε

4

∞∑
m=−∞

log [(τ −m)2 + x2] + γE − 2− log π

(τ −m)2 + x2
+O(ε2) , (4.2.114)

while the ϕ2 operator contributes as follows

f2+γϕ2 ,0
(τ, x) =

γϕ2

4

∞∑
m=−∞

(
log
[
(τ −m)2 + r2

]
− 2 log 2 + 2γE

)
+O(ε2) . (4.2.115)

We perform the Poisson resummation by using the ζ-function regularization and we
match the result coming from the perturbative computation and generalized method
of images as given in (4.2.56).

Dispersion relation applied to large N . We now study the large N limit of the
O(N) model at finite temperature. The relevant operators in the OPE between two
fundamental scalars are the double-twist [ϕϕ]n,ℓ and the σm operators given in (4.2.96)
and (4.2.97),17 where the spectrum in d = 3 is given by

∆ϕ =
1

2
+O

(
1

N

)
, ∆σ = 2 +O

(
1

N

)
. (4.2.116)

Moreover, any anomalous dimension of composite operators is suppressed in 1/N . In
the following, we will make use of the golden ratio φ = 1+

√
5

2
.

17Due to the equations of motion, we have ∂2ϕi ∼ σϕi. As a consequence, degeneracies in the
conformal dimension may arise between additional operators and those in the families [ϕϕ]n,ℓ and σm.
For instance, certain operators in the family [ϕiσϕi]0,ℓ can be degenerate with operators in the family
[ϕϕ]n,ℓ.
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The complex τ -plane in large N . The first step is to understand how the two-
point function can be reconstructed in the complex τ -plane. We aim to apply (4.2.25)
to the spectrum indicated above. It is useful to recall the identity

ζH(2∆ϕ −∆, τ) + ζH(2∆ϕ −∆, 1− τ) =
∞∑

n=−∞

|τ + n|∆−2∆ϕ , (4.2.117)

from which we can compute first the sum over operators, and then the sum over images
(i.e., over n in the equation above). This strategy turns out to be particularly convenient
in our case.

Let us consider the operators σm, which are the only ones contributing to the discon-
tinuity. We obtain

g(τ)− κ =
∞∑

n=−∞

∞∑
m=0

aσm|τ + n|2m−1 =
∞∑

n=−∞

cosh(mth|τ + n|)
|τ + n| , (4.2.118)

where the thermal coefficients are given by aσm = m2m
th /Γ(2m+1) [146] and the thermal

mass is mth = logφ2 [193]. Notice that in the computation above we identified σ0 = 1.

Having computed the sum over operators, we now consider the sum over images. This
sum is clearly divergent and needs to be regularized. To do so, we split the hyperbolic
cosine into exponentials, perform the sum, and then analytically continue in the ex-
ponential variable, rendering the sum convergent. Following this procedure, one can
verify that the final result is

g(τ) = B1/φ2(τ, 0) + B1/φ2(1− τ, 0) , (4.2.119)

where the incomplete Euler B-function appears. This result is a reformulation of the
result presented in [146, 147]. Notice that the equation (4.2.119) should be considered
only in the strip 0 < Re(τ) < 1, since this assumption was needed to perform the sum
in (4.2.118).

Non-zero spatial coordinates in large N . We now consider the case of non-zero
spatial coordinates. To do so, we start from the thermal blocks corresponding to the
operators σm and compute the outcome of the dispersion relation when inverting a
single operator. This gives

g
(σm)
dr (z, z̄) =

m2m
th

Γ(2m+ 1)

{
1

[(1− z)(1− z̄)] 12−m
+

1

[(1 + z)(1 + z̄)]
1
2
−m

}
. (4.2.120)
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The contribution above can be resummed together with the identity contribution. This
results in

gdr(z, z̄) =
1√

(1− z)(1− z̄)
coth

(
mth

√
(1− z)(1− z̄)

)
+

1√
(1 + z)(1 + z̄)

coth
(
mth

√
(1 + z)(1 + z̄)

)
. (4.2.121)

The expansion of the coefficients above gives the large spin contribution to the operators
in the OPE. In order to complete the result we need to consider the sum over generalized
images.

The generalized method of images and momentum space in large N . Apply-
ing the generalized method of images to the result of (4.2.121) requires regularization,
as already observed in the case of the O(N) model in the ε-expansion. The regular-
ization appears to be more subtle in the present case. To verify the correctness of the
result, it is more efficient to compute the Fourier transform of the images of the indi-
vidual blocks, and to show that they reproduce the correct massive propagator, with
mass given by mth.

For a single term corresponding to the family σm, we have

g(σ
m)(z, z̄) =

m2m
th

2Γ(2m+ 1)

∞∑
n=−∞

[
1

((1− z − n)(1− z̄ − n)) 1
2
−m

+
1

((1 + z − n)(1 + z̄ − n)) 1
2
−m

]
. (4.2.122)

This corresponds to the standard method of images for a generalized free field of di-
mension ∆ϕ = 1/2 −m. Retaining the appropriate prefactors, the Fourier transform
of this expression is

g̃(σ
m)(ωn, k) = 4π(−1)m+1 m2m

th

(k2 + ω2
n)

m+1
. (4.2.123)

This coincides with the corresponding block computed using the momentum-space
OPE.

In fact, the Fourier transform of the thermal blocks is non-vanishing only for the identity
operator and the operators σm, whose scaling dimensions are given by ∆σm = 2m. As
expected those operators are the same ones contributing to the discontinuity. The
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corresponding Fourier blocks are [165]

f̃1(ωn, k) =
4π

k2 + ω2
n

, f̃σm(ωn, k) =
4π cos(πm) Γ(2m+ 1)

(k2 + ω2
n)

m+1
. (4.2.124)

It is now possible to resum all blocks explicitly, and the final result reads

g̃(k, ω) =
4π

k2 + ω2 +m2
th
. (4.2.125)

This is manifestly the correct propagator, consistent with the Lagrangian in (4.2.90),
since ⟨σ⟩β = m2

th. Performing the inverse Fourier transform to position space yields

1

(2π)3

∫ ∞

0

dk k2
∫ π

0

dθ sin θ e−ikr cos θ g̃(ωn, k) =
e−mthr

r
. (4.2.126)

The full thermal two-point function in position space is therefore given by

g(τ, x) =
∞∑

m=−∞

e−mth
√

(τ−m)2+x2√
(τ −m)2 + x2

, (4.2.127)

which matches the exact result obtained in [146]. As expected, because the O(N) model
at large N is a quasi-free theory, the momentum-space OPE is sufficient to reconstruct
the full thermal correlator. The dispersion relation reproduces precisely the same result.

Since the clustering condition is satisfied, note that we also have garcs = 0, i.e., the prob-
lem is fully solved by the generalized method of images. Let us take this example as an
opportunity to emphasize that the function garcs, defined in (4.2.56), is not necessarily
equal to the missing low-spin contribution in the dispersion relation before applying
the method of images. Indeed, as we have shown here, garcs = 0. However, in this
case the arc contribution appearing in (4.2.37) is non-zero, as explicitly demonstrated
in [146, 194]: it contains contributions from scalar operators of the form σm.
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4.3 Analytic Bootstrap on Holographic CFTs

In this section, we analyze generic holographic setups in the spirit of [195], using dis-
persion relations as a tool to access bulk physics from CFT data. By inputting the
spectrum and OPE coefficients of multi–stress tensor operators, we determine the OPE
coefficients of the associated double-twist operators.

An important conceptual result of this analysis is a novel interpretation of KMS-
invariant blocks as Witten diagrams in the dual AdS spacetime, providing a direct
geometric realization of thermal crossing symmetry. Our main focus will be on black
brane backgrounds, where translational invariance allows for a particularly transparent
implementation of the dispersion relations. Nevertheless, we briefly discuss how the
framework extends to black hole backgrounds at the end of the section. The results
presented here are based on [4].

4.3.1 Introduction to the Holographic Setup

The AdS/CFT correspondence provides a powerful framework for understanding large-
N , strongly coupled gauge theories and quantum gravity [31, 32, 55]. At its core, the
correspondence relates a string theory defined on a spacetime of the form

X = AdSd+1 ×M9−d
1 (4.3.1)

to a CFT living in d dimensions on a manifoldM2, which is identified with the conformal
boundary of X. Consistency of the string background requires the internal manifold M1

to be compact. In the semiclassical limit, this duality is encoded in the equality between
the CFT partition function and the bulk string theory partition function, which in the
supergravity approximation reduces to

ZCFT(M2) = exp(−IS(X)) , (4.3.2)

where IS(X) denotes the on-shell bulk action evaluated on X. The best-understood
and most concrete realization of this correspondence for d = 4, arises when we take
M1 = S5. In this case, the duality can be stated as

N = 4 SYM with gauge group SU(N) and coupling gYM

⇕

Type IIB string theory with string length ls =
√
α′ and coupling gs

208



with the string theory propagating on AdS5 × S5, where both factors have a common
radius of curvature ℓ, and with N units of the self-dual five-form flux F(5) threading
the S5. In this setting, the dynamical parameters of the two theories are related by

g2YM = 2πgs , 2g2YMN =
ℓ4

α′2 , (4.3.3)

so that the large-N , strong ’t Hooft coupling limit of the gauge theory corresponds to
the classical supergravity regime in the bulk. In practice, it is incredibly hard to perform
any checks for this strongest form of AdS/CFT. In fact, all known checks of AdS/CFT
are done in some perturbative regime. Concretely, we can state the correspondence in
two distinct perturbative ways. For λ = g2YMN

18:

• Strong form, N →∞, λ fixed corresponds to classical string theory with gs → 0,
α′/ℓ2 fixed.

• Weak form, N , λ → ∞ corresponds to classical supergravity with gs → 0 and
α′

ℓ2
→ 0.

Here, we focus on the strong form of the AdS/CFT correspondence. One of its most
remarkable features is that it is believed to hold beyond the realm of exact super-
symmetry and conformal invariance [55]. A particularly striking manifestation of this
robustness arises when the AdS bulk contains a black brane or black hole geometry. In
such cases, the dual boundary CFT is driven into a thermal state.

In the presence of black branes, which constitute the primary focus of this section,
the boundary geometry takes the form S1 × Rd−1, corresponding to a CFT at finite
temperature on flat space. By contrast, when the bulk geometry contains a black hole,
which will be discussed in Section 4.3.5, the boundary geometry becomes S1 × Sd−1,
describing a thermal CFT on the sphere.

To set up the analytical bootstrap framework appropriate for black brane and black
hole backgrounds, we consider a generic large-N conformal field theory in the sense
of [195]. In that work, the authors develop a bottom-up derivation of (sub-)AdS bulk
locality starting from general CFT consistency conditions such as unitarity, the oper-
ator product expansion, and crossing symmetry, together with a small set of spectral
assumptions, rather than relying on an explicit string-theoretic construction.

The central conjecture of [195] is that bulk locality emerges provided the CFT admits a
parametrically large parameter N , which controls the hierarchy between the AdS radius

18For a ccomprehensive review see [196].
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and the string scale, and exhibits a large gap in the spectrum separating a finite set
of light single-trace operators from the higher-spin sector, beginning above spin two.
Under these assumptions, the leading 1/N2 corrections to CFT correlators are shown
to be exhaustively captured by local interactions in an effective AdS field theory.

This bottom-up effective field theory perspective on AdS/CFT was subsequently de-
veloped in a series of works [197–199], and reached its modern formulation in [200].
There, an additional criterion was identified: the Mellin amplitudes associated with
CFT correlation functions must be polynomially bounded. Together, these conditions
provide a precise CFT characterization of holographic theories with local bulk duals
and form the conceptual foundation for the analytical bootstrap approach adopted in
this work.

The connection between AdS/CFT at zero temperature and at finite temperature can
be understood through the ETH, as introduced in Section 4.3.1. More concretely,
consider a scalar four-point function involving two heavy and two light operators, which
can be interpreted as describing a light probe propagating in a background created by
a heavy state. In this sense, the heavy operators ϕH prepare a highly excited state that
effectively behaves as a thermal ensemble,

gβ/R(τ, x) ∼ ⟨OH(∞)ϕ(z, z̄)ϕ(1)OH(0) ⟩ , (4.3.4)

where the dimension of the heavy operator ∆H is taken to be large and z, z̄ are flat
four-point cross-ratios. gβ/R refers to the finite-temperature finite-volume correlators
which arise in black hole backgrounds. We discuss them more detailly in Section 4.3.5.
In the limit where the scaling dimension of the heavy operator satisfies ∆H ∼ N , and at
leading order in the expansion in ∆H/N , the four-point function reduces to the thermal
two-point function of the light operators ϕL. Thus, the heavy–light correlator provides
direct access to finite-temperature physics within a pure-state CFT framework, estab-
lishing a bridge between zero-temperature CFT data and thermal correlation functions
[201].

The holographic realization of this correspondence has been extensively studied in [201–
209]. However, the case in which the dimension of the light scalar operator ∆ϕ is
an integer turns out to be more subtle and technically challenging, and only lim-
ited data are currently available [204, 207]. Having analytic expressions for thermal
two-point functions may thus prove useful, as they can be directly compared with
heavy–heavy–light–light correlator data. This provides an additional motivation to fur-
ther investigate the thermal two-point function at non-zero spatial separation, where
the degeneracy in spin is lifted. In this regime, one could also identify which contri-
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butions are perturbative and which are non-perturbative in the large-spin expansion,
potentially allowing new predictions for these correlation functions.

In light of the discussion above, we specialize our study to the case of holographic
two-point functions in the presence of a black brane background in asymptotic AdSd+1

spacetime. We will consider a simplified problem where the gravity dual is given by a
free massive scalar field Φ in the bulk, assuming that other matter fields decouple and
Φ does not self-interact. This amounts to studying the (Euclidean) action

S =

∫
dd+1y

√
g (LΦ + Lgrav) + Sbdry , (4.3.5)

with
LΦ =

1

2
gMN∂MΦ∂NΦ +

1

2
m2Φ2 , Lgrav = R + Λ+ . . . , (4.3.6)

where the ellipses denotes possible higher-derivative curvature corrections and Sbdry

denotes the Gibbons–Hawking boundary term. Here yM=0,1,...,d = {z, τ, x⃗}. The bulk
field ϕ is dual to the scalar operator in the boundary theory. The holographic dictionary
relates the mass of the scalar field in AdS to the conformal dimension of the scalar field
on the boundary ϕ(τ, x⃗) through

m2 = ∆ϕ(∆ϕ − d) . (4.3.7)

Here we set the AdS radius ℓ to unity. The rotationally invariant and stationary metric
in Euclidean signature corresponding to a black brane in AdS can be written as

ds2 =
1

z2

(
dz2

h(z)
+ f(z) dτ 2 + dx2

)
. (4.3.8)

The asymptotic AdS boundary conditions further constrain the form of the functions
f(z) and h(z), in particular

f(z) = 1− f0zd + . . . , h(z) = 1− h0zd + . . . . (4.3.9)

The ellipsis are related to higher-derivative curvature corrections and are discussed
in Section 4.3.4. In [210] it was shown that conformal invariance on the boundary
necessarily imposes f0 = h0. Restricting (4.3.9) to f0 corresponds to the case of the
AdS-Schwarzschild black brane, for which the horizon zh is related to f0 and to the
inverse temperature of the black brane via

f0 =
1

zdh
=

(
4π

dβ

)d

. (4.3.10)
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The two-point functions in the boundary theory can be computed by solving the equa-
tions of motion for the scalar propagator Φ(z, τ, x) in the AdS black brane background,
namely, (

□−m2
)
Φ(z, τ, x) = 0 , (4.3.11)

and taking the limit

g(τ, x) = lim
z→0

Φ(z, τ, x)

z∆ϕ
. (4.3.12)

Solving this equation analytically in the presence of a black hole background is chal-
lenging. We refer to [209, 211, 212] and references therein for further discussions and
results. In the following we discuss the spectrum of the OPE ϕ× ϕ in the black brane
background, as it plays an essential role in our bootstrap method.

Black brane spectrum from gravity. At leading order in 1/CT (with CT the
central charge of the CFT), the gravity action (4.3.5) is effectively classical. This means
that quantum gravity effects are absent and the only fields appearing in the bulk are
bound states of two scalar fields and multi-particle states of gravitons. On the dual
CFT side, the former correspond to the sector of operators appearing in a (generalized)
free scalar OPE – namely operators with conformal dimensions ∆ = 2∆ϕ + 2n + J ,
corresponding to double-twist (or double-trace) operators; the latter to multi-stress
tensor operators in the CFT at finite temperature. The expected spectrum appearing
in the OPE can therefore be summarized as:

1 : ∆ = 0, J = 0 ,

[ϕϕ]n,J : ∆n,J = 2∆ϕ + 2n+ J , (4.3.13)

[T n] : ∆n = dn, Jn = 0, 2, . . . , dn/2 (n ≥ 1) .

As observed in [210], from the bulk perspective the equation of motion (4.3.11) admits
a perturbative solution at small values of z, τ , and x by incorporating the structure
of the OPE (4.1.5), and in particular the spectrum given in (4.3.13). This procedure
is valid only when there is no mixing between double-trace operators and multi–stress
tensor operators, which occurs when the scaling dimension ∆ϕ is non-integer.

To construct the bulk-to-boundary propagator in the black hole background, one must
solve the bulk field equation in that geometry. Since obtaining exact analytic solutions
in a general black hole background is not feasible, we instead determine the boundary
two-point function perturbatively in a short-distance expansion, namely through the
OPE. In the limit where the boundary operator insertions approach one another, the
corresponding two-point function is expected to be sensitive only to the bulk geometry
in the near-boundary region. Consequently, order by order in the expansion, the result
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depends solely on the near-boundary form of the bulk metric. This expectation is borne
out explicitly for the contributions associated with the T n operators.

This method was applied to obtain the following multi-stress tensor OPE coefficients
in four dimensions, assuming no higher-order curvature corrections, i.e., fk = hk = 0

except k = 0:

a4,2 =
f̃0∆ϕ

120
, (4.3.14)

a8,4 =
f̃ 2
0∆ϕ

(
7∆2

ϕ + 6∆ϕ + 4
)

201600(∆ϕ − 2)
, (4.3.15)

a8,2 =
f̃ 2
0∆ϕ

(
7∆3

ϕ − 23∆2
ϕ + 22∆ϕ + 12

)
201600(∆ϕ − 3)(∆ϕ − 2)

, (4.3.16)

a8,0 =
f̃ 2
0∆ϕ

(
7∆4

ϕ − 45∆3
ϕ + 100∆2

ϕ − 80∆ϕ + 48
)

201600(∆ϕ − 4)(∆ϕ − 3)(∆ϕ − 2)
, (4.3.17)

...

where the coefficients are labeled by the conformal dimension and the spin of the opera-
tor contributing to the OPE as a∆,J . We have also defined f̃0 = βdf0. These coefficients
do not admit a known closed form in terms of the scaling dimensions and spins of the
multi-stress tensor operators. The OPE coefficients associated with double-trace opera-
tors remain elusive, as one needs to impose additional boundary conditions on the bulk
propagator Φ(z, τ, x). These results are consistent with the ETH as described above
[213]. See for instance [204] for bootstrap results on such correlation functions. In this
setup, higher-curvature corrections correspond to 1/λ corrections. They alter the form
of the OPE coefficients but do not induce anomalous dimensions for any operators of
the spectrum (4.3.13). Quantum corrections come into play at the order 1/N2, with
CT ∼ N2 [214, 215].

Note that the OPE coefficients in (4.3.14)-(4.3.17) have poles at specific integer values
of ∆ϕ. This crucial point requires us to read the OPE and (4.2.25) carefully in order
to derive the associated correlators. In the following we show how to reconstruct the
holographic correlators and how to handle these poles.

We now focus on two-point functions of identical scalars at zero spatial separation
and with a spectrum consisting only of operators with integer conformal dimensions.
If all conformal dimensions are integer and the corresponding OPE coefficients are
finite, then the correlator g(τ) is analytic except for the Matsubara poles, i.e., poles
that are located at τ = βk, k ∈ Z, as illustrated in Figure 4.5. On the other hand,
if the OPE coefficients have poles at specific values of ∆ϕ, then (4.2.25) generates
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τ ′

τC0

Figure 4.5: Analytic structure of two-point functions at finite temperature and in-
finite volume in the complex τ -plane for integer spectrum, for the case in which the
OPE coefficients do not contain poles. In this case the correlator contains poles at the
locations βk, k ∈ Z, along the real axis which corresponds to Euclidean time. The
corresponding correlator is then given by the sum over the residues. In the holographic
case this corresponds to the dominant terms in the OPE.

derivatives of Hurwitz ζ functions with respect to the first argument. In this case the
analytic structure consists of the branch cuts already discussed in [3]. Previously in
this section, we showed that both cases are relevant and can be treated separately in
the holographic case.

4.3.2 Two-point Functions for Integer ∆ϕ in 4d

We now study correlators in the black brane background for the case d = 4. According
to the AdS/CFT dictionary, the parameters of the 4d CFT (the coupling constant
λ = g2YMN and the rank of the gauge group N) are mapped to the parameters of the
5d gravity dual via relations given in (4.3.3). Additionally, Newton’s constant behaves
as GN ∼ 1/N2. Keeping this map and the OPE data derived from the gravity side in
mind, we now turn to the finite temperature CFT perspective. Our approach consists in
applying the formula in (4.2.25), using the spectrum specified in (4.3.13). Two distinct
cases arise:

⋆ Non-integer external dimension ∆ϕ: In this case the expansion in (4.2.25)
contains an infinite tower of contributions, corresponding to all multi-stress ten-
sor operators. Since we do not have analytic control over all the (thermal) OPE
coefficients of these operators, exact results are not available. Nevertheless, one
can approximate their contributions by using the asymptotic values at large di-
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mensions, as first shown in [149, 216]. In Appendix C of [4] we show how to
reproduce these results with the methods developed in this thesis;

⋆ Integer external dimension ∆ϕ: In this case the expansion in (4.2.25) still
contains an infinite number of contributions, but they can be organized into two
sets: one finite sum containing the lowest-lying multi-stress tensor operators that
satisfy ∆ < 2∆ϕ and do not contain poles, and one infinite sum coming from
the regularization of the poles. We show in the following that the first term
can be evaluated exactly, while the second one can be approximated using the
OPE coefficients of the asymptotic model. Doing so introduces spurious poles
associated to the bouncing singularities that must be removed by adding arc
contributions.

In what follows we focus exclusively on the second case and show how to obtain the
correlators. When ∆ϕ is an integer, solving the equation of motion in (4.3.11) analyt-
ically becomes a harder task due to the mixing between double-trace and multi-stress
tensor operators. Moreover, as mentioned above, some of the multi-stress tensor OPE
coefficients develop poles at integer values of ∆ϕ. For instance, all the operators of
dimension ∆ = 8 given in (4.3.15)–(4.3.17) diverge at ∆ϕ = 2. Similarly, a8,2 and a8,0
diverge for ∆ϕ = 3, while a8,0 diverges for ∆ϕ = 4. A similar pattern is observed for
higher operators. We identify two possibilities:

⋆ The coefficient a∆ in (4.2.25) is not divergent for the chosen ∆ϕ. This is the case
for a finite number of multi-stress operators satisfying ∆ < 2∆ϕ. In the OPE,
these operators are not degenerate in ∆ with any double-trace operator, and the
OPE contribution reads

a∆
τ∆−2∆ϕ

β∆
. (4.3.18)

The dispersion relation converts it into the following contribution to the correla-
tor: ∑

∆<2∆ϕ

a∆ gGFF

(
∆ϕ −

∆

2
, τ

)
, (4.3.19)

as discussed in Section 4.3.1.
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⋆ The coefficient a∆ diverges19 for the chosen ∆ϕ, with a pole structure

a∆ ∼
1

∆ϕ − n
, n ∈ N . (4.3.20)

This is the case for an infinite number of multi-stress operators of dimension
∆ ≥ 2∆ϕ. In the OPE, these operators are degenerate in ∆ with a number of
double-trace operators, and the OPE contribution needs to be regularized. It can
be shown that this reads:20

−2Res∆ϕ
a∆

β∆
τ∆−2∆ϕ log

(
τ

β

)
, (4.3.21)

where the residue of a∆ is taken for the external dimension ∆ϕ → n. Due to
the logarithm, these OPE contributions produce a cut in the complex τ -plane,
and consequently a finite contribution to the expansion in GFF correlators. This
can be easily determined by employing the following regularization of the generic
GFF block:

1

∆ϕ − n
gGFF

(
∆ϕ −

∆

2
, τ

)
→ 1

∆ϕ + ε− ngGFF

(
∆ϕ + ε− ∆

2
, τ

)
. (4.3.22)

If we define

g
(1,0)
GFF (∆, τ) =

1

β2∆

∂

∂s

[
ζH

(
s,
τ

β

)
+ ζH

(
s, 1− τ

β

)]
s=2∆

, (4.3.23)

then the finite contribution is given by

−2Res∆ϕ
a∆

β∆
g
(1,0)
GFF

(
∆ϕ −

∆

2
, τ

)
. (4.3.24)

Note that even if this scenario escapes the analytic structure of Figure 4.5, its
contribution consists nonetheless in (derivatives of) GFF blocks. Such expressions
have already been observed in perturbative setups, see for instance [3] for the case
of the O(N) model in the ε-expansion.

In summary, the thermal two-point function of two scalars can be expressed as

g(τ) =
∑

∆<2∆ϕ

a∆
β∆

gGFF

(
∆ϕ −

∆

2
, τ

)
− 2

∑
∆≥2∆ϕ

Res∆ϕ
a∆

β∆
g
(1,0)
GFF

(
∆ϕ −

∆

2
, τ

)
+ garcs(τ) .

(4.3.25)
19It is worth noting that a similar situation can arise in extremal three-point functions at zero

temperature [217]. In this case the logarithms can be reinterpreted as arising from mixing between
single- and higher-trace operators [218]. It would be interesting to understand if a similar mechanism
exists at finite temperature. We thank Nikolay Bobev for bringing this to our attention.

20We thank Simon Caron-Huot for pointing out to us.
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In the following, we split the three contributions into a principal part, a regularized
part, and an arc part:

g(τ) = gpr(τ) + greg(τ) + garcs(τ) . (4.3.26)

We now focus on applying the dynamical data extracted from the holographic compu-
tation to the kinematic result (4.3.25), extracting the principal, the regularized, and
the arc contributions.

Principal contributions. As pointed out above, the principal contribution coming
from the non-singular a[Tn] contributions does not require any regularization. It can be
computed by considering

gpr(τ) = gGFF(∆ϕ, τ) +

⌊(∆ϕ−1)/2⌋∑
n=1

a[Tn]

β4n
gGFF(∆ϕ − 2n, τ) , (4.3.27)

where the GFF correlator is defined as in (4.1.24) and with

a[Tn] =
2n∑
J=0

C
(1)
J (1) a4n,J =

2n∑
J=0

(J + 1) a4n,J , (4.3.28)

with the coefficients a4n,J given in (4.3.14)–(4.3.17) and more generally in [210].

For completeness we write down the principal contributions to the correlators corre-
sponding to ∆ϕ = 1, 2, . . . , 5 as a function of aT and a[T 2]:

∆ϕ = 1 : gpr(τ) =
π2

β2
csc2

(
πτ

β

)
, (4.3.29)

∆ϕ = 2 : gpr(τ) =
π4

3 β4
csc4

(
πτ

β

)[
cos

(
2πτ

β

)
+ 2

]
, (4.3.30)

∆ϕ = 3 : gpr(τ) =
π6

60 β6
csc6

(
πτ

β

)[
cos

(
4πτ

β

)
+ 26 cos

(
2πτ

β

)
+ 33

]
+ aT

π2

β6
csc2

(
πτ

β

)
, (4.3.31)

∆ϕ = 4 : gpr(τ) =
π8

2520 β8
csc8

(
πτ

β

)[
cos

(
6πτ

β

)
+ 120 cos

(
4πτ

β

)
+1191 cos

(
2πτ

β

)
+ 1208

]
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+ aT
π4

3 β8
csc4

(
πτ

β

)[
cos

(
2πτ

β

)
+ 2

]
, (4.3.32)

∆ϕ = 5 : gpr(τ) =
π10

181440 β10
csc10

(
πτ

β

)[
cos

(
8πτ

β

)
+ 502 cos

(
6πτ

β

)
+14608 cos

(
4πτ

β

)
+ 88234 cos

(
2πτ

β

)
+ 78095

]
+ aT

π6

60 β10
csc6

(
πτ

β

)[
cos

(
4πτ

β

)
+ 26 cos

(
2πτ

β

)
+ 33

]
+ a[T 2]

π2

β10
csc2

(
πτ

β

)
. (4.3.33)

We explicitly see the implications of (4.3.27): For ∆ϕ ≥ 3, the multi-stress tensor
operators start contributing with additional GFF blocks. The values of aT and a[T 2]

can be read from (4.3.14)–(4.3.17) with (4.3.28), yielding

aT =
π4∆ϕ

40
, a[T 2] = aT

2
63∆4

ϕ − 413∆3
ϕ + 672∆2

ϕ − 88∆ϕ + 144

126∆ϕ(∆ϕ − 4)(∆ϕ − 3)(∆ϕ − 2)
, (4.3.34)

from which we obtain explicit results in (4.3.29)–(4.3.33). In principle one can produce
the principal part of the correlators for arbitrarily high ∆ϕ, provided that sufficiently
many multi-stress tensor OPE coefficients are known. Note that the limit ∆ϕ → ∞
in (4.3.27) trivially reproduces the geodesic approximation [219] by excluding all the
regularized contributions.21

It can be argued from the OPE point of view that the principal contributions, being
associated with the lightest operators in the OPE, constitute the dominant component
of the holographic correlator around τ ∼ 0 and τ ∼ β. This can be tested numerically,
as we show at the end of this section. Hence, the principal contribution can be consid-
ered a good approximation of the full holographic two-point function. Note however
that this term is clearly not complete as it does not capture the log contributions in
the OPE nor the correct asymptotic OPE expansion at large frequency.

Regularized contributions. We now come to the analysis of the regularized con-
tributions, encoding the dynamical information of an infinite number of multi-stress
tensors:

greg(τ) = −2
∑

∆≥2∆ϕ

Res∆ϕ
a∆

β∆
g
(1,0)
GFF

(
∆ϕ −

∆

2
, τ

)
. (4.3.35)

21It is easy to see that the other contributions in (4.3.25) drop in this limit.
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τ

Re(τ)

Im(τ)

Figure 4.6: The regularized part of the correlator, greg(τ), has additional poles in the
complex τ -plane called bouncing singularities. The analytic structure of the regularized
part therefore consists of KMS poles (colored red) and bouncing singularities (colored
orange). The latter are removed from the full correlator by adding the arc contributions.

An exact computation can only be performed with the knowledge of an infinite number
of coefficients Res∆ϕ

a∆. In principle, we can compute as many OPE coefficients as
we desire from the wave equation as in [210]. However, the analytic form (or the
closed form) of the multi-stress OPE coefficients for any scaling dimension is currently
unknown, to the best of our knowledge.

It is nevertheless possible to produce an approximated resummation22, which reveals
the presence of new poles in the strip 0 < τ < β in the complex τ -plane and they
are depicted in Figure 4.6. These poles correspond precisely to the so-called bouncing
singularities in AdS [154, 220], which were first identified through the geodesic approxi-
mation. Such singularities are unphysical for the Euclidean correlator, in the sense that
a generic two-point function should only exhibit the Matsubara poles, as discussed in
Section 4.3.1. The presence of the bouncing singularities implies that the contribution
from the arcs is no longer constant:23 Instead, they must cancel the poles, as explicitly
shown for the asymptotic model in [149, 221] and reviewed in Appendix C in [4].

Since the bouncing singularities are produced by the resummation of an infinite num-
ber of multi-stress tensor contributions, we can substitute the coefficients with their

22To refine this approximation, one may replace the OPE coefficients of operators with low scaling
dimensions by their exact values as computed in [210], rather than using their large–scaling-dimension
approximations. A systematic analysis of this improvement is left for future work.

23Note that the appearance of this pole violates the analytic structure of the correlator and thus
escapes the theorem presented in [3] to show that the arc terms are constant.
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asymptotic behaviour in ∆ = 4n, as derived in [221]:

a4n =
π

20
(−4)nn2∆ϕ−3

(
42∆ϕ∆2

ϕ(∆ϕ − 1)

Γ
(
2∆ϕ +

3
2

) )
csc(π∆ϕ) , (4.3.36)

leading to the residue

−2Res∆ϕ
a4n =

1

40
(−4)∆ϕ+n+1n2∆ϕ−3

(
4∆ϕ∆2

ϕ(∆ϕ − 1)

Γ
(
2∆ϕ +

3
2

) )
. (4.3.37)

We write explicitly the regularized contributions for the correlators with ∆ϕ < 4. The
expressions for ∆ϕ ≥ 4 are easily obtainable, but we omit them for the sake of clarity:

∆ϕ = 1 : greg(τ) = 0 , (4.3.38)

∆ϕ = 2 : greg(τ) =
∞∑

m=−∞

k2 log |mβ + τ |(mβ + τ)4 (2(mβ + τ)4 + β4)

β4 (4(mβ + τ)4 + β4)2
, (4.3.39)

∆ϕ = 3 : greg(τ) =
∞∑

m=−∞

k3 log |βm+ τ |
[

27(βm+ τ)6

β3 (4(βm+ τ)4 + β4)4

+
16 (32(βm+ τ)8 + 31(βm+ τ)4β4 + 11β8) (βm+ τ)10

β3 (4(βm+ τ)4 + β4)4

]
,

(4.3.40)

where
k2 = −

524288

4725
√
π
, k3 = −

33554432

75075
√
π
. (4.3.41)

Note that the correlator corresponding to ∆ϕ = 1 reproduces the free scalar two-
point function as expected. In this framework, this can be seen as a consequence of
the absence of poles at ∆ϕ = 1 in the OPE coefficients. The expressions for ∆ϕ =

2, 3 exhibit instead new poles τc = ±β
2
± iβ

2
, previously identified in the literature as

encoding the bouncing singularities [221]. Their position depends only on the number
of spacetime dimensions and not on the conformal dimension of the external operators.
Around τc we have:

greg(τ) ∼
1

(τ − τc)2∆ϕ−2
+ subleading poles , (4.3.42)

The degree of divergence agrees with the prediction of [221], while the number of
subleading poles depends explicitly on the value of ∆ϕ. Moreover, we observe that the
(regularized) sum for ∆ϕ = 2, displayed in (4.3.39), exhibits a linear growth along the
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real-time direction (i.e., for t = iτ → ∞). This behaviour is inconsistent with the
clustering decomposition of the correlator, as expressed in (4.2.48). The discrepancy
can be traced back to the approximation used for the OPE coefficients in (4.3.36).

One might attempt to restore the correct large-t behaviour by introducing an addi-
tional arc contribution. However, such a term would, by construction, have vanishing
discontinuity in the complex plane (except at |τ | → ∞) and must also satisfy KMS
invariance. It is straightforward to verify that no function with these properties exists.
Consequently, the only viable resolution is to modify the discontinuity of the two-
point function itself. Equivalently, this requires correcting the asymptotic coefficients
appearing in (4.3.36) so as to recover the correct late-time behavior.24

A detailed analysis of these corrections lies beyond the scope of the present work.
Nevertheless, recent progress in this direction has been made in [222, 223], suggesting
that a systematic computation of such corrections is a promising avenue for future
investigation.

Arc contributions. Arcs are not captured by the dispersion relation and thus by
the expansion in GFF correlators. Their contribution can be fixed by imposing the
full correlator to satisfy the analytic structure and then invoking the uniqueness of the
correlator, as explained in Section 4.3.1. Indeed, it was proven in Appendix A of [3]
that if the two-point function satisfies all the analytic structure expected by the thermal
correlator, then the correlator is fixed up to a real constant; the clustering property
then fixes this constant. The problem of computing the arcs is therefore well-posed.

In the analysis of the regularized contributions, we highlighted how the infinite tower
of multi-stress tensor operators generates an extra set of poles in the complex τ -plane.
As shown in [216] and reviewed in Appendix C in [4] for the case of half-integer ∆ϕ,
it is natural to take as a candidate for the arcs the sum over images of the bouncing
singularity pole. This appears to be the only possibility to restore the correct analytic
properties of the two-point function.

The regularized contribution behaves as follows in the neighbourhood of the bouncing
singularity pole τc = β

2
(1 + i):

greg(τ) ∼ −
2∆ϕ−2∑
ℓ=1

α
(ℓ)
∆ϕ

β2∆ϕ−ℓ

1

(τ − τc)ℓ
+ regular , (4.3.43)

24For example, including a subleading 1/n correction in (4.3.36) appears to be sufficient to restore
the correct large-t asymptotics.
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while similar poles also appear in τ c with complex conjugate coefficients, α(ℓ)
∆ϕ

, as well

as in all the images of the strip 0 < τ < β. Here the α(ℓ)
∆ϕ

are constants determined by
the regularized contribution discussed before. Therefore, in order to cancel the poles
we need to consider25

h(τ) ∼
2∆ϕ−2∑
ℓ=1

∞∑
m=−∞

α
(ℓ)
∆ϕ

β2∆ϕ−ℓ

1

|τ +m− τc|ℓ
+ (τc → τ c , α

(ℓ)
∆ϕ
→ α

(ℓ)
∆ϕ

) . (4.3.44)

We recognize in this expression the definition of the GFF correlators, however shifted
by τc. We thus have

h(τ) =
1

β2∆ϕ

2∆ϕ−2∑
ℓ=1

α
(ℓ)
∆ϕ
gGFF

(
ℓ

2
, τ − τc

)
+ (τc → τ c , α

(ℓ)
∆ϕ
→ α

(ℓ)
∆ϕ

) . (4.3.45)

Note that, because of the shift τ → τc, we need to express these GFF correlators in
terms of Hurwitz ζ functions, valid in the strip Re(τ) ∈ (0, β), with more attention.
In particular we consider the arc contributions to be given by the manifestly parity-
invariant combination of the expression (4.3.45)

garcs(τ) = h(τ) + h(−τ) , (4.3.46)

where the purpose of the second term is to take into account all the poles in τ ∈ (−β, β)
and images thereof.

This method provides closed forms for the arc contributions for arbitrary ∆ϕ. In par-
ticular, the only relevant quantities to determine the arcs are the coefficients α(ℓ)

∆ϕ
. We

give here the coefficients relevant for ∆ϕ < 4:

α
(1)
2 = −2048 (1 + i)

4725
√
π

(−1 + 3 log τc) , α
(2)
2 =

2048 i

4725
√
π
log τc , (4.3.47)

α
(1)
3 =

8192 (1− i)
3003
√
π

(−3 + 5 log τc) , α
(2)
3 =

8192

75075
√
π
(−27 + 61 log τc) ,

α
(3)
3 =

8192 (1 + i)

25025
√
π

(−1 + 4 log τc) , α
(4)
3 = − 8192 i

25025
√
π
log τc . (4.3.48)

To conclude this discussion, we observe that the leading pole depends only on the
asymptotic value of the OPE coefficients a[Tn]. In other words, we expect this contri-
bution in the arcs to remain the same even if the regularized contributions are modified
to account for the exact coefficients. We reserve to future work a systematic analysis
of how corrections of the OPE coefficients affect the subleading poles.

25It is worth highlighting that the absolute value holds on the real axis only, while the outcome of
the resummation is analytically continued to the whole complex τ -plane.
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Figure 4.7: Analysis of the boundedness conditions (4.2.20)–(4.2.21) for the principal
contributions and 1 ≤ ∆ϕ ≤ 5. Left: Absolute value of gpr(τ) evaluated along the line
τ = 1/2 + iη. They are consistently bounded by their values on the real axis. Right:
Absolute value of gpr(τ) for the same range of ∆ϕ, evaluated along the line τ = η+ i/2.
They are consistently bounded by their values on the imaginary axis. Both panels use
log–log scaling with β = 1 without loss of generality. Note that these terms obey the
KMS condition by construction as we vary the real part of τ and this generates bumps
in the log-log scale.

The results above are expected to represent an approximation for the holographic cor-
relators at finite temperature. Since the OPE consistency, the KMS condition, and
the required analytic properties are built-in by construction, the only non-trivial boot-
strap check is the boundedness condition in (4.2.21) and (4.2.20). Figure 4.7 shows
the behavior of the principal contribution for different ∆ϕ along the imaginary axis for
Re(τ) = 1/2 and along the real axis for Im(τ) = 1/2. In both cases, the bounded-
ness is surprisingly satisfied for all values of Im(τ)and Re(τ) respectively, in spite of
ignoring the regularized and arc contributions. Figure 4.8 shows the behavior of the
full correlator for ∆ϕ = 3. It reveals that the approximated result does not satisfy
the boundedness condition (4.2.20), which can again be interpreted as an effect of the
asymptotic approximation of the OPE coefficients.26

Furthermore, we argue that the sum rules derived in [147] and successfully applied
in [148, 149, 216] are automatically satisfied by the holographic correlators studied
in this section. As a result, the OPE coefficients of the multi-stress tensor operators
remain input data of the problem. The argument is the following. Consider, as an
example in which the sum rules are predictive, a strongly-coupled theory such as the
3d Ising model. In this case, one is allowed to expand the correlator in terms of GFF
blocks, as we do in this thesis; however, they would immediately encounter spurious

26This violation was already observed in [149] for non-integer ∆ϕ.
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Figure 4.8: Analysis of the boundedness conditions (4.2.20)–(4.2.21) for the approx-
imated correlator with ∆ϕ = 3. Left: Absolute value of g(τ) evaluated along the line
τ = 1/2 + iη. The correlator is consistently bounded by its values on the real axis.
Right: Absolute value of g(τ) evaluated along the line τ = η + i/2. The correlator is
not bounded by its values on the imaginary axis. We associate this inconsistency with
the fact that we use the asymptotic value of the OPE coefficients instead of their exact
values. Both panels use log–log scaling with β = 1 without loss of generality.

contributions associated with the classical, i.e., without anomalous dimensions, double-
twist operators. These operators are excluded from the OPE spectrum, which is an
input of the problem. Eliminating these unphysical terms requires tuning the thermal
OPE coefficients to specific values – this is an alternative way of explaining the logic
underlying [148]: in fact, these specific values constitute the solutions of the sum rules
for the given spectrum. An even clearer illustration arises in the O(N) model at
large N : the GFF expansion naturally generates a contribution from the operator ϕ2

with dimension ∆ϕ2 = 1, which is absent from the correct spectrum and must instead be
replaced by the Hubbard–Stratonovich field σ with ∆σ = 2. Only a precise combination
of thermal OPE coefficients – or, equivalently, a specific value of the thermal mass mth

– cancels the ϕ2 contribution, enabling one to solve for the correct thermal OPE data
(either analytically or numerically).

In contrast, for the holographic correlators studied in this work, the situation is differ-
ent. The GFF expansion, even when modified to cure the poles in the OPE coefficients
of the multi-stress tensor operators, already reproduces all the physical operators in the
theory. There is therefore no spurious term to cancel and no fine tuning occurs. This
leads to the conclusion that in this case the sum rules are an indeterminate problem.
In fact, it is easy to see that there is not a unique solution: While there exist specific
values of the coefficients a[Tn] corresponding to the holographic setup, setting a[Tn] = 0

still yields a consistent (pure GFF) solution, for example. Hence it is a difficult task
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Figure 4.9: Comparison between the bootstrapped principal part of the two-point func-
tion for ∆ϕ = 3, gpr(τ), and the boundary limit of the numerical solution of the AdS5

wave equation, gnum(τ). The plot below displays the relative discrepancy between gpr(τ)
and gnum(τ) for β = π. The discrepancy is always below 1.3% for τ ∈ (0, β).

to further constrain the thermal OPE coefficients within the present framework. How-
ever, we noted that the asymptotic expression for a[Tn] does not produce a consistent
correlator for ∆ϕ = 2, 3, as it is either not bounded for large t = iτ or by its value on
the imaginary axis. Additional constraints might emerge by considering correlators at
non-zero spatial separation or by including 1/N2 corrections beyond the classical large
N limit.

Numerical checks for ∆ϕ = 3. Since all bootstrap conditions are satisfied and
the solution is expected to be unique [3], given the input, the correlators bootstrapped
in (4.3.29)–(4.3.33) should approximately coincide with the solution of the bulk wave
equation (4.3.11) in AdS in the appropriate limit. While the latter is difficult to solve
analytically in position space (see, e.g., [155, 210, 224] for some analytical results),
it can be addressed numerically. In this section, we solve the scalar wave equation
in AdS for a bulk field dual to a boundary operator of dimension ∆ϕ = 3. Since
the first correlator to involve the stress tensor coefficient in the principal contribution
corresponds to ∆ϕ = 3, we focus on this specific example. Further details on this
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Figure 4.10: Left: Comparison between the numerical two-point function gnum(τ)

for ∆ϕ = 3 and the identity block g(1)(τ). Right: Comparison between gnum(τ) after
subtraction of the identity block and the stress tensor block aTg(T )(τ).

computation are provided in Appendix D in [4].

Figure 4.9 shows that the principal contribution to the two-point function from our
bootstrap construction and the numerical bulk solution differ by at most ∼ 1.3%.
As argued in Appendix C in [4], this small discrepancy can be attributed to numerical
accuracy. We expect that a better numerical estimation of the two-point function could
in principle also show the (subleading) regularized and arc contributions presented in
Section 4.3.2. For ∆ϕ = 3, the principal contribution is composed of only two blocks:
the identity and the stress tensor blocks, as can be seen from (4.3.31). In Figure 4.10 we
compare the numerical two-point function with the identity block (left panel), and with
the stress tensor block after subtracting the identity contribution (right panel). The
apparent agreement supports the fact that the principal contributions (4.3.29)–(4.3.33)
represent the dominating component of the holographic correlators.

In Appendix C in [4] we also considered the case of ∆ϕ = 1 as a testing playground,
since the prediction for the associated correlator is exact.

4.3.3 Bulk Interpretation through Witten Diagrams

We now discuss an interpretation of our bootstrap results in terms of Witten diagrams.
In particular, we show a one-to-one correspondence between our expansion in GFF
correlators (regularized to their derivatives, in the case of higher multi-stress tensors
contributions) and an expansion of the action around the thermal AdS background for
the case of the AdS-Schwarzschild black brane.
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Perturbative expansion around thermal AdS. Inspired by the form of our cor-
relators, we perform an expansion of the action around thermal AdS. We define the
expansion parameter

ε =
ℓ

β
, (4.3.49)

with ℓ the AdS radius, which we keep explicit to allow dimensional analysis. For small
ε, the black brane metric can be expanded in powers of εd around the thermal AdS
metric as follows:27

gMN = gAdSMN + εdh
(d)
MN + ε2dh

(2d)
MN + . . . , (4.3.50)

gMN = gMN
AdS + εdh(d)MN + ε2d

(
h
(d)M

Ph
(d)PN − h(2d)MN

)
+ . . . . (4.3.51)

Under this expansion the action (4.3.5) takes the form

S = SthAdS + εdδS(d) + ε2dδS(2d) + . . . , (4.3.52)

with the thermal AdS action given by

SthAdS =
1

2

∫
β

dd+1y
√
gAdS

(
gMN
AdS ∂Mϕ∂Nϕ+m2ϕ2

)
. (4.3.53)

Here we defined the shorthand notation∫
β

dd+1y =

∫ ∞

0

dz
∫ β

0

dτ
∫

dd−1x . (4.3.54)

Notice that in order to use the thermal AdS propagators we have changed the integra-
tion boundaries of z to [0,∞) instead of [0, zh]. This manipulation leaves a residual
non-perturbative term which we consider later. From the action (4.3.53) we can deter-
mine the scalar propagators in the thermal background:

Bulk-to-boundary: K∆(z1, τ12, x12) =
∞∑

m=−∞

K
(AdS)
∆ (z1, τ12 +mβ, x12) , (4.3.55)

Bulk-to-bulk: G∆(z12, τ12, x12) =
∞∑

m=−∞

G
(AdS)
∆ (z12, τ12 +mβ, x12) , (4.3.56)

which are given in terms of zero-temperature propagators given as

K
(AdS)
∆ (z1, τ12, x12) = C∆

(
z1

z21 + τ 212 + x212

)∆

, (4.3.57)

27Note that h(d) is traceless.
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G
(AdS)
∆ (z12, τ12, x12) = 2∆C̃∆ξ∆12 2F1

(
∆

2
,
∆+ 1

2
;∆ + 1− d

2
; ξ212

)
, (4.3.58)

Further details about the expansion of the metric at small ε are provided in Appendix E
in [4], for simplicity here we present the main ingredients and resulting expressions. The
corrections to the action then take the general form

δS(d) = −1

2

∫
β

dd+1y
√
gAdS h

(d)MN∂Mϕ∂Nϕ , (4.3.59)

δS(2d) =
1

2

∫
β

dd+1y
√
gAdS

[(
1

2
h(2d) − 1

4
h
(d)
MNh

(d)MN

)(
gMN
AdS ∂Mϕ∂Nϕ+m2ϕ2

)
+
(
h
(d)M

Ph
(d)PN − h(2d)MN

)
∂Mϕ∂Nϕ

]
, (4.3.60)

...

We can therefore express the boundary thermal correlator perturbatively in ε as

g(τ, x) = gthAdS(τ, x) + εdgT (τ, x) + ε2dg[T 2](τ, x) + . . . , (4.3.61)

where the choice of notation g[Tn] will soon be justified. Under this expansion the
boundary correlator can be represented conveniently using Witten diagrams. The in-
sertion rules associated with this action can be gathered as follows:

= K∆(z1, τ12, x12) , (4.3.62)

= G∆(z12, τ12, x12) , (4.3.63)

(1) = −1

2

∫
β

dd+1y
√
gAdS h

(d)MN ∂1M∂2N , (4.3.64)

(2) =
1

2

∫
β

dd+1y
√
gAdS

[(
1

2
h(2d) − 1

4
h
(d)
MNh

(d)MN

)(
gMN
AdS ∂1M∂2N +m2

)
+
(
h
(d)M

Ph
(d)PN − h(2d)MN

)
∂1M∂2N

]
, (4.3.65)

...
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The explicit expressions for h(d) and h(2d) are given in Appendix E in [4]. Since the
action consists only of ϕ2 vertices, the correlator takes the form

=

+ εd (1)

+ ε2d

(
(2) +

(1)

(1)

)

+ ε3d

(
(3) +

(1)

(2)
+

(1)

(1)

(1)

)
+ . . . .

(4.3.66)

The first diagram of each line is a contact diagram, for which the graviton mode is
indicated by the number in parenthesis. The other (exchange) diagrams involve bulk-
to-bulk propagators and follow from multiplicative terms in the expansion of e−S. Note
that no loops are allowed in this expansion.

In Appendix E in [4] we perform an explicit computation of the diagrams up to order
ε2d. We observe that the resulting expression matches with the bootstrap result for the
principal and regularized terms. We expect that this connection holds for any order in
εd as a consequence of the following observations:

1. Each diagram can be reduced to a single sum of images. This can be shown by
using the standard trick of shifting the τ -integrals and the sums. Generally, any
Witten diagram has a number of sums of images given by28

number of sums = number of propagators− number of vertices , (4.3.67)

which is always 1 in this case, as follows from the fact that only ϕ2 vertices exist;

2. For each order, one can analyze which are the operators that contribute to the
zero mode by reading the power of β and assuming that the correlator follows the
principles of CFT at finite temperature. It is straightforward to see that, here,
the zero mode is given exactly by the multi-stress-tensor contributions, since they

28Incidentally, this is also true for Feynman diagrams.
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are the only universal operators to have dimension ∆ = nd independently of ∆ϕ.
This means in turn that the zero mode of each order n is given by a sum of the
thermal blocks associated to the operators [T n].

Therefore we conclude that, in this expansion, the n-th order has to be given exactly
by

g[Tn](τ, x) =

nd/2∑
J=0

a
(T )
nd,J

∞∑
m=−∞

fnd,J(τ +mβ, x) , (4.3.68)

where fnd,J(τ + mβ, x) are the thermal blocks defined through (4.1.5) and a
(T )
nd,J are

multi-stress tensor OPE coefficients. This expression matches the generalized sum of
images discussed in [3]. If we set the spatial separation to zero, we recover

g[Tn](τ) =
a[Tn]

β2∆ϕ

[
ζH

(
2∆ϕ − nd,

τ

β

)
+ ζH

(
2∆ϕ − nd, 1−

τ

β

)]
, (4.3.69)

in perfect agreement with our bootstrap framework up to the arc contributions.29 Hints
at this structure were already – directly or indirectly – observed in [149, 210, 224]. It
is important to note that this expansion is not per se an expansion of the correlator
at small temperature; instead it corresponds to an expansion in the graviton field. In
fact, each term in (4.3.61) admits its own expansion in powers of β due to the sum of
images.

To better understand this statement, let us view the computation from another per-
spective, namely as an expansion around thermal AdS interpreted as a high-frequency
expansion. The effective parameter in the correlators is in fact ωzh, which is here taken
to be large, similarly to Section 5.4 of [155]. Perturbatively at large frequencies, one
therefore expects to recover the OPE in momentum space [165, 169]. Double-trace
operators do not appear in this OPE, in agreement with (4.2.25), and this matches the
fact that multi-stress tensor operators are zero modes in the expansion around thermal
AdS. This can also be seen by considering the frequency space form of (4.2.25), as
discussed in [3]. While the framework of this section provides a holographic interpre-
tation for the expansion in GFF correlators (4.2.25), note that the arc contributions
are not captured by this high-frequency expansion. From the connection between the
momentum space OPE and the GFF expansion of the correlators, these contributions
can be understood as the piece of the correlator that governs the late-time dynamics
[225, 226].30

29The regularized part is also included in this expression after suitably expanding the divergent
coefficient multiplying a vanishing GFF block.

30We thank Tom Hartman for useful discussions on this point.
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Non-perturbative effects and arcs. It is well known that the OPE in momentum
space needs to be corrected with non-perturbative contributions, which become relevant
at low frequencies while being exponentially suppressed at high frequencies [165, 169].
Since the connection between the momentum space OPE and the dispersion relation is
pointed out in [3], here we focus on the relation between the arc contributions and the
non-perturbative corrections at small frequencies.

Since the expansion in thermal AdS discussed above admits the interpretation of a high-
frequency expansion, we expect these contributions to correspond to non-perturbative
effects in that setup. Indeed during the calculation we made the crucial approximation
of extending the integration region from zh to ∞ in the Witten diagrams. If zh is large
but finite, this approximation is justified because the corrections are exponentially
suppressed. More precisely, consider the full action

S =

∫ zh

0

dz

∫ β

0

dτ

∫
dd−1xL

=

∫ ∞

0

dz

∫ β

0

dτ

∫
dd−1x (LthAdS + . . .)−

∫ ∞

zh

dz

∫ β

0

dτ

∫
dd−1xL . (4.3.70)

The first term corresponds to our calculation, while the second term is difficult to
evaluate exactly and encodes the non-perturbative effects at high frequencies. It is
possible however to give an estimation of its contribution. The simplest way is to
observe that∫

D[ϕ] exp
(
−
∫ ∞

zh

dz

∫ β

0

dτ

∫
dd−1xL

)
∼ e−(FthAdS−F ) ∼ e−S ∼ O

(
e−εd−1)

,

(4.3.71)
where here S is the entropy of the black brane. This estimation highlights the fact
that this contribution is non-perturbative in ε. In other words, the expansion around
thermal AdS that reproduces the GFF expansion (4.2.25) does not (perturbatively)
take into account horizon effects.

A yet more accurate estimation of the non-perturbative contributions can be obtained
by considering ∫ ∞

zh

dz

∫ β

0

dτ

∫
dd−1xL , (4.3.72)

expanded near the horizon, i.e., at z ∼ zh. It is straightforward to estimate the leading
order contribution. At this order, the equation of motion reduces to

ψ′
ω,k(z) +

ℓ2

4zh

(
m2ℓ2

z2h
+ k2 + ω2

)
ψω,k(z) = 0 , (4.3.73)
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where we have defined

Φ(z, τ, x) = T
∑
n

∫
dd−1k

(2π)d−1
eωnτ+ikxψω,k(z) , ωn =

2πn

β
. (4.3.74)

The solution of (4.3.73) is

ψω,k(z) = ψc exp

[
− zℓ

2

4zh

(
m2ℓ2

z2h
+ k2 + ω2

)]
, (4.3.75)

with ψc a constant fixed by boundary conditions. The contribution of the bulk-to-
boundary propagator given above to the thermal two-point function of the boundary
CFT is therefore

gn.p.(k, ω) ∼ e−(k2+ω2) . (4.3.76)

As a consequence, gn.p. precisely captures the non-perturbative terms in momentum
space as expected from the arguments above. Since the perturbative expansion in ε

matches the GFF expansion in (4.2.25), we identify

gn.p.(τ, x) = garcs(τ, x) . (4.3.77)

This gives a novel interpretation of garcs(τ, x) as encoding horizon effects, which are not
captured by the GFF expansion.

Since in this work we have been interested in the zero spatial separation limit, an inter-
esting direction, currently under investigation, is the extension of the present analysis to
non-zero spatial separation, x ̸= 0, as proposed in [3]. In this case, we expect garcs(x, τ)

to encode extra dynamical information, like the thermal mass of the theory for instance.
This expectation can in principle be tested by employing exact momentum-space for-
mulae [209, 211, 212] and/or by developing a more precise version of the near-horizon
expansion, which we have only sketched here. We hope to report our results in future
work.

4.3.4 Higher-Curvature Corrections

We now conclude our study of the black brane background by considering higher-order
curvature corrections. Such extensions may correspond to different types of gravita-
tional theories [227–230] as well as stringy corrections with α′ ∼ 1/

√
λ as a parameter.

In order to preserve conformal symmetry, they can only modify the functions f(z) and
h(z) presented in (4.3.9). We parameterize them as an expansion around the black
brane metric,

f(z) = 1− f0z4 − f4z8 − f8z12 − . . . , (4.3.78)
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h(z) = 1− h0z4 − h4z8 − h8z12 − . . . , (4.3.79)

with f0 = h0 needed as before for consistency with conformal symmetry. There is no
such constraint, however, on f4, h4, and higher-order terms. It is also important to
note that, from the perspective of the thermal CFT, those corrections do not induce
anomalous dimensions. Thus only the thermal OPE coefficients are expected to be
modified.

In order to obtain the principal contributions to the correlators with modified thermal
OPE coefficients, it is sufficient to consider (4.3.29)–(4.3.33) and insert the corrected
multi-stress tensor OPE coefficients [210], namely,

aT =
π4∆ϕ

40
, (4.3.80)

a[T 2] = aT
2
63∆4

ϕ − 413∆3
ϕ + 672∆2

ϕ − 88∆ϕ + 144

126∆ϕ(∆ϕ − 4)(∆ϕ − 3)(∆ϕ − 2)

− ∆ϕ(∆ϕ + 1)(4∆ϕ(5− 2∆ϕ)f̃4 + (∆ϕ(∆ϕ − 4) + 24)h̃4)

5040(∆ϕ − 4)(∆ϕ − 3)(∆ϕ − 2)
, (4.3.81)

where we set f0 = π4/β4 and defined the dimensionless quantities f̃4 = f4β
8 and h̃4 =

h4β
8. Note that the first affected coefficients are those of the [T 2] sector, specifically

a8,2 and a8,0, while a8,4 belongs to the universal lowest-twist family that depends only
on f̃0. Since aT depends solely on f̃0, the correlators for ∆ϕ ≤ 4 are identical across
all backgrounds. The correlator with ∆ϕ = 5 is the first to contain higher terms (f̃4
and h̃4). Correlators with higher ∆ϕ involve higher and higher corrections f̃k and h̃k;
they can be derived systematically following the same procedure. Corrections to the
regularized contributions (and consequently, to the arc contributions) can be derived
following a similar strategy, even though (as already highlighted before) a full prediction
requires the knowledge of an infinite number of OPE coefficients.

4.3.5 Black Hole Background

We now apply the analytic bootstrap framework to holographic thermal correlators
in spherically symmetric black hole backgrounds. We first extend the analysis of the
analytic properties of thermal two-point functions to the case of correlators at finite
temperature and finite volume, namely on the geometry S1

β × Sd−1
R , which has seen

interesting developments in recent years from a finite temperature point of view [222,
231–237]. We show that the two-point function in the zero spatial separation limit
admits an expansion in finite volume GFF correlators, which is the analogue of (4.2.25).
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This decomposition is valid for theories whose spectrum contains only operators of
integer conformal dimension. We specialize this formula to the study of holographic
correlators and obtain analytic results for the principal contribution in the case d = 4.

Thermal two-point functions in BH background. We study two-point functions
of identical scalar operators at finite temperature and finite volume. More precisely,
we consider correlators on the geometry S1

β × Sd−1
R . We denote by R the radius of the

(d− 1)-dimensional sphere. As in the infinite volume case it is convenient to define

gβ/R(τ, x) = ⟨ϕ(0, 0)ϕ(τ, x) ⟩β/R ≡ ⟨ϕ(0, 0)ϕ(τ, x) ⟩S1
β×Sd−1

R
. (4.3.82)

We focus on the limit in which the two operators have zero spatial separation and
denote the correlator by gβ/R(τ) ≡ gβ/R(τ, 0).

In this section we discuss the adaptation of the bootstrap axioms of Section 4.3.1 to
the finite volume case.

OPE. The OPE remains valid on the geometry S1
β × Sd−1

R but converges only when
τ 2 + x2 < min(β2, 4π2R2). In the limit x = 0, the two-point function admits the
following expansion in thermal blocks:

gβ/R(τ) =
1

β2∆ϕ

∑
∆

a∆(β/R)

[
1

2

(
β

R

)
csch

( τ

2R

)]2∆ϕ−∆

, (4.3.83)

with
a∆(β/R) =

∑
O:∆O=∆

fϕϕObO(β/R)

(
J !

2J(ν)J

)
C

(ν)
J (1) . (4.3.84)

The decomposition is justified by the fact that (4.1.3) generalizes as follows [146]:

⟨Oµ1...µJ ⟩β/R =
b(β/R)

β∆
(eµ1 . . . eµJ − traces) . (4.3.85)

Starting from this expression, it is possible to express the OPE similarly to the infinite
volume case. Then, using finite volume variables leads to the expansion (4.3.83).

KMS condition. The two-point function of identical scalars satisfies the KMS con-
dition which, associated with time reversal symmetry, reads [238, 239]

gβ/R(τ) = gβ/R(β − τ) . (4.3.86)

At finite volume there is an additional periodicity coming from the sphere geometry
Sd−1
R . In this work we focus on correlators at zero-spatial coordinates and thus leave

the implication of this condition for future studies.
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τ ′

τC0

Figure 4.11: Analytic structure at finite temperature and finite volume for integer
spectrum, when the OPE coefficients do not contain poles. Due to the periodicity, poles
are now located at every mβ, m ∈ Z, in the real direction and every 2πnR, n ∈ Z,
in the imaginary direction. The principal part of the correlator is given by the sum of
residues of these poles.

Analytic structure and GFF expansion. In [3] the authors discuss the analytic
structure of finite temperature correlators at infinite volume. Here we extend the
conclusions to include the case in which the geometry is S1

β × Sd−1
R . We focus on the

case in which the spectrum consists only of operators of integer dimensions, i.e., we
restrict here our analysis to the principal contribution of the correlators, in the sense
defined in Section 4.3.2. In the following we describe the associated analytic structure
in the complex τ -plane and its consequences.

The restriction to integer conformal dimensions (and no pole in the OPE coefficients)
implies that only poles are allowed in the τ -plane. Because of the compact space,
the poles are replicated not only along the real τ -axis but also along the imaginary
τ -axis, together with their Matsubara images. This can be seen by noticing that the
zero-temperature finite volume two-point function is given by

⟨ϕ(τ)ϕ(0)⟩R×Sd−1
R

=

[
1

2R
csch

( τ

2R

)]2∆ϕ

, (4.3.87)

which has poles on the imaginary τ -axis corresponding to UV images located at iτ =

2πRk, k ∈ Z. Equivalently, this follows from the observation that

ds2Rd = dr2 + r2 ds2
Sd−1
R

=
e2τ/R

R2

(
dτ 2 +R2ds2

Sd−1
R

)
=
e2τ/R

R2
ds2

R×Sd−1
R

. (4.3.88)

We conclude that the analytic structure of the principal part of thermal correlators at
finite volume for integer ∆ϕ is the one presented in Figure 4.11.
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It is now straightforward to apply Cauchy’s integral formula to rewrite the correlator
as

gβ/R(τ) =

∮
C0

dτ ′

2πi

gβ/R(τ
′)

τ ′ − τ , (4.3.89)

which can then be expressed as a sum over residues:

gβ/R(τ) = −
∞∑

m=−∞

∞∑
n=−∞

Res
τ ′=0

[
gβ/R(τ

′)

τ ′ − τ +mβ + 2πinR

]
+ garcs(τ) . (4.3.90)

The next step is to substitute the OPE into this expression, which yields

gβ/R(τ) = −
1

β2∆ϕ

∑
∆

a∆(β/R)

(
β

2R

)2∆ϕ−∆ ∞∑
m=−∞

∞∑
n=−∞

Res
τ ′=0

[
sinh2∆ϕ−∆

(
τ ′

2R

)
τ ′ − τ +mβ + 2πinR

]
+ garcs(τ) . (4.3.91)

The residues reduce to propagators in the complex τ -plane, shifted along both the real
and imaginary directions. Moreover, they give a non-zero contribution only for ∆ ≤
2∆ϕ − 1. After performing the sum over images, we identify each block accompanying
an OPE coefficient with a GFF correlator, producing the decomposition

gpr(τ) =
∑
∆

a∆
β∆

gGFF

(
∆ϕ −

∆

2
, τ

)
+ garcs(τ) , (4.3.92)

where the GFF blocks are defined as

gGFF,β/R(∆, τ) =
1

β2∆Γ(2∆)

∆∑
ℓ=1

(
β2

R2

)∆−ℓ

c(∆, ℓ)

[
ψ

(2ℓ−1)

e−β/R

(
τ

β

)
+ ψ

(2ℓ−1)

e−β/R

(
1− τ

β

)]
,

(4.3.93)
where ψ(n)

q (z) is the n-th derivative of the q-Polygamma function defined as

ψ(n)
q (z) =

∂nψq(z)

∂zn
, ψq(z) =

∂

∂z
log Γq(z) , (4.3.94)

with Γq(z) the q-Gamma function.31 The derivation of the thermal finite volume GFF
correlators and their basic properties can be found in Appendix A in [4]. As a con-
sistency check, in Appendix B in [4], we show that the two-point function of lightest
scalars in the large N limit of the 3d O(N) model satisfies the expansion in (4.3.92).

The black hole correlators are expected to additionally consist of regularized and arc
contributions, as discussed in Section 4.3.2 for the black brane. We reserve the study of
these contributions to future work, however we note that there is no apparent obstacle
in developing a strategy similar to the one used for the black brane background.

31The q-Gamma function can be defined as Γq(x) = (1− q)1−x
∏

i

(
1− qi+1

)
/(1− qi+x).
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Boundedness conditions. As in the infinite volume case, the correlator is bounded
in the complex τ -plane by its value on the real axis,

|g(τ)| ≥ |g(τ + iη)| , τ, η ∈ R , (4.3.95)

and also by its value on the imaginary axis,

|g(iη)| ≥ |g(τ + iη)| , τ, η ∈ R . (4.3.96)

The proofs are available in the literature for the infinite volume case [3, 154] and can
be straightforwardly adapted to the finite volume case.

Clustering condition. At finite volume the clustering condition no longer holds.
Additionally the real-time correlators (such as the Wightman correlator) are periodic
in t = iτ and thus the limit t→∞ is not sufficient to fix the arc contributions. Fixing
the arcs is a very interesting problem on its own and we leave this to future work.32

Holographic thermal correlators. We consider, as before, a free massive scalar
field in the bulk, described by the action (4.3.5), with the difference that the spatial
integral is now over the spatial sphere. The black hole background corresponding to a
spherical horizon can be written as

ds2 =
(
1 +

f(z)

z2

)
dτ 2 +

dz2

z4
(
1 + h(z)/z2

) + dΩ2
d−1

z2
, (4.3.97)

where dΩ2
d−1 is the metric on the (d − 1)-dimensional sphere. The asymptotic AdS

boundary conditions again constrain the functions f(z) and h(z) as

f(z) = 1− f0zd + . . . , h(z) = 1− h0zd + . . . . (4.3.98)

In [210] it was shown that conformal invariance on the boundary requires f0 = h0 as in
the black brane case.

Black hole spectrum. The operator spectrum in the black hole background differs
slightly from the black brane case presented in (4.3.13). In addition to the multi-stress
tensor operators [T n], operators of the schematic form ∂ℓT n must also be included,
where the derivatives are arranged such that they produce conformal primaries. A list
of the lightest such operators can be found in Table 6 of [210]. Starting at ∆ = 10,

32For the sake of clarity, note that the arcs are unique up to a constant with respect to the position
of the operator. This constant is however a function of the dimensionless radius β/R.
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additional operators of this type appear in the spectrum of the black hole background
with respect to the black brane.

For the low-lying spectrum, i.e., ∆ ≤ 8, the OPE coefficients coincide with the black
brane ones given in (4.3.14)–(4.3.17) when expressed in terms of f0. However, to make
contact with the finite temperature and volume CFT, in the black hole background the
dimensionless quantity f̃0 should be replaced by

f̃0 =
1

4

(
− β

4

R4
− 2π2 β

2

R2
± 2π3

√
π2 − 2

β2

R2
+ 2π4

)
, (4.3.99)

which we obtain by resolving the black hole singularity, i.e.,

R

β
=

1

4π

d(f(z)/z2)

dz

∣∣∣∣
z=zH

, (4.3.100)

and ensuring that f̃0 reduces to the black brane expression given in (4.3.10) as we
take R → ∞. In Equation (4.3.99) the two signs correspond to the two possible
solutions, associated to a small black hole (−) and a large black hole (+). Although
in the following we are agnostic about the choice of solution, we mention that the
small black hole is known to be unstable thermodynamically while the large one is
stable [55, 240, 241].

It should be noticed that, while in the black brane case f̃0 (and thus the one-point
functions of multi-stress tensor operators) is a constant, in the black hole case f̃0 be-
comes a function of the dimensionless ratio β/R. Consequently, the thermal one-point
functions of the multi-stress tensor operators also depend non-trivially on β/R.

In the following we apply the analytic bootstrap framework (of which Equation (4.3.92)
is the keystone) to holographic setups in the strong-coupling regime in order to derive
the principal contribution to two-point functions of scalar operators. As already men-
tioned, additional operators of the schematic form ∂ℓT n with conformal dimensions
∆ = dn+ ℓ also appear. The method of [210] can be extended to compute the associ-
ated OPE coefficients.33

Two-point functions for integer ∆ϕ in 4d BH background. As noted in [210]
and reviewed above, the OPE coefficients for the multi-stress tensor sector for the black
brane and spherical black hole can be computed directly from the equations of motion

33See in particular Appendix A therein, in which exact expressions were obtained for the operators
up to dimension ∆ = 10 (see Equations (5.25)–(5.30)), which consist of two stress tensors and two
derivatives.

238



in AdS. We can therefore immediately expand in GFF blocks, following the same logic
as in Section 4.3.2, in order to derive the principal contributions to the associated
correlators. We focus again on the integer ∆ϕ case.34

Using the finite-volume GFF correlator given in (4.3.93) we define to streamline the
notation the object

B(ℓ)
β/R(τ) = ψ

(ℓ)

e−β/R

(
τ

β

)
+ ψ

(ℓ)

e−β/R

(
1− τ

β

)
. (4.3.101)

We readily obtain the following expressions:

∆ϕ = 1 : gpr,β/R(τ) =
1

β2
B(1)
β/R(τ) , (4.3.102)

∆ϕ = 2 : gpr,β/R(τ) =
1

β4

[
1

6
B(3)
β/R(τ)−

1

6

(
β

R

)2

B(1)
β/R(τ)

]
, (4.3.103)

∆ϕ = 3 : gpr,β/R(τ) =
1

β6

[
1

120
B(5)
β/R(τ)−

1

24

(
β

R

)2

B(3)
β/R(τ) +

1

30

(
β

R

)4

B(1)
β/R(τ)

]
+ aT (β/R)

1

β6
B(1)
β/R(τ) , (4.3.104)

∆ϕ = 4 : gpr,β/R(τ) =
1

β8

[
1

5040
B(7)
β/R(τ)−

1

360

(
β

R

)2

B(5)
β/R(τ) +

7

720

(
β

R

)4

B(3)
β/R(τ)

− 1

140

(
β

R

)6

B(1)
β/R(τ)

]
+ aT (β/R)

1

β8

[
1

6
B(3)
β/R(τ)

−1

6

(
β

R

)2

B(1)
β/R(τ)

]
, (4.3.105)

∆ϕ = 5 : gpr,β/R(τ) =
1

β10

[
1

362880
B(9)
β/R(τ)−

1

12096

(
β

R

)2

B(7)
β/R(τ)

+
13

17280

(
β

R

)4

B(5)
β/R(τ)−

41

18144

(
β

R

)6

B(3)
β/R(τ)

+
1

630

(
β

R

)8

B(1)
β/R(τ)

]
+ aT (β/R)

1

β10

[
1

120
B(5)
β/R(τ)−

1

24

(
β

R

)2

B(3)
β/R(τ) +

1

30

(
β

R

)4

B(1)
β/R(τ)

]
+ a[T 2] (β/R)

1

β10
B(1)
β/R(τ)

34For the non-integer case it would be interesting to develop a finite-volume approximation similar
to the asymptotic model of [216].
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. (4.3.106)

This reproduces the pattern observed for the black brane background in (4.3.29)–
(4.3.33). The final closed form of these principal contributions can be found by us-
ing (4.3.99) to obtain

aT (β/R) =
∆ϕ

160

(
− β

4

R4
− 2π2 β

2

R2
± 2π3

√
π2 − 2

β2

R2
+ 2π4

)
, (4.3.107)

a[T 2] (β/R) = aT (β/R)2
63∆4

ϕ − 413∆3
ϕ + 672∆2

ϕ − 88∆ϕ + 144

126∆ϕ(∆ϕ − 4)(∆ϕ − 3)(∆ϕ − 2)
. (4.3.108)

The principal contributions of the correlators can be obtained by inserting these values
in (4.3.102)–(4.3.106). Results for higher ∆ϕ can be derived in the same way, provided
sufficient knowledge of multi-stress tensor OPE coefficients.

It would be of fundamental importance to compute the regularized and arc contribu-
tions for the black hole case as well, similarly to the black brane case in Section 4.3.2.
However, the lack of an asymptotic form for the OPE coefficients prevents us from
studying the arc contributions, whose starting point is the location of the bouncing sin-
gularity in the complex τ -plane. Secondly, although we expect the higher multi-stress
tensor contributions to be regularized as in Equation (4.3.35), the formula (4.3.93)
prevents an exact computation of the derivative of the GFF block for the time being.
Finally, finite volume correlators do not satisfy the clustering property (4.2.48) and,
as a result, the arc contributions cannot be completely fixed. Future work will be
dedicated to a deeper understanding of correlators in the black hole background.

A non-trivial check is the fact that the two-point function at finite volume should
reproduce the one at infinite volume, i.e., the black brane, in the infinite volume limit.
Since our thermal two-point functions are made up of a finite sum over GFF correlators
it is enough to show that this is the case for the GFF correlator. This is discussed in [4],
and indeed the correlators in this section reduce to the ones listed in (4.3.29)– (4.3.33).
This limit additionally provides a constraint or a check on the expected regularized and
arc contributions.

In the case of the black brane, we successfully compared our approximate analytic so-
lution with the numerical solution of the wave equation. However, for the spherical
black hole case, there are additional limitations which we discuss now. First, obtain-
ing an accurate numerical solution is technically more challenging due to the increased
complexity of the wave equation. Second, the analytic solutions for the black hole back-
ground contain an ambiguity encoded in an arbitrary function κ∆ϕ

(β/R). By fixing β
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and R, one could in principle tune this function to match the numerical result; how-
ever, such a procedure reduces the discrepancy in an (almost) arbitrary way. For this
reason, we do not consider the numerical solution of the wave equation as a meaningful
consistency check in this case.35 Note that the fact that the solution is unique up to a
constant in the kinematics is already a check of our correlators.

The Witten diagram interpretation discussed in Section 4.3.3 also differs in the black
hole case. The expansion proposed in Section 4.3.3 effectively corresponds to a large β
expansion, which is less meaningful in the black hole background since solutions exist
only for β2 < π2R2/2.36 Whether an alternative bulk interpretation of these blocks
exists remains an open question, which we plan to revisit in future work.

Finally, as discussed in Section 4.3.4, it is also possible to include higher-curvature cor-
rections in the computation of the correlation functions. As in the black brane case, the
operator spectrum remains unchanged; the only difference is that the OPE coefficients
of the multi-stress tensor operators now depend on the Wilson coefficients multiplying
the higher-curvature terms, or equivalently on the parameters f4, h4, . . .. Since the pro-
cedure to compute these corrections is identical to that described in Section 4.3.4, and
the resulting expressions are not particularly illuminating, we do not report them here.

35It would be interesting to develop a more stable and precise way to solve the wave equation
numerically.

36This can be seen from the fact that the square root in Equation (4.3.99) is real only for these
values of β/R.
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4.4 Sum Rules

A very straightforward way to obtain thermal one-point functions is to solve the sum
rules implied by the KMS condition, as given in (4.1.9). While conceptually simple, this
approach comes with several challenges. For all but a few special cases, the spectrum of
a CFT is infinite, so the sum rules constitute an infinite system of linear equations. In
practice, solving them requires either a hard truncation of the spectrum, in the spirit
of [242], or the introduction of a cutoff together with an estimate of the contribution
from operators above the cutoff. In this work, we adopt the latter approach.

It is also worth noting that the computation of thermal OPE coefficients via sum rules
closely parallels the numerical bootstrap at zero temperature. However, unlike the
zero-temperature case—where OPE coefficients appearing in four-point functions obey
positivity constraints arising from crossing symmetry—the thermal OPE coefficients
are not subject to such constraints. As a result, standard semidefinite programming
techniques are not directly applicable. Recent progress toward constructing positive-
definite quantities in thermal settings was presented in [243].

4.4.1 Derivation of the Sum Rules

To explicitly obtain these sum rules, we begin with (4.1.9) and perform an operator
product expansion on both its left- and right-hand sides. The resulting expressions
are then further expanded as power series in τ and r. This procedure relies on the
definition of the Gegenbauer polynomials,

C
(ν)
J

(
τ√

τ 2 + r2

)
=

⌊J/2⌋∑
k=0

2J−2k(−1)k Γ (J − k + ν)

Γ(ν) k! (J − 2k)!

(
τ√

r2 + τ 2

)J−2k

, (4.4.1)

together with two successive applications of the binomial theorem. As discussed in
(4.1.10), comparison of the two sides of (4.1.9) shows that all terms involving even
powers of τ cancel identically. In contrast, the coefficients of odd powers of τ must
vanish separately, yielding a set of non-trivial constraints. By enforcing this condition
order by order in the variable r, we obtain a family of explicit sum rules for specific
combinations of OPE coefficients,∑

O∈ϕ×ϕ

bOfOϕϕ

cO
Fℓ,n(h, J) = 0 , n ∈ N , ℓ ∈ 2N + 1 . (4.4.2)

Here we have introduced the twist variable

h = ∆− J , (4.4.3)
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and defined the function

Fℓ,n(h, J) =
1

2h+J

(h−2∆ϕ

2

n

)(
h+ J − 2∆ϕ − 2n

ℓ

)
3F2

[
1−J
2
,−J

2
, h
2
−∆ϕ + 1

h
2
−∆ϕ − n+ 1,−J − ν + 1

∣∣∣∣∣ 1
]
.

(4.4.4)
As anticipated, the function Fℓ,n(h, J) depends on both the conformal dimension ∆—through
the twist h—and the spin J of the exchanged operators, as well as on the two positive
integers ℓ and n. This expression arises from setting to zero the (2ℓ + 1)-th deriva-
tive with respect to τ and the n-th derivative with respect to r of f(τ, r), evaluated
at τ = β/2 and r = 0, in accordance with (4.1.10). From this perspective, the sum
rules in (4.4.2) can be understood as encoding an expansion of the correlator around
its KMS-invariant fixed point.

A straightforward strategy for exploiting the sum rules in (4.4.2) is to truncate the
operator product expansion. This approach is reminiscent of the Gliozzi method in
the conformal bootstrap, originally proposed in [244]. However, there is no guarantee
that a naive truncation of the infinite sum over exchanged operators yields reliable
results. In order to assess whether the sum rules in (4.4.2)—restricted to the case
n = 0—admit a consistent truncation, it is necessary to obtain quantitative control
over the contribution of heavy operators.

In what follows, we begin by investigating truncations of the operator spectrum and
testing this strategy in the context of generalized free field theories and two-dimensional
conformal field theories, as reviewed in Sections 4.1.2 and 4.1.3. We then proceed to
analyze and approximate the contributions of heavy operators, which will ultimately
motivate a more refined method for solving the sum rules.

We start by considering a specific subset of the equations arising from (4.4.2), namely
those with n = 0. These equations correspond to the one-dimensional case, in which we
set the spatial coordinates of the two-point function to zero. In this case, it is possible
to reduce the general sum rules (4.4.2) to a simpler form

Γ (2∆ϕ + ℓ)

Γ (2∆ϕ)
=
∑
∆

a∆
2∆

Γ (∆− 2∆ϕ + 1)

Γ (∆− 2∆ϕ − ℓ+ 1)
, (4.4.5)

where ℓ ∈ 2N+1. The sum above runs over all possible conformal dimensions appearing
in the OPE ϕ×ϕ, and due to this reduction we are no longer sensitive to the spins of the
operators. Indeed, when a two-point function of a d-dimensional theory is restricted to
vanishing spatial coordinates, the thermal OPE takes the form given in (4.1.11). These
equations constitute, in principle, non-trivial constraints on the OPE coefficients and
therefore on the one-point functions of operators appearing in the OPE ϕ×ϕ. In deriv-
ing equation (4.4.5), we used the fact that the identity operator 1 appears in the OPE.
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The conformal dimension of the identity is zero (and so is its spin), and its one-point
function and structure constant can be set to b1 = fϕϕ1 = 1. We can then isolate the
contribution of the identity on the left-hand side of equation (4.4.5). This information
is important for defining a normalization; otherwise, the coefficients a∆ would only be
defined up to an overall rescaling (as is clear from equation (4.4.2)). We now provide an
example and discuss interesting consequences of equation (4.4.5), shown in Figure 4.12.
Let us also note that equations (4.4.2) and (4.4.5) can be straightforwardly generalized
to the case of unequal external operators. The structure of the equations remains the
same, but the identity operator is no longer included in the OPE.

Testing on GFF. To solve the sum rules for a GFF theory, we observe that the upper
argument of the first binomial in equation (4.4.4) is fixed to zero. Indeed, apart from
the identity operator 1, the conformal dimensions of the operators O ∈ ϕ×ϕ are given
by ∆ = 2∆ϕ + J , which implies h − 2∆ϕ = 0. This in turn implies that all equations
with n ̸= 0 are trivially satisfied. This is expected, since the operators O ∈ ϕ × ϕ are
labeled only by their conformal dimensions. Therefore, it is natural to conclude that
setting the spatial coordinates to zero from the outset (which is equivalent to setting
n = 0) is sufficient to solve for the OPE coefficients. Numerical tests for GFF theories
with ∆ϕ = 1 are presented in Figure 4.12.

Figure 4.12: Comparison between the left-hand side (solid lines) and the right-hand
side (dotted lines) of equation (4.4.5) for different values of ℓ. As ℓ increases, more
operators must be included in the sum on the right-hand side for it to converge to the
correct value, namely the left-hand side. The figure corresponds to a numerical test
for a GFF with ∆ϕ = 1, or equivalently for a four-dimensional free scalar theory. It is
convenient to multiply both sides of equation (4.4.5) by a factor 1/ℓ!.

From these simple checks, we immediately learn that although the equations (4.4.5) are
satisfied for every odd value of ℓ, larger values of ℓ require summing over an increasing
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Figure 4.13: There we plot the GFF correlator with ∆ϕ = 1 and respectively the iden-
tity contribution in s-channel and the dual contribution in the t-channel to demonstrate
the channel duality.

number of operators on the right-hand side for the truncated sum to provide a good
approximation. This makes the sum rules (4.4.5) extremely difficult to solve via trun-
cation, since extracting more OPE coefficients a∆ requires including increasingly many
operators. We keep this observation in mind and proceed to analyze the contribution
of heavy operators.

4.4.2 Estimating the Heavy Operators for r = 0

As we set the spatial separation to zero, we reduce the thermal two-point function
to an effectively one-dimensional periodic correlation function (4.1.11). In this case,
the channel duality arising from the periodicity condition becomes very apparent. As
can be seen from Figure 4.13, in order to reproduce the identity contribution in the
s-channel, one must take into account infinitely many operator contributions from the
t-channel, and vice versa,

1

τ 2∆ϕ
=
∑
∆

ã∆(τ − 1)∆−2∆ϕ . (4.4.6)

Using this relation, we can heuristically derive the asymptotic behavior of the OPE
coefficients for large ∆. To this end, we define the spectral density ρ(∆),

ρ(∆) =
∑

O∈ϕ×ϕ

aO δ(∆−∆O) , (4.4.7)
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such that the thermal OPE expansion of the two-point function can be written as

g(τ) = τ−2∆ϕ

∑
O∈ϕ×ϕ

aO
β∆O

τ∆O = τ−2∆ϕ

∫ ∞

0

d∆ ρ(∆)x∆ , (4.4.8)

where x = τ/β is a dimensionless ratio. The thermal OPE does not converge every-
where, but only in the open interval 0 < x < 1 [146]. This is due to the presence of an
infinite number of poles on the real τ axis (see Figure 4.5). From the analytic structure,
we can then infer that asymptotically

⟨ϕ(τ)ϕ(0)⟩β τ→kβ∼ (kβ − τ)−2∆ϕ , (4.4.9)

for any k ∈ Z. Hence, by recalling the equation (4.4.8) we can write∫ ∞

0

d∆ ρ(∆)x∆
x→1∼ (1− x)−2∆ϕ . (4.4.10)

Now, to match this asymptotic behaviour, we assume that the behavior of ρ(∆) in the
limit ∆→∞ is a power-law behavior

ρ(∆)
∆→∞∼ A∆−α+1 . (4.4.11)

This ansatz is justified in [147] and a rigorous version of the same OPE asymptotics
was derived based on several assumptions on the OPE coefficients. Plugging it in the
two-point function (4.4.8) we find

g(τ)
τ→β∼ AΓ(2− α)τ−2∆ϕ

(
1− τ

β

)α−2

, (4.4.12)

from which we can read

α = −2∆ϕ + 2 , A =
1

Γ(2∆ϕ)
. (4.4.13)

Therefore, the behavior of ρ(∆) in the limit ∆→∞ becomes

ρ(∆)
∆→∞∼ 1

Γ(2∆ϕ)
∆2∆ϕ−1 . (4.4.14)

It is important to emphasize that the formula (4.4.14) acquires a correct physical mean-
ing when considered on average,∫ ∆

0

ρ(∆̃) d∆̃
∆→∞∼ ∆2∆ϕ

Γ(2∆ϕ + 1)
. (4.4.15)

This leading asymptotics is called Tauberian tail. And by using this leading asymptotic
behaviour we can establish a more refined way of solving the sum-rules which was used
in [245] to solve light OPE coefficients for O(N) Model. Later on by employing the
insights gained by analytic bootstrap we will refine this approximation.
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Figure 4.14: We compare the exact OPE coefficients extracted from the GFF corre-
lator with ∆ϕ = 1 when r = 0 and respectively the tauberian approximation of these
OPE coefficients with respect to (4.4.16).

Solving sum rules with Tauberian. Now that we have an estimation of the heavy
operator contributions we can set a cut of scale ∆max and estimate all operators that
are heavier than this value with the Tauberian tail. We can define the estimated OPE
coefficients as

ãTaub
∆ =

2∆2∆ϕ−1

Γ(2∆ϕ)
(4.4.16)

then the approximated thermal correlator takes the following form,

gtrunc.(τ) =
∑

∆<∆max

ã∆τ
∆−2∆ϕ +

∑
∆>∆max

ãTaub
∆ τ∆−2∆ϕ . (4.4.17)

Similarly we can introduce the same cutoff to the sum rules given in (4.4.5),

Γ (2∆ϕ + ℓ)

Γ (2∆ϕ)
=

∑
0<∆<∆max

ã∆
2∆

Γ (∆− 2∆ϕ + 1)

Γ (∆− 2∆ϕ − ℓ+ 1)
+

∑
∆>∆max

ãTaub
∆

2∆
Γ (∆− 2∆ϕ + 1)

Γ (∆− 2∆ϕ − ℓ+ 1)
,

(4.4.18)
By doing so we introduced an error to the sum rules but at the same time reduced the
number of unknowns to a finite set {ã∆} for ∆ < ∆max. In Figure 4.14 we can see the
application to GFF correlator for ∆ϕ = 1.

Improving Tauberian tail by adding corrections. It is clear that the most direct
way to improve the estimation of the heavy operators and improve the numerics is to
add polynomially suppressed corrections in ∆. To achieve this we refine the Tauberian
tail,

a∆̃
∆̃≫1∼ 2∆̃2∆ϕ−1

Γ(2∆ϕ)

(
1 +

c1

∆̃
+
∑
ℓ

cℓ

∆̃αℓ

)
, (4.4.19)
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where the coefficients c1, {cℓ} and the powers {αℓ} are unknown and theory-dependent.
Although the leading term already provides a rather good approximation [147], numeri-
cal bootstrap procedures require at least the first correction, parametrized by c1. More
refined approximations are required to achieve higher-precision results. We demon-
strate that the leading behavior and its corrections can systematically improve the
solution for the OPE coefficients. For GFF with ∆ϕ = 1 this is given in Figure 4.14.
However, here, in its simplest form we are leaving the coefficients of these corrections
cℓ completely open and solve them while solving for the light OPE coefficients. A more
sophisticated and systematic version of this procedure can be given by looking at the
KMS invariant blocks given in (4.2.25).

From dispersion relation to heavy operators. The Hurwitz ζ-function admits a
Taylor expansion around τ = 0:

ζH(s, τ) + ζH(s, 1− τ) =
1

τ s
+

∞∑
k=0

[
1 + (−1)k

](s+ k − 1

k

)
ζ(k + s)τ k , (4.4.20)

where s = 2∆ϕ −∆. Observe that we simply recovered the OPE of a GFF correlator
with external dimension given by s: the expansion (4.4.20) is given by operators of
classical37 conformal dimension ∆̃ = 2∆ϕ + k. From now on, we will use ∆̃ as a
variable, instead of k. Moreover, only the terms proportional to even powers of τ
contribute, as a consequence of the parity symmetry τ → −τ . It makes therefore
sense to compare the OPE coefficient a∆̃ and the generic coefficient of (4.4.20) in
the limit ∆̃ → ∞. We notice that the asymptotic of the two-point function can
be approximated by summing over even integer dimensional operators, corresponding
classically to the double twist, the associated OPE coefficients can be expanded in
terms of the inversion of the light operators. Furthermore, the exponential corrections
are completely disentangled and subleading with respect to the polynomial corrections
in 1/∆. Therefore, in the following, we will drop them.38 In the large ∆̃ limit we find
that the contribution of the operator ∆ to the heavy operator of dimensions ∆̃ is given
by

a
(∆)

∆̃

∆̃≫1∼ a∆
2∆̃2∆ϕ−∆−1

Γ(2∆ϕ −∆)

[
1 +

c∆1

∆̃
+
c∆2

∆̃2
+ . . .

]
, (4.4.21)

where the correction coefficients are given by

c∆1 =
(∆ + 2∆ϕ)(∆− 2∆ϕ + 1)

2
, (4.4.22)

37The anomalous dimensions could be recovered by studying the pole-shifting through the inversion
formula, as in [146].

38They can be easily reintroduced by multiplying each term in the sum by ζ(∆̃−∆).

248



c∆2 =
(∆− 2∆ϕ + 2) (3∆2 +∆(12∆ϕ + 1) + 2∆ϕ(6∆ϕ − 1)) (∆− 2∆ϕ + 1)

24
. (4.4.23)

The asymptotic (4.4.21) should be interpreted as the correction to the Tauberian lead-
ing order for the double-twist OPE coefficients (4.4.19) obtained by inverting the op-
erator (or operators, in case of degeneracy) of conformal dimension ∆ appearing in the
OPE. The main contribution, as expected, comes from the inversion of the identity
operator, and it reads

a∆̃
∆̃≫1∼ 2∆̃2∆ϕ−1

Γ(2∆ϕ)

[
1− ∆ϕ(2∆ϕ − 1)

∆̃
+

∆ϕ(∆ϕ − 1)(2∆ϕ − 1)(6∆ϕ − 1)

6 ∆̃2
+ . . .

]
+ . . . .

(4.4.24)
Interestingly, the inversion of the identity operator correctly reproduces the Tauberian
asymptotic derived in [147]. This section therefore provides a derivation of this asymp-
totic, under the assumption of analyticity and Regge boundedness of the correlator in
the complex τ -plane. From this perspective, it is clear that the result arises from the
inversion of operators from the t-channel to the s-channel. In fact, the result of [147]
can be effectively interpreted as the inversion of the identity operator. In this work,
we generalize that result by promoting it — through the analytic techniques developed
here — to the inversion of arbitrary operators, making stronger the idea of the channel
duality between light and heavy sectors.

Thanks to the closed form of the thermal two point function in complex τ plane given in
(4.2.25) we can improve the tail of the heavy operators further by computing corrections
coming from the other light operators in the OPE. If the light operators have conformal
dimensions 0 < ∆1 < . . ., the corrections take the following form:

a∆̃
∆̃≫1∼ 2

∆̃2∆ϕ−1

Γ(2∆ϕ)

(
1 +

c01

∆̃
+

c02

∆̃2
+ . . .

)
+
∑
∆i ̸=0

2a∆i

∆̃2∆ϕ−∆i−1

Γ(2∆ϕ −∆i)

(
1 +

c∆i
1

∆̃
+
c∆i
2

∆̃2
+ . . .

)
, (4.4.25)

such that for each light operator contribution the coefficients of the order-by-order
corrections are defined in (4.4.22) and (4.4.23). This gives us a better understanding of
the dominant contributions in terms of the light operators of the theory. This expression
can be used to bootstrap thermal OPE coefficient as in [148]: as a proof of concept, in
the following section, we make use of Eq. (4.2.25) to compute the two-point function
⟨ϵϵ⟩β of 3d Ising.

It was pointed out in [146] that the inversion of individual operators can only generate
operators of the double-twist families [ϕϕ]n,J . However in general theories (e.g., in the
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Figure 4.15: We compare the exact OPE coefficients extracted from the GFF corre-
lator with ∆ϕ = 1 when r = 0, the tauberian approximation of these OPE coefficients
with respect to (4.4.16) and Tauberian approximation with 1

∆
correction as given in

(4.4.22). We observe that the 1
∆

correction gets closer to the exact coefficients.

3d Ising model) we expect other families of operators to appear, for instance [ϵϵ] or
even multi-twist [ϕϕϕϕ]. The reason why these other families do not appear in the
asymptotics lies in the fact that the sum of operators and the inversion procedure do
not commute. In order to see these families one could first resum a family, for instance
[ϕϕ]0,J , and then invert the result. This procedure is explained in detail in [146] and
the formalism presented here can be adapted to this case.

In [149], it was pointed out that certain operators, such as multi-stress tensors, may
have alternating sign OPE coefficients, naively rendering the expansion in Eq. (4.4.25)
inconsistent. However, by applying the dispersion relation (4.2.25) — for instance, in
the case ∆ϕ = 3/2 — by using the OPE coefficients for the multi-stress tensor sector
given in this thesis, one recovers the result given in (2.24) of [149]. As discussed in that
work, the corresponding solution exhibits unexpected poles in the complex τ -plane.39

These poles should not appear in physical correlators and indicate that some consistency
condition, necessary to derive the dispersion relation, is violated. The authors suggest
a procedure to remove by hand these poles, but this has no direct analogue within
the dispersion relation (4.2.25) itself. Let us take this opportunity to point out that
(4.2.25) requires, as input, the discontinuity of the two-point function. However, not
every choice of input is consistent: new, emergent analytic structures – such as the extra
poles appearing in (2.24) of [149] – may arise. This imposes nontrivial constraints on
the admissible input of the dispersion relation which would be interesting to investigate
in future studies.

39These unexpected poles are holographically associated with the bouncing singularity [221].
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To see how the coefficients of the corrections to the leading behaviour given in (4.4.25)
affects the numeric computation, we revisit the GFF ∆ϕ = 1 computation given in
Figure 4.14 and refine it by importing the correct ci as they are given in (4.4.22) and
(4.4.23). These new numerics can be seen in Figure 4.15 and as expected after a certain
point adding more coeficients does not improve the numerics. In that case the rest of
the input should be improved to get a better result. In the following section we will
apply this method to 3-dimensional Ising model.

Summing up all tauberian corrections. It is also possible to develop the con-
nection between the Tauberian corrections and the analytic bootstrap framework. We
should keep in mind that setting the spatial separation is equivalently a GFF theory
approximation to the model. Therefore, by comparing the KMS-invariant blocks with
the truncated OPE expansion in complex-τ plane we can also obtain the resumma-
tion of the entire Tauberian tail. To demonstrate this, first, we define a single KMS
invariant block as

gGFF(∆ϕ −∆/2, τ) = ζH

(
2∆ϕ −∆, 1− τ

β

)
+ ζH

(
2∆ϕ −∆,

τ

β

)
(4.4.26)

which is the correlator of a GFF theory with scaling dimension ∆ϕ − ∆/2 and the
thermal correlator in r = 0 limit is given by

g(τ) =
∑
∆

a∆
β2∆ϕ

gGFF(∆ϕ −∆/2, τ) + κ . (4.4.27)

Then after subtracting the constant part for simplicity, the KMS invariant blocks admit
the expansion given in (4.4.20). We can compare the estimated OPE given in (4.4.17).
In this expression the first term corresponds to the contribution of the operator of
dimension ∆ to the OPE, while the second term corresponds to a family of double-
twist operators and represents the contribution of the operator of dimension ∆ to the
heavy tail. Plugging this into (4.4.17) we obtain,

g(τ) =
∑

∆≤∆max

1

τ 2∆ϕ−∆
+

∑
∆≤∆max

∞∑
n=1

2ζ2∆ϕ−∆+2nΓ(∆− 2∆ϕ + 1)

(2n)! Γ(∆− 2∆ϕ + 1− 2n)
τ 2n (4.4.28)

Therefore, by comparing (4.4.17) to (4.4.28) and commuting the sums we obtain

ãn =
∑

∆≤∆max

a∆
2ζ2∆ϕ−∆+2nΓ(∆− 2∆ϕ + 1)

(2n)! Γ(∆− 2∆ϕ + 1− 2n)
. (4.4.29)

This formula can be understood as resummed Tauberian and approximates the tail of
heavy operators with double-twist operators of dimension 2∆ϕ + 2n. One can expand
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this formula in large n to see that it gives the leading Tauberian corrections as given
in (4.4.25) back. Moreover, nmin depends on ∆max; one should ensure that operators
do not appear both in the first and in the second terms of truncated sum rules,

0 =
∑

∆≤∆max

a∆
2∆

(
∆− 2∆ϕ

k

)
+

∞∑
n=nmin

ãn
22∆ϕ+2n

(
2n

k

)
, ∀k ∈ 2N+ 1 . (4.4.30)

Quantifying the relation between nmin and ∆max. We can make the connection
between these two cutoffs precise by defining,

nmin =

[
∆max − 2∆ϕ

2

]
+ 1 (4.4.31)

and recast the new sum rules as follows

ãn = 0 for n < nmin . (4.4.32)

Here we can immediately see that the number of constraints is not enough to fully fix
the exact OPE coefficients a∆ that we have started with.

4.4.3 3d Ising Semi-Analytic Bootstrap

In Section 4.2, we derived a formula for the thermal two-point function of two scalar
operators in the complex τ -plane (see (4.2.25)). Although such a formula completely
fixes the kinematics of the correlator, it requires the dynamical information encoded in
the OPE coefficients a∆ as an input. When studying strongly-coupled thermal CFTs,
computing these coefficients is usually a formidable challenge, which can be tackled by
using a numerical bootstrap approach [148]. In this Section, we combine the formula
(4.2.25) and the numerical results of [148] to study correlation functions in the 3d Ising
model, which is the O(N) Model for N = 1 (see the introduction in Section 4.2.4),
in particular the correlators ⟨σ(τ)σ(0)⟩β and ⟨ϵ(τ) ϵ(0)⟩β (see Table 4.5 for a short
summary of the light operators in this theory).

In applying the formula (4.2.25) to strongly-coupled theories, and in particular to the
3d Ising model, we are faced with a problem: since the conformal dimensions appearing
in the OPE are non-integers, all of them will contribute to the discontinuity and hence
have to be summed over in the formula. Usually only the coefficients for the first
light dimensions are explicitly known (see Table 4.5). However, close to τ/β ∼ 0, the
dominant contributions come from the lightest operators, which also dominate the limit
τ/β ∼ 1 thanks to KMS invariance. Therefore, even though in the 3d Ising model (and
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O OGL ∆O [100, 103, 246] a∆O [245] (from ⟨σσ⟩β)

σ ϕ 0.518148806(24) 0

ϵ ϕ2 1.41262528(29) 0.75(15)

Tµν Tµν 3 1.97(7)

ϵ′ ϕ4 3.82951(61) 0.19(6)

C ′
µνρσ ϕ ∂µ∂ν∂ρ∂σϕ 5.022665(28) /

T ′
µν ϕ ∂µ∂ν□ϕ 5.50915(44) /

Table 4.5: Light operators in the 3d Ising model, their classical (Ginzburg–Landau)
counterparts (OGL), conformal dimensions, and thermal OPE coefficients (when avail-
able and considering the ⟨σ(τ)σ(0)⟩β correlator).

other strongly-coupled theories) we cannot perform the full sum over the conformal
dimensions appearing in the OPE as prescribed in (4.2.25), it is still meaningful to
truncate the sum to the first few light operators. We expect this approximation to hold
well close to τ/β ∼ 0 and τ/β ∼ 1.

Consistency check for the correlator ⟨σσ⟩β. In this paragraph, we start by
studying the correlator ⟨σ(τ)σ(0) ⟩β. The first light operators appearing in the OPE
are, schematically,

σ × σ ∼ 1+ ϵ+ T µν + ϵ′ + . . . . (4.4.33)

All the operators appearing on the right-hand side of the OPE (4.4.33) contribute to
the discontinuity. Their thermal OPE coefficients were bootstrapped in [245] and are
listed in Table 4.5, along with their conformal dimensions.

Following the line of thought described above, the correlator can be approximated by
truncating the sum in Eq. (4.2.25) and plugging the dynamical data:

⟨σ(τ)σ(0)⟩β ≈
∑

O∈{1, ϵ, T, ϵ′}

a∆O

β2∆σ

[
ζH

(
2∆σ −∆O,

τ

β

)
+ ζH

(
2∆σ −∆O, 1−

τ

β

)]
+

κ

β2∆σ
.

(4.4.34)
As discussed in Section 4.2.1, the only unfixed parameter of the dispersion relation in
the complex τ -plane is an additive constant κ. If we were considering all the operators
contributing to the discontinuity in the sum above, this constant could be fixed by
clustering; however, the truncation of the sum spoils the limit τ → i∞. To fix κ we
require that the OPE does not contain any constant term: the procedure yields an
estimated value κ ≈ −55.86β2∆σ .
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Figure 4.16: Two point function ⟨σ(τ)σ(0) ⟩β in the limit in which x⃗ = 0. The black
continuous line is obtained by using the dispersion relation in the complex τ -plane and by
inputting the thermal OPE coefficients from [245]. The dashed curve represents directly
the OPE result of [148] while the points are the result of a Monte Carlo simulation on
a lattice 500× 500× 40 where the inverse temperature is given by β = 40.

The result is reported in Fig. 4.16. In the plot, we compare the approximation obtained
from the truncated version of Eq. (4.4.34) and the numerical evaluation of [148]. This
procedure will clearly decrease the numerical error since the number of Tauberian cor-
rections can be arbitrarily high without adding new unknown coefficient. The relative
discrepancy between the two curves is of order 10−3, in agreement with the level of
accuracy to which the numerical results in [148] can be trusted. Notably, the largest
deviation occurs in the region τ ∈ (1/2, 1), which is precisely the region where we
expect the corrections to the Tauberian approximation used in [148] to become more
significant. The motivation behind the discrepancy lies in the amount of corrections
employed in each case to refine the leading Tauberian approximation: in [148], the
authors made use of only the first correction appearing in Eq. (4.4.25), of order 1/∆̃.
Moreover, the coefficient was considered to be an unknown variable. In this work, we
instead made use of the formula (4.2.25), which already encodes an infinite amount of
corrections, each one with a predetermined coefficient.

For completeness, we also compare our results to Monte Carlo simulations, finding very
good agreement. Details on the numerical implementation and simulation parameters
are provided in Appendix E in [3]. It is important to note that the two-point function
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extracted from Monte Carlo simulations is not unit-normalized. As a result, we need to
redefine the operator σ in Eq. (4.4.34) so that its zero-temperature two-point function
matches the normalization used in the Monte Carlo data. This mismatch amounts to a
single overall multiplicative constant, which can be fixed by fitting. We find that this
normalization constant is approximately Cσ ≈ 0.305.

Note that one can also adopt the method presented in [148] to implement further
corrections in the tail of heavy operators, as shown in Eq. (4.4.24). This is equivalent
to comparing the result of [148] with the approximation in (4.4.34), and indeed, this
procedure is consistent with the numerical results for thermal OPE coefficients shown
in Table 4.5. This confirms the findings of [148]. Interestingly, however, these results
do not match the Casimir amplitude computed via Monte Carlo in [247]. It would be
worthwhile to investigate this discrepancy in more detail, for instance by comparing
additional observables such as the thermal two-point function with higher precision.

New result for the correlator ⟨ϵϵ⟩β. To produce a numerical approximation of the
correlator ⟨ ϵ(τ)ϵ(0) ⟩β using the methods of [148], we need to address the issue that the
external dimension ∆ϵ is larger than ∆σ. While ⟨σσ ⟩β only required a single correction
to the Tauberian leading behaviour, the ⟨ ϵϵ ⟩β correlator requires more corrections to
obtain the same level of precision.40

The dispersion relation (4.2.25) overcomes this limitation since, as we pointed out
in the previous paragraph, it already encodes an infinite number of corrections. We
can therefore adopt the same strategy employed for the ⟨σσ ⟩β correlator and plug
the bootstrap results of [148] in the formula. First we convert the OPE coefficients
extracted out of ⟨σσ ⟩β (indicated by a⟨σσ⟩∆O

) into those relevant for ⟨ ϵϵ ⟩β (indicated by
a
⟨ϵϵ⟩
∆O

). Specifically, we use the relation

a
⟨ϵϵ⟩
∆O

=

(
fOϵϵ

fOσσ

)
a
⟨σσ⟩
∆O

. (4.4.35)

This yields the estimates

a
⟨ϵϵ⟩
∆ϵ

= 1.09(22) , a
⟨ϵϵ⟩
∆T

= 5.37(19) . (4.4.36)

40As argued in [147] and [148], this can be seen heuristically by noticing that the contribution of the
heavy tail to the thermal sum rules increases when the external dimension ∆ϕ increases as well, leading
to the conclusion that correlators with higher external dimension require a more precise evaluation of
the tail. A posteriori, this line of thought is justified by the fully corrected asymptotics (4.4.24) and
(4.4.25), where it can be seen that the corrections to the leading order are monotonic functions of ∆ϕ.
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Figure 4.17: Two-point function ⟨ ϵ(τ)ϵ(0) ⟩β computed by inverting the contributions
of 1, ϵ, and Tµν using the dispersion relation in the complex τ -plane. The result is
compared with Monte Carlo simulations on a 500 × 500 × 40 lattice, corresponding to
inverse temperature β = 40.

Using this information, we approximate the thermal two-point function as

⟨ϵ(τ)ϵ(0)⟩β ≈
∑

O∈{1, ϵ, T}

a∆O

β2∆ϵ

[
ζH

(
2∆ϵ −∆O,

τ

β

)
+ ζH

(
2∆ϵ −∆O, 1−

τ

β

)]
+

κ

β2∆ϵ
.

(4.4.37)
As before, the dispersion relation is ambiguous up to an additive constant κ. To fix it,
we match the result with the OPE-expanded correlator, truncated to the contributions
from 1, ϵ, and Tµν in the region τ/β ≲ 0.05, where the OPE series is rapidly conver-
gent. One could check that including additional operators (using large ∆ asymptotic to
estimate their OPE coefficients) does not significantly alter the result. The procedure
yields an estimated value κ ≈ 1.81 .

In Fig. 4.17, we plot the function (4.4.37) and compare it to the outcome of Monte
Carlo simulations, observing again very good agreement. As in the ⟨σσ ⟩β case, a
multiplicative normalization constant is required. This constant, which amounts to a
redefinition of the ϵ operator, is determined by fitting the Monte Carlo data, yielding
Cϵ ≈ 5.04.

This concludes our results on the analytic and numeric bootstrap methods that were
developed in [3, 4].
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Chapter 5

Conclusion

In this thesis, we consider the breaking of two symmetry groups in various QFTs,
namely supersymmetry and conformal symmetry. In both cases, we focus on a powerful
tool which, in the presence of the respective symmetry, allows us to compute a large
number of physical observables. In the case of supersymmetry, this technique is CBA,
while in the case of conformal symmetry it is the conformal bootstrap. After breaking
the symmetry in a controlled way, by orbifolding and compactifying a flat direction
in the respective cases, we develop these techniques further. We then apply them to
various examples and gather results. In the following, we consider these two cases
separately and outline promising directions for future work.

5.1 Breaking of Supersymmetry

In Chapter 3, we took an important step in the study of spin chains capturing the
spectral problem of gauge theories with less than maximal supersymmetry, in particular
N = 2 SCFTs. We attacked the up to now unsolved three-magnon and four-magnon
problems without which the question of integrability cannot be meaningfully addressed.

Our solutions have additive energy eigenvalues and several novel features, the discussion
of which is in order. Firstly, they necessarily have the form of novel long-range wave
functions. Secondly, the general solution, as presented in Section 3.3 and in Section
3.4, contains an infinite number of unfixed parameters. This is, at least in part, due to
not imposing boundary conditions as three magnon states are non-closable, i.e. cannot
lead to single trace operators. Nonetheless, for the three-magnon problem, using the
symmetries of the problem and our intuition, we can brute force fix all of the position-
dependent corrections and get special solutions in Section 3.3.2. A feature of the special
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solutions is that they can be rendered in odd and even eigenvectors (3.8.3) and (3.8.4)
of the combined Z2 plus parity symmetry, as expected from the orbifold construction.
Moreover, for each of these special solutions, the position-dependent corrections to the
scattering coefficients modify the position dependence of the wave function as

eip1l1+ip2l2+ip3l3 −→ (1 + f(p1, p2, p3;n,m;κ)) eip1l1+ip2l2+ip3l3 , (5.1.1)

with the modification encoded in the generating function G123(x, y)

f(p1, p2, p3;n,m, κ) = −
∮
Σ

dxdy

4π2

G123(x, y)

xn+1ym+1
, (5.1.2)

the form of which is still quite baroque, but can be explicitly written as in [1]. We
believe that this form of the wave function is given by the sum over permutations,

Ψ(p1, p2, p3; l1, l2, l3) =
∑
σ∈S3

Aσ

(
1 + f(pσ(1), pσ(2), pσ(3); l2 − l1, l3 − l2;κ)

)
eip⃗σ ·⃗l ,

(5.1.3)

can be transformed to the case of the usual CBA by a coordinate transformation which
remains to be explicitly shown. It is encouraging that the final form of the generating
function implies that we can find a solution of the wave function in terms of position-
dependent corrections which admit a common description in terms of the function above
(5.1.2) for each permutation σ.

For the four-magnon problem, in Section 3.4.2, we begin to fix the coefficients that
remained undetermined after solving the eigenvalue equations. The family of solutions
is reduced by imposing additional constraints, guided by the symmetries of the problem
and following an approach analogous to the three-magnon case. This procedure leads
to a special solution characterized by factorized scattering coefficients Aσ, given in
equation (3.4.50), and position-dependent corrections Dn,m,r

σ , all proportional to (κ −
κ−1)Aσ for each permutation σ ∈ S4. The presence of this factor for all n,m, r ∈ Z≥ 0

ensures that at the orbifold point (κ = 1) all these position-dependent corrections to
the ordinary CBA vanish. The remaining undetermined Dn,m,r

σ ’s, after applying these
constraints, can be systematically counted and organized, as summarized in Table 3.2.

In Section 3.5, we introduced a physically motivated limiting procedure that relates
eigenstates with different magnon numbers. By averaging over all possible positions
of one magnon in an (M + 1)-magnon eigenstate and setting its momentum to zero,
we showed that the resulting state reduces to the corresponding M -magnon eigenstate.
This procedure, which can be interpreted as smearing a magnon, arises naturally within
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the standard CBA framework (Subsection 3.5.1) and provides a systematic method for
connecting spin chain solutions across successive magnon sectors.

Taken together, these results reveal a coherent underlying structure in the spectrum
of eigenstates, with different magnon sectors linked through a well-defined limiting
process. This work lays the groundwork for further exploration of long-range CBA and
the structure of their eigenstates beyond the sectors considered here.

We make use of this manifest permutation structure of our special long-range solutions,
as discussed in Section 3.7, to construct an infinite tower of Yang operators labeled by
two integers (or three for the four-magnon case) that parameterize the distances be-
tween the three magnons. These Yang operators constructed from the special solutions
obey an infinite tower of modified Yang-Baxter equations parameterized by the same
two integers. As we take κ→ 1, the contributions of the position-dependent corrections
vanish and the tower of modified YBEs collapses to the single YBE of orbifold point,
which is expected from [71].

The long-range correction to the usual Bethe Ansatz captures the fact that the permu-
tation symmetry of the three-magnon states is naively broken because the magnons are
bifundamental. For models where the permutation symmetry is present, the solution
should always be possible to write in terms of the usual Bethe ansatz. In our case,
because of the Z2 orbifold in tandem with the marginal deformation κ, the permuta-
tion group of the three magnons breaks into two subsets, as we discuss in Section 3.3.1
which is summarized in Figure 3.5. The position-dependent corrections of our solution
eventually restore the permutation symmetry (5.1.3). This could be a very explicit
manifestation of the dynamical nature of the model [82] which deserves further inves-
tigation. This must also be related to the fact that even though naively in three of the
entries of the YBE we were supposed to have S1/κ according to the naive Bethe Ansatz,
our long-range solution has Sκ which was achieved by using the analogy between our
model and a Felder-like dynamical R-matrix. An attempt to visually capture this is
presented in Figure 3.6.

Finally, in Section 3.8, we examined the compatibility of the long-range Bethe ansatz
with periodic boundary conditions. We began by solving the two-magnon Bethe equa-
tions and then extended the analysis to the four-magnon case. Already in the two-
magnon sector, a novel feature emerges: by introducing a relative normalization factor
between Z2-conjugate states, we are able to recover all eigenvectors—both for untwisted
and twisted boundary conditions—via a generalized version of the Bethe equations. In
contrast, the four-magnon problem does not admit a solution within the standard
CBA framework, making it infeasible to directly apply Bethe equations to determine
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the quantized momenta. To address this challenge, we adopted an alternative strategy:
we formulated and solved the periodicity relations at the level of wavefunctions for
closed spin chains of finite length (L = 4, 5, 6). This construction offers a concrete and
practical method for incorporating periodic boundary conditions within the long-range
Bethe ansatz framework.

Nevertheless, our current approach is not yet fully scalable to arbitrary chain lengths
L, due to the absence of a systematic method for efficiently implementing periodic
boundary conditions within this approach. We believe that a key obstacle lies in the
necessity of working with momentum variables, rather than rapidities. Identifying an
appropriate rapidity parametrization may allow the position-dependent corrections to
be reinterpreted as a coordinate transformation. This, in turn, could lead to a deriva-
tion of the correct form of the long-range Bethe equations under periodic boundary
conditions.

Future Directions. There are many promising future directions one can take. Here
we are listing a few:

• As emphasized throughout this work, it would be highly desirable to identify
the correct rapidity description of the model by comparing the ϕ-vacuum states
studied here to the Q-vacuum states of [82]. We expect that expressing the wave
function in terms of rapidities—rather than momenta—will simplify the position-
dependent corrections and allow a more efficient treatment of periodic boundary
conditions.

• Given our expectation that this spin chain model is elliptic based on a groupoid
symmetry, the rapidity variables should likely involve elliptic functions. We intend
to explore this further by building on the elliptic parametrization discussed in [82],
potentially establishing a connection to an underlying Felder-like R-matrix similar
to [139, 140] but for Cyclic SOS (CSOS) models instead of RSOS.

• A suitable rapidity parametrization may also clarify the correct basis transfor-
mation from the plane wave basis discussed in Section 3.7, and help refine the
structure of the modified Yang–Baxter tower into a single, unified YBE-type
equation.

• In parallel, we aim to extend the present results by using the four-magnon so-
lution—expressed in terms of the three-magnon solution—to construct explicit
M -magnon eigenstates via the generating function. We believe that the insights
from Section 3.5 will make this construction feasible.
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• Another important direction is the search for higher conserved charges, following
the approach of [248–251]. We are already working on generalizing the boost for-
malism to Felder-like R-matrices, with the goal of obtaining the higher charges of
the model. The restricted Hilbert space, arising from the groupoid structure [252],
may simplify this task, particularly if one focuses on permutationally symmetric
states.

• It would also be valuable to carry out a detailed numerical analysis of the spec-
trum of this model, similar to the studies in [253] for spin chains in N = 4 SYM
and its N = 1 Leigh–Strassler deformations. In particular, counting spectral de-
generacies—as done for small lengths in [254]—could shed light on the integrable
versus chaotic behavior of the system.

• An exciting recent development has been the extension of the hexagon formalism
[255] to orbifold theories [69, 79]. A promising future direction is to generalize the
hexagon approach beyond the orbifold point, and to extend the analysis of [69] to
compute three-point functions of operators with four magnon excitations, using
the results obtained in this thesis.

• Finally, in light of recent developments on the gauge theory side, we are mo-
tivated to revisit the string theory dual. The recent supergravity construction
of [68], which resolves the AdS5 × S5/Z2 orbifold singularity, provides a timely
opportunity to study the corresponding two-dimensional worldsheet QFT and
explore the string dual of the marginally deformed theory.

5.2 Breaking of Conformality

In chapter 4, we presented our efforts to generalize the conformal bootstrap techniques
to finite-temperature setups. The primary bootstrap method we targeted is the dis-
persion relation derived from first principles that was presented in section 4.1. Addi-
tionally, we mixed the results of analytic bootstrap with numerical methods utilizing
finite-temperature sum rules and obtained novel results for the 3d Ising model.

More detailly, we developed an analytic framework to bootstrap thermal two-point
functions based on dispersion relations, the operator product expansion, and the KMS
condition. We showed that, in the periodic Euclidean time coordinate and at zero
spatial separation, any thermal two-point function can be expanded in terms of gen-
eralized free-field correlators. The coefficients of this expansion are given by certain
thermal OPE coefficients. This result, explicitly presented in Eq. (4.2.25), follows from
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expressing the two-point function in terms of its discontinuity in the complex time
plane.

We further investigated the dispersion relation at non-zero spatial separation intro-
duced in [152], and its interplay with the OPE and the KMS condition. We found that
computing the discontinuity in the OPE regime captures only the leading polynomial
behavior at large spin. In contrast, non-polynomial corrections arise from contributions
outside the OPE regime, in full agreement with the structure of large-spin perturbation
theory described in [146]. Moreover, we observed that the naive result from the disper-
sion relation within the OPE regime is not KMS invariant. Motivated by the complex
τ -plane analysis, we proposed a prescription to restore KMS invariance and simultane-
ously reconstruct the low-spin contributions. This involves summing over images of the
dispersion relation result, leading to what we called the generalized method of images.
We demonstrated that this construction satisfies all thermal bootstrap axioms, except
clustering, which must be verified on a case-by-case basis. Additionally, we showed
that if clustering holds, then the solution is unique — equivalently, arc contributions
vanish.

We illustrated the applicability of our method in several examples. In the case of
the free scalar theory, the generalized method of images reduces to the standard one,
effectively reproducing a sum over propagators. We then studied the O(N) model in the
ε-expansion and found perfect agreement with direct perturbative calculations. Finally,
we tested our results in exactly solvable strongly coupled regimes, namely the large N
limit of the O(N) model and in two-dimensional models, reproducing the known results.

From Section 4.3 onward, we analyzed thermal two-point functions of scalar operators
with integer scaling dimension ∆ϕ, both at infinite volume and at finite volume on a
sphere. These two settings are holographically dual to AdS black brane and spherical
black hole backgrounds, respectively. Our approach is based on expanding thermal
correlators at zero spatial separation in terms of GFF correlators,

g(τ) =
∑
∆

a∆
β∆

gGFF

(
∆ϕ −

∆

2
, τ

)
+ garcs(τ) , (5.2.1)

a representation that was rigorously established for finite temperature CFTs at infinite
volume in this thesis. We further extended its validity to finite volume systems, under
the condition that both external and exchanged operator dimensions are integer and
focusing on the terms that do not involve poles in the OPE coefficients.

For holographic correlators, the first term in the expansion (5.2.1) splits into two contri-
butions: a principal contribution, to which only a finite set of multi-stress tensor oper-
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ators (associated with ∆ < 2∆ϕ) contributes directly, and a regularized part, encoding
an infinite number of multi-stress tensor operators. The regularized term requires to
appropriately employ derivatives of the GFF blocks. Similarly to the non-integer ∆ϕ

case, the arcs are non-trivial functions but their contributions can be computed and
they also admit an expansion in terms of GFF correlators. These tools allow the deriva-
tion of analytical results for any integer value of ∆ϕ, whose explicit evaluation requires
using the asymptotic form of the multi-stress tensor OPE coefficients. To the best of
our knowledge, this provides the first approximate expressions for thermal holographic
correlators in d > 2 as a function of the imaginary time in the case of integer ∆ϕ.
We corroborate these results by solving the scalar wave equation numerically and find
convincing agreement for the black brane case, which additionally surprisingly suggests
that the principal contributions dominate everywhere. We also provide an AdS inter-
pretation of (5.2.1) as an expansion of the metric in graviton modes around thermal
AdS, and we verify this picture through explicit Witten diagram computations up to
second order in the expansion parameter. Finally, curvature corrections to the thermal
correlators are also included in (5.2.1) as anomalous dimensions are suppressed with
respect to N , i.e., only the OPE coefficients a∆ need to be corrected.

Lastly in Section 4.4, by combining analytic and numerical techniques — in partic-
ular the method proposed in [148] — we made substantial progress on the thermal
bootstrap program. Using the dispersion relation in the complex time direction, we
rederived the Tauberian estimate for the contribution of heavy operators in the OPE,
originally obtained through different means in [147]. Furthermore, our method allows
the computation of the full tower of corrections to the leading heavy-state contribu-
tion, including the coefficient of the first correction used in [148]. As an application,
we combined the numerical approach of [148] with our analytic dispersion relation to
compute the thermal two-point function ⟨ϵϵ⟩β in the 3d Ising model, finding excellent
agreement with Monte Carlo simulations.

The thermal bootstrap program remains rich with open questions, both at the con-
ceptual level and in terms of applications to physically relevant models. We highlight
below several promising directions for future work:

• One of the main challenges in thermal bootstrap is the lack of positivity of ther-
mal OPE coefficients, which complicates the derivation of rigorous numerical
bounds. While existing studies [146, 148] have circumvented this by developing
non-positivity-based methods, it would be highly desirable to find intrinsically
positive observables — such as the hydrodynamic moments discussed in [212] —
or to reformulate the thermal bootstrap as a semi-definite programming problem.
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• This work has focused on conformal field theories at criticality. However, many
observables of physical interest arise in theories deformed away from the critical
point. Extending the non-perturbative methods developed here to non-conformal
theories at finite temperature, or to relevant deformations of CFTs, would open
new avenues for understanding finite-temperature dynamics in realistic models.
Furthermore the non-perturbative study of QFTs at finite temperature could give
further insights on the order or disorder phases at high temperature which are
extremely important for the understanding of the thermodynamics of QFTs [256–
259].

• In [148], a bootstrap framework was proposed for line defects wrapping the ther-
mal circle. These include, for instance, Polyakov loops in gauge theories, which
serve as order parameters for confinement/deconfinement transitions and are
closely related to the Kondo effect in low-energy physics [260, 261]. Extend-
ing the techniques developed in this thesis to include such line defects would be
a significant step forward and would enable the study of setups such as the mag-
netic line in O(N) models [192, 262–265] and the supersymmetric Wilson line in
N = 4 SYM [266–272] at finite temperature. Many aspects are expected to carry
over to correlators of defect operators.

• Most of the equations and results derived in this work concern two-point functions
of scalar operators in bosonic theories. It would be highly valuable to generalize
this framework to include fermionic operators, enabling the study of theories such
as the chiral Gross–Neveu model and the Gross–Neveu–Yukawa model. Recent
progress in this direction can be found in [273].

• The results obtained in this work admit several natural extensions. First, it would
be interesting to understand how to better approximate the regularized contri-
bution. This boils down to improving the approximation of the asymptotic OPE
coefficients, for instance by including 1/n# corrections as in [223] for instance.
Second, beyond the kinematic regime |x⃗| = 0 the OPE contributions become
disentangled in spin. Moreover, as noted in [221], the large ∆ behavior of the
multi-stress tensor sector involves alternating signs that spoil analyticity in ∆. It
would be interesting to explore the analyticity in spin J [210, 221], which would
imply studying the correlator at non-vanishing spatial separation. Additionally,
it might be possible to determine an approximate solution of the wave equation,
in analogy with the procedure outlined in this thesis.

⋆ An important check for the non-zero spatial separation correlator would be to
compare it with the exact momentum-space correlators computed in [209]. The
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τ -plane correlators studied in this thesis correspond to integrating over all mo-
mentum modes, which is analytically challenging. Nevertheless, it is worth noting
that integrating out the momentum modes reduces the correlator of [209] to the
Fourier transform of GFF blocks, as discussed in [3]. The relation between these
two exact results should be valuable to understand the IR behaviour of the cor-
relator (such as ω →∞) and deserves to be explored more deeply.

• As mentioned in Section 4.3, thermal correlation functions can be viewed as zero-
temperature four-point functions where two of the operators are taken to be heavy.
For holographic theories, this correspondence was partially verified perturbatively
(and at large spin) in [209]. It would be interesting to further investigate this
connection in light of the results presented in this thesis. The case in which ∆ϕ

is an integer is intricate from the perspective of four-point functions [204, 207]
and the thermal bootstrap may provide useful insights into the structure of these
correlators;

• A deeper understanding of the geometry S1
β × Sd−1

R would be valuable, partic-
ularly regarding how modifications of the analytic structure might affect Equa-
tion (5.2.1). Establishing this would enable the use of the expansion beyond
holographic theories, for instance in models such as the 3d Ising CFT, in close
analogy with the infinite volume analysis of the thermal 3d Ising model performed
in [3].

• The results presented in this work correspond to the leading term in the 1/N

expansion. Including quantum effects requires going to next-to-leading order in
the same expansion. The main difficulty in this context is that, once CFT opera-
tors acquire anomalous dimensions, additional operators – potentially an infinite
number – contribute non-trivially to the dispersion relation. Nevertheless, it was
shown in [148] that the expansion in (5.2.1) is extremely effective in perturbative
setups (in that work, the case of the O(N) model in the ε-expansion). Further-
more, anomalous dimensions happen to make numerical methods more predictive:
in this context we expect to be able to compute unknown OPE coefficients by
making use of both analytical and numerical methods in tandem. Incorporat-
ing 1/N corrections therefore represents one of the key future directions for the
thermal analytic and numerical bootstrap.
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